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ABSTRACT

A Teichmiiller model for period doubling
by
Ivan Petrovic
Adpviser: Professor Frederick Gardiner

We construct a quasiconformal model for intertwining dynamical system acting
on a domain of bounded geometric type. It satisfies period doubling relation EoGo
G =G o FE and cannot be realized conformally. We construct U AC(F,G) models
where G is asymptotically conformal and E uniformly asymptotically conformal
for Cantor sets of any Hausdorff dimension between 0 and 1. We show that the
scaling functions of U AC(E,G) models are continuous complex valued functions
of the unit interval and for every Dini continuous function of the unit interval,

there exists a corresponding UAC(F, G) model.
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Introduction
We construct a quasiconformal model for an intertwining discrete dynamical
syétem acting on the complement ) of a Cantor set A in the complex plane.
The rﬁodel consists of quasiconformal mappings F and G which satisfy the period
doubling relation E 0 G o G = G o E. The model is similar to the Feigenbaum,
Coullet-Tresser (FCT) model but differs in important ways. In the FCT-model
there is an affine expanding mapping z — &z and a two-to-one conformal map
F which satisfy aF o F(a~!z) = F(z). In our model E is an expanding, two-
to-one mapping with a Cantor set repeller A of bounded geometric type. Gis |
a quasiconformal map which preserves the A. Although E and G are cannot be
realized oonfonha.lly; they are nearly conformal near the Cantor set. I.nl the FCT
model the Cantor set lies on the real-axis and has uniquely determined fine-scale
geometry with Hausdorff dimension between 0 and 1. In our model the Hausdorff
dimension must be a number strictly between 0 and 2 and the Cantor set is a subset
of the complex plane with spiraling character. We believe that any Hausdorff
dimension between 0 and 2 can be realized.
The Q we construct can be decomposed inté a disk and pairs of pants by

choosing a family of non-intersecting, simple closed curves in the following way.
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The first closed curve 7, encloses the Cantor set and is homotopic to oc. The
exterior of 7, is a boundary disk D containing cc. v, is the common boundary of
the disk and a pair of pants F,, and it is called the waist curve of the top pair of
pants. The other two boundary curves of P, are called its leg curves and each of
them encloses half of the Cantor set. These leg curves of F are also waist curves
of two new pairs of pants P, g and P;; which we call level 1 pairs of pants. Each of
the four leg curves of Pp; and P, ; enclose one-fourth of the Cantor set and they
are the waist curves of 4 pairs of pants of level 2 and so on. The waist curves of
pairs of pants on level n are called the marked curves of level n. This iterative

process produces a binary tree of pairs of pants.

When 2 is the complement in the complex plane of the standard middle-thirds
Cantor set, the circle with diameter on the real axis and which passes through the
points —} and 1+ can be chosen as the top curve. The level n curves are 2" images
of this circle uncier compasitions of length n of the maps z — £ and z — %2, We
say the Riemann surface ) with marked waist curves is of bounded geometric type
if every marked curve is homotopic to a system of non-overlapping, embedded
annuli, each with modulus bounded from below. In this case, the boundary of Q
coincides with the complement of 2. We call this boundary a Cantor set of bounded
geometric type. Any quasiconformal image of the complement of the standard
middle third Cantor set is of bounded geometric type and any quasiconformal
map acting on the complement of a Cantor set of bounded geometric type can be

extended to a quasiconformal map on the Riemann sphere. In other words, Cantor
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sets of bounded geometric type are quasiconformally removable.

In order to construct G in our model, we first show that a half-twist along
any waist curve can be realized quasiconformally. Then we show how to define
G as an infinite composition of certain of these half-twists. Even though the
composition is infinite, it turns out that G is quasiconformal. G is defined as the
infinite composition of quasiconformal half twists along the extreme right curves
on each level, starting at the top level first and moving progressively downwards.
Each of these half twists preserves the set of waist curves on every level. Since
G is quasiconformal and since A is quasiconformally removable, G extends to a
quasiconformal homeomorphism of the plane. G permutes pairs of pants on each
level and the permutation at level n is the period doubling permutation of 2" pairs

of pants symbolized by the sequences:
2,1, on level 1, 2,4,3,1, on level 2, 2,6,8,4,3,7,5,1, on level 3, etc.

The action of G on the Cantor set A is the limit of these period doubling
permutations. In our construction the domain of the mapping E is 2 with the top
disk and the top pair of pants removed. Thus, the domain of F has two components
one of which is enclosed by the left leg curve of F; and one of which is enclosed
by the right leg curve of F. We denote these two components by Qep: and Qpigne
and the restrictions of E to Qe and to Qeign: by E) and Ey, respectively. Each
of these restrictions is one-to-one and E defined on the union of Q. s with Qi n,
is two-to-one. Roughly speaking, Fy is defined by picking up . igs:, moving it one

level upwards and placing it back down on top of 2. The 2" pants on the right
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side of level n + 1 are mapped in order onto the 2™ pants at level n. The image
of Qpign: under Fy is all of 2 except for the disk D lying at the top of {2. Since
G maps Qiesr to Qpigns, we can define E; on Q4. by letting Ey = Ego G. E is
a two-to-one quasiconformal map acting on Qef: U Qpigh:- Once we have shown
Ey0G oG = G o Ey, this definition of F; immediately yields E;0G oG = G o E;.

The Teichmiiller space T(f2) is the space of quasiconformal maps with the
domain ) factored by an equivalence relation. f is equivalent to g if and only if
fog™! is isotopic to conformal mapping through an isotopy which fixes pointwise
the points of g(A). The Teichmiiller distance between two equivalence classes |f]
and [g] is

1

nf 3

log K(fog™),

where the infimum is taken over all quasiconformal mappings f and § in the same
equivalence classes as f and g, respectively. With this metric, any quasiconformal
self mapping h of () induces an isometry of Teichmiiller space which maps the
equivalence class of f to the equivalence class of f o A~!. A natural question to
ask about G is whether the isometry of T(2) induced by G has any fixed points.
This question is equivalent to asking if there is a quasiconformal map f for which
the conjugate f o G o f~1 is isotopic to a conformal self-map of f(Q2). The answer
to this question is negative. There cannot even be any f which conjugates G to a
homeomorphism and which is conformal in a neighborhood of a Cantor set A, be-
cause conformal homeomorphisms cannot duplicate the period doubling dynamics

of G on the Cantor set. However, the question of whether the isometry induced

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5

by G has a fixed point becomes tractable if one uses the asymptotic Teichmilller
space AT(S2). The definition of asymptotic Teichmiiller space is the same as the
definition of Teichmiiller space except the word “conformal” is replaced by “as-
ymptotically conformal”. A mapping h defined on 2 is asymptotically conformal
if for every € > 0 there is a compact subset S of 2 such that K,(h) < 1+ € for 2
in Q — S. Here K,(h) is the dilatation of h at 2. Teichmuller’s metric on AT (Q2)

turns out to be

inf%logK(fog‘l),

where the infimum is taken over all f and § which are asymptotically equivalent
to f and g, respectively.

Once again, G acts as an isometry and we will show that in this new Teichmiiller
space the isometry induced by G has a fixed point and much more is true. Because
we are now working in asymptotic Teichmiiller space, Ep induces a self-mapping
of AT(Q?). This self-mapping is weakly contracting and there are common fixed
points of the two self-mappings induced by G and Eg¢. At these common fixed
points the mapping G is asymptotically conformal and the forward powers E™ of
FE are uniformly asymptotically conformal. By this we mean for every € > 0 there
exists a neighborhood N containing the Cantor set A such that, for all integers
k>0,if zisin E*(N) then K,(E*) <1l +e

The set of common fixed points forms a subset of asymptotic Teichmiiller space,
which we denote by UAC(E,G), and we believe that this set is a closed complex

submanifold of the complex manifold AT(S2). We use the acronym UAC because
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for each point [f] in UAC(E,G), the forward powers of the conjugate mapping,

fo FE o f~1 are uniformly asymptotically conformal.

In order to describe UAC(F,G) we consider the dual Cantor set induced by
the dynamics of E. Points of the dual Cantor set are choices of infinite backward
branches of E. We symbolize these points by infinite to the right sequences of 0's
and 1’s. G~! acts from the right on a subset of the dual Cantor set by mapping

points of the form a011111... to «1000...

One can put length-twist coordinates on the Teichmiiller space T(A). The
lengths are the hyperbolic lengths of all of the waist curves in a geodesic pants
decomposition on 2. The twists are measurements of the angle of twisting at each
waist curve. The limits of length-twist coordinates along different points in dual
Cantor set exist for points in UAC(E,G) and define the scaling function on the
dual Cantor set which is a continuous complex valued. We show that UAC(E,G)
embeds into the space of scaling functions which is a subspace of those continuous
functions on a dual Cantor set which factor to functions continuous on a continuum.

We believe that UAC(F, G) is actually homeomorphic to this subspace.

In section 1, we define and prove elementary properties of Cantor domains
of bounded geometric type. In section 2 we construct a quasiconformal model
for period doubling dynamical system and show that it cannot be realized locally
conformally. In section 3, we define and give a synopsis of properties of asymptotic
Teichmiiller spaces. In section 4 we discuss some properties of affine twists in annuli

bounded by Euclidean circles. In section 5 we discuss the actions of e and g on the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Cantor set. In section 6 we construct a model where G is asymptotically conformal
and E™ uniformly asymptotically conformal. The construction is based on using
affine twists in anmili bounded by Euclidean circles. In section 7 we prove that
the same construction (using Euclidean circles) can produce a Cantor set of any
Hausdorff dimension strictly between 0 and 1. If more general figures, in other
words figures which are not circles, are used, then models where A has dimension
larger than 1 can be realized. Section 8 defines length-twist coordinates and scaling
functions. Section 9 defines dual Cantor sets and scaling functions. We show that
the scaling functions of the points in UAC(F, G) are continuous complex valued
functions defined on the unit interval. A construction of points in UAC(E,G)
with Dini continuous scaling functions is given in section 10. A homeomorphism
between U AC(FE) and a subspace of all continuous functions on a dual Cantor set
which factor to functions continuous on a continuum is conjectured in section 11.
The appendix contains pictures of the Cantor sets for some points in UAC(F, G)
and the computer program used to draw these pictures.

1.Cantor domains of bounded geometric type

In this section we define Cantor domains ) of bounded geometric type. We
show that every quasiconformal mapping defined on 2 extends to a quasiconformal
self-mapping of the Riemann sphere.

Let € be the Riemann surface of genus zero which is the complement in the
Riemann sphere of the standard middle thirds Cantor set Ag in the unit interval.

Select topological circles in {2 which subdivide it into the union of a disk and a
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family of pairs of pants. Choose these topological circles to be geodesics in the
Poincaré metric on . Then the pairs of pants come from a bounded set in the
Teichmiiller space of pairs of pants. This assumption is equivalent to assuming
that the lengths around the three boundary components of P, measured in the
intrinsic Poincaré metric A\p on P, are bounded below by ¢ and above by é .
Such a decomposition is called a pants decomposition of bounded geometric type.
Mark the pants in the following way. The pair of pants that is sewn to the only
disk D in decomposition is marked by Po. D |J Pyg has two openings and two
pairs of pants that are sewn to them are marked by P, 39 and P, g. Four pairs of
pants sewn to their legs are marked by P; g0, P3,100, P3010 and F3 130, and so on.
Let f be a quasiconformal mapping from () to another plane domain 2. Any
such  is called Cantor domain of bounded geometric type. Markings of the pairs

of pants on ) carry over by f to markings of the pairs of pants on Q2.

Lemma 1 Let A; , 1 < j < n be a finite nested sequence of topological annuli in a
disk of radiusr , each A;;, contained in the bounded component of the complemnent
of A; , a and b two points contained in the bounded component of the complement

of A, . Then

la —b| < — D
2%, ma;n?
where m(A;) represents modulus of the annulus A; .

Proof. Let I" denote the family of all curves separating points ¢ and b from the
(it [ oldzly?

vyET S,

circle. The extremal length of ' , A(T") = sup . Since sup is taken over all
( ) o rfpzdzdy

allowable metrics , A(T') is larger than the expression on the left computed for any
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fixed p. If p is Euclidean metric, inf [ pldz| = 2|a — | hence A(T) > @t Let
R

K be any simply connected compact which contains a and b (in our case bounded

component of the complement of A,) and I the family of curves separating K

from the circle. Since inf is taken over smaller family, A(I") > A(T). A(I") = WIIT)

n
and m(I") > 3 m(4;) so =—2— > A=t g o —bj < 22— =
=1 3 m(4;) A% m(a; n¥
J=

Proposition 2 Any quasiconformal mapping f defined on Qo extends uniquely to

a quasiconformal self-mapping of the whole Riemann sphere.

Proof. Since (y has bounded geometric type, for any point p in the standard
middle-thirds Cantor set, one can find a sequence of annuli A,, contained in {2 such
that each annulus A, ; is contained in the bounded component of the complement
of all these annuli. Moreover, these annuli can be constructed so they have moduli
bounded below and above by €; and é It follows from the previous lemma that
the point p is the unique point contained in all of the bounded components of the
complements of the A,. The mapping f takes this nested system of annuli into
another nested system with moduli bounded below and above by % and g ,where
K is a bound on the dilatation of f. The sum of moduli of annuli f(A,) is infinite.
Thus, by the lemma 1 there is a unique point pg in the common intersection of the
interior components of the annuli f(A,). Define the extension f of f by letting
f(p) = po. A point from Ag and a point from (o cannot have the same image
by construction. If p and ¢ are two different points from Ag then there exists
an annulus A which separates them. Then f(A) separates their images so [ is

one-to-one. Let p be a point in Ag and A; its defining sequence of nested annuli.
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Let p. converge to p. Then each p, belongs to the interiors of the first n; annuli
and ny — oo as k — oo. Then f(p,) belongs to the interiors of all the annuli
from f(A;) to f(A,,). Hence f(p,) — f(p) and f is continuous. The inverse
is continuous by symmetric argument so f is a homeomorphism. Since it has the
same Beltrami coefficient as f and since it is absolutely contimious on almost every
horizontal and almost every vertical line (all that do not intersect the Cantor set

), f is quasiconformal. W

Corollary 3 Any quasiconformal mapping f defined on a Cantor Domain of Bounded
Geometric Type Q eztends uniquely to a quasiconformal self-mapping of the whole

Riemann sphere.

Proof. 2 is a quasiconformal image of $ , 2 = fo(£2%). By previous proposition
both fo and f o fo extend to quasiccnformal maps of the Riemann sphere. Hence,
f = (fofs)ofy! extends to a quasiconformal self-mapping of the Riemann sphere.
|

2. A quasiconformal model for eogog=goe

In this section we construct a quasiconformal model for g and a locally quasi-
conformal model for e. We show that they satisfy the relation eogog=goe.

In order to describe the mappings g and e ,which will represent a model for
period doubling, it is convenient to choose a special decomposition on £2g. We now
assume that the three boundary components of every pair of pants in pants decom-
position have equal lengths.. Any pair of pants has a unique orientation reversing,

involutory isometry. This isometry fixes two points on each of the three boundary
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components. These points will be called marked. Let z; and y; be marked points
on one of the boundary components of P; and z, and y2 be the marked points on
one of boundary components of P,. If P, and P, are sewn together along these
boundary components in the decomposition of €, z; must be sewn to z; and ¥

to ys.

YA

A _J(Aﬁ

In the figure simple closed curves are labelled a,, on ). The curve ag is the
boundary of the disk which was sewn to opening at top of the top pair of pants.
Assume that under the chosen embedding ¢ of Q into C this point corresponds
to oo. For n > 1, the curve o, is the boundary contour, or waist, of the extreme
right-hand pair of pants at level n. Define quasiconformal self-mapping T, of ! to
be a right balf-twist around the curve a,,. More precisely, for all points in 2 which
do not lie below a,, T, is the identity. On the pair of pants P lying below o,
with the property that the distance across this annulus, measured in the intrinsic
Poincaré metric, is 6. Then we write a formmula for a quasiconformal right, half-
twist which keeps the boundary component at a,, fixed and interchanges the other

two boundary components of P. All of the pants which lie below this pair of pants
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P are interchanged symmetrically around a vertical axis passing through a,. For
the pairs of pante below P, the mapping T, is realized by an isometry.

Notice that T;, is globally quasiconformal and, except on an amnulus lying on
one side of ay,, T}, is locally isometric. Moreover, all of the special marked points
at the boundary components of the pairs of pants are preserved by T, and, for all
points p not on this annulus, T2(p) = p.

We are now in a position to define the self-mapping g. For any point p at level

n, g(p) is the composition of n half-twists:
9(@) =Th-10Th_g0...0T(p)-

g is quasiconformal because, at each level, g is given by a pernmtation of pairs of
pants on that level and a single half-twist on any given waist. The dilatations of
all of these half twists are equal

The permutation at level n is the period doubling permutation of 2" pairs of

pants at that level; it is conveniently symbolized by the sequences:
2,1, for two positions,

2,4,3,1 for four positions,
2,6,8,4,3,7,5,1 for eight positions,
2,10,14,6,8,16,12,4,3,11,15,7,5,13,9,1 for sizteen postions, etc.

Each sequence is obtained by multiplying the preceding one by two, writing it in
backwards order, subtracting one from each entry of the result and writing that

in backwards order. By the previous proposition, g acts quasiconformally in a
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neighborhood of the Cantor set. Its action on the Cantor set is the limit of these
period doubling permutations.

g matches all the pairs of pants on the right side of 2 with pairs of pants on
the left side, reversing their order. The ones on the left side are matched with ones
on the right in accordance with a more complicated ordering.

Let Qiere and Qpign: be the parts of g which lie below the left side of side of
Qo and the right side of {), respectively. The mapping e is a two-to-one mapping
defined on Qyepe U Qpigne. Denote by e the restriction of e to Qign:. € is defined
by picking up (2rigne, moving it one level upwards and placing it back down on top
of . The 2" pants on the right side of level n + 1 are mapped in order onto the
2" pants at level n. The image of Q. under eq is all of 2 except for the disk D
lying at the top of the picture in figure 1. Because of the model chosen for (, €
is an isometry.

Define €;(p) = eg © g(p) for points p in $ef:, and let e be the join of e and e;.

e is a two-to-one quasiconformal mapping defined on Qes: U Qrighe.
Proposition 4 For all points p in Quepe U Qrighe,
eogog(p) =goe(p)
Proof. If we prove the equation for p in S, since €; = € 0 g, we would know
that
€1000g =€0go0gog=goe€og=goée.
Therefore, it suffices to prove that eg 0 g 0 g(p) = g o ep(p) for all points p in

Cdeighs-
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For p in Qigne and at level , g(p) = To(p), and so

eoogog(p) =egogoTy(p) =eo0Tno1 0 Thoz... 0 Too To(p) =

€0 O Tn—l o] Tn_g...Tl (p)

On the other hand, because of the chosen models for Qg and T, the half-twists T

satisfy the following commutation relation with e :

eoo Ty = Tk 0 €.

The conclusion is that

eoogog=T, 30T,_30...0Tg0eq.

But, since p is in Q5 and at level n, ey(p) is at level n— 1 and, therefore, goeg(p)
is also equal to T,—20...0Tyoeg(p). W

It is natural to ask is whether this period doubling equation be realized confor-
mally. That is, is there a quasiconformal map f from Qg to Q such that fogo f~!
and foeo f~! are conformal in the neighborhood of f(A). In the next lemma we

show there can be no such realization.

Lemma 5 Period doubling homeomorphism g cannot be realized conformally in a

neighborhood of a Cantor set .

Proof. Let g and e be mappings defined on the complement of the standard middle
thirds Cantor set Ay described in section 3 which preserve marked curves . If F' is

a quasiconformal mapping ,§ = F ogo F~! is a period doubling homeomorphism
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defined on the complement of A = F/(Ag) which preserves marked curves . Assume
that g is conformal in a neighborhood U of A , then there is a level n of marked
curves which liesin U. 2™ preserves all marked curves at the level n+1 and above
. By restricting it to interior of a marked curve at level n , one gets a conformal
map which maps a quasidisk to itself with two fixed points inside quasidisks on
level n+1 . Its conjugate by a Riemann mapping is a M&bius transformation fixing
a disk with two fixed points in the interior of the disk. Hence it must be identity

. By construction no power of g can be identity. B
3. Definition of asymptotic Teichmiiller spaces

In this section we define the Teichmiiller space T'(§2) and the asymptotic Te-
ichmiiller space AT'(Q2). We discuss self-mappings of AT(2) obtained by precom-

positions by g~! and e~1.

Let R be a Riemann surface and B its ideal boundary. The Teichmiiller space
T(R) of R is the set of quasiconformal maps f from R to a variable Riemann surface
f(R) factored by an equivalence relation . fp is equivalent to f; if there exists a
conformal map ¢ from f;(R) to fo(R) such that fy is isotopic to co f; relative to B.
The definition of isotopy relative to boundary in general case involves discussion of
Fuchsian covering groups for R. In the case of the Riemann surface {2 which is the
complement of a Cantor set of bounded geometric type the discussion of covering
groups and equivariant isotopies is unnecessary. We can define the Teichmiiller
equivalence relation by using the natural boundary A of Q because from corollary

3 any quasiconformal map defined on 2 has a unique quasiconformal extension to
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the boundary of (.

Definition 6 Assume Q is the complement in C of a Cantor set of bounded geo-
metric type. The Teichmiiller space T(Q) of Q is the set of quasiconformal self-
mappings f of the Riemann sphere factored by an equivalence relation . fo is
equivalent to fy if there ezists a Mobius transformation c such that fy is isotopic to
co fy relative to A. In other words, there is a continuous family of homeomorphisms

of the Riemann sphere h; such that

(a) ho(z) = fo(z) and hy(2) = co f1(z) for every z on the Riemann sphere:
and

(b) he(A) = fo(A) =co fi()) forevery A€ Aand every 0 < ¢ < 1.

The Teichmiiller space T(f2) is a complex manifold modeled on an infinitely
dimensional Banach space. Given two points in T'(2), we define the Teichmiiller
metric d([f1],[f2]) = linflog K(fo 0 f; '), where the infimum is taken over all

quasiconformal mappings fl and f in the classes of f, and f5, respectively.

Definition 7 [f] is in Tp(Q2) if for every € > 0 there exist a quasiconformal map
he in class of f and a neighborhood U of A such that the local dilatation of h. is less
than 1 + € in every point of U. We will call the elements of To(2) asymptotically

conformal classes.

Definition 8 A quasiconformal self-mapping of the Riemann sphere h is called
asymptotically conformal if for every € > 0 there ezists a netghborhood U of A such

that the local dilatation of h is less than 1 + € at every point of U.
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It was proven in [6] that the set of asymptotically conformal classes is a closed
subset of the Teichmilller space. They also proved that a class is asymptotically

conformal if and anly if it contains an asymptotically conformal mapping.

Definition 9 The asymptotic Teichmiiller space AT(Q) is the quotient space To(Q)\T'(S2).
Given the fact that asymptotically conformal classes are those which contain an as-
ymptotically conformal representatives, the asymptotic Teichmiiller space AT (1)
of Q is the set of quasiconformal self-mappings f of the Riemann sphere factored
by an equivalence relation . fo is equivalent to f, if there exists an asymptotically
conformal self-mapping of the Riemann sphere a such that fy is isotopic fo ao fi
relative to A. That means there is a continuous family of homeomorphisms of the

Riemann sphere h;y such that

(a) ho(z) = fo(z) and hy(z) = ao fi(z) for every z on the Riemann sphere:
and

(b) ht(A) = fo(A) =ao fi(A) for every A € A and every 0 < ¢ < 1.

The asymptotic “Teichmiiller space AT(R2) is a complex manifold modeled on
an infinitely dimensional Banach space. The boundary dilatation H*(f) of the
function f is the infimum over all compacts £ in Q of the dilatation of the restric-
tion of f on Q\E. H* = inf{ K(f]a\£) }Given two points in AT(2), we define the
metric d([f1],[f2]) = —;inflogH‘(f'; o fl_l), where the infimum is taken over all

quasiconformal mappings fl and fg in the classes of f; and f,, respectively.

Definition 10 A dynamical system of forward powers e™ of e is called uniformly

asymptotically conformal (UAC) if for every € > 0 there exists a neighborhood U
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of A such that for every n in N the local dilatation of €" is less than 1 + € in any
point of the n-th preimage e ™(U) of U. Sometimes we will refer to e as a UAC

map.

Theorem 11 The quasiconformal mappings e and g induce holomorphic, self-

mappings of AT (Sp), E and G given by the formulae
G(f]) = [fog'| and E([f]) = [foe'].

For Teichmiiller’s metric on AT (S), G is an isometry and E is a weak contraction,
in the sense that the distance from E([f1]) to E([f2]) is less than or egqual to the

distance from [fi] to [f2). For all points [f] in AT (), one has the identity
E o GoG([f]) = G o E([f])-

Any fized point [fo| for E or for G yields a domain fo(Qq) on which the mappings

foogo fo! and fooeo f3! act asymptotically conformally.

Proof. Suppose fp and f, are two quasiconformal self-mappings of the Riemann
sphere and that fy; and f; represent the same point in AT (). Then there is
an asymptotically conformal self-mapping of the sphere ¢ and a quasiconformal
isotopy h; such that hg = co fo, hi = f, and ho(p) = h(p) = hy(p) for every
point p in Ag. This equivalence relation is obviously preserved by precomposition
with the globally defined quasiconformal mapping g~!. It is also preserved by
precomposition with the quasiconformal mapping e; ! because the domain of foey’

is p \ D and it has a unique extension to C— D. D is a compact subset of Qg so
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every quasiconformal extension of foe;! belongs to the same asymptotic conformal
class. The identity E o G o G([f]) = G o E([f]) follows from the identity for e and
g given in the proposition 4.

The complex structure is defined in a neighborhood of the identity, [id] in
AT(9g), and transported to a neighborhood of any point in such a way as to make
composition on the right holomorphic. Since the operators £ and G are defined
by composing on the right with the quasiconformal mappings ey and g, these
operators are holomorphic. Moreover, composition on the right by an invertible
quasiconformal mapping is an isometry because the Teichmilller distance between
to classes [f;] and [f5] is defined to be the logarithm of the boundary dilation of
the class [f; o f;!]. Precomposition of f; and f, by the same invertible mapping
leaves the expression f; o f; ' unchanged.

If [fo] is a fixed point of G, then, by a theorem from [6], there exists an
asymptotically conformal mapping a such that foog~! is equivalent to a o f5. In
other words, the mapping a™! is an asymptotically conformal self-mapping of the
Riemann sphere which is isotopic relative fo(Ao) to foogo fo!. ®
Remark 1. Note that the isotopy class of g acting on 2 uniquely determines the
values of the extension of g to A. This is because in our definition of isotopy
equivalence, we use the existence of an isotopy through quasiconformal mappings

which keep the boundary points of §2 fixed.
4. Affine mappings and twists in annuli.

In this section we define and show some properties of a quasiconformal mapping
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Ry 4 which is the identity of the unbounded component of the complement of the
annulus A and a rotation through an angle ¢ on the bounded component. We use
maps of this type to construct a fixed point for G in the next section.

Let A, r, denote annulus with the center 2o , inner radius r and outer radius
R. Let Ry 4, o, denotes a quasiconformal map which is the identity on the un-

bounded component of the complement of A4,, g and rotation through an angle ¢

on bounded component. Ry 4, »,:C —C
4
z, forjz—z |2 R
Roage(2) =19 2+ P = (z — 20), for 2€Az Ry (1.1)
e®(z — z) + 2o, for|z—z|< T

Lemma 12 If L is a linear map L(z) = az+ b and A ts an annulus than
LoRs=RyaoL (1.2)

Proof.
It is enough to prove that (2) holds in A since by continuity that forces (2) on
AA and both sides of (2) are restrictions of linear maps on both components of A°

so identity on JA forces identity on A°. In A, g, :

.. R-lz—z9|
Lo Ra(z) =a.zo+ae'¢( R=r )(z — z0) +b

t¢( jalR—-laz+b—azg —b

Rpay(L(z)) =azg+b+e lal R~{air )[(az +b) —az - b =

. R-{z-z|
azo+ae'¢( Rer )(z—zo)+b=LoRA(z) [
The fact that the class of maps Ry 4 is closed under conjugation by a linear

map will be crucial in the construction of a fixed point for G.

Lemma 13 Rye0 Raw = Raorv
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Proof. Direct computation. B

Lemma 14 || 1(Ry.4,, ) lio depends only on ¢ and 2 and tends to 0 as ¢ tends

to 0. Moreover, || p(Rsa,, q.) llo i bounded by Cé for a family of annuli with

bounded § .
_wg
iolz~zgl PR 2 B .
— B _ | _ART) 3(R-r) | —-(—L' which tends to
Froot Ml 1= & = (gl = ] T |25

Zero as ¢ tends to zero, and behaves as C¢ W
5. Action of e and 4 on the Cantor set

In the following three sections we use special model for 9. The marked curves
on )y are Euclidean circles. The annulus homotopic to the top marked curve is
represented by the annulus 4 = A%';‘;'%. Let D be the disk D%,%, which is the union
of the annulus A and the bounded component of its complement we denote by D.
All the annuli homotaopic to the marked curves on lower levels are forward images

of the top anmulus by the linear mappings [1(2) = § and Lo(z) = iz

)

- ,
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The extreme right annuli on each level we denote by A, ) and the corresponding
disks by Dpi. Ani = L3(A) and D,; = LZ(D). The half-twists T, along the
extreme right marked curves on each level will be represented by the maps Rz 4, ,.
g will be the infinite composition of T;,’s . In the next lemma we will prove that
g is well-defined quasiconformal self-mapping of €. By Proposition 2 , g has a
unique extension to a quasiconformal self-mapping of the Riemann sphere. We
denote this extension also by g. The markings of the annuli and corresponding
disks on each level follow the dynamical order g(Anx) = Ang4r for 1 < k <
2" — 1. Since g(An2n) = An; we use the two notations, A, and Ao, for the
same annulus, which simplifies some formulae. Any point of the Cantor set Ag
is the intersection of the bounded components of the complements of the nested
sequences of annuli. In this model e, is represented by a restriction of a linear map
eo = Ly'|Dyy; eo(z) = 3z — 2. As before, we define ¢, as ey 0 g. e is the join of

ei(z) , z€D1,0

€ and e; . e(z) = {eo(z) . 2€D1,)

We will construct a quasiconformal map f as a composition of annular twists Ry 4
and show that f o g o f~! is asymptotically conformal and f o €” o f~! uniformly

asymptotically conformal.

Lemmma 15 g is well-defined and quasiconformal.

Proof. Let g, =Tn0T,_10...0T

Sequence g, converges uniformly to g on compact sets since {-5 -y D,,‘k}
k

neN

covers () and g = gn-1 on C —|J Dnx . Hence, g is well-defined. In order to prove
E
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that g is quasiconformal, it is sufficient to prove that there is a uniform bound on
Beltrami coefficients of g,’s.

T: = Rea,, 80 gn = Rra,, ©... 0 Rxa. Each Rra,, is the identity in the
unbounded component of the complement of A;; and a rotation for the angle = in
the bounded component so g, is conformal outside A;gforl <n .

gnlAie = (RrA., © - © Ry o4, © L)| Ao where L is a linear map which maps
Ao to A1, a composition of rotations .

By lemma 12 gn|Aym = (Rr a0 -0 Broai10 0 L0 B -1a0))| Ao = (Brans ©

e O RN,A:H.x oLo R’I’,AI,O)IA'I.O

Since Rr,ap0--0Ru,dy,y, 0L is linear in Aro |4(gnlAro)lle = [[1(Br.a0)| =

26ix
fa(Bra)llo < laﬁﬁl =C
8
Since g, is linear outside | J A;¢ , the sequence g, has p’s uniformly bounded
1,0

by C1
= g is quasiconformal and ||u(g)l], < Ci

It was proven in Section 2 Proposition 4 that g o e = e o g o g pointwise on the
domain . Since both maps extend to Ag it is interesting to see their action on the
Cantor set . Each point in Ag is an intersection of a nested sequence of closed disks.
FEach disk in the sequence is an image of the top disk D under a finite composition
of Lys and L;s. In this discussion only, we denote L, 0 L, 0...0 L, (D) by D;,e,. ;-

If v is a finite sequence of 0's and 1's, the two disks of the highest level inside
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D, are D,y and D.,;. Hence every sequence of nested disks determines a unique
sequence a(n) of (s and 1’s infinite to the right. By putting (—n) = a(n), we
obtain infinite to the left sequences which we identify with points in Ag for the rest
of this section.

For any finite code v, eg maps Do, onto D, , so it maps la into « and eo(50) =
B. Hence, €g is the right shift or defined on codes ending in 0. Informally, we can
think of 8's as “infinite integers”, and of eg as “division by two” of “even integers”.

g=..0T,0..0T0T,

To exchanges left (1) and right (80) halves of Cantor set.

T, exchanges quarters in the right half . 77(800) = (10 , T1(810) = 500
leaving codes which end with 1 unchanged.

T exchanges 2 extreme right 57 parts. T(600...0) = 810...0 , T;(810...0) =
300...0 leaving all other codes unchanged.

g “adds 1” to B . It starts from the right, changes the digit and moves to the
left if the digit was 1 stopping otherwise.

So equation eg 0 g 0 g(B) = g o eo(0) becomes “B2 = £ + 17

6. Construction of UAC realizations of ecgog=goe.

We are now constructing a mapping F : Qy — ) which conjugates g to an
asymptotically conformal map § = Fogo F'~! : Q — Q. The mapping F conjugates

dynamical system e” to a uniformly asymptotically conformal dynamical system
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e® = Foe"o F~1. The mapping g has Beltrami coefficient supported in the anmuli
A, ;. g is not asymptotically conformal since p in A, is transported from A by
a linear mapping L} and it does not tend to 0 as n tends to cc. A way to make
a conjugate asymptotically conformal is to share dilatation between the annuli on
the same level. Since there are 2" annuli on level n, the Beltrami coefficient in each
of them comes from annular twist for the angle 7 which tends to 0 as n tends to oc.
A map which achieves such sharing of dilatation is a composition of Ry, , 4, ,- The
angles on each level grow gradually from ¥,; = —7 to ¥, y» = —35. Using the facts
that Lo Ro4 = Rar(a)° L, Rar 0 Rg o = Ratpa and g(Anx) = An k1 we reduce
the conjugate to LoRy,, ;. An OB -wpydns = LoORZ 4., in Agpforl <k <2°—1.
Inside A, p , the conjugate Fogo F~! reduces to LoRy,, ;. 4,0°Rr 4000 B-p0,4n0 =
Lo R _rirt% Ano = Lo Rz 4,,- Hence we achieve an asymptotically conformal
conjugate §. Futhermore, Beltrami coefficient decreases exponentially with the
level and & is conformal. Since é; = & o §, dynamical system e is uniformly

asymptotically conformal. Farmal proof with all the technical details follows.

Let ‘I'n.k=ﬁ;-,}£—7r,for1$k_<_2"andl11mo_—_-\pn,2,.=_§f;

Let F =...0 R‘pn,zﬂ-x:ﬂﬂ,zﬂ-l 0...0 RW".O:A“'O o R\p 0...0 RW,A

n-1,2n-1 -134q 1 2m =11
Note that the order inside the level is not important . Ry, ,.4,, and Ry, .4,
commute since all R’s are the identity in the unbounded components of the com-

plements of the annuli. F is a quasiconformal map . Proof is the same as for g

, where compositions of all rotations up to the level n play the role of gis . F
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maps the complement of the middle third Cantor set onto a surface 2 of the same
topological type as € in which pairs of pants are gradually more and more twisted

following the dynamical order .
Theorem 16 [F) is a fized point for g , €y and €; .

Proof. (i) [F] is a fixed point for § . Actually we are proving the equivalent
statement that [F) is a fixed point for g~! . In other words Fogo F~! is an
asymptotically conformal map from Q to itself. QOutside H:Aﬂ,k , F and g are
conformal and so F o g o F~! is conformal outside HF(A,‘,;‘).

(a) Let us look at F(A,) for L < k < 2 — 1. F1: F(Ank) = Ank ,
g:Ang — Angi1 F 1 Angyr = F(Angs1) , Fogo F1: F(Anx) — F(Ank+1)
FUYF(Ank) = L3' 0 R_g,, F(ans) » 9l Ank = Lz, FlAnke1 = Rupyoitane, © La
Both g and F are infinite compositions of R's but all R's are identity in the
unbounded components of complements of annuli and linear in the bounded . That
means that the restriction to one fixed annulus is a composition of a linear map
L; (which is a composition of linear maps contributed by R’s on higher levels) and
corresponding R , while all other R’s on the same or lower levels contribute identity

. FogoF '|F(Ank) = ReppriAases ©LOR_9,p F(Ans) Where L=LsolzoL;" is

a linear map which maps F(An4) to An k41 - So by lemmas 12 and 13 Fogo F~! =

LoRy,,,,Fans) © B-wopransy = Lo Ry, oy —wn s Flans) = Lo Rx pa,,) and

by lemma 14 p(Ry.4) - 0as ¥ — 0.

(b) Looking at F(Ano) , F~!: F(Ang) — Ano, 9: Ano — Any F 1 Any —
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F(An1) , Fogo F7': F(Ang) = F(Ans) , F!|F(Ang) = L' © R F(ano) »
9lAno = Rra,o0 Ly, FlAn1 = Ry, 4., 03 Fogo F7YF(Ano) = R-ra,,
LyoRr a0 Lao Li' o R_x Fane) =

= Lo R F(ang) © Rr,F(Ano) © R-5 Flane) = L0 RBrin-zrang = Lo
R_ & F(An0)-

So p — 0asn — oc => Fogo F~!is asymptotically conformal .

(i?) [F) is a fixed point for eoA:l Since Foego F~! is conformal outside Hc F(Anx)
, it suffice to look at the annuli. eg(A,;) = An_1,1 By discussion similar to (%)
Foego F7'{F(An,;) reduces to Lo Ry, _, ; F(An1) © Bwn1,F(An1) = Lr-x,F(4ns) =
L oid = L = linear map. By proposition 4 from section 2, eg0gog = go e
so eo(An3) = eo(g*(An,1)) = g(eo(An1)) = g(An-11) = An-12 and inductively
€o(An2k+1) = An_1x+1 50 Foego F71|F(Ap ax+1) reduces to LoRyg, _, .\ F(An2kr1)©
Bt FAnzert) = DO B bnn Brim Flauser) = L O RoF(an gy = Lotd =
linear map. So , F oego F~! is in fact conformal.

(t1z) [F) is a fixed point for;::l FoejoF'=FoeogoF 1=FoeoFlo
Fogo F~! = a composition of two asymptotically conformal maps = it is an

asymptotically conformal map. B
Theorem 17 Foeo F~! is an UAC map.

Proof. Let f(a) = |#(Rq,a)| - Let n be large enough so that f(3z) < € then

(Foeo F)¥)| < F(3 3%) < f(&) <¢.So Foeo F-lisan UAC map . M
k=1

7. Preservation of dimension under F.
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The construction from previous section gives infinitely many models for as-
ymptotically conformal g and U AC e . One can start from a Cantor set of any
Hausdorff dimension and construct AC g and U AC e exactly the same way as it
was done for the middle third Cantor set . We prove in the next Proposition that
conjugating mapping F preserves Hausdorff dimension. It is a result from (3] that
AC mappings of planar domains preserve Hausdorff dimension of compacts and
that means that two F’s constructed on Cantor sets of different Hausdorff dimen-
sion does pot represent the same point in AT. Some freedom exists in choosing
angles and stretch parameters in construction of F' , but it is difficult to answer
wether two such F’s represent the same or different points in AT. An attempt to
classify points in AT which make g AC and e UAC will be made in the following
sections using hyperbolic geodesics instead of circles in construction of F.

Let us start from the picture
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and define Cantor set A = Agp,q by taking iterates of linear maps from Dy to

Do and Dy . Then define F: C-A — F(C — A) same as for Ao.
Proposition 18 dim (A) = dim (F(A))

Proof.
1) dim (F(A)) < dim (A)

{Do} , {D1o, D11}, .o , {Dno 5 -  Dnan-1 }, ... is a sequence of covers of

dim (A) = 252 , diam(F(Dys)) = diam (Dn.s)

{F(Do)} , {F(D1o) ,F( D11)} 5 oo ) {F(Dag) » = » F(Dagn-1) } , . isa
sequence of covers of F(A).
Sna = 3 (diam (F(Dos)))* = 7'(3)"
S = [2(E)7T"
0 ,2%)e <1

0 ,2(%)*>1
2(ﬁ)a<1®log2§alog§®a>i§%»dimF(A)ng%
2) dim F(A) > dim A
Suppose that dim F(A) < f:%’ then there exists 8 < ;’f%, there exdsts se-

quence of covers of F'(A)

kn
{{BO,O 3 ot BO,ko } 3 =t { Bn,o yose 1Bﬂ,kn } "'} such that HILIEO IEO (d'iam
Bn'l)ﬁ =0

One can assume that B, are convex since the convex hull of any set has the

kn
same diameter as the set. Choose { B, ,... , Bnx, } such that 5 (diam Bn;)? <€
=0
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a) Leave every B, with property (*) : (Ym, k) BniNAnyx # 0 = Amx C Bay

unchanged.

b) If B, does not have property (*) , let m be the lowest index such that
BniN Amyx # 0 and Apx is not a subset of B,; . B, has an empty intersection

with any A, . where b < m since By, is convex.

bl) If Byt NDpry1 = O substitute B,; by Bni NDmy . If new By, still does
not have a property (*), continue applying changes bl)-b3) on smaller and smaller
annuli until procedure stops in step b3) or the diameter of the disk in bl) or b2)
is less than -? times the diameter of the original By, ;. In the second case, replace

B, by the disk.

b2) If Bp; NDp i = @ substitute Bn; by Bpi NDmit1 - If new By, still does
not have a property (*), continue applying changes b1)-b3) on smaller and smaller
annuli until procedure stops in step b3) or the diameter of the disk in bl) or b2)
is less than 'aE times the diameter of the original B, ;. In the second case, replace

B,, by the disk.
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b3) If Buy N Ams # 0 and By N Amgs1 # 0 => diam B, > 24(%5)™ (see
figure).

Substitute By, by Dp_y . with diameter 2R(5)™.

After changes a)-b3) , new cover {E:) youe ,E;; } consists of disks. Since
F-! maps each of this disks into a disk of the same diameter, {F~!(Bng) ..
,F~Y(Bnr.) } represents a cover for A in which every set has the same diameter as
the corresponding set in

{Bro - »Basa }-

3 (diam Bro 1 < (85 (dlam Bugf < (B = dim A < 8 < 5}
Contradiction.

= dim F(A) > f‘%

1) and 2) imply that F' preserves Hausdorff dimension B
8. Length-Twist Coordinates

The Teichmilller Space T(%) can be equipped with length-twist coordinates
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in the following way : Q is decomposed into pairs of pants by marked curves v, x
. For a quasiconformal map f : Qo — Q , f( ¥, ) decomposes {2 into pairs of
pants. Each

f(Yns ) is homotopic to a unique closed geodesic in hyperbolic metric of {2 and
they determine a geodesic pants decomposition. Their lengths Ly, are the length
coordinates. From the discussion in the second paragraph in section 2, each pair of
pants determines two marked points on each of its boundary components. Sewing
of two pairs of pants along the common boundary is determined, up to full twists,
by the relative position of pairs of marked points on the common boundary. The
angle 6, x is a number between 0 and 27. T, i iS O, plus 27 times the number of

full twists obtained from f.

Proposition 19 There is a homeomorphism between T(S)) and sequences ( Ly

y Tax) in l norm.

Proof.

The map from T(£2p) into sequences is well defined since conformal maps pre-
serve hyperbolic lengths and the twist can be represented in terms of hyperbolic
lengths of curves going across. If f, — f in Teichmiller norm than f, o f~! is
homotopic to ¢, where p(c,) — 0. Hence( Lok » Tni)m — ( Lok » Thx) In U

norm which means that the map is continuous.

The inverse map is well defined and continuous since a quasiconformal map

can be constructed piece-by-piece on pairs of pants and a map between two pairs of
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pants with nearly equal lengths of boundary curves can be made nearly conformal.

Corollary 20 ( Lni , Thx) and (l’,:; , 'f’:;) are the same point in AT(Q) if and
only if

(Lng , Tak) = (Lag » Tax) asn — 0.
9. Dual Cantor set and Scaling Functions

Let f : Q9 — Q be a quasiconformal map such that € = foeo f~1isa UAC
mapping and § = f o g o f~! is homotopic to an AC mapping. Such maps form a

subset of AT(S%) which we call UAC (e, g).

Definition 21 The dual Cantor set A consists of sequences of 0’s and 1’s which

determine the choice of infinite backward branch of el equipped with the usual

topology.

If o is a sequence of 0’s and 1’s , finite or infinite, e-2 will denote ... o el o

o~

ezl o cgll and aj will be the subsequence consisting of the first k£ elements of a.

Definition 22 The scaling function s : A — C is defined as s(a) = kli_{g (L(g:;i' (Pon))+

iT(e"%%(Poy)))-

In other words its real part is the limit of the length coordinates of pairs of
pants travelling by the backward branches of e-! determined by a and imaginary

part the limit of the twist coordinates.

Lemma 23 Scaling function is well defined and continuous.
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Since e is UAC , for every € > 0, there is a neighborhood U of A, such that
for any curve v for which e(v) lies in U hyperbolic length [ of () is between
(1 = €)l(7y) and (1 + €)l(7). Since T can be represented in terms of hyperbolic
lengths, L(e=%(Py,;)) +iT(e~%(Py,)) represents a Cauchy sequence and the limit
exists. If « is close to 3 , that means that o = B for a large m and that implies

that s(a) is close to s(8). Hence, s is well defined and continuous. W
Lemma 24 3(a0111...) = s(«1000...)

Proof. Since g is asymptotically conformal , by the hyperbolic length argument for
any code §: Jim (L(g™ o€ (Poy)) +iT (g o5 (Fy.))) = Jim (L(e~ 5 (Fo,) +
iT(e~P2(Py,))).

Using formulas eogog = goe and egog = e; we have that _;)-:Toe’l:’1 = %/103:7
and iqtioe’;{l = e?l. It follows that Foe:;:‘o...oe?ogglo’e-:; = %o...o%oéo;

for the same finite number ofeﬂlr1 's and e? 's and any code a. Hence s(a0l111...) =

s(a1000...) m

Proposition 25 Scaling functions can be represented as continuous functions of

the unit interval with positive real part.

Proof. Unit interval is homeomorphic to A/ «~ where - is the equivalence relation
(a0111...) ~ (a1000...) . Since s(a0111...) = s(a1000...) , s factors to a continuous
function on the unit interval. Since all pairs of pants are of bounded geometric

type, waist curve lengths are bounded away from 0 so real part of s is positive. B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

10. Dini continuous Functions and construction of points
in UAC(e,g) With given scaling function

Definition 26 The modulus of continuity w(t) for a continuous function f(x) on
an interval is w(t) = sup |f(z + 0) — f(z)|, where z and z + 8 are in the interval

and 8 < t.

Modulus of continuity is a nondecreasing continuous function.

Definition 27 A continuous function is called Dini continuous if the sum Y_ w(e™)
n=1

converges for some , hence all, € < 1.

Theorem 28 If s is a complez valued Dini continuous function defined on the unit
interval with the properties that Re(s(z)) > 0, Re(s(0)) = Re(s(1)) and Im(s(0)) +
m = Im(s(1)) then there is a function f € UAC(e,g) for which s is the scaling

function.

Proof.

Let {f] be a po;'nt in T(§p) with length-twist coordinates given by Ln; =
Re(s(3x)) and T, x = Im(s(%)). Topologically, § = f o go f~! permutes pairs of
pants on each level mapping P, to P, x+1 and P, on to P, ; and applies a half twist
along each of the curves f(7, ;). Hence, it maps Q to itself , but determines a
new point in T'(Q) with the length-twist coordinates Tn g = Lnx-1 , Lut = Lnam
Tog =Tak-1, Tn1 =Tase+7 . We can construct a map g , homotopic to § piece-
by-piece on pairs of pants. Since [Ln — Lax| < w(Z) and [Tog — Tasl < w(z)

, dilatation of § on the level n can be made of order 1 + Cw(z) which means
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that g is asymptotically conformal. Similarly, €5 maps Pny12¢-1 to Pnx . Since
|Ln+126-1 — Lokl < w(zEs) and [Tnsr,26-1 — Tnkl < w(zmm) , we can construct
& such that its dilatation on the right half of level n is of order 1 + Cw(z%).
We define €; by €] = €5 0g . The dilatation of € on level n is less or equal to
(1 + Cw(3))? < 1+ 3Cw(sx) for n large enough. It follows that the dilatation
of € : level m + n — level n is less than mﬁn (1 + 3Cw(5)) which is less than

I=n+1

o] o0 .
[T (1+3Cw(3)) . Since the product [](1+3Cw(5:)) is equiconvergent with the
=1

l=n+1
series 3§w(51;) , dilatation of € tends to 1 as n tend to oo , hence € is a UAC

i=1
mapping. We construct a map [ , another representative in [f] which conjugates
e to € inductively by levels. We choose f on the top disk and the top pair of pants
to be quasiconformal and satisfy (*) f =¢€"'o foe; on the leg curves
of the top pair of pants. We define f on lower levels inductively, using relation

(+). By construction, € = foe 07_1. Since § is homotopic to g and € is UAC,

feUAC(e, g). 8 is the scaling function for f by construction. B
11. Two lemmas and two conjectures

Lemma 29 The set AC(g) of Teichmiiller classes [f] which conjugate [g] into an

asymptotically conformal class is closed in T(Qp).

Proof. Let [f,] be a sequence of classes in AC(g) which converges in Teichmiiller
norm to the class [f]. Then [hy] = [fnof~!] tend to 0. We can choose representatives
hn so that p(h,) — 0 in L*® norm. Than, each h, o f is in the class of f,, and p(
hno f) = u(f) in I* norm. Hence p(hn o f og o f~* 0 hi') = u(f ogo ) in

L*® norm and
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[An o f ogo f~1o h;'] — [f og o f~!] in Teichmilller norm. Since all (A, o f
og o f~1 o h;!] are in To(2) and Ty(Q) is closed it follows that [f ogo f~'] is an

asymptotically conformal class. B

Lemma 30 The set UM (e) of mappings f which conjugate e into a U AC mapping

13 closed in L™ norm of its Beltrami coefficients.

Proof. The proof given in [14] works the same in the case of domain of bounded
geometric type. Let e represent a UAC mapping. Let f; be a sequence of maps
in UM(e) which converges to a QC map in L* norm of Beltrami coefficients.
I1(fi) — 2(f)]]oo < € for sufficiently large j. It follows that for z in e "(l}),

[e(fioe™)(z) — u(f oe™)(z)] < €. On the other hand, since each f; isin UM (e),
we know that for every € > 0, there exist jo, such that for all 7 > jo and for all 2
in e7*(Uj;),

le(f; 0 €”)(z) — p,(f,)(z)l < €. Therefore, for all n and 2 in e™"(U,,),

lu(fi o e®)(z) — u(f)(2)| < 2¢ + €. Therefore, f is in UM (e). W

The fact that UM(e) is closed in L* of its Beltrami coefficients does not
imply that the set of Teichmilller classes U AC(e) is closed in Teichmiiller norm.
We believe that to be true and that a possible proof can follow the lines of the
proof of the similar statement in [14] : Construction of local section of T({) into
harmonic Beltrami coefficients and showing that the class is in UAC(e) only if its
harmonic Beltrami coefficient is in U M (e). If that proves to be true we would have

that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

Conjecture 31 UAC(e,g) is a closed set in T(S) as an intersection of closed

sets AC(g) and UAC(e).

We denote by U the set of continuous complex valued functions of the unit
interval s satisfying (1) Re(s) > 0, Re(s(0)) = Re(s(0)) and Im(s(0)) + 7 =

Im(s(1)). U is equipped with the sup topology .
Conjecture 32 UAC(e, g) is homeomorphic to U.

Proof. (Providing previous conjecture) Construction in previous section defines a
mapping H from C([0,1]) to AT(S2%). Mapping is continuous since it is continuous
as a mapping into sequences of length-twist coordinates. Inverse image of a closed
set UAC (e, g) is closed and contains Dini continuous functions satisfying (1). Since
Dini continuous functions are dense in U, the inverse image is U. The inverse
mapping H~!(computing a scaling function) is defined on UAC(e,g) so H is a
bijection. Let f, — f in UAC(e, g). Than the dilatations of g, = fn o f~! tend to
11in the neighborhoqu of f(A) so the lengths and twists of f,(2y) tend to lengths
and twists of f(Qo)'on the deep levels. Hence H~1(f,) — H™}(f) and H! is

continuous. That proves that H is a homeomorphism. B
Appendix

We include pictures of F(Ag) with marked curves for several F’s which belong
to UAC(e, g). The construction of F’s is similar to the construction from section 6,
but with more freedom. Angles of twists ¥, , = a(-::), where a is any continuous

function defined on the unit interval with the property a(1) —a(0) = w. The radius
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of a disk D, is *2) times the radius of its predecessor, where b : [0, 1] — (0, L.5)
is a contimious function with the property 5(0) = 5(1). Such a construction always
yields a UAC (e, g) function without restriction to Dini continuous functions, but
it has other limitations. Hausdorff dimension of F(Ag) is always between 0 and
1 in circle constructions, it is hard to determine the scaling function for such a

construction or to check whether two such F's belong to the same Teichmiiller

class.

The computer program in QBasic used to draw the pictures is included. In
order to draw F'(Ag) which corresponds to functions ¢ and b, it requires changing
the appropriate lines to ANGLE=a(z) and reduct=b(z). After starting, program
awaits input - the value of variable c. If ¢ = 0, it draws F((Ag). 0 < c < 1 it
draws the limit of normalized (size and orientation) pictures of the parts of F'(Ag)
inside F'(Dp(n)) when %,,'—‘2 — ¢. Pictures are meaningless for ¢ > 1, and program

stops for ¢ < 0.

Some of included pictures were done with illegal b(z) = 1.5 for better visibility.
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DECLARE SUB comp (x, y, length, angl, dcl)
DECLARE FUNCTION ANGLE! (x!)
DECLARE FUNCTION reduct! (x!)
COMMON SHARED cenl(), cen2(), dist(), ang()

REDIM cenl(10, 512), cen2(10, 512), dist(10, 512), ang(10, 512)
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2 INPUT par

CLS

IF par < 0 GOTO 1

SCREEN 11

CALL comp(300, 240, 150, 0, par)

FOR j=1TO 128

PSET (cenl(7, j), 480 - cen2(7, j))

NEXT j

FORi=0TO7

FORj=1TO2 i

CIRCLE (cenl(i, j), 480 - cen2(i, j)), 2 * dist(i, j)
NEXT j

DO WHILE INKEY$ = "": LOOP

NEXT i

GOTO 2

1 END

FUNCTION ANGLE (x)

REM ANGLE can be changed to any C({0,1]) with f(0)-f(1)=pi
REM ANGLE = -3.1416 * (SIN(3.141593 * 5 * x / 2))
REM ANGLE = -3.1416 * x + SIN(3.141593 * 5 * x)
ANGLE = -3.141593 * x

END FUNCTION
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SUB comp (x, y, length, angl, dcl)

CONST pi = 3.141593

cen1(0, 1) = x: cen2(0, 1) = y: dist(0, 1) = length: ang(0, 1) = angl
FORi=0TO 6

FORj=1TO2 "i

cen2(i + 1, j) = cen2(j, j) + SIN(ang(i, j)) * dist(i, j)

cenl(i + 1, j) = cenl(i, j) + COS(ang(i, j)) * dist(i, j)
m=G-1+4+dd)/2~(0+1)

IFm>=1THENm=m-1

cen2(i + 1, j + 2 ~i) = cen2(i, j) + SIN(ang(i, j) + pi) * dist(i, j)
cenl(i + 1, j + 2 ~i) = cenl(i, j) + COS(ang(i, j) + pi) * dist(i, j)
ang(i + 1, j) = ang(i, j) + ANGLE(m)

ang(i + 1, j + 2 ~i) = ang(i, j) + pi + ANGLE(m + .5)

dist(i + 1, j) = dist(i, j) * reduct(m) / 3

dist(i + 1, j + 2 ~i) = dist(i, j) * reduct(m + .5) / 3

NEXT j |

NEXT i

END SUB

FUNCTION reduct (x)

REM reduct can be changed to any C([0,1]) with range in (0,1.5)
REM reduct = 1.5 + SIN(2 * 3.141593 * x)

reduct = 1.5
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REM reduct = 1.5 + x * (1 - x)

END FUNCTION
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