71-12,193

HOWES, Leonard, 1939-
ON SUBDOMINANTLY BOUNDED GRAPHS.

The City University of New York, Ph.D., 1970
Mathematics

University Microfilms, A XEROX Company , Ann Arbor, Michigan



ON SUBDOMINANTLY BOUNDED GRAPHS
by

LEONARD HOWES

A dissertation submitted to the
Graduate Faculty in Mathematics in
partial fulfillment of the requirements
for the degree of Doctor of Philosophy,
The City University of New York,.

1970



This manuscript has been read and accepted for the
University Committee in Mathematics in satisfaction

" 0of the dissertation requirement for the degree of
Doctor of Philosophy.

~—une 8, 197Q (}J /.%
date Chairmaniof Exéfining Committee
June 8, 1970 Cﬁéh D*f”__'

date Executive Officer

Dr. William Bridges

Professor Alex Heller

Professor Raymond T. Hoobler
Supervisory Committee

The City University of New York



ii1

ACKNOWLEDGMENT S

I thank Professor Alan J. Hoffman for introducing me to the
delights of the subject matter in general and for suggesting this
particular study to me. His many valuable suggestions, enthusiastic
guidance, and unhesitating willingness to review my work were re-
sponsible for the completion of this investigation.

During the past three years I have held a National Defense
Education Act Graduate Fellowship and I am grateful for this.

Finally, I wish to express my gratitude to The City University
of New York and the faculty of the Mathematics Department at the
Graduate Center for providing an atmosphere conducive to intel-

lectual growth.



ACKNOWLEDGMENTS

SECTION 1,

SECTION 2.

SECTION 3.

SECTION 4.

SECTION 5.

SECTION 6.

BIBLIOGRAPHY

TABLE OF CONTENTS

Summary of Results

Preliminary Prerequisite Knowledge

Case I.

Case II.

Theorem 2

AUTOBIOGRAPHICAL STATEMENT

Page Number

iil

12

25

25

39

50

52

53

iv



SECTION 1. SUMMARY OF RESULTS

By a EEEBE G , i1s meant a set of n-points, called the set of
vertices, V(G); and a set E(G) , of lines, °r.EE§E§' Joining some pairs
of vertices, so that no pair of vertices is joined by more than one edge,
and no edge joins a vertex to itself. When a pair of vertices in a graph

are joined by an edge they are called adjacent. The adjacency matrix of

a graph G , denoted A{(G) , is a square 0 - 1 matrix of order n whose
rows and columns correspond to the vertices of G and for which Aij =1
if and only if vertex 1 and vertex j are adjacent. Thus, for each

of the graphs considered, the associated adjacency matrix is symmetric

with zeros on the diagonal. The eilgenvalues of a graph are the eigen-

values of its adjacency matrix,and hence are real. For any graph G ,

the eigenvalues will be denoted AI(G) 2 X2(G) 2 ... 1in descending order,
and Rl(G) < Az(G) < ..., 1in ascending order. The complement, G , af the
graph G 1is the graph described by V(a) = V(G) , where two vertices in

G are adjacent if and only if these twe vertices are ncot adjacent in G

The valence of a vertex v in a graph G is the number of edges for

which that vertex is an end-point., Two graphs G and H are said to

be "L away from each other'' if there exists graphs & , and f such

that A(G) + A(8) = A(H) + A(fI) and every vertex of & and fIl has
valence at most L . A sub-graph G’ of G is the graph on the non-
empty subset V(G’) of vertices of V(G) where two vertices in G’ are
adjacent if and only if they were adjacent in the original graph G .
The following notation will be used;
¢§' will be a complete graph on 4 vertices, or clique, abbreviated
KL . where every vertex is adjacent to every other vertex.
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? will be a graph formed by K{, and one more vertex adjacent to

all the vertices of K& i that 1is, KL+1

q? will be the independent set of 4 vertices, abbreviated ib ,

in which no two vertices are adjacent.
H will be a graph formed by two cliques on {4 vertices, where
every vertex in each clique is adjacent to all other vertices, that is

K2{. .

—__(2 will be a graph formed by EL and one more vertex adjacent to
all the vertices of RL
In short, a solid line joining graphs A and B forms a graph where
every vertex in V{(A) 1is adjacent to every vertex in V(B) .
In [3], A.J. Hoffman proved the following
Theorem: Let G be an infinite set of graphs, then the following state-
ments about § are equivalent:
(1) There exists A such that A(G) 2 A , VG € G . Where for
any G , A(G) is the least eigenvalue of A(G)
(2) There exists a positive integer { such that no G € § con-
tains either —(2 , or —?_?, as a sub-graph.
(3) There exlsts a positive integer L , such that for each G €
there exist graphs & and H with the following being true:
(3a) A(G) + A(E) = A(H)
(3b) Every vertex of { has valence at most L ; and H contains
2

1
a family of cliques K , K ,... such that;

{3c) Each edge of H 1is in at least one K1

1 2
{3d) Each vertex of H 1is in at most I, of the cliques K ,K ,...

@Be) vy nvaehHlsL, 143,



The main result of the present investigation is the following

Theorem 1: Let G be an infinite set of graphs, then the following
statements about  are equivalent:
(D There exists a real number X such that KZ(G) < A for
every G € G ,
(11) There exists a positive integer 4 such that for each

G € G the following graphs are not subgraphs of G .

—9-O
(a) T 1 © P 9
oo —O
O (£) '_f) 1

(c) o’? (2) H
{ 4
(d) a/\&. (h)

4-1 ® ®

(III) There exists a positive integer L such that each G € §

L 4

is no more than L away from a graph H in which the following is
true:

(I1Ia) The set of vertices of H , V(H) , can be partiticned inte
two classes V(Hl) . V(Hz) with associated subgraphs Hl and H2
where

(I11b) H, contains a distinguished family of independent sets

1
Rl, Rz,... such that every pair of non-adjacent vertices of Hl is

in at least one of the independent sets K .
(1ilc) Every vertex of Hl is in at most L of the independent
sets il, Rz, R3,... .

(111d) vy n vy e L, 1 £
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(I1Xe) Every vertex in H1 is adjacent to fewer than L vertices

of H2

(I1If) For any v € V(Hz) , there exist indices {11,12,...,1r} .

r < L such that

r
(x]x € V(H) , v adjacent to x} = U V(K

(IXllg) H2 is an independent set.

As an application of Theorem 1, a theorem is proved on the decom-
position of V(G) into cliques and independent sets. For a subset
SC y(G) of a graph G , <5 is used to denote the subgraph of G on
the set of vertices in S . For any graph G , let <+v(G) be the smal-
lest number of subsets into which V(G) can be partitioned so that the

subgraph induced by each subset is either a clique, or an independent set,

Theorem 2: Let k 2 1 be some integer then there exists a function Gk

such that for every graph G ,

k
Y(G) < Gk(lz(G) - A(G)



SECTION 2, PRELIMINARY PREREQUISITE KNOWLEDGE

Presented here is a collection of known or easily proved facts

needed in the sequel. References or proofs are supplied.

Theorem 2.1: (Cauchy Interlacing Theorem [2]): Let A be an hermitian

matrix of order n with eigenvalues Kn 5 oees % ll . Let B be a

principal submatrix of order k with eigenvalues T eee Ky s then

Hk’

n-kts = IJ.;S = ‘)LS > for 5 = 1,2’ooc,k .

Theorem 2,2: Consider any graph G and any labeling of its n ver-
tices, that is V(G) = [vl,vz,...,vn} . Let A be any eigenvalue of
A(G) , »# -1,0 , and let x = (xl,xz,...,xn)T be an associated

eigenvector., Consider any two vertices v and v of G where if

1 3

- d
'I'i {vk € V(G)lvk is adjacent to v and Vi # vj} an

i

L
11l
——
<
T

V(G)lvk is adjacent to v and Vi $ vi} then T, =T, ;

A i J

then x, = x, .

i 3

Proof: If v and v are not adjacent then the result follows from

i 3

\ A d S
2; xm = x1 an / n j
&
vm € Ti vn Tj

If v, and v, are adjacent, the result follows from

x, + z‘ X = Kxi and 4 + 2, x = Ax .

Theorem 2,3: Let P(n,x)

nkPO(x) + nk-lPl(x) R R Pr(x) satisfy
the conditions that each Pi(x) ts a real polynomial; PO(x) # 0 ; and

>



for every positive integer n , P{(n,x) 1is a polynomial Iin x with

only real roots, For each n , let x be the second largest x

satisfying P{(n,x) = 0 , and assume X = §n+1 for each n . Then

if 1lim ;n = x exists and is finite then PO(;) =0 .

Theorem 2.4: (Courant-Weyl Inequalities [2]): Let A and B be

hermitian matrices of order n and C = A + B , then

1
h }\. = }\ = h h = . .
@ + AL 5 A© T AW+ M@, 3T 420

Theorem 2,5: (Ramsey's Theorem [5]): Let m be an arbitrary positive

integer., Then there exists a number R{m) such that every graph on
R{m) vertices contains either a clique of size m , or an independent

set of size m as a subgraph.

Theorem 2.6: (Hoffman [3]): Let G be an infinite set of graphs where

there exists a positive integer 4 such that for any G € G the fol-

lowing graphs are not subgraphs of G :

(a) —O » ——®

L L 4
then there exists a positive integer L&) such that for each G € § |

the following assertions can be made:

(i) Consider the collection Wb of all cliques K< G of size

2

vy ] = @) = Maximum {£° + 2-1, 4 + R&), £@,1,L)} where £(¢,1,L)

is calculated from the following more general f(m,r,L) , which is de-
fined inductively as f(l,r,d) =r + 1 , and f(ml,r,L) = Maximum
{r + mr@@-2) + 1, f@m,r+-2,4)} . The following '~" 1is an equi-

valence relation between cliques in W :



Kl'v K2 s, Where K1 and KZ are cliques in W , if and only if each

vertex of K1 is adjacent to all but at most {-1) vertices of K2 .
The resulting distinguished family of equivalence classes of cliques
in b will be denoted El, Ez,... . By possibly having to delete
edges to some, or all vertices in V{(G) , but never more than L{)
edges on any vertex,

(i1) every pair of adjacent vertices in G will be in at least

one of the equivalence classes Ei .

(111) Every vertex in G will be in at most L{&) of the equi-

valence classes Ei .
(iv) For any two equivalence classes Ei . Ej , L # ]
vehy nved = La) .
(v) If v 1is a vertex in some equivalence class Ei , then v

i
is adjacent to all but fewer than L{®) other vertices of E~ .,

i

then the number of vertices in Ki which are adjacent to all but fewer

(vi) If K, and Kj are any two inequivalent cliques in W ,

than £ vertices of Kj cannot exceed {&-1) .

Theorem 2.7: (Kovari, Sés, Turan [4]): Let n be an arbitrary

positive integer. There exists a function :i{(n) such that for any
graph G with V(§) < V(G) , V(T) € V(&) , IVv®) ] = [v(D)| = Q(n)
there exists V(§') € v(s) , () < v(T) , [vis)| = Iv@@)| = n and
such that either every vertex in V(S8') is adjacent to every vertex

in V(T’') , or no vertex in V() is ad jacent to any vertex in v(T').
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Theorem 2.8: (Perron-Frobenius Theorem [ 2]): If B 1is an irreducible

{0,1)-matrix of order n then -~ |K1(B)| = li(B) = |h1(B)| ,

i=1,2,...,n .

Theorem 2.9: (R.L., Brooks [1]): For any graph G , let X(G) be the
smallest integer s for which there exists a (0,s) decomposition

of G then X(G) = 1 + (Maximum valence of any vertex in G) .



SECTION 3. I = II

The general idea behind the proofs in this section is to use the

Cauchy Interlacing Theorem to obtain a contradiction to I.

Lemma 3.1: Considering the infinite family of graphs Ht: .—0—®
t t

for varying ¢t , there exists some positive Integer 4 such that

H, ¢ G, for any G € G . That is, ﬁt is not a subgraph of G for

any G € (G .
Proof: Because of Theorem 2.2, all the eigenvalues of Ht , other

than -1 , or 0 , can be found by solving

(-1 t 0
(1) 0=1] 1 (t-1-A) £ =34 20-02% + 130 + (13- |
0 t (t-1=-2)

But studying (i) for increasing t , one sees that Theorem 2,3 yields

hz(Ht) -~ ® . and hence the result follows,

Lemma 3.2: Considering the infinite family of graphs St: (j(A\Y:f/

t t

for varying t , there exists some positive integer 4 such that

5

3 ¢ G, for any G € § .

Proof: Arguing exactly as in Lemma 3.1, all the eigenvalues of St ,

other than -1 , or 0 , are obtained by solving

(-A) t t 0
1 (=}) 0 0
4 2 2
(ii) 0= 1 o (=}) 1 = A 4 (=3t) AT+t
0 0 t (-M)
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But studying (ii1) for increasing t , one sees that Theorem 2.3

yields hz(St) — @ . and hence the proof of the assertion,

Lemma 3.3: Considering the infinite family of graphs Tt: GP”’~‘“‘(:)
t-1 t

for varying t , there exists some positive integer 4 such that

Th & G, for any G € G .

Proof: Again, as in the previous lemmas, all the eigenvalues of '1‘t s

other than -1 , or 0 , are obtained by solving

3

(iii) 0 + (z-t)k2 + (1-2t)A + (t2-2t)]

L}
H
Foan S
(a3
I
(%)
1
b
—r
o
It

<[

And again, for increasing t , Theorem 2.3 yields lz(Tt) - @ _ as

desired.

Lemma 3.4: Considering the following infinite families of graphs for

increasing ¢t:

(£),: —O -—-Ct).(e): @ —O . w

t t t t

: ® @,
t t

there exists some positive integer {4 such that (f)é ¢ G, (3)4 ¢ G,

(h)L & G for any G € G .

Proof: The argument proceeds along exactly the same lines as those

above, and is arrived at by the following observations:
A = A = t
L)) = N (=9 ) =

:\;t

t -1

M) = A (=)

fl
7
—
®
—r
)

Ay ((h) ) 1
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where, for example, ?\l(—'? ) stands for the largest eigenvalue of

the graph —O

t

Lemma 3.5: Considering the following infinite families of graphs, for

increasing t:

(e) N , (8, 5 bt

there exists some positive integer 4 such that (c)& & G, (g)L < G,

for any G € G .

The proof is an immediate consequence of Lemmas 3.2, 3.4 and Theorems 2.4

and 2.8.

It has now been demonstrated that I = II



SECTION 4. III = I,

Initially results are proved which hold for any H satisfying
III (a)-(g). Once these results are established, any graph G € (
, as described in III (a), are

and its associated H , H, , and H

1 2

considered.

Given any such H with corresponding H1 s where Hl has r
distinguished independent sets il . Rz,...,kr » the immediate goal
is to prove Theorem 4.12 below; that is, lz(H) = s{L) , where s(L)
is a real number depending only on L .,

Towards this end, the following n by r , (nXr), matrix M,

composed of O's , and 1's , is formed.

R, &

— —

M = V(Hl)

V(HQ)

For the row representing a particular vertex 1 € V(Hl) place a
1 1in a column representing an independent set Rj if and only if
vy € Rj ; and place a 0 , otherwise. For a row representing a parti-
cular vertex Vi € V(H2) , Place a 1 1n the column representing an
independent set Rj , if and only if, that particular vertex is adjacent

to all the vertlces in Rj ; and place a zero if v is adjacent to

k
none of the vertices in kj . By IIIl (f), these are the only cases to

consider.

Notation: A(H)[V(Hl), V(Hz)} will designate that part of A(H) which

12
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describes the adjacency pattern for vertices of V(Hl) versus vertices
of V(Hz) . The rows of this matrix correspond to the vertices in
V(Hl) . And the columns correspond to the vertices in V(Hz) . For

example, A(H) [V(Hl).V(HI)] =A(H) = A(Hl)[V(Hl).V(Hl)J .

Notation: Throughout this section, B will denote the following

matrix:

—

rMﬁl)(V(Hl),v(Hl)} ACH) (V(H),V(H,) ]

B = (bij

N
N

ACH) [V(H,) V(R ] A(H) [V(H,) »V(H) ]

Theorem 4.1: MMT = S + B where § 1is a symmetric, non-negative matrix

all of whose row sums are bounded above by

Max {mum LCD + L2,(L-1)Uz‘) + 12 4 L} 2 g(L) ,

a function of L alone.

Proof: Let S = MMT - B . S5 1s first shown to be non-negative,

Consider any entry in S corresponding to vertices in H1 versus
vertices in Hl , that is S[V(Hl),V(Hl)] . Call such an entry Bij

where vy and vj are both in V(Hl) . Now if b1j =1 , then v,

and v are adjacent in ﬁl , and therefore not adjacent in H1 and

]

so III(b) implies (MMT)1j 2 1 ; because, (MM:) is precisely the

1]

number of distinguished independent sets both \ and vj belong to

in H1 . So, such an s 1s non-negative.

t3
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Next focus on any entry in S{V(Hl),V(Hz)] , call it , where

Sij

\ € V(Hl) and v, € V(HZ) . Now the only concern is for the case

]

bij = 1 and then vy and vj are adjacent in H . III(f) implies

that there exists some distinguished independent set Rk‘: Hl which

contains vi

(MMT)ij 2 1 , because (HMT)i

and all of whose vertices are adjacent to v Thus,

j »
] is the inner product of row 1 , cor-
responding to vy in K , and row j , correspounding to vj
which is adjacent to all the vertices in Rk . In fact, (MMT)ij is

€ V(H,),

precisely the number of distinguished independent sets for which we
can say vj is adjacent to all the vertices in it, and vy is con-
tained in it, It is clear that the very same argument shows that every
entry in S[V(Hz),V(Hl)] is non-negative,

Lastly, it is seen that S{V(Hz),v(ﬂz)] is non-negative because
I1I(g) implies bij = (0 for vertices vy and vj in V(Hz) .

That S 1is symmetric follows from the fact that both MMT and

B are. It remains to be shown that the row sums of 8§ are bounded

above by
s(L) = Maximum{L’\D + Lz,(L-l)(I?j + 1%+ L} ,

a function of L alone.
First consider S{V(Hl),V(Hl)J and focus on some row 1 cor-

responding to vertex vy € V(Hl) .

Lemma 4.2 IZJ 541 L + (2)(L-1) + L2 for any vy € V(Hl).

vj € V(H) = V(Hl) U V(HZ)

Towards this end, {t is first proved,
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Sub-Lemma 4.3: EJ Sij = (;)(L-l) + L for any vy € V(Hl) .

v, € V(Hl)

i

Proof: 1III(c) implies that (MMI)ii =L , So the task is to show that

the off-diagonal 1th row sum in A(ﬁl) s, which is equal to

2; Sy © KD(L'D .

v, € V(Hl)

]
v_1 # vy

Consider any s where j # i1 and v

1] € V(HI) . The corresponding

]

(MMT)ij is equal to the inner product of row 1 and row j of M,
which in turn is equal to the number of distingulshed independent sets

containing both v and v, . Define

L 3

P, = {k € Z+lv1 € Rk] where 2@ = {positive integers)} .

Note, III(c) implies that lPil =t <=L, Denote the elements of Pi

by k kz,...,k First, let us realize that the only concern we

1’

have Is for wv guch that (MMT)ij < 1 ; hence the case where both v

J

and v share at least one common distinguished independent set, and

]

thus, v

t L]

i

is not adjacent to v in H1 . Thus, v is adjacent to

i ]

v in ﬁl s, and so

3

i

(AR Ty, = @A) VA, VEDD, = B =]

In this situation, one has

N
£ 813 T (5_ Mika Mjko/ - 1.

a=1
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k st

1 column

Mik , for example, would be the entry in the ith row, and
1

of M. The off-diagonal ith row sum 0of 8§ would be a sum of such
terms as (i), where j runs through the vertices vj € V(Hl) , but

j# 1. But, with rows 1 and j fixed, an upper bound on Sij

would be the number of different two by two sub-matrices of M whose

entries are all ones, gotten by selecting rows 1 and j and two

columns from the set Q = [Mk|k € Pi] s Where M denotes the KR

columm of M ., lPil £ 1L 1implies that this number is bounded above

by kg} . Continuing with this reasoning, by varying j , it is seen
¢
L %1y ?

that that is, the off-diagonal ith row sum in

A(ﬁl)[V(Hl),V(HI)] , 1s bounded above by the largest number cof two by
two sub-matrices of M consisting of all ones, where one row is taken
as row { , and the other {8 taken from each of the remaining rows cor-
responding to vertices in V(Hl) ; and the two columns are selected

from the set Q . So the job becomes to over-estimate this total. By

k k
ITI(d), for any two columns, M c , M T in Q , the number of these

k k
o} T
desired sub-matrices gotten using row i , and columns M and M

is at most (L-1) ; and thus

z Sg3 °© KIE)“"”
J# 1
vj € V(Hl)

and so
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E; sij =L + (;)(L - 1) ,
€

v V(Hl)

A

and Sub-Lemma 4.3 has been proved.
To prove Lemma 4.2 it must be shown

-~

- 2
- . <
Sub-Lemma &4.4: / Bij L for any vy € V(Hl) .

vj € V(HZ)

Proof: As in the proof of Sub-Lemma 4.3, let Pi = {k € z+|vi € Rk]

+
where Z = {positive integers} . In fact, let the elements of Pi be

kl,kz,...,kt , and once again note that III(c) implies t = |P =L ,

N

Now for the sij that interest us, that is Sij <1, (MM?)

and s0 there exists at least one distinguished independent set Rk

having the property that all of its vertices are adjacent to v, k£ and

J

1y ° it is true that vy and vj

are adjacent and so (H[V(Hl),V(Hz)])ij = (Bij) = 1 ., Thus,

that vy € Rk . So for such an s

t
(11) 815 (.Z. Mika Mjkd) -1
a=]1

t
< th
Thus, sij = E‘ Hika Mjka and the i row sum of S[V(Hl),V(Hz)]
a=1

would be bounded above by a sum of such terms (ii), where we run these

successive inner products over all the rows associated with vj € V(Hz).
l(L"’o
Consider any columm M °, ks € Pi and let

_ +
Uks = {y) €z |v

€ V(H,) and M = 1}

) ik,

First note that |U | =L, by III(e) . Thus,

8
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v
, sij < L2 . Sub-Lemmas 4.3 and 4.4 taken together imply
€

vj V(Hz)

Lemma 4,2,

Next, focus on some vy € V(Hz) and examine the corresponding

ith row sum of S ,
R 8
L i '
vj € V(H) = V(Hl) U V(Hz)
It will be proved,
L © L} 2
emma 4,5: L 5y < LKZ) + L for any “16 V(H2) .
vj € V(H) = V(Hl) U V(HZ)

Towards this end, it is first proved,

- ] R < 19
Sub-Lemma 4,6: /) 5y L( for any v, € V(H)) .
vj € V(Hl)
Proof: Let Pi = {k € Z+|vi adjacent to all the vertices of K-kfi Hl]
= [kl ky oo kt]

where ltl < L by III(f). The reasoning follows along lines resembling
the proof of Sub-Lemma 4.3,

The only concern is with 513 < 1 , which implies (HMT)ij 21,

and so there must exist at least one independent set k9 < H1 where

K and v, € K9 ; because,

]

2 is adjacent tc all the vertices of

(MMT)1j is a count on precisely the number of distinguished independ-

ent sets which enjoy this privileged relationship with vertices vy and vj
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Thus, in particular, v 1s adjacent to v and thus,

i ]

(A(H)[V(Hz),V(Hl)])ij =1 and so,

t

(1i1) Sy " k*‘ M“‘a ijo/ -1,
=]

The ith row sum of S[V(Hz),V(Hl)] is thus a sum of such terms as (iii),

where vj runs through the vertices of V(Hl) . Fixing {1 and 3 ,

an upper bound on sij would be the number of different two by two

sub-matrices of M whose entries are all ones gotten by selecting

rows 1 and j and two columns from the set Q = {Mklk € Pi] . By
ITI(f), note this number 1is bounded above by (;) » Pursuing this

reasoning, by varying v, over V(Hl) the gth row sum of

hj

S[V(Hz),V(Hl)] , that {is, EJ is bounded above by the

sij .
€

vj V(Hl)

largest number of two by two sub-matrices of M consisting of all ones

where one row is taken as row 1 , and the other is taken from each of

the rows associated with the vertices v of V(Hl) , and the two

]
columns are selected from the set Q = [Hk'k € Pi] . Once again, the

task is to over-estimate such a total. For any two columns,

k k
M 1 , M 2 , III(d) implies that the number of these desired sub-matrices

k k

gotten using row 1 and columns M , M 2 , is at most L . Thus,

'\'. - 'L.
L %13 L\z) »
vj € V(Hl)

the conclusion sought,
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—
A}

Sub-Lemma 4.7: L s < L2 for any vy € V(HZ) .

vj € V(Hz)

Proof: Because (B[V(Hz),V(Hz)J)ij £ 0 , it must be shown that

2J (MMT) s L2 . Without losing sight of the fact that the

vj € V(HZ)

focus 18 on row 1 , corresponding to vy € V(HZ) , let

{x € Z+|vi adjacent to all the vertices of Rk C‘Hl]

}

o
i

= {ky, K,,..0,k

1* 2 t
where ltl <L , by III(f); and again, Z+ are the positive integers,

Now for any j corresponding to v, € V(Hz) . (HM;)ij is merely a

3
count of the number of ones occurring in the following set, P , of
entries of M,

R U I
Thus, the ith row sum of S[V(Hz),V(Hz)] is the sum of all such counts

as we vary ] over v, € V(Hz) . That is, we seek the total number, T,

]
of ones in the sub-matrix M[V(Hz),Q] . Where, Q@ = [Mklk € Pi] and by
k) ke
M[V(Hz),Q] is meant the sub-matrix of M with columms M *,...,M
k
and rows vJ running through V(Hz) . Now for any M o 111(e) implies

that the number of ones in M[V(H2'kul is bounded above by L . Thus,

ITI(f) implies T =L . L = L2 , as was to be shown.
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Now, combining the results of Sub-Lemmas 4.6 and 4.7, proves

Lemma 4.8: Z‘ sij = L (2) + L2 for any vy € V(H2)

vj € V(H) = V(Hl) U V(HZ)

Now, by Lemma 4.2, one obtains the general result that for any

vy € V(H) , the ith row sum of § ,

t\_/ 1

s1j < Maximum{ k;}(L-l) + L2 + L,k;)(L) + Lz}

vy € V(H) = V(Hl) U V(Hz)
= s() ,
which 18 a function of L alone. Theorem 4.1 has now been proved in
its entirety.
In the next lemma, it 1s shown that KI(B) is bounded from below

by a function of L alone; in fact, -s(L) . This is independent of

the particular G € G started with,
1 )
Lemma 4.9: >\- (B) < "‘B(L) .
1 T T
Proof: (i) O < A"(MM') because MM is positive semi-definite,
Theorem 4.1, and the Courant-Weyl inequalities, imply
an Aes®) =) + 2 te) .

The Perron-Frobenius Theorem and the fact that an upper bound on any

row sum of S is &(L) , imply

(wiL) A ) + A (B < s@) + A (B)

1
Therefore, combining (i), (1i), (iii), yields O = s(L) + A (B) , and

hence hl(B) z ~5(L) .
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Notation:

—

[AQL) [VCH) VDD | -AGH) [V(H),V(H,) ]
¢ =
-A(H) [V(Hy),V(H) ] AGH) V(1) V() ]
Lemma 4,10:

§ 1 [ ]

lvaap | ° Flvap | °
A(H) = C 5
0 vy | vy |
_ 1 L 2

where Ik is the identity matrix of order k , thus ﬁz(C) = KZ(H) .

Proof: Actual multiplication verifies conclusion that A(H) {s similar

to C , and hence RZ(C) = A, (H)

Notation:
B lveny) | lvew,) |
vl - D lvary| o
D=
lveny) | veay) |
el o lvaey | o
ey |

|V(H1)|(J - I) stands for the square matrix (J - I} of size |V(H1)l
by lV(Hl)l where J 1is the matrix of all ones. And "0" stands for

the appropriate size all zeroc matrix.
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Lemma 4,11: lz(D) =0 .

Proof: The efgenvalues of D are those of J - I and zeros, J - I
has all eigenvalues equal to -1 , except for hl(J - I) which is one
less than the order of H1 s that is |V(H1)| -1, The result now
follows.

The above results can now be used to prove
Theorem 4,12: hz(H) % g(L) for any H satisfying III(a)-(g).

Proof: For any graph F , A(F) + A(F) = J - I, (ne can say B + C = D;
and thus, by Lemma 4.11, the Courant-Weyl Inequalities, and Lemma 4.9,

one has

0=, 2 A (C) + Alpy = A, © + (-8(L)) ,

hence RZ(C) < s(L) , and now Lemma 4.10 yields K2(H) = g(L) .
Recall that this discussion of H was for the purpose of deriving

information about G .

Theorem &4.,13: There exists a real number A = A(L) , that is, a
function of L alone, such that III implies that RZ(G) < A for every

G€G . In fact, A(L) = s(L) + 2L .

Proof: For some graph H , it is true that A(G) + A(C) = A(H) + ARy ,
where every vertex in & , and ® , has valence at most L ; because,

G 1is no more than L away from some graph H satisfying III(a)-(g).
Thus, we have

(1) MA@ +A@ ] = A A + A .

The Courant-Weyl inequalities, Perron-Frobenius Theorem, and Theorem

4.12, yield



(D) MAM +AM] s AL + A <s@) + L.

By another application of the Courant-Weyl inequalities one concludes

D A (E) + M@ s L [A@E) + A®] .
Combining the above yields
(1v) A, (@ + A'(@ = s@) + 1L .
The Perron-Frobenius Theorem applied to A(G) yields

™ Moo=t

thus
1
(vi) -L = A7) .
Combining (vi) with (iv) leads to

;\2((;) - L = hz((;) + hl('C) < g(L) +L .

And finally, the sought after conclusion,

1l
S

Ay(G) = 8(L) + 2L = ML)

24



SECTION 5. II = TIII

The proof will require consideration of two separate cases, in

each of which begin by assuming II 1is true.

Definition 5.1: G’ © G will be that subset of § consisting of all
the graphs in § containing as a subgraph a clique of size

2 o) = Maximum{%z -2+ 1,L2 + 24 -2}, that is Kt where

t 2 pl) = Maximum[ZLz -2+ 1,&2 + 20 - 2} . Case I will show that

III holds for any graph G € G’ < G .

Definition 5,2: G © G will be that subset of § consisting of all
the graphs in G that don't contain a subgraph of the form Kt ,
t = o) . That is, all those graphs in G that are not in G .

Case II will show III is true for any graph G € G < G .

Case I: It will be shown II implies all the statements of III for any

G€G' . The following general fact is now proved.

Lemma 5.3: If KC G, that is K a sub-clique of G , then any ver-
tex, v € V(G) , 1s adjacent to fewer than 1 vertices of V(K) , or

v 1s adjacent to all but fewer than 4 vertices of V(K) .

Proof: Assuming the contrary, focus on a vertex v € V(G) which is
simultaneously adjacent to every vertex in a subset V{(A) € V(K) , and
not adjacent to any vertex im a subset V(B) ¢ V(K) , where

‘V(A)l - |V(B)l = 4{ . But every vertex in V(A) 1is adjacent to every
vertex in V{(B) since both are subsets of V(K) , K a clique. Thus
V(A) , V(B) , and v form an associated subgraph of G of the type

II(a) and hence a contradiction.

25



V{(G) 1s now partitioned into two sets V(Gl) , V(GZ) . For any
G€G , focus on a clique in G of size = @) = Maximum
[2&2 -2 +1, Lz + 20 - 2} . 1In the sequel, this selected clique

will be called Mother Clique and abbreviated MC . It should be noted

at this point, that there 1is nothing unique about this particular MC;
a different observer would quite probably select a different MC .

V(Gl) C V(G) can now be defined.

Definition 5.4: V(Gl) will be all those vertices of V(G) which are
either in V(MC) , or adjacent to all but fewer than 4 of the ver-
tices of MC . G1 will be the associated subgraph of G whose ver-

tices are V(Gl) » thus G, & G .

Lemma 5,5: Gl is independent of the particular clique designated as

Mother Clique.

Proof: Suppose two different observers choose two different candidates

for Mother Clique, that is MC1 , MC2 . It is first realized that

there can be no more than {({-1) vertices in MCl each adjacent to

fewer than 4 vertices in M02 . Because, were there 4 such ver-

tices then |M02| 24 (L-1) + L would imply the existence of 4 ver-

tices in M02 such that these 20 vertices together would constitute

a II(h) type subgraph and hence a contradiction. Thus, with this in
mind, one first argues to a contradiction by considering a vertex v

which 1is adjacent to all but fewer than 4 of the vertices of MC2

and not adjacent to at least {4 of the vertices of MC1 , and hence,

by Lemma 5.3, adjacent to fewer than {4 of the vertices of MC1 .

Then by considering the size of MC to be =24 + 2({~1) +24({-1) =

Lz + 20 - 2 , and by Lemma 5.3, and the remark above, one can select

26
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a subset V(A) C V(HCI) , where IV(A)| =4{ , so that v 1is not ad-
jacent to any of the vertices in A , and simultaneously a subset

V(B) C V(MCz) , Where |V(B)| = { , so that not only is v adjacent
to all of the vertices in B , but also that all the vertices in A
are adjacent to all of the vertices in B ., But them v , A , B

taken together comprise a subgraph of G of the form II(a), and hence
a contradiction,

One need not consider the situation of a vertex v € V(MCZ) being
adjacent to fewer than 4 vertices of MEl since this would be covered
by the previous instance because v would now be adjacent to all the
vertices of M02 . Clearly, the above argument can be used to show

that any vertex v which is adjacent to all but fewer than 4 vertices

of MC is adjacent to all but fewer than 4 vertices of MC Thus,

1 9 -

G1 is well=-defined.
Definition 5.6: V(GZ) = V(G) - V(Gl) . 62 will be the assocliated

subgraph of G whose vertices are V(Gz) .

Notation: A graph of the form ;E:{ y» will be abbreviated

Kl 2 -1 and referred to as a claw of order 2{-1 .
3

Lermpa 5,7: In 51 , there does not exist subgraphs of the form

Kl -1 OF II(a).

Proof: Argument by contradiction. If there exists a subgraph of ﬁl

of the form Kl 2t -1 then G, has a subgraph of the form
)

1

® A

2€-1 ‘

that is a vertex A , and a sub-clique of order 2{-1 , where A |is
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not adjacent to any of the vertices in the sub-clique. Now this Kzt—l
has no more than 4{-1 of its vertices {n MC , because the isolated
vertex A has to be adjacent to all but at most £-1 vertices of MC,
since 1t is in V(Gl) . So it can definitely be stated that at least
4 vertices of KZL-I are not in MC . Select a set T of such ver-
tices 1Iin KZL-I . These vertices being in V(Gl) implies that each
i1s adjacent to all but at most ({-1) vertices of MC . |MCl > 20-1 +
L®-1) = Lz + £-1 1implies one can find a subset V(Q) of the vertices
of MC , where |V(Q)| = 20.-1 , with the property that every vertex in
V(T) 1is adjacent to all the vertices Iin V(Q) . Vertex A's membership
in V(Gl) implies A 1is adjacent to a set V(B) of 4 vertices iIn
V(Q) . Vertex A, V(B), V(T) together comprise a subgraph of the form
II(a), and hence a contradiction is reached.

Next assume the existence of a subgraph of 61 of the form II(a)

this implies that G has a subgraph of the form

R: - (;> \t:}_____,JA

{

1

Since we are dealing with vertices in G1 , each of the vertices in

g; and RL are adjacent to all but fewer than (-1) vertices of MC,
|MC| z2AE-1)+ 1= ZLZ -2, +1 1implies the existence of a vertex

x € V(MC) such that x 1is adjacent to all the vertices in R% and RL .
Thus, x together with g& , KL , and A comprise a subgraph of G, ,

and hence of G , of the form II(b), or II(c), depending on whether x

is, or i{s not adjacent to vertex A , In either case, a contradiction

is reached. Lemma 5.7 18 proved.

We are now Iin a position to make a direct appeal to A.J., Hoffman's



29

result, Theorem 2.6, This theorem will be applied to the subset Qi

of graphs, gotten by loocking at bl for every G € G’ € G ; where we

are letting Qi be the set of G, type subgraphs obtained from all

1
of the GEG' G . By Lemma 5.7, it was shown that there exists a

- , -
i
positive integer 4 such that for every Gy € Ql . Kl,ZL-l ¢ Gy »

and -—-—0“‘0 ¢ E;l . Thus, by Theorem 2.6, the structure of
€£-1 2-1

ci is characterized precisely. But then, describing the complement
of any graph immediately describes the graph. Thus, Q{ is character-

ized precisely, that is, in the sense that any Gl € Qi is,

A detailed description of any G € G’ 1is now stated. Within G,

consider the collection W of all independent sets of vertices of size
k| = N(2t-1) = Max{£(2t-1,1,20-1), 20-1 + R(2-1), &2-20-1,

RU) RIAL(2t-1)] - R@) + 1, 28° - 4t + 2 + (20240 + 3) RULL(2-1)])
where both f(2¢-1,1,24-1) , and R(24-1) , as functions, are described
in Section 2, Theorem 2.6 gives an L (2{-1) ; that is, L ({) evalu-
ated at (2-1) . Also, it is noted that the above function N 1is
slightly different from the function N in Theorem 2.6, However, a
very slight modification of Hoffman's argument would show that the proof

is valid with this function N as well. An equivalence relation is

introduced in b as follows, R1'~ iz s, Where Rl , K2 are indepen-

dent sets in W , Lf and only 1f the complements of Rl and R2 in

G1 are equivalent in the sense described in Hoffman's result; that is,
in El . §1—v 22 . Thus, Theorem 2.6 applied to 61 , and then taking

1 0 implies that Gl contains a dis-

tinguished family of equivalence classes of independent sets, El’éz""

complements to get us back in G
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resulting from the equivalence relation described above. By possibly
having to add edges to some, or all vertices in V(Gl) , but at no
time having to add more than L(24-1) edges on any vertex, it can be
further stated that every pair of non-adjacent vertices in G1 is in

at least one of the equivalence classes Ei . In addition: every ver-

tex in G1 is in at most L(2L-1) of the equivalence classes E1 ;

for any two equivalence classes E i# j, we have

i-’ EJ’
|V(§1) N V(Ej)l < L{(24-1) ; 1f v 1s a vertex in some equivalence

class Ei then v 1is adjacent to fewer than L{(2{-1) other vertices
of Ei ; finally, 1if Ri and Rj are any two inequivalent indepen-
dent sets in W , then the number of vertices in Ri which are adjacent

to fewer than L(2L-1) wvertices in ij cannot exceed L{(2%4-1) -1 ;

that is, fewer than L(2{-1) vertices in Ri are adjacent to fewer

than L(2£~1) wvertices of Rj .

In the sequel, E will represent an equivalence class of indepen-

dent sets in G, and V(E) will denote the vertices of E .

1
Lemma 5,8: If v € V(Gz) and E an equivalence class of independent

sets in G then either v 1is adjacent to fewer than R[LL(20-1)]

1 )

vertices of E , or v 1s adjacent to all but fewer than RLL(2L-1)]

vertices of E .

Proof: If there exists a subset V(A) © V(E) , where IV(A)| =
RLL(2A-1)] and v adjacent to all the vertices in A , and 1if there
exists a subset V(D) < V(E) , where lV(D)l = R(4L(2L=1)] such that

v 1s not adjacent to any of the vertices in D , then Ramsey's Theorem

assures us the existence of graphs of the form KLL(ZL-I) y Or
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RLL(ZL—I) as subgraphs of both A and D . However, the fact that
every vertex 1in E is adjacent to fewer than L(2L-1) other vertices
of E precludes the possibility of a subgraph of the form KLL(ZL-I) .
Thus, be assured that R&L(ZL-I) exists as a subgraph of both A and
D . Call these subgraphs R:L(ZL-I) and R?L(ZL-I) respectively.
That each vertex in E is adjacent to fewer than L(2{-1) other ver-
tices in E implies that if we select a subset Q of 4 vertices of
KEL(ZL-I) then there exists a subset R of 4 vertices of EQL(ZL-I)
each not adjacent to any of the vertices of Q . Now each of the 2¢
vertices in V(Q) U V(R) is adjacent to all but at most {(-1) vertices
in MC , Now |MC| 2 0MUL-1) + 1 = ZLZ-ZL + 1 , implies the existence
of at least one vertex v* € V(MC) adjacent to all the vertices in
V({Q) U V(R) . This v* and Q, R and v taken together form a sub-
graph of G of type II(b), or II(c), depending on whether or not v ,

s
and v are adjacent. In either case, a contradiction is reached.

Lemma 5,9: Any vertex v € V(Gl) 1s adjacent to fewer than R{)
vertices of G2 .
Proof: If v were adjacent to R{) wvertices in G, then Ramsey's
Theorem would assure us of a subgraph of G2 of the form KL or RL .
Now were there a subgraph H of the form KL , then |MCl =

L +4{L-1) = Lz , and the fact that each vertex in G, 1is adjacent to

2
fewer than {4 vertices in MC , would imply MC contains a sub-clique
on 4 vertices which together with H forms a II(h) type subgraph and
hence a contradiction., Considering the other alternative, were Vv

ad jacent to every vertex of EL c G2 , then |MCl 2 -2 +4{®-1) =

L2 + £-2 would imply the existence of a subset V(2Z) & V(MC) such
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that IV(Z)I =4-1 , and such that Z < MC , v and RL . G2 together,
comprise a subgraph of G of type II{(d), and hence a contradiction.

The proof of Lemma 5.9 is complete.

Lemma 5,10: Any vertex v € V(Gz) is adjacent to fewer than R ()

other vertices of V(Gz) .

Proof: Assume there exists a vertex v € V(Gz) which is adjacent to
a subset V(P) C V(GZ) , ]V(P)l =®R({) . Then Ramsey's Theorem applied
to V(P) 1implies P would contain either a subgraph of the form KL .

or one of the form EL . Now in either case, vertices in G, Dbeing

2
each adjacent to fewer than 4 vertices of MC , and IMCI 2 (A+1)@-1) +

L = £2 + £=1 implies that there exists a subset V(R) © V(MC), where
|V(R)| = 24~1 ; and of course, R is a clique on (2L-1) vertices, in
which every vertex of R 1is not adjacent to any of the vertices of

either KL or EL , depending on which case we are considering. First,

consgider KL being a subgraph of P , then any 4 vertices in R ,
together with this subgraph Ki C P would constitute a II(h) type sub-
graph and hence a contradiction. If it is assumed thi P , then

v € V(Gz) would permit the selection of 4 vertices of R which to-
gether with v and RL would give a type II(e) subgraph and again a

contradiction.

Definition 5.11: For any v € V(Gz) define

g, = (E

v jl E is an equivalence class of independent sets in Gl’

J
and v 1is adjacent to all but fewer than R[LL(2{-1)]

vertices of E } .

hj

And V() = _U V(E

) , where V(ﬁj) i{s the collection of vertices
E
Jegv

i
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residing in the equivalence class of independent sets E, .

J

Lemma 5.12: For any v € V(GZ) s

livl <4 o,

The proof of Lemma 5.12 will follow from Lemma 5,13 as will be

discussed below.

Lemma 5.,13: Let El’ EZ""’EL be 4 different distinguished equi-
valence classes of independent sets in G1 , then there exist subsets

of vertices V(Si) C V(Ei) , 1 =1,2,...,4 such that lV(Si)l =
R[LL(24-1)] , and such that every vertex in V(Si) is adjacent to

every vertex in V(Sj) LA 3, 1,3=1,2,... .
Proof: 1In fact, the following stronger result will be proved.

Lemma 5,13 A: If Rl’ Rz,...,gt are 4 1inequivalent independent sets
in W , that is Ri'* Rj , L # j , then there exists subsets of vertices
V(s,) © V(K) , 1 =1,2,...,L such that |V(Si)| = RUL(24-1)] , and
such that every vertex in V(Si) is adjacent to every vertex in

V(Sj) , 1 #F 3, 1,1 =1,2,3,..0,0 .

To see that Lemma 5.13A will yield Lemma 5.13 it is argued that

by selecting cne Ri c Ei for each 1 =1,2,3,...,4 we will then be

in a position to apply Lemma 5,13A directly, and the V(Si) R
i=1,2,3,...,4 obtained will prove Lemma 5,13,
The burden remains to demonstrate the truth of Lemma 5.13A. Let

us concentrate on G , and the associated inequivalent cliques

1
2,...,21 , each of size at least «-1)(20-2) + (2&2-4L+3)R[£L(2L-1)].

K,

It will be shown that it 1s possible to obtain subsets of vertices

]
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vis) v, vl = RRL@-1], 1 = 1,2,3,...,4 , with no cross
set adjacencies; that is, such that no vertex in V(Si) is adjacent

to any vertex in V(SJ) , L #3,1,3=1,2,3,...,4 . It will then be
clear that V(5,) © V(K) , 1 =1,2,3,...,4 will provide us with the

subsets of vertices sought in order to prove Lemma 5.13A. Towards

this end, it is argued that since Kl""’KL are inequivalent cliques,

in any K fewer than (2£-1) vertices are adjacent to all but fewer

i ¥

than (2L-1) vertices of K, for any j¢#1, 31=1,2,3,...,4 . Thus,

J

for any { , the subset

{v € V(§1)| there exists some K s, J#1 , such that v

1l

V(Ri) f
is adjacent to all but fewer than (2{-1) ver-

tices of ij} ’

has size at most (£-1)(24-2) ; that is, |V(Ri)| s @-1)(a-2) ,
i=1,2,...0 .

Initially, a subset of any R[LL(2L-1)] vertices from
V(il) - V(Rl) is selected and christened V(Sl) ; noting that any ver-
tex in V(Sl) i1s adjacent to (24-2) , or fewer vertices of

v(T(j) - VR, , $1 ., Next,
lV(l=(2) - v<a2)| > RMUL(24-1)](2t-2) + R[AL(24-1)]

implies one can select a subset V(Sz) of R{4L(24-1)] vertices from
V(?Z) - V(Rz) each of which is not adjacent to any vertices in V(Sl);
because the collection of vertices in V(iz) - V(Rz) , each of which

is :djacent to at least one vertex in V(Sl) can have size at most

(5i-2) R[AL(2L-1)] . This kind of thinking continues encouraged by
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lv(EB) - VR | > RAL(L-1)](2-2) + RUL(Z-1) ],

and thus, as in the above argument, the collection of vertices in

V(ﬁB) - V(R3) , each of which is adjacent to some vertex in V(Sl) U V(S2)
can have size at most 2(24-2) R[LL(24-1)] , and so a subset V(S3)

of size R[AL(2L-1)] can be selected from V(ia) - V(R3) having the
property that none of 1its vertices are adjacent to any vertices in

V(Sl) U V(Sz) . This kind of thinking continues and ultimately, at

the {Ith stage,
lv(=&> - v(%)l > (€-1)(20-2) RILL(2L-1)] + R{LL(24-1)]

assures the existence of a subset V(SL) so that V(Sl),V(Sz),...,V(SL)
are each of size R[L{(2-1)] and have no 'cross set adjacencies',
This completes the proof of Lemma 5.13A.

The proof of Lemma 5.12 now follows, If |§v| z 4 , then for any
4 of the distinct equivalence classes of independent sets in Ev ,
labeled El’ EZ""’EL , one could select sets V(Si) < V(ﬁi) .
i1i=1,2,3,...,4 , such that |V(Si)| = RM4L(2L-1)] , and such that any
vertex in V(Si) is adjacent to every vertex in jLilV(Sj) ; as

j#L

described in Lemma 5.13. The vertex v being adjacent to all but
fewer than R[LL(24-1)] vertices in each V(Si) ensures that v 1is

adjacent to at least one vertex, v, € V(Si) , 1=1,2,...,4 . But now

i

v , these 4 vertices v i=1,2,...,4 , to which v 1is adjacent,

1 ]
and which are all in V(Gl) , and the fact that

IMcl = £ @-1) + 26-1 = ¢2 + 2-1 ,



ensures the existence of a subset V(T) C V(MC) , |V(T)| = { , such

that v , the vertices v t=1,2,...,4 , and T constitute a sub-

1 ¥

graph of the form II(a), and hence a contradiction. This proves

Lemma 5.12.

Definition 5.14: For any vertex x € V(Gz) s

I = {v € V(Gl)lv adjacent to x} .

Lemmna 5.15: For any vertex x € V(Gz) .

lo - vE )| <RN@L-1)]

where the function N{) was defined in the discussion following

Lemma 5.7.

Proof: Assume the contrary, and focus on R[N(2L-1)] vertices in

o - V(Ex) each adjacent to x , Using the familiar theme of Ramsey's
Theorem applied to this set of vertices poses two cases for considera-
tion,

First, if a clique on N(2{-1) is formed, then in particular a
"clique on 4" is formed, and so |MC| > £ @-1) + 20-1 assures the
existence of a subset of 4 vertices in MC , which together with the
clique on 4 and vertex x yilelds a type II(a) subgraph, and hence
a contradiction. So consider the alternative possibility of the form-
ation of an independent set Q of size N(24-1) , then Q € I ; and
thus, Q 1s a member of some equivalence class of independent sets Es'

Now vertex x 1s adjacent to all the vertices in @ , and hence ver-

tex x 1s adjacent to at least N(2{-1) vertices of Es . In the

36
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light of Lemma 5.8, together with N(24-1) > R[LL(2L-1)] , one con-
cludes that Es € §x ; and hence, V(Es) c V(Ex) ; and so V(Q) C V(§x).
However, the vertices of Q were selected from 0 - V(gx)!! The

contradiction we seek,

Definition 5,16: x € V(EJ) for some equivalence class of independent

sets E , then

j

P = {v € v(G,)|v 1s adjacent to all but fewer than
(x, 1) 2

RI4L(24-1)] vertices of Ej} .

Lemma 5.17: x € V(Ej) c V(Gl) for some equivalence class of indepen-

dent sets E , then

i
Proof: Assume the contrary and select R({) vertices in p(x »
]
lv(faj)l >RE) RMUL(2A-1)] - R@) + 1 implies the existence of a ver-
tex v € V(ﬁj) C V(Gl) which is adjacent to each of the selected R{)

vertices of p(x , & contradiction of Lemma 5.9.

» 1)

It is now possible to "read off'" III, The L referred to must

be as large as

(24-1) + RU), LRAL(24-1)], R[N(2L-1)] + R(L),}

L
(1) Maximum {7 o 1) L aec)) M)

which one is led to by the remarks following Lemma 5.7 taken together
with Lemma 5.17; Lemma 5.12; Lemma 5.15 taken together with Lemma 5.10;
the remarks following Lemma 5.7 taken together with Lemma 5.9; and

Lemma 5.9 taken together with Lemma 5.17, respectively.



The graph H, IIT(a), and I1I(b) are gotten as follows:
V(H) = V(G) , V(Hl) = V(Gl) , V(HZ) = V(GZ) . Hl is gotten by apply-
ing Hoffman's theorem to G1 . That 1is, by adding no more than L
edges on any vertex in V(Gl) s and then by deleting no more than L
edges on any vertex in U V(Ei) where the union is taken over all the

equivalence classes of independent sets in G, so that each such equi-

1
valence class of independent sets becomes, in fact, an independent set,
one gets H1 . The remarks following Lemma 5.7 yield III(b), ILI(c),
and III(d)., Lemma 5.9 taken together with Lemma 5.17 gives III(e), and
this is appropriately reflected in the choice of L 1in (i) above; as
described earlier,

The subgraph H, 1s gotten from V(HZ) by deleting all edges

2

between vertices in G2 . The role of Lemma 5.10 in governing the size
of L 1in (1) above is clear. This, of course, forces III(g).

Lastly, the adjacency pattern for vertices in V(Hl) versus ver-
tices in V(Hz) is established. For any vertex v € V(GZ) , attention
is directed to V(%v) , and Gv - V(§v) . All necessary edges are
added so that v 1is adjacent to every vertex in V(§v) . And all the
edges connecting v to the vertices in o, " V(§v) are deleted. This
construction forces ILI(f). In the light of Lemma 5,12 and Lemma 5.15
the choice of L 1in (i) is sufficiently large to permit the resulting

graph H to be within L of G . The above discussion establishes

I1I.,
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Case II: It will be shown that II implies all the statements of III
for any G € §" ,

In what follows, arguments and results previously established for
Case I will be used freely, Thus, it is assumed the reader is familiar
with the development of Case I.

From this point on, it is assumed some G € Q” is under consider-

ation.

Lemma 5,21: If Ct C G, that is Ct a sub-claw of G of order ¢t ,
A

diagramatically '(;) , then any v € V(G) 1s adjacent to

fewer than 4 vertices of V(A) where A 1s the independent set of
order t contained in Ct , or v 18 adjacent to all but fewer than
4 vertices of V(A) .

Proof: To assume the contrary would lead to the existence of a sub-

graph of the form II(b), or II(c), and a contradiction,

Notation 5,22: The following notation will be used in the sequel:

L — Y

[ .. Q@) + -] ... ] and will equal

(1)
24 S |
1=1

@Rl ... QLE) + @-1)]+ @-1] ... 1+ ¢&-1]1+ &-1)]

\_ J
k“Y‘J | Y
($@A)-1) (gA)-1)
L ; c@), = 0 -
%(—l(tp(m-l)-l- R (e @) -1)-1 R 1
i=] i=1

where the Kovari, Sb6s, Turan function of whatever is inside the

brackets, or parentheses is being considered at each stage.
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Notation 5.23: In the sequel,

FU) = R Maximum{ [...[:®) + @-1)]...05(@-D% + ) ]; o) D

tp(f)-l
( / 1)-1
1=1

Notation 5.24: In the sequel,
T@) = Maximum{Q[F@)] + @-1); 1 + [F@) -1]@-1)} .

Definition 5.25: A vertex v 1s sald to be of major valence, or

ma jor valenced, or v__is a major vertex, 1f the valence of v 1is at
least S .

Definition 5.25A: A vertex v 1is saild to be of minor valence, or

minor valenced, or v_is a minor vertex, 1f the valence of v 1is less

than Z{&) .

Definition 5.26: An independent set S of T{) minor vertices of G

are said to be in the same boat B , with captain c¢_, or in a boat B,

captained by ¢ , if there exlsts some major vertex ¢ which together

with S forms the following subgraph of G

S
that is, a claw as shown. Note, in particular, the boat consists of
the Independent set S8 of minor vertices.

Definition 5.26A: The vertices in an independent set S of 7T(L)

minor vertices of G are saild to be in the same boat B , 1f there

exists a major vertex ¢ for which the vertices of S5 are in a boat,

g , captained by c .
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Definition 5.26B: A major vertex c¢ will be called a captain if

there exists some boat which ¢ captains. V{C) will be the collec-

tion of captains in V{(G) . It is now possible to describe G1 for

Case 1II,

Definition 5,27: A vertex v will be iIn V(Gl) if and only if, it
is either a major vertex; or if v 1is in the same boat with some set

of (7{{}-1) other minor vertices of G .

Definition 5.28: G1 is the associated subgraph of G with vertices

V(Gl) .

Definitlon 5.29: V(Gz) = V{(G) - V(Gl) and G2 is the associated

subgraph in G . Note, all the vertices of 62 are of minor valence.

Definition 5,30: The adjacency set relative to G1 of a vertex x ,

VG (Ax) , or simply the adjacency set of x , is the set of all ver-
1

tices in V(Gl) to which x 1s adjacent.
An immediate consequence of the fact that this discussion concerns

itself only with Case II is the following

Lemma 5.31: G and hence G, , does not contain a subgraph of the form

1

* GE, That is, a vertex isolated from a clique of size o).
w({)

The aim of the sequence of arguments that immediately follow is

to prove

Lemma 5.32: G1 does not contain a subgraph of the form

A
ﬁl
X

Figure 5,32

[J()1d~1)
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where B 1is an independent set of [;{®)]{-1) minor vertices.

First note that a major vertex x could conceivably be a captain
of many boats. However, an intermediate goal, along the way of proving
Lemma 5.32, is to prove Lemma 5,34, which puts an upper bound, in terms
of 4 , on the number of different captains in V(Gl) . The first

truth to establish is

Lemma 5,33: If ¢, captains some boat P, , then any other captain ¢

1 1

is adjacent to all but fewer than { vertices of Bl . That is,

|v(al) nv, (Ac)| <4 , or |V(Bl) 0ve )] @ iz@d] .

1 1

Proof: Assume the contrary, thus by Lemma 5,21, ¢ is adjacent to
fewer than { wvertices of Bl . That iIs, there exists a subset F

of at least ([7(4)] vertices of B, , none of which are adjacent to

1
¢ . Now look at any boat B which ¢ captains, and consider either
one of the only two cases possible. That is, first if c, were ad-
jacent to fewer than 4 vertices of B , then ]V(B)l =]y @)) + @-1),
the Kovari, S6s and Turan Theorem, and the fact that all vertices in

a boat are minor would imply the existence of a contradiction with

II(f) or 1I(g). On the other hand, were ¢, adjacent to at least 4

1
vertices of B then Lemma 5.21, the Kovari, Sés, Turan Theorem, and
the minor valenced property of all vertices in boats, leads to a con-

tradiction with II(b), or II(c). Thus, it must be that e 1is adjacent

to all but fewer than 4 vertices of Bl . As was to be shown.

Lemma 5.34: VO] <gs@) .

Proof: Assuming the contrary, select J@) captains from V(Gl) and

call this set of different captains S = {cl,...,c?(L)] . Let Bl be



captains. Then looking at c¢ and

any boat which ¢ 1 Cy s by Lemma

1
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5.33, there exists a subset B8 of at least 1 + (G@)-1)UL-1) - {£-1)

12

vertices of B such that V(Blz)f: v with

(Ac ) . (Note: Bl,ﬂ

1 1 2

G 2,...

a single digit subscript are boats; but P R 5123 , etc., with at

12
least a two digit subscript are going to be subsets of V(Bl) , and

hence will not be boats)., Now concentrate on ¢ and once agailn

3
Lemma 5.33 insures the existence of a subset 5123 < 312 of at least
i’ J’ - 4 - - 3 .
14 (®)-1)(A-1)-2~-1) vertices of 51 such that V(Bl23) C Vcl(AC
This kind of thing continues with CLsCgreee until finally, the fact

that |V(El)‘ 21+ (G@U)Y-1)(L-1) insures that at the ;({)th step

there will exist a subset B and

12...50) " Fl2...c@)-D

V(e

(A ) of at least one vertex which is adjacent
c,
1 g @)

12...00) " Vo
to each one of the captains in § . But then any one such vertex
ceases to be of minor valence, a contradiction with the fact that such
a vertex is in 51 . This establishes Lemma 5.34,

The stage is now set for the proof of Lemma 5.32, Thus, the
reader is now urged to refer to Figure 5.32. The first remark is,
no vertex x of G could possibly be adjacent to a subset F of
£ of B's vertices; because, this vertex x' and F , together with
x and A (see Figure 5,32), would contradict one of either II(b),
IT(c), II(f), or II(g). Thus, since this is all taking place in G1 ,
and hence all the vertices of B are in boats with captains, it must
be that no major vertex captains more than ({£-1) vertices of B .

And now that IV(B)| = 7@)L-1) , there must be at least g@&) cap-

tains in V(Gl) , but this contradicts Lemma 5,34.

).

3
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In the discussion that follows, the aim is to prove that a con~-
figuration like that of Figure 5.32 cannot exist as a subgraph, where
this time B 1is an independent set of Rf{v{®)] major vertices. To-

wards this end,

Definition 5,35: With ecach major vertex v € V(Gl) one selects a sub-
5

claw CV with apex v , that is J\“ﬁmﬁi:) , of size

Maximum{ [ ... [o.(&) + @-1)] ... I; [Gml)z + .. @) sy},

"1.(:&)'1
; i) -1
i=1
that is,
lv(s)| = Maximum{ [ ... L:@) + @-1)] ... J; (@-1? + .)]50@)},
“@)-1

;i -1
[
i=1

and refer to this selected claw as the associated claw of v , or the

claw for v . It is noted that such a selection is assured because of

Ramsey's Theorem, and the specifics of Case II,
Throughout the discussion that follows it {s tacitly assumed that

for each major vertex in G such an association, as described in Def-

inition 5.35, has been made and is now fixed.

Definition 5.36: Let vy and vy be major vertices of V(Gl) , then

v, and 2 interact strongly, or strongly interact, If

lV(CVl) - V(Cvz)‘ T 4 . Note that then IV(CVZ)- V(Cv1)| L

Definition 5.37: If w, and v, are major vertices of V(Gl) then
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vy and vy interact weakly, or weakly interact, if IV(Cv yn V(Cv )| =
1 2

(€-1) . Note that any two major vertices interact weakly or strongly.

Lemma 5,38: G1 does not contain a subgraph of the form

—C0 O

Q) R [o(L)]

B

Figure 5.38

where B 1s an independent set of R{¢()] major vertices.

Proof: Assume the existence of such a subgraph where B is an indepen-
dent set of R[p{)] major vertices. Further refine V{(B) as follows:
Let V(J') be a subset of 4 vertices of V{(B) any two of which in-
teract strongly. And let V(J') be a subset of :({) vertices of

V(B) any two of which interact weakly., At this point, the claim {is
made that in fact, either V(J’) or V(J') must exist., The justifi-
cation for this 1Is as follows: Construct the R[c{®)] by Rr[<{)]
square, symmetric, (0,1} matrix A , where aij =1 {f and only if

v and v interact strongly and a,_ = 0 1if and only if vy and

1 3 ij
vj interact weakly or 1 = j . The existence of v(J') or V(I
18 now guaranteed by Ramsey's Theorem. It will be shown that neither
v(J’') nor V(I') can exist.

First, 1{f V(B) were to contain a subset V(J’) this would

fmply the existence of a subset V(C) of Q@) vertices, where

v{C) © V(CV) for every vertex v in Vv(J') . Now applying the



Kovari, Sés, Turan Theorem to
bidden by II(f), II(b), II(b)
tains no such J' ,

On the other hand, if B

tices, any two of which inter

weakly interacting vertices

Kovari, Sés, Turan Theorem and II(f),

subgraph c’
"1
Cf
V2
’ p _
where V(CV')- V(CV )y , 1=
i i
lvee! )l =
i
Thus, were I to exist, one
and starting with vy and v
V3
to ¢’ and C and then t
1 V3

I11{(f), one obtains

C and A , one obtains

, and II(c) respectively.
contained a subset J

then focusing

¥

act weakly,

Vi and D of , one
the formation of
v
2
1,2 and
cee (@)Y + @-1D)) ... ]
c(@E)-1
A
.
i=1
could enumerate V(J') =
5 get the pattern shown;

7
o C
v

and Cv ,
2

3
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subgraphs for-

Thus, B con-

of (X)) ver-
on any t(wo
obtains by the

the following

-2

J

{Vl’v2""’vq6£)
then inserting

into the picture, and again employing the Kovari, Sés, Turan Theorem

and keeping in mind
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) , £t =1,2, and V(C" ) = V{(C_ ) and
i { V3 V3

lv(c:F Y= [ .. L) + @-1)] .., ) i=1,2,3.
GMH)-1
N

[~J
i=1
Continuing in this way, one sees that to have a J° would assure the
formation of a sub-clique of size ¢} , hence contradicting the fact

this is all taking place in the Case II situation, This establishes

Lemma 5.38.

Definition 5.39: In the sequel, h({) = 2 Maximum{R [¢®)]; s@&) ®-1)}

h)  Maximum{h@); ..@)] .

Combining the results of Lemma 5,38 and Lemma 5.32 one obtains

Lemmna 5,40: Gl does not contain a subgraph of the form,

A B

—0 0

QL) h(i)

where B 1is an independent set of h{) vertices.



Proof: To assume the contrary would imply either the existence of
Figure 5,38, or Figure 5.32 as a subgraph and hence a contradiction.

Because the arguments that lead to the conclusions III for this
case, strongly resemble those used for Case I, the reader is urged to
refer back to them while reading what follows.

In view of Hoffman's Theorem, any G, does not contain subgraphs

of the form

&® -~ —O

Ry R Rty

Thus, any Gl's structure can be presented., Within G1 gotten from
any G € §” , consider the collection W of independent sets of ver-
tices of size
- . A A A
v | 28 = vha)) - Maxtmm{£B@),1,00@)); 2he) + he)her-1) -1;
A
ht) + b)) .

It is noted that this is precisely the type of function Hoffman worked

with in [3]. (It was pointed out that Case I's '"N" was of a slightly

different nature.) An equivalence relation in b is introduced:

il'y RZ where K1 €W, 1 = 1,2, if and only if the complements of

K i=1,2 in 61 are equivalent in Hoffman's sense [3]. So G,

contains a distinguished family of equivalence classes of independent
sets El’ EZ"" . By possibly having to add edges to sume, or all
vertices in V(Gl) , but at no time having to add more than L(ﬁ(&))
edges on any vertex, the following holds: Every pair of non-adjacent

vertices in Gl is in at least one of the equivalence classes Ei ;

48
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every vertex in G1 is in at most L(ﬁ({)) of the equivalence classes

E for any two equivalence classes E, , E, , L # j , we have

£ 1
|V(E1) M V(Ej)l = L(ﬁ&t)) ; 1f v 1is a vertex in some equivalence class

E then v 1is adjacent to fewer than L(%GL)) other vertices of E

i {3

finally, if Ri and Rj are any two inequivalent independent sets in
c , then the number of vertices in Ri which are adjacent to fewer
than L(%(&)) vertices in Rj cannot exceed L(%(&)) -1.

It is now possible to conclude III, The L referred to can be
L = Maximm {LA®)) + T@); 7@)} which one is led to by the remarks

above, and the nature of G1 and 62 . The graph H, III(a) and III(b)

are gotten as follows: V(H) = V(G) , V(Hl) = V(Gl) R V(Hz) = V(GQ) .

H1 is gotten by applying Hoffman's Theorem to G1 . That 1s, by add-

ing no more than L edges on any vertex in V(Gl) so0 as to conform
with the statements above, and then by deleting no more than L edges

on any vertex in U V(E,) , where the union is taken over all equivalence

J

classes of independent sets in G1 , 50 that each such equivalence
class of independent sets becomes, in fact, an independent set. The

subgraph H is gotten from V(HZ) by deleting any edges which em=-

2
anate from vertices in V(Hz) .

This closes the discussion of Case II and establishes that

IT = III in general,



SECTION 6. THEOREM 2

The proof of Theorem 2 now follows. By Ramsey's Theorem, and the
Cauchy Interlacing Theorem, if G has enough vertices {and it is clearly
sufficient to restrict consideration to graphs with sufficiently many
vertices) hk(G) = 0, therefore if hz(G) - Rk(G) = a , it follows
that RZ(G) * a ., Similarly, from the Interlacing Theorem, AZ(G) Z -1,
S0 Kk(G) Z -1 =a , By Theorem 1, there exists a positive integer
L = L(a) and graphs H , G, B, and subgraphs H, and H, , satisfy-
ing part (III),

At this point, it is noted that proving Theorem 2 requires only
proving the result for the graph H . To see this 1s true, it is
argued that any one independent set of vertices K in H , when viewed
in G , forms a subgraph €K>G , each of whose vertices has a valence
of at most L . Therefore, viewed as a subgraph of G, V(<K>G) can
be partitioned into fewer than 1 + L independent sets, by Brooks'
Theorem., Similarly, any one clique Q@ 1In H , when viewed in G ,
forms a subgraph, <Q>G , any one of whose vertices is adjacent to all
but at most L of the other vertices of <Q>G « Thus, applying
Brooks' Theorem to 26;6 , that is the complement of <Q>G , and then
interpreting the conclusion in <Q>G , we see that V(<Q>G) can be
partitioned into fewer than 1 + L cliques.

One first notes that H2 provides us with one independent set,
by (g) above. Next, observe that by employing the same argument used
in Lemma 5.13A one shows the existence of a function M(L,a,k) such
that were H1 to contain (k+l1) distinguished independent sets each

of size at least M(L,a,k) this would imply the existence of a
50



complete multipartite graph of (k+l) independent sets, each with

(2L - [-2 -a]) vertices as a subgraph of Hl; where the expression

51

[-2 -a] stands for the greatest integer that does not exceed (-2 -a).

However, this leads us to a contradiction with the fact [-2-a] < Rk(G),

R |
and -~ L = A (8) . Lastly, attention turns to R, ; that is, those

1

vertices of H, that have escaped being tallied with the collection

1
of vertices residing in one, or more distinguished independent sets
of size at least M(L,a,k) . But now, this residuum of vertices can
be partitioned into fewer than (1 + L M(L,a,k)] cliques because of
(I1Ib) and (IIIc) above, and an application of Brooks' Theorem to

ﬁl . These remarks complete the proof.
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