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SECTION 1. SUMMARY OF RESULTS

By a graph G , is meant a set of n-points, called the set of 

vertices, V(G); and a set E(G) , of lines, or edges, Joining some pairs 

of vertices, so that no pair of vertices is Joined by more than one edge, 

and no edge Joins a vertex to itself. When a pair of vertices in a graph 

are joined by an edge they are called adjacent. The adjacency matrix of 

a graph G , denoted A(G) , is a square 0 - 1  matrix of order n whose 

rows and columns correspond to the vertices of G and for which = 1

if and only if vertex i and vertex j are adjacent. Thus, for each 

of the graphs considered, the associated adjacency matrix is symmetric 

with zeros on the diagonal. The eigenvalues of a graph are the eigen­

values of its adjacency matrix,and hence are real. For any graph G ,

the eigenvalues will be denoted X (G) s X (G) s . . . in descending order,
1 2and X (G) < X (G) £ ... in ascending order. The complement, G , of the 

graph G is the graph described by V(G) - V(G) , where two vertices in 

G are adjacent if and only if these two vertices are not adjacent in G . 

The valence of a vertex v in a graph G is the number of edges for 

which that vertex is an end-point. Two graphs G and H are said to

be "l away from each other" if there exists graphs S , and ff such 

that A(G) + A(6) = A(H) + A(ff) and every vertex of C and ff has 

valence at most L . A sub-graph G* of G is the graph on the non­

empty subset V(G/) of vertices of V(G) where two vertices in G* are 

adjacent if and only if they were adjacent in the original graph G .

The following notation will be used;
A will be a complete graph on A, vertices, or clique, abbreviated 

, where every vertex is adjacent to every other vertex.
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- t  will be a graph formed by and one more vertex adjacent to

all the vertices of ; that l9' K-U1 *

Q  will be the Independent set of t vertices, abbreviated ,

in which no two vertices are adjacent.

9 ~ 9  will be a graph formed by two cliques on t vertices, where 

every vertex in each clique is adjacent to all other vertices, that is

K 2t ■

' O  will be a graph formed by and one more vertex adjacent to

all the vertices of .

In short, a solid line joining graphs A and D forms a graph where

every vertex in V(A) is adjacent to every vertex in V(B) .

In [3], A.J. Hoffman proved the following

Theorem: Let Q be an infinite set of graphs, then the following state­

ments about Q are equivalent:

(1) There exists X such that X(G) > X , V G € Q . Where for

any G , X(G) is the least eigenvalue of A(G) .

(2) There exists a positive integer -t such that no G € Q coir-

tains either  O ,  or ' f f ’ as a sub-graph.
(3) There exists a positive integer L , such that for each G € Q

there exist graphs 2 and H with the following being true:

(3a) A(G) + A<2) = A(H) .

(3b) Every vertex of 2 has valence at most L ; and H contains
1 2a family of cliques K , K ,... such that;

(3c) Each edge of H is in at least one K* ,
1 2(3d) Each vertex of H is in at most L of the cliques K ,K ,...

(3e) |v(kS n V(KJ)| L , i * j ,
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The main result of the present investigation is the following

Theorem 1 : Let Q be an infinite set of graphs, then the following

statements about Q are equivalent:

(I) There exists a real number X such that X^(G) ^ X for 

every G € Q ,

(II) There exists a positive integer t such that for each

G 6 (J the following graphs are not subgraphs of G .

(a) I t  (e) ?

(b) <f) ~~t

(c) o  O  (g)
I l

00 ®  •

(III) There exists a positive integer L such that each G £ Q 

is no more than L away from a graph H in which the following is 

true:

(Ilia) The set of vertices of H , V(H) , can be partitioned into 

two classes V(H^) , V^^) with associated subgraphs and

where

(Illb) contains a distinguished family of independent sets

K1, K2,... such that every pair of non-adjacent vertices of is
-tin at least one of the independent sets K

(IIIc) Every vertex of is in at most L of the independent
-1 -2 -3sets VT, K , K .... .

( iiid) |v(kS n v(kJ) | < l , i ^ j



4

(Hie) Every vertex in H1 is adjacent to fewer than L vertices

of H 2 ’
(Illf) For any v G V(H ) , there exist indices [i ,i ,...,i } ,i a r

r < L such that

As an application of Theorem 1, a theorem is proved on the decom­

position of V(G) into cliques and independent sets. For a subset 

S C  v(G) of a graph G , <S> is used to denote the subgraph of G on 

the set of vertices in S . For any graph G , let y(G) be the smal­

lest number of subsets into which V(G) can be partitioned so that the 

subgraph Induced by each subset is either a clique, or an independent set.

Theorem 2; Let k a 1 be some integer then there exists a function 

such that for every graph G ,

[x|x G V(Hj) ■ v adjacent to x]
r i
U V(K J ) .

J=1

(Illg) H is an independent set.4*

Y(G) * Ck < V G > " xk<G >> '



SECTION 2 . PRELIMINARY PREREQUISITE KNOWLEDGE

Presented here is a collection of known or easily proved facts 

needed in the sequel. References or proofs are supplied.

Theorem 2.1: (Cauchy Interlacing Theorem [2]): Let A be an hermitian

matrix of order n with eigenvalues X & ,.. ~ X , Let B be an X
principal submatrix of order k with eigenvalues * ... ~ p^ , then

X S p L X for s = l,2,...,k .n-k+s s s

Theorem 2.2: Consider any graph G and any labeling of its n ver­

tices, that is V(G) = ...,vn 3 . Let X be any eigenvalue of
-* TA (G) , X t -1,0 , and let x = (x^,x2,...,xr) be an associated

eigenvector. Consider any two vertices v^ and v^ of G where if

T - {v, € V(G) |v, is adjacent to v and v. t v } and1 k K. L K J

Tj = {v^ £ V(G) |v^ is adjacent to v^ and v^ t v^} then T^ = T^ ;

then x^ 38 Xj .

Proof: If v^ and Vj are not adjacent then the result follows from

) x = Xx. and } x = XxU  m i L- n j
v f I. V 6 Tm i  n j

If v^ and Vj are adjacent, the result follows from

x, + ) x = Xx and x + ) x = Xxj i - m i  i £_ n j
v e T v G Tm i  n i

Theorem 2.3: Let P(n,x) = nkPQ (x) + n ^ P ^ x )  + ... + Pr (x) satisfy 

the conditions that each P^(x) is a real polynomial; Pg(x) f 0 I ant*

5



6
for every positive integer n , P(n,x) is a polynomial in x with

only real roots. For each n , let x be the second largest xn
satisfying P(n,x) = 0 , and assume x 5 x for each n . Thenn n+1
if lim x = x exists and is finite then Pn (x) = 0 . n 0

Theorem 2.4: (Courant-Weyl Inequalities [2]): Let A and B be

hermitian matrices of order n and C = A + B , then

^(A) + A1 (B) * Aj(C) < A^CA) + AX (B) , j = 1,2,...,n .

Theorem 2.5: (Ramsey's Theorem [5]): Let m be an arbitrary positive

integer. Then there exists a number H(m) such that every graph on 

S(m) vertices contains either a clique of size m , or an independent 

set of size m as a subgraph.

Theorem 2.6: (Hoffman [3j): Let Q be an infinite set of graphs where

there exists a positive integer -t such that for any G t Q the fol­

lowing graphs are not subgraphs of G :

(a)  O (b)  O -©  ,
I 1 1

then there exists a positive integer L(C) such that for each G 6 Q .

the following assertions can be made:

(i) Consider the collection lb of all cliques K ̂  G of size

|v (K) | £ N ( 0  - Maximum [l2 + l-l, I + fc (I), £(1,1,1)} where f(l,l,t)

is calculated from the following more general fO^r.-L) , which is de­

fined inductively as f(l,r,'t) = r + 1 , and f(nrt-1,r ,t) = Maximum 

{r + m r (t-2) + 1, f (m,r+t-2,t) 3 . The following is an equi­

valence relation between cliques in lb :
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~  , where and are cliques in It) , if and only if each

vertex of is adjacent to all but at most (t-1) vertices of .

The resulting distinguished family of equivalence classes of cliques
1 2in lb will be denoted E , E , .  By possibly having to delete 

edges to some, or all vertices in V(G) , but never more than L (■£,) 

edges on any vertex,

(ii) every pair of adjacent vertices in G will be in at least 

one of the equivalence classes E^ .

(iii) Every vertex in G will be in at most L(t) of the equi­

valence classes E* .

(iv) For any two equivalence classes , i / j

|v(E1) H V(E^) | ^ h(l) .

(v) If v is a vertex in some equivalence class E^ , then v 

is adjacent to all but fewer than L(<t) other vertices of £*" .

(vi) If and are any two inequivalent cliques in to ,

then the number of vertices in which are adjacent to ail but fewer

than t vertices of cannot exceed (t-1) .

Theorem 2.7: (Kovari, Sos, Turan [4]): Let n be an arbitrary

positive integer. There exists a function ii(n) such that for any 

graph G with V(S) c. V(G) , V(T) c V(G) , |v(S) | = |v(T)| * Q(n)

there exists V(s') c V(S) , V(T') e  V(T) , Iv(s')| « |v (t ')| = n and

such that either every vertex in V(S/) is adjacent to every vertex

in V(T*) , or no vertex in V(S*) is adjacent to any vertex in V(T ).
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Theorem 2.8: (Ferron-Frobenius Theorem [2]): If B is an irreducible

(0,1)-matrix of order n then - | \ (B) | ^ ^(B) | ̂  (B) | ,

i ' 1,2 ,... ,n ■

Theorem 2.9: (R.L. Brooks [1]): For any graph G , let x(G) be the

smallest integer s for which there exists a (0,s) decomposition 

of G then x(G) - 1 + (Maximum valence of any vertex in G) .



SECTION 3. I => II

The general idea behind the proofs in this section is to use the 

Cauchy Interlacing Theorem to obtain a contradiction to I.

Lemma 3.1: Considering the infinite family of graphs H :
t

for varying t , there exists some positive integer t such that

G , for any G € Q . That is, is not a subgraph of G for

any G £ Q .

Proof: Because of Theorem 2.2, all the eigenvalues of Ĥ_ , other

than -1 , or 0 , can be found by solving

(i) 0
<-X) t 0

1 (t-l-X) t
0 t (t-l-X)

= X3 + 2 (1-t)X2 + <l-3t)X + (t2-t)

But studying (i) for increasing t , one sees that Theorem 2.3 yields 

X (H ) -* , and hence the result follows.

Lemma 3.2: Considering the infinite family of graphs S^: O  v
---------- t t t
for varying t , there exists some positive integer £ such that 

<t G , for any G G Q .

Proof: Arguing exactly as in Lemma 3.1, all the eigenvalues of ,

other than -1 , or 0 , are obtained by solving

(ii) 0 =

(-X) t t 0
1 (-X) 0 0
1 0 (-X) 1
0 0 t (-X)

U 2 2
y* + <-3t> \ + t

9
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But studying (ii) for increasing t , one sees that Theorem 2.3 

yields ^2^t^ °° ’ an<* hence t l̂e P*°°£ the assertion.

Lemma 3.3: Considering the infinite family of graphs T :
t-1

for varying t , there exists some positive integer L such that 

T G , for any G € Q .

Proof: Again, as in the previous lemmas, all the eigenvalues of T , 

other than -1 , or 0 , are obtained by solving

(iii) 0 =

(-A) t-1 t
1 (t-2-A) 0
1 0 (-A)

= - [A3 + (2-t)A2 + (l-2t) A + (t2-2t)J

And again, for increasing t , Theorem 2.3 yields ^ 00 * as

desired.

Lemma 3.A : Considering the following infinite families of graphs for

increasing t:

(f) : * O  O , (e) : ®  — O  , (h) : $  #  ,t t t 1 t t t t t

there exists some positive integer t such that (f)^ ^  G , (e)^ ^  G,

(h)^ G for any G € Q .

Proof: The argument proceeds along exactly the same lines as those

above, and is arrived at by the following observations:

= \ (  — o  ) - y r

V (eV  = V ~ P  } =

A2(Ch)t) « y  •  ) - 1 - 1
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where, for example, ^  ) stands for the largest eigenvalue of

the graph O t
Lemma 3.5: Considering the following infinite families of graphs, for

increasing t:

(cv  ■ <g>t : £  ^

there exists some positive integer K, such that ^  ® ^  ^ *

for any G 6 Q .

The proof is an immediate consequence of Lemmas 3,2, 3,4 and Theorems 2.4 

and 2.8.

It has now been demonstrated that I =* II



SECTION 4. Ill => I.

Initially results are proved which hold for any H satisfying

III (a)-(g). Once these results are established, any graph G € Q

and its associated H , , and , as described in III (a), are

cons idered.

Given any such H with corresponding , where has r
-1 -2 -rdistinguished independent sets K , K , ...,K , the immediate goal

is to prove Theorem 4.12 below; that is, ^ S(L) » where s (L)

is a real number depending only on L .

Towards this end, the following n by r , (nXr), matrix M ,

composed of 0's , and l's , is formed.

M = V ^ )

v (h2)

For the row representing a particular vertex v^ € V(H^) place a 

1 in a column representing an independent set if and only if

v € ; and place a 0 , otherwise. For a row representing a parti­

cular vertex v^ £ VtH^) , place a 1 in the column representing an 

independent set , if and only if, that particular vertex is adjacent

to all the vertices in ; and place a zero if v^ is adjacent to

none of the vertices in . By III (f), these are the only cases to

consider.

Notation: A(H)[V(H^), V(H2)J will designate that part of A(H) which
12



13

describes the adjacency pattern for vertices of V(H^) versus vertices 

of V(H2) . The rows of this matrix correspond to the vertices in 

V(H^) . And the columns correspond to the vertices in V(H2) . For 

example, A(H) [VO^) . V ^ )  J = A ^ )  = A ^ )  [ V ^ )  .VC^) ] .

Notation: Throughout this section, B will denote the following

matrix:

B * <b ) ^

A(H1)[V(H1),V(H1)J a (h)[v (h1),v (h2)J

a (h)[v (h 2),v (h1)] A(H) [V(H2),V(H2>]

Theorem 4.1: MM = S + B where S is a symmetric, non-negative matrix 

all of whose row sums are bounded above by

Maximum -f s s (L) ,

a function of L alone.

TProof: Let S * MM - B . S is first shown to be non-negative.

Consider any entry in S corresponding to vertices in versus

vertices in , that is S[V(H^),V(H^)J . Call such an entry s ^

where v^ and v are both in V(H^) . Now if b ^  = 1 , then v^

and v, are adjacent in , and therefore not adjacent in and
T Tso 111(b) implies (MM ) ** 1 ; because, (MM )^j is precisely the

number of distinguished independent sets both v^ and v belong to

in . So, such an s^ is non-negative.
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Next focus on any entry in S [V(H^) ,V(H2) ] , call it , where

€ V(H^) and Vj 6 V(H2) . Now the only concern is for the case

*= 1 and then and v^ are adjacent in H . 111(f) implies
-kthat there exists some distinguished independent set K which

contains and all of whose vertices are adjacent to . Thus,
T T(MM ^ 1 , because (MM ) is the inner product of row i , cor-

*kresponding to v^ in K , and row j , corresponding to Vj € V(H2),
-k Twhich is adjacent to all the vertices in K In fact, (MM )^j is

precisely the number of distinguished independent sets for which we 

can say v^ is adjacent to all the vertices in it, and is con­

tained in it. It is clear that the very same argument shows that every 

entry in S(VCH^),V(H^)] is non-negative.

Lastly, it is seen that S[V(H ) ]  is non-negative because

111(g) implies b ^  = 0 for vertices and v^ in V(H2> .
TThat S is synmetric follows from the fact that both MM and 

B are. It remains to be shown that the row sums of S are bounded 

above by

s (L) = Maximum|L^) + + L^ + lJ- (

a function of L alone.

First consider SfV(H^),V(H^)J and focus on some row i cor­

responding to vertex € V(H^) .

Lemma 4.2: £  L + + for any v i ^
Vj € V(H) = V(HX) U V(H2)

Towards this end, it is first proved,



Sub-Lemma 4.3: ^  (L-l) + L for any € V(H^) *

Vj 6 VCHj)

Proof: III(c) Implies that - L , So the task is to show that

the off-diagonal itk row sum in * which is equal to

su  ‘ •
V € V(Hj)

Vj + v t

Consider any s ^  where j 4 i and Vj 6 V ^ )  . The corresponding 

T(MM )_. is equal to the inner product of row i and row j of M  , ij
which in turn is equal to the number of distinguished independent sets 

containing both and . Define

= (k £ Z+ |vi € Kk ] where Z+ ^ {positive integers} .

Note, III(c) implies that | |  = t ^ L . Denote the elements of P^

by k^, . First, let us realize that the only concern we
Thave is for v^ such that (MM ^ 1 ; hence the case where both v^ 

and Vj share at least one common distinguished independent set, and

thus , v^ is not adjacent to Vj in . Thus, v^ is adjacent to

Vj in , and so

{A(H1)]ij = (A(H1)[V(H1),V(H1)J)1j = = 1

In this situation, one has



16

> f°r example, would be the entry In the i*"*1 row, and k^st column

of M . The off-diagonal row sum of S would be a sum of such

terms as (i), where j runs through the vertices Vj € V(H^) , but 

j 4 i . But, with rows i and j fixed, an upper bound on s ^  

would be the number of different two by two sub-matrices of M whose 

entries are all ones, gotten by selecting rows 1 and j and two 

columns from the set Q - [M^|k 6 P^] , where denotes the

column of M  . |p ^| - L Implies that this number is bounded above

by . Continuing with this reasoning, by varying j , it is seen
X t hthat ^  s^j , that is, the off-diagonal 1 row sum in

j * i
Vj e v c ^ )

A(H^)[V(H^),V(H^)J , is bounded above by the largest number of two by 

two sub-matrices of M consisting of all ones, where one row is taken 

as row i , and the other is taken from each of the remaining rows cor­

responding to vertices in V(H^) ; and the two columns are selected

from the set Q . So the job becomes to over-estimate this total. By
k kO T111(d), for any two columns, M , M in Q , the number of these

k kO Tdesired sub-matrices gotten using row i , and columns M and M 

is at most (L-l) ; and thus

I  s u  *
j * i

Vj e V(H1)

and so
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1 ‘ij S L  + © < L - X) •
Vj €

and Sub-Lemma 4.3 has been proved.

To prove Lenina 4.2 It must be shown

r 2 Sub-Lemma 4.4: L  St1 S L for any v^ € V(H^)
Vj € V(H2)

Proof: As in the proof of Sub-Lenina 4.3, let = [k € 2+|vi € K^}

where Z+ = {positive integers} . In fact, let the elements of P^ be 

k^,k2,...,kt , and once again note that III(c) implies t = |p^| ^ L .

Now for the s^j that Interest us, that is *= 1 , ^ 1,
-Itand so there exists at least one distinguished independent set K

having the property that all of its vertices are adjacent to v^ and

that v^ € . So for such an fi£j » it: true that v^ and v^

are adjacent and so (H[V(H^) ,V(H2) ]) ̂  * B̂ ij^ *  ̂ * ^hus,
t

< “ > 8 ij -  ( I  %  M j k j  - 1 •
0=1

t
Thus, s . , = ^ M., M,. and the i*"*1 row sum of S [V(H ) ,V(H„) ]’ ij L. ik jk 1 2J o J o

0 = 1

would be bounded above by a sum of such terms (ii), where we run these

successive inner products over all the rows associated with v^ 6 V(H2),
kgConsider any column M , kg £ P^ and let

Uk s [j € Z+ |Vj € V(H2) and M jk = l] •

First note that |llk | ^ L , by 111(e) . Thus,
s
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^ 2 ̂ sLj - L . Sub-Lemmas 4.3 and 4.4 taken together imply
vj e v (h2)

Lemma 4.2.

Next, focus on some € V(H2) and examine the corresponding
j th , „i row sum of S ,

L  8iJ
Vj € V(H) - VCHj) U V(H2)

It will be proved,

Lemma 4.5: ^  s £ + for any V(H2)ij
Vj £ V(H) - V(H1) U v (h2)

Towards this end, it is first proved,

Sub-Lemma 4.6: ^  8ij ~ for any v l £ V ^H2^ '
Vj € V(HX)

Proof: Let P^ = {k € Z+ |v^ adjacent to all the vertices of K ^  ]

■ (k| k2 ... ]

where |tj < L by 111(f). The reasoning follows along lines resembling 

the proof of Sub-Lemma 4.3.
TThe only concern is with s ^ 1 , which implies (MM ^ 1 , 

and so there must exist at least one independent set c  where 

is adjacent to all the vertices of and v^ € ; because,

(MM )^j is a count on precisely the number of distinguished independ­

ent sets which enjoy this privileged relationship with vertices vA and v .
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Thus, in particular, v^ is adjacent to Vj and thus, 

(A(H)fV(H2),V(H1)J)lj = 1 and so,

t

s ij - l L  x  % )  - 1 •
0*1

The it*1 row sum of S [V(H2) ,V(H^) J Is thus a sum of such terms as (iii) , 

where Vj runs through the vertices of V(H^) . Fixing i and j , 

an upper bound on would be the number of different two by two

sub-matrices of M whose entries are all ones gotten by selecting 

rows i and j and two columns from the set q « { w M k  6 P ) . By

111(f), note this number is bounded above by . Pursuing this

reasoning, by varying Vj over V(H^) the i^k row sum of

S[V(H2>,V(H^)] , that is, ^  s^j , is bounded above by the

Vj € V(H1)

largest number of two by two sub-matrices of M consisting of all ones 

where one row is taken as row i , and the other is taken from each of 

the rows associated with the vertices Vj of V(H^) , and the two 

columns are selected from the set Q = { ^ I k  e p ] . Once again, the

task is to over-estimate such a total. For any two columns,

kl k2M , M  , 111(d) implies that the number of these desired sub-matrices

kl k2gotten using row i and columns M , M , is at most L . Thus,

L 3u  * Ha) •
Vj € VC^)

the conclusion sought.
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V 2
Sub-Lemma 4.7: ^  Si1 ~ ^ ^or an^ vi ^ ^(^2) ’

Vj € V(H2)

Proof: Because (B[V(H2),V(H2)J)^j = 0 , it must be shown that 

V T 2^  (MM ) ^ L , Without losing sight of the fact that the

Vj e V(H2)

focus is on row i , corresponding to € V(H2) , let

Pf = [k € Z+ |vi adjacent to all the vertices of Kk c: h^)

= { k^ | k2 ,..., kfc 3

where |t| < L , by 111(f); and again, Z+ are the positive integers.

TNow for any j corresponding to Vj £ V(H2) , (MM ) is merely a 

count of the number of ones occurring in the following set, P , of 

entries of M ,

P " {M jk1*” ’*M jkt} *

Thus, the ith row sum of S[V(H2>,V(H2)J is the sum of all such counts

as we vary j over Vj € V(H2) , That is, we seek the total number, T,

of ones in the sub-matrix M[V(H2),Q] . Where, Q = {M^jk 6 P^} and by

kl ktM[V(H2),Q] is meant the sub-matrix of M with columns M  ,... ,M
k

and rows Vj running through V(H2) . Now for any M ^ 111(e) implies

that the number of ones in M[V(H ,k J is bounded above by L . Thus,

2111(f) implies T L • L = L , as was to be shown.
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Now, combining the results of Sub-LemmaB 4.6 and 4.7, proves

Lemma 4.8: ^  £ L ^2) + ^or any V1 ^ V (H2^ *
Vj € V(H) - V ^ )  U V(H2)

Now, by Lenina 4.2, one obtains the general result that for any 

6 V(H) , the I**1 row sum of S ,

^  a £ Maximum^ ^  (L-l) + L2 + L , ^ ( L )  + L 2}

Vj € V(H) - V<Hj) U V(H2 )

5 s<L) ,

which Is a function of L alone. Theorem 4.1 has now been proved In 

Its entirety.

In the next lemma, It is shown that X^(B) is bounded from below 

by a function of L alone; in fact, -s(L) . This is independent of

the particular G € Q started with.

Lemma 4.9: ^(B) ^ -s(L) .

I T  TProof: (i) 0 ^ X (MM ) because MM is positive semi-definite.

Theorem 4,1, and the Courant-Weyl inequalities, imply

(ii) X1 (MMT) £ X1(S) + X1 (B) .

The Perron-Frobenius Theorem and the fact that an upper bound on any 

row sum of S is s(L) , imply

(iii) X^S) + X1 (B) jc s (L) + X1 (B) .

Therefore, combining (i), (ii), (iii), yields 0 ^ s(L) -t- X (B) , and

hence X^(B) ^ -s(L) .
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Notation:

a o ^ M v o ^ . v o ^)] -A(H) [VC^) ,V(H2) j

-A(H) [voy.vci^)] A(H) [ V O y . V O y ]

Lemma 4.10:

I |V(H1)| 0 I tv(H1)| 0

0 _I|v(H2) 1 0 "i |v c h 2>|

where 1^ Is the identity matrix of order k , thus ^2^ ^  = ^2^^ '

Proof: Actual multiplication verifies conclusion that A(H) Is similar

to C , and hence ^  (C) « ^2 (H) •

Notation:

|V(HX)| |v (h2)|

1VCHX) 1(J - I) tv(Hx) | 0

I v c^ ) ! |v (h2)|

|v(h2)| 0 |v(h2)| 0

N 0 4 ) |
|v(H^)j(J - I) stands for the square matrix (J - I) of size |v(H^)| 

by | where J is the matrix of all ones. And ”0" stands for

the appropriate size all zero matrix.
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Lemma 4.11: A2(D) ” 0 •

Proof: The etgenvalues of D are those of J - I and zeros. J - I

has all eigenvalues equal to -1 , except for A^(J - I) which is one

less than the order of , that is |v(H^)| - 1 , The result now

follows.

The above results can now be used to prove

Theorem 4.12: A2 (H) s 8 (L) for any H satisfying III(a)-(g).

Proof: For any graph F , A(F) + A(F) ■ J - I. Che can say B + C = D;

and thus, by Lemma 4.11, the Courant-Weyl Inequalities, and Lenina 4.9,

one has

0 = X2 (D) ^ \2 (C) + X1 (B) ^ ^2 (C) + (-s(L)) ,

hence A2 (C) “ S (L) > *nd now Lemma 4.10 yields A2(H) " 8 (L) .

Recall that this discussion of H was for the purpose of deriving 

information about G .

Theorem 4.13: There exists a real number A = X(L) , that is, a

function of L alone, such that III implies that (G) - X for every 

G 6 Q . In fact, X(L) = s(L) + 2L .

Proof: For some graph H , it is true that A(G) + A (5) * A(H) + A(B) ,

where every vertex in G , and H , has valence at most L ; because,

G is no more than L away from some graph H satisfying 111(a)-(g). 

Thus, we have

(i) X2 [A(G) + A(G)j = A2 [A(H) + A(H)J .

The Courant-Weyl inequalities, Perron-Frobenius Theorem, and Theorem 

4.12, yield
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(li) X-2[A(H) + A(H) ] S X2(H) + ^(11) < s(L) + L .

By another application of the Courant-Weyl inequalities one concludes

(iii) A2(G) + Xl(£) * X2[A(G) + A(C)] .

Combining the above yields

(iv) X (G) + Xl(£) s S (L) + L .

The Perron-Frobenius Theorem applied to A(S) yields

(v) | X1 (C) | £ Xx Ce) ^ L ;

thus

(vi) -L < X1 ^) .

Combining (vi) with (iv) leads to

A2(G) - L * X2(G) + XX (E) <; s (L) + L .

And finally, the sought after conclusion,

X (G) ^ s(L) + 2L - X(L) = X .



SECTION 5. II => III

The proof will require consideration of two separate cases, in 

each of which begin by assuming II is true.

Definition 5.1: Q / c  Q will be that subset of Q consisting of all

the graphs in Q containing as a subgraph a clique of size
9 2£ 9 ( 0  - Maximum£2{, - 2 t + l , £  + - 2 j » that is where

2 9t ^ cp(t) = MaximumtZt, - 2t + 1,-t + 2t - 2} . Case I will show that

III holds for any graph G € (J( c  (J .

Definition 5.2: Q” c  (J will be that subset of (J consisting of all

the graphs in (J that don't contain a subgraph of the form ,

t ^ cp(0 . That is, all those graphs in Q that are not in Q / .

Case II will show III is true for any graph G 6 ^  c  Q .

Case I: It will be shown II implies all the statements of III for any

G € Q* , The following general fact Is now proved.

Lemma 5.3: If K G , that is K a sub-clique of G , then any ver­

tex, v € V(G) , La adjacent to fewer than t vertices of V(K) , or 

v Is adjacent to all but fewer than t vertices of V(K) .

Proof: Assuming the contrary, focus on a vertex v € V(G) which is

simultaneously adjacent to every vertex in a subset V(A) c  V(K) , and

not adjacent to any vertex in a subset V(B) c. V(K) , where

IV(A)| - |V(B)| = I . But every vertex in V(A) is adjacent to every

vertex in V(B) since both are subsets of V(K) , K a clique. Thus

V(A) , V(B) , and v form an associated subgraph of G of the type 

11(a) and hence a contradiction.
25
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V(G) Is now partitioned into two sets V(G^) , V(G2) . For any

G € Q / , focus on a clique in G of size ^ 9(-6) = Maximum 
2 2{2-6 - 2-6 + 1, -6 + 2-6 - 2 3 • In the sequel, this selected clique

will be called Mother Clique and abbreviated MC . It should be noted 

at this point, that there Is nothing unique about this particular MC; 

a different observer would quite probably select a different MC .

V(G^) c  V(G) can now be defined.

Definition 5.4: V(G^) will be all those vertices of V(G) which are 

either in V(MC) , or adjacent to all but fewer than -6 of the ver­

tices of MC . G^ will be the associated subgraph of G whose ver­

tices are V(G^) , thus G^ c: G .

Lemma 5.5: is independent of the particular clique designated as

Mother Clique.

Proof: Suppose two different observers choose two different candidates

for Mother Clique, that is MC^ , MCj . It is first realized that 

there can be no more than (-6-1) vertices In MC^ each adjacent to 

fewer than -6 vertices in MC^ . Because, were there -6 such ver­

tices then I ^ 't(J6~l) + *6 would imply the existence of -6 ver­
tices in MC2 such that these 2-t vertices together would constitute
a 11(h) type subgraph and hence a contradiction. Thus, with this in 

mind, one first argues to a contradiction by considering a vertex v 

which is adjacent to all but fewer than -6 of the vertices of MC^ 

and not adjacent to at least -6 of the vertices of MC^ , and hence, 

by Lemma 5.3, adjacent to fewer than -6 of the vertices of MC^ .

Then by considering the size of MC to be ^ -6 + 2(-6-1) + -6 (-6-1) - 
2-6 + 2t - 2 , and by Lenraa 5.3, and the remark above, one can select
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a subset V(A) c. V(MC^) , where [v(A> | = I , so that v is not ad­

jacent to any of the vertices in A , and simultaneously a subset

V(B) c: V(MC2) , where |v(B) | *= t , so that not only is v adjacent

to all of the vertices in B , but also that all the vertices in A 

are adjacent to all of the vertices in B . But then v , A , B 

taken together comprise a subgraph of G of the form 11(a), and hence 

a contradiction.

One need not consider the situation of a vertex v € V(MC2) being 

adjacent to fewer than -t vertices of MC^ since this would be covered 

by the previous instance because v would now be adjacent to all the 

vertices of MC^ . Clearly, the above argument can be used to show 

that any vertex v which is adjacent to all but fewer than t vertices 

of MC^ is adjacent to all but fewer than t vertices of MC2 . Thus, 

G^ is well-defined.

Definition 5.6: ^ G2  ̂ = ^ G  ̂ " v (Gj^ * G2 will be tbe associated

subgraph of G whose vertices are VCG^) .

s  •

21-1 an<* referred to as a claw of order 2t-l .

Notation: A graph of the form , will be abbreviated
  2 1 - 1

Lemma 5.7: In G^ , there does not exist subgraphs of the form

*1,21-1 ’ or II<a>*

Proof: Argument by contradiction. If there exists a subgraph of 5^

of the form 2t 1 tben G  ̂ bas a subgraph of the form

’ ®  .a
2 1 - 1

that is a vertex A , and a sub-clique of order 2i-l , where A is
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not adjacent to any of the vertices in the sub-clique. Now this ^

has no more than t-1 of its vertices in MC , because the isolated

vertex A has to be adjacent to all but at most £-1 vertices of MC,

since it is in V(G^) . So it can definitely be stated that at least 

£ vertices of ^2t-l are n0t ^  ' Select a set T of such ver­
tices in j . These vertices being in V(G^) implies that each

is adjacent to all but at most (t-1) vertices of MC . |mc| > 2-L-l +
2£(t-l) = t + t-1 implies one can find a subset V(Q) of the vertices 

of MC , where (V(Q) | * 2t-l , with the property that every vertex in 

V(T) is adjacent to all the vertices in V(Q) . Vertex A ’s membership 

in V(Gj) implies A is adjacent to a set V(B) of t vertices in

V(Q) . Vertex A, V(B), V(T) together comprise a subgraph of the form 

11(a), and hence a contradiction is reached.

Next assume the existence of a subgraph of G^ of the form 11(a)

this implies that has a subgraph of the form

'i — > 9  — •*
i

Since we are dealing with vertices in G^ , each of the vertices in

and are adjacent to all but fewer than (l-l) vertices of MC.

|MC | * 2t(t-l) + 1 = 2£^ - 2t + 1 implies the existence of a vertex

x € V(MC) such that x is adjacent to all the vertices in and

Thus, x together with ftjf , , and A comprise a subgraph of G^ ,

and hence of G , of the form 11(b), or 11(c), depending on whether x

is, or is not adjacent to vertex A . In either case, a contradiction

is reached. Lemma 5.7 is proved.

We are now in a position to make a direct appeal to A.J. Hoffman’s



result, Theorem 2,6. This theorem will be applied to the subset Q'

of graphs, gotten by looking at for every G 6 Q / c  {J ; where we

are letting be the set of type subgraphs obtained from all

of the G € c: Q . By Lemma 5.7, It was shown that there exists a

positive integer L such that for every ^  2t 1 ^ 1  *

and G- . Thus, by Theorem 2.6, the structure of
21-1 21-1 1

is characterized precisely. But then, describing the complement 

of any graph immediately describes the graph. Thus, is character­

ized precisely, that is, in the sense that any G^ 6 Q| is.

A detailed description of any G^ € Q / is now stated. Within G^

consider the collection It of all independent sets of vertices of size

|K| ^ N(2-L-l) h Max[f(2t-l,l,2t-l), 21-1 + «,2-2t-l,
R(t) ft [IL (21-1) ] - Si(t) + 1, 2-t2 - 46 + 2 + (2t2-Ul + 3) ft [IL (21-1) ] 3 

where both f(2-6-1,1,2£-l) , and ft(2£-l) , as functions, are described 

in Section 2, Theorem 2.6 gives an L (2-t-l) ; that is, L (■t) evalu­

ated at (2L-1) . Also, it is noted that the above function N is 

slightly different from the function N in Theorem 2.6. However, a 

very slight modification of Hoffman’s argument would show that the proof 

is valid with this function N as well. An equivalence relation is 

introduced in to as follows, ~  , where , Kj are indepen­

dent sets in & , if and only if the complements of and Kj in

Gj are equivalent in the sense described in Hoffman's result; that is, 

in G^ , —  K2 . Thus, Theorem 2.6 applied to G^ , and then taking

complements to get us back in , implies that G^ contains a dis­

tinguished family of equivalence classes of independent sets,
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resulting from the equivalence relation described above. By possibly 

having to add edges to some, or all vertices in V(G^) , but at no 

time having to add more than L(2t-1) edges on any vertex, it can be 

further stated that every pair of non-adjacent vertices in G^ is in 

at least one of the equivalence classes E^ . In addition: every ver­

tex in G^ is in at most L(2t-1) of the equivalence classes ;

for any two equivalence classes E^, E ̂ , i t j , we have 

|v(E^) D V(Ej)| £ L(2-£.-l) ; if v Is a vertex in some equivalence 

class E^ then v is adjacent to fewer than L(2-t-l) other vertices 

of E^ ; finally, if and are any two inequivalent indepen­

dent sets in lb , then the number of vertices in which are adjacent

to fewer than L ^ - l )  vertices in cannot exceed L(2£-l) - 1 ;

that is, fewer than L(2(.-l) vertices in are adjacent to fewer

than L(2t-1) vertices of .

In the sequel, E will represent an equivalence class of indepen­

dent sets in G^ and V(E) will denote the vertices of E .

Lemma 5.8: If v 6 V(Gg) and E an equivalence class of independent 

sets in , then either v is adjacent to fewer than ftRL(2L-l)]

vertices of E , or v Is adjacent to all but fewer than ft [£L(2-t--l) ] 

vertices of E .

Proof: If there exists a subset V(A) V(E) , where jv(A) | *

R[tL(2t-l)j and v adjacent to all the vertices in A , and if there

exists a subset V(D) ^  V(E) , where |v(D) ( = ft [-t,L(2L-l) ] such that 

v is not adjacent to any of the vertices in D , then Ramsey's Theorem 

assures us the existence of graphs of the form ^ L ( 2t-1) * °r
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^tL(2£-l) aS sub8^aphs of both A and D . However, the fact that 

every vertex in E is adjacent to fewer than other vertices

of E precludes the possibility of a subgraph of the form ^,l (2{,-1) * 

Thus, be assured that *^L(2t-l) ex^sts as a subgraph of both A and

D . Call these subgraphs *£l(2L-1) and *XL(2t-l) resPect*vely*
That each vertex in E is adjacent to fewer than L(2L-1) other ver­

tices in E implies that if we select a subset Q of L vertices of

^tL(2t-l) t*ien there exists a subset R of £ vertices of *^L(2t-l)
each not adjacent to any of the vertices of Q . Now each of the 2<L

vertices in V(Q) U V(R) is adjacent to all but at most (t-1) vertices

in MC . Now |MC | ^ 21 (£-1) + i = 2L -21 + 1 , implies the existence

of at least one vertex v £ V(MC) adjacent to all the vertices in
*V(Q) U V(R) . This v and Q, R and v taken together form a sub­

graph of G of type 11(b), or 11(c), depending on whether or not v ,
•jIfand v are adjacent. In either case, a contradiction is reached.

Lemma 5.9: Any vertex v 6 V(G^) is adjacent to fewer than Si(L)

vertices of G^ .

Proof: If v were adjacent to R(t) vertices in G^ then Ramsey's

Theorem would assure us of a subgraph of G^ of the form or .

Now were there a subgraph H of the form , then |MC| £

I + -C-Ct-l) = t , and the fact that each vertex in G^ is adjacent to

fewer than i, vertices in MC , would imply MC contains a sub-clique 

on -C vertices which together with H forms a 11(h) type subgraph and 

hence a contradiction. Considering the other alternative, were v 

adjacent to every vertex of \  2̂ * fĉ en I*®'I ^ 2-L-2 + (,({,-1) =
+ t-2 would imply the existence of a subset V(Z) V(MC) such
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that |v(2) | = £-1 , and such that Z C  MC , v and ^  c  2̂ together, 

comprise a subgraph of G of type 11(d), and hence a contradiction.

The proof of Lemma 5.9 is complete.

Lemna 5.10: Any vertex v € VfG^) is adjacent to fewer than R(£)

other vertices of V (G^) .

Proof: Assume there exists a vertex v € V(G£) which is adjacent to

a subset V(P) c  VfG^) , jv(P) 1 = Si(L) . Then Ramsey's Theorem applied 

to V(P) implies P would contain either a subgraph of the form , 

or one of the form . Now in either case, vertices in being

each adjacent to fewer than £ vertices of MC , and |MC| ^ (£+1) (t-1) +
2

£ = £ + £-1 implies that there exists a subset V(R) ^  V(MC), where

|V(R) | = 2-t-l ; and of course, R is a clique on (2-L-l) vertices, in

which every vertex of R is not adjacent to any of the vertices of

either or , depending on which case we are considering. First,

consider being a subgraph of P , then any £ vertices in R ,

together with this subgraph c  P would constitute a 11(h) type sub­

graph and hence a contradiction. If it is assumed c  P , then 

v 6 V(G£) would permit the selection of £ vertices of R which to­

gether with v and would give a type 11(e) subgraph and again a

contradiction.

Definition 5.11; For any v G VfG^) define

= (E | Ej is an equivalence class of independent sets in G^,

and v is adjacent to all but fewer than R [££ (2-1-1) J
vertices of E } .

And V(§ ) ^ U V(E.) , where V(£ ) is the collection of vertices 
v
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residing in the equivalence class of independent sets Ej ,

Lemma 5.12: For any v € VCG^) ,

|5 ! < ^ •' v

The proof of Lemma 5.12 will follow from Lemma 5.13 as will be 

discussed below.

Lemma 5.13: Let E^, E ,...jE^ be £ different distinguished equi­

valence classes of independent sets in , then there exist subsets 

of vertices V(Si> c v(Et> , i = 1,2,...,-I such that |v(S£) | - 

ft[£L(2t-l)J , and such that every vertex in V(S^) is adjacent to 

every vertex in v Ŝj) , = 2,...

Proof: In fact, the following stronger result will be proved.

Lemma 5.13 A : If are t inequivalent independent sets

in lb , that is , i ^ j , then there exists subsets of vertices

V(S1) c V(K ) , i - 1,2,... ,£ such that |v(S±> | = B[^L(2t-l)] , and 

such that every vertex in V(S^) is adjacent to every vertex in 

V(S ) , i j , i,J = 1,2,3,...,'! .

To see that Lemma 5.13A will yield Lemma 5.13 it is argued that

by selecting one c: for each i *= 1,2,3,...,'! we will then be

in a position to apply Lemma 5.13A directly, and the V(S^) ,

i = 1,2,3,..,,'! obtained will prove Lemma 5,13.

The burden remains to demonstrate the truth of Lemma 5.13A. Let 

us concentrate on G^ , and the associated inequivalent cliques 

K^, K2,..,,K^ , each of size at least (t-l)(2t-2) + (2't^-4f+3)ft [tL (2!-l) J 
It will be shown that it is possible to obtain subsets of vertices
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V(St) c  V O ^ )  , I VCSt) I = ft&L(2t-l) ] , i - 1,2,3,... ,L , with no cross 

set adjacencies; that is, such that no vertex in V(S^) Is adjacent 

to any vertex in v (Sj) » * ** J » i»J “ I*2 * 3» • • • will then be

clear that V(S^) c  V(K^) , i * 1,2,3,...,!, will provide us with the 

subsets of vertices sought in order to prove Lemma 5.13A. Towards 

this end, it is argued that since are lnequlvalent cliques,

in any , fewer than (2£-l) vertices are adjacent to all but fewer 
than (2L-1) vertices of K for any j ^ t , j = 1,2,3,.,,,!, . Thus, 

for any 1 , the subset

V(R^) = {v € V(K^) | there exists some K » j i , such that v

is adjacent to all but fewer than (2-t-l) ver­
tices of Kj} ,

has size at most (t-1) (2!,-2) ; that is, |v(R^) | ^ (t-1) (2L-2) , 

i « 1,2,... ,t .

Initially, a subset of any ft [tL(2-L-1) j vertices from 

V(K^) - V(R^) is selected and christened VfS^) ; noting that any ver­

tex in VCS^) Is adjacent to (2t-2) , or fewer vertices of

V(K ) - V(R ) , j * 1 . Next,

|V(K2) - V(R2) | > ft[tL(2t-l) ](2t-2) + ft[LL(2t-l)j

implies one can select a subset V(S2) of ft[tL(2t-l)J vertices from

V(K2) - V(R2) each of which is not adjacent to any vertices in V(S^);

because the collection of vertices in V(K^) - V(R2) , each of which 

is djacent to at least one vertex in V(S^) can have size at most 

U<-2) ft [-IL(2t-l) ] . This kind of thinking continues encouraged by
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|V(K3) - V(R3) j > 2ft[tL(2t-l) ] (2t-2) + ft [tL (21 -1) ] ,

and thus, as In the above argument, the collection of vertices in

V(it3) - V(R^) , each of which is adjacent to some vertex in V(S^) U V(S2) 

can have size at most 2 (2-1-2) Si [-tL(2-1-1) ] , and so a subset ^(S^) 

of size R[tL(2t-l)J can be selected from V(K-j) " V(R^) having the

property that none of its vertices are adjacent to any vertices in 

V(S^) U V(S2) . This kind of thinking continues and ultimately, at 

the t*^ stage,

|V(K^) - V(Rt)l > (t-1) (2-1-2) ft[tL(2t-l)j + Si [tL (2-t-l) ]

assures the existence of a subset V(S^) so that V(S^) , V(S2) ,. • •, V(S^)

are each of size R[tL(2t-l)J and have no "cross set adjacencies".

This completes the proof of Lemma 5.13A.

The proof of Lemma 5.12 now follows. If I? I ^ t , then for any

t of the distinct equivalence classes of independent sets in ? ,

labeled , one could select sets V(S^) c  V(E^) ,

i * l,2,3,...,t , such that |V(S ) | =■ R[tL(2t-l)] , and such that any
t

vertex in V(S ) is adjacent to every vertex in U V(S ) ; as
1 J-l J

described in Lemma 5.13. The vertex v being adjacent to all but 

fewer than Si[tL(2t-l)] vertices in each V(S^) ensures that v is 

adjacent to at least one vertex, v^ 6 V(S^) , i = 1,2,... ,t . But now 

v , these t vertices v^ , i - 1,2,...,t , to which v is adjacent,

and which are all in V(G^) , and the fact that

|MC| ^ ({(-1) + 2-t-l - t 2 + t-1 ,



ensures the existence of a subset V(T) c  V(MC) , |v(T)| = 6 , such 

that v , the vertices , i = 1,2,..,,6 , and T constitute a sub­

graph of the form 11(a), and hence a contradiction. This proves 

Lemma 5.12.

Definition 5.14: For any vertex x 6 V(G£) ,

ct = [v € V(G-)|v adjacent to x} .X L

Lemma 5.15: For any vertex x € V(G^) ,

K  - V(C) | < R[N(26-1)]X A

where the function N(-6) was defined in the discussion following 

Lemna 5.7.

Proof: Assume the contrary, and focus on Si [N(2-6-1)] vertices in

°x "" V < V  each adjacent to x . Using the familiar theme of Ramsey1 
Theorem applied to this set of vertices poses two cases for considera­

tion.

First, if a clique on N(26-l) is formed, then in particular a 

"clique on 6" is formed, and so |MC | > -6 (-6-1) + 2-6-1 assures the 

existence of a subset of -6 vertices in MC , which together with the 

clique on 6 and vertex x yields a type II(a) subgraph, and hence 

a contradiction. So consider the alternative possibility of the form­

ation of an independent set Q of size N (2-6-1) , then Q € It ; and
*thus, Q is a member of some equivalence class of independent sets Es

Now vertex x is adjacent to all the vertices in Q , and hence ver­

tex x is adjacent to at least N(26-l) vertices of Eg , In the
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light of Lemma 5.8, together with N(2L-1) > ft [-LL(2L-1) J , one con­

cludes that E € I ; and hence, V(E ) c  V(§ ) ; and so V(Q) ci v(5 ),S X S X X
However, the vertices of Q were selected from o - V(l )!! Thex x
contradiction we seek.

Definition 5.16: x £ V(Ej) for some equivalence class of independent

sets Ej , then

p ^  = {v € VfG^)|v is adjacent to all but fewer than

ft [£L (2L-1) J vertices of E } .

Lemna 5.17: x 6 V(Ej) ^  V(G^) for some equivalence class of indepen­

dent sets Ej , then

Kx,j)l < ft(t) ’
Proof: Assume the contrary and select ft(-t) vertices in P (x j) *

|v(Ej) | > ft(t) ft [tL (2L-1) J - ft(£) + 1 implies the existence of a ver­

tex v 6 V(E^) c  V(G^) which is adjacent to each of the selected ft(-L) 

vertices of p . .. , a contradiction of Lemma 5.9.(x,j)
It is now possible to "read off" III. The L referred to must 

be as large as

M . iL (2-L-l) + ««,), tft J, ft[N(2L-l)] + ft (t )A(l) Maximum £ (at_x) + 8(t)> M ( 0  _ /

which one is led to by the remarks following Lemma 5.7 taken together 

with Lemma 5.17; Lemma 5.12; Lemma 5.15 taken together with Lemma 5.10; 

the remarks following Lemma 5.7 taken together with Lemma 5.9; and 

Lemma 5.9 taken together with Lemma 5.17, respectively.



The graph H, 111(a), and 111(b) are gotten as follows:

V(H) ■= V(G) , V ^ )  = V(G1) , V(H2) - V(G2) . ^  is gotten by apply­

ing Hoffman's theorem to G^ . That lsf by adding no more than L

edges on any vertex in V(G^) , and then by deleting no more than L 

edges on any vertex in U V(E^) where the union is taken over all the 

equivalence classes of independent sets in G^ so that each such equi­

valence class of independent sets becomes, in fact, an independent set, 

one gets . The remarks following Lemma 5.7 yield 111(b), III(c),

and 111(d). Lemma 5.9 taken together with Lemma 5.17 gives 111(e), and

this is appropriately reflected in the choice of L in (i) above; as 

described earlier.

The subgraph H2 is gotten from V(H2) by deleting all edges 

between vertices in G2 . The role of Lemma 5.10 in governing the size 

of L in (i) above is clear. This, of course, forces 111(g).

Lastly, the adjacency pattern for vertices in V(H^) versus ver­

tices in V(H2) is established. For any vertex v £ V(G2) , attention 

is directed to V(^v) , and - V(§v> . All necessary edges are

added so that v is adjacent to every vertex in V(5y) • And all the 

edges connecting v to the vertices in are deleted. This

construction forces 111(f). In the light of Lemma 5.12 and Lemma 5.15 

the choice of L in (i) is sufficiently large to permit the resulting 

graph H to be within L of G . The above discussion establishes
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Case II: It will be shown that II Implies all the statements of III

for any G € Q” ,

In what follows, arguments and results previously established for 

Case I will be used freely. Thus, it is assumed the reader Is familiar 

with the development of Case I.

From this point on, it is assumed some G € is under consider­

ation.

Lemma 5.21: If C c  G , that is C^ a sub-claw of G of order t ,
A

diagramatically v^/ , then any v € V(G) is adjacent to

fewer than t vertices of V(A) where A is the independent set of 

order t contained in C , or v is adjacent to all but fewer than 

t vertices of V(A) .

Proof: To assume the contrary would lead to the existence of a sub­

graph of the form 11(b), or 11(c), and a contradiction.

Notation 5.22: The following notation will be used in the sequel:

[ ... [fl(0 + (£-1)] ... ] and will equal
(<p(0 -l)

I 1 - 1
i=l

[Q[Q[ ... [Q[0(O + (t-1)] + (t-i)J ... J + (t-1)] + (t-1)]

' ^ '
(9(0-1) (9(0-1)

-(cp(O-l)-l- 2,i _1 ^ M O - D - l  - 2. 1 -i
i-1 i=l

where the Kovari, Sos, Turan function of whatever is inside the 

brackets, or parentheses is being considered at each stage.
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Notation 5.23: In the sequel,

p(t) - ft (Maximum{ [... [u(i) + (t-1) (t-1)2 -+ ^(t)J; cp(t) })
m (X.) -1

Notation 5.24: In the sequel,

t (0 = Maximuro{fi[£«,)] + (t-1); 1 + [£(t) -l](t-l)} .

Definition 5.25: A vertex v is said to be of major valence, or

major valenced. or v is a major vertex, if the valence of v is at

least £(■£-) .

Definition 5.25A: A vertex v is said to be of minor valence, or

minor valenced. or v is a minor vertex, if the valence of v is less

than ^(t) .

Definition 5.26: An independent set S of t (t) minor vertices of G 

are said to be in the same boat £ . with captain c . or in a boat P . 

captained by c , if there exists some major vertex c which together 

with S forms the following subgraph of G

that is, a claw as shown. Note, in particular, the boat consists of 

the independent set S of minor vertices.

Definition 5.26A: The vertices in an independent set S of i (t)

minor vertices of G are said to be in the same boat ft , if there 

exists a major vertex c for which the vertices of S are in a boat, 

£ , captained by c .
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Definition 5.26B: A major vertex c will be called a captain if

there exists some boat which c captains. V(C) will be the collec­

tion of captains in V(G) . It is now possible to describe for

Case II.

Definition 5.27: A vertex v will be in V(G^) if and only if, it 

is either a major vertex; or if v is in the same boat with some set 

of (T(t)-l) other minor vertices of G .

Definition 5.28: is the associated subgraph of G with vertices

V(Gt) .

Definition 5,29: V(G2? * V(G) - V(G^) and G2 is the associated

subgraph in G . Note, all the vertices of G2 are of minor valence.

Definition 5.30: The adjacency set relative to G^ of a vertex x ,

Vg (A^) „ or simply the adjacency set of x , is the set of all ver­

tices in V(G^) to which x is adjacent.

An immediate consequence of the fact that this discussion concerns 

itself only with Case II is the following

Lemna 5.31: G and hence G^ , does not contain a subgraph of the form

That is, a vertex isolated from a clique of size cp(L)-
cp(t)

The aim of the sequence of arguments that immediately follow is 

to prove

Lemma 5.32: G^ does not contain a subgraph of the form
A B

1 o
Figure 5.32
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where B is an independent set of (t) ] (t-1) minor vertices.

First note that a major vertex x could conceivably be a captain

of many boats. However, an intermediate goal, along the way of proving 

Lemma 5.32, is to prove Lemma 5.34, which puts an upper bound, in terms 

of £ , on the number of different captains in V(G^) . The first 

truth to establish is

Lemna 5,33: If c^ captains some boat 3^ , then any other captain c 

is adjacent to all but fewer than t vertices of 3^ . That is,

(V(P1) n VG <Ac)| <1 , or | V 0 1) fi VG <Ac)| i* w [>«,)] .

Proof: Assume the contrary, thus by Lemma 5.21, c is adjacent to

fewer than t vertices of 3^ . That is, there exists a subset F 

of at least ^{^(-L)] vertices of 3  ̂ , none of which are adjacent to 

c . Now look at any boat 3 which c captains, and consider either

one of the only two cases possible. That is, first if c^ were ad­

jacent to fewer than -t vertices of 3 , then |v(3) | = + (£-1),

the Kovari, Sos and Turan Theorem, and the fact that all vertices in

a boat are minor would imply the existence of a contradiction with

11(f) or 11(g). On the other hand, were c^ adjacent to at least K, 

vertices of 3 then Lemma 5.21, the Kovari, Sos, Turan Theorem, and 

the minor valenced property of all vertices in boats, leads to a con­

tradiction with II(b), or 11(c). Thus, it must be that c is adjacent

to all but fewer than t vertices of 3^ . As was to be shown.

Lemma 5.34: | V(C) | < £ (t) .

Proof: Assuming the contrary, select ̂ ( Q  captains from V(G^) and

call this set of different captains S = £ , . . .  ,c^ ̂  J . Let 3^ be
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any boat which captains. Then looking at and c^ , by Lemma

5.33, there exists a subset (3^ at least 1 + (£ (L)-1) (t-1) - (-t-1)

vertices of 3. such that V(3 ) e  v (A ) . (Note: 3,,3-,... with 1 1 C 2 1 2

a single digit subscript are boats; but P ^  » ^123 * etc*» with at

least a two digit subscript are going to be subsets of V(P^) , and

hence will not be boats). Now concentrate on and once again

Lemma 5.33 insures the existence of a subset ^123 t: ^12 at least

1 -f (t)-l) (l-l)-2 (t-1) vertices of 3 such that V(P ) c. V (A ).I Li j 1 c3

This kind of thing continues with c^,c^,... until finally, the fact

that |v(p )| - 1 ■+ (,/(t)-l)(t-l) insures that at the ^(t)*"̂1 step
there will exist a subset P.. r ,} , - P.* e> />\ i\ andLi. . Li. ..{^(-C)~L)

r />\) ' V,, (A ) of at least one vertex which is adjacent12* •■✓(■O 01 c^(l)

to each one of the captains in S . But then any one such vertex 

ceases to be of minor valence, a contradiction with the fact that such 

a vertex is in 3^ . This establishes Lemma 5.34.

The stage is now set for the proof of Lemma 5.32. Thus, the 

reader is now urged to refer to Figure 5.32. The first remark is, 

no vertex x* of C. could possibly be adjacent to a subset F of 

t of B's vertices; because, this vertex x* and F , together with 

x and A (see Figure 5.32), would contradict one of either 11(b),

11(c), 11(f), or 11(g). Thus, since this is all taking place in ,

and hence all the vertices of B are in boats with captains, it must 

be that no major vertex captains more than (t-1) vertices of B .

And now that |v(B) | = £(t)(t-l) , there must be at least £(t) cap­

tains in V(G^) , but this contradicts Lemma 5,34.
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In the discussion that follows, the aim is to prove that a con­

figuration like that of Figure 5.32 cannot exist as a subgraph, where 

this time B is an independent set of tf[c(t)] major vertices. To­

wards this end,

| V (S > | = Maximum{ [ ... + (t-l)j ... J ;  [(-t-1)2 + ..(t) J ;<T (t) },

and refer to this selected claw as the associated claw of v , or the 

claw for v . It is noted that such a selection is assured because of 

Ramsey's Theorem, and the specifics of Case II.

Throughout the discussion that fallows it is tacitly assumed that 

for each major vertex in G such an association, as described in Def­

inition 5.35, has been made and is now fixed.

Definition 5.36; Let and be major vertices of V(G^) , then

v^ and v^ interact strongly, or strongly interact, if

|v(c ) - V(C ) I ' t . Note that then |v(C )- V(C )[ ' t .
V1 v2 V2 V1

Definition 5.37: If vx and v2 are major vertices of V ^ )  then

Definition 5.35: With each major vertex v C V(G^) one selects a sub-
S

claw with apex v , that , of size

Maximum! [ ... U(t) + (t-1) J ... j; [(t-1)2 + ^(t)]; ^ (t) } ,

that is,

1=1



v. and v„ interact weakly, or weakly interact, if |v(C ) H V(C ) |
V1 V2

(-t-1) . Note that any two major vertices interact weakly or strongly. 

Lemma 5.38: does not contain a subgraph of the form

  A B*— o o
ntf-) ft [cp(D]

Figure 5.38

where B is an independent set of major vertices.

Proof; Assume the existence of such a subgraph where B is an indepe 

dent set of Sil^pCO] major vertices. Further refine V(B) as follows 

Let V(J7) be a subset of -t vertices of V(B) any two of which in­

teract strongly. And let V(J^) be a subset of (I) vertices of 

V(B) any two of which interact weakly. At this point, the claim is 

made that in fact, either V(Jr) or VCJ* ) must exist. The justifi­

cation for this is as follows: Construct the £ [ ̂ (f,) ] by ftKCOJ

square, symmetric, (0,1) matrix A , where a. . = 1 if and only if ̂J
and Vj interact strongly and = 0 if and only if and

Vj interact weakly or i = j . The existence of V(j') or V ( /  )

is now guaranteed by Ramsey's Theorem. It will be shown that neither

V ( J4) nor V ( 3' ) can exist.

First, if V(B) were to contain a subset V(J/) this would

imply the existence of a subset V(C) of 0(t) vertices, where 

V(C) c; V(C ) for every vertex v in VfJ*) . Now applying the
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Kovari, Sos, Turan Theorem to C and A , one obtains subgraphs for­

bidden by 11(f), 11(b), 11(b), and 11(c) respectively. Thus, B con­

tains no such ,

On the other hand, if B contained a subset f  of (̂-t) ver­

tices, any two of which interact weakly, then focusing on any two

weakly interacting vertices and v^ of j" , one obtains by the

Kovari, Sos, Turan Theorem and 11(f), the formation of the following 

subgraph

* , 6

where V(C ) v .L
V(C ) , i = 1,2 and 

V i

|V(C' ) | = [ ... [.,(£) + (I-1) ] . .. ]
Vi va)-i

: i -2L_

i=l

Thus, were j" to exist, one could enumerate V (J1 ) = ^vl,v2****,Vc;('t)̂  

and starting with v1 and v,> 8et the pattern shown; then inserting 

v^ into the picture, and again employing the Kovari, Sos, Turan Theorem

to C' and C and then to C / and C , and keeping in mind 
V1 v3

11(f), one obtains

V1 v3 V2 V3



47
c"v1

3

*• V

where V(c" ) V(c' ) , i = 1,2, and V(c" ) -  V(C ) andV V V Vi i 3 3

1 V(c" )| = [ ... + a - l ) ]  ... J  i = 1,2,3.
1 <\(D-1

1 ‘ -
i=l

Continuing in this way, one sees that to have a f  would assure the 

formation of a sub-clique of size <+(£■) , hence contradicting the fact 

this is all taking place in the Case XI situation. This establishes 

Lemma 5.38.

Definition 5.39: In the sequel, h(t) = 2 Haximum{ft [cf (L) ] ; £ (£) C-t-1) ]

h (t) Max imumt h (b ) ; A (t) ] .

Combining the results of Lemma 5,38 and Lemma 5,32 one obtains

Lemma 5.40: does not contain a subgraph of the form,

A B

— O  O
n(-L) h(-t)

where B is an independent set of h(t) vertices.
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Proof: To assume the contrary would imply either the existence of

Figure 5.38, or Figure 5.32 as a subgraph and hence a contradiction.

Because the arguments that lead to the conclusions III for this 

case, strongly resemble those used for Case I, the reader is urged to 

refer back to them while reading what follows.

In view of Hoffman’s Theorem, any does not contain subgraphs

of the form

and o
£(<0 h(-I)

Thus, any G^'s structure can be presented. Within G^ gotten from 

any G 6 Q" , consider the collection lE of independent sets of ver­

tices of size

|V(K)| ^ N - N<ft(0) -■= Maximum{ f (h(t) , 1,h (£) ) ; 2^(4) + ) (£ C O -1) -1 ;

h(i.) + R(ft(t» ) .

It is noted that this is precisely the type of function Hoffman worked 

with in [3]. (It was pointed out that Case I's "N" was of a slightly 

different nature.) An equivalence relation in to is introduced:

~  K2 where € lb , i = 1,2, if and only if the complements of 

it , i - 1,2 in G^ are equivalent in Hoffman's sense [3]. So G^ 

contains a distinguished family of equivalence classes of independent

sets E^,   By possibly having to add edges to sume, or all

vertices in V(G^) , but at no time having to add more than L(fta)) 

edges on any vertex, the following holds: Every pair of non-adjacent

vertices in G.̂  is in at least one of the equivalence classes Ei ;
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every vertex in G^ is in at most of the equivalence classes

; for any two equivalence classes E^ , E^ , i j , we have

I v d p  n V(E ) | * L (&«■)> ; if v is a vertex in some equivalence class 

then v is adjacent to fewer than L < W »  other vertices of E^ ; 

finally, if and are any two inequivalent independent sets in

It , then the number of vertices in which are adjacent to fewer

than L(^(-t)) vertices in cannot exceed - 1 .

It is now possible to conclude III, The L referred to can be 

L = Maximum + T a>; ^Ct)} which one is led to by the remarks

above, and the nature of and . The graph H, III(a) and 111(b)

are gotten as follows: V(H) = V(G) , V ^ )  = V(G1) , V(H2> - V(G2> .

is gotten by applying Hoffman's Theorem to G^ . That is, by add­

ing no more than L edges on any vertex in V(G^) so as to conform 

with the statements above, and then by deleting no more than L edges 

on any vertex in U , where the union is taken over all equivalence

classes of independent sets in G^ , so that each such equivalence 

class of independent sets becomes, in fact, an independent set. The 

subgraph H2 is gotten from V(H2) by deleting any edges which em­

anate from vertices in V(H2) .

This closes the discussion of Case II and establishes that 

II => III in general.



SECTION 6. THEOREM 2

The proof of Theorem 2 now follows. By Ramsey's Theorem, and the 

Cauchy Interlacing Theorem, if G has enough vertices (and it is clearly 

sufficient to restrict consideration to graphs with sufficiently many 

vertices) ^(G) S 0 , therefore if " ^(G) = a , it follows

that ^(G) - a • Similarly, from the Interlacing Theorem, »
kso  ̂ (G) = -1 -a , By Theorem 1, there exists a positive integer 

L  ̂ L(a) and graphs H , "5 , H , and subgraphs and , satisfy­

ing part (III).

At this point, it is noted that proving Theorem 2 requires only

proving the result for the graph H . To see this is true, it is

argued that any one independent set of vertices K in H , when viewed

in G , forms a subgraph <K>̂ , > each of whose vertices has a valenceG
of at most L . Therefore, viewed as a subgraph of G , V(<K>^) can 

be partitioned into fewer than 1 + L independent sets, by Brooks' 

Theorem. Similarly, any one clique Q in H , when viewed in G , 

forms a subgraph, <Q>„ , any one of whose vertices is adjacent to allU
but at most L of the other vertices of <Q> q • Thus, applying

Brooks' Theorem to <Q>„ , that is the complement of <Q>r , and thenG ^
interpreting the conclusion in <Q> q » we see that V(<Q>^) can be

partitioned into fewer than 1 + L cliques.

One first notes that provides us with one independent set,

by (g) above. Next, observe that by employing the same argument used

in Lemma 5.13A one shows the existence of a function fft(L,a,k) such

that were to contain (k+1) distinguished independent sets each

of size at least fTi(L,a,k) this would imply the existence of a
50



complete multipartite graph of (k+l) independent sets, each with 

(2l - [-2 -a]) vertices as a subgraph of ; where the expression

[-2 -a] stands for the greatest integer that does not exceed (-2 -a).
It

However, this leads us to a contradiction with the fact [-2-a] < X (G), 

and - L = ^  (S) . Lastly, attention turns to ; that is, those

vertices of that have escaped being tallied with the collection

of vertices residing in one, or more distinguished independent sets 

of size at least tT\(L,a,k) . But now, this residuum of vertices can 

be partitioned into fewer than [1 + L lTi(L,a,k) ] cliques because of 

(Illb) and (IIIc) above, and an application of Brooks' Theorem to 

R^ . These remarks complete the proof.
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