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A bstract

A SPE C T S O F  H E L IC IT Y  IN T U R B U L E N T  FLO W S

by

W olfgang Polifke

Adviser: Professor A ndreas Acrivos

Helicity, the  sca lar p roduct of velocity and  vorticity, is a  q u an tity  of g rea t po ten tia l 

significance for o u r understan d in g  of tu rb u len t flows, as i t  possesses a  num ber of in trigu ing  

properties related  to  the  nonlinear dynam ics and  th e  s tru c tu re  of tu rb u len t flows. In this 

s tudy  we investigate  several aspects of helicity v ia  d irect num erical sim ulations of decaying 

and quasi-s ta tio n ary  tu rb u len t flows: T h e  influence of helicity  on th e  energy tran sfe r and 

the nonlinearity , th e  sta tis tics  and dynam ical significance o f helicity fluc tuations, and  the 

relation of helicity to  the  local ‘en tang ledness’ of vortex lines.

A new in itia liza tion  and  forcing procedure has been developed, w hich allows to  control 

the  m ean helicity in num erical sim ulations of tu rbu lence. I t  is observed in  ag reem ent w ith 

earlier work by A ndre fc Lesieur ( J . F luid M ech. 8 1 , 1977), th a t  s tro n g  m ean helicity  im ­

pedes th e  tran sfe r of energy tow ards sm aller scales, depresses the  non linearity  of a  tu rb u len t 

flow, and  reduces d issipation  in decaying turbu lence.

A random -phase  or quasi-G aussian  approxim ations (Q G A ) is em ployed to  gauge the 

fluctuations of helicity  observed in  sim ulations of tu rb u len t flows. It is show n th a t  the  

QGA is com patib le  w ith K olm ogorov-type scaling argum ents supplem ented  by elem entary  

s ta tis tica l considerations. Sweeping effects on helicity fluctuations a re  discussed. In decay­



ing and  s ta tio n a ry  flows w ith small m ean helicity i t  is found th a t  the  flu c tu a tio n s of the 

helicity of the  large scales are  well described by th e  Q G A , and  as such no t s tro n g  enough 

to  d irectly  influence th e  energy transfer. No evidence of an inverse cascade of m ean-square  

helicity (Levich k  T sinober, Phys. L ett. A 9 3 , 1983) was found. T he helicity of th e  small 

scales is observed to  fluc tuate  anom alously, i.e. s tronger th an  G aussian , which ind ica tes the 

presence of small scale phase coherence. However, th e  n a tu re  of th e  observed fluc tuations 

suggests th a t  th e  ad iaba tic  invariance of helicity fluc tuations a t  large Reynolds num bers is 

not th e  cause of th e  phase coherence (Levich, Phys. Rep. 151,1987, and Levich k  Sh tilm an , 

Phys. L ett. A 126 , 1988). T h e  m echanism  of th e  depression of nonlinearity  in iso tropic 

tu rbu lence  (K raichnan  k  P an d a , Phys. Fluids 3 1 , 778, 1988) is investigated . It is found 

th a t th e  m ain source of the  depression in non-helical flows is a  tendency  of th e  Lam b vector 

to  develop a  significant po ten tia l com ponent. T he possibility  of probing th e  local s tru c tu re  

or ‘en tang ledness’ of the vorticity  field of tu rb u len t flows w ith an  app ro p ria te ly  defined ‘rel­

ative helic ity ’ (Levich, Phys. Rep. 151 , 1987) is discussed. P relim inary  num erical results 

show a  correlation  of entangledness w ith tu rb u len t activity .
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C h ap ter  1

In trodu ction

T urbulence, i.e. tem porally  and  spatia lly  irregular flow of fluids, is ub iqu itous in  n a tu re  and 

technology. It may be found in fields of science and  engineering as diverse as cardiovascular 

m edicine and astrophysics, aerodynam ics and chemical engineering. T h e  incom pressible 

N avier-Stokes equation  (N SE ),

r \  .

■sTt» + ( if . V ) f f =  —  V p  + v V * v ,  (1.1)
a t  p

V - v  = 0,

is believed to  ad equate ly  describe m any featu res of tu rb u len t flows. Here v(x ,  t) is the  

E ulerian velocity field, p ( x , t )  the  pressure, u th e  k inem atic m olecular viscosity and  p  the  

density  o f the  fluid. T he only dim ensionless p aram eter is the  Reynolds num ber R  = U L / v ,  

w here L is the  typical size of the  largest scales of th e  flow and  U the  typical velocity of 

those scales. S im ple dim ensional reasoning yields

i.e. th e  R eynolds num ber is a  m easure of the  nonlinearity  of a  flow. R eynolds num bers of 

fully tu rb u len t flows are very large; values of order 10® and  much g re a te r  are  no t uncom m on 

in n a tu re .

A lthough th e  N avier-Stokes equation  has been known since early  in the  la s t century, 

and  O . R eynolds began his pioneering stud ies in tu rbu lence  m ore th an  100 years ago, one 

may certa in ly  no t claim  th a t  the  problem  of tu rbu lence  has been solved; th e re  is no t even

1



consensus am ong tu rbu lence  researchers w hat would co n stitu te  such a  solu tion . N ever­

theless, there  is g rea t ac tiv ity  in th e  field and  im pressive advances have been m ade. T he 

m ere volum e of the  work of Monin & Yaglom (1975), w here m any of th e  resu lts of m odern 

tu rbu lence  research are  com piled, m ay testify  to  th is s ta tem en t. M ore in tro d u c to ry  and 

accessible tex ts  on th e  sub jec t are Batchelor (1953), Tennekes & Lum ley (1972), O rszag 

(1977), L andahl k  M ollo-C hristensen (1986), Landau & Lifshitz (1987) and  S tanisic (1988).

Fully developed tu rb u len t flows ex tend  over a  very wide range of scales. C orrespondingly, 

th e  num ber of active degrees of freedom  is trem endously  large; indeed it  scales as th e  9 /4 th  

pow er of the  Reynolds num ber. I t was thus suggested by 0 .  R eynolds and  G .I. T aylor th a t 

s ta tis tica l m ethods should provide an adequate  descrip tion of tu rb u len t flows. W hy has 

th is  approach  m et only w ith lim ited success ?

F irstly , th e  well known ‘closure problem ’ - caused by the  nonlinear n a tu re  of th e  Navier- 

S tokes equation  - m akes it  im possible to  ob ta in  closed equations of m otion for m ean q u an ti­

ties and  correlation  functions w ithout invoking add itional assum ptions an d  approx im ations. 

However, devising a  sound closure model from  first principles has proven to  be a  very diffi­

cu lt problem , because the nonlinearities in th e  NSE are very s tro n g  and  they  continuously  

involve m any degrees of freedom from  a wide range of scales. F u rtherm ore , tu rbu lence  

is strongly  d issipative. T herefore, m any powerful m ethods from  sta tis tica l m echanics are 

no t applicab le  to  tu rbu lence . A rguably  the  m ost successful a tte m p t in  th is d irec tion  is 

K ra ich n an ’s (1959,1977) ‘Direct In teraction  A p p rox im ation ’, which em ploys renorm alized 

p e rtu rb a tio n  techniques borrowed from  q u an tum  field theory , and  its  various derivatives, 

e.g. O rszag ’s (1970) ‘Eddy D am ped Q uasi-N orm al M arkovian’ m odel. U nfortunate ly , i t  is 

very hard  to  apply these approxim ation  schem es to  ‘rea l’, i.e. inhom ogeneous, flows.

A no ther shortcom ing  of s ta tis tica l descrip tions of tu rb u len t flows in term s of low -order 

m om ents is th e  inab ility  of these m ethods to  cap tu re  the  in te rm itte n t s tru c tu re  of the  

sm all scales of tu rbu lence . Since L an d au ’s rem ark  concerning th e  in te rm itte n t d is trib u tio n  

of d issipation , and  th e  resulting  corrections to  the  power-law of th e  in ertia l range energy 

sp ec tru m  (L andau  & Lifshitz, 1987), much effort has been devoted to  experim enta l and  th e ­

o retical investigations of the (m ulti-) fractal s tru c tu re  of tu rbu lence . We refer to  M eneveau 

& Sreenivasan (1987) and references therein .



Furtherm ore , m ean q u an tities (m ean velocity, m ean ra te  of d issipation , m ean heat flux, 

e tc .) , and th e ir higher o rder equivalents, e.g. the  correlation  functions, are  in ap p ro p ria te  

for the  descrip tion  of som e of the  m ost in trigu ing  aspects of tu rb u len t flows, e.g. the ir 

spatia l s tru c tu re . For exam ple, in the  pioneering s tu d y  by Kline et al. (1967) th e  near-wall 

region of a  tu rb u len t boundary  layer was investigated  w ith flow -visualization techniques. It 

was found th a t low-speed streaks of fairly regular spanw ise spacing ex ist, w hich begin to 

oscillate in te rm itten tly  and break up in a  violent ‘b u rs t’. R em arkably, ab o u t 70 % of the  

to ta l tu rbu lence  p roduction  is associated  w ith the  bu rsts  (K im  et al. ,1971).

It is now com m only accepted th a t m any tu rb u len t flows possess structure , see for exam ­

ple Cantwell (1981) and T sinober & Levich (1983b), w here a  w ide variety  of experim ental 

observations is com piled. It is also widely believed th a t ‘coherent s tru c tu re s ’ are  dynam i­

cally significant. U nfortunately , there  is little  agreem ent as to  w hat th e  ad eq u a te  conceptual 

o r m athem atica l descrip tion of such s tru c tu res  should be.

For exam ple, Lumley (1967) has suggested to  identify  coherent s tru c tu re s  w ith a  se t of 

op tim al o rthogonal eigenfunctions. Lum ley’s eigenfunctions are op tim al in th e  sense th a t  a 

finite m ode reconstruction  of th e  tu rb u len t velocity field based on them  re ta in s m ore of the 

kinetic energy th an  any o th e r finite m ode reconstruction  of equal o rder. T he eigenfunctions 

are  o b ta ined  th rough  a  technique known as ‘proper orthogonal decom position’, w here one 

m axim izes the  average p ro jection  on the  tu rb u len t field of each eigenfunction . O th e r au tho rs 

(see C antw ell, 1981) have a tte m p te d  to  gain insight in to  the  organized m otion of large 

eddies by m easuring long-tim e-averaged spatia l correlation  functions. A lternatively , Hussain 

(1985) has developed a technique of successive conditional averaging w hereby one ‘educes’ 

vortical coherent s tru c tu re s  from a  fluc tuating  background field. Yet o th e r m ethods based 

on ‘conditional sam pling’ and ‘stochastic  e s tim a tio n ’ are discussed in A drian  (1988).

A com m on fea tu re  of m any of the  above stud ies is th a t  em phasis is p u t on defining, 

describ ing or d e tec ting  ‘s tru c tu re s ’. It is not understood  w hether s tru c tu re s  are  m erely a 

resu lt of 3- dim ensional instab ilities  of a  large scale m ean flow, or w hether they  are  universal 

and  in trinsic  to  all tu rb u len t flows, i.e. also hom ogeneous and  iso trop ic  ones. A ttem p ts  to  

predict th e  appearance  of stru c tu res  from  first principles, i.e. th e  N avier-Stokes equation , 

have in general not been successful.
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T his is no t qu ite  so in two dim ensional tu rbu lence, w here th e  vorticity  J  =  V  x v is 

conserved by the  nonlinear te rm s of the  2-D N avier-Stokes equation . It follows th a t  there  

exists a  second inviscid in tegral invarian t besides the  energy E  =  1 /2  Jv tPdx,  i.e. the  

enstrophy  fi =  1 /2  f v tjj2dx.  T he  conservation of enstropy by the  inviscid term s of the  two 

dim ensional NSE is understood  to  be a t  least partia lly  responsible for the  overall s tru c tu re  

of 2-D tu rbu lence  (Santangelo  et al. , 1989, and references th ere in ). M ost in trigu ing , in 

forced 2-D tu rbu lence , the  inviscid conservation of enstrophy  leads to  an ‘inverse cascade’ 

of energy (K raichnan , 1967, Frisch & Sulem , 1984), i.e. a tran sfe r of energy tow ards larger 

scales.

In th ree  dim ensions, there  also exists ano ther inviscid in tegral invarian t besides the  

energy: the  helicity II  = J  v u d x .  Levich & T sinober ( 1983a,1983b), Levich (1987) and 

MofTatt (1985) have proposed scenarios of tu rb u len t flows, w here helicity de term ines (or 

is a t least in tim ate ly  linked to) a  universal s tru c tu re  of 3-dim ensional tu rbu lence . Before 

we outline these scenarios, let us review basic p roperties of helicity and  som e of th e  earlier 

work on its  possible significance to  tu rbu lence.

1.1 P roperties o f H elicity

Helicity possesses a num ber of in trigu ing  properties and has been th e  sub jec t of a  series of 

theo re tica l, num erical and  experim ental investigations. T he first reference to  helicity in the 

con tex t of tu rbu lence  was m ade by Betchov (1961). He considered th e  general form  of the  

two point velocity co rrelato rs in ‘sem i-isotropic’ tu rbu lence , i.e. tu rbu lence  th a t  is invarian t 

under ro ta tio n s bu t not necessarily under reflections:

( v , (x)Vj (x  + r)> = (v2) ( brr~ r̂2 btt— ^riri + M i; + (u *s(',h j  • (1-3)

T h e scalar functions bTT and btt are the  well-known longitud inal and  transversa l correlation  

functions. T h e  last term  on th e  r.h .s is not invarian t under reflections (it is an tisym m etric  

in i j )  and  re la ted  to  th e  average of th e  helicity density  7 ( 1 ) =  v (x )  - u ( x )  by

(7 ( f ) )  =  - 6 fl(0). (1.4)

Obviously, helicity is a  pseudo-scalar fundam entally  related  to  th e  sym m etry  p roperties  of a 

tu rb u len t flow. To quote  Betchov (1961), one m ay th ink  of th e  con ten ts o f a  box of nails a fter

4



vigorous m ixing as an exam ple of an isotropic m edium . A box of o rd in ary  screw s would then  

serve as an  exam ple of a helical or ‘sem i-isotropic’ m edium . U nfortunately , Betchov o m itted  

som e term s in the  general expression for the  sem i-isotropic th ird  o rd er co rrela tion  functions 

and  erroneously  concluded th a t  there  is no nonlinear transfe r o f helicity (E q u a tio n s (2) and 

(8 ) in his paper). (N ote also th a t  it has becom e custom ary  to  refer to  bo th  ‘sem i-isotropic’ 

and ‘iso tro p ic ’ flows sim ply as ‘iso trop ic’. Therefore, we shall in the  following use th e  form er 

only when necessary.)

M oreau (1961) and independen tly  M offatt (1969) showed th a t  the  to ta l helicity H  = 

f D il ■ J d x  of a localized vortex tangle  is a  m easure of the degree of ‘kn o tted n ess’ of the 

vortex lines. (I t is essentia] here th a t  the  vorticity  d is trib u tio n  is localized , i.e. th e  vorticity

3  a t the  surface OD of the dom ain D  e ith er vanishes or is tang en tia l to  th e  surface.) In

inviscid flows w ith conservative body forces the vortex lines a re  ‘frozen’ in the  fluid, and 

consequently  th e ir linkages are  conserved. It follows th a t helicity is an inviscid invarian t 

of th e  N avier-Stokes equations. T his may also be seen d irectly  by considering the  helicity 

balance equation  for a m ateria l volum e V  in the  case u  =  0:

~ -  =  f  (^-—  - ) J  ■ n d A  -I- v  f  (v  • V 2J  +  3  ■ V 2v) d x . (1.5)
dt Jdv  2  p J v

T he in tegral over the  surface vanishes because by assum ption  no vortex lines p e n e tra te  the

surface. T h e  connection of helicity w ith the  topology of the  vortic ity  field res ts  on a  sound

m athem atica l footing, as the  helicity m ay be indentified w ith th e  so-called ‘asym pto tic

Hopf - in v a ria n t’ (see A rnol’d , 1974, and th e  review artic le  by M offatt, 1981).

In a series of papers Frisch and his co llaborators and  K raichnan  investigated  w hether 

helicity im poses,- in close analogy w ith the  role of enstrophy  in tw o dim ensions - constra in ts  

on th e  dynam ics of a  tu rb u len t flow, in particu la r th e  energy cascade. U sing sim ple phe­

nom enological and  dim ensional a rgum ents, B rissaud et al. (1973) suggested the  possibility 

of a  pu re  helicity cascade and  the  resulting  m odification of th e  power-law  exponen t of the 

energy spec tru m  in a  K olm ogorov-type inertia l range. It was also sp ecu la ted  th a t s im u lta ­

neous in jection  of energy and helicity a t in te rm ed ia te  wave num bers m ight lead  to  transfer 

of helicity to  larger wave num bers and transfer of energy to  sm aller wave num bers, i.e. an 

inverse cascade of energy. However, K raichnan (1973) discussed th e  abso lu te  equilibrium  

s ta tis tic s  of a  tru n ca ted  (in k-space) model of 3-D helical tu rb u len ce  and argued  th a t  ‘the
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inertia l range energy rascade  in isotropic tu rbu lence  driven by helical in p u t should not 

differ asym pto tica lly  from  th a t  of non-helical tu rb u len ce ’. N ote th a t  th is  m ethod , applied 

to  a  tru n ca ted  model of 2-D tu rbu lence  suggested the  existence of an  inverse cascade of 

energy in tw o dim ension (K raichnan  1967). K raichnan (1973) also investigated  analy tically  

th e  in te rac tio n  of tw o helical waves and  concluded th a t  th e  presence of mean helicity  in 

a  tu rb u len t flow should inh ib it the  energy transfe r to  th e  sm all scales. T here  is a  sim ple 

argum en t cred ited  to  S. P a tte rso n  and W .V. M alkus in su p p o rt of th is  conclusion: if the 

to ta l helicity H  is large, the  velocity v and th e  vorticity  uJ will tend  to  align, consequently  

th e  non linear te rm  v x J  responsible for the  energy transfe r will be sm all.

N um erical sim ulations of a M arkovian varian t of O rszag 's (1970) eddy-dam ped  quasi- 

norm al theory  essentially  vindicated  K ra ich n an ’s argum ents (Frisch et al. ,1975 and A ndre 

k  Lesieur, 1977). It was observed th a t  sim ultaneous injection of energy and  helicity leads 

to  a  cascade of b o th  energy and  helicity to  large wave num bers. W ith  increasing  wave 

num bers th e  norm alized helicity (see Section 3.1 for defin itions) ten d s to  zero and  helicity 

is carried  along locally and linearly  w ith the  energy cascade like a  passive scalar.

T he sim ultaneous cascade of energy and helicity tow ards sm aller scales is possible be­

cause th e  energy im poses only an u p p er bound  on th e  m agn itude  of th e  helicity spec trum , 

i.e. |/ /(fc ) | <  2k E ( k ) ,  w hereas the  enstrophy  spec tru m  D(fc) is uniquely de term ined  by the 

energy sp ec tru m , Q(k)  = k 2E (k ) .  O ne m ight argue qualita tive ly  th a t th e  co n stra in ts  in 

th e  2-D case are  m ore severe because the  (g lobal) conservation of enstrophy  is really the  

consequence of a local conservation law , i.e. in 2-dim ensional E uler flows th e  vortic ity  of 

each fluid elem ent is conserved. T here  is no such local conservation o f th e  energy density  

or the  helicity  density  7  (N ote th a t  ‘linkage p ro p ertie s’ canno t be defined locally). C on­

sequently , w hen investiga ting  th e  relation  of helicity to  the  dynam ics o r th e  s tru c tu re  of 

th ree-d im ensional flows, one should not expect to  find close analogies w ith  th e  situ a tio n  in 

two dim ensions.

It was also confirm ed by A ndre k  Lesieur (1977) th a t  th e  presence of signm cant m ean 

helicity reduces th e  cascade of energy to  th e  small scales, and  th a t  viscosity can lead to 

creation  of to ta l helicity. T he la tte r  was expected  because th e  viscous term  in th e  helicity 

balance equa tion  (1.5) is of indefin ite  sign. T h e  link betw een m ean helicity and th e  nonlinear
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transfe r o f energy can play an im p o rtan t role in a tm ospheric tu rbu lence , i.e. it m ay stabilize 

certa in  types of sto rm s (Lilly, 1986), and  has m otivated  the  inclusion of helicity  as an  

add itional subgrid p aram eter in large eddy  sim ulations (L au tensch lager et al. , 1987).

1.2 Topology, H elicity and the Structure o f Turbulence

T he investigations discussed in the  previous section ind ica te  th a t  th e  co n stra in ts  im posed 

by the  inviscid invariance of helicity are  of a different n a tu re  th a n  those im posed by the  

invariance of enstrophy  in the  two dim ensional case. In th is  section we will discuss fu rth er 

work on the  possible connection between th e  dynam ics and s tru c tu re  of tu rb u len t flows and 

helicity, s tim ulated  by the fact th a t helicity is closely related  to  the  topology of the  vorticity  

field.

In p articu la r, Levich (1983) argued for the  existence of ‘topological soli to n s ’ of non-zero 

helicity in tu rb u len t flows. T h e  argum ent is essentially based on the  observation  th a t  a 

localized vortex  s tru c tu re  of nonzero helicity (i.e. w ith  linked vortex lines) can only be 

represented  by m ulti-valued C lebsch-poten tia ls (Lam b, 1931). In th is  rep resen ta tio n , there  

are no non-singular tran sitio n s from one s ta te  of linkage to  ano ther; th is  p resum ably  endows 

linked vortex tangles w ith g rea t dynam ical stability .

T h is concept was ex tended  in Levich & T sinober (1983a), w here it  was suggested th a t 

in a tu rb u len t flow helical solitons, i.e. en tangled  vortex s tru c tu re s  w ith coherent helicity, 

should exist on all scales. T h e  volum e-integral /  =  f y ( j (1 )7 ( 1  +  f ) ) d f  over the  two- 

po in t co rrelation  function  of the  helicity density  was found to  be an  inviscid invarian t 

( ‘/- in v a r ia n t’), which defines a  length  scale C = I / E 2 in trinsic  to  tu rb u len t flows in the  

sense th a t  it  does not depend on ex ternal length  scales in an obvious way. Because I  is 

conserved by th e  nonlinear te rm s of th e  N SE, it was argued to  be sub jec t to  an  upscale 

cascade, m uch like the  inverse cascade of energy in  two dim ensions. I t  was concluded th a t

( 1) ‘T ypical realizations of (hom ogeneous and  iso trop ic) tu rb u len t flow generally  should have 

v io lated  global reflectional sym m etry  and  have, consequently, vastly  com plicated  topological 

s tru c tu re s .’

(2) ‘T h e  existence of inverse cascades (in  hom ogeneous tu rb u len ce  the  cascade of I )  forms 

the  basis for the  b irth  and existence of organized s tru c tu re s  and  thus th e  tendency  for
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self-organization  in three-dim ensional tu rb u len ce .’

In Levich k  T sinober ( 1983b) possible im plications for th e  frac ta l s tru c tu re  of tu rb u len t 

flows and for renorm alized p e rtu rb a tio n  g roup  approaches were discussed. T h e  cen tral idea  

is th a t  a  h ierarchy of helical fluctuations (s tru c tu re s) in the  tu rb u le n t flow field organizes 

th e  geom etry  of the  frac ta l. T hese fluctuations serve as a  m echanism  of long-range o rder 

in tu rbu lence , in h ib iting  th e  cascade of energy to  th e  small scales. C onfronted  w ith new 

experim ental and  num erical evidence (see below ), it  was la te r  acknowledged th a t coherent 

s tru c tu re s  and helicity fluctuations are  not necessarily long-lived (Levich, 1987). Levich 

k  Shtilm an (1988) argued fu rth e r th a t in a  decaying fully developed tu rb u len t flow the  

inviscid conservation of /  du ring  the decay process strongly  favors the  bu ild-up  o f phase 

coherence, which accounts for the presence of s trong  fluc tuations of helicity and  large-scale 

helical s tru c tu re s . Phase coherence m ight also lead to  an increase in the  co rrela tion  length  of 

helicity density  fluc tuations in physical space. It was suggested (Levich k  S h tilm an ,1988, 

K it et al. , 1988) th a t  th is m ight in tu rn  resu lt in a  spon taneous breaking  of reflexional 

sym m etry . A m ore detailed  discussion of these concepts is given in C h ap te r  4.

M offatt (1985) arrived a t a  som ew hat sim ilar scenario , a lthough  from  a  very differ­

en t s ta r tin g  po in t. He considered -  exploiting  th e  well-know analogy betw een th e  Euler 

equations for steady  flow and  the  equations of m ag n eto sta tic  equilib rium  in a  perfectly  con­

du c tin g  fluid -  the  topology of th e  velocity field of s teady  E uler flows. U sing th e  technique 

of ‘m agnetic re lax a tio n ’ (A rno l’d , 1974), M offatt d em o n stra ted  the  ex istence of steady  Euler 

flows th a t  a re  ‘topologically  accessible’ from  velocity fields i3b(*) w ith arbitrarily prescribed 

topology. In pa rticu la r, if th e  stream lines of t*)(x) are  ergodic, th e  corresponding  steady  

E uler flow con ta in s ‘b lobs’ of m axim al helicity (i.e. th e  velocity is parallel o r an ti-para llel to  

th e  vortic ity ), separa ted  by regular surfaces. Viscous effects aside, steady  E uler flows may 

be regarded  as (u n stab le ) fixed points in th e  phase space of the  N avier-Stokes equation , 

and  one m ay assum e th a t  a  tu rb u len t flow evolves in the  neighborhood of an  E uler flow 

(or a  succession of Euler flows). T his im plies th a t  coherent s tru c tu re s  in tu rb u len ce  should 

be identified w ith th e  helical ‘b lobs’, w hereas s tro n g  tu rb u len t ac tiv ity  an d  dissipation  is 

confined to  th e  surfaces (vortex  sheets) th a t  sep a ra te  th e  helical regions. T h e  vortex sheets 

are  sub jec t to  K elvin-H elm holtz instab ility , which can in princip le lead to  a  k ~ s/3 inertia l
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range.

Levich (1987) notes th a t  M offatt’s scenario should be endowed w ith a  self-sim ilar s tru c ­

tu re , arguing  th a t regions of positive and negative helicity will form  a  self-'similar hierarchy 

on all scales th ro u g h o u t th e  inertia l range. T he vortex sheets th a t  sep ara te  th e  helical 

f luc tua tions are  then  convoluted on all scales, i.e. they  form  a  fractal.

1.3 N um erical and Experim ental R esu lts

W h at is th e  experim ental and num erical evidence in regard to  the  above speculations con­

cerning the  (helical) s tru c tu re  of tu rbulence? A wide variety  of experim ental observations of 

coherent s tru c tu res  in tu rb u len t flows is reviewed by T sinober & Levich (1983b), w ith the 

conclusion th a t  three-dim ensional coherent stru c tu res  typically  possess coherent helicity. 

However, the au th o rs  em phasize th a t  m ost of the  reviewed experim ents were perform ed at 

tran sitio n a l o r ra th e r low Reynolds num ber. T hey  allow for th e  possibility  th a t  th e  observed 

coherent s tru c tu res  are  the  results of three-dim ensional instab ilities  and will no t survive in 

fully developed tu rbu lence. It is acknow ledged th a t so far there  is no experim ental evidence 

of helical coherent s tru c tu re s  in hom ogeneous, isotropic tu rbulence.

In Levich & Tzvetkov (1985) it  is reported  th a t  th e  concepts of helicity fluc tuations 

and  in particu la r the  inverse cascade o f the  /- in v a rian t may be fruitfully  applied to  a  large 

class of m esoscale atm ospheric phenom ena. Lilly (1986), on the  o th e r han d , investigates the 

effects of (m ean) helicity on the  energy transfer and viscous dissipation  in ro ta tin g  convective 

sto rm s w ithou t invoking the  concept of an  inverse cascade. He identifies a m echanism  of 

helicity  creation"(vortices coinciding w ith u p d ra ft)  th a t  is clearly a  consequence of th e  very 

special boundary  and  forcing conditions of th e  sto rm  types under consideration .

M offatt (1985) has rem arked th a t  a  crucial test o f th e  ideas concerning th e  im portance  

of helicity in the  o rganization  o f coherent stru c tu res  would be to  check w hether high nor­

m alized helicity density  h = \v • J | / ( |v | |w |)  correla tes w ith high dissipation in a  tu rb u len t 

flow. Pelz et al. (1985) and  S htilm an et al. (1985) investigated  th e  s ta tis tic s  o f th e  no r­

m alized helicity density  in d irect num erical sim ulations of channel flow and Taylor-G reen 

vortex flow. In presum ed su p p o rt of th e  above concepts, it  was observed th a t  in regions 

of low dissipation  the  velocity and  vortic ity  vector indeed have a  tendency  to  align. Direct
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num erical sim ulations of isotropic decaying turbulence (Pelz et al. 1986) ‘ex h ib it clearly 

th a t  much of th e  flow evolves in o rien ta tion  to  a  s ta te  in w hich th e  velocity vector is nearly 

aligned w ith the  vorticity  vecto r’. It was repo rted , though , th a t  th e  tendency  to  align is not 

as s trong  as in the  Taylor-G reen case, and  no q u an tita tiv e  resu lts concerning th e  correlation 

w ith dissipation are given. N um erical sim ulations of hom ogeneous flows and  fully developed 

tu rb u len t channel flows a t significantly higher resolution th a n  th e  earlier com p u ta tio n s by 

Pelz and Shtilm an were perform ed by K err (1987) and  Rogers & Moin (1987). Investigating 

the  s ta tis tic s  of the  (norm alized) helicity density, the  au th o rs  cam e to  th e  conclusion th a t 

isotropic flows are  only slightly helical, th a t  the  presence of m ean s tra in  suppresses helical 

behavior, and th a t  there  is no correlation  betw een norm alized helicity density  and  viscous 

dissipation  of tu rb u len t kinetic energy. However, it  had been realized in th e  m eantim e th a t 

the  (norm alized) helicity density  7  (or h)  is not adequate  to  characterize  fluc tuations of 

helicity; see the  review by Levich (1987) and also th e  work by Speziale (1987), who pointed 

ou t th a t  h is not G alilean invarian t. In o rder to  circum vent the  problem  of G alilean invari­

ance, Levich & Shtilm an (1988) concen tra ted  in the ir analysis of high resolution DNS of 

decaying isotropic non-helical tu rbu lence  on Fourier space q uan tities . It was repo rted  th a t 

the  helicity spec trum  H { k )  and the  norm alized helicity density  h of Fourier transform ed 

wave-packets ( ‘filtered fields’) display large fluctuations. T h e  au th o rs  conclude th a t  these 

fluc tuations are rem nants of the  phase correla tions generally  favored by tu rb u len t dynam ics.

K it et al. (1987) have a ttem p ted  to  m easure d irectly  th e  helicity density  in a  tu rb u len t 

flow behind a grid . R em arkably, they  observed th a t  the decaying flow develops significant 

m ean helicity, i.e. h istogram s of h (th e  cosine of th e  angle 9 betw een th e  velocity and  the 

vortic ity ) are skewed T his occured a lthough the  experim ents were perform ed under reflex- 

ionally sym m etric boundary  conditions. N ote however, th a t  the  experim en ta l inaccuracy in 

the  de te rm in a tio n  of the  vorticity  is ra th e r  large; iso tropy  rela tions for velocity derivatives 

are  satisfied only w ith in  ab o u t 30%. W allace & B alint (1990) have recently  conducted  sim ­

ilar experim ents in a  variety  of tu rb u len t flows. A lthough t th e ir  m easurem ents do no t seem 

to  be m ore precise th an  those of K it et al. , the  agreem ent w ith the  num erical sim ulations 

by Rogers & Moin (1987) is surprisingly  good. In p a rticu la r, no significant co rrelations with 

d issipation  have been observed. W allace & B alint also rep o rt th a t  the  norm alized helicity

10



density  is no t always large w ithin th ree  dim ensional coherent s tru c tu res . For exam ple, in 

tu rb u len t shear flow the  velocity and vortic ity  vectors ten d  to  be aligned in regions where 

organized vortices have axes a t least p a rtia lly  aligned w ith th e  m ean flow. T h e  opposite  is 

tru e  if the  vortic ity  vector is nearly orthogonal to  th e  m ean  flow, i.e. near th e  walls. I t is 

also argued th a t experim en ta lly  observed asym m etries in th e  d is tribu tion  of h  can be easily 

explained by residual and  spurious values of m ean vortic ity  and velocity, w hich are caused 

by probe m isalignm ent. C orrecting  num erically for probe m isalignm ent yields h istogram s 

of h th a t  are nearly flat. These findings are  not und ispu ted : D racos et al. (1990) claim  th a t 

observed m ean helicity is not caused by experim ental inaccuracies -  and  th e ir m easurem ents 

seem to  be the  m ost precise to  d a te  (isotropy relations for velocity derivatives are satisfied 

w ith in  ab o u t 15%). Dracos et al. (1990) present p lo ts of helicity sp e c tra  th a t clearly display 

broken reflexional sym m etry , i.e. non-zero mean helicity a t the large scales o f a  tu rb u len t 

flow behind a  grid . C learly, presently  available experim en ta l evidence concerning th e  role 

of helicity in tu rb u len t flows is still am biguous, and  m ore work is needed in th is  a rea  before 

definite conclusions may be m ade.

1.4 O utline o f the T hesis

in the  previous Sections we have ou tlined  several facets of th e  role o f helicity in  tu rbulence. 

I/i th is work, we have concerned ourselves m ainly w ith th ree problem s: th e  influence of 

helicity on the  energy transfer and  the  nonlinear te rm s of th e  NSE, th e  s ta tis tic s  of helicity 

f luc tuations, and th e  possibility of using ‘relative helicity ’ (see below) as a  m easure of the 

local ‘en tang ledness’ of vortic ity  field lines.

As ou r analysis rests heavily on resu lts ob ta ined  by d irect num erical sim ulation  of tu r ­

bulent flows, we have devoted th e  next ch ap te r to  a  discussion of purely com pu ta tional 

questions. In p a rticu la r , we shall o u tline  th e  overall s tru c tu re  of a  ‘p seu d o sp ec tra l’ al­

g o rith m , and  discuss its  m ost essential elem ents, i.e. th e  Fourier transform  rou tines, the 

dealiasing schem e and  th e  tim e-stepp ing  scheme.

T he influence of m ean helicity on decaying and  q u asi-sta tionary  hom ogeneous tu rbu lence  

is investigated  in th e  th ird  chap ter. In th e  sim ulations reported  th ere  we em ploy a  new 

in itia liza tion  procedure  which allows to  control b o th  th e  energy and  the  helicity spectrum
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of th e  in itia l flow fleld. T he in itia liza tion  procedure m ay also be modified to  provide a 

(helical) random  forcing for sim ulations of q u asi-sta tionary  hom ogeneous tu rbu lence . In 

good agreem ent w ith th e  results of A ndre & Lesieur (1977) it is observed th a t  s tro n g  m ean 

helicity im pedes th e  tran sfe r of energy tow ards sm aller scales, depresses th e  m ean-square 

nonlinear te rm  and  inh ib its  the  bu ildup  of enstrophy  and reduces dissipation in decaying 

flows. T he resu lts for forced helical flows are  sim ilar.

T he s ta tis tic s  of helicity fluctuations in decaying and  s ta tio n a ry  tu rbu lence  are  the  

sub jec t of C h ap te r 4. It is found th a t  in sim ulations w ith vanishing m ean helicity  the  

fluc tuations of the  average helicity H  and  th e  helicity spectra l density  H ( k )  a t sm all wave 

num bers are  surprisingly  well described by a  sim ple quasi-G aussian  or random -phase  ap ­

proxim ation . T here  is no evidence of a  bu ild-up  of phase coherence a t large scales. T his 

ind ica tes th a t  a t m odera te  Reynolds num ber spon taneous fluc tuations of helicity are  not 

large enough to  d irec tly  influence th e  energy transfer. We did observe significant dev iations 

from th e  quasi-G aussian  approx im ation  for th e  helicity fluc tuations a t  th e  sm all scales; sug­

gesting  th e  presence of phase-coherence. However, the  n a tu re  of the  observed fluc tuations 

ind icates th a t  th e  ad iab a tic  invariance of I  is no t th e  cause of th e  phase coherence. It is also 

shown th a t th e  quasi-G aussian  approx im ation  is equivalent to  K olm ogorov-type sim ilarity  

argum ents supplem ented  w ith e lem entary  probab ility  theory. Possible m odifications of this 

app rox im ation  due to  sweeping effects are discussed.

T h e  work p resen ted  in C h ap te r 5 was m otivated  by a  p a p e r by K raichnan & P an d a  

(1988), w here it was observed th a t  sim ulations of decaying iso trop ic  tu rbu lence  ex h ib it de­

pression of th e  m ean-square  nonlinear te rm  to  57 % of th e  value of a  G aussianly  d is trib u ted  

velocity fleld. K raichnan  & P an d a  argued th a t  a  slight increase in  th e  m ean-square helicity 

density  observed in th e  sim ulations m ay no t be specifically associated  w ith  th e  depression 

of nonlinearity . Indeed , we have found th a t  th e  Fourier transfo rm  of th e  nonlinear term  

exh ib its  a  peculiar s tru c tu re , which seem s to  be th e  m ajo r cause of the  depression.

We conclude w ith some work re la ted  to  th e  topological p roperties of helicity. As 

m entioned above, th e  to ta l helicity H  =  f v  v • u d V  of a  localized vorticity  d is trib u tio n  

( 3  • h\aD =  0) can be associated  w ith  th e  kno ttedness of th e  vortex lines. However, no 

abso lu te  m easure of topological com plexity  ex ists for open field s tru c tu re s . Berger & Field
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(1984) have dem o n stra ted  th a t  the  difference betw een th e  to ta l helicity of th e  vortic ity  field 

3  and th a t  of a  su itab le  reference field O'  can provide a  topologically  m eaningful and  gauge- 

invarian t relative m easure of th e  entangledness of the  vortex lines in an open subdom ain  D.  

We discuss the  properties of a  re la ted  m easure of local ‘en tang ledness’, th e  re la tive helicity 

H r  =  JD v - ( 0  - 0 ' ) d V  (Levich, 1987). In an analysis of vortic ity  fields ob ta in ed  from d i­

rect num erical sim ulations of hom ogeneous tu rb u len t flows it  is found th a t th e  vortic ity  field 

shows indeed a m ore com plex s tru c tu re  in regions of high relative helicity. Also, s ta tis tica l 

co rrela tions betw een relative helicity and  tu rb u len t ac tiv ity  have been observed. Im plica­

tions for th e  above m entioned scenarios of coherent s tru c tu res  in tu rb u len ce  are  discussed 

briefly.

Studies o f  the turbulence in strongly interacting systems come across a number  o f  generally 
known difficulties. Therefore it is important  to overcome some o f  these difficulties.

R. Z. Sagdeev, T heory  of S trong  T urbulence and Topological Solitons (1986)

I f  this discourse appears to be too long to be read at  one sitting,
it may  be split into six parts.

R ene D escartes, D iscourse on M ethod (1637)
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C h ap ter  2

N um erical D eta ils

In perform ing num erical work or sto ring  and processing experim ental d a ta , com puters have 

becom e ind ispensab le  for bo th  theoretical analysis and lab o ra to ry  experim en t in th e  40-odd 

years since th e  developm ent of the  first ‘electronic b ra in ’. M ore th a n  th a t ,  com pu ters have 

enriched the  scientific arsenal w ith a  conceptually  new and  powerful tool: th e  com puter 

s im ulation . T h e  possibility of exploring th e  behavior of a  system  by num erical sim ulation  

has led to  tru e  b reak th roughs and  fascinating  discoveries. T his is especially so for nonlinear 

phenom ena, which are  generally  unyielding to  trad itio n a l m ethods of analysis. F urtherm ore , 

num erical sim ulations have spaw ned new branches of m athem atics and  analysis, and  they 

have opened new perspectives in in te rp re tin g  experim ental observations.

T h is study , too, is based to  a  large ex ten t on results ob ta ined  from  com pu ter sim ulations, 

i.e. d irec t num erical sim ulations (D N S) of hom ogeneous isotropic tu rb u len t flows. However, 

we were not concerned w ith th e  developm ent of a  new com pu ta tiona l algorithm . T he 

s tru c tu re  of th e  sim ulation  program  used in th is  s tu d y  was ou tlined  by O rszag (1971) in its 

essential elem ents a lm ost 20 years ago. A lthough th e  a lgorithm  has been im proved in some 

aspects - m ost no tab ly  see the  work o f Rogallo (1984) - one is certa in ly  ju stified  in asserting  

th a t th e  advances in the  d irect num erical sim ulation  of hom ogeneous iso trop ic  tu rbu len t 

flows are  m ostly  due to  im provem ents in com puter technology. T h is is because tu rbu lence  is 

a  phenom enon th a t  involves a  w ide range of scales, i.e. a  large num ber of degrees of freedom . 

T he goal of d irect num erical sim ulations is to  faithfully  represent all relevant degrees of 

freedom , w ithou t m aking use of any tu rbu lence  m odel or ‘subgrid  m odel’, as they  are 

called in num eric ists’ parlance. To sim ulate developed tu rb u len t flows requires trem endous
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am oun ts of com puter m em ory, and th e  developm ent of b e tte r  a lgorithm s canno t overcom e 

th is  fundam en ta l obstacle . T he am ount of m em ory available on m odern supercom puters 

allows d irec t num erical sim ulation  of hom ogeneous tu rb u len t flows a t  R eynolds num bers of 

ab o u t 500 w ith relative ease. T hese sim ulations reproduce correctly  m any of th e  low -order 

single-point s ta tis tica l characteristics of m oderately  tu rb u len t lab o ra to ry  flows.

U nfortunately , according to  Landau (L andau  & Lifshitz, 1987) th e  num ber of relevant 

degrees of freedom  is p roportional to  th e  9 /4 th  power of th e  Reynolds num ber. T h is im plies 

th a t however spec tacu la r advances in com puter technology will be, th e  range of Reynolds 

num bers accessible to  d irect num erical sim ulations will rem ain  ra th e r lim ited . I t  would 

be com pletely  w rong though to  conclude th a t num erical tu rb u len ce  research has en tered  a 

dead end. O n the  contrary , in the  in terp lay  with subgrid m odeling, lab o ra to ry  experim ents 

and theory , d irect num erical sim ulations have led to  a  w ealth  of new and  exciting  results, 

see for exam ple Rogallo & Moin (1984), Aref (1985) and  M oin (1987,1988). DNS are 

ind ispensable  inasm uch as they yield d a ta  th a t are sim ply no t available from  lab o ra to ry  

experim ents. M ost advantageous, they  provide detailed  in form ation  ab o u t th e  dynam ics 

in m om entum  space, which is ap p ro p ria te  for the  form ulation of m ost m odern analy tical 

theories of tu rbu lence . Let us tu rn  ou r a tten tio n  now to  som e of th e  deta ils  of th e  program  

used in this study.

2.1 The P seudospectral M ethod

It is s tan d a rd  practice  to  model sta tis tica lly  hom ogeneous tu rbu lence  as ‘flow in a  periodic 

box’, i.e. one solves the  N avier-Stokes equation  in a  cubic co m pu ta tiona l dom ain of side 

length  L  w ith the boundary  condition

v ( 0 , x 2, x 3 ) = v ( L , x 2, x 3), (2.1)

and  sim ilarly  for th e  x 2 , x 3 d irection . T h e  boundary  conditions m ake th e  problem  ideally 

su ited  for a  class of num erical approx im ation  schem es known as ‘G alerkin  m e th o d s’ or 

‘spectra l m e th o d s’. Extensive references m ay be found in  th e  recent m onograph  by C anu to  

et al. (1988), we also w ant to  draw  a tten tio n  to  artic les by O rszag (1971), P a tte rso n  & 

O rszag (1971) and  Rogallo (1984). T hese m ethods, which are extensively used for num erical
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sim ulations of flows w ith  sim ple boundaries, are  generally  applicable to  p a rtia l differential 

equations of the  type

=  (2 -2)

w ith su itab le  boundary  and  sm oothness conditions. T h e  m ethod  is based on a  tru n ca ted  

series expansion of th e  solution a ( x , t )  in a  set of orthogonal functions {srn (*)}>

( f f n y f f m ) =  f i n , m  i i-®-
N

“ (* > 0  =  Y  M O ffn (z ) . (2-3)
n= 1

Form ing th e  inner p ro d u c t of the  partia l differential equation  (2.2) w ith one o f th e  basis 

functions gn yields a system  of o rd inary  (coupled , nonlinear) differential equations for the 

expansion coefficients an (t):

d N
^ d n(t)  =  (gn , / (  ^ ^  flm(Offm)). (2.4)

m  =  l

Ideally, if N  is sufficiently large, one can achieve w hat is called ‘spectra l accu racy ’, i.e. the  

m agn itude  of neglected term s dngn , n > N ,  decays faste r th a n  any power of n . T h is 

p roperty  m akes sp ec tra l m ethods in princip le superior to  finite difference schemes.

For the  flow in a  periodic box, we expand th e  velocity field v ( x , t )  in a  d iscre te  Fourier

series

v ( x , t ) =  Y  v (k ,  t ) e x p { i k  • x} , (2.5)

11*1 \<K

where ||fc|| < K  m eans |fc,| < K  , i = 1 ,2 ,3  , K  = N / 2 -  1 , and  N  is equal to  th e  num ber 

of grid po in ts in one d irection .

It is co m pu ta tiona lly  advantageous to  work w ith the ro ta tio n a l form  o f the  NSE :

^ r ( f , 0  =  A (x ,t)  -  V p ( x , t )  +  i/ V 2 v ( x , t ) .  (2.6)

A =  v x  u; is th e  Lam b vector, p  =  p  +  %\v\2 th e  k inem atic pressure.

One ob ta in s  for th e  G alerkin app rox im ation  of (2.6)

j t V i (k , t )  = (,jk Y  vi ( P ’ t y j k (q , t )  -  ' k i p ( k , t )  -  u k 2Vi (x , t) .  (2.7)
p + q = k

16



However, com pu ting  th e  G alerkin approxim ation  in this form  is no t feasible even for only 

m oderately  large N .  T h e  difficulty stem s from  th e  nonlinear te rm  of th e  NSE: A d irect 

evaluation  of th e  convolution sum  £ - +^._£ requires 0 ( N 6 ) o p era tio n s, which is grossly 

inefficient. As a  consequence, G alerkin m ethods could not be used for high resolution 

fluid dynam ics sim ulations un til O rszag (1971) devised an app rox im ate  and very efficient 

‘p seudospec tra l’ m ethod  for evaluating  th e  nonlinear term s in (2.7). A pseudospectral 

approx im ation  X ( k , t )  to  th e  convolution sum  is ob ta ined  by app ly ing  a  d iscrete  backw ard 

Fourier transfo rm  to  v ( k , t )  and J ( k , t ) =  i k  x v ( k , t ) ,  form ing th e  cross-p roduct A (£ ,<) in 

physical space bv sim ple m u ltip lication , and then transfo rm ing  th e  Lam b vector in to  Fourier 

space.

In a pseudospectral sim ulation  the  bulk of the  com pu ta tional work will be spen t on 

transfo rm ing  back and  forth  between physical and Fourier space. Fortunate ly , th e  Fast 

Fourier T ransform  (F F T )  algorithm  developed by Cooley & Tukey (see Press et  al. , 1986) 

provides a  very efficient and accu ra te  m ethod  of perform ing d iscre te  Fourier transform s. 

T he num ber of required  opera tions is of o rder N  log2 N  com pared to  N 2 for s tra igh tfo rw ard  

tran sfo rm atio n . T he F F T  a lgorithm  is available in m any different im plem enta tions. T he 

perform ance of these rou tines is strongly  m achine and com piler d ep en d en t, and  efforts

in upgrad ing  code perform ance are best spen t in increasing th e  efficiency of th e  Fourier

transfo rm s. Some deta ils  p erta in in g  to  code optim ization  are discussed in Section 2.2.

A lthough not obvious on first sight, the  pseudospectral p rocedure is no t ex ac t, i.e. A( k , t )  

is not equal to  th e  convolution sum  in (2.7) (T herefore the  ‘ ’ on A). However, techniques 

have been developed to  control and e lim inate  the  errors incurred  by th is  app rox im ation , 

which are  known as ‘a lias-e rro rs’. T h is will be discussed in m ore deta il in Section 2.3.

We o b ta in  for th e  pseudospectral approxim ation  of the  ro ta tio n a l form  of th e  Navier- 

Stokes equation

J U , ( £ , t )  =  - i / k 2Vi ( k , t )  +  P, j { k ) X} ( k , t ) .  (2.8)

Here th e  pressure te rm  has been elim inated  by use of the  p ro jec tion  o p e ra to r  Pt i (k )  ■■

* i ( * )  =  * i - ^ -  (2-9)

T h e  a lgorithm  em ployed for tim e advancing (2.8) will be discussed in  th e  la s t section of this 

chap ter.
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2.2 C ode O ptim ization

It was m entioned above th a t  DNS of tu rb u len t flows require large am oun ts of com puter 

m emory. E xperience has shown th a t  a t least 643 grid po in ts or ab o u t 2 million words 

of m em ory are  required  to  correctly  reproduce th e  single po in t s ta tis tica l p roperties of 

hom ogeneous tu rb u len t flows. U ntil the  m id -1980’s, th ere  was no com pu ter available w ith 

a  core m em ory large enough to  contain  th is  am ount of d a ta . Therefore, sim ulations were 

generally  w ritten  ‘ou t-of-core’, i.e. while th e  com plete set o f sim ulation  d a ta  is sto red  on 

disk , a  (sm all) p o rtion  of th e  d a ta  is loaded in to  core m em ory and  processed by th e  C PU . 

T h e  results are then  w ritten  back to  disk, and th e  next batch  of d a ta  is loaded in to  the  

core. A lthough s tra igh tfo rw ard  in principle, th ere  are serious draw backs associated  w ith 

out-of-core code. F irstly , th e  co nstan t transfer of d a ta  incurs large In p u t/O u tp u t  overhead 

and  significantly decreases real tim e perform ance, especially so if th ere  is no solid s ta te  

disk w ith fast I /O  available. Secondly, in practice  it is necessary to  synchronize th e  d a ta  

transfer w ith the  co m pu ta tional work, i.e. while one batch  of d a ta  is retrieved from  disk, 

an o th e r set is being processed in th e  C P U , while yet an o th er batch  of d a ta  is being w ritten  

to  disk. O ne may im agine th a t  th is  is a  cum bersom e th in g  to  do. T h ird ly , often  there  

are in terdependencies am ong th e  variables which do no t allow the  piecem eal processing 

necessita ted  by th e  out-of-core approach .

These difficulties provided the  m otivation  for developing the  c r a y - 2 ,  whose core m em ­

ory  is big enough to  hand le  even a 1283 sim ulation  qu ite  com fortably. T h is m achine was 

insta lled  a t th e  L iverm ore com p u ter cen ter (N M F E C C ) in 1986, where we perform ed m ost 

o f ou r co m pu ta tions. It seem ed advantageous to  develop an in-core program  for th e  d irect 

num erical sim ulation  of hom ogeneous tu rbulence. However, th e  c r a y - 2  possesses like m ost 

supercom pu ters a  num ber of id iosyncrasies, which the  program  - especially th e  F F T s  - had 

to  be ad ap ted  to .

T he code used in th is  s tu d y  is derived from  an in-core version -  w ritten  by R ichard  Pelz 

-  of Steven A. O rszag ’s b i g b o x  program . Pelz’ program  m ade use of th e  f f t 9 9  Fast Fourier 

Transform  package by B ruce T em perton , which is available in C ray A ssem bler Language 

( c a l )  for the  c r a y - x m p .  However, no c a l  version o f  f f t 9 9  exists for th e  c r a y - 2 ,  which 

has an assem bler language different from  o th e r c r a y  com puters. We therefore decided to
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use the  v c f t  rou tines developed by Bunem an (1989). T h is is a com plex-to-com plex F F T

routine based on the C w ley-T ukey  algorithm  for transform s of len g th  IV, w here N  is a

power of 2. It is optim ized for use on the  c r a y - 2 ,  fully vectorizing and  allows m u ltita sk ­

ing. S tra igh tforw ard  rep lacem ent of a F o r t r a n  version of f f t 9 9  by v c f t  decreased the 

C PU  tim e required for one three-dim ensional 643 F F T  from ab o u t 600 m illiseconds to  180 

milliseconds.

It was possible to  fu rth e r decrease the  tim e required for the  Fourier transfo rm s. Unlike 

f f t 99 , v c f t  does not have special provisions for real-to-com plex transfo rm s. We decided 

to  follow the  procedure ou tlined  in C an u to  et al. (1988) : define a  com plex variable m (x)

w ( x )  =  u ( x )  +  i v ( x ) ,  ( 2 . 1 0 )

w here u ( x ) , v ( x ) are purely real functions. A fter transform ing  u ;(x )to  Fourier space, one 

may e x tra c t the  values of u ( k ) and  v ( k )  by exploiting  th e  com plex co n juga te  sym m etry  

u( —k )  =  u*(fc), i.e.

u ( k )  = ± ( w ( k )  +  w ' ( - k ) ) ,  ( 2 . 1 1 )

and  sim ilarly  for v( k ) .  O ne o b ta in s 2 real-to-com plex transfo rm s for th e  cost of one complex- 

to-com plex.

F urtherm ore, as em phasized by B unem an (1989), the  c r a y - 2  is ‘allergic’ to  even strides. 

T he ‘s tr id e ’ is th e  num ber of words betw een vector elem ents. S trides w ith high ‘evenness’ 

( th e  degree of evenness of a  num ber n  is the highest power of 2 in th e  facto rization  of n ) do 

not cycle th rough  all of th e  c r a y - 2 ’s m em ory banks. T h is  m eans th a t  the num ber of effec­

tively available banks decreases, bank and  section line conflicts increase, and  perform ance 

degrades. N ote th a t  th e  s trid e  of vectors of ty p e  c o m p l e x  is a t le a s t tw o in  F o r t r a n .  

O ne is therefore  advised to  e lim inate  th e  d a ta  ty p e  c o m p l e x  a ltoge ther. T h is is done by 

sto ring  th e  real and  im aginary  p a rts  of com plex variables as r e a l  variables, and  doing all 

com plex a rith m etic  explicitly. All even strides m ay now be elim inated  by p a tch in g  arrays 

to  dim ensions (jV +  l,iV  +  1, N )  , w here the  (N  + l ) th  rows are  left blank.

T hese add itional m odifications fu rth e r decrease th e  C PU  requirem ents for one 643 F F T  

to  less th a n  80 m illiseconds. T h e  to ta l tim e required  for one tim e step  of th e  sim ulation  

program  is less th an  1 second of C PU  tim e.
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2.3 A lias Errors

As m entioned above, the  pseudospectral m ethod  of evaluating  convolution sum s suffers from 

so-called ‘alias e rro rs ’. In th is section we shall discuss briefly w hat the  source of these errors 

is and how one can control o r e lim inate  them .

C onsider the  Dirac 6 - function  and  one of its  frequently  encountered  rep resen ta tions :

6i k - p )  = ± J * ~  dxc- ' zlr-k), ( 2. 12)

It would seem th a t  the  corresponding  represen tation  of a  K ronecker d e lta  6 ( k —p)  in th e  case

of a periodic dom ain [0 ,2^]w ith  a finite num ber N of discrete m odes x, could be ob ta ined

by replacing

—  /  dx  a r r o w . (2.13)
2 t  J  N  “

However,

1  £  * - “ <’ -*> =  6(k  -  p  +  ^ n ) ; n € 2 .  (2.14)

T he term s w ith n ^  0 on th e  r.h .s. of (2.14) are  the  source of th e  alias erro rs. Nam ely, one 

may show by considering th e  d iscrete version of the  convolution theorem  th a t  for th e  NSE

*'.(£) =  (ijk 52 (2 1 5 )
p+«f=*

+  f ijk 52 vj (p)“ k(q)  
f+q=k± Nt,

+  (,} k 52 vj(p)“k(Q)
p+q=k±Ni,±Ni)

+  u3k 52 M p V * (f) -
f+q=i±Nit  ±Niq±Ne$

Here K ( k )  is th e  pseudospectral approx im ation  to  the  G alerkin rep resen ta tion  

( tJk vj ( P ^ k i o )  of  th e  Lam b vector. T he e, , i =  1,2,3, are  the  un it vectors in Fourier

space. T h e  second, th ird  and  fourth  term  on th e  r.h .s are  the  alias te rm s of first, second 

and th ird  o rd er, respectively.

A lias errors occur in general when one a tte m p ts  to  d iscretize w ith insufficient resolution 

(see Fig. 2.1 and  the discussion in C anu to  et al. , 1988), o r when an o p era tio n  on a  set
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of d a ta  of a  given wave num ber range produces d a ta  th a t  spread  over a  w ider range of 

wave num bers. Form ing the cross p roduct of velocity and  vortic ity  is an  exam ple of such 

an opera tion . Some of th e  high wave num ber com ponents a re  th en  ‘a liased ’ back in to  the  

range of resolved wave num bers by th e  d iscrete  transfo rm  (see Fig. 2.2).

T he m ost stra ign tfo rw ard  way of e lim inating  alias errors ( ‘dealiasing’) is known as the 

‘2 /3  -  ru le ’ . Here one tru n ca te s  the range of active m odes in th e  sim ulation  to  th e  region

|ib| <  2 /3A ', (2.16)

by se ttin g  all v ( k )  , A(jfc) outside of th e  dom ain (2.16) explicitly  to  zero. O ne m ay convince 

oneself th a t  after the tru n ca tio n  no alias te rm s can spuriously  co n trib u te  to  the  active region 

(2.16), see also Fig 2.2. However, the  ‘2 /3  - ru le ’ is expensive. It reduces th e  resolution  

of the  sim ulation , i.e. th e  m axim um  wave num ber of the  active m odes, by a  fac to r of two 

th ird s.

O th er, m ore efficient and m ore com plicated  dealiasing m ethods are  discussed in  g rea t 

detail by C an u to  et  al. (1988). We decided to  use a  sim ple tru n ca tio n  m ethod  th a t  elim inates 

all second and  th ird  o rd er alias erro rs and  does not reduce th e  m axim um  wave num ber of 

th e  sim ulation. In th is tru n ca tio n  schem e (P a tte rso n  & O rszag, 1971) th e  active region has 

th e  shape  of an ‘octo d ecah ed ro n ’ , i.e. a  18 - sided polyhedron :

I*,I <  K ,  (2.17)

|fc, ± < K  , i , j  =  1 ,2 ,3 .

We are  convinced th a t  th is tru n ca tio n  schem e suffices to  contro l alias e rro rs. See also

th e  discussion in C an u to  et  al. (1988), w here it  is em phasized th a t  alias errors even in

fully aliased pseudospectral sim ulations a re  no t likely to  c rea te  significant inaccuracies if all 

scales are well resolved.



k *  - i o

k* - I

k = £

Figure 2.1: T hree  sine waves which have the  sam e k  =  - 2  in te rp re ta tio n  on an eight point 
grid. T he nodal values are deno ted  by the  filled circles. T he ac tua l sine waves are denoted  
by the solid curves. B oth th e  k  = 6 and  the  k  =  - 1 0  waves are  m isin te rp re ted  as a  k  =  - 2  
wave (from  C an u to  et  al. , 1988).
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A L I A S

Figure 2.2: P ro d u c t of m odes w ith  wave num bers n and  m can p roduce th e  aliased m ode 
a t  n + m  -  N  ra th e r  th a n  a t th e  correct wave num ber n +  m  (from  R ogallo, 1984).

2.4 The T im e Stepping Schem e

In th is s tu d y  we em ployed and  analyzed a  tim e-stepp ing  schem e th a t until now had not 

been used for sim ulations of hom ogeneous tu rbu lence . A second order schem e com m only 

used for tim e advancing th e  Navier Stokes E quation  in Fourier space (2 .8) is th e  's tab ilized  

leap-frog C rank-N icolson’ (sim ply ‘leap-frog’ in th e  following) :

(n+ l), .  (1 -  v k * 6 t ) v f - l \ k )  +  26tP,} (k )X{; H k )
v] \ k )   ---------------------------------------------------1------- (2.18)

1 +  i ' k26t

O th er au tho rs favor second or th ird  order R u n g e -K u tta  m ethods (see, e .g ., Rogallo & M oin,

1984). We used a  schem e (Frisch et  al. ,1986) th a t  can be ob tained  from  th e  ex ac t re la tion

Vi ( k , t  + 6t )  = -  6t )  +  [ t+St Pi}( k ) \ } ( k , r ) d T  (2.19)
Jt-St

by pulling the  nonlinear term  Pi3(k)Xj  o u t of th e  in teg ra l a t tim e t:

r,<n+1>(lt) =  e - 2^  v,ln- ' \ k ) +  - C- ?~—  P,} (k)X{; ](k) .
- J i >k2St

(2 .20 )
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u k 2DT0 ~  ~  V 2 j ,  (2.22)

This schem e - called th e  ‘slavo-frog’ - is also second o rder in tim e and  reduces analy tically  

to  the  leap frog for u k 26t -* 0. T he d is tinc t featu re  of th e  slave-frog is th a t  it is able to 

rep roduce w hat has been called ‘slaved’ behavior (Frisch et al. , 1986). Nam ely, if u k 2T  >  1, 

w here T  is th e  typical tim e scale of th e  nonlinear te rm , th en  to  leading o rder in 1 / ( u k 2T )

v , ( k , t )  ~  (2.21)

Can we expect to  encoun ter such slaved behavior in tu rbu lence?  Let us consider th e  influ­

ence o f the  large scales of size L and typical velocity ( '  on th e  small scale end  of th e  inertial 

range, it ~  k p  • Scaling argum en ts for fully developed tu rbu lence  im ply th a t

-  = y / H i -  ~ y / 2 - ,
U V X

where A is the  Taylor m icroscale and Q is th e  enstrophy. T h is shows th a t  for th e  scales of 

velocity and vorticity  being well sep ara ted , i.e. L »  A, th e  in terac tion  of th e  d issipating  

m odes w ith th e  energy conta in ing  m odes becomes very stiff, i.e. th e  high-Ar m odes are 

slaved. Such non-local in terac tions betw een small and  large scales - a lthough  neglected in 

the  Kolm ogorov scenario  - m ust not be neglected in the  s tu d y  of advection  effects, higher 

order m om ents, in te rm itten cy  and  coherent stru c tu res . See also th e  work by D om aradzki 

(1988) on the  nonlocal n a tu re  of th e  nonlinear in terac tions. However, one m ust realize th a t 

so far no clear separa tion  of the  scales of velocity and vorticity  has been achieved in DNS of 

hom ogeneous tu rbu lence . Typically , the  ra tio  of the in tegral scale to  th e  Taylor m icroscale 

L / X  as 2 - 3  . T herefore, d rastic  differences between the leap-frog and  th e  slave- frog should 

not be expected .

In th e  absence of useful analy tical resu lts concerning the  precision of tim e stepping  

schem es, the  best one can do is to  carefully analyze d a ta  ob ta ined  from  sim ulations w ith 

different tim e s tep p in g  schemes. We take a  velocity field from  a developed sim ulation  of 

decaying tu rb u len ce  a t  som e tim e to,  and  perform  w ith bo th  the  slave-frog and  th e  leap­

frog several con tinuation  runs - w ith different tim e steps 6t - up to  a  final tim e  t j ,  when we 

com pare velocity fields vo(x,  t j )  (ob ta ined  by continuing w ith a  very sm all tim e  step  6to)  

and \ ? { x , t j )  (ob ta ined  by continuing w ith a  la rger tim e step  8t').  Define th en  th e  relative
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shell-averaged difference p(k)

P(k) = / \ M ^ t , ) - v ' ( k j f ) \ \  (2 23)

\  f/)| / S(k)
w here the  average (...)s(*) over the  shell in k-space is ob tained  by dividing w ith th e  num ber 

of m odes in one shell. F igure 2.3 shows the  relative tim e-stepping  erro r p{k)  per tim e step  

St' =  0.01. T he reference tim e step  was 6to =  0.0025. In agreem ent w ith the  above analysis 

we observe th a t the  relative e rro r p(k)  increases dram atica lly  w ith k.  At th e  high-fc end 

of the  wave num ber range the relative erro r is several orders of m agnitude  larger th an  the  

erro r observable for the  large scales and for global quan tities (like th e  average energy E,  

in tegral scale L, e tc .). T here  is a  sim ple exp lanation  for th is ‘cascade’ of tim e-stepp ing  

errors: An abso lu te  e rro r A (ki)  =  ( |u (£ ) -  i?(k)\)s[k,) in troduced  by th e  tim e-stepp ing  in 

a low-A; shell in troduces th rough  the nonlinear in teractions an abso lu te  erro r C?(A(fc/)J ), 

which will resu lt in a  relative e rro r o rders of m agn itude  g rea te r th an  p(ki) ,  because the  

typical am plitude  of high-A: m odes is orders of m agn itude  less th an  |u (£ /)| . F igure 2.3 also 

allows a  com parison of the  slave-frog (solid line) and the leap-frog (d o tted  line). We see 

th a t th e  slave-frog schem e is equivalent to  the  leap-frog schem e for sm all wave num bers 

(rem em ber th a t the schem es converge analy tically  for i/k*6t — 0). For large wave num bers 

the slave-frog is only m arginally  b e tte r , certa in ly  not enough to  allow an increase of th e  tim e 

step  in a sim ulation . We may expect th a t  th is advantage will becom e m ore significant in 

sim ulations w ith higher Reynolds num ber, i.e. b e tte r  separa tion  of th e  scales of velocity and 

vorticity. T he slave-frog does not require m ore m em ory or C PU  tim e th an  the  leap-frog, we 

therefore prom ote the  slave-frog as the  preferable second-order tim e-stepp ing  schem e for the  

NSE. However, we m ust also no te  th a t  th ird -o rd er Runge K u tta  schem es are for presently  

achievable R eynolds num bers superio r to  the  slave-frog.

But  the Demon  o f  the Second Ki nd  continued to operate at a speed o f  

three hundred mil l ion fac t s  per second and  mile af ter mile o f  tape 

coiled out  and gradually buried the Ph.D. pirate ...

Stanislaw  Lem, T he C yberiad  (1967)
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Figure 2.3: R elative erro r p(k)  per tim e step  6t'  =  0.01 as a function  of wave num ber. Solid 
line — slave frog, d o tted  line — leap frog
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C h ap ter  3

T h e Influence o f  M ean H elic ity  on  
the E nergy Transfer in Isotropic  
Turbulence

In th is ch ap te r we shall investigate by d irect num erical sim ulation  th e  influence of m ean 

helicity on the  energy transfer in hom ogeneous isotropic tu rbu lence . To begin , we will 

estab lish  in th e  first section the  no ta tion  used th ro u g h o u t th is  thesis. We feel th a t  th is  is 

necessary because so far no s tan d a rd  term inology p erta in in g  to  helicity has been established. 

Inconsistent and  conflicting definitions are in use, which has repeated ly  lead to  confusion 

and m isunderstand ings. In Section 3.2 we will discuss in detail th e  in itia liza tion  schem e th a t 

allows us to  c rea te  in itia l fields for sim ulations of decaying flows with a rb itra ry  helicity. W ith 

ju s t  a  few m odifications, th is schem e may also be used to  provide a  (helical) G aussian  s tirring  

force for sim ulations of quasi-s ta tio n ary  tu rbu lence . In Section 3.3 we presen t num erical 

resu lts from  sim ulations of decaying tu rbu lence , the quasi-s ta tio n ary  case is discussed in 

th e  fo u rth  Section.

3.1 D efin itions

T h e fundam enta l dynam ical variable is th e  velocity v(x)  and  its  Fourier transform

1 2 IT
v(k)  = — dx  v (x )e x p { - i k  • f } , k, =  —  n , n  € Z .  (3.1)

V J v  l.

Here we assum e th a t th e  flow dom ain is a  ‘periodic box’, i.e. a  cube w ith  sidelength  L  and

periodic boundaries. T his has two advantages: We avoid all m athem atica l sub tle ties re­
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la ted  to  th e  F ourier-represen tab ility  of sta tio n ary  random  processes (B atchelo r 1953, O rszag 

1977) in in fin ite  dom ains, and com parison w ith sim ulation  d a ta  is s tra igh tfo rw ard . In a  nu­

m erical sim ulation w ith  N 3 grid po in ts, th e  w avenum bers ki are  restric ted  to  th e  range 

k, =  2 i r n / L , n  = 0, ± 1 , . . . ,  ± ( N / 2  -  1). T h e  volum e average E  of th e  k inetic  energy may 

now be w ritten  as a  sum  over k-space

£ = v lv  d£ 5 |S (f) |a  =  5  £  l ,7(* )la =  H  £ (* )•  <3 -2 )
k *

(N ote  th a t  overbars deno te  spatial average th ro u g h o u t, mean  values in an ensem ble of 

hom ogeneous isotropic tu rb u len t flows a re  denoted by angu la r brackets ( ...) .)  Here we 

m ade use of the F ourier-represen tation  of th e  K ronecker-delta,

S(k -  p)  = ^  J y d x  e x p { - i ( k  -  p ) - x } .  (3.3)

and  energy spectral density  E ( k )  is the  to ta l energy in one ‘k-shell’, i.e.

£ ( f c ) = E ^ ( * ' ) | 2 , (3-4)
S(k)  £

w here Yls(k) *s ̂ e  sum m ation  over all m odes in one k-shell, {k'  | k  — 1 /2 A k  < |F |  <

k +  1 /2 A k} .  T he  w id th  A k  of k-shells is custom arily  chosen to  be un ity  in d irec t num erical

sim ulations. For the  volum e average of th e  enstrophy  we m ay w rite

«  =  j7  /  dS±\<3 &)\*  = \  £  I J ( k f  = £  k 2E ( k ) ,  (3.5)
V k *

w here c J(i’) =  V x v (x )  is the vorticity  and  J ( k )  =  ik  x v (k )  its  Fourier transform . 

Sim ilarly, one defines the  average helicity H

=  d f 7 ( f ) =  ^ v ( k ' )  . * ( - * ' )  =  £ * ( * ) ,  (3.6)
J V  5(fc) k

w here the  scalar p ro d u c t of velocity and vortic ity  -y(x) =  r (£ ) -w (x )  is known as the  helicity 

density . N ote th a t th e  helicity spec tru m  H ( k ) ,

H ( k )  = £  H ( k ' )  =  £  v(k ' )  - J ( - k ' ) ,  (3.7)
S(k)  S(k)
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is not  th e  Fourier transfo rm  of the helicity density  correlation function  ( j ( x ) ' f ( x  +  F)). 

R a th e r, H ( k )  is re la ted  to  th e  an tisym m etric  p a rt of th e  Fourier transfo rm  5,>(fc) of th e  

correlation  tensor, see (3.12) below, and  should properly  be called the  co-spectrum  of veloc­

ity and  vorticity. However, conventionally  and in analogy w ith (3 .2), H ( k )  is sim ply  called 

the  ‘helicity sp e c tru m ’, and we shall do likewise. T he helicity H { k )  of one m ode m ay also 

be w ritten  as

/ / ( £ )  =  2k ■ [Re(v(k) )  x /m(tT(£))] =  2fr|/?e(F(£))| | /m ( r ( £ ) ) |  s in <j>(k). (3.8)

Here R e ( c ( k ) )  and  [ m ( v ( k ) )  denote  the  real and  im aginary  p a rts  of th e  com plex velocity 

vector v(k) ,  <t>(k) is the  angle between them  (K eep in m ind th a t as a  consequence of the  

incom pressib ility  co n stra in t, the  cross-product o f R e (v (k ) )  and I m ( v ( k ) )  is always aligned 

w ith k).  T h e  m agn itude  of th e  helicity of one m ode is lim ited  by the  energy, i.e. |# ( £ ) |  <  

2k E ( k ) .  It follows th a t  the  energy sp ec tru m  defines a  ‘m axim al helicity’ H  max =  E * 2  k E ( k ) ,  

which corresponds to  <t>(k) =  x /2  for all m odes. T he ‘norm alized average helic ity ’ or 

‘B e ltram iza tio n ’ H n

H N =  H / H m a : ,  (3-9)

and th e  ‘norm alized helicity d en sity ’ h

* <f) =  | g ( f i i | j ( f ) i =  (3 -10)

are  useful in characteriz ing  how strong ly  helical a  velocity field is. Here 6 is th e  angle 

betw een the  velocity and  the  vorticity  vector. O bviously bo th  h  and H s  a fe norm alized to  

lie in th e  in terval [ - 1 ,  +  1]. O ne should be aw are th a t H n  is also know as ‘relative helic ity ’ 

in the  lite ra tu re , h  is som etim es referred to  as ‘relative helicity ’ o r ‘relative helicity den sity ’. 

We have already  in troduced  the  second o rder, tw o-point velocity co rrela tion  tensor

R t j ( r )  = +  0 )  =  (v2) rtr} +  6 „ ( r ) ^  +  ( ijk(l(r)rkj  , (3.11)

w here bTT and  btt are th e  longitud inal and  transversal correlation  coefficients. T h e  Fourier 

transfo rm  of th e  correlation  tensor S a  (k ) = y  f v  dx  R,} ( x \ e \ p { - i k  • i }  is of th e  general 

form

) ~  N ( k )  2 k 2N ( k )  ( ’
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w here P,} (k )  is the  pro jection  o p era to r 6 , j  -  k ,k} / k 2 , cljfc th e  com pletely an tisym m etric  

tensor and N ( k )  =  Airpk2A k  the  num ber of m odes in one k-shell. T h e  density  of m odes 

in k-space p  =  ( L / 2 t ) 3. O ne may easily show th a t  (v,(p)Vj(k))  =  S i j ( k )S (k  +  p).  N ote

th a t  we keep the  averaging brackets (...) on th e  r.h .s. of (3.12) to  em phasize th a t  S,; (fc) is

an essentially  sta tis tica l quantity . O n the  o ther h an d , the  energy spec trum  E ( k )  and  the 

helicity spectrum  H ( k )  o f  one realization (or one sim ulation) a re  well defined, because we 

restric t ourselves to  a  finite, periodic volume.

3.2 In itialization  W ith  Controlled H elicity

W hen se ttin g  up the initial flow field -  a  G aussianly  d is trib u ted  isotropic solenoidal vec­

tor field -  for a sim ulation of decaying tu rbu lence, one usually  em ploys a  random  num ber 

genera to r to  o b ta in  th e  com ponents v,(k)  of th e  velocity field in Fourier space. T he desired 

energy spectrum  E ( k )  and th e  (space-) average energy E  are  de term ined  by th e  ap p ro p ria te  

choice of a  ‘shape fu n c tio n ’ f ( k )  for the velocity am plitudes, E ( k )  ~  k 2f ( k ) 2, and  an overall 

norm alization  factor. C are m ust be taken to  satisfy the  co n stra in ts  im posed by incom press- 

ib ilty  and  reality  in physical space. In p articu la r, one usually ensures th a t th e  in itia l field 

is divergence-free by p ro jec ting  v(k)  on th e  p lane perpend icu lar to  th e  wave vector k.  T he  

constra in t v(k)  =  u*(—k)  im posed by the  reality  of th e  velocity field in physical space is 

satisfied im plicitly  by keeping only m odes w ith kz > 0 in th e  com pu ta tion . (In p ractice, 

one sim ply uses a  ‘real to  half-com plex’ Fourier transform  rou tine  in th e  i-d ire c tio n , see 

(2 .10),(2 .11).) N ote though th a t  in the  kx =  0 - p lane, th e  m odes u(0, kv , k t ), v ( 0 , - k v , - k , )  

have to  be m ade com plex conjugate  to  each o th e r ‘by h a n d ’. Unless specific m easures are  

taken , th e  helicity spec tru m  H ( k )  and the  average helicity H  will vanish in th e  m ean. Of 

course, in each realization , i.e. for each sequence of random  num bers used to  crea te  one 

field, we will find deviations from th e  zero m ean.

Let us show now how one can crea te  a  divergence-free, s ta tis tica lly  iso trop ic  and G aus­

sian velocity field such th a t  bo th  th e  energy and  th e  helicity spec trum  tak e  on prescribed 

values (Polifke & Sh tilm an , 1989). C onsider the  expression for the  helicity o f one m ode, 

E quation  (3.8). For given am plitudes |#e(t7(ib))| and |/m (P (£ ) ) |,  i.e. given energy E ( k ) ,  the 

phase angle <p(k) betw een th e  real and  the im aginary  p art of the  velocity vector essentially
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Figure 3.1: Illu stra tion  of th e  in itia lization  procedure (a ) se tup  in kx -  ky p lane an d  (b) 
after the  ro ta tio n  in to  a  plane perpend icu lar to  k.

determ ines th e  helicity of m ode k.  Obviously, if the  real and  im aginary  p a rts  of i;(£) tend 

to  be aligned in one shell, H ( k )  will be sm all, whereas preferentially  p erpend icu lar orien­

ta tio n  (w ith  th e  sam e handedness) will result in H ( k )  being close to  its  m axim um  value 

2 k E ( k ) .  T hus by controlling the phase angle one can choose the  in itia l helicity spectrum  

independen tly  of th e  energy spectrum .

T he num erical im plem entation , of th is  idea proceeds in a  few stra igh tfo rw ard  steps, 

as illu stra ted  in Fig. 3.1. To begin, th e  velocity vector of each m ode k  is ‘assem bled’ in 

the kx - ky - plane. We m ay fix th e  energy of m ode k  by sim ply se ttin g  |fle(tT(£))| =  

|/m (v (fc )) | =  /(|jfc|), or by m ultiplying the  shape  function f ( k )  w ith  a  random  variable 

th a t  follows a  second o rder \ 2 - d is trib u tio n  w ith two degrees of freedom  (see C h ap te r  5 

on th is po in t). T h e  angle ip is chosen random ly  to  assure  overall s ta tis tica l iso tropy , see 

Fig. 3.1 (a ). As explained above, th e  angle <p determ ines th e  helicity : for th e  case of 

‘m axim um  helic ity ’, 4> =  ir /2 , for ‘zero helic ity ’ we set <j> =  0 o r <t> =  x , w hereas for ‘random  

helicity ’ <p is random ly d is trib u ted  over the  in terval [0,2x]. Finally, in o rder to  satisfy 

the  incom pressib ility  condition, it is necessary to  ro ta te  th is  (com plex) vector in to  a  plane
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p erpend icu lar to  k  by apply ing  an  orthogonal transfo rm ation  0 ( 0 ,  ♦ ) ,  w here 0  and ♦  are

the  po lar angles of k,  see Fig. 3.1 (b ) :

( (cos2 ♦  c o s 0  +  sin2 ♦  J r ,  +  cos $  sin ♦ (co s 0  — l)v y \  
cos ♦  sin ♦ (cos 0  -  l)v r  +  (sin2 ♦  cos 0  +  cos2 ♦ )v v I .  (3.13) 

-  cos ♦  sin 0 v x -  sin ♦  sin 0 v v )

In the  sim ulation p rogram , th is transfo rm ation  is im plem ented as follows: We define a =

(kz2 +  kv2)~l ,b =  k z / k , c  =  akz ky (b -  1) and  then (3.13) is com puted  as

0 (0 , ♦ ) ? ( £ )  =
( a ( bkz 2 + k v2 )vz  +  cvy  ̂

c i’i  +  a( bkv2 +  k z 2 )vv 
 ̂ - b k z vz / k t -  bky vv / k ,  t

(3.14)

In order to  avoid num erical overflow at k ,  =  0 or kz 2 +  fcy2 =  0, we set th e  corresponding 

array  elem ents equal to  10~4°.

Velocity fields created  in th is m anner are - w ithin s ta tis tica l fluc tuations - iso tropic and 

G aussian , i.e. the  skewness S  = —r 3/ ( x 2)3^2 of the  velocity and its  first derivatives is very 

sm all, the  flatness F  =  x4 / ( x 2)2 is close to  3 ( here x =  t>i or x =  ( d v i / d x i ) ,  i =  1,2,3; 

no sum m ation  over repeated  indices). T h e  expecta tion  values of th e  energy and  helicity 

sp ec tra  are  now

< £(* )) =  4 t *2/ ( * ) 2<x 2>, (3.15)

(H ( k ) )  = S x k 3f ( k ) 2( \ 2){sin <t>).

We have verified th a t  we indeed o b ta in  an  average helicity equal to  the  m axim al value 

H maz =  Ylk 2 k E ( k )  for in itia lization  w ith ‘m axim um  helic ity ’. T he case of random  helicity 

corresponds to  trad itio n a l in itia lization  procedures, w here different sequences of random  

num bers will yield different helicity sp ec tra  and  to ta l helicities. O ne expects, of course, 

th a t  th e  m ean of these quan tities over m any realizations will be zero. We have evaluated 

the  relative helicity H n  of a  series of 500 random  helicity fields w ith an  energy sp ec tru m  th a t 

peaks a t w avenum ber fco as 4; then  th e  num ber of m odes in the  energy contain ing  range is of 

o rd er 103 in our sim ulation . T he resu lts are : (H n ) = 0.0015, ( |/fyvI) =  0.025. T he s ta n d a rd  

deviation  of H n  for th e  series of 500 realizations is equal to  0.03, th e  m axim um  |/7/v| is 

equal to  0.11 . O ne may conclude th a t  the  helicity typically  o b ta ined  when in itia liz ing  with 

random  helicity is qu ite  sm all. However, one m ust bear in m ind th a t  sh ifting  the  peak  of
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the  energy sp ec tru m  to  lower values, or decreasing the  num ber of in itia lly  excited  m odes in 

som e o th e r way, may change the  s itua tion  drastically . Finally, for zero helicity in itia liza tion  

the  relative helicity H n  is of o rder 10-12 .

3.3 N um erical S im ulations o f  D ecaying Turbulence

In o rd er to  s tu d y  the  effects of m ean helicity on the  dynam ics of hom ogeneous tu rb u len t 

flows, we have conducted  a  series of d irect num erical sim ulations of decaying tu rbulence. 

For num erical details we refer to  the  previous C h ap te r. T he in itia l fields for these  runs are 

identical to  each o ther in every respect except helicity. T he in itia l energy spec tru m  was 

chosen to  be

E ( k )  ~  , (3.16)

w ith ko equal to  4 and average in itial energy E  equal to  2.8. O th e r in itia l param eters 

a re  : k inem atic viscosity v  equal to  0.015, tu rnover tim e r  equal to  .45, in teg ra l scale 

L =  3 j t /4 Y l k ( E ( k ) / k )  equal to  .64, Taylor M icroscale X =  (^ (dui/dxi )2/ufc2)   ̂ equal to 

.44, Taylor M icroscale Reynolds num ber R \  =  vrm, \ / i '  equal to  45. D uring th e  early 

stage  of the  sim ulation , th e  energy, which in itia lly  is concen tra ted  a t  sm all w avenum bers, 

sp reads tow ards high w avenum bers w ithou t suffering significant d issipation . As a  resu lt, 

the  average enstrophy  Cl = k 2 E ( k )  usually increases initially. O ne assum es th a t  th e  flow

is ‘m ost developed’ once the  enstrophy  s ta r ts  to  decay and the  s ta tis tic a l ch aracteristics  of 

th e  velocity derivatives a tta in  values typical of tu rbu lence  a t m o d era te  Reynolds num bers, 

i.e. a flatness F  of approxim ately  4 and a  skewness 5  of app rox im ate ly  - 0 .5  (see K err,

1985).

Fig. 3.2 shows th e  energy sp ec tra  for run O tero, accum ulated  a t  tim es t =  0 ,0 .2 ,0 .4 ,. . . ,  2, 

i.e. d u rin g  m ore th an  four tu rnover tim es. (N o te  th a t  all the  sp ec tra  p resen ted  in th is  work 

are  com pensated  for nonuniform  m ode density  (R ogallo , 1988), which yields m uch sm oother 

sp ec tra  a t sm all w avenum bers.) T here  is only a  slight upw ard tu rn  of th e  sp ec tra  a t  high 

w avenum bers, which ind ica tes th a t  the  sim ulation  is reasonably  well resolved. In agreem ent 

w ith th is assessm ent, th e  m axim um  Kolmogorov w avenum ber k o  =  (e /t/3)1^4 is equal to  

28.9 . T h e  in itia l field for th is run  has zero helicity in all m odes. T h e  m atu re  stage  of the  

sim ulation  is reached a t tim e t ss 0.35.
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In Fig. 3.3 we present the  equivalent d a ta  for run  0 max, a  sim ulation  w ith a  m axim ally 

helical in itia l field, i.e. H ( k )  = 2 k E ( k )  for all wave num bers a t / =  0. As one would expect, 

th e  velocity and  vorticity  are strongly  aligned in  th is flow, we find th a t  in itia lly  th e  spatia l 

m ean of the  square of the  norm alized helicity  density  h2 =  cosJ 0  =  0.88, w here 0  is th e  

angle betw een the  velocity and  th e  vortic ity  vector. In th is sim ulation  th ere  is no grow th 

of enstrophy  fi, and th e  developed phase is not reached until tim e t st 1.2; see Figs. 3.4 and 

3.5 which show the tim e evolution of th e  skewness and  flatness of th e  velocity derivatives 

of b o th  runs up to tim e t = 2. From Figs. 3.2 and  3.3 we may conclude th a t  the  presence 

of high m ean helicity does not change th e  qua lita tive  features of the  tim e-developm ent of 

th e  energy  spec trum . It is obvious though , th a t helicity slows down the  flow of energy 

tow ards higher w avenum bers. T h is is seen m ore clearly in Figs. 3.6 and 3.7 which show the  

inertia lly  weighted energy sp ec tra  E ( k ) t ~ 2^3k s^3 a t t =  0.4 and t =  1.2. C om paring  these 

figures w ith Figs. 2 and  8 in A ndr£ & Lesieur, we see th a t in bo th  th e ir ED Q N M  m odel and 

o u r d irec t num erical sim ulation  of a  m axim ally  helical flow th e  energy of th e  large scales 

significantly  exceeds th e  K olm ogorov in ertia l range value E ( k )  ss 2 t 2l3k ~ sl 3.

T h e tim e evolution of the  energy sp ec tru m  is deterrifined by

( ^  +  2 u k 2) E ( k , t )  = T ( k , t ) ,  (3.17)

w here th e  tran sfe r-te rm  T ( k , t )  is based on trip le  velocity correla tors. M aking use of the  

ro ta tio n a l form  (2.8) of the  NSE one may w rite

T ( k , t ) =  £  Re[v(k ')  -A (-* ') ] .  (3.18)
S(k)

In Figs. 3.8 and  3.9 we plot the  norm alized transfer te rm  T s ( k , t )  =  T ( k , t ) L / ( v E 3!2) for 

runs O ttTO and  O max. A bout two tu rnover tim es la te r, a t tim e t  =  0.4 (F ig . 3 .8), shortly  

a fte r th e  m axim um  of enstrophy  is reached in  run 0 « ro . th e  flow of energy o u t o f th e  energy 

con ta in ing  range is significantly reduced in th e  helical case. A t tim e t =  1.2 (F ig . 3.9) the  

to ta l norm alized tran sfe r of th e  two runs differ only by ab o u t 25 percent (see also Table 

3.1 below). Also no te  the  good agreem ent of ou r results for th e  transfe r sp ec tru m  in  the  

non-helical case w ith experim en tal d a ta  (see, e.g. Landahl & M ollo-C hristensen,1986).

T h e  reduced transfer of energy suppresses th e  grow th of enstro p h y  ft, which in hom oge­

neous tu rb u len ce  is p roportional to  the  viscous dissipation  f , i.e. f =  - 2 vCl . T hus, in  the
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Figure 3.2: Energy sp e c tra  E ( k , t )  of run  0 ttT0, accum ulated  over t — 0 up to  t — 2, 
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Figure 3.3: A ccum ulated energy sp ec tra  E ( k , t ) of run  Omax
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Figure 3.7: Inertia lly  weighted energy sp ec tra  E ( k ,  t ) f ~ 2/3Jt5/3 as a  function  of wave num ber.
O teTo- solid line, 0 max: dashed  line, t =  1.2.
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Figure 3.8: N orm alized transfer te rm  T ^ ( k , t )  as a function  of wave num ber, t =  0.4 . 0 ttT0-
solid line, O maI: dashed  line.
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Figure 3.9: N orm alized transfer te rm  T s ( k ,  t)  as a  function of wave num ber, t = 1.2 . 0 , ero'.
solid line, 0 max: dashed line.
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earlier stage  of th e  sim ulation  the  helical flow will decay slower th an  its  non-helical coun­

te rp a r t. A fter ab o u t two tu rnover tim es though , the  helical flow will have m ore enstrophy 

th an  th e  non-helical flow, for the very reason th a t it decays slower initially. F urtherm ore, 

the  helical flow does not rem ain m axim ally helical (see also K raichnan, 1973 on th is point). 

T h is is illu stra ted  for run O maz in Fig. 3.10, which shows th a t  after ab o u t four turnover 

tim es the  helicity has spread over the  en tire  range of wave num bers while undergoing sig­

nificant d issipation . Especially the  sm all scales are no longer m axim ally helical. Indeed, 

Fig. 3.11 shows th a t both  the  average helicity H and the  norm alized helicity //,v  decay 

rapidly  w ith tim e (N ote th a t there  can be no viscous creation of helicity if th e  spectrum  

II ( k)  is of the sam e sign for all m odes.)

It is im p o rtan t to  assess w hat value of U s  is required to  significantly influence the 

nonlinear dynam ics of the decaying flow. In Table 3.1 we present d a ta  from runs O t t ro , 

Omaz  and 4 o th e r runs 0 j o , 04o , 0 eo and Oso, which had the sam e in itia l energy spectrum  

as O ztTo and  O max and a  helicity spectrum  H ( k )  equal to  20, 40, 60 and  80 percent of the  

m axim um  value 2k E ( k )  for all w avenum bers, respectively. As rem arked in the  previous 

section, th e  d istribu tion  of the  angle <t> between the  real and  the  im aginary  p a r t of v(k)  

determ ines the value of relative helicity. We have verified by num erical com parison th a t the  

details of the  d is tribu tion  of <t> do not influence the evolution of the  flow. In the  sim ulations 

repo rted  here the  desired level of helicity was achieved by assigning m axim um  positive or 

negative helicity ( d> = ±w/ '2 ) in ap p ro p ria te  proportions to the m odes in Fourier space.

In the  first rows of Table 3.1 we list the tim e t, average energy E{t ) ,  average enstrophy  

f) ( t ) ,  relative helicity H s ( t ) ,  the  mean square  of the  norm alized helicity density  1?,  and 

Taylor m icroscale Reynolds num ber R\ ( t ) .  Recall th a t E  =  2.8 , Cl =  56 and  R \  =  45 

a t t =  0. Note th a t  only for th e  m axim ally helical flow O maz there  is no in itia l grow th 

of enstrophy . In th e  last two rows of Table 3.1 we present q u an tities th a t seem adequate  

to  m easure the  s tren g th  or effectiveness of the  energy transfer in a tu rb u len t flow: the 

norm alized m ean-square nonlinear te rm  (?(<)

Q( t )  = |» x  J -  V p |2/ ( ^ ) ,  (3.19)

w here p  =  p  +  r 2 / 2  is th e  k inem atic pressure, and the  sum  S t  of the norm alized transfer
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Figure 3.10: Helicity spec trum  H ( k )  (+ -m ark e rs) o f run  0 m„* a t t =  2, m axim um  helicity 
H { k ) max (continuous line) and  quasi-G aussian  s tan d a rd  deviation  <rG(/f(A:)) (do tted  line, 
see th e  nex t chap ter).
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Figure 3.11: T im e evolution of the  average helicity H , norm alized by its  in itia l value (solid 
line) and  of th e  norm alized helicity H y  (d o tted  line).
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run O z e r o Ojo O40 O60 Oao Omax O z e r o Om ax O z e r o Om ax
t 0.4 0.4 0.4 0.4 0.4 0.4 1.2 1.2 2.0 2 .0
E( t ) 2 .0 2 .0 2 .0 2.1 2.1 2 .2 .75 1.2 .35 .62

m 78 78 74 68 59 49 28 32 9.3 16
H N (t) .00 .18 .33 .52 .72 .92 .02 .68 .04 .54
h*(t) .36 .37 .40 .46 .56 .77 .36 .56 .35 .48
Rx( t ) 27 27 28 31 34 38 17 25 14 19
Q( t ) .14 .14 .134 .12 .09 .06 .14 .09 .14 .10
5 7 ( f ) 21 20 12 17 14 7.9 19 14 19 17

Table 3.1: D a ta  from DNS of decaying tu rb u len ce  w ith different m ean helicities. N ote th a t 
E( t  =  0 ) =  2 .8  and  fi(f =  0 ) =  56 for all runs.

7}v(f) over the  energy contain ing  modes (all k  such th a t T ( k , t )  < 0):

S r ( t ) = -  £  TN (k , t ) .  (3.20)
T(fc,«)< 0

O bviously, 5 j ( f )  ind ica tes how rapidly th e  energy of the  energy con ta in ing  m odes is being 

transferred  to  th e  sm aller scales. Sim ilarly, Q( t )  relates th e  average m agnitude  of the  

nonlinear te rm  of th e  NSE, which is responsible for th e  energy tran sfe r, to  th e  average

m agnitude  of energy and  enstrophy. (See also K raichnan & P an d a  (1989) and  C h ap te r 5 for

fu rth e r details on th e  norm alized m ean-square nonlinear te rm  in tu rb u len t flows.) T he d a ta  

in Table 3.1 ind ica te  th a t  the  presence of non-zero mean helicity has significant consequences 

for the  dynam ics and  non linearity  of tu rb u len t flows only if H n  is qu ite  large. We rem ark 

th a t  the  m axim um  Kolm ogorov w avenum ber k p  for run O max was 26.6, com pared w ith 

28.9 for O tero. As a  consequence, run O mai  is slightly b e tte r  resolved, consider th e  upw ard 

tu rn s  of th e  energy sp e c tra  in Figs. 3.2 and  3.3.

3.4 S im ulations o f  Forced Turbulence

In sim ulations of qu asi-s ta tio n ary  hom ogeneous isotropic tu rbu lence  th e  N avier-Stokes equa­

tion  is augm ented  by a  random  force /

^  =  A -  V p  + v V 2v + f .  (3.21)
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T he in itia lization  procedure described in Section 3.2 may readily be m odified to  provide a 

(helical) isotropic G aussian  random  force; 6 -c o rre la te d  in wave num ber and frequency

( / . ( * ) / , ( * ') )  =  {P,} (k)F0(k)  +  i(,]kkkGo( k ) }6( k  -  * ') , (3.22)

w here k = ( k , u ) .  We shall com pare in the  following sim ulations w ith non-helical forcing 

and m axim ally helical forcing Go(it) =  Fo(k) / k .  As in the  previous Section, we are m ainly 

concerned here w ith the influence of helicity on th e  energy transfer and the  nonlinearity  of 

a tu rb u len t flow. Let us nevertheless discuss first some general po in ts th a t  are not related 

to  helicity.

No consensus has been reached so far on the  optim al choice of th e  wave num ber range and 

the  power-law dependence of the  random  forcing spectrum . (T he overall forcing am plitude  

is chosen by tria l and e rro r such th a t a well-resolved quasi-s ta tio n ary  s ta te  is reached after a 

tran s ito ry  period of a  few turnover tim es.) In sim ulations of forced tu rbu lence  sim ilar to  ours 

(b u t w ith non-helical forcing), P an d a  et al. (1989) chose Fo(k)  ~  fc- 3 ,0  < k < 1 /2 kmax, i.e. 

they im posed only a  high-k cutoff on the forcing a t one half of th e  m axim um  wave num ber. 

Prelim inary  runs of th is kind a t lower resolution (323 ) displayed a  clearly visible bend in the 

energy spectrum  E ( k )  a t the  cutoff l / 2 k maz . We therefore followed a  suggestion by Rogallo 

(1988) and perform ed two sim ulations w ith Fo(k)  ~  k ~ s , 0 < k  < 1 /2 kmaz : run C F R  

w ith non-helical forcing and run C FM  w ith m axim ally helical forcing ( kmaz =  32 in our 

runs). T im e-averaged results from  these sim ulations are presen ted  in Table 3.2. In these two 

sim ulatons th e  fluc tuations w ith tim e in the  q uasi-sta tionary  s ta te  are  qu ite  significant, and 

they do not seem to  dim inish w ith tim e, i.e. they are not a  tran s ito ry  effect. To illu s tra te  

th is, we present a plot of the  average energy E( t )  of run C F R  in Fig. 3.12 over a  period 

of 60 tu rnover tim es. Sim ilarly, th e  average enstrophy  Cl(t) fluc tuates wildly in the  range 

25 < Q < 50. P an d a  et al. (1989) also rep o rt fluc tuations of average energy and  enstrophy 

w ith tim e, a lthough  not as severe as here. We believe th a t  th e  s trong  fluc tuations occur 

because to o  much energy accum ulates a t th e  largest scales of th e  sim ulation , k  =  1 -  2 , if 

the  range of forcing ex tends down to  the  lowest wave num bers. T h ere  are  very few m odes 

in low-k shells, and th e  size of the  corresponding eddies is com parab le  to  the  dim ension of 

the  com puta tional dom ain - a  very undesireable situ a tio n . T h e  fluc tuations in run C F R  

and  CFM  are m ore severe th an  th e  fluc tuations repo rted  by P an d a  et  al. (1989), because
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run T E Cl Rx L A kD F S H N Q S t

C FR 58 2 .8 35 60 1.3 .65 24 4.2 .42 .02 .35 15 .16
CFM 20 3.5 36 76 1.5 .74 24 4.3 .44 .48 .44 13 .16
EFR 28 1.3 32 27 .66 .45 22 3.7 .47 .00 .36 19 .14
EFM 23 1.5 29 34 .70 .51 23 3.7 .37 .74 .59 14 .08

T able 3.2: T im e averaged quan tities from sim ulations of forced tu rbu lence . T  -  num ber 
of tu rnover tim es; E  -  average energy; Cl -  average enstrophy; -  Taylor m icroscale 
R eynolds num ber; L -  integral length  scale; A -T ay lo r m icroscale; k o  -  Kolmogorov wave 
num ber; F,  S  -  flatness and skewness of velocity derivatives; H s  ~ norm alized helicity;
-  m ean square norm alized helicity density; Q -  norm alized m ean square nonlinear term ; S j
-  to ta l norm alized transfer.

ou r forcing spectrum  is considerably steeper, therefore an even larger portion  of the  to ta l 

energy is fed in to  the  largest scales.

We therefore decided to  carry  ou t sim ulations where th e  forcing is restric ted  to  a n a r­

row band of wave num bers, Fo(k)  ~  k ~ s , 3 < k  < 4. T he tim e-averages ob ta ined  from 

sim ulations E F R  (non-helical forcing) and EFM  (m axim ally  helical) are  also presented  in 

T able 3.2. As an tic ip a ted , the  fluc tuations w ith tim e are  now much weaker than  those of 

runs C F R , C FM , and P a n d a ’s sim ulations, consider the  tim e evolution of E ( t )  from run 

C F R  in Fig. 3.12. T he average energy E  and th e  Taylor-m icroscale Reynolds num ber R\  

of runs E FR  and  EFM  is of course much lower than  in runs w here th e  forcing ex tends to 

th e  lowest wave num bers, because there  is very little  energy in th e  largest scales. On the 

o th e r han d , the  average enstrophy  Cl, which is p roportional to  viscous d issipation  c = 2 uCl 

and therefore essentially  determ ined  by the resolution of the  sim ulation , is of com parable 

m agn itude  in all four runs .

T h e  sm all scale properties of the  E -runs are qu ite  sim ilar to  those of th e  C -runs, consider 

th e  skewness S  and flatness F  of the  velocity derivatives, th e  Taylor-m icroscale A and the 

K olm ogorov wave num ber k p  in Table 3.2., and also the  energy sp ec tra  E ( k ) , k  > 10 in 

Figs. 3.13, 3.15 and 3.14, 3.16.

As in the  work by P an d a  et  al. (1989), the  energy spec trum  E ( k )  of run  C F R , which 

was forced over a  wide range of wave num bers, osculates a  fc_5/ 3-K olm ogorov spectrum .
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Figure 3.12: T im e evolution of th e  average energy E  of  run  C F R  ( to p )  and  E F R  (b o tto m ).
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However, a  p lo t of the  inertially  weighted energy spectrum  e~2^3k 5^3 E ( k )  on a  linear scale 

ind icates th a t  one should not speak of an ‘inertia l ran g e’ in such low -resolution sim ulations, 

see Fig. 3.13. T his figure also ind icates th a t  the  Kolmogorov constan t C*- ss 2 in run  C F R , 

larger th an  th e  value C \- as 1.6 reported  by P an d a  et at. (1989). We suggest th a t  this 

is because th e  Reynolds num bers accessible to  d irect num erical sim ulations are no t high 

enough to  allow for tru e  self-sim ilarity. C onsequently , the  higher value of th e  m olecular 

viscosity u =  0.015 (com pared to  v  =  0.01 for th e  643 sim ulations in P an d a  et al. ) m ight 

well account for th e  discrepancy in C k . T he  lower value of viscosity m ight also be  the 

reason why the  energy sp ec tra  E ( k )  in P an d a  et al. (1989) do not display a  clearly  visible 

bend a t the  cu toff kmax of the  forcing.

T he forcing in a  narrow  band (runs E F R ,E F M ) leads to  a  ra th e r b izarre  peak in the 

com pensated  energy spec trum , see Figs. 3.15 and 3.16. Fortunately , th e  sh ap e  of th e  energy 

sp ec tra  for k  >  5 in d ica te  th a t th e  small scale properties of these runs are  not severely 

affected by th is  peak. Indeed, the  d a ta  concerning the small scales in T able 3.2 are  entirely  

w ithin the range expected  for well resolved d irect num erical sim ulations of tu rb u len ce  at 

m odera te  Reynolds num bers. We conclude th a t it is m ost advantageous for sim ulations 

of qu asi-s ta tio n ary  isotropic tu rbu lence  to  force in a  continuous band , Fo(k)  ~  k n , ko < 

k < 1 /2 kmax. T h e  lower cutoff of the  forcing should be k0 as 3 -  4, p robably  higher for 

sim ulations a t  higher resolution, the  choice of the  power-law exponent n possibly depends 

on th e  value o f the  m olecular viscosity.

Let us now tu rn  ou r a tten tio n  to  the influence of helical forcing on th e  ch aracteristics of 

a  tu rb u len t flow. T h e  helicity sp ec tra  of runs C FM  and EFM  are  p lo tted  in  Fig. 3.17. We 

see th a t  th ere  is considerable helicity on all scales, i.e. there  is a  cascade of helicity  tow ards 

the  sm all scales. However, only th e  wave num bers th a t  are  forced m ost s trong ly  (1  «  1 

for C FM  an d  Jk «  3 for E FM ) are  m axim ally  helical, and it seems th a t  th e  norm alized 

helicity decreases w ith increasing scale. As a  resu lt, th e  tim e average of th e  norm alized 

helicity H n  is considerably less th a n  1: H n  =  0.48 for CFM  and H y  =  0.74 for EFM . 

N evertheless, th e re  is a  considerable influence on th e  dynam ics. A lthough th e  am p litu d e  of 

th e  forcing does no t differ in the  helical and  non-helical sim ulations, th e  helical flows have 

m ore energy, especially  th e  wave num ber ranges w here th e  forcing is s tro n g est (see T able 3.2
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F igure 3.16: T im e-averaged, inertia lly  w eighted energy spectrum  E ( k ) t ~ 2l i k i l zoi  run EFM .
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and Figs. 3.13 -  3.16). N ote th a t  th e  enstrophy Cl does not depend  strong ly  on th e  helicity 

of the  forcing, because th e  enstrophy is proportional to  the  ra te  of d issipation , which in a  

s ta tio n ary  s ta te  will be equal to  the  ra te  a t which energy is fed in to  th e  system . As already 

m entioned, th e  la tte r  is de term ined  by the  available resolution and does no t depend on the  

helicity in ou r sim ulations. M ean helicity also depresses the  to ta l norm alized transfe r S t  

and  the  m ean-square  nonlinear term  Q  (see th e  previous section). T h e  depression is much 

m ore pronounced for run E FM , w here the norm alized helicity H u  is considerably higher. 

C om paring  Tables 3.1 and  3.2, we see th a t the  presence of m ean helicity affects decaying 

and  forced tu rb u len t flows in roughly the sam e way.

3.5 C onclusions

We have developed an algorithm  for th e  d irect num erical sim ulation of hom ogeneous tu r ­

bulent flows w ith  non-zero m ean helicity. In sim ulations of helical decaying flows we have 

found th a t th e  presence of strong  m ean helicity H , i.e. norm alized helicity H n  «  0.5 -  1, 

results in a  significant reduction  of the  norm alized m ean square non linear te rm  and of the  

transfer of energy tow ards sm aller scales. T h is is in agreem ent w ith ED Q N M  sim ulations by 

by Andr£ & Lesieur (1977). As a consequence of the  reduced energy tran sfe r, th e  buildup 

of enstrophy  typically  observed in the  early stage  of a  DNS is in h ib ited , and  th e  average 

viscous d issipation  i  is reduced. Note th a t th e  la tte r  is not in contrad ic tion  w ith results by 

Rogers k  Moin (1987), who observed th a t in tu rb u len t flows w ith vanishing m ean helicity 

th ere  is no significant correlation betw een th e  helicity density  7  and viscous dissipation c. 

F urtherm ore , if  th e  helicity of the  in itia l field is large, th e  flatness and  skewness of the  

velocity derivatives reach values typical of tu rb u len t flows a t m odera te  Reynolds num bers 

a t la te r  tim es. In a  decaying helical flow the norm alized helicity Hn  decreases rap id ly  w ith 

tim e, it  follows th a t  a fte r a  few turnover tim es an in itially  strongly  helical flow will decay 

much like a  non-helical flow.

In a  qu asi-s ta tio n ary  flow th e  helicity in jected  by helical forcing will accum ulate  m ostly 

in th e  forced (large) scales. O ur d a ta  ind ica te  th a t,  again , th e  presence of significant m ean 

helicity reduces the  m ean square nonlinear te rm  and  the  energy tran sfe r tow ards sm aller 

scales, and  we observe th a t  the  forced scales are  significantly more energetic  if th e  forcing
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is helical. Note th a t  the ra te  of dissipation  in a  forced, q uasi-sta tionary  sim ulation  will be 

equal to  th e  ra te  of energy in p u t by the  forcing and  canno t be affected by th e  helicity of the  

forcing. A lthough there  is a  cascade of helicity to  the  sm aller scales in th e  case of helical 

forcing, the norm alized helicity is observed to  decrease w ith increasing wave num ber, i.e. 

the  small scales are  not strongly  helical. This supp o rts  K raichnan 's  (1973) conclusion th a t 

th e  inertia l range cascade in helically forced turbulence should no t differ asym pto tically  

from the  non-helical case.

T hese findings lend su p p o rt to  Lilly’s (1986) work, who suggested th a t  certa in  types of 

storm s owe th e ir notable stab ility  and longevity to  the effect of helicity on the  tu rb u len t 

energy transfer. We m ust em phasize, though , th a t the  large norm alized helicity ( H n  «

0 .8  -  1 .) of the  mean velocity field in these storm  system s is due  to  very special forcing 

m echanism s and boundary  conditions, and  m ost likely not a  resu lt of an in trinsic  self­

organizing tendency of hom ogenous tu rb u len t flows.
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C h ap ter  4

Fluctuations o f  H elicity

T he resu lts of d irect num erical sim ulations presented in the  previous ch ap te r show - in 

agreem ent w ith earlier work by A ndre & Lesieur (1977) - th a t  th e  presence of s tro n g  m ean 

helicity in a tu rb u len t flow leads to  a  depression of the  m ean square non linear te rm  and a 

reduction  of th e  transfer of energy to  th e  sm all scales. It is therefore of obvious in te rest to  

investigate  w hether spa tia l or tem poral helicity fluc tuations are  ‘dynam ically  sign ifican t’,

i.e. large enough to  noticeably influence - a t  least locally or m om entarily  - th e  nonlinear 

te rm  or the  energy transfer. O ne m ight also ask if there  is a  m echanism  th a t  can cause the 

m ean helicity of an in itia lly  non-helical flow to  grow to  a  dynam ically  significant m agnitude? 

Such ideas have been a t  the  core of theore tica l work on th e  s tru c tu re  of tu rbu lence , which 

we have already  ou tlined  in the  In tro d u c tio n . Let us recall briefly th e  developm ent of ideas 

up to  the  po in t when th is work was begun. Levich & T sinober (1983a, 1983b) suggested 

th a t  th e  large scales of a  decaying tu rb u len t flow should becom e strong ly  helical because of 

an inverse cascade of m ean-square helicity. T h is  concept is based on th e  p roperties of the  

‘/- in v a ria n t’ I  = f  j ( x ) ' y ( x  +  f ) d f  =  ( H 2) / V ,  which is an inviscid invarian t of th e  NSE and 

was used by th e  au th o rs  to  define an  in trinsic  scale, C =  / / E 2. I t was argued th a t du ring  the  

decay, d E / d t  <  0, /  can  stay  unchanged th rough  a  upscale transfer of helicity fluc tuations 

tow ards larger scales, d C/ d t  > 0. M offatt (1985) proposed a  scenario of a  universal spatia l 

s tru c tu re  of hom ogeneous tu rbu lence , w here long-lived, relatively quiescent regions of high 

helicity density  are separa ted  by (vo rtex ) sheets of tu rb u len t activ ity . M ore recently  Hussain 

(1986) suggested th a t  vortical coheren t s tru c tu re s  are  not necessarily long-lived, and it  was 

acknow ledged th a t  th e  tim e-scale of helicity fluc tuations m ight correspondingly  be qu ite
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small (Levich, 1987). Levich & Shtilm an (1988) argued th a t  the  inviscid conservation of the  

/-in v a rian t should lead to  a  bu ild-up  of (universal) phase correlations ( H ( k ) H ( k 1)) ^  0 for 

it ^  it' a t all scales, ra th e r th a n  an inverse cascade. T h e  presence of wave packets of coherent 

helicity in a tu rb u len t field would cause helicity correlations to  grow , and  thereby  m ake 

possible th e  conservation of I  in sp ite  of th e  decay process. It was suggested th a t  th e  phase 

correlations will be m ost pronounced a t th e  large scales, because those scales essentially  

determ ine  th e  value of / .  In su p p o rt of the ir argum ents, the  au th o rs  repo rted  th a t  the  

helicity spec tru m  H ( k )  in d irect num erical sim ulations displays large fluc tuations in tim e, 

especially  a t low wave num bers. Also, the  d is tribu tion  function of th e  norm alized helicity 

density  h  of Fourier transform ed wave-packets ( ‘filtered fields’) was found to  be highly 

skewed. Levich k  S h tilm an  (1988) concluded ten ta tive ly  th a t  th e  dynam ical evolution  of 

tu rb u len t flows should generally  favor the  appearance  of phase coherence. In physical space, 

a build up of coherent helicity fluctuations could lead to  an increase o f th e  co rrelation  leng th  

of the  helicity  density. In analogy w ith  the  theory  of second o rder phase tran s itio n s , Levich 

k  Sh tilm an  (1988) suggested th a t  a  spontaneous break ing  of (reflexional) sym m etry  m ight 

be associated  w ith  such an  increase in correlation  len g th , a  concept th a t  was e lab o ra ted  on 

by K it et al. (1988).

However, as one is concerned here w ith the  f l uctuat ions  of helicity, one is advised to  

argue very carefully when re la ting  observations m ade in one (o r a  few) sim ulations to  

theoretical scenarios. M odern theories of tu rbu lence  are usually  form ulated  in th e  language 

of s ta tis tica l m echanics, i.e. resu lts are given as ensem ble m eans or ex p ec ta tion  values, 

w hereas a  num erical sim ulation  is only one realization from  th e  ensem ble of ‘infinitely  m any’ 

flows. O ften  th is does no t lead to  g rea t difficulties. For exam ple, one usually  assum es th a t  

th e  energy spectra l density  E ( k )  o f one sim ulation is rep resen ta tive  o f th e  ensem ble averaged 

energy sp ec tru m  ( E ( k )) . O ne m ay do so, because th e  relative m agn itu d e  of fluc tuations 

|£ (fc) -  (E( k ) ) \  / ( E ( k ) )  is qu ite  sm all in large scale num erical s im ulations. O n th e  o th e r 

hand , in  a  reflectionally  sym m etric  ensem ble of tu rb u len t flows th e  ensem ble m eans of 

helicity, its  spectra l density , e tc ., are  generally zero. T herefore, helicity  fluc tuations will 

always be ‘la rg e ’ when com pared  to  the  ensem ble m ean, and th e  ‘s ta tis tica l variab ility ’ 

(E sw aran k  Pope, 1988) of helicity  re la ted  q u an tities will be very h igh . Indeed, in itia liz ing
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sim ulations w ith different sets of random  num bers (b u t o therw ise  identical p aram eters) 

typically  resu lts in  qu ite  different in itia l values of H ,  H( k ) ,  e tc ., and also in q u ite  different 

tem poral behavior of these quan tities.

T he average helicity H  = and especially th e  helicity spec tru m  H ( k )  = ^2s[k) H{k)

of num erical sim ulations will be non-zero even in the  absence of ‘anom alous’ o r ‘co h eren t’ 

fluc tuations, because th e  volum e of th e  com puta tional dom ain is finite and  th e  sim ula­

tions are not capable of m odelling the therm odynam ic lim it. (For exam ple, the  helicity of 

‘random  helicity ’ G aussian  fields, w here the  phase angle <t>(k) is d is trib u ted  uniform ly over 

[0 ,27r], is typically  a few percen t of the m axim um  helicity. T he m ean ( / / )  over an  ensem ble 

of such fields vanishes.) It is clearly not feasible to  m ake th e  com pu ta tiona l dom ain much 

larger th an  the  in tegral scale of th e  sim ulated  tu rb u len t flow, or to  run a  sim ulation  m any 

tim es w ith different random  num bers used in  the  in itia liza tion . It is therefore necessary 

to  supplem ent num erical d a ta  w ith a  careful s ta tis tica l analysis, which allows to  assess the  

sta tis tica l significance of observed helicity fluctuations. We will com pare th e  m ag n itu d e  of 

observed fluc tuations w ith an  estim a te  of th e  s tan d a rd  deviation  og of helicity ob ta ined  from 

a  ‘random -phase’ or ‘quasi-G aussian’ approx im ation . O nly fluc tuations th a t  significantly  

exceed th e ir respective <7c -v a lu e  should be called ‘anom alous’ o r ‘co h eren t’ fluctuations. 

(W h eth e r flu c tua tions ‘of o rder o g ' are dynam ically  significant in fully developed tu rb u len t 

fl°w may be judged  by sim ple scaling argum en ts, see below.)

Let us o u tline  th e  con ten ts of th is  chapter: In the  next section we derive th e  random - 

phase app rox im ation  for th e  s tan d a rd  deviation  og and d em o n stra te  th a t  it  is essentially  

equivalent to  a  quasi-G aussian  approx im ation , first em ployed in th is con tex t by Levich & 

T sinober (1983a). In Section 4.2 we show th a t  th is approx im ation  is com patib le  w ith  sim ple 

Kolm ogorov scaling supplem ented  by elem entary  s ta tis tica l considerations. We th en  argue 

th a t  one should expect sw eeping corrections to  og  a t  large Reynolds num bers, because the  

helicity  density  7  is no t G alilean invarian t. We also discuss briefly the  lim its  of validity  of 

th e  quasi-G aussian  ap p rox im ation , which is known to  yield unphysical results when used 

stra igh tfo rw ard ly  in closure schem es (O rszag , 1977). Possible im plications of th e  scaling 

properties of th e  viscous term  in the  helicity balance equation  (1.5) for fully developed 

tu rbu lence  are  discussed in Section 4.3 . We conclude th is  C h ap te r w ith num erical d a ta
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from sim ulations of decaying and  q u asi-sta tionary  tu rbu lence , where it is found th a t  the  

fluctuations of the  helicity of the  large scales a re  in good agreem ent w ith th e  random -phase 

approx im ation . T he sm all scales, however, f luc tua te  in a seem ingly coherent fashion and 

therefore also w ith larger am plitudes th an  the  value of <j g  would lead one to  expect.

4.1 T he Quasi G aussian A pproxim ation

Recall the  a lte rn a tiv e  expression (3.8) for the  helicity of one mode

H( k )  =  2k ■ [Re(v(k) )  x /m(i7(Jt))] =  2Jfc|fle(v(£))| |/m (r (J t) ) | sin <*(£). (4.1)

O bviously, th e  helicity of a m ode of given energy E ( k )  =  ^ ( R ( k ) 2 +  I ( k ) 2) (le t us deno te  

R ( k )  = |/Zc(tT(fc))| and sim ilarly for / ( £ ) )  strongly  depends on th e  phases and in p a rticu la r 

on th e  ‘phase ang le’ <j>(k) betw een the  real and the  im aginary  p a rt of the velocity v(£). Also, 

to  assum e th a t  in reflexionally sym m etric flows w ith  vanishing m ean helicity th e  helicity 

H ( k )  of each m ode is vanishing im poses a  very severe co n stra in t on the  phases. In stead , 

one would expect th a t sm all values of helicity are  ob tained  by m utual cancellations of 

uncorrelated  con tribu tions of a lte rn a tin g  sign from  different m odes and  scales. T h is suggests 

th a t a  random -phase approx im ation  should yield a  first e s tim a te  of th e  typical m agn itude  of 

the  helicity spectrum  H ( k )  o r th e  average helicity H  in  one realization  (one sim ulation) of an 

isotropic (non-helical) ensem ble of tu rb u len t flows. In this app rox im ation , one assum es th a t 

the  phases 4>(k) of all m odes fluc tuate  random ly and  independent ly  from each o th er. If one 

observes in a  num erical sim ulation fluctuations of helicity th a t  a re  significantly larger (or 

sm aller) th an  the  random -phase estim ate , one may conclude th a t  wave packets of coherent 

phase (or ‘coherent he lic ity ’) are  present in  th e  flow.

By assum ption , th e  d is trib u tio n  function  of <f> is uniform  over th e  in terval [0,2x] and R,  

I  and  <j> a re  s ta tis tica lly  independen t (recall th a t  th e  real and  im aginary  p a r t of one m ode 

may be regarded as two degrees of freedom .) T h e  helicity sp ec tru m  is now zero in the  

ensem ble m ean:

(s\n4>(k)) =  (H ( k )) =  ( H( k ) )  =  (H ) =  0, (4.2)

and  the  variance of the  helicity spectra l density  V ar(//(A :)) =  ( H ( k ) 2) -  {H ( k ) )2 is sim ply 

equal to  th e  m ean square  of th e  helicity sp ec tru m , for which we o b ta in  approx im ately
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(Polifke & S h tilm an , 1989):

( / / ( i t ) 2) «  Y  * k 2 ( R ( &) R( j ? ) I ( &) I { j ? ) ) ( * i n < K&) An Hj ? ) )  (4.3)

=  Y  4 fc2 <ft2( £ ') ) ( / J(fc')> =  JV(fc) 4* 2 ( | ^ ) 2

Here (si n <&(£') si n ^ p * ) )  =  (sin2 <£(fc)) ^ ( J t '+  p*) +  6( f c '-  p*)| =  S(k'  + p )  because of the

we assum ed here th a t  th e  average energy per m ode does not flu c tu a te  to o  strong ly  in one 

k-shell, and therefore ( R ( k )2) =  ( I ( k )2) =  (E ( k ) ) / N ( k ). T he num ber of m odes w ith in  one 

k-shell N ( k )  =  4irk2p A k .  N ote th a t  th e  variance of H ( k )  is p roportiona l to  l / N ( k ) ,  which 

is ju s t  w hat e lem entary  probab ility  theory  would lead us to  expect.

In sim ilar m anner one may derive an estim ate  for th e  m ean square of th e  average helicity

H

which is -  up to  a  norm alization  factor -  ju s t  the  finite volum e equivalent of th e  /-in v a rian t 

(Levich & T sinober, 1983a):

Using a  ‘quasi-G aussian  ap p ro x im atio n ’, Levich & T sinober (1983a) have estim ated

p =  V / ( 2 x )3 , therefore th is  is equivalent to  (4 .4), w ith A  — (2 rr)3 /rr.

Indeed, it is well known (H eisenberg, 1948, M onin & Yaglom, 1975) th a t  a  random -phase 

approx im ation  is equivalent to  a quasi-G aussian  approx im ation , also know as ‘quasi-norm al

com plex con jugate  sym m etry  of the  velocity field tT(it) =  v( — k)  . N ote th a t  (sin2 <j>) =  

because Re( v ( k ) )  and /m (r(fc ))  are confined to  lie in the  p lane perpend icu la r to  k  . Also,

(4.4)

(4.6)

Recall th a t  H  = H / V  is th e  volum e average of helicity and  the  density  of m odes in k-space
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app ro x im atio n ’. (T h e  ‘M illionshchikov hypo thesis’, which assum es th a t  all fo rth -o rd e r two- 

po in t correlation  tensors m ay be decom posed in to  p ro d u cts  of second o rder tensors, is a  

weaker version of th e  quasi-G aussian  assum ption , see M onin & Yaglom, 1975.) In the  

quasi-G aussian  approx im ation  (‘Q G A ’) one neglects fou rth  o rder cum ulan ts, i.e. fourth  

o rder m om ents are  approx im ated  by sum s of second o rder m om ents,

(abed) w (ab)(cd) +  (ac)(bd) +  (ad)(be), (4.7)

as if the  random  variables were G aussian . M oreover, in Fourier space only corre la to rs of 

opposite  wave num ber (v, (k)vj (  — k))  will survive. However, th ird  o rder co rre la to rs are  not 

assum ed to  be zero (therefore gausi-G aussian approx im ation). It is in stru c tiv e  to  repeat 

the  derivation  (4.4) of the mean square of the  helicity sp ec tru m , th is  tim e m aking  explicit 

use of the  general form  (3.12) of th e  correlation  tensor S tJ(k)  and th e  quasi-G aussian  ap ­

proxim ation  (4.7):

2 .

( H ( k f )  = (  £ * ( * ' )  )  
\  U(*> /

(4.8)

Y l  - i v , ( k ' ) ( t}kk , v k ( - k ' )  \
S(*) /

£  «,J^r„A :'p ;(Vt(fc')rt ( - * /)ur (p')t;(( -p ') ) .

D ecom posing the  fourth  o rder m om ents in to  second o rder m om ents

(■’, (p)Vj (k) )  =  S i ) (k )6 (k  +  p) , and  exploiting  th e  sym m etry  of th e  correlation  tensor, we 

o b ta in  a fte r some algebra

< » (* ) ’ >« -  « ‘ » l  +  -  4 ( 4'9 ’

T he su bscrip t ‘G ’ is to  rem ind us th a t this is an  estim a te  o b ta ined  w ith th e  help  of the  

quasi-G aussian  assum ption . T he m ean helicity spec trum  will be zero in  a  reflexionally 

sym m etric  ensem ble, and we see th a t  in th is case we indeed have reproduced  th e  result

(4.4) of th e  random  phase approxim ation . N ote, however, th a t  th e  Q G A  yields valuable 

resu lts w here the  random  phase approx im ation  is not app licab le , i.e. in th e  presence of
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m ean helicity. C onsider, e.g. a  m axim ally helical ensem ble {H( k ) )  =  2k ( E ( k ) )  , where 

=  t / 2  for all m odes. A ccording to  (4 .9), the  variance of H ( k )  will be vanishing. T h is is 

an (a lm ost) correct result: the  helicity of every m ode in every realization m ust be m axim al 

if the  ensem ble average is to  be m axim al; s ta tis tica l fluc tuations of helicity are possible only 

inasm uch as the  energy spectrum  E ( k )  itself is fluc tuating . In general one may s ta te  th a t 

the  presence of m ean helicity will reduce th e  m agnitude of fluctuations.

O ne may also derive an approxim ation  for th e  m ean square of th e  volum e-averaged 

helicity (com pare w ith (4.4) ) and of the  viscous dissipation  term

( " 2 ) g  =

{[2^^H(k)]2)a =
k

£ < * (* »
i

x p A k  —

2 u J ^ k 2( H( k ) )
k

+

( E ( k ) ) 2 -  ^ < / / ( * ) ) 2] , (4-10)

x p A k  £  K <E (fc )>2 -  ' (4 -“ )

It is essentially  the  scaling behavior of th e  viscous term  (4.11) in  th e  lim it of large 

Reynolds num bers th a t  has inspired the  work on th e  im p o rtan ce  of helicity flu c tu a tio n s in 

tu rbu lence . We shall tu rn  to  th is po in t in Section 4.4.

T he QGA approx im ates the  probab ility  d is trib u tio n  function of th e  helicity spectrum  

in a non-helical flow as a  bell curve of w id th  a a ( H ( k ) )  =  ( ( H ( k ) 2)G -  (# (fc ))2)-1 ^2. l n 

o th e r w ords, th e  typical m agnitude of th e  helicity spec tru m  in a  DNS w ith  non-helical 

in itia l conditions or forcing should be of th e  o rder of th e  s ta n d a rd  deviation  OG{H(k) ) .  In 

our sim ulations b o th  th e  density  p  and  the  w id th  of k-shells A k  a re  equal to  one, and  if 

we assum e th a t  the  energy spectrum  of one sim ulation is rep resen ta tive  of th e  ensem ble, 

( E ( k )) «  E( k ) ,  we o b ta in  w ith th e  quasi-G aussian  or random -phase  approx im ation  (4.9):

oG( H ( k ) ) * J l E ( k ) ,  (4.12)

which is th e  expression given in Polifke & Shtilm an (1989). Sim ilarly, we o b ta in  from  (4.10) 

for the  space average helicity H

£ £ ( * ) ’ • (4-13)

O bviously, o g ( H ( k ) ) / H maz(k)  ~  1/it. It follows (w ith  Tables 3.1, 3.2) th a t  flu c tu a tio n s of 

helicity in fully developed tu rbu lence  will be dynam ically  insignificant if th e ir  m ag n itu d e  is
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of o rder o g , sim ply because then the  helicity will only be a small fraction  of th e  m axim um  

helicity.

4.2 K olm ogorov Scaling and Sw eeping C orrections

It is not difficult to  show th a t  order of m agn itude  estim ates for th e  fluc tuations of helicity 

in agreem ent w ith the  QGA may be ob ta ined  by K olm ogorov-type scaling arg u m en ts , if 

one takes in to  account th a t  helicity is not a  positive definite quantity .

In fully developed hom ogeneous isotropic tu rbu lence  th e  ra te  of decay of k inetic  energy 

c should be determ ined  by the  properties of the  largest eddies, i.e. one m ay e s tim a te  th a t

U 3
i  =  d E / d t  ~  — . (4.14)

Li

Here U is th e  typical velocity of the  large eddies, L the ir size. K olm ogorov argued  th a t 

a t sufficiently large Reynolds num bers R  =  U L / v  a  so-called ‘inertia l ran g e’ will develop, 

th ro u g h o u t which kinetic energy is cascading  tow ards sm aller scales a t  a  tran sfe r ra te  equal 

to  th e  ra te  of viscous d issipation  c w ithou t undergoing significant d issipation . Inertia l range

length  scales are  much sm aller than  th e  large scales L of th e  flow and  much la rger th a n  the

dissipative length  scale rj. Following th e  p resen ta tion  given in L andau  & Lifshitz (1987),

one m ay now estim a te  the  change A r ( r )  in tu rb u len t velocity over a  d is tan ce  r ,  w here r

is an in ertia l-range length  scale. Namely, A v(r)  should only depend on th e  value of the 

energy transfer c, and  on the length  r . D im ensional considerations show th a t

A u ( r )  ~  c1/3r 1/3. (4.15)

T h is yields im m edia te ly  K olm ogorov’s 5 / 3 -law for the  power-law behavior of th e  energy 

sp ec tru m  E ( k )  in th e  inertia l range

E ( k )  ~  i 2' 3^ 3' 3. (4.16)

Sim ilarly, in th e  absence of m ean helicity one m ight e stim ate  th e  change A 7 ( r )  in  the  

helicity density  over a d istance  r

A 7 ( r )  ~  t 2/ 3r - 1 / 3. (4.17)
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The corresponding power-law exponen t for th e  helicity spectrum  H ( k )  is

H ( k )  ~  t 2,3k ~ 2/3. (4.18)

However, the  helicity spectrum  H ( k )  =  £ s (* )  H ( k ) is the  sum  over a (large) num ber N ( k )  of 

positive and negative con tribu tions H ( k )  from  the  m odes k  in one shell. T hese con tribu tions 

will tend  to  cancel each o th e r, and  the  m ore m odes, the  m ore com plete th e  cancellations 

will be. In fac t, e lem entary  probability  theory  tells us th a t we should expect fluc tuations 

of o rder l / y / ( N ( k ) ,  where N ( k )  is th e  num ber of m odes in one k-shell. T herefore, scaling 

plus s ta tis tic s  yields for the  order of m agnitude of the  helicity spectrum

|ff(lfc)| ~  a ( H ( k ) )  -  N ( k ) - ' l2(7/3k - 2/3. (4.19)

(A gain, we m ean to  say th a t  the  probability  d istribu tion  function  of the  helicity spectrum  

should have the given w id th .) Recall th a t  N ( k )  ~  p k 2A k ,  and we recover w ith  (4.16) the  

random -phase or quasi-G aussian  prediction  (4.12)

|f f (* ) | ~  E( k ) ,  (4.20)

which illu stra tes  th a t  indeed the  choice of th e  random -phase approx im ation  is th e  ap p ro ­

p ria te  ‘ze ro th -o rd er’ approxim ation  for of helicity fluctuations.

Let us now discuss possible causes for deviations from  the  Q G A . It is well know th a t the  

non-uniform  spatia l d is trib u tio n  of viscous dissipation  c leads to  in te rm itten cy  corrections 

to  th e  power-law exponen ts of the  original Kolm ogorov theory. However, these effects are  

m ost likely qu ite  sm all for low -order m om ents, we shall therefore not discuss them  here. 

Instead , we tu rn  ou r a tten tio n  to  ‘sweeping corrections’. It was po in ted  o u t by Tennekes 

(1975) th a t  sweeping effects, i.e. th e  consequences of th e  advection  of small eddies by larger 

ones should lead to  significant deviations from  the  Kolmogorov scaling law E ( u )  ~  (u>~2 

for th e  frequency sp ec tru m  of th e  kinetic energy (here u> denotes the  frequency). Tennekes 

argued th a t  the  advection past the  observation  poin t of inertia l-range eddies of scale r  by 

large scale eddies of velocity U should determ ine  the  k inetic  energy a t frequency u  =  UJr.  

T his leads to  an (E u lerian ) frequency spectrum  E ( u>) ~  £2/ 3 f /2/ 3u;_5/ 3 . I t  is im p o rta n t here 

th a t  th e  inertia l range scales are  sta tis tica lly  independen t from  th e  large scales in  the  sense 

th a t th e  large scales do no t ‘d is to r t’ th e  sm all scales and  thereby  influence th e  dynam ics of
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th e ir decay. Such s ta tis tica l independence is also im plied in the  Kolmogorov theory , w here 

it is assum ed th a t the  energy contain ing  scales influence th e  sm all scales only ind irectly  by 

determ in ing  th e  ra te  of energy transfer. However, one m ust also realize th a t th e  advection 

of th e  small scale eddies by larger ones m ust lead to  small scale phase co rrela tions, i.e. the  

sm all scale wave packets m ust have the  correct group velocity. In a  velocity field w ith tru ly  

G aussian  s ta tis tic s  these phase correlations will be absent (K raichnan , 1989). C learly, the  

random -phase approxim ation  discards such correlations, and advection  effects m ay only be 

trea ted  in a  very qua lita tive  (b u t s tra igh tfo rw ard) m anner:

Equation  (4.17) s ta te s  th a t  the helicity density  7  =  v • u  should scale ju s t  like the  

p roduc t of velocity difference A » (r)  ~  * i/3 r i / 3 and vorticity  difference A w (r) ~  f*/3;--2 / 3. 

However, the  helicity density  is not G alilean invariant (Speziale, 1987). In th e  presence of a 

large scale advecting  flow U, U >>  A u (r) , th e  difference in helicity density  will scale w ith 

the  advecting  velocity ff and the  fluctuations of vorticity, i.e.

A 7 ( r )  -  f / t 1/ 3 r - 2' 3. (4.21)

T his sim ply m eans th a t the helicity of the  sm all scales is m ainly determ ined  by th e  o rien ta ­

tion of the  sm all scale vorticity  relative to  th e  large scale flow. T he corresponding  correction 

to  the  power law of th e  helicity spectrum  H ( k )  in the  inertia l range is

\H(k) \  ~  t /c 1/ 3 Jfc-4/3, (4.22)

which will dom inate  th e  Q G A  estim ate  (4.20) a t sufficiently high R eynolds num ber. One

m ight o b jec t th a t  the  helicity spec trum  H ( k )  is -  unlike th e  helicity density  7  -  G alilean

invarian t (Levich, 1987). T his is so because adding  a  co nstan t m ean flow to  a  tu rb u len t 

velocity field only affects the  k  =  0  m ode, which of course has zero vortic ity  and  zero helicity 

in any coord inate  fram e. However, sweeping effects are  of course not real (g lobal) G alilean 

tran sfo rm ations, and  th e  above equations should be understood  as a  m erely dim ensionally  

consisten t a tte m p t to  inco rpo ra te  the  phase correlations caused by th e  advection of small 

eddies.

How much confidence may we p u t in to  th e  (sweeping co rrec ted) Q G A  estim ates  for th e  

m agn itude  of helicity fluctuations? It is well know (M onin & Yaglom, 1975) th a t  th e  small 

scales of tu rb u len t flows are  not G aussianly  d is trib u ted . A lso, th e  existence of s tru c tu re s  in
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physical space im plies the  existence of phase-correlations in Fourier space. S tra igh tfo rw ard  

use of the  quasi-G aussian  assum ption  in closure m odels of hom ogeneous iso tropic tu rbu lence  

has led to  nonphysical resu lts, i.e. negative energy sp ec tra  (M onin & Yaglom, 1975). O ne 

may argue qualita tively  th a t th is happens because evolution equations based on Q G A  retain  

too  much inform ation  ab o u t earlier tim es (Leslie, 1973). In O rszag’s (1977) w ords, th e  quasi- 

G aussian  m odels are no t capable of represen ting  the effects of ‘nonlinear scram bling’. N ote, 

however, th a t  modified ‘ed dy -dam ped’ quasi-norm al schemes (O rszag, 1977) have been qu ite  

successful in reproducing  inertia l range properties o f hom ogeneous tu rb u len t flows (A ndre  

& Lesieur, 1977).

We are  certa in ly  less am bitious in our use of the  quasi-G aussian  assum ption . A fter 

all, we do no t a tte m p t to  model the  tim e-evolution of the  helicity; we only estim a te  the  

typical m agn itude  of the  helicity (spec trum ) of a given tu rb u len t velocity field. T herefore, 

‘m em ory effects’ will be insignificant in o u r approx im ation  schem e, and  we m ight hope to  

ob ta in  estim ates  th a t  are correct w ithin an order of m agn itude. N evertheless, we m ust 

expect to  find experim ental dev iations from  QGA predictions. As a  m a tte r  of fac t, the  

in teresting  physics will be represented  by th e  dev iations from  ra th e r  th an  th e  agreem ent 

w ith the  random -phase assum ption .

4.3 Im plications for D ecaying Turbulence at large R eynolds  
N um bers

In th is Section we shall discuss possible consequences of th e  scaling behavior of th e  viscous 

term  (4.11) in  th e  helicity balance equa tion  (1.5). Specifically, we will show th a t  in the  

absence of phase correla tions th e  volum e average of helicity itself is an  ad iab a tic  invarian t in 

(almost )  every realization of a  reflexionally sym m etric ensem ble of fully developed decaying 

tu rb u len t flows. T h is also im plies the  ad iaba tic  conservation of th e  /- in v a rian t (Levich & 

T sinober, 1983a) in th e  absence of phase correlations.

If tu rb u len ce  is ‘fully developed’ ( R  >  1), a change in th e  m olecular k inem atic viscosity 

v  will not affect the  decay ra te  c. In s tead , th e  sm all scales will ad ju st to  th e  value of 

viscosity, i.e. w ith decreasing v  the  d issipative range will move to  sm aller and  sm aller 

scales. Indeed, dim ensional considerations show th a t  th e  Kolm ogorov scale q, w here the
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inertia l range te rm in a tes , m ust scale as

V ~  ( ~ ) 1̂ 4- • (4-23)

It therefore seems ap p ro p ria te  to  describe isotropic decaying tu rbu lence  a t  very large  Reynolds 

num ber as the  lim iting  case

-  0, (4.24)

T1 ~  I/3/* -* 0,

d E / d t  =  c =  const .

In th is  lim it, the  ra te  of change of average helicity / /  due to  viscosity vanishes in th e  absence 

of m ean helicity and phase correlations. Let us show how th is  comes ab o u t: In th e  absence 

of ex ternal s tirrin g  forces, th e  ra te  of change of average helicity d H / d t  =  - ^ v ^ k k 2H{k) .

It follows w ith the  Q G A  es tim a te  (4.11), which in the  case of vanishing m ean helicity 

( H ( k )) =  0  is essentially  a  random  phase approx im ation , th a t

( ( ^ ) ) = 2vf> 2<*<*)> + ^ t E [ 4*4(£ (fc))J - fc2w fc))2l -  <4-25)

Here we have explicitly  ind icated  th a t  the  sum m ation  ex tends up to  th e  K olm ogorov wave 

num ber k o  ~  1/ r;. We assum e here th a t  (H ( k )) =  0 , therefore only th e  second te rm  on the  

r.h.s. of (4.25) is non-zero, and we see th a t in the  lim it of very large Reynolds num ber the  

to ta l helicity becom es ‘ad iabatically  in v arian t’ ,

l i m ^ ^ ^ ^ - ^  ^  ~  lim  v 2 k 4E ( k ) 2 ~  lim  t/2k p 1+4~ 10^3 ~  l i in i /3^  =  0. (4.26)

(N ote th a t  if we take  sw eeping corrections in to  account, we will o b ta in  a  v x!4 pow er law .) 

T his of course im plies th e  ad iab a tic  invariance of th e  /- in v a rian t (Levich & T sinober, 1983a, 

Levich & S htilm an  1988)

lim  ^  =  0. (4.27)
.^ o  dt  v

By ‘ad iab a tic  invariance’ we m ean to  say th a t  in fully developed tu rb u len t flow th e  tim e

scale for changes in  th e  average helicity due to  viscosity will be m uch larger th an  the

tu rnover tim e of large eddies, or th e  tim e scale for viscous decay of energy. N ote th a t
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th is is not a  triv ial consequence of the  conservation of helicity in Euler flows, w here u  =  0 

and d E / d t  =  d H / d t  =  0. A diabatic  invariance in the  fram ew ork of th e  random  phase 

approx im ation  resu lts from  the scale separation  characteristic  of fully developed turbulence, 

and from the  sta tis tica lly  independen t fluc tuations of the  helicity spectra l density. Let us 

e labo ra te : the  value of H  is essentially de term ined  by the  energy con ta in ing  scales, and 

may be qu ite  large because of the  relatively sm all num ber of m odes in low-fc shells. Viscous 

dissipation  of H , on the  o th e r han d , occurs a t large wave num bers k  ~  k p ,  and  is determ ined 

by a  large num ber of m odes ( N ( k )  ~  it2 ). T herefore, con tribu tions from  ind iv idual m odes 

of opposite  sign to  the  viscous term  vYlkt sko  W'M effectively cancel each o ther.

Indeed, if  the phases are random , deviations from  the  (zero) m ean will be proportional to 

l / ^ V f f c )  ~  l / k .  In the  lim it (4.24) of fully developed tu rbu lence , k p  —► oo, th e  fluctuations 

will cancel each o ther com pletely, and viscosity can no longer d issipate  helicity. These 

considerations also make clear th a t  the  ad iaba tic  invariance of helicity - a lthough  form ulated  

as an ensem ble average - should hold for (a lm ost) every realization in th e  ensem ble of flows.

However, in a  decaying tu rb u len t flow the  ad iab a tic  invariance of I  (or H )  is inconsistent 

w ith th e  decay process itself: It cannot be th a t  bo th  I  =  const ,  and  /  =  8 tr2 /  E ( k ) 2dk,  

while energy is being d issipated , E ( k )  — 0. T h is was already  realized by Levich & T sinober 

(1983a) who argued th a t -  in analogy to  two dim ensional tu rbu lence  -  an inverse cascade 

of helicity fluc tuations m ight allow /  to  rem ain co n stan t in sp ite  of th e  decay. Levich & 

Shtiim an (1988) poin ted  o u t th a t  a lternatively  th e  ad iab a tic  invariance o f /  (or H )  could 

necessitate a  break-dow n of th e  quasi-G aussian  approx im ation  d u ring  th e  course of the  

decay. If th e  random  phase approxim ation  { H { k ) H( k ' ) )  =  0 for k  ^  k'  no longer holds, 

/  can exceed th e  QGA estim a te  /  =  Sir2 f  E ( k ) 2dk  significantly. In o th e r words, wave 

packets o f coherent helicity should em erge du ring  the decay of a  tu rb u len t flow. I t was pu t 

forw ard by Levich & Shtiim an and  Kit et  al. (1988) th a t  especially th e  low-fc m odes, which 

de te rm ine  th e  value of I  and  / / ,  should develop phase coherence. It was suggested th a t 

large scale fluc tuations of helicity are  a  universal fea tu re  of decaying hom ogeneous tu rb u len t 

flows, which m ay be identified w ith large-scale coherent s tru c tu re s , and  possibly give rise 

to  a  spon taneous breaking of reflexional sym m etry.

In ou r opin ion , however, it was not realized th a t  even ex trem e phase coherence or phase
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alignm ent canno t m ain ta in  a  constan t level of helicity fluc tuations for indefin ite  tim es, 

sim ply because the  energy spec trum  E ( k )  im poses an upper lim it on th e  value of helicity 

H , i.e.
*D

\ H \ < ^ 2 k E { k ) .  (4.28)
fc=i

T his im plies th a t  the  grow th of large-scale phase coherence canno t tru ly  avoid the  incon­

sistencies associated  w ith the  ad iabatic  invariance of /  and the  decay process. Even m ore 

im p o rta n t, it was not app rec ia ted  th a t -  as we shall d em o n stra te  below -  a  m inu te  am ount 

of phase coherence at the smal l  scales suffices to  break th e  ad iaba tic  invariance of helicity 

fluc tuations, and  allows viscous dissipation  of helicity fluctuations along w ith the  energy. In ­

s tead , Levich (1987) and  Levich & Shtiim an (1988) argued th a t  only ex trem e in te rm itten cy  

could lead to  viscous d issipation  of helicity a t small scales, a  scenario th a t was d iscarded  as 

‘unlikely1.

Evidently  one canno t p red ic t the  bu ildup  of e ither large- or sm all-scale coherence w ithin 

the  fram ew ork of the  random  phase approx im ation , w here phase correlations are d iscarded 

a t the  o u tse t. Even worse, we shall show below th a t  a  precise analy tica l descrip tion  of 

phase correlations in an ensem ble of developed tu rb u len t flows is a  ra th e r  tricky problem . 

T hus our a tte m p t to  m ake the appearance  of sm all scale phase correlations due  to  the 

ad iaba tic  invariance of helicity plausible will have to  be based on qua lita tiv e  argum ents and 

com parison w ith num erical experim ents.

To begin, le t us illu s tra te  by exam ple how phase correla tions in th e  d issipative range 

may lead to  significant viscous d issipation  of helicity H  even for fully developed tu rb u len t 

flows. Im agine th a t  ( H ( k ) H ( k ' ) )  >  0 for all k  «  k p  due to  th e  presence of positive m ean 

helicity (H ( k )) >  0. For sim plicity, assum e

H ( k ) * - ± j . E ( k ), (4.29)

i.e. th e  helicity sp ec tru m  is positive and of o rder <7o(H(k))  in the  d issipative range. T hen  

the  first te rm  on the  r.h .s. of (4.25) will not vanish in th e  lim it of very large Reynolds 

num ber

» ' £ k 2( H( k ) )lim
i*—*0

k = \

~  lim 
1/—0

ko
*' Y t k i E ( k )

k = 1

2

~  c2 =  const .  (4.30)
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O bviously, th e  absence of cancellations in the  d issipative range, which is a  resu lt o f the  

phase-correlations, breaks th e  invariance of helicity H . For fully developed tu rbu lence , the  

degree of phase-alignm ent required to  achieve th is will be small , consider th a t  if (4.29) 

holds

H ( k ) / H maz(k)  »  E ( k ) / 2 k E ( k )  ~  1/Jfc, (4.31)

certa in ly  to o  small to  affect the  energy transfe r in developed turbu lence  directly  .

However, one notices th a t there is an ap p aren t contrad ic tion  here. If the helicity  H  is 

ad iabatically  in varian t, and  the  m ean helicity ( H ) is in itially  zero, one m ust ask w hat the  

source of th e  helicity is th a t  should accom pany the  phase alignm ent suggested by (4.29).

In o rd e r to  resolve this con trad ic tion , le t us consider in detail th e  evolution of an en ­

sem ble of decaying tu rb u len t flows a t large Reynolds num ber under th e  assum ption  th a t  at

the  in itia l m om ent to the  random  phase approx im ation  is exact. A lthough ra th e r  ted ious,

the detailed  discussion of th e  evolution of such an ensem ble is well m otivated : F irstly , as a  

‘G edankenexperim ent ’, it should convince us th a t  the  source of th e  correlations th a t  break 

the  ad iab a tic  invariance is sim ply th e  helicity H q present a t the  in itia l m om ent to. Secondly, 

we w ant to  d em o n stra te  th a t  it is necessary to  consider th e  s ta tis tic s  of suhensem bles, which 

makes pred icting  the  appearance  of such correla tions analy tica lly  very difficult.

At the  in itial m om ent t =  t0 , the  p robability  d is trib u tio n  function P ( H )  of th e  (space-) 

averaged helicity H  will follow a  G aussian  d is trib u tio n  w ith zero m ean and  w id th  oq  ;

P ( H )  = - = L = t x p { - H 2 / 2 o l ) ,  (4.32)

i  £ < £ ( * ) ) * .  (4.33)
fc=i

Let us d iv ide the  ensem ble in to  subensem bles characterized  by th e ir  in itia l value of helicity 

H q =  H ( t  =  <o)i and  decom pose the full ensem ble average (...) in to  an  average over a 

subensem ble (...)//<, and  an average over th e  set of subensem bles [...], i.e. an  average over 

the possible values of in itia l helicity Ho.

(•••> =  [(...)Hol (4-34)
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Dividing th e  ensem ble average in to  an average over in itia l configurations [ ... ] and  an 

average(...)//„ over th e  s ta tis tic s  w ithin one subensem ble, i.e. s ta tis tic s  com patib le w ith 

a  given value of in itia l helicity H0, is rem iniscent of averaging procedures em ployed in 

th e  theory  of spin glasses (see B inder & Young, 1986). For bo th  tu rbu lence  and spin 

glasses the  sep ara te  averaging over the  configuration is necessitated  by the  fact th a t the  

system  is ‘quenched’, i.e. the  re laxation  tim e of the  initial helicity o r, correspondingly, the  

configuration of exchange bonds between spins, exceeds all o th e r relevant tim e scales.

It was assum ed th a t  the  initial flow is fully developed and ex tends over a w ide range of 

scales. T he norm alized helicity of (a lm ost) all realizations will then  be very sm all, and 

th e  results of the  previous C h ap te r ind ica te  th a t  during  the  first few tu rnover tim es the 

evolution of the subensem bles will not be influenced significantly by the  helicity. In o th e r 

w ords, the constra in t im posed on the  flows in one subensem ble by its  charac teristic  value of 

in itia l helicity is in itia lly  very weak, and consequently  th e  different averages yield identical 

resu lts

< -)«o  =  <•••>*' =  K -)H o]. (4-35)

for alm ost any q u an tity  of in terest. Of course, th is is not so for helicity itself and quan tities  

re la ted  to  i t ,  where obviously

( H ) h „ =  H o ,  (H)f)> = Ho,  (4-36)

and

[<//)//„] =  0. (4.37)

However, because th e  value of H  will be determ ined  by th e  large scales and  does m ost likely 

no t influence the  sm all scales, we may assum e to  very good approx im ation  th a t

( H ( k ) ) Ho = 0 for it ss k d (4.38)

It follows th a t  the  ad iaba tic  invariance of helicity should hold in every subensem ble during  

th e  first tu rnover tim es:

U m ((d / / /d t)2)//o -  0. (4.39)*/—*0

However, as the  energy decays, E ( k )  —» 0 the  norm alized helicity { H n )h0 w*H eventually  

increase. T h is may m anifest itself, e.g ., in a  slan ted  d is trib u tio n  of th e  norm alized helicity
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density  h,  or an abso lu te  value of the  averaged helicity larger th an  its  quasi-G aussian  s ta n ­

dard  deviation  [ ( |/ f |) / /0] >  aG( H)  , accom panied by the  ap p earan ce  of phase correlations 

( H ( k ) H ( k ' ) )  yf 0  for ifc ^  k ' . M ost im p o rtan t, the  anom alously large helicity will cascade 

to  the  small scales, and  we may expect th a t

( H ( k ) ) „ 0 t  0 , (4.40)

sign (< //(£ ))« „ )  =  s ign( f i0 ),

for k  ~  k p  . Hence th e  invariance of helicity will be broken because of th e  presence of 

non-zero m ean (in  the  subensem ble) helicity in th e  d issipative range. T h e  ‘source’ of this 

m ean helicity is th e  helicity presen t in the  flow a t the  beginning of th e  decay, which becom es 

a m ore and m ore significant constra in t during  the  course of the  decay.

N ote th a t th e  m ean values [H ] and [# (* ) ]  over the  to tal ensem ble a re  still zero, because 

positive and negative values of Ho occur w ith equal probability . T h is has profound con­

sequences: a tte m p ts  to  d e tec t th e  appearance  of non-local co rrela tions w ith  an  analy tical 

schem e th a t works w ith the  full ensem ble are bound to  fail! O n th e  o th e r han d , devising 

an app rox im ation  schem e th a t incorpora tes the  division in to  subensem bles (4.34) seem s to 

be a  very difficult problem . (N ote, again , the conceptual analogy to  spin glasses, w here a 

naive average (In Z)  over the  p a rtitio n  function leads to  nonphysical resu lts.)

To conclude th is Section, le t us discuss briefly why we have presen ted  th e  above analysis 

for th e  case of flow in a  ‘periodic box’ ra th e r th an  an ‘infinite volum e’, which is custom ary  in 

s ta tis tica l theories of tu rbu lence . T he first, m ost p ractical m otivation  is to  keep com parison 

w ith num erical d a ta  s tra igh tfo rw ard . Factors of 2jt and larger ten d  to  get lost when tra n s ­

la tin g  from  V  —> oo to  V  = ( 2 t ) 3. Secondly -  m aybe m ore im p o rta n t -  th e  fluc tuations of 

average helicity scale w ith  ~  V ~*/2. If the  length  scale of th e  tu rb u le n t flow is finite, 

and  if  tu rb u len ce  is self-averaging, then  volum e averages over an  in fin ite  dom ain will be 

equal to  ensem ble m eans. T his m akes it  necessary to  consider V ( H 2), V( H( k ) ' i ), e tc ., in 

o rder to  o b ta in  finite, non-zero qu an tities  th a t  describe th e  s ta tis tic s  of helicity fluctuations. 

A lthough this is a  well-defined and perfectly  leg itim ate  o p era tio n , we find i t  qu ite  hard  to 

grasp  th is s itu a tio n  intu itively . It also seems th a t  some m isunderstand ings in in te rp re tin g  

num erical d a ta  stem  from  this difficulty. For exam ple, it was incorrectly  assum ed in Levich
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(1990), th a t  th e  values of H 7/ V  in one sim ulation (one realization) dono t differ g reatly  

from the  ensem ble average /  =  ( H 7/ V ) .  T his can only be tru e  if the  in tegral length  scale of 

the  tu rb u len t flow is much sm aller th an  th e  size of the  com puta tional box, which is clearly 

not the  case in d irect num erical sim ulations. (See also Frenkel & L ipscom be (1989) for a 

discussion of som e of th e  sub tle ties  associated  w ith the  choice of volum e.)

4.4 N um erical R esu lts

Are the  fluc tuations of helicity found in num erical sim ulations of decaying and quasi- 

s ta tio n ary  tu rbu lence  w ithin the  range suggested by the  quasi-G aussian  approx im ation , 

or do we find ‘anom alous’ fluc tuations of helicity th a t ind icate  the  presence of phase corre­

lations?

We begin by evaluating  the  helicity spectrum  H ( k )  of run Otero,  see Section 3.3 . 

Recall th a t  in itia lly  H ( k )  =  0 for all wave num bers and consequently  H( t  =  0) =  0 in 

th is  run. R em arkably, in less th an  1/5  tu rnover tim es th e  helicity H ( k )  of each A:-shell 

grows to  a  m agn itude  of o rder a c ( H ( k ) ) ,  obviously an effect of the  nonlinear te rm s in the  

helicity balance equation  (1 .5), which quickly exchange helicity betw een different m odes and 

scales while preserv ing  th e  to ta l helicity. Also in the  m a tu re  phase of th e  sim ulation  the 

quasi-G aussian  app rox im ation  yields reasonable resu lts, consider Fig. 4 .1 (a), which shows 

the  helicity spectra l density  of run 0 , ero a t  tim e 0.4 . Here the  solid line rep resen ts the 

m axim al helicity for th e  given energy spec trum , H { k ) maz =  2 k E[ k ) .  T h e  d o tted  line shows 

<rc ( H ( k ) ) ,  th e  quasi-G aussian  ex pec ta tion  value for the  s ta n d a rd  dev iation  of th e  helicity 

spectrum . Positive values of helicity are denoted  by *+’ -signs, negative values by ‘o ’ - signs. 

In good agreem ent w ith  th e  Q G A , the  helicity spec trum  is changing sign in a  seem ingly 

random  fashion, while th e  m agn itude  of th e  fluctuations is clearly of o rd er a c ( H ( k ) ) .  (O n 

the p lo t, th e  values of H ( k )  ap p e a r to  group ra th e r closely around <j g  • C onsider, however, 

th a t  th e  axes a re  scaled logarithm ically .) Sim ilarly th e  tim e evolution of th e  average helicity 

/ / ,  dep icted  in  Fig. 4.2 is in reasonable agreem ent w ith the random  phase approxim ation : 

T h e  grow th of H  is governed by viscosity and  consequently  much slower th a n  the  grow th 

of H( k ) \  a t  th e  beginning of th e  m atu re  phase (t =  0.4) H is only 3 % of <tg( H )  and  only 

1 % of its  m axim um  value. At la te r  tim es, H  grows significantly, reaches a  peak value of
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F igure 4.1: H elicity sp ec tru m  H (k) ( +  for positive, o  for negative values) of run  O teTo a t 
th e  beginning of th e  developed stage, t =  0.4 (to p ) and  after a  few tu rnover tim es, t =  3.2 
(b o tto m ); M axim um  helicity H { k ) max (continuous line); quasi-G aussian  s tan d ard  deviation  
<7c(H(k))  (d o tted  line).
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Figure 4.2: Run 0 , ero■ average helicity H  (continuous line) and viscous term  2 i>Y2k k 3H ( k )  
(d o tted  line) as a  function of tim e, bo th  norm alized by th e ir respective quasi-G aussian  
s tan d ard  deviation . T im e is scaled with the  average turnover tim e.

1.7 tim es the  s tan d a rd  deviation  (ab o u t 5 % of its  m axim um  value H max =  £ * 2 k E ( k )  ) 

and re tu rn s  to  a  value of H  «  o q ( H )  a t the  end of the  sim ulation . T he fluc tuations are 

obviously not s trong  enough to  directly  influence the  energy transfer (consider the  d a ta  in 

Table 3.1), on the  o ther hand  it  also seems in ap p ro p ria te  to  claim  th a t  the  grow th of H  

is anom alously suppressed below the  level suggested by the  random  phase approxim ation  

(Levich, 1990).

We did observe significant deviations from  th e  Q G A  a t th e  small scales: A fter a  few 

turnover tim es i t  is typically  found th a t  th e  helicity spectrum  H ( k )  of the  sm all scales is 

positive for all >  10. Also, |/f(fc)l seems to  be to o  large. A typical exam ple is Fig. 4 .1(b), 

which d isplays th e  helicity spectrum  a t tim e 3.2 (as 5 tu rnover tim es). O ne should  keep in 

m ind th ough  th a t  a t  such la te  tim es the  Reynolds num ber is very  sm all ( R \  as 10), and  it  is 

not clear w hether it  m akes sense to  re la te  observations m ade a t such la te  tim es to  tu rb u len t 

flows.

In o rd er to  assure ourselves th a t  such behavior is ‘ty p ica l’, we perform ed the  above 

analysis for a  num ber of sim ilar decaying flows a t resolution 643. We have also investigated
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a field (H IE24, R \  as 80) from a  1283 sim ulation of hom ogeneous and  iso trop ic  decaying 

turbu lence  by Lee (1985), and from  a  1283 sim ulation (field C128U12 , R \  «  90) of shear- 

driven turbu lence  by Rogers (1986). R em arkably, in all sim ulations w ith in itia lly  negligible 

helicity we did  not observe fluctuations of th e  helicity spectrum  of the  large scales th a t 

seemed to  be incom patib le  w ith G aussian s ta tis tic s , i.e. |//(fc)l >  a c ( f i ( k ) ) .  T he  small 

scales, on the  o th e r h an d , repeated ly  ind ica te  the  presence of phase coherence a t la te  tim es, 

see, e.g., Figs. 4.3 and 4.4, which show d a ta  equivalent to  Figs. 4.1 and 4.2 for run BD R, 

a 643 sim ulation  w ith ‘ran d o m ’ initial helicity. T he initial Taylor M icroscale Reynolds 

num ber R \  in th is  run was equal to  39, som ew hat less than  in run 0 , eTO ( R \  58 45), 

correspondingly  the  run was som ew hat b e tte r  resolved. All o th e r in itial pa ram ete rs  of run 

BDR are  are very sim ilar to  those of O ttTO: k inem atic viscosity v  equal to  0.015, tu rnover 

tim e r  equal to  0.54, in tegral scale L equal to  0.62, Taylor M icroscale A equal to  0.50 . 

(W e note th a t  during  th e  developing stage of som e of our 643 sim ulations th e  helicity of the  

small scales was found to  be 2 to  3 tim es larger than  a o ( H ( k ) ) ,  resu lting  in a  positive or 

negative ‘ta il’ of the  helicity spectrum  sim ilar to  those displayed in Figs. 4 .1 (b) and 4.3(b). 

These sim ulations, however, were only m arginally  resolved and  shall not be considered in 

the  following.)

A lthough we may claim  w ith som e confidence th a t the  above observations are typical 

of decaying flows, it is of obvious advan tage for th e  s tu d y  of helicity fluc tuations to  tu rn  to  

sim ulations of quasi-sta tionary  tu rbu lence , w here (assum ing ergodicity) tim e  averages may 

be in te rp re ted  as ensem ble averages. We shall m ostly  present results from  run C F R  (see 

Section 3.4), which was continued for alm ost 60 turnover tim es and  therefore provides a 

fairly large s ta tis tica l sam ple. We em phasize though  th a t very sim ilar resu lts  were found 

for run E F R  and  o ther forced sim ulations th a t are not repo rted  here.

Fig. 4.5 show s th e  tim e evolution of H  and  of the  viscous term  2i / J2k k 2H( k ) ,  bo th  

norm alized by the ir respective o g , see (4.10) , (4.11). N ote th a t  the  peaks of H  do not 

coincide w ith  those of E ,  see Fig. 3.12 . I t seems as if the  fluctuations of H  around  the 

zero m ean are  well described by the  Q G A . Indeed, one may plot th e  d a ta  in Fig. 4.5 as 

a  h istogram  and  o b ta in  a  good fit to  a  G auss-curve of w idth 1 (K eep in m ind th a t  H  is 

norm alized by og in Fig. 4.5). T h e  viscous te rm , on the  o th e r h an d , significantly exceeds its
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Figure 4.3: Helicity sp ec tru m  H (k) (+  for positive, o  for negative values) of run  DBR at 
the  beginning of th e  developed stage, t =  0.4 (to p ) and a fte r a  few tu rnover tim es, t =  5. 
(b o tto m ); M axim um  helicity H ( k ) maz  (continuous line); quasi-G aussian  s tan d ard  deviation 
a G( H( k ) )  (d o tted  line)

76



o

o

3 .02 .0
t /  t a u

Figure 4.4: Run DBR: average helicity R  (continuous line) and  viscous term  2 & H ( k )  
(d o tted  line), b o th  norm alized by the ir respective quasi-G aussian  s tan d a rd  d ev ia tion , as a 
function  of tim e.

og value, which indicates th a t the  fluctuations of helicity a t the  small scales a re  larger th an  

Q G A  suggests. T h a t th is is indeed so is seen in Fig. 4.6, which com pares the  ac tu a l s tan d ard  

deviation  o ( H ( k ) )  =  ( H ( k ) 2) 1̂ 2 of the helicity spec tru m  (□ )  w ith th e  Q G A  es tim a te  for 

th is  q u an tity  (continuous line). Here the  spec trum  H ( k )  was sam pled in in tervals of ab o u t 

1 /  10 th  of a  tu rnover tim e during  the  q u asi-sta tionary  stage  of run C F R , i.e. each d a ta  

po in t in Fig. 4.5 represen ts m ore th an  500 fields. T he Q G A  es tim a te  o c ( H { k ) )  is derived 

w ith (4.12) from  the  average energy spectrum  (E ( k )).

A lthough m ultip ly ing  og w ith  a correction  factor proportional to  k */3 (see (4.22) ) 

yields a  m uch b e tte r  fit of the observed fluc tuations to  the  Q G A  estim a te , it  seem s unlikely 

th a t  sweeping effects are the cause of th e  deviation  of o ( H ( k ) )  from  o c ( R ( k ) ) ,  because 

the  insufficient separa tion  of sm all and large scales in the  sim ulation  m akes th e  random  

sw eeping hypothesis inapplicable.

In stead , th e  ‘anom alously la rg e ’ values of o { H ( k ) )  are caused by coherent fluc tuations 

of th e  helicity spectrum  H( k ) ,  very sim ilar to  the  situ a tio n  dep icted  in  Figs. 4 .1(b) and 

4 .3(b): If we plot the  helicity spectrum  a t  som e in s tan t of tim e, we frequently  find th a t
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th e  sign of H (k) is the  sam e for large groups of high-/: wave num bers and typ ically  of 

som ew hat larger m ag n itu d e  th an  o a ( H ( k ) ) .  A fter m aybe one turnover tim e, such a  phase- 

co rrela ted  configuration decays in to  a  short-lived disordered s ta te , w here th e  sign of the  

helicity spec trum  varies in seem ingly random  fashion, and then  again  locks in to  a  phase- 

co rre la ted  s ta te .

It would seem th a t  the  above results from  DNS of tu rb u len t flows su p p o rt th e  idea th a t  in 

a  decaying tu rb u len t flow the  incom patib ility  of th e  ad iab a tic  invariance of helicity w ith an 

ongoing decay of energy m ust result in the ap p earan ce  of sm all-scale phase coherence, which 

then  breaks th e  invariance. Small scale phase coherence and anom alously  large m agnitudes 

of the  viscous te rm  2 u k 2H ( k )  are clearly displayed by m any of th e  sim ulations discussed

above. O ne m ight o b jec t th a t observations m ade in low Reynolds num ber D N S, where 

viscous grow th and  dissipation  is significant even in th e  absence of phase coherence, are 

of questionable relevance for the  high Reynolds num ber scenarios of ‘ad iab a tic  invariance’. 

Indeed, Figs. 4.2 and  4.4 display strong  viscous grow th and  decay of average helicity H  

in the decaying sim ulations 0 « r o  and  DBR. C onsider though  th a t  <7o ( / / ) / ( 7G ( d / / /d l ) ,  the  

Q G A  es tim a te  of th e  tim e scale for viscous changes in the  average helicity, is typically  30 % 

larger th an  the  tim e scale E / i  for changes in th e  average energy. T h is im plies th a t  even in 

o ur low Reynolds num ber DNS a com plete absence of phase correlations and  th e  ensuing 

‘no rm al’ ra te  of viscous dissipation  of helicity would result in anom alously  large  values of 

/ /  in the  la te  stage  of th e  decay. One therefore m ight conclude th a t  th e  phase correlations 

displayed in  Fig. 4 .1 (b ), w here H ( k )  > 0 for all k > 8  and  H  «  1.6 <tg ( H ), have developed 

as a  consequence of the  need for enhanced dissipation  of helicity. However, Fig. 4 .3(b) from 

run D B R  a t  tim e t =  5 . , / /  w 2.5 o g ( H) ,  is in  b la ta n t con trad ic tion  w ith th is  conclusion: 

here the  helicity sp ec tru m  of the  sm all scales is negative, which would lead to  fu rth e r  viscous 

grow th of positive  m ean helicity H .

Also, th e  phase coherence displayed by th e  forced sim ulations C F R  and  E F R  does 

not su p p o rt th e  id ea  th a t  constra in ts  im posed by helicity  are  responsible for th e  observed 

coherence. If a  qu asi-s ta tio n ary  tu rb u len t flow is m ain tained  by a  (non-helical) G aussian 

random  force, th e  evolution in tim e of the  average helicity H  will be de term ined  by the  

viscous d issipation  (or c rea tion) of helicity and  th e  in jection  (or ex trac tio n ) o f helicity by
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the  forcing. Because the  la tte r  was assum ed to  be a  G aussian  process, we can calcu la te  the  

am ount A H  by which th e  helicity will increase or decrease during  a  short tim e in terval A t

{AR2)  = l ^ A k ^ F{k)E(k) ' (4>41)

w here F ( k )  =  4irk2Fo(k) is the power spectrum  of the  forcing (see Section 3.4). Of course, 

because the  G aussian  random  forcing is com pletely uncorrela ted  w ith  the  velocity field, it 

canno t lead to  a  nonuniform  d is tribu tion  of the  phase angle <f>(k). T herefore, in th e  mean 

th e  forcing will not change th e  helicity, ( A H )  = 0, and th e  m ean square of helicity may 

stay  a t its  QGA level ( H 2) «  l/(p irA fc)JT /t F ( k ) 2. This im plies th a t  the  absence of viscous 

d issipation  of helicity in a  fully developed forced tu rb u len t flow is not incom patib le  with 

a  quasi-s ta tio n ary  s ta te . No in ternal inconsistencies w hatsoever arise from th e  assum ption  

th a t  the  helicity of all scales of a  forced tu rb u len t flow is fluc tuating  norm ally. T h e  fact 

th a t  nevertheless phase coherence is clearly displayed by ou r forced sim ulations ind icates 

th a t  som e o th e r m echanism  is responsible for the appearance  of th e  correlations.

We do of course not claim  th a t  tu rb u len t flows follow G aussian  s ta tis tic s , or th a t  phase 

correlations are ab sen t, Figs. 4 .1 (b ), 4 .3(b) and  4.6 clearly show th e  opposite  to  be true. 

VVe m erely s ta te  th a t so far no valid argum ents have been developed th a t would ju s tify  the 

claim  th a t  th e  invariance p roperties  of helicity are the cause of th e  fluctuations observed in 

our sim ulations.

To conclude th is  section, we p resen t tim e-averaged h istogram s of the  d is tribu tion  of the 

norm alized helicity density  h  of runs C F R  and  E F R  in Fig. 4.7 . As repeatedly  observed 

in decaying hom ogeneous iso tropic flows (S htiim an et al. , 1986, Pelz et al. , 1986, Rogers 

& M oin, 1987), the  p lo ts display a  slight tendency  of the  velocity and  vorticity  vector to  be 

aligned ( ‘horns of cos 6 ’). We do not see th e  asym m etries found in forced sim ulations by 

K err (1987), th is  ind ica tes th a t  our forcing schem e does not in ject m ean helicity.

In o u r opinion, the  cause of th e  effect is still unclear, a lthough  there  is now am ple 

num erical su p p o rt from  a  variety  of hom ogeneous flow sim ulations. I t  has becom e clear th a t 

th e  observed alignm ent can n o t be re la ted  to  fluc tuations of helicity in  a  stra igh tfo rw ard  way 

(Levich, 1987, Speziale, 1987). Chen & K raichnan  (1989) have speculated  th a t  sweeping 

effects m ight be related  to  th e  alignm ent. N ote, however, th a t th e  effect survives even in 

forced sim ulations, con tra ry  to  th e  ex p ec ta tions of Chen & K raichnan (1989), who suggested
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th a t  a  random  forcing m ight easily destroy the delicate correlations betw een velocity and 

velocity g rad ien ts th a t  m ust accom pany the  alignm ent.

T he d is trib u tio n s of the  norm alized helicity density  h  of th e  decaying runs 0 , er0 and 

D BR a t very la te  tim es are  presented  in Fig. 4.8 . R em arkably, th e  p lo ts are  no t reflexionally 

sym m etric , ind ica ting  the  presence of significant m ean helicity. Indeed , for run 0 teTo a t tim e 

t =  3.2 we have H s  — 0.05, h2 = .34, H =  1.6 Og { H) ,  and for run DBR a t tim e  t =  5 

we find H s  =  0 . 11,/»2 =  .37, and  / /  =  2.5 o g ( H) \  slightly ‘anom alous’ levels of helicity. 

S im ilar lack of reflexionai sym m etry  a t la te  tim es was found in wind tunnel experim ents 

by K it et al. and  D racos et al. (1990). Keep in m ind though , th a t  the  R eynolds num bers 

are  very low ( R \  ss 1 0 ) in th is la te  stage of th e  decay, and  it is not clear w hether these 

observations are  re la ted  in any way to  developed turbu lence  (See also th e  discussion of the 

la te  stage  of decay of a  tu rb u len t flow in B atchelor, 1953).

4.5 C onclusions

We have investigated  the s ta tis tic s  of helicity fluc tuations in hom ogeneous iso trop ic  tu rb u ­

len t flows. A random -phase  o r quasi-G aussian  approx im ation  (Q G A ), first em ployed in th is 

con tex t by Levich & T sinober (1983a), was used to  o b ta in  e stim a tes  og o f th e  s tan d a rd  

deviation  of fluc tuations of th e  helicity spectrum  / /( i t ) ,  th e  average helicity H , and  the  vis­

cous te rm  2 u '£ tk k 2H( k ) .  Q uite  rem arkably, in th is app rox im ation  the  average helicity H  

becom es ‘ad iaba tically  in v arian t’ in the  lim it of very large Reynolds num ber, i.e. viscosity 

canno t d issipate  helicity in th e  lim it v  —► 0 , k p  ~  (c /t /3 ) ' / 4 ( k p  is th e  Kolm ogorov wave 

num ber). It was show n th a t  th e  QGA estim ates for the  m agn itude  of th e  helicity spectrum  

H ( k )  in a  K olm ogorov-type inertia l range is com patib le  w ith classical scaling argum ents 

supplem ented  by e lem entary  probability  theory. Q uite  sim ply, |//(fr) l should scale V ith  

jV(fc)-1 / 2, w here N ( k )  is the  num ber of m odes in one k-shell, because th e  helic ity / / ( £ )  is 

no t positive defin ite . N ( k )  carries no dim ension, therefore one unam biguously  recovers the  

QG A  result |//(fc ) | ~  N ( k ) ~ l/ 2e2/3k ~ 2/ 3. We have pointed o u t th a t  fluc tuations of this 

m agn itude  will be ‘dynam ically  insign ifican t’, i.e. too  sm all to  d irectly  influence the  energy 

transfe r and th e  nonlinear term . We have argued fu rth er th a t  in  fully developed tu rbu lence  

w ith a  wide range of s ta tis tica lly  independen t scales so-called ‘sw eeping effects’ m ay lead to
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corrections to  th e  QGA estim a te , because the  helicity density  7  is no t G alilean invarian t. 

C onsequently, th e  difference A 7 ( r )  in th e  helicity density of two po in ts a  d istance r  a p a r t, 

will scale like U A u ( r )  instead  of A i’(r)A o>(r), where A u (r)(A a ;(r))  is the  difference in 

velocity (vortic ity ) of th e  two po in ts, U th e  m agnitude of the  large scale advecting  velocity.

As already Levich & T sinober (1983a) have pointed o u t, in th e  case of a  decaying 

tu rb u len t flow the  Q G A  (or random  phase approx im ation) leads to  a  contrad iction : It 

canno t be th a t (/72) =  (xpA J ; ) - 1  £fc(£(fr))2 (th e  QGA estim a te ) and also ( H 2) = const 

while energy is being d issipated , E ( k )  —► 0. It follows th a t  in a  decaying tu rb u len t flow the 

quasi-G aussian  approxim ation  m ust break down. In o ther words, wave packets of coherent 

helicity should be a ‘probably  un iversa l’ featu re  of developed tu rbu lence  (Levich & S h tilm an , 

1988). A build-up of phase correla tions a t low wave num bers (Levich, 1987, Levich & 

S h tilm an , 1988, K it et al. , 1988) could lead to  anom alously large (i.e. larger th an  quasi- 

G aussian) values of helicity fluctuations (/72) and possibly result in th e  appearance  of large 

scale helical coherent stru c tu res . On th e  o ther hand, one m ay easily show th a t  a  m inu te  

am oun t of phase coherence a t large wave num bers, i.e. non-G aussian  behavior at the sm all 

scales, can break the  ad iab a tic  invariance of helicity even a t very high Reynolds num bers -  

a  scenario  th a t  has h ith e rto  been discarded as ‘unlikely’ (Levich, 1987, Levich & S h tilm an , 

1988). Viscosity can then  d issipate  helicity along w ith th e  energy, and  it  is not clear w hether 

in th is  s itua tion  helicity fluc tuations can play an im p o rtan t role in the  o rganization  or 

characteriza tion  of th e  s tru c tu re  of tu rbu lence . Note th a t  sm all scale coherence will not 

lead to  an increase in  th e  correlation  length  of the  helicity density  fluctuations. It is to  be 

seen w hether concepts of ‘spon taneous sym m etry  b reak ing’ (Levich & S h tilm an ,1988, Kit 

et al. , 1988), borrow ed from th e  theory  of critical phenom ena, can  be fruitfu lly  applied 

to  tu rbu lence . We also have argued th a t  p redicting the  appearance  of small scale phase 

coherence analy tically  will be exceedingly difficult, because it would necessita te  to  work 

w ith sub-ensem bles of decaying tu rb u le n t flows.

T he QGA estim ates for the  s tan d a rd  deviation of helicity fluc tuations have been used as 

a gauge for the  fluc tua tions of helicity observed in d irect num erical sim ulations of decaying 

and  quasi-s ta tio n ary  tu rb u len t flows a t m odera te  Reynolds num bers. C om plete agreem ent 

w ith th e  Q G A  would im ply th a t  no phase coherence exists in th e  sim ulations, and  th a t
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helicity fluctuations are dynam ically  insignificant in the  sense th a t  they  are to o  small to 

d irectly  influence th e  energy transfer. It was observed th a t fluc tuations of the  helicity 

spec trum  H ( k )  of the  large scales and  therefore also of the  average helicity H  are  well 

approx im ated  by th e  Q G A . T here  is no ind ication  of the  existence of an inverse cascade 

of helicity fluc tuations; claim s to  the  con tra ry  m ade by Levich & Shtilm an (1988) are in 

our opinion not justified , because no m eaningful s ta tis tica l analysis was perform ed in this 

work. In pa rticu la r, the  observed fluctuations of the  helicity spectrum  H ( k ), for wave 

num bers k  =  1 ,... ,5  were not com pared w ith the m axim um  helicity 2k E ( k )  or the QGA 

es tim a te  for the  s tan d ard  dev iation , a c ( H { k ) ) .  Sim ilarly, the  ‘filtered fields’ th a t  displayed 

strongly  non-uniform  d is tribu tions of h are com posed of very few m odes (0 ( 1 0 )), and it 

seems necessary to  conduct a  m ore detailed  analysis in order to  ensure th a t  the  observed 

anisotropies are not ju s t s ta tis tica l noise.

T he small scales of our sim ulations are found to  display a  su b s tan tia l am o u n t of phase 

coherence, i.e. frequently  the  helicity spec trum  H ( k )  is of equal sign for a  range of high-A 

wave num bers and of considerably larger m agnitude th an  the  quasi-G aussian  assum ption  

would suggest. R em arkably, the  phase coherence seems strong  enough to  break th e  ad iabatic  

invariance of helicity, i.e. allow for sufficient viscous d issipation  of helicity even in the  lim it 

of fully developed decaying turbulence (if we assum e th a t the  sim ulation  resu lts may be 

e x trap o la ted  to  higher Reynolds num bers). T his would resolve the  d ilem m a caused by 

the  ad iaba tic  invariance of average helicity (o r I )  in a  decaying flow. However, the  sign 

of the  helicity spectrum  of the small scales is a t  tim es found to  be th e  opposite  of the  

sign of the  average helicity. T his is obviously incom patib le  w ith  the assum ption  th a t the 

coherence has developed in  order to  provide a m echanism  for ‘anom alous’ viscous dissipation 

of m ean helicity in  a  decaying flow. F urtherm ore, sm all-scale phase coherence was also 

observed in  forced flows, w here there  is no discernible need for enhanced  dissipation of 

helicity ( th e  flow is quasi-sta tionary , and  a  non-helical G aussian random  forcing cannot 

increase th e  fluctuations of helicity above the  quasi-G aussian  level). We therefore argue 

th a t  th e  ad iaba tic  invariance of helicity is not the  cause of th e  observed phase coherence.

VVe may hope to  increase our u n d erstan d in g  of the  observed phase co rrela tions by inves­

tig a tin g  in detail the  dynam ics and in terac tions of certa in  ‘a rch e ty p es’ of tu rb u len t s tru c ­
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tures. For exam ple, there  is num erical evidence (She et al. , 1990) th a t  tubelike  vortex 

s tru c tu res  are  form ed in hom ogeneous tu rb u len t flows. T he nonuniform  d is trib u tio n  of the  

norm alized helicity density  h m ight be related to  th e  alignm ent of stre tch in g  velocity w ith 

s tre tched  vortic ity  in such tubes. N ote also the  rem ark by Chen & K raichnan (1989), who 

suggested th a t  sweeping effects m ight be responsible for th e  alignm ent of vortic ity  and  ve­

locity. F urtherm ore , one m ight w ant to  exam ine th e  fluc tuations in the  helicity  spectrum  

during  reconnections of vortex rings and tubes. In recent num erical stud ies of such processes 

(K ida  et al. , 1989, M elander & H ussain, 1990) it was found th a t  several s trong ly  helical 

regions of various sizes are form ed during  the  reconnection process.

U nfortunately , we m ust adm it th a t such investigations would in a  sense run  con trary  

to  the  principal m otivation  for the  study  of helicity in tu rb u len t flows. A fter all, helicity is 

besides the  k inetic  energy the  only known inviscid in tegral invarian t of th e  incom pressib le 

NSE, and  it  was hoped th a t  im p o rta n t insights of a  fundam enta l and general n a tu re  in to  

the  s tru c tu re  of tu rbu lence  m ight be gained from a  study  of th is  invarian t. In th e  light of 

these considerations, an investigation of the  helicity of p a rticu la r  s tru c tu re s  would seem to 

be a  ra th e r  pointless endeavor.

There is a special departm ent o f Hell fo r  studen ts o f  probability. ...
There is another place o f  to rm en t fo r  physicists.

B ertrand  Russell, T he M etaphysic ian’s N ightm are (1954)
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C h ap ter  5

T he Suppression  o f  N onlinearity  
in Isotropic Turbulence

K raichnan k  P a n d a  (1988) have com pared velocity fields o b ta in ed  from  DNS of decaying 

tu rbu lence  w ith iso trop ic  G aussian  solenoidal vector fields th a t  have th e  sam e in stan tan eo u s 

energy spec trum  as the  tu rb u le n t fields ( ‘corresponding G aussian  field’ in the  following). It 

was observed th a t ,  as the  tu rb u len ce  develops, the  norm alized m ean-square nonlinear term  

Q  (see Section 3.3 ) is reduced to  ab o u t 60% of th e  corresponding  G aussian  value. T h a t 

a reduction  of nonlinearity  should occur in developed tu rbu lence  was suggested by Levich 

k  T sinober (1983a, 1983b), M offatt (1985), and  Levich (1987); for de ta ils  we refer to  the  

In troduc tion . It was proposed th a t  to  som e ex ten t th e  reduction  of nonlinearity  should be 

accom panied by large fluc tuations of helicity. Indeed, K raichnan k  P a n d a  observed th a t  in 

a tu rb u len t field th e  ap p ro p ria te ly  norm alized m ean square of th e  helicity density  is ab o u t 

120% of th e  value for th e  corresponding G aussian  field. T h is  is in qua lita tiv e  agreem ent 

w ith resu lts  o b ta ined  by Pelz et al. (1985,1986) and  Rogers k  Moin (1987), w ho observed 

th a t  in  DNS of hom ogeneous tu rb u len t flows th ere  is a  slight tendency  for the  velocity and  

vorticity  to  align. However, it seems th a t  the  observed reduction  of th e  nonlinear te rm  

is much to o  s tro n g  to  be accounted for by the  alignm ent of v and  u  alone. F u rtherm ore , 

K raichnan k  P a n d a  found a  com parab le  suppression of Q  in dynam ical m odels w ith a 

q u ad ra tic  non linearity  and  random  coupling coefficients, an d  therefore conjectured  th a t  th e  

suppression of non linear in te rac tio n s may be a  fea tu re  in trinsic  to  a  b road  class o f nonlinear 

dynam ical system s.
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We concen tra ted  on elucidating  the  m echanism  of th e  reduction in isotropic tu rbu lence , 

and on clarifying th e  role of helicity in the  effect. In Fig. 5.1 we present th e  tim e evolution 

o f th e  norm alized m ean-square nonlinear term  Q  of d irect num erical sim ulations of decaying 

tu rbu lence  and  of corresponding G aussian fields. C ircles correspond  to  run SD R , a  643 sim ­

ulation  of decaying tu rbu lence  in a  periodic box w ith  side leng th  2 x w ith initial conditions 

sim ilar to  those  of K raichnan & P an d a  (1988) . T he initial param eters were: an average 

energy E  as 1.1 , average enstrophy  Cl «  9.0, average helicity H  «  - 1 .9  ( H s  —.11), 

Reynolds num ber R \  «  47, eddy  tu rnover tim e r  as 1.1 (com pu ta tional tim e). Note th a t 

the m axim um  of enstrophy was reached a t tim e t «  0.9 (then  R \  as 30), which im plies th a t 

the d a ta  in Fig. 5.1 represent m ainly th e  developing phase of th e  sim ulation. T h e  triang les 

denote  Q  of non-helical G aussian  fields, co n struc ted  w ith the in itia liza tion  rou tine  described 

in Section 3.2 such th a t  they have in stan taneously  th e  sam e energy spectrum  as th e  sim u­

lation  field. O ur resu lts agree qualita tive ly  w ith those of K raichnan  & P an d a  (1988): the  

norm alized m ean-square nonlinear te rm  Q  of the  developed tu rb u len t field (f =  1.0) is only 

52 % of the  corresponding G aussian  value. T he crosses in Fig. 5.1 represen t Q  of m axim ally 

helical corresponding  G aussian (M H G ) fields, i.e. H ( k )  =  2k E ( k )  for all k.  A com parison 

of Q -values of non-helical (A )  and  m axim ally  helical ( +  ) G aussian  fields shows th a t  the  

s trong  alignm ent of velocity and  vortic ity  due to  th e  presence of m ean helicity in these 

fields does lead to  a  significant depression of nonlinearity . (W e note  th a t  typically  the  m ean 

square  of th e  cosine of the angle betw een velocity and  vortic ity  h2 =  cos2 0 ss 0.8 — 0.9 in 

m axim ally helical fields, com pared to  cos2 0 = 1 / 3  for the  angle between uncorre la ted  vector 

fields.) R em arkably though , Fig. 5.1 shows clearly th a t  th e  depression of nonlinearity  in 

the (non-helical) tu rb u len t flow SD R (o) is of a lm ost equal m agnitude. T h is confirm s - as 

K raichnan & P an d a  (1988) suggested - th a t  th e  slight alignm ent of velocity and  vorticity  

generally  favored by th e  tu rb u len t dynam ics (h 2 =  0.36 from  run SD R a t  tim e t = 1, see also 

Figs. 4.7 and  4.8) canno t be th e  source of th e  depression. However, helicity can enhance 

the  depression significantly: th e  m ean-square non linear te rm  of a  sim ulation  of a  decaying 

tu rb u len t flow th a t  s ta rte d  from  a  m axim ally  helical field (ru n  SDM , □  in Fig. 5.1) shows 

a depression to  only 24 % of th e  value of a  correspond ing  non-helical G aussian  field.

N ote th a t  th e  num bers given above differ som ew hat from  th e  resu lts p resen ted  in Shtil-
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F igure 5.1: T im e evolution of the  norm alized m ean square nonlinear te rm  Q.  R un SDR 
(o), G aussian  field w ith  random  helicity (A ), G aussian  field w ith  m axim um  helicity ( +  ), 
run SDM  ( □ ).
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Figure 5.2: Sketch of the  s tru c tu re  of th e  nonlinear term  in Fourier space.

m an & Polifke (1989,1990). T his is due to  an  error in an early  version of ou r in itia lization  

scheme: T he ‘m axim ally helical’ G aussian  fields in Shtilm an & Polifke (1989) actually  pos­

sess only ab o u t 80 % of th e  m axim al helicity. In pa rticu la r, the  real and  im ag inary  part 

of the  velocity vector were in itialized independently  from  each o th e r according to  a  \ 2 

d is trib u tio n . In th is  case the average helicity will be equal to  ( f f ( k ) )  = Si tk3f ( k ) 2( x ) 2 

ra th e r  th a n  (H ( k )) =  8xik3/(l:)2(x2)- T he ra tio  (x)2/(X2) =  *72 »  0.78, which results in 

a less th an  m axim ally helical field even if  4>{k) =  x /2  for all m odes. F ortunately , o u r basic 

conclusions are not affected by th is  m istake.

As th e  increase in  m ean-square norm alized helicity canno t account for the  observed m ag­

n itude  of th e  depression of nonlinearity , we m ust ask w hat th e  m echanism  of the  reduction 

could be? C onsider Fig. 5.2. T he Fourier transform  A(ifc) o f the  Lam b vector is determ ined  

by a convolution sum , see (2 .7), and is therefore not constrained  to  lie in  th e  p lane p erp en ­

dicu lar to  the  wave vector k.  Incom pressibility  ( k • v (k)  =  0) dem ands, however, th a t  the  

to ta l nonlinear term  A(ik) -  i kp(k)  be perpend icu lar to  th e  w avevector k,  which is assured 

by the  con tribu tion  of th e  k inem atic pressure p(k)  =  - i k  • X ( k ) / k 3 (no te  th a t  p  =  p  +  ^v2
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in physical space) to  the to ta l nonlinear term . Fig. 5.2 suggests th a t  th e  to ta l nonlinear 

term  is sm all if X(k)  is preferentially  aligned w ith k.

T here  is also a  m ore form al way of a rriv ing  a t th is conclusion. Let us consider the  

following equation  :

( |V p |J ) =  (A -V p ) .  (5.1)

T he angu lar brackets denote here e ither spatia l averaging or in teg ra tion  over Fourier space. 

E quation  (5.1) can be verified by considering the  expression for the k inem atic pressure of 

a hom ogeneous incom pressible flow field in k-space. W ith  the  help of P arseval’s T heorem  

the id en tity  may then be established in physical space. As an  im m edia te  consequence we 

can express th e  m ean-square of the  nonlinear te rm  of the  NSE as

(|A-Vp|2) = (|A|V(|Vp|2). M

T he second term  on the right hand  side can be rew ritten  as

<|VP|2> =  ( \ ^ ( k  • A)|2) =  ( Re ( X( k ) ) 2 cos2 ( R ) +  ( I m ( X ( k ) ) 2 cos2 * ,) . (5.3)

Here £/j denotes th e  the  angle betw een k  and  Re(X(k) ) ,  i.e. the  real p a rt o f th e  Lam b vector, 

and sim ilarly  for the  im aginary  p a rt. Let us assum e for th e  m om ent th a t  th e  abso lu te  value 

of the  Lamb vector is s ta tis tica lly  independen t of its o rien ta tio n  in Fourier space. Let us 

fu rth er assum e th a t  th e  probab ility  d is tribu tion  functions (p d f)  of £R and  are  identical 

and therefore

(cos2 0*) =  (cos2 { /)  =  (cos2 0 -  (5.4)

Then (5.2) can be rew ritten  as

(|A -  V p |2) *  (|A |2) -  (|A |2 )(cos2 0  =  (A2) -  (sin2 0 -  (5-5)

(W e will com m ent below upon th e  validity of th e  assum ptions m ade.) T h u s we again arrive 

a t th e  conclusion th a t  an  alignm ent of th e  Lam b vector A(ifc) w ith  the  wave vector k  may 

lead to  a  reduction  of nonlinearity  in tu rb u len t flows.

N um erical d a ta  from  run SD R  ind ica te  th a t  th is  is indeed th e  m echanism  of th e  reduction  

of nonlinearity . In Fig. 5.3 we present the  p d f of the cosine o f the  angle between the real 

p a rt of A(k)  an d  it a t  tim es t =  0 and t =  0.9. N ote th a t  th e  cosine of th e  angle betw een
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Figure 5.3: R un SDR: d is trib u tio n  of c o s fo  a t  t =  0 (d o tted  line) and  t =  1 (solid line).
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two uncorre la ted  vector fields in th ree  dim ensions would be d is trib u ted  uniform ly. T he 

non-uniform  d is trib u tio n  found a t  t = 0  is a  consequence of kinem atical co n stra in ts  on 

hom ogeneous isotropic G aussian  vector fields (S h tilm an  & Polifke, 1989, T sinober, 1989). 

T he enhanced alignm ent betw een the  Lam b vector and the  wave vector a t tim e t =  1 is, 

however, a  tru ly  dynam 'cal effect and seems to  be th e  main co n trib u to r to  th e  reduction  of 

nonlinearity  in a  developed tu rb u len t flow.

In physical space th is implies th a t  in a  developed tu rb u len t flow th e  m ean square |V a |^  

of the po ten tia l p a rt of the  H elm holtz decom position A =  V o  +  V  x 0  is larger th an  

the  m ean square of the  solenoidal p a rt |V  x / j |2 (T sinober, 1989). In o th e r words (Frisch & 

O rszag, 1990), a significant part of the nonlinear term  is absorbed in to  the pressure g rad ien t. 

Recent experim ental observations in a  wind tunnel by D racos et al. (1990) in d ica te  th a t 

the  Lam b vector indeed has a significant po ten tia l p a rt. F u rtherm ore , the  Lam b vector of 

vortical s tru c tu re s  detec ted  by She et al. (1990) via num erical flow v isualization  is strongly  

d ivergent. See also work by Speziale (1989), who has shown th a t  only the  solenoidal p a rt 

of the  Lamb vector con tribu tes to  the  energy cascade in tu rbu lence . F u rther analysis of 

our sim ulation  fields shows th a t th e  strongly  non-uniform  d is trib u tio n  of cos£  develops in 

rem arkably  sho rt tim e. T h is is illu s tra ted  in Fig. 5.3, w here th e  continuous line represents 

the  tim e evolution of (cos2 £) of run SDR. T h e  m axim um  is reached a t  t as 0.05, long 

before the  sim ulation  reaches the  developed stage  (t as 0.9) and long before Q  experiences 

a significant d rop.

T he influence of m ean helicity on the  d is trib u tio n  of (or £ /)  is som ew hat puzzling: 

initially , (cos2 0 ?) = 0.28 for run S D M  -  less th an  1/3! T h is m eans th a t  in a  m axim ally 

helical G aussian  field th ere  is an enhanced p robability  for th e  Lam b vector A(k)  to  be 

p erpend icu lar to  th e  wave vector k,  in contrad ic tion  w ith the  assum ption  th a t  a  depression 

of nonlinearity  should  always be accom panied by an alignm ent of A( k )  and  k.  D uring the  

developing phase of*run SDM (d o tted  line in Fig. 5.3), the  Lam b vector again develops the  

o rien ta tion  already  found in th e  non-helical case, a t tim e t =  1, (cos2£/j) ss 0.65 for bo th  

SDR and  SDM. We also observed th a t  in flows w here the  helicity is only slightly  less th an  

m axim al, the  tim e evolution of relative o rien ta tion  of A is not influenced significantly  by 

the  helicity. T h is is illu stra ted  by the  dashed  line in Fig. 5.3, which represen ts (cos2 f a )  of
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in itia lized  w ith  random  helicity  (SD R , solid line), m axim al helicity (SD M , d o tte d  line), 
80% of m axim al helicity  (dashed  line).

95



a run w ith H s  =  0.78 a t  tim e t =  0 (o ther initial p aram eters  are  identical to  those  of SD R 

and SD M ). N ote also th a t  a t These results ind ica te  th a t  the correla tor {Re{X(k) )2 cos1 £r ) 

cannot always be approx im ated  by (Re(A(fc))2 )(cosJ ( n) .  A detailed  investigation of the  

influence of m ean helicity, energy spec tra , e tc ., on the  orien tations of A was not carried ou t 

and shall be the sub jec t of fu tu re  work.

In the  rem ainder of th is chap ter we will present some ra th e r  qua lita tive  speculations 

concerning the  possible causes of the  reduction  of nonlinearity.

We m ade an observation th a t  suggests th a t  the  reduction o f nonlinearity  is connected 

w ith th e  the  build-up of an organised energy cascade from slow and energetic large scales 

to  fast and dissipative sm all scales. Consider the  balance equation  for th e  energy spectrum , 

(3.17). In a developed tu rb u len t flow the  transfer spectrum  has a s trong  negative peak at 

small wave num bers and is positive a t larger k ' s, see Figs. 3.8 and  3.9. Q uite  differently, 

a t tim e t =  0 , T ( k , t )  is fluc tuating  random ly a t  all scales; th ere  is obviously no ‘o rgan ized’ 

transfer of energy betw een various regions in Fourier space. T his is sim ply a  consequence 

of the  s ta tis tic s  of the  initial field: th ird  o rder m om ents of a  G aussian  random  variable 

vanish in the m ean. In a  num erical sim ulation th a t  s ta r ts  from a  G aussian  field, th e  energy 

transfer quickly becom es ordered , i.e. the  energy contain ing  m odes ( k < 4) lose energy 

(T ( k , t ) <  0), w hereas the  small scales receive energy. It is rem arkable th a t in run SDR 

the transfer is already fully developed a t tim e t = 0.2 (see Fig. 5.5 and  com pare w ith  Figs.

3.8 and 3.9). T his is also when the  d istribu tion  of seem s to  a tta in  a  s ta tio n a ry  s ta te  

(F ig. 5.4). T he developed phase of the  sim ulation  (m axim um  enstrophy  ft and  values of 

the skewness and  flatness of velocity derivatives typical of tu rbu lence) are  reached much 

la te r a t tim e t =  0 .8 .

An observation  m ade by K raichnan k  P an d a  (1989) lends fu rth e r su p p o rt to  this hy­

pothesis : In a  num erical sim ulation of a  quadra tica lly  nonlinear random  coupling model 

( ‘m odified Betchov m odel’, see Leslie, 1973) w ith zero viscosity and asym m etrical coupling, 

it was observed th a t  in itia lly  the  m ean square of th e  nonlinear fluctuations d rops to  60% 

of its  corresponding G aussian  value. A t th is stage  of the  system s evolu tion , energy is being 

transferred  from  slow, energetic m odes to  the  fast m odes, which were no t excited  initially. 

Due to  the  absence of d issipation , a s ta tio n ary  equilibrium  s ta te  develops a t  la te r  tim es,
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w here on the average th ere  is no significant o r ‘o rgan ized’ transfer of energy betw een dif­

ferent m odes. At th a t tim e, the  nonlinear fluctuations re tu rn  to  th e ir G aussian  level.

T hese speculations im ply  th a t  tu rb u len ce  does possess in trinsic  ‘s tru c tu re ’ a t inertia l- 

range scales, nam ely it organizes itself in such a  way as to  favor a  cascade o f energy tow ards 

th e  d issipating  scales. It is not yet known w hat th e  s tru c tu res  are  th a t  a re  form ed in  the 

process, it is likely they m ay not be identified w ith ‘coherent s tru c tu re s ’ known from  ex­

perim ental flow visualization  in inhom ogeneous flows. Possible cand ida tes for tu rb u len t 

s tru c tu re s  are self-sim ilar hierarchies of s tre tch ing  and  folding vortex lines or u n stab le  vor­

tex sheets, which have been considered by several au tho rs (see, e.g ., M offatt (1987) and 

references therein ). As already  rem arked above, flow visualizations from  d irect num erical 

sim ulations of decaying iso tropic tu rbu lence  have shown th a t highly in te rm itte n t vortical 

flne-scale stru c tu res  do exist in hom ogeneous tu rbu lence  (She et al. , 1990), and  one may 

argue th a t such s tru c tu res  favor an alignm ent of velocity and vorticity , and  a  Lam b vector 

w ith a  p redom inantly  po ten tia l p art. We adm it though th a t  these ideas a re  a t  presen t 

merely speculations based on in tu ition  ra th e r th an  careful analysis, and  in much need of 

fu rth e r study.

Two senses are emerging fo r  non linear; 
the f ir s t  is the classic hit-the-ceiling meaning;  

the second a deliberate rejection o f  reasonableness.

W illiam  Safire, New York T im es M agazin (1990)
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C h ap ter  6

E ntangled ness o f V ortex L ines in  
T urbulent F low s

T he s tru c tu re  or ‘topo logy’ of th e  vorticity  field of tu rb u len t flows has a ttra c te d  considerable 

in te rest in recent years ; see for exam ple Hussain (1986), K ida (1989), Levich (1983,1987), 

MofTatt (1985), Sagdeev et al. (1986) and the  proceedings of th e  recent IUTAM  Sym posium  

on ‘Topological Fluid M echanics' (MofTatt & T sinober, 1990). In th is  s tu d y  we will discuss 

the p roperties and possible usefulness of an  analy tical m easure o f th e  local ‘en tang ledness’ 

- ra th e r  th an  the  global ‘k n o tted n ess’ - of vortex lines. M oreau (1961), MofTatt (1969), 

A rnol’d (1974) and Berger & Field (1984) have shown th a t  th e  to ta l helicity H  =  f D v - u d V  

of a  localized vortic ity  d is trib u tio n  (Q -h |a o  =  0 , w here h  is th e  un it norm al to  th e  surface of 

the dom ain  D )  is associated  w ith  the topological s tru c tu re  of the  vorticity  field w =  V  X 7, 

i.e., th e  knots, tw ists and kinks of vortex lines and vortex tubes. T h e  invariance o f to tal 

helicity H  for Euler flows can be understood  as a  m anifesta tion  of th e  fact th a t  in inviscid 

flows th e  vortex  lines move w ith  the fluid and consequently  th e ir  linkage p roperties are 

conserved.

A lthough a continuous flow field m ay be identified in a  very n a tu ra l m an n er w ith a 

topological tran sfo rm atio n  (MofTatt, 1990), one m ust realize th a t  th e  global topology of 

velocity or vortic ity  fields is no t necessarily of in te rest to  tu rbu lence  researchers. If one 

p ic tu res a  tu rb u len t flow as a  tangle of interw oven vortex lines, one would like to  know, 

e.g ., w hether tu rb u len t ac tiv ity  is concen tra ted  a t locations w here th e  vortex  lines are 

closely entw ined or ‘en tan g led ’. U nfortunately , it  is no t triv ial to  re la te  in tu itiv e  notions
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of ‘en tang ledness’ w ith topology. Im agine, e.g ., th a t  the  sketches in Figs. 6.1 represent 

snapsho ts of vortex lines in tu rb u len t flow. T he vortex lines in these  Figures have th e  

sam e topology, i.e. they  are not linked, nevertheless we would certa in ly  expect to  find very 

different flow dynam ics. Sim ilarly, the  linkage p roperties of open field stru c tu res  3 -h \sp  ^  0 

depend on the  field configurations ou tside  of the  volum e of consideration , they  are  not 

invarian t under topological transfo rm atio n s, see Fig. 6 .2., and  they  canno t be probed by 

the  in teg ral of helicity. This is reflected by th e  broken gauge-in variance of the  helicity H  of 

open dom ains: add ing  the  g rad ien t of a  scalar field \  to  the  velocity, u —► v +  V \ ,  changes 

the  to ta l helicity by an am oun t SH

T he vortic ity  field u  and th e  linkage p roperties  of th e  vortex lines, however, are  obvi­

ously invarian t under such gauge-transfo rm ations. N ote th a t  G alilean tran sfo rm atio n s and  

advection-effects by large scale eddies m ay be regarded as two im p o rtan t exam ples of gauge- 

transfo rm ations. C learly, helicity H  canno t be a  m eaningful m easure of the  local e n ta n ­

gledness of vortex lines.

6.1 A nalytical M easures o f E ntangledness

D raw ing on ideas originally developed in biology for th e  study  of DNA s tru c tu re  (Fuller, 1978), 

Berger & Field (1984) have argued th a t  a lthough  th e re  exists no abso lu te  m easure of knot- 

tedness for open field s tru c tu re s , it  should be possible to  define a  topologically m eaningful 

and gauge-invarian t relative m easure of topological com plexity. We shall briefly recall the  

work of Berger & Field.

Let space V  (periodic or unbounded) be divided in to  tw o sim ply connected  regions D  

and D  ( th e  com plem ent of D ).  For the  case of unbounded  volum e we assum e th a t all 

surface in tegrals ‘a t  in fin ity ’ vanish. C onsider two vorticity  fields =  1 ,2 , and  the

corresponding  velocity fields =  V X . O u tside of D  th e  tw o vortic ity  fields

are iden tica l. We assum e th a t  the  velocity fields are solenoidal and  continuous (C °), 

the  norm al com ponents of b o th  velocity and  vortic ity  across th e  boundary  d D  shall be

(6 . 1)

In general, 6H  will not vanish if vortex lines cross the  surface d D  of the dom ain  D.
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Figure 6.1: ‘V ortex lines’ w ith identical topology and  different entangledness.
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Figure 6.2: V ortex lines th a t  a re  equally  en tangled  in  an  open dom ain may have different 
topologies (see (a ) and (b )); a  topological transfo rm ation  may change th e  entangledness of 
open dom ains (see (b) and  (c)).
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continuous . Berger k  Field have shown th a t the  difference A H  = H W -  H W  of to ta l 

helicities =  f v a?*') • tfl'^dV depends only on the  vorticity  fields inside D.  R ew rite

A H  = J  (v*11 -  v<2) ) - ( J (,) +  J (2))dV +  j  (n<2> • J< »  -  n*'* - J 2))dV. (6 .2 )

T he second in tegral vanishes a fte r an in teg ra tion  by p a rts . Note th a t  V x  =  V x t^2* in 

D ,  therefore ou tside  D  — t^2* = V £ for some scalar £ . Let us separa te  the  first in tegral 

in to  con trib u tio n s from  D  and D :

A H  = f  (r<1> -u < 2> ).(J< , > + J < 2>)dV '+ [  V (  - ( 2 (l) + 2 (2))dV  (6.3)
J d  J o

= f  ( t^ *  -  u<2>) (J* 1* +  2 {2))dV  -  /  ( ( J (1) +W (2)) • h d A  (6.4)
J d  JdD

Expressing th e  velocities as a functional of th e  vortic ities w ith the  help of th e  G reen ’s 

function  ,
z,. ... 1 t

-  V<2> = V  x -r-  /   ------------- dr  (6.5)
4jt J d  r

we see th a t  u*1* -  v<2> and C and  therefore also th e  difference A H  in to ta l helicities depend  

only on th e  vortic ity  fields inside D.  Berger k  Field also show th a t  A H  is gauge-invariant 

and  thu s argue th a t  A H  can be a  m eaningful m easure of the  topological com plexity  of the  

vortic ity  field 2  relative to  an  ap p ro p ria te  reference field 2 ' .  T h e  mo6t  su itab le  reference 

field is a  p o ten tia l field 2 '  =  V<£ inside D,  w here <f> is the  harm onic function  V 2<f> =  0, 

uniquely determ ined  by the N eum ann boundary  conditions V<t> ■ n |a o  =  2  • n\gp .  Note 

th a t  th e  boun d ary  conditions im ply  th a t  <f> is a  pseudo-scalar. T he p o ten tia l field is th e  

m inim um  enstrophy  field for given boundary  conditions and i t  is n a tu ra l to  assum e th a t  it 

is in som e sense topologically sim plest. C o n struc ting  w ' w ith a  s tan d a rd  Poisson solver is a 

stra igh tfo rw ard  num erical task . N ote, however, th a t  th e  evaluation  of th e  vecto rpo ten tia l 

v* poses a  form idable  com pu ta tiona l problem .

An a lte rn a tiv e  m ethod  of investigating  the topological s tru c tu re  of open  vortex  tangles 

w ith the  help of a  p o ten tia l reference field u? =  V<j> was developed by K uz’m in k  P a tash insky  

(1985). Here a  te s t field 2  =  2  — J 1 is set up in a  spherical subdom ain  D , 2 '  being again 

th e  g rad ien t of a  (pseudo-) scalar 4> , which is th e  solution  of th e  ap p ro p ria te  N eum ann 

problem . It is po in ted  ou t th a t  2 '  does not contain  any in form ation  ab o u t th e  s tru c tu re  

of th e  vortic ity  field inside D , as it  is com pletely determ ined  by th e  vortic ity  field a t  th e
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Figure 6.3:V orticity  Field 3  Reference Field 3 '  Test field 3

boundary  d D .  K uz’min & Patash insky  then proceed to  discuss th e  set of m om ents of 3 , 

defined as

A /(n\ , rt l r tJ...r,{n l)3 , n(x  +  r ) d f  (6 .6 )

and  suggest th a t  a  com parison of field configurations by th e ir m om ents will provide a

classification schem e for coherent stru c tu res . Note th a t  th e  te s t field 3  form s a  localized

vortex tang le , as th e  field lines of 3  do no t cross the  boundary  of D.  T he  entangledness 

of th e  vortic ity  field 3  will be reflected in the  linkage of the  field lines of th e  te s t field J ,

see Fig. 6.3 for a  schem atic illu stra tio n . Therefore, th e  helicity H  =  f D v 3 d V  of the  test

field should provide an a lte rn a tiv e  m easure of entangledness. T he b o u n d ary  conditions for 

3 '  ensure th a t  H  is invarian t under a gauge-transfo rm ation  v — v + V \  :

6 H  = f  V x  - 3 d V  = f  X( 3 - 3 , ) h d A  =  0 (6.7)
J d  JdD

T h e helicity of th e  te s t field H  - like the  difference of to ta l helicities A H  - reduces to  the 

usual in teg ral of helicity for closed vortex s tru c tu res , th e  po ten tia l reference field of which 

is iden tically  zero. However, H  is in  general not equal to  A H  (see below).

It was th e n  proposed by Levich (1987), th a t a  relative helicity H r

H r  = [  v -  3 d V  (6 .8 )
J d

would as well serve as a  m easure of re la tive entangledness. T he te s t field 3  is defined as 

above, w hich ensures gauge invariance. For co m pu ta tiona l purposes it is m ost ad v an ta ­

geous th a t  th e  evaluation  of th e  relative helicity H r  does not require  th e  knowledge of the

104



vecto rpo ten tia l i f  of th e  reference field uJ'. However, it  is not clear w hat th e  topological 

significance of H r  really is. O bviously, H  =  H r  -  6, w here 6 =  JD i f  - J d V .  S im ilarly, by 

div id ing  the  dom ain of in teg ra tion  and  regrouping the  in teg rands we rew rite  the  difference 

A H  of to ta l helicities as

A H  =  J  ( i f l) w(,) -  t^2> ■ r f 2))dV  =  (6.9)

=  /  u(,) -(w (1) -  J 2))dV  + [  ( r 0 * -  i f 2)) ■ J 2)d V  +  /  ( t -  i f 2' ) - u d V .
J d  J d  J d

Recall th a t uJ*1* =  J  in V  , u>*2* =  |  . A fter an in teg ra tion  by p a rts  we o b ta in

A H  = H r  +  /  i f  J d V  (6.10)
J d

We see th a t  H  + 6 =  H r  =  A H  -  6 . U nfortunately , th e  difference te rm  6 = JD i f  -uIdV  

will in general no t vanish (see the  A ppendix).

We argue, however, th a t  because bo th  H  and  A H  are  reasonable m easures of relative 

en tangledness, and  V 2 C* =  0 inside D, 6 should be insignificant for m ost field configurations. 

T his in tu rn  im plies th a t  H r  may also serve as a  m easure of the  local entangledness of vortex 

lines.

It seems th a t ‘relative m easures of en tang ledness ' can be defined in a  ra th e r  a rb itra ry  

fashion, given th a t  they  are  gauge invarian t and  reduce to  the  in tegral of helicity for closed 

field stru c tu res . B u t of course, ‘en tan g led n ess’ as such is an in tu itiv e  notion and no t m a th ­

em atically  well defined. Unlike th e  linkage p roperties of closed vortex lines, local ‘e n ta n ­

g ledness’ is not topologically  in varian t, and it will not be conserved for E uler flows. It is 

therefore  perfectly  accep tab le  th a t  several m easures of (re la tive) en tangledness can be con­

s tru c te d . We hope th a t  such m easures will provide a t least qua lita tiv e  in fo rm ation  abou t 

th e  local s tru c tu re  o f the  vortic ity  field. One m ust realize, however, th a t  vortex line config­

u ra tio n s m ay ex ist th a t  a re  considerably en tang led  b u t have little  or no (re lative) helicity 

(Inciden tally , we do  not expect th e  inverse to  be possible). M offatt (1981) , for exam ple, 

has po in ted  ou t th a t  a  B orom ean ring configuration of vortex lines, a lthough  certa in ly  ‘en ­

tan g led ’, has zero helicity. Yet sim pler, cancellations due to  left- and righ th an d ed  tangles 

co h ab itan t in  one dom ain  can also resu lt in  sm all values of helicity in regions w here the
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vorticity  field is considerably en tangled . T his does not render (re la tive) helicity useless as 

a m easure of topological s tru c tu re , rem em ber th a t  topological invarian ts provide in general 

only p artia l inform ation abo u t topological characteristics.

6.2 N um erical R esu lts

We have investigated  w hether relative helicity H r  does correspond to  th e  local en tang led ­

ness of vortex lines in an analysis of tu rb u len t velocity fields ob tained  from direct num erical 

sim ulations. We will p resen t m ostly results from two velocity fields : field HIE24 from a  sim ­

u lation  of decaying hom ogeneous isotropic tu rbu lence  by Lee (1985) , and field C128U12 

from a  sim ulation  of shear driven turbulence by Rogers (1986). B oth sim ulations were 

perform ed on a 1283 com pu ta tional grid , the  Taylor m icroscale Reynolds num ber Rx  was 

approx im ately  equal to  80. T he vorticity  field J  is com puted  from  th e  velocity fields in 

Fourier space. W hen transfo rm ing  back to  physical space, th e  fields are  (F ourier-) in te rp o ­

la ted  to  a  2563 co m pu ta tiona l grid . T his is done to  allow the  com pu ta tion  of th e  po ten tia l 

reference field u>' =  V<t> w ith satisfac to ry  num erical accuracy. N ote th a t  in th e  shear flow 

case the m ean vorticity  due to  the  hom ogeneous shear is su b trac ted  from  th e  vorticity  

field. A s ta n d a rd  H elm holtz solver is used to  solve the  N eum ann problem  for <t> in cubical 

subdom ains of varying sizes N p .  T he  poten tia l vorticity  J '  is com puted  from <f> w ith  a 

second o rder finite difference schem e. T his approach  yields sa tisfac to ry  precision in the 

calcu lation  of the  relative helicity H r  for dom ain sizes N p  of ab o u t 103 and g rea ter. Fur­

therm ore , the  fields of tu rb u len t d issipation  e =  2et je,j , vortex s tre tch ing  a  =  and

enstrophy  production  p  =  are  evaluated . E instein  sum m ation  is im plied here, and

e,} = j(9,t> , + d, Vj )  is th e  stress tensor.

As th e  tu rb u len t fields under study  are hom ogeneous, it is in itially  no t known w here 

regions of high relative helicity are to  be found. In order to  locate  such regions, we position  a 

large num ber N s  ( typ ically  several th ousand  ) of test-dom ains of a  given size N p  inside the  

flow dom ain. For each dom ain , the  to ta l and  relative helicities H and  H r  and  the volume 

in tegrals over th e  dom ain  E p , f l p , ( p , t r p , p p  of tu rb u len t energy, enstrophy , d issipation, 

vortex  s tre tch in g  and enstrophy  p roduction  are  evaluated .

We then  a tte m p t to  visualize the  s tru c tu re  of the  vorticity  field by 3-D plots of vortex
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lines in dom ains where we expect to  find very high (or low) topological com plexity, as ind i­

cated  by the  ‘topological charge’ T c  =  H r / ^ E d M d  (Levich, 1987), i.e. th e  app rop ria te ly  

norm alized value of H r . A second order R u n g e-K u tta  schem e is em ployed to  in teg ra te  the  

vortex lines. T h e  s ta rtin g  points for the  in teg ration  of vortex lines were chosen to  be the 

m axim a of enstrophy  in planes parallel to  the  y- and z-axis a t various x-positions ( and  cyclic 

pe rm u ta tio n s of the  axes ). T hen  the  in teg ration  advances in forw ard and  reverse direction 

from the  s ta rtin g  poin t until the  vortex line reaches th e  dom ain boundary . Vortex lines are 

only p lo tted  if the  m axim um  of enstrophy does not lie on th e  boundary  and if th e  average 

line s tren g th  is equal to  or g rea te r th an  the  average vorticity  inside D.  It is found th a t 

a lthough  th e  vorticity  field of these hom ogeneous flows is everyw here qu ite  com plicated , 

the  vorticity  field indeed tends to  be m ore entangled  in regions of high topological charge. 

For exam ple, Figs. ? ?  and ?? show 3-D perspective plots of two dom ains w ith N p  =  243 

which had th e  m axim um  topological charge Tc in a  sam ple of 4096 dom ains taken from  field 

HIE24. T h e  tw o dom ains w ith lowest Tc  from  th a t  sam ple are shown in Figs. ? ?  and  ? ?  . 

However, beginning the  vortex line in teg ra tion  a t a  fixed set of s ta r tin g  points, ra th e r  th an  

a t the  ex trem a  of vorticity, yields plots th a t  ap p ear to  be equally  en tang led  no m a tte r  w hat 

the  relative helicity is. D iscarding vortex lines of lesser s tren g th  brings little  im provem ent. 

C learly, a  m ore detailed  and  soph isticated  graphical rep resen ta tion  of th e  vortic ity  field is 

called for. It m ight also be in structive  to  look a t th e  s tru c tu re  of the  reference field u '  and 

the  te s t field J .

A nother im p o rtan t question is w hether high topological com plexity T c  is m ostly  to  be 

found in the  active or inactive regions of tu rb u len t flows. T h e  relatively  large num ber of 

dom ains sam pled from  each flow m akes it possible to  conduct a  coarse s ta tis tica l analysis. 

We have evaluated  th e  linear correlation  coefficient r(X ,Y ), defined as

—  ix-mw-w)
r ( X ' Y ) -  A* - <mu~-WW 1 1

for various pairs of dom ain param eters . A ngular b rackets (...) deno te  averaging over the 

sam ple of dom ains. T h e  correlation  coefficient is norm alized to  lie in th e  in terval [ - 1 ,  +1], 

w here th e  ex trem a  correspond to  com plete positive or negative correlation . T h e  results 

p resen ted  in Table 6.1 show th a t  relative helicity H r  correlates slightly  - b u t s ta tis tica lly  

significantly  - w ith c , a  and p  , i.e., w ith  th e  active regions of the  flow.
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Figure 6.4: 3-D plot of region w ith high T c
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Figure 6.5: 3-D plot of region w ith high T c
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Figure 6.6: 3-D plot of region w ith  low T c
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Figure 6.7: 3-D plot of region w ith low Tc
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Field N S N p r< r 'c ,< > r(T*C 'P) r(T'l c , o )
HIE24 8000 123 0 .2 0 0.17 -0.13

4096 243 0.14 0.09 -0.09
C128U12 6859 123 0.16 0.13 -0.13

1728 203 0.19 0.16 -0.17

Table 6.1: S ta tis tica l correla tions betw een en tangledness and tu rb u len t ac tiv ity

It is ap p ro p ria te  to  use th e  square of Tc  , for o therw ise sym m etry  betw een left- and 

righ thanded  tangles would obscure all correla tions w ith q u an tities th a t  are expected  to  be 

insensitive to  handedness. For dom ain sizes larger th an  N p  =  24, th e  correla tions weaken 

and  becom e insignificant for N p  approxim ately  equal to  60. T his presum ably  ind icates 

th a t  tak ing  th e  volum e in tegrals over larger dom ains th a t  contain  bo th  active and  inactive 

regions am ounts to  a  pre-averaging th a t  destroys all s ta tis tica l correlations. We have also 

ga thered  s ta tis tic s  from the  in itia l field of th e  shear flow sim ulation  and  from  a  field from 

a  sim ulation a t  lower R eynoldsnum ber (C12 in Lee (1985), R \  «  20). In b o th  cases, no 

correlations were found. T his was expected  for th e  in itia l field, which is m erely an am plitude  

field of uncorrelated  m odes w ithou t any s tru c tu re . T h e  absence of co rrelations betw een Tc  

and the  active regions in the  low R eynolds num ber case suggests th a t here viscous diffusion of 

vorticity  is too  s trong  to  perm it the  existence of sufficiently well- defined and  localized vortex 

tu b es. It will be w orthw hile to  analyze tu rb u len t flows a t  yet higher Reynolds num ber, once 

these come in to  reach of d irect num erical sim ulation. No sta tis tica lly  significant correlations 

betw een th e  usual helicity and dissipation  and vortex stre tch ing  o r enstrophy  p roduction  

have been found. T h is is in agreem ent w ith results o b ta ined  by Rogers & M oin (1987). To 

fu rth e r illu s tra te  th is  po in t, we present in  Figs. ? ?  and  ? ?  con tou r p lo ts o f th e  norm alized 

jo in t p robability  d is trib u tio n  function P ^ j  =  p d f (7 c ,e )  /  ( p d f(7 c )  p d f(t)  ) ob ta in ed  from 

a  sam ple of 8000 dom ains w ith N p  =  123 from  field HIE24. T he norm alization  was chosen 

such th a t  for uncorrela ted  q u an tities  P ^ j  is unity, the  difference betw een con tour lines 

equals 0.2. S ta tis tica l fluctuations are very strong , because th e  num ber of sam ple dom ains 

is too  sm all to  adequately  represen t th e  long ta ils in  th e  probab ility  d is trib u tio n  function 

of d issipation . N evertheless, in Fig. ??  one can discern a  region of P ^ j  > 1.2 for low 

d issipation  ( note th a t  the  peak of the  p d f of dissipation lies a t c ~  5 ) and low topological
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charge. C orrespondingly, there  is a  slight preference for T c  to  be large w here d issipation  

is high. T he contour plot w ith the usual helicity, Fig. ? ? , apparen tly  shows only sta tis tica l

noise.

6.3 C onclusions

We have argued th a t  relative helicity H r  =  f D v - ( J -  J ' ) d V  m ay serve as a  m easure of 

the  ‘local en t angled ness’ of the  vorticity  3  in a  dom ain D  relative to  a  p o ten tia l reference 

field 3 ' .  T h e  gauge-invariance of H r  and the  fact th a t  the  reference field is com pletely 

determ ined  by the  vortic ity  a t the  boundary  of the dom ainim plies th a t  the  value of H r  

depends only on the  vorticity  inside D. A nalyzing vortic ity  fields ob ta ined  from  direct 

num erical sim ulations of hom ogeneous tu rb u len t flows, we have found th a t  th e  vortex  lines 

indeed ap p ea r to  be m ore entangled  in regions of high relative helicity. However, m ore 

soph isticated  flow visualization  techniques th an  the  ones accessible to  us are  required  to  

make th is claim  m ore convincing.

Slight (b u t s ta tis tica lly  significant!) correlations betw een H r  and  tu rb u len t d issipation , 

vortex s tre tch ing  and  enstrophy  production  have been observed. We have argued  th a t  cor­

relations w ith en tangledness as such m ight be stronger, because we m ay assum e th a t there  

are  regions w ilh sm all relative helicity bu t considerable en tangledness. It is rem arkable th a t  

high en tangledness seem s to  be found preferentially  in regions w here tu rb u len t d issipation  is 

high. We em phasize th a t  th is is not in con trad iction  w ith the  results presented in C h ap te r 

3, w here it was repo rted  th a t  viscous d issipation  is reduced in decaying tu rb u len t flows 

w ith s tro n g  m ean helicity. T he p rim ary  effect of mean helicity is a  reduction  o f the energy 

transfer tow ards th e  sm aller (d issipative) scales, which th en  leads -  as a  secondary effect -  

to  reduced d issipation . T h is does not im ply th a t  there  should be a (local) co rrelation  be­

tween th e  helicity density  7  and  viscous d issipation . Sim ilarly for th e  re lative helicity H r , 

which should be th o ugh t of as a  ‘p ro b e’ testin g  the  en tangledness of vortex lines in sm all 

regions. B ecause of th e  con tribu tion  of the  reference field 3 ' ,  th e  relative helicity o f sm all 

test-dom ains canno t be re lated  in a  d irect way to  the  non linear term s of th e  N avier Stokes 

equation , and  therefore has no a  priori dynam ical significance. However, i t  is in tu itive ly  

plausible th a t  d issipation  and  tu rb u len t activ ity  should in general be found in regions w here
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the  vortex lines are  en tang led , because we im agine th a t s trong  g rad ien ts of velocity exist in 

those regions.

It has been suggested th a t localized vortex tangles w ith long life tim es (‘topological 

soli to n s’) may exist in tu rbu lence  and give rise to  coherent s tru c tu res  (Levich, 1983, Sagdeev 

et al. , 1986). T h is concept is clearly  not supp o rted  by ou r observations, which ind ica te  th a t 

vortex tangles are no t long-lived. In stead , our work is in agreem ent w ith H ussain (1986) 

and Levich (1987), w ho argued th a t  vortical coherent s tru c tu res  should have com paratively  

sho rt live tim es. A dm itted ly  tho u g h , a t  p resen t the  num erical evidence is weak and not 

unam biguous. It is hoped th a t sim ulations a t higher Reynolds num ber, w here the  vortex 

lines and  -tubes are m ore localized, will allow to  clarify th e  situ a tio n .

Her knots d isorder’d and  her wholesome herbs 
swarming with caterpillars.

W illiam  Shakespeare, King R ichard  II. (1594)
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6.4 A ppendix

Here we shall presen t th e  proof given by Frenkel (1989) th a t  the  difference te rm  6 = f D t f  • 

J d V  is in general to  zero.

We begin by assum ing th a t  6 =  0. T hen  for any vorticity  field we may construc t 

the ap p ro p ria te  reference field u>' and its  vectorpo ten tia l t f ,  uniquely determined by the 

normal component o f  vorticity at the boundary. We may define for any scalar \  a  vector 

field if = i f  -  V \ .  By assum ption

/  if-(w (,) - w  )dV  = 6{l) +  /  - J ' )  h d V  = 0 (6.12)
J D  J d D

In pa rticu la r, we may choose \  such th a t  V \  • n |a o  =  & ' n |a o -  O nce again , th is is a

well-defined N eum ann problem  w ith a  un ique solution. Now let us co n stru c t a  ‘vorticity

field’ ^  ^  . (S tric tly  speaking, invariance properties require th a t if be
I u '  ' in D

m ultip lied  w ith a  pseudoscalar of an abso lu te  value of 1, e.g. x  ■ (y x £). We om it th is te rm  

for sim plicity  of n o ta tio n .)  Because ij ■ n |a o  =  0, th e  reference field for is th e  sam e as 

the  one for By assum ption ,

i (2> =  /  i f  - ( J (2) -  J ' ) d V  =  0 (6.13)
J  D

and also

[  r j - ( u w  -  u ' ) d V  =  0 (6.14)
J D

T his im plies th a t

[  i j . l j M  + T j - J ' ) d V  = [  \i)\2 d V  = 0  (6.15)
J d  J d

which requires th a t  if =  0. However, V  x if =  V  x  ( i /  -  V \ )  =  /  0, therefore our

assum ption  th a t  6 =  0 canno t be tru e  in general .

q .e.d
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