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Abstract

Algorithms for Superiorization and their Applications to Image Reconstruction

by

Ran Davidi

Adviser: Gabor T. Herman

Computational tractability with limited computing resources is a major barrier
for the ever increasing problem sizes of constrained optimization models that seek a
minimum of an objective function satisfying a set of constraints. On the other hand,
there exist efficient and computationally much less demanding iterative methods
for finding a feasible solution that only fulfills the constraints. These methods can
handle problem sizes beyond which existing optimization algorithms cannot func-
tion. To bridge this gap we present a new concept called superiorization, envisioned
methodologically as lying between optimization and feasibility seeking. It enables
us to use efficient iterative methods to steer the iterates toward a point that is feasible
and superior, but not necessarily optimal, with respect to the given objective/merit
function.

Using efficient iterative methods to do ‘superiorization’ instead of ‘full con-
strained optimization’ or only ‘feasibility’ is a new tool for handling mathemati-
cal models that include constraints and a merit function. The target improvement
of the superiorization methodology is to affect the computational treatment of the
mathematical models so that we can reach solutions that are desirable from the
point of view of the application at hand at a relatively small computational cost.
The key to superiorization is our discovery that two principal prototypical algorith-

mic schemes, string-averaging projections and block-iterative projections, which



v

include many projection methods, are bounded perturbation resilient. While sta-
bility of algorithms under perturbations is usually made to cope with all kinds of
imperfections in the data, here we have taken a proactive approach designed to ex-
tract specific benefits from the kind of stability that we term perturbation-resilience.
Superiorization uses perturbations proactively to reach feasible points that are su-
perior, according to some criterion, to the ones to which we would get without
employing perturbations. In this work, we set forth the fundamental principle of
the superiorization methodology, give some mathematical formulations, theorems
and results, and show potential benefits in the field of image reconstruction from

projections.
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Chapter 1

Introduction

1.1 Convex feasibility problem

Many significant real-world problems are modeled by constraints that force the
sought-after solution vector to fulfill conditions imposed by the physical nature of
the problem. Such a modeling approach leads often to a convex feasibility problem
of the form

find x* € C =N{_,C;, (1.1)

where the sets C; C R are closed convex subsets of the vector space R’ and I and
J are positive integers. Such points x* are called feasible. This is a fundamental
problem in many areas of mathematics and the physical sciences including image
reconstruction from projections [35], radiation therapy treatment planning [11], and
crystallography [49], to name but a few. In the literature, an iterative method that
provides a sequence of points {x*},cy that converges to a point in C is considered

to solve the problem in (1.1) [4, 19].



1.2 Projection methods

For any closed convex set C C R’ there is an operator Pc : R/ — C such that, for
any x € R/, Pcx is the unique point in C nearest to x. Pcx is referred to as the
(orthogonal) projection of x onto C.

Projection methods are iterative algorithms that use projections onto sets while
relying on the general principle that when a family of (usually closed and convex)
sets is present then projections onto the individual sets are easier to perform than
projections onto other sets (e.g., their intersection) that are derived from the given
individual sets. Projection algorithms have various algorithmic structures and they
possess desirable convergence properties and/or good initial behavior; see, e.g.,
[4] and [19, Chapter 5]. They also posses in some cases computational advantage
over alternative methods that makes them successful in real-world applications [12].
Here we limit our discussion to two classes of projection methods, in particular,
string-averaging projection (SAP) methods (introduced in [16], see also [18] and
[24]) and block-iterative projection (BIP) methods (proposed in [28, 29]). More
specifically, within the SAP methods, we concentrate on a large subset of algorithms

that are called amalgamated projection (AP) methods [8].

1.2.1 Amalgamated projection (AP) methods

Among the AP methods are most of the already known metric projection methods
for solving the consistent convex feasibility problem. We define what an AP method
is, show how some of these well-known algorithms are in this class and later provide
some illustrations.

By an index vector we mean a vector t = (t1,...,t,) whose coordinates ¢; are in



the set {1,...,/}.If t = (11,...,7,) is an index vector, then we denote
P[l‘] :PCrp”'PCrl' (1.2)

A finite set Q of index vectors is called fir (to the given feasibility problem) if,
for each i € {1,...,I}, there exists t = (t1,...,,) € Q such that z;, = i for some s €
{1,...,p}. We denote by Q; the set of those ¢ € Q for which i is a coordinate of .
If Q is a fit set of index vectors, then a function w: Q — R | = (0,) is called
a fit weight function if ¥ ;cqw(t) = 1. A pair (Q,w) consisting of a fit set of index
vectors and a fit weight function defined on it is called an amalgamator. We define

the operator P : R — R’ by

Px=) w(r)P[t]x. (1.3)

teQd

This operator is continuous because each P; is a continuous function on R’. P is
also nonexpansive (we define nonexpansive operator in Subsection 2.1). (The P; are
well known to be nonexpansive and hence so are the P|t], for any index vector ¢.
The result for P follows from (1.3) and the inequality properties for the norm of a
linear combination of vectors.)

With these notions and notations, the amalgamated projection method for the

amalgamator (Q,w) is

W oe R’,

F = Pk vk eN. (1.4)

Clearly, such a method is a SAP scheme, as presented in [16] and further studied in
[5, 6, 18, 24, 25].

Many known projection methods can be described as AP methods. For instance,



if Q = {¢} withr = (1,2,...,1), then w(r) = 1 and the AP method with the amal-
gamator (Q,w) gives the cyclic projection method originating in [64]; if the amal-
gamator (Q,w) consists of Q = {r1,...,#;}, where, for each i € {1,....I}, t; = (i),
and w(t;) = w; > 0 with 25:1 w; = 1, then the AP method gives a generalization of
the Cimmino algorithm originating in [20]. More generally, it can be seen easily
by direct comparison that the unrelaxed versions of many projection methods for
solving convex feasibility problems (such as those discussed in [4, 16, 18, 59]) can
be described as AP methods.

In order to see that some relaxed projection methods are also describable as AP
methods, we point out that the convex feasibility problem is equivalent to: Find a

common point of the sets Cy,...,Cy, Cj41 where

Cr1 =R (1.5)

In this case, P, x = x, for all x € R’. If (Q,w) is an amalgamator of the original
problem of finding a common point of the sets Cy,...,Cy, then for any o € (0,1),

the pair (Q',w'), where Q' = QU{(I+1)} and w' : Q' — R, is defined by

ow(t), ifteQ,
w(t) = (1.6)

l—o, ift=(1I+1),

is an amalgamator of the problem of finding a common point of the sets Cy, ...,Cr1,

and the AP method for the amalgamator (Q',w’) is the relaxed iterative algorithm:

S = (1 — )k + aPx*, VkeN. (1.7)



Averaged projection
method X!

Averaged projection
method x?

G

Cyclic projection
method x2

Figure 1.1: Illustration of the cyclic projection and the averaged projection methods
for I = 3. In the cyclic projection method, we get to x> by starting at x° and going
through A, B, D, E, F to G. In the averaged projection method x! is the point M,
which is the center of mass of the points A, I and L. The next step of the averaged
projection method produces the point S, which is the center of mass of the points
M, O and R.

We illustrate the way in which the AP methods function in some particular in-
stances and how they compare with the cyclic projection method whose conver-
gence behavior is well researched. Consider the amalgamator (Q,w) for which Q

consists of I index vectors of the form

(1),(2,1),(3,2,1),....,(I,I—1,...,1), (1.8)

and w(t) = 1/1. The functioning of the corresponding algorithm (which we call here
the averaged projection method) in the case I = 3 is illustrated by Figure 1.1, where
two iterates x! and x? are indicated in parallel with the first two iterates of the cyclic
projection method starting from the same initial point x°. In the illustrated case, the
second iterate of the cyclic projection method is closer to the common point of the

sets (lines) Cp, C; and C3 than the second iterate of the averaged projection method.



Figure 1.2: A step of the algorithm with amalgamator (Q,w) for which Q contains
all permutations of {1,2,3} and w(¢) = 1/6 for all . Here, x' is the center of mass
of the six points P{P,P3, P{P3P,, ..., P3P,>P;.

Another possible amalgamator (€, w) is one for which Q consists of all I! per-
mutations of the set {1,...,7} and w(t) = 1/ (I!) for each ¢ € Q. The functioning of
the resulting AP method is illustrated in Figure 1.2. It is interesting to note that, in
Figure 1.2, the point marked P3P;P; is, in fact, the first iterate of the cyclic projec-
tion method. This is not as close to the solution of the feasibility problem as the

iterate x! generated by this variant of the AP method.

1.2.2 Block-iterative projection (BIP) methods

Block-iterative projection methods are algorithms that in an iterative step first project
the current iterate simultaneously onto the sets of some subfamily (called a block) of
the whole family of sets and then take a convex combination of the resulting points
as the next iterate. This block-iterative algorithmic scheme encompasses as special
cases the cyclic projection method discussed earlier (when each set is considered as
one block) as well as the fully-simultaneous algorithmic structure (when the entire
family of sets is considered as one block), but many additional in-between struc-

tures are permitted and convergence to a solution of the convex feasibility problem



(1.1) is guaranteed under reasonable conditions. In the literature many papers have
been devoted to their properties, e.g., [1, 2, 14, 17, 28, 29] to name a few.

In Figure 1.3 we illustrate a BIP algorithm using six sets (lines) and two blocks.
The algorithm starts from x° and get to x! by taking a convex combination after
projecting onto the first block and get to x* by repeating the process onto the second
block. We point out that the resulting point of the convex combination does not

necessarily satisfy any of the sets as presented in the illustration.

block |

block 2

Figure 1.3: Illustration of a BIP algorithm with 6 sets and 2 blocks. The algorithm
starts from x° and gets to x! after taking a convex combination of the projections
onto the individual sets belonging to the first block. It gets to x> after repeating the

same operation starting from x!.



Chapter 2

Perturbation-resilient (PR)

algorithms

We discuss algorithms that are perturbation-resilient and concentrate on the two
classes of projection methods described in the previous chapter, namely, AP and
BIP methods. We first define terms that are used in the discussion of the chapter,

and then provide theorems (followed by proofs to support them).

2.1 Definitions

For any x € R’ and for any nonempty subset C of R, the distance between the point

x and the set C 1s defined by

d(x,C) = inf{|x—yl[ |y € C}, (2.1)

J

J-:l(xj —;)? denotes the norm of x —y. If C is closed and

where ||x —y| =

convex, then there is one, and only one, y € C such that

lx—yll = d (x,0). (2.2)



This y is called the projection of x onto C and is denoted by Fcx.

For any operator O : R/ — R’, we use Fix(0) to denote the set {x € R’|O(x) = x}
of fixed points of O. We say that O is nonexpansive if ||Ox — Oy|| < ||x—y||, for all
X,y € R/, and that O is attracting with respect to F, where F is a subset of R/, if
forevery x ER/\F andy € F, ||Ox —y|| < [[x—y]|.

Let A € R”*/ be a matrix. Then p (A) denotes the spectral radius of A and is

defined as
p(A) = max |, 2.3)

1<i<I
where p; are the eigenvalues of the matrix A. If A is a J X J symmetric matrix then
we say that A is positive definite if, for all nonzero z € R’, 7TAz>0.
For any x € R/, we say that the sequence {xk} ren 18 asymptotically regular it

lim ka“ —ka 0. (2.4)

k— o0

2.2 Perturbation-resilient AP methods

The following result says that the convergence of an AP method to a solution of
the convex feasibility problem (1.1) is stable under summable perturbations of the
iterates.

Theorem 1 Let C;, 1 <i <1, be closed convex sets with a nonempty intersection C.
If {Bi}ren is a sequence of nonnegative real numbers such that Y. B < o and
{vk} ren IS a bounded sequence of vectors in R’ then for any amalgamator (Q,w)

the procedure

L oe R/,

S = PuF 4 ), VkeN (2.5)
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converges, and its limit is in C.

Proof The proof is in two stages. In the first, we prove convergence when there are
no perturbations of the computational process.
Claim 1 If B, = 0 for all k € N, then the sequence {x*}cn specified by (2.5) (or;
equivalently in this case, by (1.4)) converges to a fixed point of P.
This claim is a consequence of Theorem 2.2 of [16], here we give an alternative
proof.

Let i € {1,...,I} and recall that the projection operator P, is 1-attracting with

respect to C; (in the sense given to this term in [4]), that is, it satisfies
2 2 2
Iz = Fex||” + [ Fex — x|~ < |lz—x[|7, (2.6)

for any z € C; and x € R’. Therefore, according to [4, Proposition 2.10], the operator

Pl] is 2~ P()-attracting with respect to the set C, that is, for any z € C and x € R/,
|z = Ple)x]|* + 2770 [|Plelx — x|* < flz—x[|?, 2.7)

where p(t) is the length of the index vector 7. In particular, for any z € C and k € N,

we have that

2 2 2
Hz - P[t]ka +27 PO || plr]xk —ka < Hz —ka . (2.8)
Let
px :=maxp(t). (2.9)
teQ
By (2.8) we deduce that, whenever z € C and k € N,

Hz—P[t]ka2+2—P* p[t]xk_kaz < Hz_xk

i

(2.10)



11

Multiplying both sides of this inequality by w(z), summing up the resulting in-
equalities, and taking into account that, for each u € R’ the function x — ||u — x||?

is convex, we deduce that, forallze Cand k € N,

2

2 2
Hz—x"“H 2P ka—ka SHz—xk‘ , @2.11)

and, consequently,

e <]

This implies that the sequence {Hz —ka } ren converges. By (2.11) we have that,

forallzeCand ke N,

B 2
27P ,

2 2
] ] R

and the right hand side converges to zero. Hence,

lim ka“ —ka —0. (2.14)

k—s00

According to (2.14), the nonexpansive operator P is asymptotically regular and,
clearly, any element of C is a fixed point of P. Therefore, Theorem 2 in [56] applies
to P and shows that {x*};cry converges to a fixed point of P.

To complete the proof of Theorem 1, we prove:
Claim 2 If {Bi}ien and {vk} ven @re sequences satisfying the hypotheses of The-
orem 1, then any sequence generated according to (2.5) converges, and its limit is

inC.
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Since the operator P is nonexpansive, for each k € N, we have that

ka“ —kaH - “P(xk+[3kvk)—ka“ (2.15)

Ve

< H(XkJrﬁka) —ka = Bk

Consequently, denoting by . a finite upper bound of the bounded sequence { ||vk H } keN

we have that

y [t — et <Y Bi<o (2.16)
k=0 k=0

showing that the sequence {||x**! —Px*||}, _ is summable. According to [9, The-
orem 4.1] combined with the already proved Claim 1, the summability of this se-
quence ensures that the sequence {x*}cx converges and its limit is a fixed point of
P. Taking into account [4, Proposition 2.12(i)] and [4, Proposition 2.10(i)] we also

have

C C FixP =(|Fix P[t] (2.17)
reQ
1 1
= FixP[] € (G =C,
i=1reQ; i=1

and so C = Fix P and, hence, the sequences generated by (2.5) converge to points
in C. U

We refer to a procedure defined by (2.5) as a perturbation-resilient amalga-
mated projection method. This is only one perturbation model to which Theorem 1

apply, another is the following:



13

yOER"

Y =Py 4 Bk, Vk e N. (2.18)

By setting x¥ = PyY, it is easily shown by induction that, for k > 0,

Y = Xk Bk, (2.19)

where the sequence x¥ is generated by (2.5). From the convergence of that sequence
to an element in C and from the conditions of the f8; and ¥, the convergence of the
sequence of y* generated by (2.18) to an element of C follows. These two pertur-
bation models (i.e., (2.5) and (2.18)) play an important role when a perturbation-
resilient AP method is applied to a real-world problem. For example, the model
in (2.18) is better suited to the point of view in which perturbations are considered
to be numerical errors due to the fact that inexact projections are computed. The
model in (2.5), however, is more appropriate for using the perturbations in such
a way as to steer the algorithmic process towards a minimizer of a given convex
function. The stability under perturbations of the convergence of projection meth-
ods for solving convex feasibility problems was also considered in [4], where the
behavior of such procedures is studied under the assumption that the sets C; are
given by approximations. By contrast, Theorem 1 deals with the situation in which
the sets C; are precisely given, but the projections Fc, on them are determined only
approximately. A result similar to Theorem 1 was obtained in [21] concerning the

following: Fix w € R such that ZLI w; = 1 and use the procedure
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L eRr’

I
=Y (P + Bo*), VkeN (2.20)
i=1
Note that this is just that special case of (2.18) that we get from the choice of
amalgamator that gave rise to the generalization of the Cimmino algorithm that we

discussed earlier in Subsection 1.2.1.

2.3 Perturbation-resilient BIP methods

We consider two cases of perturbation-resilient BIP methods: one that holds for
general closed convex sets and another that holds only for the special case when
the sets are hyperplanes. The reason for paying attention to the latter, which is
a subset of the first, comes from the need to speed up the computational process,
especially when the perturbation-resilient algorithm aims at finding a solution to a
real-world problem. Another reason is because we were able to extend our results in
this case to systems that are not necessarily consistent. We start with a discussion
of perturbation-resilient BIP methods that are good for the general case and later

consider the case when the sets are hyperplanes as mentioned above.

2.3.1 PR-BIP for general closed convex sets

In this subsection we present a perturbation-resilient BIP algorithms for solving
convex feasibility problems. Since our proof of convergence of the new algorithm
will be by reduction to Theorem 1 applied in a different space, we need to introduce
extra notation. Let L and Z be positive integers. Throughout this subsection we use

underlined italic letters for points in RY. Our new convex feasibility problem is
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stated as: Given Z closed and convex subsets D, ..., Dz of RE, such that the set
z
D= (D (2.21)
z=1

is nonempty, find a point x in D.
Given an ordered set S = (Sy,...,Sg), such that S, C RL, for 1 <r <R, we set

J = RL and define the product set PS as the set of all

X1
XL
x= : eR’, (2.22)
X(R—1)L+1
XRL
such that, for 1 <r <R,
X(r—1)L+1
€s,. (2.23)
XrL

Under these circumstances, we use the notations

X(r—1)L+1 X
X, = : and x = : , (2.24)

I;;

XrL
and we refer to RY (= RRL) as the product space. Note that for x,y € R/,

2
. (2.25)

)_Cr_.Xr

R
eyl =Y |
r=1
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It is well-known (and easy to prove) that if every element S, of S = (Sy,...,Sg) isa
closed convex subset of RZ, then PS is a closed convex subset of R’. Furthermore,

according to [19, Lemma 5.9.2],

X1 P S1X1
Pps : = : . (2.26)

XR Pspxp

One more piece of terminology that we need is the following. The canonical map-
ping & : RE — R’ is defined by: For any x € RE, § (x) = x, withx; =+ = xz = x
(here we made use of the notation of (2.24)).

We now return to the convex feasibility problem (2.21) that is stated at the be-
ginning of this subsection. For 1 <u < U, let B, be an ordered set (b, 1,...,by,)
of elements of {1,...,Z} (¢, denotes the cardinality of B,). We call such a B, a

block. We define the composite operator Q : RE — R as

Q=0v---01, (2.27)

where, forx e RE and 1 <u < U,

1 R—1,
Qux=— Y Ppx+ X, (2.28)
R zEBy R
and
R=max{{, |1 <u<U}. (2.29)

An iterative procedure based on x**! = Qx* is a member of the family of block-

iterative projection (BIP) methods discussed in Subsection 1.2.2.
Theorem 2 Let L, Z, U, {BM}MU:1 and Q be as defined above. Let A be a real number

such that 0 < A <1, {¥} ey be a sequence of nonnegative real numbers such that
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YooY < oo, {wk} ey e a bounded sequence of points in RL, and x° € RE. If
{1,...,Z} = U,IAJZIBM, then the sequence x°,x', x*,... generated by the iterative

procedure
F=2Q (FFHp) +(1-2) (Fynt)  VREN,  230)

converges, and its limit is in D.
Proof Our proof utilizes Theorem 1 by showing that the procedure in (2.30) is a
perturbation-resilient AP method in a product space. (Pierra [58] was the first to
use convergence results of sequential algorithms in a product space to prove the
convergence of simultaneous algorithms, see also [18] and [19, Section 5.9].) We
present the proof for the case A < 1, and afterward indicate how it can be altered
for the case A = 1.

We define a convex feasibility problem with I = U + 2 convex sets in R’ for

J = RL and a perturbation-resilient AP method. For 1 <u < U,

C. :]P(Dbu’,,- ., Dy, RE,-- ,RL>, (2.31)

with R — ¢, copies of RZ at the end of (2.31). Further,

Cu1 = {8(x)[xeR"}, (2.32)

Cysr = R (2.33)



18

We now specify Fc,, for 1 <u < U + 2, by making use of (2.26). For 1 <u < U,

)_Cl PDbuJ )_C]
Xy Pp, X,
Fe, ! = by . (2.34)
X041 X0,+1
AR XR

The set Cy 41 is called the diagonal convex [58] or the diagonal subset [18] and

1 R
Hhﬂx:5<§2;&> (2.35)

(for a proof see [58, Lemma 1.1]). Clearly,

Foy ,x = x. (2.36)

Next we show that C = ﬂgjlz C, is nonempty. By the assumption of the con-
sistent convex feasibility problem of this section, D = ﬂZZZI D, is nonempty. It is
easy to see that if x € D then J (x) € C. From this follows that Cy,...,Cy satisfy the
conditions of the convex feasibility problem of the last section and hence Theorem
1 applies.

To show that Theorem 1 implies Theorem 2 we need to make some specifica-

tions. We let

Q={(1,U+1,....UU+1),(U+2)}. (2.37)

(To be precise, in the first of these two index vectors every second element is U + 1
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and these are preceded by 1,...,U respectively.) This € is fit because, for each
ie{l,...,.UU+1,U~+2=1}, thereexist (t,...,1,) € Qsuch that z, = i for some
s€{l,...,p}. Let the weight of the first of the two index vectors in Q be A and the
weight of the second one be 1 — A. The resulting weight function  is fit since each
weight is in R, 4 (this is where one needs A < 1) and },cq @(¢f) = 1. We also set

Br = % and vk = & (w) , forall k € N, and x = § (x°) .

Claim: Given the specifications of the previous paragraph, the sequence x°, x!, x2, . ..

produced by (2.5) of Theorem 1 has the property, that for k € N, x = § ()_ck) , where

K0 xh X2, isthe sequence produced by (2.30) of Theorem 2.

If this claim is true, then Theorem 2 follows as we now show. By Theorem 1,

x0, x!, x,... converges to an x* € C. Since x* € Cy 41, it is of the form x* = § (x*),

for some x* € RE. By the Claim, x* = § ()_ck) , for k € N. By (2.25),
2

2
<

(2.38)

and since the right-hand side converges to zero, so must the left-hand side, and

0,1 ,2

hencex”’, x', x~,... converges tox*. Since x* =8 (x*) € C,,, for | <u <U, we have,

by (2.31), that x* € Dy, for 1 <u <U and 1 <i </, Since {1,...,Z} = nglBu
and D = ﬂle D, it must be so that x* € D.

We next prove the Claim by induction on k. The Claim is clearly true for k =0
since x¥ = § ()_co) . Let us now assume that x* = § ()_ck) is true for some k > 0 and

prove that it follows that X**! = § (x**1) .

Using (1.2), (1.3), (2.5), (2.36) and (2.37) with 0 < A < 1, we obtain

K= ARy, Py Py ey (4 Bot)

F(1-2) (xk n Bkvk> . (2.39)

By the induction hypothesis and the assumptions that f; = % and v* = § (w*) we
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obtain

N B AP, \PoyPoy. P, <5 £k>+'}’k5 (mk»

F(1-2) (6 <§k> oy (M)) . (2.40)

By (2.27) and (2.30) and the obvious linearity of & we obtain

8 ()_ck“) = AS <QU"'Q1 (&’“rim")
+(1-21) (6 (f) e (M)) . 2.41)

Since the second terms of (2.40) and (2.41) are identical, the proof that =

0 ()_ck“) is complete if we can show that

Pey,iPey Py ey d (¥ 4y ) =8 (Qu-+-01 (F+mt)). @42)

In fact we show by induction on u the stronger statement that

Py, FPc, - Pey, Fc, 6 (&k-l-?/kwk) =0 (Qu -0 <)_Ck+ ?’kmk» 7 (2.43)

for 0 <u < U. This is clearly true for u = 0. Let us now assume that it is true for a
u such that 0 <u < U, and show that it is also true for u+ 1.

Let y abbreviate Q,---Q; (x* 4+ %w"). By the induction hypothesis, (2.43),
(2.34), (2.35) and (2.28),
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FeyFe, o Feyy Fe, - Fey o Fo 6 (Ek + Ykmk) = Fey, Fe, 6 (X)

PDhquLIX
Pp y _
=P | e =8 <% Y, Poy+© 2“*‘2) (2.44)
y Z€B, 11
Y

=6 (Qu+1)_)) =6 (Qu+lQu 01 (/!k_}_ ’ykmk)) :

This completes the proof for the case A < 1.

For the special case where A = 1, we alter Q to include the single index vector
(LU+1,...,U,U+1), (2.45)

with weight 1. The rest of the proof is just a simpler version of the proof for the

case A< 1.1

2.3.2 PR-BIP for hyperplane convex sets

In this section we propose two accelerated perturbation-resilient BIP algorithms for

solving a linear system of equations (that may or may not be consistent) of the form

Ax=0b, (2.46)
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where A € R™/ x € R/ and b € R!. Note that solving (2.46) is a solution to the
convex feasibility problem (1.1) for the special case when the C; are hyperplanes.
In this case we partition A and b of the system into blocks of equations that can be

written as

Al b!
A b?

A= ., b= , (2.47)
Ay pY

and then use exactly one block in any atomic step of the algorithm. We state the-
orems that specify their convergence behaviors early in the section, followed by
proofs of these theorems.

Consider blocks of equations as in (2.47). For u =1,2,...,U, we use ¢, de-
note the dimension of the vector b*. To specify our algorithms, we need to choose

positive definite symmetric ¢, x £, matrices M,, and real numbers A,,, such that

2—¢€

O<e<ly<—°
- p(AIM,A,)

(2.48)

for some real number €, where for any square matrix W, p(W) denotes the spectral

radius of W. With these choices made, we define the operators H, : R/ — R’ by

Hyx = (I- )LMAZMMAM)X + AMAgMubuv (2.49)

where I is the identity matrix, and the operator

H=Hy - --HH,. (2.50)

Theorem 3 Let {f;}rcy be a sequence of nonnegative real numbers such that
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Yo Br < oo, let {vk} be a bounded sequence of vectors in R’ and x° € R/. The

sequence defined by

LT =H(xF + Bu*), forallk e N, (2.51)

converges to a fixed point of H. Furthermore, if the system (2.46) of equations is
consistent, then the fixed points of H are the solutions of (2.46).

The first part of this theorem states that the BIP algorithm with perturbations
that is specified by (2.51) converges, whether or not the system of equations is con-
sistent. The last sentence implies that if the system is consistent, then the algorithm
converges to a solution of it.

To get something similarly satisfactory in the inconsistent case, we need an al-
ternative algorithm: Given the system (2.46) of equations and a symmetric positive
definite 7 x I matrix M, we call an x € R’ an M-weighted least-squares solution if,

for any y € R/,

(Ax—b)" M (Ax—b) < (Ay—b) M (Ay—b). (2.52)

We define (compare with (2.50))

S=HH, - Hy HyHyHy_, - HyH,. (2.53)

Theorem 4 Let {B;}ren be a sequence of nonnegative real numbers such that
Yoo Br < oo, let {v*} be a bounded sequence of vectors in R’ and x° € R’. Then

the sequence defined by

T =8(xF + Buk), forallk e N, (2.54)



24

converges to a fixed point of S. Furthermore, the fixed points of S are the M-
weighted least-squares solutions of (2.46), for an appropriately defined symmetric
positive definite / x I matrix M.

The following two Lemmas are used in the proofs of Theorems 3 and 4.
Lemma 1 The operators H, (for | <u < U), H and S are nonexpansive, provided
that (2.48) holds.

Proof Clearly, it is sufficient to show that the operators H,, 1 < u < U, are nonex-
pansive. For any such u, 2, =1— ),MA,fMuAu is a symmetric matrix. From this and

(2.49) it follows that, for x,y € R”,

[Hox—Hyl = [|2u(x—y)|

< N 2ullllx =yl = p (L)l =yl (2.55)

This implies that our proof is complete, provided that we can show that —1 <
w1 (2,) <1, for all eigenvalues u (2,) of 2,.
Let u(2,) be such an eigenvalue. Then 1 — u(2,) is an eigenvalue of the

nonnegative-definite matrix luAgMuAu. From this and (2.48) it follows that

0<1—u(2,)<ApAIMA,)<2—c¢, (2.56)

which yields immediately that —1 < u(2,) < 1. R

Lemma 2 The operators H,, (for 1 <u < U) are attracting with respect to Fix (H,),
provided that (2.48) holds.

Proof For any u, 1 <u < U, let x € R/\Fix(H,) and y € Fix(H,). We first note
that

s=Ay(x—y), (2.57)

is not the zero vector, for otherwise we would have A,x = A,y, which together with
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(2.49) would imply that x € Fix (H,).
We need to show that

[ Hux =yl < [lx =yl (2.58)

Since y = H,y, it is sufficient to show that

1Hux = Hay|* < [lx =y (2.59)

Using (2.49) and (2.57) we have that

[Huox=Holl> = lx=y]* =24 (5. Mus)

+22 (A AL Mys, Mys) . (2.60)

Since M, is positive definite it can be written as W’ W for some symmetric positive

definite matrix W, and we get

(AW AIMys,M,s) = (WAALWTWs, W)
< p (WAAIWT) (Ws,Ws)

= p(AIM,A,) (Mys,s). (2.61)

The inequality is true since WA,ATWT is a symmetric matrix. It therefore follows
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that

1Hox = Huyl? < flx—=yI* =22 (s, Mus)
+A2p (AT MLAL) (Mus, s)
= =yl
Dt (2= Dup (A MuAw) ) (MuSus Su)

< Jl—yl*. (2.62)

The last inequality holds because, in view of (2.48), A, (2—Aup (ATM,AL)) (Musu, su)

is positive. B
Proof (Theorem 3) We first prove that when B, = 0, for all £ € N, then the sequence
generated by (2.51) converges to a fixed point of the operator H. By Theorem 5 and
Proposition 6 of [30], (2.48) guarantees the existence of a limit point of the se-
quence. Since H is nonexpansive (Lemma 1), the limit point is a fixed point of
H.

To show this result in the general case when 3 > 0, for all kK € N, we consider
any sequences of { By} and {vF} 4en that satisfy the conditions stated in Theorem

3. Using Lemma 1, we have that, for each k € N,

R = HGE - Bet) —H|

< ||+ Bk — | = BelVEl- (2.63)

Consequently, denoting by .# a finite upper bound for the bounded sequence { ||vi|| } ken,

we have the summability result

Y - <2 Y B < oo (2.64)
k=0 k=0

According to [9, Theorem 4.1] combined with Lemma 1 and the first part of this
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proof, the sequence {x*}cxy converges to a fixed point of the operator H.

To complete the proof of Theorem 3, we need to show that in the consistent case
the set V of solutions of (2.46) equals Fix(H). If x € V, then, foru = 1,2,...,U,
A,x = b" and hence by (2.49) H,x = x. By (2.50) this implies that x € Fix(H). Now
consider x € Fix(H). Combining Lemma 2 with [4, Proposition 2.10(i)], we get
that x € Fix(H,), foru=1,2,...,U. Using (2.49) and the positivity of A, in (2.48)

it follows that, foru =1,2,...,U,
ATM, (B —Aux) = 0. (2.65)

Since (2.46) is assumed to be consistent, there exist a y such that b = A,y. For this

y (2.65) yields

0 = A'M,(Ay—Aux),
= AgMuAu(y—x),

= (MY*A)T (MY A (v — ). (2.66)

It follows that || (M;/ 2Au)(y —x)|| = 0 and therefore A,x = b". This being true for
u=1,2,...,U, implies thatxc V. R

Proof (Theorem 4) The proof of the first part of Theorem 4, that the sequence
(2.54) converges to a fixed point of S, follows almost verbatim from the equivalent
part of the proof of Theorem 3 (here we use Propositions 10 and 11 of [30] instead
of Theorem 5 and Proposition 6 from that paper), since S (like H) is nonexpansive
(Lemma 1).

By [30, Proposition 10] the operator S can be written as

Sx = x+ATMp(b— Ax), (2.67)
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where Mgp is a symmetric positive definite m x m matrix. To see that the fixed
points of S are the M sg-weighted least-squares solutions of (2.46), we observe that

z is an M gp-weighted least squares solution of (2.46) if, and only if,

ATMgg(b—Az) =0, (2.68)

which combined with (2.67), yields the desired result. B



Chapter 3

The superiorization methodology

The theorems we presented in Chapter 2 guarantee the convergence of the AP meth-
ods and BIP methods when the calculation of the iterates is affected by perturba-
tions that are summable and bounded. We can make use of this property to steer the
iterates towards the minimizer of a given convex function ¢; i.e., to the x € R’ that

provides the solution of the problem

minimize ¢ (x), subject tox € C. 3.1)

We next discuss the problem (3.1) with respect to all Theorems 1 to 4 presented in
the previous chapter. Although Theorem 2 was given for vectors in R”, it can be as-
sumed and stated for vectors in R”; this is what we will be doing here. The heuristic
provided below is not guaranteed to achieve actual convergence to the minimizer
x. However, as demonstrated by examples in Section 3.3, it proceeds so that the
value of the given function tends to be appropriately reduced and yet convergence
to a feasible point is not compromised. This allows us to do superiorization, by
which we mean the production of a superior solution (just as optimization produces
an optimal solution) subject to given (convex) constraints. The term superiorization

was first introduced in [26], see also [8, 13, 36, 55]. Superiorization provides us

29
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with a new algorithm, based on an original one, by steering the iterates (using the
perturbations) towards a solution that is superior, according to some criterion, to
the one to which we would get without perturbations. We first give the details of
a superiorization algorithm and later demonstrate the usefulness of it on problems

from tomography, i.e., reconstructing objects using projection data.

3.1 Heuristic approach to superiorization

Consider a convex function ¢ : R/ — R which has a minimizer over the set C. For

any k € N, let s € d¢ (x¥), be a subgradient of ¢ at x*, and define

, ifsk#£0,
- (3.2)

0, ifsk=o0.

Clearly, the sequence {v defined by (3.2) is bounded. Therefore, by Theorems

k

}keN
1 to 4 , for any summable sequence of nonnegative real numbers {f};cy, the
sequence {xk} reN generated according to (2.5), (2.30), (2.51) and (2.54) converge
to an element of C.

In our implementation, we use the following methodology for generating the

real numbers { B }ren. We define, for an x € R/,

1
Res(x) =/ Y [d(x,C)]2. (3.3)
i=1

Clearly, x € C if, and only if, Res(x) = 0. Furthermore, if Res(x) > 0, then its
size indicates how badly x violates the given collection {C},...,Cs} of constraints.
An approximate solution x to the convex optimization problem (for ¢) under these

constraints should have a small value of Res(x) and should aim at finding, among all
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x with similar (or smaller) value of Res(x), an x for which ¢ (x) is small relative to
the others. Guided by this principle, we generate {f; }rcn as follows. We initialize
B to be an arbitrary positive number, which we denote by B_;. (In the experiments
provided in Section 3.3 we have used B_; = 1, unless otherwise stated.) In the

process of the iterative step from x¥ to xk+!

, we also update the value of 8, which
is Br_1 at the beginning of the iterative step and f; at its end. This updating is
done according to the following pseudocode (in which V¥ is defined by (3.2)). We
terminate the iterative process when we find an x* such that Res(x*) < &, where €
is a user-specified small positive number.

1: logic = true

2: while (logic)

3: z=xK4 Bk

4 if (9(z) < 9("))

5 then

6: A+ =0z

7 if (Res(x**1) < Res(x))
8: then logic = false

9: else B = B/2

10: else B = /2

The operator O in Step 6 of the pseudocode stands for P of (1.3) for the algorithm
of Theorem 1, for Q of (2.27) for the algorithm of Theorem 2, for H of (2.50)
for the algorithm of Theorem 3 and for S of (2.53) for the algorithm of Theorem
4. The complete superiorization algorithm consists of the procedure provided by
the theorems (i.e., (2.5), (2.30), (2.51) or (2.54), respectively) with the VK defined
by (3.2) and the B defined by the pseudocode that makes use of (3.3). What the
algorithm performs is a steering process towards a small value of ¢ (see Step 4 of

the pseudocode), while attempting to maintain the convergence to an element of the
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set C, as guaranteed by the theorems for a proper choice of the sequence {f; }ren
(see Step 7 of the pseudocode). In the next sections we give several examples
of the superiorization approach illustrating the use of it for an image processing

application.

3.2 Computerized tomography (CT) simulations

We demonstrate the usefulness of the superiorization methodology by applying it to
tomographic problems of reconstructing an object from collected projection data.
We first provide the 2D object (a phantom image) which we consider for our ex-
amples and discuss its nature and different characteristics. We will then give the
different modes of data collections for the simulated CT cases and include a de-
scription of an evaluation methodology that we will be using in our experiments in

the next section.

3.2.1 Images and digitization

In an application of image reconstruction from projections, the image is typically
represented by a function f of two variables of bounded support. The values of
this function are elements of the set of real numbers R and they represent some
physical property (e.g., in CT these are the linear X-ray attenuation coefficients) in
a cross-section of the object to be reconstructed. The projections are usually taken
with the help of some rays (e.g., X-rays) and can be thought of mathematically
as collections of line integrals of the function. The mathematical problem is to
reconstruct the function from its (noisy and incomplete) projections [35, 54].

We define the projection in direction ¥ € [0, ) as follows. Let (s;,s2) denote
the coordinates of the point r = (1 r2) € R? in the coordinate system rotated by .

Then the projection of f in the direction ¥ (the ¥-projection of f) is defined as that
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function [Z f](e, ) of the variable s for which

2f)(51,0) = /L F(r)dsa, (3.4)

where L;  is the line at the distance s from the origin that makes the angle ¥
with the rp-axis. It can be said that the transform % defined by (3.4) gives the -
projections of f for any ¥ € [0, 7). The transform Z is called the Radon transform
of f, after J. Radon who studied this kind of transform in [61].

Let us suppose for now that we have taken projections of f for directions ¥
in the finite set ®. Let, for s € R and & € O, g(s,9) denote the approximation
to [%Zf](s,?) that we obtain based on our measurements. For any ¥ € ®, we use
Sy to denote the set of all s for which we have a projection data item g(s, ). In
practice, the sets Sy have to be finite, but here we also deal with the mathematical
idealization in which, for all ¥ € @, S is the set of all real numbers. (The point that
we will make is that even such overabundance of data, as compared to what can be
obtained in practice, is not in general sufficient for determining f uniquely.) Then
we consider the following reconstruction task: Suppose f is an unknown image and

we are given g(s, ) for 9 € ® and s € Sy, such that
(Zf(s,0) ~ g(s,9), forall O € ®,s €Sy, (3.5

(where = stands for approximately equal), we need to find an image f* that is a
“good” approximation of f.

In discussing our concepts it is essential to have the notion of an N x N digital
image p, which is defined as a function from [0, N — 1]2 into the real numbers, for
a positive integer N. As it is customary in this context, elements of [0,N — 1]2
are denoted by row vectors (71,#,) and we consider that (¢; + 1,1,) is “below” and

(t1,6+ 1) is “to the right of” (¢1,#;). This can be made mathematically precise by
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the introduction of a positive real number d, referred to as the sampling interval.
Given a positive integer N and such a d, we associate with each (t1,1,) € [0,N — 1]*

a subset of the plane R?, which is called the pixel associated with (t1,t,), defined as

pixVd (1, ) = {(mrz) c R2 _(N—22tz)d << _(N—22—212)d

(3.6)
and w S < W} .

Given an image f, a positive integer N and a sampling interval d, we define the

N x N digital image p]}”d by

1
Al =5 [ fwn 67

pixN-d(1y,1)

for any (t1,1,) € [0,N — 1]2. So, the N x N digitization py’d with sampling interval
d of f is provided by the averages of f over the pixels. An N x N digital image p

and a d > 0 gives rise to an image fl‘f that is defined by

p(ti,t), if r € pix™4(t,1) for some
2(r) = (11,0) € [0O,N — 1]2, (3.8)

0, otherwise .

For any N x N digital image p and any sampling interval d, pl[\;’j] = p. However,
Jp

it is generally not the case that, for an image f, positive integer N, and sampling

interval d, fdpzv, . = [, even if the N and the d are chosen large enough so that
f
f(r) =0 whenever max {|r{|,|r2|} > Nd/2. However, for a “reasonable” image f,

N.d
Py

A common approach to solving the reconstruction task is to assume that the im-

there should be an N and a d, such that ff } ~ f.

age to be reconstructed is fl‘f for some N x N digital image p and sampling interval

d. We will refer to this as the digital assumption. The reason why this is helpful is
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the following. Let us use an alternative representation of the digital image p as an
J-dimensional vector (i.e., an element of R”) xp, where J = N? and, for 1 < Jj<J,
the jth component of x), is p (t1,%2), where (t1,1;) € [O,N — 1]2 and j=Hy N+ +1.
Note that such a #; and #, are uniquely determined by j and so we may denote them
by t{ and t{ , respectively. Using this notation, it is easy to see that in such a case we

have that, for any ¥ € ® and any s € Sy,
(213 (5,0) = (a,x), (3.9)

(as usual, (a,x) denotes Zle ajx;), where a is the J-dimensional vector whose
Jth component is the length of the segment of the line Ly that lies in the pixel
pixNd (t{ : té) (in other words, it is the length of the intersection of the line with the
Jjth pixel). In this fashion, each (approximate) equality in (3.5) gets replaced by an
(approximate) linear equation in the unknown vector x. Let x* denote a “solution”
of this system of (approximate) linear equations and let p* denote the (unique)
N x N digital image such that x,+ = x*. Then one may consider f* = fg* to be
a potential solution of the original problem. The important point here is that we
obtain such a solution by solving a system of (approximate) linear equalities, and
there is an extremely well-established field of numerical mathematics for solving
such systems (see, e.g., [67]).

There is, however, a problem with such an approach. Even in the idealized case
when there is no noise in the data (i.e., we have equalities, rather than approximate
equalities, in (3.5)), the methodology can lead to a very inaccurate reconstruction
due to the digital assumption. That is, the digital assumption can be a source of
error: even though this methodology may lead to a unique reconstruction from
perfect (noiseless) data, the result is not identical to either the image for which the

data have been collected or to its digitization. The error can however be reduced



36

(a) (b)

Figure 3.1: Two actual head cross-sections. (a) Figure 4.2 of [35]. (b) Figure 1(b)
from [36] is taken from the Roswell Park Cancer Institute website.

by finer sampling and more data, but since an image may not correspond exactly to
any digital image, we cannot expect a perfect reconstruction no matter how finely
we digitize and how much data we use. To restate this in other words: just because
a method can be shown to solve accurately the system of algebraic equations (3.9),
one must not conclude that it will also perform well (in the sense of providing
a good approximation of f) if the left hand sides of (3.9) were replaced by the
g(s, ) of the integral equations (3.5). To draw such a conclusion would be an
inverse crime, which is defined in [39] as “the procedure of first simplifying the
model, developing an estimator based on this model and then testing it against data

produced with the same simplified model.”

3.2.2 Phantoms and ghosts

In all the experiments that will be given in this document, we will be using as
the basis what we call a head phantom. Figure 3.1 shows two actual head cross-

sections. Using the software SNARKO09 [27] we created a digitized head phantom
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Figure 3.2: A head phantom used for all our experiments.

as given in Figure 3.2. The creation of the head phantom involves specifying a
number of elemental objects which are superimposed, each has the freedom to be
oriented and placed independently, with shapes and sizes that can be distinct from
one another, and with different density value assignment to each. The total density
at any given point is the sum of the superimposed densities (for each elemental
object) of the different objects at that point. The head phantom in Figure 3.2 was
created using 15 basic geometrical shapes (composed from ellipses, segments of
circles and triangles), two of the ellipses correspond to the two bright tumors on
the right-hand side of the phantom (positioned one above the other). To simulate
the various anatomical structures in the brain, (such as gray matter, white matter,
blood vessels, capillaries, etc.) we added inhomogeneity, that is, to each pixel of
the digitized phantom we added an additional density sampled randomly from a
zero-mean Gaussian distribution.

To simulate the large tumor on the left-hand side of Figure 3.1(b) we created a
ghost. Ghosts are images that are invisible from given projection directions. The
existence of ghosts have been known and studied since the earliest days of CT;
see, e.g., Section 15.4 of [35]. Our particular way of producing the ghost tumor in

Figure 3.2 is based on an idea that was first published almost 40 years ago [33].
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Using the notation and the definitions of the previous subsection, we say that p is
a ghost for direction ¥ if, for every line at distance s from the origin with an angle
Y e€l0,r)andd € Ryy

[Z£3](s,0) =0. (3.10)

For the creation of the ghost, it is necessary that the directions ¥ should be of
the form arctan(u/v), where u and v are integers, both not zero. Suppose that we are
given L pairs of such integers (u1,v1), ..., (ur,vz). We now construct an image that
is a ghost for each of the directions arctan(u,/vy), for 1 < /¢ < L. The construction
defines a sequence 1%, h', ... h" of real-valued functions of two integer arguments
of finite support (i.e., for 0 < ¢ < L, there are only finitely many pairs of integers
(t1,t2) for which the value of h' is not zero). We can select 1° to be any such

function and then define, for 1 < ¢ < L and all pairs of integers (¢1,2,),
hg (l‘l,tz) = héil (l‘l,l‘z) — héil (1‘1 +up,tp —i—vz) . (3.11)

Clearly, all the functions defined in this way will be of finite support. Now suppose
that there exist integers wy and wy such that AL (t1,t;) # O implies that wy < #; <
wi+N—1and wy <ftp <wp+N—1. (Such w; and wy can always be found,

provided only that N is large enough.) If we now define, for all (,%;) € [0,N — 1]2

g(l‘l,t2>:hL(W1+t1,W2+t2>, (3.12)

then the N x N digital image g is a ghost for the directions arctan(u; /vy),...,
arctan(ug /vy).

In Figure 3.2 we added a ghost g for 22 projections. We selected 22 reasonably
evenly spaced projection directions by choosing the pairs (4,3), (4,2), (4,1), (4,0),
(4,-1), (4,-2), (4,-3), 3.4), (2,4), (1,4), (0.4), (-1,4), (-2,4), (-3,4), 3,2), 3,1), 3.- 1),
(3,-2), (2,3), (1,3), (-1,3), and (-2,3) as the values for (u1,vy),...,(u2,v2). The
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function 4 was selected to be a digitized blob, a generalized Kaiser-Bessel window
function [45], with its free parameters assigned to be the default values selected by
SNARKO9 [27]. (We discuss blobs in Subsection 3.3.5 and give full details about
the available parameters).

Finally, we specify the parameters related to the digitization and the display of
our phantom. The image in Figure 3.2 has 243 x 243 pixels (thus N = 243 and
J =159,049). We picked the sampling interval d = 0.0752 and the size of each pixel
was set to 0.0752 x 0.0752 (the assumed unit of length is 1 cm). The values of these
components range from 0 to 0.5639; for display purposes, any value below 0.204
is shown as black (gray value 0), and any value above 0.21675 is shown as white
(gray value 255), with a linear mapping of the component values into gray values

in between.

3.2.3 Modes of data collections

All the experiments in this document are simulations of various CT reconstructions
of a head phantom (such as the one in Figure 3.2). We are examining the usefulness
of the reconstructions on two main datasets. For one we calculate the line integrals
based on the digitization of the head phantom, but we only consider a subset of
views that makes the underlying system of constrains underdetermined (however
it is consistent with the phantom). For the second dataset the underlying system
of constraints is overdetermined however the phantom is no longer consistent with
the collected line integrals. In addition, in some cases we wanted to make our
conclusions statistically sound. To do this, we performed a statistical hypothesis
testing; we next give the full details of how we performed it along with our two

modes of data collections.
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3.2.3.1 Underdetermined (UD) dataset

In this set, data are collected by calculating line integrals through the digitized im-
age for either 22 or 82 sets of equally spaced parallel lines. Each such line integral
gives rise to a linear equation in the components of x; the set of x that is consistent
with such a line integral is a hyperplane in R’. For the case of the 22 sets, the lines
are taken with angle directions that make the large tumor on the left hand side of the
phantom in Figure 3.2 a ghost as was described in detail in Subsection 3.2.2 (i.e.,
its ray-sums are zero for those 22 directions). The data set that has 82 sets have in
addition to the 22 directions that creates the ghost mentioned above, an additional
60 equally spaced views with 3° increments between consecutive directions. The
vector x that represents the phantom lies in the intersection of all the hyperplanes
that are associated with these directions (for the two cases). In the 82 sets case,
measurements were taken for 25,452 lines, making the underlying problem very
much underdetermined; the intersection of all the hyperplanes is an at least 33,597-
dimensional subspace of R>:0% 1In the 22 sets case, measurements were taken for
only 6,914 lines thus making the problem even more underdetermined than in 82
sets case; the intersection of all the hyperplanes is an at least 52, 135-dimensional
subspace of R>*04 We will refer to these two sets of data collection by UD and

will indicate which of the two cases we are using.

3.2.3.2 Realistic overdetermined (OD) dataset

Data collected in real-life CT are not at all likely to be consistent; a fundamental
reason is that real-life objects are not digitized and hence variations within pixels
will exists. In addition, various deviations from the idealized mathematical point
of view contribute to the data being inconsistent with the object. In CT the mea-
surements are stochastic in nature (the line integrals are estimated by the use of a,

by necessity, finite number of X-ray photons, resulting in statistical noise in these
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estimates). Another problem is that the detectors in real instruments will have a
width, so even if we ignore the fact that they may not be perfect, they could not be
used for measuring line integrals exactly. Furthermore, X-ray beams used in CT are
polychromatic and hence their energy spectrum hardens depending on the material
they have traveled through [34]. This makes the assignment of a linear attenuation
coefficient associated with a point in the body more difficult and yet another estima-
tion takes place to resolve that. There are other (here not listed) additional sources
of discrepancy between the assumed mathematical model and physically collected
data, such as the presence of scattered X-ray photons corrupting the readings by
the individual detectors; for a further discussion and in-depth explanation see [35,
Chapter 3].

In our simulation we calculated the line integrals based on the geometrical de-
scription of the head phantom (the one that was mentioned in Subsection 3.2.2)
rather than on its digitization. The width of the detector was simulated by adding,
to each line, 10 additional lines (five on each side) with a spacing of d/11 between
them, where d (= 0.0752 in our case) is the distance between parallel lines along
which data are assumed to have been collected in the mathematical formulation. Ad-
ditionally, statistical noise and scatter were introduced at the levels found in real CT
scanners, and furthermore, a beam hardening correction was applied. (The software
SNARKO09, which we used for all our experiments as mentioned previously, allows
us to simulate this kind of data collection, the details of which are explained in [35,
Section 4.5].) Data were generated for 360 sets of equally spaced parallel lines
(each line gives rise to a hyperplane in R3%:04%), with a % degree increment between

consecutive directions. We will refer to this mode of data collection OD.
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(b)

Figure 3.3: Random samples from the ensemble of phantoms used for statistical
hypothesis testing evaluations.

3.2.4 Statistical hypothesis testing evaluation

General conclusions should not be made based on a few anecdotal experiments.
In this subsection we discuss simulation experiments that use statistical hypothesis
testing to evaluate the relative efficacy of various reconstruction algorithms for a
medically relevant task, in our case, the detection of low-contrast small tumors in
the brain from X-ray CT projection data. In accordance with the general description
of such statistical hypothesis testing evaluations in Section 5.2 of [35], the following

are the steps to carry out such an evaluation:

1. Generation of random samples from a statistically described ensemble of
phantoms and simulation of realistic data collection for each sample. Our
random samples were similar to the phantom in Figure 3.2, but they included
a large number of pairs of potential tumor sites, with the locations of the sites
in each pair symmetric around the vertical axis of the head phantom. Only
one site of the pair has a tumor in it, these are randomly selected for each sam-

ple. Thirty such phantoms will be generated; Figure 3.3 shows two of them.
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The small tumors have circular shapes and are of radius 0.1 cm. The data
collection for all the experiments we report here used the OD one described

in detail in Subsection 3.2.3.2.

. Reconstruction from each of the generated projection OD data sets by each

of the algorithms to be compared.

. Assignment of figures of merit (FOMs) to each reconstruction. FOMs should
measure the goodness of the reconstruction for our task, the two that we used
for our experiments are image wise region of interest (IROI) and hit ratio
(HITR). It was previously found that IROI has the tendency to agree with the
performance human observers in identifying the tumors in a reconstruction
[53]. HITR considers the pairs of potential tumors site. Such a pair is a hit
if the structure in the pair with the higher average density in the phantom is
also the structure in the pair with the higher average density in the recon-
struction. The HITR for a reconstruction is the number of hits divided by
the total number of pairs. The intuition behind HITR is that a radiologist ex-
amining a reconstruction would look at the corresponding symmetric area in
order to determine if something is a tumor, as structures in the brain tend to

be symmetric.

. Calculation of statistical significance. For any pair of algorithms and for any
FOM, the null hypothesis is that the expected average values (over the 30
reconstructions) of the FOMs for the two algorithms are the same, with the
alternative hypothesis that the expected average value is in fact higher for the
algorithm for which the experimentally observed average is higher. Based on
the 30 pairs of FOMs one can calculate the P-value, which is the probability
of observing a difference between the performances (according to the FOM)

of the two algorithms that is as high or higher than the observed difference
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if the null hypothesis that the two algorithms are equally efficacious were
true. The smallness of the P-value measures the significance by which we

can reject the null hypothesis in favor of the alternative.

3.3 Experiments

The superiorization algorithm described in Section 3.1 specified how v* and f; are
selected for all k € N. The algorithm steers the iterates towards a minimizer of
a given convex function ¢ that assigns to each image a number that indicates, in
some sense, the “undesirability” of the image. (For example, we may know that
most images in our application area should be “piece-wise smooth.” In that case,
¢ (x) should measure the extent to which piece-wise smoothness is violated in the
image represented by x.) We give next two such functionals that were used in our
experiments.

Many researchers in image processing have been advocating the use of total
variation, e.g., [8, 23, 46, 57, 62]. For a G x H image g whose pixel values are

denoted by g, 5 (1 < g < G,1 < h < H), the total variation (TV) of g is

G-1H-1

V() =Y Y \/<Qg+1,h_Qg7h)2+(Qg,h+l —qen)? (3.13)
a1 =l

By mapping ¢ into a (G x H = J)-dimensional point x (by stacking into a single
column all the columns of g), this definition gives rise to a functional ¢ that can be
used in our superiorization algorithm described in Section 3.1.

Our second choice for the convex function ¢ to be used in some of the follow-
ing experiments is based on the maximum entropy formalism, which is a general
scientific approach with whole books devoted to it; e.g., [44]. The suggestion that
it be used for image reconstruction first appeared in the open literature in [32]. It

has been extensively used in the related field of digital image restoration; see, e.g.,



45

[3]. For images q that satisfy g, , > 0, for 1 < g < G,1 < h < H, with at least one

value strictly greater than 0, the negative-entropy (NE) of g is

G—1H-1 Goh Geon
negative-entropy(q) := Z Z <i> In (L) , (3.14)
g=1 h=1 Q Q

where Q is a constant provided to us by estimating the the sum of the g, from
the measured data (see the end of [35, Section 6.4] for a discussion as to why we
may assume in image reconstruction from projections that this estimate is extremely
accurate). We use NE, rather than entropy, to define ¢, since our algorithm is written
for minimizing a function. Nevertheless, in reporting on our experiments we will be
giving the value of the entropy (which is minus the value provided by (3.14)), thus
a higher value will indicate a more desirable solution according to the maximum
entropy principle. We need to point out that the previously-specified algorithm in
Section 3.1 needs to be altered for entropy maximization, due to the fact that in that
case ¢ is defined only on the nonnegative orthant. For example, there is nothing to
prevent Step 3 of the pseudocode to produce a z that is not in the domain of ¢ and
this would make it impossible to execute Step 4. To avoid such difficulties, we put
in additional conditions controlling the flow of the algorithm so that the ¢ based on
negative entropy need never be evaluated for an argument outside the nonnegative
orthant. (We omit the technical details.)

Theorems 1 and 2 were stated for general closed convex sets, while Theorems
3 and 4 were stated only for the special case when the convex sets are hyperplanes.
In the first case we have considered two kinds of constraints for the experiments,
one that uses only hyperplane constraints and another that uses both hyperplanes
and halfspaces constraints. For the hyperplane case, each of the calculated line
integrals mentioned earlier give rise to a linear equation in the components of x; the

set of x that is consistent with such a line integral is a hyperplane in R’. These can
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be written mathematically by

C;={x: (d',x) = b;}, (3.15)

where a' € R’ and b; € R. For the second type of constraints, we have considered
halfspaces that correspond to nonnegativity constraints on the pixel values; i.e., sets
of the form

{x:x;>0}, (3.16)

for1 < j<J.

As a general remark, we point out that all the computational work reported
here was done using SNARKO09 [27]; the phantom, the data, the reconstructions,
displays, and plots were all generated within this same framework. This implies
that, for example, differences in the reported reconstruction times are not due to the

different algorithms being implemented in different environments.

3.3.1 Experiments with PR-AP methods

We illustrate the efficacy of the AP methods when perturbations are utilized versus
when they are not. A classical method for finding a common point in the intersec-
tion of a set of hyperplanes is the cyclic projection method, which is commonly
known as ART in tomography [35, Chapter 11]. If it is initialized with x° being the
zero vector, it is known [35, Section 11.2] to converge to that point x in the inter-
section of the hyperplanes for which ||x|| is minimal. In practice, ART needs to be
stopped after a finite number of steps. In Figure 3.4(a) we show the result obtained
by ART when we stopped at a k for which Res(x*) < 0.001. On an Intel Xeon 1.7
MHz processor 1 G RAM workstation, obtaining such a good fit to the data by ART
required more than 15 hours. (To demonstrate that 0.001 is indeed a small value in

our context, we point out that Res(x") = 330.204.)
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(b)

Figure 3.4: Illustrative example of superiorization in tomography using AP methods
with hyperplanes constraints. (a) Norm-minimizing reconstruction (cyclic projec-
tion method, ART). (b) TV-superiorization reconstruction (cyclic projections with
perturbations). The corresponding numerical values associated with these images
are given in Table 3.1.

There are some obvious differences between the phantom in Figure 3.2 and the
ART reconstruction in Figure 3.4(a). This indicates that ||x|| may not be a partic-
ularly good measure of the undesirability of x in this situation and therefore we
considered for ¢ the TV functional. The only difference between ART and this
new algorithm comes from the perturbations aimed at reducing the total variation.
Again we started the process with x° being the zero vector and stopped it when
Res(x*) < 0.001. Figure 3.4(b) illustrates the output of the TV-superiorizing algo-
rithm. It is visually superior to the reconstruction of Figure 3.4(a). (As a numerical
measure, the norm of the difference between the ART reconstruction and the phan-
tom is more than 35 times greater than the norm of the difference between the
TV-superiorizing reconstruction and the phantom.)

It is interesting that, for this data set, the TV-superiorizing algorithm is signifi-
cantly less expensive than ART: The total time required was less than 39 minutes.

The reduction in Res(x¥) as a function of computer time is plotted in Figure 3.5
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Figure 3.5: Plots of Res(x*) for ART (blue, top) and the amalgamated TV-
superiorizing algorithm (green, bottom) both plotted against computer time.

’ Method \ norm \ TV \ distance \ time [h] ‘

ART (no perturbations) | 46.04 | 1299.7 3.617 15.77
AP TV-superiorization | 46.19 | 435.9 0.103 0.64

Table 3.1: Numerical values for the outputs of the amalgamated algorithms (without
nonnegativity constraints).

for both algorithms. Even though a single iterative step of ART is less expensive
than that of the TV-superiorizing algorithm, the perturbations in the latter steer it
towards the correct result (i.e., in the general direction of the phantom) and so much
fewer steps are needed to get Res(x*) below a given €.

In Table 3.1, we report on the values of the norm and TV for the outputs of the
two algorithms (as well as the distance between the reconstruction and the phantom
and the time needed to obtain the reconstruction). As can be seen, the algorithms
tend to minimize the function that they are supposed to be minimizing; the supe-

riority of the reconstruction in Figure 3.4(b) to that in Figure 3.4(a) is due to TV
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(a) b)

Figure 3.6: Illustrative example of superiorization in tomography using AP meth-
ods with hyperplanes and nonnegativity constraints. (a) Norm-minimizing recon-
struction (cyclic projection method, ART2). (b) TV-superiorizing reconstruction
(cyclic projections with perturbations). The corresponding numerical values asso-
ciated with these images are given in Table 3.2.

minimization being a more appropriate aim than norm minimization in the current
circumstances.

As a further illustration, we also report on results of experiments in which in
addition to the hyperplanes of (3.15) we also have half-spaces that correspond to
nonnegativity constraints on the pixel values as in (3.16). In setting up the exact
formulation of the problem, in the sequence of convex sets each set of the form
(3.15) 1s followed by the J sets of the form (3.16). We compared the performance
of our TV-superiorization method with a version of ART (called ART2, introduced
in [37], see also [19, page 152]) that minimizes the norm under such mixture of
constraints. We again set up the experiments to stop when Res(x¥) < 0.001. The

results are shown in Figure 3.6 and reported in Table 3.2.



Method \ norm \ TV distance \ time [h] ‘
ART2 60.80 | 3367.1 1.027 0.93
AP TV-superiorization | 46.19 | 437.5 0.087 1.49

50

Table 3.2: Numerical values for the outputs of the amalgamated algorithms (with

nonnegativity constraints).

©

(d)

Figure 3.7: [Illustration of reconstructions obtained by our BIP algorithm from
82 views, with hyperplane constraints and stopping criterion of Res(x*)< 0.05

(a) Head phantom for which data were collected (same as in Figure 3.2).

(b)

Norm-minimizing reconstruction (no perturbations). (c) Reconstruction with TV-
superiorizing perturbations. (d) Reconstruction with entropy-superiorizing pertur-

bations.
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3.3.2 Experiments with PR-BIP for convex sets

In this subsection we give several illustrations to the BIP algorithms discussed in
Subsection 2.3.1, which are applicable to general closed convex sets (by Theo-
rem 2). We first considered the UD data collection for 82 views (from Subsection
3.2.3.1) and applied the BIP algorithm (2.30) to the specified data set for the two
choices of ¢ given previously, namely TV and NE. Blocks were set so that each
block B,, consists of all the indices i associated with the measurements taken in a
particular direction (and therefore {1,...,1} = ngl B, with U = 82). The relax-
ation parameter for all reconstructions was set to A = 1 and all were stopped when
Res(x¥)< 0.05. Figure 3.7(b) shows the reconstruction when no perturbations are
introduced and Figure 3.7(c) shows the reconstruction when TV-superiorizing per-
turbations are present. Both runs started with x° being the zero point (i.e., all its
components are 0). Note that Res(x”) = 330.208, demonstrating that the value 0.05
for the stopping criterion is small in our context. Since the convex sets are hyper-
planes, the algorithm without perturbations (i.e., B = 0, for k € N) converges to
the feasible point with minimal norm as was indicated in the previous subsection.
Clearly, the reconstruction in Figure 3.7(c) is visually superior to the reconstruction
in Figure 3.7(b). As a numerical measure, the norm of the difference between the re-
construction without perturbations in Figure 3.7(b) and the phantom in Figure3.7(a)
is 3.764, while the norm of the difference between the reconstruction with the per-
turbations in Figure 3.7(c) and the phantom is 0.157, making it 24 times smaller
than that without perturbations. Moreover, the TV of the image in Figure 3.7(c)
is 421.568, which is near to (and is actually less than) the TV of the phantom in

Figure 3.7(a) (450.594), whereas the TV of the image in Figure 3.7(b) is 1270.240.

We further report on the the results of the reconstruction when the perturba-

tions are aimed at maximizing the entropy as defined by (3.14). An algorithm
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that finds the maximum entropy solution of a consistent system of equations with
nonnegativity constraints is the Multiplicative Algebraic Reconstruction Technique
(MART), as was proved in [43]. MART is actively used in various applications;

see, e.g., [42, 65]. For this run, X0

was set to be the point that is also the initial
point for MART for which each component is either zero or another constant, se-
lected based on the measurements so that the total density is the Q of (3.14). Figure
3.7(d) presents the resulting image for the chosen stopping criterion. If we com-
pare the two superiorizing reconstruction results (Figures 3.7(c) and (d)), the TV-
superiorizing reconstruction appears clearly preferable. However it is worth noting
that the entropy-superiorizing algorithm behaves as advertised: a superior result
relative to the function of (3.14) is provided by the entropy-superiorization algo-
rithm. In fact, we ran MART (as implemented in the software package SNARKO09
[27]) on the data of this experiment and obtained an entropy of 10.305. The en-
tropy of the image in Figure 3.7(d) is 10.307, which is higher than that obtained
by MART for the same data and the same stopping criterion, indicating that our
algorithm performs better in the superiorization sense. However, looking at the im-
age produced by TV-superiorization (Figure 3.7(c)) we see that, for this data set,
the TV-minimization criterion characterizes the phantom better than the maximum
entropy criterion.

As a further illustration, we report on results of an experiment in which in ad-
dition to the I hyperplanes used in the previous experiment, we also have a convex
set corresponding to nonnegativity constraints on the pixel values as in (3.16). In
the exact formulation of our algorithm for this case, we introduce in addition to the
U blocks used in the previous case one more block By that contains R copies of

the index 7+ 1. Our actual algorithm for taking care of nonnegativity (in addition
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(d)

Figure 3.8: Illustration of reconstructions obtained by a BIP algorithm from The-
orem 2 using the dataset for 82 views from Subsubsection 3.2.3.1, with hyper-
plane and nonnegativity constraints and stopping criterion of Res (xk < 0.0S) (a)
Reconstruction when no perturbations are present. (b) Reconstruction with TV-
superiorizing perturbations.

to the hyperplane constraints) uses instead of (2.27) the operator

Q:=0Qu+10Qu---Qu+10Q1, (3.17)

which means that in the sequence of the blocks of the convex sets, each B, (i.e.,
each block of hyperplanes, as defined for the previous experiment) is followed by a
projection onto Cy 1.

We compared the performance of the BIP algorithm (2.30) without and with per-
turbations for the TV functional (3.25). As in the previous experiment, we started
both reconstructions with x” being the zero point, set A = 1, and set the algorithms
to stop at Res(x*)< 0.05. The results of the reconstructions are given in Figure 3.8.
Note again the superiority of the reconstruction of the TV-superiorizing algorithm
with perturbations present (Figure 3.8(b)) as compared to the one produced without

perturbations (Figure 3.8(a)). The norm of the difference between the reconstruc-
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(a) b)

Figure 3.9: Illustration of reconstructions obtained by our BIP algorithm from
360 views of physically realistic projection data, with hyperplane and nonnegativity
constraints and stopping criterion of Res (xk) < 3.75. (a) Reconstruction when no
perturbations are present. (b) Reconstruction with TV-superiorizing perturbations.

tion without perturbations in Figure 3.8(a) and the phantom is more than 8 times
greater than that between the reconstruction with the perturbations in Figure 3.8(b)
and the phantom (1.254 and 0.143, respectively). The use of the nonnegativity con-
straint (3.16) improved the quality of the reconstructions in both cases, although
only slightly in the TV-superiorizing case. The TV for the image on the right in
Figure 3.8 is 421.185, while for that on the left it is 667.926.

In the third experiment we demonstrate the BIP algorithm from Theorem 2 when
the dataset is the OD of Subsubsection 3.2.3.2. Similarly to our previous experi-
ments in this subsection, blocks were formed using all measurements taken from
a particular direction (making U = 360), and an additional constraint of the form
(3.16) was utilized in the same manner as in the former experiment.

The reconstructions from this dataset, both without and with TV-superiorizing
perturbations, are shown in Figure 3.9. The stopping criterion in both cases was Res

(xk) < 3.75, which is reasonable since for this noisy data set the value of Res for the
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phantom is actually higher (3.97, to be exact). Both reconstructions seem to capture
the essential features of the phantom, with the reconstruction on the right (obtained
using TV-superiorizing perturbations) somewhat more pleasing to the eye than the
reconstruction on the left; in particular, it seems to be smoother. This is reflected
by the norms of the differences between the reconstructions and the phantom; they
are 1.914 and 1.877, respectively, for Figure 3.9(a) and Figure 3.9(b). Comparing
the TVs of the two reconstructed images, we note that the image on the right has a
much lower TV (440.411) than the image on the left (518.779). (We point out again
that the TV of the phantom is 450.594.) This (matching the results of the previous
two experiments) indicates that the use of TV-superiorizing perturbations steers the
iterates towards an image with a lower TV, which appears to be a desirable feature
when attempting to reconstruct an object of the type shown in Figure 3.2.

In all the examples above, when the algorithm stops it provides an image with
a value of the functional ¢ less than that of the phantom. The following example
shows that this is not always so. Figure 3.10(a) shows a head phantom for which
data were collected. The only difference between the head phantom in Figure 3.2
and this one is that in Figure 3.2 the phantom includes local inhomogeneities; see
Subsection 3.2.2 for more details. For the current example we use the decreased
number 22 of views of the UD dataset. Here U = 22 and I = 6,914, and so we have
almost an order of magnitude fewer linear equations than unknowns. We again ran
our algorithm starting from the zero point (Res(x’) = 171.557 in this case) and
chose the stopping criterion of Res (xk) < 0.05. The TV of the phantom in Figure
3.10(a) is 421.735. Since the system is consistent, the phantom in Figure 3.10(a)
lies in the intersection of all the constraints. Figure 3.10(b) shows the result of the
TV-superiorizing when perturbations are present. The TV of that image (427.372)
is higher than the TV of the phantom. Even though the reconstruction is visually

poor, the superiority of it is seen by comparing it to the reconstruction when no
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Figure 3.10: Illustration of reconstructions obtained by the BIP algorithm of The-
orem 2 using consistent data with 22 views, hyperplane constraints and stopping
criterion of Res (xk) < 0.05. (a) Head phantom for which data were collected. (b)
Reconstruction with TV-superiorizing perturbations. (c) Reconstruction when no
perturbations are present. (d) Reconstruction with entropy-superiorizing perturba-
tions.

perturbations are used in Figure 3.10(c) and when the perturbations are aimed at
maximizing the entropy (Figure 3.10(d)). As a numerical measure, the norm of the
difference between the reconstruction with perturbations in Figure 3.10(b) and the

phantom in Figure 3.10(a) is 1.684, which is less than a fifth of the norm of the
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difference between Figure 3.10(c) and the phantom and less than half of the norm
of the difference between Figure 3.10(d) and the phantom.

Up to this point we have been concentrating on the quality of our algorithm
from the point of view of it achieving its aim of providing a point for which the
values of both Res and the specified ¢ are small, without paying any attention to
the computational costs involved. It happens to be the case that the timing of our
algorithm can be greatly improved under certain circumstances. The reason for this
is that the number R in (2.28) is large; it is 345 for our examples. From this it

k1 — Qu* is practically the same as x* and so it takes quite a number

follows that x
of iterations to reach the stopping criterion. Fortunately, under many reasonable
circumstances (for example, if all the convex sets are hyperplanes), it is possible to
replace R by a much smaller number and achieve a more than an order of magnitude
speedup while retaining the limiting convergence property stated in Theorem 2. To
indicate the great potential that exists for speeding up the BIP algorithm used in
this section we note that it required 10,400 iterations to reach the very stringent
stopping criterion that resulted in Figure 3.7 (we note that essentially the same
image would have been obtained if we stopped much earlier), but when we used
instead the perturbed fully sequential algorithm of (2.5), which is the same as the
BIP algorithm described here with all blocks being of size 1, then the stopping
criterion was reached in only 20 iterations. This is not necessarily a good thing from
the point of view of superiorization, since perturbations are made only at the end of
each iteration and so the value of the ¢ is likely to be much higher if the algorithm
stops after relatively few iterations. In practice one would use an underrelaxed
version of the fully sequential algorithm (i.e., a smallish A in (2.30)), which would
slow it down to some extent. Also, it is often the case that special hardware allows
us to implement a BIP algorithm so that one iteration of it requires less time than one

iteration of its fully sequential version. For these reasons, the speeded up versions
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of our perturbed BIP algorithm has the potential of being in practice advantageous;

we demonstrate this next.

3.3.3 Experiments with PR-BIP for hyperplane constraints

We next give illustrations when the algorithm is (2.51) from Theorem 3. For the
first experiment, we considered the UD dataset for 82 views from Subsubsection
3.2.3.1. In this case, each block A, consists of all the indices i associated with
the measurements taken in a particular direction. Thus {1,...,7} = J"_, B,, with
U = 82. Note that the number of elements in B, is ¢, as defined above (2.48) in
Subsection 2.3.2.

We applied our BIP algorithm based on (2.51) to the specified data set with the
selection of TV as the functional ¢. The choice of the relaxation parameters, A,,
has an affect on the stopping point for any chosen €. Choosing the maximum A,
allowed by (2.48) gets to a solution faster, but it reduces the number of superioriza-
tion steps (Step 3 of the pseudocode in Section 3.1) that steer the process towards
a solution close to the minimizer of our functional ¢. We have chosen for all the
illustrations of this subsection (except for the ones described in the last paragraph
of this subsection) the relaxation parameters A, = A = 0.125, which reflects a rea-
sonable trade-off between speed and quality of the reconstruction. This choice is
based on a set of auxiliary experiments, the details of which are omitted. For the
stopping criterion we set Res (xk) < 0.05.

Figure 3.11(b) shows the reconstruction when TV-superiorizing perturbations
are present and Figure 3.11(c) shows the reconstruction when no perturbations are
introduced. Both runs started with x” being the zero point (i.e., all its components
are 0). We again point out that Res (xo) = 330.208, demonstrating that the value
0.05 for the stopping criterion is small in our context. Again we indicate that the

algorithm without perturbations (i.e., B = 0, for k € N) converges to the feasible
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Figure 3.11: Reconstructions from UD consistent data for 82 views with the stop-
ping criterion of Res(x*) < 0.05 using accelerated BIP algorithm. (a) Phantom for
which data were collected, same as in Figure 3.2. (b) BIP TV-superiorizing acceler-
ated algorithm (Theorem 3). (c) Norm-minimizing reconstruction (Theorem 3, no
perturbations). (d) BIP TV-superiorizing without acceleration (Theorem 2).

point with minimal norm [35, Section 11.2]. Clearly, the reconstruction in Figure
3.11(b) is visually superior to the reconstruction in Figure 3.11(c).

In the first two rows of Table 3.4, we report on the values of the norm and TV
for the outputs of the two algorithms (as well as the distance, defined as the norm

of the difference between the reconstruction and the phantom, and the time in min-
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Method ‘ norm ‘ TV | distance ‘ time (m) ‘
BIP TV-superiorization with 46.18 | 424.22 0.15 14.85
acceleration (Theorem 3)
BIP norm-minimizing (no perturbations) | 46.03 | 1281.18 3.75 42.47

with acceleration (Theorem 3)
BIP TV-superiorization (Theorem 2) 46.18 | 421.57 0.16 390.29
without acceleration

Table 3.4: Numerical values for the outputs (shown in Figure 3.11) of the three
algorithms on consistent data.

utes needed to obtain the reconstruction). As can be seen, the algorithms tend to
minimize the functions that they are supposed to be minimizing; the superiority of
the reconstruction in Figure 3.11(b) to that in Figure 3.11(c) is due to TV mini-
mization being a more appropriate aim than norm minimization under the current
circumstances.

In order to appreciate the speedup of our new method, we ran another TV-
superiorizing BIP algorithm (from Theorem 2) on this data set. We point out that
using (2.28) of Theorem 2 for the special case when the sets are hyperplanes we
obtain that, forx e R’ and 1 <u < U,

Qux = 1 Y ()H— bi_<—al’x>ai> +R;£"x’ (3.18)

2
R 3, ]| R

where a' is the transpose of the ith row of A, and R defined in (2.29). Rearranging

(3.18) we obtain
A

—q'. (3.19)
ies, |l

Thus, the only distinction between the operators in (3.19) and in (2.49) with the

matrices chosen as

1
Mu:diag< . 2) (3.20)
lail?) oy,
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comes from the operator in (3.19) being dependent on R, while the operator in (2.49)

allows flexibility in the selection of A,, with a wider range of choice that depends

1 1

7= 303 while the relaxation

only on (2.48). To be precise, in our example above,
parameter for the newly proposed operator of Theorem 3 (2.49) was chosen in our
implementation to be 4, = A = %, making the corrections in the subiterative steps
42 times greater than what was used in the unaccelerated method.

Again, we started the process with the zero point and set the stopping criterion
to Res (xk) < 0.05. Figure 3.11(d) shows the resulting image and the third row of
Table 3.4 gives the corresponding numerical values. Both reconstructions with per-
turbations seem to be superior to the reconstruction without perturbations (Figures
3.11(b) and 3.11(d), respectively, versus 3.11(c)). Note that the TV (reported in the
TV column of Table 3.4) of the reconstructions produced by the two superiorization
algorithms are nearer to (and are in fact less than) the TV of the phantom in Fig-
ure 3.11(a) (which is 450.594), whereas the TV of the image in Figure 3.11(c) that
is obtained without perturbations is 1281.18. In addition, distances between the re-
constructions by the perturbed algorithms and the phantom (reported in the distance
column of Table 3.4) are 24 times less than the distance between the reconstruction
without perturbations and the phantom (with a slightly smaller distance for the re-
construction obtained using acceleration).

Figure 3.12 shows a graph of Res (xk) over computer time for the three algo-
rithms reported in Table 3.4. As indicated by the plot (and also by the time col-
umn in the table), the accelerated BIP TV-superiorizing method (from Theorem 3,
in solid gray at the bottom-left corner) required less than 15 minutes (on an Intel
Xeon 1.7-GHz processor 1-G RAM workstation) to reach a Res below 0.05, while
the method without acceleration (in black) took more than 28 times longer to obtain
a similar Res. Even though the accelerated method without perturbations (i.e., the

norm minimizing method from Theorem 3 in broken-line gray) is faster than the
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Figure 3.12: Plots of Res (xk) against computer time of the three algorithms on 82
views UD consistent data.

TV-superiorizing method without acceleration from Theorem 2, the perturbations
in the latter steer it towards the correct result (i.e., in the general direction of the
phantom).

In the next experiment we examined our method from Theorem 3 with the OD
dataset of Subsubsection 3.2.3.2 by running the accelerated BIP algorithm and com-
paring the results with and without TV-superiorizing perturbations. Blocks were
again formed by using all measurements taken from a particular direction (making
U = 360). The starting point was the zero point for all runs in this experiment and
the stopping criterion was Res (xk) < 5, which is reasonable since for this noisy data
set the value of Res for the phantom is 4.909. Figures 3.13(a) and 3.13(b) show the
resulting reconstructions and Table 3.5 provides the corresponding numerical val-
ues. The quality of the reconstruction in Figure 3.13(a) is visually better than that

of the reconstruction in Figure 3.13(b) by the algorithm without perturbations. The
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(d)

(©) (d)

Figure 3.13: Reconstructions of the head phantom from realistic data obtained from
360 views with the stopping criterion of Res(x*) < 5. (a) BIP TV-superiorizing
accelerated algorithm of Theorem 3. (b) BIP algorithm of Theorem 3 with no
perturbations. (c) BIP TV-superiorizing without acceleration from Theorem 2 for
Res (xk) < 5. (d) BIP TV-superiorizing without acceleration from Theorem 2,
stopped after the time it took our accelerated algorithm to obtain (a).

superiority of the reconstruction with perturbations is also expressed numerically
by both the distance from the phantom and by the TV value, as indicated in the first
two rows of Table 3.5. We also ran the TV-superiorizing algorithm without acceler-

ation from Theorem 2 on these inconsistent data. The resulting image is in Figure
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Method \ norm \ TV \ distance \ time (s) ‘

BIP TV-superiorization with 45.60 | 548.36 2.79 37.3
acceleration (Theorem 3)

BIP norm-minimizing (no perturbations) | 45.60 | 790.59 2.96 37.3
with acceleration (Theorem 3)

BIP TV-superiorization (Theorem 2) 45.48 | 403.11 3.20 1338.6
without acceleration

Table 3.5: Numerical values for the outputs of the algorithms for inconsistent data
in Figure 3.13.

3.13(c). As indicated by the third row of Table 3.5, the time that algorithm took to
reconstruct that image was more than 35 times the time needed by the accelerated
TV-superiorizing algorithm of Figure 3.13(a). As a further illustration, we looked
at the image at the iterate reached by the algorithm from Theorem 2 after 37.26 sec-
onds had passed, in order to demonstrate how much the acceleration buys us. The
result is seen in Figure 3.13(d), which took approximately 39 seconds to obtain. As
can be seen, the algorithm does not provide an acceptable looking reconstruction at
that time (that image has a distance of 18.74 from the phantom and the value of Res
is 98.938).

Using the evaluation method described in Subsection 3.2.4, we report on the
outcome of a comparative evaluation procedure when the algorithms compared are
two BIP TV-superiorizing algorithms, the one with acceleration based on Theo-
rem 3 and the one without acceleration from Theorem 2. This is of interest since
the results of the experiments we reported so far are anecdotal, they may not be
representative of the general situation. Also, in spite of the fact that the TV for
Figure 3.13(c) is much less than that for Figure 3.13(a) (see Table 3.5), the visual
evaluation of the images indicate that the former is a worse reconstruction than the
latter (in particular, Figure 3.13(c) shows hardly any sign of the big tumor in the
left half of the phantom shown in Figure 3.2, whereas it is clearly visible in Figure

3.13(a).) The results were conclusive: for both FOMs, the null hypothesis of equal
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(d)

Figure 3.14: Reconstructions of the phantom shown in Figure 3.3(a). (a) BIP
TV-superiorizing accelerated algorithm of Theorem 3. (b) BIP TV-superiorizing
without acceleration from Theorem 2.

efficacy can be rejected with extreme significance in favor of the alternative that
the method with acceleration performs better for the task at hand (the P-values are
7.72 x 10~15 for IROI and 1.68 x 10~12 for HITR). As an illustration we include
in Figure 3.16 the reconstructions of the sample phantom from Figure 3.3(a) by the
two algorithms.

Next we report on the statistical comparison of the two accelerated algorithms
whose behaviors on a single data set are reported in the first two lines of Table 3.5;
they are both based on Theorem 3, but one uses TV-superiorization while the other
does not use perturbations. The results were again conclusive: for both FOMs, we
can reject the null hypothesis that the two algorithms are equally efficacious with
extreme significance in favor of the alternative that the one that superiorizes the TV
functional is more helpful for the task at hand (the P-value for HITR is 1.52 x 1073
and for IROI it is 1.82 x 10~ !#). As an illustration, we give in Figure 3.15 examples
of reconstructions by the two algorithms.

Finally, we report on statistical experiments that were carried out because of
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(d)

Figure 3.15: Reconstructions of a randomly sampled phantom similar to the ones
from Figure 3.3. (a) Accelerated algorithm of Theorem 3 with TV-superiorization.
(b) Accelerated algorithm of Theorem 3 without perturbations.

S+pandS—p |H’+pandH?’ —p [S+pand H® +p
HITR P-value 1.59x 107° 5.70 x 10°10 3.76 x 1073
IROI P-value 1.52x 10714 9.49 x 10~ 15 577 %1073

S—pandH>—p| S+pandH’—p |H’+pandS—p
HITR P-value 3.36 x 102 2.70x 10710 538 x107?
IROI P-value 1.75x 1073 1.35x 10714 1.25x 10714

Table 3.6: Results of the statistical hypothesis testing evaluations comparing the
algorithms of Theorems 3 and 4. The P-values of the two FOMs indicate the sta-
tistical significance at which the null hypothesis that the two algorithms are equally
helpful for the task of detecting low contrast tumors in the brain can be rejected in
favor of the alternative hypothesis that the one listed first is more helpful. In the
first row, S and H? indicate the use of the symmetric and the nonsymmetric oper-
ator in the algorithm, respectively, +p stand for TV-superiorization and —p for no
perturbations.

our desire to investigate the efficacy of algorithms based on Theorem 4. Since
the computational cost of applying S (see (2.53)) is approximately twice of that of
applying H (see (2.50)), in this set of studies we used H? (i.e., two consecutive
applications of H) as the operator in the nonsymmetric case and selected A, = A =

0.075 for both the symmetric and the nonsymmetric algorithms. In Table 3.6 we
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report on the results of pairwise evaluations of algorithms that are either symmetric
or nonsymmetric and that either use or do not use TV-superiorizing perturbations.
Summarizing this table, if one algorithm is TV-superiorizing and another one is
not, then for both FOMs we can reject the null hypothesis that the two algorithms
are equally efficacious with extreme significance in favor of the alternative that
the one that superiorizes TV is more helpful for the task at hand. On the other
hand, in those cases where either both algorithms are TV-superiorizing or neither
is, we can reject the null hypothesis that the two algorithms are equally efficacious
in favor of the alternative that the one that uses the symmetric operator is more
efficacious, but the significance is now less (the P-values are larger). In other words,
we can be extremely certain TV-superiorizing perturbations improve efficacy, but
we cannot be quite that certain that the observed improvements due to the use of
the symmetric operator is not accidental. As an illustration we give in Figure 3.16
reconstructions produced by TV-superiorizing algorithms with the symmetric and

with the nonsymmetric operator, respectively.

(b)

Figure 3.16: Reconstructions from the same realistic projection data set for one of
our random phantoms (similar to the ones in Figure 3.3) by two TV-superiorizing
algorithms using (a) the symmetric operator S and (b) the nonsymmetric operator
H>.
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3.3.4 Comparison with optimization

An important point that is illustrated by the experiments in the previous subsec-
tions is that, from the practical point of view, TV-superiorization is as useful as
TV-optimization. This is because a realistic phantom, such as the one in Figure 3.2,
is unlikely to be TV-minimizing subject to the constraints provided by the measure-
ments. The TV value of our phantom is 450.594, which is larger than that of many
of the TV-superiorizing reconstructions we provided earlier. While an optimization
method should be able to find an image with a lower TV value, there is no practical
point for doing that. Since the underlying aim of what we are doing is to estimate
the phantom from the data, producing an image whose TV value is further from the
TV value of the phantom than that of our superiorized reconstructions is unlikely to
be helpful towards achieving this aim. Next we provide two comparisons performed

for both the AP and BIP methods.

3.3.4.1 AP TV-Superiorizing Vs. TV-optimization

We report on a comparison of the TV-superiorizing AP method (from Subsection
3.3.1) with an adaptation of a TV-minimizing version of Algorithm 6 in [22]. The
most essential part of our adaptation was that where the algorithm called for a pro-
jection onto C, in our implementation we approximated this by doing a single cycle
of consecutive projections onto Cy,...,C;. We applied both algorithms to the UD
dataset for 82 views with hyperplane constraints, starting the processes with the
zero vector and stopping them when Res(x¥) < & = 0.005. For the TV-minimizing
algorithm we obtained an output for which the TV value is 471.3, which is higher
than the TV value of the TV-superiorizing amalgamated method (457.2). Also, the
time required to get to termination was just over four times longer for the algorithm
based on [22] than for the amalgamated T V-superiorizing algorithm. All the rel-

evant numbers for this comparison, including the amalgamated algorithm without
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Method \ norm \ TV \ distance \ time (m) ‘
ART (no perturbations) 46.04 | 1300.8 | 3.644 112.6
AP TV-superiorizing 46.19 | 457.2 0.223 14.6
TV-optimization (based on [22]) | 46.17 | 471.3 0.390 59.9

Table 3.7: Numerical values for the outputs of AP TV-superiorization and TV-
optimization algorithm based on [22])

perturbations (i.e., ART), are reported in Table 3.7.

3.3.4.2 BIP TV-Superiorizing Vs. TV-optimization

In our second comparison with an optimization method, we compared the acceler-
ated BIP T'V-superiorization algorithm from Subsection 2.3.2 with a TV-optimization
algorithm using TwIST [38] and Split Bregman [31] as the substep. In setting up
the problem for this TV-optimization algorithm we required a solution to the prob-
lem: find an x that specifies an image with a small TV subject to Res(x) < 5.5 (the
Res of the phantom we used had Res=5.462 and so requiring such a Res makes the
digitization of the head-phantom feasible). By a “small TV” we mean a value that
is not larger than 454.036 which is the TV of the digitized head-phantom.

For this experiment we chose a phantom similar to the ones presented in Figure
3.3, presented here in Figure 3.17(a), to be reconstructed with OD dataset for 360
views using hyperplane constraints. (We again set up all the measurements taken
from a particular direction to be associated with the uth block, with U = 360.) Our
particular choice of parameters for this experiment was A4, = A = 0.031 (in (2.49))
and in the superiorization algorithm, instead of multiplying the size of beta at steps
9 and 10 of the pseudocode in (Subsection 3.1) by 0.5, we multiplied it by 0.7 and
started with B_; = 0.7.

Figure 3.17(b) shows the result of the reconstruction using the TV-superiorizing
BIP algorithm and Figure 3.17(c) has the resulted image of the TwIST and Split

Bregman TV-optimization method, both (along with the phantom in (a)) displayed
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(b)

Figure 3.17: Reconstructions of BIP TV-superiorizing and TwIST with Split Breg-
man TV-optimization. (a) The phantom for which data were collected. (b) Recon-
structions using BIP TV-superiorizing algorithm. (c) Reconstructions using TwIST
with Split Bregman optimization algorithm. All images are displayed at a window
of [0.2085 —0.21375].

at a narrow window of [0.2085 — 0.21375] (narrower than the display window used
in all our previous experiments). The TV value of these images are 451.5 and
443.9 for the image in 3.17(b) and 3.17(c), respectively. While from a mathematical
perspective the two algorithms provide a solution to the problem above, the times to

produce the two images are substantially different; on an Intel Pentium core two duo
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2.8 GHz (using a single CPU) with 4GB memory the image in Figure 3.17(a) took
less than 7 seconds to be reconstructed by the TV-superiorizing algorithm versus

slightly over 28 seconds for the image in Figure 3.17(b).

3.3.5 Superiorization using blob basis functions

Generalized Kaiser-Bessel window functions, also known by the more simple name
blobs, were first introduced to the field of image reconstruction and image represen-
tation by R. M. Lewitt [45]. He proposed the use of these spherically symmetric ba-
sis functions for discrete image representation in a multidimensional space. Blobs
are suitable alternative basis functions for both visualization and reconstruction to
the standard pixel basis functions (in 2D) and the voxel basis functions (in 3D). It
has been repeatedly shown in the literature that the use of blobs as basis functions
can produce superior results for different types of applications, see for example
[40, 47, 48, 50]. In a reconstruction problem, the quality of the images produced
using blobs as the basis is superior to that reconstructed using pixels. Blob-based
reconstructions however, suffer from a noticeable drawback: oscillations appear in
neighborhood of sharp density changes in the object that we wish to reconstruct.
For example, in the head phantom in Figure 3.18(a) (which is similar to the head
phantom of Figure 3.2 but without inhomogeneity and without the ghost tumor),
this occurs in the reconstruction between the skull and the brain. This undesirable
artifact is not due to the nonexistence of a nonoscillatory approximation to the head
phantom by a linear combination of a finite number of blobs (which are very smooth
functions), this is illustrated in Figure 3.18(b) using a blob approximation (which
is not a reconstruction). In Figure 3.19 we include the reconstructions when the
basis are pixels and blobs for ART starting from a point with an average density
values assigned to all the pixels of x°. Note the superiority of the reconstruction

when blobs are used as the basis in Figure 3.19(b). We are interested in the answer
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Figure 3.18: (a) A digitized head phantom similar to the one in Figure 3.2 without
the ghost tumor and without inhomogeneity. (b) A blob based approximation to the
digitized head phantom, illustrating that there exist a linear combination of blobs
that produces a desirable image. (c) Graphs of the values in the 131% column of the
digitized head phantom in (a) (colored red) and of the blob approximation (colored
green).
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(©) (d)

Figure 3.19: Reconstructions of the head phantom from Figure 3.18(a) using pixels
and blobs as basis functions. (a) Reconstruction using pixels as the basis functions.
(b) Reconstruction using blobs as the basis functions. (c) The head phantom from
Figure 3.18(a) with a red arrow marking a clean transition between the skull and
the brain. (d) The reconstructed image from (b) using blobs as basis functions with
a red arrow indicating the appearance of the artifact seen as a black ring.

to the following question: can a superiorization algorithm help to reduce the black-
ring artifact (indicated with a red arrow in Figure 3.19(d)) when the reconstruction
uses blobs as the basis? Unfortunately, our findings does not answer this question

positively; we provide the details next.
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3.3.5.1 Blob properties

Blobs have the following form:

T 1_(2)2:|m1m|:0‘ 1—(2)2], if0<r<a,
bimaa)(r) = 1”’(a)[ — T B2

0, otherwise,
where I,(-) denotes the modified Bessel function of the first kind of order m, a
stands for the nonnegative radius of the blob and « is a nonnegative real number
that controls the blob’s taper (the shape of the blob). The parameter m is a non-
negative integer that controls the continuity of the blob (the number of times it is
continuously differentiable at r = a). More specifically, if m = 0 then the function
will have a discontinuity at r = a, if m > 0 then it will be continuous at that point,
and if m > 1 then the first derivative of the blob will be continuous. In general, the
kth derivative of a blob is continuous if m > k . The blob has the value zero for all
r > a, where r is the radial distance from the center of the blob. It can be seen from

(3.21) that a blob is controlled by the choice of its parameters.

3.3.5.2 Image representation using blobs

The series expansion approach to image reconstruction from projections assumes

that the image can be represented as

N
Y caba(x,y), (3.22)
n=1

where, for 1 <n <N, b, (x,y) is the value of the nth blob basis function at the grid
point (x,y) and ¢, is its coefficient for the image that we are trying to reconstruct

(the recommended grid for blobs is the hexagonal grid as oppose to a rectangular

grid for pixels [51, 52]).
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3.3.5.3 Implementation of superiorization using blobs

The implementation of the superiorization algorithm described previously in Sub-
section 3.1 require several changes to fit to a blob-based reconstruction. If ¢* is
the blob-based reconstruction image at the kth iteration, then the following pseu-
docode is the equivalent to the pixel-based superiorization algorithm described in
Subsection 3.1 for the iterative step going from c* to ck*1:

1: logic = true;

2: while (logic)

3: y=ck+ Bk

4 if(9(2) <6(F))

S: then

6: &t = Oy

7: if (Res(ck*1) < Res(ck))
8: then logic = false

O: else f =B/2

10: else B =B/2

In step 3 the algorithm steers the process in the negative subgradient direction of
¢ at ¢* and produces the point y. In step 4 it checks if the value of ¢ of the corre-
sponding pixel image of y (denoted by z) is less than or equal to the pixel image of
ck (denoted by x¥). In step 6 the algorithmic operator is applied to y with cf*! as
the resulting point. In step 7 the algorithm checks the Res of the newly obtained
point and compares it to Res of ¢*. The algorithm exits if Res(c¥) < &, for some
small positive user-specified €. Based on results reported at conferences on the use-
fulness of TV-minimization in avoiding overshoots when using harmonic functions
in image processing, it was our hope that TV-superiorization might be helpful in
reducing the undesirable black ring inside the skull. In our implementation, similar

to what we did in all the experiments so far, we are basing the TV on the pixel im-
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age at the kth step (step 4 of the pseudocode), whereas the subgradient is calculated
based on the blob image (in step 3). Consider a G x H rectangular grid for the pixel
image g, whose pixels are denoted by g, (1 < g < G,1 <h < H). Using (3.22)
above, let f (c,g,h) and 7 (c, g, h) be defined as

M=

f(C,g,h) = Cn (bn (xg,h-i-l >yg,h+1) — by (xg,hyyg,h>) ) (3.23)

3
I
—_

and

N
(c,8,h Z bu (Xgt1.mYer11) — bn (Xg Vo)) (3.24)

where b, (xg7 hs Ve, h) denotes the value of the nth blob at the coordinate of the center
of the (g,h)th pixel. Then the TV of a blob-based image ¢ (with N hexagonal grid

points) is given by

lH 1 5
TVj(c \/ (c:8,h)> + (£ (c8,h)°. (3.25)
g= 1 h

For 1 < m < N, the mth coordinate of the subgradient of TV, at c is

1
(f(c.8,h))*+(t(c,g.h))*
[ (c,8,h) (bm (Xg1.4:Yer10) — b (Xg s Yen)) +

Z(C,g,h) (bm (xg7h+17yg.,h+l) — by, (xg,hyyg,h))} . (3.26)

aTV,

G—-1H—-1
o L L

3.3.5.4 Experiments of superiorization with blobs

Consider the phantom from Figure 3.18(a) and the reconstructions of ART using
pixels and blobs as the basis in Figure 3.19(a) and (b) respectively. The dataset on
which the two algorithms reconstructed was the OD with 360 views from Subsub-
section 3.2.3.2 using hyperplanes constraints as in (3.15). Note that in this case

the phantom does not lie in the intersection of all the constraints and its Res=3.38.
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Figure 3.20: Reconstructions of the head phantom from Figure 3.18(a) using (a)
TV-superiorizing with blobs and (b) ART without perturbations. The corresponding
images displayed with the narrow window of [—0.001 to 0.001] show that the TV-
superiorizing algorithm in (c¢) reduces the oscillations outside the skull as compared
to the ART reconstruction in (d).

Since the data are noisy, we used o = 0.05 in (1.7). We implemented the TV-
superiorizing algorithm using blobs as was described in the previous subsection
and ran the cyclic projection method with perturbations, starting from the average
point for x°, and stopping at Res (ck)<£ = 3.38. In Figure 3.20(a) we give the re-

sulting image of the reconstruction by TV-superiorizing with blobs and in Figure
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3.20(b) we provide the image of the reconstruction of ART with blobs without per-
turbations (same as Figure 3.19(b)). Mathematically speaking, the value of the TV
functional in the superiorization case is indeed superior with 444.4 for the image in
3.20(a) versus 473.2 for ART without perturbations for the image in 3.20(b) (as a
base to compare, the TV of the phantom is 408.9), however the quality of the image
is not better and in particular the black ring between the skull and the brain did
not disappear. Examining the two images at the very narrow window of —0.001 to
0.001 reveals that much of the reduction of the TV is due to the reduced oscillations
in the air outside the skull, which is medically not useful.

As a second experiment we examined the TV-superiorization of the cyclic pro-
jection method when both hyperplanes and halfspace constraints are present. Since
we know that the digitized phantom does not have negative pixel values, we obtain

constraints of the form

N
pixelj = Z cnby, (xj,yj) >0, (3.27)

n=1

for 1 < j <J. In other words, the linear combination of the blobs that contribute to
the jth pixel has to satisfy the inequality in (3.27). Since one pixel influences many
blobs, we incorporated a second relaxation parameter, &’ = 0.5, to slow down the
process of fitting these sets of inequalities. With o’ fixed we performed another set
of auxiliary experiments to pick an appropriate relaxation parameter . In Figure
3.21(a) we give the resulting image of the TV-superiorizing algorithm and in Fig-
ure 3.21(b) we provide the reconstructed image when no perturbations are present.
Although the images look very similar they are different and behave as they adver-
tised: the TV of the image with TV-superiorization is 437.5 and the one without
has TV of 444.2. Unfortunately, even after this incorporation of the nonnegativity

of pixel values, the oscillations inside the skull have remained and manifest them-
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() (b)

Figure 3.21: Reconstructions of the head phantom from Figure 3.18(a) using hy-
perplanes and nonnegativity constraints. (a) TV-superiorizing with blobs recon-
struction. (b) ART with blobs without perturbations reconstruction. Although the
two look very similar, the TV value of the one obtained by TV-superiorization is
lower than that obtained by ART without perturbations.

selves in the two images as black rings between the skull and the brain.



Chapter 4

Automatic superiorization of

iterative methods

The work presented so far on superiorization has been very specific: superiorization
has been applied to certain algorithms for certain tasks. In this chapter we introduce
new terminology and the rudiments of a theory that allow us to superiorize automat-
ically any iterative algorithm for a problem set from a very general class of problem
sets. It is shown that under reasonable conditions such superiorized algorithms are
guaranteed to halt. In fact, the method of superiorization introduced in the current
chapter is slightly different from the specific superiorized algorithms presented in
Chapter 3; in particular, in order to guarantee that those algorithms halt we needed
more complex termination conditions than what is needed for the algorithms pro-
duced by the method of the current chapter. This new method of superiorization is
illustrated at the end of the chapter by applying it to an AP and to a BIP algorithm.
These illustrations are similar to the ones presented in the previous chapter for im-
age reconstruction from projections and demonstrate an important practical aspect
of our work, which is that the output of superiorization can be as useful as anything

that may be obtained by full optimization because the value of the objective func-
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tion for the image provided by superiorization is already smaller than that for the
true image that we are trying to reconstruct. All this is explained in greater detail

below.

4.1 Specifications

The superiorization principle relies on the bounded perturbation resilience of algo-
rithms. Therefore we define this notion next in a general setting within R’. We
introduce the notion of a problem structure (T, Zr), where T is a nonempty prob-
lem set and Pr is a function on T such that, forall T € T, Zryp : R/ — R, where
R is the set of nonnegative real numbers. Intuitively we think of Zrr (x) as a
measure of how “far” x is from being a solution of 7'. In fact, we call x a solution
of T'if Zrr(x)=0.
For example, for the convex feasibility problem (1.1)

T ={{C1,...,Ci}| I isapositive integer and, for 1 <i <1, @D

C; is a closed convex subset of R/ }

1
Pric,...cp ) =4[ L (dxC))’, (4.2)
i=1

where d (x,C;) is the Euclidean distance of x from the set C;. Clearly, in this case

and

x is a solution of {Cy,...,C} as defined in the previous paragraph if, and only if,

x € C as defined in (1.1).

Definition 1 An algorithm P for (T, Zr) assigns to each T € T an algorithmic
operator Py : R/ — R/, P is said to be bounded perturbations resilient if, for all

T € T, the following is the case: if the sequence <(PT)kx>k 0 converges to a solu-

(o)

. . J
o Of points in R also converges

tion of 7 for all x € R, then any sequence (x*)
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to a solution of T provided that, for all £ > 0,
A= Pr (4 Bot), (4.3)

where B* are bounded perturbations, meaning that f3; are real nonnegative num-
bers such that i Bk < oo and the sequence (vk):zo is bounded.

We give n]ei;f specific instances of bounded perturbations resilient algorithms
for solving the convex feasibility problem as in (4.1) and (4.2), from the classes
of AP and BIP methods. For our discussion of AP methods in this more general
context, recall the discussion and notation from Subsection 1.2.1. Associate with
each {Cy,...,C/} € T an (Q{C17~-~7CI}’ a){ch_“’q}), which is an amalgamator for the

problem {Cj,...,Cr}. For each such association of amalgamators with problems,

there is an algorithm P for (T, &r), defined by: for any {Cy,...,C;} € T,
Piccnr= Y, wic..cy(OP[l]x (4.4)
this should be compared with (1.3).

Corollary 1 For any association of amalgamators with problems, the algorithm
P defined by (4.4) is bounded perturbations resilient.

Proof Assume that for T = {Cy,...,C;} the sequence ((PT)k x) converges to a

solution of T for all x € R’. This implies, in particular, that C of (1.1) is nonempty.

By Definition 1, we need to show that any sequence (x*) " of points in R’ also

k=0
converges to a solution of 7" provided that, for all £ > 0, (4.3) is satisfied when the
B are bounded perturbations. Under our assumptions, this follows from Theorem
1.1

For our discussion of BIP methods in this more general context, recall the dis-

cussion and notation from Subsection 2.3.1. Associate with each {C},...,C;} € T a
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positive integer Uyc, . ¢,y of blocks (ordered subsets of {1,...,1}) whose union is

[ARAS

{1,...,1I}. For each such association of blocks with problems, define the algorithm
Q for (T, Zr) by: for any {Cy,...,Ci} €T, Qq, .. ¢} is equal to the right hand
side of (2.27).

Corollary 2 For each association of blocks with problems, the resulting algorithm
Q is bounded perturbations resilient.
Proof Replace in the proof of Corollary 1 P by Q and Theorem 1 by the special
case of Theorem 2 when A =1. B

For a problem structure (T, 2r), T € T, € € Ry, and a sequence S = (x*),_,
of points in R’, we use O(T,€,S) to denote the x € R’ that has the the following
properties: Zrr(x) < € and there is a nonnegative integer K such that xX = x and,
for all nonnegative integers ¢ < K, Zrp (x‘] ) > €. Clearly, if there is such an x, then
it is unique. If there is no such x, then we say that O (T,¢,S) is undefined. The
intuition behind this definition is the following: if we think of S as the (infinite)
sequence of points that is produced by an algorithm (intended for the problem T')
without a termination criterion, then O (T, €,S) is the output produced by that al-
gorithm when we add to it instructions that make it terminate as soon as it reaches
a point at which the value of &rr is not greater than €. The following result is

obvious.

Lemma 3 [f &rr is continuous and the sequence S converges to a solution of
T, then O(T,¢,S) is defined and Prr (O(T,¢,S)) < €.

Given an algorithm P for a problem structure (T, Zr),aT € T and an ¥ € R’, let

[}

R(T,x) = <(PT)k5c) . For a function ¢ : R/ — R, the superiorization method-

ology should provide us with an algorithm that produces a sequence S(7,%,¢) =

(xk):zo, such that, for any € € Ry, and X € R’ for which Zrr (x) > € and
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O(T,e,R(T,X)) is defined, O (T,€,S(T,x,¢)) is also defined and
¢ (0O(T,e,S(T,x,¢))) <¢(O(T,e,R(T,X))). 4.5)

This is of course too ambitious in its full generality and so here we analyze only a
special case, but one that is still quite general. We now list our assumptions for the

special case for which we discuss details of the superiorization methodology.

Assumptions
1. (T, Zr) is a problem structure such that Zrr is continuous for all 7 € T.

2. P is a bounded perturbation resilient algorithm for (T, &?r) such that, for all
T € T, Py is continuous and, if x is not a solution of T, then Zry (Prx) <

Prr (x).

3. ¢ : R/ — R is an everywhere real-valued convex function, defined on the

whole space.

Under these Assumptions, we now describe the algorithm to produce the sequence
S(T,x,¢) = (x*),_, and present and prove Theorem 5 below.

The algorithm assumes that we have available a summable sequence (),
of positive real numbers. It is easy to generate such sequences; e.g., we can use

7 = a’, where 0 < a < 1. The algorithm generates, simultaneously with the se-

o)

quence ()Ck)::(), sequences (vk)k:O

and (Br);_o- The latter will be generated as
a subsequence of (7),_,. Clearly, the resulting sequence (f);_ of positive real
numbers will be summable. We first specify the algorithm and then discuss it. The
algorithm depends on the specified X, ¢, (¥),_y. Zrr and Pr. It makes use of

a logical variable called continue and also of the concept of a subgradient of the

convex function ¢. ||-|| is the Euclidean norm.



Superiorized Version of Algorithm P

1. setk=0

2. setxf=x

3.set/{=0
4. repeat
5. set g to a subgradient of ¢ at x*
6. if |g]| >0
7. then set v = —¢/ | ¢||
8. else set v =g
0. set continue = true
10. while continue
11. set B, = v
12. set y = xk + Bk
13. if ¢ (y) < ¢ (x*) and Prr (Pry) < Prr (xX) then
14. set x*T1 =Pry
15. set continue = false
16. set{ =/(+1
17. setk=k+1

85
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Sometimes it is useful to emphasize the function ¢ for which we are superioriz-
ing, in which case we refer to the algorithm above as the @-superiorized version
of algorithm P. 1t is important to bear in mind that the sequence S produced by
the algorithm depends also on the initial point X, the selection of the subgradient in
Line (5) of the algorithm, the summable sequence (};),._,. and the problem 7. In

addition, the output O (T, €, S) of the algorithm depends on the stopping criterion €.

Theorem S Under the Assumptions listed above, the Superiorized Version of Al-
gorithm P will produce a sequence S(T,%,9) of points in R’ that either contains

[

a solution of T or is infinite. In the latter case, if the sequence ((PT)kx> con-

verges to a solution of T for all x € R’, then, for any e € R, ., O(T,e,S(T,%,0))
is defined and Prr (0 (T,€,S(T,x,9))) < €.

Proof Assume that the sequence S(7,x,¢) produced by the Superiorized Version
of Algorithm P does not contain a solution of 7. We first show that in this case
the algorithm generates an infinite sequence (x*),_ . This is equivalent to saying
that, for any x* that has been generated already, the condition in Line (13) of the
algorithm will be satisfied sooner or later (and hence x**! will be generated). This
needs to happen, because as long as the condition is not satisfied we keep resetting
(in Line (11)) the value of B to 7y, with ever increasing values of /. However,
()70 is a summable sequence of positive real numbers, and so y; is guaranteed

k is either a unit vector in

to be arbitrarily small if ¢ is sufficiently large. Since v
the direction of the negative subgradient of the convex function ¢ at x* or is the
zero vector (see Lines (5)—(8)), ¢ (x* + k) < ¢ (x) must be satisfied if the pos-
itive number By is small enough. Also, since Zry (PTxk) < Prr (xk) and Pr
and Zrr are continuous (Assumptions (2) and (1), respectively), we also have that

Prr (Pr (X + Bt)) < Prr («F) if By is small enough. This completes the proof

that the condition in Line (13) of the algorithm will be satisfied and so the algo-
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rithm will generate an infinite sequence S (7', %, ¢ ). Observing that we have already
demonstrated that the Byv* are bounded perturbations, and comparing (4.3) with
Lines (12) and (14), we see that (by the bounded perturbation resilience of P) the

[

assumption that the sequence ((PT)k x) converges to a solution of 7" for all

x € R/ implies that S(7,%,¢) also converges to a solution of T. Thus, applying

Lemma 3 we obtain the final claim of the theorem.

Unfortunately, this theorem does not go far enough. To demonstrate that a method-
ology leads to superiorization we should be proving (under some assumptions) a
result like ¢ (O (T,€,S(T,%,9))) < ¢ (O(T,e,R(T,x))) in place of the weaker re-
sult at the end of the statement of the theorem. Currently we do not have any
such proofs and so we are restricted to providing practical demonstrations that our
methodology leads to superiorization in the desired sense. In the next section we
provide such demonstrations for the Superiorized Version of Algorithm P, for two

different Ps.

4.2 Illustrations

We illustrate the superiorization methodology using the algorithm of the previous
section on a problem that we have considered in the rest of this document, namely
the problem of reconstructing a head cross-section (Figure 3.2) from its projections
using both an AP and a BIP algorithm. Consider the 82-views UD data collection
described in Subsection 3.2.3.1.

For our illustration, we chose the AP algorithm P to be the cyclic projection
method as determined by (4.4) with Q = {(1,...,I)} and @(1,...,I) = 1. This is,
as was mentioned earlier, a classical method that in tomography would be consid-

ered a variant of the algebraic reconstruction techniques (ART) [35, Chapter 11].
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Algorithm 0(0(T,e,S(T,x,9))) ¢(0O(T,e,R(T,X)))

Variant of ART 441.50 1,296.44
Variant of BIP 444 .15 1,286.44

Table 4.1: Values of TV for the outputs of the various algorithms. The second
column is for the superiorized versions and the third column is for the original
versions.

For the BIP algorithm we chose Q as determined by (2.27) with U = 82 and each
block corresponding to one of the 82 sets of parallel lines along which the data are
collected.

The function ¢ for which we superiorized was TV. For the TV-superiorized
versions of the algorithms P and Q of the previous paragraph we selected X to be
the origin (the vector of all zeros) and ¥ = 0.999¢. Also , we set £ = 0.01 for
the stopping criterion, which is small compared to the Zrr of the initial point
(Zrr (x) =330.208).

For each of the four algorithms (P, Q and their TV-superiorized versions), the
sequence S that is produced by it is such that the output O(T,g,S) is defined;
see Figures 4.1(a)-(d) for the images that correspond to these outputs. Clearly,
the superiorized reconstructions in Figures 4.1(b) and 4.1(d) are visually supe-
rior to their not superiorized versions in Figures 4.1(a) and 4.1(c), respectively.
More importantly from the point of view of our theory, consider Table 4.1. As
stated in the last paragraph of the previous section, we would like to have that
¢ (0(T,e,S(T,x,9))) <¢(O(T,e,R(T,x))). While we are not able to prove that
this is the case in general, Table 4.1 clearly shows it to be the case for the two

algorithms discussed in this section.
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(b)

(d)

Figure 4.1: Reconstructions from underdetermined consistent data obtained for
82 views using: (a) a variant of ART, (b) TV-superiorized version of the same
variant of ART, (c) a BIP method, and (d) TV-superiorized version of the same BIP
method. The same initial point and stopping criterion were used in all cases; see
the text for details.



Chapter 5

Conclusions

5.1 Contributions

The newly proposed superiorization methodology is envisioned as lying between
the methods of optimization and of feasibility seeking. With a feasible solution
one settles for a point that just fulfills a set of constraints, whereas solving a con-
strained optimization problem calls for finding a feasible point that optimizes a
given objective function. Generally speaking, optimization is a computationally
more demanding task than that of finding just any feasible point. We demonstrated
that, without employing an optimization algorithm, it is possible to use certain it-
erative methods, designed for (the less demanding) feasibility problems, in a way
that will steer the iterates towards a point that is superior, but not necessarily opti-
mal, in a well-defined sense. The advantage of superiorization is that it allows us to
solve significant problems by using powerful feasibility seeking methods and reach
a superior feasible point without resorting to optimization techniques. We proved
that two large classes of projection methods, namely, AP and BIP algorithms are
perturbations resilient. Moreover, for the BIP class of algorithms we provided con-

vergence results even when the underlying system is inconsistent (for the special
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case when the C; in (1.1) are hyperplanes) and further, we were able to acceler-
ate their performances in such linear cases, and provided convergence results that
translated into orders of magnitude faster algorithms as compared to the ones that
used perturbations without the acceleration. Finally, we took an initial step towards
making superiorization a nonheuristic technique, and showed how any algorithm in
these classes can be automatically turned into a “superiorized version” of it .

All the mathematical results mentioned above were applied to problems in med-
ical imaging of reconstructing images from projection data, of the type that occurs
in computerized tomography. We illustrated the power of this methodology by
finding superior solutions in reconstructing objects (phantoms) from data collected
according to various geometries and levels of noise, similar to the ones found in real
instruments. We found that when ¢ corresponds to the TV of the discrete represen-
tation of the phantom, and when we chose V¥ to be a unit vector in the direction
of a negative subgradient of ¢ at x*, we were able to get superior reconstructions
in terms of quality and speed. As part of our evaluation, we performed statistical
hypothesis testing and illustrated that methods that use superiorization are superior
(in a strong statistical sense) to the ones that do not use superiorization for the task
of detecting low contrast tumors in a CT reconstruction problem.

Many of the results reported in this dissertation can also be found in [8, 13, 26,

36, 55].

5.2 Future work

The research work presented in this dissertation can be extended and generalized
in a number of ways. The superiorization methodology needs to be studied fur-
ther from the mathematical, algorithmic and computational points of view in order

to unveil its general capability as a tool for solving inverse problems. In particu-
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lar, we need to investigate the computational efficiency of the superiorized versions
of algorithms compared to their original versions and, more importantly, further
compared to actual optimization algorithms. The initial study of comparison with
optimization methods that have been reported in Subsection 3.3.4 for specific al-
gorithms illustrated the importance of the applicability of superiorization for being
such a general tool (e.g., in our comparisons of TV-superiorization methods with
TV-optimization algorithms we found the superiorization instances to be four times
faster than the optimization ones). However, further testing of the computational
efficiency of the algorithms produced by this new tool will have to be carried out
under a variety of circumstances.

General superiorization algorithmic structure can have additional specific algo-
rithms, for example, if a convex feasibility problem (1.1) has closed convex sets that
are not linear (not hyperplanes nor halfspaces) then using subgradient projections
(see, e.g., [66]) instead of orthogonal projections (2.2) will be important because
they are much easier to calculate in each iterative step. Additionally, the use of
different ¢s, for example, smoothness of the vectors using selective smoothing as
discussed in [60] or using central finite differences or other schemes that have ver-
tical and horizontal blurs may be more suitable to different types of applications.
Superiorization can be extended to handle several ¢s for which we desire to su-
periorize, in which case they need to be ordered by priority and/or weighted for
their relative importance. Investigating the superiorization algorithms’ computa-
tional efficiency should also be examined when they are implemented using special
hardware that makes use of their parallel nature (i.e., being either index vectors or
blocks). This we expect to be most efficacious when superiorization is used to re-
construct 3D objects from 2D projections. As algorithms are developed and tested
a dialog on algorithmic developments must be accompanied by mathematical val-

idation and applications to simulated and real data from various relevant fields of
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applications.

Validating the concept means proving precise statements about the behavior of
iterates (xk )::o generated by the superiorized versions of algorithms. Under what
conditions do they converge? Can their limit points be characterized? How would
different choices of the perturbation coefficients fB; and the perturbation vectors v
affect the superiorization process? Can different schemes for generating the fs
be developed, implemented, investigated? How can the blocks/index vectors be
formed so that the iterative process will converge most efficiently? Enlarging the
arsenal of bounded perturbations resilient algorithms means generalizing existing
proofs for such algorithms and developing new theories that will bring additional
ones into the family of bounded perturbations resilient algorithms. Such exten-
sions may include the entire SAP class of algorithms, the extension of accelerated
perturbation-resilient BIP algorithms to other kinds of convex sets (not just hyper-
planes), proving convergence to other operators that are not necessarily orthogonal
(such as Bregman projections/distances, see, e.g., [7, 10]) and proving convergence
for sequences that are perturbed at the end of each block or index vector rather
than at the end of each iteration. Further developments should include extension
to the problem of finding a common fixed point of a family of operators (a direct
generalization of the convex feasibility problem, see, e.g., [41]), the possibility to
generalize the concept of superiorization so that it will be applicable to the split
feasibility problem, see [15, 63, 68], and further studying the behavior of superi-
orization algorithms in inconsistent situations when the underlying solution set is
empty. Such generalization and extensions to the superiorization methodology will

make it a promising new field of endeavor for solving inverse problems.
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