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A b stract

Som e B ounds for th e  E xp ec ted  N u m b e r o f Level 

C rossings of C erta in  H arm on izab le  In fin itely  D ivisib le

P rocesses

by

Kevin Shen 

Adviser: Professor Michael B. Marcus

Let Y  = {Y ( t ) , t  £ [0,1]} be a harmonizable, symmetric, infinitely 

divisible stochastic process, and let iY„[0, 1] be the number of cross­

ings at level « by Y  during the time interval [0,1]. The expected value 

of iVo[0,1] and the asymptotic behavior of E N u[0,1], as u —* oo, are 

studied in this dissertation.

Let £ be a symmetric real valued infinitely divisible random vari­

able with characteristic function

Eeiu* =

where ip(u) = f£°(cosut — l)dr[t,oo), r  is a Levy measure defined on 

R +, i.e., | / 0°°(1 A t2)dr[t, oo)| < oo and V’s(M ) = Eg{ip(\ug\)}, where



g is a standard normal random variable. Let Y  be the real part of the 

process {vY(i),2 € [0, 1]}, which is defined by

where Q 'i,---,Q n are finite, <i, ••• ,/„  € [0 , 1], for all integer n > 0 , 

and A is a positive random variable with distribution function F.

Equivalently, the process Y  has an alternate representation as a 

stochastic integral:

Y ( t ) =  /  cos A/ c lM(F(\) )+  / sin \ t  dM'(F(X))
Jo Jo

where M  and M 'are independently scattered infinitely divisible mea­

sures determined by ipg.

Under regularity conditions on ip or equivalently on r ,  the follow­

ing results are obtained:

(1) There exist constants 0 < cj,C2 < oo, such that

c i | |-M U  <  Aro [ 0 , 1] <  c2 ||A | |*  

where ||A||^, inf | c  > 0 : Eip(^) < l j .

(2) When £fVo[0 ,1] < oo

r ' \ d F ( X ),
Jo

where E is the gamma, function.
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1 Introduction

In this paper, we study the expected number of level crossings of sym m et­

ric stationary  harm onizable infinitely divisible processes during a  fixed tim e 

interval. Under certain regularity conditions, we obtain upper and lower 

bounds for the expected num ber of crossings at the zero level and an explicit 

form for the level u as u goes to infinity, i.e., the asym ptotic property of the 

expected num ber of level crossings.

The level crossing results for sym m etric harmonizable p-stable processes 

of M arcus [15] and Adler, Samorodnitsky, and Gadrich [1] are generalized. 

Many ideas of this paper are based on [15] and [1], but there are also sig­

nificant differences. Since the exponent of the characteristic function th a t 

defines these processes lacks homogeneity, m any technical difficulties m ust 

be dealt with.

Our results extend those th a t hold for sym m etric harm onizable p-stable 

processes with respect to  the L p norms, to a  more general class of infinitely 

divisible processes, with respect to Orlicz space type norms. Results in the 

asym ptotic case reflect the tails behaviors of these processes including the 

case of p-stable processes and Gaussian processes.

Now we describe what we mean by level crossings of a  stochastic process. 

Let X ( t )  = X ( t , u >) be a  stationary  stochastic process, where u> €  Q and 

( f i s  a probability space. The process X ( l )  is said to have a crossing
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at level u  a t tim e to if, for each positive e, there are points and t 2 satisfying 

|t,- — io| <  t', * =  1,2, and [A '(^) — it] [A"(t2) — u] <  0. The num ber of crossings 

of u  during [0, T] is denoted by iY^O, T].

T he level crossing problem has an elegant solution for stationary  Gaussian 

processes. Let {A '(t),0  <  t <  1} be a sym m etric stationary  Gaussian process 

with covariance function R(t) .  Then

J fCO
' cos utdF (u ) ,  
o

where F ( x )  is a d istribution function on [0 ,oo). Ao =  R{0 ) =  cr2 is the 

variance of the  process.

Now, we define 

( 1 .2 )
i = 0

r co
=  /  A2 dF(X).  

Jo

It is well known th a t X ( t )  can be expressed as

TOO f  CO

(1.3) X ( t )  = a  /  cosut clB(F(u))  +  a  /  sin tit clB'(F(u)),
Jo Jo

where { B { t ) , t  >  0} is a  standard  Brownian m otion and B'{t)  is an indepen­

dent copy of B(t ) .

T he expected num ber of level crossings for these processes is given by the 

following theorem:

2



T h e o re m  1.1  Let X  =  {A '(f),0 <  t <  1} be a symmetric stationary Gaus­

sian process with covariance function R(t)  defined as in (1-1), and let A2 be 

defined as in (1.2). Then,

rp , A v 1/2 2
(1.4) E N u[0,T\ =  - ( - ! )  exp( ——— ).

7T \  A o /  ZAo

This result also holds in the case A2 =  00 . It is interesting to know th a t 

A2 < 00 is a sufficient condition for the continuity of these processes. For 

details, we refer the reader to C hapter 9, [2].

The result (1.4) was obtained by S. 0 .  Rice [IS] in 1945 in the case when 

F ( x )  increases with only a  finite num ber of jum ps. The form ula was la ter 

proved under m ore general conditions. Ylvisaker [21] proved the zero level 

case under the condition A2 < 00 . K. Ito [8] obtained the form ula (1.4) which 

still called R ice’s formula.

For sym m etric stationary harmonizable p-stable processes, bounds for 

E N U[0 ,1] were obtained by Marcus [15] in 1989, although his best results are 

for zero level crossings. T he asym ptotic property, i.e., the expected num ber of 

crossings at the level u, as u goes to infinity, was studied by Adler, Samorod- 

nitsky and G adrich [1] in 1991. The precise numerical value of E N u[0,1] 

was obtained, when it —> co. All of these results they obtained are natura l 

generalizations of the results for Gaussian processes.
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The p-stable process can be w ritten as

rco roo
(1.5) Yp( t ) =  cos Xt clMp(F(X)) + /  sin Ai d M ' J F { \ ) \

Jo Jo

where F (x )  is the d istribution function of random  variable A, and { M p(s), 0 <  

s <  1} is an independent increm ent p-stable process, where 0 <  p  <  2 , i.e., 

for t e  [0 , 1],

(1.6) E e x p { i  x M p(t)} = exp —

M p and M'p are identically d istributed  but not independent of each other 

except when p =  2. The relationship between these two m easures is given by 

Mp{i) =  M p(t) + iM p( t ) ,  which satisfies,

E  exp{ iRe(zMp( t) )}  =  e x p —/|^ |p,

for all 0 <  t < 1 and all z £ C.

Thus, clearly, (1.5) is a generalization of (1.3). This is explained in [15], 

in which {Yp( t ) , t  & [0,1]}, defined as in (1.5), is the  real p a rt of a com plex­

valued stationary  p-stable process {Z ( t ) ,  0 <  t < 1 }, defined by,

”  I j •

for Q], • • • ,cv(1 complex, ■ ■ ■ , t n € [0 , 1] and all integers n,

Since the boundedness is often related to the continuity of these processes, 

it  is interesting to know the necessary and sufficient condition for the conti­

nuity  of s ta tionary  p-stable processes. W hen p =  2, i.e., s ta tionary  Gaussian

( 1 . 7 ) E e x p | t f ? e ( ^ a JZ(ti ) ) |  =  exp j - j f



processes, this is the  Dudley-Fernique Theorem . The sufficiency was proved 

by Dudley [3] in 1967 and the necessity was proved by Fernique [7] in 1975. 

For 1 <  p <  2, it is due to M arcus and Pisier [16] in 1984. This result states 

th a t, when 1 <  p <  2, {Yp( t) , t  E [0,1]} has a version w ith continuous sam ple 

paths if and only if

[  (log iV ([0,1], dp, e))1/? c/e < oo,
J o

where l / p  + l / q  =  1 and

<*p(M) =  \eiXt -  eix'\* d F { \ ) } XlP .

Here, iV ([0,1], dp, e) denotes the m inim um  num ber of balls of radius e in the 

m etric clp th a t is necessary to cover [0,1]. W hen p =  1, { Y i( t ) , t  E [0,1]} has 

a  version with continuous sam ple paths if and only if

(log log+ iV([0,1], du  e)) dc < oo,

where loglog+ A =  log(logA V 0). The necessity was shown by M arcus and 

Pisier [16] in 19S4 and the sufficiency was shown by Talagrand [20] in 19S7. 

W hen 0 <  p < 1, th e  process {Yp( i ) , t  >  0} always has a continuous version 

and the proof is trivial.

For 1 <  p <  2, we define

J rco
1 Xv dF(X).
0
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We now sta te  the  level crossing results of M arcus, and Adler, Samorod- 

nitsky, and G adrich for sym m etric stationary  p-stable processes.

T h e o re m  1.2  [M arcu s] Let {Yp( t ) , t  €  [0,1]} be a strongly stationary p- 

stable process as defined in (1.5). Then

(i) When 1 <  p <  2, there exist constants 0 <  cp,c'p <  oo such that

Cp{hp)l/P ^  E N o[0,1] <  Cp{A?>)1/p.

(ii) When p =  1,

c i(A log A)5 <  E N 0[Q, 1] <  c'1(A logA )i,

where

(A log A)$ =f A lo g ^  d F ( A), 

and 8 is the unique solution o f

fCO
6 { 2 - F ( 6 ) )  = X d F (X ) .

(iii) When 0 <  p <  1,

ClM  <  l?A,o[0,1] <  cpAi.
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T h e o re m  1.3  [A d le r, S a m o ro d n its k y , a n d  G a d ric h ]  Let { Y p( t ) , t  €  

[0,1]} be the same as in Theorem 1.2. Suppose

A p <  oo 

< (A log A)s <  oo 

Ai <  oo

Then

l im upE N u[0,1] =  —  A, ,
I(— CO

where

r co
C(p) =  (J  x~ p sin xd x )~ l

(1 — p)(T(2 — p) cos(7rp /2))-1 when p ^  1,

2/ 7r when p =  1.

Following the same path  as in [1] and [15], we extend these results to 

a larger class of harmonizable infinitely divisible processes, i.e., to strongly 

stationary £-radial processes of type-G , which are based on a sym m etric real­

valued infinitely divisible random variable £, introduced by M arcus in [14].

We shall see th a t this is a large and interesting class of infinitely divisible 

processes which includes p-stable processes.

Next, we define the f-radial processes of type-G. Let £ be a sym m etric 

real-valued infinitely divisible random  variable with characteristic function

(1.9) E e iu* = e ~ ^ M\

7

when 1 < p <  2, 

xuhen p =  1,

?alien 0 < p <  1.



where tp(u) — / 0°°(cos id — 1 )dr[t, oo). and r  is a. Levy measure, i.e.,

We call the function ?/% associated with its Levy measure r ,  the Levy tran s­

form of r .

T he process X  — { X ( t ) , t  G [0,1]} is called a strongly stationary  £-radial 

process of type-G , if for any complex numbers Q j, • • •, a n , t i ,  • • •, tn € [0, 1] 

and all integer n,

where A is a positive random variable with distribution function F ( A),

In (3.5), we will explain th a t t{J is a Levy m easure, therefore ^ a{\u\) is the 

Levy transform  associated with Tg.

Here, if ?/>(t ) = t p then '0g(|u |) =  E\ug\v = (E\g\p)up, and we get the 

p-stable case. Therefore, we obtain a larger class of processes.

(1.10) E e x p i R e

/ (cos x i  — l ) ( l T g [ t ,  oo),

where g is a standard normal random variable, and r g [ t ,  oo) — E 3t[ - ^ ,  oo).

We will study the real process

(1.11) Y(i)  = R e { X { t ) }

8



and estim ate  ĴA^U[0,1] of the process Y ( t )  in term s of i/> and A. To b e tte r 

understand Y[t) ,  we give another representation of { Y ( i ) ,  t £  [0,1]}. Let 

0 < t <  1} be an independent increm ent infinitely divisible process, 

determ ined by

(1.12) E  exp i x M ^ g[t) =  exp -h /\,( |a : |) ,

for t €  [0,1] and x  real. Let be defined as

E ex p{ iR e {zM ip t0{i))} = exp -ti/>g(\z\),

for z €  C.  Let denote the complex part of M $<g. T hen M[^g is equal 

in d istribution  to M 4,ig = R e { M ^ g}. In general, M ^ g and are not in­

dependent, bu t if M ^ g is Gaussian, M,pi3 and M ^ g are independent of each 

other. We now have the following representation of Y(t):

(1.13) Y ( t )  = J \ o s \ t d M 4,>g( F ( \ ) )  + J \ \ n \ i d M ' , t!!( F ( \ ) ) ,  

where F(x)  is a d istribution function of A.

In the  paragraphs following Rem ark 3.3, we will explain th a t Y ( t ) ,  as 

represented in (1.13), is the same process as defined in (1.11). We notice 

th a t Y ( t )  is a sym m etric strongly stationary  harm onizable process.

T he following results show th a t the level crossing results for these sym ­

m etric, stationary , harm onizable infinitely divisible stochastic processes are 

parallel to  those for p-stable processes. T he bounds are extended to Orlicz

9



type norms. For the decreasing function r  and function 0 , vve define

(1.14) ||A||T =f i n f | c > 0 : E { t [ ^  oo)} <  l | , and

(1.15) ||A||* =f i n f j o O :  E ^ )  <  l |  .

These quantities may not be the Orlicz norm s, but they are well defined. 

T he following theorem s are the main results of this paper.

T h e o r e m  1.4 Let { Y [ t ) , t  £ [0,1]} be the process defined in (1.11). Sup­

pose that the Levy m.easure t  is a regularly varying function at infinity with 

exponent —p, and at zero with exponent —q, respectively. Then

(i) When 1 <  p <  2, 1 <  q < 2, there exist constants 0 <  c i ,c 2 <  oo 

independent o f  X such that

(1-16). C] ||A ||r <  E N o[0,1] <  e2[|A||r .

(ii) When 1 <  p < 2, 0 <  q <  1, there exist constants 0 < cx, e2 <  oo 

independent o f  A such that

c\ G(S , A, t") <  i?iVo[0,1] <  c2 G(8 , A, t ),

where

H ~ l (t) =  inl'{« >  0 : r[u ,o o ) <  t}.

10



When  ||A||t  <  oo, we define

G (6 ,A , t ) =r f  f x  [  T[s,oo)ds \ dF(x) ,
1) \  Js/x J

where 8 is a solution of

When ||A||t  =  oo, we define G(8, A, t ) =  oo.

(iii) When  0 <  p <  1, 0 < q <  2, then there exist, constants cj and  c2 

independent of  A such that

(1.17) c.Ai <  E N o[0, l] < c aA,,

where Aj is defined in (1.8).

In Theorem  1.4, we assum e the regularity of r . T here are nice rela tion­

ships between the  behavior of r  at zero and f  a t infinity, as well as th a t of r  

a t infinity and i\> a t zero. Therefore, when the r  is a regular varying function, 

we have a  sim ilar result in term  of ||A||^ instead of ||A ||r . Thus, we have the 

following Corollary of Theorem  1.4 (i).

C o ro lla ry  1.1 Under the same assumption o f  Theorem l.Jh we have that, 

when 1 <  p < 2 , 1 <  q < 2 , there exist constants 0 <  Ci,c2 <  oo indepen­

dent o f  A such that

(1.18) c,||A ||* < £ A 'o[0,l] < C2||A||,,,.

11



Here, if we let ip{t) = c t v, then ||A||^ =  c '||A ||p. Thus, Corollary 1.1 and 

Theorem  1.4 include the p-stable processes, i.e., Theorem  1.2.

Under certain  conditions on r ,  Theorem  1.4 (ii) can be expressed in a 

sim pler way. This is explained in the next corollary.

C o ro l la ry  1.2  In addition to the conditions of  Theorem l . f  (ii),

(i) i f  /o r[s, oo)ds is finite, then there exist constants c\ a ndc 2  independent 

o f  X such that

C\ A; < i?A;o[0,1] <  C<i l\\.

This certainly includes the case 1 < p <  2, 0 <  q <  1.

(ii) if  the Levy measure r[s ,o o ) =  TJd^JTJT)’ w' ^ 1 0 <  s < so <  1> and 

—oo <  /? <  oo, then

G(8 ,X , t ) =

cSs/ h - Hi) T[s / X* °°) l°g (^ /^ ) dF{x) ,  when ( 3 ^  1,

k C f s / H - ' U )  T i5 / X ’ 0 0 ) l ° g l o g ( ! ) ^ ( * ) »  w l i e n  /? =  1-

In particular, when /3 =  0, i.e., the 1-stable case at infinity fo r  ip, then

(1.19) G (8 ,X , t ) =  cr (A log A)s-

Note th a t (1.19) yields case (ii) of Theorem  1.2.

12



The next theorem  describes asym ptotic properties of the expected the 

num ber of level crossings of these processes.

T h e o re m  1.5 Let {F(Z ),t £ [0,1]} be the same process defined in (1.11). 

Suppose the Levy measure r  is a regularly varying function at infinity with 

exponent —p, and at zero with exponent —q, respectively. Then, under the 

conditions

||A||r <  oo when 1 <  p <  2 , 1 <  q <  2 ,

* (.?(£, A, r )  < oo when 1 <  p < 2, 0 <  q <  1,

Aj <  oo when 0 <  p < 1, 0 < q <  2 ,

we have

.. E N U[ 0,1] 2*/2r(§ +  l ) A
hm  ■ J = --------- 2-------- A1}

u—oo r[u , oo) 7T

where G(8, A ,r) is defined in Theorem (1.4) and Ai is defined in (1.8).

These results are interesting because they suggest tha t the L 2 norm  for

the Gaussian case (h.?)* — 11A112 can be extended to the L p norm for the

p-stable case (A,,)1̂ ' =  ||A||7,, where 1 < p < 2 , and ultim ately  to the more 

general norm ||A||^, or ||A||T for these infinitely divisible processes. ||A||^ is 

well defined. Furtherm ore, if ?/> is a convex function, then ||A|]^ is an Orlicz 

norm.



The term  exp(—u2/2<r2) in (1.4) indicates tha t the expected num ber of 

level crossings decreases and behaves like the tail of the probability d istri­

bution of the Gaussian process, i.e., P ( X ( t )  > u).  The result in T heo­

rem  1.3 extends this property, since P( Y ( t )  > u)  —> cu~p, as u —> oo, 

for p-stable processes. Theorem  1.5 also follows the sam e patte rn , since 

P[ Y( t )  >  u)  —► r[tt,o o ), as u —> oo, as Em brechts’ Theorem  (in [4]) points 

out.

In the p-stable case a t the zero level, i.e., Theorem  1.2, constants in the 

upper and lower bounds depend only on p because for a sym m etric p-stable 

random  variable A', its characteristic function is of the form E  e x p { UX}  =  

exp(—cp\t\p), i €  R,  depending only on p. In the more general case, the char­

acteristic  function of the type-G random variable £a, is given by E  exp{ i l^y} =  

exp(—^s(K I)), t €. R.  Therefore, the constants in Theorem  1.4 and Theo­

rem  1.5 depend on ipg under the regular variation of ?/> a t zero and infinity. 

In the p-stable case, g is not involved, since 4>a(\t\) =  E\g\p |2|p =  c\ t \2.

The proofs of Theorem s 1.4 and 1.5 rely on the series representation for 

infinitely divisible processes which was initiated by R. LePage in [12] and de­

veloped by Marcus and Pisier in [16] and Marcus in [14]. The work in [14] is 

especuilly im portan t in this work. It enables us to generalize the level cross­

ing results from p-stable processes. All sym m etric sta tionary  stable random  

variables can be expressed as sum of a series of marginal Gaussian random  

variables, so th a t Rice’s formula can be applied to all sym m etric harm oniz­

able stab le processes. B ut, in general, we cannot express infinitely divisible



processes as sum of a series of marginal Gaussian random  variables. We have 

to work on those infinitely divisible processes which can be expressed as a 

series of m arginal Gaussian random  variables. These are called ^-radial pro­

cesses of type-G , as we defined in (1.10). They were developed by M arcus in 

C hapter 2 , [14].

The rem aining chapters are arranged in the following way: In C hapter 2, 

we give some background on regularly varying functions and the relationships 

between the  Levy m easure and the tail of the probability d istribu tion  of its 

infinitely divisible random  variable. In C hapter 3, representation theorem s 

of £-radial processes are developed and some useful inequalities are proved. 

T he m ain results are proved in C hapter 4 and 5. In C hapter 4, bounds of 

the  expected num ber of zero level crossings are obtained, and in C hapter 5 

we obtain the asym ptotic property of the expected value of level crossings.
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2 Prelim inaries

It is interesting to know the relationships between the Levy measure of an 

infinitely divisible random variable and its Levy transform and the tail of its 

probability distribution. In this chapter, we consider these questions under 

certain regularity conditions.

D e f in i t io n  2.1 A function I ( ( x)  is called a regularly varying function at 

infinity with exponent k if, for every a  >  0,

I\ (ax)
Inn -777- 7-  =  a  .x-*oo h [ x )

This definition can be extended to regularly variation a t the origin, i.e., 

K ( x )  is a regularly varying function at zero if and only if K ( x ~ l ) is a  regu­

larly varying function at infinity. When the exponent k =  0, K ( x )  is called a 

slowly varying function. To be more precise, we have the following definition:

D e f in i t io n  2.2 A real-valued function L(x)  is called a slowly varying 

function at infinity if, for any x  >  0,

(2 ' 1) ,'i ‘S T W  = L

Functions having this property were studied by K aram ata  in [9] and [10]. 

He showed tha t if K ( x )  is a regularly varying function, then there is a  mono­

tone function K\ { x )  such tha t K ( x )  ~  K \ ( x ) ,  as x  —> 00 , where we use the 

notation f ( x )  ~  g(x)  as x  —> 00 to mean l im ^ o o  f ( x ) / g ( x )  =  1 and similarly



for the limit as .r —+ 0.

If is a  monotone function (for example, 4>{x) is an increasing func­

tion), then for any integrable random variable A, ||A||^ is well defined, where

||A||* inf{c > 0 :  E- f ( \ \ \ / c )  <  1}.

There is another im portant property of regularly varying functions, known 

as K aram ata’s Theorem. First, let us introduce the following abbreviations; 

then we shall s tate the theorem. Let

ZP(x) = £ y pZ(y)dy,  Z; (x )  = j T  f Z ( y )  cly.

L e m m a  2.1 [M . K a r a m a ta ]  Lei Z ( x )  >  0 be a slowly varying function  

at infinity. Then the integrals Zp(x) and Z*(x)  converge at infinity when 

p < — 1 and diverge when p > —1. Furthermore,

(i) i f  P >  —1, then Zp(x ) is a regularly varying function at infinity with 

exponent p +  1.

(ii) I f  p  <  —1, then Z~(x) is a regularly varying function at infinity with 

exponent p +  1, and this remains true fo r  p +  1 = 0  i f  Z'_x (x) exists.

17



(iii) I f  Z~ (:r) exists, then f o r  p < — 1,

(2 .2 )  (30+ I ) .
Z;{x)X—'CO

(iv) I f  p  >  —1,

(2-3) j j n  ^ ‘Zl[a,) =  y +  l.
Zp(.T)

Conversely, i f  (2.3) holds with p +  1 > 0, then Z ( x )  is a slowly varying func­

tion and Z p(x) is a regularly varying Junction at infinity with exponent p +  1.

P ro o f :  See Feller, VIII.9 [6].

L e m m a  2 .2  [E m b re c h ts ]  Let F  be the distribution function of an infinitely 

divisible random variable £ and let r[;r,oo) be the Levy measure o f  £, defined 

on (0, oo).

(i) For 0 <  p < oo, F ( x )  = 1 — F ( x )  is a regidarly varying function at 

infinity ivith exponent —p i f  and only i f  r  [a:, oo) is a regidarly varying 

function at infinity with exponent —p.

(ii) I f r [ x , o o )  is a regidarly varying function at infinity, then

lim f i L f i  =  1.a.-—co r[;r, oo)

IS



P ro o f :  See [4].

L e m m a  2.3 Let t [ u , o o )  be a Levy measure defined on R + and let fi( t)  — 

/~ ( c o s  t u — 1) c/rju, oo). Then, we have

( i )  i f  t [u , o o ) i s  a  r e g u l a r l y  v a r y i n g  f u n c t i o n  a t  i n f i n i t y  w i t h  e x p o n e n t  —p ,  

w h e r e  0  <  p  <  2 ,  t h e n

4 ’( t )  ~  i | 0

where S{p) = x  sin x d x .

Also, i f p  =  2  , t h e n

f i(t)  ~ t  /  xr[x ,oo)dx ,  I j  0.
Jo

( i i )  i f  f i ( i ) i s  a  r e g u l a r l y  v a r y i n g  f u n c t i o n  a t  z e r o  w i t h  e x p o n e n t  p ,  w h e r e  

0  <  p  <  2 ,  t h e n

T[ ° ° )  ~  c T T L °°-
z(P)

Also, i f  p =  2, then

/  uT[u,oo)du  ~  i 2tf>(l/t), t —> oo.
Jo
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P ro o f :  G. P itm an  [17] proved these statements when t [x , o o ) =  P { X  >  x)  

is a probability measure. By invoking the same kinds of arguments, we can 

prove this lemma 2.3.

C o ro l la ry  2.1 I f  r[.r, oo) is a regularly varying Junction at zero with expo­

nent —q, where 0 < q < 2, then

0(<) S(q)T[l/ t ,  °o), t oo.

P ro o f :  By following the same arguments found in [17], we can prove this

corollary.

L e m m a  2.4 Let X  and Y  be two positive random variables. Then,

E ( X J Y )  > ( £ A '1/s) 7 ( £ V 's' /s)s/s' 

where s and s' are positive numbers such that i / s  -\- l / s '  = 1.

P ro o f :  This is a  special case of Holder’s inequality which was used in [15].

E { { U / V )  ■ V}  < { E { U / V ) s} 1/s{ E V s' ) l/s\

20



i.e.,

Let X  =  Us, Y

E { u / v y  > ( E u y / ( E v a')a,a'.

V s. Then we have

E ( X / Y )  > ( EX 1/s)s/ { E Y s'/ay / s'.
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3 ^-radial Processes o f T ype-G

In this Chapter, we develop the representation theory lor £-radial processes. 

In particular, we express the process € [0,1]}, defined in (1.11), as

series of marginally Gaussian random variables. This material can be found 

in [14]. For a comprehensive treatm ent, check Chapter 2, [14].

Let £ be a  symmetric real-valued infinitely divisible random variable with 

characteristic function given by

(3.1) £ e ' ^  =  e x p —0 ( H ) ,

where

J roo
' (cos xi  — 1) dr [l, oo). 
o

Here, r  is a  Levy measure on (0, oo), i.e., r  satisfies

/■CO

(3.3) 1 /  (1 A t 2)dr[t,  oo)| <  oo.
Jo

We will call the function </>, associated with its Levy measure r  defined in

(3.2), the Levy transform of r .  In the above, i/’ is related to a  real-valued 

infinitely divisible random variable £. Similarly, we can define a complex 

valued infinitely divisible random variable £. as follow: for V 2 G C,

(3.4) E e x p  iRe( z£)  = exp — f/’(|o|).
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Next, we discuss some properties of the random variable £.

(1) Many new symmetric infinitely divisible random variables can be cre­

ated based on f  in the following sense:

Let r  be the Levy measure, associated with if and ?/’ be as defined in (3.1) 

and (3.2), and let A be a symmetric real-valued random variable. Set

where Eh denotes the expectation with respect to the law of A. If r/j also 

satisfies (3.3), it is a  Levy measure. There are many functions h such tha t r/, 

is a  Levy measure. For example, if Eu A2 <  oo, we can show tha t r/, is a Levy 

measure. Therefore, t 0  is a  Levy measure lor any Gaussian random variable g .

If th is a Levy measure, we define its Levy transform ?/>/i as

The corresponding infinitely divisible random variable is noted as <f/M i.e.,

In particular, if A =  </ is a  mean zero normal random variable, then we will 

call a  type-G random variable. It is clear tha t man}' random variables f/.

(3.5) I > 0,

(3.6) E ,M \x h \ ) V x  real.

(3.7) E  exp v.r <f/, =  exp -  ;/>/,( |.r | ).

can be obtained from f. These variables are closely rela.ted. T he  relation­

ships between them  have been studied in Chapter 2, [14].

23



(2) The definition of positive infinitely divisible random variables can be 

simplified. A random variable £ is called a strictly positive infinitely divisible 

random variable if

(3.S) Eex p i f i t  = exp —

where ?/> is defined by

/•CO

(3.9) f { u )  =  /  (e,ut — l)dr[£, oo)
Jo

and the Levy measure r  satisfies the stronger integrability condition

(3.10) | [  (1 A IfdrU,  oo)| <  oo,
Jo

Let X  be a non-negative random variable satisfying P ( X  > t) — e~l, 

for all t > 0 and let {X j } fL , be a sequence of i.i.d. copies of X .  We set 

Tj =  AT -)- • • • +  Xj .

Then, we have

(3.1D P i r 1 < x ]  = £ ^ X . e- d x .

The following series representation of £-radial random variables is a key 

tool in this paper.

L e m m a  3.1 Let r  be a Levy measure, and h a sym metric real-valued ran­

dom variable independent o f  £ suck that T/t is also a Levy measure. Then, £/l; 

as defined in (3.7), is a sym metric infinitely divisible random variable with
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Levy transform f h ■ Furthermore,

(3.12) h  = T . I r ' X i V ’i .
j=1

where d means equal in distribution, {h:j } ,f =l is a sequence o f  i.i.d. copies o f  

h, H ~ x is defined as

(3.13) H ~ X{t) — inf {m : r[if,oo) <  t },

and the series converges a.s.

P ro o f :  This is Lemma 2.1, [14],

R e m a r k  3.1 Let t  be a symmetric random variable taking on the values ± 1 .  

B y the sym m etry  ojfi, and since f/>c(|’ti|) = E e fi(\eu\) =  ?/'(|«|), we have

(3.14) (  = £ ‘i f r , ( r j ) ,
1=1

where { t j }  is a Rademacher sequence, i.e., a  sequence o f  i.i.d. copies o f  e.

Next, we give a sufficient condition to obtain a  Lev}’ measure.

L e m m a  3.2 Let t be a Levy measure which is a regularly varying function at 

zero with exponent —q and at infinity with exponent —p, where 0 <  p, q <  2.
defLet A be a positive random variable such that ||A||r < oo, where ||A||T =  

inf{c >  0 : E r [ c j A,oo) <  1}. Then, r,\[u, oo) is also a Levy measure.
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P ro o f :  Let a  =  ||A]|r . Then, r,\[a, oo) =  1. Therefore,

J rco  m  poo
' (1 A t2) clT\[t, oo)| < | /  oo)| +  | /  (1 A f2)r/r,\[f, oo)|
0 Jo Jo

p a
<  I I Z2r/r\[Z, oo)| +  r,\[a, oo)

Jo

=  | /  iV r.\[t,oo)| +  1.
Jo

Integrating by parts, we have

| i 2dr\[l., oo)| =  a 2 + E \ { J  7-[poo)r/Z2j

Since r [ i , oo) is a regularly varying function ah zero with exponent —q and 

a t infinity with exponent — p, where 0 <  p,q < 2, by Lemma 2.1, we have

| (1 A f2)t/r.v[i,oo)| =  a 2 +  cE \  j a 2r [ y , c o ) j

=  CQ'2 <  CO.

Therefore, T\ is a Levy measure.

A positive infinitely divisible random variable £ defined as in (3.S), (3.9), 

and (3.10) has a  simpler series representation. This is described in the fol­

lowing lemma.

r[s, oo)ds1
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L e m m a  3 .3  Let <f be a positive infinitely divisible random variable as defined 

in (3.8) and (3.10), and let ?/> be the Levy transform o f t . Let h be a posi­

tive random variable independent o f  £. Assume that r/, also satisfies (3.10). 

Then, the random variable is an infinitely divisible random variable with 

Levy measure t/,. Furthermore

J = 1

where I I ~ l (t) is defined in (3.13), {h j } is an sequence o f i.i.d. copies o f  h. 

Moreover the above series converges almost surely.

P ro o f :  This is Lemma. 2.2, [14].

R e m a r k  3 .2  (1) For a type-G random, variable f g, we have

CO

It is easy to see that if2 =  (T-;))2 is a positive infinitely divis­

ible random variable with its Levy measure ;v[/,oo) =  t [Z1|/2, oo), since 

the measure u satisfies (3.10), i.e.,

I /  (1 A t)du[t,  oo)| =  | /  (1 A Z2)(/r[f, oo)| <  oo.
Jo Jo
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(8) Note that the type-G random variable £,j = VfJ< where ?/ and g are inde­

pendent. Hence, we say that is a marginal Gaussian random variable.

Now we are ready to describe a ^-radial process of type-G, X  =  {A'(t), t G 

[0,1]} and give a series representation for it.

A complex-valued random process X  =  {A'( / ) , /  G [0,1]} is called a 

strongly stationary symmetric ^-radial process of type-G if, for any complex 

numbers cvi, • • •, n n and 11, • • •, i n G [0,1] for all integer n,

j  =  exp -  J  fig{\ ®je'hX\)(lFi X) ’
where g is a standard normal random variableindependent of A, and F  is the 

distribution function of the positive random variable A. V-’g (M ) =  E gij)(\gx\) 

as defined in (3.6).

L e m m a  3 .4  Let X  =  {A’( i ) , t  >  0} be a complex valued strongly stationary  

symmetric ^-radial process o f type-G as defined in (3.15). Then,

(3.i6) x ( n  =  E ^ - ' ( r > )sW 'j ‘.
J=i

where is a sequence i.i.d. copies o f X. gj =  gj -f ig f i  {gj)and{g'-}

are mutually independent i.i.d. sequences xvit.li common standard normal dis­

tribution, f j  =  X\  +  • • • 4- Xj ,  where {X j } fL [ is an i.i.d. seqxience xvith

(3.15) E e x p i R e
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common distribution P ( X  > t) =  e 1, fo r  all I >  0. Also, all these sequences 

{Aj}, {A’j} , {gj},  and {</'} are independent o f each others.

P ro o f :  See Lemma 3.2, [14].

R e m a r k  3 .3  It is obvious that. { X ( t ) , i  £ [0,1]}, defined as above, is 

a strongly stationary process. Furthermore, we will explain that the process 

{ Y ( t ) , t  £  [0,1]}, defined as in (1.13), is just the real part o f  { X( t ) ,  L £  [0,1]}, 

defined as in (3.15).

)'-(<) =  Re { X( i ) }

This indicates that the process {F (£),t  £  [0,1]} is a strongly stationary sym ­

metric harmonizable infinitely divisible process.

To verify the two definitions, i.e., (1.11) and (1.13), are same. Let us 

recall (1.13), i.e.,

Y ( t )  =  J  cos t x d M t , g(F{x) )  -t- sin t x  (F(x) ) .

Here, Mq,<g - M ^ <g +  LV/^, satisfies

(3.17) E  exp{iRe{zMj, ,!j(t))} = exp - /v /^ ( |r |)

for V/ £  [0,1] and z  € C,  where M^,g is identical to M ^ gi as defined in (1.12).

29



Actually, M^)S, defined on ( 5 1, m ),  where 5 1 =  {e,2irx, x  6  [0,1]},

is an independently scattered infinitely divisible complex-valued measure.

To be more precise, we know tha t M^tfl is defined on R + by (3.17), where 

clM^g{x) = M 1pt!l(clF(x)); equivalently we can define M $}3 on S'1 by

(3.18) E e x p i  Re{zM^,g{A)) -  exp -m{A)il>a{\z\),

for any set

A =  {ei2KX-,x 6 (F(s ) ,F( t ) }}  e  B ( S l ).

■m(A) =  F(t )  — F{s) ,

where F( x )  is the probability distribution function of A. Furthermore, if A, 

B  are Borel sets on S 1 i.e., A, B  £ B(,S'1), and if AC\B = 0, then M ^ a{A)  and 

M,/,ifl(jS) are independent. We will use (3.17) and (3.IS) interchangeablely.

W ith the help of we can define the following complex-valued stochas­

tic integral:

(3.19) Z( t )  = f  eiXid M ^ a(eiXt).
Js1

For V cvi, • ■ •, cvn complex numbers, we have

Eexpi .  R e [ ^ 2 a j Z ( l j ) \  = i? je x p z  Re [ j   ̂ a , e ‘Xtjd M ^ ^ j e 1̂ 3)]
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= exp -  J  i\,{\ j r  ctjClXijI)dm.(e'Sij) 
"s i=i

=  e x p - ^ ^ d ^ a j e ' ^ J ) .
3 =i

This means th a t  { Z ( i ) , t  G [0,1]} is just {A'(Z),i G [0,1]}, defined in (3.15); 

i.e.,

A'(t) =  Z(i).

Therefore,

7?e{A(0} =  fle{Z(Z)}

a.e.,

r  co /*«x<
i2e{A'(Z)} =  J cos Z.t d M il<g(F{x))  + j  sin /,,?■ dM'iig(F(x)) .

Hence, these two definitions are equivalent. But it is more convenient to 

using the following form:

CO

-1 /P  \7. J \ i tY(t)  =  Re{X{ t ) }  = R c r £ H - ' ( r i )giC

CO
=  Z  i r l (r j)(0] cos Aj t  +  (jj sin \ }t).

3=1

The process {Y( t ) ,  t £ [0,1]}, defined as above, is defined on a probability 

space generated by ({</j}, {(/'}), {A'y}, and {Aj}. Ail these four independent 

sequences are independent of one another. Therefore, we can find probability 

spaces ( O g , j r ,p r ), Pr), and (Hr,•7r//, Pr) such tha t Y(t,u>,u>',u>") G
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(Qg, E ,  Pr) x Pr) x (fir, E",  Pr), i.e., Y{t )  can be represented as

Y( t )  = Y{t\u>,io' , uj")

(3.20) =  g / r ^ V ' ) )  ( < / j M  co sAj(u /) i  +  </'(u>) sin Aj(w')i)  .
3=1

It is clear that, for fixed u / and w", the process K(Z) =  Y{t\Lu,-,-) is a 

stationary Gaussian process, with covariance function R{t)  defined as

R ( t - s )  = Eg {K(/.)V(s)}

= E ( / / - | (r) ))2»s{A(i-.s)}.
3 =  1

Then, the parameters Ao and A2 are given by

Ao =
i=i

a ,  = =  B ' r ' ( r j ) ) 24
t = 0 ,7=1

Applying this marginal Gaussian process to Rice’s formula (1.4), we obtain 

following formula:

-
/  CO

(3.21) £»A'„[0,1] =  I  ( t l i r ' W n U  Z l H - ' W ?
* \ i= i  / 3 = 1

(  a2

x e x p V ‘i T . T - x W - 'V ' i ) ) 2) '

Let E g, Er ,  and E \  be the expectations with respect to their respective 

probability spaces, we have



E N u[0,1] =  E xE vE g{ N u[ 0,1]}

(  u 2

x exp r 2 E r . . ( w - , ( r J ))2

Further explicit evaluation of the above expression would be difficult, in­

deed. However, consideration of certain special cases will lead to several 

useful results. Before we start, we would like to explore further properties 

of symmetric infinitely divisible random variables. This study is based on 

the representation of type-G random variables, which is discussed in the first 

part ol this Chapter, and on the properties of regularly varying functions 

which are discussed in Chapter 2.

L e m m a  3.5 Let (  be the random variable defined as in (3.1), xjj and r  be 

defined as in (3.2) and (3.3), respectively. Lei A be a positive random variable 

and £,\ be an infinitely divisible random variable with characteristic function  

Ee x p{ i t £ \ }  = exp — |/.|). Assume that ||A||r is finite and t [.t , o o ) is a

regularly varying function at infinity and at zero with, exponents —p and —q,

respectively. Then, i f  1 < p < 2, 1 < q < 2, there exist, constants 0 <  c\,

C2 <  oo depending only on r  such that

(3.22)
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<=il|A||, <  £ |f* l  <  c2||A||r ,

c M i ” 2 <  £ i 6 i ,/2 <  <* iw iy2,

■where ||A||r =  inf{c >  0 : E t [ c / \ ,  o o )  < 1}.

P ro o f :  Since a  =  ||A||r is finite, by L em m a3.2, r,\ is a Levy measure. Hence, 

by Lem ma 3.1, we have

OO

&  =  £ * ' ' (r i ) - W  
j =i

Therefore, by Khintchine’s inequality, we have

We note tha t for any two positive random variables X ,  Y ,  and any t >  0, 

we have

P( X  +  Y  > At2 ) < P( X  > 212 ) +  P( Y  > 212 ).
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Hence,

(3.23) P ( { X  + Y ) 1/2 > 2 1) < P  ( X  > y/21) +  P  (V  >  y f i t )  .

Therefore,

(3.24) P
1/2

z :  A3(/ / _ t (r j ) )2 > 2 /
Vi=i 

<  P -
1 / 2

+ P

^ A 2 ( / / - 1( r j ))2l [Aj//- 1(Pj)<t]j  > s / 2 t

f  oo \  ^ 2

E A j ( / / - 1( r J-))2i fc„ - . ( rj)>11] > s / 2 t }.
^ '= 1  /

For the first term  on the right-hand sicle of (3.24), by Chebychev’s in­

equality, we have

f  oo \  1/f2

( J l  C 1 Cr j ) ) 2 1 [ A j - 1 (I’j ) < 0  1 >  ^

S 5 i 2 £ B { ( A i / - / - ' ( r i ) ) 2 i |V , - , (rj)<„}

=  £  » ) rf“

^ f j l ‘“/’ (ri<r[r oo)) ,'“

= £ ^ e , r  r u ' " ' u . x ’ \ . . <rT i x d u
0 Jo ( j  -  1)! )
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Since /1(A) =  / 0' r[y , oo)clu2, is an increasing function of A. By Lamme 2.1, 

we have

/  t [ — cI u 2 ~  ~ —i 2r[^-,oo) as A —> oo.
Jo A 2 - q  A 1

Therefore,

{
OO

( E ^ ' , ( r i ) ) , i [Aj„ - , (0 )<11), ' a > V i i}

(3.25) <  crt 2 E \  ( r [ ( , c o ) | .

Also, for the second term  on the right-hand side of (3.24), we have a. 

similar upper bound.
OO

<  . p j u ( A / / - , ( r V ) > f ) }

^ ( r i <  T[ p ° ° ) )

<p t > H
(3.26) <  £ r { r [ i , o o ) } .

B}2 combining (3.25) and (3.26), we have
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Therefore, we have

£ |6 I < 2 \ / 2a  +  2\/2  E \  r[^,oo)fhij

=  \ / 2q' +  \ / 2E \  {A J  ̂ r[.s,oo)dsj>

=  v/2ev +  \/2  E,\ | a  J  os- 2r[i!_1, oo)fi,s|.

Since r  is a regularly varying function at zero with exponent —q, where q >  1, 

x  s -2 r [ s -1 , oo)ds is finite for finite x. On the other hand, s _ 2t [ s _ 1, o o )  

is also a regularly varying function at infinity with exponent p — 2, where 

p — 2 >  — 1. By Lemma 2.1, we have

Jo/o s “2r [ s -1 ,co)f/.s 1
(a /A )r[a /A , oo) p — 1

Therefore,

£161 < C a  +  0i j { A ^ [ p « = ) }

<  c2 a  =  ci |f A || r .

Next, we prove the following result:

£ { i m , / ! } <  cr | | , \ny2.

37



i

To see this, we follow the same method used in above, i.e.,

r  OO

£ { | 6 I 1/2} <  « 1/2+ /  ^(161 > «)rf«1/2

=  Qli/2 +  C E \  | y  r [ ^ ,o o ) f /n ^ 2|

=  q 1̂ 2 +  C E \  | a ^ 2 s -3 2̂r [ s -1 ,

=  C' a 112 =  c2 ||A||J./2.

In what follows, we will obtain a lower bound for £|£.\|. We know tha t 

r,\ is the Levy measure corresponding to the random variable £,v A Levy 

measure and its random variable always have the following property with or 

without regularity, (page 168, [14])

|im PS INI > «) > i
U-+OV T,\['tl, OO) 2

For completeness, we prove this. For all i > 0, we have

J =( I 6 I ><)  =  P d l i f l - ’ i r j i V j i x ) .
j =1

For fixed {Ty} and {Ay}, the sum involved here is a  symmetric sequence, so 

we can apply Levy’s inequality to this sequence. Thus,

P (  161 > « )  >  l p U ? H - l (Tj ) \ j > u
1 \ i > i  
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(3.27) >  ^ P ( H ~ \ T 1) \ l > u )

= k (ri<4 TO))
=  \ e x ( l  -  e- ’-[«/A,oo)J _

By Jensen’s inequality, we have

(3.28) P ( | £ \ | > « )  >  i  ( l - e x p |- J 5 ? A { T [^ ,o c

Since r  is a  decreasing function and r.\[a,co) =  1, if we let u > cv, we have 

t , \ [ » , o o ) <  1. Also, we observe tha t,  lor 0 <  a; < I, 1 — e~x > Therefore,

for u >  cv, we have

(3.29) P { |Ca| >  «) >  E \  | t [ ^ , c o ) |  =  ^ - t . \ [ u , o o ) .

Hence, for the expected value of £.\, by using the regularity of r  a t infinity, 

we have

rco
■E|6I >  /  P{  161 > «)^«Ja

l /■°c>
>  —  J  T\[u,Oo)(lu

= s £ i { r T|x'°o)rf“}
= | a  J  u_2r[u_ l ,oo)('/it|

> C E \  | a  oo)f/u|

> C i a E \  | r [ y , o o ) |

(3.30) >  Cla  =  Cl||A||T.
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Si mi laxly,

(3.31) E {|6 I1/2} > c i i a h ; ' ”.

Next, by Lemma. 2.3, we know th a t  if) is a regularly varying function at 

zero and infinity with exponents p and q , respective!}', if r  is defined as in 

Lem m a 3.5. We can expecte to obtain an similar results of Lem m a 3.5, in 

term s of ||A||y,, but first we prove a useful lemma.

L e m m a  3 .6  Under the same notation used in Lemma 3.5, assume that if) 

is a regularly varying function at zero and at infinity with exponents p and  

q, respectively, where 1 < p <  2 , 1 < q <  2. Then, there exists a constant 

0 <  <  oo depending only on if such that, fo r  u >  0 ,

(3.32)

P ro o f :  For u > 0 , we have
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Therefore,

<  ~ [  “T / *  ^2r/r[^,oo)f//?(A) -f 2 E \  {r[ii/A, oo)} 
( u ) Jo i r  Jo

rcc< \ 2  piL
= -  —  s2dT[s,oo)dF{\)

J u  tl Jo
J ru \2 <•!(/A ( u

2 /  s 2fM s > oo)dF {\)  +  2£'\  ̂ r [ —, c 
o u 2 Jo I A

Let the two terms on the right-hand side of the last equation be noted as I 

and II, res])ectively.

In I, u <  A, so by using the regularity of r  at zero with exponent —q, 

0 <  q < 2 , we have

rco \2 fti/A
I  =  -  —  s2dr[s, o o )d F ( \)

*  - r l f r
/■oo u

=  c4’Ju ^[pOoJtfT^A)

< C0 £?.\ { r [ ^ , ° o ) | ,

where the constant 0 <  c,/, <  oo depends only on iF

In II, u >  A, so by invoking the regularity of r  at infinity with exponent 

—p > —2 , we get

ruJru A f ur''
— / s2dr[s, oo)dF(\ )  

o u 2 Jo
f u A2 /  u2 ru A



By combining I and II, we know tha t there exists a constant 0 <  < oo,

which only depends on ip,  such that for Vu >  0,

Ex j ^ ( ” ) j  ^  C*’E * { r [ ^ ° ° ) }  •

L e m m a  3.7 Under the same nol.ali.on developed in Lemma 3.5, assume that 

||A||T is finite and r[.r, oo) is a regularly varying function at infinity and at 

zero with exponents —p, and. —q, respectively. Then, i f  1 <  p < 2, 1 <  q < 2,

there exist constants 0 <  C\, c\, c2, c'2 < oo depend only on ip such that.

<M|A|I* <  -EI6 I <  c2||A||*,

<  m i,/2 <  4 i i A i i f ,

where ||A|| ,̂ =  inf{c >  0 : E  {i/.’( \ / c ) }  <  1}.

P ro o f :  Let a * =  ||A||^,, and f ( t )  = E e ,t(-X. It is well-known (M. Loeve page

209, [13]) that, for V« >  0,

P ( \ t \ \ > u )  < 7u [ “ (1 -  f{ t ) )d t  
Jo
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Tti [ " { I  -  e~M i ) )dl 
Jo

r \ j u
< 7u  /  f/>\(l)dt

Jo

r  co
E \ b \  =  /  P m > t ) d t

Jo

We will show th a t  there is a constant 0 <  < oo depending only on ip such

tha t

To prove this, we break the expectation of the left-hand side of (3.34) into 

two terms denoted by Ni and N?, respectively. T ha t is,

(3.33)

A l)dl

{ n r'V«
A Jo

Therefore,

(3.34) E x
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For N i,  we need only consider the case {a* <  A}. For u € [cv*, A], i.e., 

u >  L 4>{x ) >s a  regularly varying function at infinity with exponent <7, where 

1 <  q <  2. By Lemma 2.1, we have

/•A/ii 1
/ il){x)clx ~  — —  (A/u)i/>(A/'«) as A/u -> 00 ,

Jo 7 +  1

which implies th a t  there exists a constant 0 <  < 00 depending only on 1})

such tha t

f  $ {x )d x  <  c* ( - ) ? / ; ( - ) .
Jo u u

Hence,

Ni = E x ^ J ' j j j i p ( x ) d x d : u ^

< C4, E \ l  I  y  • -{/’(-)<+<]>
{Ja> A u  a  J

For N 2, since we consider u €  [A, 00 ), i.e., ^ <  1, and ip{x ) is als° a 

regularly varying function at zero with exponent p > 1, we have, by Lemma 

2 .1 ,

rx/ u A A
/ lh{x)dx < C,j, -</>(-).

Jo u u
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Therefore,

N*
=  E{ r j L ’iix)dxdu} 
-  c* j3 { r ti ' z ' >’{z ) d u }

=  c *  e  \  r ' K 7 l ] d u }  ■

Combining the results iVj and iV?, we have

(3.35) E \U \ < a '  + c + a  E x y ^ , l i ^ ) d i ^

(3.36) =  a" + c^ E x Ŝ x £ /0 3 -2^ (a ) r f a | .

I t is obvious that a- s~2,4>(s)ds is finite lor any finite num ber x  because 

s~2ij>[$) is a regularly varying function at zero with exponent q — 2 >  —1. 

Therefore, by Lem ma 2.1, we have

/•'V«*V>(s) 1 o '  A
/ --- —ds ~   T—rV A  ) a* A 00 •

JO (j — 1 A Q'“

Therefore,

£ | 6 l <  a ’ + Cll, a E {  —
I Cl" A O'*

< (1 +  c^) a ”.
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Similarly, we can obtain the inequality

Below, we will obtain a lower bound of in term of ||A||,/,. We s tart 

with inequality (3.32); i.e, for Vu >  0,

where the constant 0 < c,/, < oo depends only on ?/’ or r .  We can choose 

k > c,p. Then, by the regularity of ?/>, we have

Hence, k a  >  q*. So, by (3.30) and (3.31), we have

£ |6 J  >  c jQ '>  c'j IIAHv-

and £ { |£ . \ | 1/2} >  c2| | A | | ^ > 4 | | A | | y j .

L e m m a  3 .8  Let £ be the same sym m etric  infinitely divisible random variable 

that we defined in (3.1), and let H ~ l (t) =  inf{« >  0 : r [u ,oo )  <  t }.  Assum e  

that t  is a regularly varying function at infinity and at zero with exponents
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—p and —q, respectively, where p £  (0,2) and q >  0. Then, there exists an 

integer k  >  0 such that

<  OO,

where Tj =  A i +  ■ • • -f Xj,  and {X j } is an i.i.d. sequence o f  standard expo­

nential random variables, i.e., P [ X i > t) = e~l for  V I >  0 .

P ro o f :  First, we note tha t

We will prove tha t the two terms on the right-hand side of the above inequal­

ity are both finite. First, we show tha t

>ih2 < oo.

This is easy, since Tj > j / e 2, I I ~ l (x)  =  inf{« > 0 : r [u ,o o )  <  a:}, 

and t [ £ , o o ) is a regularly varying function at infinity with exponent — p, so 

is also a  regularly varying function at infinity with exponent —1/p. 

Hence, for all t. >  0, we have



Therefore, for j  > k, k  sufficiently large, we have

f f - ' t i )  [rj>j/£2] “  H ~ ' U )
< cT/e

i.e.,

f e ( H - ' U )
hr (p-tv < oo.

Next, we show tha t the second term  on the right-hand side of (3.37) is fi­

nite. Let K  — E  | s u p j>t ( l[r,<j/c2] )}• Since H ~ l (x)  is a  decreasing 

function, we have

This last ineciuality is due to the Cauchy-Schwartz inequality. We will prove 

tha t each of the two terms on the right-hand side of this last inequality are 

finite.

^ { ( L r - H r , . ) ) 2} =  J ^ x 2d P ( H - l (Tk ) < x )
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< i + J " x 2d P ( i r l ( \ \ ) < x )

= 1 +  x 2ilP(Vj >  t[ .t,  oo))

< 1 - I  x  ■ -  { k _  i)l dr[x,  o o )

-  1 +  ( f e -  I ) ! r 1̂ ,0°^ < 00•

Note tha t t[.t,  oo) is a regularly varying function at infinity with exponent 

—p. Therefore, we can obtain the last inequality by choosing k > jj ■+• 1. The

last thing is to prove that T  — E  | s u p ;>i. (//-i(j))2 l[r,<j/e2]} >s finite. We

have

r  -  ^ { s  i[r' ^ ' }

< r  1 r J , ‘s  /
-  k i U - ’ - ' U ) ?  J o  ( i -  i ) ! r l

1 j j

= ^ { U - ' d W ' W '

Here, we notice that

00 j k jj 
e-3 = 7T > J3/ j ' e3 < L

a-=o K - E

Hence,

T  <  V   --------
~  f r k W - ' t i W  e»

Since ( / / _1( ; ) )"2 —> j 23]>L ( j)  as j  —* oo, where L(x)  is a slowly varying 

function, and eJ >  j 6/p for j  large. VVe have
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t  <
i>k

< X] j 3^ e ~ J < oo.
3>k

C o r o l l a r y  3.1 Let £ be defined as in (3.1) and let I I  ~x (i) be defined as in 

Lem ma 3.8. I f  we assume the Levy measure t is a regularly varying Junction 

at infinity and zero with exponents —p and —q, respectively, where p £  (0 , 2 ) 

and q > 1, then we have

<  oo,

where Tj =  X \  -f • • • +  X j ,  {A",} is an i.i.d. sequence of standard exponential 

random variables with common distribution, and P( X\  > i) = e~l, Vi >  0.

P ro o f :  T he gamma, function F(.t) =  ux~ l e~udu converges for all x > 0, 

and H ~ x(t) is a regularly varying function at zero with exponent — 1 jq,  where 

— 1/q > —1. Thus, E I I ~ l (Vi)  =  / 0°° I I~ 1(u)e~udu <  oo. Since I I ~ l (t) is a 

decreasing function, E H ^ f T j )  < E I I ~ X(F]) <  oo. Therefore, we can ignore 

the first finite number of terms. Then, by Lemma 3.5, we have this corollary.

The next lemma is modified from a similar lemma in [15].

50



L e m m a  3 .9  Let £ be a symmetric infinitely divisible random variable defined 

as in (3.1) through (3.3), and let r[u, oo) be a continuous regularly varying 

junction at infinity and at zero with exponents —p, and —q, respectively, 

where 0 <  p <  2, 0 < <y <  1 . Let A be a positive random variable with 

continuous distribution function F  such that ||A||T is finite, and let 8 be the 

unique solution of

j  t r [ - , oo ) dF{ u)  = I. 
n - ‘i i) 11

Then, there exists constant 0 <  cT < oo depending only on r  such that

(3.3S) E  |  sup A
U>i

* p r ' u ) f \  <  c,G{s,x,r),

where {Aj}jlj is a sequence of i.i.d. copies of A, and

G {8 ,\ ,  t ) '= [  ( v  [  r[s, oo) ds ] dF(x) .
J S / H - '(I) \  J s / i -  J

P ro o f :  Before we prove the lemma, we make some observations. First, we 

show 8 exists. Set

/ oo /
( T[—5 oo)dF(u) .

«-'(!) U

(3.39)
, i =2

j H - ' U ) ' *  >  -  G { 8 ,  A, r) ,
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Note tha t r  is a decreasing function, and tha t a  =  ||A||r <  oo. By the 

Dominated Convergence Theorem, we have

lim gii )  <  f  lim r [ —, oo) clFiu) =  0.
t-* o o  J  J i-» c o  u

On the other hand, by the —q regularly variation of r[.r,oo) at zero, we have, 

for 0 <  t < t 0, and sufficiently small i0, tha t

1 / ( 0  >  C T ^  J  t r [ ^ o o ) d F { u )  >  1,

//-Mu

since 11 All r is finite.

Therefore, by the monotone continuity of </(/), we know tha t there is a 

unique 6 such tha t

(3-40) I s  r[^-,oo)dF{ti) = W ^ o o ) ! ^ , , ^ ] }  =  1.
7FT7T) U ( A J

Our second observation is th a t  there exists a constant cr depending only on 

r  such that

(3.41) 8  <  c t G ( 6 , \ , t ).

Note tha t r[a;,oo) is a  regularly varying function at zero, with exponent —q, 

where 0 <  q <  1. Therefore, for I > t0, /0 sufficiently large, t~2r[t~l , oo) is a 

decreasing function. Hence, we have

ftf-'O) r , , ^ / s  i r i

7/—J < i )

rH ' ( 1) rx/S |  J

U  7|s>0O)''8 =
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' S \ 2 r8 , p / 5
> cT -  r [ —, oo) /  dt

V X  I X  J   

8 r 8
> cr -  r o o  .

X  X

Thus, we have

G(8, A ,r)  >  cT [  x  — r [ —, oo)clF(X)
Js/H-1(1) x X

t { 6ts/H-H 1)
=  cT 8  [  t [ — , o o ) ( I F ( X )  = c t 8 .

Js i h- h i) A

Furthermore, there exists a constant cT depending only on r  such tha t

(3.42) E \ < c t G { 8 , \ , t ) .

By the definition of G, we have

G'(<5, A, t ) >  f  x  f  rf.s. co)rG, (IF(x)
) . / / / - > (  1)

> [  x  [  rf.s, oc)ds dF( x )
JS/H-H1) . / / / - i ( i )

=  c'T r  x d F{ x ) .
Js /H-1(1)

We also know th a t  G( 8 , X, t ) >  cT 8. Therefore

G(8, A, r ) >  cr £  | a 1[a^ _ ^ _ . . | |

>  c 'F A .—  r
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Now, we prove (3.38). Using the  sam e m ethod developed in [14] (Lem m a

2), for any t > 0, we have

W s u p V f r ‘ ( j ) > ( )  >
\ j > l  J j=1

(3.43) > i { ( £ { r [ f  cc ) l Wi „ , > 1]} ) A l } .

Since h(t) — E \  | r [ t /A ,o o ) I [ r [t/ <\ i00)>1j |  is a decreasing function and h(t)  <  1 

for i > 8, we have

(3.44) £ ; | s u p A j f / ' - 1( j ) |  > ~ Js £ : { T[ ^ 00 )1[T[f ,oo)>i]} t i ­

l t  is easy to see tha t the integral on the right-hand side of (3.44) ecpials G'/e.
roc f ■( A [■>■■■ roc. i

/  E\  ] 7-[—, oo)l[ ,[t/AiCO)>1j dt =  /  /  T [ - , o o ) d F ( x ) d t
Js I X  -  Js 1) X

/-X, [U~'{ 1 )■’• t
— /  r[—1o o ) d t d F ( x )

Js/u- ' [ \ )Js X
roo (  rlF-'[ 1) \

=  /  I a1 I r[s ,  oo)ds dF( x )
Js/H-1(1) V Js/x J

(3.45) =  G '(<U ,t ).

Therefore, we have proved (3.38).
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Regarding (3.39), applying (3.23), to ' £ f =2X j ( H  J ( j ) ) 2, we have

(3.46) P
f co \  l>2
^ ( / / - W  > 2 1

<J'=2 /
1/2

For the first term on the right-hand side of (3.46), by Chebychev’s in­

equality, we have

p  j  ( f  i j W U t f i M - w s o )  > v f c

t Jo j=2

1 rl 00 /  x \
- T * L x ' £ p v k ' ° a ) 't j ) dx

(3.47)

Also, for the second term on the right-hand side of (3.46), we have a similar
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upper bound.

(

<  e | U ( ^ ' ' ( i ) > 0

CO

< | ; / > ( r [ i  < * = )> /

(3-4S) <  i ? {T[ p 0O)1Wx-~)>1]} '

By combining (3.47) and (3.48), we have

Therefore,

E  =  2 f p  ^ ( g  A*(I - r ' [ j ))*)1/2 >  2 x j  dx

(3.49) <  2 6 + ‘l j s ^  x E  ^r[^- ,oo)l[T[j . ^ )>i]^ dxclt

Letting the second term on the right-hand side of (3.49) be denoted by 2J ,
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we see th a t

J _ r 0 1 
Js ¥

/’CCi I / X \  ftf ' ,< 1
J  £  <j f y  J J  .rr[.r,oo)l[r[,r,,Xl)>1]f/.r W/L

Since r  is a  regularly varying function at zero with exponent —<y, when |  <  1, 

by Lemma 2.1, we have

/• i/A  i t

Jo 00 )^[t[i‘,co)>1] ^ : ^  cr ) 7"^\1 0 0 )^[r((/'Vco)>l]'

Since r  is a regularly varying function at infinity with exponent —p, when 

|  > 1, vve have, again by Lemma 2.1, that

rt/.\ f t \ 2 I
J ^ .T t[ .T , O o )1  [ r [ a : ,c o ) > l] ^ : — CT [r [^/A.oo)>l]*

Hence, by combining the two cases above, we have

J  = J  ^ 1 ( 7 )  7"[.!■', 00 ) 1 [r[x.ilX,)> 1] c/:J' 1 [/<A] i  dt

f 00 I ( ^ \  2 I+  /  E  \ I ~  J I «xir[x , o o ) l[r[i%00)>i]c/.r / cli
J8 I \ t J J O  j

< C T E \  | ' r [ y ,o o ) l [ r[, /A|X))>i]| dt.
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Applying the above results to (3.49), we have

E  | e  S  25 + c f  E  { r [ i  o o ) lM1 dt.

Therefore, by (3.41), and (3.45), we have

| l £  A5 ( V / _ , ( y ) ) 2] , / J |  <  c, j T £ { r [ t

=  cT G{8, A, r ) .
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4 E xpected  N um ber of Zeros

Theorem 1.4 characterizes the expected number of the zero level crossings of 

^-radial processes of type-G. In this Chapter, we will prove this result. Before 

we prove Theorem 1.4, we introduce a simple lemma to make the proof more 

clear.

L e m m a  4.1 Let r[.r, oo) be a regularly varying function at infinity ivith ex­

ponent —p, where p > 0. Then, fo r  any r > 0,

(4.1) ) ) - ’ } <Cr,T <00.

where H~*(x)  =  inf{« > 0 : r[« ,oo) < .r}.

P ro o f :  Integrating by parts, we have

E K f f - ' t r , ) ) " }  =  r  > u ) d u
J o

<  1 + P ( X  >  oo))du

=  l  +  J ~  e - r I“ " ,/r>00)d «  =  C V .r  <  OO.

Since o o ) is a  regularly varying function at infinity with exponent

p /r  > 0 , the  last integral is finite.
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P r o o f  o f  T h e o r e m  1.4, C a se  (i): We s ta rt finding an upper bound of the 

expected value of the zero level crossings, and assumeing that ||A||T <  00 . 

In Remark 3.3, we obtained a special form of Rice’s formula (3.22) for 

Y  =  {Y'(f), t G [0,1]}, the ^-radial process of type-G. Therefore, with u — 0, 

we have

1
< «

* l - P W I ’
Using the triangle inequality in the numerator of the last, term , we have

Note th a t  for n > 2, we have

H - ' i T n )  =  //"'(AT +  • • • +  A'„) 
/ / _1(Ti) / / - ‘ (AT)

/ / - i (  a t +  . .•  +  .Y„)<

(4.5)

//"'(AT)

/ / - ' ( I T )

since r(,_i =  A’2H hA’„ is the sum of 1?. — 1 independent identical exponen­

tial random variables and, of course, T ^ j  is independents of Tj. Therefore, 

(4.4) can be rewritten as
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(4.6) 7r £ 7Vo[0 , i ]  <  E X '

( ~  ) 1/2

By using Khintchine’s inequality on the last expectation on the right-hand 

side of (4.6), we have

(4.7) 7t £ A ' o[0,1] <  EX +  N / 2 ^ { ( 7 / - 1 ( r i ) ) - 1 } £ ’| £  e)Aj / / " l ( r j )|,
i = l

where {e j}JlLj is a Rademacher sequence.

By Lemma 4.1, we know tha t Z?{(//- 1( r i ) ) -1 } =  C,vr <  oo. By Lemma 

3.2, we know tha t £,\ exists. So, by Lemma 3.1, we have

( ,  = - £  H - ' W X j t j .
J—l

Therefore, by Lemma 3.5, we have

CO

£ | £ / / - | ( r j )AJeI|< c ' , | |A | |r.
3=1

Furthermore, since both p, q > 1 , we have that

E X  < cr ||AIL.

Hence, we have obtained an upper bound for Case (i).
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To find a lower bound for Case (i), we s tar t with equation (4.2). By using 

Lemma 2.4 with s=2 together with Khintchine’s inequality, we obtain

lBAo[M| = E \  &,(i?-(r,))> j

(4 g )  >  { g ( E S , A l ( / J - - ( r j ) ) T /J

£ ( E f =1( / / - ' ( r j ))J) ‘/2

( 4 9 )  >  C“ { c | E “ i e j AJ f f - ‘ ( r J ) | ‘/ 2}
2

e { E Jt , ( / / - ' ( n ) ) 2 } l / 2

Applying Lemma. 3.5 to the numerator of (T9), we have

El X P v V r 'to ir  = E N ,/2 > c.PIII'2.
j =1

On the other hand, applying Khintchine’s inequality on the denominator of 

(4.9), we obtain

{
c o  'I  ' / 2 CO

B f f - ' t n ) ) 2 ! < / r ' ( r j ) C)| =

Note tha t i£|£| is finite, since

/•CO

£ i u  =  /  p m > t ) d iJo

< i + P{\s\ > t)dt

< 1 -jr C'T J  r[Z, oo )dt <  C T <  oo.

The last inequality is due to the fact that t is a regularly varying function 

at infinity with exponent —p <  —1 . Therefore, the integral is finite. Hence,



we have obtained a lower bound for Case (i).

Now, suppose tha t ||A||r =  oo. We show tha t E N q[0, 1] =  oo too. By 

considering (4.8), we see tha t if

{
oo W/'*
f ; A | ( / / - ' ( r , ) ) 2 l = 0 0

then Z?./Vo[0,1] =  oo, since the denominator of (4.8) is finite by (4.10). Thus, 

the Case (i) of Theorem 1.4 still holds. Therefore, we need only to prove

(4.11). Since
CO

^ D ^ t r ; ) ) 2^ " 2) ^  (r i )Xi  > ■«)
j = i

=  E \  j l  - e x p ( - r [ j , o o ) ) |

(4.12) >  | l  - e x p  ( - £ Ar [ p o o ) )  j .

Applying (4.12) to the left-hand side of (4.11) , we obtain

<X>

j=l

a  c f p  ‘in ' / '

> | l  -  exp ^ - E . \ T [ ^ , o o ) j |  du1/2

> j H  ( l  -  e - 1) r/u' /2 =  oo.
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The last equation is due to the l’act tha t,  when ||A||T =  oo, we have, for all 

u > 0 ,

Thus, by (4.8) ancl (4.10), we have

ENo[0,1] — oo.

I.e., Case (i) of Theorem 1.4 still holds.

P r o o f  o f  T h e o r e m  1.4, C ase  (ii): We s ta r t  with Rice’s formula (4.2) 

and assume tha t ||A||r is finite. To obtain an upper bound, we use the same 

method tha t we did for Case (i), but this time use the triangle inequality 

k  times, where k  is large enough to make Lemma 3.S true. Then we apply 

Lemma 4.1 and obtain

By Lem ma 3.8, we have
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Combining this with (3.39) and (3.42), we have

(4.13) ttE N o[0,1} < k E \  + c E \ { j 2  X f r H - ' U ) ) 2)1' 2
[ i=H l

<  c t G ( 8 ,  A, r) .

To find a  lower bounds for Case (ii), we start with (4.2) and have

7r£A ro[0 , l ]  >  E< ' p H n - ' u A '

>

Applying Lemma 2.4 to the second expectation on the right-hand side of the 

last inequality, we obtain

(4.14) x£JV o[0,l] >

a /2*'  ̂ s ' / s
- l i r  n 2 1 IB l E u e ' f O ) )

w=l /  )

where l / s  +  1/s ' =  1 and s > 1. Now, we choose / =  s / s '  < p and use K hint­

chine’s inequality in the denominator of the right-hand side of (4.14) to obtain

(

c o  \  S^ S'  CO
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=  v/2 j  P ( \ £ \ > u ) d u ‘

<  c  +  c \  J  r[u , oo) dul < oo.

T he  last integral is finite since r[u ,oo )  is a regularly varying function at in­

finity with exponent —p, where p > I.

For the num erator of the right-hand side of (4.14), we have

where E  | in f j> i  } — dr > 0 is finite. Since l im j_co ^  =  1 a.s.,

by the strong law of large numbers, we know that, almost surely, we need 

only consider the infimum over only a finite number of terms. Therefore, by 

Lem m a 3.9, we have

£iVo[0, l] >  c t E  j s u p  Aj/-/■'(j ) |

>  crG'(6, A, t ) > c 't E \ .

Note tha t if ||A||r =  oo, G(5, A ,r)  =  oo, as defined. Therefore, we need to 

prove th a t  E A fq[0, 1] =  oo. By the exactly same arguments we gave in Case

(i), we can prove th a t  jFfVo[0,1] =  oo and finish the proof of Theorem 1.4, 

Case (ii).
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P r o o f  o f  T h e o r e m  1.4, C a s e  (iii): To find an upper bound for E N o[0,1], 

we s ta r t with (4.3). Using the triangle inequality, we have

< k E  A +  E E A]
\ j —k +  1

/  \  2 \  l / 2 1 
2 H - ' { X i ) Y \

(4.15) <  k E X  + E X E <  A/“I(ri )/77-1(ri)  I .
U = f c + 1  J

Applying the  same procedure used in (4.5), we can break up the expectation 

on the right-hand side of the last inequality and obtain

rr£Wo[0,l] <  k E  A +  E \  E  { ( / / " ‘(P. J)"1} E  : /7 _ 1( IV )j

<  kE  A +  EXE  { ( f f - ‘( r , ) ) - ' }  E H- ' U)  ■ 1

(4.16) <  kE X + cr \ p  H- ' U )j  EX E {sup | ,

where cT =  A' {(/ /  “ 1 ( P i )) ~1} is a finite number as proved in Lemma 4.1. 

Here, we choose k large enough so that Lemma 3.S applies, i.e.,

r !  t f - ' d v n <  oo.

The last thing we need to prove is tha t the sum on the right-hand side 

of (4.16) is finite. Since = in f ju  > 0 : r[tt, oo) <  £} and r[y, oo) is a

regularly varying function at infinity with exponent — H ~ l (t.) is a regularly
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varying function at infinity with exponent —1 /p,  where 0 < p <  1. Therefore, 

for j  > k , and k  sufficiently large,

H - ' U )  ~  L ( j ) / j ' l ”,

where L(t)  is a slowly varying function and 1 /p  > 1. This means tha t

(4.17)

Therefore, we have an upper bound, i.e.,

TO-
j=k

E N o[0,1] < Cr EX.

To obtain a lower bound for Case (iii), we s ta r t with (4.2) and just keep 

the first term in the numerator of the right-hand side of (4.2). Then, by 

applying Lem ma 2.4, we obtain

i rENa[Q, 1] >  E X E

(4,18) >  E X -

We also see tha t

H - \ ?  i)

E

- i

(
CO \  _  1/1,1

D # - 1^ - ) ) 2 j  <  E { ( i - r \ r ,  ) ) - !/2} <  oo.
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The terms is above is fine, as we proved in Lemma 4.1 with r =  1/2. Also 

by Lemma 4.1 with r  =  1, the denominater of (4.18) is finite, i.e.,

£{(//-,(r,))-'}<oo.

Therefore, we have

n E N o [ 0 , 1] >  c 7 E  A.

P r o o f  o f  C o ro l la ry  1 . 1 .

If ||A||t  is finite, we use basically the same proof that we did in Case (i), 

bu t apply Lemma 3.7, instead of Lemma 3.6. Therefore, we replace ||A||T by 

||A||^, for 1 <  p <  2 and 1 < q <  2. If ||A||r is not finite, we can use the same 

arguments developed in Case (i). This proves Corollary 1.1.

P r o o f  o f  C o ro l la ry  1 .2

Case (i), J0l r [ s , oo)ds  is finite, so we have

(4.19)

roo ril ' ( 1)
G'(6, A , t )  =  /  x t [s , o o ) ( I s c I F ( x )

Js/ll-'(l) Js/x
/•C O  / • / / - ■ (  1 )

<  / x  /t [s , oo)(Is dF(x)
1) Jo

f H~l( 1)roo
=  /  r [ s , o o ) f / s /  x dF (x )  < ct E A.

Jo Js/ II- ' l l )

Combining (3.42) and (4.19), we have

cT EX < E N o[0,1] <  c'T EX.
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When 0 < q < 1, /J  r[.s,oo)c/.s <  oo. Therefore, Corollary 1.2 is true for

the case 1 <  p <  2 and 0 <  <y <  1.

Note th a t  without the condition / J  r[s ,  oo)ds < oo, the bounds do not 

has a unique form. We will show this by examples.

Case (ii), Let r[s ,oo) ~  , lô | / s)» f°r 0 < s < .s0 <  1. Then, for x  >  ;t0,

xq sufficiently large, consider
(•//-■( l)

J S / i

/•//-'( i>
T (x )  = x  / r[s,oo)ds

J Six

c t [ 8 / x ,  o o ) log(.i-/5) w h e n  0  ^  1 ,

cr[5/;r, oo) loglog(.i:/^) w h e n  0  = 1.

Then, we have

£7Vo[0,l] =  c f  T ( x ) d F ( x )

c Js/H-HD r [<5/ a;> °°)  log(«/^) dF[x)  when 0 ^ 1 ,

cfsfu-Hi) T -[^ '5co)loglog(f )dF{x)  when 0 = 1 .

In particular, when 0  = 0, i.e., the 1-stable case, we have the same result as 

in [14]. In this case, for x  >  xo, x 0 sufficiently large. T (x )  = ex. log(.i,■/<$), 

and

G ( 6 ,  A , t )  =  c f  x \og(x/8) dF{x)
Js / i i -«(1)

=  cT( A log t\)$.
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R e m a r k  4.1 I f  we let t [s , oo) ~  alô (, / a ) i /a) M  0 < s <  s0 <  1, then 

fo r  x  > Xo, xq sufficiently large

T (x )  < c x  log log log(.T/£),

and the expected value of  zero level crossings

/•CO x  X  X
£7Vo[0,l] =  c r \8 jx ,  oo) log( j )  loglog(—) log log \og(—)dF(x) .

Js/ H-H l) d o  d

Therefore, roe can not simplify G{6, \ , t ) any farther.
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5 A sym ptotic  Property  of Level Crossings

In this Chapter, we investigate the asymptotic property of the expected num ­

ber of level crossings of these processes, and prove Theorem 1.5. F irst, we 

generalize a. result obtained by Adler, Samorodnitsky, and Gadrich in [1].

L e m m a  5.1 Let £ be an infinitely divisible random variable defined as in

(3.1) with Levy measure r ,  which is a regularly varying function at infinity 

with exponent —p, where 0 <  p < 2 . Let i f  =  £ ^ , ( / Y ~ '( r . j ) ) 2. Then,

(5.1) lim = r(2 + l ) .
u-kx. r[« ,oo) 2

Furthermore, fo r  any r  > 0 and -u >  u0, f o r  some sufficiently large uq, we 

have

(5.2) ' eXP( — 2̂ ) |  ^  Cr.r'l '>[«, OO),

where = inf{u >  0 : r[u ,oo ) < t ) ,  and cr,r is a finite constant de­

pending only on r  and r.

P ro o f :  As we pointed out in Remark 3.2, i f  is a positive infinitely divisible 

random variable with Levy measure //'[Coo) =  r f / 1/'2, oo). By Lem ma 2.2, we 

have tha t

,r .. P(V2 > u ) ,(5.3) hm —    =  1.
u—oo r [ id /2, oo)
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To prove (5.1), let us consider the numerator on the left-hand side of (5.1). 

Integrating by parts, we have

^ | e x p ( - ^ ) |  =  P(i)2 > t ) d e ~ ^

r co 9
=  U2 I P( v 2 > x ~ l )e dx.

Jo

We would like to evaluate lim„_00 E  |exp( — (jj)} . Note tha t the last term 

makes contribution only when x  is close to zero. Therefore, by (5.3), as 

u —> oo, we have

Jrco  rco . _
P{n >  x ~ l )e~v Xdx  ~  it2 /  r[.x,_2 , oo)e-1' Xdx.

o Jo

Then, by a Tauberian Theorem (Feller XIII, 5.4), we have

u 2 [  r[.r 2,oo)e u' xdx  ~  F(^- -1- 1 )?■[■«,oo) 
Jo 2

as u —> oo.

I.e.,

lim £ ^ ; ! - ’.2/,'2))=r(g + l ).
h-k» r[ii,oo) 2

For (5.2), we have

E  | f 7~r exp( — — )| =  j  x~* exp( — u 2/x )dP(i]2 < x)
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The last, approximation is also a consequence of (5.3) and of the Tauberian 

Theorem, where we think of P(i /2 >  x ~ l )xr/ 2 as the Laplace density.

The Proof of Theorem 1.5.

We begin with Rice’s formula (3.22), i.e.,

B j v r o i l  =  I / 5 M m L » f ) ,/2ex|J  z i ! ______

where ?/2 is defined as in Lemma 5.1.

)



By the triangle inequality, we have

u2
A . / T ' f r ^ r ' e x p U ^

(5.4) <  ir£9W .|0 ,l)  < A , / / - , ( r 1) . r , e x p U | ^

Let these two terms on the right-hand side of (5.4) be denoted by 5j and 

S2, respectively; i.e.,

Si =  ^ / / - ‘( r O r r ' e x p t - u W ) ,
CO

f t  =  ( E ^ ( ^ ' ( r j ) l 2) ' / 2 ’r ' e ^ ( - „ 2/ 2 ,,2) .
.7=2

We show tha t

(5.5) lim - = ^ -  =  J ¥ r ( U l ) E \ ,
u—oo r[u , oo) 2

E  5
(5.6) lim . ‘ 2 =  0.

u—oo r | u ? o o )

For Si, we have

c _  A i/Z -^T t)

( S Z ^ i t / Z - M O ))2) 1' 2 CN P  v  2 ' / 2 .

75



-  A , e x p r 2 , v

Therefore,

(5.7)

Furthermore, we have

(5.8)

E g ,  < £ A £ W -  — ) j .

lim - - 1 - <  EX  lim M e^  2’>2^ , 
u— co r [ u ,  o o )  « — 00 r p t ,  00 )

Applying Lemma 5.1 to the right-hand side of above term, we have an upper 

bound for the limit, i.e.,

E  9
(5.9) lim — l—  < EX  lim

Û M r[« ,oo) 00 r l ^ i 00) rp t,  00 )

=  y/2?r{% + l ) E \ .

On the other hand, it is clear that for A > B  > 0,

(a 2 - B 2)1/2 >  A -  B.

Therefore,

E S } = U 2- £ ( / / - ' ( i w
3 =2

\ 1/2
-1// exp - 7

2?/2
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(5.10) >  E X x E

u 2
- E X ,  E l  ( B / T ’ l]-',))2)  cap

If we can show tha t (5.6) holds, i.e., th a t  E S 2  — o(r[u, 0 0 )) as u —> 00 , then

(5.6) is still true for Xj =  1. Therefore,

E  (  r 1 exp ( - « W ) |
l i m  —  ---------------------------------:----------  =  0 .

Jl— 00 r[w, 00)

Applying this result to the second term on the right-hand side of (5.10), we 

have

/ c n \  i- ^  r»\ i- E  { e x p { —u2/2i}2)}(5.11) lim > E X x lim 1 1 rv n
«-*00 r[H, 00) “-*TO r[u,oo)

=  E x V ¥ r ( ^  + i).

Combining (5.9) and (5.11) we will have the proof of Theorem 1.5, if we can 

prove (5.6).

To prove (5.6), we notice tha t for a  positive sequence

(£v2),/2 S (IX2),/2 + ( E  4)1/2
j = l  .7=1 j=k+l

< E<t + ( E  <'?>1/2'
.7=1 .?=/.+1
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We apply this to S 2 by choosing /.■ large enough so that L em m a 3.S holds,  

and obtain

+ E

'2i)2

1/2 2

\i=k+\ I I

T h e  first o f  these  two parts has only a finite num ber of term s (from 2 to  k).  

Since H ~ 1( x )  is a decreasing function, we have

.2 \  'iu
n*2

1/2

\2 I ..-I u*
2i f

Now, we set

u l
M\{u)  =  exp  I —r—: j ,

hf2
1/2

m , ( u ) =  e  ^ ( / / - ‘( r , ) ) 2 t r 1 exp
\j= i+ i /

W e show that each E M i ( u )  =  o(r[tt, 00 )), i =  1 ,2 .

i r

2?/2

To prove that E M i ( a )  =  o (r [u ,o o ) ) ,  i.e., that

(5.13) J f l
2?/2

=  o(r[u , 00 )),

as u  —> 00 , we break up the expectation  into following two exc lu s ive 'events  

Ei  and E 2, i.e..
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E x = { l - I - \ T 2) i f x

e > = { i - r l ( î ) ^ 1

For the  first event E\ ,  we let u > i i 0 , where v .q is sufficiently large. Applying 

Lemma 5.1, we have

-  £ ( / r ' ( r 2) > r ' e x p ( - ~ ) l |H- , (r, , 1

Therefore,

<  E  {//—1/‘l exp( —i i2/ 2?/2 ) }

< oo).

fim <  C T lim =  0 .
T [ M ,C O )  u— (X>U— OCI

For the second event, E 2 = {>]< <11  1 (T2) ^  V } • we have 

E  {A/i(u)1#2} =  £  |e x p  ^“ ^ 2  j  [̂»)<(H_l( t2))‘‘/3] |

<  E  exp - -
,  x 2 ( /^ -> ( r2))s/ - v j

=  j f  exp ^ ~ 7^ 8/3j  dP  ( r 2 >  r[.r- 1,oo))

=  J  exp oo)e_Tt1' ' ,co)c I t [ x ~ x , 0 0 )

<  ^ exp f/r[;i “3/8,oo)2.
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We give ail upper bound for the last integral value for u sufficiently large. 

The asymptotic value of the integral is determined by the value of integrand 

near zero, i.e., x  —> 0+ . Since t  is a regularly varying function a t infinity 

with exponent —p, t [ . t -3/ 8, oo) is a regularly varying function a t  zero with 

exponent 3p/S. Therefore, by a Tauberian Theorem (Feller X III,5.4), we 

have, for u —► oo,

Hence, we have proved tha t E M \{ u )  — o (r[u ,co)) ,  as u —* oo. Next, we 

show tha t ElVI2(u) =  o ( t [m , o o ) ) ,  as u —> oo.

Thus,

|jm E{M,W!&}
(—rv*i \t [ « ,  o o )

crF(— + 1) lim i r p/2 = 0.z| u—co

M 2(u) // 1 exp

j=*+ i

CO n V H - ' U )

It is clear tha t is independent of we see tha t



Applying the Cauchy-Schwartz inequality to the second expectation on the 

right-hand side of last equation, we have

(5.14) * j #  ^7 2e x p ( - i L ) j  j

To prove tha t E M 2 ( 11) =  o(r[« ,oo)) when u  —> 00 , we show th a t  the first 

two factors on the right-hand side of (5.’14) are finite, and tha t the third one 

is o ( t [ u ,  0 0 )) as u  —> 00 .

By Lemma 3.S, we have

*  S S .  )  =  b  1 3 ? .  =  C ' < c ° '

For the first factor on the right-hand side of (5.14), we have

E l  g  4 ( ^ _ ly ) ) ! l  <  e \ (  g  A ? (V r '( j ) ) , l[rJ<j, i) , /2}
{i=k-1-1 J { j=k+ 1 J

(5-15) + E  j (  g ^  A?(W ', (7))2l [r, >„ 1) ' / J J  ■

Let the two factors in the right-hand side of (5.15) be noted as L\  and L 2 , 

respectively. We prove tha t L\  is finite under various conditions on A:



(i) When 1 <  p < 2 and 1 <  q < 2, we have

;= H i
\ 1/2 

2 I<  E l  Y ,  ■*?("■’(L'i/a))5
\j=fc+i }

Since H ~ 1(x)  is a regularly varying function at infinity, lor j  > k, we have

< oo.
e X S ^ f ^ ) \  = c'

Then, by Khintchine’s inequality and Lemma 3.5, we have

1/2

■2 I(5.16) L t < cte [ J 2  A ^ / r ^ r , ) ) '
\ j=fr+1 /

< c , v S £ i f ; ejAi//-'(r;)i
.7 = 1

(5.17) =  cvv/2 Zri^l <  c-; ||A||r < co.

(ii) When 1 <  p < 2 and 0 <  q < 1, by Lemma 3.9, we have

s e |(

(5.18) <  c t G ( 8 , \ , t )  < oo.
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(iii) When 0 <  p  <  1 anti 0 <  q <  2, we have

(5.19) L x < ct E \ - E \  I - r \ j ) < oo.
[ j = k +1 J

This was proved in (4.17). Therefore, Lj is finite.

For L 2, we first note tha t

l2 = j s { (  f ;  A?(/-/-'(j))2i Irj>2j)) > / 4
I j=k+l J

-  E X  Z  S-'OIWi > ?»).
J= fc+1

Now, we apply Chebyshev’s inequality to / ’(Fj — j  > j )  and use following 

two facts, namely, tha t EV j  =  j  and ET? = j (j  +  1). We have following 

result

l 2 < EX z  e | l \ ; j T / r ' ( j )
j = * + l  J

(5.20) =  EX  £  H
j>k 3

Since H ~ l {.x) is a  regularly varying function at infinity with exponent —1/p,  

i.e., i / - 1( j)  —> where p > 0 and L( x)  is a. slowly varying func-



tion. Therefore, (5.20) is a convergent, sequence.

For the third factor on the right-hand side of (5.14), set

A'(“) = (B{’r2exp ( - ? ) } )
Applying (5.2) of Lem ma 5.1, with r =  2, we see tha t

r<(u) (if{?r 2exp( ^ ) } ) 1/2
lim —:-----   =  lim

r[« ,oo) 05 r[i/.,oo)

^  ^  ,. («“ 2r[«,c» ) ) 5
<  C T lim --------------- ------

H—co r[«, oo)

=  C T lim ------   r =  0
,,“ co l i r j u ,  0 0 ) 2

The last line on above is due to the regularity of r  at infinity with exponent 

—p,  where 0 <  p <  2 .

This completes the proof of Theorem 1.5.



6 Bibliography

References

[1] R. Adler, G. Samorodnitsky and T. Gad rich, “The expected number 

of level crossings for stationary, harmonizable, symmetric, stable pro­

cesses” , Ann. Appl. Prob. 1991.

[2] H. Cramer and R. Leadbetter, “Stationary and related stochastic pro­

cesses” , Wiley, New York 1967.

[3] R. M. Dudley, “ The sizes of compact subsets of Hilbert space and 

continuity of Gaussian processes ” , J. Fund.  Anal. 1(1967), pp. 290- 

330.

[4] P. Embrechts and C. M. Goldie, “Comparing the tail of an infinitely 

divisible distribution with integrals of its Levy measure” , Ann. o f  Prob­

ability , 1981, pp. 468-481.

[5] P. Embrechts,and C. M. Goldie, “Subexponeiitiality and infinite divisi­

bility” , Z.Walirsdieinlidikeitstlieor. Verw. Geb.J9 , 1979, pp 335-347.

[6] W. Feller, “An introduction to probability theory and its applications,” 

volume 2, Wiley, New York , 2nd edition, 1971.

[7] X. Fernique, “Regularitere des trajectoires des fonctions aleatoires 

gaussiennes” , Lecture Notes in Math. Vol.480 (1975) pp. 1-96.



[S] I\. Ito, “The Expected Number of Zeros of Continuous Stationary Gaus­

sian Processes” , J. Math.Iiyoio Univ. 3-2, 1964, pp. 207-216.

[9] M. J. K aram ata, “Sur un mode de croissance reguliere des fonctions” , 

Mathemalica(Cluj) . Vol. iv, (1930) pp. 38-53.

[10] M. .1. Karam ata, “Sur un mode de croissance reguliere des. Theoremes 

fondamentaux” , Bull, de la soc. math, de France 61(1933) pp. 55-62.

[11] M. Ledoux and M. Talagrand, “Probability in Banacli spaces” , Springer- 

Verlag, New York 1992.

[12] R. LePage, “Multidimensional infinitely divisible variables and pro­

cesses, Part II” , Lecture Notes in Mathematics  860, 1981.

[13] M. Loeve, “Probability Theory I” , Springer-Verlag, New York fourth 

edition, 1977.

[14] M. B. Marcus, “£-Radial Processes and Random Fourier Series” , 

Mem.Amer.  Math. Soc., vol.368 (19S7), Providence.

[15] M. B. Marcus, “Some Bounds for the Expected N umber of Level Cross­

ings of Symmetric Harmonizable p-stable Processes” , Stochastic Pro­

cesses Appl.  33 (1989), pp. 217- 231.

[16] M. B. Marcus and CL Pisier, “Characterization of almost surely contin­

uous p-stable random Fourier series and strongly stationary processes” , 

Acta Math.  152 (19S4), pp. 245-301.

86



[17] G. P itm an, “On the behaviour of the characteristic function of a prob­

ability distribution in the neighborhood of the origin” , J. Australian 

Math. Soc. Series A. S( 196S), pp. 422-443.

[IS] 0 .  Rice, “Mathematical analysis of random noise” , Bell System Tech. 

J. 24, 1945, pp. 46-156.

[19] G. Samorodnitsky and M. Taqqu, “Stable non-Gaussian Random pro­

cesses” , Chapman and Hall, New York 1994.

[20] M. Talagrand, “Necessary and sufficient conditions for sample continuity 

of random Fourier series and of harmonic infinitely divisible processes” , 

Ann. o f  Prob. 1992 vol. 20, No. 1, pp. 1-28.

[21] N. D. Ylvisaker, “The expected number of zeros of a. stationary Gaussian 

process” , Ann. Math. Statist. 36, 1965, pp. 1043-1046.

[22] N. D. Ylvisaker, “On a  theorem of Cramer and Lead be tte r” , Ann. Math. 

Statist.  37, 1966, pp. 5S2-6S5.

S7


