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Abstract

Some Bounds for the Expected Number of Level
Crossings of Certain Harmonizable Infinitely Divisible

Processes

by

Kevin Shen

Adviser: Professor Michael B. Marcus

Let Y = {Y(%),t € [0,1]} be a harmonizable, symmetric, infinitely
divisible stochastic process, and let N,[0,1] be the number of cross-
ings at level u by ¥ during the time interval [0, 1]. The expected value
of Ng[0,1] and the asymptotic behavior of EN,(0,1], as u — oo, are

studied in this dissertation.

Let £ be a symmetric real valued infinitely divisible random vari-

able with characteristic function

Eetté = o~ ¥(lul)

where 9(u) = [$(cos ut — 1)dr[t,00), 7 is a Lévy measure defined on

Rt ie, | [52(L ALR)dr[t, 00)] < oo and ¢g(|u]) = E {¥(|ug|)}, where
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g is a standard normal random variable. Let ¥ be the real part of the

process {X(2),t € [0, 1]}, which is defined by

EexpiRe (Zan(tj)) = exp—/¢g(|Zﬁje“-”\D(lF(/\)
i=1

i=1
where oy, --,a;, are finite, #;,---,t, € [0,1], for all integer n > 0,

and A is a positive random variable with distribution function F.

Equivalently, the process Y has an alternate representation as a

stochastic integral:
oo (]
Y(t) = / cos AL dM(F(\)) + / sin AL dM'(F(\))
0 0
where M and AM'’are independently scattered infinitely divisible mea-

sures determined by ;.

Under regularity conditions on 9 or equivalently on 7, the follow-

ing results are obtained:

(1) There exist constants 0 < c¢1,¢2 < 00, such that
el Mly < ENo[0,1] < caf|Ally

where ||Ally def inf{c >0: Ey(2) < 1}.

(2) When ENg[0,1] < o0

ENJ0,1] VPL(L+1) feo
lim [0, 1] = (71—2 + 1) / AdF(A),
0

u—oo T[u,00)

where I' is the gamma. function.
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1 Introduction

In this paper, we study the expected number of level crossings of symmet-
ric stationary harmonizable infinitely divisible processes during a fixed time
interval. Under certain regularity conditions, we obtain upper and lower
bounds for the expected number of crossings at the zero level and an explicit
form for the level u as u goes to infinity, i.e., the asymptotic property of the

expected number of level crossings.

The level crossing results for symmetric harmonizable p-stable processes
of Marcus [15] and Adler, Samorodnitsky, and Gadrich [1] are generalized.
Many ideas of this paper are based on [15] and [1], but there are also sig-
nificant differences. Since the exponent of the characteristic function that
defines these processes lacks homogeneity, many technical difficulties must

be dealt with.

Our results extend those that hold for symmetric harmonizable p-stable
processes with respect to the L” norms, to a more general class of infinitely
divisible processes, with respect to Orlicz space type norms. Results in the
asymptotic case reflect the tails behaviors of these processes including the

case of p-stable processes and Gaussian processes.

Now we describe what we mean by level crossings of a stochastic process.
Let X(t) = X(¢,w) be a stationary stochastic process, where w € Q and

(Q,F, P) is a probability space. The process X (1) is said to have a crossing



at level u at time {q if, {or each positive €, there are points t; and ¢, satisfying
|ti—to| < ¢, 7=1,2,and [X(¢;)—u][X(¢2) = «] < 0. The number of crossings
of v during [0,7] is denoted by N,[0,T).

The level crossing problem has an elegant solution for stationary Gaussian
processes. Let {X(¢),0 <t < 1} be a symmetric stationary Gaussian process

with covariance function R(t). Then
(1.1) R(t) = Ay /N cosut dF'(u),
0
where F(z) is a distribution function on [0,00). Ag = R(0) = o? is the

variance of the process.

Now, we define

(1.2) Ay =

It is well known that X(t) can be expressed as
x o
(1.3) X(@) = a/ cosut dB(F(u)) + a/ sinut dB'(F(u)),
0 0
where {B(t),t > 0} is a standard Brownian motion and B’(t) is an indepen-

dent copy of B(t).

The expected number of level crossings for these processes is given by the

following theorem:

QW]



Theorem 1.1 Let X = {X(¢),0 <t < 1} be ¢ symmetric stationary Gaus-
sian process with covariance function R(t) defined as in (1.1), and let Ay be

defined as in (1.2). Then,

1/2 2
(1.4) EN0.T) = = (52) " expl-5)
T 0

This result also holds in the case A; = oo. It is interesting to know that
A, < o0 is a sufficient condition for the continuity of these processes. For

details, we refer the reader to Chapter 9, [2].

The result (1.4) was obtained by S. O. Rice [18] in 1945 in the case when
F(z) increases with only a finite number of jumps. The formula was later
proved under more general conditions. Ylvisaker [21] proved the zero level
case under the condition A, < co. K. It6 [8] obtained the formula (1.4) which

still called Rice’s formula.

For symmetric stationary harmonizable p-stable processes, bounds for
EN,[0,1] were obtained by Marcus [15] in 1989, although his best results are
for zero level crossings. The asymptotic property, i.e., the expected number of
crossings at the level w, as u goes to infinity, was studied by Adler, Samorod-
nitsky and Gadrich [1] in 1991. The precise numerical value of EN,[0,1]
was obtained, when u — oco. All of these results they obtained are natural

generalizations of the results for Gaussian processes.



The p-stable process can be written as
(L5)  Y(t) = /0°o cos M dM, (F())) + /Om sin M dM!(F()),

where F'(z) is the distribution function of random variable A, and {M,(s),0 <
s €1} is an independent increment p-stable process, where 0 < p < 2, i.e.,

for t € [0,1],
(1.6) Eexp{iaM,(t)} = exp —t|z].

M, and MT’) are identically distributed but not independent of each other
except when p = 2. The relationship between these two measures is given by

My(t) = My(t) + i ML(t), which salisfies,
Eexp{iRe(zM,(t))} = exp —1)z|?,

forall0<t<landallzeC.

Thus, clearly, (1.5) is a generalization of (1.3). This is explained in [15],
in which {Y},(¢),t € [0,1]}, defined as in (1.5), is the real part of a complex-

valued stationary p-stable process {Z(1),0 <t < 1}, defined by,

n oo n .
(1.7) Eexp {iRe(Z EjZ(tj))} = exp {— / »» H_.ie"l'\l”ch()\)} .
J=1 0 1=1
for ay, -, a, complex, ty,--+,t, € [0,1] and all integers n,
Since the boundedness is often related to the continuity of these processes,

it is interesting to know the necessary and sufficient condition for the conti-

nuity of stationary p-stable processes. When p = 2, i.e., stationary Gaussian



processes, this is the Dudley-Fernique Theorem. The sufliciency was proved
by Dudley [3] in 1967 and the necessity was proved by Fernique {7} in 1975.
For 1 < p < 2, it is due to Marcus and Pisier [16] in 1984. This result states
that, when 1 < p <2, {¥},(¢),? € [0,1]} has a version with continuous sample

paths if and only if
/000 (log N([0, 1], d,, €))7 de < oo,
where 1/p+1/g =1 and
0o . . 1/p
cl,,(s,t) = (/ le:.\t_ez,\slde(/\)) .
0

Here, N([0,1],d,, ¢) denotes the minimum number of balls of radius € in the
metric d, that is necessary to cover [0,1]. When p =1, { ¥1(¢),t € [0,1]} has

a version with continuous sample paths if and only if

/Om (loglog* N([0,1], dy, ¢)) de < o0,

where loglog* A = log(log A v 0). The necessity was shown by Marcus and
Pisier [16] in 1984 and the sufficiency was shown by Talagrand [20] in 1987.
When 0 < p < 1, the process {Y,(2),t > 0} always has a continuous version

and the proof is trivial.

For 1 < p <2, we define

(1.8) A, = /Om NP dF()).

[



We now state the level crossing results of Marcus, and Adler, Samorod-

nitsky, and Gadrich for symmetric stationary p-stable processes.

Theorem 1.2 [Marcus] Lel {},(t),t € [0,1]} be a strongly stationary p-

stable process as defined in (1.5). Then

(1) When 1 <p <2, there exist conslants 0 < ¢y, ¢, < 0o such that
&(Ap)!1? < ENol0, 1] < ().
(i1) When p=1,
a(AlogA)s < ENp[0,1] < cj(Alog A)s,
where
def [ A
(Alog A)s % / Aog = dF (M),
5

and 6 is the unique solution of

§(2— F(8)) = /5°° A dF(N).

(iii) When 0 < p < 1,

e,hy < EN[0,1] < ¢ As.

= p



Theorem 1.3 [Adler, Samorodnitsky, and Gadrich] Let {Y,(¢),t €

[0,1]} be the same as in Theorem 1.2. Suppose

Ap <o when 1 < p <2,

(AlogA)s < o0 when p=1,

A< when 0 < p < 1.
Then
. C
lim v’ EN,[0,1] = (7))1\]’
H A 0 w) T
where

C(p) = (/Omw"”sinrvdm)"l

(1 — p)(T(2 - p) cos(mp/2))~! when p # 1,

2/x when p = 1.

Following the same path as in [1] and [15], we extend these results to
a larger class of harmonizable infinitely divisible processes, i.e., to strongly
stationary £-radial processes of type-G, which are based on a symmetric real-
valued infinitely divisible random variable £, introduced by Marcus in [14].
We shall see that this is a large and interesting class of infinitely divisible

processes which includes p-stable processes.

Next, we define the £-radial processes of type-G. Let € be a symmetric

real-valued infinitely divisible random variable with characteristic function

(1.9) Ee'tt = g=¥lluD



where ¥(u) = [ (cosut — 1)dr[t,00), and 7 is a Lévy measure, i.e.,
o
I/ (1 A 2)dr(t,00)| < 0.
0

We call the function ), associated with its Lévy measure 7, the Lévy trans-

form of 7.

The process X = {X(t),t € [0,1]} is called a strongly stationary ¢-radial
process of type-G, if for any complex numbers oy, -+, an, t1, 1, € [0,1]
and all integer n,

(1.10) EexpiRe (Z E‘i.f‘{'(t,’)) = exp——/'zﬁy(| a;e' M ) dF(N),
=1 j=1
where A is a positive random variable with distribution function F(}),
o(lul) = Ey{¢(lugl)}
X0
= / (cosat — 1)d,[t, 00),
0

where g is a standard normal random variable, and 7,[t,00) = EgT[I—;—l, 00).
In (3.5), we will explain that 7, is a Lévy measure, therefore ¥,(|u|) is the

Lévy transform associated with 7,.

Here, if ¥(t) = t? then ¢4(|u]) = Elug|? = (Elgf*)u?, and we get the
p-stable case. Therefore, we obtain a larger class of processes.

We will study the real process
(1.11) Y(t) = Re{X(1)}

8



and estimate £N,[0,1] of the process Y'(¢) in terms of % and A. To better
understand Y'(¢), we give another representation of {¥'(¢), ¢ € {0,1]}. Let
{My4(t),0 <t <1} be an independent increment infinitely divisible process,

determined by

(1.12) EexpizMy4(t) = exp —tipy(|2]),

for t € [0,1] and  real. Let My 4(t) be defined as
Eexp{iRe(ZMy,(1))} = exp —ity(|z]),

for z € C. Let M, , denote the complex part of J\7f¢,g. Then My, ; is equal
in distribution to My, = Re{M,,}. In general, My, and M, , are not in-
dependent, but if [\;[w,_,, is Gaussian, My, and My, , are independent of each

other. We now have the following representation of Y(¢):

(1.13) Y(t):/Omcos/\t dﬂfl.,,,’g(F(/\))-k/(;Nsin/\i(lﬂff,’b'g(F(/\)),

where () is a distribution function of A.

In the paragraphs following Remark 3.3, we will explain that Y(¢), as
represented in (1.13), is the same process as defined in (1.11). We notice

that Y'(¢) is a symmetric strongly stationary harmonizable process.

The following results show that the level crossing results for these sym-
metric, stationary, harmonizable infinitely divisible stochastic processes are

parallel to those for p-stable processes. The bounds are extended to Orlicz

9



type norms. For the decreasing function 7 and function %, we define

(1.14) Al % mi{c>0 E{r[S ,oo)}<1}, and
(1.15) Ml & 'mi'{c>0: 1«3«/)(;)31}.

These quantities may not be the Orlicz norms, but they are well defined.

The following theorems are the main results of this paper.

Theorem 1.4 Let {Y(t),t € [0,1}} be the process defined in (1.11). Sup-
pose that the Lévy measure T is a regularly varying function at infinity with

exponent —p, and al zero wilh exponent —q, respectively. Then

(i) When 1 < p < 2,1 < q < 2, there exist constants 0 < ¢1,¢2 <

independent of X such that

(1.16) . al|M|r £ ENo[0,1] < ef| A+

(i) When 1 < p <2, 0 < ¢ <1, there exist constants 0 < ¢;,¢2 < 0©

independent of A such that

c1 G(6,\,7) S ENG[0,1] € 2 G(6, A, 7),
where
H™'t) = inf{u>0: t[u,00) < t}.

10



When ||A]]; < oo, we define
G(6,A,7) ¥ /m | (’L /H-]mr[s,oo)ds) dF(z),
§/H=1(1) 5/
where 6 is a solution of

)
T[;,OO)(U'—'('U) = 1.

H=1(1)

When ||Al|» = oo, we define G(6,\,7) = oo.

(iii) When 0 < p < 1, 0 < ¢ < 2, then there exist constants ¢; and ¢,

independent of A such that
(117) Cl-’\l S El\’o[o, l] S CQA[,
where \y is defined in (1.5).

In Theorem 1.4, we assume the regularity of 7. There are nice relation-
ships between the behavior of 7 at zero and % at infinity, as well as that of 7
at infinity and 3 at zero. Therefore, when the 7 is a regular varying function,
we have a similar result in term of ||A|[, instead of ||A||;. Thus, we have the

following Corollary of Theorem 1.4 (i).

Corollary 1.1 Under the same assumption of Theorem 1.4, we have that,
when 1 < p <2, 1< q<2, there exist constants 0 < ¢1,¢, < oo indepen-

dent of A such that

(1.18) eillAlly < ENo[0, 1] < call Ml

11



Here, if we let () = ct?, then ||A|ly = ¢ ||All,. Thus, Corollary 1.1 and

Theorem 1.4 include the p-stable processes, i.e., Theorem 1.2.

Under certain conditions on 7, Theorem 1.4 (ii) can be expressed in a

simpler way. This is explained in the next corollary.

Corollary 1.2 In addition to the conditions of Theorem 1.4 (ii),

o ep el . . . .
(i) if o T[s,00)ds is finite, then there exist conslants ¢; and ¢ independent

of A such that
Ci A1 S E]V()[O, 1] S C9 A].
This certainly includes the case 1 <p <2, 0<q< 1.

(ii) if the Lévy measure 7(s,00) = , with 0 < s < 85 < 1, and

slogP(1/s)

-0 < 3 < oo, then

¢ [s/u-1y T8/, 00) log(x/6) dF (),  when B # 1,
G(6, A7) =

¢ fsiu-10y T8/, 00) loglog(5)df'(x), when B =1.

In particular, when 3 =0, i.e., the I-stable case al infinity for 1, then

(1.19) G(6, A, 7) =c.(Alog A)s.

Note that (1.19) yields case (ii) of Theorem 1.2.



The next theorem describes asymptotic properties of the expected the

number of level crossings of these processes.

Theorem 1.5 Let {Y'(t),t € [0,1]} be the same process defined in (1.11).
Suppose the Lévy measure 7 is a reqularly varying funclion at infinily with

exponent —p, and at zero with exponent —q, respectively. Then, under the

conditions
IM]- < o0 when 1 <p<2, 1<q<2,
G(6,\,T) <00 whenl<p<?2 0<qg<l,
Al <00 when 0 <p<l, 0<q<2,
we have

ap/2 (2
b BNJOY _ 20(E 4 1)
u—ce T(u,00) T

Ah

where G(6, A, 7) is defined in Theorem (1.4) and A, is defined in (1.8).

These results are interesting because they suggest that the Ly norm for
the Gaussian case (A2)7/o = ||A|lz can be extended to the L, norm for the
p-stable case (A,)!/? = ||\, where 1 < p < 2, and ultimately to the more
general norm ||A|4 or ||A]l for these infinitely divisible processes. |[Ally is
well defined. Furthermore, if 1 is a convex function, then |[A||, is an Orlicz

normni.

13



The term exp(—u?/20?) in (1.4) indicates that the expected number of
level crossings decreases and behaves like the tail of the probability distri-
bution of the Gaussian process, i.e., P(X(¢) > u). The result in Theo-
rem 1.3 extends this property, since P(Y(t) > u) — cu™, as u — oo,
for p-stable processes. Theorem 1.5 also follows the same pattern, since
P(Y(t) > u) — 7[u,00), as u — oo, as Embrechts’ Theorem (in [4]) points

out.

In the p-stable case at the zero level, i.e., Theorem 1.2, constants in the
upper and lower bounds depend only on p because for a symmetric p-stable
random variable X, its characteristic function is of the form Eexp{itX} =
exp(—c”[t|?), t € R, depending only on p. In the more general case, the char-
acteristic function of the type-G random variable £, is given by £ exp{it{,} =
exp(—,(lt])), t € R. Therelore, the constants in Theorem 1.4 and Theo-
rem 1.5 depend on 1, under the regular variation of ¥ at zero and infinity.

In the p-stable case, ¢ is not involved, since ¥,(|2]) = Elg|? |t[® = c|t]

The proofs of Theorems 1.4 and 1.5 rely on the series representation for
infinitely divisible processes which was initiated by R. LePage in {12] and de-
veloped by Marcus and Pisier in [16] and Marcus in [14]. The work in [14] is
especially important in this work. It enables us to generalize the level cross-
ing results from p-stable processes. All symmetric stationary stable random
variables can be expressed as sum of a series of marginal Gaussian random
variables, so that Rice’s formula can be applied to all symmetric harmoniz-

able stable processes. But, in general, we cannot express infinitely divisible

14



processes as sum of a series of marginal Gaussian random variables. We have
to work on those infinitely divisible processes which can be expressed as a
series of marginal Gaussian random variables. These are called £-radial pro-
cesses of type-G, as we defined in (1.10). They were developed by Marcus in

Chapter 2, [14].

The remaining chapters are arranged in the ‘following way: In Chapter 2,
we give some background on regularly varying functions and the relationships
between the Lévy measure and the tail of the probability distribution of its
infinitely divisible random variable. In Chapter 3, representation theorems
of ¢-radial processes are developed and some useful inequalities are proved.
The main results are proved in Chapter 4 and 5. In Chapter 4, bounds of
the expected number of zero level crossings are obtained, and in Chapter 5

we obtain the asymptotic property of the expected value of level crossings.

15



2 Preliminaries

It is interesting to know the relationships between the Lévy measure of an
infinitely divisible random variable and its Lévy transform and the tail of its
probability distribution. In this chapter, we consider these questions under

certain regularity conditions.

Definition 2.1 A function K'(z) is called a regularly varying function at

infinity with exponent & if, for every o > 0,

This definition can be extended to regularly variation at the origin, i.e.,
K(z) is a regularly varying function at zero if and only if K(2~!) is a regu-
larly varying function at infinity. When the exponent k = 0, /{(z) is called a

slowly varying function. To be more precise, we have the following definition:

Definition 2.2 A real-valued [unction L(z) is called a slowly varying

function at infinity if, for any « > 0,

(2.1) lim L{ta)

Jim 7oy =1

Functions having this property were studied by Karamata in [9] and [10].
He showed that if K'(2) is a regularly varying function, then there is a mono-
tone function K;(z) such that K(2) ~ K;(z), as + — oo, where we use the

notation f(z) ~ g(x) as ¥ — oo to mean lim,_ f(2)/g(x) = 1 and similarly

16



for the limit as 2 — 0.
If 4 () is a monotone function (for example, ¥(2) is an increasing func-

tion), then for any integrable random variable A, ||A||y is well defined, where

IMle & inf{c > 0: Ep(|A|/c) <1},

There is another important property of regularly varying functions, known
as Karamata’s Theorem. First, let us introduce the following abbreviations;

then we shall state the theorem. Let

Zp(-'v)=/0 y*Z(y)dy, Z,?(-'v)=/_ﬂy”Z(y)dy-

Lemma 2.1 [M. Karamata] Let Z(2) > 0 be a slowly varying function
at infinity. Then the integrals Z,(x) and Z;(x) converge at infinity when

p < —1 and diverge when p > —1. Furthermore,

(i) If p = =1, then Z,(2) is a regularly varying funcltion at infinity with

exponent p+ 1.

(i) If p < ~1, then Z3(2) is a regularly varying funclion at infinity with

exponent p+ 1, and this remains lrue for p+1 =10 if Z=,(2) exists.

17



(iii) If Z;(x) ewists, then forp < -1,

w7
Jim T2 = ot 1),

P

o
o
N

(iv) If p> —1, then

p+1 .
(2.3) lim & 2(@)

——F—=p+1L
z=o  Zp(x)

Conversely, if (2.3) holds with p+1 > 0, then Z(a) is « slowly varying func-

tion and Z,(x) is a regularly varying function at infinity weth exponent p+41.
Proof: See Feller, VIIL9 [6].

Lemma 2.2 [Embrechts] Let F be the distribution function of an infinitely
divisible random variable & and lel 7|z, oc) be the Lévy measure of £, defined

on (0, 00).

(i) For 0 <p< oo, F(z)=1~— F(z) is a regularly varying function at
infintty with exponent —p if and only if T[x,00) is a regularly varying

Sfunction at infinity with exponent —p.

(ii) If t[x, 00) 78 a regularly varying function al infinily, then

lim (z)

=1.
z—co 7f1, 00)

18



Proof: See [4].

Lemma 2.3 Let t[u,00) be a Lévy measure defined on RY and let (1) =

Joo(cos tu — 1) drfu,00). Then, we have

(i) if T[u,00) is a regularly varying function at infinily with exponent —p,

where 0 < p < 2, then

p(t) ~ S(p)r(l/1, 00), 110

where S(p) =[5> a7 ?sinadx.

Also, if p =2, then

1/t

P(L) ~ tz/o at|x,00)da, t10.

(i1) (1) s a regularly varying function at zero with exponent p, where

0 <p<?2, then
o) ~ s p(Lt),
3 ~ G ’ t — 00.
S(p)

Also, if p =2, then

:
/ uru, 00)du ~ t*p(1/t), t — oo.
0

19



Proof: G. Pitman [17] proved these statements when 7{z,00) = P(X > z)
is a probability measure. By invoking the same kinds of arguments, we can

prove this lemma 2.3.
Corollary 2.1 If r[a,00) is a regularly varying funclion at zero with expo-

nent —q, where 0 < ¢ < 2, then

P(t) ~ S(q)T[1/t, 00), { — oo.

Proof: By following the same arguments found in [17], we can prove this

corollary.

Lemma 2.4 Let X and Y be two positive random variables. Then,

B(X]Y) 2 (BX'ey /(B )T

where s and s are posilive numbers such thal 1/s +1/s' = 1.

Proof: This is a special case of Hélder’s inequality which was used in [15).

E{(U/V)-V} < {EUVYy Y/ BV,
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ie.,
E(U/V)b > (EU)S/(E'VSI)S/SI.

Let X =U*, Y = V. Then we have

E(‘Y/)/) 2 (E.XI/S')S/(E)f'SI/s)s/s"



3 &-radial Processes of Type-G

In this Chapter, we develop the representation theory for é-radial processes.
In particular, we express the process {Y'(¢),¢ € [0,1]}, defined in (1.11), as
series of marginally Gaussian random variables. This material can be found

in {14]. For a comprehensive treatment, check Chapter 2, [14].

Let € be a symmetric real-valued infinitely divisible random variable with

characteristic function given by

(3.1) Ee™ = exp —(|]),
where
(3.2) b(z) = /Om(cos:vt — 1) dr]t, 0).

Here, 7 is a Lévy measure on (0, 00), i.e., T satisfies
(3.3) I/ (1 A t?)dr[t,00)] < 0.
0

We will call the function ¥, associated with its Lévy measure 7 defined in
(3.2), the Lévy transform of 7. In the above, ¢ is related to a real-valued
infinitely divisible random variable . Similarly, we can define a complex

valued infinitely divisible random variable € as follow: for Vz € C,

(3.4) Eexpi Re(z€) = exp —(|z]).

O]
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Next, we discuss some properties of the random variable €.

(1) Many new symmetric infinitely divisible random variables can be cre-

ated based on £ in the following sense:

Let 7 be the Lévy measure, associated with £ and v be as defined in (3.1)
and (3.2), and let & be a symmetric real-valued random variable. Set
l
1

where £, denotes the expectation with respect to the law of h. If 7, also

(3.5) Th[t,oo) = I, {T[ OO)} [ >0,

satisfies (3.3), it is a Lévy measure. There are many functions & such that 7,
is a Lévy measure. For example, if £, h? < oo, we can show that 7, is a Lévy

measure. Therefore, 7, is a Lévy measure for any Gaussian random variable g.

If 7, is a Lévy measure, we define its Lévy transform 1, as
{we)
pp(z) = / (cosat — 1) dm[t, 00)
0
(3.6) = Epp(jehl), Va real.
The corresponding infinitely divisible random variable is noted as &, i.e.,
(3.7) Eexpizé, = exp—iu(lz]).

In particular, if &~ = ¢ is a mean zero normal random variable, then we will
call §; a type-G random variable. It is clear that many random variables &,
can be obtained from €. These variables are closely related. The relation-

ships between them have been studied in Chapter 2, [14].



(2) The definition of positive infinitely divisible random variables can be
simplified. A random variable £ is called a strictly positive infinitely divisible

random variable if
(3.8) Eexpift = exp —(|t)),
where 1 is defined by

(3.9) Plu) = / (et — 1)dr[t, 00)
0
and the Lévy measure 7 satisfies the stronger integrability condition

(3.10) |/0m(l A 1)dr[l, 00)| < 0.

Let X be a non-negative random variable satislying P(X > 1) = e,

for all £ > 0 and let {X;}52, be a sequence of i.i.d. copies of X. We set
Fi=Xy 4+ Xj.

Then, we have

e oginl
(3.11) 13(1*,-<.1)_/0 oo

The following series representation of é-racdial random variables is a key

tool in this paper.

Lemma 3.1 Let r be a Lévy measure, and h a symmetric real-valued ran-
dom variable independent of £ such thal 7, is also a Lévy measure. Then, &,

as defined in (8.7), is a symmetric infinitely divisible random variable with



Lévy transform y,. Furthermore,

(3.12) & £ 3 H7Y(T)hy,
j=1

where d means equal in distribution, {h; 321 is a sequence of ii.d. copies of

L, H™ is defined as
(3.13) H7'(t) = inf {u: T[u,00) < t},

and the series converges a.s.
Proof: This is Lemma 2.1, [14].

Remark 3.1 Let ¢ be a symmetric random variable taking on the values £1.

By the symmelry of €, and since P (|u]) = L (leu]) = ¥(|u]), we have
! (o]
(3.14) €13 G HT(Ty),
=1
where {¢;} is a Rademacher sequence, i.c., ¢ sequence of i.i.d. copies of e.

Next, we give a sufficient condition to obtain a Lévy measure.

Lemma 3.2 Let 7 be a Lévy measure which is a regularly varying function at

zero with exponent —q and at infinity with exponent —p, where 0 < p,q < 2.

Allr < oo, where ||A]|, o

Let A be a positive random variable such that

inf{c > 0: E7[c/A 00) < 1}. Then, m\[u,00) is also a Lévy measure.



Proof: Let a = |[A||;. Then, 7\[a,00) = 1. Therelore,

= 2 ¥ 2 «° 2
|/0 (LAt)dry[t,00)| < ]/0 t°dry\[t, 00)| + I/O (1 A t*)dr[t, 00)|
< |/ t3dry\[t, 00)| + 7y [, 00)
0

|/ t2dr\[t,00)| + L.
0
Integrating by parts, we have
o . o !
| [ eanlte0) = al+E,\{/ T[—,oo)(u?}
0 o A

) afN
= P+ E {,\2 / T[s,oo)(l.s?}.
0

Since 7[t,00) is a regularly varying function ai zero with exponent —¢q and

at infinity with exponent —p, where 0 < p,¢ < 2, by Lemma 2.1, we have

I/N(l At1)dr\[t,00)l = o + cEy {0'27[2, oo)}
0 A

= ca® < oo.
Therefore, 7y is a Lévy measure.
A positive infinitely divisible random variable € defined as in (3.8), (3.9),

and (3.10) has a simpler series representation. This is described in the fol-

lowing lemma.



Lemma 3.3 Let € be a posilive infinitely divisible random variable as defined
in (3.8) and (3.10), and let 1 be the Lévy lransform of 7. Lel h be a posi-
tive random variable independent of €. Assume thal T, also satisfies (3.10).
Then, the random variable £, is an infinitely divisible random variable with

Lévy measure 1. Furthermore

& LY H™YT )by,
=1

where H™(1) is defined in (3.13), {h;} is an sequence of i.i.d. copies of h.

Moreover the above series converges almost surely.
Proof: This is Lemma 2.2, [14].

Remark 3.2 (1) For a type-G random variable £;, we have

& £ Y HTTy)g
=1

L
2

(iu—r‘(mf) g

=~

It is easy to see that n* = Y52 (H™1(T;))? is a positive infinitely divis-
ible random variable with its Lévy measure v[t,00) = 7[t}/?,00), since

the measure v salisfies (3.10), i.e.,

I/ON(I At)dv(t,o0)| = |/0N(l A 13)dr[t, 00)| < 0.

[SV]
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(2) Note that the type-G random variable €, = ng, where 5 and ¢ are inde-

pendenl. Hence, we say that &, is « marginal Gaussian random variable.

Now we are ready to describe a £-radial process of type-G, X = {X(#),t €

[0,1]} and give a series representation for it.

A complex-valued random process X = {X(l),t € [0,1]} is called a
strongly stationary symmetric é-radial process of type-G if, for any complex

numbers aq, -, a, and {y, - -, 1, € [0,1] for all integer n,

(3.15) FexpiRe (ZEjX(tj)) = exp—/~z/)g(|Zﬁjei‘l’\l)(lF()\),
J=1 7=1

where g is a standard normal random variableindependent of A, and F is the
distribution function of the positive random variable A. 9, (|z|) = E,z(lgz])

as defined in (3.6).

Lemma 3.4 Let X = {X(¢),t > 0} be a complex valued strongly stationary

symmetric E-radial process of type-G as defined in (3.15). Then,

(3.16) X(t) L Z H™\(T; )jjei’\lt,

j=1
wher 195 is 4 sequence i.i =g 4 i : 1
where {A;}32; is a sequence i.i.d. copies of X. g; = g; + ¢}, {g;}and{g}}
are mutually independent i.i.d. sequences with common standard normal dis-

tribution, T; = Xy + -+ + Xj, where {X;}32, is an iid. sequence with

(]
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common distribution P(X > t)=-e™, for allt > 0. Also, all these sequences

{Aih X5 {gi), and {g}} are independent of each others.
Proof: See Lemma 3.2, [14].

Remark 3.3 It is obvious that {X(t),t € [0,1]}, defined as above, is
a strongly stationary process. Furthermnore, we will explain that the process
{Y(2),t € [0,1]}, defined as in (1.13), is just the real part of { X (¢),t € [0,1]},
defined as in (3.15).

Y (t) = Re{X (1)}

This indicates that the process {Y(t),t € [0,1]} is a strongly stationary sym-

metric harmonizable infinitely divisible process.

To verify the two definitions, i.e., (1.11) and (1.13), are same. Let us

recall (1.13), i.e.,

Y1) = / " costx dMy,(F()) + / sin e dM),  (F(2)).
0 0 ’

Here, My, = Myq + iM), ,, satisfies

(3.17) E exp{iRe(TMy,(1))} = exp —11,(]z])

for Vit € [0,1] and z € C, where My, 4 is identical to Ay, as defined in (1.12).



Actually, My 4, defined on (51, B(S),m), where S' = {€?™,2 € [0,1]},

is an independently scattered infinitely divisible complex-valued measure.

To be more precise, we know that My, is defined on Rt by (3.17), where
dMy () = My, ,(dF(z)); equivalently we can define My, on S by
(3.18) Fexpi Re(?!\;f,,,,_,,(A)) = exp —m(A),(|z]),

for any set

A= {0 € (F(s), ) € BS"),

m(A) = F(t) — I'(s),

where F'(2) is the probability distribution function of A. Furthermore, if A,

B are Borel sets on S'i.e., A, B € B(S'), and if ANB = 0, then M, ,(A) and

~

My ,(B) are independent. We will use (3.17) and (3.18) interchangeablely.

With the help of M,,,vy, we can define the following complex-valued stochas-

tic integral:

(3.19) Z(t) = / MM, ().
S

For Vay,- -, a, complex numbers, we have
EexpiRe[d ®Z(t))] = E {expi Re[> /51 a@;e M d My (e )]}
J=1 Jj=1v-
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= exp—/

exp “E7n'¢’g(l Z T; ei'\”l)-

J=1

n
0 3)
l (] Z] &M |)dm(e™)
]=

4]

This means that {Z(t),t € [0, 1]} is just {X(¢),? € [0,1]}, defined in (3.15);

e,
X(t) £ z@).
Therefore,
Re{X(t)} = Re{Z(1)}
ie.,

Re{X()} = /0 " cosle dMy o (F(z)) + /0 " sin ta dM, (F(2)).

Hence, these two definitions are equivalent. But it is more convenient to

using the following form:

Y(t) = Re{X({)} = Re {i ].[—](Fj)gjei,\jt}
7=1

> H7H(T;)(g; cos Ajt + g sin Ajt).
i=1

1

The process {Y(¢),1 € [0,1]}, defined as above, is defined on a probability
space generated by ({g;}, {9;}), {X;}, and {A;}. All these four independent
sequences are independent of one another. Therefore, we can find probability

spaces (5, F,Pr), (2, F', Pr), and (Qr, F”,Pr) such that Y(i,w,w',0") €
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(Qq, F,Pr) x (Q, F',Pr) x (82, F", Pr), i.e., Y () can be represented as

Y(it) = Y(t'w w', w")
(3.20) - ZH M) (g5(w) cos Aj(w' )t + gh(ew) sin Aj(w')2) .
It is clear that, for fixed w’ and w", the process Y(t) = Y ({;w,-,-) is a

stationary Gaussian process, with covariance function R(t) defined as

R(t—s) = E,{Y(1)Y(s)}
= Z(ﬂ (1)) cos{A(L — 5},
=1

Then, the parameters Ag and A, are given by

Ao = S (H™
I=1

d2
-;ﬁ;R(")

=S (!
=1

t=0

Applying this marginal Gaussian process to Rice’s formula (1.4), we obtain

following formula:

(3.21) Eg/\fu[()’ll = %(i([] /i: )2

=1 Jj=l1
u?

X exp (—223\;1(1'1"(Fj))2> .

Let L, Er, and E\ be the expectations with respect to their respective

probability spaces, we have



EN,[0,1]

(3.22) = BE\[r —(Z )22 i[] ")) )

xex"(_zz (H-1(T;) )}

Further explicit evaluation of the above expression would be difficult, in-

E\ErEy,{N,[0,1]}

deed. However, consideration of certain special cases will lead to several
useful results. Before we start, we would like to explore further properties
of symmetric infinitely divisible random variables. This study is based on
the representation of type-G random variables, which is discussed in the first
* M 1 . M- " . M < { M
part of this Chapter, and on the properties ol regularly varying functions

which are discussed in Chapter 2

Lemma 3.5 Let ¢ be the random variable defined as in (3.1), ¥ and 7 be
defined as in (3.2) and (3.3), respectively. Letl A be a posilive random variable
and £\ be an infinitely divisible random variable with characteristic function
Eexp{ité\} = exp—v,(|t]). Assume that ||A||, is finite and T[z,00) is a
regularly varying function at infinity and at zero with exponents —p and —gq,
respectively. Then, if 1 < p < 2,1 < ¢ < 2, there exist constants 0 < ¢,

c2 < 00 depending only on T such that
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alM: < Bl £ ealfAl

alMI¥? < E|&M? < cf A,

where  ||All; = inf{e>0: L7[c/A,00) < 1}.

Proof: Since o = ||A||; is finite, by Lemma 3.2, 7 is a Lévy measure. Hence,

by Lemma 3.1, we have

Z]I )A€

Therelore, by Khintchine’s inequality, we have

E{lzf‘f"'(f‘j)f\ml}
F=1

" 1/2
V2E { (Z(H-‘(Fj))?,\j.) }
i=1

= M/ { So(H” (j))zAf)'“>2u}du
=1

1IN

IA

IA

2v2a + ‘2\/’5/00 P { Z(H \2)1/2 > 7u} du

We note that for any two positive random variables X, ¥, and any ¢ > 0,

we have
PIX+Y 242) S P(X 2202)+ P(Y 2 2°).
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Hence,
(3.23) P((X+Y)222)<P(X2V2)+P(Y2V).

Therefore,

oo 1/2
(3.24) P{ (Z Xj(f-r‘(rj)ﬁ) > 2:}

1

1/2
{(Zz\z Ht (I'; ) l[\ H- 1(|‘J)<[]) > \/515}

1/2
{(Z /\2 [[ J) 1[\1 H- 1((\)))[]) > \/{Et} .

For the first term on the right-hand side of (3.24), by Chebychev’s in-

equality, we have

P { (i F(HHT5)) 11 1(1,)<¢]) " > ﬁt}
< —l—i {(A ! Fj))21[,\,1'!—'(1‘,)54}

i=

i/ WPOHTTS) > u)du

=)

ul? (F < T[ ) du

Il
wl’—

l
12

I/\

xR 1 t T[%,CO) :le_l

= —=FE\ {/ / (o e da (lu}
; t2 o Jo (-1

l t ’

§E,\ {/0 T[E, 00) duz} .

33

IN



Since A(A) = [; 7[%, c0)du?, is an increasing function of A. By Lamme 2.1,

we have
t 2 t
/0 T[l)‘—L(luz ~ g qtzr[—,oo) as A — oo.
Therefore,
{ Z/\2 H YT 1 u-vry<)? > \/§t}
b 2 l
(3.25) < el B {T[X,oo)}.

Also, for the second term on the right-hand side of (3.24), we have a

similar upper bound.

P {z /\?(1{_1(lﬂj))‘zl[,\Jll—l([‘j))g] > 212}
J=1

2

< P{U(/\ H'l(Fj)>t)}
é 21’([} <T[£,OO))

< o0 E T['\,(x)) -'17' —.vj .
< Z A )!e dz
t
/\

)

G), we have

o,

™.
—

(3.26) < Bl
396

By combining (3.25) and (3

P{( 3 /\;2-(1']_1(113'))2)% Zi} < By {T[—,OO }
=1

7
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Therefore, we have

El&\| < 2V2a+2V2E, {/w T[E,OO)(ZU}
= V2a+ V2E) {/\/:o'r[s,oo)ds}

by
Ao

= V2a+V2E, {)\/ sTir[s7Y, oo)ds} .
0

Since 7 is a regularly varying function at zero with exponent —¢, where ¢ > 1,
z [§ s72r[s7!,00)ds is finite for finite . On the other hand, s™2r[s~}, c0)
is also a regularly varying {unction at infinity with exponent p — 2, where
p—2 > —1. By Lemma 2.1, we have

fd\/a s72r{s7!, 00)ds |

(a/A)r[a/A, 00) ~ p—1

as A — oo.

Therefore,
El&| € Ca+ck {/\%T[%,OO)}
< aa=cali].
Next, we prove the following result:

E{l&?} < ellNM2
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To see this, we follow the same method used in above, i.e.,
E{|§,\|1/2} < o'?4 /:o P&\ > u)dul/2
= o'’ +CE, {/:3 T[i\i’ oo)(lu]/"’}
= o24CE, {/\1/2 /().\/a 3‘3/27[3_1,oo)d.s}

< a2 OB (NHE) 0 S o)

= C'a'? = ¢ ||\||V2

In what follows, we will obtain a lower bound for F|£\]. We know that
7\ is the Lévy measure corresponding to the random variable £y. A Lévy
measure and its random variable always have the following property with or

without regularity, (page 168, [14])
P(([6xl] > u) 1

lim > =,
u—co  Ty[1, 00) 2

For completeness, we prove this. For all ¢ > 0, we have
P&\ >t) = P(|Y H™(Tj)Ae;] > ).
1=1

For fixed {I';} and {};}, the sum involved here is a symmetric sequence, so

we can apply Lévy’s inequality to this sequence. Thus,

<

P(l&l > u) = Lp <SUP H™Y(T;)A; > u)

2\
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(3.27) > SP(H-'(T)A > )

1 u
= 37 (<o)
1
S _ o=T[ufN\o0)
= 2E,\ (l e )

By Jensen’s inequality, we have

(3.28) P(6r > u) > %Q-@w{—Eﬁﬂ§@@ﬁ).

Stnce 7 is a decreasing function and 7\[a,c0) = 1, if we let u > o, we have
Tz[u,00) < 1. Also, we observe that, for 0 < 2 < 1, 1 —e™® > Z. Therefore,

for u > a, we have

1 1
(3.29) mm>mz§&{%mﬁ=%m%m.

<

Hence, for the expected value of £y, by using the regularity of 7 at infinity,

we have
El&) =2 / P&\ > u)du
2 )i - T [u, 0o)du
1
= 5; { du}
1 \/a
= 2— ur[ut, 00)du
> CL, { 2; )(lu}
p_l/
> CIQ'E.\{T['X,OO)}
(3.30) > aa=clM..
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Similarly,

(3.:31) E{le"?} 2 allAlly>.

Next, by Lemma 2.3, we know that 1 is a regularly varying function at
) s g

zero and infinity with exponents p and ¢, respectively, il 7 is defined as in
Lemma 3.5. We can expecte to obtain an similar results of Lemma 3.5, in

terms of ||Al|,, but first we prove a uselul lemma.

Lemma 3.6 Under the same notation used in Lemma 3.5, assume that 3
ts a regularly varying function al zero and at infinity with exponents p and
q, respectively, where | < p < 2,1 < q< 2. Then, there exists a constant

0 < ey < oo depending only on 1) such thal, for u > 0,

A
(3.32) Bxp(Z) < ey By {r[;—‘, oo)}.

Proof: For © > 0 , we have
1 o0 s
Y(=) = / (cos - — 1) dr(s, o)

(/ +/ ) cos——l)(lr[s 00)

= [ zd‘r[.s oo} + 27[u, 00).
0

11,2
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Therefore,

E{¢(§)} < _/Owﬁ IX‘SQ(ZT[S,oo)dF(,\)+‘2E',\{7'[U/)\,00)}

u u? Jo
oo /\2 u
= —/ - Aszdf[s,oo)(lﬁ'()\)
u
u )2

o u?

/ s2dr(s, 00)dF()) + 713\{ 3 oo)}.

Let the two terms on the right-hand side of the last equation be noted as I

and II, respectively.

In I, v < A, so by using the regularity of 7 at zero with exponent —g¢,

0 < ¢ <2, we have

u/A
I=-/ 2/ s2drls, c0)dF())
u U

A2 [
< c,,,fu u—z(:\—gr[x,oo)) dF())

- AT[A, JdF(A)

cobix {r[i\—‘, oo)} ,

IN

where the constant 0 < ¢, < oo depends only on .

In II, v > A, so by invoking the regularity of 7 at infinity with exponent

-p > =2, we get

u u/A
I = —/0 u?/ sidr[s,00)d(A)
u )2
o [ 5 ( S5l )) dF(A)
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< eyl {T[’A—‘,oo)}.

By combining I and 1I, we know that there exists a constant 0 < ¢, < oo,

which only depends on 1, such that for Yu > 0,

Ey {d)(%)} < cyp By {7‘ %L,oo)} .

Lemma 3.7 Under the same nolation developed in Lemma 3.5, asswme that
Al s finite and 7[z,00) is @ regularly varying function at infinily and at
zero with exponents —p, and —q, respectively, Then, if 1 <p<2,1<q<?2,

there exist constants 0 < ¢, ¢}, ¢, ¢ < oo depend only on + such that

allMle < Elé&] < el Ml

1/2
GIMEZ < ElET? < MY,

where  ||Ally =inf{c>0: E {(\/c)} < 1}.

Proof: Let o = ||Ally, and [f(t) = Eei®, It is well-known (M. Loeve page
209, [13]) that, for Vu > 0,

Pl 2 u) < 7u/‘(1 — f(t))dt

[
0
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1

= TU/H(l — e~ Mgy
0
1/u
< Tu / W (t)dt
0
1/u
= Tul) {/ '(/)(/\t)(lt}
0

(3.33) = TE) {j\—t /0(\/“ 1&(9;)(1:0} .

Therefore,

Blel = [T Pl > et
< ot [Pl >
A

a” + T {/ E/:— 0" «(b(;v)(l;vdu} .

IA

We will show that there is a constant 0 < ¢, < oo depending only on 3 such

that

0 | Mu )
(3.34) E, {/a. —}/0 P(a)da du} < By {/ﬂ rzp(:\—t)du}.

To prove this, we break the expectation ol the lelt-hand side of (3.34) into

two terms denoted by N7 and N, respectively. That is,

0o g A u Aot g pMu
' T Y(e)daduy < F = 2)da
1) {/a | /0 p(z)da (lu} < E) {/ﬂ WA w(m)(lm(lu}

, o gy N
—i—L{/\ A 1,b(1)da,clu}.
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For N;, we need only consider the case {a® < A}. For u € [o*, }], i.e,
3 2> 1, () is a regularly varying function at infinity with exponent ¢, where

1 < ¢ < 2. By Lemma 2.1, we have
Mu 1
/ Pla)de ~ —— (A u)p(A ] u) as  Afu — oo,
0 qg+1

which implies that there exists a constant 0 < ¢y < oo depending only on

such that
,\/tl l < /\ l /\
|7 v < e (S)H(S).

Hence,

Ny 2
Ny, = F,\ {/‘ i\i/;'“ ?j)(;l:)(ln:(l'u}
Muo A A
< .‘ ‘ —_— e = — 1
S by {-/w A u l'[(u)du}

PO
co By { / ' d'(ﬂ)(lu} .

For N,, since we consider u € [, 00), Le., T\L < 1, and %(a) is also a
regularly varying function at zero with exponent p > 1, we have, by Lemma

2.1,

A u A A
/ bla)de < ep 2 p(2).
0 u

u
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Therefore,

@ %
N, = E - ha)de
N, E{/\ A 1/('1,)('ulu}
®u A A
< 4 — = —
< ol {/\ e of (u )(lu}

oo A
= « DIV
cy Ly {/\ i/ (u )du} .

Combining the results N; and Ny, we have

(3.35) El&| € o +eya™ Ey {/\ 'zrl,v(é)(lu}
[ u
Mot
(3.36) = a" +cy Ly {/\/ 3'2'1,/)(3)(13} .
0

It is obvious that @ fJ s~2i(s)ds is finite for any finite number x because
s™%p(s) is a regularly varying function at zero with exponent ¢ — 2 > —1.

Therefore, by Lemma 2.1, we have

o

2 ® (/‘_‘J/\

/,\/a‘ 1[?(5) 1 Q.-"
0

S

Therefore,

A
a~



Similarly, we can obtain the inequality

El6\Y? < oy A2

Below, we will obtain a lower bound of E|€\] in term of ||All,. We start

with inequality (3.32); i.e, for Vu > 0,
A u
E, {’/’(a)} < e By {7l 00}

where the constant 0 < ¢, < oo depends only on % or 7. We can choose

k > cy. Then, by the regularity of %, we have

A . ka
E,\{"/"(k—a)} < C-:/:E,\{T[ ;,00)}

Cy «

< —=I - = —<1.
= A:E’\{T[,\’Oo)} w St

Hence, ka > a*. So, by (3.30) and (3.31), we have

EBl&] =2 aa2qlMy

and  E{|6["?} 2 el MY > GiIA

Lemma 3.8 Let € be the same symmelric infinitely divisible random variable
that we defined in (3.1), and let H7'(t) = inf{w > 0: 7[u,00) < t}. Assume

that T is ¢ regularly varying function al infinily and at zero with exponents
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—p and —q, respectively, where p € (0,2) and ¢ > 0. Then, there exists an

inleger k > 0 such that

[—1-1(1*-)}
Edsup W1 o o
{i‘i‘i 7G) [ ©°°

where Tj = X1+ -+ X;, and {X;} is an ii.d. sequence of standard expo-

nential random variables, i.e., P(X; > t)=e¢™! forVt > 0.

Proof: First, we note that

1-1-1(1“.-)} { H~Y(T;) }
3.37 El{sup——L} < El{sup ——1r 570
(330 {,-Jk HG) [ = 7 sk HOG) e

H-Y(T;)
E{sup —=2"1(r <j/e2} ¢ -
¥ {TQE H-1(j) ) }

We will prove that the two terms on the right-hand side of the above inequal-

ity are both finite. First, we show that

T-1(71".

ol (g eona) f <=
This is easy, since T; > j/e?, H~'(z) = inf{u > 0 : 7[u,00) < 2z},
and 7(t,00) is a regularly varying function at infinity with exponent —p, so
H~1(2) is also a regularly varying function at infinity with exponent —1/p.

Hence, for all ¢ > 0, we have

H™1(tx) 1

T]'T(ILT_}M’ as r — oQ.
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Therefore, for j > k, & sufficiently large, we have

H- 1(I‘)1 o< H“‘(j/e2)
H-1(5) 2l = )
< e /e,

~(H(TY) cr
E{Zﬁf( H1(3) ”””‘”])} T er s

Next, we show that the second term on the right-hand side of (3.37) is fi-

ie.,

nite. Let K =F {supj>,_. (%;:%I[Fjg_i/e?])} Since H~'(z) is a decreasing

function, we have

¢ = RS
K = E{?l;{) (]{ (ry) 7 (j)llerJ/B:’])}

1
< EJH™Y Fk)il;lk) <If -1(; )1[FJ<]/52])}
1/2 l 1/2
< {e(H- } A B (sup ————1ir. <o .
= { (#7'(10) { (?3'3(/1 )2 ‘”’“’)}

This last inequality is due to the Cauchy-Schwartz inequality. We will prove
that each of the two terms on the right-hand side of this last inequality are

finite.

E{H™ ()7} = /U 22 dP(H™(T) < 2)
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< 14 /“ 22AP(HY(T}) < )
1

- 1+/°“'$2sz(1“]- > 7]z, 00))
1

© 5 (7lr,00))*!
= 1_/1 e (k—1)!

< 1+ —1——7’[1,00) < 00.

(k= 1)

dr[z,00)

Note that 7[z,00) is a regularly varying function at infinity with exponent

—p. Therefore, we can obtain the last inequality by choosing k > %-{- 1. The

last thing is to prove that 7' = E{Sll[)‘»k WIU’JSJ/E’]} is finite. We

have

Here, we notice that

el =

Hence,

1
< F — e
B E{fg(f-f—l(j))*“’f"’“’}
1 .
< —— P (I'; < j/e?
< Yo =)
1 dlet i)
< —_— {x
S LGP J G-
1 7
= LGy e
o sk i
7 7 - DY
— > =, e, J7/3te! < 1.
k=0 k' J' /J
| |
rr < _——_—_._..
TS Ly

i>k

Since (H7Y(j))™2 — jHPL(j) as j — oo, where L(2) is a slowly varying

function, and e/ > j%/? for j large. We have
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T < S(HT() e
i>k

< e < .
>k

Corollary 3.1 Let € be defined as in (3.1) and let H71(1) be defined as in
Lemma 3.8. If we assume the Lévy measure T is a reqularly varying function
at infinity and zero with exponents —p and —q, respectively, where p € (0,2)

and g > 1, then we have

H"‘(E‘))}
= (707 ) <=

where T'; = Xy 44+ X, {X;} is an ii.d. sequence of slandard exponential

random variables with common distribution, and P(X, > 1) = e, Vi > 0.

Proof: The gamma function I'(z) = f5* v*~'e "du converges for all z > 0,
and H~1(t) is a regularly varying function at zero with exponent —1/¢, where
-1/q > —1. Thus, EHYT'1) = [° H Y (u)e *du < oco. Since H™!(t) is a
decreasing function, EH~Y(T;) < EH'(I";) < co. Therefore, we can ignore

the first finite number of terms. Then, by Lemma 3.5, we have this corollary.

The next lemma is modified from a similar lemma in [15].



Lemma 3.9 Leté be a symmetric infinitely divisible random variable defined
as in (8.1) through (8.3), and let T[u,o0) be e continuous regularly varying
function at infinity and at zero with exponents —p, and —q, respectively,
where 0 < p < 2, 0 < ¢ < 1. Let A be a positive random variable with

continuous distribution funcltion I' such tha! |M||; is finite, and lel § be the

unique solution of
(o)

T[g, oo)dF(u) = 1.

H-=1(1)

Then, there exists constant 0 < ¢, < oo depending only on T such that

(3.38) E {sup /\jf'f_l(j)} > lG’((S,)\,T),
i21 e
(3.39) E {22 A?(l]"l(]’))z} < e G(6, A, T),
1=

where {A;}%, is a sequence of i.i.d. copies of A, and

oo H—1(1)
G(6, A\, 1) d—-‘zf/ (.’L-'/s T[S,OO)(lS) dF(z).

S/H=-(1) Jr

Proof: Before we prove the lemma, we make some observations. First, we

show § exists. Set

g(i):/m' T[%,OO)([F(U).

H=1(1)

o1



/\

Note that 7 is a decreasing function, and that o = r < oo. By the

Dominated Convergence Theorem, we have

Jlim g(1) < /N Jim T[i,oo) dF(u) = 0.
—00 1 t—oo

U

On the other hand, by the —¢ regularly variation of 7[x, o) at zero, we have,
for 0 <t < tp, and sufficiently small {4, that
1 o] .
g(t) > C; — / . Tl=00)dE (u) > 1,

Al u
t =

since ||A]|; is finite.

Therefore, by the monotone continuity of g{t), we know that there is a
unique é such that

o P ) \
(3.40) / s T[;,oo)ch(zt) =L {T[j\_’oo)l[r[%oo)zﬂ} =1.

=T

Our second observation is that there exists a constant ¢, depending only on

7 such that
(3.41) §<ec, G\ T).

Note that 7[z,00) is a regularly varying function at zero, with exponent —g¢,
where 0 < ¢ < 1. Therelore, for ¢ > g, Ly sufficiently large, t727[t7!, 00) is a

decreasing function. Hence, we have

H='(1) ofs 1 |
./.5 7[s,00)ds = /. Z;T[—l-,oo)(lt.

/= H=10)
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§\* 6 2/5
> hd d
> ¢, (1> T[w,oo)/l dt

H=1(1)

v
o
B}
,l
3

Thus, we have

© 5 6
> I o ]
G5 A7) > o /S/H_l“)mm’r[/\,oo)(l]"(/\)

. §
- c,6/5/1_1_](”7'[}00)(1]”(/\) =c, 6.

Furthermore, there exists a constant ¢, depending only on 7 such that

(3.42) EX < ¢;G(8,\, 7).

By the definition of G, we have

G(6 A1) > /N .-1,-/“' 7[5, 00)ds, dF ()
s/H-(1)  JH-')

> / a / s, 00)ds dF'(a)
s/H-t(1)  JH- (1)

D
= c / zdF(2).
s/H=1(1)

We also know that G(6, A, 7) 2 ¢, 6. Therefore

G((s,/\,T) 2 C,-.E{)\l[l\> 24 ]}

= H=1(1)
> B\
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Now, we prove (3.38). Using the same method developed in [14] (Lemma

2), for any t > 0, we have

P(s}lzllln)\jH‘l(j)>t) > 1—ﬁ(1-P(A,-H-‘(j)>t))

i=1

v

1 —exp {— ZP(/\]'_H"I(]') > t)}
i=1

é { (ip (\HG) > t)) A 1}
{(ZP /\,oo) >])) /\l}
(3.43) > %{(E{r[§,oo)1[,[§_.m)21]})/\1}.

Since h(t) = E) {T[t//\,OO)l[r[:/,\,m)zl]} is a decreasing function and A(t) <1

v

o |

for t > 6, we have

1, . 1 oo 4

jz1

It is easy to see that the integral on the right-hand side of (3.44) equals G'/é.

/o‘ E\{T[_ l[r[t/\\))]]}(ll = / //“ x(,)T[}L— o0) dF () dt
H=4 (1) t AP

= - tdF (2

/S/Il—l(l)./s T[;v )( ¢ (1’)

0 H='(1) ) g
= /5/}1-!(1) (1/5/1- T[s,oo)(s)c (z)

(3.45) G(6, ), 7).

Therefore, we have proved (3.38).



Regarding (3.39), applying (3.23), to 3232, A3(H™1(j))?, we have

. s
(3.46) P{(Xﬂﬁﬂ”unﬂ >m}

1/2
{(E A? H™! 1[\1” 1(,)<¢]) > \/'jt}

1/2
{(Z/\ H! 1[\1” :(1)>¢]) > \/Et} .

J=2

For the first term on the right-hand side ol (3.46), by Chebychev’s in-

equality, we have

X 1/2
—P{ (Z /\f-(H-l('j))zl[.\,l-l-l(_;)gz]) > \/‘2_t}

2
<3 ZF{(,\ ! J)) 1[.\,I~I—1(j)5t]}

=p/ ST POGHTG) 2 a)da

j=2

INA
P
O\N

2

[~]e

]
N

\‘
}/
N

o

o

1 t 2
(3.47) ﬁE'\ {/(; .’L‘T[X, oo)l[r[x/,\.-w)ZI]dw} .

IN

Also, for the second term on the right-hand side of (3.46), we have a similar



upper bound.

P {(55 A ()P i)t > \/51}

=2

P{G(Au ()>¢)}

i=2

< il’ (T[%,oo) >J>

=2

IN

t .
(3.48) < F {T[X’ OO)l[T[§,m)21]} :

By combining (3.47) and (3.48), we have

2 1 1 ¢ X
ZA (H=1())%)} < (3] 2B {75, 00) g ez o

+ E,\ {T[X‘, Oo)l[r[-f\-.N)ZI]}) Al

Therefore,

E (i )@(1—1‘1(]'))2) - / ( SN HTH(G)HYE > -2.1,-) da
ji=2 =2

26 + 7/ t2/ ’LE{ "\ l[T[_ Co)>1]}d1,dt

+2 / { 1[7[,\'”0)>1]} da.

(3.49)

INA

Letting the second term on the right-hand side of (3.419) be denoted by 2J,



we see that
1 t T _
J = /6 {EE {/{; -'UT['X,Oo)l[r[a;/.\,-:o)ZI]dm} dt

= A2 e
= /5 K (?)/0 a7 [, 00)  [r[e,c) 21y d2 ¢ di.

Since 7 is a regularly varying function at zero with exponent —¢, when £ < 1,
by Lemma 2.1, we have

tfA , [ 2
/(; .'L"T'[.’L‘, 00)1[7[1.‘00)211(133 S C; (—/\-) T[—\-, oo)l[r[t/.\,co)?_ll'

Since T is a regularly varying {unction at infinity with exponent —p, when
g I )

% > 1, we have, again by Lemma 2.1, that

tfA AN
/0 mT[-’U,OO)l[r[x,oo)zl]d-"l’ <er (;\‘> T[Taoo)l[r[l/,\,m)ZI]'

Hence, by combining the two cases above, we have

o A\
J = /s E{(7> ‘I’T[-L‘,oo)ltr[z:.-xv)zlld‘"“’s'\]}dl
o AN 2 pa
+ /5 L (7) /0 27[e, 00) (rlp o)z 11 1) ¢ dl

co t
< CTL E.\{T[:\‘,Oo)l[r[t/.\,m)gl]}dt-

o7



Applying the above results to (3.49), we have
0 _ . oo t
L {[]_z_:z /\?([’] 1(]))2]1/2} < 26 + C/& L {T[X’Oo)ltftim)zll} dt.
Therefore, by (3.41), and (3.45), we have

X o0 _ . ) I aY - t
E{[Z*?(H l(]))z]l/z} < Cr/o_ E{T[T,Oo)l[rli.co)zll}dt
= g

= ¢ G(6,A, 7).



4 Expected Number of Zeros

Theorem 1.4 characterizes the expected number of the zero level crossings of
é-radial processes of type-G. In this Chapter, we will prove this result. Before
we prove Theorem 1.4, we introduce a simple lemma to make the proof more

clear.

Lemma 4.1 Lel t[a,00) be a regularly varying funclion al infinity with ex-

ponent —p, where p > 0. Then, for anyr > 0,
(4.1) E{(H ()"} <C,, < oc.
where H'(a) = inf{u > 0: 7[u,o0) < 2}.

Proof: Integrating by parts, we have

E{(HY())"} = /’” P((H™Y(T1))™" > u)du
Q
<1 -E-/(N P(X > rlu™'" o0))du
1
= 1+ _/m el o0 gy = Crr < 0.
1

Since 7[u~1/", 00) is a regularly varying function at infinity with exponent
b a

p/r > 0, the last integral is finite.



Proof of Theorem 1.4, Case (i): We start finding an upper bound of the
expected value of the zero level crossings, and assumeing that [|A|l; < oo.
In Remark 3.3, we obtained a special form of Rice’s formula (3.22) for

Y = {Y(t),t € {0,1]}, the &-radial process of type-G. Therefore, with u = 0,

we have
| L z:'-*;lf\i%u-/-'(l‘.,-))'ﬁ}%
4.2 ENg[0,1] = —pe=Ei” 0
(42) Nolo1} =2 { FRVEITIE
. 1 (SR A )
“3 : ¥E{ I

Using the triangle inequality in the numerator of the last term, we have

L3 () } |

1 1
(4.4) ENol0,1] S —EX+ ;E{ VEIT:

Note that for n > 2, we have

f]—](Fn) _ f]-l(-x.l ++‘\n)

H-Y(Ty) H=1(Xy)
< 1:]_1(<\'-2+"‘+«\,n)
- H=1(Xy)
HATY)
4.! = . n=1/
) ZEIA

since [, _; = Xo+- -+ X, is the sum of n—1 independent identical exponen-

tial random variables and, of course, I/ _; is independents of I';. Therefore,

n—

(4.4) can be rewritten as
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(4.6) TENo[0,1] < EX-
o 1/2
+E{(H-‘(r1))—1}13{ZAg(H—l(r;.))?} :
j=1

By using Khintchine’s inequality on the last expectation on the right-hand

side of (4.6), we have
(47) TENo[0,1] < EA+VIE{(H(P))'} EIS. 0 H™\(T5)l,
i=l

where {¢;}32, is a Rademacher sequence.

By Lemma 4.1, we know that E{(H'(I'}))™'} = C;+ < co. By Lemma

3.2, we know that £, exists. So, by Lemma 3.1, we have

€\ = Z ]‘f—l(l—‘j)/\jéj.

3=1

Therefore, by Lemma 3.5, we have

0
E|Y S HHT5)A5¢50 < Al
J=1
Furthermore, since both p,q¢ > 1 , we have that

EX< e || Al

Hence, we have obtained an upper bound for Case (1).
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To find a lower bound for Case (i), we start with equation (4.2). By using

Lemma 2.4 with s=2 together with Khintchine’s inequality, we obtain
g | N

PR LR
{E (z ,\§f(1-1—’(Fj))2)1/4}2
£ (s a-re) "
c'{E| T, ﬁj/\ff'f'l(ri)ll/z}z
E{zs, -y}

Applying Lemma 3.5 to the numerator of (4.9), we have

(4.8)

v

(4.9)

E|Y A H7N(D)|'? = Elea]'? > .|| M|V2.

J=1
On the other hand, applying KKhintchine’s inequality on the denominator of

(4.9), we obtain

%) ]/2 o0
(4.10) E{Z(H-I(FJ—))?} <VEIEIS BT ))ell = VA B,
Jj=1 I=1

Note that E|€| is finite, since

o
Blel = [ PUEl > Ot
< 1+] P(lE] > V)i
1
(o]
< 14 C;/ T[t,00)dt < C'; < oo,
1
The last inequality is due to the [act that 7 is a regularly varying function

at infinity with exponent —p < —1. Therefore, the integral is finite. Hence,
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we have obtained a lower bound for Case (i).

Now, suppose that ||A]|; = co. We show that ENg[0,1] = oo too. By

considering (4.8), we see that if

- 1/4
(4.11) E{ZA?(H-‘(PJ-))Q} =0
i=1
then ENo[0, 1] = oo, since the denominator ol (4.8) is finite by (4.10). Thus,

the Case (i) of Theorem 1.4 still holds. Therefore, we need only to prove

(4.11). Since

P((HTNT))E > 0?) 2 PUHT(D)A > )

= [\ {1 - exp(—T[% 00))}

(4.12) > {1 — exp (—E,\T[%\L—,oo)) }
Applying (4.12) to the left-hand side of (4.11) , we obtain

N = E| YA H7Y(D)? M

j=1

/ (Zﬂ H(I))? >u) !

> /N {l —exp (—E,\T[E,OO))} dul’?
0 )
/N (1 - e"l) du'’? = 0.
0

v

v
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The last equation is due to the fact that, when ||Al|; = oo, we have, {or all

u > 0,

Thus, by (4.8) and (4.10), we have
ENy[0,1] = 0.

Le., Case (i) of Theorem 1.4 still holds.

Proof of Theorem 1.4, Case (ii): We start with Rice’s formula (4.2)
and assume that ||A||; is finite. To obtain an upper bound, we use the same
method that we did for Case (i), but this time use the triangle inequality
k times, where k is large enough to make Lemma 3.8 true. Then we apply

Lemma 4.1 and obtain

rENo[0,1] < kEX+ E{(H™\(I)) }L{ S AHTNTS) )1/2}
j=hk4+1

H-‘(m} :

< REAN+CE {su ) A% 1/2
s>k H7()) J% )
By Lemma 3.8, we have

R
g '3-2”2(1-1-1(3')) <Er<ee

64




Combining this with (3.39) and (3.42), we have

(413)  7EN[0,1] < kE,\-i—cE{( 5 ,\§(f1~‘(j))2)1/2}
J=k+1

< e, G(6, A, 7).

To find a lower bounds for Case (ii), we start with (4.2) and have

[e.<} 1/2 oo
TEN(0,1] > E{(Dﬁ(ﬂ"(ﬂ?) *,*;‘,(H e / L (HHT) )1/2)}

E{SU]) ,\.,-/-1—'(1')}13{; W[ (LQ—) /(Z(H (T4)) )"2)}-
i21 H(j) | &

Applying Lemma 2.4 to the second expectation on the right-hand side of the

v

last inequality, we obtain

!

1 HHI))
» Y 7 H () v | inl
(4.14) TENo[0,1] > L{Sjtzlll)%ﬂ (J)} L(}S{ 1—1-1(1'))

o ‘ sf2s' s'fs
/{E (Z(f‘l"l(lﬁj))z) } :
i=1

where 1/s+1/s' =1 and s > 1. Now, we choose ! = s/s’ < p and use Khint-

chine’s inequality in the denominator of the right-hand side of (4.14) to obtain

E(
3

Mz

s/2s o
(1—1-'(r,-))2) < V2EY gH™
=1

1
—_

65



ﬁfom P(|€] > u)dd!

< C+C, / | 7[u, 00) du' < 0.
1

The last integral is finite since 7{u, 00) is a regularly varying function at in-

finity with exponent —p, where p > .

For the numerator of the right-hand side of (4.14), we have

. .1-1‘1(1“,-) .
, —_— 5 <
0< P{}-S% eI

where E{inszl i;{——_l%l)—)} = d; > 0 is finite. Since limj_ %’- =1 as.,
by the strong law of large numbers, we know that, almost surely, we need
only consider the infimum over only a finite number of terms. Therefore, by
Lemma. 3.9, we have

ENg[0,1] > crE{SUlL\jH'IU)}

jz!
> oGS\ T) >0
Note that if ||A]]; = o0, G(6, A, 7) = 00, as defined. Therefore, we need to

prove that £ N[0, 1] = oco. By the exactly same arguments we gave in Case

(i), we can prove that £Ng[0,1] = oo and finish the proof of Theorem 1.4,

Case (ii).
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Proof of Theorem 1.4, Case (iii): To find an upper bound for £ N[0, 1},

we start with (4.3). Using the triangle inequality, we have

, (S5, (A T2
o) < p{ERAHTIE
= ()
kEXN+ E 2
< i {(z< nny) }
(4.15) < I\:E,\+E,\E{ 3 /—/*'(1‘,-)/1—1-‘(1‘1)}.
J=k+1

Applying the same procedure used in (4.5), we can break up the expectation

on the right-hand side of the last inequality and obtain

TENo[0,1] < KEX+ EXE{(H'(T\)'}E {ZU }

< KEN+EXE{(H" }E{ZH“‘ 1111({))}

.-.] F

(4.16) < kEX+¢ Z H~ LA {sup ( }
=k P>k [1 ( )

where ¢, = E{(H~'(I'}))~'} is a finite number as proved in Lemma 4.1.

Here, we choose A large enough so that Lemma 3.8 applies, i.e.,

1~1-1(1‘~)}
E{sup 1Y« >
{.,-Jk H1()

The last thing we need to prove is that the sum on the right-hand side
of (4.16) is finite. Since H~!(¢) = inf{w > 0 : r{u,00) < t} and 7[j,0) is a

regularly varying function at infinity with exponent —p, H7(t) is a regularly
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varying [unction at infinity with exponent —1/p, where0 < p < 1. Therefore,

for j > k, and & sufficiently large,
H7(5) ~ L(7)/5'7,

where L(t) is a slowly varying function and 1/p > 1. This means that

[se]

(4.17) ST HT()) < o0
Therefore, we have an upper bound, i.e.,

ENo[0,1] € C; EA.

To obtain a lower bound for Case (iii), we start with (4.2) and just keep
the first term in the numerator of the right-hand side of (4.2). Then, by

applying Lemma 2.4, we obtain

.7—1
TENg[0,1] > E/\E{ : H=H(Ty) ]/2}
= (H-Y(T))2)

E [(Z?’;l(H-l(rj))?)_wr

(4.18) 2 L) E[(H-(T))1]

We also see that

oo —1/4
o0< E (Z(H—l([‘j))Q) SE{(H—I(F]))_1/2}<OO,

j=1
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The terms is above is fine, as we proved in Lemma 4.1 with » = 1/2. Also

by Lemma 4.1 with » = 1, the denominater of (4.18) is finite, i.e.,

E{(H(T)'} < 0.

Therefore, we have
rE N[0, 1] > e, 2\

Proof of Corollary 1.1.

If ||Al|+ is finite, we use basically the same prool that we did in Case (i),
but apply Lemma 3.7, instead of Lemma 3.6. Therefore, we replace ||Al|; by
[[Allg, for 1 <p <2and 1 < ¢ < 2. If ||A]l; is not finite, we can use the same

arguments developed in Case (i). This proves Corollary 1.1.
Proof of Corollary 1.2

Case (i), Jy 7[s,00)ds is finite, so we have

o H=1(1)
G(6, A\, 1) = / :7;/ 7[8,00)ds dI(x)
tH=vn - Js

§ lx
1

& 1=1(1)
(8,0 7) /5/1»1-’(1)'1/5/1- 7ls, co)ds dF(x)
o H=1(1)
(4.19) < /S/H—lm'l'/u (s, 00)ds dF(2) EX.
H71(1) o~
Comb = / T[s,oo)(ls/ vdF(z) € . B
0 §/H-1(1)

e EN < ENg[0,1] < ¢ EA.
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When 0 < ¢ < 1, Jj r[s,00)ds < oo. Therefore, Corollary 1.2 is true for

thecasel <p<2and0<q<l.

Note that without the condition [ 7[s,c0)ds < oo, the bounds do not
has a unique form. We will show this by examples.

Case (ii), Let T[8,00) ~ for 0 < s < sy < L. Then, for 2 > wq,

1
slogP(1/s)?

2o sufficiently large, consider
H=(1)
T(z) = w/e;/x (s, 00)ds
cr[6/x, 00) log(2/6) when f§ # 1,
cr[6/x,00) loglog(x/8) when 3 = 1.

Then, we have

EN[0,1] = c/m T(x) dF ()
§/H=(1)

¢ fs-11) T8/ 2, 00) log(2/6) dF ()  when § # 1,
¢ Jsiu-11) T[6/, 00) log log(%§)dI"(x)  when § = 1.

In particular, when g = 0, i.e., the 1-stable case, we have the same result as
in [14]). In this case, lor @ > wo, @ sufficiently large. T'(2) = cxlog(x/$§),

and

G5\ 1) = c/ﬁco alog(a/8) dF(z)

JH=1(1)
= ¢ (AlogA)s.



Remark 4.1 If we let T[s,00) ~

1 - c e o .
ST /5 1ol 175) Jor 0 < s < sp <1, then

Jor x > xg, xo sufficiently large
T(z) < culogloglog(x/d),

and the expected value of zero level crossings

. >

ENol0,1] = c/m 7[8/ 2, 00) log(- .

VdF(2).
§/H=1(1)

| &8

) log log( %) log log log(

n| R

Therefore, we can nol simplify G(8,A, ) any further.



5 Asymptotic Property of Level Crossings

In this Chapter, we investigate the asymptotic property of the expected num-
ber of level crossings of these processes, and prove Theorem 1.5. First, we

generalize a result obtained by Adler, Samorodnitsky, and Gadrich in [1].

Lemma 5.1 Let € be an infinitely divisible random variable defined as in
(3.1) with Lévy measure 7, which is a regularly varying function at infinity

with exponent —p, where 0 < p < 2. Let n* = 352, (H~Y(;))?. Then,

(5.1) lim Zexp(=¢ /)

v=o  r{u,00)

= rt+ ).

Furthermore, for any r > 0 and u > wy, for some sufficienily large ug, we

have
02

(5.2) E{n"'exp(—%—)} < erptt” Tu, 00),
n

where H7'(t) = inf{u > 0: ru,00) < t}, and ¢, is a finite constant de-

pending only on 7 and r.

Proof: As we pointed out in Remark 3.2, 9? is a positive infinitely divisible
random variable with Lévy measure v[t,o0) = 7[1}/%,00). By Lemma 2.2, we

have that

(5.3) lim



To prove (5.1), let us consider the numerator on the left-hand side of (5.1).
Integrating by parts, we have

'U2 o0 . 2

Liexp(—=)¢ = / Py > t)de™ 7
7 0
2 [ 2 SR
= u / Py >a™ e ™ *da.
0

. . -y 2
We would like to evaluate lim,—_,, £ {exp(—:;—.z } . Note that the last term
makes contribution only when a is close to zero. Therefore, by (5.3), as
u — 00, we have

2

2 [T pr2 o 1y, -t 2 [ L
u / P > a7 )e " e ~ u / Tla72,00)e™" Fda.
0 0

Then, by a Tauberian Theorem (Feller XIII, 5.4), we have

2 o -—'l' —u?l' N 1)
u / T[x72,00)e da ~ | (‘)' + l)rfu.00) as u— co.
D —

lLe.,
D {exn(—12/n? ‘
lim E {exp(=w*/i7)} = F(B + 1).
EES 7[u, 00) 2

For (5.2), we have

7?

~1 u’ A 2 2
E<nTexp(—=); = / a” 7 exp(—u’/a)dP(n® < a)
0
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= —%/ P(p? > a2~ )a? ™" exp(—u’a)da
0

r<4

+u2/ Pl > a7 arf exp(—ula)da
0

IN

u2/ P(n? > 27 a? exp(—uia)da
0

IN

crf(g + v+ a7 [u, 00).

The last approximation is also a consequence of (5.3) and of the Tauberian

Theorem, where we think of P(y% > a~"')a"/? as the Laplace density.
The Proof of Theorem 1.5.

We begin with Rice’s formula (3.22). i.e.,

Y TP U L) AN v
BN[01] = ;{ = (H1(T;))? } ““'){22;21(11—1(&))2}

: 1/2
= YIS vl gen (<25
= AT NEC e (5 )

J=1

where 7?2 is defined as in Lemma 5.1,



By the triangle inequality, we have

(¢

2
MHYT ) Pexp (——)

22

2
(5.4) < wE,N,0,1) < M H YTy )n texp (————)

oo 1/2 2
‘ _ u
+ (Z )\?(I‘I—I(Pj))z) 1 l(3.\’[) <—)_7"5) .

i=2
Let these two terms on the right-hand side of (5.4) be denoted by Sy and

S, respectively; i.e.,

S o= MH Ny Texp (—'lt2/27]2) ,

>0

S = (O ,\?(H_](Fj))z)l/'z n~ exp (—'11,2/27)2) .
i=2
We show that
. .5 P
(5.5) lim = VD +1)EN,
u=00 (1, 00) 2
(5.6) lim 22~ g,
u—co T [u, 00)
For S;, we have
S A[I‘]_I(FI) (\)( U2 )
1 = ~ - 12 CX] —ﬁ
(T3 (1 (1)) 2
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< Y ex u?
> 1 eXp —::2—7]7 .

Therefore,
)2
(5.7) ES < ENE {c\p(—%?)} :
Furthermore, we have
2

ES o A exp(—5

(5.8) lim L < E) lim { ’2)}.
u—co T[4, 00) = rlu, 00)

Applying Lemma 5.1 to the right-hand side of above term, we have an upper

bound for the limit, i.e.,

; E jexp(—5 T[4, o0
(5.9) lim £S5y < EX lim { P(~s, )} [‘ﬁ )
u=0o 7u, c0) =00 T[ ,00) 7w, 00)

= \/71‘ PrnEn.

On the other hand, it is clear that for A > B> 0,

(A2 — BHY? > A - B.

Therefore,

- 1/2 )
LS, = F {,\1 (712 - Z(H"(F_,-))z) 7~ exp (—;;]—2)}
=2 -
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. u?
(5.10) > EME {exp (—-2—7)—2)}

. :
- rr=1(1v .1\2 il B _L
-FENME { (;(II (r';)) ) 1 CXp ( 27’2) } )

If we can show that (5.6) holds, i.e., that £S5, = o(7[u,o0)) as u — oo, then

(5.6) is still true for A; = 1. Therefore,

[ el

E{(Sal B C)7) 0t exp (—u/20)
lim

u—co 7w, co)

= 0.

Applying this result to the second term on the right-hand side of (5.10), we

have

7 v Y -2 2
> FA lim L {exp (=u?/27)}

e 00 7[u, 00)

= exvert ).

(5.11) lim

Combining (5.9) and (5.11) we will have the proof of Theorem 1.5, il we can

prove (5.6).

To prove (5.6), we notice that for a positive sequence {d;}$2,,

oo k o
(2(13)1/2 < (Zd‘?)]/Q +( Z (I‘?)l/?
i=1 i=1 J=k+1

k o0
< Y di+ (Y (['j-)]/z.
J=1 F=hk+1

~1
-1



We apply this to S2 by choosing k large enough so that Lemma 3.8 holds,

and obtain

%

k 2
ES, < Y E {/\jH_l(Fj)n_l e.\'p(——%,‘;)}
j=2 -

oo 1/2 2
_ . . _ u
+E{( 2 A I(F_i))l) 1 ‘eXP(—%;)}-

J=k+1
The first of these two parts has only a finite number of terms (from 2 to k).

Since H~!(a) is a decreasing function, we have

2
(5.12) ES; < (k—=1)EAE {H'I(I‘z)n'] exp (—L)}

2n?
- 1/2 .
, - 20 1p=1,1p - u
+E{(.Z ,\j(['f 1(1j))2) n~ 1 exp (_Tﬁ>}
J=k41 =

U

2
Mi(uw) = H YTy lexp (———) ,
29?2

Now, we set

[=N] 12 2
My(u) = (Z ,\f(l-l-l(rj))") 77 exp (—;:—]5)

j=k+1

We show that each I/M;(u) = o(t[u,00)), 7 =1,2.

To prove that EM;(u) = o(T]u, 00)), i.e., that
12

(5.13) E {H”l(f‘g)n"] exp(—-gl—:};)} = o(7[u, 00)),

as u — 00, we break up the expectation into following two exclusive events

Ey and E,, ie..

-1
o]



E = {[‘1_1(1-‘2)7]—1<7]—]/4},
By = {H™ (D™ z 971},

For the first event Ej, we let u > wg, where ug is sufficiently large. Applying
Lemma 5.1, we have

'

2
E {AJ](U)IEI} = F {.['I—l(rg)']]_l (f.\'p(—5;2‘)1[”—1([‘2)511311}}
< E{'/]'l/" exp(—-uz/'b)z)}

< CouMirfu, 00).

Therelore,
i E{M(u)lg}

< C,limu =0,
Ume T[’u, o0 ) U—oo

For the second event, £, = {7)171i < H™Y(I'3) <9}, we have

) '162 .
E{Nh('ll,)lg.‘,} = E{exp —5;]—2 l[,)s(l;l—1(|*2))-1/3]

< gl u?
= M\ TR
‘ 2
—_ o , 1_L__ 8/3 -1
= /(; exp (—-2.‘ )(IP (FQET[.’L ,oo))

2
_1‘_1,8/3> Tla!, oo)e"T[”_l'“’)dr[rv"1 ,00)

IN
| —
o~
2
fol
A
=]
|
Iﬁ
Py
S—
au
\‘
=
e
~
‘cﬁ
8
[



We give an upper bound for the last integral value for u sufficiently large.
The asymptotic value of the integral is determined by the value of integrand
near zero, i.e., v+ — 0%. Since 7 is a regularly varying function at infinity
with exponent —p, T[2~%% 00) is a regularly varying function at zero with
exponent 3p/8. Therefore, by a Tauberian Theorem (Feller XII1,5.4), we

have, for u — oo,

/mexp ——31 dr[e™/%,00)® ~ S - 'F(EI—)“F'[)T[(‘IUV—):;/;‘ c0)?
Joe 5 ) Bpfd+1 ' VI

Thus,

im E{M(u)lg,)}

L 3/4 2
3p + 1) lim 7w, 0o)
uw—co  T[u,00)

4 v—=x i, 00)

IN

e I'(—

= cl(—-+1)@R¢rN?=o.

Hence, we have proved that LM,(u) = o(r[u,o0)), as v — oco. Next, we

show that EMs(u) = o(7[u, 00)), as u — oo.

o -1y 2) 2 u?
My(w) = {z Ag(H-‘(j))‘z-(f—,’{_—l‘(%)} 1 exp (“7{)

j=k+1
1/2
= 1y n I—]‘l(l‘,-)) - (——zﬂ)]
< MN(HY(9))? S e [ —— ] b
N {%; 3 (”)} {éifn(ﬂ-'m T )

It is clear that {A;}5Z, is independent ol {I';}32,}, we see that

1/2 ,
H-Y T\ —u?
Ej‘{[g ’lL { Z AZ([[ } E{'SHP (H—_]((J—J)l> U] IGXP(W)} .

J=k+1 izk+1

S0



Applying the Cauchy-Schwartz inequality to the second expectation on the

right-hand side of last equation, we have

- 1/2 H-VTS) 24 1/2
EMy(u) < E’{ Z /\J?(H“l(j))g} {E.sup (—H—_l—(]%-) }

I=k+1
)2 1/2
(5.14) X {E (n—Zexp(—;‘—?))}

To prove that EM,(u) = o(7[u,00)) when ©v — oo, we show that the first
two factors on the right-hand side of (5.14) ave finite, and that the third one

is o(7[u,0)) as u — oo.

By Lemma 3.8, we have

9y 1/2
H"(P))Z { 17“(1‘~)}
E , ____7— — E n .‘7 = C‘T < .
{ e ( B7() 2 H(). ”

For the first factor on the right-hand side of (5.14), we have

- 1/2 ~
E{Z /\12-(1-1"'(]'))2} < E{( > /\?(H_'(j))21[r152j])1/2}

F=k+1

(5.15) +E{( > /\f'(f']—](j))21[F,>2j])1/2}-
i=k41

Let the two factors in the right-hand side of (5.15) be noted as L; and Lo,

respectively. We prove that L, is finite under various conditions on A:

Sl



(i) When 1 < p<2and 1l < ¢ <2, we have

- 1/2
L, = E( 2 A?(H“(J))’l[r,s"’ﬂ)

i=k+1

J=k+1

- 1/2
< E( )y Af(!f“(l“j/'zn?) .

Since H~!(z) is a regularly varying function at infinity, for j > k, we have

H=Y(T;/2)
e Tty ) e <

Then, by Khintchine’s inequality and Lemma 3.5, we have

” 1/2
(5.16) L < cTE( ) /\5(1-1“‘(1“.7-))2)
J=k+1
< crﬁEIZC.i/\.il‘l"(F.i)l
i=1
(5.17) = ¢ V2EIE| <A < o

(ii) When 1 < p < 2 and 0 < ¢ < 1, by Lemma 3.9, we have

L < E{( i A,'5(1'1"'(1'))2)‘/2}

j=k41

(5.18) < ¢, G(6, A7) < o0.

[*2]
o



(iii) When 0 < p < 1 and 0 < ¢ < 2, we have

(5.19) Li<e E,\-E{ 3 1—1#1(1')} < .

j=k+1

This was proved in (4.17). Therelore, L; is [inite.

For L,, we first note that

Ly = E{( S (UG m,m)’?}

J=k+1

{ Z AjH™ l“ >2]]}

F=k+1

IN

= I\ Z H™YG)PT; > 24).
j=k+1

Now, we apply Chebyshev’s inequality to P(I'; —j > j) and use following

two facts, namely, that £T; = j and ]—'112 = j(; +1). We have following

result
L, < EX Z L“ |//-()
i= I.+I
(5.20) = I
i>k

Since H~!(z) is a regularly varying function at infinity with exponent —1/p,

ie., H™'(j) = j7YPL(j), where p > 0 and L(z) is a slowly varying func-

33



tion. Therefore, (5.20) is a convergent sequence.

For the third factor on the right-hand side of (5.14), set

u? 1/
K(u) = (E' {7)—2 exp (—7}—2) })

Applying (5.2) of Lemma 5.1, with » = 2, we see that

K (u) (E {7,-2 exl)(:n%?)}) 1/2

lim —— = lim
i 7[1, 00) —cx 7{u, 00)
3
-2 5
) uTiu,00))?
< C, lim (—.[_’_)_)_.

U= T (1, 00)

. 1
= (C; lim ————— =0
U= 1w, 00)?
The last line on above is due to the regularity of v at infinity with exponent

—p, where 0<p<2.

This completes the proof of Theorem 1.5.

lv 2]
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