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L a t t i c e  p o in t  problem s have  a l o n g  h i s t o r y  and s t i l l  remain

an a c t i v e  r e s e a r c h  t o p i c .

L et  be t h e  number o i  l a t t i c e  p o i n t s  i n  o r  on a c i r c l e  o f

2
r a d iu s  x . I t  i s  e a s y  t o  show t h a t  Nx ~  n x  ( H i l b e r t ,  Cohn-V ossen

2

[ 2 ] ) .  L et  R (x )  = Nx -  T! x  . I t  w as known t o  G auss t h a t  R (x )  =

0 ( x )  ( s e e  Landau [ 4 ] ) .

D e f i n e  p = i n f  {of | r ( x )  = 0 ( x a ) }  . I n  1915 Landau and Hardy

fou n d  t h a t  p ^ |  , G oing  t h e  o t h e r  way around, i n  1906 S i e r p i n s k i

showed t h a t  p s  §  and l a t e r  i n  1923  van d e r  Corput s l i g h t l y  improved  

S i e r p i n s k i 1s r e s u l t  by sh ow in g  t h a t  p <  §  . T h i s  r e s u l t  h a s  been  

g r a d u a l l y  im proved t o  ij ^ p s  ir i  (Landau [ 4 ] ) .

Hardy £ l ]  showed t h a t  f o r  e v e r y  e >  0

. i  J  |R ( t )  |dt = 0 ( x ^ e)
1

X

and — J  { R ( t ) }  d t  = 0 (x  + S )
X 1

i.,.e
w h ich  l e d  t o  t h e  c o n j e c t u r e  t h a t  R (x )  = 0 ( x 2  ) .  T h i s  s t i l l  h a s  n o t

b e e n  p r o v e n .

S i n c e  H ardy’ s  a v e r a g e  o r d e r  r e s u l t  t h e r e  h as  b een  much work done  

a lo n g  t h e  same l i n e s .  K e n d a l l  [ 3 ]  i n v e s t i g a t e d  a l a t t i c e  p o in t  

prob lem  f o r  a random c i r c l e .  In  t h i s  c a s e

Nx ( u , v )  = # { ( m ,n )  | (u -m ) 2  + ( v - n ) 2  £  x ]  .

Choose x ,  and l e t  ( u , v )  £ [ 0 , l ] x [ 0 , l ]  .

K e n d a l l  showed:

1



2

1  1 , 2  

Mean (N^) = J J N ( u ,v ) d u  dv = ti x  
x 0  0

and

V a r ia n c e  (Nx ) = J  J  {n ( u , v )  -  tt x 2 } 2  du dv = 0 (x )  ,
0  0

and e x te n d e d  h i s  r e s u l t  t o  g e n e r a l  o v a l s  h a v in g  b o u n d a r ie s  w i t h  

p o s i t i v e  c u i’v a t u r e .

The more r e c e n t  r e s u l t s  o f  Randol [ 5 ]  d e a l  w i t h  com pact s u b s e t s  

o f  t h e  p la n e  h a v in g  a  smooth boundary w i t h  p o s s i b l e  p o i n t s  o f  z e r o  

c u r v a t u r e ,  and w i t h  p o ly g o n s .

T h ese  r e s u l t s  and P r o f e s s o r  R a n d o l ' s  a d v i c e  l e d  me t o  i n v e s t i g a t e  

t h e  prob lem s i n  t h i s  work.

A r e s u l t  s i m i l a r  t o  Theorem 1 o f  my work h a s  r e c e n t l y  b een  

o b t a i n e d  by Y. C o l in  de  V e r d ie r e  [ 7 ] .

Theorem 1 : L et  C be  a com pact s u b s e t  o f  t h e  p la n e ,  su ch  t h a t  i t s
00

boundary SC i s  o f  c l a s s  C and h a s  f i n i t e l y  many p o i n t s  o f  z e r o

c u r v a t u r e .  Assume a d d i t i o n a l l y  t h a t  t h e  o r d e r  o f  c o n t a c t  a t  each

p o i n t  o f  z e r o  c u r v a t u r e  i s  f i n i t e  and t h a t  C i s  s t a r - l i k e  w i t h  r e s p e c t

t o  some p o i n t  z Q i n  t h e  s e n s e  t h a t  no t a n g e n t  l i n e  t o  SC p a s s e s

th ro u g h  z  . For  a  f i x e d  8  € [0 ,2 rr ]  , l e t  LQ be t h e  im age o f  t h e  u y

i n t e g r a l  l a t t i c e  p o i n t s  u n d e r  a c o u n t e r c l o c k w i s e  r o t a t i o n  o f  s i z e  0  .

F o r  x  >  0 , d e f i n e  N ( x , 0 )  t o  be t h e  number o f  p o i n t s  i n  Lq w h ich

i n t e r s e c t  xC . Now, l e t  R ( x , 0 )  = N ( x , 0 )  -  Vx2  , w here  V = J  d x ,d x 2  .
C

T h e r e  e x i s t s  M >  0 and a f u n c t i o n  f ( 0 )  w h ic h  i s  L* on S 1  , su ch

—  b
t h a t  | r ( x ,  0)  | £  Mx3  + f ^ x * 2 .

In  t h e  n e x t  th eo rem  we s h a l l  f o r  s i m p l i c i t y  assum e t h a t  SC h a s
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o n l y  ono p o in t  o f  z e r o  c u r v a t u r e ,  l o c a t e d  on t h e  p o s i t i v e  x ^ - n x i s  

and su ch  t h a t  t h e  normal l i n e  i s  a l s o  on t h e  x ^ - a x i s .  T h e se  

h y p o t h e s e s  ca n  be g e n e r a l i z e d .

Theorem 2 .  Under t h e  ab ove  c o n d i t i o n s  |r ( x , 9 )  | = 0 ( x 3) f o r  ea ch  

TT 3
0  ^ -5 ,-5 ^ h a v in g  an i r r a t i o n a l ,  a l g e b r a i c  t a n g e n t .

a  6

P r o o f  o f  Theorem 1 : We s h a l l  f i r s t  assum e t h a t  z Q i s  t h e

o r i g i n  and l a t e r  we w i l l  show t h a t  t h e  r e s u l t  i s  t r u e  i n  g e n e r a l .

I f  X = ( x  , x  ) and J (X )  i s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f

t h e  s e t  C , th e n  J ( X / x )  i s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e

s e t  xC . Suppose F(Y) i s  t h e  F o u r ie r  t r a n s fo r m  o f  J (X )  , th e n  

2

x  F (xY ) i s  t h e  F o u r ie r  t r a n s fo r m  o f  J ( X / x )  . I f  we t h i n k  o f  0 

a t r a n s f o r m a t io n  i n  S 0 ( 2 )  , we can  w r i t e

N (x ,  0 )  = 2 j ( 0 ( N ) / x )  .
N

00

N ext d e f i n e  6 (Y) t o  be a n o n - n e g a t i v e  C f u n c t i o n  w i t h

s u p p o r t  i n  t h e  u n i t  d i s k ,  and s a t i s f y i n g  J 6 (Y)dVY = 1 . Let

R2

6  0 0  = e 2 6 ( Y / e )  . Now 6  (Y) h a s  su p p o r t  i n  t h e  d i s k  |y | £  e 
6  €

.and i t s  i n t e g r a l  i s  a l s o  1  .

I f  we d e f i n e

J e( x ,Y )  = J  6 e(Y -X )J (X /x )d V x  

Rs

and s e t

N e( x , 0 )  = 2  J e ( x , 0 ( N ) )

we ca n  a p p ly  t h e  P o i s s o n  summation fo r m u la  t o  f i n d  t h a t  

S J e ( x , 0 ( N ) )  = 2  \ ( 0 ( N ) ) r x 2F ( x 0 ( N ) ) ]  ,

a s
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03
s i n c e  J  (x ,Y )  i s  a C f u n c t i o n  w i t h  com pact s u p p o r t .  I . e . ,

N e ( x , 9 )  = Vx2  + S '  $ e( e ( N ) ) [ x 2 F ( x , e ( N ) ) ]

w here  i n d i c a t e s  summation o v e r  a l l  n o n - z e r o  i n t e g r a l  l a t t i c e

p o i n t s .

A ssum ing , a s  we c l e a r l y  may, t h a t  t h e  d i s t a n c e  from t h e  o r i g i n  

t o  3C i s  i n i t i a l l y  l a r g e  enough , we can  sa y  t h a t  f o r  e >  0 ,

N e( x - e , 0 )  £ N ( x , 9 )  S N e( x + e , 9 )

by t h e  s t a r - l i k e  c o n d i t i o n s  on C . T h i s  i m p l i e s  t h a t

N ( x - e ,  0 )  -  Vx2  s  R (x , 0 )  ^ N (x + e ,  0 )  -  Vx2  .
6  6

By t h e  r i g h t  hand s i d e ,

R (x , 0 )  S v[ ( x + e ) 2 - x 2 ] + ^ e ( 0 ( N ) ) [  ( x + e ) 2 F ( ( x + e ) 0 ( N ) ) ]  .

F or  a g i v e n  N , l e t  a  a  be t h e  s e t  o f  a n g l e s ,  w i t h
J. K

TT
e a c h  a .  € [ 0 , - g ] ,  w h ich  t h e  l i n e  th ro u g h  t h e  o r i g i n  and 0 (N )  makes  

J ^

w i t h  t h e  normal l i n e s  t o  c)C a t  p o i n t s  o f  z e r o  c u r v a t u r e .  S e t

[ A ( 0 ( N ) ) ]  = m i n  a .  .
l ^ j ^ k  J

Theorem 1 o f  [ l ]  s t a t e s ;  " i f  C i s  a com pact s u b s e t  o f  t h e  p la n e
n + 3

and dC i s  o f  c l a s s  C f o r  some i n t e g e r  n ^ l ,  and i f  t h e  G a u ss ia n

c u r v a t u r e  o f  SC i s  n o n z e r o  a t  a l l  p o i n t s  o f  3C, w i t h  t h e  p o s s i b l e

e x c e p t i o n  o f  a f i n i t e  s e t ,  a t  e a c h  p o in t  o f  w h ic h  t h e  t a n g e n t  l i n e

3 /2
h a s  c o n t a c t  o f  o r d e r  £ n  , th e n  f ( 0 )  = sup  r  |F ( i* ,0 )  | i s  bounded

1  P I
on S i f  n = 1 ,  and o f  c l a s s  L on S , f o r  any p <  2 n / ( n - l )

i f  n >  1  .
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M oreovor, $ ( 0 ) i s  a lw a y s  bounded, e x c e p t  In n e ig h b o r h o o d s  o f  

t h o s e  p o i n t s  o f  S 1  w h ic h ,  r e g a rd ed  a s  v e c t o r s ,  c o r r e s p o n d  t o  

e x t e r i o r  o r  i n t e r i o r  n orm als  t o  SC a t  p o i n t s  o f  z e r o  c u r v a t u r e .

In  n e ig h b o rh o o d  o f  su ch  a p o in t  9 Q , § ( 6 ) i s  bounded by a m u l t i p l e  

o f  [ d i s t ( 0 , 0 Q) ]  ^n j  t w here  d i s t ( 0 , 0 Q) i s  t h e  l e n g t h  o f  th e

s m a l l e r  a r c  o f  S1  c o n n e c t i n g  0  and 0 Q , and n^ i s  t h e  l a r g e s t  

o r d e r  o f  c o n t a c t  w h ich  can  o c c u r  b e tw een  c)C and i t s  t a n g e n t  l i n e ,  

a t  t h o s e  p o i n t s  o f  3C a t  w h ich  th e  e x t e r i o r  normal i s  e i t h e r  0^  

o r  - 0 Q ."

By t h i s  th eorem  o u r  h y p o t h e s e s  im p ly  t h a t  sup  x 3 / ^ 2  | f ( x 0 ( N )  | i s
x

no_ l
bounded by a  f i x e d  m u l t i p l e  o f  [ A ( 0 ( N ) ) ]  —5 —  , w here  n i s  t h e

2 n 0  °

l a r g e s t  o r d e r  o f  c o n t a c t  b e tw een  3c  and a t a n g e n t  l i n e .

Thus x 2 F ( x 0 ( N ) )  s  x ^ 2  |n j 3 / / 2  M ^^A(0(N))] 11 where

(no_1)h = — =-----  . O bserve  h <  1 / 2  .
0

A l s o ,  (Y) | s  M0 ( l + e | Y  | ) - 1  f o r  M„ >  0 , s o  we can  w r i t e  

| r ( x , 0 )  I s  V [ ( x + e ) 2 - x 2 ] + M3 ( x + e ) 1 / 2  S ' ( l + e | N  | ) _ 1  |n r 3 / 2 [ A ( 0 ( N ) ) ] “ h .

Now, i f  we l e t  e = x  3  , we o b t a i n  t h e  f o l l o w i n g :

a )  R ( x , 0 ) £ [ 0 ( x 2//3) + M3 ( x + e ) 1 / / 2  S / (1 + g |n | )  1 | n |  3 </2 [ A ( 0 ( N ) ) ]  h }

w here "0 " i s  in d e p e n d e n t  o f  0  .

S i m i l a r l y  we can show t h a t

b )  R (x , 0 )  s - { 0 ( x 2 / 3 ) + M3 ( x - e ) 1 / 2  S ' ( l + e  |n I ) - 1  |n  |“ 3 / 2 [A (0  ( N ) ) ] " h } .

a )  and b) im p ly  t h a t

| r ( x , 0 )  J s  m 4 { x 2 / 3 + x 1 / 2  £ '  ( 1 + e |n I f 1  (n f 3 / 2 [A (0  (N) ) ] “ h }



G

f o r  some M. > 0 .4

Suppose f o r  some A > 0 , we draw bands o f  w id th  2+A symmetri­

c a l l y  about each normal l i n e  to  ?C a t p o in ts  o f  z e r o  cu rv a tu r e .

L et B be th e  union  o f  th e s e  bands.

tak en  o v er  a l l  N fo r  which 0 (N) i s  in  th e  complement o f  B , and

prove now th a t  f o r  a l l  0(N ) in  th e  complement o f  B , f ( r ,  cp) =

fo r  some M_ > 0 , where □ i s  a square ce n te r e d  a t  0(N ) , and cv(cp) 
5

i s  th e  s m a lle s t  a n g le  in  [ 0 , t / 2 ]  w hich  th e  l i n e  through th e  o r ig in  

o f  argument 9 makes w ith  th e  normal l i n e  to  Sc a t p o in ts  o f  zero  

cu rv a tu r e .

C le a r ly  f(r ,cp ) in c r e a s e s  a s  a(cp) approaches 0 , so  we o n ly  

need to  c o n s id e r  p o in ts  0(N ) fo r  which a(cp) i s  s m a ll . In  f a c t ,  

i t  i s  s u f f i c i e n t  to  e s t im a te  f(r ,cp ) f o r  0(N ) n ea r  one o f  th e  

bands in  B . In do in g  t h i s  we may w ith o u t l o s s  o f  g e n e r a l i t y  assume 

th a t  t h i s  band i s  c e n te r e d  about th e  x ^ - a x is .

Now w r it e  2:' = I* + 2** where in d ic a t e s  th a t  th e  sum i s

means 0(N ) i s  in  B .

We s h a l l  f i r s t  e s t im a te  £* ( i+ e  |n  I)"1 )n  |- 3 / 2 [ a (0 (n ) ) ] -11

w here, a s  b e fo r e , e = x We w i l l

mm 1  O /O
( 1 + er) r  a (cp) e v a l u a t e d  a t  0(N ) i s  l e s s  th a n
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2+A

\ 1 -

L et  ( r n ,Qf ) b e  t h e  p o l a r  c o o r d i n a t e s  o f  0(N ) and l e t

x , a 0 , r  and 6  be a s  shown on  t h e  f i g u r e  a b o v e .  Now min f ( r ,  cp) £  
z  1 D

J  f  ( r ,  cp)r d r  dcp .
D

We w i l l  show t h a t  f ( r ,  cp) e v a l u a t e d  a t  0(N ) £  C min f ( r ,  cp) f o r  some
D

C >  0 and t h u s  c o m p le te  t h e  p r o o f .

v r 3 / 2 , ,  „ . h - , - 1min f ( r ,  cp) = [ r 2  ( l + e r ^ o ^ ]

o / o  h — 1

f ( r ,  cp) e v a l u a t e d  a t  ( r ^ o ^ )  = [r ^  ( l + e r ^ ) ^ ]

_ 3 / 2 „  . h , - l . r 3 / 2 , ,  h , - l
C o n s id e r  ( 1 + e i ^ ) ^ ]  /J> 2  ( l + e r 2 ) a 2 ]

( C 2 ( S S J )



8

C l e a r l y  l im
x _roo 

6-*0

l i m  ( < c .  f o r  some C, >  0 .X_«A 1+erj/ 1 1
6- *  0

r  N3 7 2— ) <  Cn f o r  some > 0l’j  /  0  0

(  a „ \ hWe must a l s o  show t h a t  l im  I I <  c „  f o r  some C„\  Ui /  ^ O
» oo *

6-»  0

. -1 / '  3+A+26\ ^ . - i f  2+A+2S\
2  = t a “  I. s ^ r )  “i  = t o n  K s - )

* ~ l f  3+&+26\
t a ”  K s z r )

l i m  —  = l im
j j —> co x X"*®®

6 -* 0  6 - * 0

T “Tj 2+^+26V  
t m  k — S - /

by l ' H o p i t a i ' s  r u l e

. . 4 x 2 (6 + 2 A + 4 6 )+ t1 (A, 6 )  .= l im  — gA-------------c— — t   w here  l i m  T. =
x -ko  4x  (4 + 2 A + 4 6 )+ t 2 ( x ,  A, 6 ) x - * a  1

6 - » 0  6 -* 0

3+A 
2+A

s o -  &  - ( 3+A Y 
2+A/ 0  <  h  <  1 / 2

So t h e r e  e x i s t s  C >  0 su c h  t h a t

r  3 / 2  . . h , - l /P 3 / 2 , ,  . h , - l  ^
(1+  €r^ )o?^] / [ r 2  ( l + e r 2 ) a 2 ] < C

w h ic h  c o m p le t e s  t h e  p r o o f .

> 0

0  f o r  i = l , 2  .
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:fi $
Thus t h e  two sums E and E may be e s t i m a t e d  by

e

com paring  them w i t h  i n t e g r a l s .

r/ 2  x§-

E ( l + e | N l )  1  |n r 3 // 2 [A ( 0 ( N ) ) ]  h 5  J  J [*(l+x  1 /,3 r )  1 r 3/"2 r  d r l a  hda

5  r“ 1 / 2 d r ] d a

0  1

v / 2

= J  c f h  2 ^x1 / 6 - l J d a  

0

< nr'  
£M6 X

and

V /2  00

E C I + s In I ) " 1 | N r 3 / 2 [ A ( 0 ( N ) ) f h  5  j ' J  r a + x " 1 / 3 r ) ” 1 r " 3 / 2 r d r " ] o r h 1
0  x ^

d a

tV 2

r a_ h  r  r
I . Jj

1 / 3  - 3 / 2 ,  -] 
x  r  d r  da

X '

d a
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S in c e  t h o s e  e s t i m a t e s  a r e  t h e  same and t h e  j o i n t  e s t i m a t e  i s

OCX1 ' 6  >

x 1/2 z * ( i + s  | i t | f 1 | k f 3/ 2[ A ( e ( N ) ) l " "  « m „ x 2/3 .

Now we s h a l l  e s t i m a t e

$ ( 0 ) = £ * * ( l + e  |n | ) _ 1  |n r 3 / 2 [ A ( 0 ( N ) ) ] ~ h .

( R e c a l l  Z i n d i c a t e s  t h a t  t h e  sum i s  ta k e n  f o r  a l l  N ’ such

t h a t  0 (N )  i s  i n  B ) .  A g a in  i t  i s  s u f f i c i e n t  t o  e s t i m a t e  t h i s

sum f o r  0 (N ) i n  one o f  t h e  bands i n  B , and we may w i t h o u t  l o s s

o f  g e n e r a l i t y  assum e t h a t  t h i s  band i s  c e n t e r e d  ab o u t  t h e  x ^ - a x i s  

TT
and t h a t  0 £  0 £ .  In  t h i s  s e t u p ,  l e t  ( q ,~ p )  be  a l a t t i c e  

p o i n t .  For  a g i v e n  q t h e r e  i s  a p su ch  t h a t  d i s t ( 0 ( N ) , x ^ - a x i s )  

i s  m in im a l.  L et o?(N) = [ A ( 0 ( N ) ) ]  . C l e a r l y  § ( 0 )  i s  bounded by

a m u l t i p l e  o f  ^ * ( l + e | N l )  1  |n | 3^ 2 | ta n  a?(N) | h .

C o n s id e r  t h e  f o l l o w i n g  d iagram  

x„

2+A I
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t a n  a  = — , ta n  0  = f f - 0-.  
x  q

Let p = t a n  0 , t h e n  |p -p /q  | = 1^1*

C l e a r l y  t h e r e  i s  a number > 0 su ch  t h a t

(tan or 1 = l j  | S c 4  I = C4  |n -p /q  | (q ^ |N | )  .

00

Thus Z?l' * ( l + e  |n | )  1  |N | 3 / / 2  | ta n  o (N )  | h £ M_ S  (q )  3  2  |^ -p /q  |h
q = l

Now t h e  l a s t  sum can be w r i t t e n  a s

3 , 3«> -  7 j+h , 00 -  —+h ,
E q |qu-p  p  1 = E q ||qp,|f ,

q = l  q = l

w here  "|| ||" d e n o t e s  t h e  d i s t a n c e  t o  t h e  n e a r e s t  i n t e g e r .  "|| ||"

i s  a  p e r i o d i c  f u n c t i o n  o f  p e r io d  1  ,

1

C o n s id e r  J  | |q u |p hdp = I  . I  i s  f i n i t e  and in d e p e n d e n t  o f  q . 
0

~ "g+h 1 , 2

Now Z q  J ||qp||~ dp, i s  c o n v e r g e n t  s i n c e  h <  ■= . Thus
q

°  3  h-  -g+h _ h 1
by B e p p o -L e v is '  th eorem  E q |jqp,|l i s  c o n v e r g e n t  t o  an L

f u n c t i o n  f o r  a lm o s t  a l l  p € { 0 , 1 ]  . T h i s  i m p l i e s  t h e  d e s i r e d  r e s u l t .

We c o m p le te  th e  p r o o f  by show ing  t h a t  o u r  r e s u l t  i s  t r u e  i f  C

i s  s t a r - l i k e  w i t h  r e s p e c t  t o  any p o i n t  , C o n s id e r  C = t ( C )  ,

w h ere  C i s  a  t r a n s l a t e  o f  C , s t a r - l i k e  w i t h  r e s p e c t  t o  t h e  o r i g i n .

$ He
F or  e v e r y  x  >  0 we have  t  su ch  t h a t  t  (xC) = xC .  L et  J  (Y)

X X

b e  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  C , and J e( x ,Y )  be t h e  c o n v o l u t i o n  

o f  J * ( Y / x )  w i t h  6  (Y) .

Now, N ( x , 0 )  = E J * ( [ t x 0 ( N ) ] / x )

and

E J * ( x - e , t  ( 0 ( N ) )  s N ( x , 0 )  £  2  J * ( x + e , t  ( 0 ( N ) ) )  f o r  e > 0 .
C X €  X
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The F o u r lo r  t r a n s fo r m  o f  J  ( [ t x 6 ( N ) ] / x )  d i f f e r s  from t h e  F o u r ie r

2Tri (Z Y}
t r a n s fo r m  o f  J ( 9 ( N ) / x )  by a f a c t o r  o f  e  ’ where Z i s

a r e a l  v e c t o r .  C l e a r l y  t h e  e s t i m a t e  f o r  t h e  a b s o l u t e  v a lu e  o f  th e  

F o u r i e r  t r a n s fo r m  w i l l  n o t  ch an ge  so  we can  c o n t in u e  t h e  p r o o f  a s  

b e f o r e .

P r o o f  o f  Theorem 2 .

TT 3
Suppose 0 /  o ’ o™ h a s  an a l g e b r a i c ,  n o t  r a t i o n a l  t a n g e n t .

A A

W ith n o t a t i o n  a s  b e f o r e ,  we o n ly  n eed  t o  e s t i m a t e

1 / 2  „  - 3 / 2  L | - 1  | p i-h  ,  - 1 / 3 .
x  E q | l+ eq  | 111-  |  | ( e  = x  ) .

By R o t h ' s  th eorem  £ 6 ] ,  i f  p i s  any a l g e b r a i c  number (n o t

r a t i o n a l )  and i f  |p -  — | i  h a s  i n f i n i t e l y  many s o l u t i o n s ,  th e n
q qP

P £ 2 .  I . e . ,  i f  j3 >  2 , th e n  |p- — | ^ —= h a s  f i n i t e l y  many
q qP

1s o l u t i o n s .  I n  p a r t i c u l a r  i f  T| >  0 i s  su ch  t h a t  h ^ 2̂+Tj ’

|fi— — | ^ q  f o r  a l l  but a f i n i t e  number o f  q ' s  . Thus,

3 / 2  L . _  l - l  I. P l -h  , „  , „  - 3 / 2  . , _  . - 1  (2+Tl)hS q“^  | i+ « i1 '1 In- 5  r 1 s  u_ + e  | i+aa

-  M_ + E + E
q <  — q £ -M e e

The two sums ca n  be e s t i m a t e d  by com paring  them w i t h  i n t e g r a l s .

v “ 3 /2  |, _  i - l  (2+T|)h . r “ 3 /2  _  |-1M  N l  q s  J q |i+«i I q
q< I  i

3 / 2  | - l „ ( 2 +'Il)hdq

1
X 3

s  J  q ' 3 / 2 + ( 2 +T|>hdq 

1

= q ( 2 +T1) h - l / 2 / 2 +7 1 )h _ 1 / 2 j X

= 0 ( J ( 2+^ h - 1 / 6 )
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v - 3 /2  I „ |-1  (2+T|)h .  p - 3 /2  i i - l  (2+T|)h, M  |l+ e q | q ^ J q |1+ eq| q v dq
q 4 X

00

1 | q(2+1))h -  5 /2 dq£
e _  

x 3

= xi q <2+T l)h -y 2/(2 + 1 ))J i_ 3 /2 J  ^

= c x ^ ' 2- 11’1' - 176) .

1  , 1  f  Q , T| \  t- . 1

The j o i n t  e s t i m a t e ,  when m u l t i p l i e d  by x 2  , i s  0 ( x  3) ,

w h ic h  p r o v e s  Theorem 2, s i n c e  ^(2+T))h + ^  £ §  .

Our n e x t  r e s u l t  i s  a g e n e r a l i z a t i o n  t o  h i g h e r  d im e n s io n s  o f

Theorem 4 o f  £ 5 ]  w h ich  s t a t e s ;  "Suppose C i s  a p o ly g o n .  Then f o r

e v e r y  e >  0  , t h e r e  e x i s t s  a number M(e) >  0  su ch  t h a t

2 tt
J  |r ( x , 9 )  |d9 ^ M ( e ) ( l o g  x )  + e  (H ere R ( x , 9 )  i s  d e f i n e d  a s  i n  
0

o u r  Theorem 1^

Theorem 3 .  Suppose P i s  a compact n - d im e n s io n a l  p o ly h e d r o n  h a v in g  

volum e V . L et  G be t h e  o r t h o g o n a l  group  0 ( n )  , and l e t  be

t h e  im age o f  t h e  i n t e g r a l  l a t t i c e  p o i n t s  u n d er  g i n  G .  L et

N ( x , g )  be  t h e  number o f  p o i n t s  i n  L^ w h ich  i n t e r s e c t  t h e  s e t  xP , 

and d e f i n e  R ( x , g )  t o  b e  t h e  d i f f e r e n c e  b e tw e e n  N ( x , g )  and t h e  

volum e o f  xP . I . e . ,  R ( x , g )  = N ( x , g )  -  Vx11 . Then t h e r e  i s  a p o s i t i v e

M , su ch  t h a t

, 2+ eJ  l n ( x . g )  |dg £ M(n, e) ( lo g  x )'  
G
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w h ere  dg  i s  n o r m a l iz e d  Ilaar m easure on  G .

To p ro v e  t h i s  th eorem  we s h a l l  a p p ly  a  s i m i l a r  method t o  t h e  on e

u s e d  i n  £ 5 ]  and i n  my p r e v io u s  p r o o f s .

P r o o f  o f  Theorem 3 .

F i r s t  we w ould  l i k e  t o  e s t i m a t e  t h e  F o u r i e r  t r a n s fo r m  o f  t h e

c h a r a c t e r i s t i c  f u n c t i o n  o f  P .  In  p o l a r  c o o r d i n a t e s  ( r , 9 ) ,  (0  6  SD *) ,

w here  n(Y ) i s  t h e  e x t e r i o r  normal t o  oP . N o te  t h a t  n(Y) , a s  a 

v e c t o r i a l  f u n c t i o n  o f  Y i s  c o n s t a n t  on  t h e  f a c e s  o f  9p . L et  us  

exam in e  t h e  c o n t r i b u t i o n  t o  t h i s  i n t e g r a l  o f  a t y p i c a l  f a c e  Pn 

o f  3P . Now, t h e  c o n t r i b u t i o n  from Pn_^ can  w r i t t e n :

A p p ly in g  t h e  d i v e r g e n c e  theorem  o n c e  more, we f i n d  t h a t  t h e  l a s t  

i n t e g r a l  i s  i t s e l f  a sum o f  term s  o f  t h e  form

By a p p ly in g  t h e  d iv e r g e n c e  th eorem  n -1  t im e s  and a t  e a c h  s t a g e  

e x a m in in g  a t y p i c a l  f a c e  o f  t h e  boundary , we f i n a l l y  c o n c lu d e  t h a t  

F ( r , 0 )  i s  a sum o f  term s  o f  t h e  form

l e t

P

By t h e  d i v e r g e n c e  th eorem

j  2TTi(r0,Y) 

3P

( 0 ,n ( Y ) ) d S y

P

2 T T i ( r 0 , Y ) w h ere  Cn ( 0 )  = ( 0 ,n ( Y ) )

n - 1

n - 2
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— £Xi> , » „ o r c  | c ( 0 ) | s  1  ,
( 2 iU r )  P a

and Pj i s  a l i n e  segm ent i n  n - s p a c e .

To e s t i m a t e  th e  l a s t  i n t e g r a l  we w i l l  u s e  Lemma 2 o f  [ 5 ] :

"Suppose S i s  a s t r a i g h t  l i n e  segm ent i n  (x  , x  ) - p l a n e .  D e f in e
J. ^

HOT) -  J  o 2 ™ « ’Y>dSx  , •
s

w h ere  X = ( x ^ X g ) ,  Y = (y-^.Yg) and dSx  i s  t h e  a r c  l e n g t h  e le m e n t  

on  S . F or  Y ^ 0 , l e t  A(Y) be  t h e  s m a l l e s t  n o n n e g a t iv e  a n g l e  w hich  

Y makes w i t h  t h e  l i n e  p e r p e n d i c u l a r  t o  S . Suppose  g ( t )  i s  a p o s i ­

t i v e  f u n c t i o n ,  d e f i n e  f o r  t  ^ , and su ch  t h a t  b o th  g ( t )  and

t / g ( t )  a r e  n o n d e c r e a s in g  o v e r  [ t ^ , 03) . Then t h e r e  e x i s t s  M >  0 , 

su ch  t h a t  f o r  |y  | , 1 /4A (Y ) ^ t^

|H(Y) | *  M(g | y | ) [  |Y |A ( Y ) g ( l / 4 A ( Y ) ) ] ~ 1

Now, l e t  Y be t h e  s m a l l e s t  n o n - n e g a t i v e  a n g le  w h ic h  t h e  v e c t o r

( r , 0 ) makes w i t h  h y p e r p la n e s  p e r p e n d i c u l a r  t o  P .

1 + e
L et  g ( t )  = ( l o g  t )  . Then by t h e  Lemma above t h e r e  e x i s t s  

M0  >  0  su ch  t h a tO

J  e 2 TTi r̂ e ’Y^dSY £  Mg ( l o g  r ) 1 + e [ r Y ( l o g  l / 4 y ) 1 + e ] 1  

P i

and s o  r  n + 1  J  e 2Tli^r ®’Y^dS ^ M„ r  " ( l o g  r ) 1 + e[ Y ( l ° g  1 /4 Y ) 1 + 6 ] 1  •
P i

T h is  i m p l i e s  t h a t  t h e r e  e x i s t s  a f u n c t i o n  ffi(0) su ch  t h a t

|F ( r , 0 )  | ^ ( l o g  r ) 1+€r " $ ( 0 )  .

C laim ; $ (0 )  £ L * (s"  * )  . To p r o v e  i t  f i r s t  o b s e r v e  t h a t  $ (0 )  

i s  bounded, e x c e p t  i n  bands about t h o s e  e q u a t o r s  w hose  p o l a r  a x e s  a r e
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p a r a l l e l  t o  t h e  o n e - d im e n s io n a l  s i tn p lo x e s  o f  BP , and i s  a sum o f

1  + e - 1
t e r n s  of th e  form [ y ( 9 ) ( l o g  1 / 4 y (9 ) )  ] , e a c h  o f  w h ich  i s  s i n g u l a r

a t  t h e  a fo r e m e n t io n e d  e q u a t o r s .  Now, c h o o s e  A >  0 and l e t  B be a 

band ab ou t su ch  an e q u a to r  such  t h a t  i f  Y(9) € B , th e n  0  ^ Y (9 )  <  A 

and 2 t t - A < y ( 0 )  £  2 ti . Let B ,B , . . . , B  be a f i n i t e  c o v e r  o f  B .
x  ch K

We n eed  o n ly  t o  exam ine

. l + e n- l
L Y f O M J - O g  J V ' i Y f a ; ,

'r

J [ Y ( 9 ) (log 1 / 4 Y ( 9 ) ) 1+G]_ 1 d9
B

9 = ( 0 , , 0 OI. . . , 0  , )  . Let B1  be a p a th  i n  B i n  t h e  d i r e c t i o n  0. .' 1  2  n- 1  r  r  i

Now, by F u b i n i ' s  theorem

J  r Y ( 9 ) ( l o g  l / 4 Y ( 9 ) ) 1 + e ] _ 1 d 9  = J d9, . . .  J [ y ( 9 )  ( l o g  1 / 4 Y(9 ) ) 1 + e ]_ 1 d 0

B T 1  „ n - l  n 1r  B B
r  r

Suppose i s  i n  t h e  d i r e c t i o n  o f  t h e  p e r p e n d ic u la r  t o  t h e  e q u a t o r i a l

p la n e ,  i . e . ,  i n  t h e  d i r e c t i o n  o f  Y • C l e a r l y  t h e  i n t e g r a l  m igh t become
j

i n f i n i t e  o n ly  on t h e  p a th  .

1 + e , - l
So c o n s i d e r  I = J [ Y ( l o g  1 / 4 y )  +C] dY

B* r

A 2 tt

-  J  l / Y [ l o g  l / 4 Y ] 1+6dY + J l / Y [ l o g  l / 4 Y ] 1+6dY 

0  2 th A

A
_ l i m  r  ( l o g  4y) 0  ~1 r  ( l o g  8 ti) e ( l o g  8TH4A) C "j

6-0 L e J 6 L e e J

= \  { ( 1 o s ( 8 t i - 4 A ) )  6 -  ( l o g  8 n) e -  ( l o g  4A) ^  < Mg ( e )  

So t h e r e  e x i s t s  M(n, e) su ch  t h a t
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J  $ ( 0 ) d 0  S M (n ,e )  . 

s" " 1

Now l e t  J (Y )  be t h e  c l i a r a c t e r i s t i c  f u n c t i o n  o f  P . Then

J ( Y / x )  i s  th e  c h a r a c t e r i s t i c  f u n c t i o n  o f  xP , and th e  F o u r ie r

tr a n s fo r m  o f  J ( Y / x )  i s  x nF ( x r , 9 )  , i f  we s e t  Y = ( r , 0 )  .

N o te  t h a t  N ( x ,g )  = 2  J ( g ( N / x ) )  .
■ N '

CO
L e t  6 (Y) be a n o n - n e g a t i v e  C f u n c t i o n  w i t h  su p p o r t  i n  th e

u n i t  b a l l  and s a t i s f y i n g  J 6 (Y)dVy = 1 . D e f in e  &£(Y) = e n 6 (Y /e )  .

Rn

Now 6  (Y) h a s  su p p o r t  i n  t h e  b a l l  |y | ^ e and i t s  i n t e g r a l  i s  a l s o  1 €

N e x t  d e f i n e

J e(x ,Y )  = J 6 e(Y -X )J(X /x )d V y  

Rn

and s e t  N g( x , g )  = 2 j g( X ,g ( N ) )  .

By t h e  P o i s s o n  summation fo r m u la ,  t h i s  l a s t  q u a n t i t y  e q u a l s

A n  co
2  6  ( g ( N ) ) [ x  F ( x g ( N ) ) ]  , s i n c e  J (xY) i s  C f u n c t i o n  w i t h  compact  

6  G

s u p p o r t ,

N (x ,  g )  = Vxn + 2 ‘  ( g ( N ) ) [ x nF ( x g ( N ) ) ]

w here  2 / means summation o v e r  a l l  n o n - z e r o  i n t e g r a l  l a t t i c e  p o i n t s .

Now assum e t h a t  P c o n t a i n s  t h e  o r i g i n ,  t h a t  ( Y ,n ( Y ) ) 4  0 

f o r  Y € dP , and t h a t  t h e  d i s t a n c e  o f  oP from t h e  o r i g i n  i s  l a r g e .

A s was p o in t e d  o u t  e a r l i e r ,  t h i s  e n t a i l s  no l o s s  o f  g e n e r a l i t y .  We 

t h e n  f i n d  t h a t  f o r  e >  0  .

N e( x - e , g )  S N ( x , g )  s=Ne( x + e , g )  .

Thus N ( x - e , g )  -  Vx11 £ R ( x , g )  S N  ( x + 0 ,g )  -  Vxn ,
G G

By t h e  r i g h t  hand s i d e  o f  t h e  l a s t  i n e q u a l i t y ,  we f i n d ,  s u b s t i t u t i n g
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oui* p r e v io u s  e x p r e s s i o n  f o r  N (xH-e,g) , t h a t€

R (x ,g )  £  v^(x+e)n-  xn)  + E' |^ g( g ( N ) ) | (x+ e )n | f ^ ( x + g )  |n |g (N /  |n | ) yl I •

Now |^ e ( Y ) |  ^ M^q(1+ 6  |n | )  1  , so  by o u r  e s t i m a t e  f o r  F ( r , 0 )  ,

R ( x ,g )  £  \T(x+e)n - x n ) + E 7 ( 1 + s |n  | ) - 1 ( l o g ( x + e )  |n | ) 1 + 6  |n |~n § ( g ( 0 ) ) .

T h ere  i s  a c o r r e s p o n d in g  i n e q u a l i t y  g o in g  t h e  o t h e r  way, and we 

e a s i l y  c o n c lu d e ,  a ssu m in g  e s m a l l ,  t h a t

| r ( x , g )  | SM11[ x n_1 e +  E7 ( l + e | N | ) _ 1 ( lo g  x | N | ) 1+C| N r n $ ( g ( e ) ) ]  •

I n  pai’t i c u l a r ,

J |R (x , g )  |dg £  M1 0 [ x n 1  e + E 7 ( 1 + e |n J )  1 ( l o g  x  |n I) 1 *1* 6  |n | “  J § ( g ( 8 ) d g j  . 

G G

Now on  t h e  r i g h t  hand s i d e ,  t h e  i n t e g r a l  o v e r  t h e  group i s  t h e  same 

a s  t h e  i n t e g r a l  o v e r  Sn 1  , s i n c e  i f  we n o r m a l iz e  t h e  m easure o f  G 

and Sn 1  t o  be 1  we have:

J  $ ( g ( 9 ) ) d g  = /  d0  J  $ ( g ( 0 ) ) d g  .
_n- 1

G S G

The above e q u a l i t y  i s  t r u e  s i n c e  t h e  l e f t  hand s i d e  i s  in d e p e n d e n t  o f  

0  ( g i s  an i s o m e t r y  o f  t h e  s p h e r e  and 0  c o u ld  be r e p la c e d  by

any 0 Q = g ( 0 ) ) .

Now by F u b i n i ’ s theorem

J  d 0  J  $ ( g ( 0 ) ) d g  = J  dg J  $ ( g ( 0 ) ) d 0  ,
n - 1  _ n - 1

S G G S

and t h e  r i g h t  hand s i d e  i s  e q u a l  t o  J  § ( 0 ) d 0  s i n c e  G h a s  m easure 1  .

s 11"1



Thus

Then

ID

J $ ( g (® ) )d y  i s  f i n i t e  s i n c e  i ( 0 ) (: l / ( s n 1 ) .
G

We c o n c lu d e  t h a t

J | n ( x , g ) |d B  ^ M1 2 f"xn 1  e + Z ' ( l + e | N |) 1 ( l o g  x jN | ) 1+ 6  |n |~n_J .
G J

1 -n
Now s e t  e = x  

Z ( l o g  X In l ) 1 + € ( l + e  In I) - 1  In r n = E +■ E .

IN l< -e In | s  \

T h e se  two sums w i l l  be e s t i m a t e d  by com paring  them w i t h  i n t e g r a l s .  

n - 1
x

Z ^ J  (log x r)1+S(l+er) 1 r11 r” 1dr
l»l<i  1

n- 1
x

£ J  (log x r )1+E r *dr 
1

n - 1„ _,x
1  * - * 2 + sH

-  z T e  ( g  x r > J j

1  S n  n .  2 + e . . 2 + o\
= TTe l ( l o e  x  > " ( l o g  x )  J

= O ( lo g  x ) 2 + e  .
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£  S J  ( l o g  x r )  + e ( l + e r )  r  n r11 d r  

| n | 4  x ”- 1

1  (* , ,  Nl + e  - 2•— J ( l o g  x r )  r  dr
n - 1

-  ~  ( l o g  x r ) 1+£J + ( 1 + e)  J
n- 1 n- 1

( l o g  x r )  
ers

d r

= ( l o g  x n ) 1 + e  + o J  i  ( l o g  x r ) 1+e  

x 11" 1

- 2
d r

= 0 ( l o g  x ) 1 + e  .

So 2  ( l o g  x  |n | ) 1 + e ( l + e |n | ) _ 1  |n |_n  = 0 ( l o g  x ) 2+S

w h ic h  c o n c lu d e s  t h e  p r o o f  o f  th eo rem .
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M arysia  T a r n o p o lsk a ,  d a u g h te r  o f  S t e f a n i a  Nahulak and K a z im icrz  

T a m o p o l s k i ,  was born i n  O p o lc ,  P o land  on March 11 , 1 9 4 9 .  She came 

t o  t h e  U n ite d  S t a t e s  i n  March o f  1 9 6 6 .  I n  Juno 1968 sh e  gra d u a ted  

from W alton H igh S ch o o l  and i n  Septem ber o f  t h e  same y e a r  sh e  e n t e r e d  

Lehman C o l l e g e  and r e c e i v e d  h e r  b a c c u l a u r e a t e  d e g r e e  i n  .1972 . In  

June o f  1972  sh e  m arr ied  S t u a r t  W e iss  and i n  Septem ber  o f  t h e  same 

y e a r  she began t o  s tu d y  m a th em a t ic s  a t  t h e  G raduate  S ch o o l  and U n iv e r ­

s i t y  C e n te r  o f  CUNY. As a g r a d u a te  s t u d e n t  sh e  h a s  b een  t e a c h i n g  a t  

Q ueens C o l l e g e .  D uring  t h a t  p e r io d  sh e  a l s o  became a m other ( t w i c e ) .  

H er f i r s t  so n ,  Adam C a s im ir ,  was b o m  on November 14 , 1974 and h i s  

b r o t h e r  S t e f a n  R obert was born on  January  21, 19 7 7 .


