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Lattice point problems have a long history and still remain
an active research topic,

Let N% be the number of lattice points in or on a circle of
radius x . It is easy to show that N% AJTIxz (IIilbert, Cohn-Vossen
[2]). Let R(x) = Nx -7 x2 . It was known to Gauss that R(x) =
0(x) (see Landau [4]).

Define p = inf {aIR(x) = O(xa)} . In 1915 lLandau and Hardy
found that p 2 % . Going the other way around, in 1906 Sierpinski
showed that p = % and later in 1923 van der Corput slightly improved
Sierpinski's result by showing that p < % . This result has been

13

gradually improved to % <p < %5 (Landau [4]).

Hardy [1] showed that for every € >0

1? IRet) lat = o Bre
= R(t) |dt = O(x )
1
and = }j‘ {R(t)}at = 0(x+
*3

—%.l. e

which led to the conjecture that R(x) = O0(x ) . This still has not

been proven,
Since Hardy'®s average order result there has been much work done
along the same lines. Kendall [3] investigated a lattice point

problem for a random circle, In this case

N, (u,v) = ?ff{(m,n)l(u—m)2 + (v-n)2 Sx}.

Choose x, and let (u,v) € [0,1]x[0,1] .

Kendall showed:



2

2

I3 o]

1
Mean (Nx) = g Nx(u,v)du dv = T X

o

and

Variance (NX) = {Nx(u,v) -7 x2}2 du dv = 0(x) ,

Oy
Ot—H

and extended his result to general ovals having boundarics with
positive curvature.

The more recent results of Randol [5] deal with compact subsets
of the plane having a smooth boundary with possible points of zero
curvature, and with polygons.

These results and Professor Randol's advice led me to investigate
the problems in this work.

A result similar to Theorem 1 of my work has recently been

obtained by Y. Colin de Verdieve [7].

Theorem 1: Let € be a compact subset of the plane, such that its
boundary oC is of class C°° and has finitely many points of zero
curvature. Assume additionally that the order of contact at each

point of zero curvature is finite and that C is star~like with respect
to some point =z in the sense that no tangent line to Q3C passes

0

For a fixed © € [0,27] , let Le

integral lattice points under a counterclockwise rotation of size 6 .

through =z be the image of the

O .
For x > 0 , define N(x,6) to be the number of points in Le which

2
intersect xC . Now, let R(x,9) = N(x,8) - Vx , where V = I dx,dx,, .
C

There exists M > 0 and a function &(8) which is L1 on S1 , such
2 A '
that |R(x,8) | =mx® + 8©)x% .

In the next thecorem we shall for simplicity assume that OC has



only one point of zero curvature, located on the positive xl-nxis

and such that the normal 1line is also on the x.~axis. These

1
hypotheses can be generalized,
2
Theorem 2. Under the above conditions |R(x,9)l = O(xs) for each

<] #-gfgﬂ having an irrational, algebfaic tangent,

Proof of Theorem 1: We shall first assume that zo is the

origin and later we will show that the result is tfue in general,

If X = (xl,xz) and J(X) is the characteristic function of
the set €, then J(X/x) is the characteristic function of the
set xC . Suppose F(Y) is the Fourier transform of J(X) , then
x2F(xY) is the Fourier transform of J(X/x) . If we think of 6 as

a transformation in S0(2) , we can write

N(x,0) = 2 J(O(N)/x) .
N

[e o)
Next define 6(Y) to be a non-negative C function with

support in the unit disk, and satisfying J G(Y)dVY =1 . Let
R2

5e(y) = é'26(Y/e) . Now GG(Y) has support in the disk |Y| < e,
.and its integral is also 1 .

If we define

I xY) = [ 8 (T-X)T(X/x)av,
RZ
and set
N (x,0) = £ (x,06(N))

we can apply the Poisson summation formula to find that

£ (x,000) = £ 800X FaON)]



o .
since Je(x,Y) isa C function with compact support. I.e,,

N Gx,0) = vx® + 2 8 0a0I[xrex, 6aN)]

where z’ indicates summation over all non-zero integral lattice
points,
Assuming, as we clearly may, that the distance from the origin

to ©oC is initially large enough, we can say that for € >0 ,

N (x-€,68) SN(x,8) =N_(x+¢8)
by the star-like conditions on C , This implies that

2 2
Ne(x— €,8) - vx° = R(x,6) SNe(x+€,9) - Vx .
By the right hand side,
2 2 ¢ N 2
R(x,0) SV[(x+e)™=x"] + Z SG(B(N))[(X+€) F((x+€)0(N))] .

Por a given N , let al""’ak be the set of angles, with
. ..
each 03 € [0’5]’ which the line through the origin and ©O(N) makes

with the normal lines to oC at points of zero curvature. Set

[ACON))] = min o, .
15§ <k

Theorem 1 of [1] states: "If € is a compact subset of the plane
and oC is of class Cn+3 for some integer n21, and i£ the Gaussian
curvature of oC is nonzero at all points of dC, with the possible
exception of a finite set, at each point of which the tangent line
has contact of order <=n, then @(9)4: sup rs/le(r,6)| is bounded

1

on S if n =1, and of class LP on S1 , for any p < 2n/(n-1)

if n>10



Moreover, ¥(0) is always bounded, except in neighborhoods of
those points of S1 which, regarded as vectors, correspond to
exterior or interior normals to JC at points of zero curvature,

In neighborhood of such a point 6 $(6) 1is bounded by a multiple

]—(nd~1)/2n5

0 )

of ([dist(9,6.) , where dist(e,eo) is the length of the

smaller arc of S1 connecting © and 60 , and nj is the largest
order of contact which can occur between oC and its tangent line,

at those points of dC at which the exterior normal is either 60

_e "
Or 0 L
_ 3/2 .
By this theorem our hypotheses imply that sup x lF(xG(N)' is
' x

n_ -1

2n 0

, Where n is the

bounded by a fixed multiple of [A(O(N))] o

largest order of contact between 0OC and a tangent line.

Thus sz(xe(N)) < xl/z‘Nl-s/z Ml[A(G(N))]—h where
(no-l)
h=————— , Observe h <1/2,
2n0

A -
Also, |6€(Y)‘ s;1\'12(1+<-:lY|) 1 for M, >0, so we can write

IR(x,e) l < V[ (x+ e)z-xzj + 2\13(X+€)1/2 E’(1+e|1~r|)“1 IN l'S/Z[A(e(N))]_h .

w

Now, if we let € = x , we obtain the following:

a) Rex,8) s {03y 4 Ms(x+€)1/2 £/ e D ¥ race a1
where "0" is independent of © .

Similarly we can show that

1/2 3/2

B RGO = -0 + et ? asen D In Y @™ .

a) and b) imply that

|Rex,0) | = M4{x2/3+x1/2 2 e D N T Zra e a1




for some M, > 0.

Suppose for some &4 > 0 , we draw bands of width 2+A symmetri-
cally about each normal line to oC at points of zero curvature.
Let B be the union of these bands,

Now write Z' = A &here 7 indicates that the sum is

taken over all N {for which O (N) is in the complement of B , and

k-
z means O(N) is in B ,

We shall first estimate I (l+elN]) P ¥ Faceani™ .

* * *
Now I = o+ z where, as before, €=

1 1
IN|<-3 |N|2'§

x-1/3 . We will

prove now that for all €(N) in the complement of B , f(r,®) =

(1+€r)-1173/2 a(qa~h evaluated at O(N) is less than M5 f f(r, Pr dr dy
0

for some n% >0, where O is a square centecred at 6(N) , and o(g)
is the smallest angle in [0,n/2] which the line through the origin
of argument ¢ makes with the normal line to <C at points of zero

curvature,

Clearly f(r,¢) increases as «(¢) approaches 0 , so we only
need to consider points ©6(N) for which «@(¢) is small, In fact,
it is sufficient to estimate £(r,¥) for B(N) near one of the
bands in B ., In doing this we may without loss of generality assume

that this band is centered about the xl—axis.



e (rl,al) =
\
\
\\
X
\ \
\
NN
Let (rl,otl) be the polar coordinates of O(N) and let
x,(')./‘?',r2 and 6 be as shown on the figure above, Now min f(r,¢) <
a
I f(r,P)r dr do .
w]
We will show that f(r,¢) evaluated at O(N) < C min £(r,¢) for some
a
C > 0 and thus complete the proof,
_ r.3/2 h.-1
m[i:n f(r,¢) = [12 (1+€r2)012]
3/2 ha-1
£(r,9) evaluated at (r;,oq) = [r] (1+er1)cz1]
. 3/2 h,-1,. 3/
consider ]_'rl (1+<-:11)o/1] /[r2 (1+er2)oz2]

__(33 1+era ( )
- 1+€r1 ay

BN



Clearly 1lim ( 3?
X —® N1

6-0

1im

X—

&0

1+ €r1

We must also show that

o, = tan

-1/ 3+A+26>
2 Ox~1

-1/
tan 1
oy _

)3/2

’ 1 e
Stery

for some €. > 0

<
o 0

c, >0,

<
> C1 for some 1

"o,
3 2 < >
lim ( —I/ C, for some

X~ @®

6-= 0

o = 2+A+26)

-1
1 tan ( 2x

3+A+26>

Tox-1

lim =T
Xx—® tan K
5—~0

lim
x-—)CD al
&0

by 1'Hopital's

240+20

23

rule

where

= 1i

X0 4x7 (442044 8)+T5(x, A, 6)

‘o B )
so 1lim k&f) = (

So there exists

[/

which completos the

im 4x2(6+2A+46)+71(A,5)

3+A‘h
244

c>0

lim T,
xX— @

6—0

0 <h <1/2.

such that

(1+erl)ag]’l/[rg/2(1+€r2)02]-1 <cC

proof,

c, >0

3

=0 for

i=1,2 ,



* *
Thus the two sums z and z may be estimated by

Wl<:  Inl=3

comparing them with integrals,

V2 x3
2 arel PN meent™ s [ [ae o™ arje e
|N|<—1;: 0 1

/2 X5
s [ oz"h[ [ ¥ %ar |ae
0 1 -
w2
L e
0
< Mé x1/6
and
W2
Z(1+€|Nl)~l |~ r3/2[A(9(N))]-h s | Il [:(l+x—1/3r)-1r~3/2rdr]a-hdoz
|N|2-}e 0 x3

va ®
< f oz—h r ‘f x1/3r-3/2dr]doz
5 L .x% )
V2 ©
- ~hf , 1/3\[ ~1/27
= fd ( 2x )[r 2] s do
0 %3
<M xl/6

6 *
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Since those estimates are the same and the joint estimate is

1/6

o(x )

/2 g INT Y Taceany T < ™

Now we shall estimate

-1 lN ‘-3/2

20y = ¥ F+eln]) raea)I™ .,

(Recall P indicates that the sum is taken for all N  such
that O(N) is in B ). Again it is sufficient to estimate this
sum for O(N) in one of the bands in B , and we may without loss
of generality assume that this band is centered about the xl—axis

and that 0 <0 S;;. In this setup, let (q,-p) be a lattice

point., For a given q there is a p such that dist(B(N),xl-axis)

is minimal, Let o(N) = [A(CM))] . Clearly &(8) is bounded by

—llN‘—3/2

a multiple of % "(l+e|N|) ltan oy [ .

Consider the following diagram

X9
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, tan @ =

“ic

tan o =

Let p = tan 6 , then Iu-p/ql = !gl .

Clearly there is a number C, > 0 such that

4
ltan o| = £ sclil=clval @ s D .
thus S reelw D7 N3 2 tan eqny [P s M, ;1 @32 fumpra |
T g
Now the last sum can be written as
3
Zq 7 fes["= zq 2 e 7
=1 a=1
where "|| ||" denotes the distance to the nearest inteéer. "l

is a periodic function of period 1 ,

e 1
Consider I Hqulrhdu =1, 1 is finite and independent of q .

0
- 3m1
- 2 . h . . 1
Now a q J qu\r du 1is convergent since h <-§ o Thus
0 3
-t h 1
by Beppo-Levis' theorem Z g \hp“ is convergent to an L

function for almost all u € [0,1] . This implies the desired result,
We complete the proof by showing that our result is true if C

%
is star-like with respect to any point Consider C = t(C) ,

zO »
where C* is a translate of C , star-like with respect to the origin,
For every x > 0 we have tx such that tx(xc) = xC* « Let J*(Y)
be the characteristic function of C* , and JZ(X,Y) be the convolution
of J'(w/x) with 6(¥) .

Now, N(x,8) = £ 3" ([t 8(01/x)

and

T J*;<x- &t (B(N)) SN(x,0) ST J*;(x+e,tx<e<N))> for €>0 .
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The Fouricr transform of J*([txe(N)]/x) differs from the Fourier
transform of J(O6(N)/x) by a factor of ezm(z’Y) where 2 1is

a real vector. Clearly the estimate for the absolute value of the
Fourier transform will not change so we can continue the proof as

before,

Proof of Theorem 2,

'n’ .
Suppose O # —fgn has an algebraic, not rational tangent.
2’2

With notation as before, we only need to estimate

52 gq'?’/z osag |7 - aplnh (e=x3 .

By Roth's theorem [6], if p is any algebraic number (not

rational) and if |u - a‘fl s—% has infinitely many solutions, then
q
B<2. I.e., if B>2, then |u- a"l s—lB has finitely many
q
1

. . . 5o <.
solutions In particular if T > 0 is such that h el

- (2
|p.— §|2q (24T for all but a finite number of q's . Thus,

g q—3/2 11+ eq |_1 |- -gl_h <M

- % _3/2|1+GQI—IQ(2+n)h

The two sums can be estimated by comparing them with integrals,

5 q—3/2 |1+eq rlq(2+ﬂ)h < J* q-3/2 |1+eq l-lq(2+mhdq
a< ¥
1
2
xS
< j- q-3/2+(2+’l’|)h(iq .
1

<35
= q(2+n)h-1/2 (2+T])h—1/2]
1

= 0(x3(2+Dh-1/6,



5 q—3/2|1+€ql—1q(2+ﬂ)h < £ q-3/2|1+€q‘—1q(2+T])hdq

>l
q4=3 x

S}é Iq(zm)h - S/qu

xS

1 _ -
= x3 ¢ (2+n Y25 24Mn - s/2]
3

X

i -
= 0(x3(2+n)h ]/6) .
Py Leo,! 1
The joint estimate, when multiplied by x= , is 0(x3(24n)h+3) ,
which proves Theorem 2, since #£(2+M)h + % <%
Our next result is a generalization to higher dimensions of
Theorem 4 of [5] which states: '"Suppose C is a polygon. Then for

every € > 0 , there exists a number M(€) > 0 such that

2

2
J IRex,8) la8 s m(e)(og x)°® " (Here R(x,8) is defined as in
0

our Theorem 1)

Theorem 3, Suppose P is a compact n-dimensional polyhedron having
volume V . Let G be the orthogonal group O(n) , and let Lg be
the image of the integral lattice points under g in G , Let
N(x,g) be the number of points in Lg which intersect the set xP ,
and define R(x,g) to be the diiference between N(x,g) and the

volume of xP . I.e., R(x,g) = N(x,g) - vx" . Then there is a positive

M , such that

I Irex,g) [dg < Mn, ) (1og x)2+€ ’
G
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where dg 1s normalized Haar measurc on G .
To prove this theorem we shall apply a similar method to the one

used in [5] and in my previous proofs,

Proof of Theorem 3.

First we would like to estimate the Fourier transform of the

characteristic function of P ., In polar coordinates (r,8), (0 € Sn—l) ,

let
F(r,8) = [ 20 gy |
P
By the divergence theorem
_ 1 2mi(rd,Y)
F(r,0) = e [ (8,n(¥))ds,
P

where n(Y) is the exterior normal to JP . Note that n(Y) , as a
vectorial function of Y is constant on the faces of oP . Let us
examine the contribution to this integral of a typical face Pn_1

of oP . Now, the contribution from Pn— can be written:

1

C,(9) I e2ﬂi(r6,Y)ds

ST v where Cl(e) = (6,n(Y)) .

n-1
Applying the divergence theorem once more, we find that the last
integral is itself a sum of terms of the form

€y (0)Ca(8) I e2ﬂi(r9,Y)dS

Y L]
) 2
(2mir) Pn—2

By applying the divergence theorem n-1 times and at each stage
examining a typical face of the boundary, we finally conclude that

F(r,0) is a sum of terms of the form



c(9) - I e2ﬂi(re’Y)dSY , where ‘C(e)‘ =1,

(2nin)™" p)

and P1 is a line segment in n-space,

To cstimate the last integral we will use Lemma 2 of [5]:

"Suppose S 1is a siraight linc segment in (xl,xz)—plane. Define

ne) = [ o2& Vyg

S

X b

where X = (xl,xz), Y = (yl,yz) and dSX is the arc length element

on S. For Y #O, let A(Y) be the smallest nonnegative angle which
Y makes with the line perpendicular to S . Suppose g(t) 1is a posi-

tive function, define for t =t and such that both g(t) and

0 b
t/g(t) are nondecreasing over [to,ﬁﬁ . Then there exists M > 0 ,

such that for |v|, 1/4a(¥) st

ko) | snely DI v arearaw)1™t oo

Now, let Y be the smallest non-negative angle which the vector

(r,0) makes with hyperplanes perpendicular to P1 .

l+€
Let g(t) = (log t) + . Then by the Lemma above there exists

Mé > 0 such that

I e2Tu(rG,Y)dSY < M8(10g r)1+€[rY(log 1/4Y)1+€:|--1

Py

1+e,-1
]

-n+1 I 27i (r0,Y)
e

and so r ds, = M8 r-n(log r)1+€[Y(log 1/4Y)
Py

Y

This implies that there exists a function ©(6) such that
. l+€ ~-n
lFer, 0] s (tog v 5 48
Claim; %(8) € Ll(Sn_l) . To prove it first observe that &(8)

is bounded, except in bands about those equators whose polar axes are



parallel to the
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one-dimensional simplexes of oP , and is a sum of

1+e,-1

terms of the form [v(8)(log 1/4Y(6)) ] , each of which is singular

at the aforementioned equators., Now, choose A >0 and let B be a

band about such

and 2m~-A<y(0) S2v, Let B.,B

We need only to

[ Tv(®) tog 174y ]

B
r

0 = (61,92,...,

an equator such that if Y(8) € B, then 0 < y(9) <A

yeees B be a finite cover of B ,

1'72 k

examine

“lye

0 ) . Let Bi be a path in Br in the direction ei .

n-1

Now, by Fubini's theorem

J vy cog 1/ave) a0 = [ a8,... [ [v(®) (tog 174y T e
B ! ! n
r r

r

Suppose 6

plane, i.e., in

4

is in the direction of the perpendicular to the equatorial

the direction of <Y . Clearly the integral might become

<

infinite only on the path Br .

So consider I = I [v(log 1/4Y)1+€]-1dY
L
B
A 21
= [ 1/¥[10g 1/4v1 %y + | 1/v[ 108 17471 Cay
0 2T-A
-¢ b -¢ -€
- 14 (log 4Y) r (log 8m) " (log 87+4A) -
= lim - ——me 4 - = + <
6-0 )
1 -c -€ - &
== L(log(STF4A)) ~ (log 8m) - (log 44) f <:M9(€) .

So there exists

M(n, €) such that
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[ 888 s, ey .

-1
gt

Now let J(Y) be the characteristic function of P . Then
J(Y/x) is the characteristic function of xP , and the Fourier
transform of J(Y/x) is an(xr,e) , if wve set Y = (r,0) .

Note that N(x,g) = § J(g(N/x)) .

[eo]
Let 6(Y) be a non-negative C function with support in the

unit ball and satisfying j 8(¥)av, = 1 . Define & (¥) = ¢ s/e) .
Rn

Now 6€(Y) has support in the ball IYl < ¢ and its integral is also 1 .

Next define

T, 7)) = [ 6 (¥-X)T(XU/x)av,
RD

and set N.(x,g) = 27 (Xem) .

By the Poisson summation formula, this last quantity equals
z ge(g(N))[an(xg(N))] , since J _(xY) is ¢” function with compact
support.

N e = v+ 2 6 e[ rGeen)]

where L' means summation over all non-zero integral lattice points.
Now assume that P contains the origin, that (Y,n(Y)) # O
for Y € 3P , and that the distance of &P from the origin is large.
As was pointed out earlier, this entails no loss of generality. We
then find that for €>0 .,
N (x-€,8) SN(x,g) =N (x+€¢g) .

Thus Ne(x- €g) - Vxn < R(x,Eg) S'Ne(x+€,g) - Vxn .

By the right hand side of the last inequality, we find, substituting
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our previous expression for Ne(x+c,g) , that
R(x,g) < V((x+e)n— xn> + lé\c(g(N)) l(x+e)n|1-‘<(x+e) |N |g(N/ |N|);‘| .
Now lge(Y)l s Mlo(1+€‘N|)—1 , S0 by our estimate for F(r,0) ,
RGx,g) S W+ ~x™) + 7 reln 7 logxre) W DM EIN T e (0)) .

There is a correspoﬁding ineduality going the other way, and we

easily conclude, assuming € small, that

lRexe) | <y [ e + 2 reln T aog =DM v Maceon |
In particular,

[ Irx, ) lag SMlol:xn-le + 2 arelyhog x| ‘?(g(e)dg:l .
G G

Now on the right hand side, the integral over the group is the same

-1

. n . . .
as the integral over S , since if we normalize the measure of G

and Sn-1 to be 1 we have:

[ e®)ag = [ a0 [ s(o))ae .
G sl ¢

The above equality is true since the left hand side is independent of
® (g 1is an isometry of the sphere and € could be replaced by
any 90 = g(8)).

Now by Fubini's theorem

J a0 [ ae(e)dg = [ag [ 2(e(8))a8 ,
G n-1

g s

and the right hand side is equal to f $(0)d® since G has measure 1 .,
n-1
S
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Thus I $(g(B))dg is finite since ¥(9) € Ll(Sn—l) .
G

We conclude that

[ Recelag s [ He s B aselvh™ aoe xInh N[

G
Now set € = xl—n .
Then T (log x NN Ca+eh ™ N[™= = + = .

W< Inl=3

These two sums will be estimated by comparing them with integrals.

n-1
X
Z s I (log xr)l"'e(l—w:r)_1 P P lar
1
<
b e 1
n-1
x

_ 1 { n,2+€ _ 2+e}
= 5% (log x ) (log x)

0(log X)2+e .

I
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0

z < ‘r (log xr)1+e(l+€r)—1 r—n rn~1 dr

lad o

w
-2
s.l I (log xr)1+ r dr
€
n-1
x
«w [+ c
e
= - % (log xr)l+ J + (l+€) I (log zr) dr
n-1 n-1 er
b3
m .
€ € =2
= (log xn)1+ + O I % (log xr)1+ r dr
xn—l

€
0(log x)1+ .

l+€ €

so = (log x WY Caseln 7 N = ocrog 02

which concludes the proof of theorem,.
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