INFORMATION TO USERS

This manuscript bas been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs. ;rint bieedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

UMI

A Bell & Howell information Company
300 North Zeeb Road. Ann Arbor, M1 48106-1346 USA
313:761-4700 800.521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



On Sidon Sets and related topics in
additive number theory

by
Martin Helm

A dissertation submitted to the Graduate Faculty in
Mathematics in partial fulfillment of the requirements for
the Degree of Doctor of Philosophy
The City University of New York

1995

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 9605601

Copyright 1995 by
Helm, Martin
All rights reserved.

UMI Microform 9605601
Copyright 1995, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

UMI

300 North Zeeb Road
Ann Arbor, MI 48103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This document was prepared with IATEX.
AMS 1980 Mathematics Subject Classification (1985 revision).
Primary 05 B 10,11 B 13.
Secondary 11 N 30.

Copyright ©1995 Martin Helm
All rights reserved.No parts of this publication may be reproduced without
the prior written permission.

i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This manuscript has been read and accepted for the Graduate Faculty in
Mathematics in satisfaction of the dissertation requirement for the Degree of
Doctor of Philosophy.

Mo 10077 MAedon b Ml

Date { Chair of Pramining Committee
) } - - | .

ey 7,1743 ! )(

Date? Cha}f’of Ezecutive Officer

—= (B Fon Rendel )

P

Supervisory Committee

The City University of New York

il

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Acknowledgements

I would like to express my gratitude to my advisors Prof Gerd

Hofmeister and Professor Melvyn B. Nathanson.

Their support was important for me and I appreciate what they have done
for me.

I would like to thank Professor Mike Anshel and Professor Burton Randol.-
I am far away from being a “ real” mathematician but learning from their
original ideas opened my eyes a little bit for the beauty of mathematics and
I am very greatful for that.

I am also greatly indebted to Professor Xing-De Jia and Professor Hans-
Jirgen Schuh for many, very helpful suggestions and valuable information.

The Department of Mathematics of the CUNY Graduate Center has been a
very fine place to learn mathematics for me .

Thank you Debe and Petra for everything.

Thank you Aska,Jason,Jenni,Katharina and Marion for making my stay at
New York such a memorable and wonderful experience.

Finally I wish to thank my parents and my brother for their love and under-
standing ,their almost incredible patience and their generous support during
all these years.Without them I would have lost my way more than once.

v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Abstract

A non-empty subset A of Nis called a B,—sequence ifevery n€ N has
at most one representation of the foorm n = a; +---+a, with ¢; € A
and a; < --- < a,.

In the special case r = 2 , By-sequences are also called Sidon Sets.

This work is devoted to the study of B,—sequences,additive bases and related
topics in additive number theory.

Chapter 1 investigates an old and attractive conjecture due to P.Erdos that
asserts that the counting function A(n) := T ca1<a<nl of a B,—sequence
A satisfies liminf, .. A(n)n~!/" = 0. [12]

In particular , Section 1.3.1.  provides a detailed expostion of a proof of
Erdés’ conjecture in the even case r = 2k[21]. Furthermore 1.3.2. will
be concerned with the improvement of recent results of Chen [5] on By -
sequences.
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Chapter 1.4. discusses the case of Byt -sequences and is primarily concen-
trated on Bj -sequences.

We prove that no sequence of pseudo-cubes i.e, a sequence A whose counting
function satisfies A(n) ~ a n*/? for some a ,is a Bs—sequence {26].

Section 1.4.1. establishes various results on the distribution of the elements
of a given Bj -sequence [26].

Another interesting conjecture of P.Erdds states that there exists a B;—sequence
A that satisfies limsup,_,,, A(n) "3 = 1 [12]. Using a result of Erdds
on sum-free sets of integers [11] we construct an infinite sequence of natural
numbers that is not “ too far ” away from being a Bz—sequence and that at
the same time satisfies limsup,_ . A(n) n~/3® > 1 [27].

Chapter 2 is intended to present some recent results on the Erdos - Turan
conjecture [22]. The Erdés - Turdn conjecture suggests that there exists no
asymptotic basis A of order 2 of N ,such that the number of representations
of natural numbers n as n = a + b with a,b € A is bounded [17].

Section 2.1 proves by means of an explicit construction that a specific result
of Erdds [4] that is closely related to a potential proof of the Erdds - Turdn
conjecture is sharp with respect to magnitude .

Chapter 3 is devoted to the application of probabilistic tools in additive num-
ber theory.

In Section 3.1. some basic facts about the probabilistic method are com-
piled . Section 3.2. indicates how these techniques are used to generalize a
well-known result of Erdds on asymptotic bases of order 2 [26].

vi
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1 ON Br-SEQUENCES. 1

1 On B, -sequences.

1.1 Introduction.

Let N be the set of all nonnegative integers.

A non-empty subset A of Nis called a B,—sequence if every n € N has
at most one representation of the foorm n = a;+ -+ a, with a; € 4
and a; <+ < a,,0; € A

B, -sequences are also known as Sidon Sets due to S.Sidon [41] who was led
to investigations of sequences of this type within the framework of his work
in Fourier Analysis. We define 7A = {a; +---+a,,a; € A}and denote
by F.(n) the maximum number of elements that can be selected from the
set {1,...,n} to form a B,-sequence.

Consider an arbitrary B,-sequenceA contained in [1,n].

Since |TA| = (‘f') > | Al and rA C[1,n] , A must satisfy
|A| < n'f,
On the other hand according to a result of Bose and Chowla
liminf F,(n)n™"/" > 1

In other words : given an interval [1,n] ,it is possible to choose subsets A of
[1,n] that are “optimally * dense B, -sets (with respect to magnitude).

1.2 Erdos’ conjecture on infinite B, - sequences.

An old conjecture of P.Erdos states that the counting function A(n) :=
Yaeai<acn 1 Of 2 B,—sequence A is to satisfy

liminf A(n)n™"/" = 0. (1)
At first glance the considerable difference between the case of a finite B,-sequence

and Erdés’ conjecture on infinite B, - sequences may be a little bit surpris-
ing.
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1 ON Bgr-SEQUENCES. 2

However a more detailed investigation e.g. of the case r = 2 [13] shows that
an optimally dense Sidon Set A in [1,7n] distinguishes itself by the “uniform
distribution” of its elements , that is: different subintervals of [1,n] of the
same length contain basically the same number of elements of A.

On the other hand if we truncate an infinite sequence A with A(n) > /n
at a given boundary n that is sufficiently large ,it is easy to see that the
elements of A in [1,n] cannot be distributed uniformally in the above sense.

1.3 The even case.

Erdds’ conjecture (1) was proved for r=2 in [43] by Erd6s himself and in
the cases r=4 and r=6 by J.C.M.Nash in [38] and by

Xing-De Jia in [31] respectively.

A very interesting proof of the conjecture in the case of all even r = 2k by
Xing-De Jia appeared in the Journal of Number Theory [32].

Here we present a different,very short proof of Erdds’ hypothesis for all even
r = 2k which we developed independently of Jia’s version.[21]

1.3.1 Proof of Erdds’ conjecture on infinite B;;- sequences.
Notation and terminology. We define

B = kA ={a;+-+ar : a; € A}

S = {(al,...,ak;a'l,...,a;) : a,al € AN[1,N?
1 <(a+:--+ax) - (a1 +:-+a;) < N}
S = {(bi,b;) : 1<b;~b < N,b,bj € B n [1,N]}
Theorem.Let Abe a By -sequence such that
A(n®) < (A(n))*
then

A(TQ (logn)l/zk < oo (2)

lim inf
N~—+00 nI/
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1 ON Bg-SEQUENCES. 3

Proof.Erdos showed (see [20] )that every B,-sequence A satisfies

. An)
llrliIllol.}f —7 (logn)'/? < oo (3)

Using an idea of Erdds on which the proof of (3) is based (see [[20],pp.89-90]),
in this case we get
| §"| > 8(N)* N

where B(n)
. n
p(N) = inf —7 (log n)'/?
Since
[S"1<]8] (4)
and as the Byx— property of A implies
B(n) > (A(n)), (5)
the proof of
|S|< N (6)

will lead to 75(N) « 1,which implies (1) immediately.

It remains to proof (5).

Consider an arbitrary 2k-tuple {ai,...,a;ai,...,a}) of S.It will be trans-
formed into a new tuple according to the following procedure.

Let u be the number of appearances of a; in (a1,...,ax) and let v be the
number of appearances of a; in (aj,...,a})

Now a; will be eliminated min(u,v)-times from (a;,...,a;) as well as
from (a{,...,a}).In the next step the same procedure will be performed
with the next component of (aj,...,ax) that is different from a; and
so on till every component of (ai,...,a;) has been checked once. Even-
tually the 2k-tuple (ai,...,ax;a},...,a;) is transformed into a new 2j-
tuple(ai, ..., @k, - -, a4;) where j is the number of components of
(a1,...,ax) and (aj,...,a}) that have not been dropped as above.Thus

{ai,... a5} N {aﬁm---,aﬁj} =0

forl < j < kas
(e +--+ap) — (a1 +---+a;) >0 V (ay,...,0x0},...,a;) € S.
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1 ON Bp-SEQUENCES. 4

Therefore it is possible to divide S into k disjoint classes Sj,...,Sx ,where
S; is the set of those 2k-tuples of S whose corresponding tuple according to
the above system of successive “truncation” consists of 2j components.

Therefore .
|S1= > 15l
Jj=1
Since A is a By -sequence
| Skl < N

For if (ai,...,ax;@},...,a;) and (by,...,bx;b},...,b;) belong to S; and
(@+-+ar) = (@ ++a) = (it-+b) = @+ +b)
then the Bji-property of A in view of
{a,...,a;} N {a},...,a.} = 0

and
{by,..., b0} N {&,...,0.} = 0

implies that the numbers (&i,..., b) form a permutation of (ai,...,ax) and
also the numbers (4, ...,b}) form a permutation of (a},...,a}).
For j = 1,...,k —1we define

gj = {(al""’aj;all""’a_lj) ai’a: € AN [I,J\rz]
1< (a4 +a;) —(aj+-+4d)) < N}
{a1,...,a;} N {a,...,a5} = 0}

Since for every (ai,...,ax;a;,...,a;) € S; the difference
(a1+---+ak)—-(a'1+---+a;‘)
may be written in the form
(ain = @hg) + oo+ (005 — ahy) + (@igan — Gigen) + -+ (2ik — aip)

with
{ai,la“'aai,j} N {ah,la'--sah.j} = 0’
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1 ON Bgr-SEQUENCES. 5

we have

|S; 1 <1551 (AN, (7)

For every (ay, . ..,a;; a,...,a;) € 3’: let t be the number of different subsets
of {A N [1,N]} \ {{al,...,aj}u {a'l,...,ag}} consisting of 2(k-j) different
elements.

An easy combinatorial argument shows that

t > (AWN))X9),

__ Thus there are t > (A(N ))2(k—j) ways of transforming an element of
S; into a tuple of 5, where

S; = {(al,...,ak;a'l,...,af-c) ai,ai € AN [1,N%
1< (@t +a) = (af+---+a;) < kNJ
{a1,...yax} N {ay,...,a,} = 0}

Obviously since A is a By -sequence

| i | <« N.
In the course of this procedure for every (ai,...,ax;4d},...,a.) € S;
every (aj,...,ax;a},...,a;) € Si can appear at most ('J‘) (j) times.

Therefore . _
155 ] (AN <« N

Thus (7) and the assumption (A(N))*> > A(N?)imply
|51 (AN <« N j=1,.,k=-1

and therefore
|SJ| < N i =1,...,k

This implies (6) and thus the proof is complete.

Corollary. Every By,— sequence A satisfies

.o Aln)
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1 ON Br-SEQUENCES. 6

Proof. It is easy to see that every By,— sequence A satisfies
A(n) < nl/?* _ Therefore assuming that there exists a Bax— sequence A

satisfying 4
lminf A7) 5 g (9)
n—00 n 3%

A also satisfies A(n?) < (A(n))? . _
But then as a consequence of the above theorem (2) holds which contradicts

(9).

Remark. In the special case r=4 the more precise estimation of 3";
. N
[S1] DA < N
=1

with

A =] AN [(I-1)N,IN]|
shows that here the assumption A(N2) < (A(N))’ is not necessary.This
result was already achieved by Nash [38].
The above theorem also holds for Bs; -sequences satisfying only the weaker
condition A(n?) < A (A(n))? for infinitely many n where A is any positive
constant.

1.3.2 More results on B;, -sequences

Within the framework of the preceding section it is proved that every Bjx—
sequence A satisfies

A
lim inf nl(/’;z (log n)V?* < oo (10)
provided that
A@?) < (A())? (n—o0) . (11)
It is easy to see that (11) is not necessarily true for an arbitrary Bax— se-

quence A .
Applying a result of Jia [32] ,Chen [5] proved that liminf A(n)/n?* log n'/4*-2 <
oo for any Bgg-sequence A and Jia pointed out that even
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1 ON Bgr-SEQUENCES. 7

lim inf A(n)/n/* logn'/4 -1 < oo is true.

Refining a method developped in [21] we improve this result proving that
lim inf A(n)/n/*logn/*-1 < oo holds for every infinite By-sequence A
[23].

Theorem. Let A be a By~ sequence.Then

.. An -

hfrtr_l’logf;li/%(logn)l/sk 1 < oo (12)
Corollary. Let A= {a; < a; <+ < a, < -} be an infinite By—
sequence. Then .
Proof of theorem. (We prove the above theorem indirectly.)
Assume that there exists a B;x— sequence A satisfying li’{rlglf A(n)/nY* lognt/3k-1 =
oo for a fixed k€ N then there also exists a monotonically increasing
function ¢: N — R with lim ¥(n) = oo such that:

A € By
and
/2%
Let
e ! ]
= (15)

Now,if there exists ng € N such that
An?) 2 (logn)* (A(m))*  Vn > ng
a simple induction shows that
A(?) > ((logn)™)? ™ (A(n))” (16)

holds forall n >mnpand €& N .
Thus (14) - (16) imply that in particular

A®) > Gy ()2 (9(r)” (1)
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1 ON Bgr-SEQUENCES. 8

for any fixed n > ng and for all j € N which is inconsistent with the
B,— property of A that requires A(m) <« m!/%* (m > o).

Therefore if there exists an infinite Byx— sequence A satisfying (14) there
also must exist an infinite sequence of natural numbers (N,), .y satisfying

A(N?) < (log N;)* (A(N;))? ¥V re N. (18)
Let
SWNe) 1= {(al,...,ak;a'l,...,ai); a;,ai € An[1,N3,
1< (ay++ap) — (aj+-+a;) < Nr},
B:= kA ={(a;+ - -+ ar),a; € A},
S .= {(biyb;),1 <bj— b < Ny, bib; € B N [1,N]},
and

BI(N,—) =] J({-1N,IN] N B | I=1,...N,..

Then by Cauchy’s inequality:

Nr 1
5% | 1S™ |> Y B > (Y‘B, (N, — o0). (19)

I=1 \/_) logArT
Since A € By, = B(n) > (A(n))* It follows from (14) that

B(n) > v

> Tog n)F/R—1 ($(n)*  (n— o). (20)

Therefore:

/N
(57 > oy GO0 LV - hp) (-

and thus
| SN | > N, (log N,)*=1/3*=1 (3(N,))*. (21)
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1 ON Bgr-SEQUENCES. 9

(This way of estimating | SV | was originally developed by Erdés in [43],see

also [20].)
Let
S'J(.Nr) = {(al,...,aj;a'l,._.,a;.) sa;,a € AN [1,NY,
1 S (al+...+aj) -_— (a,1+-..+a;) S N,
{ala""aj} N {all,...,a;. = 0},
In [21] we show that every By-sequence A satisfies
k-1 N .
| SN | < 3TN, | S| (AW (22)
i=1
and A
| SN | (AN < N, (23)

Therefore it follows from (22) and (23) that
1 (AN

A€ By = |S™ |« ZN,(
i=

2 Ny (o)

Consequently (18) implies that

k-1 ,
| SW) | < 3 Ni[(log N)*)*

i=1
< N, (log N)** D (N, — o0)
and it follows from (15) that
| SN | « N, (log N,)F"1/31 (24)
which contradicts (21) and the whole proof is complete.
Remark. Jia has pointed out that using the result | V(1,7) | = O(n'/%)
in [32] we further have [for £ > 2 ,

A(n)

ni/2k

1/3k-2

lim inf logn < 00 (25)

Remark. A recent result of Chen [6] proves that liminf %&'—2‘% logn'/?* <
oo holds for any Bsi-sequence A .
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1 ON Bgr-SEQUENCES. 10

1.3.3 Open problems.

It seems very likely that every B,-sequence A satisfies the much stronger
condition
A(n)

nl/r

- o
lim. xol;lf (logn)® < o©

for every a >0 .

However an improvement of Chen’s result [6] requires probably a completely
new strategy to estimate the asymptotic behaviour of the counting function

of a given B,-sequence A.

1.4 The odd case.

Till today the odd case r = 2k + 1(and in particular even the special case
r = 3) of Erdds’ conjecture (1) remains open.
Let

S&N) = {(a,b,c): a,bc € AN[,N*;a<b<e,
0<la+b-cl< zN},

it seems promising to attempt to prove (1) for Bj-sequences by establishing
non-trivial upper and lower bounds for the cardinality of sets similiar to Sf{‘".
Clearly the upper bounds for | S&N) | are closely related to the asymptotic
behaviour of the counting function of a given B;—sequence A,whereas upper
limits depend on the “ By-property ” of A.

However ,the finding of non-trivial upper bounds for Sf,N)turns out to be a
difficult task due to the fact that the difference | a + b — c | of elements a,b
and c of A that are contained in an interval [(k — 1)N,kN] of length N is
not bounded for increasing k.

Nonetheless slight variations of the techniques we have already used in the
even case lead to some nice partial results on the distribution of the elements
of Bs -sequences.

1.4.1 On the distribution of B; -Sequences

Definition.  An infinite sequence A of natural numbers whose counting
function satisfies A(n) ~ a n!/3 for some o is called a sequence of pseudo
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1 ON Br-SEQUENCES. 11

- cubes. In the following we prove that no sequence of pseudo - cubes can be
a By;—sequence . We also give some necessary conditions for the distribution
of the elements of a given Bz—sequence A (26].

Preliminaries.

Lemma 1. If A is an infinite B3—sequence then
|55 |< N. (26)
Proof. We first note that
S8 = 5™ U (U can SPIR),
where
S{N) = {(a,b,0) :a,b € A4,1<a<2N,a<b< N?},and

SM(h) = {(a,b,¢) : (a,b,c) € S, e> b,and a +b—c= k).

An easy combinatorial argument (see [43]) shows that A(n) < 18n'/3 ;
therefore | SI(N) | < N3 N% <« N. Now fix a value of h and let (a1, by, ¢1)and(ay, by, ;)
be two different triples in S-f,N)(h). Since a; + b +¢; = a3 + by + ¢
and A is a Bs—sequence ,we must have {a;,b;,c} = {a;,b;,¢1}. We also
have a; < b; < ¢; for i = 1,2. These two conditions together imply that
a; = az, by = by,andc; = ¢;. Therefore | SgN)(h) [I< 1 ,and the lemma
follows.

For the next lemma we define

I™ = (1 =1)N,IN], and AN =] An T .

Lemma 2. Let A be an infinite sequence of numbers with
liminf,.. A(n)n"3 > 0 and let ¥ : N — R be a monotonically in-

creasing function, with lim,_.o ¥(n) = oo. Then
Y LAY > N log(() @7)
ISH(N)
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1 ON Br-SEQUENCES. 12
Proof. By Holder’s inequality ,

(M3 1 -1/3 (N))a.
S ) > (3,4 %)

IL9(N)
Since
ISHN) ISUN)
> Y AN -+ > NPT
v <o)

the lemma follows.
It follows from (26) that if A is an infinite sequence of natural numbers that

satisfies )
limsup SY/N = oo, (29)

T—=+00
then A cannot be a Bs—sequence .
Our aim now is to characterize those sequences A with
liminf,co A(n)n~3 > 0 that satisfy (29).
Definition. Let A be an infinite sequence of natural numbers. If there
exists an infinite sequence (N,) .y and a function ¥ : N — R satisfy-

ing
limsup, ., ¥(n) = oo.such that

A < A (30)
for all | with 1 <7< 9(N,), then we say that A is monotonically distributed.
Theorem 1. I A is a monotonically distributed sequence with

Aln) < limsup Aln)

n1/3 00 nl/3

0 < liminf
Nn—00

< oo. (31)

then A is not a B;—sequence .

Proof.  Let A be a monotonically distributed sequence of natural numbers
satisfying (31). Choose an N, , an ! with1 < [ < #(N,;)and a jwith1l <
J < /2. (For brevity,we shall write N in place of N, in the remainder of
the proof.) If a; € AﬂI}N),ag € AnNI™M andas € A ﬂI,(N) then 0 <

I3
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1 ON Bgr-SEQUENCES. 13

| (a1 +az)—as| < 2N.

Therefore
s> T (X AV ANAD > T 1A > N log((V)
ISB(N) 1<5<1/2 1<9(N)

by Lemma 2.From Lemma 1,we see that A cannot be a Bz—sequence .
Theorem 2. If Ais a pseudo-cube sequence,then A is not a Bz—sequence

Proof. Since A(n) ~ a n'/? there exists a monotonically increasing
function §: N — R with lim,w8(n) = ooand

1 A(n) 1
(a - M) < —nl/S < (a + e(n))
Consequently
AN = A(IN) = A(I-1)N) = o N2 — (1-1)"®) +0 (a(A')-l e N”"’),
and

AM ALY = a NP (2P — (1 - 1)'° —(1 4+ 1)'F%) +0(9(N)'1 B N”3>-

(32)
We claim that

(211/3 _ (1_1)1/3 _(l+1)1/3) > 1_5/3-
For I =1 this is obvious;for larger 1 it follows by noting that

2 rl z+1
(211/3 _ (1_1)1/3 __(l+1)1/3) = §-/I-IL y—5/3dyda:.

On the right-hand side of (32) we have a main term and an error term.For
brevity,we write this as M + E. We see that if 1 <1 < (N) then

E 11/3N1/3 15/3 12 ’l[)Z(N)
< o B S < I
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1 ON Bgr-SEQUENCES. 14

If we take ¥(N) = O(N)' we see that E < M/2 for N sufficiently
largei.e.,

AN > A (33)

provided N is sufficiently large and 1 < I < 9(N). 1t follows that A is
monotonically distributed since we may take {N,}in the definition to be the
sequence of all N sufficiently large to make (33) true.By theorem 1,A is not
a Bz—sequence .

Gaps.

The above considerations show that if there exists an infinite B3—sequence
A with liminf,_.e A(r)n"Y/® > 0 ,then A must oscillate between sectors
with a high density of elements and intervals that contain only negligibly
many elements of A.

Definition.  Let A be an infinite sequence of natural numbers and let
w: N — R such that

liminf,.e A(n)n"® > 0 and liminfw(n) = oo.
If Ni/s
(N) 1
A < (V) P (34)

forsome € N , Neé N ,then we say that II(N) = (({-1)N,IN] is
an w - gap of A. -

Remark. Let A be an infinite sequence satisfying A(n) > nl/3.
Those elements of A that are contained in w - gaps of A do not make an
essential contribution to the asymptotic behaviour of the counting function
of A with respect to magnitude.

Let N € N be sufficiently large and let A be the subsequence of A that
rises from A by eliminating all those elements of A that are contained in an
w—gap for a given w . Then A (n) > A(n).

Theorem 3. Assume that A is a Bz—sequence A with

liminf, ..o A(r)n"3 > 0. Let 6 >0 andlet w: N — R be defined
as w(n) := (logn)'/6-%. For any sufficiently large N and for any asatisfying
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0 < a < 1/2 there exist at least kn := [log!/$ N] consecutive w~ gaps
of A below Nt In other words ,there exists a natural number I < N©
such that lo < ! < lp+ xx implies that

N1/3
12/3(log n)1/6-¢

Proof. We prove the theorem indirectly.
Assume that the above conclusion is not true.Then for an arbitrarily large
N € N there are fewer than «y consecutive w—gaps of A below N'*o.
In other words ,for every natural number Iy < N there is some 1 with
Ih <l < ly+«ny and

AN <«

1/3
w5 N
A2 w(n)i?/3
Now let K = [N*/kn] ,and divide the interval (0, N®] into K subinter-
vals of length > kn. From each interval ,we can pick an integer 1 for which
(35) is true Let {l1,ls,...,1} be a set of such integers . Suppose that
a € AN I,(:l),:,,b € AN I,(iN),c € AN Il(kN) for some k < K and

i < k/2. Then |a+b—c| < 2xknN, and so (a,b,c) € S M Therefore

185 M2 % A&”’( > AAY )

k<K i<k/2

(35)

Since Iy —l; < (k—i+1)uny < 2(k—)kn (1 £ i < -’25) andl; < ikn ,We
see that

2/3
(kn N) w__ N
l SA ‘ > k(ZKAlk w2(N)RN4/3k1/3

N 1
> W3(N)kn? (k‘:-;\ E)
> (N KN) ! N

]
(og P N)(log 2 N) ©
> (N &y)(log N)*.

On the other hand , Sff” M « N kn by Lemma 1.Since this a contradic-
tion ,the proof of theorem is complete.
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1.5 A sequence with special additive properties

Another attractive conjecture due to Erdds suggests that for every r€ N
there exists an infinite B,-sequence A that satisfies limsup,_,., A(n) n~Y/" >
1.

Erdés himself [20] and Kriickeberg [35] constructed B,-sequences satisfying
limsup,_.., A(r)n"1/2 > 1/2, and limsup,_., A(n)n"Y? > 1/+/2, respec-
tively. In [37) Nair showed that for every r € N there exists an infinite
B,- sequence A satisfying limsup,_., B(r)n™Y/" > (r? —r +1)~Y/".Thus
in the special case r = 3 he proved the existence of an infinte Bj-sequenceA
with limsup,_., A(n) n~/2 > 1/3/7 , which is the currently best known
result.

In the following we consider the special case r = 3.

Preliminaries We begin by defining

3
S = {(ai,ajaak): ai,a5,ar € AN [L,N:2]ia; < a5 < ax,

0 <|a,-+aj - a | < Nr},

To decide whether a given sequence A of natural numbers is a Bs-sequence
it is important to estimate | SE;N) | for increasing N.
Definition. We call a sequence A of natural numbers a weak Bs-sequence
if A satisfies

liminf S{/N < 1.

N—oo

Theorem.  There exists an infinite sequence B of natural numbers
satisfying:
B is a weak Bs-sequence (36)
and
limsup,_,, B(n) n"Y/® > 1. (37)

Proof. We will prove the above theorem by means of an explicit con-
struction of a weak Bs-sequence B [27].Our principle of construction will
require the choice of a special set of indices,A"") for some N & N
Construction of AMfor a given Ne N
Aset T = {ay,...,a,} is called sum-free if no element of T is the sum of
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two elements of T,that is a;+a; # ay for every tripel (ai,a;,a;) of different
elements in A.

In cite7b Erdos shows that for every N € N there exists a sum-free subset
Arof [1,v/N] N N with

| A | 2> VN/3.

At least half of the elements of A are even or odd.Consequently there exists
a sum-free subset A;of [1,v/N] N N with

|A2 |2 \/N/Ga

that satisfies @ — b # 1 for each pair of elements (a,b) in A, .

We define k(N) := | A, | and consider the subset {ac,acy1,-..,akm)}of
A,, where c is a constant that will be defined later on.

Finally we define

A(N) = {(11, Aoy Qeflye ey ak(N)}, (38)
with
a; := 1.
Remark. Of course any appropriate subset of odd numbers contained
in [1,v/N] could serve as a set AN). But our aim is to use Erdés’ result [11]
to construct a great variety of different weak Bs sequences . Thus for the

sake of greater flexibility we choose the above approach to construct weak
B3 sequences .

Construction of B. Let M &€ N be sufficiently large. We define the
sequence (N,)TEN inductively as follows:

Ny:= N; Njpp:i= N2 v > 1.

J

Let B\™ be an arbitrary subset of N N [1,M], with | B™ | = <
N!® > and consider the set AN,

For a; € A™) we consider the interval IJ(NI) =|(a; — 1)Nq,a;Ny).
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Let '{ be a real constant,sufficiently large,that will be defined later on and
1

let B§~N be an arbitrary subset of N N [(a; — )Ny, (a; — 3)M] C IJ(NI)
satisfying 1
NE'
[BM | = <y >.
o
We define
B1 = U .B;—Nl).
j:aj GA(NI)

For » > 2assume that Bi,...,B,_; have already been defined.
Then we construct B, with the help of Erdés’ result [2] ,analogously to the
construction of B; ,defining '

B™) = B,_,,

B, = U B§N').
j:aJ G.A(N")
Definition.
B .= U B..
re N

Remark. Without loss of generalitiy we may assume that
B(N,) < < (N,)3>. (39)

holdsforall » € N .If dueto the above principle of construction B(N,,) >
< (N,,)'® > foran ro€ N . itis possible to guarantee (39) by eliminat-
ing arbitrarily chosen elements out of AN [1, N,,] without affecting the proof.

Now we are going to prove that B satisfies

N,
|5§3‘3"15% Vre N (40)
and )
B(N,) ~ N,5 (r— o). (41)
Proof of (40).

Foragiven r € N we consider an arbitrary tripel (b;,b2,b3) with b <
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b, < by and by, b, b5 € B N [1,N,3].
There exist i,j,k such that b, € I;, b, € I;, b3 € I,
and

| (B + b2) = b | 2| (& + a;) — ax — (& + &) + 6 | Vs,

with
1/3 < 6,8;,66 < 1/2.

To decide whether (b, ,b;,b3) € S}(;N') we consider the following three cases:

Case 1:
1 < J =k (42)
Case 2:
i <3<k (43)
Case 3:
i=3 <k (44)
Let us first consider Case 1 :
i<j=*k
(42) implies:
[(by +8)—b3| = |ai—(&+6)+6]|N,
> (a; —2/3) N,
> N,
3
Therefore: "
(b, ba, bs) ¢ S5
Case 2:

Then due to (38)

(ai +a;) =2 ar+1

(a;+a,~) < ap —1
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holds for all a;,a;,a, € AP,

Suppose
(ai +¢j) 2 a+1
Then
[ (by + b)) —bs| > |1—(&+6)+6|N,
> N./3.
Consequently:

N
(i, by, bs) & S5

On the other hand
(a; +a;) £ ap—1

implies:
(b4 b)) = bs | > | =1—(&+8)+6 | N,
> N,/3.
Consequently .
=L
(b, baobs) & SB°.
Case 3:
1 =3 < k
Suppose that
ar 2> 2a; +1.
or that
ar < 2a; +1.

Then case 3 corresponds to case 2.
Consequently

(&) _
(b1,02,03) € Sp° and (i=j<k) = a =2a;,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 ON Bgr-SEQUENCES. 21

and the number of such triples can be estimated by 7 with

T= X (BMY

e<i<(VNy /6)+¢
(VN /6)+
< 48 ,./ ’ 172 di
3
< 7—N,.
c
Consequently:
3
15571 <17 < LN, (45)

Proof of (41).

B(N,) = v S |BMY)

iia; €AW
> 7(]\[ ~l)1/3 Z ,L'—2/3
(5/6)4/Nr~3$i</Nra
> ay/No
= axy er/S,

where o is an appropiate positive constant. Thus defining:
1
Y= and c:=< 3 4% >

completes the whole proof.

Remark. A slight improvement of the main result of this paper may be
obtained by a modified and more complicated definition of the sets BJ(-N'),
but since our main interest is focused on the above principle of construction
we restrict ourselves to the above choice of BJ(N") for the sake of better
understanding.

1.5.1 Open problems.

Till today Erdds’ conjecture with respect to the existence of an infinite
Bs-sequence A satisfying limsup,_ . A(n) n~'3 = 1 is still unproved.
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Therefore even a settlement of the following weaker question would be vey
interesting: does there exist an infinte sequence ,A ,of natural numbers sat-
isfying : limsup,_,, A(n) n~/3 = 1, and T{ < n, where

T,‘,"):z{(a;,aj,ak): ai,a;,ar € A0 <|ai+a; —ar | < nl.
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2 Some remarks on the Erdos — Turan con-

jecture

Notation. In additive number theory an increasing sequence of natural
numbers is called an asymptotic basis of order h of Nif every sufficiently
large n€ N can be written as the sum of h elements of A.

Let r,(h, A)denote the number of representationsof nas n= a;+---+ ax
with a1,---, a € Aanda; < - < ap.

If A satisfies 7,(h,A) < g ¥V n € N ,where g is a natural constant ,then
A is called a By[g] -sequence (and in the special case g =1 a By -sequence).
Furthermore for any given sequence A of natural numbersandany me€ N
we define:

5,4(771) = | {(ai7aj) , @iy a; € Am= a; _ai} l
and for a given N € N
hA(m) Z‘-—"-I {(a,-,aj), a;,a; €EAN [1,N2], m=a; — a,-} | .

2.1 Introduction.

A famous conjecture of Erdés und Tiran [17] asserts that there exists no
asymptotic basis of order 2 of Nthat is a B[g]-sequence at the same time.
Erdds shows (see [20]) that if A is an arbitrary sequence of natural numbers
satisfying liminf,_. A(n)/v/n > 0 and N is a given natural number then

N
Hu(N):== 3 ha(m) > NlogN, (46)
m=1
which proves the above hypothesis in the special case g =1.
Almost all known results on Bj[g] -sequences are based on considerations
concerning the representation of certain natural numbers as a difference of
elements of a given sequence A.
Therefore for a further proof of the Erdos-Turan conjecture it is very in-
teresting to decide whether Erdos’ estimate (46) is sharp with respect to
magnitude.
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2.2 A “just” dense sequence.

Here we will prove by means of an explicit construction that (46) is indeed
sharp in the above sense [22].

Furthermore (46) unfortunately does not render possible an estimation of
ha(m) for any specific m € [1,N] but only provides some average infor-
mation ; in particular, it is not possible to decide whether any specific

m € [1, N}for a given N satisfies e.g. ha(m) > c log N or not ,where c is
a constant. — Here we prove-again by means of an explicit construction- the
existence of two increasing sequences of natural numbers B and M satisfying:

.. .B(n)
hﬂg}f‘/ﬁ

Jimint M%)

n~co  logn

> 0,

>0

and
6(m;) =1 V5 2 Jo.

Theorem.
There erists an infinite sequence of natural numbers A satisfying

.. Al
lim inf T > 0 (47)
and
N
‘;A(n)= E hA(m) & NlogN. (48)
m=1
Proof.

We will prove the above theorem by constructing an infinite sequence A of
natural numbers as an infinite countable union of finite Sidon sets.
Let u and v be arbitrary natural numbers satisfying

v > 2andpu > 1.

Now a sequence (n;), N is defined inductively as follows:

ny = 1,
ng; = QB Nojy j€ N,
Nojp1 =V Ngj JE N .
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Therefore:

W je N,
Nojy1 = M iz J€ Np .

’ngj

We define:
I == [ng_1,n4[ Ve > 2.

A well-known result of Erdos and Chowla [7],[17] states that

. Fz(n)
>
lim inf Jn 2 1, (49)

where Fy(n) denotes the maximum number of elements that can be selected
from the set 1,2,...,n to form a B,-sequence.Since the “ B, -property " of

a finite set is invariant under translations, for any j € N (49) proves the
existence of a Sidon set S;; C Ip; = ]ngj—1,na;[,such that:

| 825 1> flngj —ngjmr) = Ju—1Rg (j—o0).  (50)

We define -
A= U ng

=1
and have to show that A satisfies the conditions (47) and (48).

Proof of (47).
Forany m&€ N , m > p thereexistsa jo € N with

ng,, < m < Ny 4o

and on the other hand:
A(m) 2 A(ng,) — A(nzy-1) =1 525, | > /ne, 1.

Thus liminf, ., A(n)/y/n > 0Oand (47) holds.

Therefore:
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Proof of (48).
For a given N € N ,with N >y thereexistsa j; € N such that:

ng; -2 < N < ng

— ‘Jl
and for any m € [1,N] we define:
Ry(m):=|{(ai,ar) , ai,ax € [l,n2,]NA and m = a; —a;} |,

R%(m) := | {(ai,ax) , a; € [I,N*)]NA,ax € ]ngjl,NZ] and m = a;y—a;} |,

N N
Hy(N):= 3 hy(m), HA(N) = 3 Ky(m).

m=1 m=1

Consequently:
ha(m) = hy(m) + k5(m) , Ha(N) = Hy(N) + H;(N).

Estimation of H4(m). Obviously

Hi(m) < (A(na,)) < m, < N.

Estimation of Hi(m). Since v > 2 Jorany j > 7 the length of
the gap between two consecutive Sidon sets S3;4; and Sy; is bigger than
N2, 41— Mg, > Nz, > N.

Therefore a number m € [1,N] can be represented as a difference of two
elements a;,ar of A with a; > n2, only if a; and @; are elements of the
same Sidon subset of A.

Let On2 be the number of Sidon subsets S,; of A satisfying

Sp; N[, N? # 0.

Then the B,-property of all Sidon subsets of A leads to

Ri(m) < On:  Vm € [1,N]

and consequently

HA(N)

i
Ng

=
ne

(m) < NOp-. (51)
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Estimation of Opn2.
For given N€ N ,N > puthereexists j;€ N sothat

ng,—z < N? < my, = p?7107? < N2 g < logN

and as Opz < §

= Om < logh. (52)
Thus (51) and (52) imply:

H%(N) < N logN
and

H4(N) = HY(N)+ H3(N) € N logN

which completes the proof.

Corollary.
There ezxist two infinite increasing sequences of natural numbers B and M
satisfying:
.. B(n)
53
lim inf N >0 (53)
lim in{ M(n) >0 (54)
n—c  logn
and
bp(m) = 1 Vm e M. (55)
Proof.

Let A be the infinite sequence of natural numbers generated by construction
of the above theorem in the special case

p = T7/4 and v = 4 (where the inductive definition of the sequence
(nj);eN is supplemented by the definition n, := 2 which does not restrict
at all the applicability of the proof ).

Consequently in this special case we define:

ny = 1,
ng = 2,

N2j41 =V Nyj je N,
Mg = pngia 2 2
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Thus

2 71 je N,
g 791 je N .

ngj

N2j+1
For any j € N we define:
Dy;i={me N : Ja,a; € 5 and m = a; — a;}.

Since S,; is a Sidon set and lim ﬁﬁ% = 1 thereexists jo€ N so
3 T2 -

j—00
that :

Sa; . .
| Dgj |= (l 22] l) > ng;—2 Vi 2 jo

Since on the other hand
m € Dyj = m < mgj—ngjcg = 3ng,2 Vi€ N
for any j > jothere exists at least one m; € D,; satisfying:
ng,-2 < m; < 3 ng-2.

Let M be defined as the sequence mj,, mjo41, Mjp42,--- -
Now we will construct a subsequence B of A by eliminating a negligible
number of elements of A so that B still will satisfy:

ligglf li}g) >0

and ég(m;) = 1 holdsforall j > jo.
Since according to the definition

ny—2 < m; Vj 2 jo,

we have
m; = ax—a; = a > Ng;_2.

Therefore ,since
AN ]n2,‘—27n2j-1[ = 0;
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a; satisfies
i-1

a; > ngj—y and ax ¢ U Saon. (56)
h=1
On the other hand for A > j the length of ther gap between two consecutive
Sidon subsets Spp-p , Sai is bigger thanngj_y ~ng;_2 = 3 ng, .

Therefore as according to definition m; < 3 ng.p forany j 2 jo

m; can occur as a difference ar —a; , a,ax € A only if both a; and a;
are elements of the same Sidon subset Sox ,h 2> J.

Therefore the B;-property of the sets Sp; implies that:

Dy NM|<j VY je N.

Thus Vj > jo it is possible to construct a new Sidon set S;j from Sy; by
eliminating less than j elements of Sy; so that:

Dy N M = {m},

where
Dyi={me N : 3aa) € S : m= ar—a; }.
We define:
B = US;j , where S'gj = S 1 <37 < jo
J=1
Obviously:
ép(mj) =1 Vj 2 jo
and B
, . n
| S2;| > | Sz | = liminf \ﬁr_z) > 0.
Furthermore , 0, > logn (n, — o0), where O, is the number of
Sidon subsets Sy; of B satisfying Sz; N [1,n] # 0. > Consequently:
lim inf M(n) > 0

n—o  Jogn

which completes the whole proof.
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2.3 Further remarks.

The above construction is of some interest in itself. However it is worth point-
ing out that its result can be improved in several ways.

Erdés and Nathanson [15] have shown that the sequence of squares and the
sequence of primes are good examples for A and M .As a matter-of-fact they
provide much sharper results than (47),(48) , (53),(54) and (55).

Recently Kolountzakis [33] by means of probabilistic methods has improved
the above results considerably.
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3 Application of probabilistic tools in addi-

tive number theory.

3.1 A short introduction to the probabilistic method

The results introduced within the framework of this chapter [24] are based on
the probabilistic method of Erdés und Rényi . However,since [20] contains
an excellent exposition of this important tool, here we only give a short
survey of Erdos’ and Rényi’s ideas without proof.

By the method of Erdds und Rényi ([16] and [20]) for any sequence of real
numbers (a;);cN -0 < a; < 1,there exists a provability space with
probability measure g on the space  of all strictly increasing sequences of
natural numbers ,satisfying:

the event B™ := {w € Q : n € w}is measurable, u(B™) = o, ,
' (57)

and
the events BV, B®) ... are independent. (58)

We denote by p, the characteristic function of the event B(™ .
From now on we consider only those sequences of probabilities (ai)jeN ,

satisfying
0 < o <1, (59)
hjrr_l.gxf a; =0, (60)
djo: ajp1 < a; Vi 2> jo, (61)
§ a; = oo. (62)
Jj=1
Then by a particular variant of the strong law of large numbers for almost
all we .
_}1:1 aj ~ w(n) (n— o) (63)
I1=1l=
holds,where
wn):= > 1 (64)
JEW;1Li<n
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Let
Ap = Z o On—j;
1<i<3
m, =
ij=1=1 aJ
and
A = Z ajan_j(l -—Q'jan._j)—l
1<i<3
Then we have
Moo~ A, (n— o0), (65)
and 'd
p{w : e (W) = d}) < e, de N . (66)
Lemma 1. A sequence (a;);c N of positive real numbers is defined by
log, 7)€ . )
aj; =« (_gﬁ:_]_)_ Vj > Jo, (67)
where jo,a,k,c and ¢ are suitably chosen real constants, satisfying
0 < ¢
0 < c<x1
0 < a«a
1 < k%

so that log,(j) > 0, Vj > joand (67) and (59 - 62) are compatible.
The precise value of «; for smallj is unimportant provided that their choice
ensures that (67) and (59 - 62) are compatible also for «; ,..., «j, .
Then as (n — o0)

1, (T1- c))2 20 1-2
An 5 @ T(2 —50) (login)™ n (68)
Mp o~ — (log n)cl nl=e. (69)
" 1-c k

Remark. The above lemma is a slight generalization of Lemma 11 in
[20],p144. Its proof corresponds essentially to that of the above-mentioned
Lemma 11 and is therefore left to the reader.
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3.2 A generalization of a theorem of Erdos on asymp-

totic basis of order 2

Notation. An increasing sequence of natural numbers, A, is called an asymp-
totic basis of order 2 of a given set T of natural numbers if every sufficiently
large n € T has at least one representation in the form n = a;+a;;a; <
aj;ai,a; € A.

Let r,(A) be the number of such representations of n € T by elements of
A.

Definition. A system 7 = (T)jeN of disjoint subsets of N satisfying

oo
N = U T, is called a disjoint covering system.
i=1

J-—
Definition. If for an increasing sequence A of natural numbers there
exists a disjoint covering system 7 such that

Jjo:T; =0Vj>joor|T;| =00 forinfinitely many j € N (70)
and
A is an asymptotic basis of order 2 of all infinite elements Tjof T, (71)

then A is called an asymptotic pseudo-basis of N.
Remark. Let A be an asymptotic pseudo-basis with respect to a disjoint
covering system 7 .For any infinite element Tjof 7 let

n; = min{m € T;:r,(A)> 0 Vne T;;n2>m}.

Obviously any asymptotic basis A of order 2 of Nis an asymptotic pseudo-
basis (e.g. for 7 := N,0,0,...).But unfortunately the converse in general
is not true since for any asymptotic pseudo-basis A of N together with a
corresponding disjoint covering system 7 the set of all n; that are defined in
the above sense is not necessarily bounded.

Introduction. More than fifty years ago S.Sidon [41] asked if there exists
an asymptotic basis of order 2 of Nthat is economic in the sense that for
every € > 0 lirnint'n_.ml'ln(,ﬁl = 0 holds.

In 1953 P.Erdos [1] solved this problem ingeniously.In fact he proved the
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3 APPLICATION OF PROBABILISTIC TOOLS IN ADDITIVE NUMBER THEORY .34

much sharper : Theorem. There exists an asymptotic basis A of order 2
of N jsatisfying: ) .
A(n) ~ anz(logn)? ,a € R, (72)

and
logn K r.(A4) <logn (73)

An attractive and still open problem is to decide whether there exists a basis
A of Nfor which there exists ¢ := liminf,.o "li(og%z.

In [40] I.Rusza asks for a basis for which 7,(4) < ;=% holds.

logy n

On asymptotic pseudo-basis. Here we prove the following:
Theorem. Forany k€ N there exists a disjoint covering system
Tk = {Tl(k), T .. .} satisfying:
V je N : T_,-(k) is an infinite element of 7 :
logean > T (n) > logian (n— o) (74)

(whereloggn := id(n) = n),

and an asymptotic pseudo-basis A satisfying:

A(n) ~ 2 a(log, n)7n? (75)
and
alogin < 1m(A4) £ cplogym; (76)
YV ne T}k) that are sufficiently large,
and V jé&€ N where TJ-(k) is an infinite element of 7,

where a, cjandc,are global real constants not depending on j.

Remark. The above theorem generalizes (72,73),which is just the special
case k=1 (e.g. with 7 := N,0,0,...).

Remark. The prove of the above theorem is based on a slight modification
of Erdos’proof of (72) and (73).Therefore like the proof of (72) (73) it is based
on a probabilistic method and not constructive.

Proof of theorem.
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Inductive construction of suitable disjoint covering systems. First
of all forany k€ N , we are going to construct a special disjoint covering
system 7 satisfying (70) and (74) .

The case k = 1.

For £ = 1, let
7O .= N,0.0,---.

Obviously 7 ) is a disjoint covering system and (70) and (74) hold.
The case k£ = 2.

For k = 2we define T ® inductively as follows:
T = {1},

T¥ = {2 : je N }.
Now if Tlm ooy T are already defined let:
s:==min{ne N :n¢lJ T,-(z)}
=1

and we define: ‘
T,(i)l = {s’ : je€ N }.

Now we consider the following equivalence relation on N:
a ~b:e> 3s,u,v € N:
a = s*,b =g".

T @ just consists of all equivalence classes under the above equivalence
relation.Thus 7 ? is a disjoint covering system and obviously (70) holds.
For T e 7® \ {1} there exists s € N such that T = {s' :

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 APPLICATION OF PROBABILISTIC TOOLS IN ADDITIVE NUMBER THEORY .36

j€ N, s€ N \{1}} For any sufficiently large m € N there exists
t € N such that
s < m < st

Thus T® () = t implies that:

T~(2) (m) <

3 —

and consequently
logm < T,~(2) (m) < logm.

Therefore also (74) holds.
The case k = 3.

Definition. For s€ N and any non-empty subset M of Nwe define
sMi= {s™:m € M}.

We construct T @ by dividing every element T{? of 7 (2 except {1} into
disjoint infinite subsets of N.
For any TP of T@ there exists s€ N :

1

T _ {¢: je N}

t

Consequently
Tim = U S TJ'(Z)
(2 (@)
T T
and we define 7 ® as the system of all those sets

2
s Tj() = {s?: j€ N } where p is a natural constant. Since T® isa
disjoint covering system, T ® s also a disjoint covering systemand as (70)
holds for 7 ®, T ® also satisfies (70) .
For any infinite element T,-(s) of T® and any sufficiently large number
m € N thereexist s,p,t € N such that

T® = {&: je N},
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and ‘ o
s <m < &

Then T® (m) = t implies
log,m < TSS)(m) < log, m.

Consequently 7T ® satisfies also (74) .
The general case £ > 4.

Let 70, 7@ 7@ ... T7® pe already constructed by the above proce-
dure.

Thus for every infinite element T,-(k) of T®) there exist sq,...,5¢-1 € N
so that

(s3_))
(£)
T;(k) = {3 . ]E N },

1

and according to the above procedure 7T ¥+ will be constructed out of

)
'(’k_lz )
)
T (8 by dividing every infinite T,-(k) of T ¥ into disjoint subsets s, ) T,'m €
T®,
It is easy to see that also T *+1) is a disjoint covering system satisfying (70)
and (74).

Proof of the existence of an asymptotic pseudo-basis A ,satisfying
(6) and (7) with respect to T for any fixed k€ N . Nowletk
be a fixed natural number.(Since as already mentioned above the case k =1
is already solved we restrict ourselves to the case k > 2.

To prove our theorem corresponding to Erdds’ proof of (72,73) we first choose
a number a, 0 < a < 1 sothat

1
§az7r> 1 (77)
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'holds and we define the sequence (ai)je N by

3 1 <7< J
aj = (78)

o Lonnl? i > o,

where jj is a suitably chosen natural number so that log, 7 > 0 V35 > jo
and (a;), N satisfies (59 - 62).
Therefore by (63) and by Lemma 1 we have with probability 1

w(n) ~ 2 a yflog, »/n (79)
An ~ g-a2 log, n, (80)

which because of (77) ensures the existence of a number § > 0 such that
e~ & (logy_yn)” ). (81)
In view of (66) forany n€ N ,de N :

p{lo s @) >e AN < Y w{w: rm(w) =d})

d> e\,
)‘ld \
S X w et
dZe)\n’
! ]
€ ’\n )6)\" e"')\n
e M
n
-
= e L —,
146
(logi_1 )

Let T,-(k) be an infinite non-empty element of 7 ¥,
There exist s3,...,8x.—1 € N so that

-

)
()
Ti(k)={31 , JE N }L
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Consequently

> #({w

ne T(k)

1

T (W)

An })

< e
ne T{(k)
(o
. 32
< ;‘;‘1 (1ogk—1 Sy

x 1
< E (_.)1-)-5
=1 ]

< ©00.

Therefore the application of the Borel-Cantelli -Lemma proves the existence
of a positive real number ¢; ,such that for any infinite T,-(k) e TW

p{w @ 7 (W) < ¢ logen, n € y (n sufficiently large)}) = 1, (82)

On the other hand for any suitably chosen constant & < 1 again in view of

(66) we have

p{w s (@) <o A}

<

<

2 u{w

1€d<bA,’

rn (w)

1d

S g e

1<d<bA;,
!

(& An P gmhn
1

b AL

(G e

Therefore because of (65) there exists ¢; , 0 < ¢; < 1 such that

(£ ] e < (logy_yn) @),
1

Thus for any fixed infinite T,-(k) € T® with

(d_p»
()
T® = {5 , j€ N},

d})

(83)
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we have

S e @ <a %) < £ (lonas
(k) 7=
nGT}

o 1,448
& E(':')l+2
217
< 00.

Again we apply the Borel-Cantelli -Lemma to prove the existence of ¢; > 0
such that for any infinite Ti(k) e 7®

p{w : rp (W) = ¢ loggn, n€ T# , (n sufficiently large)}) = 1. (84)

We have shown that w has each of the desired properties with probability 1
and thus the whole proof is complete.
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