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A bstract
A non-em pty subset A of N  is called a B r—sequence if every n  € N  has 
a t m ost one representa tion  of the  form  n  =  cix +  • • • +  ar w ith  a; €  A  
and ai <  • • • <  aT.
In th e  special case r =  2 , ^ -se q u e n c e s  are also called Sidon Sets.
This work is devoted to  th e  study  of B r—sequences,additive bases and related 
topics in  additive num ber theory.
C h ap ter 1 investigates an  old and a ttra c tiv e  conjecture due to  P.Erdos th a t 
asserts th a t  th e  counting function A ( n ) :=  ICoe^.i<a<n 1 ° f  a  J5r —sequence 
A satisfies liminfn-^oo A { n )n ~ l lT =  0. [12]
In p articu la r , Section 1.3.1. provides a detailed expostion of a  proof of 
E rd o s’ conjecture in th e  even case r  =  2k  [21]. F urtherm ore  1.3.2. will 
be concerned w ith  th e  im provem ent of recent results of Chen [5] on B 2k - 
sequences.
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C hap ter 1.4. discusses the  case of B 2k+i -sequences and is prim arily  concen­
tra te d  on Bz  -sequences.
We prove th a t no sequence of pseudo-cubes i.e, a  sequence A whose counting 
function  satisfies A(n)  ~  a  n 1?3 for some a , is  a 5 3—sequence [26].
Section 1.4.1. establishes various results on th e  d istribu tion  of th e  elem ents 
of a  given Bz  -sequence [26].
A nother interesting conjecture of P .Erdos states th a t  there  exists a B z —sequence 
A th a t satisfies l i m s u p ^ ^  A( n )  n -1 /3 =  1 [12]. Using a  result of Erdos 
on sum-free sets of integers [11] we construct an infinite sequence of n a tu ra l 
num bers th a t is not “ too far ” away from  being a B 3—sequence and th a t  at 
th e  sam e tim e satisfies lim s u p ^ ^  A(n)  n -1 /3 >  1 [27].
C hap ter 2 is intended to  present some recent results on th e  Erdos - Turan 
conjecture [22]. The Erdos - Turan conjecture suggests th a t there exists no 
asym pto tic  basis A of order 2 of N  ,such th a t th e  num ber of representations 
of n a tu ra l num bers n as n  =  a -f b w ith a, b G A is bounded [17].
Section 2.1 proves by m eans of an explicit construction th a t  a specific result 
of Erdos [4] th a t  is closely related to  a po ten tial proof of th e  Erdos - Turan 
conjecture is sharp w ith respect to  m agnitude .
C hap ter 3 is devoted to  the  application of probabilistic tools in additive num ­
ber theory.
In Section 3.1. some basic facts about the  probabilistic m ethod are com­
piled . Section 3.2. indicates how these techniques are used to  generalize a 
well-known result of Erdos on asym ptotic bases of order 2 [26].
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1 O N  b r -s e q u e n c e s . 1

1 On Br -sequences.

1.1 Introduction.
Let N  b e  the  set of all nonnegative integers.
A non-em pty subset A of N is  called a B r—sequence if every n  €  N  has 
a t m ost one representa tion  of the  form  n = a\  -f • • • +  ar w ith  a,- €  A 
and a1 < • ■ ■ < aT, a.i €  A.
B 2 -sequences are also known as Sidon Sets  due to  S.Sidon [41] who was led 
to  investigations of sequences of th is type w ithin th e  fram ew ork of his work
in Fourier Analysis. We define r A  :=  {ai +  h <xr , a; £  A} and  denote
by Fr(n)  the  m axim um  num ber of elem ents th a t can be selected from  th e  
set {1 , . . . ,  n} to  form  a  i?r-sequence.
C onsider an a rb itra ry  B r-sequenceA contained in [ l , n ] .
Since | r A  | =  »  | A  |r and r A  C [l,n ]  , A m ust satisfy

I A | <  n 1' ”.

On the  o ther h and  according to  a resu lt of Bose and Chowla

lim in f F r (n )7i -1/,r >  1n—'cc '

In  o th er words : given an interval [ l ,n ]  ,it is possible to  choose subsets A of 
[ l ,n ]  th a t  a re  “optim ally  ” dense 5 r -sets (with respect to  m agnitude).

1.2 Erdos’ conjecture on infinite B r - sequences.
An old conjecture of P .Erdos sta tes th a t  the  counting function  A(n) :=  
EaeA,i<o<n 1 of a  B r —sequence A is to  satisfy

lim in f A (n )n -1 r̂ =  0. (1)

At first glance th e  considerable difference between th e  case of a  fin ite B r-sequence 
and  E rd o s’ conjecture on infinite B r - sequences m ay be a  little  b it surpris­
ing.
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1 O N  B r -SEQ UENCES. 2

However a  m ore detailed  investigation e.g. of th e  case r  =  2 [13] shows th a t  
an optim ally  dense Sidon Set A in [ l,n ]  distinguishes itself by  th e  “uniform  
d is trib u tio n ” of its elem ents , th a t  is: different subintervals of [l,n] of the  
sam e length  contain basically th e  sam e num ber of elem ents o f A.
On th e  o ther hand  if we tru n ca te  an infinite sequence A w ith  A ( n )  yfn  
a t a  given boundary  n th a t  is sufficiently large ,it is easy to  see th a t  the  
elem ents of A in  [1 , n] cannot b e  d istribu ted  uniform ally in th e  above sense.

1.3 The even case.
E rd o s’ conjecture (1) was proved for r= 2  in [43] by Erdos him self and  in 
th e  cases r= 4  and r = 6  by J.C .M .N ash in [38] and by 
Xing-De J ia  in [31] respectively.
A very in teresting  proof of the  conjecture in th e  case of all even r = 2 k  by 
Xing-De J ia  appeared in th e  Journa l of N um ber T heory [32].
Here we present a  different,very short proof of E rdos’ hypothesis for all even 
r = 2k  which we developed independently  of J ia ’s version.[21]

1.3.1 Proof o f Erdos’ conjecture on infinite B 2k ~ sequences. 

N otation  and term inology. We define

B  =  k A  =  {aj -|------- 1- ak : a,- €  A }

S  =  { ( a i , . . .  a [ , . . .  ,a'k) : a,-, a] G A n  [1 , N 2]

1 ^  (a i +  • ■ ■ +  a t)  — {a'i +  • • • +  a'lc) ^  AT|

5 ' =  { ( M j )  : 1 <  <  JV, M j  e  B  n  [ 1 ,N 2]}

Theorem .Let A be a  B 2k -sequence such th a t

A ( n 2) <  [ A { n ) f

th en

H5 lg f ^ ( lo6 n)l/2fc < 00 (2)
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1 ON B R -SEQUENCES. 3

P ro o f.E rd o s  showed (see [20] ) th a t every B 2 -sequence A  satisfies

lim in f — ( l ogn )1/2 <  oo (3)
n—*0O r ) l / *

Using an idea of Erdos on which th e  proof of (3) is based (see [[20],p p .89-90]), 
in this case we get

| 5 ' | >  tb ( N ) 2 N

where
rs ( N )  = f ' 2

Since
I S '  | <  | 5  | (4)

and as the  B 2k— p roperty  of A implies

B ( n )  >  (A(n))*, (5)

th e  proof of
\ S \ <  N  (6 )

will lead to  r g ( N )  <C 1,which implies (1) im m ediately.
It remains to  proof (5).
Consider an arb itra ry  2k-tuple ( a l t . . . ,  ak-, a\ , . . . ,  a'k) of S.It will be  tran s­
formed into a new tuple according to  the  following procedure.
Let u he th e  num ber of appearances of ai in ( a i , . . . ,  a*) and let v be the 
num ber of appearances of a j in ( a j , . . . ,  a 'k)
Now a.i will be elim inated m in(u ,v)-tim es from  ( a . i , . . . , a k) as well as
from (a ' j , . . .  ,a (.) .In  th e  next step the  same procedure will be perform ed
w ith the next com ponent of ( a i , . . .  ,ak) th a t  is different from  a i and 
so on till every com ponent of ( a i , . . . , a f c )  has been checked once. Even­
tually  th e  2k-tuple ( a i , . . . ,  at ;  a[ , . . . ,  a'k) is transform ed into a new 2j-
t u p l e ( a . j , . . . ,  a{j] a'hl , . . . ,  a'Aj) w here j is th e  num ber of com ponents of 
( a i , . . . ,  ak) and a'k) th a t  have no t been dropped as above.Thus

{ a il,. • • , % }  Ll {®/ii > • • • i &hj} =  ®

for 1 <  j  < k  as 

(ai +  ■ ■ • +  ajt) — (a'j +  • • • +  a'k) >  0 V ( a i , . . . ,  a / , ; a j , . . . ,  a'k) € S.
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1 O N B r -SEQUENCES. 4

Therefore it is possible to  divide S into k disjoint classes S i , . . .  ,Sk  ,where 
Sj  is the  set of those 2k-tuples of S whose corresponding tu p le  according to  
th e  above system  of successive “tru n ca tio n ” consists of 2j com ponents. 
Therefore

m  = i ;  i $  i
f=i

Since A  is a  B i k -sequence

I S* | «  N

For if ( a i , . . .  , a k; a \ , . . . ,  a'k) and (bu  . . . ,  bk\ b[ , . . . ,  b’k) belong to  S k and

(ai + --- + a k) — (ai +  • • • +  a'k) =  (bi + -------- h bk) — (b[ +  I- b'k)

then  the .^ - p r o p e r ty  of A in view of

{ a i , . . . , a t } n  { a ( , . . . ,  a'k} =  0

and
{bu . . . , b k} n  {b'i,. . .  ,bk } =  0

implies th a t the  num bers (bi , . . . ,  bk) form  a  perm uta tion  of ( a j , . . . ,  ak) and 
also the  num bers (b\ , . . . ,  b'k) form a perm uta tion  of (a'l5. . . ,  a'k).
For j  =  1 , . . . ,  k — 1 we define

Sj  :=  { (a i, - - -, aj! — , oij-) a,-,a' €  A n  [l,A r2]

1 ^  (° i +  • • • +  o.j) — (aj +  • • • +  a'j) <  Ar|

{a1, . . . , a i } Pi { a i , . . . , a ' }  =  0 }

Since for every ( a i , . . .  , a k]a [ , . . .  ,a'k) €  Sj  th e  difference

(ai +  • • • +  ak) — (a'j +  h a'k)

m ay be w ritten  in th e  form

(ai,i -  a'h,i) H 1* (a i,j ~  ah,j) +  (a<,j+i — ajiJ+i) + ----- (- (aitk -  a;,*)

w ith
, a t,j} D • ■ •, a h,j} =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 O N  B n -SEQUENCES. 5

we have
| $  | «  | S j  | ( A ( N 2))k~j . (7)

For every ( a1?. . . ,  ay; a[ , . . . ,  a'-) €  S j  let t  be th e  num ber of different subsets 

of {A n  [1,7V]} \  { { ^ . . . ^ U  {<4, . . .  ,a'j } |  consisting of 2 (k-j) different 
elem ents.
An easy com binatorial argum ent shows th a t

t  >  (A (A ))2(fc_j).

Thus there  are t  (A(7V))2^ - ^  ways of transform ing an elem ent of 
Sj  in to  a tu p le  of S k where

S'k ■= {( a i , . . . , a fc; a i , . . . X )  a,-,a' €  A  D [1 , TV2]

1 <  (a i +  • • • +  a^) — {a\ +  • • • +  a'k) <  k  Ar|

{ a ! , . . . , a fc} n  { a j , . . . ,  a'k} =  0 }

Obviously since A is a B 2k -sequence

I S'k | «  N.

In the  course of this procedure for every ( a i , . . .  , a k ; a [ , . . . ,  a'k) €  Sj  
every (a l5. . . ,  ak\ a[ , . . . ,  a'k) £  S k can appear a t m ost Q ) tim es. 
Therefore

| Sj  | ( A ( N ) ) 2{k- j] <  N.

Thus (7) and  the  assum ption (A(7V) )2 A ( N 2) imply

| S j |  ( A ( N 2))k~j  «  TV j  =

and therefore
| Sj  | <  TV j  =  1 , . . .  , k  

This implies (6 ) and  thus th e  proof is complete.

C o ro lla ry . Every B 2k ~  sequence A satisfies

’f e s 1 =  °- <8)
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1 O N B r -SEQUENCES. 6

P ro o f .  It is easy to  see th a t  every B 2k ~  sequence A satisfies
A ( n ) <  n}l2k . Therefore assum ing th a t th ere  exists a  # 2*— sequence A
satisfying

lim inf >  0 (9)
n- >°° n i z

A also satisfies A ( n 2) <C (A (n ) )2 .
B u t th en  as a  consequence of th e  above theorem  (2) holds which contradicts 
(9).

R e m a r k .  In th e  special case r= 4  th e  m ore precise estim ation  of Si

| £ |  £ > 2 «  N
1=1

w ith
At =  | A fl [ ( 1 - 1 ) N , I N ]  j

shows th a t  here th e  assum ption A ( N 2) <  (A ( N ) )2 is no t necessary.This 
result was already achieved by Nash [38].
T h e  above theorem  also holds for B 2k -sequences satisfying only th e  weaker 
condition A ( n 2) < A ( A( n ))2 for infinitely m any n where A is any positive 
constan t.

1 .3 .2  M o re  r e s u l t s  o n  B 2k - s e q u e n c e s

W ith in  th e  fram ework of the  preceding section it is proved th a t every B 2k~
sequence A satisfies

111111111 l /2 f cTI—+OO XI •

provided th a t
A ( n 2) <  (A ( n ) )2 (n —♦ 00 ) . (11)

It is easy to  see th a t  (11) is no t necessarily tru e  for an a rb itra ry  B 2k— se­
quence A .
A pplying a  resu lt of J ia  [32] ,Chen [5] proved th a t lb n m f A ( n ) / n 1̂ 2k log n 1t4k~2 < 
00 for any R 2fc-sequence A and  J ia  po in ted  ou t th a t  even
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1 O N  B R -SEQ UENCES. 7

lim in f A ( n ) / n ' / 2k \o g n l !4k 4 <  oo is true.
71—►OO

Refining a  m ethod  developped in [21] we improve this result proving th a t 
lim in f A ( n ) / n 1̂ 2k lo g n 1/,3fc_1 <  oo holds for every infinite 2?2)c-sequence A

n —+co v

[23]-

Theorem . Let  A be a B 2k— sequence. Then

Y™ j g ^ ^ n y lzk~x < °°- ( i 2 )

Corollary. Let A  =  {ai  <  a 2 <  ■ ■ ■ <  a„ <  • • ■} be an infinite B 2k~  
sequence. Then

l im sup 2,.n — V2/3 =  00* (13)n—00 n ^ l o g n ) ^

P roof of theorem . (We prove the  above theorem  indirectly.)
Assum e th a t th ere  exists a B 2k— sequence A satisfying lim in f A ( n ) / n l ^2k logn 
00 for a fixed k  G N  then  there also exists a  m onotonically increasing 
function th : N  —> R  w ith lim ib(n) =  00 such tha t:

n—»oo

A  G B 2k

and
n 1/2 k

A{n)  >  (log n )1/3*'-"  ^ (n) V "  G N  (14)

Let

“ ' • = s r r -  <15>
Now,if there exists no G N  such th a t

A { n 2) >  (lo g n )"  (A (n ) )2 V n > n 0

a simple induction  shows th a t

A (n2’ ) >  ( ( lo g n )“ )2,_1 ( A ( n ) f  (16)

holds for all n > n 0 and  j  G N  .
T hus (14) - (16) imply th a t in particu lar

A{nV)  >  (lo g n ) V » - (n’,)1/M W " ” ” ' (17>

1 / 3  k -
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1 O N B r  -SEQUENCES. 8

for any fixed n > n 0 and for all j  £  N  which is inconsistent w ith th e  
B 2k ~  p roperty  of A th a t  requires A(m)  <C (m  —» o o ) .
Therefore if there  exists an infinite B 2k ~  sequence A satisfying (14) there 
also m ust exist an  infinite sequence of n a tu ra l num bers ( N t )t€ ^  satisfying

A( N2) < ( lo g NT)a (A(Nr) f  V r  €  N  . (18)

Let

5 ^ ) . -  | ( a i , . . .  , a k', a \ , . . .  ,a'k); a t-,a( €  A n  [1 , N 2},

1 <  (ai +  • • • +  a t)  — (a'j +  • • • +  a 'k) <  A r | ,

5 : =  k A  =  {(ai +  • • • +  ok), a,- €  A}, 

s f > : =  { ( M ; ) , l  Z b j - b i K N r M  <= B  n  [l,A rr2]},
and

S,(AV): = |  ] ( Z - l ) J Vr ,/JVr] n  J5 I 1 = 1 , . . .  Nr.

T hen by Cauchy’s inequality:

| 5 W | » | 5 r  | »  x > ?  »  ( E 5 ' ^ ) 2 i ^ r  (Arr - > o o ) .  (19)

Since A €  ^ ( n ) ^  ( ^ ( n ))fc ^  follows from (14) th a t

\ / n  
(log n ) k/3k>  7u ^ / 3fc=T M n ))* (n °°)- (2°)

Therefore:

and thus
| S W  I »  Nr  (log N r)* -1' 3*-1 (lp(Nr))2k. (21)
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1 O N  B R -SEQUENCES. 9

(This way of estim ating  | 5 (JVr) | was originally developed by Erdos in [43],see 
also [20 ].)
Let

S f r) :=  { ( a i , . . . , a i ; a#a, ; a , X  €  A  0  [1,IV2],

1 <  (a j +  • • • -+■ ay) — (a^ -)-••• +  &j) 5; N ,  
{ a ! , . . . , a j }  n  { a i , . . . , a ' }  =  0 ).

In [21] we show th a t every ^/.--sequence A satisfies

| S W  | <  § J V r | | ( A (N ? ) )k~j  (22)
j =1

and
| | (A(Wr ))2(*_ i> <  7Vr (23)

Therefore it follows from (22) and (23) th a t

* 6 * .  •  l s W | « g f t ^ g S r  < * - » > ■

Consequently (18) implies th a t

| S (Wr) I <  JVr [(log N r)a]k~j
j =1

<  Nr { l o g N r T ^ - V  ( N r —> oo)

and it follows from (15) th a t

| 5 (Nr) | <  !Vr ( log Arr )fc_1/3fc-1 (24)

which contradicts (21) and  th e  whole proof is complete.

Remark. J ia  has pointed out th a t using th e  result | F ( l , n )  | =  0 ( n } ^ 2k) 
in [32] we further have ,for k  > 2 ,

lim  inf log n 1̂ k~2 <  oo (25)n —‘oo f Zk  v

Remark. A recent result of Chen [6] proves th a t lirn in f ^ 1 - lo g n 1>,2fc <  
oo holds for any -R eseq u en ce  A .
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1.3.3 O pen problem s.

I t seems very likely th a t  every J5r-sequence A satisfies th e  m uch stronger 
condition

lim in f —ry - ( lo g n ) a < oo
n—+oo n l / r  v °  '

for every a  > 0 .
However an  im provem ent of C hen’s result [6] requires probably  a  com pletely 
new stra teg y  to  es tim ate  th e  asym pto tic behaviour of th e  counting function  
of a given B r -sequence A.

1.4 The odd case.
Till today  th e  odd case r = 2k + 1 (and in particu lar even th e  special case 
r =  3 )  of E rdos’ conjecture (1) rem ains open.
Let

:=  {(a, b, c) : a, 6, c €  A Pi [1, N 2}', a < b < c,

0 < \ a + b — c \ <  2 Arj ,

it seems prom ising to  a ttem p t to  prove ( 1) for B$ -sequences by establishing 
non-triv ial upper and lower bounds for th e  cardinality of sets sim iliar to  S ^ \  
Clearly th e  u p p er bounds for | S ^  | are closely re la ted  to th e  asym pto tic  
behaviour of the  counting function  of a  given B 3—sequence A ,w hereas upper 
lim its depend on th e  “ U 3 -p roperty  ” of A.
However ,th e  finding of non-triv ial upper bounds for S ^ t u r n s  o u t to  b e  a 
difficult task  due to  th e  fact th a t  th e  difference \ a + b — c \ of elem ents a,b  
and c of A th a t  are  contained in an interval [(k — l)A r, kN] of length  N is 
not bounded  for increasing k.
N onetheless slight variations of th e  techniques we have already used in th e  
even case lead to  som e nice p a rtia l results on th e  d istribu tion  of th e  elem ents 
of £?3 -sequences.

1 .4 .1  O n  t h e  d i s t r i b u t io n  o f  B 3 -S e q u e n c e s

D e f in i t io n .  An infinite sequence A of n a tu ra l num bers whose counting 
function satisfies A(n)  ~  a  n 1/ 3 for some a  is called a  sequence of pseudo
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- cubes. In th e  following we prove th a t no sequence of pseudo - cubes can be 
a  B 3—sequence . W e also give some necessary conditions for th e  d istribu tion  
of th e  elem ents of a  given B 3—sequence A [26].

P r e l im in a r ie s .

L e m m a  1. If A is an  infinite f?3—sequence then

| S (an :1 | <  N .  (26)

Proof.  We first note th a t

= S i N) u ( u w <2W5 f }(ft)),

where

S[N) :=  {(a, b, 6) : a , 6 €  A ,1  < a < 2 N ,a  < b <  A'2} ,an d

Ŝ 2N\ h )  := {(a,b ,c) : (a,b,c)  €  S ^ ^ c  > b, and a + b -  c = h}.

An easy com binatorial argum ent (see [43]) shows th a t A (n )  <  lS n 1̂ 3 ; 
therefore | 5 ^  | <C N *  <C N .  Now fix a value of h and let (a-y, bx, C i)and(a2, b2, c2) 
be two different triples in S 2N\ h ) .  Since a x +  +  c2 =  a 2 4 - b2 4- <4
and A is a B 3—sequence ,we m ust have {ax,f>i,c2} =  {a2,&2»Ci}- We also 
have a,- <  6, <  c, for i =  1 ,2 . These two conditions together im ply th a t  
a i =  a2,bi =  62,an d c i =  c2. Therefore | S 2̂ \ h )  |<  1 ,and th e  lem m a 
follows.
For th e  next lem m a we define

//*> := ((/ -  1 ) N , I N \ ,  and A \ N) :=\ A  n  l [N) | .

L e m m a  2. Let A b e  an  infinite sequence of num bers w ith 
lim in fn_ 00 A ( n ) n ~ 1//3 > 0 an d  let i f  : N  i-> R  be a m onotonically in­
creasing function, w ith limn-,,*, t/>(n) =  oo . T hen

E  1 (A \N)f  »  N l o g M N ) )  (27)
1<4>(N)
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Proof. By H older’s inequality ,

>  s o t  U r Ali

Since

(28)

5 3  r 1/3 a{n) =  5 3  r 1' 3 (A (IN ) -  A ((i -  1)N) )
l<il>(N) 1<MN)

>  5 3  A { i N ) ( r 1/3- { i  + i ) - l/3) »  7V1/3 5 3  r1
1<MN) l<ip(N)

th e  lem m a follows.
It follows from  (26) th a t if A is an  infinite sequence of n a tu ra l num bers t ha t  
satisfies

lim sup 5 ^ / - ^  =  °°> (29)n—*oo
th en  A cannot be a B z ~sequence .

O ur aim  now is to  characterize those sequences A w ith 
lim in fn^oo A ( n ) n ~ l l3 > 0 th a t  satisfy (29).
Definition. Let A be an infinite sequence of n a tu ra l num bers. If there 
exists an infinite sequence (AL)r e N  and a function ip : N  i-» R  satisfy­
ing
lim su p ,,. ,^  ip(n) =  oo. such th a t

A\+i < A {,Nr) (30)

for all 1 w ith 1 <  / <  ip(Nr), then  we say th a t  A is monotonically distributed.

Theorem 1 . If A is a m onotonically d istribu ted  sequence w ith

0 <  l i m i n f — ^  <  lim  sup — <  oo. (31)
n-»oo n l/3 n—.00 n 1' 3

th en  A is not a B 3—sequence .
Proof. Let A be a m onotonically d istribu ted  sequence of n a tu ra l num bers 
satisfying (31). Choose an  N r , an  1 w ith  1 <  / <  ip(NT)and a  j  w ith  1 <  
j  < 1/2. (For brevity,we shall w rite N in place of N r in th e  rem ainder of
th e  proof.) If a\  €  A fl 7 ^ , 0 2  €  A  fl l \ ^ , and a3 6  A  fl ,then  0 <
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| (a j +  a 2) -  a 3 \ <  2 N.
Therefore

s( a] »  E  ( E  »  E  l (A‘N) f  »  Niog^N))
1<1>(N) l< i< / / 2  l<4i(N)

by Lem m a 2.From  Lem m a l,w e see th a t  A cannot be a  B z—sequence .

T h e o r e m  2. If A is a pseudo-cube sequence,then A is no t a  J53—sequence

P ro o f .  Since A(n)  ~  a  n 1/3 there  exists a m onotonically increasing 
function 6 : N  h R  with lim n_ oo0(n) =  ooan d

/ I n  A(n )  / I n
“  0 (n j )  <  ~nU3 <  (Q +  0 ( n ) ) ‘

C onsequently

A\N) =  A(IN) -  A((1-1)N) = a AT1/"(I1/3 — (/ — l)1̂ 3) + 0  ̂ 0(AT)-1 /1/3 Arl/3 j , 

and

=  a iV 1/3 (2/1/3 - ( / - l ) 1/3- ( /  +  l ) 1/3) T O ^ ( iV ) - 1 ll ' z N 1' ^ .

(32)
We claim  th a t

( 2 /1/3 -  ( / - i ) 1/3 - ( / + i ) 1/3j  »  r 5/3.

For I =  1 th is is obvious;for larger 1 it follows by noting th a t

^ / 3  _  (Z _  1)1/3 _ (/ +  1)i/3^ =  ^ J ‘ J * +1y~5/3d yd x.

On th e  righ t-hand  side of (32) we have a  m ain te rm  and an error term .For 
brevity,we w rite th is as M  + E . We see th a t if 1 <  / <  ip(N)  then

E  _  lU3N U 3 I5/3 ^  12 ^  iJ;2(N )

M  6{N)  N U 3 <  6{N)  <  9{N)  '
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If we take =  0 ( N ) 1/3 we see th a t  E  <  M /2  for N sufficiently
large;i.e.,

> A \ $  (33)

provided N is sufficiently large and  1 <  / <  ip(N).  It follows th a t  A is
m onotonically  d is trib u ted  since we m ay tak e  {TV,.} in th e  definition to  be th e
sequence of all N sufficiently large to  m ake (33) true .B y  theorem  1,A is no t
a  B 3—sequence .

G a p s .

T he above considerations show th a t  if th ere  exists an infinite B 3—sequence 
A w ith lim infn^oo A ( n ) n ~ l l z >  0 ,then  A m ust oscillate betw’een sectors 
w ith  a  high density  of elem ents and intervals th a t  contain  only negligibly 
m any elem ents of A.
D e f in it io n .  Let A be an  infinite sequence of n a tu ra l num bers and let 
ui : N  R  such th a t

lim in fT1_ 00.4 (n )n -1 /3 >  0 and lirn in fu ;(n ) =  oo.

A W  <  1 —  (34)
' lo{N )  Pf3 1 '

for some l £  N  , N  €  N  . then  we say th a t  l f N  ̂ = ((I — 1)N,  IN] is 
an w - gap of A.

R e m a rk .  Let A be an  infinite sequence satisfying A ( n )  n 1/ 3. 
T hose elem ents of A th a t  are contained in w - gaps of A do no t make an
essential con tribu tion  to  th e  asym pto tic  behaviour of th e  counting function
of A w ith respect to  m agnitude.
Let N  €  N  be sufficiently large and let A  be th e  subsequence of A th a t 
rises from  A by elim inating all those elem ents of A th a t  are contained in an 
u>—gap for a  given u> . T hen  A  (n) »  A[n) .

Theorem  3. Assum e th a t  A is a  B 3—sequence A w ith
lim in f„ _ 0O A ( n ) n -1 / 3 >  0 . Let 8 > 0 and let oj : N R  be defined 
as w (n) :=  ( lo g n )1/6-5. For any sufficiently large N and  for any  a  satisfying
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0 <  a  <  1 /2  th ere  exist a t least k n  :=  [logI/6Ar] consecutive l o -  gaps 
of A below N 1+a. In o th er words ,there  exists a  n a tu ra l num ber l0 <  Ar“ 
such th a t l0 < I < lo + k n  implies th a t

Aw  < Nl/3
1 l2l z( logn) l l&~6

P r o o f .  We prove th e  theorem  indirectly.
Assume th a t the  above conclusion is no t tru e .T h en  for an arb itra rily  large 

N  €  N  there  are fewer th an  k n  consecutive o ;-g a p s  of A below Arl+“ .
In o ther words ,for every n a tu ra l num ber 10 < N a ,th e re  is some 1 with 

lo < I <  Io + k n  and

a \K ' >  (35)

Now let K  =  [NaI k n \  ,and divide the  interval (0 , N a] in to  K sub in ter­
vals of length >  kn-  From  each interval ,we can pick an integer 1 for which 
(35)  is tru e  Let {/1? l2, - - ■, 4 }  be a  set of such integers . Suppose th a t

a € A  f l  , b £  A  f l l } P , c €  A f l  1 $ ^  for some k < K  and
1 < k /2 .  T hen  | a +  b — c \ < 2k n N ,  and so (a, b, c) €  S ^ N A*. Therefore

E  W  j -  < V < N> V
k < K  \  i <k / 2 /

Since h  — U < ( k —i + l ) K N  < 2 ( k —i) kn  (1 <  i <  | )  a n d /,■ <  i k n  ,we
see th a t

>

k<K '* u;2(JV)KjV4/3fcl/3

— - —  ( £  - )
oj3( N ) kn 2

>> ( N k h ) - { ^ - ^ 4 w o ^ n - 1osN
>  ( N K N) ( \ o g N f .

On th e  o th er hand  , S ^ nN  ̂ <C N k n  by L em m a 1 .Since th is  a  contradic­
tion ,the  proof of theorem  is com plete.
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1.5 A sequence with special additive properties
A nother a ttra c tiv e  conjecture due to  Erdos suggests th a t  for every r  (E N  
there  exists an infinite i?r-sequence A th a t satisfies l im s u p ,,^ ^  A (n )  n -1/,r >
1 .
Erdos him self [20] and  Kriickeberg [35] constructed  S 2-sequences satisfying 
l i m s u p ^ ^  A ( n ) n ~ xl2 > 1/2 , and  l im su p n ^ ^  A (n )n “ 1/2 >  l / v ^ ,  respec­
tively. In [37] N air showed th a t  for every r  €  N  th ere  exists an infinite 
B r- sequence A satisfying lim s u p ^ ^  B ( n ) n ~ 1lT > ( r 2 — r  +  l ) -1 / r . Thus 
in the  special case r  =  3 he proved the  existence of an infinte P 3-sequenceA 
w ith limsupn^oo A (n )  n -1 /3 >  1 / ,  which is the currently  best known 
result.
In the  following we consider the  special case r =  3.

Prelim inaries We begin by defining

S (A r] ■= {(«Maj : a i )  : aii aj, a,k € A  n  [l,A 'r 5];a,- <  a; <  ak, 

0 <  | ai +  aj — ak \ <  ATr | ,

To decide w hether a given sequence A of n a tu ra l num bers is a iJ3-sequence 
it is im portan t to  estim ate  | | for increasing N.
D efinition. We call a sequence A of n a tu ra l num bers a weak P 3-sequence 
if A satisfies

lim inf S^V-W  <  1 .N^oo
Theorem. T here exists an infinite sequence B of n a tu ra l num bers 

satisfying:

B is a weak l?3-sequence (36)
and

lim su p n^ 00B (u ) n - 1/3 >  1. (37)

Proof. We will prove the  above theorem  by m eans of an explicit con­
struction  of a  weak P 3-sequence B [27].O ur principle of construction  will 
require th e  choice of a special set of indices,A(w\fo r  some N  €  N  
Construction of A ^ fo r  a given N  G N .
A set T  =  { a i , . . . ,  a „ ] is called sum-free if no elem ent of T  is th e  sum  of
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two elem ents of T ,th a t  is a. +  flj ^  a k for every tripel (a,-, aj, ak) of different 
elem ents in A.
In  cite7b Erdos shows th a t for every N  €  N  there exists a  sum-free subset 
A io f  [ljVTV] fl N  w ith

| ; 4 i  | >  V N / 3 .

A t least half of th e  elem ents of A are even or odd.Consequently there  exists 
a  sum-free subset A2of [1,\//V ] fl N  w ith

I A 2 I >  y / N / 6 ,

th a t  satisfies a — 6 ^  1 for each pair of elem ents (a,b) in A 2 .
We define k ( N )  := | A 2 | and consider th e  subset {ac, a c+i , . . . ,  ak(N)} of 
A 2 , where c is a  constan t th a t will be defined later on.
F inally  we define

A {n) :=  {a1, a c,a c+1, . .  . , a k(N)}, (38)

w ith
ai :=  1.

R e m a rk .  Of course any appropria te  subset of odd num bers contained 
in [1, %/JV] could serve as a set A^N\  B ut our aim  is to  use E rdos’ result [11] 
to  construct a great variety of different weak Bz  sequences . T hus for the 
sake of greater flexibility we choose the  above approach to  construc t weak 
Bz  sequences .

C o n s tr u c t io n  o f  B . Let M  €  N  be sufficiently large. We define the
sequence (Arr )r€ ^  inductively as follows:

N ,  := N  ; N j+1 := N f ' 2 Vj >  1.

Let B \ Ni  ̂ be an  a rb itra ry  subset of N  fl [E W ], w ith | B[Ni  ̂ ] =  <
jV^ 3 >  and  consider th e  set

For aj €  . 4 ^ )  we consider th e  interval := ](a j — l )N i ,a . jN i \ .
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Let ^  be a  real constant,sufficiently large ,that will be defined la te r  on and 
let B j  be an a rb itra ry  subset of N  fl [(aj — — 5 ) ^ 1] C
satisfying

| B f . ) |  =  < 7 4 > .

“J
We define

Br :=  U
j:oj €A<-N 1)

For r  >  2 assum e th a t  B i , . . . , B r- i  have already been defined.
T hen  we construct B r w ith th e  help  of E rdos’ result [2] ,analogously to  th e  
construction  of B \ ,defining

:= B r- u  

Br :=  (J B i Nr)-
j-.dj £A(Nr')

D e fin it io n .
B : =  U  B r. 

r e  N
R e m a r k .  W ith o u t loss of generalitiy  we m ay assum e th a t

B { N t ) <  <  (N Ty / 3 > . (39)

holds for all r  e  N  .If due to  th e  above principle of construction  B ( N ro) >  
<  (N rQ)1 /3 >  for an r 0 G N  . it is possible to  guaran tee (39) by elim inat­
ing arb itra rily  chosen elem ents ou t of AC\ [l,./Vro] w ithout affecting th e  proof.

Now we are going to  prove th a t  B satisfies

I S ^ ] 1 <  y  V r  €  N  (40)

and
B ( N r) ~  N t * (r —* 00 ). (41)

P r o o f  o f  (4 0 ) .
For a given r  6  N  we consider an  arb itra ry  tripel ( b i , b 2 ,b3 ) w ith  <
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b2 < b3 and bi , b2 , 63 G B  Pi [l,iVr 5].
T here exist i j ,k  such th a t 61 G &2 €  / j ,  63 €  A , 
and

| (61 +  62 )  —  63 | >  | ( a< +  a j )  — ak — (Si +  6j)  +  6k \ N r ,

w ith
1/3  <  6i,6 j,6k <  1/2.

To decide w hether ( 6X, b2 ,63 ) G we consider th e  following th ree  cases:
Case 1 :

i < j  = k. (42)

Case 2 :
i < j  < k. (43)

Case 3 :
i = j  <  k. (44)

Let us first consider Case 1 :

i < j  = k.

(42) implies:

| ( +  ^2 ) — 63 | >  | a,- — (Si -f Sj) 4 - 8k | N r 
>  ( a< -  2 /3 ) N r

> nN

Therefore:

Case 2 :

T hen  due to  (38)

( h , b 2 , b 3 ) $ s ^ K

i < j  < k.

( a,' +  U; ) >  a t  +  1

or
( a ;  +  a , )  <  a k -  1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 O N  B R -SEQ U ENCES.  20

holds for all a i , aj , a* €  A^Nt\

Suppose
( a ; +  a j )  >  a* +  1.

T hen

| ( &i +  b2 ) -  63 | >  | 1 -  (Si +  6j) +  Sk | 

>  iVr/3.

Consequently:

( 61 , 62, 63) £ 4 ^ -

On the  o ther hand
( a; +  0,3) <  ak -  1

implies:

(61 +  ) — 63 | >  | — 1 — (Si + 6j) + 6k | N r
> N r/ 3.

Consequently 

C a s e  3:

Suppose th a t  

or th a t

( 61 , 62 , 63 ) i  s (̂ \

i =  j  < k.

ak 2 a, +  1 .

ak <  2 a; +  1 .

T hen case 3 corresponds to  case 2.
Consequently

(2il)
( 61 , 62 , 63 ) €  S B 3 and (i = j  < k) => ak =  2 a,-,
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and th e  num ber of such triples can be estim ated by T  w ith

T  := E  ( H T - M ) 3
C<«<(V^r/6) + C

1 / < ^ 6)+C 2 j .< 7  Nr i di
.,3

Consequently:

<  —  Nr.

S ^  | < T  < ^  Nr. (45)

P r o o f  o f  (4 1 ).

B (N r )  > 7  £  I |
i: «f

> 7(AV-i)1/3 £  *-2/3
( 5 / 6 ) ^ N T- l < i < y / N r - l

> a  J  y /N r - 1 

=  a  7  N r 1̂ ,

where a  is an appropiate positive constan t. Thus defining:

1
7  :=  — and c := <  3 7 >  

a

com pletes th e  whole proof.
R e m a rk .  A slight im provem ent of th e  m ain resu lt of this p ap e r m ay be 
obtained by a  modified and m ore com plicated definition of th e  sets B jNr\  
bu t since our m ain  interest is focused on the  above principle of construction 
we restric t ourselves to  th e  above choice of B jNr  ̂ for th e  sake of b e tte r 
understanding.

1.5.1 Open problems.

Till today  E rdos’ conjecture w ith respect to  the  existence of an infinite 
B 3-sequence A satisfying l i m s u p ^ ^  A (n) n -1 /3 =  1 is still unproved.
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Therefore even a  settlem ent of th e  following weaker question would be vey 
in teresting: does there  exist an  infinte sequence ,A ,of n a tu ra l num bers s a t­
isfying : l i m s u p ^ ^  A {n)  n -1 / 3 =  1, and  <  n, where

^ l n) :=  { ( a*, aJ i ° k )  '■ a i , a j ,  ak €  A\  0 <  | ai + aj -  ak | <  n  }.
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2 Som e rem arks on th e  Erdos — Turan con­

jectu re
N o ta t io n .  In additive num ber theory  an increasing sequence of n a tu ra l 
num bers is called an  asymptotic basis of order h  of N  if every sufficiently 
large n  £  N  can be w ritten  as th e  sum  of h elem ents of A.
Let rn( h ,A )  denote th e  num ber of representa tions of n as n =  +  • ■ • +  a/,
w ith a j , • • •, £  A  and a i <  • • • <  ah-
If A satisfies rn( h , A ) <  g  V n  €  N  ,where g is a  natu ra l constan t ,then 
A is called a Bh[g] -sequence (and  in th e  special case g  =  1 a  Bh -sequence). 
F urtherm ore for any given sequence A of n a tu ra l num bers and any m €  N  , 
we define:

SA (m )  :=  | { (a ; ,a ,)  , a,-,aj €  A , m =  aj -  a,} | 

and for a given N  €  N

hA{m) :=\ {(a i ,a j) ,  a {,a j  £  A I"! [1,7V2], m  = aj — a,-} | .

2.1 Introduction.
A fam ous conjecture of E rdos und T u ran  [17] asserts th a t  th e re  exists no 
asym pto tic  basis of order 2 of N  th a t is a  Bzlg] -sequence a t th e  sam e time. 
Erdos shows (see [20]) th a t  if A is an a rb itra ry  sequence of n a tu ra l num bers 
satisfying lim infn^oo A ( n ) /y /n  > 0 and  N is a  given n a tu ra l num ber then

H a { N ) : =  £  hA(m )  > N l o g N ,  (46)
771 =  1

which proves th e  above hypothesis in th e  special case g =  1 .

Alm ost all known results on Bh\g] -sequences are based on considerations 
concerning the  representa tion  of certain  n a tu ra l num bers as a  difference of 
elem ents of a  given sequence A.
Therefore for a  fu rth e r p roof of th e  E rdos-T uran conjecture it is very in­
teresting  to  decide w hether E rdos’ estim ate  (46) is sharp w ith  respect to 
m agnitude.
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2.2 A “ju st” dense sequence.
Here we will prove by m eans of an  explicit construction th a t  (46) is indeed 
sharp  in th e  above sense [22].
F urtherm ore (46) unfortunate ly  does n o t render possible an estim ation of 
hA(m ) for any  specific m  £  [1 ,N ]  b u t only provides some average infor­
m ation  ; in particu la r, it is no t possible to  decide w hether any specific 
m  £  [1,1V] for a  given N satisfies e.g. hA{m) > c lo g N  or no t ,where c is 
a  constant. -  H ere we prove-again by m eans of an explicit construc tion- th e  
existence of two increasing sequences of n a tu ra l num bers B and M satisfying:

• , B ( n )  h m in f— ■=- > 0 ,T1- .0O yjfl

lim inf MS-Hl >  o
n-*oo

and

lo g n

SB (m j)  =  1 Vj >  j 0.

Theorem .
There exists an infinite sequence o f natural numbers A satisfying

lim inf ^ 0 -  > 0 (47)
°° V ”

and
N

H A( n ) =  hA ( m ) <C N l o g N .  (48)
m =l

Proof.
We will prove th e  above theorem  by constructing an infinite sequence A of 
n a tu ra l num bers as an infinite countable union of finite Sidon sets.
Let fi and  v  be  a rb itra ry  natu ra l num bers satisfying

v  > 2 and  \i >  1.

Now a sequence {nj ) je  ]sj is defined inductively as follows:

1,n  i 

n 2j

n 2j+l

I* n 2j -1 j  €  N  
v n 2j j  G N  .
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Therefore:

n 2j = H3 v 3~x j  6  N  ,

« 2j+i =  V3 v3 J €  N  o .

We define:
J* :=  ]n t _i,nfc[ Vfc >  2.

A well-known result of Erdos and Chowla [7],[17] sta tes th a t

lim inf >  1, (49)n—oo

where F 2{n)  denotes the  m axim um  num ber of elem ents th a t  can be selected 
from the  set 1, 2 , . . . ,  n  to  form  a  B 2 -sequence.Since th e  “ B 2 -property  ” of 
a finite set is invariant under translations, for any j  £  N  (49) proves the 
existence of a Sidon set S 2j  C I 2] =  ]n2j _ i, n 2j[ ,such th a t:

| S 2j  | »  \ J ( n 2j -  n 2j- i )  =  y / n -  1 \ / n 2j~ i  (j  — ► oo). (50)

We define

A:= U S *
i=i

and have to  show th a t A satisfies th e  conditions (47) and  (48).

P roof of (47).
For any m  €  N  , m  > fi there  exists a j 0 €  N  w ith

n 2]Q < m  < n 2jo+2.

Therefore: _____
V7™ <  yjn h 0+2 «  ^ 2,0- 1-

and on th e  o ther hand:

A {m )  >  A (n 2jo) -  A (n2jo_a) =  | S 2jo | »  y /n 2j0- a.

Thus h m in f^ o o  A { n ) /y /n  >  0 and  (47) holds.
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P r o o f  o f  (4 8 ) .
For a  given JV 6  N  ,w ith N  >  fi th e re  exists a  j i  €  N  such th a t:

ri2n -2 < N  < n 2ji 

and for any m  €  [1, N] we define:

h \ (m )  := \ { (ai ,ak) , ai ,ak €  [l,rc2jJ] n A  and m  =  ak -  a,} |, 

h2A(m) := | {(a,-,Ofc) , a; € [1, ./V2] D A , a* € ]n2jl, -/V2] and m =  a * - a ; } | ,

H \ ( N )  :=  E  h \ ( m )  , H 2A(N )  :=  £  /r2 (m ).
m = l  m = l

Consequently:

M ™ ) =  A i(m ) +  h2A(m ) , H A(N )  = H \ { N )  +  H 2 (N ).  

E s t im a t io n  o f  H \ ( m ) . Obviously

H \ { m )  < (A (n 2J ) 2 <  n 2jj <C N.

E s t im a t io n  o f  H \ ( m ) .  Since v > 2 ,for any j  > j \  th e  length of 
th e  gap betw een two consecutive Sidon sets S 2j +2 a n d S 2j  is bigger th an  
n 2jl+ i - n 2jj >  n 2ji >  N .
Therefore a  num ber m  €  [1, N] can be represented as a  difference of two 
elem ents a,-, a* of A with a t >  n 2jj only if a t  and  a,- are elem ents of th e  
sam e Sidon subset of A.
Let 0 ^ 2  be the  num ber of Sidon subsets S 2j of A satisfying
S2 in [ i , j v 2] ^  0 .
T hen  th e  B 2 -p roperty  of all Sidon subsets of A leads to  

h2A(m ) < Q n 2 Vm €  [ l ,N ]

and consequently

H \ { N )  =  E  h2A{m) < N Q n 2. (51)
m=l
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E s t im a t io n  o f  .
For given N  €  N  , N  > f i ,th ere  exists j 2 € N  so th a t

n 2j2_ 2 <  N 2 < n 2]2 =* ( i * - 1 i> ~ 2 < N 2 => j 2 <  logiV

and as 0 ^ 2  <  .72
=$> 0 ^ 2  <  log A. (52)

T hus (51) and (52) imply:

H l ( N )  <  N  logJV

and
Ha (N) = H \ { N )  +  H \ { N ) <C N  lo g N  

which com pletes th e  proof.

C o ro lla ry .
There exist two infinite increasing sequences of natural numbers B  and M  
satisfying:

and

l i m i n g  >  0n-*oo ^ jn

,  M i n )
lim  m f ------- >  0n—*0® Jog n

£ s(m ) =  1 V m  £ M .

(53)

(54)

(55)

P ro o f .
Let A be  th e  infinite sequence of n a tu ra l num bers generated by construction 
of th e  above theorem  in th e  special case
y  =  7 /4  and  u = 4  (w here th e  inductive definition of th e  sequence
(n j ) j € N  supplem ented by  th e  definition n 2 :=  2 which does no t restric t 
a t all th e  applicability  of th e  proof ).
Consequently in th is  special case we define:

i e N ,  

j  >  2 .

: =  1 ,

n 2 : =  2 ,

n 2j+l : =  v  n 2j

n 2j : =  y  n 2j _ j
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Thus

n 3j = 2 V - 1 j £  N  ,

n 2j+1 =  8 7J_1 j  E N  .

For any j £  N  we define:

D 2j  :=  { m €  N  : 3 a,-, or,- e  S2j an d  m =  aj -  a*}.

Since S 2j is a Sidon set and lim tt- =  1 there exists j o  €  N  so
J j -*o o  \ f n 2 j - n 2 j - i

th a t  :

I D v  |=  f 1 S «  ' j  >  Yj  > j„ .

Since on th e  o ther hand

m  €  D 2j =$■ m  < n 2j  — n 2j_ i =  3n 2j_ 2 V j  €  N

for any j  >  jo  there exists at least one m j  €  D 2j satisfying:

n 2j- 2 <  m j  <  3 n 2 j _ 2 .

Let M be defined as th e  sequence m j0,m j0+i ,m j0+2, ----
Now we will construct a  subsequence B of A by elim inating a  negligible 
num ber of elem ents of A so th a t B still will satisfy:

l i m i n g  >  0
n — OO y / n

and  Ssirrij) =  1 holds for all j  > jo- 
Since according to  th e  definition

n 2i- 2 < TTlj V j  > j 0,

we have
mj =  ak — ^  => ak > n 2y_2.

Therefore ,since
A fl ]n2y_2, n 2j _ 1[ =  0,
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a k satisfies
3 - 1

ak >  n 2j -1 a n d  ak £  \ J  S W  ( 5 6 )

A=i
On the o ther hand  for h > j  the  length of th er gap between two consecutive 
Sidon subsets S 2k- 2 , S 2k is bigger th a n n 2j_ i — n 2j_ 2 =  3 n 2>_ 2.
Therefore as according to  definition m j  <  3 n 2j_2 for any  j  > j 0
rrij can occur as a difference a k — a,- , a,i ,ak €  A  only if b o th  a k and ai
are elements of th e  sam e Sidon subset S 2h ,  h > j .
Therefore the  B 2 -property  of th e  sets S 2j  implies th a t:

I D 2j n  M  I <  V j  6  N  .

Thus V j  > j o  it is possible to  construct a new Sidon set S 2j  from  S 2j  by
elim inating less th an  j elements of S 2j  so tha t:

D 2j n  M  =  { m j } ,

where

D 2j  : =  {  m G  N  : 3 ( a , - , a fc)  G S 2j  : m =  a k - a i } .

We define:
OO

B  :=  ( J  S 2j , where S 2j :=  S 2j  1 <  j  < j 0- 
j=i

Obviously:
<5s ( m j )  =  1 V j  >  j 0

a n d  

I 4  I >  1 4 1  =► lim inf ®  >  0.n~>oo

Furtherm ore , 0 n logn  (n  — > oo), where 0 n is the  num ber of 
Sidon subsets S 2j  of B satisfying S 2j  fl [l,n ] ^  0. >  Consequently:

. M i n )  
hm  mf  -------- >  0n->oo J0g n

which com pletes th e  whole proof.
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2.3 Further remarks.
T he above construction  is of some in terest in itself.However it is w orth  po in t­
ing ou t th a t  its result can be im proved in several ways.
Erdos and  N athanson  [15] have shown th a t  th e  sequence of squares and the 
sequence of prim es are good examples for A and M .As a  m atter-of-fact they 
provide much sharper results th an  (47),(48) , (53),(54) and (55).
Recently K olountzakis [33] by m eans of probabilistic m ethods has im proved 
the  above results considerably.
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3 A pplication  o f probabilistic too ls in  addi­

tive num ber theory.

3.1 A  short introduction to  the probabilistic m ethod
T he results in troduced w ith in  th e  fram ew ork of th is chapter [24] are  based on 
th e  probabilistic  m ethod  of Erdos und  Renyi . However,since [20] contains 
an excellent exposition of th is im p o rtan t tool, here we only give a short 
survey of E rdos’ and R enyi’s ideas w ith o u t proof.
By th e  m ethod  of Erdos und  Renyi ([16] and  [20]) for any sequence of real 
num bers (<*j)ye N  , 0  <  Qj <  1 ,th ere  exists a probability  space w ith 
probability  m easure p  on th e  space f I of all strictly  increasing sequences of 
n a tu ra l num bers ,satisfying:

th e  event B ^  := {u> €  fl : n €  urjis m easurable , p ( B ^ )  =  a n ,
(57)

and
th e  events B ^ \ B ^ \  . . .  are independent. (58)

We denote by p n th e  characteristic  function of the event B ^  .
From  now on we consider only those sequences of probabilities (c*j)j€ N  , 
satisfying

0 <  a j  < 1, (59)
lim  inf a ,  =  0 , (60)j —oo

3jo : Oj+i <  a j  V j  > j 0, (61)
OO

E  a i =  oo- (62)
3=1

T hen  by a  particu la r varian t of th e  stro n g  law of large num bers for alm ost 
all uj £  fl

a j  ~  u’(n)  (n  —» oo) (63)
j= 1=1

holds,w here

u ( n ) ■= X ) 1 (64)
j€Ul;\<j<n
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Let

and

An — 'y ] CX j Qtn—j  i

n
m n :=  E  <*; 

j= 1=1

A^ '•== — GjCin-j)
1 <j<§

T hen we have 

and

Lem m a 1. A sequence (a y ) je N  of positive real num bers is defined by

A(, ~  A„ (n —* oo), (65)

: r„ (w) =  d}) < d €  N  . (66)

Vi > jo, (67)
J c

where j 0, a , k , c  and c are suitably chosen real constants, satisfying

0 <  c 
0 <  c <  1

0 <  a
1 <  k

so th a t logfc(j)  >  0, V j  > jo and (67) and  (59 - 62) are com patible.
T h e  precise value of a j  for sm all j is u n im portan t provided th a t  th e ir choice 
ensures th a t  (67) and (59 - 62) are com patible also for oq , . . . ,  ay0 . 
T hen as (n  —> oo)

\   ̂ n 2 _  ( Inrr n t 2C n 1-2c
An ~  2 “  T (2 — 2c) (1° gfcn) ”  (68)

m n ~  ——— (lo g fc n )c n 1' 0. (69)
1 — c

R e m a rk .  The above lem m a is a  slight generalization of Lem m a 11 in
[20],pl44. Its  proof corresponds essentially to  th a t of the  above-m entioned 
Lem m a 11 and is therefore left to  the  reader.
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3.2 A generalization of a theorem  of Erdos on asym p­

totic basis of order 2
N o ta t io n .  An increasing sequence of natu ra l num bers,A , is called an asymp­
totic basis of order 2 of a given set T  of n a tu ra l num bers if every sufficiently 
large n  G T  has a t least one representation in th e  form  n  =  a,- +  aj; ai < 
a j , a {, a j £  A . .
Let r n( A ) b e  the  num ber of such representations of n  G T  by elem ents of 
A.
D e f in it io n . A system  T  =  (T )-e j ^  of disjoint subsets of N  satisfying 

00

N  =  U T3 is called a disjoint covering system.
.7=1

D e fin it io n . If for an  increasing sequence A of n a tu ra l num bers there 
exists a disjoint covering system  T  such th a t

3 j0 : T j  =  0 Vj >  j 0 or | Tj | =  oo for infinitely m any j  G N  (70)

and

A is an asym pto tic basis of order 2 of all infinite elem ents Tj  of T , (71) 

then  A is called an asymptotic pseudo-basis o f  N .
R e m a rk .  Let A be an asym ptotic pseudo-basis w ith respect to  a disjoint 
covering system  T .F o r  any infinite elem ent Tj of T le t

rij  :=  m i n { m  G Tj : rn( A )  >  0 V n  G Tj  ;n  >  m}.

Obviously any asym pto tic basis A of order 2 of N  is an  asym ptotic  pseudo­
basis (e.g. for T  :=  N , 0 , 0 , . . .  ).But unfortunately  th e  converse in general 
is not tru e  since for any asym ptotic pseudo-basis A of N  together w ith a 
corresponding disjoint covering system  T  th e  set of all rij th a t  are defined in 
th e  above sense is not necessarily bounded.

I n t r o d u c t io n .  M ore th an  fifty years ago S.Sidon [41] asked if there exists 
an  asym ptotic basis of order 2 of N  th a t is economic in th e  sense th a t for 
every e >  0 lim i n f =  0 holds.
In  1953 P .Erdos [1] solved this problem  ingeniously.In fact he proved the
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m uch sharper : Theorem . T here exists an asym ptotic  basis A of order 2 
of N  satisfy ing:

A (n )  ~  a  n ^ lo g n )*  , a  e  R ,  (72)

and
lo g n  <  rn(A)  <  log n  (73)

An a ttra c tiv e  and still open problem  is to  decide w hether th ere  exists a basis 
A of N  for which there  exists c :=  lim in fn_ 00 •
In [40] I.R usza asks for a  basis for which 7'„(A) <C holds.

On asym ptotic pseudo-basis. Here we prove the  following: 
Theorem. For any k  €  N  there  exists a  disjoint covering system  
T W =  { T ik\  T^ , . . . }  satisfying:

V j  6  N  : T j  ^  is an infinite elem ent of T W  : 

logjb-in  >  Tj k) (n ) »  loSfc-i71 («  -»  oo) (74)

(w herelog0 n :=  id(n) = n),  

and an asym pto tic  pseudo-basis A satisfying:

A (n )  ~  2 o(logfc n)^ri^  (75)

and

Cilogfcn <  r n(A ) < c2 \ogk n] (76)

V n  6  T j k' that are sufficiently large, 

and V j £  N  where T j k ^ is an infinite element of ,

where a,  Ciandc2are global real constants not depending on j.

Remark. T h e above theorem  generalizes (72,73),which is ju s t th e  special 
case k  =  1 (e.g. w ith T  := N , 0 , 0 , . . . ) .

Remark. T h e prove of th e  above theorem  is based on a  slight m odification 
of E rd o s’proof of (72) and  (73).Therefore like th e  proof of (72) (73) it is based 
on a  probabilistic  m ethod  and  not constructive.
P roof of theorem .
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I n d u c t iv e  c o n s t r u c t io n  o f  s u i ta b le  d is jo in t  c o v e r in g  s y s te m s .  F irst 
of all for any k  €  N  , we are  going to  construct a special disjoint covering 
system  satisfying (70) and  (74) .

T he case k =  1.

For k =  1 , let
T ™ : =  N , 0 , 0 , - - - .

Obviously T  ^  is a disjoint covering system  and (70) and  (74) hold.

The case k =  2.

For fc =  2 we define T  ^  inductively as follows:

T ? ] :=  {1},

T2(2) :=  {2j : j  €  N  }.

Now if T j2' , • • •, Tr(2) are already  defined let:

T

s :=  m m { n  €  N  : n ^  ( J  T /2̂  }
;=i

and we define:
r™  :=  •• 3 e  N  }.

Now we consider th e  following equivalence relation on N  :

a ~  b : <=>■ 3 s , u , u  €  N  :

a =  s“ ,6  = 3V.

ju s t consists of all equivalence classes under th e  above equivalence 
re lation.T hus T  ^  is a  disjo in t covering system  and obviously (70) holds. 
For T /2̂  €  \  {1} th e re  exists s £  N  such th a t T} =  :
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j  G N  , s G N  \{1}} For any sufficiently large m G  N  there exists 
t G N  such th a t

s* < m  < s<+1.

Thus T /2̂  (m) =  t implies th a t:

r / 2) (m ) <  t—- log TTi <  T /2  ̂ (m ) +  1 ,
logs

and consequently
logm  <  T)(2) (m ) <  logm .

Therefore also (74) holds.
T he case k — 3.

Definition. For s G N  and  any non-em pty subset M of N  we define

s M :=  {sm : m  G M } .

W e construct by dividing every element Tt̂  of except {1} into
disjoint infinite subsets of N  .
For any T) of T  ^  there exists s G N  :

T,(2) =  { s ' : j  G N  }

Consequently

t ; (2) (J  5 r i 2)

T j2)e T w

and we define T  ^  as the  system  of all those sets
7-7(2)

s i =  {s7̂  : j  G N  } where p is a n a tu ra l constan t. Since T ' 2’ is a
disjoint covering system , T  ^  is also a disjoint covering system and as (70)
holds for T ^ 2\ T  ^  also satisfies (70) .
For any infinite elem ent T /3  ̂ of T  ^  and any sufficiently large num ber 

m G  N  th ere  exist s ,p ,  t G N  such th a t

i f  > = {s^ : j G N  },
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and
spt < m  < sp +I.

T hen  T -3) (m ) =  t implies

log2m  <  T f \ m ) <  log2 m.

C onsequently satisfies also (74) .

T he general case k > 4.

Let T ^ 2\  T ^ \ -  • • be already constructed  by the  above proce­
dure.
T hus for every infinite elem ent T ^  of there  exist S i , . . . ,  s/c_i €  N
so th a t

=  { V  '  j  6  N  },

and according to  the above procedure T  will be constructed  out of
r ( ( 2 ) )

T  ^  by dividing every infinite Tl  ̂ of T  ^  into disjoint subsets Sj , T- ^
T  (2K
It is easy to  see th a t  also T ^ k+1  ̂ is a  disjoint covering system  satisfying (70) 
and  (74).

P r o o f  o f t h e  e x is te n c e  o f  a n  a s y m p to t ic  p s e u d o -b a s is  A  ,s a tis fy in g
(6 ) a n d  (7 ) w i th  r e s p e c t  to  T  W fo r  a n y  fix ed  k  €  N  . Now let k
b e  a  fixed n a tu ra l num ber.(Since as already m entioned above th e  case k =  1 
is already solved we restric t ourselves to  the case k  > 2 .
To prove our theorem  corresponding to  E rdos’ proof of (72,73) we first choose 
a  num ber a , 0 <  a  <  1 so th a t

|  a 2 7t >  1 (77)
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holds and we define th e  sequence (oj ) -€ jq by

1 1 <  j  < jo2

, (78)
a  j  >  Jo,

where jo  is a su itab ly  chosen natu ra l num ber so th a t  log*, j  >  0 V j  > jo 
and (<*y)j€ N  satisfies (59 - 62).
Therefore by (63) and by Lem m a 1 we have w ith  probability  1

w(n)  ~  2 a  yJlogk n  y /n  (79)

A„ ~  j a 2 logk n, (80)

which because of (77) ensures the  existence of a num ber 6 > 0 such th a t

e~A" <  ( logfc_ x n )~ (1+sK (81)

In view of (66 ) for any n  €  N  , d € N  :

|/({w  : r„ (w) >  e A'„ }) <  J2 /*({“> : r" M  =  d})
d > eA'

< £  * e - A „

d > e A „

^  ( e  \  - A

*  ( n p  e

=  e~An <
Oogfc-i n) l+« ■

Let r / fc) be an infinite non-em pty elem ent of T  
There exist s i , . . . ,  s*_i €  N  so th a t

E’ =  { V  i £ N )
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Consequently

E  K W  ■
r n  ( w )  >  e  A ;  } )  <

E  e -

n e  i f  >

CO  /

< E  ( l o g fc_

< E  4 ) 1 + 4

j = i  ;

< o o .

Therefore th e  application of th e  Borel-Cantelli -Lem m a proves th e  existence 
of a positive real num ber c2 ,such th a t for any infinite T V  €  T ^

fi({u> : r n (w) <  c2 logfcn, n €  T - , (n sufficiently large)}) =  1, (82)

On the  o ther hand  for any suitably  chosen constan t b <  1 again in view of 
(66 ) we have

<
E

l < d < 6 A „ '

t i { { u  •• r n

<
E

l < d < b \ ' „

C1

<
( ~ e ~ K _ ) i > > n  g - A „

h  X ' n

r =

[ ( ? ) f
e ~ A n .

Therefore because of (65) there exists Cj , 0 <  Ci <  1 such th a t

[(A r ] A" e-x» <  ( l o g ^ n ) " ^ .  (83)
L ci J

T hus for any fixed infinite T V  €  T  V  ,with

t ! “ = {-v ’ , i  € N },
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we have

'  1 - ( i+ | )
J 2  f i ({u  : rn (w) <  ci A'n }) <  E  logfc_i s t

ne i f  > 7=1 V

«  E ( i ) 1+I
;= i ;

<  oo.

Again we apply th e  Borel-Cantelli -Lem m a to  prove th e  existence of cx > 0  
such th a t for any infinite T -k  ̂ £ T ^

: rn (w) >  Ci logfcn , n €  i f * ,  (n  sufficiently large)}) =  1. (84)

We have shown th a t  u> has each of th e  desired properties w ith probab ility  1 
and thus th e  whole proof is complete.
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