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ABSTRACT 11l

PARALLEL ALGORITHMS FOR BANDED LINEAR SYSTEMS OF EQUATIONS
by

Isdor Sobze

Adviser: Professor Victor Y. Pan

Abstract. We devise parallel algorithms for solving a nonsingular banded
linear system of equations (BLS) and for computing the determinant of any
banded matriz, substantially improving the previous record computational
complexity estimates of W. Eberly [E]. These algorithms are in NC (respec-
tively, RNC) if the input matrix is defined over a field of characteristic zero
(respectively, a finite field or a ring); they support new record bounds on
the parallel time complezity of these computations and the optimum or near
optimum bounds on their potential work (that is, the product of time and
processor bounds); moreover, they are in NC! or RNC? if the bandwidth of
the input matrix is a constant. We also develop several preprocessing tech-
niques for accelerating the computation of the solution of several nonsingular
BLS’s, each having the same coefficient matrix A, so as to keep the potential
work on solving ¢ such BLS’s asymptotically bounded by the potential work
on solving a single BLS, provided that ¢ does not exceed the bandwidth of
the common input matrix A. The space requirement of our solutions is equal
(up to a small multiplicative constant factor) to the space required by the

best known sequential algorithms for solving the same problems.
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Chapter 1

Introduction and background.

1.1 Introduction.

The ancient scientist/philosopher such as Aristotle, who was able to
comprehend almost all knowledge available in his time, has gradually
been replaced by generations of scientists with ever increasing depth
of knowledge and narrowness of interest and competence. .. Limitation
of human mind seems to be the primary reason of this trend ...Once
the amount of knowledge is greater than the human mind is able to
comprehend, any increase in the knowledge necessary means that a
human comprehends a small fraction of it [KIl, page 3].

Due to the advances in parallel computer architecture, machines with large
numbers of processors! are now available. Due to this technological progress,
some researchers predict that “within a decade, all developments in computer
applications and algorithm design will be taking place within the context of
parallel computation” [KR].

In this thesis, we have primarily directed our efforts to the design of

parallel algorithms for solving a nonsingular banded linear system of equations

1Parallel machines with more than 64K processors have been constructed already about
a decade ago (see [Qui]).
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and for computing the determinant of a banded matriz. A matrix is said to be
banded if all its nonzero entries are located in a small band centered around its
principal diagonal. A linear system is called banded if its coeflicient matrix
is banded. Such linear systems frequently arise in practice of scientific and
engineering computations and has long been a subject of intensive research
(see [Am], [LP], [DB, page 165], [Ba, page 343], [GL, pages 149-159, 170~
177]); also see further bibliography in [GL, pages 158-159]. We seek parallel
solutions that are efficient or (preferably) optimal (the concepts of efficiency
and optimality, in the context of parallel computations, are discussed in §1.4).
This dissertation includes the recent algorithms and techniques from [PSA].
Some of these banded matrix algorithms (in particular, the ones of chapter 5)
may be extended to any matrix having the (block) Hessenberg form, provided
that this matrix has lower (block) edge (see Definition 1.3.2, page 10).

We organize our presentation in the following order: In this chapter, we
recall some relevant concepts of linear algebra and parallel computations, for-
malize our main goals and summarize the main results. In §1.2; we review
some basic definitions and some fundamental operations of matrix algebra.
In §1.3, we recall the customary terminology for banded linear systems of
equations and discuss some block matrix representations of a banded ma-
trix, in particular, the ones relevant to the design of our algorithms. Our
high level description of the algorithms is machine independent; to measure

their parallel complexity estimates we will assume general models of parallel
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computing under the parallel random access machine (PRAM ) which we
recall in §1.4, together with some recent results on parallel (dense) matrix
computations. In §1.5, we state the main problems of our study. In §1.6, we
-apply the classical Gaussian elimination to solving a banded linear system.
This technique does not lead to efficient parallel algorithms for solving this
problem?; however, it is one of the simplest and most utilized sequential al-
gorithms which supports the record bounds on the sequential computational
complexity of the solution of a nonsingular banded linear system and the eval-
uation of the determinant of a banded matrix. We will compare the bound
on its sequential complexity with the bound on the potential work (that is,
on the product of time and processor bounds) of our parallel algorithms for
the same computational problems. In §1.7, we summarize the approaches of
[PSA] to the solution and state our main results.
In chapter 2 we present optimum parallel algorithms for the above prob-
lems, over the fields of characteristic zero, based on block cyclic reduction.
In chapters 3 and 4, we present alternative solutions to the same problems;
these solutions are efficient (but, not optimal); however, they are applicable
over any field of constants. The algorithms of chapter 3 rely on a 3 x 3
representation and a recursive factorization of the input matrix. A simi-

lar approach was already utilized by W. Eberly [E] to establish the record

2Gaussian elimination combined with an appropriate reordering of the variables and
equations of the input linear system may lead to an opttmal parallel algorithm for solving
banded linear systems over the fields of characteristic zero, but then, the technique is
called nested dissection (see [Ge73), [GeLi], [LRT79], [PR93]).
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bounds on the parallel computational complexity of solving a banded linear
system of equations. We show an improvement of this record bound by a
factor O(log® n). In chapter 4, we present an independent solution approach,
based on a 2 x 2 factorization of the input matrix, which supports the same
asymptotic computational complexity bounds (as in chapter 3) but requires
fewer random parameters.

In chapter 5, we assume that our input matrix has lower and/or upper
edge (see Definition 1.3.2, page 10). Under this (mild) restriction, we derive
solutions which are applicable over any field of constants, deterministic, and
require fewer fields operations than all other known fast parallel algorithms
for the same problems.

In chapter 6, we summarize our main results and discuss some related

open problems.

1.2 Some basic definitions.

The block matrix concept is very important from the standpoint of
both theory and practice. On the theoretical side, the block matrix
notation allows us to prove important matrix factorizations, very suc-
cinctly. These factorizations are the cornerstones of numerical linear
algebra. From the computational point of view, block matrix algo-
rithms are important, because they are rich in matrix multiplication,
the operation of choice for many new high performance computer ar-
chitectures [GL, page 1].

All the algorithms presented in this dissertation utilize block matrices (that
is, matrices with matrix entries). As has been pointed out in the above

comments from [GL], this concept gives us a powerful tool for the design
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and correctness proof of matrix algorithms. Moreover, the block matrix
notation enables us to operate at a high level. Furthermore, by operating
with matrix blocks (rather than scalars), the matrix algorithm designer has
better control on the overhead due to the data movement, which leads in
practice to algorithms having better performance (see [GL, page 25]).
Notation. Hereafter, F denotes an arbitrary field, C the field of complex
numbers, the upper case letters A, B, ..., Z the matrices over any field of
constants, (@ij)i<i<m, 1<j<n an m X n matrix A, On . the m x n null matrix,
0, the n X n null matrix, 0 the null matrices (when the size is understood
from the context), I the k x k identity matrix, diag(a1,az,...,a,) the
n x n diagonal matrix where a; is the (z,7) entry, W7 the transpose of a
matrix W, WH the Hermitian transpose® of a matrix W over the field C,
X a column vector (z1,...,Zn)7, (Aij)1<i<p, 1<j<q @ P X g block matrix with

m; X n; blocks A;;, of the format

Au A12 e Alq my
Apl Ap2 ces qu my. (11)
n g s U

Many operations with scalar matrices are immediately extended to block

matrices.

We let diag (A;, Az, ..., A,) denote the px p block diagonal matrix, where

3Some authors prefer the notation W* for the matrix W# .
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each (¢,1) entry A, is a square matrix; the addition, subtraction and multipli-
cation of block matrices are defined (similarly to the ones on scalar matrices)
as long as the obvious block size requirements are met (see [GL, pages 27-25]

for further details).

REMARK 1.2.1 For numerical matrix computations, it is customary and suf-
ficient to work over the field C of complex numbers or its real or rational

subfields.

A linear system of m equations and n unknowns over a field F
> ajz;=b, 1<i<m, (1.2)
will be represented by using the customary notation
AX =D, (1.3)

where A = (a;;), X = (21,.-+,%n )T and b = (b1y..., by )T, or, alterna-

tively, by means of p vector equations of the format
, 1<4i<p, (1.4)

where (A;;) is a p X ¢ block matrix representation of A with m; x n; blocks,
P g i ) i —
Ym; = m, ) n; = n, '3(';. is an n;-dimensional (column) vector, b =
i=1 i=1

T —
(—E’IT, e, 'E;T) , each b, has dimension m;.
DEFINITION 1.2.1 (Nonsingularity and inverse matrix). An n X n ma-

trix A is nonsingular if AX=XA=I,, for some n X n matrix X; the matrix
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X (if it exists) is unique; it is called the inverse of A and denoted A~!. If a

matrix is not nonsingular, it is said to be singular.

FAacT 1.2.1 If A and B are nonsingular, then the product AB is nonsingular
and (AB)™' = B~1A-L

DEFINITION 1.2.2 (Permutation matrix). An n X n matrix P is called a
permutation matriz if, for any n-dimensional column vector V' = (vq,...,v,)7,

there exists a permutation
7:{1,...,n} — {1,...,n}
T
such that PV = (v,,(l), e ,v,r(n))T and v PT = (’U.,r(l), ces ,'v,,-(.n)).

DEFINITION 1.2.3 (Submatrix). A kx![ matrix formed by the intersection
of the rows 7;,...,2; and the columns ji,...,j; of a matrix W, for any k-tuple
(1, ..,%) and any I-tuple (j1,-..,71) , is a submatriz of W.

A k x k submatrix of a matrix W, formed by rows and columns 7,,...,%

of W, for any k-tuple (71,...,%), is called principal.

DEFINITION 1.2.4 (Strong nonsingularity). A matrix is strongly nonsin-

gular if all its principal submatrices are nonsingular.

DEFINITION 1.2.5 A matrix A is Hermitian if A¥ = A. A matrix is Hermi-
tian nonnegative definite (h.n.d. ) if it can be represented as WH# W, for some

matrix W. A nonsingular h.n.d. matrix is called Hermitian positive definite

(h.p.d.).
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PROPOSITION 1.2.1 (see [GL, page 140)). In the field of complex numbers
(and in any of its subfields), the matrices WHW and (WHW)~! are strongly

nonsingular for any nonsingular matriz W.

REMARK 1.2.2 (Symmetrization technique). Over the field C of com-
plex numbers or any subfield of C, the problem of solving any nonsingular
linear system of equations, having coefficient matrix W, can be reduced to
solving an h.p.d. linear system, having coefficient matrix WHW. Conse-
quently, it is theoretically sufficient to develop linear system solvers for the

special case of h.p.d. linear systems (see §2.3, §3.5 and §4.5).

DEFINITION 1.2.6 (Determinant). The determinant of an n X n matrix
A, denoted det A, is defined by the relation

a3, if A'=(an);

det A = (1.5)

E (—l)j'”a,-jdet A,’j, otherwise,
3=1

where A;; denotes the (n — 1) x (n — 1) submatrix of A obtained by deleting

the ¢th row and the jth column from A.

PROPOSITION 1.2.2 ( see [GL, page 52| or [Ba, page 60]). Let a € F, A and
B be two n X n matrices over F, P and @ be two p X p block matrices over

F with b x b blocks.
1. det (AB) = (det A)(det B); det AT = det A; det (0A) = a™det A.

2. A is nonsingular < det A # 0 & det (A~1) = 1/det A.
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3. If B is a matriz resulting from swapping two rows (or columns) of A,

then det B = —det A.

4. If B is a matriz resulting from adding to any row (respectively, column)
of A a linear combination of other rows (respectively, columns) of A,

then det B = det A.

5. If Q is a matriz resulting from swapping two block rows (or columns)

of P, then det Q = (—1)bdet P.

6. If Q is a matriz resulting from adding to any block row (respectively,
block column) of P, a linear combination of other block rows (respec-

tively, block columns) of P, then det @ = det P.

1.3 Banded linear systems (BLS).

DEFINITION 1.3.1 (Bandwidth of a matrix). A matrix A = (a;;) has
lower (respectively, upper) bandwidthw_ = w_(A) (respectively, w; = w,(A))
if w_ (respectively, wy ) is the minimum nonnegative integer such that a;; = 0
for ¢ > 7 + w- (respectively, j > i+ w, ). The sum w = w; +w_ = w(A) is
called the bandwidth of A (see figure 1.1).

For examples, if A is a diagonal matrix, then w(A) = 0; if A is a full
n X n triangular matrix, then w(A) < n —1;if A is a full » x n matrix, then

w(A) < 2(n —1);
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w-=2 ) 0000,
.....__w+=3

Figure 1.1: A 10 x 10 matrix with bandwidth w = 5.

A k x h matrix A is called banded when k and h largely exceed its band-
width w(A).

DEFINITION 1.3.2 (Upper and lower edges). In chapter 5, we will utilize
the following concept: a matrix A has lower (respectively, upper) edge, if

a;; # 0 whenever ¢ = j + w_ (respectively, j =7 + wy).

PROPOSITION 1.3.1 w(WHW) < 2w(W) and w(Wy) < w(W) for any prin-

cipal submatrizc Wy of W.

Fact 1.3.1 (Block tridiagonal representation of a banded matrix).

Let A be an n X n matrix and let w be any integer such that

max{w_(A),ws+(A)} L w < n;
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then the matrix A has a p x p block matrix representation with w x w blocks*

of the following format where p = [n/w]:

AOO AOl
AIO All

A= (1.6)

Ap-2p-2 Ap-2p1
Ap-1p-2 Ap-1p-1

Note that, conversely, block tridiagonal matrices are also banded.

Due to the block tridiagonal representation of a banded matrix, the al-
gorithms for solving block tridiagonal linear systems immediately apply to
banded linear systems. Several of these algorithms are based on block cyclic
reduction (see [GL], [BD], [BGN], [He], [Sw] [SweT74] or [SweT7]), which can
be extended to an optimal paralle] algorithm for solving any nonsingular
banded linear systems over the fields of characteristic zero (see chapters 2

and 5).

FacT 1.3.2 (Representation-2). Any n X n matrix having bandwidth w,

where n > 2w, has a block representation of the format

All A12>
A= ( , 1.7
An Az (1.7)

where the blocks A;; and Aj; have sizes ny X n; and ny X ng, respectively,
0 0 0 U
and where n; = [n/2], n = n —ny, A1z = (L 0),A21 = (O 0),U

and L are w X w matrices. We will refer to (1.7) as to representation-2 of a

matrix A.

4If w does not divide n, the last block row (respectively, column) may have a size
smaller than that of other block rows (respectively, columns).
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FAacT 1.8.3 (Representation-3). Any n X n matrix having bandwidth w

where n > 3w has a block representation of the format

An Az 0
A= | Ay Ap Az , (18)
0 Az Ass
where the blocks Ay, Ay and Aas have sizes ny Xny, wXw and nz Xng, respec-
tively, where ny = [(n — w)/2], ns =n — w — n;, Alg—_—(g), Axn=(0 E),

N
0

(1.8) as to representation-3 of a matrix A.

Ap=(W 0), A32=( ), N, S, E, W are w X w matrices. We will refer to

1.4 The PRAM models of parallel computing.
“The PEAM cannot be considered a physically realizable model,
since, as the number of processors and the size of the global memory
scales up, it quickly becomes impossible to provide a constant-length
data path from any processor to any memory cell. Nevertheless, the
PRAM has proven to be an extremely useful vehicle for studying the
logical structure of parallel computation in a context divorced from
issues of parallel communication... Algorithms developed for other,

more realistic models are often based on algorithms originally designed
for the PRAM™ [KR].

1.4.1 Terminology.

There are several abstract models that may be utilized as a theoretical basis
for parallel computations, such as the circuit model, the fized connection
networks and the parallel random access machine (PRAM) models.

A circuit (see [Re93, page 11]) is a directed acyclic graph (DAG), with

ordered edges and labeled nodes derived from a straight line program, by
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applying the following rules: 1) the variables are renamed so that every non-
input variable is assigned only once; 2) the nodes of the circuit are exactly
the distinct variables of the resulting straight line program; 3) the input
nodes correspond to the input variables; 4) each non-input node v is labeled
with the operation used in its corresponding variable assignment, and has
an ordered sequence of edges entering v and departing from the sequence
of nodes on whose values this assignment depends. The time for parallel
evaluation of the circuit is its depth. The size of the circuit is the number of
its non-input nodes.

A fized connection network (see [Re93, page 12]) is a collection of pro-
cessors working in parallel. The processors are the nodes of a fixed digraph;
these processors communicate with each other via the edges of the digraph.
This model has led to several practical parallel architectures, including the
hypercube (that is, a d-dimensional array of n nodes, where d = logn) and
the butterfly network.

A parallel random access machine (also known as shared memory ma-
chine) consists of several independent processors, each having its own local
memory, communicating with each other through a global (shared) memory.
In one unit of time, each processor can read one (global or local) memory
location, execute a single RAM operation ([AHU, page 5]) and write into
one (global or local) memory location (see figure 1.2).

The read /write restrictions and authorizations on the global memory ac-
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Processor 1 Processor 2 Processor 3 Processor 4

Global Memory

Figure 1.2: A 4-processor PRAM.

cess of a PRAM, which include the ezclusive-read (ER) access, the exclusive-
write (EW) access, the concurrent-read (C'R) access and the concurrent-write
(CW) access, have led to a classification of the PRAM models into three
classes: EREW, CREW, CRCW (see [KR], [PP], [BP, chap. 4], [GL, page
276] or [Re93, page 13]). Note that the model ERCW is plausible, but is

not interesting and is omitted.

As has been pointed out in the passage from [KR] (see beginning of this
section), the PRAM models enable us to focus primarily on the concurrent
aspects of the various operations required to solve a given problem, thus,
leaving out the processor communication issues to each specific implementa-
tion. We will assume these models throughout this thesis (in particular, the
derivation of the bounds on the computational complexity of our solutions

will assume the CREW PRAM model), since they best accommodate our
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high level description of the presented algorithms.

Parallel computational complexity. Under the PRAM models, the
parallel complexity of an algorithm is measured by the number of parallel
steps (time) and the corresponding number of required processors (equipment
size) necessary to solve the relevant problem.

Hereafter, ¢t will denote a bound on the number of parallel steps required
by a parallel algorithm to solve a given problem and p will denote a bound
on the corresponding number of required processors.

We will use the notation (¢, p) = O (¢(n), p(n)) to show that a parallel
algorithm can run in O(¢(n)) parallel steps by utilizing O(p(n)) processors.

The B-principle (a variant of Brent’s scheduling principle). The
number of processors required by the fastest parallel algorithm for a given
problem is usually very large, but in practice, the number of processors avail-
able is fixed and limited. A simulation scheme, known as Brent’s scheduling
principle, is often utilized to slow down the fastest parallel algorithm for a
given problem, so as to obtain a version of the same algorithm for the same
problem capable of running with the available equipment.

We apply the Brent’s scheduling principle in the following modified form,
hereafter referred to as to the B-principle (see [P92a], [PP]), and expressed

by the implication:
O(t, sp) implies O(st, p), for any s > 1.

This simulation also implies the following result:
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THEOREM 1.4.1 ([Br74], see also [EG88]) or [KR)]). If a computation can be
performed in t parallel steps by using q operations on any number of PRAM
processors (of a given fized type), then it can be performed in time t+(g—t)/p

by using p processors (of the same type).

PROOF. Suppose that at each step 7, 1 < ¢ <, the original computation
t
performs ¢; operations, so that ¢ = ¥ ¢;. Then step 7 can be simulated on p
i=1

processors in time

[¢:/p] = l(¢: +p—1)/p] < (¢: +p—1)/p.

Consequently, if processor assignment is not a problem, the total simulation
time

t

t'= E_t: [¢:/p] = }t:L(qurp— D/p) €Y (g+p-1)/p=t+(g-t)/p. =

i=1 i=1
DEFINITION 1.4.1 (Randomized algorithms, NC and RNC classes).
An algorithm is randomized when it makes use of randomly generated data
(see [Re93, page 16]). Some of the algorithms presented in this thesis utilize
randomization of the Las Vegas type or Monte Carlo type. A randomized
algorithm of the Las Vegas type always produces the correct output, if and
when it terminates, but it may run indefinitely (our randomized algorithms
for solving linear systems will have this characteristic). On the other hand,
a randomized algorithm of the Monte Carlo type always terminates in some

specified amount of time, but its output may give incorrect answer to the
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relevant problem, with some specified probability (our randomized algorithms
for computing the determinant will have this characteristic).

A computational problem S, with input length (size) n, is in NC* (re-
spectively, randomized NC* or RNC*), if it can be solved by a determin-
istic (respectively, randomized) algorithm in O (log'c n) parallel steps that
use n°(1) processors. The NC (respectively, randomized NC or RNC) class
(named so to honor Nicholas Pippenger) is defined as the set NC = |J (NC¥)

k>0

[respectively, the set RNC = U (RNC*)).

k>0
DEFINITION 1.4.2 (Potential work of a parallel algorithm, see [BP] or
[PP]). The product
w(n) =1 p=0(i(n) p(n))
is called the potential work. It represents the number of operations potentially

executable, if all the p processors, required by the relevant parallel algorithm

to run in t steps, were kept busy during the entire computation.

DEFINITION 1.4.3 (Efficiency and optimality, see [KR]). One of the
challenges for the designer of a parallel algorithm is to keep the potential
work of his/her algorithm as close as possible to the running time of the
fastest known sequential algorithm for solving the same problem, while also
keeping his/her algorithm in NC. The concepts of efficiency and optimal-
ity of a parallel algorithm are defined based on these requirements. Denote

polylog (k) = U O(log k)* and let T(n) be the number of steps required by
a>0
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the fastest known sequential algorithm for some computational problem. A
parallel algorithm for the same problem is said to be processor (or work) effi-
cient if its potential work W satisfies the equation W(n)=0(T(n)polylog (n));
it is said to be optimal if W(n)=0(T'(n)). We may replace T in the above
definitions by a lower bound on the sequential complexity of the same com-
putational problem. Note that efficiency (respectively, optimality) based on
the latter definition implies efficiency (respectively, optimality) based on the

former (see Chapter 6). In this thesis we only assume the former definition.

REMARK 1.4.1 (NC versus polynomial speed-up algorithms). The
NC class is generally accepted as characterization of the problems that can
be solved with a high degree of parallelism by using a feasible amount of hard-
ware (see [Co81]). However, questions have been raised on the prescription
to only focus on designing parallel algorithms that are efficient or optimum
according to the above definitions. Some researchers have suggested more
relaxed requirements based on the concept of polynomial speed-up which is
defined as follows: if a problem S requires sequential time T'(n), then a
parallel algorithm which can solve the problem S in time #(n) is said to
have polynomial speed-up if, for some € < 1, the relation ¢(n) = O(T(n¢)) is
satisfied. These researchers argue that parallel algorithms with polynomial
speed-up and a potential work W(n) = O(T'(n)) (constant inefficiency) or
w(n) = O(T(n)polylog (n)) (polylog inefficiency) may be extremely useful

in practice, even though these algorithms do not run in polylog time (see
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[KR]). These concepts have been successfully applied to solving a triangu-
lar linear systems and Toeplitz linear systems for which parallel algorithms
having polynomial speed-up and constant inefficiency have been devised (see
[PP]). Note that there are not any known NC optimal parallel algorithms

for solving these problems.

REMARK 1.4.2 (Efficiency, optimality and various PRAM models).
The complexity of matrix computations over the fields of characteristic zero
does not depend on choosing any of the EREW, CREW and CRCW
PRAM models. Over the finite fields and rings, the complexity may slightly
vary [by a factor O(logn) for the time bound], depending on the choice of
the model. A paper by Snir [Sn] shows that, in particular, the CREW model
is strictly more powerful than the EREW model (see also [KR, page 31]).
Consequently, over the finite fields and rings, it is necessary to indicate spe-
cific PRAM models, under which a fixed parallel algorithm is optimal, when
such a claim is made, unless this algorithm is optimal under the weakest
(FEREW) PRAM model. The optimal algorithms presented in this thesis
assume assume the CREW PRAM model.

REMARK 1.4.3 (PRAM versus circuits models). If a problem can be
solved by a PRAM algorithm using a number of processors polynomial in
the size of the input and a time polynomial in the logarithm of the input size,

it can be solved by a polynomial sized circuit with polylogarithmic depth,
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and vice versa (see [EG88]). Conseﬁuently, if we had assumed the circuit

model, our NC algorithms would have remained in NC.

1.4.2 Some results in parallel computations.

Some methods have emerged as fundamental subroutines in the design of
parallel algorithms. We recall some of these methods and results, the proof of
which relies on the B-principle and can be found in [KR] or in [BP, chap. 4].
These results can be derived under any of the PRAM models of parallel

computations.

DEFINITION 1.4.4 (Prefix sums problem). Let x denote an associative
operation over a domain D. Given an array [z3,...,Z,] of n elements from

D, the prefiz sum problem is the computation of all the partial sums
S;i=zy%Tox... %z, for 1<i<n. (1.9)

ProPOSITION 1.4.1 (Parallel prefix computation, [LF]). The prefix
sum problem can be solved, assuming any of the PRAM models, at an opti-

mal and deterministic cost bounded by

n
o (Iogn, I(')"g'—n) . (1.10)

PROOF. Assume (without loss of generality) that n is a power of 2 and

perform the following computations:

ALGORITHM 1.4.1 (Parallel prefix algorithm).
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Input: an array X = [z4,...,T,], where z; € (D,*).
Output: an array S = [5;,...,5,] where S; = }i‘ T
k=1

Computations: if n=1, then set S; = x1; else

1. concurrently compute the entries v;’s of the auziliary array denoted

V ={v1,..., 072, where v; = Tgi_1 * Tai;

2. recursively apply “Parallel prefiz algorithm”to V. LetY = [y1,...,Yn/2)

denote the output of this recursive application;

3. concurrently compute Sy = z;, S; = y; (if i is even), S; = yio1 * z; (if

i is odd), for 2 <1 < n. o

This algorithm computes all the required partial sums .S;. Moreover, the time
bound O(log n) immediately follows (since steps 1 and 3 only take a constant
time, and the recursive step 2 applies to a problem having half the size of the
original problem). What does not appear obvious is the bound O(n/logn)
on the number of processors required, since O(n) processors seem to be nec-
essary. Observe, however, that if we perform this algorithm assuming that
only O(n/logn) processors are available, then only the last loglog n steps of
the overall computation will actually be slowed down by a factor logn. By
applying the B-principle, it is easily checked that, in this case, this does not
actually increase the overall asymptotic bound O(logn) on the number of

steps required by the overall computation. a
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The B-principle also implies the following result, which generalizes the
parallel prefix algorithm and which can be used to effectively combine several

stages of a parallel algorithm:

PROPOSITION 1.4.2 [BP, chap. 4, prop. 1.1]. If a computation consists of
S stages such that p, processors concurrently perform t, time-steps at stage

s, for s =1,...,85, then this computation can be performed at a cost bounded

S s
by O(t,p), wheret = 3" t; and p = [Z tsps/t-l.
s=1 s=1

To conclude this section, we summarize the known parallel complexity

estimates for some fundamental matrix computations.

ProposiTION 1.4.3 ([BP], [P], [CW], [P91], [P92], [KP91], [KP92]). Let
M(n,q,r), 1(q), D(q) denote the problems of n x q by q X r matriz multi-
plication, g X ¢ matriz inversion, and the evaluation of the determinant of
a ¢ X q¢ matriz, respectively; then the parallel computational complezity of

solving the above problems is given by

(htmary Pragrary) = O (logg, ngrhe=), (1.11)
(tI(Q)’ pI(tI)) = 0 (d)(F,q), I’M(q,q,q)) s (1.12)
(tp(ay Po(s) 0 (4(F,q), Prtia ) > (1.13)

respectively, where h = min{n,q,r}, 2 < w < 2.376, and

log?q, if F has characteristic 0,

#(F,q) <
log*q, for any F,

provided that the computation is performed over the field of constants F.
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For practical purposes, one should assume that

(tM(""Jvr)’ H\'I(n,q,r)) = O (log q7 nqr/ log Q), (1.14)

due to the large overhead constant hidden in the “O” notation of (1.11). The
bound (1.12) has been obtained in [P91], [P92], [KP91], [KP92], by using Las

Vegas randomized algorithms.

1.5 Statement of the problems.

1. Our main focus in this thesis is the computational problem denoted
BAND-LIN-SOLVE = L-S(n,w): given a nonsingular n X n matrix
A having bandwidth w, and an n-dimensional vector T)—), compute the
vector X = A1 b . We seek parallel solutions for this problem, which
are in NCF, for some constant k, to be made as small as possible.
Moreover, the solution algorithm should be efficient or (preferably)
optimal. Furthermore, the algorithm should provide a mechanism by
which the computation of the solution to the problem BAND - LIN -
SOLVE - SEV, that is, to the problem of efficiently solving several

linear systems of the format
AR =DB() (1gi<s),

could be accelerated. By “efficiently solving” we mean solving so as

to keep the potential work of solving the latter problem asymptotically
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bounded by the potential work of the solution of BAND-LIN-SOLVE,

for any s < w.

2. The nonsingularity assumption of BAND - LIN - SOLV E can be ver-
ified by solving one of the two following problems (also of independent
interest): BAND-DET=D(n,w): given an n X n matrix A, with band-
width w, compute its determinant, det A, or, if the computation is in
the complex field or in one of its subfields, | BAND - DET|=|D(n,w)|*:

given an n x n matrix A, with bandwidth w, compute [det A[*.

3. Besides the above two problems, we also seek algorithms for a special
case of BAND - LIN - SOLVE, BAND - DET and |BAND - DET|
denoted BAND-LIN-SOLVE*, BAND-DET* and |BAND-DET*|,
respectively, where the input matrix has lower and/or upper edge (see
Definition 1.3.2, page 10). This requirement holds for a large class
of banded matrices; in particular, it typically holds for the matrices

encountered in applications to PDE’s and ODE’s (see [Am] and [LP]).

1.6 A sequential solution to a nonsingular BLS based

on Gaussian elimination.

We first recall the classical Gaussian elimination applied to a banded linear
system. The (sequential) solution to BAND - LIN - SOLV E obtained via

this technique, only requires

O(nw?) (1.15)
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field operations, for any nonsingular linear system of n equations having the
bandwidth w. Moreover, when we solve several linear systems, each having
the same coefficient matrix A, we may preprocess the matrix A at a cost
bounded by (1.15); after that, we may solve any linear system with the same

coefficient matrix A, at a cost bounded by
O(nw). (1.16)

This classical elimination technique reduces the original problem of solv-
ing a nonsingular linear system to solving a triangular linear system. This
transformation is motivated by a relatively easy computation of the solu-

—_
tion to a nonsingular triangular linear system AX = b, since the vector
— T __]_—) . s . .
X = (Z1,...,2,) = A7' b can be obtained by utilizing either the back

substitution formula (if A is upper triangular)

=] (1.17)
—= = (n-1),...,]1,

or the forward substitution formula (if A is lower triangular)
D i=1,

azy’?

(1.18)

-1
bi— Y aixTk
"j" , 1=2,...,n.
The equations (1.17) and (1.18) imply that the solution of any nonsingular
triangular linear system of n equations only takes O(n?) field operations

compare with O(n3) required in the case of an arbitrary nonsingular linear
q g
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system). Moreover, if the coefficient matrix has bandwidth w, then the back

substitution formula (1.17) takes the form

s i=mn
;= itw 1.19
e bi— z aixTk ( )
—= . i=(n-1),...,1

and the forward substitution formula (1.18) takes the form

_bz_, i =1,
a1

i—1 1.20
bi— > eikTk ( )

k=t-—-w
a; ’

Z;
t=2,...,n.

The equations (1.19) and (1.20) immediately imply that any nomsingular
triangular linear system of n equations having bandwidth w can be solved in

sequential time bounded by O(nw).
1.6.1 LU factorization.
A matrix A has LU factorization if it has a decomposition of the format

A=LU, (1.21)

where L is a lower triangular matrix and U is an upper triangular matrix. If
A is nonsingular, has the bandwidth w and if a decomposition of the format
(1.21) has been computed, then both L and U are also nonsingular and, for

< - _1_) . . .
any vector b, the vector X = A™' b is obtained by computing

¥ =L"'b, and X =U"'Y; (1.22)
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moreover, it is easily checked that w(L) = w_(L) = w_(A) and w(U) =
w4 (U) = wy(A); consequently, the linear system AX = B can be solved
at a cost bounded by O(nw) (provided that L and U are available). We will
next show how to compute, for any nonsingular linear system AX = -B), a
matrix U and a vector ¥ of (1.22), by means of Gaussian elimination [the

method can be extended to compute L and U of (1.21), if such L and U exist

(see [GL, page 97])].
1.6.2 Banded Gaussian elimination.

(1)
Let AM) = (a,(})) denote a nonsingular n x n matrix, b = (bgl), ey bﬁll))

an n-dimensional vector and S®) the linear system of equations

agl;m + a%;mg +...+ agl);vn = bgi)
g . -021 Ty + aPe, +...+alz, = b%) (123
agl)xl + asz)xz +...+ asllrzxn = My,

Assuming that aﬂ’ # 0, perform the following computations:

ALGORITHM 1.6.1 (Gaussian elimination).
Input: a nonsingular n x n linear system SO of the format (1.23).
Output: an n x n linear system denoted S® with coefficient matriz
A®) = (a,(-?)), equivalent to SU, and such that a,(lz) =0, for all t > 2 [see
(1.24) below].

Computations:

1. let A\(1) denote the first equation of S);
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2. for 2 < k < n, multiply both sides of A(1) by (—-akl)/a(l)), then add the
resulting equation to the kth equation of S?) to form a new equation,

denoted A(k);

3. output S® = {A(%)}1<icn; n

The linear system S, output by the above algorithm, has the format

§’x1 + a( )x +. +ag)a:n = b?)
2 2) L)
5@ . .a22):z: +...+ agn T, = bg (1.24)
afey +...+alla, = b,
where
ag), k=1;
(2
ap; = 1 a(l) 1
I aij’—;@;aﬁj), k=2,...,n;
bgl), k=1;
2
bﬁ) = (1)

—fl—b k=2,...,n.

If a(z) # 0, we may apply Algorithm 1.6.1 (see page 27) to the subsystem of
S formed by its last (n — 1) equations [note that the last (n — 1) equations
of S are free of the variable z;]. We will assume (without loss of generality)
that the coefficients a ) of all the auxiliary linear systems S®*) satisfy the
condition

ag;) #0, forl <k<n. (1.25)

Over the fields of characteristic zero, the condition (1.25) can be ensured

by symmetrization, or, alternatively, over any field, by partial pivoting (see
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§1.6.3). Apply the above technique n — 1 times to arrive at the upper trian-

gular linear system denoted

-—)(")

S ANY = b

(n)
[note that the matrix A™ and the vector b correspond to U and Y of

(1.22), respectively, for the linear system AX = T)-)] It is easily checked that
the transition from S to S™ takes O(n®) field operations, for any n x n
nonsingular input linear system. However, if the matrix A has bandwidth w,
then O(nw?) operations will suffice.

The Gaussian elimination technique is immediately extended to accelerate
the solution of ¢ linear systems, each having the same n xn banded coefficient
matrix A, at a cost bounded by O(nw?+nwgq), where w = w(A). This bound
can be obtained by replacing, in Algorithm 1.6.1, the vectors X and b by
two n X g matrices denoted X and B, respectively. Alternatively, we may
compute the matrix A™), in a preprocessing stage, at a cost bounded by
O(nw?), then, compute the solution of any g linear systems, each having

coefficient matrix A, at a cost bounded by O(nwyg).

1.6.3 Pivoting.

The coefficient ag;) (1 £ k < n) (the diagonal entries of the upper triangular
matrix A®™ output by Gaussian elimination) are called pivoting elements.
If some pivoting element (say, agz) ) happens to be zero, we still may carry

out the kth stage in Gaussian elimination at the price of interchanging the
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kth equation with some (k + {)th equation of the linear system S(¥), where
I > 0 and ag;),,k # 0. If the original input matrix A is nonsingular, then
it is guaranteed that such an I can be found, otherwise the rank of the
matrix formed by the southeastern (n — k+1) x (n — k + 1) submatrix of
the matrix A% would be less than (n — k + 1), which is not possible. This
row swapping technique, known as partial pivoting®, only requires that at
most n — k entries be searched (if the input matrix has the lower bandwidth
w_, then only w_ entries need be searched). Moreover, the row interchange
only takes O(1) operations (for demonstration, if each matrix is represented
by a 2-dimensional array, we may simply swap the pointers used to identify
the relevant rows). The total work required for both searching and swapping
does not increase the asymptotic computational complexity of the kth step
of Gaussian elimination. Note that the bandwidth of the coefficient matrix
of the linear system resulting from a row interchange does not exceed 2w(A)
(due to the fact that the column of the current pivot element contains some
nonzero coeflicients in the w_(A) rows below this current pivoting element).
Consequently, the bounds (1.15) and (1.16) remain valid, even when pivoting

is required in Gaussian elimination.

REMARK 1.6.1 If the input matrix has size n xn, then the Gaussian elimina-

tion algorithm requires n — 1 successive steps, and the computations at each

5 Another swapping strategy called complete pivoting leads to a numerically more stable
algorithm, although in practice of numerical computations, partial pivoting usually suffices
(see [DB, page 150]).
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step depends on the results of the previous step. Because of these dependen-
cies, parallel implementation of this technique leads to parallel algorithms

that solve a linear system in times at least n — 1.

REMARK 1.6.2 Block band Gaussian elimination. We may apply the
Gaussian elimination technique to a block matrix. In this case, nonsingularity
of all the pivoting blocks is required and can be ensured via symmetrization
in the case of computation over the fields of characteristic zero. Over any
field, we may ensure nonsingularity of each pivoting block via randomization.
Specifically, for any ¢ x ¢ block tridiagonal nonsingular linear system with
w X w blocks, we may premultiply both sides of the auxiliary linear system
output at the k-th stage of Gaussian elimination by a matrix of the format
P = diag (I;, R, I,), where I; and I, are the identity matrices of appropriate
sizes and R is a (2w) x (2w) random matrix. It is immediately verified that
the bandwidth of any of the auxiliary matrices remains bounded by 2w. Since
there is an assignment of the entries of R for which the current block pivot
is nonsingular, nonsingularity of this pivoting elements follows, with a high
probability, for a random assignment from a large fixed set to the entries of
R. The computational complexity of this block banded Gaussian elimination

is bounded by O(qtl(w),p,(w)).
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1.7 The main results.

Recall that our main goal is to develop techniques leading to parallel algo-
rithms for solving the problems BAND - LIN-SOLVE and BAND-DET,
which are in NC* or RNC*, for some constant k. Of course, we wish to
make k as small as possible, and, moreover, the algorithms should be work
efficient or (preferably) optimal. A recent work of W. Eberly [E] (see our
chapter 3), which, until the appearance of [PSA], held the record bounds on
the computational complexity of these problems, was a major step towards
this goal.

By following the techniques of [PSA], we show a substantial improvement
of the estimates of [E] [see (3.1), (3.2), page 54]. In particular, we reach the

Las Vegas randomized (respectively, deterministic) bound

o((#£2) s (D)

for the problem BAND - LIN - SOLVE over any field (respectively, any
field of characteristic zero). However, in the fields of characteristic zero, it
is preferable to solve this problem by using the block cyclic reduction algo-
rithm, which reaches, for the same problem, the optimal and deterministic

computational cost bound

0 ((log %) Y w) g%p]—_(l’l) . (1.27)

Moreover, regarding the problem BAND - DET, we reach the optimal



[Sec. 1.7] The main results 33

randomized bound

n 3 w) T o
0 ((log ?u_) (1) + to) » (&) (gf)g) _zt_)tD( ))) : (1.28)

over any field of constants; over the fields of characteristic zero, the problem

|BAND - DET| can be solved deterministically at a cost bounded by (1.28).
Furthermore, regarding the problems BAND-LIN-SOLV E* and BAND-
DET* (which denote the problems BAND-LIN-SOLV E and BAND-DET,
respectively, in the case where the input matrix A has lower edge and/or an
upper edge, see Definition 1.3.2, page 10), we reach, over any field of con-
stants, the improved deterministic and optimal computational cost bounds

0 (lo 1) logw) + 1, ., (5) tra Prw 1.29

and

(2) (4w Pry + o) Pogw) ) » (1.30)

O | (1og =) (o5 w) + by + toguy
( w ) bw) t w) T (log ﬁ) (log w)

respectively.

Each of the solutions presented for the problem BAND - LIN - SOLVE
can be extended to accelerate the solution of several linear systems, each
having the same input matrix A, so as to satisfy the requirements listed in

§1.5 for the problem BAND-LIN-SOLVE-SEV. To achieve this extension,

we will divide each of our algorithms into two stages:

1. A preprocessing stage, PREPROCESS=P(n,w): given a nonsingular

nxn matrix A having bandwidth w, compute a set I'(A) of parameters,
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implicitly defining the inverse matrix A~!. A choice for the set I'(A)
depends on each specific problem, as well as on each solution algorithm.

Various choices for I'(A) will be specified in chapters 2-5.

2. A backsolving stage, denoted BACK - SOLV E=B(n,w): given a non-
singular n xn matrix A with bandwidth w, a vector _1?, and the set I'(A4)

)
of parameters output by preprocessing, compute the vector A~ b.

To solve s linear systems, in the case of any fields, we first compute the set
T'(A) at a cost bounded by (1.26); after that, we deterministically compute
the solution to s linear systems, each having coefficient matrix A, at an

efficient cost bounded by

0 ((log g-) (log w), 1“’"3) . (1.31)

ogw

Over the fields of characteristic zero, we compute the set I'(A) at a de-
terministic and optimal cost bounded by (1.27), by applying the block cyclic
reduction technique; after that, we deterministically compute the solution
to s linear systems, each having coefficient matrix A, at an optimal cost

bounded by

0 ((log -1;) (log w), (log ;’Z—) (Iogw)) . (1.32)

In the case where the matrix A has a lower and/or an upper edge, we
compute the set I'(A) at a deterministic computational cost bounded by

(1.29); then, we deterministically compute the solution to s linear systems,
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each having coeflicient matrix A, at a cost bounded by

) ((log -1;) (log w), (log ;’f;) oz w)) . (1.33)

The bound (1.33) also applies when the input matrix is block bidiagonal

(which includes the banded triangular case).

Let us summarize: By using the techniques of [PSA], we show substantial
improvements of the previous record bounds of [E]. These algorithms, as well
as the algorithms of [E], are efficient, but, unlike [E], we reach the RNC"
time bound O(logn) (if w is a constant). Moreover, we reach an optimum
bound for the problem BAN D-DET over any field of constants; furthermore,
we arrived at the improved, optimal and deterministic complexity estimates
for BAND - LIN - SOLVE when the input matrix is either block bidiag-
onal or block tridiagonal with nonsingular subdiagonal (or superdiagonal)
blocks. Finally, we accelerated the computation of the solution to several
linear systems, each having the same banded coefficient matrix, by utilizing

preprocessing algorithms.



Chapter 2

An optimal parallel solution for a
BLS

over the fields of characteristic zero,
based on block cyclic reduction.

Block cyclic reduction (BCR) is a divide and conquer technique, frequently
utilized for solving special BLS’s, which arise from various engineering appli-
cations (see [Ho], [GL, page 173], [BD], [BGN], [He], [Sw] [SweT74], [SweTT7]).
The main idea (which is due to Hockney [Ho]) is to recursively reduce the
input problem to a similar problem of half size (by eliminating half of the
variables), until we are left with a linear system of a sufficiently small size,
which is then solved by some standard means; the previously eliminated
variables are then computed via back substitution.

In this chapter we apply the BCR technique to solving BAND - LIN -
SOLVE (the problem of solving any nonsingular banded linear system) over
the fields of characteristic zero. This solution of BAND - LIN - SOLVE

36
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supports the deterministic bound
(0 =0 (02 2) b1y (i) o) - 2)
assuming any n X n nonsingular input matrix A having bandwidth w.

The bound (2.1) implies that the BCR solution of BAND-LIN-SOLVE
is in NC (and even in NC, if w is a constant) and is optimum according
to the definition of [KR], since its potential work Wy, (n,w) = t,_(n,w) X
Py (n, w) supports the bound O(nw?) [which is the record sequential bound
on the cost of solving the problem BAND - LIN - SOLVE, see §1.6, page
24).

Moreover, we extend the BCR algorithm to accelerate the computation
of the solution to several linear systems each having the same banded coef-
ficient matrix. To achieve this acceleration, we first preprocess the matrix
A at a cost bounded by (2.1); after that, we solve any linear system having

coefficient matrix A, at an optimum deterministic cost bounded by

o) ((1og E) (log w), TR w)) : (2.2)

so that we solve s linear systems, each having the same coefficient matrix A,

at an optimum deterministic cost bounded by

O ((log g) (log w), @5;%1—-—@_)-) . (2.3)

The preprocessing algorithm computes a set of parameters denoted T'y..(A),

implicitly defining the matrix A~?.
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Furthermore, we extend the BCR, algorithm to the evaluation of |det A|,

for any n X n matrix A having bandwidth w, at a deterministic cost bounded

(z)

0 ((log 'z%) (o) + tr) log () (P + p,(w))) - (24)

The algorithm for computing |det A| does not assume nonsingularity of A;

by

therefore, it can be utilized to test if A is singular.

Regarding the overall storage space of the solution to several linear sys-
tems, the preprocessing stage requires some extra storage, besides the storage
needed for the input linear system(s). However, this extra space is no more
than twice that required for the input matrix.

We will utilize the notation ¢-w-block-3DM (respectively, g-w-block-3DLS)
for any ¢ x ¢ block tridiagonal matrix (respectively, ¢ x ¢ block tridiagonal
linear system) where each matrix block has size w x w. We will assume
a nonsingular g-w-block-3DM input matrix; all the results are immediately
applied to any nonsingular n x n banded linear system having bandwidth w;
this can be done by setting ¢ = n/w [see (1.6), page 11].

We organize this chapter in the following order: In §2.1, we recall the
classical BCR algorithm applied to an h.p.d. g-w-block-3DLS. In §2.2, we
preprocess a g-w-block-3DM, based on block cyclic reduction, and we apply
this preprocessing technique to accelerate the computation of the solution of
several g-w-block-3DLS’s, each having the same h.p.d. coefficient matrix; In

§2.3, we relax the h.p.d. assumption. In §2.4 we extend the BCR algorithm
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to the computation of |det A|.

2.1 Block cyclic reduction applied to an h.p.d. block

tridiagonal linear system.

Hereafter, A = A(") denotes a g-w-block-3DM of the format

(D B \
E2 .D2 F2

A=A" = , (2.5)
Eq—l Dq—l Fq—]
\ E, D,

where we assume (with no loss of generality) that
¢g=2"-1, r>1 (2.6)

Our input linear system (AX = _g) will be denoted S(. We will also

consider the following alternative representation of S(":

E,2_1+D,—)E:+E—)-(_:+l=—l_):, 15234, (27)
T T
where X = (?;,,?;) , b = (T)Z,,EL) , B)k and T(‘;care w-dimensional

—_— amd -
column vectors, Ey = Fy =0y, X,= X, ;= 0.

We seek a smaller linear system denoted S{"~!) whose solution partially
solves S, Until §2.3, we will assume that A is an h.p.d. matrix. Under this
condition, we may apply the following algorithm to S, in order to compute

such a smaller linear system:
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ALGORITHM 2.1.1 (BCR-reduce).
Input: an h.p.d. g-w-block-3DLS of the format (2.7), denoted S).
Output: a ¢'-w-block-3DLS (¢’ = 35+ = 2"~ — 1) of the format (2.7) as
well [denoted ST~V ] whose solution determines the values of the even-indezed
variables of S,

Computations:
for j =1 to ¢’ do (in parallel for all values of j)

1. substitute 25 — 1 for ¢ in (2.7) and premultiply both sides of the
resulting equation by the matriz (—Eszz‘jl__l) to form a new equa-

tion denoted A\i(j);
2. substitute 2j fori in (2.7) to form a new equation denoted A;(7);

3. substitute 2j+1 for i in (2.7) and premultiply both sides of the re-
sulting equation by the matriz (—F5; D3, ) to form a new equation
denoted As(j);

4. add the three equations A1(7), A2(j) and A3(j) to form the output

equations A(j), 1 <3< ¢ ]

The linear system S"~Y, output by the above algorithm on input S, has
the format

_)("—l)

EJ(‘T_I)_’?zJ‘ —2t D,S'r—l)?zj + F}'(r—l)?zj 2= b; 15524, (28)



[Sec. 2.1] Cyclic reduction applied to an h.p.d. linear system 41

where ¢ =271 — 1 and

E}rﬁl) = —Ey;D7} By, (2.9)
Dy—l) = —EyD7} \Fojy + Dyj — Fy; D7}y Eojy, (2.10)
FI™W = —FuD7L Fip, (2.11)
E;(r—l) = “‘E2jD2-j1—1T;)2j 1t E;j ~ Fy D3l T’-)21' +1 (2.12)

A simple inspection shows that S~ is a ¢’-w-block-3DLS. Moreover, S~
is Hermitian; to verify this assertion, observe that (E41)¥ = Fj (since S

is Hermitian); consequently,

(EJ(-:J;”)H = —(Ez(j+1)D2_j]+1E2i+1)H
= — ()" (D;j{rl)H (Baen)

— . -1 .
- —F21D2j+1F2.7+1

H

_ {(r-1)
= F;

Furthermore, S"~1) is positive definite (see [He, Remark 7]). We conclude
that S-1) is h.p.d., so that Algorithm 2.1.1 (BCR-reduce) can be applied

(recursively) to S("~1). We may now summarize the BCR algorithm:

ALGORITHM 2.1.2 (Block cyclic reduction).
Input: an h.p.d. g-w-block-3DLS (AR = ) of the format (2.7), de-
noted S, where q=2"—1, r > 1.
T
Output: X = (?;T, e, Y;T) =A"1b.

Computations:
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if r = 1 then solve S©) by using available routines;
else

1. Let ST denote the linear system computed by applying Algo-
rithm 2.1.1 (BCR-reduce) to S);

2. solve STV by (recursively) applying this block cyclic reduction
algorithm to SU~V [note that after this step, the values of the
even-indezed variables of S are available from the solution of
S(r—l)]’.

3. concurrently compute the odd-indexed variables of S™) via back

substitution. "

EXAMPLE 2.1.1 For demonstration, let r = 2, ¢ = 3 = 2" — 1; then, the

linear system S consists of three vector equations of the format

Dl-i: + Fl?z = T)-)

EX, + DX, + BX, = by, (2.13)
—
b3

Esi’z + D3-)?3 =

When we apply Algorithm 2.1.1 (BCR-reduce) to (2.13), the output S is

a linear system consisting of a single vector equation

(~EoD{'Fy + Dy~ FyD Es) %, = —Eo D' by + by— F;D; by (2.14)
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We solve this small linear system by directly computing the inverse of its
coefficient matrix; after that, the value (say, 72) of _)E; is available; the vectors
X, and X, are concurrently computed by simultaneously substituting V), for

—5?2 in the first and third equations of (2.13), respectively.

Let us now estimate the parallel computational complexity of block cyclic

reduction algorithm:

THEOREM 2.1.1 The computational cost of the block cyclic reduction (Algo-
rithm 2.1.2) applied to solving any h.p.d. g X g block tridiagonal linear system,

with w X w blocks, is bounded by

q
0 (<1ogq)t,(w), i)g;p,(w)) , (2.15)

which turns into

n n
0 ((log E) b (w) E‘_{PI(W)) ; (2.16)

for g =n/w.

PROOF. Stage 1 of the block cyclic reduction algorithm (see page 41)
[that is, the computation of S~!) given S ] can be performed at the cost
O (4 (4/2) Py(y))- 1ts stage 2 solves the smaller linear system S=1) via a
recursive application of this algorithm to SU=1), Once ST~V is solved, the
even-indexed variables of S{") are known and stage 3 concurrently computes
the odd-indexed variables of S{); the value of each of these odd-indexed vari-

ables (say, X, _,) is computed by substituting (2k — 1) for i in the equation
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(2.7) and by replacing the vectors X, and X, +2 in the resulting equation
by their values available from the solution of §"~V); in this way, the vector
_7?2};-1 is effectively computed at the cost of a constant number of w x w
matrix by a w-dimensional vector multiplications. The computational cost
of each step in the back substitution process is dominated by the cost of the
computations required in the corresponding reduction step; consequently, in
order to estimate the overall asymptotic computational cost of the BCR algo-
rithm, it is sufficient to estimate the cost of all the reduction steps. Toward
this goal, let ¢t = t(r,w) denote the number of parallel steps required for
computing the solution of S and let p = p(r,w) denote the corresponding
number of required processors. The above discussion leads to the following

relations for the pair (¢, p), estimated within a multiplicative constant factor:

t](w), r= 1;
Hrw) <

t(r—1,w)+ bwy Otherwise;

pI(w)’ r= 1;
p(r,w) <

max {P(T - 1L,w), QT_IR,(W),} , otherwise.
Recursive application of the latter relations and the B-principle yields the

desired complexity bound (2.15). o
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2.2 Preprocessing and solution of an h.p.d. block
tridiagonal linear system, based on block cyclic

reduction.

We will assume in this section the notation of the previous section; in addi-
tion, hereafter, A® denotes the coefficient matrix of the linear system S(*)
and E,-(h), Dgh), F, ,Sh) denote the blocks of A, for an appropriate choice of
the indices h, ¢, 7 and k.

We define our set I'(A) = T(A") (the set of parameters computed by the

preprocessing algorithm) by the relation

{(A(T))_l}v r=1

Yoer(A YU { AT} YTy (ACD), 7> 15
oor (AP = {(Dgr))"l , (D;([))_l ,'”,(D‘(;r))—l}.

Note that the set Tye(A) includes all the matrices A% (1 < A < r) and the in-

Fbw(A(T)) —

verses of all the odd-indexed diagonal blocks of the matrices A®) (1 < k < r).
THEOREM 2.2.1

1. The cost of computing the set T'y..(A), for any h.p.d. ¢ X g block tridi-

agonal matriz A with w X w blocks is bounded by (2.15).

2. Once the set Ty (A) has been computed, the vector A"IE’ can be com-

puted at a cost bounded by

0 ((logq)aogw), mﬁ’l—g—w—)) , (2.18)
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which turns into

0 ((log 5) (log w), (log %) (log w)) , (2.19)

for g =njw.

PROOF. Observe that once the set I'y..(A) is available, the left hand sides
of the equations in any of the linear systems S®*) are known. The compu-
tation of the right hand sides of these equations as well as the subsequent
back substitution only require w X w matrix-by-vectors multiplications (note
that no w X w matrix-by-matrix multiplication is performed). The proof of

Theorem 2.2.1 immediately follows from these observations. | B

REMARK 2.2.1 The equation (2.17) implies that the storage space required
for the set I'y.r(A) is no more than twice the storage space of the original

input matrix A.

2.3 Relaxing the h.p.d. assumption.

Shifting from A to A”A enables us to relax the h.p.d. assumption about
the coeflicient matrix of the input linear system. This is a valid transition,
due to Propositions 1.2.1, 1.3.1 (see pages 8, 10) and the equation A~! =
(A¥ A)~* A¥ which enable us to reduce the computation of the vector A'D
(for any nonsingular n x n matrix A and any n-dimensional vector ?) to the
computation of the vector A"li)—;, where A’ = (A¥ A) and b’ = AHD. This

reduction amounts to a single multiplication of an n X w matrix by a vector
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of dimension w, plus a single multiplication of matrices of size n x w. If the
matrix A is nonsingular, then the matrix A’ is h.p.d.; consequently, the BCR
algorithm solves the problem BAND-LIN-SOLVE at a computational cost

.-—-)
bounded by (2.1); this can be done by simply computing the vector A""1b’.

REMARK 2.3.1 The extension of the block cyclic reduction algorithm to the
case of any field of constants does not appear obvious. The block cyclic re-
duction algorithm (see page 41) requires nonsingularity of all the odd-indexed
diagonal blocks of the matrices AW 1 < h <r = 1. These requirements are
satisfied if the input matrix is h.p.d.; this restriction is not a major hand-
icap, provided that the ground field has characteristic zero, since it can be
relaxed via symmetrization. But the notion of h.p.d. matrix is not defined
for matrices over arbitrary fields. If the BCR algorithm could be applied to
all strongly nonsingular linear systems, we could perhaps find some ways for
ensuring required nonsingularity (of the odd-indexed diagonal blocks of A).
Unfortunately, as the following simple example shows, Algorithm 2.1.2 may

fail when the input matrix is strongly nonsingular, but is not h.p.d.:

EXAMPLE 2.3.1 Let the input matrix be the 7 x 7 block matrix

(I 0 )

0 D] F1
E, D, F
A= E3 .D3 0 5
0 I 0
0 I 0
\ 0 I/
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with 2 x 2 blocks defined by:

5 0 6 0 4 0
Dl"(o 10)’ DZ‘(O 5)’ DS_(O 6)’

0 0 0 0
Fl:FZ’:EZ:(o 30)’ E“’:(o 17)'

This matrix is strongly nonsingular, yet, the first diagonal block, Dgl) =

0 0

tained after the first reduction stage) is singular.

(6 O), of the matrix A®) (the coefficient matrix of the linear system ob-

2.4 Computing |det A| via block cyclic reduction.

We extend the block cyclic reduction algorithm to computing |det A|, for any
banded matrix A. We will first compute det A for an h.p.d. block tridiag-
onal matrix A; then we will show how to apply the BCR algorithm to the

computation of |det A|, for any matrix A (including singular matrices).

THEOREM 2.4.1 The cost of computing det A, for any h.p.d. ¢ x q block

tridiagonal matriz with w X w blocks, is bounded by

0 ((logq) (o) + ) » o (Poguy + p,(w))) : (2.20)

which turns into

o ((108 5)‘) (tD(w) + tI(w)) ; logﬁ (Pp(w) +P1(w))) ) (2.21)

for ¢ =n/w.
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PROOF. As in the previous sections, we assume that ¢ = 2" — 1; let
A=A AC-D  AM denote the input matrix and the coefficient matrices
of the auxiliary linear systems S, S¢-1) .. S0 computed by the block
cyclic reduction algorithm whereas E(™, Dy(-h), Fk(h) (1 £ h £ 1) denote the
blocks of A™, for an appropriate choice of the indices ¢, j and k. We first
establish a recurrence relation between det A and det AU"~Y); towards this

goal, we perform the following computations:

ALGORITHM 2.4.1 (BCR-determinant-reduce).

Input: An h.p.d. q x q block tridiagonal matriz A = A" with w x w
blocks, of the format (2.5), where ¢ =27 — 1.

Output: A ¢ x ¢ block tridiagonal matriz AT~V with w x w blocks,

where ¢’ = 9;—1 = 271 — 1, satisfying the relation
qll
det A = det A7) = (H det D;?_l) det A=), (2.22)
1=1

where ¢ = ﬂgl +1.

Computations:
for j =1 to ¢’ do (concurrently, for all values of j)

1. premultiply the block row 25 — 1 of A by the matriz (—E,; D3} ,)
to form a new block row denoted p;(j);
2. premultiply the block 2j + 1 of A by the matriz (—F3;D3}Y,) to

form a new block row denoted py(j);
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3. alter the block row 2j of A" = A to form a new matriz denoted
A = A by adding to it the block rows py(j) and py(j) [note that
det AT) = det AT)];

4. output the matriz AT=1) [the submatriz of the matriz A®) formed
by its even rows and its even columns, the first row/column being

odd]. 8

In order to prove that the relation (2.22) holds, observe that det A" =
det AM) (see Proposition 1.2.2, page 8). The evaluation of det A®) via Def-
inition 1.2.6 (see page 8) immediately implies (2.22). Note that the matrix
AC=1) is the same in both Algorithms 2.1.1 and 2.4.1. As discussed ear-
lier, this matrix is h.p.d.; consequently, the formula (2.22) can be recursively
expanded, leading to the following BCR algorithm for computing the deter-

minant of any h.p.d. matrix:

ALGORITHM 2.4.2 (BCR-determinant).
Input: an h.p.d. g-w-block-8DM of the format (2.5), denoted A = A",
Output: det A = det A,

Computations:

1. compute the set of w X w matrices defined by relations

Vour(ATYUT4, (A0-D), 7> 1
7l’>cr(A(r)) = {DY)’ Dgr)”Dgr)}1

T} (A®) (2.23)
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Note that the set T}, (A) includes all the odd-indexed diagonal blocks of
the matrices A®) (1 < k <r) [compare with the set Ty..(A) of (2.17)].

2. compute and output det A= [ det X;. =
Xier'(A)

The correctness of this algorithm follows from the equation (2.22) and
its recursive expansion. In order to estimate its computational cost, observe
that this evaluation of det A amounts to first computing all the auxiliary
matrices A*) (1 < h < r —1), so that the overall cost of computing the set

I'(A) (stage 1 of of Algorithm 2.4.2) is bounded by

q

Estimating the cost of performing stage 2 of Algorithm 2.4.2, assume that we
may store the set IY(A) in a one-dimensional array, say, X = [Xj,..., X,];
then, we can compute the product
9
det A= J[ det Z;=]]detX;
Z;er"(A) i=1

at a cost bounded by

q
0 ((logq)f:o(w), io—g—(_;pp(w)) , (2.25)

by applying the parallel prefix algorithm (see [KR], [BP] or Proposition 1.4.1,
page 20). The bound (2.20) on the overall cost of computing det A follows

by combining the two latter bounds. o
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REMARK 2.4.1 In order to compute |det A| for any banded matrix A, we
may utilize the symmetrization technique, discussed earlier in §2.3, by shift-
ing from A to U = AYA. This is a valid transition, due to Propositions
1.3.1 (page 10), and the equation det (A¥ A) = |det 2A|. If the matrix A is
nonsingular, then the matrix U is h.p.d.; therefore, our algorithm for com-
puting det A in the h.p.d. case can be applied to the computation of det U.
This algorithm can be slightly modified to also compute det U in the case
where U (and therefore, also A) is singular: toward this end, we concurrently
compute, prior to the computation of the matrix U ("1? (see stage 1 of Algo-
rithm 2.4.2), the determinants of all the odd-indexed diagonal blocks of the
matrix U). If all these determinants are nonzero, then we repeat the same
computations with the matrices U1, U=2) ..., and so on. Note that
Algorithm 2.4.1 is applicable, as long as all these determinants are nonzero.
If one of these determinants turns out to be zero, we output det A = 0 and
stop. Otherwise, if all the odd-indexed diagonal blocks of all the matrices
U® (1 € k < r) are nonsingular, then det U # 0, and our algorithm cor-
rectly computes |det A|? = det U. These results follow, due to (2.22) and its
recursive expansion.

The modifications of the BCR algorithm for the purpose of detecting
singularity of its input matrix requires some extra computations at each
parallel step. However, the cost of these additional computations does not

increase the overall asymptotic bound (2.20) on the cost of computing det A,
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since, in each parallel step, the cost of these additional computations does not
increase the asymptotic cost of performing Algorithm 2.4.1, which is required
at each parallel step. Consequently, the bound (2.20) remains a valid bound
on the overall cost of computing |det A|, for any ¢ X ¢ matrix A that has the

bandwidth w. B



Chapter 3

Parallel solution for a BLS
over any field, based on a
3 x 3 block matrix representation

The block cyclic reduction led us in chapter 2 to NC and optimal algorithms
for the problems BAND - LIN - SOLVE and BAND - DET over the fields
of characteristic zero. Can we extend these algorithms to the case of finite
fields ? The answer to this question does not appear obvious. In this chapter
we explore a different approach to solving these problems, based on a 3 x 3
representation and factorization of a banded matrix. This alternative ap-
proach was utilized in a recent paper by W. Eberly [E], to derive the record
bounds on the computational complexity of these two problems over an ar-
bitrary field of constants: assuming an n X n nonsingular input matrix M
having bandwidth w, the algorithms of [E] reach the Las Vegas randomized

bounds

(tL-S(n,w) ) PL.S(n,w)) = 0 (T*(n), P*(n,w)), (3.1)

&4
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for the problem BAND - LIN - SOLVE and
(toiaw) » Poe,wy) = O (T7(n), P*(m,w)), (3.2)
for the problem BAND - DET, where

T*(n) = (log®n)(F, n)t;

n
* = b 1 o(1) .
P*(n,w) (w) Pr(wylog™" n;
1, if [F|2mn;
$(F,n)
(1 + log logF, n) logip n, otherwise.

We will show a substantial improvement of these estimates of [E] to the Las

Vegas randomized bounds

n n
o ((log E) 4wy (E) Pz(w)) ; (3.3)
for the problem BAND - LIN - SOLVE and

n b w) T Po(w
0 ((log E) (1) + o) (&) (I()Il(og) ﬂ)pD( ))) ; (3.4)

for the problem BAND - DET.

The algorithm for BAND - LIN - SOLVE can be extended to accelerate
the computation of the solution of several linear systems, each having the
same coeflicient matrix M, by utilizing an approach similar to one of our
chapter 2, that is, we first preprocess the matrix M at a cost bounded by
(3.3); after that, we solve any banded linear system having coefficient matrix

M, at a deterministic cost bounded by

O((log 'Z;) (log w), —2 ) | (3.5)

" log w
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and solve q linear systems, each having the same coefficient matrix M, at a

deterministic cost bounded by

0 ((log -Z-)) (log w) ﬁ"f’-) . (3.6)

"log w
The bound (3.3) [respectively, (3.4)] implies that the solution to the problem

BAND-LIN-SOLVE [respectively, BAND-DET)] is efficient [respectively,
optimal] according to the definitions of [KR|. The potential work bounds,

n
WL.S(n, w) = O ((log _u‘)‘) 'gt](w)pl(w)) 3

in the case of BAND - LIN - SOLVE, and

Wper(n,w) = O (g‘ (tI(w) + tD(w)) (pl(w) + PD(w))) ,

in the case of BAND-DET, are better than the ones of the algorithm of [E],
by the factors log®> n for BAND-LIN-SOLVE and log®n for BAND-DET.

If the input matrix is over a field of characteristic zero, then the bounds
(3.3) and (3.6) can be obtained deterministically; moreover, the problem
|BAND - DET)| (the problem of computing |det M|) can be solved determin-
istically at a cost bounded by (3.4).

To obtain these improvements, we have combined the techniques of [E]
with several other new techniques. Following the general approach, out-
lined in §1.7, we will divide the main algorithm (the one for the problem
BAND - LIN -SOLVE) into a preprocessing stage and a backsolving stage.

At the preprocessing stage, we compute a set of parameters denoted I's( M)
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(based on a 3 x 3 block representation), implicitly defining M~'. At the
backsolving stage, we utilize the set I'3(M) to effectively compute the solu-
tion vector M~'b . Our set I'3(M) consists of the first w(M) and the last
w(M) columns of the matrices M} ..., , where M ;, i.i. (k > 0) denote se-
lected principal submatrices of M [see (3.15)]. The main algorithm requires
nonsingularity of the matrices M ;, i, which we ensure, by using the sym-
metrization or randomization techniques of [Sc] and [Zi], at a substantially
lower computational cost than that would have been required by the tech-
niques of [E], since the former techniques enable us to avoid the auxiliary
computations of the permutation matrices of the algorithm of [E] (see §3.1).

We organize our presentation in the following order: After a brief review
of the algorithm of [E] in §3.1, we present some preliminary results on the
computation of the (first and/or last columns) of the the matrices M} ;..
in §3.2. Then, in §3.3, we preprocess a strongly nonsingular matrix. We
utilize the output of this preprocessing in §3.4 to effectively compute the
solution to the input linear system(s). In §3.5, we relax the assumption

about strong nonsingularity of the input matrix and, in §3.6, we compute

the determinant of a banded matrix.

3.1 Eberly’s algorithm.

Hereafter, M denotes an n X n nonsingular banded matrix having band-

width w, defined over an arbitrary field of constants and E) denotes an
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n-dimensional vector. We briefly recall a recent algorithm by W. Eberly [E],
applied to solving the linear system MX = b. Following [E], we will as-
sume (with no loss of generality) that n divides w, will set 2 = n/w and will
use the following 3 x 3 block matrix representation, hereafter referred to as

representation-E:

My My, 0 m
M = My Mz My 2w
0 M32 M33 Nng (37)
n 2w N3
where
n = [(h—-2)/2lw, ny=|(n-2)/2|w, (3.8)

so that n = ny + n, + 2w [compare with the representation (3.13)].

In order to compute the vector M ™! F, the algorithm of [E] first computes
a recursive decomposition of the matrix M=, based on representation-E [the
components of this decomposition are either sparse matrices or dense matri-
ces of size at most (2w) x (2w)]; after that, the vector M -1 is recovered
via successive (sparse) matrix-by-vector multiplications.

The technique of [E] requires nonsingularity of all the diagonal blocks in
representation-E of matrix M, which is ensured via permutations of some
selected rows of M. The cost of computing the required permutations and

other related results can be summarized as follows:

PRrROPOSITION 3.1.1 ([E]). Let M denote an nxn nonsingular matriz having

bandwidth w.
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1. There exists a permutation matriz of the format
Pji:c = dlag (Inl—w, PTa PBa Ing-w), (39)

where Py and Pg are w X w permutation matrices, such that, in repre-

sentation (3.7) of the matriz

M, By 0
P M=|B, X Bgnl, (3.10)
0 Bp M,

the diagonal blocks My, X and M,, which, in representation-E of the
matriz Py, M, correspond to the blocks Myy, My and Mss, respectively,

are nonsingular.

2. Moreover, the permutation matrices Pr and Pg can be chosen so that

the bandwidth of each of the matrices M, and M, does not exceed w.

3. Furthermore, a required permutation matriz Py, can be computed (by

means of a Las Vegas randomized algorithm) at « cost bounded by

0 ((1og2 7) Yy, (%) p,(w)) . (3.11)

Due to nonsingularity of the diagonal blocks M;, X, M, of (3.10), the matri-
ces M and M~ have factorizations of the following format, hereafter referred

to as to factorization-E:

M = P;lPLLDUF]', M7 =PU DL 'P Py, (3.12)
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I, 0 0 I, 0 0
L=( 0 I, 0), L_1=( 0 I, 0),
BLM' BrM;' I, —BLM{' —BpM;' I,
| L, 0 MBy L, 0 —-M'By
U=( 0 I-,,2 M{IBD), U_l"-—‘( 0 Inz —-MQ_IBD),
0 0 Iz, 0 0 I

D = diag (M, M,,Y),  D~'=diag (M}, M;1, YY),

L, 0 0 I, 0 0
Po=10 0 Iy}, P'=10 0 I,},
0 Inz 0 0 I2w 0

Y = X —B,M'By — BRM;'Bp.

Since the matrices M; and M, can be decomposed the same way, this de-

composition can be continued recursively.

PROPOSITION 3.1.2 ([E]). Any nonsingular banded matriz M having band-
width w, as well as its inverse M~!, can be expressed as a product of O (log %)
matrices, each of which is either a permutation matriz, a sparse lower tri-
angular matriz (of the format L), a sparse upper triangular matriz (of the
format U), a dense nonsingular matriz of size 2w x 2w, or is block diagonal
with each diagonal having these forms.

Moreover, such decompositions of M and M~ can be computed by a Las

Vegas randomized parallel algorithm, at a cost bounded by (3.1).
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Once the decompositions M and M ™! of the format described in Proposition
3.1.2 have been computed, the vector M -1 and the determinant det M
can be effectively computed at a cost bounded by (3.1) [the actual cost of
the subsequent computation of the vector M -1p is lower than (3.1) [see §3.4

for a similar computation].

REMARK 3.1.1 (Is it mandatory to compute Py, ?7).The sole purpose
of computing the permutation Py;, is to ensure nonsingularity of the diagonal
blocks in representation (3.7) of matrix M, so as to derive factorization-3 for
matrix M. However the cost (3.11) of computing this permutation matrix is
relatively high. Indeed, in §3.5, we present alternative techniques for ensuring

nonsingularity of these diagonal blocks at a lower computational cost.

REMARK 3.1.2 (Block cyclic reduction versus Eberly’s algorithm).
According to the definitions of [KR], the block cyclic reduction algorithm is
optimal (assuming the CREW PRAM model of parallel computations), but
it is restricted to the fields of characteristic zero. On the other hand, the
algorithm of [E] is efficient (but not optimal); however, it is more general,

since it is applicable over any field of constants.

3.2 Some definitions and preliminary results.

We define representation-3 of matrix M as the 3 x 3 block matrix represen-

tation
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......

Figure 3.1: Representation-3 of a 30 x 30 banded matrix.

My M 0 3
M= | My M, My w
0 Msz Ms3 n3

n w ns

where

nm=[rn—w)/2], ng=n—w-mn

[see Figure 3.1, compare with the representation of [E], (3.7)].

n1=13
w=25
TL2=12
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(3.13)

(3.14)

M; i, .ivi, (k2> 0) denotes the principal submatrices of M defined by the

relation

B T (M ieorins ixie  Otherwise,

(3.15)
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where #3,...,% € {1,2,3} and (M. ir_, Jiri, denotes the (z,7;) block
in the representation-3 of matrix M; i, i,_ ir_,-

Until §3.5, we will assume that the matrix M is strongly nonsingular, so
that M, M~! and all their principal submatrices have factorizations of the

following format, hereafter referred to as to factorization-3 of M:

My; 0 0
0 zZz 0
M=V o 0 W (3.16)
M3 0 0
-1 _ =1 O Z—] 0 -1
M =W o o mz |V (3.17)
where
I, 0 0 I, Mj!M;; 0
V= 4"{[211‘{[1-11 Im ]‘423]‘43_31 W = 0 Im 0
0 0 I, ! 0 Mz'Ms I,|°
I, 0 0 L, —M3'My, 0
vt | ~MaMy In —MaMg'| |0 I 0
0 0 I, ’ 0 —-Mz'Ms, I, |’
Z = M22 - M21M1_11M12 - M23M331M32. (318)

Note that det V = det W = 1; therefore, the equation (3.16) implies that

det M = (det My,) (det Z) (det M33), (3.19)
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which implies nonsingularity of matrix Z.
The preprocessing algorithm will need to compute the submatrices of the
matrices M}, ;. ;, formed by their first w and their last w columns. We will

compute these submatrices by using two auxiliary matrices denoted

k) = (7 )s (3.20)
IL(k,p) = (g 2) (3.21)

where k > p and where we set p = w.

PROPOSITION 3.2.1 The matrices Ip(k,p) and I1(k,p) satisfy the following
properties, where v, s, 11, S1, T2, and sy are positive integers such that r =

TV 4T, S=8+8,p<71,p<s Bisapxp matriz, Wi; is an ry X s

Wll Wl2

matriz and W = (ng W,

) is an r X s matriz:

Ie(r,r)W = ”6" Wl?), (3.22)

Iy(r,r))W = (3.23)

Wip(s,s1) = (3.24)

: (3.25)

Ip(r,m )W iL(s,s2) = , (3.27)

0
In(r,r)WIp(s,s1) = 0)° (3.28)

(
(
(
Wiy(s,s;) = (O e
(
(
(
(

)
)
Ir(r,r)Wlp(s,51) = 8) , (3.26)
)
)
)

IL(T’, Tz)WIL(S,Sz) = ; (3.29)
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moreover, if (B 0) and (0 B) are p X r matrices and (g), (g) are

s X p matrices, then

(B 0) = (B 0)Ir(np), (330)
(0 B) = (0 B)Iyrp), (331)
(&) = 1 (§). (332)

(g) = I(s,p) (g) (3.33)

The above relations are immediately verified by simple inspection.

REMARK 3.2.1 For any k x k matrix W and any p < k, we may use the
matrix WIp(k,p) [respectively, WI,(k,p)] to represent the k x p submatrix
of W formed by its first (respectively, last) p columns, since, due to (3.24)
and (3.25), the entries of the matrix WIr(k,p) (respectively, WI,(k,p)) are
filled with zeros, except for its first (respectively, last) p columns, which
are filled with the corresponding entries of W. Likewise, we may use the
matrix Ip(k, p)W [respectively, I1(k,p)W] to represent the submatrix of W
formed by its first (respectively, last) p rows, since, due to (3.22) and (3.23),
the entries of the matrix Ir(k,p)W (respectively, Ir(k,p)W) are filled with
zeros, except for its first (respectively, last) p rows, which are filled with
the corresponding entries of W. The indices F and L stand for “First” and

“Last”, respectively.
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PROPOSITION 3.2.2 It follows from Proposition 3.2.1 that the blocks (1,2),

(2,1), (2,3) and (3,2) of M in representation-3 satisfy the equations

My = I (ny,w) My, (3.34)
My = Myply(ng,w), (3.35)
Maz = MasIp(ns, w), (3.36)
M3y = Ip(ns, w)Ms,. (3.37)

PROPOSITION 3.2.3 Once the first w and the last w columns of the matri-
ces M3 and My have been computed, the subsequent computation of the

matrices Z and Z~1 can be performed at costs bounded by

0 (tM(w,w,w)’ pM(w,w,w)) (3.38)

and

O (tiwp Prw)) » (3.39)
respectively.

PROOF. Due to Proposition 3.2.2, we may substitute in equation (3.18)
I (n1, w) My, My Ip(n, w), Myslp(ns, w) and Ip(ns,w)Mag) for My, My,
M3 and Ma,, respectively, to derive the equation

Z = My — My I (1, w) M7 1 (ny, w) M

- 3.4
- MzafF(ns, w)M3311p(n3, w)Msz- ( 0)

Since the first w and the last w columns of the matrices M{;' and M3;! are as-

sumed computed, the matrices M3 Ip(n;, w), M I(ny, w), M3z Ip(ns, w)
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and Mg' I (n3,w) are readily available, and, due to the equations (3.40) and
(3.26)—(3.29), the computation of the matrix Z only requires four w x w ma-
trix multiplications. The bound (3.38) on the cost of computing the matrix

Z and the bound (3.39) on the cost of computing Z~! immediately follow.g

PROPOSITION 3.2.4 Once the first w and the last w columns of the matrices
M7 and M, have been computed, the complezity of the subsequent compu-
tation of the first w and the last w columns of the matriz M~} is bounded
by

0 (t,(w), (g) p,(w)) . (3.41)

ProoF. Expand (3.17), then, postmultiply both sides of the resulting
equation by Ir(n,w) and I (n,w), respectively, and apply Proposition 3.2.2
to derive the following equations

[ M3 Ip(ny, w) + ML (n1, w)Mi12Z 7 Moy M3 e (ny, w)

M Ip(n,w) = —Z7 "My M3 Ip(ny, w)

MEBIIF(TZ;;, 'LU)M32Z_1M21M1_IIIF(TLI, ’LU)
\
(Fi+ LiMuZ ' Ma F] 0
—Z My F! 0

FiM3Z- "My F! 0

and

0
0

0

(3.42)
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(0 M L (ny, w)Mp Z7 Mas M3 I (ns, w)

71 -1
M"IIL(n,w) 0 Z~ My M33 IL(Tts,w)

0 Mg'IL(ns,w) + Mg'Ip(ng, w)MsZ ™ Mys Mg I (n3, w)
(0 LiMuZ~'MylLs

- |0 —Z7 MasLs , (3.43)
0 L+ FiMsZ - MyL,

respectively, where

F| = M3}Ip(n,w), (3.44)
Ly = M7'I(n,w), (3.45)
Fy = M3 p(ns,w), (3.46)
Ly, = MG (ns,w). (3.47)

Since the first w and the last w columns of the matrices M3! and M;;! are
assumed computed, the matrices F], L], F; and L} are readily available;
moreover, due to Proposition 3.2.3, the matrix Z~! can be computed at
a cost bounded by O (tl(w), pI(w)). After that, due to the equations (3.42)
and (3.43), the computation of M~1Ig(n,w), M~1I;(n,w) only requires a
constant number of ¢ X w by w X w matrix multiplications, where ¢ < [n/2].
The bound (3.41) on the computation of the first w and the last w columns

of the matrix M~! follows. a
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3.3 Preprocessing a strongly nonsingular BLS, based
on a 3 x 3 block representation of the input ma-

trix.

Hereafter, Z;,;,..,:, denotes the matrix corresponding to Z in factorization-3
of matrix M. i, for 21,...,1k € {1,3}; I's(M) denotes the set of parame-

ters computed by the preprocessing algorithm and is defined by the relations

{M~1}, n < 2w,
I'3(M) = (3.48)
Ya(M)YUT3(M1,)UT'3(Ms3), otherwise,
where
Ya(M)={Z"', M Ip(n,w), M~ I1(n,w)}; (3.49)
note that set I'3(M) consists of all the matrices Zj , ; and all the sub-

—1

matrices of M;; ; ; formed by their first w or their last w columns, for all

k> 0.
Based on representation-3, we define the problem PREPROCESS-3, for

a strongly nonsingular matrix M as the computation of the set I'3(M).

THEOREM 3.3.1 The problem PREPROCESS-3, for any n X n strongly

nonsingular matriz having bandwidth w, can be solved at a cost bounded by

PROOF. Due to (3.48), the set I's(M) can be evaluated by performing

the following computations:

ALGORITHM 3.3.1 (Preprocessing-3).
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1. concurrently compute the sets T'3(My;) and I'3(Mas), by recursively ap-
plying this algorithm, unless n < 2w, in which case, simply output
I3(M) = {M~1} [note that after this step, the matrices Fj, L}, Fj and

L} of (3.44)—(3.47) are readily available];

2. compute the set v3(M), at a cost bounded by O (tI(w), (%) p,(w)), by
applying Proposition 3.2.3 (see page 66) and Proposition 3.2.4 (see page
67).

Let ¢; = t1(n,w) bound the number of parallel steps required for the overall
computation of the set I's(M) and let p; = p;(n, w) denote the corresponding
number of required processors. The above algorithm leads to the following re-
lations for the pair (¢, p;), estimated within a constant factor (for simplicity,

we assume that n is a power of 2):

{ Y w)> n < 2w;
ti(n,w) <
ti(n/2,w) + Yy Otherwise;
{ Pr(w) n < 2w;
pl(na w) <
max {2p1(n/2, w), (5) p,(w)} , otherwise.

Recursive application of the latter estimates yields the complexity bound

(3.3) on the pair (p;,t;). -

3.4 Solving a preprocessed BLS: BACK - SOLV E-3.
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THEOREM 3.4.1 Once the set I'3(M) has been computed, the computational
—_
complezity of the subsequent evaluation of M~' b | for any given n-dimensional

—
vector b, is bounded by (3.5).

— —

PROOF. Denote b = (E, b,, T)Z)T where B:, E; and b, are three
column vectors of dimensions n;, w and ng, respectively. Expand (3.17) then,
postmultiply both sides of the resulting equation by the vector b and apply
Proposition 3.2.2 to derive the following equations where the matrices L} and
Fj are defined by (3.45) and (3.46), respectively:

- B) l—)\

.-—)
( M3, — M3 I (ny, w) My, 271 (— My M3 b, +
- — — —
M—l_l; — Z_l(—MglMl_ll b1 + b2 - M23M3—31 b3)

—

Mz by — M Ip(ns, w) My Z ™ (~ My MG b, + by, — MysMz! by)

/

Y
_—1?1 - LﬂMlzz-l(—lei; + b, - Mzsﬁ;)\

—_
- Z7Y(~Mn'¥, + b, — My y) : (3.50)
—
\ U, — FiM3Z 7 (—Myu U, + b, — My )
T, = Mi'by
T, = Mg'b,

—_
In order to compute the vector M~1 b, we first concurrently compute the

—

-1 -17, .
vectors Mi; b, and Mz b

4 after that, due to the equation (3.50), and

since the matrices Z~!, L} and Fj are available (from preprocessing), the
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computation of the vector M -1p only amounts to a constant number of
multiplications of matrices of size at most w x [n/2] by a vector of dimension
at most [n/2].

Let ¢t; = t3(n,w) bound the number of parallel steps required for the
computation of the vector M -1% and let p2 = p2(n,w) denote the corre-
sponding number of required processors (assuming the set I'3(M) available).
The above algorithm leads to the following relations for the pair (22, p2),

estimated within a constant factor:

Y (w0, w, 1)’ n < 2w,
ta(n,w) <
{tg(n/Q,w) + Yf(nj2, w1y Otherwise;
{phll(w,w,l)’ n < 2wa
pg(n,w) <
max (2p2(n/2,w), PM(n/z,w,l)) , otherwise.

Recursive application of the latter relations yields the complexity bound (3.5)

on the pair (p,13). B

REMARK 3.4.1 (Storage space for PREPROCESS-3). The computa-
tions in each parallel step of the solutions to the problems PREPROCESS-3
or BACK - SOLV E-3 only involve the elements of the set I';(M) computed
in the previous parallel step. Consequently, the results of the current parallel
step can overwrite the ones of the previous step, so that the storage space

for this solution to these two problems is bounded by O(wn).

REMARK 3.4.2 (Solving several linear systems). Once the set I';(M)

has been computed, the solution of ¢ linear systems, each having the same
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coefficient matrix M, can be computed at a cost bounded by (3.6), by sub-
—_

stituting two n X ¢ matrices X and B for the vectors X and b, respectively,

in the proof of Theorem 3.4.1. The overall memory (storage) space required

for our algorithm is bounded by O(wn + gn) in this case.

3.5 Relaxing the strong nonsingularity assumption.

Over the fields of characteristic zero, we may use the symmetrization tech-
nique in order to relax the assumption about strong nonsingularity of the
input matrix M, by shifting from M to (MH¥ M). The argument here is
the same as the one of chapter 2, used there to relax a similar, but h.p.d.
assumption about the input matrix (see §2.3, page §46).

Alternatively, in the case of any field, we will use an argument based on
randomization. We will assume (with no loss of generality) that the input

matrix, hereafter denoted M’, is an n X n nonsingular matrix of the format
M' =M + diag (B,0,C), (3.51)

where w(M) = w, w_(M) = wi(M) = (w/2) and where B, C are w x w
matrices (see figure 3.2). Denote w’' = w(M’) (note that w < w’ < 3w), and
denote M'(n, w) the set of matrices M’ satisfying the conditions listed above.
It is sufficient to show how to relax the strong nonsingularity assumption for
all the matrices in M'(n,w), since M'(n,w) includes all nonsingular matrices

that have the bandwidth w.
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Matrix M’

.....
.....
.....
.....

Figure 3.2: Format of the matrices M’ € M'(32,4).

PROPOSITION 3.5.1 Let P = diag (In,-w/2, B1, Ra, Ing—uy2), where By and
R3 are nonsingular matrices of size w X w and let M' € M'(n,w). Denote
(PM');; the (3,5) block of PM' in representation-3 of matrizx PM’'. The

following properties hold:

1. the blocks (PM")12, (PM")o1, (PM")gs and (PM")s; have the formats
(1?/1) (0 W,), (Ws 0) and (“O/‘*) respectively, where the W,’s
are matrices of size w X w each. Consequently, Proposition 3.2.2 (see
page 65) still holds if we substitute (PM');; for M;; (i,7 € {1,2,3} and
L #7);

2. if (PM")11 and (PM')33 are nonsingular, then (PM'); € M'(ny,w)
and (PM')3; € M'(n3,w).
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Matrix P Matrix M’ Matrix PM'

Figure 3.3: Format of the matrices (PM');;, where M’ € M'(32,4) and P =
diag (I 2, Ry, R3l14); here, Ry and R; are 4 X 4 matrices.

This proposition follows, by a simple inspection of the product PM’ (see
Figure 3.3). Note that w < w(PM') < 3w.

We now show how to transform any linear system of the format

—

M'X =b, (3.52)

where M' € M'(n,w), into a suitable input to preprocessing (Algorithm
3.3.1, page 69). To this end, we will shift from (3.52) to

(PM)® =PD, (3.53)

where

P = diag (Jny-u/2) B1, Ra, Ing—up2) (3.54)

R,, R3 are random matrices of size w X w. Since the matrices R; and R;

are nonsingular (with a high probability), the matrix P is nonsingular. Con-
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sequently the equations (3.52) and (3.53) are equivalent; therefore, in or-
der to obtain the vector M'~1b we may simply compute (PM’)‘I(P_E)).
The transition from (3.52) to (3.53) only amounts to a constant number of
w X w matrix multiplications, which can be performed at a cost bounded
by O (tM(w,w, wp gw(w'w’w)). The cost of this transition increases neither the
bound (3.41) on the computational complexity of each parallel step of the
preprocessing algorithm, nor the asymptotic bound O (iM(n’w,l), pM(n,w,l))
on the computational complexity of each parallel step of the backsolving al-
gorithm. We claim that the auxiliary system (3.53) is a suitable input to the
preprocessing algorithm. To justify this claim, observe that the algorithm
actually only requires that the two following conditions be satisfied:

a) The (1,2), (2,1), (2,3) and (3,2) blocks in representation-3 of matrix
PM' should verify Proposition 3.2.2 (see page 65). This condition immedi-
ately follows from Proposition 3.5.1 (see page 73).

b) The matrices PM', (PM');1, (PM')33 and Zppy should be nonsin-
gular (here, Zpys denotes the matrix corresponding to Z in factorization-3
of matrix PM'). In order to ensure this condition, we first note that PM’
is nonsingular (with a high probability), and since nonsingularity of Zpps
follows from nonsingularity of PM’, (PM');; and (PM')s3, it is sufficient to
ensure nonsingularity of (PM')y; and (PM’)3; assuming that PM’ is non-
singular. We show in Theorem 3.5.1 how to assign the entries of R; and

R3 so as to yield nonsingularity for the two larger principal diagonal blocks
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(PM')y; and (PM')33. By the standard argument of [Sc], [Zi], nonsingularity
of these two principal submatrices of PM’ follows (with a high probability)
for a random assignment of values (from a fixed large set) to the entries of
R.

Moreover, due to Proposition 3.5.1, the matrices (PM')1; and (PM')s3
have the format of the original input matrix M'; consequently, this random-

ization process can be continued recursively. B

REMARK 3.5.1 In the case of exact computations (such as rational compu-
tations or finite field computations), the preprocessing algorithm will always
fail (as expected) on-any singular input linear system. In the case of nonsin-
gular input linear systems, this algorithm may occasionally fail to compute
the correct answer. For instance, this will happen if one of the random ma-
trices R; or R3 turns out to be singular. Such cases, however, will only occur
with a low probability, provided that the ground field has a sufficiently large

cardinality.

THEOREM 3.5.1 Let M be a nonsingular banded matriz having size n X n;
set w = w(M), w. = w_(M), wy = wi (M), and let ny and n3 be defined
by (3.14). Then there erist two permutation matrices denoted Ry and Rj,
each of size w X w and such that, in representation-3 of matriz Q = PM =
diag (In;—w, , R1, R3, Iny—w_)M, the blocks Q11 and Q33 are nonsingular (here

Qi; denote the blocks of @ in representation-3 of matriz Q).
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PROOF. We will exploit an argument from [E], used in the existence

proof of the permutation Py, (see §3.1). Let M;; denote the blocks in
My,
representation-3 of matrix M, My denote the n X n; matrix | My |. Since
0
M is nonsingular, My, has full (column) rank n;. The top n; — w,(M) rows

of M are linearly independent, since the top n; — w, (M) rows of M are
linearly independent, and since these rows have no nonzero entries outside
My, (see figure 3.4). The top nq + w-(M) rows of My, have full rank, n,, as
well, because M}, has this rank and has no nonzero entries below these rows.
It follows that there exist n; rows of M}, that include the first n; — wy (M)
rows, as well as w; (M) of the next w(M) rows, and that form a nonsingu-
lar n; X m; matrix. Consequently, there exists a permutation matrix R; of
size w(M) x w(M) such that the leading principal n; X n; submatrix of the
matrix @ = diag ([n,—w,, R1, Ing+w_)M is nonsingular. A similar argument
shows that there exists a permutation matrix Rj of size w X w such that the
southeastern nz X n3 submatrix of the matrix diag (/n,+w,, B3, Iny—w_ )M is
nonsingular. The matrix Q=diag(/,, —u,, Ri, R3, In;—_)M = PM satisfies

the claims of Theorem 3.5.1.

3.6 Computing the determinant of a banded matrix

based on a 3 x 3 block representation.

We may utilize the set I'3(A) of section 3.3, and the equation (3.19) to recur-

sively compute the determinant of any n X n matrix M having bandwidth
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Figure 3.4: Matrix My, and positions of the rows rearranged by the permutation

matrix R;.

w at an overall cost bounded by (3.3). Recall, however, that this bound is

not optimal, since the Gaussian elimination algorithm supports the bound

O(nw?) for this problem. Our goal, in this section, is to refine the algorithms

of sections 3.3 and 3.4 for the problem BAND-LIN-SOLV E, so as to yield

an optimum randomized algorithm for the problem BAND-DET, which sup-

ports the bound (3.4). To this end, we first observe that only a subset of the

scalars in the set I'3(M) actually participates in the computation of det M.

This subset consists of the entries to the w X w northwestern, northeastern,
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southwestern and southeastern submatrices of the matrices M,-:,-ll._‘,-k,‘k. Re-
call that the set I'3(M) includes the first w and the last w columns of these
matrices (which contains a substantially larger number of scalar parameters
than the ones we actually need for the computation of det M). We will uti-
lize the notations Nw (M, n,w), Ng(M,n,w), Sw(M,n,w) and Sg(M,n,w)
for the w X w northwestern, northeastern, southwestern and southeastern

submatrices of any n x n matrix M, respectively, where n > w. Proposition

3.2.1 implies the following auxiliary results.

Fact 3.6.1
Ip(n,w)MIp(n,w) = (NW(A’(IJ,n,w) g>’
IF(TL, w)MIL(TL,w) = (g NE(A{([; n, 'LU)> :
0 0
I(n,w)MIp(n,w) = <5w(an) 0,
0 0
Lm, w)Mlz(m,w) = <0 Se(M,n,w)

3.6.1 Computing det M (case where M is strongly non-
singular).

THEOREM 3.6.1 The computational cost of evaluating the determinant of

an n X n strongly nonsingular matriz M having bandwidth w is bounded by

(3.4).
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PROOF. Let Z be the w X w matrix defined by (3.18), denote M;; the

blocks of M in representation-3, and define the set

{detM7 M_l}v n < 3w,
Ts(M) = (3.55)
YA (M)UT5( M) UT5(Ms3), otherwise,

where
VQ(M) = {NW(M-I’ n, w)? NE(M-Iv n, w)?
Sw(M~,n,w), Sg(M~',n,w), Z,det M}.

Since the set I';(M) includes det M, it is sufficient to show that the compu-
tation of this set is bounded (3.4). To achieve the latter goal, expand (3.17),
then premultiply and postmultiply both sides of the resulting matrix equa-
tion by Ir(n,w) and Ip(n,w), Ir(n,w) and I(n,w), Iy(n,w) and Ir(n,w),
I (n,w) and Iy(n,w), respectively, then, apply Proposition 3.2.2 and Fact

3.6.1 and, finally, arrive at the four equations
Nw(M™'n,w) = Nw(M;3',n,w)+
Ne(M3' ny,w)M,Z 7 My, Sw (M3, na,w), (3.56)
Sw(M™Y,n,w) = Sw(Mz',ns,w)MsZ My, Sw(M',ni,w), (3.57)
Ng(M~',n,w) = Ng(M;',n,w)M{,Z'M;Ng(Mz5',ns,w), (3.58)
Sp(M™',n,w) = Sp(Mg',ns,w) +
Sw(Mz!, ns,w) M5 Z ' My, Ne(MZ! na, w), (3.59)
where M|, = Sw(M;;,w), My; = Ng(Ma,w), Mj; = Sw(Mas,w) and
M}, = Ng(Ms3,w).
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The set T4(M) can be evaluated by performing the following computa-

tions:

ALGORITHM 3.6.1 (Determinant of a strongly nonsingular matrix).

input: an n x n strongly nonsingular matriz M.
output: the set I'y(M) of (3.55).

computations:

1. concurrently compute the sets T'4(M11) and T'5(Mss) by recursively ap-
plying this algorithm, unless n < 3w, in which case we simply out-
put T4(M) = {det M, M~'}. Note that after this step, the matri-
ces Nw(Myi'), Np(Myy'), Sw(Miy'), Se(MR'), Nw(Ms3'), Ne(Mg3'),
Sw(Mz'), Sg(Mz') and the determinants det M;;, det M3 are avail-

able;

2. successively compute the matriz Z [by applying (3.40)], at the cost

0 (t]\/!(w,w,w)v H\'I(w,w,w)) ) (360)

and the matriz Z~! at the cost
0 (tI(w)’ Pf(w)) ) (3.61)
3. compute det M [by applying (3.19)] at a cost bounded by

0 (’D(w)’ PD(w)) ; (3.62)
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4. compute the mairices Nw(M™1), Ng(M™1), Sw(M™!) and Sg(M™1)
[by applying (3.56)-(3.59)] at a cost bounded by

0 (tl\'f(w,w,w)7 pﬁ'f(‘w,w,w)) . (363)

The equations (3.60)-(3.63) show that, once the sets I';(M;;) and T'y(Mz3)
have been computed (stage 1 of Algorithm 3.6.1), the subsequent computa-
tion of the set v5(M), which consists of the remaining (unknown) elements

of I';(M)), can be carried out at a cost bounded by

o (t,(w) + b(w)y Prw) t pD(w)) (3.64)

(this bou'nd follows by combining the computational cost of stages 2, 3 and
4 of Algorithm 3.6.1).

Let ¢’ = t'(n,w) bound the number of parallel steps required for comput-
ing I'5(M) and let p’ = p'(n,w) bound the corresponding number of required
processors. The above algorithm leads to the following relations for the pair
(t',p'), estimated within a constant factor, where, for simplicity (with no loss

of generality), we have assumed that n = (29 4 q)w, for some positive integer

q:
b)) n < 2w;
t'(n,w) <
t(n/2,w) + Yw) T Iogu) otherwise;
Pr(w) n < 2w;
p'(n,w) <
max {2 p'(n/2,w), Prw) t pD(w)} , otherwise.
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A recursive application of the latter estimates and the B-principle yields the

desired complexity bound (3.4). =

3.6.2 Computing det M and |det M| (general case).

We now extend Algorithm 3.6.1 (see page 82) to computing the determinant
of any banded matrix.

If the ground field is the field C of complex numbers, and, moreover, if
we only need to compute |det M|, we may use the symmetrization technique.
The arguments are identical to the one of chapter 2, used there to relax the
h.p.d. assumption about the input matrix, for a similar problem (see Remark
2.4.1, page §52).

In the case of any field, in order to relax the strong nonsingularity assump-
tion for the problem BAND:DET, we will again use randomization; specifi-
cally, we will shift from M to (PM) with P = diag (I, -w/2, R1, B2y Iny—w)2),
where R, and R, are random matrices having size w x w each. Due to the
equation det M = (det PM)/(det P) and the bound O (tj(w), p](w)) on the
complexity of computing det P, the cost of this transition does not increase
the asymptotic computational complexity of the operations required in each
parallel step of Algorithm 3.6.1 [see page 82, and recall that each step of
Algorithm 3.6.1 has a combined cost bound O (t](w) + w) Priw) +1b(w))]-
Consequently, this transition does not increase the overall complexity bound
(3.4) on solving the problem BAND - DET. This algorithm can also detect

singularity of the input matrix: we compute, as a by-product, the determi-
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nant of all the matrices corresponding to M;,;, . i,i.; if all these determinants
are nonzero, then, Algorithm 3.6.1 correctly computes det M; otherwise, at
least one of these determinants is zero; in this case, we output det M = 0 and
stop [the latter equation follows, due to the equation (3.19) and its recursive

extension). =

REMARK 3.6.1 If the matrix M is nonsingular, the algorithm for computing
the determinant can (wrongfully) output det M = 0 (though with a low
probability). However, if the matrix M is singular, this algorithm will always

correctly output det M = 0.



Chapter 4

Solving a BLS over any field, based
on a 2 x 2 block matrix
representation.

In chapter 3, we presented a near optimal Las Vegas randomized algorithm
for the problem BAND - LIN - SOLVE and an optimal algorithm for the
problem BAND - DET, both over an arbitrary filed, via an improvement
of the algorithm of [E]. In this chapter we present alternative solutions to
these problems, which achieve the same results and, moreover, utilize fewer
random parameters than the ones required by the algorithms of our previous
chapter or by the algorithm of [E]. The solutions presented here rely on
a 2 X 2 block matrix representation and on a factorization based on this
representation, which appears to be simpler than the one of chapter 3. The
algorithms of this chapter also support all the asymptotic bounds established
in chapter 3, for similar problems, under similar conditions. We recall these

bounds, applied to a nonsingular n X n input linear system that has the

86
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bandwidth w.
For the problem BAND - LIN - SOLVE, we reach the Las Vegas ran-

domized (respectively, deterministic) computational complexity cost bound

o((#e ) (2)w) w

over any field of constants (respectively, any field of characteristic zero).
When we solve several linear systems, each having the same coefficient

matrix A, we first compute a set of parameters denoted I';(A), at a cost

bounded by (4.1); after that, we deterministically compute the solution of

any linear system, having coefficient matrix A, at a cost bounded by

0 ((log g) (log w), = ) , (4.2)

"log w

and we solve s linear systems, each having the same coefficient matrix A, at

a cost bounded by

0 ( (log -Z-) (log w), 2m ) . (4.3)

ogw
Regarding the computation of the determinant, we reach the optimum

Las Vegas randomized cost bound

n n\ Pr(w) T P(w)

for the problem BAND - DET, over any field, and, if the input matrix is
over the field C of complex numbers, we deterministically solve the problem
|BAND - DET| (the problem of evaluating |det 2W|), at a cost bounded by
(4.4).
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We organize our presentation in the following order: After some defi-
nitions and preliminary results in §4.1 and §4.2, we preprocess a strongly
nonsingular matrix, in §4.3. We utilize the output of this preprocessing in
84.4 to effectively compute the solution of the input linear system. In §4.5,
we relax the assumption about strong nonsingularity of the input matrix. In

84.6, we extend the solution of BAND - LIN - SOLV E to the computation

of the determinant of any banded matrix.

4.1 A factorization of a banded matrix based on a

2 x 2 block matrix representation.

Hereafter, A denotes an n X n matrix having bandwidth w. We define
representation-2 of matrix A (also referred to as to balanced representation)

as the 2 x 2 block matrix

A A
A= ( 11 12) : 4.5
An Az (4:5)

where A;; and A,, are n; X n; and ny X ny blocks, respectively, with
ny = [n/2], na=n-—n,. (4.6)

Aiji;..ivix (k= 0) denote the principal submatrices of A specified by the

relations
A~ S {A’ k N 0,
titledktk (Al'll'l...ik_lik_l )ikik’ k > O;

where 11,...,1 € {1,2} and (Aiiy..ic_yin_; )irix denotes the (ix,7x) block in

(4.7)

representation-2 of matrix A, ..ix_jip_;-
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Until §4.5, we will assume that the matrix A is strongly nonsingular.
Consequently, all the submatrices Ai,;,. i, are nonsingular, and the matri-
ces A and A™! have the following factorizations, hereafter referred to as to

factorization-2 of matrix A:

_ I, 0 An ) (Im AHIAH)
4 = (A21A1_11 Inz) ( 0 0 I, ’ (4.8)
-1 _ I, "Al-llAlz) (Au ) ( 0 )
A= (5 I, s )\ mtmagy 1,) 49
S = AZQY, (410)
Y = In2 — A2—21A21A;11A12. (411)

Here, S denotes the customary Schur complement of A;; in A. Note that the
matrices S and Y are nonsingular, due to the equations (4.8) and (4.10) and

to nonsingularity of the (1,1) and (2,2) blocks of A.

4.2 Some preliminary results.

As in the previous chapter, we will need to compute the first w columns and

the last w columns of the matrices A7} These columns will be expressed

U RRIET
by utilizing the auxiliary matrices Ir(n,w) and I (n,w), introduced in the

previous chapter [see (3.20), (3.21) and Proposition 3.2.1, page 64].

PROPOSITION 4.2.1 Let A be any n X n matriz having bandwidth w, where

n > 2w. The (1,2) and (2,1) blocks in representation-2 of matriz A satisfy
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the relations

Ay = Ip(ny,w) A1z = Ar2Ip(ng, w) = I (ny, w)Ar2Ir(n2, w); (4.12)
Az] = Ip(ng, ’UJ)A21 = A21]L(n1,w) = IF(ng, U))AgllL(nl,’U)). (413)
These equations follow from Proposition 3.2.1 (see page 64), since the matri-

L 0 0 0
U and L are w X w matrices. a

ces Aj, and Ay have the formats < 0 0) and (0 v ) , respectively, where

PROPOSITION 4.2.2 Once the first w columns and the last w columns of the
matrices A7l and A3} have been computed, the matriz Y of (4.11) can be

computed at a cost bounded by

nw?
O (tﬂd(n,w‘w)’ W(n,w,w)) = O (log w, logw) 9 (4.14)

and the matriz Y1 can be computed at a cost bounded by

0 (t,(w), (g) p,(w)) . (4.15)

PROOF. Due to (4.12) and (4.13), we may substitute I1(ny, w)A;2Ir(ng, w)
and Ir(ny,w)Ag I (ny,w) for A1z and Ay in the equation (4.11), respec-

tively, to derive the equation
Y = In2 — A;zl IF(TLz, ’U))Agl IL(TZ], ’U))AI_IIIL(TI,I, w)Alle(ng, w) (416)

Since the first w and the last w columns of the matrices A} and Az} are

assumed computed, the matrices Ajy Ir(n1,w), AitIL(n1,w), Az Ip(ng, w)
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and A} Ip(n,y,w) are readily available; therefore, we may apply (4.16) to
compute the matrix Y, at the price of a fixed constant number of n, x w by
w X w matrix multiplications, which immediately implies the bound (4.14)
on the complexity of computing the matrix Y. In order to compute Y1,
apply Remark 3.2.1 (see page 65) to the equation (4.16) to conclude that
the second term of the right hand side of the equation (4.16) has the format
(W 0), where W is a matrix of size n, x w. It follows that Y is a block

triangular matrix of the format

Yo 0
y=(“ ), 4.17
)/21 ]ng—w ( )

where Yj; is a w X w matrix. Due to nonsingularity of ¥ and to the latter

equation (4.17), the matrix Y]; is nonsingular; consequently,

r=—1 __ Y;l-]_l O )
} ‘(—Eﬁﬁ‘ ) (4.18)

If the matrix Y is available, then the latter equation enables us to compute
Y -1 at the price of a single inversion of a w X w matrix and a single multi-
plication of an (n/2) X w by a w X w matrices; these computations can be
performed at a cost bounded by O (tl(w), pl(w)) and O (tM(n’w‘w), pM(n,w‘w)),
respectively. Combine the two latter bounds and (4.14) (the bound on the

cost of computing Y') with the B-principle, in order to derive the bound

twﬁw +t7W(nww)BVI(nww) n
0 tw+tanw71()() — — =O(tw’(_) w)
(u) (nw,w) 1wy + Bt ) 2w) \ 3 ) Prw)

on the overall cost of computing Y~!. Note that only the first w columns of

Y and of Y~! need be computed.



[Sec. 4.2] Some preliminary results 92

PROPOSITION 4.2.3 Once the first w and the last w columns of the matrices
Al and A3} have been computed, the first w and the last w columns of the

matriz A~! can be computed at a cost bounded by

n
0 (tI(w)’ ‘,;Pz(w)> : (4.19)

PROOF. Expand (4.9), then postmultiply both sides of the resulting equa-
tion by the matrix Ir(n,w) [respectively, Ir(n,w)] and apply Proposition
4.2.1 to derive the two equations

[ AL Ip(ny,w) + AR ArgY 71 Az An AL Ip(ny,w) - 0

-1 —
A p(n,w) = —Y 1 A5} A AR R (na, ) 0
\
( Fy + LAY 'R AnR 0
= Y 1FRAnFy 0]’ 20
\
and
0 —A;11A12Y_1A2_211L(n2,w)
-1 —
A IL(TL,’U)) - 0 Y_lAz_gllL(n%w)
0 —L1A12Y_1L2
_ | (4.21)
0 YL,
respectively, where
Fl = AI_IIIF(nlvw)’ (422)

L, = Al_IIIL(nI,w)’ (4-23)
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F2 = A2_2IIF(TZ2,’U)), (424)

L, = A;zllb(ng, w). (4.25)

The matrices Fy, L;, F; and L, are readily available (since the first w columns
and the last w columns of A;; and Aj, are assumed computed), and, due to
Proposition 4.2.2, the matrix Y~! can be computed at a cost bounded by
(4.19). After that, due to the equations (4.20) and (4.21), the computation of
A ' g(n,w) and A"'I1(n,w) only requires a constant number of (n/2) x w

by w X w matrix multiplications, which can be performed at a cost bounded

by O (tM(n,uhw)’ Hu(n,w.w)) =0 (tl(w), :’Z‘Pz(w)) : o

4.3 Preprocessing a strongly nonsingular BLS, based

on a 2 x 2 block representation of the input ma-

trix.

Let the set of parameters computed by the preprocessing algorithm be de-
noted I'2(A) and defined by the relation

{ {A7}, n < 2w,

Y2(A) UT2(A11) UT2(A22), otherwise;

I(4) = (4.26)

1(A) = {¥7!, A7 Ip(n,w), A" p(n,w)}.

Let Yii;..i i, denote the matrix corresponding to Y in factorization-2 of

Aiiy.iri, [DOte that the set T'y(A) consists of the matrices Y} and the

181 tiik
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submatrices of the matrices A}, .., (k > 0), formed by their first w columns

or their last w columns].
We define the problem PREPROCESS-2 of a matrix A (based on repre-

sentation-2) as the computation of the set I';(A).

THEOREM 4.3.1 The set T'y(A), where A is a strongly nonsingular n X n

matriz A having bandwidth w, can be computed at a cost bounded by (4.1).

PROOF. Due to (4.26), in order to compute the set I';(A), we may first
concurrently compute the sets I'y(Ay;) and I'y(Ag,); after that, the matrices
Fi, Ly, F, and L, of (4.22)-(4.25) are available, and then, we may apply
Proposition 4.2.2 (see page 90) and Proposition 4.2.3 (see page 92) to com-
pute the remaining (unknown) elements of T',(A) [that is, the set 4,(A)] at
a cost bounded by O (t1<w), (ﬁ) pl(w)).

Let t; = t;(n,w) bound the number of parallel steps required for the over-
all computation of the set I';(A) and denote p; = pi(n, w) the corresponding
bound on the number of required processors. The above algorithm leads to
the following relations for the pair (¢;,p;), estimated within a constant factor

for simplicity, we may assume that n = 2%w for some positive integer ¢):
p ger q

{ b w)> n < 2w;
ti(n,w) <
t1i(n/2,w) +#,), otherwise;
{ Prw)> n < 2w;
pl(n’w) S
max {2p1(n/2, w), (ﬁ) p,(w)} , otherwise.
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Recursive application of the latter estimates yields the desired complexity

bound (4.1) on the pair (p1,11). a

4.4 Solving a preprocessed BLS: BACK - SOLVE-2.

We define the problem BACK - SOLV E-2 as the computation of the vector

g —_—
A~' b, for any vector b, given the set I';(A).

THEOREM 4.4.1 Let A be a strongly nonsingular matriz having bandwidth
w, and let b be any n-dimensional vector. Once the set I'2(A) has been

computed, the vector A-1b can be computed at a cost bounded by (4.2).

o
— b — — . .
PROOF. Let b = ( _} ) , where b, and b, are two vectors of dimensions
b
2

ny and ng, respectively. Expand (4.9), then postmultiply both sides of the
resulting equation by the vector b and apply Proposition 4.2.1 to derive the
following equations where the matrices Ly and F3 are defined by (4.23) and

(4.24), respectively: ,

(A7 Dy + AR} AvY T A An AR B, — At ALY 1 A7 D,

A =
= — —

~Y 145 An Al b, + Y 1AL b,

\

( A7D, + LAY " FAn Al D, — LAY ' 45 D,
B (4.27)
W —
\ —Y—leAzlAl_ll b] + Y_1A2_21 b2

—_—
In order to compute A~!b, first concurrently compute the two vectors

Aﬁl-g: and A{}E; and, after that, apply (4.27) to compute the vector A'D
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at the price of a fixed constant number of multiplications of matrices of size
at most w X [n/2] by vectors of dimension at most [n/2] [note that the
matrices Y1, L; and F, are available from the set I';(A)).

Let t, = t3(n,w) bound the number of parallel steps required for the
computation of AD [with the assumption that I';(A) is available], and let
P2 = p2(n,w) denote the corresponding number of required processors. The
above algorithm leads to the following relations for the pair (Z2, p2), estimated

within a constant factor:

%(w,w,l)’ n S 2’U),
tg(n, w) S
to(n/2,w) + tM(n/2,w,l)’ otherwise;
H\'I(w,w,l)’ n< 2w’
<
p2(n7 U)) —_— max {2p2(n/27 u))’ 1)1\/[(11/2,10.1)} y OtherWiSe-

Recursive application of the latter relations yields the desired complexity

bound (4.2). B

4.5 Relaxing the strong nonsingularity assumption.

Over the fields of characteristic zero, we may apply the symmetrization tech-
nique in order to relax the assumption about strong nonsingularity of the
input matrix M, by shifting from M to M¥ M. The argument here is the
same as the one of chapter 2 (see §2.3, page 46).

Alternatively, in the case of any field, we will again utilize an argument

based on randomization. Following the line of §3.5 (see page 73), we will
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assume (with no loss of generality) that the input matrix, hereafter denoted

A’, is an n X n nonsingular matrix of the format
A" = A+ diag (B,0,C), (4.28)

where w(A) = w, w-(A) = wi(A) = (w/2), and B, C are w X w matrices
(note that the matrices A’ correspond to M’ of §3.5). Denote w’' = w(A’)
(note that w < w' < 2w), A'(n,w) the set of matrices A’ satisfying the
conditions listed above [note that A'(n,w) includes all nonsingular matrices

having bandwidth w).

PROPOSITION 4.5.1 Let P = diag (Im_w/z,R, Inz_w/z), where R is a non-
singular matriz of size w x w and let A' € A'(n,w). Denote (PA');; the (i,7)

block in representation-2 of matriz PA'. The following properties hold:

1. the blocks (PA')12 and (P A")y have the formats (2 g) and ((()) I({)’

respectively, where L and U are w X w matrices. Consequently, Propo-
sition 4.2.1 (see page 89) still holds if we substitute (PA’);; for A;;
(1,5 € {1,2}, i # j);

2. if (PA")11 and (PA')2; are nonsingular, then (PA');, € A'(n1,w) and
(PA’)gz € Al(ng,’lU). -

This proposition follows, by a simple inspection of the product PA’ (see

Figure 4.1). =
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Matrix P Matrix A’ Matrix PA’

QPA’)zl PA,)22 sl

Figure 4.1: Format of the matrices (PA’);;, where A’ € A(32,4), P =
diag (I14, R, I14); here, R is a 4 x 4 matrix.

We now show how to transform any linear system of the format
AR =D, (4.29)

where A’ € A'(n,w), into a suitable input to the preprocessing algorithm of

section 4.3. Towards this goal, we will shift from (4.29) to
PAX =Pb, (4.30)

with

P = diag (Iny—uwz, By Iny-up2) (4.31)
where R is a random matrix of size w X w. Since the matrix P is nonsingular,
the equations (4.29) and (4.30) are equivalent; therefore, the vector A1D s
obtained by simply computing (PA’ )’I(PE’). The transition from (4.29) to

(4.30) amounts to a single w X w matrix-by-matrix multiplication and a single
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w X w matrix-by-vector multiplication. The bound O (%(w'w,w), Hvz(w,w,w))
on the computational cost of this transition does not increase the bound
(4.19) on the computational complexity of each parallel step of the prepro-
cessing algorithm of section 3.3. In order to verify that the auxiliary system
(4.30) is a well suited input to this preprocessing algorithm, we only need to

ensure the two following conditions:

a) The (1,2) and (2,1) blocks in representation-2 of matrix PA’ should
verify Proposition 4.2.1 (see page 89). This condition immediately

follows from Proposition 4.5.1 (see page 97).

b) The matrices PA’, (PA')11, (PA’)22 and Ypys should be nonsingular
(here, Ypar denotes the matrix corresponding to Y in factorization-2
of matrix PA'), but since PA’ is nonsingular (with a high probability)
and since nonsingularity of Yps: follows from nonsingularity of PA’,
(PA)}, and (PA)j,, it is sufficient to ensure nonsingularity of (PA'),
(PA')q2, assuming that PA’is nonsingular. We show in Theorem 4.5.1
(see page 100) how to assign the entries of R so as to yield nonsingu-
larity for (PA’)1; or (PA')y. By the standard argument of [Sc], [Zi],
nonsingularity of these two principal submatrices of PA’ follows (with
a high probability) for a random assignment of values (from a fixed

large set) to the entries of R.

Moreover, Proposition 4.5.1 shows that the matrices (PA');; and (PA')z
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have the format of the original input matrix A’, and, consequently, the ran-

domization process can be continued recursively. B

THEOREM 4.5.1 Let A' = A + diag (B,0,C) be a any matriz in A'(n,w)
where n > 2w, and let ny, n, be defined by (4.6). Then there ezxists a permu-
tation matriz of the format P = diag (In1~w+(A),R, In2_w_(A)) where R is a
w X w matriz, such that the block (PA')1, in representation-2 of the matriz

PA’ is nonsingular.

PROOF. Let A} denote the n X n; matrix (A:" ), where A}, and A, are
the block (1,1) and (2,1) (in representation-2) oi? lA’ . Assume (without loss
of generality) that w;(A) = w_(A) = k. Since A’ is nonsingular, A} has
full (column) rank n;. The top n; — k rows of A} are linearly independent,
since the top n; — k rows of A’ are linearly independent and since these rows
have no nonzero entries outside A}. The top n; + k rows of A} have full
rank, n,, as well, because A} has this rank and has no nonzero entries below
these rows. It follows that there exists a set of n; rows of A7 that includes
the first n; — k top rows, as well as k of the next 2k = w rows, that form a
nonsingular n; X n; matrix. Consequently, there exists a permutatidn matrix
R of size 2k x 2k such that the leading principal n; X ny submatrix of the
matrix PA' = diag (I,,_¢, R, I.,,—x) A" is nonsingular. a

Similarly, nonsingularity of (PA')2; (for a certain assignment of the ran-

dom entries of R) follows. By the standard argument of [Sc], [Zi], nonsingu-

larity of By; and of By, then follows (with a high probability) for a random
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assignment of the values (from a fixed large set) to the entries of R.

REMARK 4.5.1 The overall number of parameters used in order to achieve

the entire recursive factorization is O(w?(1+2+22+. .. 4 2°8("/%)) =O(nw).

REMARK 4.5.2 (Solving several BLS’s). The algorithms of §4.4 for the
problem BAND - LIN - SOLVE can be extended to solving several linear

systems of the format
AR(GE) = b @), i=1,...,s (4.32)

at a cost bounded by (4.3) [assuming available the set I';(A)]. In order to
reach this bound, we substitute two n x s matrices denoted X and B for
the vectors X and —k-)), respectively, in the proof of Theorem 4.4.1 [here,

B=(E’1,...,"S’)].

8

REMARK 4.5.3 (On the storage space). It is not necessary to store the
set I';(A), since each parallel step of the preprocessing and backsolving al-
gorithms only involves the elements of I';(A) computed in the previous step.
Consequently, the results of the computations performed by the current step
can overwrite the ones of the previous step, so as to keep the storage space
of these algorithms bounded by O(wn) in the case of a single linear system
and by O(nw + ns) in the case of s linear systems each having the same co-
efficient matrix. Note that this space bound on the solution of several linear

—
systems applies if we are given s distinct vectors b (h), h =1,...,s, and are
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required to solve the s linear systems AX (k) = -B’(h) However, if the vector
E)(h + 1) becomes available only after the system AX (k) = F(h) has been
solved, then, in order to solve each of the linear systems AX (h) = _E)(h)
at a cost bounded by (4.2) after a single preprocessing of matrix A, we will
need to store the set I';(A). This additional space will increase the storage

space of the solution to O(nwlog 2).

4.6 Computing the determinant of a banded matrix.

THEOREM 4.6.1 The computation of det A, for any n X n matriz A having

bandwidth w, can be performed at a cost bounded by (4.4).

PROOF. We will assume that the matrix A is strongly nonsingular (this
assumption can be relaxed by applying Remark 4.6.1, see below). Then, we

may utilize factorization-2 of matrix A to derive the equation
det A = det A11 det A22 det Y. (433)

Due to (4.17), det Y = det Y}, and by combining the two latter equations ,

we obtain the equation
det A = det A;; det A, det Yi;. (4.34)

We now present an algorithm for computing det A, which supports the bound
(4.4); this algorithm is based on the above equation (4.34) and utilizes a

technique similar to the one of chapter 3 (see §3.6, page 78); specifically, we
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will compute a set, hereafter denoted I'y(A) and defined by the recurrence

relation
{det A, A7}, n < 2w,
T4 (A) = { (4.35)
12(A)UT (A1) UT%(Az2), otherwise,
where
7£(A) = {NW(A—l’naw), NE(A—lvnaw)’ SW(A_lvn’w)a SE(A_I,TL,’LU),

Y1, det A}.
Here, Nw (X, n,w), Ng(X,n,w), Sw(X,n,w) and Sg(X, n,w) denote the wx
w northwestern, northeastern, southwestern and southeastern submatrices of
any n Xn matrix X , respectively (compare the set I',(A) with the set T'5(A)
of chapter 3, page 81). Since det A is a member of the set T'y(A), it is
sufficient to show that the cost of computing this set is bounded by (4.4),
in order to prove Theorem 4.6.1. Due to (4.35), the computation of I';(A)
can be performed as follows: we first concurrently compute the sets I',(A11)
and T'%(A2;), then, we compute the small set v45(A) at a cost bounded by
0 (tI(w) + tp () Prwy + pD(w)) (see Theorem 3.6.1, page 80, for a similar and
more detailed proof). We may now deduce the bound (4.4) by recursively

applying the above argument and by using the B-principle. =

REMARK 4.6.1 (Relaxing the strong nonsingularity assumption). Shift-
ing from A to PA (asin §4.5) enables us to relax the assumption about strong
nonsingularity of A [recall that P = diag (In,-w/2, R, In;—w/2), where R is a
random matrix of size w X w]. Due to the equation det A = (det PA)/(det P)

and to the bound O (tD(w), H)(w)) on the cost of computing det P, the price
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of this transition does not increase the bound

0 (tiu) + u Prtw) + Poiwy)

on the cost on the computations required in each parallel step of the solution

of the problem BAND - DET in the strongly nonsingular case.

REMARK 4.6.2 If the matrix A is defined over the field C of complex num-
bers, the problem |BAND - DET| can be solved deterministically at a cost
bounded by (4.4), since we may relax the strong nonsingularity assumption

by means of symmetrization (see chapter 2, §2.4).



Chapter 5

Banded linear systems with
upper and/or lower edge(s).

We present algorithms for a special case of the problems BAND - LIN -
SOLVE, BAND - DET, PREPROCESS and BACK - SOLV E, denoted
BAND - LIN-SOLVE*, BAND - DET*, PREPROCESS* and BACK -
SOLV E*, respectively, where the input matrix has lower and/or upper edge(s).
This requirement holds for a large class of banded linear systems; in particu-
lar, it typically holds for the matrices encountered in applications to PDE's
and ODE's (see [Am] and [LP]).

Assuming an n x n nonsingular banded input matrix A having bandwidth
w and having lower and/or upper edge(s), we solve the problem BAND-LIN-

SOLV E™* at an overall deterministic computational cost bounded by

0 (1 3) log w) + ), () o P : 5.1
( Og w ( Og w) I(w) t](w) + (log ;-,:)_) (log w) ( )

The estimates (5.1) also applies to the problem BAND-LIN-SOLV E when

the input matrix is block bidiagonal or banded triangular.

105
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Moreover, when we solve several linear systems, each having the same
coefficient matrix A, we preprocess A at a deterministic cost bounded by
(5.1), and, after that, we solve any linear system, having coefficient matrix

A, at a deterministic cost bounded by

0 ((log 1;) (log w), or) s w)) , (5.2)

which immediately implies the deterministic cost bound

n qun
0 ((log —1;> (log ), (log 5) (log w)) (5:3)

on solving ¢ such linear systems.

The bounds (5.1), (5.2) and (5.3) also apply to their corresponding prob-
lems, respectively, when the input matrix is block bidiagonal (which includes
the banded triangular case).

Furthermore, we solve the problem BAND:-DET™* at a deterministic and

optimal cost bounded by

(2) (1) i + 1o o) ) . (5.4)
iy * o + (108 ) (log )

Regarding the storage space requirements, we need, besides the storage

0 ( (1og ) (log w) + by + toguy

space O(nw), required for the input linear system, an extra space for the
auxiliary parameters computed by the preprocessing algorithm. This extra
space, however, is no more than the one needed for the input linear system.
It might be worth recalling that the computation of the inverse of a banded

matrix, for the purpose of solving associated linear systems, is not a viable
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approach, since this inverse is generally a full matrix, which requires O(n?)
space, for an n X n banded matrix having bandwidth w. Such a bound is too
large compared to only O(nw) space needed for the input linear system.

The main idea behind the techniques of this chapter is to reduce the
problem BAND - LIN - SOLV E* to the problem of solving a nonsingular
block bidiagonal linear system, which we then solve by means of a variant of
the block cyclic reduction algorithm.

We organize the sections of this chapter in the following order: In the next
four sections, we present a variant of the block cyclic reduction algorithm
applied to a nonsingular block bidiagonal linear system and show how this
technique can be combined with preprocessing to accelerate the computation
of the solution of several nonsingular block bidiagonal linear systems, each
having the same coefficient matrix. In §5.5, we reduce the problem of solving
any nonsingular banded linear system having lower and/or upper edge(s) to
the block bidiagonal case. In §5.6, we extend our algorithm to solving the

problem BAND - DET*.
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5.1 Solving a nonsingular block bidiagonal linear sys-

tem (with unit diagonal blocks).

Hereafter, U denotes a nonsingular & x k& block bidiagonal matrix with w X w

blocks of the format

(L, B, 0 .. 0\
I, By ... 0
0 0 I, " :
U={: . (5.5)
0o 0 ... L, Bi-
o o0 ... 0 I,
\ /

Throughout this chapter, we will assume (with no loss of generality) that

k = 27, for some positive integer r.

THEOREM 5.1.1 The computational complezity of solving the linear system

—

UX =b (5.6)

is bounded by

0 ((log k)(log w), Z@fﬁm) , (5.7

which turns into the equation

n w?

0] ((log -:%) (log w), (log -Z—,) (log w)) , fork=

PRrROOF. Let S and U denote the input linear system and its coef-

g3

: (5.8)

ficient matrix U, respectively. Set B,r = 0 and rewrite S as a set of 27

vector equations of the format

R, + B Ky, = by, 0<h<2 -1, (5.9)
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-.-_) " .
where ?: and b, are w-dimensional column subvectors of the vectors
T ™T — —T —T\T
— —_ —
R = (xo B ) ad B =By By )

respectively. Eliminate the odd-indexed vector variables of S() to derive a
smaller linear system [denoted S~1)] by applying the following algorithm
on S,

ALGORITHM 5.1.1 (BCRU-reduce).

Input: a block bidiagonal linear system denoted S and consisting of 2!
vector equations of the format (5.9) where By = 0.

Output: a block bidiagonal linear system denoted SU=1), consisting of
2!=1 pector equations of the format (5.9) as well, and whose solution deter-
mines all the even-indexed vector variables of SV,

Computations:
for i:=0 to 2! —1 do (in parallel for all values of 7)

1. premultiply both sides of (5.9), for h = 2i + 1, by the matriz
(= Bsiy1) to form a new vector equation denoted E,(t);

2. substitute 2¢ for h in (5.9) to form a new equation denoted E,(z);

3. add F,(z) and E,(i) to form the output equation E(3). =
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The linear system S"~1, output by Algorithm 5.1.1 on input S), has the

format
.—.-)

-—
— —
Xy, — Bant1Bants Xohga =™ by, — Bahta b2h+ 1’ (5.10)

0<h<271-1.
A simple inspection shows that the variables of S("~1) consist exactly of
the even-indexed vector variables of S). Since the equations of S~ are
linear combinations of the ones of S5, the solution of S("~1) partially solves
S, Once 8= s solved, each odd-indexed and yet noncomputed vector
variable (say, §)2i +1)of S (") is immediately computed by substituting 27 + 1
for h in (5.9) and by replacing the vector X, +2 in the resulting equation
by its value available from the solution of S"~1). This computation of the
vector ?’21._,_ , only amounts to a single multiplication of a w x w matrix by a
w-dimensional vector plus a single w-dimensional vector addition. Moreover,
the linear systems S() and S("~1) have the same format (5.9), so that this
reduction process can be continued recursively, by applying Algorithm 5.1.1
to SN, A complete pseudo-code for this algorithm can be summarized as

follows:

ALGORITHM 5.1.2 (BCRU).
. g, . — - 0]
Input: e block bidiagonal linear system U X = b denoted S and con-
sisting of 2' vector equations of the format (5.9) where By = 0.
Output: the vector X = (")Z:),...,_fc;:__l) = U”IE).

Computations:
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if 1> 0 then

1. perform Algorithm 5.1.1 (BCRU-reduce) with input S© to com-
pute §U-1) at a cost bounded by O(logw, (k/2)w?);

2. solve SU=1) by a recursive application of the current algorithm to
SU-1) [after this step the values of the even-indezed vector vari-

ables of SO are available);

3. compute (in parallel) all the odd-indezed vector variables of SU
(via back-substitution) at a cost bounded by O (log w, (k/2)w?).

Let t = t(r, w) bound the number of parallel steps and let p = p(r,w) bound
the corresponding number of required processors, in the latter algorithm. The
above arguments lead to the following relations for the pair (¢, p), estimated

within multiplicative constant factors:

0, r=_0;
t(r,w) <

tr—Lw)+ Ww, w0y OheTwise;

0, r=0;
p(r,w) <

max {P(r - 1,w), 27_1W(w,w,w)} , otherwise.
Recursive application of the latter relations and the B-principle yield the

desired complexity bound (5.7) for the pair (¢, p). .
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5.2 Preprocessing a nonsingular block bidiagonal lin-

ear system (with unit diagonal blocks).

When we solve several linear systems of the format

—

UX(i)= b(i), 1<i<yq, (5.11)

we may substitute in Algorithm 5.1.2 two n x ¢ matrices X and B for the
vectors X and F), respectively, with B = (?(1),,?@)) However,
there are situations where this kind of substitution of a matrix for a vector
is not appropriate. For instances, the vector ?(z + 1) may become available
only after the vector X (i) has been determined, or the actual computer
storage available may not be large enough to accommodate the matrix B.
These situations can be dealt with by computing, at a preprocessing stage,
a set of parameters, here denoted I'y, (U) and implicitly defining U~?. Oncé
available, this set can be utilized to achieve the same acceleration on the
computation of the solution of (5.11), as if we had substituted the matrices
X and B for the vectors ¥ and b in Algorithm 5.1.2.

Hereafter, in addition to the notations introduced in the previous sec-
tion, let U and U1 denote the coefficient matrices of §() and S¢=1),
respectively, where U = U and S("~!) denotes the output of Algorithm
5.1.1 (BCRU-reduce, see page 109) on input S). Define the set I'y, (U) by

the relation
0, if r =0
Tipu(U) = Ty (UM = { (5.12)
{UCDYUTy (UTY),  otherwise,
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and define PREPROCESS-bbu of matrix U as the problem of computing
the set T'ppu(U).

THEOREM 5.2.1 The problem PREPROCESS-bbu, for any k X k nonsin-
gular block bidiagonal matriz U with w x w blocks, of the format of (5.5),

can be solved at a deterministic computational cost bounded by (5.7).

PROOF. This bound follows, since all the elements of the set I'y, (U) are

computed in the proof of Theorem 5.1.1 (see page 108). =

5.3 Solving a preprocessed block bidiagonal linear

system.

THEOREM 5.3.1 Once the set 'y, (U) has been computed, the linear system

UX = b can be solved, deterministically, at a cost bounded by

0 <(10g k) log w, (‘15%'{0‘)) , (5.13)

which turns into the equation

n nw n
O ((log E) log w, (log %) 1og w)) , fork=— (5.14)

PROOF. Given S, we only need to compute the right hand side of each of
the k/2 vector equations of S"%) [see (5.10)], in order to obtain the auxiliary
linear system S~V [since the coefficient matrix of ST~ is available from the
set [y (U)]. This computation amounts to k/2 concurrent multiplications

of w X w matrices by w-dimensional vectors, which can be performed at a
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cost bounded by O(ty(,, u, 1) ¥Pr(w,w,1))- Moreover, once St-1) is solved,
the odd-indexed variables of S{”) can be computed at a similar cost. By
recursively applying this argument and using the B-principle, we arrive at

the bound (5.13) on the cost of solving the system UX = b. ]

5.4 Solving a nonsingular block bidiagonal linear sys-

tem (general case).

Hereafter, T' denotes a nonsingular & x k block bidiagonal matrix with w x w

blocks, of the format

(Ao Bi 0 ... 0\
0 A B, 0
0 0 A :
T=1{: (5.15)
0 0 Ag-z2 B,
0 0 0 Ara

/

Denote D = diag (Ao, ..., Ax) and U’ = D™IT. Observe that the matrix U’

has the format of the matrix U defined by (5.5). Define the set
Lent(T) = {D7", U'}JToou(U"). (5.16)

Define PREPROCESS-bbt (of matrix T') as the problem of computing the
set bet(T).

THEOREM 5.4.1 Let T be any matriz of the format (5.15).
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1. The set Tyy(T) can be computed, deterministically, at a cost bounded

by

0 ( (log k) (logw) + ¢ e (17
g g 1(w)’ 4wy + (log k)(logw) |’ .

which turns into the equation

(8) i Prw ) . (518)

0] (lo E) logw) + .,
( & (logw) + f) tI(w)-{-(log;’:}—)(logw)

Jork = 2.

2. Once the set Ty (T) has been computed, the linear system TX = Y

can be solved, deterministically, at a cost bounded by

0 <(log k)(log w), Egggl%—m) (5.19)

which turns into the equation

O ((log 5) (log w), (log %) (log w)) , for k= - (5.20)

PROOF. The set I'yy(T) can be obtained by performing the following

computations:
ALGORITHM 5.4.1 (Preprocessing-bbt).

1. concurrently compute the matrices A7}, for 1 < i < k, to obtain the

matriz D™ at a cost bounded by Oty *Prw))s
2. compute the matriz U' = D™'T at a cost bounded by

O(%(w,w,w)’ kp]ld(w,w,w));
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3. compute the set Ty (U'), by applying Theorem 5.2.1 (see page 113), at

a cost bounded by

. k w3
0 ((log k)(log w), W) .

Combine the three latter bounds to derive the bound (5.17) on the complexity
of computing the set 'y (T).

We now extend preprocessing-bbt to computing the solution to the linear
system TX = B. Once the set Ty(7T') has been computed, then, due to
the equation T-! = (D~'T)"1D"!, the solution vector T-'D is obtained

. 1_)’ —)’ —_—
by computing U'"'b , where U’ = D717 and b = D~ 'b. Note that
!

the transition from T-1b to U"lg only amounts to computing the vector
B = (D-'D), at a cost bounded by O(t k [since D=1, U

= ( ), at a cost bounded by O(tyy(,,, 4, 1> KPrs(a, w,1)) [SIDCE yU' €
Iy (T)]. After that, we may apply Theorem 5.3.1 (see page 113) to compute
U"IF at a cost bounded by

kw?
log k)1 ——— | .
0 Qe oz, )

[Note also that T, (U’) is available, since I'ypu(U’) C T'ppe(T).] Combine the

two latter bounds to derive the bound (5.19) on the complexity of computing

the vector T~ . B8

REMARK 5.4.1 (Solving several block bidiagonal linear systems).
When we solve several (say, ¢) nonsingular block bidiagonal linear systems

having the same coefficient matrix T', we first compute the set I'yp(T') at a
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cost bounded by (5.17), and, after that, we apply Theorem 5.3.1 to simul-
taneously compute the solution of these ¢ linear systems at a cost bounded
by

0 ((log k)logw, Zlog‘;ck)(——l;)o_g—;u_)) . (5.21)

REMARK 5.4.2 (Storage space of preprocessing-bbt). Let y(X) denote

the storage space required by an arbitrary entity X. Observe that
(59 =20 (55,

which immediately implies that

!
p(S(")) > Z” (S(i“l)) for any | < ¢;

1=0

WTon(U) = T (S9) < u(5) < ()

1=0

Moreover, u(D) + p(U) = u(T), and, consequently, pu(Te:(T)) < 2u(T).

5.5 Reducing BAND-LIN-SOLV E* to solving a block

bidiagonal linear system.

In this section, we reduce the problem of solving any nonsingular banded
linear system having lower edge to solving a nonsingular block bidiagonal

linear system.

We first consider the particular case, where A is an n X n nonsingular

banded upper triangular input matrix having the bandwidth w. In this case,
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Figure 5.1: A 4 x 4 block matrix A obtained by extending a 24 x 24 banded
upper triangular matrix A to the desired block bidiagonal format.

nnnnnnn

oooooooo

if w divides n, we may represent the matrix A as an (n/w) x (n/w) block

bidiagonal matrix, with w x w blocks, where w = w(A). Moreover, we

may always shift from the linear system AX = b to the linear system

ﬁ? = b where A = diag (A, I,), with h such that w divides n + k, 0 <
S e —

h <w,and b = (b, 0,), where 0, denotes the h-dimensional null vector

(see figure 5.1). The bandwidth of the auxiliary matrix satisfies w(A) =

w(A) = w. Once the auxiliary linear system (AY = F) has been solved,
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the solution of the original input linear system is immediately given by the
first n components of the solution vector of this auxiliary linear system.
It remains to reduce the problem BAND - LIN - SOLV E* to the banded

triangular case. To this end, denote p=w_(A) < w = w(A) and define the

(n 4+ p) x (n + p) matrix

B:—.(‘g 1?/)’ (5.22)

where V = (16’) and W = (0 I,). Note that B is a nonsingular triangular
matrix having bandwidth w(B) = w(A) (see Figure 5.2, page 120).
We seek a p-dimensional vector, denoted 7z, and satisfying the following

. i . . —_
equivalence relation, for any n-dimensional vector X :

[AS? - E’] — [B (g) - (::;)] (5.23)

— —
In other words, once such a vector z, has been computed, the vector x sat-

isfying AX = B can be computed as the solution to the following auxiliary

a(3)-(E). 520

—

One may solve the latter equation by computing the vector y = B~! (_; )
0

(since the vector X is immediately given by the last n components of y’).

linear system:

The computation of ¥ amounts to solving an upper triangular banded lin-
ear system having bandwidth w, and, consequently, we may apply to this

~computation, the algorithm for the banded triangular case discussed at the
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Figure 5.2: A 4 x 4 block matrix B obtained from a 24 x 24 banded matrix A,

where w = w(A) =T7.

beginning of this section. Then, it will remain to compute a vector 7z satis-

fying (5.23). We show in Theorem 5.5.1 (see below) that the required vector

_z':) can be effectively computed, by a deterministic algorithm, at an overall

cost bounded by (5.1). Therefore, the linear system AX = B can be solved

at an overall deterministic cost bounded by (5.1) [since the upper triangular

linear system (5.24) can be solved at this cost].
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THEOREM 5.5.1 Let A be a nonsingular n X n matriz having bandwidth w
and having lower edge, B be any given n-dimensional vector, and B,W,V

be defined by (5.22);

1. The relation (5.23) holds for z, = WAD.

2. The vector z, (above) can be computed at a cost bounded by

r¢ o
0 (lo ZL—) log w) + t,,, (£) b ' >2

ProoOF. We immediately deduce part 1 of this theorem by substituting

WAD for "Z, in (5.23). In order to prove part 2, let us denote

B 1= (1‘3 ’Z) (5.26)

where Hisap X p matrix. Premultiplying both sides of the equation (5.24)

©)-E0E e

Expand the latter equation to derive the vector equation Gb + Hz,= 0.

by B! yields

Due to Proposition 5.5.1 (see below), the matrix H is nonsingular; solving

the latter equation for 'E:, leads to
Z,=-HGb. (5.28)

It is immediately checked that —H -1Gb = WA 'D (see Remark 5.5.1
below). Applying (5.28) to the evaluation of Z, the following computations

0 . . .—-)
are sufficient in order to obtain z:
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1. compute the first w rows of B~!, at a cost bounded by (5.25), by using
Theorem 5.5.2 (see page 124). Note that the matrices G and H are

submatrices of the matrix output at this stage (since p < w);

2. successively compute the matrix H~! and the vector —H ’lG'—l;, at cost
bounded by
O (s> 1) = O (trwp Prc)
and
O (s> Prtn ) = O (%(w,w.l)’ gﬂmw.w,l)) ;
respectively [recall that G is a p X (n — p) matrix and Hisa p X p
matrix].
Combine the latter two estimates and the estimate (5.25) on the cost of
computing the first w rows of B! to derive the bound (5.25) on the overall
cost of computing the vector Z,. It remains to prove that the matrix H is

nonsingular, which we will do in the next proposition. =

PROPOSITION 5.5.1 Let A be an n xn matriz A having bandwidth w, having
lower bandwidth w_(A) = p and having lower edge, let B be defined by (5.22),
and let G, H, K, L denote the submatrices of B! defined by (5.26). Then,

if A is nonsingular, then H is nonsingular.

PROOF. The derivation of this proposition is based the following factor-

izations of the matrices B and B~1:

I o\/4A 0 AWV T
B“(WA-1 1)(0 —WA“V)( I o)’ (5.29)
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B~ = (3 —A]-IV) (Ao—1 -(WAO-W)-‘) (—WIA-1 (}) (5.30)
Expand (5.30) and compare the result of this expansion with (5.26) to deduce
that

H=—-(WA™'V)™. (5.31)

The latter equation immediately implies that H is nonsingular. u

REMARK 5.5.1 It follows from the equation (5.30) that G = HWA~!. To
obtain the latter equation, expand (5.30) and compare the blocks of the re-

. e — -1 -1 -1y
sulting block matrix with (5.26). Consequently, zo,=H 'Gb = H'HWA™'b
= WA’I—E), which justifies the previous usage of any of expressions H'Gb

and WA‘I-g for the vector _Z_)o'

REMARK 5.5.2 All the bounds, established so far for banded linear systems
having lower edge, are also valid for banded linear systems having upper
edge. The derivation of these bounds, in the case of linear systems with
upper edge, are similar to the ones presented for linear systems having lower

edge.

REMARK 5.5.8 The equation H = —(WA~'V)~! shows that if a nonsingu-
lar matrix A has lower edge, then the south-western w_(A) x w_(A) block

of A! is nonsingular.

REMARK 5.5.4 The vector Z, of Theorem 5.5.1 depends on b and, there-
fore, should not be computed at the preprocessing stage. However, the com-

putation of the first w rows of the matrix B should be carried out during
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preprocessing, at a cost bounded by (5.1), so that the complexity cost of
the subsequent computation of the vector Zy, at the backsolving stage, be
bounded by (5.2). This two stage computation of the vector 'z, enables us
to preserve the bounds (5.1) and (5.2) on the cost of solving the problems
PREPROCESS* and BACK - SOLV E*, respectively.

THEOREM 5.5.2 If T is a k X k nonsingular block bidiagonal matriz of the
format (5.15), then the complezity of computing w rows/columns of T~ is
bounded by (5.17).

PROOF. The computation of w columns (respectively, rows) of the matrix
T~! amounts to solving w linear systems, each having the éame coeflicient
matrix T (respectively, T'T); since both T and T7 are block bidiagonal!, we
may apply Theorem (5.4.1) to preprocess the matrix T (respectively, T7)
at a cost bounded by (5.17), and, after that, due to Remark 5.4.1, we may

compute the required w columns (respectively, rows) at a cost bounded by

kw3
0 (“°g’°“°g“” (iog k)(logw))

[this bound follows by substituting w for ¢ in equation (5.21)]. n

Combining the preprocessing cost bound (5.1), the backsolving cost bound
(5.2) and the cost associated with the reduction algorithm of the previous

section, we arrive at the following result:

INote that if T is block bidiagonal and block upper triangular, then 77 will be block
bidiagonal and block lower triangular.
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THEOREM 5.5.3 (Complexity of BAND -LIN-SOLVE*). Any nonsin-
gular n X n matriz A, having bandwidth w = w(A) and having lower and/or
upper edge(s), can be preprocessed at a computational cost bounded by (5.1)
[by utilizing the reduction algorithm of section 5.5 and by applying Theorem
5.4.1 (see page 114)]. After that, for any fized n-dimension vector _l;), the

linear system AX = B can be solved at a computational cost bounded by

(5.2).

5.6 Computing the determinant of a banded matrix
[with edge(s)].

In this section, we extend the algorithm for the problem BAND - LIN -
SOLV E* to the computation of the determinant of a banded matrix having
lower and/or upper edge(s). Hereafter, A denotes any matrix having band-
width w and having lower edge (we do not assume that A is nonsingular,
as we did in all the previous sections of this chapter); B, V, W denote the
matrices defined by (5.22) (note that the matrix B is nonsingular, due the

lower edge assumption); G, H, K, L denote the matrices defined by (5.26).
LEMMA 5.6.1 If H is nonsingular, then A is nonsingular.

PROOF. Assume that H is nonsingular. To prove that A is nonsingular,

it is sufficient to prove the implication

)= (X=10

(AR =0) = ( ). (5.32)
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Assume that AX = 5); it follows from the definition of B that
— —
0 V A 0
B(i;)=(0 W)(sef) (5.33)
for any n-dimensional vector X. Expand the right hand side of the above

equation to derive the equation

— _—
0)_ ([ AX \,
o()-(42), 521
recall the assumption (AX = T)+), and substitute 0 for AX in the latter

equation to obtain

B(g)=(wﬁ)§,); (5.35)

premultiplying both sides of the latter equation by B~! = (]Cé IZ) yields

o) _ [LWR).
x LWYX )’
the latter relation implies that

HWX = 0, (5.36)

—
X

= ILWX. (5.37)

Premultiply both sides of the equation (5.36) by H~! to obtain

—

WX = 0; (5.38)

combining (5.37) and (5.38), we conclude that X = 0. =
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Combining Lemma 5.6.1 (above) and Proposition 5.5.1 (see page 122), we

arrive at the following result:

LEMMA 5.6.2 H is nonsingular if and only if A is nonsingular, or, equiva-

lently, H is singular if and only if A is singular.

LEMMA 5.6.3
det A = —(det B)(det H). (5.39)

PRrROOF. First observe that, if the matrix A is singular, then, due to
Lemma 5.6.2 (above), both sides of the equation (5.39) are obviously zero.
It remains to verify that the relation (5.39) also holds in the case where
A is nonsingular. Towards this end, apply the factorization (5.29) and the

equation (5.31) to deduce that
det B = —(det A) (det (~WA™'V)) = (det A)/(det H),
which immediately implies that det A = —(det B)(det H). )

Let us now estimate the computational complexity of evaluating det A,

via formula (5.39):

THEOREM 5.6.1 The computational complerity of evaluating det A, for any
n X n matriz having bandwidth w and having lower edge, is deterministically

bounded by (5.4).

Proor.
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1. compute the matrix H, at a cost bounded by (5.17), by using Theorem
5.5.2 (see page 124);

2. once H is available, evaluate det H at a cost bounded by (tD(w)’ Ib(w));

3. evaluate

n—p
det B = H Qpyi,i

1=0

(the product of the entries of A located on the lower edge of A) by means

of the parallel prefix algorithm, at a cost bounded by O(logn,n/logn).

Combine the above bounds to obtain the bound (5.4) on the overall cost of

computing det A. P



Chapter 6

Conclusion.

Our original goal ([PSA]), which led to the results presented in this thesis,
was to design parallel algorithms for solving the problems BAND - LIN -
SOLVE and BAND - DET, which we wanted to place in NC* or RNC*
for the smallest constant k and to make them work optimal according to the
definition of [KR], that is, the potential work should be made linear in the
complexity of the best known sequential algorithm for the same problem.
Even though we fully achieved this goal for the problem BAND - DET
(see Table 6.3, page 133), the potential work of our solution to the problem
BAND - LIN - SOLVE still exceeds the work required by the best known
sequential algorithm by a factor O(log n), where n is the number of equations
in the input linear system. This solution to the problem BAND - LIN -
SOLV E substantially improves the previous record bound of [E] [by a factor
at least O(log®n)]. Moreover, for a large class of instances of the latter

problem, we even reached optimality. In particular, this is the case when

129



{Ch. 6] Conclusion 130

the input matrix is over a field the characteristic zero or when it has lower
and/or upper edge (see Table 6.1, page 131). However, in the general case,
ﬁriding an optimal solution to the problem BAND - LIN - SOLV E remains

an open problem.

Our main results are summarized in the following tables:
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Table 6.1: BAND - LIN - SOLVE and PREPROCESS
(computational complexity estimates).
Algorithm || time Processors Pot. work | Restrict.
Gaussian
elim. 0 (31&1(“})) ) (pj(w)) w none
chap. 1
Prev. rec.
(Eberly) Q0 ((log3 n)tI(n)) Q ((—;‘7) pI(w)) Q (W log® n) none
chap. 3
3x3
Solution | O ((log %) tI(w)) 0] ((5) pI(w)) O (wlogn) none
chap. 3
2x2
Solution | O ((log ;’:’-) tI(w)) 0 ((—3) pl(w)) O (wlogn) none
chap. 4
BCR 0 ((log2) tiyy) | O ((2) prwy/ (log 2)) w char(F)=0
chap. 2
Reduct.
to B2D O(T*(n,w)) |O ((&) Y () pl(w)/T*(n,w)) w edge req.
chap. 5

n X n input matrix A over a field F, w = w(A)

W = O(Z%1,)Pr()) [Pest known work bound]

T*(n,w) = (log ﬁ) (log w) + 4y,
char(F) = characteristic of F
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Table 6.2: BACK - SOLVE, BACK - SOLVE - SEV

(computational complexity estimates, after preprocessing).

Algorithm || time Processors Pot. work | Restrict.
Gaussian

elim. 0 (ﬁ log w) O(w?/ log w) w none
Prev. rec.

(Eberly)

3 x3

Solution | O ((log ﬁ) log w) O (nw/ log w) 0] (W log %) none
2x2

Solution | O ((log ﬁ) log w) O (nw/log w) O (W log 3) none
BCR 0 ((log ;’l‘;) log w) 0] (nw/ ((log -:7) log w)) w char(F)=0
Reduct.

to B2D 0 ((log ?Z') log w) 0 (nw/ ((log -5) log w)) w edge req.

n X n input matrix A over a field F, w = w(A)
W = O(nw)
char(F) = characteristic of F
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Table 6.3: BAND - DET and |BAND - DET)

(computational complexity estimates).

133

Algorithm | time Processors Pot. work Restrict.

Gaussian

elim. O(2Tp(w)) O(Pp(w)) w none

Prev. rec.

(Eberly) Q0 ((log3 n) t](n)) Q0 (%PD(w)) Q(wlog® n) none

3x3

Solution 0] ((log 5) TD(w)) o) (ﬁPD(w)/ log -3}—) O(w) none

2x2

Solution O ((log ;’;—) TD(w)) 0] (;’:}—PD(w)/ log ﬁ) o(w) none
char(F)=0

BCR @) ((log ﬁ) TD(w)) @) (ﬁPD(w)/ log ﬁ) o(w) [det A| only

Reduct. to

B2D O (T*(n,w)) O (P*(n,w)) O(w) edge req.

n X n input matrix A over a field F, w = w(A)

Tp(w) = Yy + Ipwy  Po(w) = Prw) + Pow)
n

T*(n,w) = (log S)—) (logw)+Tp(w), P*(n,w)=0 (-—TD(w)PD(w)/T"(n,w))

w

W = O (2Tp(w)Pp(w))
char(F) = characteristic of F
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Some of our algorithms (specifically, the ones corresponding to the bounds
listed in Tables 6.1 and 6.3, in the rows labeled “2 x 2 solution” and “3 x 3
solution”) are not deterministic. Over arbitrary fields, these solutions to the
problem BAND - LIN - SOLVE (respectively, BAND - DET) utilize ran-
domization of the Las Vegas type (respectively, Monte Carlo type). Over the
fields of characteristic zero, these randomized algorithms can be made deter-
ministic. However, in this case [unless the matrix has lower and/or upper
edge(s)], it is preferable to utilize the block cyclic reduction algorithm, which
deterministically supports an optimum bound, under such a restriction. In
the case where the matrix has lower and/or upper edge(s), our algorithm
based on reduction to a block bidiagonal linear system provides the fastest
work optimum solution and should be used in this case, unless it runs into
numerical stability problems.

We will conclude with a brief discussion of some additional open problems
related to our results. Throughout our presentation, our characterization
of an optimal parallel algorithm relies on the cited definition of [KR]. It
would be interesting to consider the optimality of parallel computations with
banded matrices by using an alternative definition of the notion of “optimal
parallel algorithm”, according to which a paraliel algorithm is optimal when
its work matches a proved lower bound on the sequential complexity of the
same problem. Recall (see Tables 6.1 and 6.3) that, for the problems BAN D-
DET and BAND - LIN - SOLVE* as well as for the particular case of
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BAND-LIN-SOLV E, where the input matrix is over a field of characteristic
zero, our algorithms are optimal according to the cited definition of [KR],
which is a slightly weaker definition of the notion of optimality cited above.
These algorithms as well as the block cyclic reduction solution to BAND -
LIN-SOLVE also satisfy the stronger definition of optimality, provided that
the bandwidth is bounded by a constant, w = O(1). For a general choice of
w (say, w = O(n)), satisfying the strong definition of optimality would have
required to satisfy this definition also for solving a general nonsingular linear
system of equations; this well known open research problem is beyond the
scope of our work.

Another open problem is the optimality of the parallel solution time.
Here again, we reach optimum bound of O(logn) if w is a constant. For a
general choice of w (say, for w = ©(n)), our algorithms are in RNC?, NC3
or NC?, that is, we are still off by the factors log n or log? n from the lower
bound. This is also partially due to a similar gap for the solution of a general

(nonbanded) linear system of n equations.
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