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A bstract

On the Dynamics of Nondegenerate Polynomial 

Endomorphisms in two dimensions

by

Guiai Peng 

A dv iso r: P ro fe sso r  D en n is  Sullivan

The main purpose of this work is to investigate the dynamics of non­

degenerate polynomial endomorphisms of C2 (A polynomial endomorphism 

of C2 is said to be nondegenerate if it can be holomorphically extended to 

P2). It is shown tha t if the restriction to the line at infinity of a nondegener­

ate polynomial endomorphism p of C2 is hyperbolic, then p is conjugate to 

its highest homogeneous term  restricted to the intersection of the Julia set 

J (p ) and a neighbourhood of the line at infinity. We describe the geometric 

structure of the Ju lia  set and the canonical current associated with p near 

the line at infinity. We also generalize the Brolin-Lyubich theorem for any 

nondegenerate polynomial endomorphism of C2.
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C hapter 1

Introduction

The main purpose of this work is to understand the dynamics of nondegerate 

polynomial endomorphisms(defined later) of C2.

1.1 Some background knowledge

Around 1920 Fatou and Julia initiated the theory of iterated rational maps

h : P 1 h+ P 1

1
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2 CH APTER I. INTRO D U C TIO N

on the Riemann sphere. After them  the theory of 1-dimensional complex 

dynamics remained undeveloped for almost fifty years. Due to Douady and 

Hubbard [DHl-2], Mandelbrot [Ma] , and Sullivan [Su2-4], among others, the 

study of 1-dimensional complex dynamics has made great progress since the 

beginning of the 1980s.

As a natural generalization of the iteration theory of rational maps to 

higher dimensional cases, we can study the dynamics of holomorphic endo­

morphisms of a complex projective space P n or C 1. By the introduction of 

the potential function and the corresponding (1 ,1 ) closed positive current 

by Hubbard[Hu] , Hubbard and Papadopol[HP] and Sibony[BSl], higher di­

mensional complex dynamics has made rapid development. Friedland and 

Milnor[FM], Bedford and Smillie[BSl-5], Fomaess and Sibony[FSl-5] and 

Ueda[Uel-3] contributed much to the study of 2 - dimensional complex dy­

namics.
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1.2. THE PRO BLEM  3

1.2 The problem

Given a holomorphic endomorphism /  of P n, it can be lifted to a nondegen­

erate homogeneous polynomial endomorphism F  of C"+I - We can define the 

Julia set J { f )  and Fatou set !F{f) of /  as in the one dimensional case. In 

higher dimensions the introduction of potential functions and positive cur­

rents is very useful. Following Hubbard and Papadopol[HP], we define the 

potential function of F  as follows:

Hf (z) =  lim log ||Fm(z)|| for any z 6  C" +1
m —oo fc

where k  is the degree of F. and the right hand converges uniformly on any 

compact subset of <Cn+ 1  \  O. Also define u?/ =  ddcH f. u,y depends only 

on /  and is a closed, positive ( 1 ,1 ) current(we will discuss the notation and 

statements in detail later), u j  is called the canonical current associated with 

/ •

There is a close relation between u>/ and J { f ) .  Ueda [Ue2], Fornaess and 

Sibony [FS2 ] proved that suppori(ujj) =  J ( f ) .

As in the one dimensional case, the classification of the Fatou components 

and the analysis of the structure of the Julia set are the two most im portant 

problems to solve in higher dimensional complex dynamics. The second one
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4 CH APTER 1. INTRODUCTION

can be done via the study of the canonical current. The main purpose of this 

work is to  investigate the canonical currents and describe their structure for 

some nondegenerate polynomial endomorphisms of C2.

1.3 Sum m ary of the results

We look a t P 2 as the compactification of C2 by adding on the line II at 

infinity . A polynomial endomorphism of C2 is said to be nondegenerate if 

it can be holomorphically extended to P2. So a nondegenerate polynomial 

endomorphism of C2 can also be thought of as an endomorphism of P 2. Let 

p be a nondegenerate polynomial endomorphism of C2. Set Kp = {z 6  C2 : 

{p"(z)} is bounded in a neighborhood of z}. The set K p is similar to the 

filled-in Julia  set in one dimension.

Define

Gp(z) = lim log ||pm(z)|| for any z 6  C2,
T71—»00 K

then ddcGp is a  (1,1) closed positive current. Actually we will show that 

this current is the restriction to C2 of the canonical current u p. Since Gp is 

continuous, u>p puts no mass on any algebraic curve. So we will not distinguish 

between ddcGp and u p.
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1.3. SU M M A R Y OF THE RESULTS  5

In chapter 2, we introduce some general notations about holomorphic en- 

domrphisms of P 2 and currents on a complex manifold. The holomorphic 

endomorphisms of P 2 axe described and the canonical current associated to 

a holomorphic endomorphism is studied. We also introduce some basic defi­

nitions for higher dimensional complex dynamics.

In chapter 3. we discuss the dependence of the dynamics on parameters 

and the potential theory associated with a nondegenerate polynomial en­

domorphism and prove that Gp is the pluricomplex Green function (defined, 

later) o f I \p u'ith pole at infinity. Consequently u; A  u; is supported on the 

Shilov boundary of K  by a result in [BT].

Chapter 4 concerns the structure of the Julia set of a nondegenerate 

polynomial endomorphism, and by applying the Hubbard and Papadopol 

idea for the generalization of B 'ottcher's theorem in two dimensions [HP], 

we show (Theorem 1 and corollary 1 ) that p|f2p(A/) ft J{p)  is conjugate to 

Pk\LlPk(M ) CiJ(pk)  fo r  sufficiently large M  i f  the induced map h on the line 

at infinity by p  is hyperbolic. Moreover, if p is close to pk, then the conjugacy 

can be extended from ftp(0 )D J{ p )  to ftp* (0) 0*7(p*), where k  is the degree of 

p and pk is the highest homogeneous term of p, QP(M) = {z €  P 2 : GP(F) > 

M}.

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



6 CHAPTER 1. IN TRO D U C TIO N

Fomaess and Sibony [FS2] proved th a t i f  a holomorphic endomorphism f  

o f P2 of degree k  has local topological degree <  k — 1 everywhere, then fo r  any 

closed, positive (1.1) current T

lim -— ( / Tn)“(T>) =  Cujr for some constant c m—oc k m

This result in a way generalized the Lyubich Theorem [Ly] in one dimen­

sion to two dimensions. Since a nondegenerate polynomial endomorphism 

has local degree at least k  at each point of the line at infinity, the above­

cited theorem does not apply. In chapter 5, we study the similar prolems for 

a nondegenerate polynomial endomorphism p. Recall that II is the line at 

infinity. Let h =  p(II. We get the following result:

Suppose J(h)  C II, and let T  be an algebraic curve o f degree I which does 

not contain II and does not go through any superattracting periodic point o f 

h. Also require that T  C\ff{h) consist o f  repelling periodic points only (maybe 

empty) and that T  C P 2 \  K v. Then

If h is a hyperbolic rational map, this theorem holds true w ithout the
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1.3. SU M M A R Y OF TH E RESULTS  7

condition that T n j ’(h) consist of repelling periodic points only. We suspect 

that the condition that TC \3(h) consist of periodic points only is superfluous.

Finally coming to chapter 6 , we study the structure of the canonical 

current. The point is to make the connection between the induced m ap h at 

infinity and the map p. Applying some results in chapter 4 and chapter 5, 

we show that i f  h is a hyperbolic rational map, then u!v is a complex cycle 

inside QP(M ) big enough M , in the sense o f Sullivan [Sul]. More precisely, 

J (p )n flp(A/) is foliated by Riemann surfaces LWl where w ranges over J ’(h), 

and for any 2 -form f  supported in fip(A/)

=  /  /  * d p h ( * ’ )
J V te J W  J  Lm

where is the Lyubich measure associated with h.
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C hapter 2

A holom orphic endorm orphism  

o f Pn and its canonical current

In this chapter we describe the holomorphic endomorphisms of Pn and study 

the canonical current associated to a holomorphic endomorphisms. Most of 

the material is taken from [FS2], [FS3], [HP] and [Ue].

S
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2.1. HOLOMORPHIC ENDOM ORPHISM S OF  P-v 9

2.1 Holom orphic endom orphism s o f Pn

Let us first establish some notation and definitions. We define the Euclidean 

norm of a point z =  (z0, z i , . . . ,  zn) €  Cn+l by

Ml = v'l-oP + I*.IJ + — + WJ

Recall that n-dimensional complex projective space P" is the  space of all lines 

in Cn+l through the origin. Let 0 denote the origin of C ' l+ 1  and ir be the 

natural map from <C" +1 \  {0} to P n and write :r((zo, z i , . . . ,  zn)) =  [̂ o : zi :

• • • : zn], where [r0 : z x : : zn] denotes the equivalence class represented by

(^o- ^i- - - •, -n) and is called homogeneous coordinates for P n.

D efin itio n  1 . An algebraic variety is the locus in Pn of a  collection of ho­

mogeneous polynomials. In particular, a hyperplane is the locus of a linear 

function. An algebraic curve is a one dimensional variety.

D efin itio n  2. A holomorphic map F  : C" ■—► C” is called a  (homogeneous)poly­

nomial endomorphism (of degree k) if each component of F  is a (homoge- 

neous)polynomial (of degree k). A homogeneous polynomial endomorphism 

F  is said to be nondegenerate if it satisfies that F - 1({0}) =  {0}.

Given two coprime homogeneous polynomials p, q on Cn + 1  with the same 

degree k, we see that for any A g C  \  {0} and any z €  Cn + 1
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10 CHAPTER 2. HOLOMORPHIC ENDOMORPHISMS

p(Az) _  p(z) 
q( Az) q( z ) '

It follows that p /q  defines a holomorphic function on open set {[z] 6  P n : 

q(z) 7  ̂ 0}. We call such a function a rational function (of degree k) on P n. 

We need the following result in the sequel:

T h e o re m  1  (W e ie rs tra ss-H u rw itz  T h e o re m ). Every meromorphic func­

tion on Pn is a rational function.

Proof. See [Guj. □

Suppose that F  is a nondegenerate homogeneous polynomial endomor­

phism of <Cn+1, then F  maps a complex line through the origin to a complex 

line through the origin and therefore defines a holomorphic endomorphism 

of P". Conversely, we have the following classical result:

T h e o re m  2 . Let f  be a nonconstant holomorphic endomorphism o f Pn, then 

there exists a nondegenerate homogeneous polynomial endomorphism F  o f  

Cn+ 1 such that the following diagram commutes:

e 1 \ {0} -£-» cn+1 \ {o}
'1  i "
p n  V P n

/
and F  is unique up to multiplication by a nonzero constant.
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2.1. HOLOMORPHIC ENDOM ORPHISM S O F F *  11

Proof. ([FS2])Let [c0 : 21 : ••• : ~n] be homogeneous coordinates in IP". We 

can assume that the image of /  is not contained in any (zj =  0 )(otherwise 

rotate coordinates). By the Weierstrass-Hurwitz Theorem it follows that 

each of the meromorphic functions ^  o f  is a  quotient of two homogeneous 

polynomials jf- of the same degree.

Let F  denote the map (Fa. F i , . . . ,  Fn) where F fs  are homogeneous poly­

nomials of the same degree obtained by dividing out the common factor from
r*

the polynomials jfj n"=o Hi- We will show that F  is a lifting of /  to Cra+1. 

For this we only need to show that the F f  s have no common zero except 

the origin. Suppose to the contrary that p £ C l+ 1  \  {0} is a common zero. 

Choose a local lifting /  =  (/o, / i , . . .  , / n) of /  in a  neighborhood of p. we 

may assume that one of the f f s  is equal to 1 . Say fo =  1. Then it follows 

that Fj = F0f j  . By combining this identity with F0(p) =  0 we infer that the 

common zero set of the F fs  is a  complex hypersurface, which implies that 

they have a common factor, contradicting that we have already divided out 

all common factors.

Now suppose that F  is another lifting of / ,  then F  and F  m ap a line 

to the same line. This implies that there is a  holomorphic function g on 

e +1 \  {0} such that F  =  g F . By Hartog’s Theorem it follows tha t g can
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12 CH APTER 2. HOLOMORPHIC ENDOMORPHISMS

be extended to <C"+ l. Since both F  and F  are homogeneous, g must be a 

homogeneous polynomial. Since the F /s  have no common zero except the 

origin, g must be a nonzero constant. □

D efin ition  3. the (algebraic)degree of /  is defined to be the degree of its 

lifting F .

A ssum ption: the degree of each holomorphic endomorphism is >  2 

throughout this thesis.

Remark. Since the lifting F  of /  is unique up to multiplication by a nonzero 

constant, the degree k  of /  is well-defined. It is a result of Bezout's Theorem 

th a t the topological degree of /  is k n.

We denote by F n the n — times composition of F . Following Fornaess and 

Sibony [FS3], we introduce

D efin ition  4. Let /  be a holomorphic endomorphism of P n, 0 <  / <  n — 1, 

a point z €  P n belongs to the Fatou set of order I of if there exists a

neighbourhood U of z such that for every w 6  U there is a complex variety 

X w through w of codimension I and { f m\Xw} is equicontinuous. Correspond­

ingly. J i { f )  :=  Pn \  /" /(/)  is called the Julia set of order /.

For convenience, we just call Fo{f )  and Jo{f )  respectively the Fatou set
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2.2. THE CANONICAL CU RRENT  13

and the Julia set. and denote them  by J ( f )  and J { f ) .  Also observe that 

each Ti is open and J o C f i C - - - C  J n- i  and correspondingly that each Ji 

is closed and Jo Z) J i  D - ■ ■ D J n- 1-

The same argument as in one dimension gives

Theorem  3. The Julia set o f a holomorphic endomorphism o f  Pn o f degree 

>  2  is always non empty.

Example: Let f{[t : z : u*]) =  [f* : z k : u’*]. It is easy to see that

J U )  = (1*1 < l-l = |w|} u {|.-| < k | = |<|} u {H  < l<l = I--I}

This example shows that Julia set in higher dimensions is not indecom­

posable as in one dimensional dynamics, and justifies the introduction of 

hierachical definition of the Fatou sets and the Julia sets.

2.2 The canonical current

We first collect a  few facts about currents on a complex manifold. For con­

venience we restrict ourself to domains fi C C 1, but since currents can be
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14 CHAPTER 2. HOLOMORPHIC ENDOM ORPHISM S

defined locally and the definitions are independent of holomorphic change of 

coordinates, the definitions work on any complex manifold. For detail, see 

[NO] or [Kl].

Let n  C C 1 be open subset, let denote the space of smooth com­

pactly supported in H, (l . m ) forms 4> =  jd z 1 A dzJ ,\I\  =  / , | J |  =  m,

with the compact open topology. The dual P(/,m) of is called the space

o f currents o f bidimension (Lm). Let i =■ n — l . j  — n — m : { i , j } is called 

the bidegree of currents in D^l,mK A smooth (i , j ) form a  defines a current of 

bidegree (i, j )  as follows:

a ( o ) =  J  a  A o for any <t> 6

In this sense, a  current is just a differential form with distributions as coef­

ficients.

Now let <p = Y^<Pijdz! A dzJ 6  We set

4> =  Y ,  * I j d * l  A  d t *  €

and linearly extend it over If <£ =  <£, 0  is called a real differential

form. In general we have

4> =  W ) -
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2.2. THE CANONICAL C U R R E N T  

Let T  6  Ify.m) define T  €  T>mj  by

15

f{<t>) = T{o).

If T  = T,  T  is called a real current.

We say that a real form is positive if it is a positive linear combination 

of forms \ / —1<  ̂ A Oi A • - - A  y/—l di A  4>i. where are smooth forms

of bidegree (0.1) with compact support. A real current T  6  Zfy./) is said to 

be positive if T(o) > 0 for any positive o  6  By the Riesz theorem it

follows that the distribution coefficients of a positive current T  are measures.

Recall that d =  d + d  and dc =  y/—l (d — d) / (2n). An upper semicontinu- 

ous function u on fl with values in [—oo, oo) is plurisubharmonic iff ddcu is a 

positive current. A subset E  C fl is pluripolar if there is a plurisubharmonic 

function u which is not identically equal to  zero such that E  C {u = —oc}.

Let A/, N  be two complex manifolds, g: M  *-*■ N  a holomorphic map, and 

S  6  T>{iyZn). It is well known th a t one can define the push-forward g .(T )  of 

a current T  on M  by duality if g  is proper and one can define the pull-back 

gm(S)  by duality if g  is a submersion.

Let u be a plurisubharmonic function on Cn+l with the property: there
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16 C H APTE R 2. HOLOMORPHIC END0X10RPHISMS

exists a positive constant c such that

u(Az) =  clog |A| +  u(z) for any z €  <C"+ I. A €  C \  {0} (2.1)

The equality above implies that the current ddcu can ”descendr to a 

positive current V  of bidegree (1,1) on P n, i.e., ~ m(V) = ddcu; we call V  the 

descending of ddcu. It can be shown that every positive current of bidegree 

(1 .1) on P n is obtained in this way(see [FS3]).

Given a holomorphic endomorphism /  and a current T  of PR. we can 

define the push-forward f . { T)  by duality. In general, we cannot define the 

pull-back of a  current by /  since /  is not submersion: but we can give an 

ad hoc definition. For example, let T  be a positive current of bidegree (1,1) 

obtained by the descending of ddcu , where u is a plurisubharmonic function 

satisfing ((2 .1 )); then we define f ’ (T)  to be the current satisfying irm( f m(T)  =  

ddcu(F),  where F  is a lifting of f .  Since F  is unique up to the multiplication 

by a constant, f ’ {T) is well-defined.

Remark. If T  charges no mass on the critical value set of / ,  then f~  is dual 

to / . ,  i.e., f m[T)(<f>) =  T ( f m(d>)) for any (1 ,1 ) smooth form <f>. See [FS3] for 

details.

Now let /  be a  holomorphic endomorphism of P n of degree k  and F  be a
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2.2. THE CANONICAL C U R R E N T  17

lifting of f .  since F  is nondegenerate, we have

6-t :=  m m |N|=I||F(z)|| >  0

Set S2 =  max||z||=1 ||F (z)||. We see that

S i \ \ z \ \k < ||F (z )|| <  S2 \\z\\k for every z E  <C"+I

which gives for each z E  <Cn+l \  {0},

p l o g <5. <  ^ l o g | |F " ( 2)|| -  J - L . lo 6 ||F ”- ' ( 2)|| <  i - I o g i ,  (2.2)

it follows that ^ l o g | |F m|| converges uniformly on C"+l \  {0}. Denote the 

limit by Hp and set Hp(0) =  — oo, then Hp is continuous in C”+I \  {0}, 

plurisubharmonic in C l+ 1  and satisfies ((2.1)). Hp  is called a potential func­

tion of / ,  which is unique up to an addition by a constant. Therefore ddcHp 

depends only on / .  Let u>/ be the descending of ddcHp , and u>o be the 

Fubini-Study form, we see

=  lim i / ' Mm—*oo AC

and

=  kujj
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IS CHAPTER 2. HOLOMORPHIC ENDOMORPHISMS

(See [HP] or [FS3] for details), u,7  is called the canonical current associated 

to / .

Since ir'(u,7 ) =  ddcHp and H f  is continuous off the origin, we can define 

i-times wedge of <jJj via integration by parts for 1 <  i <  n. More precisely, 

given a point x 6  P n, there is a neighbourhood Ux and a section a : (J'x »-*■ 

<Cn+ 1  such that uj/\Ux =  ddcHp{a), we then define 0 ,7  A u;/16* by the following 

equation:

j  ip Aujf A a ; /  =  J  H p {a )d ^p  Aujf,

where p  is a 2n — 4 smooth form with compact support in Ux. The left side of 

the equation makes sense because w/ is a form with measures as coefficients 

and Hp{cr) is continuous. Now there exists a finite cover UX] of Pn and 

a partition of unity {<7y} associated to this cover; we just define

m
Ui f  = g: u!j A u f \UX] -

i=i

Inductively, we can define the i-times wedge of u j  for 3 <  i < n. By 

definition, w" is a  positive functional on the space of smooth functions on 

P n, hence it is a  positive measure, actually a  probability measure(see [FS5]). 

It is proved in [HP] and [FS3] that /.(u>”) =  Uj. Fornaess and Sibony [FS3] 

showed that w" is mixing and of maximal entropy.
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2.2. THE CANONICAL C U RRE N T  19

In the sequel, we need the following:

T h e o re m  4. Let f  be a holomorphic endomorphism o f  P n, then the support 

ofU f is the Julia set * /( /) -

Proof See [Ue2] and [HP]. □
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C hapter 3

T he nondegenerate polynom ial 

endom orphism s o f C

In this chapter we are going to study the set K p and the function Gp and 

describe their relation. Most results of this chapter hold true in higher di­

mensions. For simplicity and consistence with the following two chapters, we 

restrict ourselves in this chapter to the 2 -dimensional case.

20
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3.1. SOME G ENERAL DEFINITIONS AND  RESULTS  2 1

3.1 Some general definitions and results

As is known in 1-dimensional case, e v e r y  polynomial map can be holomor- 

phically extended to infinity. But it is not the  case in higher dimensions. 

Therefore we give the following

D efinition 5. Let p be a polynomial endomorphism of C2 and write

P = Pk +  pjt-i +  • • - +- po

where p, is a homogeneous polynomial endomorphism of degree i for each 0  <  

i < k. p is called a nondegenerate polynomial endomorphism if the leading 

term pk is a nondegenerate homogeneous polynomial endomorphism(Recall 

that a homogeneous polynomial map F : C2 C2 is said to be nondegenerate 

ifF -> ({ 0 } ) = { 0 }).

D efinition 6. An algebraic variety V  C P 2 is said to be an exceptional 

variety of a holomorphic endomorphism /  if f ~ l ( V ) =  V.

It is sometimes convenient to picture P 2 as the compactification of C2 

obtained by adding the line II at infinity. In coordinates the inclusion C2 ► 

P 2 is (2 1 , 2 2 ) *-* [1 , 2 1 , 22]; II has equation (2 0  =  0), and the identification 

II ~  P 1 comes by considering the line at infinity as the directions in which
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22 CHAPTER 3. POLYNOMIAL ENDOMORPHISMS

one can go to  infinity in C2. Now we can characterize a nondegenerate 

polynomial endomorphism of C2 as a special endomorphism of P2:

P roposition  1. A nondegenerate polynomial endomorphism of  C2 is just 

the restriction to C2 o f a holomorphic endomorphism o f P 2 with the line at 

infinity as an exceptional variety.

Proof. Suppose p is a nondegenerate polynomial endomorphism of C2. The 

nondegeneracy implies that p can be continously extended across the line 

at infinity. By the Riemann removable singularities theorem it follows that 

the extension is a holomorphic endomorphism of P 2. We still denote the 

extension by p. Obviously, the line at infinity is an exceptional variety of p.

Conversely, suppose /  is a holomorphic endomorphism of P 2 with the 

hyperplane as an exceptional variety. By theorem 2 f  has a nondegenerate 

homogeneous polynomial lifting F  : C3 »-* C3. Write

=  ( /o (z ) ,/ i ( z ) , /2 (z)) for any z =  (z0, z i , z 2) €  C3

That / ~ l (II) =  II is equivalent to saying that fo(zo, z\, z2) =  0 iff zq =  0. By 

a direct calculation we see that /o(z) =  az£, where a is a  complex number 

and k  is the degree of / ;  without loss of generality, we assume a = 1 . The 

restriction of /  to  C2 is the map p =  z u  z2), f 2(l,  z i,  z2)). We claim
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3.1. SOM E GENERAL DEFINITIONS AND RESULTS  23

that the leading homogeneous polynomial map pk of p is nondegenerate- If 

not. there would be a point z' €  C ?,z ' ^  (0.0) such that pk{z') =  0- But we 

know that there is a  map q : C3 ^  C3 such that F[z0,z') =  {z£,Pk(z')) +  -o<?; 

it follows that F ( 0 . z') =  0 , a contradiction. □

The proof above also gives

Proposition  2. A holomorphic endomorphism o f  C2 can be continuously 

extended to the line at infinity i f f  it is a nondegenerate polynomial endomor­

phism of C2.

L em m a 1 . Let p € "Pk, then there exist constants C  >  1 , r  >  0 such that

<  lb(x)|| <  C | |x f  V x € C M W > r .  (3.1)

Proof Write p = pk + p'. where p' =  pk- \  +  • • • +  po is a polynomial endo­

morphism of degree <  k  — 1 . By the definition, we know that

? r ( { o »  =  {o},

which implies

m =  .PIP, IIP*(X)H >  °*IM I=i

Set M  =  max | |x ||=1 |(pfc(x)||, then we have for any x 6  C2 \  {0}

m  < <  M.
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24 CHAPTER 3. PO LYNO M IAL ENDOMORPHISMS

Combining this with the homogeneity of pk gives

™ iw r <  llwMII <  M ||x||* V x 6  C2. (3.2)

There is a constant m ' >  0 such that ||p '(x)|| <  m '||x ||* 1 V x 6  C2. Fix 

r  such tha t m! <  !y-. It follows that for any ||x|| >  r,

Choose C > 1 such that 1/C <  m /2 and M  + m f 2 <  C, we are done. □  

Recall that K p =  {x 6  C2 : {pn} is a bound sequence} Vp 6  7>k-

P rop osition  3. K p is a compact subset o f  C2 fo r  any nondegenerate poly­

nomial endomorphism p.

Proof. By lemma 1 , we have ||p(x)|| >  2||x|| if ||x|| >  R  :=  max{2 C ,r} . 

Therefore the sequence pn(x) will go to infinity if ||x|| >  R. Let B r  =  {x € 

C2 : ||x|| >  R }; then we see that

it—i (3-3)

<  lbifc(x) +  p'(x)I|

<  (A/ +  m /2 )||x||*.
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3.1. SOME GENERAL DEFINITIONS AND RESULTS  25

which proves the proposition. □

For a compact subset Y  C C". the set

V’ =  {z 6  C 1 : |r(z)| <  max |r | for any polynomial r}

is the polynomial hull of V’.

D efin ition  7. A open subset U of C" is polynomially convex if it satisfies 

that for any compact Y  C U. Y  C U.

P roposition  4. Every component o f the interior o f I\p is polynomially con­

vex.

Proof Suppose Y  is a compact subset of the interior of A'p, define

Vs =  {z € C2 : dist(z, Y) < 5}

We claim that (Y)s  C Ys. Indeed, let r  be a polynomial and w 6  C2, ||w|| <  S 

and x € Y; Then

|r(x +  w)| <  max (r(z +  w)| <  max |r|
*6 ^  Yf

which gives x +  w €  Vs. Now choose sufficiently small 8 such that Ys is 

contained in the interior of Kp. In fact, given any point y €  Ys, we see that
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26 CHAPTER 3. PO LYNOM IAL ENDOMORPHISMS

||pm(y)|| <  m ax||pm(z)|| <  maxHxll, Vm.x€Kp

which implies that y € Kp, so (Y)s C Ys C K p. therefore Y  is contained 

in the interior of Kp. It is a well known fact that each component of a 

polynomially convex open set is polynomial convex. □

3.2 The pluricom plex G reen’s function

We will introduce the multi-dimensional counterpart of the Green function 

with pole at infinity. To do so, we first introduce plurisubharmonic functions 

with logarithmic growth.

Notation. Let ps/i(Cn ) denote the space of all plurisubharmonic functions 

defined on C*. A function u €  psh{C 1) is said to  be of logarithmic growth 

if (u(z) — log |(z(|) <  0 (1 ) as ||z|| —+ oo. We denote the family of all such 

functions by £(<CTl), or C if no confusion can arise. The family of all functions 

u €  psh{Cn ) such that (u(z) — log ||z|| =  0 ( 1 ) as ||z|| -♦ oo will be denoted 

by £ +(0 *) or C+ if no confusion can arise.

Definition 8 . For any set E  C CB, set

^e (z) =  sup{u(z) : u G £ , u < 0 on E }.
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3.2. THE PLU RICOM PLEX G REEN’S FUNCTION  27

the pluricomplex Green function of E  (with pole at infinity) is defined as

V£(z) =  lim sup V£:(x).
x^z,x—z

E x am p le  1 . Suppose tha t B(a.,r) is the closed ball with center at a and 

radius r. then the maximum principle and the fact that log+ U-Z~a-H is a har­

monic function when restricted to a straight line through a and ||z — a|| ^  r  

give

I'isca .D lz) =  l ° s +

Based on the same reason as in the example above, one can see that for 

any compact I\ C C n

Vk {z) =  sup{u(z) : u £ C+,u <  0  on A'}

D efin ition  9. A subset E  of C n is said to be L-regular a t a point x £  E if 

Ve  is continuous at a. If E  is L-regular at each point of B,  then E  is said to 

be L-regular.

D efin ition  1 0 . A set E  C C n is said to be pluripolar if there is a  function 

u £ psh(Cn) which is not identical to —oo such that u \E  =  —oo.
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We collect the following well known results about the complex Green's 

function. For details, see [KI].

1 . E  is pluripolar iff V£ =  + 0 0 . If E  is not pluripolar, then V£ 6  C.

2. If Ei C E2. then \%  > Ve2.

3. if E  is bounded non-pluripolar subset of C n, then V£ 6  CA. In this case
(Jgf

fJ-E = (ddcV£)n defines a positive measure, which is called the complex 

equilibrium measure for E. he  is supported in E  and h e {E) =  (2~)n.

4. V£ is a mJiximal function in C n\ E  in the following sense: Given u £ C. 

if lim infẑ aE(V^ — u)(z) > 0 , then V£(z) > u(z) for z €  C n\E .

Let p be a nondegenerate polynomial endomorphism of degree k, recall 

that

Gp(2 ) =  Urn i l o g + l|p”(z)||, V z s C 2.
n (oco ft'4

P rop osition  5. Gp is a continuous plurisubharmonic function on C2 and 

ddcGp = u;p\<C?.

Proof. Set P ( t ,x ,y )  = (t k, t kp ( x / t , y / t )), we see th a t P  is a  lifting of p to 

C2 and Gp(x, y) = H p ( l ,x ,y ) .  Since Hp is continuous off the origin, Gp is
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з.2. THE PLU RICOM PLEX G REEN’S FU NCTIO N  29

a continuous purisubharmonic on C2. It is also easy to see that ddcGp =

и.-p| C2. □

T h e o rem  5. Gv is the pluricomplex Green function of Kp.

Proof. We claim that

=  K-r , (3.4)

In fact, since A'p is compact, there is a r  > 0 such that Kp C B{0, r), therefore

v-Kr > vK, > > 0.

Since p is holomorphic, ||p(x)|| % [|x||* as ||x|| —► oo and p~l (Kp) = K p, we 

see that \V ^ p{p) 6  C+ and is a maximal function in C2 \  K p. Therefore for 

any u £ C+, u |A p <  0, we have \Vfcp{p) >  u , which gives

On the other hand, if u 6  £+ , u |A p <  0, then \u{p)  €  £+ and \u{p)\Kp <  0, 

which implies that

^u(p) < VKp.

Taking the supremum over all such u gives

iv k v W  <  v v
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30 CHAPTER 3. POLYNOMIAL ENDOMORPHISMS

By definition it follows that

< n-p.

and equation (3.4) follows. Iterating . equation (3.4), we obtain that

= ^„(z)

The facts tha t ||pn(z)|| —*■ oc for any x € C2 \  I \p and V £ { z )  =  log ||z|| + 0 (1 )  

give

V £ „ ( z ) = G p( z ) f o r z e  A'p

therefore

Gp(z) >  V£p(z) for z €  C2.

On the other hand, obviously,

\'kp{z) >  Gp(z) for z €  C2 

which proves the theorem.

C o ro lla ry  1 . K p is non pluripolar and L-regular.

Proof. This follows from the fact that Gp is continuous.
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3.3. DEPENDENCE ON PARAM ETERS  31

C o ro lla ry  2. p p = u:p A  ujp is supported in I \p.

Remark. Actually the support of p p is the Shilov boundary of K p. In other 

words, the support W of p p is the smallest closed subset of K p satisfying

sup \q(z)| =  sup \q{z)\
Z € S  ze h 'p

for any polynomial q.

3.3 D ependence on parameters

The space Hk of all holomorphic endomorphisms of P 2 of degree k  is a  Zariski 

open set of P A where N  =  |{k  -f 1 )(A: +  2) — 1([F52]). It is easy to see that 

the space Vk of all nondegenerate polynomial endomorphisms of C2 of degree 

A: is a complex subvariety of dimension |( /c  +  l)(fc +  2). We endow Vk with 

the metric induced from the Fubini-Study metric of P 2. When we want to let

p depend on a param eter, we write p\ instead of p, where A =  (A1? Am)

consists of the coefficients of p. We will also use the notations K \ .  G \  instead 

of I\ px, Gpx respectively and so forth.

Proposition  6. The set K \  depends semicontinuously on variable A in the 

sense: for  e > 0, K \  lies in an e—neighbourhood o f K \0 i f  A is close enough 

to A0.
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Proof. Fix A0 and we can find r  > 0. C > 1 such th a t for ||x|| >  r .  andA close enough toA0- 

we have

lb-\(x)|| >  C ||x ||.

Hence for x 6  C 2. if ||x|| >  r, then x is not in A'a for A sufficiently close to 

A0. For any t  >  0 there is a n >  0 with the property that if dist(x. K \0) > c. 

then p”0 (x) lies outside of the ball Br. Since n must have this same property 

for A close enough to A0. I \ \  must lie within a e—neighbourhood of h \ a □

P ro p o s itio n  7. The map (A.x) i— ► is plurisubharmonic and the cur­

rents o-'a vary continuously.

Proof. By equation (2.2) we see that for A in a relatively com pact open set. 

the convergence of prlog ||p"(x)|| to G \  is uniform in A and x. □
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C hapter 4

T he stab ility  on th e  Julia set 

near infinity

In this chapter we are going to study a family of nondegenerate polynomial 

endomorphisms with hyperbolic induced map on the line at infinity. We 

prove that each endomorphism in this family is stable on its Julia set near 

infinity.

33
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4.1 Local fib ration o f Julia set

Let pk : C2 C2 be a nondegenerate homogeneous polynomial map of 

degree k  inducing a hyperbolic rational map h. As is known [DH], f f (h )  has 

a neighbourhood IF  C II with A- 1  (IF) d  W  and h is expanding with respect 

to the Poincare metric p on IF in the sense that there are e >  0 and 5 > 1 

such that

p(h(x).h(y)) < Sp(x,y) (4.1)

for any x .y  with p (x .y) <  c.

By shrinking IF. we can assume that IF has a tubular neighbourhood 

i  =  IF x D  where D is a disk and p can be extended to U such that h is 

expanding with respect to p in the horizontal direction of U. W rite C ( IF) 

for jr f^ IF )  U IF where ~i : C2 \  {0} ■-* P 1 is the natural projection.

Let p' : C2 *-* C2 be a polynomial map of degree k — 1 and set p =  p' + pk- 

Also set

X M = { x e  flp(M) : pn(x) 6  C(W )  for all n}.

P roposition  8. Suppose that h =  p|II is hyperbolic, then for any sufficiently 

large M , there is a unique mapping irp : X m  *-* J ( h )  such that Ttp\J (h )  =  id
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and the diagram

X \[  —-—► X m

Tp[  rpi
J { h )  J ( h )

commutes.

Proof. We are going to make use of Sullivan's e-telescope argument^[Suo]). 

Define an e-telescope on J(h) to be a sequence of compact subsets Vt C

fi- 1(IT) <§ IT. i =  0 .1  .o f  radius <  e such that h(K) D K+i- Then for e

sufficiently small, the intersection n ~ 0 /i- , (K) consists of a single point since 

h is uniformly expanding on IT. Denote this single point bv z.

For a sufficiently large M  we have X_\j C U, and for any x € X \ f ,  the 

sequence p"(x) tends to otherwise it would converge to  some attracting

or superattracting periodic points of h and eventually lie off C{W ).  Therefore 

we can choose e small enough andM  big enough so that for any x 6  X m . the 

intersections h _1(IT) D B c(pn(x)) (where Bt{pn(x)) is a ball of radius e with 

center pn(x) with respect to the Fubini-Study metric on P 2) are compact 

subsets of /i~l (lT) and form an e-telescope. Define irp : X m  t-> J ( h )  by 

setting 7Tp(x) to be the point specified by the telescope.

This map is obviously continuous, satisfies irp\J (h )  =  id  and makes the 

diagram commute.
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As for the uniqueness, suppose that : X m  J~(h) satisfies: - ' ^ ( h )  =  

id. o  p =  h o jt'. the second condition clearly implies that it' o  pn(x) = hn o 

~ '(x), which gives for large enough M  that j t ' ( x )  € h~n(h~l (W )  fl Bt(pn(x))) 

for any n since Tr'\J{h) =  id and p"(x) tends to  JT{h). It follows that ir'(x) 

is the point specified by the telescope and we get ~'(x) =  t t p ( x ) .  We are 

done. □

4.2 The stability theorem  and its corollaries

It is easy to see that for any M  > 0,

J(Pk) n  npt(A/) =  {x €  QPk(M ) : Pfc(x) 6  C (H ') for all n}; 

we write A'o,.\/ for this set and X ij, f  for X m - 

T h e o re m  6 .

1. There exists M  >  0 and a unique homeomorphism

<t> - X 0.M ► X iM  

conjugating Pk\XQM to p \X i<M-

2. The fibers o f irPlc and ~p are Riemann surfaces.
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3. The map o satisfies ~Vk =  —p o o. and is analytic on the fibers.

4. Gp(tp) =  GPk and 6(x) = x +  o(x) as x —*■ esc for  x in a fiber and.

C o ro lla ry  3. ffi(p) fl ClP(M) = X i ju ,  and ffi(p) fl Clp(M) is foliated by Rie- 

mann surfaces.

Proof. Every point x £  accumulates on J ( h ) ,  while every point y £

rip(M) \  X ijk will converge to some attractive or superattractive periodic 

point, so J ( p )  n  f>p(A/) =  □

C o ro lla ry  4. I f  p is sufficiently close to p^ in Vk, then o  can be extended 

to a homeomorphism from J ’(p )n Q p(0 ) to J ( p k ) H fiPk(0 ) and the extension 

still satisfies (l)-(4) of theorem 6.

Proof. Since the interior of KPk is the superattractive basin of the origin, 

there is compact set B  C interior(APfc) such that the set J  :=  C {W ) \  B  is 

disjoint from the critical set of pk excluding II and satisfies p f l {J) €  J .

Now if p is sufficiently close to  Pk, then by shrinking W  and enlarging 

B  we can assume that J  =  C (W )  fl IP2 \  B  is disjoint from the  critical set 

of p excluding II and satisfies: p~l ( J ) <= J .  The complete invariance of 

J {p )  n f ip(0 ) implies that S{p)  f lf ip(0 ) C J. So we can first lift leafwise d> to
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J{pk)  H 0 Pk{M /k).  then to J{pk)  H Q.Pk{M /k 2). and so on. Of course, this 

extension satisfies (l)-(4) of theorem 6 .

□

Suppose q 6  Vk and write q = qf +  <7jt, h’ =  <yjII where q' is a polynomial 

map of degree <  k  — 1 and qk is the highest homogeneous term of q. If 

q is sufficiently close to p. then h' is sufficiently close to h and therefore 

hyperbolic. Moreover, by applying Sullivan's e-telescope argument, we see 

that h '\S(h ')  is conjugate to h \J{h ) .  By theorem 6  this conjugacy can be 

naturally extended to one between q\J{q)  fl Qq(M )  and p\J(p)  PI Qp(M ),  

which gives the following

C o ro lla ry  5. I f  p is the same as in Theorem 1 and q € Vk is sufficiently 

close to p, then for the same M  as in theorem 6,

1. There is a homeomorphism

0 :  J(q)  n n ,(M) -> j ( P) n a p(M)

conjugating q\J[q)  fl Qq(M ) to p|*7(p) D Q.P{M).

2. The map 0  satisfies (?p(0) =  Gq, ttp(0) =  nq, and is analytic on the 

fibers.
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4.3 The proof o f the stability theorem

In this section we are going to show theorem 6

Proof o f Theorem 6. We first prove the uniqueness of d: suppose that o' is 

a map satisfying (l)-(4), then the map $  =  d_I o o' conjugates pk\J{pk) H 

QPk{M)  to itself. Claim: given any fixed periodic point x €  J { h )  of period 

m. $  fix the line Vx through x and the origin. In fact, fix a point y in Vx: we 

have p’f i Ay) =  AA'mp™(y). VA 6  C. and - ■Ay-> —+ 1 as A —+ oo. The uniqueness 

of the conjugacy in the Bottcher's theorem implies that $  =  id  in the line 

Vx. combining this with the  density of periodic points gives 6' =  6 .

For the existence, we will attem pt to give a meaning to the map

lim p~m o pT{x).
n —oc

To do so. we must first make sense of the inverse map since every point has 

k2 inverse images counted with multiplicity.

Let qT =  rp' +  pk. and make the obvious definitions of X Tjv/. Of course 

X om and Xi'L are the same as define before. The family of maps qT will help 

us to pick up the inverse image p~m o p£*(x).

Set T(R) =  C (W ) \  II Pi flqo(R). We need some lemmas:

L em m a 2 . There exists R > 1 ,C  > 0 such that
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1. On T{R) ire have ||(</x)|[ <  C ||x ||l~fc.

2. The set T(R) is disjoint from the critical set o f every qT, and the subset 

q f l {Y(R)) is relatively compact in C(W') f! Q.qa{R).

3. On T(/?). ||p'(x)|| <  C ||x ||* -1.

Proof. Part ( 1 ) can be seen as follows: use the formula for the inverse as 

the m atrix of cofactors divided by the determinant. The determ inant A is 

a polynomial with the highest term equal to the determinant of pk. Hence 

there are M  > l .C i > 0 such that |A(x)| > C i||x | | 2<r-2 on T(M ).  Now the 

cofactors are polynomials of degree at most Ar — 1 . and the result follows.

Part (2) is obviously true for the map pk, since pjTl (H ') <§ W  and pk is 

homogeneous. Therefore it is true for all qT for big enough R. □

L em m a 3. The function Gr =  Gqr — G9o is the restriction to I  x  C2 of a 

continuous function on I  x  P 2.

Proof. It is known [HP, FS2] that Hqr( t ,x ,y )  -  Gqr( x / t , y / t )  +  lo g |t| is 

continuous on I  x  C3. Therefore Hqr — Hqo descends to a continuous function 

on P 2 depending continuously on the parameter r ,  the restriction to the finite 

plane is just Gr. □

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



4.3. TH E P R O O F  OF THE ST A B IL IT Y  THEOREM  41

We increase the  constant C  in the lemma 2 such that on C2

-  C <  G ,r <  G,„ + C. log+ ||x|| - C < G , . <  log+ ||x|| +  C  (4.2)

Choose M  such that for anv n we have

C *>C
(4'3)

Recall that f(.V ) =  C (U ') \  II D fI?0 (:V).

L em m a 4. I. The map

qT : q*(Y(knM  -  £  -  C)) h-» T(knM c -  C)
ri ^

25 a covering map .

77ie map

qT x zrf: (9r x (r(fcn+1A/) X /) w  r(fcn+I) x /

is a covering map.
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Proof. ( 1 ) Given a point x €  T{knM  -  £  — C). by the inequality 4.2. we have

^<70(?x (x )) ^  (x )) ~  C  (4-4)

= p rc „ ( x ) - c  

> p r  ( c . ( x ) - o - c

C
- c

>

which gives

By the lemma 2. the map above is proper and a local homeomorphism. 

therefore it is a covering map.

The proof of (2) is similar. □

L e m m a 5. Given x 6  T(A/), there are unique curves {Cn.x(7‘)}^ o  satisfying 

I- Cn.x(T) is a branch o f  q f n o qT o <?£+1(x).

5. C n . x ( 0 ) = C n - l ^ ( l ) .

3. Co.x(0) =  X.
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Proof. The curve ~ >—+ (<7q+ i(x. r )  is contained in r(/cnA/) x / .  Hence by the 

Lemma 4, there is a unique curve r  r\„,x(r)  such that qT(qnjc(r )) =  9o+1(x ) 

and r/n.x(0) =  q$(x). Doing the same computation as in the proof of the 

Lemma 4. we know

- ! „ . x ( r ) e r  ( k \ \ i - j - c )

Applying Lemma 4 and induction on n, we see that there is unique curve 

Cn.x(r ) C T(/?) satisfying conditions (l)-(3). □

To show the theorem, we have to prove that

OC

]T leng th (C n .x ) <  oc.
n=0

Lem m a 6. length(qnx̂) <  C 2.

Proof. Differentiating qr (qn.x(r)) =  <7o+1(x) with respect to r  gives

rln . x ( T ) ~  ( ^ n B . i ( r ) 9 r )  P {*]n . x ( 7' ) ) -

Lemma 2 (1) and (3), together with the inequalities give

11*7^)11 £  C\\VnA T )\\1- kC\\qnA T )\\k- 1 =  C 2.

□

Lem m a 7. length(Cn,x) <  Cn(1- fc)+2ec^n- I+2n(*-1»||x ||l -*n.
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Proof. We need an estimate on ||(<̂ ,7n.x7")_ I |[- 

The inequality 4.2 gives

( £ ' c l |y | |) ‘ " <  l l t f ( y ) l l  <  ( e c l |y | | ) tn  (4 .5 )

for any y 6  T(R).

From q.(r]nx) =  <7o+l(x) and the inequality above, we get

( e c | l 7 n . x l l ) 1  >  l l ? . ( 7 . , , ( - ) ) l l  =  K + ' ( * ) l l  >  ( ^ I M I ) * ” '  ■

which gives

Il7 « (r) || > e -c (£' c | | x | | r .  (4 .6 )

Lsing the opposite inequalities of 4 .5  in the same way we see

H’fcjtMII <  «c (ec M ) * - .

Let z =  Cn.x(T). and zy =  q((z) for j  =  0 , . . .  , n — 1. From the equation

ql J{zj) = r}ntX(r) ,  the  inequalities 4.5 and 4.6 above, we have

( e C M ) * ~ ’  >  l l r f - ' ( Z i ) l l  =  I l 7 n . * ( r ) l l  >  e - c ( e - c | | x | | ) ‘ " ,  

which gives

IN,II >  .
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Now from Lemma 2 (1 )  and the chain rule, we get

<n-l  ̂ l~k

(n ciMj <4-7)

<  ^ n c<r<2+‘' icM ‘’)  <4-g )

=  C n(1_A',eC(fc’, ~1+2n(fc_I),||x ||1-fcn. (4.9)

From the equation <?*(Cn.x(")) =  and the mean value theorem, the

result follows. □

Now we are in a position to prove the theorem 6. Fix a big enough

M. V llxll >  M . we see that the series

Y  length(C„.x)
n=0

is convergent. So the limit

— h m n_ooCn.x( 1)

exists, and define a continuous map in x 6  A'ojif- Recall th a t qo =  p*, q\ =  p, 

by definition we know th a t Cn,x(l) is a branch of p- (n+1) o p£+I(x), so we get 

4>opk =po<j>. We also see that

C ,(C „(1 )) =  A ^ G r(P kM ) =  j i r r  « ?* .(» (* )) +  O ( ') )  =  G „(x ) +
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which gives (^ (o fx )) (x). This is the first half of part (4).

Further, reversing the roles of q0 and qi gives that o  is a homeomorphism 

from Ao„u to A'iji/. This proves (1) of the theorem.

The fibers of ~Pk are of course straight lines, and since <f> is auniform limit 

of analytic maps on each fiber, the limit is also analytic, and preserves the 

fibers. Parts (2) and (3) follows. As for the second half of part (4), it can 

be easily seen when o  is restricted to a fiber through a periodic point of h 

. then using the density of periodic points in J [ h )  and the continuity of o  

gives the second half of (4). □
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Chapter 5

Convergence to u>p

In this chapter, we give a generalization of Brolin-Lvubich theorem for non­

degenerate polynomial endomorphisms of C2.

5.1 Precom pactness

We require the following theorem in the sequel.

T h eo rem  7 (H a r to g ’s th e o rem  [Horn]). Let i/j be a sequence of subhar­

monic functions in a connected open set X  C BP which have a uniform upper 

bound on any compact subset, then

1. if  i/j does not converge to —oc uniformly on every compact set in X ,

47
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then there eiists a subsequence i/jm which is convergent in L)oc(.Y).

2. i f  v  is a subharmonic function and Uj —► u in Liocnx)> then lim supi/j(x) <

generally, limj—oo supK(i/j — g )<  supfc(v — g) fo r  every compact set I\ 

and every continuous function f  on I\ .

part (1) can be weakened a little and rewritened as follows:

If i/j does not converge to —oc uniformly on every Dm, m =  1.2. • • •. where

{Dm} is a sequence of compact subsets of A' and satisfies that U^=1 interior(Z)m) 

A', then there exists a subsequence uJm which is convergent in L\oc{X).

We will use this version in the sequel.

L e m m a 8. Let p €  Vk-u € C(C2), then (un :=  u(pn) /k n}'^Ll is precompact

in L U C ? ) and i f  un, converges to u, then u < Gp.

Proof We see that

u(x) , x  € A' with the two sides equal and finite almost everywhere. More

Remark. From the proof of the Hartog's theorem in [Horn], the condition of

=  ^T“ (Pn) 

< p r ( i o g | | p n !l  +  0 ( i ) ) (5.2)

(5.1)

(5.3)
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5.2. CO NVERGENCE TO THE CANONICAL C U R R E N T  49

To prove the lemma, by the remark preceding this lemma, it suffices 

to show that no subsequence u„t converges to —oc uniformly on each set 

B r  =  {||z || <  /?}, where R  is so large tha t p~1{ B r )  C B r  and K p C B r .  

Indeed, by corollary 1 we know that K p is not a pluripolar set. and therefore 

there is a point Xo G K p such that u(x0) ^  —oc. Moreover, there are points 

yn G K p such that pn(yn) =  Xo. Given any subsequence {n,}, we see that 

Un.b'n.) =  ^ -u (x 0) does not converge to —oc.

Now suppose that u„t converges to u  in Z ^ fC 2). then by inequality 5.1. 

we see that v  < Gp. □

5.2 Convergence to th e  canonical current

Suppose p G Vk~ and h = p|II. It is easy to see that J { h )  C J ( p ) , ^ r{h) C

HP)-

P ro p o s itio n  9. I f  J ’(h) CU. then J { p )  has no interior point.

Proof. Suppose to the contrary that J (p) has interior points and write B  for 

the interior of ff{p),  the B  is contained in C2 and unbound. Fix a complex 

line L which passes through the origin and a point in T h .  There exists a 

neighbourhood D  of H  in P2 such that p(D) C D and the distance between L
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and B n D  is positive. Choose a projective linear transformation .4 of P 2 such 

that .4(Z.) =  II. We see that A(BCiD)  is a bounded open set in C2 and satifies 

.4o p o .4 -1(.4(f?nZ))) C A(BC\D).  which implies A ( B D D )  C !F{Aopo A ~ l ). 

The conjugacy invariance of the Fatou set gives B  fl D  C F{p)* which is a 

contradiction. □

Because T{h)  C F(p)  and J { h )  C J{ p ) ,  ever}' component of f ( { )  must 

be contained in a component of lF[p). If a component U of J~{p) contains a 

component of T{h).  then U is dynamically well understood. Therefore we 

give the following

D e fin itio n  11. A component of lF{p) \  K p is said to be nice if it contains a 

component of T{h).  otherwise it is said to be exotic.

P ro p o s it io n  10. I f  h is hyperbolic, then there is no exotic component in 

F{p).

Proof. This follows from the proof of Theorem 1. □

VVe propose the following problem: Does there exist any exotic component 

for any p  €  VC-
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T h eo rem  8. Let T  C P 2 \  I \p be an algebraic curve o f degree I which does

not contain II and does not go through any superattractive periodic point o f

h. We have

1. I f  h is hyperbolic, then

(5.4)

2. I f  h is not hyperbolic, we also require that J h  C II, T  fl f f{h)  (if  not

still holds true.

Proof. Suppose T  is defined by a homogeneous polynomial o. By the Poincare- 

Lelong theorem, we see that

In order to prove the theorem, it suffices to show that un :=  p^j log \6{pn)\ 

converges to Gp in L}oc(C2). Applying Lemma 8 to j- log |<p|, we see the 

sequence un =  pry log |d»(pn)| is precompact in ^ ( C ? ) .  Now assume un, 

converges to a plurisubharmonic function v. Lemma 8 gives v < Gp. Claim: 

if we have

empty) consists o f repelling periodic points only, then the equality above

(pn) ' ( T ) = d d ‘ log |d>(p")|.

v =  Gp (5.5)
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on F (p)\E n< C ?\l\p where E  is a nowhere dense subset of !F{p). then v = Gp 

on C2. Indeed, by Proposition 9, J {p )  has no interior point, which gives

V z€  ( E U  J ( p ) ) n C 2, 

v(z) =  lim supu(y)
y—2

>  Iimsup r(y) 
y€J"(p).y—i

=  lim sup G'p(y)
y€f(p).y—z

= Gp(z)

combining this with lemma S gives v =  Gp on C2 Kp. Since T  lies off I\ p. we 

see f|Ap =  0 =  GP\I\P. which shows the claim.

Let U be a component of ^F(p) \  I \p.

(1) If A is hyperbolic, by Proposition 10, U contain a component of f { h ) .  

therefore U is eventually periodic. W ithout loss of generality, we can assume 

th a t U is a  fixed component due to the fact that G>(p(x)) =  kGp(x)). T  

might go though the fixed point z0 6  U or not. We are going to deed with 

those two cases separatively:

(1.1) zo € T:
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Thus given a compact subset Y  C U. we see that pn{Y)  accumulates on 

the fixed point Zq and is eventually far away from T.  It follows that there a 

constant C  >  1 such tha t for big enough n, on Y,  we have

g r l l P l '  <  K p “ )I <  c |Ip " | | '

which gives v =  Gp on Y .  hence on U.

( 1 .2 ) z o € r :

Since T does not go through any super-attractive periodic point, zq must 

be an attractive fixed point.

Let [r0 : Zi : r 2] be the homogeneous coordinates of IP2 and assume 

z0 =  [0 : 0 : 1]. In C2 =  {r0 ^  0}. the inhomogeneous coordinates (x .y ) 

satisfy:

*1  - 2x = — .y  = —
-o —o

To get a close look at the behaviour of p neax Zo, we make use of the 

inhomogeneous coordinates in V  = { 2 2  ^  0}:

Zq Z \u =  —, v =  — 
z2 z2
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In V' D C 2, we have

v 1 i ’ fitx = - , y  = -  (0.6)
u u

W rite p ( x , y ) =  (p*l , (x. y ).p (2*(x, y)) in C2. Thus near (0.0) (the point 

Zo) in the coordinates (u. v) of V*. p takes the following form(we denote it by 

p(u.r)):

, * , 1 p(1)( i- /u .l /u )
p(2'( r /u .  l / u ) ' p*2)(u/u, l /u )

=  ( uk Pk](v ’ !) +  u*rx( r /u ,  l /u )
ukp W(v / u .  l /u )  p ^ \ v .  1) -+- ukr2( v /u . l /u )

=  (ukrj(u. v) .h(v)  +  uC(u.u)). (5.7)

where pj^ is the homogeneous part of p(t) of the highest degree k , r, =  

p(,) —p^Kt  =  1,2. both t ) ( u . v )  =  l / (ukpW{v/u,  l /u ) )  and

^ _  u*~lr i ( r /u ,  l/u)pLa>(y, 1) ~  u ^ r ^ v / u ,  l /u )p j1)(u, 1)

Pfc2,(v» !) +  ukr2(v/u,  l /u ) )

are ana lytic neax z0 =  (0,0).

Since A :=  h'(0) ^  0, there exists a sufficient small num ber e > 0 such

that if the point (u,u) satisfies

|u| <  e2\v\ < c3, (5.8)
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then we have

\ukT](u. r ) | <  t 2\h(v) +  u£(u,  u)| <  e3 

We write pn{u, v ) =  (u„, y„)n =  1 ,2 ,--- . Set

ci =  m ax{ |^ (u .r) | : |u| <  e2|u| <  e3}

c2 =  max{|(,'(ti.u)| : |u| <  e2|u| <  e3}

c =  max{c!,c2, 1}

Without loss of generality, we assume that ec <  1 and |h(v) — A'(0)i?[ < ev if 

|u| < e2|r | <  e3.

Thus by direct computation, we see that if |u| <  c2|r | <  c3, then

l“n| <  M * "  (5.9)

<  |ce2u|*n (5.10)

<  |c c 2 (A  -  e)-nvn\kn (5.11)

By the strong stable manifold theorem (see [HPS], page 56), there exists

a local strong stable manifold 5 ^  through Zo such that each point off in
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a neighbourhood of z0 will eventually satisfy the inequality (5.8). therefore 

eventually satisfy the inequality (5.11).

Now let us go back to work with C2 where the  inequality (5.11) under 

the transformation (5.6) becomes

ll/nl <  |ce2(A +  e) nxn|1+I/(*" n =  1.2, • • • . (5.12)

where (xn,yn)  =  pn( x .y ) .n  =  1.2. - • •.

That pn{x,y)  converges to z0 =  [0 : 0 : 1] implies

—  —+ 0, as n —+ oo. (5.13)
I/n

Write <p(x, y) =  Y ,i+]=k aHxiyj +  £<+;<* aHxiVj ■

Combining (5.12) and (5.13), we see that on any compact subset Y  C 

U \  U£L1p~n(SI0), the following equalities hold true:
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lim £ T lo«l<>(pn(j%y))l =  lim t~ log| V  | (5.14)
n — o o  /C n — c o  /C * -  «t+j=i

=  lim rjj- log |x*t/£°| =  lim -j-  log |xn|
n — o o  AC n — *00 AT

=  lim log |yR|
n — 0 0  At

=  I i m  i l o g l K r » ^ n ) | |
n — 0 0  At

=  lGp{x.y),  

where io.jo in the second equality satisfy

*o +  jb =  Ljo  =  max j .
1 + j= l.a ,} neO

Note: In the proof we only use the property that the multiplier of an 

attracting point is not equal to 0, so we will apply the argument above to 

indifferent periodic points in the sequel.

(2)If h is not hyperbolic, let U be a component of F(p)  \  K p. There are 

two possibilities.

(2.1)17 is an exotic component. Then since T  D J ( h )  (if not empty) 

consists of repelling periodic points only, every point off the stable manifolds 

o I T D j (p) will eventually go away from T  under iteration. We can prove 

that equation (5.5) holds true on U in the same way as in paxt (1.1).
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(2.2) U is a nice component. As in part (1), we can assume that U 

is a fixed component. If U fl IT is a attracting or parabolic component of 

F[h),  then the proof is the same as in part(1.2). If U C\ II is superattracting, 

then by assum ption T  does not pass through the superattracting point in 

U fl II, therefore equation (5.5) follows on U as in part (1.1). We are left 

with the case that U is a fixed Herman ring or Siegel disk. If T  is disjoint 

from U. then of course the equation (5.5) is true on U. Now suppose that

T  intersects U fl II at the point xo- Let Ox =  {hn(x) :n  = 1 ,2___}, for any

x 6 U H II. We know that Ox is a circle. By applying Theorem (5.5)(the 

strong stable manifold theorem for an invariant compact subset) of [HPS], 

we have that there is a local stable manifold S x for each point x €  U fl II and 

5X is a Riemann surface. Now set E  =  U£L1p~n(Ux6oI0‘Sx); we see E  is 

a nowhere dense subset, and that for any point x 6  U,  the sequence pn(x) 

will eventually far away from 0 XQ. It follows that equation (5.5) holds true 

on U \  E  as in part (1.1). □

Remark: if T  goes through a superattracting periodic point z0 of order 

k  of h, then there is a  constant C  and small enough 50 such that for any 

0 < S  < So, the mass of (pn)“(T) on Bs{Zo) is bigger than fcnC£2, which 

implies that xo is in the support of the current limTl_ 0o ~ ( p n)’ (T).  But we
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know that the support of is J{ p ) .  So these two currents are not the same.
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Chapter 6

The geom etric structure o f  ujp

In this chapter, we apply the results from the previous two sections to give a 

geometric description of the canonical current uip associated to  a map p 6  "Pk 

in 9.P(M ).

6.1 The geom etric structure o f ujp

By Corollary 3, we know that if h is hyperbolic ana M  is sufficiently big, 

then J{p)  fl fip(M) is foliated by Riemann surfaces Lx, where x ranges over 

J{h) .  We have

60
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T h e o rem  9. Suppose p £ Vic and h = p\H is a hyperbolic rational map. then

u.V|%( M)  = f  f  dpk;
JxeJ(h) J lx

more precisely, fo r  any smooth 2-form ^  with the support contained in QP(M) ,  

we have

f  f  ¥ d p h. (6 . 1)
Jx€J{p) J l x

where ph is the Brolin-Lyubich measure o f h.

Proof. We must first make sense of the right side of equation 6.1. Suppose 

y  is a smooth 2-form with the support of ,? contained in ftp(0). we see that 

the integral f L is a continuous function in both x and in <p. Therefore the 

integral f x€j (k) makes sense and defines a (1.1) current. W rite 0

for this current.

Recall that f f{h)  has a neighbourhood U =  W  x D such that p is expand­

ing in the horizontal direction. Now fix a  point xo € J{ h) ,  choose a complex 

line in P2 \  K p through x which is transversal to every horizontal leaf of U. 

Fix a big enough M  such that T  H f!p(M ) C U.

Since p is expanding in the horizontal direction of U , we see

Km =  J t a
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Define probability measures fin = jpr I3/i"(y)=xo on w^ere denotes

the Dirac measure concentrated on y. By the Brolin-Lyubich theorem. p n 

converges to It is easy to see that

which gives© =  Iim7l_ cc ■pr{pn) ' (LXo). By the theorem S. u:p =  lim ^oc pr (pn )’ (T).

If p is sufficiently close to its highest homogeneous term pk, by Corollary 

4. we know that J{ p )  fl Qp(0) is foliated by Riemann surfaces Lx where x 

goes over J' (h).  Therefore, we have the following theorem:

T h e o re m  10. Suppose p € "Pt and h =  p|II is a hyperbolic rational map. I f  

p is sufficiently close to pk as in corollary 4, then

more precisely, fo r  any smooth 2-form <p with the support contained in fip(0), 

we have

JxeJ(K) I I ,

The result follows. □

ixG J(p) h ,
(6 .2 )

where is the Brolin-Lyubich measure o f h.
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Proof. By Corollary* 4 we know that the integral f x€j lh) f Lx ‘rdfih makes sense 

and defines a (1.1) positive current on f>p(0) =  P2 \  I \p. We still write 0  

for this current. From Theorem 9 we know that up =  0  on Ftp( M)  for 

large enough M.  We also have that p“(u!p) = kup. So in order to prove the 

theorem, we just need to show that p '( 0 )  =  kQ. To do so, we make the 

following observations:

(p*(0).^ ) =  (0 .p .(^ ) )  =  f  f  p,(sp)dpA=  f  h.{ f  =  f  f  vdh' i f ik)
J x s j ( p )  J L x J x € J ( p ) J l x J x € J ( p ) J L x

(6.3)

The fifth identity' follows since fi'(p^) =  all the other identities follow 

just by the corresponding definitions, which gives

p*(0) =  kQ.

□
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