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Abstract

On the Dynamics of Nondegenerate Polynomial

Endomorphismis in two dimensions

by

Guiai Peng

Advisor: Professor Dennis Sullivan

The main purpose of this work is to investigate the dynamics of non-
degenerate polynomial endomorphisms of C? (A polynomial endomorphism
of C? is said to be nondegenerate if it can be holomorphically extended to
P?). It is shown that if the restriction to the line at infinity of a nondegener-
ate polynomial endomorphism p of C? is hyperbolic, then p is conjugate to
its highest homogeneous term restricted to the intersection of the Julia set
J (p) and a neighbourhood of the line at infinity. We describe the geometric
structure of the Julia set and the canonical current associated with p near
the line at infinity. We also generalize the Brolin-Lyubich theorem for any

nondegenerate polynomial endomorphism of C2.
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Chapter 1

Introduction

The main purpose of this work is to understand the dynamics of nondegerate

polynomial endomorphisms(defined later) of CZ.

1.1 Some background knowledge

Around 1920 Fatou and Julia initiated the theory of iterated rational maps

h:P!— P!

1
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CHAPTER 1. INTRODUCTION

(V]

on the Riemann sphere. After them the theory of 1-dimensional complex
dynamics remained undeveloped for almost fifty yvears. Due to Douady and
Hubbard [DH1-2}, Mandelbrot [Ma] , and Sullivan [Su2-4], among others, the
study of 1-dimensional complex dynamics has made great progress since the

beginning of the 1980’s.

As a natural generalization of the iteration theory of rational maps to
higher dimensional cases, we can study the dynamics of holomorphic endo-
morphisms of a complex projective space P™ or C*. By the introduction of
the potential function and the corresponding (1,1) closed positive current
by Hubbard{Hu] , Hubbard and Papadopol[HP] and Sibony[BS1], higher di-
mensional complex dynamics has made rapid development. Friedland and
Milnor(FM], Bedford and Smillie(BS1-5], Fornass and Sibony[FS1-5] and
Ueda[Uel-3] contributed much to the study of 2- dimensional complex dy-

namics.
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1.2. THE PROBLEM 3

1.2 The problem

Given a holomorphic endomorphism f of P™, it can be lifted to a nondegen-
erate homogeneous polynomial endomorphism F of C**!. We can define the
Julia set J(f) and Fatou set F(f) of f as in the one dimensional case. In
higher dimensions the introduction of potential functions and positive cur-
rents is very useful. Following Hubbard and Papadopol[HP], we define the

potential function of F as follows:

Hr(z) = lim -klzlog IF™(z2)l| for any z € C**!

where k is the degree of F. and the right hand converges uniformly on any
compact subset of C**' \ O. Also define w; = dd°Hr. w; depends only
on f and is a closed, positive (1,1) current(we will discuss the notation and
statements in detail later). wy is called the canonical current associated with
f-

There is a close relation between wy and J(f). Ueda [Ue2], Fornzss and
Sibony [FS2] proved that support(ws) = J(f).

As in the one dimensional case, the classification of the Fatou components
and the analysis of the structure of the Julia set are the two most important

problems to solve in higher dimensional complex dynamics. The second one
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4 CHAPTER 1. INTRODUCTION

can be done via the study of the canonical current. The main purpose of this
work is to investigate the canonical currents and describe their structure for

some nondegenerate polynomial endomorphisms of C2.

1.3 Summary of the results

We look at P? as the compactification of C? by adding on the line II at
infinity . A polynomial endomorphism of C? is said to be nondegenerate if
it can be holomorphically extended to P2. So a nondegenerate polynomial
endomorphism of C? can also be thought of as an endomorphism of P2. Let
p be a nondegenerate polynomial endomorphism of C%. Set K, = {z € C* :
{p"(z)} is bounded in a neighborhood of z}. The set K, is similar to the
filled-in Julia set in one dimension.

Define

Go(2) = lim - logllp™(@)  for any z € €,

then dd°G, is a (1,1) closed positive current. Actually we will show that
this current is the restriction to C? of the canonical current w,. Since G, is
continuous, w, puts no mass on any algebraic curve. So we will not distinguish

between dd°G, and wj,.
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1.3. SUMMARY OF THE RESULTS 5

In chapter 2. we introduce some general notations about holomorphic en-
domrphisms of P? and currents on a complex manifold. The holomorphic
endomorphisms of P? are described and the canonical current associated to
a holomorphic endomorphism is studied. We also introduce some basic defi-

nitions for higher dimensional complex dynamics.

In chapter 3. we discuss the dependence of the dynamics on parameters
and the potential theory associated with a nondegenerate polynomial en-
domorphism and prove that G, is the pluricompler Green function(defined
later) of K, with pole at infinity. Consequently w A w is supported on the

Shilov boundary of A" by a result in [BT].

Chapter 4 concerns the structure of the Julia set of a nondegenerate
polynomial endomorphism, and by applying the Hubbard and Papadopol
idea for the generalization of Bottcher’s theorem in two dimensions [HP),
we show (Theorem 1 and corollary 1) that p|Q2,(M) N J(p) is conjugate to
el (M) N T (pr) for sufficiently large M if the induced map h on the line
at infinity by p is hyperbolic. Moreover, if p is close to pi, then the conjugacy
can be extended from Q,(0)NJ (p) to Q,,(0)NT (px), where k is the degree of
p and p; is the highest homogeneous term of p, Q,(M) = {z € P?: G,(F) >

M}.
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6 CHAPTER 1. INTRODUCTION

Fornaess and Sibony [FS2] proved that if a holomorphic endomorphism f
of P? of degree k has local topological degree < k—1 everywhere, then for any

closed, positive (1,1) current T

lim k—{n-(f’")'(T) = cwy for some constant c

This result in a way generalized the Lyubich Theorem [Ly] in one dimen-
sion to two dimensions. Since a nondegenerate polynomial endomorphism
has local degree at least k at each point of the line at infinity, the above-
cited theorem does not apply. In chapter 5, we study the similar prolems for
a nondegenerate polynomial endomorphism p. Recall that II is the line at
infinity. Let A = p|II. We get the following result:

Suppose J(h) C I, and let T be an algebraic curve of degree | which does
not contain II and does not go through any superattracting periodic point of
h. Also require that T N J(h) consist of repelling periodic points only(maybe

empty) and that T C P?\ K,. Then

lim 7:;(p"')'(T) = luw,.

If h is a hyperbolic rational map, this theorem holds true without the
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1.3. SUMMARY OF THE RESULTS
condition that TN J (k) consist of repelling periodic points only. We suspect
that the condition that 7N J(h) consist of periodic points only is superfluous.

Finally coming to chapter 6, we study the structure of the canonical
current. The point is to make the connection between the induced map A at
infinity and the map p. Applying some results in chapter 4 and chapter 5,
we show that if h is a hyperbolic rational map, then «, is a compler cycle
inside Q),(M) big enough A, in the sense of Sullivan [Sul]. More precisely,
J (p)N, (M) is foliated by Riemann surfaces L., where w ranges over J(k),

and for any 2-form > supported in Q,(/f)

ate)= [ [ odunw)
weT(h) w

where p, is the Lyubich measure associated with A.
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Chapter 2

A holomorphic endormorphism

of P" and its canonical current

In this chapter we describe the holomorphic endomorphisms of P* and study
the canonical current associated to a holomorphic endomorphisms. Most of
the material is taken from [FS2], [FS3], [HP] and [Ue].

8
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2.1. HOLOMORPHIC ENDOMORPHISMS OF P¥ 9

2.1 Holomorphic endomorphisms of P"

Let us first establish some notation and definitions. We define the Euclidean

norm of a point z = (2, 21,...,2,) € C**! by

Il = VEF TP AP

Recall that n-dimensional complex projective space P" is the space of all lines

in C**! through the origin. Let 0 denote the origin of C**! and 7 be the

natural map from C**! \ {0} to P™ and write 7((z0,21,.--,22)) = [20 : 21 :
-+ 1 2], where [z : 2 : - -- : z,] denotes the equivalence class represented by
(0. z1..-.,2a) and is called homogeneous coordinates for P™.

Definition 1. An algebraic variety is the locus in P" of a collection of ho-
mogeneous polynomials. In particular, a hyperplane is the locus of a linear

function. An algebraic curve is a one dimensional variety.

Definition 2. A holomorphicmap F : C* — C" is called a (homogeneous)poly-
nomial endomorphism (of degree k) if each component of F is a (homoge-
neous)polynomial (of degree k). A homogeneous polynomial endomorphism

F' is said to be nondegenerate if it satisfies that F~1({0}) = {0}.

Given two coprime homogeneous polynomials p,q on C**! with the same

degree k, we see that for any A € C\ {0} and any z € C**!
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10 CHAPTER 2. HOLOMORPHIC ENDOMORPHISMS

(z)
(z

p(Az) _
q(Az)

3

]
—

It follows that p/q defines a holomorphic function on open set {[z] € P":
q(z) # 0}. We call such a function a rational function (of degree k) on P™.

We need the following result in the sequel:

Theorem 1 (Weierstrass-Hurwitz Theorem). Every meromorphic func-

tion on P" is a rational function.
Proof. See [Gu]. O

Suppose that F is a nondegenerate homogeneous polynomial endomor-
phism of C**1, then F maps a complex line through the origin to a complex
line through the origin and therefore defines a holomorphic endomorphism

of P". Conversely, we have the following classical result:

Theorem 2. Let f be a nonconstant holomorphic endomorphism of P*, then
there erists a nondegenerate homogeneous polynomial endomorphism F of

C**! such that the following diagram commutes:
C\ {0} = C**1\ {0}

,1 l,

pr —_— pr

!
and F is unique up to multiplication by a nonzero constant.
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2.1. HOLOMORPHIC ENDOMORPHISMS OF P¥ 11
Proof. ([FS2])Let [z : z; : --- : z,] be homogeneous coordinates in P". We
can assume that the image of f is not contained in any (z; = 0)(otherwise
rotate coordinates). By the Weierstrass-Hurwitz Theorem it follows that
each of the meromorphic functions -:J)- o f is a quotient of two homogeneous

polynomials gl; of the same degree.

Let F denote the map (Fg, F1...., F,) where F;’s are homogeneous poly-
nomials of the same degree obtained by dividing out the common factor from
the polynomials 5;)_ [Ti=o Hi- We will show that F is a lifting of f to C*¥1.
For this we only need to show that the F;’s have no common zero except
the origin. Suppose to the contrary that p € C**! \ {0} is a common zero.
Choose a local lifting f = (fo. fi:---.fn) of f in a neighborhood of p. we
may assume that one of the f;’s is equal to 1. Say fo = 1. Then it follows
that F; = Fof; . By combining this identity with Fy(p) = 0 we infer that the
common zero set of the F}’s is a complex hypersurface, which implies that

they have a common factor, contradicting that we have already divided out

all common factors.

Now suppose that F is another lifting of f, then F and F map a line
to the same line. This implies that there is a holomorphic function g on

C**1 \ {0} such that F = gﬁ . By Hartog’s Theorem it follows that g can
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12 CHAPTER 2. HOLOMORPHIC ENDOMORPHISMS
be extended to C**!. Since both F and F are homogeneous. g must be a
homogeneous polynomial. Since the F;'s have no common zero except the

origin. g must be a nonzero constant. O

Definition 3. the (algebraic)degree of f is defined to be the degree of its

lifting F.

Assumption: the degree of each holomorphic endomorphism is > 2
throughout this thesis.
Remark. Since the lifting F of f is unique up to multiplication by a nonzero
constant, the degree k of f is well-defined. It is a result of Bezout’s Theorem
that the topological degree of f is k™.

We denote by F™ the n —times composition of F. Following Fornaess and

Sibony [FS3]. we introduce

Definition 4. Let f be a holomorphic endomorphism of P*,0 <! <n—1,
a point z € P belongs to the Fatou set F(f) of order [ of if there exists a
neighbourhood U of z such that for every w € U there is a complex variety
X through w of codimension [ and {f™|X,} is equicontinuous. Correspond-

ingly, Ji(f) := P™ \ Fi(f) is called the Julia set of order /.

For convenience, we just call Fo(f) and Jo(f) respectively the Fatou set
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2.2. THE CANONICAL CURRENT 13
and the Julia set, and denote them by F(f) and J(f). Also observe that
each F; is open and Fo C F1 C --- C Fa~; and correspondingly that each J,
is closed and Jo D J1 D -+ D Jn-1-

The same argument as in one dimension gives

Theorem 3. The Julia set of a holomorphic endomorphism of P™ of degree

2> 2 15 always non empty.
Example: Let f([t:z:w])=[tr:sF:w*]. It is easy to see that
J(f) = {1t < |z] = hel} U {|z] < [w] = [t} U {Jw]| < |t] = =]}

This example shows that Julia set in higher dimensions is not indecom-
posable as in one dimensional dynamics. and justifies the introduction of

hierachical definition of the Fatou sets and the Julia sets.

2.2 The canonical current

We first collect a few facts about currents on a complex manifold. For con-

venience we restrict ourself to domains 2 C C*, but since currents can be
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14 CHAPTER 2. HOLOMORPHIC ENDOMORPHISMS

defined locally and the definitions are independent of holomorphic change of
coordinates. the definitions work on any complex manifold. For detail. see
[NO] or [KI].

Let © C C* be open subset, let DI"™) denote the space of smooth com-
pactly supported in Q, (I.m) forms ¢ = Y ¢pydz! A dz7,|I| = L,|J| = m,
with the compact open topology. The dual Dy ) of D™ is called the space
of currents of bidimension (I,m). Let i = n —1[,7 = n —m;(z,]) is called
the bidegree of currents in D"™). A smooth (i, j) form a defines a current of

bidegree (1, 7) as follows:
a(d) = /a Ao for any ¢ € D™,

In this sense, a current is just a differential form with distributions as coef-

ficients.

Now let ¢ = Y ¢rsd=! A dz/ € D™, We set
¢=Y_ ¢rdz' Adz' € D™D,

and linearly extend it over D™ If ¢ = ¢, ¢ is called a real differential

form. In general we have
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2.2. THE CANONICAL CURRENT 15

Let T € D) and define T € D, by

T(¢) = T(d)-

IfT =T, T is called a real current.

We say that a real form is positive if it is a positive linear combination
of forms /=1¢; Ad1 A--- A /=1 A &, where ¢, . ... are smooth forms
of bidegree (0.1) with compact support. A real current T € Dy is said to
be positive if T(0) > 0 for any positive o € DU, By the Riesz theorem it
follows that the distribution coefficients of a positive current T are measures.

Recall that d = 343 and d° = /=1(3—8)/(2%). An upper semicontinu-
ous function u on Q with values in [—o0, 00) is plurisubharmonic iff dd°u is a
positive current. A subset E C € is pluripolar if there is a plurisubharmonic

function u which is not identically equal to zero such that £ C {u = —oc}.

Let M, N be two complex manifolds, g: M ~— N a holomorphic map, and
S € Dy,m}- It is well known that one can define the push-forward ¢.(T) of
a current T on M by duality if g is proper and one can define the pull-back
g~(S) by duality if ¢ is a submersion.

Let u be a plurisubharmonic function on C**! with the property: there
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16 CHAPTER 2. HOLOMORPHIC ENDOMORPHISMS

exists a positive constant ¢ such that
u(Az) = clog || + u(z) for any z € C**', A € C\ {0} (2.1)

The equality above implies that the current ddu can "descend” to a
positive current V" of bidegree (1,1) on P*, i.e., #=(V) = ddu; we call V the
descending of dd°u. It can be shown that every positive current of bidegree
(1.1) on P is obtained in this way(see [FS3]).

Given a holomorphic endomorphism f and a current T of P*, we can
define the push-forward f.(T) by duality. In general, we cannot define the
pull-back of a current by f since f is not submersion; but we can give an
ad hoc definition. For example, let T be a positive current of bidegree (1,1)
obtained by the descending of dd°u, where u is a plurisubharmonic function
satisfing ((2.1)); then we define f*(T') to be the current satisfying #=(f*(T) =
dd“u(F’), where F is a lifting of f. Since F is unique up to the multiplication

by a constant, f*(T') is well-defined.

Remark. If T charges no mass on the critical value set of f, then f* is dual
to f., i.e., f*(T)(¢) = T(f.(¢)) for any (1,1) smooth form ¢. See [FS3] for

details.

Now let f be a holomorphic endomorphism of P" of degree k and F be a
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2.2. THE CANONICAL CURRENT 17

lifting of f. since F is nondegenerate, we have
1 = miny || F(z)f| > 0
Set &, = mazy=||F(z)||. We see that
Sillzll* < |F(2)ll < &llzll* for every z € C**!

which gives for each z € C**!\ {0},

1
km-l

1 1
_ < — m -
o 108 81 < —log | F™ (2)]]

0 |F™(2)]| < o logdz (2.2

it follows that = log [|[F™|| converges uniformly on C**! \ {0}. Denote the
limit by Hr and set Hp(0) = —oo, then Hf is continuous in C**! \ {0},
plurisubharmonic in C**! and satisfies ((2.1)). Hf is called a potential func-
tion of f, which is unique up to an addition by a constant. Therefore dd°Hr
depends only on f. Let wy be the descending of dd°HF, and wq be the

Fubini-Study form, we see
X 1
Wy = mh_{fgo ‘k‘,;f' (wo)
and

[ (wy) = kwy
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18 CHAPTER 2. HOLOMORPHIC ENDOMORPHISMS

(See [HP] or [FS3] for details). w; is called the canonical current associated
to f.

Since 7*(ws) = dd°HF and HF is continuous off the origin, we can define
i-times wedge of w; via integration by parts for 1 < i < n. More precisely.
given a point x € P", there is a neighbourhood U, and a section o : U,
C**! such that wy|l; = dd°Hp (o), we then define w; Awy|U; by the following

equation:

/c;;/\w, Awy =/Hp(d)ddc<,’) Awy,

where ¢z is a 2n — 4 smooth form with compact support in U.. The left side of
the equation makes sense because wy is a form with measures as coefficients
and Hr(o) is continuous. Now there exists a finite cover UT., Uy, of P" and

a partition of unity {g;} associated to this cover; we just define

m
wr Awy = Zgjwf /\w;IU,:J.
=1

Inductively, we can define the i-times wedge of wy for 3 < ¢ < n. By
definition, w} is a positive functional on the space of smooth functions on
P", hence it is a positive measure, actually a probability measure(see [FS5]).
It is proved in [HP] and [FS3] that f.(w}) = w}. Fornaess and Sibony [FS3]

showed that w} is mixing and of maximal entropy.
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2.2. THE CANONICAL CURRENT 19

In the sequel. we need the following:

Theorem 4. Let f be a holomorphic endomorphism of P*, then the support

of wy is the Julia set J(f).

Proof. See [Ue2] and [HP]. a
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Chapter 3

The nondegenerate polynomial

endomorphisms of C?

In this chapter we are going to study the set K), and the function G, and
describe their relation. Most results of this chapter hold true in higher di-
mensions. For simplicity and consistence with the following two chapters, we
restrict ourselves in this chapter to the 2-dimensional case.

20
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3.1. SOME GENERAL DEFINITIONS AND RESULTS 21

3.1 Some general definitions and results

As is known in 1-dimensional case, every polynomial map can be holomor-
phically extended to infinity. But it is not the case in higher dimensions.

Therefore we give the following

Definition 5. Let p be a polynomial endomorphism of C? and write
P=pPr+pri1+---+po

where p; is a homogeneous polynomial endomorphism of degree i for each 0 <
: < k. pis called a nondegenerate polynomial endomorphism if the leading
term pi is a nondegenerate homogeneous polynomial endomorphism(Recall

that a homogeneous polynomial map F : C? — C? is said to be nondegenerate

if F-1({0}) = {0})-

Definition 6. An algebraic variety V' C P? is said to be an ezceptional

variety of a holomorphic endomorphism f if f~}(V) = V.

It is sometimes convenient to picture P? as the compactification of C?
obtained by adding the line II at infinity. In coordinates the inclusion C?
P? is (21,22) — [1, z1,2,]; II has equation (2o = 0), and the identification

IT ~ P! comes by considering the line at infinity as the directions in which
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CHAPTER 3. POLYNOMIAL ENDOMORPHISMS

[
(]

one can go to infinity in C2. Now we can characterize a nondegenerate

polynomial endomorphism of C? as a special endomorphism of P

Proposition 1. A nondegenerate polynomial endomorphism of C* is just
the restriction to C? of a holomorphic endomorphism of P? with the line at

infinity as an ezceptional variety.

Proof. Suppose p is a nondegenerate polynomial endomorphism of C?>. The
nondegeneracy implies that p can be continously extended across the line
at infinity. By the Riemann removable singularities theorem it follows that
the extension is a holomorphic endomorphism of P2. We still denote the
extension by p. Obviously, the line at infinity is an exceptional variety of p.

Conversely, suppose f is a holomorphic endomorphism of P? with the
hyperplane as an exceptional variety. By theorem 2 f has a nondegenerate

homogeneous polynomial lifting F : C® = C3. Write
F(z) = (fo(2), fi(2), fa(2)) for any z = (20,71,22) € C°

That f~!(IT) = II is equivalent to saying that fo(zo, z1,22) = 0 iff zo = 0. By
a direct calculation we see that fyo(z) = azf, where a is a complex number
and k is the degree of f; without loss of generality, we assume @ = 1. The

restriction of f to C* is the map p = (fi(1, 21, 22), f2(1, 21, 22)). We claim
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3.1. SOME GENERAL DEFINITIONS AND RESULTS 23

that the leading homogeneous polynomial map pi of p is nondegenerate. If
not, there would be a point z’ € C?,2’ # (0.0) such that pi(z’) = 0. But we
know that there is a map ¢ : C* — C® such that F(z0,2') = (=%, pe(Z’)) + 204;

it follows that F'(0.z’) = 0, a contradiction. (]

The proof above also gives

Proposition 2. A holomorphic endomorphism of C? can be continuously

extended to the line at infinity iff it is a nondegenerate polynomial endomor-
phism of C2.
I.emma 1. Let p € Py, then there exist constants C > 1.r > 0 such that

1

EIIXH" <lpM < Clixll* vxeC x> (3.1)

Proof. Write p = p; + p’, where p’ = px_; + --- + po is a polynomial endo-
morphism of degree < k — 1. By the definition, we know that
;' ({0}) = {0},
which implies
m = min x)|l > 0.
min (x|

Set M = max)y=; ||pe(x)||, then we have for any x € C? \ {0}

m < Ilm(“-::—”')ll <M. .
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24 CHAPTER 3. POLYNOMIAL ENDOMORPHISMS
Combining this with the homogeneity of p; gives
mlx]l* < flpe(x)|| < Mlix||* ¥ x € C. (3.2)

There is a constant m’ > 0 such that ||p’(x)]] < m’||x]|*"! V x € C%. Fix

r such that m' < 2= It follows that for any ||x|| > r,

SIxI* < milxll* — ]l (3.3)
< llpe(x) + P3|
< Ml + mflxl*!

< (M +m/2)llx]".
Choose C > 1 such that 1/C < m/2 and M +m/2 < C, we are done. [J

Recall that K, = {x € C*: {p"} is a bound sequence} Vp € P;.

Proposition 3. K, is a compact subset of C* for any nondegenerate poly-

nomial endomorphism p.

Proof. By lemma 1, we have [[p(x)|| > 2||x| if [|x|| = R := max{2C,r}.
Therefore the sequence p"(x) will go to infinity if |[x|| > R. Let Bp = {x €

C? : |lx|| = R}; then we see that

K, = N3Lop~"(Br)-
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which proves the proposition. O
For a compact subset ¥ C C*, the set
Y ={zeC" :|r(z)| < max [r] for any polynomial r}
is the polynomial hull of Y.

Definition 7. A open subset {7 of C* is polynomially convex if it satisfies

that for any compact ¥ C U.Y C (.

Proposition 4. Every component of the interior of R, is polynomially con-

vez.
Proof. Suppose Y is a compact subset of the interior of A}, define
Ys = {z € C* : dist(z,Y) < §}

We claim that (¥)s C ¥;. Indeed, let r be a polynomial and w € C2, flwl| £ 6

and x € )A/; Then
+ w)| < max 4+ w)| < max

which gives x + w € f’:;. Now choose sufficiently small § such that Y; is

contained in the interior of K,. In fact, given any point y € Y, we see that
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26 CHAPTER 3. POLYNOMIAL ENDOMORPHISMS

m < m < . R
2™ ()l < maxlp™(2)]| < gg}:llxn. Vm

which implies that y € A7, so (f")g C ﬁ C R, therefore Y is contained
in the interior of K. It is a well known fact that each component of a

polynomially convex open set is polynomial convex. a

3.2 The pluricomplex Green’s function

We will introduce the multi-dimensional counterpart of the Green function
with pole at infinity. To do so, we first introduce plurisubharmonic functions
with logarithmic growth.

Notation. Let psh(C") denote the space of all plurisubharmonic functions
defined on C". A function u € psh(C") is said to be of logarithmic growth
if (u(z) — log|lzl]) < O(1) as ||z|]| = cc. We denote the family of all such
functions by £(C"), or L if no confusion can arise. The family of all functions
u € psh(C") such that (u(z) —log||z|| = O(1) as |jz|| = oo will be denoted
by £+(C") or L if no confusion can arise.

Definition 8. For any set E C C", set

Ve(z) = sup{u(z) : u € L,u < 0 on E}.
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3.2. THE PLURICOMPLEX GREEN’S FUNCTION

the pluricomplex Green function of E (with pole at infinity) is defined as

Ve(z) =lim sup Vg(x).

X#Z.X—2

Example 1. Suppose that B(a,r) is the closed ball with center at a and
radius r. then the maximum principle and the fact that log* ”';r‘-u is a har-
monic function when restricted to a straight line through a and ||z — af| #r
give

Vaan(z) = log* 12221

Based on the same reason as in the example above, one can see that for

any compact L C C*

Vi (z) = sup{u(z) :u € L,,u < 0on A’}

Definition 9. A subset E of C™ is said to be L-regular at a point x € E if
VE is continuous at a. If E is L-regular at each point of B, then E is said to

be L-regular.

Definition 10. A set E C C" is said to be pluripolar if there is a function

u € psh(C™) which is not identical to —oo such that u|F = —oo.
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[
o

We collect the following well known results about the complex Green's

function. For details, see [KI].

1. E is pluripolar iff VE = 4oc. If E is not pluripolar. then Vg € L.

o

If Ey C E,, then Vg, > Vg,.

3. if E is bounded non-pluripolar subset of C™, then Vg € £*. In this case
ULE def (dd°Vg)™ defines a positive measure, which is called the complex

equilibrium measure for E. ug is supported in E and ug(E) = (27)".

4. VZ is a2 maximal function in C™\ E in the following sense: Given u € L.

if liminf,—og(VE — u)(z) 2 0, then VZ(2) > u(z) for z € C™\E.

Let p be a nondegenerate polynomial endomorphism of degree k, recall

that
Gy(z) = lim %n log* [Ip"(2)]], Vz € C*.

Proposition 5. G, is a continuous plurisubharmonic function on C? and

dd°G, = w,|C?.

Proof. Set P(t,z,y) = (t*,t*p(z/t,y/t)), we see that P is a lifting of p to

C? and G,(z,y) = Hp(1,z,y). Since Hp is continuous off the origin, G, is
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3.2. THE PLURICOMPLEX GREEN’S FUNCTION 29

a continuous purisubharmonic on C?. It is also easy to see that dd*G, =

wp|C2. O
Theorem 5. G, is the pluricompler Green function of K.

Proof. We claim that

1

£k, (P) = VK, (3.4)

In fact. since A}, is compact, thereisar > 0 such that K, C B(0, r), therefore
Vi 2 Vi, 2 Vagor 2 0.

Since p is holomorphic, [|p(x)|| = ||x[|* as [|x]| = oo and p~'(A}) = K,. we
see that ‘;V,(»P( p) € L, and is a maximal function in C?\ A),. Therefore for

any u € L, u|R, <0, we have tVi2 (p) > u , which gives
1 - . 3
‘EVI\',,(P) 2 V[\'p-

On the other hand, if u € L4, u|A} < 0, then fu(p) € L, and fu(p)|K, < 0,

which implies that

1

E"(P) < Vk,.
Taking the supremum over all such u gives

1
EVK’ (p) < Vg,
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30 CHAPTER 3. POLYNOMIAL ENDOMORPHISMS

By definition it follows that
1 = -
z VR, (P) S VR,

and equation (3.4) follows. Iterating . equation (3.4), we obtain that

1

VR (@) = Vi, (2)

The facts that |[p"(z)[| — > for any x € C?\ A}, and Vji(z) = log ||z|| + O(1)

give

Vi, (2) = Gy(2) for z € A,
therefore

Gy(z) 2 Vg (z) forz € C.
On the other hand. obviously,

Vi, (2) 2 Gy(2) for z € C?

which proves the theorem.

Corollary 1. K, is non pluripolar and L-regular.

Proof. This follows from the fact that G, is continuous.
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Corollary 2. p, = «, Aw, is supported in K.

Remark. Actually the support of g, is the Shilov boundary of A,. In other

words, the support W of y, is the smallest closed subset of K, satisfving
sup [g(z)| = sup |q(z)]
zes zeh,

for any polynomial q.

3.3 Dependence on parameters

The space Hj of all holomorphic endomorphisms of P? of degree k is a Zariski
open set of PY where N = %(k + 1)(k +2) — I([FS2]). It is easy to see that
the space P of all nondegenerate polynomial endomorphisms of C? of degree
k is a complex subvariety of dimension 3(k + 1)(k + 2). We endow P; with
the metric induced from the Fubini-Study metric of P2. When we want to let
p depend on a parameter, we write p) instead of p, where A = (Aq,....A,)

consists of the coefficients of p. We will also use the notations K, G, instead

of Ky, , G,, respectively and so forth.

Proposition 6. The set K, depends semicontinuously on variable )\ in the
sense: for € > 0, K lies in an e—neighbourhood of K, if A is close enough

to /\o.
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32 CHAPTER 3. POLYNOMIAL ENDOMORPHISMS
Proof. Fix Ag and we can find r > 0.C > 1 such that for ||x|| > r. andX close enough tok.

we have

lea(x)1| 2 Clix|l-

Hence for x € C2. if ||x]| > r, then x is not in A\ for A sufficiently close to
Ag. For any € > 0 there is a n > 0 with the property that if dist(x. A}, ) > €.
then p} (x) lies outside of the ball B.. Since n must have this same property

for A close enough to Ag. A’y must lie within a e—neighbourhood of A, O

Proposition 7. The map (. r) — G.i(z) is plurisubharmonic and the cur-

rents @y vary continuously.

Proof. By equation (2.2) we see that for A in a relatively compact open set,

the convergence of 2 log [|p3(x)|| to Gy is uniform in A and x. O
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Chapter 4

The stability on the Julia set

near infinity

In this chapter we are going to study a family of nondegenerate polynomial
endomorphisms with hyperbolic induced map on the line at infinity. We
prove that each endomorphism in this family is stable on its Julia set near
infinity.

33
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34 CHAPTER 4. THE STABILITY ON THE JULIA SET

4.1 Local fibration of Julia set

Let pr : C* — C® be a nondegenerate homogeneous polynomial map of
degree k inducing a hyperbolic rational map k. As is known [DH], J (%) has
a neighbourhood W™ C II with A~}(W) & W and 4 is expanding with respect
to the Poincare metric p on W in the sense that there are ¢ > 0 and 6 > 1

such that

p(h(x). h(¥)) < dp(x,¥) (4.1)

for any x.y with p(x.v) <e.

By shrinking V. we can assume that W has a tubular neighbourhood
"= W x D where D is a disk and p can be extended to U such that h is
expanding with respect to p in the horizontal direction of U. Write C(W)
for =71 (W)U W where =y : C? \ {0} — P! is the natural projection.

Let p’ : C* — C? be a polynomial map of degree k—1 and set p = p’+ pi.

Also set
Xar = {x € Qp(M) : p"(x) € C(W) for all n}.

Proposition 8. Suppose that h = p|Il is hyperbolic, then for any sufficiently

large M, there is a unique mapping ©r, : Xps — J(h) such that 7,| T (h) = id
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4.1. LOCAL FIBRATION OF JULIA SET 35

and the diagram

e 14
Xar — Xy

* l o l

J(h) —— J(k)
commutes.
Proof. We are going to make use of Sullivan’s e-telescope argument([Su3]).
Define an e-telescope on J(k) to be a sequence of compact subsets V, C
A=Y (W) e W.i=0.1..... of radius < € such that ~A(V;) D V.,;. Then for €
sufficiently small. the intersection N h~*(V;) consists of a single point since
h is uniformly expanding on H". Denote this single point by z.

For a sufficiently large M we have Xy, C U, and for any x € Xy, the
sequence p"(x) tends to J (k); otherwise it would converge to some attracting
or superattracting periodic points of k and eventually lie off C(W"). Therefore
we can choose € small enough andAf big enough so that for any x € Xyy. the
intersections A~ (W) N B(p"(x)) (where B,(p"(x)) is a ball of radius € with
center p"(x) with respect to the Fubini-Study metric on P?) are compact
subsets of A~'(W) and form an e-telescope. Define m, : Xy — J(h) by
setting m,(x) to be the point specified by the telescope.

This map is obviously continuous, satisfies 7,|J (k) = ¢d and makes the

diagram commute.
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36 CHAPTER 4. THE STABILITY ON THE JULIA SET

As for the uniqueness. suppose that 7’ : Xy — J(h) satisfies: /| T (h) =
id. 7' op = ho='. the second condition clearly implies that =’ o p"(x) = A™ o
7'(x), which gives for large enough M that #'(x) € A~"(h~}(W) N B,(p"(x)))
for any n since #'|J(h) = id and p*(x) tends to J(h). It follows that n'(x)
is the point specified by the telescope and we get =’(x) = m,(x). We are

done. O

4.2 The stability theorem and its corollaries
It is easy to see that for any M > 0,

J(pr) N Qp (M) = {x € Q, (M) : pi(x) € C(W) for all n};
we write Xg s for this set and X as for Xyy.

Theorem 6.

1. There exists M > 0 and a unique homeomorphism
¢: Xom = Ximr
conjugating px|Xom to p| X1 M-

2. The fibers of m,, and =, are Riemann surfaces.
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3. The map o satisfies =, = 7, 0 9, and ts analytic on the fibers.
4. Gp(d) = Gy, and o(x) = x + o(x) as x — oc for x in a fiber and.

Corollary 3. J(p) N Q,(M) = Xy a1, and J(p) N Q,(M) is foliated by Rie-

mann surfaces.

Proof. Every point x € X,y accumulates on J(k), while every point y €
Q,(M) \ X, ar will converge to some attractive or superattractive periodic

point. so J(p) N (M) = X .. a

Corollary 4. If p is sufficiently close to pi in Pi, then o can be ertended
to @ homeomorphism from J(p) N Q,(0) to J(pe) N, (0) and the extension

still satisfies (1)-(4) of theorem 6.

Proof. Since the interior of A, is the superattractive basin of the origin,
there is compact set B C interior( A}, ) such that the set J := C(W)\ B is
disjoint from the critical set of p; excluding II and satisfies p;!(J) € J.
Now if p is sufficiently close to pi, then by shrinking W and enlarging
B we can assume that J = C(W) N P?\ B is disjoint from the critical set
of p excluding II and satisfies: p~!(J) € J. The complete invariance of

J (p) NQp(0) implies that J(p)NQ,(0) C J. So we can first lift leafwise ¢ to
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J(p) N Qp, (M/E). then to J(pi) N Qp, (M/k?). and so on. Of course. this

extension satisfies (1)-(4) of theorem 6.

O

Suppose q € Px and write ¢ = ¢’ + gk, h’ = q|II where ¢’ is a polynomial
map of degree < k — 1 and gqi is the highest homogeneous term of q. If
q is sufficiently close to p. then A’ is sufficiently close to A and therefore
hyperbolic. Moreover. by applying Sullivans e-telescope argument, we see
that A’|J(h’) is conjugate to h|J(h). By theorem 6 this conjugacy can be
naturally extended to one between ¢[7(q) N Q,(M) and p|T(p) N (M),

which gives the following

Corollary 5. If p is the same as in Theorem I and q € P is sufficiently

close to p, then for the same M as tn theorem 6,
1. There is a homeomorphism
¥: T (q) NQ(M) = T (p) N Qp(M)
conjugating 9|7 (q) N Qe(M) to p|lT (p) N Qp(M).

2. The map ¢ satisfies Gp(¢¥) = G,, 7p(¥) = m,, and is analytic on the

fibers.
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4.3 The proof of the stability theorem

In this section we are going to show theorem 6

Proof of Theorem 6. We first prove the uniqueness of ¢: suppose that ¢ is
a map satisfying (1)-(4). then the map ® = ¢7! o &' conjugates pe|T{px) N
Q,, (M) to itself. Claim: given any fixed periodic point x € J(h) of period
m. ® fix the line V; through x and the origin. In fact, fix a point y in V;: we
have p(Ay) = A" p(y).VA € C. and Q‘T\;l — | as A — oc. The uniqueness
of the conjugacy in the Bottcher's theorem implies that ¢ = id in the line
Vx. combining this with the density of periodic points gives ¢' = .

For the existence, we will attempt to give a meaning to the map

lim p™™ o pi7 (x).

n—oc
To do so. we must first make sense of the inverse map since every point has
k? inverse images counted with multiplicity.

Let g. = 7p' + pr. and make the obvious definitions of X, s. Of course
Xo.ar and X, f are the same as define before. The family of maps g, will help
us to pick up the inverse image p™™ o p*(x).

Set I'(R) = C(W)\ I N Q4 (R). We need some lemmas:

Lemma 2. There exists R > 1,C > 0 such that
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10 CHAPTER 4. THE STABILITY ON THE JULIA SET

1. On T(R) we have ||(dy)|| < C|ix||*~*.

2. The set T(R) is disjoint from the critical set of every q., and the subset

g7 (T(R)) is relatively compact in C(W) N (R).
3. On T(R). P ()] < Clix]*".

Proof. Part (1) can be seen as follows: use the formula for the inverse as
the matrix of cofactors divided by the determinant. The determinant A is
a polynomial with the highest term equal to the determinant of p.. Hence
there are M/ > 1.Cy > 0 such that |A(x)] > Cif[x||**=2 on T[(M). Now the
cofactors are polynomials of degree at most k& — 1, and the result follows.
Part (2) is obviously true for the map py, since p;' (W) @ W and p; is

homogeneous. Therefore it is true for all ¢. for big enough R. a

Lemma 3. The function G, = Gy, — Gy, is the restriction to I x C? of

continuous function on I x P2.

Proof. 1t is known [HP, FS2] that H, (i,z,y) = G, (z/t,y/t) + log|t| is
continuous on I x C°. Therefore H,, — H,, descends to a continuous function
on P? depending continuously on the parameter 7, the restriction to the finite

plane is just 5, a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.3. THE PROOF OF THE STABILITY THEOREM 11

We increase the constant C in the lemma 2 such that on C?
G —:C <Gy SGo +Cllogt x| -C <G, <log* |Ix]| +C  (4.2)
Choose M such that for any n we have
M—-——-—~-C>R (4.3)

Recall that I'(.V) = C(117) \ [T N Q (V).

Lemma 4. I. The map
n n n C n
g s qi(L(K"M — = = C)) = T(k"Mc ~ C)
is a covering map.
2. The map

gr X id: (gr X id) " (C(™ M) x I) ~s T(E™1) x [

s a covering map.
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Proof. (1) Given a point x € ['(k" A — % —C), by the inequality 1.2, we have

Gaoldi™(x)) 2 G (67 ()) ~ C (14)
= EI;Gq,(x) C
2 (Ga(x) - C) = C
> M- % - i—f— -C
>R

which gives
-n n C
q (D(E"M = = = C) CT(R).

By the lemma 2. the map above is proper and a local homeomorphism,
therefore it is a covering map.

The proof of (2) is similar. ||
Lemma 5. Given x € ['(M), there are unique curves {(nx(7)}2, satisfying
1. Gax(7) is a branch of 7™ 0 ¢r 0 ¢f+1(x).

2. (ux(0) = Cr1x(1)-

3. Cox(0) = x.
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Proof. The curve v +— (qg*!(x.7) is contained in (k™M) x [. Hence by the

Lemma 4, there is a unique curve 7 — 7, () such that ¢-(n.(7)) = ¢2*!(x)

and 7,.(0) = ¢j(x). Doing the same computation as in the proof of the

Lemma 4. we know
C
Mnx(7) € T(K"AM — == C)

Applying Lemma 4 and induction on n, we see that there is unique curve

Cnx(7T) C I'(R) satisfyving conditions (1)-(3). d

To show the theorem. we have to prove that

oc
Z length((ax) < oc.
n=0
Lemma 6. length(n,,) < C2.
Proof. Differentiating ¢-(nn.x(7)) = g7 (x) with respect to t gives
U:z.x(T) === (dnn.x(f)qa')—lp’(nn.x(T))-

Lemma 2 (1) and (3), together with the inequalities give

Ilfl,'u(f)” < C”ﬂn.x('r)nl—kC”ﬂn,x(‘r)”k“l = C2.

Lemma 7. leng‘lh(Cn,x) _<— Cn(l—k)+2ec(k"'l+2"(k'l”“X"l—k"_
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14 CHAPTER 4. THE STABILITY ON THE JULIA SET

Proof. We peed an estimate on ||(d,,,q7) 7!

The inequality 4.2 gives
(e™CyM*" < g2l < “llyD*™ (4.5)

for any y € I'(R).
From g¢-(7a.x) = q3*'(x) and the inequality above, we get

(lmmell) 2 llarmmx (NI = llgg* (o)l 2 (e~ xll)™"
which gives

Inax(m)] 2 € (e lx])*". (4.6)
Using the opposite inequalities of 4.5 in the same way we see

lIn.x(T)] < €€(e€Ix[DF".

Let z = (hx(7), and z; = q{(z) for j =0,...,n — 1. From the equation

477 (2;) = Tax(T), the inequalities 4.5 and 4.6 above, we have
(el 2 g™ () = lmme(7)l] 2 €™ (e™CIx[)*",
which gives

llz;ll 2 e~ x|
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Now from Lemma 2 (1) and the chain rule. we get

n=1 1-k
(dnmng?) ™"l < (H cuzju) (4.7)

7=0
o 1-k

< (H Ce"2+"”cllxll"’) (4.3)
1=0

_ Cn(l_k)eC(k"-l+2n(k-‘l))”x”l‘kn_ (4.9)

From the equation ¢} ((a.x(7)) = 7nx(7) and the mean value theorem. the

result follows. [

Now we are in a position to prove the theorem 6. Fix a big enough

M.V ||x|| > M. we see that the series

Z length(Cn.x )

n=0

is convergent. So the limit
.Q(X) = limn—ooc,Cn.x(l)

exists, and define a continuous map in x € Xg . Recall that go = pr,q1 = p,
by definition we know that (, (1) is a branch of p~("+!) o pi*!(x), so we get

@ o p; = po ¢. We also see that

1
GolGnal1)) = Ty Go(PE(x)) = T (Gin (i) + O(1)) = G () + )
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which gives G,(o(x)) = G,,(x). This is the first half of part (4).

Further, reversing the roles of gy and ¢; gives that ¢ is a homeomorphism
from Xg.ar to Xj ar. This proves (1) of the theorem.

The fibers of 7, are of course straight lines. and since ¢ is auniform limit
of analytic maps on each fiber. the limit is also analytic, and preserves the
fibers. Parts (2) and (3) follows. As for the second half of part (4), it can
be easily seen when ¢ is restricted to a fiber through a periodic point of A
. then using the density of periodic points in J(h) and the continuity of o

gives the second half of (4). O
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Chapter 5

Convergence to wy

In this chapter. we give a generalization of Brolin-Lyubich theorem for non-

degenerate polynomial endomorphisms of C2.

5.1 Precompactness

We require the following theorem in the sequel.

Theorem 7 (Hartog’s theorem [Hom]). Let v; be a sequence of subhar-
monic functions in a connected open set X C R™ which have a uniform upper

bound on any compact subset, then

1. if vj does not converge to —oc uniformly on every compact set in X,

47
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oY
N

then there erists a subsequence vj,, which is convergent in L} (X).

o

if v is a subharmonic function andv; — v in Li,a(x), then imsupy;(z) <
v(z),z € X with the {wo sides equal and finite almost everywhere. More
generally, im; . supy-(v; — g) < sup-(v — g) for every compact set K

and every continuous function f on K.

Remark. From the proof of the Hartog's theorem in [Hom], the condition of
part (1) can be weakened a little and rewritened as follows:

If v; does not converge to —oc uniformly on every D,,,m = 1.2.---. where
{Dm} is a sequence of compact subsets of X and satisfies that UX_, interior(D,,) =
. then there exists a subsequence v;,, which is convergent in L} _(X).

We will use this version in the sequel.

Lemma 8. Let p € Pr.u € L(C?), then {u, := u(p")/k"}>., is precompact

in L}, (C?) and if u,, converges to v, then v < G,.

Proof. We see that

tn = u(p") (5.1)
1

< —(log 7" +0(1)) (5.2)

<G+ Ok(,}) (5.3)
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5.2. CONVERGENCE TO THE CANONICAL CURRENT 19
To prove the lemma. by the remark preceding this lemma. it suffices
to show that no subsequence u,, converges to —oc uniformly on each set
Br = {||zl| £ R}. where R is so large that p~}(Br) C Bgr and A, C Bg.
Indeed, by corollary 1 we know that A, is not a pluripolar set, and therefore
there is a point xo € A, such that u(xe) # —oc. Moreover, there are points
¥n € K such that p*(ya) = x¢. Given any subsequence {n;}. we see that
Up, (Vn,) = k%u(.\:o) does not converge to —oc.
(C?). then by inequality 5.1.

Now suppose that u,, converges to v in L},

we see that v < G,. a

5.2 Convergence to the canonical current

Suppose p € Pk, and h = p|II. It is easy to see that J (k) C J(p),F(h) C

F(p)-

Proposition 9. If J(h) C II then J(p) has no interior point.

Proof. Suppose to the contrary that J(p) has interior points and write B for
the interior of J(p), the B is contained in C? and unbound. Fix a complex
line L which passes through the origin and a point in Fh. There exists a

neighbourhood D of H in P? such that p(D) C D and the distance between L
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30 CHAPTER 5. CONVERGENCE TO wp
and BN D is positive. Choose a projective linear transformation 4 of P? such
that A(L) = II. We see that A(BND) is a bounded open set in C? and satifies
AopoA~Y(A(BN D)) c A(BND), which implies A(BND) C F(AopoA~1).
The conjugacy invariance of the Fatou set gives BN D C F(p), which is a

contradiction. g

Because F(h) C F(p) and J(h) C J(p). every component of F(() must
be contained in a component of F(p). If a component U of F(p) contains a
component of F(h). then U is dynamically well understood. Therefore we

give the following

Definition 11. A component of F(p) \ A} is said to be nice if it contains a

component of F(h). otherwise it is said to be ezotic.

Proposition 10. If h is hyperbolic, then there is no exotic component in

F(p)-

Proof. This follows from the proof of Theorem 1. O

We propose the following problem: Does there exist any exotic component

for any p € Py?
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5.2. CONVERGENCE TO THE CANONICAL CURRENT 51
Theorem 8. Let T C P2\ R, be an algebraic curve of degree | which does

not contain II and does not go through any superattractive periodic point of

h. We have
1. If h is hyperbolic, then
D S -
fim 2 (p")(T) = Ly (3-4)

2. If h is not hyperbolic, we also require that Jh C II, T N J(h) (if not
empty) consists of repelling periodic points only, then the equality above

still holds true.

Proof. Suppose T is defined by a homogeneous polynomial ¢. By the Poincaré-

Lelong theorem, we see that
(P")(T) = dd" log |¢(p")]-

In order to prove the theorem. it suffices to show that u, := 27 log |6(p")|
converges to G, in L}, (C?). Applying Lemma 8 to }log|¢|, we see the

sequence u, = 7i—log |#(p")| is precompact in L! _(C?). Now assume u,
kn{ loc '
converges to a plurisubharmonic function v. Lemma 8 gives v < G,. Claim:

if we have

v=0G, (5.5)
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(]}
(1)

on F(p)\ ENC?\ K, where E is a nowhere dense subset of F(p). then v = G,

on C?. Indeed. by Proposition 9, J(p) has no interior point, which gives

Vze (EUJ(p))NC?,

v(z) = limsupv(y)
y—z

> limsup v(y)
YEF(p)y—z

= limsup G,p(v)
vE€F(p).y—z

= Gy(2)

combining this with lemma 8 gives v = G, on C* A},. Since T lies off A},. we

see v|h}, = 0 = Gp|R,. which shows the claim.

Let I be a component of F(p) \ A,.

(1) If h is hyperbolic, by Proposition 10, U contain a component of F (k).
therefore U is eventually periodic. Without loss of generality, we can assume
that U is a fixed component due to the fact that G,(p(x)) = kG,(x)). T
might go though the fixed point 29 € U or not. We are going to deal with
those two cases separatively:

(1.1) 20 ¢ T:
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5.2. CONVERGENCE TO THE CANONICAL CURRENT 53
Thus given a compact subset ¥ C U'. we see that p*(Y') accumulates on
the fixed point zy and is eventually far away from T. It follows that there a

constant C > 1 such that for big enough n, on Y, we have
1 nyl - n
1"l < loe™)] < Clp"

which gives v = G, on Y. henceon U.

(1.2) zo € T:

Since T does not go through any super-attractfve periodic point, zg must
be an attractive fixed point.

Let [z¢ : =1 : =] be the homogeneous coordinates of P? and assume
zg=1[0:0:1]. In C* = {z # 0}. the inhomogeneous coordinates (r.y)

satisfy:

31 <2
r=—y= —

-

=) 2o
To get a close look at the behaviour of p near z;, we make use of the

inhomogeneous coordinates in V = {z; # 0}:

13
]
|
e
I
'Sc l ’go
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In V" N C2. we have
(5.6)

r=-y=

el

u
Write p(z.y) = (p'"(z.y). p®z.y)) in C2. Thus near (0.0) (the point

2g) in the coordinates (u.v) of V', p takes the following form(we denote it by
p(u.v)):

0= 1 pM(e/u.1/u)
plu.v) = (p(z,(v/u.llu)’p(z)(v/u,l/u))

u* p,(:)(v,l)-i-uer(l'/ll,l/u)
u*p@ (v /u.1fu) pB(y, 1) + ukry(v/u.1/u)

= (

(V1)
-1
—

= (u"q(u,v),h(v)-&-u((u,v)). (3.

where p{” is the homogeneous part of p¥) of the highest degree k. r; =
p —p i =1,2. both n(u,v) = 1/(v*p?(v/u, 1/u)) and

w (e fu, u)p (v, 1) — uF (e fu, 1/u)pl (v, 1)
P (v, (PP (0, 1) + wbra(v/u. 1/u))

((u,v) =

are ana lytic near zo = (0,0).
Since A := h'(0) # 0, there exists a sufficient small number ¢ > 0 such

that if the point (u,v) satisfies

[u] < o] £ €, (5.8)
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(1]

then we have
[ufn(u.v)| < e lh(v) + u((u,v)| < €
We write p™(u,v) = (up,vx)n = 1,2,---. Set

a1 = max{|n(u.v)|: [u| £ &v]| < ¥}
¢y = max{|((u.v)| : fu| < v < €}

¢ = max{e¢;, ¢z, 1}

Without loss of generality, we assume that ec < 1 and |h(v) ~ R/(0)v] < ev if
lul < €fe] < €.

Thus by direct computation, we see that if |u| < €?|v] < €, then

|ua| < lcuf* (5.9)
< |ee?v|*" (5.10)
< lee} (A — €) v, |*" (5.11)

By the strong stable manifold theorem (see [HPS], page 56), there exists

a local strong stable manifold S,, through zo such that each point off S, in
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a neighbourhood of zo will eventually satisfy the inequality (5.8). therefore

eventually satisfy the inequality (5.11).

Now let us go back to work with C* where the inequality (5.11) under

the transformation (5.6) becomes

lyn] < lc(A + )z, |V E D p = 1.2, (5.12)
where (z,.yn) = p*(z.y).n=1.2,---.
That p*(z,y) converges to zo = [0 : 0: 1] implies
Tn
3—!— — 0,as n — oo. (5.13)

Write ¢(z,y) = Zi+j=k a;;z'y’ + Zm« aijz'y’.
Combining (5.12) and (5.13), we see that on any compact subset ¥ C

U\ UZ,p (S ), the following equalities hold true:
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Jlim -L—nlog lo(p™(z.y))| = lim Tlogl Z a;Thyl (5.14)
n—oo vl
.| - .
= lim — log [r}y| = lim — log|z,|
n—oc kn n—oc km
= lim = log [yn|
= 1m N I Ofg |Yn

l
= llm F log ”(Ineyn)”

= [G,(z.y).
where ig. jo in the second equality satisfy

lo+Jjo=1[0.jo= max .
otJ Jo L eOJ

Note: In the proof we only use the property that the multiplier of an
attracting point is not equal to 0, so we will apply the argument above to

indifferent periodic points in the sequel.

(2)If A is not hyperbolic, let U be a component of F(p) \ A,. There are
two possibilities.

(2.1)U is an exotic component. Then since T N J(k) (if not empty)
consists of repelling periodic points only, every point off the stable manifolds
of T N J(p) will eventually go away from T under iteration. We can prove

that equation (5.5) holds true on U in the same way as in part (1.1).
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(2.2) U is a nice component. As in part (1), we can assume that U
is a fixed component. If I/ NI is a attracting or parabolic component of
F(h), then the proof is the same as in part(1.2). If U NII is superattracting,
then by assumption T does not pass through the superattracting point in
U N 11, therefore equation (5.5) follows on U as in part (1.1). We are left
with the case that U/ is a fixed Herman ring or Siegel disk. If T is disjoint

from U. then of course the equation (5.5) is true on /. Now suppose that

T intersects [ NII at the point xo. Let Oy = {h*(x) :n =1,2....}, for any
x € U'NII. We know that O, is a circle. By applying Theorem {5.5)(the
strong stable manifold theorem for an invariant compact subset) of [HPS],
we have that there is a local stable manifold S, for each point x € /N II and
Sx is a Riemann surface. Now set E = U3Z,p " (Uxeo,, Sx ). We see that E is
a nowhere dense subset, and that for any point x € U, the sequence p™(x)
will eventually far away from O,,. It follows that equation (5.5) holds true

on ["\ £ as in part (1.1). O

Remark: if T goes through a superattracting periodic point zo of order
k of h, then there is a constant C and small enough & such that for any
0 < 6 < do, the mass of (p")*(T) on Bs(zo) is bigger than k™C4§?, which

implies that xo is in the support of the current lim,—o #(p")*(T'). But we
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know that the support of «, is J(p). So these two currents are not the same.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 6

The geometric structure of wy

In this chapter. we apply the results from the previous two sections to give a
geometric description of the canonical current w, associated to a map p € Px

in Q,(M).

6.1 The geometric structure of w,

By Corollary 3, we know that if h is hyperbolic ana M is sufficiently big,
then J(p) N Q,(M) is foliated by Riemann surfaces L,, where x ranges over

J(h). We have

60
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6.1. THE GEOMETRIC STRUCTURE OF wp 61

Theorem 9. Suppose p € Pi. and h = p|Il is a hyperbolic rational map. then

i, = [ dpn;
x€T(h) J Ly

more precisely, for any smooth 2-form  with the support contained in Q,( M),

we have

o) = [ [ odun (6.1)
XEJ(P) 13

where py is the Brolin-Lyubich measure of h.

Proof. We must first make sense of the right side of equation 6.1. Suppose
¢ is a smooth 2-form with the support of > contained in €,(0). we see that
the integral [, L, ¥ Is a continuous function in both x and in ¢. Therefore the
integral f 7ih) J1, ¥ dun makes sense and defines a (1.1) current. Write ©
for this current.

Recall that J(h) has a neighbourhood U = W x D such that p is expand-
ing in the horizontal direction. Now fix a point xo € J(h), choose a complex
line in P?\ R}, through x which is transversal to every horizontal leaf of U.
Fix a big enough M such that TN Q,(M) cC U.

Since p is expanding in the horizontal direction of U, we see

.1, .1,
Jim S (T)Q(M) = lim ——p"(Ly, )| (M)
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Define probability measures p, = = 2 hn(y)=x Oy OB II. where §, denotes
the Dirac measure concentrated on y. By the Brolin-Lyubich theorem. u,

converges to u,. It is easy to see that

1
_ "'on = dn
kn(p ) (Lyx,) -/n:e](h)/x 7

which gives © = lim,_.x :(p")*(Lx,). By the theorem 8. w;, = limu—oc Z=(p™)(T).

The result follows. |

If p is sufficiently close to its highest homogeneous term p;, by Corollary
4. we know that J(p) N Q,(0) is foliated by Riemann surfaces L, where x

goes over J (h). Therefore, we have the following theorem:

Theorem 10. Suppose p € Pr and h = p|Il is a hyperbolic rational map. If

p is sufficiently close to pi as in corollary 4, then

w0, (0) = / / duw;
x€ET(h) J Ly

more precisely, for any smooth 2-form o with the support contained in Q,(0),

we have

Wy ) = / / o dun, (6.2)
x€J(p) J/ Lx

where py, is the Brolin-Lyubich measure of h.
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Proof. By Corollary 4 we know that the integral [, Tih) [.. ¥ dun makes sense
and defines a (1.1) positive current on 2,(0) = P?\ A,. We still write ©
for this current. From Theorem 9 we know that w, = © on Q,(M) for
large enough M. We also have that p*(«,) = kwp. So in order to prove the
theorem. we just need to show that p*(©) = kO. To do so, we make the

following observations:

(7'(©). ) = (8.p.()) =/ /P-(P)d#h=/ ot [ o) dua =/ /<;dh'(#h)=
x€J(p) v/ Lx ) x€JT(p) Ly x€J(p) J Lx

(6.3)
The fifth identity follows since A"(un) = kpy; all the other identities follow

just by the corresponding definitions. which gives

p"(0) = kO.
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