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Chapter 0

Introduction

Section 0.1: Research Program

In this thesis we consider the problem of forumlating a general theory of multiphoton
double-ionization and use this theory to make predictions about the photoionization
rates of helium.

In Chapter 1, we begin by creating a macroscopic picture of the double-ionization
processes in terms of transition rates between the ground, ground-singly-ionized, and
doubly-ionized states. We divide these processes into sequential (X - X+ — X**)
and direct (X - X*7) ionization paths. With this in mind, we attempt to form a
microscopic description of the problem using standard scattering theory. We build an
S-matrix formalism to describe the ionization process, and in order to write down an
answer we make the approximation of expaﬁding in powers of the correlation interac-
tion. We must also approximate our uncorrelated initial and final states, which we do
by requiring them to satisfy the Hartree-Fock equations. By doing so our expansion in
powers of the interelectronic correlation is a good one since the HF state already “ac-
counts for” some part of the electron-electron interaction. We shall also assume that
our initial state is a pure singlet (L = 0) state and we will ignore relativistic (spin) ef-
fects as being much smaller than the other effects we measure. The electron-laser field

interaction is represented by the minimal-coupling gauge in the dipole approximation.
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We find that there is an additional. induced, state representing a third non-direct path
(X = X — X**). These three paths interfere. Finally, we connect our quantum-
mechanical (microscopic) description to our measurable (macroscopic) events. The
connection comes via the structure of energy singularities of the S-matrices describing
the ionization dynamics, which we connect to the rates by expanding the latter in a
Taylor series in time.

In Chapter 2, we apply the technique we developed in Chatper 1 to the double-
ionization of helium. We restrict ourselves to a Strong Field Approxmation (SFA)
where we have found we can derive analytic results. In doing this, we find that we are
faced with two calculational difficulties. First, we encounter the Generalized Bessel
Functions (GBF's, see Appendix 2) over which we must integrate. In the SFA, we
find that we can approximate these functions by using the saddi'e-point method of
integration on their integral representation. Also, we restrict ourselves to considering
the case of a linearly-polarized laser so that we may evaluate the integrals into which
the GBF's arise in a closed form. Second, we find that for the direct process, we are
faced with a difficult sum-over-states. For this we make an approximationt by using
the method of Stationary Closure—see Appendix 1 for details. Using these three
restrictions: the SFA, the saddle-point method, and the method of Stationary Closure,
we find analytic expressions for the ionization rates in terms of the laser intensity.
We make a connection between experimental-observations of ionization yields and our
theory, and we propose that experimentalists’ hypothesis, that a sudden change in
the shape of the yield curve is due to the dominance of the sequential process over the

direct one is not supported by our theory in the region of applicability of our theory.

Section 0.2: Notation anc_l Units Used

Throughout, we shall use Hartree's “atomic units”[1] such that:

=ﬁ=me=]_ 0.2.1

)

with € being the electron charge and m,. being the electron mass. In this system, we

also have:

i a crude approximation
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Ho=3=1

c =137

0.2.2

where H, is a Hartree unit of energy (—sz/ao = —-27.6eV), and ag is the Bohr radius
ag = h%/m.z2. Wherever there could be confusion, constants will be explicitly given.

In this system, we have atomic units of time and intensity:

tag = 2 =242 x 10~ 0.2.3a
@cC
ce? 16 2
Ly = 7 =352 x 107 W/cm 0.2.3b
8mag

We shall attempt to adhere to the convention that upper-case Greek letters
(®,¥,X, etc.) and upper-case Roman letters (W, H,Q, etc.) will be used to de-
note two-particle eigenfunctions, hamiltonians, energies or the like, and lower-case
Greek letters (@, ¥, x, etc.) and lower-case Roman letters (w,h,q, etc.) for one-
particle hamiltonians, eigenvectors, wavefunctions, momenta, and the like. Where we
do not do so, we hope that context will make clear the divergence from convention.

Where we write ¢ for some time-dependent function g we mean to take its time

derivative:
o d
q dz q
Whenever we write:
(| Al¥) 0.2.4

unless otherwise specified, we mean:

/// dBrid3z;...d3z, 6% (1, B2, ..., En) AW (F1,Z2,-..,En) 023
JCJC, JCn

n integrations
where n is the number of particles which the functions represent, Z; is the position of
the i*® particle, and A is an operator. The C;’s are the manifolds over which we are

integrating, usually “all space”

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e

Chapter 1
A General Theory of Double Multi-Photon lonization

In this chapter we present a general theory of double multiphoton ionization of
heliumlike atoms. With this we determine the experimentally observable signatures of
the sequential and direct ionization paths. First, we must connect macroscopic events
(observables, such as ionization rates) to the microscopic terms which determine the
dynamics of the system. Then, we must calculate the microscopic terms in a manner
which is analytically soluble, or at least numerically tractable.t In this chapter we
follow closely the method developed by Mittleman[3] in connecting the two terms
via the singularity structure of the S-matrix, which determines the entire ionization

process{4].

Section 1.1: The Double MPI rate equations

Characterization of double MPT is much more complicated than single MPI because
there are competing processes present. For single MPI, there is only one process, for
which the rate equations are:

ng = —1no .

ny = +7ng
where ng and n; are the populations (as functions of time) of the ground and ionized
states, respectively. <, is the ionization rate. We make the assumption that all

the atoms we ionize start in their ground state and leave the ionized atom in the

t This is to be compared with the work of Parker, et al.[2], who take the approach of the direct
numerical solution to the Schrodinger equation.
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lowest ionized state.f We also assume that the rate(s) +, are only adiabatically time-
dependent through the switching on-and-off of the laser. For the double MPI event.
the system is more complicatedi:

ng = (—7o1 — v2) no

ni = +yo1ng — Y121 1.1.2

ng = +Yo2ng + 712m1
where now nz is the population of the doubly-ionized state, and we write v;; for the
rate of ionization from state ¢ to state j. Once again, we assume that we only populate
one singly-ionized excited state and one doubly-ionized excited state.§ The solution
to this set of coupled linear ODE:s is simple to get. However, we defer it until after
Section 1.3 for reasons to be stated there.

Now we have two different, competing, paths for our double MPI process. Either

we can ionize our atom in two steps, by going through the singly-ionized state as an

intermediate step, as seen in Figure 1.1,

- Y+t
TI
X+
T
X

Figure 1.1: Sequential double ionization taking T photons to get to a singly-ionized state and
T' photons to get to a doubly ionized state

or in one step, going directly rrom neutral to doubly-ionized, as in Figure 1.2.

We term the former process sequential and the latter direct.

In our analysis we will assume that the ground state is a spin singlet state, and
we will ignore relativistic (spin) effects. Therefore, all the wavefunctions with which
we deal shall be spin singlets and therefor? symmetric under interchange of the two

ejected electrons.

T This analysis could be carried on to include multiple final states, e.g. leaving the ionized atom
in any of a number of final states. We shall not pursue that here.

I We have not found a rigorous quantum-mechanical derivation of this description of the cascading
ionization processes. Mittleman(5], however, has a forthcoming letter which does describe it.

§ We could include multiple intermediate singly-ionized states (we shall do this in the next section)
and multiple doubly-ionized states. We only consider for this problem the ground doubly-excited
ion as the only possible final state.
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Figure 1.2: Direct MPI going from the ground state to the doubly-ionized state without going
through the singly-ionized state, using .\ photons

[t is these ionization rates appearing in Equation 1.1.2 which must be connected
to the dynamics of the ionization process. The ionization process, as mentioned above,
is completely determined by an S-matrix. Therefore, we must begin to examine this

S-matrix.

Section 1.2: The S-matrix for Single-MPI of Hydrogen

Before we consider the double-ionization case, let us first examine the simpler case
of the single-ionization problem of a hydrogenlike atom. In this way we establish
the general principle of connecting the sirgularities of the S-matrix to macroscopic
observables. Qur starting point is Equation 1.1.1, and the time-reversed S-matrixi
describing single ionization:

s =, lim (¥§”|o) 121

where @g is the ground-state of the field-free hamiltonian hg = ¢ + v, where v is the
nuclear potential v = —Z/r2. w,g-) is a scattering state which is an eigenstate of the

hamiltonian including the laser-electron interaction:
' (=) _ (=) :
(t+v+h(t) vg =iy 1.2.2

but which evolves as t — oo into a free electron (since as ¢ — +o0, the laser, A,

switches off:
: (=) —itwg
tl_n"moo Yg ~ — Pqe . 1.2.3

Here we have @, a free solution to
I

(t +v)dq = wedy 1.2.4

t There are no problems in using this form due to :he time-reversal symmetry of the scattering
process. See Newton[4], §§6.4 and 7.2.
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whose energy is wq.
Equation 1.2.1 as it stands is difficult to evaluate, so we introduce the following

technique: let us write the limit as part of an improper integral:

[AV]
[S1}

s== [ dt S w160) + tim (v 1do) L
- dt 1 t—oo' 1 i -
The last term will vanish due to the limiting behavior of wg')
1.2.3. We can use the Schrédinger equations for wg”) and &g to rewrite the time

as given in Equation

derivative:

s = —i /@ dt (37 1h ) o). 1.2.6

We shall assume that our laser-atom interaction A’(t) is the dipole limit of A/(¢) =
§- A(F,t) + A%2/2, where A(,t) is the laser field vector potential at the point 7.

We Fourier analyze the field-interaction:

h' = Z hi, e~ imwt 1.2.7
n
Now, the matrix element is time-independent and the time integral may be per-

&= E Sn
n

sn = ~i(@qlhn|d0) f(A(n))
with : 1.2.8

formed immediately:

A(n) = wg —wg ~ nw
2sin AT
A= lim ———
A T B
A(n) = 0 is the equation requiring the process to be on-shell, i.e., energy-
conserving. The relation(6]
. sintz
lim
t—o0 r
is a standard representation of the Dirac -function. If we use this, we may write:

= wé(z). 1.2.9

sn = —2miTr(q) 6 (A(n)) 1.2.10
Ta(a) Z(qlhyld0) 1211

as the usual definition of the T-matrix(4]. We explicitly show the dependence of T

on ¢, the momentum of the cutgoing electron.
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The S-matrix represents the total probability amplitude of getting -to” state f
from state i. Its absolute square is then the probability of being in final state f
coming from final state i as a function of ¢ and n. If we then integrate over all
possible outgoing final momenta, and sum over n, we shall have the total probability
of being in state f coming from state .

There is one problem with progressing in this fashion. The square of the §-function
appearing in Equation 1.2.8 is not well-defined! We work around this problem by

looking directly at [s,|2, before turning f(z) into d(z):
|5al? = lim |Ta(g)? f3(AT). 1.2.12
T—co
The function f%(T) also has an infinite-T limit which is a J-function[7]:
lim f2(AT) = 4xTé(A). 1.2.13
T—oo
Now, the square of the S-matrix is well-defined as well:
[snl? = 20T8(A(n))|Ta(g)|? 1.2.14

and we can write the entire S-matrix as the sum:
Isi? =D snsy-
n,n’
The d-functions, replaced by the sharply-peaked functions f, have negligible overlap

when n # n’. In the infinite-time limit, we can write:

s> =" lsal?
n

= 21T ) 6(A(n))(Ta(g)l*

1.2.15

Since |s|? is interpreted as a transition (ionization) probability, |s|2/T may be
interpreted as an ionization probability per time given a specific momentum of the
ionized electron. The integral of this over all possible electron momenta gives the
total ionization rate. To cornect this to the macroscopic observable (the rate 7y),
return to the rate equations (Equation 1.1.1). The instantaneous ionization rate is

given by ny(t)/no(t). To lowest order in ¢, this is

at) | 2 o
L =t +0(d) 1.2.16
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In the last part of the above, we have expanded the rate for small times ¢. If we
now associate the coefficient of ¢ in Equation 1.2.14 with the coefficient of T in
ny(¢)/no(t), then:
=21 Y 6(A(n)Tnle). 1217
n

In arriving at Equation h1.2.17 we have used two different limits for time. In
deriving the S-matrix, we have let time get verv large (to turn a sharply-peaked
function into a d-function). In approximating the rate equations, we require time to
be very small (to a.pproximai:e the solution by its Taylor series). This need not be
inconsistent. We require that the time be large on the smallest time scale of laser
energy (wt > 1) but small when compared to the ionization rate (v1¢ <« 1). This
condition is met if

w > v, 1.2.18

that is, if the laser frequency is much higher than the ionization rate. Another way
of saying this is that ground state must not ionize faster than the laser can probe
the atom. For most realistic experiments, this condition is satisfied. This point is
important and we will revisit it in Section 1.5 in regard to being able to distinguish
the direct ionization process from the sequential ones.

We have now established a connection between the singularity structure (appear-
ance of §-functions) in the S-matrix and macroscopic observables in the single MPI

case. We must now do the same for the double MPI case.

Section 1.3: The Double MPJ S-Matrix for Helium

Our starting point is the most general form for the S-matrix for double ionization[4][8]:

: =)
S(q1.q2) = t_[:_'f‘w(‘l’gl,qzl‘%) 1.3.1
where @ is the exact solution for a the helium atom in the ground state:
H iE $e =0 1.3.2
He at 0= Q.
Hye =t +ta+v1 +v2 + W2 1.3.3

where ¢; is the kinetic energy of electron ¢, v; is the nuclear attaction on electron i,

and V2 is the interelectronic repulsion.
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\Ilf,{,f,z is the solution to the Schrodinger equation which includes the helium hamil-

tonian and the laser field:

B\ (-
(ng +H - 152) i, =0 1.3.4

The superscript (—) indicates that we are using the time-reversed solution which
evolves from two free particles in the distant future. and the subscript q;. g7 indicates
that we want the solution with the two ejected electrons having momenta g; and 4o,
respectively. The electron-field interaction acts on each electron independently, and

can therefore be written as the sum of two one-particle hamiltonians:
H'(t) = h1(t) + ha(t). 1.3.3

We can write the S-matrix in a somewhat more useful form, indicating explicitly
the electron-laser field interaction. First, formally differentiate and antidifferentiate

with respect to ¢:
S(q, q2) = ~F dt-—(‘I’( ) |®o) + lim (‘Il( ) [Po)- 1.3.6
! de ' I tmroo ' dL192

(The final term arises to cance! the one introduced with the integral.) The last
term will cancel because in the distant future, when the laser turns off, ‘1’511—,212 is an
eigenfunction of the field-free hamiltonian H (since H' — 0) and therefore \Il((n-,z,g and
®¢ are orthogonal. By using the Schrodinger equations for the two states to eliminate

the time derivative, we can rewrite the integral as:
% 4p 0w
S(q1,q2) = —i / dt(¥q, a0 | H'|®0). 1.3.7
-0

If we could write down exact expressions for ¢ and \Il,sl'}n, we would be finished.

Unfortunately, we cannot do so because the interelectronic correlation makes this
impossible. Therefore, we must content ourselves with approximations. We choose,
to approximate our exact solutions by “uncorrelated” Hartree-Fock solutions, per-
turbed slightly by the interelectronic electrostatic interaction. This is a reasonable
assumption because the uncorrelated HF ground state of helium gives a ground-state
energy which differs from the experimentally-determined ground-state energy of he-

lium by 1.4%t and strong fields make interelectronic correlation less important. Our

7 See Bransden & Joachain(l], Table 7.5
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starting point is now an expansion of the initial and final states in the interelectronic

correlation. We write the formal perturbation series:
P =l +GooV0ig+--- 1.3.8
where we define the uncorrelated HF ground state Uy and Green's function Gy as:
(-2 () -{1)
where now we have the Hartree-Fock hamiltonian:}
Hy=t +ta+vi+v2+Q1 + Q2 —vP, 1.3.10
€2; is the Hartree-Fock potential on electron i:
Q(f) = /d3 ] uo(z:) 1.3.11

and uqg is the one-particle ground “Hartree-Fock” orbital from the set of orbitals
defined by

(t + v + Q)up = eqtig, n>0. 1.3.12

P is a projection operator of both particles onto the ground HF state: P =
lugug)(uoug| and v is the shift in the ground-state HF energy due to interelectronic
correlation:

V“/j d3rd3ru0(1'") ’.,_

If we apply the Schrodinger equation 1.3.9 to the functions ug from Equation 1.3.12

' UO(I) 1.3.13

we get the eigenenergy of Uy to be Wy = 2eg — v, the variational energy, instead of
2eg. This is the reason for the presence of the v term in Equation 1.3.10. We expect
the rates to be rapid functions of this variational energy[22]. Thus, by using this HF
approximation we have a good approximation to Wy where it is critical. We then

write the general time-deper:dent wavefunction Up(t) as

Up = uoug e itWo

Given Hj from Equatior 1.3.10 and H from Equation 1.3.3, we get that dV is
defined by:
V=V -Q - +vP. 1.3.14

i See. e.g., Landau & Lifshitz{7], §69, Equations 69.5 and 69.8. What we call ; Landau calls
Gii.
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oV, written in this fashion, has the additional property that it will couple (Y onlv

to doubly-excited states. To see this. look at the expectation value of a transition

between Uy and a singly-excited state ugug (k # 0) driven by the potential oV
(urugldVugug) =(uruo| Viz — U — Qo + v Pluguo) 1.3.15

Since each of the 2's are one-particle operators, those terms are easily written

down:
(uruo|Q [uouo) =(ukl|ug)(uoluo) =(ur|Q|uo).

(uguo|Q2luouo) = (ukiuo)(uolQluo) = 0.
where we have used the fact that the wavefunctions are restricted by (umn|un) = dm.n-
The last term in Equation 1.3.13 is zero because P acting to the left on (urugl is

zero. The remaining term is:

1

(uuo|Vialugtig) = / O

= / d3r ug (7) ( / d3x|—;‘%—f%> ug(F)

=(uk| 1 [uo)

and this term cancels the one remaining from the equation above. If k = 0, then the
first term in Equation 1.3.15 is exactly the last term, and some simple algebra like
above shows that the sum of the middle two terms exactly cancel the first and last.
Therefore, dV connects the ground state to only doubly-excited states. The reason
why this is important becomes apparent when one attemps to include this term in
the rate calculations, as we shall see in the next chapter. We call this term the initial
state correlation interaction.

We justify treating 6V as a small perturbation by noting that it measures, in
effect, the difference between the full interelectronic repulsion and that approximated
by the HF potentials. We have seen above that this difference is 1.4% in the ground
state, which is small.

The causal Green’s function defined by Equation 1.3.9 can be written as the

usual eigenfunction expansion:

R . 1]
G(()+)(t -t)=-i0(t-t) Z [Un ) (Un Ut o i Wh nr—im)t=t) 1.3.16

n.n’
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where W, v =en + ey — v dngdyg. The O-function is the Heaviside function:

1. ifr>0:
O(z) = {0, otherwise.

We proceed to write an expansion for \II((H-},2 in the same fashion. Analogous to

(- $){%)-()

and an analogue to Equation 1.3.12, which includes the field and the HF potential:

Equation 1.3.10. we write:

v ' .0 (=) _
(t+v+(§2—-§1r)+h(t)-lé?> n = 1.3.18

where ™ = |ug)(up| is the one-particle projection operator onto ug. The boundary
conditions on w,‘.", that in the distant (¢ — oc) future, it go to u,, are satisfied since

in that limit A’ — 0. Therefore,
Jim 5 o upe=iont, 1.3.19
oG

This why we choose the ground state correlation (2 — =) in Equation 1.3.18.
Now, the full two-particle wavefunctior ‘Il((u—},2 can be expanded in a perturbation

series in the one-particle wavefunctions ¥(~):

Vi =585 1 +GoV +--) 0 1.3.20

and o is an operator which enforces the symmetry under coérdinate interchange

(z1 ¢ 2). Therefore, our perturbing potenticl 8V’ is written as:
v
oV =Vip - —Qz+;)-(7r1 + o) 1.3.21

We consider the V' term small (and thersfore acceptable as a perturbation) for
the same reason that we accept JV" in Equaticn 1.3.14 as small. That is, essentially,
that the HF-Volkov wa.vefunctiqns well-approximate the actual wavefunctions. As
well, we expect correlation to be even less important in scattering states.

With foreknowledge of the results, we write the exact Green’s function as:

G=I+GATL. 1.3.22
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Here. [} is a propagator which has one electron in an HF-Volkov (v) state and one

electron in an eigenstate wy, of the singly-ionized atom:

ot
with energyt W;7. This decomposition is not unique but has the advantage that
the first-order sequential term (Equation 1.3.51) describes the process of double-
ionization by first singly-ionizing the atom, leaving the atom in the ground singlv-
charged state, and then ionizing the singly-charged ion in a second step. T satisfies

the Schrodinger equation:

v .0
(t1+t2+v1 + vy + Q9 —-51r2+h'2 -lb—t) (=1 1.3.24

We write [T as a sum over the discrete states w, and an integral over the contin-

uous ones zbq:

d3q : : ’

N -y P A9 Wit —ig)(e-t) , /

(¢, ) = =Bt = ) En /(2”39 ' m lwa(1)wg(2, £)) (wn(1)wy(2, t')l
1.3.25

What is left then as a “perturbing” agent in G is

Av=Vig - Qp — b} + 2. 1.3.26

We shall keep only the first order term in Equation 1.3.25 for the following reason:
the second term (G A I) is essentially a rescattering term, scattering electron 1 off of
an HF-Volkov state and electron 2 off of an ionic state. As well, we are only keeping
first order small terms in the calculation of ®g.

The Lowest-Order Term
The lowest-order, and totally correlation-free, contribution to the S-matrix comes
from keeping only the Uy term in ®; and the wgl‘ )wg ) term in ¥. This gives us:
I . (=), (=)
St = t—l)"-nco(wa Ygo ' |P0d0)- 1.3.27
Where we have set ¢g = ug exp(—iWpt/2). We can use the same technique as in the

single-ionization case (Equation 1.2.5) to change this into an integral:

o o} d _ _ _ _
4 (-) ) . (-) Mo

T We deviate here from our normal usage for capital and small roman letters.
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Now. we use the Schrddinger equations for v, and og and write Equation 1.3.27
analogously to Equation 1.2.6:
o = (=)
Sh=—if dt(wg wg'| (R} + hb) |dodo)- 1.3.29
~aoc

Each of the A} , are one-particle operators, so this reduces to:

oQ
§' =i f dt ((wl;1H160) (wl; 60+ (uls Il 60) (b 160) ) - 1.3.30
-
We can introduce an integration trick to write this in a more useful form. Note
that for the first integral in Equation 1.3.30:
o
at ol 1 ou) (0 ton) = - [ at D I e an(e

-0
(f o & @lonen - jim 0 @on(e
1.3.31
Once again, we can drop the last inner product because of the limiting condition on

g in Equation 1.3.19 and the fact that the u’s are an complete set.

t

t,
=L t

e

Figure 1.3: Change of integration range trick

If we once again use the Schridinger equation on the integral in Equation 1.3.31
we get:

—i / dt (w7 (8) |1 o (2)) / ar W5 (@) o (t)) 1.3.32
-0 t

Now, we can apply the change-of-integration-range trick (given pictorially in Fig-

ure 1.3%):
00 [e o s o) ¢/
/ dtf(t)/ dt’ g(¢) =/ dt’g(t’)/ dt f(¢t), 1.3.33
—00 ¢t —00 -0

to rewrite Equation 1.3.32 as

/ dt (w5 W o) / dt’ (W o). 1.3.34

t See also Sakuraif9], page 136.
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If we now use the same trick on the second integral in Equation 1.3.30. we ger
=) ( < (~)
—i / dt (wgy (8)[A ey (8)) / de’ (wyr (¢) R |0 (). 1.3.35
- t

and the sum of these two gives:

st = ([ aeiPwion) ([ sl oo} )
= S (q) x 5W(qy)

with

(o o]
SM = —i [ dt (wylh|60)

-0

1.3.36

We have broken up the double ionization problem into a product of two single-
ionization problems! This makes sense in this lowest-order context. We have “turned
off” the interelectronic correlation, and so the double-ionization amplitude should be
the product of two single-ionization amplitudes.

There is something peculiar to which this term gives rise. Performing the time
integration for S{!), we get a d-function which contains the energies of the initial and

final states. The Volkov states have a time dependence which is{10]:

Uglt) = oid ¥ e»i(zq2/2+Up/2u(z+sinM)+ao-qsinm)_ 1.3.37

Up = E?/2w? is the ponderomotive potential. We get:

: (¢ Wo
SM(q) = ~2ri ZT,',(”(q)o (%- +Up —nw - -2—) 1.3.38
n
Equation 1.3.38 defines a T-matrix T(1):
T® = 3" ( fy.nl b luo)- 1.3.39
s,

where we have fourier-analyzed h' = ) h, exp(iwst) and f;, is the quasiperiodic
expansion of the Volkov states. (See Equation 1.3.49.) We may now identifyn = j—s
as a new summation index. This interaction “connects” the ground state to the doubly
excited state through an intermediate state which is not a state represented in the

rate equations ( 1.1.2)! We see this by noting that

§' = (=271)* YT (q1) T3V (02)6 (Ev(n) 8 (Ea(n)) 1.3.40

n.n’
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where we have defined the shorthand

2 W
Ern) = 5 +Up —nw - 22 1.3.41

We note that when we integrate over the two d-functions we can rewrite their product

as
§(Er(n)) & (E2(n)) =6 (Er(n)) o (A(V)), 1.3.42

where we have defined A(n) to represent overall energy conservation, analogously to
Equation 1.2.8:
A(N) = Ei(n) + E3(n’) 1.3.43

and we let N = n 4+ n’. This first d-function in Equation 1.3.42 represents overall
energy conservation but the second requires that one electron have an energy which
is not an eigenenergy of the singly-charged ion. Our initial set of rate equations
(Equation 1.1.2) must be incomplete. To remedy this, we add in an intermediate

“Hartree-Fock state” X:

4Y++

X

Figure 1.4: Schematic of non-sequential double ionization taking = photans to get to an inter-
mediate “Hartree-Fock” state X and =’ photons to get to a doubly ionized state.

Thus, we must add this HF state into our rate equations (Equation 1.1.2):
ng = (=701 — 702 — ) no

ny = +y1ng — Y12N1
1.3.44

fi=9ng —-3'n
ng = +Yp2np + 112M

Here, we represent the population of our new “state” by 7 and its rates of population

and ionization by ¥ and ¥/, respectively. We note that since the two processes X — X

and X — X ™7 have the same T-matrices, we can equate their respective rates 7y = ¥'.
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This result is unusual in that the lowest-order term in the S-matrix is sequential vet
the intermediate step does not go through the singly-charged ion but rather through
a HF intermediate state.

To make our notation more concise we write

rior(aa2) = T (@) TS (g2), 1.3.45

with n + n’ = V.The reason for this will become more apparent. We note that +2

is not a T-matrix.

The First-Order Sequential Term

The first-order sequential term arises from taking the dV'G term in Equation 1.3.20
and approximating G by I'1. We also use the same technique which takes us from

Equation 1.3.27 to Equation 1.3.29 to write down immediately:
(=) (=
=i / dt (wg; b |8V Tio H'|dodo) 1.3.46
-oQ
where H' is given by Equation 1.3.5. o, the symmetrization operator, when acting to
the right is the identity since both H' and |¢g¢g) are symmetric under particle inter-
change. If we insert the expressions for I ( 1.3.25) and éV”’ ( 1.3.21) into Equation

1.3.46 the result is:
S[[ =

—if . / oy e B 01 [(Vie = 02 4 gm2) +
(5"“ = )] wa(L, (2 1) x
(—i /_ C gt oW —imet) (wn(l, t')wq(2,t')|H'(t')|¢o¢o))

1.3.47

We have broken up V" in this fashion to emphasize that it has two parts, one which
involves particle 2 (via Vi2, Q2 and (v/2)m2) and another which does not. If one
looks at only that contribution to S/ from the particle-1 perturbation, the integral
[ d3¢ can be done immediately because the inner product (11132. ) |4,) is the d-function:
(2w)35(§ ~ G2). The sum over n in Equation 1.3.47 is a sum over the ionic states wy.
However, we have (in Section 1.1) already restricted ourselves to one singly-charged

statef so it is consistent to take only n = 0. After all this, we can write:

i The ground one.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



19

oc
Sths =i dt(w () (o + %r) lwo(t))x
e . - : 1.3.48
(~i) / dt’ e 7" =) (15 | () 09 0)
-

The reason for the s will become apparent shortly.

It is convenient to write ¥ in a quasiperiodic (Floquet)i series in order to “factor
out” the time-dependence so that the time integrals in Equation 1.3.48 may be

performed analytically. We write

oy 2 .
wq(t) — Z e —it(q /2+LP+JW)fq,j 1.3.49
J

where f,; is independent of .ime. This requires some discussion. Equation 1.3.19
requires that as ¢ — oo, the iime dependence be strictly exp(—it[¢?/2 + Up]). This
would force fg; to be either time-dependent or be proportional to d;9. We therefore
make the usual assumption of Floquet theory that fg ; is slowly varying (due to switch-
on/switch-off) on an atomic and laser time scale (so it may be considered constant for

all times appearing in our discussion) yet having the property that lims_,oo f5.; — f40-

We have already Fourier-analyzed to field interaction H' so then the inner integral

in Equation 1.3.48 becomes:

¢ . . ’ -
=i [t eI g ()l ()| H(¢) dodo ()
= 1.3.50
_ (wofqp,i| Hgluouo) '
S Wi+ /24 (i = s)w + Up ~ Wy +in

where s indexes the Fourier modes of H’. The remaining time integral in Equation

1.3.48 can now be readily performed using the common definition of the J-function

1t See Friedrich{10], §5.1.3 for more details on this expansion.
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in Equation 1.2.9. The result, after some short algebra, is:

§its = 7mZo( "2+7L —Wo-r-(]-i-]—s‘))x
Jd's
(fqu 15T = Q)|wo)(fg,,jwol Hluoug)
Wo — W5 —Cp +(j ~ s)w—q3/2+in
Let N=s-j—-j'andm=s—-j. 1.3.51

= -hnZo

Z (fql,m—NI (-2-71’ - Q) Iw[))(wqug,s—mlH;luOUO)
Wo-Wy - Up—mw —¢3/2 +in

The definition of A(V) is given in Equation 1.3.43. Now, let E5(m) be the real
part of the denominator in the last line of the above equation. We see that it is

independent of s, so we can finally rewrite this as:

Nl()

(41, q2)
Sils . _9ri / TN,m 35
2mri E 0 (A(N)) E ——Eg(m) e 1.3.52a

Nm(‘lh‘lz)"Z(fqhm-Nl (-« Q) wo){(wo fop,s—m| Hlluoug)  1.3.52b

E¢m) = Wo -Wy ~Up ~mw - q,/2 1.3.532¢

Once again we emphasize that (1) is not a T-matrix.
If we assume a form for the laser potential in the dipole approximationq we can
write:
H'(t) = Up (1 + cos(2wt)) + ‘;‘&0 - pcos(wt) 1.3.53
where ag =9f E/w? is a laser parameter which points in the direction of the laser
polarization. Therefore, the sum over s only goes from -2 to +2.

Note that while there is only one d-function in Equation 1.3.51 there is a singular

denominator of the form:

1
Ey(m) +in.
We can extract this into a J-function by using the Dirac identity[11]:
1 1 .~ E -
= P —— +ind (Ez(m)) 1.3.54

Ey(m) —in E2(m)

q See Mittleman's text(8], §6.3.
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where P here means “Cauchy Princpal Part™. It is because of the appearance of

this second d-function that we call this term “sequential”, analogously to Equation

1.3.36. Both the d-function and the Principal Part are equally singular and must be

treated carefully when squared. This term clearly represents the process depicted in

Figure 1.1. by fixing the energies to be those of the ground-state atom and that of

the singly-charged ion.

We have neglected in Equation 1.3.31 the Pauli exclusion principle requirement

that the wavefunction be symmetric under interchange of electrons 1 and 2. We can

add this in by operating on the wavefunction (w,ﬁ; ’w.g,; )l with (1 + X(2)/2 where X2

effects the q; < g2 interchange.

The First-Order Direct Term

There are two terms left in our first-order perturbation theory expansion of the

S-matrix. There is the leftover term from Equation 1.3.47 containing Vi3, Q5

and (v/2)m. The other term comes from taking the zero-order term in Equation

1.3.20 and the first-order term in Equation 1.3.8. These two terms have only one

singular part (i.e. d-function) to each of them and we identify these two terms with

the “direct” ionization path depicted in Figure 1.2. We shall show this now.

We make the same assumptions on the form of 1, as we did for Equation 1.3.50.

The first term, from Equation 1.3.47 is, after some algebra:

2
Slld . _oni Z 5(22‘-+%22—+2Up+(j+k-£+m-s)u~W0> x

n”’j’k'l7m
d3q 1‘/[1 M2
(273) Wo — W3 — ¢2/2 = Up = (m = s)w +in
where
def v
My B fyi gl (Vi = @2 = 5m2) i fre)
def
My = (wn fq,mIH.;luo ug)

1.3.55

We can write this in a more familiar form by identifying as a T-matrix the integral

on the second line of the above equation and writing V =€+ s — j —k —m (the total
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number of photons in the whole process):

§"%q1, @) = 271 Y 6(A(V) T (a1, 2)
N
where, as usual, A represents overall energy conservation:

7 B
A(N) = _)1. + -92- +20, - Nw =W

and
d3

n.s.j,k,m
(far.i fek|(Vi2 — Q2 — $m2)|wn fy N4 j+km—s) (Wn fqm| Hyluouo)
Wo -~ Wi —¢%/2-Up — (m — s)w +in

1.3.56

We recall that in the above sums the indices mean the following:

J, k,m: Sums over Floquet states in the expansion of ¥(~)'s.
s: Sum over the modes of the laser field hamiltonian.
n: Sum over intermediate ionic states.

This denominator must be integrated over and that eliminates the singularity
which would otherwise be present. So, while the denominator in this term locks
similar to the one in Equation 1.3.51, it is made finite here by the q integral.

We do not restrict ourselves to the singly-charged ionic ground state for the
following reason: In the rate equations ( 1.3.44) and in the first-order sequential term
(Equation 1.3.51) the ionization process goes through a real ionic state. In this
direct process, we are summing over all virtual ionic states. For the sake of simplicity
in the rate equations, we wish to only include one real intermediate singly-charged
ionic state. Preliminary calculations show that the higher virtual ionic states do not
contribute significantly to the overall process and it would not be inconsistent to
restrict the sum over n to just n = 0.

This process has been described by Corkum[12]; we term it the “boomerang” or
“rescattering” effect. This direct process describes the following events: the ground
state atom absorbs some number of photons from the field (via H.) and releases one
electron leaving the system with one free electron (f;,m) and the ion (ws). The free
electron absorbs some number of photons from the field ( f; ¥ +;j+k+m~s) and recollides
with the ion and releases the other electron (via Via — Qs — (v/2)m2), the screened

e-e interaction.
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The remaining direct term comes from the first-order perturbation to &g. the

initial state (Equation 1.3.8) and the zero-order term in the final state:

5% =i [ ar (4l 005 O1H (1GodVIen(t)oo(0) 1357

If we replace, once again, the ¥(~) states by Floquet states, insert in the Green's
function from Equation 1.3.16, and turn the algebra crank, we can write:
2
S0=-2mi Y 4§ ‘-’21-+q—2+2Up — Nw —W0>
o~ “\2772
a.n'\N.j,s
x (fql,ijz,s-j—NlH.:l%un’)(unun"WIuOUO) 1.3.58
Wo -W, v +in

= ~2mi ) 6(A(N))TE
N

with W, ./ defined after Equation 1.3.16. The last line is the definition of T'C0.
We call sum of the terms T4 + T,\G,o = T3 the direct T-matrix.
We must now justify the claim that S and S//? are “direct” terms, and that

the terms S7/* and S! are “sequential” terms.

Section 1.4: Connecting the S-matrix with Rate Parameters

Let us write the whole S-matrix at once.

S(a, @) = Y_ Snlqr, @2)
N

D 1+ Xi2 plly TI(\})
= o —Nm
Swlowm) = 2ms @ (V) | TR@a) + (F52) ¥ priee
N-1 .
~2mi Y 6 (Er(m)) mion,
m=1

As with the S-matrix for single-ionization, we identify the absolute-square of S
as the probabability for double-ionization. Like the single-ionization rate, we must
proceed with care when squaring the singular §-functions and denominators appear-
ing. Once again, we must also integrate over all possible outgoing electron momenta
(f [ d3q1 d%gz) to get the total ionization probability. Therefore, we must be careful
not to have any terms which are “too singular” (more than two d-functions appearing)

in our final expression.
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If we naively square the expression for Sx, we get:
() _(y ~

s p|? , [1+Xp TN N
ISvl” = 8(A@)’ IT"‘ * (—5_) mz,;f {ﬁz(m) +in)(Ex(m’) ~ in)
+O(E(m))S(En(m )T }
Q)

+2R {T,{,’*Z (;“E”‘) +8(E1(m)) ‘2’)

+ZE( ),‘j’ d(E(m))}

m,m/

We will assume that the cross-term between () and 7(?) (the last line above)
does not contribute if there are no “accidental resonances” between the first ionized
state and the HF state. That is, we assume that the two singular functions 1/E,
and §(E) have no overlap. Since Ey(m) = ¢?/2 + U, + Wj" — mw and E,(m/) =
g?/2 + Up + Wy/2 — m'w, unless Wy/2 becomes coupled to Wy by the laser, we will
have no overlap and this term will vanish. We must turn to the multiple singularities
present. We show now that our S-matrix is not too singular.

First, let us consider the first term in |S|%: §(A(N))2|T2|%. We can use Equation

1.2.13 to reduce this term to:

2
(Snl? = 21 T5A W) |TH (@, @)+ 143

2
We can likewise deal with the I‘r(z)l term, We see that there is no interference between
m # m' terms in the sum. This is because these two sharply-peaking functions will
have negligible overlap when their arguments are not identical. The result for this

term is:
N-1

[Sv1? = -+ + T 6(AW) I 6(En(m) [rPn(an,a2)| +- 1.4.36

m=1
where one factor of (27T) (as in Equation 1.2.10) comes from the square of each of
the independent -functions.
The term in |[7(V)]? is the hardest term with which we deal. We note first that
the operator (1 + Xy2)/2 is idempotent. We must first calculate:

Nm
Z(Ez +lTI)(Ez(m') in)’

1.4.4a
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We first identify n with a state-width. This is the usual association of the positive

infinitesimal in scattering theoryt. Therefore. we can write n = 1/T. were T is a time
interval. This time interval is the same one as in Equation 1.2.13.

We can imagine that the individual terms E, are entering not into integrals d3q

but integrals over E itself. With this in mind, scale E3 by T to get a dimensionless

variable of integration o = E2 x T. The two denominators become rz + i and

I3 +i4 dmwT, werhe 0 = m — m’/. We are then left performing an integral of the

form - 0
d
[ B o . Ladb
S =, (z3 + 1) + omwT(zo + i)

If we rationalize the denominator to make it even in T, The result is:

e T (23 +1 - émwT (zp +1i '

/ dzz }: 2( 2 7 x g - l)-)z' l.d.4c
—o (z3 + 1) = (0mwT)*(z2 + i)

In this form it is clear that in the sum over m, m’ the term odd in dm will vanish, by
cancellation. In the long time wT — oo limit (forced by Equations 1.2.12 et seq.),

the terms even in dm will be of the form:

/"" dr T(z3 +1)
oo (22 + 1)2 = (0mwT)¥(z + )2’
which in in the wT — oo limit vanishes like O ((log T)/T), which is too small to keep.

What is left then is the dm = 0 term. The z3 integral is now trivial and when we

integrate over the other d-function in the large-T limit we finally derive:
= -+ + 272 T25(Ea(m)) 8 (A(N)) ot + - -+ 1.4.4d

This is not the only term of this form which arises. X;2 operating in Equation
1.4.2 gives rise to a term like:

Ay
m‘Zml (El(m) + in)(Ez(m’) _ in)y

1.4.5a

which can be treated in a manner similar to Equations 1.4.4. Once again, we associate
n with 1/T and note that A(N) = E1(m) + Ea(N —m). We write Ex(m/) = Ea(N —

m) ~ dnw, and scale our two integrals (over A and over E) by T to get dimensionless

T See Landau & Lifshitz[7], §43.
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parameters ri,r2. Lhen our overall integral. after rationalizing the denominatour as

in Equation 1.4.4c turns into:

92

o
1+z3 -

Z / dzdzs sin ( 2 ) TZ[I[IQ + 1 +i(zy — 1 +0nuT)] 115

atn [Tira+1+i(x2 ~ )P+ (eneT):

m.on

The same argument which eliminated the term odd in dm in Equations 1.4.4 can

be used to justify eliminating the term odd in én here. Likewise, in the «T — x

limit. the non-zero terms even in dn will vanish. What remains then in the én = 0
term. which is

2
II +~Io
sin ( 2 ) T?[z1z3 + 1 ~ i(z2 — 1))

= - ;OJR,O/ dIldxz L] +In [lez + 112 + (xz _— x1)2 L.d.9¢

2
This term looks very nasty but can be simplified with the transformation y =
Iy + 9,2z = 1) — r2. In this form, the resulting integral over z vanishes.

The result of all this is the square of the S-matrix:

2
1Sv(qige)|® = 27rro'(;\(.\f)){ ]n’? (QI,QZ)I

*2”"":2:::‘3 [( (1%@) S(E(m))7yry + (B ()N, ) r.e']
+27rT§':l [(li-x—”—)o(a (m)) (Tij +8(Ey (m)r(z) ]}
m=1 -

1.4.6
We notice that there are two types of time dependence here: terms dependent
on T and terms dependent on T2, and each of these terms is identified with either a
single singularity (8-function) for T or a pair of singularities (8-functions) for T2.
Let us now turn to the rate equations, Equations 1.3.44. These coupled equations
are easily solvable, given the initial conditions ng(t =0) = n, and n1(¢ =0) = A(t =
0) = na(t = 0) =0, and the assumption that all the +'s are constant in time:

na(t) =n (1 et L (e‘ﬁt - e‘r‘) —F {0t (e"m‘ -~ e'rt))

~o1 + 702 =712
_ gl -5t Tt

a(t) =n (e T —e )

Y02 + 7 1.4.7
“~

ni(t) = ne—t— (e""‘?‘ - e"rt)
[ =2

no(t) = nert
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Here I =9 ~; + ~g2 + 7 is used as a shorthand notation. The vield of doublv-
ionized atoms as a function of time for small time ¢ is simply the Taylor-series expan-

sion of the instantaneous rate n(¢)/ng(¢) (cf. Equation 1.2.16):

na(t)/ng(t) = w02 + ¢ [7% + ~orv12) + -+ - 1.4.8

We identify the order-T term in Equation 1.4.6 with the order-¢ term in Equation
1.4.8. yielding:

d3q1d3 2 )
Z/ (?)l )aqzo(A("V)) {IT\DI'(QI: Q2)l + 277%1.:9(Q1,Q2) X
1.49

Z((1+x‘2)o(5 (m) ™ (a1, 42) + 26(Ey(m)~ ’(ql,qz))}

m=1 -

We can likewise interpret the part of the T2 term involving 7(?) with the 32 term,

because 7(2) represents a pair of transitions through the state X:

F=3 Z %QJ(AW))MIW» =@ 1410
N m=l

and the regular “sequential” term ~g1712 with the term involving 7(!), which involves

the ionic ground state wyg:

dq1d q2 1+X12
= o(A(N)) §(Ea(m)) [Ty (qr.@2)| - 1411
701712 }A_;mz-:l/ 2(2) ( ) m IN q1 Q2|

These three equations are not sufficient to uniquely determine the four unknown
rates. We can, however, determine from the yield of singly-charged ions the value of
To1:

ni(t) =nyort +--- 1.4.12
However, this requires constructing the S-matrix for single-ionization of helium, which

we have not yet done.

Digression: Single-ionization of Helium

Let us look at the single ionization rate into the ionic ground state inferred from

Equation 1.3.7, using the lowest-order terms in the perturbation series for the final

(=)

state (W(-)] —{(wy ‘wo| and the initial state |$g) — |ugug). Now, calculate in the
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same manner that led to Equation 1.3.36, still using the HF-Volkov representation

for the unbound electron state. We get the single-ionization S-matrix:

2
S= —QniZo' (%- + Wy +Cp ~ Wy - nw) Tsing(q)
2 " 1.4.13
Tsing(Q) = Z [(fq,s~nlh;,u0)(w0,u0) + (fq,s-nIUO)(wOIhfsluO)]

s=-—2

When we square this, treating the square of the -function in our canonical fash-

ion, we may write:
, . (¢ .
iSP=2xT) o (-2- + Wi +Up -~ nw — Wo) | Tsing(9)1 - 1414
n

This representation begs to be compared with the Single Active Electron (SAE)
model, where all the electrons in an atom except for one are frozen into the initial
configuration and their net effect is approximated by screening the nuclear Coulomb
potential{13]. In such a situation, the T-matrix appearing in Equation 1.4.13 would
have only the first term in it. The second term, where one electron is excited into an
ionic state, and the other electron “suddenly” finds itself in a continuum state as the
atom relaxes. (This is termed “shakeoff”.) Some preliminary calculations show that

these two terms are roughly the same order of magnitude. (See Table 2.2.)

Section 1.5: On the Separation between Direct and Sequential

There is a problem with the description of the various processes we gave in Figures
1.1, 1.2 and 1.4. If one of the ionization rates vg17vg2 or 42 is exteremely rapid
compared to g2 then that “sequential” process cannot be distinguished from the
“direct” process. Therefore our separation of processes into “sequential” and *“direct”
is very tentative.

We would like to be able to experimentally distinguish between the direct and
sequential processes. The most straightforward (although most difficult) would be
energy or angle correlation measurements. We can extract (e.g.) angular distributions
from the rates, like v2(61, p1; 02, ¢2), where 8;, ; are the directions of electron i, by
replacing the 6-d integral in Equation 1.4.9 with just [[dgq: ¢? dg2¢}. One would

then set up a triple-coincidence experiment, measuring an incoming laser pulse and
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two outgoing electrons. The results would be compared to the rates as a function of
angle.

We can, in principle, devise an alternative method to measure the effects of the

direct process as follows: Define a turnover time f; as:

02 -
b = —- 1.5.1
Toimez + 7

This term arises from an analysis of Equation 1.4.8. For times smaller than #,.
the dominant rate into .X** will be ~gg, but for times after ¢;, the sequential terms
will dominate. This, however, requires that the turnover time be longer than current
laser pulse lengths. As we shall see in the Chapter 2. it at least one restricted regime

this is not the case.
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Chapter 2

Further approximations in the Theory of Double loniza-
tion Yield of Helium

In Chapter 1, we developed a formal theofy of double-ionization for heliumlike atoms
based upon an S-matrix theory and an expansion in the correlation interaction. The
singularities of the S-matrix were linked (Equation 1.4.6) to the various measurable

rate parameters. We do this here in the “strong field approximation™[14].

Section 2.1: Introduction

In the last chapter we derived formul®e which connect the S-matrix (microscopic)
description of double-ionization to experimentally-measurable quantities, such as the
vield rate of doubly-charged ions. One could also make a connection by numerically
solving the Schrédinger equation for the two-electron system|2]. This method can
provide double-ionization yield curves. However, there are several drawbacks to this
method. It is a numerically gargantuan task which currently requires many hours of
supercomputer time. As well, the solution is dependent on the laser intensity profile.
Should that change, the calculation must be repeated. The method derived in the
previous chapter can, also, in the regime of a strong-field approximation, give ioniza-
tion rates as a function of intensity. Under stringent conditions on laser frequency,
this method provides analytic results. In order to do this we must use several ap-
proximations. The first is that we use the first Born approximation (FBA) for the

S-matrix. This theory was also used by Reiss[15] where he called it the ~Strong Field
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Approximation (SFA)". This approximation requires at the outset that{16i:
B« 211

where B is a binding energy in the problem. (In this case, B = 2.9 = —Wj is the

ground-state potential of He.)

A Reminder:

Throughout this chapter we shall use the same states as defined in Chapter 1, e.q.
w(=), ug, wn, etc. We introduce the additional notation that Xq is an electron in a
Volkov state with momentum g, and A4 is a plane-wave state carrying momentum q:

Aq = exp(ig - T).

Section 2.2: The Sequential Processes

We begin by calculating the simplest sequential ionization rate ¥, as given by Equation

1.4.10, or, more simply, by:

_ d3q _ ¢ Wo OPINE .

where we have taken the definition of E; from Equation 1.3.41, and of T(!) from
Equation 1.3.40. In going from Equation 1.3.36 to this one we have used the fact
that the terms with different n; (as given in Equation 1.4.10) do not interfere. This
is the ionization through the “HF” state X in Figure 1.4. Its eigenenergy is Wy/2,
with Wy as defined above. We will write B = —W;/2 = 1.45 as a shorthand notation.
At this point we must finally write down an explicit for for the final states w,g-).
We assume the final states are approximated by the x,. From Equation 1.3.49, and
the Volkov state expression ( 1.3.37) we have the expansion(8]:
Jai =X /_ 1; %‘; emi(né+Go Fsin g2 sin26) 2.2.2
& = E/w? here, as we have previously mentioned, is a length parameter characteriz-
ing the laser. We recognize the integral as a representation of the Generalized Bessel

Function. This gives us:

[RV]
[AV]
w

fa.j = AqT-j(@0 - . Up/2w)
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We now write down our T-matrix from Equation 1.3.39 as:
1 . - e e 4.
r(u )('I) = (/\qluo) [L’p J-nlao - q, Lp/zw) + By (@0 - (T-n-t + T-ns1) +

}/2 (..7-11-2 + j—n+2)l .
(We have suppressed the arguments to the GBF in the second and third terms for

!\J
—

brevity.) Using the recurrence relation (Equation A2.2) we can rewrite this as:
1 - . oty -
(@) = (Agluo) (Up — nw) T-n(do - §, Up/2) 225
The other sequential process is the standard two-step process via the s state of
He*. The rate of population of X¥, 7q, is given by Equation 1.4.13. That is, one
electron is ionized from an uncorrelated initial state and the other electron is left in

the 1s state of the singly-charged ion. When we approximate (as we have already

done) the final states bv Volkov states, we get:

) _
Yor = Z/ (2r)? o(%— + Up + B2 — nw) l(wof,_,,[H;luouo)lz. 2.2.6a

Here, B; is the energy required to raise the atom to its ground ionized state:
By = Wi -~ Wy =0.9. 2.2.7a

712 is, in the same vein, the second electron being ionized via the electron-electron
interaction from the 1s state of the ion, and its term comes from the other half of

Equation 1.4.11:
N2 -Z / s o +U + By - [(fq,,_,.| (—w Q) |w0)|2. 2.2.8a

Once again, 81 is the energy required to ionize the ion:

By = —-W(;' = 2. 2.2.7b

One can verify immediately that the product of these two terms gives 7(!) from
Equation 1.3.52. Once again, using the recurrence relation in Equation A2.2 one may

rewrite these terms in the more familiar form:

-Z/ Gr L0 5L+ Uy + B — ) [(\lua) (woluo)l? x

" 2

[2(v, - nw)J. = £ (Tt + Tns)] 2.2.6b
/12—2/(4 2 +Up+Bl—nw)x

[ew (;n’ -0) Iw0)|2 J2. 2.2.8b
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where the arguments in all the GBF's are (&g - 7, Cp/22).

Section 2.3: The Direct Processes

The direct processes stem from Equation 1.1.9. One term arises from initial state
correlation. and one from final state correlation (the “Corkum term”). These two
terms add coherently.

The initial-state correlation term, TG0 (from Equation 1.3.38), gives:

> (far.ifop. /| Hluw) w0V luguq)

TGo = —
Wo - Wi

231

TSN
where 1" is defined by Equation 1.3.14 and the roman indices have the relation that

N = s — j — ;' renames one of the summations. x and v here label states which
satisfy the same hamiltonian as ugf. (We will sum over V later.) An approximate

expression for the two-electron final state is:
Xq1 Xz = Aqi A g, exp(it(g?/2 + ¢3/2] +1(Up/w)(1 + sin 2uwt) + idg - @sinwt) 2.3.2

with @ = g1 + 32 To convert this into the f-functions, we integrate as given by

Equation 1.3.49 twice:

faifak = Aare Z

ik

T . .
/ %‘1;1_1352_2 e i1 -ikor a2+ 2 HitUpfury 2.3.3
-

= Ay A T-j~k(G0 - Q, Up/w)
The last step comes since the expression in Equation 2.3.2 gives a term which is
independent of @,.
Applying the definition of f; ;, we simplify the expression in Equation 2.3.1:

Go _ \ (Aqg Ago v} (uv|dV luguo) . 3
TG0 — ; IWO —W. (2Up = Nw)T-n(ao - Q, Up/w), 2.3.1a
where in passing from Equations 2.3.1 to 2.3.1a we have made liberal use of the
GBF recurrence relations again.

The final-state correlation term, T‘{,[ , from Equation 1.3.56, yields under a similar

analysis (Recall the definition of V here from below Equation 1.3.55):

t The sum over u.v is a sum over the discrete eigenstates and an integral of the continuous
eigenstates of the hamiltonian in Equacion 1.3.12
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T (qu.q2) =
n.s.j.k.m
(fq1 ijg El(Vig = Qa2 — '71'2 Iunfq N+j+k+m-s (U-nfq quwUOUO)
Wo-Wi —q?/2-Cp —(m—s)w+in
If we replace the f; ;'s by their Volkov apprcmmattons as usual'
= Z/ &3 Jo—n(G0 - (Q = 7). Up/2w) Je-u(Go - 7. Up/2x
(2m)3 Wo-W5 —¢?/2-Up —vw +in

1.3.36

)(AqlAqgl(vu — 0 — Lma)lunde) (wadel Huguo) 2.3.4

where we have defined v = N — j — k as a new dummy index§. We have written the
first matrix element’s GBF's using algebra which is a generalization of what we used
in Equation 2.3.2.

We can proceed no further until we have a method of working with the GBFs,
either analytical or numerical. We choose to approximate the GBFs analytically.
This wise places strict bounds on both the laser frequency and intensity, as we shall

see in the next section.

Section 2.4: Analytical Approximation of the T-matrices

The GBFs offer no analytic simplifications. As well, Leubner[24] has shown that even
evaluating them numerically is not an easy task. Given these, we choose to evaluate
the GBF's using analytic approximations. These approximations. however, require
stringent requirements upon frequency and intensity.

Our ability to make our approximation stems from the appearance of d-functions
along with every GBF. The d-function appearing controls the arguments of the GBF'.
and we exploit this.

Write the GBF as:

T
J-~(a,b) = 49 is(0) 2.4.1
_r 2T
where a = &g - § (in the usual case) and b = Uy /(2w) (also in the usual case). For
tvpical experimental régimes ® is a rapidly varying function of ¢. A term like this

will usually appear integrated against a d-function of the type d(¢%/2+Up + B — NVw)

§ The indices j, k, m. etc.. are defined in Equation 1.3.56.
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where .V is interpreted as the number of photons transferred in a process. B here is
a binding energy appropriate to the particular equation.

The GBF does not allow for any real stationary phase points (SPPs) but does
admit two complex saddle points where the saddle-point method} of approximate
integration may be used.

The saddle-point method of approximating an integral requires the vanishing of
the first-derivative in a Taylor series to simplify integrals of the form [ exp(af(z)) d.

where ¢ is very large:

SV
.
-
.
[ V]

®(d) = ®(() + (( —0)¥(¢) + %(c ~0)®"(C) + ...

The saddle points occur when &/(¢) = 0. (The prime here has the usual meaning of

differentiation with respect to the argument.) This gives a condition on (:
N +acos{+2bcos2( =0, 2.4.3a

which is a condition on the saddle point(s) in terms of cos(:

cos(=axil3 2.4.3b
a
= — 2.4.
« % 1.3c

N o1 a\? B+e¢)
= — e e | — = 2.: .
J \/4 5~ (5) \ 25, 43

where ) = Q'?L/ 2, and 4, is that part of the electon momentum perpendicular to &g
(and the laser field). In the same way, §j is that part of the electron’s momentum
parallel to the field. In Equation 2.4.3d we have used the J-function appearing with
the GBF to rewrite the radicand in a more useful form. Using these definitions:
2¢ = q_2,_ + qﬁ is the total electron energy.

The integral in Equation 2.4.1 becomes:

T-~(a,b) = e—i‘l’(C)/ do e—i‘i’"(C)(C-cﬁ)z/2 2.4.4
c

where C is the deformed contour. Note that this requires that S ®”(¢) > 0 or the
integral will diverge. We let the limits of ¢ go to +oo. We shall see that this is

t Compare this method with the same one used to find asymptotic approximations to the regular
Bessel function. See Morse & Feshbach({17] §5.3 for details.
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permissable in view of the expansion we shall perform later. Doing this allows us to

evaluate the integral above. There are two saddle points which are complex conjugates

which we must add. We therefore have:
e-ié(Cl) e"ié(cl)

J-~(a,b) = + 2.4.5
V@0 = T T /e G °
where (;2 = in £ . These imply that
a = cos & cosh 7 2.4.6a
3 =sin €sinh 7. 2.1.6b

Also let x = arg®”(¢). Our GBF can now be expressed in terms of the real and
imaginary parts of ®. using its symmetry properties under complex conjugation:
J-~(a,b) = 2-—-52«1— cos(R ®((1) -
' 4| ®7(C)l

If we restrict ourselves to a low-frequency theory, such that w is small compared

) 2.4.7

5

Y E

to B. we can expand ® in terms of €, and ¢ and keep only first-order terms in them.
We show how to proceed to do this.
Let us first write down an explicit form for #(¢). We examine the real and

imaginary parts separately. From Equation 2.4.3 we have:
I ®(¢) = ~Nn — (a + 2ba)sinh n cos & + 2b3 sin £ cosh n 2.4.8

Using Equation 2.4.6 we write:

N 63a?
T/ = (~) + s

+28atané. 249

We wish to find an equation for atan&. We use the regular trigonometric identities
for sinh and cosh and we also note that sin® = tan? /(1 + tan?). From this and

Equation 2.4.6 we state:

a’tan?€ ~sin? £ = 3

2.4.10
—a?tan*é + (a® - 32 - 1)tan®€ - 2 =0.
This is a quadratic equation in tan? £ = Z. The solution to this is simple:
_ 1 2 2 2 2)2 _ 442 :
2-2—01-2-(14-3 —at i \/(1+ 3+ 0 —-4&) 2.4.11

1 We have ®((*) = ®(¢)", since sin(¢*) = (sin(¢))*
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Let us write

5
3=3m\/1+7—-—=3m(1+7=) 2.1.12

where 32, = B/ (2Up). Also note that o? = €,/(2Up). We introduce the shorthand ¥

for the common term 1 + 32,. Our expression for a? tan? £ becomes:

2. a2, 1 €L € \/( € )2 €
a‘tan" == | Y+ = — - Y+ -4
2( 2U, 20, L Up 2T,

1 €L € €L €| )2_ 2¢)
3 (y+2Up 7U ﬁ:y\/( Ty T,y TR rits

L TS |
(y t, T o, £ [”%py TiAY Upyz])

This gives for aztané:

€L 1§
- \/__ (1 +—93)-‘)Up - 32 2Up)

If we similarly expand the terms 3 and o in Equation 2.4.9, and keep only terms

first order in the €'s we get:

o~ — -’V 66m 2 €: (Om €3 1
I®(C)/b= — \/_mp +2/Y3% -f (y) ~ 26 y?Lp>y2

2.4.14
We must still find an expression for 7. We recall that tanhn = 3/(atan&), the

components of which we already know. We use the expression for tanh z:

l1+z
tanh -l .
anhz = 2og1 —

The algebra turning 7 into a function of the €'s is torturous and fraught with the
possibilities for minus-sign errors. We must also find an expansion of N/(2b). To
do this, remember that these terms all enter into an integral with a J-function like
d(e + Up + B — Nw). We write N = (¢ + €L + B + Up)/w and so N/(2b) =
1+ 32 + 25&:7 + 25637. The upshot of this entire ordeal is:

I () /b= [(1 +282%) log—\/\/—g—.;—gl"- -~ 2\/37[3,,,} 2.4.15a

\/—'*‘am 522 ( 2 3m)
+3 [71 -y - (1+28) 2\/373,,,—0.
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-9 y(3§z+§_j)m.)] 2.1.13h
€ VY + 3m 2 ( 1 ) 63m
e [‘l"gﬁ—am (+20m) (529 ) - 75
+-53$-2-] 2.4.15¢

This, unsurprisingly, can be enormously simplified with by churning the algebra
crank. There are many cancellations of similar terms and the result is written:

K =(1+2132)logj_—+3m+2ﬁ3m
21 VY + Bm 4 $6m - 2416
K”— Og\/' Im \/7
VY + B

k2 =2lo
L g~ \/—' Sm
In the limit of small 3,,, the 3 k’s above become:

I‘C2 = 5}33"
’ci = 4Bm 2.4.16a
4
2 3
K| = 3Pm

where we have kept only the first nonvanishing term in the Taylor series expansions
for the x's.

We need to perform a similar expansion for R (¢). Begin with its exact expres-

sion:
RE®()/b= %6 + (% + 2ﬁa) sin & coshn + 28sinh 7 cos €
N 26%a
= 3—6 - 6aatané + atané
Expand as is our wont in powers of e: 2417
N 64 _ 5. 285 U
5 e \ /4Up ¥ /iU,
_a ( m )
= +——=|—= -6
7€ Va0, \VY vy
We are left with finding an expression for £. Like for n, we know, from Equation
2.4.13, that:
E=tan"'Y/a
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. We use the expression for the arctangent:

-1 . (1+II>
tan” " r =ilog -
1 —-izx

and using this, and expanding the logarithm, we get an expression for &:
2a
€= [ﬁ - r.] 2.4.18

where here 7 has its usual meaning 3.14159 ... In sum, we write the real part of ® as:

RE(C)/b — +4—be /Y + 7 (1 Fo=L 4 9-3'-) 2.4.19

ViU, 2Up, 20,
All that remains is finding an explicit form for ¥” = —8ibBsin (. We are inter-
ested in the magnitude and argument of this separately, and it is a straightforward
calculation. We derive:

|®”(C)] = 8b8]sin¢| — 866mvVY
—3a 2.4.20

tany = m -0
where for x we have taken the ¢ — 0 limit. (This is consistent with our small € limit
we have been using.) We pick the second quadrant for x because of the signs of the
real and imaginary parts of .
We may now, at long last, write down the saddle-point approximation to J_y,

as an expansion in powers of gy and qu.. It is:

—br2 enk? + € k2
e il LPy
J-n(a,b) = ———————————=—exp (..__ i - )
47bBm /1 + 52, w 5191

nw Up
X COS (-2— + 2q"‘/ = (1+362) '

We note that in equations like Equation 2.2.4 we are integrating our GBF against
functions like {(Ag|uq). This function can be slowly varying compared to the GBF. In
fact, the scale for g set by that matrix element is typically ¢ ~ v/2B, whereas the scale
set for ¢ by the £'s in the GBF is much smaller: ¢ ~ |/8w/bx3 or ¢~ , /8w/bxl. The
more stringent requirement for the matrix element to be slowly-varying with respect
to the sharply-peaking (and exponentially-quickly shrinking) GBF is given by the

latter term:
28> 52 2.4.22
o]
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Along with Equations 2.1.1 and 2.4.16 this implies upper and lower hounds on

the laser parameters:

1([3 2/3>L’p X S
3\ 30 B =423
In such a case, terms which are slowly-varying on that scale, like (Ag|ug). and ®"(().

can be evaluated at ¢ = 0.
Equation 2.4.23 also gives us a practial bound on laser frequency} by using the

outer inequalities (resulting in B > 9w roughly) and laser intensity (through Up):
w<3x103  (au) 2.4.24a

3x10%<T <213 (au) 2.1.24b

Evaluating the Sequential Terms

To proceed to evaluate a term like Equation 2.2.5 we substitute in all of our above

work. We have, then, that:
¥ = (Ag=oluo)? B2 I 2.4.95

where we have used the d-function to replace Up — nw by ¢2/2 — B and the ¢* term

is dominated by by the decreasing exponentials in the integral [;:

I =Z/d3q6(q2/2+3 +Up — nw) T2

—2bx? € Ke + € K2

. 1™ LAy

= d3 o 2 2+ B+U, — nw __e._..._._ _..-—-____I
;/ 19(a’/ P )41rbﬁm\/1+5,2,, : %

9 | MW Up ‘
X COS (? + 2q|”/ F(l +32) '

and we remind ourselves that ¢ = qﬁ/ 2ande; = q}_/?, so that ¢2/2 = € +EL.
To write a closed-form expression for this integral, we first note that the in-

2.4.26

tegrand has rotational symmetry. Using this, we can express the volume element
d3q as 27 dgy d(qi/2) = 2w dq; de;. Now, we use the J-function to perform the ¢, -
integration. This will imply a mininum value for n, ngm = [(B + U, + ¢)/w],

restricting that sumt:

I We should note that this limit places w outside of the current experimental range.
t Recall that [z] is the ceiling function. returning the smallest integer larger than or equal to z.
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—2bx2 .
I = dgy e e/ (3w) eK_L/(-lw)(BJ.—Lp.e.l)x
208m V1 + 32
. = 2.4.27
-2 /4n 2 | nw 'p 2
z e "L/ cos 5+ 2q) ;—2-(1 +3%)
R=Tmin
Now, the sum over n is a simple geometric series. L’sing the relation
—-an __
Z e - 1 — e"a’
n==x
and representing cos® = (1 + cos)/2, the sum term simplifies to:
o 2
Z e /4([(B+Up+e§|)/u‘] -1/2)
n‘-‘nmin 4 98

1 i /U ,
[m — (~1)™min cos (4q" :’-%(1 + 32) J .

Define the function f(z) = [z] — z — 1/2. This function, as seen in Figure 2.1,
oscillates around 0 with period 1, and is discontinuous at every integer.

Figure 2.1: The symmetric-fractional-part function f(z), as defined abave.

We are left with a one-dimensional integral over g:

—2bx? 2 2 —2 2
e /dq" e..,;”q"/(gw) e w1 /2f ([Up+B+q“/2]/w) .

I =
YT 28 /T+ B2,

[(Up+B+q)/2)/w]
1 (=1) i ;
sinhk? /4 cosh x2 /4 cos | 4a -c;g(l +65)

This last integrand cannot be performed analytically but can be approximated
numerically. However, as we see below in Table 2.1, we can, with small error, drop

the oscillatory terms and keep only the exponentially-decreasing term. Therefore, Iy
becomes:

2.4.29

—-2ba:2

I = _____.__._/d o~ i1/ ()
2b8m+/1 + 32, sinh &% /4 5.4.30
«-2bn 2.4.

47rw
7b8m,/1 + 32 sinh nJ_/4
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[ approximations

Up = 100, w = 0.005 Cp = 250000. - = 0.001
Terms used Value Error Value Error
All terms 105.66484 — 341145.748 —
Drop cos term 105.66290 0.002% 341145.7 0
Drop all osc. terms 102.485 3.0% 341092.71 0.02%
Equation 2.4.30 102.485 3.0% 341092.72 0.02%

Table 2.1: Numerical approximations to the integral I; in Equation 2.4.29. We do not include
the exponentially smalil prefactor.

After replacing the values for b, Im, etc., in the expression for %. and using the

value for [} in Equation 2.4.30, we may finally state:

~\ 1/4 —
33 (U3B ) 2353
o3 ( 5 ) [(Aq=0|u0)|” exp 9w2Up 2.4.31

We note that Equation 2.2.8 the calculation for 72 is identical to that for ¥

pe ]|

except for:
1. The factor of B is changed to By = ~W;" = 2a.u.
2. An extra factor of %
3. A factor of Up — nw present in Equations 2.2.1 and 2.2.5 is absent in Equation
2.28.
4. The matrix element appearing is different.

Because of this very simple relationship, we may without further calculation write:

1/4
3,3 1 [U3B, v 2 23 B3
-~ == g - > -— ——— 2.' .
712 3 1687 ( ) l(’\q—0| (2 Q) lwo)l exp 9w?U, .32

To simplify the expression for g1, we must first deal with a term which is 7_y =

:;—(j_‘v_l + J-n+1)- The integral representation for this is:

®
T-n = g—% ei®(®) cos ¢ 2.4.33

-
Since the cos ¢ term will be much more slowly-varying than the other exponential

term, we evaluate it at the saddle points as well. We know that cos( = a +i3. We
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now exploit the relation:
cos(fd) x (u +iv) +c.c. =ocos(d — 7)
o = lu+iv| 2434

T =arg (u +iv) = tan™}

8lc

In the limit of € = 0, o — 0 as well and therefore 7 — 7/2. Since cos(z — 7/2) =
sin(z), we can now write J_y, using precisely the same calculations which gave us

Equation 2.4.21 as:

_ 3 e_zb,‘z eflx.z-(-e_,_ni
T-n(a,h) = —————————e" &
\/4b8m /T + B2, 2435

[N [T ) '
x sin (—2— +2qyy/ =5 (1 + 8%,)

Let us take a moment to note the differences between 7 and 7:
1. The extra factor of 3,
2. The cos(---) factor has been replaced by a sin(- --) factor.

We now proceed to work with the expression for vy; (Equation 2.2.6b) in the
following way. First, we note that there will be a cross-term J_yJ_u, over which we
integrate. These terms contain a factor which goes like cos(gy) sin(gy). Over the range
~00 to +0o the rapid variation in oscillations in this term will go to zero because
the oscillations are out of phase and therefore interfere destructively. As well, for
the same reason which led us to disregard the cos(g)) term in Equation 2.4.29 we
disregard the sin(gy) term in J. Therefore, the two GBFs appearing in Equation

2.2.6b are computationally the same and we can write g as:

7
= Z/ L 5( + Up + By — nw) |{Aqlug) (wolug)|®
(27 2.4.36

T2n(a,b) [483 - B (qun)z]

We have taken the liberty of replacing U, — nw with B; + ¢, because the presence of
the d-function guarantees that equality. We then take ¢; — 0 as we have previously.
We can perform ths integral in Equation 2.4.36 in the same way we calculated

[1. The only difference is the presence of the g term, which is not a problem. We
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note that

(Imwan)? =

X
.

When we perform the final g the second term in brackets in Equation 2.4.36 becomes:

. B uw
IL.LB% + -2-.-—K—I2I- 2,437
The term % is required to be less than B/4 by Equation 2.4.22. Therefore. the

=
)
second term in brackets in Equation 2.4.37 is bounded from above and we write the
bracketed term as:
1

1B31+4], < 5 2.4.38

o will only get smaller as we move further into the regime given by Equation 2.4.23.
Therefore, we do not make a large error in ignoring the second term.

The upshot is the expression for ~vgr:

3.3 (U,B3\'/* 2 23 B3
o1 = _15(_22_2_) [{Aq=0luo)(woluo)|” exp | — 9w2U2'p , 2.4.39

where By = W — W is the binding energy. (See Equation 2.2.7a.)

The Direct Terms

The direct terms in Equations 2.3.1 and 2.3.4 do not admit straightforward solutions
like those for the sequential terms. Both involve sums over intermediate states in the
matrix elements and products of GBFs. We develop a mechanism to deal with these
summations.

For the ground-state correlated process (Equation 2.3.1) there is only one double
sum. We can use the method described in Appendix 1 to eliminate this sum; the
GBF appearing differs only in its arguments (and we shall deal with this shortly).

The stationary closure method reduces the matrix elements to:

5 (Aqy Maplbsw) (u|dV luouo) (Aqu Agn |6V [uguo)? 5440
o Wo — Wyu (’\q1/\Q2|[5‘/1 HO”'UOUO) o

0V" and Hj are given by Equations 1.3.14 and 1.3.10, respectively. We make the

same approximations about replacing ¢ — 0 in the matrix elements which we did for
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the sequential terms. The result of this is that the form for the initial-state correlated
T-matrix (Equation 2.3.1 becomes:

. 2
0 _ (Aqy A0V uguo)
VT (Aqu Aq2l[0V, Holluoug)

(2Up — Vw) T_~(Go - Q. Up/w) 2441

with Q = 5, + G2 and § = q1 — 72 being the sum and differences of the electron
momenta.

This new GBF J_~ (g - Q, Up/w) appears in the following double-integral:

3
L= Z/ Fad'e €q + €g +2Up + B — Nw)
~ (2w )
T2 x (G - Q,b') (2Up — Nw)?
where
—25x2 1 212 /o
- = e =26'%Q5 /2
..73 aon - ’b/ = ——————————— It 2.
N( 0-Q ) 41rb,’3m\/mz 112
o= 2'n3 (@2 /244%/2) oo (_V_ﬂ’ +2Q)1 /Up(l 42— 3%) )
W
and
y def Up
W

We should say a few words about the structure of 7 (@g-Q, b'). We can consider this
GBF as entering into a 6-dimensional integral over a hyper-momentum (g, Q)T =9Q.
When we solved the saddle-point method for the “regular” GBF between Equations
2.4.4 and 2.4.16, we saw that there was one particular direction of momentum ¢ =
&p - § which was picked out into a, and the d-function “selected” the remaining
direction (¢ ) into 8. The situation here is analogous. The one direction we have in
@ is @ - @, and the remaining 5 directions (QL + §) will be in 3. We may, without

further ado, write down an expression for J. 2N(cm g, 2b):

’ - p—br? /4w
JZn(do - Q,20) = ———————=
87b3,\/1 + 3,2
X exp [—nﬁQﬁ/(?w) -~ k3 (Q2 + q2)/(2w)] 2.4.43
N 3 2
ceot [V 12, \/U_(}:__@n_>
2 «
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where 3], = \/—B_/_(ILTJ and the various x's appearing here are defined in terms of
3.

This integral is solved in much the same way as the I; above. We note that the
argument to the J-function can be written d(eg +€,+2Up, + B~ V). Like in [;. the
cos® term oscillates rapidly and can be replaced by 1/2. Let us write €Q =€Q, +€Q,.

Since the integrand is symmetric about the &g axis, we can write:

d*Q = 27dQ) QL QL = 27dQ deg,
and then use the é-function to eliminate terms in @ :

-1 o2’ 3 -x2Q2 /4w
e v 3 KL
X exp (—xﬁ_[Nu -2Up, - B - €Q) ~ eq]/(-'tw))
X exp(-fc']’_eq/'-tw).
Continuing, we notice that the ¢ cancels out completely from the exponential terms.

2444

However, there is an upper limit of g set by the requirement that Q?L not become

W

negative:
2
Jmax = 2 (L’V(.d - 2Up - - —Q—;l—) 2.4.45
The integral [ d3q is 4mg3,,, /3. This requirement also bounds N from below:
2U, + B +¢
N > Nam = ( - Q") 2.4.46

Using this in Equation 2.4.44 results in:
1 93/29——26’&2
I == —
2T 23(m) WAL it O
= d 2 2447
Z Q) exp (""Il‘Qu/ 4“’)

N=(Npjn]
x [Nw — Nminu]3/2 exp (—nﬁ_[N — Nmin]/4) .

At this point. we diverge slightly from our derivation of I;. We note that Ny, >

1. and so we approximate our sum over .V by an integral [ dNV. In this case, our lower
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limit becomes exactly Vpin. The integral becomes trivial with a change of variables

V=V- -Vmin-
F dy 122y _ L (5/2)
0 (K2 /4)3/2
and the remaining integral with respect to Q) is likewise elementaryt. The result is:

b o 38 (3 1B 5
2= 173 ﬁ exp| - Epd—z . 2.4.48

Let us now turn to the expression for TA[,[, Equation 2.3.1. To perform the v
sum. we use stationary closure, employing the closure relations for the sums of GBF
as given in Equations A2.3 and A2.6. We replace v by an ~average number of
photons”™ & = (N +35)/2-adp -(Q—Q/Q)jN/JN. In the q1, 92 — 0 limit, the last term
has a leading term which is of order q; or ¢2, and vanishes, because the ratio of the
GBF's appearing there is a number O(1). As well, NV is large for real laser intensities}

so we approximate 7 = N/2. In this light, Equation 2.3.4 becomes:

d3q To-n(Go - Q, Up/w)
T[I , = / S y “D ‘
via@) %’; TP Wy - Wi —q2/2~Up — Jw +in
1+X
2.4.49
where
, def 4

V' = Vo - Qo — ?ﬂ'g

(the 6V” here is different from the one in Equation 1.3.21) and here alone we call
v =(ugug|Vizlugug) instead of v to avoid confusion with the summation index.
The sum over s can be done simply thanks to the recurrence relations and the

special forms of H:

Hy=2U, Hu==F1+5) -8 Hi=U, 2.4.50
)

With this in hand, and the GBF recurrence relationsq], we write:

T However, one must remember that the limits of integration dQ are from —oo to +%.
i Vmin = Up/w, which we assume to be large.
9 Recall that all the arguments to the GBF's are the same
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. <{py +D2) v .
S Jewld +a ) H, = 20Ty + SEER D0 (g L7
5

+Up [(T-n-2 + T-x+2]
= (2Up - Nw) I~

_ < +P2.)‘ Q) - x [(T-nvot + T-v+1]

-

T is now given by§:

d3q 1
T[[ , —_ / -
v (q1,92) §n: (27)3 Wy — Up + Nw/2 ~ Wi — ¢2/2 +1in
(1 + xlg
X

) {205 = ) T (0 a6V m) Al
- %(/\ql Agpl6V'do - (Br + P2 ~ Q)lwnAg) (wnAgluoua) T- v}

2.4.32
As before, we will evaluate this at g = g3 = 0 everywhere except in the GBFs.
We continue in the same vein to eliminate the combination sum-over-n/integral-over-
g- This sum/integral can be seen to be one single closure over the states wp\q. First,
we will no longer need the symmetry operator (1 + X;2)/2 since in the limit above
both the initial and final states are invariant under particle interchange. As well, we
see that the second term will vanish because we will have a term which is &g - (51 + F2)
acting on a pair of S states, and this term will vanish. Therefore, we will have, after

performing stationary closure, and employing the d-function in Equation 1.3.56:

(Ao AoldV"luquo)

%'a _ {AoAo|dV'Hylugug)
‘ (AoAgl6V'[uguo)

Tl{f[(qlv QZ) = j—AV 2.4.33

Hj here is the hamiltonian which |wg,A,) satisfies:

H(') =TT +WVi+Ts. 2.4.54

§ J is defined in Equation 2.4.33.
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Digression on the SC method for the v sum.

The use of the stationary closure method to perform the v sum requires further anal-
vsis. When we approximated the GBF by using Equation 2.4.2, we found that there
were no real stationary phase points. which made the GBF itself become exponen-
tially small. However, for each GBF of the product J, _ v(do-(Q —7), b) Ts—u(dg-Q. b)
the energy d-function is not enough to give a unique relation betwen the order and
arguments of the GBF so that real stationary phase points do exist in the integral
representations of the GBF. These will not be exponentially small. Moreover. there
exist areas in the (g, v) plane where each of the GBF's have these real SPPs and so

the product is not small. In fact, in Equation 2.4.7 we would simply have:
J-n x C1cos(®(C1)) + Ca cos(®((2))

However, the other GBF will have a similar expression in terms of cosines, and the
product of the two GBFs—two rapidly-oscillating functions—will not have a real SPP,
and therefore the product will become expdnentia.lly small. We shall show this now.

For the GBF' to have a real SPP, we require that 3 from Equation 2.4.3d be pure

imaginary. Therefore:

3+ 5i0

This is satisfied when, substituting in b = Up/(2w) and a = aqgq; (for some q):

q
" + Up +vw > 0. 2.4.55'

(This is always true when v > 0.) Let us simplify our notation somewhat. We will

call the two roots of Equation 2.4.3b z4, where:

v 1
= — at3 245
Tq = 8bz{:R R= \/ 8b 2 4.56

Note that R > 0 for v > 0, thus enforcing reality. The requirement that z4 = cos ¢+
have magnitude less than or equal to 1 places bounds on permissable values of v and
qy- The first set, coming from z.., is:

This provides us with part of the region in the (g, ) plane where the GBF can be

large. We have a similar set of requirements on z_:

Qww +4qy/Up = 2U, €0 <2ww — 4q /U, - 20, 2.4.57b
fl p p i p p
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We will get a pair of z+'s for each of the two GBFs appearing in our sum. Call
one pair r+ and the other pair z/.. We will therefore see four contributions to the

integral arising from evaluating the function at the four saddle points:
ey, e, r_r, z_Z_ 2.4.58

These terms will contribute so long as the regions which they describe in the (q.v)
plane overlap. Some straightforward but messy algebra shows that there are regions
of overlap, so the terms will all contribute.

These terms will enter into a sum over v and an integral over §. Applving the

saddle point technique to the GBF in the domain where there are real SPPs results

in:
cos (®(z,) + Fsgn®”(z,)) cos (®(z_) + Zsgnd”(z_)) .
v — 4 O + — 7 2.4.59
29" (z4) V2| ®"(z_ )]
where by ®(z.) we mean
o(0) . 2.4.59b
CoS =T,

These are made simpler by noting that the sign of ®’(z+) is the same as that of z:
that is, ' (z4+) > 0, and &"(z-) < 0. To see this, write (@) = asin o + 1bsin 20.

If we expand sin 2¢ as 2sin ¢ cos ¢, and substitute in z. for cos ¢, we get:

®"(¢) = +8bsin o+, singy = (/1 ~z2. 2.1.60
*

Therefore, we can write the argument to the cosine term in Equation 2.4.59 as
cos(®(z+) £ 7/4). The product of the two GBF's becomes now:
cos(®; + Z sgnd”) cos(P,, + Fsgnd” )
j=tm=% 2, /|®7 Pl

2461

Here, the subscript j is summing over the z4, which are the real SPPs of J;-,(Gq-, b)
and m is summing over the z/;, which are the real SPPs of the other GBF J,_x(Go -
@ -9, b). Each of these four terms is integrated over its own domain in the (g, )
plane.

To continue on our notation-simplifying path, let us rewrite the arguments to the
GBF's in Equation 2.4.49 in the following way. Let z =v -~ Nand ¥/ = —s — V.
Also, let k =g — %Q This lets us write the product of the GBF's as:

-

N DVAVINC N F N

|

jz:(&o : (

N

t
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The integration formerly over § is now over k. Let us symmetrize the summation

indices as well by letting £ = n’ — V'/2. Equation 2.4.49 will have the (schematic)

form. dropping the primes on the indices:

-7-N/2—n(5'0 : (Q/z + E), b) Jn_—_v/z(&o . (Q/? - E) b) 2.4.62

With this in hand, let us turn to the evaluation at the real SPPs. We can use
the trigonometric identity cosacosb = (cos(a + b) + cos(a — b))/2 to simplifv the
four terms appearing in Equation 2.4.61. Let us consider just the first term, with
J =+ and m = +. The terms here will be rapidly oscillating and not contribute to
the integral over £ and sum over n unless there is a real SPP of the product of the
cosines appearing. If there is, we will get a “large” contributionf. Otherwise it will

be exponentially small. The two ®’s appearing are:
N - 1= =~ . | .
®;=—-(n+ 3-)¢,- - ap - (§Q — k) sin ¢; + bsin 2¢; = ®;(n, k:)

N =~ =
&n=(n- %—)q’;m —-ap - (%Q + k) sin &y, + bsin 20, = O pp(n, k)

&

where:
. — N
o Go-(Q/2-k)  |(d&-(Q@/2-kK)) ,n+N2 1 2.4.63
cos Qj = - 30 + \ 8b + - + 5
A T g bl 2
_ _Go-(Q/2+F) G- (@R2+E\  n-N2 1
WSOm =TT T\ 8 T t3

For there to be a stationary phase, we require that the first partial derivatives of

®;.m(n, k:) with respect to n and k. vanish. The derivatives are:

0% ad
on on 2.4.64
6@,- = 40 Sin @; aéj = —Qq Sin ¢. B

These together require that for the cos(®; +®,,) term ¢; = ¢m,. For the cos(®; - &,,)
term, we get ¢; = —¢m and sin@; = —sin ¢p,. For |¢| < 7, there are no solutions to

this second part of the first termf. Therefore, there are no real SPPs for that term,

{ See Morse & Feshbach[17], §4.6.

t The restriction to the interval [0, 7] comes about because we require sin > 0, otherwise there
would be no real stationary phase point.
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and it will become exponentially small and vanish compared to the first part of the

first term. The relation 0; = om gives us:

a9, Q- 0,Q: : -
.__8_5(_2_. —-k)+R; = ——-(—. +k.)+ Rm 2.4.65

where R; and Ry, are defined to be the values of R for o, respectively. These give

us two relations between n and k.:

_ —agk:Q: (0Q:)* 1[N 9
"= 6 ta"k‘\/ 6oy 3\ ! #1068

The limit Q. — >0 requires, from Equation 2.4.65 that n — 0. Therefore. we need

the minus sign in Equation 2.4.66:

_ aoQ: 1 /N @ @Q: 9
n = aok; \[(16&) 2(46 1) 166 | 2.4.67

We see that the radicand is never positive, due to the d-function controlling the

values of Q, k and V. Exactly similar analyses show that there are no real SPPs for
the product of these two cosines, and therefore we must proceed with the standard
saddle point method with an exponentially decreasing factor — which is the same
exponential factor one gets from the method of stationary closure! Therefore, we do
not make gross errors by dropping terms exponentially larger than the ones we keep

by using the SC method for the v sum in Equation 2.3.4

We are now equipped, at long last, to write down the direct T-matrix contribution

to v2. Equations 2.4.53 and 2.4.40 yield:

TR = J-n(8o - Q, Up/w) Wy

(MooldV]uguo)? . (AoXoldV'[uguo)? 2.4.68
(AaAol[0V, Holluoug) ~ (AoAo[dV'(Wo/2 — Hp)luguo)

We shall refer to the multiplicand above as M.

We see that the second part of vg9, as given in Equation 1.4.9 vanishes for the
following reason: given the approximations we have used so far, all of the various
T-matrices, () and 7(?) are all real and therefore their imaginary parts vanish uni-

formly. Using Equation 2.4.48 we have:

1/2,,3 1RB3
2 = —— | MPexp [~ | e 2.4.69
8(‘27")385/215;1,/2 9w?U,
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Section 2.5: Numerical Results

To continue, we must evaluate the matrix elements appearing in (e.g.) Equation
2.4.32. Table 2.2 lists them. We can write up(r) as a sum of Slater orbitals[18][19].
However, in view of the coarse approximations we have made with the stationarv
closure method, we make no great error in approximating ug(r) by a variational form
N exp(—Ar), where .V is a normalizing factor: V2 = A3/, and A is determined to be
27/16(7]. The integrals appearing below are all elementary, except that some notice
must be paid to the 1/r2 terms appearing, which we treat in the manner that Landau
and Lifshitz[7] do. We detail one example here. Let us calculate (Ag|Qlug). In the
q — 0 limit, A; — 1. We have then:

- 1
(AMolQuo) = N3 [dar /d3IUQ(I)2 uo(r’)m

Our app= (47f)2N3 r’dr dz U%(l' )F__i?"UO(T)' symrmetric).

= (4m)2.V3 (/Ooo dr ug(r) r/‘;rdza:zug(z)r)

+/0°0 drr2u0(r) /roodzxu%(:t:)) 7)

+/ “drr2u0(r) /"dz:z:ug(:t:))
0 r
The form of ug makes these integrals simple.

1 1
— N (L L
= (@m)°N (27,\5 13)\5)

All of the matrix elements in Table 2.2 are handled in a similarly straightforward

!\J
Ut
—

fashion.
Since we are using a variational wavefunction, we shall also use a variational

approximation to Wy, the ground-state He energy:

O
[SV]

(ugug|Holugug) = 2¢¢ — v = ~2.848 a.u. 2.

We observe that M, the matrix element appearing in the direct ionization rate
02, consists of an initial-state correlation term (with V') and a final-state correlation
term (with §V'). The data below show that the former is approximately a factor of
six smaller than the latter, and so its contribution cannot be ignored. Numerically,

M = -3.6047
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, 2 64w
[{(Ag=0iuo}|” = =
(22)%/2
3+ \3

- 4

l(wolug)|® =8 = 0.989

v 2 -
l(/\q=0[§ - Qlwo)l = 0.07497
(AoAoldV ugug) = 2.757#
(Mg Aglo V' lugug) = 4.8907
(MoAol[dV, Holluguo) = 10.2217

_ Wi
(/\0/\0'0‘/" (-—22 - H{J) lugug) = —3.30%

Table 2.2: Matrix elements appearing in the expressions for the various ¥'s

We note that in all the expressions for the v's. we have a term proportional to
(Upuz)" for some n. We identify this term with (//4)", where [ is the laser intensity
in atomic units. This allows us to write the terms for the rates in terms of the laser

intensity alone, and independent of the laser frequency:

o1 = 3.7273 [3/4 e~l.6101/\/7

12 = 4.64346 x 10~ 13/4 o—5-333/VT
7 =3.335 [3/4 o=3.2024/VT

~02 = 3.169 x 10~2 [3/2 o—6-385/VT

Table 2.3: The ionization rates (v's}), as functions of laser intensity, in a.u.

We note that these rates are all monotonically rising functions of intensity. We
plot them as a function of intensity in Figures 2.2, 2.3 and 2.4. All the units of
time and intensity are in atomic units, given in Equations 0.2.3:

In Figure 2.5, we plot the turnover time ¢, from Equation 1.5.1 as a function

of laser intensity.
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Figure 2.2: Plot of vq1 and g2 versus laser intensity over three decades. All units are atomic
units.
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Figure 2.3: Plot of ¥ versus laser intensity over three decades.

Section 2.6: Comparison With Experiment

Up until now, direct double-ionization has not been observed directly, but rather
it has been have inferred it from yield curves. For example, Walker et al[20] have
produced a graph of singly- and doubly-charged helium ions as a function of laser
intensity—see Figure 2.6. .

Walker et al. interpret the sudden change in shape (the “knee”) of the ion-yield

versus intensity curve as the changeover of the yield of He*™*. from being dominated
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Figure 2.4: Plot of v12 versus laser intensity over three decades.
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Figure 2.5: Turnover time ¢, versus intensity.

by the non-sequential process to being dominated by the sequential one. However,
Lambroupolous and his coworkers[21] showed that what Walker et al. saw might not
have been the onset of a “direct” process but rather the introduction of an intensity-
dependent resonance of the atom in the laser field. That is, there would be an
enhancement of g due to the atom’s absorbing some number of photons and dressing
the atom so that the ~; becomes a resonant process. The atom would then be

stabilized against ionization, and the vield would not increase as I increased as long
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Figure 2.8: Experimental graph of ion yield vs. Intensity, taken from Walker, et al[20].
Measured He ion yields for linear polarized, 100 fs, 780 nm light. Calculations are shown as solid
(SAE) and dashed (ac-tunneling) lines. The measured intensities are multiplied by 1.15. The
solid curve on the right is the calculated sequential He*+ yield. (Reprinted with permission.)

as the resonance existed.

For us, with our model, to determine the onset of a changeover from the domi-
nance of the direct process to the sequential one, we look at the fractional yield of
doubly-charged ions as give by the rate equations (Equation 1.4.7). In our model,
we assume that the laser intensity is “suddenly” turned on.

That is, the laser intensity is a step-function on and off in time. (In the figure above,
we approximate the laser pulse, the dark curve, by the shaded area.) Therefore, we
interpret the ¢ occurring here as an effective pulse length; it is much shorter than the
actual laser pulse length. We see that g2 appears only as a part of ' in Equation
1.4.7, where it is dwarfed by vo; and . Therefore, our model predicts that, within its
range of validity, one cannot observe the direct process from analysis of yield curves

alone.
There is another possible explanation of the “knee” which our model could pro-
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Figure 2.7: Fractional yieid of He** versus intensity for effective laser pulse lengths of 100 fs,
i ns and 10ns. Intensity is measured in atomic units of intensity [g = 3.50 x 10'6 W/cm?

vide. Suppose that there were competition between the two sequential processes. If
one process were dominant for some regime of intensity and the other process dom-
inant in another regime, then there would be a break in the slope of np—a “knee”.
For the range of I where this model is applicable, however, we have v > ¥ and so

this explanation is not valid.

Limitation of our model

Our model has one very serious drawback. » The exponentially small factors in the
GBF's make our ionization yields come out (numerically) orders of magnitude smallerf}
Yield Rates (in au)
Kulander Calculated
Intensity (au) 100 fs 1ns 10ns
0.0284 8.41 x 10*® 6.51 x 10~? 5.55 x 10~6 2.03 x 1073

0.0227 2.72 x 10%® 2.93 x 10~!! 2.82 x 108 1.97 x 103
Table 2.4: Experimental ionization yields versus our calculated yields from Equation 2.6.1

than experimentally-measured rates. The yield is given, using the approximation

of a sudden-on-sudden-off laser pulse, is:

1 tpulse
na(I) = ; lse/(; dtna(1,¢t) 26.1
pu

T Actually, orders of magnitude of orders of magnitude.
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where na(/.t) is given in Equation 1.4.7. Kulander(22] provided us with his double
ionization yield data. which we compare with our predicted vields. The results. for
three different pulse lengths. are provided in Table 2.4.

We must point out that these data were for lasers outside of the regime of validity
of our model (v = 780nm = 1.59eV and w = 616nm = 2.012eV) and so direct

comparison with existing experimental data is speculative.
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Chapter 3
Conclusions

In Chapter 1, we set forth a project to look for a signature of correlation in multi-
photon double ionization of atoms. We developed a definition of sequential and direct
double ionization processes. We then connect the macroscopic (measurable) quanti-
ties, the fractional ionization yields, to microscopic (quantum-mechanical) properties.
The two are connected through a generalization of the Fermi Golden Rule derivation
for single ionization: singularities as a function of energy of the S-matrix describ-
ing the ionization process connect directly to the various ionization rates through the
solutions of the coupled ODEs describing the fractional yield rates (Equations 1.4.7).

We find that the uncorrelated parts of the ionization process interfere with the
correlated parts (Equation 1.4.9). In addition, our sequential process itself requires
an accounting for the dynamics of both electrons, through the new “HF™ state X.

In writing down the S-matrix describing the ionization process we have approxi-
mated our full interaction by an expansion in powers of the screened interelectronic
Coulomb interaction. This makes the connection between the S-matrix terms and the
ionization parameters inexact. This is a reflection of the fact that the two processes
themselves are in fact very difficult to distinguish. If both intermediate steps in the
sequential path X; — X2 — X3 is slow (i.e. long lived) then the process will be
viewed as sequential. If one rate is fast, then the process will be viewed as direct.

We define a particular signature of correlation, the turnover time t;, which is a
measure of how long it takes for the direct process to be dominated by the sequential

processes.
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[n Chapter 2, we carry out the analysis from Chapter 1 using a lowest-order First
Born Approximation (FBA) to calculate the double ionization rates for helium. e
approximate the ground state of helium by the simplest approximation to the Hartree-
Fock orbital, and calculate the rates in an expansion in the correlation interaction.
This method makes the various rates be in terms of Generalized Bessel Functions
(GBF's). In order to evaluate these terms analytically, we use an asymptotic (saddle-
point) approximation for the GBFs. In turn, this enforces a strict upper bound on
laser frequency and upper and lower bounds on laser intensity. The return on this
is a relatively simple analytic form for the various rate parameters (¥'s), which are
independent of laser frequency.

We find some surprising results for the rates themselves. In the regime of appli-
cability of our theory, the sequential rate is dominated by a path which does not go
through the singly-charged ion (X — X* — X**) but rather through a Hartree-
Fock state (X = X — X*¥). It is identified with a shake-off description. This
is a direct result of our approximating the ground state as a product of variational
approximations to the HF ground state (uqug).

The direct term also gives rise to new results. We found that the final state
correlation—or “boomerang” (Corkum) term—dominated over the initial state cor-
relation term, but only by a factor of approximately 6. We found our predicted
ionization rates to be much smaller than the experimentally-determined rates just
outside of the range of validity of our theory. We also found that our signature of cor-
relation, the turnover time, is far too small to be used experimentally now. Likewise,
we show that direct observation of yield curves alone, without other corroboration,
like angular correlation, cannot stand as evidence of correlation.

A letter by Watson, et al.[23] was recently brought to our attention. In it, they
claim to validate the work of Walker and his group(20]. They use the idea of an
expansion in a correlation interaction but do not take the care that we do in defining

it, and their work lies outside the regime of validity of our own.
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Appendix 1
The Method of Stationary Closure

[n general, th- >roblem of performing a sum-over-states (like the one appearing in
Equation 2.3.1) is extremely difficult, if not impossible, to perform in a closed form,
because of the presence of the energy of the state over which one wants to sum in the
denominator appearing in the sum. If that sum-index dependence were not present,
then the sum would simply sum over a complete set of eigenstates, which is a resolvent
of the identity. The trick of Stationary Closure involves replacing index-dependent
energy in the denominator by an “average” energy which is index-independent, at
which point the sum can be done immediately. We proceed as follows:

Consider the general problem of finding a matrix element
(4|V|B) A1.1
where V is some potential (or any general Hermitian operator) and where [B) is a

sum-over-states resulting from a perturbation-series calculation.

' |§)(EIIC)
B= Z e —We A1.2

and for some appropriate Ha.mlltoma.n H we have H|E) = We|€) and H|C) =

Wc|C). We can also write B in terms of Green's functions:
B =GUC
. g N - /
- - t,t) = -t
(l P ) Gt ty=4¢(t-t)

AL3
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Note that were it not for the denominator in this sum. we could simply use the
fact that the |€) form a complete basis in the Hilbert space and replace the sum
with the identity operatort. Now, introduce an ~average energy” £ and rewrite the

denominator as
1

We—E+E - We.

[f we make the (not necessarily good) assumption that £ =~ W in some manner. then

A1.4

we can expand the denominator in the following way:

1 1 Wi~ & )
Wg-WC"'g-WCX(l"s—WC+"') AL3

[f we substitute this back into the summation, we notice that the term W¢ is no
longer in the denominator of the sum. To determine £, we simply require that the
first-order term in this sub-expansion vanish. That is, it should be stationary with
respect to closure. Hence:

1 (AIVIEEI(H ~ £)TIC)
> =

£~ Wo 0. Al.6

§
(We have made the immediate substitution that (§|We =(£|H.) We can now use the
fact that the |£)'s form a complete set (modulo the element |C)) to immediately write

g = AIVAHVIC) ALT
(4|VUIC)
Moreover, if we write the identity Wo =(A|VUH|C)/(A|VUIC), then 1/(€ -~ Wc)
becomes . -
1 Avoe) 18
E-We (4IV[H,U][C) o
and therefore our total matrix element is:
Mi7e3 2
(A|V|B) = LAWVTIOE A1.9
(A|V[H,U]|C)

In the most general case, there is an added complication: instead of (A|VHU|C)
in the numerator of Equation A1.7 one gets (A|VHU|C)—(C|VHU|C) and likewise
in the denominator one would get (A|VU|C)—(C|VU|C).

t Of course, the 3~' means to exclude the state |C) from the summation. In the general case,
we can simply add in this state later and subtract it out (adding zero) and then have the sum
over a complete set. However, in our problem, as we have seen, this is unnecessary, as we will
be removing the restriction on the sum.
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We apply this technique to a sample problem. the electric polarizability of hy-
drogen. which can be calculated explicitly by solving an inhomogenous ODES. (the
method of Dalgarno and Lewis) to estimate how well or poorly this method ap-
proximates the exact answer. This problem is not precisely the same as the one
we encounter in Section 2.3. but the idea (to eliminate the sum-over-states) is the
same and is instructive nontheless. The polarizability is, in second-order perturbation

theoryv:

' l(n|H'|0)|®
wr =Y e AL.10
n

where H' is the interaction Hamiltonian:

H =¢eE-7 AL11
and the sum is over the hydrogen wavefunctions. In this case, we must keep the
(0|H'|0) term (because we cannot omit this term like we do in our two-electron case)

but this term is zero due to parity, so it can be ignored.

The requirement that the first-order term in Equation A1l.5 vanish is:

" £(01H" n) (nl E'|0) — (0| ' Holn){n| [0} = 0 4112

(This follows directly from Equation A1.6.) We have made the identification that
V' =U = H’, and Hy is the regular hydrogen-atom Hamiltonian, —%V2 - "rz . Since
the sum over n is a complete set (we add in the (0|H’|0) term, which is zero), the

definition of £ is:

_ OIE'H'|0)
£ = WIEH(0) AL

and then ws g is:
2
-2 [(0|H"|0)]

w =
e QI A" Ho, BT 0)
(The —2 occurs due to the way we rewrite the denominator using the second com-

A1.14

mutator). The matrix elements appearing are:

(0|H"?|0) = eE%aq?® A1.15
2

(of [&', [Ho, #]] [0) = -:1—852 A1.16
e

§ See Schifff6] §33
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We express [H',[Hg, H']] = —€*E*[z.[T.z]] = (h/m,)e*E*. where = is the z-
direction position operator and T is the kinetic energy operator.

Therefore. wo s = —2E2ag3. as compared to the exact answer obtained by Schiff

of wy = -%E2ao3. The Stationary Closure method produces an energy which is

incorrect by 12.5%.
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Appendix 2
Digression: The Generalized Bessel Function (GBF)

The Generalized Bessel Function (GBF) is defined as{24]f:

w ’
Tonfat) & [ SEoramoriana) 421
- 2T

Note that, like the regular Bessel functions, the GBFs are also always real for real
arguments. We can derive a recurrence relation for the GBF's by using the periodicity
of their integral representation. Taking d/d¢ inside the integral sign makes a perfect
differential and therefore [ d¢(d/dé) exp(-- ) = 0. This gives immediately:

LY
0= / dg ei(ne+asind+bsin2é) iy 1 4 cos ¢ + 2b cos 2), A2.2¢
-

from which we get the 5-term recurrence:

0 = —nJ-n(a,b) + a (JT-n-1(a,b) + T-n+1(a, b)) + 2b (J-n-2(a,b) + T-n+2(a,b)).
A2.2b
In addition to this, the GBF's satisfy closure relations, which can be seen from

their integral representations. To wit:

Y Joeu(d,b) Ty—n(a”,b) = To_n(a’ +a”,2b). 42.3
v

7 Leubner (loc. sit.) also includes a third parameter # as an argument to the last sin: ... +
hsin(20 — 8). Both we and Leubner set § = 0 uniformly here.
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To see this, consider the integral representation of the sum:

Z‘I‘“” (a'.0) Tp-n(a".b) = Z/ " doydoy L amils~r)or-i(v=N)og
b 4

@t

e-xa sin &y —ia"" sin 09 e—ib(sin 20) +sin 207)

Now we recall one of the forms of the d-function is, mod 2x.

27d(x) = Z exp inz, A24
n

and so we can use this to eliminate the sum over v and turn it into d(¢; — ©3). This

allows us to immediately perform one of the ¢ integrals, and the result is:

x ’
= [0 i-Mye, o-ila+a")sin 0y
x 27

X e—i2bsin 201 125

and this gives us our desired result. Using similar algebra, we can derive a second

closure relation:

+N’

s-N(a +a” 26)

Z Jo—u(@',6) Fpen(a”, b)v =

+ -‘f)— (Jo-ns1(a’ +a",2b) + To_y_1(a’ +a".2b)) .
- 426

This comes from the identity
. .0 . i -
';'n ne™ = —iz- En e = —2#1—8—3:-0(2) 427

Recall that the derivative of a d-function is defined—like the é-function itself—only

in a “distribution” sensef:

/ dz 8'(z) f(z) & - f(0) 4238

Using Equations A2.8 and A2.2 we arrive at Equation A2.6

T See Geroch's text(25], ch. 47. Like the regular é-function. the integral is zero if the interval of
integration does not include 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

(1] B.H. Bransden and C.J. Joachain, Physics of Atoms and Molecules. Longman
Scientific & Technical, Essex. 1983.

2] J. Parker, K.T. Taylor, C.W. Clark. and S. Blodgett-Ford, .J. Phys. B. 29. L33
(1996).

[3] M.H. Mittleman, to appear in Phys. Rev. A.

[4] R. Newton, Scattering Theory of Waves and Particles (9nd ed.), Springer-Verlag,
New York, 1982.

[5] M.H. Mittleman, forthcoming.
(6] L.L Schiff, Quantum Mechanics. 3rd Edition, McGraw-Hill, New York, 1968.

(7] L.D. Landau and E.M. Lifshitz, Kvantovaya Mekhanika: Nerelyativistskaya Teo-
riya, Nauka, Moscow, 1974.

(8] M.H. Mittleman, Introduction to the Theory of Laser-Atom Interactions (2nd
ed.), Plenum, New York, 1993

9] J.J. Sakurai, Advanced Quantum Mechanics, Addison-Wesley, New York, 1967.
[10] H. Friedrich, Theoretical Atomic Physics, Springer-Verlag, New York, 1991.

[11] J. Matthews and R.L. Walker, Mathematical Methods of Physics (2nd ed.), Add-
ison-Wesley, New York, 1970.

(12] P.B. Corkum, H.H. Burnett, and F. Brunel, Phys. Rev. Lett., 62, 1259 (1989).
(13] K.C. Kulander, Phys. Rev. A. 36, 3726 (1987).

[14] J.B. Altzman and M.H. Mittleman, to appear in J. Phys. B.

(15) H.R. Reiss, Phys. Rev. A, 22, 1786 (1980).

{16] H.R. Reiss, Prog. in Quantum Electronics, 16, 1 (1992).

[17] P. Morse and H. Feshbach, Methods of Theoretical Physics, Part I, McGraw-Hill,
New York, 1953.

[18] C.C.J. Roothaan, L.M. Sachs, and A.W. Weiss, Rev. Mod. Phys., 32, 186 (1960).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



59

{19] E. Clementi and C. Roetti. “Roothaan-Hartree-Fock Atomic Wave Functions™.
in Atomic Data and Nuclear Data Tables v. 14. nos. 3 and 4. 1974.

{20] B. Walker. B. Sheehy, L.F. DiMauro, P. Agostini, K.J. Schafer. and K.C. Kulan-
der, Phys. Rev. Lett., 73 1227 (1994).

[21] G.G. Paulis. W. Nicklich, H. Xu, P. Lambropoulous, P., and H. Walker, Phys.
Rev. Lett., 72, 2851 (1994).

[22] K. Kulander, private communication, 1996.

[23] Watson, J.B., Sanpera, A., Lappas, D.G., Knight, P.L., and K. Burnett, Phys.
Rev. Lett., 78, 1884 (1997).

[24] C. Leubner, Phys. Rev. A, 23, 2877 (1981).

(25] R. Geroch, Mathematical Physics, University of Chicago Press, Chicago, 1985.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



