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I

Chapter 0 
Introduction

Section 0.1: Research Program

In this thesis we consider the problem of forumlating a general theory of multiphoton 

double-ionization and use this theory to make predictions about the photoionization 

rates of helium.

In Chapter 1, we begin by creating a macroscopic picture of the double-ionization 

processes in terms of transition rates between the ground, ground-singly-ionized, and 

doubly-ionized states. We divide these processes into sequential [X  —> —> ,Y++)

and direct (X  -* A'+H') ionization paths. W ith this in mind, we attem pt to form a 

microscopic description of the problem using standard scattering theory. We build an 

S-matrix formalism to describe the ionization process, and in order to write down an 

answer we make the approximation of expanding in powers of the correlation interac­

tion. We must also approximate our uncorrelated initial and final states, which we do 

by requiring them to satisfy the Hartree-Fock equations. By doing so our expansion in 

powers of the interelectronic correlation is a  good one since the HF state already ‘ac­

counts for” some part of the electron-electron interaction. We shall also assume that 

our initial state is a pure singlet (L =  0) state and we will ignore relativistic (spin) ef­

fects as being much smaller than the other effects we measure. The electron-laser field 

interaction is represented by the minimal-coupling gauge in the dipole approximation.
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We find that there is an additional, induced, state representing a th ird  non-direct path 

(X  -* X  —► A'++). These three paths interfere. Finally, we connect our quantum- 

mechanical (microscopic) description to our measurable (macroscopic) events. The 

connection comes via the structure of energy singularities of the S-matrices describing 

the ionization dynamics, which we connect to the rates by expanding the latter in a 

Taylor series in time.

In Chapter 2, we apply the technique we developed in Chatper 1 to the double­

ionization of helium. We restrict ourselves to a Strong Field Approxmation (SFA) 

where we have found we can derive analytic results. In doing this, we find that we are 

faced with two calculational difficulties. First, we encounter the Generalized Bessel 

Functions (GBFs, see Appendix 2) over which we must integrate. In the SFA, we 

find that we can approximate these functions by using the saddle-point method of 

integration on their integral representation. Also, we restrict ourselves to considering 

the case of a linearly-polarized laser so that we may evaluate the integrals into which 

the GBFs arise in a closed form. Second, we find that for the direct process, we are 

faced with a  difficult sum-over-states. For this we make an approximation! by using 

the method of Stationary Closure—see Appendix 1 for details. Using these three 

restrictions: the SFA, the saddle-point method, and the method of Stationary Closure, 

we find analytic expressions for the ionization rates in terms of the laser intensity. 

We make a connection between experimental observations of ionization yields and our 

theory, and we propose that experimentalists’ hypothesis, that a  sudden change in 

the shape of the yield curve is due to the dominance of the sequential process over the 

direct one is not supported by our theory in the region of applicability of our theory.

Section 0.2: Notation and Units Used

Throughout, we shall use Hartree’s “atomic units” [1] such that:

s  =  h =  m e =  1 0.2.1

with e being the electron charge and m e being the electron mass. In this system, we 

also have:

t a crude approximation
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3

where Ht is a Hartree unit of energy ( -£ 2/ao =  — 27.6 eV), and is the Bohr radius 

ao =  h2/m.p_a2. Wherever there could be confusion, constants will be explicitly given. 

In this system, we have atomic units of time and intensity:

fen =  ~  *2 .42  x 10~L7s 0.2.3a

0.2.36

We shall attem pt to adhere to the convention that upper-case Greek letters 

(<£, 'If, X, etc.) and upper-case Roman letters etc.) will be used to de­

note two-particle eigenfunctions, hamiltonians, energies or the like, and lower-case 

Greek letters (0 ,0 , x, efc.) and lower-case Roman letters (w ,h ,q , etc.) for one- 

particle hamiltonians, eigenvectors, wavefunctions, momenta, and the like. Where we 

do not do so, we hope that context will make clear the divergence from convention.

Where we write g for some time-dependent function g we mean to take its time 

derivative:
. def d

Whenever we write:

(0 |> W 0.2.4

unless otherwise specified, we mean:

Ci J C2  J Cji'
n integrations

d3xid3X2 - . .d 3r n 0* (fi,X 2, . . . , f „ )  - 4 0 ( x i , X 2 , . . . , x n) 0.2.5

where n  is the number of particles which the functions represent, x, is the position of 

the itil particle, and A  is an operator. The C<’s are the manifolds over which we are 

integrating, usually “all space”
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Chapter 1 
A General Theory of Double Multi-Photon Ionization

In this chapter we present a general theory of double multiphoton ionization of 

heliumlike atoms. With this we determine the experimentally observable signatures of 

the sequential and direct ionization paths. First, we must connect macroscopic events 

(observables, such as ionization rates) to the microscopic terms which determine the 

dynamics of the system. Then, we must calculate the microscopic terms in a manner 

which is analytically soluble, or at least numerically tractable.f In this chapter we 

follow closely the method developed by Mittleman[3] in connecting the two terms 

via the singularity structure of the S-matrix, which determines the entire ionization 
process[4|.

Section 1.1: The Double MPI rate equations

Characterization of double MPI is much more complicated than single MPI because 

there are competing processes present. For single MPI, there is only one process, for 

which the rate equations are:
ho =  —7 i no

1.1.1
hi =  -Kyi no

where hq and ni are the populations (as functions of time) of the ground and ionized 

states, respectively. 71 is the ionization rate. We make the assumption that all 

the atoms we ionize start in their ground state and leave the ionized atom in the

t This is to be compared with the work of Parker, et a/.[2], who take the approach of the direct 
numerical solution to the Schrodinger equation.
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lowest ionized state.f We also assume that the rate(s) are only adiabatically time- 

dependent through the switching on-and-off of the laser. For the double MPI event, 

the system is more complicated^:

no =  (—7oi — 702) no

h\ =  -(-701^0 — 7i2tii 1.1.2

fi2 =  +702^0 ■+■ 712n  I

where now n 2 is the population of the doubly-ionized state, and we write 7ij for the 

rate of ionization from state i to state j .  Once again, we assume that we only populate 

one singly-ionized excited state and one doubly-ionized excited state.§ The solution 
to this set of coupled linear ODEs is simple to get. However, we defer it until after 

Section 1.3 for reasons to be stated there.

Now we have two different, competing, paths for our double MPI process. Either 

we can ionize our atom in two steps, by going through the singly-ionized state as an 
intermediate step, as seen in Figure 1.1,

Figure 1.1: Sequential double ionization taking T  photons to get to a singly-ionized state and 
T ' photons to get to a  doubly ionized state

or in one step, going directly rrom neutral to doubly-ionized, as in Figure 1.2.

We term the former process sequential and the latter direct.

In our analysis we will assume that the ground state is a  spin singlet state, and 

we will ignore relativistic (spin) effects. Therefore, all the wavefunctions with which 

we deal shall be spin singlets and therefore symmetric under interchange of the two 

ejected electrons.

f This analysis could be carried on to include multiple final states, e.g. leaving the ionized atom 
in any of a number of final states. We shall not pursue that here. 

t  We have not found a rigorous quantum-mechanical derivation of this description of the cascading 
ionization processes. Mittleman[5], however, has a forthcoming letter which does describe it.

§ We could include multiple intermediate singly-ionized states (we shall do this in the next section) 
and multiple doubly-ionized states. We only consider for this problem the ground doubly-excited 
ion as the only possible final state.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



6

Figure 1.2: Direct MPI going from the ground state to the doubly-ionized state without going 
through the singly-ionized state, using A photons

It is these ionization rates appearing in Equation 1.1.2 which must be connected 

to the dynamics of the ionization process. The ionization process, as mentioned above, 

is completely determined by an S-matrix. Therefore, we must begin to examine this 
S-matrix.

Section 1.2: The S-matrix for Single-MPI of Hydrogen

Before we consider the double-ionization case, let us first examine the simpler case 

of the single-ionization problem of a hydrogenlike atom. In this way we establish 

the general principle of connecting the singularities of the S-matrix to macroscopic 

observables. Our starting point is Equation 1.1.1, and the time-reversed S-matrix| 

describing single ionization:

s =  lim (t4 - ) |0o) L2-1f—►—oo

where is the ground-state of the field-firse kamiltonian ho = t + v, where v is the 

nuclear potential v — —Z /t2. tpq^ is a  scattering state which is an eigenstate of the 

hamiltonian including the laser-electron interaction:

(t 4- v +  h'(t)) i)q~^ =  1.2.2

but which evolves as t  -> oo into a free electron (since as t —*■ ±oo, the laser, h', 
switches off:

Here we have (f>q a  free solution to

(f + v)<t>q = wq(t>q 1.2.4

1 There are no problems in using this form due to che time-reversai symmetry of the scattering 
process. See Newton[4], §§6.4 and 7.2.
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whose energy is wq.

Equation 1.2.1 as it stands is difficult to evaluate, so we introduce the following 
technique: let us write the limit as part of an improper integral:

/ OO ^
to  j I  o) +  lim (^g- ) |0o>- 1-2.5

-oo dr t-* oo

The last term will vanish due to the limiting behavior of ibq~̂  as given in Equation 

1.2.3. We can use the Schrodinger equations for i)q~  ̂ and d)Q to rewrite the time 

derivative: /•OO
s =  -  i dt 1.2.6

J —OO
We shall assume that our laser-atom interaction h'(t) is the dipole limit of h'(t) =  

p • A(r, t) 4- A2/ 2, where A(f,f) is the laser field vector potential at the point r.

We Fourier analyze the field-interaction:

h '=  Y t h'n e ' inut 1.2.7
n

Now, the matrix element is time-independent and the time integral may be per­

formed immediately:

* ■ « £ « .
n

Sn  =  - i  ( 0 g | / 4 l < £ o ) / ( A ( n ) )  

with 1-2.8

A(n) =  wq — w q  — noj
. . . .  .. 2 sin AT/(A ; =  lim —  -----

T-*oo A
A(n) =  0 is the equation requiring the process to be on-shell, i.e., energy- 

conserving. The relation[6]
. .  sin tx  ^ „
l im  =  7rS(x). 1.2.9

t—►oo X

is a standard representation of the Dirac ^-function. If we use this, we may write:

sn =  —27riT’n(g) 6 (A (n)) 1.2.10

T M  1.2.11

as the usual definition of the T-matrix[4]. We explicitly show the dependence of T  

on q, the momentum of the outgoing electron.
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The S-matrix represents the total probability amplitude of getting “to" sta te  /  

from state i. Its absolute square is then the probability of being in final state /  

coming from final state i as a function of q and n. If we then integrate over all 
possible outgoing final momenta, and sum over n, we shall have the total probability 
o f being in state f  coming from state i.

There is one problem with progressing in this fashion. The square of the d-function 

appearing in Equation 1.2.8 is not well-defined! We work around this problem by 

looking directly at |sn |2, before turning f ( x )  into d(x):

|*„|2 =  lim \ T M \ 2 f ( A T ) .  1.2.12
T-too

The function / 2(T) also has an infinite-T limit which is a £-function[7]:

lim / 2(AT) =  At T6{&.). 1.2.13
T  —> 0 0

Now, the square of the S-matrix is well-defined as well:

|S„ |2 =  27rr,J(A(n))|T„(9) |2 1.2.14

and we can write the entire S-matrix as the sum:

M2 =
n,nr

The di-functions, replaced by the sharply-peaked functions / ,  have negligible overlap 

when n ^ n ' . In the infinite-time limit, we can write:

\s \2 = ^ 2 \ sn\2

" ^  o L 215= 2irTy£ 6 ( M n ) ) \T n (q)\2.
n

Since |s |2 is interpreted as a transition (ionization) probability, |s |2/7 ’ may be

interpreted as an ionization probability per time given a specific momentum of the

ionized electron. The integral of this over all possible electron momenta gives the 

total ionization rate. To connect this to the macroscopic observable (the rate 71), 
return to the rate equations (Equation 1.1.1). The instantaneous ionization rate is 

given by h\(t)/no(t). To lowest order in t, this is

^  =  7i i  +  0 (f2) 1-2.16n 0 (t)

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



0

In the last part of the above, we have expanded the rate for small times t. If we 

now associate the coefficient of t in Equation 1.2.14 with the coefficient of T  in 

ni(t)/no{t), then:

7i =  2 7 r ^ d (- i(n ) ) |T n(9)|2. 1.2.17
n

In arriving at Equation 1.2.17 we have used two different limits for time. In 

deriving the S-matrix, we have let time get very large (to turn a sharply-peaked 

function into a 6-function). In approximating the rate equations, we require time to 

be very small (to approximate the solution by its Taylor series). This need not be 

inconsistent. We require that the time be large on the smallest time scale of laser 

energy (cut »  1) but small when compared to the ionization rate (711 1). This

condition is met if

cu »  71, 1.2.18

that is, if the laser frequency is much higher than the ionization rate. Another way 

of saying this is that ground state must not ionize faster than the laser can probe 

the atom. For most realistic experiments, this condition is satisfied. This point is 

important and we will revisit it in Section 1.5 in regard to being able to distinguish 

the direct ionization process from the sequential ones.

We have now established a connection between the singularity structure (appear­

ance of 6-functions) in the S-matrix and macroscopic observables in the single MPI 

case. We must now do the same for the double MPI case.

Section 1.3: The Double MPI S-Matrix for Helium

Our starting point is the most general form for the S-matrix for double ionization[4][8|:

S (ft, ft)  =  Hm ( ^ © l ^ o )  L3-1t— OO

where $0 is the exact solution for a the helium atom in the ground state:

( h „' -  i j j )  *0  =  0 1.3.2

fff{e =  fl +  £2 4- Ui 4 -1)2 +  V\2 1.3.3

where t{ is the kinetic energy of electron i, Vi is the nuclear attaction on electron i, 

and V'12 is the interelectronic repulsion.
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^'/M2 *s solution to the Schrodinger equation which includes the helium hamil- 

tonian and the laser field:

^ H He + H ' -  i = 0 1.3.4

The superscript (—) indicates that we are using the time-reversed solution which 

evolves from two free particles in the distant future, and the subscript <71.72 indicates 

that we want the solution with the two ejected electrons having momenta <71 and <72, 

respectively. The electron-held interaction acts on each electron independently, and 
can therefore be written as the sum of two one-particle hamiltonians:

ff'( t)  = h[(t)-hh'2(t). 1.3.5

We can write the S-matrix in a somewhat more useful form, indicating explicitly 

the electron-laser held interaction. First, formally differentiate and antidifferentiate 

with respect to t:

S(«1, qi) =  -  r  At +  Hm ( < ' 4 l*o>. 1 3.6

(The hnal term arises to cancel the one introduced with the integral.) The last 

term will cancel because in the distant future, when the laser turns off, *£^92 15 an 

eigenfunction of the field-free hamiltonian H  (since H ' —> 0) and therefore an<̂  

$0 are orthogonal. By using the Schrodinger equations for the two states to eliminate 

the time derivative, we can rewrite the integral as:

=  - i  f “  d ^ u m o ) .  1.3.7
J —00

If we could write down exact expressions for $0 and we would be hnished.

Unfortunately, we cannot do so because the interelectronic correlation makes this 

impossible. Therefore, we must content ourselves with approximations. We choose, 

to approximate our exact solutions by “uncorrelated” Hartree-Fock solutions, per­

turbed slightly by the interelectronic electrostatic interaction. This is a reasonable 

assumption because the uncorrelated HF ground state of helium gives a ground-state 

energy which differs from the experimentally-determined ground-state energy of he­

lium by 1.4%f and strong fields make interelectronic correlation less important. Our

f  See Bransden A: Joachainfl), Table 7.5
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starting point is now an expansion of the initial and final states in the interelectronic 

correlation. We write the formal perturbation series:

$o =  £'o ■*“ dV Lq -4- - - • 1.3.8

where we define the uncorrelated HF ground state Uq and Green's function Go as:

where now we have the Hartree-Fock hamiltonian.f

flo — -F t2 4- L’t 4- U2 "+■ — vP, 1.3.10

Q, is the Hartree-Fock potential on electron i:

f2(r) =  f  d3r  - — — Uq{x ), 1.3.11
J K - ^ l

and uq is the one-particle ground "Hartree-Fock” orbital from the set of orbitals 
defined by

(f 4- v 4- Q)Un =  enUn, n >  0. 1.3.12

P  is a projection operator of both particles onto the ground HF state: P  =  

|u0wo)(uo^ol and u is the shift in the ground-state HF energy due to interelectronic 
correlation:

v -  f  f  d3r d 3xuj ( f ) — 1.3.13 
J J  |r  — x\

If we apply the Schrodinger equation 1.3.9 to the functions u q  from Equation 1.3.12 

we get the eigenenergy of Uq to be Wq =  2eo — u, the variational energy, instead of 

2eo- This is the reason for the presence of the v term in Equation 1.3.10. We expect 

the rates to be rapid functions of this variational energy[22]. Thus, by using this HF 

approximation we have a good approximation to Wo where it is critical. We then 

write the general time-dependent wavefunction Uo(t) as

UQ = uou0 e ' itW°.

Given Hq from Equation 1.3.10 and H  from Equation 1.3.3, we get that 6V  is 
defined by:

dV  =  V12 — Qt — Q2 ■+* vP. 1.3.14

j See. e.g., Landau Sc Lifshitz[7], §69, Equations 69.5 and 69.8. What we call Q, Landau calls 
Gu.
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6V, written in this fashion, has the additional property that it will couple only 

to doubly-excited states. To see this, look a t the expectation value of a transition 

between Uq and a singly-excited state ukuo (k ^  0) driven by the potential SV:
t

(ufctco|d'V|uouo) ={ufcWo| V\2 — Qi -  Qo +  I'Piuouo) 1.3.15

Since each of the Q’s are one-particle operators, those terms are easily written 

down:
(ufcU0|fii|uoUo) = (u fc|f2l |u0)(u0|uo>

(ufcuol^lwouo) =  (ufciuo)(uo|fl|uo) =  0* 

where we have used the fact that the wavefunctions are restricted by (umlun) =  Sm_n. 

The last term in Equation 1.3.15 is zero because P  acting to the left on (ufcuol is 

zero. The remaining term is:

(UfcUolV^ltioUo) =

=  J d 3r u k(r) ( f  «o( 0

= (ufc|Qi|uo)

and this term cancels the one remaining from the equation above. If k  =  0 , then the 

first term in Equation 1.3.15 is exactly the last term, and some simple algebra like 

above shows that the sum of the middle two terms exactly cancel the first and last. 

Therefore, SV  connects the ground state to only doubly-excited states. The reason 

why this is important becomes apparent when one attemps to include this term in 

the rate calculations, as we shall see in the next chapter. We call this term the initial 

state correlation interaction.

We justify treating SV  as a small perturbation by noting that it measures, in 

effect, the difference between the full interelectronic repulsion and that approximated 

by the HF potentials. We have seen above that this difference is 1.4% in the ground 
state, which is small.

The causal Green’s function defined by Equation 1.3.9 can be written as the 

usual eigenfunction expansion:

G ^ i t  -  t') = - i© (i iUn Un,)(Un Un/| ) 1.3.16

/ j  d3rd 3x uk{r)u0{ r )u l(x )- - j j t
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where IVn nt = e n +-ent — ^ Sn^dnt q . The 0-function is the Heaviside function:

a ,  v /  1. if x  >  0:
 ̂ ~  1 0 . otherwise.

We proceed to write an expansion for in the same fashion. Analogous to
Equation 1.3.10. we write:

1.3.17

and an analogue to Equation 1.3.12. which includes the field and the HF potential:

^  4- V +  (ft -  ~7r) 4- h '(t)  -  i tb iT ] =  0 1.3.18

where 7r =  juoHuoi IS the one-particle projection operator onto uo- The boundary 

conditions on tbn~\ that in the distant (t —¥ oc) future, it go to tin, are satisfied since 
in that limit h! —>• 0. Therefore,

!im i —>■ une~ient. 1.3.19
t —>oc

This why we choose the ground state correlation (Q — j i r) in Equation 1.3.18.

Now, the full two-particle wavefunction can he expanded in a perturbation

series in the one-particle wavefunctions t b ^ :

=  ^9l ^92  ̂ G S V ' 4- • • -) o  1.3.20

and a  is an operator which enforces the symmetry under coordinate interchange 

(xi *4 X2 ). Therefore, our perturbing potential SV ' is written as:

SV' =  V12 — Qi — Q2  +  +  ^2) 1.3.21

We consider the SV' term small (and therefore acceptable as a perturbation) for 

the same reason that we accdpt 6V  in Equation 1.3.14 as small. That is, essentially, 

that the HF-Volkov wavefunctions well-approximate the actual wavefunctions. As 

well, we expect correlation to be even less important in scattering states.

W ith foreknowledge of the results, we write the exact Green’s function as:

G =  r\ 4-G A i Ti . 1.3.22
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Here. Fi is a propagator which has one electron in an HF-Volkov \ v) state and one 

electron in an eigenstate ivn of the singly-ionized atom:

d
(f -r v)wn =  i— wn 1.3.23

at

with energyf W £. This decomposition is not unique but has the advantage that 
the first-order sequential term (Equation 1.3.51) describes the process of double­
ionization by first singly-ionizing the atom, leaving the atom in the ground singly- 

charged state, and then ionizing the singly-charged ion in a second step. I*t satisfies 
the Schrodinger equation:

^ t  ■+■ 2̂ ~t" Ut +  V2 ■+* ft2 — =  1 1.3.24

We write H as a sum over the discrete states wn and an integral over the contin­
uous ones il;q:

HU, (') =  - i 8 (i -  0  £

1.3.25

W hat is left then as a '‘perturbing'’’ agent in G is

Ai =  V\2 — 0.2 — h\ 4- —7T2- 1.3.26

We shall keep only the first order term in Equation 1.3.25 for the following reason: 

the second term (GAiTi) is essentially a rescattering term, scattering electron 1 off of 

an HF-Volkov state and electron 2 off of an ionic state. As well, we are only keeping 
first order small terms in the calculation of 4?q.

The Lowest-Order Term

The lowest-order, and totally correlation-free, contribution to the S-matrix comes 

from keeping only the Uq term in $o and the term in 'P. This gives us:

S l  =  lim (0qfV©*Vo0o>- 1.3.27
t— ■oo

Where we have set <t>o =  uq exp(—iW(j£/2). We can use the same technique as in the 

single-ionization case (Equation 1.2.5) to change this into an integral:
/ OO J

dt ;rr(v4r)^V o< £o>  +  lim o<Po). 1.3.28
.oo a t t~* oo

f We deviate here from our normal usage for capital and small roman letters.
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Now. we use the Schrodinger equations for and oo and write Equation 1.3.27 

analogously to Equation 1.2.6:

/o °

d (h[ + /12) I<Po<z>o)' 1.3.29
•OO

Each of the h[ 2 are one-particle operators, so this reduces to:

S ' = - i J  dt (<^gf)|/i'|d0X ^ © )l<Po)-(-<^®'’ih V o X ^ r ^ o ) )  - 1-3.30

We can introduce an integration trick to write this in a more useful form. Note 

that for the first integral in Equation 1.3.30:

f  d t ( ^ )|*/ |0o ) ( ^ )|0o> =  - f
J —OO J —OO

( /  dt' 3F ~  *(0100 (0 ) )
* 1.3.31

Once again, we can drop the last inner product because of the limiting condition on 

tbq in Equation 1.3.19 and the fact that the u ’s are an complete set.

t /

t t r  ,

Figure 1.3: Change of integration range trick

If we once again use the Schrodinger equation on the integral in Equation 1.3.31 
we get:

/OO pCO

d t ^ W M t f o W )  J  dl/ 1-3.32

Now, we can apply the change-of-integration-range trick (given pictorially in Fig­
ure 1.3J):

f ° ° d t f ( t )  P d f ' s ( 0 =  T  dt f ( t ) ,  1.3.33
J — oo Jt J — OO J —OO

to rewrite Equation 1.3.32 as

[  d t< 4 2- )|/i'|^0) f  d t ' ( 4 i ]\h'\<t>o). 1-3.34
J — oo J —oo

t  See also Sakurai[9], page 136.
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If we now use the same trick on the second integral in Equation 1.3.30. we get 

- i  I [  d i '(< 4 rV ) |V N (f ') ) .  1.3.35
J - V Q  J t

and the sum of these two gives:

s ' =  ( ^ “ d i ^ r ’l ^ o ) )  ( ^ d M ^ V l o o ) )

=  S<l' ( „ ) x S ( 1>te)
1.3.36

with
roo

5 (l) =  - i  f  dt <T̂q|/i'i<p0) 
J  —OO

We have broken up the double ionization problem into a product of two single­

ionization problems! This makes sense in this lowest-order context. We have "turned 

off" the interelectronic correlation, and so the double-ionization amplitude should be 
the product of two single-ionization amplitudes.

There is something peculiar to which this term gives rise. Performing the time 

integration for we get a d-function which contains the energies of the initial and 

final states. The Volkov states have a time dependence which is[10j:

& [t) =  e iq 're “ i( t 92 / 2-»'Up/2w (t+sin2w t)+ao-fsiiiw t) 1 3 3 7

Up =  E 2/2 u 2 is the ponderomotive potential. We get:

5<»(?) =  -2iri £  t f ’fo)# +  Up -  nu  -  1.3.38
n ' '

Equation 1.3.38 defines a T-matrix T^lh

T(l> =  H < 4 » 1-3-39
s,n

where we have fourier-analyzed h1 =  $3 exp(iust) and f q<n is the quasiperiodic 

expansion of the Volkov states. (See Equation 1.3.49.) We may now identify n =  j —s 

as a new summation index. This interaction “connects” the ground state to the doubly 

excited state through an intermediate state which is not a state represented in the 
rate equations ( 1.1.2)1 We see this by noting that

S '  =  (-27ri)2 ^ r „ <l|(9i ) ^ , , , te )d -(£ 1(-)) ) i  (£-2K ) )  1.3.40
n,n;
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where we have defined the shorthand

op  IV o
£ f ( n ) =  —  +  Up -  n w  — . 1.3.41

We note that when we integrate over the two di-functions we can rewrite their product 
as

f ( E ! (n ) ) f  (E2(n')) = 6 (Ei{n)) S (X { X ) ) , 1.3.42

where we have defined X(n)  to represent overall energy conservation, analogously to 

Equation 1.2.8:

X(M) =  E\(n) 4- E 2 (n') 1.3.43

and we let /V =  n +  n'. This first d"-function in Equation 1.3.42 represents overall 

energy conservation but the second requires that one electron have an energy which

is not an eigenenergy of the singly-charged ion. Our initial set of rate equations

(Equation 1.1.2) must be incomplete. To remedy this, we add in an intermediate 

"Hartree-Fock state” X :

Figure  1.4: Schematic of non-sequential double ionization, taking E photons to get to an inter­
mediate “Hartree-Fock’’ state X  and E' photons to get to a doubly ionized state.

Thus, we must add this HF state into our rate equations (Equation 1.1.2):

fio =  ( -7 0 1  -  702 — t )  n 0  

h i  =  + 7 o in o  -  712^1
L3.44

77 =  7770 — 1 77

772 =  +702*70 +  712*71

Here, we represent the population of our new ‘‘state” by n and its rates of population 

and ionization by 7 and 7 ', respectively. We note that since the two processes X  —► X  

and X  —► X ++ have the same T-matrices, we can equate their respective rates 7 =  .
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L-5

This result is unusual in that the lowest-order term in the S-matrix is sequential yet 

the intermediate step does not go through the singly-charged ion but rather through 

a HF intermediate state.
To make our notation more concise we write

r ! 2 , ( « l , « )  =  T il\ q i )  1 .3 .4 5

with n + n' = y .T he reason for this will become more apparent. We note that r ' 2) 

is not a T-matrix.

The First-Order Sequential Term

The first-order sequential term arises from taking the SV'G  term in Equation 1.3.20 

and approximating G by rV We also use the same technique which takes us from 
Equation 1.3.27 to Equation 1.3.29 to write down immediately:

/ OO

df |0o0o) 1-3.46
■OO

where H' is given by Equation 1.3.5. a, the symmetrization operator, when acting to 

the right is the identity since both Hf and |0o0o) are symmetric under particle inter­

change. If we insert the expressions for IT ( 1.3.25) and SVr ( 1.3.21) into Equation 
1.3.46 the result is:

S "  =

~ :'(oi [ ( ^ i2 -  ^ r 2) +

[u  1.3.47
\ 2 Kl ~ v ]  £>'0,(2,t)>x

We have broken up SV' in this fashion to emphasize tha t it has two parts, one which 

involves particle 2 (via Vfa, ^2 and (i//2)7T2) and another which does not. If one 

looks at only that contribution to S 11 from the particle-1 perturbation, the integral 

/  d3q can be done immediately because the inner product (ipq^\tq) is the d-function: 

(2it)36(q — qi). The sum over n in Equation 1.3.47 is a sum over the ionic states wn. 
However, we have (in Section 1.1) already restricted ourselves to one singly-charged 

statef so it is consistent to take only n =  0. After all this, we can write:

t The ground one.
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=  - i  J  d ( { < 4  *(t)|  (a -  | i r )  k o ( < ) ) x

J  —oc

1.3.43

The reason for the s will become apparent shortly.

It is convenient to write in a quasiperiodic (Floquet)f series in order to "factor 

out” the time-dependence so that the time integrals in Equation 1.3.48 may be 

performed analytically. We write

0 ,(t) =  ] T  L3.49
j

where f qj  is independent of ime. This requires some discussion. Equation 1.3.19

requires that as t -*■ oo, the time dependence be strictly exp(—i£[g2/2  4- Up]). This

would force f qj  to be either time-dependent or be proportional to S^q. We therefore 

make the usual assumption of Floquet theory that f qj  is slowly varying (due to switch- 

on/switch-off) on an atomic and laser time scale (so it may be considered constant for 

all times appearing in our discussion) yet having the property that lim ^oo f qj  —► f q$.

We have already Fourier-analyzed to field interaction H ' so then the inner integral 

in Equation 1.3.48 becomes:

v -  1-3 -30

K  +  +  U  -  s p  +  Up -  Wo +  it,

where s indexes the Fourier modes of H'. The remaining time integral in Equation 

1.3.48 can now be readily performed using the common definition of the d-function

t See Friedrich[10], §5.1.3 for more details on this expansion.
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in Equation 1.2.9. The result, after some short algebra, is:

S [Is =  -27ii 6 4- +  2UP -  Wq -f (j 4- /  -  .sJuA x
j , j 'j

(•^l, 17770 ) (/?2U^ol^r»I^O^o)
W0 -  Wff -  Up 4- (j -  .s)u; -  q\(2 4- 177 

Let N  =  s — j  — /  and m =  s — j .  1.3.51

= -2 7 r i^ i (A ( iV ) )  x
X
(fqi,m-x\ ( j *  ~  Q) IW0 ) (w fq 2 ,s-ml&slu0 Uo)

~^s w o ~  W+  -  Up -  mu; -  ? |/2  4- ir/

The definition of A(iV) is given in Equation 1.3.43. Now, let Ei{m) be the real 

part of the denominator in the last line of the above equation. We see that it is 
independent of s, so we can finally rewrite this as:

xV -l _ ( i)  , l

S ' ”  = - 2 x r i r  6 ( A W )  T  W P 3: - 1.3.52a
V  “ o £ 4 m )+ .7 ,

=  'y I — I'^oK'^o/^.j—ml^i^O^o) 1-3.526
3

E ((m ) =  Wq — Wq" — Up — mu; — <j| / 2  1.3.52c

Once again we emphasize that is not a T-matrix.

If we assume a form for the laser potential in the dipole approximation^ we can
write:

H '(t) =  Up (1 4- cos(2u;t)) 4- -a o  - pcos(u;t) 1.3.53

where ao = def E / u 2 is a laser parameter which points in the direction of the laser 

polarization. Therefore, the sum over s only goes from —2 to 4-2.

Note that while there is only one d-function in Equation 1.3.51 there is a singular 

denominator of the form:
1

£ 2(m) 4- 177.

We can extract this into a 5-function by using the Dirac identity[ll]:

=  P  —r +  wr5 (£ 2(771)) 1.3.54
£*2(771) -  i/7 £*2(771)

11 See Mittleman’s cext[8], §6.3.
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where P here means "Cauchy Princpal Part” . It is because of the appearance of 

this second d-function that we call this term "sequential” , analogously to Equation 

1.3.36. Both the d-function and the Principal Part are equally singular and must be 

treated carefully when squared. This term clearly represents the process depicted in 

Figure l .l . by fixing the energies to be those of the ground-state atom and that of 
the singly-charged ion.

We have neglected in Equation 1.3.51 the Pauli exclusion principle requirement 

that the wavefunction be symmetric under interchange of electrons 1 and 2. We can 

add this in by operating on the wavefunction with (1 4-Xi2)/2 where Xi2

effects the qi <72 interchange.

The First-Order Direct Term

There are two terms left in our first-order perturbation theory expansion of the 

S-matrix. There is the leftover term from Equation 1.3.47 containing V ^,  

and (u/2)tt2. The other term comes from taking the zero-order term in Equation 

1.3.20 and the first-order term in Equation 1.3.8. These two terms have only one 

singular part (i.e. d-function) to each of them and we identify these two terms with 

the "direct” ionization path depicted in Figure 1.2. We shall show this now.

We make the same assumptions on the form of if)q as we did for Equation 1.3.50. 

The first term, from Equation 1.3.47 is, after some algebra:

S l[d =  -27ri <y( ^  +  T  +  2UP +  ( j +  k ~ t + ™ - s ) u - W q \  x
n,s,j,k,£,m

f  d3q________________Mi M 2_______________
J  (2m3) W 0 -  W +  -  qV2 -  Up -  (m -  s)u +  ir, 13  55

where

<Wl = ( / ,w  f n *\ ( v ,2 -  n ,  -  |ur« / , . ,)

M , d=(w„ 4 m|ff'|tio  Uo)

We can write this in a more familiar form by identifying as a T-matrix the integral 

on the second line of the above equation and writing N  = £ + s — j  — k — m  (the total
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number of photons in the whole process):

s " d(qi,<n) =  - 2 * i £ f ( A ( A 0 )  Tl!(ql l B )
:V

where, as usual, A  represents overall energy conservation:

A(:V) =  ' f  +  f  + 2Up -  -  W„
and

^v (9 i» 9 2 )=  /
n,s,j,k,m

f<f2,k\{Y\.2 ^2 ~2^l)\^nfq,N+j+k+m—s) ̂ n fq ,m \H s\ uOuo)
Wo — — g2/2  — Up -  (m — s )cj 4- irj

1.3.56

We recall that in the above sums the indices mean the following: 

j , k, m: Sums over Floquet states in the expansion of

s: Sum over the modes of the laser field hamiltonian. 

n: Sum over intermediate ionic states.

This denominator must be integrated over and that eliminates the singularity 

which would otherwise be present. So, while the denominator in this term looks 

similar to the one in Equation 1.3.51, it is made finite here by the q integral.

We do not restrict ourselves to the singly-charged ionic ground state for the 

following reason: In the rate equations ( 1.3.44) and in the first-order sequential term 

(Equation 1.3.51) the ionization process goes through a real ionic state. In this 

direct process, we are summing over all virtual ionic states. For the sake of simplicity 

in the rate equations, we wish to only include one real intermediate singly-charged 

ionic state. Preliminary calculations show that the higher virtual ionic states do not 

contribute significantly to the overall process and it would not be inconsistent to 

restrict the sum over n  to just n = 0 .

This process has been described by Corkum[12]; we term it the “boomerang” or 

‘rescattering” effect. This direct process describes the following events: the ground 

state atom absorbs some number of photons from the field (via H 'a) and releases one 

electron leaving the system with one free electron and the ion (ion)- The free

electron absorbs some number of photons from the field (fqtM+j+k+m-s) and recollides 

with the ion and releases the other electron (via V\ 2  — Q2 — the screened

e -e  interaction.
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The remaining direct term comes from the first-order perturbation to <&q. the 

initial state (Equation 1.3.8) and the zero-order term in the final state:

poo
SG° =  - i /  dt(ip{' \ t ) i p {- \ t ) \ H \ t ) G odV}0Q(t)<t>o(t)) 1.3.57

J  —OO

If we replace, once again, the states by Floquet states, insert in the Green's 

function from Equation 1.3.16, and turn the algebra crank, we can write:

S ° 0 =  - 2 m  ] P  6 ( j l  +  &  +  2U„ -  ;Vtd -  Wo)

(f<llJfq.2 ,3 — j —iV\f^ts\unun?) I 1 ̂ 0^0) 1 3 58
W o - W ^ + i T ,

=  -27ri
X

with Wn ni defined after Equation 1.3.16. The last line is the definition of T G°.
We call sum of the terms TjJ  4- T^°  =  T $  the direct T-matrix.

We must now justify the claim that S G° and S IId are “direct” terms, and that 

the terms S IIa and S 1 are “sequential" terms.

Section 1.4: Connecting the S-matrix with Rate Parameters

Let us write the whole S-matrix at once.

S(qi,q2) =
N

iV-l _(l)
Sx(q i,q 2 ) -  ~ 2riS (A (N)) 1.4.1

X - l  

m=l

As with the S-matrix for single-ionization, we identify the absolute-square of 5  

as the probabability for double-ionization. Like the single-ionization rate, we must 

proceed with care when squaring the singular ^-functions and denominators appear­

ing. Once again, we must also integrate over all possible outgoing electron momenta 

( / /  ^39t d3<?2) to get the total ionization probability. Therefore, we must be careful 
not to have any terms which axe “too singular” (more than two J-functions appearing) 
in our final expression.
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If we naively square the expression for S y ,  we get:

2rpD
i .V 4- ( ^ ) E

m,m'

_(l) _CU ’ 
' -V.m' ,V,m'

( E 2 ( m )  +- ir7) (£ 2 (771 ') -  177)

1.4.2

+

m

r (l)•m
)

m,m!

We will assume that the cross-term between and (the last line above) 

does not contribute if there are no “accidental resonances” between the first ionized 
state and the HF state. That is, we assume that the two singular functions I /E 2 

and 6(Ei) have no overlap. Since E((m) =  q\[2 +  Up 4- W0+ -  m u  and E^(m') =  
qj/2 + Up +  W0/2  — m'u, unless W0/2  becomes coupled to Wq by the laser, we will 

have no overlap and this term will vanish. We must turn to the multiple singularities 
present. We show now that our S-matrix is not too singular.

First, let us consider the first term in |S |2: d(A(iV))2|T ^ |2. We can use Equation 
1.2.13 to reduce this term to:

|5 y |2 =  2!rr*(A (/V ))|7# ( « i , , 2)| + • • •  1.4.3a

2
We can likewise deal with the term, We see that there is no interference between 
m ■£ ml terms in the sum. This is because these two sharply-peaking functions will 
have negligible overlap when their arguments are not identical. The result for this 
term is:

iV - l

|S y |2 =  • • • +  (2irT f  6(&(N)) £  <S(Ei(m)) I rg j.fa , « ,)|‘ 4---- 1.4.36
m = l

where one factor of (2ttT) (as in Equation 1.2.10) comes from the square of each of 
the independent ^-functions.

The term in | r l̂ |̂2 is the hardest term with which we deal. We note first that 
the operator (1 +  Xi2)/2  is idempotent. We must first calculate:

r(l) r (l) ’ r -V,m V ,m '

m.TTV
(E2(m) +  i77)(E2(m/) -  i77) '

1.4.4a
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We first identify 77 with a state-width. This is the usual association of the positive 

infinitesimal in scattering theorvf. Therefore, we can write 17 =  l /7 \  were T  is a time 

interval. This time interval is the same one as in Equation 1.2.13.

We can imagine that the individual terms £2 are entering not into integrals d3? 

but integrals over £  itself. W ith this in mind, scale £2 by T  to get a dimensionless 

variable of integration x 2 = E2 x T. The two denominators become X2 4- i and 

X2 ■+■ i 4- SmuiT, werhe dm =  m — m'. We are then left performing an integral of the 

form

L d x 2 T 2 1 4  46
_oo T  (z 2 4- 1 ) 4- SttiuiT {x2 4- i)m.m'

If we rationalize the denominator to make it even in T, The result is:

/•oc T  (x^ 4-1 — Sm uT  (X2 4- i))
X2 (x | 4- 1)2 — (5mujT)2(x2 4- i)2 l-4.4c

In this form it is clear that in the sum over m, m 1 the term odd in 6 m  will vanish, by 

cancellation. In the long time u i T  - 4  00 limit (forced by Equations 1.2.12 e t  s e q . ) ,  

the terms even in 6m will be of the form:

r d X 7  T j i j + i )
7-00 ( x ^  4 - l ) 2 -  ( 6 m u T ) 2 { x 2 4-  i ) 2 ’

which in in the u T  - 4  00 limit vanishes like O  ((logT ) / T ) ,  which is too small to keep. 

W hat is left then is the 6m  =  0 term. The X2 integral is now trivial and when we 

integrate over the other ^-function in the large-T limit we finally derive:

=  • - • +  2 i r2T 26 ( E 2 ( m ) ) 6 ( A { N ) ) 6m ^  +  • - - 1.4.4d

This is not the only term of this form which arises. X12 operating in Equation

1.4.2 gives rise to a term like:

v *  «S2(A( AO)
“  (£ i(m ) +i7))(£2(m') -  itj) ’m,m

1.4.5a

which can be treated in a manner similar to Equations 1.4.4. Once again, we associate 

77 with 1 / T  and note that A(W) =  E\(m) 4- E2{N — m). We write £2(771 ') =  E2{N  — 

m) — Snaj, and scale our two integrals (over A. and over £ ) by T  to get dimensionless

t See Landau & Lifehitz[7], §43.
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parameters X1 .X2 . Then our overall integral, after rationalizing the denominator as  

in Equation 1.4.4c turns into:
O

V " [  (  At rf,- ( Sm (  \ +  1 +■ i(x2 -  xi 4- dn<jT)]J  i(ii - X i ) l 2 +  (aW T )5 1Aa4

The same argument which eliminated the term odd in dm in Equations 1.4.4 can 
be used to justify eliminating the term odd in 6n here. Likewise, in the J T  —► oc 
limit, the non-zero terms even in 6n will vanish. What remains then in the 6n = 0 

term, which is

f t  a j  I Sm V l 2 /  1 T2[xix2 +  1 - i ( x 2 - x t ) J  ,
2— j  [x lx2 +  I]2 +  (x2 ~  xl)2

This term looks very nasty but can be simplified with the transformation y =  
-ct +  x2) 2z =  xi — x2. In this form, the resulting integral over z vanishes.

The result of all this is the square of the S-matrix:

!s .v ( « 92)I2 =  2T r4 (A (.v )){ |r?(< n1?2) |2

+  2*7- £  3  i-(£ 2(m))T»>m +  r ? ' ]

4- 2ttT
m-

r (2) I N.m I^ 2  ( l ~y ]'2) T v . L  f i ’(E i(m ))
m=l L '  “ '

1.4.6
We notice that there are two types of time dependence here: terms dependent 

on T  and terms dependent on T 2, and each of these terms is identified with either a 
single singularity (5~function) for T  or a pair o f  singularities (S-functions) for T 2.

Let us now turn to the rate equations, Equations 1.3.44. These coupled equations 
are easily solvable, given the initial conditions no(t = 0) =  n, and ni(t  =  0) =  n(t = 
0) =  n2(£ =  0) =  0, and the assumption tha t all the 7 ’s are constant in time:

m{t) = n (  1 -  e” r t    (e~it -  e~r t ) -  ■ -^ l- - (e~™* -  e” r t) )
V 701 +  702 '  '  r  -  7 i2 v )  )

h{t) =  n    fe~i* -  e~r t )
702 +  71 ^ ' 1.4.7

nx{t) = n - r ^ —  (e"™* -  e~r t)
r  -  7i2 v )

no(t) =  ne~ r<
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Here T = def 70l -i-702 + 7  is used as a shorthand notation. The yield of doubly- 

ionized atoms as a function of time for small time t is simply the Taylor-series expan­

sion of the instantaneous rate fi2 {t)/no(t) (cf. Equation 1.2.16):

™2( t ) / no{t) =  "'02 ■+•1 [ j 2 4- "01712] 1.4.8

We identify the order-T term in Equation 1.4.6 with the order-t term in Equation 
1.4.8. yielding:

d3gid3g2- m = E  /  7 § ^ ' » ' ( ^ - v ) ){ |^ v (? l .? 2 ) |2 + 2 7 r3 rD (?1, , 2)2x

V—*1

5 Z  £)*(^2(m ))'rU.)m(gl ,?2) + 2 d (£ ’i(m ) ) r^ )m(9 l,<z2)
m=L v V -  /

We can likewise interpret the part of the T 2 term involving with the y 2 term, 

because represents a pair of transitions through the state A':

f  =  E  E  /  * M W ) S ( E l  (m»  r<,2L 2 , 1.4.10
s r  t J  (2Tr)

TN,m
iV m = l *

and the regular “sequential” term 701712 with the term involving r ^ ,  which involves 
the ionic ground state wq:

701712 =  E  E  [ |Tw i .( « i .« ) |! ■ 1 4 U
iV m = l J  2 (27T J  \  I  /

These three equations are not sufficient to uniquely determine the four unknown 

rates. We can, however, determine from the yield of singly-charged ions the value of

701:

hi(£) =  n7oit 4-----  1.4.12

However, this requires constructing the S-matrix for single-ionization of helium, which 

we have not yet done.

Digression: Single-ionization of Helium

Let us look at the single ionization rate into the ionic ground state inferred from 

Equation 1.3.7, using the lowest-order terms in the perturbation series for the final 

state | —¥(u)q~̂  wq I and the initial state |$o) —► |uquo)- Now, calculate in the
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same manner that led to Equation 1.3-36, still using the HF-Volkov representation 

for the unbound electron state. We get the single-ionization S-matrix:

2 1.4.13

^sing(?) =  ^  " [(/<?..»-nIfyyIuo)(^’oluo) +- {fq,s—n|tio)(u;ol l̂siuo)] 
s = - 2

When we square this, treating the square of the £-function in our canonical fash­

ion, we may write:

i s f  =  ( y  +  w a +  Up -  nw -  Wfe) ITstogW)!2 . 1.4.14

This representation begs to be compared with the Single Active Electron (SAE) 

model, where all the electrons in an atom except for one are frozen into the initial 

configuration and their net effect is approximated by screening the nuclear Coulomb 

potential[13]. In such a situation, the T-matrix appearing in Equation 1.4.13 would 

have only the first term in it. The second term, where one electron is excited into an 

ionic state, and the other electron “suddenly1’ finds itself in a continuum state as the 

atom relaxes. (This is termed ‘shakeofF’.) Some preliminary calculations show that 

these two terms are roughly the same order of magnitude. (See Table 2.2.)

Section 1.5: On the Separation between Direct and Sequential

There is a problem with the description of the various processes we gave in Figures 

1.1, 1.2 and 1.4. If one of the ionization rates 701702 or 72 *s exteremely rapid 

compared to 702 then that “sequential” process cannot be distinguished from the 

'direct” process. Therefore our separation of processes into “sequential" and “direct” 
is very tentative.

We would like to be able to experimentally distinguish between the direct and 

sequential processes. The most straightforward (although most difficult) would be 

energy or angle correlation measurements. We can extract {e.g.) angular distributions 

from the rates, like 702(^1. W  #2, <£2), where 0,-, <fi are the directions of electron i, by 

replacing the 6-d integral in Equation 1.4.9 with just f f  dq iq f d ^ q l -  One would 

then set up a triple-coincidence experiment, measuring an incoming laser pulse and
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two outgoing electrons. The results would be compared to the rates as a function  o f  

angle.

We can. in principle, devise an alternative method to measure the effects of the 

direct process as follows: Define a turnover time ft as:

,'Gl '12 + 7

This term arises from an analysis of Equation 1.4.8. For times smaller than ft . 

the dominant rate into will be 702, but for times after ft, the sequential terms 

will dominate. This, however, requires that the turnover time be longer than current 

laser pulse lengths. As we shall see in the Chapter 2. it at least one restricted regime 

this is not the case.
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Chapter 2
Further approximations in the Theory of Double Ioniza­
tion Yield of Helium

In Chapter 1, we developed a formal theory of double-ionization for heliumlike atoms 

based upon an S-matrix theory and an expansion in the correlation interaction. The 

singularities of the S-matrix were linked (Equation 1.4.6) to the various measurable 

rate parameters. We do this here in the “strong field approximation" [14].

Section 2.1: Introduction

In the last chapter we derived formulas which connect the S-matrix (microscopic) 

description of double-ionization to experimentally-measurable quantities, such as the 

yield rate of doubly-charged ions. One could also make a connection by numerically 

solving the Schrodinger equation for the two-electron system[2]. This method can 

provide double-ionization yield curves. However, there are several drawbacks to this 

method. It is a  numerically gargantuan task which currently requires many hours of 

supercomputer time. As well, the solution is dependent on the laser intensity profile. 

Should that change, the calculation must be repeated. The method derived in the 

previous chapter can, also, in the regime of a strong-field approximation, give ioniza­

tion rates as a function of intensity. Under stringent conditions on laser frequency, 

this method provides analytic results. In order to do this we must use several ap­

proximations. The first is that we use the first Born approximation (FBA) for the 

S-matrix. This theory was also used by Reiss[15] where he called it the "Strong Field
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Approximation (SFA)'\ This approximation requires at the outset that[l6j:

2 . 1.1

where B  is a binding energy in the problem. (In this case. B  = 2.9 =  —IVq is the 
ground-state potential of He.)

A Reminder:

Throughout this chapter we shall use the same states as defined in Chapter 1. e.g.

Volkov state with momentum q, and Xq is a plane-wave state carrying momentum q: 
Aq =  exp(ig - r).

Section 2.2: The Sequential Processes

We begin by calculating the simplest sequential ionization rate 7 , as given by Equation 
1.4.10, or, more simply, by:

where we have taken the definition of E\ from Equation 1.3.41, and of T^1) from 

Equation 1.3.40. In going from Equation 1.3.36 to this one we have used the fact 

that the terms with different ni (as given in Equation 1.4.10) do not interfere. This 

is the ionization through the !‘HF" state X  in Figure 1.4. Its eigenenergy is Wo/2,

We assume the final states are approximated by the Xq• From Equation 1.3.49, and 

the Volkov state expression ( 1.3.37) we have the expansion[8|:

ing the laser. We recognize the integral as a representation of the Generalized Bessel 
Function. This gives us:

c/( ), uq> Wt»» etc. We introduce the additional notation that \ q is an electron in a

2 . 2.1

with Wq as defined above. We will write B  =  — Wq/2  =  1.45 as a shorthand notation. 

At this point we must finally write down an explicit for for the final states ipq~^.

^  e -i(n«j>+ao q sin sin 2<p) 2 .2.2

<5o =  EjiJ1 here, as we have previously mentioned, is a  length parameter characteriz-

f q , j  — X q J ' - j i & Q  • <f, U p/2a;) 2.2.3
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We now write down our T-matrix from Equation 1.3.39 as:

Tfi Hq) =  ( \ | « o )  [̂ *P J -n ip -  0 • ?> Ep/2uj) — (5o  * t)  { J - n - 1 +  J - n + 1) 0 ^

&p/ 2 (J - n - 2  +■ J - n + 2)1 •
(We have suppressed the arguments to the GBF in the second and third terms for
brevity.) Using the recurrence relation (Equation A2.2) we can rewrite this as:

Tn (?) =  (^g|uo) (^p Tl&) n(o:0 ' ?» 2.2.5

The other sequential process is the standard two-step process via the Is state of 
He+. The rate of population of X +, 701, is given by Equation 1.4.13. That is, one 
electron is ionized from an uncorrelated initial state and the other electron is left in 
the Is state of the singly-charged ion. When we approximate (as we have already 
done) the final states by Volkov states, we get:

701 =  £  /  7^ a 2 +  Up + b 2 ~  nu) |(wo/s_n |ff'|uouo) |2 • 2.2.6a
T t.S

Here, B2 is the energy required to raise the atom to its ground ionized state:

B2 = W0+ -  W0 =  0.9. 2.2.7a

712 is, in the same vein, the second electron being ionized via the electron-electron 
interaction from the Is state of the ion, and its term comes from the other half of 
Equation 1.4.11:

712 =  5 2  J  (2^3  +  Up +  ~  ( 2*  ~  ’ 2.2.8a

Once again, B 1 is the energy required to ionize the ion:

B\ =  -W 0+ =  2. 2.2.76

One can verify immediately that the product of these two terms gives rU) from
Equation 1.3.52. Once again, using the recurrence relation in Equation A2.2 one may
rewrite these terms in the more familiar form:

■>»* =  E  /  +  Vp  +  B , - m j )  |(A ,|« o )< i« o |b o > |j  x
n

[2(UP -  nu) J - n -  —ao ■ +  J-n+i)] 2.2.66

=  E / ( j ^ 4‘(y + u- +  e i - n w ) x

| ( A , | ( ^ - n ) | K0) |2 j ! „  2.2.86

712
n
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where the arguments in all the GBFs are (c?q - 7 , Up/2u/).

Section 2.3: The Direct Processes
The direct processes stem from Equation 1.4.9. One term arises from initial state 
correlation, and one from final state correlation (the "Corkum term” ). These two 
terms add coherently.

The initial-state correlation term. T G0 (from Equation 1.3.58), gives:

N  =  s — j  — /  renames one of the summations, /x and u here label states which 
satisfy the same hamiltonian as uof- (We will sum over N  later.) An approximate 
expression for the two-electron final state is:

XqxXqz — exP (tt[9 i/2 + qI/?]  +  i(Up/u ;)(l 4-sin2u;f) 4- iao • Qsinm t) 2.3.2

The last step comes since the expression in Equation 2.3.2 gives a term which is 
independent of fa.

Applying the definition of f qj ,  we simplify the expression in Equation 2.3.1:

where in passing from Equations 2.3.1 to 2.3.1a we have made liberal use of the 
GBF recurrence relations again.

analysis (Recall the definition of iV here from below Equation 1.3.55):

f The sum over ft.i/ is a sum over the discrete eigenstates and an integral of the continuous 
eigenstates of the hamiltonian in Equation 1.3.12

( / q t - j / q 2 . / 1 H's l/ifr) (liu\SV\uQUQ)
2.3.1

where 6V  is defined by Equation 1.3.14 and the roman indices have the relation that

with Q =  q\ 4- 72. To convert this into the /-functions, we integrate as given by 
Equation 1.3.49 twice:

r  f * dfadfa  e i ( ^ / 2 + 9|/2)t+ itU p/<
J-1T  (2tt)2

■̂ 91̂ 92 0 ' Qi Up/tu)

Xqi X ©
2.3.3

(2UP -  N u ) J . n {5q • Q, U p/w ), 2.3.1a

The final-state correlation term, , from Equation 1.3.56, yields under a similar
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T(/{qi ,<n)=  £  /  (5 ^ 3 x
n.s.j,k,m

(fql .jfq2 .k\{^ 12 - 0 - 2 -  %K2 ) \w nfq.X-i-j+k-hm-s )(U-'nfq.m\H'JuoUQ)^

U'o -  — q2/ 2 -  U p -  (m  -  s)(j -r 177

tf we replace the f qj ’s by their Volkov approximations, as usual:

E C d 2 q  J v- x ( q q  ■ (Q  <7)5 U p / 2 c j )  i T s — 1 / ( ® 0  ‘  * 2 ?  E p / 2 u , ' )  ^  

. „ J  ( 2 t >3 t* o  -  ^  -  , 2 / 2  -  U p -  w  +  i>)

A  +  X12 j _  n 2 -  ^ jr2)|ui„A,)(uj„A,|H'|uo“o) 2 .3.4

where we have defined u = N  — j  — fc a sa  new dummy index§. We have written the 

first matrix element’s GBFs using algebra which is a generalization of what we used 

in Equation 2.3.2.
We can proceed no further until we have a method of working with the GBFs, 

either analytical or numerical. We choose to approximate the GBFs analytically. 

This wise places strict bounds on both the laser frequency and intensity, as we shall 

see in the next section.

Section 2.4: Analytical Approximation of the T>matrices

The GBFs offer no analytic simplifications. As well, Leubner[24] has shown that even 

evaluating them numerically is not an easy task. Given these, we choose to evaluate 

the GBFs using analytic approximations. These approximations, however, require 

stringent requirements upon frequency and intensity.

Our ability to make our approximation stems from the appearance of d-functions 

along with every GBF. The d-function appearing controls the arguments of the GBF. 

and we exploit this.

Write the GBF as:
J - N{a,b) =  f  2.4.1

where a =  <3o • q (in the usual case) and 6 =  Up/(2u/) (also in the usual case). For 

typical experimental regimes $  is a rapidly varying function of (ft. A term like this 

will usually appear integrated against a  d-function of the type d(q2/2  +  Up +  B -  Vu/)

§ The indices j , k, m. etc.. are defined in Equation 1.3.56.
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where .V is interpreted as the number of photons transferred in a process. B  here is 

a binding energy appropriate to the particular equation.

The GBF does not allow for any real stationary phase points (SPPs) but does 

admit two complex saddle points where the saddle-point methodf of approximate 
integration may be used.

The saddle-point method of approximating an integral requires the vanishing of 

the first-derivative in a Taylor series to simplify integrals of the form f  exp(a/(x)) dx. 

where a  is very large:

*(<*) =  ®(C) +  (C -  o)$'(C) +  i(C  -  *)2* " ( 0  + . . .  2.4.2

The saddle points occur when $'(C) =  0- (The prime here has the usual meaning of

differentiation with respect to the argument.) This gives a condition on

IV -hacosC +  26cos2Q =  0, 2.4.3a

which is a condition on the saddle point(s) in terms of cosC:

cosC =  o r± i 3  2.4.36

“ - S  “

—  2.4.3d

where ej_ = q± /2, and q± is that part of the electon momentum perpendicular to ao 

(and the laser field). In the same way, £j| is that part of the electron’s momentum 

parallel to the field. In Equation 2.4.3d we have used the 6-function appearing with 

the GBF to rewrite the radicand in a more useful form. Using these definitions: 

2eq =  ?5. +  *s tota  ̂electron energy.
The integral in Equation 2.4.1 becomes:

^L^v(a, 6) =  e-1* ^  J  d<£e~l<* (C)(C-<*)2/2 2.4.4

where C  is the deformed contour. Note that this requires that ^^"(C ) > 0 or the 

integral will diverge. We let the limits of <t> go to ±oo. We shall see that this is

t Compare this method with the same one used to find asymptotic approximations to the regular 
Bessel function. See Morse & Feshbach[17] §5.3 for details.
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permissable in view of the expansion we shall perform later. Doing this allows us to

evaluate the integral above. There are two saddle points which are complex conjugates
which we must add. We therefore have:

6) =  —■ = - . =  4.................... =  2 .4 .5
\/27r$"(Ci) v/27r$"(C2)

where C1.2 =  W ±  These imply that

o: =  cos ̂  cosh 17 2.4.6a

3 =  sin £ sinh 77. 2.4.66

Also let x =  zrg&'iO-  Our GBF can now be expressed in terms of the real and 
imaginary parts of $ . using its symmetry properties under complex conjugation!:

e - 3 * K i) v
=  2 — cos(H#CO) -  2 .4.7

If we restrict ourselves to a low-frequency theory, such that u  is small compared 

to B . we can expand $  in terms of ej_ and ej| and keep only first-order terms in them. 
We show how to proceed to do this.

Let us first write down an explicit form for $ (0 -  We examine the real and
imaginary parts separately. From Equation 2.4.3 we have:

S  $(C) =  —Nr) — (a 4- 26o;)sinh77cos£ -I- 26/? sin £ cosh 77 2.4.8

Using Equation 2.4.6 we write:

N  63 a 2
5$(C )/6  =  (——77) 4---------   +  2/?a: tan f . 2.4.9

0 a  tan q

We wish to find an equation for a  tan £. We use the regular trigonometric identities 

for sinh and cosh and we also note that sin2 =  tan2 / ( I  4- tan2). From this and 
Equation 2.4.6 we state:

a 2 taxi2 £ — sin2 £ =  1?2
2.4.10

-4  a  tan4 f  4- (a2 — ,32 — 1) tan2 f  — 32 =  0.

This is a quadratic equation in tan2 £ =  Z. The solution to this is simple:

Z  =  ( l  4- 32 -  a 2 ±  y /( l  4- 32 4- a 2)2 -  4 a2)  2.4.11

t We have 4(C*) =  ♦(O *. since sinjCU =  (sin(O)*
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Let us write

3  =  3" f + S p F * M 1 +  5 5 )  2 4 1 2

where 3^  =  5 /(2 U p). Also note that a 2 =  e||/(2Up). We introduce the shorthand >’ 

for the common term 1 4- 3 Our expression for or tan2£ becomes:

2Upy  ' 2UPy J U]y *

\ ( y  + J ± - - J ! L ± y  
2 V 2UP 2UP y

eL  e1 +  r re r r - i-2Up^ 2Up ŷ Up^2 j )
2.4.13

This gives for a  tan £:

V y (  i  +  — -£±--------! = 4 L ')
V 2>  2UP 2 y* 2V r J

If we similarly expand the terms 3 and a  in Equation 2.4.9, and keep only terms 

first order in the e’s we get:

2V y d 2 +  2y/y-^=- -  ^3mV y — __ -
m 2Up \ 2y )  2UP 2yP 2 y*

2.4.14

We must still find an expression for rj. We recall that tanh 77 =  < 3 /(a tan 0 , the 

components of which we already know. We use the expression for tanh x:

+ K 1+ Xtanh x =  -  log .
2 1 - x

The algebra turning rj into a function of the e?s is torturous and fraught with the

possibilities for minus-sign errors. We must also find an expansion of N f  (26). To 

do this, remember that these terms all enter into an integral with a d'-function like 

d(e 4- Up 4- B  — Nui). We write N  =  (ejj +  £ |  +  5  +  Up)/o; and so Nf{2b) =  

1 4- 3 ^  4- 2fljAy 4- 2^ p y . The upshot of this entire ordeal is:

(1+23®,) 1 0 8 ^ 1 ^ - 2 7 3 - A 2.4.15a

4- J i .
2U
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+

- ‘ • 0  ( ■ 4 *  J )

38

2-4.15/)

4- J-m
yz /2 2.4.15c

This, unsurprisingly, can be enormously simplified with by churning the algebra 
crank. There are many cancellations of similar terms and the result is written:

*2 =  ( i + 2# )  l° s ^ r x + 2V* a

2 i ' f y  4" An 4/3mK» =  2 log —=    1 =•11 Vy-3m vy
2.4.16

k2, =  2 log x/3> +  flpm
-'m

2.4.16a

y / y - 3 r
Tn the limit of small 0 m , the 3 k 's  above become:

k2 -  8 ?3
3

4  =  4 An

K2 -  - |3 3*|| -  3 An

where we have kept only the first nonvanishing term in the Taylor series expansions 
for the k ' s .

We need to perform a similar expansion for R$(C)- Begin with its exact expres­
sion:

3? $(£)/& =  — f  +  2 sin f  cosh 77 -+- 20 sinh 77 cos £

N *  a ,  202c*=  —£ — b a a  tan £ 4---- :---- -
6 a t a n f

Expand as is our wont in powers of e:

■ _  1̂1 V3> +
2/J2

2.4.17
m 911

x/3>

.. AT 911 ( * &  f l / ^

We are left with finding an expression for £. Like for 77, we know, from Equation 
2.4.13, that:

£ =  tan-1 y/ac
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We use the expression for the arctangent:

_i f  l-f-ixtan x =  i log

2.4.13

1 — ix

and using this, and expanding the logarithm, we get an expression for

£ = [ —
* I V y

where here tt has its usual meaning 3.14159... In sum, we write the real part of $  as:

s $ (C )/6_ + 4_ ^ v^  +  t ( 1 +  2^  +  2J L )  2.4 . 19

All that remains is finding an explicit form for =  - 8i6/?sinC- We are inter­
ested in the magnitude and argument of this separately, and it is a straightforward 
calculation. We derive:

1$"(C)I =  86/3| sin Cl -* 8b/3mV y
- 3 a  n 2.4.20

tan x  — 2- ' 2 C -» 0
or tan* f

where for x  we have taken the q —y 0 limit. (This is consistent with our small e limit 

we have been using.) We pick the second quadrant for x  because of the signs of the 
real and imaginary parts of

We may now, at long last, write down the saddle-point approximation to J - s -  
as an expansion in powers of 9|| and q±. It is:

~ ^  e"6"2 (6) =  ■ , -  - ■ - t - .  exp 1  u------------ 1
v/4 irM „v/i + rS  \  2u J  

x « ( f +  2 , ^ ( i + A ) '

2.4.21

We note that in equations like Equation 2.2.4 we are integrating our GBF against 

functions like (A9|uo). This function can be slowly varying compared to the GBF. In 
fact, the scale for q set by that matrix element is typically q as y/2B, whereas the scale 

set for q by the x’s in the GBF is much smaller: q as or q as ^ 8w /6«jj. The

more stringent requirement for the matrix element to be slowly-varying with respect 

to the sharply-peaking (and exponentially-quickly shrinking) GBF is given by the 
latter term:

2B > 2.4.22
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Along with Equations 2.1.1 and 2.4.16 this implies upper and lower bounds on 

the laser parameters:

Tn such a case, terms which are slowlv-varying on that scale, like (Aq|uo). and (C). 
can be evaluated at q =  0.

Equation 2.4.23 also gives us a practial bound on laser frequency^ bv using the 
outer inequalities (resulting in B  »  9u/ roughly) and laser intensity (through Up):

jj < 5 x 10-"3 (au) 2.4.24a

3 x 10~3 < I  < 213 (au) 2.4.246

Evaluating the Sequential Terms

To proceed to evaluate a term like Equation 2.2.5 we substitute in all of our above 
work. We have, then, that:

7 =  l ( \= o |u o > |2 B 3 r , 2 .4 .25

where we have used the d-function to replace Up — nu  by q2/ 2 — B  and the q2 term 

is dominated by by the decreasing exponentials in the integral fr.

r2h = L  f  dV  («V2 +  B +  Up -  nw) J l
n ■*

" ? /
i ■> e~26*2 f  e\\Kl

d W / 2  +  B +  UP -  exp ( - J - L — -

X cos2

2.4.26
and we remind ourselves that ej| =  gjj/2  and = q \ / 2, so that g2/2  =  ejj +  ej_.

To write a  closed-form expression for this integral, we first note that the in­

tegrand has rotational symmetry. Using this, we can express the volume element 

d3g as 27rd<7|| d(g2 /2) =  27r d^n dej_. Now, we use the d-function to perform the e x -  

integration. This will imply a mininum value for n, nn,in =  \{B  +  Up 4- ej|)/u;l, 
restricting tha t sumf:

X We should note that this limit places uj outside of the current experimental range, 
t Recall that f i )  is the ceiling function, returning the smallest integer larger than or equal to x.
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,—26*:
h   ----------7= =

2b3m J \  + 3 l
j  dg|( e K'\*

2̂ /(4u/)(B+Lrp+e;j)

30

n = r*min V
Now, the sum over n is a simple geometric series. Using the relation

a-ax

2.4.27

30

1 - e ' a ’

and representing cos2 =  (1 4-cos)/2, the sum term simplifies to:

^  =  e",e*/4( r ^ +uP+e!|)/wl ~1/2)
rl=7lmin

_ L _  -  (-!)<%*>cos U , ^ (  1 +  % )
2.4.28

Define the function /(x )  =  fx] — x — 1/2. This function, as seen in Figure 2 .1, 
oscillates around 0 with period 1, and is discontinuous a t every integer.

- 2 -1

Figure 2.1: The symmetric-fractional-part function /(x), as defined above.

We are left with a one-dimensional integral over gy:

26#e
h  =

I ( _ 1jr(Up+5+q2/2)/wl 2.4.29

sinh k^_/4 cosh /c^/4

This last integrand cannot be performed analytically but can be approximated 

numerically. However, as we see below in Table 2.1, we can, with small error, drop 
the oscillatory terms and keep only the exponentially-decreasing term. Therefore, A
becomes: ^

K - r  [  d a , e ^ /(MI k\ / 4  J yil

26*e2
A =

2b0my/l 4- 3 ^  sinh,
,-2  bn* IAtu)

2.4.30

2b3m y j l  +  J 2, sinh k2J ±  y /c2
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Ii approximations 

Up =  100..*/ =  0.005 Up =  250 000. u: =  0.001
Term s used Value Error V alue Error
All terms 105.66484 — 341145.748 —

Drop cos term 105.66290 0.002% 341145.748 0
Drop all osc. terms 102.485 3.0% 341092.71 0.02%
Equation 2.4.30 102.485 3.0% 341092.72 0.02%

Table 2.1: Numerical approximations to the integral f 1 in Equation 2.4.29. We do not include 
the exponentially small prefactor.

After replacing the values for 6, 3m, etc., in the expression for 7 . and using the 

value for h  in Equation 2.4.30, we may finally state:

7  = i / I ?  ( ^ )  exp 2 -4 -31

We note that Equation 2.2.8 the calculation for 712 is identical to that for 7 

except for:

1. The factor of B is changed to Bi = —W ^  =  2 a.u.

2. An extra factor of ^

3. A factor of Up — nw present in Equations 2.2.1 and 2.2.5 is absent in Equation 

2.2.8 .

4. The matrix element appearing is different.

Because of this very simple relationship, we may without further calculation write:

712 = \ I W v k i  ( ^ )  I 2 -4 '32

To simplify the expression for 701, we must first deal with a term which is *7_<v =  

J7_,v_i +  k7_iv+i). The integral representation for this is:

j - N =  f  ~ e 1* ^  cos<£ 2.4.33
J - it

Since the cos d> term will be much more slowly-varying than the other exponential 

term, we evaluate it at the saddle points as well. We know that cosC =  a  4- i3. We
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now exploit the relation:

cos(0) x  (u 4- in) 4- c.c. =  cr cos(0  — r)

a  =  \ u  4- in 2.4.34
/ - * - i  vr  =  arg (u 4- iv) = tan —

u

Tn the limit of e -4  0, a  —► 0 as well and therefore r  -► t t /2 . Since cos(x — ~/2) = 

sin(x), we can now write J - n , using precisely the same calculations which gave us 
Equation 2.4.21 as:

Let us take a moment to note the differences between J  and

1. The extra factor of 3m

2. The cos(- * •) factor has been replaced by a sin(- * •) factor.

We now proceed to work with the expression for 701 (Equation 2.2.6b) in the 

following way. First, we note that there will be a cross-term over which we

integrate. These terms contain a factor which goes like cos(g||) sin(qrj|). Over the range 

-0 0  to 4-00 the rapid variation in oscillations in this term will go to zero because 

the oscillations are out of phase and therefore interfere destructively. As well, for 

the same reason which led us to disregard the cos(g||) term in Equation 2.4.29 we 

disregard the sin(g||) term in J .  Therefore, the two GBFs appearing in Equation 

2.2.6b are computationally the same and we can write 701 as:

We have taken the liberty of replacing Up — nu  with Bi +eq because the presence of 

the ^-function guarantees that equality. We then take eq -4 0 as we have previously.

We can perform ths integral in Equation 2.4.36 in the same way we calculated 

I\. The only difference is the presence of the qj| term, which is not a problem. We

2.4.35

701 =  5 Z /  ( £ ^ 3  S^ 2  +  Up +  8 2  ~  n tJ  ̂ x

J l n(a,b) [ * B i - 0 2m {ujam f
2.4.36
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note that
2 B  { 3m^Oto) =  7J"*

When we perform the final <?|| the second term in brackets in Equation 2.4.36 becomes:

[4B2 +  f  4 l  2.4.37
" 1̂1

The term is required to be less than B / 4 by Equation 2.4.22. Therefore, the
*:i

second term in brackets in Equation 2.4.37 is bounded from above and we write the 

bracketed term as:

4 £ |[ 1  +  J], 6 <  i  2 .4 .38

6 will only get smaller as we move further into the regime given by Equation 2.4.23. 

Therefore, we do not make a large error in ignoring the second term.

The upshot is the expression for 701:

7oi =  l(Ag=o|u0)(^ol«o)|2 exp r 2.4.39

where B2 = Wq — Wq is the binding energy. (See Equation 2.2.7a.)

The Direct Terms

The direct terms in Equations 2.3.1 and 2.3.4 do not admit straightforward solutions

like those for the sequential terms. Both involve sums over intermediate states in the

matrix elements and products of GBFs. We develop a mechanism to deal with these 

summations.

For the ground-state correlated process (Equation 2.3.1) there is only one double 

sum. We can use the method described in Appendix 1 to eliminate this sum; the 

GBF appearing differs only in its arguments (and we shall deal with this shortly). 

The stationary closure method reduces the matrix elements to:

E C^Apl/M/XHdVlttQtto) . (AftAggltfyittotto)2 . . ,n
W o - w ^  <A*A4j|[<SV,Hb||uotio)' -  °

6V  and Hq are given by Equations 1.3.14 and 1.3.10, respectively. We make the 

same approximations about replacing q -*• 0 in the matrix elements which we did for
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the sequential terms. The result of this is that the form for the initial-state correlated 
T-matrix (Equation 2.3.1 becomes:

T°o -  (AgiAg2ldT> Q “o)2 xr ,\ r  rx n  T- /  \ o . m
^  (A* \q 2\[SV, FT0]\uoUo) ("Lp * ] J ~A  0 ' Q ’ Lp/^ ) - 4’41

with Q =  qi 4- 72 and 9 =  fi — h  being the sum and differences of the electron 
momenta.

This new GBF ^_.v(ao * Q » Up/u/) appears in the following double-integral:

h = £2  J  J  ^ i r f2 +€® + 2UP + S -  -Vcj)

J 2 lv (S o -Q .« ')  ( 2 U p - .V u ) 2

where

^ .v ( S o  • <5. S') =  7- J T ' 7 l  + ~ i2' r2 4 ,,,"Q' /:r 2.4.42

x  cos2 f e  +  2Q,,

and
def Up

U)

We should say a few words about the structure of J { ciq-Q, bf). We can consider this 

GBF as entering into a  6-dimensional integral over a hyper-momentum (q, Q)T = Q. 
When we solved the saddle-point method for the “regular” GBF between Equations 

2.4.4 and 2.4.16, we saw that there was one particular direction of momentum <7|| =  

do • q which was picked out into a , and the d-function “selected” the remaining 

direction (q±) into 0. The situation here is analogous. The one direction we have in 

a  is ao • Q, and the remaining 5 directions (Qj_ +  q) will be in 0. We may, without 
further ado, write down an expression for o • Q, 2b):

46#c /4a;r2 /jr_ ~ cJ i N{8o-Q,2b) =
2

yma*ba>my/n-3t,
x  exp [-K(Qj|/(2w) — k2 (C?2 +  q2) j (2u)j 2.4.43

2 ( ,V)r -,o /U p(l +  3 'J )  x cos —  4- 2Qhl/ f \ 2 m 1
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where J'm =  y /B /(4U p) and the various x's appearing here are defined in terms of

4 -
This integral is solved in much the same wav as the I\ above. We note that the 

argument to the d-fiinction can be written d(eg +eq -+-2UP ■+• B  — AU/). Like in ft. the 

cos2 term oscillates rapidly and can be replaced by 1/2. Let us write eg = sql -t-eg . 

Since the integrand is symmetric about the do axis, we can write:

d3Q =  2irdQn dQj_Qj, =  27rdQ|| degL

and then use the d-function to eliminate terms in Qj_:

l(2zFb'3’mS/T T 3 £ ^ J  W|1 

x exp (-x i[jV u . -  2UP -  B  -  eg,! -  €,]/(4w))

X exp(-«:]_eq/4a;).

Continuing, we notice that the q cancels out completely from the exponential terms. 

However, there is an upper limit of q set by the requirement that not become 

negative:

qmax — ^ 2 — 2Up — B  ~  I 2.4.45

The integral f  d3g is 47rg3iax/3 . This requirement also bounds N  from below:

2Up +  B +  eg,.
iV > /Vmin =  ( j -------- 1 J 2.4.46

Using this in Equation 2.4.44 results in:

I 2 3 /2e -26'*2
h  = x2 3(2*)*b'3'my/ T T 3 r

£  f  d Q |,ex p (—«jjeg(|/4u;) 2 A 4 '
^=r^mirxl

x [Nu -  iVminu;l3/2 exp ( - k ^ V  -  ^ ] / 4 ) .

At this point, we diverge slightly from our derivation of I\. We note that Nmixi »  

1. and so we approximate our sum over .V by an integral f  dN . In this case, our lower
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limit becomes exactly .Vmm. The integral becomes trivial with a change of variables 
y  — V — V -r — .v - vmm-

r  d > - r 3/2e- 4 /4>- =  r (j / 2)
7o ( « i /4 )o/2

and the remaining integral with respect to Q|| is likewise elementaryf. The result is:

h  -  t p t  ( f )  exp ( - '  • 2-*M

Let us now turn to the expression for T ff,  Equation 2.3.4. To perform the v 

sum. we use stationary closure, employing the closure relations for the sums of GBF 

as given in Equations A2.3 and A2.6. We replace u by an ‘average number of 

photons'* u =  (N Jrs)/2-aQ-{q-Q/2)Js/JN-  In the 71,72 -+ 0 limit, the last term 
has a leading term which is of order 71 or 72, and vanishes, because the ratio of the 

GBFs appearing there is a number 0(1). As well, N  is large for real laser intensities^ 

so we approximate u «  Nf2. In this light, Equation 2.3.4 becomes:

- r i i t .  _ \ _ f  d3? J s- n {&q ' Q , U p/o')
r.v  ( « . « ) -  y  i2ir)3Wo_ w < t_ q V r j v p - ^  + [n

where
2.4.49

5V' = VX2 - ^ 2 - J * 2

(the 6V' here is different from the one in Equation 1.3.21) and here alone we call

v' =(uotio|Vi2|uotto) ‘nstead of v  to avoid confusion with the summation index.
The sum over s can be done simply thanks to the recurrence relations and the 

special forms of H'a:

Hq =  2UP H ± i=  j { p i  + P 2) • So H± 2 = Up 2.4.50

With this in hand, and the GBF recurrence relations^, we write:

t However, one must remember that the limits of integration dQ|| are from —00 to + 00. 
t -Vmm ~  Up/u;, which we assume to be large.
11 Recall that all the arguments to the GBFs are the same
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Y ,J s - s ( a !  +  a " ,lb )# , [j71;v - i  4- jT - .v -t i
S

+- Up [ J - :v -2  ■+■ JT-.v-f-a] 

=  (2Up-iVu;) JL ,V
-4 P t +  P2 -  Q) ■ ao r ,

2.4.51

9

T 11 is now given by§:

!.jJ  j — __

“  5 0 ' (P i +  P2 ~  Q )!w n \)(u ;n A q |u o u o } J - iV}
2.4.52

As before, we will evaluate this at q\ = qz =  0 everywhere except in the GBFs. 

We continue in the same vein to eliminate the combination sum-over-n/integral-over- 

q . This sum/integral can be seen to be one single closure over the states it/nAq. First, 

we will no longer need the symmetry operator (1 + X i2)/2  since in the limit above 

both the initial and final states are invariant under particle interchange. As well, we 

see that the second term will vanish because we will have a term which is <5o * (Pi +P2) 

acting on a pair of S states, and this term will vanish. Therefore, we will have, after 

performing stationary closure, and employing the d-function in Equation 1.3.56:

(AoAo|<5V"|uotto)
P U n  _  ( A q  A q  I SV'H(\ 1 t z p u p )  

(AoAo|£V I u q u o )

2.4.53

Hq here is the hamiltonian which |u/nAq) satisfies:

ffo =  ? t +  v i + r 2. 2.4.54

§ J" is defined in Equation 2.4.33.
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Digression on the SC method for the v sum.

The use of the stationary closure method to perform the u sum requires further anal­

ysis. When we approximated the GBF by using Equation 2.4.2, we found that there 

were no real stationary phase points, which made the GBF itself become exponen­

tially small. However, for each GBF of the product jTt/-.v(<5o-(Q— q),b)J'!f- u(ao-Q.b) 
the energy di-function is not enough to give a unique relation betwen the order and 

arguments of the GBF so that real stationary phase points do exist in the integral 
representations of the GBF. These will not be exponentially small. Moreover, there 

exist areas in the plane where each of the GBFs have these real SPPs and so
the product is not small. In fact, in Equation 2.4.7 we would simply have:

J - n X  Cl C O S ( $ ( C l ) )  +  C 2 C 0 S ( $ ( C 2 ) )

However, the other GBF will have a similar expression in terms of cosines, and the 

product of the two GBFs—two rapidly-oscillating functions—will not have a real SPP, 
and therefore the product will become exponentially small. We shall show this now.

For the GBF to have a real SPP, we require that ,3 from Equation 2.4.3d be pure 
imaginary. Therefore:

/  a \ 2 v  1 _
( l b)  + i6  +  2 > 0  2-4 °°

This is satisfied when, substituting in 6 =  Up/(2u/) and a = oro9|| (for some q):

gji
-t" ■+■ Up 4- i/ui > 0. 2.4.55'

(This is always true when u > 0.) Let us simplify our notation somewhat. We will 
call the two roots of Equation 2.4.3b x±, where:

a /  a \  2 v  1

X± ~  ~8b ± R ' R ~ \ j ( i b )  +  46 +  2 2'4'°6

Note that R  > 0 for u > 0, thus enforcing reality. The requirement that x±  =  cos <p± 
have magnitude less than or equal to 1 places bounds on permissable values of u and 

9||. The first set, coming from x+ , is:

Ivu) — 4<7|| v/Up ~  ‘-Up < 0 < 2vu) + 4<7|| >/Up ~  2UP. 2.4.57a

This provides us with part of the region in the (g||,^) plane where the GBF can be
large. We have a similar set of requirements on x_:

2vu 4- 4<7|| -  2Up < 0 < 2uuj -  4^|| y/U^ -  2Up. 2.4.576
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We will get a pair of x±'s for each of the two GBFs appearing in our sum. Call 

one pair X+ and the other pair xC. We will therefore see four contributions to rhe 

integral arising from evaluating the function at the four saddle points:

x+x^, x+x'_, x_x'+, x_x'_ 2.4.58

These terms will contribute so long as the regions which they describe in the {q\\,v)
plane overlap. Some straightforward but messy algebra shows that there are regions

of overlap, so the terms will all contribute.

These terms will enter into a sum over u and an integral over q. Applying the 

saddle point technique to the GBF in the domain where there are real SPPs results 
in:

^  _  cos (<E(x+) +  f  sgn$"(x+)) ^  cos ($(x_) A f  sgn<E"(x_)) o f _n
iV x/27r|$"(x+ )| y/2irW »(x-)\

where by <£(x+) we mean

2.4.596*(®)|
I COS <t>— x +

These are made simpler by noting that the sign of $"{x±) is the same as that of x: 

that is, $"(x+) > 0, and $"(x_) < 0. To see this, write =  <zsine!> -f-46 sin 2o.
If we expand sin 2<t> as 2 sin <p cos 0 , and substitute in x ±  for cos <z>, we get:

$"{<(>) =  ± 86sin<6i ,  sin0± =  — x^. 2.4.60

Therefore, we can write the argument to the cosine term in Equation 2.4.59 as 
cos($(x±) ± 7r / 4 ) .  The product of the two GBFs becomes now:

- S T  S T  cos(3 j +  f  sgn&j) cos($m -h f  sgn<S" ) ^  ̂ ^

Here, the subscript j  is summing over the x±, which are the real SPPs of J s- v(aq-q, 6) 

and m  is summing over the xf± , which are the real SPPs of the other GBF J u-x{c io • 

(Q -  ?)) b). Each of these four terms is integrated over its own domain in the (g||, u) 
plane.

To continue on our notation-simplifying path, let us rewrite the arguments to the 

GBFs in Equation 2.4.49 in the following way. Let x  =  v — N  and N ' =  — s — .V. 
Also, let k =  q — \Q . This lets us write the product of the GBFs as:

v7x(3o • -  k), 6) J _ :V/ _ r ( a o  • +  k), b)
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The integration formerly over q is now over k. Let us symmetrize the summation 

indices as well by letting x  = nr — .V'/2. Equation 2.4.49 will have the (schematic) 

form, dropping the primes on the indices:

<f-iV/2-ni^o ' (Q /2 ■+■ k), b) Jn-y/2{ao ’ (Q/2  — k), b) 2.4.62

With this in hand, let us turn to the evaluation at the real SPPs. We can use 

the trigonometric identity cos a cos 6 =  (cos(a -4- 6) cos(a -  b))/2 to simplify the 

four terms appearing in Equation 2.4.61. Let us consider just the first term, with 

j  =  4- and m =  -K The terms here will be rapidly oscillating and not contribute to 

the integral over k  and sum over n  unless there is a real SPP of the product of the 

cosines appearing. If there is, we will get a “large” contribution^. Otherwise it will 

be exponentially small. The two <£’s appearing are:

N  1 -
= ~ (n +  ~  oo - {-jQ ~ k) sin <t>j 4 -  6sin 2<f>j =  $ j (n, k z)

1 -
$rn = {n - — )<i>m ~ a0 • ( - Q 4 -  k) sin <bm +  6 sin 2<j>m =  $ m(n, kz) 

where:

a0 . ( Q / 2 - k )  . 
C0S^  =  86 " \ |

f a o j d / 2 - J ) \  , n + N(2  _ 1 2‘4'63
^ 86

a 0 -(Q /2  +  fc) .
COS <f>m  --------------- b------------+  y l

( <*o • (Q/2 4- k )  ̂ 86
n -  N f 2

For there to be a stationary phase, we require that the first partial derivatives of 

<57-,m(n, kz) with respect to n and kz vanish. The derivatives are:

d$ j  _  , _
CrTt C rT t  r t  « / j  4

d * j  . . d $ j  . ^ 2 4 -64-gg- =  4-ao sm q>j =  - q-o sm 4>m

These together require that for the cos($_, 4-<$m) term <f>j =  <t>m- For the cos($j - $ m) 

term, we get 4>j =  —4>m and sin0y =  — sin<6m. For |<£| < 7r, there are no solutions to 

this second part of the first termf- Therefore, there are no real SPPs for that term,

$ See Morse & Feshbach[17], §4.6.
t The restriction to the interval [0, x] comes about because we require sin<£ > 0, otherwise there 

would be no real stationary phase point.
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and it will become exponentially small and vanish compared to the first part of rhe 
first term. The relation <pj =  om gives us:

~  +  RJ =  + k='> + Rm 2.4.65

where Rj and Rm are defined to be the values of R  for oum respectively. These give 
us two relations between n and k~:

- a o  k:Q z  , ,n± =  — — ------ ±  otQK~\ {aoQz}7
166 V (166)2

The limit Q- —► oa requires, from Equation 2.4.65 that n 
the minus sign in Equation 2.4.66:

-HiH 2.4.66 

0 . Therefore, we need

n =  QQkz
) - K 5 - 0 -

apQz
166

2.4.67

We see that the radicand is never positive, due to the ^-function controlling the 
values of Q , k and N. Exactly similar analyses show that there are no real SPPs for 
the product of these two cosines, and therefore we must proceed with the standard 
saddle point method with an exponentially decreasing factor — which is the same 

exponential factor one gets from the method of stationary closure! Therefore, we do 
not make gross errors by dropping terms exponentially larger than the ones we keep 
by using the SC method for the u sum in Equation 2.3.4

We are now equipped, at long last, to write down the direct T-matrix contribution 
to 7o2- Equations 2.4.53 and 2.4.40 yield:

(  (A qA o |< ?V |uquo)2 (A0 A0 |d 'V > o u o ) 2 \  2.4.68
X \(A 0A0|[<yv; flb]|«otto> (A0A0 |^ ( W o /2  -  fl5)|ii0uo) )

We shall refer to the multiplicand above as M .
We see th a t the second part of 702, as given in Equation 1.4.9 vanishes for the 

following reason: given the approximations we have used so far, all of the various 
T-matrices, and are all real and therefore their imaginary parts vanish uni­
formly. Using Equation 2.4.48 we have:

702 = ------ - l/—  -l/2 |A4|2 exp 2.4.69
8(27r)3B5/2Up V V 9w L p /
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Section 2.5: Numerical Results

To continue, we must evaluate the matrix elements appearing in (e.g.) Equation 

2.4.32. Table 2.2 lists them. We can write uo(r ) as a sum of Slater orbita!s[13l[19j. 

However, in view of the coarse approximations we have made with the stationary 

closure method, we make no great error in approximating uo(r) by a variational form 

•V exp(-A r), where .V is a normalizing factor: :V2 =  A3/tt, and A is determined to be 

27/16[7|. The integrals appearing below are all elementary, except that some notice 

must be paid to the 1/ 7*12 terms appearing, which we treat in the manner that Landau 

and Lifshitz[7] do. We detail one example here. Let us calculate (A0|Q|uo). In the 
q —y 0 limit, Xq —>• 1. We have then:

All of the m atrix elements in Table 2.2 are handled in a similarly straightforward 

fashion.

Since we are using a variational wavefunction, we shall also use a variational 

approximation to Wq, the ground-state He energy:

We observe that M., the matrix element appearing in the direct ionization rate

six smaller than the latter, and so its contribution cannot be ignored. Numerically, 
M  = -3.6047T

\ f - x \
Our approximation has uo(r) =  uo(r ) (spherically symmetric).

( Anl.Qb/n^ =  /V'

(47t)2:V3 f  7*2d7-x2d x u Q (r )r ~ -—-uo(r) 
J|7* — X)

(47r)2iV3 d r u o ( r ) r J  d x x 2ul(x)

roo poo \
+ J  drr2uo(r) j  dxxuQ(x)J

2.5.1

The form of uq makes these integrals simple.

(uouo|#o|uouo) =  ^e° ~  u ~  —2.848 a.u. 2.5.2

702, consists of an initial-state correlation term (with 5V) and a final-state correlation 

term (with 5V'). The data below show that the former is approximately a factor of
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l(A,=oi«o)|S =  ^
3/2

| ( u ; o | t z o ) i 2  = 8 ^ - - -  =  0.989 
2 -h A

j ( Â =q f ̂  — ^ K ;o) =  0.0749tt 

(AoAoldVluouo) =  '2.7577T 

(AoAq|<)Vv|wouo) =  4.8907T 

( A o A o | [ £ V ,  Ho]|uouo) =  10.2217T 

(A0Ao|dV' _  f f I u q u q )  =  ~5.50t

Table 2.2: Matrix elements appearing in the expressions for the various 7 Ts

We note that in all the expressions for the 7 's, we have a term proportional to 

(Upu;2)” for some n. We identify this term with ( I f 4)n, where I  is the laser intensity 

in atomic units. This allows us to write the terms for the rates in terms of the laser 

intensity alone, and independent of the laser frequency:

701 =  3.7273 f3/4 e~L6101/ ^

712 =  4.64346 x 10-4 / 3/4 e"5-333̂  

7  =  3.335 / 3 / « e - 3 .2 9 2 4 /x /7

702 =  3.169 x 10"2 73/2 e ' 6 585̂

Table 2.3: The ionization rates ( t ’s ) ,  as functions of laser intensity, in a.u.

We note that these rates are all monotonically rising functions of intensity. We 

plot them as a function of intensity in Figures 2.2, 2.3 and 2.4. All the units of 

time and intensity are in atomic units, given in Equations 0.2.3:

In Figure 2.5, we plot the turnover time f*, from Equation 1.5.1 as a function 

of laser intensity.
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Figure 2.2: Plot of 7oi and 70*2 versus laser intensity over three decades. All units are atomic 
units.
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Figure 2.3: Plot of y  versus laser intensity over three decades.

Section 2.6: Comparison With Experiment

Up until now, direct double-ionization has not been observed directly, but rather 

it has been have inferred it from yield curves. For example, Walker et a/.[20] have 

produced a graph of singly- and doubly-charged helium ions as a function of laser 
intensity—see Figure 2.6.

Walker et al. interpret the sudden change in shape (the 'knee1’) of the ion-yield 

versus intensity curve as the changeover of the yield of He++. from being dominated
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Figure 2.4: Plot of 7 1 2  versus laser intensity over three decades.
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Figure 2.5: Turnover time tt versus intensity.

by the non-sequential process to being dominated by the sequential one. However, 

Lambroupolous and his coworkers[21] showed that what Walker et al. saw might not 

have been the onset of a  “direct” process but rather the introduction of an intensity- 

dependent resonance of the atom in the laser field. That is, there would be an 

enhancement of 701 due to the atom ’s absorbing some number of photons and dressing 

the atom so that the 701 becomes a resonant process. The atom would then be 

stabilized against ionization, and the yield would not increase as I  increased as long
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F ig u re  2.6: Experimental graph of ion yield vs. Intensity, taken from Walker, et af.[20].
Measured He ion yields for linear polarized, 100 fs, 780 am light. Calculations are shown as solid 
(SAE) and dashed (ac-tunneling) lines. The measured intensities are multiplied by- 1.15. The 
solid curve on the right is the calculated sequential He++ yield. (Reprinted with permission.)

as the resonance existed.

For us, with our model, to determine the onset of a changeover from the domi­

nance of the direct process to the sequential one, we look at the fractional yield of 

doubly-charged ions as give by the rate equations (Equation 1.4.7). In our model, 

we assume that the laser intensity is “suddenly” turned on.

That is, the laser intensity is a  step-function on and off in time. (In the figure above, 

we approximate the laser pulse, the dark curve, by the shaded area.) Therefore, we 

interpret the t  occurring here as an effective pulse length; it is much shorter than the 

actual laser pulse length. We see that 702 appears only as a  part of T in Equation 

1.4.7, where it is dwarfed by 701 and 7 . Therefore, our model predicts that, within its 

range of validity, one cannot observe the direct process from analysis of yield curves 

alone.

There is another possible explanation of the “knee” which our model could pro-
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F igure 2.7: Fractional yield of He'M“ versus intensity for effective laser pulse lengths of 100 fs,
I ns and 10 ns. Intensity is measured in atomic units of intensity f0  =  3.50 x IQ1 6  W /cm 1

vide. Suppose that there were competition between the two sequential processes. If 
one process were dominant for some regime of intensity and the other process dom­
inant in another regime, then there would be a break in the slope of n2—a "knee” . 
For the range of I  where this model is applicable, however, we have 701 > 7 and so 
this explanation is not valid.

Limitation of our model

Our model has one very serious drawback. The exponentially small factors in the 
GBFs make our ionization yields come out (numerically) orders of magnitude smaller!

Yield Rates (in au)

K u lan d er Calculated

Intensity (au) 100 fs 1 ns 10 ns

0.0284 8.41 x 1029 6.51 x 10"9 5.55 x 10~6 2.03 x 10"3

0.0227 2.72 x 1029 2.93 x 10~ 11 2.82 x 10~8 1.97 x 10~5
Table 2.4: Experimental ionization yields versus our calculated yields from Equation 2.6.1

than experimentally-measured rates. The yield is given, using the approximation 
of a sudden-on-sudden-off laser pulse, is:

1 Impulse
n 2 (/)  =   -----  /  d tn 2(I ,t)  2.6.1

‘ pulse J 0

t Actually, orders of magnitude of orders of magnitude.
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where ri2 {[.t) is given in Equation 1.4.7. Kulander[22j provided us with his double 

ionization yield data, which we compare with our predicted yields. The results, for 

three different pulse lengths, are provided in Table 2.4.

We must point out that these data were for lasers outside of the regime of validity 

of our model (a; =  780 nm =  1.59 eV and =  616 nm =  2.012 eV) and so direct 

comparison with existing experimental data is speculative.
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Chapter 3 
Conclusions

In Chapter 1, we set forth a project to look for a signature of correlation in multi­

photon double ionization of atoms. We developed a definition of sequential and direct 

double ionization processes. Wie then connect the macroscopic (measurable) quanti­
ties. the fractional ionization yields, to microscopic (quantum-mechanical) properties. 

The two are connected through a generalization of the Fermi Golden Rule derivation 

for single ionization: singularities as a function of energy of the S-matrix describ­
ing the ionization process connect directly to the various ionization rates through the 

solutions of the coupled ODEs describing the fractional yield rates (Equations 1.4.7).
We find that the uncorrelated parts of the ionization process interfere with the 

correlated parts (Equation 1.4.9). In addition, our sequential process itself requires 

an accounting for the dynamics of both electrons, through the new “HF” state A".

In writing down the S-matrix describing the ionization process we have approxi­

mated our full interaction by an expansion in powers of the screened interelectronic 
Coulomb interaction. This makes the connection between the S-matrix terms and the 
ionization parameters inexact. This is a reflection of the fact that the two processes 

themselves are in fact very difficult to distinguish. If both intermediate steps in the 

sequential path Ai —► X 2 —> A3 is slow (i.e. long lived) then the process will be 

viewed as sequential. If one rate is fast, then the process will be viewed as direct.

We define a particular signature of correlation, the turnover time tt, which is a 

measure of how long it takes for the direct process to be dominated by the sequential 

processes.
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[n Chapter 2, we carry out the analysis from Chapter 1 using a lowest-order First 

Born Approximation (FBA) to calculate the double ionization rates for helium. We 

approximate the ground state of helium by the simplest approximation to the Hartree- 

Fock orbital, and calculate the rates in an expansion in the correlation interaction. 

This method makes the various rates be in terms of Generalized Bessel Functions 

(GBFs). In order to evaluate these terms analytically, we use an asymptotic (saddle- 

point) approximation for the GBFs. In turn, this enforces a strict upper bound on 

laser frequency and upper and lower bounds on laser intensity. The return on this 

is a relatively simple analytic form for the various rate parameters (7 *s), which are 

independent of laser frequency.

We find some surprising results for the rates themselves. In the regime of appli­

cability of our theory, the sequential rate is dominated by a path which does not go 

through the singly-charged ion (X  —► A'+ —► X ++) but rather through a Hartree- 

Fock state (X —► X  —»■ A'++). It is identified with a shake-off description. This 

is a direct result of our approximating the ground state as a product of variational 

approximations to the HF ground state (uo^o)-

The direct term also gives rise to new results. We found that the final state 

correlation—or “boomerang-” (Corkum) term—dominated over the initial state cor­

relation term, but only by a factor of approximately 6. We found our predicted 

ionization rates to be much smaller than the experimentally-determined rates just 

outside of the range of validity of our theory. We also found that our signature of cor­

relation, the turnover time, is far too small to be used experimentally now. Likewise, 

we show that direct observation of yield curves alone, without other corroboration, 

like angular correlation, cannot stand as evidence of correlation.

A letter by Watson, et a/.[23] was recently brought to our attention. In it, they 

claim to validate the work of Walker and his group[20]. They use the idea of an 

expansion in a correlation interaction but do not take the care that we do in defining 

it, and their work lies outside the regime of validity of our own.
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Appendix 1 
The Method of Stationary Closure

Tn general, th ' problem of performing a sum-over-states (like the one appearing in 

Equation 2.3.1) is extremely difficult, if not impossible, to perform in a closed form,

denominator appearing in the sum. If that sum-index dependence were not present, 

then the sum would simply sum over a complete set of eigenstates, which is a resolvent 

of the identity. The trick of Stationary Closure involves replacing index-dependent 
energy in the denominator by an “average” energy which is index-independent, at 

which point the sum can be done immediately. We proceed as follows:

Consider the general problem of finding a matrix element

and for some appropriate Hamiltonian K  we have H |0  =  W ^ )  and H\C) — 

W c\C). We can also write B  in terms of Green's functions:

B  =  GUC

because of the presence of the energy of the state over which one wants to sum in the

(A \V \B) .41.1

where V  is some potential (or any general Hermitian operator) and where |B) is a 
sum-over-states resulting from a perturbation-series calculation.

.41.2

.41.3
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Note that were it not for the denominator in this sum. we could simply use the 

fact that the |£) form a complete basis in the Hilbert space and replace the sum 

with the identity operatorf- Now, introduce an "average energy* £  and rewrite the 
denominator as

1
.41.4

- £  + £  - W c .
If we make the (not necessarily good) assumption that S  in some manner, then

we can expand the denominator in the following way:

V S - W n  J .41.5W; - W c  S - W c  V £ -  Wc  
If we substitute this back into the summation, we notice that the term is no 

longer in the denominator of the sum. To determine £,  we simply require that the 
first-order term in this sub-expansion vanish. That is, it should be stationary with 
respect to closure. Hence:

= 0. .41.6

(We have made the immediate substitution that =(^|7£.) We can now use the 
fact that the |f ) ’s form a complete set (modulo the element |C)) to immediately write

„ (A \V H V \C )
(A|VV|C) '

Moreover, if we write the identity Wq = (A \VU H \C )/ (A \VU \C), then 1/(5 -  Wc) 
becomes

1 {A\VU\C)
.41.8

S - W c  {A\V[H,U]\C) 
and therefore our total matrix element is:

(AjV'iB) =  m y .r n 2- . .41.9
(A\V[H, U]\C)

In the most general case, there is an added complication: instead of (A\VHU\C) 

in the numerator of Equation A1.7 one gets (A \VH U \C )—(C\V'HU\C) and likewise 
in the denominator one would get {A\VU\C)—{C\VU\C).

t Of course, the means to exclude the state |C)  from the summation. In the general case, 
we can simply add in this state later and subtract it out (adding zero) and then have the sum 
over a complete set. However, in our problem, as we have seen, this is unnecessary, as we will 
be removing the restriction on the sum.
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We apply this technique to a sample problem, the electric polarizability of hv- 
drogen. which can be calculated explicitly by solving an inhomogenous ODE§. (the 
method of Dalgarno and Lewis) to estimate how well or poorly this method ap­
proximates the exact answer. This problem is not precisely the same as the one 
we encounter in Section 2.3, but the idea (to eliminate the sum-over-states) is the 
same and is instructive nontheless. The polarizability is. in second-order perturbation 
theory:

Et |(n |JT |0)|2
~ — —  .4.1.10

* e° " e" 
where f f '  is the interaction Hamiltonian:

H' = e E - r  .41.11

and the sum is over the hydrogen wavefunctions. In this case, we must keep the 
(0 |/f'|0) term (because we cannot omit this term like we do in our two-electron case) 
but this term is zero due to parity, so it can be ignored.

The requirement that the first-order term in Equation A1.5 vanish is:

.41.12

(This follows directly from Equation A1.6.) We have made the identification that 
^  2 2 
V  — U — H', and H q is the regular hydrogen-atom Hamiltonian, —-^^V 2 — Since
the sum over n is a complete set (we add in the (0|£T'|0) term, which is zero), the
definition of S  is:

_  { 0 |g -g ' |0 )  
<0|ff'ffo|0)

and then W2 ,sc is:

—2 K o i ^ i o )!2 ____

^  ~  <0| [H \ [Hq, H'}} |0) *41-14
(The —2 occurs due to the way we rewrite the denominator using the second com­
mutator). The matrix elements appearing are:

(Oltf^lO) =  e2£ 2ao2 .41.15
2

(0| [H', [Hq, H']] |0> =  — e2E 2 .41.16
me

$ See Schiff[6] §33
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We express [Hr, [Hq, =  — e~E~[z. [7~. cj] =  {h/mP)e~E2, where c is rhe z- 

direction position operator and T  is the kinetic energy operator.

Therefore. u;o.sc =  ~'2E2aQ3. as compared to the exact answer obtained by Schiff 

of u/2 =  — l ^ a o 3- The Stationary Closure method produces an energy which is 
incorrect by 12.5%.
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Appendix 2 
Digression: The Generalized Bessel Function (GBF)

The Generalized Bessel Function (GBF) is defined as[24]f:

J - n{a,b)d= f  A2A

Note that. like the regular Bessel functions, the GBFs are also always real for real 

arguments. We can derive a recurrence relation for the GBFs by using the periodicity 

of their integral representation. Taking d/d<f> inside the integral sign makes a perfect 

differential and therefore f  d<j)(d/d<b) exp(- • •) =  0. This gives immediately:

0 = 1  d0ei(n*+asin<*+6sin2*) i (n +  acosd> +  26cos2c>), .42.2a
J —T

from which we get the 5-term recurrence:

0 =  —n j ’-n^a, 6) +  a b) +  b)) 4- 2b b) +  jT-n-t-2(a, b)) .

.42.26

In addition to this, the GBFs satisfy closure relations, which can be seen from 

their integral representations. To wit:

£  J s- V{a!, b) J v. s {a", b) = J s. lV(a' +  a", 26). .42.3

t Leubner (loc. sit.) also includes a third parameter 9 as an argument to the last sin: . 
6sin(2o -  9). Both we and Leubner set 9 =  0 uniformly here.
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To see this, consider the integral representation of the sum:

Y ' J t - u i a ' . b )  J v- s { a . b )  I *
1/  ̂ </JT /

g —\a s in d>i —ia."sinOo g —i£>(sin2 o \ -t-sin2oo)

Now we recall one of the forms of the d-function is. mod 2ir.

2 xd'(x) =  ^  exp i nx, .42.4
n

and so we can use this to eliminate the sum over u and turn it into d'(c?i — 02)- This

allows us to immediately perform one of the integrals, and the result is:

_  r  e -i(a '-r-a")sia0 i

Jit
X e-i26sin2<!>t .42.5

and this gives us our desired result. Using similar algebra, we can derive a second 
closure relation:

] T  J s-o{a ', 6) J v- N{a", b)v = +  a!", 26)
V  ~

4~ — (Js-iV+iia' 4- a", 26) 4- 4- a", 26)).
.42.6

This comes from the identity

E " 6’”  =  - * ! : £  -« -7
n n

Recall that the derivative of a d-function is defined—like the d-function itself—only 

in a “distribution” sensef:

I  dx6 ' ( x ) f ( x )  =  - / '( 0 )  .42.8

Using Equations A2.8 and A2.2 we arrive at Equation A2.6

t See Geroch's cext[25], ch. 47. Like the regular d-function. the integral is zero if the interval of 
integration does not include 0.
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