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Abstract

AN "EXACT" SOLUTION FOR THE HYDRODYNAMIC INTERACTION OF A 

THREE-DIMENSIONAL FINITE CLUSTER OF ARBITRARILY SIZED 

SPHERICAL PARTICLES AT LOW REYNOLDS NUMBER.

by

Q a i z a r  H a ss o n je e

A d v i s e r :  P r o f e s s o r  P e t e r  Ganatos

C o - A d v i s e r :  P r o f e s s o r  R o b e r t  P f e f f e r

The s l o w  m o t i o n  o f  p a r t i c l e s  In  an I n c o m p r e s s i b l e  Newton ian  f l u i d  

o c c u r s  I n  many p h y s i c a l  p r o c e s s e s  a n d  t h e r e f o r e  t h e  s t u d y  o f  t h i s  

p r o b l e m  I s  I m p o r t a n t  b o t h  f r o m  a p r a c t i c a l  a n d  t h e o r e t i c a l  p o i n t  o f  

v i ew.  T h i s  t h e s i s  c o n t a i n s  a n  " e x a c t "  s o l u t i o n  f o r  t h e  h y d r o d y n a m i c  

I n t e r a c t i o n  o f  a  t h r e e - d i m e n s i o n a l  f i n i t e  c l u s t e r  o f  a r b i t r a r i l y  s i z e d  

s p h e r i c a l  p a r t i c l e s  a t  low Reyno lds  number.  The t h e o r y  d e v e l o p e d  i s  the  

m o s t  g e n e r a l  s o l u t i o n  t o  t h e  p r o b lem  o f  an a s s e m b lag e  o f  s p h e r e s  i n  a 

t h r e e - d i m e n s i o n a l  u n b o u n d e d  m e d i a .  The f o r m u l a t i o n  i s  b a s e d  on  t h e  

b o u n d a r y - c o l l o c a t i o n  t r u n c a t e d - s e r i e s  s o l u t i o n  t e c h n i q u e  w h e r e  the  

o r t h o g o n a l i t y  p r o p e r t i e s  o f  t h e  e i g e n f u n c t i o n s  i n  t h e  a z i m u t h a l  

d i r e c t i o n  a r e  u s e d  t o  s a t i s f y  t h e  n o - s l i p  b o u n d a r y  c o n d i t i o n s  e x a c t l y  on 

e n t i r e  r i n g s  on t h e  s u r f a c e  o f  e ach  p a r t i c l e .

D e t a i l e d  c o m p a r i s o n s  w i t h  t h e  e x a c t  two s p h e r e  s o l u t i o n s  shows th e  

p r e s e n t  t h e o r y  t o  b e  a c c u r a t e  t o  a t  l e a s t  f i v e  s i g n i f i c a n t  f i g u r e s  i n  

p r e d i c t i n g  t h e  t r a n s l a t i o n a l  a n d  a n g u l a r  v e l o c i t y  componen ts  o f  the



iv

p a r t i c l e s  a t  a l l  o r i e n t a t i o n s  f o r  I n t e r p a r t l c l e  gap w i d t h s  a s  c l o s e  a s

0 . 1  p a r t i c l e  d i a m e t e r .  S o l u t i o n s  a r e  p r e s e n t e d  f o r  s e v e r a l  I n t e r e s t i n g  

and I n t r i g u i n g  c o n f i g u r a t i o n s  i n v o l v i n g  3 o r  more s p h e r i c a l  p a r t i c l e s  i n  

a  u n i f o r m  f l o w ,  s h e a r  f low and P o i s e u i l l e  f l o w .  Adv antage  o f  symmetry 

ab o u t  t h e  o r i g i n  i s  u s e d  f o r  s y m m e t r i c  c o n f i g u r a t i o n s  t o  r e d u c e  t h e  

c o l l o c a t i o n  m a t r i x  s i z e  by a f a c t o r  o f  64.  S o l u t i o n s  f o r  th e  f o r c e  and 

t o r q u e  on t h r e e  d i m e n s i o n a l  c l u s t e r s  o f  up t o  64 p a r t i c l e s  h a v e  b e e n  

o b t a i n e d  d e m o n s t r a t i n g  t h e  m u l t i - p a r t i c l e  i n t e r a c t i o n  e f f e c t s  t h a t  a r i s e  

which would  n o t  be p r e s e n t  i f  o n l y  p a i r  i n t e r a c t i o n s  o f  t h e  p a r t i c l e s  

w e r e  c o n s i d e r e d .  The m e t h o d  h a s  t h e  a d v a n t a g e  o f  y i e l d i n g  a r a t h e r  

s i m p le  e x p r e s s i o n  f o r  t h e  f l u i d  v e l o c i t y  f i e l d  which i s  o f  s i g n i f i c a n c e  

i n  t h e  t r e a t m e n t  o f  c o n v e c t i v e  h e a t  a n d  m ass  t r a n s p o r t  p r o b l e m s  in  

m u l t i p a r t i c l e  s y s t e m s .  Among o t h e r  i n t e r e s t i n g  a p p l i c a t i o n s  o f  t h e  

t h e o r y  p r e s e n t e d  a r e  t h e  t i m e  d e p e n d e n t  m o t io n  o f  t h r e e  s p h e r e s  w i t h  

f i x e d  i n t e r p a r t i c l e  s p a c i n g s  i n  s h e a r  f l o w  a n d  t h e  m o t i o n  o f  a s i n g l e  

s p h e r e  i n  t h e  p r e s e n c e  o f  o t h e r  f i x e d  s p h e r e s  t o  s t u d y  t h e  r e s u s p e n s i o n  

phenomena i n  a s im p le  s h e a r  f lo w.
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The s l o w  m o t i o n  o f  p a r t i c l e s  i n  an i n c o m p r e s s i b l e  Newtonian  f l u i d  

o c c u r s  i n  many p h y s i c a l  p r o c e s s e s  an d  t h e r e f o r e  t h e  s t u d y  o f  t h i s  

p r o b l e m  i s  i m p o r t a n t  b o t h  f r o m  a p r a c t i c a l  a n d  t h e o r e t i c a l  p o i n t  o f  

v iew .  S o l u t i o n s  t h a t  a r e  c u r r e n t l y  a v a i l a b l e  i n  t h e  l i t e r a t u r e  f o r  t h e  

h y d r o d y n a m i c  i n t e r a c t i o n s  o f  s p h e r i c a l  p a r t i c l e s  i n c l u d e  t h e  e x a c t  

s o l u t i o n s  f o r  f l ow  p a s t  two i d e n t i c a l  o r  u n e q u a l  s p h e r e s  a n d  s o l u t i o n s  

f o r  t h e  t h r e e  d i m e n s i o n a l  p e r i o d i c  a r r a y s  and a p p r o x im a te  s o l u t i o n s  f o r  

f l ow  p a s t  a r b i t r a r y  t h r e e - d i m e n s i o n a l  a s s e m b lag e  o f  s p h e r e s .  H o w e v e r ,  

no e x a c t  s t r o n g  i n t e r a c t i o n  t h e o r y  e x i s t s  f o r  n o n - s y m m e t r i c  t h r e e -  

d i m e n s i o n a l  m u l t i - p a r t i c l e  c o n f i g u r a t i o n s  i n v o l v i n g  a f i n i t e  n u m b e r  o f  

p a r t i c l e s .

T h i s  t h e s i s  p r e s e n t s  a n  " e x a c t "  s o l u t i o n  f o r  t h e  h y d r o d y n a m i c  

i n t e r a c t i o n  o f  a t h r e e - d i m e n s i o n a l  f i n i t e  c l u s t e r  o f  a r b i t r a r i l y  s i z e d  

s p h e r i c a l  p a r t i c l e s  a t  low Rey no lds  number.  The t h e o r y  d e v e l o p e d  i s  t h e  

m o s t  g e n e r a l  s o l u t i o n  t o  t h e  p ro b lem  o f  an  a s s e m b la g e  o f  s p h e r e s  i n  a 

t h r e e - d i m e n s i o n a l  u n b o u n d e d  m e d i a .  The m e t h o d  u s e d  i s  b o u n d a r y -  

c o l l o c a t i o n  t r u n c a t e d - s e r i e s  s o l u t i o n  t e c h n i q u e  where  t h e  o r t h o g o n a l i t y  

p r o p e r t i e s  o f  t h e  e i g e n f u n c t i o n s  i n  t h e  a z i m u t h a l  d i r e c t i o n  a r e  u s e d  t o  

s a t i s f y  t h e  n o - s l i p  bo u n d a ry  c o n d i t i o n s  e x a c t l y  on e n t i r e  r i n g s  on th e  

s u r f a c e  o f  e a c h  p a r t i c l e  r a t h e r  t h a n  j u s t  a t  d i s c r e t e  p o i n t s .  The 

t e c h n i q u e  i s  e x t r e m e l y  a c c u r a t e  i n  p r e d i c t i n g  t h e  h y d r o d y n a m i c  

i n t e r a c t i o n s  f o r  f i n i t e  n u m b er  o f  s p h e r e s  a r r a n g e d  a t  a n y  a r b i t r a r y  

c o n f i g u r a t i o n  i n  t h r e e - d i m e n s i o n a l  s p a c e .

T h i s  t h e s i s  i s  p r e s e n t e d  i n  t h e  form o f  two i n d e p e n d e n t  p a p e r s  e a c h  

o f  w h i c h  i s  t o  b e  s u b m i t t e d  f o r  p u b l i c a t i o n .  E ac h  o f  t h e  c h a p t e r s ,  

t h e r e f o r e ,  h a s  i t s  own a b s t r a c t ,  i n t r o d u c t i o n ,  f i g u r e s ,  t a b l e s ,  ap p e n d ix
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and r e f e r e n c e s .  I n  c h a p t e r  1 f o r m u l a t i o n  o f  t h e  t h e o r y  i s  p r e s e n t e d  f o r  

t h e  c a s e  i n v o l v i n g  u n i f o r m  f lo w  p a s t  m u l t i p l e  s p h e r e s .  The a c c u r a c y  and 

co n v e rg e n c e  o f  t h e  s o l u t i o n  t e c h n i q u e  i s  t e s t e d  by c o m p a r i so n  w i t h  e x a c t  

s o l u t i o n s  a v a i l a b l e  i n  l i t e r a t u r e  f o r  two s p h e r e s  i n  u n i f o r m  f l o w  a t  

i n f i n i t y .  T h i s  c h a p t e r  a l s o  t r e a t s  m u l t i p a r t i c l e  c o n f i g u r a t i o n s  

s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  i n  a  v i s c o u s  f l u i d  a n d  u n i f o r m  f l o w  p a s t  

s y m m e t r i c  c o n f i g u r a t i o n s  o f  s p h e r e s  c o n t a i n i n g  up t o  64 p a r t i c l e s .  In  

c h a p t e r  2  t h e  t h e o r y  i s  m o d i f i e d  t o  t r e a t  c l u s t e r s  o f  s p h e r i c a l  

p a r t i c l e s  i n  s h e a r  and P o i s e u i l l e  f l o w .  A p p l i c a t i o n s  o f  t h i s  t h e o r y  to  

p r a c t i c a l  p r o b l e m s  o f  i n t e r e s t  s u c h  a s  t h e  s e l f  d i f f u s i o n  a n d  

r e s u s p e n s i o n  phenomenon a r e  a l s o  s t u d i e d  i n  t h i s  c h a p t e r .



CHAPTER 1

A STRONG INTERACTION THEORY FOR THE MOTION 

OF A CLUSTER OF SPHERICAL PARTICLES 

AT LOU REYNOLDS NUMBER



ABSTRACT

T h i s  c h a p t e r  c o n t a i n s  a n  " e x a c t "  s o l u t i o n  f o r  t h e  h y d r o d y n a m i c  

i n t e r a c t i o n  o f  a t h r e e - d i m e n s i o n a l  f i n i t e  c l u s t e r  o f  a r b i t r a r i l y  s i z e d  

s p h e r i c a l  p a r t i c l e s  a t  low R eyn ol ds  number.  The t h e o r y  d e v e l o p e d  I s  th e  

most  g e n e r a l  s o l u t i o n  t o  t h e  p ro b lem  o f  a n  a s s e m b l a g e  o f  s p h e r e s  i n  a 

t h r e e - d i m e n s i o n a l  unbounded med ia .  The b o u n d a r y - c o l l o c a t i o n  t r u n c a t e d -  

s e r i e s  s o l u t i o n  t e c h n i q u e  o f  G a n a to s ,  P f e f f e r  a n d  Weinbaum ( 1 9 7 8 )  f o r  

t r e a t i n g  p l a n a r  s y m m e t r i c  S t o k e s  f l o w  p ro b l e m s  h a s  b e e n  e x t e n s i v e l y  

m o d i f i e d  t o  t r e a t  t h e  n o n - s y m m e t r i c  m u l t i - b o d y  p r o b l e m .  T h e  

o r t h o g o n a l i t y  p r o p e r t i e s  o f  t h e  e i g e n f u n c t i o n s  I n  t h e  a z i m u t h a l  

d i r e c t i o n  a r e  u s e d  t o  s a t i s f y  t h e  n o - s l i p  b o u n d a r y  c o n d i t i o n s  e x a c t l y  on 

e n t i r e  r i n g s  o n  t h e  s u r f a c e  o f  e a c h  p a r t i c l e  r a t h e r  t h a n  j u s t  a t  

d i s c r e t e  p o i n t s .

D e t a i l e d  c o m p a r i s o n s  w i t h  t h e  e x a c t  b i p o l a r  s o l u t i o n s  f o r  two 

s p h e r e s  show t h e  p r e s e n t  t h e o r y  t o  be  a c c u r a t e  t o  f i v e  s i g n i f i c a n t  

f i g u r e s  i n  p r e d i c t i n g  t h e  t r a n s l a t i o n a l  and a n g u l a r  v e l o c i t y  components  

o f  t h e  p a r t i c l e s  a t  a l l  o r i e n t a t i o n s  f o r  i n t e r p a r t i c l e  g a p  w i d t h s  a s  

c l o s e  a s  0 . 1  p a r t i c l e  d i a m e t e r .  Convergence  o f  t h e  r e s u l t s  t o  t h e  e x a c t  

s o l u t i o n  i s  r a p i d  a n d  s y s t e m a t i c  e v e n  f o r  u n e q u a l  s i z e d  s p h e r e s  

( a ^ / a 2  -  2 ) .  S o l u t i o n s  a r e  p r e s e n t e d  f o r  s e v e r a l  i n t e r e s t i n g  a n d

i n t r i g u i n g  c o n f i g u r a t i o n s  i n v o l v i n g  t h r e e  o r  m o re  s p h e r i c a l  p a r t i c l e s  

s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  i n  an  unbounded  f l u i d  o r  i n  t h e  p r e s e n c e  

o f  o t h e r  r i g i d l y  h e l d  p a r t i c l e s .  Advantage  o f  symmetry a b o u t  t h e  o r i g i n  

i s  u s e d  f o r  s y m m e t r i c  c o n f i g u r a t i o n s  t o  r e d u c e  t h e  c o l l o c a t i o n  m a t r i x
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s i z e  by a f a c t o r  o f  64.  S o l u t i o n s  f o r  t h e  f o r c e  a n d  t o r q u e  on  t h r e e  

d i m e n s i o n a l  c l u s t e r s  o f  u p  t o  64  p a r t i c l e s  h a v e  b e e n  o b t a i n e d  

d e m o n s t r a t i n g  t h e  m u l t i - p a r t i c l e  i n t e r a c t i o n  e f f e c t s  t h a t  a r i s e  w h i c h  

w o u l d  n o t  b e  p r e s e n t  i f  o n l y  p a i r  i n t e r a c t i o n s  o f  t h e  p a r t i c l e s  were 

c o n s i d e r e d .  The method h a s  t h e  a d v a n t a g e  o f  y i e l d i n g  a r a t h e r  s i m p l e  

e x p r e s s i o n  f o r  t h e  f l u i d  v e l o c i t y  f i e l d  wh ich  i s  o f  s i g n i f i c a n c e  i n  t h e  

t r e a t m e n t  o f  c o n v e c t i v e  h e a t  a n d  m a s s  t r a n s p o r t  p r o b l e m s  i n  

m u l t i p a r t i c l e  s y s t e m s .
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1 . INTRODUCTION

The s l o w  m o t i o n  o f  p a r t i c l e s  i n  an  i n c o m p r e s s i b l e  Newtonian f l u i d  

o c c u r s  i n  many p h y s i c a l  p r o c e s s e s  a n d  t h e r e f o r e  t h e  s t u d y  o f  t h i s  

p r o b l e m  i s  i m p o r t a n t  b o t h  f r o m  a  p r a c t i c a l  a n d  t h e o r e t i c a l  p o i n t  o f  

v iew .  Some i m p o r t a n t  p r o c e s s e s  which depend on t h e  r e l a t i v e  m o t io n  o f  a 

s u s p e n s i o n  o f  p a r t i c l e s  I n c l u d e  t h e  mass t r a n s f e r  a r o u n d  a c l u s t e r  o f  

s p h e r e s  f a l l i n g  i n  a v i s c o u s  f l u i d ,  m o d e l in g  o f  p ac k ed  and f l u l d i z e d  bed 

r e a c t o r s  a n d  f i l t e r s ,  p r e d i c t i n g  t h e  e f f i c i e n c y  o f  s p r a y  s c r u b b e r  

d e v i c e s ,  d e t e r m i n i n g  t h e  a g g l o m e r a t i o n  r a t e  o f  a e r o s o l  p a r t i c l e s  i n  t h e  

a t m o s p h e r e ,  t h e  m o t i o n  o f  r e d  b l o o d  c e l l s  i n  t h e  m i c r o c i r c u l a t i o n  and 

t h e  t r a n s p o r t  o f  v e s i c l e s  a c r o s s  t h e  e n d o t h e l i a l  c e l l  l a y e r  l i n i n g  t h e  

a r t e r y  w a l l .

As d e t a i l e d  i n  t h i s  s e c t i o n ,  t h e  o n l y  s o l u t i o n s  t h a t  a r e  c u r r e n t l y  

a v a i l a b l e  i n  t h e  l i t e r a t u r e  f o r  t h e  h y d r o d y n a m i c  i n t e r a c t i o n  o f  

s p h e r i c a l  p a r t i c l e s  a r e :  f lo w  p a s t  two i d e n t i c a l  (Goldman, Cox & B re nne r  

1 9 6 6 ,  Kim a n d  M i f f l i n  1 9 8 5 )  o r  u n e q u a l  s p h e r e s  ( D a v i s  1 9 6 9 )  a t  an  

a r b i t r a r y  o r i e n t a t i o n ,  a f i r s t - o r d e r  w e a k - i n t e r a c t i o n  t h e o r y  f o r  t h e  

t h r e e - d i m e n s i o n a l  m u l t i - s p h e r e  p r o b l e m  (H ocki ng  1 9 6 4 ) ,  q u a s i - s t e a d y  

t ime d e p e n d e n t  m o t io n  o f  t h r e e  o r  more s p h e r e s  s e t t l i n g  u n d e r  g r a v i t y  i n  

v e r t i c a l  p l a n a r  c o n f i g u r a t i o n s  ( G a n a to s ,  P f e f f e r  & Welnbaum 1978) and 

t h e  d r a g  f o r c e  on t h r e e - d i m e n s i o n a l  p e r i o d i c  a r r a y s  ( Z i c k  a n d  Homsy 

1 9 8 2 ,  S a n g a n i  & A c r i v o s  1 9 8 2 ) .  R e c e n t l y ,  D u r l o f s k y ,  Brady and B o s s i s  

(1986)  h av e  d e v e l o p e d  a  t h e o r y  e q u i v a l e n t  t o  t h e  m e t h o d  o f  r e f l e c t i o n s  

f o r  p r e d i c t i n g  t h e  v e l o c i t y  and f o r c e  on a t h r e e - d i m e n s i o n a l  a s se m b lag e
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o f  s p h e r e s .  H oweve r  no e x a c t  i n t e r a c t i o n  t h e o r y  e x i s t s  f o r  n o n -  

s y m m e t r i c  t h r e e - d i m e n s i o n a l  m u l t i - p a r t i c l e  c o n f i g u r a t i o n s  i n v o l v i n g  a 

f i n i t e  number o f  p a r t i c l e s .

The e x i s t e n c e  o f  a b i - s p h e r i c a l  c o o r d i n a t e  s y s t em  h a s  e n a b l e d  e x a c t  

s o l u t i o n s  t o  b e  o b t a i n e d  f o r  a v a r i e t y  o f  p r o b l e m s  i n v o l v i n g  two 

s p h e r i c a l  p a r t i c l e s .  S t i n s o n  a n d  J e f f r e y  ( 1 9 2 6 )  c o n s i d e r e d  t h e  

a x i s y m m e t r i c  m o t i o n  o f  two s p h e r e s .  The a s y m m e t r i c  c a s e  o f  m o t i o n  

p e r p e n d i c u l a r  t o  t h e  l i n e  o f  c e n t e r s  was  t r e a t e d  by  O ' N e i l l  & Dean 

( 1 9 6 3 ) .  F u r t h e r  e x t e n s i o n s  o f  t h i s  p r o b l e m  h a v e  b e e n  r e p o r t e d  b y  

Goldman, Cox and B re n n e r  (1966)  and U akiya  (1967)  f o r  t h e  s low m o t io n  o f  

two i d e n t i c a l  a r b i t r a r i l y  o r i e n t e d  s p h e r e s ,  by  Kim a n d  M i f f l i n  ( 1 9 8 5 )  

f o r  t h e  c o m p l e t e  s o l u t i o n  o f  t h e  m o t i o n  o f  two e q u a l  s p h e r e s  and by 

Da v is  (1969)  f o r  t h e  c a s e  o f  two u n e q u a l  s p h e r e s  s l o w l y  r o t a t i n g  o r  

t r a n s l a t i n g  p e r p e n d i c u l a r  t o  t h e i r  l i n e  o f  c e n t e r s .  W a c h o l d e r  and 

S a t h e r  (1974)  u s e d  t h e  method o f  r e f l e c t i o n s  t o  o b t a i n  t h e  s o l u t i o n  f o r  

two u n e q u a l  s p h e r e s  s e t t l i n g  u n d e r  g r a v i t y  i n  a q u i e s c e n t  f l u i d .

T h e o r e t i c a l  s o l u t i o n s  f o r  p r e d i c t i n g  t h e  d r a g  f o r c e  on a p e r i o d i c  

a r r a y  o f  s p h e r e s  a r e  c u r r e n t l y  a v a i l a b l e  i n  t h e  l i t e r a t u r e .  Hasimoto 

(1959)  d e v e l o p e d  a  p e r t u r b a t i o n  s o l u t i o n  f o r  m u l t i - p a r t i c l e  s y s t e m s  t o  

o b t a i n  t h e  d r a g  on e a c h  s p h e r e  i n  t e rm s  o f  an  e x p a n s i o n  i n  f r a c t i o n a l  

pow ers  o f  t h e  c o n c e n t r a t i o n  o f  t h e  p a c k i n g .  He d e r i v e d  t h e  p e r i o d i c  

f u n d a m e n t a l  s o l u t i o n  t o  t h e  N a v i e r - S t o k e s  e q u a t i o n s  o f  m o t io n  and a f t e r  

e x p a n d in g  t h e  v e l o c i t y  f i e l d  i n  t e rm s  o f  t h e  f u n d a m e n t a l  s o l u t i o n  a n d  

i t s  d e r i v a t i v e s ,  o b t a i n e d  a n  e x p r e s s i o n  f o r  t h e  d r a g  f o r c e  f o r  c u b i c  

a r r a y s .  However t h i s  m e t h o d  c o u l d  b e  u s e d  o n l y  f o r  d i l u t e  p a c k i n g .  

S a n g a n i  & A c r i v o s  ( 1 9 8 2 )  e x t e n d e d  H a s i m o t o ' s  method t o  c a l c u l a t e  t h e
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3
d r a g  t o  0 (c  ) f o r  s q u a r e  and h e x a g o n a l  a r r a y s  o f  s p h e r e s  where  c I s  t h e

v o l u m e  f r a c t i o n  o f  t h e  s p h e r e s .  T h ey  d e r i v e d  a n  e x p r e s s i o n  l o r  t h e

1 o
d l m e n s l o n l e s s  d r a g  t o  0 ( c  ) f o r  a r r a y s  o f  s p h e r e s  p a c k e d  i n  s i m p l e

c u b i c ,  b o d y  c e n t e r e d  c u b i c  and f a c e  c e n t e r e d  c u b i c  l a t t i c e s .  U s in g  th e  

b o u n d a r y  I n t e g r a l  method,  Z l c k  and Homsy (1982)  f o r m u l a t e d  t h e  p r o b l e m  

f o r  fLow p a s t  t h r e e  - d i m e n s i o n a l  p e r i o d i c  a r r a y s  o f  s p h e r e s  a s  a  s e t  o f  

t w o - d i m e n s i o n a l  i n t e g r a l  e q u a t i o n s  f o r  t h e  unkno wn s u r f a c e  s t r e s s  

d i s t r i b u t i o n ,  a n d  o b t a i n e d  t h e  d r a g  f o r c e  e x e r t e d  on ea c h  s p h e r e  a s  a 

f u n c t i o n  o f  p a r t i c l e  c o n c e n t r a t i o n  and ty p e  o f  p a c k i n g .

The m e t h o d  o f  r e f l e c t i o n s  h a s  b e e n  u s e d  by many i n v e s t i g a t o r s  to  

s t u d y  m u l t i - p a r t i c l e  i n t e r a c t i o n s  f o r  a f i n i t e  number o f  s p h e r e s  (Happel  

a n d  B r e n n e r ,  1 9 7 3 ) .  The t e c h n i q u e  i s  good o n l y  f o r  weak i n t e r a c t i o n s  

where  t h e  p a r t i c l e s  a r e  s p a c e d  f a r  a p a r t  and e x h i b i t s  p o o r  c o n v e r g e n c e  

c h a r a c t e r i s t i c s  f o r  c o n c e n t r a t e d  s y s t e m s .  Hocking (1964)  u s e d  a  s i n g l e  

r e f l e c t i o n  t o  d e s c r i b e  t h e  p a r t i c l e  i n t e r a c t i o n s  f o r  a  c l u s t e r  o f  

s p h e r e s  f a l l i n g  i n  a v i s c o u s  f l u i d  n e g l e c t i n g  i n e r t i a l  e f f e c t s  and 

a s s u m in g  t h a t  t h e  d i s t a n c e  b e t w e e n  a n y  two s p h e r e s  i s  l a r g e  c o m p a r e d  

w i t h  t h e i r  r a d i i .  He e x a m i n e d  t h e  s t a b i l i t y  o f  s t e a d y  c o n f i g u r a t i o n s  

f o r  3 , 4 , 5  a n d  6  s p h e r e s  f o r m i n g  r e g u l a r  p o l y g o n s  a n d  c o m p a r e d  h i s  

r e s u l t s  w i t h  t h e  e x p e r i m e n t a l  o b s e r v a t i o n s  f o r  t h e  same m o t io n  r e p o r t e d  

by J a y a w e e r a ,  Mason and S l a c k  (1 9 6 4 ) .

M o s t  r e c e n t l y ,  D u r l o f s k y ,  Brady and B o s s i s  (1986)  h av e  d e v e l o p e d  a 

s i m u l a t i o n  method c a p a b l e  o f  co m pu t ing  s t a t i c  and dynamic p r o p e r t i e s  o f  

a  f i n i t e  s y s t e m  o f  h y d r o d y n a m i c a l l y  i n t e r a c t i n g  s p h e r i c a l  p a r t i c l e s .  

The method u s e s  an  i n t e g r a l  r e p r e s e n t a t i o n  f o r  t h e  v e l o c i t y  f i e l d  a t  any
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p o i n t  i n  t h e  f l u i d  i n  S to k e s  f lo w  i n  t e r m s  o f  a  m u l t i p o l e  e x p a n s i o n  in  

c o n j u n c t i o n  w i t h  t h e  Faxens  fo r m u la e  f o r  t h e  m o t io n  o f  a s p h e r e  immersed 

i n  a f l o w  f i e l d  t o  f o r m  t h e  m o b i l i t y  m a t r i x .  The m o b i l i t y  m a t r i x  i s  

i n v e r t e d  t o  o b t a i n  t h e  r e s i s t a n c e  m a t r i x .  The i n v e r s i o n  o f  t h e  m o b i l i t y  

m a t r i x  i n t r o d u c e s  many b o d y  r e s i s t a n c e  i n t e r a c t i o n s .  The l u b r i c a t i o n  

e f f e c t  i s  ad ded  t o  t h e  r e s i s t a n c e  m a t r i x  i n  a p a i r w i s e  a d d i t i v e  m a n n e r  

u s i n g  t h e  e x a c t  two s p h e r e  r e s i s t a n c e  i n t e r a c t i o n  f u n c t i o n s .  P a r t i c l e  

v e l o c i t i e s  a r e  t h e n  d e t e r m i n e d  by  s o l v i n g  t h e  m a t r i x  e q u a t i o n .  The 

m e t h o d  h a s  t h e  a d v a n t a g e  o f  y i e l d i n g  t h e  i n s t a n t a n e o u s  p a r t i c l e  

v e l o c i t i e s  w i t h  min imal  c o m p u t a t i o n a l  e f f o r t  t h u s  a l l o w i n g  q u a s i - s t e a d y  

t i m e - d e p e n d e n t  c a l c u l a t i o n s  t o  be p e r fo rm e d  f o r  d e t e r m i n i n g  t h e  p a r t i c l e  

t r a j e c t o r i e s .  Ho weve r  t h e  m e t h o d  i s  n o t  e x a c t  a n d  d o e s  n o t  r e a d i l y  

p e r m i t  t h e  e v a l u a t i o n  o f  t h e  l o c a l  f l u i d  v e l o c i t y  f i e l d .

Gluckman,  P f e f f e r  and Weinbaum ( 1 9 7 1 )  h a v e  o b t a i n e d  e x a c t  S t o k e s  

s o l u t i o n s  f o r  f l o w  p a s t  a f i n i t e  l i n e  a r r a y  o f  s p h e r e s  o r  s p h e r o i d s  by 

p l a c i n g  an  i n f i n i t e  s e r i e s  o f  a p p r o p r i a t e  s i n g u l a r i t i e s  a t  t h e  o r i g i n  o f  

e a c h  s p h e r e  o r  s p h e r o i d .  T h i s  s t u d y  h a s  shown t h a t  i t  i s  most  e f f i c i e n t  

t o  u s e  a t r u n c a t e d  s e r i e s  o f  p o i n t  s i n g u l a r i t i e s  a n d  s a t i s f y  b o u n d a r y  

c o n d i t i o n s  a t  d i s c r e t e  p o i n t s  on e a c h  o b j e c t  s i m u l t a n e o u s l y .  T h i s  

metho d,  t h e  b o u n d a r y - c o l l o c a t i o n ,  t r u n c a t e d - s e r i e s  s o l u t i o n  t e c h n i q u e ,  

y i e l d s  f i r s t - ,  s e c o n d - ,  a n d  f i f t h - o r d e r  t r u n c a t i o n  s o l u t i o n s  f o r  t h e  

d r a g  w hi ch  a r e  a c c u r a t e  t o  2 . 5 ,  0 . 1 , a n d  0 . 0 0 1 % r e s p e c t i v e l y  f o r  t h e  

f l o w  p a r a l l e l  t o  t h e  a x i s  o f  t w o  t o u c h i n g  s p h e r e s .  T h i s  r a p i d  

c o n v e r g e n c e  i s  i n  s h a r p  c o n t r a s t  t o  t h e  s l o w l y  c o n v e r g i n g  r e s u l t s  

o b t a i n e d  u s i n g  t h e  m e t h o d  o f  r e f l e c t i o n s .  The t h e o r y  was a p p l i e d  t o  

t r e a t  f l o w  p a s t  a n  a r b i t r a r y  c o n v e x  b o d y  o f  r e v o l u t i o n  i n  G l u c k m a n ,  

Weinbaum a n d  P f e f f e r  (1972)  and two u n e q u a l  s p h e r e s  o r  s p h e r o i d s  ( L ia o
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and K ru e g e r  1 9 8 0 ) .  G a n a t o s ,  P f e f f e r  a n d  Weinbaum ( 1 9 7 8 )  made m a j o r  

m o d i f i c a t i o n s  t o  t h e  t h e o r y  a n d  a p p l i e d  i t  t o  t h r e e - d i m e n s i o n a l  f l o w s  

w i t h  p l a n a r  symmetry.  T h i s  t h e o r y  h a s  b e e n  u s e d  t o  o b t a i n  t h e  q u a s i  - 

s t e a d y  t i m e  d e p e n d e n t  m o t i o n  o f  t h r e e  o r  more s p h e r e s  s e t t l i n g  u n d e r  

g r a v i t y  i n  v e r t i c a l  p l a n a r  c o n f i g u r a t i o n s .  The t h e o r y  h a s  a l s o  b e e n  

e x t e n d e d  t o  b o u n d e d  f l o w  p r o b l e m s  s u c h  a s  t h e  m o t i o n  o f  a s p h e r e  o f  

a r b i t r a r y  s i z e  and p o s i t i o n  b e tw een  two p l a n a r  p a r a l l e l  w a l l s  ( G a n a t o s ,  

Weinbaum a n d  P f e f f e r  1980; G a n a t o s ,  P f e f f e r  and Weinbaum 1980;  G a n a t o s ,  

Weinbaum and P f e f f e r  1 9 82) .  Most r e c e n t l y  t h e  t h e o r y  h a s  b e e n  u s e d  i n  

c o n j u n c t i o n  w i t h  t h e  b o u n d a r y  i n t e g r a l  m e t h o d  t o  t r e a t  t h e  o f f - a x i s  

a p p r o a c h  o f  a s p h e r i c a l  p a r t i c l e  t o  a c i r c u l a r  o r i f i c e  ( Y a n ,  Weinba um,  

G an a to s  and P f e f f e r  1987)

The c o l l o c a t i o n  t e c h n i q u e  o f  G a n a t o s ,  P f e f f e r  a n d  Weinbaum ( 1 9 7 8 )  

h a s  c e r t a i n  r e s t r i c t i o n s  and d i f f i c u l t i e s .  The method u s e s  c o l l o c a t i o n  

p o i n t s  t o  s a t i s f y  t h e  no s l i p  b o u n d a r y  c o n d i t i o n  on t h e  s u r f a c e  o f  e a c h  

s p h e r e  a n d  i s  r e s t r i c t e d  t o  p l a n a r  c o n f i g u r a t i o n s .  The e r r o r  i n  d r a g  

f o r c e  f o r  a r b i t r a r y  s e t t l i n g  o f  two s p h e r e s  a t  a s p a c i n g  o f  1 . 1 2 8  

d i a m e t e r s  was  4% a n d  t h e  e r r o r  i n  t h e  much s m a l l e r  h o r i z o n t a l  d r i f t  

v e l o c i t y  and a n g u l a r  v e l o c i t y  was a s  much a s  20%. U s i n g  a d d i t i o n a l  

b o u n d a r y  c o l l o c a t i o n  p o i n t s  d i d  n o t  a lways  p ro d u c e  b e t t e r  a c c u r a c y  f o r  

a l l  o r i e n t a t i o n s .  The most  i m p o r t a n t  s h o r t c o m i n g  o f  t h i s  t e c h n i q u e  was 

t h e  s e l e c t i o n  o f  b o u n d a r y  p o i n t s ;  a d i f f e r e n t  s e t  o f  b o u n d a r y  p o i n t s  

s h o u l d  be  u s e d  f o r  e a c h  o r i e n t a t i o n  t o  g i v e  t h e  b e s t  a c c u r a c y .  A b o u t  

6 0 0 0  t e s t  s o l u t i o n s  showed t h a t ,  w h i l e  a  g i v e n  c o n f i g u r a t i o n  o f  p o i n t s  

p r o d u c e d  good r e s u l t s  o v e r  a c e r t a i n  r a n g e  o f  o r i e n t a t i o n s ,  t h e  same s e t  

o f  p o i n t s  c o u l d  p ro d u c e  s u b s t a n t i a l  e r r o r s  o u t s i d e  t h i s  r a n g e .
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The p u r p o s e  o f  t h i s  c h a p t e r  i s  t w o - f o l d .  F i r s t ,  we w ish  t o  p r e s e n t  

a f u n d a m e n t a l  t h e o r y  f o r  e v a l u a t i n g  t h e  hydrodyn amic  i n t e r a c t i o n s  o f  

u n r e s t r i c t e d  t h r e e - d i m e n s i o n a l  f i n i t e  m u l t i p a r t i c l e  c o n f i g u r a t i o n s .  

S e c o n d l y ,  we w i s h  t o  m o d i f y  t h e  e x i s t i n g  b o undary  c o l l o c a t i o n  t h e o r y  

d e v e l o p e d  b y  G a n a t o s ,  P f e f f e r  a n d  Weinbaum ( 1 9 7 8 )  f o r  s y s t e m s  o f  

p a r t i c l e s  i n  p l a n a r  c o n f i g u r a t i o n s  t o  e l i m i n a t e  t h e  c o n v e r g e n c e  

d i f f i c u l t i e s  which were e n c o u n t e r e d .  T h i s  c h a p t e r  i s  p r e s e n t e d  i n  s i x  

s e c t i o n s .  S e c t i o n  2 d e t a i l s  t h e  g e n e r a l  f o r m u l a t i o n  o f  t h e  c o l l o c a t i o n  

t e c h n i q u e  f o r  an  a r b i t r a r y  c o n f i g u r a t i o n  o f  J  s p h e r e s .  S e c t i o n  3 shows  

t h e  s t r e n g t h  o f  t h e  m e t h o d  i n  d u p l i c a t i n g  t h e  e x a c t  s o l u t i o n s  f o r  two 

s p h e r e s  s p a c e d  a s  c l o s e  as  1 .12  d i a m e t e r s  a t  any o r i e n t a t i o n .  S e c t i o n  4 

d e m o n s t r a t e s  t h e  a b i l i t y  o f  t h i s  t e c h n i q u e  t o  h a n d l e  a r b i t r a r y  t h r e e -  

d i m e n s i o n a l  m u l t i - s p h e r e  c o n f i g u r a t i o n s .  Some m u l t i - s p h e r e  s t e a d y  

c o n f i g u r a t i o n s  f a l l i n g  u n d e r  g r a v i t y  a r e  s t u d i e d .  R e s u l t s  a r e  p r e s e n t e d  

f o r  an  I n t r i g u i n g  t h r e e  s p h e r e  L - s h a p e d  c o n f i g u r a t i o n  i n  w h i c h  t h e  

method o f  p a i r e d  i n t e r a c t i o n s  f a i l s  t o  p r e d i c t  t h e  l a t e r a l  m o t io n  o f  t h e  

c o r n e r  s p h e r e  i n  t h a t  c o n f i g u r a t i o n .  S o l u t i o n s  f o r  t h e  f l u i d  v e l o c i t y  

f i e l d  t h r o u g h  a  c o n f i g u r a t i o n  o f  t h r e e  s p h e r e s  a r r a n g e d  i n  an  

e q u i l a t e r a l  t r i a n g l e  i s  p r e s e n t e d  showing t h e  d e v e l o p m e n t  o f  s e p a r a t e d  

r e g i o n s  o f  c l o s e d  s t r e a m l i n e s  f o r  c e r t a i n  o r i e n t a t i o n s  o f  t h e  

c o n f i g u r a t i o n .  I n  s e c t i o n  5 a d v a n ta g e  o f  symmetry i s  u s e d  t o  r e d u c e  t h e  

c o l l o c a t i o n  m a t r i x  b y  a f a c t o r  o f  64 t o  o b t a i n  t h e  d r a g  and t o r q u e  on 

c l u s t e r s  o f  8 , 16,  24,  32,  4 8 ,  56 a n d  64 s p h e r e s .  F i n a l l y  s e c t i o n  6  

d i s c u s s e s  t h e  s t r e n g t h s  and w e a k n e s s e s  o f  t h i s  method and i t s  f u t u r e  u s e  

f o r  o b t a i n i n g  s o l u t i o n s  o f  o t h e r  f l u i d  m ech an ics  p r o b le m s .
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2 .  FORMULATION

C o n s i d e r  t h e  s low m o t io n  o f  J  s p h e r e s  ( i d e n t i c a l  o r  u n e q u a l )  m o v in g  

i n  a  v i s c o u s  f l u i d  i n  a n  a r b i t r a r y  t h r e e - d i m e n s i o n a l  c o n f i g u r a t i o n  as  

sh ow n  i n  f i g u r e  1. The f l o w  f i e l d  s a t i s f i e s  t h e  c r e e p i n g  m o t i o n  

e q u a t i o n s :

/i V2V -  VP ( l a )

V*V -  0  ( l b )

The f u n d a m e n t a l  s o l u t i o n  o f  e q u a t i o n s  ( l a , b )  t h a t  i s  c a p a b l e  o f  

d e s c r i b i n g  an  a r b i t r a r y  d i s t u r b a n c e  on t h e  s u r f a c e  o f  a  s p h e r e  o f  r a d i u s  

a was  o b t a i n e d  by Lamb (1945)  and g i v e n  by Happel  and B r e n n e r  (1973,  p.  

65) a s :

S  “ n - l IVx(£ >f- ( n + l ) ) + V* - ( n + l )  '  p ( 2 n - l ) 2 n ^  VP- ( n + l )  

. (n+ 1 )
( 2 )p n ( 2 n + l )  - ( n + 1 )

H e r e  ® ( n + f ^  P ( n + l 1) 6  s p h e r i c a l  h a r m o n i c

f u n c t i o n s  o f  o r d e r  - ( n + 1 ) a n d  r  i s  t h e  r a d i a l  p o s i t i o n  v e c t o r  w hose

o r i g i n  i s  a t  t h e  c e n t e r  o f  t h e  s p h e r e .

F o r  J  s p h e r e s  m o v in g  s l o w l y  i n  a n  u n b o u n d e d ,  i n c o m p r e s s i b l e ,

N e w t o n i a n ,  q u i e s c e n t  f l u i d ,  t h e  l i n e a r  s u p e r p o s i t i o n  o f  J  s o l u t i o n s  f o r  

e a c h  i n d i v i d u a l  s p h e r e  y i e l d s :
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-  -  i i  „ i i ' v  *<* ,  * .j  * - (n + 1 ) , j  } + ^ <*>- (n + 1 ) , j

( n - 2 ) 2r f  VP (n + 1 ) r .  P/ j ( 2 n - l ) 2 n j  - ( n + l ) , j  / i n ( 2 n + l )  - j  - ( n + l ) , j (3)

w h e r e  X _ ( n + j_j j  $  ( n + 1 ) j anC* ^ (n + 1 ) j  a r e  s p h e r i c a l  harmonic

f u n c t i o n s  o f  o r d e r  - ( n + 1 ) w h i c h  d e p e n d  o n  Tj , 6 and 4> ^ t h e

s t a t i o n a r y  s p h e r i c a l  c o o r d i n a t e s  m e a s u r e d  from t h e  c e n t e r  o f  t h e  j  

s p h e r e  a t  t h e  i n s t a n t  o f  t ime u n d e r  c o n s i d e r a t i o n .

th

I n  g e n e r a l ,  t h e  t h r e e  s o l i d  s p h e r i c a l  ha rm o n ic  f u n c t i o n s  i n  (3)  have 

t h e  f o l l o w i n g  form:

* - ( n + l ) , j A.jmn B.jmn

* - ( n + l ) . j - „ £ o p" « j >  i +i -  
ci

C.jmn s inm^j + jmn cosm^j

_P- ( n + 1 ) , j E.jmn F.
L j™11.

(4)

whe re  Pm( £ . )  i s  t h e  a s s o c i a t e d  Leg endre  f u n c t i o n ,  £. -  c o sB . and A, , .
n  J J J jmn

. , F .  a r e  unkn ow n c o n s t a n t s ,  w h i c h  f o r  a g i v e n  c o n f i g u r a t i o n  o fj  mn

p a r t i c l e s ,  a r e  d e t e r m i n e d  by s a t i s f y i n g  t h e  n o - s l i p  bo u n d ar y  c o n d i t i o n s  

on t h e  s u r f a c e  o f  e ach  p a r t i c l e .

S u b s t i t u t i n g  (4) i n t o  (3)  an  e x p r e s s i o n  f o r  t h e  f l u i d  v e l o c i t y  f i e l d  

i s  o b t a i n e d :



where  t h e  v e l o c i t y  component s  V , V and V. a r e  g i v e n  by:
r j  *j  *1

(n + 1 ) Dm
Vr * (n+2)  W  (Cjmn co s  * J  + Djmn s i n  “V

J j

Pm(£ )
+ 2 / i (2 n - l )  (Ejmn COS m*j + Fjmn s l n  m*j >

r J

9 ~ ‘ 0  7777', P™(£<) (A(m, s i n  m^. - B, cos  m^
j  s ln t f j  r j

s i n  * d P " V  )
* \ —  —  (C. cos  m^. + D. s i n  m^.)(n+ 2 ) jmn ^ j  jmn * j

J

( n - 2 ) s i n *
+  ̂ (E.  cos  m^. + F. s i n  m^

2 np ( 2 n - l ) r J  d? j  jmn J J mn

s i n *  dp“ (£ )
V, -  , \ . —  — ■*— (A. cos  + B, s i n  m^.)

t j  d f j  Jnm J Jmn J

Pm(^<)  (C4 s i n  • D. cos  m^,)
s i n * j  r< n+2) n ^  jmn J J mn J

( 6 a)

) ( 6 b)
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The s p h e r i c a l  c o o r d i n a t e s  ( r . ,  6 . ,  ^ . )  and t h e i r  u n i t  v e c t o r s  (e
J J J  r j

A  A

, e. ) o r i g i n a t e  f r o m  t h e  c e n t e r  o f  e a c h  s p h e r e  a n d  s o  t h e y  a r e
"j +1

d i f f e r e n t  f o r  e a c h  s p h e r e .  I t  I s  t h u s  n e c e s s a r y  t o  p e r f o r m  a 

t r a n s f o r m a t i o n  o f  c o o r d i n a t e s  t o  e x p r e s s  t h e  f l u i d  v e l o c i t y  f i e l d  In  

t e rm s  o f  a s i n g l e  o r t h o g o n a l  c o o r d i n a t e  sy s t em .  To f a c i l i t a t e  a p p l y i n g  

t h e  n o - s l l p  b o u n d a r y  c o n d i t i o n s  on t h e  s u r f a c e  o f  e a c h  s p h e r e ,  I t  I s  

c o n v e n i e n t  t o  e x p r e s s  a l l  t h e  c o o r d i n a t e s  i n  t e rm s  o f  a s i n g l e  s p h e r i c a l

c o o r d i n a t e  s y s t em  whose o r i g i n  l i e s  a t  t h e  c e n t e r  o f  t h e  k t b  s p h e r e .  I f

t h e  o r i g i n  o f  t h e  k t b  s p h e r e  I s  a t  t h e  p o i n t  c ^ ,  d ^ )  I n  a g l o b a l

c a r t e s i a n  c o o r d i n a t e  s y s t e m  (X,Y,Z) ( s e e  f i g u r e  1) and t h e  o r i g i n  o f  t h e

j t b  s p h e r e  i s  (b j  , Cj , d j ) ,  t h e  s p h e r i c a l  c o o r d i n a t e s  o f  a n  a r b i t r a r y

p o i n t  I n  s p a c e  r e l a t i v e  t o  t h e  j t b  s p h e r e  a r e  r e l a t e d  t o  t h e  s p h e r i c a l  

c o o r d i n a t e s  o f  t h e  p o i n t  r e l a t i v e  t o  t h e  k t b  s p h e r e  by t h e  r e l a t i o n s :

2rj - 2 rk (sin0k cos*k bkj + sln*k sin^k ckj -f cos*k j ]

+ r k + bkj  * ckj  * <7»>

J
-  t a n ' 1/ ^  S tn  °V+ b k j +  CkJ+ 2 r k  Sintfk ,C° Stfk bk j + s l n *k Ck j h  

^ ( r R c o s « k ) >

1 r ,  slnfl .  s i n ^ .  + c. , )
4,  -  t a n ' 1  [ * K k kj  ] ( 7 c )

r k s i n « k c o s ^ k + b k j ) 

where  b kj  -  b k -b j , c k j  -  c k - Cj and d ^  -  d ^
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D e t a i l s  o f  t h e  d e r i v a t i o n  o f  t h e s e  c o o r d i n a t e  t r a n s f o r m a t i o n s  a r e  

g i v e n  i n  A p p e n d i x  A. C a r e  m u s t  b e  e x e r c i s e d  i n  t h e  u s e  o f  ( 7 c )  t o  

a s s u r e  t h a t  t h e  v a l u e  o f  4>̂ which i s  c o m p u t e d  l i e s  i n  t h e  a p p r o p r i a t e

q u a d r a n t .

tH thThe u n i t  v e c t o r s  o f  t h e  j  and k s p h e r i c a l  c o o r d i n a t e  sy s t em s  a r e  

r e l a t e d  v i a  t h e  m a t r i x  e q u a t i o n :

J

f l j k  f 2 j k  f 3 jk

f 4 j k  f 5 j k  f 6 j k

f 7 j k  f 8 j k  f 9 j k

(8 )

where

f l j k  “
■sinfl . s i n « k c o s ( ^ - ^ k ) + COS0,k cos? j (9a)

f 2 jk  " sinfl . cos^k c o s ( ^ j - ^ k ) - sinfl,K COS0 j (9b)

f  _
3 jk s in0  . s i n ( ^ j - ^ k ) (9c)

f 4 j k  “ cosfl . s i n « k c o s ( ^ j - ^ k ) - cosff, k s i n Sj (9d)

f 5 jk  “ c o s 0, cos«k cos(<j>y<f>k ) + sin0 ,  k s in#  . 
J

(9e)

f 6 jk  ~ c o s 0 . s i n ( ^ j - ^ k ) ( 9 f )

f 7 jk  " -sinfl.k s i n ( ^  -^k ) (9g)

f 8 j k  " -cosflk s i n ( ^ - ^ k ) (9h)

f 9 jk  “ c o s ( ^ j ( 9 i )
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The d e r i v a t i o n  o f  ( 8 ) and (9)  i s  a l s o  g i v e n  i n  Appendix  A. Here t h e  

a n g l e s  0 j  and ^  a r e  r e l a t e d  t o  t h e  s p h e r i c a l  c o o r d i n a t e s  ( r ^ , 0 <t> ^

u s i n g  ( 7 ) .

S u b s t i t u t i n g  ( 7 ) ,  ( 8 ) and (9)  i n t o  (5)  and ( 6 ) y i e l d s  an  e x p r e s s i o n  

f o r  t h e  f l u i d  v e l o c i t y  f i e l d  i n  t e rm s  o f  t h e  s p h e r i c a l  c o o r d i n a t e s

^ k ’ o r i g i n a t i n g a t  t h e  c e n t e r  o f  t h e  k Ĉ  s p h e r e  which can  be  w r i t t e n

i n  t h e  f o l l o w i n g  form:

- ' \ V  \ v  vv
where

J  «o n
V -  .Z.  Z, Z_[A. A ' , .  +B. B’ + . . .  +F. F '  ] (11a )r ^  j - 1  n - 1  m-0 l jmn jkran jmn jkmn jmn jkmn

J  <*> n
V. -  ,Z .  Z. Z_[A. A ' '  +B. B*' + . . .  +F. F ' ' ] ( l i b )

0 ^ j - 1  n - 1  m-0 l jmn jkmn jmn jkmn jmn jkmn

J  <«> n
V . -  ,Z .  Z, Z_ [A. A " '  +B. B ' ! '  + . . .  +F, F ' ' ’ ] (1 1c )p. j - 1  n - 1  m-0 l jmn jkmn jmn jkmn jmn jkmn

H e r e  V , V. a r e  t h e  f l u i d  v e l o c i t y  c o m p o n e n t s  i n  a s t a t i o n a r y  
k k  k

s p h e r i c a l  c o o r d i n a t e  s y s t e m  whose o r i g i n  l i e s  a t  t h e  c e n t e r  o f  t h e  k 1"*1 

s p h e r e .  The p r i m e d  q u a n t i t i e s  i n  ( 1 1 )  a r e  known f u n c t i o n s  o f  t h e  

c o o r d i n a t e s  r ^ ,  0^ and ^  an<* a r e  g i v e n  i n  A p p e n d i x  B. The u n p r i m e d

c o e f f i c i e n t s  a r e  t h e  unknown c o n s t a n t s  i n t r o d u c e d  i n  ( 4 ) .



The " n o - s l i p "  bo u n d ar y  c o n d i t i o n s  w h i c h  m u s t  be  s a t i s f i e d  on  t h e  

s u r f a c e  o f  e a c h  s p h e r e  a r e :

’ ' V V  3k  * "k  2 k x ' r k ( l 2 )

w h e r e  a ^  i s  t h e  r a d i u s  o f  t h e  k t b  s p h e r e  a n d  0 ^ a n d  ^fik a r e  t h e

t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  components  o f  t h e  k t b  s p h e r e  whose 

c a r t e s i a n  components  a r e  d e n o t e d  by:

Uk -  Uk i  + Vkj  + WRk (13)

\  -  <°*>k‘ * <By>kj + < W  <U >

S u b s t i t u t i n g  (13)  and (14)  i n t o  (12)  and  u s i n g  (A-6 ) g i v e s  t h e  t h r e e  

s p h e r i c a l  components  o f  v e l o c i t y  on t h e  s u r f a c e  o f  t h e  k t b  s p h e r e  a s :

Vr  I r  - a  "  Uk s i n *k c o s ^k + Vk s l n *k s i n ^k + Wk c o s *k (15a )  k 1 k k

\ l r k ' a k ‘  Uk C° S^k C° ^ k + Vk C° Stfk S i ^ k * WkSln<’k

+ ak t (ny ) k Costfk ‘ (15b)
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To e n a b l e  a p p l i c a t i o n  o f  t h e  bo u n d ar y  c o n d i t i o n s  (15)  on t h e  s u r f a c e

n
o f  each  s p h e r e ,  t h e  o r d e r  o f  s u m m a t i o n  ^ 2 ^ q i n  ( 1 1 ) i s  changed  to

w i t h o u t  l o s s  o f  any t e rm s  i n  t h e  s e r i e s  and t h e  t e rm  1 -  k i s  ra—U n —m J J
n * 0

J
e x t r a c t e d  from t h e  s e r i e s  jE^  . F u r th e r m o r e  when j - k ,  t h e  t e r m  m-0 i s  

w r i t t e n  s e p a r a t e l y .  E v a l u a t i n g  (11)  a t  a n d e q u a t i n g  i t  t o  (15)

g i v e s :

Vr j r k- a k-  Uk s l n *k c o s *k + Vk 8 i n * k s i r * k + V o s *k

n - 0  [Ak 0 nA’kk0 n+Bk 0 n B' k k 0 n+ •• +Fk0 n F ' k k 0 n 5

0 0  CD

+ Z, Z [A, A ' . . +B. B' + . . .  +F, F'  ]m- 1  n-ra 1 Kinn kkmn kmn kkmn kmn kkmnJ

J CO 00
2 [A. A' +B, B' . + . . .  +F. F '  1 (16a )j - 1  m—0  n- m 1 jmn jkmn jmn jkmn jmn jk m n J

Vtfk | r k- a k"  V OS*kCOd*k + Vk c o s \ s l " * k - V i n *k

+ a k [ ( n y ) kCOstfk - ( 0 x ) k s in t fk 1 

n - 0  [Ak 0 nA ,kk0 n+Bk 0 nB’kk 0 n+ •• +Fk 0 n F ’kk 0 n ]

00 CO

+ 2 .  2  [A. A ' '  +B, B \ \  + . . .  +F, F \ \  ]ir- 1  n-m icmn kkmn kmn kkmn kmn kkmnJ

J  00 00
+ . 2 .  2n 2  [A. A ' '  +B, B ' '  + . . .  +F. F ' ' ] (16b)j - 1  m- 0  n -m 1 jmn jkmn jmn jkmn jmn jk m n J



n-0 *AkOnA'kkOn+BkOnB'kkOn+ +FkOnF'kkkkOn

oo oo
+ E, E [A, A’.'.’ +B. B ' . \ '  + . . .  +F, ]

m -1  n -m  Kmn kkm n km n kkm n km n kkm n

J  00 00

+ .Z, Zn E [A. A’ ! ’ +B. B ' ' '  + . . .  +F4 F ' ' ’ ] (16c )
j - 1  m -0  n - m 1 jm n  jk m n  jm n  jk m n  jm n  jk m n
jo -k

w h e r e  t h e  p r im ed  f u n c t i o n s  depend o n l y  on t h e  c o o r d i n a t e s  0 ^ an<* ^ k and 

a r e  g i v e n  by ( B - l )  t o  (B-18)  w i t h  r ^  -  a^ .

T h e  t e r m s  j - k  i n  ( 1 6 )  ( s e e  A p p e n d i x  B) d e p e n d  o n l y  o n  t h e  

e i g e n f u n c t i o n s  s inm^k an d c o s m ^  o r  a r e  I n d e p e n d e n t  o f  Thus t h e s e

f u n c t i o n s  c a n  be  r e w r i t t e n  i n  t h e  form o f  a F o u r i e r  s e r i e s  i n  ^ k  a s :

A0 ( V  +n ! l  (Am( V  cosm*k + Bm( V  sinn,*k ] "  F ' ( W  (1 7a )

A6 ' ( V  +m-l  [Am ' ( V  cosm*k + B - ( 0 k ) s inm ^k ] -  F " ( * k , * k ) (17b)

A6 " (tfk )+m l l (Am " (tfk ) cosmV  Bi " < V  s inm*k ] "  F ’ " ( W  (1 7c )

H e r e  t h e  p r i m e d  A, B a n d  F f u n c t i o n s  depe nd o n l y  on t h e  v a r i a b l e s

i n d i c a t e d  and t h e  unknown c o n s t a n t s  A, - F, and t h e s e  a r e  g i v e n  i nTcmn kmn

A p p e n d i x  C. M u l t i p l y i n g  ( 1 7 )  by  t h e  e i g e n f u n c t i o n  s e t  {1, c o s m ' ^ ,  

s i n m ' ^ k ),  m ' - l , 2 , 3 . . . p i n t e g r a t i n g  w i t h  r e s p e c t  t o  ^ k  f rom 0 to  2ir and
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u t i l i z i n g  t h e  o r t h o g o n a l i t y  p r o p e r t i e s  o f  t h e s e  e i g e n f u n c t i o n s  i n  t h i s

i n t e r v a l  a l l o w s  one t o  o b t a i n  e x p l i c i t  e x p r e s s i o n s  f o r  t h e  p r i m e d  A a n d

B c o e f f i c i e n t s  a p p e a r i n g  i n  (17)  and t h e  unknown c o n s t a n t s  A. - F.jmn jmn

i n  ( 4 ) .  The r e s u l t s  a r e :

f o r  t h e  r - co m p o n en t  o f  v e l o c i t y :

An ( * u )  -  W. C O S * .  - rS 2* s  [A. A' + . .  +F. F '  J d*. (18a )O' k k k 2n O' jmn jkmn jmn jk m n J k

Ai ( V ' Uk
B i ( * k )

. \ “ "#k - i  J 2’ 2 i*j A ’mn jkmn

+ . . . +F. F '  ] j  mn j  kmn1
cos  6, 
s i n  ^

kj
d^k ( 1 8 b , c )

-  - 1  J 2* Z [A. A * .x 0 J 1 jmn jkmn

+ . . .  +F, F'  ] jmn j k i rV

c o s m '^ k

sinm' d^k m '> l  ( 1 8 d , e )

f o r  t h e  tf component  o f  v e l o c i t y :

A„(*.  ) -  -W. s in * .  - r J 2" Z [A. A ' '  + . .  +F. F ' : .  ] d*. ( 1 8 f )
0  k k  k 2 * 0 J jmn jkmn jmn jk m n J

Ai ' ( * k )
c o s * k+ak <°y>k

*(n x>k i  of2* 2 j  mn j  kmn

+ . . .  +F, F ' ' ]j  mn j  kmn

co s  ^ k 

s i n  *k d*. ( 1 8 g , h )
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a; ’-<v

b; ; (v - - i  of
2  k E [A. A ' '

1 j  mn j  kmn

+ . . .  + F. F ' ' ]
j  mn j  kmnJ

cos

s i n  m'^. d*k m’> l

f o r  t h e  ^  component  o f  v e l o c i t y :

An ( 0 . )  -  a, (0  ). s int f.  - f 2,rE [A. A’ ' ' + . .  +F. F ' ' ’ ]d*. (18k)
0  k '  k z k k 2 k  O' jmn jkmn jmn jk m n J ^k

Ai"<V '  V X>k
Bi,,(V ■ak,(Vk. COS

+ . . . + F.  F ' ] 
jm n  j k m n J

c o s

s i n  ^

jkmn

( 1 8 1 , m)

Am ' ' < V -  - 1  f j 2* E [A. A ' ' '
k  O' 1 j  mn j  kjk m n

+ . . .  + F.  F ' • '  ]
j  mn j  kmn1

c o s  m '^ k  

s i n  m '^ ,
d^k m '> l  ( 1 8 n , o )

J  00 00
u  9 9 9 9

w h e r e  E d e n o t e s  .E.  En E a n d  t h e  f u n c t i o n s  (A_ . . .  B , ) o n  t h e  l e f t
J —l  m -u  n —m 0  m

j ' *

h an d  s i d e  o f  (18)  a r e  g i v e n  by ( C - l )  t o  ( C - 3 0 )  w i t h  m r e p l a c e d  by  m' . 

The p r i m e d  c o e f f i c i e n t s  o f  t h e  unknown c o n s t a n t s  on t h e  r i g h t  hand s i d e

o f  ( 1 8 )  a r e  g i v e n  by  ( B - l )  t o  ( B - 1 8 )  e v a l u a t e d  a t  r k -  a k . The

i n t e g r a l s  a p p e a r i n g  i n  (18)  must  be e v a l u a t e d  n u m e r i c a l l y .

We f i r s t  c o n s i d e r  t h e  r e s i s t a n c e  p r o b l e m  i n  w h i c h  t h e  t r a n s l a t i o n  

a n d  a n g u l a r  v e l o c i t y  o f  e a c h  p a r t i c l e  i s  p r e s c r i b e d  a n d  we s e e k  t o
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d e t e r m i n e  t h e  f o r c e  and t o r q u e  a c t i n g  on each  p a r t i c l e  t o  m a i n t a i n  t h i s  

m o t io n .

The unknown c o n s t a n t s  A, - F.  i n t r o d u c e d  i n  (4)  c a n  b e  c o m p u t e dj  mn j  mn r

t o  a n y  d e s i r e d  d e g r e e  o f  a c c u r a c y  f r o m  ( 1 8 )  a n d  ( 0 - 1 )  t o  (C -3 0 )  by

s a t i s f y i n g  t h e  n o - s l i p  b o u n d a ry  c o n d i t i o n s  on r i n g s  a l o n g  t h e  s u r f a c e  o f

e a c h  s p h e r e  a s  f o l l o w s .  The i n f i n i t e  s e r i e s ^ Q  a p p e a r i n g  i n  (18)  i s

M-1 <*>t r u n c a t e d  a f t e r  M te rm s  t o  E_. F u r t h e rm o r e  t h e  i n f i n i t e  s e r i e s  Sm- 0  n-m

a p p e a r i n g  i n  ( 1 8 )  a n d  ( C - l , 2 , 3 , 1 1 ,  12 , 1 3 ,  2 1 , 2 2 , 2 3 )  a r e  e a c h  t r u n c a t e d

a f t e r  N t e rm s  t o  m£ N. S in c e  t h e r e  a r e  s i x  s e t s  o f  unkno wn c o n s t a n t s  n —m

A. - F .  , f o r  J  s p h e r e s  , t h i s  l e a v e s  a  t o t a l  o f  6 JMN unknown j m n  j  mn r

c o n s t a n t s  t o  be d e t e r m i n e d .  However when m-0 t h e  c o e f f i c i e n t s  o f  t h e

c o n s t a n t s  B . _  , D ._  a n d  F . n a r e  i d e n t i c a l l y  z e r o  f o r  a l l  t h r e ej O n  j O n  jO n  J

v e l o c i t y  com pon en ts .  Thus t h e s e  t h r e e  s e t s  o f  c o n s t a n t s  do n o t  a p p e a r

i n  t h e  f i n a l  s o l u t i o n  and t h e  number o f  unknowns i s  r e d u c e d  by 3JN t o  a

t o t a l  o f  6JMN-3JN o r  more s i m p ly ,  3JN(2M-1)

To g e n e r a t e  t h e  e q u a t i o n s  n e e d e d  t o  e v a l u a t e  t h e s e  unkn ow n

c o n s t a n t s ,  t h e  n o - s l i p  bo u n d ar y  c o n d i t i o n s  a r e  s a t i s f i e d  a t  N d i s c r e t e

v a l u e s  o f  0^ ( r i n g s )  on t h e  s u r f a c e  o f  ea ch  o f  t h e  J  s p h e r e s .  We

o b s e r v e  t h a t  f o r  m' -O ,  ( 1 8 a , f , k )  r e p r e s e n t  a  t o t a l  o f  3JN e q u a t i o n s .  

S i m i l a r l y  f o r  m ' - l ,  ( 1 8 b , c , g , h , 1 , m) g i v e  a n o t h e r  6 JN e q u a t i o n s .

F i n a l l y ,  f o r  m - 2 , 3 , 4  . . .  M-l ( 1 8 d , e , i , j , n , o )  g i v e  an  a d d i t i o n a l  6 JN(M- 

2) e q u a t i o n s .  Thus f rom (18)  we h ave  a g r a n d  t o t a l  o f  3JN+6JN+6JN(M-2) 

-  3JN(2M-1) e q u a t i o n s  which i s  e x a c t l y  e q u a l  t o  t h e  n u m b e r  o f  unk no wn



25

c o n s t a n t s .  T h e s e  e q u a t i o n s  may be  s o l v e d  u s i n g  a n y  s t a n d a r d  l i n e a r  

m a t r i x  r e d u c t i o n  t e c h n i q u e .

The h y d r o d y n a m i c  f o r c e  a n d  t o r q u e  a c t i n g  on an  i s o l a t e d  s p h e r e  i s  

g i v e n  by Happel  & B ren n e r  (1973)  a s :

Fj -  V( r^  P_2 t j > (19a )

Tj -  -8* V(rJ X . 2 i j ) (19b)

I n  t h e  p r e s e n c e  o f  a d d i t i o n a l  p a r t i c l e s  i n  t h e  f l o w f i e l d ,  t h e  

s i n g u l a r i t i e s  r e p r e s e n t i n g  t h e  d i s t u r b a n c e  p r o d u c e d  by  t h e  a d d i t i o n a l

s p h e r e s  l i e  e x t e r i o r  t o  t h e  s u r f a c e  o f  t h e  j t ^1 s p h e r e  and t h e r e f o r e  

( 1 9 a , b )  a r e  s t i l l  v a l i d  f o r  m u l t i p a r t i c l e  c o n f i g u r a t i o n s .

U s i n g  ( 4 ) ,  t h e  c a r t e s i a n  components  o f  t h e  f o r c e  and t o r q u e  e x e r t e d  

by t h e  f l u i d  on ea c h  p a r t i c l e  i s  g i v e n  by:

-  -4 M E j n i  + Fj U i  + Ej 0 1 k]  ( 2 0 a)

-  - 8 w/i[Ajn i  + B j U j. + AjQ1 1c] ( 2 0 b)

w h e r e  t h e  s i x  c o n s t a n t  c o e f f i c i e n t s  f o r  e a c h  o f  t h e  J  s p h e r e s  a r e  known

from t h e  s o l u t i o n  o f  ( 1 8 ) .

We n e x t  c o n s i d e r  t h e  m o b i l i t y  p ro b lem  i n  w hi ch  t h e  f o r c e  and t o r q u e  

a c t i n g  on e a c h  p a r t i c l e  i s  p r e s c r i b e d  a n d  we s e e k  t o  d e t e r m i n e  t h e  

r e s u l t i n g  t r a n s l a t i o n a l  and a n g u l a r  v e l o c i t y  com ponen t s .  To i l l u s t r a t e ,  

we e x a m i n e  t h e  s p e c i a l  c a s e  o f  a  f i n i t e  c l u s t e r  o f  s p h e r e s  f a l l i n g  

f r e e l y  u n d e r  g r a v i t y  i n  a n  u n b o u n d e d  m e d i a .  The b a l a n c e  b e t w e e n  

buoyanc y  and S to k e s  d r a g  g i v e s :
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■4* [ Ej  i i  i  + F j u  i  + Ej  q i  k] “  fra3  (Ps - p) g k  ( 2 1 a)

where pg i s  t h e  d e n s i t y  o f  t h e  s p h e r e  and p i s  t h e  f l u i d  d e n s i t y .  The

c o n d i t i o n  o f  z e r o  t o r q u e  g i v e s :

-8*p[Aj U  i  + Bj U  j. + Aj 0 1 k] -  0 (21b)

From Eqn. (21)  we e v a l u a t e  t h e  6 J  c o n s t a n t s  a s :

3

Ajoi" Aj i i ” Bjii" Ejii" Fj i i ” 0 and EjOl“ —  (V p)g (22)

T h e  6 J  u n k n o w n  p a r t i c l e  t r a n s l a t i o n a l  a n d  a n g u l a r  v e l o c i t y

c o m p o n e n t s  c o n t a i n e d  i n  ( 1 8 )  a r e  e x a c t l y  e q u a l  i n  n u m b e r  t o  t h e  6 J

c o n s t a n t s  e v a l u a t e d  i n  ( 2 1 ) .  T h e r e f o r e  t h e  t o t a l  number o f  e q u a t i o n s

and  unknowns r e m a in  t h e  same. The 6 J  unkno wn v e l o c i t y  c o m p o n e n t s  an d

t h e  r e m a i n i n g  3JN(2M-1)  unknown c o e f f i c i e n t s  c a n  be  computed u s i n g  any

s t a n d a r d  l i n e a r  m a t r i x  r e d u c t i o n  t e c h n i q u e .  A f t e r  t h e  unknown A. . . .jmn

F.  c o e f f i c i e n t s  h a v e  b e e n  d e t e r m i n e d  from t h e  s o l u t i o n  o f  (18)  t h e y  j  mn J

may be  s u b s t i t u t e d  i n t o  ( 1 1 ) t o  y i e l d  a r e l a t i v e l y  s i m p l e  e x p r e s s i o n  f o r

t h e  l o c a l  f l u i d  v e l o c i t y  a t  a n y  p o i n t  i n  t h e  f l o w  f i e l d .  The more

g e n e r a l  p ro b lem  i n v o l v i n g  a  c o m b i n a t i o n  o f  a  p r e s c r i b e d  f o r c e  and t o r q u e

o n  s o m e  o f  t h e  p a r t i c l e s ,  a n d  p r e s c r i b e d  t r a n s l a t i o n  a n d  a n g u l a r

v e l o c i t i e s  on t h e  r e m a i n i n g  p a r t i c l e s  may a l s o  be  t r e a t e d  i n  a s i m i l a r

f a s h i o n .

Two s p e c i a l  c a s e s  o f  t h e  g e n e r a l  t h r e e - d i m e n s i o n a l  t h e o r y  d e s c r i b e d

a b o v e  w i l l  now b e  c o n s i d e r e d :  t h e  p l a n a r  c a s e  a n d  t h e  ax i s y m m e t r i c

c a s e .  For  t h e  p l a n a r  c a s e  ( t h e  c e n t e r s  o f  a l l  t h e  s p h e r e s  l i e  i n  t h e

p l a n e  Y - 0 )  t h e  c o n s t a n t s  A. , D. a n d  F. a r e  a l l  z e r o  and so  t h er  jm n  jm n  jmn
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n u m b e r  o f  u n k n o w n s  i s  r e d u c e d  t o  3 J M N - J N .  M o r e o v e r  e q u a t i o n s  

( 18c  , e , h  , j  , k , 1 , n )  a r e  i d e n t i c a l l y  z e r o  b e c a u s e  t h e  v e l o c i t y  components  

^ k ’ ^ x ^ k  an(* ^ z ^ k  v a n ^s ^  anc* t *ie i n t e g r a n d s  i n  t h e s e  e q u a t i o n s  a r e  odd

f u n c t i o n s  a b o u t  Thus f o r  m' -O (18a ,  f )  p r o v i d e  2JN e q u a t i o n s ,  f o r

m ' - l  ( 1 8 b ,g .m )  p r o v i d e  3JN e q u a t i o n s  a n d  f o r  m ' - 2 , 3  , . . , M-1 ( 1 8 d , i , o )  

p r o v i d e  an  a d d i t i . o n a l  3 JN(M -2 )  e q u a t i o n s  g i v i n g  a t o t a l  o f  3JMN-JN 

e q u a t i o n s  which i s  e q u a l  t o  t h e  number o f  unknown c o n s t a n t s .  F o r  t h e s e  

p l a n a r  sym m et r i c  c o n f i g u r a t i o n s ,  c o m p u t a t i o n  t ime c a n  f u r t h e r  be  r e d u c e d  

by a  f a c t o r  o f  two by r e a l i z i n g  t h a t  t h e  r e m a i n i n g  i n t e g r a n d s  a r e  e v e n  

f u n c t i o n s  a b o u t  and p e r f o r m i n g  t h e  n u m e r i c a l  i n t e g r a t i o n  o n l y  i n

t h e  r a n g e  The a x i s y m m e t r i c  c a s e  ( t h e  c e n t e r s  o f  a l l  s p h e r e s  l i e

a l o n g  t h e  Z - a x i s )  c a n  be  dedu ced  f rom t h e  p l a n a r  c a s e .  For  ax i s y m m e t r i c  

c o n f i g u r a t i o n s  o n l y  t h e  f i r s t  t e rm  c o r r e s p o n d i n g  t o  m- 0  i s  n ee d ed  i n  th e  

i n f i n i t e  s e r i e s .  T h e r e f o r e  f r om  ( B - 2 , 8 , 1 4 )  t h e  ®jgn c o e f f i c i e n t s  a r e

a l l  z e r o  a n d  t h e  n u m b er  o f  unkn o w n s  i s  r e d u c e d  t o  2J N.  W i t h  m ' - O ,  

e q u a t i o n s  ( 1 8 a )  a n d  ( 1 8 f )  p r o v i d e  2JN e q u a t i o n s  f o r  t h e  unknown 

c o n s t a n t s .  I t  i s  w o r t h  n o t i n g  t h a t  f o r  t h e  a x i s y m m e t r i c  c a s e  t h e  

i n t e g r a n d s  o f  ( 1 8 a ,  f )  a r e  i n d e p e n d e n t  o f  ^  an<* t h e  i n t e g r a t i o n  i n  ^

ca n  t h u s  be  p e r f o r m e d  a n a l y t i c a l l y .  The a x i s y m m e t r i c  p ro b lem  r e d u c e s  t o  

t h a t  s o l v e d  by G lu ck m an ,  P f e f f e r  and Weinbaum (1971)  and t h e r e f o r e  th e  

a c c u r a c y  o f  t h i s  method i s  co m parab le  t o  t h a t  o f  G l u c k m a n ,  P f e f f e r  a n d  

Weinbaum (1971)  f o r  t h e  ax i s y m m e t r i c  c a s e .

To i l l u s t r a t e  t h e  a p p l i c a t i o n  o f  t h e  g e n e r a l  t h r e e - d i m e n s i o n a l  

t h e o r y  t o  a  s p e c i f i c  p r o b l e m ,  we c o n s i d e r  t h e  c a s e  o f  two i d e n t i c a l  

s p h e r e s  a t  a r b i t r a r y  o r i e n t a t i o n  s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  a s  shown
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i n  f i g u r e  2. The b o u n d a ry  c o n d i t i o n s  a r e  s a t i s f i e d  on two r i n g s  on t h e  

s u r f a c e  o f  e a c h  s p h e r e  and t h e  F o u r i e r  s e r i e s  i s  t r u n c a t e d  a f t e r  t h e  

f i r s t  two t e r m s  (m-0 and 1 ) .  When s p e c i f y i n g  t h e  r i n g s  on t h e  s u r f a c e  

o f  e a ch  s p h e r e  where c o n d i t i o n s  (15)  a r e  t o  be  e x a c t l y  s a t i s f i e d ,  i t  i s  

n e c e s s a r y  t o  c h o o s e  a  p a t t e r n  which  i s  sym m et r i c  a b o u t  t h e  e q u a t o r i a l  

p l a n e  0 ^ -  w / 2 . T h e r e f o r e  t h e  b o u n d a ry  c o n d i t i o n  i s  s a t i s f i e d  on  two

r i n g s  a t  a n g l e s  an<* (.*-0 ) ^  on e a c h  s p h e r e  a n d  t h e  b o u n d a r y

c o l l o c a t i o n  s e r i e s  i n c l u d e s  t e r m s  f o r  m- 0  & 1 , t h e  t o t a l  n u m b e r  o f  

e q u a t i o n s  o b t a i n e d  a c c o r d i n g  t o  t h e  e x p r e s s i o n  3JN(2M-1) (whe re  J  i s  

t h e  number o f  s p h e r e s ;  N i s  t h e  n u m b e r  o f  r i n g s  & M i s  t h e  o r d e r  o f  

t r u n c a t i o n  o f  t h e  F o u r i e r  s e r i e s )  i s  3 6 .  T h e r e f o r e  t h e  unknow n  

c o n s t a n t s  and v e l o c i t y  components  t o  be  o b t a i n e d  a r e :  ^ j 0 2 ‘ ^ j 0 2 -

FJ 02 ; Cj  1 1 ;  DJ 1 1 .  AJ 1 2  ; B j  1 2  ; Cj l 2 ; Dj l 2 : E j  1 2  ; F j  12 ; Uj  ; V j  ; Wj  ;

(n x ) j ;  < V j ;  (0x >J f o r  j - 1 , 2 -

From (1 8)  we o b t a i n  36 e q u a t i o n s  o r  18 e q u a t i o n s  f o r  e a c h  s p h e r e ,  o r  

9 e q u a t i o n s  f o r  e a c h  r i n g  on  e a c h  s p h e r e .  T h e s e  9 e q u a t i o n s  a r e  

o b t a i n e d  f o r  m ' - O  & m ' - l .  F o r  m ' - O  we o b t a i n  t h r e e  e q u a t i o n s  from 

( 1 8 a ,  f , k )  and f o r  m ' - l  we o b t a i n  s i x  e q u a t i o n s  f r o m  ( 18b , c , g , h  , 1 , m) . 

We g e t  a  c o r r e s p o n d i n g  s e t  o f  9 e q u a t i o n s  f o r  t h e  o t h e r  r i n g  on t h e  same 

s p h e r e  and  two r i n g s  on t h e  o t h e r  s p h e r e .  The t o t a l  s e t  o f  t h i r t y - s i x  

s i m u l t a  e o u s  e q u a t i o n s  f o r m s  t h e  c o l l o c a t i o n  m a t r i x  ( f i g u r e  3) and i s  

s o l v e d  n u m e r i c a l l y  by a s t a n d a r d  m a t r i x  r e d u c t i o n  t e c h n i q u e  t o  o b t a i n  

t h e  v a l u e s  o f  unknown c o n s t a n t s  and t h e  s i x  v e l o c i t y  com pon en ts .
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3. TWO SPHERE SOLUTIONS

I n  t h i s  s e c t i o n  t h e  a c c u r a c y  a n d  c o n v e r g e n c e  o f  t h e  b a s i c  

c o l l o c a t i o n  t e c h n i q u e  d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n  w i l l  b e  

c a r e f u l l y  exa mined by co m par ing  t h e  p r e s e n t  r e s u l t s  w i t h  t h e  e x a c t  two- 

s p h e r e  s o l u t i o n s  o f  S t i m s o n  a n d  J e f f r e y  ( 1 9 2 6 )  a n d  Go ldman  e t  a l  

( 1 9 6 6 ) ,  t h e  a x i s y m m e t r i c  m u l t i p a r t i c l e  b o u n d a r y  c o l l o c a t i o n  s o l u t i o n s  o f  

Gluckman e t  a l  (1971)  and t h e  a p p r o x im a te  p l a n a r  c o l l o c a t i o n  s o l u t i o n s  

o f  G an a to s  e t  a l  (1 978) .

Nu mer ou s  t e s t  r e s u l t s  w e r e  done  t o  d e t e r m i n e  t h e  b e s t  p o s s i b l e  

a r r a n g e m e n t  o f  t h e  b o u n d a r y  c o l l o c a t i o n  r i n g s  on t h e  s u r f a c e  o f  each  

s p h e r e  f o r  f a s t e r  co n v e r g e n c e  o f  t h e  c o l l o c a t i o n  s e r i e s .  The s i n g l e

most  i m p o r t a n t  r i n g  i s  a t  0 ^ * 2  ( i e .  t h e  e q u a t o r i a l  p l a n e  o f  t h e  s p h e r e )

s i n c e  t h i s  r i n g  c o v e r s  t h e  l a r g e s t  a r e a  on t h e  s u r f a c e  o f  t h e  s p h e r e  and 

a l s o  c o n t r o l s  t h e  p r o j e c t e d  a r e a  o f  t h e  s p h e r e .  However,  i t  was found  

t h a t  a s i n g u l a r  m a t r i x  r e s u l t e d  i f  a  b o u n d a r y  c o l l o c a t i o n  r i n g  was

p l a c e d  a t  T h e r e f o r e  a p a i r  o f  r i n g s  were  p l a c e d  a t  0 - “ t a  t g

overcome t h i s  p r o b l e m  a s  was d o n e  by G l u c k m a n ,  P f e f f e r  a n d  Weinbaum 

( 1 9 7 1 )  f o r  a x i s y m m e t r i c  f lo w.  A f t e r  d o i n g  s e v e r a l  r u n s  w i t h  d e c r e a s i n g  

v a l u e s  o f  a i t  was d e t e r m i n e d  t h a t  w i t h  a - 0 . 0 1  d e g r e e s  c o n v e rg e n c e  t o  

f i v e  d i g i t s  was  o b t a i n e d .  A d d i t i o n a l  p a i r s  o f  b o u n d a r y  c o l l o c a t i o n  

r i n g s  were  p l a c e d  symmet r ic  a b o u t  t h e  e q u a t o r i a l  p l a n e  i n  t h e  u p p e r  a n d

l o w e r  h e m i s p h e r e  e q u a l l y  s p a c e d  i n  t h e  r e g i o n  ^ “ 0  t o  6 j^( | n )  and

^k“ ( 2+ a  ̂ to
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T a b l e  1 show s  c o m p u t e d  v a l u e s  f o r  t h e  v e l o c i t y  o f  two i d e n t i c a l  

s p h e r e s  f a l l i n g  a x i s y m m e t r i c a l l y  u n d e r  g r a v i t y  a s  a  f u n c t i o n  o f  i n t e r - 

p a r t i c l e  s p a c i n g ,  D/2a and t h e  number o f  b o u n d a ry  c o l l o c a t i o n  r i n g s  u s e d  

on e a c h  s p h e r e ,  N. The v e l o c i t i e s  have b ee n  n o n - d i m e n s i o n a l i z e d  b y  t h e  

t e r m i n a l  s e t t l i n g  v e l o c i t y  o f  an  i s o l a t e d  s p h e r e .  For  t h i s  ax i s y m m e t r i c  

f l o w ,  o n l y  t h e  f i r s t  t e r m  i n  t h e  F o u r i e r  s e r i e s  ( M - l )  i s  u s e d .  

C o m p a r i s o n  w i t h  t h e  e x a c t  r e s u l t s  o f  S t i m s o n  and J e f f r e y  (1926)  show 

t h a t  c o n v e r g e n c e  t o  s i x  s i g n i f i c a n t  f i g u r e s  c a n  b e  o b t a i n e d  a t  a l l  

s p a c i n g s .  The r a t e  o f  c o n v e r g e n c e  i s  s l o w e s t  a t  c l o s e  s p a c i n g s  b u t  

i n c r e a s e s  r a p i d l y  w i t h  i n c r e a s i n g  s p a c i n g .  T h i s  b e h a v i o r  i s  c o n s i s t e n t  

w i t h  t h e  a x i s y m m e t r i c  b o u n d a r y  c o l l o c a t i o n  r e s u l t s  o f  Gluckman e t  a l  

( 1 9 7 1 ) .  I t  s h o u l d  be  n o t e d  t h a t  t h e  method o f  Gluckman e t  a l  ( 1 9 7 1 )  o f  

s a t i s f y i n g  t h e  n o - s l i p  b o u n d a r y  c o n d i t i o n s  a t  d i s c r e t e  p o i n t s  on t h e  

s u r f a c e  o f  e a c h  p a r t i c l e  i s  e q u i v a l e n t  t o  t h e  p r e s e n t  m e t h o d  s i n c e  

G l u c k m a n ' s  s o l u t i o n s  a c t u a l l y  s a t i s f y  t h e  bo u n d a r y  c o n d i t i o n s  on r i n g s  

owing t o  t h e  a x i s y m m e t r i c  s y m m e t r y  o f  t h e  p r o b l e m .  G l u c k m a n  e t  a l  

( 1 9 7 1 )  r e p o r t  v a l u e s  f o r  t h e  d r a g  c o e f f i c i e n t  f a c t o r  f o r  u n i f o r m  f l ow  

p a s t  an  a x i s y m m e t r i c  c h a i n  o f  r i g i d l y  h e l d  s p h e r e s .  Two e q u a l  s p h e r e s  

f a l l i n g  u n d e r  g r a v i t y  p a r a l l e l  t o  . t h e i r  l i n e  o f  c e n t e r s  f a l l  w i t h  th e  

same v e l o c i t y  and d o n ' t  r o t a t e .  T h e r e f o r e  f o r  t h i s  s p e c i a l  c a s e  t h e  

r e c i p r o c a l  o f  t h e  d r a g  c o r r e c t i o n  f a c t o r  r e p o r t e d  by Gluckman e t  a l  

(1971)  Is  e q u a l  t o  t h e  t e r m i n a l  s e t t l i n g  v e l o c i t y  o f  two s p h e r e s  a t  a 

g i v e n  s p a c i n g .  For  t h e  s p e c i a l  a x i s y m m e t r i c  c a s e  t h e  method r e d u c e s  t o  

t h a t  o f  Gluckman e t  a l  (1971)  and t h e  c o l l o c a t i o n  s e r i e s  i s  i d e n t i c a l  

t e r m  b y  t e r m .  T h e r e f o r e  c o m p a r i s o n  o f  T a b l e  1 w i t h  t h e  s o l u t i o n s  o f  

Gluckman e t  a l  (1971)  shows t h e  r a t e  o f  c o n v e r g e n c e  o f  t h e  two m e t h o d s  

t o  be  i d e n t i c a l  and t h e  a c c u r a c y  o f  t h i s  method i s  c o m p a rab le  t o  t h a t  o f  

Gluckman e t  a l  (1971)  f o r  t h e  a x i s y m m e t r i c  c a s e .  H o w e v e r ,  f o r  a  g i v e n
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n u m b er  o f  b o u n d a r y  c o l l o c a t i o n  r i n g s  u s e d  on e a c h  s p h e r e  N, b e f o r e  

c o n v e r g e n c e  i s  a c h i e v e d ,  t h e  two s e t s  o f  r e s u l t s  a r e  n o t  e x a c t l y  

i d e n t i c a l  d u e  t o  t h e  f a c t  t h a t  t h e  c o l l o c a t i o n  r i n g s  a r e  n o t  p l a c e d  

e x a c t l y  a t  t h e  same v a l u e s  o f  0^ a s  t h e  c o l l o c a t i o n  p o i n t s  i n  Gluckm an 's

p a p e r .

T a b l e s  2a  t o  2m show t h e  c o m p u t e d  t r a n s l a t i o n a l  a n d  r o t a t i o n a l  

c a r t e s i a n  v e l o c i t y  c o m p o n e n t s  f o r  two s p h e r e s  s e t t l i n g  f r e e l y  u n d e r  

g r a v i t y  i n  13 d i f f e r e n t  c o m b i n a t i o n s  o f  e l e v a t i o n  a n g l e  0 and a z i m u t h a l  

o r i e n t a t i o n  a n g l e  7  a t  a s p a c i n g  o f  2 .352 40 96  d i a m e t e r s  ( s e e  f i g u r e  2 ) .  

A l l  t h e  r e s u l t s  f o r  t h e  v a r i o u s  o r i e n t a t i o n s  c o n v e r g e  t o  t h e  e x a c t  

s o l u t i o n  o f  Goldman e t  a l  (1966)  t o  f i v e  d e c im a l  p l a c e s  w i t h  i n c r e a s i n g  

v a l u e s  o f  M and  N. However,  i t  i s  i n t e r e s t i n g  t o  n o t e  t h e  p a t t e r n  o f  

c o n v e r g e n c e .  F o r  n o n - a x i s y m m e t r i c  c o n f i g u r a t i o n s  we n eed  a t  l e a s t  two 

t e r m s  i n  t h e  s e r i e s  ( c o r r e s p o n d i n g  t o  m- 0  & m-1 ) t o  i n t r o d u c e  depend ence  

o f  t h e  s o l u t i o n  on t h e  a z i m u t h a l  a n g l e  At  t h i s  s p a c i n g  s i x  r i n g s

and up t o  4 t e r m s  o f  t h e  F o u r i e r  s e r i e s  a r e  n ee d e d  t o  p ro d u c e  f i v e - d i g i t  

a c c u r a c y  i n  t h e  t r a n s l a t i o n a l  a n d  a n g u l a r  v e l o c i t y  com ponen t s .  The 

number o f  r i n g s  a n d  t h e  o r d e r  o f  t r u n c a t i o n  o f  t h e  F o u r i e r  s e r i e s  M 

r e q u i r e d  f o r  a  g i v e n  a c c u r a c y  a r e  n e a r l y  i n d e p e n d e n t  o f  t h e  e l e v a t i o n  

a n g l e  0 and a z i m u t h a l  o r i e n t a t i o n  a n g l e  7  e x c e p t  i n  t h e  l i m i t  a s  t h e

a x i s y m m e t r i c  c a s e  i s  a p p r o a c h e d  (0->9O°) where  o n l y  t h e  f i r s t  t e r m  i n  th e  

F o u r i e r  s e r i e s  i s  r e q u i r e d  ( M - 1 ) .

T a b le  3 shows c o n v e r g e n c e  r e s u l t s  f o r  t h e  s e v e r e  c a s e  o f  two s p h e r e s  

s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  i n  a  v e r t i c a l  p l a n e  a t  an  e l e v a t i o n  a n g l e

0 -  60 ° ( s e e  f i g u r e  2) and a s p a c i n g  o f  1 .1 276260  d i a m e t e r s  b e tw e en
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c e n t e r s .  I t  I s  s e e n  t h a t  a l l  t h r e e  v e l o c i t y  components  c o n v e r g e  t o  t h e  

e x a c t  s o l u t i o n s  o f  G o ldman  e t  a l  ( 1 9 6 6 )  t o  f i v e  d e c i m a l  p l a c e s  w i t h  

i n c r e a s i n g  N a n d  M e v e n  a t  t h i s  c l o s e  s p a c i n g .  T h i s  a c c u r a c y  i s  

a c h i e v e d  w i t h  N -1 0  a n d  M - 7 . I n  c o n t r a s t ,  f o r  t h i s  c o n f i g u r a t i o n  th e  

a p p r o x i m a t e  c o l l o c a t i o n  s o l u t i o n s  o f  G a n a t o s ,  P f e f f e r  a n d  Weinbaum 

(1978)  gave an  e r r o r  o f  3%, 8 % and 12% i n  W, U and 0^  r e s p e c t i v e l y  u s i n g

f o u r  b o undary  c o l l o c a t i o n  p o i n t s  on ea c h  s p h e r e .

E x a m i n a t i o n  o f  T a b l e s  1 , 2  a n d  3 show t h a t  t h e  n u m b er  o f  r i n g s  

r e q u i r e d  on e a c h  p a r t i c l e  t o  a c h i e v e  a g i v e n  a c c u r a c y  o f  t h e  r e s u l t s  

d e p e n d s  o n l y  on  t h e  i n t e r p a r t i c l e  s p a c i n g  a n d  i s  i n d e p e n d e n t  o f  t h e  

r e l a t i v e  o r i e n t a t i o n  o f  t h e  two p a r t i c l e s .  As a r u l e  o f  thumb one c o u l d  

u s e  T a b l e  1 t o  e s t i m a t e  t h e  n um ber  o f  r i n g s  N r e q u i r e d  f o r  a g i v e n  

a c c u r a c y  a t  any o r i e n t a t i o n .  The minimum o r d e r  o f  t r u n c a t i o n  o f  t h e  

F o u r i e r  s e r i e s  M f o r  t h e  same a c c u r a c y  i s  r o u g h l y  70% o f  t h e  r e q u i r e d  

n u m b er  o f  r i n g s  N a t  t h a t  s p a c i n g  e x c e p t  f o r  n e a r l y  a x i s y m m e t r i c  

c o n f i g u r a t i o n s  where  a  s m a l l e r  v a l u e  o f  M c o u l d  be u s e d .

T a b l e  4 p r e s e n t s  t h e  f o r c e s  a n d  t o r q u e s  e x e r t e d  b y  two u n e q u a l  

s p h e r e s  ( a ^ / S j ^ )  w i t h  i n t e r p a r t i c l e  g a p  w i d t h  e q u a l  t o  t h e  s m a l l e r

r a d i u s  ( S / a j - l )  moving p e r p e n d i c u l a r  t o  t h e  l i n e  j o i n i n g  t h e i r  c e n t e r

w i t h  e q u a l  v e l o c i t i e s .  These  r e s u l t s  r e p r o d u c e  t h e  e x a c t  s o l u t i o n s  o f  

Da v is  (1 9 6 9 ) .  These  r e s u l t s  a g a i n  d e m o n s t r a t e  t h e  c o n v e r g e n c e  t o  t h e  

e x a c t  v a l u e s  w i t h  i n c r e a s i n g  v a l u e s  o f  M and N. I n  t h i s  s t u d y  we have 

u s e d  t h e  same v a l u e  o f  M and N f o r  b o t h  t h e  s m a l l  and t h e  l a r g e  s p h e r e .  

The r a t e  o f  c o n v e r g e n c e  f o r  u n e q u a l  s p h e r e s  ca n  be  g r e a t l y  improved  by 

p l a c i n g  a  g r e a t e r  number o f  r i n g s  on t h e  l a r g e r  s p h e r e  d e p e n d i n g  o n  t h e
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s i z e  r a t i o  a s  was  do ne  by L iao  and K reu g er  (1980)  f o r  t h e  a x i s y m m e t r i c  

n o t i o n  o f  two u n e q u a l  s p h e r o i d s .

The two s p h e r e  r e s u l t s  p r e s e n t e d  i n  t h i s  s e c t i o n  show t h a t  when t h e  

o r d e r  o f  t r u n c a t i o n  o f  t h e  F o u r i e r  s e r i e s  i s  i n c r e a s e d  f o r  a  f i x e d  

n u n b e r  o f  b o u n d a r y  r i n g s ,  t h e  s o l u t i o n  c o n v e r g e s  t o  a p a r t i c u l a r  v a l u e ,  

a n d  when t h e  n u m b e r  o f  b o u n d a r y  r i n g s  i s  i n c r e a s e d ,  t h e  s o l u t i o n  

c o n v e r g e s  t o  t h e  e x a c t  v a l u e .  So, d ep e n d in g  upon t h e  l e v e l  o f  a c c u r a c y  

nee d e d  t h e  number o f  b o u n d a r y  r i n g s  and t h e  o r d e r  o f  t r u n c a t i o n  c a n  b e  

f i x e d  a c c o r d i n g l y .  I t  i s  s e e n  h e r e  t h a t  co n v e r g e n c e  w i t h  i n c r e a s i n g  

v a l u e s  o f  M a n d  N i s  v e r y  r a p i d  a n d  s y s t e m a t i c  a n d  t h e  c o n v e r g e n c e  

p r o b l e m s  e n c o u n t e r e d  by  G a n a t o s ,  P f e f f e r  and Weinbaum (1978)  f o r  t h e  

s e t t l i n g  o f  two s p h e r e s  a t  a n  a r b i t r a r y  o r i e n t a t i o n  a r e  c o m p l e t e l y  

e l i m i n a t e d  by s a t i s f y i n g  t h e  no s l i p  bo u n d ary  c o n d i t i o n s  on e n t i r e  r i n g s  

on t h e  s u r f a c e  o f  e ach  s p h e r e  i n s t e a d  o f  d i s c r e t e  b o u n d a r y  p o i n t s .

We n e x t  c o n s i d e r  t h e  a c c u r a c y  o f  t h e  method i n  p r e d i c t i n g  t h e  l o c a l  

f l u i d  v e l o c i t y  f i e l d .  F i g u r e  4a  shows t h e  f low  f i e l d  f o r  u n i f o r m  f l o w  

p a s t  two s p h e r e s  whose l i n e  o f  c e n t e r s  l i e s  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  

f l o w  a t  a  c e n t e r - t o - c e n t e r  d i s t a n c e  o f  1 . 5 4 3 0 8 0 6  p a r t i c l e  d i a m e t e r s .  

F i g u r e  4b  w h i c h  i s  a n  e n l a r g e m e n t  o f  t h e  f low  f i e l d  i n  t h e  gap b e tw e e n  

t h e  two s p h e r e s  show s  t h a t  a s e p a r a t e d  r e g i o n  o f  c l o s e d  c i r c u l a t i o n  

d e v e l o p s  b e t w e e n  t h e  two s p h e r e s  e x a c t l y  a s  p r e d i c t e d  b y  t h e  e x a c t  

t h e o r y  o f  D a v i s  e t  a l  ( 1 9 7 6 ) .  I n  p r e p a r i n g  f i g u r e  4 ,  we u s e d  s i x  

c o l l o c a t i o n  r i n g s  on ea c h  s p h e r e  and r e t a i n e d  f o u r  t e rm s  i n  t h e  F o u r i e r  

s e r i e s .
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Thus we s e e  t h a t  t h e  p r e s e n t  method o f  s o l u t i o n  can n o t  o n l y  p r e d i c t  

g l o b a l  q u a n t i t i e s  su ch  a s  t h e  f o r c e  and t o r q u e  on ea c h  p a r t i c l e  b u t  a l s o  

a c c u r a t e l y  p r e d i c t  t h e  f i n e  s t r u c t u r e  o f  t h e  l o c a l  f l u i d  v e l o c i t y  f i e l d s  

as  w e l l .  I t  i s  w o r t h  n o t i n g  t h a t  f i g u r e  4 and a l l  o t h e r  f i g u r e s  i n  t h i s  

c h a p t e r  s h o w i n g  s o l u t i o n s  f o r  t h e  f l u i d  v e l o c i t y  f i e l d ,  were p r e p a r e d  

by t r a n s f e r r i n g  t h e  m a i n f r a m e  d i g i t a l  d a t a  t o  an  IBM PC AT a n d  t h e n  

p l o t t i n g  t h e  d a t a  a s  shown  i n  t h e s e  f i g u r e s  w i t h  an  HP 7440A p l o t t e r  

u s i n g  t h e  g r a p h i c s  c a p a b i l i t i e s  o f  t h e  AUTOCAD s o f t w a r e .
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4 .  ARBITRARY HULTI-SPHERE CONFIGURATIONS

I n  t h i s  s e c t i o n  we p r e s e n t  r e s u l t s  f o r  s o m e  i n t e r e s t i n g  

c o n f i g u r a t i o n s  i n v o l v i n g  a f i n i t e  c l u s t e r  o f  s p h e r i c a l  p a r t i c l e s .

C o n s i d e r  J  i d e n t i c a l  s p h e r e s  s e t t l i n g  u n d e r  g r a v i t y  a r r a n g e d  s u c h  

t h a t  a t  t h e  i n s t a n t  o f  t ime u n d e r  c o n s i d e r a t i o n  ( J - l )  s p h e r e s  l i e  a t  t h e  

v e r t i c e s  o f  a  r e g u l a r  h o r i z o n t a l  p o ly g o n  o f  r a d i u s  D (m easu red  i n  s p h e r e

r a d i i )  a n d  t h e  s p h e r e  i s  l o c a t e d  a t  t h e  c e n t e r  o f  t h e  r e g u l a r

p o l y g o n  a t  a  v e r t i c a l  d i s t a n c e  H ( i n  s p h e r e  r a d i i )  above t h e  h o r i z o n t a l  

p l a n e  o f  t h e  p o l y g o n  a s  shown  i n  f i g u r e  5. I f  t h e  J t h  s p h e r e  l i e s  i n  

t h e  same h o r i z o n t a l  p l a n e  o f  t h e  p o l y g o n ,  i t  f a l l s  f a s t e r  t h a n  t h e  

s p h e r e s  a t  t h e  v e r t i c e s  o f  t h e  r e g u l a r  h o r i z o n t a l  p o l y g o n ,  b u t  i f  i t  

l i e s  i n  a  p l a n e  a b o v e  t h a t  o f  t h e  p o l y g o n  a n d  i f  H i s  s u f f i c i e n t l y  

l a r g e ,  t h e  s p h e r e s  a t  t h e  v e r t i c e s  o f  t h e  h o r i z o n t a l  p o ly g o n  f a l l  f a s t e r

l e a v i n g  t h e  J ^ 1 s p h e r e  b e h i n d .  Thus t h e r e  i s  a  c r i t i c a l  s p a c i n g  H f o r  a 

p a r t i c u l a r  v a l u e  o f  D a t  w h i c h  i n s t a n t  t h e  w h o l e  c o n f i g u r a t i o n  o f  

s p h e r e s  f a l l  a t  t h e  same s p e e d .  F i g u r e  6  shows a p l o t  f o r  t h e  c r i t i c a l  

s p a c i n g  r a t i o  H/D a s  a f u n c t i o n  o f  t h e  p o l y g o n  r a d i u s  D f o r  3, 4 ,  5 and 

6  s p h e r e  c o n f i g u r a t i o n s .  As t h e  r a t i o  D / a  i s  I n c r e a s e d  t h e  c r i t i c a l  

s p a c i n g  H/D i n c r e a s e s  and  a s y m p t o t e s  t o  a  c o n s t a n t  v a l u e  a s  t h e  s p h e r e s  

beha ve  l i k e  p o i n t  f o r c e s .  As t h e  number o f  s p h e r e s  i n  t h e  p o l y g o n  i s  

i n c r e a s e d ,  t h e  c r i t i c a l  s p a c i n g  r a t i o  H/D m o n o t o n i c a l l y  d e c r e a s e s .  The 

c u r v e  f o r  J - 3  w h i c h  r e p r e s e n t s  a v e r t i c a l  p l a n a r  c o n f i g u r a t i o n  o f  

p a r t i c l e s  i s  i n  e x c e l l e n t  a g r e e m e n t  w i t h  t h e  a p p r o x i m a t e  p l a n a r  

c o l l o c a t i o n  r e s u l t s  o f  G a n a to s  e t  a l  ( 1 9 7 8 ) .
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N e x t  we l o o k  a t  a s t e a d y  c o n f i g u r a t i o n  w h e r e  a s p h e r e  i s  p l a c e d  

bel ow  a s  w e l l  a s  above t h e  r e g u l a r  h o r i z o n t a l  p o ly g o n  a s  shown i n  f i g u r e  

7. F i g u r e  8  shows a p l o t  f o r  t h e  r a t i o  o f  c r i t i c a l  s p a c i n g s  H w i t h  t h e  

p o l y g o n  r a d i u s  D f o r  d i f f e r e n t  v a l u e s  o f  B a n d  f o r  4 ,  5 a n d  6  s p h e r e  

c o n f i g u r a t i o n s .  I t  s h o u l d  b e  n o t e d  t h a t  a l t h o u g h  t h e  c o n f i g u r a t i o n s  

shown i n  f i g u r e  8  a r e  s t e a d y ,  t h e y  a r e  u n s t a b l e .  I f  any o f  t h e  s p h e r e s  

i n  t h e  c l u s t e r  a r e  s l i g h t l y  d i s p l a c e d  from t h e i r  c r i t i c a l  p o s i t i o n ,  th e  

c o n f i g u r a t i o n  w i l l  b r e a k  up a s  i t  s e t t l e s .

We now e x a m i n e  t h e  b e h a v i o r  o f  a s p h e r e  s e t t l i n g  f r e e l y  u n d e r  

g r a v i t y  i n  t h e  p r e s e n c e  o f  o t h e r  f i x e d  s p h e r e s .  I n  t h i s  e x a m p l e ,  J - l  

s p h e r e s  a r e  f i x e d  a t  t h e  c o r n e r s  o f  a h o r i z o n t a l  r e g u l a r  p o ly g o n  and th e

s p h e r e  i s  a l l o w e d  t o  s e t t l e  f r e e l y  u n d e r  g r a v i t y  a l o n g  a l i n e  

p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  t h e  f i x e d  s p h e r e s  and p a s s i n g  th r o u g h  th e  

c e n t e r  o f  t h e  p o ly g o n  a s  shown i n  f i g u r e s  9 and 10.  The s e t t l i n g  s p h e r e  

w i l l  h a v e  a v e r t i c a l  v e l o c i t y  component b u t  no l a t e r a l  d r i f t  v e l o c i t y  

due t o  t h e  symmetry o f  t h e  f l ow .  T h e r e f o r e  by c a l c u l a t i n g  t h e  v e l o c i t y  

o f  t h e  s e t t l i n g  s p h e r e  a s  a  f u n c t i o n  o f  v e r t i c a l  d i s t a n c e  f rom  t h e  

h o r i z o n t a l  p l a n e  o f  t h e  p o ly g o n  i t  i s  p o s s i b l e  t o  d e s c r i b e  t h e  c o m p l e t e  

t ime h i s t o r y  o f  t h e  f a l l i n g  m o t io n .

S o l u t i o n s  a r e  p r e s e n t e d  f o r  two s uch  c a s e s .  F i g u r e  9 shows a t h r e e  

s p h e r e  c o n f i g u r a t i o n  w h e r e  a s p h e r e  i s  f r e e l y  s e t t l i n g  u n d e r  g r a v i t y  

t h r o u g h  two f i x e d  s p h e r e s .  F i g u r e  10 shows a  f o u r  s p h e r e  c o n f i g u r a t i o n  

where a  s p h e r e  i s  f a l l i n g  t h r o u g h  3 f i x e d  s p h e r e s  p l a c e d  a t  t h e  v e r t i c e s  

o f  a h o r i z o n t a l  e q u i l a t e r a l  t r i a n g l e .  F i g u r e s  11 and 12 show a p l o t  o f  

t h e  r a t i o  o f  t h e  i n s t a n t a n e o u s  s e t t l i n g  v e l o c i t y  o f  t h e  f a l l i n g  s p h e r e
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t o  t h e  s e t t l i n g  v e l o c i t y  o f  an  i s o l a t e d  s p h e r e  a s  a f u n c t i o n  o f  v e r t i c a l  

d i s t a n c e  H f r o m  t h e  p l a n e  o f  t h e  f i x e d  s p h e r e s  f o r  v a r i o u s  c e n t e r - t o -  

c e n t e r  d i s t a n c e s  o f  t h e  f i x e d  s p h e r e s .  I n t e r e s t i n g l y ,  t h e  s e t t l i n g  

v e l o c i t y  o f  t h e  s p h e r e  i s  n o t  t h e  s m a l l e s t  when i t  i s  i n  t h e  p l a n e  o f  

t h e  f i x e d  s p h e r e s  b u t  h a s  a minimum b e f o r e  i t  a p p r o a c h e s  t h e  p l a n e  o f  

t h e  f i x e d  s p h e r e .  F o r  D / a - 5  t h e  minimum v e l o c i t y  o c c u r s  a t  r o u g h l y  

H - 3 .5  f o r  two f i x e d  s p h e r e s  and f o r  D / a - 5 . 8  t h e  minimum v e l o c i t y  o c c u r s  

a t  H - 4 .5  f o r  t h r e e  f i x e d  s p h e r e s .  As t h e  r a t i o  D/a i s  d e c r e a s e d ,  th e  

minimum v f ' .u e  o c c u r s  c l o s e r  t o  t h e  p l a n e  o f  t h e  f i x e d  s p h e r e s .  The 

v e l o c i t y  o f  t h e  f a l l i n g  s p h e r e  d r o p s  t o  z e r o  when t h e  c e n t e r - t o - c e n t e r  

d i s t a n c e  bet w een  t h e  f i x e d  s p h e r e s  i s  s u c h  t h a t  t h e  s e t t l i n g  s p h e r e  

j u s t  f i t s  b e t w e e n  t h e  f i x e d  s p h e r e s  ( D / a - 2 ) . The r e a s o n  why t h e  

s e t t l i n g  s p h e r e  h a s  a minimum v e l o c i t y  when i t  i s  above t h e  p l a n e  o f  t h e  

f i x e d  s p h e r e s  i s  t h a t  i t  v i e w s  a g r e a t e r  e x p o s e d  a r e a  o f  t h e  f i x e d  

s p h e r e s  from t h i s  p o s i t i o n  t h a n  when i t  i s  i n  t h e  same p l a n e  a s  t h e  

f i x e d  s p h e r e s .  T h i s  b e h a v i o r  i s  c o n s i s t e n t  w i t h  t h e  r e s u l t s  o f  Dagan e t  

a l  (1983)  who c o n s i d e r e d  t h e  m o t io n  o f  a s p h e r e  t h r o u g h  a c i r c u l a r  h o l e  

i n  a p l a n a r  w a l l .

We n e x t  c o n s i d e r  t h e  f l o w  f i e l d  o f  s e v e r a l  i n t e r e s t i n g  t h r e e -  

p a r t i c l e  c o n f i g u r a t i o n s .  F i g u r e  13 shows t h e  f l u i d  v e l o c i t y  f i e l d  f o r  

u n i f o r m  f l o w  p a s t  t h r e e  s p h e r e s  a r r a n g e d  a t  t h e  c o r n e r s  o f  a n  

e q u i l a t e r a l  t r i a n g l e  w i t h  o n e  b a s e  o f  t h e  t r i a n g l e  p a r a l l e l  t o  t h e  

d i r e c t i o n  o f  f l ow .  Compar ison w i t h  f i g u r e  4 shows t h a t  t h e  p r e s e n c e  o f  

t h e  t h i r d  s p h e r e  c h a n g e s  t h e  v e l o c i t y  f i e l d  c o n s i d e r a b l y .  Due t o  t h e  

p r e s e n c e  o f  t h e  s p h e r e  on t h e  r i g h t ,  t h e  f l u i d  i n  t h e  g a p  b e t w e e n  t h e  

t o p  a n d  b o t t o m  s p h e r e s  h a s  o n l y  one c l o s e d  lo o p  o f  c i r c u l a t i n g  f l u i d .
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However i f  t h i s  whole  c o n f i g u r a t i o n  i s  r o t a t e d  by  6 0 °  s o  t h a t  o n e  b a s e  

o f  t h e  t r i a n g l e  i s  p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  o f  t h e  f l u i d  f l ow  as  

shown i n  f i g u r e  14 t h e r e  i s  no l o n g e r  a r e g i o n  o f  c l o s e d  c i r c u l a t i o n  o f  

f l u i d  b e tw een  t h e  s p h e r e s .  I t  i s  a l s o  s e e n  f rom t h e s e  f i g u r e s  how w e l l  

t h e  p r e s e n t  method i s  a b l e  t o  s a t i s f y  t h e  n o - s l i p  b o u n d a r y  c o n d i t i o n s  on 

t h e  s u r f a c e  o f  e a c h  s p h e r e .  I n  a l l  t h e s e  r u n s  f o r  a c e n t e r - t o - c e n t e r  

s p a c i n g  o f  1 .543 08 06 d i a m e t e r s  we u s e d  s i x  c o l l o c a t i o n  r i n g s  on e a c h  

s p h e r e  and r e t a i n e d  f o u r  t e rm s  i n  t h e  F o u r i e r  s e r i e s .

The L - s h a p e d  c o n f i g u r a t i o n  s e t t l i n g  u n d e r  g r a v i t y  i s  a n o t h e r  

i n t e r e s t i n g  c a s e  t o  l o o k  a t .  H e r e  t h r e e  s p h e r e s  a r e  p l a c e d  a t  t h e  

c o r n e r s  o f  a r i g h t  t r i a n g l e  a s  sh own  i n  f i g u r e  15 .  A c c o r d i n g  t o  t h e  

method o f  p a i r e d  i n t e r a c t i o n s  s p h e r e  1  p l a c e d  a t  t h e  v e r t e x  o f  t h e  r i g h t  

a n g l e  ( c o r n e r  s p h e r e )  s h o u l d  h av e  o n l y  a  v e r t i c a l  v e l o c i t y  component  and 

no l a t e r a l  d r i f t  v e l o c i t y .  However u s i n g  t h e  e x a c t  t h e o r y ,  we f i n d  t h a t  

i t  a l s o  h a s  a h o r i z o n t a l  c o m p o n e n t  w h i c h  a r i s e s  f r o m  t h e  i n t e r a c t i o n  

b e t w e e n  s p h e r e s  2 a n d  3 on 1. The i n t r i g u i n g  f e a t u r e  i s  t h a t  when th e  

i n t e r p a r t i c l e  d i s t a n c e  b e t w e e n  t h e  t h r e e  s p h e r e s  i s  i n c r e a s e d  t h e  

h o r i z o n t a l  v e l o c i t y  c o m p o n e n t  o f  t h e  c o r n e r  s p h e r e  d e c r e a s e s  and  a t  a 

s p a c i n g  o f  a p p r o x i m a t e l y  1 .4 8  d i a m e t e r s  i t  ch a n g e s  s i g n  b e f o r e  d e c a y i n g  

t o  z e r o .  F i g u r e  16 shows a  p l o t  o f  t h e  c o n v e r g e d  l a t e r a l  d r i f t  v e l o c i t y  

o f  t h e  c o r n e r  s p h e r e  w i t h  t h e  i n t e r p a r t i c l e  d i s t a n c e  u s i n g  s i x  b o u n d a r y  

c o l l o c a t i o n  r i n g s  on e a c h  s p h e r e  and  f i v e  t e r m s  i n  t h e  F o u r i e r  s e r i e s .  

The r e a s o n  f o r  t h i s  p e c u l i a r  b e h a v i o r  c a n  be  d ed u c ed  b y  c o n s i d e r i n g  t h e  

f l o w  f i e l d  a s  v i ew e d  i n  a  r e f e r e n c e  f rame which i s  t r a n s l a t i n g  w i t h  t h e  

c o r n e r  s p h e r e  a s  shown i n  f i g u r e s  17 and 18.  The f l u i d  v e l o c i t y  f i e l d  

a r o u n d  t h e  c o r n e r  s p h e r e  i s  sh ow n  i n  f i g u r e  17 f o r  an  i n t e r - p a r t i c l e
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s p a c i n g  o f  1 .7 5  d i a m e t e r s  where  t h e  c o r n e r  s p h e r e  moves t o  t h e  l e f t  an d  

i n  f i g u r e  18 f o r  a n  i n t e r - p a r t i c l e  s p a c i n g  o f  1 .3  d i a m e t e r s  where  t h e  

c o r n e r  s p h e r e  moves t o  t h e  r i g h t .  When t h e  t h r e e  s p h e r e s  a r e  f a l l i n g  

u n d e r  g r a v i t y  t h e  amount  o f  f l u i d  e n t e r i n g  t h e  gap b e tw een  s p h e r e s  1  and 

7 i s  more t h a n  t h e  f l u i d  l e a v i n g  t h e  gap due t o  t h e  i n h i b i t i n g  a c t i o n  o f  

s p h e r e  3. T h i s  e f f e c t  c a u s e s  an a c c u m u l a t i o n  o f  f l u i d  b e tw e en  s p h e r e s  1 

and 2, t e n d i n g  t o  push  them a p a r t .  When t h e  i n t e r - p a r t i c l e  d i s t a n c e  i s  

s m a l l  ( l e s s  t h a n  1 . 4 8  d i a m e t e r s )  t h e  s t r o n g  hydr od yn amic  i n t e r a c t i o n  

e f f e c t  o f  s p h e r e s  2 and 3 on s p h e r e  1 ca u s e  t h e  w h o l e  c o n f i g u r a t i o n  t o  

move t o  t h e  r i g h t .  However when t h e  i n t e r p a r t i c l e  d i s t a n c e  i s  g r e a t e r  

t h a n  1 .4 8  d i a m e t e r s  t h e  hydrody na mic  i n t e r a c t i o n  i s  weak and t h e  c o r n e r  

s p h e r e  moves  t o  t h e  l e f t  w h e r e a s  s p h e r e s  1 and 2 move t o  t h e  r i g h t .  As 

t h e  i n t e r p a r t i c l e  d i s t a n c e  i s  f u r t h e r  i n c r e a s e d  t h e  h y d r o d y n a m i c  

i n t e r a c t i o n  becomes weaker  and t h e  l a t e r a l  d r i f t  v e l o c i t y  o f  t h e  c o r n e r  

s p h e r e  d ec ay s  t o  z e r o .

Next  we lo o k  a t  a s t r a i g h t  c h a i n  o f  t h r e e  u n e q u a l  s p h e r e s  f i x e d  i n  a 

u n i f o r m  f lo w .  For  e q u a l  s p h e r e s  t h e  c e n t r a l  s p h e r e  e x p e r i e n c e s  t h e  

l e a s t  d r a g .  However,  t h e  s i z e  o f  t h e  c e n t r a l  s p h e r e  c a n  be i n c r e a s e d  so 

t h a t  a l l  t h r e e  s p h e r e s  i n  t h e  s t r a i g h t  c h a i r ,  w i l l  e x p e r i e n c e  t h e  same 

f o r c e .  I n  f i g u r e  1 9 a , b  t h r e e  s p h e r e s  a r e  a r r a n g e d  i n  a s t r a i g h t  l i n e  

w hich  i s  e i t h e r  p a r a l l e l  o r  p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  o f  f l o w .  The 

r a t i o  o f  r a d i i  o f  t h e  i n n e r  and o u t e r  s p h e r e s  ( a ^ / ^ )  i s  s u c h  t h a t  t h e

d r a g  f o r c e  on a l l  t h e  t h r e e  s p h e r e s  i n  t h e  c h a i n  a r e  e q u a l .  F i g u r e  20 

s h o w s  a  p l o t  o f  t h e  r a t i o  o f  r a d i i  f o r  d i f f e r e n t  i n t e r p a r t i c l e  s p a c i n g s  

f o r  b o t h  c h a i n s .  I t  i s  o b s e r v e d  t h a t  t h e  v a r i a t i o n  i n  t h e  r a t i o  o f  

r a d i i  i s  g r e a t e r  f o r  i n c r e a s i n g  i n t e r p a r t i c l e  s p a c i n g  when t h e  c h a i n  i s
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p a r a l l e l  t o  t h e  d i r e c t i o n  o f  f l o w  s i n c e  t h e  s h i e l d i n g  e f f e c t  o f  t h e  

o u t e r  s p h e r e s  on t h e  i n n e r  s p h e r e  i s  g r e a t e r  i n  t h i s  c a s e .  From t h e s e  

t w o  p l o t s  we c a n  o b t a i n  t h e  r a t i o  o f  r a d i i  f o r  a p a r t i c u l a r  

i n t e r p a r t i c l e  s p a c i n g  f o r  any o r i e n t a t i o n  o f  a s t r a i g h t  c h a i n  o f  t h r e e  

s p h e r e s  w i t h  r e s p e c t  t o  t h e  d i r e c t i o n  o f  f lo w  h a v i n g  e q u a l  d r a g  f o r c e  on 

a l l  t h e  s p h e r e s  u s i n g  t h e  f o r m u la :

( a x /  a 2 ) ^  -  ( a x /  a 2 > |  cos/3 + ( a x /  a 2 > j | s l n 0 ( 2 3 >

w h e r e  fl i s  any o r i e n t a t i o n  a n g l e  m easured  from t h e  h o r i z o n t a l  a x i s ,  and 

( a !  /  a 2  > a n d  ( f  /  ^  |)j a r e  t h e  r a t i o  o f  r a d i i  f o r  t h e  same

i n t e r p a r t i c l e  s p a c i n g  when t h e  c h a i n  i s  p e r p e n d i c u l a r  and p a r a l l e l  t o  

t h e  d i r e c t i o n  o f  f l o w  r e s p e c t i v e l y .
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5. SYMMETRIC MULTI-SPHERE CONFIGURATIONS

A l th o u g h  t h e  f o r m u l a t i o n  In  s e c t i o n  2 i s  g e n e r a l  e n o u g h  t o  h a n d l e  

a n y  t h r e e - d i m e n s i o n a l  c o n f i g u r a t i o n  o f  a  f i n i t e  number  o f  s p h e r i c a l  

p a r t i c l e s ,  a  c o n s i d e r a b l e  r e d u c t i o n  i n  c o m p u t a t i o n  t i m e  a n d  s t o r a g e  

r e q u i r e m e n t s  may b e  r e a l i z e d  b y  t a k i n g  a d v a n t a g e  o f  t h e  symmetry o f  

c e r t a i n  c o n f i g u r a t i o n s .

A c c o r d i n g l y ,  t h e  g e n e r a l  f o r m u l a t i o n  o u t l i n e d  i n  s e c t i o n  2 i s  

m o d i f i e d  t o  t r e a t  s p e c i a l  c a s e s  o f  sym m et r i c  c o n f i g u r a t i o n s  a s  f o l l o w s .  

The unknow n  c o n s t a n t s  i n t r o d u c e d  i n  (4)  and t h e  c o e f f i c i e n t s  o f  t h e s e  

unknown c o n s t a n t s  sh own  i n  ( 1 8 )  a n d  A p p e n d i x  B a r e  f u n c t i o n s  o f  t h e  

g e o m e t r y  a n d  p o s i t i o n  o f  t h e  s p h e r e s  a n d  t h e  c o l l o c a t i o n  r i n g s  w i t h  

r e f e r e n c e  t o  t h e  c o o r d i n a t e  s y s t e m  sh ow n  i n  f i g u r e  1 .  I n  c a s e  o f  a 

s y m m e t r i c  c o n f i g u r a t i o n  o f  m u l t i p l e  s p h e r e s  c e r t a i n  unknown c o n s t a n t s  

( c o r r e s p o n d i n g  to  a sy m m et r i c  p a i r  o f  s p h e r e s  i n  t h e  c o n f i g u r a t i o n )  o f  

t h e  c o l l o c a t i o n  s e r i e s  a r e  e q u a l  i n  m a g n i t u d e  a n d  e i t h e r  e q u a l  o r  

o p p o s i t e  i n  s i g n  d e p e n d in g  u p o n  t h e  t y p e  o f  s y m m e t r y  b e t w e e n  t h e  two 

s p h e r e s  o f  t h e  w h o l e  c o n f i g u r a t i o n  w i t h  r e s p e c t  t o  t h e  r e f e r e n c e  

c o o r d i n a t e  s y s t e m .  A f t e r  d o i n g  numerous  t e s t  r u n s  i n v o l v i n g  a l l  t y p e s  

o f  s y m m e t r i c  c o n f i g u r a t i o n s ,  t h e s e  unknown c o n s t a n t s  were i d e n t i f i e d  as  

e q u a l  o r  o p p o s i t e  i n  s i g n  f o r  a p a i r  o f  sym m et r i c  s p h e r e s  a c c o r d i n g  t o  

t h e i r  t y p e  o f  symmetry ( s e e  a p p e n d ix  D ) .

For  a s y s t e m  o f  J  s p h e r e s  i n  a  g i v e n  c o n f i g u r a t i o n ,  t h e  f i r s t  s t e p  

i n  e x p l o i t i n g  t h e  s y m m e t r y  c o n d i t i o n s  a n d  r e d u c i n g  t h e  n u m b e r  o f  

e q u a t i o n s  a n d  u n k n o w n s  i s  t o  i d e n t i f y  t h e  t y p e  o f  s y m m e t r y  b e t w e e n  

d i f f e r e n t  p a i r s  o f  s p h e r e s  i n  t h a t  c o n f i g u r a t i o n .  The two e q u a t i o n s
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c o r r e s p o n d i n g  t o  a  p a r t i c u l a r  v a l u e  o f  m' a n d  a  p a r t i c u l a r  r i n g  o n  a 

p a i r  o f  s y m m e t r i c  s p h e r e s  a r e  a d d e d  a n d  s u b t r a c t e d .  D e p e n d i n g  on 

w h e th e r  t h e  unknown c o n s t a n t s  f o r  t h a t  p a i r  o f  sym m et r i c  s p h e r e  i s  e q u a l  

o r  o p p o s i t e  f o r  t h e  p a r t i c u l a r  symmetry ( s e e  Appendix  D) o n l y  t h e  n o n ­

z e r o  c o e f f i c i e n t s  o f  t h e  unknown c o n s t a n t s  a r e  r e t a i n e d .  The s e t  o f  

e q u a t i o n s  f o r  t h e  o t h e r  s p h e r e  a r e  d i s c a r d e d .  T h i s  r e d u c e s  t h e  number 

o f  e q u a t i o n s  by h a l f  and t h e  c o e f f i c i e n t s  i n  t h e  c o l l o c a t i o n  m a t r i x  by a

f a c t o r  o f  f o u r .  I f  t h e  c o n f i g u r a t i o n  i s  sym m et r i c  w i t h  r e s p e c t  t o  X, Y

and Z p l a n e s  t h e n  t h e  n u m b e r  o f  e q u a t i o n s  i s  r e d u c e d  by a f a c t o r  o f  

e i g h t  and t h e  s i z e  o f  t h e  c o l l o c a t i o n  m a t r i x  by s i x t y - f o u r .

For  a d e m o n s t r a t i o n  o f  t h i s  r e d u c t i o n  t e c h n i q u e ,  c o n s i d e r  u n i f o r m  

f l o w  p a s t  e i g h t  r i g i d l y  h e l d  s p h e r e s  p l a c e d  a t  t h e  c o r n e r  o f  a cube as  

shown i n  f i g u r e  21.  T h i s  t h r e e - d i m e n s i o n a l  m u l t i - p a r t i c l e  c o n f i g u r a t i o n  

o f  e i g h t  s p h e r e s  i s  s y m m e t r i c  a b o u t  t h e  X, Y and Z p l a n e s .  The e i g h t  

s p h e r e s  a r e  n u m b e r e d  a s  shown  i n  f i g u r e  2 1  a n d  a l i s t  o f  e q u a l  an d  

o p p o s i t e  unkno wn c o n s t a n t s  f o r  e a c h  p a i r  o f  s p h e r e s  i s  o b t a i n e d  from 

Appendix  D and i s  g i v e n  below.

For symmetry a b o u t  Y P la n e  ( j  -  1 & 5,  2 & 6 , 3 & 7,  4 & 8 )

Equa l :  Cj 0 1  Ej ( ) 1  Cj 0 2  EJ Q 2  BJ U  Cj n  EJ U  BJ 1 2  CJ 1 2  EJ 1 2

O p p o s i t e :  A j Q 1  AJ Q 2  Aj n  DJ U  FJ U  A j 1 2  DJ 1 2  FJ 1 2

For  symmetry a b o u t  Z P la n e  ( j  -  1 & 4 ,  2 & 3)

E qua l :  A j 0 1  CJ ( ) 2  EJ ( ) 2  Cj n  Dj n  Ej n  Fj U  AJ 1 2  BJ 1 2

O p p o s i t e :  CJ ( ) 1  EJ Q 1  Aj ( ) 2  AJ U  BJ U  CJ 1 2  DJ 1 2  FJ 1 2



For  symmetry a b o u t  X P la n e  ( j  -  1 & A)

E q u a l :  A j 0 1  AJ Q 2  Bj U  Cj U  Ej n  BJ 1 2  CJ 1 2  EJ 1 2

O p p o s i t e :  CJ 0 1  EJ ( ) 1  CJ Q 2  Ej ( ) 2  Aj n  Dj n  FJ U  AJ 1 2  DJ 1 2  FJ 1 2

S p h e re s  1 , 2 , 3  & A a r e  symmet r ic  w i t h  s p h e r e s  5 , 6 , 7  & 8  r e s p e c t i v e l y  

a b o u t  t h e  Y p l a n e .  H e n ce  f o r  t h e  s e t  o f  e q u a t i o n s  f o r  s p h e r e  1 the  

c o e f f i c i e n t s  o f  t h e  unkn ow n c o n s t a n t s  f o r  s p h e r e  1  a r e  a d d e d  a n d  

s u b t r a c t e d  w i t h  t h a t  o f  s p h e r e  5 and a l l  t h e  n o n - z e r o  t e rm s  a r e  r e t a i n e d  

i n  t h e  s e t  o f  e q u a t i o n s  f o r  s p h e r e  1  w h i l e  t h e  s e t  o f  e q u a t i o n s  f o r  

s p h e r e  5 i s  n e g l e c t e d .  A s i m i l a r  t e c h n i q u e  i s  u s e d  f o r  o t h e r  t h r e e  

p a i r s  o f  s p h e r e s  ( i . e .  2 & A, 3 6  7, A & 8 ) . T h i s  l e a v e s  o n l y  t h e

s e t  o f  e q u a t i o n s  f o r  s p h e r e s  1 , 2 , 3  a n d  A. T h en  symmetry  c o n d i t i o n s  

a b o u t  t h e  Z p l a n e  i s  u s e d  f o r  s p h e r e  p a i r s  ( 1 , A )  a n d  ( 2 , 3 ) .  H e r e  

s p h e r e s  5 , 6 , 7  and  8  a r e  n o t  c o n s i d e r e d  a s  t h e  e q u a t i o n s  c o r r e s p o n d i n g  to  

t h e s e  s p h e r e s  a r e  a l r e a d y  n e g l e c t e d  when u s i n g  t h e  symmetry a b o u t  t h e  Y 

p l a n e .  C o e f f i c i e n t s  f o r  s p h e r e  1 a r e  added and  s u b t r a c t e d  w i t h  t h a t  o f  

s p h e r e  A i n  t h e  s e t  o f  e q u a t i o n s  f o r  s p h e r e  1, r e t a i n i n g  o n l y  t h e  n o n ­

z e r o  t e rm  i n  t h e  s e t  o f  e q u a t i o n s  f o r  s p h e r e  1  and d i s c a r d i n g  t h e  s e t  o f  

e q u a t i o n s  f o r  s p h e r e  A. T h i s  i s  a l s o  done f o r  t h e  p a i r  ( 2 , 3 ) .  Now o n l y  

t h e  s e t  o f  e q u a t i o n s  f o r  s p h e r e s  1 and 2 a r e  l e f t .  F i n a l l y  t h e  symmetry 

a b o u t  t h e  X p l a n e  i s  u s e d  be tw e en  s p h e r e s  1 & 2 ( a s  e q u a t i o n s  f o r  a l l  

o t h e r  s p h e r e s  a r e  e l i m i n a t e d  u s i n g  symmetry a b o u t  X and Y p l a n e s )  and 

c o e f f i c i e n t s  i n  t h e  s e t  o f  e q u a t i o n s  f o r  s p h e r e  1  a r e  a d d e d  a n d  

s u b t r a c t e d  w i t h  t h a t  o f  s p h e r e  2  r e t a i n i n g  o n l y  t h e  e q u a t i o n s  f o r  s p h e r e  

1 w i t h  n o n - z e r o  c o e f f i c i e n t s .  T h i s  r e d u c e s  t h e  s e t  o f  e q u a t i o n s  b y  a 

f a c t o r  o f  e i g h t  and t h e  m a t r i x  s i z e  by 6 A.
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U s i n g  t h e  s y m m e t r y  t h e o r y  d e s c r i b e d  a b o v e ,  t h e  d r a g  f o r c e  on  

s y m m e t r i c  c o n f i g u r a t i o n s  o f  8 , 1 6 ,  2 4 ,  3 2 ,  4 0 ,  4 8 ,  56 a n d  64 w e r e  

o b t a i n e d .  R e s u l t s  f o r  two c a s e s  d e p e n d i n g  u p o n  t h e  c o n f i g u r a t i o n  o f  

s p h e r e s  a r e  p r e s e n t e d .  I n  t h e  f i r s t  c a s e ,  t h e  i n i t i a l  s e t  o f  e i g h t  

s p h e r e s  were p l a c e d  a t  t h e  c o r n e r s  o f  a c u b e  a n d  t h e n  s e t s  o f  e i g h t  

s p h e r e s  up t o  a t o t a l  o f  64 s p h e r e s  were  add ed  t o  c o n s t r u c t  a 4x4x4 cube 

a r o u n d  t h e  i n i t i a l  cube .  I n  t h e  s e c o n d  c a s e ,  t h e  i n t i a l  s e t  o f  e i g h t  

s p h e r e s  w e r e  p l a c e d  a t  t h e  c o r n e r  o f  a c u b e  a n d  t h e n  s e t s  o f  e i g h t

s p h e r e s  a d d e d  i n  t h e  d i r e c t i o n  o f  f l o w  e n c l o s i n g  t h e  i n i t i a l  c u b e

f o r m i n g  f o u r  c o l u m n s  o f  16 s p h e r e s  e a c h .  The v a l u e s  o f  t h e  d r a g  f o r c e

Fz n o n - d i m e n s i o n a l i z e d  by t h e  d r a g  f o r c e  on an  i s o l a t e d  s p h e r e  , on  e a c h

o f  t h e  e i g h t  s p h e r e s  which make up t h e  i n n e r m o s t  cube i s  p r e s e n t e d  f o r  

i n c r e a s i n g  number o f  s p h e r e s  J  i n  t h e  whole  c o n f i g u r a t i o n ,  i n  f i g u r e  22.  

T h e  d r a g  f o r c e  d e c r e a s e s  w i t h  i n c r e a s i n g  n u m b e r  o f  s p h e r e s  due  t o  

s h i e l d i n g  e f f e c t  o f  t h e  o u t e r  s p h e r e s  on t h e  i n n e r  s p h e r e s  i n  b o t h  

c a s e s ,  b u t  t h e  d r a g  d e c r e a s e s  a t  an  i n c r e a s i n g  r a t e  f o r  t h e  f i r s t  c a s e  

b e c a u s e  t h e  s h i e l d i n g  t o  t h e  i n n e r m o s t  s p h e r e  i s  f r o m  a l l  d i r e c t i o n s .  

A l s o  t h e  d e c r e a s e  i n  d r a g  f o r c e  i n  t h e  s e c o n d  c a s e  was most  when t h e  

number o f  s p h e r e s  was i n c r e a s e d  from 8  t o  16.

As a  c h e c k  f o r  t h e  p r e s e n t  m e t h o d ,  t h e  d r a g  f o r c e  on 64 s p h e r e s  

r i g i d l y  h e l d  i n  p l a c e  i n  a u n i f o r m  f lo w  a t  t h e  c o r n e r s  o f  a 4x4x4 s im p le  

c u b i c  a r r a y  ( s e e  f i g u r e  23 )  w e r e  c o m p a r e d  w i t h  t h o s e  o b t a i n e d  by t h e  

method  o f  D u r l o f s k y ,  Brady and B o s s i s  ( 1 9 8 7 ) .  F o r  a c e n t e r - t o - c e n t e r  

d i s t a n c e  o f  8 . 0 5 6  p a r t i c l e  d i a m e t e r s  we u s e d  two c o l l o c a t i o n  r i n g s  on 

e a c h  s p h e r e  and r e t a i n e d  t h e  f i r s t  two t e rm s  i n  t h e  F o u r i e r  s e r i e s .  Our 

r e s u l t s  o f  t h e  d r a g  f o r c e  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  f lo w  on e a c h  o f



t h e  64 s p h e r e s  matched w i t h  t h e  r e s u l t s  o f  D u r l o f s k y ,  B r a d y  a n d  B o s s  i s

( 1 9 8 7 )  t o  a t  l e a s t  f o u r  d ec im a l  p l a c e s .  T a b l e  5 g i v e s  a  c o m p a r i so n  o f

t h e  d r a g  f o r c e  on 64 s p h e r e s  o b t a i n e d  by  t h e  method o f  D u r l o f s k y  e t  a l

(1987)  F and by t h e  p r e s e n t  method F u^ n . The v a l u e s  o f  t h e  f o r c e
Z , UDD Z , HOr

a r e  p r e s e n t e d  f o r  s e t s  o f  e i g h t  s p h e r e s  h a v i n g  s y m m et ry  a b o u t  t h e  X, Y

and Z p l a n e s .

In  c o n c l u s i o n ,  we have d e m o n s t r a t e d  t h a t  t h e  t e c h n i q u e  d e v e l o p e d  i s  

e x t r e m e l y  a c c u r a t e  i n  p r e d i c t i n g  t h e  h y d ro d y n a m i c  i n t e r a c t i o n s  f o r  a 

f i n i t e  number o f  s p h e r e s  a r r a n g e d  a t  a n y  a r b i t r a r y  c o n f i g u r a t i o n  i n  

t h r e e - d i m e n s i o n a l  s p a c e .  For  a  symmet r ic  c o n f i g u r a t i o n s  t h e  c o l l o c a t i o n  

m a t r i x  ca n  be  r e d u c e d  by a s  much a s  a  f a c t o r  o f  64 a n d  t h i s  e n a b l e s  u s  

t o  s t u d y  hy dro dynamic  i n t e r a c t i o n s  b e tw e en  l a r g e  number o f  s p h e r e s .
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6. APPENDIX A

T h i s  a p p e n d i x  c o n t a i n s  t h e  c o o r d i n a t e  t r a n s f o r m a t i o n s  an d  

t r a n s f o r m a t i o n s  o f  t h e  u n i t  v e c t o r s  n e e d e d  t o  e x p r e s s  t h e  v e l o c i t y

d i s t u r b a n c e s  o f  t h e  j s p h e r e  i n  t e r m s  o f  a s p h e r i c a l  c o o r d i n a t e

sy s t em  whose o r i g i n  l i e s  a t  t h e  c e n t e r  o f  t h e  k *'*1 s p h e r e .

We s e e k  t o  r e l a t e  t h e  p o s i t i o n  o f  a n  a r b i t r a r y  p o i n t  i n  s p a c e  

r e l a t i v e  t o  t h e  s p h e r i c a l  c o o r d i n a t e s  whose o r i g i n  l i e s  a t  t h e  c e n t e r  o f

t h e  j s p h e r e  ( r j>  ^ j > ^ j) t o  t h e  s p h e r i c a l  c o o r d i n a t e s  o r i g i n a t i n g

f r o m  t h e  c e n t e r  o f  t h e  k *"*1 s p h e r e  ( r jc • ^ The s p h e r i c a l

c o o r d i n a t e s  ( r ^  , f l j ,  4> j) a r e  f i r s t  w r i t t e n  i n  t e rm s  o f  a  c a r t e s i a n  

c o o r d i n a t e  s y s t em  ( X j , y j  , z j ) whose o r i g i n  i s  a l s o  a t  t h e  c e n t e r  o f  t h e

s p h e r e  a s  f o l l o w s :

, 2 2  2 , 1/ 2  
rj  -  U j  + yj  + Zj  >

, 2  ̂ 2 , 1/2  
- 1  ( X 1 + V9,  -  t a n  [ J ] (A -1)

Zj

-1 y 1 <t>, -  t a n  [ __£ ]
J y

J

T h e n  t h e  c a r t e s i a n  c o o r d i n a t e s  ( x j » y j . z j )  a r e  r e l a t e d  t o  a  g l o b a l

c a r t e s i a n  c o o r d i n a t e  s y s t e m  (X,Y,Z) v i a  t h e  r e l a t i o n s

X -  x j  + bj



where  ( b j , , d j ) i s  t h e  l o c a t i o n  o f  t h e  c e n t e r  o f  t h e  j  s p h e r e  i n

t h e  g l o b a l  s y s t e m .  In  t u r n ,  t h e  g l o b a l  c o o r d i n a t e s  (X,Y,Z)  a r e  r e l a t e d  

t o  a c a r t e s i a n  s y s t em  (x ^ .  Yk ’ z k^ ŵ o s e  o r i g i n  l i e s  a t  t h e  c e n t e r  o f

t h e  k t b  s p h e r e  y i e l d i n g  t h e  e x p r e s s i o n

Xk "  X * b k

yk -  Y - c k  (A-3)

z k - z  - <*k

w h e r e  d^)  i s  t h e  c e n t e r  o f  t h e  k t b  s p h e r e  i n  t h e  g l o b a l  sys tem

(X ,Y ,Z ) .  Then t h e  c a r t e s i a n  c o o r d i n a t e s  (x ^ .  y ^ .  a r e  r e l a t e d  t o  a

s p h e r i c a l  c o o r d i n a t e  s y s t em  ( r ^ ,  9 h a v i n g  i t s  o r i g i n  a t  t h e  c e n t e r

o f  t h e  k t b  s p h e r e  a s  f o l l o w s :

k " r k s i n 0 .k c o s * k

k " r k sinfl .k s i n ^ k (A-4)

k - r k c o s  9, k

F i n a l l y  co m b in in g  ( A - l )  - (A-4)  and s i m p l i f y i n g  y i e l d s  (7 )  w h i c h  i s  t h e  

d e s i r e d  r e s u l t .
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The  u n i t  v e c t o r s  o f  n s p h e r i c a l  c o o r d i n a t e  s y s t e m  w h o s e  o r i g i n  l i e s

t h A  A

a t  t h e  c e n t e r  o f  t h e  1 s p h e r e  (e , e .  , e ,  ) a r e  r e l a t e d  t o  t h e  u n i t
r j  V  *i

A A A
v e c t o r s  (e  , e .  , e .  ) as  f o l l o w s .  We f i r s t  e x p r e s s  t h e  u n i t  v e c t o r s  r .  0. 4>' vk k k

A A A A A A
(e , e .  , e ,  ) i n  t e rm s  o f  c a r t e s i a n  u n i t  v e c t o r s  ( i ,  j ,  k) by  t h e  m a t r i x

i *J *S

e q u a t i o n :

r n r a
i

‘  A

e
r j

-

A

' ’ J
A

s i nt f j  c o s ^ j  s int f j  s ^n^j cosf l j

c o s 0 . cosd>. cos  6, stn<£ . - c o s  S.
J j J J J

- s i n ^
j

c o sd>. 
J

j (A- 5)

The s u b s c r i p t  h a s  been  d ro p p e d  from th e  c a r t e s i a n  u n i t  v e c t o r s  s i n c e  

t h e i r  d i r e c t i o n  i s  i n d e p e n d e n t  o f  t h e  o r i g i n  o f  t h e  c o o r d i n a t e  s y s tem .  

N e x t ,  t h e  c a r t e s i a n  u n i t  v e c t o r s  a r e  r e l a t e d  t o  t h e  u n i t  v e c t o r s  o f  t h e

s p h e r i c a l  c o o r d i n a t e  s y s t em  whose o r i g i n  l i e s  a t  t h e  k 1"*1 s p h e r e  v i a  t h e  

r e l a t i o n :

s i n ^  c ° s ^ k  c o s ^  c o s ^  - s i n ^
A

i -

A

j

A

k
.

s inf l^  s i n ^  cos tf^ c o s ^

c o s 0 . - s i n 9 ,

(A- 6 )

F i n a l l y  co m b in in g  (A-5) and ( A - 6 ) an d  s i m p l i f y i n g  y i e l d s  ( 8 ) a n d  ( 9 )  

w hich  i s  t h e  d e s i r e d  r e s u l t .



7. APPENDIX B

T h e  c o e f f i c i e n t s  o f  t h e  u n k n o w n  c o n s t a n t s  i n t r o d u c e d  i n  t h e  

c o l l o c a t i o n  s e r i e s  and shown i n  ( 1 1 ) o b t a i n e d  i n  t e rm s  o f  t h e  s p h e r i c a l

c o o r d i n a t e  s y s t e m  o f  t h e  s p h e r e  a f t e r  u s i n g  a l l  t h e  c o o r d i n a t e

t r a n s f o r m a t i o n s  o f  ap p e n d ix  A a r e :

For  V
r k

Ajkmn -  rj <n+1)t-" sin*]'  f4j ksinraV  sin*j f 7jkcosm^j 1 (h'l)
dP^(^ j pm̂  ̂  j

Bjkmn " r j (n+1>[ Sln6i f 7jksinm^ + m slnfl] ‘ f4jkcos" V  (B' 2)

C' -  r ‘ ( n + 2 ) [ -m f 7 , v s in ra^ .
jkran j  1 j   ̂ ^

dP“ ( £ . )
- ( (n+1) P” ( ^ )  f 1Jk + sinOj a^ - - J  fAjk) cosm^j] (B-3)

Djkmn ‘  rj (n+2>< - ‘ <n+1> f l jk+ s i " ' j  ^ J ^ . j k 1 s i ^ j

Pn(V
+ “ sin^j f 7jk COsm* j ] (B‘4)

r, n . (n-2) ?n«y f . .E' - ................  [ m     f.,., sinm^.jkmn 2/j(2n-l) n Sln*j 7Jk J

,  dPm(£ )
+ ( (n+1) P ^ )  f ljk+ <?:?> s i n ^  a^ - - 4  fAjk, cosm^j (B-5)
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r  ** dPra(£ )

Fj ‘“  ■ 2„ « „ : u  " <ntl) P- (V  V *  5l"'i V  S W J

.  < - ? )  p? « j ! f
n s *n^j J

cosm^, (B-6)

For Va :

.  (n+1) P" ( €l> aPn ^ i >
'jkmn " rj  [ ' a  s i n f l j " f 5 j kslnmV  s i n ^  f ^ c o s m ^  ] (B- 7)

jiunn " rj <n+1)l s l n *j a | j ” J f 8 j k sinm^ j + ra i i n j j -  f 5 jk C0Snl*j 1 (B‘ 8)

C "  -  r ‘ (n+2>r in Pn^ 4 ^  f  ctnmi 
jkmn rj  [ i l n S j  f 8jk  slnm*j

dp™<£<>
{ (n+1) p“ ( £ j )  f 2j k  + s i n 9 j d | j " ^  f 5 j k ’ cosni*j  ) <B‘ 9 )

_ r a ,

Dj t a ,„  -  r j ( n t 2 > i - K " * 1 ’ f 2Jk + s ‘ " * j  a [ j " ' j > f 5 j k l s l ™ * j

Pn( V
+ “  s in t f j  f 8 j k  cosm* J ] <B- 10>

E> i .  r .  ( n ; 2 ) Pn ^ j )  . .
jkmn 2 p ( 2 n - l )  n s i n *j 8 Jk  J

+ {(n+ 1 ) P™(Cj) f 2 j k + ” n * '  s l n *j f 5 jk*  cosm^ j

- n , m , * vf  dP (£ )
F ; /  -  - - J   [ { ( n + 1 ) p | V  ) f  + s i n * .  f  5 s inm*.

J 2 / i ( 2 n - l )  n j  2 j k  n j  d£ .  5 j k



(81-8)

r
r^uiujs

(n-a)

(9 1 - 8 )

(si-a)

(fi-a)

(ci-a)

(3 1 - 8 )

5lf6 ul *BS03 - * ».     tn
<r s O  ( J - 0 >

( " f ’ j  ' « •  l i l u )  ^  <r 5 > ^  ( ! « , , ]  -  T I L
< > V P u - J

W o  l ' ( h  C- ^ f  W  , -V ( W  ( U U ) , +
( ^ ) ^ d P  ^  ^  "

f *<uuTs ^  4 - - I ?  7 " "  ■ ] -( - - U- ^ -  -  ^ 3
( h ) uA U ' u) ^  " ' 3

f^uisoo ?VI? m +

^ u i u t s i ^ ^  f tfUTS +* f c 3  ( I + U ) ) . j f j  _  Uf ? f a
( J ^ P  (C+U)-

[ ^OSOD ( ^ > ) “ d ( I + U) l  -
( ‘ J V P

r*oiiT.  a . - ]  ^  -  Û 0
( ^  1(2+U)- ' " 3

[ ^ u i s o o ^ j  01 + f*aiuTs f *uTs] fa -  T ? l a

[ W o o 51̂  r - a ^ ? f Pu TS + r^uiuTs 5lf9j  ■ - ] / T. u / i  -  Û { \
( h ) l d  ( T + U ) ‘

\
■ A JOJ

f .  *fft ^0uTs u^IBSOD .  2 . 1 .    m _

( r S ) “ d < J - U)

15
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where  t h e  f u n c t i o n s  f , 4 t . i ~ l  t o  9,  j - 1  t o  J ,  k -1  t o  J  a r e  g i v e n  b y  ( 9 )l j  K

a n d  t h e  c o o r d i n a t e s  r j  ,  ̂j  ’ ^ j  c a n  w r i t t e n  i n  t e rm s  o f  r  ^  6 ^

u s i n g  ( 7 ) .

«
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8. APPENDIX C

The e x p r e s s i o n s  f o r  t h e  F o u r i e r  c o e f f i c i e n t s  i n  (17)  f o r  e a c h  o f  t h e  

v e l o c i t y  components  a r e  g i v e n  below:

For  t h e  r^com po nent  o f  v e l o c i t y :

A0 ( V  -  n - 1  (CkkOn CkkOn + EkkOn EkkOn)

M / V  “  n - m ' {(Ckkmn Ckkmn + EkkOn EkkOn)1 /cosm ^k 

Bm(ffk ) "  n - m ' [(Dkkmn Dkkmn + FkkOn FkkOn) 1 / s i n n ",ik

( C - l )

(C-2)

(C-3)

and

-  Uk w  ♦ Vk f ; < V  ♦ Wk f i ( *k )

where

♦ <°x>k f 4 < V  + <ny>k f 5<*k> + « V k

j - 1  m- 0  n-ra ^Ajkmn Ajkmn + +F' F j  kmn j  kmn ) (C-4)

-  s in f l ^  c o s ^ (C- 5)

f 2 <*k> -  s in f l ^  s i n ^ (C - 6 )

f 3 (*k> -  c o s 0 , k (C- 7 )

f 4 < V -  0 (C - 8 )

f 5 < V -  0 (C-9)

f 6 (V -  0 (C-10)
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For  t h e  9k component  o f  v e l o c i t y :

A6 ' ( V  -  n i l  <CkkO„ CkkOn + Ekkon Ekkon> <C' U )

A» < #k > -  n l » ’ l<Bkk»„BkV»n+ W W  ^ ^ k  (C' 12>

Bi'< *k >  -  n l « ’ l<Akk«„Aktan* Dkk»nDkton* Fkko„Ekio„> l / s l ™*k <C- 13)

and

where

+ <°*>k f 4 ' < V  + <°y>k f 5 ' ^ k >  + « V k  f 6 >(*k>

J

j - 1  m- 0  n-m (Ajkmn Ajkmn +
J * *

f i ' < V -  COS^k co s^

f 2 * < V -  c o s 0 k s i n ^

f 3 * < V -  - s i n 0 .k

f;*<v “  ' a k s l n *k

f 5 ' ( V -  a k  co s * k

f 6 ' < V -  0

+Fjkmn Fjkmn> <C' 14>

( C - 15) 

(C-16) 

( C - 17) 

( C - 18) 

( C - 19) 

(C-20)
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For  t h e  ^ c o m p o n e n t  o f  v e l o c i t y :

A6 " < V  ' n i l  <Ak k O n AkkOn> <C- 2 1 >

v < v  -  1 < \ k » mAk k ; „ + Dkk»„Dk k ; „ + Fkko„Fk k ; „ » ' /c<>s ^ k  < ° -2 2 >

B; " < * k >  -  „ ? „ ' i < Bk k » n Bk k ; „ +  c k k » „ c k k ; „ + Ek k o „ iW ' ' s i ™ * k  <c - 2 3 >

and

F " ' (V - Uk f i " (V + V k f 2 " < V + Wk f 3 " (V

+ (0 x ) k + (0 „ ) u  n " ( ^ )  + (0 . ) ,

where

y k 5 z k 6

- .S.  2» 2 ( A ' ' '  A..  + . . .  +FI ' ' F , ,  ) (C -24)j - 1  m- 0  n-m jkmn jkmn jkmn jkmn

f i " < V -  - s i n * k

f 2 " < V -  c o s ^ k

f i " < V -  0

f 4 " < V -  - a k  c o s ^ kc o s ^

f 5 " < V -  - a k  c o s 0 k s i n ^

f 6 " < V “  a k s i n \

(C-25)

(C-26)

(C-27)

(C-28)

(C-29)

(C-30)
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9. APPENDIX D

The unknown c o n s t a n t s  In  t h e  c o l l o c a t i o n  s e r i e s  f o r  two s y m m e t r i c

s p h e r e s a r e  e q u a l i n  m ag n i tu d e  and e q u a l  o r  o p p o s i t e  i n  s i g n  d ep e n d in g

on t h e  t y p e  o f  symmetry be tw e en  them. They a r e  l i s t e d  a s  f o l l o w s :

Symmetry a b o u t  t h e JL-Flane
•

Equal E j  kmn' ^ jk m n ’ E. .  , U. , W. & (fl ) , .  j k m n ’ j ’ j  y ' j

Opp. : Aj k m n ’ kmn’ . V. , ( 0  ) . & jk m n ’ j ’ x ' j (o z ) r

Symmetry a b o u t  t h e X P la n e

Equal Bjk m n ’ jkmn E,,  f o r  m-even;  jkmn

Aj k m n ’ Djkmn & F..  f o r  m-odd; V . ,  jkmn j ’ Mj &  ( 0 x ) j .

Opp. : Bj k m n ’ Cjkmn & E.,  f o r  m-odd; jkmn

Aj k m n ’ jkmn F. .  f o r  m-even;  U . , Jkmn j (ny)j& (nz)j.

Symmetry the Z P la ne:

Equal Aj  kmn •̂ Bjjyjjp f ° r  (m+n)-odd; Uj , Vj &: (oz ) j •

^ j k m n ’ Dj k m n ’ Ejkmn & Fjkmn f o r  (m+n)" e v e n .

Opp. j jkmn Bjkmn f o r  <ni+n)“ e v e n : wj  - < ° x >j  & ( ny > j '

Cj k m n ’ Dj k m n ’ Ejkmn & Fjkmn f o r  (“ +" > - ° d d -

A n t i - s y m m e t r y : I n  c a s e  o f  a n t i  - s y m m e t r y  t h e  e x i s t i n g  r e l a t i o n s  a r e  

r e v e r s e d  s o  t h e  e q u a l  c o n s t a n t s  becom e  o p p o s i t e  and v i c e - v e r s a .  For
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i n s t a n c e  when two s p h e r e s  a r e  s e t t l i n g  u n d e r  g r a v i t y  we h a v e

( h e r e  F -  g r a v i t a t i o n a l  f o r c e )  and we r e v e r s e  t h e  symmetry c o n d i t i o n s

o ra b o u t  t h e  Z p l a n e  i . e .  f o r  symmetry a b o u t  t h e  Z p l a n e  Aj j cn|n & ® j  kmn ^ 

(m+n)-odd a r e  o p p o s i t e ;  U, , V & (fi ) a r e  o p p o s i t e ;  W ,  ( f t ) .  & ( ( ? ) .
j j  z j  j  x j  y j

a r e  e q u a l  and so  on.

S p h e r e s  i n  o l a n e : When t h e  s p h e r e s  l i e  i n  any o f  t h e  symmetry p l a n e s

t h e n  t h e  o p p o s i t e  c o n s t a n t s  f o r  t h a t  p l a n e  o f  symmetry become z e r o .
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TABLE 1

V e l o c i t y  o f  two a x i s y m m e t r i c  s p h e r e s  f a l l i n g  u n d e r  g r a v i t y  a t  
d i f f e r e n t  s p a c i n g s .  N i s  t h e  number o f  bo u n d ar y  c o l l o c a t i o n  r i n g s  on 
e a ch  s p h e r e .

D i s t a n c e  be tw e en  s p h e r e  c e n t e r s  i n  s p h e r e  d i a m e t e r s ,  D/2a 
N 1 .002 45  1 .04534  1 .12763  1 .543 08  2 .3524 1 6 .132 29

2 1.5110 4 1.50066 1.48161 1.39993 1 .29 18 0 1.12081

4 1.55182 1.539 36 1.51672 1.423 04 1 .30230 1 .12160

6 1.55002 1.53818 1.51639 1.42358 1.3024 5 1 .121 60

8 1.55005 1.53763 1.51605 1.42359 1.30246

1 0 1.5500 0 1.53757 1.51599 1.42358 1.3024 6

1 2 1.54935 1.53758 1.51599 1.42358

14 1.54936 1.53759

16 1.54937 1.53759

18 1.54937

EXACT 1.54937 1.537 59 1.51599 1.142358 1.30246 1 .1216 0
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TABLE 2a

V e l o c i t i e s  o f  two spheres  s e t t l i n g  f r e e l y  under g r a v i t y  a t  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  — 0 . 0 ° ,  /? -  0 . 0 ° ,  D/2a — 2 .3 5 2 4 0 9 6 ,  N i s
t h e  number o f  r i n g s  on e a ch  s p h e r e ,  M i s  t h e  number o f  e i g e n f u n c t i o n s  
r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, Ox , and 0^ a r e

t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  component s .

N M U u ny

2 2 0 . 0 - 1 .1628 0 .0 3 4 4 4
2 3 0 . 0 -1 .1627 0 .0 3 4 4 3
2 4 0 . 0 -1 .1627 0 .03443

4 2 0 . 0 -1 .1642 0 .03381
4 3 0 . 0 -1 .1642 0 .03381
4 4 0 . 0 -1 .1 6 4 1 0 .03381
4 5 0 . 0 -1 .1 6 4 1 0 .03 38 1

6 2 0 . 0 -1 .1 6 4 2 0 .03383
6 3 0 . 0 -1 .1 6 4 1 0 .03383
6 4 0 . 0 -1 .1641 0 .03383

E xac t
S o l u t i o n  0 . 0  - 1 .1 6 4 1  0 .03383
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TABLE 2b

V e l o c i t i e s  o f  two s p h e r e s  s e t t l i n g  f r e e l y  under g r a v i t y  at an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  0 . 0 ° ,  0 -  3 0 . 0 ° ,  D / 2 a  -  2 . 3 5 2 4 0 9 6 ,  N 
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W,

0  and 0 z a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com pon en ts .

N M U W n
y

2 2 -0 .0 6 1 6 5 -1 .2 0 2 4 0 .02897
2 3 -0 .06063 -1 .2017 0 .02912
2 4 -0 .06059 - 1 .2017 0 .02913
2 5 -0 .06059 - 1 .2 0 1 7 0 .02913

4 2 -0 .06115 - 1 .1 9 9 4 0. 0 2 9 1 4
4 3 -0 .0 6 0 0 1 - 1 .1 9 8 7 0 .0 2 9 3 0
4 4 -0 .0 5 9 9 5 - 1 .1 9 8 7 0 .02 93 1
4 5 -0 .0 5 9 9 5 - 1 .1 9 8 7 0 .02931

6 2 - 0 .0 6 1 1 0 - 1 .1 9 9 4 0 .02913
6 3 -0 .0 5 9 9 6 - 1 .1 9 8 7 0 .0 2 9 3 0
6 4 -0 .05991 -1 .1 9 8 7 0 . 0 2 9 3 0
6 5 -0 .05991 - 1 .1 9 8 7 0 .0 2 9 3 0

Exac t
S o l u t i o n -0 .0 5 9 9 1 - 1 .1 9 8 7 0 .0 2 9 3 0
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TABLE 2c

V e l o c i t i e s  o f  two spheres  s e t t l i n g  f r e e l y  under g r a v i t y  a t  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  0 . 0 ° ,  -  6 0 . 0 ° ,  D/2a -  2 .3 5 2 4 0 9 6 ,  N
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, Q ,

(1 and (1y z
a r e t h e  t r a n s l a t i o n a l  and r o t a t i o n a l v e l o c i t y  com po nent s .

N M U W ny

2 2 -0 .04988 -1 .2 6 5 6 0 .01602
2 3 -0 .04977 -1 .2 6 5 5 0 .01611
2 4 - 0 .04 97 7 - 1 .2 6 5 5 0 .01611

4 2 -0 .05997 -1 .2 6 8 2 0 .0 1 6 7 9
4 3 -0 .05982 - 1 .2 6 7 9 0 .01691
4 4 -0 .05982 - 1 .2 6 7 9 0 .01691

6 2 -0 .0 6 0 0 6 - 1 .2 6 8 1 0 .01679
6 3 -0 .0 5 9 9 1 - 1 .2 6 7 9 0 .0 1 6 9 1
6 4 - 0 .05991 - 1 .2 6 7 9 0 .01691
6 5 -0 .05 99 1 - 1 .2 6 7 9 0 .0 1 6 9 1

E xac t
S o l u t i o n -0 .05991 - 1 .2 6 7 9 0 .01691
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TABLE 2d

V e l o c i t i e s  o f  t w o  s p h e r e s  s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  a t  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  0 . 0 ° ,  /? -  9 0 . 0 ° ,  D / 2 a  -  2 . 3 5 2 4 0 9 6 ,  N
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, fi^,

and Oz a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com pon en ts .

N M U W ny

2 1 0 . 0 - 1 . 2918 0 . 0

4 1 0 . 0 - 1 . 3023 0 . 0

6 1 0 . 0 - 1 . 3025 0 . 0

Ex ac t
S o l u t i o n  0 . 0  - 1 .3 0 2 5  0 . 0
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TABLE 2e
V e l o c i t i e s  o f  t w o  s p h e r e s  s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  a t  a n

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  3 0 . 0 ° ,  f) -  0 . 0 ° ,  D / 2 a  -  2 . 3 5 2 4 0 9 6 ,  N 
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, fl ,

0 ^ and flz a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com pon en ts .

N M U V u fl
X

fly fl
z

2 2 0 . 0 0 . 0 - 1 .1 6 2 8 0.0172 2 0 .02 98 2 0 . 0

2 3 0 . 0 0 . 0 -1 .1 6 2 7 0 .0172 2 0 .029 82 0 . 0

2 4 0 . 0 0 . 0 -1 .1 6 2 7 0 .0172 2 0 .029 82 0 . 0

4 2 0 . 0 0 . 0 -1 .1 6 4 2 0 .0 1 6 9 0 0 .02928 0 . 0

4 3 0 . 0 0 . 0 -1 .1642 0. 01690 0 .02928 0 . 0
4 4 0 . 0 0 . 0 -1 .1 6 4 2 0. 01690 0 .02928 0 . 0

6 2 0 . 0 0 . 0 -1 .1 6 4 2 0 .0169 2 0 .0 2 9 3 0 0 . 0

6 3 0 . 0 0 . 0 -1 .1 6 4 1 0. 01691 0 .0 2 9 3 0 0 . 0
6 4 0 . 0 0 . 0 -1 .1 6 4 1 0 .01 69 1 0 .0 2 9 3 0 0 . 0

Exac t
S o l u t i o n 0 . 0 0 . 0 -1 .1 6 4 1 0. 01691 0 .0 2 9 3 0  0 . 0
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TABLE 21

V e l o c i t i e s  o f  two s p h e r e s  s e t t l i n g  f r e e l y  under g r a v i t y  at  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  3 0 . 0 ° ,  fi -  3 0 . 0 ° ,  D/2a -  2 . 3 5 2 4 0 9 6 ,  N 
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W,

0  and flz a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com po nent s .

N M U V W n
X

ny n
z

2 2 -0 .0 5 3 3 9 -0 .0 3 0 8 3 - 1 .2 0 2 4 0 .01 44 9 0 .0 2 5 0 9 0 . 0

2 3 -0 .0 5 2 5 1 -0 .03031 -1 .2 0 1 7 0 .01456 0 .02522 0 . 0

2 4 -0 .0 5 2 4 7 -0 .0 3 0 3 0 -1 .2 0 1 7 0 .01456 0 .0 2 5 2 3 0 . 0

2 5 - 0 .0 5 2 4 7 -0 .0 3 0 3 0 -1 .2 0 1 7 0 .01456 0 .0 2 5 2 3 0 . 0

4 2 -0 .0 5 2 9 6 -0 .03058 - 1 .1 9 9 4 0 .01 45 7 0 . 0 2 5 2 4 0 . 0
4 3 -0 .0 5 1 9 7 -0 .03001 -1 .1 9 8 7 0 .01465 0. 02538 0 . 0

4 4 -0 .0 5 1 9 2 -0 .02998 -1 .1 9 8 7 0 .01466 0 .0 2 5 3 9 0 . 0
4 5 -0 .0 5 1 9 2 -0 .0 2 9 9 8 -1 .1 9 8 7 0 .01466 0 .0 2 5 3 9 0 . 0

6 2 -0 .0 5 2 9 2 -0 .0 3 0 5 5 - 1 .1 9 9 4 0 .01456 0 .0 2 5 2 2 0 . 0
6 3 -0 .0 5 1 9 3 -0 .0 2 9 9 8 -1 .1 9 8 7 0 .01464 0 .0 2 5 3 6 0 . 0
6 4 -0 .0 5 1 8 8 -0 .0 2 9 9 5 - 1 .1 9 8 7 0 .01465 0 .02537 0 . 0

E xac t
S o l u t i o n  - 0 .0 5 1 8 8  -0 .0 2 9 9 5  - 1 .1 9 8 7  0 .01465  0 .0 2 5 3 7  0 . 0
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TABLE 2g

V e l o c i t i e s  o f  two s p h e r e s  s e t t l i n g  f r e e l y  under gr av i t y  at  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  3 0 . 0 ° ,  fi -  6 0 . 0 ° ,  D/2a -  2 . 3 5 2 4 0 9 6 ,  N 
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, 0  ,
Q andy flz a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  co mponen ts .

N M U V W n
X

ny n
z

2 2 -0 .0 4 3 2 0 -0 .0 2 4 9 4 - 1 .2 6 5 6 0.00801 0 .01 388 0 . 0
2 3 -0 .0 4 3 1 0 -0 .0 2 4 8 9 -1 .2 6 5 5 0 .00 805 0 .0139 5 0 . 0
2 4 -0 .0 4 3 1 0 -0 .0 2 4 8 9 -1 .2 6 5 5 0 .008 05 0 .0139 5 0 . 0

4 2 -0 .0 5 1 9 3 -0 .0 2 9 9 8 -1 .2 6 8 2 0 .00 83 9 0 .01454 0 . 0
4 3 - 0 .0 5 1 8 0 -0 .0 2 9 9 1 - 1 .2 6 7 9 0 .00 84 5 0 .0146 4 0 . 0
4 4 - 0 .0 5 1 8 0 -0 .0 2 9 9 1 - 1 .2 6 7 9 0 .00845 0. 01464 0 . 0

6 2 -0 .0 5 2 0 1 - 0 .0 3 0 0 3 - 1 .2 6 8 1 0 .0 0 8 4 0 0 .01454 0 . 0
6 3 -0 .0 5 1 8 8 -0 .0 2 9 9 6 - 1 .2 6 7 9 0 .008 41 0 .014 65 0 . 0
6 4 -0 .0 5 1 8 8 -0 .0 2 9 9 5 - 1 .2 6 7 9 0 .00846 0 .01465 0 . 0

E x ac t
S o l u t i o n -0 .0 5 1 8 8 ■0.02995 •1.2679 0. 00846 0 .01 465 0 . 0
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TABLE 2h

V e l o c i t i e s  o f  two s p h e r e s  s e t t l i n g  f r e e l y  under g r a v i t y  at  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  6 0 . 0 ° ,  ft -  0 . 0 ° ,  D / 2 a  -  2 . 3 5 2 4 0 9 6 ,  N 
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, fl ,

fl andy flz a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com pon en ts .

N M U V w n
X

ny n z

2 2 0 . 0 0 . 0 - 1 .1 6 2 8 0 .02982 0 .01726 0 . 0
2 3 0 . 0 0 . 0 - 1 .1 6 2 8 0 .02982 0 .01727 0 . 0
2 4 0 . 0 0 . 0 -1 .1 6 2 7 0 .02982 0 .01722 0 . 0
2 5 0 . 0 0 . 0 - 1 .1 6 2 7 0 .02982 0 .0172 2 0 . 0

4 2 0 . 0 0 . 0 - 1 .1642 0 .02928 0 .0 1 6 9 0 0 . 0
4 3 0 . 0 0 . 0 - 1 .1642 0 .0 2 9 2 8 0 . 0 1 6 9 0 0 . 0
4 4 0 . 0 0 . 0 - 1 .1 6 4 1 0 .0 2 9 2 8 0 . 0 1 6 9 0 0 . 0

6 2 0 . 0 0 . 0 -1 .1 6 4 2 0 .0 2 9 3 0 0. 01692 0 . 0
6 3 0 . 0 0 . 0 -1 .1 6 4 1 0 . 0 2 9 3 0 0 .016 91 0 . 0
6 4 0 . 0 0 . 0 - 1 .1 6 4 1 0 . 0 2 9 3 0 0. 01691 0 . 0

E x ac t
S o l u t i o n 0 . 0 0 . 0 ■1.1641 0 .0 2 9 3 0 0. 01691 0 . 0
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TABLE 21

V e l o c i t i e s  o f  two spheres  s e t t l i n g  f r e e l y  under g r a v i t y  a t  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  6 0 . 0 ° ,  p -  3 0 . 0 ° ,  D/2a -  2 .3 5 2 4 0 9 6 ,  N 
I s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M I s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  In  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, 0  ,

(1 andy 0 z a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com po nent s .

N M U V W n
X

n
y

n z

2 2 -0 .0 3 0 8 3 -0 .05339 - 1 .2 0 2 4 0 .0 2 5 0 9 0 .0 1 4 4 9 0 . 0
2 3 -0 .0 3 0 3 2 -0 .05251 -1 .2 0 1 7 0 .02522 0 .01 45 6 0 . 0
2 4 - 0 .0 3 0 3 0 -0 .05247 -1 .2 0 1 7 0 .02525 0 .01 45 6 0 . 0
2 5 - 0 .0 3 0 3 0 -0 .05247 -1 .2 0 1 7 0 .02523 0 .01456 0 . 0

4 2 -0 .0 3 0 5 8 -0 .0 5 2 9 6 -1 .1 9 9 4 0. 02524 0 .01 457 0 . 0
4 3 - 0 .0 3 0 0 0 -0 .051 97 -1 .1987 0 .0253 7 0 .0 1 4 6 5 0 . 0
4 4 -0 .0 2 9 9 8 -0 .05192 -1 .1 9 8 7 0 .02539 0 .0146 6 0 . 0
4 5 - 0 .0 2 9 9 8 -0 .05192 -1 .1 9 8 7 0. 02539 0 .0 1 4 6 6 0 . 0

6 2 -0 .0 3 0 5 5 -0 .05292 - 1 .1 9 9 4 0 .0252 2 0 .01456 0 . 0
6 3 - 0 .0 2 9 9 8 -0 .05193 - 1 .1 9 8 7 0.02536 0 .0 1 4 6 4 0 . 0
6 4 - 0 .0 2 9 9 5 -0 .05188 -1 .1 9 8 7 0.02537 0 .01465 0 . 0
6 5 - 0 .0 2 9 9 5 -0 .0 5 1 8 8 -1 .1 9 8 7 0 .0253 7 0 .01465 0 . 0

t a c t
j l u t i o n -0 .0 2 9 9 5 -0 .0 5 1 8 8 - 1 .1 9 8 7 0.02537 0 .01465 0 . 0
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TABLE 2 j

V e l o c i t i e s  o f  two s p h e r e s  s e t t l i n g  f r e e l y  under g r a v i t y  at  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  6 0 . 0 ° ,  0  -  6 0 . 0 ° ,  D/2a -  2 . 3 5 2 4 0 9 6 ,  N
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  in  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, fl ,
fl andy flz a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com pon en ts .

N M U V U n
X

ny n
z

2 2 -0 .0 2 4 9 4 -0 .0 4 3 2 0 - 1 .2 6 5 6 0 .01388 0 . 0 0 8 0 1 0 . 0
2 3 -0 .0 2 4 8 9 - 0 .0 4 3 1 0 - 1 .2 6 5 5 0 .01395 0 .0 0 8 0 5 0 . 0
2 4 -0 .0 2 4 8 9 -0 .0 4 3 1 0 - 1 .2 6 5 5 0 .01395 0 . 0 0 8 0 5 0 . 0

4 2 -0 .0 2 9 9 8 -0 .0 5 1 9 3 - 1 .2 6 8 2 0 .0 1 4 5 4 0 . 0 0 8 3 9 0 . 0
4 3 -0 .0 2 9 9 1 - 0 .0 5 1 8 0 - 1 .2 6 7 9 0 .0 1 4 6 4 0 . 0 0 8 4 5 0 . 0
4 4 -0 .0 2 9 9 1 -0 .0 5 1 8 0 - 1 .2 6 7 9 0 .0 1 4 6 4 0 . 0 0 8 4 5 0 . 0

6 2 -0 .0 3 0 0 3 -0 .0 5 2 0 1 - 1 .2 6 8 1 0 .0 1 4 5 4 0 .0 0 8 4 0 0 . 0
6 3 -0 .0 2 9 9 6 -0 .0 5 1 8 8 - 1 .2 6 7 9 0 .0 1 4 6 5 0 .0 0 8 4 6 0 . 0
6 4 -0 .0 2 9 9 5 -0 .0 5 1 8 8 - 1 .2 6 7 9 0 .01465 0 . 0 0 8 4 6 0 . 0

Ex ac t
S o l u t i o n •0 .02995 -0 .05188  - 1 .2 6 7 9 0 .01465 0 .0 0 8 4 6  0 . 0
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TABLE 2k

V e l o c i t i e s  o f  two s p h e r e s  s e t t l i n g  f r e e l y  under g r a v i t y  at an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  9 0 . 0 ° ,  -  0 . 0 ° ,  D / 2 a  -  2 . 3 5 2 4 0 9 6 ,  N
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, O ,

0  and n  y z a r e t h e  t r a n s l a t i o n a l a n d  r o t a t i o n a l v e l o c i t y  component

N M V V n
X

2 2 0 . 0 - 1 .1 6 2 8 0 .03444
2 3 0 . 0 -1 .1 6 2 8 0 .0 3 4 4 3
2 4 0 . 0 -1 .1 6 2 7 0 .03443

4 2 0 . 0 - 1 .1 6 4 2 0 .03381
4 3 0 . 0 -1 .1 6 4 2 0 .03381
4 4 0 . 0 -1 .1 6 4 1 0 .03381

6 2 0 . 0 -1 .1 6 4 2 0 .03383
6 3 0 . 0 -1 .1 6 4 1 0 .0 3 3 8 3
6 4 0 . 0 - 1 .1 6 4 1 0 .03383

Exac t
S o l u t i o n 0 . 0 -1 .1 6 4 1 0 .0 3 3 8 3
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TABLE 21

V e l o c i t i e s  o f  two s p h e r e s  s e t t l i n g  f r e e l y  under g r a v i t y  at an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  9 0 . 0 ° ,  p -  3 0 . 0 ° ,  D/2a  -  2 . 3 5 2 4 0 9 6 ,  N 
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, flx>

0 ^ and flz a r e  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com po nen ts .

N M V U n
X

2 2 -0 .0 6 1 6 4 - 1 .2 0 2 4 0 .02897
2 3 -0 .0 6 1 0 1 - 1 . 2 0 2 0 0 .02906
2 4 -0 .0 6 0 5 9 -1 .2 0 1 7 0 .02913
2 5 -0 .0 6 0 5 9 -1 .2 0 1 7 0 .0 2 9 1 3

4 2 -0 .0 6 1 1 5 - 1 .1 9 9 4 0 .0 2 9 1 4
4 3 -0 .0 6 0 0 1 - 1 .1987 0 . 0 2 9 3 0
4 4 -0 .0 5 9 9 5 -1 .1 9 8 7 0.02931
4 5 -0 .0 5 9 9 5 - 1 .1987 0 .02931

6 2 -0 .0 6 1 1 0 - 1 .1 9 9 4 0 .0 2 9 1 3
6 3 -0 .0 5 9 9 6 - 1 .1987 0 . 0 2 9 3 0
6 4 -0 .0 5 9 9 1 -1 .1987 0 . 0 2 9 3 0
6 5 -0 .0 5 9 9 1 - 1 .1987 0 . 0 2 9 3 0

Ex ac t
S o l u t i o n -0 .05991 - 1 .1987 0 . 0 2 9 3 0
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TABLE 2b

V e l o c i t i e s  o f  two spheres  s e t t l i n g  f r e e l y  under g r a v i t y  a t  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  9 0 . 0 ° ,  fi -  6 0 . 0 ° ,  D/2a -  2 .3 5 2 4 0 9 6 ,  N 
i s  t h e  n u m b e r  o f  r i n g s  o n  e a c h  s p h e r e ,  M i s  t h e  n u m b e r  o f  
e i g e n f u n c t i o n s  r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, n  ,

ft and fty z a r e t h e  t r a n s l a t i o n a l and r o t a t i o n a l v e l o c i t y  components

N M V U ft
X

2 2 -0 .0 4 9 9 0 - 1 .2656 0 .016 02
2 3 -0 .049 77 - 1 .2655 0 .01611
2 4 -0 .0 4977 -1 .2 6 5 5 0 .016 11

4 2 -0 .0 5997 -1 .2 6 8 2 0 .01679
4 3 -0 .059 82 -1 .2 6 7 9 0 .01691
4 4 -0 .059 82 -1 .2 6 7 9 0 .01691

6 2 -0 .060 06 - 1 .2 6 8 1 0 .0 1 6 7 9
6 3 -0 .059 91 - 1 .2 6 7 9 0. 01691
6 4 -0.05 99 1 - 1 .2 6 7 9 0. 01691

Exac t
S o l u t i o n -0 .059 91 -1 .2 6 7 9 0 .01691
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TABLE 3

V e l o c i t i e s  o f  two spheres  s e t t l i n g  f r e e l y  under g r a v i t y  a t  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  0 . 0 ° ,  fi — 6 0 . 0 ° ,  D/2a -  1 . 127626 ,  N i s
th e  number o f  r i n g s  on e a ch  s p h e r e ,  M I s  t h e  number o f  e i g e n f u n c t i o n s
r e t a i n e d  In  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, ft , 0  and ft a r ex y z
t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  com po nen ts .

N M U U fty

2 2 -0 .03166 -1 .4 6 6 3 0 .0 5 5 4 4
2 3 -0 .0 3 0 4 6 -1 .4661 0 .056 67
2 4 -0 .0 3 0 3 5 -1.4662. 0 .05669
2 5 -0 .0 3 0 3 4 -1 .4662 0.05669
2 6 -0 .03034 -1 .4662 0 .0 5 6 6 9

4 2 -0 .06595 -1 .4 7 7 8 0.06293
4 3 -0 .065 22 -1 .4 7 7 8 0 .06566
4 4 -0 .0 6 5 2 0 -1 .4777 0 . 0 6 5 7 0
4 5 -0 .0 6 5 2 0 -1 .4 7 7 7 0 .06569
4 6 -0 .0 6 5 2 0 -1 .4777 0 .0 6 5 6 9

6 2 -0 .0 6 6 1 7 -1 .4 7 9 4 0 .06282
6 3 -0 .0 6 5 4 0 -1 .4782 0 .06616
6 4 -0 .0 6 5 3 8 -1 .4781 0 .0 6 6 2 4
6 5 -0 .0 6 5 3 8 - 1 .4781 0 .06625
6 6 -0 .0 6 5 3 8 -1 .4781 0 .0 6 6 2 3
6 7 -0 .06538 -1 .4781 0 .06623

8 2 -0 .0 6 6 3 5 - 1 .4795 0 .06238
8 3 -0 .06543 -1 .4 7 8 3 0 .06585
8 4 -0 .06542 -1 .4782 0 .0 6 5 8 3
8 5 -0 .06542 -1 .4 7 8 2 0 .06575
8 6 -0 .06542 -1 .4 7 8 2 0 .0 6 5 7 4
8 7 - 0 .06542 -1 .4 7 8 2 0 .0 6 5 7 4

1 0 2 -0 .0 6 6 4 0 -1 .4 7 9 5 0 .06236
1 0 3 -0 .0 6 5 4 7 -1 .4 7 8 3 0 .0 6 5 7 8
1 0 4 -0 .06547 -1 .4 7 8 2 0 .0 6 5 8 0
1 0 5 -0 .0 6 5 4 7 -1 .4782 0 .06572
1 0 6 - 0 .06547 -1 .4782 0 . 0 6 5 7 0
1 0 7 -0 .0 6 5 4 7 -1 .4 7 8 2 0 .06571

Exac t
S o l u t i o n -0 .06547 -1 .4 7 8 2 0.06571
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TABLE 4

F o r c e  a n d  T o r q u e  e x e r t e d  by two u n e q u a l  s p h e r e s  moving p e r p e n d i c u l a r  
t o  t h e  l i n e  j o i n i n g  t h e i r  c e n t e r s  w i t h  e q u a l  v e l o c i t i e s .  a ^ / a j ^ . O ,

S / a 2 ~ 1 . 0 , N i s  t h e  number o f  c o l l o c a t i o n  r i n g s  on e a ch  s p h e r e ,  M i s

t h e  o r d e r  o f  t r u n c a t i o n  o f  F o u r i e r  s e r i e s .

N M
F 1 T 1 F 2

T
2

2 2 0 .8 7 5 4 0 .0 6 4 9 0 .6 5 4 0 - 0 .0 8 1 7
2 3 0 .8 7 5 0 0 .0 6 5 5 0 .6 5 9 5 - 0 .0 8 1 6
2 4 0 .8 7 4 8 0 .0658 0 .6612 - 0 .0 8 1 6
2 5 0 .8 7 4 7 0 .0659 0 .6617 - 0 .0 8 1 6
2 6 0 .8 7 4 7 0 .0 6 6 0 0 .6 6 1 8 - 0 .0 8 1 6

4 2 0 . 8 6 9 1 0 .0 5 8 0 0 .6 5 6 1 - 0 .0 7 8 7
4 3 0 .8 6 8 4 0 .0584 0 .6602 - 0 .0 7 8 7
4 4 0 .8 6 8 1 0 .0585 0 .6 6 1 3 - 0 .0 7 8 3
4 5 0 . 8 6 8 0 0 .0 5 8 6 0 .6 6 1 5 - 0 .0 7 8 3
4 6 0 .8 6 8 0 0 .0 5 8 6 0 .6 6 1 6 - 0 .0 7 8 3

6 2 0 . 8 6 9 7 0 .0 5 8 9 0 .6 5 6 1 - 0 .0 7 8 6
6 3 0 . 8 6 9 1 0 .0 5 9 4 0 .6 6 0 2 -0 .0 7 8 2
6 4 0 . 8 6 8 9 0 . 0 5 9 6 0 .6 6 1 2 - 0 .0 7 8 1
6 5 0 . 8 6 8 8 0 .0 5 9 6 0 .6 6 1 5 - 0 .0 7 8 1
6 6 0 . 8 6 8 8 0 .0 5 9 6 0 .6 6 1 6 - 0 .0 7 8 1

8 2 0 .8 6 9 6 0 . 0 5 8 9 0 .6 5 6 1 - 0 .0 7 8 6
8 3 0 .8 6 9 0 0 .0 5 9 3 0 .6 6 0 2 - 0 .0 7 8 2
8 4 0 .8 6 8 7 0 . 0 5 9 5 0 .6 6 1 3 - 0 .0 7 8 1
8 5 0 . 8 6 8 6 0 .0 5 9 6 0 .6 6 1 6 - 0 .0 7 8 1
8 6 0 . 8 6 8 6 0 .0596 0 .6 6 1 6 - 0 .0 7 8 1

Ex ac t S o l u t i o n s 0 . 8 6 8 6 0 .0 5 9 6 0 .6 6 1 6 - 0 .0 7 8 1
o f  Da vi s  (1969)
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TABLE 5

C o m p a r i s o n  o f  r e s u l t s  f o r  d r a g  f o r c e  on 64 s p h e r e s  r i g i d l y  h e l d  i n  a 
u n i f o r m  f low  a t  t h e  c o r n e r s  o f  a  4x4x4 s i m p le  cube .

S e t  P o s i t i o n  o f  t h e  8  s p h e r e s  i n  t h e  s e t
No. sym m et r i c  a b o u t  t h e  X, Y & Z p l a n e s  F . . .  F „

Z , D d d  Z , H U r

( O.o,  
( 0 . 0 ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

0 . 0 ,
0 . 0 ,
0 . 0 ,
0 . 0 ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16.1)

( o . o ,  
( o . o ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

-16 . 1 ,
-16 . 1 ,
-16 .1 ,
-16 . 1 ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16.1)

0.2619 0.2619

( o . o ,  
( o . o ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

0 . 0 ,
0 . 0 ,
0 . 0 ,
0 . 0 ,

16.1)
- 32 .2)
16.1)

- 32 .2)

( o . o ,  
( o . o ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

- 16 . 1 ,
- 16 .1 ,
- 16 .1 ,
- 16 .1 ,

16.1)
- 32 .2)

16.1)
- 32 .2)

0.3198 0.3198

( 16.1 ,  
( 16 .1 ,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

0 . 0 ,
0 . 0 ,
0 . 0 ,
0 . 0 ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

( 16.1 ,  
( 16 .1 ,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

- 16 . 1 ,
- 16 . 1 ,
- 16 . 1 ,
-16 .1 ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

0.3442 0.3442

( 16.1 ,  
( 16.1,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

0 . 0 ,
0 . 0 ,
0 . 0 ,
o . o ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

( 16.1 ,  
( 16 .1 ,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

- 16 . 1 ,
- 16 . 1 ,
- 16 . 1 ,
- 16 . 1 ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

0.4006 0.4006

( o . o ,  
( o . o ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

16.1,
16.1,
16.1,
16.1,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

( o . o ,  
( o . o ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

- 32 . 2 ,
- 32 . 2 ,
- 32 . 2 ,
- 32 . 2 ,

0 . 0 )
-16 . 1 )

0 . 0 )
- 16 .1)

0.3442 0.3442

( o . o ,  
( o . o ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

16.1,
16.1,
16.1,
16.1,

16.1)
-32.2)
16.1)

- 32 .2)

( o . o ,  
( o . o ,  
( - 1 6 . 1 ,  
( - 1 6 . 1 ,

- 32 . 2 ,
-32 .2 ,
- 32 . 2 ,
- 32 . 2 ,

16.1)
- 32 .2)
16.1)

-32 . 2 )

0.4006 0.4006

( 16.1 ,  
( 16 .1 ,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

16.1,
16.1,
16.1,
16.1,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

( 16.1.  
( 16.1,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

- 32 . 2 ,
- 32 .2 ,
- 32 . 2 ,
-32 . 2 ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

0.4174 0.4174

( 16 . 1 ,  
( 16 .1 ,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

16.1,
16.1,
16.1,
16.1,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

( 16.1,  
( 16.1,  
( - 3 2 . 2 ,  
( - 3 2 . 2 ,

- 32 . 2 ,
- 32 . 2 ,
- 32 . 2 ,
- 32 .2 ,

0 . 0 )
- 16 .1)

0 . 0 )
- 16 .1)

0.4700 0.4700
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j ,nsphere
<■" —
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Figure 1. Geometry for system of  J spheres in three-dimensional space
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F ig u r e  2.  Two s p h e r e s  s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  a t  a n  a r b i t r a r y  o r i e n t a t i o n .
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Figure  3. C o l l o c a t i o n  m a t r i x  f o r  two s p h e r e s  w i t h  two 
c o l l o c a t i o n  r i n g s  and two te rm s  i n  t h e  F o u r i e r  s e r i e s .
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Figure 5. Mult i -part i c l e  configuration of  f ive  spheres.
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Figure 7. Steady configuration of  s i x  spheres f a l l i n g  under gravity.
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F i g u r e  9 .  S ch em at ic  o f  a s p h e r e  s e t t l i n g  u n d e r  g r a v i t y  t h r o u g h  two 
f i x e d  s p h e r e s  i n  a v e r t i c a l  p l a n e .
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F i g u r e  10.  Schem at ic  o f  a s p h e r e  s e t t l i n g  u n d e r  g r a v i t y  t h r o u g h  t h r e e  
f i x e d  s p h e r e s  p l a c e d  a t  t h e  v e r t i c e s  o f  a h o r i z o n t a l  e q u i l a t e r a l  
t r i a n g l e .
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Figure  11. P l o t  o f  th e  s e t t l i n g  v e l o c i t y  o f  a sp h e r e  W, f a l l i n g  t h ro u g h  two f i x e d  sp her es  of 
r a d i i  a ,  a t  d i f f e r e n t  v e r t i c a l  d i s t a n c e s  H /a ,  from t h e  p l a n e  o f  f i x e d  s p h e r e s  a t  va r io us  
i n t e r p a r t i c l e  s p a c in g s  between th e  f i x e d  s p h e r e s  D/2a.
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F i g u r e  23.  Schemat i c  o f  64 I d e n t i c a l  s p h e r e s  r i g i d l y  h e l d  I n  a  s im p le  
c u b i c  a r r an g e m e n t  i n  a  u n i fo rm  f l ow .  The l e n g t h  o f  t h e  s i d e  o f  t h e  
s m a l l e s t  u n i t  c e l l  (c ube)  i s  16 .112 r a d i i .
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ABSTRACT

The b o u n d a r y  c o l l o c a t i o n  t r u n c a t e d  s e r i e s  s o l u t i o n  method p r e s e n t e d  

i n  c h a p t e r  1 i s  m o d i f i e d  a n d  e x t e n d e d  t o  o b t a i n  t h e  h y d r o d y n a m i c  

i n t e r a c t i o n s  o f  m u l t i p l e  s p h e r e s  s u s p en d e d  f r e e l y  i n  a s h e a r  f lo w  a n d / o r  

P o i s e u i l l e  f lo w  a t  low Reynolds  number .  A l th o u g h  t h e  method o f  s o l u t i o n  

i s  e x a c t ,  i t  i s  p r o h i b i t i v e l y  t ime consuming f o r  u s e  i n  f o l l o w i n g  th e  

t ime d e p e n d e n t  m o t io n  o f  c l u s t e r s  c o n t a i n i n g  more t h a n  t h r e e  p a r t i c l e s ,  

e s p e c i a l l y  a t  c l o s e  s p a c i n g s .  Time d e p e n d e n t  s o l u t i o n s  o f  m u l t i p l e  

s p h e r e s  i n  a s h e a r  f low a r e  o b t a i n e d  by a p a i r e d  i n t e r a c t i o n  t e c h n i q u e  

u s i n g  t h e  tw o  s p h e r e  e x a c t  s o l u t i o n s .  The r e s u l t s  o f  t h e  p a i r e d  

i n t e r a c t i o n  t e c h n i q u e  a r e  t h e n  compared w i t h  t h e  " e x a c t "  s o l u t i o n s  o f  

t h e  p r e s e n t  method f o r  c e r t a i n  i n s t a n t a n e o u s  c o n f i g u r a t i o n s  t o  c h e ck  th e  

v a l i d i t y  o f  t h e  t i m e  d e p e n d e n t  s o l u t i o n s  o b t a i n e d  f r o m  p a i r e d  

i n t e r a c t i o n  t h e o r y .  O t h e r  i n t e r e s t i n g  a p p l i c a t i o n s  o f  t h e  t h e o r y  

p r e s e n t e d  i n  t h i s  c h a p t e r  i n c l u d e  t h e  t i m e  d e p e n d e n t  m o t i o n  o f  t h r e e  

s p h e r e s  w i t h  f i x e d  i n t e r p a r t i c l e  s p a c i n g s  i n  s h e a r  f l o w ,  t h e  m o t io n  o f  a 

s i n g l e  s p h e r e  i n  t h e  p r e s e n c e  o f  o t h e r  f i x e d  s p h e r e s  t o  s t u d y  t h e  

r e s u s p e n s i o n  p h e n o m e n o n  i n  s h e a r  f lo w  and t h e  m o t io n  o f  m u l t i p a r t i c l e  

c o n f i g u r a t i o n  o f  13 s p h e r e s  i n  P o i s e u i l l e  f l ow t o  s t u d y  t h e  m i g r a t i o n  o f  

p a r t i c l e s  f rom r e g i o n  o f  h i g h  s h e a r  t o  r e g i o n  o f  low s h e a r .
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1. INTRODUCTION

K n o w l e d g e  o f  t h e  h y d r o d y n a m i c  i n t e r a c t i o n  f o r  m u l t i p a r t i c l e  

c o n f i g u r a t i o n s  i n  s h e a r  o r  P o i s e u i l l e  f l o w  i s  e s s e n t i a l  i n  p r e d i c t i n g  

t h e  r h e o l o g i c a l  b e h a v i o r  o f  s u s p e n s i o n s .  S u s p e n s i o n s  p r o v i d e  a n  

e c o n o m ic a l  way o f  t r a n s p o r t i n g  l a r g e  q u a n t i t i e s  o f  s o l i d  p a r t i c u l a t e  

m a t e r i a l  i n  i n d u s t r y ,  s u c h  a s  p u l p  h a n d l i n g  i n  p a p e r  m a n u f a c t u r e  and 

p e t r o l e u m  p r o c e s s i n g  i n  f l u i d i z e d  b e d s .  S e l f  d i f f u s i o n  o f  c e l l s  i n  

b i o o d  w h i c h  c o n t a i n s  a h i g h  v o l u m e  f r a c t i o n  o f  p a r t i c l e s  ( -  0 . 4 )  i s  

a l s o  o f  g r e a t  i m p o r t a n c e .  H o w e v e r ,  a s  y e t  no  e x a c t  m u l t i p a r t i c l e  

hyd rodynamic  i n t e r a c t i o n  t h e o r y  e x i s t s  f o r  s h e a r  and P o i s e u i l l e  f l o w s .

E x ac t  s o l u t i o n s  f o r  two s p h e r e s  i n  a s h e a r  f low  a r e  a v a i l a b l e  i n  th e  

l i t e r a t u r e .  L i n ,  Lee  a n d  S a t h e r  (1970)  o b t a i n e d  an  e x a c t  s o l u t i o n  o f  

t h e  S to k e s  e q u a t i o n s  f o r  t h e  m o t io n  o f  two s p h e r e s  o f  a r b i t r a r y  s i z e  and 

a r b i t r a r y  o r i e n t a t i o n  w i t h  r e s p e c t  t o  a s h e a r  f i e l d  by u s i n g  s p h e r i c a l  

b i p o l a r  c o o r d i n a t e s .  Arp and Mason (1977)  p r e s e n t e d  a  g e n e r a l  method o f  

■ c a l c u l a t i n g  f o r c e s ,  t o r q u e s  a n d  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t y  

c o m p o n e n t s  o f  e q u a l  s i z e d  p a i r  o f  r i g i d  s p h e r e s  i n  a  v i s c o u s  f l u i d  

u n d e r g o i n g  u n i f o r m  s h e a r  f l o w .  The m e t h o d  i s  b a s e d  on t h e  m a t r i x  

f o r m u l a t i o n  o f  t h e  h y d r o d y n a m i c  r e s i s t a n c e s  b y  B r e n n e r  a n d  O ' N e i l l  

(1 9 7 2 ) .

R e c e n t l y  a n  a p p r o x im a te  s o l u t i o n  f o r  a  m u l t i p a r t i c l e  c o n f i g u r a t i o n  

i n  a  s h e a r  f l o w  h a s  b e e n  d e v e l o p e d .  D u r l o f s k y  and Brady  (1986)  have  

o b t a i n e d  a g e n e r a l  method f o r  com pu t ing  t h e  hydrodyn amic  i n t e r a c t i o n  o f  

N s u s p e n d e d  p a r t i c l e s  u n d e r  c o n d i t i o n s  o f  v a n i s h i n g l y  s m a l l  p a r t i c l e
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Rey no lds  number.  The method a c c o u n t s  f o r  t h e  many body i n t e r a c t i o n s  a t  

l a r g e  s p a c i n g s  a n d  t h e  l u b r i c a t i o n  f o r c e s  a t  c l o s e  s p a c i n g s  by 

c o n s i d e r i n g  p a i r  i n t e r a c t i o n s .  He re ,  t h e  N s p h e r e  m o b i l i t y  m a t r i x  i s  

f i r s t  f o r m e d  b y  e x p a n d i n g  t h e  i n t e g r a l  f o r m u l a t i o n  f o r  S to k e s  f l ow  f o r  

an  N s p h e r e  s y s t e m  i n  c o n j u n c t i o n  w i t h  F a x e n s  l a w s  f o r  t h e  p a r t i c l e  

v e l o c i t i e s  i n  t h e  moments  o f  t h e  f o r c e  d i s t r i b u t i o n  on t h e  s u r f a c e  o f  

e a ch  p a r t i c l e .  The m o b i l i t y  m a t r i x  i s  i n v e r t e d  t o  y i e l d  a f a r - f i e l d  

a p p r o x i m a t i o n  t o  t h e  r e s i s t a n c e  m a t r i x .  Then l u b r i c a t i o n  i s  i n t r o d u c e d  

i n  a p a i r w i s e  a d d i t i v e  m a n n e r  u s i n g  t h e  e x a c t  two b o d y  r e s i s t a n c e  

f u n c t i o n s  c a l c u l a t e d  by Arp and Mason (1 9 7 7 ) .  S in c e  o n l y  t h e  f i r s t  few 

t e rm s  i n  t h e  s e r i e s  e x p a n s i o n  f o r  t h e  v e l o c i t y  f i e l d  a r e  u s e d ,  t h e  

m e t h o d  p r o p e r l y  a c c o u n t s  f o r  t h e  m u l t i - b o d y  i n t e r a c t i o n s  when t h e  

p a r t i c l e  s p a c i n g  i s  l a r g e  and t h e  n e g l e c t e d  t e rm s  a r e  v a n i s h i n g l y  s m a l l .  

H ow ever  t h e  m e t h o d  d o e s  n o t  r e a d i l y  p e r m i t  e v a l u a t i o n  and i n c l u s i o n  o f  

t h e  h i g h e r  o r d e r  t e r m s .  At c l o s e  s p a c i n g s  t h e r e f o r e  t h e  l u b r i c a t i o n  

c o r r e c t i o n  o n l y  a c c o u n t s  f o r  tw o-body  i n t e r a c t i o n s  and t h u s  c a n n o t  be 

e x p e c t e d  t o  g i v e  v e r y  a c c u r a t e  r e s u l t s  when more t h a n  two p a r t i c l e s  i n  a 

c l u s t e r  a r e  i n  c l o s e  p r o x i m i t y  t o  e a ch  o t h e r .

I n  c h a p t e r  1 we h a v e  d e v e l o p e d  a n  " e x a c t "  s o l u t i o n  f o r  t h e  

h y d r o d y n a m i c  i n t e r a c t i o n  o f  a t h r e e  d i m e n s i o n a l  f i n i t e  c l u s t e r  o f  

a r b i t r a r i l y  s i z e d  s p h e r i c a l  p a r t i c l e s  a c c o u n t i n g  f o r  t h e  m u l t i p a r t i c l e  

i n t e r a c t i o n s  a t  a n y  g i v e n  s p a c i n g .  T h i s  s t u d y  a d d r e s s e d  t h e  m o b i l i t y  

p ro b lem  f o r  a  m u l t i p a r t i c l e  c o n f i g u r a t i o n  s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  

and  t h e  r e s i s t a n c e  p ro b lem  f o r  c l u s t e r s  o f  p a r t i c l e s  f i x e d  i n  s p a c e  i n  a 

u n i f o r m  f lo w  f i e l d .  I t  d i d  n o t  c o n s i d e r  t h e  m o b i l i t y  a n d  r e s i s t a n c e  

p r o b l e m s  i n  P o i s e u i l l e  and s h e a r  f l o w  wh ich  i s  t h e  t o p i c  o f  t h e  p r e s e n t  

c h a p t e r .
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The b o u n d a r y  c o l l o c a t i o n  t r u n c a t e d  s e r i e s  s o l u t i o n  t e c h n i q u e  u s e s  a 

l i n e a r  s u p e r p o s i t i o n  o f  L a m b ' s  s p h e r i c a l  h a r m o n i c  s o l u t i o n  o f  t h e  

c r e e p i n g  f l o w  e q u a t i o n s  c a p a b l e  o f  d e s c r i b i n g  an  a r b i t r a r y  d i s t u r b a n c e  

on  t h e  s u r f a c e  o f  a  s p h e r e .  The unknow n  c o n s t a n t s  i n  t h e  s e r i e s  

s o l u t i o n  a r e  d e t e r m i n e d  by a  b o u n d a r y  c o l l o c a t i o n  t e c h n i q u e  w h i c h  

i n v o l v e s  s a t i s f y i n g  t h e  n o - s l i p  b o u n d a r y  c o n d i t i o n  on t h e  s u r f a c e  o f  

e a c h  s p h e r e  s i m u l t a n e o u s l y  on a l l  p a r t i c l e s .  The e x p r e s s i o n s  f o r  t h e s e  

s o l u t i o n s  a r e  o b t a i n e d  i n  s p h e r i c a l  c o o r d i n a t e s  i n  t h e  form o f  a F o u r i e r  

s e r i e s  a n d  t h e  o r t h o g o n a l i t y  p r o p e r t y  o f  t h e  e i g e n f u n c t i o n s  i n  th e  

a z i m u t h a l  d i r e c t i o n  a r e  u s e d  t o  s a t i s f y  t h e  no s l i p  b o u n d a r y  c o n d i t i o n s  

e x a c t l y  a t  d i s c r e t e  r i n g s  on t h e  s u r f a c e  o f  e a ch  s p h e r e  s i m u l t a n e o u s l y  

f o r  a l l  p a r t i c l e s .  The t r u n c a t i o n  o f  t h e  F o u r i e r  s e r i e s  and t h e  n u m b e r  

o f  b o u n d a r y  c o l l o c a t i o n  r i n g s  on e a ch  s p h e r e  d e t e r m i n e s  t h e  number o f  

unknown c o n s t a n t s  i n t r o d u c e d  i n  t h e  s u p e r p o s e d  s e r i e s  s o l u t i o n s .  U s i n g  

t h i s  method any d e s i r e d  d e g r e e  o f  a c c u r a c y  ca n  be  o b t a i n e d  by i n c r e a s i n g  

t h e  number o f  t e rm s  i n  t h e  F o u r i e r  s e r i e s  a n d  t h e  n u m b e r  o f  b o u n d a r y  

c o l l o c a t i o n  r i n g s  on  e a c h  s p h e r e .  The a b i l i t y  o f  t h i s  m e t h o d  t o  

r e p r o d u c e  e x a c t  b i p o l a r  s o l u t i o n s  f o r  two s p h e r e s  s e t t l i n g  f r e e l y  u n d e r  

g r a v i t y  d e m o n s t r a t e d  i n  c h a p t e r  1. I t  was a l s o  shown t h a t  t h e  method 

c a n  be  u s e d  t o  o b t a i n  s o l u t i o n s  o f  m u l t i p a r t i c l e  c o n f i g u r a t i o n s  f o r  a s  

many a s  64 s p h e r e s  f i x e d  i n  s p a c e  i n  a u n i f o r m  f lo w  and c a n  a l s o  e a s i l y  

be  u s e d  t o  o b t a i n  t h e  f l u i d  v e l o c i t y  p r o f i l e  a r o u n d  m u l t i p a r t i c l e  

c o n f i g u r a t i o n s .

T h i s  c h a p t e r  p r e s e n t s  a  m o d i f i c a t i o n  t o  t h e  b o u n d a r y  c o l l o c a t i o n  

t r u n c a t e d  s e r i e s  s o l u t i o n  t e c h n i q u e  d e v e l o p e d  i n  c h a p t e r  1 f o r  

e v a l u a t i n g  t h e  h y d r o d y n a m i c  i n t e r a c t i o n s  o f  c l u s t e r s  o f  t h r e e  

d i m e n s i o n a l  m u l t i - p a r t i c l e  c o n f i g u r a t i o n s  i n  s h e a r  f l o w  a n d / o r
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P o i s e u i l l e  f l o w .  S e c t i o n  2 b r i e f l y  summarizes  t h e  s a l i e n t  f e a t u r e s  o f  

t h e  t h e o r y  a n d  g i v e s  t h e  m e t h o d  o f  s o l u t i o n  f o r  s h e a r  and P o i s e u i l l e  

f l ow s  o n l y  where  i t s  f o r m u l a t i o n  d i f f e r s  from t h e  p r e v i o u s l y  d e v e l o p e d  

m e t h o d  a n d  t h e  r e a d e r  i s  r e f e r r e d  t o  c h a p t e r  1 f o r  a  m ore  d e t a i l e d  

d e s c r i p t i o n .  S e c t i o n  3 c o n t a i n s  t h e  s h e a r  f l o w  s o l u t i o n s  f o r  tw o  

s p h e r e s  o b t a i n e d  by t h i s  method and a r e  compared w i t h  t h e  e x a c t  b i p o l a r  

s o l u t i o n s  o f  L in ,  Lee and S a t h e r  (1970)  t o  d e m o n s t r a t e  t h e  e x a c t n e s s  o f  

t h i s  m e t h o d .  I n  s e c t i o n  4 t h e  phenomenon o f  s e l f  d i f f u s i o n  f o r  m u l t i ­

p a r t i c l e  c o n f i g u r a t i o n s  i n  s h e a r  f lo w  i s  d e m o n s t r a t e d .  Next  i n  s e c t i o n  

5 t h e  m i g r a t i o n  o f  p a r t i c l e s  i n  P o i s e u i l l e  f lo w  from a  r e g i o n  o f  h i g h  

s h e a r  t o  a r e g i o n  o f  low s h e a r  i s  s h o w n .  S e c t i o n  6 c o n t a i n s  t h e  

s o l u t i o n s  f o r  t h e  t i m e  d e p e n d e n t  m o t i o n  o f  3 s p h e r e s  i n  a s h e a r  f l ow  

u s i n g  t h e  p a i r e d  i n t e r a c t i o n  t e c h n i q u e  i n v o l v i n g  t h e  p a i r w i s e  a d d i t i v i t y  

o f  t h e  v e l o c i t y  o f  e a c h  s p h e r e .  The r e s u l t s  o f  p a i r e d  i n t e r a c t i o n  a r e  

c o m p a r e d  w i t h  t h e  e x a c t  s o l u t i o n  d e v e l o p e d  i n  t h i s  c h a p t e r  a t  a 

p a r t i c u l a r  i n s t a n t  o f  t i m e  t o  c h e c k  t h e  v a l i d i t y  o f  t h e  c o m p u t e d  

t r a j e c t o r y  o f  e ach  p a r t i c l e .  I n  s e c t i o n  7 t h e  t im e  d e p e n d e n t  m o t i o n  o f  

t h r e e  l i n k e d  s p h e r e s  h a v i n g  f i x e d  i n t e r p a r t i c l e  s p a c i n g s  i n  s h e a r  f lo w  

i s  p r e s e n t e d .  F i n a l l y ,  i n  s e c t i o n  8 t h e  phenomenon o f  r e s u s p e n s i o n  o f  

p a r t i c l e s  i n  s h e a r  f l ow  i s  d e m o n s t r a t e d  when a  s i n g l e  s p h e r e  moves p a s t  

o t h e r  s t a t i o n a r y  f i x e d  s p h e r e s .
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2 . FORMULATION FOR SHEAR AND POISEUILLE FLOWS

The t h e o r y  d e v e lo p e d  I n  c h a p t e r  1 f o r  e v a l u a t i n g  t h e  h y d r o d y n a m i c  

i n t e r a c t i o n  o f  u n r e s t r i c t e d  t h r e e  d i m e n s i o n a l  m u l t i p a r t i c l e  

c o n f i g u r a t i o n s  i n  a u n i fo rm  f low  i s  m o d i f i e d  t o  t r e a t  t h r e e  d i m e n s i o n a l  

m u l t i p a r t i c l e  c o n f i g u r a t i o n s  s u s p e n d e d  f r e e l y  i n  a p l a n a r  s h e a r  a n d / o r  

P o i s e u i l l e  f l ow .  The r e a d e r  i s  r e f e r r e d  t o  c h a p t e r  1 f o r  a d e t a i l e d  

e x p l a n a t i o n  o f  t h e  method o f  s o l u t i o n  s i n c e  o n l y  t h e  m o d i f i c a t i o n  o f  th e  

t h e o r y  i s  p r e s e n t e d  h e r e .

F i g u r e  1 show s  t h e  c o o r d i n a t e  s y s t e m  f o r  J  s p h e r e s  a r b i t r a r i l y  

a r r a n g e d  i n  a n  t h r e e - d i m e n s i o n a l  s p a c e .  The t o t a l  f l o w  f i e l d  i n  a

s t a t i o n a r y  c o o r d i n a t e  s y s t e m  whose o r i g i n  l i e s  a t  t h e  c e n t e r  o f  t h e  

s p h e r e  c o n s i s t s  o f  t h r e e  p a r t s :

Here  V. and V. d e s c r i b e  t h e  p l a n a r  s h e a r  a n d  P o i s e u i l l e  f l o w  i nK t S K,p

g l o b a l  c a r t e s i a n  c o o r d i n a t e s  a s :

( 1 )

(2a )

Yk(P “ “ < l- ( z -n)2/  02> i (2b)

where  S i s  t h e  r a t e  o f  s h e a r  and a , ^  & i) a r e  t h e  p a r a m e t e r s  d e f i n i n g  

t h e  p a r a b o l i c  P o i s e u i l l e  f l o w .  U s in g  t h e  c o o r d i n a t e  t r a n s f o r m a t i o n s :



and z -  c o s $ k + (3b)

Vk s and  a r e  o b t a i n e d  In  t e rm s  o f  s p h e r i c a l  c o o r d i n a t e s  ( r ^ ,

o r i g i n a t i n g  a t  t h e  c e n t e r  o f  t h e  s p h e r e  a s :

- k , s  "  S ( r kc o s *k+ dk ) s i n *k c o s ^k e r k

+ S ( r kcost fk+ d ^  c o s * k c o s ^ k e $
k

S ( r k c o s ^ k+ d ^  s l n ^ k e .  (4a )
” k

and,

2 2 A Vk p -  a (1 - ( r k costfk+ dk - »j) /  ) s l n * k c o s ^ k e f

+ a  (1-  ( r k costfk+ c^ -  t} ) 2 /  p2) c o s « k c o s ^ k e ff
k

- a (1 -  ( r k costfk+ d^-  »j)2 /  02) s l n ^ k e^ (4b)

Vk ^  I n  e q u a t i o n  (1)  I s  t h e  t h e  f l u i d  v e l o c i t y  d i s t u r b a n c e  f i e l d  i n  

t e r m s  o f  t h e  s p h e r i c a l  c o o r d i n a t e s  ( r k> 6^, $ o r i g i n a t i n g  a t  t h e

c e n t e r  o f  t h e  k Ĉ  s p h e r e  and I s  g i v e n  In  c h a p t e r  1 ( e q n .  10) a s :
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where

V -  ,Z,  Z. Zn [A. A' +B. B' . + . .  +F. F'  . 1 (6a )d j - 1  n -1  m -0 l jmn jkmn jmn jkmn jmn jkmn'

J  «o n
V. -  .S.  Z. Z„[A. A*' +B, B’ ’ + . .  +F. F ' ' 1 (6b)d j - 1  n -1  m - 0 l jmn jkmn jmn jkmn jmn jk m n J

J  <*> n
V. -  ,Z .  Z. Zn [A. A ' ; '  +B. B’ ’ ’ + . .  +F. F ' ’ ' ] (6c )? k d j - 1  n -1  m -0 l jmn jkmn jmn jkmn jmn jk m n J

H e r e  V , V. , V, a r e  t h e  f l u i d  v e l o c i t y  components  o f  t h e
r k , d  tfk , d  k , d

d i s t u r b a n c e  f i e l d  i n  a s t a t i o n a r y  s p h e r i c a l  c o o r d i n a t e  s y s t e m  wh ose

tho r i g i n  l i e s  a t  t h e  c e n t e r  o f  t h e  k s p h e r e .  The unknown c o n s t a n t s  A.r  jmn

. . . F.  a r e  i n t r o d u c e d  i n  t h e  s o l i d  s p h e r i c a l  h a rm on ic  f u n c t i o n s  u s e d  jmn

i n  t h e  l i n e a r l y  s u p e r p o s e d  s e r i e s  s o l u t i o n  o f  t h e  c r e e p i n g  f l o w  

e q u a t i o n s  and a r e  c a p a b l e  o f  d e s c r i b i n g  an a r b i t r a r y  d i s t u r b a n c e  on t h e  

s u r f a c e  o f  e a c h  s p h e r e  o f  r a d i u s  a .  T h e s e  w i l l  be  d e t e r m i n e d  by th e  

b o u n d a r y  c o l l o c a t i o n  t e c h n i q u e .  The p r i m ed  q u a n t i t i e s  i n  (6)  a r e  known 

f u n c t i o n s  o f  t h e  c o o r d i n a t e s  r ^ ,  0^ and ^  an<* a r e  g i v e n  i n  Appendix  A.

At t h i s  p o i n t  a s i m i l a r  p r o c e d u r e  t o  t h a t  d e s c r i b e d  i n  c h a p t e r  1 i s  

a d o p t e d .  The n o - s l i p  b o u n d a r y  c o n d i t i o n s  which must  be  s a t i s f i e d  on th e

s u r f a c e  o f  e a ch  s p h e r e  a r e  g i v e n  f o r  t h e  k*"̂ 1 s p h e r e  a s :

V. I -  V e + Vfl e .  + V. e .- k r . - a .  r ,  r .  9. 6.1 k k  k k k k k

where

v r  | r  _ a ^  ”  Uk s i n 0 k c o s ^ k + s i n * k s i n ^ k + Wk c o s 0 k (7 a )
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\ l v ak "  uk cosflk C0S^k + \  COS$k  S i "*k * V l n *k

+ ak t (ny )kc o s *k ‘ (0x )ksintfk' (7b)

\ | r k- a k ’  -Uk s l n *k + Vk cos*k

a k ^ ( ( 0 x ) kc o s ^k+ ( n y )k s l n ^ k ) c o s # k " ( n z ) k s in t fk '  (7 c )

T h e n  t h e  o r d e r  o f  s u m m a t i o n  2, E _ In  (6)  i s  ch a n ced  t o  2 2n - 1  m-0 °  m-O n-m
n*0

w i t h o u t  any l o s s  o f  t e r m s .  A lso  t h e  te rm s  c o r r e s p o n d i n g  t o  j - k  I n  t h e

J
s u m m a t i o n  s e r i e s  .E ,  I s  e x t r a c t e d  and when 1-k  t h e  te rm  m-0 I s  w r i t t e nJ “ l
s e p a r a t e l y .  F i n a l l y  on  s u b s t i t u t i n g  ( 4 ) ,  ( 5 )  a n d  ( 6 )  I n t o  ( 1 )  an d  

e q u a t i n g  I t  t o  (7) g i v e s :

Vr k | r k- a k"  Uk s i n *k c o s *k + Vk s l n ' k s i « * k + V o s *k

2 2-  S ( a kc o s « k+dk ) s l n ^ kc o s ^ k + e»( 1 - ( a ^ o s ^ d ^ )  //3 ) s l n « kc o s ^ k 

+ n - 0  [Ak0nA’kk0n+Bk0nB' k k 0 n + +Fk0nF ’k k 0 n 1

CO o

+ E. E [A. A' . +B. B' + . . .  +F. F \  , ]m-1 n-m 1 Tcmn kkmn kmn kkmn kmn kkmn

J  CO CO

+ .E- SA E [A. A' +B. B' + . . .  +F. F'  ] (8a )j - 1  m-0 n- m l jmn jkmn jmn jkmn jmn j k m n J
J '-k

V' J v V  V o s *kc o s *k + Vk c o s *ks i n *k - V l n *k

+ ak l ( 0 y ) kc o s 9 k - (nx ) ksin f lk )



+ SL [ A . .  A ' '  +B. _ B \ '  + . . .  +F. .  F ' , ' ,  .  ]n - 0  TcOn kkOn kOn kkOn kOn kkOn

CD CO
+ E, E [A, A ' ' .  +B, B \ \  + . . .  +F. F \ \  ]m-1 n-m 1 Tcmn kkmn kmn kkmn kmn kkmn

J  CO CO
+ ,E.  E„ E [A. A ' '  +B, B ' '  + . . .  +F. F ' ' ] (8b)j - 1  m-0 n -m 1 jmn jkmn jmn jkmn jmn jk m n J

\ l rk- ak" ' ak [ ( ( n x ) kc o s V (0 y ) ks l n ^k)costfk - (nz ) k s i n *kJ 

+ Uk s i n ^ k+Vk c o s ^ k

2 2-  - S ^ c o s ^ + d ^ s i n ^  - a ( l - ( a j ^ c o s ^ + d j ^ - r / )  / 0  ) s i n ^ k 

+ n - 0  [\ 0 n A‘ kkOn+BkOnB’ kkOn+ •• +FkOnF ’kkOn]

+ Z. Z [A. A’ ,’ ,' +B. B \ \ '  + . . .  +F. F ' / . ’ ]m-1 n-m Tcmn kkmn kmn kkmn kinn kkmn

J  00 00

|5i
j . k

+ .Z,  Z„ Z [A. A**' +B. B* * * + . . .  + F . F * ' ’ 1 (8 c )j - 1  m-0 n -m 1 jmn jkmn jmn jkmn jmn jk m n J

w h e r e  t h e  p r im e d  f u n c t i o n s  depend o n l y  on t h e  c o o r d i n a t e s  6k and ^ k 

a r e  g i v e n  i n  Appendix  A by ( A - l )  t o  (A-18)  w i t h  r k -  a k>

and

T h e  t e r m s  f o r  j - k  I n  ( 8 )  ( s e e  A p p e n d i x  A) d e p e n d  o n l y  o n  t h e  

e i g e n f u n c t i o n s  s l n m ' ^ k and c o s m '^ k o r  a r e  i n d e p e n d e n t  o f  ^ k and hence

ca n  be  r e w r i t t e n  i n  t h e  form o f  a F o u r i e r  s e r i e s  i n  ^ k a s :
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W  +m-l ' \ , < V  c o s "*k + W  s i ™ *k l -  F' < V * k >  <9a)

A6 ’ ( V  +n l l  [Am’ ( V  cosm*k + Bm’ ( V  slnn,^k] ~ F "  ( W  (9b)  

* 6 " ( v +J i ' * i " < v  “ ■■♦kt  » ; " ( , k> ■l n *^k) -  F" , ( , k ^ k >  ( , c >

H e r e  t h e  p r i m e d  A, B a n d  F f u n c t i o n s  d e p e n d  o n l y  on t h e  v a r i a b l e s

i n d i c a t e d  and t h e  unknown c o n s t a n t s  A, - F. . a n d  t h e i r  e x p r e s s i o n skmn kmn r

a r e  g i v e n  i n  Appendix  B. M u l t i p l y i n g  (9)  by t h e  e i g e n f u n c t i o n  s e t  (1 ,

c o s m '^ k  and s i n m ' ^ ) ,  m’- l , 2 , 3 . . . ,  i n t e g r a t i n g  w i t h  r e s p e c t  t o  ^  from 0

t o  2ir and u t i l i z i n g  t h e  o r t h o g o n a l i t y  p r o p e r t i e s  o f  t h e s e  e i g e n f u n c t i o n s

i n  t h i s  i n t e r v a l  a l l o w s  o n e  t o  o b t a i n  e x p l i c i t  e x p r e s s i o n s  f o r  t h e

p r i m e d  A a n d  B c o e f f i c i e n t s  a p p e a r i n g  i n  (9 )  and t h e  unknown c o n s t a n t s

A. - F, j  mn j  mn

The r e s u l t s  a r e :

For  t h e  r  component  o f  v e l o c i t y :

-  W, costf, - J ' 2* E [A. A' + . .  + F , F' . 1 d*. (10a )O' k '  k k 2» OJ 1 jmn jkmn jmn j k m n J

Al ( 0 k > “  Uk s i n 9 k '  a l 1 ' ( a k c o s *k+dk - ’7^2//)92  ̂ s l n 9 k

- V *  r J 2* £  [A, A' + + F . F'  ] c o s d ^ .  (10b)' O ' *  jmn jkmn jmn jk m n J r k ^k

BX >  -  V in V  J / * s  + Fj»mF ')k » „ > s l "*k d*k (1 0 c >

Am ' ( V  _ i  f 2*
Bm ' ( V  * ^  J mn Jkmn "

cosm '^ ,
+F< F ' a  H , ,> ) d*, m '> l  ( lOd)jmn j k m n J s i n m ' ^  k



1 1 2

For  t h e  6 component  o f  v e l o c i t y :

A0 <«k > -  -Wks l n * k - £  l A ^ A " ^ *  . .  kF,  J ' ■ j ^ |  d*k ( 1 0 . )

A1 ” ak ^ ° y \ '  Qt ( akc o s ^k+dk_'?)2/ ^ 2 ]c o s « k - S ^ c o s ^ + d ^ c o s ^

♦ V ° SV  i  / '  S [A]» n A'jk » „ + - +rj . „ F' jk » „ I ’:‘>s*k ddk <10t)

»;’«v - -uk c»s#k • *k <nx>k • i / * s >Aj„„A,jk»nH+ . . .

+FjmnF ' j k m n ] s i n *k d*k (1 0 8>

A'  9 + +
"ra' V1' k / " ~ *Jmn J 1(1,111

cos  m'^,

Fj « „ F" j k » „ " » i „  » • * “ ' « k ” ,>1 <1 0h>

For  t h e  ^ component  o f  v e l o c i t y :

A0 <*k>-ak<°z>ks l n # k - k  oJ'2'ElAj»„A’ji»n+ •• +FjmnF jkiBrJ ddk <101>

Ar < V  -  Vk  ' a k  < V k  c ° s , k ‘ / '  S ' AJ . „ A ' j k n , „ + ■ ■ •

+FJmnF 'jknuj c ° sdk “*k <10J>

B1 (flk J " ' Uk * a kny k c o s t fk +S<ak c o s t fk+dk ) + a ^1 ' ( a k c o s t fk +dk - ,? )2 / )9 2 ^

■ 1 / .  / ’  Z l A j ^ A ’j ^  . . .  +FJmnF ' ^ n l s l n * k (10k)

( ) — - f  v  [ a  A ' ' '  +  +
m ^ ^ k '  jt O' lAjmnA jkmn • • • +

cos
F. F ' l '  ]{ . , .  } d*. m '> l  (101)jmn jkmn'  s i n  k
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J  00 00
w  t t t t

w h e r e  £  d e n o t e s  £  . £  n £ and t h e  f u n c t i o n s  (A . B on th eJ —1 m-U n —m u nr
J A

l e f t  hand  s i d e  o f  (10)  a r e  g i v e n  by ( B - l )  t o  (B -3 0)  w i t h  in r e p l a c e d  by 

m' . The p r i m e d  c o e f f i c i e n t s  o f  t h e  unknown c o n s t a n t s  on t h e  r i g h t  hand 

s i d e  o f  (10)  a r e  g i v e n  i n  A p p e n d i x  A by ( A - l )  t o  ( A - 1 8 )  e v a l u a t e d  a t

w

The i n f i n i t e  s e r i e s ^ S g  a p p e a r i n g  i n  (10)  i s  t r u n c a t e d  a f t e r  M t e r m s

M-1 00
t o  mSQ. F u r t h e rm o r e  t h e  i n f i n i t e  s e r i e s  £ ^ j p p e a r i n g  i n  (10)  and (B-

1 , 2 , 3 , 1 1 , 1 2 , 1 3 , 2 1 , 2 2 , 2 3 )  i n  Appendix  B a r e  e a ch  t r u n c a t e d  a f t e r  N t e r m s

t o  S in c e  t h e r e  a r e  s i x  s e t s  o f  unknown c o n s t a n t s  A . - F . . f o rn -m  jmn jmn

J  s p h e r e s ,  t h i s  l e a v e s  a t o t a l  o f  6JMN u n k n o w n  c o n s t a n t s  t o  b e

d e t e r m i n e d .  H ow ever  when m-0 t h e  c o e f f i c i e n t s  o f  t h e  c o n s t a n t s  B._ ,JOn

Dj0n and  FjQn a r e  i d e n t i c a l l y  z e r o  f o r  a l l  t h r e e  v e l o c i t y  c o m p o n e n t s .

T h u s  t h e s e  t h r e e  s e t s  o f  c o n s t a n t s  do n o t  a p p e a r  i n  t h e  f i n a l  s o l u t i o n  

and t h e  number o f  unknowns i s  r e d u c e d  by 3JN t o  a t o t a l  o f  6JMN-3JN o r  

more s i m p l y ,  3JN(2M-1).

The h y d ro d y n a m ic  f o r c e  a n d  t o r q u e  a c t i n g  o n  t h e  j p a r t i c l e  i s  

g i v e n  by  H a p p e l  & B r e n n e r  ( 1 9 7 3 )  a n d  t h e  c a r t e s i a n  componen ts  o f  th e  

f o r c e  and t o r q u e  e x e r t e d  by t h e  f l u i d  on ea c h  p a r t i c l e  i n  t e r m s  o f  t h e  

unknown c o n s t a n t s  i s  g i v e n  a s :

f j  -  -4*  [ E j n i + F ^ i + E j ^ k ]  (11a )
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fj -  -S*H [Ajui+Bjui+Ajoik] (Hb)

We now c o n s i d e r  t h e  m o b i l i t y  p rob lem i n  which t h e  f o r c e  a n d  t o r q u e  

a c t i n g  on  e a c h  p a r t i c l e  i s  p r e s c r i b e d  a n d  we s e e k  t o  d e t e r m i n e  t h e  

r e s u l t i n g  t r a n s l a t i o n a l  a n d  a n g u l a r  v e l o c i t i e s .  To i l l u s t r a t e ,  we 

e x a m i n e  t h e  s p e c i a l  c a s e  o f  a n e u t r a l l y  b u o y a n t  f i n i t e  c l u s t e r  o f  

s p h e r e s  s u s p e n d e d  i n  an  unbounded med ia .  The b a l a n c e  b e t w e e n  b u o y a n c y  

and S t o k e s  d r a g  g i v e s :

- 4 M E j U  i  + F n  j. + EJ01 fc] -  0 (1 2a )

and t h e  c o n d i t i o n  o f  z e r o  t o r q u e  g i v e s :

•8xM[Aj u  i  + Bj U  j. + Aj 0 1 k) -  0 (12b)

From Eqn. (12)  we e v a l u a t e  6J c o n s t a n t s  a s :

Aj 0 1  “  Aj  11 "  Bj  11 "  Ej  11 "  Fj  11 “  Ej 0 1  “  0 (13)

The 6 J  un know n p a r t i c l e  t r a n s l a t i o n a l  and a n g u l a r  v e l o c i t y  components  

c o n t a i n e d  i n  ( 1 0 )  a r e  e x a c t l y  e q u a l  i n  n u m b er  t o  t h e  6 J  c o n s t a n t s  

e v a l u a t e d  i n  ( 1 3 ) .  T h e r e f o r e  t h e  t o t a l  number o f  unknowns r e m a in  t h e  

s am e .

The 6 J  unkn ow n v e l o c i t y  c o m p o n e n t s  a n d  t h e  r e m a i n i n g  3JN(2M-1)

unknown c o n s t a n t s  o f  A. - F. c a n  be  computed t o  a n y  d e s i r e d  d e g r e ej  mn j  mn r J °
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o f  a c c u r a c y  f r o m  ( 1 0 )  a n d  ( B - l )  t o  ( B - 3 0 )  b y  s a t i s f y i n g  t h e  n o - s l i p  

b o u n d a r y  c o n d i t i o n s  on  r i n g s  a l o n g  t h e  s u r f a c e  o f  e a c h  s p h e r e .  To 

g e n e r a t e  t h e  e q u a t i o n s  n ee d ed  f o r  t h e s e  unknown c o n s t a n t s ,  t h e  n o - s l i p  

b o u n d a r y  c o n d i t i o n s  a r e  s a t i s f i e d  a t  N d i s c r e t e  v a l u e s  o f  0^ ( r i n Bs ) on

t h e  s u r f a c e  o f  e a c h  o f  t h e  J  s p h e r e s .  We o b s e r v e  t h a t  f o r  m’ -O ,  

( 1 0 a , e , i )  r e p r e s e n t  a t o t a l  o f  3JN e q u a t i o n s .  S i m i l a r l y  f o r  m ' - l ,  

( 1 0 b , c , f , g , j , k )  g i v e  a n o t h e r  6JN e q u a t i o n s .  F i n a l l y ,  f o r  m - 2 , 3 , 4  . . .  M- 

l , ( 1 0 d , h , l )  g i v e  an a d d i t i o n a l  6JN(M-2) e q u a t i o n s .  Th us  f r o m  ( 1 0 )  we 

h a v e  a g r a n d  t o t a l  o f  3JN+6JN+6JN(M-2) -  3JN(2M-1) e q u a t i o n s  which i s  

e x a c t l y  e q u a l  t o  t h e  number o f  unknown c o n s t a n t s .  T h e s e  e q u a t i o n s  may 

be s o l v e d  u s i n g  any s t a n d a r d  l i n e a r  m a t r i x  r e d u c t i o n  t e c h n i q u e .
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3 .  TWO-SPHERE SOLUTIONS

I n  c h a p t e r  1 t h e  a c c u r a c y  a n d  c o n v e r g e n c e  c h a r a c t e r i s t i c s  o f  th e  

t r u n c a t e d  s e r i e s  c o l l o c a t i o n  t e c h n i q u e  was e x a m i n e d  i n  d e t a i l .  The 

a b i l i t y  o f  t h i s  t e c h n i q u e  t o  r e p r o d u c e  e x a c t  s o l u t i o n s  f o r  two s p h e r e s  

s e t t l i n g  f r e e l y  u n d e r  g r a v i t y  a t  d i f f e r e n t  i n t e r p a r t i c l e  s p a c i n g s  an d  

o r i e n t a t i o n s  was a l s o  d e m o n s t r a t e d .  Here t h e  r e s u l t s  o b t a i n e d  from the  

b o u n d a r y  c o l l o c a t i o n  t r u n c a t e d  s e r i e s  s o l u t i o n  t e c h n i q u e  d e s c r i b e d  i n  

t h e  p r e v i o u s  s e c t i o n  a r e  compared w i t h  t h e  e x a c t  two s p h e r e  s o l u t i o n s  o f  

L in ,  Lee and S a t h e r  (1970)  i n  a s h e a r  f lo w.

F i g u r e  2 s h o w s  two n e u t r a l l y  b u o y a n t  i d e n t i c a l  s p h e r e s  i n  a p l a n a r  

s h e a r  f l o w .  We d e t e r m i n e  t h e  t r a n s l a t i o n a l  a n d  r o t a t i o n a l  v e l o c i t y  

component s  o f  t h e  two s p h e r e s  due t o  t h e  s h e a r  f i e l d .  T a b le  1 shows t h e  

computed v a l u e s  f o r  t h e  v e l o c i t y  o f  t h e  s p h e r e  when t h e y  a r e  s i t u a t e d  i n

t h e  p l a n e  o f  t h e  s h e a r  f l o w  ( y - 0 ) , a t  an  o r i e n t a t i o n  a n g l e  o f  60°  from 

t h e  h o r i z o n t a l  a x i s  and a c e n t e r  t o  c e n t e r  d i s t a n c e  o f  1 . 1 2  d i a m e t e r s .  

T h e  r e s u l t s  a r e  p r e s e n t e d  f o r  a n  i n c r e a s i n g  n u m b e r  o f  b o u n d a r y  

c o l l o c a t i o n  r i n g s  N on e a ch  s p h e r e  and a l s o  f o r  an  i n c r e a s i n g  n u m b e r  o f  

t e rm s  i n  t h e  F o u r i e r  s e r i e s  M f o r  e a ch  s e t  o f  r i n g s .  Conv ergence  t o  t h e  

e x a c t  s o l u t i o n  i s  o b t a i n e d  q u i c k l y  w i t h  e i g h t  b o u n d a r y  c o l l o c a t i o n  

r i n g s  on  e a c h  s p h e r e  and  s i x  t e rm s  i n  t h e  F o u r i e r  s e r i e s .  The r e s u l t s  

f o r  a  t h r e e  d i m e n s i o n a l  c o n f i g u r a t i o n  o f  two i d e n t i c a l  n e u t r a l l y  b u o y a n t  

s p h e r e s  w i t h  a  c e n t e r  t o  c e n t e r  d i s t a n c e  o f  1 . 5 4 3 0 8  d i a m e t e r  and  an

a r b i t r a r y  o r i e n t a t i o n  o f  30°  from t h e  h o r i z o n t a l  p l a n e  a n d  6 0 °  i n  t h e  

a z i m u t h a l  d i r e c t i o n  a r e  p r e s e n t e d  i n  t a b l e  2.  For  t h i s  c o n f i g u r a t i o n
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t h e  r e s u l t s  c o n v e rg e  eve n  more r a p i d l y  t o  t h e  e x a c t  s o l u t i o n  w i t h  s i x  

b o u n d a r y  c o l l o c a t i o n  r i n g s  on ea c h  s p h e r e  and f i v e  t e rm s  i n  t h e  F o u r i e r  

s e r i e s .  These  two r e s u l t s  d e m o n s t r a t e  t h e  a b i l i t y  o f  t h i s  m e t h o d  t o  

r e p r o d u c e  e x a c t  s o l u t i o n s  f o r  two s p h e r e s  a t  any o r i e n t a t i o n  r e l a t i v e  to  

t h e  s h e a r  f i e l d .
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4 .  SELF DIFFUSION OF SPHERES IN  A SHEAR FLOW

L e i g h t o n  & A c r i v o s  ( 1 9 8 5 )  o b s e r v e d  a s h e a r  i n d u c e d  m i g r a t i o n  o f  

p a r t i c l e s  i n  c o n c e n t r a t e d  s u s p e n s i o n s .  In  a t h r e e  d i m e n s i o n a l  m u l t i ­

p a r t i c l e  c o n f i g u r a t i o n ,  s p h e r e s  e x p e r i e n c e  a s e l f  d i f f u s i o n  

p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r .  T h i s  b e h a v i o r  o f  s e l f  d i f f u s i o n  o f  

s p h e r e s  i n  a  s h e a r  f l o w  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r  i s  

d e m o n s t r a t e d  i n  t h e  n e x t  e x a m p l e  w i t h  t h r e e  a n d  f o u r  s p h e r e  

c o n f i g u r a t i o n s  u s i n g  o u r  " e x a c t "  m e t h o d .  The c a l c u l a t e d  r e s u l t s  a r e  

compared w i t h  t h e  r e s u l t s  o b t a i n e d  w i t h  t h e  method o f  p a i r e d  i n t e r a c t i o n  

wh ich  f a i l s  t o  show t h i s  b e h a v i o r .

C o n s i d e r  two i d e n t i c a l  s p h e r e s  i n  t h e  p l a n e  o f  s h e a r  where  t h e  l i n e

j o i n i n g  t h e i r  c e n t e r s  i s  a t  a n  a n g l e  o f  30°  w i t h  r e s p e c t  t o  t h e  X a x i s .  

B o th  s p h e r e s  have a h o r i z o n t a l  and v e r t i c a l  v e l o c i t y  component  a s  shown 

i n  f i g u r e  3a .  The s p h e r e  a t  t h e  o r i g i n  h a s  a p o s i t i v e  h o r i z o n t a l  a n d  a 

p o s i t i v e  v e r t i c a l  v e l o c i t y  co m p o n en t .  Next  c o n s i d e r  two s p h e r e s  i n  a 

h o r i z o n t a l  p l a n e  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r  a n d  t h e  l i n e

j o i n i n g  t h e  c e n t e r s  o f  t h e  two s p h e r e s  making an  a n g l e  o f  30°  d e g r e e s  

w i t h  t h e  X a x i s .  S in c e  t h e  h o r i z o n t a l  p l a n e  o f  t h e  two s p h e r e s  i s  a l s o  

t h e  p l a n e  o f  z e r o  f l o w ,  t h e  h o r i z o n t a l  v e l o c i t y  component  i s  z e r o  on 

b o t h  t h e  s p h e r e s  and t h e y  h a v e  o n l y  a  v e r t i c a l  v e l o c i t y  c o m p o n e n t  a s  

sh ow n  i n  f i g u r e  3 b .  The s p h e r e  a t  t h e  o r i g i n  h a s  a  p o s i t i v e  v e r t i c a l  

v e l o c i t y .  The v e l o c i t y  i s  n o n - d i m e n s i o n a l i z e d  by  t h e  p r o d u c t  o f  t h e  

s h e a r  g r a d i e n t  and  t h e  p a r t i c l e  r a d i u s  i n  a l l  c a s e s .  Next  we lo o k  a t  a 

t h r e e  s p h e r e  c o n f i g u r a t i o n  w h e r e  t h e  f i r s t  s p h e r e  i s  p l a c e d  a t  t h e
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o r i g i n ,  t h e  s e c o n d  s p h e r e  i s  i n  t h e  p l a n e  o f  t h e  s h e a r  and t h e  t h i r d  

s p h e r e  i s  i n  a h o r i z o n t a l  p l a n e  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r .  

The l i n e  j o i n i n g  t h e  c e n t e r s  o f  s p h e r e s  2 a n d  1 a n d  s p h e r e s  3 and 1

makes an  a n g l e  o f  30° w i t h  r e s p e c t  t o  t h e  X - a x i s  a s  shown i n  f i g u r e  3 c .  

T h i s  c o n f i g u r a t i o n  o f  t h r e e  s p h e r e  i s  a  c o m b i n a t i o n  o f  t h e  e a r l i e r  two 

s p h e r e  c o n f i g u r a t i o n s .  For  t h i s  t h r e e  s p h e r e  c o n f i g u r a t i o n  t h e  " e x a c t "  

s o l u t i o n  show s  t h a t  t h e  s p h e r e  a t  t h e  o r i g i n  h a s  a h o r i z o n t a l  v e l o c i t y  

c o m p o n e n t  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r  i n  a d d i t i o n  t o  t h e  

v e r t i c a l  an d  h o r i z o n t a l  v e l o c i t y  components  i n  t h e  p l a n e  o f  s h e a r  f lo w.  

T h i s  m o t io n  o f  t h e  s p h e r e  s i t u a t e d  a t  t h e  o r i g i n  p e r p e n d i c u l a r  t o  t h e  

p l a n e  o f  s h e a r  i s  s i m i l a r  t o  t h e  s e l f  d i f f u s i o n  o f  s p h e r e s  i n  a 

s u s p e n s i o n .

A s i m i l a r  b e h a v i o r  i s  a l s o  o b t a i n e d  i n  a f o u r  b o d y  i n t e r a c t i o n .  

When t h r e e  s p h e r e s  a r e  p l a c e d  a t  t h e  c o r n e r s  o f  a r i g h t  t r i a n g l e  i n  t h e  

p l a n e  o f  s h e a r  a s  shown i n  f i g u r e  4a  a l l  t h r e e  s p h e r e s  h ave  a h o r i z o n t a l  

and v e r t i c a l  v e l o c i t y  component  i n  t h e  p l a n e  o f  s h e a r  and i n  p a r t i c u l a r  

t h e  s p h e r e  a t  t h e  o r i g i n  h a s  a p o s i t i v e  h o r i z o n t a l  and p o s i t i v e  v e r t i c a l  

v e l o c i t y  component .  N ex t ,  f o r  t h r e e  s p h e r e s  p l a c e d  a t  t h e  c o r n e r s  o f  a 

r i g h t  t r i a n g l e  i n  a v e r t i c a l  p l a n e  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r  

a l l  t h r e e  s p h e r e s  have  o n l y  a  h o r i z o n t a l  v e l o c i t y  component  a s  sh own  i n  

f i g u r e  4 b .  F i n a l l y ,  f o r  t h r e e  s p h e r e s  p l a c e d  a t  t h e  c o r n e r s  o f  a r i g h t  

t r i a n g l e  i n  a h o r i z o n t a l  p l a n e  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r  a l l  

t h r e e  s p h e r e s  h ave  o n l y  a p o s i t i v e  v e r t i c a l  v e l o c i t y  component  p a r a l l e l  

t o  t h e  p l a n e  o f  s h e a r  a s  shown i n  f i g u r e  4 c .  Now f o r  a  f o u r  s p h e r e  

c o n f i g u r a t i o n  w h i c h  i s  a c o m b i n a t i o n  o f  t h e  p r e v i o u s  t h r e e  s p h e r e  

c o n f i g u r a t i o n s  shown i n  f i g u r e  4d t h e  s p h e r e  a t  t h e  o r i g i n  s h o u l d  n o t
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h ave a h o r i z o n t a l  v e l o c i t y  component  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r  

a c c o r d i n g  t o  t h e  t h r e e - b o d y  I n t e r a c t i o n s .  However,  t h e  " e x a c t "  s o l u t i o n  

show s  a h o r i z o n t a l  v e l o c i t y  component p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  th e  

s h e a r  f o r  t h e  c o r n e r  s p h e r e  I n  t h i s  f o u r  s p h e r e  c o n f i g u r a t i o n .  T h i s  

d e m o n s t r a t e s  t h e  f a c t  t h a t  e v e n  t h r e e  b o d y  i n t e r a c t i o n s  c a n n o t  

a c c u r a t e l y  p r e d i c t  t h e  s e l f  d i f f u s i o n  o f  s p h e r e s  I n  a s h e a r  f l o w  w h i c h  

t h e  p r e s e n t  t h e o r y  c a n  d e m o n s t r a t e  e a s i l y .  The p r e v i o u s  two examples  

a l l o w  us  t o  c o n c lu d e  t h a t  t h e  s e l f  d i f f u s i o n  p h e n o m e n o n  o c c u r s  due  t o  

t h e  p r e s e n c e  o f  s p h e r e s  o u t s i d e  t h e  p l a n e  o f  s h e a r  and a l s o  t h a t  s e l f  

d i f f u s i o n  w i l l  i n c r e a s e  a s  t h e  number o f  s p h e r e s  i n c r e a s e s .

5 .  MIGRATION OF PARTICLES FROM REGION OF HIGH SHEAR TO LOW SHEAR

I n  t h i s  s e c t i o n  we a t t e m p t  t o  s t u d y  t h e  m i g r a t i o n  o f  a  c l u s t e r  o f  

n e u t r a l l y  b u o y a n t  c o n f i g u r a t i o n  o f  s p h e r e s  i n  P o i s e u i l l e  f low  from a 

r e g i o n  o f  h i g h  s h e a r  t o  a r e g i o n  o f  low s h e a r .  F i g u r e  5 shows a p l a n a r  

c o n f i g u r a t i o n  o f  t h i r t e e n  i d e n t i c a l  n e u t r a l l y  b u o y a n t  s p h e r e s  p l a c e d  i n  

a P o i s e u i l l e  f l o w .  Sphere  1 i s  p l a c e d  a t  t h e  c e n t e r  o f  two c o n c e n t r i c  

r e g u l a r  h e x a g o n s .  S p h e re s  2 t h r o u g h  13 a r e  p l a c e d  a t  t h e  c o r n e r s  o f  t h e  

two h e x a g o n s .  T h i s  a r r a n g e m e n t  p r o d u c e s  a  p l a n a r  t r i a n g u l a r  a r r a y  o f  

p i t c h  1 . 6 8  ( a p p r o x . )  d i a m e t e r s  a r o u n d  t h e  c e n t e r  s p h e r e .  The 

c o n c e n t r a t i o n  o f  t h e  t r i a n g u l a r  u n i t  c e l l  i s  0 . 3 2 5  i n  t h e  p l a n e  o f  t h e  

s p h e r e  c e n t e r s .  The P o i s e u i l l e  f l o w  h a s  a p a r a b o l i c  p r o f i l e  d e f i n e d  by:

Vp ~ a  ( 1- ( z - r , ) 2/  p 2 ) (1 4)
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T h i s  p a r a b o l i c  f l o w  p r o f i l e  w i t h o u t  b o u n d a r i e s  i s  n o t  p h y s i c a l l y  

r e a l i s t i c  a n d  i s  p r e s e n t e d  o n l y  t o  i l l u s t r a t e  t h e  p h e n o m e n o n  o f  

m i g r a t i o n  o f  p a r t i c l e s  from r e g i o n  o f  h i g h  s h e a r  t o  r e g i o n  o f  low s h e a r .

Numerous r u n s  were  done w i t h  t h i s  c o n f i g u r a t i o n  o f  13 s p h e r e s  w h e r e  

t h e  p a r a m e t e r  »j o f  t h e  f l u i d  v e l o c i t y  was v a r i e d  k e e p i n g  t h e  p a r a m e t e r s  

a and /J c o n s t a n t .  The p a r a m e t e r  r\ r e p r e s e n t s  t h e  d i s p l a c e m e n t  o f  t h e  

c e n t e r  s p h e r e  ( and  t h e  whole c o n f i g u r a t i o n  o f  13 s p h e r e s )  from t h e  a x i s  

o f  t h e  p a r a b o l i c  p r o f i l e  which i s  a l s o  th e  l i n e  o f  z e r o  s h e a r .  F i g u r e  6 

i s  a p l o t  o f  t h e  v e r t i c a l  v e l o c i t y  component o f  t h e  c e n t e r  s p h e r e  f o r  

v a r y i n g  d i s p l a c e m e n t  o f  t h e  c e n t e r  s p h e r e  from t h e  l i n e  o f  z e r o  s h e a r .  

I t  i s  s e e n  t h a t  t h e  m a g n i t u d e  o f  v e l o c i t y  i n c r e a s e s  l i n e a r l y  w i t h  t h e  

d i s p l a c e m e n t  and t h e  d i r e c t i o n  o f  t h e  v e l o c i t y  i s  t o w a r d s  t h e  l i n e  o f  

z e r o  s h e a r .  I t  was  a l s o  foun d t h a t  a l l  t h e  o t h e r  s p h e r e s  move to w a rd s  

t h e  l i n e  o f  z e r o  s h e a r .  T h i s  b e h a v i o r  d e m o n s t r a t e s  t h e  t e n d e n c y  o f  a 

m u l t i - p a r t i c l e  c o n f i g u r a t i o n  t o  form a c o n c e n t r a t e d  c l u s t e r  a ro u n d  t h e  

l i n e  o f  z e r o  s h e a r  i n  a P o i s e u i l l e  f l~w  and t h e  m i g r a t i o n  o f  p a r t i c l e s  

from r e g i o n  o f  h i g h  s h e a r  t o  r e g i o n  o f  low s h e a r .
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6 .  TINE DEPENDENT NOTION OF SPHERES USING THE PAIRED INTERACTIONS

Time d e p e n d e n t  s o l u t i o n s  o f  m u l t i p a r t i c l e  c o n f i g u r a t i o n  i n  a s h e a r  

f low  a r e  v e r y  i m p o r t a n t  f o r  s t u d y i n g  t h e  r h e o l o g i c a l  b e h a v i o r  a n d  s e l f  

d i f f u s i o n  o f  s u s p e n s i o n s .  The t h e o r y  d e v e l o p e d  i n  t h i s  c h a p t e r  i s  

c a p a b l e  o f  y i e l d i n g  t h e  i n s t a n t a n e o u s  v e l o c i t y  o f  e a c h  s p h e r e  i n  t h e  

m u l t i p a r t i c l e  c o n f i g u r a t i o n  i n  a s h e a r  f l o w .  T h e o r e t i c a l l y  i t  i s  a l s o  

p o s s i b l e  t o  o b t a i n  t h e  t r a j e c t o r y  o f  e ach  s p h e r e  o v e r  a p e r i o d  o f  t i m e . 

H o w e v e r ,  t h e  c o m p u t a t i o n a l  t ime r e q u i r e d  t o  s o l v e  f o r  t h e  v e l o c i t i e s  o f  

t h e  s p h e r e s  i n  t h e  c l u s t e r  a t  e ach  i n s t a n t  o f  t im e  i s  e x c e s s i v e l y  h i g h  

d u e  t o  t h e  l a r g e  n u m b e r  o f  n u m e r i c a l  i n t e g r a t i o n s  w h i c h  m u s t  b e  

p e r fo r m e d  a t  e a c h  t ime  s t e p .  T h e r e f o r e  w i t h  t h e  p r e s e n t l y  a v a i l a b l e  

c o m p u t a t i o n a l  e q u i p m e n t  i t  i s  d i f f i c u l t  t o  o b t a i n  t h e  t ime d e p e n d e n t  

m o t i o n  o f  m u l t i p a r t i c l e  c o n f i g u r a t i o n  u s i n g  o u r  " e x a c t "  m e t h o d  o f  

s o l u t i o n .

H o w e v e r ,  t h i s  t h e o r y  h a s  made i t  p o s s i b l e  t o  c h e c k  t h e  t i m e  

d e p e n d e n t  m o t i o n  o f  m u l t i p l e  s p h e r e s  o b t a i n e d  b y  u s i n g  a p p r o x i m a t e  

method s  s u c h  a s  t h e  p a i r e d  i n t e r a c t i o n  t e c h n i q u e ,  b y  c o m p a r i n g  t h e  

r e s u l t s  f o r  t h e  p a r t i c l e  v e l o c i t i e s  a t  o n e  i n s t a n t  o f  t ime w i t h  t h e  

" e x a c t "  s o l u t i o n s  o b t a i n e d  by o u r  method.  T h i s  p r o c e d u r e  o f  c o m p a r i n g  

t h e  t w o  s o l u t i o n s  a t  v a r i o u s  i n s t a n t s  o f  t i m e  g i v e s  a  r e s o n a b l e  

a s s u r a n c e  o f  t h e  a c c u r a c y  o f  t h e  t r a j e c t o r i e s  c o m p u t e d  b y  t h e  

a p p r o x i m a t e  method.  Ve u s e d  a  p a i r e d  i n t e r a c t i o n  t e c h n i q u e ,  b a s e d  on t h e  

two s p h e r e  e x a c t  s o l u t i o n  o f  L in ,  Lee a n d  S a t h e r  ( 1 9 7 0 )  t o  o b t a i n  t h e  

t r a j e c t o r i e s  o f  e a c h  s p h e r e  i n  a m u l t i p a r t i c l e  c o n f i g u r a t i o n .  I n  t h i s  

p r o c e d u r e  we o b t a i n  t h e  e x a c t  s o l u t i o n  f o r  two n e u t r a l l y  b u o y a n t  s p h e r e s
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n e g l e c t i n g  a l l  t h e  o t h e r  s p h e r e s  i n  t h e  c o n f i g u r a t i o n .  Then we do a 

p a i r w i s e  a d d i t i v i t y  o f  t h e  v e l o c i t i e s  o f  e a c h  s p h e r e .  D u r l o f s k y ,  B r a d y  

a n d  B o s s  i s  (1986)  compared t h e  p a i r w i s e  a d d i t i v i t y  o f  t h e  v e l o c i t y  w i t h  

t h e i r  m e t h o d  a n d  n o t i c e d  c o n s i d e r a b l e  d e v i a t i o n  f o r  c o n f i g u r a t i o n s

h a v i n g  a n  i n t e r p a r t i c l e  g ap  o f  10 ^ r a d i i .  We w i l l  c o n s i d e r  o n l y  

c o n f i g u r a t i o n s  w h e r e  t h e  i n t e r p a r t i c l e  g a p  w i d t h  b e t w e e n  a n y  t w o  

p a r t i c l e s  i s  0 . 1  r a d i i  o r  more and we s h a l l  show t h a t  a t  t h e s e  s p a c i n g s  

t h e  d e v i a t i o n  i s  c o n s i d e r a b l y  l e s s .

For  t h r e e  e q u a l l y  s p a c e d  s p h e r e s  i n  a s t r a i g h t  c h a i n  i n c l i n e d  a t  45°  

w i t h  r e s p e c t  t o  t h e  d i r e c t i o n  o f  f lo w  and w i t h  t h e  c e n t e r  s p h e r e  p l a c e d  

on t h e  X a x i s ,  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t i e s  o f  t h e  c o r n e r  

s p h e r e s  a r e  e q u a l  i n  m agn i tude  and o p p o s i t e  i n  s i g n  w h e r e a s  t h e  c e n t e r  

s p h e r e  h a s  o n l y  a  r o t a t i o n a l  v e l o c i t y  compo nent .  F i g u r e  7 shows t h e  

t r a n s l a t i o n a l  v e l o c i t y  c o m p o n e n t s  o f  t h e  c o r n e r  s p h e r e  f o r  v a r i o u s  

c e n t e r  t o  c e n t e r  s p a c i n g s  m easu red  i n  r a d i i .  I t  compares  t h e  h o r i z o n t a l  

and v e r t i c a l  v e l o c i t y  components  o f  t h e  c o r n e r  s p h e r e  o b t a i n e d  f r o m  t h e  

p a i r e d  i n t e r a c t i o n  t e c h n i q u e  (s h o w n  by s o l i d  l i n e s )  w i t h  t h e  " e x a c t "  

method (shown by d a s h e d  l i n e s ) .  The s m a l l  d e v i a t i o n  i n  t h e  v e l o c i t y  

c o m p o n e n t s  o b t a i n e d  f r o m  t h e  two m e t h o d s  s u g g e s t s  t h a t  t h e  t i m e -  

d e p e n d e n t  s o l u t i o n s  u s i n g  t h e  p a i r e d  i n t e r a c t i o n  t e c h n i q u e  i s  r e a s o n a b l y  

a c c u r a t e  f o r  i n t e r p a r t i c l e  g a p s  o f  1 r a d i i  o r  m o r e .  However a s  t h e  

i n t e r p a r t i c l e  g a p  d e c r e a s e s  t h e  d e v i a t i o n  i n c r e a s e s  a n d  f o r  a n  

i n t e r p a r t i c l e  g a p  o f  0 . 0 5  r a d i i  t h e  d e v i a t i o n  i s  a s  h i g h  a s  30%, which 

i s  e x p e c t e d  from t h e  p a i r e d  i n t e r a c t i o n  t e c h n i q u e .  T h i s  d e v i a t i o n  would 

be  c o n s i d e r a b l y  s m a l l e r  i f  two s p h e r e s  were c l o s e  t o g e t h e r  and t h e  t h i r d  

were f a r  f rom t h e  o t h e r  two.  Thus we p r o c e e d  t o  o b t a i n  t h e  t r a j e c t o r i e s
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o f  t h r e e  s p h e r e s  i n  a  s h e a r  f l ow  u s i n g  t h e  p a i r e d  i n t e r a c t i o n  t e c h n i q u e .  

In  a l l  c a s e s  t h e  v e l o c i t i e s  a r e  n o n d i m e n s i o n a l i z e d  by t h e  s h e a r  r a t e  and 

t h e  c e n t e r  s p h e r e  i s  p l a c e d  on t h e  X a x i s  where  t h e  f l u i d  v e l o c i t y  i s  

z e r o .

F i g u r e  8 show s  t h e  t r a j e c t o r i e s  o f  t h r e e  e q u a l l y  s p a c e d  s p h e r e s  

s t a r t i n g  i n  a  s t r a i g h t  l i n e  and h a v i n g  d i f f e r e n t  i n i t i a l  c o n f i g u r a t i o n s  

d e n o t e d  by a ,  b ,  c and d.  I n  a l l  c a s e s  t h e  c e n t r a l  s p h e r e  l i e s  on t h e  X 

a x i s  and from symmetry c o n s i d e r a t i o n s  h a s  no t r a n s l a t i o n a l  v e l o c i t y .  

The two o u t e r  s p h e r e s  ap p r o a c h  t h e  c e n t r a l  s p h e r e  and go a r o u n d  i t .  The 

i n t e r p a r t i c l e  gap i s  s m a l l e s t  when t h e  two o u t e r  s p h e r e s  a r e  m o v i n g  

a r o u n d  t h e  c e n t e r  s p h e r e .  F i g u r e  7 g i v e s  t h e  c o m p a r i s o n  o f  t h e  r e s u l t s  

b e tw een  t h e  p a i r e d  i n t e r a c t i o n  and " e x a c t "  s o l u t i o n  f o r  t h i s  p o s i t i o n  i n  

t h e  t ime d e p e n d e n t  m o t io n  where t h e  l i n e  j o i n i n g  t h e  t h r e e  s p h e r e s  i s  a t

an  a n g l e  o f  45 °  w i t h  t h e  d i r e c t i o n  o f  f l o w .  Then t h e  two o u t e r  s p h e r e s  

d r i f t  away f rom t h e  c e n t e r  s p h e r e s  i n  o p p o s i t e  d i r e c t i o n s  and t h e  o u t e r  

s p h e r e s  r e t u r n  t o  t h e i r  i n i t i a l  d i s p l a c e m e n t  f r o m  t h e  X a x i s .  The 

d a s h e d  l i n e s  i n  f i g u r e  8 show t h e  f l u i d  s t r e a m  l i n e s  a r o u n d  an i s o l a t e d  

s p h e r e  i n  s h e a r  f l o w ,  i . e .  i n  t h e  a b s e n c e  o f  t h e  two o u t e r  s p h e r e s .  I t  

i s  s e e n  t h a t  t h e  d e v i a t i o n  o f  t r a j e c t o r y  o f  s p h e r e s  f rom t h e  s t r e a m  

l i n e s  i s  g r e a t e r  i f  t h e  i n i t i a l  d i s p l a c e m e n t  o f  t h e  s p h e r e s  f r o m  t h e  X 

a x i s  i s  s m a l l e r .  A l s o  t h e  c u r v a t u r e  i n  t h e  t r a j e c t o r y  o f  t h e  c o r n e r  

s p h e r e  when i t  goes  a r o u n d  t h e  c e n t e r  s p h e r e  d e c r e a s e s  a s  t h e  i n i t i a l  

p o s i t i o n s  o f  t h e  c o r n e r  s p h e r e s  a r e  moved f u r t h e r  away from t h e  X a x i s .  

Had t h e  c o r n e r  s p h e r e s  b ee n  s t a r t e d  a t  a n  i n f i n i t e  d i s t a n c e  f r o m  t h e  

c e n t e r  s p h e r e  i n  t h e  X d i r e c t i o n ,  i n  a l l  c a s e s  t h e  t r a j e c t o r i e s  would 

e s s e n t i a l l y  b e  t h e  same.  T h i s  was  c o n f i r m e d  b y  d o i n g  t e s t  r u n s  w i t h
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i n i t i a l  s p a c i n g s  o f  t h e  c o r n e r  s p h e r e s  a t  10,  20 and AO r a d i i  i n  t h e  X 

d i r e c t i o n  and no s i g n i f i c a n t  change i n  t h e  t r a j e c t o r i e s  was s e e n .

Next  we lo o k  a t  t h e  t r a j e c t o r i e s  o f  3 s p h e r e s  u n e q u a l l y  s p a c e d  ab o u t  

t h e  m id d le  s p h e r e  i n  t h e  X d i r e c t i o n .  The i n n e r  s p h e r e  i s  i n i t i a l l y  

p l a c e d  o n  t h e  X a x i s .  The c o r n e r  s p h e r e s  a r e  p l a c e d  a t  d i s t a n c e s  o f  10 

and  20 r a d i i  i n  t h e  X d i r e c t i o n  on  t h e  r i g h t  a n d  l e f t  o f  t h e  i n n e r  

s p h e r e  r e s p e c t i v e l y .  Four  d i f f e r e n t  i n i t i a l  c o n f i g u r a t i o n s  d e n o t e d  by 

a , b , c  a n d  d i n  f i g u r e  9a  w e r e  s t u d i e d .  The r a t i o  o f  t h e  i n i t i a l  

d i s t a n c e s  o f  t h e  o u t e r  s p h e r e s  from t h e  i n n e r  s p h e r e  was 1 :2  i n  t h e  X 

d i r e c t i o n  i n  a l l  c a s e s  and t h e  i n i t i a l  d i s p l a c e m e n t  o f  t h e  o u t e r  s p h e r e s  

a w a y  f r o m  t h e  X a x i s  was  0 . 5 ,  1 . 0 ,  2 . 0  a n d  A.O r a d i i  f o r  t h e  f o u r  

c o n f i g u r a t i o n s .

F i g u r e s  9 a  show t h e  t r a j e c t o r i e s  o f  t h e  t h r e e  s p h e r e s  f o r  t h e  

i n i t i a l  p o s i t i o n s  d e n o t e d  by a ,  b ,  c and d.  The d i m e n s i o n l e s s  t i m e  i s  

m a r k e d  o n  t h e  t r a j e c t o r i e s  o f  t h e  t h r e e  s p h e r e s .  I n  t h e s e  

c o n f i g u r a t i o n s  t h e  i n n e r  s p h e r e  a l s o  h a s  a t r a n s l a t i o n a l  v e l o c i t y  s i n c e  

t h e  o u t e r  s p h e r e s  a r e  n o t  e q u a l l y  s p a c e d  a b o u t  t h e  i n n e r  s p h e r e .  F ig u r e  

9b s h o w s  a n  e n l a r g e m e n t  o f  t h e  t r a j e c t o r y  o f  t h e  i n n e r  s p h e r e  f o r  

d i f f e r e n t  i n i t i a l  p o s i t i o n s  a ,  b ,  c and d.  The d i m e n s i o n l e s s  t ime  i s  

marked on t h e  t r a j e c t o r y .  The two o u t e r  s p h e r e s  move t o w a r d  t h e  i n n e r  

s p h e r e  a n d  t h e  o u t e r  s p h e r e  on t h e  r i g h t  e n c o u n t e r s  t h e  i n n e r  s p h e r e  

f i r s t  s i n c e  i t  i s  c l o s e r  t o  t h e  i n n e r  s p h e r e .  T h i s  c a u s e s  t h e  i n n e r  

s p h e r e  t o  move i n  a c l o c k w i s e  manner above t h e  X a x i s .  Then,  t h e  r i g h t  

o u t e r  s p h e r e  goes  a r o u n d  t h e  i n n e r  s p h e r e  a n d  t h e  two o u t e r  s p h e r e s  

c r o s s  e a c h  o t h e r .  At  t h i s  i n s t a n t  t h e  i n n e r  s p h e r e  r e t u r n s  b a c k  t o  t h e  

X a x i s  and t h e  t h r e e  s p h e r e s  form an i s o s c e l e s  t r i a n g l e .  N ex t ,  t h e  l e f t
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o u t e r  s p h e r e  e n c o u n t e r s  t h e  i n n e r  s p h e r e  s e n d i n g  i t  i n t o  a n o t h e r  

c l o c k w i s e  m o t io n ,  t h i s  t ime below t h e  X a x i s .  F i n a l l y  t h e  c e n t e r  s p h e r e  

r e t u r n s  c l o s e  t o  i t s  i n i t i a l  p o s i t i o n  and t h e  two o u t e r  s p h e r e s  d r i f t  

away i n  o p p o s i t e  d i r e c t i o n s .  I t  i s  s e e n  ( f i g u r e  9 b )  t h a t  t h e  i n n e r  

s p h e r e  d o e s  n o t  r e t u r n  b a c k  t o  i t s  i n i t i a l  p o s i t i o n  w h e n  t h e  

d i s p l a c e m e n t  o f  t h e  o u t e r  s p h e r e s  from t h e  X a x i s  i s  s m a l l  ( 1 . 0  r a d i i  o r  

l e s s )  a s  i n  t h e  c a s e  o f  c o n f i g u r a t i o n s  a a n d  b .  To ch e ck  t h a t  t h i s  

d e v i a t i o n  was n o t  due t o  e r r o r  i n  t h e  n u m e r i c a l  i n t e g r a t i o n ,  we r a n  t h e  

t i m e  d e p e n d e n t  m o t i o n  b a c k w a r d s  s t a r t i n g  t h e  t h r e e  s p h e r e s  from t h e i r  

f i n a l  p o s i t i o n s  f o r  t h e  c a s e  when t h e  d i s p l a c e m e n t  o f  t h e  o u t e r  s p h e r e s  

i s  0 . 5  r a d i i  f r o m  t h e  X a x i s  an d  r e v e r s i n g  t h e  d i r e c t i o n  o f  t h e  s h e a r  

f l o w .  We found  t h a t  t h e  s p h e r e s  r e t u r n e d  t o  t h e i r  i n i t i a l  p o s i t i o n s .  

H o w e v er  when t h e  i n i t i a l  d i s p l a c e m e n t  o f  t h e  o u t e r  s p h e r e s  from t h e  X 

a x i s  i s  l a r g e  ( g r e a t e r  t h a n  1 . 0  r a d i i )  a s  i n  t h e  c a s e  o f  c o n f i g u r a t i o n s  

c a n d  d t h e  i n n e r  s p h e r e  d o e s  r e t u r n  t o  i t s  s t a r t i n g  p o s i t i o n .  Also  

i n c r e a s i n g  i n i t i a l  d i s p l a c e m e n t  o f  o u t e r  s p h e r e s  from t h e  X a x i s  c a u s e s  

t h e  t r a j e c t o r y  o f  i n n e r  s p h e r e  t o  become  m o re  s y m m e t r i c  a b o u t  t h e  X 

a x i s .

I n  t h i s  example ,  a t  any t ime i n  t h e  m o t io n  o f  t h e  t h r e e  s p h e r e s  o n ly  

two s p h e r e s  come c l o s e  t o  e a c h  o t h e r  and t h e  t h i r d  s p h e r e  i s  s e p a r a t e d  

by  a t  l e a s t  a d i s t a n c e  o f  10 r a d i i .  T h e r e f o r e  t h e  p a i r e d  i n t e r a c t i o n  

t e c h n i q u e  g i v e s  a  v e r y  good e s t i m a t e  o f  t h e  t r a j e c t o r i e s .
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7 .  TIME DEPENDENT MOTION OF A CHAIN OF SPHERES WITH FIXED

INTERPARTICLE SPACINGS

I n  p o l y m e r  s c i e n c e  I t  i s  v e r y  u s e f u l  t o  know t h e  d e f o r m a t i o n  o f  a 

po lym er  c h a i n  i n  s h e a r  f l ow t o  d e t e r m i n e  t h e  p r o p e r t i e s  o f  a p a r t i c u l a r  

p o l y m e r .  The a p p l i c a t i o n  o f  t h i s  t h e o r y  t o  p r a c t i c a l  p r o b l e m s  i s  

d e m o n s t r a t e d  by s t u d y i n g  t h e  d e f o r m a t i o n  o f  a c h a i n  o f  t h r e e  s p h e r e s  

w i t h  f i x e d  i n t e r p a r t i c l e  s p a c i n g s  i n  s h e a r  f low .

C o n s i d e r  t h r e e  i d e n t i c a l  s p h e r e s  p l a c e d  i n  t h e  p l a n e  o f  s h e a r  f l o w .  

The h y d r o d y n a m i c  i n t e r a c t i o n s  among t h e  t h r e e  p a r t i c l e s  c a n  be e a s i l y  

d e t e r m i n e d  by t h e  t h e o r y  p r e s e n t e d  i n  s e c t i o n  2 .  How ever  t h e  t h e o r y  

m u s t  b e  m o d i f i e d  t o  i n c l u d e  t h e  c o n s t r a i n t  o f  f i x e d  i n t e r p a r t i c l e  

s p a c i n g s ,  which would  p r e s e n t  i f  t h e  s p h e r e s  were somehow l i n k e d  su ch  as  

by t h i n  r i g i d  r o d s .  The r e q u i r e d  m o d i f i c a t i o n s  a r e  o u t l i n e d  below.

F i g u r e  10 shows a  s c h e m a t i c  o f  t h r e e  s p h e r e s  i n  a p l a n e .  and D2 2

a r e  t h e  f i x e d  i n t e r p a r t i c l e  s p a c i n g s  be tw een  s p h e r e s  1 and 2  and s p h e r e s  

2 and  3 r e s p e c t i v e l y  and i t  i s  r e q u i r e d  t h e s e  s p a c i n g s  r e m a i n  c o n s t a n t .  

W and U a r e  t h e  v e r t i c a l  and h o r i z o n t a l  v e l o c i t y  componen ts  o f  t h e  t h r e e  

s p h e r e s .  Fj j and  Uj j a r e  and t h e  f o r c e  and v e l o c i t y  c o m p o n e n t s  a c t i n g

p a r a l l e l  t o  t h e  l i n e  j o i n i n g  t h e  c e n t e r s  o f  s p h e r e s  1  & 2  and s p h e r e s  2  

& 3. We assume t h a t  t h e  p a r t i c l e s  a r e  f r e e  t o  r o t a t e  s o  t h e  c o n d i t i o n  

o f  z e r o  t o r q u e  on  e a c h  s p h e r e  g i v e n  i n  (12b)  i s  s t i l l  v a l i d .  However 

t h e  hydrody na mic  f o r c e  a l o n e  on e a c h  i n d i v i d u a l  p a r t i c l e  d oes  n o t  c a n c e l  

t h e  b u o y a n t  f o r c e  a c t i n g  on t h a t  p a r t i c l e  due t o  t h e  a d d i t i o n a l  f o r c e s
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e x e r t e d  on t h a t  p a r t i c l e  t h r o u g h  t h e  l i n k s .  I t  i s  w o r t h  m e n t i o n i n g  a t  

t h i s  p o i n t  t h a t  t h e  c o n f i g u r a t i o n  as  a whole i s  s t i l l  n e u t r a l l y  b u o y a n t  

a n d  t h i s  i s  a l s o  d e m o n s t r a t e d  l a t e r  b y  t h e  a d d i t i o n a l  e q u a t i o n s  

o b t a i n e d  due t o  t h e  c o n s t r a i n t s .  T h e r e f o r e  e q u a t i o n  (12a)  i s  no l o n g e r

a d d i t i o n a l  s i x  e q u a t i o n s  a r e  r e q u i r e d  i n  o r d e r  t o  b e  a b l e  t o  s o l v e  f o r  

t h e  u n k n o w n s .  T h e s e  a r e  o b t a i n e d  by  u s i n g  t h e  c o n s t r a i n t  o f  f i x e d  

i n t e r p a r t i c l e  s p a c i n g s  a s  f o l l o w s .

I n  o r d e r  t h a t  t h e  i n t e r p a r t i c l e  s p a c i n g  be tw e en  s p h e r e s  1 and 2 be 

f i x e d  we m u s t  f i r s t  s a t i s f y  t h e  k i n e m a t i c  c o n d i t i o n  t h a t  t h e  

t r a n s l a t i o n a l  v e l o c i t y  c o m p o n e n t s  o f  s p h e r e s  1  and 2  p a r a l l e l  t o  t h e  

l i n e  j o i n i n g  t h e i r  c e n t e r s  m u s t  be  e q u a l .  I f  t h e  l i n e  j o i n i n g  t h e  

c e n t e r s  o f  s p h e r e s  1  a n d  2  m ak es  a n  a n g l e  o f  8^  w i t h  r e s p e c t  t o  t h e

h o r i z o n t a l  a x i s ,  t h e n  t h e  t r a n s l a t i o n a l  v e l o c i t i e s  o f  s p h e r e s  1  a n d  2 

p a r a l l e l  t o  t h e  l i n e  j o i n i n g  t h e i r  c e n t e r s  a r e :

v a l i d  and t h i s  i n c r e a s e s  t h e  number o f  unknowns by 3J s i n c e  E j ^ ,  E^ q ^

a r e  no  l o n g e r  z e r o .  For  o u r  p a r t i c u l a r  c a s e  o f  t h r e e  s p h e r e s

i n  a p l a n e  t h i s  i n t r o d u c e s  s i x  a d d i t i o n a l  unknowns c o r r e s p o n d i n g  t o  E

a n d  E j 0 1  f o r  j - 1 , 2 ,  3 a s  E j  ^  i s  n e g l e c t e d  i n  t h e  p l a n a r  c a s e .  Now an

-  s i n  0 1 2  + cos  8^2 (15)

( U | | ) 2 i  ■ W2  s i n  tf^ 2 + U2  c o s  8^2 (16)

and f o r  t h e  i n t e r - p a r t i c l e  d i s t a n c e  b e tw e en  s p h e r e s  1  and  2  t o  b e  f i x e d  

we h a v e :
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o r (Uj - U2 ) cos  6U  + (Wx - W2 ) s i n  9U  -  0  (18)

A s i m i l a r  p r o c e d u r e  f o r  k e e p i n g  t h e  i n t e r p a r t i c l e  s p a c i n g s  b e t w e e n  

s p h e r e s  2 and 3 f i x e d  y i e l d s :

(U2  - U3 ) c o s  02 3  + (W2  - W3 ) s i n  8^  -  0 (19)

w h e r e  # 2 3  i s  t h e  a n g l e  o f  i n c l i n a t i o n  o f  t h e  l i n e  j o i n i n g  s p h e r e s  2  and

3 w i t h  t h e  h o r i z o n t a l  a x i s .  So (1 8 , 1 9 )  g i v e  t h e  f i r s t  two o f  t h e  s i x  

e q u a t i o n s  r e q u i r e d  t o  m a i n t a i n  f i x e d  s p a c i n g s  b e tw e e n  t h e  t h r e e  s p h e r e s .

Next ,  t h e  c o n d i t i o n  o f  f i x e d  i n t e r - p a r t i c l e  s p a c i n g  b e t w e e n  s p h e r e s  

1 and 2  i n t r o d u c e s  a f o r c e  F^ 2  a c t i n g  a l o n g  t h e  l i n e  j o i n i n g  t h e  c e n t e r s

o f  t h e  two s p h e r e s .  A s i m i l a r  f o r c e  F2 3  e x i s t s  b e t w e e n  s p h e r e s  2 and 3.

H ow ever  t h e  n e t  f o r c e  a c t i n g  i n  t h e  X and Z d i r e c t i o n s  on e a ch  s p h e r e  

m u s t  b e  z e r o .  T h i s  c o n d i t i o n  g i v e s  r i s e  t o  t h e  f o l l o w i n g  d y n a m i c  

c o n d i t i o n s  which must  be s a t i s f i e d :

Z  \  "  \  - F 1 2  c o s * 1 2  ‘  0  < 2 0 >

Z %  -  Fz 3  '  F 1 2  s l n * 1 2  “  0  (21)

S  F x 2 "  Fx 2 + F12 c o s * 1 2  ' F23 c o s ^23 “  0  ( 2 2 )

Z Fz 2 -  Fz 2 + F12 S i n d l 2  ' F23 s i n S 23 " 0 (23)

S F x 3 -  Fx 3 + F23 COS023 - °  ( 2 4 >

Z Fz 3 “  Fz3 + F23 s intf23 -  0 (2 5)



T h i s  s e t  o f  s i x  e q u a t i o n s  c o n t a i n s  two a d d i t i o n a l  unknowns,  an<*

F2 2  wh ich  c a n  be  e l i m i n a t e d  a s  f o l l o w s .

Combining (20)  and (21)  g i v e s :

Fz x cos t f i 2  '  FXl s i n  * 1 2  ”  0  ^26)

F u r t h e r m o r e ,  co m bin ing  e q u a t i o n s  (24)  and (25)  g i v e s :

Fz 3  COS*23 ' Fx 3  S ln  *23 ~ 0 (27)

Then s u b s t i t u t i n g  t h e  v a l u e s  o f  F ^  c o s f l ^  from (20)  and F2 3  c o s ^ 2 3  from

(24)  i n  (22)  g i v e s :

F + F + F -  0 (28)x^ x 2  x 3  v '

S i m i l a r l y  s u b s t i t u t i n g  F j^  s i n  0 ^  f r ° m (21)  and s i n  ^ 3  f rom (25) 

i n  (23)  g i v e s :

F + F + F -  0 (29)
Z1 Z2 Z3

E q u a t i o n s  (2 8)  and (29)  d e m o n s t r a t e  t h a t  t h e  sum o f  a l l  e x t e r n a l  f o r c e s  

a c t i n g  o n  t h e  c l u s t e r  a s  a  w h o l e  i s  z e r o  a s  would  be  e x p e c t e d  i n  t h e  

a b s e n c e  o f  f l u i d  and p a r t i c l e  i n e r t i a .  I n  summary, ( 1 8 , 1 9 , 2 6 , 2 7 , 2 8 , 2 9 )  

g i v e  t h e  r e q u i r e d  a d d i t i o n a l  s i x  e q u a t i o n s  t o  s o l v e  f o r  t h e  unknowns.
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A f t e r  m a k i n g  t h e  n e c e s s a r y  m o d i f i c a t i o n s  t o  t h e  g e n e r a l  t h e o r y  

c o n v e r g e n c e  t e s t s  w e re  d o n e  f o r  t h e  c a s e  o f  t h r e e  s p h e r e s  where  t h e  

i n t e r p a r t i c l e  s p a c i n g  b e tw e en  s p h e r e s  1 and 2 and s p h e r e s  2 and 3 were 4 

r a d i i  a n d  6^  an<* ^ 3  were 160 and 2 0 0  d e g r e e s  r e s p e c t i v e l y  ( s e e  f i g u r e

11 f o r  t - 0 ) . T ab le  3 shows t h e  c o n v e rg en c e  t e s t s  f o r  i n c r e a s i n g  n u m b er  

o f  c o l l o c a t i o n  r i n g s  N and t e r m s  r e t a i n e d  i n  t h e  F o u r i e r  s e r i e s  M. The 

i n s t a n t a n e o u s  h o r i z o n t a l  v e l o c i t y  o f  s p h e r e  2  i s  z e r o ,  t h e  h o r i z o n t a l  

v e l o c i t y  c o m p o n e n t s  o f  s p h e r e s  1 a n d  3 a r e  e q u a l  i n  m a g n i t u d e  an d  

o p p o s i t e  i n  s i g n  and t h e  v e r t i c a l  and r o t a t i o n a l  v e l o c i t y  c o m p o n e n t s  o f  

s p h e r e s  1 a n d  3 a r e  e q u a l  i n  m ag n i tu d e  and s i g n .  The r e s u l t s  f o r  t h i s  

c o n f i g u r a t i o n  o f  t h r e e  s p h e r e s  i n  t h e  p r e s e n c e  o f  t h e  i n t e r p a r t i c l e  

c o n s t r a i n t s  i m p o s e d  by t h e  f i x e d  i n t e r p a r t i c l e  s p a c i n g s  were  foun d to  

co n v e rg e  even  f a s t e r  t h a n  f o r  t h e  g e n e r a l  c a s e  o f  t h r e e  f r e e l y  m o v i n g  

s p h e r e s  a t  t h e  same s p a c i n g .

U s i n g  a  f i f t h  o r d e r  Runge K u t t a  m e t h o d  f o r  i n t e g r a t i o n ,  t i m e  

d e p e n d e n t  r u n s  w e r e  d o n e  f o r  v a r i o u s  i n i t i a l  c o n f i g u r a t i o n s  o f  t h r e e  

s p h e r e s .  I n  t h e s e  r u n s  when t h e  t h r e e  s p h e r e s  w e r e  n o t  p l a c e d  i n  a 

s t r a i g h t  l i n e  i n i t i a l l y  t h e  c o n f i g u r a t i o n  a l w a y s  o p e n e d  up an d  

t h e  t h r e e  s p h e r e s  f o r m e d  a s t r a i g h t  l i n e .  F i g u r e  11 show s  t h e  t i m e  

d e p e n d e n t  m o t i o n  o f  one  p a r t i c u l a r  i n i t i a l  c o n f i g u r a t i o n .  The t h r e e  

s p h e r e s  were  i n i t i a l l y  p l a c e d  i n  a V s h a p e d  c o n f i g u r a t i o n  i n  t h e  p l a n e  

o f  s h e a r .  The c e n t e r - t o - c e n t e r  d i s t a n c e  be tw e en  s p h e r e s  1 and 2 and

s p h e r e s  2 and 3 was m a i n t a i n e d  c o n s t a n t  a t  4 r a d i i .  S p h e r e s  1 and 3 a r e

p l a c e d  s y m m e t r i c a l l y  a b o u t  t h e  h o r i z o n t a l  a x i s  and h ave  an  i n t e r p a r t i c l e  

gap o f  0 . 3 5  d i a m e t e r  i n i t i a l l y .  As s t a t e d  e a r l i e r  we f o u n d  t h a t  t h e

c o n f ig u r a t io n  opens up and eventually forms a stra ight l in e  p ara lle l  to
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t h e  d i r e c t i o n  o f  f l o w .  When t h e  a n g l e  b e t w e e n  t h e  l i n e  j o i n i n g  t h e  

c e n t e r s  o f  t h e  s p h e r e s  a n d  t h e  h o r i z o n t a l  a x i s  i s  s m a l l  t h e  v e r t i c a l  

v e l o c i t y  component o f  t h e  s p h e r e s  i s  v e r y  s m a l l  and t h e r e f o r e  t h e  t h r e e  

s p h e r e  c o n f i g u r a t i o n  a p p r o a c h e s  t h e  t h e  h o r i z o n t a l  a x i s  v e r y  s l o w l y .  

Once t h e  s p h e r e s  form a s t r a i g h t  l i n e  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  t h e  

f l o w  t h e y  c o n t i n u e  t u m b l i n g  p e r p e t u a l l y  a b o u t  t h e  c e n t r a l  s p h e r e  i n  a 

s t r a i g h t  l i n e .  For  a l l  t h e  r u n s  we u s ed  f o u r  b o u n d a r y  c o l l o c a t i o n  r i n g s  

a n d  r e t a i n e d  t h e  f i r s t  t h r e e  te rm s  o f  t h e  F o u r i e r  s e r i e s .  The maximum 

d e v i a t i o n  i n  t h e  v e l o c i t y  components  bet w een  t h e  c o n v e r g e d  r e s u l t s  an d  

t h e  r e s u l t s  o b t a i n e d  by u s i n g  f o u r  r i n g s  and t h r e e  t e rm s  i n  t h e  F o u r i e r  

s e r i e s  was  2.2% f o r  t h e  e x t r e m e  c a s e  when s p h e r e s  1 a n d  3 a r e  t h e  

c l o s e s t  ( i n t e r p a r t i c l e  gap o f  0 .3 5  d i a m e t e r s ) .

A s i m i l a r  p r o c e d u r e  c a n  be  e a s i l y  d o n e  w i t h  m o r e  t h a n  t h r e e  

p a r t i c l e s .  The p a r t i c l e s  c a n  be  o f  u n e q u a l  s i z e s  and o t h e r  t y p e s  o f  

c o n s t r a i n t s  c a n  be  s p e c i f i e d  b e t w e e n  two p a r t i c l e s  t o  o b t a i n  a more  

r e a l i s t i c  r e p r e s e n t a t i o n  o f  a po lymer  c h a i n .
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8 .  RESUSPENSION OF SPHERES IN  A SHEAR FLOW

The p h e n o m e n o n  o f  r e s u s p e n s i o n  o f  s t a t i o n a r y  p a r t i c l e s  due t o  th e  

m o t i o n  o f  o t h e r  p a r t i c l e s  p a s t  th em  i n  a s h e a r  f l o w  h a s  n u m e r o u s  

p r a c t i c a l  a p p l i c a t i o n s  s u c h  a s  t h e  t r a n s p o r t  o f  s l u r r y  t h r o u g h  p i p e s .  

The f o l l o w i n g  e x a m p l e  i l l u s t r a t e s  a m e t h o d  o f  a p p r o x i m a t i n g  a n d  

s i m u l a t i n g  t h e  phenomenon o f  r e s u s p e n s i o n  o f  p a r t i c l e s  by m o d i f y i n g  t h e  

g e n e r a l  t h e o r y  d e s c r i b e d  i n  s e c t i o n  2 o f  t h i s  c h a p t e r .  The p r o b l e m  

i n v o l v e s  t h e  c a l c u l a t i o n  o f  t h e  f o r c e s  e x e r t e d  by t h e  f l u i d  on t h e  f i x e d  

s p h e r e s  when a n e u t r a l l y  b u o y a n t  s p h e r e  f l o w s  p a s t  t h e  f i x e d  s p h e r e s .

The g e n e r a l  t h e o r y  i n  s e c t i o n  2 c o n s i d e r s  t h e  m o b i l i t y  p ro b lem  i n  

w hich  t h e  f o r c e s  and t o r q u e s  a c t i n g  on e ach  p a r t i c l e  i s  p r e s c r i b e d  an d  

t h e  r e s u l t i n g  t r a n s l a t i o n a l  and a n g u l a r  v e l o c i t i e s  on t h e  p a r t i c l e s  a r e  

t o  be  d e t e r m i n e d .  I n  t h e  r e s i s t a n c e  p r o b l e m  t h e  t r a n s l a t i o n a l  an d  

a n g u l a r  v e l o c i t y  c o m p o n e n t s  o f  e a c h  p a r t i c l e  a r e  p r e s c r i b e d  and t h e  

f o r c e s  and t o r q u e  e x e r t e d  by t h e  f l u i d  on ea c h  p a r t i c l e  a r e  d e t e r m i n e d .  

The r e s i s t a n c e  p r o b l e m  i s  d e s c r i b e d  i n  d e t a i l  i n  c h a p t e r  1. To s t u d y  

t h e  r e s u s p e n s i o n  p h e n o m e n o n ,  t h e  p r o b l e m  i n v o l v e s  a c o m b i n a t i o n  o f  

p r e s c r i b e d  f o r c e s  a n d  t o r q u e s  on one s p h e r e  and p r e s c r i b e d  v e l o c i t i e s  

on t h e  r e m a i n i n g  s p h e r e s .

C o n s i d e r  a  m u l t i p a r t i c l e  p l a n a r  c o n f i g u r a t i o n  o f  J  s p h e r e s  where  J - l  

s p h e r e s  a r e  f i x e d  ( i . e .  t h e y  h a v e  z e r o  t r a n s l a t i o n a l  a n d  r o t a t i o n a l

v e l o c i t i e s  p r e s c r i b e d  on them) i n  a  s t r a i g h t  h o r i z o n t a l  l i n e .  The 

s p h e r e  i s  n e u t r a l l y  b u o y a n t  and moves p a s t  t h e  f i x e d  s p h e r e s .  The J - l
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f i x e d  s p h e r e s  f o l l o w  t h e  r e s i s t a n c e  p r o b l e m  a n d  t h e  n e u t r a l l y

b u o y a n t  s p h e r e  f o l l o w s  t h e  m o b i l i t y  p ro b lem .  When t h e  n e u t r a l l y  bu o y an t  

s p h e r e  moves p a s t  t h e  f i x e d  s p h e r e s ,  t h e  v a l u e s  o f  t h e  f o r c e s  e x e r t e d  by 

t h e  f l u i d  on t h e  f i x e d  s p h e r e s  p r e d i c t s  t h e  r e s u s p e n s i o n  o f  e a c h  f i x e d  

s p h e r e .

As a f i r s t  s t e p  we l o o k  a t  two s p h e r e s  shown i n  f i g u r e  12 h a v i n g  a 

c e n t e r  t o  c e n t e r  d i s t a n c e  o f  4 r a d i i .  The l i n e  j o i n i n g  t h e  c e n t e r s  o f  

t h e  two s p h e r e s  c o i n c i d e  w i t h  t h e  h o r i z o n t a l  a x i s  w h e r e  t h e  f l u i d  

v e l o c i t y  i s  z e r o .  When b o t h  t h e  s p h e r e s  a r e  n e u t r a l l y  b u o y a n t  ( s ee  

f i g u r e  1 2 a )  t h e  s p h e r e  on t h e  l e f t  ( i . e .  s p h e r e  1 ) moves  u p w a r d  w h i l e

t h e  s p h e r e  o n  t h e  r i g h t  ( i . e .  s p h e r e  2 ) moves  dow nw ard  w i t h  e q u a l

m a g n i t u d e .  Both  s p h e r e s  i n  t h i s  c a s e  r o t a t e  c l o c k w i s e  a n d  t h e r e  i s  no 

n e t  t r a n s f e r  o f  f l u i d  t h r o u g h  t h e  gap b e tw een  t h e  two s p h e r e s .  However 

i f  s p h e r e  1  i s  f i x e d  ( t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t i e s  p r e s c r i b e d  

a r e  z e r o )  w h i l e  s p h e r e  2  i s  s t i l l  n e u t r a l l y  b u o y a n t  ( s e e  f i g u r e  1 2 b) 

t h e n  s p h e r e  2 moves upward i n s t e a d  o f  downward. T h i s  i s  due t o  t h e  f a c t  

t h a t  t h e r e  i s  a n e t  u p w a r d  movem en t  o f  t h e  f l u i d  i n  t h e  gap c a u s i n g  

s p h e r e  2 t o  move upw ards .  A l s o  n o t e  t h a t  t h e  f l u i d  e x e r t s  an  u p w a r d  

f o r c e  on s p h e r e  1  as  w e l l .

When t h e  a n g l e  o f  i n c l i n a t i o n  o f  t h e  l i n e  j o i n i n g  t h e  c e n t e r s  o f  th e

two s p h e r e s  w i t h  r e s p e c t  t o  t h e  h o r i z o n t a l  a x i s  6 , i s  i n c r e a s e d  i t  was

o b s e r v e d  t h a t  t h e  v e r t i c a l  v e l o c i t y  component  o f  t h e  n e u t r a l l y  b u o y a n t  

s p h e r e  d e c r e a s e d .  T h i s  v e r t i c a l  v e l o c i t y  o f  t h e  n e u t r a l l y  b u o y a n t  

s p h e r e  becomes z e r o  a t  a  p a r t i c u l a r  a n g l e  b e f o r e  b e c o m i n g  n e g a t i v e .  

T h i s  c r i t i c a l  a n g l e  d e p e n d s  on t h e  i n t e r p a r t i c l e  s p a c i n g .  F i g u r e  13
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shows t h e  l o c u s  o f  t h i s  c r i t i c a l  a n g l e  8 f o r  v a r i o u s  i n t e r p a r t i c l e  

s p a c i n g s  D/a  f o r  two i d e n t i c a l  s p h e r e s .

U s in g  a  f i f t h  o r d e r  Runge K u t t a  method f o r  i n t e g r a t i o n  we o b t a i n e d  

t h e  t i m e  d e p e n d e n t  m o t io n  o f  a s p h e r e  a ro u n d  a f i x e d  s p h e r e .  As shown 

i n  f i g u r e  1A b o t h  s p h e r e s  a r e  p l a c e d  i n  t h e  p l a n e  o f  s h e a r  h a v i n g  a n  

i n t e r p a r t i c l e  gap o f  1 d i a m e t e r  and  an  a n g l e  o f  i n c l i n a t i o n  o f  t h e  l i n e  

j o i n i n g  t h e  c e n t e r s  o f  t h e  two s p h e r e s  w i t h  r e s p e c t  t o  t h e  h o r i z o n t a l  

a x i s  o f  150 d e g r e e s  i n i t i a l l y .  The t ime i s  n o n - d i m e n s i o n a l i z e d  by t h e  

r a t e  o f  s h e a r  and t h e  t ime r e q u i r e d  f o r  s p h e r e  1  t o  t r a v e l  a p a r t i c u l a r  

d i s t a n c e  i s  show n on t h e  t r a j e c t o r y  o f  t h e  s p h e r e .  S p h e r e  1 moves 

a r o u n d  s p h e r e  2  and r e t u r n s  t o  i t s  i n i t i a l  v e r t i c a l  d i s t a n c e  f r o m  t h e  

h o r i z o n t a l  a x i s .  S p h e r e  2 e x p e r i e n c e s  f o r c e s  i n  t h e  h o r i z o n t a l  and 

v e r t i c a l  d i r e c t i o n s  due t o  t h e  m o t io n  o f  s p h e r e  1.  F i g u r e  15 s h o w s  a 

p l o t  o f  t h e  h o r i z o n t a l  f o r c e  and t h e  v e r t i c a l  f o r c e  F o n  s p h e r e  2  as

a f u n c t i o n  o f  t h e  p o s i t i o n  o f  s p h e r e  1 i n  t h e  h o r i z o n t a l  d i r e c t i o n .  I t  

i s  s e e n  t h a t  t h e  h o r i z o n t a l  f o r c e  i s  minimum and t h e  v e r t i c a l  f o r c e  i s  

z e r o  when s p h e r e  1 i s  e x a c t l y  on t o p  o f  s p h e r e  2. The v e r t i c a l  f o r c e  on 

s p h e r e  2  i n i t i a l l y  d e c r e a s e s ,  goes  t h r o u g h  a minimum t h e n  i n c r e a s e s  and 

goes  t o  a  maximum b e f o r e  d e c a y i n g  t o  z e r o .  The r e s u s p e n s i o n  e f f e c t  on  

s p h e r e  2  i s  d e m o n s t r a t e d  b y  t h e  v e r t i c a l  f o r c e  a c t i n g  on s p h e r e  2  and 

t h i s  i s  maximum wh en  t h e  l i n e  j o i n i n g  t h e  c e n t e r s  o f  t h e  two s p h e r e  

makes an  a n g l e  o f  5 9 .5  d e g r e e s  w i t h  t h e  h o r i z o n t a l  a x i s .

N e x t  we l o o k  a t  t h e  t i m e  d e p e n d e n t  m o t i o n  o f  a  t h r e e  s p h e r e  

c o n f i g u r a t i o n  w h e r e  one s p h e r e  moves p a s t  two s t a t i o n a r y  s p h e r e s .  The 

two f i x e d  s p h e r e s  ( s p h e r e s  2 a n d  3)  a r e  p l a c e d  on  t h e  X a x i s  a n d  t h e
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m o v i n g  s p h e r e  ( s p h e r e  1 ) i s  i n i t i a l l y  p l a c e d  s uch  t h a t  t h e  l i n e  j o i n i n g

t h e  c e n t e r s  o f  s p h e r e s  1 and 2 makes an  a n g l e  o f  150 d e g r e e s  w i t h  t h e  X

a x i s .  The i n t e r p a r t i c l e  gap be tw e en  a l l  t h e  t h r e e  s p h e r e s  i s  1 d i a m e t e r

i n i t i a l l y .  The t r a j e c t o r y  o f  s p h e r e  1 p a s t  t h e  f i x e d  s p h e r e s  i s  shown

i n  f i g u r e  16 a l o n g  w i t h  t h e  t i m e  r e q u i r e d  f o r  s p h e r e  1  t o  c o v e r  a

p a r t i c u l a r  d i s t a n c e .  F i g u r e  17 shows a p l o t  o f  t h e  v e r t i c a l  f o r c e s  on

t h e  f i x e d  s p h e r e s  (F  and F ) a s  a f u n c t i o n  o f  t h e  p o s i t i o n  o f  s p h e r e
z 2 Z3

1 i n  t h e  h o r i z o n t a l  d i r e c t i o n .  F d e c r e a s e s  i n i t i a l l y ,  g o e s  t h r u  a
z 2

minimum, t h e n  i n c r e a s e s  and goes  t o  a  maximum when t h e  a n g l e  b e tw een  the

h o r i z o n t a l  a x i s  and t h e  l i n e  j o i n i n g  t h e  c e n t e r s  o f  s p h e r e s  1  a n d  2  i s

6 0 . 2  d e g r e e s ,  t h e n  d e c r e a s e s  a n d  b e c o m e s  n e g a t i v e  b e f o r e  d e c a y i n g  t o

z e r o .  F i n i t i a l l y  i n c r e a s e s  s l i g h t l y  t h e n  s t a r t s  d e c r e a s i n g  when F
Z3 z 2

i s  a t  a min imum, b e c o m e s  n e g a t i v e  a n d  g o e s  t h r o u g h  a  min imum, t h e n

i n c r e a s e s  and h a s  a maximum v a l u e  when t h e  l i n e  j o i n i n g  t h e  c e n t e r s  o f

s p h e r e s  1 and 3 i s  a t  an  a n g l e  o f  5 8 .7  d e g r e e s  w i t h  t h e  h o r i z o n t a l  a x i s

and t h e n  f i n a l l y  d e c a y s  t o  z e r o .  I t  i s  i m p o r t a n t  t o  n o t e  t h a t  F i s
Z3

g r e a t e r  t h a n  F and t h e  maximum v e r t i c a l  f o r c e  component  on b o t h  s p h e r e s  
Z2

i s  g r e a t e r  t h a n  t h e  maximum v e r t i c a l  f o r c e  component  on t h e  f i x e d  s p h e r e

i n  t h e  p r e v i o u s  e x a m p l e  o f  o n e  f i x e d  a n d  o n e  m o v i n g  s p h e r e .  T h i s

d e m o n s t r a t e s  t h a t  t h e  r e s u s p e n s i o n  phenomenon w i l l  be s t r o n g e r  when more

p a r t i c l e s  a r e  p r e s e n t  and a l s o  t h a t  t h e  f l u i d  e x e r t s  a g r e a t e r  v e r t i c a l

f o r c e  on a  f i x e d  s p h e r e  i n  t h e  p r e s e n c e  o f  o t h e r  f i x e d  s p h e r e s .  The

h o r i z o n t a l  f o r c e s  on  s p h e r e s  2 a n d  3 (F  a n d  F ) a r e  p r e s e n t e d  i n
x 2 3

f i g u r e  18 f o r  v a r i o u s  h o r i z o n t a l  p o s i t i o n s  o f  t h e  moving s p h e r e .  I t  i s  

s e e n  t h a t  t h e  h o r i z o n t a l  f o r c e s  on s p h e r e s  2 and 3 a r e  e q u a l  when the
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moving s p h e r e  i s  i n  t h e  c e n t e r  o f  t h e  two f i x e d  s p h e r e s  a n d  t h a t  t h e  

h o r i z o n t a l  f o r c e  on s p h e r e  3 f o l l o w s  t h e  e x a c t l y  o p p o s i t e  a s  s p h e r e  2 i n  

t ime due t o  t h e  symmetry o f  t h e  c o n f i g u r a t i o n .

I n  c o n c l u s i o n ,  i n  t h i s  c h a p t e r  we h a v e  m o d i f i e d  t h e  b o u n d a r y  

c o l l o c a t i o n  t e c h n i q u e  d e v e lo p e d  i n  c h a p t e r  1 f o r  s h e a r  a n d  P o i s e u i l l e  

f l o w  a n d  h av e  b ee n  a b l e  t o  d e m o n s t r a t e  i t s  u s e  t o  p r a c t i c a l  p ro b lem s  in  

e n g i n e e r i n g .  E ven  w i t h  s m a l l  n u m b er  o f  p a r t i c l e s  we w e r e  a b l e  t o  

a c c u r a t e l y  show t h e  p h e n o m e n a  o f  s e l f  d i f f u s i o n  o f  s p h e r e s  i n  a s h e a r  

f l o w ,  m i g r a t i o n  o f  p a r t i c l e s  from r e g i o n  o f  h i g h  s h e a r  t o  r e g i o n  o f  low 

s h e a r  and r e s u s p e n s i o n  o f  s t a t i o n a r y  s p h e r e s  i n  a s h e a r  f lo w.
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9. APPENDIX A

T h e  c o e f f i c i e n t s  o f  t h e  u n k n o w n  c o n s t a n t s  i n t r o d u c e d  i n  t h e  

c o l l o c a t i o n  s e r i e s  and shown i n  ( 6 ) o b t a i n e d  i n  t e r m s  o f  t h e  s p h e r i c a l

c o o r d i n a t e  s y s t e m  o f  t h e  s p h e r e  a r e :

For  V
r k

Ajkmn -  r j ( n + 1 ) [ -m s i n t f j -  h j k a i m * i + s l n *j d £ " J  f 7 j k cosm^ j   ̂ (A*1 )

- (n + 1 ) dPn ( V  Pn ( V
Bjkmn "  r j  [ s i n *j  f 7 j k sirUn^ j + m s i a * j -  f A jkcosn,^ ] (A‘ 2)

C' -  r ' ( n + 2 ) [ -m f 7 ,. s inm*.
jkmn j  1 j  J J

dPm( ? . )
- ( ( n + 1 )  f l j k  + s in t f j  a ^ - - J  f 4 J k ) cosra^j ] (A-3)

Dj l™n -  ' j ' " * 2 ' !  - K " * 1’ f i j k *  s i " 9j  a I j ' ' J > f 4 j k l s i n , "*j

+ “  i i n s j *  f 7Jk  cosm*j> <A' 4)

r " n Pm(F )v  J r ( n -2 )  rn ' * 1 ; ,  . .E(, -    I m 1 —  - - t - j 4 - f , . ,  sinmA.
Jknm 2 „ ( 2 n - l )  n  s i n *j  7Jk  J

, n „  dPn < ^ >
+ ( ( n + 1 )  P ^ )  f l j k + s in t f j  f 4 J k , cosm^j  (A-5)
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^ ^  dpm(^ )

* > * -  '  2*»(2n-1) " <M1> V + ^  S f j ' " 1 ' * * '  S l ™ ^

' " !"s?? iInSj ' f 7jk '"“’ ‘ j <»-<■>

F° r  Vfl :
Sk

p” ( ^ )  3P®(? , )- ( n + 1 1  n v s 1 /
^ jkian  _  r j  [ ' m  i i n J j  f 5JkslnniV  s i n t f j  a | " J  f 8 J k c o s n ^J  1 ( A ’ 7)

- ( n + 1 )  n ^ l '  n' -M- '
Jjknm "  r j  I s i n *j f 8 j k sinraV  m s in t f j  f 5 j k cosn,^ j ] (A‘ 8 >

r "  -  , - - ( n + 2 ) r  „  Pn ^ 1 ^  _
jkmn “  r j  I - m i l n j j  f 8 j k  sinm*j

d pV 4)
- ( (n+ 1)  p” ( £ j )  f 2j k  + s i n *j d | j “ ^ F5jk* cosm* j ]  (A-9)

dP m( £  )
Djte„ -  V  ’ l - « « 1 )  P“«tj) f2Jk+ ‘ in#J j j J - J  f 5Jk>-lW j

Pn « t )
+ " s i n j j  f 8j k  COSm* j ] (A' 10>

r "n pm(« >
F-< J r ( n - 2 )  n 1 ,  . .

  [ m  i * a  f o n  s i n m ^ .
j 2M( 2 n - l )  n s i n *j 8Jk J

dpin( f  )
+ {(n+1) p“ ( £ j )  f 2j k + " n ‘ ‘ s i n *j d | j ' ^  f 5jk* cosm^j (A’ 11 )

r  ” n dPm ̂  ^

Fj ^ " '  2 ^ ; : ; ; [l(ntl) f*j*+ sin#j y “ J y * 1 sW j



(8I-V)

r
r^UIUJS

(n-v)

( 9 I - V )

( S I - V )

( C I - V )

( Z I - V )

f-i * f 6  ^ « u i s  u r 0 msoo n - —  r m -( r 5 ) u ( z . u )

31 Co 5 p C u 5f fr  r u

<r>)adp UTS "d a + u ) , ] ............ rr

^ o i s o d  { ^ j  f * u j s  ( f » ^ d  ( T + u ) }  +

( ^ ) radp '

f .  n f 6  ^0UTS u i \ ~ u Z ) r i Z uantf

#“ I * * j f » i i  * * = « " 1 - " f ; - -

[ ^ insoo  . ?“ }? m +

f * u Ts  + 3 l f c j  ( f » “ d  ( T + u ) ) -  ] f 7  -  Uf ? f a
( ^ d P  KC ’

[ ^ u i s o d  { ^ g  r - " "  ^ UTS + ^ €J (^J)“ d (T+u)) - 
( l J ) mdP

f *,uuTs ^  - [ m  m. ] f a .  uonl f .
( ^ ) Ud ^ + u>-wr

[ ^ u i s o o ^ g  m + ^ a i u Ts f - f 0 u Ts] ( ^+u) [ j  -  ^ f g

[ ^ t u s o o ^ j  f *uTs + ^ a i u Ts5lf9j  « ■] ,  . f a -  U? ? [ v
<**>■,« ( l K *

• A J o j

f .  ^JUIS u'^aisoo . * » .  , ----  m .
( r » ; d  ( z - u )

OVI
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where  t h e  f u n c t i o n s  f j j k> 1"1 t o  9,  j - l  t o  J ,  k -1  t o  J  a r e  g i v e n  by: 

f j j k -  s i n t f j S i n t f ^ c o s ( ^ j - ^ k ) + cos tf^costf j  (A-19)

f 2 j ^  “  s i n 0 j C o s t f ^ c o s ( ^ j  _^ k ) * s in t f^cost f j  (A-20)

f 3 j k  "  s l n S j s i n ( ^ j - ^ k ) (A-21)

”  c o s t f j S i n t f ^ c o s C ^ j - cos t f^s in t f j  (A-22)

^ 5 j k -  c o s t f j C o s t f ^ c o s ( ^ j + s in t f^ s in t f j  (A-23)

f 6 j k  "  cost fj s i n ( ^ j - ^ R) (A-24)

f 7 j k  "  - s in t fk s i n ( ^ j - ^ k ) (A-25)

f 8 j k  "  - cost fk s l n < ^ j - ^ k ) (A -26)

f 9 j k  "  c o s ^ j - ^ k > (A-27)

a n d  t h e  c o o r d i n a t e s  r j  , 8j  , 4> j  c a n  be  w r i t t e n  i n  t e rm s  o f  r  ^  8 k

u s i n g  t h e  r e l a t i o n s :

r j2  "  2 r k ( s i n t f k c o s ^ k bRj + s i n ^ s i n ^  c k j  + c o s » k )

+ r k+ b ^  + c kj  + d^j  (A-28)

0 -  t a n ' 1/  ^  Sin2<,k+ ^ J + °*J  + ^  S i n 0 k U ° S0k b k j + s i ^ k  Ck j h  (A 29)

J “  1 < v ^ T V
1 r . s i n * .  s i n * . +  c,

4>. -  t a n  [ K K * ] (A- 30)
r k s in t fk c o s ^ k+ bkj

where bk j  -  b ^ b j , c kJ -  c k - Cj and -  d ^ d j
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1 0 . APPENDIX B

The e x p r e s s i o n s  f o r  t h e  F o u r i e r  c o e f f i c i e n t s  i n  (9 )  and (10)  f o r  

e a ch  o f  t h e  v e l o c i t y  components  a r e  g i v e n  below:

For  t h e  ^ c o m p o n e n t  o f  v e l o c i t y :

A' ( 8, ) -  2, ( C . l n  C' + E. .  E’ )0 k n - 1  N kkOn kkOn kkon k k o n '

A' ( 8. )  -  2 , [ ( C . .  C' + E, .  E' ) ] /c osm* .m k n -m ' 1 kkmn kkmn kkon kkon k

B ' ( 0 .  ) -  2 , [ (D. ■ D' + F . .  F'  ) ] / s i n m * ,m k n-m # 1 kkmn kkmn kkon kkon J/ k

and

F ' ( * k ) -  Uk f i ( ^ )  -  Vk f ' ( ^ )  + Wk f ' ( V

+ <°x>k f 4 (^k> + <°y>k f 5 ( V  + ( 0 «>k f 6 (V

- SC aj^costfj^+dj^sinflj^cos^

where

2 , „ 2 ,- a  ( 1 -  ( a ^ o s ^ + d ^ r ; )  /  ) s i n 0 k c o s ^ k e r

( B - l )

( B - 2 )

(B-3)

- k  m- 0 n-m ^Ajkmn Ajkmn + • +Fjkmn Fjkmn> <B‘*>

fw -  sinfl ,  k c o s ^ k (B-5)

f 2 <*k> -  sinfl ,  k s i n ^ k (B - 6 )

f3<V -  c o s 9. k (B- 7)

f ^ k > -  0 (B - 8 )

f 5<*k> -  0 (B- 9)

f 6 <*k> -  0 ( B - 10)
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For  t h e  0^ component  o f  v e l o c i t y :

A ' ' ( 0 . )  -  2 ,  (C . . - .  C ' '  + E, ,  E', '  )0 k n -1  v kkOn kkOn kkon kkon 7

"  n-m ’ *(BkkmnBkkmn+ CkkmnCkkmn+ Ekko nEk k o n ) 1/cosin^k

Bm’ (tfk ) “  n - m ' 1 (AkkmnAkkmn+ DkkranDkkmn+ FkkonFkk o n ) l / s l n n ^ k

and

F" ( V - uk f i ' < V  + V k f 2 , ( V  + Wk f 3 ’ < V

+ (nx>k f4,(V  + (V k  f 5'^k> + « V k  f6>(V

- S ( a k c o s 0 k+dk ) c o s 0 k c o s ^ k

2 2- a  ( 1- (a j^ co s^ + c^ -17) /  /9 )c o s 0 kcos^ k

J

j - l  m-0 n-m ^Ajkmn Ajkmn + ‘ ’ +Fjkmn Fjkmn^ 
J A

where

( B - 11) 

( B - 12) 

( B - 13)

( B - 14)

fi'<V — COS0k COS^k ( B - 15)

f 2 ' ( V -  c o s 0 k s i n ^ k (B-16)

f 3 ' < V -  - s i n 0 k (B-17)

f4*<V -  - a k s l n * k ( B - 18)

f 5 ' ( V -  ak  cosK ( B - 19)

f e ' < V -  0 ( B -20)
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For  t h e  ^ c o m p o n e n t  o f  v e l o c i t y :

A6 " <tfk J "  n - 1  (AkkOn AkkOn) (B - 2 1 )

Ai " ( 'k>  -  i J m ' 1 ^ k m n H k o n *  Dkk»nDk t a /  FkkonFk i ; n > ' ' c ° s " Bk <B‘ 2 2 >

Bi " ( *k> -  CkkmnBkknin+ EkkonEkk;„>  ' ' s i n " * k  (B ' 23)

and

F" ’ (V  -  Uk f l " < * k >  + vk f 2 " (V  + wk f 3 ” ( V  

+ (0.) , .  f ' , r (K)  + (0„K n " < K )  + (0z )k

where

x k 4 V¥V  ' v y ' k  5 

+ S ( a ^ c o s  ^+d^)  s in^j^

+ q ( 1 - ( a ^ o s ^ + d ^ ) 2/  ^ 2 ) s i n ^ k

- ,Z .  2 „  2  ( A t ’ ’ A., + . . .  + F t ’ * F . .  ) (B-24)j - l  m- 0  n-m jkmn jkmn jkmn jk m n '
j n k

(B-25) 

(B-26) 

(B-27) 

(B-28) 

(B-29)  

( B - 30)

f r < v -  - s l n ^ k

f 2 ' ( V -  c o s ^ k

f 3' ( # k > -  0

f 4* < V -  - a k  costfk co s^

f 5 ' < v -  - a k costfk s i n ^

f 6 ' ( V -  a k Slnflk
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TABLE 1

V e l o c i t i e s  o f  two n e u t r a l l y  b u o y a n t  s p h e r e s  i n  a  s h e a r  f lo w  a t  an

a r b i t r a r y  o r i e n t a t i o n  o f  7  -  0 . 0 ° ,  0 -  6 0 . 0 ° ,  D/2a  -  1 . 1 2 ,  N i s  t h e
n u m b e r  o f  r i n g s  on  e a c h  s p h e r e ,  M i s  t h e  number o f  e i g e n f u n c t i o n s  
r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U,  W a n d  a r e  t h e

t r a n s l a t i o n  and r o t a t i o n a l  v e l o c i t y  component s .

N M U U ny

2 2 0 .1 175 0.2 013 1 .0 790
2 3 0 .1 1 9 6 0 .2019 1.0799
2 4 0.1195 0 .2019 1.0798
2 5 0.1195 0 .2019 1.0798

4 2 0.2357 0 .3593 1.0787
4 3 0.2496 0 .3 808 1.0871
4 4 0.2496 0 .3814 1.087 0
4 5 0.2494 0 .3809 1.0868
4 6 0 .2 4 9 4 0 .3808 1.08 68

6 2 0.2653 0 .3 6 7 5 1.0832
6 3 0 .2 992 0.4087 1 . 1 0 0 0

6 4 0 .3 0 5 3 0 .4 1 8 5 1 .1026
6 5 0 .3 061 0 .4 205 1.1025
6 6 0 .3 0 6 0 0 .4 2 0 8 1.1023

8 2 0.2637 0 .3 6 4 8 1.0826
8 3 0 .2964 0 .4 027 1.0983
8 4 0 .3025 0 .4108 1.100 8
8 5 0 .3036 0 .4 1 2 4 1 . 1 0 1 2

8 6 0 .3040 0 .4 1 3 0 1.101 3

Exflc t
S o l u t i o n  0 .3029  0 .4 1 3 1  1 .1010



TABLE 2

V e lo c i t i e s  o f  two n e u tr a l ly  buoyant spheres in a shear flow at an

a r b i t r a r y  o r i e n t a t i o n  o f  7  - 6 0 . 0 ° ,  p -  3 0 . 0 ° ,  D/2a  -  1 . 5 4 ,  N i s  t h e
n u m b e r  o f  r i n g s  on e a c h  s p h e r e ,  M i s  t h e  number o f  e i g e n f u n c t i o n s
r e t a i n e d  i n  t h e  a z i m u t h a l  d i r e c t i o n ,  U, V, W, fi , 0  and fl a r ex y z
t h e  t r a n s l a t i o n  and  r o t a t i o n a l  v e l o c i t y  com po nen ts .

u v w a  n  ny zN M

2 2 
2 3
2  4
2 5
2 6

4 2
4 3
4 4
4 5
4 6

6 2 
6  3
6  4
6  5
6 6

E x ac t
S o l u t i o n

0 .0 5 4 3
0 . 0 5 7 5
0 .0 5 7 8
0 . 0 5 7 8
0 . 0 5 7 8

0 .0 5 3 8
0 .0 5 6 3
0 .0 5 9 0
0 .0 5 9 2
0 .0 5 9 1

0 .0 5 3 4
0 .0 5 7 6
0 .0 5 8 4
0 .0 5 8 6
0 .0 5 8 6

0 .0 5 8 6

0 .0709
0 .0771
0 .0777
0.0777
0 .0777

0 .0678
0 .0715
0 .0769
0 .0 7 7 0
0 .0 7 7 0

0 .0666
0 .0742
0 .0754
0 .0756
0 .0756

0 .075 7

0 .0 7 4 9
0.0808
0.0818
0 .0 8 1 9
0 .0 8 1 9

0.0569
0 .0 5 9 9
0 .0 6 2 4
0.0625
0 . 0 6 2 5

0 .0 5 7 7
0 .0 623
0 .0632
0 .0633
0 .0633

0 .0634

0 .0 3 0 3
0 .0289
0 .0287
0 .0286
0 .0286

0 .0275
0 .0268
0 .0257
0 .0256
0 .0 2 5 6

0 .0276
0 .0261
0 .0258
0 .0257
0 .0 257

0.025 7

1.0139
1.0132
1.0128
1.0127
1.0127

1.0045
1.0044
1.0042
1.0042
1.0042

1.0052
1.005 1
1.005 0
1 .0050
1 .0 050

1 .0 049

- 0 .0 3 3 8
- 0 .0 3 2 7
- 0 .0 3 2 3
- 0 .0 3 2 3
- 0 .0 3 2 3

-0 .0 3 1 2
- 0 .0 3 0 5
- 0 .0 2 9 5
- 0 .0 2 9 6
- 0 .0 2 9 6

- 0 .0 3 1 3
- 0 .0 3 0 1
- 0 .0 2 9 8
- 0 .0 2 9 7
- 0 .0 2 9 7

-0 .0 2 9 7
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TABLE 3

V e l o c i t i e s  o f  t h r e e  i d e n t i c a l  s p h e r e s  o f  r a d i u s  a ,  h a v i n g  c o n s t a n t  
i n t e r p a r t i c l e  s p a c i n g s  i n  a s h e a r  f l o w  a t  an  a r b i t r a r y  o r i e n t a t i o n ,

w h e r e  6 ^  “  160 and $ 2 0 0 f t  D 23" 4 a ’ N i s  t h e  number o f

r i n g s  on e a c h  s p h e r e ,  M i s  t h e  number o f  e i g e n f u n c t i o n s  r e t a i n e d  i n
t h e  a z i m u t h a l  d i r e c t i o n ,  U,  V,  W, f l . O  and 0  a r e  t h ex y z
t r a n s l a t i o n  and r o t a t i o n a l  v e l o c i t y  c o m p o n e n t s ,  ( s e e  f i g u r e  1 1  f o r  
t - 0 )

N M Ul - U3 u - u  wl  3 0  - 0  

* 1  y 3
-w„ («y)2

2 2 0 .411 33 0 .49959 0 .46075 0 .63053 0 .4 7 1 6 5
2 3 0 .411 54 0 .49 98 9 0 .46 08 6 0 .63 08 2 0 .4716 2
2 4 0 .41156 0 .4 9 9 9 0 0 .46086 0 .6 3 0 8 6 0. 47163
2 5 0 .41 15 7 0 .4 9 9 9 0 0 .46086 0 .6 3 0 8 6 0. 47163
2 6 0 .41 15 7 0 .4 9 9 9 0 0 .46086 0 . 6 3 0 8 6 0. 47163

4 2 0 .42 74 1 0 .517 59 0 .44848 0 .65672 0. 47274
4 3 0 .42755 0 .517 86 0 .448 65 0 .6 5 6 8 3 0 .4 7 2 6 9
4 4 0 .427 57 0 .51 78 8 0 .44865 0 .65685 0 .47269
4 5 0 .427 57 0 .517 88 0 .448 65 0 .6 5 6 8 5 0. 47269

6 2 0 .42 81 4 0. 51866 0.4466 2 0 .6 5 7 6 4 0 .47294
6 3 0 .42827 0 .51 892 0 .446 77 0 .6 5 7 7 5 0 .4 7 2 9 0
6 4 0 .42829 0. 51894 0 .44677 0 .65777 0. 47289
6 5 0. 42829 0. 51894 0 .4467 7 0 .6 5 7 7 7 0 .47289

8 2 0 .42821 0 .51 873 0 .44645 0. 65777 0 .4 7 2 9 4
8 3 0 .42835 0 .5 1 9 0 0 0 .44660 0 .6 5 7 8 8 0 .4 7 2 9 0
8 4 0 .42836 0 .51 90 1 0 .44 66 1 0 . 6 5 7 7 0 0 .4 7 2 9 0
8 5 0 .42836 0 .519 01 0 .446 61 0 . 6 5 7 9 0 0 . 4 7 2 9 0
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j sjphere

j s p h e r e /
»

9
0 1j sphere

jyj ( sphere 
j b),ci,dj sphere

Figure 1. Geometry o f  system of  J spheres suspended in a shear flow.
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F i g u r e  2.  T h ree  d i m e n s i o n a l  c o n f i g u r a t i o n  o f  two i d e n t i c a l  n e u t r a l l y  
b u o y a n t  s p h e r e s  i n  a p l a n a r  s h e a r  f l o w .
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F ig u r e  3a.  Two s p h e re s  i n  the  p lan e  o f  sh e a r  I n c l i n e d  a t  30° wi th  
r e s p e c t  t o  the  X a x i s .

3b. Two s p h e r e s  i n  a h o r i z o n t a l  p lane  p e r p e n d i c u l a r  to  the
p lan e  o f  s h e a r  i n c l i n e d  a t  30° wi th  r e s p e c t  t o  the  X a x i s .  

3c.  Three sphe re  c o n f i g u r a t i o n  where s p h e r e s  1 & 2 a r e  i n  the
p lan e  o f  s h e a r  i n c l i n e d  a t  30° wi th  r e s p e c t  t o  the  X a x i s  
and s p h e r e s  1 & 3 a r e  i n  a h o r i z o n t a l  p l a n e  p e r p e n d i c u l a r
to  th e  p l an e  o f  sh e a r  i n c l i n e d  a t  30° w i t h  r e s p e c t  t o  the  X 
a x i s .
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F i g u r e  4 a .  T h re e  s p h e r e s  i n  t h e  p l a n e  o f  s h e a r  a t  t h e  v e r t i c e s  o f  a  r i g h t  t r i a n g l e .
4b.  T h re e  s p h e r e s  i n  a  v e r t i c a l  p l a n e  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  s h e a r  a t  th e  v e r t i c e s  

o f  a  r i g h t  t r i a n g l e .
4 c .  T h r e e  s p h e r e s  i n  a  h o r i z o n t a l  p l a n e  p e r p e n d i c u l a r  t o  th e  p l a n e  o f  s h e a r  a t  the  

v e r t i c e s  o f  a  r i g h t  t r i a n g l e .
4d.  F our  s p h e r e s  c o n f i g u r a t i o n  w he re  s p h e r e  1 i s  p l a c e d  a t  t h e  o r i g i n  and s p h e r e s  2. 3 

an d  4 a r e  p l a c e d  on t h e  a x e s . 152
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F i g u r e  5 .  S c h e m a t i c  o f  m u l t i p a r t i c l e  c o n f i g u r a t i o n  o f  13 n e u t r a l l y  
b u o y a n t  s p h e r e s  p l a c e d  i n  a  p l a n a r  p a r a b o l i c  f l o w  p r o f i l e  d e f i n e d  by

2 2t h e  r e l a t i o n  a ( l - ( ( z - r ; )  / 0  ) .  S p h e re  1 i s  a t  t h e  c e n t e r  o f  2 
c o n c e n t r i c  h e x a g o n s .  S p h e r e s  2 t o  7 a r e  p l a c e d  a t  t h e  c o r n e r s  o f  t h e  
o u t e r  h e x a g o n  an d  s p h e r e s  8  t o  13 a r e  p l a c e d  a t  t h e  c o r n e r s  o f  t h e  
i n n e r  h ex a g o n .
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Figure  6 . P l o t  o f  t h e  v e r t i c a l  v e l o c i t y  component W o f  the  c e n te r  sphere  i n  a c l u s t e r  of 
t h i r t e e n  sp h e r e s  i n  P o i s e u i l l e  flow f o r  d i f f e r e n t  d i s p l a c e m e n t  n/a. from the  h o r i z o n t a l  axis  
measured i n  sph er e  r a d i i . *7
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Figure 7. P lo t  o f  h o r i z o n t a l  and v e r t i c a l  v e l o c i t y  components U & W, o f  the corner  spheres in a 
m u l t i p a r t i c l e  c o n f ig u r a t i o n  o f  t h ree  i d e n t i c a l  spheres  equa l ly  spaced in  a l i n e  and in c l ined  at
45° from the  d i r e c t i o n  o f  f low in  a s imple sh ea r  flow a t  v a r io us  i n t e r p a r t i c l e  d i s t an ce s  D/a 
between c e n t e r s  of  two a d j ac en t  sp h e res .  So l id  l i n e s  denote s o l u t io n s  ob ta ined  by boundary 
c o l l o c a t i o n  technique and dashed l i n e s  denote s o l u t io n s  ob ta ined by method of  pai red 
i n t e r a c t i o n .
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F i g u r e  8.  T r a j e c t o r y  o f  t h r e e  s p h e r e s  a r r a n g e d  i n  a s t r a i g h t  l i n e  I n  s h e a r  f l o w  a t  v a r i o u s  
i n i t i a l  c o n f i g u r a t i o n s  o f :  a )  ( - 1 0 , 0 . 5 ) ,  ( 0 , 0 ) ,  ( 1 0 , - 0 . 5 ) ;  b )  ( - 1 0 , 1 ) .  ( 0 . 0 ) ,  ( 1 0 , - 1 ) ;
c )  ( - 1 0 , 2 ) ,  ( 0 , 0 ) ,  ( 1 0 , - 2 ) ;  d)  ( - 1 0 , A) .  ( 0 , 0 ) ,  ( 1 0 . - 4 ) ;
Dashed l i n e s  r e p r e s e n t  t h e  f l u i d  s t r e a m  l i n e s  f o r  an  i s o l a t e d  s p h e r e  i n  s h e a r  f l o w .

156
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F i g u r e  9a .  T r a j e c t o r y  o f  t h r e e  s p h e r e s  a r r a n g e d  i n  a  p l a n e  i n  s h e a r  f l o w  a t  v a r i o u s  i n i t i a l  
c o n f i g u r a t i o n s  o f :  a )  ( - 2 0 , 0 . 5 ) ,  ( 0 , 0 ) ,  ( 1 0 , - 0 . 5 ) ;  b )  ( - 2 0 , 1 ) ,  ( 0 , 0 ) ,  ( 1 0 , - 1 ) ;
c )  ( - 2 0 , 2 ) ,  ( 0 , 0 ) ,  ( 1 0 , - 2 ) ;  d) ( - 2 0 , 4 ) ,  ( 0 , 0 ) ,  ( 1 0 , - 4 )



F ig u r e  9b.  E n la rg e m e n t  o f  t h e  t r a j e c t o r y  o f  t h e  c e n t r a l  s p h e r e  i n  f i g u r e  9a. 158
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Figure 10. Schematic o f  a chain o f three linked spheres in a plane
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Figure  11. Time dependent  mot ion o f  t h r e e  l i n k e d  sph er es  i n  sh ea r  flow.
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Figure  12.

12a.

F lu id  v e l o c i t y  p r o f i l e  around two I d e n t i c a l  sphe res  having 
an i n t e r p a r t i c l e  gap o f  2 r a d i i  In  a simple sh ea r  flow. 
The sphe res  ar e  p laced on the  h o r i z o n t a l  a x i s  i n  the  p lane  
o f  sh e a r  where the  f l u i d  v e l o c i t y  I s  z e ro .
Spheres  1 & 2 a r e  n e u t r a l l y  buoyant  and f r e e  to  move.

12b. Sphere 1 is fixed and sphere 2 is  neutrally buoyant.



26

24

22

20

18

16

14

2 164 1 0 146 12 18 208
D/a

F i g u r e  13.  Locus  o f  c r i t i c a l  a n g l e  B ( a n g l e  b e tw e en  t h e  l i n e  j o i n i n g  t h e  c e n t e r s  o f  2 s p h e r e s  

i n  t h e  p l a n e  o f  s h e a r  a n d  t h e  h o r i z o n t a l  a x i s )  f o r  v a r i o u s  i n t e r p a r t i c l e  s p a c i n g s ,  D/a. 162
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F i g u r e  14.  T r a j e c t o r y  o f  a  s p h e r e  a r o u n d  a  f i x e d  s p h e r e  i n  a  s h e a r  f l o w .  Sphe re  1 i s  n e u t r a l l y  
b u o y a n t  and  s p h e r e  2 i s  f i x e d . 163
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F i g u r e  15.  P l o t  o f  t h e  h o r i z o n t a l  f o r c e  an d  v e r t i c a l  f o r c e  F on t h e  f i x e d  s p h e r e  w i t h  

r e s p e c t  t o  t h e  h o r i z o n t a l  p o s i t i o n  X o f  t h e  moving s p h e r e .
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F i g u r e  16.  T r a j e c t o r y  o f  a  s p h e r e  a r o u n d  2 f i x e d  s p h e r e  i n  a  s h e a r  f l o w .  S p h e r e  1 i s  n e u t r a l l y  
b u o y a n t  and s p h e r e s  2 & 3 a r e  f i x e d .
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F ig u re  17.  P lo e  o f  t h e  v e r t i c a l  f o r c e s  F and F on t h e  f i x e d  s p h e r e s  2 & 3 as a f u n c t i o n  of
z 2 Z3

th e  h o r i z o n t a l  p o s i t i o n  X o f  the  moving sp h e r e .
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F ig u r e  18. P l o t  o f  t h e  h o r i z o n t a l  f o r c e s  F and F on t h e  f i x e d  s p h e r e s  2 & 3 a s  a f u n c t i o n  of

x 2 X3
th e  h o r i z o n t a l  p o s i t i o n  X o f  t h e  moving s p h e r e .
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The d e v e l o p e d  t e c h n i q u e  i s  e x t r e m e l y  a c c u r a t e  i n  p r e d i c t i n g  t h e  

hy drodynamic  i n t e r a c t i o n s  f o r  f i n i t e  number o f  s p h e r e s  a r r a n g e d  a t  any 

a r b i t r a r y  c o n f i g u r a t i o n  i n  t h r e e - d i m e n s i o n a l  s p a c e .  I t  p r o v i d e s  a 

g e n e r a l  s o l u t i o n  f o r  v e l o c i t y  an d  p r e s s u r e  f i e l d s  a n d  c a n  b e  u s e d  t o  

c a l c u l a t e  p a r t i c l e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e l o c i t i e s ,  f o r c e  and 

t o r q u e .  I n  p r i n c i p l e ,  t h e  m e t h o d  c a n  g i v e  an y  d e g r e e  o f  n u m e r i c a l  

a c c u r a c y  b y  s i m p ly  i n c r e a s i n g  t h e  number o f  c o l l o c a t i o n  r i n g s  where  th e  

no s l i p  bo u n d ary  c o n d i t i o n s  a r e  s a t i s f i e d  on t h e  s u r f a c e  o f  e ach  s p h e r e s  

a n d  b y  i n c r e a s i n g  t h e  nu m b er  o f  t e rm s  r e t a i n e d  i n  t h e  F o u r i e r  s e r i e s .  

The f l u i d  v e l o c i t y  f i e l d ,  which i s  o b t a i n e d  a c c u r a t e l y ,  c a n  show an y  

f i n e  s t r u c t u r e  such a s  a c l o s e d  c i r c u l a t i o n  o f  f l u i d  i f  i t  e x i s t s .  T h i s  

s h o u l d  g i v e  a g r e a t e r  u n d e r s t a n d i n g  o f  mass t r a n s f e r  and  c o n v e c t i v e  h e a t  

t r a n s f e r  i n  s u s p e n s i o n s .

However t h e r e  h a s  t o  be a compromise w i t h  t h e  a c c u r a c y ,  n u m b er  o f  

s p h e r e s ,  t h e  i n t e r - p a r t i c l e  s p a c i n g  and t h e  c o m p u t a t i o n a l  t ime r e q u i r e d .  

We h a v e  b e e n  a b l e  t o  a c c u r a t e l y  s t u d y  f u l l y  t h r e e  d i m e n s i o n a l  

c o n f i g u r a t i o n s  c o n t a i n i n g  up t o  32 s p h e r e s  a t  a c e n t e r - t o - c e n t e r  s p a c i n g  

o f  8 d i a m e t e r s  and we a l s o  l o o k e d  a t  c o n f i g u r a t i o n s  c o n t a i n i n g  f e w e r  

s p h e r e s  a s  c l o s e  a s  1 .0 1  d i a m e t e r s .  The c o m p u t a t i o n a l  t im e  r e q u i r e d  f o r  

a s i n g l e  a r b i t r a r y  t h r e e - d i m e n s i o n a l  a s y m m e t r i c  c o n f i g u r a t i o n  o f  

p a r t i c l e s  i s  a p p r o x i m a t e l y  3JN(2M-1 ) * 0 . 0 5  s e c  on an  IBM 3081 com pute r .  

Runs made on a CRAY I I  s u p e r c o m p u te r  a t  R e s e a r c h  E q u i p m e n t  I n c .  o f  t h e  

U n i v e r s i t y  o f  M i n n e s o t a  u t i l i z i n g  t h e  v e c t o r i z a t i o n  a b i l i t i e s  o f  t h a t  

p r o c e s s o r  r e q u i r e d  1 /3  o f  t h e  c o m p u t a t i o n a l  t ime c i t e d  ab ove .  T h i s  t ime 

i s  u s e d  p r i m a r i l y  f o r  t h e  n u m e r i c a l  e v a l u a t i o n  o f  t h e  i n t e g r a l s  i n  th e  

c o e f f i c i e n t  m a t r i x .  The s t o r a g e  r e q u i r e m e n t  o n  t h e  IBM 3 0 8 1  i s
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a p p r o x i m a t e l y  8 / 1 0 2 4 » ( 3 J N )  ^[2M)(2M-1) K - b y t e s  u s i n g  d o u b le  p r e c i s i o n  

a r i t h m e t i c  (16 d i g i t s ) .  The c o m p u t a t i o n a l  t ime i s  t h e  main drawback o f  

t h i s  m e t h o d  w hi ch  can  be overcome t o  a c e r t a i n  e x t e n t  by u s i n g  symmetry 

c o n d i t i o n s  f o r  sym m et r i c  c o n f i g u r a t i o n s .

We h a v e  s u c c e s s f u l l y  u s e d  t h e  b o u n d a r y  c o l l o c a t i o n  t r u n c a t e d  s e r i e s  

s o l u t i o n  t e c h n i q u e  f o r  s h e a r  and P o i s e u i l l e  f lo w  d e v e lo p e d  i n  c h a p t e r  2 

f o r  a v a r i e t y  o f  p r o b l e m s  i m p o r t a n t  i n  e n g i n e e r i n g .  The p r o b l e m s  

i n c l u d e  t h e  s e l f  d i f f u s i o n  o f  s p h e r e s  i n  a  s h e a r  f l o w ,  m i g r a t i o n  o f  

p a r t i c l e s  f r o m  r e g i o n  o f  h i g h  s h e a r  t o  r e g i o n  o f  low s h e a r  i n  a 

P o i s e u i l l e  f l o w ,  t r a j e c t o r i e s  o f  p a r t i c l e s  w i t h  f i x e d  i n t e r p a r t i c l e  

s p a c i n g s  i n  a s h e a r  f l ow and t h e  r e s u s p e n s i o n  o f  s t a t i o n a r y  p a r t i c l e s  in  

s h e a r  f l o w .  As m e n t io n e d  e a r l i e r ,  t h i s  method h a s  t h e  dra wb ack o f  u s i n g  

l a r g e  com pu te r  memory and c o m p u t a t i o n a l  t i m e .  However we h av e  b e e n  a b l e  

t o  do t r a n s i e n t  p ro b lem s  i n v o l v i n g  t h r e e  p a r t i c l e s  a c c u r a t e l y  u s i n g  t h e  

CRAY-II and t h e  IBM-3090 ( w i t h  p a r a l l e l  p r o c e s s i n g )  s u p e r  c o m p u t e r s .

When a p p l y i n g  t h i s  method o f  s o l u t i o n  to  p r a c t i c a l  p r o b l e m s  we m u s t  

s i n g l e  o u t  i t s  m a j o r  a d v a n t a g e s  a n d  d i s a d v a n t a g e s  compared t o  o t h e r  

methods  o f  s o l u t i o n ,  p a r t i c u l a r l y  t h e  a p p r o a c h  o f  D u r l o f s k y ,  B r a d y  an d  

B o s s i s  ( 1 9 8 6 ) .  The m a i n  a d v a n t a g e s  i n c l u d e  t h e  a b i l i t y  t o  o b t a i n  

p o i n t w i s e  s o l u t i o n s .  F l u i d  v e l o c i t y  a n d  w h o l e  s t r e a m l i n e s  c a n  b e  

t r a c e d ,  t h u s  e n a b l i n g ,  i n  p r i n c i p l e ,  t r a c i n g  a f l u i d  p a r t i c l e  and o t h e r  

s c a l a r  q u a n t i t i e s  a s s o c i a t e d  w i t h  i t .  The f u n c t i o n s  a s s o c i a t e d  w i t h  

p a r t i c l e  m o t i o n s ,  s uch  a s  f o r c e ,  t o r q u e  and s t r e s s ,  c a n ,  i n  p r i n c i p l e  be 

e v a l u a t e d  a c c u r a t e l y .  T h e s e  c a n n o t  be  p r o v i d e d  b y  t h e  m e t h o d  o f  

D u r l o f s k y ,  B r a d y  a n d  B o s s i s  ( 1 9 8 6 )  w h i c h  makes m a jo r  u s e  o f  two-body
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i n t e r a c t i o n  and i s  o n l y  a s y m p t o t i c a l l y  c o r r e c t  a t  v e r y  h i g h  o r  v e r y  low 

p a r t i c l e  p r o x i m i t i e s .  The o n e  m a j o r  d i s a d v a n t a g e  i s  t h a t  t h e  method 

u s e s  l a r g e  c o m p u te r  v o l u m e s  a n d  c a l c u l a t i o n s  t a k e  a l o n g  t i m e .  T h i s  

d i s a d v a n t a g e ,  w h i c h  i s  n o t  a  s e r i o u s  drawback  i n  D u r l o f s k y ,  Brady and 

B o s s i s  ( 1 9 8 6 ) ,  l i m i t  t h e  a p p l i c a t i o n  c o n s i d e r a b l y .

As d e m o n s t r a t e d  i n  t h e  e a r l i e r  c h a p t e r s  t h i s  i s  a  p o w e r f u l  t e c h n i q u e  

t o  s t u d y  t h e  b e h a v i o r  o f  a f i n i t e  number o f  p a r t i c l e s  i n  a  v i s c o u s  media 

a c c u r a t e l y .  Th o u g h  t h e  m e t h o d  i s  t i m e  c o n s u m i n g  when u s e d  f o r  t ime 

d e p e n d e n t  p ro b lem s  i n v o l v i n g  more t h a n  t h r e e  p a r t i c l e s  a t  c l o s e  s p a c i n g  

i t  s e r v e s  t o  c h e c k  t h e  v a l i d i t y  a n d  a c c u r a c y  o f  o t h e r  f a s t e r  b u t  

a p p r o x i m a t e  methods  such  as  t h e  p a i r e d  i n t e r a c t i o n  a p p r o a c h  u s e d  i n  t h i s  

s t u d y  f o r  t ime d e p e n d e n t  p ro b lem s .  At t h i s  t ime  t h i s  method ca n  a l s o  be 

m o d i f i e d  t o  do  b o u n d e d  f l o w  p r o b l e m s  a c c u r a t e l y  w h e r e  o n l y  a s m a l l  

n u m b e r  o f  p a r t i c l e s  a r e  i n v o l v e d .  I n  v i e w  o f  t h e  co m p u te r  s p a c e  and 

t i m e  l i m i t a t i o n s ,  t h e  p o s s i b l e  a p p l i c a t i o n s  m u s t  f o c u s  o n  t h e  

i n s t a n t a n e o u s  e x p o s u r e  o f  p a r t i c l e  c o n f i g u r a t i o n s .  E v o l u t i o n  o f  a c l o u d  

o f  a  few p a r t i c l e s  i s  f e a s i b l e .  I n t e r a c t i o n  b e t w e e n  p a r t i c l e s  i n  a 

v a r i a b l e  s h e a r  f low c a n  a l s o  be a c c u r a t e l y  s t u d i e d .  The method c a n  a l s o  

be  u s e d  t o  o b t a i n  s t r e a m l i n e s  i n  m u l t i p a r t i c l e  a r r a y s  w h i c h  f o r m  t h e  

b a s i s  f o r  h e a t  a n d  m ass  t r a n s f e r  s t u d i e s  and e v a l u a t i o n  o f  e f f e c t i v e  

c o n d u c t i v i t i e s  i n  s u s p e n s i o n .  A m a c r o s c o p i c  p r o p e r t y  wh ich  i s  f e a s i b l e  

t o  c a l c u l a t e  i s  t h e  s o - c a l l e d  l o n g  wa ve  o s c i l l a t o r y  v i s c o s i t y .  T h i s  

k i n d  o f  c a l c u l a t i o n  d oes  n o t  n e c e s s a r i l y  r e q u i r e  e n s e m b l e  a v e r a g i n g  o f  

many r e a l i z a t i o n s .  A l s o  one ca n  compromise w i t h  t h e  d e s i r e d  a c c u r a c y  and 

t h u s  be  a b l e  t o  i n c r e a s e  t h e  number o f  p a r t i c l e s  c o n s i d e r e d .  D ur i ng  t h e  

c o u r s e  o f  t h i s  s t u d y  we h a v e  s e e n  t h e  d e v e l o p m e n t  and u s e  o f  f a s t e r  

c o m p u te r s  and w i t h  t h i s  k i n d  o f  p r o g r e s s  we may be  a b l e  t o  u s e  t h i s
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method f o r  t r a n s i e n t  p ro b lem s  i n v o l v i n g  more t h e n  t h r e e  p a r t i c l e s  i n  t h e  

n e a r  f u t u r e .
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A. COHFUTER PROGRAM FOR SPHERES IN A UNIFORM FLOW

T h i s  i s  a program t o  c a l c u l a t e  t h e  d r a g  and t o r q u e  on J  s p h e r e s  

p r e s e n t  i n  a  u n i f o rm  f l ow  w i t h  p r e s c r i b e d  v e l o c i t y  components  on them.

IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
COMMON/E/C( 3 6 , 3 6 ) , POS( 2 , 4 ) ,ANG(02) ,RHS(36, 1 ) .WKAREA(OOl), 

1NFX(2) ,NFY(2),NFZ(2) ,NTX(2) ,NTY(2),NTZ(2) ,VLCTY(2,6) 
COMMON/FAC/DFACT(5 6 ) ,PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , DJ , M, N, M l , IC 
COMMON/VSCSTY/VIS 

COMMON/ACURCY/EPS, EPSLAE,AERR, RERR, IDGT 
EXTERNAL AJMN1, BJMN1, CJMN1, DJMN1, EJMN1, FJMN1, AJMN2, BJMN2, CJMN2, 

1DJMN2, EJMN2, FJMN2,AJMN3, BJMN3, CJMN3, DJMN3, EJMN3, FJMN3 
CALL UERS ET( 0 , LEVOLD)
READ(5 ,1 1 4 )  EPS,EPSLAE,AERR,RERR,IDGT 
WRITE( 6 , 2 2 3 )  EPS, EPSLAE, AERR,RERR, IDGT 
READ( 5 , 111) J $ ,M $ ,N $ , NSPCNG, IWRITE, INT 
I F ( I N T . EQ. 0 ) WRITE(6 , 3 2 1 )

I F ( INT. EQ.1 )  WRITE(6,322)
WRITE(6,2 24) J$,M$,N$,NSPCNG 
READ( 5 , 1 1 5 )  V IS , RS, RG, G 
WRITE(6,225)  VIS,RS,RG,G 
IJMN-3*J$*N$+6*J$*N$*(M$-1)
DFACT(1)-1.DO 
DO 1 1 - 1 , 5 5  

1 DFACT(1 + 1 ) -DFACT( I )*1 
PI-DARSIN(1.0D0)*2 
READ( 5 , 1 1 3 )  ALPHA 
INUM-N$/2 
THTKD-90.0-ALPHA 
TH-THTKD/INUM 
ISN-0
DO 3 N-l.INUM 
THTKD-TH*N 
THTK-THTKD* P I / 1 8  0 
ISN-ISN+1 
ANG(ISN)-THTK 
THTKD-180. 0-THTKD 
THTK-THTKD*PI/180.0 
ISN-ISN+1 

3 ANG(ISN)-THTK
DO 2222 IPOS-1,NSPCNG
A - 0 . DO
B-2*PI
READ(5,113)  BK, CK, DK, RK
MDEP-0
MAXI-0
MPLNR-0
WRITE ( 6 , 2 3 0 )
DO 2 J - 1 , J $



I F ( J . E Q . l )  GO TO 201 
READ( 5 , 1 1 3 )  DIST, BETAD, GAMMAD, RK 
BETA-BETAD*PI/180 
GAMMA-GAMMAD*P1/180
BK-POS( 1 , 1 )  + DIST*DCOS(BETA)*DCOS(GAMMA)
CK-POS( 1 , 2 )  + DIST*DC0S( BETA) *DSIN(GAMMA)
DK-POS( 1 , 3 )  + DIST*DSIN(BETA)
DIFl-DABS( BK- POS( 1 , 1 ) )
DIF2-DABS( CK- POS( 1 , 2 ) )
I F ( D I F 2 . L E . l . D - 5 )  MPLNR-MPLNR+1 
I F ( D I F 1 . LE. 1 . D-5 . AND.DIF2.LE.1.D-5)  MAXI-MAXI+1 

201 P O S ( I , 1)-BK 
POS(J , 2 ) —CK 
P O S(J , 3)-DK 
POS(J ,4)-RK
READ(5,113)  ( V L C T Y ( J . J J ) , J J - 1 , 6 )

2 WRITE ( 6 , 2 2 6 )  J.BK.CK.DK.RK,(VLCTY(J, J J ) , J J - 1 ,6 )  
IF (M PLNR.EQ.(J$- l ) )  MDEP-1 
I F (M A X I .E Q . ( J $ - l ) )  MDEP-2 
IF(MDEP.EQ.l ) IJMN-2*J$*N$+ 3*J$*N$*(M$-1) 
IF(MDEP. EQ.2)  IJMN-2*J$*N$
I F ( J $ . EQ.2 )  DSTNCE-DIST/2/RK 
IF(MDEP.EQ.l ) WRITE(6,499)
IF(MDEP.EQ.2) WRITE(6,498)
IF(MDEP.EQ.O) WRITE(6,497)
IF(MDEP.NE.O) B-PI 
IR-1
DO 4 K - l , J$
BK-POS(K,1)
CK-POS(K,2)
DK-POS(K,3)
RK-P0S(K,4)
DO 5 NR1-1, N$
NPRIM-NR1-1 
THETAK-ANG(NR1)
THETAD-THETAK*18 0 /P I  
Xl-DCOS(THETAK)
X2-DSIN(THETAK)
DO 6 MP1-1,M$
IF(MDEP.EQ.2 .AND.MP1.NE. 1) GO TO 6
M1-MP1-1
DO 50 I C - 1 , 2
IF  (M l . EQ. 0 . AND. I C . EQ.2)  GO TO 50 
DO 40 IVEL-1,3
IF(MDEP.NE. 0 . AND.IC. EQ. 2 . AND. IVEL.EQ.1 )  GO TO 40 
IF(MDEP. NE. 0 .AND. I C . EQ. 2 .AND. IVEL.EQ.2 )  GO TO 40 
IF(MDEP.NE. 0 .AND. I C . EQ. 1 .AND. IVEL.EQ.3 )  GO TO 40 
IS IX-1  
DO 7 J - 1 , J $
IF  (J .EQ.K) GO TO 71 
B J - P O S ( J . l )
CJ—PO S(J ,2 )
DJ—P O S (J ,3 )
DO 11 MP-1,M$
IF(MDEP.EQ. 2 . AND.MP. NE.1)  GO TO 11 
M-MP-1
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NPM-M+N$
MPP-MP
NPMP-NPM
IF(M P.EQ .l )  MPP-MPP+1 
IF(M P.EQ .l )  NPMP-NPMP+1 
DO 12 NP-MPP.NPMP 
N-NP-1
IF  ( I VEL.EQ .l )  ICCC-0 
IF ( IVEL.EQ.2) ICCC-6 
IF  ( IVEL.EQ.3)  ICCC-12 
IF(MDEP. NE. 0 . AND. IVEL. EQ.1)  ICCC-0 
IF(MDEP.NE.O.AND.IVEL.EQ.2) ICCC-3 
IF(MDEP.NE.O.AND.IVEL.EQ.3) ICCC-6
11-ICCC+1
12-ICCC+6
IF(MDEP.NE.O) I2-ICCC+3 
DIV-PI
IF(Ml.EQ.O) DIV-2*PI 
IF(MDEP.NE.O) DIV-DIV/2.0 
DO 31 IC NT-I1 ,12 
IF(MDEP.NE.O) GO TO 999
GOTO ( 9 0 1 , 9 0 2 , 9 0 3 , 9 0 4 , 9 0 5 , 9 0 6 , 9 1 1 , 9 1 2 , 9 1 3 , 9 1 4 , 9 1 5 , 9 1 6 , 9 2 1 , 9 2 2 , 9 2 3 ,  

1 , 9 2 4 , 9 2 5 , 9 2 6 ) , ICNT 
999 GO TO ( 9 0 2 , 9 0 3 , 9 0 5 , 9 1 2 , 9 1 3 , 9 1 5 , 9 2 2 , 9 2 3 , 9 2 5 ) , ICNT
901 I F ( I N T . EQ. 1 ) ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, AJMN1) 

I F ( I N T . EQ.0 )  ANS-DCADRE(AJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

902 IF(M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE(BJMN1,A,B,AERR,RERR,ERROR, IER)
I F ( I N T . EQ. 1 ) ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, BJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-2 
GO TO 30

903 I F ( I N T .E Q .1 )ANS-ASQ(A,B , EPS, RK,THETAK, BK, CK, DK, B J , C J , DJ,N,M,CJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE( CJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-3
GO TO 30

904 I F  (M.EQ.O) GO TO 31
I F ( I N T . EQ.0 )  ANS-DCADRE( DJMN1, A, B, AERR, RERR, ERROR, IER)
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , DJ,N,M,DJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-4 
GO TO 30

905 IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK, DK,BJ, C J , D J , N,M, EJMN1) 
I F ( I N T . EQ.0 )  ANS-DCADRE(EJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30

906 IF(M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN1,A, B,AERR, RERR, ERROR, IER)
I F ( IN T .E Q .1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK,BJ, C J , D J , N,M, FJMN1)
C(IR,ISIX)-ANS/DIV
NCOEFF-6
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GO TO 30
911 IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK.DK.BJ,CJ,DJ,N,M,AJMN2) 

IF(INT.EQ.O) ANS-DCADRE(AJMN2,A,B,AERR,RERR,ERROR,IER)
C(IR,ISIX)-ANS/DIV 
NCOEFF—1 
GO TO 30

912 IF(M.EQ.O) GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , D J , N,M, BJMN2) 
IF(INT.EQ.O) ANS-DCADRE(BJMN2,A,B,AERR,RERR,ERROR,IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-2
GO TO 30

913 IF(INT.EQ.l )ANS-ASQ(A, B , EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, CJMN2) 
I F ( I N T . EQ.0 )  ANS-DCADRE( CJMN2,A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV 
NCOEFF—3 
GO TO 30

914 I F  (M.EQ.0) GO TO 31
I F ( I N T . EQ.0 )  ANS-DCADRE(DJMN2,A, B, AERR, RERR, ERROR, IER)
I F ( I N T . EQ. 1 ) ANS-ASQ(A, B , EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, DJMN2) 
C(IR,ISIX)-ANS/DIV 
NCOEFF—4 
GO TO 30

915 IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK, DK,BJ, C J , D J , N, M, EJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE(EJMN2, A,B,AERR,RERR,ERROR, IER)
C(IR,ISIX)-ANS/DIV 
NCOEFF—5 
GO TO 30

916 IF(M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN2, A, B,AERR, RERR, ERROR, IER)
IF (IN T .E Q . 1)ANS-ASQ(A,B, EPS, RK, THETAK, BK, CK, DK, B J , C J , DJ,N,M,FJMN2) 
C(IR,ISIX)-ANS/DIV 
NCOEFF—6 
GO TO 30

921 IF ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK, BK,CK,DK,BJ, C J , DJ,N,M,AJMN3) 
I F ( I N T . EQ.0)  ANS-DCADRE(AJMN3, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV 
NCOEFF—1 
GO TO 30

922 IF(M.EQ.O) GO TO 31
I F ( I N T . EQ.0 )  ANS-DCADRE( BJMN3, A, B, AERR, RERR, ERROR, IER)
IF (IN T .E Q . 1 ) ANS-ASQ(A,B,EPS,RK,THETAK, BK, CK, DK,BJ, C J , DJ,N,M,BJMN3) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-2 
GO TO 30

923 IF ( I N T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,CJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE(CJMN3, A,B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV 
NCOEFF—3 
GO TO 30

924 IF  (M.EQ.O) GO TO 31
IF ( I N T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK,BJ, C J , DJ,N,M,DJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE(DJMN3, A,B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-4
GO TO 30
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925 IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK, B J , C J , D J , N,M, EJMN3) 
I F ( I N T . EQ.0 )  ANS-DCADRE(EJMN3, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30

926 IF(M.EQ.O) GO TO 31
I F ( I N T . EQ.0 )  ANS-DCADRE( FJMN3,A,B,AERR, RERR, ERROR, IER)
I F ( I N T . EQ. 1 ) ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, FJMN3)
C(IR,ISIX)-ANS/DIV
NCOEFF-6

30 CONTINUE
IF(IER.GT.O) WRITE(6,987)  IER,NCOEFF,J,M,N,IVEL,ANS, M l , IC 
IF(NCOEFF.EQ.5 . AND.M. EQ. 0 . AND. N.EQ.1)  N F Z (J ) - IS IX  
IF(NCOEFF.EQ.2 . AND.M.EQ.1 .AND.N.EQ.1) NTY(J)- ISIX 
IF(NCOEFF. EQ. 5 . AND. M. EQ. 1 . AND. N. EQ.1)  NF X(J ) - IS IX  
IF(MDEP.NE.O) GO TO 996
IF(NCOEFF.EQ.6 . AND.M.EQ.1 . AND.N. EQ.1) NFY(J )- IS IX  
IF(NCOEFF.EQ.1 . AND.M.EQ.l.AND.N.EQ.l) NTX(J)- ISIX 
IF(NCOEFF.EQ.1 . AND. M. EQ. 0 . AND. N. EQ.1) N TZ(J )- IS IX  

996 ISIX-ISIX+1
31 CONTINUE 
12 CONTINUE 
11 CONTINUE

GO TO 61 
71 CONTINUE

DO 32 MR-1,M$
IF(MDEP.EQ.2 .AND.MR.NE.1) GO TO 32
IF(MR.EQ.MPl) GO TO 36
M1R-MR-1
NPMR-M1R+N$
MRP-MR
NPMRP-NPMR
IF(M1R.EQ. 0 . )  MRP-MRP+1 
IF(M1R.EQ. 0 . )  NPMRP-NPMRP+1 
DO 33 NPR-MRP, NPMRP 
NXR-NPR-1 
DO 34 NCOEFF-1,6
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 34 
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 34 
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 34 
IF(M1R.EQ.0.AND.NCOEFF.EQ.2) GO TO 34 
IF(M1R.EQ.0.AND.NCOEFF.EQ.4)  GO TO 34 
IF(M1R.EQ.O.AND.NCOEFF.EQ.6) GO TO 34 
C ( I R , I S I X ) - 0 . D 0  
ISIX- ISIX+1 

34 CONTINUE 
33 CONTINUE 

GO TO 37 
36 MP1P-MP1 

N$P—N$+M1
I F ( M l .E Q .O . ) MP1P—MP1P+1 
I F ( M l .E Q .O . ) N$P-N$P+1 
DO 60 NX1—MP1P,N$P 
NX-NX1-1 
R - 0 . DO
PNM1X1—PNM(NX,Ml,X1,R)



DDX-DDXPNM(NX, M l , X I , R)
IF  ( I VEL .EQ .l )  ICCCC-0 
IF  ( IVEL.EQ.2) ICCCC-2 
IF  ( IVEL.EQ.3) ICCCC-5
13—ICCCC+1
14—ICCCC+3
IF  ( IVEL .EQ.l )  14-2 
DO 35 I C T - I 3 ,14
IF(MDEP.EQ.2 .AND.Ml.NE.0) GO TO 35
GO TO ( 8 0 1 , 8 0 2 , 8 0 3 , 8 0 4 , 8 0 5 , 8 0 6 , 8 0 7 , 8 0 8 ) , ICT

801 ANS—-NXl*PNMlXl/(RK**(NX+2))
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8011 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8011 IF  (Ml.EQ.O) GO TO 8015 
NCOEFF-2 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1

8015 CONTINUE 
I F ( I C . E Q . l )  GO TO 8016 
NCOEFF-3
C ( I R , I S I X ) - 0 . D 0  
ISIX-ISIX+1

8016 CONTINUE
IF  ( I C . E Q . 1) NCOEFF-3 
I F  ( IC .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
IF  ( IC .E Q .2 )  GO TO 35
IF(IC .EQ. l .AND.Ml.EQ.O)  GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 35 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 
GO TO 35

802 ANS-NXl*PNMlXl/(RK**NX)/2/VIS/(2*NX-1)
I F  ( I C . E Q . 1) GO TO 8025
NCOEFF-5 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8025 CONTINUE
IF  ( I C . E Q . 1) NCOEFF-5
I F  ( I C .E Q .2 )  NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
I F ( I C . EQ.2) GO TO 35
I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
C ( I R , I S I X ) —0.D0 
ISIX- ISIX+1 
GO TO 35

803 IF(IC.EQ.l .AND.Ml.EQ.O)  GO TO 8035



ANS-M1*PNM1X1/(RK**NX1)/X2 
I F ( I C . EQ.2)  ANS--ANS 
I F ( I C . E Q . l )  GO TO 8035 
NCOEFF-I
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8035
C ( IR . IS I X )  -ANS
ISIX-ISIX+1

8035 CONTINUE
IF  ( I C . E Q . 1) NCOEFF-1 
IF  ( I C .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8036
C ( I R , I S I X ) - 0 . D 0
ISIX-ISIX+1

8036 IF ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . EQ.2)  GO TO 35
NCOEFF-2 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 
GO TO 35

804 ANS--X2*DDX/(RK**(NX+2))
IF  ( I C . E Q . l )  GO TO 8045 
NCOEFF-3
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8045 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3 
IF  ( I C .EQ .2 )  NCOEFF-4 
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C(IR,ISIX)-ANS

C WRITE(6,222 )  IC.NCOEFF,K,Ml, N X , IV E L ,IR , IS IX ,C (I R , IS IX )  
ISIX-ISIX+1
IF(IC .EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . EQ.2)  GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C ( I R , I S I X ) - 0 . D 0  

C WRITE(6,222)  IC.NCOEFF,K,Ml, N X , IV E L ,IR , IS IX ,C (I R , IS IX )
ISIX-ISIX+1 
GO TO 35

805 ANS—(NX-2)*X2*DDX/2/N X / ( 2*NX- 1 ) /VIS/RK**NX 
I F ( I C . E Q . l )  GO TO 8055
NCOEFF-5 
C ( I R , I S I X ) - 0 . D 0  

C WRITE(6,222)  IC.NCOEFF,K,Ml, N X , IV E L ,IR , IS IX ,C (I R , IS IX )
ISIX-ISIX+1 

8055 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-5
I F  ( I C .E Q .2 )  NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
C(IR,ISIX)-ANS

C WRITE(6,222)  IC,NCOEFF,K,Ml, N X ,IV E L ,I R , IS IX ,C ( IR , IS IX )
ISIX-ISIX+1 
I F  ( I C .E Q .2 )  GO TO 35 
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35



C ( I R , I S I X ) - 0 . DO
C WRITE(6,222)  IC ,NCOEFF,K,MI,NX,IVEL,IR,ISIX,C(IR,ISIX)  

ISIX-ISIX+1 
GO TO 35

806 ANS-X2*DDX/RK**NX1 
I F ( I C . E Q . l )  GO TO 8065 
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.1) GO TO 8065 
C ( I R , I S I X ) - 0 . DO

C WRITE(6,222)  IC.NCOEFF,K,Ml, N X , IV EL ,IR , IS IX , C ( IR , IS I X )
ISIX-ISIX+1

8065 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-1
IF  ( I C .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8066 
C(IR,ISIX)-ANS

C WRITE(6,222)  IC,NCOEFF,K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1

8066 IF  ( I C .E Q .2 )  GO TO 35
IF  ( I C . E Q . 1 . AND.Ml.EQ.O) GO TO 35
NCOEFF-2
C ( I R , I S I X ) - 0 . DO

C WRITE(6,222) IC,NCOEFF,K,Ml, N X , IV EL ,IR , IS IX , C ( IR , IS I X )
ISIX-ISIX+1 
GO TO 35

807 IF (IC .EQ.l .AND.Ml.EQ.O)  GO TO 8075 
ANS-Ml*PNMlXl/X2/(RK**(NX+2))
I F ( I C . E Q . 2) ANS--ANS
I F ( I C . E Q . l )  GO TO 8075
NCOEFF-3
C ( I R . IS I X )  -ANS

C WRITE(6,222) IC,NCOEFF,K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 

8075 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35
C ( I R , I S I X ) - 0 . DO

C WRITE(6,222) IC,NCOEFF,K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . E Q . 2) GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 35 
C(IR,ISIX)-ANS

C WRITE(6,222)  IC,NCOEFF,K,M l , N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 
GO TO 35

808 IF(IC .EQ.l .AND.Ml.EQ.O) GO TO 8085
ANS— Ml*(NX-2)*PNMlXl/RK**NX/X2/VIS/2/NX/(2*NX-l)
I F ( I C . EQ. 2) ANS— ANS 
I F ( I C . E Q . l )  GO TO 8085 
NCOEFF-5 
C ( I R , IS I X )  -ANS

C WRITE(6,222 )  IC,NCOEFF,K,Ml, NX,IVEL,IR: I S I X , C ( I R , I S I X )
ISIX-ISIX+1
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8085 CONTINUE
IF ( I C . E Q . l )  NCOEFF-5
IF  ( I C .E Q .2 )  NCOEFF-6
IF(MDEP. NE. 0 . AND. NCOEFF. EQ.6)  GO TO 35 
C ( I R t IS IX ) —0 . DO 

C WRITE(6,222)  IC.NCOEFF,K,Ml, N X , IV E L ,I R , IS IX ,C ( I R , ISIX)
ISIX-ISIX+1
IF  ( I C . EQ.1 . AND. Ml . EQ.0)  GO TO 35
I F ( I C . EQ.2) GO TO 35
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
C(IR,ISIX)-ANS

C WRITE(6,222)  I C , NCOEFF,K,M1, NX, IVEL, IR , I S I X , C ( I R , ISIX)
ISIX-ISIX+1 

35 CONTINUE
60 CONTINUE 
37 CONTINUE 
32 CONTINUE
61 CONTINUE 

7 CONTINUE
RHS( I R , 1 ) - 0 . DO
IF(IVEL.EQ.l .AND.IC.EQ.l .AND.Ml.EQ.O) RHS(IR,1)-VLCTY(K,3)*X1 
IF ( IV EL .EQ .l .A ND.IC .EQ.l .AND .Ml.EQ .l )  RHS(IR,1)-VLCTY(K,1)*X2 
IF(IVEL.EQ.l .AND.IC.EQ.2.AND.Ml.EQ.1) RHS(IR,1)-VLCTY(K,2)*X2 
IF (IV EL.EQ .2 . AND.IC.EQ.l.AND.Ml.EQ.O) RHS(IR,1)--VLCTY(K,3)*X2 
IF (IV EL.EQ .2 . AND.IC.EQ.l .AND.Ml.EQ.l )  RHS(IR,1)-VLCTY(K,1)*X1 

l+POS(K,4)*VLCTY(K,5)
IF (IV EL.EQ .2 . AND.IC.EQ.2.AND.Ml.EQ.l ) RHS(IR,1 )-VLCTY(K,2 )*X1 

1 - POS( K, 4 ) *VLCTY(K,4)
IF (IV EL.E Q .3 . AND.IC.EQ.l.AND.Ml.EQ.O) RHS(IR,1)-VLCTY(K,6) 

l*X2*POS(K,4)
IF (IV EL.E Q .3 . AND.IC.EQ.l .AND.Ml.EQ.l)  RHS( I R , 1 )-VLCTY(K,2)

1 - POS( K, 4 ) *VLCTY( K, 4 ) *X1 
IF (IV EL.E Q .3 . AND.IC.EQ.2.AND.Ml.EQ.l ) RHS(IR,1)- -VLCTY(K,1) 

l-POS(K,4)*VLCTY(K,5)*X1 
IR-IR+1 

40 CONTINUE 
50 CONTINUE 

6 CONTINUE 
5 CONTINUE 
4 CONTINUE

IF(IWRITE.NE. l )  GO TO 4448 
WRITE(6,991)
DO 4444 I - l . I J M N

4444 WRITE(6,99) ( C ( I , J ) , J - l ,15 )
WRITE( 6 , 9 9 1 )
DO 4445 I - l . I J M N

4445 WRITE(6,99 )  ( C ( I , J ) , J - 1 6 ,30)
WRITE( 6 , 9 9 1 )
DO 4446 I - l . I J M N

4446 WRITE(6,9 9 )  ( C ( I , J ) , J - 3 1 ,45)
WRITE(6,991)
DO 4447 I - l . I J M N

4447 WRITE(6,99 )  ( C ( I , J ) , J - 4 6 , 6 0 ) ,RH S (I ,1)
4448 CONTINUE 

C N-IJMN
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M-l
IA-IJMN
CALL LEQT2F(C,M,N,IA,RHS, IDGT.WKAREA,IER)
M-IJMN 
N - l
NDIM2-M**2
CALL SSLAE(RHS, C,M, N, EPS LAE, IER, NDIM2)
IF(IER.NE.O) WRITE(6,97 )  IER 

C WRITE(6,97)  IER.IDCT
IF(IWRITE.NE. l )  GO TO 4449 
WRITE(6,991)
DO 2224 I - l . I J M N  

2224 WRITE(6,9 )  I , R H S ( I , 1 )
4449 CONTINUE

I F ( J $ . E Q . 2) WRITE(6,301)  BETAD, GAMMAD, DSTNCE 
DO 21 J - 1 , J $
TVEL-DSQRT((VLCTY(J, 1)**2)+(VLCTY(J , 2)**2)+(VLCTY(J , 3 ) * * 2 ) )
IF(MDEP.EQ.2 . )  GO TO 22
ISIX-NFX(J)
VLCTY(J, 1 ) — RH S(IS IX ,1 ) / T V E L /1 . 5 / V I S / P O S ( J ,4 )

22 CONTINUE 
IF(MDEP.NE.O) GO TO 23 
ISIX-NFY(J)
VLCTY(J, 2 )-RHS( I S I X , 1 ) / T V E L / l . 5 /VIS /POS(J ,4 )

23 CONTINUE 
ISIX-NFZ(J)
VLCTY(J, 3 ) - R H S ( I S I X ,1 ) /T V E L /1 . 5 / V IS / P O S ( J ,4 )
IF(MDEP.NE.O) GO TO 24 
ISIX-NTX(J)
VLCTY(J, 4 ) -POS(J , 4 ) *RHS( I S I X , 1 ) /TVEL/POS(J ,4 )**2

24 CONTINUE
IF(MDEP.EQ.2 . )  GO TO 25 
ISIX-NTY(J)
VLCTY(J, 5 ) - P O S ( J , 4 ) *RHS( I S I X , 1 ) /TVEL/POS(J ,4 )**2

25 CONTINUE 
IF(KDEP.NE.O) GO TO 21 
ISIX-NTZ(J)
VLCTY(J , 6 ) -POS(J , 4 ) *RHS( I S I X , 1 ) /TVEL/POS(J ,4 )**2 

21 CONTINUE
IF(MDEP. EQ. 0 ) WRITE( 6 , 3 1 1 )
IF(MDEP.EQ.1)WRITE(6,312)
IF(MDEP.EQ.2 ) WRITE( 6 , 3 1 3 )
DO 2220 J - 1 , J $
IF(MDEP. EQ.0)WRITE(6,314)  J , (VLCTY(J, L ) , L - l ,6 )
IF(MDEP. EQ. 1)WRITE(6,315)  J , VLCTY(J , 1 ) , VLCTY(J , 3 ) ,VLCTY(J,5)

2220 IF(MDEP.EQ.2 ) WRITE( 6 , 3 1 6 )  J ,VLCTY(J ,3)
2222 CONTINUE

301 F O R M A T ( / / ,2 X , 'B E T A - ' ,F 7 .4 ,5 X , 'G A M M A - ' . F 7 .4 .5 X , 'D /A - ' ,F 7 .4 )
311 FORMAT(/ / ,5X, 'SPHERE' ,12X, ' LAMDA X',9X,'LAMDA Y',9X,'LAMDA Z ' . lO X ,  

l 'TAU X ' ,11X , 'TA U Y ' ,11 X, 'TAU  Z ' , / )
312 FORMAT(//,5X,'SPHERE',12X,'LAMDA X',9X,'LAMDA Z ' , 10X , 'T A U  Y ' , / )
313 FORMAT(//,5X,'SPHERE',12X,'LAMDA Z’ , / )
314 FORMAT(7X,1 2 , 1 1 X ,6 (E 1 3 . 5 , 3X))
315 FORMAT(7X,I2 ,11X,3(E13.5 ,3X))
316 FORMAT(7X,1 2 , 11 X ,E 1 3 .5)
114 FORMAT( IX , 4 ( E 6 . 3 ) , I X , I 3)
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223 FORMAT( IX , ' E P S ( A S Q ) - ' , E12 . 5 , 2 X , ' EPS(SSLAE)-' ,E 1 2 .5 ,2 X ,  
l ' A E R R - ' , E12 . 5 , 2X, ' RERR(DCADRE)-' , E12. 5 , 2 X , ' IDGT(LEQT2F)- ' ,12)

111 FORMAT(IX,6 ( 1 4 ) )
321 FORMAT(5X,' *** USING DCADRE FOR INTEGRATION *** ' )
322 FORMAT( 5X, '  *** USING ASQ FOR INTEGRATION *** ' )
113 F0RMAT(1X,6F9.4)
115 FORMAT( IX , 4 ( F 9 . 6 ) )
499 FORMAT(/ /,10X, '* * *  PLANAR CASE * * * ' )
498 FORMAT( / / , 10X, ’*** AXISYMMETRIC CASE * * * ' )
497 FORMAT(// ,1OX,'* * *  THREE DIMENSIONAL * * * ' )

C 222 FORMAT( '  I C - ' , 1 2 , 4 X , ' C - ' , 1 1 , 1 3 , 3 ( 1 2 ) , 6 X , ' C( ' , 1 3 , ' , ' , 1 3 , ' ) - ' , E15 .6)  
C 228 F0RM A T(1X, ' IC- ' , 1 2 , 4 X , ' J - ' , 2 ( 1 2 ) , 6 X , ' C ( ' , 1 3 , 1 3 , ' ) - ' , E 2 8 . 16)

224 FORMAT( IX , ' J $ - ' , 1 3 , 2X, ’M$-’ , 13 , 2X, ' N $ - ' , 1 3 , 2X, ' #  OF SPACING - ' , 1 3 )
225 FORMAT( IX , ' V I S - ' , F 8 . 4 , 2 X , ' R S - ' . F 8 . 4 . 2 X , ' R G - ' , F 8 . 4 , 2 X , ' G - ' , F 8 . 4 )
230 FORMAT( 5X, ' J ' , 1 0 X , ' B ' , 1 0 X , ' C ' , 10X, ' D ' , 10X, ' R ' , 13X,

l ' U ' , 1 0 X , 'V ' , 1 0 X , 'W ' , 7 X , 'O M E G A  X',4X,'OMEGA Y',4X,'OMEGA Z ' )
226 FORMAT( 3X, 13 , 5X, 3 ( F 9 . 4 , 2X) , F 9 . 4 , 5X, 6 ( F 9 . 4 , 2X))

99 FORMAT( IX , ( IX , 15F8. 5 ) )
991 FORMAT( ' 1 ' )

97 FORMAT(4X,'****** **  IER ******** - ' , 1 1 0 )
9 FORMAT ( I X , ' R H S ( ' , 1 3 , ' , 1 ) - ' .E 27 .1 6 )

987 F0RMAT(5X,' I E R - ' , 1 6 , 9X,'COEFF. ' , 1 4 , 1 2 , 1 2 , 1 2 , 12 , ' - ' , E1 5 . 6 , 9X,
1 ' M l - ' , 1 4 , 5X, ' I C - ' ,14)

STOP
END

C SUBROUTINES FROM APPENDIX H.
Q-k'k'k'k'kit'k'k'k'k'k'k'k'kic'k'k1c'k'k'k'k'k'k'kit'k'k'k'k'k'k'k'icic'k'k'k'kic'k'ii'k‘,kii'k'k'k'k'k'k'k'k'k'k'k'k
DATA

1 . E - 0 8 1 . E - 1 5 1 . E - 1 5 1 . E - 0 8  008 EPS(ASQ&SSLAE)) , AERR&RERR,IDGT(LEQT2F)
2 2 02 1 0 0 J$ ,M $ ,N $ , SPCNG, IWRITE(1-Y) , INT(0-DCDRE, 1-ASQ)

1 . 0  1 0 .0  .001 9 . 8 1  VIS,RS,RG,G
0 . 0 1  ALPHA

0 0 .0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  B,C,D,A
0 0 . 0 0 0  0 0 . 0 0 0  0 1 . 0 0 0  0 0 .0 0 0  0 0 . 0 0 0  0 0 .0 0 0  VELOCITIES
0 1 . 5 0 0  3 0 .0 0 0  6 0 .0 0 0  0 1 . 0 0 0  XYZ,BETA(90—AXI).GAMMA(O-PLANER),A
0 0 .0 0 0  0 0 .0 0 0  0 1 . 0 0 0  0 0 .0 0 0  0 0 . 0 0 0  0 0 .0 0 0  VELOCITIES



B . COMPUTER PROGRAM FOR SPHERES FALLING UNDER GRAVITY:

T h i s  i s  a p ro g ram  t o  c a l c u l a t e  t h e  v e l o c i t y  components  o f  J  s p h e r e s  

f a l l i n g  f r e e l y  u n d e r  g r a v i t y .

IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
COMMON/E/C( 2 0 , 2 0 ) , POS(2, 4 ) ,ANG(02), RHS( 2 0 , 1 ) .WKAREA(OOl),

1NU(2),NV(2),NW(2),NOMGX(2),NOMGY(2),NOMGZ(2),VLCTY(2,6) 
COMMON/FAC/DFACT(5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N, M l , IC 
COMMON/VSCSTY/VIS 

COMMON/ACURCY/EPS, EPSLAE, AERR, RERR, IDGT 
EXTERNAL AJMN1, BJMN1, CJMN1, DJMN1, EJMN1, FJMN1, AJMN2, BJMN2, CJMN2, 

1DJMN2, EJMN2, FJMN2, AJMN3, BJMN3, CJMN3, DJMN3. EJMN3, FJMN3 
CALL UERSET(0, LEVOLD)
READ( 5 , 1 1 4 )  EPS,EPSLAE,AERR,RERR,IDGT 
WRITE( 6 , 2 2 3 )  EPS, EPSLAE, AERR, RERR, IDGT 
READ( 5 , 111) J $ ,M $ , N$, NSPCNG, IWRITE, INT 
IF(INT.EQ.O)WRITE( 6 , 3 2 1 )

I F ( I N T .E Q . l )  WRITE(6,322)
WRITE(6, 2 2 4 ) J $ ,M $ ,N $ , NS PCNG 
READ( 5 , 1 1 5 )  V IS ,R S, RG,G 
WRITE(6,225 )  VIS,RS,RG,G 
IJMN-3*J$*N$+6*J$*N$*(M$-1)
DFACT(l)—1.D0 
DO 1 1 - 1 , 5 5  

1 DFACT(1 + 1 )-DFACT( I )*1 
PI-DARSIN(1.0D0)*2 
A - 0 . DO 
B-2*PI
READ( 5 , 1 1 3 )  ALPHA 
INUM-N$/2 
THTKD-90.0-ALPHA 
TH-THTKD/INUM 
ISN-0
DO 3 N—1 , INUM 
THTKD-TH*N 
THTK-THTKD* P1 /180  

C WRITE(6,227 )  THTKD
ISN-ISN+1 
ANG( ISN) -THTK 
THTKD-18 0 . 0 -THTKD 
THTK-THTKD*PI/180.0 

C WRITE(6,227)  THTKD
ISN-ISN+1 

3 ANG(ISN)-THTK
DO 2222 IPOS-1,NSPCNG
READ(5,113 )  BK, CK, DK, RK
MDEP-0
MAXI-0
MPLNR-0
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DO 2
I F ( J . E Q . l )  GO TO 201
READ( 5 , 1 1 3 )  DIST, BETAD, GAMMAD, RK
BETA-BETAD*PI/180
GAMMA-GAMMAD*PI/180
BK-POS( 1 , 1 )  + DIST*DCOS( BETA)*DCOS(GAMMA)
CK-POS( 1 , 2 )  + DIST*DCOS(BETA)*DSIN(GAMMA)
DK-POS( 1 , 3 )  + DIST*DSIN(BETA)
DIFl-DABS( BK- POS( 1 , 1 ) )
DIF2-DABS(CK-POS(1 , 2 ) )
I F ( D I F 2 . LE. 1 . D-5) MPLNR-MPLNR+1 
IF (D I F 1 .L E .1 .D -5 .A N D .D I F 2 .L E . l .D -5 )  MAXI-MAXI+1 

201 P O S (J , l ) - B K  
POS(J ,2)-CK 
P O S(J , 3)-DK 
PO S(J , 4)-RK 

2 CONTINUE
IF(M PLN R.EQ .(J$- l ) )  MDEP-1 
I F (M A X I .E Q . ( J $ - l ) )  MDEP-2 
IF(MDEP.EQ.l ) IJMN-2*J$*N$+ 3*J$*N$*(M$-1)  
IF(MDEP. EQ.2 )  IJMN-2*J$*N$
I F ( J $ . EQ.2 )  DSTNCE-DIST/2/RK 
TVEI^2*RK**2*(RS-RG)*G/9/VIS 
IF(MDEP.EQ.l ) WRITE(6,499)
IF(MDEP.EQ.2) WRITE(6,498)
IF(MDEP.EQ.O) WRITE(6,497)
IF(MDEP.NE.O) B-PI 
IR-1
DO 4 K - l , J$
BK-POS(K. l)
CK-POS(K,2)
DK-POS(K,3)
RK-P0S(K,4)
DO 5 NR1-1,N$
NPRIM-NR1-1 
THETAK-ANG(NR1)
THETAD-THETAK*18 0 /P I  
Xl-DCOS(THETAK)
X2-DSIN(THETAK)
DO 6 MP1-1,M$
IF(MDEP.EQ.2 .AND.MP1.NE.1) GO TO 6
M1-MP1-1
DO 50 I C - 1 , 2
IF  (Ml .EQ.O.AND.IC.EQ.2) GO TO 50 
DO 40 IVEL-1,3
IF(MDEP.NE.O.AND.IC.EQ.2.AND.IVEL.EQ.l) GO TO 40 
IF(MDEP.NE.O.AND.IC.EQ.2.AND.IVEL.EQ.2) GO TO 40 
IF(MDEP.NE.O.AND.IC.EQ.l.AND.IVEL.EQ.3) GO TO 40 
ISIX-1 
DO 7 J - 1 , J $

C WRITE(6,221 )  K, J ,M l , NPRIM, THETAD 
IF  (J .EQ.K) GO TO 71 
B J - P O S ( J . l )
C J -P O S ( J ,2 )
D J -P O S (J ,3 )
DO 11 MP-1,M$
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IF(MDEP.EQ.2 . AND.MP.NE.1) GO TO 11
M-MP-1
NPM-M+N$
MPP-MP
NPMP-NPM
IF (M P.EQ .l )  MPP-MPP+1 
IF (M P.EQ .l )  NPMP-NPMP+1 
DO 12 NP-MPP, NPMP 
N-NP-1
IF  ( IVEL .EQ.l )  ICCC-0
IF  (IVEL.EQ.2) ICCC-6
IF  ( IVEL.EO.3) ICCC-12
IF(MDEP.NE.O.AND.IVEL.EQ.l) ICCC-0
IF(MDEP.NE.0 . AND. IVEL.EQ.2 )  ICCC-3
IF(MDEP. NE. 0 . AND. IVEL. EQ.3)  ICCC-6
11-ICCC+1
12-ICCC+6
IF(MDEP.NE.O) I2-ICCC+3 
DIV-PI
IF(Ml.EQ.O) DIV-2*PI 
IF(MDEP.NE.O) DIV-DIV/2.0 
DO 31 ICNT -I1 ,12 
IF(MDEP.NE.O) GO TO 999
GOTO ( 9 0 1 , 9 0 2 , 9 0 3 , 9 0 4 , 9 0 5 , 9 0 6 , 9 1 1 , 9 1 2 , 9 1 3 , 9 1 4 , 9 1 5 , 9 1 6 , 9 2 1 , 9 2 2 , 9 2 3 ,

1 , 9 2 4 , 9 2 5 , 9 2 6 ) , ICNT 
999 GO TO ( 9 0 2 , 9 0 3 , 9 0 5 , 9 1 2 , 9 1 3 , 9 1 5 , 9 2 2 , 9 2 3 , 9 2 5 ) , ICNT
901 IF(N.EQ.l .AND.(M.EQ.O.OR.M.EQ.l ) )  GO TO 31

I F ( I N T . EQ. 1)ANS-ASQ(A,B,EPS,RK, THETAK,BK, CK, DK,BJ, C J , D J , N,M, AJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

902 IF(M.EQ.O.OR.(N.EQ.l .AND.M.EQ.l ) )  GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( BJMN1,A, B,AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK, B J , C J , DJ,N,M,BJMN1)
C(IR,ISIX)-ANS/DIV
NCOEFF-2
GO TO 30

903 CONTINUE
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,CJMN1) 
I F ( IN T . EQ.0)  ANS-DCADRE(CJMN1, A, B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-3
GO TO 30

904 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( DJMN1, A, B, AERR, RERR, ERROR, IER)
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK.DK,BJ,CJ,DJ,N,M,DJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF—4 
GO TO 30

905 IF(N.EQ.l .AND.(M.EQ.O.OR.M.EQ.l ) )  GO TO 31
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK.DK,BJ, C J , DJ,N,M,EJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE( EJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30



188

906 IF (M .EQ.0 .0R .(N .E Q . l .A N D .M .EQ . l ) )  GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN1, A, B,AERR, RERR, ERROR, IER)
I F ( I N T . EQ.1)ANS-ASQ(A,B,EPS, RK,THETAK, BK, CK, DK, BJ,CJ,DJ,N,M,FJMN1) 
C ( I R , I S I X ) —ANS/DIV 
NCOEFF-6 
GO TO 30

911 IF(N.EQ.l .AND.(M.EQ.O.OR.M.EQ.l ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,AJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN2, A ,B ,AERR, RERR, ERROR, IER)
C ( I R , I S I X ) —ANS/DIV
NCOEFF-1
GO TO 30

912 IF(M.EQ.O.OR.(N.EQ.l .AND.M.EQ.1 ) )  GO TO 31
I F ( I N T . EQ. 1 ) ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, BJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE( BJMN2, A, B ,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-2
GO TO 30

913 CONTINUE
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK.DK,BJ, CJ,DJ,N,M,CJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE(CJMN2, A , B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-3
GO TO 30

914 IF (M.EQ.O) GO TO 31
IF(INT.EQ.O) ANS-DCADRE(DJMN2,A,B,AERR,RERR,ERROR,IER)
I F ( IN T .E Q .1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, CJ,DJ,N,M,DJMN2) 
C ( I R , ISIX)-ANS/DIV 
NCOEFF—4 
GO TO 30

915 IF (N .E Q .1 . AND.(M.EQ.O.OR.M.EQ.l)) GO TO 31
IF ( I N T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , DJ,N,M,EJMN2) 
I F ( INT. EQ.0)  ANS-DCADRE( EJMN2,A , B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30

916 IF(M.EQ.0 . OR.(N.EQ.l .AND.M.EQ.1 ) )  GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE(FJMN2, A ,B , AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , D J , N,M, FJMN2) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-6 
GO TO 30

921 IF (N .E Q .1 . AND.(M.EQ.O.OR.M.EQ.l)) GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,AJMN3) 
I F ( INT. EQ.0)  ANS-DCADRE(AJMN3,A ,B , AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

922 IF(M.EQ.0 . OR.(N.EQ.l.AND.M.EQ.1 ) )  GO TO 31
I F ( INT. EQ.0)  ANS-DCADRE(BJMN3,A , B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , DJ , N,M, BJMN3)
C(IR,ISIX)-ANS/DIV
NCOEFF-2
GO TO 30

923 CONTINUE
IF ( IN T .E Q . 1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , DJ , N,M,CJMN3)
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IF(INT.EQ.O) ANS-DCADRE(CJMN3,A,B,AERR,RERR,ERROR,IER)
C(IR,ISIX)-ANS/DIV 
NCOEFF-3 
GO TO 30

924 IF  (M.EQ.O) GO TO 31
IFUNT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK.DK,BJ,CJ,DJ,N,M,DJMN3) 
I F ( I N T . EQ.0 )  ANS-DCADRE( DJMN3, A, B, AERR, RERR, ERROR, IER)
C ( I R , I S I X ) —ANS/DIV 
NCOEFF—4 
GO TO 30

925 IF(N.EQ.l .AND.(M.EQ.O.OR.M.EQ.1 ) )  GO TO 31
I F ( I N T . EQ. 1 )ANS-ASQ(A, B..EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, EJMN3) 
IF(INT.EQ.O) ANS-DCADRE(EJMN3,A,B,AERR,RERR,ERROR,IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30

926 IF(M.EQ.0 . OR.(N.EQ.l .AND.M.EQ.1 ) )  GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN3, A, B,AERR, RERR, ERROR, IER)
I F ( I N T . EQ. 1 )ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, FJMN3)
C ( I R , ISIX)-ANS/DIV
NCOEFF-6

30 CONTINUE
IF(IER.GT.O) WRITE(6,987)  IER, NCOEFF,J,M, N, IVEL,ANS,M1, IC 

C WRITE(6,222)  IC ,N CO EFF,J ,M ,N ,IV EL,IR ,IS IX ,C ( IR ,IS IX )
ISIX-ISIX+1

31 CONTINUE 
12 CONTINUE 
11 CONTINUE

GO TO 61 
71 CONTINUE

DO 32 MR-1,M$
IF(MDEP.EQ.2 .AND.MR.NE.1) GO TO 32 
IF(MR.EQ.MPl) GO TO 36 
MIR—MR-1 
NPMR-M1R+N$
MRP-MR
NPMRP-NPMR
IF(M1R. EQ.0 . )  MRP-MRP+1 
IF(M1R.EQ. 0 . )  NPMRP-NPMRP+1 
DO 33 NPR-MRP, NPMRP 
NXR-NPR-1 
DO 34 NCOEFF-1,6
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 34 
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 34 
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 34
IF((MIR.EQ.l.OR.MIR.EQ.O).AND.NXR.EQ.l .AND.NCOEFF.EQ.5) GOTO 34
IF(M1R.EQ.l.AND.NXR.EQ.l.AND.NCOEFF.EQ.6) GO TO 34
IF((MIR.EQ.l.OR.MIR.EQ.O).AND.NXR.EQ.l .AND.NCOEFF.EQ.l ) GO TO 34
IF(M1R.EQ.l.AND.NXR.EQ.l.AND.NCOEFF.EQ.2) GO TO 34
IF(M1R.EQ.O.AND.NCOEFF.EQ.2) GO TO 34
IF(M1R.EQ.O.AND.NCOEFF.EQ.4) GO TO 34
IF(M1R.EQ.O.AND.NCOEFF.EQ.6) GO TO 34
C ( I R , I S I X ) - 0 . D 0

C WRITE(6,222)  IC,NCOEFF,K.M1R,NXR,IVEL,IR,ISIX,C(IR,ISIX) 
ISIX- ISIX+1 

34 CONTINUE
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33 CONTINUE 
GO TO 37 

36 MP1P-MP1 
N$P-N$+M1
IF(M1. EQ.0 . )  MP1P-MP1P+1 
IF(M1. EQ. 0 . )  N$P-N$P+1 
DO 60 NX1—MP1P,N$P 
NX-NX1-1 
R - 0 . DO
PNM1X1—PNM(NX,M1, X I , R)
DDX-DDXPNM(NX, M l , X I , R)
I F  ( I VEL.EQ .l )  ICCCC-0 
I F  ( IVEL.EQ.2) ICCCC-2 
I F  ( IVEL.EQ.3) ICCCC-5
13-ICCCC+1
14-ICCCC+3
I F  ( I VEL .EQ .l )  14-2 
DO 35 IC T -1 3 ,14
IF(MDEP. EQ.2 .AND.Ml. NE.0) GO TO 35
GO TO ( 8 0 1 , 8 0 2 , 8 0 3 , 8 0 4 , 8 0 5 , 8 0 6 , 8 0 7 , 8 0 8 ) , ICT

801 ANS--NXl*PNMlXl/(RK**(NX+2))
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.1) GO TO 8011 
IF((M1.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l )  GO TO 8011 
C ( I R , I S I X ) - 0 . DO 

C WRITE(6,222 )  IC.NCOEFF,K, M l , NX, IVEL, IR , I S I X , C ( I R , ISIX)
ISIX-ISIX+1 

8011 I F  (Ml.EQ.O) GO TO 8015 
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 8015 
C ( I R , I S I X ) - 0 . DO 

C WRITE(6,222)  IC.NCOEFF,K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1

8015 CONTINUE
I F ( I C . E Q . l )  GO TO 8016 
NCOEFF—3 
C ( I R , I S I X ) - 0 . D 0  

C WRITE(6,222)  IC.NCOEFF,K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1

8016 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C(IR,ISIX)-ANS

C WRITE(6,222 )  IC.NCOEFF,K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 
I F  ( I C .E Q .2 )  GO TO 35 
IF (IC .EQ.l .AND.Ml .EQ.O) GO TO 35 
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C ( I R , I S I X ) - 0 . D 0  

C WRITE(6,222 )  IC,NCOEFF,K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 
GO TO 35

802 ANS-NX1*PNM1X1/(RK**NX)/2/VIS/(2*NX-1)
IF  ( I C . E Q . l )  GO TO 8025
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NCOEFF-5
IF ( (M 1 .E Q .1 . OR.Ml.EQ.O).AND.NX.EQ.1) GO TO 8025 
C ( I R , I S I X ) —O.DO

C WRITE(6,222)  I C , NCOEFF.K, M l , NX, IVE L,IR , I S I X , C ( I R , ISIX) 
ISIX-ISIX+1 

8025 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-5 
IF  ( I C .E Q .2 )  NCOEFF-6 
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
IF((Ml.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.5) GO TO 8021 
IF(M1.EQ.l .AND.NX.EQ.l.AND.NCOEFF.EQ.6) GO TO 8021 
C(IR,ISIX)-ANS

C WRITE(6,222)  IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 

8021 I F ( I C . EQ.2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-6
IF(MDEP.NE.0 . AND.NCOEFF.EQ.6) GO TO 35 
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C ( I R , I S I X ) —0 . DO

C WRITE(6,222 )  IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 
GO TO 35

803 IF (IC.EQ.l .AND.Ml.EQ.O) GO TO 8035 
ANS-M1*PNM1X1/(RK**NX1)/X2
I F ( I C . EQ.2 )  ANS--ANS 
I F ( I C . E Q . l )  GO TO 8035 
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.1) GO TO 8035
IF ((Ml.EQ .l .OR .Ml.E Q.O) .AND.NX.EQ .l )  GO TO 8035
C ( I R , IS I X )  -ANS

C WRITE(6,222) IC,NCOEFF.K,Ml, N X , IV EL ,IR , IS IX , C ( IR , IS IX )
ISIX-ISIX+1

8035 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-1
IF  ( I C .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8036
IF((M1.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.l)  GO TO 8036 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.2) GO TO 8036 
C ( I R , I S I X ) - 0 . DO 

C WRITE(6,222 )  IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS IX ,C ( IR , IS IX )
ISIX-ISIX+1

8036 IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . EQ.2 )  GO TO 35
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C(IR,ISIXJ-ANS

C WRITE(6,2 22)  I C , NCOEFF.K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX- ISIX+1 
GO TO 35

804 ANS— X2*DDX/(RK**(NX+2))
I F  ( I C . E Q . l )  GO TO 8045 
NCOEFF-3
C ( I R , I S I X ) —O.DO 

C WRITE(6,222) IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS I X ,C ( IR , IS IX )
ISIX- ISIX+1
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8045 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .EQ .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 35
C(IR,ISIX)-ANS

C WRITE(6,222)  IC.NCOEFF,K,M1, N X , IV E L ,I R , IS IX ,C ( IR , IS IX )  
ISIX-ISIX+1
IF(IC .EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . EQ.2 )  GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND. NCOEFF. EQ.4 )  GO TO 35 
C(IR,ISIX)-O.DO

C WRITE(6,222)  IC.NCOEFF,K,M1, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 
GO TO 35

805 ANS-(NX- 2 ) *X2*DDX/2/NX/( 2*NX- 1 ) /VIS/RK**NX 
I F ( I C . E Q . l )  GO TO 8055
NCOEFF-5
IF((Ml.EQ. l .OR.Ml.EQ.O).AND.NX.EQ. l )  GO TO 8055 
C(IR,ISIX)-O.DO

C WRITE(6,222)  IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )
ISIX-ISIX+1 

3055 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-5
IF  ( I C .E Q .2 )  NCOEFF-6
IF(MDEP. NE. 0 . AND. NCOEFF. EQ.6)  GO TO 35
IF((M1.EQ.l.OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.5) GO TO 8056 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.6) GO TO 8056 
C(IR,ISIX)-ANS

C WRITE(6,222)  I C , NCOEFF,K, M l , NX, IVE L,IR , I S I X , C ( I R , ISIX)
ISIX-ISIX+1 

8056 IF  ( I C .E Q .2 )  GO TO 35
I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C ( I R , I S I X ) —O.DO

C WRITE(6,222)  IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS I X ,C ( IR , IS IX )
ISIX-ISIX+1 
GO TO 35

806 ANS-X2*DDX/RK**NX1 
I F ( I C . E Q . l )  GO TO 8065 
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8065 
IF ((M1.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l )  GO TO 8065 
C ( I R , I S I X ) - 0 . DO

C WRITE(6,222 )  I C , NCOEFF.K,Ml, N X , IV E L , IR , IS IX ,C ( IR , IS IX )
ISIX-ISIX+1 

8065 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-1
IF  ( I C .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8066
IF((Ml.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.l)  GO TO 8066 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.2) GO TO 8066 
C(IR,ISIX)-ANS

C WRITE(6,222)  IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS IX ,C ( IR , IS IX )
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ISIX-ISIX+1 
8066 IF  ( I C .E Q .2 )  GO TO 35

IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C ( I R , I S I X ) - 0 . DO

C WRITE(6,222)  I C , NCOEFF.K,Ml, N X , IV E L ,I R , IS IX ,C ( IR , IS IX )  
ISIX-ISIX+1 
GO TO 35

807 IF (IC.EQ.l .AND.Ml.EQ.O) GO TO 8075 
ANS—Ml*PNMlXl/X2/(RK**(NX+2))
I F ( I C . E Q . 2) ANS--ANS 
I F ( I C . E Q . l )  GO TO 8075
NCOEFF—3 
C ( IR , IS I X )  -ANS

C WFITE(6,222)  IC,NCOEFF.K,Ml,NX,IVEL,IR,ISIX,C(IR,ISIX)
ISIX-ISIX+1 

8075 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35
C ( I R , I S I X ) —O.DO

C WRITE(6,222)  IC,NCOEFF.K,Ml, N X , IV E L ,I R , IS IX ,C ( IR , IS IX )
ISIX-ISIX+1
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . E Q . 2) GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 35 
C(IR,ISIX)-ANS

C WRITE(6,222 )  IC,NCOEFF.K,Ml, N X , IV E L ,IR , IS IX , C ( IR , IS I X )
ISIX-ISIX+1 
GO TO 35

808 IF (IC .EQ.l .AND.Ml .EQ.O) GO TO 8085
ANS— Ml*(NX-2)*PNMlXl/RK**NX/X2/VIS/2/NX/(2*NX-l)
I F ( I C . EQ.2) ANS— ANS 
I F ( I C . E Q . l )  GO TO 8085 
NCOEFF-5
IF((M1.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l )  GO TO 8085 
C ( I R . IS I X )  -ANS

C WRITE(6,222 )  I C , NCOEFF.K,Ml, N X , IV E L ,I R , IS IX ,C ( IR , IS IX )
ISIX-ISIX+1

8085 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-5
I F  ( I C .E Q .2 )  NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
IF((Ml.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.5) GO TO 8086 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.6) GO TO 8086 
C ( I R , I S I X ) —O.DO

C WRITE(6,222)  IC ,NCOEFF.K,Ml ,NX,IVEL, IR,ISIX,C(IR ,ISIX)
ISIX-ISIX+1

8086 I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . E Q . 2) GO TO 35
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C(IR,ISIX)-ANS
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C WRITE(6,222)  I C , NCOEFF.K,Ml, N X , IV E L ,I R , IS I X ,C ( I R , IS IX )  
ISIX-ISIX+1 

35 CONTINUE
60 CONTINUE 
37 CONTINUE 
32 CONTINUE
61 CONTINUE

IF(MDEP. EQ.2 . )  GO TO 711 
C ( I R , I S I X ) - 0 . DO 
IF ( J .N E .K )  GO TO 701
IF  ( IVEL.EQ.l .AND.IC .EQ. l .AND.Ml.E Q. l )  C ( I R , I S I X ) — X2 
IF  (IVEL.EQ.2 . AND.IC.EQ.l .AND.Ml.EQ.l )  C(IR,  ISIX)  — XI 
IF  ( IVEL.EQ.3 . AND.IC.EQ.2.AND.Ml.EQ.l)  C ( IR , IS I X ) -1 .D O

701 N U (J )- IS IX
C WRITE(6,228)  I C , J , IV E L , I R , I S I X ,C ( I R , I S I X )

ISIX-ISIX+1
711 CONTINUE 

IF(MDEP.NE.O) GO TO 712 
C ( IR , IS I X ) -0 .D O  
IF ( J .N E .K )  GO TO 702
IF  ( IVEL.EQ.l .AND.IC.EQ.2.AND.Ml.EQ.l )  C ( I R , IS IX )— X2 
IF  ( IVEL.EQ.2 . AND.IC.EQ.2.AND.Ml.EQ.l)  C ( I R , I S I X ) - - X l  
IF  ( IVEL.EQ.3 . AND.IC.EQ.l .AND.Ml.EQ.l )  C(IR, ISIX) — 1 .DO

702 NV (J )- IS IX
C WRITE(6,228)  I C , J , IV E L ,I R , IS IX ,C ( IR ,  ISIX)

ISIX-ISIX+1
712 C ( I R , I S I X ) - 0 . DO 

IF ( J .N E .K )  GO TO 703
IF  ( IVEL.EQ.l .AND.IC.EQ.l .AND.Ml.EQ.O) C ( I R , I S I X ) — XI 
IF  (IVEL.EQ.2 . AND.IC.EQ.l.AND.Ml.EQ.O) C(I R , IS I X ) -X 2

703 NW(J)-ISIX
C WRITE(6,228)  I C , J , IV E L , IR , I S I X ,C ( I R , I S I X )

ISIX-ISIX+1
IF(MDEP.NE.O) GO TO 713 
C(IR ,ISIX) -O .DO 
IF ( J .N E .K )  GO TO 704
IF  ( IVEL.EQ.2 . AND.IC.EQ.2.AND.Ml.EQ.l)  C(IR ,ISI X)-RK 
IF  ( IVEL.EQ.3 . AND.IC.EQ.l .AND.Ml.EQ.l )  C(IR,ISIX)-RK*X1

704 NOMGX(J)-ISIX
C WRITE(6,228)  I C , J , IV E L , I R , I S IX ,C ( IR , IS IX )

ISIX-ISIX+1
713 CONTINUE

IF(MDEP.EQ.2 . )  GO TO 7 
C(IR,ISIX)-O.DO 
IF ( J .N E .K )  GO TO 705
IF  (IVEL.EQ.2 . AND.IC.EQ.l .AND.Ml.EQ.l )  C ( I R , I S I X ) — RK 
IF  ( IVEL.EQ.3 . AND.IC.EQ.2.AND.Ml.EQ.l)  C ( I R , ISIX)-RK*X1

705 NOMGY(J)—ISIX
C WRITE(6,228 )  I C , J , I V E L , I R , IS IX ,C ( I R , I S I X )

ISIX-ISIX+1 
IF(MDEP.NE.O) GO TO 7 
C ( I R , I S I X ) —O.DO 
IF ( J .N E .K )  GO TO 706
IF  ( IVEL.EQ.3 . AND.IC.EQ.l.AND.Ml.EQ.O) C ( I R , I S I X ) — RK*X2

706 NOMGZ(J)-ISIX
C WRITE(6,2 28)  I C , J , IVEL, I R , I S I X , C ( I R , I S I X )
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ISIX- ISIX+1 
7 CONTINUE

RHS(IR ,1 ) -0 .D 0  
E01—- (RS-RG)*G/3 
M-0 
N -l
DIV-PI
IF(Ml.EQ.O) DIV-2*PI 
IF(HDEP.NE.O) DIV-DIV/2.0 
ESUM-0.0 
DO 600 J - 1 , J $
IF ( J .E Q .K )  GO TO 601 
B J - P O S ( J . l )
C J -P O S (J ,2 )
D J -P O S (J ,3 )
IF(IVEL.EQ.l .AND.INT.EQ.O) ANS-DCADRE( EJMN1, A .B , AERR, RERR, 

1ERROR,IER)/DIV 
IF (IV E L . EQ. 2 . AND. INT. EQ.0 )  ANS-DCADRE( EJMN2, A, B,AERR, RERR, 

1ERROR, IER)/DIV 
IF (IV EL.E Q .3 . AND.INT.EQ.O) ANS-DCADRE( EJMN3, A,B,AERR,RERR, 

1ERR0R,IER)/DIV
IF (IV E L . EQ. 1 . AND. INT. EQ. 1 ) ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, 

1 B J , C J , D J , N, M, EJMN1) /DIV 
IF(IV EL.EQ .2 . AND.INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK.DK, 

1B J , C J , D J , N, M, EJMN2)/DIV 
IF ( IV E L . EQ. 3 . AND. INT. EQ. 1 ) ANS-ASQ(A, B , EPS, RK, THETAK, BK, CK, DK, 

1B J , C J , DJ,N,M,EJMN3)/DIV 
ARHS-POS(J,4)
EJ01-(ARHS**3)*E01 
GO TO 600

601 Nl-N+1 
ANS—0 . 0
IF(Ml.NE.O) GO TO 602 
PNM1—PNM(N,M,X1,R)
DDX1-DDXPNM(N,M, X I , R)
IF (IV EL .EQ.l )AN S-Nl*PNM l/ (RK**N)/2 /VIS /(2*N -l)
IF(IVEL.EQ. 2 )ANS-(N-2 )*X2*DDXl/2/N/(2*N-1) /VIS/RK**N 
IF (IV EL. EQ. 3 ) ANS-M*(N- 2 ) *PNMl/RK**N/X2/VIS/2/N/( 2*N-1)

602 EJ01—RK**3*E01 
600 ESUM-ESUM+ANS*EJ01

RHS(IR,1)--ESUM 
IR-IR+1 

40 CONTINUE 
50 CONTINUE 

6 CONTINUE 
5 CONTINUE 
4 CONTINUE

IF(IWRITE.NE. l )  GO TO 4448 
WRITE(6,991)
DO 3333 I —1 , IJMN 

3333 WRITE(6,9) I , R H S ( I , 1 )
WRITE(6,991)
DO 4444 I —1 , IJMN 

4444 WRITE(6,99)  ( C ( I , J ) , J - l ,15 )
WRITE(6,991)
DO 4445 1 - 1 , IJMN
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4445 WRITE(6,99) ( C ( I , J ) , J - 1 6 ,30)
WRITE(6,991)
DO 4446 I - l . I J M N

4446 WRITE(6,99)  ( C ( I , J ) , J - 3 1 ,45)
WRITE(6,991)
DO 4447 I - l . I J M N

4447 WRITE(6,99) ( C ( I , J ) , J - 4 6 ,60)
4448 CONTINUE 

C N-IJMN
C M-l
C IA-IJMN
C CALL LEQT2F(C,M,N,IA>RHS,IDGT,WKAREA,IER)

M-IJMN
N-l
NDIM2-M**2
CALL SSLAE(RHS,C,M,N,EPSLAE, IER,NDIM2)
IF(IER.NE.O) WRITE(6,97)  IER 

C WRITE(6,97)  IER,IDGT
IF(IWRITE.NE. l )  GO TO 4449 
WRITE(6,991)
DO 2224 I - l . I J M N  

2224 WRITE(6,9 )  I , R H S ( I , 1 )
4449 CONTINUE

I F ( J $ . EQ.2) WRITE(6,301)  BETAD, GAMMAD, DSTNCE 
DO 21 J - 1 , J $
IF(MDEP. EQ. 2 . )  GO TO 22 
ISIX-NU(J)
VLCTY(J,1)-RHS(ISIX,1) /TVEL

22 CONTINUE 
IF(MDEP.NE.O) GO TO 23 
ISIX-NV(J)
VLCTY(J , 2 ) -RHS( I S I X , 1 ) /TVEL

23 CONTINUE 
ISIX-NW(J)
VLCTY(J, 3)-RHS(ISIX,1) /TVEL 
IF(MDEP.NE.O) GO TO 24 
ISIX-NOMGX(J)
VLCTY(J, 4 )- PO S (J , 4 )*RHS(IS IX , 1)/TVEL

24 CONTINUE
IF(MDEP.EQ.2 . )  GO TO 25 
ISIX-NOMGY(J )
VLCTY (J ,5 )-POS(J , 4)*RHS(ISIX,1)/TVEL

25 CONTINUE 
IF(MDEP.NE.O) GO TO 21 
ISIX-NOMGZ(J)
V LCTY(J ,6 )-POS(J ,4 )*RHS (IS IX, l ) /T VEL 

21 CONTINUE
IF(MDEP. EQ. 0 ) WRITE(6 , 3 1 1 )
IF(MDEP.EQ.l)WRITE(6 , 3 1 2 )
IF(MDEP.EQ.2 ) WRITE( 6 , 3 1 3 )
DO 2220 J - 1 , J $
IF(MDEP. EQ.0)WRITE(6,314)  J , ( P O S (J ,J K ) , J K - 1 , 4 ) , (VLCTY(J, L ) , L - l ,6)  
IF(MDEP.EQ. 1)WRITE(6,315)  J , ( P O S (J ,J K ) , J K - 1 , 4 ) ,

1VLCTY(J,1),VLCTY(J, 3 ) ,VLCTY(J,5)
2220 IF(MDEP.EQ.2 ) WRITE( 6 , 3 1 6 )  J , ( P O S (J ,J K ) , J K - 1 , 4 ) , VLCTY(J,3 )
2222 CONTINUE
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301 FORMAT( / / , 2X, ' B E T A - ' .F 7 .4 . 5 X , 'G A M M A - ' ,F 7 . 4 ,5 X , 'D / A - ' ,F 7 .4 )
311 FO R M A T (IX , 'S P H E R E ' ,7 X , 'B ' , 8 X , 'C ' , 8 X , ' D ' , 8 X , ' R ' , 1 3 X ,

l ' U ' , 1 2 X , 'V ' , 1 2 X , 'W ' , 9 X , 'O M E G A  X',6X,'OMEGA Y',6X,'OMEGA Z ' )
312 F O R M A T ( IX , 'S P H E R E ' , 7 X , 'B ' , 8 X , 'C ' , 8 X , 'D ' , 8 X , " R ' , 1 3 X ,  

l ' U ' , 12X, 'W',9X, 'OMEGA Y ' )
313 FORMAT(IX,'SPHERE', 7 X , ' B ' , 8 X , ' C ' , 8 X , ' D ' , 8 X , ' R ' , 1 3 X , ' W ' )
314 FORMAT( 3X,1 3 , 5X, 3 ( F 8 . 3 , I X ) , F 8 . 3 , 4X, 6 (E 1 3 . 6 , I X ) )
315 FORMAT(3X,1 3 , 5 X , 3 ( F 8 . 3 , I X ) , F 8 . 3 , AX,3(E13. 6 , I X ) )
316 FORMAT( 3X, 1 3 , 5X, 3 ( F 8 . 3 , I X ) , F 8 . 3 , 4X, E14 .7)
114 FORMAT( I X , 4 ( E6 . 3 ) , IX , 13)
223 F0RM A T(1X, 'EP S(A SQ )- ' ,E12 .5 ,2X, ' E P S(SSLAE)- ' ,E 12 .5 ,2X,

1 ' AERR-’ . E 1 2 . 5 . 2 X , ’RERR(DCADRE)-', E12 . 5 , 2 X , ' IDGT(LEQT2F)- ' ,12)
111 FORMAT(IX,6 ( 1 4 ) )
321 FORMAT(5X,’ *** USING DCADRE FOR INTEGRATION *** ' )
322 FORMAT( 5X, '  *** USING ASQ FOR INTEGRATION *** ' )
113 FORMAT(IX, 4 F 9 .4 )
115 FORMAT( I X , 4 ( F 9 . 6 ) )
499 FORMAT( / / , 10X, ’*** PLANAR CASE * * * ' )
498 FORMAT( / / , 10X, ' * * *  AXISYMMETRIC CASE * * * ' )
497 FORMAT(//,1OX,'* * *  THREE DIMENSIONAL * * * ’ )

C 221 FORMAT( IX , ' K - ' , 1 3 , 2 X , ' J - ’ , 1 3 , 2X, ' M - ' , 1 2 , 2X, ’N - ' , 1 2 , 2X, ' T H T - ' , F 9 . 4 )  
C 222 FORMAT( '  I C - ' , 1 2 , 4 X , ' C - ' , I I , 1 3 , 3 ( 1 2 ) , 6 X , ' C ( ' , 1 3 , ' , ' , 1 3 , ’ ) - ' , E15.6)  
C 228 F0RM A T(1 X, ' IC - ' , 1 2 , 4 X , ' J - ' , 2 ( 1 2 ) , 6 X , ' C ( ' , 1 3 , 1 3 , ' ) - ' , E 2 8 . 16)

224 F O R M A T ( I X , ' J $ - ' , I 3 , 2 X , ' M $ - ' , 13 , 2X, ’N $ - ' , 13 , 2X, ' #  OF SPACING - ' , 1 3 )
225 FORMAT(IX, 'VIS- ' , F 8 . 4 . 2 X , ' R S - ' , F 8 . 4 , 2 X , ' R G - ' , F 8 . 4 , 2X, ' G - ' , F 8 . 4 )

C 227 FORMAT(IX,'THETAK-' ,F10.5)
99 FORMATdX, ( 1 X .1 5 F 8 .5 ) )

991 FORMAT( ' 1 ' )
97 FORMAT(4X,********* i£R ******** - ' , 1 1 0 )

9 FORMAT ( l X . ' R H S C , 1 3 , ' , 1 ) - ' .E 27 .1 6 )
987 FORMAT(5X, ' IER- ' , I6 ,9X, 'COEFF.  ' , 1 4 , 1 2 , 1 2 , 1 2 , 1 2 , ' - ' ,E 1 5 .6 ,9 X ,

1 ' M l - ' , 1 4 , 5 X , ' I C - ' ,14)
STOP
END

C SUBROUTINES FROM APPENDIX H.
Q i t ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k i e ' k ' k i e ' k ' k ' k ' k ' k ^ e i e ' k ' k ' k ' k ' k ' k ' k i e ' k ' k ' k ' k i t ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k

DATA
1 . E - 0 8 1 . E - 1 5 1 . E - 1 5 1 . E - 0 5  008 EPS(ASQ&SSLAE)) .AERR&RERR,IDGT(LEQT2F)

2 2 02 1 0  0 J $ ,M $ , N$, SPCNG, IWRITE( l -Y) , INT(0-DCDRE, 1-ASQ)
1 . 0  1 0 .0  .001 9 .8 1  V I S , RS, RG, G

0 . 0 1  ALPHA
0 0 . 0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  B,C,D,A
0 1 . 5 0 0  3 0 .000  0 0 .0 0 0  0 1 .0 0 0  DIST,BETA(90-AXI), GAMMA(0-PLANER), A
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C.  COMPUTER PROGRAM FOR SPHERES IN SHEAR AND POISEUILLE FLOW:

T h i s  i s  a pro gram t o  c a l c u l a t e  t h e  v e l o c i t y  component s  o f  J  s p h e r e s  

w i t h  p r e s c r i b e d  f o r c e s  and t o r q u e s  on them i n  a s i m p le  s h e a r  f l ow .

IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
COMMON/E/C( 2 0 , 2 0 ) , POS( 2 , 4 ) ,ANG(02),RHS(20,1).WKAREA(OOl),

1NU(2),NV(2),NW(2),N0MGX(2),N0MGY(2),N0MGZ(2),VLCTY(2,7)  
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N, M l , IC 
COMMON/VSCSTY/VIS 

COMMON/ACURCY/EPS, EPSLAE, AERR, RERR, IDGT 
EXTERNAL AJMN1, BJMN1, CJMN1, DJMN1, EJMN1, FJMN1, AJMN2, BJMN2, CJMN2, 

1DJMN2, EJMN2, FJMN2, AJMN3, BJMN3, CJMN3, DJMN3, EJMN3, FJMN3 
CALL UERSET( 0 , LEVOLD)
READ( 5 , 1 1 4 )  EPS,EPSLAE,AERR,RERR,IDGT 
WRITE(6,223)  EPS, EPSLAE, AERR,RERR,IDGT 
READ( 5 , 1 1 1 )  J$,M$,N$.NSPCNG, IWRITE, INT 
IF(INT.EQ.O)WRITE(6 , 3 2 1 )

I F ( I N T .E Q . l )  WRITE(6,322)
WRITE(6,2 2 4 )J$,M$,N$,NSPCNG 
READ( 5 , 1 1 5 )  V I S , SR, AP, BP,CP 
WRITE(6,225)  VIS,SR,AP,BP,CP 
IJMN-3*J$*N$+6*J$*N$*(M$-1)
DFACT( 1 ) —1 . DO 
DO 1 1 - 1 , 5 5  

1 DFACT(I+1)-DFACT(I)*I 
PI-DARSIN(1.0D0)*2 
ALPHA-0.01 
INUM-N$/2 
THTKD-90.0-ALPHA 
TH-THTKD/ INUM 
ISN-0
DO 3 N-l.INUM 
THTKD-TH*N 
THTK-THTKD* P I / 1 8  0 
ISN-ISN+1 
ANG( ISN)-THTK 
THTKD-18 0 . 0 -THTKD 
THTK-THTKD* P I / 1 8  0 . 0  
ISN-ISN+1 

3 ANG(1SN)-THTK
DO 2222 IPOS-l,NSPCNG 
A - 0 . DO 
B—2*PI
READ(5,113) BK, CK, DK, RK
MDEP-0
MPLNR-0
DO 2 J - 1 , J $
I F ( J . E Q . l )  GO TO 201
READ( 5 , 1 1 3 )  DIST,BETAD,GAMMAD,RK
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BETA-BETAD*PI/180
GAMMA-GAMMAD*PI/180
BK—POS( 1 , 1 )  + DIST*DCOS(BETA)*DCOS(GAMMA)
CK-POS( 1 , 2 )  + DIST*DCOS(BETA)*DSIN(GAMMA)
DK-POS( 1 , 3 )  + DIST*DSIN(BETA)
DIFl-DABS( BK- POS( 1 , 1 ) )
DIF2-DABS(CK-POS( 1 , 2 ) )
I F ( D I F 2 . L E . l . D - 5 )  MPLNR-MPLNR+1 

201 PO S(J , 1)-BK 
P O S(J , 2)-CK 
POS(J ,3)-DK 
P O S(J , 4)-RK 

2 CONTINUE
IF (M PLN R.EQ.(J$- l ) )  MDEP-1 
IF(MDEP.EQ.l ) IJMN-2*J$*N$+ 3*J$*N$*(M$-1)
I F ( J $ . EQ.2) DSTNCE-DIST/2/RK 
IF(MDEP.EQ.l ) WRITE(6,499)
IF(MDEP.EQ.O) WRITE(6,497)
IF(MDEP.NE.O) B-PI 
IR-1
DO 4 K - l , J$
BK-POS(K, l)
CK-POS(K,2)
DK-POS(K,3)
RK-POS(K,4)
DO 5 NR1-1, N$
NPRIM-NRl-1 
THETAK-ANG(NRl)
THETAD-THETAK*180/PI 
Xl-DCOS(THETAK)
X2-DSIN(THETAK)
DO 6 MP1-1,M$
M1-MP1-1 
DO 50 I C - 1 , 2
I F  (Ml .EQ.O.AND.IC.EQ.2) GO TO 50 
DO 40 IVEb-1 ,3
IF(MDEP.NE.O.AND.IC.EQ.2.AND.IVEL.EQ.l) GO TO 40 
IF(MDEP.NE.O.AND.IC.EQ.2.AND.IVEL.EQ.2) GO TO 40 
IF(MDEP.NE.O.AND.IC.EQ.l.AND.IVEL.EQ.3) GO TO 40 
ISIX-1 
DO 7 J - 1 , J $
IF  (J .EQ.K) GO TO 71 
BJ—POS(J ,1 )
C J - P O S ( J ,2 )
D J -P O S (J ,3 )
DO 11 MP-1,M$
M-MP-1
NPM-M+N$
MPP-MP
NPMP-NPM
IF(M P.EQ .l )  MPP-MPP+1 
IF(MP. EQ.1 )  NPMP-NPMP+1 
DO 12 NP-MPP, NPMP 
N-NP-1
IF  ( I VEL.EQ .l )  ICCC-0 
I F  ( IVEL.EQ.2) ICCC-6
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IF  ( IVEL.EQ.3) ICCC-12 
IF(MDEP.NE.O.AND.IVEL.EQ.l) ICCC-0 
IF(MDEP. NE. 0 . AND. IVEL.EQ.2 )  ICCC-3 
IF(MDEP. NE. 0 .AND. IVEL.EQ.3 )  ICCC-6
11-ICCC+1
12-ICCC+6
IF(MDEP.NE.O) I2-ICCC+3 
DIV-PI
IF(Ml.EQ.O) DIV—2*PI 
IF(MDEP.NE.O) DIV-DIV/2.0 
DO 31 ICNT-I1 ,12 
IF(NDEP.NE.O) GO TO 999
GOTO ( 9 0 1 , 9 0 2 , 9 0 3 , 9 0 4 , 9 0 5 , 9 0 6 , 9 1 1 , 9 1 2 , 9 1 3 , 9 1 4 , 9 1 5 , 9 1 6 , 9 2 1 , 9 2 2 , 9 2 3 ,  

1 , 9 2 4 , 9 2 5 , 9 2 6 ) , ICNT 
999 GO TO ( 9 0 2 , 9 0 3 , 9 0 5 , 9 1 2 , 9 1 3 , 9 1 5 , 9 2 2 , 9 2 3 , 9 2 5 ) , ICNT
901 I F ( N .E Q .1 . AND.(M.EQ.O.OR.M.EQ.l)) GO TO 31

I F ( INT. EQ. 1 ) ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M,AJMN1) 
I F ( I N T . EQ.0 )  ANS-DCADRE(AJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

902 IF(M.EQ.0 . OR.(N.EQ.l .AND.M.EQ.1 ) )  GO TO 31
I F ( I N T . EQ.0 )  ANS-DCADRE( BJMN1, A, B, AERR, RERR, ERROR, IER)
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , D J , N,M,BJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-2 
GO TO 30

903 CONTINUE
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK,BJ, C J , DJ,N,M,CJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE( CJMN1,A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-3
GO TO 30

904 IF  (M.EQ.O) GO TO 31
IF(INT.EQ.O) ANS-DCADRE(DJMN1,A,B,AERR,RERR,ERROR,IER)
IF ( I N T .E Q .1 )ANS-ASQ(A, B,EPS, RK,THETAK, BK, CK, DK, B J , C J , D J , N,M, DJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-4 
GO TO 30

905 IF(N.EQ. l .AND.(M.EQ.O.OR.M.EQ.l ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK,DK, B J , C J , D J , N,M, EJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE(EJMN1, A ,B , AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30

906 IF(M.EQ.0 . OR.(N.EQ.l .AND.M.EQ.1 ) )  GO TO 31 
IF(INT.EQ.O) ANS-DCADRE(FJMN1,A,B,AERR,RERR,ERROR,IER)
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK, DK,BJ, C J , D J , N, M,FJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-6 
GO TO 30

911 IF ( N .E Q .1 . AND.(M.EQ.O.OR.M.EQ.l)) GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK,BJ, CJ,DJ,N,M,AJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN2, A ,B ,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV 
NCOEFF-1
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GO TO 30
912 IF (M.EQ.O.OR.(N.EQ.l .AND.M.EQ.l ) )  GO TO 31

IF (IN T .E Q . 1)ANS—ASQ(A, B,EPS, RK,THETAK, BK, CK, DK, B J , C J , D J , N,M, BJMN2) 
I F ( I N T . EQ.0 )  ANS-DCADRE( BJMN2, A,B,AERR. RERR, ERROR, IER)
C ( I R , I S I X ) —ANS/DIV
NCOEFF-2
GO TO 30

913 CONTINUE
IF ( I N T .E Q .1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK, DK, B J , C J , D J , N,M, CJMN2) 
I F ( I N T . EQ.0 )  ANS-DCADRE( CJMN2, A,B,AERR, RERR, ERROR, IER)
C ( I R , I S I X ) —ANS/DIV
NCOEFF-3
GO TO 30

914 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE(DJMN2, A,B,AERR, RERR, ERROR, IER)
IF ( I N T .E Q .1 ) ANS-ASQ(A,B,EPS, RK,THETAK,BK, CK, DK, B J , C J , D J , N,M, DJMN2) 
C ( I R , I S I X ) —ANS/DIV 
NCOEFF-4 
GO TO 30

915 I F ( N .E Q .1 . AND.(M.EQ.O.OR.M.EQ.1 ) )  GO TO 31
IF ( I N T .E Q .1 ) ANS-ASQ(A,B ,E PS , RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M, EJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE( EJMN2, A, B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30

916 IF(M.EQ.O.OR.(N.EQ.l .AND.M.EQ.1 ) )  GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN2, A ,B ,AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS, RK,THETAK, BK, CK, DK, B J , C J , DJ,N,M, FJMN2) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-6 
GO TO 30

921 I F ( N .E Q .1 . AND.(M.EQ.O.OR.M.EQ.1 ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,AJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN3, A ,B ,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

922 IF (M.EQ.O.OR.(N.EQ.l .AND.M.EQ.l ) )  GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( BJMN3, A, B ,AERR, RERR, ERROR, IER)
IF ( I N T .E Q .1 ) ANS-ASQ(A,B,EPS, RK, THETAK, BK, CK, DK, B J , C J , DJ,N,M,BJMN3) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-2 
GO TO 30

923 CONTINUE
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK, B J , C J , DJ,N,M, CJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE( CJMN3, A, B , AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-3
GO TO 30

924 IF  (M.EQ.O) GO TO 31
IF ( I N T .E Q .1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK, B J , C J , DJ,N,M, DJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE(DJMN3, A , B ,AERR, RERR, ERROR, IER)
C(IR ,ISIX)-ANS/DIV
NCOEFF-4
GO TO 30

925 IF (N .E Q .1 . AND.(M.EQ.O.OR.M.EQ.1 ) )  GO TO 31
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IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,EJMN3) 
IF(INT.EQ.O) ANS-DCADRE(EJMN3,A,B,AERR,RERR,ERROR,IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-5
GO TO 30

926 IF(M.EQ.O.OR.(N.EQ.l .AND.M.EQ.1))  GO TO 31
IF(INT.EQ.O) ANS-DCADRE(FJMN3,A,B,AERR,RERR,ERROR,IER)
I F ( IN T .E Q .1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK, B J , C J , D J , N,M, FJMN3)
C(IR,ISIX)-ANS/DIV
NCOEFF-6

30 CONTINUE
I F ( I N T .E Q . l )  GOTO 3001
IF(IER.GT.IOO) WRITE(6,987)  IER.NCOEFF,J,M, N, IVEL,ANS,M l , IC 

3001 ISIX-ISIX+1
31 CONTINUE 
12 CONTINUE 
11 CONTINUE

GO TO 61 
71 CONTINUE

DO 32 MR-1,M$
IF(MR.EQ.MPl) GO TO 36 
MIR—MR-1 
NPMR-M1R+N$
MRP-MR
NPMRP-NPMR
IF (M 1R .E Q .0 . ) MRP—MRP+1 
IF(M1R. EQ. 0 . )  NPMRP—NPMRP+1 
DO 33 NPR-MRP,NPMRP 
NXR—NPR-1 
DO 34 NCOEFF-1,6
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 34 
IF(MDEP.NE.O.AND.NCOEFF.EQ.4)  GO TO 34 
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 34
IF((MIR.EQ.l.OR.MIR.EQ.O).AND.NXR.EQ.l .AND.NCOEFF.EQ.5) GOTO 34 
IF(M1R.EQ.l.AND.NXR.EQ.l.AND.NCOEFF.EQ.6) GO TO 34 
IF((MIR.EQ.l.OR.MIR.EQ.O).AND.NXR.EQ.l .AND.NCOEFF.EQ.l ) GO TO 34 
IF(M1R.EQ.l.AND.NXR.EQ.l.AND.NCOEFF.EQ.2) GO TO 34
IF(M1R. EQ. 0 . AND. NCOEFF. EQ. 2) GO TO 34
IF(M1R. EQ. 0 . AND. NCOEFF. EQ. 4) GO TO 34
IF(M1R. EQ. 0 . AND. NCOEFF. EQ. 6) GO TO 34
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

34 CONTINUE 
33 CONTINUE 

GO TO 37 
36 MP1P-MP1 

N$P—N$+M1
IF(M1. EQ.0 . )  MP1P—MP1P+1 
I F ( M 1 .E Q .0 . ) N$P-N$P+1 
DO 60 NX1—MP1P,N$P 
NX-NX1-1 
R—0 . DO
PNM1X1—PNM(NX,M1,X1, R) 
DDX-DDXPNM(NX,M l ,X I , R)
I F  ( IV EL.E Q .l )  ICCCC-0 
I F  (IVEL.EQ.2)  ICCCC-2
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I F  ( IVEL.EQ.3) ICCCC-5
13-ICCCC+1
14-ICCCC+3
IF  ( I VEL .EQ .l )  14-2 
DO 35 IC T -1 3 ,14
GO TO ( 8 0 1 , 8 0 2 , 8 0 3 , 8 0 4 , 8 0 5 , 8 0 6 , 8 0 7 , 8 0 8 ) ,ICT

801 ANS— NXl*PNMlXl/(RK**(NX+2))
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8011 
IF((Ml.EQ .l .OR .Ml.E Q.O) .AND.NX.EQ .l )  GO TO 8011 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8011 IF  (Ml.EQ.O) GO TO 8015 
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 8015
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1

8015 CONTINUE 
I F ( I C . E Q . l )  GO TO 8016 
NCOEFF-3
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1

8016 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND. NCOEFF. EQ.4 )  GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
I F  ( I C .E Q .2 )  GO TO 35
IF(IC .EQ. l .AND.Ml.EQ.O)  GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 
GO TO 35

802 ANS-NXl*PNMlXl/(RK**NX)/2/VIS/(2*NX-1)
I F  ( I C . E Q . l )  GO TO 8025
NCOEFF-5
IF ((Ml.EQ .l .OR .Ml.E Q.O) .AND.NX.EQ .l )  GO TO 8025 
C(IR ,ISIX) -O .DO 
ISIX-ISIX+1 

8025 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-5 
IF  ( I C .E Q .2 )  NCOEFF-6 
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
IF((Ml.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.5) GO TO 8021 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.6) GO TO 8021 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 

8021 I F ( I C . E Q . 2) GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
IF(M1.EQ.l .AND.NX.EQ.l )  GO TO 35 
C ( I R , I S I X ) - 0 . DO 
ISIX- ISIX+1
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GO TO 35
803 IF (IC .EQ.l .AND.Ml.EQ.O) GO TO 8035 

ANS-M1*PNM1X1/(RK**NX1)/X2
I F ( I C . EQ.2) ANS--ANS 
I F ( I C . E Q . l )  GO TO 8035 
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8035
IF((Ml.EQ. l .OR.Ml.EQ.O).AND.NX.EQ. l )  GO TO 8035
C ( IR , I S I X )  -ANS
ISIX-ISIX+1

8035 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-1 
IF  ( I C .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.1) GO TO 8036
IF((M1.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.l ) GO TO 8036 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.2) GO TO 8036 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1

8036 IF  ( I C . E Q . 1 . AND.Ml. EQ.0)  GO TO 35 
I F ( I C . EQ.2 )  GO TO 35
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 
GO TO 35

804 ANS--X2*DDX/(RK**(NX+2))
IF ( I C . E Q . l )  GO TO 8045 
NCOEFF-3
C ( I R , I S I X ) - 0 . D 0  
ISIX-ISIX+1 

8045 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
IF(IC .EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . E Q . 2) GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND. NCOEFF. EQ.4)  GO TO 35 
C ( I R , I S I X ) - 0 . D 0  
ISIX-ISIX+1 
GO TO 35

805 ANS-(NX-2)*X2*DDX/2/NX/(2*NX-l)/VIS/RK**NX 
I F ( I C . E Q . l )  GO TO 8055
NCOEFF-5
IF((M1.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l )  GO TO 8055 
C ( I R , I S I X ) - 0 . D 0  
ISIX- ISIX+1 

8055 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-5 
IF  ( I C .E Q .2 )  NCOEFF-6 
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
IF((M1.EQ.l.OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.5) GO TO 8056 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.6) GO TO 8056 
C(IR,ISIX)-ANS
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ISIX-ISIX+1 
8056 IF  ( I C .E Q .2 )  GO TO 35

IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C ( I R , I S I X ) - 0 . D 0  
ISIX-ISIX+1 
GO TO 35

806 ANS-X2*DDX/RK**NX1 
I F ( I C . E Q . l )  GO TO 8065 
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.1) GO TO 8065 
IF((M1.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l )  GO TO 8065 
C(IR ,ISIX)-O.DO 
ISIX-ISIX+1

8065 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-1 
IF ( IC .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8066
IF((Ml.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.l)  GO TO 8066 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.2) GO TO 8066 
C(IR,ISIX)-ANS 
ISIX-ISIX+1

8066 IF  ( I C .E Q .2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C ( I R , I S I X ) - 0 . D 0  
ISIX-ISIX+1 
GO TO 35

807 IF (IC.EQ.l .AND.Ml.EQ.O) GO TO 8075 
ANS-Ml*PNMlXl/X2/(RK**(NX+2))
I F ( I C . EQ. 2) ANS— ANS 
I F ( I C . E Q . l )  GO TO 8075
NCOEFF-3 
C ( IR . I S I X )  -ANS 
ISIX-ISIX+1 

8075 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
IF  ( IC .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35
C ( I R , I S I X ) - 0 . D 0
ISIX-ISIX+1
I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . E Q . 2) GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 
GO TO 35

808 IF (IC.EQ.l .AND.Ml.EQ.O) GO TO 8085
ANS— Ml*(NX-2)*PNMlXl/RK**NX/X2/VIS/2/NX/(2*NX-l)
I F ( I C . EQ.2) ANS— ANS 
I F ( I C . E Q . l )  GO TO 8085 
NCOEFF-5
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IF((M1.EQ. l .OR.Ml.EQ.O).AND.NX.EQ.l )  GO TO 8085
C ( I R . IS I X )  -ANS
ISIX-ISIX+1

8085 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-5 
IF  ( I C .E Q .2 )  NCOEFF-6 
IF(MDEP.NE.0 . AND.NCOEFF.EQ.6) GO TO 35
IF((Ml.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.5) GO TO 8086 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.6) GO TO 8086 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1

8086 IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . EQ.2) GO TO 35
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 

35 CONTINUE
60 CONTINUE 
37 CONTINUE 
32 CONTINUE
61 CONTINUE

C ( I R , I S I X ) - 0 . DO 
IF ( J .N E .K )  GO TO 701
IF ( IVEL .EQ .l .A ND.IC .EQ.l .AN D.Ml.E Q.l )  C ( IR ,1SIX )- -X 2  
IF  ( IVEL.EQ.2 . AND.IC.EQ.l .AND.Ml.EQ.l )  C ( I R , I S I X ) - - X 1  
IF ( IVEL.EQ.3 . AND.IC.EQ.2.AND.Ml.EQ.l)  C ( I R , I S I X ) - 1 . DO

701 NU(J) —ISIX 
ISIX- ISIX+1
IF(MDEP.NE.O) GO TO 712 
C ( I R , I S I X ) —O.DO 
IF ( J .N E .K )  GO TO 702
IF  ( IVEL.EQ.l .AND.IC.EQ.2.AND.Ml.EQ.l )  C ( I R , I S I X ) - - X 2  
IF  ( IVEL.EQ.2 . AND.IC.EQ.2.AND.Ml.EQ.l)  C ( I R , I S I X ) — XI 
IF  ( IVEL.EQ.3 . AND.IC.EQ.l .AND.Ml.EQ.l )  C ( I R , I S I X ) - - 1 . DO

702 N V (J )- IS IX  
ISIX-ISIX+1

712 C(IR ,ISIX) -O .DO 
IF ( J .N E .K )  GO TO 703
IF (IVEL.EQ.l .AND.IC.EQ.l .AND.Ml.EQ.O) C ( I R , I S I X ) — XI 
IF  ( IVEL.EQ.2 . AND.IC.EQ.l .AND.Ml.EQ.O) C(I R , IS I X ) -X 2

703 NW(J)—ISIX 
ISIX-ISIX+1
IF(MDEP.NE.O) GO TO 713 
C(IR, ISIX) -O .DO 
I F ( J .N E .K )  GO TO 704
IF  ( IVEL.EQ.2 . AND.IC.EQ.2.AND.Ml.EQ.l)  C (IR ,ISIX)-RK 
IF  ( IVEL.EQ.3 . AND.IC.EQ.l .AND.Ml.EQ.l )  C(IR,ISIX)-RK*X1

704 NOMGX(J)-ISIX 
ISIX-ISIX+1

713 CONTINUE
C(IR ,ISIX) -O .DO 
IF ( J .N E .K )  GO TO 705
IF  ( IVEL.EQ.2 . AND.IC.EQ.l .AND.Ml.EQ.l )  C ( I R , ISIX) --RK 
IF  ( IVEL.EQ.3 . AND.IC.EQ.2.AND.Ml.EQ.l)  C(IR,ISIX)-RK*X1
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705 NOMGY(J)-ISIX 
ISIX-ISIX+1 
IF(MDEP.NE.O) GO TO 7 
C ( I R , I S I X ) - 0 . DO 
IF ( J .N E .K )  GO TO 706
IF  ( IVEL.EQ.3 . AND.IC. EQ. 1 .AND.Ml. EQ.0) C(IR,ISIX)--RK*X2

706 N0MGZ(J)-ISIX 
ISIX-ISIX+1

7 CONTINUE
R H S ( I R , l ) - 0 . DO
IF(IVEL.EQ. 1 .AND.Ml. EQ. 1 .AND.IC. EQ.1)  

l R H S ( I R . l ) — SR*(POS(K,4)*Xl+POS(K,3))*X2-
1AP(IRHS)*X2*(1 - ( (POS(K,4)*X1+P0S(K, 3 ) -CP(IRHS)) / B P ( I R H S ) )* * 2 ) 

IF(IV EL.E Q .2 .AND.MI. EQ.1 .AND.IC.EQ.1)
1RHS(IR ,1 )- -SR*(P0S(K ,4 )*X 1+P0S(K ,3 ) )*X1
1 -AP(IRHS)*X1*(1 - ( (P0S(K, 4)*X1+P0S(K, 3 ) -  CP( IRHS)) / B P ( I R H S ) )* * 2 ) 

IF(IVEL.EQ. 3 .AND.Ml. EQ. 1 .AND. I C . EQ.2)
1RHS(IR ,1) -SR*(P0S(K,4)*X1+ P0S(K,3 ))
1AP(IRHS)*(1 - ( (P0S(K,4)*X1+P0S(K, 3 ) -  CP( IRHS)) / B P ( IRHS))**2) 

IR-IR+1 
40 CONTINUE 
50 CONTINUE 

6 CONTINUE 
5 CONTINUE 
4 CONTINUE 

M-IJMN 
N - l
NDIM2—M**2
CALL SSLAE(RHS, C, M, N, EPSLAE, IER,NDIM2)
IF(IER.NE.O) WRITE(6,97)  IER 
IF(IW RITE.NE. l )  GO TO 4449 
WRITE(6,991)
DO 2224 I - l . I J M N  

2224 WRITE(6,9 )  I , R H S ( I , 1 )
4449 CONTINUE

I F ( J $ . EQ.2) WRITE(6,301)  BETAD, GAMMAD, DSTNCE 
IF(MDEP.EQ. 0 ) WRITE( 6 , 3 1 1 )
IF(MDEP.EQ.1 )WRITE( 6 , 3 1 2 )
DO 21 J - 1 , J $
TVEL-1. 0/2*POS(J , 4 ) *SR 
ISIX-NU(J)
VLCTY(J , 1 ) -RHS( I S I X , 1 ) /TVEL
VLCTY(J, 2 ) - ( R H S ( I S I X , 1 ) -SR*POS(J , 3 ) )/TVEL
IF(MDEP.NE.O) GOTO 23
ISIX-NV(J)
VLCTY(J , 3 ) -RHS( I S I X , 1 ) /TVEL

23 CONTINUE 
ISIX-NW(J)
VLCTY(J,4)-RHS(ISIX,1) /TVEL 
IF(MDEP.NE.O) GO TO 24 
ISIX-NOMGX(J )
VLCTY( J , 5 ) -POS(J , 4 ) *RHS( I S I X , 1 ) /TVEL

24 CONTINUE
ISIX-NOMGY( J )
VLCTY(J, 6 ) - P O S ( J , 4 ) *RHS( I S I X , 1 ) /TVEL 
IF(MDEP.NE.O) GO TO 21
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ISIX—NOMGZ(J)
VLCTY(J, 7 ) —PO S(J , 4)*RHS(ISIX,1) /TVEL 

21 CONTINUE 
DO 2220
IF(MDEP. EQ. 0)WRITE(6,314)  J , (P O S (J , J K ) , J K - 1 , 4 ) , (VLCTY (J .L ) ,L -1 ,7 )  
IF(MDEP.EQ.1) WRITE( 6 , 3 1 5 )  J , ( P O S ( J , J K ) , J K - 1 , 4 ) ,

1VLCTY(J, 1 ) , VLCTY(J , 2 ) ,VLCTY(J ,4) ,VLCTY(J ,6)
2220 CONTINUE 
2222 CONTINUE

301 FORMAT(/ ,2X, 'BETA- ' , F 7 . 4 , 5 X , ’GAMMA-', F 7 . 4 , 5X, ' D / A - ' , F 7 . 4 , / )
311 FORMAT( IX , ' S P H E R E ' , 3 X , ' B ' , 7 X , ' C ' , 7 X , ' D ' , 7 X , ' R ' , 1 0 X , ' U ' , 9 X ,  

l ' U S L I P ' , 9X, 'V ' ,11X, 'W' ,8X, 'OM EGA X',5X,'OMEGA Y',5X,'OMEGA Z ' )
312 F O R M A T ( I X , 'S P H E R E ' ,7 X , 'B ' , 8 X , 'C ' , 8 X , 'D ' , 8 X , 'R ' , 1 3 X ,  

l ’U’ , 1 0 X , ' U S L I P ' , 10X, ' W ' , 9X, 'OMEGA Y ' )
314 FORMAT( 3X, 1 3 , 2 X , 3 ( F 7 . 3 , I X ) , F 7 . 3 , 2X,7E12 .5 )
315 FORMAT(3X,I3 ,5X,3(F8.3 ,1X)PF 8 .3 , 4 X , 4 ( E 1 2 . 5 , 1 X ) )
316 FORMAT(3X,1 3 , 5X,3 ( F 8 . 3 , I X ) , F 8 . 3 ,4X, E1 2 .5)
114 FORMAT( I X , 4 ( E 6 . 3 ) , IX , 13)
223 F0RMAT(1X,' EP S( A S Q )- ' , E12. 5 , 2X, ' EPS(SSLAE)-’ .E 1 2 .5 .2 X ,  

l ' A E R R - ' . E 1 2 . 5 . 2 X , ' RERR( DCADRE) - ' . E 1 2 . 5 . 2 X , ' IDGT(LEQT2F)- ' ,12)
111 FORMAT(IX,6 ( 1 4 ) )
321 FORMAT( 5X, '  *** USING DCADRE FOR INTEGRATION *** ' )
322 FORMAT(5X,' *** USING ASQ FOR INTEGRATION *** ' )
113 FORMAT( I X , 4 F 9 .4 )
115 FORMAT( I X , 7 ( F 7 . 4 ) )
499 FORMAT( / / , 10X, ' * * *  PLANAR CASE * * * ' )
497 FORMAT( / / , 10X, ' * * *  THREE DIMENSIONAL * * * ' )
224 FORMAT(IX,' J $ - ' , 1 3 , 2 X , ’M $ - ' , 1 3 , 2X,* N $ - ' , 1 3 , 2X, ' #  OF SPACING - ' , 1 3 )
225 FORMAT(IX,'VIS - ' , F 8 . 4 , 5 X , ' SHR RATE - ' , F 8 . 4 ) , 2 X , ' A P , B P . C P - ' , 3F9 .5 )  
991 FORMAT( ' 1 ' )

97 FORMAT(4X,'**** ** ** IER ******** - ' , 1 1 0 )
9 FORMAT ( I X , ' R H S ( ' , 1 3 , ' , 1 ) - ' .E 27 .1 6 )

987 FORMAT(5X,' I E R - ' , 1 6 , 9X,'COEFF. ' , 1 4 , 1 2 , 1 2 , 1 2 , 1 2 , ' - ' , E1 5 . 6 , 9X,
1 ' M l - ' , 1 4 , 5 X , ' I C - ' ,14)

STOP
END

Q'k'kic'kic'k'k'kicieir'kifieicie'k'k'k'kir'k'kic'k'kie'kit'kieit'kicitit'k'k'kit'k'kic'k'k'k'k'k'k'kic'kic'kicic'k 

C SUBROUTINES FROM APPENDIX H.
C*********************************************************
DATA

1 . E - 0 6 1 . E - 1 6 1 . E - 1 6 1 . E - 0 6  008 EPS(ASQ&SSLAE)) ,AERR6tRERR,IDGT(LEQT2F)
2 2 02 1 0 0 J $ ,M $ ,N $ , SPCNG, IW RITE( l -Y ) , INT(0-DCDRE, 1-ASQ)

1 . 0  0 1 . 0  0 2 0 .0 0  0 2 0 .0 0  0 0 0 .0 0  V,S,A,B&C. V - A ( l - ( (Z - C ) /B )* * 2 )
0 0 . 0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  B.C.D.A

0 3 . 0 0 0  4 5 . 0 0 0  0 0 .0 0 0  0 1 .0 0 0  DIST,BETA,GAMMA(0-PLN),A
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D. COMPUTER PROGRAM FOR ONE SPHERE FALLING UNDER GRAVITY WITH OTHER

SPHERES FIXED:

T h i s  I s  a program  t o  c a l c u l a t e  t h e  v e l o c i t y  components  o f  one 

s p h e r e  when i t  i s  f a l l i n g  u n d e r  g r a v i t y  p a s t  o t h e r  f i x e d  s p h e r e s .

IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
COMMON/E/C( 8 , 8 ) , POS( 3 , 4 ) ,ANG(16),RHS(8,1).WKAREA(OOl),

1NF X(3) ,NFY(3) ,NF Z(3) , NTX( 3 ) ,NTY(3) ,NTZ(3),VLCTY(3,6) 
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N,M l , IC 
COMMON/VSCSTY/VIS 

COMMON/ACURCY/EPS, EPSLAE, AERR, RERR, IDGT 
EXTERNAL AJMN1, BJMN1, CJMN1, DJMN1, EJMN1, FJMN1,AJMN2, BJMN2, CJMN2, 

1DJMN2, EJMN2, FJMN2, AJMN3, BJMN3, CJMN3, DJMN3, EJMN3, FJMN3 
CALL UERS ET( 0 , LEVOLD)
READ(5,114 )  EPS,EPSLAE,AERR,RERR,IDGT 
WRITE( 6 , 2 2 3 )  EPS, EPSLAE, AERR, RERR, IDGT 
READ( 5 , 1 1 1 )  J $ , M$, N$, NSPCNG, IWRITE, INT 
IF(INT.EQ.0)WRITE(6,321)

I F ( I N T .E Q . l )  WRITE(6,322)
WRITE( 6 , 2 2 4 ) J$,M$,N$.NSPCNG 
READ(5,115 )  VIS,RS,RG,G 
WRITE(6,225 )  VIS,RS,RG,G 
IJMN-3*J$*N$+6*J$*N$*(M$- I )
DFACT(1)-1.D0 
DO 1 1 - 1 , 5 5  

1 DFACT(1 + 1 ) -DFACT( I )*1 
P I—DARSIN (1 .  0D0) *2 
A - 0 . DO 
B-2*PI
READ(5,113)  ALPHA 
INUM-N$/2 
THTKD-90.0-ALPHA 
TH-THTKD/INUM 
ISN-0
DO 3 N-l.INUM 
THTKD-TH*N 
THTK-THTKD*PI/180 
ISN-ISN+1 
ANG(ISN)-THTK 
THTKD-180.0-THTKD 
THTK-THTKD*PI/180.0  
ISN-ISN+1 

3 ANG(ISN)-THTK 
WRITE(6,230)
DO 2222 IPOS-1,NSPCNG 
READ(5,113 )  BK, CK, DK, RK 
MDEP-0 
MAXI-0
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MPLNR-0
DO 2
I F ( J . E Q . l )  GO TO 201 
READ(5,113) XYZ, BETAD, GAMMAD,RK 
BETA-BETAD*PI/1 8 0  
GAMMA-GAMMAD*PI/180 
DIST-2*DCOSH(XYZ)
BK—POS( 1 , 1 )  + DIST*DCOS(BETA)*DCOS(GAMMA)
CK—POS( 1 , 2 )  + DIST*DCOS( BETA)*DSIN(GAMMA)
DK-POS( 1 , 3 )  + DIST*DSIN(BETA)
DIFl-DABS( BK- POS( 1 , 1 ) )
DIF2—DABS(CK-POS(l, 2 ) )
I F ( D I F 2 . L E . l . D - 5 )  MPLNR-MPLNR+1 
I F ( D I F 1 . LE. 1 . D-5 . AND.DIF2.LE.1.D-5)  MAXI-MAXI+1 

201 P O S ( J , 1)-BK 
P O S (J , 2)-CK 
P O S (J , 3)-DK 
POS(J , 4)-RK 
I F ( J . E Q . l )  GOTO 2 
READ( 5 , 1 1 3 )  ( V L C T Y ( J , J J ) , J J - 1 , 6 )

2 WRITE ( 6 , 2 2 6 )  J , BK, CK, DK, RK 
IF (M PLN R.EQ .(J$- l ) )  MDEP-1 
I F ( M A X I .E Q . ( J $ - l ) )  MDEP-2 
IF(MDEP.EQ.l ) IJMN-2*J$*N$+ 3*J$*N$*(M$-1)  
IF(MDEP.EQ.2) IJMN-2*J$*N$
I F ( J $ . EQ.2) DSTNCE-DIST/2/RK 
IF(MDEP.EQ.l ) WRITE(6,499)
IF(MDEP.EQ.2) WRITE(6,498)
IF(MDEP.EQ.O) WRITE(6,497)
IF(MDEP.NE.O) B—PI 
IR-1
DO 4 K - l , J$
BK-POS(K. l)
CK-POS(K,2)
DK-POS(K,3)
RK-POS(K,4)
DO 5 NR1 - 1 , N$
NPRIM-NR1-1 
THETAK-ANG(NR1)
THETAD-THETAK*180/PI 
Xl-DCOS(THETAK)
X2-DSIN(THETAK)
DO 6 MP1-1,M$
IF(MDEP.EQ.2 .AND.MP1.NE.1) GO TO 6
M1-MP1-1
DO 50 I C - 1 , 2
I F  ( M l . EQ.O.AND.IC.EQ.2) GO TO 50 
DO 40 IVEL-1,3
IF(MDEP.NE.0 . AND.IC. EQ. 2 .AND. IVEL.EQ.1 )  GO TO 40 
IF(MDEP.NE.O.AND.IC.EQ.2 .AND.IVEL.EQ.2) GO TO 40 
IF(MDEP.NE.0 . AND.IC. EQ.1 .AND. IVEL.EQ.3 )  GO TO 40 
IS IX -1  
DO 7 J - 1 , J $
I F  (J .EQ.K) GO TO 71 
B J - P O S ( J . l )
C J - P O S ( J ,2)
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D J-P O S(J ,3 )
DO 11 MP-1,M$
IF(MDEP.EQ.2 . AND.MP.NE.1) GO TO 11
M-MP-1
NPM—M+N$
MPP-MP
NPMP-NPM
IF(MP.E Q.l )  MPP-MPP+1 
IF (M P.EQ.l )  NPMP-NPMP+1 
DO 12 NP-MPP, NPMP 
N-NP-1
IF  ( IVEL.EQ.1) ICCC-0 
I F  (IVEL.EQ.2) ICCC-6 
IF  ( IVEL.EQ.3) ICCC-12 
IF(MDEP. NE. 0 . AND. IVEL. EQ.1)  ICCC-0 
IF(MDEP.NE.O.AND.IVEL.EQ.2) ICCC-3 
IF(MDEP. NE. 0 .AND. IVEL.EQ.3 )  ICCC-6
11-ICCC+1
12-ICCC+6
IF(MDEP.NE.O) I2-ICCC+3 
DIV-PI
IF(Ml.EQ.O) DIV-2*PI 
IF(MDEP.NE.O) DIV-DIV/2.0 
DO 31 IC NT-I1 ,12 
IF(MDEP.NE.O) GO TO 999
GOTO ( 9 0 1 , 9 0 2 , 9 0 3 , 9 0 4 , 9 0 5 , 9 0 6 , 9 1 1 , 9 1 2 , 9 1 3 , 9 1 4 , 9 1 5 , 9 1 6 , 9 2 1 , 9 2 2 , 9 2 3 ,

1 , 9 2 4 , 9 2 5 , 9 2 6 ) t ICNT 
999 GO TO ( 9 0 2 , 9 0 3 , 9 0 5 , 9 1 2 , 9 1 3 , 9 1 5 , 9 2 2 , 9 2 3 , 9 2 5 ) ,ICNT
901 I F ( J . EQ. 1 . AND. N. EQ. 1 . AND. (M. EQ. 0 . OR. M. EQ. 1 ) )  GOTO 31

IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK,BJ, C J , D J , N,M, AJMN1) 
I F ( I N T . EQ.0 )  ANS-DCADRE(AJMN1 , A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-1
GO TO 30

902 IF ( (M .E Q .O . ) . O R . ( J . E Q . l . AND.N. EQ. 1 .AND. M. EQ. 1 ) )  GO TO 31 
I F ( I N T . EQ.0 )  ANS-DCADRE( BJMN1,A, B,AERR, RERR, ERROR, IER) 
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,BJMN1) 
C(IR,ISIX)-ANS/DIV
NCF-2 
GO TO 30

903 IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,CJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE(CJMN1, A ,B ,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-3
GO TO 30

904 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( DJMN1, A, B, AERR, RERR, ERROR, IER)
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , DJ,N,M,DJMN1) 
C(IR,ISIX)-ANS/DIV 
NCF-4 
GO TO 30

905 I F ( J . E Q . 1 . AND.N.EQ.l.AND.(M.EQ.O.OR.M.EQ.l))  GOTO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK.DK,BJ, C J , DJ,N,M,EJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE( EJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV 
NCF-5
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GO TO 30
906 I F ( ( M . EQ. 0 . ) . OR.( J . EQ. 1 . AND.N. EQ. 1 . AND. M. EQ. 1 ) )  GO TO 31 

I F ( I N T . EQ.0 )  ANS-DCADRE( FJMN1,A, B, AERR, RERR, ERROR, IER)
IF ( I N T .E Q .1 )ANS-ASQ(A,B.EPS,RK,THETAK, BK, CK, DK,BJ, C J , D J , N,M, FJMN1) 
C(IR,ISIX)-ANS/DIV 
NCF-6 
GO TO 30

911 I F ( J . E Q . 1 . AND.N.EQ.l.AND.(M.EQ.O.OR.M.EQ.l))  GOTO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK, BK, CK, DK,BJ, C J , D J , N,M, AJMN2) 
I F ( I N T . EQ.0 )  ANS-DCADRE(AJMN2, A,B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-1
GO TO 30

912 IF ( (M .E Q .0 . ) . O R.( J .EQ. l .AN D.N .EQ.l .AN D.M .E Q.l ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N,M, BJMN2) 
I F ( INT. EQ.0)  ANS-DCADRE( BJMN2, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/D1V
NCF-2
GO TO 30

913 IF(INT.EQ.l)ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK. DK, B J , C J , D J , N,M, CJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE(CJMN2,A,B,AERR, RERR, ERROR, IER) 
C(IR,ISIX)-ANS/DIV
NCF-3 
GO TO 30

914 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE(DJMN2, A,B,AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK, DK, B J , C J , D J , N,M, DJMN2) 
C(IR,ISIX)-ANS/DIV 
NCF-4 
GO TO 30

915 IF (J .EQ. l .AN D.N.EQ.l .AND. (M .EQ.O.OR .M.EQ. l ) )  GOTO 31
IF ( I N T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,EJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE( EJMN2, A ,B ,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-5
GO TO 30

916 IF ( (M .E Q .O .) .O R . ( J .E Q . l .A N D .N .E Q .l .A N D .M .E Q . l ) )  GO TO 31 
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN2, A, B,AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,FJMN2) 
C(IR,ISIX)-ANS/DIV
NCF-6 
GO TO 30

921 IF (J .EQ. l .AND.N.EQ. l .AND. (M .EQ.O.OR .M.EQ. l ) )  GOTO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK, B J , C J , D J , N,M, AJMN3) 
I F ( I N T . EQ.0 )  ANS-DCADRE(AJMN3, A, B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-1
GO TO 30

922 I F ( ( M . E Q . O . ) . O R .( J .E Q. l .AN D.N .EQ.l .AN D.M .E Q.l ) )  GO TO 31 
I F ( INT. EQ.0 )  ANS-DCADRE( BJMN3,A, B, AERR, RERR, ERROR, IER)
IF ( I N T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK, DK, B J , C J , D J , N,M, BJMN3) 
C(IR,ISIX)-ANS/DIV 
NCF-2 
GO TO 30

923 IF ( I N T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK,BJ, C J , DJ,N,M,CJMN3) 
I F ( I N T . EQ.0 )  ANS-DCADRE(CJMN3, A, B,AERR, RERR, ERROR, IER)
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C(IR,ISIX)-ANS/DIV
NCF-3
GO TO 30

924 IF  (M.EQ.O) GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK.BK,CK,DK, B J , C J , D J , N. M, DJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE(DJMN3 , A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-4
GO TO 30

925 IF(J .EQ. l .AND.N.EQ .l .AN D. (M.EQ.O.OR .M.EQ. l ) )  GOTO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK, B J , CJ,DJ,N,M,EJMN3) 
IF(INT.EQ.O) ANS—DCADRE(EJMN3,A , B, AERR, RERR,ERROR, IER)
C ( I R , ISIX)-ANS/DIV
NCF-5
GO TO 30

926 IF ( (M .E Q .O . ) . OR.( J .EQ. l .AN D.N .EQ.l .AN D.M .E Q.l ) )  GO TO 31 
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN 3 , A , B, AERR, RERR, ERROR, IER)
IF (IN T .E Q . 1 )ANS-ASQ(A, B,EPS,RKfTHETAK,BK.CK,DK,BJ, C J , D J , N, M, FJMN3)
C(IR,ISIX)-ANS/DIV
NCF-6

30 CONTINUE
I F ( I E R . G T . 100) WRITE(6,987)  IER.NCF,J,M,N,IVEL,ANS,M1, IC 

I F ( J . E Q . l )  GOTO 996 
IF(NCF.EQ.5 . AND.M.EQ.O.AND.N.EQ.l) N F Z (J )- IS IX  
IF(NCF.EQ.2 . AND.M.EQ.l.AND.N.EQ.l) NTY(J)- ISIX 
IF(NCF.EQ.5 . AND.M.EQ.l.AND.N.EQ.l) NFX(J )- IS IX  
IF(MDEP.NE.O) GO TO 996
IF(NCF.EQ.6 . AND.M.EQ.l.AND.N.EQ.l) NFY(J) - IS IX 
IF(NCF.EQ.l .AND.M.EQ.l .AND.N.EQ.l)  NTX(J )- ISiX 
IF(NCF.EQ.1 . AND.M.EQ.O.AND.N.EQ.l) N TZ(J )- IS IX  

996 ISIX-ISIX+1
31 CONTINUE 
12 CONTINUE 
11 CONTINUE

GO TO 61 
71 CONTINUE

DO 32 MR-1,M$
IF(MDEP.EQ.2 . AND.MR.NE.1) GO TO 32
IF(MR.EQ.MPl) GO TO 36
M1R-MR-1
NPMR-M1R+N$
MRP-MR
NPMRP-NPMR
IF(M1R. EQ. 0 . )  MRP—MRP+1 
IF(M1R.EQ.0 . )  NPMRP-NPMRP+1 
DO 33 NPR-MRP, NPMRP 
NXR-NPR-1 
DO 34 NCF-1,6
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 34 
IF(MDEP. NE. 0 . AND. NCF. EQ.4)  GO TO 34 
IF(MDEP.NE.0.AND.NCF.EQ.6) GO TO 34
I F ( J . EQ.1 .AND.(MIR.EQ.1 .OR.MIR.EQ.0 ) . AND.NXR.EQ.1 .AND.NCF.EQ.5)

1 GOTO 34
I F ( J . EQ. 1 .AND.MIR. EQ. 1 . AND.NXR.EQ.1 .AND. NCF.EQ.6) GOTO 34 
IF(J.EQ.1.AND.(MIR.EQ.l .OR.MIR.EQ.O).AND.NXR.EQ.l .AND.NCF.EQ.l)

1 GOTO 34
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I F ( J . E Q . 1 . AND.MIR.EQ.l.AND.NXR.EQ.l.AND.NCF.EQ.2) GOTO 34 
IF(M1R.EQ. 0 . AND. NCF.EQ.2 )  GO TO 34 
IF(MIR.EQ. 0 .AND. NCF. EQ.4 )  GO TO 34 
IF(M1R.EQ. 0 .AND.NCF. EQ.6 )  GO TO 34 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

34 CONTINUE 
33 CONTINUE 

GO TO 37 
36 MP1P-MP1 

N$P-N$+M1
IF(M1. EQ. 0 . )  MP1P-MP1P+1 
IF(M1. EQ. 0 . )  N$P-N$P+1 
DO 60 NX1-MP1P, N$P 
NX—NX1-1 
R - 0 . DO
PNM1X1-PNM(NX,M1,X1,R)
DDX-DDXPNM( NX, M l , X I , R)
IF  ( I VEL.EQ .l )  ICCCC-0 
I F  ( IVEL.EQ.2)  ICCCC-2 
IF  ( IVEL.EQ.3) ICCCC-5
13—ICCCC+1
14-ICCCC+3
I F  ( I VEL.EQ .l )  14-2 
DO 35 I C T - I 3 ,14
IF(MDEP. EQ. 2 .AND.Ml. NE.0 )  GO TO 35 
GO TO ( 8 0 1 , 8 0 2 , 8 0 3 , 8 0 4 , 8 0 5 , 8 0 6 , 8 0 7 , 8 0 8 ) , ICT 

801 ANS--NXl*PNMlXl/(RK**(NX+2))
NCF-1
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8011
I F ( J . EQ. 1 .AND. (M l . EQ. 1 . OR. M l . EQ. 0 ) . AND. NX. EQ.1)  GOTO 8011 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8011 IF  (M1.EQ.0) GO TO 8015 
NCF-2
IF (J .EQ . l . A N D .M l .E Q . l .A N D .N X .E Q . l )  GOTO 8015
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1

8015 CONTINUE 
I F ( I C . E Q . l )  GO TO 8016 
NCF-3
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1

8016 CONTINUE
IF  ( I C . E Q . l )  NCF-3
IF  ( I C .E Q .2 )  NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
I F  ( IC .E Q .2 )  GO TO 35
I F ( I C . EQ. 1 .AND.Ml. EQ.0)  GO TO 35
NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35 
C(IR ,ISIX) -O .DO 
ISIX-ISIX+1 
GO TO 35



802 ANS-NXl*PNMlXl/(RK**NX)/2/VIS/(2*NX-1)
IF  ( I C . E Q . l )  GO TO 8025
NCF—5
IF (J .EQ. l .AND.(M l.E Q .l .O R.M l.E Q.O ).AND.N X.E Q.l )  GOTO 8025 
C(IR ,ISIX) -O .DO 
ISIX- ISIX+1 

8025 CONTINUE
IF  ( I C . E Q . l )  NCF-5 
IF  ( I C .E Q .2 )  NCF-6
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
IF(J .EQ. l .AND.(Ml.EQ .l .O R.Ml.EQ.O ).AND.N X.EQ.1 .AND.NCF.EQ.5) 

1 GOTO 8021
IF(J .EQ. l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.6)  GOTO 021 
C ( I R , ISIX)-ANS 
ISIX-ISIX+1 

8021 I F ( I C . E Q .2 )  GO TO 35
IF ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCF-6
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
IF ( J .E Q. l .A ND.M l .EQ.l .AN D.NX .EQ.l )  GOTO 35
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1
GO TO 35

803 IF(IC.EQ. l .AND.Ml.EQ.O) GO TO 8035 
ANS—M1*PNM1X1/(RK**NX1)/X2 
I F ( I C . E Q .2 )  ANS--ANS 
I F ( I C . E Q . l )  GO TO 8035
NCF-1
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8035
IF (J .EQ. l .A ND.(M l .EQ .l .O R.M l .EQ.O ).AND.N X.E Q.l )  GOTO 8035
C ( I R . I S I X )  -ANS
ISIX-ISIX+1

8035 CONTINUE
IF  ( I C . E Q . l )  NCF-1 
IF  ( I C .E Q .2 )  NCF-2
IF(MDEP.NE.0 . AND.NCF.EQ.1) GO TO 8036
IF(J .EQ. l .AND.(Ml.EQ .l .O R.Ml.EQ.O ).AND.N X.EQ.1 .AND.NCF.EQ.1) 

1 GOTO 8036
IF(J .EQ.l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.2) GOTO 8036
C ( I R t I S I X ) - 0 . DO
ISIX-ISIX+1

8036 IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . E Q . 2) GO TO 35
NCF-2
IF ( J .E Q. l .A ND.M l .EQ.l .AN D.NX .EQ.l )  GOTO 35 
C(IR,ISIX)-ANS 
ISIX- ISIX+1 
GO TO 35

804 ANS--X2*DDX/(RK**(NX+2))
IF  ( I C . E Q . l )  GO TO 8045 
NCF-3
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8045 CONTINUE
IF  ( I C . E Q . l )  NCF-3 
IF  ( IC .E Q .2 )  NCF-4
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IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
IF(IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . EQ.2 )  GO TO 35
NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35 
C ( I R , I S I X ) - 0 . D 0  
ISIX-ISIX+1 
GO TO 35

805 ANS-(NX-2)*X2*DDX/2/NX/(2*NX-1 )/VIS/RK**NX 
I F ( I C . E Q . l )  GO TO 8055
NCF-5
IF (J .EQ. l .AND.(Ml.EQ .l .O R.M l.EQ.O ).AND.N X.EQ.l )  GOTO 8055
C(IR,ISIX)-O.DO
ISIX-ISIX+1

8055 CONTINUE
IF  ( I C . E Q . l )  NCF-5 
IF  ( I C .E Q .2 )  NCF-6 
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
I F ( J . EQ. 1 . AND. (M l . EQ. 1 . OR. Ml . EQ. 0 ) . AND. NX. EQ. 1 . AND. NCF. EQ.5)  

1 GOTO 8056
IF(J .EQ. l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.6) GOTO 8056
C ( I R , ISIX)-ANS
ISIX-ISIX+1

8056 I F  ( I C .EQ .2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCF-6
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
IF(J .EQ. l .AND.M l.EQ.l .AN D.NX .EQ.l )  GOTO 35
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1
GO TO 35

806 ANS-X2*DDX/RK**NX1 
I F ( I C . E Q . l )  GO TO 8065 
NCF-1
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8065
IF (J .EQ. l .AND.(Ml.EQ .l .O R.M l.EQ.O ).AND.N X.EQ.l )  GOTO 8065
C(IR,ISIX)-O.DO
ISIX-ISIX+1

8065 CONTINUE
I F  ( I C . E Q . l )  NCF-1 
IF  ( I C .E Q .2 )  NCF-2
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8066
I F ( J .E Q . l .A N D . ( M l .E Q . l .O R .M l .E Q .O ) .AND. NX. EQ. 1 . AND. NCF.EQ.1)  

1 GOTO 8066
IF(J .EQ. l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.2) GOTO 8066
C(IR,ISIX)-ANS
ISIX-ISIX+1

8066 IF  ( I C .E Q .2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCF-2
IF(J .EQ. l .AND.M l.EQ.l .AN D.NX .EQ.l )  GOTO 35 
C(IR ,ISIX) -O .DO 
ISIX-ISIX+1 
GO TO 35



807 IF (IC .EQ.l .AND.Ml .EQ.O) GO TO 8075 
ANS—Ml*PNMlXl/X2/(RK**(NX+2))
I F (  I C . EQ. 2) ANS— ANS 
I F ( I C . E Q . l )  GO TO 8075 
NCF-3
C ( I R , IS I X )  -ANS 
ISIX-ISIX+1 

8075 CONTINUE
IF  ( I C . E Q . l )  NCF-3
I F  ( I C .E Q .2 )  NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1
I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . EQ.2 )  GO TO 35
NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35 
C(IR,ISIXJ-ANS 
ISIX-ISIX+1 
GO TO 35

808 IF(IC.EQ. l .AND.Ml.EQ.O) GO TO 8085
ANS--Ml*( NX-2 ) *PNM1X1/RK**NX/X2/VIS/2/NX/( 2*NX-1)
I F ( I C . E Q . 2) ANS--ANS 
I F ( I C . E Q . l )  GO TO 8085 
NCF-5
IF ( J .E Q. l .AND.(M l.E Q .l .O R.M l.E Q.O ).AND.N X.E Q.l )  GOTO 8085
C ( I R . I S I X )  -ANS
ISIX-ISIX+1

8085 CONTINUE
I F  ( I C . E Q . l )  NCF-5 
IF  ( I C .E Q .2 )  NCF-6 
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
I F ( J . E Q . l . A N D . ( M l .E Q . l .O R . M l .E Q . O ) . AND.NX.EQ.1 .AND.NCF.EQ.5) 

1 GOTO 8086
IF(J .EQ.l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF EQ.6) GOTO 8086
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1

8086 I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . EQ.2 )  GO TO 35
NCF-6
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35 
IF ( J .E Q. l .A ND.M l .EQ.l .AN D.NX .EQ.l )  GOTO 35 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 

35 CONTINUE
60 CONTINUE 
37 CONTINUE 
32 CONTINUE
61 CONTINUE 

I F ( J . N E . l )  GOTO 7 
IF(MDEP.EQ.2 . )  GOTO 7011 
C ( I R , I S I X ) —0.D0 
I F ( J .N E .K )  GOTO 7001
IF ( IV EL.EQ .l .A ND.IC .EQ.l .AND .M l.E Q .l )  C ( I R , I S I X ) — X2 
IF (IV EL.EQ .2 . AND.IC.EQ.l .AND.Ml.EQ.l )  C ( I R , I S I X ) — XI 
IF(IV EL.E Q .3 . AND.IC.EQ.2.AND.Ml.EQ.l)  C ( I R , I S I X ) - 1 . DO



7001 NF X(J ) - IS IX  
ISIX-ISIX+1

7011 CONTINUE 
IF(MDEP.NE.O) GOTO 7012 
C ( I R , I S I X ) —0 . DO 
IF ( J .N E .K )  GOTO 7002
IF(IVEL.EQ.l .AND.IC.EQ.2.AND.Ml.EQ.1) C ( I R , IS I X ) - - X 2  
IF (IV EL.EQ .2 . AND.IC.EQ.2.AND.Ml.EQ.1) C ( I R , IS I X ) - - X 1  
IF (IV EL.E Q .3 . AND.IC.EQ.l .AND.Ml.EQ.l)  C ( I R , I S I X ) - - 1 . DO

7002 NFY (J ) - IS IX  
ISIX-ISIX+1

7012 C ( I R , I S I X ) —0 . DO 
IF ( J .N E .K )  GOTO 7003
IF(IVEL.EQ.l .AND.IC.EQ.l .AND.Ml.EQ.O) C ( IR , I S I X ) - - X 1  
IF (IV EL.E Q .2 . AND.IC.EQ.l.AND.Ml.EQ.O) C(I R , IS I X ) -X 2

7003 N F Z (J ) - IS IX  
ISIX-ISIX+1
IF(MDEP.NE.O) GOTO 7013 
C ( I R , I S I X ) —0 . DO 
IF ( J .N E .K )  GOTO 7004
IF (IV EL.EQ .2 . AND.IC.EQ.2.AND.Ml.EQ.1) C(IR ,ISIX) -RK 
IF (IV E L .E Q .3 . AND.IC.EQ.l .AND.Ml.EQ.l )  C ( I R , ISIX)-RK*X1

7004 NTX(J)- IS IX 
ISIX-ISIX+1

7013 CONTINUE
IF(MDEP.EQ.2 . )  GOTO 7 
C ( I R , I S I X ) - 0 . DO 
IF ( J .N E .K )  GOTO 7005
IF(IV EL.EQ .2 . AND.IC.EQ.l .AND.Ml.EQ.l )  C ( IR , IS I X ) - - R K  
IF (IV E L .E Q .3 . AND.IC.EQ.2.AND.Ml.EQ.l)  C(IR,ISIX)-RK*X1

7005 NTY(J)- IS IX 
ISIX- ISIX+1 
IF(MDEP.NE.O) GOTO 7 
C(IR, ISIX) -O .DO 
I F ( J .N E .K )  GOTO 7006
IF ( IV E L .E Q .3 . AND.IC.EQ.l.AND.Ml.EQ.O) C ( I R , I S I X ) — RK*X2

7006 N T Z ( J ) - IS IX  
ISIX-ISIX+1

7 CONTINUE
R H S ( I R , l ) - 0 . DO 
E01— (RS-RG)*G/3 
M-0 
N - l
DIV-PI
I F ( M l . EQ.0 )  DIV-2*PI
ESUM-0.0
J - l
I F ( J .E Q .K )  GOTO 601 
BJ—POS(J ,1 )
C J -P O S ( J ,2 )
D J -P O S (J ,3 )
IF(IVEL.EQ.l .AND.INT.EQ.O) ANS-DCADRE( EJMN1, A,B,AERR,RERR, 

1ERR0R,IER)/DIV 
IF (IV EL. EQ. 2 . AND. INT. EQ.0 )  ANS-DCADRE( EJMN2, A , B,AERR, RERR, 

1ERR0R,IER)/DIV 
I F (IV EL. EQ. 3 . AND. INT. EQ.0 )  ANS-DCADRE( EJMN3, A , B ,AERR, RERR,
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1ERROR,IER)/DIV
IF(IVEL.  EQ. 1 . AND. INT. EQ. 1 )ANS-ASQ(A, B , EPS, RK, THETAK, BK, CK, DK, 

1BJ,CJ,DJ,N,M,EJMN1)/D1V 
IF(IVEL.EQ. 2 . AND. INT. EQ. 1 ) ANS-ASQ(A, B , EPS, RK, THETAK, BK, CK, DK, 

1B J, C J , DJ, N,M, EJMN2)/DIV 
IF (IV EL. EQ. 3 . AND. INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK.DK, 

1BJ, C J , DJ, N,M, EJMN3)/DIV 
ARHS-POS(J ,4 )
EJ01-(ARHS**3)*E01 
GO TO 600

601 Nl-N+1 
ANS—0 . 0
IF(Ml.NE.O) GOTO 602 
PNM1-PNM(N,M,X1,R)
DDX1-DDXPNM( N, M,X I ,R)
IF (IV EL.EQ .1 )ANS-Nl*PNMl/(RK**N)/2/VIS/(2*N-1)
I F (IV EL. EQ. 2 ) ANS-( N- 2 ) *X2*DDXl/2/N/( 2*N- 1 ) /VIS/RK**N 
IF(IVEL.EQ. 3 )ANS-M*(N-2 )*PNMl/RK**N/X2/VIS/2/N/( 2*N-1)

602 EJ01-RK**3*E01 
600 ESUM-ESUM+ANS*EJ01

RHS ( I R , 1) — - ESUM 
702 IR-IR+1 
40 CONTINUE 
50 CONTINUE 

6 CONTINUE 
5 CONTINUE 
4 CONTINUE

IF(IW RITE.NE. l )  GO TO 4448 
DO 4444 I - l . I J M N  

4444 WRITE(6,99)  ( C ( I , J ) , J - l , 8 ) ,RH S(I ,1)
4448 CONTINUE 

M-IJMN 
N - l
NDIM2-M**2
CALL SSLAE(RHS, C,M, N, EPSLAE, IER , NDIM2)
IF(IER.NE.O) WRITE(6,97 )  IER 
IF (IWRITE.NE. l )  GO TO 4449 
DO 2224 I - l . I J M N  

2224 WRITE(6,9 )  I , R H S ( I , 1 )
4449 CONTINUE

I F ( J $ . EQ.2) WRITE(6,301)  BETAD, GAMMAD, DSTNCE 
DO 21 J - 1 , J $

I F ( J . N E . l )  GOTO 2001 
TVEL—2 . 0*P OS (1,4)**2*(R S-RG)*G/9. 0/VIS 

IF(HDEP. EQ. 2 . )  GOTO 2002 
ISIX-NFX(J)
VLCTY(J , 1 ) -RHS( I S I X , 1 ) /TVEL

2002 CONTINUE 
IF(MDEP.NE.O) GOTO 2003 
ISIX-NFY(J)
VLCTY(J , 2 ) -RHS( IS IX , 1 ) /TVEL

2003 CONTINUE 
ISIX—NFZ(J)
VLCTY(J , 3 ) -RHS( I S I X , 1 ) /TVEL 
IF(MDEP.NE.O) GOTO 2004 
ISIX-NTX(J)
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V LCTY(J ,4 )-PO S(J ,4 )*RHS(IS IX , l ) /T VEL
2004 CONTINUE

IF(MDEP.EQ.2 . )  GOTO 2005 
ISIX-NTY(J)
VLCTY(J , 5 ) -POS(J , 4 ) *RHS( I S I X , 1 ) /TVEL

2005 CONTINUE 
IF(MDEP.NE.O) GOTO 2001 
ISIX-NTZ(J)
VLCTY(J ,6)-POS(J ,4 )*RHS(ISIX,1) /TVEL 

2001 CONTINUE
IF  ( J . E Q . l )  GOTO 21 
IF(MDEP. EQ. 2 . )  GO TO 22 
ISIX-NFX(J)
VLCTY(J, 1 ) - - R H S ( I S I X ,1 ) /T V E L /1 . 5 / V IS / P O S ( J .4)

22 CONTINUE 
IF(MDEP.NE.O) GO TO 23 
ISIX-NFY(J)
VLCTY(J, 2 ) - R H S ( I S IX ,1 ) /T V E L /1 . 5/VIS /POS( J ,4)

23 CONTINUE 
ISIX—NFZ(J)
VLCTY(J, 3 ) - R H S ( I S I X ,1 ) / T V E L / I . 5 / V I S / P O S ( J ,4)
IF(MDEP.NE.O) GO TO 24 
ISIX-NTX(J)
VLCTY(J , 4 ) -POS(J , 4 ) *RHS( I S I X , 1 ) /TVEL/POS(J ,4 )* *2

24 CONTINUE
IF(MDEP.EQ.2 . )  GO TO 25 
ISIX-NTY(J)
VLCTY(J, 5 ) - PO S ( J ,4 )* R H S ( IS IX , l ) /T V E L /P O S ( J ,4 ) * * 2

25 CONTINUE 
IF(MDEP.NE.O) GO TO 21 
ISIX-NTZ(J)
VLCTY(J, 6 )- PO S (J ,4 )* R H S ( I S I X , 1 ) /TVEL/POS(J , 4)**2  

21 CONTINUE
IF(MDEP. EQ.0)WRITE(6,311)
IF(MDEP.EQ.1 ) WRITE( 6 , 3 1 2 )
IF(MDEP.EQ.2 ) WRITE(6 , 3 1 3 )
DO 2220 J - 1 , J $
IF(MDEP.EQ.0)WRITE(6,314) J , (VLCTY (J ,L ) ,L -1 ,6 )
IF(MDEP.EQ.1 ) WRITE( 6 , 3 1 5 )  J ,VLCTY(J ,1) ,VLCTY(J ,3 ) ,VLCTY(J ,5)  

2220 IF(MDEP.EQ.2 ) WRITE( 6 , 3 1 6 )  J ,VLCTY(J ,3)
2222 CONTINUE

301 FORMAT( 2X, 'B E T A - ' ,F 7 .4 , 5 X , ' G A M M A - ' , F 7 . 4 , 5 X , ' D / A - ' , F 7 . 4 )
311 FORMAT(5X,'SPHERE', 1 2 X , ' LAMDA X ' , 9 X , ' LAMDA Y ' , 9X, ' LAMDA Z ' , 1 0 X ,  

l 'TAU X ' ,11X , 'TAU Y' ,11 X, 'TA U Z ' , / )
312 FORMAT(5X,'SPHERE',12X,'LAMDA X',9X,'LAMDA Z ' , 1 0 X , 'T A U  Y ' , / )
313 FORMAT(5X,'SPHERE',12X,'LAMDA Z ' , / )
314 FORMAT(7X,I2 ,11X,6(E13.5 ,3X))
315 FORMAT( 7X, 1 2 , 1 IX , 3 ( E l 3 . 5 , 3X))
316 FORMAT(7X,1 2 , 11X,E13.5)
114 FORMAT( I X , 4 ( E 6 . 3 ) , I X , I 3)
223 F0RMAT(1X,' EPS( A S Q )- ' , E1 2 . 5 , 2 X , ' E P S(SS L A E )- ' ,E 12 .5 ,2X ,

1 ' AERR-' , E12 . 5 , 2X, 'RERR(DCADRE)-' , E12. 5 , 2 X , ' IDGT(LEQT2F)- ' ,12 )  
111 FORMAT(IX,6 ( 1 4 ) )
321 FORMAT(5X,' *** USING DCADRE FOR INTEGRATION *** ' )
322 FORMAT(5X,' *** USING ASQ FOR INTEGRATION *** ' )
113 F0RMAT(1X,6F9.4)
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115 FORMAT( I X , 4 ( F 9 . 6 ) )
499 FORMAT( 1 0 X , ' * * *  PLANAR CASE * * * ' )
498 FORMAT( 1 0 X , ' * * *  AXISYMMETRIC CASE * * * ' )
497 FORMAT(1 OX, '* * *  THREE DIMENSIONAL * * * ' )
224 FORMAT(IX,' J $ - ' , I 3 , 2 X , * M $ - ' , I 3 , 2 X , * N $ - ' , I 3 , 2 X , ' #  OF SPACING - ’ ,13)
225 FORMAT( IX , ' V I S - ' , F 8 . 4 , 2 X , ' R S - ' , F 8 . 4 , 2 X , ' R G - ' . F 8 . 4 . 2 X , ' G - ' , F 8 . 4 )
230 FORMAT( 5X, ' J ' , 1 0 X , ' B ' , 10X, ' C' , 10X, ' D ' , 10X, ' R ' )
226 FORMAT(3X, 1 3 , 5X, 3 ( F 9 . 4 , 2 X ), F 9 .4)

99 FORMAT( I X , 9 F 9 .4)
97 FORMAT(4X,********* IER ******** - ' , 1 1 0 )

9 FORMAT ( I X , ’R H S ( ' , 1 3 , ' , 1 ) - ' .E 27 .1 6 )
987 FORMAT(5X,' I E R - ' , 1 6 , 9 X , ' COEFF. ' , 1 4 , 1 2 , 1 2 , 1 2 , 1 2 , ' - ' ,E 1 5 . 6,9X,

1 ' M l - ' , 1 4 , 5 X , ' I C - ' ,14)
STOP
END

‘k ' k ' k ' k ' k i r t e i t

C SUBROUTINES FROM APPENDIX H.
Q ' k i c i r i t ' k ' k ' k ’k i t i r ' k ' k ' k ' k i e ' k ' k ' k i t i t ' k ' k i e ' k ' k ' k ' k ' k i t ' k i t ' k ' k ' k ' k ' k ' k ' k ' t e ' k ' k ' k ' k ' k i c i e ' k i t ' k i c i c ' k ' k i e - k ' k ' k

DATA
1 . E - 0 4 1 . E - 1 6 1 . E - 1 6 1 . E - 0 4  008 EPS(ASQfiiSSLAE)) ,AERR6*ERR,IDGT(LEQT2F)

2 2 02 1 0 0 J $ , M$,N$, SPCNG, IWRITE(1-Y), INT(0-DCDRE, 1-ASQ)
1 . 0  1 0 .0  .001 9 .8 1  V IS , RS, RG,G

0 .0 1  ALPHA
0 0 .0 0 0  0 0 .0 0 0  0 0 . 0 0 0  0 1 .0 0 0  B.C.D.A
0 5 . 0 0 0  9 0 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  XYZ,BETA(90-AXI), GAMMA(O-PLANER),A
0 0 . 0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 0 .0 0 0  VELOCITIES
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E. COMPUTER PROGRAM FOR 3 SPHERES VITH FIXED INTERPARTICLE SPACING:

T h i s  I s  a program t o  c a l c u l a t e  t h e  v e l o c i t y  components  o f  3 l i n k e d  

s p h e r e s  h a v i n g  f i x e d  i n t e r p a r t i c l e  s p a c i n g s  i n  a s i m p le  s h e a r  f l ow .

IMPLICIT REAL+8 ($ ,A -H ,0 -Z )
DIMENSION XAY(6), WMDV(6, 2 0 ) , COM(24)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/M2/EPS, EPSLAE, AERR, RERR, SR, IDGT, J $ , M$, N$, INT, IJMN, A, B, MDEP
COMMON/VSCSTY/VIS
COMMON/M4/ ANG( 1 0 ) , BCDR( 3 , 4 )
COMMON/M9/VLCTY( 3 , 7 )
EXTERNAL FCN
CALL UERSET(0, LEVOLD)
DFACT(1)-1. DO 
DO 1 1 - 1 , 5 5  

1 DFACT( I + 1 ) -DFACT( I ) * I 
PI-DARSIN(1 . 0D0)*2
READ( 5 , 1 1 4 )  EPS, EPSLAE, AERR, RERR, IDGT 
WRITE(6,223)  EPS, EPSLAE,AERR,RERR,IDGT 
READ( 5 , 1 1 1 )  J $ ,M $ ,N $ , INT 

IF(INT.EQ.0)WRITE(6,321)
I F ( I N T .E Q . l )  WRITE(6,322)

WRITE(6, 2 2 4 ) J $ ,M $ , N$
READ( 5 , 1 1 5 )  VIS.SR.DT.TOLR,NITER,NPRN 
WRITE(6,225 )  VIS,SR,DT,TOLR,NITER,NPRN 
IJMN-3*J$*N$+6*J$*N$*(M$-1)+3*J$

ALPHA-0.01 
INUM-N$/2 
THTKD-90.0-ALPHA 
TH-THTKD/INUM 
ISN-0
DO 3 N-l.INUM 
THTKD-TH*N 
THTK-THTKD* P1/180  
ISN-ISN+1 
ANG(ISN)-THTK 
THTKD—1 8 0 . 0 -THTKD 
THTK-THTKD+P1 / 1 8 0 . 0  
ISN-ISN+1 

3 ANG(ISN)-THTK 
A—0 . DO 
B—2*PI
READ(5,113)  BK, CK, DK, RK 
MDEP—0 
MPLNR-0 
DO 2 J - 1 , J $
I F ( J . E Q . l )  GO TO 201
READ(5,113 )  DIST, BETAD, GAMMAD, RK
I F ( J . EQ.2) D12-DIST
I F ( J . EQ.3) D13-DIST
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BETA-BETAD+PI/180
GAMMA-GAMMAD*PI/180
BK-BCDR(l .l ) + DIST*DCOS( BETA) *DCOS(GAMMA)
CK-BCDR( 1 , 2 )  + DIST*DCOS( BETA)*DSIN(GAMMA)
DK-BCDR(1,3) + DIST*DSIN(BETA)
DIFl-DABS( BK- BCDR( 1 , I ) )
DIF2-DABS(CK-BCDR(1, 2 ) )
I F ( D I F 2 . L E . l . D - 5 )  MPLNR-MPLNR+1 

201 BCDR(J,1)-BK 
BCDR(J,2)-CK 
BCDR(J,3)-DK 
BCDR(J, A)—RK 

2 CONTINUE
C MAKING SPHERE 1 AS SPHERE 2 AND VICE VERSA 

DO 2009 J J - 1 , 4  
T1-BCDR(2, J J )
BCDR( 2 , J J ) -B C D R (1 , J J )

2009 BCDR(1,JJ)-T1
IF(MPLNR.EQ.(J$- l ) )  MDEP-1
IF(MDEP.EQ.l ) IJMN-2*J$*N$+ 3*J$*N$*(M$-1)+2*J$
IF(MDEP.EQ.l ) WRITE(6,499)
IF(MDEP.EQ.O) WRITE(6,497)
IF(MDEP.NE.O) B-PI 

NEQN-2*J$
NWDV-NEQN+1 
T I - 0 . 0  
T F - 0 .0 

DO 2000 ITER-1,  NITER 
IF ( I T E R .N E . l )  GOTO 2902 
DO 2901 I - 1 , J $

2901 WRITE(6,2304)  I , BCDR(I, 1 ) ,BCDR(I,3)
2304 FORMAT(IX,'INITIAL POSITION' , 3X ,1 3 , 3 X , ' ( B , D ) - ' , 2 F 12 .5)
2902 CONTINUE 

TI-TF 
TF-TI+DT 
IK-1
DO 2701 I - 1 , J $
XAY(IK)—BCDR( 1 , 1 )
IK-IK+1
XAY(IK)-BCDR(I,3 )

2701 IK-IK+1 
INDDV-1
CALL DVERK(NEQN, FCN, T I , XAY, T F , TOLR, INDDV, COM, NWDV, WMDV, IERDV) 
IK-1
DO 2801 I - 1 , J $
BCDR(I, l )-XAY(IK)
IK-IK+1
BCDR(I,3)-XAY(IK)

2801 IK-IK+1
2905 WRITE(6,2305) ITER.TF
2305 F0RMAT(/ ,1X, 'AFTER' , 1 3 , '  ITERATIONS;' , 2 X , ' T I M E - ' , F 9 . 6)

DO 2906 I - 1 , J $
2906 WRITE(6,2306 )  I , BCDR(I, 1 ) , BCDR(I, 3 ) , VLCTY(I, 1 ) , VLCTY(I,3 )
2306 FORMAT(IX,1 3 , ' ( B , D ) - ' , 2 F 1 2 . 6 , 3 X , ' U  & W - ' . 2 E 1 4 . 6 )
2000 CONTINUE

114 FORMAT( I X , 4 ( E6 . 3 ) , IX , I 3)



o 
n

224

223 FORMAT( I X , ' E P S ( A S Q ) - ' , E 1 2 . 5 , 2 X , ' EPS(SSLAE)-’ , E 1 2 .5 ,2 X ,
1 ' AERR-' , E12. 5 , 2X, 'RERR(DCADRE)- ' ,E12.5 ,2X, ' IDGT(LEQT2F)- ' ,12)

111 FORMAT(IX,4 ( 1 4 ) )
321 FORMAT(5X,' *** USING DCADRE FOR INTEGRATION *** ' )
322 FORMAT(5X,' *** USING ASQ FOR INTEGRATION *** ' )
113 FORMAT( I X , 4 F 9 .4 )
115 FORMAT(1X,4(F9.6),215)
499 FORMAT(//,1OX,' * * *  PLANAR CASE * * * ' )
497 FORMAT( / / , 10X, ' * * *  THREE DIMENSIONAL * * * ' )
224 FORMAT( I X , ' J $ - ' , 1 3 , 2 X , ' M $ - ' , 1 3 , 2 X , ' N $ - ' ,13)
225 FORMAT( '  VIS & SR , 2 F 9 . 4 , 5X, ' DT & TOLR .2 F 9 . 6 ,

15X, 'NITER & NPRN - ' , 2 1 6 )
991 FORMAT( ' 1 ' )

STOP
END

C
SUBROUTINE FCN(N,X,Y,YPRIME)
IMPLICIT REAL*8 ( $ ,A -H ,0 -Z )
COMMON/M9/VLCTY( 3 , 7 )
DIMENSION Y(N).YPRIME(N),BD(6)
J S - N / 2 .0 
DO 1 K I - l . N

1 BD(KI)-Y(KI)
CALL VELCAL(BD)
ICNT-1 
DO 2 I - l . J S
YPRIME(ICNT)-VLCTY( 1 , 1 )
ICNT—ICNT+1
YPRIME(ICNT)-VLCTY(I,3)

2 ICNT—ICNT+1 
RETURN 
END
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

SUBROUTINE TO CALCULATE VELOCITIES FROM SPHERE POSITIONS 
SUBROUTINE VELCAL(BDS)
IMPLICIT REAL*8 ($,A-H.O-Z)
COMMON/FAC/DFACT(5 6 ) , PI
COMMON/M2/EPS, EPSLAE, AERR, RERR, SR, IDGT,J$,M$,N$,INT,IJMN,A, B, MDEP 
COMMON/VSCSTY/VIS 
C0MM0N/M4/ANG( 1 0 ) , BCDR( 3 , 4 )
C0MM0N/M9/VLCTY( 3 , 7 )
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , DJ , M, N,M l , IC 
DIMENSION C ( 3 6 , 3 6 ) , RHS( 3 6 , 1 ) ,NU(3) ,NV(3),NW(3) ,N0MGX(3),BDS(6), 

1N0MGY( 3 ) , NOMGZ( 3 ) ,A N G 2 ( 3 ) ,N E J 1 1 ( 3 ) ,N E J 0 1 ( 3 ) ,N F J 1 1 ( 3 ) , P 0 S ( 3 ,4)  
EXTERNAL AJMN1, BJMN1, CJMN1, DJMN1, EJMN1, FJMN1,AJMN2, BJMN2, CJMN2, 

1DJMN2, EJMN2, FJMN2,AJMN3, BJMN3, CJMN3, DJMN3, EJMN3, FJMN3 
CALL UERSET(0, LEVOLD)
ICOUN-1
DO 450 K K I -1 , J$
POS(KKI, 1 ) -BDS( ICOUN)
ICOUN-ICOUN+1 
POS(KKI, 3 ) -BDS(ICOUN)
ICOUN-ICOUN+1 
POS(KKI. 2 ) -BCDR( KKI,2 )
POS(KKI,4)-BCDR(KKI,4 )

450 CONTINUE



DO 451 J - 2 , J$
JM1-J -1
XKJ-POS( JM1, 1 ) - POS(J ,1)
YKJ-POS(JM1, 2 ) - POS(J ,2)
ZKJ-POS( JM1, 3 ) - POS(J ,3 )
IF(XKJ.EQ.O.O) AN G 2(J M l)-P I / 2 .0
IF(XKJ.EQ.O.O) GOTO 4501
ANG2 ( JM1) -DATAN ( DABS ( ZKJ ) /DABS (XKJ) )

4501 IF (Z K J . GE.0 . 0 . AND. XKJ. LE. 0 . 0 )  ANG2(JMl)-PI-ANG2(JM1)
I F ( ZKJ. LE. 0 . 0 . AND. XKJ. LE. 0 . 0 )  ANG2(JM1)-PI+ANG2(JM1) 
I F ( Z K J . LE. 0 . 0 .AND.XKJ. GE. 0 . 0 )  ANG2(JM1)-2*PI-ANG2(JM1) 
I F ( J . EQ.J$) ANG2(J$)-ANG2(JM1)

451 CONTINUE 
IR—1
DO 4 K - l , J$
BK-POS(K. l)
CK—POS(K,2)
DK—POS(K,3)
RK—POS(K,4)
DO 5 NR1-1, N$
NPRIM-NR1-1 
THETAK-ANG(NR1)
THETAD-THETAK*180/PI 
Xl-DCOS(THETAK)
X2-DSIN(THETAK)
DO 6 MPl-1,M$
Ml—MP1-1 
DO 50 I C - 1 , 2
IF  (Ml .EQ.O.AND.IC.EQ.2) GO TO 50 
DO 40 I V E W . 3
IF(MDEP.NE.O.AND.IC.EQ.2.AND.IVEL.EQ.l) GO TO 40 
IF(MDEP.NE.O.AND.IC.EQ.2.AND.IVEL.EQ.2) GO TO 40 
IF(MDEP.NE.O.AND.IC.EQ.l .AND.IVEL.EQ.3) GO TO 40 
ISIX-1 
DO 7 J - 1 , J $
IF  (J .EQ.K) GO TO 71 
B J - P O S ( J . l )
CJ—PO S(J ,2 )
DJ—PO S(J ,3 )
DO 11 MP-1,M$
M-MP-1
NPM-M+N$
MPP-MP
NPMP-NPM
IF (M P.EQ .l )  MPP-MPP+1 
IF (M P.EQ .l )  NPMP-NPMP+1 
DO 12 NP-MPP.NPMP 
N-NP-1
IF  ( I VEL.EQ .l )  ICCC-0 
IF  ( IVEL.EQ.2) ICCC-6 
IF  ( IVEL.EQ.3) ICCC-12 
IF(MDEP.NE.O.AND.IVEL.EQ.l) ICCC-0 
IF(MDEP.NE.O.AND.IVEL.EQ.2) ICCC-3 
IF(MDEP.NE. 0 .AND. IVEL.EQ.3)  ICCC-6
11-ICCC+1
12—ICCC+6
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IF(MDEP.NE.O) I2-ICCC+3 
DIV-PI
IF(Ml.EQ.O) DIV-2*PI 
IF(MDEP.NE.O) DIV—D IV /2 .0 
DO 31 IC N T -I1 ,12 
IF(MDEP.NE.O) GO TO 999
GOTO ( 9 0 1 , 9 0 2 , 9 0 3 , 9 0 4 , 9 0 5 , 9 0 6 , 9 1 1 , 9 1 2 , 9 1 3 , 9 1 4 , 9 1 5 , 9 1 6 , 9 2 1 , 9 2 2 , 9 2 3 ,

1 , 9 2 4 , 9 2 5 , 9 2 6 ) , ICNT 
999 GO TO ( 9 0 2 , 9 0 3 , 9 0 5 , 9 1 2 , 9 1 3 , 9 1 5 , 9 2 2 , 9 2 3 , 9 2 5 ) , ICNT
901 IF(N.EQ.l .AND.(M.EQ.O.OR.M.EQ.l ) )  GO TO 31

IF ( I N T .E Q .1 ) ANS-ASQ(A ,B , EPS, RK,THETAK,BK,CK,DK,BJ, C J , DJ,N,M,AJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN1, A ,B , AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

902 IF(M.EQ.O.OR. (N.EQ.l .AND.M.EQ.l ) )  GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( BJMN1, A, B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ, DJ,N,M,BJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-2 
GO TO 30

903 CONTINUE
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,CJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE(CJMN1, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-3
GO TO 30

904 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( DJMN1 , A, B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK, B J , C J , D J , N, M, DJMN1) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-4 
GO TO 30

905 IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ, D J , N, M, EJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE( EJMN1,A, B,AERR, RERR, ERROR, IER) 
C(IR,ISIX)-ANS/DIV
IF(N.EQ .l .AND.M.EQ. l )  N E J 1 1 ( J ) - I S I X  
IF(N.EQ.l.AND.M.EQ.O) NEJ01(J ) - I S I X  
NCOEFF—5 
GO TO 30

906 IF(M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN1 , A, B,AERR, RERR, ERROR, IER)
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , D J , N,M,FJMN1)
C(IR,ISIX)-ANS/DIV
IF(N.EQ.l .AND.M.EQ. l )  N F J 1 1 ( J ) - I S I X
NCOEFF-6
GO TO 30

911 IF (N.EQ. l .AND.(M.EQ.O.OR.M.EQ.l ) )  GO TO 31
IF ( I N T .E Q .1 ) ANS-ASQ(A, B ,E P S , RK,THETAK,BK.CK,DK.BJ, C J , DJ,N,M,AJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN2,A, B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

912 IF (M.EQ.O.OR. (N.EQ.l .AND.M.EQ.l ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , D J , N,M,BJMN2) 
IF(INT.EQ.O) ANS-DCADRE(BJMN2,A,B,AERR,RERR,ERROR,IER)
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C(IR,ISIX)-ANS/DIV
NCOEFF-2
GO TO 30

913 CONTINUE
IF(INT.EQ.l )ANS-ASQ(A,Bt EPS,RK,THETAK,BK,CK, DK, B J , C J , DJ , N, M, CJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE( CJMN2, A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-3
GO TO 30

914 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( DJMN2,A, B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK.BK.CK.DK,BJ,CJ,DJ,N,M,DJMN2) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-4 
GO TO 30

915 IF ( IN T .E Q .1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK, B J , C J , D J , N,M, EJMN2) 
IF(INT.EQ.O) ANS-DCADRE(EJMN2,A,B,AERR,RERR,ERROR,IER) 
C(IR,ISIX)-ANS/DIV
NCOEFF-5 
GO TO 30

916 IF(M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( FJMN2, A, B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK, CK, DK,BJ, C J , D J , N, M, FJMN2) 
C ( I R , ISIX)-ANS/DIV 
NCOEFF-6 
GO TO 30

921 IF(N.EQ.l .AND.(M.EQ.O.OR.M.EQ.l ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK,BJ,CJ, DJ,N,M,AJMN3) 
I F ( I N T . EQ.0 )  ANS-DCADRE(AJMN3,A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-1
GO TO 30

922 IF(M.EQ.O.OR.(N.EQ.l .AND.M.EQ.l ) )  GO TO 31 
IF(INT.EQ.O) ANS-DCADRE(BJMN3,A,B,AERR,RERR,ERROR,IER)
I F ( INT.EQ.1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , D J , N,M,BJMN3) 
C(IR,ISIX)-ANS/DIV 
NCOEFF-2 
GO TO 30

923 CONTINUE
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, C J , D J , N,M, CJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE( CJMN3 , A, B, AERR, RERR, ERROR, IER)
C ( I R , I S I X ) —ANS/DIV
NCOEFF-3
GO TO 30

924 IF  (M.EQ.O) GO TO 31
I F ( IN T .E Q .1 ) ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK.BJ,CJ, DJ,N,M,DJMN3) 
I F ( INT. EQ.0 )  ANS-DCADRE( DJMN3,A, B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCOEFF-4
GO TO 30

925 IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK.BJ,CJ,DJ,N,M,EJMN3) 
IF(INT.EQ.O) ANS-DCADRE(EJMN3,A,B,AERR,RERR,ERROR,IER)
C ( I R , I S I X ) —ANS/DIV
NCOEFF-5
GO TO 30

926 IF(M.EQ.O) GO TO 31
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I F ( INT. EQ.0 )  ANS-DCADRE( FJMN3, A, B, AERR, RERR, ERROR, IER)
I F ( I N T .E Q .1 ) ANS-ASQ( A ,B , EPS, RK,THETAK, BK, CK, DK, B J , C J , DJ,N,M,FJMN3)
C(IR,ISIX)-ANS/DIV
NCOEFF-6

30 CONTINUE
I F ( I N T .E Q . l )  GOTO 3001
I F ( I E R . G T . 100) WRITE(6,987)  IER, NCOEFF,J,M,N, IVEL,ANS, M l , IC 

3001 ISIX- ISIX+1
31 CONTINUE 
12 CONTINUE 
11 CONTINUE

GO TO 61 
71 CONTINUE

DO 32 MR-1,M$
IF(MR.EQ.MPl) GO TO 36
M1R-MR-1
NPMR-M1R+N$
MRP-MR
NPMRP-NPMR
IF(M1R.EQ. 0 . )  MRP-MRP+1 
IF(M1R. EQ. 0 . )  NPMRP-NPMRP+1 
DO 33 NPR-MRP, NPMRP 
NXR-NPR-1 
DO 34 NCOEFF-1,6
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 34 
IF(MD£P.NE.O.AND.NCOEFF.EQ.4) GO TO 34 
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 34
IF((M1R.EQ.l.OR.MIR.EQ.O).AND.NXR.EQ.l.AND.NCOEFF.EQ.l) GO TO 34 
IF(M1R.EQ.l.AND.NXR.EQ.l.AND.NCOEFF.EQ.2) GO TO 34 
IF(M1R.EQ.O.AND.NCOEFF.EQ.2) GO TO 34 
IF(M1R.EQ.O.AND.NCOEFF.EQ.4) GO TO 34 
IF(M1R.EQ.O.AND.NCOEFF.EQ.6) GO TO 34 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

34 CONTINUE 
33 CONTINUE 

GO TO 37 
36 MP1P-MP1 

N$P-N$+M1
IF(M1. EQ. 0 . )  MP1P-MP1P+1 
IF(M1. EQ. 0 . )  N$P-N$P+1 
DO 60 NX1-MP1P, N$P 
NX-NX1-1 
R - 0 . DO
PNM1X1—PNM(NX,M1,X1,R)
DDX-DDXPNM(NX, M1 , X I , R)
IF  ( I VEL.EQ .l )  ICCCC-0 
IF  ( IVEL.EQ.2) ICCCC-2 
IF  ( IVEL.EQ.3) ICCCC-5
13-ICCCC+1
14-ICCCC+3
IF  ( I VEL.EQ .l )  14-2 
DO 35 I C T - I 3 ,14
GO TO ( 8 0 1 , 8 0 2 , 8 0 3 , 8 0 4 , 8 0 5 , 8 0 6 , 8 0 7 , 8 0 8 ) , ICT 

801 ANS— NXl*PNMlXl/(RK**(NX+2))
NCOEFF-1



IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8011 
IF((Ml.EQ.l .OR .Ml.EQ.O) .AND.NX.EQ.l )  GO TO 8011 
C ( I R , I S l X ) - 0 . DO 
ISIX-ISIX+1 

8011 IF (Ml.EQ.O) GO TO 8015 
NCOEFF-2
IF(M1. EQ. 1 . AND. NX. EQ.1 )  GO TO 8015
C(IR,ISIX)-O.DO
ISIX-ISIX+1

8015 CONTINUE 
I F ( I C . E Q . l )  GO TO 8016 
NCOEFF-3
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1

8016 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35
C ( I R , ISIX)-ANS
ISIX-ISIX+1
IF  ( I C .E Q .2 )  GO TO 35
IF(IC .EQ.l .AND.Ml .EQ.O) GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 
GO TO 35

802 ANS-NX1+PNM1X1/(RK**NX)/2/VIS/( 2*NX-1)
IF  ( I C . E Q . l )  GO TO 8025
NCOEFF-5 
C ( I R , I S I X ) - 0 . D 0  
ISIX-ISIX+1 

8025 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-5
IF  ( IC .E Q .2 )  NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
C(IR.,ISIX)-ANS
ISIX-ISIX+1
I F ( IC . E Q .2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
C ( IR ,1 S I X ) -0 .D 0  
ISIX-ISIX+1 
GO TO 35

803 IF(IC .EQ.l .AND.Ml.EQ.O) GO TO 8035 
ANS-M1*PNM1X1/(RK**NX1) /X2 
I F ( I C . E Q .2 )  ANS— ANS 
I F ( I C . E Q . l )  GO TO 8035
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF. EQ. l )  GO TO 8035 
IF((Ml .EQ. l .OR .Ml.E Q.O) .AND.NX.EQ .l )  GO TO 8035 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 

8035 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-1
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IF  ( I C .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8036
IF((M1.EQ.l.OR.Ml.EQ.O).AND.NX.EQ.l.AND.NCOEFF.EQ.l)  GO TO 8036 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.2) GO TO 8036 
C(IR ,ISIX)-O.DO 
ISIX-ISIX+1 

8036 IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . E Q . 2) GO TO 35 
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l)  GO TO 35 
C ( I R , ISIX)-ANS 
ISIX-ISIX+1 
GO TO 35

804 ANS— X2*DDX/(RK**(NX+2))
IF  ( I C . E Q . l )  GO TO 8045 
NCOEFF-3
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8045 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
IF  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
IF(IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . E Q . 2) GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 
GO TO 35

805 ANS-(NX- 2 ) *X2*DDX/2/NX/( 2*NX- 1 ) /VIS/RK**NX 
I F ( I C . E Q . l )  GO TO 8055
NCOEFF-5 
C ( IR , IS I X ) -0 .D O  
ISIX-ISIX+1 

8055 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-5
IF  ( I C .E Q .2 )  NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
C ( I R , ISIX)-ANS
ISIX-ISIX+1
TF (I C .E Q .2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35 
C ( I R , I S I X ) —0 . DO 
ISIX- ISIX+1 
GO TO 35

806 ANS-X2*DDX/RK**NX1 
I F ( I C . E Q . l )  GO TO 8065 
NCOEFF-1
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8065
IF((Ml.EQ. l .OR .Ml.E Q.O) .AND.NX.EQ .l )  GO TO 8065
C ( I R , I S I X ) - 0 . D 0
ISIX-ISIX+1
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8065 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-1 
I F  ( I C .E Q .2 )  NCOEFF-2
IF(MDEP.NE.O.AND.NCOEFF.EQ.l) GO TO 8066
IF((Ml.EQ.l .OR.Ml.EQ.O).AND.NX.EQ.l .AND.NCOEFF.EQ.l)  GO TO 8066 
IF(M1.EQ.l.AND.NX.EQ.l.AND.NCOEFF.EQ.2) GO TO 8066 
C(IR,ISIX)-ANS 
ISIX-ISIX+1

8066 IF  ( IC .E Q .2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCOEFF-2
IF(M1.EQ.l .AND.NX.EQ.l )  GO TO 35 
C ( I R , I S I X ) - 0 . DO 
ISIX- ISIX+1 
GO TO 35

807 IF(IC .EQ. l .AN D.Ml.EQ.O)  GO TO 8075 
ANS-Ml*PNMlXl/X2/(RK**(NX+2))
I F ( I C . E Q .2 )  ANS--ANS
I F ( I C . E Q . l )  GO TO 8075 
NCOEFF-3 
C ( I R , ISIX)-ANS 
ISIX-ISIX+1 

8075 CONTINUE
IF  ( I C . E Q . l )  NCOEFF-3
I F  ( I C .E Q .2 )  NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35
C ( I R , I S I X ) - 0 . D 0
ISIX-ISIX+1
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . EQ.2) GO TO 35
NCOEFF-4
IF(MDEP.NE.O.AND.NCOEFF.EQ.4) GO TO 35 
C(IR ,ISIX)-ANS 
ISIX-ISIX+1 
GO TO 35

808 IF(IC .EQ. l .AND.Ml.EQ.O)  GO TO 8085
ANS— Ml*(NX-2)*PNMlXl/RK**NX/X2/VIS/2/NX/(2*NX-l)
I F ( I C .  EQ. 2) ANS— ANS 
I F ( I C . E Q . l )  GO TO 8085 
NCOEFF-5 
C(IR ,ISIX)-ANS 
ISIX- ISIX+1 

8085 CONTINUE
I F  ( I C . E Q . l )  NCOEFF-5
IF  ( I C .E Q .2 )  NCOEFF-6
IF(MDEP.NE.O.AND.NCOEFF.EQ.6) GO TO 35
C ( I R , I S I X ) - 0 . DO
ISIX- ISIX+1
I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35
I F ( I C . E Q . 2) GO TO 35
NCOEFF-6
IF(MDEP. NE. 0 . AND. NCOEFF. EQ.6 )  GO TO 35 
C ( I R , I S I X ) —ANS 
ISIX-ISIX+1  

35 CONTINUE 
60 CONTINUE



37 CONTINUE 
32 CONTINUE 
61 CONTINUE

C ( I R , I S I X ) —0 . DO 
IF ( J .N E .K )  GO TO 701
IF  ( IVEL.EQ.1 .AND.IC.EQ.1 .AND.Ml. EQ.1) C ( I R , I S I X ) — X2 
IF  ( IVEL.EQ.2 . AND.IC.EQ.1 .AND.Ml. EQ.1) C ( I R , I S I X ) — XI 
IF  ( IVEL.EQ.3 . AND.IC. EQ. 2 .AND.Ml. EQ.1)  C ( I R , I S I X ) - 1 . DO

701 NU(J)—ISIX 
ISIX-ISIX+1
IF(MDEP.NE.O) CO TO 712 
C(IR ,ISIX) -O .DO 
IF ( J .N E .K )  GO TO 702
IF  ( IVEL.EQ.1 . AND.IC.EQ.2 .AND.Ml. EQ.1) C ( I R , IS I X ) — X2 
IF  ( IVEL.EQ.2 . AND.IC. EQ.2 .AND.Ml. EQ.1) C ( I R , I S I X ) — XI 
IF  ( IVEL. EQ. 3 . AND. I C . EQ. 1 . AND.M l . EQ.1)  C ( I R , I S I X ) — 1 .DO

702 NV(J)—ISIX 
ISIX-ISIX+1

712 C(IR ,ISI X)-O .DO 
IF ( J .N E .K )  GO TO 703
I F  (IVEL.EQ. 1 .AND. I C . EQ.1 .AND.Ml. EQ.0)  C ( I R , I S I X ) — XI 
I F  ( IVEL.EQ.2 .AND.IC.EQ.1 .AND.Ml. EQ.0) C ( I R , ISIX)-X2

703 NW(J)- ISIX 
ISIX-ISIX+1
IF(MDEP.NE.O) GO TO 713 
C (IR ,ISIX)-O .DO 
I F ( J .N E .K )  GO TO 704
IF  ( IVEL. EQ. 2 . AND. I C . EQ. 2 . AND. M l . EQ.1 )  C(IR , IS IX)-RK 
IF  ( IVEL.EQ.3 .AND.IC. EQ.1 .AND.Ml. EQ.1) C ( I R , ISIX)-RK*X1

704 NOMGX(J)—ISIX 
ISIX-ISIX+1

713 CONTINUE
C ( I R , I S I X ) - 0 . DO 
I F ( J .N E .K )  GO TO 705
I F  ( IVEL.EQ.2 .AND.IC. EQ.1 .AND.Ml. EQ.1) C ( I R , I S I X ) — RK 
I F  ( IVEL.EQ. 3 . AND. I C . EQ. 2 . AND. M l . EQ.1 )  C ( I R , ISIX)-RK*X1

705 NOMGY(J)-ISIX 
ISIX-ISIX+1 
IF(MDEP.NE.O) GO TO 7 
C(IR ,ISIX) -O .DO 
IF ( J .N E .K )  GO TO 706
IF  ( IVEL.EQ.3 .AND.IC.EQ.1 .AND.Ml. EQ.0) C ( I R , I S I X ) — RK+X2

706 NOMGZ(J)-ISIX 
ISIX- ISIX+1

7 CONTINUE
RHS(IR,1 ) —0 . DO
IF (IV EL.E Q .1 .AND.Ml. EQ.1 .AND.IC. EQ.1)

1RHS(IR,1)— SR*(POS(K,4)*Xl+POS(K,3))*X2 
IF (IV EL.EQ .2 . AND.M1. EQ . l .A N D .IC .EQ .l )

1RHS(IR,1 ) —-SR*(P0S(K,4)*X1+P0S(K,3 ) )*X1 
IF (IV EL.E Q .3 . AND.Ml. EQ.1 .AND.IC. EQ.2)

1RHS(IR,1 ) —SR*(POS(K,4)*X1+POS(K,3 ) )
IR-IR+1 

40 CONTINUE 
50 CONTINUE 

6 CONTINUE



5 CONTINUE 
4 CONTINUE 

DO 452 
J l - J + 1  
J 2 - J + 2
I F ( J . EQ.2) GOTO 454 

DO 453 I S I X - 1 , IJMN
453 C ( I R , I S I X ) - 0 .0 

RHS(IR,1 ) —0 . 0
I S I X - N E J l l ( J )
C ( I R , I S I X ) —DSIN(ANG2(J))
IS IX-NEJOl (J)
C(IR,ISIX)-- l*DCOS(ANG2(J ))
IR-IR+1

454 CONTINUE
I F ( J . EQ.J$)  GOTO 456 

DO 455 ISIX-1,IJMN
455 C ( I R , I S I X ) - 0 .0 

RHS(IR ,1 )—0 . 0
ISIX-NU(J)
C(IR,  ISIX)-DCOS(ANG2(J))
IS IX -NU(J l )
C(IR,ISIX)-- l*DCOS(ANG2(J ))
ISIX-NW(J)
C(IR ,ISIX)-D SIN(AN G2(J ))
ISIX-NW(Jl)
C(IR , IS IX )- -1*D SIN (A N G 2(J ))
IR-IR+1

456 CONTINUE 
I F ( J . N E . l )  GOTO 452

DO 457 ISIX-1, IJMN
457 C ( I R , I S I X ) - 0 . 0  

RHS(IR,1 ) —0 . 0
I S I X - N E J l l ( J )
C ( I R , I S I X ) - 1 .0 
I S I X - N E J l l ( J l )
C ( I R , I S I X ) - 1 .0 
IS IX-NEJ11(J2 )
C ( I R , I S I X ) - 1 .0 
IR-IR+1 

DO 458 ISIX-1, IJMN
458 C ( I R , I S I X ) - 0 .0 

R H S ( I R , l ) - 0 .0
IS IX-N EJ Ol(J )
C ( I R , I S I X ) - 1 .0 
IS IX - N E J O l ( J l )
C ( I R , IS I X ) —1 . 0  
ISIX-N EJ 01 (J2)
C ( I R , I S I X ) - 1 .0 
IR-IR+1 

452 CONTINUE 
M-IJMN 
N - l
NDIM2-M**2
CALL SSLAE(RHS, C,M,N,EPSLAE, IER,NDIM2) 
IF(IER.NE.O) WRITE(6,97)  IER
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DO 21
TVEb-POS(J,4)*SR
ISIX-NU(J)
VLCTY(J,1)-RHS(ISIX,1) /TVEL 
VLCTY(J, 7 )-VLCTY(J, 1 ) - SR*POS(J,3)
IF(MDEP.NE.O) GOTO 23 
ISIX-NV(J)
VLCTY(J , 2)-RHS(ISIX,1) /TVEL

23 CONTINUE 
ISIX-NW(J)
VLCTY(J , 3 ) -RHS( I S I X , 1 ) /TVEL 
IF(MDEP.NE.O) GO TO 24 
ISIX-NOMGX(J )
VLCTY(J ,4 )-POS(J , 4)*RHS(ISIX,1) /TVEL

24 CONTINUE 
ISIX-NOMGY(J)
VLCTY(J, 5 ) -POS(J , 4 ) *RHS( I S I X , 1 ) /TVEL 
IF(MDEP.NE.O) GO TO 21 
ISIX-NOMGZ(J)
VLCTY(J, 6 ) -POS(J , 4 ) *RHS( I S I X , 1 ) /TVEL 

21 CONTINUE
97 FORMAT(4X,********* IER ******** - ' , 1 1 0 )

987 FORMAT(5X,' I E R - ' , 1 6 , 9 X , ' COEFF. ' , 14 ,12 ,12 ,12 ,12 , ' ,  E15 . 6 , 9X,
1 ' M l - ' , 1 4 , 5 X , ' I C - ’ ,14 )
RETURN
END

C i c ' k ' k ' k ' k i i t i t ' k i t i t i t ' k ' k ' k i t ' k ' k ' k ' k ' k ' k ' k ' k ' k i t i c i e ' k i t ' k ' k ' k ' k ' k ' k ' k i c ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k i t i t ' k ' k ' k ' k ' k ' k  

C SUBROUTINES FROM APPENDIX H.

DATA
1 . E - 0 5 1 . E - 1 6 1 . E - 1 6 1 . E - 0 6  008 EPS(ASQ&SSLAE)) .AERR&RERR,IDGT(LEQT2F)

3 2 02 1 J $ ,M $ , N$, INT(0-DCDRE, 1-ASQ)
1 . 0  0 1 . 0  0 1 . 0 0 0 0  0 0 . 1 0 0 0  0 0 3  0 1

V I S , SHR,DT.TOL,NITR, NPR
0 0 .0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  B.C.D.A SPHERE 2
0 4 .0 0 0  4 5 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  DIST,BETA,GAMMA(0-PLN),A " 1
0 4 .0 0 0  -1 3 5 .0 0 0  0 0 . 0 0 0  0 1 .0 0 0  DIST,BETA,GAMMA(0-PLN),A " 3
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F. COMPUTER PROCRAM FOR 1 SPHERE MOVING IN A SHEAR FLOW WITH OTHER
SPHERES FIXED:

T h i s  i s  a program t o  c a l c u l a t e  t h e  v e l o c i t y  components  o f  one 

n e u t r a l l y  b u o y a n t  s p h e r e  when i t  i s  moving p a s t  o t h e r  f i x e d  s p h e r e s  

i n  a s i m p le  s h e a r  f lo w.

IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
COMMON/E/C( 2 0 , 2 0 ) , POS( 2 , A),ANG(02),RHS(20,1).WKAREA(OOl), 

1NFX(2) ,NFY(2) ,NFZ(2) ,NTX(2) ,NTY(2) ,NTZ(2) ,VLCTY(2,7) 
COMMON/FAC/DFACT(56), PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N, M l , IC 
COMMON/VSCSTY/VIS 

COMMON/ACURCY/EPS, EPSLAE, AERR, RERR, IDGT 
EXTERNAL AJMN1, BJMN1, CJMN1, DJMN1, EJMN1, FJMN1, AJMN2, BJMN2, CJMN2, 

1DJMN2 , EJMN2 , FJMN2 , AJMN3 , BJMN3 , CJMN3 , DJMN3 , EJMN3 , FJMN3 
CALL UERSET(O.LEVOLD)
READ(5, 11A) EPS,EPSLAE,AERR,RERR,IDGT 
WRITE(6,223)  EPS, EPSLAE,AERR,RERR, IDGT 
READ( 5 , 1 1 1 )  J $ ,M $ , N$, NSPCNG, IWRITE, INT 
I F ( I N T . EQ.0)WRITE(6,321)

I F ( I N T .E Q . l )  WRITE(6,322)
WRITE(6, 22A)J$,M$,N$.NSPCNG 
READ( 5 , 1 1 5 )  VIS.SR 
WRITE(6,225 )  VIS.SR 
IJMN-3*J$*N$+6*J$*N$*(M$-1)
DFACT(l)—1 .DO 
DO 1 1 - 1 , 5 5  

1 DFACT(1 + 1 ) -DFACT( I )*1 
PI-DARSIN(1 . 0D0)*2 
ALPHA-0.01 
INUM-N$/2 
THTKD-90.0-ALPHA 
TH-THTKD/ INUM 
ISN-0
DO 3 N-l.INUM 
THTKD-TH*N 
THTK-THTKD* P I /1 8 0  
ISN-ISN+1 
ANG(ISN)-THTK 
THTKD-180. 0-THTKD 
THTK-THTKD*PI/180.0 
ISN-ISN+1 

3 ANG(ISN)-THTK
DO 2222 IPOS-1,NSPCNG
A-O.DO
B-2*PI
READ( 5 , 1 1 3 )  BK, CK, DK, RK
MDEP-0
MPLNR-0
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DO 2
I F ( J . E Q . l )  GO TO 201
READ( 5 , 1 1 3 )  DIST, BETAD,GAMMAD, RK
BETA-BETAD*PI/180
GAMMA-GAMMAD*PI/180
BK-DIST*DCOS( BETA) *DCOS( GAMMA)
CK-DIST*DCOS( BETA) *DSIN( GAMMA)
DK-DIST*DSIN(BETA)
DIF1—DABS(BK-P0S(1, 1 ) )
DIF2—DABS(CK-POS( 1 , 2 ) )
I F ( D I F 2 . LE. 1 . D-5) MPLNR-MPLNR+1 

201 PO S(J , 1)-BK 
POS(J ,2)-CK 
POS(J ,3)-DK 
PO S (J , A)-RK 

2 CONTINUE
DO 2103 J K - 1 , A 
T l - P O S ( l . J K )
PO S( l , J K ) -PO S(2 ,J K )

2103 POS( 2 , JK)-T1
DO 2101 J J - 2 , J$

DO 2102 KK-1,6 
VLCTY(JJ.KK) -  0 . 0  

2102 CONTINUE 
2101 CONTINUE

IF(MPLNR.EQ. ( J $ - l ) )  MDEP-1 
IF(MDEP.EQ.l) IJMN-2*J$*N$+ 3*J$*N$*(M$-1)
I F ( J $ . EQ.2) DSTNCE-DIST/2/RK 
IF(MDEP.EQ.l ) WRITE(6, A99)
IF(MDEP.EQ.O) WRITE(6,A97)
IF(MDEP.NE.O) B-PI 
IR—1
DO A K - l , J$
BK-POS(K. l)
CK—POS(K,2)
DK-POS(K,3)
RK-POS(K.A)
DO 5 NR1-1, N$
NPRIM—NR1-1 
THETAK-ANG(NRl)
THETAD-THETAK*180/PI 
Xl-DCOS(THETAK)
X2-DSIN(THETAK)
DO 6 MP1—1 ,M$
M1-MP1-1 
DO 50 I C - 1 , 2
IF  (M l . EQ. 0 . AND. I C . EQ.2)  GO TO 50 
DO AO IVEL-1,3
IF(MDEP.NE. 0 .AND. I C . EQ. 2 .AND. IVEL.EQ.1 )  GO TO AO 
IF(MDEP.NE.0 . AND. I C . EQ. 2 .AND. IVEL.EQ.2)  GO TO AO 
IF(MDEP.NE. 0 .AND. I C . EQ. 1 .AND.IVEL.EQ.3) GO TO AO 
IS IX-1  
DO 7 J - 1 , J $
IF  (J .EQ.K) GO TO 71 
B J - P O S ( J . l )
C J -P O S ( J ,2 )
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D J-P O S (J ,3 )
DO 11 MP-1,M$
M-MP-1 
NPM—M+N$
MPP-MP
NPMP-NPM
IF (M P.EQ .l )  MPP-MPP+1 
IF (M P.EQ .l )  NPMP-NPMP+1 
DO 12 NP-MPP, NPMP 
N-NP-1
IF  ( IVEL.EQ.1) ICCC-0 
IF  (IVEL.EQ.2) ICCC-6 
I F  ( IVEL.EQ.3) ICCC-12 
IF(MDEP. NE. 0 . AND. IVEL. EQ.1)  ICCC-0 
IF(MDEP. NE. 0 . AND. IVEL. EQ.2 )  ICCC-3 
IF(MDEP. NE. 0 . AND. IVEL.EQ.3)  ICCC-6
11-ICCC+1
12-ICCC+6
IF(MDEP.NE.O) I2-ICCC+3 
DIV-PI
IF(Ml.EQ.O) DIV-2*PI 
IF(MDEP.NE.O) DIV-DIV/2.0  
DO 31 IC N T -I1 ,12 
IF(MDEP.NE.O) GO TO 999
GOTO ( 9 0 1 , 9 0 2 , 9 0 3 , 9 0 4 , 9 0 5 , 9 0 6 , 9 1 1 , 9 1 2 , 9 1 3 , 9 1 4 , 9 1 5 , 9 1 6 , 9 2 1 , 9 2 2 , 9 2 3 ,

1 , 9 2 4 , 9 2 5 , 9 2 6 ) ( ICNT 
999 GO TO ( 9 0 2 , 9 0 3 , 9 0 5 , 9 1 2 , 9 1 3 , 9 1 5 , 9 2 2 , 9 2 3 , 9 2 5 ) ,ICNT
901 I F ( J . EQ. 1 . AND.N. EQ.1 .AND. (M.EQ. 0 . OR.M. EQ. 1 ) )  GO TO 31

IF (IN T .E Q . 1)ANS-ASQ(A,B, EPS, RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,AJMN1)
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN1,A,B,AERR,RERR,ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-1
GO TO 30

902 IF(M.EQ. 0 . OR.( J . EQ. 1 .AND. N.EQ. 1 . AND.M.EQ. 1 ) )  GO TO 31 
I F ( I N T . EQ.0 )  ANS-DCADRE(BJMN1, A, B, AERR, RERR, ERROR, IER)
I F ( I N T .E Q .1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK.BJ,CJ, DJ,N,M,BJMN1) 
C(IR,ISIX)-ANS/DIV 
NCF-2 
GO TO 30

903 CONTINUE
IF(INT.EQ.1)ANS-ASQ(A,B,EPS, RK,THETAK,BK.CK,DK.BJ,CJ,DJ,N,M,CJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE(CJMN1, A,B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-3
GO TO 30

904 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( DJMN1, A, B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,DJMN1) 
C(IR,ISIX)-ANS/DIV 
NCF-4 
GO TO 30

905 IF(J .EQ. l .AND.N .EQ.l .AND.(M.EQ.O.O R.M.EQ.l ) )  GO TO 31
IF ( I N T .E Q .1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK,BJ, CJ,DJ,N,M,EJMN1) 
I F ( INT. EQ.0 )  ANS-DCADRE( EJMN1,A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV 
NCF-5
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GO TO 30
906 I F ( M . E Q . 0 . 0 R . ( J . EQ.1 . AND.N.EQ.1 . AND.M.EQ.1 ) )  GO TO 31 

I F ( I N T . EQ.0 )  ANS-DCADRE( FJMN1, A, B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK, B J , CJ ,DJ ,N ,M , FJMN1) 
C(IR,ISIX)-ANS/DIV 
NCF-6 
GO TO 30

911 IF(J .EQ. l .AND.N.EQ.l .AND. (M.EQ.O.OR .M.EQ. l ) )  GO TO 31 
IF(INT.EQ.1)ANS-ASQ(A,B.EPS,RK,THETAK,BK,CK,DK,BJ,CJ,DJ,N,M,AJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE(AJMN2,A,B,AERR,RERR,ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-1
GO TO 30

912 IF(M.EQ.0 . OR.( J .E Q. l .AND.N.EQ. l .AND.M.EQ. l ) )  GO TO 31 
I F ( IN T .E Q .1 )ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK.BJ,CJ,DJ,N,M,BJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE( BJMN2,A,B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-2
GO TO 30

913 CONTINUE
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK, DK, B J , C J , D J , N,M, CJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE( CJMN2, A, B, AERR, RERR, ERROR, IER)
C ( I R , ISIX)-ANS/DIV
NCF-3
GO TO 30

914 IF  (M.EQ.O) GO TO 31
I F ( INT. EQ.0 )  ANS-DCADRE( DJMN2, A, B,AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK,DK,BJ, CJ,DJ,N,M,DJMN2) 
C(IR,ISIX)-ANS/DIV 
NCF—4 
GO TO 30

915 IF(J .EQ. l .AND.N.EQ .l .AND. (M.EQ.O.OR .M.EQ. l ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK.CK,DK,BJ, CJ,DJ,N,M,EJMN2) 
I F ( INT. EQ.0 )  ANS-DCADRE( EJMN2, A, B,AERR, RERR, ERROR, IER) 
C(IR,ISIX)-ANS/DIV 
NCF—5 
GO TO 30

916 IF(M.EQ.0 . OR .( J .EQ. l .AN D.N .EQ.l .AN D.M.EQ.l ) )  GO TO 31 
I F ( I N T . EQ.0 )  ANS-DCADRE( FJMN2, A,B,AERR, RERR, ERROR, IER)
IF (IN T.EQ . 1)ANS-ASQ(A, B, EPS, RK,THETAK, BK,CK,DK,BJ, C J , D J , N,M,FJKN2) 
C(IR,ISIX)-ANS/DIV 
NCF-6 
GO TO 30

921 IF(J .EQ. l .AND.N.EQ.l .AND. (M.EQ.O.OR .M.EQ. l ) )  GO TO 31
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK, BK,CK,DK,BJ, C J , D J , N,M,AJMN3) 
I F ( I N T . EQ.0 )  ANS-DCADRE(AJMN3,A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-1
GO TO 30

922 IF(M.EQ.0 . OR .( J .EQ. l .AN D.N .EQ.l .AN D.M.EQ.l ) )  GO TO 31 
I F ( I N T . EQ.0 )  ANS-DCADRE( BJMN3,A, B,AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK,THETAK,BK,CK.DK,BJ, CJ,DJ,N,M,BJMN3) 
C(IR,ISIX)-ANS/DIV 
NCF-2 
GO TO 30

923 CONTINUE
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IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK.THETAK,BK,CK,DK,BJ,CJ, DJ,N,M,CJMN3) 
I F ( IN T . EQ.0)  ANS-DCADRE( CJMN3,A,B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-3
GO TO 30

924 IF  (M.EQ.O) GO TO 31
IF(INT.EQ.l)ANS-ASQ( A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , DJ,N,M,DJMN3) 
I F ( INT. EQ.0)  ANS-DCADRE( DJMN3 , A, B,AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-4
GO TO 30

925 IF(J .EQ. l .AND.N.EQ.l .AND. (M.EQ.O.OR.M .EQ. l ) )  GO TO 31
I F ( I N T . EQ. 1 )ANS-ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J . N. M, EJMN3) 
I F ( INT. EQ.0)  ANS-DCADRE( EJMN3,A, B, AERR, RERR, ERROR, IER)
C(IR,ISIX)-ANS/DIV
NCF-5
GO TO 30

926 IF(M.EQ.O.OR.( J .EQ. l .AND .N.EQ. l .AND.M.EQ. l ) )  GO TO 31 
I F ( I N T . EQ.0 )  ANS-DCADRE( FJMN3,A, B, AERR, RERR, ERROR, IER)
IF(INT.EQ.1)ANS-ASQ(A,B,EPS,RK.THETAK,BK,CK, DK, B J , C J , D J ,N , M, FJMN3)
C(IR,IS1X)-ANS/DIV
NCF-6

30 CONTINUE
I F ( I N T .E Q . l )  GOTO 3001
IF(IER.GT.IOO) WRITE(6,987)  IER,NCF,J,M,N,IVEL.ANS,M1, IC 

3001 CONTINUE
I F ( J . E Q . l )  GOTO 996
IF(NCF.EQ.5 . AND.M.EQ.O.AND.N.EQ.1) N F Z (J ) - IS IX  
IF(NCF.EQ.2 . AND.M.EQ.1 . AND.N.EQ.l) NTY(J)- ISIX 
IF(NCF.EQ.5 . AND.M.EQ.l.AND.N.EQ.l) NFX(J) - IS IX 
IF(MDEP.EQ.O) GOTO 996
IF(NCF.EQ.6 . AND.M.EQ.1 . AND.N.EQ.l) NFY(J) - IS IX 
IF(NCF.EQ.l .AND.M.EQ.l .AND.N.EQ.l)  NTX(J)- ISIX 
IF(NCF.EQ.l .AND.M.EQ.O.AND.N.EQ.l ) N T Z(J )- IS IX  

996 ISIX-ISIX+1
31 CONTINUE 
12 CONTINUE 
11 CONTINUE

GO TO 61 
71 CONTINUE

DO 32 MR-1,M$
IF(MR.EQ.MPl) GO TO 36 
MIR—MR-1 
NPMR-M1R+N$
MRP-MR
NPMRP-NPMR
IF (M 1R .EQ .0 . ) MRP-MRP+1 
I F (M 1R.EQ .0 . ) NPMRP-NPMRP+1 
DO 33 NPR-MRP, NPMRP 
NXR-NPR-1 
DO 34 NCF-1,6
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 34 
IF(MDEP. NE. 0 . AND. NCF. EQ.4 )  GO TO 34 
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 34
IF(J . EQ . l .A N D .(M IR .EQ .l .O R .M IR .EQ .O ). AND. NXR. EQ. 1 . AND. NCF.EQ.5)

1G0 TO 34
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I F ( J . EQ. 1 .AND.MIR. EQ. 1 .AND. NXR. EQ. 1 .AND. NCF.EQ.6 )  GO TO 34 
IF ( J .E Q . l .A N D . (M IR .E Q .l .O R .M IR .E Q .O ).AND. NXR. EQ. 1 . AND. NCF.EQ.1)  

1GO TO 34
IF(J.EQ. l .AND.MIR.EQ.l .AND.NXR.EQ.l .AND.NCF.EQ.2) GO TO 34 
1F(M1R.EQ. 0 . AND. NCF.EQ.2 )  GO TO 34 
IF(M1R. EQ. 0 .AND. NCF.EQ.4 )  GO TO 34 
IF(M1R.EQ.0 . AND. NCF.EQ.6 )  GO TO 34 
C (1 R , I S IX ) - 0 . DO 
ISIX-ISIX+1 

34 CONTINUE 
33 CONTINUE 

GO TO 37 
36 MP1P-MP1 

N$P—N$+M1
IF(M1. EQ. 0 . )  MP1P-MP1P+1 
IF(M1. EQ. 0 . )  N$P-N$P+1 
DO 60 NX1-MP1P,N$P 
NX-NX1-1 
R - 0 . DO
PNM1X1-PNM(NX, M l , X I , R)
DDX-DDXPNM( NX, M l , X I , R)
IF  ( IVEL .EQ.l )  ICCCC-0 
IF  ( IVEL.EQ.2) ICCCC-2 
IF  ( IVEL.EQ.3) ICCCC-5
13—ICCCC+1
14-ICCCC+3
IF  ( IVEL .EQ.l )  14-2 
DO 35 I C T - I 3 ,14
GO TO ( 8 0 1 , 8 0 2 , 8 0 3 , 8 0 4 , 8 0 5 , 8 0 6 , 8 0 7 , 8 0 8 ) ,ICT 

801 ANS--NXl*PNMlXl/(RK**(NX+2))
NCF-1
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8011
I F (J .EQ. l .A ND.(M l .EQ .l .O R.M l .EQ.O ).AND.N X.E Q.l )  GO TO 8011 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8011 I F  (Ml.EQ.O) GO TO 8015 
NCF-2
IF (J .E Q. l .AND.M l.E Q.l .AN D.NX .EQ.l )  GO TO 8015
C ( I R , I S I X ) - 0 . D 0
ISIX-ISIX+1

8015 CONTINUE 
I F ( I C . E Q . l )  GO TO 8016 
NCF-3
C ( I R , I S I X ) - 0 . DO 
ISIX- ISIX+1

8016 CONTINUE
I F  ( I C . E Q . l )  NCF-3 
IF  ( I C .E Q .2 )  NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
IF  ( I C .E Q .2 )  GO TO 35
IF(IC .EQ.l .AND.Ml.EQ.O) GO TO 35
NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35 
C ( I R , I S I X ) - 0 . DO



ISIX-ISIX+1 
GO TO 35

802 ANS-NXl*PNMlXl/(RK**NX)/2/VIS/(2*NX-l)
IF  ( I C . E Q . l )  GO TO 8025
NCF—5
IF (J .EQ. l .AND.(Ml.EQ.l .OR.Ml.EQ.O) .AND.NX.EQ .l )  GO TO 8025 
C ( I R , I S I X ) - 0 . DO 
ISIX-ISIX+1 

8025 CONTINUE
IF  ( I C . E Q . l )  NCF-5 
IF  ( I C .E Q .2 )  NCF-6 
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
IF ( J .E Q . l .A N D . (M l .E Q . l .O R .M l .E Q .O ) . AND. NX. EQ. 1 . AND. NCF.EQ.5)  

1G0 TO 8021
IF(J .EQ. l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.6) GO TO 8021 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 

8021 I F ( IC . E Q .2 )  GO TO 35
IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCF-6
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
IF(J .EQ. l .AND.M l.EQ.l .AN D.NX .EQ.l )  GO TO 35
C(IR ,ISIX)-O.DO
ISIX-ISIX+1
GO TO 35

803 IF(IC .EQ.l .AND.Ml.EQ.O) GO TO 8035 
ANS-M1*PNM1X1/(RK**NX1) /X2 
I F ( I C . E Q .2 )  ANS— ANS 
I F ( I C . E Q . l )  GO TO 8035
NCF-1
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8035
IF (J .EQ. l .AND.(Ml.EQ .l .O R.M l.EQ.O ).AND.N X.EQ.l )  GO TO 8035
C ( IR , I S I X )  -ANS
ISIX-ISIX+1

8035 CONTINUE
IF  ( I C . E Q . l )  NCF-1 
IF  ( IC .E Q .2 )  NCF-2
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8036
IF(J .EQ. l .AND. (Ml.EQ.l .OR.Ml.EQ.O) .AND.NX.EQ .1 .AND.NCF.EQ.1) 

1G0 TO 8036
IF(J .EQ.l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.2) GO TO 8036
C(IR,ISIX)-O.DO
ISIX-ISIX+1

8036 IF  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
I F ( I C . EQ.2) GO TO 35
NCF-2
IF (J .EQ. l .AND.M l.EQ. l .AND.NX .EQ. l )  GO TO 35 
C(IR,ISIX)-ANS 
ISIX-ISIX+1 
GO TO 35

804 ANS— X2*DDX/(RK**(NX+2))
I F  ( I C . E Q . l )  GO TO 8045 
NCF-3
C(IR ,ISIX)-O.DO 
ISIX-ISIX+1 

8045 CONTINUE



I F  ( I C . E Q . l )  NCF-3
IF  ( I C .E Q .2 )  NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35
C(IR,ISIX)-ANS
ISIX-ISIX+1
IF(IC .EQ.l .AND.Ml .EQ.O) GO TO 35
I F ( I C . E Q . 2) GO TO 35
NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35
C ( I R , I S I X ) - 0 . D 0
ISIX-ISIX+1
GO TO 35

805 ANS—(NX-2)*X2*DDX/2/NX/(2*NX-1)/VIS/RK**NX 
I F ( I C . E Q . l )  GO TO 8055
NCF-5
IF((Ml.EQ.l .OR .Ml.EQ.O) .AND.NX.EQ.l )  GO TO 8055
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1

8055 CONTINUE
I F  ( I C . E Q . l )  NCF-5 
IF  ( IC .E Q .2 )  NCF-6 
IF(MDEP. NE. 0 . AND. NCF. EQ.6)  GO TO 35
IF (J . E Q . l . A N D . ( M l .E Q . l .O R . M l .E Q . O ) .AND. NX. EQ. 1 . AND. NCF.EQ.5)  

1GO TO 8056
IF(J .EQ. l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.6) GO TO 8056
C(IR,ISIX)-ANS
ISIX-ISIX+1

8056 IF  ( I C .E Q .2 )  GO TO 35
I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCF-6
IF(MDEP.NE.O.AND.NCF.EQ.6) GO TO 35
IF (J .EQ. l .AND.M l.EQ.l .AN D.NX .EQ.l )  GO TO 35
C ( I R , I S I X ) - 0 . D 0
ISIX-ISIX+1
GO TO 35

806 ANS-X2*DDX/RK**NX1 
I F ( I C . E Q . l )  GO TO 8065 
NCF-1
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8065
IF(J .E Q. l .AND.(M l.E Q .l .O R.M l.E Q.O ).AND.N X.E Q.l )  GO TO 8065
C ( I R , I S I X ) - 0 . DO
ISIX-ISIX+1

8065 CONTINUE
I F  ( I C . E Q . l )  NCF-1 
I F  ( I C .E Q .2 )  NCF-2
IF(MDEP.NE.O.AND.NCF.EQ.l) GO TO 8066
I F ( J .E Q . l .A N D . ( M l .E Q . l .O R .M l .E Q .O ) . AND.NX.EQ.1 .AND.NCF.EQ.1) 

1 GO TO 8066
IF(J .EQ.l .AND.Ml.EQ.l .AND.NX.EQ.l .AND.NCF.EQ.2) GO TO 8066
C(IR,ISIX)-ANS
ISIX-ISIX+1

8066 IF  ( IC .E Q .2 )  GO TO 35
I F  ( IC.EQ.l .AND.Ml.EQ.O) GO TO 35 
NCF-2
IF (J .EQ. l .AND.M l.EQ.l .AN D.NX .EQ.l )  GO TO 35 
C(IR ,ISIX) -O .DO



ISIX -ISIX +1 
GO TO 35

807 IF(IC .EQ .l .A N D .M l.EQ .O ) GO TO 8075 
ANS-Ml*PNMlXl/X2/(RK**(NX+2))
IF ( IC .E Q .2 )  ANS--ANS 
IF ( I C .E Q . l )  GO TO 8075
NCF-3
C (IR .IS IX )  -ANS 
ISIX -ISIX +1 

8075 CONTINUE
IF  ( I C .E Q . l )  NCF-3
IF  ( IC .E Q .2 )  NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35
C ( IR , IS IX )—0 . DO
ISIX -ISIX +1
IF  (IC .EQ.l.AND.M l.EQ.O) GO TO 35
IF ( IC .E Q .2 )  GO TO 35
NCF-4
IF(MDEP.NE.O.AND.NCF.EQ.4) GO TO 35 
C ( IR , ISIX)-ANS 
ISIX -ISIX +1 
GO TO 35

808 IF(IC .EQ .l .A N D .M l.EQ .O ) GO TO 8085
ANS--Ml*(NX-2 ) *PNM1X1/RK**NX/X2/VIS/2/NX/( 2*NX-1)
I F ( I C . EQ.2) ANS— ANS 
I F ( I C .E Q . l )  GO TO 8085 
NCF-5
IF (J .E Q .l .A N D .(M l.E Q .l .O R .M l.E Q .O ).A N D .N X .E Q .l)  GO TO 8085
C (IR .IS IX )  -ANS
ISIX -ISIX +1

8085 CONTINUE
IF  ( I C .E Q . l )  NCF-5 
IF  ( IC .E Q .2 )  NCF-6 
IF(MDEP. NE. 0 . AND. NCF. EQ.6 )  GO TO 35
IF (J .E Q .l .A N D .(M l.E Q .l .O R .M l.E Q .O ) . AND.NX.EQ.1 . AND.NCF.EQ.5)  

1GO TO 8086
IF(J.EQ .l.A ND .M l.EQ .l.A N D.N X .EQ .l.A N D.N CF.EQ .6) GO TO 8086
C ( IR ,IS IX )-0 .D 0
ISIX -ISIX +1

8086 IF  (IC.EQ.l.A N D .M l.EQ .O ) GO TO 35 
I F ( I C . EQ.2) GO TO 35
NCF-6
IF(MDEP.NE.0.AND.NCF.EQ.6) GO TO 35 
IF (J .E Q .l .A N D .M l.E Q .l .A N D .N X .E Q .l)  GO TO 35 
C ( IR , IS I X )—ANS 
ISIX -ISIX +1 

35 CONTINUE
60 CONTINUE 
37 CONTINUE 
32 CONTINUE
61 CONTINUE 

I F ( J . N E . l )  GOTO 7 
C ( I R , IS I X )—0 . DO 
IF (J .N E .K )  GO TO 701
IF  (IV E L .E Q .l.A N D .IC .E Q .l.A N D .M l.E Q .l)  C ( IR , IS I X ) — X2 
IF  (IVEL.EQ .2 . AND.IC .EQ.l.AN D .M l.EQ.l) C ( IR , IS I X )— XI



IF  (IVEL.EQ .3 . AND.IC.EQ.2.AND.Ml.EQ.1) C ( I R , I S I X ) - 1 . DO
701 N F X (J)-IS IX  

ISIX -ISIX +1
IF(MDEP.NE.O) GO TO 712 
C (IR ,ISIX )-O .D O  
IF (J .N E .K )  GO TO 702
IF  (IV EL.EQ .l.A N D.IC .EQ .2.A N D .M l.EQ .l) C (IR ,IS IX )- -X 2  
IF  (IVEL.EQ .2 . AND.IC.EQ.2.AND.Ml.EQ.l) C (IR ,IS IX )- -X 1  
IF  (IVEL.EQ .3 . AND.IC .EQ.l.AND.M l.EQ.l) C ( I R , I S I X ) - - 1 . DO

702 N F Y (J)-IS IX  
ISIX -ISIX +1

712 C (IR ,ISIX )-O .D O  
IF (J .N E .K )  GO TO 703
IF  (IVEL.EQ.l.AND.IC.EQ.l.AND.M l.EQ.O) C (IR ,IS IX )- -X 1  
IF  (IVEL.EQ .2 . AND.IC.EQ.l.AND.Ml.EQ.O) C (IR ,IS IX )-X 2

703 N FZ (J)—ISIX 
ISIX -ISIX +1
IF(MDEP.NE.O) GO TO 713 
C ( I R , I S I X ) - 0 . DO 
IF (J .N E .K )  GO TO 704
IF  (IVEL.EQ.2 . AND.IC.EQ.2.AND.Ml.EQ.l) C (IR ,ISIX )-R K  
IF  (IV EL.EQ .3 . A ND.IC .EQ.l.AND.M l.EQ.l) C(IR,ISIX)-RK*X1

704 NTX(J)—ISIX 
ISIX -ISIX +1

713 CONTINUE
C ( I R , I S I X ) - 0 . DO 
IF (J .N E .K )  GO TO 705
IF  (IVEL.EQ .2 . A ND .IC.EQ.l.AND.M l.EQ.l) C (IR ,IS IX )- -R K  
IF  (IV EL.EQ .3 . AND.IC.EQ.2.AND.Ml.EQ.l) C ( IR , ISIX)-RK*X1

705 NTY(J)—ISIX 
ISIX -ISIX +1 
IF(MDEP.NE.O) GO TO 7 
C (IR ,ISIX )-O .D O  
IF (J .N E .K )  GO TO 706
IF  (IV EL.EQ .3 . AND.IC.EQ.l.AND.Ml.EQ.O) C (IR ,ISIX )--RK *X2

706 NTZ(J)—ISIX 
ISIX -ISIX +1

7 CONTINUE
R H S(IR ,1 )—O.DO
IF (IV E L .E Q .l.A N D .M l.E Q .l.A N D .IC .E Q .l)  

lR H S ( I R . l ) — SR*(POS(K,4)*Xl+POS(K,3))*X2 
IF(IVEI..EQ. 2. AND. Ml. E Q .l .  AND. IC .E Q .l )  

l R H S ( I R . l ) — SR*(P0S(K,4)*X1+P0S(K,3))*X1 
IF (IV E L .E Q .3 . AND.Ml.EQ.l.AND.IC.EQ.2)

1RHS(IR,1 )—SR*(P0S(K,4)*X1+P0S(K,3 ) )
IR-IR+1 

40 CONTINUE 
50 CONTINUE 

6 CONTINUE 
5 CONTINUE 
4 CONTINUE 

M—IJMN 
N -l
NDIM2-M**2
CALL SSLAE(RHS,C,M,N,EPSLAE, IER, NDIM2)
IF(IE R.N E.O ) WRITE(6,97 )  IER
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IF (IW R ITE.N E.l) GO TO 4449 
WRITE(6,991)
DO 2224 I - l . I J M N  

2224 WRITE(6,9 )  I ,R H S ( I ,1 )
4449 CONTINUE

I F ( J $ . EQ.2) WRITE(6,301) BETAD, GAMMAD, DSTNCE 
IF(MDEP. EQ. 0)WRITE(6,311)
IF(MDEP.EQ.1 )WRITE(6 ,3 1 2 )
DO 21
I F ( J . N E . l )  GOTO 2001
T V E W 0 S (J ,4 )* S R
ISIX-NFX(J)
VLCTY(J, 1 ) -RHS( IS IX , 1 ) /TVEL 
VLCTY(J , 7 ) -VLCTY(J , 1 ) - SR*POS(J ,3 )
IF(MDEP.NE.O) GOTO 23 
ISIX-NFY(J)
VLCTY(J, 2 ) -RHS( IS IX , 1 ) /TVEL

23 CONTINUE 
ISIX -N FZ(J)
VLCTY(J , 3 ) -RHS( IS IX , 1 ) /TVEL 
IF(MDEP.NE.O) GO TO 24 
ISIX-NTX(J)
V L C T Y (J,4 )-P0S(J ,4 )*R H S(IS IX ,1)/T V E L

24 CONTINUE 
ISIX-NTY(I)
V L C T Y (J,5 )-PO S(J ,4 )*R H S(IS IX ,l) /T V E L  
IF(MDEP.NE.O) GO TO 2001 
ISIX-NTZ(J)
VLCTY(J ,6 ) -P O S (J  ,4)*RHS(ISIX, D/TVEL 

2001 CONTINUE
I F ( J . E Q . l )  GOTO 21 
TVEI^SR*POS(J,4)
ISIX-NFX(J)
VLCTY (J  , 1 )-RH S(ISIX , D /T V E L / l . 5 /V IS /P O S (J ,4 )
V L C T Y (J,7 )-0 .0  
IF(MDEP.NE.O) GOTO 2003 
ISIX-NFY(J)
VLCTY(J, 2 )-R H S (IS IX ,1 ) /T V E L /1 . 5 /V IS /P O S (J ,4 )

2003 CONTINUE 
ISIX -NFZ(J)
VLCTY(J, 3 ) -R H S ( IS IX ,D /T V E L / l . 5 /V IS /P O S (J ,4 )
IF(MDEP.NE.O) GO TO 2004 
ISIX-NTX(J)
V L C T Y (J,4 )-R H S(ISIX ,l) /T V E L /PO S(J ,4 )

2004 CONTINUE 
ISIX-NTY(J)
VLCTY(J, 5 ) -RHS( IS IX , 1 ) /TVEL/POS(J ,4 )
IF(MDEP.NE.O) GO TO 21 
ISIX-NTZ(J)
VLCTY(J, 6 ) -RHS( IS IX , 1 ) /TVEL/POS(J ,4 )

21 CONTINUE
DO 2220 J - 1 , J $
IF(MDEP.EQ.O)WRITE( 6 , 3 1 4 ) J , (P O S (J , J K ) , J K - 1 , 4 ) , (VLCTY(J, L ) , L - l ,6 ) 
IF(MDEP. EQ.1 )WRITE(6 ,3 1 5 )  J , ( P O S ( J . J K ) , J K - 1 , 4 ) , 

lV LC TY (J.l) ,V LCTY (J, 3 ) ,VLCTY(J,5)
2220 CONTINUE
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2222 CONTINUE
301 FORMAT( / , 2X, 'B E T A -',F7 .4 ,5X ,'G A M M A -', F 7 . 4 , 5X, ' D / A - ' , F 7 . 4 , / )
311 F0RMAT(1X,'SP # ' , 3X, ' B ' . 7X, ' C ' , 7 X , ' D ' , 7X, ' R ' , 10X, ' U ' , 9X, 

l ' V ’ ,1 1 X , 'W ' , 8X,'OMEGA X',5X,'OMEGA Y',5X,'OMEGA Z ' )
312 F0RMAT(1X,'SP # ' , 7 X ,’B ' , 8X, ' C' , 8X, ’D ' , 8X, ' R ' , 13X, 

l ’U ',10X,'W ',9X,'OM EGA Y ' )
314 F 0R M A T (1 X ,I3 ,2 X ,3 (F 7 .3 ,1 X ) ,F 7 .3 ,2 X ,6 E 1 2 .5 )
315 FORMAT(IX,1 3 , 5X ,3 ( F 8 . 3 , I X ) , F 8 . 3 , 4X, 3 (E 1 2 . 5 , IX ) )
114 FORMAT( IX , 4 ( E6. 3 ) , IX , I 3)
223 FORMAT(IX,' E P S (A S Q )- ' , E12 . 5 , 2 X , ' E PS(SSL A E )- ', E12. 5 , 2X,

1 ' AERR-' , E12. 5 , 2 X , ' RERR(DCADRE)-', E 12 . 5 , 2 X , ' IDGT(LEQT2F)- ',12 )
111 FORMAT(IX,6 (1 4 ) )

1 3 :5 0 :1 5  
From HLRLG HI

321 FORMAT( 5X, '  *** USING DCADRE FOR INTEGRATION *** ' )
322 FORMAT( 5X, '  *** USING ASQ FOR INTEGRATION *** ' )
113 F0RMAT(1X,4F9.4)
115 FORMAT( IX , 4 ( F 9 . 6 ) )
499 FORMAT( / / , 10X, '* * *  PLANAR CASE * * * ' )
497 FORMAT( / / , 1 0 X , '* * *  THREE DIMENSIONAL * * * ' )
224 FORMAT( IX , ' J $ - ' , 13 , 2X, ' M$-' , I 3 , 2 X , ' N $ - ' , I 3 , 2 X , '#  OF SPACING - ' , 1 3 )
225 FORMAT(IX,'VISCOSITY - ' , F 8 . 4 , 5 X , ' SHEAR RATE - ' . F 8 . 4 )
991 FORMAT( ' 1 ’ )

97 FORMAT(4X,********* IER ******** - ' , 1 1 0 )
9 FORMAT ( I X , 'R H S ( ' , 1 3 , ' , 1 ) - ' .E 2 7 .1 6 )

987 FORMAT(5X,' I E R - ' , 1 6 , 9X, ' COEFF. ' , 1 4 , 1 2 , 1 2 , 1 2 , 1 2 , , E 15 . 6 , 9X,
1 ' M l - ' , I 4 , 5 X , ' I C - ' ,14 )

STOP
END

c
DATA

1 .E -0 3 1 .E - 1 6 1 .E - 1 6 1 .E -0 6  008 EPS(ASQ&SSLAE)) , AERR&RERR,IDGT(LEQT2F)
2 2 02 3 0 1 J$ ,M $ , N$, SPCNG, IWRITE(1-Y), INT(0-DCDRE, 1-ASQ)

1 .0  0 1 .0  VISCOSITY, SHEAR RATE
0 0 .0 0 0  0 0 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  B ,C ,D ,A(SP#2; FIXED)
0 5 .0 0 0  4 5 .0 0 0  0 0 .0 0 0  0 1 .0 0 0  DIST,BETA,GAMMA,A(SP# l;MOVING)
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G. SUBROUTINES USED IN CALCULATING COEFFICIENTS OF UNKNOWN

CONSTANTS, INTEGRATION AND MATRIX SOLUTIONS:

These s u b r o u t i n e s  a r e  u sed  in  th e  main p rogram  to  c a l c u l a t e  th e  

c o e f f i c i e n t s  o f  th e  unknown c o n s t a n t s .  S u b r o u t in e s  f o r  d o in g  n u m e r ic a l  

i n t e g r a t i o n s ,  c a l c u l a t i n g  a s s o c i a t e d  L e g a n d re ' s  f u n c t i o n s  and  s o l v i n g  

s im u l t a n e o u s  e q u a t i o n s  a r e  a l s o  in c lu d e d .

C FUNCTION TO CALCULATE AJMN1
FUNCTION AJMNl(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , DJ,M, N, M l, IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J ,R J , THETAJ, PH IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XKPHIJ—M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1D0) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-SINTJ*SINY*C0SMPJ *SINTK 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE 
FC-X*SINTK*COSY-SINTJ*COSTK
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD-O.DO
GO TO 90005

90004 CONTINUE
FD-SINMPJ *M*PNMX/SINTJ

90005 CONTINUE
AJMN1-( FAB- FC*FD)/ (RJ**N1)
IF  ( I C .E Q . l )  AJMN1-AJMN1*DC0S(M1*PHIK)
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IF  ( IC .E Q .2 )  AJMN1-AJMN1*DSIN(M1*PHIK)
RETURN
END

C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

C FUNCTION TO CALCULATE BJMN1
FUNCTION BJMNl(PHIK)
IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
COMMON/FAC/DFACT(56),PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J . C J , D J, M, N, M l, IC 
CALL COORJ (RK,THETAK, PHIK,BK, CK,DK, B J , C J , D J , R J , THETAJ,PHIJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX—PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1DO) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-SINTJ *SINY*SINMPJ*SINTK 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC-X*SINTK*COSY- SINTJ *COSTK
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE
FD-COSMPJ *M*PNMX/SINTJ

90005 CONTINUE
BJMN1-( FAB+FC*FD)/(RJ**N1)
IF  ( I C .E Q . l )  BJMN1-BJMN1*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  BJMN1-BJMN1*DSIN(M1*PHIK)
RETURN
END

c
C FUNCTION TO CALCULATE CJMN1

FUNCTION CJMN1(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J, M, N, M l, IC 
CALL COORJ (RK,THETAK,PHIK,BK,CK,DK, B J , C J , D J ,R J , THETAJ,PHIJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
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XMPHIJ-M+PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X . EQ. 1D0. OR.X.EQ.- 1DO) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-(X*COSY*SINTK-COSTK*SINTJ) *SINTJ *COSMPJ 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE 
FC-(X*COSTK+SINTK*COSY*SINTJ)*COSMPJ*Nl*PNMX 
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE
FD-SINMPJ*SINTK*SINY*M*PNMX/SINTJ

90005 CONTINUE
CJMNl—( - FA B-FC-FD)/(RJ**(N+2))
IF  ( I C .E Q . l )  CJMN1-CJMN1*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  CJMN1-CJMN1*DSIN(M1*PHIK)
RETURN
END

C *******************************************************
C FUNCTION TO CALCULATE DJMN1

FUNCTION DJMNl(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J ,M, N, M l, IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J, R J , THETAJ, PH IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ—M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X.EQ.1D0. OR.X.EQ. - 1D0) GOTO 90000 
GO TO 90001 

90000 CONTINUE
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FAB -  0 .0D0 
GO TO 90002

90001 CONTINUE
FA-(X*COSY*SINTK- COSTK*SINTJ) *SINTJ*SINMPJ 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC—(X*COSTK+SINTK*COSY*SINTJ)*SINMPJ*Nl*PNMX 
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD -0 . DO
GO TO 90005

90004 CONTINUE
FD-COSMPJ*SINTK*SINY*M*PNMX/SINTJ

90005 CONTINUE
DJMNl-(-FAB-FC+FD)/(RJ**(N+2))
IF  ( I C .E Q . l )  DJMN1-DJMN1*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  DJMN1-DJMN1*DSIN(M1*PHIK)
RETURN
END

C A**
C FUNCTION TO CALCULATE EJMN1

FUNCTION EJMNl(PHIK)
IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
COMMON/FAC/DFACT(56), PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J, M. N, M l, IC 
COMMON/VSCSTY/VIS
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J , R J , THETAJ, P H IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX—PNM(N,M,X,R)
SINMPJ—DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1DO.OR.N.EQ.O) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA—(X*COSY*SINTK- COSTK+SINTJ) *SINTJ *COSMPJ * ( N- 2 ) /N 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC-(X*COSTK+SINTK*COSY*SINTJ) *C0SMPJ*N1*PNMX 
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD-O.DO
GO TO 90005
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90004 CONTINUE
FD-SINMPJ *SINTK*SINY*M*PNMX/SINTJ * ( N- 2 ) /N

90005 CONTINUE
EJMN1-( FAB+FC+FD) / ( RJ**N) / 2 / V I S / (2 *N-1)
IF  ( I C .E Q . l )  EJMN1—EJMN1*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  EJMN1-EJMN1*DSIN(M1*PHIK)
RETURN
END

C ******************************************************
C FUNCTION TO CALCULATE FJMN1

FUNCTION FJMNl(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N, M l, IC 
COMMON/VSCSTY/VIS
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J , R J , THETAJ, PH IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY—DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX—PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.1D0.0R.X.EQ.-1DO.OR.N.EQ.O) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-(X*COSY*SINTK- COSTK*SINTJ) *SINTJ *SINMPJ * ( N- 2 ) /N 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC-(X*COSTK+SINTK*COSY*SINTJ)*SINMPJ *N1*PNMX 
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE
FD—COSMPJ *SINTK*SINY*M*PNMX/SINTJ * ( N- 2 ) /N

90005 CONTINUE
FJMN1-( FAB+FC- FD) / ( R J * * N ) /2 /V IS / ( 2*N-1)
IF  ( I C . EQ. 1 ) FJMN1-FJMN1+DCOS(M1*PHIK)
IF  ( I C . EQ.2)FJMN1-FJMN1*DSIN(M1*PHIK)
RETURN
END

c
C FUNCTION TO CALCULATE AJMN2

FUNCTION AJMN2(PHIK)
IMPLICIT REAL*8($, A-H.O-Z)
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COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N, M1 , IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J, R J , THETAJ, P H IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1DO) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA—SINTJ *SINY+COSMPJ *CCSTK 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE 
FC-X*COSTK*COSY+SINTJ *SINTK
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0 . DO
GO TO 90005

90004 CONTINUE
FD-SINMPJ*M*PNMX/SINTJ

90005 CONTINUE
AJMN2-( FAB- FC*FD) / ( RJ**N1)
I F ( I C . EQ.1 )  AJMN2-AJMN2*DCOS(M1*PHIK)
I F ( I C . EQ.2 )  AJMN2—AJMN2*DSIN(M1*PHIK)
RETURN
END

C ******************************************************
C FUNCTION TO CALCULATE BJMN2

FUNCTION BJMN2(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N,M l, IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J . D J, R J , THETAJ, P H IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ—M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN( THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY—DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
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FNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1D0) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE 
FA-SINTJ*SINY*SINMPJ*COSTK 
FAB-FA * DDXPNM(N, M, X, R)

90002 CONTINUE 
FC-X*COSTK*COSY+SINTJ *SINTK
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE
FD—COSMPJ *M* PNMX/SINTJ

90005 CONTINUE 
BJMN2-(FAB+FC*FD)/(RJ**Nl)
IF  ( I C .E Q . l )  BJMN2-BJMN2*DCOS(M1*PHIK)
IF  ( IC .E Q .2 )  BJMN2-BJMN2*DSIN(M1*PHIK)
RETURN
END

c  i c ' k ' k i t ' k i t ' k ' k ' k ' k ' k ' k ' k i t ' k ' k i c ' k ' k ' k ' k ' k i t ' k ' k ' k ' k ' k ' k i c i c ' k i c ' k ' k ' k ' k ' k ' k ' k - k ' k ' k i c ' k i c ' k ' k ' k i c ' k i r k ' k

C FUNCTION TO CALCULATE CJMN2
FUNCTION CJMN2(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N,M l, IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J , R J , THETAJ, P H IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ—M*PHIJ 
SINTJ-DSIN( THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.IDO.OR.X.EQ.-1D0) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-(X*COSY*COSTK+SINTK+SINTJ) *SINTJ+COSMPJ 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC -( -X*SINTK+COSTK*COSY*SINTJ) *COSMPJ *N1*PNMX
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IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0 . DO
GO TO 90005

90004 CONTINUE
FD—SINMPJ*COSTK*SINY*M*PNMX/SINTJ

90005 CONTINUE
CJMN2-(-  FAB- FC- FD)/ ( RJ**(N+2) )
IF  ( I C .E Q . l )  CJMN2-CJMN2*DCOS(M1*PHIK)
IF  ( IC .E Q .2 )  CJMN2-CJMN2*DSIN(M1*PHIK)
RETURN
END

c 'k'k'k’k'k'kit’k’k'kic'k'kic'kit'k'k'k'kic'k'k'k'kie'k-k-k'k'k'k'kicic'k'k'k'k'kicic'kic k'kit'k'kic'k'k-k'k 
C FUNCTION TO CALCULATE DJMN2

FUNCTION DJMN2(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J ,M, N, M l, IC 
CALL COORJ (RK,THETAK,PHIK,BK, CK,DK,BJ, C J , D J , R J , THETAJ,PHIJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X.EQ.1DO.OR X.EQ.-1D0) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-(X*COSY*COSTK+SINTK*SINTJ) *SINTJ *S INMPJ 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC—( -X*SINTK+COSTK+COSY*SINTJ)*SINMPJ*N1*PNMX 
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE
FD—COSMPJ*COSTK*SINY*M*PNMX/SINTJ

90005 CONTINUE
DJMN2-(-FAB-FC+FD)/(RJ**(N+2))
IF  ( I C .E Q . l )  DJMN2-DJMN2*DCOS(M1*PHIK)
IF  ( IC .E Q .2 )  DJMN2-DJMN2*DSIN(M1*PHIK)
RETURN
END
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C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C FUNCTION TO CALCULATE EJMN2

FUNCTION EJMN2(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J ,M, N, M l, IC 
COMMON/VSCSTY/VIS
CALL COORJ (RK,THETAK, PHIK, BK, CK,DK,BJ, C J , D J , R J , THETAJ,PHIJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN( THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS( THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1DO.OR.N.EQ.O) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  O.ODO 
GO TO 90002

90001 CONTINUE
FA-( X*COSY*COSTK+SINTK*SINTJ' *SINTJ+COSMPJ*( N- 2 ) /N 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC—( -X*SINTK+COSTK*COSY*SINTJ)*C0SMPJ*N1*PNMX 
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0 . DO
GO TO 90005

90004 CONTINUE
FD-SINMPJ*COSTK*SINY*M*PNMX/SINTJ * ( N- 2 ) /N

90005 CONTINUE 
EJMN2-(FAB+FC+FD)/(RJ**N)/2/VIS/(2*N-1)
IF  ( I C .E Q . l )  EJMN2-EJMN2*DC0S(M1*PHIK)
IF  (IC .E Q .2 )  EJMN2-EJMN2*DSIN(M1*PHIK)
RETURN
END

c
C FUNCTION TO CALCULATE FJMN2

FUNCTION FJMN2(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT(5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J,M, N, M l, IC 
COMMON/VSCSTY/VIS
CALL COORJ (RK,THETAK,PHIK,BK,CK, DK,BJ, C J , D J , R J , THETAJ,PHIJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ
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SINTJ-DSIN(THETAJ)
SINTK-DSIN( THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY—DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX—PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1DO.OR.N.EQ.O) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-(X*COSY*COSTK+SINTK*SINTJ) *SINTJ *SINMPJ * ( N- 2 ) /N 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC-( -  X*SINTK+COSTK*COSY*SINTJ) *SINMPJ *N1*PNMX 
IF  (SINTJ.EQ.O.DO.OR.M.EQ.O.DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE
FD—COSMPJ*C0STK*SINY*M*PNMX/SINTJ * ( N- 2 ) /N

90005 CONTINUE
FJMN2—(F A B + F C -FD )/(R J**N )/2 /V IS /(2*N -l)
IF  ( I C .E Q . l )  FJMN2-FJMN2*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  FJMN2-FJMN2*DSIN(M1*PHIK)
RETURN
END

C ******************************************************
C FUNCTION TO CALCULATE AJMN3

FUNCTION AJMN3(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J ,M, N, M l, IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J , R J , THETAJ, P H IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M+PHIJ
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY—DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ—DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1D0) GOTO 90000 
GO TO 90001 

90000 CONTINUE
FAB -  0.0D0
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GO TO 90002
90001 CONTINUE

FA-SINTJ *COSY*COSMPJ 
FAB-FA * DDXPNM(N, M, X, R)

90002 CONTINUE 
FC-X*SINY
IF  ( S IN T J. EQ. 0 . DO. OR. M. EQ. 0 . DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD-O.DO
GO TO 90005

90004 CONTINUE
FD—SINMPJ*M*PNMX/SINTJ

90005 CONTINUE 
AJMN3-(FAB+FC*FD)/(RJ**N1)
IF  ( I C .E Q . l )  AJMN3-AJMN3*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  AJMN3-AJMN3*DSIN(M1*PHIK)
RETURN
END

C 'k'k’k'kit'k'k'k'k'kicicicic'k'k'k'k'k'k'k'kit'k'k'k'k'k'k'kit'k'k'kie'k'k'k'k'k'k'k'k'k'k'k'k'k'kit'k'k'k'k
C FUNCTION TO CALCULATE BJMN3

FUNCTION BJMN3(PHIK)
IMPLICIT REAL*8($, A -H ,0-Z)
COMMON/FAC/DFACT(56), PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, BJ , CJ , DJ , M, N, M l, IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J, R J , THETAJ, PH IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y—PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS (Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY—DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1D0) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  O.ODO 
GO TO 90002

90001 CONTINUE 
FA-SINTJ*COSY*SINMPJ 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE 
FC—X*SINY
IF  ( S IN T J. EQ. 0 . DO. OR.M. EQ. 0 . DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD-O.DO
GO TO 90005

90004 CONTINUE
FD—COalMPJ *M*PNMX/S INTJ
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90005 CONTINUE
BJMN3-( FAB- FC*FD)/ ( RJ**N1)
IF  ( I C . EQ.1) BJMN3-BJMN3*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  BJMN3—BJMN3*DSIN(M1*PHIK)
RETURN
END

C ******************************************************
C FUNCTION TO CALCULATE CJMN3

FUNCTION CJMN3(PHIK)
IMPLICIT REAL*8($, A-H ,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK. CK, DK, B J , C J , D J, M, N,M l, IC 
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J , R J , THETAJ, PH IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN( THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM( N, M, X, R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X.EQ.1D0.OR.X.EQ.-1D0) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA—X*SINY*SINTJ*COSMPJ 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE 
FC-SINY*SINTJ*C0SMPJ*N1*PNMX
IF  ( SIN T J. EQ. 0 . DO. OR.M. EQ. 0 . DO) GOTO 90003 
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE 
FD-SINMPJ*COSY*M*PNMX/SINTJ

90005 CONTINUE
CJMN3-(+FAB+FC- FD) / ( R J**(N+2))
I F ( I C . EQ.1 )  CJMN3—CJMN3*DCOS(M1*PHIK)
I F ( I C . EQ.2 )  CJMN3—CJMN3*DSIN(M1*PHIK)
RETURN
END

C **********************************-.<*******************
C FUNCTION TO CALCULATE DJMN3

FUNCTION DJMN3(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J, M, N,M l, IC
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J , R J , THETAJ, PH IJ)
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Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ—M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS( THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X . EQ. 1D0. OR.X.EQ. - 1D0) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-X*SINY*SINTJ*SINMPJ 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC—SINY*SINTJ*SINMPJ*N1*PNMX
IF  (S IN T J . EQ. 0 . DO. OR.M.EQ. 0 . DO) GOTO 90003
GO TO 90004

90003 CONTINUE 
FD—0 . DO
GO TO 90005

90004 CONTINUE
FD—COSMPJ*COSY*M*PNMX/SINTJ

90005 CONTINUE
DJMN3-( +FAB+FC+FD) / ( R J**( N+2))
IF  ( IC . EQ. 1 ) DJMN3-DJMN3*DCOS(M1*PHIK)
IF  ( I C . EQ. 2 ) DJMN3-DJMN3*DSIN(M1*PHIK)
RETURN
END

c M'k'k'k'k'kic'k'k'k'k-k'k'k'k'kiclc'k'k'k'k

C FUNCTION TO CALCULATE EJMN3
FUNCTION EJMN3(PHIK)
IMPLICIT REAL*8($,A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J ,M, N, M l, IC 
COMMON/VSCSTY/VIS
CALL COORJ (RK,THETAK,PHIK,BK,CK,DK,BJ,CJ,DJ,RJ, THETAJ,PHIJ) 

Nl-N+1 
R-0.DO
X-DCOS(THETAJ)
XMPHIJ—M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS( THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX—PNM(N,M,X,R)
SINMPJ-DSIN(XMPHIJ)
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SINY—DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1DO.OR.N.EQ.O) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-X*SINY*SINTJ*COSMPJ * ( N- 2 ) /N 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE
FC—SINY*SINTJ*C0SMPJ*N1*PNMX
IF  ( SIN TJ. EQ. 0 . DO. OR. M. EQ. 0 . DO) GOTO 90003
GO TO 90004

90003 CONTINUE 
FD—0. DO
GO TO 90005

90004 CONTINUE
FD-SINMPJ *COSY*M*PNMX/SINTJ * ( N- 2 ) /N

90005 CONTINUE
EJM N 3-(-FA B-FC+FD )/(RJ**N )/2/V IS/(2*N -1)
I F ( I C . EQ.1 )  EJMN3-EJMN3*DCOS(Ml*PHIK)
IF ( I C .E Q .2) EJMN3-EJMN3*DSIN(Ml*PHIK)
RETURN
END

C 'k’k'k'k'k'k'k'k'k'k'k'k'k'k'k'k'̂ 'k'k'k'k'k'k'k'k'k'k'kit'k'k'k'k'kic'k-k'k'k-k'kic'kit'k'k'k'k'kic'kicicic
C FUNCTION TO CALCULATE FJMN3

FUNCTION FJMN3(PHIK)
IMPLICIT REAL*8( $ , A-H, 0 - Z)
COMMON/FAC/DFACT( 5 6 ) , PI
COMMON/VALUE/RK, THETAK, BK, CK, DK, B J , C J , D J , M, N, M l, IC 
COMMON/VSCSTY/VIS
CALL COORJ (RK, THETAK, PHIK, BK, CK, DK, B J , C J , D J , R J , THETAJ, PH IJ) 

Nl-N+1 
R - 0 . DO
X-DCOS(THETAJ)
XMPHIJ-M*PHIJ 
SINTJ-DSIN(THETAJ)
SINTK-DSIN(THETAK)
Y-PHIK-PHIJ 
COSTK-DCOS(THETAK)
COSY-DCOS(Y)
COSMPJ-DCOS(XMPHIJ)
PNMX-PNM(N,M,X,R)
SINMPJ —DSIN(XMPHIJ)
SINY-DSIN(Y)
IF  (X.EQ.1DO.OR.X.EQ.-1DO.OR.N.EQ.O) GOTO 90000 
GO TO 90001

90000 CONTINUE 
FAB -  0.0D0 
GO TO 90002

90001 CONTINUE
FA-X*SINY*SINTJ*SINMPJ*(N- 2 ) /N 
FAB-FA * DDXPNM(N,M,X,R)

90002 CONTINUE 
FC-SINY*SINTJ*SINMPJ*N1*PNMX
IF  (S IN T J . EQ. 0 . DO. OR.M. EQ. 0 . DO) GOTO 90003
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GO TO 90004
90003 CONTINUE 

FD -0 . DO
GO TO 90005

90004 CONTINUE
FD-COSMPJ *COSY*M* PNMX/SINTJ*(N-2)/N

90005 CONTINUE
F JM N 3-(-FA B -FC -FD )/(R J**N )/2 /V IS /(2*N -1)
IF  ( I C .E Q . l )  FJMN3-FJMN3*DC0S(M1*PHIK)
IF  ( IC .E Q .2 )  FJMN3-FJMN3*DSIN(M1*PHIK)
RETURN
END

C SUBROUTINE
SUBROUTINE COORJ(RX, THETAX, PHIX, BX, CX, DX, BY, CY, DY, RY, THETAY, PHIY) 
IMPLICIT REAL*8 ($ ,A -H ,0 -Z )

COMMON/FAC/DFACT( 5 6 ) , PI 
SINTX-DSIN(THETAX)
XX-RX*SINTX*DCOS( PHIX)
YX-RX*SINTX*DSIN( PHIX)
ZX-RX*DCOS(THETAX)
XY-XX+BX-BY
YY-YX+CX-CY
ZY-ZX+DX-DY
P-(XY)**2+(YY)**2+(ZY)**2
RY-DSQRT(P)
I F ( ZY. EQ. 0 ) GOTO 90000 
GO TO 90001

90000 CONTINUE 
THETAY-PI/2 
GO TO 90002

90001 CONTINUE
Q-DSQRT(XY**2+YY**2) /ZY 
THETAY-DATAN(Q)

I F ( ZY. LT. 0 ) GOTO 90003 
GO TO 90004

90003 CONTINUE
THETAY-PI+THETAY

90005 CONTINUE
90004 CONTINUE
90002 CONTINUE

IF(XY.EQ.OJGOTO 90006 
GO TO 90007

90006 CONTINUE 
PHIY -PI/2  
IF(YY) 1 , 2 ,3

1 PHIY- PI+PHIY 
GO TO 4

2 PHIY—0 
GO TO 4

3 PHIY-PHIY
4 CONTINUE 

GO TO 90008
90007 CONTINUE 

R—(YY)/(XY)
PHIY-DATAN(R)
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IF(XY.LT.O) GOTO 90009 
GO TO 90010

90009 CONTINUE
PHIY-PI+PHIY 

GO TO 90011
90010 CONTINUE

I F (XY. GT. 0 . AND. YY. LT.0 )  GOTO 90012 
GO TO 90013

90012 CONTINUE
PHIY-PHIY+PI*2

90014 CONTINUE
90013 CONTINUE
90011 CONTINUE 
90008 CONTINUE

IF  (RY.EQ.O) GOTO 90015 
GO TO 90016

90015 CONTINUE
THETAY-0 

90017 CONTINUE
90016 CONTINUE

RETURN
END

C 'kit'k'k'k'k'k'k'k'k'k'k'k'kit'k'k'k'k'k'k'kit'k'k'k'k'k'k'k'k'k'kic'k'k'k'kic'k'k'k'k'k'k-k'k'k'kic'k'kic
DOUBLE PRECISION FUNCTION PNM(N,M,Z,R)

C PURPOSE- TO EVALUATE ASSOCIATED LEGENDRE POLYNOMIALS.
C
C DESCRIPTION OF PARAMETERS 
C PNM -  ASSOCIATED LEGENDRE POLYNOMIAL
C N -  ANY INTEGER GREATER THAN OR EQUAL TO ZERO
C M -  ANY INTEGER GREATER THAN OR EQUAL TO ZERO
C Z -  ARGUMENT OF PNM ( - 1 . DO. LE. Z . LE. 1 . DO)
C
C SUBROUTINE AND FUNCTION SUBPROGRAMS REQUIRED- DFAC.DER 
C

IMPLICIT REAL*8(A-H,0-Z)
COMMON/FAC/DFACT( 5 6 ) , PI
IF(M.GT.N)GO TO 2
IF(N.EQ.O) GO TO 5
SUM-0. DO
J-N /2 + 1
DO 1 I - l . J
L - I - l
IA -2*(N-L)
IB—N-L 
IC-N-2*L-M 
IF (IC .L T .O ) GO TO 1
SUM-SUM+( ( - 1 . DO) **L*DFACT(IA+1)*Z**IC) / ( DFACT( L + l ) 

1*DFACT( IB+1) *DFACT( IC+1) )
1 CONTINUE

IF(DABS(Z). EQ. 1 . DO.AND.M.EQ. 0)GO TO 4 
PNM- ( ( ( DSQRT (1 .  DO - Z**2 ) ) **M ) *SUM)/2. D0**N 
GO TO 3

2 PNM—0 . DO 
GO TO 3

5 PNM—1 . DO 
GO TO 3
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4 PNM—SUM/2. D0**N
3 RETURN 

END

TO CALCULATE THE DIFFERENTIAL OF ASSOCIATED LEGENDRE FUNCTION 
FUNCTION DDXPNM(N,M,X,R)
IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
NM1-N-1
DDXPNM-(-N*X*PNM(N>M,X,R)+(N+M)*PNM(NMl,M1X ,R ) ) / ( l - X * * 2 )
RETURN
END
★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ ★ I* * * * * * * * * * * * * * * * * * * * * *

TO EVALUATE A DEFINITE INTEGRAL
FUNCTION ASQ(A, B, EPS, RK, THETAK, BK, CK, DK, B J , C J , D J , N, M, F) 
IMPLICIT REAL*8 ($ ,A -H ,0 -Z )
DIMENSION XC(IOO).FOXC(IOO),XR(1 0 0 ) , FOXR(1 0 0 ) , H02( 1 0 0 ) , S (100)
SIMP( FOXL, FOXC, FOXR, H) -H *( FOXL+4. DO*FOXC+FOXR) / 6 . DO
H-B-A
H2-0.5D0*H
E -1 5 . D0*EPS/H
NN-0
ASQ-0. DO
XI—A
FOXl-F(Xl)
X3-A+0. 5D0*H 
FOX3-F(X3)
X5-B
FOX5-F(X5)

7 SS-SIMP(F0X1, FOX3, FOX5,H)
4 X2-0.5D0*(X1+X3)

FOX2-F(X2)
X4-0.5DO*(X3+X5)
F0X4-F(X4)
551—SIMP(FOX1, FOX2 , FOX3 ,H2)
552-SIM P( FOX3 , FOX4, FOX5, H2)
SD-SS1+SS2
IF(DABS(SD-SS).LE.E*H) GO TO 3
NN-NN+1
XC(NN)-X4
FOXC(NN) -FOX4
XR(NN)—X5
FOXR(NN) -FOX5
H02(NN)-H2
S(NN)-SS2
X5-X3
FOX5-FOX3
X3-X2
FOX3-FOX2
H -0 . 5D0*H
H 2 -0 . 5D0*H2
GO TO 7

3 ASQ—ASQ+16,D0*SD/15.DO-SS/15.DO 
IF((X 5-B )*(B -A ).G E.O .D O ) RETURN
X1-X5 
FOX1-FOX5 
X3-XC(NN)
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F0X3-F0XC(NN)
X5-XR(NN)
F0X5-F0XR(NN)
SS-S(NN)
H-H02(NN)
H2-0.5D0*H 
NN-NN-1 
GO TO 4 
END

C • k 'k 'k 'k 'k it ir 'k 'k it 'k i t 'k lr k 'k lc 'k 'k 'k - i t 'k 'k 'k 'k 'k ir k 'k 'k 'k ic 'k 'k 'k ic 'k 'k it ic ic 'k 'k 'k 'k 'k 'k ic 'k 'k 'k - k *

SUBROUTINE SSLAE(R,A, M, N, EPS, IER, NDIM2)
C
C PURPOSE- TO SOLVE A GENERAL SYSTEM OF SIMULTANEOUS LINEAR ALGEBRAIC
C EQUATIONS.
C
C DESCRIPTION OF PARAMETERS
C R -  THE M BY N MATRIX OF RIGHT HAND SIDES. (DESTROYED)
C ON RETURN, R CONTAINS THE SOLUTION OF THE EQUATIONS.
C A -  THE M BY M COEFFICIENT MATRIX. (DESTROYED)
C M -  THE NUMBER OF EQUATIONS IN THE SYSTEM.
C N -  THE NUMBER OF RIGHT HAND SIDE VECTORS.
C EPS -  AN INPUT CONSTANT WHICH IS USED AS RELATIVE TOLERANCE FOR
C TEST ON LOSS OF SIGNIFICANCE. USE E P S -1 .D -16
C IER -  RESULTING ERROR PARAMETER CODED AS FOLLOWS:
C IER—0 - NO ERROR,
C IER—-1 - NO RESULT BECAUSE OF M LESS THAN 1 OR
C PIVOT ELEMENT AT ANY ELIMINATION STEP
C EQUAL TO 0,
C IER-K - WARNING DUE TO POSSIBLE LOSS OF SIGNIFICANCE
C INDICATED AT ELIMINATION STEP K + l , WHERE PIVOT
C ELEMENT WAS LESS THAN OR EQUAL TO THE INTERVAL
C TOLERENCE EPS TIMES ABSOLUTELY GREATEST
C ELEMENT OF MATRIX A.
C NDIM2 -  SUBROUTINE ARRAY DIMENSIONING INTEGER (NDIM2-M**2)
C
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED- NONE 
C
C METHOD- SOLUTION IS DONE BY MEANS OF GAUSS-ELIMINATION WITH COMPLETE 
C PIVOTING.
C

IMPLICIT REAL*8 (A-H.O-Z)
DIMENSION A(NDIM2),R(M)
IF (M )2 3 ,2 3 ,1

1 IER-0 
PIV-O.DO 
MM-M*M 
NM-N*M
DO 3 L-l.MM 
TB—DABS(A(L))
IF (T B -P IV )3 ,3 ,2

2 PIV-TB
I - L

3 CONTINUE 
TOI^EPS*PIV 
LST-1
DO 17 K-l.M



I F ( P I V ) 2 3 ,2 3 ,4
4 I F ( I E R )7 , 5 ,7
5 IF (P IV -T 0 L )6 ,6 ,7
6 IER-K-1
7 PIVI—1 . DO/A(I) 

J - ( I - 1 ) / M
I - I -J*M-K
J - J + l - K
DO 8 L-K.NM.M
LL-L+I
TB-PIVI*R(LL)
R(LL)-R(L)

8 R(L)-TB 
IF (K -M )9 ,1 8 ,1 8

9 LEND-LST+M-K 
I F ( J ) 1 2 ,1 2 ,1 0

10 II -J*M
DO 11 L^LST, LEND 
TB-A(L)
LI^L +II
A(L)-A(LL)

11 A(LL)-TB
12 DO 13 L-LST, MM, M 

Ll^L+I
TB-PIVI*A(LL)
A(LL)-A(L)

13 A(L)-TB 
A(LST)-J 
P IV -0 . DO 
LST-LST+1 
J - 0
DO 16 II-LST.LEND 
PIVI— A ( I I )
IST-II+M
J - J f l
DO 15 L-IST.MM.M 
L I^L -J
A(L)-A(L)+PIVI*A(LL) 
TB-DABS(A(L)) 
IF (T B -P IV )1 5 ,1 5 ,1 4

14 PIV-TB
I —L

15 CONTINUE
DO 16 L-K,NM,M 
LL-L+J

16 R(LL)-R(LL)+PIVI*R(L)
17 LST-LST+M
18 IF (M -1 )2 3 ,2 2 ,1 9
19 IST-MM+M 

LST-M+1
DO 21 1 - 2 , M
II -L S T - I  
IST-IST-LST 
L-IST-M 
L-A(L)+.5D0
DO 21 J-II .N M .M



T B -R (J)
LL-J
DO 20 K-IST.MM.M 
LL-LL+1

20 TB-TB-A(K)*R(LL) 
K-J+L 
R (J ) -R (K )

21 R(K)-TB
22 RETURN
23 IE R --1 

RETURN 
END


