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Abstract

On Some Local Combinatorial Invariants of Homology 

Manifolds 

by

Mahmoud Zeinalian 

Advisor: Professor Dennis Sullivan

In this dissertation, by a method similar to that of the Chern- 

VVeil theory of characteristic classes for smooth manifolds, we 

introduce a sequence invariants for orientable and triangulated 

homology manifolds. These invariants are local and combinatorial 

in nature.
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1

0 Introduction

Section 1 offers a construction of what is called the universal combinatorial 

twisting cochain. The construction arose from reading Edgar H. Brown’s pa­

per on twisting cochains [1], and it is a combinatorial basepoint-free version 

of what he has. Section 2 discusses the general concept of a combinatorial 

Chern-Weil system. It also defines the notion of a combinatorial twisting 

cochain, and a notion of equivalence, and how these objects may emerge 

from combinatorial Chern-Weil systems in the presence of the universal twist­

ing cochain. Section 3 defines some invariants associated with combinatorial 

twisting cochains called the characteristic classes, and discusses the extent to 

which these invariants depend on the twisting cochains or the Chern-Weil sys­

tems they come from: equivalent Chern-Weil systems give rise to equivalent 

twisting cochains which in turn give rise to identical characteristic classes. 

Section 4 studies how examples of combinatorial twisting cochains come up 

in differential geometry: A smooth bundle endowed with a connection gives 

rise to a combinatorial twisting cochain which, up to equivalence, is indepen­

dent of the choice of a connection. Section 5 looks at a more subtle instance 

of this concept in the context of a homotopy and homology manifolds where 

the tangent bundle does not exist. Section 6 brings Poincare duality into the 

picture.

1 The differential graded algebra P.

Let M  denote a triangulable, compact, connected, and orientable homology 

manifold of dimension m such that the links of the vertices are simply con­
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nected (i.e. a homotopy manifold). Endow M  with a fixed triangulation T. 

All differentials are of degree - 1, and following Quillen, “In working with dif­

ferential graded objects we shall adhere to the standard sign rule: whenever 

something of degree p is moving past something of degree q the sign 

accrues.” Given complexes C. and C'„ {C ® C ) ,  and H om ,(C ,C ')  are made 

into complexes in a standard fashion. There exists a natural chain map 

(C* ® C ')« —> H om ,(C ,C '), which is an isomorphism when the complexes 

are finite dimensional in each degree.

Definition 1.1. Let A* = (eo, e*, )  = {(x 0, . . . ,x k) 6  Rk+l : Xi > 0;x0 + 

... + Xk =  1} denote the standard k-simplex. A k-simplex. a : Afc —► 

M . in M , is a simplicial map from the standard k-simplex onto a sim­

plex of the triangulation T . We use the symbol a  =  ( vq, ..., v^) to indi­

cate that Vi = a{ei). v0 and Vk are called the initial and terminal points 

of a, respectively. Note that the geometric dimension of the image of a  

could be less than k. CkM denotes the vector space generated by the k- 

simplices equipped with a boundary operator of degree —1: d : C , \ I  —> C»M; 

d(v0,...,Uk) = E j=0(—iy ( v 0,...,Vj,...Vk); and a comultiplication of degree 

zero: A : C ,M  C ,M  ® C ,M ;  A (r0, ..., vk) =  S j=0(i!o, Vj) ® {v j,..., vk). 

The dual graded vector space, C~*M  =  H om (Ct , R). is, therefore, equipped 

with a coboundary operator of degree —I: 5 =  d* : C~kM  —> C~k~lM , satis­

fying (Sa)a  =  —(— f or a  6  C~kM , and a  £ Ck+iM: and a Cup 

Product of degree 0: U : C*M  ® C*M  -> C*At; U =  A*.

Proposition 1.2. (C,M , A, d) is a differential graded coassociative coalge­

bra. Consequently, (C~*M,\J,5) is a differential graded associative algebra.
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3

Proof, d  is a differential, i.e., d2 =  0, since

dd{v0,.. . ,v k) = dS j=0( - i y ( v 0,...,Vj,...Vi.)

=  £ , - < . / ( - 1)*+J(t>0, ..., Vj ,  . . . vk )

+  S j < i ( —l ) 1+ J _ l (v 0, . . . v j , . . . , %  . . . vk )

= 0 .

A is coassociative, i.e., (A ® 1) o A =  (1 ® A) o A, since

(A ®  1) o  A(t'0, . . . ,  f t )  =  (A ®  l)S*=0(i;o,. . . ,  v j )  ®  ( v j t . . . ,  v k )

=  S*_0A('u0, ..., v j )  ®  ( v j , . . . ,  vk )

=  Si<j(«o, ..., Vi)  ®  ( t / j . . . ,  Uj) ®  (Uj, . . . ,  Ufc) 

=  (1® A) o A (i’0, .... Vjt)

d  is a coderivation, i.e., A o d  =  (c)®l  +  l ® d ) o A ,  since

A o d(v0 vk ) = A £ j_ o (- l)J(t/0, Vj ,  ...vk)

=  £ j< j( - l ) J(t'0,...,t;i)®  ( v t , . . . , V j , . . . , v k )

+  £ j < t ( - l ) J (t'o, . . . , V j , . . . .  U|) ®  (u t , . . . ,  v k )

=  ( - l ) J £ « j ( - l ) J" ' ( u o , . . . .  V[)  ®  (t'j, . . . ,  Uj, . . . ,  Ufc)

+ £ j< /( - l ) J(l'o,..., Vj ,  ..., vt) 0  (V|,..., vk)

=  ( d ® l  +  l ® d ) o  A(u0, ..., vk)

□

R e m a rk  1.3. C.A/ is a finite dimensional vector space with a canonical 

basis, therefore naturally isomorphic to its dual C*M. This fact allows us
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4

to consider the operator S : C kM  —> C  k l M  as an operator 5 : CkM  —>

Ck+iM-

Definition 1.4. For a  £ C~kM  and a  £ CiM , define their cap product to 

be the unique element, a  Cl a £ C i-kM . satisfying: 7 (0  fl a) =  (7 U a)a; 

V7  6  C k~lM . Note that n  : C~* ® C. -> C. is a map of degree 0 .

Proposition 1.5. The map D : C~*M  ® C.A/ -► C ,M ; a  ® <7 a  n a, 

defines a differential graded left (C - *, 5) -module structure on (C ,M ,d ).

Proof. The cap product, fl, defines a left module structure, since

a  fl (fi f l  a )  =  ( a  U fl a  i f f

7 ( 0  fl (t3 H a ) )  =  7 ( ( a  U fi) fl a);  V7 6  C “ * i f  f

(7 U a )( ,d  Pi a )  =  (7  U ( a  U l3))a;  V7 £  C~* i f  f

( ( 7 U a )  U 0)a  =  ( 7 U  ( a U ^ ) ) f f ;  V7 6  C~* i f  f

(7 U a )  U 0 =  7  U ( a  U p)

which holds since U is associative.

The cap product, fl, is a chain map, since

9 (a  fl a)  = 6a fl a  4- ( — fl d a  i f f

7 (3 ( a f l a ) )  =  y(Sa  Her) +  (—l ) ^ 7 (a  n  da) i f f

-  ( - l ) ^ ^ 7 (a  fl a )  =  7(60  fl a )  +  (—l)lQ4 (a fl d a )  i f  f

— (—1)^(<J7 U a )a  =  (7 U 6a)rr +  (—l )'a '(7  U a ) d a  i f  f

-  ( - l ) l7l(<bUa)a= (7U 5a)(7 -( - l ) lal ( - l ) i7l+l°lj(7UQ)(7 i f f

— (—1)^(A7  U a )  =  (7 U 6a) — (—1) ^ 6(7 U a ) i f f  

6(7 U a) =  67 U q  +  (—1)*7'(7  U 6a)
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which holds since 5 is a derivation with respect to U. □

Corollary 1.6. The map induced on the homology fl : H~*M ® H ,M  —> 

H ,M  furnishes H ,M  with a graded H~*M-module structure.

Remark 1.7. C*M is a differential graded bimodule over itself and therefore 

C ,M  has in fact a differential graded bimodule structure over C M .  We will 

not present the explicit formulae.

Definition 1.8. An n-snake a  is a sequence of simplices OiO-)...am, where 

n =  T.fL^dimOj -  1). The length of a is defined to be 1(a) =  m and a  

is simple if  I(a) = 1. Let Pn denote the graded vector space generated by 

n-snakes in degree n with a caveat that in degree zero an extra symbol 1 is 

adjoined. We endow P. with a multiplication by setting the product of two 

snakes to be a longer snake obtained by concatenation. By fiat, the element 1 

serves as the unit of this algebra. Moreover, P. is equipped with a boundary 

operator which is defined on a simple snake by

d{vQ, ..., vn) = H*Iil ( - l ) fc{(i-’o, vk. .... vn) -  {v0, ..., vk){vk, ..., «„)}

and is extended to the entire vector space by the derivation rule d(crcr') =  

(cb )a '  +  (—l ) ^ o (d a ') ,  associativity, and linearity.

Proposition 1.9. P. equipped with the above multiplication and boundary 

operator yields a differential graded, unital, associative algebra.

Proof. To prove that d2 =  0, it suffices to show that da  =  0. for all simple 

snakes a  =  (c0, v„), since they generate the entire algebra and d  is a
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derivation.

d2{a) = 3SfcZ1l ( - l ) fc{(«o,...,Vfc,..MUn) -  [ v o ,- ,v k){vk,.. . ,v n)}

= Y.j<k( - l ) k+J{vQ, ..., vn)

+  Sjfc<J-(- l)* +0 - l ) (Uo, «fc, —,Vj, Vn)

-  Z j<k{ - l ) k+](v0, Vj){Vj, ...,Vk, ..., Vn)

-  T,k<j{ - l ) kH}~l)(v0, ..., %, ..., Vn)

-  I,j<k{ - l ) k+J{Vo, ...,Vj, l/„)

-  S fc<; ( - l ) * +(A!-l)+(j~fc)(i?o, vk) ( v k, ..., Vj , ..., vn)

+  r,j <k{ - l ) k+3{vQ, ..., Vj)(vj ,  .... vk) ( vk, ..., t-n)

+  Efc<j(-l)*+(fc_l)+(j_fc)(*'’0, -M Vk ) ( v k , ..., Vj)(Vj, .... Vn)

=  0

□

2 Twisting cochains and combinatorial Chern- 
Weil systems

Given a differential graded coassociative coalgebra (C „ A ,d c )  and a differ­

ential graded associative algebra (D .,m ,5 o ), define a differential, d, and a 

multiplication, • , on H om ,(C , D) as follows: for any f , g  6  H om ,(C , D), 

O f =  dD o f  -  ( - 1)!/!/ o dc , and /  • g =  m  o ( /  ® g) o A.

P ro p o s itio n  2 .1 . (Hom,{C, D), - ,d)  is a differential graded associative al­

gebra.
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Proof.  T h e  m u lt ip l ic a t io n  is a ssoc ia t ive ,  since

( /  • 3) ■ h = {m o { f  ® g) o A) • h

= rn o ((m o ( /  ® g) o A) ® h) o A 

= m o  ((rn ® 1) o ( /  ® <7 ® /i) o (A ® 1)) o A 

= m o ( ( l 0 m ) o ( / ® j ® / i ) o ( l 0  A)) o A 

=  m o ( / ® ( m o ( j ® / i ) o  A)) o A 

=  /  • (m  o ( j 0 / i ) o A )

= /  • (5 • h)

3 is a derivation, since

9 ( / - s )  =  0 D o ( /  ■ 9) -  ( - l p » ' ( /  • 9 ) o dc  

=  d o  °  m  o ( /  ®  <7) o A

-  (—l ) ^ m  o ( /  ® 5 ) o A o dc

= m o  (do ® 1 +  1 ® dp) o ( f  ® g) o A

-  ( - l ) ^ ‘9,m o ( /  ® g) o (dc  ® 1 +  1 ® 9c) 0 A

=  m o ((3d o / )  ® g -  (—I ) l/ ffl( —1)|9|( /  o 3C) ® </) o A 

+  m o ( ( -1 ) I;|/  ® (3d o g) -  ( - l ) l/ fll f  ® (g o 3C)) o A 

=  m o (3 / ® <7) o A +  (—l ) ^ m  o ( /  ® 3<?) o A 

=  5 / .  5 +  (-1)1/1/-3(7

□
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P ro p o s itio n  2.2. Let r  : C ,M  —> P . fc/. Def. 1.7.) be defined as follows:

r(deg 0) =  0

t ( v q , V i ) =  1 -  { v Q, V i )

t { v 0 , . . . , u n ) =  ( - l ) B ( « o . - . u » ) ,  / o r  n  >  1 .

Then in the differential graded associative algebra H orn,(C ,M , P), d r+ r-r  =

0 .

Proof. It is easy to see that (dr + r  • r ) ( i’o) =  0. Also (dr  +  r  • r){v0, i \ )  = 0

by degree considerations and the fact that r  is zero in degree zero.

( d r  + r  • r ) ( y 0, v2) =  t 8 {v0, i>i, v2) +  d r ( v 0. v x, v2) +  m  o ( r  ® r )  o A (y 0. tfi, v2)

=  {1 -  (u lt v2) -  1 +  ( f 0, o2) +  1 -  (u0,t>i)}

+ { ~( y0! t'2) +  («0, t'i)(ui, t'o)}

-  {1 -  ( l’0i Vi) -  (t'l, V2) +  (u0, <-’2)}

=  0
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For an n simplex, n > 2, we have:

(8t + t - r ) (v0, v n) =  rd(v0, i>„) +  d r( t70, vn)

+  m o ( r  ® r)  o A(uo,.... un)

=  rE£_0( - l ) fc(r/o, —. ^  —vn)

+  ( - l ) nY , l Z { { - l ) k { { v Q, . . . ,Uk, . . . ,  Vn) -  (Uo, .... Vk)(vic! .... v n)}  

+ m o ( r  ® r)E]J=0(L'o,..., ufc) ® (u*}.... i>„)

+ ( - l ) n̂ z | ( - l ) fc{(«0. t’n) -  ( I ' o , y „ ) }

+ { - ( - l ) n_l[l -  (wo. Wi)](l7i On )

+ S2^(-l)*(-l)*(-ir*(fo,.. .,y*)(t;ik,. .. ,i'n)

+ ( - l ) n“l( - l ) n_l(t'ot ..., u„-i)[l -  (u„-i, un)]}

=  0

□

Definition 2.3. The above r  : C .M  -> P ., satisfying d r  4- r  • r  =  0, is ca//er/ 

the universal twisting cochain on M .

Definition 2.4. .4 D evalued twisting cochain on C, or a twisting cochain 

for short, is a map t  : C , —> D ,, o/ degree —1, from a differential graded 

coalgebra into a differential graded algebra, satisfying d r  +  r  • r  =  0 .

Definition 2.5. A combinatorial Chem- Weil system with the structure group 

algebra D ,  is a homomorphism o f differential graded algebras p : P, —> £),.

Definition 2.6. A D evalued combinatorial twisting cochain on M  is a twist­

ing cochain r  : CmM  —> D,.
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E x a m p le  2.7. Given a combinatorial Chern-Weil system consider rp =  por : 

C ,M  —> P . —> D . .  Notice that rp is a Devalued combinatorial twisting 

cochain.

Let MC =  { r  G H om ,{C , D) : d r  +  r  • t  =  0}. Let TrMC, the tangent 

space of MC at a point r ,  denote the space of first order deformations of r.

Proposition 2 .8 . TtMC = {e € Hom,(C, D) : de + [r.c] = 0}, where 

[ t ,  t ]  =  r  • c +  c • r  .

Proo/. Perturb r  G MC by an infinitesimal amount c G Hom,(C. D) and 

notice that

d(r + c) + (t + c) - ( t + c) — d r  + de + T- T + T - s  + c-  T + s-  e

= ds + [t , £] +  £2

Therefore, the first order deformation in the direction of 5 vanishes if and 

only if de +  [r, e] =  0. □

D efin itio n  2.9. .4 differential graded Lie algebra is a triple (L , [•, •], d) where 

(L .d ) is a complex, [•, •] : A2L —> L is a chain map of degree zero such that 

Va G L, [a,-] : L —► L is a derivation of degree |a |, or in other words, 

for any a ,b ,c  G L, [a, [b.c]] =  [[a.6],c] +  ( - l ) |a||t,|[6, [a, c]], and d[a,b] =  

[da.b] +  ( - l ) ia|[a, db\

P ro p o s itio n  2.10. Given a differential graded associative algebra (A ,- ,d ), 

the triple (A, [•, •], d), with [a, b] =  a • b — (—l)''*^l6 • a, is a differential graded 

Lie algebra.
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Proof, [a, [ft, c]] =  [[a, 6],c] +  (—l ) lall*l[6, [a , c]], since

[a, [ft, c]] =  [a, {be -  ( - l ) |6||c|cft)]

=  aftc -  (-ljW M +M fea -  ( - l ) |b|Wac6 +  ( - l ) l 6l|cl ( - l ) l al(lcl+l6Dc/>a,

and

[[a,6],c] +  (—l) |a**ft|[6, [a,c]]

=  [(aft -  ( - l ) |a|16|fta), c] +  ( - l ) |a|l> ,  (ac -  ( - l ) l ailc'ca)]

=  aftc -  ( - l ) ( l “H-lftl)lclCa6 -  ( - l ) ' a||6|ftac 

+  ( _ 1)(W+N)W(_1)l«l|6lc6a +  (_ l) |a | |6 |6ac 

-  ( —l ) |all6|( —l)M lal+ lcl)acft _  ( - l ) l ali*l(-l)WW6ca  

+  ( —i) lQI|b|( — i) lal|ci( — i )  l6|(l°l+lc|)caft 

=  aftc -  ( —l) laKI6l+lcDftca -  ( - l ) |6||c|acft +  ( - l ) l 6Hc|( - l ) i<l|(|c|+|ft!)cfta.

In addition, d is a derivation, since

d[a, ft] =  d{ab -  ( - l ) l “^fta)

=  dab + (—I)'0'adb -  ( - l ) ' a|l6|3fta +  ( - l ) |6|ftda 

=  [dab -  ( - l ) d ° l - l)lbl6^a) +  ( - l ) l° l (a d f t  -  (—lj^KW-U^fta) 

=  [da, ft] +  ( - l ) ia|[a,dft]

□

For any r  6 MC, let dT : Hom,{C, D) -> H om,{C, D), where dTe =

de +  t  • s + e • t  =  de + [r, s\.
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Proposition 2.11. I f  d r  + t  ■ t  =  0 , or equivalently, if d r  +  l / 2[r, r] =  0 , 

then (H om ,(C , D). [•, •], <9T) is a differential graded Lie algebra.

Proof. Since d  and [r, •] are both degree —1 derivations of [•. •] so is dT. To 

see that dT is a differential observe that

die  =  dTdTe

= dT{d£ + [r,£})

= dde +  d[r, e] +  [r, de\ +  [r, [r, e]}

= [dr, e\ -  [r, de] +  [r, de] + 1/ 2[[r, r], e]

= \{dr +  t  • r),£]

=  0 .

□

Corollary 2.12. TrJVte =  (/verdr )_i.

Definition 2.13. Let tT =  (Im dT)- \  C (I \e rd T)- i = Tt MG. Define T[ ~  r->,

if and only if, 37 : [0 , 1] -» MC; such that 7 (0 ) =  Tu 7 (1) =  r2, and

7 '(s)  6  <7(S)AtC; Vs € [0,1]. Deformations of t  tangent to t T are called the 

trivial deformations.

3 Classifying spaces, characteristic maps, and 

characteristic classes

Let {D „d) be a finite dimensional differential graded algebra with degd =  

- 1 .  Let D[+l]jt =  Dk-i- Denote the old and the new gradings by
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and “deg", respectively. Let m : £>n ® Dm —► Dm+n with m  (a ® b) = 

(—1 )lalm (a®6). Observe that, both m: D [+ l].®  Z)[+l], -»  D [+ l]„  and the 

dual of the differential, d : £>[+1], -> Z?[+l]« are of degree - 1 .  Coextend 

them both to graded coderivations on T (£)[+ l].), denoted, respectively, by 

c>o and d\, and denote their sum by d. Denote (T (D [+ l],) ,d ) by (B D ,,d ).

Proposition 3.1. (d )2 =  0 i f  and only if  1) d2 = 0, and 2) d  is a derivation

of the multiplication m, and 3) m is an associative multiplication.

Proof, (d)2 =  0 if and only if 

(do +  di)(d0 +  di) =  0 if and only if

1)d0 o d 0 =  0

2) do o di +  d\ o do =  0

3)di o di =  0 

if and only if

1)di o di(a) =  0; Va G D [+ l],

2)(d0 o di +  di o do)(a ® b) =  0; Va ® b G £>[+l]®2

3)(di o di)(a 0  b ® c) =  0; Va ® 6® cG £>[+l]®3 

if and only if

1) d o d(a) =  0; Va G £[+ l]«

2) [m o (d ® 1 +  1 ® d) +  do m](a ® 6) =  0; Va ® i  G D[+l]®2

3) [m o (m  ® 1 +  1 ® m)](a ® 6 ® c )  =  0 ; V a ® b ® c G  D[+l]®3 

if and only if

1)d o d(a) =  0; Va G D [+ l],

2 ) ( - i ) l “l - i ( d a ) - 6 + ( - l ) </£fla( - l ) l “l a . ( d 6 ) + ( - l ) l ald(a-&) = 0 ;  Va®6 G D [+ l]® 2

3)(—l) Ia|(—l) |a6ia • 6-c-l-(—!)'“*(—l) rfeffa(—l ) ib,a*6-c =  0;Va®6®c G £>[+l]®3
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if and only if

\)ff2 =  0, i.e., d  is a differential

2 )m o (1 <® 3 +  d ® 1) = d o  m, i.e., d  is a derivation

3 )(m o l ) o m  =  ( l ® m ) o m ,  i.e., m  is associative □

Definition 3.2. The classifying space of a finite dimensional differential 

graded associative algebra (D ,,d ) is the differential graded coassociative coal­

gebra (B D ,,d ) defined above.

Example 3.3. For a compact connected Lie group, G, the differential graded 

coalgebra (B S ,G ,d ) is chain equivalent to (S ,B G ,d ), where S ,B G  denotes 

the singular chains on the classifying space of the group G.

Proposition 3.4. Let r  : C , -» D , be a map if degree -1  from a finite di­

mensional differential graded coassociative coalgebra into a finite dimensional 

differential graded associative algebra. There is a unique degree zero map of 

graded coalgebras ? : € , - >  B D , whose projection on D agrees with t .

Proof, t  : C , —► D , is a map of degree -1  therefore r  : C , -> £>[+1], is a 

map of degree zero and so is the dual map r* : D [+ l]# ->■ CV r* has a unique 

extention to an algebra map r* from the free associative algebra TD [+ l\9 to 

the algebra C*. Let r  =  (r*)* : C . -* B D , □

Proposition 3.5. d r + r  ■ r  =  0 € H om,(C , D) if and only i f ?  is a chain 

map, i.e., d?  =  0 € H o m ,(C ,B D ,).

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



15

Proof.

t  is a chain map «=> f* is a chain map

d* o T ' =  T* o d*

o r ’ =  - r *  o d* -  A '  o (r* ® r*)o m on D [+l]

&  t o d = — d o r — m  o (r ® r ) o A  =  0 on D [+l]

^ r o 3  =  - 9 o r - m o ( r ® r ) o A  =  0 on D,

&  dr + t  ■ t =  0 on D,

□

R em ark  3.6. The transformation B converts the seemingly nonlinear equa­

tion d r  + r  • t  = 0 to an linear equation d r  = 0 € H om ,(C , B D ,). This is 

because all the nonzero components of r  are in strictly positive dimensions.

Let t  =  C ,M  -> D,  be a combinatorial twisting cochain. Use the sym­

bol chT for the differential graded coalgebra map r  described above. The 

dual map c/i* : B D * -» C*M  is a map of differential graded algebras and 

therefore induces an graded algebra map H*{chT) : H*(BD*) —► H 'M  on 

the cohomology.

D efin ition  3.7. The map chT : C ,M  -* B D , is the Characteristic Map of 

a combinatorial twisting cochain r  =  C ,M  —> D ,. The image of the classes 

in H*(BD*) via the map H*(chT) are the Characteristic Classes o f r . The 

characteristic map and classes o f a Chern-Weil system p are those of the 

twisting cochain rp.
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Definition 3.8. Let ? : C , -> JB, be a map of differential graded coalgebras.

A k-Coderiavtion s  : C . -> £ .  over r  is a map s : Cn —> satisfying

( s  ®  T +  T ®  ? )  O A c  =  A b  O £ .

Proposition 3.9. The graded vector space of all coderivations overt, CoderT9(C, B) 

can be made into a complex by defining de =  Ob ° £ — ( - l ) ^ s  o dc-

Proof, de is a coderivation over r ,  i.e., {de ® f  +  f  ® de) o A c  =  A b ode ,

since

A b o de

= A B o {d B o e -  ( - l ) l?1£ o d c )

=  (3g ® 1 +  1 ® 3g) 0 (s ® T +  T ® ?) O A c

-  ( - l ) |f,(s®  ? +  f  ® s) o {dc  ® 1 +  1 ® dc )

=  { { 9 b  O z )  ®  T  +  ( 3 b  o f )  ®  £  +  ( - l ) |fl£®  ( 3 b  o r )  +  f  ®  {dB O S ) )  o A c

-  ( - l ) |f|( (so 3 c )  ® t +  s®  ( f  o 3 c ) +  ( - l ^ O r o d c )  ® £ +  r ®  (so  3C)) o Ac 

=  [(3b o s  -  ( - l ) |fl? o 3 c )  ® f] o Ac  +  [r ® (3b o s  -  ( - l ) |f,so 3 c ])  o Ac

=  (3s ® r + r  ® 3s) o Ac-

3  is a differential, i.e., 32s =  0, since

33s =  3(3g o s -  (—1)^s o 3c )

=  3S o 3 b o s  -  { - l ) ^ d s  o e o d c  -  ( - 1 ) i?1_13b o s  o 3 c  

+ (_ l ) k l - i ( _ l ) l ^ 0 dc  o dc  =  0.

□

Proposition 3.10. / /  r t ~  r2 (see Def. 3.11) then ?[ is chain homotopic to

To.
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Proof. It suffices to show that an infinitesimal change tangent to plane field 

tT would result in an infinitesimal change in f  in the direction of the subspace 

of exact objects in the complex (Coderl(C„ B D ,) ,d ) . Perturb r  by a small 

amount e =  dTq € tT. YVe have (r  +  c) =  f  +  2 : C , -» B D ,. We will show 

that dq = e 6  Coderl(C„ B D ,). This is tantamount to the dual equation 

for derivations over r ’: dq = e € D eri' (B D *.C l) which needs to be varified 

on D [+ l] \  Note that

_ *

(d q ) ' |D[+1]. =  (d ‘c  or]* -  q ' o d*D -  o q ' ® r* +  r*®  m  ) \D[+i}- 

=  ( d f  o r f  -  q '  o d p  -  A 'c  o q '  ® r* +  r* ® m * )|o - 

=  in  o d c  -  d o  o q +  m D °  (■// ®  r  +  r  ® q) o A)*

=  {dq + [T,q\Y

= (dTq)'

=  e*

=  r | D[+i]-.

□

C o ro lla ry  3 .11. I f n  ~  r2, then H*(ch;x) = H*(ch'TJ  : H*BD* /P C ”

D efin ition  3.12. Let p : P, -> D , be a map o f differential graded algebras.

.4 k-derivation (, : P, -¥ D , over p is a map £ : Pn —► Dn+k satisfying

C ® mp =  m p  o (C ® P +  P ® C).- *-e-> C(° ' &) =  Ca ■ pb + (~ )k^ p a  ■ 0 ;

Va, 6 € P..

P ro p o s itio n  3.13. The graded vector space of all derivations over p, Der%(P, D) 

can be made into a complex by defining dQ =  do  ° C — (—1)^C ° dp.
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Proof. dC =  do o C -  (—1)*C 0 dp is a derivation over p, since

dC(a • b) =  dp o C(a ■ b) — (—1)*C 0 dp(a • 6)

=  dD(Ca-p6) + d D( ( - l ) l “l+V - C 6)

-  (—l)*C(dpa • b +  (—l)l°'a • dpb)

=  dDCa • pb +  ( - l ) * |a|Ca • dopb

+ ( - I )* '0'dDpa • Cb + ( - l ) fcla|(_ i)M pa • dDC,b

-  (-l)*C dPa • pb +  ( - l ) fc( - l )m ~l]pdPa • C6

-  ( - l)* ( - l)W c a  • pdpb + ( - l ) fc( - l ) 'a|( - l ) t|a|po • Cdp6 

=  dCa-p6 +  ( - l ) (fc- 1)|a|pfl-dC6.

□

P ro p o s itio n  3.14. An infinitesimal deformation of differential graded alge­

bra map p is given by an element C € Der^(P, D) such that dC =  0.

Proof c is a 0-derivation, since

(p +  cH* - y )  =  (p +  C)1 • { p  +  C)y if and oniy if

p(x • y) +  C(^ •.!/) =  (p-£ +  Cx ) • (PV +  Cv) if and oniy if 

p x  ■ py + C(z ■ y) = px • py + Qx • py + px • Qy + Qx • Q  if and only if 

C(x • y) = (,x • py + px ■ Cy+  higher order terms in C- 

dC =  0 , since

dp 0 (p +  C) =  (p +  C) 0 d, therefore

d o C -  C 0 d =  0, in other words, dC =  0 □

D efin ition  3.15. Let Hom aig(P, D) C H om ,(P , D) denote the space of dif­

ferential graded algebra maps P , -> £>.. The vector space TpH om aig(P, D) =
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{(,' 6 D er^P , D) : <9d 0 C ~  C ° dp — 0} *s space of infinitesimal deforma­

tions of p. A trivial infinitesimal deformation is a deformation tangent to 

the subspace tp =  (Im d)o; d£ = dp o £ -  (—1 )^  o dp in degree 0.

D efin ition  3.16. px ~  p2 i f  and only if 37 : [0,1] -* JVf; suc/i that 7 (0) =  /jt , 

7 (1) =  pi, and 7 '(s) 6  t7(s) M ; Vs 6  [0,1]. Deformations of p tangent to tp 

are called the trivial deformations.

T h eo re m  3.17. Any two equivalent combinatorial Chem-W eil systems have 

homotopic characteristic maps, and therefore share the same charcteristic 

classes.

Proof. This follows from proposition 3.20. □

P ro p o s itio n  3.18. I f  the reperesentation p is perturbed infinitesimally by 

an exact amount C =  d£ 6 tp =  (Im d)0 C Der%(P,D) then rp is perturbed 

by an exact amount, i.e., tangent to tT/J =  (Im dTi>) - 1 C IIo m -\{C ,D ). Con­

sequently, the chain map rp is perturbed tangent to the space of chain maps 

homotopic to the identity.

Proof. tp+C: =  t  o (p + Q  =  rp +  r  o therefore it is enough to show that 

t o C is exact. Note that

d r f i t  O t )  =  do °  £  o T -  £  O T o dc +  [p o t , £  o t ]

=  d p o £ o T - £ O T o d c  +  P ° T - $ O T  — £ o r  • p o r  

= C ° T - Z 0 d p ° T - Z 0 T 0 d c + p 0 T - £ 0 T - S 0 T ‘ p 0 T  

=  £ 0 r  — £ o (dr + t  ■ t )

=  £ o T-

□
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C o ro lla ry  3.19. The map M -> MC; p ^  tp = p o r , descends to a map 

M/  M e/ [p] h* [tp] =  [p o r].

P ro p o s itio n  3.20. I f  p ~  p', then t p ~  rp-, then chTp ~  chT(t, , then H*(chTp) =  

ff*(c/iv ).

Proo/. This follows from corollaries 3.10 and 3.19. □

4 Local combinatorial computation of char­
acteristic classes of smooth bundles

Let G denote a compact, connected. Lie group. Let I  =  [0,1], SkG denote 

the graded vector space generated by the set {A : I k -+ G} in degree k, and 

d : Sk+iG —> SkG;

& \(ti,...,ifc) =  S*= i( - l ) J (A(«1,...,0 j ,....<fc) -  X (ti, .... l j , ..., tfc)), where Vs 

and Si’s are denoting the arguments of A and A', and 0j and lj  are merely 

0’s and l ’s in the j th component. For A : [0, l]fc —> G , and A' : [0,1]' -> G, 

define A • A ': [0, l]*+< -> G be A • A'(t, s)  =  A(t) • A'(s).

P ro p o s itio n  4.1. (S.G, •, d) is a differential graded associative algebra.
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Proof, d2 =  0, since

d d x ( t i  tn) = ^ =1( - l ) fc( A ( « L , 0 k, ...,tn) -  A(tt , ..., I k , t „ ) )

=  S j < k ( — l ) fc+J' ( i i ,  •••,  O j , . . . .  O f c , f „ )

+ Sfc<J( - l ) fc+(j' - l)(«i,...,0k,...,0J,.

-   O j ... I * , . . . ,  i n )

-E fc < j( - l)* +0' - l)( t i  I*, ...,0,-,

- E j<k ( - l)* +j(* i,...,lj ,...,O k ,...,U

- E k <J- ( - l ) fc+(j‘- l)(<i,...,O k,...,lj ,...,«n)

+  Ej<k ( - l ) fc+j(t1, . . . , l j , . . . , lk ,. . . ,fB)

+  Sk<>( - l ) fc+{j‘- l,( < i ,- ,U ,. .M lj ,-.,<«)

=  0

5 is a derivation, for if t 6 / fc and s E I l~l then

d(A • A')(t, s) = Z kj= l[ - i y ( \ ( t u O j , *k-i) • A'(fk. s)

-  A ( t i , l j , t k - i )  • A'(£*. s))

+  E j = l ( - l ) ^ ( A ( 0 - A ,( 5 „ . . M0j , . . . , a l )

— A(t) * A ' ( s i , l j , s f))

=  0A-A' (t ,«) + { - l ) k\ - d \ ' ( L s )

□

Definition 4.2. Let =  {7  : [ti.f-j] -> A/ : t i , t 2 6  R,7 (ti) = x, 7 ^2) = 

y}, and ?  =  Ufx.yje.UxAr There exists a natural map * : ?(x,j,) x

(7i>72) 7i *7-2- Let Sk^^y)  =  R{A : I k -> ^(x.,,)}
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and d : S k + i ^ y )  -> S k ? {Xty); d \{ tu ...,tk) =  Ej=1( - l ) J‘(A(fl t ..., (),•,....«*) -  

X(t\ , ..., lj ,  ...,£*)).

For A : [0, l]fc -> 3>(ri#)f and X' : [0,1]' -> CP(i,,,)f /ef A • A ': [0 ,1]*+' -> 3>(XtS) be 

A • A'(f, 5) =  A(t) • A'(s). Notice that both the multiplication and the boundary 

operator extend to operations on S.1P =  © (l a )e v/xA/

Given a simple n-snake (vQ,..., t>n+i) G P . let u0 =  tTo; iq =  (1 — £i)uj_[ + 

t{Vi for 1 < i < n; un+l = vn+i. Let 7 ‘(t) =  ( l - t ) u i  + (t)ui+i, for t  G [(0,1)],

and 1 <  i < n, and 7(Jl tn){s) =  (70 * ... * 7 n){s), for s G [0, n}. Define

T : P. —> 5.!P; r(w0,.... u„+i)(ti. ••• , tn) =  7(tl...

P ro p o s itio n  4.3. T : P , —> 5.J* is an injective map of differential graded 

algebras.

Proof. It is easy to see that T is an injective map of graded algebras. To 

see that T is a chain map notice that the terms (Vo, .... vn) are mapped

to the restriction to the slice tj =  0 of the standard cube, and the terms 

(t’o Uj)(vj, ..., un) are mapped to the restriction to the slice tj =  1. Con­

sulting the formula for d  on P. and that of d on S ,7 M  shows that T is a 

chain map. □

Let Q ~*\I be the graded vector space generated in degree —k by the pairs 

of cells [ai,a-2] of the original triangulation such cxi is an order preserving 

subset of a* including a t least the initial and terminal vertices of a 2, and 

dimox — dimao =  —k. Q~*M  is equipped with a coboundary operator 6 : 

Q~kM  -> <2~(fc+l)‘u , given by J[crt . cr2] =  [dai.dao] +  ( - l ) ‘i:m‘Tl[0^ ,Sa2\. Let 

(Q ,M .d)  be the dual complex of (Q~*M,5).
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R e m a rk  4.4. Given a triangulation T , there exists a dual cell decomposition 

T \  The intersection of the cells o f T  and T* of different dimensions gives 

rise to a cell decomposition, T  fl T*, o f the space into cubes, each of which 

uniquely labeled by a pair o f the simplices in T: [<Ji , do], such that a\ is 

a face of <7i. Let W (a, 6), C Q ,M  be the set o f all the cells of the form  

[(a, y „ . .... vik,b), (a, uh , ..., ujt,b)}.

P ro p o s itio n  4.5. The map : \V(a,b)m —> P .M ;

$[(a, ..., vik, b), (a, uh ,..., ujt, 6)] =

(a, -Ujt, .... t > i , ..., Ujt , ..., Vi2)...(vik, ..., Uj3, ..., Vik,b) is an injective chain

map.

Proof. Straightforward □

E x am p le  4.6. Q[{vo,vk,v n),(vQ ,...,vn)] = {v0,.. . ,v k){vk,...,v n),and 

4>[(i;o, vn), (i’o ,.... vk, ..., u„)] =  (i?0, .... vk, ..., un). The left hand sides are com­

ponents of the boundary of [(u0, vn), (vq, .... vn)] € Q ,M  and the right hand 

sides are those of the boundary of (vQ,.... t?n) € P,

C o ro lla ry  4.7. The boundaries of the 2(n—1) boundary terms in d (v i,.... vk) €

P . fit together according to the combinatorics of the boundary of an (n — 1)- 

cube.

We will exhibit how to obtain a combinatorial Chern-Weil systems from 

a principal bundle G -» P  —> M  endowed with a connection 9.

P ro p o s itio n  4.8. I f  the triangulation T  is fine enough, and if  G is endowed

with a bi-invariant metric, then the algebra map p0 : P0 -> SqG can be

completed to a map of differential graded algebras p : P, —» S,G .
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Proof. Let e G U\ C U2 C ... C Un C G be a sequence of contractible 

balls with the property tha t U'l C t/jt+i- The terms in d(vQ, .... i'n) = 

E2=il (-l)*{(«to, U n)-(t’o, •••» Vk)(v/k,..., u„)} are organized by the 2 (n -

1) cubes, of one lower dimension, which form the boundary of an (n -  1)- 

cube. We will construct p inductively. Choose a fine triangulation so that 

for any (a, b, c) G Pi, p(a,b){b,c) p{a,c)~[ G t/i- Let p(a,b,c) define a one 

chain connecting p{a,c) and p(a,b)(b,c) in p(a,b)V\. To define p(a,b,c,d) 

notice that p(a, b, d), p(a, c, d), p(a, b)(b, c, d), and p(a, 6, c)(c, d) are all in C'V 

Let p(a, b, c, d) be a two cubic simplex filling in. Continue the construction 

inductively. □

Now that we have constructed p : P. —> S,G, consider tp =  p o r : C ,M  —> 

P. -> 5.G , and then ch = ?p : C , B{S,G )„  and then c/i* : B{S*G )* -> 

C*A/, and finally /P (c /i‘ ) : P*A/ S’ BG.

P ro p o s itio n  4 .9 . / /  p and p' : P , -> S.G  ore constructed as above, then

p ~  p'.

Proof. For and (a,b) 6 P ., p(a, b) =  p'{a,b). Define £ 6 D er{(P ,S ,G ) as 

follows: Set £(a, 6) G SiG  to be the constant cubical 1-chain £(a. b)(t) = 

p{a,b); Vt G [0,1]. Assume ^ is constructed on P*_i. 9(t’o ,.... u*+i) G Pt 

corresponds with d l k =  ( / fc_l x {0 ,1})U(9/A:_1 x/ ) .  The chains p (/* -1 x{0}), 

p'{Ik~l x {1}), and £ (d lk~l ) fit together to give a map d lk —> U. Define 

£(i’o ,..., y<.+i) : /* -> U to be an extension. The claim is that d£ = p — p' on 

simple snakes of all dimensions. Even though on an arbitrary snake of length 

more than one the equality does not hold since the difference of two algebra 

maps in not a derivation. However, if pt is an infinitesimal deformation of p,
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the equality holds over P .. □

P ro p o s itio n  4.10. A connection, 9, yields a canonical extension pg : P . —► 

S .G  o f po : Pq —> SqG.

Proof. Given a connection 8, the parallel transport along paths yields a map 

of groupoids Ig : 7 M  -» G .  Therefore it gives rise to  an algebra map 

S , I g : S . V M  -> S.G. The composition pg =  S . I g  oT  : P . -> S.TA/ -> S.G 

is a canonical extension of po : Pq -> 5oG. □

P ro p o s itio n  4.11. Tn infinitesimal change in the connection 0 on G -> 

P  —> A/ results in a trivial change in the canonical representation pg.

Proof. Suppose 9 and & are two nearby connections. Connect them by a path 

of connections 6S, s 6 [0,1]. Hence, we obtain a family pg, of representations. 

For a simple snake a G P t, let (^cr)(t1, ..., tn) =  (pgh o){t-i,..., £„). Note that 

d£ = pg -  p'9 on simple snakes a. This implies that if 9' is an infinitesimal 

deformation of 9 then d£ = pg — p'g over P.. □

C o ro lla ry  4.12. The map H*(ch*T. ) : H 'M  —» H 'B G  is independent of the 

choice of the connection 9 on G —► P  —> A/.

Proof. This follows from the propositions 4.20, 5.9, and 5.11. □

N o te  4.13. I  was informed by David Stone that his joint work with Anthony 

Phillips has a big intersection with the material presented in this chapter, cf. 

[3].
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5 Combinatorial Chern-Weil system of a tri­
angulated homology manifold

This construction was suggested to me by D. Sullivan [4]. Let Fa = C ,{M , M -
o

N a), where N a  is the union of the stars of all the vertices of a. Let F  denote 

the direct sum of F„’s over all the vertices v in the triangulation, T , and de­

fine D , =  E nd,(F ). For any two cells cr\ C a2 in the pair cell decomposition
0 O

consider the inclusion map : (M  — N a2) ( A /  -  N a {).

P ro p o s itio n  5.1. For any two simplices cq C a2, the space S[cri,cr2] of 

all continuous maps (j> : M  —> M , which keep Ncr2 invariant, and are the
0 O

identity on (M —Ncr2), and4>(M—N<j\) C dNcr2 is a contractible (nonempty) 

topological space.
Q O

Proof. Notice that Na> =  [N a2 — Ncrt)  U Ncri and dN o\ =  [Na2 — N a\)  fl 

Ncri. Therefore one has ... -> H k { d N c i )  ->• H k { N a 2 -  N a i )  © H k { N c rt) -> 

Hk{Ncr2) -> H k - i { d N a i )  —> .... Since JV<rl and N a 2 are both contractible,
o

the inclusion induced map H ,{dN ai)  -» H,{N<j 2 -  N ai) is an isomorphism.
o

Since dN ai and d N a2 are homologous cycles in N a2 -  N a i, H ,(d N a 2) —>
0

H ,(N a2 -  N a x) is an isomorphism as well. Looking at the long exact se­

quence ... -» Hk{dNa2) —>■ H k{Na2 -  N a {) -> Hk{Na2 -  N a u d N a 2) ->
o

H k-i(dN a2) —> ... one concludes that H ,(N a 2 — N a i,d N a 2) =  0. Since 

7T[dN a2 =  0, and that all the higher homotopy groups are abelian, the uni­

versal coefficient theorem applies. We have

0 -> E xt(H t - i{N a 2 — N a i,d N a 2),K »-idN a2) -> H*(Na2 -  N o i,d N a 2,

■K,-idNa2) -> H orn(H ,-i(N a2 -  N a {, d N a 2), rr,_tN a2) ->■ 0. Therefore
0

H *(Na2 -  N a i,d N a 2;n ,^ id N a 2) =  0. Thus the obstructions to existence
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of such a map {Nero — N a i) -> dNo-i, which is the identity on dNa>, van­

ish. To show tha t these maps extend to maps defined on N a x note that 

the obstructions are in H * {N a^,dN a \\Tr.-i-Vcro) which all vanish since Nao 

is contractible. To show that this space is contractible one shows that any 

family of maps parameterized by d lk, for any k, can be extended to a family 

parameterized by I k. The obstructions to these extensions all vanish since 

they are classes with values in n ,^ iN a 2 = 0 .  □

Similarly one can prove that:

P ro p o s itio n  5.2. For any two simplices 0 \ C a2, the space H[a{,a 2\ of 

all maps <j> : M  —> M , which keep N a2 invariant, and are the identity on
0 O 0

(M  — N a 2), and <p{M — N a i)  C (M  — N a \) is a contractible topological space.

We now begin to construct the associated combinatorial Chern-Weil sys­

tem: For every simple element (a, 6) in P . define pl{a,b) be the composition 

of an arbitrary element in 5 [ (a ) , (a ,6 ) ]  and the inclusion map z[(a).(o,6)]- Ex­

tend p' to the entire P0 additivelv and multiplicativelv. Note that for a 

simple 1-snake (a .b .c ) in the two maps pf(a,b)(b,c) and p'{a,c) are in 

H[(a,c),(a,b,c)}. which is a contractible space. Let p'{a,b,c) be a homo- 

topy between p'(a,b){b.c) and p'(a,c). Extend p' to the subalgebra gener­

ated by P0 and P\ additivelv and multiplicatively. Note that for a simple 

2-snake (a ,b .c ,d ), the four boundary pieces (a ,c ,d ), (a .b .d ), (a,b)(b,c,d), 

and (a. b, c)(c. d) label four maps that are connected by four homotopies, 

forming a map of the boundary of a 2-cube into the contractible space 

H [(a, d), (a, 6. c, d)}. Let p'{a, b, c. d) map of the 2-cube into H[(a, d), {a, b, c. d)J 

with the given boundary conditions. Extend p' to the subalgebra generated
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by P0, P i , and Pi additivelv and multiplicatively. Proceed as above induc­

tively to obtain a hierarchy of maps, homotopies, homotopies between the 

homotopies, and so forth. Refine the triangulation to obtain simplicial ap­

proximations to all the above maps, giving rise to a combinatorial Chern-Weil 

system p : P . -> D ,.

R e m a rk  5.3. The obstructions to exisitence of a continous map take values 

in the homotopy groups of the target space. Similarly, the obstructions to 

existence o f a chain map take values in the homology groups. This enables us 

to carry out the above argument to construct maps at the level of chains even 

when the links are not simply connected, namely in the context of a homology 

manifold.

6 Promotion of the Chern-Weil system of an 
oriented and triangulated homology mani­
fold to one that takes values in the endo- 
morphisms of an ^ -P oincare duality coal­
gebra

Perhaps the combinatorial Chern-Weil system of a homology manifold, which 

was described in the previous chapter, is rather simple minded. The simpli­

cial chain complex of an oriented and triangulated homology manifold has 

a rich algebraic structure. Thomas Tradler and I, using ideas discussed in

[5] and [2], claim that the simplicial chain complex of an oriented and trian­

gulated homology manifold has an Toc-Poincare duality coalgebra structure
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[7]. The definition of an A^-Poincare duality coalgebra was introduced in

[6]. One would like to show that the Chern-Weil system of an oriented and 

triangulated homology manifold can be promoted to one that takes values in 

the endomorphisms of the Too-Poincare duality coalgebra of simplicial chains. 

Such combinatorial Chern-Weil systems have a better chance of yielding in­

teresting invariants. This is work in progress.
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