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Abstract

On Some Local Combinatorial Invariants of Homology
Manifolds
by

Mahmoud Zeinalian

Advisor: Professor Dennis Sullivan

In this dissertation, by a method similar to that of the Chern-
Weil theory of characteristic classes for smooth manifolds, we
introduce a sequence invariants for orientable and triangulated
homology manifolds. These invariants are local and combinatorial

in nature.
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0 Introduction

Section 1 offers a construction of what is called the universal combinatorial
twisting cochain. The construction arose from reading Edgar H. Brown's pa-
per on twisting cochains [1], and it is a combinatorial basepoint-free version
of what he has. Section 2 discusses the general concept of a combinatorial
Chern-Weil system. It also defines the notion of a combinatorial twisting
cochain, and a notion of equivalence, and how these objects may emerge
from combinatorial Chern-Weil systems in the presence of the universal twist-
ing cochain. Section 3 defines some invariants associated with combinatorial
twisting cochains called the characteristic classes, and discusses the extent to
which these invariants depend on the twisting cochains or the Chern-Weil sys-
tems they come from: equivalent Chern-Weil systems give rise to equivalent
twisting cochains which in turn give rise to identical characteristic classes.
Section 4 studies how examples of combinatorial twisting cochains come up
in differential geometry: A smooth bundle endowed with a connection gives
rise to a combinatorial twisting cochain which, up to equivalence, is indepen-
dent of the choice of a connection. Section 5 looks at a more subtle instance
of this concept in the context of a homotopy and homology manifolds where
the tangent bundle does not exist. Section 6 brings Poincaré duality into the

picture.

1 The differential graded algebra P,

Let M denote a triangulable, compact, connected, and orientable homology

manifold of dimension m such that the links of the vertices are simply con-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



nected (i.e. a homotopy manifold). Endow M with a fixed triangulation 7.
All differentials are of degree —1, and following Quillen, “In working with dif-
ferential graded objects we shall adhere to the standard sign rule: whenever
something of degree p is moving past something of degree ¢ the sign (—1)"
accrues.” Given complexes C, and C., (C ®C'), and Hom,(C, C') are made
into complexes in a standard fashion. There exists a natural chain map
(C*®C")e = Hom,(C,C"), which is an isomorphism when the complexes

are finite dimensional in each degree.

Definition 1.1. Let AF = (e, ...,ex) = {(To,...,zx) € R¥*! i 2y > 0520 +
.. + 2 = 1} denote the standard k-simplez. A k-simpler, o : AF —
M, in M, is a simplicial map from the standard k-simplex onto a sim-
plex of the triangulation T. We use the symbol ¢ = (vo,...,vx) to indi-
cate that v; = o(e;). vy and v, are called the initial and terminal points
of o, respectively. Note that the geometric dimension of the image of o
could be less than k. CiM denotes the vector space generated by the k-
simplices equipped with a boundary operator of degree —1: 0 : CoM — C M;
Mvg, ..., k) = Ef=0(—1)f(vo,...,ﬁj,...vk); and a comultiplication of degree
zero: A: CoM — CM @ CoM; A(vo, ..., vr) = Zi_g(vg, ey ) @ (5, ..ey k).
The dual graded vector space, C~*M = Hom(C,,R), is, therefore, equipped
with a coboundary operator of degree —1: 6 = 0" : C~*M — C~*='M, satis-
fying (da)o = —(~1)lla(do); for a € C*M, and 0 € Crs\M; and a Cup
Product of degree 0: U: C°M QC*M — C°M; U= A".

Proposition 1.2. (C,M, A, d) is a differential graded coassociative coalge-

bra. Consequently, (C~*M,U,d) is a differential graded associative algebra.
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Proof. 9 is a differential, i.e., 8* = 0, since

DBV, ... k) = OZE_o(=1) (vg, .oy Tjy .. V)
= E,'<j(—1)i+j(vo, ...ﬁ,’, eeey ﬁj, ...‘Uk)

+ Sj<,'(—1)i+j—l(vo, ...61‘, ey Uy, ...Uk)

d is a coderivation, i.e., Ao 0 =(0®1+1®3) o A, since

20 A(tg, o ) = AZE_(=1) (U, voes T, k)

+ Sj.([(—l)"('vo, ery i?j, U() ® ('U[, ey L'k)
= (-1)j2l<j(—1)j—l(v07 ooy Ul) ® (Ulv ) 6]' ooy Uk)

+ Sj(l(_l)j(UOv ey ﬁ]’ ey U[) ] (Ul: ) Uk)

=(0®1+1®09) o A(v, ..., k)

a

Remark 1.3. C,M is a finite dimensional vector space with a canonical

basis, therefore naturally isomorphic to its dual C*M. This fact allows us
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to consider the operator § : C™*AM — C~*~'M as an operator § : Cx M —

Ck+[l"!.

Definition 1.4. For o € C~*M and o € C\M, define their cap product to
be the unique element, a N o € Ci_M, satisfying: y(a No) = (YU a)o;
vy € CK'M. Note that N : C~* ® Cy = C, is a map of degree 0.

Proposition 1.5. The map N : C-*M Q@ C,M - C,M; a® o0 — aNna,
defines a differential graded left (C~°, d)-module structure on (C, M, 3).

Proof. The cap product, N, defines a left module structure, since

an(8no)=(aUs)Na if f
Hen(Bno)) =v((auB)no); VyeC™* iff
(vUa)(@No)=(yU(aUp))o; ¥y €C™* iff
(vVa)uB)e =(yU(aUB))o; Vy€C™* if f

(Ua)LB=7U(aUj)

which holds since U is associative.

The cap product, N, is a chain map, since

dano)=danc+(-1)"ando if f
v@ana)) =v(dana) + (-1)y(an do) if f
— (-1)"y(@n o) = v(dan o) + (~1)y(a N do) if f
— (-)"(6yUa)o = (yUda)o + (-1)!*(y U a)do iff

- (<1 a)o = (yUda)o - (~DFI-)Hels( U iff
- (~1P(EYUe) = (3Uda) - ()57 U ) iff

§(vUa) =dyUa+ (-1)"(yUda)
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which holds since 4 is a derivation with respect to U. a

Corollary 1.6. The map induced on the homology N : H™*M @ H,M —
H M furnishes H Al with a graded H~* M -module structure.

Remark 1.7. C*M is a differential graded bimodule over itself and therefore
C.M has in fact a differential graded bimodule structure over C*M. We will

not present the ezplicit formulae.

Definition 1.8. An n-snake o is a sequence of simplices 0,04...0,,, where
n = ST (dimo; — 1). The length of o is defined to be l[(c) = m and o
is simple if l[(c) = 1. Let P, denote the graded vector space generated by
n-snakes in degree n with a caveat that in degree zero an eztra symbol 1 is
adjoined. We endow P, with a multiplication by setting the product of two
snakes to be a longer snake obtained by concatenation. By fiat, the element 1
serves as the unit of this algebra. Moreover, P, is equipped with a boundary

operator which is defined on a simple snake by

ANvgs ..y ) = Sz;}(—l)k{(vg, vees Vs wees U ) = (Ugy ooey Uk ) (Vs oovs ) }

and is extended to the entire vector space by the derivation rule d(co’) =

(9o)0’ + (~1)lg(da’), associativity, and linearity.

Proposition 1.9. P, equipped with the above multiplication and boundary

operator yields a differential graded, unital, associative algebra.

Proof. To prove that 8% = 0, it suffices to show that do = 0, for all simple

snakes ¢ = (vg,..., ), since they generate the entire algebra and J is a
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derivation.

0%(0) = %P (= 1) {(Voy -ves Ty voer Un) = (¥, ooy k) Uk oovy Un) }
= Tick(=1)** (o, ooes Ty, wevy Ty ovvy Un)
S (=D (g, oo By ey Ty s )
— k(= 1) (g, cvry U5) (U ey Dy ovvr Un)
SN (g By e 07) (V] ey )
Sk (=LY (U0y ey Ty vons Uk (Vs ovvs Un)
j(—l)k+("")+u"k)(vo, ooy Uke) (Uky wony Ty ooy Un)
+ Sj(k(—l)k+j('vo, ey U5) (Vg oo U ) (Uky vovy )

1)k+(k—l)+(j—k) (UO

+ Shej (- yoeer Uk ) (Uky ooy 0)(0 ooy Un)

=0

2 Twisting cochains and combinatorial Chern-
Weil systems

Given a differential graded coassociative coalgebra (C,, \,dc) and a differ-

ential graded associative algebra (D,, m,dp), define a differential, 9, and a

multiplication, - , on Hom,(C, D) as follows: for any f,g € Hom,(C, D),
df =0po f—(~1)/fodc,and f-g=mo(fRg)oA.

Proposition 2.1. (Hom.(C, D),-,0) is a differential graded associative al-

gebra.
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=1

Proof. The multiplication is associative, since

(f-9)-h=(mo(f®g)oA)-h
(mo(f®g)od)@h)oA

mo((1®m)o(f@g®h)o(1®A4))oA

no(
mo((m®1)o(f@g®h)o(A®1))oA

(

(

f@(mo(g®h)od))oA

mo
f-(mo(g®@h}oQ)
f-(g-h)

d is a derivation, since

d(f-9)=0po(f g)—(-)V(f-g)odc
=dpomo(f®g)oA
—(-)¥mo(f@g)oAo0d
0c(0p®1+1®dp)o(f®g)oA
— ()Mo (fRg)o(Bc®1+1®8c)0A
o ((@pe f)®g~(~=1)"(-1)¥(fodc) ®g)oA
+mo((-)1f®(@pog) - (-1)/f®(godc)) o
=mo(0f®g)oA+(~1)M'mo(fRdg)0A
=af g+ (-1)V'f-ag
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Proposition 2.2. Let 7 : C,M — P, (cf. Def. 1.7.) be defined as follows:

7(deg 0) =0
T(vo, v1) = 1 = (vg, 1)

7(Vgy -y Un) = (=1)"(vg, ...y Un), for n > 1.

Then in the differential graded associative algebra Homo(C, M, P), OT+7-17 =
0.

Proof. 1t is easy to see that (97 +7-7)(v) = 0. Also (T +7-7)(vg, 1) =0

by degree considerations and the fact that 7 is zero in degree zero.

(@1 + 7 - 7)(vg, 1. v2) = TA(vg, Uy, U2) + OT(vo, U1, Ua) + Mo (T Q T) 0 A(vg, vy, ta)
= {1 - (v1,v2) = 1+ (v, v2) + 1 = (vo, 1)}
+ {=(vo, v2) + (vo, t1)(v1. v2) }
= {1 = (v, v1) = (vi, v2) + (vo, v1) (w1, v2) }

=0
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For an n simplex, n > 2, we have:

(01 + 7 - T)(voy ey Un) = TO(Vg, oey Un) + OT(Vo, .-y Un)

+mo(r®T)oA(vgs ..., Un)

=180 _o(=1)¥(vo, ..., Tk, .-1n)
+ (—1)"21:1[(—1)"{(1!0, vers kg ooy Un ) = (Vs ooy Uk ) (Tks ooy Un) }
+mo(T®T)EL_ (Yo, ey Uk) ® (Uky oo Up)

= (=1)" PP (= 1)¥(to. vy Dy o)
+ (—1)"32;}(—1)"{(00, cees Dy oy Un) = (V0y eoey Uk ) (Tky ooy Un) }
+ {=(=1)""1 = (vg. v1)](v1, s Vn)
+ TR (=1 (= 1) * (v, e vk ) Wk oeer tn)

+ (_1)"’1(—1)""1(‘00, cees Un=1)[1 = (Un=1,vn)]}

a

Definition 2.3. The above 7 : C,M — P,, satisfying dr+7-7 =0, is called

the universal twisting cochain on M.

Definition 2.4. A D,-valued twisting cochain on C, or a twisting cochain
for short, is @ map 7 : Coy = D,, of degree —1, from a differential graded

coalgebra into a differential graded algebra, satisfying 0t +7 -7 =0.

Definition 2.5. A combinatorial Chern- Weil system with the structure group

algebra D, is a homomorphism of differential graded algebras p : P, — D,.

Definition 2.6. A D,-valued combinatorial twisting cochain on M is a twist-

ing cochain 7 : C,M — D,.
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10

Example 2.7. Given a combinatorial Chern- Weil system consider 7, = por :
CeM — P, = D,. Notice that 7, is a D,-valued combinatorial twisting

cochain.

Let MC = {r € Homo(C,D) : 97 + 7 -7 = 0}. Let T-MC, the tangent

space of MC at a point 7, denote the space of first order deformations of 7.

Proposition 2.8. TMC = {¢ € Hom,(C,D) : 9 + [r,¢] = 0}, where

[rel=1-e+e-7.

Proof. Perturb 7 € MC by an infinitesimal amount ¢ € Hom,(C, D) and

notice that

oNr+e)+(t+e) (r+e)=0T+0e+T7-TH+T - c+c-T+e <

=0¢ + [r, 2] + ¢*

Therefore, the first order deformation in the direction of z vanishes if and

only if 9 + [r. 2] = 0. O

Definition 2.9. A differential graded Lie algebra is a triple (L,[-,-], d) where
(L.d) is a complez, [,-] : \2L — L is a chain map of degree zero such that
Va € L, [a,]] : L = L is a derivation of degree |a|, or in other words,
for any a,b,c € L, [a,[b,c]] = [[a.b],c] + (—1)[b, [a.c]], and O[a,b] =
[0a. b] + (—1)l9/[a, Bb]

Proposition 2.10. Given a differential graded associative algebra (4,-,d),
the triple (A, [, ], 8). with [a,b] = a-b— (=1)14®lh. q, is a differential graded
Lie algebra.
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11
Proof. [a, [b, ]| = [[a,b],c] + (—1)!allI[b, [a, c]], since

[a. [b,c]} = [a, (b — (~1)"Flch)]

= abe — (_1)lal(lbi+ICI)bca - (-1 )Iblldacb +(- )IbIICI(_l)IaI(ICI+IbI)Cba’

and

[la, ], ] + (=1)"¥l[b, [a, ]
= [(ab ~ (=1)""ba), ] + (—1)"¥I[b, (ac — (~1)'*iVlca)]
= abe — (=1)e+Blelegh — (—1)lelblpgc

+ (—1)(iHablel _1)lelltlgpg 4 (—1)lalblpge

— (= 1)0alltl ) Bitlal+IeDgepy _ (1 aliol(_ 1)lelilpoq

+ (—1)albl( —1)lallel(_ 1 yltlal+ie) g

= abc — (—1)ll®I+HDpeq — (-1 1)Pllelgeh + (-1 1)tblict(—p)lalCicl+16) cpg.
In addition, 0 is a derivation, since

d[a, b] = d(ab — (~1)lllpg)
= dab + (~1)1*adb — (—1)"*Pgba + (1) bda
= (Bab — (—1)1e=UBlp3q) + (—1)!el(adb — (~1)lel(1bI=D gpq)
= [9a, b] + (~1)"[a, 0]

a

For any 7 € MC, let 9, : Home(C,D) — Hom,(C, D), where 3, =
Je+T-c+e-7=0c+([r¢e|.
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12

Proposition 2.11. If 01 + 7.7 =0, or equivalently, if 0t + 1/2[r,7] =0,
then (Hom4(C, D), [-,+],0;) is a differential graded Lie algebra.

Proof. Since 0 and [r,-] are both degree —1 derivations of [-, ] so is 8;. To

see that O, is a differential observe that

Oc = 0,0,¢
= 0,(0= + [r,¢])
= 00¢ + O[r, <] + [r, O¢] + [r.[r.¢]]
= [0r.¢] — [1,0¢] + [r,0¢] + 1/2[[7, 7], €]
= [(@r+7-7).¢]

=0

Corollary 2.12. T.MC = (Kerd,)_,.

Definition 2.13. Let t, = (Imd;)_, C (Kerd;)-, = T;MC. Define 1 ~ 7,
if and only if, 3y : [0,1] = MC; such that ¥(0) = 7, ¥(1) = 7, and
v'(s) € tysyMC: Vs € [0,1]. Deformations of 7 tangent to t, are called the

trivial deformations.

3 Classifying spaces, characteristic maps, and

characteristic classes

Let (D,,d) be a finite dimensional differential graded algebra with degd =
—1. Let D[+1]; = Di_;. Denote the old and the new gradings by “|.|".
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13

and “deg”, respectively. Let m : D, ® Dy =& Dpin wWith m (e ® b) =
(-1)!"lm(a®b). Observe that, both m: D[+1], ® D[+1], = D[+1],, and the
dual of the differential, @ : D[+1], = D[+1], are of degree —1. Coextend
them both to graded coderivations on T(D[+1],), denoted, respectivelv by
dp and 0,, and denote their sum by 9. Denote (T(D[+1],),0) by (BD., 3)

Proposition 3.1. (0 ) =0 if and only if 1) 8* =0, and 2) 9 is a derivation

of the multiplication m, and 8) m is an associative multiplication.

Proof. (8)? = 0 if and only if
(0o + 8,)(0p + 0) = 0 if and only if

1)6006():0
2)00001+31000=0
3)81061 =0

if and only if

1)0 0 8 (a) = 0; Va € D[+1],

2)(Gp 00y + 01 00p)(a®b) =0; Va® b€ D[+1)$*?
3)(0100)(a®bRc)=0; Va®b® c € D[+1]&*

if and only if

1) 0 d(a) =0; Ya € D[+1],

2) [mo(0®1+1®09)+dom|(a®b) =0; Va®be D[+1)2?

3) [mo(m®1+10@m)](c®b®c)=0;Va®b®c € D[+1|$*

if and only if

1)@ 0 d(a) = 0; Ya € D[+1],

2)(~1)la1=1(a)-b+(—1)4e9°(~1)lela-(Ob) +(—1)%0(a-b) = 0; Va®b € D[+1]%?
3)(=1)lel(=1)lablg . b-c+ (—1)lal(—1)%98(~1)lg-b-c = 0;Va®b®c € D[+1]3*
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if and only if
1)8* =0, i.e., 8 is a differential
2mo(1®90+9®1)=03dom, ie., dis a derivation

3)(mol)om = (1® m)om, ie., mis associative O

Definition 3.2. The classifying space of a finite dimensional differential

graded associative algebra (D,, 0) is the differential graded coassociative coal-

~

gebra (BD,,d) defined above.

Example 3.3. For a compact connected Lie group, G, the differential graded
coalgebra (BS.G,5) is chain equivalent to (SeBG,0), where SeBG denotes

the singular chains on the clussifying space of the group G.

Proposition 3.4. Let 7: C, = D, be a map if degree —1 from a finite di-
mensional differential graded coassociative coalgebra into a finite dimensional
differential graded associative algebra. There is a unique degree zero map of

graded coalgebras T . Co = BD, whose projection on D agrees with 7.

Proof. 7 : Cy = D, is a map of degree —1 therefore 7 : Cy = D[+1], is a
map of degree zero and so is the dual map 7* : D[+1]* — C*. 7* has a unique
extention to an algebra map 7* from the free associative algebra TD[+1]* to

the algebra C*. Let 7 = (7*)* : C, = BD, 0

Proposition 3.5. 01 + 77 =0 € Hom,(C, D) if and only if T is a chain
map, i.e., 07 =0 € Hom,(C, BD,).
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Proof.

T is a chain map < 7* is a chain map
S & o =T ol
S ot =-7"00"-A0o(r"®7")0 m o on D[+1}*
&1700=-00r—mo(r®T)0A=0 on D[+1],
Sr10d=—-0oT—mo(T®T1)oA=0 onD,

&Sor+r-1=0 on D,

a

Remark 3.6. The transformation B converts the seemingly nonlinear equa-
tion Ot + 7 -7 = 0 to an linear equation 07 = 0 € Hom,(C, BD,). This is

because all the nonzero components of T are in strictly positive dimensions.

Let 7 = C,M — D, be a combinatorial twisting cochain. Use the sym-
bol ch. for the differential graded coalgebra map 7 described above. The
dual map ch; : BD* — C*M is a map of differential graded algebras and
thercfore induces an graded algebra map H*(ch,) : H*(BD®*) = H*)M on

the cohomology.

Definition 3.7. The map ch, : C.M — BD, is the Characteristic Map of
a combinatorial twisting cochain T = CoM — D,. The image of the classes
in H*(BD*) via the map H*(ch,) are the Characteristic Classes of . The
characteristic map and classes of a Chern-Weil system p are those of the

twisting cochain 7,.
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Definition 3.8. Let 7 : C, — B, be a map of differential graded coalgebras.
A k-Coderiavtion € : Cy, = B, over T is a map € : C,, = By satisfying

(EQRT+TQRE)oAc=Apgo0¢&.

Proposition 3.9. The graded vector space of all coderivations over 7, Coder?(C, B)

can be made into a complex by defining 98 = 0 0 &~ (-1)F1Z0 dc.

Proof. OF is a coderivation over T, i.e., (JEQ T+ T ® 98) 0o A¢c = Ap o JE,

since

Apod&

=Ago(dgos-(-1)F0dy)

=(0B®1+1@dg)oEQT+TRE) oA
~(-1)EFQT+7®8) 0 (I ®1+1®dc)

=((0g08)®T + (0 o7)RF+ (-1)1F® (g0 T) + T® (g0 &) 0 A¢
—(=1)((Fodc) @T+F® (Fodc) + (-1)(Fode) R+ 7® (F0dc)) 0 Ac

=[(@p0F~ (-1)F08c) @ T 0o Ac + [F® (O 05— (=1)7F08¢]) 0 Ac

= (IF@T+7T®F) o Ac.

0 is a differential, i.e., 3%c = 0, since

008 = 9(0g o & — (—1)/F1E 0 O¢)
=0g00p0of—(-1)9g0F00c —~ (~1)-195 050 d¢
+(=1)-Y-1)E80 dc 0 ¢ = 0.

a

Proposition 3.10. If 7 ~ 7, (see Def. 3.11) then 7| is chain homotopic to

.
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Proof. 1t suffices to show that an infinitesimal change tangent to plane field
t. would result in an infinitesimal change in 7 in the direction of the subspace
of exact objects in the complex (Coderi(C,, BD,),d). Perturb 7 by a small
amount £ = J,n € t,. We have (T/-+-\s) =7+&:C, » BD,. We will show
that 07 = € € Coder](C,, BD,). This is tantamount to the dual equation

for derivations over 7*: 97 = € € Der] (BD*,C?) which needs to be varified

on D[+1]*. Note that

(07)' o1 = (@0 n" =" 0dp = Aon" @7 +7°® M )lpperf
= (@on -1 00 - Apon' @7 +7 @ m")p-
= (nodc—-dpon+mpo(n@r+7®n) o)
= (I +[rn])
= (0:n)°

a
Corollary 3.11. If 1y ~ 1, then H*(ch;, ) = H*(ch;,) : H*BD* — H*C*

Definition 3.12. Let p: P, = D, be a map of differential graded algebras.
A k-derivation ¢ : P, =& D, over p is a map ( : P, = Dy, satisfying
(@mp =mpo((Qp+pRC), ie, ((a-b) = Ca-pb+ (=) pa- Cb;
Va.be P,.

Proposition 3.13. The graded vector space of all derivations over p, Der?(P, D)
can be made into a complez by defining 8¢ = 8p o { — (=1)I¢ 0 Fp.
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Proof. dC = dp o ¢ — (—1)*C 0 Bp is a derivation over p, since

(a-b) =dpo((a-b) - (-1)*Codp(a-b)
= dp(Ca - pb) + Ap((~1)""**pa - Cb)
— (=1)¥¢(dpa - b+ (—=1)"a - 9pb)
=dpCa- pb+ (—1)¥9¢a - dppb
+ (=1)*dppa - ¢b+ (-1)¥(~1)pa - BpCb
~ (=1)¥¢@pa - pb + (=1)*(=1)*1" pdpa - ¢b
~ (=1)*(=1)¥¢a- pdpb + (= 1)*(=1)(=1)""Ipa - ¢B,b
= dCa- pb + (=1)*kVialpg . 9¢b.

a

Proposition 3.14. An infinitesimal deformation of differential graded alge-

bra map p is given by an element ¢ € Derf(P, D) such that 3¢ = 0.

Proof. ¢ is a 0-derivation, since

(p+¢)(z-y)=(p+ )z (p+()y ifand only if

plz - y) + ¢z y) = (pr +(x) - (py + Cy) if and only if
pr-py+¢(z-y)=pz-py+(r-py+pzr-Cy+(z-Cyif and only if
¢(x-y) =Cx- py+ pz - Cy+ higher order terms in .

d¢ = 0, since

dpo(p+¢) =(p+¢) o0, therefore

do(—(o0d=0,in other words, 3¢ =0 O

Definition 3.15. Let Homg,(P, D) C Hom,(P, D) denote the space of dif-
ferential graded algebra maps P, = D,. The vector space T,Homq,(P, D) =
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{C € Derf(P,D) : dp o { — (0 3p = 0} is space of infinitesimal deforma-
tions of p. A trivial infinitesimal deformation is a deformation tangent to
the subspace t, = (Imd)q; 06 = dp o & — (~1)*€ 0 Op in degree 0.

Definition 3.16. p, ~ p; if and only if 3y : [0, 1] — M; such that v(0) = p,,
Y(1) = pa, and 7'(s) € ty M, Vs € [0,1]. Deformations of p tangent to t,

are called the trivial deformations.

Theorem 3.17. Any two equivalent combinatorial Chern- Weil systems have

homotopic characteristic maps, and therefore share the same charcteristic

classes.
Proof. This follows from proposition 3.20. a

Proposition 3.18. If the reperesentation p is perturbed infinitesimally by
an eract amount ( = 06 € t, = (Imd)y C Derf(P, D) then 7, is perturbed
by an ezact amount, i.e., tangent to t,, = (Imd,,)-, C Hom_,(C, D). Con-
sequently, the chain map 7, is perturbed tangent to the space of chain maps

homotopic to the identity.

Proof. 1,0 = To0(p+ () = 7, + 70, therefore it is enough to show that
7o ( is exact. Note that
Or,(EoT)=0pofoT —EoT0dc + [poT,€0T]
=0Jpofor—€o0T0dc+poT-§oT—EO0T poOT
=(or—€o00dpoT—€o0Todc+poT-LoT—EoT poT
=Cor—Co(OT+T-7T)

=(orT.
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Corollary 3.19. The map M — MC; p — 7, = po T, descends to a map
M/~ ME/ ~; [p] =[] = [por].
Proposition 3.20. Ifp ~ p/, then 1, ~ 74, then ch,, ~ chr,, then H*(ch,,) =

H*(ch,,,).

Proof. This follows from corollaries 3.10 and 3.19. a

4 Local combinatorial computation of char-

acteristic classes of smooth bundles

Let G denote a compact, connected, Lie group. Let I = [0,1], SxG denote
the graded vector space generated by the set {\: I* — G} in degree k, and
0 : Sk+1G = SiG;

OA(ty, oo te) = ZE_ (=1 (A1 oy Oy e bie) = A(tr, oo Ly oony Bi)), where t's
and s;'s are denoting the arguments of A and X', and 0; and 1; are merely
0’s and 1’s in the j** component. For A : [0,1}f = G, and X : [0,1]' = G,
define M- X' : [0, 1]F*' = G be A - N(t,s) = A(t) - N(s).

Proposition 4.1. (S,G, -, ) is a differential graded associative algebra.
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Proof. 8% =0, since

BON(t1, oo tn) = BT (= 1) (A(t1s s Oky voostn) = ALty ooy Ly ey )

~ S (=1 O s 1y )

F+ Zak (1R (e Ly Ly ey )

+ ey (= 1FFUTU(E o Ly e 1y e )
=0

d is a derivation, for if t € I* and s € I'~! then

AN X)(t,8) = 5 (1 Mty oons 0y voos biet) - N (tk. )
= Mt oy Ly eyt ) - N (te. 8))
+ (=D AE) - N sy eenr 05,y 1)
= A(t) - N(S1se0es Ly oo 1))
=9 - N(t,s) + (~1)kN-aN(t, s)

a

Definition 4.2. Let T(::.y) = {"/ : [tl, t-g] - AM: t.ty € R, "/(tl) =r, ",’(tg) =
v}, and P = U, yearsar Pewy-  There exists a natural map * : Ppy) X

Pus) = Py (7)) = Mix . Let SiPay = R{A - IF = Py}
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and 3 : S Pizy) = SkPiey)i OME, o th) = Th (Z1)F (A1 oo 0y o bi) —
Aty oy 1y s b))

For \: [0.1]F = P(r ). and X' : [0,1]' = Py, let XN 2 [0, 1] = P, .y be
A-X(t,s) = A(t) - N'(s). Notice that both the multiplication and the boundary

operator ertend to operations on S,P = @(Ly)euxM SePiz.y)

Given a simple n-snake (vg, ..., Vns1) € Py let ug = vg; u; = (1 = t;)u;_, +

tiv; for 1 < i < 05ty = Vpgr. Let ¥¥(t) = (1 —t)u; + () iz, for t € {(0,1)],

Proposition 4.3. [ : P, = S,P is an injective map of differential graded

algebras.

Proof. Tt is easy to see that [' is an injective map of graded algebras. To
see that [ is a chain map notice that the terms (v, ..., ?j, ..., v,) are mapped
to the restriction to the slice t; = 0 of the standard cube, and the terms
(vo. ... vj)(¥j, ..., vn) are mapped to the restriction to the slice t; = 1. Con-
sulting the formula for @ on P, and that of 3 on S,PM shows that [ is a

chain map. O

Let Q~* M be the graded vector space generated in degree —k by the pairs
of cells [0}, 0,] of the original triangulation such o, is an order preserving
subset of 0, including at least the initial and terminal vertices of o5, and
dimo), — dimo, = —k. Q™*M is equipped with a coboundary operator ¢ :
Q7kM — Q kUM given by d[oy, 09 = (001, 0oa] + (—1)4™ [0, 03], Let
(Q4 M., 0) be the dual complex of (Q~* M, 4).
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Remark 4.4. Given a triangulation T, there ezists a dual cell decomposition
T*. The intersection of the cells of T and T* of different dimensions gives
rise to a cell decomposition, T NT*, of the space into cubes, each of which
uniquely labeled by a pair of the simplices in T: [0y,00|, such that o, is
a face of d2. Let W(a,b)e C Q.M be the set of all the cells of the form

(@, viy, ... Vi, B), (@, ujy, -ony i, D).

Proposition 4.5. The map ® : W(a,b)e = P,M;
B[(a, Uiy oves Vi 0), (@) Ujy s ooy 5, 0)] =

(@, e Wy ooy Vi ) (Vi ooy Ujy s eony Vig)eve( Vi s ony Uiy ony Vi, D) 15 am injective chain

map.
Proof. Straightforward a

Example 4.6. ®[(vo, vk, tn), (Voy ey Un)] = (Voy ory Uk ) (Uks oy Un) and

®[(vo, tn)s (Voy -oes Dity ooy Ua)] = (Voy oves Ty ooy Un). The left hand sides are com-
ponents of the boundary of [(vo, Un), (Voy ... )] € QoM and the right hand
sides are those of the boundary of (v, ..., tn) € P,

Corollary 4.7. The boundaries of the 2(n—1) boundary terms in d(vy, ..., ty) €
P, fit together according to the combinatorics of the boundary of an (n — 1)-

cube.

We will exhibit how to obtain a combinatorial Chern-Weil systems from

a principal bundle G —» P — M endowed with a connection 6.

Proposition 4.8. If the triangulation T is fine enough, and if G is endowed
with a bi-invariant metric, then the algebra map py : Py = SoG can be

completed to a map of differential graded algebras p : P, = S,G.
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Proof. Let e € Uy C Uy C ... C U, C G be a sequence of contractible
balls with the property that U7 C Uy The terms in d(vg,...,vn) =
SP (=10 {(v0y «+vy Tty oves Un) = (L0s --es Vi) (U, .., ) } are organized by the 2(n—
1) cubes, of one lower dimension, which form the boundary of an (n — 1)-
cube. We will construct p inductively. Choose a fine triangulation so that
for any (a,b,c) € Py, p(a,b)(b,c) pla,c)~! € U,. Let p(a,b,c) define a one
chain connecting p(a,c) and p(a,b)(b,c) in p(a,b)U,. To define p(a,b, c,d)
notice that p(a, b, d), p(a, c,d), p(a,b)(b, c,d), and p(a, b, c)(c,d) are all in U,.
Let p(a,b,c,d) be a two cubic simplex filling in. Continue the construction

inductively. O

Now that we have constructed p : P, — S,G, consider 7, = pot : C,M —
P, = S,G, and then ch =7, : C;, = B(5.G)., and then ch* : B(S°G)* —
C* M, and finally H*(ch*) : H*M — S*BG.

Proposition 4.9. If p and p' : P, = S.G are constructed as above, then

p~p.

Proof. For and (a,b) € P, p(a,b) = p'(a,b). Define & € Derf(P, S,G) as
follows: Set &(a,b) € S|G to be the constant cubical 1-chain &(a,b)(t) =
pla.b); Vt € [0,1]. Assume & is constructed on Pi_j. O(vg,.... tk+1) € P
corresponds with 3I* = (I*~!x {0, 1})u(8I*~' xI). The chains p(I*~!x {0}),
p'(I¥-' x {1}), and £(8I*~") fit together to give a map /% — U. Define
£(vg, ..., vk41) : I¥ = U to be an extension. The claim is that 9§ = p — p’ on
simple snakes of all dimensions. Even though on an arbitrary snake of length
more than one the equality does not hold since the difference of two algebra

maps in not a derivation. However, if p is an infinitesimal deformation of p,
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the equality holds over P,. O

Proposition 4.10. A connection, 8, yields a canonical extension pg : P, —

SoG Of Po Po - S(]G

Proof. Given a connection 8, the parallel transport along paths yields a map
of groupoids Iy : PM — G. Therefore it gives rise to an algebra map
Selg : SePM — S,G. The composition py = Sylyol : Py, = S¢PM = S.G

is a canonical extension of py : Py = SiG. O

Proposition 4.11. An infinitesimal change in the connection § on G —

P — M results in a trivial change in the canonical representation py.

Proof. Suppose 0 and ' are two nearby connections. Connect them by a path
of connections 6,, s € [0, 1]. Hence, we obtain a family py, of representations.
For a simple snake o € Py, let (€0)(t1, ... ta) = (pg, 7)(t2, ..., ta). Note that
0& = pg — pj, on simple snakes . This implies that if #' is an infinitesimal

deformation of @ then 9§ = py — pj over P, a

Corollary 4.12. The map H'(ch;po) : H*M — H°*BG is independent of the

choice of the connection @ on G — P — M.
Proof. This follows from the propositions 4.20, 5.9, and 5.11. a

Note 4.13. [ was informed by David Stone that his joint work with Anthony

Phillips has a big intersection with the material presented in this chapter. cf.

[3].
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5 Combinatorial Chern-Weil system of a tri-

angulated homology manifold

This construction was suggested to me by D. Sullivan [4]. Let F, = Co(M, M-
N o), where No is the union of the stars of all the vertices of 0. Let F denote
the direct sum of F,’s over all the vertices v in the triangulation, T, and de-
fine D, = End,(F). For any two cells g, C 0, in the pair cell decomposition

consider the inclusion map g, g,} : (M — Noa) = (M — Nay).

Proposition 5.1. For any two simplices o, C o2, the space S[oy,0.] of
all continuous maps ¢ : M — M, which keep Noy invarient, and are the
identity on (M —=No,), and ¢(M—Na,) C ONo, is a contractible (nonempty)

topological space.

Proof. Notice that No, = (Na, — 1\7’01) U No, and ONo; = (Noy — 1\701) N
Noa,. Therefore one has ... = Hy(ONa,) = H(Noy — z\;al) ® Hy(Noy) =
H(Noy) = Hi_1(ONoy) — .... Since No; and No, are both contractible,
the inclusion induced map H,(ONa,) = H.,(No; — 1\?01) is an isomorphism.
Since dNa, and dNo, are homologous cycles in Noy — 1\?01, H,(ONoy) —
H,No, - 1\0"01) is an isomorphism as well. Looking at the long exact se-
quence ... & Hi(dNo2) - Hi(No, - ./\ofal) — Hi(No, — z\c;ol,aNag) -
Hi_(ONgy) — ... one concludes that H,(No, — ./\701,8N02) = 0. Since
mONo, = 0, and that all the higher homotopy groups are abelian, the uni-
versal coefficient theorem applies. We have

0— Ext(He_1(Noy — 1\;0\,81\102),«._‘61\(02) — H*(Ng, — 1&01,81‘&72;
Te-10N0d2) — Hom(H,_(Noy, — 1\7’0’1,61\{0’2),7(._11\[0’2) — 0. Therefore

[a]
H*(Noy — Noy,ONd2; me—10N03) = 0. Thus the obstructions to existence
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of such a map (Noy — ./\T'al) — dNo,, which is the identity on dNas, van-
ish. To show that these maps extend to maps defined on No, note that
the obstructions are in H*(No),0N0y; Te—1 No3) which all vanish since No,
is contractible. To show that this space is contractible one shows that any
family of maps parameterized by dI*, for any k, can be extended to a family
parameterized by I*. The obstructions to these extensions all vanish since

they are classes with values in 7,_Noy = 0. O
Similarly one can prove that:

Proposition 5.2. For any two simplices ¢, C 05, the space H[o),04] of
all maps ¢ : M — M, which keep Noy tnvariant, and are the identity on

(M —.’\70'2), and o(M —./\?cn) C (M —Nay) is a contractible topological space.

We now begin to construct the associated combinatorial Chern-Weil sys-
tem: For every simple element (a,b) in P, define p/(a,b) be the composition
of an arbitrary element in S[(a), (a,b)] and the inclusion map i) p)- Ex-
tend o' to the entire P, additively and multiplicatively. Note that for a
simple 1-snake (a.b.c) in P, the two maps g'(a,b)(b,c) and p'(a,c) are in
H{(a,c),(a,b.c)]. which is a contractible space. Let p'(a,b,c) be a homo-
topy between p'(a,b)(b.c) and p'(a,c). Extend g’ to the subalgebra gener-
ated by Py and P, additively and multiplicatively. Note that for a simple
2-snake (a,b.c,d), the four boundary pieces (a,c,d), (a,b,d), (a,b)(b,c,d),
and (a.b,c)(c.d) label four maps that are connected by four homotopies,
forming a map of the boundary of a 2-cube into the contractible space
H{(a.d),(a,b.c.d)]. Let p'(a,b, c,d) map of the 2-cube into H[(a,d), (a, b, c.d)]

with the given boundary conditions. Extend p’ to the subalgebra generated
8 g

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28

by Py, Py, and P, additively and multiplicatively. Proceed as above induc-
tively to obtain a hierarchy of maps, homotopies, homotopies between the
homotopies, and so forth. Refine the triangulation to obtain simplicial ap-
proximations to all the above maps, giving rise to a combinatorial Chern-Weil

system p: P, = D,.

Remark 5.3. The obstructions to erisitence of a continous map take values
in the homotopy groups of the target space. Similarly, the obstructions to
eristence of a chain map take values in the homology groups. This enables us
to carry out the above argument to construct maps at the level of chains even
when the links are not simply connected, namely in the context of a homology

manifold.

6 Promotion of the Chern-Weil system of an
oriented and triangulated homology mani-
fold to one that takes values in the endo-
morphisms of an A, -Poincaré duality coal-
gebra

Perhaps the combinatorial Chern-Weil system of a homology manifold, which

was described in the previous chapter, is rather simple minded. The simpli-

cial chain complex of an oriented and triangulated homology manifold has

a rich algebraic structure. Thomas Tradler and I, using ideas discussed in

[5] and [2], claim that the simplicial chain complex of an oriented and trian-

gulated homology manifold has an A-Poincaré duality coalgebra structure
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[7]. The definition of an A-Poincaré duality coalgebra was introduced in
[6]. One would like to show that the Chern-Weil system of an oriented and
triangulated homology manifold can be promoted to one that takes values in
the endomorphisms of the A,-Poincaré duality coalgebra of simplicial chains.
Such combinatorial Chern-Weil systems have a better chance of yielding in-

teresting invariants. This is work in progress.
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