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ABSTRACT

The Laser Doppler Velocimetry technique was
used to study the mechanism by which chaos can
appear 1in a system governed by deterministic
equations of motion and time-independent boundary
conditions. Incompressible fluid flow between
concentric cylinders, induced by the rotation of
the inner one with the outer one fixed, was chosen
because it displays a progression of instabilities
with increasing Reynolds number before the onset
of chaos. Early workers[l] thought the number of
instabilities so 1large that the flow appears
chaotic when it 1is actually highly multiply-
periodic. Recent work[2] cast doubt on this
picture. The present study used a mini- computer
on line to a PDP-10 mainframe to acquire long data
records. The computed velocity power spectral
densities therefore had a resolution of (lO"“).
High optical mixing efficiency provided a signal
to noise ratio three orders of magnitude higher
than previous studies. As a result, we have been
able to precisely characterize a gquasi-periodic
- flow and show that chaos appears after two time-
dependent instabilities. Relationships of the mode
frequencies at the onset of chaos are examined.
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l. INTRODUCTION

Turbulent flows are the rule rather than the exception
in nature, but our understanding of fluid flows is predomi-
.nately of tpe laminar case. In turbulence theory most of the
attention has been given to the fully developed case and
.relatively little to 1its onset. The theories of fully
developed turbule;ce introduce a statistical description ad
hoc, an approach which assumes that a very large number of
modes of the fluid are excited. In the transition problem,
we are attempting to understand what modes are involved and
how they become excited. The current study supports the view

that the number of modes involved 1in the appearance of

tur bulence need not be large.

The flow between concentric rotating cylinders 1is a
natural <choice as a system for study because its high sym-
metry has made the study of the 1laminar regimes very
successful compared to more general flows. However, as we
shall see in what follows, a great deal remains unknown in
this system. It is unlikely that a deeper understanding of
the transition problem will come first from a more general
flow. Similarly, in the hope of obtaining deeper insight by
restricting the probiem, we have chosen the <case of Ehe
outer cylinder at rest with the inner cylinder rotating.
This restriction represents a modest experimental conve-
nience, but the main reason for this choice is the apparent

difference in the character of the transition to turbulence



in this <case as compared to the case where motion of the
outer cylinder predominates. In the later <case turbulence
can appear directly and catastrophically from Taylor vor tex
flow[l]. In the case we have studied, intermediate states
were known to occur before the appearance of turbulence, but
the present study shows that their number éan.be reduced by
using short cylinders. This study also shows that additional
previously unknown instabilities occur. The hope 1is that
the study of this progression will lead to insight into the

onset of turbulence.

In Chapter 2 we review previous work on this progres-
sion of flows. 1In Chapter 3 we describe the principles of
laser Doppler velocimetry per tinent to our work. In Chapter
4 we describe the flow apparatus in which our measurements
were made and the laser Doppler velocimetry technique used.
In Chapter 5 we present our results. The implications and
conclusions that can be drawn from these results are pre-

sented in Chapters 6 and 7.
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l. Coles, D. 1965 Transition in Circular Couette flow.
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2.1. Groundwork

Theoretical approaches reviewed here generally assume
that a fluid dynamic description is rich enough to describe
the phenomena. The exper imental results afe generally not
bound by this assumption and often serve to justify it. It
is fur ther assumed that a viscous fluid must 1locally match
the velocity of a solid boundary. This assumption has been
justified theoretically by examining a thin layer near the
boundary in an expanded coordinate system and allowing the
fluid to slip at the boundary. It is found that for very
small boundary surface irregularities a surface of fluid
velocity equal to that of the boundary exists very near to
the boundaryl[l]. Finally, it is assumed that the fluid is
incompressible. This assumption is justified if the molec-
ular relaxation of density gradients is rapid compared to
the characteristic time scales of the fluid motion. A
measure of the rate of equalization of density gradients is
the sound speed, and the desired parameter expressing the
incompressibility of the flow is the ratio of the fluid
velocity to the sound speed, which for our system is always
less than 10-3, Despite these restrictions, and half a
century of effort, the resulting theoretical model is still
largely wunexplored. Thus it is reasonable to explore this

model fur ther before considering something more general.

The previous considerations result in the Navier-Stokes



eauation as the eqguation of motinn of the system:
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in dimensionless units where:
R=— (2.2)

and U is the scale velocity, L the scale 1length, and v the
kinematic viscosity. The continuity equation:

> >

vev = 0 (2.3)

is also part of the system of governing equations, but it
should be noted that use has already been made of it in the
form of the viscosity(last) term of (2.1) and in some cases
it vyields no new information. For the case of concentric
cylinders the natural representation of (2.1) and (2.3) is
cylindrical coordinates with axes chosen as shown in figure
2.1 and>u,v,w are the components of v in the r, ¢, and =z

directions, respectively.
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We shall review previous work by examining the

successive regimes exhibited by the flow in order of

increasing Reynolds number. Our review will not be



Figure 2.1

The flow geometry with definition of the cylindrical

coordinate directions and the mechanical parameters;'a

the innner cylinder radius, b the outer cylinder

radius, ¢ the gap width, and L the fluid height.






strictly historical. The flows are classified by results of

theoretical work assuming infinitely 1long cylinders and

experiments in lonyg apparatii, but we will in each case

discuss finite length results.



2.2. Couette Flow

At low Reynolds number the flow 1is time-independent
having only a single non-vanishing velocity component in the
azimuthal direction which depends only on the radial
coordinate. This result can be sucessfully compared with
the solution obtained from the Navier-Stokes egquation by
assuming that the flow shares the symmetry of the boundary
conditions in the idealized case of infinite cylinders. This
was done by Couette[2] as a check on the Newtonian stress
approximation. The cylindrical symmetry gives:

ou _ av | Bw
30 - 39 3 0o (2.5)

=0 (2.6)

Further; no-slip boundary conditions give v = (0,9;8,0) at
the inner cylinder wall if it has an angular velocity of
and v = (0,9,b,0) at the outer cylinder wall if it has an
angular velocity of 9. The normal component of this condi-
tion 1is held to be true in the body of the fluid. We are
left with the functional form of the velocity v = év(f).
Using (2.5) and (2.6) and seeking a time- independent
solution so that time derivatives may be set to zero, we

obtain from (2.4):



Note that this system is 1

solution:

where:

and:

ldv v _
M T
QP_ _ v2 (2-7)
dr r

= Ar +.E_ (2.8)

_ da
and  n =g (2.10)

are determined by the boundary conditions. Note that the

Reynolds number does not appear. This solution is valid for

all values of the Reynolds
ever, that the flow it
Reynolds numbers. Couette
observed that this flow

number was increased.

number . This does not mean, how-
represents 1is observed at all
and other early researchers [3]

did not persist as the Reynolds



2.3. Taylor Vortex flow

Rayleigh[4] presented an incisive heuristic analysis of
the stability of Coﬁette flow against axisymmetric distur-
bances neglecting the effect of viscosity. In this case, due
to Kelvin's theorem, the angular momentum of a fluid element
would‘ remain unchanged even when displaced fr om its
equilibrium position to a region of different angular
momentum. Motion in the axial and radial directions is
governed by the centrifugal force = v%r. Since vr=k, a
constant, the centrifugal force is kz/r3 and associated with
it is a potential ok2/2r?> . The flow is stable if this poten-
tial is a minimum. To achieve that, it is necessary to have
larger values of k% at larger radii. Thus the squared
circulation must increase monotonically outward for

stability.

Von Karman([5] arrived " at the same criterion by
considering the balance between the centrifugal force pv2/r
and the pressure gradient. If a ring of fluid at radius r1

is displaced to a larger radius rp the centrifugal force

[__LVJ_J Iry = __I_Z,z_(rrv )* (2.11)

The pressure gradient at r, is that needed to balance the

becomes:

centrifugal force of the fluid originally there, pv3/r2 . If
- the centrifual force of the newly arrived fluid 1is larger
than the pressure gradient, thére will be an unbalanced

outward force which will cause the displaced fluid to
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continue its motion rendering the basic flow unStable. The
compar ison of these two forces reduces to:
(r1vy)2 > (rvp)2  or ki > k3 (2.12)

A similar examination of a ring of fluid at rp displaced to
r; under the same circumstances shows that it exper iences an
unbalanced force inward. Thus when the Rayleigh criterion is
not met a fluid element 1is unstable with respect to
displacement in either radial direction. Synge[6] derived
this criterion by a linear stability analysis of the
inviscid equations of motion for axisymmetric disturbances
and Chandrasekhar [7] demonstrated the general case.
Application of the Rayleigh criterion to the case of the
outer cylinder fixed indicates instability at infinitesimal
Reynolds number while a finite stable regime 1is observed

exper imentally. The Rayleigh analysis must not be complete.

To include the effect of viscosity G.I. Taylor[8]
performed a linear stability analysis of the Couette flow

solution. Substituting:

u=u
v=V\V+y (2.13)
Ww=w'

where V is given by (2.8), into (2.4) gives the equations

for the time evolution of the distur bance:
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with boundary conditions:
r=1
u' =v' =w' =0 for b (2.15)
Y‘=E

To investigate the evolution of axisymmetr ic disturbances a

solution of the form:

a(r)cosaz eOt

u' =
v' = 9(r)cosiz eOt (2.16)
w' = w(r)sinaz eOt

is assumed. This leads to:

(L - a2 - oR)(L -A%)u = 2A2Rwv : )
' 2.17) -
(L - 22 -~ gR)v = 2RAa
_d2 1d 1 _dfd ]
L = gre* vdr ~ e’ dr[dr * F] (2.18)

with boundary conditions:



A S r=1
u = %%==v =0 for b (2.19)
Y‘=a' ’

Cylindrical symmetry suggests the possibility of
solution in terms of Bessel functions. Taylor developed a
complete set of orthoyonal functions related to the Bessel
functioné and expanded (2.17). The resulting infinite set of
homogeneous linear eéuations is in priciple solvable as a
determinant of infinite rank, but Taylor evaluated it
avproximately for a number of limiting cases including the
one of interest to us here-the narrow gap limit. It is
assumed that the growth rate o is real and passes through
zero so that the secondary flow is also time-independent.
This assumption is known as the exchange of stabilities and
is Jjustified by the nature of the disturbance as well as
exper iment[9]. The result of this analysis is presented 1in
figure 2.2(a). For cylinders rotating in the same direction
there is rough agreement between these results and the pred-
iction of the Rayleigh criterion. Rigid body rotation-the
Aiagonal dotted line- is stable. For counter—rbtating cyl-
inders there 1is a cylindrical sur face where the velocity
passes through zero. The squared circulation must decrease
as that éurface is approached from the inside and the flow

should be unstable. There are examples where this is true
of the Taylor analysis but in this case as in the case of
interest to us-outer cylinder stationarys;inner one rotating-
there seems to be much more stability than the Rayleigh

criterion allows. The conclusion is that the instability
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Figure 2.2

(a) The stability boundary of Couette flow (after
Taylor [8]) (b) The streamlines of the resulting

secondary flow.
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mechanism of the inviscid analysis is the mechanism of the
viscous case when instability occurs, but the presence of
the viscosity tends to damp it out wuntil it £finally
overcomes the dissipation. A physical picture of this effect
is that the viscosity adds a term to Kelvin's theorem which
allows the displaced fluid element to exchange circulation
with its surroundings and match up with its new environment.
To our knowledge no one has attempted a refinement of
Rayleigh's analysis by attempting to quantify the rate at
which this equalization occurs relative to the magnitude of

an unfavorable circulation gradient.

The fact that 2z does not appear explicitly in (2.17)
indicates that the resulting secondary flow is periodic in
the z~-direction. Taylor was able to calculate the stream
lines for selected cases and showed them to be of the form
shown in figure 2.2(b) which 'corresponds well with the
observations that originally inspired him to do the theory.
The flow has lost its translational symmetry in the axial
direction and has a cellular vorte% structure as shown in
figure 2.3(a) which is a photograph taken using a

visualization method to be described in Chapter 4.

This form can be understood if we recall the inviscid anal-
ysis. We pointed out that instability is in both radial
directions. Thus there is no contradiction in having a flow
with outward directed flow at some values of z and inward

directed at others and continuity requires it. Another
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Figure 2.3

(a) R/RC = 1.1 Time-independent Taylor vortex flow
with 18 vortices. The flows at the upper and lower
fluid surfaces are inward. The vertical bars are
fiducials separated by 10°angles. (b) R/RC = 6.0. (c)
R/RC = 16.0. (d) R/R. = 23.5. Figures (b) and (c)
illustrate wavy vortex flow (with 4 waves around the
annulus), while in (d) the waves have disappeared. In
(b)), (¢), and (d) there are 17 vortices, and the flow
is outward at the upper su;face and inward at the lower

sur face.
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picture 1is presented by Coles([10] who considers a distur-
bance of a small segment of a vortex 1line away from the
axial direction. Then as shown in Von Karman's analysis the
inward displaced end will experience an inward directed
force and the outer displaced end an outward directed force.
The resulting torque then causes the segﬁent to precess
about the z-direction until it is parallel or anti-parallel
to azimuth. Since pressure forces are radial the torque |is
directed in the azimuthal direction and the vortex segment

ceases to precess when it is aligned in that direction.

Linear stability theory predicts unbounded exponential
growth of an unstable mode. This unphysical property of the
solution is understandablevwhen we recall that the analysis
is based on the assumption of small disturbances. An infin-
itesimal amplitude unstable distur bance obeying the
linearized equations of motion will after some period of
time grow to sufficient amplitude to invalidate the
assumption of smallness. At that point the higher order

terms ignored previously become impor tant. Usually the these

terms oppose the growth of the mode so that it saturates at
a constant amplitude. Landaul[ll,12] presented a very simple
and general argument for this type of behavior in the case
of a time dependent secondary flow which predicts a
dependence of the saturation amplitude on Reynolds number of
thé form ﬂiﬁ:, Davey[13] showed rigorously that the Landau
form of the amplitude equation is valid for the case of a

time-independent Taylor flow and evaluated the coefficients.
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Donnelly[Ll4] confirmed it exper imentally in a semi-
gJuantitative way. Donnelly and Schwarz[l5] observed that
fur ther 1increases in Reynolds number lead to the appearance
of harmonics of the basic axial periodicity. Snyder and
Lamber t[16], wusing hot thermistor anemometry, measured the
first four Fourier coefficients of the axial waveform, the
first two of which agreed well with those of Davey. Gollub
~and Freilich[17] introduced fur ther expansions to Davey's
work assuming smallness of the reduced Reynolds number (R-
R.)/R; and arrived at a dependence of the Four ier

coefficients of the form:

Ap * |:(R'Rc)/Rc]p/2 (2.20)
They measured the first four coefficients to high precision
using time averaged laser Doppler veiocimetry and obtained
an unexpectedly yood fit out to reduced Reynolds number of 2

for the case of small radius ratio (n=.6l1) where the Taylor

vor tices remain stable to (R—RC)/RC=5.

More recently J.A. Cole[l8] has observed departures
from the Couette solution even at modest Reynolds numbers,
the effect being more pronounced in systems where the axial
length is short compared to the gap width. Stable shadow
vortices appear near the end while V, is zero in the central
portion of the fluid. As R is increased more cells appear
at each end but the central portion remains free of radial

motion until the Reynolds number is close to the appearance

of secondary flow in a long apparatus. Then cells appear in
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succession from the vortex regions already present at the
ends. When the cells meet, the pattern then readjusts itself
so that the vortices are reasonably equal in size in the 2z~
direction. Flow in this regime is shown in Figure 2.3(b).
Cole also measured the torque reaction on the outer cylinder
due to rotation of the inner cylinder as a function of
Reynolds number and found a change in the slope of the curve
near the critical Reynolds number. His results are shown in
figure 2.4. For small ceil heights he found that the slope
changed continuously over a fairly wide range of Reynolds
number while this transition region occupied a shorter
interval in Reynolds number as the cell length was
increased. The «center of this interval is insensitive to
length. He correlated these results with the indeterminacy
of wvisual measurements of the transition and found good

agreement.

These results are qdalitatively explained by the
theoretical work of Benjamin[19] who showedAfhat features of:
the finite <cylinder problem <can be obtained from the
infinite cylinder ©problem by introducing the gap to length
ratio as an imper fection parameter. For the idealized case
of zero  imperfection par ameter the Couette solution
bifuréates into two stable solutions symmetric with respect
to reversal of the velocities. Finite wvalues of the
imperfecﬁiod par ameter cause this symmetry to be broken and

the corresponding degeneracy to be 1lifted. The stable

solution at low Reynolds number then connects smoothly with
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Figure 2.4

Torque reaction on the static outer cylinder due to
viscous transport of shear stress as a function of the

speed of the inner cylinder for the case of

c/a = 0.0940 (from Cole[1l8]).
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with a curve near one of the two zero imper fection branches
and the solution near the other 2zero imper fection branch
becomes separated. This describes the softening of the
Taylor transition and allows for a non-uniqueness of the
flow pattern at a given Reynolds numberwhich Benjamin
observed experimentally. While Benjamin's theory is the
first to describe non-uniqueness, a phenomenon previously
observed wunder - different circumstances, he had the
discour tesy to observe new examples to fit his theory

rather than explain some of the old ones.



2.4. Wavy Vortex Flow

The time-independent flow gives way at a well defined
Reynolds number to a flow which has ézimuthal waves
super imposed on the vortex boundaries. This flow is shown in
figure 2.3(b) and was first observed by Taylor [8] and later
photographed by Schultz-Grunow and Hein[20]. The motion of
the waves causes the velocity to acquire a periodic time
-dependence in Euler ian coordinates which we will

subsequently refer to as w;.

The most extensive experimental study to date 1is that
of Coles [10] who did hot wiré measurements in air and flow
visualizations in two liquids of this geometry. He studied
the generél case where both inner and outer cylinders are
free to rotate over a wide range of Reynolds number and "the
parameter y and for a large number of Reynolds number
histories. He discovered that the number of axial and azi-
muthal waves 1is not a unique function of the Reynolds
number . He also concluded that to within his experimental

accuracy that the phase velocity of the azimuthal waves

obeyed a universal curve independent of the wavenumber.

Davey, DiPrima,and Stuart[21] performed a monumental-
and highly 1laborious- stability analysis of supercritical
Taylor vortex flow based on a double amplitude expansion
assuming infinite cylinders. This expansion is in effect an

expansion of an expansion of the flow in terms of the
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eigenfunctions of the linear problem and is therefore valid
only for Reynolds numbers slightly above the Taylor
instability. They found that for the narrow gap case there
is yrowth of the non-axisymmetr ic modes at a Reynolds number
close enouygh to the Taylor instability for the expansion to
still be valid. Their results are 1in reasonable agreement
with  the previously reported experimental resﬁlts of
Coles[10] as far as the «critical Reynolds number is
concerned. Eagles[22] wasv able to relax the narrow gap
assumption and retain the next higher term in the expansion
and verified the results of Davey, Diprima, and Stuart

theoretically.

One point of disagreement between the‘theory of Davey
et. al. [21] and the experimental results of Coles was that
theory predicted that the mode with one wave in the azimuth
(m=1) would be the most unstable yet Coles saw the four wave
inode (m=4) at the transition. Schwartz, Springett,and
Donnelly[23] did an experiment with a large aspect ratio and
m=1 was the first to appear. Coles apparatus, on the other

hand, had a small aspect ratio.

Cole studied the transition Reynolds number as a
function of aspect ratio and found a strong dependence as

shown in figure 2.5.
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Figure 2.5

Critical speeds for the onset of (i) Taylor and (ii)
wavy vortices determined from visual observations for

the case of c/a= 0.1190 which 1is the most nearly

comparable to the current study.
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2.5. Chaos

Coles observed that with fur ther ihcrease in Reynolds
number small scale motion evolved, increasing in amplitude
until the azimuthal waves eventually disappeared. This flow
is shown in figure 2.3(d). He attributed the transition to
tur bulence to 'spectral evolution', a mechanism proposed by
Landau{l0,11] based on following the progression of flows
that develops as the flow 1is adiabatically increased in
speed. At very low Reynolds numbers the flow will be lam-
inar time-independent flow. As the Reynolds number is
increased it eventually reachs a value which renders the
original flow unstable. A secondary flow develops and
saturates in amplitude, ‘The secondary flow 1is then an
oscillation which .grows in amplitude and eventually
stabilizes at a constant value and has a definite frequency
associated with it. The phase of the oscillation however,

depends on the initial conditions.

With further increase in the Reynolds number it
eventually reachs a value at which the secondary flow be-
comes unstable. A new oscillation develops and drows in
amplitude eventually reaching its saturation. The flow now
has two frequencies of oscillatioh and two phase factors
dependent upbn initial <conditions. Further increases in
Reynolds number presumably add still more frequencies and

phase factors wuntil the motion becomes "complicated and

confused"[12].
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This picture implies that turbulent £flow 1is in fact
qguasi-periodic with the statistical character representing
ignorance of the initial conditions in much the same way as
it does in statistical mechanics. In figure 2.6 we show how
the Landau picture appears in the form of velocity éower
spectra. This is a plot of how tne time dependent portion of
the Kinetic energy is distributed in frequency space. No
spectrum is displayed for the time-independent flow. Figure
2.6 (a) shows the velocity power spectrum after the first
instability. The single ©peak of non-zero frequency shows
that the flow is strictly periodic. 1In figure 2.6(b) the
prescence of two non-zero frequency peaks shows the the flow
is (most likely) quasi-periodic and figure 2.6(c) shows the
turbulent state where the motion 1is highly multiply
periédic. It is to be noted that while the spectrum Iis
highly populated all the peaks present are delta functions.
In figure 2.7 we present a plot of frequencies present
ver sus Reynolds number . We shall compare this later to sim-
ilar plots. ''ne Landau picture is impressive as an attempt
to understand a hnhighly complex non-linear phenomenon in
terms of a composition of results obtained from different

expansions of restricted validity.

Hopf[24] actually produced a system of non-linear
equations which has the behavior described by Landau. His

system:



Fiqure 2.6

Velocity fluctuation power spectra for the different
regimes of flow in the Landau picture of the transition
to turbulence. This quantity is a measure of the kinet-
ic energy per unit frequency 'in the time-dependent

component of the flow.
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Figure 2.7

A summary of the frequencies appearing in . the spectra
of figure 2.6 as a function of Reynolds number in the

Landau picture of the transition to turbulence.
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where:
1 (27
fog = g;-f f(x+y)g(y)dy
0
is the convolution inteyral and F(x) = a(x)+ib(x) is a yiven

function. Developinyg the functions u,z,a, and b in Fourier
series he showed that Ffor most initial conditions the

solution tends as t-e toward:

- _ 2 inx
u 22 ( a,tn p)e
n<u<a
n
(2.22)
z= ] (n?u(a -n?u))'7e"™ expi-ib (t+a,))

2
n<up<a
K n

The summations include only terms for which n2u<a% .This has
two consequences. First, there are only a finite number of
terms in any solution. Second, the number of frequencies
increases as n decreases ( or as KR increases). This
development strenythened belief in the Landau picture. Hopf,
nhowever, cautioned that the applicability of his results to
hydrodynamics was unclear because the non-linearity of the
later case is very different in character from the type he
chose to study. Later we will apply the benefit of hindsight

to his speculation.

Gollub and Swinney[25] did real time laser Doppler vel-

ocimetry in a relatively short apparatus of the same ratio
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of radii as that wused by Coles in an effort to find
additional time-dependent instabilities above the wavy
vor tex instability and below Reynolds numbers where the flow

is clearly turbulent. Surprisingly, they

found only three such instabilities. They also observed a
four th instability component of the velocity power spectrum
that was not resolvable with their resolution into discrete
frequencies. The resulting suspicion of the Landau
conjecture and the absence of any detailed analytic theory
of these higher Reynolds number instabilities led to a
search for theories haviqg some qualitative correspondance

to observation.

One class of such theories was inspired by the work of
Lorenz{26] who -studied a system of eguations due to
Saltzman([27]. Saltzman was interested in the progression of
flows in a fluid between parallel planes where the lerr
plane is at a higher temperature than the upper. The
Rayleigh-Benard instability 1is well known but behavior as
the temperature difference of the plates 1is 1increased was
not theoretically under stood. Saltzman developed the
equation of motion for the system- the Bousinessq equations-
in Fourier series and integrated a finite number of terms
numer ically. He discovered that in cer tain cases all but
thrée of the dependent variables went to 2zero and the
nonvanishing variables underwent irregular, apparently

nonper iodic fluctuations. Lorenz discovered that the same
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solutions could be obtained if only the three lowest order

terms are retained. The result is the system:

-gX + oY

-XZ + rX - ¥ (2.23)

-
1

XY -bZ

e
it

where X, Y, and 2 are the amplitudes of the three modes
retained. He studied this system numer ically and found that
at high values of the parmeter reminiscent of the Rayleiyh
numnber (tempefature difference), solutions varyied aperiod-
ically in time. Thus he showed that chaotic solutions can.be
contained in a system of equations having only a fow

degrees of freedom.

Another class of theories was originated by Smale([28]
as a part of his development of the subject of differential
Aynamical systems. This is an outgrowth of global analyis
which attempts to ascertain properties of solutions of
differential equations in the large by applying topological
arguments to the mappings on differentiable manifolds that
correspond to the eyuations. Dynamical systems 1s the
restriction to the study of equations that represent
physical systems. Smale produced the first example of what
is  now known as a strange attractor. This is a region of
phase space which is attracting but in which no orbit is
stable. The orbits are typically hyberbolic, that is, the

are attracting in some directions and repelling in others.
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Ruelle and Takens[29] proposed a model for tur bulence
in a similar vein. They showed that for "most" nonlinear
differential equationé a strange attractor appears "near" a
triply periodic solution so that chaos is observed after two
time~dependent instabilities. Ruelle[30] has also shown
that the Lorenz system displays a strange attractor but with
a single hysteretic time-dependent instability before the

onset of chaos.

A very recent experimental study by Walden[31l] shows
that the the critical Reynoldslnumber for the disappearance
of the wavy vortices is dependent upon the aspect ratio of
the apparatus. For aspect ratios somewhat larger than used
in the current study he found that after the initial
disappearance of the waves they would reappear at a higher
Reynolds number and disappear again at a still higher
Reynolds number. A summary plot of his results is shown in
figure 2.8. He refers to this phenomenon by the provacative

name of "reemergent order".



Figure 2.8

Summary plot of the Reynolds numbers at which the
vor tex waves appear and disappear as a function of

aspect ratio (from Walden(31l]).
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3. THE LASER DOPPLER TECHNIQUE

3.1. General

Since 1its conception by Yeh and Cummins[l] Laser
Doppler velocimetry (LDV) has emerged as the single most
power ful method for precision fluid velocity measurements.
LDV 1is actually a specialized form of the more general
subject of light beating spectroscopy. As the name implies
this technique utilizes the wave inter ference properties of
light to detect small changes in frequency as the 1light is
scattered by a sample medium. This technique can be used to
study a broad class of fluctuation and diffusion phenom-
ena[2]. LDV is the restriction of light beating spectfoscopy
to the case of scattering from small seed particles imbedded
in a fluid flow. In this case the scattering is essentially
elastic in the particles' own frame of reference and the
resulting Doppler shift frequency in the lab frame can be
under stood very simply in terms of Galilean transformations
between the frames. The particles are massive enough to
average out molecular structure, yet small enough to be

regarded as mass points on the fluid dynamic length scales.

Much of the power of the Laser Doppler Velocimetry
(LDV) technique derives from the wide disparity between the
length and time scales characteristic of the laser radiation
and those characteristic of fluid flows. A laser beam can be
focused to a spot size reasonably close to the diffraction.

limit. Typical values for the parameters used in LDV setups
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limit. Typical values for the parameters used in LDV setups
are shown in table 1I. The probe volume dimension is
appropriate to the hydrodynamic descripfion of a many
particle system, where the length scale 1is chosen to .be
large compared to molecular dimensions and small compared to
ﬁhe size of Fhe sample. Also shown in table I are the
approximate number of molecules in the probe volume and the
ratio of the longest probe volume dimension to the scale of
the apparatus. It is the large size of these numbers which

justifies the previous assertion.

Table I
Length Scales
Molecular dimension 10:8 cm
Probe volume dimension 1073 cm
Appar atus dimension 107! em
Number of molecules in probe volume 10 T15
Ratio Apparatus/Probe dimension 10 *2
Time
Optical Period 10715 sec
Doppler Period . 1075 sec
Fluid wave period 107! sec
Ratio Fluid/Doppler ' 10+*

In the time domain similar considerations apply. Again
refering to Table I we see that for typical parameters, the
time scales are widely separated. We shall return to this

point in the discussion of detection schemes where we will
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with which a given detection scheme can measure a time-

dependent flow.

Additional advantages of LDV over other velocity
measur ing techniygues are its non-per turbative character and
the fact that the LDV response to velocity is intrinsically
linear in the velocity. The former is particularly impor tant
in the case of a closed system where any per turbation of the
flow due to the probe will be retaingd in the flow and
reappear at the probe. The later is in contrast to a probe
like the hot-wire where the response is non-linear in the
veldocity and requires correction of the raw data with a cal-

ibration curve.

While it should in principle be possible to measure
fluid velocities by scattering light directly from the fluid
itself, in practice this is not done since the scattering is
in general too weak and the resulting light scattering
spectrum is so broad -in the megahertz  range- that it
obscures the Doppler shift. Thus it is convenient éxperi—
mentally to seed the fluid with particles which are sméll
enough to follow the flow faithfully but large enough to
scatter light strongly and without introducing undue spread

to the 1light scattering spectrum. The character of seed

particles is not always a matter of choice. 1In complicated

flows of engineering interest it is frequently necessary to

use particles already present in the flow. 1In the ©present

study of a controlled 1laboratory flow it is possible to
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study of a controlled 1laboratory flow it is possible to
select the type and concentration of seed particles. In this
case spherical particles are the natural choice since they
will not lead to large changes in the signal amplitude " as
they change orientation with respect to the ‘probe. Fur ther
it is easier to optimize the scattering £from spherical
particles since 'their proper ties have been studied more

extensively than more general shapes.



3.2. Particle Motion

The use of seed particles requires an analysis of how
faithfully they follow the flow to be studied. We shall

first consider the equation of motion appropriate to a
single particle immersed in a fluid and later discuss
briefly collective particle effects. The independent
particle problem in fullest generality has not been solved.
We will use an approximate form and later ~justify the
neglect of effects whi¢h for our case are small. The most

general form which has been successfully dealt with is:

“ga p%¥ = Particle inertia
-3wud(V-U) + Stokes drag
lgipo% Pressure drag (3.17)
- % ﬂgapod(XEU) Inviscid drag
- %dz/nupo Jtd(X;U) ¢t?§ Basset term
v

where V and U are the particle and fluid velocities respec-
- tively, 'po is the density of the fluid, p is the density of
the particle, d is the particle diameter, and p is the

shear viscosity.

The first term 1is simply the. force required to

accelerate the particle. The second term is the viscous drag
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as calculated by Stokes[3]. This form is only valid for 1low
Reynolds numbers relative to the sphere, but this condition
“is met in a surprisingly large number of .cases. Its
correctﬁess in a given application can be approached in two
ways. First it can be taken as an ansatz and justified a
posteriori or it can simply be noted that the higher order
corrections to the Stokes formula are ﬁegati&e so that the
estimate of particle fidelity neglecting them will be
conservative and thereforg,acceptable. The third term in
(3.1) is an expression of thé pressure gradient that results
across a particle as a result of an acceleration of the
imbedding fluid. The fourth term is the drag of an inviscid
fluid on a sphere and represents the force necessary to
accelerate the mass added by replacing the fluid in a
par ticle volume with a particle. The first, third, and

four th terms are sometimes lumped together into the 'wvirtual

mass' term.

A great deal of work has been done on the solution to
(3.1). For our purposes we shall refer to a review article
by Hjelmfelt and Mockros[4]. The solution for the particle
motion is developed in terms of the Fourier integral and its

relationship to the Fourier integral of the fluid motion:

[ag
1]

L {z cos(wt) + A sin(wt)ldw

<3
n

L [n{z cos(wt+B) + A sin{wt+B)}]dw

where ¢ and X are arbitrary constants and:
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represents the relative amplitude of the particle motion

and:

B = arctan.[ T£%} ] (3.4)

represents the relative phase angle. The functions £; and f;

are given by:

£, = wlwrcVmw/2') (b-1)
V7 (atrc/mw/27 )2+ (wtc/me/27)?

{3.5)
£ = (a+cvrw/2' ) (b-1)
2 7 (at+cvmw/2N) 2+ (wtc/mw/2')?
where:A
a = 18v ]
{(o/pq) +5}d?
3 (3.6)

b = 2{(0/0g)+%}
) 9 v
€= {(p/oo5+}'}d»/;

We would like to evaluate the response of particles

‘immer sed in water characterized by:

.996 gm/cm3 p = 1.05 gm/cm3

Po
(3.7)
.845 cs d=4.81 x 1075 cm

immer sed in water. Substituting the above values into (3.5)

AV

and assuming an angular frequency of 21x10° we have:

a=4.25x 107 sec”! f; = 5.71 x 107>
b = .968 fo = 1.65 x 1077 (3.8)
C =6.26 x 10 secl/? =1+ f

. . . n 1
Substituting these values into (3.3) 'we see that such
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particles deviate from the fluid motion by less than 1 part

in ‘10_+l+ at a frequency of 100kHz which 1is orders of

magnitude beyond frequencies of interest.

Effects not included in (3.1) which are sometimes im-

por.tant are:

_ d%g.. . : ;
' ]SUSD 0o) Gravity
F =-%ﬂQ0(V—U)d3Q} Magnus Effect
du 1/ 2 . (3.9)
F = 20(U—V)d2{uopoay] Shear Flow Lift
, . _
%r = 9%§§1' Po) Centrifugal response
t .

where g is the gravitational constant, F 1is force on the
par ticle, Q@ is the angular velocity of rotation of the
par ticle, Vr and Vt are the radial and tangential
components of the particle velocity, and w 1is the angular
velocity of rotation of the mean flow. Gravity can be
discounted due to the small difference between the density
of the particle and that of the surrounding fluid and more
impor tantly due to small particle size. The centrifugal
response can also be neglected due to small particle size.
The Magnus effect, which results from rotation of the
par ticle, and shear flow 1ift, which results from the

presence of a velocity gradient across the particle, both

require the existence of a relative velocity from another
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source and therefore can also be neglected.

Theré is one final effect we would 1like to mention
which is not contained in the fluid model of the imbedding
medium. The size of particle we have been .considefing is
massive enough to average out most of the random impulses
from individual molecular collisions. However, the random
occurrence of many similarly directed impulses
simultaneously 1is observable. This 1is the well known
Brownian motion which is déscribed as a random walk process.
If we designate AR(t) the length of the random jump at time

t, the the Einstein-Stokes[5] results are:

<AR> = 0
<(aR(t))2> = 6Dt ' (3.10)
_ kT
6mna

where k 1is the Boltzman constant, T the absolute
temperature, n the shear viscosity, and we assume
ergodicity so that the brackets may indicate either time or
ensemble averaging. We see that the particle will on the
average follow the flow but fluctuate about it. For the many
particle caée of interest to us, the effect these
fluctuations have on the estimation of the fluid  velocity
can most easily be evaluated directly from the 1light

scattering spectrum and will be discussed later.

Until now we have considered only a single particle.
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Even ' in the case where there is only one particle at a time

in the probe volume it is still true that there are many
pafticles immersed in the fluid. One must then ask whether
the single particle equations of motion are adequate to
describe their behaviour. At a concentration typical of our
experiments of n = 1072 u3the mean free path for hard sphere
collisions is about 800 diameters so that interaction can be
neglected. The next possibility to consider is the
hydr odynamic interaction, that 1is the force one particle
exer ts on another by' per turbing the fluid flow in its
vicinity. As we have shown above particles of interest to us
are fixed in the fluid to an excellent approximation so that
they do not per turb ‘the flow and do not interact hydrodynam-
ically. Finally there is the possibility of sur face charge
resulting in an electrostatic interaction. In de-ionized
double quartz distilled water this effect can.sometimes be a
problem, but in ordinary singly distilled water, ions in
solution screen these charges over a very :.short range.
Therefore one should ﬁot expect to see collective particle

effects.



3.3. Light Scattering

The interaction of light with matter allows determi-
nation of many aspects of material structure. For .our
pur poses, however, we would like to restrict ourselves to
elastically scattered light. We consider a configuration as
. shown in figure 3.1(a). The illuminating radiation repre-
sented by: (K. +X-

Bo(t) = Bgel (kg X-wot) (3.11)
impinges on a spherical  particle of different index of
refraction from the imbedding medium. A number of theories

describe the scattered field in different cases, but they

have in common that the far field is representable as:

'gs(t) =<§(g, )'E e'l'-k){(ﬁ—?)'wot} (3.]2)

du|R-r
The scattering theories then differ in the evaldation of
§76,¢). Normally one would expect a 3x3 matrix relatingitwo
vectors, but since the' vectors repfesent the independent
directions of polarization, they are two-dimensional and the
scattering matrix is 2x2. For spherical particles the matrix
is diagonal and 1its elements are independent of the angle
¢. Theories come 1in three basic varieties which in
historical order are Rayleigh scattering, Rayleigh-Gans-
Debye theory and Mie theory. Rayleigh theory 1is true for
particles of 'arbitrary shape provided that they are small
enough. Then it is possible to assume that the electric and

magnetic fields are of uniform magnitude and phase across

- the dimensions of the particle. The scattering may then be



Figqure 3.1

(a) The kinematics of a 1light scattering event. The

. : > > > .
momentum tr ansfer vector g = kf—Ksand 0 1is the

scattering angle. (b) The reference beam LDV geometry.
The reference beam r goes directly in to the photo-
multiplier while light scattered ;hrough an angle

from the illuminating beam 1 mixes with it. (c) A
cross-section of the measuring control volume in the
plane defined by the two intersecting beams. The
parallel lines represent the 1/e intensity points of
the 1individual beams and the boundary of the hatched
region is the locus of 1/e intensity points of the

combined beams.
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attributed to an induced oscillating dipole moment at the
center of the particle and its magnitude can be calculated
from the electrostatics of macroscopic media with time

appearing only parametr ically. The result of this

calculation gives:

N 1k3a[C85 0 ?J (3.13)

where m is the relative 1index of refraction between the
particle and the surrounding medium, k is the magnitude of
the incident propagation vector and a is the particle radius

and:
_ (m2-1)d3

o= ) (3.14)

is calculated from the Lorenz theory of the polarization of
a dielectric sphere. The most impor tant feature for us at
the moment is the third power dependence of the scattered
amplitude on the radius of the particle, which leads to a
sixth power radius dependence in the intensity. Also the
scattering intensity 1is symmetric between the forward and
backward directions. This suggests that one should use the
largest possible particle provided it can still follow the
flow faithfully. In fact we will see that the desirable size
of particles actually fall outside the assumptions of the

Rayleigh theory.

A theory which generalizes the Rayleigh theory to

particles of larger size is the Rayleigh-Gans~Debye theory.
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However , this generalizétion is made at the expense of the
additional requirement that tﬁe relative index of refraction
of the scatterer be close to unity. This allows one to
assume that the illuminating and scattered waves are. not

appreciably shifted in relative phase as they traverse the

dimensions of the particle. The result of this theory is:

$e.4) = 1k3d3(m-1)[§‘}]dm (u) [wg(e) ?) (3.15)
where: .
u = 2kd sin{(e/2) (3.16)

and the criterion for its applicability is:
Mg lm-1] << 1 (3.17)

This type of scattering has a more complicatédldependence on
radius than Rayleigh scattering and also increasingly favors
forward scatter as particle size increases. The optimal size
within the applicability of the theory may depend
sensitively on the scattering geometry, but because we would
like to get as much scattering as we can, we would like to
examine particles whicﬁ are both larger than this theory

permits and have large relative index of refraction.

The genefal theory of the scattering of 1light from
small spherical particles of arbitrary size and material
proper ties was first wor ked out in detail by Mie[6]. This
theory 1s a full vector solution_to the Maxwell equations.
The case of interest for wus here 1is the <case of non-
conducting non-absorbing dielectric spheres. The solution

does not have a simple closed form, but can be developed in
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an expansion of Sonine polynomials. Results for a large

number of cases have been tabulated[7]. The intensity of
the scattering is appreciably less than that predicted by a
simple extrapolation of Rayleigh theory asymptotically
approaching a radius squared dependence for very large
particles. Thus we are still interested in wusing large
par ticles where we can. Depolarized scattering can occur
even for particles that are made of a material with an
isotropic' 'polarizability. The scattered intensity for
particle sizes on the order of the wavelength of the
illuminating radiation and larger is mostly in the forward
direction which indicates that forward scattering is to be
preferred when it is practical. However, even in
backscatter, the increase in total scattered intensity with
increasing radius is faster than the forward biasing(7].
Except for a few special cases, light scattering
considerations encourage the use of.the largest particles

possible.



3.4. The Doppler Shift

Once we can evaluate the scattering of 1light by a
static particle we can easily generalize to the case of a
moving particle. The illuminating beam is defined in
laboratory coordinates. A coordinate transformation is
applied to describe it in the particles frame of reference.
The frequency in this frame will not be the same as the lab
fr ame. The scattering theories described in the previous
section can then be applied. A second coordinate
transformation must then be made to desribe the scattered
light relative to the detector which is tied to laboratory
coordinates. For 1low particle velocities Galilean tran-
sformations prove adequate and the result for the Doppler

shift is: 1
= 0.4 = ™ sin(e/2) U (3.18)
0

s . . > > = .
where U is the vector velocity of the particle, 4=kj -Kg 1is

the momentum transfer vector, n is the index of refraction
of the fluid, %9 is the free space wavelength of the 1light,
is the scattering angle, and Uq is the component of the vel-

ocity in the direction of the momentum transfer of the

scattering.
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. 3.5. Photodetection

To obtain the information about particle motion that

the scattered' optical field contains, ‘it must be detected.
The most sensitive and versatile methods available currently
make wuse of the photoelectric effect in which a photon is
absorbed by an atom and an electron emitted. A practical
photodetector must of course be made of many photosensitive
atoms and must also provide a means of restoring the emitted
electrons so that the atoms can respond to later photon
arrivals. The output of such a system will then be
propor tional to the number of photons arriving per unit
time, which is just the intensity of the incidenﬁ optical
field. The important observation 1is that a photodetector
responds to the field intensity rathef than -the field
amplitude. The discreteness of the electronic charge
results in an inescapable random noise component of the
resulting signal called shot noise. There can be additional
noise contributions due to the statistical properties of the

incident photon field.

Modern amplitude stabilized 1lasers are to a good
approximation constant intensity sources which have a
intensity probability distribution:

p(I)dI = §(I-<I>) (3.19)

and the associated photoelectron distribution:

p(n,T) = (n!)=lepsle™<N> (3.20)
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the probability of detecting n photons in a time T, is a
Poisson distribution[8]. The variance of this distribution
is:

<(an)2> = <n> (3.21)
which results 1in the shot noise component of the
photocurrent. A Gaussian random field on the other hand has

an intensity probability distribution:

p(1)dI = <I>-le"1/<I> : (3.22)

which leads to a photoelectron distribution:

_ 1
P(nT) = (T 7)™ (3.23)
which has variance:
<(An)2> = <n>+<n>2 (3.24)

This leads to an 'excess' noise term in the photocurrent.
Later we will explain why we need to consider both types of
field, but for now let us simply state that the field to be
detected 1is essentially an amplitude stabilized laser field

with a small Gaussian componenet super posed.
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3.6. The Reference Beam Geometry

Figure 3.1(b) shows a typical reference beam optical
arr angement., Two beams, usually derived from the same
laser, are focused and brought to an intersection at their
beam waists. This is not the arrangement wused in the
current study but its properties are more readily apparent
and the <correspondance to the setup actually used can be
made. Since a relatively small amount of the 1illuminating
light is scattered, the illuminating beam is usually much
more intense than the reference beam. A scatterer at the
beam intersection can scatter light out of'the illuminating
beam into the direction of the through transmitted reference
beam. The resultant electric field amplitude on the photod-
etector is:

EL(t) = E_(t)+E (t) | (3.25)
where the subscripts T,- r, and s indicate the total,
reference, and scattered electric field amplitudes resp-
ectively. Since the photodetector responds to the field
intensity, the photocGrrent is propor tional to:

Lo [E (0 ()]2 = |'E‘512+}E’r|2+€:-€re"‘”ot +EE et " (3.26)
where use has been made of (3.11) and (3.18). The first two
terms represent a time-independent component of the
photocurrent while the last two are the mixing terms. The .
ratio of time-dependent to time—independent. current is
called the heterodyne efficiency. The difference frequency
of the optical fields which appears in the photocurrent due

to the mixing terms 1is usually convenient to handle by
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ordinary RF techniques and is precisely the Doppler shift
frequency. Not explicitly shown above is the shot noise.
Due to its presence one would like to operéte at the highest

light levels possible. Unfortunately photodetectors have
rather stringent 1limits on the intensity they.can accept.

Thus the heterodyne efficiency becomes important as a

measure of the signal to shot noise ratio.

From (3.26) we can see that the heterodyne éfficiency
is a maximum if the scattered light and the reference beanm
are of equal intensity. In practice one tries to adjust the
relative intensities of the illuminating and reference beams
so.that this is true. Since the scattered intensity Iis
propor tional to the illuminating intensity, we can determine
the effective volume from which inter ferering fields origin-
ate by considering the intersection of two focused equal
intensity laser beams each represented by:

L(x,y,z) = Ige” KEHY2)/rgHikz (3.27)
in a coordinate system with the z-axis in the beam dir-
ection. The time-dependence has been suppressed. The
resulting intensity distribution is a mu}tivariate Gaussian
with sur faces of equal intensity forming ellipsiods. A
cross—-section of the l/e intensity ellipsoid |is shown in
ffigure 3.1(c) where the 1/e intensity widths of the
intersecting beams is shown. The principal axes of this

ellipsoid are giVen by(9]:
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Ax = 2rg/cos(e)
py = 2rg ' (3.28)
Az = 2ry/sin(e)

where o 1s the scattering angle and rg is the diffraction
limited waist radius of a single focused beam. The later can

be calculated from: A f (3.29)

"o = 72r
u

where Ap is the wavelength of the 1light, £ 1is the focal

length of the 1lens, and r; is the radius of.the unfocused
beam at the 1l/e intensity' point. The volume defined by

(3.28) is called the measur ing control volume.

Another proper ty which affects the heter odyne
efficiency 1is the coherence of the scattered light. We will
develop this topic in two parts. First, we consider the
influence of Brownian motion on the spectrum of light
scattered from a single particle. This is of interest in its
own right for its influence on signal detection to be
discussed later. We then consider the many particle case
where 1t affects the solid angle over which light can be

collected without degrading the heterodyne efficiency.

As previously mentioned the 1light scattered by a
particle 1is at the incident frequency in its own frame of
reference and shifts observed in the lab frame are due to

particle motion. For a stationary particle, where the frames

of reference are the same, one might expect all the
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scattering to be at the incident frequency. However, a
par ticle wundergoing Brownian motion will intr oduce a
frequency shift during a random step and in general a
differeﬁt shift during the next step. If we assume the
illuminating 1light is per fectly monochromatic so that it is
a single infinite wave train, the scattered 1light 1is not,
since each step of the random walk is of finite duration.
The resulting scattered wave is then a superposition of
finite wave trains with a distribution of characteristic
frequencies., Both aspects lead to a broadening of the
spectrum, the relative importance-of each depending on the
velocities of the steps and their durations. However, the
combined effect can be evaluated in a variety of ways[1l0]

and leads to a spectrum for the scattered light:

(o) o Ty Yooranye (3.30)
where g2 is the squared magnitude of the momentum transfer
vector, wg the frequency of the illuminating light, and D
the diffusion coefficient from (3.10). When viewed in the
time domain it 1is easy to see that the Gaussian time
distribution of steps in the random walk leads to a Gaussian
time-dependence of the optical fields and that we have just

descr ibed the "excess" noise discussed in (3.24).

In the many particle case, the particle motions are
assumed to be uncorrelated and the spectrum is the same as
for a single particle, but a new feature arises due to the

spatial distribution of particles. Each particle 1is a
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source of a scattered wave with random shifts in the phase.

Thus the collection of particles in the measur ing control
volume acts like an extended incoherent quasi-monochromatic
source. The <classical theory of coherence is adequate to
descr ibe this situation and more specifically, in the common
case where the distance to the detector is large compared to
the source dimensions, the wvan Cittert—Zernike theorem
applies. Calculations have shown that a reasonable estimate
of the area over which the wave from such a source 1is in

r easonable phase agreement is([11]:
p o= X 3
Aooh = @ (3.31)

where A 1is the wavelength of the light and & is the solid

angle that the source subtends at the detector . Theoretical

and experimental work has shown that the heter odyne
efficiency is optimized if no more than one coherence area

falls on the detector([1l1l].

If the collection optics are arranged to collect 1light
over one coherence solid angle (the solid angle for which
the coherence area just fills the detector), it is required
that the flow be heavily seeded in order to obtain enough
| light to get good signal quality and to reduce the ‘phase
noise due to the random entry and exit of particles ffom the
probe volume. This choice of seeding then determines the
means of electronic signal processing. The resulting signal
in the reference beam case can be viewed as a frequency
modulated signal with center frequency at the Doppler shift

appropr iate to the mean velocity. The signal processing
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required is similar to the process of FM detection.
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3.7. sSignal Processing

In the steady flow case the velocity information can be
extracted from the photodetectof output by a spectrum
analyzer . The velocity then is determined by 1locating the
peak of the photocurrent power spectrum and calculating the
velocity through (3.18). The photocurrent spectrum ih this
case consists of a single peak whose width is determined by
three effects. Brownian motion contributes a width g?D as
shown in (3.10) and (3.30). In (3.28) we showed that the
apparatus is sensitive to a finite volume. If the velocity
varies appreciably across the measuring control volume,
'particles at different points within the volume will induce
different Doppler shifts on the scattered light. Since the
total scattered field is the sum of these contr ibutions, the
resulting light beating spectrum will have a width
propor tional to the ‘magnitude of the wvelocity gradient
across the wvolume. This effect is referred to as velocity
gradieht broadening. The third effect contributing to
spectral width is called transit time broadening and results
from the fact that the phase of the 1light scattére by a
single particle is coherent only over the time At that it
takes to cross the measuring control volume. The result is
a contribution to the spectral Qidth «1/At. The presence
of these effects complicates the problem of finding the peak

of the spectrum as described later.

The case of fully developed turbulence can also be
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studied in this way if the flow is statistically stationary.
The photocurrent poWer spectrum is in this case, however,
the convolution of the 1light scattering spectrum and the
velocity fluctuation spectrum of the turbulence. The 1large
difference in the intrinsic widths of these two spectra mak-
es it fairly easy to extract the turbulence spectrum from
the total. However, this method intrinsically restricts one
to measur ing the second order velocity moments. All higher

moments have been discarded in the spectrum analyzer.

In recent years electronic signal processsing for LDV
applications has developed to the point where it is possible
to record the velocity directly in real time. There are both
continuous time and discrete time methods available but we
descr ibe the discrete time method since it 1is easier to
under stand. We define a time step At such that it is large
compared to the typical Doppler period and small compared to
the period of the fluid modes. The photocurrent 1is
spectrally analyzed over the time interval At . The peak of
the spectrum is found, the corresponding velocity for the
time step determined, and the result recorded. We proceed to
the next time step by again spectrally analyzing for the
time interval At, finding the spectral peak, calculating
the velocity and recording the result as the velocity for
the that time step. The velocity record (actually a
histogram) is then the collection of photocurrent spectral
peak'eétimates takén from successive spectra. This process

is displayed graphically in figure 3.2.
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Figure 3.2

(a) The photocurrent spectr um 6f the ideal Doppler
signal due to beating of the Doppler shifted light with
the reference beam. The spectrum is evalﬁated over a
time interval including many Doppler cycles, but short
compared to the fluid dynamic time scales. The peak
frequency 1is at the Doppler shift frequency. (b)
Contourograph of a sequence of photocurrent spectré for
successive time intervals for the case of periodic
time-dependent flow. The dashed curve connecting the

peaks shows the time-dependence of the velocity. (c)
The time series resulting from recording the peak
frequency for each interval of (b). It is basically
the intersection of the contourograph with the plane of
contact parallel to thew-t-plane. (d) The velocity
fluctuation power spectrum from the squared modulus of

the complex Fourier transform of (c).
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A very simple scheme is frequency counting. Here the
signal is conditioned so that it 1is a squa?e wave with
amplitude compatible with standard digital logic 1levels. A
sampling interval 1is chosen long compared with the Doppler
period but short compared with the fluid dynamic time
scales. The Doppler cycles are then counted for the duration
of the sample interval and the resulting count stored in a
location of computer memory. Subsequent time intervals are
similarly counted and the results stored in sequential 1loc-
ations of memory. This technique has rather poof signal to
noise characteriétics, but it has the advantages that it is

inexpensive and easy to interface to a computer.

Since the Doppler shift frequency appears in the
phbtocurrent spectrum along with noise, any measurement of
it will be an estimator drawn from an ensemble of estimators
centered on the true spectrum. As a result the frequency of
the peak extracted from such an estimate will itself be an
estimate. Figure 3.3(a) shows the photocurrent spectrum for
a single time step as in figure 3.2(a), but in this case
including noise. The peak occurs at wp (observed) rather
than w as before. Since this displacement is due to random
noise we should expect it to be different for each time step
~and the resulting observed velocity record fluctuates about
the true record as shown in figure 3.3(b). If the true
recﬁrd is a sine wave, the observed velocity power spectrum
will have a single sharp peak with a white noise background

as in figure 3.3(c). Note that the magnitude of this effect
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Figure 3.3

(a) A single time interval photocurrent spectrum for a
real Doppler signal with a peak frequency differing
from the Doppler frequency. The dashed curve 1is the
ideal spectrum from figure 3.2(a). The dotted curve is
the assumed noise spectrum and the solid curve is the
sum. (b) The resulting time series comparable to figure
3.2(c) where the solid curve shows the time variation
of the true signal and the individual points show
random fluctuations due to the effect shown in (a). (c)
The resulting velocity fluctuation spectrum comparable
to figure 3.2(d) which now has a background noise

component.
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depends on the width of the signal peak and the background
noise level. Usually the signal width 1is determined by
Brownian motion, transit time broadening, or velocity
gradient broadening and the noise is shot noise which |is
white. As a result, it 1is usually desirable to bandpass
filter the photocurrent sihce reducing the bandwidth will
propor tionately reduce the noise power admitted into the
signal processor. The'signal power will remain unaffected as

long as the bandpass is wider than the signal peak.

Another effect removed by the high pass portion of the
filtering is due to the fact that the scattered and
reference beams do not have equal intensities everywhere in
the measuring control volume. As we saw in connection with
defining that volume, unequal intensities lead to incomplete
inter ference. For a static particle this would lead to a
d.c. bias to the photocurrent. For a moVing par ticle this
leads to a low frequency contribution to the photocurrent.
This is the reference beam analog of an effect called

pedestal in the fringe geometry.
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3.8. Data reduction

The most common form of data reduction is to conétruct
the velocity power spectral density. In the case of fully
developed turbulence, the wavevector spectrum is the obvious
choice for comparison with theory, since most theories
attempt to derive this quantity from a -truncated moment
equation hierarchy. 1In the case of the onset of chaos the
frequency spectrum 1is the convenient language to express
the Landau conjecture and other newer theories as mentioned
in Chapter 2. The output of a real-time LDV processor can be
reduced to this form by either analog or digital methods,
the convenient choice often determined by the technology of
the processor. Some aspects of method are common to both

approaches; some are unique to one.

A poWer spectral density can be constructed from a data
record by three methods, filtering, construction of the au-
tocorrelation function and subsequent Fourier analysis, and
the squared modulus of the Fourier transform. In the filter
technique, one detects the power transmitted through a
narrow bandpass filter. The spectrum is then constructed by
recording the output as the filter is scanned across the
frequency range of interest. The disadvantage is that most
of the signal power is rejected while only that which is in
the  bandpass contributes to the accumulation of the output.
The alternative is to use a bank of parallel filter-detector

channels, but this drastically increases the cost. The
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second method, <called the Blackman-Tukey method, is a
direct application of the Wiener-Khinchin theorem and was
popular before the advent of the Fast Fourier transform
(FFT) . For reasons of statistical consistency (to Dbe
described later) one usually calculates significantly less
autocorrelation coefficients than samples in the record. If
M is the number of coefficients computed. and N the record
length, the complexity of the calculation is of order MN,
which is an improvement over the N complexity of a direct
discrete . Fourier transform (DFT) of the record. However,
the time compexity of the FFT of order N 1ln N, is less than

that of the autocorrelation calculation when N is large

which makes the third method the best choice.

If we assume that a component of velocity 1is a
cantinuous real-valued function on the infinite time domain,
we see that distortions must enter when we try to "represent
it in any other fornm. All methods have a spectral
resolution limited by the finite duration of a measurement
and all measurements are, due to the presence of noise,
statistical estimates of the true values. This leads to the
subjects of leakage suppression and statistical consistency,
respectively. Reducing the continuous time domain to
discrete equal 1length time intervals causes the apparent
frequency of some excitations to be very different from the

real frequency, while reducing the continuous range of
values of the function to the discrete values representable

in digital form leads to the presence of a noise background
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in the spectra. These are the subjects of aliasing and

quantizing noise, respectively. These four effects will be

discussed in order.

A pure monochromatic wave requires an infinite
wavetrain, whereas a collection of frequencies can comprise
a finite duration wavetrain. A finite duration measurement
cannot discriminate between the two cases. Therefore, there
is an intrinsic loss of spectral resolution. The observed
record can be viewed as the convolution of a finite length
data window with the real infinite duration signél. From the
convolution theorem of Fourier analysis we have that the
resulting spectral estimate 1is the product of the true
.spectrum with the spectrum of the data window. If no special
processing is per formed, the window has the form of a top-

hat function in the time domain:

1 |tl< T/2
u(t) = § |55 75 (3.32)
which has the transform:
u(u) = Z8inll/2) (3.33)
and resulting spectrum:
P
P(w) = —z——qsmw(“’”z) (3.34)

This later form is undesireable due to the presence of side
lobes separated from the main lobe by null points. It is
possible to reduce the total amount of spectral energy in
the side lobes at the expense of a slight broadening of the
maiﬁ lobe by weighting the input data with a function that
is tapered near the ends of the record. Simple functions

such as the cosine can be used effectively, but experience
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has shown that the GEO[l12] window to be a higher per formance
algorithm in digital applications. Windowing has an added
benefit when the FFT is used in the construction of the PSD.
Unlike the DFT which can provide Fourier coefficients on a
mesh arbitrarily close together in frequency space, The FFT
gives a fixed sampling of coefficients. If the nodes of
transform of the top-hat fall exactly on the points provided
by the FFT the resulting estimate of the spectral width will
be too small. This effect 1is alleviated if a window is

applied before the transform is taken for then the transform

of the window does not have nodes close to the main lobe.

Due to the presence of noise, each measurement of the
velocity that appears in the record is a statistical
estimate drawn from a distribution centered on the true
value. Therefore, the record can be viewed as a collection
of random variables which is mapped by the <construction of
the PSD into another collection of random variables. For a
statistically consistent estimate one must have the variance
of the estimates decrease as the number of samples
increases. The normal use of the method described previously
yields a spectrum which has an incresing density of points
in the frequency domain as the record length 1is increased,
so that the number of samples contributing to a given
eSt;mate of a spectral point does not increase. Therefore,
there 1is no improvement 1in the variance of an individual
point. One method of reducing the variance 1is .to <collect

additional records and average them together. The variance
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of a specific velocity estimate input to the PSD is reduced

and the resulting output inherits that property.
Equivalently, several separately constructed spectra may be
averaged. A method that uses only one record is averaging
neighbor ing channels of the PSD estimate. This reduces the

variance at the expense of the frequency resolution.

Aliasing results from the division of the <continuous
time domain into equal length discrete slices. Exactly one
value of the dependent variable is recorded for each time
slice. Signal variations which occur on a time scale that is
small compared to the size of the time step cannot be
represented without distortion. Fortunately this distortion
has a predictable form. If a sine wave has a frequency
f=1/2 At where At is the interval between samples, the
resulting record consists of values equal in magnitude and
alternating in sign. It is possible to deduce the original
signal from this representation, but for higher frequencies
the samples will vary in magnitude and some sign reversals
will be missed, causing the record to appear to be that of a
lower frequency. The frequency 1/2At assumes a central role
in the evaluation of aliases and 1is called the Nyquist
folding frequenéy. The relationship of the observed
fr equency fo to the real frequency £ when nfC <f<(n+l)fC

is[l2]:

_h
]

f-nf_ for n even )
(3.35)

S (n+1)fC for n odd

This effect is usually handled by being sure that the signal
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is band 1limited below the folding frequency by a filtering

technique.

Digitizing noise results from the reduction of a
continuous variable to a representation by a fixed length
binary number which can take on only a finite number of
values. In general, the value of the continuous variable
will fall between values of the binary representation, so
that the’digitizing hardware must assign a value which is in
error by as much as +1/2 the value of the least significant
bit. 'Unless some special relationship exists between‘the
continuous variable and the representable binary numbers,
the errors will tend to be -evenly distributed over the
interval equal in length to the wvalue of the least
significant bit and will have an essentially white spectrum.
The amplitude of the noise is determined by the ratio of the
least significant bit value to the largest value represent-
able and is therefore a function only of the word length.
For 10 bit yuantization, the digitizing noise is 83 db. down

from the signal level[l2]. In our work this is negligible.
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4. Experimental Technigues

The flow is parametrized by the Reynolds number, the

ratio of radii, and the ratio of the gap to the cell
length. Thus the measurement and control of these variables
is the major portion of the fluid mechanic technique

required. Values for the scale lengths are:

Inner Cylinder Radius r. 2.224 cm.
Outer Cylinder Radius r; 2.536 cm.
Gap C 0.372 cm.
Fluid Height L 6.25 cm.
Aspect Ratio L/c 20.0
Ratio of Radii n 0.877

A uniform and stable rate of rotation of the inner cylinder
is obtained by the use of a synchronous motor driven by the
output of a precision oscillator. The period of rotation 1is
determined by an electronic timer and is stable to within
+0.3% in teﬁ cycles. The temperature of the water must be
controlled since the viscosity varies by approximately 2%/
¢. This is achieved by a proportional controller with a
thermistor sense input which drives a heating element
inside a box enclosing the éntire sample portion of the
apparatus. A - fan provides circulation’ to make. the
temperature uniform in the region of the flow cell. This
gives a constant temperature to within +.05 C which implies
a constant viscosity to within 1 part in 1000. For laser
Doppler measurements the flow is seeded with 0.36Lum orA
0.488um spheres at a concentration of 0.03% or 0.06% by
volume which changes the viscosity by only 0.05% or 0.1%
respectively[l]. Most measurements were made with thé

viscosity fixed at its value at 27.5 %, but some
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measur ements were also made at 30% and 60%. No significant
difference was observed in the velocity power spectra
obtained at the same Reynolds number with different rotation
frequencies and viscosities. No significant differences are
observed when the particle size or concentration are

changed, confirming that Brownian motion and collective

particle effects can be neglected.

. The number of axial waves is determined by comparison
of the position of velocity maxima with values determined
from visualization which are accurate to +8% of a cell.
Subsequent measurements in a given run are made after a
quasistatic change in speed with periodic remeasurement of
the state. The number of azimuthal waves can also be
determined by correlating visualization data with the 1laser
Doppler measur ements. In wvisualization the number of
azimuthal waves can be determined directly from stop action
photographs. At the same time measurements of the reflected
intensity of a Helium-Neon laser provide the frequency of
the fluid motion due to the waves passing a fixed point in
the sample. This makes it possible to identify the number of
waves in the laser Doppler measurements. In the next section
we hope to show that the geometric parameters—-Reynolds
number, gap to <cell 1length ratio, and ratio of radii-
together with axial wavenumber, and azimuthal wavenumber

give a unique characterization of the flow.

The optical front end of the laser Doppler velocimetry
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system is shown schematically in figure 4.1(a). The
scattering geometry is a reference beam backscatter geometry
with momentum transfer of the scattering in the radial dir-
ection perpendicular to the <cylinder axis. The incident
laser power was 100mW of 488.0nm blue light. The beam was
spatially filtered just prior to entering the apparatus to
provide uniform phase across the beam diameter. Light was
collected over approximately one coherence solid angle from
a measur ing control volume which is actually the
intersection of a Gaussian profile and an Airy function.
However, we can get a reasonable estimate of its dimensions
from (3.26)

AX = 32um Ay = 3lum Az = 155 m (4.1)
full width at 1l/e intensity. With. these dimensions the
number of particles simultaneously in the probe volume is
100 and 200 for the two concentrations studied so that the

condition for a Gaussian scatered field is always satisfied.

The collected light was beat with a reference beam on
the photocathode of a photomultiplier tube., Figure 4.1(b)
shows the signal processing and data analysis of the
resulting photocurrent. The photocurrent was AC coupled to
an amplifier and bandpass filter, then clipped and counted
for a fixed time interval with the count transferred to a
PDP-8/E minicomputer at the end of the sampling interval.
In this this way the frequency of the Doppler signal(and

thus the fluid velocity) was simultaneously measured,

digitized and stored as a time history 1in sequential



- 88 -

Figure 4.1

Schematic diagram of the laser Doppler velocimetry
system. (a) The optical system. (b) Digital data acqui-

sition and analysis electronics.
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locations of the computers memory. The accumulated time
history was then transferred by a 4800 baud asynchronous

serial receive-transmit inter face to the PDP-10 mainframe

computer .

In the PDP-10 the power spectral density of the
velocity was constructed from the squared modulus of the
Fast-Four ier Transform of the velocity time record. The
GEO[2] window was applied to the resulting spectrum to
suppr ess leakage and smootnhing was employed to make the
resulting spectral estimate statistically consistent. ‘A
record length of 8192 samples gives a frequency resolution
of 0.07% (half-width at half-maximum). The theoretical
estimate of the resolution has been verified by evaluating a
pure sine wave with the full 36-bit accuracy of the PDP-10
and fixing the values to 12 bit integers for 8,192 values of
the argument. This program also shows that digitizing noise
is at least three orders of magnitude smaller than other no-
ise sources. Figure 4.2(a) shows an unsmoothed plot of a
fluid mode whose width is not resolved below the instrument

width.

One of the drawbacks of the mul tichannel frequency
counting scheme which results from estimating and digitizing
the Doppler frequency 1in the same step is that aliases are
difficult to control. We have found it adequate for our
pur poses to take spectra with two different sampling times

and use the comparison to identify the aliases. The aliases
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Figure 4.2

Segments of a velocity power spectrum computed from a
velocity record at R/RC = 5.,7. The dimensionless
frequency is in units of the cylinder frequency and
the full spectrum extends from w = 0 to 2. (a) The sol-
id curve is a high resolution plot with no smoothing;
the spectral 1line is the fundamental frequency compo-
nent corresponding to the azimuthal waves. The spectr um

for a pure sine wave with the same center frequency is
shown by the dashed curve (see text). The lineshape and
linewidth [full-width at half-maximum (FWHM)] of the
fluid spectral component is the same as that of the
pure sine wave. (b) The spectral component w); at
w= 1.380 has harmonics 2w;, 3w;, etc. which lie beyond
the spectral range sampled, w = 0 to 2. These higher
frequency components appear as “"aliases" folded into
the w = 0 to 2 spectrum. For example, the component A
on the left is at 2wy ~2w; = 1.240, where wy = 2.000

is tne Nyyuist frequency; the component A on the right

is at 4w; - 2w, = 1.520.

N
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are identified in Figure 4.2(b). A relatively small number
of harmonics alias into the region of interest due to the
fact that accumulating the counts over the duration of a
sampling interval 1s an integrated determination of the
frequency which gives the instrument a low pass frequency
characteristic with a cutoff frequency of f =1/2At, where At

is the sampling time.

Photographs are made by seeding the flow with Kall-
iroscope([3] AQl000 rheoscopic liquid. Full cell pictures are
taken on 4x5 Tri-X Pan Professional film with small
aperture.to provide depth of field. A measured exposure time
of 50 ps‘provided by dual electronic flashes freezes the
motion to within half the resolving power of the film. The
prints are made on Kodak F-4 Azo paper developed in normal
Kodak Dektol for 1 1/2 minutes. The same flow cell,

temperature control and motor drive are used for both photo-

graphic and Laser Doppler measurements.
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5. Results

5.1. Principal results

We have studied the radial component of the local fluid
velocity at the gap center and axial center of the cell as a
function of time over a wide range of Reynolds number. Our
results for the frequency of the wavy vortices w; agree
with those of Coles[1l] to within his exper imental accuracy.
However, with the high resolution available with long data
records we have been able to deterﬁine that the w; frequency
depends on the axial wavenumber . The frequency also depends
on the azimuthal wavenumber, but these changes are large and
were previously known. The results presented in the
remainder of this subsection will be for the state with 17
axial waves and 4 azimuthal waves (p/m=17/4) which is the

state we have studied most extensively to date. The

justification for this and results for other states will be

presented later.

Figure 5.1 shows velocity fluctuation power spectra
representative of the range of Reynolds number s between
5.4 and 40 over which the state p/m=17/4 1is known to be
stable, and Figure 5.2 shows photogr aphs of the corresp-
onding visualizations. Figure 5.1(a) shows the spectrum at
R/Rc=9.84 with only the w; frequency. Figure 5.2(a) shows
the flow at this Reynolds number . Its major features are the
waves on the vortex boundaries with a phase angle between-

the inflow and outflow boundaries and a relative absence of
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Figure 5.1

The time-dependence of the radial velocity component
and the corresponding velocity fluctuation power
spectra for a flow in a concentric cylinder system with
specifications as given in the text. The corresponding
photographs of the flow are shown in figure 5.2. These
data were obtained for water at 27.5 € except (g)
which was obtained at 60°C. In terms of the dimension-
less time _t and frequency of the graphs (see text)
the time in seconds is .given by 4.328t/(R/Rc) and the
angular frequency in radians/second by 1'452(R/Rc)’

except for (g) where the times (frequencies) are larger

(smaller) by a factor of 1.71 because of the smaller
viscosity at the higher temperature. The smaller
viscosity is the main reason that the velocities in (g)

are smaller than in (f) or (h).
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Figure 5.2

Photographs of the flow corresponding to the velocity

graphs and .power spectra in figure 5.1l. The relative

Reynolds numbers-R/RC are: (a) 9.5, (b) 10.5, (¢) 11l.0,
(d) 15.0, (e) 19.0, (£f) 21.5, (g) 23.0, (h) 43.3. There
are 17 axial vortices and 4 azimuthal waves except in

(g) and (h) Where the waves haQe disappeared.
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small scale structure. 1In this case the two types of data
are simply related. The presence of w; in the velocity power
spectrum is due to the propagation of the waves of the

vor tex boundaries past the probe volume.

We have also found that within the wavy wvortex regime
there is a range of Reynolds numbers in which a second
frequency exists which we have called w3 for historical
reasons to be discussed later. This mode appears sharply at
a relative Reynolds number(R/RC) of 10.06 as shown in Figure
5.1(b). After its onset this mode dgrows in amplitude,
reaches a maximum, and declines until it dissappears at a
relative Reynolds number of 19.3 (Figures 5.1(c)-5.1(yg)).
This line also has an intrinsic width less than our instru-
mental resolution. We have been unable to qnequivocally
identify a feature of the photographs that could 1lead to
such a frequency in the spectra (Figures 5.2(c)-5.2(g)) .
However, the amplitude of w3 is typically two or more orders
of magnitude smaller than w; in the vector component stud-
ied. Unless its amplitude is appreciably larger in another
coordinate direction, it should be difficult to see. Some of
the ©possibilities will be examined 1in the dischssion

section.

Within the regime in which both w; and w3 are present a
third spectral feature appears, but unlike the others this
feature has measureable width (Figure 5.1(d)). We have

called this feature B because of 1its broadness. This
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broadness makes the exact Reynolds number of its appearance
more difficult to determine. B grows in amplitude as the
Reynolds number is increased until it eventually dominates

the spectrum Figure 5.1(j).

At a relative Reynolds number higher than the
disappearance of w3 with B quite prominent, there is a
sharp change in ﬁhe nature of w1 . At R/Rc=21.9 w; acquires a
measurable width and decreases in amplitude. This can be
seen by comparing figures 5.1(h) and 5.1(i). Note that
because of the iogarithmic scale the half power point is
very close to the tip of the peak. At slightly higher
Reynolds number (23) w3 cannot be resolved beneath the
harmonics of the B mode which now is two orders of magnitude
larger in amplitude than its initial appearance. This is
reflected in the visualization results at this Reynolds
number as a disappearance of periddiclwaves on the vor tex
boundaries as well as a rich small scale structure. Figure
5.3 shows the two extremes of velocity power spectra (a)
showing a Reynolds number near the lowest for which the
17/4 cell state 1is stable and (b) being near the highest

studied.

A summary plot of the frequencies of the observed modes
as a function of the relative Reynolds number is shown in
Figure 5.4. Tnroughout most of the range w; is fairly
constant with an increase at both extremes, the upturn at

the high end being more dramatic. Where it exists w3 |is
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Figure 5.3

Power spectra of the radial velocity component for the
flow between ° concentric cylinders in the system
described in the text. The spectrum in (a) corresponds
to the flow pictured in figure 2.3(b) and (b) corre-

sponds to that pictured in figure 5.1 (h).
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Figure 5.4

The fundamental frequency components observed 1in the
power spectra of the radial velocity component for a
flow with 17 vortices and 4 waves in a system with
specifications given in table 2 of chapter 4. No sharp
spectral components were observed above R/RC = 21.9.
The triangular points and vertical bars indicate re-
spectively, the center frequency and linewidth (FWHM)
of the broad component B; the horizontal bar is its

aver age center frequency.
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montonically increasing. The broad mode B due to its complex
shape is difficult to assign a precise frequency, but to the .
limit of accuracy it appears to be constant in fr equency
throughout the interval in which it is detected. For the
same reason the Reynolds number at which B first appears is

difficult to determine, but it is in the interval (12,14).

Figure 5.5 shows the ratio w3/w; as a function of
Reynolds number. We note that the ratio 2/3 occurs on the
lower edge of the range in which B first appears. There |is
also the suggestion of frequency locking, but the spread in
the data forces us to regard this as merely suggestive.
Figure 5.6 shows the difference frequency w;- w3 as a
function of Reynolds number with the center frequency of the
B mode indicated. Again the coincidence 1is at the lower

edge of the region where B first appears, but the width of

that interval bars cer tainty.
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Figure 5,5

The dependence of w3/ on Reynolds number in the
regime where w3 was observed. The significance of

w3/wy = 2/3 is discussed in chapter 6.
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Figyure 5.6

This graph supports the conjecture that the broadband
component B 1s excited by the component at w; - ws,

since B is first observed at R/Rc = 12,
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5.2. Other results

In some of the runs we have seen a very 1low frequency
mode which we have called wy; because it first appears, if at
all, at Reynolds numbers intermediate between the appearance
of w; and the appearance of wj. This feature is not
reproducible from run to run, but appears to be fairly
reliably produced. by rapid starts to relative Reynolds
numbers of approximately 8 to 12. When it appears it may
last for only a few minutes or it may last as long as two
hours. A plot of w, as a function of Reynolds number is
shown in Figure 5.7. The wy frequency decreases monoton-

ically to zero with increasing Reynolds number.

We have also confirmed the appearance of subcritical
shadow vortices 1initially reported by Colef[2]. We have
observed the onset of the wavy vortex state and have found
it to be in reasonable agreement with the theoretical
prediction of DiPrima, Stuart, and Davy [3] with respect to
the <critical Reynolds number for the transition. However,
their calculation suggests that the m=1 mode should be the
first to go unstable while we observe m=5 to be the most

unstable.

In addition to the studies on the 17/4 state mentioned
in the ©previous subsection we have also studied the 15/4
state. Figure 5.8 is a comparison of the w1 frequencies for
these two states. Either state, once achieved, is stable as

the Reynolds number is changed quasistatically between
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Figure 5.7

These data illustrate the characteristics of the

transient mode w2 ., (a) A portion of a velocity record

obtained at R/RC = 13.0. The times T; and T, are
respectively the periods of the components with
frequencies w; and wy . (b) The power spectrum corre-
sponding to the velocity record in (a). (c) Dependence

of w, on Reynolds number.
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Figure 5.8

A comparison of the w; frequency as a function of
Reynolds number for the 17 cell state and the 15 state.
Shown in the upper 1left hand corner is a scale

indicating a frequency difference of 1%.
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moder ate values (5.4) through the disappearance (19.5) and

somewhat above (45) in either direction. These results are
reproducible independent of how the state 1is achieved.
Visualization studies with different cell fillings show that
this stability-lack of transitions to other states-is a
property of relatively §hort cell fillinés. Longer cells
have more accessible states and more transitions between
them. Figure 5.9 shows the transition between the m=4 and
m=5 states as the Reynolds number 1is decreased. The

implications of this will be explored in the next section..
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Figure 5.9

The discontinuous variation of the azimuthal wave
fr equency When ﬁhe number of azimuthal waves changes
from 4 to 5 as the Reynolds number is decreased through
R/RC = 5,4 for the state with 17 axial vortices. The
wave frequenéy w1 jumps from 1.38 to

(5/4) x 1.38 = 1.73.
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6. Discussion

All the results presented here support the central
conclusion of Gollub and Swinney[l] that the Landau picture
of the transition to turbulence 1is not correct for this
system. The question posed by Hopf[2] about how the nonlin-
earity of his model compares to that of the hydrodynamic
case, appears to have an answer. They are sufficiently
different to lead to qualitatively different behavior. After
expending the effort to determine this fact exper imentally,
it is easy to convince ourselves that this answer 1is nét
surprising. Nonlinearity enters the Hopf model only through
the convolution integrals over a period of the fundamental
of the Fourier series The result of this is that modes of
different wavevector do not interact. The progression of
instabilities is a sequence of ‘k—modes independently
becoming unstable. In the hydrodynamic case, however, the
nonlinear terms couple modes of different wavevector so that

the stability of any given mode depends on the strength of

the coupling to other modes and their stability.

There remain the questions of whether the Couette flow
system is an example of either the Lorenz([3] attractor or an
attractor of the type discussed by Ruelle-Takens[4]. 1In
terms of the number of time-dependent instabilities preced-
ing the onset of chaos, it appears on the sur face that the
system cannot be a Lorenz attractor but may be a Ruelle-

Takens attractor. Earlier, however, when the number of
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time-dependent instabilities was believed to be greater than
it now appears, Ruelle[5] suggested that the time-dependence
of of w; might be transformed away 1in the appropriate
rotating frame of reference. If this 1is true then the
possibility that choas in Taylor vortex flow is a Lorenz.
attractor is reopened. However, photographic results which
suggest this are insensitive to effects near the inner and
outer walls whére one would expect things to change rapidly.
LDV measurements are needed on this point. One might take
the reasonable success of the theory of DiPrima, Davey, and
Stuart[6] as indication of the rigid rotation of but the
question of behavior near the walls is left somewhat open by
the neglect of higher order terms which one would need to
characterize a thin layer accurately. Finally, to add a
reservation about our reservations, it is not clear how
exact the cancellation of- the time—dependence by the

coordinate transform must be.

The aim of accurate measurement of the frequencies of’
the fluid modes and the Reynolds number at which they appear
is to attempt to identify if possible what kind of
instability wultimately leads to the unpredictable behaviour
in the flow. One hope 1is to find a match with known
instability modes. If the center frequency of B can be
accur ately determined, one can then examine whether that
Reynolds number is the first occasion where w;-w3 = B . This

would suggest that the appearance of B was due to w; and w,

coupling nonlinearly to a mode which remains unexcited until
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resonance is reached.

It has also been suggested by Bowen[7] that the first
appearance of B might occur when the ratio wz/w; = 2/3. His
argument is based on the observation that the trajectory of
the system in phase space changes topological type when the
frequencies become commensurate. When the frequencies are
incommensurate the phase trajectory fills the sur face of a
torus, whereas when the frequencies become commensurate the
trajectory collapses to a single closed curve on the torus.
While the rational numbers are dense in the reals the
sentiment that small integer ratios should be importaht
leads one to the choice w3/w; = 2/3 as the ratio of the
smallest integers 1in the range 6ver which is observed.
Ruelle and Takens have also suggested the impor tance of
small integer ratios but suggest a different effect , namely
that once the frequencies become commensurate they should
remain so over a finite interval of Reynolds number. Figure
5.5 shows a plot of w3/w; over the range of Reynolds ‘number
for which wj3exists. While there are irregularities in data
near the ratio 2/3 and the occurance of B is within an
interval of Reynolds number which contains this ratio,
neither of these observations can be considered

statistically significant.

The stability of a state under quasistatic change of
Reynolds number suggests that while different states may be

nearly degenerate in energy, they are separated by a barrier
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of reasonable height, making it unlikely that the non-
uniqueness of state is related to the dynamics of the
transition., The reproducibility of the results further
suppor ts this assertion. We assert that the problem of the
dependence of the behavior of this system on the Reynolds
number history can be effectively factored into two separate
probléms. The first being the dependence of the state on the
Reynolds number history and the second being the transition
to turbulence under quasistatic changes in Reynolds number

of a given state.

We suggest an explanation of the increasing non-
uniqueness of the observed flows with increasing aspect
ratio which 1is an extension of the work of Benjamin
mentioned earlier. He showed that the presence of boundaries
lifts the degeneracy with respect to reversal of the
velocities and that the resulting separation of otherwise
degenerate states increases as one goes to smaller aspect
ratios. We suggest that the non-uniqueness of the axial
wavenumber arises from a lifting of the periodic translatio-
nal symmetry of the infinite <cylinder problem. The
increasing separation of states with decreasing aspect ratio
indicates that the energy barrier between adjacent states is
larger for short cylinders resulting in fewer states being

accessible with the available energy.

We believe that the appearance of the shadow vortices.

in the Couette flow regime might have a relatively simple
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explanation. As mentioned earlier a solid boundary
introduces an inwafd radial component to the flow near the
boundary and a free sur face introduces an outward component.
The linear stability analysis for this regime shows that the
imaginary frequency of the vor tex mode passes confinuously
from negative to positive values as the Reynolds number
passes through the critical number from below. Thus for
slightly subcritical Reynolds number the vortex mode is only
weakly damped. Since the radial forces at the boundaries
share the symmetry of the vortex mode they can excite it.
Since the excitation occurs in a thin layer near the
boundary the vortex amplitude should be areatest there
decreasing inward in the z-direction. Close to the <critical

Reynolds number this decay should be exponential.

Finally, we wouid like to draw attention to the very
close correspondance between the Reynolds number at which
the m=4 to m=5 transition.is observed and the appear ance of
the transient mode wp, in the 17 cell state. This suggests
that this mode may be related to a mode hopping £frequency
between the two states. This transition between states
probably displays hystersis and the mode may be easier to
excite 1in the overlap region even though it exists outside
that region. However, the mechanism would have to be able to
explain why once excited, the mode remains excited when the

Reynolds number is increased.
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7. Conclusion

We haQe presented velocity fluctuation power spectra
one order of magnitude higher in resolution and three orders
of magnitude 1lower 1in instrumental noise than previous
studies. As a result we have been able to demonstrate the
strict time periodicity of wav? vor tex flow to a new degree
of precision. We have also provided the first definitive
demonstration of a quasi-periodic fluid flow. We have shown
that the question of non-uniqueness of the flow as a
function of Reynolds number and the transition to tur bulence
are separate issues. We have shown that the behavior is sim-

ilar but distinct in different states.

We have shown that the first appearance of random
behaviour occurs after only three bifurcations and that this
r andom element coexists with the periodic components present
at lower Reynolds numbers. We have suggested that the

appearance of chaos is an instability related to a frequency

condition between two periodic components.

We have presented sugygyestive evidence for the asser tion that
the appearance of <chaos is dynamically related to the

coupling between two sharp modes and a third.



