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NOMENCLATURE

The principal symbols are shown here. Symbols which
have only a temporary significance have already been
clearly defined in the text and are not included. Some
symbols have more than one definition. All of these
definitions are given here. The numbers in parenthesis
which occésionally follow the definitions represent the
equation number corresponding to the definition. The
units are given in general forms as L (length, such as

dm.), M (mass, such as gm.), and T (time, such as sec.)
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a radius of sphere L
A coefficient in velocity profile, dimensionless
2n~-1
(Iv-28)
Al coefficient in diffusion egquation "

for a two-sphere system, (IV~55}

1]

BZn—l coefficient in velocity profile,
(TVv-28)

Bl coefficient in diffusion equation "
for a two-sphere system, (IV-55)

C constant in bipolar coordinates L
system, (A-2)

qi concentration of solute A, ML-_3
{(IV-1)

cl coefficient in diffusion equation dimensionless
for a two-sphere system, (IV-55) :
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concentration of solute, (IV-2)
concentration of solute A
concentration of reagent B

perturbed concentration profile,
(Iv-120)
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of reagent B

concentration profile at mesh
Point (i, J )
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bulk stream concentration of
solute

solubility of solute A at
equilibrium

bulk stream concentration of
reagent B

concentration driving force
center-to-origin distance in
bipelar coordinates system
(see Figure A-3)

diffusivity

function of X in velocity
profiles expression, (IV-25)
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orthogonal coordinates
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surface average radius, (H-14)
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constant greater than unity for
non-uniform stepsize in numexr-
ical analysis, (Iv-46), (IVv-58),
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ratio of velocity terms in
liguid drop study, (IV-125)

reaction rate constant for first
order homogeneous chemical
reaction
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local volume change
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(IV-34a)

overall weight loss
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Greek Svymbols

Definition

s ols

oL

local weight loss

function variable defined
by equation (Iv-61)

angular coordinate
radial coordinate

stretched radial coordinate,
(IV-52)

initial stepsize in y-direction

stretched variable with 0(1),
(B-2, B-9)
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A-1, A-2, and A-3)

cylindrical coordinate in flow
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ABSTRACT

Numerical solutions and perturbkation solutions have been
obtained to show the effects of homogeneous chemical reactions
and particle-to-particle interaction in a two spheres system
on the local and overall mass transfer rates from spherical
particles. Experimental work has also been performed to verify
some of the theoretical analyses. The research has concentra-
ted on four major phases of study:

1. Mass transfer rates with first order homogeneous
chemical reaction in single sphere systems and in
multiparticle systems.

2. The effect of particle-to-particle interaction in a
two sphere system on mass transfer rates with or
without first order homogeneous chemical reactions.

3. Mass transfer rates with rapid, second order, irrever-
sible chemical reaction around solid spheres, liquid
drops and gas bubbles.

4, Experimental work verifying the effects of particle-
to-particle interaction and rapid, second order
chemical reaction on the mass transfer rates around
single and two sphere systems.

General parameters combining the effect of the reaction
rate constant and hydrodynamic behavior for the case of mass
transfer around single solid spheres and in multiparticle
systems with first order homogeneous chemical reaction have
been obtained for both creeping flow and boundary layer flow

fields to give a better understanding of whether the mass

XXl



transfer mechanism is either diffusion or reaction controlled.

The generalized parameter for the case of creeping flow
was also used to corrglate the mass transfer rates for two
spheres placed in tandem parallel to the direction of flow
with or without first order homogeneous chemical reaction.
These results also indicated the effect of particle-to-
particle interaction on mass transfer rates.

A boundary layer model has been used to predict the mass
transfer rates around solid spheres, liquid drops and gas
bubbles with a rapid, second order, irreversible homogeneous
chemical reaction. A perturbation technigue was used to
obtain the solution for liquid drops. It was shown that the
solutions to the solid sphere and gas bubble problems are
the limiting cases of the liquid drop problem with the velocity
or shear stress on the particle surface set egqual to zero,
respectively. The results are presented in terms of the
enhancement factor.

The experimental work was performed to obtain data to
show the effect of both particle-to-particle interaction on
pure physical mass transfer in a two sphere system and of
rapid second order chemical reaction on the local and overall
mass transfer around single active spheres. These results

agree reasonably well with theoretical predictions.

xxii



I. INTRODUCTION

Unit operations involving heat and mass transfer from
gas bubbles, liguid drops or solid particles have been of
considerable interest to chemical engineers for a long time.
Of particular importance in the petroleum and chemical in-
dustries are processes which involve a chemical reaction or
chemical reactions between a packed bed or a fluidized bed
and a reagent in the continuous phase, such as catalysis,
cracking, dissolution and sublimation of solids, absorption
of gas bubbles or ligquid drops, roasting of ores, etc.

Since the concentration of the solute in the continuous
phase will decrease due to the effect of the chemical
reaction, the concentration gradients near the surface of
the particle will tend to increase. Therefore, the
resulting transfer rate will be greater than for pure
physical mass transfer.

In practice, chemical reactions are usually accompanied
by an enthalpy change, The probklem then involves both simul-
taneous heat and mass transfer. The mass transfer mechanism,
always involves the diffusion of the reagent from the con-
tinuous phase in the direction of the interface of the
dispersed phase or vice versa. The chemical reaction can
occur either at the surface of the so0lid particles as in
catalysis, at a certain fixed distance from the interface
where the reagent and solute meet as in a very rapid second
order chemical reaction, or throughout the continuous phase

as in the case of a slow homogeneous chemical reaction.



The reaction products diffuse back into the bulk of the
continuous fluid and then are carried away by the flow
of the fluid. To simplify the theoretical treatment of
these problems the systems are usually assumed to be
isothermal.

For the case ¢f mass transfer with first order
homogeneocus chemical reaction, the hydrodynamic behavior
around the dispersed phase is very important for low
reaction rates, since an increase in fluid flow rate will
remove solute from the region around the surface of the
particle moreczuh:kly and cause an additional increase
in mass transfer rate. This physical phenomenon can,
of course, be directly verified from the solution of
the governing diffusion eguations. For extremely high
reaction rates, the hydrodynamic behaviocr is not very
important, because almost all of the solute reacts with
the reagent in the fluid before it can diffuse away from
the surface of the particle.

For the case of mass transfer with a very rapid
second order reaction, the hydrodynamic effect and the
physical properties of both the sclute and the reagent
arevery important. Previous work in this area is
usually presented in terms of the enhancement
factor, i.e. the ratio of mass transfer with chemical
reacticn to that without chemical reaction. The
available literature, however, for the most part, is
based only on very simple gecmetries and flow patterns
and the existing theories do not agree too well with

one ancther. In additicn, almost all of the theoretical



analyses are based on different mathematical models and
assumptions so that the effect of the hydrodynamic
behavior and physical properties of the systems on the
mass transfer rate and enhancement factor is not well
established.

The purpose of this investigation is to obtain both
theoretical results and experimental data of the effect
of hydrodynamic behavior, particle-~to-particle interactions,
homogeneous chemical reactions, and the physical properties
of the chemical systems on both the local and overall mass
transfer rate.

Very generalized parameters will be used to present
the effect of hydrodynamic behavior and the properties
of the systems on both the local and overall mass trans-
fer rate with or without first order homogeneous chemical
reactions. A mathematical model using a simplified flow
pattern around gas bubbles, liquid drops or solid spheres
will be developed to predict the mass transfer rates for a
system with very rapid second order chemical reactions.

The effect of particle-to-particle interaction in a
two-sphere system will be studied both experimentally and
numerically for low Reynolds number flow for both physical
mass transfer and mass transfer with a homogeneous chemical
reaction. The theoretical and experimental studies will
consider the two spheres to be placed in tandem in the
direction of the flow; one sphere being active and the

other inert.



II. LITERATURE REVIEW

The rate of mass transfer from particles to a fluid
has been widely studied both theoretically and experiment-
ally. These investigations include mass transfer from
single particles as well as in multiparticle systems.

The systems studied include so0lid or liguid particles

as well as gas bubbles and both liquid and gaseous fluids.
Theoretical studies have been mostly confined to studies of
physical mass transfer rates from single particles to fluids
which are flowing past them in Stokes' or in boundary layer
flow. There are few theoretical studies on multiparticle
systems because of the mathematical complexities involved
with dealing with more than one particle. One of the major
obstacles in doing theoretical studies in multiparticle
systems is the difficulty of describing the hydrodynamic
conditions around the spheres. Even for single sphere
systems at high Reynolds numbers, the analytical solution
of the complete Navier-Stokes equation is not feasible at
present. This is because of the extreme non-linearity of
the equations. Although numerical solutions have been
recently attempted, the wake region becomes unstable at
high values of Reynolds number. Obviously, the theoretical
approach to forced convection mass transfer for both single
and multiparticle systems would be simplified appreciably
if accurate descriptions of the fluid flow field were
available.

The description of the hydrodynamic behavior for flow
around spherical particles which appears in the literature

4



is dependent on the range of the Reynolds numbers of interest.
The Stokes' solution (78) gives the flow field around a
single sphere for NRE-——ao. Oseen (58) and Proudman

and Pearson {65) have extended the Stokes solution to a
wider range of applicability of the Reynolds number. In
the higher Reynolds number range solutions were obtained
using finite-~difference methods (31, 33, 37), Galerkin
method {error-distribution method) (32, 34, 40), the

Von Karman-Pohlhausen integral method (18) and perturb-
ation methods (11). These technigques have all been shown
to be successful, since the results obtained agree quite
well with one another in the applicable range. However,
it has been found (80) that the fluid velocity pattern
around solid spheres become unstable as the Reynolds
number increases above 500. These analytical or numerical
results also agree reasonably well with available exper-
imental data (792, 80). For the case of flow around gas
bubbles it has also been shown that the potential flow
solution gives a reasonably good description of the

flow behavior.
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l. Theoretical Studies of Heat and Mass Transfer Around

Sclid Spheres.

In order to obtain theoretical solutions to the
problem of heat and mass transfer around solid spheres
different approacnes have been tried. Thess involve
a number of different assumed mathiematical models and
the necessary technigues to scolve the assumed mathematical
models. The mathematical models include the assumed
starting governing diffusion equations-and boundary
conditions and the assumed hydrodynamic behavior
(velocity profiles). The mathematical methods used to
solve the diffusion equations include both regular and
singular perturbation techniques}-cbmbinaﬁion or
separation of variables, numerical technigues and
integral methods.

The idea of the regular perturbation technique is to
assume that the perturbed parameter is very small so that
the original partial diffusion equation can be simplified
into a new set of approximate equations. The final result
involves a linear combination of all the sclutions obtained
from solving the simplified approximate equations. As the
value of the perturbed parameter increases, the result
obtained from the regular perturbation technique becomes
unrealistic because of the basic assumption of using a small
perturbed parameter for the analysis. The analysis, in
general, always expresses the solution in terms of an assumed
power series of the perturbed parameter. The assumed
solution is then substitutedback into the original diffusion

equation and by collecting terms of egual order of the



perturbed parameter a set of simplified equations are
obtained. Since the results are expressed in terms of the
assumed power series of the perturbed parameter, the
solution may blow up as the perturbed parameter becomes
large, Unfortunately, there is no way to predict the
range of the perturbed parameter within which the obtained
solutions are applicable if the cobhtained solutions do not
converge for all values of the perturbed parameter.

Singular perturbation technigues overcome some of
the disadvantages of the regular perturbation techniqgue.
The idea is to apply stretched variables into the results
obtzined from the regular perturbation method. Upon
assuming an appropriate form for the asymptotic expansion,
outer and inner expansion terms can then be solved by
matching principles or other techniques (1l1). However,
by using the singular perturbation technigue one is still
unable to predict where the solutions of both the inner
and outer expansions will break down. The success of
singular perturbation technique strongly depends on the
choice of stretched variables and aséumed asymptotic
forms. Both regular and singular perturbation technigue
have already been applied guite successfully to fluid
mechanics problems (11).

Numerical solutions are obtained by converting the
differential equation into finite-difference eguations
using either explicit or implicit methods. The utility
of these methods depend not only on the stability and
convergent speed but also on the stepsizeé and difference

forms. Both convergent speed and stepsizes should be



reasonable for practical use (high speed machine handling).

The idea of the integral method involves assuming an
arbitrary form for the concentration {or temperature)
profile satisfying as many boundary conditions as possible.
The success of this method is very strongly dependent on
the choice of the solution assumed.

For flow at high Peclet numbers, the thin concentration
(or thermal) boundary layer approximation, neglecting
diffusion terms in the angular direction is usually ‘assumed
as a reasonable model for transfer problems. This model
was originally developed by Prandtl in dealing with f£luid
mechanics problems. The soundness of this technique must
always be checked by an order of magnitude analysis.

The application of all of the methods to specific
problems are discussed in the next sections.

a) NRe << 1l; single so0lid spheres; no reactions

In the creeping flow region, many analytical solutions
have been presented to show that the local and overall

Shexrwood number is a function of Peclet number alone, i.e.

Ny = $0A) (I1-1)

For small values of the Peclet number, the mass transfer
rate expressed in terms of the Sherwood number can be

expressed in terms of NPe as

(II-2)
/\/sk = 2 +A Npe * '\zAfi’: t Aaﬂfr:l" Nl’e."""“



For high values of Peclet number, the mass transfer rates,

can be expressed in a more closed form as

/\/‘:ﬂn= 2, N;"e.)é (I1-3)

where the Ai's anc B, in equations (II-2) and (II-3) are

only functions of thi angular argument of the spherical
coordinate system and are dependent on the specific
mathematical model chosen and the method of solution.

For NPe < 1, Kronig and Bruijsten (44) obtained a
solution using a regular perturbation technique by
expanding the temperature or concentration profile
around the sphere in a simple power series of NPe'
A point source solution was used as a basis. All boundary
conditions were satisfied except the one at infinity when
B = 0 (front stagnation line). Breiman (7) used the
identical mathematical model as that used by Kronig and
Bruijsten (44) but applied a Green's function to trans-
form the diffusion equation into an integral equation
and then solved the integral equation by iteration.
Frisch (16) presented a similar solution for a single
sphere falling in a stationary fluid. He also used
NPe as the perturbation variable to represent the
concentration field around the sphere. However, his
results are questionable since he assumed an invalid
boundary condition C (r, 0) = C (r,T).

Illingworth (36) and Ogiwara (57) both used an

Oseen-type approximation to solve the energy equation.

They assumed that the fluid flows past the sphere in simple
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harmonic motion about a mean velocity. Nielson (55) obtained
a solution by solving the energy equation numerically by a
relaxation procedure. His result: expressed in terms of the
coefficients in eguation (IXI-2) was smallexr than those
presented by the other authors using the regular perturb-
ation technique with NPe as the perturbation parameter.

Acrivos and Taylor (2) obtained a solution for the
mass (or heat) transfer rate using the singular perturb-
ation technigue in the Peclet number range from 0 to 1.
Their results were probably the most mathematically
rigorous available for the low Peclet number region
using a perturbation technique. Brenner (8) extended
Acrivos and Taylor's (2) technigue to solve the diffusion
equation for Stokes' flow around a three-dimensional body
of arbritary shape. For the special case of flow around
a solid sphere, his results are in agreement with those
given by Acrivos and Taylor (2).

For flow at very low Reynolds numbers under the
condition that the Peclet number is very large and the
"thin diffusional boundary layer" assumption -can be made,
the diffusion equation can be solved analytically as was
done by Levich (47) and Friedlander (15). These solutions
show that the overall Sherwood number is dependent on the
Peclet number to the 1/3 power as given by eguaticn (II-3).

Another solution covering the higher Peclet number
range has been obtained by Yuge (84). He presented a
perturbation method using successive power series
approximations in terms of even powers of the spherical

angle for the concentration profile. His technique reduces



the partial differential equation into an infinite number
of ordinary differential eguations. He then solved the
lower order ordinary differential equations numerically.
In general, the results obtained from his technigque are
only good for small values of the perturbed variable
{spherical angle). Fortunately, however, he noted that
the results for the expression of the concentration
profile converges very rapidly with respect to the
angular coordinate variable up to rear stagnation point.
Therefore, only the first three out of the infinite set
of ordinary differential equations had to be solved to
obtain the results which were presented for Peclet
numbers up to 10. However, his technique should be
valid for the entire range of Peclet numbers because his
analysis does not make any assumption regarding the
magnitude of Peclet number. VYuge's results for Nfe > 10
have been combined by Friedlander (15) with the Levich
thin boundary layer solution of the diffusion equation
at high Peclet number to obtain a correlation between
the Sherwood number and the Peclet number for the
entire Peclet number range. .

In another paper, Friedlander (14), also presented
a solution for the entire Peclet number range by using
an assumed concentration profile and transforming the
diffusion eguation into integral form. However, he
neglected diffusion in the angular direction which is
not valid in the low Peclet number range.

Bowman et al. (6} extended Friedlander's (14)

integral technique to the problem of transfer from both
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gas bubbles and solid spheres. These workers noted that
they were able to predict the mass transfer rate in
agreement with experiment (82) up to Reynolds number
of order of 10, despite the fact that they used
velocity profiles which were applicable only for
NRe-< l. Boundary layer techniques have also been
applied by Lochiel and Calderbank (50) for both
Stokes' flow and high Reynolds number flow.

b) NRe:> 1: single solid spheres; no reaction

For the case of high Reynolds number flow, analytical
solutions based both on the thin concentration boundary
layer assumption and on integral methods of solution are
presented. The results for both local and overall mass

transfer rates are presented in the form of

Y% Yo
/‘f;h. = C, A/.sc A/!;P_ (11-4)

where C:L is dependent on the mathematical model assumed
and the method of solution. Analytical solutions based
on the thin concentration boundary layer approximation
cannot predict the constant C for the overall mass
{or heat) transfer rate since the velocity profile in
the wake region in back of the sphere is unknown.
Solutions to predict the mass transfer rates in the
wake region have been presented using integral methods.
However, it is difficult tb say whether thesé predictions
are meaningful.

The thin concentration boundary layer approach has

been employed by Baird and Hamielec (5) and Lochiel and
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Calderbank (50) to obtain analytical solutions for
transfer from both gas bubbles and solid spheres.
The latter authors used a velocity profile obtained
by Milliken from an integral solution of the momentum
boundary layer equations. Since this velocity profile
can only be applied up to the boundary layer separation
point, it is impossible to predict the mass transfer
rate in the wake region. Lochiel and Caldexrbank,
therefore, obtained overall mass transfer rates up to
the flow separation point (approximately 108° from the
forward stagnation point)} and then arbitrarily increased
their result by 20% to account for mass transfer in the
wake region.

Baird and Hamielec have suggested that there is
"fresh fluid" entering the vortex region continuously
along the line through the real stagnation point which
would make the mass transfer rate in the wake region
quite appreciable. However, the vortex region may
contain verxry little Yfresh fluid” but rather may be
almost saturated with the solute being transferred.

Thus, until the velocity profile in the wake region

is established, it is very difficult to predict the

mass transfer rate in the wake region. This difficulty
has alsc been reported by Froessling (18), Aksel'rud (3).
Linton and Sutherland (48), and Ruckenstein (69).

Garner and Keey (21) and Grafton (25) have presented
results for the prediction of mass transfer rates in
the wake region. Their methods involve the assumption

of suitable polynomials to represent both the velocity



and concentration profiles together with a relationship
between the hydrodynamic and concentration boundary layer
thickness given by Levich (47). In the method presented
by Grafton (25), a complete knowledge of the shape of the
vortex region is required. The meaningfulness of these
results is doubtful, even though the results agree quite
well with the experimental work given by Garner and
coworkers (19, 21, 22). The experimental work has been
very strongly criticized because of the unknown effect

of turbulence in their experiments (19, 22) and because
the authors chose to use the unrealistic average velocity
rather than the centerline velocity in calculating the
particle Reynolds number.

Recently, Leclair and Hamielec (46) presented a
numerical solution for mass transfer around a single
sphere for the thin boundary layer concentration approxi-
mation at high Reynolds numbers using a velocity profile
obtained from a numerical solution of the complete
Navier-Stokes equations. Their results show that the
maximum mass transfer rate occurs a few degrees away
from the forward stagnation point. This unusual
phenomencn has never been found by the experimental
workers such as Peltzman and Pfeffer (61) and others.

More recently, Woo and Hamielec (83) presented a
numerical solution for both single spherxes and cylinders
by solving the complete élliptic diffusion equation
using finite-difference methods. Their results cover a

very wide range of Reynolds and Peclet numbers, both

ranging from 0 to 400. The velocity profiles used include

14
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Stokes', Kawaguti's (40) (based on Galerkin's method)} as
well as those obtained from solving the Navier-Stokes
equations by finite-difference techniques. This time
the maximum mass transfer rate was always found to occur
at the forward stagnation point.

c) Multiparticle systems; no reaction

Theoretical studies in this area are much fewer than
those of single sphere systems, due to the complexity of
description of the hydrodynamic behavior around the spheres.
Pfeffer and Happel (64) preseﬁted an analytical study based
on the Yuge perturbation technigue using a cell model having
a "free surface” (28) and the creeping motion equations to
describe the velocity profiles around the spheres. Their
solution does not assume thin boundary layers and does not
neglect diffusion in the angular direction and therefore
is applicable at -very low Peclet numbers. These authors
also determined the effect of heterocgeneous chemical
reaction on the surface of the particles on the mass
transfer rate by simply changing the boundary condition
on the spherical particle surface.

Pfeffer (63) also presented an analytical solution in
which the "free surface model” was combined with the thin
concentration boundary layer approximation for high Peclet
numbers. This analytical result agrees very well with
available experimental mass transfer data for fixed and
fluidized beds at Peclet numbers higher than 70 and for
Reynolds numbers up to 100 depending on the porosity of
the multiparticle system. The reason why the analytical

solution based on a velocity profile which neglects the
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inertia terms in the Navier-Stokes equations gives good
agreement with experimental data up to Reynolds numbers
of 100 at € = 0.4 is due to the fact that as the particle
assemblage becomes more concentrated the effect of bound-
ary layer separation and wake flow tends to appear at
higher and higher Reynolds numbers starting at a Reynolds
number of about 1 for a single partitle ( &€ = 1) and
going to a Reynolds number of about 100 for € = 0.4.

This hypothesis has recently been verified by the work of
Leclair and Hamielec (46) and Woo and Hamielec (83) who
extended their computations for a mass transfer around a
single sphere (see above) to multiparticle systems by
employing a cell model similar to that used by Pfeffer (63).
Using velocity profiles obtained by solving the Navier-Stokes
equations for the fluid in a concentric spherical cell and
assuming zero vorticity at the outer cell boundary, these
authors have shown that as the void volume of the multi-
particle decreases, the flow separation point moves closer
and closer to the rear stagnation point, eventually dis-
appearing altogether.

d) First order homogeneous reaction

The problem of adding a homogenéoﬁs chemical reﬁction
in the continuous phase to the diffusion from a single
solid sphere inveolves the addition of a source term to
the diffusion egquation. Johnson and Akehata (38) extended
Yuge's perturbation method (84) and solved the problem
with homogenecus first order chemical reaction at low
Reynolds numbers. Rutland and Pfeffer (70) also presented

the solution of mass transfer from a single sphere in
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Stokes' flow with a homogeneous chemical reaction. Their
results using a perturbation technique suggested by
Kronig and Bruijston {44) agree very well with Johnson
and Akehata's results. Recently, Johnson et al. (39)
extended Pfeffer and Rutland's, and Johnson and Akehata's
work to higher Reynolds numbers by using an approximate
velocity profile cbtained by applying Galerkin's method.
They solved the governing diffusion equation with chemical
reactions for flow around a single sphere numerically using
the Crank~Nicolson implicit finite-difference method.
The resulting local Sherxrwood numbers without chemical
reaction were compared with the analytical solution
given by Baird and Hamielec (5) using the thin boundary
layer approximation. The numerical results were found
to agree very well with the analytical solution. No
solution, however, has been obtained for the single
sphere with homogeneous chemical reaction using the
approximate boundary layer solutions for the velocity
profile.

In a recent paper, Goddard and Acrivos (23) presented
a theoretical study of this problem using the thin
boundary layer approximation for wedge type flows given by
the Falkner-Skan egquation. They presented solutions for
the two limiting cases of very fast reactions and very
slow reactions using a regular perturbation technique.
However, their solutions were obtained only up to first
order or second order approximation terms. As usual,
when one obtains a regular perturbation solution, the

applicable range of the perturbed parameter is unknown.



For the case of extremely fast reaction, their resulting
solutions were of no practical use, since the solution
approached its asymptotic value very rapidly. For the
case of extremely slow reaction, their results are only
of little interest to this problem because of the parti-
cular velocity profiles which they chose.

e) Rapid, irreversible, second-order chemical

reaction

For the case of mass transfer with rapid, irreversible,
second-crder chemical reaction, many classical approaches
have been presented including the application of film
theory (30, 72}, surface~renewal theory (42) and
penetration theory (59, 74). Most of these models were
applied using a simplified geometry because of the
complexity of the diffusion mechanism. Even for the
simplified geometry, specific assumptions (mathematical
models) were usually made to solve the problem.

Boundary layer theory was applied to solve the rapid,
irreversible, second-order chemical reaction problem by
Litt and Friedlander {(49) from a flat plate and the
inside surface of a cylinder. Sherwood and Ryan (73)
and Meyerink and Friedlander (54) later presented the
same results assuming a general geometry of the particle
surface. Thelr results which were obtained by neglecting
the eddy diffusivity near the surface of the particles
inside the reaction zone is not realistic for the case of
a moderate concentration boundary layer thickness relative
to the case of no reaction. Therefore, their results are

good only for a very thin concentration boundary layer or
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a concentrated reagent solution.

The problem dealing with an arbitrary shape of
particle surface and simplified flow field over solid
particles has been treated by Acrivos (1) using the
thin diffusional boundary layer approximation. Later,
Acrivos' technique was duplicated by Kitaura and Tanaka
(43) for the case of flow around solid spheres. They
used a velocity profile which, strictly speaking,
applies only in the forward stagnation region. However,
they obtained the same result as that presented by

Acrivos (1).



2. Experimental Studies of Heat and Mass Transfer With
and Without Homogeneous Chemical Reaction from

Solid Spheres.

Experimental studies for forced convection mass
transfer without chemical reactions are more readily
available than analytical studies for both single sphere
and multiparticle systems. Most of these investigations
were conducted using an air stream oxr watexr as the
continuous phase for physical mass transfer. Publications
by Peltzman (60) and Peltzman and Pfeffer (61) give a
very detailed review of this field. There is no experi-
mental work with chemical reaction around single solid
spheres. For the case of multiparticle systems such as
packed beds on fluidized beds, the mass transfer studies
with chemical reactions were mostly conducted under
unknown hydrodynamic behavior (13). A review of these
studies was given by Astarita (4). The results for
pure physical mass transfer especially for a single-
éphere system obtained by various investigators were
usually correlated by assuming the additivity of

natural and forced convection terms such as

’ Wiy "y _
Mo = Ny + D, Wl M, (11-5)

‘’
where D,, m,, and n,, are constants and N is a
i i 1 Sh

Sherwood number due to molecular diffusion and natural

: . - r
convection only (i.e. NSh at NRe = 0). NSh is usually

expressed as

20
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o

/ .o
Na =2+ 8 Ng N (II-6)

where E, M2 and N2 are again constants.

The correlation of physical mass transfer rates in
multiparticle systems are usually presented in terms of
the Colburn "j" factor. The results presented by various
investigators do not agree too well with one another,
especially in fluidized bed systems.

For the case of mass transfer with homogeneous
reaction, the results are usually correlated in terms of

the enhancement factor. For a very rapid second order

chemical reaction this is usually given in terms of

_ Cam Nse (II-7)
4) {_(' CAQ ! N::B

and is assumed to be independent of the hydrodynamic
behavior (Reynolds number), whereas for a first order
homogeneous chemical reaction the enhancement factor
depends strongly on the hydrodynamic behavior and is

usually expressed as
¢=f(Nge Nse P) (II-8)

a) Single sphere systems without chemical reactim
For particle Reynolds numbers of 1000 or less,
experimental data have been reported by Froeésilirg (17),

Garner and coworkers (19, 20, 21, 22), Linton and
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Sutherland (48), Steinberger and Trevbal (76), Rowe et
al. (68), Keey and Glen (41l), Yuge (85), Steel and
Geankoplis (75), and others. Experimental verifications
of the theoretical studies at low Reynolds and Peclet
numbers have been limited, because of strong natural
convection effects on mass (or heat) transfer data at

low Reynolds number. The effects of natural convection
at high Reynolds number have also been shown experimentally
by Steinberger and Treybal (76)., Garner and Suckling (22},
and Garner and Keey (21). These authors note that even
at particle Reynolds number as high as 750 naturxal con-
vection effects are not entirely absent.

Froessling's work {17) which studied mass transfer
from spheres of naphthalene, aniline, water and nitro-
benzene into an air stream is probably the earliest.

This work was criticized (68) since Froessling neglected
natural convection effects and calculated the diffusi-
vities from observed mass transfer rates at zero air
velocity using the known theoretical relationship that
the Sherwood number is egual to 2 at zero velocity.

Garner et al. (19, 20, 22) investigated forced
convection mass transfer from benzoic acid spheres into
water. Their mass transfer coefficient results were highex
than those obtained by the majority of other workers in
this field. Linton and Sutherland (48) believed that the
screens used to obtain a uniform velocity profile in
Garner and coworkers' work were placed too close to
the test sphere. Thus, the turbulence effect may have

caused abnormally high mass transfer rates. Another
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study by Garner and Keey (21} for laminar flow in a
circular tube used the average rather than the centerline
velocity to correlate their results. It would have been
more realistic to use the centerline velocity rather
than the average velocity of the parabolic velocity
profiles in the tube.

Steinberger and Treybal (76) also investigated
forced convection mass transfer rates from benzoic-
acid spheres into water over a very wide Reynolds number
‘range. Their study was criticized not only in that the
investigation was_influenced by wall effects but also
that it was difficult to choose a suitable correlation
velocity under high wall effect conditions.

Rowe et al. (68) have presented experimental data
for mass transfer from benzoic acid spheres to water and
from naphthalene spheres into air. Analogous heat trans-
fer studies have also been carried out by these authors.
Their results were slightly higher than those preseﬁted
by other investigators. Houghton (35) suggested that
turbulence in the work of Rowe et al. was the reason
for their high results. However, even the data obtained
by Rowe et al. (68) under strictly laminar conditions
for mass transfer to water were relatively higher than
those obtained by others.

Studies of local mass transfer rates as well as
overall mass transfer rates have appeared in the recent
literature. Rhodes and Peebles (66), Garner and
Stuckling (22) and Peltzman and Pfeffer (61) presented

results in this area. Garner and Suckling measured the
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local mass transfer rates using photgraphic methods
and presented correlations for different regions over
the sphere surface. Their results gave an idea as to
what the distribution of the wake region is relative to
the overall mass transfer. It is interesting to note that
their results for the wake region were also correlated
using the form of equation (II-5).

Rhodes and Peebles (66) presented overall and local
mass transfer rate data for both single spheres and order-
ed arrays. For the case of single spheres they found that
their results for the overall Sherwood number agree
excellently with those of Garner et al. (19, 20, 21, 22).
However, their local mass transfer rates results, especial-
ly in the wake region, were different than the patterns
presented by Garner et al. (22) and later verified by
Peltzman and Pfeffer (61).

Recently Peltzman and Pfeffer (61) studied the
local and overall mass transfer rates from single spheres
of benzoic acid and beta naphthol to water. They found
that the benzoic acid spheres gave much higher Sherwood
numbers than the beta naphthol spheres at the same
value of the Peclet number. Attempts to explain the
difference between the overall mass transfer coefficients
found for the two systems on the basis of the effects
of concentration driving force (flux), of natural con-
vection and of Schmidt number were not successful so
that these authors concluded that differences in the
crystalline nature of the cast particles (grain droppings)

might be the reason For the higher mass transfer rates
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for the benzoic acid-water system.

Peltzman and Pfeffer found that the location of the
minimum local mass transfer rate and the location of the
hydrodynamic separation point were generally also the
same, The coincidence of these two locations has also
been observed in tihie intermediate Reynolds number range
from 200 to 400 (19). Garner and Grafton (19) have
suggested that at very high Reynolds number a small amount
of stagnant fluid exists behind the flow separation point
so that the minimum local mass transfer rates occur a
few degrees behind the flow separation point,

b) multiparticle systems

Experimental studies in multiparticle systems con-
centrated mainly on obtaining mass transfer data for
packed beds and fluidized beds (26, 27). Most of these
data are correlated in terms of the Colburn "j" factor
as a function of particle Reynolds numbers. However,
the experimental investigations of particle-to-fluid
mass transfer in packed beds showed that most of the
correlations obtained by the individual investigators
did not agree with each other., Investigations using
fluidized beds showed an even greater disagreement
between different studies. McConnachie and Thodos (53)
investigated mass transfer rates using distended beds of
spheres, They reported that the motion of the particles
in fluidized beds did not appear to have a significant
effect on mass tfansfer rates., They also noted that
there was essentially no difference between the "j"

factor vs. Reynolds number relationships for expanded
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fixed beds formed by randomly dispersed solid spheres
and those formed by holding the active spheres in
position.

Some empirical correlations showed that the "j"
factor vs. Reynolds numbers curve was a straight line
with a negative slope of unity for low Reynolds numbers
and low Schmidt numbers. This is in good agreement
with the analytical solution (64) for low Reynolds
numbers and Peclet numbers less than about 70. For
low Reynolds numbers and high Peclet numbers (greater
than 70) the slope of the "j" vs. Reynolds number curve
has been found from the analytical solutions (63) to be
-2/3 rather than -1. At high Reynolds number (above
100 at a void fraction of 0.4 for example) analytical
solutions based on boundary layer theory predict the
slope to change to -1/2. Thus, the analytical solutions

predict a change in slope in the "j" factor vs. Reynolds

numbers correlation from -1 to -2/3 to -1/2 depending on

the values of the Schmidt number and Reynolds number.

J

VS, Nke as proposed by experimental correlations does

not adequately represent all of the experimental data.

This tends to explain why a single correlation of

Recently, Rhodes and Peebles (66), and Peltzman and
Pfeffer (61l) experimentally investigated local and over-
all physical mass transfer rates from a single active
sphere to the fluid flowing around it. The systems
studied included a single test sphere with or without
inert particles placed around it in simple arrays.

Rhodes and Peebles found that the local transfer rate
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was strongly dependent on the geometry of the array,
the plane of the measurement around the sphere and the
hydrodynamic conditions in the bed. They presented their
results as local Sherwood numbers around the spherxe but
were not able to obtaih a correlation. Peltzman and
Pfeffer presented their results (of placing different
geometrical configurations of inert spheres around a
test sphere) as local and overall Sherwood numbers around
the test sphere as a function of the Reynolds and
Schmidt numbers. Peltzman and Pfeffer's study is of
particular interest to this study, since the experimental
part of this wozrk has essentially applied their experi-
mental technigue and apparatus.

¢) Mass transfer with homogeneous chemical reaction.

Up to the present time no experimental studies of
mass transfer with chemical reaction from a single solid
test sphere have been reported. Recently, Houghton (35)
investigated the mass transfer rates with chemical
reaction from carbon dioxide gas bubbles to mono-
ethanolamine. Other investigations which have been
concerned with chemical reactions have generally con-
sidered systems of simple geometry, such as in laminar
liguid jets (56), falling films (67), films formed on
a rotating cylinder or drum (1l0), plane interfaces, and
stirred vessels (51, 52, 81) and the results are usually
correlated in terms of the enhancement factor. Most of
the experimental studies presented in fluidized beds and
packed beds were conducted under unknown hydrodynamic

conditions (13).
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For the case of mass transfer with very rapid
second order irreversible reaction, several experximental
results have been presented. Friedlander et al. (49},
(54) have studied diffusion of benzoic acid from a flat
plate and from the inside wall of a benzoic acid cylinder
into water containing NaOH. They found that their
experimental results agreed very well with their
theoretical studies even though the diffusion constant

of NaOH in H20 is not accurately known.



IIT. SCOPE OF THE RESEARCH

Present reactor design procedures are usually based upon
empirical or semi-empirical techniques using pilot plant data
and scale-up. The establishment of mathematical models and
solution techniques to predict the mass (or heat) transfer
rates including the effect of chemical reactions and particle-
to-particle interactions should be very valuable in reactor
designs. To vexrify the mathematical models and solution
techniques and to be able to develop reasonable new models,
it is also necessary to obtain pertinent experimental data.

With these ideas in mind, it was decided to study both
theoretically and experimentally the effect of chemical reac-
tion on both local and overall mass transfer rates around
single spheres and in multiparticle systems. These studies
would consist of four separate phases to include:

i) A numerical analysis of the effect of first order
homogeneous chemical reaction on the local and overall mass
transfer rates around single solid spheres and in multiparticle
systems at low and high Reynolds numbers using velocity pro-
files obtained from Stokes' flow and from boundary layer theory.
A more generalized parameter, combining both hydrodynamic
effect and reaction effec?, will he introduced here. The
results of this phase of the study will be compared to any
available solutions using different mathematical models and
solution techniques.

ii) A numerical analysis of the effect of particle-to-
particle interaction in a two sphere system on the local and
overall mass transfer rates, The effects of first orxder

29
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homogeneous chemical reaction on mass transfer rates would
also be computed. This phase of the study would be performed
in the Stokes' flow region where the flow field around two
spheres is known and available. Since there are no mass or
heat transfer solutions available for flow around two spheres,
the mathematical model, solution techniques, and results will
be presented as completely as possible for the case of

a) an active sphere placed in front of an inert sphere

in the direction of flow.

b) an active sphere placed behind an inert sphere in

the direction of flow.

iii) An analytical study of the effect of rapid, irre-
versible, second-order chemical reactions on the mass transfer
rate around solid spheres, liquid drops and gas bubbles. A
general mathematical model is to be established for all three
cases. The effects 0of the physical properties of the solute
and reagent and the effect of the flow field near the surface
of the spherical particles on the enhancement factor will be
emphasized. The results will also be compared with Fhe
available solutions using different mathematical modéls and
solution techniques.

iv) Byperimental measurements of local and overall mass
transfer rates around solid single spheres and in two sphere
systems. The enhancement factor for a rapid, irreversible,
second-order chemical reaction on the local and overall mass
transfer rates will be emphasized and compared with the results
from the analytical analysis in this study, since there are no
experimental data available using solid spheres. The effects

of particle-to-particle interactions on mass transfer rate



using two spheres to simulate a very dilute multiparticle
system will also be studied in order to get a qualitative

comparison with the numerical results obtained in this study.
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IVv. THEORETICAL WORK

In the entire theoretical analysis of mass transfer prob-
lems in this study, several simplified assumptions are made.
However, the mathematical models with these simplified assump-
tions are kept very close to the real physical systems so that
the analysis results should be applicabbe to real physical
situations such as those found in commercial packed and
fluidized bed reactors. We assume steady state to exist in
the system. In commercial systems a transient behavior may
exist at the very beginning of the start-up:; however, we assume
that these transient states exist only within a very short
period. Transient conditions are beyond the scope of present
study. "Age distribution" behavior is not included in this
study either. We also assume that the system is isothermal
and the heat of dissoclution or reaction is negligible. There-
éore, we can reduce the real coupled simultaneous heat and
mass transfer problems into pure mass transfer problems.

This assumption also allows us to assume that the physical
properties such as the density, viscosity and diffusivity of
the systems are constant. Other assumptions are 1) The fluid
is Newtonian and that the flow around spherical particles .
is axisymmetric. 2) The resistance to mass transfer is only
in the continuous phase. 3) There is no transfer from the
continuous phase into the dispersed phase. 4) Natural con-
vection effects are negligible. 5) The Peclet number is large
so that the thin concentration boundary layer approximation

is applicable.
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l. Governing Diffusion Equations

The basic diffusion equation with first order homogeneous

chemical reaction at steady state is given in vector notation

as:
Fl rs ’ L 5 iy
Vevc, =@vic, -k¢ (Tv-1)

Using the dimensionless variables

/
C
C;_J—
V:......l.{:.._
— u‘o
2ot
fﬁ£~ o
(Tv-2)
- K" a*
p = o
v =9a
'I-_ ,2- -
V =V a
equation (IV-1l) becomes
(TV—~3)
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and in spherical coordinates with r = r'/a

. aC
v ) T T e (e Sp

< Ve
“'%_M'Q(Uvay‘:.i-—‘. —:%—)—ﬂzc =0

—

r: oy

L [¥kac [ 3
(IVv-4)

Equation (Iv-4) is an elliptic partial differential equation

and attempts to obtain numerical solutions of this equation

in the high Peclet number range (Npe?hloo) have failed because

of the stability problems (38). It was noted in literature

(12, 45) that these difficulties could only ke overcome at the

expense of using stepsizes which are too small to be practical.
If we apply the thin concentration boundary layer approxi-

mation for large peclet numbers (NPe> 100), however, and

neglect diffusion in the angular direction, eguation (IV-4)

can be approximated by a parabolic partial differential equa-

tion given by
T < -
%__L,\fn (\&i:_‘-';(. +U*;?'H)—ﬁzc = 0 (Iv-5)

Verification of this eguation by an order of magnitude analysis
is given in Appendix B. |
The boundary conditions to be used with equation (IV~5)

are

c= 1 ok %Y=zo 3 &%
C=o0 X H=0 ;& X

(IV-6)
2
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No difficulties are encountered in the numerical solution of
the above equation. Since the Schmidt number for the mass
transfer of solid in ligquid systems is usually of the order
of 103,
Reynolds numbers greater than 0.1. Eguation (IV-~5) has been

equation (IV-5) is therefore applicable for particle

chosen as the starting governing equation in this study for
the case of mass transfer with first order homogeneous chemical
reactions in both the single sphere systems and the multi-
particle systems.

For the case of mass transfer with first order homogeneous
chemical reactions in a two sphere system such as one inert
sphere placed either above or below one active sphere in the
plane parallel to the flow direction, it is useful to use
bipolar coordinates. Equation (IV-3) in bipolar coordinates

becomes

(mhvz_ mf)
[B‘E(an_h_'?_ cont ag)"‘:q(mm - aafl)]

~X M (RI(emh - e ) (Vs 5 1Y, 55 ) (TV-7)

(LY piC =0

The details of the derivation of equatioﬁ (IVv-7) is given in
Appendix A. Again, if we apply the thin concentration boundary
layer approximation for large peclet numbers (Nbeib 1) and
neglect diffusion in the angular direction, equation (IV-7)

can be approximated by a parabolic partial differential



equation given by

a a"C

T TBPAS JELIENE

(codh 1] -~ coe®)

(Iv~-8)

This egquation is applicable as long as the concentration
boundary layer in bipolar coordinates is very thin (NPet» 1}
so that the diffusion term in the angular direction is negli-
gible. Equation (IV-8) is the starting governing diffusion
equation for the two sphere systems in this study.

An order of magnitude analysis verifying this equation
for high Peclet numbers is also given in Appendix B.

The boundary conditions to be used with equation (IV-8)

for the active sphere placed upstream of the inert sphere

which locates at ¥Yo> 0 are

(Tv-9)
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Similarly, the boundary conditions to be used with eguation

(Iv-8) for the active sphere placed downstream of the inert

sphere which locates at ¥,< 0 are

N
it

1 ak M=Yes 3 Mg (IV-10)

C=o ok 7=-Yo 5 E=T

=0 ok §=“ abQ_Q"(

LY
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For the case of mass transfer from spherical particles
into a continuous phase with a rapid second order irreversible
chemical reaction occurring in the continuous phase, we
assume that the reaction always takes place :at-a certain fixed
distance very near the surface of the spherical particles.
Although a spherical shape will be assumed here for the dis-
persed phase particle, the solutions presented here may readily
be generalized to particles with an arbitrary surface geometry.
Consider a fluid containing the reagent, species B, flowing
past a spherical particle containing the other reagent, species
A, which will be referred to as the solute. The rate of reac-
tion of solute A and reagent B is assumed to be a very rapid
second order lrreversible reaction occurring according to

the stoichiometric equation

ad + bB —— Product (Iv-11)

Since the reaction between A and B is assumed instantaneous
the diffusion equation with a source term (reaction term) is
not applicable to this situation. Rather it is assumed that
the reaction takes place in a zone of infinitesimal thickness
at a certain distance EAR away from the surface of the dis-
continuous phase where gAR is, in general, dependent on the
spherical angle ©. Thus the governing equations for the diffu-
sion of both species A and B are the same as those for the
case of pure physical mass transfer with no chemical reaction
being present.

We again assume that the Peclet number is large or that
the diffusional boundary layer is very thin relative to the

radius of the spherical particle, i.e., y« 1l so that the
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governing equation becomes:

>C

3= 1Mk (k3% V35 ) =0 (1v-12)
This eguation can be obtained directly from equation (IV-5)
with K''' = 0 or 8 = O.

For the problem of diffusion with chemical reaction which
we are interested in here, the ﬁhin diffusional boundary layer
approximation will be even more realistic than for physical
mass transfer since the chemical reaction will tend to reduce
the thickness of the boundary layer. Thus we choose equa-
tion (IV-12) as the governing eguation for the diffusion of
both species A and B. This will result in very little error
as long as the continuous phase is a liquid such that Ngo 2 1.

The boundary conditions are such that at the surface of
the dispersed phase (or particle surface) the dimensionless
concentration of the solute Cp = 1l and at the reaction zone,

g

the concentration of both the solute and the reagent

AR'
Cp = CB = 0. Very far away from the particle surface the
dimensionless concentration of species B, Cg = 1. The last

boundary condition is obtained from the stoichiometry of the
chemical reaction. Thus at gAR the net molar flux of species

A and B must be equal to zero or

3G, l a M Cem 3C
- cA &M B (Tv-13)
d
.a- &df&r\ T Aég,s CAD aa_' ‘&xk‘.%,
If we let R
Iv-14
0(. = /écg ? B « =0 ( )

A[Sc_z
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and

- 4 Cay .
T "5 " Cao

¥y =o (Iv-15)

then the last boundary condition, equation (IV-13), reduces to

aafq: =y 2 (Iv-16)
& Sar Stk g
where « and X are known parameters for any particular problem.
Once the concentration profile in the f£luid is known
the local Sherwood number around the surface of the sphere

can be obtained from the relation

IcC
= =2, — (IV—17)
Aéht 3Y %o

and the overall Sherwood number from

Mo, = [ - 35

The enhancement factor ?, defined as the ratio of the overall

Am X dx (Tv-18)

U=o

Sherwood number with chemical reaction to the Sherwood number

without any chemical reaction can be obtained from

Moo, & (Iv-19)
Aékq”’

$ =



40

2. Hydrodynamic Behavior

Since we are assuming the solute in the continuous phase
to have a Schmidt number much greater than unity, the concen-
tration boundary layer is much thinner than the hydrodynamic
boundary layer and the diffusion of the solute into the con-
tinuous phase takes place only in a very thin layer of the
fluid near the surface of the spherical particles. Therefore,
it should be possible to represent the velocity profile of the
continuous phase by a linearized relationship in the gistance
variable normal to the surface of the sphere. If the tangen-
tial (or flow direction) velocity, V.1 can be considered to be
an analytical function with respect to y, we can expand Vy in
a Taylor series around the surface of the dispersed phase,
i.e., y = 0, such that

Vg = (\Jx)&=n+ (:"‘a"_,d’:)H % o+ ;g’;) §}+-~- (Iv-20)
Since we are assuming a thin diffusional boundary layer,
only the first two terms in the right hand side of equation
(Iv-20) are important.

The continuity equation for the continuous fluid in
spherical coordinates is given as

‘r"‘ 5 26 25 (Vs aenfl) = 0 {(Iv-21)

Yr_w(\r\))Jr

Very Elose to the surface of the sphere, equation (IV-21l) can

be approximated by

an. |
It + ~

Alnn X gx (Ve #inx) =0 (Iv-22)
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Thus as soon as V,_ is specified, the corresponding V& can be
easily obtained by solving equation (IV-22). The integration
constant is equal to zero because of the boundary condition
which specifies that the continuous fluid will not penetrate
into the dispersed phase.

We now examine more closely the form that equations
(Iv-20) and (Iv-22) take for v, and V& for three cases of
interest i) solid particles, ii) gas bubbles and iii) liquid
drops.

i) For the case of mass transfer from a solid particle
such as a benzoic acid sphere slowly dissolving into a con-
tinuous ligquid phase the tangential velocity on the surface of
the sphere can be assumed negligible, i.e. (V‘X)y;:0 = 0.

Therefore, equation (IV-20} reduces to

b= (3.t =0 (zv-23)

where g{x) is proportional to the shear stress at the surface
of the particle. The corresponding Vy is given by equation
(Iv-22) as
2 ,
Vg = —%; ﬁ%,; [ 3®) asnx ] (Tv-24)

ii) For the case of mass transfer from gas bubbles dis~
solving into a continuous liquid phase, the interfacial velo-
city (V‘X)y=U # 0. However if the density and viscosity of the
gas are small as compared to those of the continuous liquid
pPhase then the tangential stress at the surface of the bubble
can be assumed negligible. Thus equation (IV~20) can be

approximated by

Ve = (Udyey = f00 (IV-25)
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The corresponding Vy is given by

% d. .
Vi = = mmx dx LA Ax ] (Iv-26)

iii) For the case of mass transfer of a solute from
ligquid drops into ¢ second immiscible continuous liguid phase,
neither the first nor the second tzrm in equation (IV-20)} can

be assumed to be negligible and in general:
= fxy + 9(x) & (Tv-27)

If we assume that both £(x) and g(x) are odd functions of x

and set

Y-
o= 2 Aw X
(Iv-28)
- e~
%‘(X] — é-l-\ 53.\4\.-1 K
equation (IV~27) becomes
2n—|
Vi = 22 (Awuer ¥ B 3) X (Iv-29)
and the corresponding Vy is
v
V‘&-=_ A &x[{ Vg A X d ]
{(Iv-30)

= MLx = L& {(AW-!%"Lthma')

Aﬁ.\mx . xzn-f}]

Since

- ' lm‘l
Ay = Z, ! T (;J

w1t (am=110
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eguaticn (IV-30) can be written as

2 i AR
V= 2] r-("n—tz* 8, ¥)1{g, f'zi‘-‘:‘)‘ii’_’f:’f-l) X I\;—% 1)

% T X
For the case of mass transfer with a very rapid second
order irreversible chemical reaction, analytical solutions
have been obtained using a generalized model for all three
types of particles, i.e., solid spheres, liquid drops and
gas bubbles. PFor the case of mass transfer with first order
homogeneous chemical reaction, numerical solutions have been
obtained around solid spheres specifying the function g(x)
for the particular Reynolds number range of interest.
Velccity profiles for the fluid in creeping flow around
single spheres can be derived from the Stokes' stream function

which is given as:
2 3

Applying the thin boundary layer approximation, equation

(Iv-32a) reduces to

‘2 -.,E}F U 35 AT X (IV-32b)

Using equation (IV-32b) the velocity profiles in the form of
equations {(IV-23) and (Iv-24) are given by

Uy = - ¥ X (Iv-33a)

Vy == G- ¥ oty (1v-33b)
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For the case of multiparticle systems, the hydrodynamie
behavior in creeping flow around spherical particles has been

idealized by Happel (28) using the free surface model as

E
[(zt3a®) v+ %- Eradyay  (Iv-34a)
, A& v ]
o3-

where ). and W depend only on the porosity of the multiparticle

L U Ais
Y=- EXY

system and U, is the superficial velocity. Again applying the
thin boundarv layer approximation, the stream function reduces

to

Do At X
2w

g x_ (3C1-2%) #* 3 (IV-34Db)

and the corresponding velocity profiles in the fcrm of equa-

tions (1v-23) and (IVv-24) becomes

J, = BU=XT) o (Iv-35)
w
_ o 3(1-)Y)
Vo = - —— F oo X (1V-36)

Note that as ) approaches zero, the porosity of the multi-
particle system approaches unity (£—1) and the parameter W
approaches 2 and equations (IV-35) and@ (IV-36) reduce to
equations (IV-33a) and (IV-33b) respectively when the porosity
is unity.

Velocity profiles around a single sphere at high Reynolds
numbers can be approximated up to the flow separation point

by using boundary layer theory. The tangential velocity



profile is given by Lochiel and Calderbank (50) using the

Karman-Pohlhausen integral method as

iz.5
A x Y
Vy = ‘J%N-Re_ Ls [ J'x A»‘M?‘$G 16 ] (1v-37)

The corresponding radial velocity profile using equation
{(Iv-22) is given by

L& 1575

& X 98
- 3 z J4E pm X Lo X ( Al @ dD—p, X (IV-38)
Vy = |2 ¥ e
iy 160 /Re, ((* ao?S L5
L Ao ala)

Since these velocity profiles are based on boundary layer

theory they are good only up to the boundary layer separation

point, approximately 108° or 1.885 radians from the forward

stagnation point.

For a two sphere system, the velocity profile developed

in a viscous fluid at rest at infinity by two equal solid
spheres moﬁing with small constant velocities parallel to
their line of centers has been presented by Stimson and

Jeffery (77) using bipolar coordinates as

Je
Ve, 1) = (@th - ) £ (1v-39)

W) V, ()

where

Vn(€) = Byt ) — fhp (928) 5 £+ Leqemdve function
Vu(€) = Gy lerg ) - By (8} ;P Lef]rmee. {'W’lf.{;;m

U1 = Ay cocly (M-2)Y + Coq coch (m4d) 7

~{zME1) ol 2ed
A, = -(nts) K -¢ ) *(amttd (€77 1) (IV-40)
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K

L = | Yol ¢ surfaca 0{- the ‘;[’L'-"’-V'e- i A >0
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Equation (IV-39) can be readily transformed to the corres-
ponding problem in which the spheres are fixed and the fluid
streams past them with a constant velocity. By superimposing
a constant velocity equal to - Usx at infinity, the actual
stream function that we are interested in, is therefore given

as

2 AGLE -y
< (o —Cocf ¥ +(oth ] o) = W, ¢ (5) (TV-41)

-

VY=

It should be noted that this velocity profile is valid only in
creeping flow.

The expressions for the velocity profile in terms of the
derivatives of the stream function in general orthogonal co-

ordinates have been given by Goldstein (24) as

Vo = b —e——
%, = hzhs —5g
2T (Lv-42)

3
V?fz, = ILJ h"l a,_-(rl
where hj, h2 and h3 are metric coefficients and %l and 32 are
general orthogonal coordinates.

These corresponding velocities have been derived in

Appendix C and are given as

v AGE ah A E
= - + -
g Cooh T ~coc g c (1V-43)
[‘ & hy - -'..5‘ A Az Vo)
hE (corh ] -coeB) - a7 - (2, u,.(vz)mtg )

o5
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-0,5
V - {" CW.I"L”. m.g —_ ' - - l-
1 (Codhq -cong)  C* i ey -con)
e
5
+ (oeh ¥ - toe g ) ( & W) A;.}g dd-‘ém)}

Note that equations (IV-43) and (IV-44) should reduce to
equations (IV-32) and (IV-33) respectively when the two spheres
are very far apart and the diffusional boundary layer is very

thin,
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3. Solutions of the Governing Diffusion Equations.

For cases of mass transfer with first oxrder homo-
geneous chemical reaction for single sphere systems, two
sphere systems axially located in the flow direction and
multiparticle systcms, numerical solutions are obtained
using finite-difference techniques. In this study, the
Crank-Nicolson implicit finite-difference method is
applied to solve these diffusion equations. The pro-
cedure involved substituting the derivatives in the
angular direction by a straight forward finite-differ-
ence approximation. The radial derivatives are given
by the average values over two succeeding angular in-
crements with the average weighting factor taken as 0.5.
The resulting finite-difference equation consists of a
set of simultaneous algebraic equations which are solved
using Peaceman and Rachford's method (9).

For the case of mass transfer from spherical par-
ticles consisting of either solid spheres, liquid drops
or gas bubbles into a continuous phase with a rapid
second order irreversible chemical reaction occurring
in the continuous phase, we apply a generalized model
and solve the diffusion equations with appropriate
boundary conditions analytically by the method of
combination of variables. Simplified hydrodynamic
flow patterns are used in this part of study. Although
the calculations are made assuming spherical particles,
the results, presented in terms of the enhancement
factor, should be good for any arbitrary shape surface

of the dispersed particles, as long as the assumptions



made are applicable to the system of interest.

A. First Order HOomogeneous Chemical Reactions around
Single Sphere and Multiparticle Systems.

The following finite-difference forms are used for

.the differential t>rms:

C = ‘.];':(C«‘.-H,i_ + Ci,a‘_)

A | Cing =Gy
axX ‘A)( N
3¢ f Cart, gt~ Copr, i Cogn — €2
T R e 4 ikl BT nd v dt1 1,4~
B2y l[ Y~ % A —— ]
i -l g -
(Iv-45)
kX
i;’— = b 2 Ciﬂ,‘}i'l _ 2G4, 9
=20
c‘g—a‘-ﬂ -H'af)(&éﬂ-.a-a‘_,) (’a.qfr ,a'a: )( }a‘ = %f—')
+ 2 Sty N 2Cs, g1y
(G =60 Ctin 80 a4 (- 40)
- a'c"‘fﬂ" . + 2 C“‘:ﬁ'-—l :
(‘d-{fl*’%a‘) L’J"a‘- 14’1.1) (‘3’1:-1&'1}_;\(%‘{‘.(' H’sﬂ)]
where
i = index in x-direction (angular)
j = index in y-direction (radial)

The stepsize used in the angular direction was taken as

uniform but the stepsize in the radial direction was

increased as y increased according to the relation

h'— 1 VoA (IV-46)
$. = 2%, w0 4=0,4i,2 ---

49
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and

b~ G = 6 n® (Iv=47)

where YO is the initial stepsize and h is an arbitrary

constant greater than 1. This is done since the concen-
tration profile very far away from the surface of the
spheres is much less important than that very close to
the surface of the sphere.

Equations (IV-5), (IvV-45), and (IV-47) give

C.t'-(-l,a‘__‘ (lz"‘ls) + C':“-"l: (—R‘?-‘o“i-_‘ﬂs)

*Copy g (R0 4 Cogmy CRatly) (IV-48)

* »*
0o (R4 0, <Ry Cogn (L-R,) =0

where the C*'s are known values and

=
{l

L= 0 G%Y R ey ]

b
Y
it

/T () R

Ly =1/ ol R (htiy ] (zv-49)
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Do = Neg Vg /[ 4%, bF Cht1)]
g, = A/ 2



This resulting difference equation, equation (IV-48),
represents a set of simultaneous algebfaic equations which
can be solved by matrix inversion at each angular increment.
However, in thisrpart of study these sets of simultaneous
algebraic equations were solved by using Peaceman and
Rachford's method. Tt is noted (9) that Peaceman and
Rachford's method will not create too much round-off

error in high speed wmachine calculations. Details of
Peaceman and Rachford's method are given iﬁ Appendix D.
The concentration profiles at the first tw6 angular steps,
however, were obtained by using ordinary relaxation
methods which automatically take care of the boundary

ZEYOo) .

1l

conditions along the forward stagnation line ( 8
Boundary conditions are obtained from eguation (IV-6)

as

P

(IV-50)

E B B

M
o

il
N

‘&.

where M is the index representing the position on the
outside surface of the concentration boundary layer.
Although M is a constant, it can be increased in the
process of the computation to conform to the actual
thickness of the concentrationrboundary layer.

For the case of mass transfer and homogeneous

chemical reaction from solid spheres, it is interesting

51



to note that we are able to generate a characteristic

parameter containing both hydrodynamic and reaction rate

parameters. For example, if we combine eguations (IV-5)

with the flow velocity profile, equations (IV-23) and

(1v-24), we obtain
2

yce M; 3
a4t - [%kj‘a—"zmﬁ\x AX

o {300 480x] _\&] —p ¢=0(IV-51)

If we let

¥=pE 5 pro

(Tv-52)
equation (IV-51) becomes
a~C . [ oBC 3L
- - Y 5% - {QR)M =~ =0
ay* 2f 2 A 'b( L"‘d I- (IV-53)

Equation (IV-53) indicates that the constant NPe/p3
should be treated as a single parameter. For the case of
high Reynolds number boundary layer flow, the function
g(x) already contains the parameter (N )%. In that case,
we simply use lsfp,_ Mge/p as the characteristic single para-
meter for the numerical solutions.

The same finite-difference technigque which we
applied to equation (IV-5) is also applicable to equation
{1v-53) with the boundary conditions as

c=4 oK '%’-‘-0._ ool X

c=o0 &k s ;5 all X (Tv-54)
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Computer programs solving equations (IV-5), (Iv-6), (IV-53),
and (IV-54) with velocity profiles described by equations
(Iv-32) and (Iv-33), (Iv-35) and (IV-36), and (IV-37) and
(IV-38) are given in Appendix J.

B. Mass Transfer i-ith First Order Homogeneous Chemical
Reaction around a Two-Sphere System.

Upon setting

£ z o= 1 oah o s 29
] 1 L _f. r T o
BLEs oy R A R s (IV-55)
Lo e g =Y
r { (';7 ‘;h‘ ! B
!
equation (IV-8) becomes
:"._.- LW ._2_._"_‘_._ £ Fem -
~nt A S
R Lm0 (IV-56)

The numerical techniques to solve this equation with
appropriate boundary conditions are similar to those

in section A. However, because of the use of bipolar
coordinates in this analysis, the optimum stepsizes

and step numbers in the numerical solutions are not
necessarily the same as those chosen for spherical
coordinates as given in section A. The stepsizes and
step numbers are chosen here so that the region very near
the surface of the particles is given more weight in the

analysis.
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The finite-difference forms for the differential

terms are similar to those given in equation (IV-45) and

are.

c =% ( Cip,g C-:,&‘)

aC _ L"-'ﬂ.‘&: = Ci’a:

g ¥

ac ! Cinygn = Ci«-l,q'-'l €= Coamy

= —_— + -
o T = 7. (IV-57)
L I [P P Lin = Li- }

ORI [ 2 Catr, gy 2 Cop,g

272 T =2 —

& Ol T =%y L=y = 1)

+ 2 Cony, -1 + * Cipn
(‘i&‘ "‘!’.&4]('13‘“-)&}'-1) ('1.3‘“‘- 73)(}1“.“ - }Za‘q)
_ 2Cs, ¢ + 2Cq, 4o
where (= ) Oy, ) Hq‘ = lyq YWy = T3
i = index in g -direction
j = index in ¥ -direction
The stepsize used in angular direction was taken as
1
h, -1 -

£pv et s dsot,ze-- (1v-58)

and
<
8%, = Ty -%, = o5k (IV-59)

where a%_, is the initial stepsize in the angular (%)
direction and hl is an arbitrary constant greater than 1.
This is done to conform to the behavior of the bipolar

coordinates and to decrease the necessary iteration times
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in the relaxation process for the concentration profiles

in the first two angular increments. By comparing the

corresponding angles, £ and 6 , on the surface of the

sphere of interest (upper one YO.>O, or lower one,

Yo< 0) between the bipolar coordinates and spherical

coordinates we will find that £ is approximately equal

to 8 when the twoc sphexes are very far apart whereas

is quite different from when two spheres become closer

té ezch other. The corrcsponding values of % and € are

given in tabular form in Appendix F for convenience in

comparing the bipolar coordinates to spherical coordinates.
The stepsize in the radial direction (v} -direction}

was taken as

)ta‘ = Yoo @2 L Xy (§)] (IV-60)
where Y is the Y coordinate of the two-sphere system
on the surface of the particular sphere (Yﬁ 7 0 for upper
sphere and Yb~< 0 for lower sphere) of interest. We
also set

¥

X}(ﬁ) = Xy ho—V

R (Iv-61)
where & X&O is the initial stepsize variable for equation
(Iv-61) and hz

Because of the fact that we are also interested in the

is an arbitrary constant greater than 1.

concentration profiles in the region where ¥ is around
T , especially when the active sphere is behind the

inert sphere or the two spheres are close to each other,



the mesh net that was used in this part of the study
covers the whole range of space, i.e., from —YO to YO.
The mesh net that was used is symmetric with respect to

¥ = 0 in the % -direction. Several different choices

have been tried for the mess net description in the

¥ -direction and ws found that equation (IV-60) is the

most convenient.

If we let

LL= /10 = 1) g - 1) ]

L2= )/ 000 -2 Oty = 1520 )

(IV-62)
L3 = VT =Ty - 1)
Lys= V¢ i = gt
equations (IV-56) and (IV-57) gives
A-L ( Li‘ C‘:ﬂIE'H - Lz - C""H’a: + LS -C':,",&s__l
+LA-Cepgey —L2 Cop L3 Cy om
<3 & ) (IV-63)

|
--Bi 4‘?{ (C“‘*':ﬂ:—c'ﬂ,‘.})

- C4- J.'.'r: LS ( C-‘rﬂ,a'ﬂ _C‘E-H,a‘-t + Ciri—‘” - c"::i:‘l)

- k-~ ( Cog T Cag) = o
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Corigm (AL L3 + ¥ ¢t LsS)
oy €312~ gt - )

+ Con e (AL- L4 -% CL - L&4)
- (IV-64)
= Cigq (FAL-L3 - ECL-2L85)
* . -1 K
tCog (AL-L2 —;§;Bi+—g_')
-
+Cign (AL L4 + S CL.L58)

where the C*'s are known values from proceeding computa-
tions.,

Equation (IV-64), the resulting diffusion eqguation
in finite-difference form, gives a set of simultaneous
algebraic equations which is then solved by Peaceman
and Rachford's method. The concentration prefiles at
the first two angular steps, as in section A, are
obtained by using a relaxation method. The boundary
conditions coupled with equation (IV-64) arxe obtained

from equations (IV-9) and (IV-10) as

Cio= 4 ; all i
Cog =Cuy ; all j

where M is the index for the position on the outside
surface of the concentration boundary layer. As
mentioned before, M should be increased or decreased in

the computation to conform to the thickness of the con-
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centration boundary layer in the coordinate system used in
this part of the study. |

For this particular system (two-sphere system) it is
very difficult to reduce the diffusion equation, equation
(Iv-8) into the more simplified form of equation (IV-53)
due to the complexity of velocity profiles. However, we
will correlate the numerical results of this study in
terms of Npe4€3 for consistency.

As soon as the concentration profiles are known in
bipolar coordinates, the mass transfer rate in terms of

the Sherwood number is given as

<

- [gfl a | ] (IV-66)
Y=o =Y, 9 Iy
Details of this expression are given in Appendix E for
both cases of Yo greater than zero and YO less than zero.
Computer programs solving egquations (IvV-8), (IV-9),
and (IV-10) with velocity profiles described by equations
(IV-43) and (IV-44) arxe given in Appendix J.

C. Rapid Second Order Chemical Reactién Around Solid
Spheres, Liquid Drops and Gas Bubbles.
a) Enhancement Factor for Flow Past a Solid Dispersed
Phase
Substituting equations (IV-23) and (Iv-24) into
equation {(Iv~12) give the diffusion equations for
species A and B as follows:

‘o Na 3¢, z
’lﬁ““ﬁﬁ[gm& % - 13\3( ix{m’““"x}l y1=0 (1v-67)




ylp
L A X

We now define new variables y', dx&, dxé as

f = % [ 8o Max)*

%

r 20 e x ]

d.xa = d)(
MreA )

2 [30 adax 1% ix

d Xy = NPQE 360

’(n:a 14 e €
T (g - -l o

{IV-68)

(IV-69)

(Iv=-70)

(Iv-71)

Substituting these variables into eguations (IV-67) and

(Iv-68), we cbtain

'a?‘C,q ’ aCS
3‘3:1 = ?1‘ ax‘; = 0

3 Ce _ ,a_f 2Ce -0
Ay 3 Xg
If we set
%/

€ =
A (9 x5 )%

/

€ =
s (9 Xg )2

and also note that

Moca 5
fs':-(—;fi";—) 'EA = of, ?A

(IV-72)

{IV-73)

(Iv-74)

(IVv-75)

(IV=76)}
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Fguations (IV-72) and (IV~73) Dbecome

llCA z ac“
35 T30 SE, t 0 (IV-77)
3 Cr > 3Ca
SEAAR S (IV-78)

Using the appropriate boundary conditions discussed
earlier in Section 1 and assuming that the reaction
takes place at gA = EAR' the solution of equations
(Iv-77) and (IV-78) give the concentration profiles of

species A and B as

[t
e d .
CA=1_ ; Ky F 3 04'5'4(?&&
(5% e ap (Iv-79)

and

we

J w €7 d

%
Cp = fgn‘x P > f"&< fﬂ < %o
I . e“ﬂ d’P {(IV-80)
Fap ol

Substituting these solutions into the stoichiometric

condition given by equation (IV-16) yields:
%
2 ¢ gﬁk"( px
- 1 Ty - -
oa%r:eg"““""‘-) V'ts) L Je d p
k7 -
[ et 4p

o

(rv-81)

Since « and ¥ are constants for a given chemical system,
equation (IV-8l) can be used to compute the position ‘§ AR

at which the chemical reaction occurs in the continucus phase.



The local and overall (up to x radians) Sherwood
number with chemical reaction present can readily be

written down as

=
Jﬁ
P
!
M
W
oK
1

2 [ 9w Asx 1% (IV-82)
ﬁ‘ﬂ e F 4P (1x] )"

h

Ag"*o,& = L‘“_ 2"; ,-gr:o amx dX

.14
| f" (960 Ao X ]
Lffek r_’.'ﬂjr{ﬁ . (x; )}s X

The corresponding Sherwood numbers without chemical

reaction in the system are

/\[ = D — < 360 A x ]k—
e gk T [Te-Fap (xR (IV-84)
X . ]JE
Mo = Bima N T _
Sho,n Fap v A/Sko’& ‘[:ae_ﬂ.ldp J° (q)q )& AnX AK(IV 85)

It is clear from the above results that the enhancement
factor q> will be the same with respect to either the
local or the overall mass transfer rate and is simply
given as

.
3‘9 = P(& ) (Iv-86)

[* e

" e ap




Eguation (IV-86) together with eguation (IV-8l) can be

used to obtain the relation between the parameters oL and

¥ and enhancement factor ¢ .

Special cases:

i) Thé Schmidt numbers of species A and B are
equal ocr oK = 1.

Equation (IV-8l) gives

Therefore, equation (IV-86) becomes

d{a = 1+ ¥
i) ¥ an 70 % EL
Since
"—343 (['_l") 3
P P na  [LED grp
and
Sar gt \
J e d,P =?AK“'ZF'£Q£+———

equation (IV-8l) gives

% M%)
Y m
fkk

as '%AR——ao. Therefore, equations (IV-86), (IV-90),

(Iv-87)

(Iv-88)

(IV-89)

(IV=90)

(Iv-91)

and
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(IV-91) give

(IV-92)

b) Enhancement Factor for Flow Past Gas Bubbles

Following the same procedure as for the solid
spheres we substitute equations (IV-25) and (IV-26)

into equation (IV-12) to give the diffusion equations
for species A and B as:

£ N, )
- _r:?"[foq 'ai:(q

C
- —A-?!M:—x%{{cx)mx} %@-b o (Iv-93)

b?‘Cg

/\/eB 2Ca . -
Sy L [{a)ﬁ_—%i—x[{a)mx};’a—;ho (IV-94)

The new variables y', dxA' and de' are now defined as

y' =y £(x) sin x

(IV-95)
2.
X! = 2 [0 asax ]
4 =

Nee, §) (IV-96)

dX[;: 2 (400) anx 1% (1v-97)
Nee, $0¢)

and the resulting diffusion equations are

T G o (Iv-98)

é‘é"- ;,a(é =

alcﬂ }CB

(IV-99)
z 7 = 0O
EY Y > X



We now set

.a‘l
S = X%
I
o SyrE
and note that
Nee s V- %
o [ 135 B -
A Msm) % = <%,

Eguations (IV-98) and (IV-99) become

d.ZCA ‘LCA
CLE: +-l§k 4 %4
d>Cg d Cp
Lg; P iy, <O

Again, assuming that the reaction takes place at >§A=

the solution of equations (IV-103) and (IV-104) are

7} _ﬁz
e dbﬁ
C,=1- — .
A RS 1S /1
(e ap
(2 e ap
S % C
C 4% N SQR< ?JQ( oo

e."f:" %) T

ffm_ e-ﬁz ‘tP

O(.z'r':.

(IV-100)

(Iv-101)

(Iv-102)

(Iv-103)

(Iv~-104)

12:’Z-XR

(IV-105)

(IV=-106)

(Iv-107)
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For this case the local Shexwcod number and the overall

Sherwood number (up to x radians) are

A = | {60 adn, ¥
Sl’LLIR_ f“fAR e_pZdP XA&

| (x {6y A X

/\/;‘l"o'& = ‘(;}'AK e-pzdp N zx';& d‘x

For mass transfer without chemical reaction

d nf” fg&-?oe- Shf-}& f: e-.ﬁz"!:p X&I &.
N _ i . 2
Nt = Qimn AL = VM was?y Ax

Sap> %0 Sher }'-ﬂ E-‘Bldﬁ ey ry

So that the enhancement factor ¢ is given as

¢ - iy

- Tr  _p*

(e ap
Special cases:

i) ol =1

Equation (IV-107) gives

i
2 [ e

¥ = -

(TV-108)

{(IV-109)

(Iv-110}

(Iv=-111)

(Iv-112)

(IV-113)
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s0 that

?AK N
- £ - il
L c tiﬁ T2t §) (Iv-114)

Equations (IV-112) and (IV-114) give

= 1+% (IV-115)

which is exactly the same result as obtained for the case

c¢f flow around a solid sphere.

ii) € >0 ; <4

Since

_'5’41 l"l_

e R (17) =|-ﬁ;(l—+&)+—--— (IV-116)
and

San -p* 3

I e, J.P = f&k. _-_%l: fﬁ& - (IV-ll?)
equation (IV-107) gives

il (Iv-118)

gﬁ&. = l‘x&r

as 'EARf—>0° Equations (Iv-117), (Iv-11l8), and (IV-112)

give

b = oY (Iv-119)



67
C. Enhancement Factor for Flow Past Liquid Drops
We have already shown that for both flow past solid
spheres and for flow around a gas bubble that the local
and overall enhancement factor are the same. With this
idea in mind we assume an even power series solution in
X for the concentration profile in the continuous phase

similar to that suggested by Yuge (84) such as:

= Lo () +CYIXT + () X +-- -

& Cath xR

's are functions of y alone.

N
[

(Iv-120)

it

where the ccoefficients C2k
Substituting equation (IV-120) into the diffusion equation,
equation (Iv-12), together with equation (IV-29) and (IV-31)

for the welocity profile components Vx and Vy we obtain

= camx™- % [{& At B )X}

2 ™ 2mtan-¢
,f;}‘d:.\-l} +diEa. -I‘& ]{ﬁm (l-wﬁz.'n,—l) X —} N ’ ?'E
- -y ®=0 C’l(‘“x } =0
. (-t) 2mM-2,
™z (rwa-13!

Taking :é)tezms, the Oth order approximation of equation

(Iv-121) can be written as

4 C,(4) 4 v, dCo(¥) (IV-122)
T TR BAYTREITE e

This equation which holds for both species A and B can

be solved to obtain the concentration profiles of species

A and B, respectively. However, because we consider only

% . . . .
X terms in equation (IV-121) the concentration profiles
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cbtained from eqguation (IV-122) represent the profiles of
species A and B along the front stagnation line. Since
we have shown that the local and overall enhancement factor
are the same for the system, the concentration profiles
obtained from eguation (IV-122), however, can be used
to obtain the enhancement factor. We now proceed to
obtain the solutions of equation (1V-122) for both species

A and B using the assumed boundary conditions.

Set
K oo Neark B Ay 5
AT (e )1 v
M"ea ‘ A-(’-eg ¥ (IV-124)
QAR L) (5 T
and
_..El_ — K
“w%' (TV~125)
k % 2L %
(Y () = F (1v-126)
)
so that
A/
f:& = % Ak ( ) 1+ |) (IV-127)
M
oA (4 x®E)
3 = TS £ (Iv-128)
Since Al represents the slip velocity of the liquid drop
and B, the shearing stress at the surface of the liquid drop

1
{(both at the forward stagnation point) the parameter K



can be determined f£rom the hydrodynamics of the system.
For the special case of flow around a solid sphere ‘K
would approach infinity and for the special case of
potential flow around a gas bubble K would approach zero.
Using eqguations (IV-127) and (IV-128), the diffusion
equation, equation (IV-122) for beth species A and B

becomes
:.Co 2 .
————ﬁg’i + [ c;zfé;z N (:i . ]di%‘ .o (IV-129)
) ) A
4*Cop + 1% 3}’8 d.Cop (IV-130)
Tar + Lidm widne] R -
and
M ¥
- A + AT F
Yo =%, T E (Iv-131)
The boundary conditions are
Cop(Ha) = i & = o0
CQB(?B\'-‘- i 4* -gt! = 0D (IV'-132)
Cochﬂ" Coa(fx)""o aX far-fék oy
H, A
e s
%= +F

The solutions to equations (Iv-129), (IVv-130), and
(Iv-132) are '

= | o~ 2 (IV—133)
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< W&WF ]
4 5 G F) [
(ot )‘ (H-—;f—
wate € uF ) 4f
C’ag - AR LEQEEDY
00 ) g £ (IV-134)
- LR Y c|+7—p
ot E F
R
o (Hr FY
Since
2Ceq o 3 Cop (IV-135)
b'a, ==Y a'&
Tt Fap, t ok e
we oObtailn
-
d&K~ﬁfLE_=F(FK"E(WF&+?B yj M - f m;qiﬁ%ﬁrdp
g - Pk ~.[ =L
fo e e G Ly
IV-136}
where
@ Iﬁz. lg-l
[ = L arme e |
4 e. (il (_HQ}EFJ G.‘IB (IV-137)
[7]
The enhancement factor ¢ Leccmes
o6 s il
{ G R T R
.j_‘.) - e = (IV"].BB)

[Te

&

Fox the sgpecial cases of F =

["\'f ) (l-'r ‘)3] A_P

o0 (flow past solid spheres)
equation (IV-138) reduces to equaticn {(IVv-86) and for

F = 0 {fiow past gas bubbles} equation (IV-138) reduces

to equation (Iv-122).



Special cases:
i) oL =1
Equation (IV-~136) becomes

¥ = M - | (IV-139)

Ia& E.-[ _(f-% CH--—-]-‘] ‘LP

or

RO -
ngK -t_c’l%ﬁ;i * it _{5}1] 1 - M
e J e (1v-140)

-3

Substituting equation (IV-140) into equation (IV-130), we

obtain

=1t (IV-141)

ii) 'gARHO : ¥ 1

Since

- Sie
E’.(l = | “*Fl’“ 0+-'*P] = 4 (IV-142)
and
2 1+ol.""F
AR o5 (1tF) _[ A + e ] .
( (H"(*F)z Ci+ dj"F")‘; 4F ) (IV-143)

"o

as & ar > 0, equation (IV-137) beconmes

woe p A i
Ij e‘[(m:f-* c|+-1§-)s] A_ﬁ M, %” ::;F (Iv-144)

[-]

and the enhancement factor becomes
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[ :.""
“ |+ocr= r‘e‘ CH-F) CI+¥—P] 4f

zf:“ ¥ +E (Iv-145)
Jo e'[ (HJ )= m.;i‘s] P

For oL = 1, eguation (IV-145) can be approximately written

as
%
UL 8 1+ L .
¢ =A% tRE (1Iv-146)
oxr
¢= r\:‘* ( m: )*“" ( |+3:]] (Iv-147)
iii) PF = 1, equation {IV-137) becomes
o ;
N 3 ey 2 A
\ % %, i V- R
Laratys OIS M- [, ettt 4
fg"* '[ﬁ‘" 3]4)9 (Iv-148)
where
M= _( e [fl+»<’31‘- (H- )3] 4/9 (IV-149)

and the enhancement factor, IF . 1s given by

[-€:+§]

;. { e Ap
- _ 2 pE (IVv=-150)
L%ﬁ3[£%+ =14 p
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d) Enhancement Factor Arocund a Spherical Particle
Immersed in a Stagnant Fluid.
We consider here the special case of diffusion and
very fast reaction in a stagnant fluid, Spherical coordinates
are used for consistency with the previous analyses.
Egquation (IV-4) gives the diffusion equation for species

A and B in a stagnat fluid as

3 L é(-A . -

3y (Y -B \_‘") = 0 (Iv-151)
2-(y* 2Cn Y= 0 (IV-152)
ar ay

Equations (IV-151) and (IV-152) are solved with the boundary

conditions
CA =1 at r = 1
CB = 1 at r = oo (IV-153)
= = = +
CA Cp o at r 1 gAR

The solutions to equations (IV-151), (IVv-152) and (IV-153)

are
C . 11’ -gqg ‘ '
=TT T T T2 -154
A S X AR, (1v-154)
- i —
Cg = —(\+§%&)_7T + | (IV-155}

Equations (Iv-154), (Iv-155), and (IV-16) give

| . (Iv-156)
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The local and owverall Sherwood numbers are given as

/\/ 2 Sa) (IV-157)
hop T Sar

_ it E, I IV-158

Afsh.o,K = T Ze L aa X d X ( :

The enhancement factor, therefore, for both the local and

overall mass transfer rate is

+ 5

b= — (1v-159)
AR

Substituting equation (IV-156) into equation (IV-159), we

obtain

=1t XY (IV-160)

Special cases:
i) L =1

Equation (Iv-160) becomes

‘P = |4+ Y (Iv-161)

ii) € .0 1 & # 1
Equation (IV-159} gives
br o = XY
Sar (Iv-162)
The results given by equations (IV-160), (IV-161l) and (IV-162)
are, of course, identical to those obtained by applying

"film theory" as originally developed by Hatta (30).
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4. Results and Discussion

A. PFirst-Order Homogeneous Chemicals Around Single Spheres

and Multiparticle Systems.

Various angular and radial stepsizes have been used
to test the convergence of the computations to bhe certain
that the numerical solutions are of sufficient accuracy.
The results presented here were obtained using a constant
angular stepsize of 1.5 degreés, an initial radial step-
size of 5 x 10_5 and a value of h = 1.3. The number of
the steps in the radial direction varied from 30 to 90
depending on the hydrodynamic behavior and reaction rate
parameter. The larger the Reynolds number and reaction
rate parameter, the thinner the diffusional boundary
layer and the less the number of steps that were required
in the radial direction for the solution of eqguations
(Tv-5) and (IV-6).

For the case of creeping flow around the sphere,
the number of radial steps must be readjusted in the region
near the rear stagnation point unless the reaction rate
parameter is very large. The reason for this is that at
large values of x (x>2.8) the fluid is almost saturated
with solute and the concentration boundary layer thick-
ness is much larger than that near the forward stagnation
point. However, the contribution to the overall mass
transfer rate in this region is less than 2% at very
low reaction rate such as /?E 1. Since equations (IV-32),
(Iv-33), (Iv-35), and (IV-36) describe the hydrodynamic

behavior around the entire sphere, the computations are



performed over the entire range of x = 0 to x = 7 and
equation (IV-18) is used to obtain the overall Sherwood
number.

For NRE_2> 1, equations (IV-37) and (IV-38) describe
the hydrodynamic behavior only up to the flow separation
point and solutions to equation (IV-5) or (IV-53) c¢an
only be ob*ained up to this point which is assumed to
be 108° or 1.885 radians from the forward stagnation
point in the Reynolds number range of interest. Therefore,
the overall Sherwood number cannot be obtained from equation
(Iv-18) but is instead estimated by the relation

(B85S

Ny = LH-HE -2

.- 4 IV-163)
. a*&.\~&=.,""““x X (

Here F is a welghting factor and is defined as the ratioc
of the mags transfer rate in “he wake region to that in
the forward flow region. For the case of pure physical
mass transfer { £ = 0) Lochiel and Calderbank (50) have
assumed rhat the mass transfer occurring in the wake
region amcunts to 20% (F = 0.2) of the frontal transfer
which is in good agreement with experiment. However, as
the reacticon rate parameter (4 approaches infinity, the
local Sherwood number will become constani over the entire
surface of the sphere so that the ratio of the contribution
to mass transfer in the wake region to that in the forward
flow region becomes
3,184
[ AR A X

_ Jiess B (Iv-164)
F“ Iwﬁ- = 0528

o

i, X
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and amounts to 52.8%.

Figures 1 - 4 show the effects of the reaction rate
parameter f and the hydrodynamic conditions on the local
mass transfer rate both at Nﬁe <« 1 and NRe >> 1. These
figures show that the higher the reaction rate parameter
is, the less important the hydrodynamic effect. The reason
for this is that at high reaction rates the solute from
the solid sphere reacts with the reagent in the continuous
phase before it has a change to diffuse further into the
fluid. In this special case of high reaction rate, the
volume to suxface ratio of the reaction phase (thickness
of the concentration boundary layer) is very small and all
of the solute leaving the solid sphere reacts with the
reagent in the continuous phase within a very thin con-
centration boundary layer. Furthermore, at very high
reaction rate the thickness of the thin concentration
boundary layer beccmes uniform all around the surface of
the sphere and the local Sherwood number becomes essential-
ly constant. Mathematically speaking, if the last term
due to reaction in equation (IV-5) is much greater than

the second and third terms due to convection, equation

(Iv-5) can be approximated by

yC .. _
a%l-P ¢ =0 (IV-165)

According to this equation, both the local and the

overall Sherwood numbers are given by

Af;kb = /\(;M = 2. (IV—166)
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Figures 5 and 6 show the generalized correlation for
the overall mass transfer rate and at the forward stagna-
tion point with first order chemical reaction from solid
spheres at. NRe<g l. These results were computed directly
from eguations (IV-32), (IV-33), and (IV-53) and depend
only on the single parameter pe’% 43 » AsS a comparison
the results of Johnson and Akehata (38) and Rutland and
Pfeffer (70) for NPezleO are also presented in Figure
5 and are found to be in good agreement with the
correlation.

The generalized correlation can also be applied
directly to multiparticle systems by replacing the

Peclet number by a pseudo Peclet number defined as
Ny, = Pl Ak (1v-167)
Ve 7 Fe.

where @ (€} iz simply a function of the porosity of the
multiparticle system. The quantity $(&) is obtained
simply by ccmparing the stream functions for the single
sphere and the multiparticle systems (Eguations (IV-32b)
and (IV-34b) respectively) and is given by
Ple) = 201-2 ) _ 2T~ -2)% )

(IV-168)
W 2~3 (=) aci-216 _ 2(1-£ )

Figure 7 shows the correlation of the overall Sherwood
number versus the pseudo Peclet number using £ as parameter
for multiparticle systems. For the case of physical mass
transfer only ( ﬁ = 0), the numerical result presented

here agrees very well with the analytical result presented

82



83

Fig. 5: Generalized correlation for the overall mass
transfer rate with first order homocgeneous
chemical reaction from single solid spheres
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by Pfeffer (63). Unfortunately there are no available
experimental data for the case of chemical reaction in
multiparticle systems to compare with the results
presented here.

Figures 8 and 9 present the generalized correlation
for the overall mass transfer rate and at the forward
stagnation point with first order homogeneous chemical
reaction from solid spheres for N > 1 in terms of the

single parameter NRg* Nsés /ﬁ . ?ﬁis parameter is also
a direct result of equation (IV-53) since both g(x) in
egquations (IV-37) and (IV-38) depend on NRg' . The
correlation for the overall Sherwood number was obtained
by assuming that at very low reaction rates (NRe"' st /B Z10)
the wake region contributes 20% of the mass transfer

as compared to that contributed by the forward flow
regioﬁ, i.e., F = 0.2 in equation (IV-163), and that

at very high reaction rates {NRiL Nséé' 43 £ 1) the
wake region contributes 52.8% of the mass transfer as
compared to that contributed by the forward flow region
(F = 0.528). Thus at very low reaction rates the

correlation is adequately represented by

% .k
%. = ogd ___/‘éT/VRL (IV-169)

and at very high reaction rates the correlation is given by

Neho - 2 (IV-170)
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For intermediate reaction rate (l< NR)i st /ﬁ < 10)
the correiation can be estimated by fairing in a curve
between these two lower and upper bounds. Curve 1 in
Figure 8 shows the contribution to the overall mass
transfer rate up to the separation point as obtained
directly from the numerical solutions of equations
{1rv-53}, {1v-37), and (IV-38) with F = 0. Curve 2
represents equation (IV-163) with F = 0.2 and curve 3
represents equation (IvV-163) with F = 0.528. The general-
ized correlation is given by the solid line faired in
between curves 2 and 3 and should give accurate estimates
of the overall mass transfer rate for a very wide range
of the reaction rate parameter £ and the Reynolds and
Schmidt numbers as long as the thin boundary layer
approximaiicn holds true.

“he enhancement factor ? . defined as the ratio of
the cverall Sherwcod number with chemical reaction to
the Sherwcod number without any chemical reaction, for
single sphere systems at NRe44 1 and NRe>> 1 is shcwn in
Figures 10 and 11, respectively. For low Reynolds number
flow, the enhancement factor is correlated with NP;é
with @ as a parameter. Figure 10 shows that approaches

1/3

unity as NP“ increases to infinity. 8Since the thin
]

boundary layer approximation is used throughout the
entire study the results presented here are good for

NPe > 100. At high values of the reaction rate parameter
and Peclet number less than 1000, Figure 10 shows that
log ¢ versus log Npéé
-1 and intercept 2 which corresponds to the equation

is a straight line with slope
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Enhancement factor for mass transfer with
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¢ = N (IV-171)

<,

At lower values of g or very high Peclet numbers this
relation no longer applies and the straight lines become
curves as seen in the figure.

Figure 11 shows the enhancement factor for mass trans-
fer with first order homogeneous chemical reaction from
solid spheres at NReﬁb 1 using the correlation § versus
I\}'EENJ"’a

Re "Sc

by Johnson, Hamielec and Houghton (39) are compared with

with_p as a parameter. The results presented

this study for:values of £= 10, 100, and 1000. Although
the value of NSc was not given in reference (39} the
points were calculated assuming NSc = 500. The agree-
ment between these two studies is quite reasonable. As
can be seen from Figure 9, the effects of both the para-

%

meters NRe Nséé and B on the enhancement factor are qguite

similar to those found at low Reynolds numbers (Figure 10).
The analytical results presented by Goddard and

Acrivos (23) for the limiting cases of very fast or very

slow first order reaction in wedge type flows obeying the

Falkner-Skan equation cannot be directly compared with

the results obtained here because of the difference in

geometry. However, an approximate coqparisons was made

for the case of very rapid reaction and is shown in

Figure 5. A more detailed discussionlof this comparison

appears in Appendix F. )

The numerical solutions presented here agree very well
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with available analytical results with the added ad-
vantage that the generalized correlations can be used
over a wide range of the reaction rate and hydrodynamic
variables. The extension of the results to multiparticle
systems based on the creeping flow equations and the free
surface cell model should also prove valuable since it
has already been shown in reference (63) that at low
porosities, the multiparticle results for physical

mass transfer agree with experimental data for Reynolds
numbers as high as 100 because of wake suppression caused
by neighboring particles. Of course, additional experi-
mental data to verify the correlations presented here
would be very helpful; to obtain useful data, however,
the reaction rate parameter must be chosen between 10
and 100 for high Reynolds numbers and between 1 and 10

for low Reynolds numbers.

B. First Order Homogeneous Chemical Reaction Around
Two Equal Spheres Placed One Behind the Other in
the Direction of Flow. .

As was discussed in section &, for the single sphere
and multiparticle systems, various angular and radial
stepsized have been used to test the convergence of the
computations to be certain that the numerical solutions
are of sufficient accuracy. The results which will be
presented here were obtained using a constant number
of steps in the angular direction and a variable number
of steps in the radial direction. The number of the
steps in the angular direction was chosen as 100. The

stepsize in the angular direction was varied depending
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on the center-to-center distance between the two spheres
(h1 was taken between 1.005 and 1.01 in eguation (IV-58)).
The maximum number of steps in the radial direction was
chosen as 80. The stepsize in the radial direction was
varied so that the profile near the surface of the

active sphere is emphasized (h2 was taken between 1.01
and 1.05 in equation (IV-61)).

In general, as Yo approaches zero, i.e., the center-
to-center distance between the two spheres decreases, the
rate of physical transfer in the region £ = T is dominated
by molecular diffusion rather than by convection. In
this region the fluid is practically saturated with solute
when the two spheres are very close to each other.
Therefore, we need to have a description of the concen-
tration profile in the entire range between —Y0 and +Y°.

For the case of the active sphere placed in front of
the inert sphere in the direction of flow (Yo;>0) the
initial number of steps was always taken as 35. As the
computation progressed in the angular reaction, the number
of steps was increased as necessary up to 80.

For the case of active spheres placed behind the
inert sphere in the dirgction of flow (Yb-( 0), the initial
step number was set depending on the centerxr-to-center
distance between the two spheres (value of Yb). As the
bipolar angle decreases from T to 0, the corresponding
spherical angle changes from 0 (front stagnation point)
to W (rear stagnation point), the number of steps should
decrease because of the difference in the corresponding

value of ¥ in bipolar coordinates and the value of § in



spherical coordinates in the region around £ = O.

ZH:'g around zero, a small change 4¥ in bipolar coordinates
gives a very large change in A r in spherical coordinates.
This is the reason for decreasing the number of steps in

the computation as ¥ decreases to zexo.

The computer programs were written so that the number
of steps would be automatically increased or decreased
depending on the assumed outer concentration boundary layer
thickness. The computation results from the previous
value of € take care of this requirement.

If the two spheres are too close to each other,
however, the assumed governing diffusion equation will
not be valid. This is clearly seen from the order of
magnitude analysis given in Appendix B, i.e., the con-
centration boundary layer thickness always depends on
NPe' ﬁi and the center-to-center distance between the
two spheres. Since we have assumed here that the con-
centration thickness is very thin so that H?ﬁaj<k 1,
the analysis becomes invalid when the concentration
boundary layer becomes thick since the diffusion terms
in the angular direction are no longer negligible. 1In
this case the appropriate diffusion equation should be
of the elliptic form instead of the parabolic form used
here.

In order to test the validity of the computations
for the two-sphere systems the results for the single
sphere with no chemical reaction {( £ = 0) which has al-
ready been computed using spherical coordinates in Section

A were compared with the results obtained using the
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program for solving the diffusion equation in bipolar
coordinates with the Stimson and Jeffrey velocity profile
at large values of iyo. Figure 12 presents the results
obtained for Yo =t4 which is equivalent to a center-to-
center distance of 27.5. As expected these curves are
practically identical to that obtained for the single
sphere.

Figures 13 and 14 show the effects of particle-to-
particle interaction on the loccal massAtransfer rate.
As Yb approaches zexro, the local mass transfer rate in the
region around € =W , i.e., rear stagnation point (for
Y_ > 0) or the front stagnation point (for Yb~< 0) is
negligible. For Y6 > 0, the local mass transfer rate at
the front stagnation point appears to be the same at a
given value of Nfe independent of the center-to-center
distance between spheres. For Yo<( 0, the local mass
transfer rate at the front stagnation point decreases as
the two spheres get closer and closer. The maximum
local mass transfer rates appear at an angle away from
the front stagnation point depending on the center-to-
center distance between the spheres. This phenomenon
has been obtained experimentally by Peltzman and Pfeffer
(61) and others, even though they performed their experi-
ments at relatively higher Reynolds numbers than those
which apply to this analysis.

The effect of the concentration boundary layer thickness
are shown in Figures 15 and 16 by comparing results from
N = 1000 and N = 125, The thicker the concentration

Pe Pe
boundary layer thickness, the stronger the effect of
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particle-to-particle interactions on mass transfer rates.

Figures 17, 18, 19, and 20 show the effect of Y, or the
center-to-center distance L/D on the overall mass trans-—
fer rate around an active sphere for both cases of YO‘> 0
and Yo-< 0 for Peclet numbers of 125 and 1000. Figures
17 and 18 show that at Yo:2>0 ox Y0<K 0, i.e., two spheres
which are very far apart, the mass transfer rate approaches
that of a single sphere. This is quite obvious and does not
need any further explanation. When the two spheres are placed
closer and closer to each other, the overall mass transfer
rate decreases because of the effect of particle-to-particle
interaction on the hydrodynamic flow pattern. This same
phenomena has been observed for the drag around two spherical
particles; for two spheres touching the drag on each sphere
is 55% lower than the drag on one sphere present alone. The
resulting pure physical mass transfer rate is therefore very
strongly dependent on the hydrodynamic flow pattern around
the spheres as was also mentioned for the single sphere
system discussed in the previous section.

It is interesting to note that at the same absolute
value of YO. the resulting overall mass transfer rates
are guite close to each other despite the fact that local
mass transfer rates patterns are quite different from each
other. The reason for this is that the contribution to the
overall mass transfer rate is dominated by the local mass
transfer rates from B = 25p to & = 165°and in this region
the mass transfer profiles are similar.

A study of the plot of N versus Yo at a Peclet

Sh
number of 1000 shows that the Sﬁerwood numbers appear to
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approach an asymptotic value at both very large and very
small values of Yo. This behavior is quite logical since
at large values of YO, NSh approaches its value for a single
sphere and at very small v3lues of Yb the Sherwood number will
approach its minimum value for the case of two spheres
touching.

Figure 19 shows an inflection point between the

asymptotic minimum value of N (at Y =0) and the maximum

Sh
value of NSh (at Yo =o0) . Theofigures also indicate that
at differentovalues cf N the mass transfer rate obtained

Pe
using the thin boundary layer approximation is strongly

affected by the Peclet number and particle-to-particle inter-
action. However, it appears that the data can be correlated

according to

. 3
Na, = A Ne (Iv-172)

when the Np. is large, where the constant A is strongly
dependent on the center-to-center distance between the
two spheres. It is c¢lear that A decreases as the two
spheres get closer and closer to one another.

The effects of homogeneous first-order chemical
reaction on the local mass transfer rates are shown in
Figures 21, 22, 23, and 24. For the case of the active
sphere placed behind an inert sphere in the direction of
flow, the local mass transfer rate pattern is similar to
that of the single sphere around & ='ﬂ . Around 6 = 0,
the local mass transfer rate is dependent of both the

particle-to-particle interaction and reaction rate texm.
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As was discussed in previous paragraphs for the local
mass transfer rates without chemical reaction, there is a
maximum transfer rate at an angle away from the front
stagnation point depending on the center-to-center distance
between the two spheres. Figures 21 and 22 show that the
local mass transfer rates tend to flatten out with angle
as reaction rate increases. As with the single sphere,
the reason for this is explained by the fact that the
reaction term dominates the convection terms.

For the case of the active sphere placed in front of
the inert sphere in the direction of flow, Figures 23 and
24 show the effect of the reaction term on local mass trans-
fer rate. When the two spheres are far from each other,
the local mass transfer profile resembles the single-sphere
pattern with the minimum transfer rate at the rear stagnation
point.

However, when the two spheres are brought closer to one
another this minimum transfer rate shifts from the rear
stagnation point for £ = 0 to an angle away from the rear
stagnation point for larger £ values. This local mass
transfer pattern can be explained both mathematically and
physically.

The governing diffusion equation for this case is

given by

(cach - e 8 20 - Me () coshy-cont) (Vo35 +13S)

(IV-173)
— %)zﬁzc = O
As Vg and Vv approach zero around the rear stagnation

region, the mass transfer process will tend to behave like
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mass transfer with first-order homdgeneous chemical reaction
into a stagnant fluid. The local gradient in the ¥ direction
is related to the value FC/&Y . The larger the value of

3%/3  the greater the concentration gradient in the 7% —
direction. For Y_> O, 3¢/38 , 3¢/oy , and Vg are
always positive whereas vy changes from a positive value at
the front stagnation point to a negative value at the rear
stagnation point. Somewhere around § =T , there is a point
which gives a minimum value of ﬁ?ﬁ?1 . This corresponds to
aﬁgi/%a = 0 and is the minimum local mass transfer point.

The physical interpretation of this phenomena involves
the interplay of the convective and reaction terms in the
mass transfer rate from the sphere. When the two spheres
are very close together there is very little convection in
the region behind the sphere: 1i.e., very little saturated
fluid is brought in from the flow. Hence the Sherwood
number is governed only by the diffusion and reaction
terms. It has already been shown that the solution of the
diffusion equation without convection present will give a
higher Sherwood number than the corresponding solution of
the diffusion equation with convection present when one is
near the rear stagnation point. Since the reaction term
will always tend to increase the Sherwood number this would
explain why it is possible to obtain a larger Sherwood
number at the rear of the sphere.

Another comparison plotting Nshgﬁe vs. angle with
£ = 8 and Pe = 1000 for different values of ¥ is given
in Figure 25, For the case of mass transfer with chemical

reaction from a sphere to an infinite stagnant fluid, the
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overall and local mass transfer rates are both equal to 2 + 28 .

The difference in local mass transfer rates is cbviously due

to different hydrodynamic patterns around the active sphere.
Generalized relations between Ney 4@ . Npé& /£ and

YO are given in Figures 26 and 27. AsoYo approaches + oo

or —eo0 , the mass transfer rate behavior becomes equivalent

to that of the single-sphere system. As £ increases the

reaction term reduces the effect of forced convection mass

, . 5
transfer mechanism and as NPe 43-—%-0, NShO 48 —_—2,

C. Rapid Second Order Chemical Reaction Around Solid Spheres,
Liquid Drops and Gas Bubbles.
Figures 28, 29, and 30 which are calculated from
equations (Iv-8l), (IV-107), and (IV-136) respectively
show the effect of the bulk concentration ratio of the reagent
and solute, —2— —%%%—:u’. on the concentration boundary
thickness of the solute around solid spheres, liquid drops
and gas bubbles with the ratio of diffusivities of the
solute and reagent, AékA//kéhg = o, as a parameter. These
figures show that at fixed CAO' the larger the concentration
of the reagent CB' the thinner the concentration boundary
layexr of the solute,‘ﬁz“r The effects of the diffusivity
ratio, ¢4 , on the solute concentration boundary layer thick-
ness are also shown by these figures, i.e., the larger the
value of o , the thinner the solute concentration boundary
layer thickness. For example, at fixed N o the larger

S

the value of NSC » the thinner the solute goncentration

boundary layer, %hereas, at fixed N the larger the

Sc.’

value of NSc ,» the“thicker the soluteAconcentration boundary

B . .
layer. Of course, the thinner the solute concentration
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Generalized correlation for the overall mass
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Effect of bulk stream concentration ratio, ¥ ,
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boundary layer, the smaller the resistance for the solute’
diffusing into the continuous phase and the larger the mass
transfer rates and the larger the corresponding enhancement
factor. These figures give a qualitative idea of the effect
of L and ¥ on mass transfer rates.

Since § is a function of spherical angle x and

AR
radial distance from the surface of the sphere y, it is
interesting to know what the corresponding values of x and

y are at a fixed value of § If we recall equations

AR’
(IVv~74) and (IV-100) for the definition of gAR for the
cases of solid spheres and gas bubbles respectively, we

note that § AR is given in general form as

. _FCHY

B T e o0 (IV-174)

where F and G are increasing functions of y and x. At
fixed '%AR’ as x, the spherical angle increases, or G(x)
increases and thus corresponding values of y or F(y) also
increase, This gives the physical picture that the larger
the spherical angle, the thicker the solute boundary laver
thickness.

Figures 31, 32, and 33 give the mass transfer rates
in terms of the enhancement factor, ¢ , as a function of
LY using o« as a parameter for the cases of solid spheres,
liguid drops (special case F = 1) and ga:.s bubbles. Here
n is an asymptotic value such that ¢ =«"¥ as ‘EAR—>O.
These figures are calculated directly from equations (Iv-81),
(xv-86), (1IVv-148), (Iv-150), (IVv-107), and (IV-112). The

effect of the values of K and ¥ on the mass transfer rates
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Effect of bulk stream concentration ratio, ¥ ,

and Schmidt number ratio, o ,

Fig. 33
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described in the previous paragraphs are clearly shown by
these figures. The figures also show that the enhancement
factor approaches an asymptotic line ¢ ==an' and the
variables oL and ¥ can be combined together as a single
variable. These asymptotic lines are those given by
equations (IVv-92), (IVv-145}, and (IV-119) for the case of
B AR—%-O, It is interesting to note that at large values
of ¢, smaller values of ¥ are required to reach the
asymptotic line for the case of a very concentrated reagent
solution.

Figure 34 shows ¢/K vs. K for the case of ?-——9zﬁ
(ox eAR__} 0). Four cases of different flow field
patterns (velocity profiles) are shown here. These curves
are obtained from equations (IV-145) and (IV-162). The
slope of ¢/g vs.o in this figure is given, in general,
as n. For the case of mass transfer into a stagnanrt fluid,
n = 1., For the case of mass transfer from a solid sphere
into a fluid flowing past it, n =2/3. For the case of mass
transfer from a gas bubble into a liquid flowing past it,
n = %. For the case of mass transfer from a liguid drop
into another immiscible fluid flowing past it, n is, in
general, a function of F and is also somewhat dependent on o .
However, for o« = 1, n is a function of only F and as shown
in the figure, n is approximately equal to 0.596 for F = 1.
In fact, for liguid drops, the value of n varies from % for
F = 0 (special case of gas bubbles) to 2/3 for F = <0 (special
case of solid spheres).

It is interesting to note that this study covers the

range from n = % to n =2/3. However, there is a gap between
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Comparison of enhancement factor, ¢‘, for

Fig. 34
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n=2/3 and n=1; i.e., flow past a solid sphere and no
flow at all,
The effect of diffusion controlled reactions on mass
transfer rates proposed by Sherwood and Pigford (72) based

on film theory is given as
o= 1+ XY (IV-175)

which is exactly identical with one of the specific models
in this study, i.e., the case of a stagnat fluid.
Peaceman (59) presented an equation for the reaction

factor based on penetration theory as
-3
$ = 1+ LY (IV-176)

which agrees vexry well (for high enhancement factors) with
the model in this study for the special case of gas bubbles.
A comparison with Peaceman's equation of the enhancement
factor, ¢ vs. bulk concentration ¥ with diffusivity ratio
& as parameter is shown in Figure 35 for o« = 4. For
the case of o = 1, equation (IV-176) and equation (IV-115)
are identical.

Sherwood and Ryan (73) and Meyerink and Friedlander.(54)

presented an eguation for the enhancement factor as
_ %
= (1+rY)IK : (Iv-177)

where p is cobtained from the pure physical mass transfer

correlation without chemical reaction
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Comparison of results of the gas bﬁbble

model with previous studies
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rov
CNew = m AL Al (IV-178)

For the case of mass transfer around solid spheres, p = 1/3,
and equation (IV-177) agrees very well with equation (IV-92)
for the case of high enhancement factor. For the case of
mass transfer around gas bubbles, p = %, and equation
(Iv-177) agrees very well for the case of high enhancement
factor with equation (IV-119).

A comparison of the enhancement factor based on egua-
tion (IV-177) with p = % with our result, equation (Iv-112),
is also shown in Figure 35 for o = 4.

A comparison of the enhancement factor of equation
(Iv-177) with p = 1/3 with the proposed model in this

study, equation (IV-86), is shown in Figure 36. One should
4
P |

note that equation (IV-~177) is not valid for ¥ < =

r
since ¢ will be less than unity for this case.

The Kishinevsky model (42) using a surface renewal
mechanism with eddy diffusion rather than molecular dJdif-

fusion controlling the transfer at the interface gave
b=+ ¥ (Iv-179)

This model did not consider the effect of diffusion of

both solute and reagent in the system. Therefore, we can

say that this model is only valid for the special case of
ol = 1 in this study for the rapid, irreversible second

order chemical reaction.
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It is interesting to note that all of the equations
presented by the different investigators are identical with
the models presented here for the special case of « = 1.
For values of ol other than unity, the models presented in
previdus studies can always be fit by the models presented
in this study once the description of hydrodynamic behavior
very near the surface of the interface of the continuous and
discontinuous phases is known. A comparison of these
different models with this study are given in Figure 37.
For the case of o= 1, all of these models and these
presented in this study agree very well. However, as
departs from unity, the results differ from one another.

In conclusion, the entire development of the reaction
factor presented here agrees very well with previous studies
in the literature with the added advantage that this study
systematically considers the flow cases for very rapid
moving interfaces (gas bubbles) to moderate moving interface
(ligquid drops) to rigid interface (solid spheres) and finally
to the case of no flow at all (stagnant fluid). The results
presented here are based on mass transfer rates across
spherical particles. However, it is clear thap these results
can be applied to any two dimensional flow surface. Thus, the
results should be valid not only for mass transfer from single
spheres but also around multiparticle systems such as fluidized
beds or packed beds as well as non-spherical interfaces as long
as the flow pattern near the thin boundary layer around the

interface is known.
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General comparison among different models
of mass transfer with rapid second order

reaction
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V. EXPERIMENTAL

1. Chemical Systems

No experimental work has been reported on both local and
overall mass transfer rates with chemical reactions from single
solid spheres. Recently, the effect of particle-to-particle
interaction without chemical reaction using a small number of
particles to simulate a multiparticle system such as packed
or fluidized beds has been presented experimentally. To
fully evaluate the mathematical models developéd in this study,
it is necessary to cbtain some experimental data. Therefore,
experiments were performed using either a single sphere or a
two sphere system both with and without chemical reaction
present.

The chemical system to be used in the experiments should
be such that the effect of the reaction rate can be easily
detected. Also this effect should be high enough to give a
good comparison with the theoretical analysis in this study.
The kinetics of the reaction system should be available or at
least should be able to be determined so that complicated
auxiliary kinetic studies should not be necessary. Of course,
the system chosen should not corrode or otherwise react with
the apparatus.

After a careful survey of the literature and a few pre-
liminary experiments, it was decided that the system of Benzoic
acid—dilute NaOH solution was to be used for this study. Some
investigation of benzoic acid—dilute NaOH solution have been

presented for mass transfer studies in agitated vessels (51,52)

132
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and in flow over flat plate and inside of cylinders (54) but
not for flow around single solid spheres or a small number of
spheres. This reaction system chosen is a very rapid,
irreversible, second order chemical reaction. The reaction
can be assumed to occur instantaneously as soon as solute

(benzoic acid) and reagent (NaOH) meet each other.
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2. Apparatus and Operating Procedures

An apparatus sultable for this study was available in the
Chemical Engineering Department of the City College of The City
University of New York. The apparatus consisted of copper
tubing, aluminum ball valves and overhead drum, a cast iron
pump, stainless steel rotameters, and a 15.5 foot horizontal
lucite water tunnel. In order to use the dilute NaOH solution,
the aluminum ball valves were replaced by cast steel valves and
the aluminum drum was replaced by a 50 gallon polyethylene tank.
A Nikon model 6C optical compardtor fitted with stage, micro-
meters, and a circular screen was used to obtain the local and
overall mass transfer rates around the active sphere. In order
to measure the mass transfer rate for the case of an inert
sphere placed in back of an active sphere (in the flow direc-
tion), a % inch lucite sphere was drilled out so that the lucite
sphere could be attached to the supporting rod of the active
sphere. A completely detailed description of the apparatus and
experimental operating procedures can be found in the thesis
of Peltzman (60).

The overall rate of mass transfer from the surface of the )
particle to the flowing fluid can be determined from either T
the weight loss of the sphere or from measuring the change in
volume of the sphere if the density is known. Similarly, the
local rate of mass transfer from the sphere can be obtained
from a local change in volume, which, in turn, is dependent
on the local radium diminution. For small changes in radius,
that is, small ar/r ratios, the assumption that the diminution

varies linearly with time can be made. The overall or local
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rate of mass transfer is related to the overall or local mass

transfer coefficient as shown by equations (V-1) and (v-2).

o ANo AUo' ?_, ¥* (V-—l)
A/q‘o T et T At =Ko Ao C&T-C0)

AN,Q_ AU_P_' P.t
Nag = S = — e = Ky A, (F-Co)
* t 2 Ag (v-2)

Thus, by measuring the initial and final radius profile over
a known interval of mass transfer time at, the local or over-
all mass transfer coefficient can be computed, for a known
concentration gradient (C* - co) from an integrated overall
or local volume change. The size of the lccal volume element,
Vp was chosen as a 20-degrees sector in the plane of measure-
ment around the sphere. _

The overall or local mass transfer coefficient is con-
veniently expressed in terms of the dimensionless Sherwood

number as

_ 2 Yiav Ko
/‘/;11_ = —%, Fj—. (v-3)
and
Ny, = 22ke (v-4)
2 B 7S

In the experiments performed in this study the bulk fluid
had a negligible concentration of the dissolving solute. Thus,
the concentration gradient (C¥%* - Co) was simply C¥*, the equili-

brium solubility of the active sphere material in water at the
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temperature of each run. The diffusion coefficient, d, as well
as the equilibrium solubility, C#%, for benzoic acid were deter-
mined as functions of run temperature from data available in
the literature (60,62,76). These data in the temperature

range of interest are given in Appendix I.



137

3. Results and Discussion

The primary interest of the experimental investigation
was to study of the effect of particle~to-particle interaction
for two spheres placed one behind the other in the direction
of flow and the effect of very rapid chemical reaction on the
mass transfer rate. Nevertheless, experiments were performed
to obtain the mass transfer rate around a single sphere without
chemical reaction in order to establish the reliability of the
experimental technigues by comparing the results obtained in
the present study with the results of Peltzman and Pfeffer.

The single sphere results were also used as a basis for
obtaining the enhancement factor correlation for the case of
mass transfer with chemical reaction.

To observe the effect of particle-to-particle interaction
for the two sphere system eight different configurations of
.-active particle and inert particle arrangements were performed
(i.e. series I - VIII). To observe the effects of the hydro-
dynamic flow patterns on rate of mass transfer with chemical
reaction systems, three different configurations of active
particle and inert particle were performed (i.e. Series I, II,
VI). These configurations are shown in Figure 38. The particle
Reynolds number was calculated using the surface average sphere
diameter and the average centerline fluid velocity in the tube.
A more detailed description of the data analysis is found in

Appendix H

A. Pure physical mass transfer (no chemical reaction present)
i) Single spheres

The local mass transfer rate around a single sphere,
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Fig. 38:
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plotted as the local Sherwood number vs. angle (8) measured
from the forward stagnation point on the surface of the sphere
using the particle Reynolds number as aparameter are shown in
Figure 39. These results agree very well with those presented
by Peltzman and Pfeffer (61) and other investigators. The
local mass transfer rates are known to decrease from a maximum
at the front stagnation point to a minimum at a position
corresponding to the ring of separation of the hydrodynamic
boundary layer. Behind the flow separation point, there is
a wake region of the flow and the local mass transfer rates
increase to a second maximum at the rear stagnation point.

The overall mass transfer rates were calculated both
directly from the overall weight loss of the test sphere and
by numerical integration of the local mass transfer rates over
the surface of the sphere. The agreement between these two
values was always found to be within 15% and the average differ-
ence between NSho calculated by both methods was 4.73% (See
Appendix K). The overall mass transfer rates presented here
were based on overall weight loss. The comparison of these
results with those presented by Peltzman and Pfeffer and other
investigators are shown in FPigures 40 and 41. Although the
results reported here were somewhat lower than those of Peltz-
man and Pfeffer it is evident from the figures that the agree-
ment with the earlier reported mass transfer data is within
experimental error.

ii) Two spheres

Typical local mass transfer profiles obtained for series II
through VIII are shown in figures 42 through 48 as NShL vs. the

angle 8 measured from the forward stagnation point with particle
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Reynolds number as a parameter. From the local mass transfer
rates shown in these figqures the following observations were
made. |

For the active sphere placed behind the inert one as in
series II through Vv, the effects of particle~to-particle inter-
action on local mass transfer rate are guite obvious. When
two spheres are very close to each other, a minimum transfer
rate at the front stagnation point is found. The transfer rate
then increases due to the exposure to the flow of fluid (forced
convection term) and then decreases to a minimum again at the
location of the separation ring. In the wake arxea the transfer
rate again increases up to the rear stagnation point.

At Reynolds numbers large enough to cause a flow separa-
tion around the rear stagnation point, there are always two
maximum transfer rates. The first one appears in the forward
flow region and the second one appears in the wake flow region.
As the particle Reynolds number decreases at fixed particle-to-
particle distance between spheres these two maximum point loca-
Ations shift closer to the front stagnation point. At fixed
Reynolds number, as the distance between the two particles
increase, the location of the first maximum point shifts closer
to the front stagnation point but the location of second maxi-
mum point shifts closer to the rear stagnation point. Similar
experimental data for series II and III have been presented
by Peltzman and Pfeffer but they were not able to ocbserve some
of these phenomena. A gualitative comparison of local mass
transfer rates for series I, II, III, IV and V at a particle

Reynolds number of about 50 is shown in Figure 49.
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Around the rear stagnation point, the local mass transfer
rates (for the inert sphere in front of the active sphere) be-
haves like that of a single sphere. Around the front stagnation
point the mass transfer rate behaves similarly toithatﬁﬁféﬁiéiéd
in the numerical analysis of this study.

For the active sphere placed in front of the inert one as
in series VI, VII and VIII, a maximum transfer rate at the front
stagnation point was always found. The transfer rate then
decreases to a minimum at the location of the separation ring:
the mass transfer behavior essentially follows that of the
single sphere. In the wake region the transfer rate increases
up to another maximum point. The location of this second
maximum point is strongly dependent on the particle-to~-particle
distance between two spheres and the Reynolds number. For the
case of the two spheres touching one another, as in series VI,
the maximum transfer rate is obtained at the rear stagnation
point. Therefore, the second maximum point is always located
somewhere in the wake region near the rear stagnation point.

As the separation between the two spheres increases the
spheres have a smaller effect upon one another. For two
spheres one or two particle diameters apart as in series VII
or VIII, the second maximum transfer rate appears at the rear
stagnation point for high Reynolds number f£low. For low
Reynolds number flow the transfer rate at the rear stagnation
point is another minimum point and therefore the second maxi-
mum point is again located somewhere near the rear stagnation
point in the wake region. The presence of the inert sphere
also shifts the location of the flow separation point further

away from the rear stagnation point.
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A qualitative comparison of local mass transfer rates for
series I, VI, VII and VIII at a particle Reynolds number of
about 50 is shown in Figure 50. In the region around the front
stagnation point the local transfer rate (with the inert sphere
behind the active sphere) behaves like that around a single
sphere. When the two spheres are far apart results similar to
that for the single sphere are found over the entire surface
of the active sphere. This gualitative comparison of the
experimental data agrees with the predicted results given in
the numerical analysis of the two sphere system presented
earlier in this study.

A comparison of the overall mass transfer rates for
series II through V with series I is shown in Figure 51

plotting N Vs, NSCl/3NRe%' This figure shows that at low

Sh
o)
Reynolds number the inert particle has a small effect on the

overall mass transfer process. Similar results have been
presented by Peltzman and Pfeffer. Figure (52) shows the

effect of the spacing between the two spheres at two different

be 173
Re NSC )
gualitatively compared to the numerical results obtained for

.values of the parameter N This figure can only be
the creeping flow region given in Figure 14. Nevertheless,
the behavior of the Sherwood number is quite similar.

A comparison of the overall mass transfer rates for
series VI through VIII with series I 1is shown in Figure 53.
These results are somewhat peculiar in that the overall
Sherwood number does not follow a definite trend as the sphere
spacing is increased from two spheres touching to two spheres
separated by two particle diameters as was the case for the

active sphere placed behind the inert sphere. Figure 54 shows
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the unusual efifect of particle spacing on the Sherwood number
for two different values of the parameter NRe%NScl/3' The
fact that these curves do not agree even gualitatively with
the numerical results obtained for the creeping flow region

can not be presently explained.

B. Mass transfer with rapid chemical reaction

‘The local mass transfer rates around a single sphere,
plotted as the local Sherwood number vs. angle (8) measured
from the forward stagnation point on the surface of the sphere
using particle Reynolds number as a parameter are shown in
Figures 55, 56 and 57 for different values of the concentration
ratio of reagent to solute ¥. The ratio of the Schmidt number
of the solute to that of the reagent, K, was kept constant
in all of the experiments at a value of 3.2. As in the case of
mass transfer without chemical reaction, these local mass trans-
fer rates decrease from a maximum at the front stagnation point
to a minimum at a position somewhere in the wake region. The
local transfer rates then increase to a second maximum at the
rear stagnation point. At low Reynolds number, this second
maximum point shifts closer to the rear stagnation point (as
in the case of mass transfer without reaction) and £inally to
the rear stagnation point itself. B3 study of these figures
indicates that the minimum transfer rates for the concentra-
tion rates used in this study were located somewhere arxcund
150° measured from forward stagnation point. This result is
quite different for pure physical mass transfer where the
minimum mass transfer points were found around 110-120 drgrees
from the front stagnation point. Since there are no previous

data of this kind presented in the literature, no comparison
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can be made with these results.

In order to explain their experimental results (with no
reaction) of the location of minimum local mass transfer rate
around a single solid sphere, Garner and Grafton (19) have
suggested that a small amount of stagnant fluid exists behind
the flow separation point so that the minimum local mass trans-
fer rates occur a few degrees behind the flow separation point.
This stagnant fluid hypothesis can reasonably explain the shift
in the location of the minimum transfer rate for the case of
mass transfer with reaction. The transfer rate decreases from
the front stagnation point to the flow separation point and
into the stagnant fluid region. Right after that stagnant
fluid region, the concentration of the reagent (NaOH) is rela-
tively small so that until some additional reagent diffuses
into the reaction zone the local transfer rate will continue
to decrease to a further extent and the location of the minimum
transfer rate will move closer to the rear stagnation point.

With this explanation, we can predict that for a chemical
system having a ratio of Schmidt number of solute to that of
reagent much less than unity, the location of the minimum
transfer rate will shift even closer to the rear stagnation
point whereas for a system with the ratio of Schmidt number
of solute to that of reagent much larger than unity, the loca-
tion of minimum transfer rate will shift closer to the flow
separation point. Furthermore, at fixed ratio of Schmidt
numbers, the more concentrated the bulk stream reagent con-
centration is, the closer the location of the minimum transfer
rate to the flow separation point.

The local mass transfer rates for two cases of the two
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sphere system (series II and VI) for different reagent and
solution concentration ratio are shown in Figures 58, 59, 60
and 61.- These local mass transfer rates are qualitatively
similar to those without chemical reaction. The only differ-
ence is the location of the minimum transfer rate somewhat
beyond the flow separation point. The explanation for this
shift in the location of the minimum mass transfer rate is the
same as that discussed above for the single sphere system.

The overall mass trznsfer rates plotted as Nsh vs.

1/3 : . O'R
using reagent to sclute concentration ratio, ¥, as

NRe%NSc
the parameter for series I, II and VI are shown in Figure 62.
This figure confirms the expected result that the mass trans-
fer rate is an increasing function of reagent concentration
and that the higher the concentration of the reagent, the
higher the mass transfer rate. The effects of particle-to-
particle interaction in the two sphere system and Reynolds
number on the mass transfer rates are similar to that for
the case of no reaction.

The overall mass transfer rates plotted as Nsh vs. ¥

i 2’5 1/3 rR.
using N NSc as the parameter for the cases of series I

e
(singleRsphere) and series II and VI (two spheres) are shown
in Figure 63. A linear relationship between NShO and ¥ is .
obtained. The slope of log NSho,R vs. log ¥ is unity.

This was predicted in the analytical part of this study.

The same overall mass transfer rates for series I, II
and VI and different reagent and solute concentration ratio
plotted in terms of enhancement factor ¢ vs. farticle Reynolds
number is shown in Figure 64. A study of this figure shows

that the enhancement factor can be assumed to be independent
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Effect of particle Reynolds number on the
enhancement factor, ¢
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of the particle Reynolds number. This was also predicted in
the analytical part of this study. The slight disagreement
(10-15%) observed at high value of ¥ is probably due to
experimental error. At these high values of Y (¥ = 3.22 or
2.43) the experimental run time is of the order of one hour.
Since the-start—up and shut-down time are about five minutes
each, these short runs could easily result in an experimental
error of 10-15%.

A comparison of these experimental results with the pre-
dicted relation of enhancement factor ¢ and concentration
ratio ¥ given in the analytical section is shown in Figure 65.
The experimental data are in fair agreement with the predicted
correlation. The enhancement factor should only be dependent
on the flow pattern arcund the surface of the sphere. The
agreements of all the series I, II and VI data verify the
prediction.

The Schmidt number ratioo«(= 3.2 used here assumes that
the average Schmidt number of NaOH in water is 300 and that
of benzoic acid is 960.

Available experimental data based on simple geometry such
as flow over a flat plate or inside a cylinder wall as well as
with complicated and unknown hydrodynamic behavior such as flow
in an agitated vessel are also shown in Figure 65. The data
of these previous investigators also agree very well with the
correlation predicted in the analytical analysis. Because of
the combination of stagnant f£luid and agitated‘flow cver the
solid particles, the results from the agitated vessel experi-
ments seem to fall somewhere between the predicted correlation
line for flow over a solid sphere and the correlation line

predicted using film theory (stagnant f£luid).
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VI. SUMMARY

The effect of homogenecus chemical reactions and the
effects of particle~to-particle interaction in a two sphere
system on the local and overall mass transfer rates have been
studied. Four major objectives have been pursued:

1. The effect of first order homogeneous chemical reaction
on the local and overall mass transfer rates around
single solid spheres and in multiparticle systems.

2. The effect of particle-to-particle interaction in a
two sphere system with and without first oxder
homogeneous chemical reaction on the local and overall
mass transfer rates.

3. The effect of rapid, second order, irreversible
chemical reaction on the mass transfer rate around
solid spheres, ligquid drops and gas bubbles.

4. Experimental measurements of local and overall mass
transfer rates around single solid spheres and in
two sphere systems with or without chemical reactions.

Tc accomplish the theoretical analyses outlined above,
considerable attention has been devoted to the establishment
of realistic mathematical models (description of the problem)
and the techniques of solving the governing differential
equations. 1In this study the thin boundary layer approxima-
tion coupled either with a numerical solution or a perturbation
technique was especially emphasized. The experimental work
was based on the idea of verifying some of the theoretical
analysis.

174
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Numerical solutions for the mass transfer rate around
single solid spheres and in multiparticle systems with and
without first order homogeneous chemical reaction for creeping
flow and boundary‘layer flow have been obtained. The results
agree with the well known fact that the mass transfer rate
increases as the reaction rate increases. At very high
reaction rate, the mass transfer rate is independent of
hydrodynamic behavior. In this first phase of the study, the
relative effect of the hydrodynamic terms and the reaction
term on the mass tfansfer rate is emphasized. Generalized
parameters, NPel/34g for creeping flow, and NRe% NScl/343
for boundary layer flow have been proposed and utilized as

an expression of mass transfer rates. At very low values of
1/3

NPe

pendent of hydrodynamic behavior (reaction controlled mass

/p or NRe%Nscl/Bﬁk' the mass transfer rate is inde-

transfer) whereas at very large values of NPel/343 or
NRé%NScl/Bf?f the mass transfer rate is independent of reac-
tion rates (pure physical mass transfer). With these general-
ized parameters, the picture of the effect of hydrodynamics

and reactions on mass transfer rates is much clearer than
before. The results obtained agree very well with previous
studies for the two limiting cases of either reaction controlled
or pure physical mass transfer.

Numerical solutions of mass transfer rates around a
single active sphere in a two sphere system.in creeping flow
with and without first order homogeneondi chemical reaction
have also been obtained. In this second phase of the study

the effect of particle-to-particle interaction on the system
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with and without chemical reaction is especially emphasized.
When two spheres are very far apart, the mass transfer rate
around the sphere is the same as that for a single sphere. As
the two spheres approach each other, the overall mass transfer
rate decreases for both cases of the active sphere in front of
and behind the inert sphere in the direction of the fluid flow.

For the case of the active sphere placed in front of the
inert sphere, the local mass transfer rate around the front
stagnation point of the active sphere agrees closely with that
of a single sphere. Further away from the front stagnation
point, the local transfer rate decreases and is strongly
affected by the particie-to-particle interaction and the
reaction rate. A minimum local transfer rate appears some-
where around the rear stagnation point depending on the
particle-to-particle distance and the reaction mate. At low
reaction rates or large particle—to-particle distance, this
minimum point is always located at the rear stagnation point,
whereas at high reaction rates and small pérticle—toéparticle
distance, this minimum point shifts away from the rear
stagnation point so that a (second) maximum in local transfer
rate occurs at the rear stagnation point.

For the case of the active sphere placed behind the inert
sphere, the local mass transfer rate around the rear stagnation
point behaves like that of a single sphere. Further away'from
the rear stagnation point, the local transfer rates are again
strongly affected by the particle-to-particle interaction and
the reaction rate. When two spheres are very close to eéch
other, there is a minimum local transfer point which appears
at the front stagnation point. Therefore, there is an inflec-

tion point between the front stagnation point and a maximum
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local transfer rate point which is located somewhere between
O=0 tofl=T. When the distance between two sphgres or the
reaction rate increases, this inflection point shifts to a
location which is c¢loser to the front stagnation point.
Finally, when two spheres are far apart or the reaction rates
are extremely high, this inflection point appears at the front
stagnation point. There are no available solutions which can
be compared with this phase of the study.

Analvtical solutiens of mass transfer rates around solid
spheres, liquid drops and gas bubbles with second order, irre-
versible, rapid homogeneous reaction in the continuous phase
have also been obtained. In this third phase of the study a
general mathematical model using simplified velocity flow
patterns has been established for all three cases. For mass
transfer from liquid drops, a regular perturbation technique
has been applied, and the results show that the mass transfer
rates are functions of both the shear stress and velocity on
the! surface of the liquid drops. The results for solid spheres
or gas bubbles are just the limiting cases of either the
velocity or shear stress on the surface of the spherical
particle set egual to zero. The mass transfer rates are
expressed in terms of the enhancement factor. The results
show that the enhancement factor for non-separation flow is
independent of the hydrodynamic behavior. It is only a
function of flow conditions near the surface of the spherical
particles, the Schmidt number ratio of the solute to reagent X,
and the concentration ratioc of the reagent and solute, ¥ .

At high mass transfer rates, the enhancement factor is propor-

tional to the concentration ratio ¥ and the nth power of the
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Schmidt number ratio& . The value of n is a function of shear
stress and velocity on the surface of the ligquid drops. For
mass transfer around gas bubbles, n = %, and for mass transfer
around solid particles n = 2/3. The solution for the mass
transfer rate from a dispersed phase into a stagnant f£luid
have also been obtained. The value n in this case is egual
to unity. For the cases of solid spheres and gas bubbles, the
results agree with penetration theory and boundary layer theory.
However, there is no available solution for comparison with the
solution for ligquid drops.

The results obtained in this study can be directly applied
to any kind of geometry, as long as there is no flow separation
on the particle surface.

Experimental measurements of local and overall mass trans-
fer rates around single solid spheres and for two sphere systems
have been performed. Benzoic acid spheres and dilute sodium
hydroxide solution were used as the chemical system. For the
case of no chemical reaction, (pure water as the reagent) the
single sphere results agreed with previous studies. The local
mass transfer rates were shown to decrease from a maximum at
the front stagnation point to a minimum at the flow separation
point and then increase to another (second) maximum at the
rear stagnation point. |

For the case of the active sphere placed behind an inert
sphere, the results also agreed with those presented by
Peltzman and Pfeffer for two spheres touching, and one diameter
apart. The overall mass transfer rates for all of the two ‘
sphere experiments were smaller than that for a single sphere
except at low Reynolds number where the effect of the particle-

to-particle interaction was very weak. These local and overall
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mass transfer patterns were found to be similar to those
discussed in the theoretical analysis despite the effect of
turbulence (in wake region) which was present in the experi-
ments. The local mass transfer rates around the front
" stagnation point Jor the case of the active sphere placed in
front of the inert sphere and arcund the rear stagnation
peint for the case of the active sphere placed behind the inert
sphere in the flow direction were found to be similar to that
for a single sphere. Particle-to-particle interaction would
also shift the maximum and minimum transfer rate locations
along the solid sphere depending on the particle Reynolds
number and the particle-to~particle distance. This shift of
the maximum and minimum points shown also agrees with the the-
oretical predictions.

For the case of mass transfer with rapid chemical reaction
the overall mass transfer rates in terms of the enhancement
factor agreed with the predicted values. The linear dependence
of the concentration ratio of solute and reagent, ¥ , on the
enhancement factor was also observed. The fact that the en-
hancement factors are independent of hydrodynamic behavior as
predicted in the theoretical analysis was also observed. The
local mass transfer profiles are similar to those without
chemical reaction. Howaver, the minimum transfer point shifts
to a location closer to the rear stagnation point due to the
existence of stagnant fluid right behind the flow separation
point, Since there are no previous data of this kind available
in the literature, no comparison with these results could be made.

This study presents a fundamental investigation of the
effects of particle-to-particle interactions and chemical
reactions on the local and overall mass transfer rates around

spheres. Further verifications of the results presented here
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are necessary. More advanced and complicated studies to
simulate actual industrial processes such as mass transfer in the
polishing of particle surfaces of semi-conductors are required.
On the basis of the results of this investigation it is recom-
mended that the following topics should be considered for fur-
ther study:

1. The effects of higher order reactions on mass transfer
rates.

2. Obtaining solutions for the entire Peclet Number
range.

3. The effect of particle-to-particle interactions on
the flow separation at high Reynolds number.

4. The effect of flow separation on mass transfer rates.

5. The effect of active particles on active particles on
mass transfer rates.

6. The effect of charged ions on the mass transfer rate.

7. The effect of second order, rapid chemical reaction
on the mass transfer rate for a fluid flow field
pattern somewhere between a stagnant f£luid and flow

over a solid surface.
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Appendix A: Derivation of Diffusion Equations in Bipolar Co-

ordinates

We will briefly introduce bipolar coordinates here first
and then give the details of the derivation of the diffusion
equation in bipolar coordinates. We take £, % ,¢ as bipolar
curvilinear coordinates in the meridian plane corresponding

to z, ¢ , ¢ in cylindrical coordinates. Upon setting

atip =ic oof £ (§+47) (a-1)

¢>0 , we gbtain

2 = b 1
Coth 1 - oo §
(A-2)
A, E
= C
] Codd Y — o €
where
CEE LW § -0<V<e0 ) o sy
The surfaces obtained by rotating the curves % = constant

about the axis of 2z are a family of spheres having z = 0

(or 1 = 0) for a common radiql! plane. Two spheres external
to each other will be defined by fixing the coordinate

and the constant ¢ so that these spheres have any radii and
any center to center distance greater than the sum of their
radii. It should be noted here that the two spheres of
interest here are on the opposite sides of the origin. The

inverse transforms of equation (A-2) are obtained by setting
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T "'VL
R-.l = (E"C\L'f f:_ - 2c” &
ol M — w2
(A-3)
n
Ry = (2+e)™+ pr = 2c” e
coth | — oo g
to give
- Ra
12 b B2
(a-4)

RE+Re -~ 4c*
2 R, R,

oL g =

Figures A-1, A-2 and A-3 illustrate these coordinates. For
more details of the properties of these coordinates the inter-

ested reader is referred to publications by Happel and

Brenner (29).

-g ‘g =co n;'l:q'n.'\'_

\(
ety

Figure A-l: Bipolar Angle
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P=0, .-.~ci——>-~.._ .f’/
Be=eoo
ToeMy<o
.~ =0

Figure A-2: Bipolar Coordinates in a Meridian Plane

To vadius = & = ¢l csch Mo |

. _T___

d=cleth 1,]

B

§

Figure A-3: Coaxial Spheres
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To transform the diffusion equation into bipolar coordinates,

the Laplacian operator v2 and vector notations v and v should

be transformed into bipolar coordinates.

First, we have assumed
that flow is axisymmetric. These notations are given as

A_ . ) h, b he,
V= ki Uiz (ig % T 7)) (-5

V= ik, 33 tig ke, (a-6)

and
Vo= tg Ny * i Ve, (Aa-7)

The metric coefficients hjy, hp and h3 are given by Happel
and Brenner (29) as

c
(r-8)
h torh L — toe §
37 C A
with
@,='€
7=
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Equations (A-5) and (A-8) give

vf'-___,__éz[(mh‘[ we.’Sj] [__( A $

YN Y 93 \ cozh - we g “‘g)
(A-9)
and equations (A-6) and (A-7) give
. coh - -10
vogrs SERIZERS (ye 3o vy 3r) (A-10)
Therefore, equations (A-9), (A-10) and (IV-3) give
(ankl-whcif [ ) ( Lo E
A g 9% \ cod - am.g aE)
(a-11)

—% M () ek - wms) (Y35 + Y, 57)
-(&p*c = o

This is equation (IV-8).
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Appendix B: Order of Magnitude Analysis

The following approximating assumptions are based on
boundary layer theory. It is noted (71) that this method was
originally devised by L. Prandtl to show that the Navier-Stokes
equations could be simplified to yield approximate solutions
for many fluid flow problems, especially in aerodynamics. The
basic assumption of this theory invelves the existence of a
boundary layer, a very thin layer near the surface of the
particles over which the fluid is flowing. At the edge of
this thin boundary layer the velocity is equal to the bulk
stream value of the fluid. All the gradients with respect to
the normal distance variable must vanish. Inside the boundary
layer, the velocities vary from the bulk stream value to that
on the surface of the particles. 1In general, for a problem
which invalves heat, mass and momentum transport phenomena
there will exist thermal, concentration and hydrodynamic
boundary layers. For the case of mass transfer, the number of
concentration boundary layers depend on the number of species
in the systems. The diffusion equation with homogeneous first-

order reaction in spherical coordinates is

L 2 3C 3 y 3C
\"-ar(r aw-)+ ¥ Am B —a"é'(m"a‘é‘é‘
ac Vi (B-1)
- ac Vo ac z.
TN (Wiw * 35) -fc =0
Upon setting
r=1+y (B-2)

and assuming a thin diffusional layer (y«l), eguation (B-1)

becomes

3C I N =
It e H e 5 — AT Y (8-3)

- p*c =0
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Using dimensionless variables, each chosen to be of order of

magnitude ¢ (1) defined as

it

= - = et

(L)

(B-4)

[l
)
fi

Vo = = O(4)

n

Vo= Uy 4 = O(L)

where & is the dimensionless concentration boundary layer

thickness, equation (B-3)} becomes

1 3¢C [ 2 . ac
& 3% T ae o9 (A0 55
T4 * c (B-S)
e 2 L 3
“;‘Nit(v‘&- éa—,d*fve 5"55')_PC=0
Therefore, we obtain
arcC 2 . 3¢
== + § —— 2 (AP )
ERLER a 208
P! MnB 2B (B-6)

3 * 2ac * 3¢ 22
%t &l S U 35 7S C o

since

= = o
and

%< |
we say

§ = 0(3) << |
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and the second term of equation (B-6)

$* 0 »
g 55 (A6 35) = (8% (B-7)
is negligible. That is, the diffusion term in the angular
direction is negligible.

Furthermore, we obtailn

N, 87 = (Y
and
pr 8" = O)
Therefore,
I A
= B-8
§ = 0 () (B-8)
and
S = (T(—ffr-) (B-9)

Equations (B-4) and (B-5) determine whether the convection
term or the reaction term will dominate the mass transfer
mechanism depending on the relative magnitude of NPe and ﬁ’.
Equation (B-4}, therefore, becomes

.é;%,_ Sk MG, 8 (V) 2 \/;g_;-,‘) -fs°c =0 (B-10)
and equation (IV-5} is then justified,

Similarly, we can verify equation (IVv-8), The diffusion
eguation with first order homogeneous chemical reaction in

bipolar coordinates is given as

(coch -2 8) 5 AR + o g _ 2
g [ toch il € as) ""l(mh‘z ‘”‘?(B )1]1)

% M, (&) och - B) (Vo35 +Vg S ) (R pTC = o



Upon setting

and assuming & thin diffusional boundary layer (-3'/? 4. 1),
equation {B-1ll) becomes

(codh Ny~ ¢ %) (2t )+ 3|t 26y
Hve 3 [T e, ~ e —f % %Qo-mf EE]

(B~12)
=& N (5) (k1 - e $) (Vg 3% +Vy FE) <5p°C = o

Using the dimensionless variables, of orxder of magnitude
0 (1) defiried as

A S (7Y

c = (L)

Ve =V L = ot (B-13)
VSV I

W=y o= 0

.%\- = 0’(1,)

where § is the dimensionless concentration boundary layer
thickness, equation (B-12) becomes

(coh 1, - con 8] 20n E i AW S uc
Al g (fah'L - =% ) & weh -~ 0§ 3‘&*‘-]

(B-14)
M () h - w2 g ) (51U 35+ S Yy 355)

_l%-)zﬁz C =0
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Therefore, we have

(mh 7{0-691'3)3 [81_ 3__( Alr, € ac

i § tosh 1 - 02§ S “‘h‘l “’"—3 a‘d’“]
a * 3¢ yrac (B-15)
—"%_A/Pe‘s (%)(Mh)lb‘mg) (VS-S? g ay*)
S(&FsTpTC =0
Since
3 (o220 < 0(s") (B;ls>
2E N toch - e 2T

this term is negligible ccmpared with the corresponding
diffusion term in the y-direction. Furthermore, we note

that

o ( N (B-17)
A
and
. g(_"_)
8=Ul3 (B-18)
Note that c¢/a = | sinh IO[ . Therefore, c/a—>0 as

1,0 This analysis assumed c/a = 0" (1), othexrwise
the results of thig analysis should be different. Equations
(B=17) and (B-18) determine whether the reaction term or
the conveciion term will dominate the mass transfer rate.
Equation (B-15) then becomes
(codh 'Z,,—m.f)l-g;—*; "":I.Mf'e,(éléz (coh —we€)-
(B~19)
(3% +1 35) (RIS p'e =0

and equation (IV-8) is then justified,
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Appendix C: Creeping Flow Around Two Equal Solid Spheres

Moving Parallel to Their Line of Centers

Stokes' free stream function (very far from the surface
of the particle) for the fluid flowing past a single sphere

{(or any shape of purticle) is given in spherical coordinates

as
Yp = & vt D (c-1)
In bipolar coordinates, equation (C-1) becomes
. =
: e % (c-2)

Y. ==c
£ (coal M - o g )

If we superimpose eqguation (C-2) and the stream function,

equation (IV-39)}, given by Stimson and Jeffrey (77) we

obtain the actual stream function to the problem in which

the two spheres are fixed and the fluid streams past them

with swall constant velocity. This equation is

2 Aan® -¥%
= = -~ . c-3
t=3%c (Codn 7 - g\ + (ot Y~ §) e w9 )

The velocity expressions in terms of the derivatives of the
stream function in orthogonal coordinates are given by equa-

tion (IV-42) as

where the coordinates

T = € . (c-5)
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and the metric coefficients

homh, = Sohlzce®

c
(C-6)
_ th -2 ®
ha C AmE
Therefore,
v, o el e £) ay
3 < mnE 3
(C-7)

v = (toth v - 02 )" W
(A [l RS -4 2E

Equations [C-4}, (C-5) and {C-6) give

V = — A':‘v\'g MR}L N Mf [
c

leoeh ] — cong)

-g.s—
18 (oddr 1 - E) -

-

. vug) 1 (C-8)
Aok g ) 22

+(mw*m€;.s{% :Ltt}tlﬂm A\::L?S 1

Vo = l—Ca-f.lvaf_m’g __[- _ ) -0,5‘.
(C%L."[—CM.'@) e /.S(caelv.z 2% )

tCoth con ) { 23 ) = 1]
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where
Vo(E) = Byleer€) - By (@ns) 5 T Llegemlve fumction
Unb) = Ay codh 1) Y+ €y eoeh ()
and
d Vu(5) [
T3 g v {Red) - et pi(ees) |
T(nt2) {mﬁ F“ﬂ (e B - Fm+:.£“’"~£)]
d W (L) _

i = A (rmt) Amh () 7+ Gy (et 30) il ]



195
Appendix D: Peaceman and Rachford's Method

If we write equation (IV-48) in the special form as

l‘-!‘vl +CIU:|. =
AV, + byla + Gy =d,

ANy + B_:Ua * Cy \"f- =

Ct,PUg + b'f-\)q- + c‘f\)&“ = d.,l (D-l)

qH-erl-3 M LM-ZV"l-'L T CH_zUH-| = CLH_Z.

a.H-| VH—2.+ b”-l VH-| = dH—[

where
Vi = Can,g Pg=1,2,3 --- M-
Ain = (Q,+Qs)é
bi = (Ra-ly-L,)yg
C'&"‘ = (P-r'l&)a_‘
L, = -2 ele) + € (R-ReMe)y, * €0 (ke
d

* < B
§= Cog (R + G (et R 5 + Gy TRYRN (D-2)

-— * *
df‘f"l b C":'H—'a.(-‘q_?-ﬂs)“_l * C‘,H-[ (-q-z_‘«Qq.'fQ‘)M_.l
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the solution of this set of equations is given by

Vo, = Tueq
Ci Vigy ‘ (D-3)
V. = ¥ - A 4= M-z, M-3 o= L
where
ﬁl = L’
d
¥ = —
VA
B.= b e G 2,2 M- |
. = LI ra === -~
T * ﬁ‘i'—' (D—'4)

X — J‘f: - a"": hfd:'-f .
i . 1 $=2,3 --- M~}
P

More details of this method is available in reference (29).
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Appendix E: Corresponding Local and Overall Sherwood Numbers

in Terms of Bipolar Coordinates

Recall the definition of the local and overall (up to X

radians in spherical coordinates) Sherwood number

(E-1)
C
Aé&ﬁ =2 %%?\}no

X
Nsi., = -L $Flyee 20 40 (E-2)
Since

dC AC rY A Y4 L33

% \1.&‘_:‘0 = e \1-_—_“'°TH: %=0 N ?g—ga—a"&l,;o(E'—3)

where £ and 7 are bipolar coordinates, this expression is
convenient fcr transforming 356§|&=° into cylindrical
coordinates and then into spherical coordinates and finally

into bipclar coordinates.

R.a °
= e (E-4)
\
therefcre;
21 - o (E-5)
a‘a .&‘=D - bY‘ =
Also
£ - m~l( RE+Ry = 2 ) (E-6)
28 Ry
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so that
3% | . 2% (E-7)
aqa- 14-10 GY‘ Y‘:.'
For VY >0
N \ - 14 (d+c) B _ Htd-e) um @ (E-8)
2% %0 (B +dtc )t 4T g (cez @ +d-c )+ AR
2% . -1 [ 2(1+d co28)
2% Iy AR {fmg+¢+c3‘+m‘aj&{{ma+&-c)‘+m‘ej’i
(E-9)
—cocf { H(d+C) co @ It{d=2<) coaB E ]
(2944 +C )t 400 (29 +d -V + A0
where
4nd = P = C A%
mlrL (Y,_-,) - g

- CMMh,(TO) _
wouf = 2o b (V) - =% 4

For Y, < 0, equations (E-3), (E-8) and (E-9) hold if we

change d = -d.
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Appendix F: Comparisons with Goddard and Acrivos (23) solu-
tions of mass transfer with first-order homogeneous

chemical reaction

Goddard and Acrivos treated the problem by considering
wedge type flows over a flat plate., The continuity equation

which applies to these types of flows is

2V Y
&; + a‘; = o (F-1)

This eguation is different from equation (IV-22), which is
the simplified continuity equation derived for the spherical
geometry investigated here. Of course, we could apply their
technigues using the flow field described in this study;
However, as it is noted in the review section, their results
were nat good for large values of the perturbed parameters.
The applicable range of their solution is very small, but
their techniques are interesting. Therefore, an approximate
comparison of their results with the results obtained here
was attempted.

The comparisons are presented in two ways. One involves
the differences of the velocity profiles between the two
studies. The other is the differences in the mass transfer
rate obtained at very fast reaction rate for the two studies.
For a very fast reaction, the mass transfer rate is dominated
by reaction term (of equation IV-5) and the hydrodynamic
behavior is not too important. The latter comparison will
give a qualitative idea of the applicable range of the

Goddard and Acrivos (23) solution.
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i} Comparison of velocity profiles in the problem
The velocity profiles given by Goddard and Acrivos (23)

assumed that
Vo = 2900 % (F-2)

vy is then derived from the continuity equation, equation

{(F-1) and is given as
v (S
-a_"-'- - \{"(X) E}~ (F_3)

For the case of stagnation flow, the velocity profiles were

given as

Ve = 2bx & (F-4)

and

Vg = ~b% (F-5)

where b i1s a constant.

The velocity profiles used in this study for the case
of first-crder homogeneocus chemical reaction around single

spheres or in multiparticle systems are given in the form of

Ve = 300 & (F-6)
and

Vy = - L) [ 4} adnx ]

TS TamX X (£-7)
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In the regicn around the front stagnation point, the
velocity profiles can be derived from these two
equations by letting x> 0. For the case of flow around
a single sphere, the creeping velocity profiles around

the front stagnation point are

Vg =X % (F-8)
and
p-
V-\a_ = ‘32—’ "&- . (F-g) |
Eguations {F-4), {F-5), and (F-5), {(F-9) show the differ-

ence in tne velccity profiles used in the problem. This
prevents : {rcm obiaining even a qualitative comparison
between thne wesults at slow reaction rates because the
convectlon terms are very important when the reaction
rate is " «:y ¢<low.

ii) JComparison of mass transfer rate for fast

reaction

Due tc *‘he velocity profile differences in the two
studies, an exact comparison is impossible. However,
as was mentioned previously, a qualitative comparison
is possibie. To simplify the mathematics involved,
we presenit only the case of flow around a single sphere
at low Reynclds number.

In order to make the comparison, we must first
compare the nctation that was used by Goddard and

Acrivos with that in this study. This is most readily
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done by comparing equaticn (4.2) of their paper with
equation (IV-53) of this study which are egquivalent.

This study
ac A&, ) 3C ' -
ayr [3&)3 T T 2 A de {‘a&mx} ] (F 10)

Goddard and Acrivos

=0 (F-11)

I aC 2 3¢
Sur e RSy mxpwi5l-0

Bguivalent Notation

y' =
X
C =
Me =
Pa

T L

i
™ ©whE

The results for diffusion with very rapid homogeneous

first-order reaction as given by Goddard and Acrivos is
SRRy SR )R e (e - 12)
(ag-)ﬂ_w" gk - =5 (8fF AR+ 0(R7)

Substituting the notation of this study intc eqguation

(F-12) we obtain

M2

-5 M
E) Y=p I/
/Q} ¥=o . |+ﬁ%’bﬂ)-7r§- -';TEISH'&)‘WWFJ(T e

(r-13)
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For the case of Stokes' flow:

3 .
g(x) = < sin %
2
g'(x) = g‘COS X
11 '3 :
g"(x) = -3 sin x

so that equation (F-13} becomes

(28 AL M
o =0 ~ ot
Gl 13 e
Since
_ n AC . 4
Sk, "g, ~ 3, X AX ()

we obtain

MNat,

or

(F-16)

Ns ! Mo
/?° = 2 + lo;f ( 2 )6

Equation (F-16) has been plotted in Figure 5 for values
1/3

Pe

by the figure the asymptotic solution deviates from the

of the parameter N 48 between 0.5 and 2.0, As seen

numerical solution quite rapidly as Npel/aéﬁ increases.
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Appendix G. Corresponding Spherical Bipolar Angles

To obtain a better picture of the bipolar angles, §, on
the surface of the two spheres system, the bipolar angles were

transformed into snherical angles, 8 , according to

p= oo-:,-l { e A, To

{ ook Yo = e 4}

for Y5 » 0 (upper sphere) and

9: mﬁl( m\if}:"‘i:ﬁf -\—CL)

for Y, < 0 (lower sphere). These corresponding values are

shown in Tables G-1 and G-2.
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Appendix H. Method of Data Analysis

The data available for each run in this study consisted
of run time length, & t, the weight loss of the test sphere,
A W, the initial, Yi(a), and £inal, Y%(e), radii around the
sphere surface as nzasured from the front stagnation point
at each 10 degree locaticn, the volumetric flow rate, G, and
the run temperature, T.

From the data of run temperature, it was possible to

determine the f£fluid density, £ and viscosity,/uf, the solid

'
density, ?s, the eguilibrium sglubility, c*, the diffusivity,
4y, and the Schmidt number, Ng.. of the solid (benzoic acid)
in the liguid (H20) system of this investigation. From the
data of the initial and final radii around the sphere surface,
the initial and final particle average radius, surface area,
volume and surface average radius were computed.

The local and overall mass transfer rates were defined
as the local and overall amount of solute (solid) transferred
into the liguid per unit time. These were related to the
mass transfer driving force (concentration difference), resis-

tance (particle surface area), and mass transfer cecefficient

and were expressed in terms of the mass flux as

(B-1)

M - alldo - AV.—, A Ps

b
[ at = at =ko‘Ao‘(c‘Co)

aWp Ny * .
Nog = 56 = T = ket Agr (e T(E2)
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where C, is the bulk stream concentration and is negligible
in this investigation.

The mass transfer rates were expressed in terms of the

local and overall Sherwood numbers. These were defined as

A/;LL = Kb = Y;G.Y‘ = 2. Awo Ts&t (H—3)
° @ P B (C-clat A
/\/‘ - M = 2 aVo-fs  va
she T @ R B0 (CClet A, (H-4)

To correlate data, the particle Reynolds and Peclet numbers

waera used. These were defined as

Ys \j £ Py
Npo = —=lsav Ve ’f (H-5)
Re. o

s -0

Average values measured before and after the run of the
local and overall surface areas, local radii, and surface
average radii were used to obtain the particle Reynolds number,
Peclet number, and local and overall Sherwood numbers.

The centerline velocity approaching the test sphere was
used in the definition of the particle Reynolds number. Vg

was defined as

r‘q r-.aas"

a Vardy 4.8 2

Vo= e 2 (-1
A = 0,2 \K" Rx. (H—'?)
,[ f vydyr 4.8

Vo= 199 2 (H-8)

TR*
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where Q is volumetric flow rate and R is the radius of the
test section (water tunnel).

Since the radius of the sphere c¢ould not be measured at
the rear stagnation point (because of the attached rod) the
average value of the sphere radius measured at 170° and 190°
was taken as the radius at 180°. The average local radii, Yp (8),
the diminution, 2Y; (¢) and percentace diminutionm, % aVj (0),

as functions of angular position 6 were obtained by

. _ Yue) + yr(8) (H-9)
( (&) = T
AYe8)= Yy(e) - (o) (H-10)
and
%“T‘& (8) = _f__‘_rﬂ-:_zj x (0O /, | (H-11)

The approximate overall initial and final surface area and
volume for the sphere were obtained by integrating the measured
radius profile from 0 to 2T} using Simpson's rule over a 20

degree section as

"

Cm (F‘u‘ v dg 46

-]

H

6=1 (8-12)
’-TY[ T AMD 46

b
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and

p=

[B-.Tl' [
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where h = 3,14159/9 and k is the index of angle location.
The initial and final surface average radius was obtained

using
Yiap = J1§ﬁ? (H-14)

These values were then averaged to obtain the average surface
average radius to be used in calculating the Reynolds, Peclet

and overall Sherwood numbers.
The local initial and final surface area and volume for

the location were obtained by integrating the measured

i
radii profile from ©;_; to ei+1 using Simpson's rule over

its particular 20 degree sector as

-6. =27
AL-—-IB Ot ‘({) A d.% 46

8=8. o

ol |

DZB“‘-H (H-15)
2T [ young 4.6
B:QI_’_'

i

)

h. . FA . z -
Wz [ Y'E:;-I’M“\ei_ll +4 rﬂ«: anﬂ.;l + Y‘Bﬁllmemlj
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and
N (3= B4 b= Y Ay db 4B
= Tanp dy
‘E' g= 91-_1 (o ,(0 T ?
6= 9_1:
= ..:_"._ ( a ‘—-3%9 Eye {H-16)
S 958{4

where . = 3.14159/9. The local volume difference which appears
in equation (H-3) is the difference between the initial and
final values., The density of benzoic acid used in equation
(H-4) to compute the local sherwood numbers was taken as the

book value of 1.266 g/cm> (62).

In order to check the results and the method of calcula-
tion, the density of the solid was computed for each run from
the particle weight loss and the total volume change. The
computed density was then compared with the particle density
measured by using a pycnometer (1.256 gm/cm3) and the book
value (1.266 g/cm3). The computed densities were all within
15% of the book value. The overall Sherwood numbers were
also computed frém the local Sherwood numbers using a numerical

integration (Simpson's rule) over the surface of the-sphere by

T N L
Aého,INT ) g _ihe. MenD 46

=4

&
%-JIT- [{ E—: A/;‘erozﬂ\m(aae)

=
=

]

(H-17)

-4
AL A/;kkr

A
Bopy ™ (2ROT6)
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and compared with that based on total weight loss. These values

were also all within 15% of the value based on weight loss (see

table K-1 in Appendix K). The overall Sherwood numbers pre-

sented in the correlations and the figures were based on the

measured overall weight loss.
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Appendix I. Physical Properties of the Chemical Systems

The physical properties of the chemical systems used in the
experimental part of this investigation are summarized in the
following table. 1Included are the density and viscosity of
water and the equil brium solubility, diffusivity, and the
Schmidt number of benzoic acid in water.

The physical properties of dilulie sodium hydroxide solution

were assumed the same as that of pure water.



- -Table I-1l: Physical Properties of :Benzoic Acid and Water

: I:emiﬁefature-- C*:Solubility of @ :Diffusivity ¥s.:Schmidt Wt 13 viscosity : j’f: Density of

°C - Benzeoic Acid in = of Benzoic Ac%d ‘number of - of water, water, gm/cm3
, ."water, gm. per © in water, in. ‘Benzoic Acid centipose (62)
liter of solu- per hr. x 103 in water (62) '

. tion (76} - (60} ' (60) - :
24.9 ' 3.2425 T 5.00 , 1030 0.%142 : 0.9973
24,1 . 3.2518. o ‘ ' 0.9973
24.2 ‘ 3.2611 : : _ ' ‘ 0.9973
24.3 - 3.2704 - 0.9973
24.4 3.2798 ) : 0.9972
24.5 3.2892 5.17 1000 ‘ 0.9972
24.6 . 3.2986 , 0.9972
24.7 - 3.3080 0.9972
24.8 3.3174 ‘ 0.9971
24.9 3.3269 0.9971
25.0 3.3364 5.25 975 0.8937 0.9971
25.1 3.3459 0.9970
25.2 3.3554 0.9970
25.3 3.3649 0.9970
25.4 3.3745 0.9970
25.5 3.3841 5.31 945 0.9969
25.6 3.3937 0.9969
25.7 3.4033 0.9969
25.8 3.4130 0.9969
25.9 3.4226 0.9968
26.0 3.4323 : 5.43 920 0.8737 0.9968
26.1 3.4420 v 0.9968
26.2 3.4518 0.9968
26.3 3.4615 _ ) 0.9967
26.4 3.4713 ‘ 0.9967

26.5 3.4811 5.52 890 0.9967

Pic
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appendix J. List of Computer Programs

All the programs presented here are written in the MAD
language for the IBM 7040 at the City College., The main
programs are given first. Subroutines are given at the end

of this appendix.

A. Mass irvancfer with first order homogeneous chemical
reactions around single spheres and in multiparticle systems.

Four programs have been written with specified initial
stepsize in the radial direction, &%, (as DELY), numbers of
steps in the radial and anéular directions (as M and N), and
stepsize parameter h (see equation IV-46) (as H).

For the case of low Reynolds number flow around single
spheres and in multiparticle systems, the Peclet numbers,
NPe (as PE), the reaction rate constants, ﬁ (as B} should be
specified. For the case of high Reynocld number flow around
single spheres, the Reynolds numbex, NRe (as RE) and the

Schmidt number, N (as SC) and reaction rate constant should

5
c
be specified. Output obtained from these computations consist

of the concentration profiles as well as the local and overall
Sherwood numbers.
To obtain the results using the generalized parameters,

1
Npel/34b and NRe2 Ng 1/346 values of NP and Mg are not

&7

necessary o he spe01f1ed The input data were hf /34?(as PEB)

and NR 1/2 NS 1/34? (as RESCTS) for low Reynolds nuiber and
e C

high Revnolds number flow, respectively. OQutput obtained from
these computation were thie local and overall values of Nsh4?.

Velocity *terms, V_, and Vﬁ, were included as L4(J) and L5(J)

be
in the program. For any other particular velocity profiles,
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it is only necessary to change the expressions of L4{(J) and

L5(J}).

L4 (J) and L5{(J) had the standard form of

1l

L4 {J) vV _(J). L44
X

L5 (J) Vy(J). L55 (J)

where 144 and L55(j) are computed in the previous steps of the

calculation.

The four programs are listed below.

1.

Single spheres and multiparticle systems at low
Reynolds number.

Single spheres at high Reynold numbers.

Use of generalized parameter NP 1/343 for single

spheres and multiparticle systems at low Reynolds
number,

: 5 1/3 :
Use of generalized parameter NR NS 49 for single

e c
spheres at high Reynolds number,
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l., Single spheres and multlpartlcle systems at low
Reynolds number. :

$SCOMPILE MAD, IBLDR

s v v . CRANK~NICOLSON METHOD o

s e s e MASS T;*ANSFER WITH FIRST ORDER HOMOGENEREOUS CHEMICAL
. e e . REACTICNS

. e e s SINGLE SPHERES AND MULTIPARTICLE SYSTEMS AT LOW RE

. e e e N...NUMBER OF STEPS IN ANGULAR DIRECTION
. M...NUMBER OF STEPS IN RADIAL DIRECTION

INTEGER I,J,XK,L,M,NN,N
DIMENSION C(90),D{90),P(90),Q(90), R(90) v(90),11(90),
1.2(90),L3(920),1L55(%0),1.4(90),15(90), IR (90), 1Q(90),

2 IR(90),Y(90),SHL(1000)

-

N=20
DELY=0.00005
H=1.5
PE=125.

M=90

c(l)=1.
c(M)=0.
DELX=3.1416/N
L44=PE /(2 .*DELX)
L4(1)=0.
L5(1)=0.
THROUGH ONE, FOR J=2,1,J.G.M
L1{(J)=1./(DELY*DELY*H.P. (2*J-3.) *(H+1.))
L2(J)=1./(DELY*DELY*H, P, (2*3~3.))
L3{(J)=1./(DELY*DELY*H,P. {2*J-4.) *(H+1.))
1.55(J)=PE /(4. *DELY*H. P, (J-2) *(H+1.))
Y (J)=DELY* (H,P. (J-1)=~1.) /(H=1.)
ONE CONTINUE '
START PRINT COMMENT $1$
READ AND PRINT DATA
SUM=0.
THROUGH TWO, FOR I=1,1,I.G.N
X=DELX* (I-0.5)
M=30



BB

WHENEVER X.G.2.60
M=M+5

END OF CONDITIONAL
WHENEVER X.G.2.7
M=M+5

END OF CONDITIONAT.
WHENEVER X.G.2.8
M=M+5

END OF CONLITIONAL
WHENEVER X.G.3.0
M=M+5

END OF CONDITIONAL
WHENEVER X.G.23.05
M=M+5

END OF CONDITIONAL
WHENEVER X.G.3.1
M=M+5 .

END OF CONDITIONAL
WHENEVER X.G.3.12
M=M+10

END OF CONDITIONAL
WHENEVER X.G.3.13
M=M+10

END OF CONDITIONAL
WHENEVER X.G.3.131
M=M+10

END OF CONDITIONAL
THROUGH TWOL,FOR J=2,1,J.G.M
L4 (J)=1.5%SIN, (X)*Y {J) *1L44
L5(J)=~1.5%C0S. (X}*{J) .P.2.*L55(J)
CONTINUE

PRINT RESULTS PE,B,X,SUM
PRINT COMMENT $ $

L6=B*B/2.

WHENEVER I.E.l

THROUGH BB, FOR J=2,1,J.G.M-1
IP(J)=2.%(L3(J)+L5(J))
IQ(I)=-2.% (L2 (T)+16)
IR(T)=2.%(L1(J)-L5(J))

c{(J)=0.

THROUGH BBB, FOR L=1,1,L.G. 400
THROUGH BBBB, FOR J=2,1,J.G.M-1

218
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C(I)=(C(T-L)*IP(JT)+C(TJ+1)}*IR(J))/-IQ(J)
WHENEVER C(J).L.O.
THROUGH BB3, FOR K=J,1,K.G.M

BB3 C {K)=0.

TRANSFER TO BBB
BBEB END OF CONDITIONAL
BBEB CONTINUE

X=0,

VECTOR VALUES OUT=$1,F7.5/S15,10F8.5/515,10F8.5/515,
1 10F8.5% 3

TRANSFER TO FAN

END OF CONDITIONAL

WIENEVER I1.E. 2
TRANSFER TO CCl
OTHERWISE

TRANSFER TC CcC2
END OF CONDITIONAL

cCl CONTINUE
THROUGH SIX, FOR L=1,1,L.G, 1000,
cc2 CONTINUE

X=DELX* {I~1)
D{2)=-2,*L3(2)-L5{2)-L5(2)+C(2)* (L2(2)-L4(2})+L(6))
1 +Cr3)*{-L1(2)+L5(2))
THROUGH THREE, FOR J=3,1,J.G.M-1
THREE DIF)=C(T=1}* (-L3(J)-LS(THN+C(T)* (L2 (T)+L6-1L4 (J) )+
1 C(I+1i)*(-L1(J)+L5(J))
THROUGH FQUR, FOR J=2,1,J.G.M-1
P{J)=L3(J)+L5(J)
Q(J)=-L2(JT)~-16-L4 (J)
FOUR R{J)=L1(J)-L5(J)
FXECUTE SOLVE, (2,M-1,P.Q,R,D,V)
THROUGH FIVE, FOR J=2,1,J.G.M.-1
C{J}=v(J)
WHENEVER C(J).L.O.
THROUGH AA5,FOR K=J,1,K.G.M

AA5 C{K)=0.
TRANSFER TO AA6
FIVE END OF CONDITIONAL
AAB CONTINUE
SIX CONT INUE
FAN PRINT FORMAT OUT,X,C(1l)...C(30)

SHL(I)=(1.-C(2))*2./DELY
SUM=SUM+ (1.-C(2))*SIN. (X)*DELX/DELY
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THO CONTINUE
SH=SUM
PRINT COMMENT $1$
PRINT RESULTS PE,B,SH
THROUGH FINAL, FOR I=1,1,I.G.N-1
SHLOCL:= {(SHL (I)+SHL (I+1)) /2.
X=DELX*I _
FINAL PRINT RESULTS X,SHLOCL
TRANSFER TO START
END OF PROGRAM



221

2. 8Bingle spheres at high Reynolds number

$COMPILE MAD, IBLDR

CRANK-NICOLSON METHOD

MASS TRANSFER WITH FIRST ORDER HOMOGENEREOUS CHEMICA
REACTIONS .
SINGLE SPHERES AT HIGH RE

N...NUMBER OF STEPS IN ANGULAR DIRECTION

M...NUMBER OF STEPS IN RADIAL DIRECTION

ANGLE COMPUTED UP TO FLOW SEPARATION POINT, X-=1.8850

INTEGER I,J,K,L,M,NN,N
INTEGER NN3,NNS5

DIMENSION L4 (2300,L4DI), L5 (2300, L5DI)

DIMENSION ¢ (30),D(30),P{30),Q(30),R(30),V(30),L1(30),
L2 (30) ,L3(30),L55(30), IP(30), I0 (30}, IR(30)

VECTOR VALUES L4DI=2.1, 30

VECTOR VALUES L5DI=2, 1,30

N=74
DELY=0.0C005
H=1.2

M=30
SC=1000.
RE=81.

SUM=0.

c(1l)=1.

Cc(M)=0.

DELX=1.8850/N

THROUGH ONE,FOR J=2,1,J.G.M
L1(J)=1./(DELY*DELY*H.P, (2*J-3.)* (H+1.))
L2 (J)=1./ (DELY*DELY*H.P, (2*J-3.))

L3 (J)=1./ (DELY*DELY*H.P, (2*J-4.)* (H+1.))
L55 (J) =RE*SC/ (4. *DELY*H, P, (J-2) * (H+1))
Y=DELY* (H.P, (T-1)-1.)/{(H-1.)

THROUGH TWO,FOR I=1,1,I.G.N+1

X=DELX* (I-0.5)

L44=RE*SC/ (2 . *DELX)

WHENEVER X.L.0.20

L4(I.J)=6.*SQRT. (10.5%RE/120.) *X*Y*L44
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BB3

BBBB
BBB
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L5(L,J)=-6.%SQRT, (10.5%*RE/120.)%Y P,.2%L55 (J)
OTHERWISE

INT=SIMPS. (0.,X, 20,F.)

L4 (I,J)=6.%*SQRT. (RE/120.% (SIN. (X)) .P.12.5/INT) *Y*L44
IL5{L,J)=-1.5%SQRT. (RE/120.)* (14.5% (SIN. (X) .P.5.25%
COS. (X) *INT-{SIN. (X).P.15.75) /INT.P.1l.5%Y.P,2.%L55 (J)
END OF CONDITIONAL

I4(1,1)=0

L5(1,1)=0

CONTINUE

CONTINUE

READ DATA

PRINT COMMENT $1$
PRINT RESULTS RE,SC,B

SUM=0. .
L6=B*B/2.

THROUGH BB,FOR J=2,1,J.G.M-1
IP(J)=2.% (L3 (J)+L5(L.J))

IQ(J)=-2.% (L2 (J)+L6)

IR(JT)=2.%(LL(J)-L5(1,J))

c(J)=0 .

THROUGH BBB, FOR L=1,1,L.G. 250

THROUGH BBBB, FOR J=2,1,J.G.M-~1

c{J)=(C(j-1)*IP (J)+C(TJ=1)*IR(J) ) /-IQ(J)

WHENEVER C(J) .L.O.

THROUGH BB3,FOR K=J,1,K.G.M

C (K)=0.

TRANSFER TO BBB

END OF CONDITIONAL

CONTINUE

X=0.

VECTOR VALUES OUTP=$S1,F7.5/88,11F8.5/820,10F8.5/520,
10F8.5%3$

PRINT FORMAT OUT, X,C(0)...C(30)

THROUGH END, FOR I=2,1,I.G.N+l
WIIENEVER I.E.2

TRANSFER TO CCl

OTHERWISE
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TRANSFER TO CC2

END OF CONDITIONAL

CONTINUE

THROUGH SIX,FOR L=1,1,L.G.300
CONTINUE

X=DELX* (I-1)

D(2)=-2.%L3(2)-L5(I,2)-L5(I ,2)+C{2)% (L2 (2)~14(X

+L6Y+C(3)* (-LL(2}+L5(T ,2))

THROUGH THREE,FOR J=3,1,TJ.G.M-1
D(J)=C(J-1)*(-L3(J)~L5(I ,J ))+C(J)* (L2 (J)+L6-L4
(T ,I))+C(T+1L)*(-LL{T)+L5(X ,JT ))

DUMMY=0 _

DUMMY=0

THROUGH FOUR,FOR J=2,1,J.G.M-1

P(J)=L3(J)+L5(L,T )

Q (J) =~L2 (J) -16-L4 (I,J)

R(J)=LL(JT)-L5(L,T3 )

EXECUTE SOLVE. (2,M-1,P,Q,R,D,V)
THROUGH FIVE,FOR J=2,1,J.G.M-1
C(T)=v(J)

WHENEVER C(J).L.0O.

THROUGH AA5,FOR K=J,1,K.G.M

C(K)=0.

TRANSFER TO AAG

END OF CONDITIONAL .

CONTINUE

CONTINUE

PRINT FORMAT OUT,X,C(0)...C(30) _
FACTOR=(1.-C(2))*2./DELY/(SC.P.0.3333%RE.P.0.5)}
PRINT RESULTS X,FACTOR
SUM=SUM+(1.-C(2) ) *SIN. (X)*DELX/DELY
CONTINUE

SH=SUM

PRINT RESULTS RE,SC,B,SH

TRANSFER TO START

END OF PROGRAM

+2)
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3.
3. Use of generalized parameter'NPe{/ for single spheres and
multiparticle systems at low Reynolds number

SCOMPILE MAD,IBLDR

START

ONE

'—I

CRANK-NICOLSON METHOD

MASS TRANSFER WITH FIRST ORDER HOMOGENEREOUS CHEMICAL
REACTIONS

SINGLE SPHERES AND MULTIPARTICLE SYSTEMS AT LOW RE
USING PE .P.(1/3) /B AS PARAMETER

N...NUMBER OF STEPS IN ANGULAR DIRECTION
N,..NUMBER OF STEPS IN ANGULAR DIRECTION
M...NUMBER OF STEPS IN RADIAL DIRECTION

INTEGER I,J,K,L,M,NN,N

DIMENSION C(90),D(20),P(90},0(%0),R(20),Vv(90),L1(90),
L2 (90) ,5L3(90),L55(20) ,L4(90),15(90),IP(90),IN(90),
IR(90),Y(920),SHL(1000)

N=900

H=1.3

DELY=0.00005

PEB=PE.P.3/B

M=90

SUM=0.

c(l)=1.

6=1./2.

c(M)=0.

DELX=3.1416/N

L4 (1)=0.

L5(1)=0.

PRINT COMMENT 518

READ AND PRINT DATA

SUM=0.

A=PEB.P.3.

L44=3/(2.*DELX)

THROUGH ONE,FOR J=2,1,J3.G.M

L1 (J)=1./(DELY*DELY*H.P, (2%J-3.)* (H+1.))

L2 (J)=1./(DELY*DELY*H.P. (2%J-3))

L3(J)=1./ (DELY*DELY (H.P. (2%J3-4.) * (H+1.))
L55(J)=A/{(4.*DELY*H.P. {(J-2) * (H+1))

Y (J)=DELY* (H,P. (J-1)-1.)/(H-1.)

CONTINUE

THROUGH TWO,FOR I=1,1,I.G.N

X=DEILX* (I-0.5)

M=30
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WHENEVER X.G.2.5
M=M+10 .
END OF CONDITIONAL
WHENEVER X.G.2.90
M=M+10
END OF CONDITIONAL
WHENEVER X.G.3.05
M=M+10
END OF CONDITIONAL
WHENEVER X.G.3.1l
M=M+10
END OF CONDITIONAL
WHENEVER X.G.3.13
M=M+20
END OF CONDITIONAL
THROUGH TWOl,FOR J=2,1,J.G.M
LA(JT)=1.5%SIN. (X)*Y (J)*1L44
L5 (3)=-1.5%C0S. (X)*Y(J) .P.2.*L55 (J)
TWO1 CONTINUE
" PRINT RESULTS PEB,SUM
WHENEVER I.E.1
THROUGH BB,FOR J=2,1,J.G.M-1
IP(J)=2.* (L3 (T)}+L5(J))
IQ(J)=-2.% (1.2 (J) +L6)
IR(I)=2.% (L1 (J)-L5(J))
BB c(J3)=0.
THROUGH BBB, FOR I=1,1,L.G. 400
THROUGH BBBB, FOR J=2,1,J.G.M-1
C(I)=(C(T=1)*IP (J)+C(TJ+L)*IR(T))/~-IQ (TJ)
WHENEVER C(7J).L.O.
THROUGH BB3,FOR XK=J,1,K.G.M
BB3 C(K)=0.
TRANSFER TO BBB
END OF CONDITIONAL
BBB CONTINUE
X=0.
VECTOR VALUES OUT=$S1,Fr7.5/S15,10F8.5/515,10F8.5/515,
1 10F8.5/815, 1oF8.5%%
TRANSFER TO FAN
BBBB END OF CONDITIONAL
WHENEVER I.E.2
TRANSFER TO CCl
OTHERWISE
TRANSFER TO CC2
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END OF CONDITIONAL

cecl CONTINUE
THROUGH SIX,FOR L=1,1,L.G.1000.
cC2 CONTINUE --

X=DELX* (I-1)
D(2)=-2.%13(2) - L5(2)—L5(2)+C(2)*(L2(2)-L4(2)+L6)
1 +C(3)*(-L1(2)+L5(2))
THROUGH THREE,FOR J=3,1,J.G.M-1
THREE D(JT)=C (J-1)* (~ L3(J)—L5(J)+C(J)*(L2(J)+L6-L4(J)+C(J+l)*
1l (-L1(J)=L5(J))
THROUGH FOUR, FOR J=2,1,J.G.M-1
P(J3)=L3(J)+1L5(J)
Q(J)=-L2 (J)-1L6-L4 (J)
FOUR R(J)=L1 (J) -L5 (J)
EXECUTE SOLVE. (2,M-1,P,Q,R,D, V)
THROUGH FIVE, FOR J=2,1,J.G.M-1
C (J)=v(J)
WHENEVER C(J),L.0.
THROUGH AAS5,FOR K=J,1,K.G.M

AAS ¢ (K)=0.

TRANSFER TO AAG
FIVE 'END OF CONDITIONAL
ARG CONTINUE
STX CONT INUE
FAN CONTINUE

SHL(I)=(1.-Cc(2))*2./DELY
SUM=SUM+ (1.~C(2) ) *SIN. (X) *DELX/DELY
TWO CONTINUE
SH=SUM
PRINT COMMENT $1%
PRINT RESULTS PEB,SH
THROUGH FINAL, FOR I=1,1,I.G.N-1
SHLOCL= (SHL (I)+SHL(I+1))/2.
X=DELX*I
FINAL PRINT RESULTS X,SHLOCL
TRANSFER TO START
END OF PROGRAM
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% 1/3

‘ N. N
4. Use of generalized parameter Rg;§§c for

single spheres at high Reynolds number

$COMPILE MAD, IBLDR

ONE

CRANK~NICOLSON METHOD

MASS TRANSFER WITH FIRST ORDER HOMOGENEOUS
CHEMICAL

REACTIONS

SINGLE SPHERES AT HIGH RE

USING RE.P. (1/2}*XC.P. (1/3)/B AS PARAMETER
N...NUMBER OF STEPS IN ANGULAR DIRECTION
N...NUMBER OF STEPS IN ANGULAR DIRECTION
M. ..NUMBER OF STEPS IN RADIAL DIRECTION
ANGLE COMPUTED UP TO FLOW SEPARATION POINT,
X=1.8850

INTEGER I,J,K,L,M,NN,N

DIMENSION L4(2250,L4DI),L5(2250,L5DI)

DIMENSION C(30),D(30),P(30),0(30},R(30),V(30),
L1(30),L2(30),13(30),L55(30),IP(30)},I10(30), INT(90)
VECTOR VALUES 14DI=2,1,30

VECTOR VALUES L5DI=2,1,30

N=74

M=30
DELY=0.00005
H=1l.3
16=1./2.

c(l)=1.

C{M)=0.

DELX=1.8850/N

THROUGH ONE,FOR J=2,1,J.G.M.
L1(J)=1./(DELY*DELY*H.P. (2*J-3.}* (H+1.))
L2 (JF)=1./(DELY*DELY*H, P, (2*J-3.))
L3(J)=1l./(DELY*DELY*H.P. (2*J-4.)* (H+1.))
CONTINUE

THROUGH TWO,¥OR I1=1,1,I.G.N.+1

X=DELX* (I-0.5)

INT{I)=SIMPS. (0.,X,20,F.)

L4(1,1)=0

L5(1,1)=0
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TWO CONTINUE
START READ DATA
PRINT COMMENT $1$
SUM=0.

PRINT RESULTS RESCB
. . . RESCB...RE.P.0.5%5C.P.0.333/B

A=RESCB.P.3.

L44=a/{2.*DELX)

THROUGH ONEL,FOR J=2,1,J.G.M

L55(J)=A/ (4.*DELY*H.P. (J-2) ¥ (H+1))

Y=DELY* (H.P. (J-1)-1.)/(H-1.)

THROUGH TWOLl,FOR I=1,1,I.G.N+1

X=DELX* (I-0.5)

WHENEVER X.L.0.20

L4 (I,J)=SQRT. (3.15)*X*y*144

L5(I,J)=-SQRT. (3.15)*Y.P.2.*L55(J)

OTHERWISE

L4(I,J)=6.%*SQORT. {(SIN.(X)).P.12.5/(120.*INT(I)))
1 *y*Ld4 ,

L5(I.J)=-SQRT.(2.25/120.)*(14.5% (SIN. (X)) .P.5.25%

1 Ccos. (X)*INT(I)-(SIN. (X)).P.15.75)/INT(I).P.1.5%
2 Y.P.2.*%L55(J)
END OF CONDITIONAL
TWOl CONTINUE
ONEL CONTINUE

THROUGH BB,FOR J=2,1,J.G.M-1
IP(J)=2.* (L3 (J)+L5(1,T))
IQ(J)=-2.% (L2 (J)+1L6)
IR(J)=2.%(LL(J)-L5(1,.J))

BB c({J)=0.
THROUGH BBB, FOR L=1,1,L.G. 250
THROUGH BBBB, FOR J=2,I1,J.G.M-1l
C(T)=(C{T~1) *IP(J)+C (J+1) *IR(J) )} /-IQ (TJ)
WHENEVER C(J).L.O.
THROUGH BB3,FOR K=J,1,K.G.M

BB3 C(K)=0.
TRANSFER TO BBB
BBBB END OF CONDITIONAL
BBB CONT INUE
X=0. ' ~

VECTOR VALUES OUT=$S1,F7.5/S8,11F8.5/520, 10F8.5/
1 520, 10F8.5%%



229
PRINT FORMAT OUT,X,C{(0)...Cc{30)

THROUGH END, FOR I=2,1,I.G.N+l
WHENEVER I.E.Z2

TRANSFER TO CCl

OTHERWISE

TRANSFER TO CC2

END OF CONDITIONAL

ccl CONTINUE
THROUGH SIX,FOR I=1,1,L.G.300
cc2 CONTINUE

X=DELX* (I-1)

D(2)=-2.*%L3(2)-L5(I,2)-L5(I ,2)+C(2)*(L2(2)~L4
1 (T ,2)+16)Y+C(3)*(-L1(2)+L5{(x ,2))

THROUGH THREE,FOR J=3,1,J.G.M-1

THREE D(J)=C(J=-1)*(-3(J)~-L5(I ,J }))+L6-L4(I ,J))+
1 ¢(IJ+1)*(-L1(T)+L5(T ,T))
DUMMY=0.
DUMMY=0.

THROUGH FOUR,FOR J=2,1,J.G.M-1
P(J)=L3(J)+L5(X,T )
Q(J)=-L2 (J) ~L6-L4(I,J)

FOUR R{(J)=L1(J)-L5(I,J )
EXECUTE SOLVE. (2,M-1,?,Q,R,D,V)
THROUGH FIVE, FOR J=2,1,J.G.M-1
c(J)=v(J)
WHENEVER C(J).L.0O.
THROUGH AAS5,FOR K=J,1,K.G.M

AAS5 C(K)=0.

TRANSFER TO AA6
FIVE END OF CONDITIONAL
ARG CONTINUE
SIX CONTINUE

PRINT FORMAT OUT, X,C(0)...C(30)

SHLOCL=(1.-C(2)*2./DELY

PRINT RESULTS X,SHLOCL _

SUM=SUM+ (1.-C (2) ) *SIN. (X) *DELX/DELY
END CONTINUE

SHALLX=SUM

SHAVG=SUM*2./1.3090

PRINT RESULTS RESCB,SHAVG,SHALLX

TRANSFER TO START

END OF PROGRAM
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B. Mass transfer with first order homogeneous chemical reaction

in a two spheres system at low Reynolds number

Two programs have been written with specified input data
which included the spacing parameter Y, (as Y0), Peclet, number,
Npe (as PE), reaction rate constant, & (as B), constants hy
(as H1) and h, (as H2) (see equations (IV-58) and (IV-61)),
step numbers in the angular (as N) and radial (as M) directions,
nunber of terms used for the velocity profiles in the two
spheres system (as NN), and number of initial steps in the
radial direction (as NNNN). Output obtained from these compu-
tation gave the concentration profiles as well as the local
and overall Sherwood numbers.

Velocity terms were called from a subroutine. The
accuracy of these profiles depends on the value of NN.

The two programs are listed below.

1. The active sphere placed in front of the inert sphere

in the direction of flow (YO>0).

2. The active sphere placed behind the inert sphere in

the direction of flow (YO<O0).
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1. The active sphere placed in front of the inert sphere
in the direction of flow (Y, > 0)

$COMPILE MAD, IBLDR .

START

ADD2

ONE

ADDL

1l...UPPER SPHERE
APPROXIMATED MASS TRANSFER RATES AROUND ONE SPHERE
IN TWO SPHERE SYSTEMS AT CREEPING FLOW FOR HIGH
PECLET NUMBERS CRANX-NICOLSON METHOD

INTEGER I,J,K,L,M,NN,N,NNN, NNNN

DIMENSTON DCDX(200),DCDY(200),5X1(200), SHL(200),
Ccl(100)

DIMENSION C(100),D{(100),P(100),0Q(100),R(100),v(100),
L1(100),L2{(100),L3(100),A1(100),B1{(100),Y(100),
155(100) , VETA (100) , VTHAI (100)

DIMENSION YX(100)

VECTOR VALUES INPUT=$F10.2,Fl0.1,F10.1,2¥B.5,415 *3
AA=1.

Cc(l)=1.

DCDX(1)=0.

READ FORMAT INPUT,YO,PE,B,Hl,H2,N,M,NN,NNNN
DD=AA*COSH. (Y0)

CC=DD* (.ABS. (TANH. (Y0)))

PRINT RESULTS YO, PE,B,DD

PRINT RESULTS NN,M,N,NNNN

PRINT RESULTS Hl,H2

=B*B*CC*CC/AA/AA
SUM=0.
THROUGH ADD2, FOR I=2,1,I.G. M*2 -1
c(J)=0.

DX=3.14159% (H1-1.)/(HL.P.N-1.)
D¥=(1.570795-0.0349)* (H2-1.)/(H2.P. (M-1)-1.)
Y (1)=Y0

THROUGH ONE,FOR J=2,1,J.G.M
YX(J)=DY* (H2.P. (J~-1)-1.)/(H2~-1.)

Y (J)=Y0*Cos. (YX(J))

CONTINUE

THROUGH ADDl, FOR J=1,1,J.G.M

Y (M+J) ==Y (M-J+1)

NNN:=M

EXECUTE SPHXULl. (Y0,CC,DD,N,HL,DX,SX1)
M=NNNN

THROUGH TWO, FOR I=1,1,I.G.N-1

X=DX* (HL.P.I-1)/ (H1-1)
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BB

BB3

BEBB
BBB

ADD
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DELX=DX*H1.P. (I-1)

WHENEVER C(M-5).G.0.00001

M=2*NNN

END OF CONDITIONAL

THROUGH TWOLl,FOR J=2,1,J.G.M-1

EXFECUTE VELTWO. (NN,ABS. (¥Y0),cc,¥Y(J),.X,VETA(JT),
VTHAI (J))

AL (J)=(COSH. (Y {J))-CO0S5. (X).P.2

Bl (J)={(COSH. (Y(J))-CO0S. (X)) * (PE/2.*CC/AA*VTHAI (J)/
DELX

Cl(J)={(COSH. (Y (J))~-C0s. (X)) * (PE/2.*CC/AA*VETA (J)) /2.
L1(T)=1./((¥(J+1) -y (J}) * (Y (T=1)-Y (T-~1))) ‘
L2 (3)=1./((Y(J+1) =Y (I))*(¥Y(JT )-Y(J-1)))
L3(T)=1./((¥(J+1)-v(3-1) ) * (¥ (J)-¥ (J-1)))
L55(J)=1./ (Y(J+1)-¥(J-1))

CONTINUE

WHENEVER I.E.l

THROUGH BB,FOR J=2,1,J.G.M-1
P(J)=2.%¥(AL(J3)*L3(J)+CL{JT)*L55(J))
Q(T)=2.%(-A1l(J)*L2 (JT)-KK/2.)
R(T)=2.*#(A1{J)*L1(JT)-CL(J)*L55(J))

CONTINUE

THROUGH BBB, FOR L=1,1,L.G. 400

THROUGH BBBB, FOR J=2,I,J.G.M-1

C(J)=(c(I-1)* P(J)+C(TJ+1)* R(J))/-Q(J)

WHENEVER C(J).L.O.

THROUGH BB3,FOR K=J,1,K.G.M

C(K)=0.

TRANSFER TO BBB

END OF CONDITIONAIL:

CONTINUE

VECTOR VALUES OUT=$S1,F7.5/515, 10F8.5/515, 10F8.5/515,
lor8.5/515,10815, 10F8.5/815, 10F8.5/515, 10F8.5/515,
10F8.5/815,10F8.5 *$

TRANSFER TO FAN

END OF CONDITIONAL

THROUGH ADD, FOR J=2,1,J.G.M-1
P(J)=A1(J)*L3 (J)+C1 (J) *L55 (J)

0 (T)==-A1(J) *12 (J)-B1(J) -KK/2.

R{(JT)=A1(JT)*IL1l (J)-Cl{J)*L55(J)

CONTINUE

WHENEVER I.E.2

TRANSFER TO CCl

OTHERWISE



cCcl

cc2

THREE

AAS

FIVE
AAG
SI1IX
FAN

TWO
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TRANSFER TO CC2

END OF CONDITIONAL

CONTINUE

THROUGH SIX,FOR 1=1,1,L.G.1000

CONTINUE

D(2)=-2.% P(2)+C(2)* (- 0(2)-2.%B1(2))-C(3)*RrR(2)
THROUGH THREE,FOR J=3,1,J.G.M-1

D(T)=C(I-1)}* (-P(I))+C(T)*(-Q (IT)-2.*B1L(J))-C(J+1)*
R (J)

EXECUTE SOLVE. (2,M-1,P:.Q,R,D,V)
DCDX(I)=(V(2)-C(2))/DELX

THROUGH FIVE,FOR J=2,1,J.G.M-1

WHENEVER V(J).G.l.

v{(J)=1.

END OF CONDITIONAL

WHENEVER C{J).G.V(J)

V(J)=C (J)

END OF CONDITIONAL

C(J)=V(J)

WHENEVER C(J) .L.O.

THROUGH AAS5,FOR K=J,1,K.G.M

C(K)=0.

TRANSFER TO AA6

END OF CONDITIONAL

CONTINUE

CONTINUE

PRINT FORMAT OUT, X,C(l}...C(M)

DCDY (I)=(C(2)~-1.}/(¥(2)}-¥ (1))

EXECUTE NSHL. (YO,AA,CC,X,DCDY(X),DCDX(I),SHL(I))
SUM=SUM+SHL(I)/2.*SIN. ( (SX1(I-1)+8X1(1))/2.)*
{(sX1(r)-sx1(x-1)) _

PRINT RESULTS X, SHL(I),SUM

CONTINUE

PRINT COMMENT $1$

TRANSFER TO START

END OF PROGRAM
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2. The active sphere placed behind the inert sphere

in the direction of flow (Yb<_0)

$COMPILE MAD, IBLDR

START

ADD2

ONE

ADD1

2...LOWER SPHERE
APPROXIMATED MASS TRANSFER RATES AROUND ONE SPHERE
IN TWO SPHERE SYSTEMS AT CREEPING FLOW FOR HIGH
PECLET NUMBERS CRANK-NICOLSON METHOD

INTEGER I,J,K,L,M,NN,N,NNN, NNNN

DIMENSION DCDX(200),DCDY (200),5X2 (200}, SHL(200),
Cl(100)

DIMENSION C(100),D(100),P(100),Q(100)R(100),Vv(100),
Ll1(100),L2(100),L3(100),A1(100),B1(100),Y (100},

L55 (100) , VETA (100) , VTHAI (100)

DIMENSION YX(100)

VECTOR VALUES INPUT=$F10.2,F10.1,Fl0.1,2F8.5, 415 *$
AA=1.

c(l)=1.

DCDX (1)=0.

READ FORMAT INPUT, YO,PE,B,Hl,H2,N,M, NN, NNNN
DD=AA*COSH. (YO0)

CC=DD* (.ABS. (TANH. (Y0)))

PRINT RESULTS YO, PE,B,DD

PRINT RESULTS NN,M,N, NNNN

PRINT RESULTS H1, H2

KK=B*B*CC*CC/AB/AA

SUM=0.

THROUGH ADD2, FOR I=2,1,I.G., M*2 -1

c(J)=0.

DX=3.14159* (H1-1.)/{(HL.P.N.-1.)
DY=(1.570795-0.0349) % (H2-1.)/(H2.P. (M-1)~1.)

Y (1)=Y0

THROUGH ONE, FOR J=2,1,J.G.M
YX(J)=D¥* (H2.P. (J-1)-1.)}/(H2-1.)

Y (J)=Y0*C05. (YX(J))

CONTINUE

THROUGH ADDLl, FOR J=1,1,J.G.M
Y (M+J)=-Y (M~J+1)

M=NNNN

THROUGH TWO, FOR I=1,1,I.G.N-1
X=3.14159-DX* (H1.P.I-1.)/(HL-1
DELX=-DX*H1l.P. (I-1)

WHENEVER C(M-5).L.0.00001

.)
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M=M-1
END OF CONDITIONAL
WHENEVER C(M-5).G.0.00001
M=M+1
END OF CONDITIONAL
WHENEVER M.G.2*NNN
M=2%NNN
END OF CONDITIONAL
THROUGH TWOl,FOR J=2,1,J.G.M-1
EXECUTE VELTWO. (NN, .ABS. (¥0) ,CC,Y(J),X,VETA(J),
1 VTHAI (J))
Bl (J)=(COSH. (Y {J))-COS. (X)) * (PE/2.*CC/AA*VTHAI(JT) )/
1 DELX
C1l(J)=(COSH. (Y (J))-COS. (X)) * (PE/2.%CC/BAA*VETA(T) )} /2.
LL{T)=1./((Y(T+1)-Y (J}) * (Y (T+1) ~¥Y (T-1)))
L2 (3)=1./((Y(T+1)-¥ (D) y* (¥ (T )-¥(J-1}))
L3(3)=1./((¥(J+1)~¥ (J-1) ) * (¥ (T) ~¥ (T-1)))
L55(J)=1./ (Y (J+1)~-Y(J-1))
TWOLl CONTINUE
WHENEVER I.E.l
THROUGH BB,FOR J=2,1,J.G.M-1
P(J)=2.%(AL(J)*L3 (J)+CL(J)*L55(J))
Q(I)=2.%(-AL{J)*L2 (J)-KK/2.)
R(J)=2.*%(AL(T)*L1L(J)-Cl(F)*L55(J))
BB CONTINUE
THROUGH BBB, FOR L=1,1,L.G. 400
THROUGH BBBB, FOR J=2,1,J.G.M-1
c(J)={(c(J-1)* P(J)+C(TJ+1)* R(J))/-Q(J)
WHENEVER C(J).L.0O.
THROUGH BB3,FOR K=J,1,K.G.M

BB3 Cc(K)=0.

TRANSFER TO BBB
BBBB END OF CONDITIONAL
BBB CONTINUE

VECTOR VALUES OUT=$S1l,F7.5/S815, 10F8.5/515, 10F8.5/S15,
1 lor8.5/815,10F8.5/815,10F8.5/515, 10F8.5/815,
10F8.5/515,10F8.5/515, 10F8.5 *§
TRANSFER TO FAN
END OF CONDITIONAL
THROUGH ADD, FOR J=2,1,J.G.M-1
P(J)=AL1(J)*L3 (J)+CL(J)*L55(J)
Q(J)=-21(J)*L2(J)-B1(J)-KK/2.
R(J)=A1 (J)*L1(J)-C1 (JF)*L55(J)

N
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CONTINUE

WHENEVER I.E.2

TRANSFER TO CCl

OTHERWISE

TRANSFER TO CC2

END OF CONDITIONAL

CONTINUE

THROUGH SIX, FOR L=1,1,L.G.1000

CONTINUE

D(2)=-2.% P(2)4C(2)}* (-Q0(2)-2.%B1(2))-C(3)*R(2)
THROUGH THREE, FOR J=3,1,J.G.M-1
D(T)=C(T-1)* (- P(I))+C(T)*(-Q (JT)-2.%¥BL(J))-C(T+1)
*#R (J)

EXECUTE SOLVE. (2,M-1,P,Q,R,D,V)
DCDX(I)=(v(2)-C(2))/DELX

THRQUGH FIVE, FOR J=2,1,J3.G.M-1

WHENEVER V(J).G.l.

v{g)=1.

END OF CONDITIONAL

C(J)=V{(J)

WHENEVER C (J) ,L.0.

THROUGH AAS5,FOR K=J,1,K.G.M

Cc(K)=0.

TRANSFER TO AA6

END OF CONDITIONAL

CONTINUE

CONTINUE

PRINT FORMAT OUT, X,C(1l)...C(M)

DCRY (I)=(Cc(2)-1.)/(¥(2)-¥(1)) .
EXECUTE NSH2. (YO0,AA,CC,X,DCDY(I),DCDX(I),SHL(I))
SUM=SUM+SHL (I)/2.*SIN. ( (8X2 (I-1)+SX2(I))/2.)*
(sx2(1)-sx2(1~-1))

PRINT RESULTS X,SHL(I),SUM

- CONTINUE

PRINT COMMENT $1$
TRANSFER TO START
END OF PROGRAM
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C. Data Analysis of the experimental work

The program has been written with the following input
data required: run number (as RUNNO) run time in hours (as
DELT), total weight loss in grams (as DELW), average run
temperature in °c (as TAVGS), diffusivity in inz/hr (as DIFCO),
unit driving force in gm/gm of solution (as CSTAR), Schmidt
number, dimensionless, (as SC), f£luid density in lb/ft3 (as
RHOFLU) and bulk stream concentration in moles/liters (as CBM).
The initial and finial radii profiles must also be read in
as data.

The output gives the computed results of the local
Sherwood number, the overall Sherwood numbers based on both
weight loss and on integration of the local Sherwood number,
the calculated density of the solute, the Reynold number,

3 : .
S Y : NP 1/3 and the concentration ra-

(=] C e

Peclet number, NR %'N

tio .
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Program for data analysis; experimental work

$COMPILE MAD

DIMENSION R1(40),R2(40),sS1(40),82(40),C1(40),c2(40),
THETA (40) , DR1R2 (40) , PDR(40) , SIMSUM{20) , S2MSUM(20) ,
C1MSUM (20) ,C2MSUM(20) ,S1ESUM(20),S2ESUM(20),
CIESUM(20),C2ESUM(20) ,AREALL{40) ,AREA2L(40),
AREALA (40) , VOLMLL (40) , VOLM2L (40) , DVOLML (40)
DIMENSION SHLVOL (40),SHL(20),R12AVG (40)
VECTOR VALUES CHEN=$14F5.4/14F5.4/9F5.4/14F5.4/
1 14F5.4/9F5.4 *3 _
VECTOR VALUES WUCHI=$13,F4.1,F5.4,F4.3,F5.1,1I4,F6.5,
1 F6.5,5.4,F6.2,F6.4 *5§
INTEGER I,RUNNO,SC
REFER=0.4684
RHOSOL=1.266%62.43
MTBA=122.12
THROUGH %Z%Z, FOR I=1,1,I.G.37
%27 THETA (L)=3.14159/18% (1~1)
START READ FORMAT WUCHI,RUNNO,DELT,DELW,G,TAVGS,SC,DIFCO,
1 CSTAR,MUFLU,RHOFLU,CEM
CBMCAQ=CBM/CSTAR*MTBA/1000.
VSUBS = ({1.99*%G)/(61.27))
READ FORMAT CHEN,RL(l)...R1(37),R2(l)...R2(37)
- e e . LOCAL VALUES
THROUGH AAA, FOR I=1,1,I.G.37
R1(I)=R1l (I)-REFER
R2 (I)=R2 (I) -REFER
S1(I)=.ABS. (R1(I).P.2%SIN. (THETA(I)))
S2(I)=.ABS. (R2(I).P.2*SIN. (THETA(I)))
))
))

B W

Cl(1)=.aBS.(R1(I).P.3*SIN. (THETA(I)
Cc2(1)=.ABS. (R2(I).P.3%SIN. (THETA(I)
DR1R2 (I)=R1(I)-R2(I)
PDR{I)=DR1R2(I)/R1(I)*100.
R12AVG(I)=(R1(I)+R2(I))/2.

AAA CONTINUE

- e e . SECTOR
H=3.14159/9./2.

.« e e . PARTIAL SUM
S1MSUM (0)=0.
S2MSUM (0) =0.
C2MSUM(0)=0.
C1MSUM(0)=0.
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S1ESUM(0)=0.

S2ESUM(0)=0.

ClESUM(0)=0.

C2ESUM(0)=0.

THROUGH BBB, FOR I=1,1,I.G.18

SIMSUM(I)=81MSUM(I-1)+4%g8l(2*1I)

S2MSUM (I)=82MSUM(I-1)+4%S2 (2%I)

ClMSUM{I)=C1IMSUM(I-1)+4*C1l (2*I)

C2MSUM (I)=C2MSUM(I-1)+4*C2 (2%I)

S1ESUM(I}=S1ESUM(TI-1)+2%S1(2%I~1)

S2ESUM(I)=S2ESUM(I-1)+2%82 (2*I-1)

ClESUM(I)=ClESUM (I-1)+2*Cl (2*I-1)

C2ESUM(I)=C2ESUM(I~-1)+2*%C2 (2%I-1)

CONTINUE '

S1SUM=S1MSUM(18)+S1ESUM(18)-81(1)+S1(37)

S28UM=S2MSUM(18) +S2ESUM(18)-82 (1) +82 (37)

ClSUM=CIMSUM (18)+ClESUM{18)-Cl(1)+C1(37)

C2SUM=C2MSUM (18) +C2ESUM (18) -C2 (1) +Cc2 (37)

TOTAL AREA AND VOLUME _

AREA1T=2.%3,14159%H/3.%S1SUM/2.

AREA2T=2.%3,14159%H/3,*S825UM/2.

VOIM1P=2,%*3,14159%H/3.%#C1lSUM/2./3.

VOLM2T=2.%3,14159%H/3.%C25UM/2./3.

RSAR2=SQRT. (AREAZ2T /4./3.14159 )

RSAR1=8SQRT. (AREALT /4./3.14159 )

AVERAGE AND DIFFERENCE

RSAR12=(RSAR1+RSAR2) /2.

AREATA= (AREA1T+AREA2T) /2.

DVOLMT=VOILM1T-VOLM2T

DIMRSA=RSARL-RSAR2

DRSARP=DIMRSA/RSARL*100.

LOCAL ARFA AND VOLUME

AREALL(l)=2.%3,.14159%H/3.% (S1(36}+4.%S1(1)+S1(2))

AREA2L, (1)=2.%3,14159%H/3.%* (52 (36)+4.%82 (L) +52(2))

VOIMIL(1)=2.%3,14159%H/3.% (CL(36)}+4.*CL(1l)+C1(2})/3.

VOLM2L(1)=2.%3,14159%H/3.*(C2(36)+4.*C2 (L)+C2(2)) /3.

THROUGH CCC, FOR I=2,1,I.G.36

AREALL(I)=2.%3,14159%H/3.%(SL(I-1)+4.%¥S1(I)+S1(I+1))

AREAZ2L(I}=2.%3.14159%H/3.% (S2(I-1)+4.%82 (I)+S2 (I+1))

VOIMLL (I)=2.%3,14159%H/3.% (CL(I-1)+4.*Cl(I}+Cl(I+1))
1 /3.

VOIM2L(I)=2.%3.14159%H/3.* (C2(I-1)+4.*C2 (I)+C2(T+1))
1l /3.
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cce CONTINUE
e e e . PARAMETERS...RE,PE,PE.P. (1/3),PE.P. (1/3) *RE.P. (1/6)
: RE1l=2.%RSAR1/12.*VSUBS*RHOFLU/MUFLU/0.000672
RE2=2.%*RSAR2/12.*VSUBS*RHOFLU/MUFLU/0.000672
RE12A=(RE1+RE2) /2.
PE1=RE1*SC
PE2=RE2%SC
PE12A=RE12A%*SC
GAMMA=PE12A.P. (1./3.)
ALPHA=GAMMA*REL2A.P. (1./6.)
e e e AVERAGE AND DIFFERENCE
THROUGH WAKO, FOR I=1,1,I.G.36
ARFATA (I)=(AREALL(I)+AREAZL(I))/2.
DVOIML (I)=VOIMil (I)-VOLM2L(TI)
WAKO CONT INUE
e e . LOCAL SHERWOOD NUMBER
MF=1728./453.59
FACTOR=RHOSOL/DIFCO/DELT/RHOFLU/CSTAR
THROUGH EEE, FOR I=1,1,I.G.36
SHLVOL (I) =FACTOR*DVOIML (L) *2.%¥R12AVG (I) /AREALA (I)
EEE CONTINUE
SHL (1) =SHLVOL (1)
THROUGH FFF, FOR I=2,1,I.G.19
SHL(I)=(SHLVOL (1) +SHLVOL(38-I)}/2.
FFF CONT INUE
« e . . OVERALL SHERWOOD NUMBER BASED ON WEIGHT LOSS
SHOMAS=DELW/DELT,/DIFCO/RHOFLU/CSTAR/ (2.%3,14159%
1 RSAR12)*MF
e e . OVERALI, SHERWOOD NUMBER BASED ON VOLUME CHANGE
SHOVOL=DVOLMT*FACTOR/ (2 .*RSAR12#%3,14159)

« e . OVERALIL, SHERWOOD NUMBER BASED ON LOCAL SHERWOOD
. e . NUMBERS

SUM1=0.

sSuM2=0.

THROUGH GGG, FOR I=1,1,I.G.9
SUM1=SUM1+SHL(2*I-1)/2.%SIN, (P?HETA (2%¥I-1))
SUM2=SUM2+SHL(2*I)/2.%SIN. (THETA (2%I})
GGG CONTINUE
SHOINT=H/3.% (2.%SUM1+4.*SUM2)
e . . CHECK DENSITY
ROSCAL=DELW/DVOLMT*MF/62 .43
ROSBOK=RHOSOL/62.43
. e e . PERCENTAGE DIFFERENCE
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ROSPER= {ROSBOK~-ROSCAL) /ROSBOK*100.
SHODMV= (SHOMAS—SHOVOL) /SHOMAS#*100.
SHODMI= (SHOMAS-SHOINT)/SHOMAS*100.
PRINT RESULTS

PRINT RESULTS RUNNO,RSARL, RSAR2, ROSCAL,ROSPER,
SHODMV, SHODMI

PRINT RESULTS SHOMAS,SHOINT, SEOVOL
PRINT RESULTS REL2A,ALPHA,GAMMA,CBMCAO
PRINT RESULTS SHL{1l)...SHL(19)

PRINT COMMENT $1$

TRANSFER TO START

END OF PROGRAM
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D. Subroutines
SCOMPILE MAD, TBLDR

EXTERNAL FUNCTION (ALPHA,AA,CC,THAI,DCDE,DCDT,SH)

ENTRY TO NSHL.

EO=ALPHA

c=CC

X=THAT

Z=C*SINH. (EO) / (COSH. (E0)-CO0S. (X))

LO=C*SIN. (X) /(COSH. (EO)-CO0S. (X))

D=AA*COSH. (EO)

Al=1.+(D+C) * (Z2~D)

A2=1.+(D-C) * (2-D)

A3=(Z+4C) .P.2*LO*LO

Ad=(Z=C).P,2+L0O*LO

A5=1,+D* (Z-D)

DEDY=A1l/A3-A2/7A4

DTDY=-1./SIN. (X)*(2.*A5/SQRT,. (A3)/SQRT. (A4)-COS.
1 (X)*(Al/A3+4+Aa2/A4))

DCDY=DCDE*DEDY+DCDT*DTDY

SH=-2, *DCDY

RUNCTION RETURN

END OF FUNCTION

SCOMPILE MAD, IBLDR

EXTERNAL FUNCTION (ALPHA,BAA,CC,THAI,DCDE,DCDT,SH)

ENTRY TO NSH2.

EQ=ALPHA

C=CC

X=THAT

Z=C*SINH. (EO) /(COSH. (EQ)-C0S. (X))

LO=C*SIN. (X) /(COSH. (EQ)-COS. (X))

D=AA*COSH. (EO)

D=-D

Al=1.+(D+C) * (z-D)

A2=1.+(D~C)* (2~D)

A3=(Z+C).P.2+LO*L0O

Ad= (Z~C).P.2+L) *L)

A5=1.4+D* (Z-D)

DEDY=Al/A3-A2/A4

DTDY=-1/SIN. (X)*(2.*A5/SQRT. (A3) /SQRT. (Ad4)~COS.
1 (X)*(Al/A3+A2/04))

DCDY=DCDE*DEDY+DCDT*DTDY

SH=-2,*DCDY

FUNCTION RETURN

END OF FUNCTION
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$COMPILE MAD, IBLDR

EXTERNAL FUNCTION (ALPHA,CC,DD,N,Hl,DX,SX2)
ENTRY TO SPHXD2.
INTEGER I,N
SX2(0)=0.
Sx2(N)=3.14159
THROUGH ONE, FOR I=1,1,I.G.N-1
THAI=DX* (HL.P.T-1.)/(H1-1.)*(-1.)+3.14159
ZD=DD+CC*SINH. (ALPHA) /(COSH. (ALPHA)-COS. (THAI))
SX2(I)=ARCCOS. (ZD)
ONE CONTINUE
FUNCTION RETURN
END OF FUNCTION

$COMPILE MAD, IBLDR

EXTERNAL FUNCTION (N,ALPHA,CC,ETA,THAI,VETA,VTHAI)
INTEGER I,N
DIMENSION AN(100),CN(100),WN(100)},DW (100}
ENTRY TO VELTWO.
UWN=0.
UDW=0.
WDU=0.
X=CO0S. (THAT)
Y=SIN. (THAT)
XX=COSH. (ETA)
YY=SINH. (ETA}
Z=XX-X
Z1=SQRT. (Z)
Z2=1./Z1
EXECUTE PANCN. (N,ALPHA,CC,X,Y,AN,CN,WN,DW)
THROUGH ONE ,FOR I=1,1,I.G.N
DU=AN(I)*(1-0.5)*SINH. ((I-0.5)*ETA)+CN(I)*(I+1.5)
1 *SINH. ((I+1.5)*ETA)
UN=AN(TI)*COSH. ((I-0.5)*ETA)+CN(I)*COSH. { (I+1.5)*ETA)
=UWN+UN*WN{I)
WDU=WDU+DU*WN (I)
ONE UDW=UDW+UN*DW (I)
VTHAI=Y*YY/Z-Y/CC/CC¥* (=1.5*Z2*YY*UWN+Z1*WDU)
VETA= (X*XX-1.)/%2+1./CC/CC*}=1,5%Z2**YUWN+Z1*UDW)
FUNCTION RETURN
END OF FUNCTION



SCOMPILE MAD, IBLDR

EXTERNAL FUNCTION (A,B,N,F.)
INTEGER I,N

ENTRY TO SIMPS.

END=0.0Q

MID=0.0

DH=(B-4) /N

H=DH/2

X=A-DH

THROUGH AAA, FOR I=1,1,I.G.N.
X=X+DH

END=END+F. (X)

MID=MID+F. (X+H)
SUM=(2.0*END+4.0*MID -~ F, (A) + F. (B))Y*H/3.
FUNCTION RETURN

END OF FUNCTION

SCOMPILE MAD,IBLDR

BBB

EXTERNAL FUNCTION (M,N,A,B,C,D,V)
INTEGER I,M,N

DIMENSION ALl (100),A2(100)

ENTRY TO SOLVE.

Al (M) =B (M}

A2 (M)=D (M)} /Al (M)

THROUGH AAA, FOR I=M+1,1,I.G.N-
Al(I)=B(I)-A(I)*C(T-1)/A(I-1)
A2(I)=(D(I}-A(I)*A2(I-1))/Al1(TI)
V(N)=A2(N)

THROUGH BBB,FOR I=N-1,-1,I.L.M
V(I)=A2{I)~-C(I)}*V(I+1)/AL(T)
FUNCTION RETURN

END OF FUNCTION

SCOMPILE MAD, IBLDR

EXTERNAL FUNCTION (X)

ENTRY TO F.

FUNCTION RETURN (SIN.(X)).P.9.5
END OF FUNCTION

244



245

$COMPTLE MAD, IBLDR

EXTERNAL FUNCTION (N,ALPHA,CC,S,Y,AN,CN,VTHAI,DTHAT)
DIMENSION P (100)
ENTRY TO PANCN.
X=5
INTEGER I,N
P{0O)=1,
P(l)=Xx
WHENEVER X.E.1l.
THROUGH AAA,FOR I=1,1,TI.G.N+1
AAA P(I+l)=1.
TRANFER TO TWO
END OF CONDITIONAL
WHENEVER X.E.-1.
THROUGH BBB,FOR I=2,1,I.G.N+2
WHEENEVER I*2/2.E.1
P(T)=1.
OTHERWISE .
P(I})=-1.
BBB END OF CONDITIONAL
TRANSFER TO TWO
END OF CONDITIONAL
WHENEVER N.G.1
THROUGH ONE,FOR I=1,1,TI.G.N+l

ONE P(I+1)=((2.*I+1)*X*P(I)-I*P{I-1))/(I+1)
END OF CONDITIONAL
TWO CONTINUE

THROUGH FOUR,FOR I=1,1,I.G.N
VTHATI(I)=(P(I-1)-P(I+1))/¥Y/Y
DTHAI(I)=(I*{P(I)-X*P(I-I1))+(I+2)*(X*P(I+1)-P(I+2)))
1 /¥v/y

FOUR CONTINUE
THROUGH THREE,FOR I=1,1,I.G.N
K=CC*QC*T (I+1.) /(SQORT. (2. )*(2.%I-1.)* (2, *I4+)l,)*(2,.*I+3.))
Al=2_*T+1. _
A2=2,%(1.~EXP. (-A1*ALPHA))
A3=2,*SINH, (Al*ALPHA) +A1*SINH. (2. *ALPHA)
AN(I)=- (Al*ALPHA)-+Al1*SINH, (2. *ALPHA)~1.)) /A3

THREE CN{I)={(Al-2,)*K* (A2+Al*(1.-EXP. (-2. *ALPHA) ) ) /A3
FUNCTION RETURN
END OF FUNCTION
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SCOMPILE MAD, IBLDR

ONE

EXTERNAL FUNCTION (ALPHA,CC,DD,N,Hl,DX,SX1)
ENTRY TO SPHXUL. ’
INTEGER I,N

SX1(0)=00 :

SX1(N)=3.14159

THROUGH ONE, FOR I=1,1,I.G.N-1

THAI=DX* (H1.P.I-1.)/(H.-1.)
ZD=-DD+CC*SINH. (ALPHA) /COSH. (ALPHA) -COS. (THAI) )
SX1(1)=ARCCOS. {(ZD)

CONTINUE

FUNCTION RETURN

END OF FUNCTION
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Appendix K. List of Experimental Data

The results of experimental work are obtained from a
computer program written to process the experiment data. All
necessary integrations are performed numerically using Simpson's
method. The method of data analysis is presented in detail
in Appendix H. The corresponding computer program is also
given in Appendix J. All the input data and results are pre;
sented here in Tables K-1, K-2, and K-3.

The run numbers indicate the value of the concentration
ratio as well as the series number, and are given in general
form as IJK. Here I represents the value of the concentration
ratio of the reagent to solute, ¥, and J represents the series
number (see Figure 38) of the run. For a single sphere system,
J =1; for series II, J = 5; series IIIL, J = 6; series IV,

Jg = 7; series Vv, J = 8; series VI,J = 2; series VII, J = 3;
series VIII, J = 4. The value of K is just a sequence number

index.
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TABLE K-1l: Experimental results; comparison of the calcul-
ated values of the density of benzoic acid with the book
values {1l.266 gm/cﬁ) and comparison between the overall
Sherwood number based on weight loss and that cbtained

from an intergration of the local values over the sphere

surface
run % dimi~ calculated % differ- NShO NSho % dif-
number nution density, ence in on inte- ference
‘s {(gm/cm’) density weight gration in NSho
111 2.824 1.358 -7.263 63,42 59.29 6.512
112 4.838 1.242 1...2 58.72 606.16 -2.451
113 4.633 1.107 12,530 36.95 42.21 -14.225
114 2.933 1.358 -7.289 53.60 49.54 1577
115 3.305 l1.288 ~-1.718 48.58 48,25 0.662
1lls 4,404 1.345 -6 .247 40,17 37.87 5.725
117 3.044 1.280 -1.131 44.54 44.04 1.131
121 5.090 1.261 0.360 62,51 62.24 0.432
122 4,355 1.374 -8.508 40.32 37.33 7.416
123 3.025 1.304 -3.005 56.59 54,92 2.943
125 4.064 1.253 0.989 54.06 34.68 -1.150
126 4.844 1.304 -3.038 52.81 51.10 3.236
127 3.83% 1.312 ~3.602 46 .44 44.71 3.732
128 4,142 1.227 3.087 45,35 46.19 -=1.858
131 8,243 1.147 9.387 58.30 64.53 ~-10.675
132 4,596 1.163 8.158 52.57 57.192 -8.792
133 5.142 1.135 10.346 50.46 56.19 -11.356
134 4,766 1.180 6.765 39.66 42.52 -7.232
135 3,973 1.137 10.171 47.82 53.17 -11.193
136 4.677 1.120 11.524 46.51 52,58 -13.047
141 5.338 l.128 10.890 40.90 45.79 -11.963
143 5.045 1.174 7.239 51.10 55.00 ~7.617
145 ©.123 1.168 7.744 56.67 61.52 -8.558
146 5.873 1.232 2.660 43.70 45,50 ~4.123
151 2.907 1.299 ~2.597 44 .25 43.26 2.238
152 2.863 1.298 -2.550 42,79 42,12 1.566
153 4.859 1.225 3.219 38.30 39.63 ~3.458
154 3.321 1.245 1.665 40.30 40.72 -1.065
161 3.884 1.080 14.657 48.21 56.31 -16.801
162 5.029 1.287 -1.627 38.80 37.93 2.243
163 3.425 1.296 ~2.363 44,17 42,98 2.681
164 4.466 1.319 -4.176 40.95 39.27 4.106

171 7.029 1.14¢9 9.204 45.36 49.85 -9.894
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TABLE K-1, cont'd:
fg % di Nsh Nsh .
run % dimi-~ calculated % differ- o o) % Aif-

number hution density ence in on inte- ference
fs (gm/cm ) density weight gration in NShO

172 4.099 1.226 3.192 45.22 46.59 -3.013
173 4.876 1.267 -0.043 39.45 39.36 0.243
174 11.560 1.182 6.632 40.24 43.23 -7.432
182 4.301 1.272 -0.438 37.84 37.46 0.994
183 3.379 1.222 3.458 48.59 49.76 -2.405
184 3.530 1.298 -2.538 45.00 43.82 2.621
185 3.567 1.318 -4.096 40.79 38.98 4.417
191 3.467 1l.182 6.668 47.66 50.94 -6.900
192 3.620 1.270 ~-0.330 44.73 44.95 -0.477
153 4.145 1.248 1.397 36.76 37.10 -0.922
194 4.675 1.275 -0.740 45.69 45.32 0.791
212 8.679 1.225 3.216 488.73 504.89 -3.306
213 6.380 1.219 3.681 434.57 451.74 -3.951
214 6.004 1.247 1.508 418.19 424.58 -~1.529
215 5.603 1.209 4.482 378.73 395,05 ~-4.309
216 6.039 1.238 2.198 457.46 469.12 -2.550
311 4.428 1.229 2.930 372.00 382.49 -2.819
312 4.089 1.185 6.434 333.19 356.27 -6.926
313 3.551 1.326 -4.734 317.04 302.36 4.628
314 3.280 1.281 -1.172 289.56 287.57 0.686
411 3.193 1.238 2.178 267.13 272.64 ~2.064
412 3.145 1.217 3.837 219.80 229.29 -4.316
413 4.138 1.209 4.538 171.92 180.25 -4.845
511 4.361 1.207 4.682 147.83 155.34 =5,082
512 3.409 1.268 -0.185 148.31 149.48 -0.793
513 3.713 1.190 6.005 149.86 159.62 -6.511
514 3.762 1.251 1.192 145.82 147.82 -1.374
611 3.218 1.190 5.998 136.38 145.63 =-6.785
612 3.299 1.226 3.131 130.34 135.35 -3.83¢9
613 3.325 1,201 5.127 113.53 119.86 -5.583
614 3.357 1.184 6.490 118.95 126.84 -6.633
711 3.144 1.227 3.084 114.76 118.70 -3.428
712 3.119 1.250 1.263 116.06 118.57 -2.165
221 6.546 1.248 1.437 369.49 375.80 -1.708
222 6.701 1.213 4.197 456.47 477.55 -4.619
223 5.567 1.214 4.106 419.25 437.19 -4.278
224 4,615 1.211 4.348 383.59 401.30 -4.615
251 5.940 1.273 ~0.562 393.92 391.34 0.656
252 5.802 1.202 5.095 377.26 397.59 <~5.391

253 4.3900 1.196 5.502 362.83 385.83 -6.339
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TABLE K-1l, cont'd:

run % dimi- calculated % differ- NSho NSho % dif- -
number nution density, ence in on inte- ference
fs (gm/cm ) density weight gration in NSho

421 5.369 1.227 3.094 219.05 226.14 - -3.238
422 4,915 1.267 ~-0.056 200.70 202.51 -0.904
423 4,441 1.279 -1.061 181.88 179.78 1.158
451 6,213 1.146 9.487 192.20 213.95 -11.318
452 4.558 1.120 11.544 175.06 198.29 ~13.268

Average percentage difference in density = 4.43%

Average percentage difference in NShO 4.73%
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TABLE K-2: Experimental results, overall Sherwood number and
enhancement factor -

run 1/3 /3. % -
number ¥ NPe NSc NRe NSho ?
111 0.000 37.75 73.84 63.42 -
112 0.000 35,11 66 .84 58,72 -
113 0.000 20.07 28.62 36.95 -
114 0.000 34.55 64.77 53.60 -
115 0.000 32.42 58.77 48.58 -
116 0.000 25.48 41 .46 40.17 -
117 0.000 29.61 51.39 44 .54 -
121 0,000 37.10 72.14 62.51 -
122 0.000 22.12 33.20 40.32 -~
123 0.000 36.04 69.06 56.59 -
125 0.000 34.05 63.25 54,06 -~
126 0.000 32.18 58.26 52.81 -
127 0.000 29.58 51.37 46.44 -
128 0.000 27.29 45,52 45.35 -
131 0.000 37.07 72.04 58.30 =~
132 0.000 36.06 69.13 52.57 -~
133 0.000 33.71 62.47 50.46 -
134 0.000 21.79 32.48 39.66 -
135 0.000 32.13 58.00 47.82 -~
136 0.000 30.12 52,76 46.51 -
141 0.000 23.38 36.08 40.90 -
143 0.000 33.10 60.73 51.10 -
145 0.000 36.81 71.29 56.67 -
146 0.000 29.23 50.32 43.70 -
151 0.000 37.48 72.92 44 .25 -
152 0.000 33.67 62,30 42.79 -
153 0.000 23.59 36.54 38.30 -
154 0.000 28.85 49.51 40,30 -~
161 0.000 37.14 72.19 48.21 -
12 0.000 23.67 36.73 38.80 -
163 0.000 37.29 72.77 44.17 -
164 0.000 28.99 49,83 40,95 -
171 0.000 37.22 72.69 45.36 -
172 0.000 _ 33.49 61.93 45.22 -~
173 0.000 23.601 36.52 39.45 -
174 0.000 28.84 49 .44 40.24 -~
182 0.000 23,92 37.25 37.84 -
183 0.000 37.28 72.34 48.59 -~

184 0.000 33.82 62.62 45.00 -



TABLE K-2,

run
number

185
191
192
123
194
212
213
214
215
216
311
312
313
314
411
412
413
511
512
513
514
611
612
613
614
711
712
221
222
223
224
251
252
253
421
422
423
451
452
453

252

PRSI -
Cconw

W

1/3 1/3

¥ NPe NSC NRe NSho +
0.000 29.30 - 50.40 40.72 -
0.0060 37.20 72.11 47.66 -
0.000 33.92 62.89 44.73 -~
0.000 23.71 36.75 36.76 -
0.000 30.02 52.37 45.69 -
3.243 36.54 70.50 488.73 8.12
3.224 33.14 60.94 434.57 8.50
3.224 28.67 49.05 418.19 9.40
3.224 23.49 36.38 378.73 9.80
3.224 36.50 70.34 457 .46 7.60
2.446 37.24 72.37 372.00 6.00
2,439 33.67 62.30 333.19 6.26
2,432 28.80 49.38 317.04 7.20
2.446 23.56 36.40 289.56 7.40
1.517 37.21 72.53 267.13 4.30
1.526 33.50 61.73 219.80 4.16
1.521 23.50 36.33 171.92 4.46
0.903 36.88 71.44 147.83 2.43
0.903 37.09 72.04 148.31 2.40
0.903 37.18 72.30 149.86 2.40
0.903 36.56 70.50 145.82 2.40
0.806 37.10 72.09 136.38 2.20
0.806 33.59 62.09 130.34 2.55
0.806 28.93 49.62 113.53 2.55
0.8066 31.06 55,21 118.95 2.50
0.726 33.27 61.20 114.76 2.21
0.726 34.17 63.69 "116.06 2.19
3.243 22.50 34.08 369.49 9.05
3.243 36.72 71.04 456.47 8.50
3.253 33.63 62.09 419.25 8.00
3.243 28.63 48.89 383.59 8.13
3.234 36.97 71.70 393.92 8.90
3.234 33.65 62.26 377.26 8.90
3.234 29.12 50,12 362.83 8.90
1.521 37.11 72.0¢ 219.05 3.80
1.521 33.37 61.47 200.70 3.80
l.521 29.21 50.34 181.88 3.80
1.521 36.84 71.30 192.20 4.32
1.521 28.91 49.57 175.06 4.30
1.521 33.69 62.11 179.22 4.25
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TABLE K-3:
run y
#

111 0.000
112 0.000
113 0.000
114 0.000
-115 0.000
1lle 0,000
117 0,000
121 0.000
122 0.000
123 0.000
125 0.000
126 0.000
127 0.000
128 0.000
131 0.000
132 0.0060
133 0.000
134 0.000
135 0.000
136 0,000
141 0.000
143 0.000
145 0.000
146 0.000
151 0.000
152 0.000
153 0.000
154 0.000
l61 0.000
l62 0.000
163 0.000
164 0.000
171 0.000
172 0.000
173 0.000
174 0.000
182 0.000
183 0.000

0.000

Experimental
run flow
temp. rate,
C GPM
25.2 0.403
26.1 0.347
25.3 0.061
25.5 0.312
25.3 0.255
26.5 0.131
25.5 0.1l96
25.4 0.392
25.4 0.083
25.4 0.350
25.3 0.296
25.4 0.255
25.4 0.197
25.4 0.152
25.4 0.390
25.4 0.352
25,4 0.288
25.4 0,078
25.3 0.250
25.4 0.205
25.4 0,098
25.5 0.276
25.4 0.385
25.3 0.189
25.1 0.38¢9
25.5 0.286
25.5 0,098
25.6 0.183
25.5 0.387
25.5 0.101
25.6 0.388
25.4 0.184
25.7 0.397
25.6 0.288
25.3 0.098
25.4 0.187
25.3 0.103
25.1 0.387
25.3 0.291

data

run
time,
hr.

4,20
8.00
9.50
5.10
6.00
9.50
6.00
7.00
10.00
5.00
6.50
8.20
7.50
8.00
11.20
7.20
8.20
10.00
6.50
8.00
10.00
7.90
8.50
11.20
6.00
6.00
11,00
7.00
6.00
11.40
7.10
10.10
12.10
7.50
11.00
23.10
10.00
5.90
7.00

weight
loss,
gm.

0.1204
0.1700
0.1571
0.1235

0.1316

0.1806
0.1210
0.1956
0.1803
0.1298
0.1583
0.1941
0.1571
0.1665
0.2926
0.1730
0.1888
0.1806
0.1394
0.1701
0.1829
0.1813
0.2141
0.2186
0.1194
0.1171
0.1929
0.1287
0.1309
0.1985
0.1458
0.1879
0.2536
0.1539
0.1969
0.4091
0.1699
0.1275
0.1415

r1,sar,
inches

0.2508
0.2443
0.2499
0.2489
0.2504
0.2500
0.2496
0.2497
0.2489
0.2536
0.2508
0.2501
0.2503
0.2551
0.2544
0.2547
0.2550
0.2540
0.2496
0.2548
0.2501
0.2501
0.2496
0.2510
0.2518
0.2512
0.2547
0.2497
0.2505
0.2499
0.2546
0.2530
0.2541
0.2493
0.2536
0.2543
0.2503
0.2496
0.2494

rF, saxy.,

inches

0.2437
0.2325
0.2383
0.2416
0.2421
0.2390
0.2420
0.2370
0.2380
0.2459
0.2406
0.2380
0.240G7
0.2446
0.2335
0.2430
0.2419
0.2419
0.,2397
0.2429
0.2368
0.2374
0.2343
0.2362
0.2444
0.2440
0.2423
0.2414
0.2408
0.2373
0.2458
0.2417
0.2362
0.2391
0.2413
0.2249
0.2395
0.2412
0.2406

253

Re

56-0
47 .6
8.4
43.4
25.5
18.6
27.3
54.0
11.4
49.5
41.1
35.3
27.4
21.5
53.9
49.6
40.5
11.0
34.6
28.9
13.5
38.2
52.8
26.0
54.3
40.2
13.8
25.5
53.9
14.0
55.2
25.8
55.5
40.0
13.7
25.4
14.3
53.4
40.3

63.42
58.72
36.95
53.60
48.58
40.17
44,54
62.51
40.32
56.59
54.06
52.81
46 .44
45.35
58.30
52.57
50.46
39.66
47.82
46.51
40.00
51.10
56.67
43.70
44.25
42.79
38.30
40.30
48.21
38.80
44.17
40.95
45,36
45.22
39.45
40.24
37.84
48.59
45.00
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TABLE K-3,
run
4 Y

185 0.000
191 0.000
192 0.000C
193 0.000
194 0.000
. 212 3.243
213 3.224
214 3.224
215 3.224
216 0.234
311 2.446
312 2.439
313 2.432
314 2.446
411 1.517
412 1.526
413 1.521
511 0.903
512 0.903
513 0.903
514 0.903
611 0.806
612 0.806
613 0.806
614 0.806
711 0.726
712 0.726
221 3.243
222 3.243
223 3,253
224 3.243
251 3.234
252 3.234
253 3.234
421 1.521
422 1.521
423 1.521
451 1.521
452 1.521

1.521

cont'd:

run
temp.

25,1
24.8
25.3
25.2
25.2
25.4
25.6
25.6
25.6
25.5
25.3
25.5
25.6
25.3
25.6
25.3
25.5
25.5
25.5
25.5
25.5
25.5
25.5
25.5
25.5
25.5
25.5
25.4
25.4
25.2
25.4
25.5
25.5
25.5
25.5
25.5
25.5
25.5
25.5
25.0

flow
rate,
GPM

0.187
0.387
0.294
0.101
0.205
0.375
0.281
0.182
0.100
0.373
0.390
0.288
0.183
0.098
0.393
0.282
0.098
0.375
0.384
0.381
0.370
0.378
0.281
0.183
0.226
0.278
0.301
0.088
0.383
0.290
0.179
0.387
0.286
0.188
0.384
0.283
0.186
0.382
0.183
0.286

run
time,
hr.

8.10
6.00
7.00
2.70
9.00
1.50
1.20
1.20
1.20
1.10
1.00
1.00
1.00
1.00
1.00
1.20
2.00
2.50
2.00
2.10
2.20
2.00
2.20
2.40
2.30
2.30
2.30
1.50
1.20
1.10
1.00
1.30
1.30
1.10
2.10
2.10
2.20
2.50
2.00
1.90

weight
loss,

m.

0.1476
0.1268
0.1404
0.1593
0.1838
0.3272
0.2348
0.2260
0.2049
0.2243
0.1665
0.1509
0.1439
0.1305
0.1218
0.1188
0.1556
0.1690
0.1347
0.1451
0.1448
0.1260
0.1322
0.1232
0.1240
0.1195
0.1209
0.2463
0.2430
0.2048
0.1725
0.2286
0.2234
0.1792
0.2092
0.1891
0.1832
0.2149
0.1580
0.1534

rI,sar,
inches

0,.2510
0.2498
0.2490
0.2496
0.2504
0.2540
0.2503
0.249°
0.2496
0.2495
0.2496
0.2509
0.,2487
0.2499
0.2493
0.2496
0.2508
0.2537
0.2508
0.2550
0.2497
0.2548
0.2544
0.249%6
0.2502
0.2497
0.2497
0.2501
0.2499
0.249¢%
0.2506
0.2497
0.2546
0.2498
0.2537
0.2497
0.2541
0.2505
0.2507
0.2496

T
F,sar,
inches

0.2420
0.2411
0.2400
0.2392
0.2387
0.2320
0.2343
0.2349
0.2356
0.2344
0.2386
0.2407
0.2398
0.2417
0.2414
0.2417
0.2404
0.2427
0.2422
0.2455
0.2403
0.2466
0.,2460
0.2413
0.2418
0.2418
0.2419
0.2337
0.2331
0.2360
0.2390
0.2349
0.23992
0.2376
0.2400
0.2374
0.2429
0.2350
0.2392
0.2324

254

Re

25.9
53.1
40.6
13.9
28,2
51.6
38.7
25.1
13.8
51.2
53.8
40.2
25.4
13.6
54.8
39.2
13.7
52.8
53.7
54.1
51.4
53.8
39.9
25.5
31.5
38.8
42,0
12.1
52.4
39.6
24.8
53.2
40.1
26,0
53.8
39.1
26.2
52.6
25.4
39.2

Nsho

40.79
47 .66
44.73
36.76
45.69
488.73
434 .57
418.19
378.73
457.46
372.00
333.19
317.04
289,56
267.13
219.80
171.92
147.83
148.31
149.86
145.82
136.38
130.34
113.53
118.95
114.76
116.06
369.49
456 .47
419.25
383.59
393.92
377.26
362.83
219.05
200.70
181.88
192.20
175.06
179.22



VIII. LITERATURE CITED

l. Acrivos, A., Chem. Eng. Sci., 13, 57 (1960},
2. Acrivos, A., and Taylor, T.D., Phys. Fluids, 5, 387 (1962).
3. Aksel'rud, G.A., 2Zh. Fiz. Khim., 27, 1445 (1953).

4. Astarita, G., "Mass Transfer with Chemical Reaction®,
Elsevier Publishing Cc., New York (1967).

5. Baird, M.H.I. and Hamielec, A.E., Can. J. Chem. Eng., 40,
119 (1%962).

6. Bowman, C.W., Ward, D.M., Johnson, A.I., and Trass, 0.,
Can. J. Chem. Eng., 39, 9 (1961).

7. Breiman, L., Norman éfidge Laboratory, Calif, Tech.,
Rept. No. 2F-2 (1952}.

8. Brenner, H., Chem. Eng. Sci., 18, 109 (1963).

9. Carnahan, B., Luther, H.A., and Wilkes, J.0.; “applied
Numerical Methods,” Vol. I and II, Jchn Wiley and
Sons, New York (1964).

10. Danckwerts, P.V., and Kennedy, A.M., Chem. Eng. Sci.,
8, 201 (1958).

11. Van Dyke, M., "Perturbation Methods in Fluid Mechanics”,
Academic Press, New York (1964).

12. Pox, L., ed., "The Numerical Soluticn of Ordinary and
Partial Differential Equations®, Pergamon Press,
London (1962).

13. Frank-Kamenetskii, D.A., "Diffusion and Heat Exchange
in Chemical Kineties", Princeton University Press,
Princeton, N.J. (1955).

14, Friedlander, S.X., A.I.Ch.E.Journal, 3, 43 (1957).

15. PFriedlander, S.K., A.I.Ch.E.Journal, 7, 347 (1961).

16. Frisch, H.L., J. Chem. Phys., 22, 123 (1954).

17. Froessling, N., Gerlands Beitr. Geophys., 52, 170 (1938).

18. Froessling, N., Lunds Univ. Arsskr. N.F. AVD, 36, #4 (1940).
255



256

~19. Garner, F.H. and Grafton, R.W., Proc. Roy. Soc., A224,
64 (1954).

20. Garner, F.H. and Hoffman, J.M., A.I.Ch.E. Journal, 6,
579 (1960).

21. Garner, F.H. and Keey, R.B., Chem. Eng. Sci., 2, 119 (1958).

22, Garner, F.H. and Suckling, R.D., A.I.Ch.E. Journal, 4,
114 (1958).

23. Goddard, J.D. and Acrivos, A., Quart. J. Mech. and Appl.
Math., 20, 471 (1967).

24, Goldstein, S., ed., "Modern Developments in Fluid Dynamics”,
vol. I, Oxford Univ. Press (1938).

25, Grafton, R.W., Chem. Eng. Sci., 18, 457 (1963).
26. Gupta, A.S5. and Thodos, G., A.I.Ch.E, Journal, B, 608 '(1%962).
27. Gupta, A.S. and Thodos, G., A.I.Ch,E. Journal, 2, 751 (1963).
28. Happel, J., A.I.Ch.E. Journal, 4, 197 (1958).

29. Happel, J. and Brenner, H., “Low Reynolds Number Hydro-
dynamics”, Prentice-Hall, Englewocod Cliffs, W.J. (1965).

30. Hatta, S., Technol. Repts. Tohoku Imp. Univ., 8, 1 (1928-29).

31. Hamielec, A.E., Hoffman, T.W., and Ross, L.,I., A.I.Ch.E.
Journal, 13, 212 (1967).

32, Hamielec, A.E. and Johnson, A.I., Can. J. Chem. Eng.,
40, 41 (1962).

33. Hamielec, A.E., Johnson, A.I. and Houghton, W.T., A.I.Ch.E.
Journal, 13, 220 (1967).

34. Hamielec, A.E., Storey, S.H., and Whitehead, J.M., Can. J.
Chem. Eng., 41, 246 (1963).

35. Houghton, W.T., Ph.D. Thesis, McMaster University, Hamilton,
Ontario (1966).

36. Illingworth, C.R., J. Fluid Mech., 7, 442 (1960).
37. Jenson, V.G., Proc. Roy. Soc., A249, 346 (1959).

38. Johnson, A.I. and Akehata, T., Can. J. Chem. Eng., 43,
10 (1%965}).



257

39. Johnson, A.I., Hamielec, A.I., and Houghton, W.T.,
A.I.Ch.E. Journal, 13, 379 (1967).

40. Kawaguti, M., J. Phys. Soc. Japan, 8, 747 (1953).

41. Keey, R.B. and Glen, J.B., Can. J. Chem. Eng., 42,
227 (1964).

42, Kishinevsky, i1. Kh., J. Appl. Chem. U.S.S.R. (English
translation), 27, 415 (1954).

43. Kitaura, Y. and Tanaka, H., Kagaku Kagaku {Abridged ed.)
3, 56 (1965).

44, Kronig, R. and Bruijsten, J., Appl. Sci. Res. Sect A,
2, 439 (1951).

45, Lapidus, L., "Digital Computation for Chemical Engineers",
McGraw-Hill, New York (1962).

46. Leclair, B.P. and Hamielec, A.E.,'I & EC Fundamentals,
7, 542 (1968).
47. Levich, V.G., "Physicochemical Hydrodynamics®, Prentice-

Hall, Englewood Cliffs, N.J. (1962).

48. Linton, M. and Sutherland, X.L., Chem. Eng. Sci., 12,
214, (1960).

49, Litt, M., and Friedlander, S.K., A.I.Ch.E. Journal, 5,
482 (1959).

50. Lochiel, A.C. and Calderbank, P.H., Chem. Eng. Sci., 19,
' 471 (1964).

51. Marangozis, J. and Johnson, A.I., Can. J. Chem. Eng.,
"39,7152, (1961).

52, Marangozis, J. and Johnson, A.I., Can. J. Chem. Eng.,
40, 231 (1962).

53. MeConnachie, J.T.L., and Thodos, G., A.I.Ch.E. Journal,
9, 60, (1963).

54. Meyerink, E.S.C. and Friedlander, S.K., Chem. Eng. Sci.,
17, 121 (1962). :



55.

56.

57.

58.

59.

60.

6l.

62.

63.

64.

65.

66.

67.

e8.

69.

70.

71.

258
Nielson, A.E., J. phys. Chem., 65, 46 (1961).

Nijsing, R.A.T.0., Hendriksz, R.H. and Kramers, H.,
Chem. Eng. Sci., 10, 88 (1959}.

Ogiwara, J., Meteorological Society of Japan, 22,127 (1944).
Oseen, C.W., Ark. matematik Astr. Fys. Bd. 6, No. 29 (1910)

Peaceman, D.W., Sc. D. Thesis in Chem. Eng., Massachusetts
Inst. Technol. (1951).

Peltzman, A., Ph.D. Thesis, CUNY, New York, New York (1967).

Peltzman, A. and Pfeffer, R., Chem. Eng. Prog. Symposium
Series, 63, 49 (1967).

Perry, R.H., "Chemical Engineers' Handbook", 4th Ed.,
McGraw-Hill, New York, (1963).

Pfeffer, R., Ind. Eng. Chem. Fundamentals, 3, 380 (1964).

Pfeffer, R. and Happel, J., A.I.Ch.E. Journal, 10,605
(1964} .

Proudman, I. and Pearson, J.R.A., J. Fluid Mech. 2, 237
(1957) . ]

Rhodes, J. and Peebles, F.N., A.I.Ch.E. Journal, 11, 481
(1965).

Roberts, D, and Danckwerts, P.V., Chem. Eng. Sci., 17, 961
(1962).

Rowe, P.N, Claxton, K.T., and Lewis, J.B., Trans. Inst.
Chem. Engrs., 43, T14 (1965).

Ruckenstein, E., Chem. Eng. Seci., 19, 131 {(1964).

Rutland, L. and Pfeffer, R., A.I.Ch.E. Journal, 13, 182
(1967} .

Schliehting, H., "Boundary Layer Theory", McGraw-Hill,
New York (1955).



72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82,

83.

84.

85.

259

Sherwood, T.K. and Pigford, R.L., "Absorption and Extrac-
tion", 2nd ed., McGraw-Hill, New York (1952).

Sherwood, T.K. and Ryan, J.M. Chem. Eng. Sci., 11, 81
(1959).

Sherwood, T.K. and Wei, J.C. Ind. Eng. Chem., 48, 1030
(1957).

Steel, L.R. and Geankoplis, C.J. A.I.Ch.E. Journal, 5,
178 (1959).

Steinberger, R.L. and Treybal, R.E., A.I.Ch.E. Journal,
6, 227 (1960).

Stimson, M. and Jeffrey, G.B., Proc. Roy. Soc. (lLondon} ,
Al111l, 110 (1926).

Stokes, G.G.,Trans. Camb., Phil. Soc., 9, part 2i51 (1851).

Taneda, S., Rept. Res. Inst. Appl. Mech. (Japan), 4, 99
(1956).

Torobin, L.B., and Gauvin, W.H., Can. J. Chem. Eng., 37,
129 (1959).

Vassilatos, G., Trass, 0. and Johnson, A.L., Can. J. Chem.
Eng. 40. 210 (1962).

Ward, D.M., Trass, 0., and Johnson, A.I., Can. J. Chem.
Eng., 40, 164 (1962).

Woo, S.W. and Hamielec, A.E. to be published.

Yuge, T., Rept. Inst. High Sp. Mech., Tokoku Univ., 57,
143 (1956).

Yuge, T., Trans. A.S.M.E. Series C, 82, 214 (1960).



IX. PRESENTATION AND PUBLICATIONS

There are four papers and one presentation based on the
results of this study in various stages of completion. These
publications and presentation will be co-authored by the
author and Professor Robert Pfeffer

The first paper, entitled "Local and Overall Mass
Pransfer Rates around Solid Spheres with First Order
Homogeneous Chemical Reactions", has been accepted for
publication in I/EC Fundamentals.

The second paper, entitled "Mass Transfer Rates around
spherical particles with Rapid Homogeneous Chemical Reactions",
has been written and will shortly be submitted for publica-
tion.

The presentation, entitled "Mass Transfer Rates with
First Order Homogeneous Chemical Reaction around Two Spheres",
has been scheduled to be presented by the author at the 62nd
Annual Meeting of the A.I.Ch.E. in Washington, D.C., during
December 1969 and will subsequently be submitted for publica-
tion.

The fourth paper which concentrates on the experimental

results of this study is in preparation.
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