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ABSTRACT

A UNIQUENESS THEOREM IN THE CAUCHY PROBLEM 

FOR LINEAR PARABOLIC OPERATORS

by
David Ellis

Advisor: Professor Stanley Kaplan
The City University of New York

In this paper we present a Hilbert space treatment for proving

uniqueness in the Cauchy problem for a general linear 2k-parabolic

operator P . We assume that P has variable coefficients having
n+1bounded partial derivatives of all orders on R . W e  follow in

rough outline the Hilbert space approach to the Cauchy problem for

parabolic operators of the form - L(t) , where L(t) is uniformly

strongly elliptic, as developed by Stanley Kaplan.

By means of a change of variables we associate with P the evo- 
5 .2klution operator R = - H(t) A - J(t) , where H(t) and J(t) are

singular integral operators of order 0 and 2k~l , respectively. We

then establish a generalization of the classical energy inequality for
n+1R applicable to test functions on R . W e  prove this inequality by 

using the fact that the spectrum of the symbol H is contained in a 

compact subset of the open left-half complex plane. We also apply 

certain estimates from the theory of pseudo-differentials. By extending 

the energy inequality to distributions, we prove uniqueness in the Cauchy 

problem for P .

In the last part of this paper, we use the energy inequality to solve 

the Cauchy problem for R .
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1. Introduction

We present a Hilbert space treatment for proving uniqueness in the 

Cauchy problem for a general linear 2k-parabolic operator. We shall 

follow in rough outline the Hilbert space approach to the Cauchy prob­

lem for parabolic operators of the form

p = I? -L(t) 5 If - £1 vx’t)D“>
| a | <2k

where L(t) is uniformly strongly elliptic (here x = <̂ ĉ ,•••>xn)>

|a| = a,+...+a , and n/ 1 1 1 n

as given in [5 ]. As in [5 ] we shall make use of the Hilbert spaces 

H r,S (= 0 , in the notation of [4 ], Chapter II, where k(£,x)
Jm J 1C

= k^ s(5,t) is the temperate weight function defined for 

= (sr ...,5n,T) e Rn+1 by kr>s(5,x) = Qr (5,T)qS(5) • Here q(?)

= {1 + U|2}1/2 with

i d 2 - r  s 2 .
j=i J i_

is the usual elliptic weight function in Rn and Q(?,x) = {q^(£) + x^}^ ).
s nH is the usual Sobolev space on R .

We assume P is of the form

P(x,t;D,Dt) = X Z  aaj  (x,t)D°‘Dt:5 ,

1 a | + 2kj <_ 2km

a = ( a  , , a
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with ^ non-vanishing, and that the functions (a^ (x,t):|a| + 2kj
00 ,„n+lx r , , , , . ,< 2km} belong to the class C (R ) of complex valued functions havingD

bounded(and therefore continuous) partial derivatives of all orders

for all ̂  x,t̂ > e Rn+ .̂ Moreover, we assume P is uniformly 2k-parabolic 
n+1on R , i.e., there exists 6 > 0 such that

P (x,t;5,z) = ) a (x,t)Saz-* = 0o a, j
|a| + 2kj = 2km

for ^x,t^ e Rn+  ̂and E, e Z implies that Ii z > S, where Z = e Rn: 

a al an151 =1} and 5 = ‘ ‘ caH   ̂a module of parabolicity for

P. By means of a change of variables we can associate with P the
3 2k 'evolution operator R =   H(t)A - J(t), where H(t) and J(t) areO t

matrices of singular integral operators uniformly of order 0 and 2k-l, 

respectively, on Rn .

In Sections 2 and 3 we establish a generalization of the classical 

energy inequality for R applicable to test functions on Rn+\  We prove 

this inequality by using the fact that the spectrum of the symbol of H 

is contained in a compact subset of the open left-half complex plane 

(a trivial consequence of the parabolicity of P). We also apply certain 

estimates from [6 ] for pseudo-differential operators with bounded symbols.
V sIn Sections 4 and 5 we first introduce the ’ spaces and the

space H r,s(ft) of restrictions to SI of elements of H r,s, where

S = ft r. = {(x,t) e Rn+^:a < t < b}. Then, by employing a form of the a, b ' '

energy inequality applicable to distributions (Theorem 3), we deduce 

that:
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Theorem 4: I f - ° ° < a < b <  + “, of r > 2km-k, and if s is any real

number, the mapping

/ ft ft  ̂ ft m—<̂ P((,,(j)(a), (— )(j>(a) > Ĉ ") <t>(a),. • •, Ĉ r) <t>(a) 

is one-one fromH-r,S(ft) into H-r ^^^(ft) ©  Hr+S ^ ©  Hr+S ^  ©
. . .  ©  Hr+»-(2»,-l)k.

In Section 6 we show that R + AI is a topological isomorphism of 

{W-r,S)m onto { & r provided X is sufficiently large. To prove

this result we employ our estimates from [6] and a commutator estimate 

from [5 ]. By employing the energy inequality once again we deduce 

that:

Theorem 7: If - 00 < a < b < + if r > k, and if s is any real number,
r s mthe mapping u 'V'v-* (Ru,u(a)) is a topological isomorphism of {H- ’ (ft)}

,,, r-2k,s/0. ,m ^ f̂ r+s-k-im onto {#• (ft)} ©  {H } .

Remark. By Am , where A is a non-empty set, we mean the set {(a^,a2»

...,a ):a. e A, j = l,...,m}. m j



4

2. The Basic Inequality
m

Notation. For £,n e (J™ we use the usual notation (?,ri) I
and £ (4

n>4) " XI j=l
?.n.3 3

3=1
t. . If A = (a,,) is a complex m x m matrix,J iJ

the norm of A, denoted by A , is given by T
]l/2

i.J iJ

Let 0 < 6<1 be a module of parabolicity for P which shall remain 

fixed throughout this paper. Let K  be a compact subset of <E satisfy­

ing the property: z £ X  => Re z <_ -6. We define W(X) to be the class 

of complex m * m matrices A  of the form

(2.1) k  = i

0

0

0

"P.

1

0

0

1
0

m •“Pm-1 “ Pi

such that the eigenvalues of A  are contained in X

» Pj e (E,

Theorem 1 : Let 6 a n d X ( X )  be as above. Then there exists a constant

Cq > 0 (depending only on K  , S and m) such that given any matrix -A 

e N- ( K) there exists a non-singular matrix N(A) with the following 

properties:

a) Re(R 1N(A)_1A  N(A)R £,?) 1. “ U | 2 for a11 ? e ^  and 0 < Y i  |

where
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f 1 T 2 " \

b) ||n (A)|| + ||n (a ) 1 || i cQ.

Lemma 1: Suppose m is a positive integer, and suppose 0 < 0 <
M 1Let the function x be defined by x(p) = 0p where M = — m(m-l). Then, 

there exists e = e(0,m) > 0 with the following properties: if A is

any set of complex numbers with no more than m elements, then, either

1) there exists A^ e A such that A e A => I or

2) there exists A ,A ,...,A^ e A (1 < k <_ m) such that

(i) p = min | A. - A.] > e,' and
1 £ i < .j £ k 1 J

(ii) for every A e A, there exists Â , 1 £  i <_ k, such that 

|A - A±| < x(p).

Proof: For m = 1 there is nothing to show. For m & 2 we define the 

numbers p ,p ,...,p by p = 1, p = t (p ,), j = l,...,m. Let
W X Ui J J

e = p . We define a finite sequence of subsets of A, A., j = l,...,k, m _ j
where 1 £ k £ m, as follows. Choose any Â  e A. Let = {A e A:

| A—X | >_ p̂ }. If A^ = <f), our proof is complete, since p^ = 0 and 1) 

holds. If A^ ^ 0, we choose Â  e A^, and define A^ = {A e A: 

minCjA-A^I , |A-A2|) £ p2). If A2 = <)>, we see that 2) holds with k = 2, 

since p = lA^A^ £ p1 => x(p) >. x ^ )  = p2> and given any A e A, we 

must have either |A-Â | < p2 or |A— | < &2' ^  ^ 2 ^ we c^oose



we see that 2) holds with k = 3, since |Â -A | — pi > P2 =>

P = min |A -A.| _> p => x(p) _> x(p ) = p., and given any
1 < i < j < 3 J

A e A, we must have either | A-A.J < p̂ > l̂ -^! < p3 or Î “^3 I < p3‘

If ^ <p, we define in the obvious way. Assuming A^  ̂cj) we have, 

after some k steps, 1 < k < m, that ^ <f> and A^ = <)>. Since

A^,...,A^_^ are non-empty, we have points in A such that

P = “in 1 Pk-1 ^  T(P) 1 T p̂k-1  ̂ = pk‘ since1 Ji i < j £ k

= <j>, if A e A we must have either | A—A j < p̂ , or | A—A ̂ j < Pk»*** »

or |A-Aj < p̂ , and our proof is complete. ■

Proof of Theorem 1: First we fix 8, 0 < 0 < and let e = £(0,m)

from Lemma 1. Let H ^ ( X )  be the collection of matrices A  in M- (X )

having the property that A  has at least two distinct eigenvalues 

(thus m >_ 2) and that the minimum distance between the distinct eigen­

values of A  is greater than e(0,m). Now let A  e N^CX) and suppose 

A^,...,A , 1 < k < m, are the distinct eigenvalues of A  with multi­

plicities Pj_,P2’ *' ' ,pk’ resPectively* ^et

P = p(A) = min I A.-A.I >e(0,m);
1 < i < j < k 1 3

we may assume p < 1. Let N(A) be the m x m matrix



whose column vectors are defined starting from e(A) = I and

\ a”"1/
differentiating with respect to A e (C. Considering N(A) as a linear

transformation of <Cm into <Cm on the basis {en,e„ e },1 2  m

I

, 1 in the j-th component, zeros elsewhere, we have that

NCA)E;L = e(A1), N(^.)e2 = e,(A1),...,N(X,)ey = {1/(v^-l) !} e 1 (A1) ,

(vx)...,N(A)e = {l/(y.-1) 1 }e (A ). Since e(A) and its derivativesm k k

are bounded on K , there exists C > 0 (depending only on K and m) 

such that ||N(A) || £ C for all A  e H £(K)- Shilov [8] shows that if 

•••»T are m arbitrary complex numbers having a subset of dis­

tinct points • • • >Tp> where 1 < k < £ < ... <p<^m, then
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FT Cxj-xi)
1 < i < j m

lim
FT <vV T~T (Ti ~ x ± > ••• FT (*. )3 k k Jp p
l < i < j < k  k < i. < 1, < & P < i  < j < m  — — k k — P P —

where the limit is taken as t , t,, t , -*■ t, ,. . . , x. -* x . It is
i 1 3k k p

easily seen that the above limit is equal to a polynomial in x ,x , ...,xX K. p

Ot,
of the form ] f , where the a^.'s are positive integersij

3 i' ' 13
i> j = l>k,&.....
i < j

satisfying / <_ y m(m-l) = M. Taking = x.̂, = Tk’‘’'’ ^
i>3

= x with the appropriate multiplicities y ,y0,...,y, we see thatP X / K.

det N(/0] > P CA-F > eT(0,m).

Thus, there exists G > 0 (depending on X  and m) such that

(2.2) ||Na)_1||< — ^  < %
P (h) e

for all -A. e ^ ( X ) )  e = e(0,m). The matrix form of N(A) .̂N(A.) with

respect to the basis {e-,...,e } is easily determined by considering1 m
how A. acts on the basis

(Mt-1) (pv-D
e 1 (X,) e K (A )

B = j e(A- ) ,e' (A1 ,.. . ,e(A, ),... ,
1 1 (yr i)l (uk~l)l
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The characteristic polynomial for A is given by

m
t \ 111p(z) = Z +

j-1
m-j p.z J,J

where the Pj's are the entries of A  in the form (2.1). Since

(2.3) A  e(A) = Ae(A) - p(X)em

we obtain, by differentiating with respect to A,

(2 3 V  A  e0)W  = i e0 ) W  + _ 1 0),,..
(2'3) jl j! 0 - D I  j ! p ' m

for 1 <_ j _< m. Since A is an eigenvalue of A  of multiplicity y ,
A  (p -i) s

we have that p(A ) = p 1 (A ) = ... = p (A ) = 0. Thuss s s

A. e(A ) = A e(A ), ando S S
(2.4)

e(j)(A ) eCl i)(x ) 
_  = +

for each j, 1 j £ y -1 where s = l,...,k. Thus, the matrix forms
of N(A) >CN(A) is easily seen to be the Jordan form:

N(A) xAN(A) =

A, 1 
1 1

*X1 °V 0
\ 1 A, 1 k

•. 1
*A.



10

where each X^ appears y_. times, j = We assert that

(2.5) Re(R 1NU)"1A  N(A)RvC,C) 1 ~ y| C | 2 Y Y *■

for all £ e Qim and y 4. Since R k(A) ^ A N(A)R is a sum of matricesz y y
of the form:

0 0

n,

*0 0
X Y s
X Y s

' Y
X 0 s

where X appears y times, we shall first consider estimates on s s
Re(H C>S)» 1 < s < k. Without loss of generality we may assume s = 1. s — —
Since X^ e K  we have that

Re = Re X1(|?1J2 + | c212 +

+ y Re (^2^1 + ?3?2 + + S V 1’
1 - 6(1 C-lI2 + I s2l2 + • • • + k y I2)

+ y Re U 2 $1 + ?3?2 +

Since {X,,X_,...,X } C X  , we obtain 1 2. m —



11

k
Re N(A)R 5,5) = } _  Re(tt S,S)

Y Y s=l S

£ (Y ~ 6) [ c|2 » for all £ e <Em.

Thus, (2.5) holds for all A  e H  (X)> £ = £(0,m). We remark that the£

estimate (2.5) is independent of 0.

We now wish to treat those h e K(K) having the property that 

the minimum distance between the distinct eigenvalues of h is less

than e(0,m) (see Lemma 1). It is easy to see that N(h), as constructed

above, will not satisfy statement b) of our theorem since, in general,

|| N (h) _11| - 00 as the minimum distance between the distinct eigenvalues 

of h approaches 0. We get around this problem as follows. By taking 

0 sufficiently small (depending on X  , 6 and m) we shall show that for 

each h e H ( K )  we can find a matrix A c  M  (X) satisfying the 

following:

1) the eigenvalues of A  are "close" to the eigenvalues of h by a 

distance less than e(0,m),

2) the choice of N(A)> instead of N(h), satisfies statement a) of our 

theorem. N(A) satisfies statement b) of our theorem by our previous 

argument for matrices A  e )^^(X).

Let h e M ( X )  and let A denote its set of eigenvalues (counting 

multiplicities). By Lemma 1 there exists two possible configurations 

for the set A:

Case 1. There exists £ A such that A e A =5> | A-A^ | < 0, or
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Case 2. There exists ' ‘ ‘ e ^ ^  < ^ such that
(i) p = min |A.-A.| > e = g(0, m)

1 £ i < j ^ k 1 3

(ii) for every A s A, there exists Â , 1 £ i £ k, such that 

J A-A± j < x (p) = 0pM, M = m(m-1).

1 2Let and M  £ ( X )  be the sets of matrices h in H C X )  whose eigen­

values satisfy case 1 and case 2, respectively. Thus N-(X)
1 2  2 = (X) u H e(K)> Let h g K  £(X)  an  ̂suppose h has eigenvalues

A-,...,A (note that m > 1). If k = m, we have, by our previous i m
argument, that the matrix N(h) = (e(A^)e(A2) ... e(^m)) satisfies

(2.5) with A  = h and that ||N(hJ'*'|| < C/e^, where g = G ( 0 ,m) and

C > 0 depends only on K , 6 and m. Now if k < m, then

p^ = min |A.-A.| > e( 0 ,m). Let us consider open disks
1 £ i < j £ k 1 3

S, ,S„,. . . ,S, of radius x(p, ) centered at the points A_ ,A„ ,. . . ,A. ,1 2 k  h L I  v.

respectively. By case 2(ii), each of the points »• • *
1
2:contained in one of these disks; moreover, since 0 < — , each of the

points A, A is contained in only one of these disks. Assumingk+1 m
that for each j, 1 < j < k, contains exactly p eigenvalues of h, 

k
V ^ 'Xjwe have that (_  p . = m. Define the complex numbers
j=l 3 m

k m
?(S> = t t  <*-v  - *m +  YL v B ~3 -

j=i J j-i J

If we define A  by
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0

0

1

0

(2.11) A  - i * 1

0
a.
-Pm m-1 -P

then A  e (X  ) by our previous argument, and we say that h is a 

perturbation of A.. We remark that N(A ) is only defined for 

A  e ^ £(X). Thus N(A; is given by

e 1 (X ) e (X )
N(A) - ( e(X )e'(X )...--------- .. .e(A )e* (X ). .. ----------- —

(p^ d i

Considering N(A) as a linear transformation <Em ->- (Em on the basis 

{e we know by our previous arguments that there exists

C > 0 (depending on K  , m and 6) such that ||n(A)|| £ C and 

[|N(A) |̂| < C/e(6,m)^ for A  e H £(K)> Returning to A  given by

(2.11) and its perturbation h we know that the matrix form of

N(A) hN(A) with respect to the basis is determined by
m

its action on the basis B. Letting p(z) = z™ + r
j=i

m-j p .z ,
3

where the Pj's are entries of h in the form (2.1), we have that 

he.(X) = ^e(A) - p(X)e^ and
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j! j! j  pVJ/a>' m

for each j = l,2,...,m. Since A is an eigenvalue of h of multiplicitys
y , 1 < s < k, we have that s —  —

P(AS) = p ^ ( A g) - “ p S
(y --1)

(As) - 0.

Thus, by definition of N(/J, we obtain

he(Xs) - Xse(Xs)

and

e(j)(A )
h r r 5- - *

e^  ̂ (A ) e(3 1)(A )
s j ! (j-1)!

(yk_1)
1 (i) -1 / e (vT f P  (A JN(A) 11
3 v O y - D t

for each s, 1 < s < k. Thus the matrix form of h in the basis B is

/  X1 1 V
(2 . 12)

‘A.

Xk 1
*. 1
'A,

+ £ (h) ,

where A_. appears y_. times, j = l,...,k, and the column vectors of 

the "error" matrix £ (h) are either 0 or of the form



1 < j < y -1, s = 1,2,...,k, y >1. If h e M  (K)i we have, by our s s c
previous argument, that £  (h) = 0. Since N(A.) ĥN(A.) has the form

(2.12), by (2.7) we obtain

(2.13) Re (R ■LN(A)"1hN(A)R £,£) 1 (!| £ (h) || - |>U|2 i T ^

for all <; e (Cm and Y £_ ̂  • Since e^(A)/y is bounded for A e X  , we 

have that || £ (h) || is bounded by a finite number of terms of the form 

C||NOO 1 ||{-rr-|p̂  ̂ (A )!} , where 1 £ j £ y -1, y > 1  and s = l,2,...,k.J ! S S S
In general, for 1 £ s _< k, we know that

P (t)( y
= C,£! w£ k ,k ,. .. 1 £ j £ k> j

j f  k^,...,k^_x

(A -A.), 1 < £ < m. s j — —

Since each of the points A, A is contained in exactly one of thek+1 m
disks S ^ ^ , ... ,Sk» each having radius T(Ph)> we obtain

jr lp<3)( y l  i v (fk> 3 i V <ph>

for 1 £ j < > anc* s = Since = p(A) we can com-
—ibine the above estimate with the estimate |[ N(A) || _< C^p (A.) to

obtain j| £ (h) || j< Ĉ p(A.) ^ • 0p(A.)̂  88 C^0 where > 0 depends only on
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X  » 6 and m. Taking

(2.14) 0 < 0 < min ( j  , ^

we see that (2.13) yields

Re (R”1N(A)"1hN(A)RYi,0 £ - | |c|2

to. 6for all £ e (D and y JlXj- Letting N(h) = N(A) the theorem is proved 
2for all h e ^  (X) where e = e(0,m) with 6 fixed and satisfying

(2.14) .

Now suppose h e M^(K) with eigenvalues {A^,...,A^}. By 

renumbering we may assume that | A -A | < ® f°r each i = 2,3,...,m; 

thus k = 1. Since

. (m-1)
N(h) = e(A ) e (A ) ...

m

(m-1)!

it is easily seen that there exists C > 0 (depending only on X  , 

and 6) such that i|N(h) || £ C  for all h e X^(X), e = E(0,m). Since 

|det N(h)| = 1 we have that 11N (h) |̂| £ C for all n e H^(K), C > 0  

depends only on X  , 6 and m. Expressing N(h) HiN(h) in the form (2.12) 

we see that the "error" term || £ (h) || is easily estimated by where

C2 depends only on X  , m and 6. Taking 0 such that 

0 < 0 < min (  ^  j our proof is complete. H
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3. The Energy Inequality for Test Functions 

The HS spaces on Rn

1) For (j> e (Rn) = Co(Rn), the space of inifinitely differentiable
\ffunctions with compact support, <f> denotes the n-dimensional Fourier 

transform of <j>:

4(5) = (2TT)~n/2 e ' * /qi(x)dx

Rn

(here (x,£) - } x.5.)- jz§_ (R̂ ) denotes the space of infinitely
j-1 J 2

k ' kdifferentiable and rapidly decreasing functions on R ; (R ) denotes
kthe space of tempered distributions on R . For real s we define

HS = -<( u e 1 (Rn) : u e L ^ c (Rn) and

{1 + |s|2}S |u(0 I2d5 = Hull2 < ■s
Rn

gH is a Hilbert space with the scalar product ( , ) defined in thes
n ^obvious way; here, we use the usual extension to *s'(R ) of u u 

on (Rn).

ii) The topological inclusions (Rn) <=■ (Rn) e HS are dense.

iii) For <f>, ip e <& (Rn) we write

(<M)Q -

R

<fi(x)̂ (x)dx.
n
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Also for <f> e (Rn) and any s,

I I
(3.1) ||<j>|| = sup   .

S * e *(Rn) ||̂ ||_s
ip t 0

S —sThus H and H are dual Hilbert spaces, the duality being given by the 

sesquilinear form (which we again denote by ( , ) ) obtained by exten­

sion.

iv) If s < t then H* c. HS and ||u|| £ |IUIL* Given s < t < s and anyS u i. Z

e > 0, there exists C ( e ) > 0 such that

C3-1) * |uj|̂  < e||u||g + C(e)i|u||g
V 2 1
g
2 00 Q  COfor all u e H . Note that H = H  H c C .s

n 00v) Let L be a linear operator from «£ (R ) -* H . Following Kohn and

Nirenberg [6 ], we say that L has order r̂ if for each real number s

there exists a constant C > 0 such thats

I Lu ||s < Cju||s+r for all u e «£(Rn).

The infimum of all orders of L is called the true order of L. Let L

be an operator of order r. Then L can be extended to a bounded operator
s s-r s tL from H H for any s. Since L = L on H H for all s and t, s s c

we shall denote all these extensions of L by L. We also denote the
s ^extension of L to an operator on H by L. If L and L are linear maps

& ( R n ) H°°, and (Lc|>,i|j)o = (<j>,L ^)q for all <j>, ip e «§-(Rn), then L is

called the formal adjoint of L. Since <̂ -(Rn) is dense in UgHS, L is
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s s -runique. If L is of order r, then its extension L : H -» H has ans
* -s+r —sadjoint : H -» H which is bounded. Thus L has a formal adjoint

* o / n *L of order r whose restriction to «a-(R ) is L . If L and M ares
operators of order r and s, respectively, then IH has order r+s.

If a(5) is a complex valued measurable function on Rn-{0} such
9 r* / 9that for some number r and C > 0 |a(£)| C{1 + *] 51 } f°r aH

£ e Rn-{0}, then the operator a(D) defined by a(D)u(S) = a(5)u(0 for 

u e A  (Rn) is of order r. In particular we define the operators,

AS = Ag(D), where ̂ (O = |?|S> s >_ 0, and

R06 = ra(D), where ra(£) = ( — ) .
V  I c | /

s ctThe operators A and R have order s and zero, respectively, and
Ct ct ctD = A 1 !R . Operators of the form a(D) are called multipliers.

(3.2) Definition: We say a(x,S) e C (Rn x Rn-{0}) is a symbol on

Rn x z if

i) a(x,£) is homogeneous in ? of degree" zero, and

ii) for each a there exists G > 0 such that |Daa(x,g)| < C fora 1 x — a
all <x,5> e Rn x e .

(Note that a is not a symbol in the sense of Kohn and Nirenberg [6 ], 

since we do not insist that a(x,£) converge rapidly to a unique limit 

a(°°,0 as x -*■ 00). We associate with each symbol a(x,£) the formal 

operator A = a(x,D) defined by

Au(x) = (2ir) sî x»̂ >aCx,g)u(.£;)d5, u e j&(Rn)

Rn
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We say A is a singular integral operator on Rn with symbol a(x,£).

A is of order zero (see [ 7 ]). If a(x,£) e a(5) then a(x,D) is easily
00 f tseen to be the multiplier a(D). If a(x,£) s a(x) (thus a e Cr)(R )),D

then a(x,D) is the operation of multiplication by a which we denote by

Let a(x,£) be a symbol on Rn x E. Then, for k,p non-negative 

integers, we define

lla ll[k ,p ] =  ) _ _  S U P  |D“3^a(x,u)|.
| a | <_ k x e Rn
] 6| <_ p u e I

We define the pseudo-adjoint of A = a(x,D), denoted by'A^, as the

singular integral operator with symbol a(x,Q. If B = b(x,D) is another 

singular integral operator, we define the pseudo-adjoint of A and B, 

denoted by A o B, as the singular integral operator with symbol 

a(x,5)b(x,£) (thus A o B = B o A) .

Propositions 1: Let A = a(x,D) and B = b(x,D) be singular integral

operators. Then for every integer m there is a constant > 0 such that

i) A is of order zero and the norm of A as a bounded operator:

if1 + Hm < C II a Im" [ | m | +1 , n+1 ]

* # *ii) A - A is of order -1 and the norm of A — A as a bounded operator

H1" * Hm+1 < C ia|
m [|m|+2,2n+3]
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iii) AB - A o B is of order -1 and the norm of AB - A o B as a bounded 

operator:

h“ - h”+1 < Cml|a|i ||b||
[|m|+2,2n+3] [|m|+2,2n+3]

Proof: See Sections 5, 6 and 7 [ 7].

Corollary: Let A and B be singular integral operators as above. Then

for every real s there is a constant Cg > 0 such that

i) the norm of A as a bounded operator:

HS -* HS <_ C || a |j
S t | m |+1,n+1]

* //ii) the norm of A - A as a bounded operator:

HS - HS+1 < Cja|| ,
[|m|+3,2n+3]

iii) the norm of AB - A o B as a bounded operator:

HS HS+1 <_ C || a |j j| b ||
[ | m | +3,2n+3] [|m|+3,2n+3]

where m = [s], the integral part of s.

Proof: The proof is an easy consequence of Proposition 1 and an appli­

cation of Calderon's multilinear interpolation theorem [2], ■ Let

(3.3) k(x,t;£), (x,t> e Rn+1, £ e Rn-{0},

satisfy: i) k(x,t;£) is homogeneous in £ of degree zero, and ii) for

each a there exists C > 0  such that |Dak(x,t;£)| < C for alla 1 x 1 — a
(x,t;5^ e Rn+  ̂x £. Then, by the Corollary to Proposition 1, for &,p

non-negative integers there is a constant C > 0  such thatJo, p
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(3.4) ||k(t) | < C 0 for all t e R1.
[A.p] ,P

Let k(x,t;£) satisfy condition (3.3) above. For each t e we define 

K(t) to be the singular integral operator with symbol k(t)

(= k(*,t;*))• Thus, by Proposition l(i),

l | K ( t H | | s < c s | U | | s
s 1for all <j) e H and all t e R , s real. Let <j>(x,t) be a complex-valued

function on R ; by <j>(t) we mean the function on R given by
s tx 4>(x,t). If A is a bounded operator H H we denote the norm 

A as a bounded operator from HS Ht by ||a ||
HS -> H*

Reduction of P to first order in t 

We call

Po(x>t;Dx>Dt) = aa,j(x’t)DX
| ot | + 2k j = 2km

the principal part of P. Since a^ ^ ; 1 we can express P in the form

P = P + P. + Q where o 1
m

P (x,t;S,T) = Tm + X Z  P. (x,t;5)Tm \
j=l J

with

p (x,t;5) => }  a .(x,t )E, a ,J U > J
| a | = 2kj
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2k(m-l) < I a I + 2kj < 2km

m
= aa 1 

j=l a,:! -1
2k(m~j) <_ |a| < 2k(m-j+l)

I a I t 2kj < 2k(m-l) 
m-1

= } _ ) _ _  aa 
j=l ,J

|a| < 2k(m-j)

(here we assume m > 1; if m = 1 we define P^ = Q = 0).

We use a method of Calderon (see [3 ]) to reduce the study of P
9 2kto the study of an evolution operator —  - H(t)A - J(t), whereO t

H(t) and J(t) are matrices of singular integral operators depending
1 00 n+1on t e R . Let <{> e Cq(R ) and let u be the vector of functions

u = (u^jU^j•••>um > where

(3.5) u. = A2k(m_j for j = l,2,...,m.3 t*

2kWe have that Dtuj = A uj+i for 3 = 1,2,...,m-1, and
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D u  t m D“*

m
(Pq + P1)4> - r

j=i

m

j=l
) a (x,t)DaD̂  %L  a,j-lv t Y
2k(m-j) <_ |a| < 2k(m-j+l)

= (PQ + P1)cf> - J
m

j=l
P.(t)A2ku ...m-j+1

m

j-1 a,j-l
2k(m-j) < |a| < 2k(m-j+1)

where P (t) and A .(t) are singular integral operators on R
° * a

symbols are p^x,t; ——  ̂ and a^ ^(x,t)(— J , respectively.

we have that

I7  = H(t)A2ku + J(t)u + i((P + P,)<|>)e dt o i m

where

m

and the &-th component of J(t)u is given by

whose

Thus
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(3.6)

m

m
- i L

i=i 1—  a,j-iv
2k(m-j) < | a | < 2k(m-j+l)

>• u. if I  
1

= m

and H(t) is the matrix of singular integral operators whose symbol 

h(t) is given by

(3.7)

h(x,t;£) = i

0 1 
0 0 
0

1
0 1

0

for (x,t^ e Rn+'*' and 5 e Rn-{0). We define the order of a matrix

of operators in the obvious way. Since the coefficients of P are
CO n+lelements of C (R ), we have, by (3.4), that H(t) and J(t) are uni- B

formly of order zero and 2k-l, respectively, for t e R̂ .

By definition of 6, a module of parabolicity for P (which we

have fixed in Section 2), we know that for each (x,t) e R and

E, e 1 the zeros of PQ(x,t;£;,z) in z are contained in the closed half-

plane (z e C : Im z > {}. Since the coefficients of P are bounded,— o
it is easily shown that the zeros of PQ(x,t;5,z) in z are contained

in a compact subset of the closed half-plane {z eC : Im z > 5}
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independent of (x,t) and £ in Rn+  ̂x Z. Also we observe that the

eigenvalues of -ih(x,t;5) are precisely the zeros of PQ(x,t;£,z) in

z. Thus, there exists a compact subset of C, call it X  , having the

property that z e X  => Re z £ -6, and that for all <̂ x,t), £ in

R x I the eigenvalues of h(x,t;5) are contained in X . X  shall 

remain fixed throughout the remainder of this paper. If we let

(3.8) R = ~  -  H(t)A2k - J(t)

we have that

Ru = i(P + P.)<j> £ = i(P<j) - Q<|>)e •o 1 m m

This fact will be used in Section 5 where we will take (j) to be a dis-

tribution on R . I n  this section we shall confine our study to the

operator R. Suppose R is of the form

(3.9) R(h) = f^~ - hA2k - J(t),

where J(t) is given by (3.6) and h is a constant matrix of the form

(2.1) having all its eigenvalues contained in X, i.e.,h e H ( X )  ■

If we let y = <5/2 in Theorem 1, then we can find constants

Ci = Ci(X,6,m) > 0, i = 1,2, such that for each h e £-((X) there

exists a non-singular matrix N(h) satisfying:

C3.10) C2|N(h)R^| £ |?| £ CjNGOR^I
2 2

and
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Re ( R^1N(h) 1hN(h)R6C,;J < -  j  |;|2

for all 5 e Cm . For convenience, we shall denote N(h)R^ simply
2

by N(h). For operators of the form (3.9) we have the following form 

of the energy inequality:

Lemma 2: Let R(h) be of the form (3.9) and suppose < a < b < +»

Then there exists C = C(6) > 0 such that

C. , C,4
H l u <a>l0 + dt 5 I2k|u(5 »t)I2d£

Rn

+ C2(X-C) u(t) ||odt

< Re (N(h) X(R(h) + Xl)u(t),N(h) 1u(t))Qdt

for all u e {C~(Rn+^)}m and X > 0, with Ĉ , as in (3.10)

CO tl-M ThProof: Let N = N(h) and R = R(h) and for u e {Cq(R )} let

v(t) = N '*'u(t). Since

-1 a 9k -1 -1N (R + AI)u(t) - (f- - A N hN - N JN + XI)v(t),0 L

we obtain
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(3.11) Re 9-1( i t u w « ) , r 1u W ) td.

= Re ^ft ^  »v (t^ 0dt + X |v(t) |lo dt

- Re 91t -1(A N hNv(t) ,v(t))Qdt

- Re (N_1J(t)Nv(t),v(t))Qdt.

Let us estimate from below the last two terms in equation (3.11).
“X 5 2Since Re(N hN£,S) 1. - | 51 > we obtain, using Plancherel's Theorem,

-1 —1 k k(3.12) -Re (A N hNv(t),v(t)) = -Re (N hNA v(t),A v(t))o o

5
- 4

c | 2k|^. _ . N 12 , _ ,,15| |v(5,t)| d£, for t e R .

Since J(t) is uniformly of order 2k-l, we can apply (3.1), (3.10) and

(3.1)f to obtain, for arbitrary e > 0,

I(N_1J(t)Nv(t),v(t))|

= |(J(t)Nv(t),(N~1)*v(t))o| <
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1 c|| J (t)Nv(t) ||_k || (N_1)*v(t)||k 

< Clv(t)||k-1 ||v(t)||k 

1 e|v(t)|k + C(£)||v(t)||2 

for all t e r\ Thus, for arbitrary e > 0 we obtain,

(N 1J(t)Nv(t),v(t))o|

± Ck £ l| |v(5,t)|2d5 + C(e)||v(t)||
Rn

00 n-i-’l rn 1for all v e {C (R )} and all t e R . Combining (3.10), (3.12), o
(3.13) and letting e = S/8C, our proof is complete. ■K.

In order to prove a similar energy inequality for operators R 

of the form (3.8), we shall use a special partition of unity on Rn+  ̂

and certain estimates from Kohn and Nirenberg [6 ]. Since our 

symbols are not symbols in the sense of Kohn and Nirenberg, we shall 

have to modify their proof slightly.

Proposition 2 (Compare with Theorem 5 of [ 6 ]): Let k(x,t;0 satisfy

(3.3), let K(t) = k(x,t;D) and suppose |k(x,t;5)| £  n for all (x,t)
n-Ll

e R , £ e £. Then, for any e > 0 there exists C(e) > 0 such that
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||K(t)$(t)j|̂  < (n + £)2||<Kt)||2 + C(e)||<})(t)||21

1 00 n+1for all t e R and all $ e C (R ).

As in [ 6 ], Proposition 2 is based on the following form of Garding's

inequality:

Lemma 3 (Compare with Lemma 6.1 of [ 6 ]): Let a(x,5) be a symbol on 

Rn x E, let A = a(x,D) and suppose Re a(x,5) for all e

Rnx E. Then for any e > 0 there exists C(e) > 0 such that

Re (A<M)C 1 a Q - e) || <f> ||2 - CCOlUH^

00 nfor all * e C (R ).T o

Proof: Let b(x,£) = Re a(x,£) - Xq + and let g(x,£)

= {bCx,̂ )}'*'̂ 2. Clearly b(x,5) and g(x,5) are symbols on Rn * z ; we
*let B = b(x,D) and G = g(x,D). Since B - G G is of order -1 we obtain

Re { (B<}) ><P)Q ~ CG*G«|»,4))0> > " C1H ILill * H0
which implies that

(3.14) Re (B<M)o > -

*1 &
for all <j> e CQ(Rn). We have that Re (Acf), Q = (^(A + A )4>><l))0*

However, since -|-(A + A ) = R  + -̂-(A “ A^), where R  = (Re a)(x,D), we

obtain

(3.15) Re (A<M)q iRe (fl.<M)Q - c2|| 4> L J  <}> ||Q.
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Since (H. tj> = B<J) + (A - we have thatO fa

= ( W A ) Q + (XQ - ̂ U t i ­

l i s in g  (3.14) and (3.15) we obtain

Re (A<M)o > " C'lUlljUl^ + (Xq - f)||<fr|£.

Taking

I U U * l 0 i 2§i-»* l£ + 0( ^ 11*11̂

00 n bfor allyd> e C (R ) we are done. ■0 '

2 *Proof of Proposition 2: Let A(t) = (n + e) - K(t) K(t). Then
2 #A(t) = (n + e) - K(t) o K(t) + R(t) where R(t) is of order -1 and

the norm of R(t) as a bounded operator: H  ̂->• H° is, by Proposition 1,

bounded by a constant independent of t e R'*’. Let b(x,t;£)
2 2= (n + e) - |k(x,t;£)| > clearly b(x,t;£) satisfies (3.3) and

2b(x,t;5) £ . Let B(t) = b(x,t;D); by Lemma 3 we have that for any

8 > 0 there is C(6) > 0 such that

Re (B(t)cj> (t) ,<p (t))Q > (e2 - 6)||*(t)||2 - C(6)j| <f»(t) f _ ±

1 oo n+1for all t e R and <j> e C (R ). Also, for arbitrary 6 > 0

|(R(t)<Kt),<f>(t))o| 1 6||<Kt)||2 + C (6)|| (j> (t)j| 2

for all t e R1 and cf> e c” (Rn+1). Since A(t) = B(t) + R(t) we have that

Re (A(t)<Kt),<Kt))o > (e2- 26)||<j>(t)||2 - C (6)|| cf. (t )|l
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2 CO n+lfor all t e R and <fi e C (R ). However, since

(A(t)<j>(t),<Kt))o - (n + E)2||4>(t)||2 - ||K(t)<Kt)||2, 

we can take 6 = e /2 and we obtain

l|K(t)<Kt)||2 1  (n + e)2||4>(t)||2 - c(E)|j<}>(t)||21

i oo n-flfor all t e R and <t> e C (R ). ■o

n+1Partitions of unity on R and 2

Let h(x,t;5) be given by (3.7). Since the coefficients of P 

are uniformly continuous on Rn+  ̂and since h(x,t;5) is homogeneous in 

£ of degree zero we have that for any n > 0 there exists y > 0 such 

that

(3.16) ||h(x,t;w) - h(y,T;u)|| < j

9 9 9for |x-y| + 11—x | <_ y and all w e E. Let d > 0 be such that

\/n+l d > y / \ ] 2  . For each (n+l)-tuple (a>6) - (â  jO^> • > • >an>b) let

Q = {(x,t) e Rn+1 : |x.~ da | < d, |t - dg| < d, j = 1,...,n}. 
«> p J J

oo \  ,2Choose £ e C (Q ) such that 0 < £ < 1 and / {£(x-da,t-dg)} = 1o o , o  — — ---
(a, 6)

n+1on R . Thus, if we define £ ,(x,t) H £(x-da,t-dS), then £ Qot , p Wf y p

co \ 2 IV’I'le C (Q „) and / £ 5 1 on R . Enumerate the cubes Q ando a,S------ L-- a ,6
(a,6) a,S
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the corresponding- functions £ . in some order: Q_,Q„,... and .....ct, p 1 2 1 2

We remark that the cubes overlap in such a fashion that any fixed 

point in Rn”̂  is contained in exactly 2n+  ̂distinct cubes except for 

points on a set °f measure zero. Thus

(3*17) y  C^(x,t)^ = 1 for all (x,t) e Rn+\  
i

and for any non-negative integer m there exists C > 0  such thatm

(3.18) ) |Da (f-)^ (X,t)|2 < C: ctt 1 ' — m1
| a | +  I £  m

for all (x,t) e Rn+ .̂ Also, if we let ^x^,t^ be the center of the 

cube Q., we see thatl

(3.19) ||h(x,t;5) - h(xi ,ti;5)| < n/2

for all {x,t^ e and all £ e I.

Since the coefficients of P are bounded on Rn+\  we can find 

points on E and neighborhoods 0. ,Q0 ,... ,Q on E of•L Z S 1 Z S

, respectively, such that1 s

(3.20) sup ||h(x,t;C) - h(x,t;£.)|| < n/2
\ n+1(x,t/ e R

for all ? e 0̂  , j = 1,2,...,s. Let <j)̂ ,<f»2»• • • >4>g be functions defined
COon E such that 0<cj), <1, cf>eC (f2.), and — j - o j
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r  (j). (u)2 = 1 on Z. Extend <|>. to all of Rn - {0} so that <f>. is j=i J 3 3

homogeneous of degree zero. On Rn we define the operators = <j>̂ (D) , 

j = 1,2,...,s. Thus

/ |U,(t)$,u||2 = >H , II $ »UI| 2 = llUll ̂i 1 11 o h— 7" 11 J "o 11 "oi.J J=1

1 ofor all t e R and all u e H .

Remark. Since the selection of {Q.}, (C.), {<(>.} and s depends------------------- i i 3 j
on the number n satisfying (3.16) we have that for each non-negative 

k there is C(k,n) > 0 such that

(3.21) sup XZ XZ |Da(f^)£4.(x,t)|2 < c(k,n);

(x,t) e Rn+1 |a| + I  <_ k 

using Leibnitz's rule we obtain,

(3.22) XZ |l5±(t)« uf2 < C(k,n) XZ |l*iu|l2 
i,j 1 J k j=l 3

= c(k,n) ||u||2

1 k Z 2for all t e R and u e H . To estimate /___ ||?̂ (t)u||_̂  in terms of
2 i

||u|| k a positive integer, we use the following proposition:

00Proposition 3: Let k be a positive integer and suppose *'s a

set of functions satisfying:
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a) C. e C°°(Rn) , i = 1,2,. ..1 o

b) for each positive integer m there exists > 0 such that

for all loti < m and x e Rn. Then there exists C > 0 (in fact

c = c, XZ sup ZZ Id01c.! (x) |2)
I , x £ Rn a < k

l

such that

k ^ c »ui-k

for all u e H k.

Proof: We shall employ the well known fact that u £ H if and only
-k+1if there exists u , u . e  H such that o 1 n

n
Z 1 3u = u + / D.u. (D. = — t;—  ) ando ^  3 3 3 i

-,|2 < C" ||ul2 - j" o -- " " -1c 'm !x i  I  iiu.it < c  iwr,-
J=o 

Since

f n n
'tu ■ \ {iuo (Dj5i)uj + £1 V ciV
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we obtain

J M»+ E i<ViMo + E UfXI 3=1 3=1 J

Thus

nE k»»-i i c E I-,
i 3=°

f0 1  C lull^

where

C = C

a < 1 x e Rn i

We now assume the proposition holds for k-1 and prove it for k.

There are constants C, G" > 0 such that for each u e H there exists 
-k+1 ._u ,u_. 5... , u e H with o 1 n
n n

u = u + / D,u. and^C'lluU2, <
° j=r J k "

Thus

*iU

n n

?iUo - I
j-1 3=1 3 13

and

n n

'i°Lk± ck 5iuoL(k-n + EII <Dj4i,uj l-(k-i) + E liciuj IL(k-i)
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By our induction hypothesis we have that

-- culluj L(k-l)

where

C. = C / sup / D D. t ,. (x)j k-1   c —r ~ 1 j 1r,n iI , x e Ra < k-1

Thus

n

where

i  C YZ i  c | M - k
i j=o J

C = Ck )  sup I I  |d C± (x)|2
„n i

i i ., x e R a < k

and our proof is complete.

Let h = h(x±,ti;Sj), i = 1,2,... , j = l,2,...,s, where 

h(x,t;£) is given by (3.7). Define R ^  by

R1̂  = - h. .A2k - J(t)9t xj

where J(t) is given by (3.6). Define = N(h^) (see Theorem 1). We

now state and prove our first generalization of the classical energy
9 2kinequality for operators of the form 77- - H(t)A - J(t) (see (3.8)).O t
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Theorem 2: Let R be of the form (3.3) and let -» < a < b < +». Then there

exist constants C'(6) and C"(S) > 0 such that

^ I b O O l l o . -  2^ H u<a) Ho

+ C'(d) dt
Rn

5|2k|u(5t)|2dt + C2(X - C"(6)) u(t)||Qdt

< H  **
i>j

<R + XI)u(t),N ^<;i(t)$;.u(t))odt

for all u e {C“ (Rn+^)}m and all X > 0 (here and C2 are given by (3.10)),

a 2kProof: We have R = —  - H(t)A - J(t) where J(t) and H(t) are given byo t
(3.6) and (3.7), respectively. Consider the sesquilinear form A defined 

by

c c
A[u,v] = —  (u(b),v(b))Q - y ~ (u(a),v(a))Q

C25
dt

a Rn

2k^ . . .-v,5| u(5t)v(g,t)de + C2 (x-C) (u(t),v(t))Qdt

for u,v e {c”(Rn+'*‘)}m where X > 0 is fixed, and the constants Ĉ , C2 and 

C are those from Lemma 2. By Lemma 2 we know that for each i and j 

(i = 1,2,... , j = 1,2,...,s)

A[u,u] < Re (N"J(Rij + AI)u(t),N1jU(t))odt
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for all u £ {Co(Rn+1)}m. Since u e {CQ(Rn+3')}m 4>̂ .u(t) e H°°( C C°°),

we obtain

b
< Re (N. .1 (R1  ̂+ XI)5.4.u(t),N. .1C.4>.u(t)) dt1J 1 J 1J i j o

for all u e {Cq(R )} (here denotes the operator ^  • $j)-

We shall estimate 7__ A[c.$.u,£.$.u] from above by the right
i,j 1 J ^ 3

side of (3.23) and an error term. By subtracting this "error" term from

a certain lower estimate on / A[S.$.u,£.$,u] we shall arrive, with the
■— r 1 1 1 1i»3

appropriate choice of constants C' and C", at inequality (3.23).

A trivial computation yields

R ^ a . ^ . u )  = ( - h..A2k - J(t))(c.$ju)

= Ci( ft ~ hi / 2k (4ju)>

9t *j“ “ij L  L  “avB y '’i/wj‘
|a| - k 0 < B < 2a

+ - h„ YZ. YY aa(f)(DBiJ$,D2a Bu

where the a^'s are positive integers. Since



?kR*. = *.R + (*.H(t) - H(t)$.) A + (4.J(t) - J(t)4> ) 3 J J J 3 3

we obtain

(3.25)

where

R^CS.G.u) - C.^.Ru + F  } . n  + f  + £?.u + f  * .u + i ] i j L i] <- ij c  ij

r  p 1 ! ! i  .£  ij St j

a (2“)DBt. • t.D2"-6 a g l j
a = k 0 < B < 2a

(3.26) \  = C.($ H(t) - H(t)$ )A2k
-Lj i- J J

\

£ ij = ^ ( ^ ^ ( 0  - J(t)$.)

£  5. . = 5.(H(t) - h, .)A2V^  ij ij J

We now estimate the error terms

I (N. . £..u,N.. C,$.u) dt ii *“ 11 ii i 1 o , for & = 1,2,3,4,

We remark that, by (3.10), | j 11| £ for all i and j.
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1) To estimate the "error" terms involving ^ w e  apply (3.21) to 

obtain

)  [ | (N. .1f ]-.u ,N.71^.$.u ) |dt
t j - r  J 1 ij <- ij ij i J o'
1 , 3 a

- n  f K -1
-1

i c T I  ii ̂ Ct)*,u(t)H^t + c H  f II; (t)t,u(t)||*dt
*>3 1 i»j i

c ( n ) |u(t)|| dt

for all u e {C (Rn+'^}m .

2) Apply Theorem 1, Proposition 2, (3.21) and (3.22) and we obtain; 

for arbitrary e > 0,

) [ |(N. .Hi,.D6C4(t)$^D2a ^u(t),Nj41Cj(t)S>..u(t)) Jdtij ij i j ij x 3 o '

1  c II J ||D0iiCt)i.DZ“'°“ (t)ILu ll«i(t)*ju(t)||kdt 
» J

2a-B

< e |u(t)||£dt + C(n)C(e) j ||u(t)||̂ _1dt
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where |a| = k, 0 < 8 2 . Thus, for arbitrary e > 0,

/ | (N.T1^  .?u ,N. . V s’.u) I dtL  1 1 lj ^ ij ij i 2 o 1

< £
b b
u(t)||2dt + C(n)C(e) ||u(t)||̂ _1dt

for all u e {Co(Rn+1)}m.

£ *33) To estimate the "error" terms involving c „ we apply Proposition 

3, (3.1), (3.21) and (3.22) to obtain, for arbitrary e > 0,

r  | (N,?1^  (t) [$,H(t)-H(t)$. ]A2ku(t) (t)*4u(t)).ij i j IJ 1' J ' O '

1 c H h  i(t)t^.H(t)-H(t)f ]A2ku(t)|| ||?.(t)3> u(t)||
i> j J

< e||u(t)||2 + C(e)C(n) H  || (*,H(t)-H(t)$.)A2ku(t)||2
j=l

for all t e and u e {Co(Rn+^))m. By Proposition l(ii), the commu­

tator $jH(t)-H(t)$̂ . is uniformly of order -1 for t e R"*" and we obtain, 

applying (3.4), that

j=l
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for all t e R . Thus, for arbitrary e > 0,

y  [ I(N..^<£ .?u,N..^5 $.u) Idt J 1 ij ° i 3 ij i 3 o'1»J

< e
b b
||u(t)||£dt + C(e)£(n) HuCtJll^dt

for all u e {Co (Rn + ^)}m .

4) In order to estimate the "error" terms involving <£„ we apply

(3.1), (3.22) and the fact that J(t) is uniformly of order 2k-l to 

obtain, for arbitrary £ > 0,

D
dt

u= XZ f |(N1715j(t)[*.J(t)-J(t)i.]u(t),N..1c.(t)4 .u(t)) Idt7— r J 13 x 3 3 1 1 0
a

b
1  C XI f ||4±(t)[$ J(t)-J(t)$ ]u(t)||_k|k.(t)$,u(t)||kdt 

i» j {

< e u(t)||£dt + c(n)c(e) l_ J ||$jJ(t)-j(t)$.)u(t)||^_1dtE
< e |u(t)||£dt + ?J(r,)C(e) ||u(t)|| J^dt
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5) To estimate the "error" terms involving we observe that

2aa^D , where the aa's are positive integers. Using inte- 

|a| = k

gration by parts we obtain for |a| = k,

(3.27) |(Ni~1?iCt)CH(t)-hij)$jD^l(t),Nij15i(t)$ju(t))o|

< | (Ni“1Ci(t)(H(t)-h.j)$jDau(t),Nj1;i(t)$jDau(t))o|

+ a finite sum of remainder terms of the form 

| (Ni~1D6ii(t)(H(t)-hij)$jDau(t)sN.“1Dpi;i(t)$jDYu(t))o| 

and

|(Ni“1D6ii(t)8TH(t)$jDau(t),Ni"1DPii(t)$jDYu(t))o|

where |5|, |t |, |p| £ k, |y| <_ k-1 and 9TH(t) is the matrix of 

singular integral operators whose symbol is given by (D h)(x,t;£;)> 

^x,5) e Rn * E, t e R̂ ". It is clear that the number of non-zero 

remainder terms depends only on k.

We now estimate the second type of remainder term in (3.27).

Since |y| k-1, we can apply Proposition 1 and (3.4), (3.1) and (3.21)

to obtain, for arbitrary e > 0,
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| OJiT'1D6i;1Ct)3'rH(t)$jDau(t),N;L~1DP5i (t)^DYuCt))o |

<. e||uCt)||J + C(e)||u(t)||̂ _1 for all t e R1.

Now consider the second type of remainder term in (3-27). We observe 

that since the coefficients of P are uniformly bounded, there is a

constant C = C(P) > 0 such that j| h^ || <_ C for all i and j. Since
2 2 2 mI 5—n| £ 2 |s| + 21n| f°r C»n e C , we can use the fact that

H(t) is uniformly of order zero along with (3.4) to obtain for I a I = k

XZ |D<Si.(t)(H(t)-h .)* D°u(t)|^
< C(n) XZ ] II H(t)$ .DauCt)|| ̂  + || $ .Dau(t)|| 2'

j=l I

<_ CCn)||u(t)|^ for all t e R1.

However, fcr arbitrary e > 0,

X Z  | (N,, V c  (t)(H(t)-h )$ DauCt),N " V ;  (t)$ D u(t)) |Ij 1 lj 2 1 3 01 >3

XZ ||D6iiCt)CH(t)-hi )$ Dau(t)||̂
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+ CCe) ||dP5 (t)$ DYu(t)

where | a | “ k and | y | <_ 2k-l. Thus

a

< e i u c t ) [ J  + c c o a ^ i i u c t ) ! ^

b    u
+ Ck H  X I  | i(Ni"151Ct)(H(t)-hij)OjDauCt),Ni"1iiCt)4>.Dau(t))o |dt1

a = k

Let us estimate the last terms in the right side of (3.28). We have

that H(t)-h., = h(x,t;D) - h. • Let h - h.. = k! + s.. where ij ij xj 3 xj

kj-(xrt;0 = h(x,t;g) - h(x,t;^)

and

s±j (xjt) = h(x,t;g_j) - h(xi,ti;5 .̂).

t t
Thus H(t) - h . * K. (t) + si Ĉt)« where K. (t) = k!(x,t;D). For eachTj J Tj J 3

COj, 1 < j < s, let ^  e Co(ft_.) with ^  = 1 on the support of ^  with 

0 < 1. Extend to all of Rn - {0} so that ^  is homogeneous

of degree zero. Define k^(x,t;£) = ijj (S)kj (x»t;£) for <̂ x,t> e Rn+'*' 

and £ e Rn - {0}, j = l,,..,s. If we let (t) = k..(x,t;D), then



Now since, by (3,20), |k^(x,t,£)| _< n/2 for all <x,t)e Rn+1 and 

? e I, we can apply Proposition 2 to obtain, for arbitrary p > 0,

(3.30) ||K.(t)<i»jDau(t)||̂  < q  + p)2||3>.Dau(t)||̂

+ CCp)|| ®jDau(t)|| ̂  , j = l,...,s,

for all t e r\ Letting p => p/2 in (3.30) and using (3.29) we obtain, 

for arbitrary e > 0,

s
< + C<6) r  ||K (t)* D“uCt)||̂

j=l J

< Cn2 + e)||u||2 + C(n)C(e)|lu(t)||^1

for all t e R̂ . We now consider the terms involving the multiplies^-

tions s., . ij
By (3.19) we obtain
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= V  j Ci(x>t)2||hCxtt;l^)-h<xi(ti;Cj)||2 |^Dau(x,t) |2dx 

1 , 1 Rn

X X  ii^ctH.DVtoii2
i.j

j|Dau(t)||̂  for all t e R̂ .

Applying (3.32) we obtain, for Jot| = k and arbitrary e > 0,

) i (t)$4Dau(t))/ij J ij i j

5  e|DauCt)||̂  + C(e) ~ ~  ||Dau(t)||̂n n na x || 2

  {e + C(e) }||u(t)||̂  for all t e R̂ .

Combining the above estimate with (3.28) and (3.31) we obtain, for 

arbitrary e > 0,

^  {e + C(e) } j ||u(t)||̂ dt + C(e)C(n) ||u(.t)||^dt

for all u e '{Cq Rn+ }̂ m . Thus, for arbitrary e > 0, we obtain



r< / Re
a

+ {e + C(e)n2} u(t)||kdt

+ C(e)C(n)

for all u e {C (R )} . We shall now obtain a lower estimate on o

r  A[c.$.u,C $ ,u] by an expression similar in form to the left side 
i,j 1 3  3
of (3.23). We use the following lemma:

Lemma 4: There exists constants > 0 and C(r)) > 0 (see (3.21))

such that

5 12k u(5,t) 2dS - C(n)||u(t)|| ̂

Rn

H  f U I 2kl^a.ct)^.u(t))(o|2d5• J J X 1 J
’3 Rn

1 00 n+l %for all t s R and u e C (R ) (for convenience we denote <j> by cr 4>).O X
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Assuming Lemma 4 we see that there exists C =oI 1
and Cq = Cq(6,K,k,m,n) > 0 such that

+ c dt 
a Rn

|s|2k|u(s,t)i2ds+ c2(xV)

1 ZZ A[c * u,c 4 u]

for all u e {Cq (Rn+^)}m . We observe that

(3.34) ||u(t)||2 < Ck |5| |u(£,t) |2d$ + Cv ||u(t)||
n

1 co n+1for all t e R and u e Cq(R ). Combining (3.33) 

we obtain, for arbitrary e > 0,

/  M b )||2 - Y -  h(a )||2

+ c dt
a R

b

n
|$|2k|u(5,t)j?d5+ C2( x V )

i ZZ Re
ij (Nijlsi (tHj (R+XI)u (t) >Nij 1?i

> Co(6,X,k,m) > 0 

u(t)|| 2dt

2
o

, (3.34) with (3.1) 

b
|u(t)|“dt

(t)4\.u(t))Qdt
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+ {e + C(e)n }
b
dt 

a R
|5|2k |u(g,t)|2d£

n

+ C(e)C(n) |u(t)||odt

for all u e {Co(Rn+^)}m . Letting e = CQ/3 and n2

completes the proof of Theorem 2.

Proof of Lemma 4: Since

\  5 Z  52“ i |5|2k < C2 Y l

a - k

2a

,nfor all 5 e R , we have that

Rn
U|2k| drx(41(t)$.u(t))(5)|2d5<2v i. I

1 2 for all t e R . Applying the inequality |z + w| >

for all z,w e t we obtain, using Liebnitz's rule,

^ “(C^.u) | 2 >_ 1^4 Dau |2 - Ck Z Z  U-j^ul

0 < S < a

C0/3C(e)

IzI 2 " 2 |z||w|



For |a| = 

e > 0,

for all t

for all t 

proof. ®

52

k and 0 < ? < a we use (3.21) to obtain, for arbitrary

) _  |Ui(t)$jDau(t)|lo ||DB51(t)*jDa"eu(t)||(

< e |lDau(t)||̂  + C(e)C(n)|Da 6u(t)f2

< e Ul2k lu(5,t)|2d£ + C(e)C('n)||u(t)||̂

Rn

e r\  Thus, for arbitrary e > 0

I-- (Ci(t)4>̂ u(t) >||

1 C X H  ||Dau(t)||2 - e f |5|2k|u(5,t)|2d5
let I = k Rn

- C(e)C(n)||u(t)||

e R^ and u e (Co(Rn+^)}m . Letting e = C ^ / 2 C ^ completes our
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4. The Energy Inequality for Distributions

Definition. Let Q(£,t) + {t2 + where q(£)

= {1 + Is]2}1^2, then for real r and s, k (S,t) = Q2 (5,x)qS(5)r, s

is a temperate weight function.

w r>s J Sl/T>n+1\ ^ T1 /r.n+l) J)4 = ̂  u e e  (R ) : u e  L^qc(R and

Ml21 11 r ,s Q2r(C,T)q2s(C)|u(5>T)|2d5dT < “
Rn+1

is a Hilbert space with the scalar product (u,v) defined in ther, s
obvious way; here, we write

-<=£> e-i«X,0 +tT}u(X;t.)dxdt

Kn+i

when u e ^  (Rn+ )̂ , and extend to A  (Rn+'*') in the usual way. We refer
IT Sthe reader to Section 2 of [ 5 ] for the various properties of $4 ’

n ~ f " l
spaces. For -«= <_ a < b _< -H» , we set J3 = Q , = {<x,t> e R :3)0

^ S c\ ̂ IT Sa < t < b}. Then H  ’ (ft) = { u e <£y (ft) : there exists v e H  ’

such that u = v|ft) is a Banach space with the usual quotient norm:

M L  „ 0 = inf { jvi : v e ^ * S and u = The spaces H r ’S(ft)r j o) ot l j s

are studied in Section 4 of [ 5].



Proposition 4: Let p be a positive integer. Then

= { u e ^'(Rn+1) : u, DPu, Dau e L2(Rn+1) for all a, |a| = 2kp }

lU"2kp 0 e(luavalent to t îe norm

a = 2kp

1/2

L2CRn+1) + l|D"U|lL2 (R“+1) + |U( 2(Rn+1)

Proof: A trivial consequence of the inequality

(4.1) {(1 + kl2)21" + t2}P < Gk>p{l + |^|2kp + x2p}

for all Rn+1.

rRemark. If | a | + 2kj j< 2kp, then DaD^ d s bounded : ’S  > $4

for all real r and s.

Proposition 5: Let p be a positive integer. Then u e 4kp,0 ^

only if u has a representation

u = u + /  Dau + D2u„ ,o z  a t 2
j a| = 4k

, w -4k(p-2),0 . .-4k(p-2),-4k , , .. ,where u e ^  , u e for a = 4k, and
o ' a

1*2 e H  ̂ k(p l),0f in such a way that }|u ll_4 iCp 0 is ecluivalent to

and

-2kp,s

and
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Proof: Define a(S,T) = H  «2“ + .

-1
2 I , „n+l1 + C  + x > , <C,t> e R • For

|a| = 4k

u e H  we jet u = a(D,D^)u, u = [Daa(D,D )]u for each ct»o t a t 1

2|a| = 4k, and = [l>ta(D,Dt)]u. Our results follows by a simple cal­

culation.

Notation. As in t 5 ] we write =

R

cfi(x,t) ^(x,t)dxdt 
n+1

where $ and \p e c”(Rn+ )̂. By Proposition 3 of [ 5 ], J4r>S and K- r’ S

are dual Hilbert spaces, the duality being given by the sesquilinear 

form (which we again denote by [ , ]) obtained by extension.

OO 00 ,„n+lx . r . . , r-Let elements of Cq(R ) satisfying the following

condition: for every non-negative integer m there exists > 0

such that

(4.2) Z Z  Z Z  11)01 i|ii(x,t) | 2 Cm for all <x,t> e 
i

| o | + j = m

Rn+1.

We recall from Section 3 that if anc* satisfy (4.2) and if

SL is a non-negative integer, then

ZZ I Cci<t)*(t) ,V'i(t)^(t))o | <. C||<|> (t)|| ||<|.(t)||
i

for all t e r\  e c“(Rn+ )̂ where C > 0 depends upon >
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and I . Integrating with respect to t, it is easily seen that

(4.3) ZZ U1<M1 0,2«,N y " 0 , - 2 1

CO ^ n + 1 .  , „  ~  . . 00 00for all 4),̂  g Cq(R ) where C > 0 depends upon anĉ ^•

Thus y  [?.*>^*] is uniquely extended to a continuous sesquilinear 
i

£  X JLQ s 2 £ w  0 , - 2 1  /  /  n \  • *--u j. \ / 0,2£ jform on ft x rr satisfying (4.3) with <j> e ff and

ij; e H ° ’ By Proposition 1 of [ 5 ] ) ts.UjiJ'.v] does not
i 1 1

depend on i. We wish, however, to show that z1 can be
i

r s r —sdefine in a continuous way on H  ’ x 44 ’ for general r and s.

CO 03
Proposition 6: Let anc* sat:*-sfy (4-1) and suppose r and

and s are given real numbers. Then the form [___ [ 5 . <j>, \p. ip] >
i 1 1

<f>,ip e Go(Rn+ )̂, extends in a unique way to a continuous sesquilinear

r s -r —sform on H  ’ x <N- ’ (which we denote by /___ [ĉ Ujijĵ v]).
i

Proof: First we assume r = 4kp and s = 0 where p is a non-negative

integer. In this case our proof will proceed by induction on p.

For p = 0 the result is immediate from (4.3) with % = 0. Suppose now 

that our assertion is true for p = 0,1,...,q-1 where q 1, and

suppose u e and v e <H  By Proposition 5 we know that

v can be expressed in the form
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v = v + o
a . _2 , -4k(q-2),0D v + D v„, where v e H  a t 2 o

a = 4k

v e a
^-4k(q-2) ,-4k̂  v £ ̂ .-4k(q-l) ,0, in such a way that v -4kq,0

is equivalent to

1 Vo ̂ -4k(q-l) ,0 + ^Va^-4k(q-l) ,0 +  ̂V2 ̂ -4k(q-l) ,0
^ I a I = 4k S

1/2

Thus

U j U ^ v ]  = [C±«»^±vo] + I  [ 5 ^ , 0 ^ ]  + [^u.D^Vg]
I a I= 4k

Since, by our induction hypothesis , I [C.'j'P.*] is continuous onl i

H
4k(q—1) ,0 x H -4k(q-l),0 we Qbtain

l?iu> V o ] < C||u|4k(q-l),0||Vo MkCq-D.O

OO . CO

where C > 0 depends upon ^i^l anĉ  cl- *̂ ^ow ^or eac^ a>
lal = k, consecutive integrations by parts yield

E ̂ iu»̂ iD [(D{C.)D6u,(dV)v1,
JL X  Wlr

the sum being taken over a finite number of multi-indices 6, 3 and y 

(depending on k) with |s| £ 4k. By our induction hypothesis
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YL I (DSCl)Deu> (D^^v^]
-  ^ “^l^kCq-D.O llVJI-4k(q-l),0

- C^4kq,0^VcJ-4k(q-l),0

Thus

ZZ ZZ U±u.Dava]
a = 4k

- C^U 4̂kq,0 Z Z a11 —4kCq—1) >0 
a I = 4k

A similar procedure yields

I IiiU,Dtv2] - “ ̂ 4kq,0 IIV2 ̂ -Ak(q-1> ,0

where C depends upon ^i^l an(* **' Thus

ZZ - CI'U l'4kq,0 'IV l'-4kq,0

for all u e £4^kq,0 an(j v e H  k̂q’° where C depends upon 

and q.

For general r and s, we employ the multilinear interpolation

theorem ([ 2]). Observe that, in the notation of [2 ], H r ,s

£ S 10 s 0
= [ K 1’ 1, H  2’ 2] Where r = (l-0)s1 + 0s2, s = (l-0)s1 + 0s2 and

0 < 0 <_ 1. Given any real r and s, we may write r = 2k(p+01) and
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s « X + 02> where p and I are integers, and 0^0^, 0̂  <1- Then 

since

^ r>s = [ H 2r,°, h 0,2s]2 , M ~r’ s = [ K~2r’°, H 0, 2s]2,

^2r,0 = |.^4kp,0 ^4k(p+l),0j 1 ^-2r,0 = |.^-4kp,0 ^-4k(p+l),0^ 1

H °>2s = f^ 0,2ft 0,2<fcfl)j 2  ̂ ^ 0,-2s = ^(>,-2(4+1^ 2

our proof is complete. ■

Using the notation of [5 ], Section 4, we have that the mapping
oo —which assigns to <}> e the function t <)>(•,t) taking [a,b]

CO Hinto Cq(R )> extends, in a unique way, to a continuous embedding of

^ r,S(&) into C([a,b] : Hr provided r > k. For u e H r,S(ft)>

X  -k+sr >k, and t e [a,b], we write u(t) for u(*,t) e H . I f
00 TVf-1<j) e C (R ) define

r
(x,t) if t > a

H b(x,t) = \  a
0 if t < a

II V sBy Proposition 11 of [ 5 ] , if | r J < k ==> H <j> e ’ ; moreover there
Si

exists C = C > 0  such that || H $ || <_ C|| 4> || . Thus, H definesr )S ^  t ) S  IT j S SL

X  s x  s —a continuous projection H  ' onto H  ’ (ft . )•O  Si ) |°°
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COProposition 7 (Compare with Proposition 12 of [5 ]): Let
00{i^isatisfy (4.2). Then given real r^ and r ^ , satisfying 

r^ + r^ 0 and min (r.^,^) > -k, any real and s^> and £ a 

< b < +°°, the form

(t)<))(t) ,^i(t)^(t))odt, 4,ip e C ^ o ^(n) ,

extends in a unique way to a continuous sesquilinear form on
IT ) S IT ) S

H   ̂ *̂(ft) x H  2 2 (ft) (which we denote by

  DXZ f (̂U.̂v̂dt),-1 *

provided r^ + ŝ  + r^ + 0*

oo n-flProof: Suppose first the e Cq(R ). Choose r real such that

| r | < k and -r^ r r̂ ; then let s = ^Ksi + ri - S2 _ r2  ̂ "" r
implies that - (s2 + r2> <_ r + s <_ ŝ  + r.̂. Thus, by Proposition 6,

y (Ci(t)<j>(t),!/'i(t)^(t))odt
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£ C||(Ha- V*lr,s ll*l-r,-s i CH*llr,s W-r,-*

CN l r s N r  a ■rl,Sl 2 2

Thus T (Ŝ u,iji/v) dt extends to a continuous sesquilinear form on
a

r ,s w ro»so , ri >si „
/» x which vanishes when u e H  (f, ft) or wheno

r 2 ’ ®2v e H z Z(£ft), and our proof is complete. *

  b b
Note: For 4). = 5. we write ^  ||i;.u||̂ dt for ^1 1 x 1 "o 1a a

^iu>0dt;

if y  = 1 it is obvious that ^ )j?n.u||̂ dt = |ju||̂ _’1 "o " "o,o, ft

ft = ft ,. a,b

Definition. Let r and s be real numbers. As in [5 ], )Y1 is the -------------------------------  r,s

unitary isomorphism of H ^’0 onto N-p r,a S (for each real p and a)

given by (VY1 <#>) ,t> = Qr (£,x)qS(C)4> (^»t) > when tj> e c“(Rn+1) , andr, s o

extended.

00

In the following theorem we take { 2̂. to the S(luare_ 

partition of unity used in Theorem 2.

Theorem 3 (Compare with Theorem 3 of [ 5 ]): Let R be given by (3.8).

Given real r and s, r > k, and a < b +«, there exist > 0

(depending on 6,r and s) such that
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(4.4) rllu(b>lL-k-rll“Ca)HL-k
+  c. 1“ »r+sdt + C2(x - C4> lu^r+s-kdc

< y Re
i.J

(N, ..$>,YU (R+AI)u,N. .1c.4,YKl u) dt ij *x o,ps xj *i o,p o

for all u e { H r,S(ft)}m and A > 0, where p = r + s - k.

Proof: First suppose r + s « k. By Theorem 2 and (3.34), (4.4)

holds for u e {C°(Rn+1)}m with C_ = c'(6)/C. and C, = C (6) + C (6)/C„,O J K 4 /
(4.4) extends to the case where u e { H r,S(ft)}m by application of 

Proposition 9 of [ 5 ] and our Proposition 7 as follows:

(N..1£.u,N..1i.v) dt v xj i xj x o
x,j a

is continuous on {$4r 2k,S(h)}m x {'Hr’S(n)}m by Proposition 7; since 

R : { H r,S(f2))m -*• { H r 2k’S(&)}m is continuous, it follows that

(N. ,1?.*.(R + AI)u,N.71C.4>.v) dt ij x j xj xj o

is continuous on { H r,S(ft)}m * { M r,S(fi)}m .

Now let r + s - k = p. We have that

Rft< = m  R + (Yn H - HYn )A2k + (VM J - J Y n  ), o,p o,p o,p o,p o,p o,p
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Choosing 6 between 0 and 1, and applying our Proposition 7 and Pro­

position 5 (ii) and Proposition 2(i) of [5 ], we obtain, for 

arbitrary e > 0,

-1 0\r -1(N.. S.MVlfl H-Hm ]A u,N , u) dtv ij 3 o, p o, p ij x j o, p o

< ck|)tvn0}pH - HVn0jp]A2ku|!o>_k)J|mo>pu||o>k^

- u Ho, p+k-0, J  u ̂ o, k+p, 8

- 2 ^U ^o,p+k,Q + C(e)^o,p,n

lu lUkdt + C(E) Iu llpdt •

A similar calculation yields, for arbitrary £ > 0,

( N _ , [ Y n  J-JVn ]u,N..15.*.Vn u) dt v ij *x 2 o,P o,p 5 13 1 1 o,p o

< i- 
-  2 lu »p+lcdt + C(e) Iu ||pdt.

Let e = G^/2 and our proof is complete. ■
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5. Uniqueness In the Cauchy Problem for P

Theorem 4: Given real r and s, r > 2km-k, and -«> < a < b < +°°, the

mapping <p P<J>, cp (a ) , ( f ^ K a )  > • • • > (|-}r)m 1<j>(a)̂  is one-to-one

from H-V , S (n ) into ‘‘,IUU’°(ft) © H'r-2km,s Tr+s-3k . . .  © Hr+s-(2m-l)k

where ft = ft , .a,b

Proof: We write Pep = P̂<|> <j> (a),. .. , ^(a)^ for <p e ^(r’S(ft).

TO S / vFor each (j> e H  ’ (ft) let u =<ul5u , ...,u \ be defined by9 \ 1 A m f
. 2k(m-j)Tj-l1 . „  -> i r ■ ,r-2k(m-l) ,s , . mu = A v d>, j = 1,2,...,m; clearly u e { K  (ft)} •

J J <p

By definition of R (see Section 3) if <j> e ,S(ft), then f = P<j>

e M-r ^̂ m,s(ft) and R(u ) = i(f—Q<p)e , where e =<p m m

—AtIf, in Theorem 3, we replace u by e u, we obtain

(5.1) C2 -2A bn .,.,.2 C1 -2Ab|, , .,,2 e II u(b) JL " —  e II u(a) |p!'p 2

+ C, r * H 2+kdt + c2ft- v
At ij2je u dt"p

< r Re
i»3

b
(N. .$ .YT\ e ^tRu,N. .̂ r .$ .Vn e ^tu) dtij M  3 o,p ij ‘=iijn’o,p o

for all u e { H r ^k(m ^ sS(ft)}m and all A > 0, where p = r+s-(2m-l)k. 

Throughout the remainder of this proof C, Cq, Ĉ , C C ^ ,  will
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denote positive constants depending only onK, 6, k and m, not neces­

sarily the same at each occurrence. If, in (5.1), we let X = 2C^

= Cq, we obtain, for arbitrary e > 0,

(5.2) C2e ° ||u(b) ||p - C^e 0 ||u(a) 1̂

+ C3e
-C b o

|u<p+kdt + C5e |uj|̂ dtI lip

-C a

for all <f> e )=fr’S(fi) with u = u, and f = P<j>. If we choose
<P

1 "Cob e = — C^e in (5.2), we obtain

C (b-a)
(5.3) C2||u(b)||‘ - Cle ||u(a)||‘

+ C, “ lp+kd‘ + r  j lu !pdt

< C e C°< b a > <! ||W0>pQM|2>0;fl+ l l < p>a

Since
m-1

|a| 2k(m-j)-l

oo ri*4“lhas its coefficients in CTJ(R ), we have, for arbitrarily small e > 0,
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m-1

I a I =2k(m-j )

m-1
+  c < o  Z _

where C(e) is independent of a and b, and 0 < C(e^) < CCe^) if 

£1 > E2' ^sinS Poincare's inequality:

Iu(t) llgdt £ 2(b-a) (|Dfcu(t) ||̂ dt + 2||u(a) ||̂

Co --  j* gfor all u e and extended to H  * (Q), we obtain

m-1
(5.5) l _  l|DJt’1(Mo>p+ > ^ j0>fl< x 10.-a)||D“-1( m o>pt)||^o>

m-1
+ x2(b_a)

3=1

where x̂ (b-a)-*- 0 as b + a. We observe that there exists > 0

(depending only on k and m) such that

m

(5-6> h H ' o . o Z j=l
|dV 1<j)||2 < A || u ||21 t "o,o — 211 <j> no,o

a I =2k(m-j )

for all <j> e H r’S where r+s = (2m-l)k. Applying (5.4), (5.5) and (5.6), 

we obtain, for arbitrary e > 0,
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(5.7) ||VM Q<j)||2 _ < e ||u ||2 _11 o,p^y "0,0,8 — 11 Vo.pjft

r

+ C(e) <
m-1

c (b-aJllD"-1* ^  + x2(b-a> Y_  ||DJt '% W ||
.1=1

C -C (b-a)
Letting e = (b-a) = e in (5.7), it follows from (5.3)

o
that

7 C (b"a) o(5.8) C2||u(b)|r - Cxe ||„(a>r

+ C, lu C+kdt + i r lu llpdt

r
C (b-a)

< C , C e ° ■<— a,b o

m-1
+ x2(b-a) J Z .  ||Dj"%(a)||2 )•+ C_e ° || f

j=l

(b-a)
p | o H^Ho,p,8

for all <j> e M-r *s (f2) where u = u ,  f = Pij>, 8 = 8 , and C ,m 3)D cL 9 D
= C(e(b-a)). We observe that if 0 < y < b-a then C(e(y)) < C , .a , D

Also, by (5.6), we have that ||d“ 1(Hlo p n 1 A2H u<(, IIq,p ,n» A2 indePen‘

dent of a and b. Thus, by choosing Y > 0 so small that Y < b-a and
C Y C

C ,C A e ° X, (Y) < -x— , we obtain, by (5.8) a, b o 2. i — o

a+Y a+Y
(5.9) C2l|u(a+Y)||p + C3 |u||p+kdt + r lullpdt
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c
i Ca,bCoe ° X2(Y> K ' V a )  ||*

+ C e 0 ||u(a)jp + C e ° || f ||̂1 11 "p o " "o,p,ft

for all <j> e H r,S(̂ )> u = u ^» f = P41 and ft = ft . Thus, if4) Si y Si I ' Y

<j) e H r ’s (ft ,) and P<f> = 0, then <j> = 0 on ft , . Applying the & y D Si f £t“t*Y

estimate (5.9) for the slab ft „ , we see that <f> = 0 ons*t*Y) oT 6 Y

ft 0 . Repeating this argument we obtain <j> = 0 on ft , and oura+Yia* ̂ Y a j d

proof is complete. •
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6. The Cauchy Problem for R

g 2kLemma 5: Let R = —  - hA , where h is a constant m x m matrix of the
a t

form (2.1) having its eigenvalues contained in K  . Then there exists 

C > 0 depending o n K ,  6, k, m and ||h|| such that

{|£|4k + t2 + X2}|£(S,-r)|2d£dT <_ C||(R+XI)u ||2U y o
Rn+1

oo ti4*1 mfor all u e {Cq(R )} and all X > 0.

Proof: Let R(£,x) = i-rl - |5|2kh; thus R = R(D,Dt). Since X + ix

I K  for all X > 0 we see that R(£,t) + XI is invertible for all
M

e R and X > 0. Moreover, for 5 ^ 0

R(S,t) + XI 1 - k r 2k{k| 2k(ix + X)I - h} 1.

For fixed ^  0, t e R1, X > 0, we define

f(A) = k f 2k{ k f 2k(iT + X)I - A}"1

where A is any complex m x m matrix having its eigenvalues contained 

in K . Let T be a closed contour surrounding K satisfying the 

property: z e T — > Re z <_ - -j . Since f(z) = (X + it - z | ̂ j 2k) 

is analytic in {z : Re z < 0}, we obtain



70

f(A> ’ 2k

2iri

f(z){zl - A} '''dz

(X + it - z|s|2k) 1{zl - A} d̂z.

Letting A = h we obtain

_i 0 II ̂ zI “ 1 ||(6.1) ||{R(5,t) + XI} i|| £ sup-- ------------
z e r 1... iri2kl I X+ix-z | E, | |

for £ e Rn - {0}, where &(F) denotes the length of T. We assert that 

there exists C = C(X,S) > 0 such that

(6.2) inf |(X + it) - |s|2kz|2 £ C{|s|4k + t2 + X2}
z e r

for all e Rn+  ̂and X > 0. For z e r let x = Re z and y - Im z.
2

Since z e T => x <_ - j, we have that | X - | £ | 2kx| 2 _> (X2 + | £ | ̂ k) .

Thus

1 (x + it) - ui zi = u  - u  1 z 1 + i-r - u  1 yr

> T- V  + |c|4k) + |x - U|2ky|2

for all z e T. Let y = sup |Im z|. Clearly it suffices to show that
z e r

6 2 2 2 2 there exists C = C(y) > 0 such that x + |t - xy| >^C(x + r ) for

all x 0, t e R2- and -y £  y < y. Consider the family of functions
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p , defined on [-y,y] byX , X

f 52 2 , | ,2
px,x(y) = 4~ X 'T ' x y l •

Since each of the functions p is uniformly continuous on [-y,y],X , X

we have that the function g(y) = inf p (y) is continuous9 9 x,t
x + T = 1

°n [~Y,y]• Since g never vanishes on [-y,y] we see that these exists
26 2 2C = C(y) > 0 such that x + | x - xy | ^ C for all x 0, -y _< y £ y,

2 2where x + x =1. Thus (6.2) holds. By choosing F sufficiently

6 5close to K  , say — < dist(A.F) < 7- for each A e K , (6.1) yieldsO —  H
_ 1

|| {R(5>t) + AI 1 1| <_ C{ | £ | + x2 + A2} 2 sup || (zl-h) 1||,
z e F

C = C(6,K) > 0. Since h is of the form (2.1), (zl - h)  ̂is equal 

to (det(zl-h))  ̂times a matrix whose entries are polynomials in z,

Pl,...,pm . If we let B - dist(X ,F), it follows that

|det(z I - h)| _> B™ >_ (|)m

and sup || (zl - h) ̂|| <_ C6 m ,
z e r

where C > 0 depends on K , 6, k, m and a polynomial in Pj_»***>Pm whose 
order depends only on m. Writing

u((,x) - {R(5,t ) + AI}-1{R(^,x) + AI}u(5,x)
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we obtain

^  2 | (R(S>t) + XI} u(S,x) |2
u(?,x)| < C   , A > 0,

,4k 2 2£ + T + A

e Rn+  ̂and our proof is complete.

Lemma 6: Let H(t) and J(t) be given by (3.7) and (3.6), respectively,

9 2kand suppose R = —  - H(t)A - J(t). Then there exist constants0 u

^1*^2 >  ̂depending on P, K  , 6, k and m such that

{x2 + |H4k + A2} lu(£,x)I2d£dx
En+1

< Cj (R + XI)u||2 + C j u ||2— 1" no,o 2" "o,o

00 nXI mfor all u e {Cq(R )} and all A sufficiently large.

Proof: We refer the reader to Section 3 for the definition of (Q^>5 )̂,

(ftj>4j)> h±.j and , i = 1,2,... , j = l,...,s, in which ( Q ^ C ^ *
g

(ftj,<f>_.)̂  are determined by the number p satisfying (3.16). We define

- h^A2k and the operator by $^u(£,x) = <(> (£)u(£,x) , when
oo n+1 ii  ̂ 2 k.u e C (R ), and extended. Since R + AI = r h..A + AI, weo 91 ij

can write

ii 2k(R J + AI)^* u) = C±*j(R + XI)u + C±(H - h.,)A $,u +
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2k *^i+ C.(*.H - Hi.)A u + C.i.Ju + tt—  4.u i J j 1 J 3t J

- hu  1
,2a. - 3 \-.20-6^V e )(I,ti)D V

I a = k 0 < 3 < 2a

where the aa*s are positive integers. Since the matrices h^ are 

uniformly bounded, there exists, by Lemma 5, C = C(K,6,k,m,P) > 0 

satisfying, for each i and j,

(6.3) { | s | 4 k  + T2 + X2} |u(5,t)|2dSdT < C||CRl3 + XI)u||2_o 
Rn+1

co tv4*1 tofor all u £ {Cq(R )} and all A > 0. Our proof shall be roughly 

like that of Theorem 2. Using (6.2) we shall estimate

i.j
(R1J +

2
in terms of || (R + AI)u|| and various "error" terms. LetO } o

(6.4) C 1 - *i.j 3t j

£  ? . = h . Y ~  Y L  a (2Ra)(Da;.) • t.D2a“ei,J ij--L--  1--  a 3 /v l a
I a | = k 0 < 3 < 2a

£  .. = 5. • $. Jii i j
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£_ * = C. * (4>.H - H$.)A2kij 1 J J

£  y  * Ei ‘ (H - h y H 21̂

J

We estimate the "error" terms n r  lie ̂ u ||2 o as follows
£=1 i>3

1) We apply (3.21) to obtain

T
II ̂  ijU Hq ,o at j.u 0,0 CM u l|o,o

for all u e {c” (Rn + ^ ) } m .

2) To estimate the fact that H^j || is bounded independent of i and 

j (see Theorem 1) to obtain

Y  l| e ?. u ||2 <■--  11 ij no,o —i»3
c n  x _  iica^d2* - w ,

ij 1 J °’
Ia I - k
0 < g < 2a

£ cCn) H  ||d2“-«4j»|'2j "0,0
| a I = k 
0 < g < 2a

£ c'<n>ll<2k-l ’ “ E {Co ® n+1)>n

3) Since J(t) is uniformly of order 2k-l for t e R , we have that

i-r l|£U ullo,o * n H = i V ulto.o - -  CWlo,2k-l’i>3



4) By Proposition 1 and (3.4) we obtain

||£ *.u f  =  ̂ || [ $.H — H$. ] A2ku |Po > o ~T—r 11H  J j 'b,<

= )__ ||U,H - H$.]A2ku||2
j=l 3 3 "o,o

^ C(ri)llU io,2k-r o e {c“(Rn+1)}m .

5) To estimate the error terms £ u we apply the techniques that 

were used to estimate the last terms on the right side of (3.28); 

thus we write

H(t) - h.. = k!(x,t;D) + s. . (t) •13 3 iJ

where k'(x,t;£) = h(x,t;£) -h(x,t;g.)J «J

and s_(x,t) = h(x,t;^) - h(xi,tj.;g_.).

For each j = 1,2,...,s, let ^  e C~(£L) with ^  e 1 on the support of 

, and 0 _< ^  _< 1. Extend ^  to all Rn - {0} and define

kj(x,t;£) = iJk (5)kj (x, t; £). Letting K., (t) = k^(x,t;D) we obtain
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< 2  ) || K . A2ku ||2 + 2  }  Ik.s $.A2ku ||2 .“  -JZT 11 3 i Uo,o Y-r 11 ij 3 "o,oj““J- -LjJ

To obtain an estimate on the first term on the right side of (6.5)
,n+l

and £ e E. By Proposition 2, we obtain, for arbitrary p > 0,

we recall, by (3.20), that j|k_. (x,t;£) || < r\/2 for all ^x,t^ e R*

Kj(t)*jA2ku(t)||̂

< q +  p)2 ||$.A2ku(t)||2 + C(p)||$.A2ku(t)||21.

Taking p = n / 2 and integrating with respect to t we obtain 

s

L _  llY.A2k< 0 i 12H“l k k  + « ^ H U»c;2k-l-

For the second term on the right of (6.5) we apply (3.19):

)  |U.s. ,$.A2ku|j2.— r f i ij J ‘o,( 1 *3

- 7 C2(x,t)||h(x,t;5j)-h(xi,tj.;5j) ||2 |$..A2ku(x,t) | 2dxdt
i > j Rn+1

2
< 7- ) ||c.*.A2ku|2 < C,n2||u||2— 4 .— r 11 l i "o,o — k 11 Mo,2ki»3

Thus
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i»3 ^ U C  - V ^ . J k  + C(n)N o , 2k-l
2|i |,2

oo Ti 4* 1 mfor all u e {C (R )} . Since o

t . ^ C R  +  X I ) u £ 0 - I C R  +  « ) “ l l o , o

we can combine estimates 1) through 5) to obtain

/ _  )| ( R ^ + A I )  (C . $ ,u ) | |  
i,j 1 3 °’

< | |(R +  X D u | | ^ o +  Cn2 | | u | | 2 j2 k  +  c C n X l u l ^ ^

By (3.1), we obtain, for arbitrary e > 0,

( 6 . 6 )  J_ | | ( R 1J +  A I ) ( c . $  u ) | | *
-T A J *

ij

(R+Ai)u||2>o + {Cn2+ ^(nHlMI2^  + c1(n)c(e)||u||̂ o

If we integrate with respect to t in Lemma 4 and apply Plancherel's 

Theorem for r\  we obtain

ld4k |u(S,T) |2d£dT C(n)l|u||^0
,n+l



oo 11̂ *1 IQfor all u e {Cq(R )} . A similar argument yields

t2 |u(£,t) | 2d$dx - C(n)||u"2o ,o
Rn+1

< y
Rn+1

for all u e {Cq(Rn+'*')}m . Thus, by (6.3) and (6.6), 

arbitrary e > 0,

(6.7) {|s|^k+ t 2+ A2} |u (£,t ) |2d^di - C9(n)||

Rn+1

< c3 ||(R+Ai)u||^o + {Cn2+ c1(n)e}||u||^2k +

Applying (4.1) with p = 1, we obtain

Q4k(S,x) < Ck>1{U|4k+ x2+ A2} for all A

Since ||u|| 01 <_ ||u||01 , we can take, in (6.7) n =O y ZrC
^ -le = (4C, (n)) and our proof is complete.*K) i. x

we obtain, for

C1(r,)C(E)||U ||̂ 0.

^ 1-

- 1/2(4CCk )̂ and



2 2 Remark, It is easily seen that ll11!^ 0 — c||(R- + ^*)u l0 0 f°r
Co T)*4“l 77)u e {Cq(R )} for all A sufficiently large.

Theorem 5 (Compare with Theorem 2 of [5 ]): Given any real r and s, 

for X real and sufficiently large (depending on r, s and R) R + AI

is a topological isomorphism of { H r,S}m onto {£fr

Proof: The continuity of R + XI for all A follows from the results

of Sections 3 and 4; here I is the inclusion mapping of { H-r,S}m into 

t*—21c s m{Wr ’ } . We next establish the following: there exists C = Cr, s
> 0 such that

C6-8J ||u|| ... , < C||(R + U)ur+2k,s — 11 Mr,s

co n+;L jjjfor all u e {Cq(R )} and all A sufficiently large. By Lemma 6,

(6.9) {|?|4k + T2 + A2}|Mr u(5,T)|2dSdTL , b
rH+I

< cJ|(R + AI)Vn u I)2 + cJ|u||2— I" r,s !|o,o 211 "r,i

2kWe write (R + AI)m u = TV) (R + AI)u + (W H - H Yfl ) A ur,s r,s r,s r, s

+ {)Yl J - J)T] )u. Fixing a 0 between 0 and 1, and applying Propos r y S r y s

tion 4 and 4 of [ 5], we obtain, with C = C(8,r,s) > 0,
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II „h  - H m „  j A 2ku||J „ < c||u |r,s r,s llo,o x , s+2k-0

Applying Proposition 2(ii) of [5 ] we obtain for arbitrary e > 0,

||[Wr _sH - J A 2ku|'2r.s "o.o

e il "2 < x  u-  2 11 “ llr+2k, s + C(e l̂lu Hr,s'

Similarly

Thus, for arbitrary e > 0,

{|s[4k + t 2 + A2}Q2r(5,T)q2s(5)|u (^,t )|2d5dT

Rn+1

< Cj(R + U ) u £ s + E||u||2+2k>s + C(E)||u||^s.

By (4.1) we have that Q4k(g,x) <. |£|4k + x2 + 1}. Letting

e = 1/2C^  ̂we obtain

1
2 {|?|4k + x2 + A2>Q2r(^T)q2s(?)|ua,x)|2d5dx

,n+l

< C J i R  + AI)u||2jS + Ck||u||2>s, for A > 1.
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1/2Letting A >_ {1 + 20^} completes the proof of (6.8).

& & r} 9V & &If R is the formal adjoint of R, i.e., R = - —  - A n - J ,0 t
then we assert that for every real r and s there exists C = C > 0r, s
such that

C6-10) H r + 2 k , s  ^ C||(R*+ AI)u||r>i

for all u e {C~(Rn+^)}m and all A sufficiently large. We write 

R# = R + R2 where

R = _ | H#A2k - /-L d t

and R = H#A2k - A2kH#. 2

By Theorem 3 no 7 of [ 7 J, we have that for any real s

H(t) V k - fi2kH(t)! Hs + Hs-(2k-l)

<  c H(t)#A - AH(t)#

< C h(t)
[ImI+3,2n+3]

, t e R , and m = [s],

Thus, by (3.4), we see that H(t)^A2k - A2kH(t)^ is uniformly of order 

2k-l for t e R̂ . Applying (6.9) (with R replaced by R^), (3.1)' and 

, we obtain for arbitrary e > 0,ul'o,2k - 'lu"2k,o!
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{|g|4k + T2 + *2 }|W\ U a , x ) | 2d?dT1. * s
Rn+1

< c, ||(r, + >.i)m u ||2 + c ||u||2— 1" 1 r,s l!o,o 2" "r,s

Cj(R# + XI)mr;Su||2_o + cjl (H*A2k - A2V ) m rjSu ||2>0 + Cjull2^

< cxII(R# + ADYnr_3u||2 j0 + c2||u||2jS + c3|tmr>su ||^2k_1

Cl||(R# + XI)u||2>s + e||u||2+2kjS + 0(e)||u||2^

We write

VKl (R# + XI) = (R* + XI) + VM 0A2k(H*~ H#) + W  (J*- J#)r )s r j s lyS r)S

Now

Ole * §  Ole * §  0 k * *m  A2k(H - if) = A2k(H - r ) W  + A (W  H - H tt? )
J . , S  l T j O  IT y O  L y O

+ A2k(H#m   ̂- Vn h#).
XT j w  X. 9 o

We make the following estimates:

i) Applying Proposition 1, (3.4) and Propositions 2(i) and 2(ii) of 

[5 ], we obtain, for arbitrary e > 0,

||A2V -  H#) M rjSu||2j0 < o1j m r>8u^ (2k.1

* CJ u ^ , s+2k-l ^ ellu^r+2k,s + C(e)Hu llr,,
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ii) Fixing a 0 between 0 and 1, and applying Propositions 2(i), 2(ii) 

and (5ii) of [ 5], we obtain, for arbitrary e > 0,

||A2V m rjS - m r>/ ) u | £ >o

—  u ilr, s+2k-9

i  el lU l l r + 2 k , S +  G<e > H r , s -

9k * * 2k *iii) We observe that A < VYI H - H W  ) = A (H YY\ - YV) H).' r,s r,s r,s 'r,s '

Fixing a 0 between 0 and 1 we have, by Proposition 5(ii) of [5 ], that

HVTl - )T1 H is bounded : H  ’ •> H  * which implies thatr,s r,s

(HVvi - H)* is bounded :Hr’S 9 ■+ H ° * ° ' Applying 2(ii) of [5 ]>ic y s r9s

we obtain for arbitrary e > 0,

ll*2k< W , . /  -

— CHu Hr,s+2k-e

i  e H r + 2 k , s  +  c <E>ll“ l l r , s -  

Similar estimates for VW (J - J ) yield, for arbitrary e > 0,L , S

{|5|4k + T2 + A2}Q2r(?,T)q2S(0|u(5,T)|2d£dT
Rn+1

< C11| <R* + U)u||^s + e | lu l l r j S  + C ( £ ) Hu l l J , s -
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As previously shown, we need only take e sufficiently small and the proof 

of (6.10) is complete.

As a consequence of (6.8), we conclude that the range of R + AI

g HIis closed in {H  ’ } ; thus all we need show is that the range of 

R + XI, for X sufficiently large, has trivial orthogonal complement in

{K r ^ow supp0se v E {)4 r 2k,s^m sucj;i that for all

u e {c” (Rn+1)}m , 0—  ((R + XI)u,v) = [ (R + ^I)u »ŷ 2r ,2sV] ' Then

w = YW 0 0 v e { H r 2^’ S)m and (R* + XI)w = 0, which, by (6.10)Zr y Zs

applied to w, with -r-2k and -s replacing r and s, implies that w = 0 

and therefore v = 0. ®

For any closed set K c Rn+\  we set

^fr,S(K) = {u e H r’S '• SUPP u <=l K}* 
o

Letting a bar denote closure and writing f°r the complement of A,

we have that C*(£ n) is dense in f°r aH  real r an(i B> with

£2 = 8 , , - « > < a < b < + «  (see Section 4 of [ 5 ]) .a, b — —

Theorem 6 (Compare with Theorem 4 of [ 5]): Given any real r, s and c,^

R + XI is an isomorphism of ( N r,S(0 , )}m onto { H r 2^’S(Q f°ro c ,+“> o 0 ,T“

all X sufficiently large (depending on r, s and R).

Proof: First choose pQ > k, pQ >_ r. Next , choose XQ so large that
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i) X > G, (C. , the constant in Theorem 3), ando — 4 4

ii) X >_ Xq implies that R + XI is an isomorphism of { K r,s}m onto
p ,s p -2k,s

{H r >s}in ancj { H  ° }m onto { H  ° }m (applying Theorem 5 in

both cases). We assert that for X >_ 'X , R + XI has the desired property.

By Theorem 5 it is clear that we need only show that if u e { M r,S}m

and v «=> (R + Xl)u has its support in ft , then so does u. Sincec,+“

{C (ft , )}m is dense in {H-r . )}m , then there exists a sequenceo C,+°° O C,+“

{v } of elements in (G (ft )}m converging to v in ( H r gyn o c,+°°

Theorem 5, for each n there exists a unique un g { H r,S}m satisfying

po’S m(R + XI)u = v ; however, there also exists u' e { H  } such that n n n
P »s

(R + XI)u' = v . Thus u = u ' e { H °  )m ; applying Theorem 3 with n n  n n

a = and arbitrary b < c we obtain, since u (-00) = 0,

c b
(6.11) 2^ II"n<b> Up -k+s + C3o

u dt11 n"p +s o
—00

+  c2 a  - c4)
b

u |p , . dt n Mp -k+s o
—00

b
< Re (N..c.®.Yw i , v ,N..c.$.yn . , u ) dt,ij i j o, p -k+s n lj l j o, p -k+s n o

 oo ® ®

n = 1,2,... . Since supp v is contained in ft . , we see that ther n c,+»
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right side of (6.11) vanishes for all n. Thus un(b) = 0 which implies

that each u has its support in ft , , and the same remains true for n c,+“
u. ■

Theorem 7 (Compare with Theorem 5 of [5 ]): If s is real, r > k, and

-co < a < b < +°°, the mapping u ^ Ru,u(a)^ is a topolotical isomor-

phims of { H r,S(£2)}m onto { M r ^^,S(̂ )}m © {Hr k+Sjin̂  where fi = ft , .
cL y D

Proof: With only slight modifications the proof is exactly like that

of Theorem 5 of [5 ] with R replacing P, our form of the energy 

inequality replacing Theorem 3 of [ 5 ], and our Theorem 6 replacing 

Theorem 4 of [ 5 ]. ®
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