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ABSTRACT

A UNIQUENESS THEOREM IN THE CAUCHY PROBLEM
FOR LINEAR PARABOLIC OPERATORS
by

David Ellis

Advisor: Professor Stanley Kaplan
The City University of New York

In this paper we presé;E a Hilbert space treatment for proving
uniqueness in the Cauchy problem for a general linear 2k-parabolic
operator P ., We assume that P has variable coefficients having
bounded partial derivatives of all orders on Rn+1 . We follow in
rough outline the Hilbert space approach to the Cauchy problem for
parabolic operators of the form %f - L(t) , where L(t) is uniformly
strongly elliptic, as developed by Stanley Kaplan,

By means of a change of variables we associate with P the evo-
lution operator R = %{ - H(t) AZE J(t) , where H(t) and J(t) are
singular integral operators of order O and 2k-1 , respectively. We
then establish a generalization of the classical energy inequality for
R applicable to test functions on Rn+l . We prove this inequality by
using the fact that the spectrum of the symbol H is contained in a
compact subset of the open left-half complex plane. We also apply
certain estimates from the theory of pseudo-differentials. By extending
the energy inequality to distributions, we prove uniqueness in the Cauchy
problem for P .

In the last part of this paper, we use the energy inequality to solve

the Cauchy problem for R .
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1. Introduction

We present a Hilbert space treatment for proving uniqueness in the
Cauchy problem for a general linear 2k-parabolic operator. We shall
follow in rough outline the Hilbert space approach to the Cauchy prob-

lem for parabolic operators of the form

=9 _ =9 _ E a
P = °F L(t) = 5t aa(x,t)D ’
o} <2k
where L(t) is uniformly strongly elliptic (here x = <xl,...,xn>,

a = <al,...,un>, la]| = al+...+an, and

OLl o
o (12 1 )7y
i ox Tt i 9x ?
1 n :

as given in [5]. As in [ 5] we shall make use of the Hilbert spaces

¥%r,s (= 6 2.k in the notation of [4 ], Chapter II, where k(&,T)
5

= kr S(&,T) is the temperate weight function defined for <£,T>
3

(5seenst )y e R by ko ((5,1) = Q7 (5,0a%(8).  Here q(&)

2}1/2

{1+ |¢] with

n
2 2
le]“ = Z I
i=1
1

is the usual elliptic weight function in R" and Q(E,1) = {q4k(£) + T2}4k ).

Hs is the usual Sobolev space on rR%.

We assume P is of the form

o s
P(x,t;D,D ) = } aa’j(x,t)D DtJ,

la| + 2kj < 2km



with a n non-vanishing, and that the functions {aa
2

, h|
< 2km} belong to the class C;(Rn+l) of complex valued functions having

(x,t):lu| + 2kj

bounded (and therefore continuous) partial derivatives of all orders

for all <x,t> € Rn+l. Moreover, we assume P is uniformly 2k-parabolic

Rn+l

on , 1.e., there exists 6§ > 0 such that

Po(x,t;g,z) = E:: a, j(x,t)E_,azj =0

loa| + 2kj = 2km

for <x,t> £ Rn+l and £ ¢ I implies that Im z > §, where L = {£ ¢ R™:

a a
lgl = 1} and ga = gll... gn % We call & a module of parabolicity for

P. By means of a change of variables we can associate with P the

evolution operator R = %E-— H(t)A2k - J(t), where H(t) and J(t) are
matrices of singular integral operators uniformly of order 0 and 2k-1,

respectively, on R".

In Sections 2 and 3 we establish a generalization of the classical
energy inequality for R applicable to test functions on Rn+l. We prove
this inequality by using the fact that the spectrum of the symbol of H
is contained in a compact subset of the open left-half complex plane
(a trivial consequence of the parabolicity of P). We also apply certain

estimates from [ 6 ] for pseudo~differential operators with bounded symbols.

r,s
In Sections 4 and 5 we first introduce the P ’~ spaces and the
r,s
space ¢+r’s(9) of restrictions to  of elements of ¥~ *°, where

n+l
Q=a, = {(x,t) e R

ta < t < b}. Then, by employing a form of the
energy inequality applicable to distributions (Theorem 3), we deduce

that:



Theorem 4: If ~ o < a < b <+ «, of r > 2km-k, and if s is any real

number, the mapping

2 m-1
oo (20,020, G0, G @G @)

is one-one from Hr’s(g) into Mr—ka’S(Q) @ Hr+s-k @ Hr+s—3k @
@ Hr+s—-(2m-—l)k

In Section 6 we show that R + AI is a topological isomorphism of
{pT°%1™ onto {h(r—Zk,s}m’ provided A is sufficiently large. To prove
this result we employ our estimates from [6] and a commutator estimate
from [5]. By employing the energy inequality once again we deduce

that:

Theorem 7: If - ©» < a <b <+ », if r > k, and if s is any real number,

the mapping u ~~s (Ru,u(a)) is a topological isomorphism of (%"

r—-2k,s r+s—k}m

onto { @ & {H

Remark. By Am, where A 1s a non-empty set, we mean the set {(al,az,

.,am):aj e A, j = 1,...,m}.



2. The Basic Inequality

m
Notation. For z,n ¢ 6" we use the usual notation (z,m) = E Cjﬁj
n =1
and [c|2 = (g,2) = E ];j|2. If A = (aij) is a complex m X m matrix,
j=1
|211/2

the norm of A, denoted by |Al|, is given by E::: Iaij
i,]

Let 0 < 8<1 be a module of parabolicity for P which shall remain
fixed throughout this paper. Let X be a compact subset of C satisfy-

ing the property: z € X => Re z < -§. We define ¥(X) to be the class

of complex m * m matrices 4 of the form

0 0
(2.1) A= 1 Ce . o '
0 0 0 1
"'Pm "'p-m_l - . . . "'Pl ’ Pj € G)

such that the eigenvalues of A are contained in X.

Theorem 1: Let & and (X ) be as above. Then there exists a constant
Co > 0 (depending only on X, & and m) such that given any matrix A

€ M (X) there exists a non-singular matrix N(A) with the following
properties:

a) Re(RY—lN(A)_lA NUOR C,0) < - > 1z|® for all £ e ¢ and 0 < y <%

where



. -1
fn , and

by N + N T < o

Lemma l: Suppose m is a positive integer, and suppose 0 < 8 <

N

Let the function 1 be defined by t(p) = epM where M = %-m(m-l). Then,
there exists € = €(6,m) > 0 with the following properties: 1if A is
any set of complex numbers with no more than m elements, then, either

1) there exists A_ & A such that A e A => |A=)A

1 < 68, or

1

2) there exists A «sA, e A (1 < k < m) such that

l’AZ"' k

(i) »p = min |A,

;- x| > g5 and
1<i<jc<k J

(ii) for every X ¢ A, there exists ki’ 1 < i < k, such that

|A - Ai| < 1(p).

Proof: For m = 1 there is nothing to show. For m 2 2 we define the
numbers Py sPyse 2P by Py = 1, pj = T(pj_l), i=1l,...,m. Let

g = pm. We define a finite sequence of subsets of A, Aj, j=1,...,k,

—

where 1 < k < m, as follows. Choose any Al e A, Let Al = {x e A2

ll z_pl}. If Al = ¢, our proof is complete, since pl = 0 and 1)

holds. If Al # 06, we choose )

[A-A

€ Al’ and define A, = {X e A:

2 2
min(]A—Al],]A—AZI)_i pz}. If A, = ¢, ve see that 2) holds with k = 2,

since p = |A1—X2| > pp = t(p) Z.T(Dl) = Py and given any X £ A, we

must have either lx—kll < Py or |A—A2| < Py- 1f A2 # ¢, we choose



A, € A2, and define A

3 = {A e A: min |x—xj| >yt IE Ay =9,

3 1<j <3 3

we see that 2) holds with k = 3, since |A1-A2| >0y >, =>

p = min |A.=x.| > p, => t(p) > t(p,) = p,, and given any
1<i<j<3 i ] 2 2 3
A & A, we must have either IA—Al[ < Pgs |A—A2| < py or ]A—ASI < g

If A3 # ¢, we define A, in the obvious way. Assuming Al # ¢ we have,

4
after some k steps, 1 < k < m, that Ak—l # ¢ and Ak = ¢. Since

A ""’Ak—l are non—empty, we have points Al,...,Ak in A such that
p = min lki-kj| > P 2  1(p) z_T(pk_l) = 0y Since

Ak = ¢, if A ¢ A we must have either IA—AII < Py or 'A—Azl < Prsere

or A=A ] < P> and our proof is complete. @

k I

1
Proof of Theorem 1l: First we fix 6, 0 < 6 < 7> and let ¢ = ¢(6,m)

from Lemma 1. Let %46()<) be the collection of matrices A in & (X)
having the property that A has at least two distinct eigenvalues
(thus m > 2) and that the minimum distance between the distinct eigen-
values of A is greater than e(6,m). Now let Ao« %ée()<) and suppose
Al,...,Ak, 1 < k < m, are the distinct eigenvalues of A with multi-
plicities SR TRERE respectively. Let

©
i

p(h) = min lAi—k.| >e(0,m);
l<i<j<k J

we may assume p < 1. Let N(A) be the m x m matrix



(u,-1) (n, -1)
e 10y e 0
N(A) = e(ll)e'(xl)... _— ...e(Ak)e'(xk)...—-——————————
S (u - ! (n, =1)!
1 k
1
A
whose column vectors are defined starting from e(A) = . and
Am—l

differentiating with respect to A ¢ €. Considering N(A) as a linear

transformation of Cm into Gm on the basis {el,ez,...,em},

0
: Ej = _i | , L in the j-th component, zeros elsewhere, we have that
0
‘ (ul-l)
N(-A)El = e(}\l)’ N(ﬂ—)ez = e (Xl)""’N(A)Eul = {l/(ul_l)!}e (Al)s
(-1
.,N(A_)Em = {l/(uk—l)!}e (Ak). Since e(A) and its derivatives

are bounded on X , there exists C > 0 (depending only on X and m)
such that |[NCA)|| < C for all A ¢ B¢ _(X). shilov [8] shows that if
TysTgseee»T arem arbitrary complex numbers having a subset of dis-

tinct points T ,Tp, where 1 < k < 2 < ... < p < m, then

1P T

e(k—l)(Tl)

det e(t))e'(t. ). —— ...e(1)e'(1.)...
ol (k-1)1 PP

(m-p-1)
e (Tp)

(m-p-1)!



-[—T (TJ —Ti)

l<i<j<m

= lim
I [ (T,-Ti) I | (t, ~1, ) ... | (t, -t, )
| 3 iy jp ip
< < 9 < H [} . .
l2di<j<k k=i <jg < pci <, <m
where the limit is taken as T, = T,, T, > T,se.0,%T, > T . It is
i ok ip

easily seen that the above limit is equal to a polynomial in T, ,T,se+¢,T

1k

—

o
ij - .
of the form l l (Tj‘Ti) J , where the uij's are positive integers

i,j = 1,ky%,...,5p
1< j

Do

A =

m(m~1) = M. Taking A, = T1s Ay TEottes A

satisfying } aij < 1

i,3

= Tp with the appropriate multiplicities HysHgseor we see that

9Uk

|det N | i_p(A)M > eM(S,m).

Thus, there exists C > 0 (depending on X and m) such that

CM< %
o (R) €

2.2  [nw™) <

for all A ¢ %46()<), € = e€(f,m). The matrix form of N(A)'&\N(A) with

respect to the basis {e¢ .,em} is easily determined by considering

1°°"

how A acts on the basis

(u,-1) (p, -1)
1 e k (Ak)
B = e(Al),e'(Al),..., —_— ,...,e(xk),..., e
(u;-1)1 (u, -



The characteristic polynomial for A is given by

m
p(z) =z + P.2 °,

=1

[\/]B
=
1
[SN

where the bj's are the entries of A in the form (2.1). Since
(2.3) hoe(h) = re(r) - p(k)am

we obtain, by differentiating with respect to A,

(3 ) (G-1) .
' e " () e () e A 1 @)
T T T el Y TP ey

for 1 < j <m. Since XS is an eigenvalue of A of multiplicity Hos

(us—l)

we have that p(ks) = p(l)(ks) = .. =D (AS) = (0., Thus

)y e(AS) = Ase(AS), and
(2.4)

G4 (3) (3-1)
A e (AS) _ e (AS) . e (AS)
jl s 3! (3-L!

for each j, 1 < j f_us—l where s = 1,...,k. Thus, the matrix form

of N(A)_%LN(A) is easily seen to be the Jordan form:

NG AN = .o



10

where each Aj appears uj times, j = 1,...,k. We assert that
-1 -1 8 2
(2.5) Re(R "N(4) “A N(IR 1,0 < - 7l¢]

for all ¢ ¢ ¢ and Y _<_%. Since R;lN(A)_lA N(A)RY is a sum of matrices

of the form:

where As appears H times, we shall first consider estimates on
Re(nsc,;), 1 < s £ k. Without loss of generality we may assume s = 1.

Since X, ¢ X we have that

1
2

Re (nl;,c) = Re }\l(];l' + ,c?lz + ... + |2;u ’2)

- 1
+y Re (04 * 5ol + eee v T 1)
2°1 372 ul ul 1

2
DI 413 R PN RO 2, 1%)
1

+ v Re (;221 + ;322 + ...+ _l).

Since {A ..,)\m} C X , we obtain

l’Az"



11

Iy

Re (R_IN(A) A N(AR £,0) Re (1_s%)

0
I
—

(v - G)Iz;|2 , for all ¢ ¢ ¢".

In

Thus, (2.5) holds for all A ¢ ¢4E()<), e = €(6,m). We remark that the

estimate (2.5) is independent of 6.

We now wish to treat those h & ¥ (X) having the property that
the minimum distance between the distinct eigenvalues of h is less
than €(9,m) (see Lemma 1). It is easy to see that N(h), as constructed
above, will not satisfy statement b) of our theorem since, in general,
“N(h)-l” + © 35 the minimum distance between the distinct eigenvalues
of h approaches 0. We get around this problem as follows. By taking
8 sufficiently small (depending on X, 6 and m) we shall show that for
each h ¢ M (X) we can find a matrix A € ¥+€()<) satisfying the
following: |
1) the eigenvalues of A are '"close" to the eigenvalues of h by a
distance less than e€(9,m),
2) the choice of N(4), instead of N(h), satisfies statement a) of our

theorem. N(A) satisfies statement b) of our theorem by our previous

argument for matrices A ¢ 948()<).

Let h ¢ ¥ (X) and let A denote its set of eigenvalues (counting
multiplicities). By Lemma 1 there exists two possible configurations
for the set A:

Case 1. There exists A; e A such that A e A & [A-},[ <6, or

1
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Case 2. There exists Al,kz,...,kk

i) p = min ]Ai—AjI > e = ¢g(6, m)

e A (1 < k < m) such that

(ii) for every XA € A, there exists A, , 1 < i < k, such that
i 1=
]A—Aii < 1(p) =6p, M= %-m(m-l).

Let héi(){) and }(i(){) be the sets of matrices h in ¥ ()X) whose eigen-
values satisfy case 1 and case 2, respectively. Thus ¥ (X)

= }(i()<) U k#i(x). Let h ¢ %éi()() and suppose h has eigenvalues

Al,...,km (note that m > 1). If k = m, we have, by our previous

argument, that the matrix N(h) = (e(kl)e(xz) .o e(km)) satisfies

(2.5) with A = h and that “N(hyl“ < C/EM, where € = €(6,m) and

C > 0 depends only on X, § and m. Now if k < m, then

Py = min |Ai—xj| > e(0,m). Let us consider open disks

Sl’SZ""’Sk of radius T(ph) centered at the points Al,kz,...,kk,

respectively. By case 2(ii), each of the points Ak+1’°"’km is

. . . . 1
contained in one of these disks; moreover, since 6 < bL each of the

points A .,Xm is contained in only one of these disks. Assuming

k+1’"°

that for each j, 1 < j <k, Sj contains exactly uj eigenvalues of h,

k
we have that § v, = m. Define the complex numbers ;l""’sm by
=1 !
m
k M. .
a -~

Y@y = TTapd==e ) b9,

j=1 J =1

1f we define A by
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0 1 0
0 0 1

2.11) A= i e
0 0 0 1
4" N ")
—pm “pm_ 1 -P

then A ¢ <)>«"a()<) by our previous argument, and we say that h is a

perturbation of A. We remark that N(A ) is only defined for

s }(E()<). Thus N(A&) is given by

(ul—l) (uk—l)

e (A
N = | e(rde' Gy ———2 e(d Ye (A ). ..
1 1 (1 -1)! k k (1, -1

k)

Considering N(A) as a linear transformation ¢® » ¢™ on the basis
{el,. ..,em}, we know by our previous arguments that there exists
C > 0 (depending on X, m and &) such that ”N(A)” < C and

-1 M .
”N(/L) " < ¢c/e(®,m) for A ¢ N—E(K). Returning to A given by
(2.11) and its perturbation h we know that the matrix form of

N(A)—th(/\.) with respect to the basis {El,-- .,em} is determined by

i

m
its action on the basis B. Letting p(z) = 2" + § pjzm—J,
i=1

where the pj's are the entries of h in the form (2.1), we have that

he(A) = Ae(d) - p(})e and



14

() &D) (3-1) .
pePw P, e 1 Gy,
il j! (G-t j! m

for each j = 1,2,...,m. Since As is an eigenvalue of h of multiplicity
us, 1l < s <k, we have that
(v -1)
- - - s =
p(A) =p " (A ) =...=0p (A) = 0.

Thus, by definition of N(J), we obtain

he(As) = Xse(ks)
and
e(j)(xs) ) e(J)(AS) . e(j—l)(ks)
BT T A T GO
(1 =1)
. _ e )
- %P(J)()\S)N(A) 1 ____________k__
(ny =11

for each s, 1 < s < k. Thus the matrix form of h in the basis B is

(2.12) L + € ),

where Aj appears uj times, j = 1,...,k, and the column vectors of

the “error" matrix & (h) are either 0 or of the form
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. (v, -1)
1 k

P (AS) N(A>_l e (Kk)
it (, -1)!

1< j_us—l, 8 =1,2,...,k, Hg > 1. If h e bée()(), we have, by our

previous argument, that & (h) = 0. Since N(h)_thCh) has the form

(2.12), by (2.7) we obtain

(2.13)  Re (R;lN(A)—th(A)RYC,C) <teml -3’

for all ¢ ¢ ¢™ and Y < g—. Since e(u)(A)/u is bounded for A e X, we

have that H & 01)“ is bounded by a finite number of terms of the form
CHN(A)‘lu{%TJp(J)(ASj} , where 1 < j <u_-l, u > 1and s = 1,2,...,k.

In‘general, for 1 < s < k, we know that

2 k
pM () 5 TT
—_— = ()\-l.),l<2<m.
21 L ) . s '] - -
kl’kz""’kz—l 1<j<k,j#s

3 A kpeekg g

Since each of the points A A is contained in exactly one of the

k+1’ "’ "m
disks Sl,Sz,...,Sk, each having radius T(ph), we obtain
u,—J
1
FhPoplcerend T <oy

for 1 < j f'us—l, Mg >1and s = 1,...,k. Since Py = p(4) we can com-
bine the above estimate with the estimate[[N(A)—lﬂ 5_Clp(k)_M to

obtain{[ffaﬂllf_clp(ﬂ)—M . ep(A)M = cle where Cl > 0 depends only on
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X, § and m. Taking

1 8

(2.14) 0 < 06 < min <§ ’ Z'(':—]T

we see that (2.13) yields
-1 -1 $ 2
Re (R hN(A)R_5,8) < - &
e (R N(R) TBN(R £,8) < -7 ¢

for all ¢ ¢ ¢” and Y ffgu Letting N(h) = N(A) the theorem is proved
for all h ¢ *42()() where € = €(8,m) with 6 fixed and satisfying

(2.14) .

Now suppose h ¢ >41()<) with eigenvalues {xl,...,xm}. By

renumbering we may assume that ]Ai-k < 6 for each i = 2,3,...,m;

.|

thus k = 1. Since

e(m_l)(kl)v

NB) = [ e(d) e' () ... ———
(m-1)!

it is easily seen that there exists C > 0 (depending only on X,

m and §8) such that HN(h)“ < C for all h ¢ ¥(i()<), e = ¢(8,m). Since

ldet N(h)l = 1 we have that “N(h)—l“ < C for all n € »t i()(), cC>90

depends only on X, & and m. Expressing N(h)_th(h) in the form (2.12)

ﬁe see that the "error" termllfi(h)“ is easily estimated by C26, where

C2 depends only on X, m and §. Taking 6 such that

0 < 8 < min l-, —é—-, S our proof is complete. .
2 401 4C2



3. The Energy Inequality for Test Functions

The H® spaces on R"

i) TFor ¢ ezfi(Rn) = C:(Rn), the space of inifinitely differentiable
~
functions with compact support, ¢ denotes the n-dimensional Fourier

transform of ¢:

Yy = (@m™/? f e 10 8) () ax

Rn

n

(here (x,§) = 2 ijj). gg,(Rk) denotes the space of infinitely
j=1

t
differentiable and rapidly decreasing functions on Rkj é.(Rk) denotes

the space of tempered distributions on Rk. For real s we define
- RO s N 1 . n
H = ue J'(R) tue Lloc(R ) and

J {1+ |s|2}slﬁ(g)|2dg = ||u“§ <

Rn

H® is a Hilbert space with the scalar product ( , )S defined in the
. n v
obvious way; here, we use the usual extension to A'(R") of u ~—> u

on 4 &Y.
ii) The topological inclusions SER™M < & R®R®) < B° are dense.

iii) For ¢, ¥ ¢ S R™) we write

(¢,w)o = J & (x) Y (x)dx.

Rn

17
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Also for ¢ € & (R™) and any s,

| (4,0,

sup a
ve A@RY vl
v#0

(3.1) lell, =

Thus H® and H ° are dual Hilbert spaces, the duality being given by the
sesquilinear form (which we again denote by ( , )O) obtained by exten-~-

sion.

iv) If s < t then H c B° and ”u“s j_”u“t. Given s, < t < s, and any

1 2

€ > 0, there exists C(e) > 0 such that

' 2 2 VA
Gt el < elul} el

S

for all u ¢ H 2. Note that Hoo f\SHS c Cw.

i

v) Let L be a linear operator from <g(Rn) > H . Following Kohn and
Nirenberg [6 ], we say that L has order r if for each real number s

there exists a constant Cs > 0 such that
HLuHs _<__CS||uHs+r for all u e & (R").

The infimum of all orders of L is called the true order of L. Let L

be an operator of order r. Then L can be extended to a bounded operator
LS from HS > 1% for any s. Since LS = Lt on H® Ht for all s and ¢,
we shall denote all these extensions of L by L. We also denote the
extension of L to an operator on u° by L. If L and L* are linear maps

A@Y + H, and Lo,y), = (¢,L*¢)o for all ¢, v ¢ S@R™), then L¥ is

*
called the formal adjoint of L. Since c&(Rn) is dense in USHS, L is
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: . . . s 5-r
unique. If L is of order r, then its extension Ls : H » H has an

—s+ -
S 5 #™° which is bounded. Thus L has a formal adjoint

*

adjoint L : H
* N . n *

L of order r whose restriction to & (R") is L. If L and M are

operators of order r and s, respectively, then LM has order r+s.

If a(£) is a complex valued measurable function on Rn—{O} such

t/2 for a1l

that for some number r and C > 0 |a(§)| < c{1 +;]gl2}
£ ¢ Rn—{O}, then the operator a(D) defined by a(D)u(f) = a(E)x(E) for

u e QA(R“) is of order r. In particular we define the operators,

=
#l

IEls, s > 0, and

\a
ra(D), where ra(g) = //—§~) .
NH

AS(D), where AS(E)

e
]

s o )
The operators A~ and R have order s and zero, respectively, and

p = AlaIRa. Operators of the form a(D) are called multipliers.

(3.2) Definition: We say a(x,£) ¢ Cw(Rn X Rn—{o}) is a symbol on
R™ x I if
i) a(x,£) is homogeneous in £ of degree¢ zero, and

ii) for each o there exists Ca > 0 such that |Dia(x,£)] §_Ca for

all (x,£) e R x I.

(Note that a is not a symbol in the sense of Kohn and Nirenberg [6 ],
since we do not insist that a(x,£) converge rapidly to a unique limit
a(x,£) as x + ©). We associate with each symbol a(x,£) the formal

operator A = a(x,D) defined by

Au(x) = (2m 2 J 8 i), u e AE@Y).

Rn
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We say A is a singular integral operator on R™ with symbol a(x,&).

A is of order zero (see [7]). If a(x,&) = a(f) then a(x,D) is easily
seen to be the multiplier a(D). If a(x,&) = a(x) (thus a ¢ C;(Rn)),
then a(x,D) is the operation of multiplication by a which we denote by

a* .

Let a(x,£) be a symbol on R" x I. Then, for k,p non-negative

integers, we define

lalpe oy = 2 sw [psfagew].

|a| <k xe¢ b

™ "

8] <P we

it

We define the pseudo-adjoint of A = a(x,D), denoted by'A#, as the

singular integral operator with symbol a(x,{). If B = b(x,D) is another

singular integral operator, we define the pseudo-adjoint of A and B,

denoted by A o B, as the singular integral operator with symbol

a(x,8)b(x,8) (thus A o B =B o A).

Propositions 1: Let A = a(x,D) and B = b(x,D) be singular integral

operators. Then for every integer m there is a constant Cm > 0 such that

i} A is of order zero and the norm of A as a bounded operator:

B > H < |a ;
™ m |+, 0]

* # #

*
ii) A =~ A" is of order -1 and the norm of A - A" as a bounded operator :

Hm - Hm+l <c

< cylal

[lm{+2,2n+3]’
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iii) AB - A 0 B is of order -1 and the norm of AB — A 0 B as a bounded

operator:

# o B <o flal

b
[|m|+2,2043] [|m|+2,2n+3]
Proof: See Sections 5, 6 and 7 [7].

Corollary: Let A and B be singular integral operators as above. Then
for every real s there is a constant CS > 0 such that
i) the norm of A as a bounded operator:

B> > B < c_|al ,
[|m|+l,n+l]

*
ii) the norm of A - A# as a bounded operator:
8% > 1% < ¢ |a ,
[ |m]+3,2n+3]
iii) the norm of AB - A o0 B as a bounded operator:

B® > 15 < c_fal ol
[m[+3,2043]  [|m|+3,2n+3]

where m = [s], the integral part of s.

Proof: The proof is an easy consequence of Proposition 1 and an appli-
cation of Calderon's multilinear interpolation theorem [2]. ® Let

1

(3.3)  kGx,t38), (xt) e RV, £ ¢ R™-{0},

satisfy: 1) k(x,t;&) is homogeneous in ¢ of degree zero, and 1i) for

each o there exists C_ > 0 such that IDik(x,t;g)l < ¢, for all

<x,t;§> £ Rn+1 x Z. Then, by the Corollary to Proposition 1, for &,p

non-negative integefs there is a comstant C2 b > Q such that
2
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(3.4) lece) | <C for all t e R.

2,p] %P

Let k(x,t;£) satisfy condition (3.3) above. For each t ¢ Rl we define
K(t) to be the singular integral operator with symbol k(t)

(= k(*,t;*)). Thus, by Proposition 1(i),
Ixeyell < cllel

for all ¢ ¢ H® and all t ¢ Rl, s real. Let ¢(x,t) be a complex-valued

l; by ¢(t) we mean the function on R given by

function on Rn+
x v~ $(x,t). If A is a bounded operator HS g Ht we denote the norm

A as a bounded operator from g° > " by HAH s e
+ H

Reduction of P to first order in t

We call

. Yy = o_j
Po(x,t,Dx,Dt) 2 aa’j(x,t)D Dt

la] + 2kj = 2km

the principal part of P. Since a o = 1 we can express P in the form
2

P = P0 + P. + Q where

1

B

P (x,t36,7) = T + Z P.(x,t;E)rm_j,
o J=1 3

with

o
pyratse) = ) a, G,

|o| = 2kj



. = o_J
Pl(X,t,E,T) Z aOL,j (X,t)E T

2k(m-1) < |o] + 2kj < 2km

N

j-1
= Z__ a - (x,t)gaTJ
J=1 a,3-1
2k(m-j) < |a] < 2k(m-j+1)

Qx,t;E,1) = 2 a, j(x,t)EaTj

loa] + 2kj < 2k(m-1)
m-1

N j;“‘ o j-1
= a, j_1(x,t)£ )
j=1 ’

la| < 2k(m-j3)

(here we assume m > 1; if m = 1 we define Pl = Q = Q).

We use a method of Calderon (see [3 ]) to reduce the study of P

to the study of an evolution operator g;-— H(t)A2k - J(t), where

H(t) and J(t) are matrices of singular integral operators depending
1 o n+l .

onteR . Let ¢ ¢ Co(R ) and let u be the vector of functions

u = <ul’u2""’um> where

(3.5) u, = p2k@=3pi-1,

i ¢ for j = 1,2,...,m.

2k

We have that Dtuj = A uj+l for j = 1,2,...,m~1, and

23



g

®, + P8 - ) p, G, 3D)DY T

L < .
- g;; ) a ,_l(x,t)DaDi—lcb

G,]
2k(m-3) < |o| < 2k(m~j+1)

_ _ 2k
= (Po + Pl)¢ Z::: Pj(t)A Ui+l

o
- ) <) Aa,j_lu)A""l‘Zk(“‘”J) u

2k(m-j) < |o]| < 2k(m-j+1)

(859
it
u

where Pj(t) and Aa (t) are singular integral operators on R"” whose

s ] o
symbols are pj<x,t; —ji—> and a, ,(x,t) <lji{> , respectively. Thus
H > H
we have that

su _ 2k .
- H(E)A® u + J(t)u + 1((1’o + Pl)¢)em
where
0
Em = s
0
1

and the %~th component of J(t)u is given by

24
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(3.6)
0 if L#m
@(u), = < o
-1 Z Z A, j_l(t)AI“'“Zk(m'j) uw if L=m
3=1 '
2k(m-3) < |a| < 2k(m-j+1)

and H(t) is the matrix of singular integral operators whose symbol

h(t) is given by

(3.7) 0 1
0 0 1 0
0 0 1

h(x,t;&) = 1 0 1

g £
-P (x,t; -—*> - . . . = P <%,t; ———>
" €] ! €]

for <x,t> € Rn+l and £ ¢ R®~{0}. We define the order of a matrix
of operators in the obvious way. Since the coefficients of P are

n+l

elements of C;(R ), we have, by (3.4), that H(t) and J(t) are uni-

formly of order zero and 2k-1, respectively, for t ¢ Rl.

By definition of §, a module of parabolicity for P (which we
have fixed in Section 2), we know that for each <;,t> 3 Rn+l and
£ € L the zeros of Po(x,t;g,z) in z are contained in the closed half-
plane {z ¢ € : Im z > §}. Since the coefficients of Po are bounded,

it is easily shown that the zeros of Po(x,t;g,z) in z are contained

in a compact subset of the closed half-plane {2z ¢ € : Im z > §}



independent of <x,t> and & in Rn+l X L. Also we observe that the

eigenvalues of -ih(x,t;£) are precisely the zeros of Po(x,t;E,z) in
z. Thus, there exists a compact subset of €, call it X , having the
property that z ¢ X => Re z < -8, and that for all (x,t), £ in

n+1

R x ¢ the eigenvalues of h(x,t;£) are contained in X . X shall

remain fixed throughout the remainder of this paper. If we let

) 2k
3T H(t)A - J(t)

(3.8) R

we have that

]

Ru = 1(B_ + B )¢ e = i(P¢ - Qd)e .

This fact will be used in Section 5 where we will take ¢ to be a dis-
tribution on Rn+l. In this section we shall confine our study to the

operator R. Suppose R is of the form

(3.9 RM = +—-m* - g,

where J(t) is given by (3.6) and h is a constant matrix of the form
(2.1) having all its eigenvalues contained in X, i.e.,h g ¥ (X).
If we let y = §/2 in Theorem 1, then we can find constants

Ci = Ci()<,6,m) > 0, i = 1,2, such that for each h ¢ ¥ (X) there

exists a non-singular matrix N(h) satisfying:

(3.10) C2|N(h)R£z;| < lz] < CllN(h)R_a_;I
2 2

and

26



Re [ RIN(h) “ThN(R)R£,Z) < - u lc:l2
8 sy = 4
2 2

for all ¢ ¢ Cm. For convenience, we shall denote N(h)R5 simply

2
by N(h). For operators of the form (3.9) we have the following form

of the energy inequality:

Lemma 2: Let R(h) be of the form (3.9) and suppose -= < a < b < 4= ,

Then there exists C = C(§) > O such that

b

C C C.8
Hu® P - Hu@ |2 + 2 J de J le| 2|5 ¢e, ) | dae
a Rn.
b
+ C,(A-C) J ||u(t)||§dt
a
b
< Re J(N(h)_l(R(h) + lI)u(t),N(h)—lu(t))odt
a

n+l

for all u ¢ {C:(R )}m and A > 0, with Cl’ C, as in (3.10).

2

Proof: Let N = N(h) and R = R(h) and for u ¢ {C:(Rp+l)}m let

v(t) = N—lu(t). Since

NE®R + ADu(e) = & - a2yt !

Y hN - N

JN + AI)v(t),

we obtain

27



b
(3.11) Re J (N—l(R + AI)u(t),N—lu(t))odt
a

b b
= Re j C%% (£),v(t)) dt + A J “V(t)l%zdt

a a

b
- Re I (Asz_thv(t),v(t))odt
a

b
- Re J (N—lJ(t)NV(t),v(t))odt.
a

Let us estimate from below the last two terms in equation (3.11).

Since Re(N_thC,C) < - g'|C|2’ we obtain, using Plancherel's Theorem,

(3.12) -Re (AZkN_thV(t),v(t))O = -Re (N—thAkv(t),Akv(t))o
b
z %’ f |€!2k|$(€,t)lzd€, for t ¢ Rl.

a

Since J(t) is uniformly of order 2k-1, we can apply (3.1), (3.10) and

(3.1)' to obtain, for arbitrary ¢ > 0,

| IO () v (e)) |

= @z @, @ H e, | <

28



< daowml, la™ vl

| A

clvl,_,; vl

A

euv(t)ﬂi + C(e)”v(t)ﬂz
for all t ¢ Rl. Thus, for arbitrary ¢ > 0 we obtain,

| (0N () v ()|

<o e | ldE o)k + c@lvol?

Rn

o+l

for all v ¢ {C:(R )}m and all t ¢ Rl. Combining (3.10), (3.12),

(3.13) and letting € = 6/80k our proof is complete. B

In order to prove a similar energy inequality for operators R
+
of the form (3.8), we shall use a special partition of unity on R L
and certain estimates from Kohn and Nirenberg [6 ]. Since our

symbols are not symbols in the sense of Kohn and Nirenberg, we shall

have to modify their proof slightly.

Proposition 2 (Compare with Theorem 5 of [ 6]): Let k(x,t;§) satisfy

(3.3), let R(t) = k(x,t;D) and suppose lk(x,t;g)l < n for all <x,t>

£ Rn+l, £ € L. Then, for any ¢ > 0 there exists C(eg) > 0 such that

29
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Ixe)]? <+ o] + co)sw)] %

for all t ¢ Rl and all ¢ € C:(Rn+l).

As in [ 6], Proposition 2 is based on the following form of Ggrding's

inequality:

Lemma 3 (Compare with Lemma 6.1 of [6]): Let a(x,£) be a symbol on

R" x L, let A = a(x,D) and suppose Re a(x,8) 3_Ao for all (x,€> €

R™x I. Then for any € > 0 there exists C(e) > 0 such that

Re (46,9, > O - )¢l - co)sl?,
«, . n
for all ¢ ¢ CO(R ).
>

Proof: Let b(x,&) = Re a(x,§) - Ao + and let g(x,£&)

/2

£ E
2 -2

= {b(x,&)}l Clearly b(x,£) and g(x,£&) are symbols on RY x Iy we

let B = b(x,D) and G = g(x,D). Since B - G*G is of order -1 we obtain
* ,
Re {(B9,4), - (6 Go,0) } > = Cflell_jlell,
which implies that
(3.14)  Re (86,8), > - C,floll_jllell

for all ¢ ¢ C:(Rn). We have that Re (A¢,¢)0 = (%(A + A*)¢,¢)o-

& *
However, since %{A +4A4) =R +-%(A - A#), where A = (Re a){x,D), we

obtain

(3.15)  Re (As,9) > Re (R¢,0) - S Joll_ylell -
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Since R ¢ = B¢ + (Ao - §9¢ we have that
2
(R&:8) = (86,0 + (- D]
Using (3.14) and (3.15) we obtain
Re (40, > - c'llol_jl¢ell, + O, - Dlol2.
Taking

2 2
lel_yllel, < 55 1612 + ceoallol?,

o —

for all:¢ e C:(Rn) we are done. B

*
Proof of Proposition 2: Let A(t) = (n + e)z - K(t) K(t). Then

A(t) = (n + 8)2 - K(t)# o K(t) + R(t) where R(t) is of order -1 and

1

the norm of R(t) as a bounded operator: Bt is, by Proposition 1,

bounded by a constant C, independent of t ¢ Rl. Let b(x,t;&)

1
= (n + e)2 - lk(x,t;&)]z; clearly b(x,t;&) satisfies (3.3) and
b(x,t3&) 2_62. Let B(t) = b(x,t;D); by Lemma 3 we have that for any

§ > 0 there is C(8) > 0 such that

Re (B(£)4(t),0(6))_ > (c° - oo - e 42,

for all t ¢ Rl and ¢ ¢ C:(Rn+l). Also, for arbitrary 6 > O

| ®REY6CE) 6 () | < sle®)] + a@)]s(o)] 2

n+l

for all t ¢ R1 and ¢ ¢ C:(R ). Since A(t) = B(t) + R(t) we have that

Re (A(D)$(8),6(0)), > (2= 204 (®)]% - c®l e



n+l

for all t ¢ R1 and ¢ € C:(R ). However, since

@80, = (n+ o] - [rwew)]2,
we can take § = ¢/2 and we obtain

Ix®e®)? < (0 + 2 em]? - collsw]?,

n+l

for all t ¢ Rl and ¢ ¢ C:(R ). B

Partitions of unity on Rn+l and Z

Let h(x,t;£) be given by (3.7). Since the coefficients of P
are uniformly continuous on Rn+l and since h(x,t;&) is homogeneous in
£ of degree zero we have that for any n > O there exists y > 0 such

that

(3.16) |h(x,t3u) - hiy, 13w < 3

for |x—y|2 + |t—-'r|2 j_Yz and all w ¢ L. Let d > 0 be such that

Vvo+l d > y/\2 . For each (nt+l)-tuple (a,B) = (al’aZ""’an’B) let

1

+ .
Q g= ((x,t) e R |xj— dozjl <d, |t -dg|l <d, j=1,...,n}.

Choose 7 € C:(Qo o) such that 0 < § < 1 and > {C(x—da,t—ds)}2 =1

(a,8)
n+l _
on R . Thus, if we define (- 6(x,t) = g (x-da,t-dB), then Cq 8
s b
€ C:(Qu B) and 2 62 = 1 on Rn+l. Enumerate the cubes Q, 8 and

(@,) *®
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the corresponding functions Ca 8
»
We remark that the cubes Qi overlap in such a fashion that any fixed

. . +1 | . + .
point in R" is contained in exactly 2" 1 distinct cubes except for

points on UiBQi, a set of measure zero. Thus

(3.17) E Ci(x,t)2 =1 for all <x,t> £ Rn+l,
i

and for any non-negative integer m there exists Cm > 0 such that

GM)Z:LJﬁ%%mm%%
1

|a| + 4 <m

1

for all <x,t> ¢ R7TL, Also, if we let <x.,t.> be the center of the
i’ Ti

cube Qi’ we see that
(3-19)  |hGe,t38) - hixg e 380 < n/2

for all (x,t) e Q; and all € € I.

Since the coefficients of P are bounded on Rn+l, we can find

points El,gz,...,gs on I and neighborhoods Q. ,§ ,...,Qs on I of

1’72
gl,...,gs, respectively, such that

(3.20)  sup |h(x,t58) = h(x,t358,)] < n/2

<x,t> € Rn+l

for all & ¢ Qj’ j=1,2,...,8. Let ¢1,¢2,...,¢S be functions defined

on I such that 0 < ¢, <1, ¢ ¢ C:(Qj), and

3

33

in some order: Ql’QZ"" and gl,gz,...
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1]

§ ¢j(w)2 =1 on Z. Extend ¢j to all of R® - {0} so that ¢j is
31

homogeneous of degree zero. On R we define the operators Qj = ¢j(D),
j=1,2,...,8. Thus
s

2 N 2 2
D leg@egl? = ) Joul? = Jul?

i,j j=1

for all t ¢ Rl and all u ¢ Ho.

Remark. Since the selection of {Qi}, {Ci}, {Qj}, {¢j} and s depends
on the number n satisfying (3.16) we have that for each non-negative

k there is a(k,n) > 0 such that

(3.21) sup Z Zi: IDOL(S—t)’Lc:i(x,t)l2 < Elxym) s

(x,t) ¢ R Jo| + 2 <k

using Leibnitz's rule we obtain,

| A

s
2 o 2
(3.22) E u;i(t)¢ju"k C(k,n) 3:1 “¢ju"k

i,]

Gae,m ol

for all t € RY and u € HS. To estimate E nci(t)u"Ek in terms of
i
Huﬂfk, k a positive integer, we use the following proposition:

Proposition 3: Let k be a positive integer and suppose {Ci}:=l is a

set of functions satisfying:



oo n A
a) ci € CO(R ), i=1,2,...

b) for each positive integer m there exists Cm > 0 such that

o 2
)b SN I,

for all |a[

i

| A

oo Y

la] <

such that

for all u ¢ H .

Proof:

if there exists u

Since

) el

i

k

We shall employ

.

cll?, < 2 Hud? < oo lul?

| A

u .
O’ l,

so ) 0%l

n
K x € R

2
"

C "u Xk

the well known fact that u ¢ H“k

.,uU E H“k+l such that

Il

D.u, (D, = %-—é— ) and
173 b 13xj

2

J=o

m and x ¢ R, Then there exists C > 0 (in fact

if and only

35



we obtain

lel?y < I Ilciull Z Loyepug 2+ ) leg,l? -
j=1 i=1 J

Thus
n
2 2 2

TR R I
where

C = ¢ z:: sup E:::lDac.(x)lz.

n i +
x € R

lo] <1

We now assume the proposition holds for k-1 and prove it for k.

36

There are constants G', G" > 0 such that for each u ¢ H”k there exists

u_,u € H—k+l with

eeeo 4
0’1’ >“n

u=u + Z Dyuy and"C'"un_?:ki }: lu, “—k+1 < c"u “Ek ¥

o]

j=1 j=
Thus
n n
3=1 3=1
and

n n
legul? < ¢ <legu Py, * JZl I o e Iy, * JZl gy I ey
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By our induction hypothesis we have that

2 2
; ACTLILH MDA W

where
N 2
C; =y ) s >—T‘ |D°‘Dj;i(x)| :
o] < k-1 ¥ &R
Thus
. n
2 2 2
D el <o 2 el < ol
i j=o
where
N 2
c= ) s ) byl
o5
ol < *°F

and our proof is complete. B

Let hij = h(xi,ti;Ej), i=1,2,... ,3=12,...,8, where

h{x,t;&) is given by (3.7). Define RiJ by

i 9 2k

RY = —~— - h.jA - J(t)

where J(t) is given by (3.6). Define Nij = N(hij) (see Theorem 1). We

now state and prove our first generalization of the classical energy

inequality for operators of the form %E-- H(t)A2k - J(t) (see (3.8)).
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Theorem 2: Let R be of the form (3.3) and let -=» < a < b < 4. Then there

exist constants C'(§) and C"(8) > 0 such that

c c
1 2 & 2
7 le®@] - 5= [lu@]]

b b
ror@ | ae [ e MEEn fee + 600 - e | e
a

Rn a

b

< ) ke [ ey 05 ® + ADu) N ]z, (0 gue)) de

1,3 A

for all u ¢ {Cz(Rn+l)}m and all » > O (here Cl and C2 are given by (3.10)).

Proof: We have R = %E - H(t)/\?‘k - J(t) where J(t) and H(t) are given by

(3.6) and (3.7), respectively. Consider the sesquilinear form A defined

by

< €
Alu,v] = 5--(u(b),V(b))o - 5—-(u(a),V(a))o

b b

C.8
2 J dt I 6] 2 ee)¥ (g, £)de + 6, (1-C) J (u(e) v () dt

a n a
R

n+l

for u,v ¢ {C:(R )}m where A > 0 is fixed, and the constants Cl’ 02 and

C are those from Lemma 2. By Lemma 2 we know that for each i and j
(i =1,2,... , J=1,2,...,8)
b

-1, 1] -1
Afu,u] < Re J (Nij(R + AI)u(t),Niju(t))odt

a
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nt+l, \m

for all u ¢ {C:(R )} . Since u ¢ {C:(Rn+l

N = ¢ ult) e H(cCc,

we obtain
(3.24) A[ci¢ju,;i¢ju]
b
-1, 1j -1
< Re J (Nij (R™ + AI)ci¢ju(t),Nij ciéju(t))odt
a

n+l, \m

for all u ¢ {CZ(R )} (here Ciéj denotes the operator 2y * d.).

3

We shall estimate § A[ci®ju,ci¢ju] from above by the right
i,] '
side of (3.23) and an error term. By subtracting this

"error" term from

a certain lower estimate on § A[§i®ju,ci®ju] we shall arrive, with the
1,3

appropriate choice of constants C' and C", at inequality (3.23).

A trivial computation yields

2k

1] = ¢ 2 _ -
R (Ci¢ju) = ( e hijA J(t))(ciéju)

( %E-— hijAzk (®ju)) —J(t)(;i¢ju)

51

9z, ,
i _ 20 B 20-8
+ Py ¢ju hij } > aa(B ) (D Ci)éjD u

la|] =k 0<8< 20

where the aa's are positive integers. Since
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- hijA?‘k = R + (a(t) - hij)AZk + 3(E)
and
2k
vaj d>jR + (<I>jH(t) - H(t)®j)A + (<I>jJ(t) J(t)<I>j)
we obtain
ij 1 2 3 4 5
(3.25) R (Ci¢ju) = Ci¢jRu + £ if" + Eiju + €iju + Eiju + Eiju
where
4 el oLy .
ij ot j
2 _ 20, B, 20-8
(E ij - hij }: Z au( B)D Qi (bjD
]al =k 0<B <2
3 _ _ 2k
(3.26) X £ iy = 5y (eH(E) - H(E)e)A
4 _
E iy = Ci(¢jJ(t) - J(t)¢j)
5 _ _ 2k
L €75 = s EE - hy AT,

We now estimate the "error" terms:

b

E -1 _4 -1

i’j l J (Nij (fijU,Nij Cid)ju)odt , for 2 1,2,3,4’5.
a

-1
I

We remark that, by (3.10), "Nij < C, for all i and j.

1



1) To estimate the "error" terms involving éiij we apply (3.21) to

obtain
b
-1 -l
; J | (v Ny €159 Ny5 r’iq’j“)oldt
sJ a
c
= J I(N (t)<I> u(t), Nj ci(t)éju(t))o dt
%
b b
S f H Gy ao)Zae + ¢ ) f Iz, (e, ue)]| at
P PR h| o
1,] a 1,] a
b

| A

N
G(n) f luce)] ae

a

for all u ¢ {C (R )

2) Apply Theorem 1, Proposition 2, (3.21) and (3.22) and we obtain,
for arbitrary € > 0,

b

-1 B 208
; J |(Nij hy,D c‘;i(t)d)jD u(t), N ; (t)(b u(t)) |
b
i,] a
b b

2 ~ 2
< f luo)llide + ctmcce) j laco)lly_;de

a a

41



vhere |a| =k, 0 < B < 2 . Thus, for arbitrary ¢ > O,

b

-1,.2 -1
Z J I(Nij € 35Ny £ 0 u) |de
1,3

b b
< EJ“u@”ﬁm:+EOﬂC@)J“u&”ﬁﬂﬂt

a a

for all u ¢ {C (Rn+l

3) To estimate the "error" terms involving 531? we apply Proposition

3, (3.1), (3.21) and (3.22) to obtain, for arbitrary ¢ > 0,

Z I(N 1 (t)[fb H(t)—H(t)Cb 1025 (e, N C (t)<1> u(t)) |
1,3

:.CZ:ugun¢mwmum1Auuw%k(o¢uwh
1,3

S

< el + cerm Z;nwﬁarmo%Mmﬂmﬁk
ji=

n+l }

for all t ¢ Rl and u ¢ {C (R By Proposition 1(ii), the commu-

tator ¢jH(t)-H(t)¢j is uniformly of order -1 for t ¢ Rl and we obtain,

applying (3.4), that

S

%;; H<¢jn(t>—u(c>¢j>A2ku<t>nfk < E(n>nu(t>ﬂfk

42
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for all t ¢ Rl. Thus, for arbitrary ¢ > 0,

b
l
L [ lagte Jun e, lae
1,] a
b b
e J Juce)] 2ae + c(e)Ben) J Jucol;_jat
a a

for all u ¢ {C (Rn+l m

4) 1In order to estimate the "error'" terms involving ‘Eig we apply
(3.1), (3.22) and the fact that J(t) is uniformly of order 2k-1 to

obtain, for arbitrary ¢ > 0,

b
b -1
Z J [ (Nyy7 € 5quoNyy 0305w
1,3 3
- L [ 1005t @ a3 @e lae g ey @egue) o
a
< Z f EMOILORIOLN O] N [ OLANCH
J a
b b
< e J ﬂu(t)"lz(dt + ¢(m)c(e) Z J ||¢jJ(c)~J(t)q>j)u(c)||f;_ldt
a J=1 a
b b
< o[ sl + B | @l e
a a
n+l

for all u ¢ {C:(R 1.
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5
ij

5) To estimate the "error" terms involving &, we observe that

A2k = } aaDza, where the au's are posltive integers. Using inte-

o] =k

gration by parts we obtain for la] = k,
G.2n) @, e, e @i -h, e, dEh(e) N, He, (06, u(e)) |
* ij *1i i37 73 S 1 i o}

<l he (0 Gite)-hy Do DM () N, e (038 DRu(e)) |

+ a finite sum of remainder terms of the form

$10% (0 (o) -y e 0% () N, S0P (e)e DVue)) |

o

and

l(NingGci(t)aTH(t)QjDau(t),Ni;leci(t>¢jDYu(t))o|

where |8}, |1]|, |p| < k, |¥| < k-1 and 3TH(t) is the matrix of
singular integral operators whose symbol is given by (D;h)(x,t;g),

<x,£> 5 Rn Xx L, teg Rl. It is clear that the number of non-zero

remainder terms depends only on k.

We now estimate the second type of remainder term in (3.27).

Since ly) < k-1, we can apply Proposition 1 and (3.4),(3.1) and (3.21)

to obtain, for arbitrary ¢ > 0,
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| @ 3h0%, (832 B ()0 D% (e) N TP (Do
¥

DYu(t))o[
i

3

< efue))? + cefule)|i for ail ¢ ¢ &'

Now consider the second type of remainder term in (3.27). We observe
that since the coefficients of P are uniformly bounded, there is a
constant C = C(P) > 0 such that ”hij“ < C for all i and j. Since

|c~n|2 5_2|¢[2 + 2|n]2 for all z,n ¢ Cm, we can use the fact that

H(t) is uniformly of order zero along with (3.4) to obtain for Ial =k

Z IDSCi(t)(H(t)—hij)tbjDO‘u(t)Ii

1,3

S

v
<6 L Jlaepta®]] + o ptuco)]]
j=1

~ 2 1
g_C(n)"u(t)ﬂk for all t ¢ R™.

However, fcr arbitrary € > 0,

-1.4 o -1
- | D% (£) (B(E)-hy )0 D u(e), N, | Dpci(t)¢jD u(t)) |

s e E::: "Dsci(t)(H(t)—hij)¢jDau(t)"§

1,3
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+ C(&) E:: "Dpci(t>¢jDYu(t)Hi
i,J

where |a| = k and |y| < 2k-1. Thus

b

(3.28) Z J I(Nij’l(fij lj‘lr, 0,0)_|de
a

i,j

< elu®]? + c@¥mluw)?

o
E:: E;; J (t)(H(t)—h j)¢ p%u(t),N, i3 ci(t)¢jD u(t))oldt

ol <k

Let us estimate the last terms in the right side of (3.28). We have

that H(t)-h,, = h(x,t;D) - h,.,*, Let h - h,., = k! + s., where
ij 1] S

13

k:;_éxs—t;g) = hcx,t§6) - h(x:t;Ej)
and

sij(x,t) = h(x,t;aj) - h(xi,ti;éj)-

t 1

Thus H(t) - hij = Kj(t) + sij(t)- where Kj(t) = kg(x,t;D). For each
j,» 1 <3 <s, let wj € C:(nj) with wj = 1 on the support of ¢j with
0 f_wj < 1. Extend wj to all of R" - {0} so that wj is homogeneous
n+l

of degree zero. Define kj(x,t;E) z wj(g)kg(x,t;g) for-(x,t> e R

and £ ¢ R® = {0}, j = 1,...,8. If we let K, (£) = k, Gx,£5D), then

(3.29) . Kj(t)¢ = Kj(t)®j, 3 =1,...,8. BT

3
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Now since, by (3.20), ijCx,t,g)[ < n/2 for all (x,t)e P Lnd

€ ¢ L, we can apply Proposition 2 to obtain, for arbitrary p > O,
(3.30) |, (0o, D% (e)|% < @+ p)P[o,D%(r)]?
' i o = T2 7 P2ART
+ C(p)"éjDau(t)“El s 3= 1,..4,8,

for all t ¢ Rl. Lettiﬁg p = n/2 in (3.30) and using (3.29) we obtain,

for arbitrary e > 0,

Z:; l(Niglci(t)K;(t)¢jDau(t>,Niglci(t)¢jDuu<c))o|

_ -1 a -1 ]
= Z I(Nij ci(t)Kj(tmjD u(t),Nij Ci(t)®jD u(e)) |

1A

S
ep*u(e)] 2 + cle) ) % (,t)@J.D“u(t)nf)
3=1

in

n? + ol + Eme@luel?

for all t ¢ Rl. We now consider the terms involving the multiplica-

tions s

i)

By (3.19) we obtain

o 2 _
(3.32) Z;; "ci(t)sij(t)éjb u(t)”o =
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2 2 2
= E J ¢, (x,t) llh(x,t;éj)—h(xi,ti;E;j)ll |¢jDau(x,t)l dx
% B
R

2
) leyeptuo)?
L]

[ A

n2 o 2 1
= W |D u(t)”o for all t ¢ R™.

Applying (3.32) we obtain, for }gl = k and arbitrary ¢ > 0,

PR R CONCIRANCR RN AT

D u(t))
1,3 o

]

2
a"Dau(t)”i + C(g) 2"”Dau(t)”§

1A

2
{e + C(e) %—-}Hu(t)”i for all t ¢ Rl.

fA

Combining the above estimate with (3.28) and (3.31) we obtain, for

arbitrary € > 0,

b
-1 5 -1

a

b b
2
< {e + C(e) %— } I Hu(,t)“idt + C(e)C(n) J ’lu(t)”f;-ldt

a a

n+1} m

for all u ¢ {C: R . Thus, for arbitrary ¢ > 0, we obtain
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§ A[§i¢ju,zi¢ju]

1,3

| A

b
> ReJ (Ni;lci(t)fbj (R+u>u(t),Nijflz;i(tmju(t))odt
1,3

a
b
o
+ e+ Bt | Jueol e
a
b b
~ 2 v 2
+ ce)cm) | Juedly_jde + cm) | [utol de
a a ~
o, n+l, |m .
for all u ¢ {CO(R )}. We shall now obtain a lower estimate on

§ A[ci¢ju,ci®ju] by an expression similar in form to the left side
i,]

of (3.23). We use the following lemma:
v
Lemma 4: There exists constants Ck > 0 and C(n) > 0 (see (3.21))

such that

")
c, J le]%F Uee,e) %dae - C(n)"u(t)"i

< ) fIslzkl?x(ci(twju(t))(mlzds
i3
Rn

for all t ¢ Rl and u ¢ C:(Rn+l) (for convenience we denote $ by 3{x¢).
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Assuming Lemma 4 we see that there exists c, = Co(a,)<,k,m) >0

] 1
and c, = Co(é,)<,k,m,n) > 0 such that

c C,
3.3 2 a2 - 2 Juc@)?

b b
2k ) ! 2
+C J dt Jnlgl ¥ (e, ) | 2ae+ C,(A=C) f luce)]| dt

a R a

< § Alg.d.u,z.0.ul
- PR 1
i3 i J

for all u ¢ {C:(Rn+l)}m. We observe that

330 Js@I} <o | [e1EEn]%s + o Ju)]?
Rn

n+l

for all t ¢ Rl and u ¢ C:(R ). Combining (3.33), (3.34) with (3.1)

we obtain, for arbitrary ¢ > 0,

c c
2
7 l®)2 - 7 fu@]?

b b
+c, j at J 1618, 0 f2aer ¢, () J Juce) | 2ae
a R" a
b
< ) Re | 0ny e (00, RnDu(e) T e (0)35u(e)) e

Ly ]
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b
+ {e + Cle)n?) J dt [ 16125, o) | e
a Rn
b
v 2
+ C(e)6(n) J o) 2ae
a

for all u € {Co(Rn+l)}m. Letting ¢ = C°/3 and n2 = CO/BC(e)

completes the proof of Theorem 2.

Proof of Lemma 4: Since

¢, ) &< g <c, ) g

la]= & o] =k

for all ¢ ¢ Rn, we have that

2k, o 2
jnm ENROTINENAIET
R

<o 2 P e uen)?
Jal =%

for all t ¢ R'. Applying the inequality |z + w|2 3_|z|2 - 2|z]||w]|

for all z,w ¢ ¢ we obtain, using Liebnitz's rule,

a 2 2 Z B, . a8
|D o | 2 Ir,icbjn"‘u] - € |;i¢jn°‘u| |p%z;@,0% Cul.

0 <B<ua
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For |a[ =k and 0 < B < o we use (3.21) to obtain, for arbitrary

e >0,

) ey eye Do)l MDBci(t>¢jD““Bu<c>no

1,]

< e Infu®)]? + ctercmo®Puerl?

"
<e I |e12515 e, ) [ 2ag + ceyctmfuml?

 R®

for all t ¢ Rl. Thus, for arbitrary € > 0

¢, > ) un“<ci<t>¢ju<t>>u§
i3

lul = k

DI MO S W R HERSITE

la] = & R"

- e Cmlu)]?

for all t ¢ Rl and u ¢ {CO(Rn+l)}m. Letting ¢ = Cl/2C2 completes our

proof. B
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4. The Energy Inequality for Distributions

/4k

Definition. Let Q(&,t) + (% + qz‘k(ez)}l where q(§)

= {1 + ]g]z}l/z, then for real r and s, kr s(g,r) = Qz(g,r)qs(g)

is a temperate weight function.

L
Hr,s =< ued (Rn+l) : 0 e Lioc(Rn-’_l) and

HUHi,S = J Q* (£, 1a%%(8) |8e, ) | 2agdr < =
Rn+l

is a Hilbert space with the scalar product (u,v)r < defined in the
b

obvious way; here, we write

_ (&L
2 J o~ K, )T}

Rn+l

GFU(E,T) =‘G(£,T) = (2m) u(x,t)dxdt

1
when u ¢ & (Rn+l), and extend to & (Rn+l) in the usual way. We refer

the reader to Sectiom 2 of [ 5] for the various properties of P28

l .

n+
spaces. For - < a < b < +o , we set Q = Q = {{x,t) ¢ R

a,b
r,s _ ! r,s
a<t<b}. Then M *(0) = { u e & (Q) : there exists v ¢ »

such that u = V|Q} is a Banach space with the usual quotient norm:

"u“r 5.0 = qinf {lVlr’ . HER A )’(’r,s and u = VIQ}' The spaces Hr,s(ﬂ)
18, s

are studied in Section 4 of [ 3].
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Proposition 4: Let p be a positive integer. Then ¥*2kp,0

Rn~+1

t
={uceg i} (Rn+l) :u, Dzu, p%u £ Lz( ) for all o, |a} = 2kp } and

”u“2kp o 1s equivalent to the norm
5

1/2

o .2 P .2
> I Ayt IR

2
+ |lu]
) L2

) Rn+l

( )

la] = 2kp

Proof: A trivial consequence of the inequality

P
4.1y {Q+lgH™+ ) <o ReR 15| 2K + 2Py

for all (&,t)e Rn+l.

Remark. If |oa| + 2kj < 2kp, then D*DJ is bounded : r,s r-2kp,s
- t > ¥

for all real r and s.

-4kp,0

Proposition 5: Let p be a positive integer. Then u ¢ $f if and

only if u has a representation

E o 2
=
u u0 + D uu + Dtu2 s

|a| = 4k

4k (p-2),0 ~4k (p-2) , -4k

where u e Bt for |a| = 4k, and

e M

~4k(p-1),0 . .
u, e¥ , in such a way that ”u"-Akp,O is equivalent to
1/2

2 2 2
oo b sep-1,0 * ) loo W akp-1y 4 * 1920 4 (p-13 ,0
o] = 4k
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-1
Proof: Define o(§,1) =< 1 + § g2a + 12 y {Es7) ¢ Rn+l. For
]a| = 4k

¥4—4kp,0

u ¢ we let u, = o(D,Dt)u, ua = [Dag(D,Dt)]u for each g,

Ial = 4k, and u, = [Dic(D,Dt)]u. Our results follows by a simple cal-

culation.

Notation. As in [5] we write [¢,y] = J ¢ (x,t) &(x,t)dxdt
Rn+l

w, n+l

where ¢ and ¢ ¢ CO(R ). By Proposition 3 of [5], d s

r,s -r,-
> and ¥ 7’

are dual Hilbert spaces, the duality being given by the sesquilinear

form (which we again denote by [ , ]) obtained by extension.

Let {wi}:=l be elements of C:(Rn+l) satisfying the following

condition: for every non-negative integer m there exists Cm > 0

such that

h
(4.2) E:: E:: |Da(%E) wi(x,t)l2 5-Cm for all ¢x,t) ¢ Rn+l.
i

lal+j = m

We recall from Section 3 that if {Ci}: and {¢i}: satisfy (4.2) and if

%2 is a non-—negative integer, then

Z: KEHOTIORN OO RERY IO P LIO] N

1

for all t ¢ Rl, by € C:(Rn+l) where C > O depends upon {;i}i, {¢,}: s

1
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and 2. Integrating with respect to t, it is easily seen that

(4.3) ) tegovged | < dlelly plvly oy

i

n+l

for all ¢,y € C:(R ) where C > 0 depends upon {qi}:, {wi}; and .

Thus § [;i-,w-] is uniquely extended to a continuous sesquilinear
i
-2 4 £
form on %fo’zzx %&O’ 2 satisfying (4.3) with ¢ ¢ %éo’z and

Ve %40’_22. By Proposition 1 of [ 5] E [;iu,wiv] does not
i

depend on 2. We wish, however, to show that } [gi-,wi‘] can be
i

r,s -r,-s
define in a continuous way on ™ >~ x &t 7 7 for general r and s.

Proposition 6: Let {c.}m and {w.}w satisfy (4.1) and suppose r and
i’l il

, \
and s are given real numbers. Then the form / [¢i¢s¢iw]a
i

o n+l . : . .
$,¥ € CO(R ), extends in a unique way to a continuous sesquilinear

form on B % x TS (which we denote by § [giu,wiv]).
i

Proof: First we assume r = 4kp and s = 0 where p is a non—negative
integer. In this case our proof will proceed by induction on p.

For p = 0 the result is immediate from (4.3) with & = 0. Suppose now

that our assertion is true for p = 0,1,...,q-1 where q > 1, and

0 -4kq,0

suppose u € 4%4kq, and v € $F

By Proposition 5 we know that

v can be expressed in the form



57

= ) o 2 -4k (q-2),0
V=V + D v, + DtVZ’ where v, € B
|a| = 4k
-4k (q-2),-4k -4k(q-1),0
v, X s YV, E tas , in such a way that ”v”—4kq,0
is equivalent to
1/2

2 2 2
vl ieg1y,0 * ) ool sk iq-1y,0 * 1v2llsxiq-1y .0
la] = 4k

Thus

o 2
(g us¥,v] = [gou,p v ] + E::: [z,uD7v 1+ [g,u,Dv,]

la|= 4k

Since, by our induction hypothesis, 5 [ci~,wi'] is continuocus on
i

§$4k(q_l)’0 x ¥+—4k(q—l),0 we obtain

) legusvv]

n 5—C“u”4k(q—1),o“vo“~4k(q—1),o

where C > 0 depends upon {Ci}:, {wi}: and q-1. Now for each a,

o] = k, consecutive integrations by parts yield
o 5 S B Y
[Kiu,wiD u) [ Cl)D u, (D wi)va],

the sum being taken over a finite number of multi-indices 6, B and ¥y

(depending on k) with IBI < 4k. By our induction hypothesis
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; [@%z,)0f , 0¥y, )v ]

D

|A

“”4k(q—1) 0 v l"‘*k(q'” 0

A

= C” u ”4kq , 0" Va “_[,k (g~1),0

Thus

63
DEDERRY PE RN I I I

|a| = 4k |ai = 4k

A similar procedure yields

2
l }_1_— [c:iu,Dtv2

i.CHUHAkq’o ”v2“—4k(q—l),0

where C depends upon {Ci}:’ {wi}z and q. Thus

Z [tiuain]

i

N_z‘kq,o and H—4kq,0

for all u ¢ v e where C depends upon {;i}:, {wi};

and q.

For general r and s, we employ the multilinear interpolation

theorem ([ 2]). Observe that, in the notation of [2 ], *+r,s

8

»84 T
] where r = (l-e)sl + 6s

T .S
= [Nl , bt 25 2 , § = (l—e)sl + s, and

2 2

0 <9 <1. Given any real r and s, we may write r = 2k(p+el) and
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s = § + 62, where p and 2 are Integers, and 0 < 6 6, < 1. Then

1’ "2
since
1 1
H’r,s - [HZr,O,H’O,Zs]Z , H—r,-—s - [H—Zr,o’ HO,-—Zs]Z, ,
¢ 6
k(p+l), 1 -2¢, - s - s
H2r,0 - [HAkp,O,NA (p+l) O] . R 2r,0 < [ M 4kp 0, N_Ak(p+l) 0] l,
) S
0,2 0,22 0,2(%+1 2 0,- ,—248 s —2 (%

w S"’[N ) M ( )] N 28=[H0 2, 0 2(+l)]2 ’

our proof is complete. M

Using the notation of [5 ], Section 4, we have that the mapping
which assigns to ¢ € C(:> (Q) the function t ~~ ¢(+,t) taking [a,b]
into C:(Rn), extends, in a unlque way, to a continuous embedding of

Hr’s(ﬂ) into C([a,b] : Hr—k+s), provided r > k. For u ¢ Nr’S(Q),

r—k+s

r >k, and t € [a,b], we write u(t) for u(*,t) € H If

¢ € C:(Rn+l) define
(x,t) if t > a
Hadb(x,t) =
0 if t < a

By Proposition 11 of [ 5], if |r| < k = Haq) eN,r’s; moreover there

exists C = Cr s 0 such that I|Ha¢ “r,s < C”cp“r,s. Thus, Ha defines

b

r,s r,s, —
a continuous projection ¥ ’° onto ¥ T (Q ).
(o} a,te
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Proposition 7  (Compare with Proposition 12 of [5 ]): Let {Ci}:,

{wi}: satisfy (4.2). Then given real r, and Ty satisfying

1

r, + r, > 0 and min (rl,rz) > -k, any real s

<b < +», the form

1 and 8,5 and -» < a

b
) J (25 (£)6() ¥, (IV(E)) e, ¥ e C o\ (@),

i

extends in a unique way to a continuous sesquilinear form on
r.,s r,,s
1Ly x M 2 2(0) (which we denote by
b
a

i

i >
provided ry + ) + r, + s, > 0.

Proof: Suppose first the ¢,V € C:(Rn+1). Choose r real such that
lrl < k and T, <r j_rl; then let s = %{sl + r, T8, " rz) - r which
implies that - (32 + rz) <r+s b + r- Thus, by Proposition 6,
b
zj (€, (£)9(t) ¥, (£)¥(t)) dt
a

= ; [CH, - BT 6,9,9]

=12 [6, (B, ~ B )6, 0]

i

I A
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oty mell, o el g < cllell oIl

| A

fA

el o 10l e

b

Thus S J (ciu,wiv)odt extends to a continuous sesquilinear form on
i
a

r,,s T, 8

101 2%

T1°%1
which vanishes when u ¢ *‘o (C Q) or when

T20%;
vV e %#0 ([ ©), and our proof is complete. W

b b
N 2
Note: For y = g, We write 27~_ f ”ciuuodt for 2;: J (zus>g u) dt;
i i
b
. 2 _ b 2 2
if E:::Ci 2 1 it is obvious that E;: J ”giu”odt = “u“o,o,ﬂ’
i i
Q= Qa,b

Definition. Let v and s be real numbers. As in {5 ],nqr . is the
b

unitary isomorphism of %49’0 onto B PTE,07S (for each real p and g)

n+1

given by T (M_ _6)(g,1) = Q" (£,1)a°(€)4(£,1), when ¢ e C (R ), and

extended.

In the following theorem we take {ci}: to be the square-

partition of unity used in Theorem 2.

Theorem 3 (Compare with Theorem 3 of [5]): Let R be given by (3.8).
Given real r and s, ¥ » k, and —» < a < b < +», there exist 03,C4 > 0

(depending on 8,r and s) such that
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c c
2 2 1 2
(4.4) E—.”u(b)“r+s—k “‘E—Ilu(a)“r+s—k
b b
v e J lul, e + ¢, 00 - c,) J lul  ac
3 r+s 2 4 r+s-k
a a
b
-1 -1
< Z—_ Re J (N5 %38 RADUN, T e, M w) de
i, a

for all u ¢ {H"°°%(Q)}" and A > 0, where p = r + s - k.

Proof: First suppose r + s = k. By Theorem 2 and (3.34), (4.4)

n+l

o 1 1t ]
holds for u & {C (R Y} with C, = C (8)/c, and C, = C (8) +C (8)/C,.

3 4
(4.4) extends to the case where u ¢ {**r’s(ﬂ)}m by application of
P

Proposition 9 of [ 5] and our Proposition 7 as follows:

b
-1 -1
E J (Nij r,iu,Nij civ)odt
i,j a

r-2k,s

is continuous on {¥ (n)}m x GH;’S(Q)}m by Proposition 7; since

R : {?(r’s(ﬁ)}m -+ {¢*r-2k,s(g)}m is continuous, it follows that

b

_.1 -1
jL:j J Ny, 72,0, (R + ADu,N; T 0,v) de

is continuous on {?*r’s(ﬂ)}m x {¥+r’s(9)}m.

Now let r + s - k = p. We have that

]

2k
RM = mo,pR + (mo’pn - Hmo’p)/\ + (Yno

J-Jm ).
0,p P O,p
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Choosing 6 between 0 and 1, and applying our Proposition 7 and Pro-
position 5 (ii) and Proposition 2(i) of [ 5], we obtain, for

arbitrary € > O,

b
-1 2k -1
z;j Re[ (Nij cicbj[mo’pH—Hmo,p]A u,Nij ciéjmo’pu)odt
<cllim  m-um ]y Im_
— 'k 0,P o,p 0,-k,8q o,p "0,k,0
< clelly pus,al®ls hp,a
g 2 2
<SEIl g+ c@lal
b b
2 2
= - J llullp+kdt+c<e>f lhallSat.
a a
A similar calculation yields, for arbitrary € > O,
b
-1 -1
Z:;_ Re j (Nij cin[Yno,pJ—JYho’p]u,Nij ;i¢jYﬂo,pu)odt
b
a
b b
2 2
<3 J lullydt + cCed [ lull a.
a a

Let ¢ = C3/2 and our proof is complete. B
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5. Uniqueness in the Cauchy Problem for P .

Theorem 4: Given real v and s, ¥ > 2km-k, and -« < @ < b < +=, the

mapping ¢ f\/~>< P4, %E ¢(a), (-g—t)ch (@)serns (%_t_)m-l¢ (a)> is one-to-one

r—-2knm, s r+s-3k

@ @ H r+s-(2m~-1)k

from M ’5(Q) into ¥ & ... ©H

where Q = Qa,b'

Proof: We write P¢ = <P¢ ’%E p(a),... ,(g—;)m—l¢(a)> for ¢ ¢ ‘Nr’s(g).

T,s _
For each ¢ ¢ ¥ (Q) let u‘:p —<ul,u2,...,um> be defined by

uj = A2k(m—J)Dg—l¢’ j=1,2,...,m; clearly ucb > {H_r—Zk(m-l),s(Q)}m.
By definition of R (see Section 3) 1if ¢ e & ’°(), then £ = P¢
0
€ H—r—ka’S(Q) and R(u,) = 1i(£f-Q¢)e_, where ¢ = .
[l m m 0
1
If, in Theorem 3, we replace u by e-Xtu, we obtain
C C
2 -2)\b 2 1 -2\b 2
(5.1) e ”u(b)”p -5 e ”u(a)”p
b b
g At p2 At 2
+c, J o™ )2, dt + ¢, 0-6,) f o™ u) Zae
a a
b
-1 “At -1 At
< §ij Re{ (Nij Ciq)jmo,pe Ru,Nij ;i¢jmo’pe u)odt
b
a

{ H_r-—Zk (m-1),s

for all u e @)™ and all A > 0, where p = r+s-(2m-1)k.

Throughout the remainder of this proof C, Co’ Cl’ Cz, C3, C5 will
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denote positive constants depending only onXX, &, k and m, not neces-

sarily the same at each occurrence. If, in (5.1), we let A = 204

= Co, we obtain, for arbitrary ¢ > 0,

Cob 2 _Coa 2
5.2)  Cye° Juw ] - ce ° flu@ |
-C b b 2 -C b b 9
+ C3e © J ”u"p+kdt + Cse ° J ”u”pdt
a a
2 €2 2
celm, wl? o+ c@e °m @l

for all ¢ ¢ M °%(Q) with u = u, and f = P$. If we choose

¢
-C b
1 o . .
e ="=C_e in (5.2), we obtain
2 °5
C (b-a)
2 2
(5.3) CZHu(b)”p - ce ° “u(a)”p
b b
2 Cg 2
+ ¢, ”u|'p+kdt + 5= ”u"pdt
a , a
C (b-a)
o 2 2
<cpe i, asl? e Il

Since
m-1
- a_j-1
Q= jzl >___ aa’j_l(x,t)Dth
la] < 2k(m-j)-1

]
has its coefficients in CB(Rn+l), we have, for arbitrarily small ¢ > 0,
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(5.4) Im, Q¢"o 0,0 € %‘: Z ”DaD-Z-l(m cb)llo 0.0
|a|=2k(m—j)
m-1
i-1
+ a(e) Z; I3 tem, 12,

where C(e) is independent of a and b, and 0 < C(el) < C(ez) if
€1 > &y Using Poincare's inequality:

b b
J Juce) 2t < 2¢o-a) J Ip,uce [2de + 2fuca) |2
a

a

for all u ¢ C(:)(ﬁ), and extended to #%r’s(ﬂ), we obtain

m-1
5.5) i [ U Y S aY R el (L FE Y
J=
m—1
+ X, (b-a) Z:: “Di'l(vno,p¢)(a)ﬂi

[ 447
it
-

where xl(b-a)+ 0 as b + a. We observe that there exists Al’A > 0

(depending only on k and m) such that

m

2 a_j-1, 2 2
G afel? | JZl I SR W Y
lo|=2k(m-3)

for all ¢ ¢ M °° where r+s = (2m-1)k. Applying (5.4), (5.5) and (5.6),

we obtain, for arbitrary € > 0,
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2

2
(5.7) "yno,pQ¢”o,o,Q §'€"u¢”0,p,9

m—-1

-1 ,2 i—1 2
+ C(e) xl(b—a)”D? ¢"o,p,9 + Xz(b—a) z:: “Di ¢(a)"p

C5 -Co(b—a)

Letting ¢ = (b-a) = e in (5.7), it follows from (5.3)
o
that
9 Co(b—a)
(5.8) Cznu(b)"p - Cye fluca) ||
° 2 Cs ’ 2
+c, f JulP pat + 22 j JulPae
a a
C (b-a)
o m-1 ;2
f-Ca,bCoe Xl(b—a)”Dt ¢"O,p,9
m—-1
. C (b-a)
j-1 2 )
+ xy(b-a) J; I3 @ P b+ oce el ,

for all ¢ e M ’°(a) where u =u,, f = Py, 2 =@, and C_

¢’ »b »b
= C(e(b-a)). We observe that if 0 < y < b-a then C(e(y)) < Ca b
2

Also, by (5.6), we have that “D2_1¢”o,p,ﬁ

j_A2“u¢”§’p’Q, A2 indepen-

dent of a and b. Thus, by choosing Y > 0 so small that Y < b-a and

CY C

CAe?® Xl(Y) j_gé , we obtain, by (5.8)

Ca,b o2

a+y a+y

c
2 5
”u"p+kdt t3

a a

2 2
(5.9) Clutan [} + ¢ lalfat

3
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C v m—-1

o R | 2
i‘ca,bcoe XZ(Y) ?;I ||Dt ¢(a)"9

2

C ¥ C vy
2
+ Cle ° ”u(a)”p + Coe ° ”f"o,p,Q

r,s = = = i
for all ¢ ¢ & (), u u¢, f = Pp and Q Qa,a+y' Thus, if
r,s _ -
b e Pt (Qa,b) and P$ = 0, then ¢ 0 on Qa,a+y' Applying the
estimate (5.9) for the slab Q , We see that ¢ = 0 on

aty,at2y

. i = Q
Qa+Y,a+2Y Repeating this argument we obtain ¢ = 0 on a,b and our

proof is complete. ®
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6. The Cauchy Problem for R

Lemma 5: Let R = %E'— hAzk, where h is a constant m X m matrix of the
form (2.1) having its eigenvalues contained in X . Then there exists

C > 0 depending onX, §, k, m and "h" such that

J {!g|4k + o+ Az}lﬁka,r)lzdgdr §_C"(R+Al)u“i’o

Rn+l

for all u ¢ {c:(R“+l)}m and all A > O.

- 2ky , .
Proof: Let R(g,t) = itI - || ; thus R = R(D,Dt). Since A + it
¢ X for all » > 0 we see that R(£,t) + AI is invertible for all

<E,T> £ Rn+l and A > 0. Moreover, for £ # 0
-1 ~2k. . -2k -1
Pk(g,r) + A%] = |g| ““{]g] TTr + I - h} .
For fixed £ # 0, T € Rl, A > 0, we define
-2 -2k -1
£a) = &) )] @ + 01 - A)

where A is any complex m x m matrix having its eigenvalues contained
in X. Let T be a closed contour surrounding X satisfying the
property: z ¢ ' => Re z < - g—. Since £(z) = (A + it - z]gIZk)_l

is analytic in {2z : Re z < 0}, we obtain



70

. -t
£(A) = 5 j f(z){zI - A} “dz
r
= "2%? J (A + it - z|g|2k)"1{z1 =AYz,
r
Letting A = h we obtain
-1
, [z - n) =
(6.1) [{R¢z,t) + AL} l“ E.zég) sup
2T | abir-alg| %K)

for £ ¢ R" - {0}, where 2(I') denotes the length of I'. We assert that

there exists C = C(X,8) > 0 such that

2 2

2,02 o4 g 12 42

(6.2) inf | (0 + i1) - |¢]
z el

for all <€,T> € Rn+l and A > 0. Forz el let x =Rezandy = In z.

2
Since z ¢ I = x < - gy we have that |\ - lg|2kx]2 3_%—-(A2 + lglék).

Thus

|+ i) - [g] %)% = A - |g| %2

2k 2
+ |t - [g] "y
2

k 2k _,2
> 50 g™+ e - ey

for all z ¢ I'. Let vy sup lIm z[. Clearly it suffices to show that

zeT 2

there exists C = C(y) > 0 such that %__x2 + |t - xy}2 Z_C(x2 + 12) for

all x > 0, 7t ¢ Rl and -y < ¥y < y. Consider the family of functions
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px,r’ defined on [-v,y] by
2

_ 8" 2 _ 2

pX’T(y) =z % * |t - xy|”.

Since each of the functions Py o is uniformly continuous on [-y,vy],
>

we have that the function g(y) = inf p T(y) is continuous

Xy
x2+12=l

on [-y,y]. Since g never vanishes on [-Yy,y] we see that these exists

2
C = C(y) > 0 such that%xz'*' It - xy|® > Cforallx >0, vy <y < v,

where x2 + 12 = 1. Thus (6.2) holds. By choosing T sufficiently

for each A ¢ X, (6.1) yields

close to X, sayg < dist(A,T) < —2—

1
2 2

+ )\2} sup | (zI—h)'lH,
z el

lRG.m + 21 H) < crfe]4* +

C=C(5,K) >0. Since h is of the form (2.1), (zI - h)—l is equal
to (det(zI-h))—l times a matrix whose entries are polynomials in z,

Pys-esP e If we let B = dist(X,TI'), it follows that

|det(z T - )| 2 6" > T

and sup ” (zI - h)—l" < C(S-m,
z el

where C > 0 depends on X, 6§, k, m and a polynomial in Pysee Py whose

order depends only on m. Writing

ulE,7) = {R(E,7) + AL} T{R(E,7) + AI}u(E,1)
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we obtain

N |(RCE,7) + AL} (e, ) |2
lu(gaT)l < C s A > 0,
|£I4k + T2 2

+ A

+
<€,T> e B and our proof is complete. ®

Lemma 6: Let H(t) and J(t) be given by (3.7) and (3.6), respectively,

and suppose R = gz-— H(t)A2k - J(t). Then there exist constants

Cl’C2 > 0 depending on P, X, §, k and m such that

I (e + |g[4k + Az} Iﬁla,T)lzdadr
Rn+l

2
|

2
< Cll®+ AI)u"o,o + C2“u|o’o

for all u ¢ {C:(Rn+l)}m and all X sufficiently large.
Proof: We refer the reader to Section 3 for the definition of (Qi,;i),
(Qj,cj), hij and Nij’ i=1,2,00. 5, 3=14...,8, in which (Qi,;i)l,

(Qj,¢j)i are determined by the number n satisfying (3.16). We define

ij 3 2k N\ ~
R = 3% hijA and the operator ®j by ¢ju(g,r) = ¢j(g)u(£,r), when
u e C:(Rn+l), and extended. Since R1J + A1 = %E-— hijAzk + AL, we

can write

ij _ _ 2k
R + AI)(§i¢ju) = §i¢j(R + ADu + ¢, (H hij)A ®u +
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9z
2k - i
+ Ci(¢jH - Héj)A u + cinJu + 3t ¢ju

_ 20 B 208
ny T T e Bty

o] =k 0<B< 2

where the aa's are positive integers. Since the matrices hij are
uniformly bounded, there exists, by Lemma 5, C = C(X,6,k,m,P) > 0

satisfying, for each i and j,

(6.3) I {]g[“k + 2+ xz} ]u(E,T)lzdgdr < C“(Rij + )\I)u“i,o
Rn+l

for all u ¢ {C:(Rn+l)}m and all » > 0. Our proof shall be roughly

like that of Theorem 2. Using (6.2) we shall estimate

1j 2
> e e aneewmi?

i,3
in terms of | (R + AI)u“i o and various "error" terms. Let
b

%,
1 = 1,
(6.4) Ei’j = 3 cpj

2 _ 2a, ,.0 . a n20B
51,_-; = by, Z Z a, () @7g;) » ed

o] = k0 < B < 2a
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4 2k
. = .+ (o.H - Ho,)A
€ 4 5y (o ;)
5 2k
& 35 T Byt (R ONTe
3
We estimate the "error" terms } § ‘[E, | as follows:
=1 1i,]j

1) We apply (3.21) to obtain

2
0,0

llﬁ 35 %5

Y_ 0%y " 2
” < cfuly ,

A

i3

n+l

for all u ¢ {C:(R YR,

2) To estimate the fact that “hij” is bounded independent of i and

-j (see Theorem 1) to obtain

Z ”Eiju"g,o < ¢ Z Z_ “(Daci)Dza_B@J_uﬂ-g

l,j i,j s 0O
la| = k
0 < B < 2a
2
I P
o] =k
0 < B < 20
~ 2 © ntl, \m
i C(n)"u"o,Zk_l sy U g {CO(R )} .

3) Since J(t) is uniformly of order 2k-1 for t ¢ Rl, we have that

N 3 2 2 2
DI T S M LT EY S 1
i,] i,]
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{C (Rn+l

4) By Proposition 1 and (3.4) we obtain

—
L etul, = 2 Iz Co.m - o, 105 |
Ly YT ) ) ©
s
2k .2
- Z:__ oyt = mo 1%
j=1
n+l m

|A

c(n)”uu0 ge-1? U € {Cg “(R

5) To estimate the error terms éﬁiju we apply the techniques that
were used to estimate the last terms on the right side of (3.28);

thus we write

= ' . o
H(t) - hij = kj(x,t,D) + sij(t)
where kg(x,t;s) = h(x,t;g) - h(x,t;gj)
and Sij(x’t) = h(X,t;Ej) - h(xi’ti;gj)'

For each j = 1,2,...,s, let wj € C:(Qj) with wj = 1 on the support of
$5» and 0 < y; < 1. Extend y; to all R"™ - {0} and define

kj(x,t;g) = wj(E)kﬁ(X,t;ﬁ)- Letting Kj(t) = kj(x,t;D) we obtain
ké(x,t;D)@

2k 2
6.5 ) JE3uR = ) ley@b e’

i,J i,3

= Kj(t)¢j, j=1,...,8. Thus
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2
Ku

ij J 0,0"

< ;[IKd)A ’+2§—Ilcs

To obtain an estimate on the first term on the right side of (6.5)
+
we recall, by (3.20), that ”kj(x,t;g)” < n/2 for all <x,t> e R 1

and £ € L. By Proposition 2, we obtain, for arbitrary p > 0,
2k 2
K.(t)d.A t
ENOLR IO

< (—+ 0) ||q> % (t)” + c(p)||<z> G u(t)|| 1

Taking p = n/2 and integrating with respect to t we obtain

2k 2 2y 12 f; 2
VAN | U0 Rt P I U P S O Y Py

j=l

For the second term on the right of (6.5) we apply (3.19):

L llegs o nl?

i'i 0,0
1,3 i ’

It

2 2, .2k 2
_>—_— J T.i(x,t)”h(x,t;féj)—h(xi,ti;sj)" lcij u(x,t)| “dxdt

2
2k 42 2 2
) legep®l? ) < callell

i,j

IA

Thus
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2 2 42 v 2
2 el = el gy ¢ Sl iy

for all u ¢ {C:(Rn+l)}m. Since

z:: lege, ® + AI)u”i’o =|® + AI)ung’o

1,]

we can combine estimates 1) through 5) to obtain

) | @M1y (20,02
13 1 3] 0,0
]
2 2 2 , 2
< "(R + AI)U"O,O + Cn ”u“0,2k + C(n)”u”o,Zk—l.

By (3.1), we obtain, for arbitrary ¢ > 0,

[ S—

ij 2
(6.6) : I@®™ + 2D (g e wl7

f_”(R+AI)u“i,o + {Cn2+ ai(n)}”uui’ZK + gl(n)C(e)”uui’o.

If we integrate with respect to t in Lemma 4 and apply Plancherel's

Theorem for Rl, we obtain

Cy f e[ *F (8¢, [Pagdr - 3(n)ﬂulli,o

Rn+l
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NN
< 2:: | f l€l4klzi¢ju(§,r)lzdgd1,

1,3 Rn+l

for all u ¢ {C:(Rn+l)}m. A similar argument yields

Ck I TZ]U(E,T)‘ZdEdT —'E(n)”uug’o
Rn+l

N
<) J rzlziéju(&,r)lzdgdr,
1,3 Rn+l

for all u ¢ {C:(Rn+l)}m. Thus, by (6.3) and (6.6), we obtain, for

arbitrary ¢ > O,

6.7) J 1161 <%+ 2% 8, 1) | 2aedr - %Z(n)nuui’o
Rn+l

§_C3”(R+A1)u”§’o + {Cn2+ El(n)e}nuui’ZR + El(n)C(e)”uug,o.

Applying (4.1) with p = 1, we obtain

2

Q4k(E,T) < ¢ 1{|€]4k+ 2+ 2%} for all A > 1.

. -1/2
Since "u“o,Zk 5—”“”2k,o’ we can take, in (6.7) n = (4CCk,1) /2 gnd

~ -
g = (ACk lCl(n)) 1 and our proof is complete.®
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Remark, It is easily seen that “u”%k o < Cllr. + AI)qu o for all
? 3

n+l

{C R} B for all A sufficiently large.

Theorem 5 (Compare with Theorem 2 of [5]): Given any real r and s,
for A real and sufficiently large (depending on r, s and R) R + AL

is a topological isomorphism of (55" onto {N°7 =2k, 1

Proof: The continuity of R + AI for all ) follows from the results

of Sections 3 and 4; here I is the inclusion mapping of {%+r’s}m into

{#+r—2k,s}m. We next establish the following: there exists C = C. &

> 0 such that

(6.8) < C|® + ADul

”u"r+2k,s

for all u ¢ {C:(Rn+l)}m and all )\ sufficiently large. By Lemma 6,

PN
(6.9) f {]gll‘k + 2+ Az}]mr’su(&;,r)lzdgdr
Rn+l

2 2
< Cl||(R + AI)YYIr,Su“ + C2”u"r,s'

2k
u

b

= -+ —
We write @ + AI)WE’Su an,s(R + AD)u (an sH Hynr’s)A
+ (an sJ - Jan S)u. Fixing a 6 between 0 and 1, and applying Proposi-
b H

tion 4 and 4 of [ 5], we obtain, with C = C(8,r,s) > O,



2k 2 2
“[n1r,sH - Hmr,s]A u”o,o = C“u“r,s+2k—e

Applying Proposition 2(ii) of [ 5] we obtain for arbitrary ¢ > O,

2k 2
ully o

I [mr,sH - mr,s]A
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2 2 2 2
g-"u”r,s+2k t C(E)”u“r,s = g-“u“r+2k,s + C(E)”u"r,s

Similarly
2 2 2
I [mr,sJ - er,s]u”o,o = %”u”rﬂk,s * C(E)”u"r,s

Thus, for arbitrary ¢ > O,

te]* + <2 + 2% 0 a® @) [, 1) | 2dedr

Rn+l

< @ +aDul |+ efulf e o+ c@ul?

rt+2k,s

By (4.1) we have that QAk(g,r) < Cy l{]g[4k + T2 + 1}. Letting
b

g = l/ZCk,1 we obtain

[oda®e 2 et e odt o e, o e

Rn+l

A

2 2
Cl“(R + )\I)u”r’s + Ck”u”r,s’ for x» > 1.
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Letting ) > {1 + ZCk}l/2 completes the proof of (6.8).

If R* is the formal adjoint of R, i.e., R* = - %E-— AZkH*— J*,
then we assert that for every real r and s there exists C = Cr,s >0
such that

(6.10) < CN(R*+ AI)uHr,S

“u"r+2k,s

for all u ¢ {C:(Rn+l)}m and all )\ sufficiently large. We write

#

R" = Rl + R2 where
R I 2
R1 = Y H'A J
and R = H#AZk - AZkH#.

2

By Theorem 3 no %7 of [ 7], we have that for any real s

4ok 2 #
H(e) 'A% - a%ouqe)
H a0 . Hs—(2k—l)

IA

C“H(t)#A - AH(t)#

t e Rl, and m = [s].

{A

bl
s [|m|+3,20+3]

#2k _

Thus, by (3.4), we see that H(t) AZkH(t)# is uniformly of order

2k-1 for t ¢ Rl. Applying (6.9) (with R replaced by Rl), (3.1)' and

“u”o 2k f—”u"2k o We obtain for arbitrary ¢ > 0,
b 3

o
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/\
J {lgll’k + 12 + A?‘}lmr Su(g,r)lzdgd'r

Rn+1
< C IRy +a1)M u"2 +C “u”2
— T1iv r,s "o,o0 VALRERL NPS -
# 2 # 2k 2k # 2 2
< ¢ &+ AI)YYIr,Su”o,O + CflE AT - ky )an’suﬂo’o + Czﬂu"r’s
# 2 2 2
= Cl“('R + AI)Yﬂr,su"o,Q + C2“u”r,s + CSHmr,su“o,Zk-l
# 2 2 2
< Cl”(R + AI)u”r,S + e“u”r_l_zk’s + c(e)|gu||r,s.
We write

# _ * ok, * x f
an,S(R + AL) = YV\r,S(R + A1) + Yer,SA (H-H) + mr’s(J - JM.
Now

m SAZk(H*_ H#) - A2k(H*— H#)an + A2

k m H* *
T, ( s H nTr,s)

»S r,

+ 1\21‘(H#mr c-m, .

We make the following estimates:

i) Applying Proposition 1, (3.4) and Propositions 2(i) and 2(ii) of

[5], we obtain, for arbitrary ¢ > 0,

2
0,2k~-1

2k, * # 2 |
“A (- H )mr,su"0,o < Ck”mr,su”

2 2 2
- Ckﬂu"r,s+2k—l = E“u"r+2k,s * C(E)”u“r,s'
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ii) Fixing a 6 between 0 and 1, and applying Propositions 2(i), 2(ii)

and (5ii) of [ 5], we obtain, for arbitrary ¢ > O,

2

2k
la 050

# #
@ mr,s B an,sH )u”
2
= qlu"r,s+2k—e
2 2
< dul s * c@lul?

iii) We observe that AZk(Yn H* - H*Yn ) = A2k(HYn - M H)*
e r,s r,s X,s r,s

b
Fixing a 6 between 0 and 1 we have, by Proposition 5(ii) of [ 5], that

. 14050 ~r ,—s+6
Han,S an,sH is bounded: ¥ + b

which implies that

* -
(HYﬂr g " an SH) is bounded:¥4r’s . #*O’o.
5 3

Applying 2(ii) of [5],

we obtain for arbitrary ¢ > 0O,

2k k% 2
% 0m, i - im, Dul?
2
< dluly, ok

2 2
S-E"u”r+2k,s * C(E)”u“r,s'

*
Similar estimates for an s(J - J#) yield, for arbitrary £ > O,
3

j (e + <2 + 21 @, 0d* @ |G, 0 | fagar

Rn+l

* 2 2 2
< ol wamul?  + dul?, +c@fel? .
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As previously shown, we need only take e sufficiently small and the proof

of (6.10) is complete.

As a consequence of (6.8), we conclude that the range of R + AL

r—2k,s}m

is closed in { ¥ ; thus all we need show is that the range of

R + AL, for A sufficiently large, has trivial orthogonal complement in

{¥+r—2k,s}m. r—2k,s}m

Now suppose v e { % is such that for all

n+l, . m

u e {C:(R I 0= (R +ADu,v), = [R+ ADu,M, ., v]. Then

2s

-r-2k,-s

w =1 v e {H ™ and (R* + AM)w = 0, which, by (6.10)

2r,2s

applied to w, with -r-2k and -s replacing r and s, implies that w = 0

and therefore v = 0. B

+
For any closed set K < R" l, we set

%%r’S(K) = {u e #’% : supp uc K}.
o

Letting a bar denote closure and writing CA.for the complement of A,
we have that C:([:ﬁ) is dense in %42’8((39) for all real r and 8, with

Q=Q —~© < a <b < +e (see Section 4 of [5]).

a,b’

Theorem 6 (Compare with Theorem 4 of [ 5]): Given any real r, s and c,

r-2k,S(§; )}m for

R + AI is an isomorphism of {k%g’s(ﬁ 31" onto {M oo

C o)

all A sufficiently large (depending on r, s and R).

Proof: First choose Py > k, Py 2 T~ Next , choose Ao so large that

o
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i) A z2¢

o (CA’ the constant in Theorem 3), and

4

i1) X > A implies that R + Al is an isomorphism of {M7%1™ onto

r-2k,s.\m Po’ m po—2k,s m . .
{ ¥ 7 oand { ¥ }' onto { ¥ }"  (applying Theorem 5 in

both cases). We assert that for A 3 %0, R + AI has the desired property.

By Theorem 5 it is clear that we need only show that if u ¢ (W55

and v = (R + AI)u has its support in 5; oo? then so does u. Since
5

{C:(Qc +m)}m is dense in {k*r—Zk,s )}m, then there exists a sequence

’ (o} (Qc,+m

%‘r—Zk,s}m.

{vn} of elements in {C:(Qc w converging to v in { By

g

Theorem 5, for each n there exists a unique u € {*{r’s}m satisfying

P 8
(R + AI)un =V however, there also exists u; e { B ° }™ such that
PO,S n
@R + kI)u; =v_ . Thus u = u; e £ M }"; applying Theorem 3 with
a = -» and arbitrary b < ¢ we obtain, since un(—w) = 0,
€y 2 ’ 2
(6.11) T“un(b)”po—kﬂ-s + C, J |}un|gpo+sdc

-0

b
2
+ 0,00 - C) J llunllpo_k+sdt

b

= Z Re J N2y o eV Ni5%4%5 Mo o —ibs®n? o3E
i,] ‘o o o)

n=1,2,... . Since supp vn is contained in Qc’+w, we see that the
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right side of (6.11) vanishes for all n. Thus un(b) = 0 which implies
that each u has its support in 50 Jeo? and the same remains true for
’

u. W

Theorem 7 (Compare with Theorem 5 of [5]): If s is real, r > k, and
-© < a < b < +=», the mapping uW<Ru,u(a)> is a topolotical isomor-

r-2k,s r—k+s }m

phims of {Hr’s(ﬂ)}m onto {H (Q)}m ® {H , where Q = Q

a,b’

Proof: With only slight modifications the proof is exactly like that
of Theorem 5 of [ 5] with R replacing P, our form of the energy
inequality replacing Theorem 3 of [ 5], and our Theorem 6 replacing

Theorem 4 of [5]. M
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