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Abstract

Dual Graphs and Poincaré Series of Valuations
by
Charles Li

Advisor: Prof. Hans Schoutens

Valuations on function fields of dimension two have been studied from the
perspectives of dual graphs, generating sequences, Poincaré series, and the
valuative tree, among others. The goal of this dissertation is to greater unify
these various approaches. Spivakovsky’s dual graphs are used to calculate
the Poincaré series of non-divisorial valuations. With Galindo’s results in the
divisorial case already known, the equivalence of Poincaré series with dual
graphs is shown. A new elementary constructive proof of minimal generating
sequences for non-divisorial valuations is given along the way, using only
modest prerequisites from number theory. It is fair to say that the proof
of minimal generating sequences is the crux of this dissertation, while the

results on Poincaré series are all corollaries.
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Chapter 1

Introduction

This project began as an exploration of the “average of a valuation,” a
concept defined by H. Schoutens in unpublished notes. After performing
some literature review, it was discovered that the average of a valuation is
equivalent to another concept already widely published in the literature: the
Poincaré series of a valuation.

Valuations centered on local domains have been studied because of their
role in the classical problems of local uniformization and resolution of sin-
gularities. In recent years, research has turned to the study of the Poincaré
series associated to this setting. (The reader should see Chapter 2 for back-
ground definitions.)

The value semigroup was first used to define the Poincaré series for a divi-
sorial valuation centered on a 2-dimensional regular local ring in [17], where

the Poincaré series for divisorial valuations are computed. Given Hironaka’s
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landmark work on the resolution of singularities after a finite sequence of
blowups, divisorial valuations are considered more important than the non-
divisorial ones since divisorial valuations correspond to finite sequences of
blowups. After Galindo’s introduction of the Poincaré series for divisorial
valuations, it made sense to subsequently look at the multi-graded Poincaré
series of a finite set of divisorial valuations rather than pursue the non-
divisorial cases. Some recent papers in this direction for surfaces are [6], [9],
[12] and [13].

On the other hand, the efforts at classifying valuations centered on 2-
dimensional regular local rings did indeed yield other non-divisorial cases,
which perhaps should not be completely ignored. In particular, after Zariski’s
work on the classification of valuations, it is well-known that valuations on
function fields of surfaces can be sorted into five types using Abhyankar’s
inequality. Cutkosky provides a modern treatment of Zariski’s classification
work in [7]. Divisorial valuations are the most important and widely used
of the five cases. As such, the Poincaré series for the non-divisorial valua-
tions seem to have been ignored. We wish to fill a void in the literature by
computing the Poincaré series in the remaining four cases in the hopes of
obtaining an alternative classification of valuations.

Our approach is to first revisit Spivakovsky’s dual graphs of valuations
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and the corresponding generating sequences, introduced in [23]. This seems
to be the most natural approach to tackle the non-divisorial cases. The guid-
ing philosophy is to attack the complex through the simplest means possible.
The dual graph of a valuation is especially alluring given both its aestheti-
cally pleasing simplicity as well as its hidden power as a superb bookkeeper,
simple yet expansive. Dual graphs are the backbone of this project and they
will be expounded upon in Chapter 4, which forms the heart of this disser-
tation. It is no understatement to say that this dissertation largely stems
from trying to understand Spivakovsky’s work. Indeed, the author believes
the difficulty in reading Spivakovsky’s paper, as well as Hironaka’s influence
toward the study of divisorial valuations, are two of the main reasons why
the Poincaré series of non-divisorial valuations haven’t already been dealt
with by others.

In the related literature, Favre and Jonsson have written a very insightful
chapter on the dual graphs of valuations in [16]. Ghezzi, Ha and Kashcheyeva
have tackled generating sequences in the Type 1 infinitely singular case in
[18].

After discussing dual graphs in Section 4.1, an alternative proof of min-
imal generating sequences for non-divisorial valuations is given in Sections

4.2 and 4.3. The proof is elementary in the sense that it only uses some
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basic tools from classical number theory. In particular, continued fractions
and Frobenius’ linear Diophantine problem will play a role. These tools are
reviewed in Chapter 3.

The Poincaré series of non-divisorial valuations are simple to compute
once their dual graphs and generating sequences are first understood. This
computation is done in Chapter 5. The non-divisorial Poincaré series are
described in Theorem 5.3 in particular. These results extend to the non-
divisorial cases Galindo’s observation that the Poincaré series of divisorial
valuations reflect their dual graphs. Together with Galindo’s work on the
divisorial case, Poincaré series are thus an alternative classification of valua-
tions centered on 2-dimensional regular local rings.

The exposition and proofs throughout will be as reader-friendly as possi-
ble. In particular, examples are not shunned and the steps in proofs are rarely
skipped. The reader is even offered an appendix of computed Poincaré series
examples to check his/her understanding. It is common for mathematicians
to force their readers to struggle in the name of elegance. To quote Abel,
“/Gauss| is like the fox, who effaces his tracks in the sand with his tail.”
Sometimes, as in the case of the princely Gauss, the elegance shines through.
In other times, the attempt at elegance merely falls flat and leaves the reader

frustrated enough to relegate the text to the quiet task of collecting dust, a
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tragic fate to befall upon any piece of mathematical research.

The author is no fox and he certainly doesn’t have a tail (only a worthless
vestigial tailbone). This dissertation was written to be read, understood and
then improved upon by the mathematical community. It is hoped that the
interested reader can gain something and the exposition is clear enough so
that even a motivated graduate student would be able to understand all of

the arguments.



Chapter 2

Algebraic Geometry
Preliminaries

In this chapter, we will establish notation and review some definitions and
well-known results related to the application of valuations in algebraic ge-
ometry. Most of the proofs are omitted here, but there are many excellent

references available such as [28], [1], [2], [7], and [25].
2.1 Valuations on Function Fields of Surfaces

Definition. An ordered abelian group I' is an abelian group equipped with

a total linear ordering <. That is, for all a,b,c € [' we have:

a<a

a<borb<a

a<band b<ec — a<c
a<band b<a = a=0b
a<b = a+c<b+c

Gl W=
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An element oo is adjoined to I' such that z < oo and co + x =z + 00 = 00,

for all z € I'. We denote this extended ordered abelian group by I' U {co}.

Definition. A wvaluation v is a map from a field K to an ordered abelian
group I' U {oo} satisfying the following axioms:

L v(zy) =v(z)+v(y)

2. v(z+y)>min{r(z),v(y)} (Ultrametric inequality)

3. v(z)=00 <= =0
for all z,y € K. Note that v is a group homomorphism from the multiplica-
tive group K* to I'. The third axiom extends the definition of v to K and
I' U {oo}. Here I is called the wvalue group of v.

In the sequel, K will be a function field of dimension two (i.e. transcen-

dence degree two) over an algebraically closed base field k of characteristic

0. The function field is also denoted K /k. In this setting, v(c) = 0 for all

ce k.

Definition. A convex (or isolated) subgroup A of an ordered abelian group
I' is a proper subgroup satisfying the convexity property: for any given 0 <

b€ A, an element a € I that satisfies 0 < a < b must also belong to A.

Definition. The total ordering and convexity implies that the convex sub-
groups in the value group I' form a single chain of subgroups. The rank of

a valuation v is the order type of this chain. In other words, if there are n



CHAPTER 2. ALGEBRAIC GEOMETRY PRELIMINARIES 8

convex subgroups in the chain, then rank(rv) = n. The value group I' is also

said to have this rank.

Example. In Z? with the lexicographic ordering, {(0,y) | y € Z} is a convex

subgroup. The trivial subgroup {(0,0)} is also convex. The rank is 2.

Theorem 2.1. (Hahn’s Embedding Theorem)
Any ordered abelian group of finite rank n can be embedded as an ordered

subgroup of R™ with the lexicographic ordering.
We will consider value groups to be embedded in R or R? in the sequel.

Definition. The rational rank rr(v) of a valuation v is the maximal number
of linearly independent elements {a;} in the value group T', i.e. the maximal
s such that mia; +--- +mea, =0 = m; = 0 for all i, where the m; are
all integers. Alternatively, the rational rank is the dimension of the Q-vector

space I' ®7 Q. The value group I' is also said to have this rational rank.

Example. If the value group is Z + Z+/5, then the rational rank is 2. If the

value group is Z?2, then the rational rank is also 2.

Definition. Let v be a valuation on a function field K/k. Let

Vi={feK|v(f) =0}
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and
my = {feK|v(f)>0}

Then V is called the valuation ring and it is a local ring with maximal ideal
my. The field V/my is called the residue field of V and it contains k. The
transcendence degree d of V/my over k is defined to be the dimension of v.

Similarly, v is called a d-dimensional valuation.

Theorem 2.2. (Abhyankar’s Inequality)

Let (R, m) be a Noetherian local domain whose fraction field K is a function
field over k of dimension dim R = n. Let v be a d-dimensional valuation on
K that’s centered on R, i.e. m = RN my. Let rr be the rational rank of v.
Then,

r+d<n

Proof. See Theorem 1 of [2].

2.2 Classification of Valuations

Abhyankar’s inequality can be used to classify the valuations on function
fields of dimension 2 according to the classical invariants: rank, rational

rank, and residual transcendence degree.
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Theorem 2.3. (Classification of Valuations)
Let (R, m) be a 2-dimensional regular local ring whose fraction field K is a
function field of dimension 2 over an algebraically closed field of characteristic

0. Let v be a valuation on K centered on R. Then v is one of the following

cases:
Rank | rr | d | Discreteness Value group Type
1 1)1 discrete Z 0
1 1 | 0 | non-discrete additive subgroup of Q 1
1 2 | 0 | non-discrete | Z + Z7, where T is irrational 2
2 | 2]0| discrete 72 3 and 4.2
1 110 discrete Z 4.1

where discreteness refers to the discrete or non-discrete nature of the value
groups, and where the value groups are given up to order isomorphism, i.e.

an isomorphism that preserves the order.

More details on the classification with respect to the classical valuation
theoretic invariants can be found in [7].

Note the “Type” column. The types originate from Spivakovsky’s work
classifying valuations according to their dual graphs. One difference in nota-
tion: we denote Types 4.1 and 4.2 to reflect the rank of the valuation. These
two types were originally switched in [23]. We will discuss the various types
and their dual graphs in Chapter 4.

Favre and Jonsson have studied valuations centered on the local ring of

formal power series in two complex variables. For geometric intuition, they
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also considered the interpretations of these valuations when the power series
converge at the origin in C2. This generalizes to smooth points on algebraic
surfaces over algebraically closed fields. The following table gives descriptive

labels to the types and we will adopt this language in the sequel:

Type | Description

0 | Divisorial valuation
Infinitely singular valuation
Irrational valuation
Exceptional curve valuation
Curve valuation

=~ W N —

The reader is referred to [16] for more details. Note that Type 4 curve
valuations fall into two subtypes in Spivakovsky’s notation, Types 4.1 and
4.2. In Section 4.2, we will briefly discuss the discrete cases, Types 0, 3 and

4,
2.3 Blowups Along a Valuation

A (local) blowup along a valuation — also called a quadratic transformation —
is a fundamental tool in birational geometry and the resolution of singulari-
ties. A sequence of blowups is equivalent to the underlying valuation. That is
to say, once the regular parameters of a maximal ideal of a point are fixed and
a valuation centered on that point is fixed, then the sequence of blowups is
completely determined by the underlying valuation in an algorithmic fashion.

This will be explained below.
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Let (R,m) be a 2-dimensional regular local ring with fraction field K
which is a function field of transcendence degree 2 over an algebraically closed
field k of characteristic 0. Let v be a valuation on K centered on R with
valuation ring (V,my). As such, m = my N R and Frac(V') = Frac(R) = K.

Let (z,y) be a system of regular parameters of m. We choose x such
that x is an element of lowest positive value in R. Such a choice is possible
because R is Noetherian. Let fy = v(z). If v is of rank 1, we normalize the
valuation by setting 5y = 1. We apply a different normalization for rank 2
valuations, to be described later.

This setup corresponds to looking at a smooth point on a surface. When
we wish to emphasize the geometry, we will use the word “coordinates” in-
stead of “parameters.”

The basic idea behind a blowup is to replace a point with a line, which
can then be intuitively thought of as a “slope axis” that separates tangent
lines at the original point. This will be made concrete with an example that

captures the essence of the subject.

Example. We transform R to R; by an z-blowup. There will be two other
types of blowups as described in Proposition 2.4, namely y-blowups and z-
blowups. Here an z-blowup is chosen because the x parameter is of lowest

value.
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Let 1 = z and y; = y/x, or alternatively, let z = z; and y = x1y;. The

new blown-up ring is given by R; := (R [%] )m , Where my = my N <R [g} )
1

If we think of the transformation as happening at the origin in C?, then
this transformation replaces the origin with a “new” y-axis, the y;-axis. In
the new local coordinates (x1,y;), the yj-axis is given by z; = 0. The y;
parameter can be interpreted to encode the slopes of lines through the origin
prior to blowup, i.e. y/x. Notice that the slope of the y-axis itself is not
represented by a suitable y; at finite distance. The y;-axis (x; = 0) is called
the exceptional divisor of this z-blowup. Using Max Noether’s terminology,
points on the exceptional divisor are considered to be infinitely near the point
that was blown up, i.e. infinitely near the origin here.

2

Now consider the nodal cubic y* — 2% — 2® € R. This transforms to:

2_ .2 _.3_ .22 2 3_ 202
y oot —at =ayyr —w —ay = w(y — 1 - w)

The nodal cubic has a singularity at the origin with two distinct tangent lines.
See Figure 2.1. Since the initial form is y* — 2? = (y +z)(y — x), the tangent
lines are given by y = +x. After performing the z-blowup, the transformation
of the nodal cubic is made of two pieces, the ezceptional transform x?, and

the strict transform y? — 1 — x;. Taken together, the exceptional and strict
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Figure 2.1: Before blowup: y? — 22 — 23 = 0
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Figure 2.2: After blowup: x3(y? — 1 — 1) =0
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transforms make up the total transform x3(y? — 1 — x;). See Figure 2.2. In

the new local coordinates (z1,y;), the strict transform meets the y;-axis at
(0,+£1), where 41 are the slopes of the tangent lines to the nodal cubic at
the origin. Also notice that the parabola given by y# — 1 —x; = 0 is smooth.

The singularity on the nodal cubic is said to be resolved by this blowup.

In general, a singular curve that’s more complicated than the nodal cubic
in the example would require further blowups to resolve its singularities if
there exist singularities in the strict transform after the first z-blowup. The
blowup process can be repeated by blowing up a point on the y;-axis to get a
“new” exceptional divisor (technically, a new exceptional component, as will
be made precise later). The local equation of the new exceptional component
will either be x5 = 0 (yg-axis) or yo = 0 (we-axis), depending on the type
of blowup used. Blowing up a point on the new ys-axis (or the zy-axis)
to introduce another exceptional component and continuing in this manner,
we get a sequence of point blowups, each point being infinitely near to the
previous blown-up point. These points are called centers. The sequence of
blowups gives a sequence of regular local rings (R;, m;) corresponding to the
centers, where i € Ny. Here (R, mg) := (R, m).

The valuation v centered on R plays a crucial role in the sequence of

blowups. The values of the parameters (z;,y;) determine which type of
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blowup to use next. If v(z;) < v(y;), then an z-blowup is used to get to
Riy1. If v(y;) < v(z;), then a y-blowup is used. If v(z;) = v(y;), then an
x-blowup is used if R;,; is the last local ring in the sequence, or a z-blowup
is used if R;;; is not the last local ring in the sequence. Thus, the valuation
encodes the sequence of point blowups since each step depends on v(z;) and

v(y;). The three types of blowups are described in the following

Proposition 2.4. The regular parameters (z;,;) of R; are transformed by

blowups in one of three ways depending on v(x;) and v(y;):

L @ = w4, Yi = Tip1Yir1 (a-blowup)
2. T = TinlYiv1, Yi = Yisl (y-blowup)
3. T = Ty, Yi = Tiy1 (Yip1 + ¢)  (z-blowup)

where ¢; # 0 is the residue of y;/x; in k.

Remark. Technically, we also have:
3" @i = (T + &) Yin1, Yi=Yin

where ¢} # 0 is the residue of z;/y; in k.

However, transformation 3’ is equivalent to transformation 3 as far as
the values are concerned. Here v (y;/z;) = v (z;/y;) = 0 and the residues of
y;/x; and x;/y; are related. Notice transformation 3 is really dealing with
Yi Yi — G4

= —¢="——— Nowv (& — Ci> > 0, which implies v(y; — c;z;) > v(z;).
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If d € k such that d # ¢;, then v(y; — dx;) = v(x;) = v(y;), else y;/z; would

belong to two residue classes in R;/m; = k, a contradiction. Notice

v (_Cl (i — cm)> _y (:c - %y) > v(z;)

ZT; XTi — GY;
Similarly, transformation 3’ is really dealing with — — ¢} = Ti” GY% and
Yi Yi

v(z; — cdy;) > v(y;) = v(x;) for a unique ¢, € k. This implies ¢ = o

i

Furthermore, v(y; — ¢;x;) = v(x; — cy;) > v(x;) so both transformations

encode the same “jump” in value. We will use transformation 3 instead of 3’
since no information is lost.

Lastly, notice that y; 1 = % — ¢; in transformation 3 can be interpreted

7

as shifting attention to another point rather than the “origin” on the %—axis.
i

Definition. The three types of local blowups will be denoted x-blowup, y-
blowup and z-blowup as indicated in Proposition 2.4. These blowups intro-
duce new elements vy;/z;, x;/y;, and y;/x; — ¢;, respectively. To go from
R; to Ry, introduce the appropriate new element to R; with respect to
one of the three types of blowups, yielding a ring R; ;, then localize at
m; = my N R, ;. Hence, Rijy = ( ;+1)mi+1' (Notice v is centered on
every R;, i.e. m; = my NR;.) If Ry has Krull dimension 2, then the regular
parameters of m;; will be (z;41,y;41) as given in Proposition 2.4. If R;

has Krull dimension 1, then x;,; will be the regular parameter of m;, ;.
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The sequence of blowups is either finite or infinite. If the sequence is finite,
then the valuation is called divisorial and it measures the order of vanishing
along the last exceptional component given by the sequence of blowups. If
the sequence is infinite, then the valuation is called non-divisorial and it falls
into one of four types with respect to the shape of the dual graph. Non-
divisorial valuations are 0-dimensional valuations and hence are also called

residually rational valuations in the literature.

Theorem 2.5. (Local Uniformization)
R blows up to become the valuation ring V' in the limit of the sequence of

point blowups:
V=|JR
i=0
Proof. See Lemma 12 of [2]. O

Denote the sequence of blowups,
7 SpecV — - 55 SpecR; = SpecRy = SpecR
and the corresponding local ring extensions,
T R=Ry R B 5V

guaranteed by local uniformization in dimension 2. Let X := SpecR;.
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Definition. The exceptional divisor (or exceptional set) of v is 71 (1), where
7o is the point corresponding to m and is considered the O-th center. Each
point blowup 7; introduces an ezxceptional component L; := m, 1(771'—1) e X,
of the exceptional divisor, where the i-th center n; € L; for ¢ > 1. In the
literature, L; is also called the ¢-th neighborhood of 1y, and 7; is a point that

is considered infinitely near the previous 7;, for j <.

The local equation of an exceptional component L; is given by one of the
regular parameters in R;. More precisely, the three types of blowups give
regular parameters (z;,7;) that generate the maximal ideal m;, and if the
i-th blowup was an z-blowup or a z-blowup, then the local equation of the
1-th exceptional component L; is z; = 0. If the ¢-th blowup was a y-blowup,
then L; is given by y; = 0. In the case of a divisorial v encoding n blowups,
there will only be one parameter z,, after the last blowup since y,, /x,, will be

a unit in R,. In this case, L, is given by z, = 0.

Definition. Let C be a curve in &}, hence n; € C. Let 7 > i. The total
transform of C' after the j-th blowup is (w11 0---om;) 1 (C) . The strict
transform of C after the j-th blowup, denoted CV), is the Zariski closure of
(mip10---om;) 1 (C\n;). The exceptional transform of C after the j-th blowup

is (mip1 0+ om;) " (m;), “counted properly.” (See the next paragraph.)
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Algebraically, if C' is given by f = 0, then the total transform after the
j-th blowup is: (75 o --- o )(f) = ley?f(j), where e, ey € Ny, and fU)
is not divisible by z; or by y;. The total transform is made of the strict

el eo

transform fU) and the exceptional transform x;ty;?. For simplicity, we will

also just write:

f=a5y v

Proposition 2.6. Let f € R;. The values of the strict transforms of f

decrease with each blowup unless the strict transform becomes a unit. More

precisely, if v(f™) # 0, then
v (f(”)) <v (f(m)) where 1 <m <n

Unit strict transforms remain units after further blowups. More precisely, if

v(f™) =0, then
V(f(”)) = I/(f(m)) =0 where i<m<n

Proof. If fU) € m;, then it must have terms of the form w,zf' and uyy;®
at level j since the greatest common factor of all the terms is factored out
at each step. Here u; and us are units. Apply any of the three types of
blowups. It is easy to see that either x4 or y;;; can be factored out from

the transformation of the strict transform fU). Hence, the value of the next
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strict transform fU*D decreases by the value of the factors pulled out at level
j+1. The fU) ¢ m; case is similarly easy to see, observing that f () must
have a term that’s not in m; and this remains the case at level j + 1 after

blowup. O]
2.4 Poincaré Series

Definition. The value semigroup is:
S:={v(z) |z €m}
Note that S is well-ordered since R is Noetherian.

Definition. Let [, := {z € R|v(z) > s} and I} := {z € R|v(z) > s},

where s € S. The associated graded algebra (over k) is:

er,(R) =P ]I—+

seS ¢

Geometric interpretations of the associated graded algebra can be found

in [24].

Definition. The length of s, denoted [(s), is the length of I;/I} considered

as a module over R/m, i.e. as a k-module.

Definition. Contractions of ideals in V' to R are called v-ideals. The {I,}

and {I]} are v-ideals. In fact, {I;}scs is the set of all v-ideals in R.
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Definition. The Poincaré series of v is the formal sum in Z[[t"]]:

Po(t) =) U(s)t’

seS

A Poincaré series can be thought of as a valuation theoretic analogue to
Hilbert series which encodes the lengths of values in the value semigroup.
They will be shown to be equivalent to the dual graphs of valuations in

Chapter 5.



Chapter 3

Number Theory Preliminaries

In this chapter, we will review some facts from classical number theory that

will be used later.
3.1 Continued Fractions

All the facts about continued fractions that we will use can be found in

standard references such as [19] or [21], and the proofs are omitted.

Definition. By a (simple) finite continued fraction, we mean a number of

the form:

S
Qn,
where a1 € Z, and a; € N for ¢ > 2. A compact notation for this continued

fraction is: [aq,...,a,|. Note that we use N to denote the positive integers

24
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while we use Ny to denote the non-negative integers.
Similarly, we have (simple) infinite continued fractions: [ai, az, . ..]. Finite
continued fractions are rational numbers and infinite continued fractions are

irrational numbers.

The “simple” description refers to the 1’s in the “numerators” and we will
drop the adjective from this point forward since all the continued fractions

of interest to us will be simple.

Definition. For a given continued fraction, |ay,...,a,| or [ai,as,...], the
i-th convergent is defined to be the fraction [a4,...,a;], where i < n in the
finite case. Let us denote the i-th convergent by p;/q;, where p; and ¢; are

relatively prime.

Proposition 3.1. Let p_y =0, pp =1, g1 = 1 and gy = 0 by convention.

For i > 1, we have the basic recursive formulas:

Pi = a;Pi—1 + Pi—2

qi = aiQi—1 + G;—2

Remark. There exists a wonderful table method of using these recursive
formulas to quickly compute the convergents p;/q;. See pp.24-25 of [21]. It

is customary to use the symbols p; and ¢;, but later in this paper we will use
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A; and p; for the numerators and denominators of convergents, respectively,

since p; and ¢; are spoken for.

Proposition 3.2. (Determinant Formula)

Given a continued fraction |aq, ..., a,|, we have:

PnQn—1 — Pn—14n = (_1)11

3.2 The Frobenius Problem

The Frobenius problem is a classical number theory problem that shows up
in many areas. We refer the reader to [3] and [4] for more details.

The Frobenius problem is also referred to as “Frobenius’ linear Diophan-
tine problem” and “the coin exchange problem.” The Frobenius problem
asks the following question:

Given a set of distinct positive integers {a, . .., a, } with greatest common
factor 1. What is the greatest integer that cannot be written as a linear
combination of the {a;} over the non-negative integers? This greatest integer

is called the Frobenius number and will be denoted F(ay,...,ay).

Definition. An integer m is said to be representable by {a,...,a,} if

m=uxa;+ -+ 1,0,
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for some n-tuple (z1,...,z,) € (Np)". Otherwise, m is said to be unrepre-

sentable by {ai,...,a,}.

An alternative way of stating the Frobenius problem is to say: find the
largest unrepresentable integer given the set {aq,...,an,}.

The solution is well-known for n = 2, in which case the Frobenius number
is just: ajas — a3 — as. The Frobenius problem remains open for n > 3.

There are known lower and upper bounds for the Frobenius number. For

our purposes, we are interested in upper bounds.

Theorem 3.3. (Brauer)

Let d; := ged(ay, ..., a;). Let

n—1
T(ay,...,a,) = Z i1/ disa
i=1

Then,

3

F(ay,...,a,) <T(ay,...,a,) — a;
i=1

Proof. See Theorem 3.1.2 of [3]. O

Note that if we can establish an upper bound, then the representable
integers greater than the upper bound will be spaced evenly apart by 1 unit.
We wish to do something similar later on in the proof of Lemma 4.11. There

the Frobenius problem will be applied to a set of fractions, namely the values
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of elements of a generating sequence. First the fractions are written in terms
of their least common denominator, say d, then the Frobenius problem is
applied to the numerators of a set of fractions with denominator d. Note that
beyond the upper bound, all the representable fractions with the common
denominator d will be spaced evenly apart by 1/d units.

Lastly, the following definitions can be useful when working with fractions

and we include them here for completeness:

Definition. Define the greatest common divisor, ged, of a finite set of frac-
tions by first writing all the fractions under consideration with their least
common denominator d. The gcd is obtained by finding the usual greatest
common divisor of the numerators and then dividing the result by d. The

least common multiple, lem, of a finite set of fractions is defined analogously.

Example. A couple of simple examples to illustrate:

ged 25 —oed 14 15 :gcd(14,15):i
3’7 217 21 21 21

2 5 14 15\  lem(14,15) 2-3-5.7




Chapter 4

Dual Graphs and Generating
Sequences

In this chapter, we will review dual graphs and generating sequences, adding
some details and noting some differences to the exposition in [23].

The dual graph of a valuation is a beautiful combinatorial object that
represents a valuation via intersections of exceptional components of the
exceptional divisor. The valuation is thus described through its effects on
a point that is birationally transformed by blowups. The concept has its
origins in Zariski’s Main Theorem: the exceptional set is connected. The dual
graph is the graph theoretic dual of the reduced exceptional set, inverting
the exceptional components (lines) and intersections (points), to get vertices
(exceptional components) and edges (intersection points), respectively. Dual

graphs of valuations will be simply connected graphs.

29
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4.1

Construction of Dual Graphs

30

The dual graph is easiest to understand through examples. Along the way

we will define all the terms and notation needed. The setup is the same as

that described in Section 2.3.

Example. Consider v such that v(z) = 1, v(y) = 7/2 and v(y* —z7) = 43/6.

Note that 5= 7+ 5 We have the following sequence of transformations:

v(z; v(y;) x transformation | y transformation
v(zg) =1 | v(yo) =7/2 To = T1 Yo = T1Y1
viz) =1 |v(y) =5/2 T, = To Y1 = Talo
v(ize) =1 |v(ye) =3/2 Ty = T3 Yo = X3Y3
v(zg) =1 |v(ys) =1/2 T3 = Ty4ls Y3 = Ya

v(rg) =1/2 | v(yy) =1/2 T4 = Ts ys = 5(ys + 1)
v(zs) =1/2 | v(ys) = 1/6 Ts5 = TeYs Ys = Ys
v(rg) =1/3 | v(ys) = 1/6 Te = T7Y7 Yo = Y7
v(zg) =1/6 | v(yr) =1/6 T7 = g Yr = Tsys

Furthermore, in terms of x and y, we have:

To =7,
r, =,
To = T,
r3 =,
4
Ty = —,

Y

Y =Y
)
yr = —

T
_Y
y2—$2
_Y
_Y
y4—$3
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B [E4 B y2 _ 1‘7
Ly = —, Ys = 7
Yy T
21 y2 g7
"L’G = s a5 y6 =
y(y? — z7) at
218 y? — 7
"L’7 = 5 5 5 y7 =
Y7 — a7 o
$18
Tg = —F— 5>
y(y? — =7)?

We stop after the 8th blowup. Here v is a divisorial valuation and Rg
is a discrete valuation ring with uniformizing parameter zg. Here xg = 0
gives the local equation for the exceptional component Lg, and yg is a unit.
The last transformation was arbitrarily chosen to be an z-blowup instead
of a y-blowup. (See Proposition 2.4.) This ambiguity is ok because we
essentially won'’t need this last blowup for our purposes. In this example, v
counts the order of vanishing along Lg. More precisely, for f € R, we have
v(f) = ordy, (7(f)). Notice the sequence of transformations is: 3 z-blowups,
1 y-blowup, 1 z-blowup, 2 y-blowups, and lastly 1 z-blowup.

We will return to this example after some more setup.

Consider the intersections of exceptional components with strict trans-
forms of previous exceptional components. We will provide some motivation
first before computing these intersections. Exceptional components have pos-

itive value, hence they are of interest. The (positively valued) strict trans-
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forms of exceptional components can potentially be used to define the centers
of future exceptional components in the sequence of blowups, hence the strict
transforms are also of interest. Notice that once a strict transform of an ex-
ceptional component is a unit in some R;, we no longer need to consider it
for all future blowups since it will stay a unit by Proposition 2.6. Geometri-
cally, this corresponds to the strict transform being away from some center
1;, hence the strict transform will not be infinitely near the future centers n;
in the sequence of blowups, where j > i. To summarize, the intersections of
exceptional components with strict transforms of previous exceptional com-
ponents are possible locations of centers, provided the strict transforms are
non-units.

Keeping track of intersections of exceptional components allows us to keep
track of the sequence of blowups, which in turn allows us to work with the
underlying valuation behind the scenes that controls the sequence of blowups
in the first place.

The dual graph of the underlying valuation encodes this intersection in-
formation. Exceptional components will be represented by vertices in the
dual graph. The intersection between an exceptional component and a pre-
vious exceptional component — or its strict transform — will be represented

by an edge connecting the two vertices corresponding to the aforementioned
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1 1 2 1 2 3 1 2 3 4

Figure 4.1: The first four blowups

exceptional components.

Now we return to the example. After the first z-blowup, we get the
exceptional component Ly, given by x; = 0, which we denote as L; : z; = 0.
This is represented by one vertex, labeled vertex 1. After the second z-
blowup, we get the exceptional component Lo : x5 = 0. Now, Ly intersects
L, since they share the center 7, in common. We now have two vertices
joined by an edge in building the dual graph of v; vertex 1 is adjacent to
vertex 2. See Figure 4.1 which shows the first four steps in the process to
build the dual graph.

The z transformation of the second x-blowup is 1 = x5, so the strict
transform ng) is a unit (actually the strict transform is empty geometrically).
Hence we won’t have to consider Lgi) for © > 2. Similarly, Ls : 3 = 0
intersects Lo at 1y, so vertex 3 is adjacent to vertex 2, but not adjacent to

vertex 1 since Lgi) is a unit in R; for ¢ > 2. The third z-blowup gives x5 = w3

and the strict transforms Lg) are units so they can be ignored for ¢« > 3. The

fourth blowup is a y-blowup which gives L4 : y4 = 0. L4 intersects Ls at 7.
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Figure 4.2: After the fifth blowup

6

Figure 4.3: After the sixth blowup

Vertex 4 is only adjacent to vertex 3 since L§4) and Lgl) are units. The strict
transform Lf{l) : x4 = 0 is not a unit. Both L, and L:(;l) are positively valued.
Thus, their intersection point is the center n, of the next blowup.

The exceptional component Ls : x5 = 0 is represented by vertex 5 which
is adjacent to both vertices 3 and 4. See Figure 4.2. Now y5 = y4/x4 — 1
and notice v(ys/z4 — 1) > 0. Here we used 1 for the residue of y,/z4 in
R5/ms = k for simplicity and this choice would not affect the resulting dual
graph. Notice L§f’> is a unit since x4 = x5, and Lff’) :ys+ 1 =0 is also a unit.
Thus, L:(f) and ng) will be ignored from now on. The center 75 is determined
by (x5,ys). We have a y-blowup at 75 since v(ys) < v(xs). Now Lg : yg = 0

intersects Ls at 15 and so we have Figure 4.3.
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Figure 4.4: After the sixth blowup, again

Figure 4.5: After the seventh blowup

We wish to standardize the appearance of dual graphs, so let us adopt the
convention that the graphs will open to the right and downward. As such,
we shall rotate the rightmost portion of the dual graph when a node such as
vertex 5 is introduced. We get Figure 4.4.

Continuing, ng) : ¢ = 0, which is not a unit. The center 7 is the
intersection of Lg and Lg@ so vertex 7 (corresponding to L7 : y; = 0) will be
adjacent to both vertices 5 and 6. We get Figure 4.5.

The strict transform Lg) : x7 = 0 is not a unit, while Lg) is a unit since
yYs = y7. Thus, vertex 8 will be adjacent to vertex 5. Vertex 8 will also be
adjacent to vertex 7 since Lg intersects L7 at 7. Notice that v(x7) = v(y;) =

1/6 so this will be the last blowup before we reach the exceptional component
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1 2 3 5 8 7 6

Figure 4.6: After the eighth blowup

Figure 4.7: The dual graph for the example

Lg : xg = 0 that determines the divisorial valuation. We distinguish the last
vertex 8 by using an open dot. See Figure 4.6.

Now, to standardize the dual graph, we rotate the portion of the graph
to the right of vertex 8 to get Figure 4.7, which is what we will call the dual
graph of the valuation v in the example.

Let us define some terminology for the general case.

Definition. A modification of the first kind is adjoining a new vertex in the



CHAPTER 4. DUAL GRAPHS AND GENERATING SEQUENCES 37

2(2,0,1) 3(3,0,1) 2(g,0,1)

2(1,0,1)

5(1,1,1)  3(2,1,1) 5(9-1,1,1)  2(g.1,1)

Figure 4.8: Type 0, divisorial valuation, a{’"" = 0

construction of the dual graph which is adjacent to just one older vertex. A
modification of the second kind is adjoining a new vertex which is adjacent
to two older vertices. In the example just considered, adjoining vertex 3 is
a modification of the first kind, while adjoining vertex 7 is a modification of

the second kind.

Remark. In the literature, Favre and Jonsson’s definition of free and satellite
blowups in [16] is similar to Spivakovsky’s modifications of the first and

second kind, respectively.

The dual graphs of divisorial valuations in general are depicted in Figures
4.8 and 4.9. Most of the vertices are suppressed for clarity. The sigma label
notation will be explained later.

If we rotate the graphs along the way as we did in the example so that

the dual graph spreads to the right and downwards, then the dual graph
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2(2,0,1) 3(3,0,1) Z(g+1,0,1) 3(g+1,1,1)

2(1,0,1)

2(1,1,1) 2(2,1,1) 2(g,1,1)

Figure 4.9: Type 0, divisorial valuation, a{’"" # 0

naturally breaks up into pieces. Consider one such typical piece G; as in
Figure 4.10. The figure shows G, the first piece of a dual graph G.

We call the horizontal portion the odd leg of G; and we call the vertical
portion the even leg. There are m; segments of consecutively numbered
vertices in G;. In Figure 4.10, m; = 6. Let a; denote the number of vertices
in the j-th segment. In Figure 4.10, ay =2, a0 =1, a3 =1, ay = 3, a5 = 2
and ag = 1. For computations, we exclude the last vertex denoted by the
open dot; that particular vertex belongs to the next dual graph piece, G5 in
this case.

The very last dual graph piece could be of the form depicted in Figure
4.10 or it could be of the form depicted in Figure 4.11, with only an odd leg.
Compare the divisorial valuations in Figures 4.8 and 4.9, respectively. In the

first case, the last piece is the g-th piece G;, while in the second case the
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@ & & & o—i
l | L] | | 10:|
@ 7
@ 6
@5
¢:]
Figure 4.10: Dual graph piece G
Z(g+1,0,1) Z(g+1,0,6)
%
Z(g+1,1,1)

Figure 4.11: Dual graph tail piece G441

39
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last piece is the (g + 1)-th piece G,41. In Gy11, the a; counts the number of
vertices minus 1 to denote exclusion of the open dot. In Figure 4.11, a; = 6.
If G441 would only consist of 1 open vertex as in Figure 4.8, then we say that
a; = 0 for G441 and hence G| is the last piece of that dual graph.

The above discussion is summarized in the following

Definition. A dual graph G is a simply connected graph made of dual graph
pieces GG; of the forms depicted in Figures 4.10 and 4.11, where the vertices
are generated by modifications of the first and second kind. The vertices are
labeled by n € N and the n-th vertex represents the irreducible exceptional
component after the n-th blowup. Adjacency in the graph represents inter-
sections of exceptional components and the strict transforms of exceptional
components. We write G = UG"' If the number of dual graph pieces is
finite, then there are g + 1 piéces if the graph ends with the tail G4 in
Figure 4.11, else there are g pieces if the graph doesn’t end with the tail. In
each G; the horizontal portion is called the odd leg, and the vertical portion
is called the even leg. The vertices in G; can be grouped together into m;
segments with consecutively labeled vertices in each segment. We say there

(%)

are a; vertices in the j-th segment of the i-th dual graph piece. Note that

the last vertex denoted by the open dot is excluded from the afvi)i count in

each G;.
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Definition. The defining set of data of a dual graph G is the set of numbers:

g, {m:}?*}, and {aﬁ-i)};”:il. If there is no tail G444, then we set my; = 0 and

a§9+1) = 0. Spivakovsky’s sigma notation gives a way of referring to various

vertices. Let X(i,m,a) be the label of the a-th vertex in the (m + 1)-th

segment of the i-th dual graph piece. We have the following formula:

i—1 myg m

(4.1) P> e +a

el
3
8
1
(]
(]
@A

where:
1<i<g+1
0<m<m;—1
1<a<al,,
and it is understood that aggﬂ) could be 0. Notice that the set of all ¥(i,m, a)

exhausts the labels in the dual graph of a divisorial valuation except for the

very last vertex denoted with the open dot.

Remark. We will be primarily interested in (4,0, 1) as well as its prede-
cessor X (z —1,m;_1 — 1, a,ﬂ”jﬂ) The latter is quite cumbersome to write,
so the alternative notation (7, 0,0) will be used to reference it, even though
this doesn’t follow the guidelines set in the definition above. Intuitively,

%(i,0,1) = £(i,0,0) + 1.

Example. For the dual graph from the opening example of this section, we

have: g = 2, my = 2, agl) = 3, agl) =1, my =2, a§2) =1, a§2) =2, m3=20
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2(1,0,1) 2(1,0,3) 2(2,0,1)

2(1,0,2)

¥(1,1,1) 2(2,1,2)

2(2,1,1)

Figure 4.12: The dual graph for the example in sigma notation

and a§3) = (0. The dual graph is shown in Figure 4.12 with sigma notation.

Note that 3(2,0,0) = 3(1,1,1) here.

Remark. The node vertices are of the form ¥(i,0,1). The vertex right
before (7,0, 1) is ¥(4,0,0). The bottom-most vertex in the even leg of G; is
¥(4,1,1). The right-most vertex in G411 would not get a label that fits the
summation formula (4.1), but will be labeled ¥(g + 1,1,1) as a convention

to follow the pattern for (7, 1,1).

Remark. The dual graph keeps track of how many of each type of blowup oc-
curred. Notice that agi) counts a z-blowup (to get from ¥(7,0,0) to X(4,0,1))

followed by a number of consecutive x-blowups, where 7 > 2. All the other
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2(2,0,1) 3(3,0,1) 3(i+1,0,1)

2(1,0,1)

2(1,1,1) 2(2,1,1) 2(i,1,1)

Figure 4.13: Type 1, infinitely singular valuation

a(()gd count a number of consecutive z-blowups. All ). count a number of

consecutive y-blowups. This applies to non-divisorial valuations as well, but

some slight changes need to be made for Type 4 valuations.

In the non-divisorial cases, the number of vertices is infinite. Dual graphs
are obtained via modifications of the first and second kind only, so combi-
natorially we have the following possibilities for dual graphs: Figures 4.13
to 4.17. Most of the vertices are suppressed in the figures for clarity. The
very last vertex denoted by the open dot may not actually be a blowup in
the sequence of blowups, but is sometimes inserted into the dual graph for
intuition as in the Type 2 case.

Type 1 infinitely singular valuations are described by: g = oo, m; < oo
for all . There are infinitely many dual graph pieces G;. See Figure 4.13.

Type 2 irrational valuations are described by: g < 0o, my = co. There
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2(2,0,1) 3(3,0,1) 2(g,0,1)

2(1,0,1)

5(1,1,1)  3(2,1,1) 5(9-1,1,1)  2(g.1,1)

Figure 4.14: Type 2, irrational valuation

are finitely many dual graph pieces, but in G, the vertices in the infinitely
many segments approach the open dot from two sides, never reaching the
open dot since it does not correspond to a blowup. See Figure 4.14. The
open dot in the Type 2 case is the limit of where the vertices are heading, so
to speak.

Type 3 exceptional curve valuations are described by: g < oo, my < 00,
am, = 00. There are two subcases, depending on whether m, is odd or even.
In Gy, the vertices converge to the open dot from one side only. See Figures
4.15 and 4.16. The open dot is an exceptional component in the sequence of
blowups.

Type 4 curve valuations are described by: aﬁ“” = 00. The tail Gy, has
infinitely many vertices. See Figure 4.17. There are two subcases, Types 4.1

and 4.2, depending on how the blowups in G441 are interpreted. This will
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2(2,0,1) 3(3,0,1) 2(g.0,1)
2(1,0,1) | | | I
3(1,1,1) 2(2,1,1) 3(g-1,1,1) 2(g.1,1)

Figure 4.15: Type 3, exceptional curve valuation (odd)

2(2,0.1) 3(3,0,1) 2(g,0,1)
2(1,0,1) | | | T
3(1,1,1) 2(2,1,1) 3(g-1,1,1) 2(g.1,1)

Figure 4.16: Type 3, exceptional curve valuation (even)
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2(2,0,1) 3(3,0,1) Z(g+1,0,1)

2(1,0,1)

2(1,1,1) 2(2,1,1) 2(g,1,1)

Figure 4.17: Type 4, curve valuation

be discussed later in Section 4.2.

A given dual graph with its defining set of data is associated with three
sets of related continued fractions: {3}, {8/} and {8;}. These continued
fractions will play a vital role in constructing generating sequences from

given dual graphs.

Definition. Let G = U G; be a dual graph with its defining set of data. We

define the associated continued fractions:

ﬁ} = [agi), agi yen ,aﬁ,?i]

B = [agi), agi), e ,aﬁ,?_, 1}
Here (! is only defined if f; is rational, i.e. if m; < co. Let Bi = pi/qi. Define

[; recursively as follows:
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Bo = v(x)

Bi=qi1Bi1+—— (B —1) B fori>1
q1---qi-1

When v is rank 1, the {;} will be the values of the generating sequence
elements {v(Q);)}, to be defined later. Set ¢o = 1 by definition. Note that
Bo = 1 for normalized valuations of rank 1. The same recursive formula holds
for rank 2 valuations with some small modifications and a different 5,. See
Section 4.2 and Lemma 4.10.

We will also be interested in the convergents of ;. Denote the j-th

convergent by )\;i) / ug-i), where 1 < 5 < m;. The parentheses superscripts will

be suppressed when it is clear from context.

Proposition 4.1. Let 8! = p;/q;. Then,

qi = Hm; + Hm;—1

Proof. This is a straightforward computation. Notice 3! = [a1, ..., am,, 1]
and so (3! shares the same j-th convergents with B; until j = m; + 1. Now

use Proposition 3.1 to get the desired result. O

We will be interested in the regular parameters after certain blowups and
using sigma notation in subscripts is cumbersome for such purposes. The

following shorthand will be adopted.
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Definition. Denote by (X;,Y;) the regular parameters after the (7,0, 1)
blowup. Denote by <X},§~Q) the regular parameters after the (i + 1,0, 0)
blowup. We will also say that these are the regular parameters at levels
¥(7,0,1) and X(z + 1,0, 0), respectively. Notice that we go from (Xi_l, }71»_1>

to (X;,Y;) after one z-blowup.

Lemmas 4.2 and 4.3 will be useful for computations involving blowups,
and hence continued fractions. The following setting will be used in both
lemmas.

Let the continued fraction 8 = [aq, ..., a,| represent a sequence of point
blowups. The dual graph will be just one dual graph piece. Let the i-th
convergent of § be denoted \;/u;. By convention, we set A_; = 0, A\g = 1,
p—1 = 1 and pop = 0. Let (X,Y) be the regular parameters before any
blowups, i.e. at level 0. Let (X’ , }7) be the regular parameters after the last
blowup, i.e. at level >}, ar. Let (&, ) be (X,Y) and let (§;,(;) be the

regular parameters at level Zi:l ag, for j > 1. Notice (&,, () is just (X, Y).

Lemma 4.2. We have the following relationships describing (X, Y") in terms
of (f( ,?):
for n even, X = X#tn-1Y#n and Y = X -1y

for n odd, X = XtnY#n-1 and Y = XMyrn-1
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More generally,

for j even, X =¢Y'¢% and Y =& ¢V

for j odd, X =¢Y¢" and Y =€
Proof. First, X = X'Y0 = ¢/'¢f and Y = X0V = £)7'¢)0. At 2(1,0,ay),

i.e. after a; x-blowups, we get:

X — 5?1#0+H71Cf0 — iﬂ {Lo
and
Y =g g
The rest is an easy induction exercise using Proposition 3.1. O

Lemma 4.3. We have the following relationships describing (X' , f/) in terms

of (X,Y):

for n even, X = X*»/Y#n and Y = YHn-1/XAno1

for n odd, X = XY-1/ytn-1 and Y =Yk /XM
Proof. Assume n is even. X)‘"/Y“n — X Anbn—1=An—1fin Y Anpn=Anpn — X by

Lemma 4.2 and Proposition 3.2. The other cases are done analogously. [

Remark. In matrix notation:

v(X) ] _ [ et ] VQ:() -
fOI‘ n eVen, I I/(Y) | — )\n_l An 1L V(Y) _
(4.2) X
[ v(X) ] _ | Hn Hn- 10 ]
for n odd, v(Y) | [ A At | p(Y) ]
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4.2 Overview of Generating Sequences

Specifying the value ideals {I,}4cs is equivalent to specifying the underlying
valuation v. Generating sequences are a powerful tool to tackle the value

semigroup S and hence also the value ideals and v itself.

Definition. Let {Q;}_, be a (possibly infinite) sequence of elements of m.
We say that {Q;} is a generating sequence for v if every v-ideal Iy C R is

generated by the set:

(1

A minimal generating sequence is one in which exclusion of any ), will cause

a; € Ny, Zaiu(Qi) > y(zs)}

{Q;}ixj to not be a generating sequence.

In other words, the value semigroup S is given by:

S = {Z aiv(Q;) ] a; € No}

and we prefer to work from this perspective. The only discrepancy occurs in
the Type 4.1 case. There an infinite number of elements {Q;}:°, is needed
to generate the value ideals, but only a finite number of elements {Q;}7_, is
needed to generate the value semigroup. This is because {Q;}2,,, does not
generate any new values, yet {Q;};2,,, is required to be part of the generating

sequence as defined above. This will be discussed in greater detail below.
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It is known to specialists that minimal generating sequences are of the

following form: Qg = x, Q1 = y, and for i > 2,

6 im2 g
(4.3) Qi=Qr =Y u @
h=1 §=0

where 3 = &, d; €N, 7](1,)1 € Ny, and 0 # ugf) € k such that:
q. b

2

i—2
Z’Y](Z;)Z v(Q)) = qi-av(Qi1) , for 1<h <46
=0
Also > up # 0 and the {up} encode information about the centers in the
sequence of blowups.

The total number of elements of {Qi}f/zo, i.e. ¢ + 1 (possibly infinite),
depends on the valuation and can be deduced from the shape of the dual
graph. See Section 4.3.

We will provide a new proof that {Qi}g/zo is a minimal generating se-
quence for non-divisorial valuations. For our purposes, we will ignore divi-
sorial valuations. Also see the remark at the beginning of Section 4.3. For
the sake of clarity, an overview of the proof is given here, but the technical
details are left for Section 4.3. The main idea is very simple: the sequence of
blowups will be used to sieve the elements of the value semigroup. @y = =

and ()1 = y can generate all values of the form: agv(Qg) + anv(Q;). Let

S1 = {apv(Qo)+a1v(Q1)} and in the general case, let S; := {Z;:o a;v(Q;)}
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To generate more elements in S\ Sy (or S\ S; in general), a new Qo (or Q;11
respectively) must be chosen to generate values with new larger denominators
or values which increase the rank or rational rank of the values considered
thus far in S; (or S; in general). These new elements of the generating
sequence will be chosen to satisfy various properties according to the dual
graph of v.

The possibility of new generating sequence elements that don’t introduce
new denominators — or a rank or rational rank jump — will be discussed later.

Notice that x-blowups involve subtracting the value of the regular param-
eter z; to get the value of the next parameter y; i1, v(y;iy1) = v(y;) — v(z;),
hence an z-blowup cannot introduce a new denominator in the values of
the regular parameters at the next step. Similarly, z-blowups cannot intro-
duce an irrational or increase the rank of the values already sieved. Notice
y-blowups also have the same limitations. On the other hand, z-blowups
can introduce new denominators or irrationals or increase the rank since
Y; — ¢y = Tiy1Yir1, where ¢ is the residue of y;/x;. If v(z;) = v(y;), then
v(y;—cx;) can be greater than v(z;), invoking the ultrametric inequality. This
phenomenon can introduce a new denominator (and so forth) in v(y;41), so
we will call such a v(y;41) a jump value. We naturally turn our attention to

the regular parameters at %(i,0,0) and (i, 0, 1), before and after z-blowups.
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()2 must have strict transform }71 - 02)2' 1 (up to units) and in general ); must
have strict transform Y;_; — cl-)z'i,l, where ¢; is the residue of Y;_; /X’i,l. If
{Q;} is defined as in (4.3), then this necessary property of their strict trans-
forms, necessary in order to have jump values, will be shown in Lemma 4.8.
Note that the values {v(Y;)} are jump values.

If there is a rational rank or rank jump at (4,0, 1), then we will not have
another z-blowup available to introduce yet another node 3(i+ 1,0, 1) in the
dual graph since we won’t be able to get v(X;) = v(Y;) via z-blowups and
y-blowups. Only one such value jump can occur in a given dual graph and
it must manifest itself in the last dual graph piece.

Let f € R, so f = "'y f in R;. By Proposition 2.6, the values of
the strict transforms v(f) decrease as i increases until the strict transform
becomes a unit. There is the logical possibility of many elements in R with
the same strict transform ﬁ_l — cif(i_l. We are interested in the ones with
the smallest “strict transform value drop,” which translates into the smallest
exceptional transform values. The {Q;} must include the minimal valued
elements in R that introduce the jump values v(Y;) = v(Y;_; —c: Xi—1) —v(X;)
at %(4,0,1). This minimality property will be shown in Lemma 4.9.

As alluded to earlier, there is the logical possibility of two or more gen-

erating sequence elements, say Q; and @Q;, leading to the introduction of the
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same new denominator at ¥(i,0,1), but both @Q; and @, are necessary to
include in a minimal generating sequence. This redundancy is shown to be
impossible in Lemma 4.12; if we adopt the viewpoint that the {@;} should
generate the value semigroup instead of the value ideals. Thus, one and only
one minimal generating sequence element introduces each new denominator
in the process of sieving through the value semigroup.

Similarly, for Types 2, 3 and 4.2, there is the logical possibility of two
or more generating sequence elements, say )y and @g/, that share the same
strict transform at ¥(¢’,0,0), hence opening up the possibility of both being
necessary to include in a minimal generating sequence. Lemma 4.13 will
show that this redundancy is impossible.

The discussion above is summarized by saying the shape of the dual graph
dictates how many elements there are in a minimal generating sequence.

Local uniformization (Theorem 2.5) implies that the sequence of blowups
will detect all of the values from my, hence all of the values in the value
semigroup will also be reflected in the regular parameters of {R;}. The
changes in values from S;_ to S; will show up in the values of (z;, y;) for some
7. In particular, the previous discussion implies that only the parameters at
Jj = 3(i,0,1) will matter, and these in turn come from transforming the

{Q;}. Thus, the sieving process can be completed by only looking at the
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{Q;} and hence they form a minimal generating sequence. This is stated as
Theorem 4.14 below.

Now we give a description of valuations of Types 0, 3 and 4 and how they
are normalized since this will play a significant part in understanding the
dual graphs and generating sequences of such valuations.

Let v be a Type 0 divisorial valuation with n blowups. R, will be a
discrete valuation ring with uniformizing parameter x,,. The last exceptional
component L, will be given locally by x,, = 0. Let f € R. If f = xif(”),
T, 1 ™) then v(f) = %, where v(z,) = % and the value group I' = %Z.
Note that the valuation was normalized so that v(z) = 1 and Lemmas 4.4
and 4.5 imply that b = ﬁ G-

Types 3 and 4 (rankz‘c:\i/o) valuations intuitively involve the orders of van-
ishing along two curves since we are essentially dealing with compositions
of divisorial valuations. As a consequence of local uniformization, the uni-
formizing parameters of the two curves should be captured in the regular
parameters of {R;} after a sequence of blowups, possibly infinite as in the
case of Type 4.1. This will be discussed below.

Let v be a Type 3 exceptional curve valuation. Consider R, where the

integer n = X(g, my — 2, Gy,—1). There are two cases, depending on whether

myg is odd or even. Normalize v as follows. In the odd case, v(z,) = (0,1)
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and v(y,) = (1,0), and there is an infinite number of z-blowups after n.
In the even case, v(z,) = (1,0) and v(y,) = (0,1), and there is an infinite
number of y-blowups after n. The local equations for the two curves under
consideration are z, = 0 and y, = 0. The value group I' = Z x Z in both
the odd and even cases. After normalizing at level n, the values at level 0
are computed using Formula (4.2) and basic lemmas from Section 4.3. See
Appendix A.3 for a concrete example of the Type 3 even case.

Notice the tail dual graph piece G4 in the Types 4.1 and 4.2 cases cannot
admit y-blowups since that would force an even leg to show up in Gyyq. As
such, the only blowups available in Gy, are z-blowups and z-blowups. Both
the Type 4.1 and 4.2 cases have a mix of z-blowups and z-blowups in G g1,
but there’s an infinite number of z-blowups in the Type 4.1 case, whereas
there’s only one z-blowup in Gy in the Type 4.2 case. There cannot be
an infinite number of consecutive xz-blowups in the Type 4.1 case because
there is no rank jump, hence the need for the infinite number of z-blowups.
Notice the infinite number of z-blowups in the Type 4.1 case don’t introduce
new denominators, or else a y-blowup would show up, hence these z-blowups
don’t affect the value semigroup.

In the Type 4.1 case, the mixture of z-blowups and z-blowups reflect a

potential “analytic change of coordinates.” If we think of the valuation as
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involving the orders of vanishing along two curves, then one of the two curves
only reveals itself in the limit of blowups, causing a rank jump in the m-adic

completion of R. As a basic example, consider the analytic curve given by

o0
the power series y' = Z ce,;x%, where ¢, € k and {e;} is a strictly increasing
j=1
sequence of positive integers. Assume y’ ¢ R. Define:
Qo=
Qi=y
Q2 =Yy — Ce, 2
Q3 =Y - 0611:61 - Cezxez
i—1
and in general let Q; = y — Zcejxef for i > 2. Here By = v(Qo) = 1,
j=1

v(Q1) = e1, v(Q2) = ey and in general f; = v(Q;) = e;, which comes from
the order valuation with respect to . The idea is to let y simulate ' even

though 4 is not in R. Notice:
i—1
Qi=1y— Zcejxef £ ux®
j=1

where u is a unit, since x and y are regular parameters. This implies @); is
needed to generate the value ideal I.,. Hence, all of the {Q;}$2, are necessary
in a minimal generating sequence; such a generating sequence has an infinite
number of elements. We could think of v(Q;) = (0,¢;) and in the limit of
blowups we could potentially get v(y') = (1,0), a jump in the rank which is

also seen when passing to the completion of R. However, R itself only sees
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the second non-zero coordinate in values, hence the valuation on Frac(R) is
rank 1.

The dual graph of the Type 4.1 example just considered would be only
the tail piece G441, where g = 0. The lack of y-blowups here imply that there
are no general 3(7,0,1) nodes in the dual graph. The values v(x;) = 1 for
all i. We start with v(y) = e, so there are e; — 1 z-blowups until v(z.,_1) =
V(Ye,—1) = 1. Now a z-blowup is performed and we have v(y.,) = es — e;
(from blowing up @Q)2), which next leads to e;—e; —1 z-blowups. The sequence
of blowups is as follows: e; — 1 z-blowups, a z-blowup, e; —e; — 1 z-blowups,
a z-blowup, e3 — eo — 1 x-blowups, a z-blowup, e4 — e3 — 1 x-blowups, a z-
blowup, and so forth. This is easily seen by applying the sequence of blowups
above to the set {Q;}.

The phenomenon noted above can be shifted to £(g+ 1,0, 1) to yield the
fact that the minimal generating sequences for more general Type 4.1 dual
graphs can also have an infinite number of elements. The tail piece Ggy is
the crucial part. Familiarity with the contents of Section 4.3 will be helpful
for the following arguments. It might even be wise to read the following
arguments lightly at first, and return here after Section 4.3 has been read.

o0
Now in this setting ¢y = Zcer;il, and Y4 is used to simulate y'.
j=1
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Suppose ¢,v(Q) = To get Y, 11 into play, the proof of Lemma 4.10

1 « o . qg :
implies
Qg+1 = X;L+1Y:q+1u
where
Qo1 :=Q —Th
and
g—1 70)
Ty = Z Up,1 H Q"
h §=0
such that
1 n
DA v(@) = (@) = :
- ql . qg

Here u is a unit in Ryg41,0,1), the {up1} € k, and Y up1 # 0. Define:

Qgri = Qi =Y Tj  fori>1
j=1

where
9=l
L= we ]
h j=0
such that
i + i ,
Z’YJ(;)I'V(QJ'):“ Cir1 , for i > 1.
P ’ qi1- - q_q

where eg = 0 by convention. The {uy;} € k and furthermore, for i > 2,

we have 0 # Y, up; = uc,, , at 3(g +1,0,1). The motivation comes from
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Lemma 4.7: T; = X, /77" (3, up;). Factoring out uX? , allows for the
mimicking of ¢ at (g + 1,0, 1) as was done earlier.

In other words,

n-+ei
Qg+2 Xg+1Y+1u Xg+1 UCe,

= uXgi (Yo — Cer Xgh1)
where the X7, is needed to reach level ¥(g + 1,0,1). Factoring out X,

allows for the setup in the simpler example.

At level X(g + 1,0,1),

n+e;
Qg—l—i _Xg+1Y+1u E Xg+1 uc €

1—1
_ n E : €j

j=1
For i > 1,
n—+e;

ql...qg

Bo+i = V(Qngi) =
It is an easy exercise to see that {Q;};°, are all necessary in a minimal

generating sequence using the fact that X, ; and Y, are regular parameters

and then essentially applying the same argument as in the earlier simpler

case. Notice the value group I' = Z and there is a rank jump in

ql...qg

the completion of R. Also notice that this is merely Newton-Puiseux series

reflected in dual graphs, where blowing up to level 3(g + 1,0, 1) reveals the

uniformizing parameter X ., whose value is . See Appendix A.4 for

ql...qg

a concrete example of the Type 4.1 case.
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For Type 4.1 valuations, although {Q;}°, form a minimal generating
sequence viewed from the perspective of value ideals, only {Q;}7_, is neces-
sary to generate the value semigroup. This will play an important role in
computing Poincaré series in Chapter 5.

Lastly, the Type 4.2 valuations encode both curves in the fraction field of
R and the local equation of one curve at ¥(g+1,0,1) is X1 = 0. However,
the second curve is a bit more subtle to visualize and it cannot be assumed
that there exists an n > 0 such that y,, = 0 gives the local equation for the
second curve.

Consider a simple example. Let v(x) = (0,1) and v(y) = (1,0), then
perform 3 z-blowups so that v(z3) = (0,1) and v(ys3) = (1,—3). The z3
and y3 are regular parameters of Rz, and the curve whose value is (1,0) has
a uniformizing parameter in the fraction field Frac(Rs) = Frac(R). Let us
relabel R3 as Ry. Starting at the “new” level 0, i.e. treating R3 as the given
ring to start with, it is obvious that the sequence of blowups will not give a
regular parameter y, that describes the second curve as y, = 0. With the
shift in labels, the second curve shows up at a model of the common fraction
field whose local ring can be suggestively described as R_3.

In the general Type 4.2 case, the phenomenon noted above is shifted to

¥(g+1,0,1). The uniformizing parameter of one curve controls the second
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coordinate of values, i.e. we have:

1
V(Xngl): (O’qlq)
g

if the valuation is normalized such that §y = v(z) = (0,1). The other

curve controls the first coordinate of values, but as we noted in the previous

example, it is possible to have a negative second coordinate, i.e. we have:

n
v(Yge1) = (1’ qi---q )
g

where n € Z. By Lemma 4.10, v(Qg+1) = q,v(Q,) + v(Y,41) hence

V(Qg—i—l) = (17 0 n qg)

Z. See Appendix A.5 for a

where n’ € Z. The value group I' = Z x
ql P qg

concrete example of the Type 4.2 case.
In G411, the Type 4.2 case has one z-blowup to go from X(g + 1,0, 0) to
(g +1,0,1) followed by an infinite number of z-blowups. Notice the rank

jump forces the infinite number of z-blowups since it is always true that

1
(ata) > )
ql...qg ql...qg

for any n € Z.
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4.3 Construction of Generating Sequences

The notation used here is the same as in the previous sections of this chap-
ter. This section will flesh out the proof of minimal generating sequences
outlined in Section 4.2, as well as provide some technical details needed for
the computation of Poincaré series in Chapter 5 and the Appendix.

A minimal generating sequence {Qi}flzo has ¢’ + 1 elements. The last

index ¢’ depends on the dual graph of v and it will be shown that:

/

Type| g
1 00
2 g
3 g
4.1 g
42 |g+1

We will take ¢ to be the respective values shown in the table above to
make the arguments cleaner. This choice will be justified later in the proof
of Lemma 4.10 when establishing minimal generating sequences from given

dual graphs.

Remark. For divisorial valuations (Type 0), ¢’ = ¢ if a§9“) =0, and ¢ =
g+ 1if a§~"“) # 0. If we adopt the viewpoint that generating sequences
should generate the value semigroup instead of the value ideals, then ¢’ = ¢
in both cases. However, for applications such as computing Poincaré series,

it doesn’t make sense to exclude the last (441 in the a&gﬂ) # 0 case. We will
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restrict our attention to the non-divisorial valuations and mention this only

for completeness.

Lemma 4.4. At X(4,0,0), where 2 <i < ¢":

8 1

Proof. At %(i,0,0), it is always the case that v(X;_1) = v(Y;—1), which
is what makes the next z-blowup possible here, so we only have to prove

the result for v(X;_1). Note that v(z) = fy. Use induction on i. By

Lemma 4.2, v(z) = v <)~(fm1+“ml_l> in both the odd and even m; cases
since v(X;) = v(Y7). By Proposition 4.1, fim, + ftm,—1 = ¢ and the base
case is done. Assume the result is true up to 3(i — 1,0,0). By Lemma 4.2,
V(Xi_g) =v (Xf_y?‘lwmi’ﬁl) in both the odd and even m,_; cases. Here
we set § = Bi_l, X = Xi_g, Y = f/z-_g — ci_lXi_g, X = Xi_1 and Y = f/i_l in
applying Lemma 4.2. Note that p,,, , + ftm, ,—1 = gi—1 by Proposition 4.1.

Thus, v(X;—2) = v (f(fff) and the proof is complete using the inductive

hypothesis. [l
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Lemma 4.5. If v is not Type 2, 3 or 4.2, then at (7,0, 1), where 2 < i < ¢

1
=
1 Qi1

1
v(Y;) = PR (B; —1) Bo

If v is Type 2 or 3, then the formulas hold except for v(Y}). If v is Type 4.2,

then the formulas hold except for v(Y,11). See Lemma 4.10.

Proof. Notice v(X;) = v(X;_1), so v(X;) is done by Lemma 4.4.
For v(Y;), first observe that Y, | — ¢; X, will transform to X,Y; at level
¥(4,0,1), where ¢; € k is the residue of }71,1/)@,1. We just need to find the

value of Y;_; — ¢;X;_; and subtract v(X;) = ql_i};lﬁo. Now apply Lemma

4.2, setting g = B, setting X = X, 1and Y =Y, — ¢ X, 4, and setting
X = X; and Y = Y. The two sets of parameters (X,Y) and (X,Y) are

related by the blowups encoded by BZ By Lemmas 4.2 and 4.4, we get

Ay + A1, . .
v(Y) = Ami A Bo in both the odd and even m; cases. Using Proposition
Qg
4.1,
Y > o o Di - 1 !
v(Yioi—aXi ) =v(Y) = Bo = BiBo
q1- -G a1 gi—1
and the proof is complete. O]

Lemma 4.6. For 2 <i < ¢, Q; transforms to:

Qi = X;Yiu
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for some e € N and where « is a unit.
Proof. This is an easy corollary of Lemma 4.8. Apply a z-blowup. O]
Lemma 4.7. For 0 <i < ¢' — 1, Q; transforms to:
Q=X ;u

for some e € N, and where i + 1 < j < ¢/, and u is a unit.
Proof. This will be proved in the proof of Lemma 4.8. O
Lemma 4.8. For 2 <i < ¢, @); transforms to:

Qi = Xf_llffi’?l <3~/¢71 - CiXiA) u

for some fi, fo € N, and where u is a unit and ¢; € k is the residue of

§~/1'71/)?1‘71-

Proof. First, we show v(Q;) = &60. Let m = my. By Lemma 4.3 and the
41

fact that v(X;) = v(Y7), we get:

x>\m yﬂm— 1
v (yll_m =V kafl

or
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depending on whether m is even or odd, respectively. In either case,

(Am + A1) () = (fon + pm—1) v(y)

By Proposition 4.1, A, + A\m1 = p1 and iy, + flm—1 = q1, so v(Q1) = &ﬁo-
a1

Now, use induction on i to prove the lemma. By definition,
Q2 = Q' —w Q™

and q1v(Q1) = Y,180. Thus, 701 = p1 and Q2 =y — uy2™.

Assume m = my is even for concreteness and apply Lemma 4.2:
Q2 = Xfl’\m’lqul)‘m - ul){'flﬂmﬂ}?lp1#m
Substituting ¢1 = tm + fm—1 and p; = A, + A\pu_1, then factoring, we get:
Qu = XYW (W sty s )

where fi = Ap1fm + Am—1ftm—1 and fo = Ap1fim + Amptm. Now apply

Proposition 3.2 to simplify the inside of the parentheses.
Qo = XEVE (Vi - )

This shows the base step for the induction in the even m; case. The odd
my case is similar and the details are omitted. Now we show @);,; behaves

nicely given the inductive hypothesis up to level i. The plan of attack is
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to compute the total transforms of the {Qj}ézo at (4,0, 1), then use these
calculations to prove the conclusion for ;1.

For Q9 = = and ;1 = y, applying Lemma 4.2 followed by a z-blowup and
then repeating the process shows that Qy = X]fo,quJ and Q = Xjfl‘jul’j at
¥(4,0,1) for 2 < j < ¢, where up; and u; ; are units, and fy;, f1; € N.

For 2 < j <, at level 3(j,0,0), assume:
Q=X v2 (Vi —cX,
J -1t \ -1 = Gaj-1) U

where the positive integers f; and f5 are understood to be different for each
j, but we suppress any subscripts to indicate as such for the sake of lucidity.
Although the units v might vary with each blowup, they will remain units,
so we suppress notation here as well.

Performing the next z-blowup to get to level 3(j,0,1):

Q= X['X[ (Y +¢)” X;Yju
1+f2+1
= X]f T Yiu
where the (Y; + cj)f2 was absorbed into the unit. Let f3 = f1 + fo + 1 for
simplicity.

Let m = m; and assume m,; is odd for concreteness. The even case is
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similar. Tracing blowups to levels 3(j + 1,0,0) and X(j + 1,0,1), we have:
Qj — Xf3MnL}§f3Nm—lem}’>}Am—lu

u

v f3m+Am f3,um—1+)\m—1
Xy,

Xfi({tm+ﬂmfl)+)\m+)\m,1<}/}+l gy ) o1ty
- Xfilu
where the (Yj;1 + ¢jiq)##m=1T2m-1 was absorbed into u and the exponent of
Xj41 was relabeled as fj.
Tracing the blowups further, it is easy to see that ); will have a total
transform of the form X *u at level 3¥(k,0,1) for all j +1 < k < ¢/, where

ex € N and u is a unit. This proves Lemma 4.7 once the proof of Lemma 4.8

is complete.

0541 i—1
Now, we return to Q;11 = QF — E up, H Q;»Yj’h. By the previous discus-
h=1  j=0

sion, at level $(7,0,1), Q; = X/ Y;u for some f; € N, and so Q% = X%y %y,
ignoring changes to the unit. Also by the previous discussion, each of the
11 Q;’j’h will transform to Xif *uy, for all h, with the same power fy and differ-
ing only in the units wuy; just transform each Q]-j’h, then collect the X; factors
together. The common value v([]Q;"") = ¢iv(Q;) ensures the same f, for
all h. Now, factor out the Xif2 in the total transform of > uy [ | Q;-Yj’h and set

r 0it1 .
u =) 7 up. We get:

(4.4) QiJrl _ X?ifly;qz'u o XifQUI
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Notice that u’ # 0 or else Q; 41 would not give a jump in value. Note that
the two terms on the right both have value ¢;v(Q;). Using Lemma 4.5 and

taking values we have:

. . 1 1
v (qulflyiqzu> =qifi1- q—ﬁo +q; - —(5{ - 1)5o
1 1

a1 qi—1

11—

1
v(XP) = fo - ——— By
q1---gi-1

Set equal and clear the [[ ¢; and fy. Since 5! = p;/q;, we get:
afi=1r—pit+a

Substituting for ¢; fi in (4.4), we have:
Qiy1 = XifQ_pi"FQi}/iQiu _ Xifzu’
— XifQ_pi"FQi [Yiqi _ Ci+1Xf7i_Qi:| u
where we factored out u and set ¢; 11 = u'/u, where ¢;11 € k. This is possible
because the ring Ry(;o1) is localized at its maximal ideal and the residue
field is isomorphic to k.

Notice it is only necessary to show that Y, — ¢;;1 X"~ transforms to
the form: )N(if‘?’f/if“ ()71 - Ci+1Xi)7 where f3, f4 € N. Let m = m,; and assume
it is even for concreteness. The odd case is similar. Apply Lemma 4.2 using
X=X,,Y =Y, g = [agi) —1,ag),~-- ,a%) . The subtraction of 1 in

agi) — 1 represents one less blowup since the (X, Y;) parameters occur after
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a z-blowup, which we have to account for. Let \;/u; be the convergents of
Bi. Then the convergents of  will be \;/u; —1 = (A\; — p;)/pj. Applying

Lemma 4.2 gives:
VI — e XPTT = X GOm—1—tm—1)yai(Am—pim) _ Ci+1X‘(pi_‘Ii)ﬂmfly(Pi_Qi)ﬂm
Expanding the exponents, we get:
Qi(/\m—l - Mm—l) - (ﬂm—l + ,um)(/\m—l - Nm—l)

= )\m—l,um—l + Am—lﬂm - ,U72n_1 — MUm—1Hm
Qi()‘m - ,um> = (Nmfl + Nm)()‘m - Mm)

- )\m/JJm—l + )\m,um — Hm—1Mm — ,U/%l
(pi - Qi),um—l = ()\m—l + )\m - Um—-1 — Mm)ﬂm—l

= )\m—l,um—l + )\m#m—l - ,U%L_l — Um—1Hm

= )\m—l,um + >\m/JJm — Mbm—1Hm — M%n
Let:

f3 = >\m—1,Uvm—1 + )\m—l,um - ,ufn_l — Um—1Mm

and

f4 = )\mfl,um + )\m,um — Um—1Um — /,Lin
Factor out X/3Y f:
i i 44 \ ¥ 7 Amlm—1—Am—1Hm O Am m—1—Am—1Mm
Vo — ¢ XD :Xf3}/;f4 <Yz Pm—1 14 — i X Bm—1 14 )

By Proposition 3.2, A\ pttm—1 — Am—1ftm = 1 and we are done. O



CHAPTER 4. DUAL GRAPHS AND GENERATING SEQUENCES 72

Lemma 4.9. For 2 <i < ¢/, Q); is a lowest valued element of R whose strict

transform at (4,0, 0) has the form: Vi1 — X1

Proof. The proof is by induction on 7. All units are dropped for clarity. At
¥(2,0,0), the total transform of a potential minimal generating sequence

element Q, after Qy = = and Q; = y is of the form:
Xy (371 _ f(1>

Consider the exceptional and strict transforms of Q5 at 3(1,0, 1). Notice the
transformation of the exceptional transform at ¥(1,0,1) to ¥(2,0,0) only
increases the f; and fy, but does not affect the strict transform f/l - Xl.
Thus, the plan of attack is to consider what strict transform at ¥(1,0,1)
(and at X(4,0,1) in the general case) can have such a total transform at
¥(2,0,0) (and at X(i + 1,0,0), respectively). We work with ¥(1,0,1) =1
rather than 3(1,0,0) = 0 so that the arguments in the base step can be
carried over to the inductive step without much modification.

Up to units, the strict transform of Q5 at $(1,0, 1) is of the form Y™ — X2,
for some e, es € N. Two equal-valued terms are needed to have a jump in
value via the ultrametric inequality. Technically, three (or more) terms could
lead to a value jump, but all three (or more) terms would have to share the

same value, say ¢, and so using only two terms would guarantee the minimal
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such €. The two terms have no common factors because any such common
factor would instead show up in the exceptional transform of Q5 at (1,0, 1),
hence the two terms are of the form Y™ and X7>.

As in the proof of Lemma 4.8, we use ] —1 in the transformation formulas

(Lemma 4.2) to account for one z-blowup from level 0 to level 1:

_ v Hm—1v, Hm,
X, = Xy

. % m—1—"Hm-—1 ¥, )\m_,Ufm
Y, = X v:

where m = m is assumed to be even; the odd case is similar.
Yel _ X€2 o Xel(Am—lfﬂm—l)?el()\mfﬂm) _ XBQHmfli}'@ZMm
1 1= A 1 1 1

Also:

Y'lel _ Xlel _ X{l};’lf2+1 _ X{l‘i’l};‘lfé

Equating the exponents, we get the system of equations:

e1(Am-1 = Hm-1) = f1
61<)‘m - /Lm) = f2 + 1
€aftm—1 = f1+1
€aftm = [o

Eliminating f; and fs:

e1(Am—1 = flm—1) + 1 = eaflym_1
61()\m - ,um) = €flym + 1

Solving for e;:

,umel(Am—l - ﬂ'm—l) + tm = Um—1€1 (/\m - ,um) — Mm—1
Hm + HUm—1 = e1()\m,um—1 - /\m—l,um) = €1
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Thus, e; = -1 + pm = q1 by Proposition 4.1. Now, solving for es:

[m
(=1 + fim) A — pim) — 1

€9

Lo
)\m,um—l + Amﬂm — Um—1MHm — M’?n - (Amﬂm—l - Am—l,“m)

2 Hom
_ )\m,um — Hm—1Hm — My, + )\m—l,um
Hm
= )\m—l + )\m - (,U/m—l + Mm)
=DP1—q

The optimal way of obtaining strict transform Y; — X; involves Qs having
strict transform Y — XP'7% at ¥(1,0,1). The z-blowup from level 0 to
level 1 does not affect the “y-parameter,” so we would need a y?* term in the
definition of Q. In order to get a jump value, we would need another term
with the same value as y?, hence we need the 2P term. This shows Qs = Q-
and the base step is done.

Assume the minimal valued generating sequence elements Q; = Q; for
7 <1, such that the strict transform }73»_1 — chj_l is attained. Analogous to
the base step, we wish to see what strict transform Y, — X at (4,0, 1) has
the total transform X’iﬁ fﬁ-fg (fi — )~Q> at 3(i + 1,0,0). Essentially the same
arguments as in the base case yields the necessity of having YV, — XP™% ags
the strict transform of a minimal Q;,; at (7,0, 1). The inductive hypothesis
plus Lemmas 4.6 and 4.7 imply that transforming @); is the minimal way to

get a Y; at X(4,0, 1) while the other {Q,} can only yield X;, for j < i. Hence
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Q¥ is a term in Q4. The remaining terms of equal value to Q% in (4.3) are

needed to have a jump in value. This shows Q; 11 = Q;41. O

Remark. In addition to showing the {Q;} are minimal valued elements of
R with the appropriate strict transforms to introduce jump values, the proof
of Lemma 4.9 also gives some justification as to why ); was defined as it was

in (4.3) in the first place.

Lemma 4.10. The value of Q); is:

(4.5) v(Qi) = qi—1v(Qim1) + ———— (B, — 1)

qi---gi-1
where 2 < i < ¢’. This holds for all ¢ > 2 in the Type 1 case (¢’ = 00). This
also holds for i = ¢’ in the Type 4.1 case.

For Types 2, 3 and 4.2,

v(Qy) = qy-1v(Qg—1) + v(Yy)

where the jump values are:

1 ~ -
Type 2. v(Yy) = —— (69 — 1> , where 5, e R\ Q
g1 -dg—1
Type 3:  v(Y,) = (ASZ)—I - ﬂ(g) A 2~ M(Jz)—2> ; where m = m,

m—15 "‘m—
n
Type 4.2: v(Yy4) = <1,

ql...qg

) , where n € Z

Also, in the Type 3 case: Sy = q1 - qg—1(ftm—1, bm—2), Where m = m,.
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Proof. First, 2 <i < ¢'. By Lemma 4.8,
Qi = XY <3~/¢71 — CiXiA) u= XY

where ey, e, € N and we ignore changes to the unit .

The proof of Lemma 4.5 shows:

- ~ 1
V(Y;—1 - CiXi—l) =
q1- - qi—1

The proof of Lemma 4.9 shows:

qi—1 __ ve1 e+l 1
i1 =X LY

Lemma 4.5 and the fact that v(X;_1) = v(Y;—1) imply:

61+62+1

Gi—1v(Qi—1) =
i 2 q1- - gi—1

Bo

Formula (4.5) now follows by comparing the values of Q; and X't *'y;,
noting that v(Y;) = v(Yi_1 — ¢;:X;-1) — v(X)).

Now for the highest index ¢’. The arguments above hold for all 7 in the
Type 1 case, which justifies setting ¢ = co. For the remaining cases, the
arguments above imply that v(Qy) = ¢y—1/(Qy—1) + v(Yy).

In the Type 2 case, ¢ = g represents the introduction of an irrational

value, encoded in v <Yg_1 — chg_1>. Let ﬁNg = a§9),a§g),a§g), ...| be the

irrational number that governs Gy, i.e. the 8 used in Lemma 4.2 where
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(X,Y) occurs in the limit and (X,Y) = (X, 1,

g
and v(Y) are related by f,, so v (379,1 — ¢ Ng,1> = Byv(Xy—1). Then,

which accounts for one less z-blowup to go from ¥(g,0,0) to 3(g,0,1).

For Type 3 valuations, ¢’ = ¢ and there are two cases to consider depend-
ing on whether m, is even or odd. Let m = m, be even. The odd case is
similar. Normalize the valuation so that:

V(xE(g,m—Q,am,1)>
V(yE(g,m—Zam,ﬂ

Now use the transformation formulas (4.2) for 5 = [agg), . ,afff)_l], omitting
a'¥ = 0o0. Notice m — 1 is odd. Then,
B V(Xg—1)~ — Hm—1 Hm—2 (17 0)
V(Yg—l - Cng—1) Am—1 Am—2 (0> 1)

v(Xy) = UXye1) = (ot o)

V()/g) = V(%—l - Cng—l) - V<Xg—1> - ()\m—l — Um—1, )\m—Q - ,um—2)

If m = my is odd, then m — 1 is even and we normalize:

V($E(g,m—2,am71)> =(0,1)
V(yE(g,m—Zamq) = (17 0)
B V()E'gfﬁ~ :| — |: Hm—2  fm—1 :| |: (071) :|
V(Ytq—l - Cg)(g—l) )\m—2 )\m—l (17 0)
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We see:
v(Xg) = (Hm-1, pm—2)
and
v(Yy) = (Ane1 = M1, Am—2 — fln—2)

in this case as well.

1
To get By in the Type 3 case, notice v(X,;) = ———ff so,
qi---q4g—1

Bo=qi--" qg—1 (Mm—lv Mm—z)

In the Type 4.1 case, it is possible to include {Q;}2,,; in a minimal
generating sequence depending on how generating sequences are defined (see
Section 4.2). However, for our purposes we only need to consider up to level
g The {v(Qi)}2,,; don’t add new denominators and they don’t encode
rank or rational rank jumps. From the semigroup’s perspective, they won’t
contribute anything. This justifies setting ¢' = ¢g. Note that (4.5) holds for
i = ¢’ here by the previous arguments used for i < ¢'.

In the Type 4.2 case, (4.5) doesn’t work for v((Q)y11) since there is a rank
jump encoded in v (ffg — cg+1Xg), hence also in v(Y,,1) after the z-blowup.

As discussed in Section 4.2, the value group will be Z x Z. The

ql...qg

n
valuation is normalized such that v(Y}41) encodes the (1, > value,
ql P qg

where n € Z since (1,*) > (0,0). Obviously, ¢’ = g + 1. ]
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Remark. If we set gy = 1, then (4.5) also works for v(Q1) = 51 = (160 =
&ﬁo. This formula generalizes similar formulas found in [23], [18] and [14].

q1

Setting v(Q;) = B;, the recursive formula from Section 4.1 is justified:

Bi = qi—1Pi—1 + q;(ﬁzl - 1)Bo

1 qi—1

Lemma 4.11. Let v be a non-divisorial valuation. For 1 <i < ¢/,

i—1
@b = Z o;B;
j=0
where a; € Ny. If v is Type 4.1, then this holds for 1 < i < ¢'.

Proof. Write 3; = #ﬁo- The idea is to apply Theorem 3.3 to the set
{no,...,n;_1} and show that after writing ¢;3; with denominator H;;ll qn,
the numerator of ¢;; is greater than the Frobenius number F'(ng,...,n;_1).
The result immediately follows.

First, notice that ged(nofo, . . ., n;8) = ged(no, ..., n;)Bo. For clarity, we

will drop the common fj factor from all the values in the following arguments.

Using Lemma 4.10,

Di —
4B = qi (%’1@'1 + :

Qi> _ qiqi—1Mi—1 T Di — q;
q1- - 4q;

q1° - qi—1 q1° - qi—1

so the desired numerator is g;q;_1n;—1 + p; — q;.
. T . T . L.
Write 38; = Bo- Notice n; = 7, H qn. Using Lemma 4.10, it is
ql P q‘7 h:j+]_
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easy to see that

(4.6) Tj = qjqj-1Tj-1 + Dj —

i—1
for 1 < j <1 — 1. Multiplying by H qn,
h=j+1

i—1
(4.7) nj = qj-1mj-1+ (pj — q;) H dn
h=j+1

Now f; = 81 = p1/q1, where ged(p1, 1) = 1, and By = q1/q1. So with
i =2, ged(q1,p1) = ged(ng, ny), and we see ged(ng,ny) = ged(roqr, 71) = 1.
This is the base step of an induction on ¢ to show that ged(ng,...,n,—1) = 1.
At level ¢ — 1, working with denominators H;;i qn, assume that:

i—2 i—2
ged(ng, ..., ni—g) = ged (7'0 H Qhy - -+ > Ti—4 H Gh, Ti—3Gi—2, Ti—z) =1

h=1 h=1—3

Multiplying by ¢;—; yields:

i—1 i—1
(4.8) ged <To H 4n,---»Ti-3 H h; Ti—QQi—l) = qi—1
h=1

h=i—2

And so at level 7, with denominators H;;ll Gh:

i—1 i—1
ged(no, ..., nim1) = ged (TOHQh7-~7Ti—3 H Qh)Ti—2Qi—1)Ti—1>

h=1 h=i—2
= ng (qifl, Tifl) by (48)
= ged (Gi-1, Gi—1Gi—2Ti—2 + Pic1 — ¢i—1) by (4.6)

= ng(Qi—bpi—l) =1
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The induction is complete and thus we may apply the Frobenius upper bound

in Theorem 3.3.

Now working at level 7 and denominators H;;ll Qn, let dj = ged(ng, ..., n;)
i—2

for0 <j<i—1,andlet T = an+1dj/dj+1. Note that dy = ng = H;;ll Gh.-
=0

Using gecd calculations similar to those previously done, it is easy to see that

i—1
dj = [Tj—; 41 an, hence d;/djr1 = qj41.

i1 i—2 i1
T— E nj = E Nj+195+1 — E n;
J=0 Jj=0 J=0

i—1 i—1
= E anj—n()—?’Ll— E 7’Lj
j=1 Jj=2

i—1

i—1 i—1 =
= anqj —ng —ng — an—lqul - Z(pj —qj) H gn by (4.7)
j=1 J=2

j=2 h=j+1

i—1 i—1
= Ni-1¢i—1 —No — N1 — Z(pj - qj) H dn
3=2 h=j+1

Finally, comparing 7' — 3 7;—

an with the numerator of ¢;5;:

Ni—1Gi—1 < ¢i¢i—1Mi—1

and
i—1 i1

—no—nl—Z(pj—Qj) H qn <0 <pi—aq

j=2 h=j+1
and we are done by noting:
i1

F(ng,...,nji_1) <T — an‘ < ¢iQi—1Mi—1 + Pi — Qi
=0
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Now consider what happens at ¢’ to get the upper bound on i. Note that
the argument above works so long as §; = v(Q);) satisfies (4.5). This is true
in the Type 1 case for all ¢ by construction (¢’ = 00).

For Types 2 and 4.2, there is no linear dependence relation possible be-
tween [, and {ﬁj}g:ol because of a jump in rational rank or rank, respec-
tively. Hence we have strict inequality 7 < ¢'.

In the Type 3 case, the strict inequality i < ¢’ follows from the fact that

#50, where e, f € N. This will now be
1

ql...qg_

proved. By Lemma 4.10, v(Q,) = ¢y—17(Qg—1) + v(Y,) so it suffices to show

ef3y cannot be written as

ev(Y,) cannot be written as Lﬁo. By Lemma 4.10,
q1--qg-1

Bo=q-- ng1(um71, ,um72>

Assume ev(Y,) = #ﬁo. This implies:

q1° " qg—1
€ (Amfl — Um—1, )\m72 - ,um72> = f (,U/mfly /Jlme)

where m = my and \;/p; is the j-th convergent of [agg),agg), . ,a,(ﬁ),l :

Equating componentwise:

eAm—1 = €fm—1 = [lm—1
eAm—2 — €llm—2 = flm—2

Hence,

Amfl/,umfl = (6 + f)/e = )\m72/ﬂm72
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which is a contradiction since consecutive convergents of a continued fraction
cannot be equal.
In the Type 4.1 case, note that ¢,8, = —— B by construction,
qp--- g—1

where n € N, hence the lemma holds for i = ¢’ as well using the earlier

Frobenius upper bound argument. O

Lemma 4.12. Only one element of a minimal generating sequence is neces-

sary to introduce each new denominator for value jumps. More precisely, if

n,
Q; is part of a minimal generating sequence with v(Q;) = :

Bo, where
qr- - q;

n; € N, then a potential Q; € R with v(Q;) =

(o would be redundant
i G

to include in a minimal generating sequence containing ();, where n; <n € N.

Proof. Use induction on i. We have v(Qo) = o and v(Q1) = 2-5. Assume
@1 is the next element in the minimal generating sequence after Q and Q
where Q7 and @; have values with the same denominator ¢;. The proof of
Lemma 4.11 shows that 3y and 3, are sufficient to generate all values in S with
denominator ¢; and greater than or equal to ¢;3;. Thus, 81 < v(Q1) < ¢151.

In order to have a jump in value, we need two or more equal-valued terms

with a common value, say, €. Let

Q1 = mQf +uQ + > vT;
j
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where ey, e; € Ng, {u;} and {v;} are in k, and {7} are monomials Q{;OJQ{“
with fo; > 1 and f;; > 1. All terms have common value €.

Assume both u; and ug are zero. Then we can factor out Qg or ), from
the remaining 7} terms, contradicting minimality of Q;. Assume both u,
and ug are non-zero. Notice that 31 introduced a new denominator ¢; which
needs to be cleared in order for € to be representable by 5y. Hence e; = mqjy,
where m > 1, and this implies v(Q1) > ¢1 31, a contradiction. Assume only
one of u; and wug is non-zero. For concreteness, let u; # 0 and uy = 0; the
other way is similar. There exists a v; # 0, since we need at least two terms
with the same value ¢ for a value jump. This contradicts minimality of Q,
since we can factor out ; from all the terms. Thus, Q; does not exist.

Assume by inductive hypothesis that {Qj}z‘:o form the beginnings of a
minimal generating sequence. Let (); be the next minimal generating se-
quence element after (J; and whose value is assumed to not introduce a new

denominator. That is, v(Q;) = n Bo for some n € N. The proof of

qi---q;
Lemma 4.11 implies 3; < v(Q;) < ¢:53:.

In order to have a jump in value, we need two or more equal-valued terms

with a common value, say, €. Let

Qi = Z u;QF + thTh
=0 h
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where e; € Ny, {u;} and {v;} are in k, and {7},} are monomials in {Q;}}_,
consisting of at least two distinct factors.

Assume u; # 0. Then we can either factor out @); from all terms, contra-
dicting the minimality of Q;, or at least one term does not have a factor of
Q;. In the latter case, e; = mgq;, where m € N, in order for the terms to have
a common value € since f3; introduced a new factor ¢; in the denominator
H;':1 gj. This implies v(Q;) > ¢;3;, a contradiction. Hence u; = 0. For simi-
lar reasons, any monomial 7}, with non-zero vy, (i.e. a supported Tj) cannot
contain a factor of Q);.

Assume u; = 0 and assume (); does not show up in any supported 7},. By
Lemma 4.7, all the {Q;}/—{ will transform to the following form at (¢, 0, 1):
uX¢, where u is a unit and e € N. Hence all the terms of Q; will transform to
the same form: inf , where f € N is the same for all terms since they have
common value ¢, and where v is a unit. Factoring out Xl-f and absorbing all
the units from each term into one unit, we see by Lemma 4.5 that v(Q;) =

/ Bo, a contradiction. Thus, Q; does not exist. O
q1---gi-1

Lemma 4.13. For Type 2 valuations, (), is the last minimal generating
sequence element. For Type 3 valuations, (), is the last minimal generat-
ing sequence element. For Type 4.2 valuations, ()y41 is the last minimal

generating sequence element.
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Proof. Let v be Type 2. In order to have a jump value, we need two or more
terms with the same value, say, €. Assume (), is another minimal generating

sequence element after Q),. We have:

Qg = Z updh
h
where {T},} are monomials in {Q;}/_,, and {us} € k.

Assume u;, # 0 for at least one T} which contains a factor of Q,. If
all supported terms contain a factor of Q,, then the minimality of Q, is
contradicted. Hence, there exists some supported term that does not contain
a Q4 factor. It is easy to see that a common value ¢ is impossible here since
v(Q),) is not a rational multiple of v(Q;) for 0 < j < g—1.

Assume uj, = 0 for all the {7},} which contain a factor of ),. We only

work with {7},} that are monomials in {Q; ?;(1). Adapting the last part of

the proof of Lemma 4.12, we see that v(Q,) = S for some f € N
g1 4g—1

and we also have
Qg1 (Qg-1) < v(Qy) < V(Qg)

This is a contradiction since values of the form —————— are representable
qi---Q4g-1
by {Q; ?;é as a consequence of the Frobenius upper bound argument used

in the proof of Lemma 4.11. Thus, Qg does not exist.

Only slight changes are needed to make the proof for the Type 2 case
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suitable for the Types 3 and 4.2 cases. For Type 4.2, note that v(Qy41)
cannot be written as a rational multiple of v(Q);) for 0 < j < g because there
is a rank jump encoded in v(Qy41). For Type 3, the proof of Lemma 4.11
implies v(Q),) cannot be written as #qg_lﬁo, which in turn implies that
v(Q)4) cannot be written in terms of v(Q);) for 0 < j < g — 1. The remaining

steps in the proof are completely analogous to what was done in the Type 2

case. O

Theorem 4.14. Given a non-divisorial valuation v, the {Qi}f’/:() form a min-
imal generating sequence from the perspective of generating the value semi-

group S.

Proof. See the discussion in Section 4.2. In the Type 4.1 case, ¢’ = g since

we are trying to generate S rather than the value ideals {/}. O

Theorem 4.15. (Unique representation)
Let v be a non-divisorial valuation. Let s € S. Assume v is not Type 4.1.

We may uniquely write:

g/
s = Zaiﬁi, where ap € Ny, oy € Ngand 0 < o; < g —1for 1 <i < ¢
i=0

If v is Type 4.1, then we may uniquely write:

g
s:Zaiﬂi, where ag € Ng, and 0 < a; < ¢ —1 for 1<i<g
i=0
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Proof. Generating sequences allow us to write s = Y «;5; with a; € Ny. If
g < oo, start from the penultimate index ¢’ — 1 down and repeatedly use
Lemma 4.11 plus the division algorithm to establish the bounds on «; for
i < ¢'. That is, rewrite multiples of ¢;3; in terms of {Bj}j;% and descend in
i at each step. If ¢ = oo (Type 1), any s can be represented with finitely
many {f;}, hence the bounds on «; can be established by the aforementioned
process. Notice that ¢; 81 = p15p, so ag can handle all the “slack.”

Now we take care of the highest index ¢’, noting that Type 1 valuations
have no highest index to worry about, so Type 1 is already done. By Lemma
4.10, there is no linear dependence relation possible between f, and { ﬁi}ﬁ’/:f]l
for valuations of Types 2 and 4.2. For Type 3 valuations, the proof of Lemma
4.11 shows that e, cannot be represented by {/; f;ol , where e € N. Hence
ag € Ny in these three cases.

For Type 4.1 valuations, notice ¢,3, can be written in terms of {@};‘.’:—01

using Lemma 4.11, hence we get the bounds on a4 by the earlier division

algorithm argument. O]

Remark. An alternative proof of this theorem for the non-discrete Type 1

case is given in [18].



Chapter 5

Poincaré Series Results

In this chapter, the results assume the setup described in Section 2.3, al-

though Poincaré series can be defined for more general settings.

Theorem 5.1. (Galindo)
In the divisorial case, i.e. v has a finite dual graph, the Poincaré series

1S:

( g 3.
1 1-— thBJ 1 . (g+1)
Pt) = Hl =5 T—n 1@ 70
j:
1 g—1 1 — 9B 1 e (g+1)
’Plf(t)zl_tﬁo.n 1—t8 11— B if ay =0
\ j=1
Proof. See Theorem 1 in [17]. O

At this point, the remaining non-divisorial cases are all easy applications

of geometric series once we have established Theorem 4.15 and Lemma 5.2.

39
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Lemma 5.2. Let v be a non-divisorial valuation. The lengths I(s) = 1 for

all s € S.

Proof. Assume [(s) > 1 for some s € S, hence dimy(I;/I}) > 1. We may
pick r1, 7, € R that are representatives of two different equivalence classes in
I,/I7, ie. such that v(r1) = s = v(ry) and r; —ry & I, If r1/ry € k, then
r1/ry - re =11 and 1 ~ ry. Hence 11 o ro implies r1/ry ¢ k. On the other
hand, v(ry/re) = 080 r1/ry € V/my. The residual transcendence degree is 0
in the non-divisorial cases so V/my is an algebraic extension over R/m = k,
hence V/my = k since k is algebraically closed. Thus, we get r/ry € k, a

contradiction. O

Theorem 5.3. In the non-divisorial cases, the Poincaré series are:

1 1 — 9B
Type 1: P,(t) = 1 — tho HW
=
1 97l a8 1
Tpe2 PO =13 15— 7—%

1 fl—wh ]
Type 3:  P,(t) = 10 H )

1 g1 — tuibi
Type 4.1: Py(t) = 1_—1550 . HW
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1 S 1
Type 4.2: P,(t) = " l—Il % T Fn
]:
Remark. In general, an infinite product might be divergent. However, the

fact that {3;}:2, is an increasing sequence implies the infinite product in the

Type 1 case is defined.

Proof. The lengths are all 1 by Lemma 5.2. We may uniquely represent the

values in S in terms of {5;} by Theorem 4.15. For Type 1 valuations:

P(t) = Us)t*

seS
= Z 122 @ibi
QO yereyQjyeee
5 q1—1 5 q;i—1 5
= $coBo b} L. b | L
(Z o) (&) (2]

1 R L
:1—15/30.1_[1 1 — B

=

Let ¢’ be defined as in Section 4.3. We tackle Types 2, 3 and 4.2 simultane-

ously:

Po(t) =) Us)t*

sES

_ 1_1—1
= (Z ta0’80> (qlzl tc‘lﬁl) e qu]‘: 1% —18g/ -1 Z 1% Byt

Oég/71:0 ag/GNo
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1 St
T 1—tho l_[1 1—th  1— P
j:
Lastly, for Type 4.1 valuations:
Po(t) =D Us)t°
seS
— Z 2o ibi
@Q,...,0g

_ ( Z tﬁoﬁo) <‘112_:1 ta151> qu:_l +%9Bg

ap€ENg a1=0 Qg =0

1 I 1 — 19

T 1_th Hl 1— i

J]=
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]

Galindo showed the equivalence of dual graphs and Poincaré series for

divisorial valuations in [17]. The equivalence is essentially true with one

caveat in the non-divisorial cases as well, which we now tackle.

Given a dual graph, the corresponding Poincaré series can be calculated

as in Theorem 5.3. However, notice that dual graphs also help in the other

direction. Given a non-divisorial Poincaré series, we observe that all valua-

tions give rise to corresponding dual graphs, so there is some dual graph to

work with, even if we can’t specify which one it is at the outset. Combina-

torially, the dual graphs discussed in Section 4.1 exhaust the possibilities of
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dual graphs, hence the given Poincaré series of the underlying non-divisorial
valuation will correspond to one of the established types.

To paraphrase Wilf [26], a non-divisorial Poincaré series is a clothesline
on which we hang up a sequence of semigroup values for display. Given a
non-divisorial Poincaré series as a formal series in Z[[t']], we are really given
the semigroup values since the lengths are all 1 by Lemma 5.2.

Now look at v(z) = fy. If 5y € R, then the valuation is rank 1 and we
normalize by setting 5y = 1, keeping in mind Hahn’s embedding theorem.
Use [y to sieve the semigroup, i.e. look at Sy = {apfy | ap € Ng}. There
is a smallest value in S\ Sy as a consequence of R being Noetherian. Call
this smallest value (51 and continue to sieve by looking at S; = {aofy +
a1 | g, 1 € N}, then picking out the smallest value 5 in S\ S7, and so
forth. If this process doesn’t stop, so there are infinitely many {5;}, then
the valuation is Type 1. If this process stops and the last “smallest” value
picked was irrational, then the valuation is Type 2. If the process stops and
the last “smallest” value picked was rational, then the valuation is Type 4.1.
Write 81 = p1/qu since ;= B]. Use the {:}%_, and (4.5) to calculate the
{f!}. These in turn yield the { Bl} by removing the ending 1s in the continued
fraction expansions of {;}. The continued fraction expansions of the { Bi}flzo

are what we need to get the {ag-i)} from which the specific dual graph for the
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given Poincaré series can now be readily built.

If 3y € R?, then the valuation is rank 2. Keep in mind our normalizations
of rank 2 valuations. (See Section 4.2 and Lemma 4.10.) If there is a 0 in
the first coordinate of [, then the valuation is Type 4.2. Otherwise, the
valuation is Type 3. The process previously described to sieve the semigroup
can be applied here as well with some modifications. In the Type 4.2 case, we
normalized By = (0,1). The calculation of the {a§-i)} is handled by ignoring
the 0 values in the first coordinates of the {3;}/_, and then proceeding as
above. The smallest value in S\ S, will be ,41. This occurs when there is a
non-zero first coordinate detected, which was normalized to be 1. This also
marks the end of the sieving process. The {ay) 7 gives | J_, G, to which
we add the infinite tail G441 to complete the dual graph corresponding to
the given Type 4.2 Poincaré series.

In the Type 3 case, the { 5i}f:_01 are rational multiples of 3y, i.e. of the form
2 Bo, where ¢, d € N. This property is what gives rise to the shape of Uf;ll G;.
Let b; := B;/5o. Proceed as before using a slightly modified version of (4.5) to
get the continued fraction expansions of the analogous {;} and {b;}, which in
turn gives the {ag-i) }9-! needed to construct | J—, G;. The end of the sieving

process is detected when the last “smallest” value 3, in S\ S,_; is not a
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1
rational multiple of 8y. The {b;} gives {¢;}. Also v(X,) = ———f, so

di---qg-1

by the proof of Lemma 4.10, jim,,—1 can be computed. Additionally, v(Y))
can be computed since 5, = q,_108,-1 + v(Y}). It follows from the proof of
Lemma 4.10 that A,,,_1 can now be computed, and hence the {agg)} can also
be computed, giving us the missing G, to finish building the dual graph.

Poincaré series essentially carry equivalent information as the dual graphs
of the underlying valuations, namely the sets of {3;}. The exceptions are the
Type 4.1 and Type 4.2 valuations, which have the same dual graphs but
different Poincaré series. Nevertheless, only one of these two cases would
occur given a particular (R, m), depending on whether R is complete with
respect to its m-adic topology. Thus, Poincaré series offer an alternative way
of classifying valuations.

Valuations on function fields of surfaces have been studied in many guises.

Their dual graphs, generating sequences and Poincaré series are in some sense

all avatars of the same animal. We close in this vein with the following

Speculation. Consider the setting studied by Favre and Jonsson in [16],
i.e. power series in two complex variables. In this setting, the Type 4.1 case
would not exist; only Type 4.2 valuations show up since the power series ring

is complete. Consider the set of all dual graphs of valuations centered on R,
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i.e. the unwwersal dual graph, which is shown to be equivalent to the valuative
tree in [16]. Also consider the set of all Poincaré series associated to these
dual graphs. There is a natural partial ordering determined by the shapes
of the divisorial dual graphs, which induces a natural partial ordering on the
non-divisorial dual graphs since non-divisorial valuations can be seen as the
limits of divisorial ones. This in turn induces a partial ordering on the sets
of {f;} and hence on the set of Poincaré series as well. The details have not
been checked, but it seems Poincaré series might perhaps provide a compact

algebraic way of viewing the valuative tree.



Appendix A

Examples

In this appendix, we give simple examples of the dual graphs and Poincaré
series of non-divisorial valuations.

All of the following examples will share the following dual graph data in

common:

i[—1 0]1 2 3
al 131
AV 0 1[1 4 5
pl1 01 34
i[—1 01 2 3 4
al”) 122 1
A2 0 11 3 7 10
pP 1 01 2 7
i[—1 0[1 2
al(?’) 2 1
AP0 12 3
pP 1011

This data is presented in the table form suitable for continued fractions

computations using the table method.

97
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~ 5 - 10
Note that m; = 3, my = 4, and mg = 2. Note that g, = 1 B = = and
~ 9 17 5
B3 = 3. Note that 8] = - By = I and 5 = 3 The differences in the dual

graphs for the following examples show up in the fourth dual graph piece G4
(and above for the Type 1 case).

The formula:

1 ;
Bi = qi-1fi-1 + ——— (]i - 1) Bo
q1- - qi—-1 i

7

is used to compute all but the last §; when g < oco. In the Type 1 case, this
formula holds for all i > 1. Recall that 5 = p;/¢; and ¢y = 1.
The last 3;, which we denoted 3y, is computed using the jump value

v(Y,) or v(Y,41) depending on the type of valuation. See Lemma 4.10.
A.1 Type 1: Infinitely singular valuation

Please refer to the dual graph in Figure A.1. Here g = oo and m; < oo for
all 7.

The generating sequence values are:

761 18267

9
:1 = — [ — _ -
50 ) 61 7a BQ 84’ 53 168 )

The Poincaré Series is:




APPENDIX A. EXAMPLES 99

1 5 6 9 10 12 13 15 Z(i+1,0,1)
—— -
4 11 14
3 8
2 7
2(i,1,1)

Figure A.1: Type 1

1 5 6 9 10 12 13 15 17 19 21

11 14
4 22
3 8 20
2 7 18
16

Figure A.2: Type 2

A.2 Type 2: Irrational valuation

Please refer to the dual graph in Figure A.2. Here g = 4, m; = oo and

- 1445

By = 5 Thus, a§4) = 1 for all 7 since the golden ratio’s continued

fraction expansion is [1,1,1,...].
Notice (4 encodes the algorithm of subtracting V(Xg) from 1/(}75 — C4X3),
taking the reciprocal of the leftover part, i.e. (Vs — ¢4 X3) — v(X3)]7, then

subtracting 1/(173 — 045(3) from the previously calculated leftover reciprocal,
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taking another reciprocal, and so forth. It follows that:
V(Ys - C4X3) = 54 ) V(Xs)

By Lemma 4.4:

Computing the jump value v(Y}):

v(Yy) = v(Ys — e X3) — v(X3) = — (

The generating sequence values are:

9 761 18267
Bo =1, 51—? 62_8_4’ B3_W

168 * 168

18267 1 [1++5 73067 + /5
br=2 55" 2 -1 - 336

The Poincaré series is:

3

1 1 — tahi 1
(1) = . .
Pu(t) 1—t Hl—tﬂj 1 —th

A.3 Type 3: Exceptional curve valuation

Please refer to the dual graph in Figure A.3. This is the even case. Here

g=4,myg=4, and affl) = 00.
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1 5 6 9 10 12 13 15 16 17 20 21

4 11 14
23
3 8 22
2 7 19
18

Figure A.3: Type 3 (even)

1]—1 0|1 2 3
al’) 3 2
AYT 0 13 7 17
dP1 01 205

Notice ¥X(g,my — 2, am,~1) = 21 and corresponds to the vertex denoted
by the open dot. We ignore aff) = o00. Normalize v by setting v(x9;) = (1,0)
and v(y21) = (0,1). This allows us to compute the jump value v(Y}) and the

value v(X3):

L(#-Xij;zg)}:{li ﬂ [Eé:?iHA?ﬁH
V(Y2) = (17,7) = (5,2) = (12,5)

The generating sequence values are:
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Bo="T-12-2(5,2) = (840, 336)

By = (1080, 432)

By = (7610,3044)

Bs = (91335, 36534)

By =2 (91335,36534) + (12,5) = (182682, 73073)

The Poincaré series is:

3
1 1—wfi 1
P.(t) [ ]

Tl Ll T
7=1

A.4 Type 4.1: Curve valuation (rank 1)

Please refer to the dual graph in Figure A.4. Technically, mgyy4 = my =1
and a§4) = 00, but it is perhaps more intuitive to group the blowups in G,
differently since there are infinitely many z-blowups. The following does not
strictly conform to the definitions in Section 4.1 since there is only one odd
leg in the tail piece. However, it is perhaps more instructive to make an
exception in the notation in this case.

Here we set g = 3, my41 = my = oo, and a§4) < oo for all 7. A typical
sequence of blowups represented by G444 is: 1 z-blowup, 2 z-blowups, 1 z-
blowup, 3 x-blowups, 1 z-blowup, 5 z-blowups, etc. By convention, we may
set the {ag4)} to count a z-blowup followed by a number of consecutive -

blowups. In the typical sequence described above, we have: a§4) =3, ag") =4,

4 .. . . . .
ag ) = 6, etc. A minimal generating sequence consists of an infinite number
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1 5 6 9 10 12 13 15 16 17 18 19 20

4 11 14
3 8
2 7

Figure A.4: Types 4.1 and 4.2

of {Q;}, but only a finite number of them contribute to the semigroup values.

The relevant generating sequence values are:

761 18267

9
ey 1 = — e — e —
50 ) 61 7a 52 ’4 ) 53 168

The Poincaré series is:

3 3.

1 1 — %P
l/t: :
Pu(t) 1—t 1_[1 1 — b

=

A.5 Type 4.2: Curve valuation (rank 2)

Please refer to the dual graph in Figure A.4. Here g = 3 and mgy1 = mq = 1.

Notice that G, encodes a z-blowup followed by infinitely many z-blowups.

As usual, in going from (4,0, 0) to (7,0, 1), we include that initial z-blowup
(4) (4)

in the a;’ count. Note that a;’ = oo here.

Normalize fy = v(z) = (0,1), so by Lemma 4.5:

- (k) -0
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The jump value is arbitrarily chosen to be:

V(Y1) = (1,—%)

The generating sequence values are:

9 761 18267
=0, 5= (02), m=(05). 5= (0 5)

18267 200 36334
—92. - -2 ) = (1, ==
b 2(0’ 168>+(’ 168) <’168)

The Poincaré series is:

3
1 1—taubi 1
;”(t):1—tﬂo'Hl 1—tF 11— ths
J:
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