The Length Spectrum Metric on the Teichmiiller
Space of a Flute Surface

by

Ozgﬁr Evren

A dissertation submitted to the Graduate Faculty in Mathematics in partial
fulfillment of the requirements for the degree of Doctor of Philosophy, The
City University of New York.

2013



(©2013
Ozgiir Evren

All Rights Reserved

ii



This manuscript has been read and accepted for the Graduate Faculty in
Mathematics in satisfaction of the dissertation requirements for the degree

of Doctor of Philosophy.

Dr. Ara Basmajian

Date Chair of Examining Committee

Dr. Linda Keen

Date Executive Officer

Dr. Ara Basmajian

Dr. Frederic Gardiner

Dr. Sudeb Mitra
Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

iii



Abstract

The Length Spectrum Metric on the Teichmiiller Space of a Flute Surface
by

Ozgﬁr Evren

Advisor: Professor Ara Basmajian

The topology defined by the length spectrum metric on the Teichmiiller
space of an infinite type surface, in contrast to finite type surfaces, need
not be the same as the topology defined by the Teichmiiller metric. In this
thesis, we study the equivalence of these topologies on a particular kind
of infinite type surface, called the flute surface. Following a construction
by Shiga and using additional hyperbolic geometric estimates, we obtain
sufficient conditions in terms of length parameters for these two metrics to
be topologically inequivalent. Next, we construct infinite parameter fami-
lies of quasiconformally distinct flute surfaces, both with fixed and varying
boundary data, with the property that the length spectrum metric is not

topologically equivalent to the Teichmiiller metric.
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Notation

x(9) the set of homotopy classes of closed curves in S
¥o(S) the set of homotopy classes of simple closed curves in S
[a] the closed geodesic in the homotopy class of «
() the length of the closed geodesic in the homotopy class of «
i(a, B) the geometric intersection number
dy ~ do the metric d; is topologically equivalent to the metric do
@) the zero polynomial
R, f] equivalence class of (R, f) in the Teichmiiller Space
FN(S) Fenchel-Nielsen space of S.
k(f) Maximal dilatation of f.

xi



Chapter 1

Introduction

The Teichmiiller space has a number of interesting geometries. The length
spectrum metric, which is defined to be logarithm of the maximal ratio of
lengths of closed geodesics under the hyperbolic structures corresponding to
the points in the Teichmiiller space, is an example of such a geometry.

The length spectrum metric was defined by Sorvali in 1972 [18]. In
addition, he also asked whether the topology defined by the length spectrum
metric is the same as the topology defined by the Teichmiiller metric on the
Teichmiiller space of a Riemann surface of finite topological type. A positive
answer was given to this question for the special case of compact Riemann
surfaces by Li in 1986 [13]. The general finite type case was later solved by
Liu in 1999 [15], giving a positive answer to Sorvali’s question.

After solving the problem for Riemann surfaces of finite topological type,
Liu asked the same question for the Teichmiiller space of an infinite topo-
logical type surface. Contrary to the finite type case, a negative answer
was given by Shiga in 2003 [17]. Namely, he constructed an infinite type

Riemann surface with the property that the length spectrum metric and the



Teichmiiller metric generate different topologies on the Teichmiiller space of
this surface. In the same paper, Shiga also gave sufficient conditions for the
topological equivalence of the two metrics and showed that the length spec-
trum metric, again in contrast to the finite type case, was not necessarily
complete on the Teichmiiller space of an infinite type surface.

The surface constructed by Shiga is interesting from the point of view of
hyperbolic geometry. This surface contains an infinite family of simple closed
geodesics whose lengths grow unboundedly, with the additional property
that any other closed curve that intersects a geodesic in this family has very
large length. Then, by taking Dehn twists around these curves, he was able
to obtain a family of quasiconformal maps whose maximal dilatations go to
infinity, while the ratio of the length of closed geodesics and the length of
the image of these geodesics under the Dehn twists remains bounded.

Our work here focuses on understanding the topological non-equivalence
of the length spectrum metric and the Teichmiiller metric in the simplest
infinite type setting, namely on the Teichmiiller space of a flute surface.
A flute surface is a hyperbolic surface of genus zero, with infinitely many
boundary components and only one infinite type end. The theory of hyper-
bolic flute surfaces was developed by Basmajian [2, 3]. The main result in
this thesis is conditions for a hyperbolic structure on a flute surface in terms
of the length parameters which guarantee the existence of a family of simple
closed geodesics with the same properties as in the surface constructed by
Shiga. Next, we use these conditions to construct infinite parameter fami-
lies of quasiconformally distinct hyperbolic structures on flute surfaces, with
the property that the length spectrum metric is not topologically equivalent
to the Teichmiiller metric on the Teichmiiller space of each element of the

family.



In Chapter 2, the basic definitions and theorems of hyperbolic geome-
try are reviewed. In Section 2.1, we define the hyperbolic plane and the
hyperbolic metric. In Section 2.2, the isometries of the hyperbolic plane
are classified. Section 2.3 reviews the definition of hyperbolic surfaces. In
Section 2.4, the basic theory of Fuchsian groups is reminded to the reader.

Chapter 3 deals with the construction and some fundamental properties
of flute surfaces. In Section 3.1, we define pairs of pants and make note
of a lower bound for a geodesic arc perpendicular to one of the boundary
components of a pair of pants in terms of the lengths of the three boundary
components. Construction of flute surfaces follow in Section 3.2, along with
a topological observation about the image of the core curves in a flute surface
under a self-homeomorphism.

In Chapter 4, we review Teichmiiller theory. Quasiconformal maps and
the Teichmiiller space are defined in Section 4.1. Section 4.2 describes
the Fenchel-Nielsen coordinates of the Teichmiiller space and the Fenchel-
Nielsen space of a hyperbolic surface. In Section 4.3, we define the Te-
ichmiiller metric and the length spectrum metric. We also define topological
equivalence of metrics and show that it is invariant under quasiconformal
equivalence in this section.

The main results of this thesis are presented in Chapter 5. In Section 5.1,
we prove Theorem 5.1 which gives sufficient conditions, in terms of the length
parameters, for the length spectrum metric and the Teichmiiller metric to
define different topologies on the Teichmiiller space of a flute surface. Next,
we move on to Section 5.2 where we construct infinite parameter families
of quasiconformally distinct hyperbolic flute surfaces where the length spec-
trum metric is not topologically equivalent to the Teichmiiller metric. In

Section 5.2.1, we prove Theroem 5.2, which is an example of such an infinite



parameter family where the boundary data is not necessarily fixed for all
the surfaces. Two infinite parameter families of surfaces are constructed in
Section 5.2.2 where the boundary data is the same for all the surfaces in the
same familiy. The family in Theorem 5.3 contains flute surfaces where the
lengths of the core curves go to infinity and the family in Theorem 5.4 has

core curves whose lengths go to zero.



Chapter 2

Hyperbolic Geometry Basics

In this chapter, we review some basic definitions and facts from hyperbolic
geometry. The reader is referred to [5] and [6] for details which are not

included here.

2.1 The Hyperbolic Plane

Definition (Hyperbolic Plane). The hyperbolic plane, denoted H?, is the
unique complete, connected and simply connected 2-dimensional Riemannian

manifold with constant sectional curvature -1.

There are a number of models where the hyperbolic plane can be realized.
The two models which will be of particular interest to us are the upper half-

plane model and the Poincaré disk model:

Definition (Upper Half-Plane Model). The upper half-plane model of the

hyperbolic plane is defined to be the set

U?={2€C:Imz >0}



together with the metric
|dz=|”

ds? = .
§ (Im 2)?

Remark. The orientation preserving isometries of the upper half-plane model

of the hyperbolic plane are given by

az+b
—
cz+d

where a,b,c,d € R with ad — bc = 1. There is a natural identification
between isometries of the upper half-plane and PSL(2,R). The geodesics of
the hyperbolic metric in this model are semi-circles orthogonal to the real

line and the vertical FEuclidean lines.

Definition (Poincaré Disk Model). The Poincaré Disk Model of the hyper-

bolic plane is defined to be the set
A={zeC:|z] <1}

together with the metric
ds?® = 74‘6&‘2 .
(1—1[2?)?
Remark. The orientation preserving isometries of the Poincaré disk model

are given by
az+¢

cz+a
where |a|?> — |c|?> = 1. The geodesics are circular arcs whose endpoints are

orthogonal to the boundary of the disk.



2.2 Classification of Isometries of H?

Every isometry of H? has at least one fixed point in the closure of H?, by
Brouwer’s fixed point theorem. We will classify isometries of H? into three

types with respect to their fixed points:

Definition (Classification of Isometries of H?). An isometry of H? is said
to be elliptic if it has a fized point in the interior of H?. It is said to be
parabolic if it has no fized points in the interior and exactly one fixed point
on the boundary of H?. An isometry of H? is loxodromic if it has no fized
points in the interior of H? and two fized points on the boundary of HZ.
Loxodromic isometries can be further divided into two types, those which
keep an open disc (or half-plane) invariant, called hyperbolic isometries;

and those which don’t, called strictly loxodromic isometries.

Definition (Axis of a Hyperbolic Element). A hyperbolic element v has a

unique invariant geodesic line in H2, called the axis of v and denoted A(7).

2.3 Hyperbolic Surfaces

Next, we note the two equivalent points of view for hyperbolic surfaces;

namely Riemannian geometric approach and Fuchsian group approach.

Definition (Hyperbolic Surface, Riemannian Geometric Approach).
A hyperbolic surface is a complete oriented Riemannian 2-manifold of

constant sectional curvature -1.

Definition (Fuchsian Group). PSL(2,R), viewed as a subset of R, inherits
a natural topology through this inclusion. A Fuchsian group is a discrete

subgroup of PSL(2,R) with respect to this topology.



Definition (Hyperbolic Structures). A torsion-free Fuchsian group I is said
to be a hyperbolic structure for a surface S if H?/T is topologically equiva-
lent to S.

Definition (Hyperbolic Surface, Fuchsian Group Approach).
A surface S together with a hyperbolic structure I' is called a hyperbolic

surface.

Remark. Fvery hyperbolic surface has a natural Riemann surface structure
via isothermal coordinates. Conversely, every Riemann surface which is not
conformally equivalent to the Riemann sphere, complex plane, annulus or

torus arises in such a way.

Definition (The Hyperbolic Length). Let S be a hyperbolic surface. Then,
in the homotopy class of every closed curve which does not bound a puncture,
there ezists a unique closed geodesic. ls(a) (or simply €(o) when there is
no risk of confusion) denotes the hyperbolic length of the closed geodesic in

the homotopy class of .

We conclude this section with an important result in the theory of hy-

perbolic surfaces, namely the Collar Lemma (see [6, 4.4.6 Theorem]):

Theorem 2.1 (Collar theorem in the non-compact case). Let S be a hyper-

bolic surface of signature (g,0;q). Then
(i) S has uniquely determined cusps €*,..., €. The cusps are pairwise
disjoint.

(i) If y1,...,Ym are pairwise disjoint simple closed geodesics on S, then
m < 39—3+q, and there exists simple closed geodesics Y41, ... ,V3g—3+¢

such that v1,...,73g—3+¢ decompose S into Y -pieces.



(ili) The collars €(v;) = { p € S | sinh(dist(p,v;))sinh(36(v;)) < 1},
around geodesics in (ii) are pairwise disjoint and do not intersect the

cusps €, ..., €19.

(iv) If Bi1,..., Bk is the sequence of all simple closed geodesics of length
< 2arcsinh 1 on S, then Bi,...,0, are pairwise disjoint, and the in-

jectivity radius rp(S) satisfies the inequality
rp(S) > arcsinh 1

for any point p € S — (€(B1)U--- UL (BL) UE U---UFY).

We remark that the Collar Lemma was first observed by Keen [10].
An important corollary of this lemma is that if a closed geodesic a in a
hyperbolic surface is very short, then every closed geodesic 5 with i(a, 3) > 0

must be long; where i(a, 3) denotes the geometric intersection number.

2.4 Theory of Fuchsian Groups

We review some basic definitions and facts in the theory of Fuchsian Groups.
Definition (The Limit Set of a Fuchsian Group). Let I' be a Fuchsian group.
The limit set of I', denoted Ar is defined to be the set

Ar = {z € OH? : fi(y) — = for a sequence f; € T and some y € H?}.

Definition (The Set of Discontinuity of a Fuchsian Group). For a Fuchsian
group ', the complement of Ar is called the set of discontinuity of I' and
denoted Qr.



Remark. The limit set of a Fuchsian group is closed and the set of discon-

tinwity is open in OH?Z.

Definition (Elementary and Non-Elementary Fuchsian Groups). Let I be
a Fuchsian group. Then, Ar may contain zero, one, two or infinitely many
points. If Ar is finite, I' is said to be elementary. Otherwise, I' is called

non-elementary.

Definition (Fuchsian Groups of the First and Second Kind). Let I' be a
Fuchsian group. If Ar = OH?, then T is said to be of the first kind. Other-

wise, I' is called the second kind.

Definition (Intervals of Discontinuity). If I' is a non-elementary Fuchsian
group, then Qr N OH? is a union of open intervals, called intervals of dis-

continuity.

Definition (Stabilizer of a Group). Let G be a group acting on a set X
and let Y C X. Then the stabilizer of Y in G, denoted by stabg(Y') is the

subgroup defined by

stabg(Y)={ge G : g(Y)=Y}.

Remark. If I is an interval of discontinuity for I'; then either

stabr(I) = (y) where v is hyperbolic, or stabr(l) = (Id).

Definition (Boundary Half-Space). Let I be an interval of discontinuity for
I'. The open half-space bounded by I and the geodesic joining the endpoints

of I is called a boundary half-space.

Definition (Boundary Hyperbolic Element). A hyperbolic element v such
that the axis of v bounds an interval of discontinuity is called a boundary

hyperbolic element.

10



Definition (Nielsen Convex Region). Let T' be a Fuchsian group of the sec-
ond kind. The Nielsen convex region of I', denoted N (I'), is the complement

of the union of the closures of all the boundary half-spaces.

11



Chapter 3

Geometry and Topology of

Flute Surfaces

3.1 Estimations on Pairs of Pants

Definition (Pair of Pants). A hyperbolic surface which is homeomorphic to

a sphere with a total of three disks removed is called a pair of pants.

Theorem 3.1. Given three nonnegative real numbers, there exists a pair of
pants with geodesic boundary where the boundary components are of given

lengths (a geodesic with length zero is interpreted as a puncture).

This theorem follows from the fact that a right-angled hyperbolic hexagon
is determined completely by the lengths of three non-adjacent sides and that
a pair of pants with given boundary lengths can be obtained by gluing two
right-angled hyperbolic hexagons.

We note the following estimation from [4]:

Lemma 3.2. Let P be a pair of pants equipped with a hyperbolic structure

12



where the boundary components o, B and v are geodesics. Suppose § is a
geodesic segment whose endpoints are on o but not homotopic to a subseg-

ment of a. Then,

00) = 5 (#00) + ) - t(@).

Figure 3.1: The surface P

Proof. First, assume that none of the boundary components are punctures.
In this case, we can decompose the pair of pants into two isometric hyper-

bolic hexagons as follows:

‘)
2

Figure 3.2: Decomposition of P into hyperbolic hexagons

13



Observe that the segment of length ¢(+)/2 is the common perpendicular
between the sides labeled p and ¢; therefore it is shorter than any other
curve joining p to q. Since the segment labeled s followed by the segment of

length ¢(0)/2 joins side p to side ¢, we have

f(s)—l—@ > @

Applying the same argument to the opposite side, we get

——E(s)—k@z%—ﬂ).

Combine these inequalities to obtain

Uy) | B) U
1)z 5=+ 2

If one of the sides is a puncture, then we decompose the pair of pants

into two ideal pentagons as follows:

Figure 3.3: Decomposition of P into ideal pentagons

14



Clearly,

l(s) + @ 0.

Y

On the other hand, the side of length @ is the common perpendicular

between the side labeled ¢ and one of the sides which go out to infinity, thus

Observe that if we take £(y) = 0 in the previous case, we obtain the same

result. O

3.2 Flute Surfaces

Figure 3.4: A flute surface

Definition. A hyperbolic surface S is a flute space if its associated hyper-
bolic structure T is of the form (I';)22, where H?/T'; is a pair of pants for

each i and N(I';) " N(T;41) consists of the azis of a primitive boundary hy-

15



perbolic element in T;NT;4q1. Here, N(I';) denotes the Nielsen convex region

Of Fz .
For more details on the construction of flute spaces, see [2].

Lemma 3.3. Let F' be a topological flute surface. Let f : F — F be a
homeomorphism. If the homotopy class of «; is not mapped to iteslf, then

f(ay) is not contained in the finite type component of F\«y.

Proof. Since f is a homeomorphism, topological invariants are preserved
under f. In particular, f maps boundary components to boundary com-
ponents. It follows that a surface with n boundary components must be
mapped to a surface with a total of n boundary components.

Let S; be the finite type component of F\«a;. Assume towards a contra-
diction that f(«a;) € S;. Observe that S; is a surface with i + 2 boundary
components, namely a; and 7o, . .. ,7;; therefore f(S;) has to be surface with
i 4+ 2 boundary components.

Since «; is not a boundary curve for F', f cannot map «; to «y; for any
j. Since f(«;) is assumed to be distinct from «;, f(«;) has to be a simple
closed curve in the interior of S;.

Since «; seperates F' into two surfaces, one of finite topological type and
one of infinite type; f(a;) must do the same, however no simple closed curve
in the interior of S can seperate F' into a surface with the same total number

of boundary components and punctures as S does, a contradiction. U

16



Chapter 4

The Teichmiiller Space

4.1 Theory of Quasiconformal Mappings and Te-

ichmiiller Spaces

While we will only be interested in the geometric definition of quasiconformal
mappings, we remark that it is also possible to define and study quasiconfor-
mal maps from different points of view; analytic and differentiable settings

being two of them. We refer to [7], [8] and [12] for further reading.

Definition (Quadrilateral). A quadrilateral is a simply connected Jordan
domain Q) together with four distinguished points z1,z2,z3 and z4 on the
boundary of @), where the order of the points is consistent with the positive
orientation on 0Q).

z; are called vertices of Q) and segments of the boundary between vertices
are called the edges of Q.

The edges (z1,22) and (z3,24) are called the a-sides of Q and similarly

(22,23) and (z4,21) are called the b-sides.

17



z3 22
b-side

a-side a-side

24 <1

Figure 4.1: A quadrilatteral

Remark. Given any quadrilatteral Q(z1, 22, 23, 24), there exists a mapping f
from @Q to an Euclidean rectangle which is conformal in the interior, extends
homeomorphically to the boundary and maps a- and b-sides of the quadri-
lateral to the a- and b-sides of the rectangle, respectively. (Hence, vertices
are mapped to vertices.) If f1 and fy are two such maps onto rectangles Ry
and Ra, one can show that the ratio a/b of the length an a-side of Ry to the
lentgh of a b-side of Ry is the same as that of Ro.

Definition (Conformal Modulus). The above quantity a/b is called the con-
formal modulus of the quadrilateral Q, denoted M (Q).

Definition (Maximal Dilatation). Let D be a domain and w be an orien-

tation preserving homeomorphism of D. The quantity

L M@(Q)
wlw) = S T3 Q)

is called the maximal dilatation of w.

18



Definition (Quasiconformal Mapping). An orientation preserving homeo-
morphism of w of the domain D 1is called quasiconformal if its mazximal di-

latation k(w) is finite. If k(w) < K < 1, then w is called K -quasiconformal.

Definition (Quasiconformal Equivalence). Let S and Sy be two hyperbolic
surfaces. S1 is said to be quasiconformally equivalent to So if there exists a

quasiconformal mapping f : S1 — So.

Definition (Teichmiiller Space). Let S be a hyperbolic Riemann surface.
Define the Teichmiiller Space of S, denoted T(S), to be the equivalence
classes of pairs (R, f) where R is a Riemann surface, f : S — R is a
quasiconformal map and two pairs (Ry, f1) and (Ra, f2) are equivalent if

foo f1_1 : R1 — Ro is freely homotopic to a conformal map.

Remark. We note that the above definition is referred to as “reduced Te-
ichmiiller space” in the classical terminology, the difference being the extra
condition that the homotopy map in the definition of the non-reduced Te-
ichmdller space is required to fix the boundary of the surface. Since we only
work with reduced case, we will simply say Teichmiller space instead of re-

duced Teichmiiller space.

4.2 Fenchel-Nielsen Coordinates of the Teichmiiller

Space

In this section, we discuss a coordinate system on the Teichmiiller Space,
known as Fenchel-Nielsen Coordinates, which describes points in the Te-
ichmiiller Space using methods of hyperbolic geometry.

Let 3 be a pants decomposition of the surface S, that is to say, a max-

imal family of simple closed geodesics on S. Fenchel-Nielsen coordinates

19



with respect to X consist of length parameters and twist parameters. The
length parameters are lengths of the boundary geodesics of each pair of
pants in X and the twist parameters are defined for every curve in ¥ which
is not a boundary component of S. When the surface has infinite topolog-
ical type, Fenchel-Nielsen coordinates of a point in its Teichmiiller space is
identified with a point (¢, s) in the product RS x R* where the first coor-
dinate represents the infinite sequence of lengths and the second coordinate
reperesents the twist parameter sequence of those geodesics. The sign of the
twist parameter is determined by the orientation of the geodesic.

For a fixed pants decomposition X of a surface S, the space of all points
described by the Fenchel-Nielsen coordinates is said to be the Fenchel-
Nielsen Space of S with respect to ¥, denoted by F'N(.S). While the Fenchel-
Nielsen space of a finite type surface is equivalent to the Teichmiiller space
of that surface, for infinite type surfaces, the Fenchel-Nielsen space is signif-
icantly larger than the Teichmiiller space.

A well-established reference for this section is [9, Section 3.2]. See also

[1].

4.3 Two Metrics on the Teichmiiller Space

Definition (Teichmiiller Metric). For a hyperbolic Riemann surface S, de-

fine the Teichmiiller metric on T'(S) to be

dr([R1, f1], [Re, fa]) = if;flog k(f)

where the infimum is taken over all quasiconformal maps f : Ri — Ro

freely homotopic to foo fi L

20



Definition (The Length Spectrum Metric). Let Xg be the set of non-trivial
closed geodesics in S. Define the Length Spectrum Metric on T'(S) by

dr([Ru, fi1], [R2, f2]) = log sup max

a€Xg

{le(fl(a)) fRQ(fz(a))}
Cry(f2(0))" LR, (fr()) )

where {g,(fi(a)) denotes the hyperbolic length of the closed geodesic on R;
freely homotopic to fi(a).
We note the following lemma which is due to Wolpert [20]:

Lemma 4.1 (Wolpert’s Lemma). Let f: Ry — Ra be quasiconformal and

let c € ¥r,. Then
ls,(f(€)) < K(f) - Lsi(c)-

The following is immediate from Lemma 4.1:

Corollary 4.2. Let p and q be arbitrary elements of T'(S). Then,

dr(p,q) < dr(p,q).

Definition (Topological Equivalence of Metrics). Let dy and ds be two met-
rics on a set X. dy is said to be topologically equivalent to do, denoted by
di ~ do, if the topologies defined by dy and do are the same.

Equivalently, di ~ da if for any sequence {p,} C X, di(pn,po) — 0 as

n — oo if and only if da(pn,po) — 0 as n — oo.

The next theorem shows that topological equivalence of dy and dr is

invariant under quasiconformal equivalence:

Theorem 4.3. Let Sy and Sy be two hyperbolic surfaces. Assume that Sy
and Sy are quasiconformally equivalent. Then, dy, is topologically equivalent

to dp on T(S1) if and only if dy, is topologically equivalent to dp on T(S2).
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Proof. Let f : S — So be a K-quasiconformal map and assume dj, is
topologically equivalent to dr on T'(S1). Let {p,} C T'(S2) be an arbitrary

sequence. We need to show that
lim dr(pn,po) =0 <= lim dr(pn,po) = 0.
n—00 n—00

Note that if dp(pn,po) — 0, then it follows immediately from Corollary 4.2
that dr,(pn,po) — 0.
For the converse implication, assume dr,(pn,po) — 0. Let p, = [gn, Ry]-

Look at the sequence {g,} C T'(S1) where ¢, = [gn, © f, R,]. Recall that

dr(pn,po) = log sup max
BEX s,

For any a € Xg,, we have

e {Aone e Hame i)

{f(gn(ﬂ)) f(go(ﬂ))}
£((90 0 f)(@)) " £((gn © f)(e)) ¢ gn(B) )’

(90(8)) " £(gn(8))

< sup max
BET s,

because ¢((gio f)(a)) = £(g:([f()])) where [f(a)] € X2 denotes the geodesic
in the homotopy class of f(a). As this holds for arbitrary « € 31, we can

take supremum over «:

{f((gn ° f)(@) £((g00 f)(a)) }
£((go© f)(@)) " £((gn © f)(e))

sup max
OZGZSI

< sup max
BEX s,

Taking the logarithm of each side yields

dr.(gn,q0) < dr(pn,po)-

Since dr,(pn,po) — 0, it follows from above inequality that dr.(g,,q0) — 0.
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By assumption, dj, is topologically equivalent to dp on T'(S7); therefore it

follows that dr(gn,qo0) — 0. Next, observe that

dr(pn,po) < logk(go o gyt)
=logr((goo f)o(gnof)™)

< dr(qn,q0) — 0.

This concludes the proof that dr ~ dp on T(Sy) implies d, ~ dp on
T(S2). The converse direction follows by symmetry, by considering the

K-quasiconformal map f~!: Sy — Sj. U
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Chapter 5

Topological Equivalence of

Metrics

5.1 Topological Equivalence on Flute Surfaces

Theorem 5.1. Let F' be the flute surface from Figure 3.4, equipped with a
hyperbolic structure where the twist parameters are arbitrary and ¢(cy;) > 0,

0(v;) > 0. Assume
1. limsup,_, . /(a;) = o0,

2. ]Jml_)oo é(ai)

= OO,
3. (vig1) + air1) — () is eventually strictly increasing.

Then, dy, and dr are not topologically equivalent.

Proof. As €(viy1) + l(aiy1) — €(e) is eventually strictly increasing, there

exists K € N such that

C(vj+1) + 1) — Lag) < U(vjt2) + Uaji2) — Uaj41)
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for every j > K.

Let fo =1Id and f; be the Dehn twist around ag4; for ¢ > 1. Look at the
sequence [f;, F| € T(F'). We claim that dr([fo, ], [fi, F]) — 0 as i — oo.

Look at P;, the pair of pants bounded by «;, o;1+1 and ;1. By Lemma 3.2,
the length of any curve contained in P; with endpoints on o; must be greater
than 3(6(vis1) + £ais1) — £(ay).

Let 3 be a closed geodesic in F' which is distinct from each of the [o;]’s
and assume SN [a;] # O for some ¢ > K. Since F is planar, #(/5 N [a;]) must
be an even number, say 2k. Then, we get 2k subsegments of S which start
and terminate on «;, k of which are contained in P;U P11 U---. Let 5y be
any one of these subsegments.

If By is contained in P;, then as noted earlier, ¢(5y) > %(E('Yi+1) +
l(cir1)—L(ay)). Otherwise, 5y has a subsegment which starts and terminates
at a; and is contained in P; for some j > 4. Since £(v;11) + €(oit1) — £(0y)

is strictly increasing, we have

{(f0) > 5 (€lrs) + Elagor) — (o)

%(f(%m + i) = fe)).

\Y]

Hence, we have

(B) > k- 5(6i) + o) — o)) (5.1)
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Let us investigate the ratio

for a closed geodesic § in F'.

If BN [a;] = 0, then this ratio is 1. Assume #(8 N [a;]) = 2k > 0. Then,

US(B) _ UB) + 2kt a)
gy - us)
<1+ 05
<1 + 4]{36((11)

N E(€(vig1) + £(ait1) — £(og))

We conclude that

((fi(8)) 4
wp ' CTPe S CoPe (5.2)

for an arbitrary closed geodesic 3 in F.

Since f;l is also a Dehn twist, we can use the same arguments to f;l

to obtain
(fB) 4
wp) T LTPe e COPe

for an arbitrary .

Applying these estimates to the closed geodesic in the homotopy class of

fi(B) gives us

LB B

() W)
4
s+ i) i) _ (5:3)

£(cvi)
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The inequality (5.2) together with (5.3) implies

Ui(B) _UB) 4
max{ ) ’afz-(ﬁ))}”%_r

(3

Since this is true for arbitrary 3, it is true for the supremum:

L [uB) uB) } 4
sex(r) { @) weY S = T

(3

Then,

lim sup max
ZA)OO,BEZ(F)

{E(fi(ﬂ)) ) }:1.
TR

hence lim;_,~ dr.([fo, 5], [fi, S]) = 0.

Now, since limsup;_,, a; = 0o, {a;} has a subsequence {a;, } such that
limy_, o a;, = 00. By a well-known result in Teichmiiller theory (for instance,
[16]), K(fi,) — oo as k — oo; hence dr([fo, F],[fi,, F]) — oo as k —
0o. On the other hand, observe that dr([fo, F], [fi,, F]) is a subsequence of
dr([fo, F1, [fi, F]), hence dr([fo, F],[fi,, F]) — 0 as well. This establishes
that dp = dr, on T'(F).

Note that one can obtain the same result by taking a; = a, for i > K

in Theorem 1.5 of [11]. O
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5.2 Infinite Parameter Families of Examples

In this section, we construct three infinite dimensional parameter spaces
of examples of quasiconformally distinct surfaces where the metric dy, is
not topologically equivalent to dp. All the surfaces in the first family have
common monotonically diverging central curves, but boundary components
exponentially diverging at different rates. The second family consists of
surfaces where the lengths of the central curves are growing factorially and
the boundary components have bounded length. The third family deals with
the case where the lengths of the central curves go to zero. Throughout the
chapter, V denotes the set of polynomials whose constant term is zero and

the remaining coeflicients are nonnegative.

Definition. Let S be the flute surface from Figure 3.4. Let (¢,s) € FN(S)
be a hyperbolic structure on S such that {(o;) = a; and (v;) = ¢i. The
hyperbolic structure (¢, s) is said to have property (x) if

1. limsup;_,., a; = 00,

Cit+1+ait1

2. lim; o0 r

= 00,

3. Ciy1 + ai41 — a4 is eventually strictly increasing.

We remark that if a hyperbolic structure (¢, s) € F'N(S) has the property

(%), then dy, is not topologically equivalent to dp on the Teichmiiller space

of (¢,s) by Theorem 5.1.
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5.2.1 A Family with Varying Boundary Data

Theorem 5.2. Let S be the flute surface from Figure 3.4. Let ({,s) €
FN(S) be a hyperbolic structure on S with arbitrary s and with the property
(%). Assume further that {€(~;)} is strictly increasing and €(v;) — oo. Then,

there exists a continuous embedding v : V — FN(S) such that:
i. dy, is not topologically equivalent to dp on T(t(p)) for anyp € V,

ii. 1(O) = (¢, s) where O denotes the zero polynomial,

—

iii. The length of the core curves and twist parameters for 1(p) are the

same as (¢,s) for allp € V,
iv. «(p) and 1(q) are not quasiconformally equivalent unless p = q.

Proof. Let a; = ¢(a;) and ¢; = £(;). Define ¢ to take p € V to the hyperbolic
structure on S where the boundary components have length c;e?(¢) and
where the length of core curves and twist parameters are the same as (¢, s).

Now, the boundary components of +(©) has length ¢;e®(%) = ¢; and the
lengths of the core curves and the twist parameters are also the same as that
of (¢,s); therefore t(O) = (¢, s).

Next, we show dy, is not topologically equivalent to dp on T'(:(p)) for
any p € V. Let p € V be arbitrary.

By Theorem 5.1, it is enough to show that for arbitrary p € V,

cip1e” it fa;4y

™ — oo and that c¢;41 ePleit) 4 a;+1 — a; is eventually strictly

increasing.

C; a;
Z’l — 00 Oor :’1 — 0. In

T i

Since (¢, s) has property (%), we must have

the latter case, there is nothing to prove; so assume the first. Since ¢; — oo
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and the coefficients of p are nonnegative, we get

eP(cit1) Cit1

a; a;

Ci+1

— OQ.

Now, we show that ciHep(ci“) +a;41—a; is eventually strictly increasing
for any p € V. Since (¢, s) has property (%), ¢;+1 + a;+1 — a; is eventually
strictly increasing; therefore there exists a natural number K > 0 such that

for all i > K,

Cit2 + Qi42 — Qi41 > Cipl + Qip1 — Q4

or equivalently,

Cit2 — Cit1 > 2ai+1 — Q42 — Q5. (5.4)

Let f(z) = zeP(®) — z. Since p is a polynomial with nonnegative coefficients,

we have

f(x) = (1 4 ap/(2)) — 1
> (1+ap/(z)) —1

=zp/(x) >0 for x > 0.
Then, f is strictly increasing and since {¢;} are strictly increasing,

f(Ci+2) > f(cl'+1) for all i,

i.e.

Ci+2€p(ci+2) — Cjy2 > CiJrlep(ciJrl) — Cit1, for all 1.
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Combining with (5.4), we get
Ci+2€p(ci+2) — Ci+1€p(ci+1) > 2az~+1 — Q42 — G4, for all 7.

Now, applying Theorem 5.1 to the hyperbolic structure ¢(p), we conclude
that dr, is not topologically equivalent to dr on T'(¢(p)) for any p € V.

We next show that ¢(p) and ¢(¢q) are not quasiconformally equivalent
unless p = ¢. Assume f : (p) — ¢(q) is a K-quasiconformal mapping.

By Lemma 3.3, f(«;) cannot be contained in the finite type component

of S\q; for any i; therefore one and only one of the following is true:
1. For infinitely many i, f(«;) is transverse to «;, for some j; > 1,
2. There exists k such that f(«;) is homotopic to «; for i > k.

In the first case, note that
(f(y) <K -a (5.5)

by Lemma 4.1 (Wolpert’s Lemma).
Let j be the greatest index such that f(«;) intersects «;. Decompos-
ing P; (the pair of pants that is bounded by «;, a;41 and 7;41) into two

hyperbolic hexagons as in the proof of Theorem 5.1, we obtain
0(f(ai) > 1) +ajg —aj > e e + a4 — a, (5.6)

where the second inequality follows from the fact that cheq(CHl) +ajy1—a;

is strictly increasing.
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Combining inequalities (5.5) and (5.6), one obtains
K -a; > ciyre?) 4a;0q — a;,

which gives

cip1e1C+) +azy

K> -1

a;

Ci+1 + a;
> i+l Hl 1o
a;

by the condition (%), which leads to a contradiction.

In the second case, look at P; for large i. Since f(«;) = o for i > k and
since pairs of pants are mapped to pairs of pants under a homeomorphism,
we must have f(7y;4+1) = 7i+1. Note that since ¢, — oo, either p(ci)—q(ck) —
oo or q(cg) — plcg) = o0 as k — oo.

If p(cx) — q(cg) — oo, then

K>

— OO
- ckep(ck) ’

by Lemma 4.1 (Wolpert’s Lemma), which contradicts the fact that K < co.

Otherwise, using the same estimation for f=1 : t(q) — «(p) yields

— OO
- Ck€Q(Ck) ’

which again by Lemma 4.1 leads to a contradiction.
Therefore, «(p) and ¢(q) are not quasiconformally equivalent unless p =

q. ]
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Example (Linearly Growing Boundary). Take ¢(«;) = logi and ¢(~;) =i
fori=1,2.3,... and let the twist parameters be arbitrary. This hyperbolic
structure has property (x), because

log(i+1)+i+1 < i

- > - — 00 as 7 — 00
log i log i

and
i+ 1
7

i+1+log(i+1)—logi=1i+ 1+ log

is strictly increasing. Moreover, £(y;) = i is strictly increasing and goes to
infinity. After applying Theorem 5.2, we obtain a family that has boundary
lengths ieP®) forpe V.

Example (Polynomially Growing Boundary). Fix an integer n > 0. Take
U(oi) = i" and £(7;) = "L fori =1,2,3,.... Let the twist parameters be
arbitrary. Then,

(i+1D)"+ @G+

/[:TL

— 00 as 17— 00

and

i+ D)™+ G+ 1) ="

is strictly increasing since —i" is cancelled by one of the terms in the n*
power expansion of the preceeding powers, the rest of the coefficients are
positive, and i > 1. ((i"TY) is strictly increasing and goes to infinity as
i — o0. The family we obtain after applying Theorem 5.2 has boundary

lengths i"ePU").
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Example (Exponentially Growing Boundary). Take ¢(c;) =i and (vy;) =

el fori=1,2,3,..., let the twist parameters be arbitrary. It is clear that

et titl
— > X
2

as 7 — 0Q.

Also, et + (i+1) —i = et +1 is strictly increasing. Thus, this hyperbolic
structure has property (). Since, moreover, £(~y;) = €' is strictly increasing

to infinity, we obtain a family by Theorem 5.2. The boundary components

of this family have length elep(e) = eitp(e’),

5.2.2 Two Families with Fixed Boundary Data

Theorem 5.3. Let S be the flute surface from Figure 3.4. Let ({,s) €
FN(S) be a hyperbolic structure on S with arbitrary twist parameters and
with the property (x). Assume further that £(v;) are bounded, ¢(c;) is strictly
increasing, and that ((cy1) > i - £(a;) is satisfied eventually. Then, there

exists a continuous embedding v : V — FN(S) such that:
i. dy, is not topologically equivalent to dr on T'(u(p)) for any p € V,
ii. «(O) = (£, s) where O denotes the zero polynomial,
iii. The boundary data for «(p) is the same for allp € V,
iv. «(p) and 1(q) are not quasiconformally equivalent unless p = q.

Proof. Let £(c;) = a;. Define ¢ to take p € V' to the hyperbolic structure on
S where the lengths of the core curves are a; - /(%) and where the length of
the boundary components and the twist parameters are the same as (¢, s).

Item ii and item iii are obvious.
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To prove i, we again use Theorem 5.1. Conditions (1) and (2) in Theo-
rem 5.1 follow from the assumption that ¢(a;y1) > i¢(c;). To verify condi-
tion (3) in Theorem 5.1, we need to show that £(7;11)+aj.1eP(%+1) —q; eP(9)
is eventually strictly increasing for any p € V. As ¢(v;) was chosen to be
eventually strictly increasing, it is enough to show that a;4; eP@it1) _ g eP(ai)

is eventually strictly increasing; i.e. for large 1,
ai+2€p(ai+2) _ aiJrleP(aiH) > ai+1€p(ai+1) _ aiep(ai). (5.7)
Dividing each side by a; and rearranging terms, (5.7) is equivalent to

@i+2 ePlait2) _ 202‘4-1 ePlair1) 4 oplai) 5 (.
(073 (073

Since a;1o > (i 4+ 1) - a;+1; we have

Q42 plaiss)_o@it] plasp) ygplar) > T DU+ plasin) _g@i+1 placsn) y olar)
a; a; o a; Qs

The right-hand side can be rewritten as

ai+1 ((’l + 1)ep(ai+2) _ er(ai+1)) + ep(ai)'
a;

We note that it suffices to show that (i + 1)eP(9+2) — 2¢P(@i+1) ig positive,

which is equivalent to saying

eP(ait2) 2

eP(ait1) > i+1

for large 1.
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Consider the function f(x) = e?®). We have

Since the coefficients of p are nonnegative, p’(x) is nonnegative. Note that
P/ (x) = 0 implies that p = O, which is dealt with in item ii. Then, p'(z)
is strictly positive and therefore f/(x) is stictly positive which means that
f is strictly increasing on (0,00). Now, since a; was chosen to be strictly
increasing, we have a;y2 > a;41. As f is strictly increasing, we obtain
flaiv2) > f(aiv1); ie.

eP(ai+2) > eP(ait1)

?

which implies
eP(ait2)

eplai1)
Since Z% < 1, the inequality (5.8) is satisfied for large i. This concludes the
proof of item i.
Finally, we prove item iv. As in the proof of Theorem 5.2, assume
towards a contradiction that f : ¢(p) — ¢(q) is a K-quasiconformal mapping
with p # q.

First of all, assume there exists infinitely many ¢ such that there exists

Ji so that f(a;) Ny, # 0. Then,

U(f(ai)) = (vj+1) + ag+1) — Lay,).

By Lemma 3.3, j; must be greater than or equal to ¢. Since S has property

(%), (vj;+1) + aj+1 — aj, is strictly increasing; therefore we get

U(f(ai)) = (vj+1) + Uag+1) — ag,) = (vipr) + aipr) — €(a;)
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for infinitely many 7. On the other hand, by Lemma 4.1 (Wolpert’s Lemma),

we have

0 () < K - t(ar).
Combining these inequalities and dividing each side by ¢(«; ), one obtains

£(yit1) + @iv1)
(o)

-1< K.

Since S has property (%), the left-hand side has a subsequence which goes
to infinity; a contradiction with the assumption that K < oo.

It follows that for only finitely many ¢ the intersection f(oy) N oy, # 0
for j; > 4; which means that there exists an N € N such that for all ¢ > NV,

fe) = «a; setwise. Then,
a;e? %) = 0(f()) < K - a;eP ).

It follows that
< K.

ep(ai) -
The same computation for f~! gives us

< .
ey = 1

which is a contradiction since either one of p(a;) — q(a;) or q(a;) — p(a;) goes

to infinity while K < oo. O
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Example (Factorially Growing Core Curves). Take {(c;) = V/i! and take
the boundary curves to have arbitrary bounded lengths, for instance take

l(~;) =0 for all i. Now,

(~; , +1)! (~;
(Py+1)+ (2+ ) = (’Yz+'1)+ 1+1— 00 as 17— 00

and

((Yig1) + G+ D) = Vil = 0y + Vil (Vi+1 1),

which is eventually strictly increasing. Hence, this family has property (x).

Moreover, we observe that £(c;) = V/i! is strictly increasing and

ViE+ D! =Vi+1Vil <i- Vil

1s eventually satisfied. Therefore, we obtain a family where all hyperbolic

structures have the same boundary data and the core curves are of length

VileP(ViD) |

Theorem 5.4. Let S be the flute surface from Figure 3.4. Let (¢,s) be a
hyperbolic structure on S with arbitrary s. Assume further that ¢(c;) — 0.

Then, there exists a continuous embedding v : V — FN(S) such that:
i. dy, is not topologically equivalent to dp on «(p) for anyp € V,
ii. 1(O)= (¢, s) where O denotes the zero polynomial,
iii. The boundary data for «(p) is the same for allp € V,

iv. «(p) and 1(q) are not quasiconformally equivalent unless p = q.

For the proof of Theorem 5.4, we need the following result by Liu et. al.
from [14]:
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Lemma 5.5. Let X be a Riemann surface of infinite topological type such
that there exists a sequence of simple closed curves {an}, n=1,2,...,ap €
Yo(X) with limy, o0 x () = 0. Then in the Teichmiiller space T(X), dr

18 not topologically equivalent to dy .

Proof of Theorem 5.4. As before, let £(o;) = a;. Define ¢ to take p € V to
the hyperbolic structure on S where the core curves have length a;e © )
and where the length of the boundary components and the twist parameters
are the same as those of (¢, s).

Once more, items ii and iii follow immediately from the definitions.

To prove item i, one just needs to observe that a;e * @) — 0 whenever
a; — 0; and then apply Lemma 5.5.

Let us show that ¢(p) and ¢(q) are not quasiconformally equivalent unless
p = q. For contradiction, assume f : «(p) — ¢(q) is K-quasiconformal. By

Lemma 4.1 (Wolpert’s Lemma), we have
((f(ay)) < K- () (5.9)

for all 7. Note that there exits N > 0 such that for all i > N, f(«;) is
homotopic to «;, because otherwise, by Lemma 3.3, there would be infinitely
many ¢ such that f(a;) Ny, # 0 for some j; > i and since £(coy) — 0 as

i — 00, {(f(a;)) — oo by Theorem 2.1 (Collar Lemma), which would imply

O(f(eu))
B2

— 00 as 1 — 00,

a contradiction with the fact that K < oco. Now, for any i > N, f(«;)

1
is homotopic to «;; therefore we have ¢(f(a;)) = aie_q(‘Ti) and (ay) =

39



1
aie_p(“_i). If we substitute these in (5.9), we obtain

_o(L (L
aze a(3;) < Kage p(ai)'

p(L

Dividing each side by a;e “_i), we obtain

P -

for all i > N. Carrying out the same computation for f~! instead of f, one

also obtains

)P g

This is a contradiction, since either p(a%) - q(a%) — 00 or q(a%) —p(=) =

00. O
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