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Abstract

Factoring C yclotom ic Polynom ials 

over F in ite F ields

by

Gregory C. Stein

Advisor: Professor Alphonse Vasquez

We examine the problem of deterministically factoring the rth cyclotomic polyno­

mial, <&r{z), over Fp, where r  and p are distinct primes, by looking at the traces of 

the roots of $ r (x) over Fp.

Chapter 1 is an introduction and a brief review of the theory of cyclotomy. In 

Chapter 2 we show how to derive the factors of $ r (z) using the traces of the roots 

of $ r (x) over Fp. We then demonstrate a deterministic algorithm for finding these 

factors in time polynomial in r and logp in the case where $ r (x) has precisely two 

irreducible factors over Fp. In Chapter 3 we construct an algebraic model to further 

explore the results of Chapter 2 and describe a technique for constructing an Fp- 

algebra isomorphic to the Berlekamp sub-algebra of Fp/ $ r (x). In Chapter 4 we use 

some techniques of linear algebra to derive explicit matrix descriptions of some of the 

maps discussed in Chapter 3. We further use these techniques to reduce our problem 

to that of factoring polynomials which split over Fp.
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Chapter 1

Introduction and review

1.1 Introduction

This thesis was originally motivated by a desire to explore the possibility of deter- 

ministically constructing arbitrary extensions of finite fields which involved as little 

arbitrary choice as possible. For this reason we choose to look a t techniques which 

will work ‘quickly’ over finite fields with very large characteristic, techniques which 

will depend only upon the degree of the extension and the cost of perform ing arith­

metic operations in the base field. In so much as constructing an extension of degree 

m  over Fpd, p prime, is the same as constructing an extension of degree md over Fp, 

we shall focus on extensions of prime fields.

In 1990, V. Shoup [SHO] showed that the problem of deterministically constructing

1
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finite fields of order pT can be reduced to that of factoring cyclotomic polynomials of 

prime degree over prime fields. We therefore concern ourselves here with the problem 

of factoring cyclotomic polynomials over prime fields. The case where these two 

primes are the same is covered very effectively by Artin-Schreier theory1 , so we will 

only be concerned with the case where the primes are distinct. We will be most 

interested in the case where p^> r  and in finding techniques which will run in time 

polynomial in r  and log p.

We will be interested in deterministic methods which will be fast, even over very 

large finite fields, and will often wish to analyze how quickly our techniques work. 

In this text the term operations refers to an addition or multiplication over the base 

field. By 0(a) operations we mean that the number of operations is bounded by some 

fixed multiple of a. By a°M  operations we mean that the number of operations is 

bounded by some fixed polynomial in a.

Please note that many extremely fast probabilistic algorithms exist for factoring 

cyclotomic polynomials over finite fields and the techniques presented here are not 

intended to compete with these techniques in running time. For this reason, analyses 

of running times is not as efficient as possible. For more precise running times for 

various operations the reader is referred to [BIN].

1 See, for example, [LAN], p.325, Theorem 6.4 or [SHO] Lemma 2.3.
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1.2 A R eview  o f C yclotom y

Throughout this text we shall apply the results of the theory of cyclotomy to 

explore the relationship between the traces of the rth roots of unity and the factors 

of the irreducible factors of the rth cyclotomic polynomial over finite fields. To this 

end we begin with a brief review of the theory of cyclotomy. This information can be 

found in either Storer [STO], Dickson [DIC], or Myerson [MYE].

In the classical treatment of cyclotomy the following definitions and observations 

are made over Q. Given a prime number, r, positive integers d and m, so that dm =  

7—  1, and a primitive element a  of Fr , that is an element of Fr which generates F*, 

we define the cyclotomy classes

H0 =  

Hx =  { a ,a m+1, a 2m+1, - - - , a (<i- 1)m+1}

: (1-D

Hi =  { a \ a m̂ ',a2m+V --,c*(d- 1)m+i}

Note that Hq is the unique subgroup of F* of order d and that the Hi = a 1 Ho 

are the cosets of Ho in F*. Noting that a m+tHo =  a*#o, we see that we may index 

the Hi with Z/raZ. If we were to use a primitive element other than a  we would
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get precisely the same cyclotomy classes, though perhaps in a different order. Most 

generally we could forget about a  altogether and simply define Ho to be the unique 

subgroup of F* with order d and then, for each a 6  F*, define Ha =  aH  to be the coset 

in ¥*/H q with coset representative a. It will be convenient, however, to be able to 

index these cosets with Z /m Z  and remember that changing our choice of a  permutes 

the indexing of the H .

Given a , we can set up the Hi and then we define the cyclotomic numbers, ( i , j)a, 

i , j  € Z/m Z, to be the number of solutions to

x  -1- 1 =  y

for x  €  Hi, y 6  Hj.  That is, if we set H *  =  {x +  1 | x e  Hi} C Fr , then ( i ,j)Q =  

#(Hi ~nHj ) .  It should be noted that if H[, • • •, H}n_i is the ordering of the cosets that 

we get by choosing a different primitive element, a ', then, if H^ =  H'i2 and Hjl =  ff '2, 

we have (z’i, j i )Q =  {i2 , j 2 )a>- As it will generally be assumed that a specific primitive 

element has been chosen we shall usually supress the subscript on the cyclotomic 

numbers.

An important point to make at this point is that one may find primitive elements 

of F* by trial and error in time r0M (for each 6 € F* simply check whether = — 1, 

roughly log ^  multiplications in Fr at most r  times), that Hi can be computed by 

performing d multiplications in Fr , that H f  can be computed by performing d < r 

additions in Fr , that H f  fl Hj can be found by doing d2 comparisons in Fr , and then
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(i, j )  can be computed by counting to at most d. Therefore all of the cyclotomy classes 

and cyclotomic numbers can be deterministically computed in time r ° ^ .

If we now think of working over some field, F, and let C represent a primitive r th 

root of unity in an appropriate extension field, K, then one defines the periods, U, by

« < = i ;c * " '+‘ =  e c -  (i.2 )
j = 0 aeH i

Noting that =  tm+i we may consider the U to be indexed by Z/raZ.

Although the classical theory of cyclotomy is used to study roots of unity over the 

rationals, all of the basic definitions and theorems make sense and are true over any 

field. In particular, we wish to look at a special application of this theory and some 

of its results over the finite field Fp with the intention of factoring the r th cyclotomic 

polynomial, $ r =  =  1 +  £  +  x2 -F • • • +  xT~l , over Fp, r and p distinct primes.

The elementary theory of finite fields2 tells us that in this case <£r will factor into m  

distinct irreducible polynomials, each of degree d, where d =ord(p, r), the order of p 

in F*, that is, the least integer so that pd =  lm od r, and m  = We now compute 

the cyclotomy classes using this choice of d and m.

As Hq is the unique subgroup of F* with order d, and ord(p, r) =  d, it follows that

Ho =< p > =  {i,p,p2, • • - y - 1} c  f;. (1.3)

Now, it is true that there will be a primitive element, a , of F* with the property that

am =  p and, using this a  we can generate Hi, • • •, Hm-i  as described in the classical
2 See, for example [LED1] or [LID2].
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approach. It will be more convenient, however, to make a more canonical choice. To 

this end, we shall agree to choose a  to be the primitive element of F* with the least 

positive residue and set Hi =  a ’-fiTo, i € Z/m Z. One advantage of this canonical choice 

of a  is that if the primes pi and P2 have the same order mod r, as for instance will be 

the case when pi =  P2 mod r, then the cyclotomy classes and the cyclotomic numbers 

will not only be the same, but will have the same indexing.

Now let £ be a primitive rth root of unity in some extension field of Fp, say F ^ , 

the splitting field of $ r(x) over Fp, then the irreducible factors of <£r (x) over Fp are

a w  =  n >  -  c“v ) =  n  (* -  <“),*• e  z/™ z (i.4)
j —0 a&Hi

and note that in this context the periods

U =  £  C“V  =  E  <*, i €  Z /m Z  (1.S)
j = 0 a&Hi

have the property that U =  tracefp(pi(x)), by which we mean that U is the sum of 

the roots of gi(x) or, equivalently, that U =  tracefp(^“l) or, equivalently, that —U is 

the coefficient of xd~l in gi{x).

Of interest in Chapter 3 is the product formula, relating the periods and the 

cyclotomic numbers, that can be found as a corollary to Lemma 8 on p. 39 of [STO] 

which gives an explicit formula for the product of any two periods as a Z-linear 

combination of the periods by

titi+k = (  +  d6k (1.6)
\h=0 )
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where (k , h) is the cyclotomic number discussed on p.4 and where

/
1, if d is even and k =  0 

=  ' 1, if d is odd and k = m /2  • (1.7)

0 otherwise

Note that in our case the fact that £0 H 1- £m- i  =  —1 allows us to rewrite (1.6) as

m—1
UU+k =  5 3  ~  dOk[ ti+h (1-8)

h=0

which, by replacing k by j  — i, becomes

cyclotomic numbers. All of the following are proved in Lemma 3 on p. 25 of [STO]. 

L em m a 1 1. (i , j ) =  (m — i , j  — i)

t{tj —

m—1

5 [O’ (1.9)
h=0
m —1
5 3  [0 ‘ —i,h  — i) — dQj-i] th.

It will also be of use to include here some of the basic identities concerning the

d even 
d odd

1 d even, i =  0
3- Y/jLo1(i,j)  — d —9i where 0* =  < 1 d odd, i = j

0 otherwise\

1 j  = 0
0 otherwise4- E£LoX (i, j)  — d~Tjj where r}j
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A simple observation we will need later on, but not proved in any of the citations 

above, is the following lemma.

L em m a 2 For d ^  1, in Fr
Z  7 =  0.

y€Hx

Proof: Note that, in Fr

and so

7  =  a1 + a lp + a'p2 H 1- a1pd 2 +  a lpd 1 (1-10)
7

P Z  7 =  alP + a *P2 +  a *P3 "*------ 1* a *Pd 1 +  OL%Pd (^-11)
7 GHi

and, since pd = 1, we have

P Z  7 =  Z  7- (1-12)
7 €#< 76i/i

But d ^  1 => p ^  1 and p and r  distinct primes so p ^  0. Hence 7 =  0.
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Chapter 2 

The coefficients of the factors o f  
the cyclotom ic polynom ial

In this chapter we shall explore the relationship between the traces of the irre­

ducible factors of cyclotomic polynomials and the coefficients of these factors. We 

shall reduce the problem of deterministically factoring the rtk cyclotomic polynomial 

over Fp, p and r  distinct primes, in time r0(-l\  to that of finding the traces of the rth 

roots of unity over Fp. We shall use these results to make some observations about 

the irreducible factors of the cyclotomic polynomial.

2.1 Preliminary definitions

In what follows let r  and p be distinct primes, d =  ord(p, r), m  =  and let a  

be a primitive element of Z /rZ . For i € Z/mZ, define

Hi =  {a \ a{p, • • •, a V " 1} =  a'tfo C Z /rZ , (2.1)

9
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set $ r (x) =  1 +  x H h xr 1 £ Fp[x], the rth cyclotomic polynomial, and let £ be a

primitive rth root of unity in Fpd. For i £ Z /m Z we define

S ( W = n ( z - C V' ) 6 Fp[*] (2-2)
fc=0

and note that these are the irreducible factors of $ r (x) over Fp. For i £ Z/rnZ define

=  (2.3)
k=Q

the trace of gi(x) over Fp.

2.2 A combinatorial result

In this section we show that we may compute, in time r0(-l\  each of the coefficients 

of the gi(x) in a specific way as Z-linear combinations of the U without knowing, a

priori, the arithmetic structure of Fpd, the factorization of <E>r(:c) over Fp, or the

values of the U as elements of Fp. To accomplish this we first make a combinatorial 

observation.

Given p and r, distinct primes, let a  be a primitive element of Z /rZ  and let d,

m  and the Hi be as defined as in the previous section. Rather than work in Fpd, we

shall work in 71, where 71 =  Z[F]/(Y r — 1). In 7Z define the counterpart of U to be

d- i
Vi = Y . Y alp\ i e Z / m Z  (2.4)

fc=0

and the counterpart of gi{x) to be

d~\
M x ) = n  (x  - Ya,pk) >1 e  z / m z  (2-5)

fc=0
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in TZ[x\.

Lemma 3 There exist unique integers, {a^Ltgz/mZ and {/^u)}u6z/mZ, which can
sGL/dZ s&Z/dZ

be computed deterministically in time r 0^  so that the coefficient of x3 in f u(x) is

(2.6)

We postpone the proof until we have made some observations.

Note that, as Y r =  1 in H, we may view the exponents of Y  as elements of Z /rZ . 

Therefore each f u € H  has a unique coset representative which is a polynomial in x  

of degree d whose coefficients are (r — l)at degree polynomials in Y  over Z.

Let S  be the collection of all cardinality I subsets of Z/dZ. Expanding (2.5) 

formally, we can write the coefficient of x d~l in f u(x) as

( - 1)* £  y « “(p‘l+-+i»i') (2.7)

and note that there is a one-to-one correspondence with the summands in (2.7) 

with the elements of S. We define an equivalence relation on S  by

{ti, • • •, i/} ~  {ii +  k, • • •, ii +  fc}, k £ Z /dZ  (2-8)

and note that under this relation no partition contains more than d elements. Now 

let <Si C S  be the union of all partitions containing precisely d elements of S  and 

let S2 C S  be the union of all partitions containing fewer than d elements of S. In 

addition, let
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=  {{*!> •••>*/}€ 5i | pn H hp '1 =  0 modd} (2.9)

r 2 =  Si — Ti

and we now observe that if pn • • • 4- p*‘ = 0  mod r, then pu+fc +  • • • +  p‘l+fc =

That is, if {*i, — ,ii} ~  { jx, • • • , ji} then {»!,••• ,ii} € Tx (or T2) if, and only if, 

0 'i, • • • ,ji}  G T\ (or 72, respectively). Therefore we may write Tx =  Px U • • • U Pni and 

%. =  Q \  U  • • • U  Q n2, disjoint unions, where the P* and the Q i are partitions under 

the equivalence relation. Further note that S  = TX\JT2 \JS2 where Tx, T2 and S2 are 

pairwise disjoint. We may now rewrite (2.7) as

P ro o f  o f 1): {ix, • • • it} G P* =>• p*H FpIf =  Om odr =£■ y aU(p,1+-+p‘l) =  1. Since

# (P t)  =  d, it follows that

pfc(pn +  • • • +  p‘‘) = 0  mod r  and conversely, since pk ^  0 mod r, and r  is prime.

L em m a 4 Pk, Qk o.nd S 2 as above, then

*• £ f i = d-

2- = u,, aiAere p!> + --------------------------h pf| g H,

3- = # ( * ) .

£  y«-(p'.+ .+p‘0  =  £  1 = #(P t) = d. (2.11)
{»i,—»i}ePfc
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P roof of 2): Say

Qk =  {{*1, • • • ,ii}, ■ • •, {*i +  {d — 1), • • • ,ii +  (d — 1)}} (2.12)

then {ii, • • •, it} £ Qk => p* + • • • + p{‘ ^  0 £  Fr =b a*(p>1 + • • • +  p7') ±  0 £ Fr .

Therefore there exists efc, 1 < e* <  m -  1, so that pil ------bp1' =  aekpl €  Hek,

hence pu+n H 1- pH+n =  aekpn+l € Hek so

£  Y * V l+~ * ') =  £  y ““+efcPn+' =  £  r “u+efcp" =  <wefc. (2.13)
{*i,-*i}e<3fc n=o «=o

Proof of 3): If {ji, • • •, j*} £ «S2 then there exists n  £ Z/dZ — {0} so that { jx, • • •, j t} ■■

{ji + n, • ■ •, ji + n} £  S 2, hence p71 H 1- pjl =  (p71 H bp7') ? ” £ Fr , but

pn ^  1 or 0 mod r, so p71 H bp7' =  0 mod r, hence ^ “(p71 H bp7' ) =  0 mod r,

and therefore y Q“(p,1+-+p,<) =  1 g i? so

£  =  £  1 =  # (S 2) (2.14)
{ii,-ii}e>S2 (ii,—iz}e«S2

and the lemma is proved. ■

We are now in a position to prove Lemma 3

P roof of Lemma 3: If we now let ccj^l t be the number of the Qi, ■ • •, Qm from 

Lemma 4 so that E{tl,-i,}eQfc y “uh,‘1+" +p‘') =  vt and let equal # (5 2) + dn2 

then, referring to Lemma 4 and (2.10), we have that the coefficient of xd~l in
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f u(x) is

+ E  Y aU{pil+'-+pil) (2.15)

fc=l {u,—»'i}SQfc

where the s in the next to last expression is the s such that pn H------1-pil e  H3- u.

To see that these integers are unique it suffices to note that 1, vq, • • •, um_i 

each have unique coset representatives in 72. that are polynomials in Y  with 

coefficients in Z  with degree no more than r, and that no two of these share 

terms of like degree, and therefore linearly independent in Q[Y ]/(yr —1), viewed 

as an r-dimensional Q vector space, therefore unique in 1Z = Z \Y \j{Y r — 1), 

which can be thought of as sitting inside of Q[Y]/(Yr — 1).

All that remains is to show that these coefficients can be computed in time 

r ° ^ .  Recalling from the paragraph following (2.6) that the fi(x) can be viewed 

as (Ph degree polynomials in x  whose coefficients are (r — l)s£ degree polynomials 

in Y, the results of Lemma 4 show that a .^  is the coefficient for vt in the 

coefficient for Yu in the coefficient of xs. We now demonstrate a technique for 

expanding (2.5). Note that this method differs from the one in Lemma 4.
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Let

w i u)(x) = n  {x -  y “v ) ^  raw  (2.16)
fc=0

and note that / u(x) =  (x) and that

w £l(x) = w?u)(x) (x -  y QUpi+1) =  iW -”1 (x) -  r QUp,+lw i(u)(x). (2.17)

For any i E Z/dZ, W/“^(x) is a polynomial in x of degree at most d < r 

with coefficients which are polynomials in Y  of degree at most r. Note that 

the coefficients of these polynomials in Y  are integers bounded above by the 

a $  which are in turn bounded by #(<S) =  ^  < 2d. Computing W/“|(x) 

from W iU\ x )  as suggested in (2.17) we see that computing xW}u\ x )  involves 

increasing each exponent of x in W-U\ x )  by 1, 0 (r)  operations. We then 

compute Y aUpt+lW iU\ x )  by multiplying each of the polynomial coefficients of 

Wl;u\ x )  by Y aUpl+1 which involves at most d-r additions modulo r, or 0 (r2 log r) 

operations. Finally, computing x W ^ (x) — y “uP,+1 (x) involves at most d-r

additions of integers bounded by 2d, or 0 ( r 3) operations. As this process is 

repeated d times we see that an upper bound for the computation is 0 ( r 4) 

operations. This completes the proof of Lemma 3. ■

Before specializing to finite fields, we make the following observation concerning 

the cyclic behavior of the coefficients in the Vj expansion of the coefficients of the fi. 

Lemma 5 For i , t  E Z/m Z, s E Z/dZ , =  f3 ^  and
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Proof: Let /,-(x) =  flfc^o ~  Y°‘Xpk') G 72-[x] as in (2.5). As in (2.10) we get that the 

coefficient of xd~l in fi(x) is

/ni+n2 . . . .  \
( _ ! )  y«*p'1+-+tt,p*1 ^  y o y i + - + a y i  j (2.18)

\  fc=l {u>—«i}sPfc {ii.-«Ji}€Sa /

where <S2 is as in Lemma 4 and here the Pit run through all of the partitions in

Si. Again, if efc =  p11 H hp '1 mod r  for some one of the {ij, • • • it} G P* then

we have

d-l d-l . .
y* ya'p^H hq̂ 'i _  yefca‘pu _  y a “(p‘i+“H l-p,,+u) ^  19)

{ti,-i,}ePfc u=o u=o

If efc =  0 G Fr then (2.19) is precisely d. Otherwise, we have that

{efca \  efca ‘p, • • •, e j ta y -1} =  Hs+i (2.20)

where e =  a3pl G P s, some i, hence (2.19) is us+i. If { j i ,  • - • ,ji}  G 5 2 then, 

as in Lemma 4, Efcv-jdeSa Y a'*il+'"+c‘lpil =  #(«S2). So certainly f tp  =  $ 0). 

Now, is the number of partitions which yield vt+i and these are the same

partitions which yielded vt in the coefficient of xd~l for f ( x ) .  So a£l+, =  ct^t,

(0 (0) m  or a j j  =  a 3,t-i- ■

The following version of the preceding lemma will prove useful later on. 

Corollary 1 For i, t, k G Z/mZ, s G Z/dZ ,

/3« =  /3«, a g _ t =  a i r  and a g  =

That is, if  the coefficient of x 3 is

A0^0 +  +  A2£2 +  • • • +  A m -2 ^ m -2  A m —l^ m —1 + /? in po (2-21)
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then the coefficient of x a is

Am—1*0 "h Aô t "1“ Aj^ "h Am_3im_2 -t* Xm—2tm.~l + 0  in gi 
Am—2̂ 0 "t“ Am—1̂ 1 "1“ Aq̂ 2 "h ' * • "F Am—4̂ m—2 7̂71—3̂771—1 +  /3 in g2

Am—3^0 +  Am—2̂ 1 +  Am-1^2 H +  Am- 5^m- 2  +  Am- 4^m-l +  0 in 03 (2.22)

A]£o +  A2£i +  A2t2 H F Am-i^m-2 +  Aoim-i +  0 in gm- 1-

Proof: That /?W =  js immediate from Lemma 5. To see that =  ct[1̂

simply observe that from Lemma 5 and using t — k in place of £, we get a^]_fc =  

^ S - i-k  and, by replacing i by i +  k, oc{£ k) =  To see that

note that a£] =  =  a $  and, by replacing i by i -F k, and replacing t by

t +  k a {i+k) -  o (0) -  r*(0) ■E 1- K, aa t+k — «Sit+fc_(t-+fc) — «s,£-i- ■

We now wish to restate Lemma 3 for our situation. That is, working over Fp 

rather than 1Z.

Theorem 1 There exist subsets of Fp, \ a ^ \ u,t&z/mz and {/?i“ }̂uez/mz, which can
s&Z/dZ sel/dZ

be computed deterministically in time r ° ^ \  so that the coefficient of xs in gu{x) is

(- l ) i - . ^ W + g QMf .V (2.23)

Furthermore, we have that for i, t, k € Z/m Z, and s 6  Z/dZ,

0®  =  #°>

=  a j t - i

0(0 =  $<0

„<‘> _  „<<+*>as,t-k — Syt

a s,t ~  as,t+k-
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Proof: To prove the existence and to compute the and 0 ^  we simply reduce, 

mod p, those integers discussed in Lemma 3, Lemma 4 and Corollary 1. When 

replacing Y  by £ and computing over Fp we need only compute some of the 

additions modulo p, thereby replacing one factor of r  in the time bound by a 

factor of log p, thereby giving us a time bounded by a polynomial in r 3 and 

log p. Please note that if p »  r, in particular, if p > 2d, then, since these 

coefficients never exceed 2rf, we may perform the additions as before without 

reduction modulo p. Hence, the number of operations needed to compute the 

0$  and (3^  is bounded by a fourth degree polynomial in r. ■

It should be noted that since 1 =  ~ t0  — t \  — we may rewrite (2.23) as

( - 1)d—s m— 1

L i=0
(2.24)

allowing us to write the coefficients of the 9i(x) as homogeneous linear polynomials 

in the t{. If we now define

(2.25)

then we see that the coefficient of xs in gu(x ) is

( - 1)
m-1
E

Li=0
(2.26)

We may further observe that, as a result of Lemma 5 and Corollary I, we have, for i,

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



19

£, k G Z/m Z and s G Z/dZ,

«'? =  e ,

4 1 *  =  4 +t’ (2.27)

43  =  4 1 1

Please note that in the statement of Theorem 1 we have lost the uniqueness portion

of Lemma 3 and that, as t0  -\ h £m_t =  — 1, the and will not be unique.

However, we shall see in Chapter 4 that, subject to (2.26) and (2.27), the <5’s are 

unique.

One remark that should be made at this point is that in the computation of the 

and the p itself has only been used to determine the cyclotomy classes 

Hq, • • •, H-m-x in Z /rZ . Therefore, if px and p>i are primes with ord(px, r) =  ord(p2, r ), 

in particular, if pi = p? mod r, they will generate the same cyclotomy classes and 

in the same order, assuming that the same primitive element, a , for F* was used. 

Hence, aside from the reduction mod p\ or P2i the a ^ \  0 ^  and 6 ^  will be the same 

for both pi and P2 and that, if both of these primes are > 2 d, we need not even 

concern ourselves about this reduction. It should also be remarked that replacing 

the primitive element, a, of F* by any other primitive element will also generate the 

same cyclotomy classes, though possibly in a different order. That is, if pi and P2 

are primes with the property that ord(pi,r) =  ord(p2, r ), then the cyclic subgroups
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< Pi > and < P2 > of F* are the same (since F* has only one subgroup of order d) 

and will therefore have the same cosets as well. If we let Ho = <  pi > = <  p2 > and 

let a  be any primitive element of F* and define Hi =  a 1 Ho, then we may duplicate 

the results of Theorem 1 and find identical representations of the irreducible factors 

of $ r (x) over FPl and F^.

Exam ple Let p = 31 and r  =  19. We find that d =  6 , m =  3, choose a = 2 and let 

C represent a primitive 19t/l root of unity over F31. From this we compute the 

cyclotomy classes

Ho = {1,12,11,18,7,8}

Hi =  {2,5,3,17,14,16}

H 2 =  {4,10,6,15,9,13}

and the cyclotomy periods

to =  c  +  c 12 +  c u  +  c 18 +  c 7 +  c 8 

t i  =  c 2 +  c 5 +  c 3 +  c 17 +  c 14 +  c 16

h  =  C4 +  CI0 +  C6 +  C15 +  C9 + C a ­

using the techniqes from Lemma 3 we arrive at the following table that describes 

the coefficients of the powers of £ for each power of x. The number in row xs

and the column C is a $  and the number in column 1 and row x 3 is
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Ho Hi H2

1 C c 12 c 11 C18 c 7 c 8 C2 c 5 c 3 c 17 c 14 c 16 c 4 c 10 c 6 C15 c 9 c 13

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

X2 3 1 1 1 1 1 1 0 0 0 0 0 0 1 1 1 1 1 1

X3 2 2 2 2 2 2 2 1 1 1 1 1 1 0 0 0 0 0 0

X4 3 1 1 1 1 1 1 0 0 0 0 0 0 1 1 1 1 1 1

X5 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

X6 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

hence

go — x® — £qx5 4- (3 +  £o 4~ £2)2̂  — (2 4- 2£o 4- £i)x3 4- (3 4~ £o 4- £2)x2 — tox +  1 

and by Lemma 5 we have

gi — x® — t ix 5 + (3 4 - 1 \ 4- to)x4  — (2 + 1\ 4- 2£2)x3 + (3 4*t\ +  £o)x2 — t\x  4- 1 

92 =  x® — £2X5 +  (3 +  £2 +  £i)x4 — (2 4* £2 4- 2£o)x3 +  (3 +  £2 +  £i)x^ — t^ x  +  1.

Alternatively, using the characterization in (2.24), we get

go =  x® — £oX3 — (2£0 4* 3 £ i +  2 £ 2 )x 4 +  ( t \  +  2 £ 2 )x 3 — (2£o 4~ 3 £ i 4- 2 £ 2 )x 2 — £ox 4* 1

9 \ =  x^ — t \ X ^  — (2£0 4" 2£x 4- 3 £ 2 )x 4 4" (2£o 4- £2 ) x 3 — (2£o 4- 2 £ i 4- 3 £ 2 )x 2 — t \ X  4~ 1

92 =  x® — £2x 5 — (3£q 4“ 2£x 4* I t - ^ x 4 4~ (£0 4* 2£i)x3 — (3£q 4~ 2£̂  4~ 2t2)x2 — £2X 4~ 1.
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Recalling the remarks immediately preceding this example, we see that we 

may replace p =  31 with any prime, p, so that ord(p, 19) =  6, and we will get 

precisely the same results. ■

2.3 Further Results

An immediate consequence of Theorem 1 is that if we already know the traces 

of the irreducible factors of $ r (z) over Fp, in the appropriate order, then we may 

determine these factors. However, if we simply know what the traces are, then, 

although we can arbitrarily denote any of these traces as to, there are (m— 1)! possible 

orders for the remaining ones. We shall see in Section 3.3 a technique which will allow 

us to compute the factors of the irreducible factors of $ r (:r) in time r 0 1̂) given the 

traces of the gi(x) and that, in many cases, knowing a single one of the traces will 

allow us to generate the others in the appropriate order in polynomial time. For now 

though, we may state some nice results which do not depend upon knowing any of 

the traces. The first1 solves the problem of deterministically factoring in time

r o(i) jn thg case where m  = 2. We shall also see a technique for computing the sum 

of the gi(x) and some results on symmetries which occur among the coefficients of 

the gi(x).

1 This result first appeared in [STE].
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2.3.1 The Case m  =  2

In this section we shall see, using the techniques from the previous sections, that we 

may deterministically compute the complete factorization of $ r(x) in time (r logp)°(1) 

in the special case where m  = 2. We shall also see some applications to constructing 

field extensions of Fp.

T heorem  2 Given p and r primes, with ord(p,r) =  — , then we may factor $ r (^), 
the rth cyclotomic polynomial, over Fp deterministically in time (rlogp)0(-l\

As a result of Theorem 1 it suffices to compute the traces to and t \ . Note that 

if p = 2  then, since *o 4 - *i =  —1, we must have that, without loss of generality, 

*o =  0 and *t =  1. So assume p ^  2  and consider the polynomial (x  — to)(x — t^) =  

x 2 -  (t0 +  ti)x  +  £0£i = x 2 + x + toti. Hence

( o ( i  _  - l i v r ^ w r  (2 28)

We first need to make the following observation.

Lemma 6  p, r, to and t\ as in Theorem 2, then

i * I  r  r - 1  mod 4 , .4£0£ i - j  _r r  =  3m od4  • (2.29)

Proof: From Lemma 8 on p.38 of [STO] we have that

*o*i =  ( 1 , 0)*o +  ( I ,  l)*i +  d9 (2.30)

where (1, 0) and (1, 1) are cyclotomic numbers and where

6  =
0 for d even

1 for d odd
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If r  =  1 mod 4, then d is even, so 9 =  0 and, by Lemma 6 on p.30 of [STO], we 

have (1, 0) =  (1, 1) =  |  hence

r  — 1
1 -  4t0*i =  1 - 4 (*o +  *i) =  r. (2.31)4

If r  =  3 mod 4, then d is odd, hence 0 = 1 , and, again by Lemma 6 on p.30 of 

[STO], we have (1,0) =  (1,1) =  hence

'r  + 1 '
1 -  4*o*i =  1 - 4

r  — 3 . , r  — 1
(*o +  *i) H x—L 4

R. Schoof recently showed [SCH] that if ± n  are quadratic residues modp then 

\ f± n  can be deterministically computed in Fp in time (|n| logp)^1). Since *0 and *L 

exist it follows that ± r  are quadratic residues modp and so ^/±r can be determinis- 

tically computed in time (r logp)0^ .  This completes the proof of Theorem 2.

Shoup showed [SHO] that if we may factor $ r (ar) over Fp, then we may deter­

ministically construct an r th degree extension field of Fp in time polynomial in r  and 

log p. Further, if the prime decomposition of n  is q\l ■ ■ ■ qlk, and we may construct 

extension fields of orders q\, • • •, qk then we can construct an extension field of order 

n deterministically in time polynomial in n and log p. In the same paper Shoup shows 

how to construct extensions of degree 2. This, combined with Theorem 2, proves the 

following theorem.

T heorem  3 I f  n is a positive integer with prime decomposition 2eq\lq^ ■ ■ • qlk, where 
ord{jp,qi) =  2̂ - ,  i =  0, • • •, fc, then we may deterministically construct an extension 
field of order n over Fp, p prime, in time .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



2 .3 .2  T h e  s u m  o f  t h e  gi (x)

25

In this section we see how to compute the sum of the irreducible factors of the 

cyclotomic polynomial.

We combine the results of Theorem 1 and Lemma 5 to prove

Lem m a 7 Given p and r, distinct primes, then we may explicitly compute 
go(x) +  ••• +  gm-i(x )  € Fp[x], the sum of the irreducible factors o f the rth cyclo­
tomic polynomial, in time r°^K

Proof: Adding the coefficients for xs from Theorem 1 we have

m —1 \  m —1 m —1 f m — 1 >

£  ( f t *  +  £  <4“’M  =  £  f t *  +  £  ( £  < £ ’*<
m—1
£
u=0 7=0 u=0 u = 0  \ t = 0

(2.33)

now, using Lemma 5, we have that (2.33) equals

m —1 f m — 1 \  m — 1 f m — 1 \

™/3‘0 ,+  £  £ “ S U  =  "*0?” +  £  ( £  “ S L a  =
u=0 V t=0 /  1=0 \  u=0 /

m —1

+ £
1= 0

fm—\
*• (£ <*SSL

,u=0

rn-1
=  r n f tV + Y ,

1=0

(0)a
vC=0

(m —1 \  f m —1 \  f m — 1 \

£  “S )  ( £  M = mf t*  -  ( £  “S )  ■
a=0 I  \  t=0 /  \  a=0 /

Theorem 1 proves that the and (3^ may be computed in time r0(-l\

Exam ple: From the example on p.20 we get that the sum of the factors of $ i9 (x) 

over Fp for any prime p with ord(p, 19) =  6 is
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3x6 — (to + 1\ +  t2)x5 +  (—'7to — 7t\ — 7t2)xA — (—3io — 3ti — 3t2)x3 

+ (—7to — 7t\ — 7t2)x2 — (to + 1\ +  t2)x +  3 

=  Zxe + x 5 +  7xA — 3x3 +  7x2 + x + 3 .1  

2.3.3 Som e results on th e  coefficients of th e 9i {x)

We now wish to demonstrate some symmetries which occur among the and 

the We begin by comparing the coefficients of x l and xd~l.

Let <5 be the collection of all I element subsets of Z/dZ and S' the collection of 

all d — I element subsets of Z/dZ. Let ip : 5  —► S ' be the bijection ip(I) = I c , the 

complement of /  in Z/dZ. Define an equivalence relation, ~ , on both S  and S ' as 

in the proof of Lemma 3, that is, {A, • • •, ii} ~  {A +  k, ■ ■ •, +  k} , k 6  Z/rnZ, and 

note that for I i , I 2 G S  we have

A ~  A ^  ^(A) ~  vKA)- (2-34)

Let Si be the subset of S  consisting of all elements belonging to equivalence classes 

with d elements and S 2 the set of all elements of S  belonging to equivalence classes 

with fewer than d elements. Similarly define S( and .Ŝ , subsets of S'. Let Px, • • •, Pt 

and P(, • • •, be the equivalence classes contained in «Si and S[ respectively. By 

(2.34) we see that <p(Si) = S(, and <p(S2) = S 2, that w =  t, and that, with the 

appropriate ordering, <p(Pk) =  <p(Pfc), 1 < k < t. Recalling (2.18) we note that in
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fi{x) the coefficient of xd~l is

( - ! ) ' ( £  E  y a<(p‘1+ - +p<1) +  £  y « ‘(p,'i + - + p ,«) j  ( 2 3 5 )
\fc=i {ii,--,»i}ePfc /

and that the coefficient of x l is

(_ !)< *-* (£  £  Y ai(pil+l+" +pid) + 52 r Qi(p,,+l+ -+P,d) ] . (2.36)

Recall that is the number of Pk in (2.35) that yield vt, that a^}l t is the number 

of in (2.36) that yield vt and that =  # (£ 2) +  d(the nmnber of equivalence 

classes from (2.35) which do not yield any vt) and that =  # ( 62) +  d(the niunber 

of equivalence classes from (2.36) which do not yield any vt).

Lem m a 8  d even, then, for s G Z/dZ, i, k G 'L/m’L, we have

/ f  =

o ff =  4 V

Proof: Note that (pd/2  ̂ =  1 G Fr . Since ord(p, r) =  d, it follows that pd ^ 2 ^  1,

hence pd / 2 =  - 1  € Fr . Now, if d is even, then d/2 G (0,1, • • •, d} c F r . More

generally, for A; =  0, • • •, |  — 1, we have

a lpk =  —QLipd/2+k G Fr . (2.37)

That is, in Hi =  {a*, a lp, • • •, a lpd) C F* we have

a 1 = —alpd/2, a lp = —a lpd̂ 2+l, • • •, a lpd̂ 2~l =  —alpd~l . (2.38)
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Therefore

7  € Hi & - 7  e  Hi (2.39)

and, recalling Lemma 2,

£ 7  =  0. (2.40)
7 etfi

Let I  =  {ii, • • • ,i/} G S  and I c  =  ,id} € S'. From (2.40) we have

that, since H0  =  {p°,p,p2, • • • ,pd_1} and {ii, • • • , id} = {0,1, • • • ,d  -  1} ,

pn H Fp1' = -(p ,,+l H F pld) G Fr. (2-41)

Now, if /  =  {ii, • • - ,z/} G S2, hence / c  =  {ij+i, • • • and pu -\ Fp1' =  0,

then p*'+i +  • • • + p *  =  0 so y pil+" +pil =  yp‘,+1+-+Pid = 1 e  P., therefore

£  r pu+-.+P“ =  ^  YPu+i+...+pid =  ^  ^

Similarly, if {ij, • • •, it} e Pk and p*1 H----- (- p1' =  0 G Fr , then

£  ypil+•••+?*' =  £  Y pil+1+- +pid =  # (P fc). (2.43)
{*l»—.*/}€/% {»l+l.—.*d}6P̂

Lastly, suppose {zj., •**,«/} G Pu, and ph H--------F ph =  e„ ^  0 G Fr , then

ew G P s, where =  a spl G Fr , some i. Further note that ew = pil + ■ • ■ + pH

implies ewpu = ptl+u-\ Vpn+U and that, by (2.39), we have Hs =  {ewpu}*Z}0 —

{—eVJpu}*Zl ■ Referring now to (2.13) and (2.37),
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d-l d- 1yp‘i+...+p*t _  y  ypH+“-|-.-f.p»l+“ _  y '  y eu,pu
{*1i—*i}€Puf u=0 u=0

d-l d—l
_  y^ Y ~ ewpU =  y-[p,|+i+-+p<*'i

u=0 u=0
d-l

=  y ^ y p u[p‘‘+l+•••+?*<'] (2.44)
u=0
d-l

_  yp‘1+l+uH—l-p'<*+u
u=0

_  y^  ypil+l+...+pid

and noting that Hu=o Y £wpU = va, we see that Pw yields vs if, and only if, P'w 

yields vs.

Since is the number of the Pw which yield vk and k is the number of 

P^ which yield vk, it follows that a^) =  a f l l>k. Further, (2.42) and (2.43) show 

that =  0^2i- Combining this result with Lemma 5 we have

A(,)= A (0) = /3d-i= /?d-i (2.45)

and

«,(*) — q,(0)__ _/v^____ _/yW (Q dfi'ialk ~  al,k-i ~  a d-l,k-i ~  ad~l,k I-*-4'3]

which completes the proof of the lemma. ■

Noting now that the coefficient of xl in gu{x) is

( m—1 \
Pi +  E  c t f t A  (2.47)
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and that of x d~l is

( m—1 \
$ -1  +  E  (2-48)

then, since d even implies d — l — l mod2, hence (—l)d-i =  (—l)i, Lemma 8 immedi­

ately yields the following corollary.

Corollary 2 Ford even, the coefficients of the gi(x), the irreducible factors o /$ r(x), 
0 < i < m  — 1, are symmetric. That is, the coefficient of x l equals the coefficient of 
x d~l.

As an example, note the results of the example on p. 20.

For the case where d is odd we have a similar result with a similar proof.

Lem m a 9 d odd, d ^  1, then, for s € Z/dZ, i, k  (E Z/mZ, there exists a € Z/m Z so 
that

=  flS?’
a (0 _  n,(*+a) alk ~  ad-l,k-

Proof: First note that, unlike the case for d even, if p3 = —1 mod r, 1 < s < d — 1, 

then d divides 2s. But d odd, so d divides s, but 0 < s < d, a contradiction. 

Therefore there exists an a € Z /m Z — {0} such that —1 € Ha, that is, —1 =  

aaph m odr for some 0 < h < d — 1. So we have

tfo =  { i ,p ,p V -- ,p ' i- 1} c F ;  (2.49)

and

Ha = { a y , a aph+1 , a aps+1, • • • ,aaph+d~l ) C F; (2.50)
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and, for 0 <  k < d — 1,

Pk = —aaph+k e  f ; .  (2.51)

In particular,

7  € H0 <$> —7  E Ha.

Let I  =  {ii, • • •, ii} E S  and 1° =  {ii+i, • • • ,id} £ S'. Working in Fr , from 

(2.51) we have

pil +  • • • +  pil =  -  (aaph+il +  • • • +  aaph+il) (2.52)

and from Lemma 2 we have, since Ha =  jo a, aap, • • •, a apd-1|  and

{/i +  z’i, • • •, h -+- id} =  {0,1, • • •, d — 1} , (2.53)

that

a*ph+ii +  . . .  = _  (aaph+il+1 +  • • • +  a V +*d) (2.54)

hence

pil +  • • - +  pil =  aaph + it+ 1  + ■ • • 4- aaph+id. (2.55)

If {^i, - - *, i;} € S 2 , then pn +  • • • +  pli =  0, so a apfc+*«+» +  ■ • • +  a ap/l+,d =  0

hence (aap,,+l H F a aptd) =  0 and finally, since a “p/l ^  0, aapll+l H------------- F

c f jh  =  0. So we have Y p'1+~+pH =  y p ^ + '-H *  =  1 e  71 and so

£  y P<i+-+Pi< =  £  y Q“(p'1+1-i Hp'd) =  # ( 52). (2.56)
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Similarly, if • • • , ij} €  P* and p*1 H h p’1 =  0 € Fr , then

^  y p i 1 + ...+ p W  =  £  y a - ( p <l + X + . ~ V * ‘ )  =  ^ ( P fc) ,  ( 2 . 5 7 )

{ U r - ( i t + l i —,ii}€P̂

Lastly, suppose {*i, • • •, k]  € Pw and pn +  • • • +  p*' =  e™ 7̂  0 € Fr , then

e*, € Hs where ew = aspl e  Fr , some i, and we have

d - l
vs =  '$ 2 Y epU = Y pH+- +pH

U=0 {ii,~,ii}€P®

_ £  y a“ph+ii+i+-+a“p/l+̂  (2.58)
{*1+1,—.i<i}€P4,

__ \ p  y-(aVl+l+-+Q°Pi<1)
{*1+1,—.irflePi,

So Pw, thinking of go(x), yields v„ if, and only if, P^, thinking of ga(x), yields

v3. Since a j^  is the number of the Pw from g(Q)(x) which yield vk and a^}lk

is the number of P^ from ga{x) which yield vk, it follows that 0$  = ot£llk . 

Further, (2.56) and (2.57) show that j3[0̂  =  j3 ^ .  Combining this with Lemma 

5 we have

$ i ) = A <0) =  / tS = < C +“) (2.59)

and

JO  _  ,J0) _  J«) _  J ‘+a) ( O  fin)Ik ~  a l,k-i ~  a d-l,k-i ~  a d-l,k

which completes the proof of the lemma. ■

Noting now that the coefficient of x l in gu(x) is

(- l)"1- ' ^  «!“>(,) (2.61)
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and that of x d 1 in gu+a{x) is

(2-62)

then, since d odd implies d — I ^  I mod2, hence (—l)d~l =  — (—1)*, Lemma 9 imme­

diately yields the following corollary.

C orollary 3 Ford odd, d ^  1, there exists a Z/mZ, not zero, so that the coefficient 
of xl in gu(x) equals the negative of the coefficient of xd~l in gu+a(x )-

Note that the case d =  1 is the case where the degree of the irreducible factors of 

$ r (x) is 1, that is, $ r(x) splits completely over Fp, and that Lemma 9 and Corollary 

3 are certainly not true in this case.
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Chapter 3 

An Algebraic Approach

In this chapter we use many of the results of Chapter 2 to create algebraic struc­

tures to study the role of the traces of the irreducible factors of the cyclotomic poly­

nomial.

3.1 An Fp-algebra

In this section, using the traces and their relations as a guide, we shall construct 

an Fp-algebra which is isomorphic to the Berlekamp sub-algebra of Fp[x]/$r(x).

Let us suppose that we have distinct primes, p and r, that d = ord(p, r), m  =  

that we have chosen a primitive element, a , of F*, and that we have constructed 

Hq, • • •, Hm- i as outlined in Section 2 .1.

Let K be a splitting field for $ r (x) over Fp and let £ be a primitive rth root 

of unity in K. We know that $ r (x) factors into the m (Ph degree polynomials, 

£?o(£), • * * irreducible over Fp, as in Section 2.1. Recall that the Chinese

34
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Remainder Theorem1 gives an isomorphism between Fp[x]/$r (x) and the direct sum 

of splitting fields for 4>r (x)

<p : Fp[x]/$(x) =  Fp[x]/p0(a:) © • • • © Fp[x]/0m_!(x) (3.1)

by

f ix )  +  ($(x)) ■-» (/(x) +  (flb(*)), • • •, f(x )  + {gm^(x ))) .  (3.2)

In order to minimize confusion let us agree to represent elements of Fp[x]/$(x) by 

the unique coset representative modulo $ r (x) which is a polynomial of degree less than 

r — 1. Similarly, let us agree to represent elements of Fp[x]/^0(^)©- • •©Fp[x]/0m_i(x) 

by an m-tuple of polynomials whose i th entry is the unique coset representative mod­

ulo <7,(x) which is a polynomial of degree less than d.

Recalling the relations from the product formula, (1.8), let {T* | z € Z/mZ} be 

indeterminates and define R  C FP[T0, • • •, Tm~ i] to be the ideal generated by the set

771—1

{TiTi+k — ^  [(£, h) — d9k]Ti+h | i , j  G Z/mZ} U {1 -F Tq +  • • • +  (3.3)
h=o

where (k , h) is the appropriate cyclotomic number and 6 k is as defined on p.6. Now 

we define the quotient ring

FP[T] =  Fp[7o, • • •, Tm-i)/R. (3.4)

We may think of FP[T] as the m-dimensional Fp-algebra of homogeneous first degree

polynomials in 7o ,---,T m_x where the ring action is given by the relations in R,
1 See, for example, [LAN],
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relations that are designed to mimic the relations given by the product rule for the 

periods in the theory of cyclotomy.

Let K be any splitting field for $ r (x) over Fp and define the polynomials

d - l
Ti(x) =  5 > “,p’ €K[x]. (3.5)

i= o

Now suppose that £ is any primitive r th root of unity in K. Once again, for i 6  Z/raZ, 

define the polynomials

9i(*) = f f  (x ~  CqV ) e  FPN  C K[x] (3.6)3=0

and the traces of these polynomials

d - l

U = Y l C ' p3 e F p C K . (3.7)
j= o

For i, k € Z/m Z we compute, for any I € Z/dZ,

u  coV) = E (cv)Q,pJ
3=0

=  E  (C “*+ V + > )  (3.8)
j = 0

= E  (c^+v) = u+t.
3=0

Since the polynomial Ti(x) — ti+k e Fp[a;] vanishes on all of the roots of gk(x) £ Fp[a:] 

there exists a polynomial hk(x) € Fp[x] so that

Ti(x) =  gk(x)hk(x) +  t i+jfc. (3.9)
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Now let Ti(x) be the projection of Ti(x) £ Fp[x] into Fp[x]/$r (x) and let ip be the 

isomorphism in (3.1). Then, for i 6  Z /m Z  we have

An interesting by-product of this observation is the following.

C orollary  4 Given distinct primes p and r with d =  ord(p,r) ^  1, then, in any 
p-cycle mod r, there is at least one element that is greater than d. That is, every coset 
of the subgroup of F* generated by the least residue of p mod r contains at least one 
of {d +  1, d + 2, • • • , r -  1} .

Proof: Choose i £ Z/mZ, we must show that Hi contains an element greater than 

d. Recall that we labeled the cosets of < p > in F* by Hq, Hi, • ■ •, Hm~i, where 

H0 = <  p > and Hi =  cSHq. If r  — 1 £ Hi, then, as r  — 1 > d, we are done. 

Otherwise, from (3.9) we know that Sfceffi x>c = U m°d go(x ) and, since YlkeHix>c 

is not a constant polynomial and U £  Fp, it follows that

<p(Ti(x)) =  (ti, ti+l, • • •,*<_!) (3.10)

where it is understood that the j th entry of the m-tuple is a coset representative mod

& ( * ) •

=  max{fc|fc £ Hi} > deg ^o(^) =  d (3.11)

hence some element of Hi is greater than or equal to d.

If deg (Efcetf, xfc) =  d, then, for any I £ Z/m Z, as both Y,keHi x>z and gi(x) 

are monic, it follows from (3.9) that

Ti(x ) = X>C =  9tix ) +U+i- (3.12)
keHi
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Therefore go{x) — gi{x) =  ti+l — U for all I E 'Ljm'L. By Corollaries 1 and 3 it 

follows that the constant terms of go(x) and gi(x) are both the same, hence we 

must have that x  divides go(x) — gi(x), so x  divides U+i — ti for all I G Z/raZ, 

which implies that all of the traces are the same. We shall see in Lemma 13 

that this cannot be the case. Therefore deg (j2k^ t zfc) 7̂  d and so there exists 

k € Hi such that k > d. ■

We have the same relations among the TJ(rr) as we do among the T{ e  FP[T]. Given

Ti(x) and T}(x) note that

<p (Ti(x)Ti+k(x) j

(UU+k:  ‘ j 1+A:)

(m —1 m —1
53  [(k, h) -  d0 k]ti+h, 53  [(fc, h) -  ddk]ti+i+h

h=0 h=0

(3 -13)h= 0  J
m — 1

=  ^ ] ([(̂ > ddk] ti+x+l1, • • ■ ,
h=0
m—1 _______

h= 0

hence, since ip is an isomorphism,

m — 1

T,(x)Ti+t(x) =  Y ,  (K*. h) -  d6 k]T,+k(x)) . (3.14)
h= 0

Now define ip : FP[T] —► Fp[x]/$r (x) by

m —1 m —1

ip : 53 a iTi X  aiTi{x )- (3.15)
i=0 t=0
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Lem m a 10 ip is an injective Fp-algebra homomorphism.

Proof: Define the homomorphism 7  : FP[T0, • • • , Tm_x] —► Fp[x]/$(x) by T, t—> Tt-(x) 

and note that (3.3) and (3.14) above show that <p (R) =  0, so 7  factors through 

FP[T] via tp, hence 0  is an Fp-algebra homomorphism.

To see that ip is injective let us stray momentarily from our agreement re­

garding the representation of elements in Fp[x]/$r (x) and note that, modulo 

$ r (x), any polynomial has a unique representation as an r  — l s£ degree polyno­

mial without a constant term. Specifically, since x T = 1 mod <f>r(x), we have, for

0i =  0 2  mod r, that x@l =  x^1 mod $ r(rc) and that 1 =  —x — x2 xr~l mod

4>r (x). Now note that the T,(x) =  Y.jZoxC,,pl where, for 0 < j  < d — 1, 

alpj ^  0 € Fr [since the order of pmod r  is d]. Therefore, using the repre­

sentation above, we write

(3-16)
j= 0

where a lp> is the least residue of axpP mod r. If we now remark that, for 0 < 

i < k < m  — 1, a lpl1 akpli mod r  for any li and Z2, then there can be no 

non-trivial relations among the Tj(x). That is, 7o(x), • • • ,Tm_i(x) have distinct 

representations as polynomials of degree less than r, no constant term, and that

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



40

no two of these representations have terms of equal degree, so the only linear 

combinations of these elements which equals zero is the trivial one. Therefore

(m —1 \  m —1________
5 3  <*iTi =  53 ctiTi(x) =0<&ai  = 0 V ie  Z /m Z (3.17) 
i=0 J t=0

and so ip is injective. ■

It is interesting to remark at this point that a direct sum of m  copies 

of Fp, call it B, also known as the Berlekamp sub-algebra1 sits inside of 

Fp[x]/<7o(£) © ••• © ¥p[x]Jgm-\{x) in a natural way and that lm(gnp) is contained 

in this sum. As xp is injective and #  (FP[T]) =  #  (Fp © • • • 0  Fp) =  pm, finite, it 

follows that gnp is an isomorphism from FP[T] to B.

Fppo, • • • ,Tm_i]

I \

II <P

® 1 = 0  g,(X) 

u

B

(3.18)

1 See, for example, Section 2.4 of [MEN]
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3.2 Some autom orphism s

In this section we construct automorphisms of FP[T] and Fp[a;]/$r (x) and examine 

some resulting module structure.

Note that the Fp-map Fp[T0, • - •, Tm\ —* FP[T0, • • •, Tm], by I* >-*• Ti+i, is clearly an 

Fp-algebra automorphism. Now observe that if f(x )  is an element of the set which 

generates R, the relations ideal defined in (3.3), then the image of f{x )  under this 

map is either

m —1

TOi^k -  £  P ,  h) -  d6k]Ti+h (3.19)
h=0

m —1
i-> Ti+iT(i+i)+k — £  p ,  h) — ddk]T(i+i)+h G R

h=o

or

I + Tq + Ti + ■•• + Tm_i i > 1 +  To + Ti + • • • +  Tm-\ & R. (3.20)

As the image of R  under this map is R, it follows that it induces an Fp-algebra 

automorphism, the ‘shift’ automorphism, r, on FP[T] =  FP[T0, • • • ,T m]/R  by T, t~* 

Ti+1.

To mimic this action in Fp[a:]/(<&r(x)) consider the Fp-module map of Fp[x] given 

by A : x xa and note that under this map the image of $ r (rr) is

A(^r(x)) =  £ x ai. (3.21)
i=0

Now, as r  is prime and 0 < a < r — 1, it follows that {a0, a , • • •, a r-1} is a complete 

set of residues modr. Therefore if £ is any primitive rth root of unity over Fp, then
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(C) C2> • • * > c r _ 1 } are precisely the primitive rth roots of unity over Fp, hence we have 

that

A(*r(*))(C) =  E C “‘ =  E C  =  0. (3.22)
t = 0  i= 0

Since the roots of ^ r (a;) are exactly the primitive r th roots of imity, we have that 

$ r (x) divides A(<£r (x)), that is, A(4»r (x)) € (4>r (a;)). So we see that A induces an 

Fp-algebra endomorphism, er, of Fp[x]/($r (a;)) by x t-* x*~. Further observing that

<r({l,x,x2,- - - ,z r_1}) =  (3.23)

we see that a  is onto hence, as Fp[x]/($r (x)) is finite, an Fp-algebra automorphism

ofF p[*]/(*r (*)).

We now observe that

ipr{Ti) =  ip(Ti+i) = Ti+i(x)
m —1 /m —1

= 53 xQi+lp" = o- (53
h=0 \h=0

= <r(Ti(x)) = <T<p (T i).

As {To, Ti, • • •, Tm_i} forms a basis for FP[T] over Fp we have that

<prh =  (Tk<p (3.24)

for any k.

It should also be noted that, as r m =  IdFppr], we have that r  makes FP[T] into an

Fp[a;]/(xm — 1) module, where the action is given by r.
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Lem m a 11 FP[T] is a cyclic¥p[x]/(xm—1) module, where the action of Fp[x]/(xm—1) 
on FP[T] is given by t .

Proof: Simply noting that,

(m —1 \  m —1

£  a.-*1' To =  £  OiTi (3.25)
t=0 /  t=0

and that, since To, 7\, • • •, Tm_L forms a basis for FP[T] over Fp, it follows that, 

as an Fp[x]/ (xm — 1) module,

FP[T] =  [¥p{x]/{xm -  1)] T0 (3.26)

This completes the proof. ■

A related result comes from examining the linear transformation Xm : Fp[x] —>

Fp[x] by i  i-+ xam. For a 6  Z define a to be the least positive residue of a mod r,

then, since x r = 1 mod $ r(x), we know that x a =  Xs mod <£r(x). Now, given

t
/ ( x ) = £ o iari e F p[x] (3.27)

i=0

we define
t

f +(x) = £ a ^ ‘ G Fp[a;]. (3.28)
i= 0

The remarks above show that /  =  / + mod $ r (x). Further, define

r  (x) =  (Am/ ) + G Fp[x] (3.29)

and note that, as (Am/ ) + =  Am/m o d  $ r (x), we have that f*  =  Am/m od  $ r(a;).
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Lem m a 12 Let f{x )  =  £i=o a ixl e  Fp[a:]. I f  f{x ) divides €>r(a:) then f(x )  divides
r e ­

p roof: First note that as am and p both have ord(d, r) it follows that they both 

generate the unique multiplicative subgroup of order d in F*. So there must be 

a q such that pq =  a m mod r, hence, for any i, we have that ipq =  ia m mod r  

and so
t t

Amf  = y  aiXlQm =  mod $ r (z) (3.30)
i=0 z=0

and, since f*  =  (Am/ ) + =  Am/m o d  $ r (rr), we also have that

t
/*(x) = T  QjXpq mod $ r (a0- (3.31)

t = 0

Further noting that, as we are in characteristic p, we have

f p1(x) = y a ixpae F p[x] 
i=o

so it follows that f p9(x) =  /*m od 4>r (:r). Therefore there exists jd 6 Fp[x] such 

that / p,(x ) — /* =  /3$r(x). Now, if / ( x) divides <&r(x) it follows that f(x )  

divides f*{x). ■

Please note that the converse of the above lemma is not generally true. For 

example, if am ^  — 1 m odr then x  divides x* and yet x  does not divide <frr (;r).

3.3 Idem potents

In this section we shall examine several ideas for factoring $ r (x) given one or 

more of the traces of the irreducible factors of <I,r (x). The reader may note that this

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



45

material is similar to methods involving Berlekamp’s algorithm discussed in Chapter 

4 of [LID1], the main difference being the attention given to the role that the traces 

of the irreducible factors of $ r (x) can play.

Note that every idempotent in Fp[x\/go{x) © ••• ® Wp[x\/ gm~\{x) must be of 

the form (a0, • • -, am- i ) , where a,- =  0 or 1, i £ and that the set of all

idempotents is in B  and therefore in one-to-one correspondence, via the isomor­

phism pip, with the idempotents in FP[T]. We also note that every zero divisor in 

FpM/flbCar) ® • • • © Fp[a;]/^m-i(a:) must be of the form (ao, • • •, am-i) where there is

some i so that cn ̂  Omod gi(x) and some j  so that aj = Omod gj{x). If a(x) +

(Or (x)) =  (p~l ((ao, • • • then it follows that gcd(a(x),<I>r (x)) ^  1 or $ r (^),

hence yields a non-trivial factorization of 4>r (x).

We may also define the principal idempotents

ei =  (1 -  <5W, 1 -  Su , • • • , ! -  6m-i,i) e  B (3.32)

for each i £ "LfmL where is Kronecker’s delta. If we let e;(x) 6 Fp[x] be the imique 

coset representative of tp~l (ei) with degree less than r  — 1, then

6i(x) =  lm od gj{x), i ^  j  (3.33)

ei(x) =  Omod p,(x)

hence gcd(«£r (x), e,(x)) =  gi(x). Alternatively, if we define e'(x) £  Fp[x] to be the 

unique coset representative of degree less than r  — 1 of <p~l (1 — e,) then gi(x) =
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$ r(a;)/gcd($r (a;),eJ(a;)).

Keeping in mind the one-to-one correspondence of idempotents in FP[T] and those 

in B, we see that any idempotent in FP[T] will give a non-trivial factorization of $ r (^) 

and given any of the ei(x) we will get an irreducible factor of 4>r(a;). Given all of the 

principal idempotents gives a complete factorization of <J>r (x).

Suppose that we happen to know one of the traces, U. Then ip ( T q(x ) — =

(to — U, ■ • • , tm-x — U) € B  has a zero in the ith position. This element will be zero if, 

and only if, all of the U are equal.

Lem m a 13 Given distinct primes, r and p, the traces of the irreducible factors of 
$ r (x) cannot all be the same.

Proof: As remarked above, if the traces were all the same then T0(x) — U = 0 £ 

Fp[i] /$ r (i). Recalling the representation of elements in Fp[x]/<£r (x) discussed

in the proof of Lemma 10 we may represent T0(x) — U by

d— 1   r—1 i—1
T0{x) -  U =  52 xPJ +  ti x> =  ]T  Syr7' (3.34)

i=o i=l j=l

where pi is the least residue of p7 mod r  and

1 +  ti if j  € H0
sj = (3.35)

otherwise

This element will be 0 if, and only if, Sj =  0 for all 0 < j  < r  — 1. As some j  are 

in H0 and some are not, this would simultaneously force U = 1 and t, =  0. ■
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So Tq(x ) — ti will be a non-trivial zero divisor. It should further be noted that

(p  -  ^ ) ) P-1 =  ((to ~  ti)*-1, • • •, (tm—1 -  u r l) (3.36)

where, since we are working in characteristic p, (tj — tj)p-1 =  0 or 1 as tj = U 

or not, respectively. As (Tq(x ) — ti)P can be computed in logp multiplications it 

follows that we will have found a non-trivial idempotent of B  in polynomial time. 

Whether working with the idempotent or the zero divisor we will have a non-trivial 

factorization of <&r (x).

It is a well known fact1 that if f ( x )  is any polynomial over any finite field F9, 

and if b(x) is an element of the Berlekamp sub-algebra of Fq[x]//(x), then we have

/(* )  = II £cd (f(x ), b(x) -  a ) . (3.37)
a&F,

Noting that T0(x) is an element of the Berlekamp sub-algebra of Fg[x]/$r (x) we have

$r(*) =  II Scd {&r(x),To(x) -  a) . (3.38)
a€ Fp

If we now observe that gcd (<&r(x),T0(x) — a) = 1 for a^ ( t0) • • • , tm_i} and that 

gcd ($ r (x),To(x) — ti) is a proper, non-trivial factor of $ r(x) for i =  0, • - • ,m  — 1, 

(3.38) becomes
m—1 ____

$r(aO =  n  ecd (* r(x),To(x) -  ti) . (3.39)
1= 0

Noting that these gcd calculations can be done in time r we see that if we know

1 See, for example, Section 2.4 of [MEN]
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all of the traces of the irreducible factors of $ r (x) then we may compute the complete 

factorization of $ r (x) deterministically in time r°W .

Also note that for any z, <xJ ( T q ( x )  — t i )  =  Tj(x ) — U  will also be a zero divisor, 

so we may get other non-trivial factorizations of $ r (z)- In particular, if U is distinct 

from all of the other traces then j(T,(x) — u)P j  are precisely the m principal 

idempotents and we will have a complete factorization of 4>r(x) via

m —1 ______

&r(z) =  I I  Scd ($r(x),Tj(x) -  ti) . (3.40)
j=o

Exam ple: Let p = 53 and r =  29, then m =  4, d =  7 and we may choose a  =  2. As 

outlined in Chapter 1 we find

H0 =  {1,24,25,20,16,7,23}

Hi =  {2,19,21,11,3,14,7}
(3.41)

H2 =  {4,9,13,22,6,28,5}

Hz =  {8,18,26,15,12,27,10}

hence

T q{x ) =  x  +  x24 +  x25 +  x20 +  x16 +  x7 +  x23 +  ( $ 29)

Ti(x) =  x2 -I- x 19 +  x21 4- x11 +  x3 4- x14 4- x 7 4- ($ 29)
  (3.42)
Tz{x) =  x4 +  x9 4- x 13 4- x22 +  x6 +  x28 +  x5 -I- ($ 29)

Tz(x) =  x8 +  x18 4- x26 +  x15 4- x 12 +  x27 4-  x 10 4- ( $ 29) •

Given that one of the traces, which we arbitrarily assign as to > of the irreducible
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factors of $29(z) over F53 is 33, then we know that both

Tq — 33 =  21T0 +  20Ti +  20T2 +  2OT3 (3.43)

T0(x) — 33 =  x +  x24 +  x25 +  x20 +  x16 +  x7 +  x23 — 33 +  ($29)

are zero divisors. We then compute

gcd(<&2g(x), x +  x24 4- x 25 +  x20 + x 16 +  x7 +  x23 — 33) (3.44)

=  x7 +  20x6 +  16x5 +  4x4 +  38x3 +  34x2 +  36x + 52

As this polynomial is of degree seven and necessarily divisible by go(x) it follows

that it is go(x). Computing gcd($29(z), Ti(x) — 33) for i =  1,2,3 in turn we find

gi(x) = x7 +  14x6 +  2x5 +  21x4 +  35x3 +  40x2 +  50x +  52

g2(x) = x7 +  17x6 +  19x5 +  15x4 +  49x3 +  37x2 +  33x +  52 (3.45)

gi(x) =  x7 +  3x6 +  13x5 +  18x4 +  32x3 +  51x2 +  39x +  52.

and we have a complete factorization of $ 29 0*0 over F53. Note that we have also

learned that £1 =  39, t2 = 36 and that £3 =  50.

If we further compute (To — 33)52 in Fs3[T] and apply a  to this element three 

times, we find that the principal idempotents in Fs3[T] are
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517o +  3Ti +  31 7 2  +  I8 T3

3T0 4- 31TJ +  1872 +  5173 (3.46)

317o +  187\ +  51 7 2  +  37a 

18T0 +  5 l7 i +  3T2 +  31T3.

Applying ip to each of these in turn we may also find the principal idempotents 

in F 53[x]/$29(z)- ■

But what if the traces are not all distinct? Note that this will certainly be the 

case when p < d and even occurs, though infrequently, for p > r. Experimentation has 

revealed that even when traces repeat we may still get a set of factors which separate 

4>r (x). However, this need not always happen.

Exam ple: If we let p =  137 and r  =  101 we find d = 5 and m =  20. So 4>r(x) will 

factor into 20 distinct irreducible polynomials each of degree 5. It turns out the 

that the number t = 71 occurs as a trace for two of these polynomials. Comput- 

^ 6  fi(x ) = g°d — 7 l) for j  =  0, • • •, 19 we find only 10 distinct

10th degree polynomials (only the coefficients of l,x , • • • ,x 10, respectively, are

shown below),
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/o(x = 1 132 94 121 72 38 72 121 94 132 1

f l ( x = 1 4 74 111 82 85 82 111 74 4 1

h { x = 1 57 51 96 30 115 30 96 51 57 1

h { x = 1 30 136 43 82 116 82 43 136 30 1

/ 4(x = 1 93 24 32 16 98 16 42 32 93 1

fs(x = 1 6 133 15 94 80 94 15 133 6 1

/ 6(x = 1 59 31 98 25 112 25 98 31 59 1

M x = 1 29 39 26 9 103 9 26 39 29 1

fs(x = 1 113 97 51 119 74 119 51 97 113 1

/ 9(x = 1 26 52 104 99 6 99 104 52 26 1

and that /io =  fo, f u  =  / i ,  etcetera. We further find that gcd(/j(x), fj(x)) = 1 

for i ^  j  mod 10 and that in fact, subject to the appropriate ordering, we have

/o(x) =  g0(x)gw(x) 

fi(x )  = gi(x)gn (x)

fo(x) =  g9(x)gi9(x)

and so in this case we find that (3.40), although yielding non-trivial factoriza­

tions of $ioi (x ) , does not give a complete factorization. ■
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Of course, ail of the above assumes that we know at least one of the traces. How 

can we find idempotents or zero divisors in general? If any of the £,- are 0, which is 

the case if, and only if, one, hence all, of the Ti are zero divisors, then we will be able 

to get at least partial factorizations simply by computing gcd ($ r (x),Ti(x)) . If the 

Ti are not zero divisors then, as FP[T] is finite, they are units and, by recalling the 

isomorphism <pi)(Ti) =  (ti, ti+i, • • •, £,_i) e  B , we see that the order of the T[s are all 

the same and that

order T* =  lcm(ord(£0,p), ord(*i,p), • • •, ord(£m_i,p)). (3.47)

Although not always the case, experimentation shows that often, especially with large 

m, the £(s will not all have the same order. If we knew that some trace t  had order 

k and that order Ti > k, then it would follow that T f  — 1 would be a zero divisor.

3.4 Extending FP[T]

We have shown that FP[T] is isomorphic to B in Fp[x]/$r (x). We now extend FP[T] 

to an Fp-algebra which is isomorphic to Fp[x]/4>r(x).

Recall from Chapter 2 that we may deterministically, and in time r ° ^ \  express the 

coefficients of the gi(x) as linear combinations of £o5 • • • i £m-i- Using the homogenous 

representation from (2.26) we know that the coefficient of x s in gu(x) is

( - 1)d-s 'm—1

E  A*’*
1 = 0

(3.48)
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Define, in FP[T],
[~m —1

r „  =  ( - i ) ‘1- '  E f t -  . (3.49)
L i= 0  J

Let Y  be an indeterminate and consider the polynomial ring FP[T] [Y], the ring of 

polynomials in Y  with coefficients in Fp[T]. In this ring define

=  (3-50)
a= 0

Note that we have an Fp-algebra homomorphism

by Y  * ► x and, for (3 € FP[T], (3 h-» ifi(P). We  wish to examine the image of GU(Y)  

under this map, followed by the isomorphism <p into '¥p[x]/gQ{x) ©• • •0 Fp[x]/^m_1(a:). 

To do this, let us consider the Fp-algebra homomorphism from FP[T][Y] —► Fp[x] given 

by Y  t-> x  and Tj  >—> Tj(x) and regard the image mod gk(x).

First note that

Recalling now that 7)(x) =  ti+k mod gk(x) we have that the image of r us mod <?fc(x) 

is

Now, recalling from (2.27) that S ^_ k =  we have that the image of

r ua mod gk(x) is

A : F p[ T ] [ Y ] - F p[x]/<M*) (3.51)

(3.52)

(3.53)
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(m—1 \ m—X
E f t * .  -  ( - U 4- E 4 * U -
1 = 0  /  1 = 0

=  (->)*"* ( E  (3.54)

=  £u+k,s

the coefficient of x a in gu+k{x). So we observe that the image of GU(Y) mod gk{x) is

£ ( _ 1 ) * - T usx* =  £  6u+k,3x s =  gu+k(x). (3.55)
3=0 3=0

So the image of GU(Y) into ¥p[x}/g0{x) ® • • • © Wp[x)/gm_i{x) is

GU(Y) *-* (gu(x),gu+ i(x),---,gu_i(x)). (3.56)

In particular, note that Go(y) i—► (go(x),gi(x), ■ • • -,gm~i(x)) =  0, hence we have an 

induced Fp-algebra homomorphism

*  : F„[T][*1/(C?o(y)) -  F ,[x]/(#r (*)). (3.57)

Noting that # ( —T0 — T\ — ■ ■ ■ — T’m_1) =  1 and that ^ (y )  =  x , it follows that 

is onto. If we further observe that both rings have cardinality pr we have proven the 

following.

Lem m a 14 The map

*  : FP(T][K]/(G0(K)) 5“ Fp(x]/(*r(x)) 

is an Fp-a/^e6rc isomorphism.
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Exam ple: Referring to the example on p.20 with p =  31, r  =  19, d =  6,

noting that a  = 2 is a primitive element of Fr we have

G0(Y) =  Y 6 - T 0Y s + (3 + Tq + T2) Y * - ( 2  + 2T0 + Ti )Y 3

+(3 +  T0 +  T2) y 2 - T 0y  +  1

G i(r)  =  K6 - r 1y 5 +  (3 +  r 1 +  770) y 4 - ( 2  +  2T1 +  r 2) y 3

+(3 +  Ti +  T0) r 2 -  T{Y + 1

G3(Y) =  Y 6 - T 2Y 5 + (Z + T2 + T l)Y A- { 2  + 2T2 + T0)Y z

+(3 +  t 2 +  r x)y 2 -  t 2y  + 1.

Replacing Y  by x and mapping

To !-*• x  4- x 12 +  x11 +  x 18 +  x7 +  x8

Ti i-+ x2 +  x5 +  x3 +  x17 +  x14 -f x16

T2 ■—► x4 H- x 10 +  x6 +  x 15 +  x9 +  x 13

and reducing the results mod $19 we get that

Cro(y) l—* 0

G i(y) h-* —1 +  3x2 — 2x3 +  3x4 — x6 — 3x8 +  x9 

+ x n  +  x 14+ x 16- 3 x 17 

G2(Y) *-* 4 +  x +  4x2 — x3 +  4x4 4- x5 -f 4x6 4- 3x8 

—x9 — x11 — XU  — x !6 +  3x17.

55

=  3 and

(3.58)

(3.59)

(3.60)
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We know that the image of GX(Y) is congruent to gi mod go, g2 mod gi and 

go mod g2. The image of G2(Y) is congruent to g2 mod g0, g0 mod gx and gx mod 

52- ■
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Chapter 4 

Some Linear Algebra

In this chapter we describe some of the maps discussed in Chapter 3 as matrices 

and use the results to settle the uniqueness of the 6 ^ .  We also describe a way to reduce 

the problem of deterministically factoring <£r (z) in time to that of factoring a 

polynomial all of whose roots lie in Fp. Finally, we construct a matrix representation 

of FP[T] and examine its generators to make some observations about the cyclotomic 

numbers.

4.1 ip\jj as a m atrix and the uniqueness of th e

In this section we describe and examine the matrix for ^  as a linear trans­

formation and show that the 6̂  described in Section 2.2 are unique.

First recall, from (3.10), that there exists an Fp-algebra homomorphism, 

c(*!) : FP[T] -> Wp[x\/gQ[x\ © • • • ® Fp[x]/ym_i(a:), given by

57
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Ti 1 ► (tj, ‘ , tj—x)

(4.1)

Tm—l 1 * (^m— 1) Ôj ’ ' ‘ i tm—2 )*

Noting that {To, • • •, Tm_x} is a basis for FP[T] over Fp and using (eo, ex, • • •, em_:} , 

where e* =  (0 , • • • ,0, 1, 0 , • • • ,0) where the 1 is in the ith position, as a basis for 

Fp[x]/^o[x] © • • * ©Fp[x]/^m_x(x) over Fp, we see that we may describe the Fp-algebra 

homomorphism <pif} via the matrix

to t\ £3 ’ • ’ £m—1

t z  t 0

ti £f+l £j+2 ’ ‘ ' tj—1

(4.2)

tm —l to  t \  • • • £j71—2

Several remarks about the matrix above. First, since ipip is injective, in fact an 

isomorphism from FP[T] to 5, it follows that the matrix is non-singular, so has a 

non-zero determinant. Secondly, a matrix of this form, where each row is a shift 

one step left of the previous row, is called left circulant. We shall refer to it here as
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lcirc[£0, • • • ,£m—!.]• Note that by reversing the order of the rows, or simply reversing 

the order of one of the bases being used, we will get a matrix in which each row is 

a one step shift to the right of the previous row, known as a circulant matrix and 

referred to as circ[£o, • • •, £m-i]- As the determinant of this matrix will differ from that 

of lcirc[to, • • •, tm-i] by at most a factor of —1 it follows that it is non-singular as well. 

There is a well known result1 which states that circ[ao, • • •, am-i] with entries in a

finite field K, is non-singular if, and only if, the polynomial ao + a\x-\------ |-am_1xm_1

is relatively prime to the polynomial x m — 1 over K. Noting that switching columns 

in any fashion does not affect the non-singularity of the matrix we have proved

Lem m a 15 The polynomial

Oo +  O i X  -I----------h O m - i l " 1' 1

where {ao, • • •, flm-i} ={£o, • • •, is relatively prime to x m — 1 over Fp.

Back in Theorem 2 we demonstrated a technique for writing the coefficients of the

gu(z) in a particular way as Fp-linear combinations of the In particular, we noted

that we could find a set of elements of Fp, }t,uez/mz so that the coefficient of x 3
's&Z/dZ

in gu{x) is
m—1

(4-3)
t= 0

We further saw that the 6^  satisfied the relations in (2.27). In particular, we had

1 See, for example, Section 1.7 of [SMA]

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



60

<5*“+fĉ =  6 ^_k. That is, if the coefficient of x3 in gu(x) is

<$S)£o +  H-------F 5 ^ _ i tm-l

then the coefficient of xa in ^u+fc(x) is

6%+h)to +  6irk)t 1 +  •• • +  C - i i m - 1

=  H-------'r ^ “m-fc-l£Tn-l

=  <5s0 +  ^sl^fc+l -I 1“

If we now suppose that

gu(x) =  ao* +  (*iux  H h aduxd

then we see that the <5  ̂ must satisfy

c(“ )

to t\ £2 

t\ £3

tm—l

to

ti £i+l £i+2 ' ‘ ‘ £t—1

tm—l to t\ • • • £m—2

1
,0

)

i

& S U

^ s . u + l

4«) ^ S . U + l

1
H1

»

^ s . u + m - l

(4.4)

(4.5)

(4.6)

(4.7)

for each choice of s E Z/dZ and u e  2 /m Z . Since the matrix on the left is not singular 

it follows that the 6 ^  must be unique.
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Recalling (2.27) we also see that all but md =  r  — 1 of the are b ff  redundant. If 

we define 83t =  <5  ̂ then we may write that the coefficient of xs in gu{x) is

m—1
( -1 )“-  £  6 ,,,-A  (4.8)

i=0

Hence we have proved the following version of Theorem 2.

T heorem  4 There exist unique elements of Fp, {S3t}tez/mz > that can be computed
s&Z/dZ

deterministically in time (r log p ) ° ^  , so that

9u(x) =
d f  m —1

' (4.9)
s=0

( - 1 ) * -  £  6s , i - u t i
t= 0

As in Theorem 2 we make two remarks. The first is that the number of operations 

required to compute the 6^ is <9(r3 log p) or, in the case where p »  r, in particular, 

p > 2d, 0 (r4) operations. Secondly, recall that S3t = o f f  — 0 $  mod p, where and 

0ft were integers whose computations nowhere involved p and which were bounded 

by 2d. So, if p r, in particular, if p > 2d, and we agree to represent S3t as a negative 

if aft < 03f ,  then it follows that if px and P2 are primes with ord(px, r) =  ord(p2, r), 

then the 8st will be the same whether we are working over FP1 or Fpj.

4.2 A reduction to  factoring a polynom ial which  
splits

In this section we show that finding the traces of the irreducible factors of 4>r (x) 

can be reduced in time r° ^  to that of factoring a specific polynomial which splits 

over Fp.
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Recalling that FP[T] is an m-dimensional Fp-vector space it follows that 

1, To, Tq, • • •, T^1 form a linearly dependent set in FP[T] over Fp, so there exists 

a o, oti, ■ ■ ■, am G Fp, not all zero, such that

ocq +  aiTo +  ol̂ Tq -F • • • +  otmTo” =  0 G FP[T]. (4-10)

Note that by expressing T02, • • •, Tq1 as linear combinations of the basis To, T \, • • •, Tm_i 

we may compute a 0, cti, - - -, am in time polynomial in r  and log p by performing Gaus­

sian elimination on an (m +  1) x m  matrix with entries in Fp.

Recalling the shift automorphism, er, it follows that for i =  1, • • •, m  we have

(T1 Q̂:o +  OiTo +  0:2^0 H +  OCmTî j (4-11)

=  O o +  CtlTi +  Qt2T 2 +  • • • +  OtrnTf1 =  0 .

That is, working in FP[T][K] over FP[T], To, T\, • • •, Tm_i are all roots of the polynomial

h(y) =  a 0 +  a {Y  +  a2Y 2 H F amY m (4.12)

in Fp[T][y].

Now note that the image of o0 +  anT0 +  a27o +  • • • +  a mT ^ under is the 

m-tuple whose ith component is

M O =  Oo +  ociti +  ct2t2 +  • • • -F amt™. (4-13)

Referring to (4.11) we see that we must have that

h(ti) =  a0 +  oxt,- +  a2t2 H F amt™ =  0 (4.14)
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for all i G Z/mZ. Therefore, working in Fp[a:] over Fp, we have that to, £1, • • • ,£m-i 

must be precisely the roots of h(x) over Fp. That is, multiplying by a suitable constant 

if necessary,

m—1
h(x) =  o:o +  a ix  4- a 2x2 H F a mi m =  (x -  U) (4.15)

t= 0

is a polynomial with coefficients in Fp which splits over Fp. If we could factor this 

polynomial then we would know all of the t* and could therefore completely factor 

4>r(:r) over Fp using either the techniques of Chapter 2 or of Chapter 3. Hence we 

have proved

Lem m a 16 The problem of determirvistically factoring <3>r over Fp can be reduced, in
time (rlog p ) ° ^  to that of factoring an m th degree polynomial over Fp, which splits
in Fp.

It should also be noted that by formally expanding the right hand side of (4.15) 

it follows that

Hfiifca • ‘ ' *ifc =  ( - l ) fcam-it (4.16)

where the sum is over all A:-element subsets of {0,1, • • •, m — 1}. In particular

toh • • • tm- i  = oiq. (4.17)

Exam ple: As in the example on page 20, let p =  31, r= l9 , hence d =  6, m =  3, 

and choosing a = 2 , we find the cyclotomic numbers (0, 0) =  2, (0, 1) =  1, and 

(0,2) =  2. Then using the relations in (3.3) we find that
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T q =  -47b -  57\ -  47b 

r 03 =  3T0 -  27\ -  37b

(4.18)

and using 1 =  — T0 — 7\ — 7b we get the matrix

- 1 1 - 4  3 0

- 1  0 - 5 - 2  0

- 1  0 - 4 - 3  0

(4.19)

Performing Gaussian elimination over Z and setting Q3 =  1 we get the solution 

a:o =  —7, ax =  —6, a 2 =  1 and a 3 =  1. Hence

h(x) =  x +  x — 6x — 7 (4.20)

from which we observe that it must be the case that

and that

tQti +  t(jt2 +  t it2 =  —6

Please note that the above formulas, as well as h(x), will be the same over Fp 

with r  =  19 as long as the ord(p, 19) =  6. If we further factor h(x) over F31 as

h(x) =  (x +  12)(x +  4)(x +  16) (4.21)
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then we see that the traces of the irreducible factors of <&i9 are 19, 27 and 15. 

Using the techniques outlined in either Chapters 2 or 3 we could now factor

<M *)- ■

4.3 M atrix representation

In this section we construct the left-regular matrix representation of FP[T] in 

Mm(Fp), the ring o f m x m  matrices with entries in Fp and examine some of the 

characteristics of these matrices.

Using {To, Ti, • • •, Tm- X} as an Fp-basis for FP[T] we let be the m x m  matrix 

whose i j th entry is the coefficient of Tj in the expansion of TcT [for convenience we 

shall number the rows and columns of the matrices by 0, 1, • • •, m  — 1]. Recalling the 

formula (1.9) and referring to the i j th entry of as m ^ \  we have

mW = (i -  k j  -  k) -  ddi-k (4.22)

where (i — k , j  — k) refers to the appropriate cyclotomic number and is as defined 

in Lemma 1. The Fp-subalgebra of Mm(Fp) generated by the matrices M^Q\

• • •, will now serve as a matrix representation of FP[T]. If we let /  : FP[T] —»

Mm(Fp) be the linear transformation defined by /  : T  i—> then /  is the Fp-

algebra isomorphism from FP[T] onto this representation.

Exam ple: As in the example on page 20, let p =  31, r  =  19, hence m  =  3, d =  6 , 

and choose a  =  2. We easily compute the 3 x 3  matrix whose i j th entry is the
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cyclotomic number (i , j)  to be

and so we get

2 1 2

1 2 3

2 3 1

M (0) =

\
/

M (1) =

3

2

M (2) =

2

3

- 4  - 5  - 4  

1 2 3

1

3

1

- 4  - 4  - 5

2

1

2

\ /

(4.23)

(4.24)

- 5  - 4  - 4

and these generate the matrix representation of F31[T]. It should be noted that 

these generators are completely independent of the characteristic of the field. 

That is, if p is any prime so that the ord(p, 19) is 6, then we will get precisely 

the same generators for the matrix representation of FP[T]. ■

Note also that we have
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JTif+tj+i =  (* +  1 — (^  +  1) > J +  1 ~  (^  +  1 )) ~  ^ t+ i- ( fc + i)

=  ( i - k , j  - k )  -  d d ^  (4.25)

( k )=  mty .

That is, we can get M^k+V> from by shifting all rows down by one and all columns 

to the right by one. If we let U be the matrix whose i j th entry is i (Kronecker’s

delta) then left multiplication by U shifts all rows down by one and right multipli­

cation by U~l = Ul shifts all columns to the right by one. Recalling the FP[T]- 

automorphism r  from (3.43) we see that

r(A) =  U f  (A) Ul (4.26)

for any A €  FP[T]. In particular, note that for each i

M (i) =  ^ M (0) (4.27)

from which it follows that each of the have the same determinant. We should 

also note that since each of the M ^  have the same numbers on the main diagonal 

they must also all have the same trace. We also observe that each of the must 

satisfy the polynomial h{x) referred to in (4 .15), hence it follows that

m— 1
charpoly (M =  h(x) =  (x — U). (4.28)

i—0

Noting that the trace of h(x) is —1 we have proved the following result regarding 

cyclotomic numbers.
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C orollary 5

m —1
£ (» ,* )  =  d - l .
t= 0

Using the basic identities on the cyclotomic numbers from Lemma 1 we now note 

that the sum of the entries in the ith row of M (0) is

m —1 m — 1

E mif =  E [(ij)-ddi]
j=Q j=0

m —1

E  (»f J) — mdQi
J=0

d — 9i — mdQi

d — r, d even, i = 0

d — r  d odd, i = j

d otherwise

Similarly, the sum of the entries in the j th column of is

m —1 m —1

E  =  E  [(idj-Mi)

- d

i= 0

0 otherwise

(4.29)

(4.30)

In so much as elementary symmetric forms, in particular, sums of the form

m —1

E 1? (4.31)
i=0
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may be of interest, we note that, of course, =  m and ££Lq1Ti =  — 1. In

the case k = 2, note that row 0 of consists of the coefficients of Tq. Suppose 

that this row is [ro r x • • • rm_x] , then shifting to the left by i yields [r* r i+1 • • • r ^ ]  

hence

m —1 m —1

E 1? = E ri(To+ri + "-T—o
1= 0  1 = 0

m —l

= - E n
t = 0

r  — d, d even 

—d d odd

by (4.29). Looking at (pip (X^Lo* T?) it follows that we also have

m —l

E ‘,2 =
1 = 0

r — d, d even 

—d d odd

(4.32)

in Fp.
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