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Abstract

Factoring Cyclotomic Polynomials

over Finite Fields

by

Gregory C. Stein

Advisor: Professor Alphonse Vasquez

We examine the problem of deterministically factoring the r** cyclotomic polyno-
mial, ®.(z), over F,, where r and p are distinct primes, by looking at the traces of
the roots of ®.(z) over F,.

Chapter 1 is an introduction and a brief review of the theory of cyclotomy. In
Chapter 2 we show how to derive the factors of ®.(z) using the traces of the roots
of ®.(z) over F,. We then demonstrate a deterministic algorithm for finding these
factors in time polynomial in r and logp in the case where ®,(z) has precisely two
irreducible factors over F,. In Chapter 3 we construct an algebraic model to further
explore the results of Chapter 2 and describe a technique for constructing an Fp-
algebra isomorphic to the Berlekamp sub-algebra of F,/®.(z). In Chapter 4 we use
some techniques of linear algebra to derive explicit matrix descriptions of some of the
maps discussed in Chapter 3. We further use these techniques to reduce our problem

to that of factoring polynomials which split over F,,.
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Chapter 1

Introduction and review

1.1 Introduction

This thesis was originally motivated by a desire to explore the possibility of deter-
ministically constructing arbitrary extensions of finite fields which involved as little
arbitrary choice as possible. For this reason we choose to look at techniques which
will work ‘quickly’ over finite fields with very large characteristic, techniques which
will depend only upon the degree of the extension and the cost of performing arith-
metic operations in the base field. In so much as constructing an extension of degree
m over Fpq, p prime, is the same as constructing an extension of degree md over Fp,

we shall focus on extensions of prime fields.

In 1990, V. Shoup [SHO] showed that the problem of deterministically constructing

1
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2

finite fields of order p” can be reduced to that of factoring cyclotomic polynomials of
prime degree over prime fields. We therefore concern ourselves here with the problem
of factoring cyclotomic polynomials over prime fields. The case where these two
primes are the same is covered very effectively by Artin-Schreier theory' , so we will
only be concerned with the case where the primes are distinct. We will be most
interested in the case where p 3> r and in finding techniques which will run in time

polynomial in 7 and log p.

We will be interested in deterministic methods which will be fast, even over very
large finite fields, and will often wish to analyze how quickly our techniques work.
In this text the term operations refers to an addition or multiplication over the base
field. By O(a) operations we mean that the number of operations is bounded by some
fixed multiple of a. By a!) operations we mean that the number of operations is

bounded by some fixed polynomial in a.

Please note that many extremely fast probabilistic algorithms exist for factoring
cyclotomic polynomials over finite fields and the techniques presented here are not
intended to compete with these techniques in running time. For this reason, analyses
of running times is not as efficient as possible. For more precise running times for

various operations the reader is referred to [BIN].

! See, for example, [LAN], p.325, Theorem 6.4 or [SHO] Lemma 2.3.
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1.2 A Review of Cyclotomy

Throughout this text we shall apply the results of the theory of cyclotomy to
explore the relationship between the traces of the r** roots of unity and the factors
of the irreducible factors of the r* cyclotomic polynomial over finite fields. To this
end we begin with a brief review of the theory of cyclotomy. This information can be
found in either Storer {[STO}, Dickson [DIC], or Myerson [MYE].

In the classical treatment of cyclotomy the following definitions and observations
are made over Q. Given a prime number, 7, positive integers d and m, so that dm =
r — 1, and a primitive element a of F,, that is an element of F, which generates F?,

we define the cyclotomy classes

HO = {1’ am’ azm, e ’a(d-l)‘m.}
Hl _ {a, am+1’ C¥2m+1’ . ’a(d—l)m+1}
(1.1)
H;, = {ai, a™t a2m+i’ s, a(d—l)m+i}
Hp, = {am—l’ CYm+(m-l), a2m+(m—1)’ ... ’a(d—l)m+(m—1)}.

Note that Hj is the unique subgroup of F* of order d and that the H; = o‘Hy
are the cosets of Hy in F:. Noting that a™t*Hy = o' Hj, we see that we may index

the H; with Z/mZ. If we were to use a primitive element other than o we would
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get precisely the same cyclotomy classes, though perhaps in a different order. Most
generally we could forget about o altogether and simply define Hy to be the unique
subgroup of F; with order d and then, for each a € F7, define H, = aH to be the coset
in F}/H, with coset representative a. It will be convenient, however, to be able to
index these cosets with Z/mZ and remember that changing our choice of a permutes
the indexing of the H;.

Given «a, we can set up the H; and then we define the cyclotomic numbers, (i, j)a,

1,j € Z/mZ, to be the number of solutions to
z+l=y

forzx € Hi, y € H;. That is, if we set HY = {z +1 | z € H;} C F,, then (i,j)a =
#(H;" N H;). It should be noted that if H},---, H!, _, is the ordering of the cosets that
we get by choosing a different primitive element, o/, then, if H;, = H;, and H;, = H},,
we have (i1, 71)a = (i2, j2)ar- As it will generally be assumed that a specific primitive
element has been chosen we shall usually supress the subscript on the cyclotomic
numbers.

An important point to make at this point is that one may find primitive elements
of F2 by trial and error in time r°®") (for each b € F* simply check whether 65 = —1,
roughly log %5+ multiplications in F, at most r times), that H; can be computed by
performing d multiplications in F,, that H;" can be computed by performing d < r

additions in F,, that H;* N H; can be found by doing d? comparisons in F,, and then
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(¢, 7) can be computed by counting to at most d. Therefore all of the cyclotomy classes

and cyclotomic numbers can be deterministically computed in time 7o,

If we now think of working over some field, F, and let { represent a primitive r*

root of unity in an appropriate extension field, K, then one defines the periods, t;, by

d-1

=3 ¢V =3¢ (1.2)

j=0 acH;

Noting that ¢; = t;,+; we may consider the t; to be indexed by Z/mZ.

Although the classical theory of cyclotomy is used to study roots of unity over the
rationals, all of the basic definitions and theorems make sense and are true over any
field. In particular, we wish to look at a special application of this theory and some

of its results over the finite field F,, with the intention of factoring the r** cyclotomic

polynomial, ®, = £l =1+z+ 2%+ ... + 2"}, over Fp, 7 and p distinct primes.
The elementary theory of finite fields? tells us that in this case ®, will factor into m
distinct irreducible polynomials, each of degree d, where d =ord(p, ), the order of p
in 7, that is, the least integer so that p? = 1mod r, and m = "—;l. We now compute

the cyclotomy classes using this choice of d and m.

As Hj is the unique subgroup of F; with order d, and ord(p,r) = d, it follows that
Ho=<p>={l,p,p’ --,p* '} CF;. (1.3)

Now, it is true that there will be a primitive element, o, of F; with the property that

o™ = p and, using this a we can generate H,,---, H,_, as described in the classical
2 See, for example [LID1] or [LID2].
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approach. It will be more convenient, however, to make a more canonical choice. To
this end, we shall agree to choose a to be the primitive element of F* with the least
positive residue and set H; = of Hp, i € Z/mZ. One advantage of this canonical choice
of « is that if the primes p; and p; have the same order mod r, as for instance will be
the case when p; = p, modr, then the cyclotomy classes and the cyclotomic numbers
will not only be the same, but will have the same indexing.

Now let ¢ be a primitive r** root of unity in some extension field of Fy, say Fi,

the splitting field of ®,(z) over Fy, then the irreducible factors of ®,(z) over F, are

d~1 o
gi(z) = [[(z = ¢*") = [[ (-~ ¢*),i € Z/mZ (1.4)
Jj=0 acH;

and note that in this context the periods

t, = dfca"l”' =3 ¢%iezZ/mZ (1.5)

3=0 acH;

have the property that ¢; = traceg,(g:(z)), by which we mean that ¢; is the sum of
the roots of g;(z) or, equivalently, that ¢; = traceg, (¢*') or, equivalently, that —t; is
the coefficient of 29! in gi(z).

Of interest in Chapter 3 is the product formula, relating the periods and the
cyclotomic numbers, that can be found as a corollary to Lemma 8 on p. 39 of [STO]
which gives an explicit formula for the product of any two periods as a Z-linear

combination of the periods by

m~—1
it = (k) + 4 (16)

h=0
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where (k, h) is the cyclotomic number discussed on p.4 and where

( 1,if diseven and k=0

Ok = l,if disodd and k =m/2 -

0 otherwise

\

(L.7)

Note that in our case the fact that g+ - - + t,—1 = ~1 allows us to rewrite (1.6) as

m—1
Litiyk = Z [(k,h) — dbk]titn
h=0

which, by replacing k by j — i, becomes

tit; = titig-i)

m-1

= Y [(j—i,h) —df;_i)tirn
h=0

= Z [(7 —i,h —1) —db;_] tp.
h=0

(1.8)

(1.9)

It will also be of use to include here some of the basic identities concerning the

cyclotomic numbers. All of the following are proved in Lemma 3 on p. 25 of [STO].

Lemmal 1 (i,5)=(m—1i,j~1)

.. (4,1) d even
& (”J)“{ (j+%i+%) dodd

1 deven,i=0
3. Y5(6,5) =d—6; where§; =4 1 dodd, i=T2
0 otherwise

1 j=0

m=1¢(, N _ d__m. s =
4. Tk (4,) = d —n; where M { 0 otherwise
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8

A simple observation we will need later on, but not proved in any of the citations

above, is the following lemma.

Lemma 2 Ford #1, in F;

S y=o.

Y€EH;
Proof: Note that, in F,
Z y=d +aip+aip+ - +oipt? + aipt! (1.10)
YEH;
and so
p Z v =a'p+aip? +aipd + - +aip?! 4 aipt (1.11)
YEH;

and, since p% = 1, we have

PY. Y= 7 (1.12)

YEH; Y€EH;

Butd # 1= p# 1 and p and r distinct primessop # 0. Hence 3¢y, v =0. @
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Chapter 2

The coefficients of the factors of
the cyclotomic polynomial

In this chapter we shall explore the relationship between the traces of the irre-
ducible factors of cyclotomic polynomials and the coefficients of these factors. We
shall reduce the problem of deterministically factoring the r* cyclotomic polynomial
over F,, p and r distinct primes, in time r)| to that of finding the traces of the r»
roots of unity over F,. We shall use these results to make some observations about

the irreducible factors of the cyclotomic polynomial.

2.1 Preliminary definitions

In what follows let r and p be distinct primes, d = ord(p,7), m = I3, and let a

be a primitive element of Z/rZ. For i € Z/mZ, define

H;={d,0'p, -+ ,a'p"'} = o'Hy C Z/rZ, (2.1)

9
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10

set ®.(z) =1+ z+---+ 2! € Fp[z], the r* cyclotomic polynomial, and let ¢ be a

primitive rt* root of unity in F. For i € Z/mZ we define

d—1 ,
%(z) = [ (@~ %) € Fyla] (22)
k=0
and note that these are the irreducible factors of ®,.(z) over F,. For i € Z/mZ define

d-1

=Y ¢, (2:3)

k=0

the trace of g;(x) over F,.

2.2 A combinatorial result

In this section we show that we may compute, in time 7%(!) each of the coefficients
of the g;(z) in a specific way as Z-linear combinations of the ¢; without knowing, a
priori, the arithmetic structure of Fp«, the factorization of ®.(z) over F,, or the
values of the ¢; as elements of F,. To accomplish this we first make a combinatorial
observation.

Given p and r, distinct primes, let o be a primitive element of Z/rZ and let d,
m and the H; be as defined as in the previous section. Rather than work in Fpa, we

shall work in R, where R = Z[Y]/(Y™ — 1). In R define the counterpart of ¢; to be
bt S
v=)Y Y i€ Z/mZ (2.4)
k=0
and the counterpart of g;(z) to be
d-1

fiz) = [[(z - Y*7),i € Z/mZ (2.5)
k=0
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11
in Rz].

Lemma 3 There ezist unique integers, {aﬁ',"},,,tez,mz and {ﬂgu)}uez/mz , which can
s€Z/dZ s€Z/dZ

be computed deterministically in time T so that the coefficient of z° in f.(x) is

(-1)4¢ (59*) + 'Sfjl ag';)v,-) . (2.6)

i=0

We postpone the proof until we have made some observations.

Note that, as Y” = 1 in R, we may view the exponents of Y as elements of Z/rZ.
Therefore each f, € R has a unique coset representative which is a polynomial in z
of degree d whose coefficients are (r — 1)* degree polynomials in Y over Z.

Let S be the collection of all cardinality ! subsets of Z/dZ. Expanding (2.5)
formally, we can write the coefficient of z¢~! in f,(z) as

(_1)1 Z y o @+-+p') (2.7)
(i1, ~ii}eS
and note that there is a one-to-one correspondence with the (‘l’) summands in (2.7)

with the elements of S. We define an equivalence relation on S by
{il,---,il}N{i1+k,"',i1+k‘},k€Z/dZ (28)

and note that under this relation no partition contains more than d elements. Now
let S € S be the union of all partitions containing precisely d elements of S and
let S C S be the union of all partitions containing fewer than d elements of S. In

addition, let
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Tt = {{i,--,u} €S |p" +--- +p" =0modd} (2.9)
L = §-T

and we now observe that if p't + --- + p* = Omod r, then pi+k 4 ... 4 pitk =
pF(P" +--- + p') = 0 mod r and conversely, since p* % 0 mod r, and 7 is prime.
That is, if {y,---,4} «~ {j1,---,5i} then {4),---,41} € T; (or Tp) if, and only if,
{71, -+, 41} € T1 (or Tz, respectively). Therefore we may write 7; = P,U---U P,, and
T, = Q1 U---UQy,, disjoint unions, where the P, and the Q; are partitions under
the equivalence relation. Further note that S =7; U753 U S, where T;, 73 and S, are

pairwise disjoint. We may now rewrite (2.7) as

(1) (Z Xy LS Syt (1)

k=1{i1,~i1}€P: k=1 {i;, i1 }€Qy

+ Z Yau(pﬂ +--~+pjl )) .
{i1sdi}eS2

Lemma 4 P, Qr and S2 as above, then

xroB(nil Loednil)

L% iy igjep, YO PR ) =d.
2 2 Y iriye@ YO TP =y, where pit + -+ + pit € H,_,
528 T e, YEEHY = 4(S,).
Proof of 1): {i1, -4} € Py = p' +--- + p* = 0mod r = Y*®"+-+P") = 1, Since

#{P,) = d, it follows that

Yoy et = S 1= #(P) =d. (2.11)

{ir, 1 }€P: (i1, -0 }EP
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Proof of 2): Say
Qe ={{ir,---,u},- -, {1+ (d—1),--- it + (d - 1)}} (2.12)

then {é1,---,i} €Qe=>p"+---+p" #0€ F, = a*(p +---+p*) #0 € F,.
Therefore there exists ex, 1 < ex < m — 1, so that pit +--- + pit = a®*p! € H,,,

hence p'*™ + - .. + pi*™ = g% p"H € H, so

_ _ d—1 d-1
Z Yau(Px1+...+p t) — Z Ya“+ kpﬂ+l — Z Ya"'+ekpn — vu_i_ek. (2.13)

{i1, 4 }EQk n=0 n=0

Proof of 3): If {ji,---,5i} € S, then there exists n € Z/dZ — {0} so that {j;,---,5i} =
{ji+n,.--,51+n} €Sy, hence p* +--- 4+ p = (p +--. +p)p" € F,, but
p* # lorOmod r, so p* +- - -+p* = Omodr, hence a*(p” +---+p*) = 0mod r,
and therefore Y*®1+-+P") =1 ¢ R s0
T yEete) o 3 = (S, (2.14)
{ir,ai}esS2 {71,d1}eS

and the lemma is proved. B
We are now in a position to prove Lemma 3

Proof of Lemma 3: If we now let afi"_),_t be the number of the @,,---,Q@,, from
Lemma 4 so that D fi1, i1}k ye @' +-+") — 4, and let ﬁ(ﬂ equal #(S;) + dns

then, referring to Lemma 4 and (2.10), we have that the coefficient of z%~ in
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fu(z) is

(-1)‘ (i Z Yau(pi1+...+piz) + nzz Z Yau(pi1+...+pi()

k=1 {iy,i;}€Ps k=1 {i1,i1}€Q

+ X Y‘*“(P“+-"+P"‘>) (2.15)
{1, d1}E€S2

= (-1 (id+ > vs+#<sz>)=<—1>'(.S'i>,+m2_1a2:’,,,--v.-)

=1 {i1,i1}€Qx i=0

where the s in the next to last expression is the s such that p** +- - - +p* € H,_,.

To see that these integers are unique it suffices to note that 1, v, v, -+, V-1
each have unique coset representatives in R that are polynomials in Y with
coeflicients in Z with degree no more than r, and that no two of these share
terms of like degree, and therefore linearly independent in Q[Y]/(Y"~1), viewed
as an r-dimensional Q vector space, therefore unique in R = Z[Y]/(Y" — 1),

which can be thought of as sitting inside of Q[Y]/(Y™ — 1).

All that remains is to show that these coefficients can be computed in time
r9(), Recalling from the paragraph following (2.6) that the f;(z) can be viewed
as d** degree polynomials in z whose coefficients are (r—1)*t degree polynomials
in Y, the results of Lemma 4 show that o) is the coefficient for v; in the

coefficient for Y* in the coefficient of z°. We now demonstrate a technique for

expanding (2.5). Note that this method differs from the one in Lemma 4.
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Let

Wi (z) = [] (z - Y*'7") € Ria] (2.16)

k=0

and note that f,(z) = W('i)l (z) and that

W) = W) (z - Y7 =2W (@) ~ v wWi@).  (217)

For any 1 € Z/dZ, Wi(")(:z:) is a polynomial in z of degree at most d < r
with coefficients which are polynomials in Y of degree at most r. Note that
the coefficients of these polynomials in Y are integers bounded above by the
oY) which are in turn bounded by #(S) = ($) < 2% Computing W})(z)
from W (z) as suggested in (2.17) we see that computing zW* (z) involves
increasing each exponent of z in W}(“) (z) by 1, O(r) operations. We then
compute Y**?**' W (z) by multiplying each of the polynomial coefficients of
W (z) by Y=“7"*' which involves at most d-r additions modulo r, or O(r2log r)
operations. Finally, computing zW*) (z) — Y*"?** W) (z) involves at most d-r
additions of integers bounded by 2¢, or O(r3) operations. As this process is
repeated d times we see that an upper bound for the computation is O(r*)

operations. This completes the proof of Lemma 3. W

Before specializing to finite fields, we make the following observation concerning

the cyclic behavior of the coeflicients in the v; expansion of the coefficients of the f;.

Lemma 5 Fori,t € Z/mZ,s € Z/dZ , B = B and agfg = a.g(,)t)—i'
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Proof: Let fi(z) = [T¢3 (:c -y« ) € R[z] as in (2.5). As in (2.10) we get that the

coefficient of z¢~! in fi(z) is

(1) (nfz Yo yetieret L S yepibetalp '> (2.18)

k=1 {i},ij}€P; {i,-ai}esa

where &; is as in Lemma 4 and here the P; run through all of the partitions in

S1. Again, if e, = p* + .- - + p* mod r for some one of the {i;,---4;} € P then

we have
ipil et aipil sy ipu d-1 au( fptug il+u)
Yyt o Yymatt _ Srpet(pitiestt) (o)
{i,-i;}EP: u=0 u=0

If e = 0 € F, then (2.19) is precisely d. Otherwise, we have that
{exa’, exaip, - -+ era’p®™'} = H,y (2.20)

where e = a®p' € H,, some i, hence (2.19) is vepi. If {j1,---,5i} € S then,
as in Lemma 4, (... ijes, YO T P! = #(S,). So certainly 8 = 4.

Now, a§f2+,- is the number of partitions which yield v;,; and these are the same

partitions which yielded v, in the coefficient of %~ for f(z). So a§’2+, = af,ot),

0
or af} = g ;. W

The following version of the preceding lemma will prove useful later on.
Corollary 1 Fori, t, k € Z/mZ,s € Z/dZ ,
/3(1) = ﬁ(k)a stt E= aﬁz:-k) and a t = aﬁ’ffg
That is, if the coefficient of z° is
Aoto + Aty + Aatg + - - - + Am—otm_2 + Am—1tm-1 + B in go (2.21)
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then the coefficient of 2° is

Am—1to + Aot + Mo+ - - + Ap_stm—2 + Aot + 8 in g1
Am—ato + Am—1t1 + Aotz + - - - + Am—dtm—2 + An—3tm-1 + B in g2
Am—3t0 + /\m—2t1 + /\m—1t2 +--- 4+ ’\m—stm—2 + /\m-—4tm-1 + ,3 in g3 (2.22)

Ato + Aoty + Aotz + - + An—1tm—2 + Agtm—1 + B N gm_1.
Proof: That 8{) = B is immediate from Lemma 5. To see that asg_k = af,ffk)
simply observe that from Lemma 5 and using ¢ — k in place of £, we get aﬁfi_k =

(i+k) (0) () (i+k)

@ - and, by replacing i by i + &, a,; = o,, ; 4 To see that a,; = o,

8,L—1

o
note that agfz = aﬁf’)_i = ag?,) and, by replacing ¢ by ¢ + k, and replacing ¢ by
t+k, aﬁ’?ﬁ = a.(s?t)+k—(i+k) = a.«(;?:)—i- |

We now wish to restate Lemma 3 for our situation. That is, working over F,

rather than R.

Theorem 1 There erist subsets of Fp, {af,';‘)}u,tez/mz and {ﬂg")}uez/mz, which can

$€Z/dZ s€Z/dZ
be computed deterministically in time r9(1), so that the coefficient of ° in g,(z) is
m—1
(-1)* (ﬂﬁ“’ + 3 aﬁ':’t,-) . (2.23)
1=0

Furthermore, we have that for i, t, k € Z/mZ, and s € Z/dZ,

g9 = 5O

1 0
ol = afl,

,Bgi) — ﬁgk)

(i) _ (i+k)
as,t—’k - asvt
(@) __ (it+k)
as,t - as’t+k .
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Proof: To prove the existence and to compute the af*) and 4 we simply reduce,
mod p, those integers discussed in Lemma 3, Lemma 4 and Corollary 1. When
replacing Y by ¢ and computing over F, we need only compute some of the
additions modulo p, thereby replacing one factor of r in the time bound by a
factor of log p, thereby giving us a time bounded by a polynomial in r* and
log p. Please note that if p > r, in particular, if p > 29, then, since these
coefficients never exceed 2¢, we may perform the additions as before without
reduction modulo p. Hence, the number of operations needed to compute the

o and B is bounded by a fourth degree polynomial in r. M

It should be noted that since 1 = ~tg ~t; — -+ — t,,_; we may rewrite (2.23) as
-1

|3 (o - ) (2.2)
i=0

allowing us to write the coefficients of the g;(z) as homogeneous linear polynomials

in the ¢;. If we now define

60 = o) - 60, (2:25)
then we see that the coefficient of z° in g,(z) is
-1
(- |3 s (2.26)
i=0

We may further observe that, as a result of Lemma 5 and Corollary 1, we have, for 7,
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t, k€ Z/mZ and s € Z/dZ,

i 0
6.£t) = 6.5,2—:’
i i+k
89 = &™) (2.27)
i i+k
8 -

Please note that in the statement of Theorem 1 we have lost the uniqueness portion
of Lemma 3 and that, as tg + -+ - + t,,_; = —1, the ag’i‘) and 3¢ will not be unique.
However, we shall see in Chapter 4 that, subject to (2.26) and (2.27), the §’s are
unique.

One remark that should be made at this point is that in the computation of the
o™ and the B, p itself has only been used to determine the cyclotomy classes
Hy,---,Hp_y in Z/rZ. Therefore, if p; and p, are primes with ord(p,,7) = ord(pe,7),
in particular, if p; = p, mod r, they will generate the same cyclotomy classes and
in the same order, assuming that the same primitive element, «, for F* was used.
Hence, aside from the reduction mod p; or p, the &, B® and 6 will be the same
for both p; and p; and that, if both of these primes are > 2¢, we need not even
concern ourselves about this reduction. It should also be remarked that replacing
the primitive element, a, of F; by any other primitive element will also generate the

same cyclotomy classes, though possibly in a different order. That is, if p; and p,

are primes with the property that ord(p;,r) = ord(ps,r), then the cyclic subgroups
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< p1 > and < p; > of I} are the same (since F: has only one subgroup of order d)
and will therefore have the same cosets as well. If we let Hy =< p; >=< p, > and
let @ be any primitive element of F: and define H; = o'Hj, then we may duplicate
the results of Theorem 1 and find identical representations of the irreducible factors

of ®.(z) over Fp, and Fp,.

Example Let p = 31 and » = 19. We find that d = 6, m = 3, choose a = 2 and let
¢ represent a primitive 19** root of unity over Fs;. From this we compute the
cyclotomy classes

Hy, = {1,12,11,18,7,8}
H, = {2,5,3,17,14,16}

H, = {4,10,6,15,9,13}
and the cyclotomy periods

tg = C+412+C11+418+C7+C8

Il

t CZ+C5+CS+C17+CI4+<16

tp = C4+C10+C6+Cl5+cg+cl3.

Using the techniqes from Lemma 3 we arrive at the following table that describes
the coefficients of the powers of ¢ for each power of z. The number in row z*

and the column ¢* is Y and the number in column 1 and row z* is B
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1 C Cl? Cll Cls 47 CS C2 Cs C3 C17 CM CIG C4 CIO CG 415 CQ <13

2|01t 1 1 1 1 1|0 0 O O O O|0O O O O O O

{110 0 0 0 0 0|0 0 O O O 0|0 O O O O O

hence
do = z6 ~ t0$5 + (3 + to + t2)124 - (2 + 2ty + t1)$3 + (3 + tg +t2):L‘2 —toz+1
and by Lemma 5 we have

g = $6—t1$5+(3+t1 +t0)$4—(2+t1 +2t2)$3+(3+t1+t0)$2—t1$+1

I

gs z5 — t2.’B5 + (3 + i+ t1)$4 — (2 + &y + 2t0)$3 + (3 + i+ t1)$2 —tr+ 1.
Alternatively, using the characterization in (2.24), we get
go = 2}6 - toxs - (2t0 + 3t1 + 2t2)234 + (t1 + 2t2)$3 bt (2t0 + 3t1 + 2t2)1‘2 —toz + 1

@i = 2% —t12% — (2o + 2t; + 3ta)zt + (20 + t2)2® — (2o + 2t; + 3ty)z? —tiz + 1

g2 = 2% —tex® — (3o + 2t; + 2t9)T? + (to + 2t1)2> — (3t + 2t + 2tp)x® — tez + L.
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Recalling the remarks immediately preceding this example, we see that we
may replace p = 31 with any prime, p, so that ord(p, 19) = 6, and we will get

precisely the same results. @l

2.3 Further Results

An immediate consequence of Theorem 1 is that if we already know the traces
of the irreducible factors of ®.(z) over F,, in the appropriate order, then we may
determine these factors. However, if we simply know what the traces are, then,
although we can arbitrarily denote any of these traces as ty, there are (m—1)! possible
orders for the remaining ones. We shall see in Section 3.3 a technique which will allow
us to compute the factors of the irreducible factors of ®.(z) in time r°) given the
traces of the g;(z) and that, in many cases, knowing a single one of the traces will
allow us to generate the others in the appropriate order in polynomial time. For now
though, we may state some nice results which do not depend upon knowing any of
the traces. The first! solves the problem of deterministically factoring ®.(z) in time
rO() in the case where m = 2. We shall also see a technique for computing the sum
of the g;(z) and some results on symmetries which occur among the coefficients of

the gi(z).

1 This result first appeared in [STE].
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2.3.1 The Case m =2

In this section we shall see, using the techniques from the previous sections, that we
may deterministically compute the complete factorization of ®,.(z) in time (r log p)o(l)
in the special case where m = 2. We shall also see some applications to constructing

field extensions of IF,.

Theorem 2 Given p and r primes, with ord(p,r) = %, then we may factor ®.(z),

the r'* cyclotomic polynomial, over F, deterministically in time (rlog p)°®).

As a result of Theorem 1 it suffices to compute the traces ¢y and ¢;. Note that
if p = 2 then, since ¢y + ¢; = —1, we must have that, without loss of generality,
to = 0 and ¢, = 1. So assume p # 2 and consider the polynomial (z — ty)(z — t,) =

z? — (to + tl):c + tot; = ??+z+ tot1. Hence

-1+ 1~ 4¢tet, (2.28)
2 . 2.

to,t1 =

We first need to make the following observation.

Lemma 6 p,r,ty and t, as in Theorem 2, then

r 7r=1mod4

1 = diot, = { —r r=3mod4 ° (2.29)
Proof: From Lemma 8 on p.38 of [STO| we have that
toty = (1,0)t0 + (1,1)¢; + do (2.30)

where (1,0) and (1,1) are cyclotomic numbers and where

0 for d even

1 for d odd
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If r = 1 mod 4, then d is even, so § = 0 and, by Lemma 6 on p.30 of [STO], we

have (1,0) = (1,1) = § = =3}, hence

r—1
4

1—4fgt; =1—-4 [ (to + tl)] =7 (2.31)

If r = 3mod4, then d is odd, hence § = 1, and, again by Lemma 6 on p.30 of

[STO], we have (1,0) = (1,1) = 4% = =2, hence

r—
4

3 ~1
1—-4tot1=1—4[ (to +t1) + - ]=1-—4(r+1>=—r.l (2.32)

2 4

R. Schoof recently showed [SCH] that if +n are quadratic residues modp then
vEn can be deterministically computed in F, in time (|n|logp)°("). Since ¢y and ¢,
exist it follows that +r are quadratic residues mod p and so /% can be determinis-
tically computed in time (rlog p)°(). This completes the proof of Theorem 2.

Shoup showed [SHO] that if we may factor ®,(z) over F,, then we may deter-
ministically construct an r'* degree extension field of F, in time polynomial in r and
logp. Further, if the prime decomposition of n is ' - - ¢¢*, and we may construcs
extension fields of orders ¢i,- - -, ¢, then we can construct an extension field of order
n deterministically in time polynomial in n and log p. In the same paper Shoup shows
how to construct extensions of degree 2. This, combined with Theorem 2, proves the

following theorem.

Theorem 3 Ifn is a positive integer with prime decomposition 2°¢;'q3? - - - gz*, where

ord(p, ¢;) = 9%;—1-, 1 =0,---,k, then we may deterministically construct an exrtension
field of order n over F,, p prime, in time I OR
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2.3.2 The sum of the g;(z)

In this section we see how to compute the sum of the irreducible factors of the
cyclotomic polynomial.

We combine the results of Theorem 1 and Lemma 5 to prove

Lemma 7 Given p and r, distinct primes, then we may exzplicitly compute
go(z) + -+ + gm-1(z) € Fp[z], the sum of the irreducible factors of the r* cyclo-
tomic polynomial, in time r°0).

Proof: Adding the coefficients for z° from Theorem 1 we have

Z ( B 4 Z a(“)t> Z B +"i: (Z a‘"’t) (2.33)

u=0 =0 u=0 u=0 \ =0

now, using Lemma 5, we have that (2.33) equals

1

m~—1 1 0 m~1 1 ©
.B(o) + Z (Z agz)-—u ) IB(O) + (Z a31)‘“ ) =

u=0 \ i=0 u=0
e R
=0 u=0 i=0 a=0
mpO + (Z a(o)) (mz—l ti) = mp® — <Zla(°)) :
i=0 a=0

Theorem 1 proves that the a{9 and 5 may be computed in time r°). 1

Example: From the example on p.20 we get that the sum of the factors of ®9(z)

over [, for any prime p with ord(p, 19) =6 is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

3% — (to+t1 + t2)$5 + (—=Tto — Tty ~ 7t2)x4 ~ (—3to — 3t; — 3t2):l:3
+(=Ttg — Tty — Tta)x? — (to+ ¢, + ta)z + 3
= 38 +2°+ 72 -3+ 7+ + 3

2.3.3 Some results on the coeflicients of the g;(z)

We now wish to demonstrate some symmetries which occur among the aﬁ’t‘) and
the 3{*). We begin by comparing the coefficients of z! and z%¢-'.

Let S be the collection of all [ element subsets of Z/dZ and S’ the collection of
all d — ! element subsets of Z/dZ. Let v : S — &' be the bijection p(I) = I€, the
complement of I in Z/dZ. Define an equivalence relation, ~, on both S and S’ as
in the proof of Lemma 3, that is, {¢,,---,4} ~ {i + &k, -+,4 + k}, k € Z/mZ, and

note that for I;, I, € S we have
I ~ I & o(I1) ~ p(Iy). (2.34)

Let S, be the subset of S consisting of all elements belonging to equivalence classes
with d elements and S, the set of all elements of S belonging to equivalence classes
with fewer than d elements. Similarly define S] and Sj, subsets of S’. Let Py,---, B
and Pj,---, P, be the equivalence classes contained in S; and S respectively. By
(2.34) we see that ¢(S1) = &7, and ¢(S2) = S, that w = ¢, and that, with the

appropriate ordering, ¢(Fx) = ¢(FP;), 1 < k < t. Recalling (2.18) we note that in
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fi(z) the coefficient of z9~* is

(-1 (i Syl 3 Ya‘<?"+~--+p">) (23)

k=1 {iy,i;}eP: {j1d1}E€S2

and that the coefficient of z! is

(=)™ (Z‘: Z y o (et +tpia) + Z Yai(pil+1+..-+pid)) . (2.36)

k=1 {41, iq}EP; {G1p1,-Ja}E€Ss

Recall that a,(?) is the number of P in (2.35) that yield v, that afio_),‘t is the number
of P in (2.36) that yield v, and that B® = #(S,) + d(the number of equivalence
classes from (2.35) which do not yield any v;) and that 8, = #(S5%) + d(the number

of equivalence classes from (2.36) which do not yield any v,).

Lemma 8 d even, then, for s € Z/dZ, i,k € Z/mZ, we have
(@ _ p@)
L = Paa

a = o

Proof: Note that (pd/2)2 = 1 € F,. Since ord(p,r) = d, it follows that p%/? # 1,
hence p¥/? = —1 € F,. Now, if d is even, then d/2 € {0,1,---,d} C F,. More

generally, for £k =0,-- -, g — 1, we have
o'pf = —a'p?/?* e F,. (2.37)

That is, in H; = {c},a'p,---,a'p?} C F: we have

i df2 i d/2+1
1

o = —a'p?? o'p = —a'p d/2-1

., a'p —a'p? L. (2.38)
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Therefore
YyE€EH; & —y € H; (2.39)
and, recalling Lemma 2,
Y y=0. (2.40)
YEH;

Let I = {iy,---,ii} € S and I€ = {4141,---,44} € S'. From (2.40) we have

that, since Hy = {po,p,pz,---,pd‘l} and {iy,---,i4} = {0,1,---,d — 1},
P+ pt = —(p + -+ pY) €F,. (2.41)

Now, if I = {i1,---,4i} € Sa, hence I€ = {414, --,iq}, and p* + --- +pit =0,
then pit+1 4 ... 4 pid = 0 so YP'+-+P1 = YPUHi+-+p _ | ¢ R therefore
Z Yp‘1+..-+p"l _ Z Ypil+l+...+pid —_ #(52) (2.42)
i1, it}€S, {(i141,ia}€S5)
Similarly, if {7;,---,4} € P and p"* +---+p* =0 € F,, then

Z Ypi1+...+pil —_ Z YP“+1+---+p'-4 = #(Plc) (243)

{ir, 01 }EPk {ite1,ia}EP;

Lastly, suppose {i1,--+,4} € P, and p"* + --- + pit = e, # 0 € F,, then

ew € Hg, where e, = a°p* € F,, some i. Further note that e, = p** + .- + p

implies e, p* = p'tt*+. .. 4pi** and that, by (2.39), we have H, = {ewp“}i;(l) =

{—ewp*}oZ. . Referring now to (2.13) and (2.37),

u=0"
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) : d-1 ) ) d-1
Y.pll. +...+pll — Z Yp'1+“+.--+p'l+“ — Z Yewp"

{ir,~i1}€Py u=0 u=0
d-1 d-1 i .
= Z Yy “ewP’ = Z y P et
u=0 u=0
d-1 . i
B 24t
u=0

d-1 .
—_— Z Yp‘l+l+“+...+pid+“

u=0

- Z Yp"z+1 Feetpid

{iH-lv'"vid}eP!lu

and noting that %1 YewP* = v,, we see that P, yields v, if, and only if, P,
yields v,.

Since a( ) is the number of the P,, which yield v, and af,o_),‘k is the number of

P!, which yield v, it follows that ofy) = af,o), - Further, (2.42) and (2.43) show

that ﬁ(o) = (0_),. Combining this result with Lemma 5 we have

B =0 =0 =2, (2.45)
and
0 0
at(;c) = 0‘1( k)—i = at(i-—)l k—i = at(;l[ & (2.46)

which completes the proof of the lemma. B

Noting now that the coefficient of z* in g,(z) is

(—1)4 (ﬂ“" + Z a,“’t) (2.47)

i=0
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and that of z% ' is

-1 (055 + 3 ol (249
=0

then, since d even implies d — [ = [ mod 2, hence (—1)%~! = (—1)!, Lemma 8 immedi-

ately yields the following corollary.

Coarollary 2 Ford even, the coefficients of the g;(z), the irreducible factors of ®.(x),

0 < i < m -1, are symmetric. That is, the coefficient of =* equals the coefficient of
d—1
z¢

As an example, note the results of the example on p. 20.

For the case where d is odd we have a similar result with a similar proof.

Lemma 9 d odd, d # 1, then, for s € Z/dZ, i,k € Z/mZ, there ezists a € Z/mZ so

that
@ pglta)
-
Proof: First note that, unlike the case for d even, if p* = ~1mod r, 1 < s <d -1,

then d divides 2s. But d odd, so d divides s, but 0 < s < d, a contradiction.
Therefore there exists an a € Z/mZ— {0} such that —1 € H,, that is, -1 =

a®p" mod r for some 0 < h < d — 1. So we have
HO = {17p7p27 tte 1pd—1} g F; (2'49)

and

H, = {a p aaph+l aps+1, e aaph-l»d-—l} C ]F: (250)
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and, for0<k<d-1,

p* = —afpttr e Fr. (2.51)

In particular,

’YGHQ@*"YEHa-

Let I = {i1,--+,4} € S and I€ = {i41,--,iq} € S'. Working in F,, from

(2.51) we have
pi1 e pi( = (aaph'ﬁ'l 4o+ aaph'"'i‘) (252)

and from Lemma 2 we have, since H, = {a“, a’p,--- ,a“pd'l} and

{h+i1,- h+ia} ={0,1,--,d — 1}, (2.53)
that
aaph+i1 + R + aaph-i—n —_ — (aa'ph+il+l + PPN + aaph+ld) (2.54)
hence
pil + o4 pil — aaph+il+l oo aaph+id. (255)

If {i1,---,0} € So, then pit + ... +pit = 0, so a?ptisr 4 ... 4 gophtia =
hence a®p® (a®pt+! + - - - + a®p'¢) = 0 and finally, since a®p" # 0, a®pit+t +-- -+

afp'e = (. So we have Y71 ++p" — YPUH 4404 — | ¢ R and so

v YRt _ z yao (P11 +4pie) _ #(S,). (2.56)

{i1, i }€S2 (141,100} €SS
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Similarly, if {i;,---,4} € P, and p** +---+p* =0 € F,, then

S oymewi_ xS yebhed) _ ) 2s)

G- }eP {it+1,1a}EP;
Lastly, suppose {i;,---,4} € P, and p* + --- + p* = e, # 0 € F,, then

ew € H; where e, = a°p* € F,., some i, and we have

vy = E ye® = ) yrueed
u=0 {i1,-i1}€Py
_ Yaaph+i‘+1+m+aa.ph+id (2.58)
{it41,iga}€P,
Y (ap't+14+aopia)
{it41,ia}EP,,

So P,, thinking of go(z), yields v, if, and only if, P,,, thinking of g,(z), yields
v,. Since a,(,g) is the number of the P, from g()(z) which yield v and aff_),‘k
is the number of P, from g,(x) which yield v, it follows that oY) = af,a_),,k.

Further, (2.56) and (2.57) show that 8% = 8{),. Combining this with Lemma

5 we have
B =B = 5 = B (2.59)
and
off = afi ;= ol = ol (2.60)

which completes the proof of the lemma. W

Noting now that the coefficient of z' in g,(z) is

m-1
(~1)+ (ﬂf"’ S af;*>t,-) (2:61)

=0
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and that of 97! in g,,.(z) is

(-1 ( 19+ 3 ol ) (2:62)
i=0
then, since d odd implies d — [ # [ mod 2, hence (~1)¢~! = —(~1)!, Lemma 9 imme-

diately yields the following corollary.

Corollary 3 Ford odd, d # 1, there ezists a € Z/mZ, not zero, so that the coefficient
of z* in gu(z) equals the negative of the coefficient of x4 in g, .(x).

Note that the case d = 1 is the case where the degree of the irreducible factors of
®,(z) is 1, that is, ®,(z) splits completely over F,, and that Lemma 9 and Corollary

3 are certainly not true in this case.
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Chapter 3

An Algebraic Approach

In this chapter we use many of the results of Chapter 2 to create algebraic struc-
tures to study the role of the traces of the irreducible factors of the cyclotomic poly-

normmial.

3.1 An F,-algebra

In this section, using the traces and their relations as a guide, we shall construct
an [Fp-algebra which is isomorphic to the Berlekamp sub-algebra of Fy[z|/®.(z).

Let us suppose that we have distinct primes, p and r, that d = ord(p,r), m = ’%dl,
that we have chosen a primitive element, «, of F;, and that we have constructed
Hy,---, H,_, as outlined in Section 2.1.

Let K be a splitting field for ®.(z) over F, and let ¢ be a primitive r** root
of unity in K. We know that ®,(z) factors into the m d** degree polynomials,
90(z),- - -, gm-1(x), irreducible over F,, as in Section 2.1. Recall that the Chinese

34
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Remainder Theorem' gives an isomorphism between Fp[z]/®,(z) and the direct sum

of splitting fields for ®.(z)

o : Fp[z]/®(x) = Fplz]/90(2) © - - - © Fplz]/gm-1() (3.1)

f(z) + (B(z)) — (f(2) + (go(2)), - -, f(z) + (gm-1(2)))- (3.2)

In order to minimize confusion let us agree to represent elements of F,[z]/®(z) by

the unique coset representative modulo ®,(z) which is a polynomial of degree less than

r— 1. Similarly, let us agree to represent elements of Fp[z]/go(z) B - - ®Fp[2]/gm—1(z)

by an m-tuple of polynomials whose i** entry is the unique coset representative mod-
ulo g;(z) which is a polynomial of degree less than d.

Recalling the relations from the product formula, (1.8), let {T; | ¢ € Z/mZ} be

indeterminates and define R C F,[Tp, - - -, Tin-1] to be the ideal generated by the set

m-—1
{TiTik — Y [(k,h) — dO]Tisn | 4,5 € Z/mZY U {1+ To + -+ + Ten}  (3.3)

h=0

where (k, h) is the appropriate cyclotomic number and 6. is as defined on p.6. Now

we define the quotient ring
Fp[T] = Fp[To, - -+, Trn—1]/ R (34)

We may think of F,[T] as the m-dimensional F,-algebra of homogeneous first degree

polynomials in Tg,---,T,-1 where the ring action is given by the relations in R,
! See, for example, [LAN].
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relations that are designed to mimic the relations given by the product rule for the
periods in the theory of cyclotomy.
Let K be any splitting field for ®,.(z) over F, and define the polynomials
-1
Ty(z) =Y _z*7 e K[z]. (3.5)
=0
Now suppose that ¢ is any primitive 7** root of unity in K. Once again, for i € Z/mZ,

define the polynomials

d—-1 o
(=) =[] (z ~ ¢*7) € Fylz] S K[z] (3.6)

=0

and the traces of these polynomials

d-1 o
ti=Y (*F €F, CK. (3.7)
s

For i,k € Z/mZ we compute, for any | € Z/dZ,

ket -l ol
LEF) = 1 (¢)
J=
d-1

— Z (Cak+ipl+j) (3.8)

j=0
Aol i
= 2 () =t
=0
Since the polynomial T;(z) — t;;« € Fp[z] vanishes on all of the roots of gi(z) € Fy[z]

there exists a polynomial hi(z) € Fp[z] so that

Ti(z) = gi(z)he(z) + tisk- (3.9)
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Now let T;(z) be the projection of T;(z) € Fp[z] into F,[z]/®,(z) and lct ¢ be the

isomorphism in (3.1). Then, for i € Z/mZ we have

o(Ti(z)) = (tis tivrs -+, tic1) (3.10)
where it is understood that the j** entry of the m-tuple is a coset representative mod

gi(z)-

An interesting by-product of this observation is the following.

Corollary 4 Given distinct primes p and r with d = ord(p,7) # 1, then, in any
p-cycle mod r, there is at least one element that is greater than d. That is, every coset
of the subgroup of F; generated by the least residue of pmod r contains at least one
of {d+1,d+2,---,r—1}.

Proof: Choose i € Z/mZ, we must show that H; contains an element greater than
d. Recall that we labeled the cosets of < p > in F} by Hy, Hy,- -+, Hp—1, Where
Hy =< p>and H; = o!Hy. If r ~ 1 € H;, then, as r — 1 > d, we are done.
Otherwise, from (3.9) we know that 3 ycy. zF = ¢; mod go(z) and, since ¥y, ¥

is not a constant polynomial and ¢; € F,, it follows that

deg (Z a:") = max{klk € H;} > deg go(z) =d (3.11)
keH;

hence some element of H; is greater than or equal to d.

If deg (Zkeﬂ‘. :v") = d, then, for any | € Z/mZ, as both 3 ;.4 z* and g(z)

are monic, it follows from (3.9) that

Ti(z) = 3 & = qu(z) + bt (3.12)
kEH;
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Therefore go(z) — gi(x) = t;yy — ¢; for all | € Z/mZ. By Corollaries 1 and 3 it
follows that the constant terms of go(z) and g;(z) are both the same, hence we
must have that z divides go(z) — gi(z), so z divides t;; — ¢; for all | € Z/mZ,
which implies that all of the traces are the same. We shall see in Lemma 13
that this cannot be the case. Therefore deg (Zke H, z") # d and so there exists

ke H;suchthat k >d. @

——

We have the same relations among the T;(z) as we do among the T; € F,[T]. Given

Ti(z) and Tj(z) note that

¢ (T(@)Tise(2))
= (titipks ti1ticiaks = - bic1bic14k)

m—1 m—1
= ( [(k’ h’) - dgk]t‘i+h7 Z [(ky h’) - dgk]ti-(»-l-f-h 17T
h=0

h=0

m—1
> [(k,h) - dek]ti—1+h) (3.13)
h=0

m—1

= > ([(kh) = dOk] (tirns tirrihs = tim1tn))
h=0
m—1

= Y (Itk.h) - dBely (Ton(a)))

h=0

hence, since ¢ is an isomorphism,

TOT@ = 5 (I(kh) - d6Trn®)) (3.19)
h=0

Now define 1 : F,[T] — Fp[z]/®,(z) by

m—1 m—1
¥ Y aTi— Y oTi(z). (3.15)

1=0 i=0
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Lemma 10 % is an injective Fy-algebra homomorphism.

Proof: Define the homomorphism v : Fp(Tp, - -+, Trn—1] — Fplz]/®(z) by T; — Ti(z)
and note that (3.3) and (3.14) above show that ¢ (R) = 0, so v factors through

F,[T] via 1, hence 1 is an F,-algebra homomorphism.

To see that 9 is injective let us stray momentarily from our agreement re-
garding the representation of elements in F,[z]/®.(z) and note that, modulo
®,(z), any polynomial has a unique representation as an r — 1°* degree polyno-
mial without a constant term. Specifically, since z" = 1 mod ®.(z), we have, for
B = B mod r, that 2% = 22 mod ®,(z) and that 1 = ~z—2z2~--- —z" ' mod
®.(z). Now note that the Ti(z) = Zg__‘_é %P where, for 0 < j < d — 1,
a'p’ # 0 € F, [since the order of pmod r is d]. Therefore, using the repre-

sentation above, we write
—_— d-1 ——
(@) = 3 27 + (&,(z)) (3.16)
ard

where a'p? is the least residue of a'p’ mod r. If we now remark that, for 0 <

i<k<m-1,cap" # o*p?mod r for any I, and I,, then there can be no

——

non-trivial relations among the T;(z). That is, Ty(z),- -+, Trn—1(z) have distinct

representations as polynomials of degree less than r, no constant term, and that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

no two of these representations have terms of equal degree, so the only linear
combinations of these elements which equals zero is the trivial one. Therefore

m—1 m—1
Y (Z aiTi-) =Y aTi(z) =0 0o; =0Vi € Z/mZ (3.17)

i=0 i=0

and so 1 is injective. Wl

It is interesting to remark at this point that a direct sum of m copies
of Fp, call it B, also known as the Berlekamp sub-algebra’ sits inside of
Fplz]/g0(z) ® - - - ® Fp[z]/gm-1(z) in a natural way and that Im(pe) is contained
in this sum. As v is injective and # (F,[T]) = # (F, & --- © F,) = p™, finite, it

follows that ¢ is an isomorphism from F,[T] to B.

Fp[To,- -+, Trner]
l N
F[T] 5 F,lz]/2.(z)
I (3.18)
N
U
B

1 See, for example, Section 2.4 of [MEN]
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3.2 Some automorphisms

In this section we construct automorphisms of F,[T)] and F,[z]/®.(z) and examine
some resulting module structure.

Note that the Fp-map Fp[Tp, - - -, Trn] — Fp[T0, - -+, T, by T; = Tit1, is clearly an
F,-algebra automorphism. Now observe that if f(z) is an element of the set which
generates R, the relations ideal defined in (3.3), then the image of f(z) under this

map is either

m-—1
Tk = 3 [k, ) — d6u]Ties (3.19)
=0
m—1
= T Tasn+e — Y1k h) — dOk]Tr1y+n € R
=0
or
l1+T+T1+- -+ T — 1+ T+ T+ -+ Ty € R. (3.20)

As the image of R under this map is R, it follows that it induces an F,-algebra
automorphism, the ‘shift’ automorphism, 7, on F,[T] = F,[Ty,---,Tn]/R by T; —
T

To mimic this action in F,[z]/(®,(z)) consider the F,-module map of F,[z] given

by A: z + z% and note that under this map the image of ®.(z) is

r-1 .
A (z)) =z (3.21)
i=0
Now, as r is prime and 0 < a < r — 1, it follows that {a® a,---,a" '} is a complete

set of residues mod r. Therefore if ¢ is any primitive r®® root of unity over F,, then
Y p
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{¢,¢%,---,¢(""1} are precisely the primitive r** roots of unity over F,, hence we have
that
r—1 ; r—1 .
M2 => ¢ =3 ¢ =0. (3.22)
=0 =0

Since the roots of ®.(z) are exactly the primitive r** roots of unity, we have that
®,(z) divides A(®,(z)), that is, AM(®.(z)) € (®.(z)). So we see that A\ induces an

Fp-algebra endomorphism, o, of Fy[z]/(®,(z)) by T + z=. Further observing that
o ({I,E,F,-- . ,1:"1}) = {1,&:’,?, ---,z"l} (3.23)
we see that o is onto hence, as F,[z]/(®.(z)) is finite, an F,-algebra automorphism

of Fp[z]/(®-(z))-
We now observe that
e1(T:) = @o(Tix1) = Tipa(z)

m—1

- Z xai+1ph — (mz-l zaiph)
h=0

h=0
= o(Ti(z)) = 00 (T2) -

As {Ty,Ti, -, Trn—1} forms a basis for F,[T] over F, we have that

otk = ok (3.24)

for any k.
It should also be noted that, as 7™ = Idg,], we have that 7 makes F,[T] into an

Fplz]/(z™ — 1) module, where the action is given by 7.
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Lemma 11 F,[T] is a cyclic Fp[z]/(z™—1) module, where the action of F,[z]/(z™~1)
on F,[T] is given by 1.

Proof: Simply noting that,

m~1 ) m—1
(Z a,-:z:’) To=)Y oT; (3.25)
i=0 i=0

and that, since Ty, Ty, - - -, Tin—; forms a basis for F,[T] over F,, it follows that,

as an Fy[z]/(z™ — 1) module,
Fp[T] = [Fp[z]/(=™ ~ 1)] To (3.26)
This completes the proof. B

A related result comes from examining the linear transformation A™ : F,[z] —
F,[z] by z — z°™. For a € Z define @ to be the least positive residue of amod r,

then, since z" = 1 mod ®,(z), we know that z* = z%mod ®.(z). Now, given

flz)= i oz’ € Fplz] (3.27)
i=0
we define
ff(@) = i a7’ € Fplz]. (3.28)
=0

The remarks above show that f = f* mod ®,(z). Further, define
fr(@) = (A" f)* € Fplz] (3.29)

and note that, as (A™f)* = A™f mod &.(z), we have that f* = A™f mod ®,(z).
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Lemma 12 Let f(z) = Y izt € Fp[z]. If f(z) divides ®,(z) then f(z) divides
f*(z)-

Proof: First note that as a™ and p both have ord(d,r) it follows that they both
generate the unique multiplicative subgroup of order d in F;. So there must be
a g such that p? = o™ mod r, hence, for any i, we have that ip? = io™ mod r

and so

t t
Af =30z =) ;7" mod ®.(z) (3.30)
i=0 i=0

and, since f* = (A\™f)* = A™fmod ®,(z), we also have that

fi(z) = iaiqu mod &.(z). (3.31)

i=0

Further noting that, as we are in characteristic p, we have

(@) = Y e € Byl
i=0
so it follows that fP(z) = f*mod ®.(z). Therefore there exists 8 € Fy[z] such
that fP(z) — f* = B®.(z). Now, if f(z) divides ®.(z) it follows that f(z)
divides f*(z). @
Please note that the converse of the above lemma is not generally true. For

example, if ™ # —1 mod r then z divides z* and yet z does not divide ®.(z).
3.3 Idempotents

In this section we shall examine several ideas for factoring ®,(z) given one or

more of the traces of the irreducible factors of ®,.(z). The reader may note that this
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material is similar to methods involving Berlekamp’s algorithm discussed in Chapter
4 of [LID1], the main difference being the attention given to the role that the traces
of the irreducible factors of ®,(z) can play.

Note that every idempotent in Fp[z]/go(z) @ - -- & Fp[z]/gm-1(z) must be of
the form (ag,---,@m-1), where a; = 0 or 1, i € Z/mZ, and that the set of all
idempotents is in B and therefore in one-to-one correspondence, via the isomor-
phism ¢, with the idempotents in F,[T]. We also note that every zero divisor in
Fplz]/go(z) @ - - - ® Fp[z]/gm-1(z) must be of the form (ao, - -,am-1) where there is
some i so that a; # Omod g;(z) and some j so that a; = Omod g;(z). If a(z) +
(®-(z)) = ¢~ ((ag,**,am-1)) then it follows that ged(a(z),®.(z)) # 1 or ®.(z),
hence yields a non-trivial factorization of ®,.(z).

We may also define the principal idempotents
e; = (1 —boi,1 =614y + 1 = 6m_14) €EB (3.32)

for each ¢ € Z/mZ where 6;; is Kronecker’s delta. If we let e;(z) € Fp[z] be the unique

coset representative of ¢~!(e;) with degree less than r — 1, then

ei(z) = lmod g(z), i#j (3.33)

I

ei(z) = Omod gi(z)

hence ged(®,(z),ei(z)) = gi(z). Alternatively, if we define ei(z) € Fp[z] to be the

unique coset representative of degree less than r — 1 of ™! (1 —¢;) then g;(z) =
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®.()/ ged(®- (), €i(z)).-
Keeping in mind the one-to-one correspondence of idempotents in F,[T] and those
in B, we see that any idempotent in F,[T] will give a non-trivial factorization of &, (z)
and given any of the e;(z) we will get an irreducible factor of ®,.(z). Given all of the
principal idempotents gives a complete factorization of ®.(z).
Suppose that we happen to know one of the traces, t;. Then ¢ (To(—a:)~ - ti) =
(to ~tiy-++,tm—1 —t;) € B has a zero in the i** position. This element will be zero if,

and only if, all of the ¢; are equal.

Lemma 13 Given distinct primes,  and p, the traces of the irreducible factors of
®.(z) cannot all be the same.

Proof: As remarked above, if the traces were all the same then Tp(z) —t; = 0 €
Fp[z]/®.(z). Recalling the representation of elements in Fy[z]/®,(z) discussed

in the proof of Lemma 10 we may represent Ty(z) — t; by

d-1 __ r—-1  r=1 )
To(l‘) -t = Zsz + ti ZZJ = ZS]'ZJ (334)

where p7 is the least residue of p/ mod r and

1+t if j € Hy
s; = . (3.35)
t; otherwise

This element will be 0 if, and only if, s; = 0 for all 0 < j < r — 1. As some j are

in Hy and some are not, this would simultaneously force t; = 1 and ¢; = 0. W
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So To(z) — t; will be a non-trivial zero divisor. It should further be noted that
Y —~1
(o (To@) ~ )" = (o~ t:y", -+, (tmer — £ (3.36)

where, since we are working in characteristic p, (¢; — t;)*"! = Qor L as t; = ¢;
or not, respectively. As (mz—) - t,-)p~1 can be computed in logp multiplications it
follows that we will have found a non-trivial idempotent of B in polynomial time.
Whether working with the idempotent or the zero divisor we will have a non-trivial
factorization of ®.(z).

It is a well known fact! that if f(z) is any polynomial over any finite field F,,

and if b(z) is an element of the Berlekamp sub-algebra of F,[z]/ f(z), then we have

f(z) =[] ged (f(2),b(z) —a). (3.37)

aeF,

Noting that Ty(z) is an element of the Berlekamp sub-algebra of F,[z]|/®,(z) we have

0.(2) = [] ged (&:(2), To(@) ~ o). (3.38)

a€Fp
If we now observe that ged (@,(z),To(a:) - a) = 1 for a¢ {to,-*-,tm-1} and that
ged (d),(m),To(a:) - t,—) is a proper, non-trivial factor of ®.(z) for ¢ = 0,---,m — 1,

(3.38) becomes

m—1

() = [] ged (@r(2), To(z) - t,-) . (3.39)

i=0

Noting that these ged calculations can be done in time %)) we see that if we know

1 See, for example, Section 2.4 of [MEN]
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all of the traces of the irreducible factors of ®,(z) then we may compute the complete
factorization of ®,(z) deterministically in time (),

Also note that for any i, o7 (m - ti) = m — t; will also be a zero divisor,
so we may get other non-trivial factorizations of ®,.(z). In particular, if ¢; is distinct

m-1

from all of the other traces then {(T,(m) - ti)p_l} are precisely the m principal
=0
idempotents and we will have a complete factorization of ®,(z) via
m—1
. (c) = ] ged (2r(2), T5() ~ t:) - (3.40)
7=0

Example: Let p = 53 and r = 29, then m = 4, d = 7 and we may choose a = 2. As

outlined in Chapter 1 we find

Ho = {1,24,25,20, 16,7, 23}

H, ={2,19,21,11,3,14,7}

(3.41)
H, = {4,9,13,22,6,28,5}
H, = {8, 18,26, 15,12, 27,10}
hence
Tl(m) — $2 +x19 +z21 +$11 +$3 +z14 + z7 + (@29)
(3.42)
To(z) = z* + 2° + 23 + 222 4 26 + 2% + 25 + (D)

Given that one of the traces, which we arbitrarily assign as £q, of the irreducible
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factors of ®q9(z) over Fs3 is 33, then we know that both

To—33 = 21T + 20T, + 20T, + 207 (3.43)

To(z) ~33 = z+22 +2% + 220 +2'6 + 27 + 2% — 33 + (Dgg)

are zero divisors. We then compute

ged(Pa(z), T + 22 + 22 + 220 + 26 4 27 4 22 _ 33) (3.44)

=27 + 2025 + 162° + 4z* + 382> + 3422 + 36z + 52

As this polynomial is of degree seven and necessarily divisible by go(z) it follows

that it is go(z). Computing ged(P29(z), Ti(z) —33) for i = 1,2, 3 in turn we find

gi(z) = z7+ 142% + 22° + 21z* + 352° + 4022 + 50z + 52
g2(z) = z"4+172% 4+ 192° + 152* + 492> + 372% + 33z + 52 (3.45)

g3(z) = z"+32°% +132° + 18z* + 3223 + 5122 + 39z + 52.

and we have a complete factorization of ®,9(z) over Fs3. Note that we have also

learned that ¢; = 39, ¢ = 36 and that t3 = 50.

If we further compute (Tp — 33)52 in Fs3[T] and apply o to this element three

times, we find that the principal idempotents in Fs3[T] are
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5174 + 3Ty + 3175 + 1875
3T + 31T + 1873 + 51T; (3.46)
31T, + 18T + 5172 + 373

18T + 5171 + 375 + 3175.

Applying 1 to each of these in turn we may also find the principal idempotents

in F53[$]/¢29($). .

But what if the traces are not all distinct? Note that this will certainly be the
case when p < d and even occurs, though infrequently, for p > r. Experimentation has
revealed that even when traces repeat we may still get a set of factors which separate

®,.(z). However, this need not always happen.

Example: If we let p = 137 and r = 101 we find d = 5 and m = 20. So ®.(z) will
factor into 20 distinct irreducible polynomials each of degree 5. It turns out the

that the number ¢ = 71 occurs as a trace for two of these polynomials. Comput-

ing fi(z) = ged (cblm(x),il’j(x) - 71) for j =0,---,19 we find only 10 distinct
10** degree polynomials (only the coefficients of 1,z,---,z!0, respectively, are

shown below),
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folz) = 1
filz)= 1
fa(z) = 1
fiz) = 1
fa(z) =1
fs(z)= 1
fo(z)= 1
fa(z) = 1
fa(z) = 1
fo(z) = 1

132

4

o7

30

93

6

59

29

113

26

94 121

74 111

51

136

24

133

31

39

97

96

43

32

15

98

26

51

72

82

30

82

16

94

25

9

119

52 104 99

38 72 121

8 82 111

115 30

116 82

98 16

80 94

112 25

103 9

74 119

96

43

42

15

98

26

51

6 99 104

94 132
74 4
51 57
136 30
32 93
133 6
31 59
39 29
97 113
52 26

1

1

51

and that fio = fo, fui = f1, etcetera. We further find that ged(fi(z), f;(z)) = 1

for ¢ # jmod 10 and that in fact, subject to the appropriate ordering, we have

fo(z)
fi(z)

fo(z)

9o(z)g10(z)

= qi{z)gu(z)

99(z)g19(z)

and so in this case we find that (3.40), although yielding non-trivial factoriza-

tions of ®,¢; (z) , does not give a complete factorization. W
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Of course, all of the above assumes that we know at least one of the traces. How
can we find idempotents or zero divisors in general? If any of the t; are 0, which is
the case if, and only if, one, hence all, of the T; are zero divisors, then we will be able
to get at least partial factorizations simply by computing ged (@r(x),m) . If the
T; are not zero divisors then, as F,[T] is finite, they are units and, by recalling the
isomorphism @(T;) = (ti, tir1,- -, tiz1) € B, we see that the order of the T!s are all

the same and that
order T; = lem(ord(ty, p), ord(t1,p), - - - ,ord(tm-1,p)). (3.47)

Although not always the case, experimentation shows that often, especially with large
m, the t;s will not all have the same order. If we knew that some trace ¢ had order

k and that order T; > k, then it would follow that T — 1 would be a zero divisor.

3.4 Extending F,[T]

We have shown that F,[T] is isomorphic to B in Fp[z]/®,(z). We now extend F,[T]
to an Fy-algebra which is isomorphic to Fp[z]/®.(z).

Recall from Chapter 2 that we may deterministically, and in time r?(!), express the
coefficients of the g;(z) as linear combinations of ¢, - - , tm—y. Using the homogenous

representation from (2.26) we know that the coefficient of z* in g,(z) is

(-1)* [ Z—l 55,?’&} . (3.48)

i=0
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Define, in F,[T],

Ty = (—1)%* ["f 62"71] : (3.49)

i=0

Let Y be an indeterminate and consider the polynomial ring F,[T][Y], the ring of

polynomials in Y with coefficients in F,[T]. In this ring define

Gu(Y) = ‘f TusY”. (3.50)

5=0

Note that we have an F,-algebra homomorphism
A :F,[T]|[Y] - Fplz]/®.(z) (3.51)

by Y + z and, for 8 € F,[T], B — %(8). We wish to examine the image of G,(Y)
under this map, followed by the isomorphism ¢ into Fy[z]/go(z) ®: - - ®Fp[z]/gm-1(T)-
To do this, let us consider the F,-algebra homomorphism from F,[T}[Y] — F,[z] given
by Y + z and T; — T};(z) and regard the image mod gi(z).

First note that

[us o (—1)4 (El 5§;f>rz;(x)) . (3.52)

i=0

Recalling now that T;(z) = t;+x mod gi(z) we have that the image of [',; mod gx(z)
is

(-1)%* (mf 651-"ti+k) (3.53)

=0

Now, recalling from (2.27) that (55,’?_ e = 6§;‘+k) , we have that the image of

['ys mod gi(z) is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



54

-1 m~—1
(—1)és (z 6§:"ti+k) = (S 8

i=0 =0
m—1
= (—1)""(2 6§I~‘+’°’ti) (3.54)
=0
= 6u+k,s

the coefficient of z° in g,.x(z). So we observe that the image of G,(Y) mod gi(z) is

d—1 d—1
Z("l)d—srusxs = Z Outk, s’ = Guik(). (3.55)

§=0 §=0

So the image of G.(Y') into Fy[z]/go(z) & - - - ® Fp[z]/gm-1(2) is

Gu(Y) = (gu(.’D), Gu+1 (.’L‘), tet 7gu—l($)) . (356)

In particular, note that Go(Y) — (go(z),91(z), - -, gm-1(z)) = 0, hence we have an

induced Fp-algebra homomorphism
U : Fo[T][Y]/(Go(Y)) — Fplz]/(®+(z)). (3.57)

Noting that ¥(—-To — 171 — --- — Trp—1) = 1 and that ¥(Y) = z, it follows that ¥
is onto. If we further observe that both rings have cardinality p” we have proven the

following.
Lemma 14 The map

U : Fp[T][Y]/(Go(Y)) = Fplz]/(®r(x))

is an Fp-algebra isomorphism.
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Example: Referring to the example on p.20 with p =31, r =19, d =6, m = 3 and

noting that a = 2 is a primitive element of F, we have

GoY) = Y- Y+ 3+ o+ )Y* - (2+ 2T, + T1)Y?
+B+ T+ To)Y2  —ToY +1

GiIY) = Y -T\Y’+(QB+T1+To)Y* - (2+ 2T, + T)Y? (3.58)
+B+ T+ L)Y - TiY +1

Gs(Y) Y -TY + 3+ T+ )Y — 2+ 2T + Tp)Y?

]

+@+ T+ T)Y? ~ToY + 1.

Replacing Y by z and mapping

To — z4+z2+2 +28 427+ 28
T\ = 22+z°+23+2" 42"+ 20 (3.59)

Ty — zt+ 20428 + 215 + 29 4 213

and reducing the results mod ®;9 we get that
Go (Y) — 0

Gi(Y) » ~1+43z2—-22%+3z% — 25 -328 +2°
+z!t 4+ M 4 218 — 3217 (3.60)
Go(Y) — 4+z+4x? - 23 + 42 + 25 + 445 + 348

¥ gl gla 16 5.7
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We know that the image of G1(Y') is congruent to g, mod go, gomod g; and
gomod g>. The image of G5(Y') is congruent to g2 mod go, go mod g; and g; mod

g2.- B
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Chapter 4

Some Linear Algebra

In this chapter we describe some of the maps discussed in Chapter 3 as matrices
and use the results to settle the uniqueness of the 6,(;‘ ). We also describe a way to reduce
the problem of deterministically factoring ®,(z) in time 7°() to that of factoring a
polynomial all of whose roots lie in F,. Finally, we construct a matrix representation
of F,[T] and examine its generators to make some observations about the cyclotomic

numbers.

. . (u)
4.1 9 as a matrix and the uniqueness of the §;;

In this section we describe and examine the matrix for ¢t as a linear trans-

formation and show that the 68-‘) described in Section 2.2 are unique.

First recall, from (3.10), that there exists an I[F,-algebra homomorphism,
@Y : Fp[T] — Fylz]/golz] @ - - - @ Fp[z]/gm-1(z), given by

87
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Ty — (to,t1,--

) 7tm—l)

T\ — (ti,t2, -+, tm-1,t0)

T_lH

(t:is tiva, -+

-y tizy)

(tm-—lv to,--- 1tm—2)'

58

(4.1)

Noting that {Tp,- -, Tm—1} is a basis for F,[T] over F, and using {eg, e, -, €m_1},

where e; = (0,---,0,1,0,---,0) where the 1 is in the i** position, as a basis for

Fp(z]/g0[z] - - - ®Fp[z]/gm—1(z) over Fp, we see that we may describe the F,-algebra

homomorphism ¢ via the matrix

to

t

ti

tm—l

4

19

tiv1

to

Live

1]

ti1

tm—2

J

Several remarks about the matrix above. First, since 1 is injective, in fact an

isomorphism from F,[T] to B, it follows that the matrix is non-singular, so has a

non-zero determinant. Secondly, a matrix of this form, where each row is a shift

one step left of the previous row, is called left circulant. We shall refer to it here as
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leirctg, - - - ,tm—1]- Note that by reversing the order of the rows, or simply reversing
the order of one of the bases being used, we will get a matrix in which each row is
a one step shift to the right of the previous row, known as a circulant matrix and
referred to as circ[tg, - - - , tm—1]- As the determinant of this matrix will differ from that
of Icirc[ty, - - , tm~1] by at most a factor of —1 it follows that it is non-singular as well.

There is a well known result' which states that circ[ag, - - - , @m_1] With entries in a
finite field K, is non-singular if, and only if, the polynomial ag+az+ - - - +ap_1z™!
is relatively prime to the polynomial ™ — 1 over K. Noting that switching columns

in any fashion does not affect the non-singularity of the matrix we have proved

Lemma 15 The polynomial
a+az+ -+ ap1z™!

where {ag, -, am-1} ={to, - - ,tm-1}, is relatively prime to ™ ~ 1 over F,.

Back in Theorem 2 we demonstrated a technique for writing the coefficients of the
9.(z) in a particular way as F,-linear combinations of the #;. In particular, we noted

that we could find a set of elements of Fp, {55:-‘)},~,uez/mz so that the coefficient of z*

s€Z/dZ
in gy(z) is
m—1
(—=1)%=* 5" 6%t (4.3)
i=0

We further saw that the 62‘) satisfied the relations in (2.27). In particular, we had

1 See, for example, Section 1.7 of [SMA]
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SR = 6§'§_k That is, if the coefficient of z* in g,(z) is
8Pt + 65t 4 - - 4+ 8 1tms (4.4)
then the coefficient of z° in g, 4« () is

6(‘u+k)t + 6(‘u+k) +- 5(u+k

s m-—ltm~1

= 6(u) —kto + 63 m—k-i-ltl + 6§t‘731—k-1tm"'1 (4.5)

8t + 6 thpr + - + 600t
If we now suppose that
Gu(Z) = Qoy + Q1 + - - - + 0gz? (4.6)

then we see that the 6{*) must satisfy

to t, t2 -1 65(,16) Cgy
¢ ty t3 .- t 58
1 2 3 0 31 Qg u+l
= ' (4.7)
t; tiv1 tiga -+ ti 52‘ ) Qg u+ti
tm-1 to t cor b2 j 5,512;_ J Qs utm-1

for each choice of s € Z/dZ and u € Z/mZ. Since the matrix on the left is not singular

it follows that the 6 must be unique.
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Recalling (2.27) we also see that all but md = r — 1 of the are 6 redundant. If

we define 6, = 6§?) then we may write that the coefficient of z° in g,(z) is
m—1
(=1)%7* Y baimuti (4.8)

i=0

Hence we have proved the following version of Theorem 2.

Theorem 4 There ezist unique elements of Fp, {6s}icz/mz, that can be computed

seZ/dZ
deterministically in time (rlog p)°Y, so that
d m-1
gu(z) =Y |(~1)%° Y b, uuti| 2" (4.9)
s=0 =0

As in Theorem 2 we make two remarks. The first is that the number of operations
required to compute the §; is O(r3 log p) or, in the case where p > r, in particular,

p > 2¢, O(r*) operations. Secondly, recall that §,; = aﬁ?) - S’) mod p, where a_f,?) and

(0)

¢ were integers whose computations nowhere involved p and which were bounded

by 2¢. So, if p > r, in particular, if p > 2¢, and we agree to represent &,, as a negative
if aff:) < ﬁg?), then it follows that if p; and p, are primes with ord(p;, r) = ord(ps, ),

then the 6,; will be the same whether we are working over Fp, or F,.

4.2 A reduction to factoring a polynomial which
splits
In this section we show that finding the traces of the irreducible factors of ®,(z)

can be reduced in time r!) to that of factoring a specific polynomial which splits

over F,.
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Recalling that Fo[T] is an m-dimensional F,-vector space it follows that

1,Tp, T3, -, Ty* form a linearly dependent set in F,[T] over F,, so there exists
Qg, 0, "+, Qm € Fp, not all zero, such that
Qg + alTo + 02T02 + -4 am’.fg" =0€ FP[T] (410)

Note that by expressing T2, - - - , Tg" as linear combinations of the basis Ty, 7%, - - - ; Tin—1
we may compute ag, ay, « - -, &, in time polynomial in 7 and log p by performing Gaus-
sian elimination on an (m + 1) X m matrix with entries in F,.

Recalling the shift automorphism, o, it follows that for i = 1,---,m we have

o' (a0 + oy To + coTf + - -+ + amTT") (4.11)

= ao+a1T,-+a2T,-2 +--- +amT;-m = 0.
That is, working in F,[T][Y] over F,[T], To, T3, - - , Trn—1 are all roots of the polynomial
h(y) =ag+a1Y + 02Y2 +--FanY™ (4.12)

in Fp(T][Y7].
Now note that the image of ag + 1Ty + a2T¢ + - -+ + a,,Tg" under 1) is the

th component is

m-tuple whose ¢
h(t;) = ag + outi + gt + - - + ot (4.13)

Referring to (4.11) we see that we must have that

h(t) = ag + it + aat? + - - + amt]* = 0 (4.14)
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for all ¢ € Z/mZ. Therefore, working in F,[z] over F,, we have that to,t1,- -+, tm—1
must be precisely the roots of h(z) over F,. That is, multiplying by a suitable constant

if necessary,

m-—1
h(z) =ag+ oz + oz’ + -+ anz™ = [[ (z~t) (4.15)
i=0

is a polynomial with coefficients in F, which splits over F,. If we could factor this
polynomial then we would know all of the ¢; and could therefore completely factor
®,(z) over F, using either the techniques of Chapter 2 or of Chapter 3. Hence we

have proved

Lemma 16 The problem of deterministically factoring ®, over F, can be reduced, in
time (rlog p)o(l) to that of factoring an m'® degree polynomial over F,, which splits
in .

It should also be noted that by formally expanding the right hand side of (4.15)

it follows that

Yottty = (—1) om (4.16)
where the sum is over all k-element subsets of {0,1,---,m — 1}. In particular
t0t1 s tm_1 = Qg. (417)

Example: As in the example on page 20, let p = 31, r=19, hence d = 6, m = 3,
and choosing a = 2, we find the cyclotomic numbers (0,0) =2, (0,1) = 1, and

(0,2) = 2. Then using the relations in (3.3) we find that
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T = —4Tp - 5T, — 4T (4.18)

Tg = 3T0—2T1—'3T2

and using 1 = —T — T} — T, we get the matrix

i .
-11 -43 0

-1 0 =5 =2 0 (4.19)

-10 -4 -3 0

|

Performing Gaussian elimination over Z and setting a3 = 1 we get the solution

ag = —7, @) = —6, ap =1 and a3 = 1. Hence
h(z) =z*+ 22 -6z -7 (4.20)
from which we observe that it must be the case that
totito =7

and that

totl + t0t2 + t1t2 = —6

Please note that the above formulas, as well as h(z), will be the same over F,

with 7 = 19 as long as the ord(p, 19) = 6. If we further factor h(z) over F3; as

h(z) = (z + 12)(z + 4)(z + 16) (4.21)
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then we see that the traces of the irreducible factors of ®;9 are 19, 27 and 15.
Using the techniques outlined in either Chapters 2 or 3 we could now factor

‘1)19(.1'). .
4.3 Matrix representation

In this section we construct the left-regular matrix representation of F,[T] in
M. (F,), the ring of m x m matrices with entries in F, and examine some of the
characteristics of these matrices.

Using {Ty,T1,- - -, Trm—1} as an Fp-basis for F,[T] we let M®) be the m x m matrix
whose i entry is the coefficient of T} in the expansion of T};T; [for convenience we
shall number the rows and columns of the matrices by 0, 1,- - -,m — 1]. Recalling the

formula (1.9) and referring to the ij®* entry of M) as mgf’), we have

m) = (i~ k,j — k) — dfis (4.22)

where (i — k, 7 — k) refers to the appropriate cyclotomic number and §;_; is as defined
in Lemma 1. The F,-subalgebra of M,,(F,) generated by the matrices M@, M)
+-+, M(™=1) will now serve as a matrix representation of F,[T]. If we let f : F,[T] —
M..(Fp) be the linear transformation defined by f : T; — M®, then f is the Fp-

algebra isomorphism from [F,[T] onto this representation.

Example: As in the example on page 20, let p = 31, r = 19, hence m = 3, d = 6,

and choose o = 2. We easily compute the 3 x 3 matrix whose ijt* entry is the
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cyclotomic number (i, j) to be

2 1 2
12 3 (4.23)
2 31
and so we get
(4 =5 —a )
MO=1 1 o 3
. 2 3 1)
(1 2 3
MO =| _4 4 _5 (4.24)
\3 1 2}
[ 5 3 1
MP=| 3 1 2
\ -5 4 —4

and these generate the matrix representation of F3;[T]. It should be noted that
these generators are completely independent of the characteristic of the field.
That is, if p is any prime so that the ord(p, 19) is 6, then we will get precisely

the same generators for the matrix representation of F,[T]. B

Note also that we have
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mfiTELl = (i+1-(k+1),5+1—(k+1)) ~ dbiy1—ge+1)
= (i—k,j—k)—dbi (4.25)

k

That is, we can get M*+1) from M(*) by shifting all rows down by one and all columns
to the right by one. If we let U be the matrix whose ij** entry is §; ;—;(Kronecker’s
delta) then left multiplication by U shifts all rows down by one and right multipli-
cation by U~! = U* shifts all columns to the right by one. Recalling the F,[T]-

automorphism 7 from (3.43) we see that
T(\) =Uf(A)U* (4.26)
for any A € F,[T]. In particular, note that for each i
MO = UiM© (U (4.27)

from which it follows that each of the M) have the same determinant. We should
also note that since each of the M@ have the same numbers on the main diagonal
they must also all have the same trace. We also observe that each of the M® must

satisfy the polynomial h(z) referred to in (4.15), hence it follows that
. m—1
charpoly (M®) = h(z) = [] (z - t.). (4.28)

i=0

Noting that the trace of h(z) is —1 we have proved the following result regarding

cyclotomic numbers.
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Corollary 5
m—1

Y Gi)=d-1

i=0

Using the basic identities on the cyclotomic numbers from Lemma 1 we now note

that the sum of the entries in the it* row of M© is

m-1

3 iy

i=0

i

m-—1

3 [, 4) ~ dbi]

=0

fm—1

Y (G,5)| —mde;

=0
d ~ 6; — mdb;

,

(4.29)
d—r1, deven,i=0

| d~7 dodd,i=2

d otherwise

\

Similarly, the sum of the entries in the j¢* column of M is

m-1

2 msy

i=0

= Z (Z’J) —d

m-—1

= Y [.4) - db]

i=0

(-1

(4.30)

LJ=

0 otherwise

In so much as elementary symmetric forms, in particular, sums of the form

(4.31)

m-—1
> T

=0
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may be of interest, we note that, of course, Y75 T? = m and ¥"73'T; = —~1. In
the case k = 2, note that row 0 of M(® consists of the coefficients of Tg. Suppose
that this row is [ro 71 --- rm-1], then shifting to the left by  yields [r; iy -+ 7i_y]
hence

m—1

m—1
;)Tiz = gri(To+T1+“'T -1)

= — Z T (4.32)

by (4.29) . Looking at ¢y ( i Y?) it follows that we also have

m—1 r—~d, deven
I

=0 —d d odd

in F,,
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