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Abstract

The Margulis Region in Hyperbolic 4-Space

by

Viveka Erlandsson

Adviser: Professor Ara Basmajian

Given a discrete subgroup Γ of the isometries of n-dimensional hyperbolic

space there is always a region kept precisely invariant under the stabilizer of a

parabolic fixed point, called the Margulis region. This region corresponds to

thin pieces in Thurston’s thick-thin decomposition of the quotient manifold

(or orbifold) M = Hn/Γ. In particular, the components of the Margulis

region given by parabolic fixed points are related to the cusps of M . In

dimensions 2 and 3 the Margulis region and the corresponding cusps are

well-understood. In these dimensions parabolic isometries are conjugate to

Euclidean translations and it follows that the Margulis region corresponding

to a parabolic fixed point in dimensions 2 and 3 is always a horoball. In

higher dimensions the region has in general a more complicated shape. This

is due to the fact that parabolic isometries in dimensions 4 and higher can

have a rotational part, which are called screw parabolic elements. There are

examples due to Ohtake and Apanasov of discrete groups containing screw

parabolic elements for which there is no precisely invariant horoball. Hence

the corresponding Margulis region cannot be a horoball.

It is natural to wonder about the shape of the Margulis region corre-

sponding to a screw parabolic fixed point, and how it differs from that of

a horoball. We describe the asymptotic behavior of the boundary of the
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Margulis region in hyperbolic 4-space corresponding to the fixed point of a

screw parabolic isometry with an irrational rotation of bounded type. As a

corollary we show that the region is quasi-isometric to a horoball. That is,

there is a quasi-isometry of hyperbolic 4-space that maps the Margulis region

to a horoball. Although it is known that two screw parabolic isometries with

distinct irrational rotational parts are not conjugate by any quasi-isometry

of H4, this corollary implies that their corresponding Margulis regions (in

the bounded type case) are quasi-isometric.
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Chapter 1

Introduction

In this thesis we study certain regions in hyperbolic n-space that are precisely

invariant under discrete groups acting on this space. Let Γ be a discrete

subgroup of Isom+(Hn), the group of orientation preserving isometries of

hyperbolic n-space. A region X ⊂ Hn is said to be precisely invariant

under a subgroup G ⊂ Γ if g(X) = X for all g ∈ G and h(X) ∩ X = ∅

for all h ∈ Γ − G. We are interested in regions in Hn which are precisely

invariant under the stabilizer Γα of a parabolic fixed point α in Γ. These

regions are related to the cusp ends of the corresponding manifold or orbifold

M = Hn/Γ. In dimensions 2 and 3 these regions and resulting cusps of

the manifold are well understood. This is due to the fact that parabolic

isometries in dimensions 2 and 3 are conjugate to Euclidean translations.

In higher dimensions a parabolic isometry can have a rotational part; these

are called screw parabolic isometries. When α is the fixed point of a screw

parabolic isometry with an irrational rotational angle, the corresponding

precisely invariant region is largely unknown.

In dimensions 2 and 3 there is always a precisely invariant horoball for
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each parabolic fixed point. This follows from Shimizu’s lemma [16]: the radii

of isometric spheres of the elements in Γ not fixing α are uniformly bounded

by a constant. This constant, and as a consequence also the precisely

invariant horoball, depends only on the stabilizer of α in Γ. Although

Shimizu’s lemma generalizes to higher dimensions in the special case where

the parabolic generators of the stabilizer are pure parabolic (i.e. conjugate

to translations), it does not hold in general in the presence of a screw

parabolic generator. Ohtake [13] showed that when Γ contains a screw

parabolic element with irrational rotational part there is no uniform bound

on the radii of the isometric spheres. In fact, Apanasov [2] and Ohtake [13]

exhibited explicit examples of infinitely generated discrete groups containing

such an element, for which there is no precisely invariant horoball.

The Margulis region corresponding to the stabilizer Γα of a parabolic

fixed point α consists of the points in Hn that are moved at most a distance

ε by an element in Γα of infinite order. When ε is smaller than the Margulis

constant (a universal constant depending only on the dimension of the space)

it follows from Margulis Lemma that this region is precisely invariant under

Γα in Γ. The quotient of the Margulis region by the corresponding stabilizing

subgroup Γα corresponds to a thin piece of the quotient orbifold M = Hn/Γ

in Thurston’s thick-thin decomposition of M . In the geometrically finite

case one can remove finitely many of these thin parts in order to study the

compact part of M (see [18]).

As in the case of the precisely invariant horoball in lower dimensions,

the Margulis region is determined by the stabilizing subgroup of the

parabolic fixed point and is hence independent of the other generators of

the group. While the geometry of the Margulis regions are well-known in

low dimensions, much less is known about the corresponding region for the
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stabilizing subgroup of a screw parabolic fixed point in dimensions 4 and

higher. In fact, when the stabilizer of a parabolic fixed point is generated by

pure parabolic isometries the region can always be taken to be a horoball.

This is no longer true when the stabilizer has a screw parabolic generator

with irrational rotational part. It is natural to ask how the shape of the

Margulis region in this case differs from that of a horoball.

In [17] Susskind gives an explicit description of the Margulis region in

H4 = {(x, y, z, u) |u > 0} for a discrete group generated by an irrational

screw parabolic element fixing ∞ and leaving the z−axis of ∂H4 invariant.

The shape of the boundary of this region is given by a function u = b(r)

where r =
√
x2 + y2 and is related to the continued fraction representation

of the irrational angle of rotation. In this thesis we further describe the

shape of the Margulis region when the irrational rotation is of bounded

type, i.e. when the partial quotients in the continued fraction representation

are uniformly bounded. By building on Susskind’s results and studying

the dynamics of the powers of generators with irrational rotational angle

we describe the asymptotic behavior of the boundary of the region. We

show that the function b(r) is comparable to
√
r (Theorem 4.1.12). As a

consequence we show that there is a quasi-isometry of H4 which maps the

Margulis region to a horoball and we say that the two regions are quasi-

isometric in H4 (Corollary 4.2.4). It should be noted that two irrational

screw parabolic elements with distinct rotational angles are not conjugate

to each other by any quasi-isometry of H4, as shown in [10]. However,

Corollary 4.2.4 implies that the Margulis regions of two irrational screw

parabolic elements, in the bounded type case, are quasi-isometric in H4.

The thesis is organized as follows. In Chapter 2 we give the necessary
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background on hyperbolic geometry and discrete groups. In Chapter 3 we

describe the regions kept precisely invariant under the stabilizing subgroup

of a parabolic fixed point in a discrete group. In particular we discuss

Shimizu’s Lemma and its generalizations as well as the Margulis region

and Thurston’s thick-thin decomposition of manifolds. We also present the

known results (due to Susskind [17]) regarding the shape of the Margulis

region corresponding to an irrational screw parabolic isometry of hyperbolic

4-space (see Section 3.3). Chapter 4 contains the results of this work. As

mentioned above, we describe the asymptotic shape of the Margulis region

in hyperbolic 4-space (Theorem 4.1.12) and compare its coarse shape to that

of a horoball (see Corollary 4.2.4).
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Chapter 2

Background

2.1 Hyperbolic Geometry

Hyperbolic n-space, which we denote by Hn, is the unique, complete,

simply-connected n-dimensional Riemannian manifold of constant negative

curvature -1. We will use the Poincare upper half-space model for Hn:

Hn = {(x1, x2, . . . , xn) |xi ∈ R, xn > 0}.

The natural boundary at infinity of Hn is R̂n−1 where R̂n−1 is the one point

compactification of Euclidean (n − 1)-space, i.e. R̂n−1 = Rn−1 ∪ {∞}. For

ease of notation we will sometimes denote the first n − 1 coordinates of a

point in Hn by x. That is

Hn = {(x, xn) |x ∈ Rn−1, xn > 0}.

Also, we will identify the finite boundary points with the set of points

{(x, 0)}. The hyperbolic metric in the upper half-space model is given by

ds =

√
dx21 + dx22 + · · ·+ dx2n

xn
.
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The hyperbolic distance ρ(·, ·) satisfy the formula

cosh (ρ(P,Q)) = 1 +
|P −Q|2

2pnqn

where P = (p1, p2, . . . , pn), Q = (q1, q2, . . . , qn), and |·| is the usual Euclidean

norm. Equivalently, the distance is given by

sinh

(
ρ(P,Q)

2

)
=
|P −Q|

2(pnqn)1/2
.

The geodesics in the upper-half space model of Hn are Euclidean semi-circles

orthogonal to the boundary or the vertical Euclidean lines in Hn.

A horoball Σ in Hn is a Euclidean ball tangent to the boundary at infinity

R̂n−1. We say Σ is based at υ if υ is the point of tangency. A (closed)

horoball based at ∞ is a Euclidean half-space of the form

Σ = {(x1, x2, . . . , xn) |xn ≥ t}.

We call t the height of Σ. The boundary in Hn of a horoball is called

a horosphere, and is a Euclidean sphere tangent to the boundary or a

Euclidean hyperplane parallel to the finite boundary Rn−1. (Henceforth, we

shall refer to the finite boundary of Hn as Rn−1.) Note that the hyperbolic

metric restricted to a horosphere based at ∞ is a scalar multiple of the

Euclidean metric and we can identify a horosphere with a copy of (n − 1)-

dimensional Euclidean space.

The isometries of hyperbolic n-space are identified with the Möbius

transformations of Rn−1. A Möbius transformation of Rn−1 is a composition

of reflections in Euclidean spheres and hyperplanes in Rn−1. These

transformation can be continuously extended to Möbius transformations of

Rn in the following way. We embed R̂n−1 into R̂n by

(x1, x2, . . . , xn−1) 7→ (x1, x2, . . . , xn−1, 0).
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A reflection in a Euclidean sphere S in Rn−1 is extended to a reflection in

the Euclidean sphere S̃ in Rn which is orthogonal to Rn−1 and has the same

center and radius as S. Similarly, a reflection in a Euclidean hyperplane

P of Rn−1 is extended to a reflection in the hyperplane P̃ in Rn which

is orthogonal to Rn−1 and passes through P . Note that these extensions

preserve the upper-half space of Rn. Conversely, the restriction to Rn−1 of

a reflection in a sphere or hyperplane in Rn that preserve the upper-half

plane gives a reflection in a sphere or hyperplane in Rn−1. The Möbius

transformations of Rn that preserve the upper-half plane are exactly the

isometries of Hn. Hence we identify the isometries of Hn with the Möbius

transformations of Rn−1. We will assume throughout that the isometries

are orientation preserving (equivalently, the Möbius transformations are

compositions of an even number of reflections), and denote the group

of orientation preserving isometries by Isom+(Hn). It is clear from the

identification with Möbius transformations that the isometries map the set

of Euclidean spheres and planes to itself. Moreover, the isometries act

transitively in Hn and triply transitively on the boundary R̂n−1. Also, note

that a Möbius transformation that fixes ∞ is a Euclidean similarity. The

isometry group of Hn is therefore generated by the Euclidean similarities

together with the inversion in the unit sphere

ι : p 7→ p

|p|2
.

It should be remarked that in dimensions 2 and 3 the isometry group

can be identified with PSL(2,R) and PSL(2,C), respectively. In general,

Isom+(Hn) can be identified with PSL(2, Cn−1) where Cn−1 is the (n− 1)-

dimensional Clifford algebra (see [1]). We will not use this identification

here.
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The isometries of Hn are classified according to the number and location

of their fixed points. By Brouwer’s fixed point theorem every isometry has

a fixed point in the closure of hyperbolic n-space Hn ∪ R̂n−1. A non-trivial

isometry that fixes a point in Hn is called elliptic. A non-trivial isometry that

is not elliptic is called parabolic if it fixes exactly one point on the boundary

R̂n−1, and loxodromic if it fixes exactly two points on the boundary. Note

that if an isometry fixes three points on the boundary, it must also have

fixed points in Hn and hence must be elliptic or trivial.

The translation length of an isometry g at a point P ∈ Hn is the

(hyperbolic) distance g translates the point, that is, ρ (P, g(P )).

The classification of the isometries of Hn is invariant under conjugation

by Möbius transformations. An elliptic element is conjugate to an element

of the special orthogonal group SO(n).

A loxodromic element is conjugate to an element of the form

(x, xn) 7→ (λAx, λxn)

where λ > 0, λ 6= 1, and A ∈ SO(n− 1). If g is a loxodromic isometry, the

unique geodesic whose endpoints are its fixed points is called the axis of g.

This axis is invariant under the action of g and g acts by translation along

its axis. The translation length of g along its axis is constant, and when

normalized as above is equal to lnλ.

A parabolic isometry is conjugate to an element of the form

(x, xn) 7→ (Ax + b, xn)

where b ∈ Rn−1 − {0}, A ∈ SO(n − 1), and Ab = b. Note that a

parabolic element keeps every horoball based at its fixed point invariant.
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If A = I then this is a Euclidean translation and we call g a pure parabolic

isometry. We call g a screw parabolic isometry if A 6= I. Moreover, a screw

parabolic isometry for which A has infinite order is termed an irrational

screw parabolic isometry, and rational otherwise. We call A the rotational

part of g and b the translation part. If g is a pure parabolic we call |b| the

Euclidean translation length of g. The (hyperbolic) translation length of a

pure parabolic isometry is constant on each horosphere but decreases with

the height of the horosphere. Note that in dimension 2 and 3 all parabolic

isometries are pure parabolic. Hence n = 4 is the lowest dimension where

screw parabolic isometries appear and we will pay special attention to this

dimension. On each horoball based at ∞ in H4 there is a Euclidean line

(the direction of b) that is kept invariant under the action of the normalized

screw parabolic element g, and g rotates around and translates along this

line. If the angle of rotation is an irrational multiple of 2π, then g is an

irrational screw parabolic, and rational otherwise.

We conclude this section by defining the notion of isometric spheres.

Let g be an isometry of Hn not fixing ∞. Consider the action of g on

the boundary R̂n−1, and a Euclidean sphere in Rn−1 centered at g−1(∞).

The image of this sphere under g is a Euclidean sphere centered at g(∞).

Moreover, the larger the radius of the sphere is, the smaller the radius of the

image sphere is. Hence, by continuity, there exists a positive R such that the

sphere of radius R centered at g−1(∞) is mapped by g to a sphere centered

at g(∞) of the same radius. This sphere, centered at g−1(∞) of radius R,

is called the isometric sphere of g and is denoted by Ig. The image sphere

g(Ig) is the isometric sphere of g−1, that is g(Ig) = Ig−1 . In particular, Ig

and Ig−1 have the same radius.
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The action (on the boundary) of an isometry g not fixing infinity can be

decomposed as

g = ψ ◦ τ ◦ σ

where σ is reflection in Ig, τ is reflection in the perpendicular bisector of

the line joining g−1(∞) and g(∞) and ψ is a Euclidean rotation centered at

g−1(∞). In particular, g maps the exterior of Ig to the interior of Ig−1 . The

action of g in Hn can similarly be decomposed as

g = ψ̃ ◦ τ̃ ◦ σ̃

where ψ̃, τ̃ , σ̃ are the extensions of ψ, τ and σ as explained above. Let Ĩg

denote the upper hemisphere of the sphere in Rn orthogonal to Rn−1 and

with the same center and radius as Ig. Note that g maps the exterior of Ĩg

to the interior of Ĩg−1 . We also refer to Ĩg as the isometric sphere of g and

only write Ig.

2.2 Discrete Groups

Consider the compact-open topology of Isom+(Hn), that is, the topology of

uniform convergence on compact subsets of Hn. A subgroup Γ ⊂ Isom+(Hn)

is said to be discrete if the identity transformation is isolated, i.e. there is

no infinite sequence of isometries in Γ converging to the identity.

We say that a subgroup Γ ⊂ Isom+(Hn) acts properly discontinuously in

Hn if given any compact subset K ⊂ Hn we have g(K) ∩K = ∅ for all but

finitely many g ∈ Γ. It can be shown that Γ is discrete if and only if it acts

properly discontinuously in Hn.

Note that if Γ is discrete, g ∈ Γ is of finite order if and only if g is elliptic

or the identity.
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Let G be a subgroup of Isom+(Hn) and fix(G) denote the set of points

of Hn ∪ R̂n−1 that are fixed by all elements of G. That is

fix(G) = {α ∈ Hn ∪ R̂n−1 | g(α) = α for all g ∈ G}.

Definition 2.2.1. A subgroup G of Isom+(Hn) is parabolic if fix(G) consists

of a single point α and if G leaves some horosphere based at α invariant.

It follows that a parabolic group contains a parabolic isometry and leaves

every horosphere based at its fixed point invariant.

Definition 2.2.2. A subroup G of Isom+(Hn) is loxodromic if G contains

a loxodromic element and leaves a geodesic in Hn invariant.

The invariant geodesic is unique and is called the loxodromic axis of G.

The following necessary discreteness conditions are well-known (see [4]

or [11]):

Lemma 2.2.3. Suppose g, h ∈ Isom+(Hn) where g is parabolic and h is

loxodromic. If g and h have a common fixed point, then the group generated

by g and h is not discrete.

Lemma 2.2.4. Suppose g, h ∈ Isom+(Hn) are both loxodromic. If g and h

have exactly one common fixed point, then the group generated by g and h

is not discrete.

Suppose Γ is a discrete subgroup of Isom+(Hn). The stabilizer Γα of a

point α ∈ Hn ∪ R̂n−1 is the subgroup

Γα = {g ∈ Γ | g(α) = α}.
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Similarly, for a geodesic γ in Hn, we define the stabilizer of γ in Γ to be the

subgroup

Γγ = {g ∈ Γ | g(γ) = γ}.

We say that α is a parabolic fixed point of Γ if Γα is a parabolic subgroup

of Γ. If G ⊂ Γ is a parabolic subgroup with fixed point α, then clearly

G ⊂ Γα. Since Γ is discrete, Γα cannot contain any loxodromic elements

and is hence also a parabolic subgroup of Γ. In fact Γα is a maximal parabolic

subgroup of Γ and hence every parabolic subgroup of Γ is contained in a

unique maximal subgroup. Similarly, if G ⊂ Γ is a loxodromic subgroup

with axis γ, then G ⊂ Γγ and Γγ is a maximal loxodromic subgroup of Γ.

Hence every loxodromic subgroup of Γ is contained in a unique maximal

loxodromic subgroup.

In [10] it is shown that two screw parabolic elements cannot share a fixed

point in a discrete group, unless they lie in the same cyclic subgroup.

Theorem 2.2.5 ([10]). A discrete parabolic group containing a screw

parabolic element must be of rank one.

We define the limit set Λ = Λ(Γ) of a discrete group Γ to be the set of

accumulation points in R̂n−1 of some Γ-orbit in Hn. That is

Λ = {x ∈ Rn−1 | gi(P )→ x for some {gi} ⊂ Γ and P ∈ Hn}.

Λ is the smallest closed Γ invariant subset of R̂n−1. Its complement Ω = Ω(Γ)

in Rn−1 is called the set of discontinuity. Γ acts properly discontinuous on

Ω.

If Γ is a discrete, torsion-free subgroup of Hn, the quotient space

Mn = Hn/Γ is an n-dimensional hyperbolic manifold. If Γ is discrete
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with torsion, M is an n-dimensional hyperbolic orbifold. Conversely, any n-

dimensional hyperbolic manifold or orbifold can be realized as Hn/Γ where

Γ ⊂ Isom+(Hn) is discrete. If Γ has torsion, the elliptic elements correspond

to cone points on M . A closed geodesic on M corresponds to the axis of

a loxodromic element in Γ. Simple closed geodesics correspond to the axis

γ of a loxodromic element which is precisely invariant under Γγ in Γ. For

each parabolic fixed point p of Γ, the stabilizer Γp corresponds to a cusp

end of M . These cusp ends are homeomorphic to the product of copies

of S1 and R. Assuming Γ is torsion free and ∞ is the parabolic fixed

point, Γ∞ is generated by parabolic isometries fixing ∞. Moreover, any

horoball Σt based at ∞ of height t is invariant under Γ∞. If the rank of Γ∞

is 2 ≤ k ≤ n − 1, then Γ∞ cannot contain an irrational screw parabolic

isometry. Hence Γ∞ is generated by pure and rational screw parabolic

isometries. It follows, as a consequence of the Bieberbach theorem, that Γ∞

has a finite index subgroup that is generated by k Euclidean translations

and therefore isomorphic to the direct sum of k copies of Z. Hence, for each

horosphere ∂Σt, the quotient ∂Σt/Γ∞ is homeomorphic to the product of

k copies of S1 and (n − 1 − k)−copies of R. Hence Σt/Γ∞ is topologically

equivalent to

S1 × · · · × S1︸ ︷︷ ︸
k

×Rn−k.

As an example, in dimension 3 a parabolic cusp of rank 2 is homeomorphic

to T 2 × R. In Section 3.1 we will see that, by taking t large enough, Σt

is precisely invariant under Γ∞ and it follows that Σt/Γ∞ is isometrically

embedded in M .

Next suppose Γ∞ is cyclic. If the generator g is a pure or rational screw

parabolic isometry, the corresponding cusp is homeomorphic to S1 × Rn−1
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and is isometrically embedded in M , as above. If g is an irrational screw

parabolic isometry, the corresponding cusp is still topologically equivalent

to S1 × Rn−1, however the cusp is in general no longer isometric to this

product. We will see in the following section that if g is an irrational screw

parabolic there is in general no longer a horoball that is precisely invariant

under Γ∞. In Section 3.2 we will define the Margulis region associated with

Γ∞. This region is precisely invariant under Γ∞ in Γ and the remaining

parts of this thesis will be devoted to describing the shape of this region.

For more background on hyperbolic geometry and discrete groups the

reader is referred to the books by Beardon [4], Maskit [11], and Ratcliffe

[15].
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Chapter 3

Parabolic Isometries and

Precisely Invariant Regions

3.1 Shimizu’s Lemma

We are interested in regions that are precisely invariant under a parabolic

subgroup of a discrete group.

Definition 3.1.1. Suppose G is a subgroup of the discrete group Γ ⊂

Isom+(Hn). We say X ⊂ Hn is precisely invariant under G in Γ if g(X) = X

for all g ∈ G and h(X) ∩X = ∅ for all h ∈ Γ−G.

Note that if X is precisely invariant under G in Γ then X/G is embedded

in Hn/Γ. The regions that are precisely invariant under parabolic subgroups

correspond to the parabolic cusps in the quotient manifold (or orbifold).

While well-known in dimensions 2 and 3, the geometry of these regions is in

general less known in higher dimensions. This is due to the existence of screw

parabolic isometries in dimensions 4 and greater, and describing the region

corresponding to a parabolic subgroup with a screw parabolic generator in
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dimension 4 will be the object of this thesis. We start by describing the

well-known cases of dimensions n = 2 and 3 below. In sections 3.2 and 3.3

we discuss the analogous regions in higher dimensions.

Let Γ be a discrete subgroup of Isom+(Hn), where n = 2 or 3, containing

a parabolic element g. Recall that all parabolic isometries in dimensions 2

and 3 are pure parabolic elements. By conjugation, we can assume that

g fixes ∞ and hence is a Euclidean translation. Its Euclidean translation

length is the Euclidean distance g translates each point. Shimizu’s lemma

gives a necessary condition for Γ to be discrete by giving a uniform bound

on the radii of the isometric spheres of elements not fixing ∞. If h is an

element not fixing ∞, denote its isometric sphere by Ih and its radius by

Rh.

Theorem 3.1.2 (Shimizu’s Lemma, [16] Lemma 4). Let n = 2 or 3

and suppose Γ is a discrete subgroup of Isom+(Hn) containing a parabolic

isometry fixing ∞ with Euclidean translation length t. Then Rh < t for all

h ∈ Γ not fixing ∞.

Let Γ∞ ⊂ Γ be the stabilizer of ∞ in Γ. Since Γ∞ leaves invariant

every horoball based at ∞, it in particular leaves the horoball Σt of height t

invariant. Let h ∈ Γ− Γ∞. By Shimizu’s lemma the radius of its isometric

sphere is smaller than t and hence Ih and Ih−1 are disjoint from Σt. Since h

maps the exterior of Ih to the interior of Ih−1 it follows that h(Σt)∩Σt = ∅.

Hence:

Corollary 3.1.3. Let n = 2 or 3 and suppose Γ is a discrete subgroup of

Isom+(Hn) containing a parabolic isometry with fixed point α. Then there

is a horoball based at α that is precisely invariant under Γα in Γ.
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Shimizu’s Lemma and its corollary generalizes directly to higher dimen-

sions when the parabolic generators of the stabilizer of a parabolic fixed point

are pure parabolic. Since screw parabolic and pure parabolic isometries

cannot share a fixed point (Theorem 2.2.5) it follows that the parabolic

subgroup corresponding to the fixed point of a pure parabolic isometry

always leaves a horoball precisely invariant. However, Shimizu’s lemma fails

in general in higher dimensions due to screw parabolic isometries.

Ohtake [13] showed that in the presence of an irrational screw parabolic

isometry Shimizu’s lemma fails. That is, there is no uniform bound on the

radii of the isometric spheres of elements not belonging to the parabolic

subgroup:

Theorem 3.1.4 ([13] Theorem 3). Suppose g is an irrational screw parabolic

isometry of Hn fixing ∞. For any R > 0 there exists an isometry hR with

isometric sphere of radius R such that the group generated by g and hR is

discrete.

The following is an immediate consequence:

Corollary 3.1.5 ([13] Corollary 2). Let g be an irrational screw parabolic

isometry of Hn with fixed point α. Then there is no horoball Σ based at α

such that for all h ∈ Isom+(Hn) for which h(α) 6= α and 〈g, h〉 is discrete,

Σ is precisely invariant under Γα in Γ.

In fact, there are parabolic subgroups of discrete groups for which there

is no precisely invariant horoball. There are examples by Apanasov [2] and

Ohtake [13]:
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Theorem 3.1.6 ([13] Theorem 4). Let g ∈ Isom+(Hn) be an irrational screw

parabolic element fixing ∞. There exists a (infinitely generated) discrete

group Γ ⊂ Isom+(Hn) containing g such that {Rh |h ∈ Γ, h(∞) 6= ∞} is

unbounded.

Corollary 3.1.7 ([13] Corollary 3). Let n ≥ 4. There exists discrete groups

Γ ⊂ Isom+(Hn) containing a parabolic fixed point α having no horoball

precisely invariant under Γα in Γ.

Theorems 3.1.4 and 3.1.6 are proved in [13] and [2] by constructing examples.

It should be noted that if a discrete group contains a rational screw

parabolic element g, then some power of g is a pure parabolic and hence such

a group has a horoball precisely invariant under the parabolic subgroup. In

fact, if g is normalized such that the fixed point is ∞, then the precisely

invariant horoball is the one whose height is equal to the order of g (see [13]).

Waterman [20] gives a generalization of Shimizu’s lemma for an irrational

screw parabolic isometry g fixing ∞. Instead of a uniform bound, he shows

that the radii of the isometric spheres of the elements not fixing ∞ can be

bounded as a function of the Euclidean translation lengths of g at the centers

of the spheres. Let Rh and ch denote the radius and center of the isometric

sphere of an isometry h not fixing ∞, respectively. Waterman shows:

Theorem 3.1.8 ([20] Theorem 8). Suppose Γ is a discrete subgroup of

Isom+(Hn) containing an irrational screw parabolic isometry fixing∞. Then

there exists a constant K > 0 such that

Rh < K · |ch − g(ch)|1/2 · |ch−1 − g(ch−1)|1/2

for all h ∈ Γ not fixing ∞.
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The constant K is explicitly defined in [20] in terms of the rotational part

of g.

Remark 3.1.9. Using the bound on the radii of the isometric spheres in

Theorem 3.1.8 above one can find a region (in fact a “subhorospherical”

region as it is termed in [9]) that is precisely invariant under the stabilizer

of ∞. This region can be constructed by taking all the points in

(x1, x2, . . . , xn) ∈ Hn whose last coordinate xn is greater than the upper

bound on the radius of an isometric sphere centered at (x1, x2, . . . , xn−1, 0).

See [9] where Kamiya and Parker do the analogous construction in complex

hyperbolic space.

3.2 The Margulis Region

Suppose Γ ⊂ Isom+(Hn) is discrete and α is a parabolic fixed point. By

the discussion in the previous section we know that in lower dimensions the

stabilizer Γα always leaves a horoball based at α precisely invariant, while

this is not true in general. However, in all dimensions there is a region

depending only on the structure of Γα, the stabilizer of the parabolic fixed

point α, that is precisely invariant under Γα in Γ. This region, the Margulis

region, will be defined below. We will see that this region is a horoball in

dimensions 2 and 3. In higher dimensions, when the parabolic generator of

Γα is a screw parabolic isometry, this can no longer be true (see Corollary

3.1.7). We will describe its shape (for a special class of irrational screw

parabolic isometries) in the next chapter.

Suppose ε > 0 is given. The Margulis region corresponding to Γ consists

of the set of points at which the translation length of some infinite order
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element of Γ is at most ε. That is:

Definition 3.2.1. Given ε > 0, the Margulis region corresponding to a

discrete subgroup Γ ⊂ Isom+(Hn) is the subset of Hn defined by

Tε(Γ) = {P ∈ Hn | ρ(P, g(P )) ≤ ε for some infinite order g ∈ Γ}.

Since a non-trivial isometry in a discrete group is of finite order if and only

if it is elliptic we can without loss of generality assume that Γ is torsion free.

When ε is small enough the Margulis region T (Γ) will correspond to the

thin pieces in Thurston’s thick-thin decomposition of the manifold M =

Hn/Γ, which we will describe next.

Theorem 3.2.2 (Margulis Lemma). For any n, there exists a positive

constant ε(n) such that if Γ ⊂ Hn is discrete and P ∈ Hn then the subgroup

Γ(P ) = 〈g ∈ Γ | ρ(P, g(P )) < ε〉

is virtually abelian for every ε ≤ ε(n).

A group is virtually abelian if it has a finite index subgroup which is

abelian. Note that the constant ε(n) is a universal constant depending only

on the dimension of the space. We call ε(n) the Margulis constant.

Every element in Γ is either parabolic or loxodromic, and every parabolic

or loxodromic element lies in a maximal parabolic or loxodromic subgroup,

respectively. Hence, for every ε > 0, the Margulis region Tε(Γ) can be

viewed as the union of Tε(G) where G ranges over all maximal parabolic

and maximal loxodromic subgroups of Γ. We will see that this is a disjoint

union when ε < ε(n).

If G is a parabolic subgroup of Γ with fixed point α, then Tε(G) ⊂ Tε(Γα),

where

Tε(Γα) = {P ∈ Hn | ρ(P, g(P )) ≤ ε for some non-identity g ∈ Γα}.
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For ease of notation we write Tε,α to refer to Tε(Γα). It is easily verified

that Tε,α is closed, connected and star shaped with respect to α (see [6]).

Also, note that for any h ∈ Γ, h(Tε,α) = Tε,h(α) and h(α) is a parabolic fixed

point in Γ. Hence Tε,α is invariant under Γα. Now suppose ε < ε(n). If

P ∈ Tε,α ∩ Tε,β, then there exists isometries g ∈ Γα and f ∈ Γβ such that

f, g ∈ Γ(P ) = 〈g ∈ Γ | ρ(P, g(P )) < ε〉. It follows from Margulis Lemma

that some power of g and f commute and hence have the same fixed point,

that is, α = β. Hence Tε,α is precisely invariant under Γα in Γ.

Similarly if G is a loxodromic subgroup of Γ with axis γ, then G ⊂ Γγ

and

Tε(Γγ) = {P ∈ Hn | ρ(P, g(P )) ≤ ε for some g ∈ Γγ}

and we write Tε,γ to refer to Tε(Γγ). Tε,γ can be shown to be closed,

connected, and containing the geodesic γ (unless empty). As above, for

any h ∈ Γ, h(Tε,γ) = Tε,h(γ) and, if ε < ε(n), Tε,γ ∩ Tε,h(γ) = ∅ whenever

h(γ) 6= γ. Hence Tε,γ is precisely invariant under Γγ in Γ. See [5] for more

details.

We have shown the following standard result (see [5]):

Proposition 3.2.3. Suppose Γ ⊂ Isom+(Hn) is discrete and ε < ε(n). Then

the Margulis region Tε(Γ) is the disjoint union of connected components Tε,β

where β ranges over all parabolic fixed points and loxodromic axes of Γ. Each

component Tε,β is precisely invariant under Γβ in Γ.

Thurston’s thick-thin decomposition of the manifold M = Hn/Γ is as

follows. We write

thinε(M) = Tε(Γ)/Γ ⊂M

and call thinε(M) the thin part of M . Hence the thin part of M is the

disjoint union of connected components, each component being of the form
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Tε,β/Γβ where β is either a parabolic fixed point or the axis of a loxodromic

in Γ. These components are sometimes referred to as Margulis cusps and

Margulis tubes, respectively. The thick part of M is defined to be the closure

in M of M − thinε(M).

We next describe the shape of the connected components of the Margulis

region. Let G be a loxodromic subgroup with axis γ. Let g ∈ G be the

loxodromic element whose translation length on its axis is the smallest of all

loxodromic elements in G. Such an element must exist due to discreteness.

Unless Tε,γ is empty, this translation length must be less than ε. Note that

the translation length of g at a point P is at its minimum for points on the

axis and increases the further the point is from the axis. Hence Tε,γ is an

equidistant neighborhood of the geodesic γ. In the quotient, γ corresponds

to a simple closed geodesic of M , and Tε,γ/Γγ to a tubular neighborhood of

this geodesic.

Suppose α is a parabolic fixed point. First assume it is a point fixed

by some pure parabolic element. Hence Γα cannot contain any screw

parabolic isometries. We normalize so that α is the point∞. Hence Γ∞ acts

by Euclidean translations and keeps every horoball based at ∞ invariant.

Moreover, on every horosphere the (hyperbolic) translation length of each

element is constant. Since Γ is discrete, there must be an element g ∈ Γ∞

which has the smallest Euclidean translation length. As the hyperbolic

distance decreases as the height of the horosphere increases, there is a

horosphere for which the translation length is equal to ε. Tε,∞ is the

corresponding (closed) horoball. In the quotient, Tε,∞ corresponds to a

topological cusp.

The case of a screw parabolic fixed point is much more difficult. Although
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a screw parabolic isometry keeps every horosphere based at its fixed point

invariant, the translation length is not constant on each horosphere and is

instead a function of the distance a point is from the axis of the rotation. By

Apanasov’s and Ohtake’s examples (see Theorem 3.1.6 and Corollary 3.1.7)

we know Tε,α cannot be a horoball when α is a fixed point of an irrational

screw parabolic. It is natural to ask what the shape of this region is in this

setting and how it differs from a horoball. The remaining parts of this thesis

will be devoted to describing this region. In the following section we will

summarize the results of [17] which gives an explicit description (a formula)

for the boundary of the component of the Margulis region corresponding to

a screw parabolic isometry in hyperbolic 4-space. In the next chapter we

will further describe the shape of the region, in particular its asymptotic

shape.

3.3 Screw Parabolic Fixed Points

Let H4 = {(x, y, z, u) ∈ R4 |u > 0} denote the upper half space model of

hyperbolic 4-space. Let Γ ⊂ Isom(H4) be a discrete group containing a

screw parabolic isometry with fixed point α. Let ε < ε(n) be given.

Since the Margulis region only depends on the infinite order elements

in Γ and parabolic and loxodromic elements cannot share a fixed point

in a discrete group (Lemma 2.2.3), we can assume that Γα only contains

parabolic elements. Moreover, a parabolic subgroup containing an irrational

screw parabolic element must be of rank one (Theorem 2.2.5), and hence

generated by such an element. If Γα contains a rational screw parabolic

then it has a finite index subgroup for which the corresponding component

of the Margulis region is a horoball (the component Tε,α is in general slightly
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different from a horoball and we will briefly return to this case below).

Hence the interesting case is when Γα contains an irrational screw parabolic

element g, and since it is necessarily of rank 1 we will assume that Γα = 〈g〉.

Therefore, the component of the Margulis region corresponding to Γα is

Tε,α = {P ∈ H4 | ρ(P, gk(P )) ≤ ε for some k ∈ N}.

By conjugating if necessary, we can assume that g has fixed point ∞ and

the z-axis as its axis of rotation. Set

g(x, y, z, u) = (x cos 2πθ − y sin 2πθ, x sin 2πθ + y cos 2πθ, z +
√

2, u)

where θ ∈ (0, 1) is an irrational number.

We will always normalize a parabolic element so that it fixes ∞. Since

ε is fixed and Tε,∞ (when ∞ is a screw parabolic fixed point) only depends

on the generator g of Γ∞, we will from here on denote the corresponding

component of the Margulis region by Tg.

In [17] Susskind gives an explicit description for the boundary of Tg

which we will describe next. Using the hyperbolic distance formula (see [4])

cosh (ρ(P,Q)) = 1 +
|P −Q|2

2uu1

where P = (x, y, z, u) and Q = (x1, y1, z1, u1) it follows that

cosh
(
ρ(P, gk(P ))

)
= 1 +

(1− cos 2πkθ)r2 + k2

u2

where r =
√
x2 + y2. Since ρ(·, ·) ≤ ε if and only if cosh (ρ(·, ·)) ≤ 1 +E for

some E > 0, P ∈ Tg if and only if the above quantity is less than or equal

to 1 + E for some k ∈ N. It follows that P ∈ Tg if and only if

Eu2 ≥ (1− cos 2πkθ)r2 + k2
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for some k. Hence the boundary of the component Tg of the Margulis region

can be described explicitly:

Theorem 3.3.1 ([17] Theorem 3). Let g be an irrational screw parabolic

element fixing∞ and Tg the corresponding component of the Margulis region.

Then

Tg = {(x, y, z, u) ∈ H4 |u ≥ b(
√
x2 + y2)}

where

b(r) = inf
k∈N

uk(r)

and

uk(r) =
1√
E

√
(1− cos 2πkθ)r2 + k2

for r ≥ 0, k ∈ N.

Note that the positive constant E depends only on the Margulis constant

ε(n). See Figures 3.1 and 3.2 for the graphs of the family {uk(r)} and the

boundary function b(r), respectively.

Before continuing describing the function b(r) when the rotational angle

is irrational, we will briefly discuss the case when g is a rational screw

parabolic isometry. Clearly the computations above still hold if θ is

rational. Let l be the finite order of the rational rotation of g. Note that

uk(r) ≥ k/
√
E for all k, r ≥ 0 and uk(r) → ∞ as r → ∞ for all 0 < k < n.

Since ul(r) = l/
√
E it follows that b(r) = l/

√
E for all large r. Hence b(r) is

eventually horizontal and the Margulis region is asymptotic to a horoball.

We now return to the case where g is an irrational screw parabolic

isometry. Some basic properties of the functions uk(r) follow:
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Figure 3.1: The family of functions {uk(r)} with θ =
√
5−1
2 and E = 1

Lemma 3.3.2 ([17] Lemma 4). For each k ∈ N, the function uk(r)

is uniformly continuous, differentiable, strictly increasing, and convex.

Moreover,

1. {uk(0)} is an increasing sequence

2. the collection of graphs {uk(r)} do not accumulate anywhere

3. the graphs of um(r) and uk(r) intersect at most once

4. for m > k, um(r0) = uk(r0) if and only if cos(2πmθ) > cos(2πkθ) and

r20 =
m2 − k2

cos(2πmθ)− cos(2πnθ)

5. if m > k and um(r0) = uk(r0) then uk(r) < um(r) for all r < r0 and

uk(r) > um(r) for all r > r0
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The function b(r) is uniformly continuous and strictly increasing. In fact,

b(r) → ∞ as r → ∞. Hence, in particular, Tg contains no horoball.

Moreover:

Theorem 3.3.3 ([17] Theorem 6). There is a sequence {rm} of real numbers

0 = r0 < r1 < · · · < rm < · · · where rm → ∞, and a strictly increasing

sequence {km} of positive integers such that the function b(r)

1. consists of pieces of uk(r) for infinitely many k, that is,

b(r) = ukm(r) for r ∈ [rm−1, rm];

2. is locally convex and is differentiable except at the countably many

points rm. At these points ukm−1(rm) = ukm(rm);

3. appears concave in the large, that is, b′(r) := u′km(r+)→ 0 as r →∞

and b′(r) > 0 for all r.

We call the curves uk such that uk = b in some non-empty open interval

the constituent pieces of b(r). Note that if for some n the curve vn(r) meets

b(r) at an isolated point (which is possible if more than two curves meet at

a point) then we will not consider vn as a constituent piece of b. There is a

connection between the constituent pieces of the function b(r) and continued

fractions.

We give a brief background on continued fractions, the reader is referred

to [8] and [12] for more details. Any rational number t ∈ [0, 1] can be written
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Figure 3.2: The boundary curve u = b(r) with θ =
√
5−1
2 and E = 1, and a

slice of the Margulis region u ≥ b(r)

as a finite continued fraction

t =
1

a1 +
1

a2 +
1

. . . +
1

an

where ai ∈ N. We call this expression the continued fraction expansion of t

and write t = [a1, a2 . . . , an]. We call ai a partial quotient of t.

Similarly, every irrational number t ∈ (0, 1) can be uniquely written as
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an infinite continued fraction:

t =
1

a1 +
1

a2 +
1

a3 +
.. .

.

We write t = [a1, a2, a3, . . .].

Conversely, every finite string [a1, a2, . . . , an] where ai ∈ N represents

a unique rational number in [0, 1] and every infinite string [a1, a2, a3 . . .] a

unique irrational number in (0, 1).

Let θ ∈ (0, 1) be the irrational number corresponding to the rotational

angle of g as above and [a1, a2, a3, ...] its infinite continued fraction ex-

pansion. The rational number θn = pn/qn = [a1, a2, ..., an], for n ≥ 1, is

called the nth convergent of θ. The sequence of denominators {qn} of the

convergents is a strictly increasing sequence of positive integers, i.e.

0 < qn < qn+1

for all n. Also, by defining q0 = 1 and q−1 = 0, the denominators satisfy the

recursive formula

qn+1 = an+1qn + qn−1. (3.1)

The functions ukm(r) that appear as a constituent piece of b(r) are related

to the continued fraction expansion of θ in the following way:

Theorem 3.3.4 ([17] Theorem 8). If b(r) = uq(r) for some r > 0, then q

is the denominator of a convergent of θ.

Hence, if ukm−1(r) and ukm(r) are two consecutive constituent pieces of

b(r), then km−1 = ql and km = qn for some l < n.
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Chapter 4

Shape of the Margulis

Region

4.1 Asymptotic Shape

Let Γ be a discrete subgroup of Isom+(H4) containing a screw parabolic

element, normalized to fix ∞. As before, assume the stabilizer of infinity,

Γ∞, is generated by the irrational screw parabolic element

g(x, y, z, u) = (x cos 2πθ − y sin 2πθ, x sin 2πθ + y cos 2πθ, z +
√

2, u)

where θ ∈ (0, 1) is irrational.

We are interested in the coarse shape of the Margulis region and hence we

will look at the asymptotic behavior of the function b(r) defined in Theorem

3.3.1. As mentioned in the previous section, Susskind [17] showed that the

graph of b(r) appears concave in the large (see Theorem 3.3.3). Here we will

show, when θ is of bounded type, that the graph roughly behaves like
√
r.
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More precisely, we will show that b(r)/
√
r is bounded above and below for

large r (see Theorem 4.1.12), and we say that b(r) is comparable to
√
r.

Definition 4.1.1. Let F and G be functions of m. We say that F is

comparable to G if there exist positive constants k1, k2 and M such that

k1G(m) < F (m) < k2G(m)

for all m > M .

Note that the notion of functions being comparable is a transitive property.

As explained in the previous section, the shape of b(r) depends on the

angle θ. By Theorem 3.3.4 the indices k of the curves uk(r) that appear

as constituent pieces of b(r) are denominators of the convergents of θ. As

before, let [a1, a2, a3, ...] be the continued fraction expansion of θ and denote

the denominator of the nth convergent by qn. For ease of notation we will

from here on denote the curve uqn(r) by vn(r). That is

vn(r) =
1√
E

√
(1− cos(2πqnθ))r2 + q2n.

For integers k > 0 define

‖kθ‖ = min{|kθ − p| | p ∈ Z}.

Note that 0 < ‖kθ‖ < 1/2.

Since θ is irrational, any orbit under rotation by 2πθ is dense on the unit

circle. In particular, ‖kθ‖ comes close to 0 (equivalently, ei2πkθ comes close

to 1) for infinitely many values of k. A closest return moment [14] of the

orbit {ei2πkθ} is an integer q > 0 such that ‖qθ‖ < ‖kθ‖ for all 0 < k < q.

Since θ is irrational, there are infinitely many closest return moments, in

fact:
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Theorem 4.1.2 ([14]). The denominators {qn} of the convergents of θ

constitute the closest return moments of any orbit under rotation by 2πθ.

This fact is the main ingredient in proving that the constituent pieces of

b(r) are indexed by denominators of convergents (Theorem 3.3.4). Fix r

and suppose b(r) = uq(r). Then, for all k < q, we have uq(r) ≤ uk(r) and it

follows from the equation defining un that 1 − cos(2πqθ) < 1 − cos(2πkθ).

Hence ‖qθ‖ < ‖kθ‖ for all k < n. That is, q is a closest return moment and

therefore a denominator of a convergent.

Hence 2πqnθ are the angles of interest, and we will need the following

facts:

Lemma 4.1.3 ([14]). Let θ ∈ (0, 1) be irrational and {qn} the sequence of

the denominators of its convergents. For every n ≥ 1,

1. 0 < ‖qn+1θ‖ < ‖qnθ‖

2. ‖qnθ‖ = an+2‖qn+1θ‖+ ‖qn+2θ‖

3.
1

2qnqn+1
<

∣∣∣∣θ − pn
qn

∣∣∣∣ < 1

qnqn+1

4.
1

2qn+1
< ‖qnθ‖ <

1

qn+1
. In particular, ‖qnθ‖ is comparable to

1

qn+1
.

Note that for m > n, ‖qmθ‖ < ‖qnθ‖ implies that cos 2πqmθ > cos 2πqnθ so

that by Lemma 3.3.2, vm(r) and vn(r) must always intersect.

Recall that, from theorem 3.3.1, b(r) = infk∈N uk(r) where

uk(r) =
1√
E

√
(1− cos 2πkθ)r2 + k2.

It is easily seen that uk(r) is asymptotic to 1√
E

√
(1− cos 2πkθ) r as r →∞

for each k. Also, note that using the Taylor series expansion for cosψ, we
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have that

1− cosψ =
ψ2

2
− ψ4

4!
+
ψ6

6!
− ...

Hence we can approximate 1 − cosψ by ψ2/2 for small ψ. Clearly,

cos(2πkθ) = cos(2π‖kθ‖) and hence uk(r) is asymptotic to
√
2√
E
π‖kθ‖r.

As a piece of intuition we show how the fact that uk(r) is asymptotic to

C‖kθ‖r for some constant C can be understood without making the explicit

computations above. Fix k and consider the action of gk on the boundary.

The Euclidean distance a point (x, y, z) is moved by gk is an increasing

function of the Euclidean distance r =
√
x2 + y2 of the point from the axis

of rotation, and grows asymptotically as 2π‖kθ‖r. Hence, approximating

hyperbolic distance by Euclidean distance divided by the height of the point

above the boundary, the points moved a fixed (small) distance by gk is given

by the points whose height grows asymptotically as 2π‖kθ‖r.

To describe the asymptotic shape of b(r), however, we have to use the

equations defining b(r). We also need to study more closely which curves vn

appear as constituent pieces of b(r). Recall that we say vn is a constituent

piece of b(r) if vn = b in some non-empty open interval.

Lemma 4.1.4. Fix n and let rm, for each m, correspond to the intersection

point of vn(r) and vm(r). Then vn(r) does not appear as a constituent piece

of b(r) if and only if there exist integers k,m with k < n < m such that

rk ≥ rm.
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Figure 4.1: Curve vn missing. If rk ≥ rm for some k < n < m, then vn

cannot be a constituent piece of b(r)
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Figure 4.2: Curve vn present. If rk < rm for all k,m, k < n < m, then vn is

a constituent piece of b(r)
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Proof. Suppose there exist integers k,m with k < n < m such that rk ≥ rm.

Then by property 5 of Lemma 3.3.2, vk(r) < vn(r) for r < rk and vm(r) <

vn(r) for r > rm. Since rk ≥ rm the curve v(r) = min{vk(r), vm(r)} lies

strictly below vn(r) either for all r (if rk > rm) or for all r 6= rk (if rk = rm).

In either case vn(r) is not a constituent piece of b(r).

Conversely, suppose vn(r) does not appear as a constituent piece of b(r).

Then vk(r) and vm(r) are consecutive pieces of b(r) for some k < n < m.

Since k < n < m it follows from property 5 of Lemma 3.3.2 that vn(r) <

vk(r) for all r > rk and vn(r) < vm(r) for all r < rm. In order for vn(r) to

not be a constituent piece of b(r) we must have rk ≥ rm.

In fact more can be said. Theorem 4.1.5 below shows that there are no

two consecutive curves vn “missing” from b(r). It turns out that we will

not need this fact in proving our main results, but it could be helpful when

trying to extend the results to more general settings. For completeness we

state and prove it here. We say vn and vm, for n < m, are consecutive

constituent pieces of b(r) if they are constituent pieces and b(r−) = vn(r)

and b(r+) = vm(r) where r corresponds to the intersection point of vn and

vm.

Theorem 4.1.5. Let m > n ≥ 1. If vn and vm are consecutive constituent

pieces of b(r), then m = n + 1 or m = n + 2. More precisely: If vn is

a constituent piece of b(r) but vn+1 is not, then an+2 = 1 and vn+2 is a

constituent piece of b(r).

Proof. Fix n ≥ 1 and suppose vn is a constituent piece of b(r). Let vm be

the next consecutive constituent piece. Let rk, for k > n, correspond to the
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intersection point of vn and vk. That is,

r2k =
q2k − q2n

cos(2πqnθ)− cos(2πqkθ)
.

First suppose an+2 ≥ 2. We will show that m = n+ 1. That is, vn+1 is

a constituent piece of b(r). By Lemma 4.1.4 and since vn is a constituent

piece of b(r), we have m = n+ 1 if and only if rn+1 < rk for all k > n+ 1.

Let k > n+ 1. We will show that

q2k − q2n > 4(q2n+1 − q2n) (4.1)

and

cos(2πqkθ)− cos(2πqnθ) < 2(cos(2πqn+1θ)− cos(2πqnθ)) (4.2)

which implies that rk > 2rn+1 and hence rn+1 < rk.

Since an+2 ≥ 2,

qn+2 = an+2qn+1 + qn ≥ 2qn+1

and hence, since k ≥ n+ 2,

q2k − q2n ≥ q2n+2 − q2n > 4q2n+1 − q2n > 4(q2n+1 − q2n)

proving (4.1).

Note that

1 + cos y < 1 + cos 2x < 2 cosx

for 0 < 2x < y < π. It follows that

2(1− cosx) < 1− cos y (4.3)

for 0 < 2x < y < π. Since an+2 ≥ 2, we have

||qnθ|| = an+2||qn+1θ||+ ||qn+2θ|| > 2||qn+1θ||.
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Letting y = 2π||qnθ|| and x = 2π||qn+1θ|| in (4.3) above, we have

2(1− cos(2πqn+1θ)) < 1− cos(2πqnθ)

and hence

cos(2πqkθ)− cos(2πqnθ) < 1− cos(2πqnθ)

< 2(1− cos(2πqnθ))− 2(1− cos(2πqn+1)

= 2(cos(2πqn+1)θ − cos(2πqnθ))

proving (4.2).

Now suppose vn+1 is not a constituent piece of b(r). We will show that

vn+2 must be a constituent piece. We will show that, for all k > n+ 2,

q2k − q2n > 2(q2n+2 − q2n) (4.4)

and

cos(2πqkθ)− cos(2πqnθ) < 2(cos(2πqn+2θ)− cos(2πqnθ)) (4.5)

implying that rk > rn+2 for all k > n + 2. It then follows by Lemma 4.1.4

and the assumption that vn+1 is missing from b(r), that vn+2 must be a

constituent piece of b(r).

Since vn+1 is not a constituent piece of b(r) we must have an+2 = 1 by

the above. Hence qn+2 = qn+1 + qn, and
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q2k − q2n ≥ q2n+3 − q2n

≥ (qn+2 + qn+1)
2 − q2n

= (2qn+1 + qn)2 − q2n

= 4q2n+1 + 4qn+1qn

> 2(q2n+1 + 2qn+1qn)

= 2(q2n+2 − q2n)

proving (4.4).

Also, we have ‖qnθ‖ = ‖qn+1θ‖ + ‖qn+2θ‖ > 2‖qn+2‖. Hence, letting

y = 2π‖qnθ‖ and x = 2π‖qn+2‖ in (4.3) above, we have

2(1− cos(2πqn+2θ)) < 1− cos(2πqnθ).

Hence, similarly as in the first case,

cos(2πqkθ)− cos(2πqnθ) < 1− cos(2πqnθ)

< 2(cos 2πqn+2θ)− cos(2πqnθ)

proving (4.5).

Remark 4.1.6. It should be noted that it is possible for vn to be missing

from b(r) for some n. It can be shown, for example, that if θ =
√

8 − 2 =

[1, 4, 1, 4, 1, 4 . . .] then vn is a constituent piece of b(r) for only every other

n. On the other hand, if θ is the golden ration [1, 1, 1, . . .] then vn is a

constituent piece of b(r) for every n. Hence, when the continued fraction

expansion contains 1’s there are examples of both instances when every

vn is present in b(r) and instances when vn is missing for some n. The
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partial fractions need to be studied further in order to determine which case

occurs. In the absence of 1’s, such as for θ =
√

2 − 1 = [2, 2, 2, . . .] or

θ =
√

6 − 2 = [2, 4, 2, 4, 2, 4 . . .] Theorem 4.1.5 above guarantees that every

vn is a constituent piece of b(r).

4.1.1 Bounded Type

Definition 4.1.7. An irrational number t is said to be of bounded type if

its partial quotients are uniformly bounded. That is, t = [a1, a2, a3 . . .] is of

bounded type if there exits a constant D such that an < D for all n.

Throughout this section we will assume that θ is of bounded type. Under

this assumption we will show that the function b(r) is comparable to
√
r.

The constants for which the ratio of b(r) and
√
r is bounded by will only

depend on D, the uniform bound on the partial quotients an.

It should be noted that bounded type irrationals are considered badly

approximated irrationals. This wording comes from the fact that Definition

4.1.7 is equivalent to the following: An irrational number t is of bounded

type if there exists a constant C > 0 such that∣∣∣∣t− p

q

∣∣∣∣ ≥ C

q2
(4.6)

for every rational number p/q (see [8] or [12]). Recall that for any irrational

t with convergents pn/qn we have∣∣∣∣t− pn
qn

∣∣∣∣ < 1

qnqn+1
<

1

q2n

by Lemma 4.1.3, and hence the lower bound in (4.6) is the largest possible

bound any irrational can satisfy. Since the bounded type irrationals

are exactly those satisfying this bound, they are the irrational numbers

approximated the worst by rational numbers.
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It should also be noted that the set of bounded type irrationals have

Lebesgue measure 0. On the other hand, this set has Hausdorff dimension

1, which is the largest possible for a subset of R.

The bounded type assumption implies that the denominators of the

convergents of θ do not grow too fast:

Lemma 4.1.8. Fix an integer k > 0. Then qn+k is comparable to qn. More

precisely, qn < qn+k < (D + 1)kqn.

Proof. Fix an integer k > 0. Clearly, since {qn} is an increasing sequence,

qn < qn+k. Moreover, using an ≤ D for all n, together with the recursive

formula (3.1), we have qn+1 ≤ Dqn + qn−1 < (D + 1)qn. By induction it

follows that qn+k < (D + 1)kqn.

We will describe the asymptotic behavior of b(r) by first studying the

behavior of certain intersection points of the functions vn(r), namely the

intersection of vn(r) and vn+2(r). Denote the r−coordinate of this point by

rn, that is:

r2n =
q2n+2 − q2n

cos(2πqn+2θ)− cos(2πqnθ)
.

Proposition 4.1.9. rn is comparable to q2n

The proof of the proposition will follow immediately from the following

two lemmas, where we look at the numerator and denominator in the

expression for r2n separately.
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Lemma 4.1.10. q2n+2 − q2n is comparable to q2n

Proof. By Lemma 4.1.8 we have

q2n+2 − q2n < q2n+2 < (D + 1)4q2n.

For the lower bound, note that

q2n+2 − q2n = (qn+2 + qn)(qn+2 − qn).

Clearly, qn+2 + qn > qn and, by the recursive formula (3.1), qn+2 − qn =

an+2qn+1 ≥ qn+1 > qn. Hence

q2n+2 − q2n > q2n.

Therefore we have

q2n < q2n+2 − q2n < (D + 1)4q2n

as desired.

Lemma 4.1.11. cos(2πqn+2θ)− cos(2πqnθ) is comparable to 1/q2n

Proof. Suppose 0 < a < b < π/2. By the mean value theorem,

cos a− cos b

b− a
= sin c

for some a < c < b. Note that

2

π
<

sin c

c
< 1

for 0 < c < π/2. Letting a = 2π||qn+2θ||, b = 2π||qnθ||, and using Lemma

(4.1.3) we have

4‖qn+2θ‖ <
cos(2πqn+2θ)− cos(2πqnθ)

an+22π‖qn+1θ‖
< 2π‖qnθ‖. (4.7)
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Therefore

cos(2πqn+2θ)− cos(2πqnθ) < 4π2an+2‖qnθ‖ ‖qn+1θ‖

and by property 3 of Lemma 4.1.3 together with the bounded type

assumption we get

cos(2πqn+2θ)− cos(2πqnθ) <
4Dπ2

qn+1qn+2
<

4Dπ2

q2n
.

Also by (4.7),

cos(2πqn+2θ)− cos(2πqnθ) > 8πan+2‖qn+1θ‖ ‖qn+2θ‖

and hence by property 3 of Lemma 4.1.3 and the inequality from Lemma

4.1.8,

cos(2πqn+2θ)− cos(2πqnθ) >
8π

qn+2qn+3
>

8π

(D + 1)5q2n
.

We can now describe the asymptotic behavior of b(r).

Theorem 4.1.12. The function b(r) is comparable to
√
r.

Proof. By Proposition 4.1.9 choose N such that

k1q
2
n < rn < k2q

2
n

for all n > N , where rn as before corresponds to the intersection of vn(r)

and vn+2(r) and k1, k2 are positive constants. Choose R large enough so

that b(R) = vm(R) for some m > N and fix r > R. Suppose b(r) = vn(r).

(If r corresponds to an intersection point of two or more curves, choose vn

to be the curve such that b(r+) = vn(r+)).
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Since vn is a constituent piece of b(r) it follows by Lemma 4.1.4 that

rn−2 ≤ r ≤ rn. Hence, by Proposition 4.1.9,

k1q
2
n−2 < r < k2q

2
n.

In fact, by Lemma 4.1.8, qn−2 > qn/(D + 1)2 and hence

k1
(D + 1)4

q2n < r < k2q
2
n. (4.8)

In particular q2n > r/k2 and we immediately get the lower bound

b(r) =
1

E

√
(1− cos(2πqnθ))r2 + q2n >

1

E
qn >

1

E
√
k2

√
r.

For the upper bound, note that for ||qnθ|| < π/2

1− cos(2πqnθ) <
(2π||qnθ||)2

2

and hence, using Lemma 4.1.3 and the fact that {qn} is an increasing

sequence,

1− cos(2πqnθ) <
2π2

q2n+1

<
2π2

q2n
.

It follows from the above inequality together with the upper bound for

r in (4.8) that

b(r) =
1

E

√
(1− cos(2πqnθ))r2 + q2n <

1

E

(√
2k22π

2 + 1

)
qn

Also, from the lower bound in (4.8) we have qn < ((D+1)2/
√
k1)
√
r and

hence

b(r) <
1

E

(√
2k22π

2 + 1

)(
(D + 1)2√

k1

)√
r.
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As has been the case throughout this section, the constants bounding

b(r)/
√
r (for large r) only depend on D. However, the constant R in

the proof above (unlike the constant N) could in general depend on the

particular angle θ.

4.2 Quasi-isometries

We wish to compare the shape of the Margulis region corresponding to an

irrational screw parabolic isometry to that of a horoball. We know by the

properties of the boundary function b(r) (Lemma 3.3.2) that the region

does not contain a horoball. However, we will see that, in the bounded

type case, the coarse shape of the Margulis region is the same as a horoball.

Let Σ = {(x, y, z, u) ∈ H4 |u ≥ 1} denote the (closed) horoball based at

∞ of height 1 in H4. As a corollary to Theorem 4.1.12 we will show that

the Margulis region Tg, where g is an irrational screw parabolic element of

bounded type, is quasi-isometric to Σ in H4.

Definition 4.2.1. A map f : X → Y between two metric spaces (X, d1)

and (Y, d2) is a quasi-isometry if there exist constants λ ≥ 1 and C,M ≥ 0

such that

1. for all x, y ∈ X, 1
λd1(x, y)− C < d2(f(x), f(y)) < λd1(x, y) + C, and

2. for all y ∈ Y , d2(y, f(x)) < M for some x ∈ X.

We say that two subsets V and W of H4 are quasi-isometric in H4 if there

exists a quasi-isometry f : H4 → H4 such that f(V ) = W .

Theorem 4.1.12 shows, in the bounded type case, that b(r)/
√
r is

bounded for sufficiently large r. Clearly it is not bounded for all r ≥ 0
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since b(r) tends to a non-zero limit as r → 0. However, if we replace
√
r

by a function that is asymptotic to
√
r as r → ∞ and for which this ratio

is bounded for small r, we can extend the bound to all non-negative r. Let

a(r) be such a function. Then
√
r/a(r) is bounded for large r. Hence, since

b(r)

a(r)
=
b(r)√
r

√
r

a(r)

there exists a constant R such that b(r)/a(r) is bounded by positive

constants for all r > R. By the assumption that b(r)/a(r) is bounded

for small r we have

A <
b(r)

a(r)
< B

for all r ≥ 0 for some constants A,B > 0.

For any function a(r) with the properties described, define

Sa = {(x, y, z, u) ∈ H4 |u ≥ a(
√
x2 + y2)}.

We will first show that Tg and Sa are quasi-isometric in H4.

Lemma 4.2.2. Let g be an irrational screw parabolic element of bounded

type. Then the Margulis region Tg and the region Sa are quasi-isometric in

H4.

Proof. Let f : H4 → H4 such that

f(x, y, z, u) =

(
x, y, z,

b(r)

a(r)
u

)
where r =

√
x2 + y2. Clearly f is surjective and f(Sa) = Tg.

As noted above, there exists positive constants A and B such that A <

b(r)/a(r) < B for all r ≥ 0. Let C = max{| lnA|, | lnB|}. Then (see [4]),

for any point P = (x, y, z, u) in H4,

ρ(P, f(P )) =

∣∣∣∣ln b(r)a(r)

∣∣∣∣ < C. (4.9)
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Let P and Q be any two points in H4. By the triangle inequality

ρ(f(P ), f(Q)) ≤ ρ(f(P ), P ) + ρ(P,Q) + ρ(Q, f(Q))

and hence by (4.9)

ρ(f(P ), f(Q)) < ρ(P,Q) + 2C.

Similarly,

ρ(P,Q) ≤ ρ(P, f(P )) + ρ(f(P ), f(Q)) + ρ(f(Q), Q)

and hence

ρ(P,Q) < ρ(f(P ), f(Q)) + 2C.

Therefore

ρ(P,Q)− 2C < ρ(f(P ), f(Q)) < ρ(P,Q) + 2C

and f is a quasi-isometry.

We will next find a quasi-isometry of H4 that maps the horoball Σ to a

region of the form Sa. Let σ > 0 and define hn,σ : Hn → Hn such that

hn,σ : P 7→ |P |σ−1P. (4.10)

It is known (see [3], [7]) that hn,σ is a bilipschitz map onto Hn with constant

σ or 1/σ depending on if σ > 1 or σ < 1, respectively. Consider the following

modification of the map (4.10) in dimension 4:

h : (x, y, z, u) 7→ λ(x, y, z, u) where λ =
√
x2 + y2 + u2.

By identifying H3 with {(x, y, z, u) | z = 0} in H4, note that h|H3 = h3,2 and

hence h is bilipschitz with constant 2 if restricted to this slice. We claim

that h is in fact bilipschitz in H4.
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Proposition 4.2.3. h : (x, y, z, u) 7→ λ(x, y, z, u) where λ =
√
x2 + y2 + u2

is a bilipschitz map of H4.

Proof. Let P,Q ∈ H4. By composing with an isometry assume that P =

(0, 0, 0, ũ) and Q = (x, y, z, u) where ũ ≤ u. Define Q̂ = (x, y, 0, u). Note

that

h(P ) = (0, 0, 0, ũ2),

h(Q) = (λx, λy, λz, λu),

h(Q̂) = (λx, λy, 0, λu)

where λ =
√
x2 + y2 + u2.

Since P, Q̂ ∈ H3 and h|H3 is bilipschitz with constant 2,

1

2
ρ(P, Q̂) < ρ(h(P ), h(Q̂)) < 2ρ(P, Q̂). (4.11)

Using the distance formula (see [4])

ρ(R1, R2) = 2 sinh−1
(
|R1 −R2|
2
√
u1u2

)
(where u1 and u2 are the u-coordinates of the points R1 and R2, respec-

tively), it easily follows that

ρ(Q, Q̂) = ρ(h(Q), h(Q̂)). (4.12)

Also, using the same formula along with the fact that sinh−1(·) is a

strictly increasing function, simple calculations show that ρ(P, Q̂) ≤ ρ(P,Q)

and, since u ≥ ũ, that ρ(Q̂,Q) ≤ ρ(P,Q). Hence

ρ(P,Q) ≤ ρ(P, Q̂) + ρ(Q̂,Q) ≤ 2ρ(P,Q). (4.13)
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Similarly, using the sinh−1(·) formula for ρ(·, ·) we easily observe that

ρ(h(P ), h(Q̂)) ≤ ρ(h(P ), h(Q)), and since λu ≥ u2 ≥ ũ2 we also observe

that ρ(h(Q̂), h(Q)) ≤ ρ(h(P ), h(Q)). It follows that

ρ(h(P ), h(Q)) ≤ ρ(h(P ), h(Q̂)) + ρ(h(Q̂), h(Q)) ≤ 2ρ(h(P ), h(Q)). (4.14)

We now have:

ρ(h(P ), h(Q)) ≤ ρ(h(P ), h(Q̂)) + ρ(h(Q̂, h(Q)) (by (4.14))

≤ 2ρ(P, Q̂) + ρ(Q̂,Q) (by (4.11) and (4.12))

≤ 2
(
ρ(P, Q̂) + ρ(Q̂,Q)

)
≤ 4ρ(P,Q) (by (4.13))

and

ρ(h(P ), h(Q)) ≥ 1

2

(
ρ(h(P ), h(Q̂)) + ρ(h(Q̂), h(Q))

)
(by (4.14))

≥ 1

2

(
1

2
ρ(P, Q̂) + ρ(Q̂,Q)

)
(by (4.11) and (4.12))

≥ 1

4

(
ρ(P, Q̂) + ρ(Q̂,Q)

)
≥ 1

4
ρ(P,Q) (by (4.13))

Hence h is bilipschitz.

A calculation shows that for r′ = r
√
r2 + 1 an inverse function is given

by

sr =

√√
4r2 + 1− 1

2
.

Define a(r) =
√
s2r + 1, that is

a(r) =

√√
4r2 + 1 + 1

2
.
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It is easily verified that a(r) is asymptotic to
√
r. Also, since a(r) is

continuous and a(r) ≥ 1 for r ≥ 0 it is clear that b(r)/a(r) is bounded

in any bounded neighborhood of 0. Hence, by Lemma 4.2.2, Sa is quasi-

isometric in H4 to the Margulis region Tg. We will show that the bilipschitz

map h in Proposition 4.2.3 maps the horoball Σ onto Sa. Hence, composing

the quasi-isometry f from Lemma 4.2.2 with the bilipschitz map h results

in a quasi-isometry of H4 mapping the horoball Σ to the Margulis region.

In order to simplify notations we employ the standard cylindrical

coordinates

< r, ψ, z > instead of the Cartesian coordinates (x, y, z). The image of the

horosphere U of height 1 (the boundary of Σ) under h is the set{
λ(x, y, z, 1) : λ =

√
x2 + y2 + 1

}
=
{
< λr, ψ, λz, λ > : λ =

√
r2 + 1

}
=
{
< r′, ψ, z′, u′ > : u′ = a(r′)

}
Hence

h(Σ) = {(x, y, z, u) : u ≥ a(
√
x2 + y2)}

that is, h(Σ) = Sa. We have proved:

Corollary 4.2.4. Let g be an irrational screw parabolic element of bounded

type. Then the Margulis region Tg is quasi-isometric to a (closed) horoball

in H4.

In [10] it is shown that two irrational screw parabolic elements with

distinct rotational angles are not conjugate to each other by any quasi-

isometry of H4. However, Corollary 4.2.4 implies, in the bounded type case,

that the corresponding Margulis regions of two such elements are quasi-

isometric.
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Remark 4.2.5. The above result would still hold if b(r) was comparable

to rτ for any 0 < τ < 1, that is, the corresponding region would be quasi-

isometric to a horoball in H4. Hence there is nothing special about the power

1/2 in this regard, besides the fact that it is less than 1. The quasi-isometry

would be obtained in a similar way as above. In particular, one would change

the map in Proposition 4.2.3 to be a modification of the bilipschitz map

(4.10) with σ = 1/(1−τ) (instead of σ = 2) which through similar arguments

as in the proof of the proposition can be shown to also be bilipschitz.

A region, with the same symmetry as the Margulis region, but whose

boundary function b̃(r) is comparable to an increasing convex or linear

function would not be quasi-isometric to a horoball. In particular, the

subhorospherical region obtained from Waterman’s bound in Theorem 3.1.8

(see Remark 3.1.9) can be shown to be asymptotic to r and is hence not

quasi-isometric to a horoball. In fact, for any boundary function satisfying

b̃(r) ≥ Cr for large r and some constant C > 0 (and which is bounded

away from 0 and ∞ for small r) the corresponding region will not be quasi-

isometric to a horoball. We prove this fact below.

Assume there exists constants C,R > 0 such that b̃(r) ≥ Cr for all

r > R, and consider the region

T = {(x, y, z, u) ∈ H4 |u ≥ b̃(
√
x2 + y2)}.

We will show that T is not quasi-isometric to a horoball in H4. In order

to get a contradiction, suppose there is a quasi-isometry F of H4 such that

F (T ) is a horoball based at ∞.

Since b̃(r) ≥ Cr every point in T is within a bounded (hyperbolic)

distance of the plane P = {(x, y, z, u) |x = y = 0} (in fact, u = Cr consists of

point that are equidistant from this plane). Hence there is a quasi-isometry
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G of H4 that maps ∂T to P. In particular, one could construct G such that

it maps the set of points {(x, y, 0, u) |u = b̃(
√
x2 + y2)} onto a geodesic ray

through ∞ of the form γ = {(0, 0, 0, u) |u > D} for some D > 0. This can

be done through orthogonal projection.

Consider the quasi-isometry F ◦ G−1. By assumption the image of the

geodesic ray γ under F ◦ G−1 must be contained in a horosphere based at

∞. On the other hand, it is a well-known that the image of geodesics under

quasi-isometries of hyperbolic spaces (quasi-geodesics) are within a bounded

distance of geodesics. In fact, note that since ∞ is the only boundary

component of T and quasi-isometries of Hn (for n ≥ 3) extend to the

boundary (to quasi-conformal maps, see [19]) F ◦G−1 must map∞ to itself.

Hence F ◦G−1(γ) must lie within a bounded distance of a geodesic through

∞. This clearly contradicts the conclusion that F ◦G−1(γ) is contained in

a horoball based at ∞. Hence there is no quasi-isometry F which maps the

region T onto a horoball.
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[19] P. Tukia and J. Väisälä, Quasiconformal extension from dimension n

to n+ 1, Ann. of Math. (2) 115 (1982), no. 2, 331–348.
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