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A bstract 

'ifii-j p f f p c t s  o f  a n  k x t f p n a l
1‘IKLD ON n i n e P A N T I C J i F  PNOCNON' S 
IiJ A pjjpsma

by
John I,’. Tiqner 

Ailvisnr: Professor David Dontqonery

The inclusion of an external maqnotie field in the 
microscopic description of a plasma is investigated. ''his 
inclusion becomes necessary when the maenetic field is 
stronq enouah for the thermal gyro-radius to be less than 
the Debye length. This particular orderinrt of the length 
parameters of a plasma is investigated in both two and 
three-dimensional systems. It is found that the appropriate 
kinetic equation for sucii an ordering is the Fokker-Planck 
equation since the magnetic field acts to screen the 
coulomb jJoLontial in isolated two-body interactions. It is
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not necessary to invoke the dielectric nature of the plasma 
in order to insure the convergence of the collision 
integrals, and, therefore, the kinetic theory of a strongly 
magnetized plasma will, in fact, be simpler than the 
unmagnetized plasma.

The equations of motion of two isolated charged 
particles interacting electrostatically in the presence of 
an external magnetic field are studied from a numerical 
and analytic viewpoint. It is found that there is a 
difference in the way the two particles interact, depending 
on whether or not their gyro-radii overlap. Collisions with 
overlapping gyro-radii are found to be very much like 
unmaqnetized collisions, resulting in significant kinetic 
energy transfer. Collisions with qyro-radii which do not 
overlap, on the other hand, are found not to involve 
significant kinetic energy transfer, due to the fact that 
the magnetic field has an important effect on the interaction 
process. The magnetic field, therefore, acts to screen the 
coulomb potential, so that there are two distinct types of 
binary collisions in a stronqly magnetized plasma, one which 
is important to the kinetic theory of the system and one 
which is not.



These ideas are used to study the kinetic theory a 
two-dimensional strongly magnetized plasma in the Fokker- 
Planck limit. In these calculations the magnetic field is 
included in the collision integrals of the system. These 
collision integrals are then used to serve as the basis for 
a Ciiapman-Fnskog calculation of collisional transport 
coefficients. It is found that collisional transport is 
much smaller than collective transport in a two-dimensional 
plasma.
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I. INTRODUCTION

The subject of discrete-particle processes in a plasma 
is relatively well understood in the absence of any externally 
applied magnetic field. Perhaps one reason that it is so well 
understood, is the fact that the basic interaction in such a 
plasma is ordinary Rutherford scattering, a problem long since 
solved in classical mechanics. Apply a strong external 
magnetic field to this plasma, however, and no longer is 
there a vast wealth of information about the basic interaction 
upon which to build a kinetic theory. The fact that the b>sie 
interaction, Rutherford scattering in the presence of an 
external magnetic field, has long remained an unsolved 
problem in classical mechanics, indicates that there is much 
to be done in this area, and that viable results will be 
hard to come by,

The subject of transport phenomena in a plasma immersed 
in an external magnetic field is of great interest. Heretofore 
most calculations of collisional transport coefficients have 
been limited to "weak" magnetic fields(1-4). By "weak* magneti 
fields, we will mean fields such that the thermal gyro-radius 
of the plasma is greater than the Debye length. For such 
weak fields, it is not necessary to include the effects of 
the external magnetic field on the microscopic interaction 
process, since, on the average, the particle will undergo 
a collision long before it has had a chance to make a 
complete gyro-orbit. On the other hand, for "strong" magnetic 
fields, fields for which the thermal gyro-radius is less than



the Debye length, the magnetic field will have an important 
effect on the interaction, since a particle will, on the 
average, make at least one complete gyro-orbit between 
interactions. We will be concerned, in this work, with strong 
magnetic fields, and the consequences of such fields on 
binary interactions, kinetic theory, and transport phenomena.

We will do a number of calculations based on a two- 
dimensional model for a plasma, as introduced by Taylor 
and McNamara(5). The Taylor-McNamara model can be thought of as 
charged rods aligned parallel to the external magnetic field.
They assumed that the external magnetic field was strong 
enough so that the velocities of all the particles in the 
plasma could be represented by the ExB drift(7) of their guiding- 
centers. In this guiding-center approximation, they were able 
to calculate the diffusion coefficient, D , for their 
system, and they found that, even in thermal equilibrium, 
D^^^l/B. In addition, the electrical conductivity of a two- 
dimensional guiding-center plasma has been calculated, and 
it is found to have the same magnetic field dependence(6). We 
will be concerned with the relaxation of the guiding-center 
approximation to the two-dimensional model, in order to 
include finite gyro-radius effects. In Chapter II, we will 
extend the work of Vahala and Montgomery(R) on the two- 
dimensional, strongly magnetised electron plasma, to include 
a two-species plasma. The particular system we will consider 
in Chapter II is composed of particles of equal mass and 
opposite charge. We will derive a collision integral which 
represents the change in the electron and inn distribution
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functions due to electron-ion interactions.
The collision integrals that describe our two-dimensional, 
strongly magnetized plasma, in the Fokker-Planck limit, 
formally diverge. This happens because the non-interactinn 
orbits of the particles are circles which never separate 
from each other. Even the exact trajectories for two identical 
particles, interacting with each other in the presence of the 
external magnetic field, are periodic functions of time, 
and one would expect the same behavior to occur for any two 
particles of the system. A way out of the dilemma of the 
formal divergence of the collision integrals was pointed 
out by Hsu(9), who observed that higher order effects, which 
are left out of the collision integral, will cause particles 
to separate in time. These higher order effects can be put 
into the theory by the use of the Taylor-UcNamara diffusion 
coefficient, in a way which is in agreement with numerical 
simulations of the plasma(9).

In Chapter III, we will again consider a two-species two- 
dimensional, strongly magnetized plasma. In this chapter, 
however, we will assume that the ions are much more massive 
than the electrons. In addition, we will assume an approximate 
form for the electron-ion collision integral. The resulting 
kinetic equations will serve as the basis for a Chapman-Enskog 
analysis of the collisional transport properties of this system. 
This analysis will yield an expression for the electron diffusion 
coefficient across the magnetic field which can be written, in 
analogy with the standard random walk argument, as £  V ”
In this expression, is the average step length, which is
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equal to the thermal gyro-radius, and V  is the number of steps 
per second, the collision frequency. Since the collision 
frequency irAl/B, and A 1/B , it follows that 1/B^ ,
and, therefore, is negligible in a strong magnetic field.

In Chapter IV, we will turn our attention to the study 
of the three-dimensional binary interaction process in the 
presence of an external magnetic field. There is evidence, 
from two and three-dimensional kinetic tneory calculations, 
and from some analytic solutions of the two-body interactions 
(10-14), that the thermal gyro-radius is an effective cutoff 
in the binary interaction process in a plasma immersed in a 
strong external magnetic field. The idea is that the magnetic 
field acts to screen the coulomb interaction. We will look for 
this effect in a detailed study of binary interactions in a 
strong magnetic field, both from an analytic and a numerical 
viewpoint. It will be shown that there is a difference in the 
way in which the two particles intereact depending on whether 
or not their gyro-radii overlap. Interactions in which the 
gyro-radii of the two particles overlap involve a significant 
transfer of kinetic energy, very much like an unmagnetised 
interaction; one particle gains kinetic energy monotonically 
at the expense of the kinetic energy of the other particle. 
Interactions in which the gyro-radii do not overlap, on the 
other hand, are found not to involve a significant transfer of 
kinetic energy; the presence of the magnetic fi^ld causes an 
oscillation in the kinetic energy of each particle during the 
interaction, resulting in a small net kinetic energy transfer.
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IX. ELECTRON-ION COLLISION
i n t e g r a l

In this chapter, we will be concerned with a two-species, 
two-dimensional, strongly magnetized plasma. We are interested 
in calculating the kinetic equations that will describe this 
system in the Fokker-Planck limit(15,16). What is new in this 
calculation is the inclusion of a second species in the plasma 
which fully participates in the dynamics. The presence of the 
external magnetic field makes the inclusion of the second 
species a non-trivial generalization of the single-species 
plasma. It has previously been found(rt) that the collision 
integral that describes a two-dimensional electronic plasma, 
immersed in an external magnetic field, in the Fokker-Planck 
limit, can be fully reduced to an integration over the velocity 
coordinates only. It is of interest, therefore, to extend this 
calculation to a collision integral that will describe electron- 
ion interactions.

A. KINETIC EQUATIONS

The kinetic equations for a two-dimensional, two-3pecies 
plasma, immersed in an external magnetic field, in the 
Fokker-Planck limit(17), are
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* ^  J if:
+(/k.oij/itY) • = -  ' f ^ ^ " -  ^ ^  s )1# " -  P^'Os7-)

K J V ji

 ̂rr./)
_^- "f ̂  =  (/Hoi/ ’>*.*)■=- ■ f ^ ^ > -  ^ U -  «^lt-x %  J ^

rjiZ.Ju,.z<pPc P u ( p )

C t i .i)
where
e- refers to electrons.
i- refers to ions.
m # = mass of tiie electron.
mv= mass of the ion.
n-e= n#* = number density = n
In the i’ohker-Planck limit, the pair-eorrelations can be written 
as integrals over the one-body distributions in the fo’l lovino 

manner

_ J  ^ 7 r) P

(TT.3)
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° it f  I )

-r i M  L (r r.v)
pgV/ i)~ U- i q Y YzM  f— ~  - — — Iffo-fO-)

J  A'i S K t y t o  6 )  I
- T

/*•!- $ J

(tx.s)
In this calciilat ion, tan ono-bodv distributions aro assumed to 
be spatially uniform and cyrotropic in voloeit/. We will 

use the Unwind definition

L D - l c S / r K d l
1 ' 1 f r r , 4)

and 
« _f (v, *t) -- one-particle distribution function for electrons 

f* (v, ,t) = one-particle distribution ’nine)- ion for ions.
eeP (1*2) = pair-correlation function between two electrons.
P*4 {1*2) = pair-correlation function between two ions.

*P LP (1*2) = pa ir-cor rel a tion function bob’rof’n an electron
and an ion.
ij = interaction potenti£il* where

=  - t e  ec ei/jt)Jt/k !*,J

r r r . 7 )
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and
e( = charqe of the electron.

charqe of the ion.
1 = lenqth of the charaed rod.
In this calculation, we will assume that we have a system of 
two-species with eoual mass, and opposite eharno. ’̂hat is, 
we have nf= = m, and e^=-ev= e. Ohe kinetic eouation ror
f* »t) can be written

+ fo*L) §r ■ Cft L Or ._L|S -i. I W
CXT.?)

We can write this eouation in the ^oll owinrj porn

£Le =
z - t  ^ (TX-9)

where

J ” e t . ' f t L . A . V i & T ^ @ 11,  < ^ t  . 2

/ k .  j
- t  ^  zKJr)

(XT. to)
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5j& - '

C r r .  n)

The integrations in these two expressions are over the non- 
interactinq circular orbits of the appropriate part ic] as.
For electron-electron collisions they are

v/i)- K ooztvT -hlxy Cxi. 12.a)

V ^ ( t ) = \ c c S U ? T  + £ ) 0 ^ i k U > T

C r r . n l , )

X,(t) ~  y  -t tfsibwr/co  -  ( l  w  ^

C m .  n c )

Y ® -  X ^ - f ( v 4 /u > )-S ' k & T

(r x.nd)
where »x#_,v/ , vx are constants. For electron-i^n collisions 
the non-interactinq orbits are
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V, =  V/.J C/ys-' Uj T  -hb/'Sj

\4, a. C # > O O T  —  J /  l/̂ ,S>^ 0̂7

* / -

/ :

6rr. /3̂)
7, T (Vjuu)^

(Tj7.I3<7)

*L ^ ^ ' U
(3333./3 d)

It has already been shown that

cr'Tv.t)-
£ « ■  =  1 - ^

A ) f ^

(ttc./J)

(xsr/s)
We can think of the dyadic, Q ^ ,  as a matrix in the coordinate 
system

A  —

(rr. /&)
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-vrr̂ cYec/<>a = >) (**■»)
where lias the interpretation of heinn the tine of the
electron-electron interaction. It in the purpose of this

a#calculation to reduce ,t) to this form.

R. CALCULATION OF ELFCTRON- 
IOM COLLISION INTEGRAL

At this point, we will focus our attention on the 
electron-ion collision integral, eti.fll.il). Let us define 
the fourier-transforn of the interaction potential

7 = (dX a * W z *'X,L
J (x r. /?)

Since the one-body distributions are assumed oyrotropic,
- "*■ —  / 7'and since / v# (t)/ =/v^/ because of en. (11.12) and eo.(II.ll),

we can write

( d  _ A  ll*fi _ fv/rj^-± - ^ C ^ - A l f y r 1
Iw t ) x c 7) j r  r  u i *  r

(x r. n)
Putting these results into en.(ll.ll), we have



j ~  e,:( %  t) =

x
~ T  /

X

j _j> iltt'WeiX'*~ a'e'fry

■ [iW ■ j - V„ 6) .̂ 2 .1 -fYU Yi
y  n . *• yju 

( 31X. ZoJ

with the followina definitions

X,c =  X / “ ^  (xx.zio.)

X ,L ( r ) =  u + y ^ y ^ o o T - U ^ ^ ^ - ' ]
o/

( t t .u Q

( m / c )  

(XT.ud )

The x /xintoaration yields a delta-function, so we hnve
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^ i ^ (I ̂ CT) *

x f e i E - ^  -  % M & - - A  7 -fe-f(
L L>J w L/»-V

where

x̂L(r)= Y^(r)-X^ ( XT.
Takinq advantage of the delta-function, we can integrate over 
the k variable, and we have

crY^}= [$ i *
pr[j,l]ea 6?- (r> x -r

. f t  63 y  • i>_ -  K. ft) 7 f g t '
L ^ xt 14, *■ kJ

now (TT.7.4)

(r x x s - )
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where

Jk (t) - JL CosuuT-h Jixh S()\ujT
( rr.j-0

since

( r r . 2.7j

Also, we can write

= Ifr)^ 5.-4
(rr. zs)

So, we can re-write eq. (11.22)

T €l =■ * 
fir °7̂  - II ̂  ** f

- t  [  *4

(frr. 2.9)
Let us re-write the bracket in e q . ( i l . 2 h )
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f ] = J j  c * » r e i X * ^ Cr) . [ £ - * r'Jf'f<

- Pis 7 - ^ i-%‘ £,*n,(r)

^  J r̂x. 30)
In the second tern of en. (11.30) , let , and wo then

—have the followinn expression for J (v̂  , t)

J - ^ =  - A . I$1)1  *

p f  J E x ?  S l y K U j ' T  £

(TX.3l)

which can he written in the followinn form

^ r e , = ^  C- P

f  r r  3 2 .J
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q  *( p tt e g  =  .  e W A ' p j f .  /  ^

d ’ r   i J L ' t > Z u ( r )  ~  X - D Y n . f r }

\ d r \ A X  cc&usre -t-JLJLKbsnvrc

( X T .  33)

with

t y„_ (t)-(tî /ujŝcoT-ij) yd/J)fcoŝT-ij
( rr.3 </)

b % u  ( t ) =  ( v / < j o ) S ( l u u T - ( % W ^ l t j ^ \ c c x i v r - i l

( T T . 3 S )

Our intention now is to write the ) dyadic as a
function of v# and vv only. Kssentially, all of the physics 
of the electron-ion interaction is buried within the intoa- 
rations that must be perforne-' in order to be able to write 
Qrt as a function of v} and vj, only.

» •  £  < _  —Let us write Q (v̂  , ) in the followinn wr/

Q*' = l«fol

( T T . 3 C )
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r *

X ;  = + ) d T c a > a j i  &  ( X T . l l )

—  T

\
- I

In order to perform these integrations, we will choose a two- 
dimensional coordinate system with the x-axis along v ,

A _and the y-axis along bxv, see Fig.(l). in this coordinate 
system, we have

Jb- £>^(r)= JL-

=  (J lV 'J u O ) c ^ % ^ c v r ~ ( J v / u j ) ^ f r C £ b U ) T + ( S u/ i y s * . ‘>  

=  A u ^ u jT- -h b  CJb UO T-f-(A S'

= C A ^ + & vy ^ f ^ ^ C cur^ i~pjli~ Q L v j u S ) c y  

( ■ r x  3 9 )
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where

A — (J jJ ^ u j) cet> Q 

/ 3  —  <9^

( a \ b t =- U J

—  -  V s j s k , ® y  ̂  c m > <£_

So, we have for I

O  A * 0 /  / \ itifar+p) ((& A ) s ^ & i
3r̂ j*Tcc,j,r5 Jz£&yL)e e J 1

- T

_ , I  ^  r / i W  ^

— — / —  j

/

° +*>
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where the familiar Bessel-Function identity has boen used (18). 
The dominant terms in the infinite sum will be 1 =11, so we 
have

p -

where

/ /
C a + h ^  / ^

y  ' C a  +sj

—  V S s ^  ® f  V'
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and has the interpretation of beinq the time of the
electron-ion interaction. The tine integration in can be 
done in the same way, and we will have

< r“ vAJ c~.f! e
(XT.i-l)

-  s / c j t o & J  V
/  ( x x . ^ i )

In summary, we have the followinq expressions for 1̂  , IZ

(XT.¥9)

- J -  -  -r-*i '  - r - A  < > '/  "\ ^
iC z T  C T  c o o k  v “V  6 (.Tt.SO)

U :  c * s *  +  v v -  > 7 &xr/)
V  =  l y ' c a ? 1' ^ '  f -  V / L

(XT. Si)
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=  -  V S A ^ & /  V

(XT.S3J

c&h ' —  V o e o & / "V"
(HZ. s t)

The next step is to perform the integrations over k involving 
both I| and I4 . Let us define

§ , e = - ^ / ^ ( m / ^ U ) I a i  r ,

(XT.SS)
We can write kk as a matrix

  _ _  -  /C O O K S ' O & O -

J k J L  =  J  (
\  £>k<3- $4/Kt (S'v ' (rr. sc)

and we note that the fourier-transform of the interaction 

liotential is

/ « * /  =  0 M ¥)
(zz.sn)

We can also define
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' (tt.s-g)

X I x U  W ~ + * ' »

(rx-v) * ■ _ _booh m o  at the expression for ) , and usinq the explicit
value for I. fr or en. (I t . A 9 ) , we Jiâ e

6p= e/irj) r" iji<£i ̂
P/x»; ̂  w»;«,JL v,u’ ,

*

A
c a > &  a + *-& <5* /  H . Q O ^

L'ainn an intenral formula, the h-interral ran be Hone, anr '‘.n- 

he ve

oO

Jl
o

4 4
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Now, Qet (v; »v^) is real, as can be seen by looking at the 
original expression for it, eq.(II.55). We can, therefore, 
drop the absolute value sign in the first tern, and at the 
end of the calculation take the real part, with this in mind, 
we can write

q '; =  -I r

&  f  \J) j. CG> 'h e  V & + -

(XJZ- (*-$

and we must perform the angular integrations. We can write 
the angular integrations in the form ^

27T ^  . ~] f e e d s '  I

^ o )

(o3)
and we note that

3.V N = ^  <$ +- v •&'*- O'

(xr. tv)
We have _2 T

 ( j  /CG> 0- j - k U ^ f rJ \a*>t>'ur*' J  [A
C zr. i,sr)o
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where

A  —  C B O  a t .

( r  -r.toC)

$ — \Zir  ̂SMKjct. -  I  V
( t x .w )

To do these integrals, let us c h a n r r o  variables to

t &

■ a )

so that the intoqrations can bo transformed to the c o m p l e x  

z-plnne, where the contour C is the unit circle centered on 
the orinin. Writinq the triuononetric functions in trns of 
z , we have

^  if  9 -/

^  ! « * L wa) - M j r f + m
\

f i x .  4 9 )



25

Ip. order to do the integrations by the method of res i Hues (19) 
calculate the poles of the integrand. There are simple pd.rs 
at

(rr. no)

=  A +L& 
A - i t

.11)
and poles of third order at

2- = o (rT. 72)
In order for the si; pie tioles at -o- to contribute to the
integration, they must fall within the unit circle. mhin 
implies that

/*/ <  /

1*1= vfa < 1

(rr 73)

we
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So, we have that, if is less than , these poles contribute 
to the integration, but, if v is greater than , they do not 
contribute. The third order pole at z=0 always contributes to 
the integral. A straight-forward application of the theory of 
residues (see App.(A)) will yield the followinn expressions 
for Qf (v; ,v^)

S . "  «

V &  0 1

A-
I - k 1

r \A-<- d
(TX. 7 raj

V-, •> ̂

Crr.\7Si)
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(t.  7 T  7 6 a ^ )

(cA-^]fK+ 3J  ^
(T J - . 7 C L )

Q,l - (?»< - (i c/t-<B)f̂ CJ  ̂̂
( X U  970.)

a. = o» - O'c/>-< H  K>l//
Cu l l . 7 7 4 )

L

/  r-fic . / /  ^ ^

^ r r :  7 ^ )
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—  gt _  _The sane arguments apply m  the calculation of 0^ (v̂  , v^. ), 
so we will state the results

< 2 „ 7' = •  C^/ a -l b )
( I t  7 < ? « i )

(xr.79l>) 

(X x. ?oa)

(XX. 2d i) 
v4 <

(rr. ?/«._)
c C -  ( -  <c/ / h i n ) [ K+3J  y

(XX.2!i)\A< U
( X T -  tea)IA> V,

( r x n L )



Now, we have that

—  <? < =  e t
( 3  —  Q, ■+- Q

so we can write the complete expression in matrix form

> U

/ v C j C ' ( A - i b )  c / t

/
6 3  =  v r / ) t g . V c y

- A
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and we note that we take the real part of each element 
in the matrix. It should be noted that at vf — v̂ _, the two 
pieces of the Q * cdyadic are equal to each other, so Q*l(^ ,v^) 
is a smooth function of v, and "v-j,, as we would expect.

At this point, let us inspect the dyadic,
eq. (11.84,85), as compared to the'Q®^' dyadic, eq. (11.17).
It is clear that even though the only difference between
the two interactions represented by the dyadics is the sign
of the charges, the Q is much more complicated than the
Q dyadic. In fact, as will be mentioned in App.(B), we
have not been able to show that the kinetic equations that
result from the use of the dyadic have all of the
required properties that any kinetic equation ought to
have(20,21). We believe, therefore, that even at this stage in
the evolution of strongly magnetised kinetic theory, there

— 0(is the need to resort to approximate forms for the Q 
dyadics, especially when dealing with two-species of unequal 
mass. If the kinetic equations are to form the bnsis for a 
Chapman-Enskog analysis of trans[>ort coefficients, for example, 
we must be able to give physically reasonable approximations 
to these collision integrals.
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APPLNDIX II.A

Let us consider one of the ancmlar intearations that are 
discusser! in Sect.(n). ""he inteqral has the form

*7T
f a > 7

ftoo &i~J& s**-' &
where

A — ^  ceo<<

C & o d  —  V y  ]/̂  1 /

(A.i)

(a.t)

Let C ~ ̂  , and write all of the trinononetric functions
in terms of 7. ;/e have w

= Z >  l ( e + i ( W t y ^ c y Q

(a.s)where
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K =r (a+m)/$-;&)

(ay)

There are poles at :: = 0 of third order, and simple poles at 
The magnitude of the pole at z =  £  ( ■ ( i d A .

/£/*■= Cm ')'1' = (V0'/l 
(A.s)

If v ^ >  Vy , the poles lie within the unit circle, if vy ,
the poles lie outside the unit circle. The residue of the 
integrand at z=0 is

c  * -  A O

The residue of the integrand at

Res f(i * f(k+dÔ fi
L t7*

(Al)
The resultant integral,therefore, is the sum of the residues 
from the poles that lie within the unit circle.
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APPENDIX II.B

There are certain properties which every physically 
reasonable kinetic equation must satisfy. These properties 
are easy to verify provided the Q dyadics of the kinetic 
equations have certain characteristics. These characteristics 
are the followinn :
a) Tr (Q) < 0.
b) q(<T , =  rT(vt ,v, ) .
c) Jf< =0 when fc,ftare naxwellians.
It will be shown that our kinetic equation satisfies these 
requirements, and, therefore, that it has the followinn 
properties:
1) If fiO at t=0, then f£.0 for all t.

4) Any maxwellian is a time-independent solution of the kinetic 
equation.

What we have not been able to show for our kinetic ecuation 
are the following properties:

2 )

3) \ f(v)vdv is time-independent

1) j  f(v)v dv is time-independent.
2 )  4 M < :O, where H is Boltrman's H-function.



We will now prove that Q et {v fv O  has the following
characteristics:

a) Tr 0.

7 r Q et d  [ ~ A ^ / ^

Tr <$** ̂  +

<- V.

<< +V-( *AjJ\/i

£ -  T ^ -  vT))Jv, "J

c £> ■for 'A. ̂ u//
C &  o f  i J  S s fa «/, J / ^ ± _
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So that we have that t'r O^'^h) for all values of v , v,_.
=C«‘ _  =T/‘ __h) 0(v^ , v O  = Q(^v fvp . het us loo!: at the oriai.nl 

e::orossion for , vj , eq. (11.33)

—  s /  _  w  ,  _   ^  X . M J
Q  zr / # / J < # T y i £  c a > * > T e  - h J L j L > ( i > s ^ u > T e  J

Iqxnn i n t e r c h a n g e , Vj_ , v;.: iiave

-  ^/uoSi^ u»T - %Xv/v fc»u>T-iJ

b K u  v f ^ s ^ u i T  +• k X V , L

rut, it is clear that, upon integration over hire, th si' n o r 

C  )0»- f nnrl , and each torn ir> thos -'vr-rers jour, d^os • .nt

’'sitter, is conclude, the?~o ro**c, th -*1 1 r' ^ i ir sy otrie

S ^ i V d  =
o) ' 3 > no'.: i;rnt to S ' o w  tha t

T et=[j,n 5* L c-F̂  - o



^  J ,f ^  . f aro na::woi lian H 1 nt-ri}j^tmns por t?in p} or-1ronr>'IX, ' /7̂
anrl ionn.

_ _  <%.■&&.
■ y^ctbuoTfl

■ T  T  ?  - r  ^  iX-wJl
■h JL A<1> ■ S î loT  e  _ /

CJ= i f

■f- i u  c«> g /

Lt -h vi .  ■*> —

S ^  =  f a ^ i  Q *  U - ^ - f J - f J

-  -  Q  e ‘ - -f~ ~ e  £ -  '

=  -  T e{

Q  e- vIL ~  -br$h fjJ. I#] f a r  f a  A
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^   ....   fe
d istr ibutions.
So that wc have for J^4(v,t) =0 when fC,f(are nwxweUinn' sm. <k
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III. CHAPMAN-EHSKOG CALCULATION

It is of interest, once we have determined the kinetic 
equations that describe a two-dimensional, strongly magnetized 
plasma, to calculate the transport properties of this system 
by the traditional Chapman-Enskog procedure(22,23). In particular, 
the classical diffusion coefficient can be calculated via 
Chapman-Enskog theory, and compared with the Taylor-flcNamara 
guiding-center diffusion coefficient. We will find them to be 
quite dissimilar, as we would expect, since the Chapman-Enskog 
diffusion coefficient is determined by the effects of many 
successive, isolated two-body interactions, whereas the T.M. 
diffusion coefficient is an attempt to include the effects 
of the entire plasma on the diffusion of a test-particle. The 
usual problems associated with the two-dimensional strongly- 
magnetized plasma will occur in this calculation(fl,9), so we will 
use approximate forms for the collision integrals.

A. KINETIC EQUATIONS

In this calculation, we will again consider a two-species, 
two-dimensional, strongly magnetized plasma. We will now.
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however, assume that there are nrall spatial gradients in the 
plasr.n, a m 1 we v/ill relay the rcquirer'ont that the distribution 
functions that rlescri;,e the p! a s m  be oyrotro' >io. ”e east te 
m l  ci tin to r eithir. the r 'hapr an- "r/; hr g frnr.craorl , the reap' nne 
oF til.' p] to th-'-sr non-uniforrifi is. ’T ' wil 1 erviloy th e
’ebinsor and t, .-rr. r f^in 'rn r ia f ienn 1 ■ V.ncr i; *t inr ( ) o'" tr? ̂ r ■ r +■ 
ihKmvavna , r*:id .-.'-art v/j th the To1 lowin': ru nations

x(f; r)+ ifcr)

( T T X - i )
xc^f*)+xfr;r)

£ r r r  2 )

f (r,v,L) = distribution ^unction for the electrons, 
f^"(r,^, t) = distribution function for the ims. 
r = hircn per unit r>us.. actin'1 on an electron.
: = forcL* per 'ini': T 'a nr, ao t inr on an ir n .

’ io v/i 11 use the fol lowinc dcf in if ions cor the various 
■ ri nro neop ie yuan hi hies that v.l ] ’ closer i! ■■ ar syrtir.
.1 i.'O ). *' 1 i .h■ ■ r h,f

/ « . =  ( >  f T F ^ 1 .3)

X  X



Ion nunber density

/A  + = (dv f *6; vt) (rrrt)
Electron mean velocity

m -  =  0 U - )  f a  * f 7 w )

Ion mean velocity
r

XL +- =■ 0/̂)) do ̂ f +( r v/)
( X X Z .  b)

/

Mass density

P  —  >^/ f~ / L + A k i , , a
u  ( x x r . i j

Center-of-maas velocity

A K ^  / K  -h

Random velocity
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Electron mean velocity with respect to the center-of-mass

u ~  =  C ‘//k - ) Q u
J  ( j T ^ X . f o )

Ion mean velocity with respect to the centei— of-mass

U  * =  0 ! * + )  ^  ^(irrr. n)
The particular choice for the collision inteqrals that we will 
use in this calculation are the unraqnoticed J’okker-Planck 
collision inteqral s (10, 24-26 ) , cutoff at a distance d = v ^ t / ^  
which is less than a Debye length. The motivations behind this 
choice for the collision inteqrals will be presented elsewhere. 
In this cutoff, ^tis the relative velocity of the two particles 
, and T 1J is the time of the two-body interaction. The collision 
integrals will have the following form

-V J

Q  = r
7 5



(b r j:J X )

I &l ]  + % jv. - = £)(i/jxrj ' * _+=
-  4 >  , §  v j -  #- = ( - K j J j :

(l i x j l j z )

, v £  7  _ , r . ^

w T m L z ^ j * -  =  . . &V  -  X s J ± + - ^ ? j

( ? /  L i - X X ^

jQC
+ X X  r--r)-CeeJ„t>

< - ? '  „

.  n h 7 ^ - -  =  t . e

fyrxxj)
f f.

& - ' 4 } C z \ - Q  v ) ' f  ■  = < ^ x
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5  -  ^  ( X X X . ^ 6 )

'.)i a]f-.(?rnati ve way of v.’ri+iny tlio "octr..’- r ’lanfit' f'it- ai>->->ar:' 

iii tio (iv,-»<:io:> j r;

'v /\   / V
b  b X Q  “  u /  (9^

v —  C sO  O '*

f t  o  \  ‘i f  C &  &

) - 3 / ̂°  ̂J lcG>&£*r<& &

=  3 r ~ 3 3

3 ^  ( m -  * )
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v/il] asm me that w~' ;i tvr- a nys'm?-’ n r r a a a 1 >/<-' io’-s, m- t'.’t: 
vm r; m  tak ° :i ■1 van t.a<m' of the imaM ra f ;> ratio. T'nt is, wn
cl £> r t * 11 "!£ '

I t in cuiivt;Tii<;■ 11 i i thr> cnlculatic:’ of fraa snort coaf ̂.i r i onf s 
to W'-.rk v;ith k!»■'> t--mv’!o’> volo-min’ v< ..'mi »s j -i oo. (ITT.11) . ni!io 

a] tictron— i<m collision i ’it1' =r 11 v;i 11, th ?rnh :re , h a t h e  fn^n

T f r r ) = - A . < g w ^ Q  Y *

J

Q ~ += - V T e / T ^ f n T - s ' t

3 =  C u  —  l u .

(XXJT. 23)

( H T T .  2 J l )

Cirxx 25)
hocause of the snail nass ratio, in an oJocfma-i 'n im tome 1 ion ,
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the electron velocity will bo nuch creator than th.- ion 
velocity, and the iori ''■c]ocit,r w ; 11 not chance vnr'F '-'neb an 
restilt of the interaction. \'l- can, therefore, nnVo the fillroino 
aannr 'i >tionn in th*' el oetrop- .1 on coll in ion intensei

/ )  3  o -  LUj ( i T T .  2

2) -f Vb) ̂a+ Sf1#*) Crrx.i&k)

bo wo have the followino a: jy l'ovi^a to ror e ‘or tW: o] ec t-.ro::-i on 
col ]. a i on i n bv«i-,-| 1

r  ( r - f + ) =  a .+ r ~ * A -  f  fot)
2)US L u’1' ~‘ola’

( ■ X T t  a t )

P ’ + =  q -t ^ t ' +

( T T i r A ? )

'.at' collision intorr.il can bo further nirplified h'..’ the ro 1 1 owi n. ■ 

identity

, C(JQ —  (ju col“v J')" (TXX.l-l)
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v icre

So that we con write

Tn to is approx ir.inte Torn, the c1 nr.*' iron- i o n fio] lisinn into'"'-a" 
i in r , a o j. f f eront ial operator. ,\t this . rint, we wi ] 
concentrate on so.1 vino the l.iiiotif rnuiti',ri ror i-Ji-1 electron 

distribution f unfit ion, with t*o. (ill.l?,'!!) and or. (I.IT.il) 
for tiie L’lectron-cl'jctron and olcctron-ion collision intoarals 
respec tively.

fiic linearised forn: of the collision intoera’s is oJ tnino'’ 
hv writino
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*-owhere f is the local maxwel l inn H iEtril'.itin’i ri’tion

- T Y f b / ) =  / n - O ^ _______ y - ^ U r m

( rrr. 33)v;he re 
n - = n.(r,t) 
m = '"(r,t)
are the electron density one kern-era ture rospi.mt.i.v .'h',

’>ubt i tat inn thin expansion into :. (I ! ~ . 1'»} , and assoni.nf 
to he snail, v:e have the rnl lov/inr' lino.iri’ 

the collision integral

r(-f y -> r "a  ■ fe et) fafmlafjg
=. c .  < f  

r * “

iUikinn the sane substitution intro the olectron-ion collision 
integral, we have

x ( r r ) =  r ~  r r ° l :1 4>~

^  S  \

= K-f<p' (xix.st)
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where K_ _ and K_^.are the linearized collision operators, 
operating on . Now, substituting these linearized collision 
integrals into eq.(lll.l), writing the left-hand side of the 
equation in terms of w, the random velocity, dropping terms that 
involve the small mass ratio, and assuming overall charge 
neutrality (n^=n^=n), we arrive at the following equation(3) for

f - • 5 / ^ 2 .  —  J L ") l o * / f  t f ( j j u > u p J -); ^

W  j F JLt L " /  > 7

-  < 2 -  E  ' ^

Jtr c

-  4> -h £ - + 0

(rrr. 37)
—  /where E is the generalized electric field, which includes the 

effect of an external electric field E (if any), the external 
magnetic field B, and the density gradient.

F - E +-(£-) v°
c  e -

( X I X .  3Z)



The operators K —*. and are invariant under arhitrar''
rotations, and, therefore, thev commute with too rotation 
operator T, j, = Let us write

(rxx.w)

Consider any function f(w) = f(w,(£). Wo ran orpand this 
Function in terns of functions of w '"wid in terns of cos(<$) and 
sin ((>*).

tsCi

- f ( c o  & )  —  ( (  G e o  / * - &  ■+- i>»_ n -  &

J a = i ( x x  x .  ve)

C U r *  4 ^ ) >  ^ ( M )

( x x x m /)

and wo can write

£  -fsK (X) —  £  X k (X)

( x x x .  y-i)

-f- i>/v



50

_ x
” can bo a function of only, since it commutes with all
the components of L. the u::presnion \ / K is operator that 
operates only on the; nannitu i; of w, bet us mate the follnwin^ 
definitions

H  -  W l- -f ^  ( X  X X

Uju ~ &//r*,C.

A i ~  U s f i x E '  -  2^ ) ^ -  ( ~ ' X
T  J 17 (XXX. ¥5)

€i = ~ (ft (JJ Ei C-l,1-
M x r  C x x x . i fC )

U ( -J =  + . g) C 0 J_ _  J _  ^  / r x : T

J  j J r

iExpand inr 1 ^  in terns of the eipen-funf’tions, and usinn the 
above definitions, we can re-write eq. (tit.37), usinc eo. ( TIT.a 7 )

f

&

-f- c j z > o .< y  ( u t  — ~ h
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=  K  (b 4- tt <P .
Equating terms with equal values of n, we have for n=l

-f centst'jf Ax +£x 6 * } ~~ 4| ~ °
¥ 9 * )

and for n-2 f-rxx.^^b)

~ f  C o ?  ~  b i fJ= r

fexx: s& ol)

Au,.+u^\--  K / w j i v f - 2 ^  4 .t J = o

( - r r x s o b )

Since the equations are linear in ( j) , we can write

Q ^ -  -h a «  e  6 r r ^ r / a )

/■N
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L e (rrx.vi)

where the superscript A refers to the temperature dependent 
part, and the superscript^ refers to the qenorali?ed r field 
dependent part. We will also assume, For the purposes of this 
calculation, that

A* = £* = o  } v»= (A2, ( r -rx.

so we will he sol vine; the following equation;; for the unknown 
A  A  £  <rquantities ,â  , b, , a,_ , z~

-f'ceo&'j— X, Q-, h j 0 (tx^ssol

■ f ~ ° s ^ u » j A y  -  bjA -t C * C ^ A f = 6

‘ ( x i r r s 3 ^

■ f  C e00^-k  d ,A -Uj>u 4 J  °  fic rrS t-e ^

f '  A  £ / -  V  4  6  i  « T  &  =  0

( xjzrx.<5 Y-t> j



■f~°oeoOO-f-X 0-x, —QUOt. hil— Q

■f”  5 * ^ , 2 * -f j d t L  d *

( x t j z . s s - L )

Tor later convenience, lot ;is nako t!ie follnwinn definitions

Us *  —  r - a/'/n.livL' _ _  2 .  U> ■ ~ T

( a X r 1- ~ r r J  U > r

(rCttr. rccC)

<lL* =  - £ ' °  g ~  £ '  5 7
- 4 T -  v

-.sa)

L/i_U =  ■ f ' ^ u o 2'

2JLT-
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HL A = £ Lk -h [a, Aa»e-]
- H ~ = •  K ~ [ c l / A c * > & 2  ( x r r . & C ,

-  hi ~  K- [<*-) &£ g > & }  (X£Z~- 5 7 ^

'nheso arc the equations which we will use? to calculate the 
diffusion coefficient. At thin point, let us clef ino what in 
neant by a diffusion coefficient, and sec what v-e v/- 1 1 neet1 
to know in order to ho able to calculate it. From the 
definition of the averace electron velocity b ” , eq. (ITI.10), 
tociothor with the expansion of the electron distribution 
function about a local naxwellian, oq. (1 1 1. 1 d) , and 
en . (II1 . 51a , b) , we he vo
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= f °(p *<z f °<f> a>
(TT3ZC6)

VIe will find that ̂  and ̂  are proj>nrtiona 1 to (lo<rr") and 
—  IF respective] y , so that ve \;i1 1 be able to writ e

U ~ =  O.e. W ' - h D ^ ^ E ' x l - ^ V j ^ T
-It  Xr

-+- (- O-tl) tZ/og X i>
whore Dy , 1)^ are the diffusion coof fici.'*nts, and are
the thermal diffusion coefficients(?7). bet us use the foldowine 
nota tion

( b - j  b) —  qJ-v) b(fc>)

f i x r .  ^

Cons irler

It is clear that the rî 'h t-hund side of this 'j>:j>ression is 
proixjrtional to u “ , and if we use eq . (III. f 1 ) , we wi^l have

- f e f s K E ' - b ,

(xxx.
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So that the expression for the diffusion coefficient, D ,is

and we see that in order to calculate , we must be able to 
get an expression for the integral on the right-hand side of 
eq. (III.65)

C. LORENTZ-GAS

In this section, we will assume that the ions in our 
system are infinitely heavy, and that electron-electron 
collisions are negligible compared to electron-ion collisions. 
This system is called a Lorentz-Gas (2f?, 29) , and its usefullness 
lies in the fact that the set of equations, eq.(Ill.53-55), are 
exactly solveable for this model. In addition, we will find 
that the functional form of the diffusion coefficient, as 
calculated from the Lorentz-Gas model, will be virtually 
identical to that calculated under more realistic conditions.
No claim is made in these calculations as to the relative 
importance of electron-electron collisions as compared to 
electron-ion collisions.
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"la sot =0 in eo. (111. 5 3-Vi) , and fine" that tlv'Se
equations reduce to alqebraic equations. in addition, A/k. 
is a multiplicative operator as determined by en.(TIT.42).

A A -  / Z  y. fK

(JO W

Wo can solve eq . (II1.14a , b) , and we find

( X T T . U ? )

bt6 - A, £y j(lv̂  J -h(\) 

a, =  -  ^  J(tu()  v C \ J  &g)

iisinu eq. (III. 6 5-6 7) , we have an intcqra] expression for , 
which can be reduced to the follo'/inn form

cyQ ^ ^

0. =  6 u / r ~ ^  ( A  *  g  ______ ^ T T £ . & 9 )

where the two-dimensional elasma-frnnuencv is

Uuo —

/ Y K , J

( Z T X . 7 6 )
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the two-dimensional Debye lenqth is

\  =r J I X t /  L f - f / k e ,

7 (rrr. n,)
and the two-r!imensional plasma-parameter is

£  =  e 7 j ? A T  -  I U tT/k \ ^
1  '

The final forn for :  ̂ is, of course, critically dependent 
upon the choice o* the ^ardnetfr T** + , the time of the 
electron-ion interaction. We believe that a qood estimate 
for T ” * is the time necessary to Taylor-McNamara diffuse 
a quidinq-center throuqh a distance of the order of the 
electron thermal qyroradius, as first minted out by Msu. 
This time is

where L is the finite length of the two-dimensional system. 
Crucial to this particular choice of T ”+ is the idea that 
the qyroradius is an effective cutoff in the two-body 
interaction, a notion about which we wil1 have more to 
say in the next chapter. For now, we will assume this choice 
for t** , and explore the consequences. Since we are considering
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a strong magnetic field, we will have ( Ujr / t p ^ y < l . and we 
can approximate the integral expression for D ̂

( r x x ^
•? 7T /k  C U tJ 2'  <- S

mIt is clear that Pj A- 1/B , indicating negligible diffusion
in the strong B limit. This is to be contrasted with the T.P. 
diffusion coefficient 1/B . We will find that, in the real
plasma calculation, including electron-electron interactions, 
the diffusion coefficient will nave the s me dependence on B 
as the iarent7-Gas. One, not too surprising, conclusion that 
we reach, therefore, is that in a strongly raoneticed, 
f wo-d inens ional plasma, collisiona? tr an snort is much smaller 
than collective transport (10-32). We can also calculate , the 
diffusion coefficient in the direction perpondicular to the 
density gradient, and we will find that it- lias the following 

form

D . s  J x

/ * - ( x > Z

This diffusion is independent of collisional effects, since
there are assumed to be no density gradients in this direction
It is of interest to note that is identical to D—- ,apart

j/i_
from a factor equal to Qzr (L/-27T U ]  *
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iJ. VARIA T I O N A L  CALCULATION

We now want ho include the effects of e] n r t r o n - o L ’ctrnti

interactions in c a l culatinq the diffusion coefficient. To do 

thin, we will use the variation^] principle as developed 

by Robinson and Bernstein. This is a neneral principle that 

can be applied to any system, provided only that the collision 

inteqrals of the system satisfy two simple properties. These 

properties are

where i_ rare arbitrary functions of volocitv. It is

easy to show that our collision inteorals do indeed fl'tis'v 

these two properties. The variational principle states that the 

quantity
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f-A K 4̂ t>) fa^+Zt'^cnsfl
/  '  '  L & * c * + Jx-*.+c-ri

(Tirar.yi)
when simultaneously naxinitcd with respect to 1** sin (O') and 
nininitod with respect to a/cos (£•) , will assume the value

X, = - (k tw » 1 1) r̂r ̂  7f)
and so u  ̂ will have the ^orm

o , - m r
L A €  ( r x x . i y )

Th e method then, is to choose trial functions for (v ) ,

b, (v) (whore v is the d i m e n sionless velocity in units of the 

electron thermal velocity s  (J'k'r/r//*-) , with variational 

parameters that are determined from the; variational principle. 
We write -i f and b f  as a power series in v with unknown
roof Tieients

A/
t -  \ ̂^  d/Ŝ ) (TTdL.'iOcC)

/ x - /
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‘ mk-/ (X"HX.. $obj

and nubs * i tu to those too onpar: u : ■; m; into' the o::prnr-jo inn rnr
. Appl'yino tut; variatiur'.al principl o oil!. yield a s t of 

aloobraio oqnntuonu for tho ay and the by "hich, w u m  sol vpd,
can bo user1 to dc:ter''ino '-y

”he variational calculation o ̂ iy rennirns the knot-'led on 
o f a nunljor of" inf eor at j.cmr», ‘duo r.> nit:; of wlirli v /o  wi1 1 

aunriariae la‘low.

fX ) =

( X X X S l a . )

A  ̂ >6-1 O' (4 U, ̂ CeAj— /KlVt. bt*.
1  '  J  a , * * -  ( x r x z r . z ' t )

(kf/it*. 0-; <3-) -  - A ,  f
V A/ir<

t x S

( X  X X .  $/c)
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(b, K —  4  ^  ô ) =  " V N  ^V ~V̂ m~

' . d i d )

o (rrr ?/e)

« _ =  ( l e - r » ) M I -  r f — '

(^rxr y/fj

^ r r x r y / g )

<*i>
T  -U» , Arf^-"'

°  £CXT.2/h)

K Z < Z  =  " ^ j .  p 3  ^  ^  e  -< 3  ^ $ ( %  ^
ê  TC J

-. V  A



-h qyf'±zl)  ̂ l
1  J J  3  ^ r x x s / i j

6 j r r  ( ^ V  9 ^  +■ 6 r  9 )  f  U )

<k= (£+ <sh -& a) w-0
The nr»pi iration of the 'oria tion-tl principle to ) j , 
oo.(iii.77,7'i), results in the follov;i::o tv/< sets o'" o pie,t io

U  A/
o  -  b /K . 1 4 / u t  —  " 2 .  ^ - t

( t t r . n b )

v/h ’ro ' is hue number of variational lOranot'Ti; usee1 nvfi h in

y  r r  £  tVt̂ j£ LVj>

(xrr.83)
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D . can be written
"  ' v

D = *
/K

; 1  +  X v  ^
L 1"' ^  « a J a .

where

(rrr.w)

R  —  H - A  ij£uj[>  / » - /  T ” ^ j r n : F r a )

7̂= I T~ ('irr^
So the method, therefore, is to choose a value for M, solve 
the set of equations, eq.(III.R2), for the variaional parameters, 
and substitute these results into eq.(III.fM). Pickina M=l, we 
can do the calculation by hand, and we qet two equations to

&  (rsolve for a^ and b^ , the variational parameters. We find

a , -  i / i + y C '  ( x r r .v o C )

t>j ~  !j / ^ Z T X ”- ! .
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and substituting these expressions into err. {ill.84), we net
for bj

which is the same as that calculated in the i,orentx-Gas 
approximation.

Wo will now conn icier calculntinn by using the variational
formalism. We will use three variational parameters fnr a,

4?and by . This will result in six equations for the six
t ^unknowns. The expansions of a, ,by are as follows

G i f  —  d, V t (l -l \J 3  -h fa V  r  tt.V&i)

Doing the required integrations in order to evaluate the 
matrices that appear in ea. (111. fi 2a , b) f we have for th'*se
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matrices

K

( ' A A /  '

A
x ?

/
£ « - y

( T x r c . ? 9 d )

d  —

er
d  =

/'/- / 3I , 3 /2-V3 /2_ 60

/■/- \
/ / ,

3  /o /\ s /

' ^ 4 )

x
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The solution to these six algebraic equations in six unknowns 
is obtained on a computer, and the results are put into the 
expression for the diffusion coefficient, eo. (TII.P1) . These 
equations are solved for different valuer, of L O ^ j v j p  , an-i 
the results are indicated in rig. (1). i> / is written in

*7-dimensionless units / t O p ) ,  and a particular choice is
made for the followina quantity

J ^ C LUrr\D) —  /o.o (jrJ^T.9o)

The sane calculation can be done for , and the results are
indicated in Fig.(d). it is clear that 1/n* , and
d 1/13 , as we expected based on the lorentz-Gas model.

moicr, or c o l l i sing inTrciuu,

In the Chapnan-Fnskog calculation of transport 
coefficients, we have chosen for the collision integrals of 
our two-dimensional, two-species, strongly maoneti^ed plasma, 
the unnagnotized collision integrals cutoff at a distance 
d - v,r T . For the identical particle collision integral, 
this approximation is in agreement with the exact calculation
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as done by Vahala. Tor the electron-ion collision integral, 
there is no exact calculation for unequal masses; all we have 
is the equal mass, opposite charge case as presented in the 
previous chapter. We do believe, however, especially for the 
case of snail mass ratio, that a good approximation to this 
collision integral will be, again, to take the unmagnetized 
collision integral and cut it off at the distance d = v ^ T  
This sort of cutoff is equivalent to saying that there are 
two types of binary interactions in a strongly magnetized 
plasma, those collisions which occur at separations less 
than d and are important in the kinetic theory of the system, 
and those collisions which occur at separations greater than 
d, and are not. There is good reason to believe that d is of 
the order of the thermal gyro-radius. For collisions that 
occur at separations less than d, it is also reasonable to 
expect that the magnetic field does not alter significantly the 
collision, hence it is appropriate to use the unnagnetized 
collision integrals for those interactions. The notion that 
the gyro-radius is an effective cutoff in the two-body 
interaction deserves a closer scrutiny than it has heretofore 
received, so the following chapter will be devoted to a 
study of isolated two-body interactions in the presence of 
an external magnetic field.
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IV. BINARY INTERACTIONS

This chapter will be concerned with the effects of a 
d.c. magnetic field on isolated charged-particle collisions 
in a plasma. The main content will be numerical solutions 
of the equations of motion of two identical charged-particles 
interacting electrostatically in the presence of a d.c. 
magnetic field. These equations are solved for a wide variety 
of initial conditions thought to be appropriate to the 
scattering process in a plasma immersed in a constant 
external magnetic field. Particular attention will be paid 
to the extent to which there in a transfer of kinetic energy 
in the collision from one particle to the other, since this 
quantity is a measure of the pair-correlation in a homogeneous 
gyrotropic plasma(15,16). In addition, we will investigate the 
validity of various approximate solutions to the equations 
of motion by direct comparison with the exact numerical 
solutions.

A. STATEMENT OF THE PROBLEM

The classical equations of motion of two
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isolated charged-particles interacting electrostatically 
in the presence of a d.c. magnetic field are

m %r; =  e, + (e,/e)\j XB
(tv.,)

m-JL = Q K'fLp ■hCt'-lc) Vi.xS

We will consider identical particle collisions so that
e =e *e, and Also, we will call the direction of the/ j. / x-
d.c. magnetic field the z-direction, and define the 
gyro-frequency

CL) - d / w c  ( X/T.)

We can write these equations in dimensionless units(33) by 
choosing for the unit of length,,?, where Jt is defined

J = (3 (r^ 3)

and for the unit of time,?-, where is defined

f - =  u > ~ '
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In dimensionless units, the equations of motion have the form

of this choice of dimensionless units is that any solution 
obtained to the equations of motion, whether numerical or 
analytic, is valid for any magnetic field strength B .

The possible solutions to these equations can be 
classified into two broad categories. One set of solutions 
correspond to reflection of the two particles, very similar 
to the one-dimensional collision of two hard spheres. The two 
particles approach each other along the direction of the 
magnetic field up to a certain minimum separation, at which 
point the difference in the z-velocity of each particle is 
instantaneously zero, and the two particles start moving away 
from each other in the z-direction. The second set of solutions

Where velocity is written in units of The utility
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correspond to transmission, in which the direction of the z-
velocity of each particle is unchanged by the collision. The
latter set of solutions is the one in which we will be most
interested, since it corresponds to the collisions that are
dominant in a plasma. In the language of un-magnetized kinetic
theory, the collisions that result in transmission are like
small angle two-body scattering events, whereas the collisions
that result in reflection are like large angle scattering
events. It is well known(29), in the un-maqnetized plasma, that
the cross-section for multiple small angle collisions resulting

oin a net deflection of 90 is larger than the cross-section 
for a single large angle collision. For the magnetized plasma, 
we may define the scattering angle as the change of the angle 
between the direction of the velocity of the particle and the 
direction of the magnetic field(13), and we will consider those 
collisions characterized by having a small scattering anqle.
We will show that these are the collisions in which most 
particles in a typical plasma are involved, and which are 
the most effective in regard to kinetic energy transfer.

B. HAMILTONIAN FORMULATION

In general, for arbitrary mass and charge of the two
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particles, the introduction of relative coordinates 
is not a useful step in achieving a solution of the equations 
of motion(40). in the special case, however, of identical 
particles,the introduction of relative coordinates does simplify 
the problem considerably,essentially reducing three-dimensional 
motion to motion in a plane{33). The center-of-mass motion in this 
formulation will be that of a particle moving under the 
influence of the external magnetic field only, so we can ignore 
it entirely in the usual way, and concentrate on the relative 
motion. The Hamiltonian of this system, written in cylindrical 
coordinates,(R,Z,^ ), is

We want to formulate the problem in dimensionless units, so
tit is appropriate to choose the unit of length to be

and the unit of time,

where it should be noted that
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l ' = :''r 1/ ?j
In these units we have as the dimensionless momenta

'Rtl -  (XV-lo)

P<p = „ )

and for the dimensionless clyindrical coordinates

R. = r/jt' ?r =- */jt'
The Hamiltonian in dimensionless units is

H  =  ( ^ ( 3 )

and it can be written in terms of the dimensionless momenta

//= - / - ^ V  P S ) + ( £ > - *  ’■
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In this formulation, is a constant of the motion, so we 
can write the Hamiltonian in the form

P*V P*)  + V(pi* ft) v. is)

where V(R,Z,P } is the effective potential

v(e, ± ft> (P+-

The first term of V represents the potential of the centrifugal 
force, and the second term the potential of the coulomb force. 
In the plana C=0, the effective potential has a minimum at the 
point ,determined by the condition

P v/ * >* / i = o  =  o  ( n v . n )

■./hich results in the following equation

- R o - P f '  ( r v / ? )

for the point d0 . The effective potential in the plane Z=0 
is shown in Fig. (5) . The motion of a particle with energy E
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is governed by the constraint

^ E CTV.19)

In order to have transmission, the trajectory o * the particle 
must go through the plane Z=0, and so we must have that

E  >  v(f?o, Pp) ( z v . a o )

E 0 =  V (  o> P*)
as the necessary condition for transmission. Let us call 
that minimum energy necessary for transmission E0 .
We can definitely say that if the enerqy of the particle is 
less than E # , it will be reflected. The energy is ultimately 
determined by . It is clear from eg.(IV.IB) that n 0 satisfies 
the inequality

to > (V-)1,2 (r ̂
for all values of . For /P/rc 1 , and /Hf i l »  1 , ^  has the
following limits

t f o i P p l ^ l

( r / A 3 )

Ro*-(alP*/)^ I M ” 1
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Now, E 0 is a maximum when P^=0 and decreases for larger values 
of . At P^=0 , E c has the value

£* = Ch + '/*• = * (tv. 2$

where R0=(4)^*at P̂  =0 . So, we can write

o £ Ea ± . its- (rv.zs)

The unit of energy that we have is which can be written

( T  v/ 7 .d > J

and we see that

^  C£>) ^  (jr^.T.n)

It can be seen, however, by reference to Table(l), that E q 
is always small and that for a typical plasma of moderate to 
high temperature , very few particles would be expected to 
have energies which are less than E0 , even for large values 
of B. It should be stressed at this point that if the particle 
has an energy E>E ̂  , it may or may not be reflected. In a later
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section we will give another condition for reflection which 
involves particles with energies greater than Eq .

The equations of motion derivable from the Hamiltonian, 
eq.(IV.14), are

a  =  - * / , ,  s i r ' +  * / « >

Let us take eq.(IV.28), multiply both sides by R

< f r i / 3 o )

and integrate

-  $ * f o , i t / l e ,+e/b!'iyg

(HV.ZI)
This quantity represents the change in the kinetic energy 
in the direction perpendicular to the magnetic field due to 
the collision. It is clear that if the expression in brackets
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is positive definite throughout the time that the interaction 
is most effective (for any R, z£0), the collision will be a 
maximum as far as the change in the perpendicular kinetic 
energy is concerned. That is, we want to consider those 
collisions for which

-r/+ t p*/r3+ //ev > o ("dr 1/323
which is equivalent to

/?'/V _ /? < p f  C^V.33)

So we can write that those collisions which are characterized by

are the collisions which result in the maximum kinetic energy 
transfer in the perpendicular direction. This condition is 
equivalent to the statement that the radial force on the 
particle is always in the positive direction throughout the 
course of the interaction. It is also clear that for those 
collisions with R<RC throughout the interaction, the smaller 
R 0 is, the larger will be the kinetic energy transferred.
R 0 is a minimum for =0, so we can say that those collisions
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which have R<Rd and P^=0 will be the ones most effective 
in the transfer of perpendicular kinetic energy. A similar 
conclusion can be reached by examining the generalized 
potential V(R,Z, ). It has previously been pointed out (33) that

potential is negligible. By the same type of argument, it can

negligible compared to the coulomb term, for those collisions 
characterized by R<Rq . This indicates that those collisions 
that result in the largest kinetic energy transfer are also 
the collisions in which the effect of the magnetic field 
is negligible. In a plasma, since the energy of a typical 
particle will be much greater than E tf , and the coulomb 
interaction is weak in the sense that <^/kT «  1, a
measure of the strength of the coulomb interaction, kT is 
the thermal energy of a particle), we will have that

( u is the kinetic energy of the particle). Since
we are interested only in those collisions with R<R0 
during the course of the interaction, the condition 
that V(R,Z,P^) be small serves as a lower-bound on R.
The claim is, therefore, that in a plasma the dominant

for 1 the coulomb contribution to the generalized

be seen that forlP^j^l , the centrifugal force term will be
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collisions, as far as the transfer of kinetic energy is 
concerned , are those collisions with radial values R at the 
bottom of the potential well and to the left. These 
conclusions wil1 be substantiated by numerical solutions 
of the equations of motion, which will indicate the relatively 
narrow region of phase-space which corresponds to significant 
kinetic energy transfer.

An approximate solution to the equations of motion 
can be arrived at by resort to perturbation theory (12,11, "34) . We 
deal with the relative motion again (R=li/- R^) , neolectinq the 
motion of the center-of-mass, and treat tho coulomb torn as a 
small perturbation to the non-interacting helical orbits. The

c. a p p r o x i m a t e s o l u t i o n s t o the 
e q u a t i o n s of m6't1o »

i -/equations of motion in dimensionless units (JP,W ) are

Vy =  Y /g  +  Vx
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v *  =  z / r ’
( i : v . 36>)

where

X  . , ^  \ /  "2- Z
/ e v =  x V  r  +  ?  ( x v z i )

We make an expansion of X, Y, Z about the non-interacting 
orbits

X  =  X o  ^  X /  -h . . .

Y =  Y0 + Y, +- . . .

2  -  2 0  +  2 ,  +-. ■. .
( r i /  3 ? J

where

-t VL cos ( + + $ )



84

Y o  -  -  Y u  s  c  x  ( +  f  $ )

—  V„ +

V i .  =  -  st\(-h+Q)

Vya = - C os(-t+ $ )

Vt = v„
( H V . w )

We choose the initial conditions such that at t=^r the 
particle is in the Z=0 plane. The initial conditions are

t  vl c d s 6p)

Y0 6 0  =  - V u s i x f a )
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- - VL

Vya (o) =  - ^  C O s{p)

( x  s. y-o)

and R^, , Vtt, (p are all constants. In these units, V^is the
gyro-radius of the particle, and I^is tho auiding-center 
separation at t=0. We want to substitute these solutions 
into the equations of motion, eq.(IV.36), treating the coulomb 
term as a small perturbation. The resulting equations are

Vxf = YafP a f- Vyf

<fy, =  Y ./& * -  14
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V a ,  =
3

Let

We have

U  +  t U  =  (Xo + 6 V0) / Q o3 ( r s ¥ 3)

Multiply both sides of eq.(IV.4 3) by exp (it). We have

d/j+[et+u l ^  ( & + i Y . y y e .
( T V + + )

Now integrate both sides of eg.(IV.44). The result of this 
is the expression

.ftKr-*-o ( x . V . H - s ' )

where

3 ^

Ro = /fc.V y  + s ea f-(
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Let I be defined

2> ydi Vlie 1<5A/ ( Z  / wj
— oO

Let us consider an alternative form for I. Since we can write 
the coulomb force in terms of the gradient of the coulomb 
potential, we have

2 >  + % ) < ? ( * < - »  ^  ( r ^ 3 )

where CQ is the coulomb potential

$($(*})= f/(x Y - f  £  J  ^

Let us introduce the fourier-transform of the coulomb 
potential

= p r  e '"i'e <PCi) (fr 1/
a ( i ) =  (‘l * ( * f ) 0 h « ■ )  x  s - / j



(  r  1/ s-2.)

Using the Bessel Function identities, we can write

m t X . m  -e — <L x
^  &£iyVj)e

-

I - - O * Crvs 3)

X
J  c J n l i .e x

f  n / r y - )

The t-integral is a delta-function
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= sn//v„/ Sfai- ('*--*-‘/s.) )
IZ T  — —{ ij i j j  1 ■&?)/'&•< +-&ijx

e ly ft)
f r s s O

Using the delta-function, we can do the k^inteqration

Cs&K Pa i-Pl/tr
J l U *  V L )  0  « •

( r z s 7 j

We can pick out the dominant terms in this doubly- 
infinite sum

rrK- /} / =  o

m .=  o } J?= - /
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X  =  0  f a * )  f a *  J A / f a + '  ^  zv JJT(A-*fa ̂oCAy fa)—c 3o(A* fa) JT{Ay fa)j
-0//ujT)f^*^^(eC'^^/fjty-i'£y]i *

t o *  ^i)a:(A 14. )  - 1 * £ £ * *  u . )  < 0 j

^ r u f s - 9 )

We can do the k*integration by extending the k*variable to 
the complex k*plane, and integrate over the hnlf-circle 
in the upper-half plane, see Fig.(8). This contour encloses 
a simple pole at kj(=ikyr k^>0, and the integral can be 
evaluated by the theory of residues(19).

- j i v / e .

0

faJ^^Jyfa) f ( ̂ 7(Ay fa) jfa&y fa)

=  fa^Wx. K e T *  0  x ) ' 3 T & )  +

— Ro/\JL

(-rwu)

where
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Using an integral formula (lr>) , this integral can be written in 
terms of a hypergeometric function

=tefai 14.) t '1** < r ^ Ty ( /*k~ or=

_ o/su * ) 1 ^

C r i / a )

where F(-m,-1-m?1;-1)(35) is the hypergeometric function. Only 
the odd integers remain in the infinite sum, so we have

1 = 6 ? /  w l  * Ff~, h~,)/(yy)

( i r *  6,3 )
with the condition for the integral to be convergent that 
>  1. It is clear, therefore, that the change in the kinetic 
energy is a rapidly decreasing function ofcC., since it goes

i . . .as /1/ . We can get a more intuitive idea of what the dependence 
of this integral is on by making a straight-forward 
expansion of eq.(1^.47). Let I be written as

r = r v  r "  ( t v m )

H vThe second term, I , will be dominant, where I is defined
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T o O  fX = j rff e / [e>-ni+2 e,

'°4

To integrate this expression, we will expand the denominator 
in increasing powers of cos(t+t ) . We denote the expansion
as follows

__—  0 — —  " - J —  *>
“  -J— O  ^  * ( X  V, b ( e j

where ^

-J-* —  ̂ J-f  ( ii/u„3) e  */£++(■&*+ ̂ A3J ̂
—  ~o

So, the lowest-order contribution to th** change in the 
perpendicular kinetic energy is

^ \ / v t * £ / / ( l i t )
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=  ( a /  ̂ i C ) [ / / ( ^ 0 \ ]

w h e r e i s  the ratio of the guiding-center separation to the 
gyro-radius. In dimensional units, this quantity can be 
written

* 4 ^ =  [ 2 u > ' A x ' ( * ~ r ] [ e 7'»-']

( X V ^ )

It can be shown that the next correction to the change in 
the perpendicular kinetic energy can be written

I T /  -  [-  a i i * / y f c * ) ]
(Tv. no)

where is a McDonald Function (18) and ?. is uefined

2 * - =  ( y y / v A ^ O  ,  .L 7 7 (TV.n)

For #( large, 1 *  will have the following asymptotic behavior

—  ° {

* Mryfr+d & (xvnz)

which is small compared to i j *. As far as the parallel
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direction is concerned, it is clear, to lowest order in the 
expansion, that

So, the conclusion we reach is that, to lowest order, the 
change in the kinetic energy of the particle is in the 
perpendicular direction, with no chance in the parallel 
direction. The next question that must be asked is under what 
conditions is this perturbation calculation expected to be 
valid. We can gain some physical insight into the answer to 
this question by making the following argument. Let us consider 
the notion of the particle as it approaches the center-of-force, 
and, in particular, the projection of the trajectory onto the 
x-y plane (z=0). I f < 1 (which corresponds to the guidinq-center 
separation less than the gyro-radius), the projection of the 
trajectory encircles the center-of-force, and there is always 
a component of the coulomb force opposite to the magnetic 
force. If >  1 (which corresponds to guiding-center separation 
greater than gyro-radius), the projection of the trajectory does 
not encircle the center-of-force, and there is a component of 
the coulomb force sometimes opposite to the magnetic force 
and sometimes in the same direction as the magnetic force, 
see Fig.(6,7). Foro(< 1, we do not expect a perturbation

“ VO
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calculation which treats the coulomb term as small to be 
valid. On the other hand, foro(> 1 we do expect the 
perturbation calculation to be accurate. It is clear from the 
above discussion that the magnetic field serves to screen 
the coulomb force by exerting a force on the particle 
which is sometimes opposite to the coulomb force and sometimes 
in the same direction, see Fig.(6,7). Similarly, for the 
collisions characterized by o< < 1 , we would expect the
magnetic field to have a negligible effect on the collision, 
since the coulomb force always has a component opposi':to 
the magnetic force, which tends to wipe out the change in the 
motion of the particle due to the magnetic field. It should 
be noted at this point, that P̂ J < 0 is equivalent to ^ 1,
and 0 is equivalent too^ ̂  1, which connects Sect.R and C.
The conclusions drawn in this section, therefore, are identical 
to the conclusions drawn in the previous section, and will be 
substantiated by numerical solutions of the equations of 
motion.

D. g u i d i n g -c e n t e r a p p r o x i m a t i o n
TO THE EQUATIONS OF MOTION

In this section, we will investigate the consequences 
of making the guiding-center approximation (7) on the equations
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of motion. We will assume that the perpendicular velocity 
of each particle is determined by the EXB drift of the 
guiding-centers

V,L = (cE, *&)/Bx

( c E ^ e ) / S ' 1' ( n w f )

where

E, =  =  -  S .  C i K 7 r )

and we will again deal with the relative system (r = rj - r^) . 
In the guiding-center approximation, the mass of the particles 
does not enter into the dynamics, so we can define the 
"electric" center of gravity(36) of the guiding centers

■=L>[z)(?lLi T 1,jm) =  CO*STa_nt

C r v . l t )
since

Vc3l - fk( V>L t ̂l)~ O

C T V . m )
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The equations for the relative motion of the guiding-centers 
are as follows

Vij. ~ (aec/fiyr'-ri)x2:/l?;-fj3

- d  ( rjx -  (XV. 72)

Let

£j. =  Kj. - fiL ( n v .  7 9 )

The quantity is the perpendicular guiding-center separation 
of the two particles, and we can write the following equations

T l  =  C ^ c/6) ( { l x Q / [ ( l "+
( n V . ' Z o )

Crv ?/)
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These are the equations that we now want to consider. At
fthis point, we will write them in dimensionless units (J? t t U )

2  -  ( x v t s }

T  IThe first equation, eq.(IV.82), implies that
is a constant, since we can multiply both sides of the equation 
by and the right side of the equation is zero. The
second equation, eq.(IV.83), has a first integral (36) which we 
can write

-  c & x s - t - & A +  6 r i / ? v )

At this point, we are interested in solving eq.(IV.82), so 
we will use the lowest order solution to eq.(IV.83). This 
solution is

2 -  =
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V„ = co\s-{-a.\i~ >Ctv ?sy

So we want to solve the following equation(37)

l L -  ( J i A ) / L * l ^

Let

£*=?*+i£y (-rv.in)

( X V  ? ? )

Let

(h — coyjs-f-ekt
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f = rt+)
( z : v . w )

We have the following equation for rcrj

i> = // (xv.qo)

Which, upon integration, yields the following expression for 
the change in due to the interaction.

A ?  =  ? ( + * ) -

=  n /  y,

In dimensional units, this quantity is

k V =  v e c / a v , , ^ 2-

A picture of the motion of the two particles, in this guiding- 
center approximation, is that the guiding-center of each 
particle moves on the surface of a cylinder whose diameter

( r ^ 9 3 j

(rcv.qi)

( x v . q t )
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is equal to • The axis of the cylinder is along the direction 
of the magnetic field and passes through the "electric" 
center of gravity. The net displacenent of each guiding- 
center is given by eq.(IV.92). It will be shown (see Sect.E) 
that a comparison between eq.(IV.92) and A Y  determined 
numerically from the exact equations of motion indicates 
good agreement for those collisions characterized by<*> 1,
It will also be shown in Section E that the guiding-center 
separation of the two particles rapidly approaches a constant 
as^, becomes greater than one.

Let us now return to eq.(IV.84), the first integral 
for the equation of motion in the z-direction. We can use 
this equation to determine another condition for reflection.
There is a distance, d , determined by setting = 0 in this 
equation, such that for the two particles will reflect,
and f o r ^ ^  d, the two particles will undergo transmission(12,3fi). 
The value for d is

f l ( =  2 / v £  ( T V W )

where v is the initial relative velocity of the two particles * *
in the z-direction when they are separated by an infinite 
distance. It is clear, referring back to Section n, where
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the quantity was defined, that one could have E>  Ea , 
where E is the total energy of the relative particle, and 
the particle would undergo reflection, if it satisfied the 
following inequality

et < J r

In terms of , see eq.(IV.61), we can write this inequality 
as

2 / ^  C  C ' T V U )

The numerical solutions indicate that this inequality is valid 
only for ^  1, so we have the f ol lov/f oq sot of inequalities

z / ^ 1 ( i w n )

or

(vx)(vi;)<2_ ( r w )

as the condition for reflection. In a plasma, very few 
particles would be expected to satisfy this ino* .uu1ity, and
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for those that do, the collision is very nuch like a hard- 
sphere collision in which the two particles exchange parallel 
energy, but leave their perpendicular energy unaffected. In 
a thermal plasma with temperature T, eg.(IV.98) is equivalent 
to

A  <  e i J C T  ( r v . w )

where ̂  is the unit of length, eq.(IV.3), and is the
classical distance of closest approach.

E. NUMERICAL SOLUTIONS

The equations of motion of the two particles are solved 
directly without making any transformation to the relative 
coordinate system. This avoids the need to transform back 
to the laboratory system when determining the kinetic energy 
transfer, and leaves the numerical code readily adaptable to 
non-identical particle interactions. The equations are solved 
by a standard second-order time-centered algorithm{38). The accura 
of the algorithm was checked by comparing the non-interacting 
orbits, calculated numerically, with the exact heliclal orbits.
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With the interaction on, conservation of energy, center-of-mass 
momentum, and generalized angular momentum afford tests of 
the numerical error involved in the calculations. In all the 
runs considered, the error was always less than 5%, with the 
total number of time steps equal to 3000, and each individual 
time step, A t r  ranging from .005 to .007. The initial 
conditions of the two particles were always chosen such that 
the initial potential energy was less than one-tenth of the 
total energy, and the length of the run was determined by 
the time required for the potential energy to return to the 
original value. Each computer run corresponds to a set of 
initial conditions (r, ,v# , r x , v x ) in the complete phase-space 
of the two particles ( where r# ,7"̂  are the initial positions 
and v, are the initial velocities) and is characterized
by the numberoC which is the ratio of the initial guiding- 
center separation to the initial relative gyro-radius.
Keeping the initial velocities fixed, o( is varied by varying 
the initial radial-separation of the two particles, resulting 
in a set of runs of equal initial kinetic energy but different 
values of , and this is repeated for many different values 
of kinetic energy. The different values of initial kinetic 
energy correspond to various combinations of the parallel 
and perpendicular kinetic energy of each particle, see 
Table(2). Some quantities that are supplied by the numerical 
results are : a ) The kinetic energy of each particle as a
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function of time {perpendicular and parallel kinetic energy), 
b) The radial separation of the two particles as a function 
of time, c) The guiding-center separation as a function of 
time, and d) The z-position of each particle as a function 
of time.

We will first consider the effectiveness of kinetic 
energy transfer in the collision as a function of . For 
each series of runs, which corresponds to each particle h^vinq 
the same initial kinetic energy {both parallel and 
perpendicular to the magnetic field), but different values of 
oC , we can calculate the kinetic energy transferred in the 
collision and plot this number vs. oO • The curves are shown 
in Fig.(9-17). On the same curve, we will plot the expected 
kinetic energy transferred in the collision as calculated 
from perturbation theory, eq.{IV.6fl). Tn general, we can 
say that the theoretical predictions are in good agreement 
with the numerical results for 1, as we would expect based 
on the conditions of the perturbation solution, eq.(IV,63).
We can also say that in all the curves, whenW>l, the kinetic 
energy transfer is much less than what it is when«<<!, or, 
to put it another way, most of the kinetic energy is 
transferred in those collisions characterized b y ^ <  1. In 
support of some of the conclusions made in Sections B and C, 
we will use some numerical curves of kinetic energy and
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radial-separation of the two particles vs. time, see 
Fig. (18,19). Each of these curves corresponds to a collision 
with a particular value of oC . we can see that, whenc^< 1, 
the perpendicular kinetic energy of each particle as a 
function of time is monotonically increasing or decreasing 
throughout the interaction. We can define the tine of the 
interaction as that interval of time in which this change 
occurs, before and after which the perpendicular kinetic 
energy is a constant. As o£. becomes greater than one, on the 
other hand, we see that the perpendicular kinetic energy of 
each particle begins to oscillate as a function of time, 
indicating the effect of the magnetic field on the interaction 
process, and resulting in a lower kinetic energy transfer.
We can also look at the radial-separation of the two particles 
as a function of time, Fig.(20,21), to indicate that those 
collisions which have 1, and result in most of the bin stic 
energy transfer, are also those coll isions in which R < R0 
throughout the time of the interaction (see Sect. D).

In order to make some connection between our numerical 
results and the classical Rutherford-Scatterinq formula{39) (see 
Appendix A), we have considered collisions with the second 
particle initially at rest. We can proceed in the same manner 
as before and plot the kinetic energy transferred in these
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collisions as a function of d . , see Fig. (22). On the same 
plot we will indicate the kinetic energy transferred as 
expected from the Rutherford formula, and the kinetic energy 
transferred as expected from perturbation theory, eq.(IV.68).
It is clear, that when < 1, the unmagnetized results 
are in good agreement with the numerical results, but that 
when ot > 1, the unmagnetized results as calculated analytically 
over-estimate the numerical results. It should be noted, at 
this point, that in the numerical results, the energy grows 
throughout the calculation, so that for those collisions 
which result in a small kinetic energy transfer , an appreciable 
amount of that energy will be numerical error, and so the 
lower end of the numerical curves are over-estimates of the 
kinetic energy transferred. With this in mind, it is clear 
that the perturbation result;; are in good agreement with the 
numerical results when o O  1.

We will now consider the limits in which the guiding- 
center theory agrees with our numerical results. In the same 
manner, we can plot ̂  ̂ , defined by eq.(IV.92), as a function 
of «( , and compare with A calculated from the numerical
results, see Fig.(23). As c i becomes greater than one, it 
is clear that these two curves rapidly converge, signaling 
the onset of the validity of the guiding-center approximation.
In addition, we can plot the change in the radial guiding-
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center separation of the two particles in the collision, as 
a function of o( , see Fig. (24) , and we see that it goes 
rapidly to zero as o(, becomes greater than one.
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APPENDIX IV.A

The classical Rutherford-Scattering formula for two 
identical particles is

e ~ l s . E s  ( a . i')

E= relative energy = 
s= impact parameter

scattering angle in the relative frame 
m = mass of one of the particles
The relationship between the scattering angle in the relative 
frame and the lab frame for two identical particles is

lr= &/t. (A.-l)

XT is the scattering angle in the lab frame 
If we assume that the second particle is initially at rest, 
the expression for the kinetic energy transferred in the 
collision is

In terms of our dimensionless units, this expression can be
written



n o

K £ r  ~  f  / f  ( y "sA T ]

( a . * )
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,1F. concr.i'sioy

The numerical solutions to the conations o f notion 
that wo have diricusstK’ in. the* previous chanter indicate a 
n'inber o r very interesting and usoful properties of bj.narv 
interactions in a strong magnetic field. T‘7o Invo focused our 
attention on the kinetic energy transferred in the collision 
as the nos L. important aspect o r a collision, as far as kinetic 
theory is concerned;. The curves that wo have shown indicate 
that, very quickly as a function of c(. , does the numerical!
determined kinetic onorqy transfer acree with that prod, ic ted 
from a first order perturbation calculation, which treats 
the interaction as small. The reason there in such a rapid 
convergence is due to the role that the magnetic field p’ays 
in the interaction. Obviously, the magnetic field docs no 
work on a charged particle and so cannot change the kinetic 
energy of the charnecl parti'-'le; what it can do, however, is 
chance the way in which the particle nnins or loses kinetic 
energy. If ei> 1 durino an interaction, we find that the 
kinetic energy of each particle oscillates in tine during 
the interaction, sometimes gaining energy, sometimes losi- n 
energy, with the result that there is no aonrecinblo gain 
or loss of kinetic energy after the interaction. Collisions 
of this type will not change the distribution function of 
that particle in any significant way, especially sii ce the
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description of such collisions goes, very auickly, over into 
the guiding-center approximation, as we indicated ir the 
previous chapter. On the other hand, when oi <  1, v/o find
that the kinetic energy of each narticle is nonotonically 
increasing or decreasing throughout the interaction, much 
like an unmagnetized collision. We can think of th - time o r 
the interaction as being roughly given by tit' quid i.m. -center 
separation divided by the parallel velocity

■ f  / )

Tn terms of o(. , we can write

+  i/J./V,) ^ 0

Most collisions will have the quantity in brackets of order 
1, so that when 1, the interaction occurs in a time less, 
than a gyro-period. The magnetic field does not plav an 
important role in such collisions, thus indicat ire why the 
kinetic energy vs. tine curves for these collisi- ns are 
nonotonicallv increasing or decreasing. The magnetic field 
does act, therefore, to screen the coulomb potential, by 
changing the manner in which the two particles interact, 
depending on the value of o( . This has been noticed by a
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number of authors who have investigated the kinetic theory 
of a strongly magnetized plasma(12,14,41,42) . It is not surprising 
that the gyro-radius should emerge as an effective screening 
leneth, replacing the debyo-lenuth, since all those theories are 
based on the binary interaction process in a strong magnetic 
rield. utg would like to make the analogy between the debye- 
lenqth in an unnaqnetized plasma, and the thermal gyro- 
radius in a strongly mannetizod t’lasna. The debye-0 enath is 
a screening length determined by the laroe number of particles 
in a debye sphere, and it emerges naturally out of nalescu- 
Lonard kinetic theory, which takes proper account o p the 
dielectric nature of the plasma{dO,43). The thermal gyro-radius 
in a strongly magnetized plasma, on the mkh r a-nd, is a 
screening 1enath which is determined bv the effect of the 
magnetic field on the binary interaction process; it does 
not depenrl upon the dielectric nut iro of the , lama, and, 
therefore, Fokker-Planck kinetic theory should lie an 
adequate description of such a plasma. It is not necessary 
to treat a stronnly magnetized plasma in the Rnloscu-Lonard 
1imit(44-46), since we know before-hand that a nood approximation 
is to invoke the thermal gyro-radius as an effective 
cutoff, and to use the Pokkei— Planck agnation as an adequate 
description of the plasma. In three dimensions, such a 
procedure does not change the oxistine kinetic theory very 
much; one simply replaces the familar In A term in the
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collision integrals with In A g  , whore

In two dimensions, there is a more drastic alteration of the 

collision integrals, essentially replacin n LVp* with U J ' f .

We have considered the consequence1; of usina these stronely 
naanetizecl collision integrals in calculating the trans;^'rt 
properties of a two-dimensional, plasma, and we have found 
the collisional transport to be nedioible.



0 *10 G. 10 G.
-iLength (cm.) .93x10 .2x10
-r -r

Energy (ev.) 1.5x10 7.0x10

TABLE 1

10 G.
.43xl0~5 

_ *4 
3.2x10

310 G.
.93x10** 

-1 
1.5x10

10 G.
2. 0x10**

-i7.0x10

r
10 G.

-r4.3x10
- i.

3.2x10
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TADLE 2

Perpl. Perp2. Paral. Para
Fiq.(9) .490 .490 . 245 .245
Fig.(10) 1. 000 1.000 .405 .405
Fig.(11) .810 .810 .5 00 .500
Fig.(12) .860 .680 . 36 0 .360
Fig.(13) 1.000 1.000 .500 .125
Fig. (14) .810 .810 . 500 . 320
Fig. (15) 1.000 .902 .405 .405
Fig.(16) . 160 .250 . 500 . 500
Fig. (17) 1.000 .250 .405 .405
Fig. (22) . 250 .000 2.000 .000
Fig.(23) 1.000 1.000 . 500 . 125
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