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HAbstract

THE DFFPLECTS OF AN FXTERNAL MAGHNLWIC
I'IELD OO DISCRUETI-PARTICLF PROCESNTS
Il & PLASMA

by

John 1. Tigner

allviser: Professor havid !llontqgonery

The inclusicn of an external maanetis field in the
microscopis description of a plasma is investicated., “'his
inclusion becomes necessary when the maonetic field is
strong enouah for the thermal qyro-radius to be less than
the Debye length. Vhis particular ovderine of the lencth
parameters of a plasma is investigated in both two and
three=dimensional systens. It 1is found that the appropriate
kinetic equation for such an orderina i th> Fokker-Planchk
equation since the magnetic field acts to reca the

coulomb potentiil in isnlated two=body interactions. It is
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not necessary to invoke the dielectric nature of the plasma
in order to insure the converdgence of the collision
inteqrals, and, therefore, the kinetic theory of a stronaly
magnetized plasma will, in fact, be simpler than the

unmaghetized plasma.

The eguations of motion of two isolated charaged
particles interacting electrostatically in the presence of
an external magnetic field are studied from a numerical
and analytic viewpoint. It is found that there is a
difference in the way the two particles interact, depending
on whether or not their gyro-radii overlap. Collisions with
overlapping gyro-radii are found to be very much like
unmagnetized collisions, resulting in significant kinetic
enerqgy transfer. Collisions with gyro-radii which do not
overlap, on the other hand, are found not to involve
significant kinetic enerqy transfer, due to the fact that
the muagnetic field has an important effect on the interaction
process. The magnetic field, therefore, acts to screen the
coulomb potential, so that there are two distinct types of
binary collisions in a strongly maagnetized plasma, one which
is important to the kinetic theory of the system and one

which is not,



These ideas are used to study the kinetic theory of a
two-dimensional strongly magnetized plasma in the Fokker-
Planck limit. In these calculations the magnetic field 1is
included in the collision integrals of the system. These
collision integrals are then used to serve as the basis for
a Chapman=-I'nskog calculation of collisional transport
coefficients., It is found that collisional transport is
much smaller than collective transport in a two-dimensional

plasma.
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I. INTRODUCTION

The subject of discrete-particle processes in a plasma
is relatively well understood in the absence of any externally
applied magnetic field. Perhaps one reason that it is so well
understood, is the fact that the basic interaction in such a
plasma is ordinary Rutherford scattering, a problem long since
solved in classical mechanics. Apply a strong external
magnetic field to this plasma, however, and no longer is
there a vast wealth of information about the basic interaction,
upon which to build a kinetic theory. The fact that the bisic
interaction, Rutherford scattering in the presence of an
external magnetic field, has long remained an unsolved
problem in classical mechanics, indicates that there 1s much
to be done in this area, and that viable results will be

hard to come by.

The subject of transport phenoneni in a plasma immersed
in an external magnetic field is of great interest, Heretofore,
most calculations of collisional transport coefficients have
been limited to "weak™ magnetic fields(1-4). By "weak"™ magnetic
fields, we will mean fields such that the thermal gyro-radius
of the plasma is greater than the Debye length. For such
weak fields, it is not necessary to include the effects of
the external magnetic field on the microscopic interaction
process, since, on the average, the particle will undergo
a collision long before it has had a chance to make a
complete gyro=-orbit. On the other hand, for "strong" magnetic

fields, fields for which the thermal gyro=-radius is less than



the Debye length, the magnetic field will have an important
effect on the interaction, since a particle will, on the
average, make at least one complete gvro-orbit between
interactions. We will be concerned, in this work, with strong
magnetic fields, and the consequences of such fields on

binary interactions, kinetic theory, and transport phenomena.

We will do a number of calculations based on a two-
dimensional model for a plasma, as introduced by Taylor
and McNamara({5). The Taylor-lcidamara model can be thought of as
charged rods aligned parallel to the external magnetic field.
They assumed that the external magnetic field was strong
enoughh so that the velocities of all the particles in the
plasma could be represented by the TxB drift(7) of their quidina-
centers. In this guiding-center approximation, they were able
to calculate the diffusion coefficient, DypM ¢ for their
system, and they found that, even in thermal equilibrium,
D™ 1/B. In addition, the electrical condnctivity of a two-
dimensional guiding-center plasma has been calculated, and
it is found to have the same nagnetis field dependence(6). We
will be concerned with the relaxation of the guiding-center
approximation to the two~dimensiocnal! medel, in order to
include finite gyro-radius effects. In Chapter 1I, we will
extend the work of Vahala and llontgomery () on the two-
dimensional, strongly magnetized electron plasma, to include
a two-species plasma. The particular system we will consider
in Chapter II is composed of particles of equal mass and
opposite charge. We will derive a collision inteqgral which

represents the change in the electron and inn distribution



functions due to electron=-ion interactions,

The collision integrals that describe our two-dimensional,
strongly magnetized plasma, in the Fokker~Planck limit,
formally diverge. This happens because the non-interactino
orbits of the particles are circles which never separate

from each other. Lven the exact trajectories for two identical
particles, interacting with each other in the presence of the
external magnetic field, are periodic functions of time,

and one would expect the same behavior to occur for any two
particles of the system. A way out of the dilemma of the
formal divergence of the collision integrals was pointed

out by Hsu{%), who observed that higher order effects, which
are left out of the collision inteqral, will cause particles
to separate in time. These higher order effects can be put
into the theory by the use of the Taylor-ilcNamara diffusion
coefficient, in a way which is in agreement with numerical

simulations of the plasma(9)}.

In Chapter III, we will again consider a two=-species two-
dimensional, strongly magnetirzed plasma. In this chapter,
however, we will assume that the ions are much more massive
than the electrons. In addition, we will assume an approximate
form for the electron-ion collision integqral. The resulting
kinetic equations will serve as the basis for a Chapman~Enskog
analysis of the collisional transport properties of this system,
This analysis will yield an expression for the electron diffusion
coefficient across the magnetic field which can be written, in
analogy with the standard random walk argument, as D, A ft'U"'

In this expression, L is the average step length, which is



equal to the thermal gyro-radius, and A& 1is the number of steps
per second, the collision frequency. Since the collision
frequency v A1/B, and f‘h 1/B , it follows that D, ~ l/B3 '

and, therefore, is negligible in a strong magnetic field.

In Chapter IV, we will turn our attention to the study
of the three-dimensional binary interaction process in the
presence of an external magnetic field. There is evidence,
from two and three-dimensional kinetic theory calculations,
and from some analytic sclutions of the twon-body interactions
(10-14), that the thernmal gyro-radius is an effective cutoff
in the binary interaction process in a plasma irmmersed in a
strong external magnetic field. The idea is that the magnetic
field acts to screen the coulomb interaction. We will look for
this effect in a detailed study of binary interactions in a
strong magnetic field, both from an analytic and a numerical
viewpoint. It will be shown that there is a difference in the
way in which the two particles intereact depending on whether
or not their gyro-radii overlap. Interactions in which the
gyro-radii of the two particles overlap involve a sianificant
transfer of kinetic energy, very much like an unmagnetized
interaction; one particle gains kinetic energy monotonically
at the expense of the kinetic energy of the other particle,
Interactions in which the gyro-radii do not overlap, on the
other hand, are found not to involve a significant transfer of
kinetic energy; the presence of the magnetic fi~ld causes an
oscillation in the kinetic energy of each particle during the

interaction, resulting in a small net kinetic enerqy transfer,



Tf{. ELECTRON-ION COLLISION
INTEGRAL

In this chapter, we will be concerned with a two=-species,
two-dimensional, strongly magnetized plasma., We are interested
in calculating the kinetic equations that will describe this
system in the Fokker-Planck limit(15,16)}. What is new in this
calculation is the inclusion of a second species in the plasma
which fully participates in the dynamics. The presence of the
external magnetic field makes the inclusion of the second
species a non-trivial generalization of the single-species
plasma. It has previously been found(3d) that the collision
integral that describes a two-dimensional electronic plasma,
immersed in an external magnhetic field, in the Fokker-Planck
limit, can be fully reduced to an integration over the velocity
coordinates only. It is of interest, therefore, to extend this
calculation to a collision integral that will describe electron-

ion interactions,

A. KINETIC LEQUATIONS

The kinetic equations for a two-dimensional, two-species
plasma, immersed in an external magnetic field, in the

Fokker-~Planck limit(17), are
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where

c= refers to electrons,

i- refers to ions,

m,= mass of the electron,

my= mass of the ion.

e o= Ng; = nunber densitys = n

In the i'ckker~Planck limit, the pair-correlations can be written
as intearals over the one-bodyv distributions in the followine

manner
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In this calculation, t.a. one=body Adilistributions are ass)hmed to

e soatially uniform and avrotronic in velocitr., e wil)
L i - '

use the follnwina Jefinition

and
e _ . . . . .
f (v,,t) = one-particle distributinn function for electrons.
tﬁ,,t) = one-npirticle “listribution “uncetion for ions,
¢ n . i .
(1,2) = pair-correlation function betwee: two electrons,
‘¢ . . , .
p {1,2) = jair=correlation function between two ions,
ec : , . ,
Y (1,2) = pair-correlation function oot reen an electron

and an ion.,

¢§
aa‘ = interaction potential, where

@;ij = -(ae 6_,‘/1 )j/n [%.]
(TT.7)



and

e, = charge of the electron,

e, = charage of the 1ion,

1 = lenath of the charaed rod.

In this calculation, we will assume that w» have a svster of
two-~species with eaual mass, and opposite charne, That is,

= m, and e,=<¢,= e. The kinetic ermuation for

we have m,=my

ﬁ.(v,,t) can be written

e —_ _ ée
_Q_lc_ = (Aa//bv)—f?_— -fix:u G(V,_ _c?_g,_.__ fd‘]‘c)ph_ LI = I th ’('C
ot o« S [+ STy ~bvw ),L(uj

ojm- JK;L dU c)@h. 4 Q@p s -Fe-;
+GL/ ) f g S wt‘v o), (‘UJ

)Yu - T QYJ...(T) /-
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We can write this eoupatior in the following fForm
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The intearations in these two exnressions are over the non-
interacting circular orbits of the appropriate particles.

'or electron-electron collisions they are

V(Tj OO.SUUTW‘-!)XUSJ”*—W{ (TT.12a)

Vo )= Vi caroT + [y sinwT
(r:r./zL)

z(ﬂ: -).(,_ + T/,—Slhw’i"/w -(1, xu/“) ww;-:]

(TT 12.c)

v iy) /w)J T —(, in,]w)[(,m 0 T-/]

.

(rr.n_d)

are constants, V"or electron-i~n collisions

where Xg eXg eV, 4V

the non-interacting corbits are
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‘\7/ = U{ Coer 0T +b>(57;$(/bw’/‘
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It has already been shown that

Feog o= (47 3°G7) (£ )% £°

(II'/‘O
—[«nme T%/@] 6)([/""’)(‘:%
(I'.L./S)

Wwe can think of the dyadic, Q%%, as a matrix in the coordinate

system

~ — ~ N
¥ = U“_,/u,v = éx"u/ﬁ,
]



11

o o

A € _ -‘fn‘a..c‘T'e
CQ - e o / (:I:j:.IZ)

where TCC has the interpretation of beina the time of the
electron-electron interaction. It is the urpose of this

calculation to rerluce J.‘(v £} to this form,

B. CALCULATION OF FLFCTRON-

ION COLLISION IMNTFCGRAL

At this point, we will focus our attention on the
electron—-ion collision integral, co.(TT.11). Let us define

the fourier=transform of the interaction potential

c B W
@“_ (xu- = fjaﬁ- @th

TT (5)

Since the one-body distributions are assumed ayrotropic,
-_— -1
and since /v'(tﬂ =fw/ because of eq. (IT.12) and eq,{(II.1%),

we cAan write

JV(T) “salt T _[

Putting these results into ea.{II.11l), we have

o
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with tiie followinag definitions
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L’

(TT 24)
-O:L. = IZ" Vo
(TT.2/c)
_\7: Cf‘f‘-Jz,
(TT 2d)
The X,, intearation yields a delta-function, so we have
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Taking advantaage of the delta~function, we can inteqrate over

TG0z Afun e [a7f2T 271 -
j:e'r[l _Zje R0k (1)
~T

.[efﬂj-> - UM% [FF
R Y VDA
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where
/Z-(T):/E Cosz-f—/Z)(Z\S(')\wT“
(TT 2¢)
E-(bx7)=(ExE)-g
(fl‘.z'?)
Also, we can write
/KV(T)V_Q___.f-‘I(f‘T‘)‘T ‘2
~ )v *
> & M (1’1’7_8)

T < Coofurear) |45, [£E [000] =
° % 1 0%, (7) A M‘“(T) fere
Sd”r{/zxﬁ(‘f)e( - B LE7e i
=

v

& [

«) )vb

(T 29)

Let us re-write the bracket in eq. (1I.29)
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f:( = AR cosw TeLI'DZ“(T).[% -2 ]'FCF ‘

5 5

— ~ Ll{.bihd(t)
+/3_[:2><L ScawTe . 2
L o
~ — D-la(
+ Bxb senwT e - ﬁ'.i.
37, (11_30)
In the second tern of eq.(I1.30), let V,-3-7v, , and we then

. . . -
have the followina expression for J (v, L)

Pt rli L
‘T [/E A xb sinwT e H 0D -C%’J%)E £

(II.SI)

which can be written in the followina form
— e/ _ "_"eé(.- ) 2 D FE_F(
] ' = v of —
(TT 32)
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Qe v, @ = - (JTF)I}AJ/A-TII /%) Lx

o Xo% () A6 )
(47[BE coswre B Exhsiure
-

( L T.33)

with

Yo (1) = fu) sim b x5 f)fcasw™

(T T.34)
b—)—(-,i )= (\_//w)sé le-('BX@u/w)[chwT—I]

(T T.35)

Our intention now is to write the 5336},5;) dyadic as a

function of ¥, and ve only. Issentially, all of the physics

!
of the electron-ion interaction is buried within the intca-
rations that must be perforne’ in order to be able to write

— -— a—
Q€  as a function of v, and vy only,

—

. -e( — — . .
Let us write 0 (V,.VL} in the followina wavy

3 = /T [l [RE T+ BEAT
( TT. 34)
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© (‘I'E‘—(;L.(T)
T =T cawTe (TT37)

=T
° . c‘l'Bﬂ)(/a,,(r
I;:-f-faé“?\%w’f‘e ) (ff3?)

-7
In order to perform these integrations, we will choose a two-

dimensional coordinate system with the x-axis along ¥ ,

A-
and the y-axis along bxv, see Fig.{(l1). In this coordinate

system, we have

Z. DY, (T)= /ZKDL/“))% w?‘-@xV/w)[cww%-/ﬂ
= (/&Uu-/u)) o @ séNwT_éEV/w);&w&cwa+@"/u)S&»0
= fsin wT 4+ B cow T+ Byl )vin. &

=(,4”+Blj’/”[m(w7‘+p)+ (Bufw)sin &

(T 39)
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where

A :Cﬁ‘/u/u)) cey @
= ~(AVf)sin &

(ATLﬁ){/ B A w
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S0, we have for I,
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where the familiar Bessel-Function identity has been used (18).
The dominant terms in the infinite sum will be 1 =21, so we

have

v L//L/ - —
(416" snp = B rvs)

;m,a-: —-de’/ff
(T %)
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and % has the interpretation of being the time of the

electron~ion interaction. The time intecration in I4 can be

done in the same way, and we will have

I.=¢ 7% I(ﬁ V/w) ‘3“'/5, e AV, Jw 2@
(TT.+7)

coep = vm&/v (TT.48)

In summary, we have the followina expressions for 1, T
(A Vs ofw
(TT.49)
c ARV o @fw
(TT.50)
V= [ cac®a + v"s@"@jl/z’

T Ts1)

L= (T s p T (A VIn)e

T.=¢ Tdaaoplj,‘(ﬂ V/“’) €

! 2 x S /L
=V s + V, S.Mulc?j
(I'I'.Sz)
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g@pz-—vgh®ﬂv (TT.53)
coo_,ﬁ’z \/COOG/V,
(TL.5%)

The next step 1s to perform the inteqrations over k involvina

both I, and I, - Let us define

3= e /ﬂ»"jﬂ Joty] BE T,
(TT.55)

We can write kk as a nmnatrix
—_— - 2 cao & O S
,é/ﬁ_ - /é . -

CadSna Sen &

(1.‘1‘.5'4)

and we note that the fourier=transform of the interaction

potential is

Jo%| = (ene) (1/£%) (

T1.57)

We can also define
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5 - _.@Tr);/m‘f 4T o) B AT,

(TL.58)
) Coxﬁﬁ
— N\ L/ cmd Sin & -
j-IEXL = zé
- .
(TL.59)
Lwooking at the expression for %:ﬁ% ,?z), and using th:: axplicit

value for Iy from eo,{(77.49), w2 hava

O5'= Aawnfmi(e/re) T ¢ [adh 25k
(14Y) snp TR Vfw) e A5

L/co O DO Sl
- )
(ap&mo Sn6 (TI.60)

Usinn an intedgral formula, the l.—intecral can b.: done, and wi.

have

ol . .
f@ I{/ﬁv/w)eci V/w S B
A
@)

=GL[V,L [ema] + vmc+j

(T'r.¢/)
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Now,'ac‘(ﬁ;,ﬁb) is real, as can be seen by looking at tha
original expression for it, eq.(I1.55). We can, therefore,
drop the absolute value siqgn in the first term, and at the
end of the calculation take the real part. with this in ming,

we Ccan write

5} ei _ __[(ﬂ);/mj[ e%u] e . fy& X

Ceo O Co oSty & Vo ch-{-i JAV- X
S f . a%
o6 S Sen &

(TT ¢2)

and we must perform the anqular integrations. We can write

the angular integrations in the form

o & COOIAS

a0
I&:faf&[&_@j[“w@“vw Cootnt SO
7 (ITT ¢3)

and we note that
\2’ v 1 P 1+
V= Ve + Vsen &

(LT oY)

We have

Is _"5 (C:;mo» ) [4a» &+ Bcny

(TT 6S5)
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where

(T T.66)

(T £.67)

To do these intearals, let us chanae variables to

¢ &
z=e (TT68)

so that the inteqrations can Lo transforrad to the complex
z=plane, wiere the contour C is the unit circle centereacd on
the oriain, Writing the trigonometric functions in Lorms of

z, we have

- e (2‘;/)" —( é“‘Xi‘ g )
= |7 a3 . A-cB ﬂ-f- A+c8
U LGwEs)  -R) -..,5)

(TT. 4,9
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In order to do the intecqgratinns by the method of residnes(19}),

calculate the poles of the intearand. There are si-ple prles

at

vk
2= tdK) (TT %)

F= A+iB
A-iB

(T1T.71)

and poles of third corder at

z2=0° (TT.72)

. g .
In order for the si;ple noles at >:=f(?:)/t0 contribnte to the

intearation, +theay must fall within the unit circle, This
r

implies that

Jk] < 1

//(/.:: v//l/z. < ,

(T .73)

Ne
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So, we have that, if \{. igs less than v these poles contribute

2' F
to the inteqration, but, if'% is greater than Va s they do not
contribute, The third order pole at z=0 always contributes to

the integral. A straight-forwar:l application of the theory of

residues ({(see App.(A})) will vield the followino expressions

= ec _
for O

i 'V,

")

o







28

The same arguments apply in the calculation

s0 we will state the res

= (e /s- 8) f ’“’j
Q. = (</p-c8) [F+]
Qu = (c/n-c6 )[12E
= (co/a-ie)[ 1= ]
Q= (fu-is)[ 22
O = Cic/pip) [ K+3]
Q= (~c/ a-c8)[ 2]
Q.= (~c/a-i8)[£+]

— .

[- L V- —
of n'l (V, rv‘:_.)r

Vlc%

(I T.790)

Vo> Y
(T L. 795)

Ve < V)
(T I.%0a)
Ve >y,
(j111995>

e <
(LT 8/a)
V>V
(TT.51h)
Va < %

(T T %a)
>y

(1T 524)
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Now, we have that

= e = e

(rr$3)

80 we can write the complete expression in matrix form

7/ ¢ i)
= 7 ; Vo< %
CQ = YTre€ Tpc v

(A8 | (fk* - (Qﬂ% 9

(LT 54

¢ Vo>V
= ‘/T/LC"TQ’/ =0

—

L A-8) |

O

(T T 54



30

and we note that we take the real part of each element
in the matrix. It should be noted that at V= Voo the two
pieces of the 6“dyadic are equal to each other, so'5¢t{ﬁ ' Va)

is a smooth function of v, and V4, as we would expect.

At this point, let us inspect the ':d_f': dyadic,
eq.(11.84,85), as compared to the :-C;ee' dyadic, eq.(II1.17}.
It is clear that even though the only difference between
the two interactions represented by the dyadics is the sign
of the charges, the -_E}-Pi is much more complicated than the
:J-:ec' dyadic. In fact, as will be mentioned in App.(B), we
have not been able to show that the kinetic eqguations that
result from the use of the EeL dyadic have all of the
required properties that any kinetic equation ouqght to
have (20,21). We believe, therefore, that even at this stage in
the evolution of stronaly magnetirzed kinetic theory, thore
is the need to resort to approximate forns fovr the ge‘:
dyadics, especially when dealinag with two-species of uneqgual
mass. If the kinetic equations are to form the basis for a
Chapman-Enskog analysis of transport coefficients, for example,

we must be able to give physicallv reasonable approximations

to these collision integrals,
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APPENDIX I A

L.et us consider one of the ananlar intedqrations that are

discussed in Sect.(R). The intearal has the form

T~ e [cno][sna]

fo) /QCAQ»GP1LIBJJau;Gy

(A.1)

where

B= Vosam<—(V (32)

CoHoA = EZ;"IZ)//léL b/

et 2<€ , and write all of the trigonometric functions

in terms of 7. e have

15?% (éukéiﬁifli) —
(1 / %A-LB))j (2+c W)Y 2-6(5)%)
where (cq'ai)
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(A-H'B_)/@—-éﬁ)
(A ¥)

There are poles at =2=0 of third order, and sinple poles at

AN N
z:i((k),. The magnitude of the pole at z= i‘(k) ’

/2/2’:: OK/‘)I/L = (V//l/z_)t/z
(AS)

1% Vo 7V, the poles lie within the unit circle, i° vzﬁ.v, ’
the poles lie outside the unit circle. The resicue of the

inteqgrand at z=0 is

Res 7C(2-=0)0( ZL;‘ - —é—

(Ae)

L
The residue of the inteqgrand at 7**((k)/

Pes £ (2 =2i(e)t) « (kﬁ)(k,)]
(A7)

The resultant integral,therefore, is the sum of the residues

from the poles that lie within the unit circle.
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APPFNDIX II.B

There are certain properties which every physically
reasonable kinetic equation must satisfy. These properties
are easy to verify provided the g'dyadics of the kinetic
equations have certain characteristics., These characteristics
are the following :

——

a) Tr (ajﬁ.ﬂ.

b) 0T, ,T )= 0(%,7,).

c) 3p£=0 when fc,fiare maxwellians.

It will be shown that our kinetic equation satisfies these

requirements, and, therefore, that it has the following

properties:

1) If £20 at t=0, then f20 for all t.

2) S’f(;)d; i1s time~independent.

3) g f(G);ﬁv is time-independent.

4) Any maxwellian is a time-independent solution of the kinetic
equation.

What we have not been able to show for our kinetic ecuation

are the following properties:

1) S E(V)v av is time-independent.

2} tff..’fo, where H 1s Boltrman's H=function.
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We will now prove that 6“‘ (:J} yV1) has the following

characteristics:
T 0 ;,( [—a\//(ﬁ-—(ﬁ) KJ Vi<V,
Tr &% o [av /e “ )
" [—-w[v,,,cmx 1y~ 14»5?*“)/‘4?

£ [ 2 /v;‘i——VS))/V,“]

<o for V<Y
T o [QU/A zﬁj >y

X [:2\//‘/“, T -—wét{,&wx)/%‘f

< [~(visueg) |
” [_(V?/V»L-'“/L)]

< O for V, >V



Go that we have that "'r Qe‘-f_'.) for all values of -\?!' ) Vi .
e __ = : .
) l)(vj s V) = ()(‘\?,_,v() . Tt us lool. at tne oriai-.al

. =(i —_— ——
crunression for O (\,; PV, 2. (IT.37)

" o CID?KA

é(;__ _(%.ni__n [Z/@/T&’T _,Z coewT e + A Axbsawre

. . —— L .
tpon interchange, v,<) vy, W have

ah——

bY,. > — V,L./wm 2 —'E,x'&/w[ww'r_,j

DY > VfwsimwT + B xTfw[cowt]

rut, it is ¢lear that upon intecration over tirae, th:

L]

i

O¥.  an? AZL , and cach Ltermn 1o thes cvrroecaione,
\ =er . :

~attor, e oconolunde, therefore, thot o 1o oy oetrio

O

e/ = — €S —
(L;)ubJ = (M.J

W

)

~Y TToeonov usnt fo oooow ot

—

J"Ct‘

H

AV, 5&;?/1 'ﬁ/h.c'fcm( - O

__";if [

4

e

Al

el
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e

vhere ,f,:;_ arac rmarwellian distribhtions for the olectrons

and ions.,

3+

Dn
?
Ny
|
Ny
o
3
I,
-
o
=
Y
§
0

< aT
e JJDYJJ,_I.D‘c@wT "&Dxﬂf
¢ LdT
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-— ; — C
S0 that we have for JQ‘(W,t) = when ih,ﬁigre maxwellian

distributions.
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III. CHAPMAN-ENSKOG CALCULATION

It is of interest, once we have determined the kinetic
equations that describe a two=dimensional, strongly magnetized
plasma, to calculate the transport properties of this system
by the traditional Chapman-Lnskog procedure(22,23)., In particular,
the classical diffusion coefficient can be calculated via
Chapman-Fnskog theory, and compared with the Taylor-ilcNamara
guiding-center diffusion coefficient. We will find them to be
quite dissimilar, as we would expect, since the Chapman~Enskog
diffusion coefficient is determined by the effects of many
successive, isolated two-body interactions, whereas the T.M.
diffusion coefficient is an attempt to include the effects
of the entire plasma on the diffusion of a test-particle., The
usual problems associated with the two-dimensional strongly-
magnetized plasma will occur in this calculation(8,9), so we will

use approximate forms for the collision integrals,

A. KINETIC EQUATIONS

In this calculation, we will again consider a two-species,

two-dimensional, strongly magnetized plasma. We will now,
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llowever, assume that there are srall spatial gradients in the
pglasra, and we will relax the reguairerent that the distrib:ution
functions that descril.e the plasta be agvretrooia, "¢ vant to
calenlate, withir the Chapran-"nskea Crareuvort, e resp nae

af the HYagrea to these non—-uriforritiss, "7 will ernloy t£ho

‘ol inson and Nerrnatolin variational Cescriscior (M) of trenmiwrt
andd srart wikh the Tollovine carationns

LI
LATTITIGT NN,

—
- -

2 £ rv2b+ Frd = T )+ I(FF)
o - (TTT!)
2F v 2f HFIA L TEH) +TEH)

e v (TTT.2)
F-(F,§,t) = (Jdistributicon ‘unction for the electrons,

distribution Sancticn for tlie i ns,

...\
it
<

-
(ad

It

' = force Ler unlt mass acting on an electron,

bt 3 . . .

Y o= Force o ormrt ocaan abine onoan ion.

T will use the followineag definitions for the rarioons:
acroscosle ooralitles thiat Wil deserit o ooar ook,

M R o e R PSR TR L YRR I ol

o= (47 £ (Fv¢) (TTT 3)
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Ion number density

/n+=jd"7 f+(7f L—{;IQ (III'O

Electron mean velocity
M- = (’/A—)fd(; \77C T@Zf) /fff.j_‘)

Ion mean velocity

A += (//M)fd'u‘ v £ (Fie) ,

TTT.0)

(rr5)

Center~of-mass velocity
Vo = ﬂ/;DJZj;yly'/hJ—-,d(,.‘¥"/7kﬁ-/ﬂz+ yym

Random velocity (iljj::[:51>

m——

o= V-V,
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Flectron mean velocity with respect to the center-~-of-mass

D= = (f/m_)ﬁfﬁ £ w ret10)

Ion mean velocity with resjpect to the center-of-mass

_+::.‘ e J-— -F-*—.-
Y (f )f S (TTT. /)

The particular choice for the collision integrals that we will
use in this calculation are the unraagnetized "okker-Planck

collision integrals(10,24-26), cutoff at a distance 4 = v?liu(j
which is less than a Debye length. The motivations behind this
choice for the conllision inteqrals will be presented elsewhere.

In this cutoff, v,is the relative velo~ity of the two particles

+

J

, and T'Y is the time of the two-body interaction. The collisinn

inteqrals will have the following form

()= Z RGO

(:I“I‘I‘. /2_)
5"; _yme, T '[ng ‘Zx'ij
Y g* -
(-




[Bm BXY] 'Z-aﬂ,—--- O
(& T.IT) -

AL, 0w E- (i

(L1:TxT)

8 'tﬂg ] _ 13/17-'!&/
[QX\/ “&X\CZ Hl'ﬁ J L= ::-H' Q
(91 T1T)

S SHEE 0L 0w F (s

(44
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———

g=Y (TTT 20)

11 alternative way of writing tho rocter cmanhits fhoar anocars

in e avadics is

=9 5237 (ITT. 2/}
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Toowllloassume that o have aosrstor of casaton dony

5
+
-~

viro roin take ao'vantaoe of the $0a'l rass ratio, That 13, we

3820 RN &

m'/mv << |/ (T T T22)

T i3 coavenlent 10 the calculaticor of transoort confficiontsg
- . . 4 . s . . .
oy work wizh the randors welorioy o def et i e (TTT 8, "o

2Jectron-ion callision inteara? wil, thorafore, have tho form

)= -2 At 5). (S - o +
L)z -2 } gw , O /;@@U_, mﬁ)w
_ (TTT 23)
Q“ —477‘@“7”“*

et

(ITTT %)

g = g -, (TTT.25)

Secause of the small mass ratio, in an clectron-3in interaction,
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the elactron velocity will be nuch arecrer thian the icon
veloceity, and the ion vwelocitr w'll nok chance very -unch s o
result of the interaction, s can, therefore, palte tho follotdno

assnirtions in the electror-iin collisi» intenral

/) § ~ W, (ITTT 26a)

2) £ )~y S[d?,) (TTT.26})

GO we have the Followuina anorimots foryre o the eloctres=1om

I('F-_‘F+):-_— N+ /'-,—*‘-E)_‘. w\-I_:‘-w-; .%_-F@E);.O
D w* S
(TTT .27

- ¥ -t
— Yre, T
X Py (TTT.25)

e collsion intearal can bhe furthor sirplified by tho A Iowine

identity

—_— i
2 (W T-ow __?__ = (L%)/‘DL
I o Jw (III 29
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viere

_ _wyo = 2
L= -2 =% (ro=x)

Sy that we can write

I(%'qf*)-: me 77 Li]f' (T TT.3)

w‘l—

In this ansroxinate forn, the clostron=ian collision intoc-g”

Aifferential oporator, At this cedint, we vl ]

13, i1 Tnet,

concentrate on solvine the lLLine+tic armation fer hes olpotron
Aistribution function, with ca, (ITIT,217,77) and e, (T1T.21)

for the clectron=olectron and electron=ion collisicn intenrale

res;.ectively,

Da CUAPIWA = NGOG M 16D

A teif

‘‘he linearizod form of the collision intacoraic i5 ol tained

L owritine

f = FCr+¢7) (T3
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) -0, . , . . . ,
wiere f is the local maxwellian Jdigctribuoticn 7 i1-~tion

Y )
€.

7 (Fw t)= n-GroOf 1
QTT,&T(;Ff)

whare (IfI 33)

are the clectron densit oan’ temberature respoecticr:lo,
Substitntinag this 2yoansion into aa, (17,12, and assamine
gb te, Le snall, we have the folloviine lineario ol vargion of

tiie cnllision intcearal

TEF)= "2 05 F 7y Frw) |53 ZYjﬂ- 234"
Jiv g*

AT
=K. 45* (TTT. 3%

F--:: ‘1‘77@, “ T--
mL*

Jlakidine the szame substitution intoe the olectron-~inn collision

(LTI 35)

L [ ]
=K., (I'II.BQ)
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where K__ and K_g¢are the linearized collision operators,
operating ontjb-. lNow, substituting these linearized collision
integrals into eq. (III.l), writing the left-hand side of the
equation in terms of W, the random velocity, dropping terms that
involve the small mass ratio, and assuming overall charge

neutrality (Q+=n.Fn), we arrive at the following equation(3) for

2 _ _ —_— —
£ (_ff__ﬁ -2 )57 + v fGiw-+w T): 2V,

(TTL 37)

“’
where E 1is the generalized electric field, which includes the
effect of an external electric field E (if any), the external

magnetic field'ﬁ, and the density gradient.

F=E +(&) W xB- £T 2 4(4T)

e~ OF

(L ITT.35)
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The operators He. and V_, are irvariant under arbitrare
rotations, and, therefore, thev cormmute witn tae rotation

operator T -_-4)& . Let us write

K™= Kot Kot (T TT.%9)

. A i .
Consicer any function £(W) = f(w,® ). We can erpand thia
function in terms of functions of w and in terms of cos (@) and

sin(®),

76(0«”&)‘-: S Qoo M +ba SAMC
’ AT (TTT. ‘fo)

aAn= QA(“’)) ba= ba (w)
(T TT.4/)

K (@)= £ M () £. ()
(III. 442)
.Fm(a,): O CORNS + ba St A
(TTT.43)
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2
i*T can be a function of L& only, since it commutes with all

the components of L. "he cupression Anm is an operator that
onerates onlv on the maanituin of w, Tet us make the followinea

definitions

H= w7 "ops  (rrrw)

w‘: = €, S/M;C,

A= wlmw’ - i)eif (=%
( AT T /N (TTL.%5)

E;£ = .“;EEL w EE}‘ é ~ 4;L
AT (TTT.46)

Veg = €t + 9Coj - 2 .25, (T 47)
'y ar JF

pxpandinag in termns of the eiqen~functions, and usina the

above daefinitions, we can re=write e, (TI7,37), usinc ca, (T17,472)

f-O;Ax coo + Ay s +E cad- +6j S &

+ g’ﬁf ( 06220 (U, - Uu) 4 S zo( ng_-l"()u)) f
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i

Equating terms with equal values of n, we have for n=1

f e &;Ax +Ex =\ (wa, "CU;A,J? = ©

(T LT v8)

(TTT. L/Ga«)
- &m@‘/j’@*é)’ —\ () b+ w"ﬂd’{: °
and for n=2 (fﬁ ‘%?é)
" Cen 26 /mwl( U, = O ""5:@4"’-4%“5:'[:_4
2 AT
(TIT spa)

T o L - -
7(‘5‘4\- M O +014 —)kt/w)éu + W, Q,Lf:o
QLT
(xzz.504)

Since the equations are linear in ¢ s We can write

Qr=@r" + ax° (Trr 5 la)
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é)m4+ kmé @IIS—/D

where the superscript - refers to the temperature dependent
ppart, and the superscripté refers to tlhio ageneralizad ¢ field
dependent part., ¥We¢ will also assume, for the purposes of this

calculation, that

Ax: Ex =0 ) U, = Vaz (ffI,S‘Z)

so we will be snlving the followina equations for the unknown

A A» & &

quantities 2, D @y Pl STRY: g JwL

%wo&; Noa,f—w, b, § (TITLS%

?Ay d bA+wL “ f—- (r*:fs:?!;

—o - - | &(—=
£ ceoad =M dqé'“wa. b, F © (1’1:1:56‘&)
féy N b 4wy wf

(TTT. 5%)
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F %0 26) =\ Ay —2W0, Z)LJZ‘"": O
(rrTs8a

- Z- - —
24T

(TrT 55b)

'or later convenicnce, leot s make the followino definitions

———

A -0 ,u)L____ w2 T
L= (G ‘L‘“) OF

<
(TIx s5éa)
p¢ = —f°e E-
BT
(TTT 5¢h)

p "= F w2 omo s
24T

(I’I‘I.Sé c)
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p Ao [ b sms] + W[, P e (TTISH
i [bAsms] = k(@) e | (zrTs
pe= K[h sas(t 4 e, os| (rrrse
—H [besns{= K [a oo (TrT 5%
p7 = K_[bzsl/&adj'f'ﬁl_[a.z_ a»ao] (TTL 5
—H _[é_ Sma&jz K _[a.,_ coo &@j (TTL 57,

"heso are the emations which we will use to calculat. the
Jiffusion coefficient. At this noin=, let us define what in
neant by a ditfusion cocfficient, and scee vhat vie w1l need
to know in order to b able to calculate it, From the
definition of the averaoce electron velocity ﬁ'-, ec, (ITI,.1N),
together with the expansion of the electron distribution

function about a local marwellian, eq.(ITT.32), and

en, (IT1I.5la,b}, we hove

U= (//m)jiza g
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= Un) ﬁza Fop™"% i) faa ¢

(TTT )

A pa
We will find that¢ and¢ are proportional to VYV (loa™) and

-}

¥ respectivelv, so that we will be able to write
U_-—— D,@_-_-_ E-}-DLQ_--_E')(L-O-,‘-V/%T
LT J},\T’
+ (- 07) Tdog T x b (TTT.6l)

where Dy, Do are the diffusion coefficients, and :, Dy are

the thermal diffusion coefficients (27}, Let us uso the followina

notation

(ab) = f/zz; a(@ b(w)
(TTT. 62)
(b5, )= (4500, = B2
(LT ITI.63)

It is clear that the richt-=hand side of this oxpression is

proportional to - , and 1f w: use e, (ITT.R1), we will have

(éi&&»&:’ %_6): —f €~ L/)\, E'LD/

AT
(TIT ¢4
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So that the expression for the diffusion coefficient, D ,is

D = CET)/E me)(b PN )(rtz'réf)

and we see that in order to calculate D, , we must be able to
get an expression for the inteqral on the right-hand side of

eq, (ITI.65)

C. LORENTZ-GAS

In this section, we will assume that the ions in our
system are infinitely heavy, and that electron~electron
collisions are negligible compared to electron-ion collisions.
This system is called a lorentz-Gas(28,29), and its usefullness
lies in the fact that the set of equations, eq. (III.53-55), are
exactly solveable for this model. In addition, we will find
that the functional form of the diffusion coefficient, as
calculated from the Lorentz-Gas model, will be virtually
identical to that calculated under more realistic conditions,.
No claim is made in these calculations as to the relative
importance of electron-electron collisions as compared to

eiectron~ion collisions.
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le set N_o_ =0 in ea,(III.53-%%), and find that thrse
equations reduce to alaebraic cunations. In addition, )bh

1s & multiplicative operator as determined bv ea,  (IIT,42).

)\A—(U-’_) = =/, /7_,,; /LL

e (TTT.ct)

We can solve eyg.(III.%4a,b), and we find

b, € _ )\;_éy Cwb")v'f‘()*:r) i (Ifl:é7)

2.6= —w éy/ @+ )" (TTT.68)

Usinuo eq.{(ITI.H5-67), we have an intcgral expression for D/ .

which can be reduced to the follmxrina form

v
X
b= wp T\ Ax X € ey I (f]jf.éf?)
f?ﬂnutL{? c,[x‘+.(7kﬁ € /2:]

X

where the two-dimensional plasma-freauency is

Lp = Fine” (T ITT.7)
m, L
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the two-dimensional Debye length is

A T = BT yine.
i / (rrT )

and the two-dimensional plasma-parameter 1is

- e/0BT = 1)uTad
& /f 4/111:(1‘1_1.72)

The final fornm for SVERLY of course, critically dependent
upon the choice 0% the parametor T’*, the time of the
electron=-ion interaction, We believe that a good estirmate
for T—*% is the time necessary to Taylor-:icNamara diffuse
a quiding=center through a distance of the order of the

electron thermal gyroradius, as first pointed out by IHsu.,

This time is

. e /-
7/ = //‘ﬁfé 22 -A(L/‘Q?rx")
( ) [ [ ] (T71.73)

where L 1s the finite length of the two-~dirensional system,

-/

*t is the idea that

Crucial to this particular choice of T7%
the agyroradius is an effective cutoff in the two-body
interaction, a notion about which we will have more to

say in the next chapter. For now, we will assume this choice

for v~1 , and explore the consequences. Since we are considering
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a strong maaqnetic field, we will have (&ﬁVQUL <J, and we

can approxirmate the inteaagral expression for D'

0,= Ly T (rrr.7‘»9

S;ﬁ>h.¢UQ;L

It is clear that D, - l/ns , indicatin- nealigible diffusion
in the strong B limit. This is to be contrasted with the T.!°,
diffusion coefficient nrd'“l/n « W will find that, i the real
ivlasma calculation, includina electron-electron interactions,
the diffusion coefficient will have the s :me denendence on B

as the lLorentz=Gas, Mne, not too surprisine, conclusion that
we reach, therefore, is that 1n a stroncrly raagneti-ed,
two=dimensional plasma, collisional! transvort is much srmaller
than collective transport(30-32). We can also calculate Do , the
diffusion coefficient in the :direction perpendicular to the
density aradient, and we will €find that it has the followina

forr

- (TTL 75)

This diffusion is independent of collisional effects, since
there are assumed to be no density aradients i1n this lirection,

It is of interest to note that )4 1is identical to “rn. sapart

from a factor equal to [(— ,&&_(L/QW}@)] J(L
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e VARIATIONML CALCULLTION

We now want to include the effects of elertron-electron
interactions 1in calculating the dAiffusion coefficiert, To do
this, we will use the variationnl! rinciple as devnloped
by ebinson and RBornstein, This is a aeneral princirle that
can be applied to any systen, provided only that the collision
inteqgrals of the system satisfv two sinple properties. These

properties are

(. k)= (f K1
(T T T%a)

- <
h,k74) = 0 (TTT 7b)

whnrc‘f and 4%_ are arbitrary functions of velocitvw., It is
easy to show that our collision intearals Jo indeed s-tis”v
these two Droperties. The variational principle states that the

quantity
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< bfom;aj %—(jL

. - ¢ >
& -, & (4 Cono ¥ a, 003"9)
- K b ©)—[L2 y
(61 Mﬂ’/ y A ) @16@&)’(-—&6—60@
(TTT77)

when simultaneously maximi=ecd with respect to by sin(®) and

g
|

S } & .
rminimized with respect to a, cos (), will assume tlie valne

A= -(b%aws ﬁf-é) (TTT.7%)

ane so 4 will have the ‘orm

Dj:%: —(AIGMOE %—6) C&ﬂL

E et (Edaer
I

(r1T.79)

: . . &
The method then, is to choose trial functioas for ay {(v),
e ’ - I . . .
h, (v) (where v is the dimensionless velocitvy in units of the
. S l . . .
clectron thermal velocity = quy%p/z), with variational
Paraneters that are determined from the variational Principle,
. & ¢ . . L
We write 1y and b; A5 a power soeries in v with nnknown

coef Ticients

» .
Q=35 a.(V) (TTT 50a)
A=
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b= h(v)”

b=/ (T TT 806)

and sabst ltute thoess Evo erpanslcns it the aypnression For

L)/ . APDIvine the variationnl orinciele wil! viel? a s £ of
. , € . e :

aleaebraic eqguations for tho ay anagd the 2y ity Wien solwed,

can Lo use? to dotervipe 3' .

“he variational calenlation of iy recnlires £l knouvledae
of a nurber of inteorations, “hie vosalts of wailch we will

surmAarize bhi-low,

! {/‘- ¢
€ €)= QAT
(b,M&J?j_)—-___.#{fT;—‘-—gAmt»
(T T 5la)

(5) €n o, H —.C?, éca)éy\’— vy EQM b Hrm
M (TTIT.8b)

(b an & £ 5h Sun0) == ‘r'ﬁ_u?_)gbmbmz.:

(LTTT.5/c)
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(b, & K . bomo) =~ "/’-(c-:.) ShebKin

. (T 3/d)
A GG
5 r- (TTL8/e)
jdu e__u ()Amﬂ f’””"j
" (o)
mr: - K/?\/V:+ + KM—_
. (frrsxg)
— + '——jcflfe ()Ad""‘- F(/{:
L(fII.?/A)
K= jmfdeee 5 {5 E G

(TTT.5 ()
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4(3, SPSE %AQ—EZGV(%Qf&)T- @*z){:f

/

gy f6)2 16 ) §+”-’Er ) 63
(=) Jrogpuae)” s
G, = (& + G +& 3) (TTT, 5).4)

J
.= (6+gls-Z3) (TTT.%4)

The amplication of the variational principte to Iy

e {I11.77,77), resulis in the followvine tw sets o7 oomotions
¢ P - v
%g — i é)m }\//ut + Xga‘“ H/’*f
A= A= (ffr?l&)
N N -
O:Zbﬂ\H/}.f — = an Kax
AT =1

o
o
O
-
W
T
H.
2
3
)
~
ol
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can be written

P4 "1»\,))'

L% = ﬁz fi ba,bnu nwm,‘fjx (;?!Q”'an‘LM") (Erj:[:gg)
5 A O K

D'

where

R= 48T 5CU/J m T (III,?QQ
T=7 =777 (:z:*rrgs@

So the method, therefore, is to choose a value for 11, solve

the set of equations, eq.{III.f2), for the variaional prrameters,
and substitute these results into eq, (II1.R84). Pickina i'=1, we
can do the calculation by hand, and we get two equations to

& & C L
solve for ay and b, . the variational parameters. We find

a, = //HL)(L (TLT P6c)
b, = ///+><L (TTL.56b)
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and substituting these expressions into ea. (II11.84), we aet

Eor O
]

1
e w
D= €Vu T[—u;f‘ (TTT3)
\4&}:: ;QJ@EANQ

which 1s the same as that calculated in the lorentz-Gas

approximation,

We will now connider calculatina by using the variational
, . L. &
formalisr. We will use three varilational paranecters for a,
and b’ . This will result in six equations for the siy

. ¢ &
unknowns, The exnhansions of a, ,b, are as follows

3
0, = aviav +asvS  (TTTIR

b = bV FhaV A bgv* (TLT 95h)

Poing the required intearations 1in order to evaluate the

matrices that appear in 2«a.(1II.2a,b), we have for thaose



67

matrices

/ 5 45
(TrT%7a)
H B 1/‘1._ / 3
mmw T / :3 /2
3 /2 GO
[frf.?%)
¢ /o |
f.o=
3
O
Q
O

(T T %9¢)
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The solution to these six algebraic equations in si» unknowns
is obtained on a computer, and the results are put into the
expression for the diffusion coefficient, ea. (TIT.74). Thes.
emlations are solved for different valucs of UJL/QUP . an-
the results are indicated in Fig.(3). 1, is written in

" " . 1’ . . -
dimensionless units {'VJh /puf), and a particular choice 1is

made for the followlina cuantitv

C//éﬁ)(/b,&@/-‘zﬂo = J6.0 (TrTrT.9)

The sarme calculation can be done for 4 , and the results are
indicated 1in Fio.{(1). It is clear that D/ﬁ' }/n’ , and

Jlrh‘l/n , @as we expected hased on the Iorentz-=Gas mndel.

.. CHOICE OF COLLISIM] INTIGRAT,

In the Chaprman-inskeqg caleculation of transport
coefficients, we have chesen for the collision inteqrals of
our two=-dimensional, two-species, stronaly maaneti-ed plasma,
the unragnetized collision integrals cutoff? at a distancoe
(0= Yy T . For the identical particle collision intecral,

this approxination 1is in aareement with the exact calculation
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as done by Vahala. Tor the electron-ion collision inteqral,
there is no exact calculation for unedqual masses; all we have
is the equal mass, opposite charge case as presented in the
previous chapter. We do believe, however, especially for the
case of small mass ratio, that a good approximation to this
collision integral will be, again, to take the unmagnetized
collision integral and cut it off at the distance 4 = Vi T
This sort of cutoff is equivalent to sayina that there are
two types of binary interactions in a stronal:r jagnetized
plasma, those collisions which occur at separations less

than @ and are important in the lkinetic theoryv of the system,
and those collisions which occur at separations areater than
d, and are not. There is qood reason .o belileve that d is of
the order of the thermal gyro-radius. Yor collisions that
occur at separations less thun d, it is also reasonable to
expect that the magnetic field does not alter significantly the
collision, hence it 1s appropriate to use the unnaanetizecd
collision integrals for those interactions. The notion that
the gyro-radius is an effective cutoff in the two-body
interaction deserves a closer scrutiny than it has heretofore
received, so the following chapter will be devoted to a

study of isolated two-body interactions in the presence of

an external magnetic field,



70

IV, BINARY INTERACTIONS

This chapter will be concerned with the effects of a
d.c. magnetic field on isonlated charged-particle collisions
in a plasma. The main content will be numerical solutions
of the equations of motion of two identical charged-particlas
interacting electrostatically in the presence of a d.c.
magnetic field. These equations are solved for a wide variety
of initial conditions thoucht to be appropriate to the
scattering process in a plasma immersed in a constant
external magnetic field. Particular attention will be paid
to the extent to which there is a transfer of kinetic eneray
in the collision from one particle to the other, since this
quantity is a measure of the pair-correlation in a homogenenus
gyrotropic plasma{(l5,16). In addition, we will investigate the
validity of various approximate solutions to the eonations
of motion by direct comparison with the exact numerical

solutions.,

A. STATE!/MFNT OF THE PROBLEM

The classical equations of motion of two
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isolated charged-particles interacting electrostatically

in the presence of a d.c. magnetic field are

ml:':;‘: = g e?—(?"ﬁ-)/“::‘ﬁ/3 + (el/C)-g XB

(f\/./)

7 = 6 e (R-TTE) +(efc)Ux B

We will consider identical particle collisions so that

e‘=e1fe, and m, =m,,=m., Also, we will call the direction of the

d.c. magnetic field the z-direction, and define the

gyro-£frequency

w = eB/mc (Tv2)

We can write these equations in dimensionless units(33) by

choosing for the unit of length,f, where R is defined

L = (/n\c"/o") /3 (Tv3)

.
and for the unit of time,?‘, where !/ is defined

~= w! (IV.#)
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In dimensionless units, the equations of motion have the form

.- N\
T o= (F-T)JIFRI + G x2
’ / (TV.5)

o= (R-F)/IF-RI7 +Txe

Where velocity is written in units of (Ahp « The utility
of this choice of dimensionless units is that any solution
obtained to the equations of motion, whether numerical or

analytic, is valid for any magnetic field strength B.

The possible solutions to these equations can be
classified into two broad categories. One set of solutions
correspond to reflection of the two particles, very sirilar
to the one-~dimensional collision of two hard spheres. The two
particles approach each other along the direction of the
magnetic field up to a certain minimum separation, at which
point the difference in the z=velocity of each particle is
instantaneously zero, and the two particles start moving away

from each other in the z=direction. The second set of solutions
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correspond to transmission, in which the direction of the z-
velocity of each particle is unchanged by the collision. The
latter set of solutions is the one in which we will be most
interested, since it corresponds to the collisions that are
dominant in a plasma. In the language of un-magnetized kinetic

theory, the collisions that result in transmission are like

small angle two-body scattering events, whereas the collisions
that result in reflection are like large angle scattering
events., It is well known(2%9), in the un-magnetized plasma, that
the cross-section for multiple small angle collisions resulting
in a net deflection of 90‘13 larger than the cross-section

for a single large angle collision. For the magnetized plasma,
we may define the scattering angle as the change of the angle
between the direction of the velocity of the particle and the
direction of the magnetic field(13), and we will consider those
collisions characterized by having a small sScattering angle.

We will show that these are the collisions in which most
particles in a typical plasma are involved, and which are

the most effective in regard to kinetic enerqgy transfer.

B. HAMILTONIAN FORMULATION

In general, for arbitrary mass and charge of the two
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particles, the introduction of relative coordinates

is not a useful step in achieving a solution of the equations

of motion(40). In the special case, however, of identical
particles,the introduction of relative coordinates does simplify
the problem considerably,essentially reducing three-~dimensional
motion to motion in a plane(33). The center-of-mass motion in this
formulation will be that of a particle moving under the

influence of the external magnetic field only, so we can ignore

it entirely in the usual way, and concentrate on the relative
motion., The Hamiltonian of this system, written in cylindrical

coordinates, (R, 2, ¢ ), is

h=(pa+ p;)/z» "'69,; -(“/ZCJFj%mrI + Qcy(r}gj/z'
(TV.6)

We want to formulate the problem in dimensionless units, so

¥
it is appropriate to choose the unit of length to be £

o' = (am</8) & (Tv.7)

and the unit of time, 7\

i~ — L
= W = mc/ep (fl/ﬁ:)

where it should be noted that
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s
S = (0L (rV.9)

In these units we have as the dimensionless momenta

2
oo = Pc»/mw“’ (T v.10)

fp = £

—_ VR
p = P TV
and for the dimensionless clyindrical coordinates

R=r/s' , T= e (TV.12)
the tiamiltonian in dinensionless units is
H = /l/mwym (ft/_hy
and it can be written in terms of the dimensionless moments
He M B+ F) +(/f»—%-»€?%f"
Y/ RELYC (TVIY)
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In this formulation, P' is a constant of the motion, sn we

can write the Hamiltonian in the form

U=h(R+RY) + V(B2 P)  (TVIS)

where V(R,Z,P )} is the effective potential

V(b2 p)= (Po- 1R+ fiRve)l (T V1e)

The first term of V represents the potential of the centrifunal
force, and the second term the poteantial of the coulom force.

In the plane =0, the effective potential has a minimum at the

point Rg ,determined by the condition
["’V/«Ddam =0 (TV17)

Wwhich results in the following equation

R4 —fu= (TvV1%)

for the point 3, . The effective potential in the plane 7=0

is shown in Fig.(5) . The motion of a particle with energy E
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is governed by the constraint

vir: ) £ E (TV19)

In order to have transmission, the trajectorvy ¢ the particle

must qo through the plane %=0, and so we must have that

E> V(PO)O) Pp) (IVQO)
E, = V(R 0,Fs) (TVar)

as the necessary condition for transmission. Let us call

that minimum energy necessary for transmission Eg.

We can definitely say that if the energy of the particle is

less than Eg , 1t will be reflected. The energy Eg is ultimately
determined by Pg . It is clear from eq,(IV.18) that Ry satisfies

the inequality
8 > (1) (TV22)

for all values of P¢ . For IPd<<1 , and IP¢P> 1, R¢ has the

following limits

Re ~ ()13 [l << 1
(Tva3)

Ron(alps]) ! ey
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Now, K, is a mazximum when R'=0 and decreases for larger values

of P¢ . At P*=0 + E 4 has the value

Es = Po‘/? + l/;(’a = 945 (I’V,z‘f)

where R°=(4)'/3 at P" =0 . S0, we can write

o< E, 2 .45 (TV25)

L SRy b
The unit of energy that we have is mw. € uhich can be written

R G C R I

and we see that
mwe'” (B)Qb (Tv27)

It can be seen, however, by refercence to Table(l), that Eg

is always small and that for a typical plasma of moderate to
high temperature , very few particles would be expected to
have energies which are less than E, , even for large values
of B. It should be stressed at this point that if the particle

has an energy LE?E 4 , it may or may not bhe reflected. In a later
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section we will give another condition for reflection which

involves particles with energies greater than Eg.

The equations of motion derivable from the Hamiltonian,

eq, {IV.14), are

R = ks + /R + RIRF2P o

- RY
Z = 2./(3“["2) 2 (I,V?—q)

Let us take eq, (IV.28), multiply both sides by R

/(1 R?) = [-&le + Pofe™s RJCR%2 33/3 e
(TV30)

and integrate

N R+
R e |

- (Tv3/)

This quantity represents the change in the kinetic encrqy

I

in the direction perpendicular to the magnetic field due to

the collision. It is clear that if the expression in brackets
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is positive definite throughout the time that the interaction
is most effective (for any R, ZAD), the collision will be a
maximum as far as the change in the perpendicular kinetic
energy 1is concerned. That is, we want to consider those

collisions for which

- Rt + P¢‘/23+ f/g" >0 (I v32)

which is equivalent to

974_ _p < PgSL‘ (fl/33)

So we can write that those collisions which are characterized by

R< R, (I V.34)

are the collisions which result in the maximum kinetic energy
transfer in the perpendicular direction. This condition is
equivalent to the statement that the radial force on the
particle is always in the positive direction throughout the
course of the interaction. It is also clear that for those
collisions with RCR, throughout the interaction, the smaller
R ¢ i, the larger will be the kinetic energy transferred.

Rp is a minimum for Pg =0, so we can say that those collisions
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which have R{R, and %‘=0 will be the ones most effective

in the transfer of perpendicular kinetic energy. A similar
conclusion can be reached by examining the generalized
potential V(R,Z,Pg¢). It has previously been pointed out(33) that
for[Pﬁﬁﬁﬂ.the coulomb contribution to the generalizc
potential is negligible. By the same type of argqument, it can
be seen that forlP‘kﬁl , the centrifugal force term will be
negligible compared to the coulomb term, for those collisions
characterized by R¢€Rg . This indicates that those collisions
that result in the largest kinetic energy transfer are also
the collisions in which the effect of the magnetic field

is negligible. In a plasma, since the energy of a typical
particle will be much greater than E4 , and the coulomb
interaction is weak in the sense thatﬂbﬂdr<<1, (Pyis a
measure of the strength of the coulomb interaction, kT is

the thermal enerqgy of a particle), we will have that
E - v::. Pe‘/-,,.f @‘/}_ = E (I_V 35-)

v -
(6%/4ﬂ*la/4 is the kinetic energy of the particle). Since
we are interested only in those collisions with R<LR,
during the course of the interaction, the condition
that V(R,z,%') be small serves as a lower-bound on R,

The claim is, therefore, that in a plasma the dominant
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collisions, as far as the transfer of kinetic energy is
concerned , are those collisions with radial values R at the
bottom of the potential well and to the left. These
conclusions will be substantiated by numerical solutions

of the equations of motion, which will indicate the relatively
narrow region of phase-space which corresponds to significant

kinetic energy transfer,

Lo APPROYXI!UNTI SUOLLTIOHS TO TIHE

CQUATIONS OF MOTION

An approximate solution to the equations of motion
can be arrived at by resort to perturbation theory(12,17,34). We
deal with the relative motion again (E=:,— Ea), nevslecting the
motion of the center~of-mass, and treat the coulnomb term as a
small perturbation to the non-interacting helical orbits. The

‘-'
equations of motion in dimensionless units (R,® ) are
- 3 V
V,(::X//? + Vy

Vy

Ih

/e’ + Vi
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Vo = 2/R°
: (T V. 36)

where

R

2. ra

=X+ Y +2 (Tv37)

We make an expansinn of X, Y, Z about the non-interacting

orbits

X = Xo# X, + .
Y=Y, +V +.. .

2=2,+2 +...
(TV38%)

where

X,= B+ V, cos(t+o)
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Yo = - \_/,_sén(-fma)
2. = V, t

- V. sin(t+e)

X
I

=<
]

-\ cos(++e)

V-Z = \/h
(Tv39)

We choose the initial conditions such that at t=%, the

particle is in the Z=0 plane. The initial conditions are

Xo(o) = Po + \/LC.-OS(@)

~—V, sixfe)

Y (o)
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2,(0) = O
Ve (o) = = V. sinle)
Vielo) = =V, cos(e)

\/2.(0) - \/u (I/‘/'O)

and Ry, Vi, Vh,t? are all! constants, In these units, Ybis the
gyro-radius of the particle, and Rgis the aguiding-center
separation at t=0. We want to substitute these sclutions

into the equations of motion, eq.(IV.36), treating the coulomb

term as a small perturbation. The resulting equations are

\./,( Yo/POJ + Vy,

/

\/7:

Yo/@ag - V)(,
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\./21 = 2Z, / P>
(Tv¢41)

Let

U= W, +¢ Vy, (fl/.‘f-2->

We have

O'f'(:U = CXo'f'C.yo)/po? (1:1/9‘3)

Multiply both sides of eqg.(IV.43) by exp{(it). We have

(T vV +¢)

Now integrate Dboth sides of eq. (IV.44). The result of this

is the expression

+T . -i¢i -
syt = [f ettt ue )
S
bim T o0 (I\/,L/LS’)

where
ir ¥ + #L
R, = [+ .7+ 2P, \_/Lcnsé‘@+(u,,+)]

(L V)
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Let I be defined

f=f+;+ (Pae£++VL€_M)/Po3 (T v47)

Let us consider an alternative form for I. Since we can write
the coulomb force in terms of the gradient of the coulomb

potential, we have

4+ 5 ‘9 _ ,:t
1= '__j‘” o * o@)) QR0 € (TV¥3)

where @ is the coulomb potential
@QRG)= 1/(ceve )™ yug)

Let us introduce the fourier-transform of the coulomh

potential

@® = (23 ¢ R} (Tvso)

@(R)= ('/a(r)‘)(//,ﬁ’“) (Tv.51)



88

ER(Y) ) ca+

= -a/:zf‘f#f/f (45 ) S

(Tvsz)

T= "'_,(df- ) (i.ﬁx-,ﬁy) e

Using the Bessel Function identities, we can write

¢ D (:ax o t;B
L ERGW Bk RVt

o0 %4 A +0 -t
E «I‘e@x&)e (“T/)E I»:(ffyli)c
== St (TVv53)

T =—ifer 2 ol )] 5

:E(«ﬁx \{L) :(;;(Asy VL) 6(: +('ée V, h?-mﬁ)
(TVs4)

The t-integral is a delta-function
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S 4-& e it Bo v, 4 £-m+)
= v, ,42 M= K=l
el SChe-(oth)) ey

= -((:/ IVl F)l% j[lf 6&‘4-51)1)/ »ﬂv:—jy:—ﬁejx

BT T (hen) Tn o) e ()
(TV56)

Using the delta-function, we can do the kainteqgration

T = /i) 2. (ks by Chovihy)[ [tk sttt

6/3 JE; ‘L01%L
I(Jﬁx\/) (}yl{‘_)& €

(Tvs7)

We can pick out the dominant terms in this doubly-

infinite sum

(TVsg)



90

- Y 4
Tz (f/mm)fﬂ, 24, |(Bevi )/ A 4 Te
¥ jJT(Ax‘L) Tol(ByV, )—( j;(b %-)Jf‘(,ﬂy &)f

- Q/IV‘j 'IT); LBy ‘fﬁy [efu&x 2/[1)« —( jy ]} X
ST )T (Ryu)=To(Bel) T by u)f
(TV59)

We can do the kgintegration by extending the kgvariable to
the complex kgplane, and integrate over the half-circle
in the upper~half plane, see Fig.(8%). This contour encloses
a simple pole at kx=ik,, k7>o, and the inteqral can be

evaluated by the theory of residues(19).

1= (.Q/IV jdfﬁy Q_jy ke X

f J.(i By é)r(j,,u_,_) (T, (chy ) T s
= /v, jdz e"‘fo'(fx)J’(x)+cJ”(>dT()]
where (fVéO)

X = PO/VL
(Tver)
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Using an integral formula(35), this integral can be written in

terms of a hypergeometric function

T= (9/1 ” V.J ;(’/ 2« ?:é [F ( 2"‘*% ! f’(ij m ol ;-M%e‘)m

- C//:zaz‘),%a[r("’”% mr FEmy ™ /5‘0/ E44) 3?

(Tve2)

where F(-m,-1-m;1;-1) {(35) is the hypergeometrir function, Only

the odd integers remain in the infinite sum, so we have

T=(afiogy, )3 [(Carmtm W) Flom,t-msts-fte)™

(T V 63)

with the condition for the integral to be convergent that &

> 1. It is clear, therefore, that the change in the kinetic
enerqgy is a rapidly decreasinag function ofe, since it goes

as /I/2: We can get a more intuitive idea of what the dependence
of this integral is on ® by making a straight-forwarl

expansion of eq.(IV.47). Let I be written as

I=T"+ T° (Tv 64

. " .
The second term, I’l, will be dominant, where I 1is defined
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+ 00 ‘
T §at v Y [e.Miaeaawmq)faM)f(g/ =
me0 (TVv¢s)

To integrate this expression, we will expand the denominator
in increasing powers of cos(t+® ) . We denote the expansion

as follows

I” = _Z; + f H'f".-.. (IVGG)

where

:Eo” = 51:2" (VL/Vus) e é Vﬂl(&? %’/Mﬁ)—]‘?/z
- Gau/u)e VR4 (Tven)

So, the lowest-order contribution to the change in the

perpendicular kinetic enerqgy is

Y, = 2 \i’/%”[f/(f%f*%’jj

(Tves)



= C;g/ v l_/:') [//(a(m{'/)‘j

where® is the ratio of the quiding-center separation to the
gyro-radius. In dimensional units, this guantity can be

written

ASSE: w’/%‘vx.”(&ﬂ[ e m*]
(T v 69)

It can be shown that the next correction to the change in

the perpendicular kinetic eneraqy can be written

fjﬂr: — AU A uus ,,(’."H) Kz.(%)
-2 / ‘ ] (T v.70)

where Ke is a McDonald Function({18) and z is J(efined

2= CVL:/V“L) et/ (V. 71)

For # large, I,“ will have the following asymptotic behavior

£k ) e (m

which is small compared to IO”. As far as the parallel
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direction is concerned, it is clear, to lowest order in the

a/z«

expansion, that
o0
AV, = 5d'f‘ , f)/[?amf— U:f 2RV, cas(t+a)+(. uu{ﬂ
=q = (T Vv 13)

So, the conclusion we reach is that, to lowest order, the

change in the kinetic energy of the particle is in the
perpendicular direction, with no chanqge in the parallel
direction. The next question that must be asked is under what
conditions is this perturbation calculation expected to be
valid. We can gain some physical insight into the answer to

this question by making the following argument. Let us consider
the motion of the particle as it approaches the center-of-force,
and, in particular, the projection of the trajectory onto the
x-y plane (z=0). Ife¢ < 1 (which corresponds to the quiding-center
separation less than the gyro-radius), the projection of the
trajectory encircles the center-of-force, and there is always

a component of the coulomb force opposite to the magnetic

force. Ife{ > 1 (which corresponds to guiding-center separation
greater than gyro-radius), the projection of the trajectory does
not encircle the center-of-force, and there is a component of
the coulomb force sometimes opposite to the magnetic force

and sometimes in the same direction as the magnetic force,

see Fig.(6,7). Foro £ 1, we do not expect a perturbation
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calculation which treats the coulomb term as small to be

valid. On the other hand, fore{> 1 we do expect the
perturbation calculation to be accurate. It is clear from the
above discussion that the magnetic field serves to screen

the coulomb force by exerting a force on the particle

which is sometimes opposite to the coulomb force and sometimes
in the same direction, see Fiqg.(6,7). Similarly, for the
collisions characterized by < 1 , we would expect the
magnetic field to have a negligible effect on the collision,
since the coulomb force always has a componant opposit: €9

the magnetic force, which tends to wipe out the chanae in the
motion of the particle due to the magnetic field., Tt should

be noted at this point, that Pg$ < 0 is equivalent to& < 1,
and P¢ > 0 is equivalent too{ > 1, which connects Sect.B and C.
The conclusions drawn in this section, therefore, are identical
to the conclusions drawn in the previous section, and will be
substantiated by numerical solutions of the equations of

motion.

D. GUIDING=CENTER APPROXIMATION
THE_EQUATIONS OF MOTION

In this section, we will investigate the conseduences

of making the guiding-center approximation(7) on the equations
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of motion. We will assume that the perpendicular velocity
of each particle is determined by the EXE drift of the

guiding=-centers

=(cE xB)/8*

_ (cE.xB)/B* (Tv74)

where

e(P-TF-il? = ~E.  (Tv75)

and we will again deal with the relative system (T = r,- 1,).
In the guiding=-center approximation, the mass of the particles
does not enter into the dynamics, so we can define the

*electric® center of gravity(36) of the guiding centers

ré“_ -—(/:)(f + T )—- conrsTant
(Tv7e)
-\Z;SL = ,/2'(_\7% - D;L):
(TV.77)
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The equations for the relative motion of the guiding-centers

are as follows

- W, = (aec/p)(F-T)x2/I77[

X
|

’-’d_d- =Tt ) (TV 7%)

Let
E;l = ’?L -.‘Fil. (rjz-b(’7€t>

The quantdiqraLis the perpendicular guiding-center separation

of the two particles, and we can write the following equations

(:zec/s)(f_,_ XZ)/[& + 2 ]3/2'

(TV ?0)
5 = (2 e) Y
(Tv #)
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These are the equations that we now want to consider. At

this point, we will write them in dimensionless units (£ ,W/})

Z, = (ix§)/[&"+ 27

(T v%2)
2: = 2’/[2_:4-2'73/1

(Tvg§3)

The first equation, eq.(IV.82), implies that fll== élf fL

is a constant, since we can multiply both sides of the equation
tanl, and the right side of the equation is zero, The

second equation, eq.{IV.83), has a first integral (36) which we

can write

\/;_.‘/2. + f/(ffﬁ:‘)’/z' = constant (TV 5’4)

At this point, we are interested in solving eq. (IV.82), 8o
we will use the lowest order solution to eq. {(IV.83}). This

solution is

Z= Ut
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V), = corstart
(T V ?Sj

So we want to solve the following equation(37)

7 = (Bx8)/[55 v T
(T Vv %6)

£t Grig,  (Tvan)

£+ = - (5 T
(TV 28)

51'-: & o c{qb—gb)

gé = constar?t
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P = P(+) ()

We have the following equation for 50(?)

W = //[fj-f(l/,,t)ﬂs/z (T V90)

Which, upon integration, yields the following expression for

the change in V’ due to the interaction.

AV = Plra) — L) (Tv91)

= 2/v, 5" (Tvaz)

In dimensional units, this quantity is

2= dec/BV, 2" (Tv93)

A picture of the motion of the two particles, in this guiding-
center approximation, is that the guiding-center of each

particle moves on the surface of a cylinder whose diameter
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is egqual to {L . The axis of the cylinder is along the direction
of the magnetic field and passes through the ®"electric®™

center of gravity. The net displacenent of each guiding-

center is given by eq. (IV.92). It will be shown (see Sect.E)
that a comparison between eq. (IV.92) andA'f determined
numerically from the exact equations of motion indicates

good agreement for those collisions characterized by¥®> 1,

It will also be shown in Section E that the gquiding-center
separation of the two particles rapidly approaches a constant

as & becomes greater than one.

Let us now return to eq.(IV.84), the first integral
for the equation of motion in the z-direction. We can use
this equation to determine another condition for reflection.
There is a distance, d, determined by setting Va ™ 0 in this
equation, such that for ii:( d, the two particles will reflect,

and forél)'d, the two particles will undergo transmission(12,36).

The value for 4 is

d=2/Vs (T V.94)

where v, is the initial relative velocity of the two particles
L

in the z-direction when they are separated by an infinite

distance. It is clear, referring back to Section B, where
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the quantity I, was defined, that one could have E>E, ,
where I is the total enerqy of the relative particle, and
the particle would undergo reflection, if it satisfied the

following inequality

£, < d (TVv95)

In terms of & , see eq.(IV.61l), we can write this inequality

as

< 2/v Ve (TV9)

The numerical solutions indicate that this inequality is valid

only for o« 2 1, so we have the followiag sot of incgiualities

z/v-,. Vej' > AL > ] (f\/ﬂ?’?)

vy(w) < 2 (TvA3)

as the condition for reflection. In a plasma, very few

particles would be expected to satisfy this inedua’ity, and
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for those that do, the collision is verv much like a hard-
sphere collision in which the two particles exchange parallel
enerqgy, but leave their perpendicular energy unaffected. In

a thermal plasma with temperature T, eq.(IV.98) is equivalent

to

o< e/ T (Tve)

L
wherej is the unit of length, eq.(IV.3), and e/‘-r is the

classical distance of closest approach.

E. NUMERICAL SOLUTIONS

The equations of motion of the two particles are solved
directly without making any transformation to the relative
coordinate system. This avoids the need to transform back
to the laboratory system when determining the Kinetic enerqy
transfer, and leaves the numerical code readily adaptable to
non-identical particle interactions. The equations are solved
by a standard second-order time-centered algorithm{38). The accura
of the algorithm was checked by comparing the non-interacting

orbits, calculated numerically, with the exact heliclal orbits.
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With the interaction on, conservation of enerqy, center-of-mass
momentum, and generalized anqgular momentum afford tests of
the numerical error involved in the calculations. In all the
runs considered, the error was always less than 5%, with the
total number of time steps equal to 3000, and each individnal
time step,A‘f’, ranging from .005 to .N07. The initial
conditions of the two particles were always chosen such that
the initial potential enerqgy was less than one-tenth of the
total energy, and the length of the run was determined by
the time required for the potential enerqgy to return to the
original value. Each computer run corresponds to a set of
initial conditions (F,,?,,Ei,?z) in the complete phase-space
of the two particles ( where T, ,T, are the initial positions

!

and'q ,Fi are the initial velocities) and is characterized
by the number o which is the ratio of the initial guiding-
center separation to the initial relative gyro-radius.

Keeping the initial velocities fixed, & 1is varied by varying
the initial radial-separation of the two particles, resultina
in a set of runs of equal initial kinetic enerqgy but different
values of & , and this is repeated for many different values
of kinetic enerqgy. The different values of initial kinetic
energy correspond to various combinations of the parallel

and perpendicular kinetic energy of each particle, sec

Table(2). Some quantities that are supplied by the numerical

results are : a}) The kinetic energy of each particle as a
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function of time {perpendicular and parallel kinetic eneray),
b) The radial separation of the two particles as a function
of time, c) The guiding-center separation as a function of
time, and d) The z-position of each particle as a function

of time.,

We will first consider the effectiveness of kinetic
energy transfer in the collision as a function of o . For
each series of runs, which corresponds to each particle having
the same initial kinetic energy (both parallel and
perpendicular to the magnetic field), but different values of
ol , we can calculate the kinetic energy transferred in the
collision and plot this number vs, ol . The curves are shown
in Fig. (9-17). On the same curve, we will plot the expected
kinetic enerqgy transferred in the collision as calculated
from perturbation theory, eq.{(IV.68). In general, we can
say that the theoretical predictions are in good agreement
with the numerical results forea> 1, as we would expect based
on the conditions of the perturbation solution, eq.(IV.63).
We can also say that in all the curves, whene/21, the kinetic
energy transfer is much less than what it is whenoal< 1, or,
to put it another way, most of the kinetic enerqy 1is
transferred in those collisions characterized bye{< 1. In
support of some of the conclusions made in Sections B and C,

we will use some numerical curves of kinetic energy and
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radial-separation of the two particles vs, time, see
Fig.{18,19). Each of these curves corresponds to a collision
with a particular value of & , We can see that, whenol< 1,

the perpendicular kinetic energy of cach particle as a
function of time is monotonically increasing or decreasing
throughout the interaction. We can define the time of the
interaction as that interval of time in which this change
occurs, bhefore and after which the perpendicular kinetic
energy is a constant. Asol becomes greater than one, on the
other hand, we see that the perpendicular kinetic energy of
each particle beqgins to oscillate as a function of time,
indicating the effect of the magnetic field on the interaction
process, and resulting in a lower kinetic enerqgy transfer,

We can also look at the radial-separation of the two particles
as a function of time, Fig.(20,21), to indicate that those
collisions which have €< 1, and result in most of the lin:tic
enerqgy transfer, are also those collisions in which R < R,

throughout the time of the interaction (see Sect. B}.

In order to make some connection between our numerical
results and the classical Rutherford=Scattering formula{39) (see
Appendix A), we have considered collisions with the second
particle initially at rest. We can proceed in the same manner

as before and plot the kinetic energy transferred in these
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collisions as a functinn of o , see Fig, (22), On the same

plot we will indicate the kinetic energy transferred as
expected from the Rutherford formula, and the kinetic energy
transferred as expected from perturbation thecory, eq.{(IV.68).
It is clear, that wheno{< 1, the unmagnetized results

are in good agreement with the numerical results, but that
when o > 1, the unmagnetized results as calculated analytically
over-estimate the numerical results. It should be noted, at
this point, that in the numerical results, the enerqgy grows
throughout the calculation, so that for those collisions

which result in a small kinetic energy transfer , an appreciable
amount of that energy will be numerical error, and so the

lower end of the numerical curves are over—-estimates of the
kinetic energy transferred. With this in mind, it is clear

that the perturbation results are in good agreement with the

numerical results when o2 1.

We will now consider the limits in which the guidinc-
center theory agrees with our numerical results, In the same
manner, we can plot A'f’, defined by eq. (IV.92), as a function
of &  and compare withAlP calculated from the numerical
results, see Fig.{23). As & becomes qreater than one, it
is clear that these two curves rapidly converge, siqgnaling
the onset of the validity of the guiding=-center approximation,

In addition, we can plot the change in the radial guiding-
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center separation of the two particles in the collision, as
a function of o , see Fig.(24), and we see that it goes

rapidly to zero as e becomes greater than one.
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APPENDIX IV.A

The classical Rutherford-Scattering formula for two

identical particles is

fan 9/2_= 81/QE5 (A-’)

h Y

E= relative energy = nwb/aﬁ

s= impact parameter

©= scattering angle in the relative frame
m = mass of one of the particles

The relationship between the scattering angle in the relative

frame and the lab frame for two identical particles is

= 8/2 (A2)

U is the scattering angle in the lab frame
If we assume that the second particle is initially at rest,
the expression for the kinetic enerqgy transferred in the

collision is

FET = (rm \/o”/z)[/// +(MV.,15/26")1]
(A.3)

In terms of our dimensionless units, this expression can be

written



KET = (V,,’/z,)[/ / 1+ ( V«»"S/z)?
(A 4)
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o COUCTUSTION

The numerical sclutlions te the 2cnations of meotion
tuat we htiave discussed i the previous chapter indicate a
mimber of very interesting and useful properties of binarvy
interactions in a strong mnaanatic finld. e have focuse our
attention on the “inetic eneragy transerrad in the collision
as the most iportant asnect of a ¢nllisio-n, as far as lhinetic
theory is concerned. Tiie curves that we have shown indicate
that, very quickly as 4 function of o ¢« does the numericall:
determinod kinctic cneray transfer acree with thot »redicted
from a first order perturhation calculation, which kreats
the interaction as snall. The reason there is such a rapid
converdgence 1is due to the role that the racnetic field plays
in the interaction. Obviously, the naanetic field does no
work on a charqged particle and so cannot change the kinotic
enerqy of the charaed narticle; whiit it can do, how:ver, ics
chanae the way in which the particle acains or loses kKinotic
energy. Ifel2> 1 durinc an interaction, we find thot the
Fineti: enerqgy of each particle oscillates in time durinag
the interaction, sonmetires aaining enoray, soretires losiva
eneray, with the result that there is no anprecial.le aain
or loss of kinetic eneray after the interaction, Collisions
of this type will not chanage the distribution function of

that particle in any sicnificant way, especially sirce the
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description of such collisions qoes, very auickly, over into
the quiding=-center approximation, as we indicated ir the
previous chapter. On the other hand, wvhen o < 1, we find
that the kinetic enerqgy of each nparticle is monotonically
increasing or decreasing throughout the interaction, rach
like an unmagnetized collision. We can think of th- tire of
the interaction as beino roughlyv aiven by tlhi onidin. -renter

separation dividesd by the parallel velacity

'/' ~ g.{./Vu (\/-/)

Tn terms of & , we can write

+ ""0((\/.1./1/,; (\/QD

'lost collisions will have the quantity in brackets of order
1, so that whon &€ 1, the ictoraction occurs in a time less
than a gyro-poriod. The magnetic field does not plav an
important role in such collisions, thus indicatine vy the
Linetic encray vs. time curves or these collisi- ns are
monotonically increasina or decreasing. The maanetic Tield
does act, therefore, to sScreen the conlomb notential, bv
changing the manner in which the two particlas intoract,

depenriinag on the value of X . This has bheon noticad bvon
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number of authors who have investingater? the kinetic theory

of a stronqgly magnetized plasma(l?,14,41,42). It is not surprisine
that the aqvro=-radius should emerae as nn effective screeni'ag
lenath, replacino the debve=lenatl, since all these theories are
Lased on the binary interaction nrocess in a stronag macnetic
Field. Ve would lile to make the analoav between the debve-
lencth in an unnagnetized plasmna, and the thermal agyro-

racdius in a stronaly maonetirzed plasma. 'The debve-lenath is

a screening lenath determined bv the larce number of particles
in a debye sphere, and it emerages naturally out of Balesca-
Lenard kinetic thecory, which takes nroper account of the
dielectric nature of the lasma{’n,43), The thermal gyro-<radius

T

in a strongly magnetized nlasma, on the othr oand, is A
screenina lenath which 1s determined bv the n“fect of the
nacgnetic field on the binary interaction |-ocess; it Jdoes
not lepend upon the dielectrio —atare of thie lasna, and,
therefore, Fokker-=Flanck kinetic theory shculd be an
adequate Jdesceription of such a plasma. Tt is not nzressory
tn treat a stronaly narnetized plasma in the Balescu-Lenar
limit (14-46), since we mnow hefore-hand that a oood approximation
is to invoke the thermal gyro=-radius as an effective

cutoff, and to use the lPokker=Plancy ~2rnation as an adecuate
description of the plasma. In three dimensions, such a

procedure does not change the existinc kinetic theory very

much; one simply replaces the familar InA term in the
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collision inteqgrals with 111/\8 , where

A= Ao /€/aT) (v3)
No=UhJw)/E€TET) (1 4)

In two dimensions, there is a more drastic alteration of the
- . _ , -1 -/
collision intaqrals, essentially replacinc Uﬂp with
Wwe have considered the conscauences of usiina these stronecly
maanetized collision inteqgrals 1in calculatine the transort

properties of a two-dimensional !-lasia, and we have found

the collisional transpert to be neclicible,
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Fig. (9)

Fig, (10)
Fig. (11}
Fig.(12)
Fig.(13)
Fig. (14)
Fig, (15)
Fig. (16)
Fig. (17)
Fig. (22}
Fig.(23)

Perpl.

490
1.000
.8310
.860
1,000
«810
1.000
«160
1.000
«250
1.000

116

TABLE 2

Perp2,

.490
1.000
.810
. 680
1.000
810
.902
«250
. 250
000
1.000

Paral.

.245
405
L5300
« 360
«500
<500
405
.590
.A05
2,000
500

Para?l.

245
«405
500
. 360
125
. 320
.405
. 500
«405
.00
.125
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