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Introduction.

Several problems in science and engineering demand extensive computation of large size discrete Fourier 

transforms (DFT). One way to satisfy this demand is to expand the processor performance. Another way, 

is to choose cleverly designed algorithms: that is, essentially, ways of organizing the computations so that 

the number of operations required is minimized.

The design of DFT algorithms can be traced historically to the times of Gauss (1805) [ H-J-B ] and the 

principal discoveries of efficient computing methods involved, among others, authors as Runge, Danielson 

and Lanczos [ D-L ], Thomas [ T ], Good [ G ], Cooley and Tuckey [ C-T ] and Winograd [ W ].

The introduction in 1965 of the fast Fourier transform algorithm (FFT) by Cooley and Tuckey is 

considered to be a turning point in DFT computing methods. They showed that the DFT can be calculated 

using NlogN  operations instead of N 2. The FFT algorithm remains the most widely used method of 

computing the DFT despite the presentation in 1976, by Winograd, of an algorithm in which by computing 

DFTs as convolutions, a theoretical reduction over the FFT is achieved. Winograd’s work also showed that 

an important factor in obtaining lower computational bounds for DFT algorithms is the use of the underlying 

mathematical structure of finite rings.

Further reductions in the DFT computational burden might be obtained in cases in which the input 

data sequence contains structured redundancies. A pioneering work in that direction is found in an article 

by Ten Eyck [ T ]. The Ten Eyck method calculates the DFT of a sequence having redundancies due 

to crystallographic symmetries by computing FFTs on subsequences containing all the necessary input 

information. This method is restricted to certain crystallographic symmetries since the essential input 

sequence that remains after the elimination of the redundancies does not always admit a partition into lines 

of data as required to compute on them with FFT’s. This restriction is common in the problem of the 

elimination of input data redundancies in the DFT computation. The reduction in size of the original DFT 

matrix needs to be complemented with the design of fast methods to compute with the reduced matrix.

The purpose of this work is to present new algorithms computing the DFT for each of the following 

classes of symmetric sequences:

1.- Sequences satisfying: x(n) — z(—n);

2.- Two-dimensional sequences satisfying: a (n i,n 2 ) =  s (—ni, fi2 );

3.- Two-dimensiomalsequences satisfying: x(ny,ri2) = sc(—n i ,—r^);

4.- Two-dimensional sequences satisfying: z (n i,n 2 ) =  x{ri2 , ni);



5.- Three-dimensional sequences satisfying:

x(nx, n2, n3) - n 2, n3)

=x(nu  - n 2, - n 3)

= x ( - n 1, n 2, - n 3)

where n, m , n2, n3 G Z / N ,  and N  is the product of two disctint odd primes.

The DFT computation of sequences having this type of symmetries is common in problems of structure 

determination by x-ray crystallography, [ L-P ]; DFT computations on sequences satisfying z(n) =  x(—n) 

are also extensively used in the solution of boundary-value problems in partial differential equations [ H ] , 

[S ] .

The new algorithms proposed here are derived by eliminating the redundant computations from a 

suitable DFT matrix representation, obtained by means of ring-theoretical techniques. This matrix repre­

sentations always admit a factorization as a product of an integral matrix times a block diagonal complex 

matrix; factorization that was first proposed, for the one-dimensional DFT matrix, by Tolimieri [ To ].

The use of this DFT representations and their factoring formulas in the elimination of redundant compu­

tations is two folded. On one hand they provide algorithms based on preprocessing the symmetric sequence 

through additions and subtractions into a new sequence, which can then be transformed using FFTs and 

diagonal matrices. Hence, the post processing step, that appears in most of the existing fast algorithms 

computing the DFT of a symmetric sequences, has been eliminated. On the other hand, each one of the two 

factors in the above mentioned DFT factorization, naturally decompose into blocks indexed by the orbits 

of the action of a group G on the indexing ring of the original DFT matrix, providing the blocks with 

computationally desirable structures.

In all the cases considered in this work a group G can be chosen in such a way that the automorphisms 

describing the redundancies in the input DFT sequence map G-orbits onto G-orbits. Furthermore, G can 

be chosen so that the automorphisms either map one G-orbit onto a different one, or act on a G-orbit as 

multiplication times -1. In the first case the reduced block is either a skew-circulant or a tensor product of 

skew-circulant matrices while in the second case the reduced block turn out to be either a skew-circulant 

matrix, a tensor product of skew-circulant matrices or a block-Hankel matrix that decompose into skew- 

circulant blocks. Every skew-circulat matrix admits a sparse matrix factorization as the product of DFTs 

and diagonal matrices, (see Appendix). As for block-Hankel matrices, two different factoring formulas are 

presented in the first section (Proposition 1 and Proposition 2). Through this formulas the scheme of 

computing basically with FFTs and diagonal matrices is reocuperated at the cost of pre and post additions, 

in the first formula, and permutations, in the second one.



Although the implementation of this algorithms is not discussed here, their expression as tensor products 

can be actually used to generate code and explore its possible vectorization or parallelization.
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1.- Factorization M ethods For Block-H ankel M atrices

In this section we present two different sparse matrix factorization formulas for linear combinations of 

tensor products of Hankel matrices. The factors encountered are either skew-circulant matrices, permutation 

matrices or sparse matrices whose entries are zeroes or ones.

The aim of these factoring formulas is the reduction of the multiplicative complexity (i.e. the number 

of multiplications required to compute with the matrix) of the original matrix.

l.l.-B lock-H ankel m atrices and a first factoring formula

We first set the basic definitions and adopt some notational conventions.

All matrices considered in this work are complex matrices. An n X m matrix A  having entries a(k, I) 

will be denoted by :

(1.1.1) A = ( a ( k , l ) )

followed by the specification of the domains of k  and I. In general it will be said that A  is indexed in R  x  S  

if k  ranges on R  and I ranges on S.  If needed, the notation

S

(L1-2) A = R  ( a(k,l ) )

will be used as an alternative to ( l . l . l ) .

Special matrices such as column, row or diagonal matrices will be denoted as in (1.1.1) but with the 

extra indication of the symbols col, row and diag proceeding the matrrix brackets.

The transpose of A  is denoted 4 A  and A  will denote the matrix whose entries are the complex conjugates 

of the entries of A.

The following symbols will always stand for the same matrices:

(1.1.3) IN 

w ill d e n o te  th e  N  X N  id e n tity  m a tr ix ,

(1.1.4) i N = ( a ( k ,l ) )

w ill d e n o te  th e  N  X  N  m a tr ix  w hose en trie s  are:

( 1  if k +  l =  N 
a{k, I) = j

1 0 otherwise.



Such a matrix is called the N  X N  off-diagonal identity.

( 0 1 0  . •0 0 1  . . 0

0 0 0  . . 1

U 0 0  . . 0 )

(1.1.5) K n  

will stand for the N  X 1 column matrix whose entries are ones, and

(1.1.6) SN =

will denote the N  X N  shift operator.

The word block preceding the matrix bracket in (1.1*1) indicates that the entries of A are given in terms 

of block matrices. However, if no ambiguities arise, the word block will be avoided for simplicity.

The notations block-col, block-row and block-diag have the obvious meanings.

Let A  =  ( a{k,l)) be an N  X N  matrix, with N  =  RQ. Consider the following blocks in A

(1.1.7) A[k, I) =  ( o(n +  kQ, m  + lQ))

0 <  k, I < R  — 1, 0 < n, m <  Q — 1. Such a decomposition of A  will be called the (R, Q)-block decomposition 

of A.

It is worth noticing that both the (R ,Q ) and the (Q ,R ) block decompositions of A  exist as soon as 

N  = RQ  but they are not equal unless R = Q.

The main tool in describing the properties of the block structured matrices is the tensor or Kronecker 

product of matrices, which is defined as follows :

Let

(1.1.8) A = ( a ( M ) )

be an JVj x  matrix and let B be an M l X M2  matrix. The tensor product of A  and B,  denoted by A ® B  

is defined to be the matrix

(1.1.9) A ®  B  = block( a(fc,l ) B )

The tensor product is a bilinear operator on the space of N 1M2 X N 2M 2 matrices satisfying the two 

following extra properties

(1.1.10) t {A ® B )  = tA ® t B  

5



(A ® B)(C  ® 2?) =  AC  ® BD

the last one for matrices of appropriate sizes.

An N  X N  Hankel matrix is a square matrix A = (a(k, /)), satisfying:

a{k,l) =  a{k', I')

U k  + l = k' + l \

The set of all N  x  N  complex Hankel matrices forms a complex vector space. A basis for this space is 

given by the Hankel matrices having ones in the (k +  1) — th off-diagonal and zeroes everywhere else. We 

denote this matrices by :

(1.1.12) Hk(NK

An important subspace of this vector space is the one formed by the skew-circulant matrices. An N x N  

skew-circulant matrix has the following general form:

/  ao Ol a2 . • ON-1^
ai 02 a0

(1.1.13) A  = 02 Ox

V.aN - l ao ai . • ON- 2  /

A standard notation for this matrix is :

(1.1.14) sc (ao ,...,O N -i) or sc(afc), 0 <  k < N  — 1

and clearly A  is expressable as:

(1-1.15) A = a N - i H ^ W  + Y ^ a k i H k W  + Hk+NW).
fc=o

The most relevant property of skew-circulant matrices in the context of this work is the fact that they 

can be diagonalized by the discrete Fourier transform (DFT) matrix. The JV'-point DFT matrix is defined 

as :

(1.1.16) F{N) = {wkl ) 

6



0 < k, I < N — 1; where w =  ezp(^p-) and the diagonalization of an N  X N  skew-circulant matrix A by F(N ) 

is expressed in the formula:

(1.1.17) A = F ( N ) - 1 £> F ( N ) - 1

where D  is an N  X N  diagonal matrix. See the appendix for details.

An (R,Q)-Hankel  matrix is an RQ  X RQ  matrix A  = (o(Ar, /)), which under (R, Q)-block decom­

position satisfies:

A(k, l)  = A{k'-,l')

whenever k + l = k' + 1'. Therefore A  is (R, Q)-Hankel if and only if it can be written as

R- 2
(1.1.18) A = ® A fc

k= 0

where A* is a Q x  Q matrix for every k, 0 <  k < R  — 2.

In other words the space of all (R, Q)-Hankel matrices is the tensor product of the space of the R  X R  

Hankel matrices times the space of the Q x Q  complex matrices. A whole class of block structured matrices 

arises by taking successive tensor products of spaces of Hankel matrices. In general a matrix will be said 

to be (jRi,. . . , Rn,Q)-Hankel  if it is a member of the tensor product vector space of the jR,- X iZj-Hankel 

matrices {i = 1 , . . . ,  n), times the vector space of the Q X Q matrices. Such a matrix is expressable as :

(1.1.19) A  =  £ . . .  £  Jfffcl(iJl)® . . . ® H fcn̂ ® A ( f c 1)...,fc„)
ki=0 0

where A{k \ , . . . ,  kn) is a Q x Q  block for each (fci A:„) e  Z / R i  X . . .  x  Z/Rn  .

In what follows a formula for the factorization of matrices of the form of A in (1.1.19) is proposed. The 

core of our factoring method is illustrated in the following example: let

( A o Ax 10]
(1.1.20) A = \ A 1 [0] A 2

V [°] A 2 ■̂ 3

where A,,  0 <  t  <  3 are Q x Q  matrices and [0] represents the Q x Q  null matrix.

Now

( i o (A f o  l  o \  f o o  (A /o
0 0 0 I ® A0 +  I 1 o 0 I ® Ai +  I 0 0 l  ® A 2 +  0

0 0 0 J \0  0 0 J \̂ 0 1 0 J \0

o o \
0  0  J ® A3

0 l j

7



=  (/3 ® ^o)(-ffo(3) ® Iq ) +  (Is ® ^ i ) ( i r i (3) ® Iq)  +  (/3 ® A 2)(H3{3) ® Iq)  +  (/3 ® i43)(jy4(3) ® IQ)

/ 13 ® Aq

— ( I s ®  I q  I s ®  I q  I s ®  I q  I s  ®  I q )
I3 ® A i

I 3 ® A 2
I 3 ® A3 ,

/fr0(3) ® i Q\
H ^ Q I q

H s { 3 ) ® I q

. h ^ ® i q J

= [ ( /3 Is Is I s )  ® I q \

( I3 ® A 0
I3 ® A\

I3 ® A 2
Is® A3.

( W 3! 
h 3(3)

v# 4(3)

®  I q ]-

Consider the block-column matrix:

(1.1.22)

/ I 0 0^
0 0 0
0 0 0
0 1 0

f # o 3 \ 1 0 0
H i i3) 0 0 0

0 0 0
^ 4 (3V 0 0 1

0 1 0
0 0 0
0 0 0

VO 0 1 )

the elimination of null rows in (1.1.22) gives:

(1.1.23)

When applied to the bottom equation in (1.1.21) this elimination of null rows propagates affecting 

the left factors in each tensor product. After writing all the corresponding reductions we get the factoring 

formula:

(1.1.24) I2 ® Ai
I2 ® A 2

A 3 J

8



Notice that, as in (1.1.23),

Consider now the (3, Q)-Hankel matrix:

( Ao A\  A 2 \
Ai A2 Ao .

A2  A3  Ai  J

Expressing A as

(  A2 A2 A2  \  /  Ao — A2  Ai — A2  [0] \
(1.1.27) A =  I A2  A2  A2  I +  I Aj — A2  [0 ] A3  — A2  I

V A2  A2  A2 )  V [0] A3  — A2  Ai  — A2 J
( 1  1 l \  / A o - A 2 A x - A a  [0] ^

= M  ̂  ̂  ̂ I ® ■‘̂ 2 ) + 1  Ai — A2 [0] A3 — A2  I
VI 1 1;  V [°] A3 A2 A i - A 2J

=  ( h  ®  I q  h ®  I q )

® A2

Ao — A2  Ai — A2  [0]
A x  — A 2  [0 ] A 3  — A 2

[0] A3 — A2 A i  — A2 J  J

(  I z ® I q \  
\ I s ® I q )

using the identities:

(1.1.28) ®A2 = | l j ( l  1 1 ) 0  A2 =  [ f  1 j ® / q]A2[(1 1 1 )® J q],

and the formula (1.1.24), we obtain :



Ao — A.2
I 2 ® (Ai  — A 2 )

I2 ® (A3  -  A 2 )
A t  — A 2 j

® I q )

=  (JW(3) ® /q )  £ 3 (A) (£(3) ® I q ).

Clearly all the steps followed for the above shown (3, <3)-Hankel matrix factorization are generalizable 

to any (R, <?)-Hankel matrix. The general forms of the factor matrices E r (A ) ,M (R)  and L{R)  as well as 

their characteristics can be drawn from a direct observation of the above shown example. As a m atter of 

fact

(1.1.30)

Er {A) =

(  A r -  1

block -  d iag  ( Ik+1 ® [A k — A r - i ] )

block — diag  ( IR- k- i  ® \Ak+R — A r - i \ ) J

0 <  k < R  — 2. Therefore E r  (A) is an (R(R — 1) +  1 )Q X (R(R  — 1) +  1 )Q block diagonal matrix.

On the other hand motivated by relations (1.1.23) and (1.1.25) we define the general blocks: lj?)  

(respectively: lj.L  ̂ ) to be the R  X k  matrices whose upper (respectively: lower ) k  X k  block is I k and the 

rest null; and the general blocks Ijp  ( respectively: ) as the k x  R  matrix whose first left ( respectively:

r ig h t) k x  k  block is I k and the rest null. Now :

(1.1.31) M (R )  =  block ( K r  block ( 4 ^ )  block ( l ^ ) )

0  < k  < R  — 2 and

10



(1.1.32) I(iE) =  block { ' K r  block ( i W )  block ( )  )

0 < k < R  — 2 . Therefore M{R)  is an Ji X (R[R  — 1) + 1 ) matrix, while L[R) is an [R(R — l) + 1 ) x R  

matrix. The factoring formula for A  is :

(1.1.33). A  =  [Af(2i) ® I q ] E r (A )  [£(jR) ® I q )

The first factoring formula, stated and proved below, is a slight modification of (1.1.33) 

PROPOSITION 1:

Let A  be an (R, Q)-Hankel matrix such that all the Q x Q  blocks of its (R, Q)-block decomposition, are 

skew-circulant blocks. Then:

(1.1.34) A =  [Ir ® F {Q )-1] [ M ( R ) ® I q} & [ L { R ) ® I q ][Ir ® F { Q ) - 1},

where A is an (R(R  — l) +  1 )Q diagonal matrix.

Proof of Proposition 1:

Since each Q x Q  block in the ( R , Q)-block decomposition of A  is skew-circulant, the matrix E r ( A )  

consists of (R(R  — l) +  1) skew-circulant blocks of dimension Q X Q in its main diagonal. Hence there exist 

a Q(R(R  — 1) +  1) diagonal matrix A such that :

(1.1.35) Er (A) = I f R i R - D + ^ F i Q ^ l A l l R i R - D + ^ F f Q ) - 1].

Now:

[M(i?)®/Q][/Jl(jI_1)+1® f ,(Q)-1] =  [JrM ^ ) ® ^ ) - 1/^

(1.1.36)

= [/ij® ^ )-1]^^)® ^]

and similarly:

[ W - I J + I ® ^ ) - 1] ^ ) ® / ^ ]  =  L(R)Ir  ® Iq F iQ )-1

(1.1.37)

=  [i(i2) ® TqH/r ® ^(Q )-1]

11



The Proposition follows after replacing this equation in formula (1.1.33).||

Formula (1.1.33) is generalizable to (J2i R nt Q)- Hankel matrices through a nesting procedure which

is the natural generalization of what it is shown below in the case of (Ri, R2-l Q)-Hankel matrices.

Let A  be an (J?i, R2, <2)-Hankel matrix; then id is, in particular, an (J?i, R2Q)-Hankel matrix and so 

formula (1.1.33) gives

(1.1.38) A  =  [M {R )® IR3Q]Er {A) [ 1 ( ^ ) 0  Ir,q}.

Each block in the main diagonal of E r 3, being the result of linear combinations of (7?2 i <3)-Hankel 

matrices, is on its own an (f?2, Q)-Hankel matrix. Let A(k) 1 <  k < R\(Rx  — 1) +  1 denote each of these 

blocks. Then, again by (1.1.33):

(1.1.39) -A(fc) =  [ M ^ ) ® / ^ * , ^ ) ) ] ! ^ ) ® / ^

therefore

A  =  [M(i?i) ® Ir , q ] [block -  diag (.4(A;))] [.L{Ri) ® I r 3q]

(1.1.40) =  [M(iZx) ® I r 3q ] ® M[Rv)  ® Iq] [block -  diag ( E r 3 (^(A:)))]

=  I^Ri(JZx-i)+i ® ^{Rq) ® 7q] [L{Rx) ® I r 3q\,

but

[Af(.Ri) ® Ir !q] ® M ( R 2) ® Iq]

(1.1.41) =  [M(Rx) ® I r 3 ® Iq] [ I r j ^ - x j + x  ® M{R2) ® Iq]

an d  sim ilarly :

=  M {R x )® M {R 2) ® I q



(1.1.42) [^Ai(iZi-i)+i ® -M-fo) ® ® -Trjq] =  M R i)  ® L(Rz)  ® I q -

So, if we denote by E r 3 o E r x (A) the block diagonal matrix resulting from applying the operation E r 3 

to  each block in E r ^ A ) ,  we get:

(1.1.43) A  =  \M{R1) ® M { R 2)<8>Iq]\Er1 o E r 1{A)]\L{R1) ® L ( R 2) ® I q }.

Hence, in general, for an ( R i R n , Q)-Hankel matrix A  we have the factoring formula:

(1.1.44) A = [M(fl!) ® . . .  ® M(Rn)  ® I q ] [ERn o . . .  o ERl (4)] [L(i?i) ® . . .  ® L(Rn) ® IQ)

and if each Q X Q block in the (i?i Rn,  <3)-block decomposition of A  is skew-circulant we get the

following generalization of the formula stated in Proposition 1:

(1.1.45) A = [IRl ...Rn ® f ( Q ) - 1] [M(J?i) ® . . .  ® M (i^ )]  A [ L ^ )  ® . . .  ® L(i?„)] ® F (Q )"1],

w here  A  is a  Q n « = i,...,n(-®*(^» — 1) +  1) d ia g o n a l m a tr ix .

Formula (1.1.45) plays a crucial role in reducing the size of A for (R, Q)-Hankel matrices in which 

R  = n»=i,...,n R*- I11 order to see that we first observe two simple facts :

Observation 1:

If A is an (R, (?)-Hankel matrix and R  =  n»=i,...,n R* *hen “  a^ °  an C®i> - - -RhQ  Ilfc=j+i,...,n Rk)- 
Hankel matrix, for any 0 <  I <  n. Indeed, it is easy to  see that if the off-diagonals formed by the Q x Q  

blocks are constant, so are the off-diagonals formed by (Q llk=j+i. ..n Rk) X (Q IIfc=J+l,.. n Rk) blocks.

Observation 2 :

If R  = R 1R 2 , with i?i >  1 and R 2 > 1 then:

(1.1.46) f l ( i E - l )  +  l  >  [i?i(iZi — 1) H-1] [/22(J?2 — 1) +  !]•

Indeed, if Ri ,  J?2 >  1> then obviously

13



(1.1.47) R-iRz + 1  ^  R l  +  R 21

but this inequality implies:

(1.1.48) (JSi +  R 2) {R1R2 +  1) >  (i?i +  R2 )2, 

which on its turn gives:

R ( R  -  1) +  1 =  R f  R% -  R iR z  +  1

(1.1.49) >  { R l R 2 - R 1R2 + l) + (Ri  + R 2 )‘2 ~ { R i  + R 2) {R iR 2 + 1)

=  [J?i(12i — 1) +  l][i?2(l?2 — 1 ) +  1].

Therefore if formula (1.1.45) is used with a full decomposition of R  into multiplicative factors, the size 

of the diagonal m atrix achieves a minimum

On the other hand, both formulas (1.1.34) and (1.1.45) require the same number of additions. In order

to see this, let’s consider the case R  =  R±R2. For a given m atrix A,  let:

a{A)

be the number of additions required to compute with A,

c(A)

be the number of columns in A, and

r(A)

be the number of rows in A.  Then:

(1.1.50) a(A  ® B )  = c{A)a(B)  +  r(J5)a(^). 
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Now, for a given R:

c(M(fl)) =  r(L(fl)) = B ( J E - 1 )  +  1, 

r(M(iZ)) =  c (I(ii)) =  R, 

a{M{R)) = R{R - 1)

and

a{L(R)) = R - 1.

Therefore, if R  =  R1R2 , the total number of additions in formula (1.1.45) is given by:

(1.1.51) Z  = [c(M(Rl ))a(M(R2)) + r(M(R2) )a(M(R1))] + lc(L(R1)a (L(Ra)) + r(L(R2))a(L(R1))\.

A straight coputation shows that Z  =  a(M(R)) + a{L[R)).
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1.2.- Factoring formula based on skew-circulant factors

As pointed out in the introduction, some block-Hankel matrices appear as a result of the elimination of 

redundant computations induced in the DFT matrix by symmetries in the input data. These block-Hankel 

matrices {ire always expressable as the tensor of a Hankel matrix times a skew-circulant one, where the 

Hankel factor comes from the elimination of three quarters of a skew-circulant matrix of even size. A typical 

situation is illustrated below:

Let

(1.2.1) C = sc(co,Ci,c2,c3 )

if we denote by

(1.2.2)

and

_  /  C0 Cl \
\ C1 c2 /

(1.2.3)

then we get

<72 _  f c 2 C3 \  
\C3 C4 /

c  -  ( ;  ? ) « « + ( ;  ; )® c ,
(1.2.4)

=  /2 0  Ci +  J2  ® C2  

Consider another skew-circulant matrix of even size, like the 6 x 6  matrix B:

(1.2.5) B  =  sc(bo,bi,b2 ,b3 ,b4 ,b&) ( B i  B 2 \  
~  \ B 2 B r )

Our problem is the factorization of:

(1.2.6) Ci®(S S)+C2®(S S)
16



Now

( B 2 B x \  _  „ 3 /  B x B 2 \
\ B X B 2J  ~  \ B 2 B x )

(l2-7) = <(; sH(£ io
=  (I2 ® I s)B

Hence

(L2-8> C‘ ® ( S  ! 0 +Ca® ( S  £ )  =

[ C i *  f t  5 ) ® J 3 +  C72 ® ^  j ) ® / 3) ( I 2 ® P )

Defining :

(1.2.9) P  =

we express (1.2.8) as:

1 0  0 0 '

0 0 1 0
0 1 0  0

.0 0 0 1 .

(1-2.10) ( P [ ( ( j  J )  ®C'2) ® / 3]*P )(/2 ® P )

=  P(C7® J3) * P ( / 2 ® P )

Several variations of (1.2.6) will be found in coming sections but through suitable permutation they all 

will be proved to be tractable by the formula stated and proved below in Proposition 2. Let’s first set some 

notations: the symbol

(1.2.11) P (n , m) 
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will stand for the permutation m atrix of size nm  defined by:

(1.2.12) P (n ,m )  fmi+j  — /nj+i

where 0 < i < n  — l , 0 < y < m —1 and fk  represents the fc-th canonical vector. Notice that:

(1.2.13) iP (n ,m )  = P[m,n)

and for an n X n  m atrix A  and an m X m  m atrix B

(1.2.14) P (n ,m )  ( A ®  B) P (m ,n )  = B ® A

We also define the I X I permutation matrix

(1.2.15) m

/1 0 0 0 0 0 . . .  0\
0 0 1 0 0 0 . . .  0
0 0 0 0 1 0 . . .  0

0 0 0 0 0 1 . . .  0
0 0 0 1 0 0 . . .  0

Vo 1 0 0 0 0 ... 0/

PROPOSITIONS:

Let rk, 0 <  k  < n  be a collection of even numbers. Let C  be an ro X r0 skew-circulant m atrix whose 

(2, ^-)-block decomposition is:

I t
For each r*, k  > 1 let represent either Irk or Sri  and denote by:

(1.2.17) /  =  / r i <8>...® Jrn

and
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(1.2.18) S  =  J ri ® . . .  ® J ril

IX
Assuming that there exist a number m > 0 of numbers r* for which Jrk =  Srl , k  > 1, a permutation 

matrix P  can be found such that:

(1.2.19) C'1 ® / + C 3 ® S  =  P ( / m ® C ® /')*/>

where

(1-2.20) V =  /(r1...rn) 2 -

Proof of proposition 2 :
is.

Let tq =  7r(r*;) be a permutation on {rk : k >  1) such that Jtq = St * , 1 <  q < m.

Relative to it we can find a permutation matrix Pi consisting of tensor products of matrices of the type 

of P[n,  m) and identities such that:

C i ® I  C 2 ® S

(1.2.21) =Pi {Ci ® Itl ® . . .  ® Itm ® / tm+1 ® . . .  ® Itn +  C2 ® SJ ® . . .  ® ® Itm+1 ® . . .  ® Itn) *Pi

—Pi [ (Cl ® I2 ® I*X ® . . .  ® I2 ® Itm. +  C2 ® I2 ® I*X ® • • • ® I2 ® Itm) ® ltm+1 ® • • • ® It*. ] *Pl 

L et P2 b e  th e  p e rm u ta tio n  m a tr ix  , o f  th e  ty p e  o f P i, such  th a t  :

[Cl ® J2 ® It£ ® .. . ® I2 ® Am. +  C2 ® /2 ® /^. ® .. . ® I2  ® Ask][Am+i ® • . • ® fitj 

—P2 KI2 ® . . .  ® I2 ® Cl ® Iii_ ® . . .  ® jtm +  J2 ® . .. ® / 2 ® C2 ® 1*1. ® . .. ® /«m.)
‘  3 3 2 3

®/tm+1®...®/tJ*Pa
(1.2.22) 

= P 2[(J2 ® • • • ® h  ® Ci + 12 ® . . .  ® I2 ® C2) ® Its. ® • • • ® Itm ® Itm + 1 ® . . .  ®

= P 2[(/2m ® Ci +  J2m ® C2) ® P p P s
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Finally :

I?.m ® Ci +  J2ni ® C2

(1.2.23)
=[i2(2m) ® /m.]

( ( C x C2 \  
V^2 C i /

fCi tf2\
w 2 c-J

t [5(2m) ® Isa.]

=\R[2m) ® Pro.] [/m ® C7][ii(2m) ® /m.]

Hence if:

(1.2.24) 

we get:

P3  =  R( 2m) ® / ia  ® I 1

(1.2.25) •̂ *3 (Pm ® C  ® P) *P3  =  (/2m ® Ci +  P2m ® C2) ® P

Therefore

(1.2.26)

where

P ( / m ® C '® / ' ) * P  =  C'1 ® / + C ' 2 ® 5

(1.2.27) P  =  P 1 P2 P3 .
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2.- Even D F T

An iV-point even sequence is a real or complex sequence x  =  (®(n)) satisfying:

x(n) =  i ( - n ) ;  n  €  Z /N .

Any algorithm designed to compute the DFT of an JV-point even sequence talcing advantage of the 

above stated relation is called an even DFT algorithm.

A fast 2fc-point even DFT algorithm, based on FFT’s, is presented in [ R ]. This algorithm, originated 

in [ C-L-W ], computes the DFT of a real AT-point even sequence, for a number N  divisible by 4. The 

computation is done in three steps: first the even sequence is pre-processed into a N /2  sequence, then it is 

transformed through a N f  2-point FFT and finally post-processed to obtain the DFT of the original even 

sequence.

In this section, using ring theoretical methods, we derived a two-steps (pre-processing and transforming) 

fast algorithm to compute the p ip2-point even DFT, with pi and p2 two different primes. All the techniques 

used here will be either repeated or generalized in coming sections.

2.1.- R ing-theoretical structures and a D F T  factorization

We first summarize some facts about the ring structure of Z / N  and derive from them our basic factor­

ization formula for the N-point DFT matrix. This factorization formula is due to Richard Tolimieri, and it 

first appears for a 15-point DFT matrix in [ To ].

For a positive integer N  the symbol Z / N  will denote the ring of integers modulo N. The subset of Z / N

(2.1.1) U(N) = { n G Z / N  : (n ,N )  =  1}

where (n, N)  denotes the greatest common divisor of n  and N; is a group under ring multiplication. 

This group is called the group of units of Z/N .

For odd primes p, U{pl) is cyclic. In particular U{p) is cyclic of order p — 1. The groups U{21) are cyclic 

for 1=1,2,  but not for I > 3 in which case decompose as the direct product of two cyclic groups.

For a composite number N  =  p“* . . .  p£fc it is possible to reduce congruence modulo N to a system of 

simpler congruences by applying the Chinese Remainder Theorem , which determines the ring isomorphism
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(2 .1.2) /  : Z / N  — ► Z / p l '  x  . . .  X Z/p l*

f (n )  =  (nx.......nfc) ; n3 = n  (m odp“y)

where the ring structure in Z f p " 1 x  . . .  X Z / p ^ k is given by the direct sum of the rings Z / p “j , 1 <  j  < k.

Let Ej  denote the element in Z / p “l X . . .  x  Z/p//h having a one in the j  — th  coordinate and zeroes 

everywhere else. Let

(2-1.3) es  = r H E j ) ;  j = l , . . . , k

Then {e3- : j  =  1 , . . . ,  fc} forms a system of idempotent elements in Z/{p* 1 . . .p%k), th a t is:

(2.1-4) e? =  e j ; j  =  1 k

(2.1.5) er e„ =  0; r ^ s

k
(2-1.6) 2  ei = 1

3 = 1

The system of idempotent elements determines the inverse image of the ring isomorphism /  in the 

following sense:

(2.1.7) c r ( n i , . . . , n fc) =  /  1(n1, . . . , n fc) =  n <=► n  =  5 3 ni<
3 = 1

A  c ru c ia l e q u a tio n  d e r iv e d  f io m  th e  ab o v e  lis te d  fa c ts  is :

wkl
(2.1.8) =  w(fci ei+ fcaea)(,i ei+ ,3e3)
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Since

(2.1.9) ci =  0 (mod p2), e2 = 0 (mod p 1 )

we get

(2 .1.10)

Oijr«
(2 .1 .1 1 ) w2 = we* = lexp(— )]r’

P2

for some 1  <  r i  <  pi — 1  and 1  <  r2  <  P2  — 1. Therefore and w2 are respectively pi and p2 roots of 

the unity. In particular

Pi —1 Pa—1
(2 .1 .1 2 ) =  5 > a ’ =  - 1

k\=l &2=1

The action of U =  U(pip2) decomposes Z/p ip2 into four orbits of the form nU =  (nu  : n  G 17}. This 

orbits are isomorphically mapped onto Z/p \ X Z /p2 via a. Precisely we have :

Wl =  wei =  \exp ( ~ ) \ r'
P i

(2.1.13) 017 Oq =  {(0,0)}

(2.1.14) e1U-?->Oi = U(Pi) x  {0 }

(2.1.15) e2U - ^ 0 2 = {0 } x U(p2)

(2.1.16) U - ^ 0 3 = U(Pi)  x  U(p2)

So each 17-orbit is either a cyclic group or the direct product of two cyclic groups. Furthermore if gi is 

the generator of 17(pi) and g2 is a generator of £7 (p2 ) we can endow Ox , 0 2 and O3 with the orders induced 

by the bijections:

(2.1.17) n  S (0, • • •, Pi -  2} — ► (g?, 0) G 0 1 
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(2.1.18) m e { 0 ........ P2 - 2} — v ( 0 , ^ ) e O 2

(2.1.19) (n,m ) e  { 0 ,... ,p i -  2} X { 0 , . . . ,p 2 - 2 }  — ► (g?,gT)  e 0 3

where the source sets in (2.1.17) and (2.1.18) carry their natural orders while the source set in (2.1.19) 

follows the natural lexicographic order.

The partition of Z/pxpz into 17-orbits produces the decomposition of the m atrix ^(p ipa) into blocks of 

the form:

(2.1.20) AT(r, s) =  ) =  (w j1' 1̂  )

(ki, kz) S  Or and (Ix, l2) £  Oa. Considering the above defined orders for the 17-orbits, equation (2 .1 .2 0 ) 

becomes

(2 .1.21)

Now, according to the values of the indices r  and s we have:

0  if r  =  0 , 2

(2.1.22) kx =
gx otherwise 

0  if s =  0 , 2

(2.1.23) lx =
g*x otherwise 

0  if r  — 0 , 1

(2.1.24) fc2  =
g2* otherwise 

0  if r  =  0 , 1

(2.1.25) l2 =
g2 *’ otherwise

and therefore :
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(2.1.26)

(2.1.27)

K fcl,1) =

K * ’1’ ) =

( 1 ) if r =  0 , 2  and s =  0 , 2  

tK Px~i if r  =  0 , 2  and a =  1 ,3

if r = l , 3  and a =  0,2 

sc (wj* ) ,0 <  n < pi — 2 if r  =  1,3 and a =  1,3

( 1 ) if r =  0 , 1  and s =  0 , 1

tKPJ- i  if r  =  0 ,1 and a =  2,3

KP3- i if r  =  2 ,3 and a =  0 , 1

sc (wg3 ) ,0 <  m < P2  -  2 if r  =  2,3 and a =  2,3

From formula (2.1.12) we get :

(2.1.28)

and

A p i-i =  sc (ca^ 1 ) (—KPl- i )  0  < n < pi -  2

(2.1.29) ffpj—i =  sc (wf™) (~ ifP3 _i) 0  < m < p2  -  2

Hence the different cases shown in equations (2.1.16) and (2.1.17) are respectively expressable as

(2.1.30)

and

(2.1.31)

K lfl) =

i " k2i h ) =

( 1 ) ( 1 )

a c (wf  ) ( - i f p , . ! )  

sc ( W®1 ) IP 1 — 1

( 1 ) % » - 1  

a c ( o , f  ) ( - K ^ )  

sc(wI* ) Jp3_ 1 
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and so, defining the following auxiliary matrices

(2.1.32) B  i(r) =
( 1 ) if r  =  0 , 2  

s c ( wi " )  r = l , 3

(2.1.33) B 2(r) =
( 1 ) if r  =  0 , 1  

s c ( w2 ?>) r  =  2,3

(2.1.34) A i(r,s) =

( 1 ) if r  — 0 , 2  and s =  0 , 2  

*KPi — 1  if r  =  0 , 2  and s =  1 ,3 

—K Pl- i  if r  =  l ,3  and s =  0,2 

, IPl- i  if r  =  1 ,3 and s =  1 ,3

(2.1.35) A 2(r,s) =

’ ( 1 ) if r  =  0 , 1  and s =  0 , 1  

tK p2 — l  if r  =  0 , 1  and s =  2 ,3 

—jBTP3_ i if r  =  2 ,3  and a =  0 , 1  

IP2- i  if r  =  2 ,3  and s =  2 ,3

we can express the blocks M (r, s) as :

(2.1.36) M (r,s) =  Bi(r)i4x(r,s) ® B 2[r)A2(r,s) =  (5 x(r) ® B 2{r)) [i4i(r, s) ® A2{r, a)]

Let’s simplify the above written formula by defining :

(2.1.37) Br =

' ( 1 ) if r  =  0  

ac(w®“ ) if r  =  1  

if r  — 2  

. B i  ® B 2 if r  =  3

and
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(2.1.38) A r,, =  -Ai(r, a) ® -A2(r ,«)

then

(2.1.39) M (r,s)  = B rA r,a

and since the factors B r are independent from the index s we get the following DFT factorization :

(2.1.40)

Bo

F u {Pi P2) -  B ( P ! P 2) A ( P ! P 2)

\ ( -^0 , 0 • 0̂ , 1 A q,2 •^0,3
Bi I -^x.o ^ 1 . 1 Al,2 ■̂ 1,3

b 2 I -^2 , 0 A2,l A2,2 •^2,3
b 3 J Vils.O ■̂ 3,1 ■̂ 3,2 •^3,3
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2 .2 .- 35~point ev en  D F T

In this section we derive a fast algorithm to compute the DFT of a 35-point even sequence. The use 

of the factoring formulas proposed in sections 1 . 1  and 1 . 2  as well as the basic ideas whose variations will 

repeatedly appear in the coming sections, are highlighted. Some notational conventions adopted here will 

be used in the rest of this work.

We assume p i =  5 and p2  =  7. According to the nomenclature adopted in section 2.1 we have :

(2 .2 .1 ) ei =  2 1

(2.2.2) e2  =  15 

The group of units is

(2.2.3) £7 =  { 1,26,11,6,16,31,8,33,18,13,23,3,29,19,4,34,9,24,22,12,32,27,2,17}

and the 17-orbits , beside U itself, are :

(2.2.4) 017 =  {0}

(2.2.5) 2117 =  {21,28,14,7}

(2.2.6) 1517 =  {15,5,25,20,30,10}

The elements gx =  3 and g2 — 5 generate the groups of units £7(5) and 17(7) respectively. We use them in 

conjuction with the ring isomorphism <r to identify the 17-orbits with the following ordered two-dimensional 

sets:

(2.2.7) 017 — + Oq =  {(0 , 0 )}

(2.2.8) 2117 — + Oi = {(1,0), (3,0), (4,0), (2,0)} 
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(2.2.9) 15U -Z+ 0 2 = {(0,1), (0,5), (0,4), (0,6 ), (0,2), (0,3)}

U ^ 0 3 = { (1, 1), (1, 5), 1, 4), (1, 6), (1, 2), (1, 3),

(3.1), (3,5), (3,4), (3,6), (3,2), (3,3),
(2 .2.10)

(4.1),(4 ,5),(4 ,4),(4 ,6 ),(4,2),(4,3),

(2. 1), (2, 5), (2, 4), (2, 6), (2, 2), (2, 3)}

The ordering given to 0 i ,0 2  and 0 3 are those established in (2.1.17) — (2.1.19). Consequently we get 

the blocks:

(2 .2 .1 1 ) Bx = sc (o ; 1 ,a;3,a;J,w?)

and

(2 .2 .1 2 ) B 2 =  sc(w 2 ,w |,w |,w |,w |,w |) ;

here

(2.2.13) wx = [exp( ^ ) \ 3 and w2  =  [ e x p (^ ) ]3.

A 35-point sequence x  =  [z(n)], n e  Z f  35 is called even if it satisfies:

(2.2.14) x(n) =  x(—n ) , n 6  Z/35

The equality :

(2.2.15) - 1 U =  U

implies that each 17-orbit is mapped onto itself by the action defined by the multiplication by — 1. 

Therefore the restriction of x  to a U-orbit contains one half of redundant data (except by the orbit 0U). 

Using the isomorphism a to identify x(n) and x(cr(n)), we get precisely :

(2.2.16) *(1,0) =  *(4,0) 
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x(3,0) =  x(2,0)

in x restricted to Oi,

(2.2.17) x (0 ,1) =  x(0 ,6 )

x(0 , 5) =  x(0 , 2 ) 

x(0,4) =  x(0,3)

in x restricted to O2 and

(2.2.18) x ( l , l )  = x (4 ,6 )

x ( l,5 )= x (4 ,2 )  

x (l,4 ) =  x(4,3) 

x (l, 6 ) =  x (4 ,1 ) 

x (l, 2) =  x(4 ,5) 

x ( l ,3 )= x (4 ,4 )  

x (3 ,1) =  x(2,6 ) 

x(3,5) =  x(2 ,2) 

x(3,4) =  x(2,3) 

x(3,6) =  x (2 ,1) 

x(3,2) = x ( 2 ,5) 

x(3,3) =  x(2,4)

in x  restricted to O3 .

If x1, x2  and x3  denote the restrictions of x to Oi, O2 and O3  respectively, then from equations

(2.2.16) — (2.2.18) we get:

(2.2.19) x1  =  S 2  x 1

(2 .2 .2 0 ) x2  =  S i  x2

(2 .2 .2 1 ) x3  =  (Si®S% )  x3

30



Therefore proving that the matrix :

(2.2.22) 5(35) =
(1)

%
s i

s i  0  s i .

commutes with A(35) and B(35) independently is equivalent to proving that in both cases the output 

sequence of an even sequence is also an even sequence. The proof of 23(35)5(35) =  5(35)23(35) is an easy 

consequence of the following observations:

Let

(2.2.23)

and let

Cx
fU>x CJx\

u l  u f )

(2.2.24)

Now for i= l,2

(2.2.25)

Hence in general:

C2 =

(032 wf

03% 03% 03%

\03% 03% 03% J

Bi ( Ci  CA
C i )

(2.2.26) Bi = I2 ® Oi +  J2  ® Ci

On the other hand, if N  is an even number, the matrix S$ 2 is of the following general form

(2.2.27) 

Therefore

(2.2.28)

s f f l 2 = h  ® Jw / 2

s i B'4 JOX =  ( J 2 ®  I 2 ) (-^2 ®  C l  +  /2  ®  Cx)  

=  J2  ®  Cx +  It. ®  Cx 

=  ( / 2 ®  Cx  +  I 2 ®  C x )  ( I 2 ®  T2) 

= B x S l
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Similarly:

(2.2.29) S$B2 =  B t S i

As for S(35)A(35) =  A(35)S(35), it is enough to observe that

(2.2.30) S%/2 ( - K n ) =  - K n

and

(2.2.31) 'K b S ^ ! 2 = *Kn

It is now clear that an essential input and output data sequence for each one of A(35) and 5(35) can be 

chosen to be indexed by the same fundamental region for the action n  — ► —In  on Z j 35. Furthemore since 

—1 acts on each 17-orbit the union of the fundamental regions for these actions form a fundamental region 

for the whole action.

We choose :

(2.2.32) O+ =  {(0,0)}

(2.2.33) 0 +  =  {(1,0), (3,0)}

(2.2.34) 0 +  =  {(0,1), (0,5), (0,4)}

(2.2.35) 0 +  =  {(1,1), (1,5), (1,4), (1,6 ), (1,2), (1,3), (3,1), (3,5), (3,4), (3,6), (3,2), (3,3)}

The fundamental arithmetic operations required to compute with essential sequences are represented in 

what we call a fundamental matrix.

We consider first the fundamental blocks in 5(35). For r  =  1,2 we have:

O+ -0+

(2.2.36) 5 r =  ° r+ ( Cr Cr
- 0 +  V Cr Cr

on the border of the matrix we have written the indexing sets of the corresponding sub-blocks. Now 

with respect to the output sequence the fundamental operations are represented in:
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o+ -o+
(2-2-37) 0 +  (  Cr Cr )

and the elimination of input redundancies gives the fundamental block:

O f

f2-2'38) B *  -  o+  ( c , + 0 , )

In particular:

wi +  wj wf +  w'f
(2.2.39) B± — I I =  ac(a)i -f- u f  +  wj)

[ w f  + v? u > i + w j

and

(2.2.40) i ? 2  =  sc(w2  +  w!,a>! +W2 )W2  + ^ 1 )

The fundamental matrix derived from B s presents a different structure. The partition of O3 as O+U -O + 

gives:

o i -o t
( 2  2  41) f  0 \ ® - 0 2  Ci ® ^ 2

—O i y Ci ® ^2 Ci ® B2

This matrix is similar to B$ and the fundamental block derived from it clearly equals the one derived 

from B 3 . This block is

o i

(2-2.42) Bi  = O i  [ c i ® B 2 + C l ®  b 2)

B i  is a (2,6 )-Hankel matrix. Since B 2 and B2 are skew-circulant matrices, the 6 x 6  blocks in the (2,6 )- 

block decomposition of B i  are skew-circulant and so both Propositions 1  and 2 can be applied. Proposition 

1  gives

(2.2.43) B i  =  [72 ® i!,(6 )- :l][M (2 )® /6 ]A [I(2 )® /6 ][ / 2 ® f ,(6 )-1]
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Notice that A is a 18 X 18 diagonal matrix. Proposition 2 yields

(2.2.44) B+ = P ( B 1 ® Is)P (I2 ® B 2)

where P  is the permutation matrix P (2 ,2) 0  /3. If Di  and D2 are the diagonal matrices such that: 

S i  = P(4) D i F(4) and B 2 =  F(6)D2F(6) then we get

(2.2.45) P +  =  P [(P (4 ) " 1 0  I3) (Di ® I3) (P(4 ) " 1  0  / 3)] P  [ ( / 2  0  P ( 6 )“ x) (J2  0  D2) (J2  0  PfG )"1)] 

Iin this formula all the factors are 12 X 12 matrices.

We compute now the fundamental blocks in A(35). Originally

(2.2.46) A(35) =

f  (1)
l K 4 *Ks tK 4 ®t K e \

- i f 4 I4 —K 4 0  Ks h  9 * Ks

- K s *K4 0  (-JT6) h *K4 0  Is

\ K 4 ® K 6 h  9  (—Ks) (—K 4) ® Is I  4 0  Is )

In order to get a better structured fundamental matrix we replade the fundamental set 0 3 by another 

fundamental set:

(2.2.47) 0 '3 =  {(1,1), (1,5), (1,4), (3, l), (3,5)(3,4), (4,1), (4,5), (4,6)(4,4), (2 ,1 ),2 ,5), (2,4)}

Notice that if x ’ denotes the restriction of a  symmetric sequence x  to 0 '3 then

(2.2.48) x 3 =  (P ( 2 , 2 ) ® / 3) x'

Restricting the row indexing set of A (35) to 0 3 U U 0 3 U O3  yields

(2.2.49)

(  (1)

—K 2 (1 0 ) 0  I2

-K s  -*K4 ® Ks

\  K 4 ® Ks —I4 0  Ks

*Ks * K \  0  \

—K2 ® tK@ (1 0) 0  I2 0 * K q

(1 0) 0  Is t K i  0  (1 0) 0  Is

- K 4 ® (1 0) ® I3 h  ®(1  0 ) ® / 3 )  
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( <
(1) *if4 ^  (  (1) *K4 \
K2 (1 0) ® I2 J \  — K2 (1 0) ® I2 ) ® tKo

(  (1 ) ‘*4  \
\ - k 2 ( i o ) ® / 2 ;

(  (1)
\ - k 4 i 4 ) ® /3

h  h  ®* i f 6

. Is ® (—if 3) Is ® (1 0 ) ® I3 .

= m x m 2

The row indexing set of Afi is already restricted to a fundamental region but its column indexing set 

is: O q U O i  U 0 £  U 0'3, hence the block indexed by Oi is yet to be reduced. This reduction only affects :

(2.2.50)
2 (1 0) ®

which produces the fundamental block:

1 1 1 1 1  

- 1 1 0  0  0

- 1 0  1 0  0 ,

(  (1) 2*K2 \ _  
{-K2 I2 ) ~(2.2.51)

The fundamental matrix derived from Mi is

1 2  2 ’ 

- 1 1 0  

- 1 0  1

/

(2.2.52) M+ =

1  2  2  

- 1 1 0  

- 1 0  1
/1 1 1 1 1A
-1 1 0 0 0 1 0
-1 0 1 0 0 ® 0 1
-1 0 0 1 0 0

V-i 0 0 0 1 )

0 ’
0

The row indexing set of M2  is Oq" U Oi U O j U O3 , its restriction to Oq U O* U O j U O3  produces

(2.2.53)
r( (io)®/2) ( (10 )®/2)®tjr6

V Is ® K 3 / 5 ® (1 0 ) ® / 3  J
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The column indexing set of this matrix has not been reduced yet. Consider first the column block 

indexed by Oi

(

(2.2.54)

(1 . 0 ) (3,0) (4.0) (2 , 0 )

0 0 0 0

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

0 0 0 0

- K s

- K s

- K s

- k 3

The fundamental block derived from (2.2.54) is:

(2.2.55)

(1 , 0 ) (3,0)

0 0

1 0

0 1

0 0

0 0

0 0

- K s

- k 3

- K s

- K3 /

The block whose column is indexed by O2 is of the form
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(2.2.56)

0 , 1 ) (0,5) (0,4) (0 , 6 ) (0 , 2 ) (0 ,c

1 1 1 1 1 1

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

So the fundamental block is of the form :

(2.2.57)

(0,1) (0,5) (0,4)
( \ 

2 2 2

0

1

0

0

0

0

0

1

0

0

0

0

0

1

0

Finally the block corresponding to the column indexing set O3  is of the form :
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(2.2.58)

{1} X «7(6) {3} X 17(6) {4} x  17(6) {2} x  U{6)
( \ 

0 . . .  . . .  . . .  . . . 0

*K6

0 . . .

0 . . .

(1 0) ® J3

*ife

. . . 0

(1 0) ® I3
( 1  0 ) ® Is

V ( l 0 ) ® / 3

The fundamental block is obtained by the additions of the sub-blocks indexed in {n} X (1 ,5 ,4} plus the 

sub-blocks indexed by {—n} x {6 ,2,3}. The result is the block with column indexing set O3

(2.2.59)

( 0 . . .
*Ks

*Ks
f Ks

...0 \

*Ks
. . . 0

. . . 0

/ 3  y

Summarizing, the final form of the fundamental matrix in M 2 is:

(2.2.60) M + =

I2 I ® (—-Ks) lb ® le
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2 .S.- p ^ - p o i n t  even D F T

The generalization of the 35-point even DFT to a p ip 2  -point even DFT follows after the the observation 

of a few facts.

Consider first a symmetric sequence x  defined in Z /p ip2, Pi and P2  two different primes, and let x°, x 1, 

x2  and x s denote the restrictions of x  to Oq, O i, 0 2 and O3 , that is:

(2.3.1) x° = [*(0,0)]

(2.3.2) x 1 =  [* (# ,0 )] 0 <  n <  pi — 2

(2.3.3) x2 =  [xfO.gJ1)] 0 <  m <  p2  — 2

(2.3.4) x3 = [ifo;1, 0 <  n <  p i -  2, 0 <  m <  p2  -  2

the condition of x  being symmetric is equivalent to the following conditions on the restricted sequences

(2.3.5) *(g?»0) =  x(g?+ “ f i ,0) 0 <  n <  Pl -  2

(2.3.6) x(0,g?)  =  a;(0,g£‘+ £V i) 0 <  m <  p2  -  2

, pi — 1 ■
(2.3.7) x{g?,g?)  =  x(g"+ 3 ,g™+ 3 ) 0 <  n <  pi -  2 and 0 <  m < p2  -  2

Now, in general, for an even number N  and an N -point sequence y =  [y(n)J, the action on y of the shift 

operator raised to the ^  power is given by:

(2.3.8) [ y ( « + y ) l  =  Sjv b W l

and so the equations:



(2.3.10)

(2.3.11) 3:3 =  (S 'p .ii ® s _  i , )3 \  0.3

are the generalization of equations (2.2.16) — (2.2.18).

The fact th a t the operator:

(2.3.12) -S(pip2) =
Q 2 
bPl- 1

Ps “ 1 „£lZLi

commutes with B(p1p2) and A{pxp2) follows from the general arguments already given in section 2.2 

The fundamental regions for the action of —1 on the sets Or r= l,2 ,3  are described as

(2.3.13) O f  =  tf(P i)+ *{0}

(2.3.14) 0 +  =  {0} X U{p2)+

(2.3.15) 

where

(2.3.16)

O t  =  U(Pi)+ X U(P2)

U(p i )+ =  {g?  : 0 <  n  <

(2.3.17)

Let Cr, r =  1, 2  be the sub-block in B r obtained by restricting the column and row indexing sets of B r 

to Or. This is :

(2.3.18) / nn+m\ _ . Pr 1Cr =  ) 0  < n , m <  — - —

Then
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and so the fundamental derived from B r is

Or+

(2-3-20) Br =  0+ (C'r +  C'r) =  ( )

In general an N  X N  Hankel matrix A  =  ( a(fc, I) ) is skew-circulant if it satisfies :

(2.3.21) a(k, I) = a(k', I1), whenever k' +  l' +  N = k  +  l

hence, to show the skew-circulancy of B f  r  =  1 , 2 , we take n + m  = n' + m' + (pr — 1 / 2 ) and compare 

the (n, m) and (n ' ,m ') entries. Since

(2.3.22) 0 < P r _ 1 ) / 2  =  - 1  

we have that

/_, A _»+m __n#+m#(2.3.23) wgrr = cj-° '

n+m _n+m
and therefore the (n, m) entry wfr +  wr is trivially equal to the (n', m') entry.

As for the structure of we consider:



the factor:

o t -o+

(2.3.25) °«  I Cl 0  B<2 Cl 0  52
- O j  y C\ ® 5 2  Cx ® i ? 2

produces the same fundamental matrix as B3  and that is :

o t
(2-3-26) ^  = Ot {c i®B2 + Ci ®B2)

this matrix is a ( R l ~ 1 ,p 2  — 1)-Hankel matrix with skew-circulant (p2  — 1) X (p2  — l)  blocks and so it 

satisfies the hypothesis of either one of proposition 1  or proposition 2 .
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S.- Two-dim ensional sym m etric sequences

This section is mainly dedicated to show the use of the factorization formulas proved in section 1 in the 

design of fast algorithms computing the two-dimensional DFT of certain classes of symmetric sequences.

A new DFT matrix representation based on the action of a subgroup of the group of units is introduced. 

This new DFT representation is motivated by the fact that even though the £7-orbits are mapped onto 

17-orbits by the automorphism with respect to  which the sequences are invariant, the group of units does 

not provide the fundamental matrices with any computationally desirable structure.

3.1.- Sequences invariant under ^(m , rŷ ) = (—n i ,^ )

The two-dimensional TV-point discrete Fourier transform is the operator acting on the space of TV2-point 

complex sequences represented by

(3 .1 .1) F {N  : 2) =  ( « < * • * >  )

where < , >  denotes the usual dot product and m  and n  range over Z / N  x  Z /N .

The set Z / N  X Z / N  is endowed with the ring structure of the direct sum of its components and so its 

group of units is £7 =  £7(TV) X 17(TV). As before, we consider TV =  PiP2 > Pi and P2  two different primes. The 

£7-orbits on Z /p \p 2 X Z /p ip 2 are subsets of the form of

(3 .1.2) a l7 (p ip 2) X bU{pip2)

w h ere  a  a n d  b a re  e i th e r  0, o r  th e  id e m p o te n ts  e i ,  e2 o r  1. U sing  th e  iso m o rp h ism  in d u c ed  by  th e  Chinese

re m a in d e r  th e o re m  each  17-orbit is  iden tified  w ith  a  s e t o f th e  form :

(3.1.3) O i  X O j

0 <  i , j  < 3. The DFT blocks produced by the partition of the indexing ring Z /p xp2 X Z/p\P 2 into

17-orbits are of the following general form

M {ru r2,su S2) = (wminiwm*n3)

(3 .1 .4 ) = ( wmi 'u ) ( wm’" ’ )

= ^ ( ^ , 3 !)®  Af(r2 ,s 2) 
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where m  =  (m i ,  m2 ) €  Or, X Or, n =  (n i,n 2 ) €  Oai X 0 ,3. Now:

M (ri,r2 ,ai,32) =BriArutl ® B rjA r

(3.1.5)

—(Br 1 ® Bri) (j4fi,*i ® -^ra^a) 

yields the matrix representation of the two-dimensional DFT :

(3.1.6)

0 <  r i,r 2,ai,S2 <  3.

Fu{piP2 • 2) =block -  diag(Bri ® B r3) 61ocfc(Ari,#1 ® A Tl,„) 

=B(pip2 : 2) A(p!p2 : 2)

We will consider the elimination of redundant computations induced on Jr£/(p 1 p2  : 2 ) by an input 

sequence satisfying :

(3.1.7) x(ni,na)  =  x ( - n i , n 2) =  s (^ (n i,n 2))

(*H, 7*2 ) S  Z/p ip2 X Z/pip 2- Such a sequence will be called ^-symmetric. The automorphism <j> acts on each 

17-orbit mapping

(3.1.8) Oi x  0 3- - 2 + - O t x Oj

hence a fundamental region for the ^-action on Zjp ip 2 X Z/p\p2 is given by the set

(3.1.9) U  Of - x O j
0<*,J<3

Let’s denote by xxl the restriction of x to O,- x Oy and let

(3.1.10) 5(0 =

f (1 ) if i =  0

pi - 1

^p i- i  ^  i = l
p? - 1

5 p .Ii if i =  2  

. S (l) ® 5(2) if i =  3 
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then x is ^-symmetric, for every 0 < i , j  <  3 if and only if:

(3.1.12) x *  =  (5(i) ® /( j) )  aP

Now using results obtained in section 2

(3.1.13) [^(rx) ® I{r2)\ [^n,«i ® ^r,,»,\ =  [•dri,»i ® Ar,,g,] ['S'(si) ® /(S 2 )) 

and

(3.1.14) [5 (n ) ® / ( r 2)] [Bri ® B r,\  =  [Bri ® B r,\  [S (n) ® /( r 2)J

This proves that both of B(p  1 P2  : 2) and -A(pip2  '• 2) preserve ^-symmetric sequences.

In order to get the fundamental blocks derived from B[pip2 : 2) we consider first the matrices of the 

form B ri ® Br, with 0  <  r i <  2  and 0 <  r2  <  3. The general form of these blocks is

(3.1.15)

/

X Or,

0 + X Or, [ Cn ® Br,
( - 0 + ) X Or, ® Br,

Hence the fundamental blocks are of the form

0 + X Or,

(3 1 -16) Ori X Or, ( (Cri + Gri) ® Br, )  =  K  ® Br,

If r i  =  3 then the original block is of the form



Ot x  Or ( - 0 + )  X O, 

(3117) O t y. Or / Cl 0  B2 ® Br G x ® B 2 ® B,

(—O3") x O r  C i  0  B 2 0  B r  C i  0  B 2 0  B ,

and so the general form of the fundamental blocks is

:)

O3 X O r

(3 1 -18) O3  X O r  ( [Cl 0  B 2 +  C i  0  B 2 [ 0  B r )  =  ® -Sr

In order to  compute the fundamental blocks derived from A(pip2 : 2) we consider the partition of each 

matrix A k ,i as:

o t ( - o t )

(3.1.19) A k ,i =  ° k  |( A l , i Ah

H * )  ’ A k , l

for k, I 0  and

o t

(3.1.20) A k ,0 =

~ ° k  1 4 ,0.

if I = 0  and k  0  and

O f  - 0+

(3-2-21) A i  =  o +  ( ^ tl

if A =  0 but Z 5^ 0

The general form of the fundamental blocks is now clearly seen to be

M Ji.n  +  A r x , n )  ® A r *  SX ^  0
(3.1.22) ]

j4J1 i 0  0  i4 r3 , « 3  otherwise
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3.2,-Sequences in v a r ia n t u n d e r  if>{n\,n2) =  (—n i , ~  n2)

For a ^-invariant or ^-symmetric sequence we mean a (pip2)2-point sequence satisfying:

(3.2.1) x (n i,n 2) =  a # ( n i , n 2)) =  x ( - m , - n 2)

The automorphism if> maps each of the sets O,- x  Oy onto itself. This mapping is described by

(3.2.2) Oi X Oy -*♦ ( -O ,)  X (-O y)

A ^-fundamental region on Z /p ip 2 x Z /p ip 2  is given by the union of the ^-fundamental regions on each 

of the sets Oi x Oy. These fundamental regions are

{ O0 x O t  if 0 <  j <  3

o t  X Oy if 1 <  i <  3 and 0 <  j <  3

As before, a ^-symmetric sequence is characterized by its invariance under the action of an operator. 

Indeed: a sequence x is

0 -symmetric, if and only if:

(3.2.4) (S(i) ® S{j))  xij' =

S[k)  and as defined in section 3.1 .

Using arguments already invoked in previous sections we conclude tha t the operator:

(3.2.5) S '  = block — diag(<S(t) ® S[j))

commutes with both of B(pip2 : 2) and A(pip2 : 2) . Therefore we derive our fundamental matrices 

from the blocks of B(p ip2 : 2) and A(pip2  : 2) independently.

From B(pip2 : 2 ) we get



and in A(pip2 : 2 ) we find

(3.2.7)

( A l tl + A l ,  if 1  =  k =  0  

(■Ak,i +  ® A ij}- if k ^  0  and 1 ^ 0

* 1 = 0
. (A o,i + A o,i) ® ( Al ;  A f j  ) if k =  0
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3.3.- A nother D FT m atrix representation

In all the cases so far examined the action of the lexicographically ordered group of units provided a 

DFT representation suitable for the elimination of redundancies induced by the corresponding class of input 

sequences. The fact that the homomorphism with respect to which the sequence was invariant, mapped 17- 

orbits onto 17-orbits was clearly a necessary condition for the fundamental blocks to be either skew-circulant 

or tractable by Propositions 1  or 2 . In this section we deal with an automorphism for which the above 

mentioned condition is not sufficient forcing so the presentation of a DFT matrix based on a finer action. 

An important feature of this new DFT representation is the fact that as well as in the previous ones, it also 

factors as the product of a block diagonal matrix times an integral matrix.

The automorphism of /?/pip 2  X ^ /p iP 2  that motivates our new DFT matrix representation is

(3.3.1) £ (n i,n 2) =  (n2 ,n i)  n i ,» 2 e Z /p ip 2

We first illustrate the deficiencies of the fundamental blocks derived from Fa{piP2 ’ 2) by considering 

the block in Fu^piPz) indexed by the 17-orbit

(3.3.2) eil7(pip2) X eil7(p1 p2)

w ith  ei =  21, p i  =  5 a n d  p 2 =  7. T h ro u g h  th e  Chinese re m a in d e r th e o re m  th is  o rb it is iden tified  w ith  

th e  c a r te s ia n  p ro d u c t

(3.3.3) 17(5) X {0} X 17(5) X {0} =  Oi X Ox

The group 17(5) is ordered following the natural order of the powers of its generator: 3. (See (2.1.17)). 

Hence, we get:

(3.3.4) 17(5) =  {1,3,4,2}

The automorphism £ acts on Oi X Oj . A ^-fundamental region is

{(1 , 0 , 1 , 0 ), (1 , 0 ,3 ,0 ), (1 , 0 ,4 , 0 ), (1 , 0 , 2 , 0 ),

(3.3.5) (3,0,3,0), (3,0,4,0), (3,0,2,0),

(4 ,0 ,4 ,0),(4 ,0 ,2 ,0),(2 ,0 ,2 ,0)}
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This set is not expressable in terms of 0~£ or Ox as required to get well structured fundamental blocks. 

A way around this difficulty is provided by the subgroup of U

(3.3.6) G = {(3“ , 5m, 3” , 5m) : 0 <  n <  3, 0 <  m <  5}

G is fixed under the action of £, this is: £(<7) =  g for every g €  G.

Consider the G-orbits

(3.3.7) (1,0 ,1 ,0)G =  {(1,0,1,0 ), (3,0,3,0), (4,0 ,4 ,0 ), (2 , 0 ,2 , 0 )>

(3.3.8) (1 ,0 ,3 ,0)G =  {(1 ,0 ,3 ,0), (3,0,4,0), (4,0,2,0), (2,0,1,0)}

(3.3.9) (1 ,0 ,4 ,0)G =  {(1,0,4,0), (3,0,2,0), (4,0,1,0), (2,0,3,0)}

(3.3.10) (1,0 ,2 ,0)G =  {(1,0 ,2 , 0 ), (3,0,1,0), (4,0,3,0), (2 ,0 ,4 ,0 )}

It is worth noticing that (1 ,0 ,1 , 0)G is a cyclic group as well as the set:

(3.3.11) r  =  {(1 ,0 ,1 ,0 ), (1 ,0 ,3 ,0 ), (1 ,0 ,4 ,0 ), (1 ,0 ,2 ,0 )}  

Indeed they are both isomorphic to U(5) and there direct product is:

(3.3.12) Ox X Oi = ( J  aG = TG
«er

The way £ maps G-orbits onto G-orbits in Ox X Oi as well as the way the orbits are affected by the £ 

action can be described through the values of £ in I \  Consider

(3.3.13) £(1,0,1,0) =  (1,0,1,0) ,

(3.3.14) £(1,0,3,0) =  (3,0,1,0) =  (1 ,0 ,2 ,0)(3,0,3,0) 
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and

(3.3.15) £(1, 0,4,0) =  (4,0,1,0) =  (1,0,4,0)(4,0,4,0)

In these equations we have factorized each £ image as the product of an element in T times an element 

in (1 ,0 ,1 ,0)G. By looking at this expressions we conclude that the orbit (1 ,0 ,1 ,0)G is fixed by £, the orbit 

(1 ,0 ,3 ,0)G is mapped onto (1 ,0 ,2,0)G and the orbit (1 ,0 ,4 ,0 )G gets mapped onto itself via

(3.3.16) (1 ,0 ,4 ,0 )G -^  —1(1,0,4,0)G?

Let

(3.3.17) G+ =  {(3n,5m,3 " ,5 m) : 0 < n < l ,  0 <  m  < 5}

From the above shown analysis, it follows that the union of the sets

(3.3.18) (1,0,1,0)G, (1 ,0 ,3 ,0)G, (1,0,4,0)G+

forms a ^-fundamental region. The first two sets in (3.3.18) are of the type of Ox while the last one is 

structured as O*.

Before stating the general form of the DFT representation based on the G-action, we want to use the 

already computed G-orbits to illustrate the factoring technique that allows its expression as the product of 

a complex block-diagonal matrix times an integral one.

The matrix of dot products among the elements in the G-orbits is:
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(3.3.19)
(1> 1) (3j 3) (4,4) (2,2) (1,3) (3,4) (4,2) (2,1) (1,4) (3,2) (4,1) (2,3) (1,2) (3,1) (4,3) (2,4)

(1.1) 2 1 3 4 4 2 1 3 0 0 0 0 3 4 2 1

(3,3) 1 3 4 2 2 1 3 4 0 0 0 0 4 2 1 3

(4.4) 3 4 2 1 1 3 4 2 0 0 0 0 2 1 3 4

(2,2) 4 2 1 3 3 4 2 1 0 0 0 0 1 3 4 2

(1,3) 4 2 1 3 0 0 0 0 3 4 2 1 2 1 3 4

(3,4) 2 1 3 4 0 0 0 0 4 2 1 3 1 3 4 2

(4,2) 1 3 4 2 0 0 0 0 2 1 3 4 3 4 2 1

(2,1) 3 4 2 1 0 0 0 0 1 3 4 2 4 2 1 3

(1,4) 0 0 0 0 3 4 2 1 2 1 3 4 4 2 1 3

(3,2) 0 0 0 0 4 2 1 3 1 3 4 2 2 1 3 4

(4,1) 0 0 0 0 2 1 3 4 3 4 2 1 1 3 4 2

(2,3) 0 0 0 0 1 3 4 2 4 1 2 3 3 4 2 1

(1,2) 3 4 2 1 2 1 3 4 4 2 1 3 0 0 0 0

(3,1) 4 2 1 3 1 3 4 2 2 1 3 4 0 0 0 0

(4,3) 2 1 3 4 3 4 2 1 1 3 4 2 0 0 0 0

(2,4) .  1 3 4 2 4 2 1 3 3 4 2 1 0 0 0 0 y

Hence the DFT block indexed on this G-orbits admits the decomposition:

(3.3.20)

/  B i S4 B i S% B i ( - K 4 ® *K4) B ^ l  ^

B i S l  B i [ - K 4 ®*K4) B t S l  B iS 4

B i ( —K i  0* K 4) B x S l  B t S4 B iS 4

B iS l  B xS4 B iS l  B t { - K 4 Q*K4) J

and so the factorization:

(3.3.21)

( S i

Bi

B i

B j

(  s 4 s l

S i  - k 4 ®* k 4

—K 4 ®* K 4 S l

S l  s 4
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S l  

s 4

S l

S l  

S4 

S l

- K 4 ®t K 4 J



Now, as it will be shown below, the whole DFT representation admits a similar factorization. Let’s first 

define the group G:

(3.3.22) G =  {(«, tt) : u €  U{p1p2) X G(pip2)}

With the help of the Chinese Remainder Theorem we identify:

(3.3.23) G =  { (tf , g g ? )  : 0 <  n <  Pl -  2 , 0 <  m < p2  -  2}

gi and gr2  denote generators of U(pi) and 17(p2) respectively.

Let

(3.3.24) G' = {(1 ,1, g ^ ' , g f ) - 0 < n , < p l - 2 > 0 < m ' < p 2 -  2}

and

(3.3.25) G” =  {(<£”, <&*”, 1,1) : 0 < n» <  Pl -  2, 0 <  m ” < p2  -  2}

Then G' and G” are isomorphic to I7(pi) x  U(p2) and after identifying the group of units in Z /p ip 2  x  

Z/pxP2 with

(3.3.26) V  =  {(ffi,ffjMffi,0 2 ) : 0  <  n ,k  < pi -  2  0 < m , l < p 2 - 2 }

we easily see that

(3.3.27) U =  G'G =  G”G

where the product between the groups is the direct product.

On the other hand each set of the form 0< X Oy is a group on its own. The relation between O,- x  Oy 

and the G-orbits contained in it can be described as follows



Let

(3.3.28) 6  ={SU 62, 63, 64)

be any element in Z /p i  x  Z /p2 X Z /p i  X Z /p 2 having either a one or a zero in each 6k entry. Then the 

G-orbit

(3.3.29) 6G =  {(*!<£, S2g S 3 g 6Ag?)  : n, m} 

is a subgroup of the group of the form O,- X Oj given by

(3.3.30) fc tf(p i) X S2 U(p2) X 63U(Pl) X S4 U{p2)

If Sij denotes the element 6  such that 6i jG  is a subgroup of O,- X Oj. Then the G-orbits contained in 

Oi X Oj are the cosets of the quotient group

(3.3.31) Oi X Oj/SijG'

Thus groups SijG* and % G ” can be chosen as set of representatives of the cosets. Having in mind the 

elimination of £ redundant information we select

(3.3.32) 611G' = {(0,1,0,32*) : m )

S13G' = { (O ,^  1 1 , 1 ) : m} 

faiG” = {(1 , 1 , 0 , 0 2 *) :

622G’ =  {(1,0, <7",0) : n}

2̂ 3 G' — {(1,0, g3, 1) : n}

632G” = {{9? , I, l ,0 ) :n }

633G' =  {(1,1, gf,  fl£*) : n, m}

We write in a separate list the elements 6{j for which SijG = O iX  Oj.

(3.3.33) ^ 0 0  =  (0 , 0 , 0 , 0 ) 

54



*01 =  (0 , 0 , 0 , 1)

*02 =  (0, o, 1,0)

*03 =  (0 , 0 , 1 , 1 ) 

*10 =  (0 , 1, 0 , 0)

* 1 2  =  (0 , 1 , 1 , 0 )

*20 =  (1,0 ,0 ,0) 

*21 =  (1, 0 ,0 , 1)

4 > =  (i, 1 ,0 , 0 )

We will usually refer to this sets as the indexing sets of the G-orbits.

The DFT representation based on G-orbits is the matrix built from the blocks of the form

(3.3.34) M (a,6) =  («<*■*>)

where a and b range on the above defined indexing sets and m  6  3G and n  e  bG. Let 3  =  (<*!, a2, o3, a 4) 

and b =  (6i, b2, *3 , *4 ), then

(3.3.35) m =  (uxoici +  u20 2 e2 , « ia3ei +  u2a4e2)

n  =  {v ib ^ i  + v2b2e2,v 1b3e1 + ^2 *4 6 2 )

Here u i  and tq are either in U{p\) or are equal to 0, while u2 and u2 are either in G(p2) or equal to 0. In 

any case:

(3 3 36) W<*,B> _  w(aibi+ajbs)uit)iei+(a3b3+a«l>4)u3«aej _  w(aibi+a3bj)ui»xw(a3b3+<i4b4)u3»3

Let Qi  be 0 if ai* i +  0 3 6 3  =  0  (m odpi) or the power of <71 such that g f 1 =  0 1 * 1  +  0 3 6 3  (modpi) 

otherwise. Let Q2 be 0  if a 262 +  “4*4 =  0  (modp2 ) or the power of g2  such tha t =  a2 6 2  +  0464 (modp2) 

otherwise.
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Since

(3.3.37)

we have

(3.3.38)

(3.3.39)

Therefore

(3.3.40)

where:

(3.3.41)

(3.3.42)

’ 1X1 =  0  

t>i =  0  

«2  =  0 

. « 2  =  0

(0 1 . 0 3 ) =  (0 , 0 )

(6 1 . 6 3 ) =  (0 , 0 )

(0 2 . 0 4 ) =  (0 , 0 )

(62.64) =  (0,0)

(^ O i+ a x M u m ) _

(l) «i =  0  «i =  0  

U r-K pi-I if U i = 0 , ViT^O

b i {~k pi ® ‘■Kpi-i) if o i 7  ̂0 ,v i 5  ̂0 ,Q i =  0 

B i[ -K p i)  if m  5  ̂0 ,v i =  0  

-Bl-S^-i if ui ^  O.vi ^  0 ,Qx ^  0

' (1 ) if u2 =  0, v2 =  0 

(l^ JT p j-i if u2 = 0 ,V2 ^ 0  

=  B2 ( - i f P3 - i )  if u2 ^ 0 , v 2 = 0

B2 ( - K P a - 1 ® t i fP!l_ i) if u2  £  0 , v2 7^ 0 , Q2  =  0  

5 2Spt-i if U 2 ^ 0 ,v 2 ^ 0 ,Q 2 ^ 0

M(a, &) =  [i?i(a)) ® £ 2 (6 )] [Ai(a, 6 ) ® A2 (a, 6 )]

r (1) if
(3) =

( B i  if

(1 ) if Ui =  0

Bi(a) ;
otherwise

p ) = |
(1 ) if u2  =  0

B2 (a) ‘
B2 otherwise 
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(3.3.43)

and

(3.3.44)

4 i (3,6) =

A 2{a,b) =

(1 ) if u i =  0 , v i =  0  

*KP l - 1  if u i =  0 , v i ^  0  

~ K P l - i  if « i r  0, Vi =  0

® *KPl- i  if u i ^  0 , vi ^  0 , Q i =  0  

if « i £  0 , v i ^  0 , Qx ^  0

(1 ) if u 2  =  0 , v2  =  0

*ifp,_ i  if n2  =  0 , v2  0

- i f P3_x if u2  ^  0 , v2  =  0

- i f p 3_ i ® *KPa._i if u2  ^  0, v2  ^  0, Q2  =  0

SpJ-i if » 2  5^ 0. v2  ^  0, Q2  0

So the G based DFT matrix is given by

(3.3.45)
■fb(piP2  : 2) =[block — diag(Bi(a, ft) ® B 2(a, ft)] [6 /ocA;(.Ai(a, b) ® A 2(a, &))] 

=[block — diag(Ba)] [block(Aa 5 )]
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3.4.-Sequences invariant under £(ni, n2) — (n2, « i)

An (pip2)2-point sequence x is called ^•invariant or ^-symmetric if it satisfies:

(3.4.1) i ( n i ,n 2) =  ®(£(ni,n2)) =  x(n2 ,n !)

We design here a fast algorithm computing the DFT of a £-invar iant sequence, that takes advantage 

of the relation (3.4.1).

We first prove the preservation of the ^-symmetry by the operator FG(pip2  : 2 ). Let m  and n be any 

two elements in Z /p xp2  X Z /p ip2, then clearly

(3.4.2) < £ ( m ) , n >  =  <  m, ?(n) >

< £(m), £(n) >  =  < m, n  >

So for rrt £  Z /p ip2 X Z /p ip2, and x  ^-symmetric

4(m) =  £ s ( n ) w <,a-ff>
a

=  y>(£(rZ ))w <,B-«(fl)>
(3.4.3) «

=

a
= z(£(m))

Thus FG(piP2  : 2) preserves the ^-symmetry. Consider now the computation:

(3.4.4) y  =  [block — diag{Ba)\ x

Let m, n  6  SG where a is any of the indexing elements defined in section 3.3, then

y(m) =  ^  i(n)w <,n,fl>
aeaG

(3.4.5) =  £  ^ ( n ) ) ^ ^ ) - * ^
seSG

=  y(e(*))
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This proves that block — diag(Ba) also preserves the £ symmetry. Therefore so does the matrix 

block{Aa%).

The indexing sets of the fundamental matrices are obtained by studying the action of £ on the indexing 

set of the <7-orbits defined in section 3.3. This action is naturally divided in two parts, the one determined 

by the elements with i  7  ̂j  and the one determined by elements of the form 6a.

If * 7  ̂3 i £ will send an element in 6ijG' into an element in SjiG” and vice-versa. Hence a G-orbit indexed 

by an element in SijG1 will be mapped onto a different G-orbit. Consequently, a subset of a £-fundamentaI 

region is given by any set of G-orbits indexed in a fundamental region for the £ action on the first partition 

of the indexing set, that is the piece determined by Sa , with i  j .

The remaining piece of £-fundamental region on Z /p ip 2 X Z /p ip 2 is determined with the help of the 

group structure of the corresponding subset of the G-orbits indexing set. We observe that: for any element 

a & Sa G' there exists a (not necessarily unique) g €  G such that :

(3.4.6) £(3) =  (o)-1 ff

Indeed, if 3 e  Sa, then 3 is of the form

(3.4.7) 3 =  (6i , 62, 6i g i , 62 g%1)

where Si, S2 are either one or zero, then

£(3) ={S1g’l ,S 2g™,8i , 62)

(3.4.8) = (^ii 82,8igi  ” 1 ^292 *” ) (? ii 9™j 9i >9T)

= iS)~19

By putting on g the conditions :

(3.4.9) <7” =  1 whenever 81 = 0

and

(3.4.10) g™ =  1 whenever 52 =  0
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the element g in formula (3.4.6) becomes unique.

Formula (3.4.6) helps in describing the way the action of £ modifies the G-orbits. Three main cases 

arise from our analysis:

Case 1:

Let a be the identity in £,-,G'. In this case g is the identity in G and so £ acts on SG as the identity 

map. The G-orbits corresponding to  this case are

(3.4.11) (1)0,1 , 0 )G, (0,1 , 0 , l)G, and (1,1 , 1 , l)G

and they, together with (0 ,0 ,0 ,0)G, form the subset of the fixed elements in the £-fundamental region. 

Case S:

If a is an element of order 2  in SaG1 then, since in general £(ofc) =  £(a)£(6 )

(3.4.12) £(o) 2  =  £(S)£(3) =  1

and since £(a) =  (a)~1g we have

(3.4.13) 1 =  £(o2) =  (3 -J) V  = 9 2

Therefore

(3.4.14) 9 =

( - 1 , 1 , - 1 , 1 ) if i =  l  

(1 , - 1 , 1 , - 1 ) if i =  2  

I ( - 1 , - 1 , - 1 , - 1 )  if i =  3

and thus £ restricted to SG is the map:

(3.4.15) SG - S G

Notice that being 6„G a cyclic group of even order pi — 1  for t =  1 , 2  and the direct product of two 

cyclic groups of orders pi — 1 and P2  — 1 for t =  3 we find one element of order two for * =  1,2 and three 

elements of order two for i  = 3. They produce the following G-orbits:
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' (1,0, —1,0)G if i =  1 

(0,1,0, —1 )G if i =  2

(3.4.16) f  (1,1, —1 ,1)G

if i  =  3 j (1,1,1, — 1)G

I (1 , 1 , —1 , -l)G r

Therefore each orbit in this case contains a ^-fundamental region. Let

(3.4.17)

and

Gt  =  i { 9 i , 9 ? ,9 i , 9 ? )  : 0 <  n <  - 1 0 <  m <  p2 -  2}

Gt  = {{9i ,9 2 ,9 i ,9T)  : 0 < n < P l - 2 , 0 < m <

A precise list of fundamental sets extracted from the above shown orbits is

(1,0) - 1 )0)G+

(0 ,1 ,0 ,-1 )G +

(3-4.18) ( l . l . - l . l j G ?

(1 , 1 , 1 , - 1 )C?+

1 (1 , 1 , - 1 , - 1 )0 ?

Case S:

If a is neither the identity nor an element of order two in 6 ,-,-G, then (a ) - 1  ^  a and so f  maps

(3.4.19) SG (2)_1gG £  SG

therefore none of the G-orbits gets mapped onto itself. A £- fundamental region is formed by

(3.4.20) ( J  (0 , 1 , 0 , g>2 *)G if i = l
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(3.4.21) U  (l,0,<ff,0)G  if i = 2
l<r*<

(3-4.22) (J (1,1 ,g? ,g? )G  if i = 3
0<m<p3-2

We summarize and divide the ^-fundamental region into the three following sections

(3-4.23) (0,0,0,0)G , (0,1,0,1)G , (1 ,0 ,1 ,0)G, (1,1,1,1)G

(3.4.24) |J  (0 , l , 0 ,g£*)G,
l< m<£a^i

U (1 , 0 , <7” , 0 )G,

U ( M . t f ,  <£*)<?,
0<m<p3 —2,l<n<

(J (1 , 1 , 0 ,<£>)G,
l<m<pa —2

(0 ,0 ,0 ,1)G, (0 ,0 ,1 , 0 )G, (0 ,0 ,1 ,1)G, (0,1,1,0)G

(3.4.25) (0 ,1 ,0 ,-1 )G + , (1 ,0 ,-1 ,0 )G + , (1 , 1 , - 1 , 1)G+, (1 ,1 , 1 , - l ) G + ,  (1 ,1 ,-1 ,-1 )G +

The fundamental m atrix derived from block—diag(Ba), when 3G is any set in (3.4.23) is a bloclc diagonal 

matrix whose main diagonal is formed by

(1 ) on (0 ,0 ,0 , 0 )G

b 2 on (0,1,0, l)G

B i on ( 1 , 0 , 1 , 0 ) 0

- S i 0  b 2 on ( 1 , 1 ,1 , l)G

This piece of the fundamental matrix coincides with the original one since their indexing sets are fixed 

by the £ action. We list now the fundamental blocks indexed in the sets in (3.4.24)
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on IJ1 <m<£a!pi(0 ,l,0 ,s5*)G  

on \Ji<n<n f i ( l> 0 ,9 i ,0 )G  

I]>ifi_1 ®Ip2- i ® B i ® B 2 on U 0 <m<P3 - 2 ,

(3.4.27) \ l PJ- 1 ® B 1 ® B 2 on Uo<m<P,-2(l-l-0*i72 )<?

B 2 on (0 , 0 ,0 ,1)G 

B i  on (0,0,1,0) G 

B \  ® B 2 on (0 ,0 ,1 ,1 )G and ((0 ,1 ,1 ,0)G

These fundamental blocks correspond to one half of the blocks in a section of the original matrix. The 

blocks are kept unaltered.

The remaining part of the fundamental matrix comes from orbits on which the action of £ equals a 

multiplication times —1 . The techniques for the block reduction are the same as in section 2 . The result is 

the following

(3.4.28)

' B f  on (0 ,1 ,0 ,—1)G 

B% on (1,0, —1,0)G

B t  on (1 , 1 , - 1 , 1 )G, (1 , 1 , 1 , - 1 )G and ( 1 ,1 ,-1 ,—1)G

Before giving the general form of the fundamental blocks derived from block(Aa g) we observe a fact 

about shift operators.

Observation:

Let n  be an even number, the

(3.4.29) S „ _ ( £  * )  =  ( j  j ) ® *

where Ti and Ri  are 2 x  2 matrices of the following form:

(3.4.30) T ,=

/  0 1 0 . . .  0 \
0 0 1 . . .  0

0 0 0 . . .  1

Vo 0 0 . . .  oy
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From these formulas we conclude that: firstly

(3.4.33) £ « )

and secondly

3
(3.4.33) Ti +  i?i =

We shall prove by induction on r  that

(3.4.34) T r  +  R r  =  S .7 Jk 3

Assuming (3.4.34) for r  =  k  — 1 , k > 2 ,

(3.4.35) f  ^ f c _ 1  ^  ^Tfc_i J  \R i  Ti J

_ ( Tk-iTi + Rk-iRi T^Ri + Rk~iTi \
\ Rk-iTi + Tk-iRi Rk-iR i + Tk-iTi J

_  (  Tk Rk \
~ \R k Tk J

hence

(3.4.36) T k  +  R k  =  { T k-1 +  R k - t )  (Ti +  R i )  =  S f 1S*

These matrices, coming from reductions on powers of shift operators, are encountered in some of the

computations of fundamental blocks performed on matrices of the type of block(Aa g).

The general formulas of fundamental blocks derived from block{Aa g) are easier to describe in the cases 

in which the column indexing orbit bG is either fixed (i.e. a member of the list (3.4.23)) or sent to a different

orbit by the action of £ (i.e. a member of the list (3.4.24)). Let’s analyse first the case bG G (3.4.23)



(3.4.37)

' Aa,S *7 a G e  (3.4.23)

A a,S *7 SC? e  (3.4.24)

[(1 0 )® /£ ^ i]A a g i f  SG e  (3.4.25)

[(1 0 ) ® / ^ ] ^  i f  a = ( 0 , 1 , 0 , - 1 )

.[(10)®%^,-!)]^.!; *7 s= (1,1,-1,1), (1,1,1,-1), (1,1,-1,-1)

Let’s consider now bG 6  (3.4.24)

(3.4.38)

Aa,b +  Aa,xi(Z) t/SC? €  (3.4.23)

Aa,E +  -^a,$(5) *7 SC? e  (3.4.24)

[(1 0 ) ® / ^ ]  [^3)5+ ^ ai€(5)] i f  3 =  (1 , 0 , - 1 , 0 )

[(1 0 ) ® % i ] K , S  +  4 u(S)] i f  3 = ( 0 , 1 , 0 , - 1 )

[(1 0) ® lAa,S + 4u(S )] i f  S =  (1,1, -1 ,1 ), (1,1,1, -1 ), (1,1, -1 ,  -1 )

The description of the fundamental matrices whose columns are indexed by C?-orbits in (3.4.25) requires 

the partition of the original matrix into blocks. Consider a column indexing orbit having bG± U (— bG*) as 

fundamental set. The following matrix corresponds to a column permutation of A a g and it clearly produces

the same fundamental block as Aa g

(3.4.39)
bGf -bG ?

SG (i4j(a,b) ® j42(S,Af(3, t) ® A'2(S,fc))

here

(3.4.40) A i(a,6 ) =

rw
~ K n -x

—jKpj-i ® t K P, -1

l (&)
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and

(3.4.41) A? (3,6) =

r (o) 

(0 ) ® ^ - !  

*Ku=ia

- i f p x - l

[ f t )

« g » - I

and A'2(at 6) =  A2(3,6)5,? with n equal to the number of columns in A2(3,6).

Let A+ =  Aj(3, 6) ® ^ 2 (3 ,6) +  A f(3 ,6) ® A ^a, 6), then the fundamental blocks are

(3.4.42)

' A+ /o r  3 G €  (3.4.23), (3.4.24) 

((1 0) ® J „ - i lA +a

f(l 0 l ® / » - i ] A +3

U ( l ° ) ® / i ^ i (p3 _ 1 )]A+

The fundamental set (0 ,1 , 0 , —1  )G2 is the only one left in the previous analysis. Notice that

Ai(3, (0,1,0, —1)) is either (1) or —K P3- i  and so it is independent from the column indexing set. The 

matrix

(0 ,1 ,0 ,-1 )G +  - ( 0 , l ,0 , - l ) G +

(3.4.43) 3G ( a 1(3 ,(0 ,1 ,0 ,-1 ))® A |(3 ,(0 ,1 ,0 ,-1 ) )  A^af, (0 ,1 ,0 ,-1 ))  ®A= (3 ,(0 ,1 ,0 ,-1 )))

where

(3.4.44) A2  =

r ( i)

K p a — 1

*****

~Kp 2-11

f M
> \ R q J

tK n - 1 
3
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(3.4.45) Al[a,t)  =

r(o)

(o )® irpa_i

t K P, - 1
3

-̂ Cp3 — 1 ® * K pi-l

( ? ’), \  /

Therefore if j4++ =  -di(a, (0 ,1,0, —1)) ® [A^a, (0,1,0, —1)) +  A\{a, (0 ,1,0, —1))], then the fundamental 

blocks axe of the following general forms:

(3.4.46)

' A ++ i f  SG e  (3.4.2), (3.4.23) 

[(1 0 )®  In j± ]A ++ i f  2 =  (1 , 0 , —1 , 0 )

[(1 0 ) ® / ^ ! ^ + +  i f  2 =  (0 , 1 , 0 , - 1 )

[ ( 1  0 ) ® / £Jfi(p3 _ 1 )M++ i f  2  =  (1 , 1 , 1 , - 1 ), (1 , 1 , - 1 , 1 ) (1 , 1 , - 1 , - 1 )
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4. A  three d im ensional sym m etry

As in previous sections our main goal here is showing how the formulas proved in Propositions 1 and 2 

can be applied to get sparse matrix factorizations for blocks of high multiplicative complexity that appear in 

fundamental matrices derived from the elimination of certain structured redundant computations from the 

DFT matrix.

4.1 A-fimdamental regions

Let A be the group of automorphisms in Z/p ip i  X Z /p  1 P2  X Z /p ip2 given by the direct product of the 

groups generated by

(4.1.1) A1(n 1)n2,n 3) =  ( - n 1, - n 2 ,rz3)

(4.1.2) A2(ni, n2) na) =  («i, ~ n 2, -M3 )

Let Z / p i P z  X  Z / P 1 P2  X Z / p i p 2 be endowed with the ring structure of direct sum, and let U denote its 

group of units. Since —1 6  U{pip2)

(4.1.3) A U = U

for all A S A and so every element in A maps 17-orbits onto 17-orbits. Through the Chinese remainder 

theorem isomorphism we establish a one-to-one correspondence between 17-orbits and sets of the form 0< X 

Oj x  Ok] 0 <  i , j , k  <  3 and as before we look for a A-fundamental region expressable in terms of sets of 

the form C>{+ and 0{. This is achieved by taking first a fundamental region for Ai, selecting from it a subset 

having no more than one element from each A2-orbit and then selecting from this subset a set containing no 

more than one element from each A3-orbit, where A3 =  AiA2.

Consider first the action of A* on a set of the form Ot- X Oj X  Ok. This action can be represented as the 

mapping

(4.1.4) Oi x  O j x  Ok — ^  - O i  x  - O j  x  Ok 
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a fundamental region for this action is

{0} X O f  X Ok i f  i  =  0
(4.1.5) {

O f  x  Oj xO /f i f  i  = 1,2,3

the set {0} X O f  X Ok is mapped onto {0} X —O f  X Ok by A2  and so it contains just one element from 

each A2 -orbit intersecting it. On the other hand

(4.1.6) O f  x  O j  x O ^  O f  x - O j  x - O k =  O f  x  O j  x Ok

that is A2  acts on O f  X O j  X Ok. A fundamental region for this A2  action is

O f  X {0} X 0% i f  j =  0
(4.1.7) ;

O f  x O f  x 0* . 7  y =  1,2,3

So far the combined action of Ai and A2  produces the following fundamental sets

{0} x  o f  x Ok o < y , f c < 3

(4.1.8) Of  X {0} x  0 + 1 <  * <  3 0 < k < 3

o f  x  o f  x ok 1 < »,y < 3 0 <  jfc <  3

Since

(4.1.9) A3(ni,n2,n3) =  ( - n 1 .ri2 . - n 3 )

an analysis similar to that one applied to A2  tells that the sets O f  X {0} X 0* and O f  X O f  X Ok 

contain only one element from each A3 -orbit intersecting them and that A3  acts on {0} X O f  X O*. The 

mapping corresponding to this latter action is:

(4.1.10) {0} X O f  X Ok {0} X O f  X - O k

and so we get a new fundamental set
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(4.1.11) {0} X O f  X  0 £  0 < j , k < 3

Summarizing, a A-fundamental region is given by the union of the sets listed below

(4.1.12) {0} X O f  X  O jf 0 < j ,  k  <  3

and

(4.1.13) O f  x  {0} X 0 +  1 <  t <  3; 0 <  k < 3

and

(4.1.14) O f  X O f  X Ok 1 <  j  <  3; 0 < k < 3
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4 .2 .-  A -invariant seq u en ces

A sequence x  indexed in Z jp \p 2 X Z /p ip 2 X Z/p \P 2 is said to  be A-invariant or A- symmetric if

(4.2.1) x ( n i ,n 2 ,n 3) =  x(A (ni,n 2 ,ns)) for all A e A

The DFT m atrix representation to  be used for the incorporation of A-controlled redundancies is the 

natural generalization of F(pip2) to the three-dimensional case. Our building blocks are the matrices of the 

form

(4-2.2) &i), (istjzt ^2 )) =  (# u  ® B3l ® Bk l) (A< J t 3  ® ®-4fci*a)

and so the D FT matrix naturally factors as

(4.2.3) Fu(piP2 : 3) =  block -  diag{Bil ® B 3l ® Bk l) block(Aiii2 ® A jl3-3 ® A klk?)

On the other hand a A-symmetric sequence is invariant under each one of the following matrices

(4.2.4) -S(piP2)® 5(pip 2 ) ® / p lPa

(4.2.5) S(pxP2 ) ® IPlP3 ® S(p!p2)

(4.2.6) JP l P 3  ® S(ptp2) ® ^(piPa)

Since each one of these matrices commutes with each of the factors of Fu(piP2 • 3) the factors of 

Fu (P1 P2  : 3) preserve A- symmetries and therefore we obtain the fundamental DFT m atrix by independently 

reducing each of them to fundamental matrices indexed on the A fundamental region formed by the sets in

(4.1.12) — (4.1.14). Our reductive technique is similar to  the one used in section 2.
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Let C,-, % =  0 , . . . , 3  be the blocks defined in section 2. Consider first indexing sets of the form of 

{0} X O f  X 0 £ , 0  <  j \ k  <  3. If the redundant output is eliminated we obtain a block of the following 

general form:

{0} x  O f  x  0 +  {0} x  - O f  x  0 +  {0} x  - O f  x  - 0 +  {0} x  O f  x  - 0 +  

(4-2.7) { 0 } x O + x O +  (  Cy 0  Ck Cy ®Ck Cy 0  Ck C y0C fc )

thus, the elimination of input redundant data yields: aspect

{0} x  O f  x  0 +

(4-2-8) {0} x  o f  X 0+  ( Cy 0  Ck +  Cy 0  Cfc +  Cy <8>ck + Gj ®Ck )

Recalling that Oq =  {0 } we draw from (4.2.8) the following sub-cases for the fundamental blocks

(1 ) i f j  = k  =  0

Bt i f j ^ 0 ,  k  =  0

i f j  =  0 , k ^  0

If, on the other hand, j  ^  0  and k j^O  the matrix in (4.2.8) can be factored as

(4.2.10) (Cy +  Cy) 0  (Gk +  Gk)

Recalling that Cj +  Cj =  B f , we can express the fundamental blocks as:

(4.2.11) B f  0 B+ 1 <  j ,  k  < 3

Each factor in this tensor product is either skew-circulant or suitable for the application of the sparse 

matrix factorization formulas of either one of Proposition 1  (page 1 0 ) or Proposition 2  (page 18).

A similar situation is found when formulating the fundamental blocks indexed in sets of the type 

O f  X {0} x  0% 1 < i  < 3 0 <  k  < 3

Consider now indexing sets of the type O f  X O ^  X Ok , 1 <  i, j  < 3, 0 <  A: <  3 . By eliminating the 

redundant outputs we get a block of the following general form:
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(4.2.12)
O f  x  O f  x  Ok - O f  x - O f  x  Ok O f  x - O f  x - O k - O f x O t x - O k 

O f  x  O f  x  Ok (  Ci 0  C3- 0  B k Ci 0  C,- 0  Bk C{ 0  C3 0  B k C f  0  C f  0  Bk )

The following are the different cases of fundamental blocks derived from (4.2.12).

If A =  0  we clearly get the same blocks as in (4.2.9) and (4.2.10). As for A >  1 we observe that

Ci 0  Cj ®Bk + Ci 0  Cj 0  Bk +  Ci 0  Cj ®Bk + Ci 0  Cj 0  Bk
(4.2.13)

—Ci 0  \Cj 0  Bk +  Cj 0  Bk] +  Ci 0  [Cj 0  Bk +  Cj 0  Bk]

Let I(k)  and S(k)  be as defined in section 3 and let I '(k)  denote the identity matrix of one half the 

dimension of J(A). Using the relation

(4.2.14) S (k)B k = B k

we obtain

(4.2.15) \ r { j )  0  S(k)] [Cj ®Bk + Cj 0  Bk\ =  Cj ®Bk + Cj 0  Bk

Therefore

(4.2.16)
Ci 0  [Cj ® B k + Cj 0  Bh] + Ci 0  [Cj 0  B k + Cj 0  Bk]

=(Ci ® I '( j )  ® I{k)) (/'(*) 0  [Cj ® B k + Cj 0  J5rj) +  (Q  0 1'(j)  0  5(A)) (I'(k)  0  [Cy ® B k + Cj 0  5 r ]) 

=(C i 0 1'(j) 0  /(A) +  C i 0 1'(j)  0  5(Jfc)) ( / '( t)  0  [Cj ® B k + Cj 0  Bfc])

The left factor in the bottom line of (4.2.16) clearly admits the factorization formula of Proposition 2

for i  =  1 ,2 , as for i  =  3, since C3  =  C\  0  i ? 2  we get

C3 0  / '(y ) 0  /(A) +  C3 0  / '( j )  0  5(A)

(4.2.17) = C i ® B 2 ® I ' (y) ® I(k) + C t ® B 2 0  I'(y) ® 5 (A)

= (< ? !  0 ip3—i 0  j ' ( y ) 0 /(A) +  ( ? 1 0 5pa _ 1 0 / ' ( y ) 0 5(A)) 0 b 2 0  J ' ( y ) 0 / ( a )
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The left factor in the bottom line of (4.2.16) is also factorizable by the formula given in proposition 2 . 

Let’s consider now the right factor in the bottom line of (4.2.15) By factoring it as

I ' ( t )  ® [C j  ®  B k +  C j  ®  B fc]
(4.2.18)

=I'(i) 0  (<?! 0  /p3 —! 0  /(A) +  Ci 0  S*L_! ® 5 (A)) fJr ,- i  ® Ip ,-!  ® BK)
3

The analysis splits again in two cases. If j  =  1,2 the factor Cy 0 J(A) +  Cy 0  S{k) is clearly factorizable 

by the formula in proposition 2. If j  =  3 then

C3 0  /(A) +  C3 ® 5 (A)

(4.2.19) —Ci ® B 2 ® /(A:) +  Ci 0  5 2 ® 5 (A)

= (C i 0  Ip,~i 0  /(A) +  Cx ® ® 5 (A)) f / ,,-1  ® JP3_ i ® Bfc)

This left factor in the bottom equation of (4.2.19) satisfies the hypothesis of Proposition 2 , so the whole 

expression admits a sparse matrix factorization.

Since the fundamental blocks indexed by sets of the form of O f  x  O f  x  Ok, under (Pi~—, Pj ~x-, pfc — 1 )-

block decomposition, present skew-circulant (pfc — 1 ) x (p* — 1 ) blocks Proposition 1 also provides a sparse

matrix factorization formula.

For a general description of the fundamental blocks derived from the matrix block(Ai, it-3 ®Ajuj, ®Akltk3) 

we use the matrices A* {a, 0  <  li, 12  <  3, 1  <  t  <  4 defined in section 3. Our analysis splits again into three 

main cases

C ase 1

If the row indexing set is {0 } x O f  x  O f  then we have

(4-2-20) (A]-Uj, +  A]ui,) 0  (A ilM  +  A l iik,)

if the column indexing set is {0} X O f  X Oj*-

(4.2.21) ^ 1>0 ® +  A l j , )  0  (A luk, +  A 2k lM )

if the column indexing set is O f  X {0} X O f
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(4.2.22) ® A)i<h +  A20tij ® A)u h ) ® +  U o ,.-3 ® +  A%^ ® A)u h ) ® \A2k lM A l l M ]

if the column indexing set is O t  X O t  x )k 3.

Case 8

If the row indexing set is 0 t  X {0} X Ok then we have

(4.2.23) Aili0 ® + A l h ) ® « fc3 + A2k lM )

if the column indexing set is {0} X ° s ,  *  o t ,

(*•»•“ > K . i .  +  < .< , )  ® « , * ,  +

if the column indexing set is Ojjj X {0} X Oka

(4.2.25) (A}lti3 ® ^  +  A l ,ia ® 4 , , .  ) ® [ 4 1 ,fc3 4fcllfcJ +  ® x4o,ya +  4 U  ® ® 1

if the column indexing set is O t  X O t  x  Okl 

Case S

If the row indexing set is O f  X 0 t  X Okl then we have

<<•*•*> 4 U  ® (4 * + A j .) •  <4 U  + 4 .* .)

if the column indexing set is {0} X O t

(4.2.27) (A\uij +  ® A)t ® (  j * - * ’ +  )
\ A k i M  "r A ku k ,  /

if the column indexing set is O t  x  {0} X Ok2, and

(4.2.28) K , , - a ® AjltA + A l >i7 ® A 2j u h ) ® ^ fcl,fca +  (A}ui, ® ^  +  A \ ><3 ® < iJ3) ® jljkllfca5(te)

if the column indexing set is 0 t  x O t x 0*3.
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Appendix: On the com plexity o f  certain Toeplitz and Hankel m atrices

The vector space of the JV X JV Hankel matrices was defined in section 1. The vector space of JV X JV 

Toeplitz matrices is closely related to it. As a m atter of fact an JV X JV matrix A  is called a Toeplitz matrix 

if there exists an JV x  JV Hankel matrix B  such that:

(A.l) A  =  TN B

where

By the complexity of computing with a matrix A it is meant the minimal number of arithmetic operations 

that are necessary to compute b =  Ax.

The purpose of this appendix is to show that certain subspaces of either Toeplitz or Hankel matrices are 

composed by elements whose complexity is of the order of JV logN. These subspaces are the (A)-circulant 

matrices in the space of Toeplitz matrices and the (A)-skew-circulant matrices in the space of Hankel matrices, 

where A is a complex number. In section 1.1 we introduced the skew-circulant matrices as the subspace of 

Hankel matrices generated by

(A.3) { t f W j  U W  +  H W h : 0 <  k < N  -  1}

now we generalize this definition by calling (A)-skew-circulant an JV x JV matrix A  belonging to the 

space generated by

(AA) U +  A i f W j

and saying that, in particular, if A =  1 the matrix A  is called skew-circulant. As a way of example, let’s 

consider the case JV =  3. In this case we have:
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( 1  0  0

J ^ 3) +  Ah 13) =  I 0 0 A
\ 0  A 0

/  0  1  O'
(4 .5) h [3) +  A # i 3) = 1 0  0

VO 0 A
/O  0  1

H =  [ 0  1  0

1 0  0

forms a basis for the subspace of the 3 x 3  (A)-skew-circulant matrices 

By a circulant matrix A  we understand any element in the space generated by

(4-6) +  : 0 < A < W - 1 }

Thus, the N  X N  circulant matrices form indeed a subspace of the space of JV x JV Toeplitz matrices. 

Furthermore they form an algebra. We can easily see this by observing that:

t n h £ }  1 =s£"1
(4 -7)

Tn  {H(kN) + u g h )  = 5ft 0  <  k  < N  — 1 

and recalling that {5jy :0 < k  < N  — l } i s a  cyclic group under matrix product. 

A (A)-circulant matrix is any matrix in the space generated by

(4.8) U { JM ifW 1 +  A B g k )  : 0 < k < N - l }

A (A)-circulant matrix is denoted by

(4.9).................................................................. (A) -c(oo ........aN - i )

where a* : 0 <A:<AT—l i s  the coefficient of the A;-th element in the basis (4.8). Similarly, we denote

a (A)-skew-circulant matrix by
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(.4.10) (A) — sc(a0, . . . , a x - 1)

The relation between A-circulant and A-skew-circulant matrices and circulant and skew-circulant matri­

ces is established as follows:

Let A =  e’“ and let 6 = e"*1. Then given A = (A) — ac(a0l .. . , ajy_i) ,  the matrix B  =

sc{aQ,6ai,...,ffN 1&N- 

(4.11)

i) is such that:

/ 1  A
6

A

/ i  A
6

< »K- k j

Indeed, if

(.4.12) A  = (a(k, /))

and

{A M ) B  = (6 (fc,i))

and if 0  <  k, I, k', I' < N  and k  + 1 = k' + 11 + N .  Then

b(k, I) =  0k+,a(k,l)

_  ok'+,'+Na{k, I)

(A. 14) =  [ e ^ j k'+l'+" e ia a(k ',l ')

=  b ( k ' ,n

Now, according to observation (2.3.21) B  is skew-circulant, and thus ( A l l )  follows.
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Similarly we can prove th a t if A  =  (A) — c(o0 , . . ajv- i )  then the m atrix B  =

c(0 w - 1 ao, . . . ,  OdN-2 , a ir_ i)  is such that:

(>4.15)

/ I  \
9

A

V ' e1* - ' ;

=  B

The diagonalization of circulant and skew-circulant matrices by DFT's is proved now. Consider first 

the circulant m atrix A  =  c(a0, . . . ,  ojv_ i ). Let a = (a0, . . . ,  a u - i )  and let

(>4.16)

we will prove tha t

a =  F(N)S

(>4.17)

Indeed, since clearly 

(A.18)

ao

. ) ■Ojv-l /
F {N )~1AF(N)

F(N)~1S1f  =

(>4.19) F i N ^ S w  = {wkw~kl) = diag -  (wk) [i^JV ) ] - 1

hence

(>4.20) F i N ^ S i f F i N )  =  diag -  (wfc)

therefore, for 0  <  j  < N  — 1

(>4.21) F i N ^ S j f F i N )  =  [F(N)~1Sh F(N)]3 =  d i a g - ( w k l )
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and since A = J2f=o Oj'Sjy we get

Z v f w - ' s L f w
3=0

Z )  aA dia9 -  (w*y)]
3=0

N - l
dia9 ~  [ Z )  a3u)k3\

3=0

=  diag -  (dk)

On the other hand the relations:

(4.23) F (N )~ xTn  =  F{N)

and

(4.24) Tn  sc(a0 ) . . . , o w_i) =  c(a0). . . , ajy_i )

yield, for the skew-circulant matrix 4  =  sc(ao a ^ - i ) ,  the diagonalization formula:

(4.25) F (N )A F (N ) = d ia g - { a k)

Therefore the complexity of computing with (A)-circulant and (A)-skew-circulant matrices is of the order 

of O(NiogN). Indeed by (4.22) and (4.25) it is sufficient to  use the fast Fourier transform algorithm so as 

to perform the required calculations.

F{N)~l AF(N)  =

(4.22)
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