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Introduction.

Several problems in science and engineering demand extensive computation of large size discrete Fourier
transforms (DFT). One way to satisfy this demand is to expand the processor performance. Another way,
is to choose cleverly designed algorithms: that is, essentially, ways of organizing the computations so that

the number of operations required is minimized.

The design of DFT algorithms can be traced historically to the times of Gauss (1805) | H-J-B | and the
principal discoveries of efficient computing methods involved, among others, authors as Runge, Danielson

and Lanczos [ D-L ], Thomas [ T ], Good [ G |, Cooley and Tuckey | C-T ] and Winograd [ W ].

The introduction in 1965 of the fast Fourier transform algorithm (FFT) by Cooley and Tuckey is
considered to be a turning point in DFT computing methods. They showed that the DFT can be calculated
using NlogN operations instead of N2, The FFT algorithm remains the most widely used method of
computing the DF'T despite the presentation in 1976, by Winograd, of an (algorithm in which by computing
DF'Ts as convolutions, a theoretical reduction over the FFT is achieved. Winograd’s work also showed that
an important factor in obtaining lower computational bounds for DFT algorithms is the use of the underlying

mathematical structure of finite rings.

Further reductions in the DFT computational burden might be obtained in cases in which the input
data sequence contains structured redundancies. A pioneering work in that direction is found in an article
by Ten Eyck [ T ]. The Ten Eyck method calculates the DFT of a sequence having redundancies due
to crystallographic symmetries by computing FFTs on subsequences containing all the necessary input
information. This method is restricted to certain crystallographic symmetries since the essential input
sequence that remains after the elimination of the redundancies does not always admit a partition info lines
of data as required to compute on them with FFT’s. This restriction is common in the problem of the
elimination of input data redundancies in the DFT computation. The reduction in size of the original DFT

matrix needs to be complemented with the design of fast methods to compute with the reduced matrix.

The purpose of this work is to present new algorithms computing the DFT for each of the following ‘

classes of symmetric sequences:
1.- Sequences satisfying: z(n) = z(—n);
2.- Two-dimensional sequences satisfying: z(n;,nz) = z(—ny, n2);
3.- Two-dimensiomal sequences satisfying: z(ny,n2) = z(—ny,—na);

4.- Two-dimensional sequences satisfying: z(ny,n2) = z(n2,n1);
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5.- Three-dimensional sequences satisfying:

z(ny,ng, n3) =z(—n1, —nz,ns)
=z(ny1, —~nz, —ns)

=:c(—n1, na, _n3)

where n, ny, na, ns € Z/N, and N is the product of two disctint odd primes.

The DFT computation of sequences having this type of symmetries is common in problems of structure
determination by x-ray crystallography, [ L-P |; DFT computations on sequences satisfying z(n) = z(—n)
are also extensively used in the solution of boundary-value problems in partial differential equations [ H | ,

(S]

The new algorithms proposed here are derived by eliminating the redundant computations from a
suitable DFT matrix representation, obtained by means of ring-theoretical techniques. This matrix repre-
sentations always admit a factorization as a product of an integral matrix times a block diagonal complex

matrix; factorization that was first proposed, for the one-dimensional DFT matrix, by Tolimieri [ To |].

The use of this DFT representations and their factoring formulas in the elimination of redundant compu-
tations is two folded. On one hand they provide algorithms based on preprocessing the symmetric sequence
through additions and subtractions into a new sequence, which can then be transformed wsing FFTs and
diagonal matrices. Hence, the post processing step, that appears in most of the existing fast algorithms
computing the DFT of a symmetric sequences, has been eliminated. On the other hand, each one of the two
factors in the above mentioned DFT factorization, naturally decompose into blocks indexed by the orbits
of the action of a group G on the indexing ring of the original DFT matrix, providing the blocks with

computationally desirable structures.

In all the cases considered in this work a group G can be chosen in such a way that the automorphisms
describing the redundancies in the input DFT sequence map G-orbits onto G-orbits. Furthermore, G can
be chosen so that the automorphisms either map one G-orbit onto a different one, or act on a G-orbit as
multiplication times -1. In the first case the reduced block is either a skew-circulant or a tensor product of
skew-circulant matrices while in the second case the reduced block turn out to be either a skew-circulanp
matrix, a tensor product of skew-circulant matrices or a block-Hankel matrix that decompose into skew-
circulant blocks. Every skew-circulat matrix admits a sparse matrix factorization as the product of DFTs
and diagonal matrices, (see Appendix). As for block-Hankel matrices, two different factoring formulas are
presented in the first section (Proposition 1 and Proposition 2). Through this formulas the scheme of
computing basically with FFTs and diagonal matrices is reocuperated at the cost of pre and post additions,

in the first formula, and permutations, in the second one.
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Although the implementation of this algorithms is not discussed here, their expression as tensor products

can be actually used to generate code and explore its possible vectorization or parallelization.



1.- Factorization Methods For Block-Hankel Matrices

In this section we present two different sparse matrix factorization formulas for linear combinations of
tensor products of Hankel matrices. The factors encountered are either skew-circulant matrices, permutation

matrices or sparse matrices whose entries are zeroes or ones.

The aim of these factoring formulas is the reduction of the multiplicative complexity (i.e. the number

of multiplications required to compute with the matrix) of the original matrix.
1.1.-Block-Hankel matrices and a first factoring formula
We first set the basic definitions and adopt some notational conventions.

All matrices considered in this work are complex matrices. An n X m matrix A having entries a(k,[)

will be denoted by :
(1.1.1) A = (a(k,l))

followed by the specification of the domains of k& and I. In general it will be said that A is indexed in R x §

if k ranges on R and [ ranges on S. If needed, the notation
S
(11.2) A = p (a(k, z))

will be used as an alternative to (1.1.1).

Special matrices such as column, row or diagonal matrices will be denoted as in (1.1.1) but with the

extra indication of the symbols col, row and diag preceeding the matrrix brackets.

The transpose of A is denoted *A and A will denote the matrix whose entries are the complex conjugates

of the entries of A.
The following symbols will always stand for the same matrices:
(1.1.3) In
will denote the N x N identity matrix,
(1.1.4) In = (alk))

will denote the N X N matrix whose entries are:

1 if k+1=N
a(k,l) =

0 otherwise.
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Such a matrix is called the N X N off-diagonal identity.

(1.1.5) Ky

will stand for the N X 1 column matrix whose entries are ones, and

010 ...0
0 01 ... 0
(1.L.6) Sy=|: 11
0 00 ... 1
1 00 ... 0

will denote the N x N shift operator.

The word block preceding the matrix bracket in (1.1.1) indicates that the entries of A are given in terms

of block matrices. However, if no ambiguities arise, the word block will be avoided for simplicity.
The notations block-col, block-row and block-diag have the obvious meanings.

Let A= (a(k,!)) be an N x N matrix, with N = RQ. Consider the following blocks in A
(1.1.7) Alk) = (a(n+ kQ,m +1Q))

0<kl<R-1,0<nm<Q—1. Such a decomposition of A will be called the (R, Q)-block decomposition
of A.

It is worth noticing that both the (R,Q) and the (Q, R) block decompositions of A exist as soon as
N = RQ but they are not equal unless R = Q.

The main tool in describing the properties of the block structured matrices is the tensor or Kronecker

product of matrices, which is defined as follows :

Let
(1.1.8) A= (a(k,1))

be an N3 X No matrix and let B be an M; X My matrix. The tensor product of A and B, denoted by A® B

is defined to be the matrix

(1.1.9) A® B = block (a(k,1)B)

The tensor product is a bilinear operator on the space of Ny My X Na M, matrices satisfying the two

following extra properties
(1.1.10) ‘(A®B)='A®'B
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(1.1.11) (A®B)(C® D)= AC®BD
the last one for matrices of appropriate sizes.
An N x N Hankel matrix is a square matrix A = (a(k, 1)), satisfying:
a(k,l) = a(¥,0)
fk+i=FK-+1. |

The set of all V X N complex Hankel matrices forms a complex vector space. A basis for this space is
given by the Hankel matrices having ones in the (k + 1) — th off-diagonal and zeroes everywhere else. We

denote this matrices by :
(1.1.12) H, )

An important subspace of this vector space is the one formed by the skew-circulant matrices. An Nx N

skew-circulant matrix has the following general form:

ao a a2 ... aGN-1
ax a2 can Qg

(1.1.13) A=| @ R
aN-1 G 41 ... GN-2
A standard notation for this matrix is :
(1.1.14) sc(ag,...,an—1) or scfax), 0<k<N-1

and clearly A is expressable as:

N-—2
(1.1.15) A = ayiHy "+ E ak(Hk(N) + Hk+N(N)).
k=0

The most relevant property of skew-circulant matrices in the context of this work is the fact that they
can be diagonalized by the discrete Fourier transform (DFT) matrix. The N-point DFT matrix is defined

as :

(1.1.16) F(N) = ()



0< k, 1< N—-1; wherew = ezp(zT’"'-) and the diagonalization of an IV x N skew-circulant matrix A by F(N)

is expressed in the formula:
(1.1.17) A = F(N)!DF(N)?
where D is an N x N diagonal matrix. See the appendix for details.
An (R, Q)-Hankel matrix is an RQ x RQ matrix A = (a(k,l)), which under (R, Q)-block decom-

position satisfies:

Ak,D) = A(K,V)

whenever k + 1 = k' +I'. Therefore A is (R, @)-Hankel if and only if it can be written as

R—-2
(1.1.18) A = Y HP @A
k=0

where Ay is a @ X @ matrix for every kK, 0< k< R-2.

In other words the space of all (R, Q)-Hankel matrices is the tensor product of the space of the R x R
Hankel matrices times the space of the @ x @ complex matrices. A whole class of block structured matrices
arises by taking successive tensor products of spaces of Hankel matrices. In general a matrix will be said
to be (Ry,..., R,,Q)-Hankel if it is a member of the tensor product vector space of the R; X R;-Hankel

matrices (¢ = 1,...,n), times the vector space of the @ X Q matrices. Such a matrix is expressable as :

R1—2 Rn—2
(1.1.19) A = Y ..Y H,™e..eH, ) @Al,... k)

k1=0 kn=0

where A(ky,..., k,) is a @ x Q block for each (ki,...,k,) € Z/Ry X ... X Z/R,, .

In what follows a formula for the factorization of matrices of the form of A in (1.1.19) is proposed. The

core of our factoring method is illustrated in the following example: let

Ay A [0]
(1.1.20) A = (A1 [0] Az)
[0] 42 As

where 4;, 0 <1< 3are @ X Q matrices and [0] represents the @ X Q null matrix.

Now
100 010 000 0 0O
(1.1.21) A = 0 0 0J®Ap+11 0 0]®A;1+]10 0 1)]®A4:+]0 0 0] ®A;
0 0O 0 0 O 010 0 01
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= (I ® 40)(Ho™® @ Ig) + (Is ® 41)(H:® @ Ig) + (Is ® A3)(Hs'® © Ip) + (I ® As) (Hs® ® Iy)

I3® 4 Ho(s) ®Ig

I: ® A; H]_(s) ® IQ
= LRl Lely Lely LelI
(el Lol Lol Iely) I, ® Ag Hs® oI,

I3® As H® eI,

I ® A Hy,®

L®A H,®)
= (I L L I)el] T Led, | gy | ® %l

IS ® AS H4(3)

Consider the block-column matrix:

1 00
00 0\
0 0 O
010
H(,Ea; 100
e _ 0 00
(1.1.22) o | = oo ol
H,O 001
01 0
0 0O
00 OJ
\0 01
the elimination of null rows in (1.1.22) gives:

i 100
{{1 010
A _ 100

(1.1.23) | " 5| - L
\ I g 10
(0 o 1)

When applied to the bottom equation in (1.1.21) this elimination of null rows propagates affecting
the left factors in each tensor product. After writing all the corresponding reductions we get the factoring

formula:

(1.1.24) A

I
TN
N
OO K
\-/
NN



C OO IO M
O O O=O

Notice that, as in (1.1.23),

o () ()

Consider now the (3, Q)-Hankel matrix:

Ao Ay Ay
(1.1.26) A = A1 Az As .

Ag Aa A4

(= =T
(=2 =]
O = O
-0 O

v
—
-0 0

) - e

Expressing A as

Az Az Az Ap— Az A1— Az [0]
(1.1.27) A = Az Az A2 + A]_ - Az lO] A3 - Az

Ay A, A 0] As—A; Aq—A,

11 Ao - A2 A1 - Az [0]
1 1] @A)+ | A1-4 [0] As— Ay
1

1 [0] Az — Az Ay — Ay

et
-
[T Sy
N——’
®
b
©

= (Lel, Lely) (1 Ia@IQ),

Ag—Ax A — A, [0] (Is ®Ip
Ay — As [0] Az — Az
[0] Az —A; A4 — A,

using the identities:

1 1 1
(1.1.28) ( 1) R Az = (1) (1 1 1)®A2=[(1) ®IQ]A2[(1 1 1)®IQ],
1 1 1

and the formula (1.1.24), we obtain :

w1 )

- e
-



Ay — Az
I, ® (A1 — Ag)
I2®(A3~A2)
Ay — Az

(1 1 1)
(1 0 0)
010

( 1 00 ®IQ)
0 01
010
(0 o 1}

= (M(3) ® Iq) E5(4) (L(3) ® Ig).

Clearly all the steps followed for the above shown (3,Q)-Hankel matrix factorization are generalizable
to any (R, @)-Hankel matrix. The general forms of the factor matrices Er(4), M(R) and L(R) as well as
their characteristics can be drawn from a direct observation of the above shown example. As a matter of

fact

(1.1.30)
Ap-1

Ep(A) = block — diag (Ies1 ® [Ax — Ap—1])

block — diag (Ig—k—1 ® [Ax+r — Ar_1])

0 < k < R — 2. Therefore Eg(A) is an (R(R — 1) + 1)Q X (R(R — 1) + 1)@Q block diagonal matrix.

On the other hand motivated by relations (1.1.23) and (1.1.25) we define the general blocks: I,(CU)
(respectively: I,gL) ) to be the R X k matrices whose upper (respectively: lower ) k X k block is I and the
rest null; and the general blocks .f,g) ( respectively: f,g") ) as the k& X R matrix whose first left ( respectively:
right ) k x k block is J; and the rest null. Now :

(1.1.31) M(R) = block(Kr Bblock (1)) block (1t¥)))

0<k<R-2and
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(1.1.32) L(R) = block(*Kg block(I") block(I(M))

0< k< R-2. Therefore M(R) is an R x (R(R — 1) + 1) matrix, while L(R) is an (R(B~1)+1)x R

matrix. The factoring formula for A is :

(1.1.33). A = [M(R)® o] Er(4)[L(R)® Iq)

The first factoring formula, stated and proved below, is a slight modification of (1.1.33)

PROPOSITION 1:
Let A be an (R, Q)-Hankel matrix such that all the @ x @ blocks of its (R, Q)-block decomposition, are

skew-circulant blocks. Then:
(1.1.34) A = [Ir@F(Q)] [M(R)®Ig] A [L(R)® Io] [Ir ® F(Q)7Y,
where A is an (R(R — 1) + 1)Q diagonal matrix.

Proof of Proposition 1:
Since each @ x @ block in the (R, Q)-block decomposition of A is skew-circulant, the matrix Ep(A)
consists of (R(R — 1) + 1) skew-circulant blocks of dimension @ X @ in its main diagonal. Hence there exist

a Q(R(R — 1) + 1) diagonal matrix A such that :

(1.1.35) Er(4) = [Irr-1)+1 ® F(Q)  AIr(r-1)+1 ® F(Q)7Y].
Now:
(M(B)® Ig|[Ir(r-1)+1 ® F(Q)™!] = [IrM(R)® F(Q)™'Ig]
(1.1.36) ,

[Ir ® F(Q)™'|[M(R) ® Iq]

and similarly:

Ur(r-1)+1® F(Q)Y|[L(R)®Ig] = L(R)Iz®IgF(Q)™!
(1.1.37)
[L(R) ® Io]|Ir ® F(Q)™Y

11



The Proposition follows after replacing this equation in formula (1.1.33).||

Formula (1.1.33) is generalizable to (Ry,..., R,, @)- Hankel matrices through a nesting procedure which

is the natural generalization of what it is shown below in the case of (R, R3, Q)-Hankel matrices.

Let A be an (R;, R, Q)-Hankel matrix; then A is, in particular, an (R;, R;@Q)-Hankel matrix and so
formula (1.1.33) gives

(1.1.38) A = [M(R)® Ir,q] Er(4)[L(R)) ® Ir,q)-

Each block in the main diagonal of Eg,, being the result of linear combinations of (Rz,@Q)-Hankel
matrices, is on its own an (R3, @)-Hankel matrix. Let A(k) 1 < k < R;(Ry — 1) + 1 denote each of these
blocks. Then, again by (1.1.33):

(1.1.39) Ak) = [M(Rz)® Ig] ER,(A(K)) [L(Rz) ® Iq)],
therefore
A = [M(Ry)® Ir,q] [block — diag (A(K))] [L(R1) ® Ir,q]
(1.1.40) = [M(Ry) ® Ir,Q) [Iry(ry~1)+1 ® M(Rz) ® Ig) [block ~ diag ( Eg, (A(K)))]

= [Ir,(r1-1)+1 ® L(R2) ® Ig] [L(R:) ® Ir,¢q),

but

[M(R,) ® Ir,q| [Ir,(r,~1)+1 ® M(R3) ® Ig]
(1.1.41) = [M(R:)® Ir, ® Ig] [Ir,(r,-1)+1 ® M(Rz) ® I3]

= M(R)®M(R:)® Ig

and similarly:

12



(1.1.42) (IR, (Ra-1)+1 ® L(Rz) ® IQ][L(1) ® Ir,q] = L(R1) ® L(R3) ® Iq.

So, if we denote by ERg, o Eg, (A) the block diagonal matrix resulting from applying the operation Ep,
to each block in Ep, (A), we get:

(1.1.43) A = [M(Rl) D M(Rz) D IQ] [ER, o Ep, (A)] [L(Rl) ® L(Rz) ® IQ].
Hence, in general, for an (Ry,..., Rn, @)-Hankel matrix A we have the factoring formula:
(1.1.44) A=[M(R))®...8 M(R,)® Iq][Eg, ©...0 Egr,(A)][L(R1) ®...® L(R,) ® Ig]

and if each @ x @ block in the (Ry,...,Rn, @)-block decomposition of A is skew-circulant we get the

following generalization of the formula stated in Proposition 1:

(1.145) A= [Ir,..r, ® F(Q) '] [M(R1) ®...8 M(R)| A[L(R) ® ... ® L(R,)] [I,..x, ® F(Q)™Y],

where A is a Q[];_,  .(R:(R; — 1)+ 1) diagonal matrix.

Formula (1.1.45) plays a crucial role in reducing the size of A for (R, Q)-Hankel matrices in which

R=1]J;_,,. . Ri In order to see that we first observe two simple facts :

Observation 1:

If A is an (R, Q)-Hankel matrix and B = [],_, ., R; then A is also an (Ry,... Ry, Q [Ix—ys1,.. n Br)-
Hankel matrix, for any 0 < I £ n. Indeed, it is easy to see that if the off-diagonals formed by the Q x Q
blocks are constant, so are the off-diagonals formed by (@ [I_;.;.. n B%) X (QIIx—i41,... o Bx) blocks.

Observation 2:
If R = RiR;, with B; > 1 and Rz > 1 then:
(1.1.46) R(R-1)+1 2 [Ri(R1 —1) + 1) [Rz(Rz — 1) + 1].

Indeed, if Ry, R; > 1, then obviously

13



(1.1.47) BiR; +1 > R; + Ry,

but this inequality implies:

(1.1.48) (Ri+ Rz) (R Rz +1) 2 (R + R2)?,

which on its turn gives:
R(R—1)+1 = RZ2RZ?-R\R;+1
(1.1.49) > (RIRZ-RiRo+1)+ (Ri+ Rp)? — (R + Rp)(R1Rz + 1)

= [R]_(R1 - 1) + 1]{R2(R2 - 1) + 1].

Therefore if formula (1.1.45) is used with a full decomposition of R into multiplicative factors, the size

of the diagonal matrix achieves a minimun.

On the other hand, both formulas (1.1.34) and (1.1.45) require the same number of additions. In order

to see this, let’s consider the case R = R, R,. For a given matrix A, let:

a(4)

be the number of additions required to compute with A,

c(4)
be the number of columns in A, and
r(4)
be the number of rows in A. Then:
(1.1.50) a(A ® B) = ¢(A)a(B) + r(B)a(A).

14



Now, for a given R:
(M(R) = r(L(R) =R(R-1)+1,
(M(R) = oL(R) =R,
oM(R) = R(R-1)

and

o(L(R)) = R-1

Therefore, if R = R; R;, the total number of additions in formula (1.1.45) is given by:

(1.151) Z = [e(M(Ry))a(M(Rs)) + r(M(R;))a(M(R1))] + [c(L(R1)(L(R)) + r(L(Rz))(L(R1))].

A straight coputation shows that Z = oa(M(R))+ o(L(R)).
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1.2.- Factoring formula based on skew-circulant factors

As pointed out in the introduction, some block-Hankel matrices appear as a result of the elimination of
redundant computations induced in the DF'T matrix by symmetries in the input data. These block-Hankel
matrices are always expressable as the tensor of a Hankel matrix times a skew-circulant one, where the
Hankel factor comes from the elimination of three quarters of a skew-circulant matrix of even size. A typical

situation is illustrated below:
Let

(1.2.1) c

3¢ ( €0, €1, C2, 63)

if we denote by

(1.2.2) C, = (°° cl)

€y ¢C2

and

(1.2.3) C; = ("2 °3)

€3 ¢4

then we get

1 0 01
cC = (0 1)®C1+(1 0)®Cz

LeCI+5LeC;

(1.2.4)

Consider another skew-circulant matrix of even size, like the 6 X 6 matrix B:

— _ B, B
(1.2.5) B = 30(b0,b1,b2,b3,b4,b5) = (Bz B1>

Our problem is the factorization of:

B, B B, B
129 cio (B B)vcio (2 B)

16



Now

B; B = g3 B, B
Bl B2 6 Bg B1
1.2.7 — 01 B, B
(12.) = ((1 0)‘8’]3)(32 B,
= (L®L)B
Hence
By B, By B\ _
(1.2.8) C'1®(Bz Bl)+02®(31 Bz)_
10 01
(Cl®<0 1)®Ia+02®(1 0)@13)(IZ®B)
Defining :
1 000
_ o010
(1.2.9) P = |0100|®5
0 0 01
we express (1.2.8) as:
10 01
(1.2.10) (P[((O 1)®Cl+(1 0)®CZ)®I3]*P)(I2®B)
= P(C®L)'P(I,®B)

Several variations of (1.2.6) will be found in coming sections but through suitable permutation they all
will be proved to be tractable by the formula stated and proved below in Proposition 2. Let’s first set some

notations: the symbol

(1.2.11) P(n,m)
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will stand for the permutation matrix of size nm defined by:

(1.2.12) P(n,m) fmi4; = faj+i

where 0<1<n—-1,0<7<m-—1 and f; represents the k-th canonical vector. Notice that:

(1.2.13) tP(n,m) = P(m,n)

and for an n X n matrix A and an m X m matrix B

(1.2.14) P(n,m)(A®B)P(m,n) = B®A

We also define the I X ! permutation matrix

100000 0\

001000 0

000010 0
(1.2.15) R(l) = RIS S :

0000O0CO0 1 0

000100 0

010000 0/
PROPOSITION :

Let rx, 0 < k < n be a collection of even numbers. Let C be an ro X ro skew-circulant matrix whose

(2, & )-block decomposition is:

_ C, C;
(1.2.16) ¢ = (Cg Cl)

x
For each rg, k > 1 let J,, represent either I, or S;? and denote by:

(1.2. 17) I = If]_ ® see ® Ifn

and

18



(1.2.18) S = J,9...0J,,

L
Assuming that there exist a number m > 0 of numbers ry for which J,, = 5;2 ,k > 1, a permutation

matrix P can be found such that:

(1.2.19) Ci®I+C;08 = P(I,CeI)'P
where
(1.2.20) I = Iry...r0)2-m '

Proof of proposstion 2 :
e
Let ty = m(rx) be a permutation on (ry : k > 1) such that J; = S5,? ,1<g<m.

Relative to 7 we can find a permutation matrix P; consisting of tensor products of matrices of the type
of P(n,m) and identities such that:
Ci®I+C:08

L t
(1,2,21) =P1 (01®It1®...®Igm®I¢m+l®...®Ign+Cz®St: ®---®S¢_:’:L®Itm+1®---®Itn)tpl

=P1[(01®12®I%®...®12®I%..+02®f2®1%®...®I”2®I%n)®ltm+,@...@Itn]‘Pl

Let P, be the permutation matrix , of the type of P;, such that :
105814 0..0L8Ip+C:0L014®...0 L0 Iip|ly,. ®...OL,]

=P3[(£®...0L®CI814 ®...0lu +508..00C; 81y ®...0 Iy)

®L,,,®...0L,P,
(1.2.22)

=P[(;®...08C1+5®..0L®C2)®4 ®...8 Itn ® 1. ®--. O LI'P;

=P2[(I2m ® Cl + f2m ® 02) 02 I’]tpg
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Finally :

(1.2.23)

Hence if:

(1.2.24)

we get:

(1.2.25)

Therefore

(1.2.26)

where

(1.2.27)

Ln®C1+Ln®C,

C, G
C: G

=[R(2m) ® Irp] {[R(2m)® Iy]

C, C;
C: C,

=[R(2m) ® I ] [Im ® C|[R(2m) ® Ip]

Ps = R(@m)®@Inpelr

Pa(In®@CRI'N'Ps = (b ®Ci+ b ®C2)® I

P(I,®C®I')!P = C10I+C:8S8

P = P1P2P3.
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2.- Even DFT
An N-point even sequence is a real or complex sequence z = (z(n)) satisfying:
z(n) =z(-n); neZ/N.
Any algorithm designed to compute the DFT of an N-point even sequence taking advantage of the
above stated relation is called an even DFT algorithm.

A fast 2*-point even DFT algorithm, based on FFT’, is presented in | R ]. This algorithm, originated
in [ C-L-W |, computes the DFT of a real N-point even sequence, for a number N divisible by 4. The
computation is done in three steps: first the even sequence is pre-processed into a N/2 sequence, then it is
transformed through a N/2-point FFT and finally post-processed to obtain the DFT of the original even

sequence.

In this section, using ring theoretical methods, we derived a two-steps (pre-processing and transforming)
fast algorithm to compute the p;ps-point even DFT, with p; and po two different primes. All the techniques

used here will be either repeated or generalized in coming sections.
2.1.- Ring-theoretical structures and a DFT factorization

We first summarize some facts about the ring structure of Z/N and derive from them our basic factor-
ization formula for the N-point DFT matrix. This factorization formula is due to Richard Tolimieri, and it

first appears for a 15-point DFT matrix in [ To ].

For a positive integer /N the symbol Z/N will denote the ring of integers modulo N. The subset of Z/N

(2.1.1) UN) = {neZ/N:(n,N)=1}

where (n, N) denotes the greatest common divisor of n and N; is a group under ring multiplication.

This group is called the group of units of Z/N.

For odd primes p, U(p') is cyclic. In particular U(p) is cyclic of order p— 1. The groups U(2') are cyclic

for | = 1,2, but not for I > 3 in which case decompose as the direct product of two cyclic groups.

For a composite number N = p{*...pg* it is possible to reduce congruence modulo N to a system of

simpler congruences by applying the Chinese Remainder Theorem , which determines the ring isomorphism
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(2.1.2) f:ZIN — Z/pf* x...x Z/pg*

flr) = (ny,...,m) ; nj=n (modp}’)
where the ring structure in Z/pf* X ...x Z/pg* is given by the direct sum of the rings Z/ p;" 1L i<k

Let E; denote the element in Z/py* x ... x Z/pg* having a one in the j — th coordinate and zeroes

everywhere else. Let

(2.1.3) e; = fUE;); s=1,...,k

Then {e; : 5 = 1,...,k} forms a system of idempotent elements in Z/(p{*...pg*), that is:

(2.1.4) 2 = e; j=1,...,k
(2.1.5) eres = 0; r#s
k
(2.1.6) D = 1
Jj=1

The system of idempotent elements determines the inverse image of the ring isomorphism f in the

following sense:

k

(2.1.7) o(nyy..ong) = Ffng,...,m) = nd:»n:ane,-
j=1

A crucial equation derived from the above listed facts is :

W™ = @o(kuka)o(l1ls)
(2.1.8) — w(k1e1+k:ez)(’1cx+hez)

= Fihierykalaea
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Since

(2.1.9) e1 =0 (mod p2), e2 =0 (mod p;)
we get
(2.1.10) w o= W% = feap(E
41
(2.1.11) wp = w? = [ezp(%)]"

for some 1 <r; <p;—1and 1 <r; < po— 1. Therefore w; and w; are respectively p; and ps roots of

the unity. In particular

p1-1 p3~1
(2.1.12) Yowh o= Y whbh = -1
k=1 ka=1

The action of U = U(p1p2) decomposes Z/p;1p2 into four orbits of the form nU = {nu : n € U}. This

orbits are isomorphically mapped onto Z/p; x Z/p, via o. Precisely we have :

(2.1.13) 0U = 0o = {(0,0)}

(2.1.14) erlUl = O1 = U(p1) x {0}
(2.1.15) e2U — Oz = {0} x U(p,)
(2.1.16) U > 03 = U(p1) x U(pz)

So each U-orbit is either a cyclic group or the direct product of two cyclic groups. Furthermore if g; is
the generator of U(p;) and g, is a generator of U(pz) we can endow O, , O2 and O3 with the orders induced

by the bijections:

(2.1.17) ne{0,...,p1—2} — (g7,0) €0,
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(2.1.18) m € {0,...,p2 — 2} — (0,45') € 02

(2.1.19) (n,m) €{0,...,p1 — 2} x{0,...,p2 ~ 2} — (g7, 95") € Os

where the source sets in (2.1.17) and (2.1.18) carry their natural orders while the source set in (2.1.19)

follows the natural lexicographic order.

The partition of Z/p;pz into U-orbits produces the decomposition of the matrix F(p1pz) into blocks of

the form:

(2.1.20) M(r,s) = (wo  (k1ika)o™ (1la) ) = (Frhkala)

(1, k2) € O and (14,12) € O,. Considering the above defined orders for the U-orbits, equation (2.1.20)

becomes

(2.1.21) . M(r,s) = (wf1h1) @ (whr'?)

Now, according to the values of the indices r and s we have:

0 if r=0,2
(2.1.22) ky =

g7 otherwise

0 if s=0,2
(2.1.23) h={

gt otherwise

0 if r=0,1
(2.1.24) ky =

g7t otherwise

0 if r=0,1
(2.1.25) lz={ ,

g7t otherwise

and therefore :
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((1) f r=0,2 and s5=0,2

*Kp,—1 if r=0,2 and s=1,3
(2.1.26) (whrhr) =
Ky,_1 if r=1,3 and 8=0,2

ksc(w‘;r),osn.Spl—Z if r=13 and s=1,3

((1) if r=0,1 and s=0,1

*Kp,~1 if r=0,1 and s=2,8
(2.1.27) (wh?) = ¢
Kp,.n f r=2,3 and s=0,1

\sc(wgr),OSmsz—Z f r=23 and s=2,3

From formula (2.1.12) we get :

(2.1.28) Kp_1=sc(wh) (~Kp,-1) 0<n<p—2
and
(2.1.29) Kp,—1=3c(ws ) (~Kp,—1) 0<m<p,—2

Hence the different cases shown in equations (2.1.16) and (2.1.17) are respectively expressable as :

((1)(1)
( 1) tKPx—l
sc (“’g?) (—Kp,-1)

\ 8¢ (wfr) Ip1—1

(2.1.30) (fth) = ¢

and

((1)(1)

( 1) tKPz-l

sc (wg;‘ ) (—Km'-l)

CIC -

(2.1.31) (whla) .
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and so, defining the following auxiliary matrices

(1) if r=0,2
(2.1.32) Bir) =4
sc(wgl) if r=1,3
: (1) if r=0,1
(2.1.33) Byfr) = _
. sc(wd) if r=2,3
((1) if r=0,2 and s8=0,2
tKpy—~1 if r=0,2 and s=1,3
(2.1.34) Ai(r,s) = |
~Kp,—1 if r=1,3 and 8=0,2
\Jp,-1 if r=13 and s=1,3
((1) if r=0,1 and s=0,1
Kps—1 if r=0,1 and s8=2,3
(2.1.35) Az(rs) = ¢

~Kp,-1 if r=2,3 and 8=0,1

(I, if r=2,3 and s=2,3
we can express the blocks M(r,s) as :

(2.1.36) M(r,s) = By(r)As(r,s) ® Ba(r)Az(r,s) = (Bi(r) ® Ba(r)) [A1(r, s) ® A2(r, s)]
Let’s simplify the above written formula by defining :

(1) if r=0

sc (w‘l'r) if r=1
(2.1.37) B,

sc(wg;n) if r=2

\B;®B; if r=3

and
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(2.1.38) Ars = A1(r,9) ® Az(r,8)

then

(2.1.39) M(r,s) = B.A,,

and since the factors B, are independent from the index s we get the following DFT factorization :

(2-1.40) Fy(p1p2) = B(p1p2) A(p1p2)

By Ao Ao1r Aoz Aogs
— B, Ao A1l A1z Aggs
B, Azo Azy Asz Aggs

B3 Aso Aszy Asz Ass
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2.2.- 85-point even DFT

In this section we derive a fast algorithm to compute the DFT of a 35-point even sequence. The use
of the factoring formulas proposed in sections 1.1 and 1.2 as well as the basic ideas whose variations will
repeatedly appear in the coming sections, are highlighted. Some notational conventions adopted here will

be used in the rest of this work.

We assume p; = 5 and pp = 7. According to the nomenclature adopted in section 2.1 we have :
(2.2.1) ey =21
(2.2.2) g =15

The group of units is

(2.2.3) U = {1,26, 11,6, 16, 31,8, 33, 18, 13,23, 3,29, 19, 4, 34,9, 24, 22, 12, 32, 27, 2, 17}

and the U-orbits , beside U itself, are :

(2.2.4) oU = {0}
(2.2.5) 21U = {21,28,14,7}
(2.2.6) 15U = {15, 5, 25, 20, 30, 10}

The elements g; = 3 and gz = 5 generate the groups of units U(5) and U(7) respectively. We use them in

conjuction with the ring isomorphism o to identify the U-orbits with the following ordered two-dimensional

sets:
(2.2.7) 0U — O, = {(0,0)}
(2.2.8) 21U -4 0, = {(ls 0)3 (3:0)1 (4s 0): (2: 0)}
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(2.2.9) 15U =+ 02 = {(0,1),(0,5),(0,4), (0,6), (0,2),(0,3)}

U+ 05 ={(1,1),(1,5), 1,4),(1,6), (1,2),(1,3),
(3,1),(3,5),(3,4), (3,6), (3,2), (3,3),
(4,1),(4,5),(4,4), (4,6),(4,2), (4,3),
(2,1),(2,5),(2,4), (2,6), (2, 2), (2,3)}

(2.2.10)

The ordering given to 01,02 and O3 are those established in (2.1.17) — (2.1.19). Consequently we get
the blocks:

(2.2.11) By = sc (w1, 03,0}, 0f)

and

(2.2.12) Bz = sc(wz, 03, w8, w§,wj,03 ) ;

here

(2.2.13) wy = [e:z:p(-?g:-)]3 and wy = [exp(2—71ri)]3.

A 35-point sequence z = [z(n)], n € Z/35 is called even if it satisfies:

(2.2.14) z(n) = z(—n), n€ Z/35
The equality :
(2.2.15) -wU=U

implies that each U-orbit is mapped onto itself by the action defined by the multiplication by —1.
Therefore the restriction of z to a U-orbit contains one half of redundant data (except by the orbit 0U).

Using the isomorphism o to identify z(n) and z(c(n)), we get precisely :

(2.2.16) z(1,0) = z(4,0)
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z(3,0) = a:(2, 0)

in z restricted to O,

(2.2.17) z(0, 1) = z(0, 6)
z(0,5) = (0, 2)
%(0,4) = z(0, 3)

in z restricted to Oz and

(2.2.18) z(1,1) = z(4, 6)
z(1,5) = z(4,2)
z(1,4) = z(4, 3)
z(1,6) = z(4, 1)
2(1,2) = z(4, 5)
z(1,3) = z(4, 4)
(3,1) = (2, 6)
(3,5) = z(2, 2)
=(3,4) = (2, 3)
=(3,6) = z(2, 1)
z(3,2) = z(2, 5)
=(3,3) = (2, 4)

in x restricted to O

If z!, 2 and 2® denote the restrictions of z to O;, Oz and Oj respectively, then from equations

(2.2.16) — (2.2.18) we get:

(2.2.19) @t = 874t
(2.2.20) ? = 8§
(2.2.21) 2 = (Si®5%) 2
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Therefore proving that the matrix :

SZ
(2.2.22) S(38) = 4 g3
[
SZ2® 53

commutes with A(35) and B(35) independently is equivalent to proving that in both cases the output
sequence of an even sequence is also an even sequence. The proof of B(35)S(35) = S(35).3(35) is an easy

consequence of the following observations:

Let
3
(2.2.23) 01 = ( )
| w) wi
and let
wy wd wh
(2.2.24) ' C; = wd wi w$
wi w§ w?

Now for i=1,2
o C; G
(2.2.25) B = (@‘, c..)

Hence in general :

(2.2.26) Bi = LeC+LeC

On the other hand, if NV is an even number, the matrix S}VV/ 2 is of the following general form :

(2.2.27) Sy? = Lelys
Therefore
5iB; = (heh)(LeCi+Lol))
= fz ® 01 + I2 ® él
(2.2.28) v om e
= (L®CI+LeCi) (20 L2)
= BISZ
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Similarly:

(2.2.29) SeB; = B;S?

As for S(35)A(35) = A(35)S5(35), it is enongh to observe that

(2.2.30) SNI*(-Ky) = -—Kn
and
(2.2.31) tKySN? = Ky

It is now clear that an essential input and output data sequence for each one of A(35) and B(35) can be
chosen to be indexed by the same fundamental region for the action n — —1n on Z/35. Furthemore since
—1 acts on each U-orbit the union of the fundamental regions for these actions form a fundamental region

for the whole action.

We choose :

(2.2.32) o5 ={(0,0)}

(2.2.33) of ={(1,0), (3,0}

(2.2.34) of = {(0,1),(0,5), (0,4)}

(2-2.35) oF = {(1,1),(1,5),(1,4), (1,6), (1,2), (1,3), (3,2), (3, 5), (3, 4), (3,6), (3,2), (3,3)}

The fundamental arithmetic operations required to compute with essential sequences are represented in

what we call a fundamental matriz.

We consider first the fundamental blocks in B(35). For r = 1,2 we have:

oF —of

+
(2.2.36) B, = 9% [|& &
_ot\c ¢

on the border of the matrix we have written the indexing sets of the corresponding sub-blocks. Now

with respect to the output sequence the fundamental operations are represented in:
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o -of
(2.2.37) | or (. ¢ )

and the elimination of input redundancies gives the fandamental block:

o7
(2.2.38) BY = oz (’Cr + C’.-)
In particular:
w1 +wh o} +w?
(2.2.39) Bf = = scws +wl,w?+wl)
wdtw? wltw
and
(2.2.40) By = sclwz+w,w] +wd,wi+wd)

The fundamental matrix derived from By presents a different structure. The partition of O3 as 0;" U—O:;"

gives:
oy  -0f
+
(2.2.41) 07 {C1®B; Ci1®B;
—0; 01 ® -Bz C:® B

This matrix is similar to Bs and the fundamental block derived from it clearly equals the one derived

from B3. This block is

03
(2.2.42) Bf = of ( C1®B;+C, ® Bz)

By is a (2,6)-Hankel matrix. Since B; and B, are skew-circulant matrices, the 6 X6 blocks in the (2,6)-
block decomposition of B;' are skew-circulant and so both Propositions 1 and 2 can be applied. Proposition

1 gives

(2.2.43) Bf = [L®F(6)~Y[M(2)®L]A[L(2) ® I [ ® F(6)~!]
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Notice that A is a 18 x 18 diagonal matrix. Proposition 2 yields

(2.2.44) Bf = P(B: ® I;)P(I;® Bz)

where P is the permutation matrix P(2,2) ® Is. If D; and D; are the diagonal matrices such that:
Bl = F(4) D1 F(4) and Bz = F(G)DgF(G) then we get

(2.2.45) By =P|(F(4)7'® ) (D1 ® I5) (F(4) ™! ® L) P[(I: ® F(6)~) (I2 ® D;) (I2 ® F(6)71)]
Iin this formula all the factors are 12 x 12 matrices.

We compute now the fundamental blocks in A(35). Originally

(1) th: tIfe tK4 ®t Kg
—Ky I, -K,® K¢ I,8"Kg
(2.2.46) A(35) =
—-Kg Ky ® (—Ke) Ig ‘K. ®Ig

Ki®Kg IL®(—Ke) (—Ki)®Ig L®Is

In order to get a better structured fundamental matrix we replade the fundamental set O; by another

fundamental set:

(2.2.47) 04 = {(1,1), (1,5), (1,4), (3, 1), (3,5)(3,4), (4, 1), (4, 5), (4,6)(4,4), (2, 1), 2,5), (2,4)}

Notice that if x’ denotes the restriction of a symmetric sequence z to Og then

(2.2.48) 2 = (P(2,2)®I)x

Restricting the row indexing set of A(35) to OF U O} U OF U O} yields

(1) 'Ky tKq ‘K, ® 'K
-K, (1 0) ®L -K>: @ tKa (1 0) ® I, ® Kg
(2.2.49)
-K3; —*K4®Ks (10)e s Ky®(10)0 L
Ki®oKs -I40Ky -—-Ks®(109 L,e®(10)®I
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(—(22 (1 ;f{é Iz) (_(22 (1 ;ﬁ; Iz) ® Ko
(_.(24 t;?) ® (—Ks) (_(24 t‘g‘) ®(10)e

(1) tK4 Is Is ®t Kg
-K; (10)ek

- (1) ‘K,
(—K4 I ®% I ® (—Ks) Is ® (1 0) ®1I3

= M]_ M2

The row indexing set of M is already restricted to a fundamental region but its column indexing set

iss Op U0 U O;' U O3, hence the block indexed by O; is yet to be reduced. This reduction only affects :

|

tK
(2.2.50) (_‘}32 (10) ; Iz)

=
O O =
O C =

TN
Il
-
(=

which produces the fundamental block:

: 1 2
(2.2.51) (__(}2,2 2 {:2)=(—i (1)

The fundamental matrix derived from M; is

1 2 2
(—110 )
“10 1
. 1 1111
(2.2.52) M = 11000 100
~10100|eflo 1o
10010 00 1
\ 1000 1 ),

The row indexing set of My is OF U Oy U OF U O}, its restriction to Op U OF U OF U O} produces

(1 (10)®Iz) (1 (10)®Iz)®tK“

Is ® K3 Le(10)®l;

(2.2.53)
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The column indexing set of this matrix has not been reduced yet. Consider first the column block

indexed by O,

(1,0) (3,0) (4,0 (2,0
0o 0 0 o

© 0 o O -
O O O M= O
© ° o o 0o
© © o o o

(2.2.54)
—Ks
—Ks
—K,
\ ~Ks
The fundamental block derived from (2.2.54) is:
(1,00 (3,0)
0 0
1 0
0 1
0 0
(2.2.55) o 0
0 0
~Ks
—Ks
K,
\ ~Ks )

The block whose column is indexed by O; is of the form
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(0,1) (0,5) (0,4) (0,6) (0,2) (0,3)
1 1 1 1 1 1
6 0 o o0 o o0

(2.2.56)

Q O O = O
c 0O O = Q0 O
o = O © ©
O ©O © ©o o
O ©O © o ©o
©c O O ©o ©

So the fundamental block is of the form :

(0,1 (0,5) (0,4)
2 2 2
o o o

(2.2.57)

O O O = O
©C O = O O
o = O O ©

Finally the block corresponding to the column indexing set O3 is of the form :
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(2.2.58)

\

{1} xU(6) {3}xU(6) {4}xU(e)

0...
tKe
tKe
0..
0..
(10)®1Is
(10)® L5

(1 0) ®Is

{2} x U(8)

L0 )

uq®&}

The fundamental block is obtained by the additions of the sub-blocks indexed in {n} x {1,5,4} plus the
sub-blocks indexed by {—n} % {6,2,3}. The result is the block with column indexing set O}

(2.2.59)

(2.2.60)

0..

tKs

0...

tK,
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2.3.- p1p2>-point even DFT

The generalization of the 35-point even DFT to a p;pa -point even DFT follows after the the observation

of a few facts.

Consider first a symmetric sequence z defined in Z/p; pa, p1 and pp two different primes, and let z°, z?,

z2 and z° denote the restrictions of z to Op, O1, Oz and Os, that is:

(2.3.1) 2 = [z(0,0))

(2.3.2) st = [z(¢7,0)] 0<n<p -2

(2.3.3) 2 = [2(0,gF)] 0<m<p,—2

(2.3.4) 2 = [z(¢f,0f")] 0<n<p -2 0<m<p—2

the condition of z being symmetric is equivalent to the following conditions on the restricted sequences

—1
2.3.5 2(gP,0) = ("7 ,0) 0<n<p -2
1 1
pa—1
(2.3.6) . z(0,93') = z(O,g;"+_1’—) 0<m<p;—2
p o Gk § Paz3
(2.3.7) 2P, 0F) = (g7 7 957 7 ) 0<n<pi—2 and 0<m<p;—2

Now, in general, for an even number N and an N-point sequence y = [y(n)], the action on y of the shift

operator raised to the % power is given by:

(238) [yt 3 = SH [ylr)]

and so the equations:

p 5 Sek §
(2.3.9) & = 5,7
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pa—l

(2.3.10) 2 = U
—1 -2
(2.3.11) 2 = (5,2,®8,%,)d

are the generalization of equations (2.2.16) — (2.2.18).

The fact that the operator:
(1)
(2.3. 12) S(plpg) = 2a-1
Bl pa-1

SPL?—I ® szil

commutes with B(p;p2) and A(p;p2) follows from the general arguments already given in section 2.2 .

The fundamental regions for the action of —1 on the sets O, r=1,2,3 are described as

(2.3.13) of = U(p)* x{0}
(2.3.14) 0F = {0} xU{p)*
(2.3.15) of = U(pm)* xU(p2)
where

(2.3.16) Ulp)* ={g7 : 0<n< p_1_2—_1}
(2.3.17) Ulpe)* ={g5" : 0<m< 327—1}

Let Cy, r = 1,2 be the sub-block in B, obtained by restricting the column and row indexing sets of B,
to O,. This is:

pr—1

n+m)

(2.3.18) C = (v 0<nm<

Then
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(2.3.19) B, = 9(C& &
C. o

and so the fundamental derived from B, is

. Of
(2.3.20) Bf = of (C,+C",) = (wfFf " +w;% )

In general an N x N Hankel matrix 4 = (a(k,!)) is skew-circulant if it satisfies :

(2.3.21) a(k,l) = a(k',l'), whenever k'+1I'+N=k+1

hence, to show the skew-circulancy of B} r = 1,2, we take n+m = n'+ m' + (p, — 1/2) and compare

the (n,m) and (n',m') entries. Since

(2.3.22) gler- 2 =

we have that

ntm n'!4m!

(2.3.23) ’ wgr = w o

n+ -— +m . . e
and therefore the (n,m) entry w?" s wr 7" i trivially equal to the (n',m') entry.

As for the structure of B we consider:

(2.3.24) By =

Ip1—1/2 ® Ip,-—-l ) (Cl ® B2 01 ® Bz) (Ip1—1/2 ® ng—l )
pa=1 pa=l
Ipi-1/2® 85,7, Ci1®B; C1®B; Ip,~1/2®8,.7%,
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the factor:

o3 ~0F
(2-3.25) O;' C,® B, C’l [+2] Bz
-0 \C1® B, C,®B;

produces the same fundamental matrix as Bg and that is :

03

(2.3.26) Bg- = Og' (01 @B;+C1® Bz)

this matrix is a (242, p, — 1)-Hankel matrix with skew-circulant (p; — 1) X (pz — 1) blocks and so it

satisfies the hypothesis of either one of proposition 1 or proposition 2.
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3.- Two-dimensional symmetric sequences

This section is mainly dedicated to show the use of the factorization formulas proved in section 1 in the

design of fast algorithms computing the two-dimensional DFT of certain classes of symmetric sequences.

A new DFT matrix representation based on the action of a subgroup of the group of units is introduced.
This new DFT representation is motivated by the fact that even though the U-orbits are mapped onto
U-orbits by the automorphism with respect to which the sequences are invariant, the group of units does

not provide the fundamental matrices with any computationally desirable structure.
8.1.- Sequences invariant under ¢(n;, nz) = (—n1,nz)

The two-dimensional N-point discrete Fourier transform is the operator acting on the space of N2-point

complex sequences represented by

(3.1.1) F(N :2) = (w<™7>)
where <, > denotes the usual dot product and 7 and # range over Z/N x Z/N.

The set Z/N x Z/N is endowed with the ring structure of the direct sum of its components and so its
group of units is U = U(N) x U(N). As before, we consider N = p;py, p; and py two different primes. The
U-orbits on Z/p1p2 X Z/p1p2 are subsets of the form of

(3.1.2) aU(p1pz) X bU (p1p2)

where a and b are either 0, or the idempotents ¢;, e; or 1. Using the isomorphism induced by the chinese

remainder theorem each U-orbit is identified with a set of the form:

(3.1.3) O; x OJ'

0 < 7,5 £ 3. The DFT blocks produced by the partition of the indexing ring Z/p;p2 X Z/p,p; into

U-orbits are of the following general form

M(rlv r2, 81, 82) = (w”‘ln.lwmgn, )
(3.1.4) =(w™m ) (w™m2)

=M(r1,51) ® M(rz, s2)
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where 7 = (my,mz) € O,, X Oy, 7= (ny,n2) € 0,, X 0,,. Now:

M("l, 72,381, 32) =Br1 Ar;,u ® Brz Argng
(3.1.5)
=(B,, ® Br,) (Ary,e, ® Ay s,)

yields the matrix representation of the two-dimensional DFT :

Fy(pyps : 2) =block — diag(B,, ® By,) block(Ay,,s, ® Ar,,s,)
(3.1.6)
=B(p1p2 : 2) A(p1p2 : 2)

0<ry,ra,81,82 <3,

We will consider the elimination of redundant computations induced on Fy(p1p2 : 2) by an input

sequence satisfying :

(3.1.7) z(n1,n2) = z(—ny, ng) = z($(n1,n2))

(n1,n2) € Z/p1p2 X Z/p1p2. Such a sequence will be called ¢-symmetric. The automorphism ¢ acts on each
U-orbit mapping
(3.1.8) 0; X Oy '—t* —-0; % Oy

hence a fundamental region for the ¢-action on Z/p1p2 X Z/p1p2 is given by the set

(3.1.9) U 0} x 0;

0<i,y<3

Let’s denote by «*7 the restriction of z to O; x O; and let

((1) if i=0
-1
S0, if i=1
(3.1.10) SG) =3
ST, if i=2

| S()®8(2) i i=3
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((1) if i=0

L,y if i=1
(3.1.11) | I() =
Ip,_l if i=2

 pr-1)(p-1)  H i=3

then x is ¢-symmetric, for every 0 < 1,7 < 3 if and only if:

(3.1.12) = (SE)eI() &

Now using results obtained in section 2

(3-1-13) [S("l) ® I(rZ)] [Arl,ax ® Armﬂzl = [A"x-h ® Ar:w:] [5(31) ® I(sz)]
and
(3.1.14) [S(r1} ® I(r2)] [Br, ® By,] = [By, ® By,] [S(r1) ® I(r2)]

This proves that both of B(p;p2 : 2) and A(p1p; : 2) preserve ¢-symmetric sequences.

In order to get the fundamental blocks derived from B(p1p2 : 2) we consider first the matrices of the
form B,, ® B,, with 0 <r; <2 and 0 < rp < 3. The general form of these blocks is

0% x Oy, (~O})x O,

o} x Oy, (C’,l ®B,, C,0®B, )

(3.1.15)
(_O;'*;.) X O"z é"l ® B"z C"l ® Bf'z

Hence the fundamental blocks are of the form

O}, x Oy,
(3.1.16) O,, X Oy, ((c',1 +G,)® B,,) = B} ®B,

If ry = 3 then the original block is of the form
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o x0, (-0¥)xo0,
O;'XO,. (CI®BZ®Br C'1®BQ®B,.)

(3.1.17)
(_0;.) x0, \C1®B:,®B, C,®B;®B,

and so the general form of the fundamental blocks is

O3 % O,-
(3'1'18) 03 X 0,. ([01 ® .Bg + 01 ® Bz] ® B,-) = B;. ® Br

In order to compute the fundamental blocks derived from A(p;pz : 2) we consider the partition of each

matrix Ag; as:

of (-0of)
+ 1 2
(3.1.19) A= Ok (AR Ak )
(-0f) \ 4%, AL,
for k,l # 0 and
of
+ 1
(3.1.20) Aro= O% [ ko
-0y \ 43,
if I=0and k# 0 and
of -of
(3.2.21) Aoy = o ( 45, 43, )

fk=0butl#0

The general form of the fandamental blocks is now clearly seen to be

(A}ucx + A?;,a;) ® Arz,az if 81 # 0
(3.1.22)

Al 0 ® A,,,, otherwise
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3.2.-Sequences invariant under ¥(ny, n3) = (—ny, —n3)

For a ¢-invariant or y)-symmetric sequence we mean a (p;pz)2-point sequence satisfying:

(3.2.1) z(ny,n2) = z(¥(ni,n2)) = z(—n1,—n2)

The automorphism ¥ maps each of the sets O; X O; onto itself. This mapping is described by

(3.2.2) 0; x 0; %4 (—0;) x (-0;)

A t-fundamental region on Z/p;p2 X Z/pp2 is given by the union of the y-fundamental regions on each

of the sets O; X O;. These fundamental regions are

OpxOf if 0<j<3
(3.2.3)

Ofx0; if 1<i<3 and 0<j<3
As before, a t-symmetric sequence is characterized by its invariance under the action of an operator.
Indeed: a sequence x is

t-symmetric, if and only if:

(3.2.4) (S esH)a¥ = o

S(k) and z*7 as defined in section 3.1 .

Using arguments already invoked in previous sections we conclude that the operator:

(3.2.5) S' = block — diag(S(z) ® S(7))

commutes with both of B(p;p; : 2) and A(p1p; : 2) . Therefore we derive our fundamental matrices

from the blocks of B(p1p2 : 2) and A(p1p2 : 2) independently.

From B(p;ps : 2) we get
B} if 0<j<3 and i=0
(3.2.6)
Bf®B; if 1<i<3 and 0<j<3
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and in A(p1p; : 2) we find

(Aj,+AZ, if 1=k=0
(Aki+A2)®Ai; if k#0 and 1#£0

Al .+ A%
1 $,7 L %} - —

(A5, + A3 )@ (A}; A2;) if k=0

(3.2.7) )
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3.3.- Another DFT matrix representation

In all the cases so far examined the action of the lexicographically ordered group of units provided a
DFT representation suitable for the elimination of redundancies induced by the corresponding class of input
sequences. The fact that the homomorphism with respect to which the sequence was invariant, mapped U-
orbits onto U-orbits was clearly a necessary condition for the fundamental blocks to be either skew-circulant
or tractable by Propositions 1 or 2. In this section we deal with an automorphism for which the above
mentioned condition is not sufficient forcing so the presentation of a DFT matrix based on a finer action.
An important feature of this new DFT representation is the fact that as well as in the previous ones, it also

factors as the product of a block diagonal matrix times an integral matrix.

The automorphism of Z/p;p2 X Z/p;p; that motivates our new DFT matrix representation is

(3.3.1) _ f(ni,ne) = (n2,m1) m,ne €Z/pipe

We first illustrate the deficiencies of the fundamental blocks derived from Fy(pip2 : 2) by considering
the block in Fy(p1p2) indexed by the U-orbit

(3.3.2) e1U(p1p2) x e1U(p1p2)

with e; = 21, p; = 5 and pz = 7. Through the chinese remainder theorem this orbit is identified with

the cartesian product

(3.3.3) UBB)x {0}y xU(B) x{0} = O.x0;

The group U(5) is ordered following the natural order of the powers of its generator: 3. (See (2.1.17)).

Hence, we get:

(3.3.4) U(s) = {1,3,4,2}

The automorphism £ acts on O; X O; . A é-fundamental region is

{(1’ 0, 1’ 0)’ (11 0’ 3’ 0)’ (1, 0) 4! 0), (1’ 0’ 2’ O)!
(3.3.5) (3,0,3,0),(3,0,4,0),(3,0,2,0),
(4,0,4,0),(4,0,2,0),(2,0,2,0)}
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This set is not expressable in terms of Oi" or () as required to get well structured fundamental blocks.

A way around this difficulty is provided by the subgroup of U

(3.3.6) ¢ = {(3*5™,3%,5%):0<n<3, 0<m<5}

G is fixed under the action of &, this is: £(g) = g for every g € G.

Consider the G-orbits

(3.3.7) (1,0,1,0)G = {(1,0, 1,0), (3,0, 3,0), (4,0, 4,0), (2,0,2,0)}
(3.3.8) (1,0,3,0)G = {(1,0,3,0),(3,0,4,0), (4,0,2,0), (2,0,1,0)}
(3.3.9) (1,0,4,0)G = {(1,0,4,0),(3,0,2,0), (4,0,1,0), (2,0,3,0)}
(3.3.10) (1,0,2,0)G = {(1,0,2,0), (3, 0,1,0), (4,0,3,0), (2,0,4,0)}

It is worth noticing that (1,0,1,0)G is a cyclic group as well as the set:

(3.3.11) I = {(1,0,1,0), (1,0,3,0), (1,0,4,0),(1,0,2,0)}

Indeed they are both isomorphic to U(5) and there direct product is:

(3.3.12) 01 x0,=|JeG=TG
acl’

The way € maps G-orbits onto G-orbits in O; X O; as well as the way the orbits are affected by the ¢

action can be described through the values of £ in I'. Consider

(3.3.13) £(1,0,1,0) = (1,0,1,0) ,

(33.14) £(1,0,3,0) = (3,0,1,0) = (1,0,2,0)(3,0,3,0)
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and

(3.3.15) £(1,0,4,0) = (4,0,1,0) = (1‘, 0,4,0)(4,0,4,0)

In these equations we have factorized each £ image as the product of an element in ' times an element
in (1,0,1,0)G. By looking at this expressions we conclude that the orbit (1,0, 1,0)G is fixed by &, the orbit
(1,0,3,0)G is mapped onto (1,0,2,0)G and the orbit (1,0,4,0)G gets mapped onto itself via

(3.3.16) (1,0,4,0)G -5 —1(1,0,4,0)G
Let
(3.3.17) Gt ={(3",5™,3",5™):0<n<1, 0<m<5}

From the above shown analysis, it follows that the union of the sets

(3.3.18) (1,0,1,0)G, (1,0,3,0)G, (1,0,4,0)G}

forms a é-fundamental region. The first two sets in (3.3.18) are of the type of O; while the last one is

structured as OF .

Before stating the general form of the DFT representation based on the G-action, we want to use the
already computed G-orbits to illustrate the factoring technique that allows its expression as the product of

a complex block-diagonal matrix times an integral one.

The matrix of dot products among the elements in the G-orbits is:
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3.3.19
819 (1L,1)3,3)(4,4)(2,2) (1,3)(3,4)(4,2)(2,1) (1,4)(3,2)(4,1)(2,3) (1,2)(3,1)(4,3)(2,4)

(1,1){2134 4 2 13 0 00O 3421
(3,3) 1 3 4 2 2 13 4 0 00O 4 21 3
(4,4) 3 421 13 4 2 0 00O 2 13 4
(2,2) 4 213 3 4 21 0 000 13 4 2
(1,3) 4 21 3 0000 3 421 2 1 3 4
(3,4) 2 1 3 4 0000 4 2 1 3 1 3 4 2
(4,2) 1 3 4 2 0000 2 13 4 3 421
(2,1) 3 4 2 1 0000 1 3 4 2 4 213
(1,4) 0000 3 4 21 2 13 4 4 213
(3,2) 0000 4 213 1 3 4 2 2 1 3 4
(4,1) 0000 2 13 4 3 4 2 1 1 3 4 2
(2,3) 0000 13 42 412 3 3 421
(1,2) 3 4 21 2 1 3 4 4 2 13 000 0
(3,1) 4 213 1 3 4 2 2 13 4 0000
(4,3) 2 1 3 4 3 4 21 13 42 0 00O
49\ 13 4 2 4 2 13 3 4 21 0 00O

Hence the DFT block indexed on this G-orbits admits the decomposition:

B3 Sy B1S42 B, (—K4 et K4) B]_Sg .
31342 BI(—K.; ®t K4) BpS’f BS,
(3.3.20)
B]_(—K4 ®t K4) B]_Sf B S, B],Sf
B]_Sf B, S, 31342 Bl(—'K.; ®¢ K4)

and so the factorization:

B, A S42 ‘ ~K; @ K, Sf
B Sf ~-K; ® K, 543 Sy
(3.3.21)
B ~K4 @' K, s3 Sy 53
B1 Sg S4 Sf —K, ®t K,
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Now, as it will be shown below, the whole DFT representation admits a similar factorization. Let’s first

define the group G:

(3.3.22) G = {(u,u) : u € U(p1pa) x U(p1p2)}

With the help of the Chinese Remainder Theorem we identify:

(3.3.23) G={(g7,95",97,95"):0<n<p1—2, 0<m<p,—-2}

g1 and gz denote generators of U(p;) and U(p2) réspectively.

Let

(3.3.24) G ={(1,L,¥,90"):0<n" <p;—~2 0<m <pp—2}
and

(3.3.25) G ={(g}",95",1,1):0<n* <py ~2, 0<m” <p,~2}

Then G' and G” are isomorphic to U(p;) x U(ps) and after identifying the group of units in Z/p;ps x
Z/p1p2 with
(3.3.26) U={(¢,959%:65) : 0<nm,k<p1 -2 0<m,I<p;—2}

we easily see that

(3.3.27) U = GG = @G

where the product between the groups is the direct product.

On the other hand each set of the form O; x Oy is a group on its own. The relation between O; x O;

and the G-orbits contained in it can be described as follows
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Let

(3.3.28) &5 = (61,62, 83, 64)

be any element in Z/p; X Z/ps x Z/p; X Z/p, having either a one or a zero in each § entry. Then the
G-orbit

(3.3.29) §G = {(6197, 6205, 6397, 64g) : n,m}
is a subgroup of the group of the form O; X O; given by
(3.3.30) 51U(p1) X 52U(pz) X 53U(p1) X 54U(p2)

If 3:-,- denotes the element & such that 6_':-,-G is a subgroup of O; x O;. Then the G-orbits contained in
O; X Oy are the cosets of the quotient group

(3.3.31) 0; x 0;/5:;G'

Thus groups 4;;G' and &,;G” can be chosen as set of representatives of the cosets. Having in mind the
Y 3

elimination of & redundant information we select

(3.3.32) 516" ={(0,1,0,¢7) : m}
513G" = {(0,95,1,1) : m}
816" = {(1,1,0,95) : m}
522G’ = {(1,0,67,0) : n}
3
532G” = {(9},1,1,0) : n}

523G = {(1,0,47,1) :

3

61.:33G, = {(1, 1,97, g;") :n,m}

We write in a separate list the elements 3‘,-_,- for which 5:-,'G’ = 0; X O;.

(3.3.33) 800 = (0,0,0,0)
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801 = (0,0,0,1)
8oz = (0,0,1,0)
fos = (0,0,1,1)
810 = (0,1,0,0)
812 = (0,1,1,0)
520 = (1,0,0,0)
521 = (1,0,0,1)

530 = (1: 1,0, 0)

We will usually refer to this sets as the indexing sets of the G-orbits.

The DFT representation based on G-orbits is the matrix built from the blocks of the form

(3.3.34) M (@, B) = (w<™">)

where @ and b range on the above defined indexing sets and # € @G and 7 € bG. Let @ = (a1, a2,as,a4)

and b = (b1, bz, ba, bs), then
(3.3.35) 7 = (u1a1€1 + u2azez, urage; + ugages)

= (016181 + 025262, v1b381 + 025482)

Here u; and v, are either in U(py) or are equal to 0, while up and vy are either in U(p2) or equal to 0. In

any case:

(3.3.36) w<r’i£,ﬁ> — w(a;b;+a;ba)u1v1e;+(a;b,+a.b4)u,u;ez —_ wga1bx+ﬂaba)uxvxwgazba'i-acbc)unvn

Let @, be 0 if a1b; + azbs = 0 (modp,) or the power of g; such that g?‘ = ayby + asbs (modp,)
otherwise. Let Q2 be 0 if azbz +asbs = 0 (mod p2) or the power of gz such that ng ? = agby +agbs (modps)

otherwise.
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Since
(u; =0 < (01,63) = (0,0)
vy =0&= (bl,bg) = (0, 0)

(3.3.37) «
Uy =0 <= (02,64) = (0, 0)

\vp =0<4&= (bz, b4) = (0, 0)

we have
r(l) =0 v=0
(1) tKPl—l if u =_0, vy # 0
(3.3.38) ety _ | B Ky 0 Hps) s 0,v1 #0,Qs =0
Bi(—-Kpy) if up #0,vi=0
| BiS2L, if ui#0.v #0,Q#0
f (1) if U2 =0,V2 =0
(1) th,_1 if upu=0,v3#0
(3.3.39) (wierbatasdaluavay _ ) Bo(—K, 1) if uz#0,v3=0
B2(_Kp3—l ® ‘sz—l) if uz 79 0,va # 0’ QB =0
| B2Sp, if u#0,v3#0,Q; #0
Therefore
(8.3.40) M@EY = (B:(@)® Ba)] [41(3,8) ® 4a(a, )]
where:
. (1) if u = 0
(3.3.41) By(ad) = ,
B, if otherwise
(1) if g = 0
(3.3.42) By (@) = ,
By otherwise
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((1) if uy=0,v;=0

*Kpo—1 if up=0,vi#0

(3-3.43) A(@8) ={ —Kp—1 i w#0,v;=0

—Kp,-1®*Kp,—1 i u;#0, vi#0, Q=0

Spiy i up#0, vi#0, Q#0

”

and
((1) if ug=0,v2=0
*Kp,-1 f ug=0, v2#0
(3.3.44) Ay(d,8) = 1 ~Kp,—1 if ug#0, vy=0

~Kp,~1® *Kp,-1 if uz#0, v2#0, Q2=0

[ SR, i uz#£0, va#0, Qa#0

So the G based DFT matrix is given by

Fa(pips : 2) =[block — diag(B; (&, 5) ® Bz (&, 5)] [block(A,(,8) ® Az(a, B))]

(3.3.45)
=[block — diag(Ba)] [block(A,)]
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8.4.-Sequences invariant under ¢(n;, nz) = (ng,n;)

An (p1p2)2-point sequence z is called £-invariant or ¢-symmetric if it satisfies:

(3.4.1) z(ny,nz) = z(¢(ni,n2)) = 3z(nz,n1)

We design here a fast algorithm computing the DFT of a {-invar iant sequence, that takes advantage

of the relation (3.4.1).

We first prove the preservation of the {-symmetry by the operator Fg(pipz : 2). Let  and & be any
two elements in Z/p;p2 X Z/p1p2, then clearly

(3.4.2) - < §&(m),mn> = <mé(R)>

< &), £(7) > = <ma>

So for 7% € Z/p1p2 X Z/p1p2, and z £-symmetric

Bm) = ) z()w<™>

il

= ) a(£(@)w<™>
(3.4.3) 7

= Zz(ﬁ)w<€(m),ﬁ‘>
it
= 3(¢(m))

Thus Fe(pip2 : 2) i)reserves the £-symmetry. Consider now the computation:

(3.4.4) y = [block — diag(Bz)] =

Let i, fi € @G where @ is any of the indexing elements defined in section 3.3, then

W) = Y s(@esme

fl€aG

3 a(g(@))w e >

fi€dG

= y(é(m))
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This proves that block — diag(Bz) also preserves the ¢ symmetry. Therefore so does the matrix
block(A, z).

The indexing sets of the fundamental matrices are obtained by studying the action of £ on the indexing
set of the G-orbits defined in section 3.3. This action is naturally divided in two parts, the one determined

by the elements 5.-,- with % # 7 and the one determined by elements of the form &;;.

£ # g, £ will send an element in §;;G' into an element in 3}; G” and vice-versa. Hence a G-orbit indexed
by an element in b-';J-G’ will be mapped onto a different G-orbit. Consequently, a subset of a ¢-fundamental
region is given by any set of G-orbits indexed in a fundamental region for the £ action on the first partition

of the indexing set, that is the piece determined by &;;, with £ 3 3.

The remaining piece of ¢-fundamental region on Z/p1p2 X Z/p1p2 is determined with the help of the
group structure of the corresponding subset of the G-orbits indexing set. We observe that: for any element

& € 5;;G" there exists a (not necessarily unique) g € G such that :

(3.4.6) €@ = @'

Indeed, if @ € 5‘“, then & is of the form

(3.4.7) a@ = (61,62,6197, 6297')
where 6;, 63 are either one or gero, then
f(a) =(5lg?) 629;”1 513 52)

(3.4.8) =(61,62,6191 ", 8295 ™) (91, 95", 91, 92")

=(@)"g
By putting on g the conditions :

(3.4.9) gt = 1 whenever 6 =0

and
(3.4.10) g7 = 1 whenever 62=0
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the element g in formula (3.4.6) becomes unique.

Formula (3.4.6) helps in describing the way the action of ¢ modifies the G-orbits. Three main cases

arise from our analysis:

Case 1:
Let @ be the identity in §;G'. In this case g is the identity in G and so ¢ acts on @G as the identity

map. The G-orbits corresponding to this case are

(3.4.11) (1,0,1,00G, (0,1,0,1)G, and (1,1,1,1)G

and they, together with (0,0,0, 0)G, form the subset of the fixed elements in the é-fundamental region.

Case 2:
If & is an element of order 2 in 6;;G’ then, since in general £(a}) = £(a)£(b)

(34.12) €@ = @@ = 1

and since ¢(a@) = (a@)~!g we have

(3.4.13) 1 = @ = @YF =¢
Therefore
(-1,1,-1,1) i i=1
(3.4.14) g = (1,-1,1,-1) if i=2

(-1,-1,-1,-1) if i=3

and thus £ restricted to @G is the map:

(3.4.15) a6 - —aa

Notice that being 6;;G a cyclic group of even order p; — 1 for ¢ = 1,2 and the direct product of two
cyclic groups of orders p; — 1 and pp — 1 for ¢+ = 3 we find one element of order two for + = 1,2 and three

elements of order two for ¢ = 3. They produce the following G-orbits:
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((1,0,-1,0)G if i=1
(0,1,0,-1)G if i=2
(3.4.16) 4 (11,-1,1)G

if i=3¢ (1,1,1,-1)G

{ (1,1,-1,-1)G

Therefore each orbit in this case contains a £-fundamental region. Let

-2
(3‘4‘17) : Gr={(gi‘,g§n,g?,gg'):0Sn<p12 ) OSmSP2—2}

and

-1
G ={{g0 g, 90, 90"):0<n<p1 -2, 0<m< "22 }

A precise list of fundamental sets extracted from the above shown orbits is

((1,0,-1,0)GF

(0,1,0,-1)G7F

(3-4.18) { (1,1, -1,1)GF
(1,1,1,-1)G+
L (1,1,-1,-1)GF
Case 3:

If @ is neither the identity nor an element of order two in §;; G, then (&.‘)_1 # & and so £ maps

(3.4.19) @G -5 (3)~19G # &G

therefore none of the G-orbits gets mapped onto itself. A &- fundamental region is formed by

(3.4.20) U o066 if i=1
15m<-(-“5_—u-

61



(3.4.21) U @o,o0)G if i=2
1<n< 2tz

(3.4.22) U (1,1,67,0)G if i=3
1<n< B2l 0<m<p,-2

We summarize and divide the §-fundamental region into the three following sections

(3.4.23) (0, 0,0, O)G, (0, 1,0, l)G, (1,0, 1, O)G, (1, 1,1, I)G
(3.4.24) U (0» 1,0, g?)G»
15m<1’-35_—’=

U @ogp,0G,

15n<ﬂ-,_—"-

U (1)1s g?sgg‘)Gs

0<m<p;—2,1<n< Bl

U o606,

1Sm<p;—2

(0,0,0,1)G, (0,0,1,0)G, (0,0,1,1)G, (0,1,1,0)G

(3.4.25) (0,1,0,-1)G%, (1,0,-1,0)Gf, (1,1,-1,1)GT, (1,1,1,-1)GF, (1,1,-1,-1)G}

The fundamental matrix derived from block—diag(Bz), when &G is any set in (3.4.23) is a block diagonal

matrix whose main diagonal is formed by

((1) on (0,0,0,0)G

B, on (0,1,0,1)G

(3.4.26) <
B, on (1,0,1,0)G

\ B1 ® Bz on (1, 1, 1, 1)G

This piece of the fundamental matrix coincides with the original one since their indexing sets are fixed

by the £ action. We list now the fundamental blocks indexed in the sets in (3.4.24)
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fIzﬁ—_x__l ®B; on UISV;1<B’F(0’ 1,0,97)G

Inz—_l____l ®B; on U15n<m_,:_1_(1,0,gi‘,0)G

Iﬂ;—‘-—l ®L,,_1®B1®B2 on UOSmsz-z. 1<n<bizt (1,1,9%,65)G
(3.4.27) ﬁ Ip,-1®B1®Bz on Uycmep,-2(1-1.0.93)G

B; on (0,0,0,1)G

B, on (0,0,1,0)G

\B1®B; on (0,0,1,1)G and ((0,1,1,0)G

These fundamental blocks correspond to one half of the blocks in a section of the original matrix. The

blocks are kept unaltered.

The remaining part of the fundamental matrix comes from orbits on which the action of ¢ equals a
multiplication timmes —1. The techniques for the block reduction are the same as in section 2. The result is

the following

Bf on (0,1,0,-1)G
(3.4.28) BY on (1,0,-1,0)G

Bf on (1,1,-1,1)G, (1,1,1,-1)G and (1,1,-1,-1)G

Before giving the general form of the fundamental blocks derived from block(Aa,l-;) we observe a fact

about shift operators.

Observation:

Let n be an even number, the

_(Tn BR\_(1 0 01
(3.4.29) .S',‘_(R1 Tl)"(o 1)®T1+(1 0)®R1

where T and R; are § X % matrices of the following form:

010 0
001 0
(3.4.30) Ty=}: ¢ :
000 1
0 00 0
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000 ... 0
(3.4.31) Ry={i i i " i
1 00 ... 0

From these formulas we conclude that: firstly

(3.4.32) S3 To Rq

B
Il
7~

=
9
S
S’

and secondly

(3.4.33) Ty +R = S

(V-5

We shall prove by induction on r that

(3.4.34) T, + B, = 8}

Assuming (3.4.34) for r=k—1, k> 2,

Ti-1 Re1\ [Ty R
3.4.35 Sk=(2F1 ¥ 1>( ot
( ) " (Rk—l Tiy ) \R1 Ty

— (Tk—lTl +Ry-1 By Tr,Ri+ BTy )
R 1Ty +Tg-1 Ry Rg-1Ri +TiyTh

_ (T R
T \R Tx

. hence

(3.4.36) T + R = (Te—1 + Re-1) (Ty + R1) = S5 Sy

These matrices, coming from reductions on powers of shift operators, are encountered in some of the

computations of fundamental blocks performed on matrices of the type of block(Aa',-;).

The general formulas of fundamental blocks derived from block(A, ;) are easier to describe in the cases
in which the column indexing orbit 5G is either fixed (i.e. a member of the list (3.4.23)) or sent to a different
orbit by the action of ¢ (i.e. a member of the list (3.4.24)). Let’s analyse first the case bG € (3.4.23)
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(Agp if oG e (3.4.23)
Agp if G € (3.4.24)

(8.4.37) [(10)® In1]d,5 if @G € (3.4.25)

—

a 0) ® IZZ;_‘]Aa,E if a@a= (0, 1,0,-1)

([10)® Lpy-a, _)]Az5 if d=(1,1,-1,1),(1,1,1,-1),(1,1,~1,-1)

Let’s consider now bG € (3.4.24)

(Agz+Ag.p 3G €(3.4.23)
Agg+Agem if G e (3.4.24)
(3.4.38) J [(10) @ Teizs] [Ag5+ Agey) f &= (1,0,-1,0)

(10)® IIJ;—‘] [Aa,i;'l' Aa,g(i,')] +f @=(0,1,0,~1)

. [(1 0) ® Iﬂ"—l(p,_],)] [Aa,i;'*' Aa.g(l;)] 'f E = (1) 1) _11 1)1 (1: 11 1: _1)1 (19 1, '—la _1)

The description of the fundamental matrices whose columns are indexed by G-orbits in (3.4.25) requires
the partition of the original matrix into blocks. Consider a column indexing orbit having 5G7 U (—5G7) as
fundamental set. The following matrix corresponds to a column permutation of Ay 5 and it clearly produces

the same fundamental block as Aa,i;

bGF ey
(3.4:39) i (H@EHe 46D 46He 46h)
here
(1)
—pr—l
t
(3.4.40) Al D= Koup




and

((0)
(O) ® Kpl—l

' t
(3.4.41) A2 5= Kuz

_pr—1® tKu’—_l
(%)
\ TQx

and A4(a,5) = Az(d, Z)S,? with n equal to the number of columns in A2{(a, ).
Let A* = A}(&,}) ® A(,b) + A%(@,5) ® A4(a, ), then the fundamental blocks are

(At for @G €(3.4.23), (3.4.24)

[(10) ® Ip, -1 }A*
(3.4.42) { i
[(10) ® Ipps 4+

[[(10) @ Toyzs, _p4*

The fundamental set (0, 1,0, —l)G'{ is the only one left in the previous analysis. Notice that

A1(@,(0,1,0,—1)) is either (1) or —Kp,_; and so it is independent from the column indexing set. The

matrix

(0,1,0,—-1)GJ -(0,1,0,-1)G}
(3.4.43) ac ( A,(d,(0,1,0,~1)) ® A4(&, (0,1,0,~1)) A;(&,(0,1,0,-1)) ® A3(&, (0, 1, 0,—1)))

where
( (1)
_sz—l
t
(3.4.44) AL={ Koz

~Kps-1® "Kpzy

(%)
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©
(0) ® sz-l

(3.4.45) A3(@,5) = ¢ "Keazt

_KP2—1® tKZZ,'_'_‘-
()
\ TQ:

Therefore if A*+ = A;(g,(0,1,0,—-1)) ®[43(d, (0, 1,0, —1)) + A2(&, (0, 1,0, ~1))], then the fundamental

blocks are of the following general forms:

(ATt if &G € (3.4.2), (3.4.23)

[(10) ® IpyoaJAT+ §F &= (1,0,-1,0)
(3.4.46)
[(10) @ Iy 4+ if G=(0,1,0,-1)

[(10) @ Tpicr,_)]ATH 4f d=(1,1,1,-1), (1,1,-1,1) (1,1,-1,~1)

67



4. A three dimensional symmetry

As in previous sections our main goal here is showing how the formulas proved in Propositions 1 and 2
can be applied to get sparse matrix factorizations for blocks of high multiplicative complexity that appear in
fundamental matrices derived from the elimination of certain structured redundant computations from the

DFT matrix.
4.1 A-fundamental regions

Let A be the group of automorphisms in Z/p1p1 X Z/p1p2 X Z/p1p. given by the direct product of the
groups generated by

(4.1.1) A1, ng,ng) = (—n1, —na, na)

(4.1.2) Az(n1,nz,n3) = (n1, —nz, —ns3)

Let Z/pyp2 X Z/p1p2 X Z/p;p2 be endowed with the ring structure of direct sum, and let U denote its
group of units. Since —1 € U(p1p2)

(4.1.3) AU=U

for all A € A and so every element in A maps U-orbits onto U-orbits. Through the chinese remainder
theorem isomorphism we establish a one-to-one correspondence between U-orbits and sets of the form O; x
0; %X Og; 0 < 1,7,k <3 and as before we look for a A-fundamental region expressable in terms of sets of
the form O,’" and O;. This is achieved by taking first a fundamental region for A;, selecting from it a subset
having no more than one element from each Az-orbit and then selecting from this subset a set containing no

more than one element from each Ag-orbit, where Az = A3 As.

Consider first the action of A; on a set of the form O; X O; x Og. This action can be represented as the

mapping

(4.1.4) 0,' X Oj X Ok 'il-’ —O,' X —Oj X Ok
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a fundamental region for this action is

{{o}xo;r XOr if i=0
(4.1.5)

OFx0;x 0, if i=1,2,3

the set {0} x O} x Oy is mapped onto {0} x —OF % Oy by A, and so it contains just one element from

each Az-orbit intersecting it. On the other hand

(4.1.6) Of x 05 x Ok 22 OF x —0; x —0 = O} x 0; x O

that is Az acts on 0;-" X Oj X Og. A fundamental region for this A action is

OFf x {0} xOf if j=0
(4.1.7)
Of xOf x 0, if j=1,2,3

So far the combined action of A; and A; produces the following fundamental sets
{0} xO0f xOr 0<j5k<3

(4.1.8) O x{0}xO} 1<i<3 0<k<3

Of xOF x O 1<4,j<3 0<k<3
Since
(4.1.9) As(ny,n2,n3) = (—ny, na, —n3)

an analysis similar to that one applied to Az tells that the sets OF x {0} x O and O] x O} x O
contain only one element from each As-orbit intersecting them and that Az acts on {0} x O;." X Og. The

mapping corresponding to this latter action is:

(4.1.10) {0} x O x Oy 22 {0} x OF x -0y

and so we get a new fundamental set
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(4.1.11) {0} xO} xOf 0<jk<3

Summarizing, a A-fundamental region is given by the union of the sets listed below

(4.1.12) {0} xO}f xO}f 0<jk<3
and

(4.1.13) Of x{0}xOf 1<i<3 0<k<3
and

(4.1.14) Of xOf x0r 1<4,7<3 0<k<3
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4.2.- A-invariant sequences

A sequence z indexed in Z/p1p2 X Z/p1pa X Z/p,p2 is said to be A-invariant or A- symmetric if

(4.2.1) z(ny,n2,ns) = z(A(ny,nz,ns)) for all €A

The DFT matrix representation to be used for the incorporation of A-controlled redundancies is the
natural generalization of F'(pp2) to the three-dimensional case. Our building blocks are the matrices of the

form

(4-2'2) M((’:lijli kl)’ (":2’ J2, kz)) = (B." ® BJ': ® ka) (At'u'z ® AJ'L,J'z ® Ak;k;)

and so the DFT matrix naturally factors as

(4.2.3) Fy(p1p2 : 3) = block — diag(B;, ® Bj, ® Bx,) block(Aiiiz ® Aj,;, ® Ak, k,)

On the other hand a A-symmetric sequence is invariant under each one of the following matrices

(4.2.9) S(p1p2) ® S(p1p2) ® Ip,p,
(4.2.5) S(p1p2) ® Ip,p, ® S(p1r2)
(4.2.6) Ip.p; ® S(p1p2) ® S(p1p2)

Since each one of these matrices commutes with each of the factors of Fy(pipz : 3) the factors of
Fy(p1pz : 3) preserve A- symmetries and therefore we obtain the fundamental DFT matrix by independently
reducing each of them to fundamental matrices indexed on the A fundamental region formed by the sets in

(4.1.12) — (4.1.14). Our reductive technique is similar to the one used in section 2.

71



Let C;, ¢ = 0,...,3 be the blocks defined in section 2. Consider first indexing sets of the form of
{0} x 0;' X OFf, 0 < 5,k < 3. If the redundant output is eliminated we obtain a block of the following

general form:
{0} xO0f xOf {0} x -0} xOf {0} x -0} x -0} {0} x Of x -0}
(42.7) {0} x of xof ( C;®C C;®C C;®Cy C;®Cy )
thus, the elimination of input redundant data yields: aspect

{0} x 0} x Of
(12 0 x0f x0f (C;80,+0,8C,+C,8C,+C;0C,)

Recalling that Og = {0} we draw from (4.2.8) the following sub-cases for the fundamental blocks

(1) i j=k=0
(4.2.9) B} if j#0, k=0

Bf if j=0,k#0

If, on the other hand, 7 # 0 and k # O the matrix in (4.2.8) can be factored as

(4.2.10) (C; + C;) ® (Ck + C&)

Recalling that C; + C; = B, we can express the fundamental blocks as:

(4.2.11) B} @B 1<jk<3

Each factor in this tensor product is either skew-circulant or suitable for the application of the sparse

matrix factorization formulas of either one of Proposition 1 (page 10) or Proposition 2 (page 18).

A similar situation is found when formulating the fundamental blocks indexed in sets of the type

O} x {0} xOf 1<i<30<k<3

Consider now indexing sets of the type O;.*' X 0,':' X0, 1<£4%,7<3, 0<k<3. By eliminating the

redundant outputs we get a block of the following general form:
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(4.2.12)
Of x 0 x O ~0f x -0} x Or O} x —0} x -0, —0F x 0} x —0;

O} x 0} x O (C’,—@C’,-@Bk C;®C;® B C:®C; ® By CreCl o By )
The following are the different cases of fundamental blocks derived from (4.2.12).

If k = 0 we clearly get the same blocks as in (4.2.9) and (4.2.10). As for k > 1 we observe that

C'.'®Cj®Bk+C'.'®Cj®B]¢+0,'®CJ'®B)=+C;®OJ'®B]¢

(4.2.13)
=C; ® [C; @ B +C;® By] + C; ® |C; ® By, + C; ® By

Let I(k) and S(k) be as defined in section 3 and let I'(k) denote the identity matrix of one half the

dimension of I(k). Using the relation

(4.2.14) S(k)By = By
we obtain

(4.2.15) [I'(7) ® S(k)] [C; ® By + C; ® By] = C; ® By, + C; ® By,
Therefore

(4.2.16)

C;®[C;®Br+C; ® Br] + C; ® [C; ® B + C; ® By
=(C; ® I'(§) ® I(k)) (I'(s) ® [C; ® Bx + C; ® By]) + (C: ® I'(5) ® S(k)) (I'(k) ® [C; ® B + C; ® B,])
=(C; @ I'(7) @ I(k) + C; ® I'(7) ® S(k)) (I'(z) ® [C; ® Bx + C; ® By])

The left factor in the bottom line of (4.2.16) clearly admits the factorization formula of Proposition 2

for 2 = 1,2, as for 2 = 3, since C3 = C; ® By we get

C3 ® I'(7) ® I(k) + Cs ® I'(5) ® S(k)
(4.2.17) =C1® B2 ®I'(j)® I(k) + C, ® B2 ® I'() ® S(k)
=(C1 ® Ip,—1 @ I'(5) ® I(k) + C1 ® 2, _, ® I'(5) ® S(k)) (Iﬂ,-'-l ® B, ® I'(7) ® I(k)
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The left factor in the bottom line of (4.2.16) is also factorizable by the formula given in proposition 2.
Let’s consider now the right factor in the bottom line of (4.2.15) By factoring it as

I'(1) ® [C; ® By + C; ® By

(4.2.18) .
=I')®(C1® I,,_1 ® I(k) + C1 ® 52, _; ® S(k)) (Tz1=2 ® Ip,—1 ® By)

The analysis splits again in two cases. If = 1,2 the factor C; ® I(k) + C; ® S(k) is clearly factorizable
by the formula in proposition 2. If j = 3 then

Cs ® I(k) + Cs ® S(k)
(4.2.19) =C1 ® B2 ® I{(k) + C1 ® B, ® S(k)
=(C1 @ Ip,~1 ® I(k) + C1 ® 5,1 ® 5(K)) ([raz2 ® Ip,—1 @ By)

3

This left factor in the bottom equation of (4.2.19) satisfies the hypothesis of Proposition 2, so the whole

expression admits a sparse matrix factorization.

Since the fundamental blocks indexed by sets of the form of O} x O_.',-*' X O, under (P—‘fi, 9—-"—;—1-, P — 1)-

block decomposition, present skew-circulant (px — 1) x (px — 1) blocks Proposition 1 also provides a sparse

matrix factorization formula.

For a general description of the fundamental blocks derived from the matrix block(4;, ;, ® 4;,,;, ® A, &)
we use the matrices Afh,,, 0<1,lp £3, 1< t<4defined in section 3. Our analysis splits again into three

main cases

Case 1
If the row indexing set is {0} x OF x Oy then we have
(4.2.20) (A}hiz + A?x.fa) ® (Al]éhkz + Alz;x,kz)

if the column indexing set is {0} x O} x Of

(4.2.21) A}, 0® (AGs, + A, © (AR, k, + AR, ka)

if the column indexing set is G} x {0} x Of
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(4'2'22) (A(]S.t'z ® A}x.fn + Afz),i'n ® A?n.fs) ® [Allcnkz‘A’zcnk:] + (A(‘j,.', ® A?hfz + Ag,": ® A}nfz) ® [Azx,kz A%nk:]
if the column indexing set is O;':; X 0;.'; X)k,e

Case 2

If the row indexing set is 0;'; x {0} x O,':l then we have

(4.2.23) Ao ® (A5 + A2 L) ® (AL 4, + 42, 1,)
if the column indexing set is {0} X O} x O}

(4'2'24) (A‘}l.iz + A?],,ig) ® (A']él,kg + Aizcl,kz)
if the column indexing set is O} x {0} x O,

(4'2'25) (A}h‘.l ® A%)vj’ + A?la'.’ ® Ang!) ® [A,]élvkz Azlnkll + (A‘;lviﬂ ® Agajﬁ + A?hiﬂ ® A(liy.'l.z) ® [A,2¢1'k2 Ail,kz]
if the column indexing set is O,-’*; X O}; X O,

Case 8

If the row indexing set is 0,7'; x 0j+1 X O, then we have

(4'2'26) . A’}ho ® (A::hjﬁ + A?x-.fz) ® (Alluvkz + A’2¢1 ,kz)
if the column indexing set is {0} x O}

(4.2.27) (AL, +A2 )@ AL ® Ay Ky + Ag;,k,

o 11,82 $1,82 ) Aix,kz +Az1,k,

if the column indexing set is O} x {0} x O} , and

(4'2'28) (At!x,l': ® A;:x.fz + A?ht'z ® A?:.J'n) ® Ak, ky + (A}hi'z ® A?h]'z + A?n": ® A}m':) ® Akhkzs(k2)
if the column indexing set is O;: X OJ-"; X Ok,.
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Appendix: On the complexity of certain Toeplitz and Hankel matrices

The vector space of the N x N Hankel matrices was defined in section 1. The vector space of N x N
Toeplitz matrices is closely related to it. As a matter of fact an N x N matrix A is called a Toeplitz matrix

if there exists an N X N Hankel matrix B such that:

(4.1) A = TyB

where

(4.2) Ty = (1 fN—l)

By the complexity of computing with a matrix A it is meant the minimal number of arithmetic operations

that are necessary to compute b= Az

The purpose of this appendix is to show that certain subspaces of either Toeplitz or Hankel matrices are
composed by elements whose complexity is of the order of N logN. These subspaces are the (A)-circulant
matrices in the space of Toeplitz matrices and the (A)-skew-circulant matrices in the space of Hankel matrices,
where X is a complex number. In section 1.1 we introduced the skew-circulant matrices as the subspace of

Hankel matrices generated by

(4.3) (HMJuERM + B, c0<k<N-1)

now we generalize this definition by calling (A)-skew-circulant an N X N matrix A belonging to the

space generated by

(4.4) EHPyuE®M + 28}

and saying that, in particular, if A = 1 the matrix A is called skew-circulant. As a way of example, let’s

congider the case N = 3. In this case we have:
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O O =

HP) 428 = (

o > 0O
S——

(A.5) H® 4+ 2B =

(
-

forms a basis for the subspace of the 3 x 3 ())-skew-circulant matrices

O-HO OO >0 O

QO OO
N’ ——’

=00 OmO

By a circulant matrix A we understand any element in the space generated by

(A.6) {(TvHGD, Y u{Tn (HD + HY)) : 0<k< N -1}
Thus, the N x N circulant matrices form indeed a subspace of the space of N x N Toeplitz matrices.

Furthermore they form an algebra. We can easily see this by observing that:

Ty HYD, =Sy~
(4.7)
Ty(EM + BN =8k 0<k<N-1

and recalling that {S}; : 0 < k < N — 1} is a cyclic group under matrix product.

A (A)-circulant matrix is any matrix in the space generated by

(A.8) {TvHSD Yo {Tw(E® +2BR)): 0< k< N -1}

A (A)-circulant matrix is denoted by

(A.9) (/\) —c(ao,...,aN..l)

where ap : 0 < k < N —1is the coefficient of the k-th element in the basis (4.8). Similarly, we denote
a ())-skew-circulant matrix by
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(A.10) (A) — sc(ao, ... an—-1)

The relation between A-circulant and A-skew-circulant matrices and circulant and skew-circulant matri-

ces is established as follows:

Let A = ¢ and let § = e . Then given A = (A) — sc(ao,...,an-1), the matrix B =

sc(ag,0ay,...,0V~1ay_,) is such that:

1 1
(A.11) ? .. A 6 .. = B
) gN—1 ) pN-1
Indeed, if
(4.12) A = (k)
and
(A.13) B = (bk)

and if 0 < k,l,k',/'! <N and k+1=k'+1I'+ N. Then
b(k,l) = 0*Ha(k,1)
= gtV (k)

(A.14) = [T N gag(r 1Y)

= == s a(k',1)

b(K', 1)

Now, according to observation (2.3.21) B is skew-circulant, and thus (A.11) follows.
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Similarly we can prove that if A = (A) — c¢(ao,...,an—1) then the matrix B =
c(6¥ ay,...,0an—-2,an-1) is such that:
1 gyt
(A.15) ) A - B
| g 1

The diagonalization of circulant and skew-circulant matrices by DFT’s is proved now. Consider first

the circulant matrix A = ¢(ao,...,an—1). Let @= (ao,...,an—1) and let

& = F(N)a
(A.16)
= (&0, ceey aN_.l)
we will prove that
do
(A.17) ( ) = F(N)"'AF(N)
aN-1
Indeed, since clearly
(4.18) P(N) Sy = (wH0-Y)
0< k< N-—1, then
(A.19) F(N)1Sy = (w*w™) = diag — (w*) [F(N)]™*
hence
(A.20) F(N)~1SyF(N) = diag — («*)
therefore, for 0< < N -1
(A.21) F(N)"S{,F(N) = [F(N)"*SyF(N)} = diag— (w"?)
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and since A = Z;v:—ol a;S3; we get

N-1

> & F(N)"ISL F(N)
j=0

F(N)~tAF(N)

N-1

= Z aj[diag — (w*7))
(4.22) 7=0

N-1 _
= diag— [Z a;w*]

J=0
= diag — (d)
On the other hand the relations:
(A.23) ~ F(N)My = F(N)
and
(A.24) Tn sc(agy...,an-1) = c(agy...,an—1)

yield, for the skew-circulant matrix A = s¢(ao,...,an—1), the diagonalization formula:

(A.25) F(N)AF(N) = diag— (G)
Therefore the complexity of computing with (A)-circulant and (A)-skew-circulant matrices is of the order

of O(NiogN). Indeed by (A.22) and (A.25) it is sufficient to use the fast Fourier transform algorithm so as

to perform the required calculations.
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