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Abstract

COVARIANT SOLITON DYNAMICS 

b y

Ram esh B abu T h ay y u lla th il 

A dv iso r: P ro fe sso r  C arl M. Shakin

We p ro v id e  a fu lly  c o v a rian t an a ly sis  of a non topological soliton  

model of h a ro n  s t r u c tu re  an d  make app lica tion  to  th e  s t ru c tu re  of 

v a rio u s  m esons. We s tu d y  • th e  rh o  and  omega m esons, charm onium , 

an d  upsilon  sy stem . T he m odel d e sc r ib e s  q u a rk s  coup led  to  a sca la r 

fie ld  w hich p lays th e  ro le  of an  o rd e r  p a ram e te r  of th e  QCD vacuum . 

T h e re  a re  a few p a ram e te rs  in  th is  m odel, a f la v o r-d e p e n d e n t 

c o n s titu e n t q u a rk  m ass, a  m ass p a ram e te r fo r  th e  sca la r  fie ld , a 

coupling  c o n s tan t w hich de te rm in es  th e  s t r e n g th  of th e  coupling  of 

th e  q u a rk s  to  th e  sca la r  f ie ld , an d  a c u t-o ff  p a ra m e te r . T he mass 

p a ram e te r of th e  sca la r fie ld  an d  th e  s c a la r -q u a rk  coup ling  c o n s ta n t 

a re  ta k e n  from  o u r  s tu d y  of nucleon  s t r u c tu r e .  T h e re fo re , once a 

value  is  chosen  fo r  th e  high-m om entum  c u t-o ff ,  on ly  s in g le  p a ram e te r 

is  v a rie d  in  th is  an a ly s is , th e  f la v o r-d e p e n d e n t (c o n s titu e n t)  q u a rk  

m ass. A re so n ab ly  good f i t  is  ob ta in ed  to  a se r ie s  of m esonic s ta te s  

of q u ite  d iffe re n t m asses in  th is  ex trem ely  simple m odel, in d ica tin g



th a t  a  un ified  a p ro ac h  to  h a d ro n  s t r u c tu re  is  p o ssib le . (A t th is  

p o in t, we have  no t a ttem p ted  to  model th e  confinem ent m echanism . 

F u r th e r ,  o u r H am iltonian h a s  continuum  so lu tions an d  g iven  o u r 

m ethod of calcu la tion , th e se  so lu tio n s  p re v e n t u s  from  s tu d y in g  all 

b u t th e  low -ly ing  s ta te s  of charm onium  an d  th e  upsilon  system , fo r 

exam ple .)

We have also m odified o u r  L ag ran g ian  in  o rd e r  to  s tu d y  

g lu o n -ex ch an g e  e ffe c ts , how ev er, th e  s tu d y  of su ch  e ffe c t re q u ire s  

th e  in tro d u c tio n  of ad d itio n a l p a ra m e te rs . By f i t t in g  th e se  new 

p a ram e te rs  to  th e  m ass s p lit t in g  of th e  low est 0 a n d  1 s ta te s  of th e  

charm onium  system , we a re  ab le  to  make p re d ic tio n  fo r  c o rre sp o n d in g  

sp lit tin g  in th e  upsilon  sy stem .
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1

CHAPTER I

1.1 Introduction

T he v a s t am ount of ex p erim en ta l d a ta  co llected  in  th e  la s t  one o r 

two d ecades s u p p o r ts  th e  th e o re tic a l concep t th a t  h a d ro n s , on a 

su b n u c le a r  sca le , m an ifest s u b s t ru c tu r e s  w hich a re  called  q u a rk s  

a f te r  Gell-M ann an d  Zweig [1 ,2 ] .  T h e re  have  b een  m any a ttem p ts  to  

d e riv e  s tro n g  in te ra c tio n  p h y s ic s  from  th e  fu ndam en ta l in te ra c tio n  

betw een  q u a rk s .

A v e ry  p rom ising  can d id a te  fo r a th e o ry  of s tro n g  in te ra c tio n  is 

quan tum  chrom odynam ics (Q C D ), w hich is th e  p h y s ic s  of q u a rk s  and  

g lu o n s. T h is  is a n o nabelian  gauge th e o ry  [3] w ith  g luons as  gauge  

b o so n s. U nlike QED, th is  th e o ry  is h ig h ly  n o n lin ea r due to  th e  fa c t 

th a t  g luons e x h ib it se lf in te ra c tio n , an d  c a r ry  color c h a rg e . T h is  is 

a g en e ra l fe a tu re  of an y  nonabelian  gauge th e o ry . Q uantum  

chrom odynam ics h as  th e  rem arkab le  p ro p e r ty  of be in g  aym pto tically  

f re e  [4] . T h is  fe a tu re  lead s  to  v an ish in g  of th e  e ffec tiv e  coupling  

c o n s ta n t a t h ig h  mom enta an d  g ives th e  c o r re c t d e sc r ip tio n  of 

B jo rken  sca ling  an d  m any o th e r  h ig h -e n e rg y  p ro c e ss  [5 ,6 ] .

On th e  o th e r  h an d  th e  lo w -en erg y  b eh av io r of th is  th e o ry  is no t 

well u n d e rs to o d . T h e re  h as  been  some p ro g re s s  in u n d e rs ta n d in g



QCD o b ta in ed  re c e n tly  from  L attice  G auge T h eo ry  ca lcu la tions. Such 

conclusions a re  s till b e in g  developed  a n d  e x te n d e d .

B efore we go to  th e  d e sc r ip tio n  of v a rio u s  models i t  is w orth  

n o tin g  th a t  th e  QED, th e  v e ry  well u n d e rs to o d  th e o ry  of c h a rg e d  

p a r tic le s  in te ra c tin g  w ith  th e  e lec trom agnetic  fie ld , h as  its  own 

d ifficu ltie s  w hen ap p lied  to  a b o u n d -s ta te  problem . I t is possib le  to 

solve a b o u n d -s ta te  p rob lem  b y  p a r tia lly  summing a c lass of d iagram s 

in  th e  th e o ry  [7 ], how ever a fu ll fled g ed  fie ld  th e o ry  of positron ium  

is d e fin ite ly  b ey o n d  th e  scope of th e  p re s e n t  form alism .

R ecen t developm ents in n o n lin ea r p h y s ic s  h as  led  many to  th in k  

of bou n d  s ta te s  as so litons [8] . Solitons a re  fin ite  e n e rg y , spacia lly  

localized an d  n o n d iss ip a tiv e  so lu tions to  a c e r ta in  c lass  of co v arian t 

n o n lin ea r fie ld  e q u a tio n s . Even th o u g h  a soliton  has  an  ex ten d ed  

s t r u c tu re ,  we can  p ro v id e  a c o v a rian t model and  can  make L oren tz  

tra n s fo rm a tio n s . T he  ve loc ity  of a p a r tic le  can  be ta k e n  as th e  

ve loc ity  of th e  soliton  r e s t  fram e, fo r exam ple.

Now in  s tro n g  in te ra c tio n  p h y s ic s  th e  d ifficu ltie s  a re  tw ofold. 

F ir s t ,  th e re  is th e  problem  of fin d in g  th e  dynam ics and  second , th e  

problem  of d e sc r ib in g  th e  b o und  s ta te s .  T he  choice of th e  r ig h t  

d e g re e s  of freedom  fo r a  dynam ics is v e ry  im p o rtan t as can be seen  

in th e  case  of th e  QED. T h e re , s ta r t in g  from  a simple B ohr model we



a re  ab le to  go to  th e  D irac d e sc rip tio n  an d  finally  to a calcu la tion  of 

th e  Lamb sh if t in  a  sm ooth w ay. We a re  ab le to  do th is  b ecau se  we 

have th e  r ig h t  s ta r t in g  p o in t. Also th e  s ta n d a rd  model of W einberg- 

Salam g ives th e  lo w -en erg y  limit w hich is th e  same as th e

phenom enological d e sc r ip tio n  of th e  Ferm i th e o ry  of b e ta  decay . In  

th e  case  of s tro n g  in te ra c tio n  p h y s ic s  th e  developm ents a re  to  some 

e x te n t in  a re v e rs e  o rd e r .

In  QCD we s ta r t  w ith  a th e o ry  w ith  r ig h t  asym pto tic  lim it. In  

th a t  lim it th e  re le v a n t d e g re e s  of freedom  a re  q u a rk s  an d  gluons and  

th e  th e o ry  is  com paritively  well u n d e rs to o d  th ro u g h  p e r tu rb a tio n  

te c h n iq u e s . From h e re  we a re  try in g  to  in te rp o la te  i t  to  a regim e

w here  th e  re la v e n t d e g re e s  of freedom  a re  unknow n.

T h is  h as  a consequence  th a t  th e re  a re  "too many" 

phenom enological d e sc r ip tio n s  of h a d ro n s . T he  p ro to ty p e s  a re  th e

bag  model [9] and  th e  v a rio u s  re c e n t m odifications of th e  model [10]. 

One u n s a tis fa c to ry  fe a tu re  of such  models is th e ir  n o n covariance . 

Even if one can  make co rre c tio n s  to th e  s ta tic  aproxim ation  such  

co rrec tio n s  a re  e i th e r  invo lved  o r  am biguous.

T he im portance of tra n s la tio n a l in v a rian ce  fo r  a model of nucleon  

s t ru c tu re  h as  been  d isc u sse d  e a r l ie r  [11] . In  th is  model a fu lly  

c o v a rian t an a ly sis  of a sim plified v e rs io n  of F ried b e rg -L ee



non topological soliton  model [12] was made an d  th e  f it to  nucleon  

o b se rv ab le s  ob ta in ed  w as q u ite  good. In  a co v arian t an a ly sis  one is 

ab le  to  ca lcu la te  th e  p ro p e r tie s  of th e  nucleon  w hen th e  nucleon  is in 

a  n u c leu s  [13]. With th e se  m odified nucleon  p ro p e r tie s  one was able 

to  exp la in  th e  EMC e ffe c t an d  th e  q u en ch in g  of th e  lo n g itu d in a l 

re sp o n se  o b se rv e d  in  (e , e ')  in c lu sive  reac tio n s  n e a r  nucleon q u a s i­

e lastic  p eak  [14].

H ere we ap p ly  th e  same simple nontopological soliton  model to 

s tu d y  th e  s t r u c tu re  of m esons. In  th is  model th e  q u a rk s  a re  coupled 

to  a sca la r fie ld  w hich p la y s  th e  ro le  of an  o rd e r  p a ram ete r of th e  

QCD vacuum . (T h is  is  a formalism som ewhat analogous to th e  

G in zb u rg -L an d au  th e o ry  of su p e rc o n d u c tiv ity , w here  an  o rd e r  

p a ram e te r is  u sed  in  th e  d e sc rip tio n  of th e  system  [1 5 ].)

T he an a ly sis  is  c a r r ie d  fo rw ard  th ro u g h  th e  defin ition  of v a rio u s  

co v arian t am plitudes a n d  th e  specification  of an  in te g ra l equation  

w hich de term ines th e se  am plitudes. Even th o u g h  we tru n c a te  o u r 

H ilb e rt space b y  co n s id e rin g  meson s ta te s ,  q u a rk  s ta te s  an d  

a n tiq u a rk  s ta te s  o n ly , we do no t v io late tra n s la tio n a l in v a rian ce .

We o rg an ize  th is  th e s is  as follows: In  sec tion  1.2 we d esc rib e

v ario u s  D irac m a trices a n d  sp in o rs  and  th e  m etric  u se d . In  C h ap te r 2 

we p re s e n t  th e  L ag ra n g ian  a n d  th e  fie ld  eq u a tio n s  re q u ire d  fo r o u r



a n a ly s is . In  C h a p te r  3 we in tro d u c e d  v a rio u s  in v a ria n t am plitudes 

an d  in  C h a p te r  4 we p re s e n t  form  fa c to rs .  In  c h a p to r  5 we s tu d y  th e  

in te g ra l eq u a tio n  fo r  th e  v a rio u s  c o v a rian t am p litudes . F inally , in 

C h a p te r  6 we p re s e n t  o u r  m ethod of so lu tio n , num erical r e s u l t s ,  and  

co n c lu s io n s .

1.2 Dirac Matrices and Notation:

We u se  th e  D irac m a trices  an d  m etric  as  in  th e  te x ts  of B jorken  

an d  D rell [16] . T h u s  we h av e ,

gw  _

1 0 0 0

0 -1 0 0

= 0 0 -1 0

0 0 0 -1

( l . i )

In  o u r  no ta tio n  all re p e a te d  in d ices  a re  summed. For any  two 

fo u r v e c to rs  Ay an d  By we d eno te  th e  sca la r  p ro d u c t b y

A*B = g AyBV = AVB = A °B ° -^ • B >’,

A«A = AUA = (A ° )2 -~t2 .
y

( 1 . 2 )

(1 .3 )

F or th e  D irac m a trices we u se d  th e  e x p lic it re p re se n ta tio n

( * , * ) (1 .4 )

w here



an d  fo r  % we h av e ,

(1 .7 )

H ere I is  2x2 u n it  m a trix  an d  a is  th e  2x2 Pau li sp in  m a trice s . T h u s

fo r  an y  fo u r v e c to r  A we h av e ,

X a Ayy

-A.ir

A .o

( 1 . 8 )

We deno te  th e  p o s itiv e  an d  n e g a tiv e -e n e rg y  sp in o r fo r  a D irac

p a rtic le  w ith  m ass m an d  momentum k  b y  U (k ,s )  a n d  V (k ,s )
T

re sp e c tiv e ly . T h u s  we h a v e ,

U (l? ,s) [Eq(l?)/(2m q ) ] i

( £ .k /e  (k )}x  q  s

d - 9 )
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With

H ere

V (k ,s )  = [e (Y )/(2m  ) Y
4  H.

{S’lk /E  (k ) >x_ q  - s

-s

( 1 . 10)

d en o tin g  th e  h erm itian  con ju g a te  we also  h av e ,

TT(k,s)

V (F ,s )

[U ( ic ,s ) ]+y°,

+ o= [ V (k ,s )]

(1 .11 )

( 1 . 12)

Kg is th e  tw o-com ponent Pau li sp in o r w ith  sp in  p ro jec tio n  s and

rr> . 2 i
e (k )  = (m + k  ) +m

q q q
(1 .13)

We d eno te  th e  D irac ind ices  b y  G reek  le t te r s  an d  th e  iso sp in  

in d ices  b y  i, j ,  k . We also  d eno te  th e  m agn itude of a th re e  v e c to r , 

b y  V itse lf  w hen it can  be done w ithou t am bigu ity .
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CHAPTER II

The Lagrangian and Hamiltonian

H ere we d isc u ss  th e  model L ag ran g ian  we u sed  in  o u r an a ly sis . 

In  o rd e r  to  make th e  th e o ry  fu lly  c o v a rian t we s ta r t  from  a (L oren tz) 

sca la r  L ag ra n g ian . F ir s t  we co n sid e r a simple L ag rang ian  d e n s ity  

w here  q u a rk s  a re  coup led  to  a sca la r  fie ld . L a te r  we will d isc u ss  th e  

L ag ran g ian  fo r th e  th e o ry  w ith  gluonic d e g re e s  of freedom .

2.1 The Lagragian and the Operator Equations of Motion:

T he L ag ran g ian  d e n s ity  of o u r model is

££(*)= q ( x ) [  - m -g v x (x ) ] q (x )V q  X

+ (1 /2 ) [  a x C x ^ x t x )  -m 2 x2 (x ) ] .  (2 .1 )
y x

H ere q (x )  is th e  D irac -fie ld  o p e ra to r  and  X(x)  th e  sca la r fie ld . 

T he L ag ran g ian  we a re  c o n s id e rin g  can  be th o u g h t of as an  effec tiv e  

L ag ran g ian  d e sc r ib in g  lo w -en erg y  h a d ro n  p h y s ic s  [15] . In  o th e r

w ords th is  is a th e o ry  w here  th e  Ham iltonian is is w ritte n  in te rm s of 

an  o rd e r-p a ra m e te r  f ie ld , x ( x ) ,  w hich e ffec tiv e ly  d e sc rib e s  th e  g ro ss  

fe a tu re  of lo w -en erg y  h ad ro n  p h y s ic s . ( As we m entioned e a r lie r  in  

C h ap te r 1 th is  an a ly sis  analogous to  th e  G in zb u rg -L an d au  th e o ry  of 

su p e rc o n d u c tiv ity .)



T he p a ram e te r m in  th e  L ag ran g ian  d e n s ity  of E q .(2 .1 )  h as  to 

be  ta k e n  as  e ffec tiv e  m ass r a th e r  th a n  th e  c u r re n t  q u a rk  m ass, 

w hich  is  ab o u t 5-10 Mev fo r up  an d  down q u a rk s .  T h is  e ffec tiv e  

q u a rk  m ass is th o u g h t to  have its  o rig in  th ro u g h  th e  form ation of 

vacuum  co n d en sa te . To d em o n stra te  th is  we re w rite  o u r  L ag ran g ian  

u s in g  th e  tran sfo rm a tio n ,

0 (x ) = 0vac + X(x) (2 .2 )

w here  x (x ) re p re s e n ts  th e  flu c tu a tio n  of th e  0 fie ld  a ro u n d  th e  

vacuum  value ^v a c - U sing  E q .(2 .2 )  in  E q .(2 .1 )  th e  L ag ran g ian  

d e n s ity  becom es,

& x ) =  q ( x )  [ i 2TV3 - n £ UI* - g  0 ( x )  ] q ( x )  
y q  x

+ (1 /2 ) I 3 0 ( x ) 3V0 ( x ) -  m2 { 0 ( x ) - 0  }2 ] ,  (2 .3 )|X A VciC

w here

c u r   ̂ rn /i\m = m - g 0 . (2 .4 )q q  6 X vac

c u rT h is  new q u a rk  m ass p a ram e te r  m^ can  be  in te rp re te d  as th e

c u r r e n t  q u a rk  m ass.

c u rI t  is im p o rtan t to  no te  th a t  even  in th e  lim it m^ = 0 th e  

L ag ran g ian  g iven  b y  E q .(2 .3 )  is n o t in v a ria n t u n d e r  ch ira l 

tran sfo rm a tio n . T h u s  th e  ch ira l sym m etry  is b ro k en  a t  th e  o u tse t.
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E ven tually  we w ould like  to  d e sc r ib e  th e  p ion in  o u r  model a s  a 

com posite p a r tic le . H ere we do no t co n sid e r th e  p ion  as  th e  ch ira l 

p a r tn e r  of th e  fie ld  x (x ) .  T h u s  to  r e s to re  th e  ch ira l sym m etry  to  o u r 

model we would have to  in tro d u ce  some u n p h y s ica l p seu d o sca la r 

p a r tic le  in  o u r form alism . T h is  w ould in tro d u ce  more p a ram ete rs  an d  

we have no t co n sid e red  su ch  an  ex ten sio n  of o u r model.

I t  is  w orthw hile to  n o te  th a t  th e  L ag ran g ian  g iven  b y  E q .(2 .1 )  is 

th e  sim plest one can co n s id e r fo r  an  in te ra c tin g  ferm ion system s w ith  

minimum num ber of p a ra m e te rs . O ur goal is to  an a ly se  th is  

L ag ran g ian  in  a  f u l ly ' co v arian t w ay . We d id  no t a ttem p t to make any  

d e ta iled  fit of v a rio u s  o b se rv ab le s  p re s e n t  in  d if fe re n t m esonic 

sy stem s. We do w ish to  d em o n stra te  how th e  im plem entation of th e  

r ig h t  L oren tz  tran sfo rm a tio n  p ro p e r tie s  sim plifies th e  an a ly sis . We 

also  d em o n stra te  how th e  v a rio u s  p h y s ica l q u a n titie s  can be ca lcu la ted  

in  a le ss  am bigous way in th is  form alism .

T he  L ag ran g ian  d e n s ity  in E q .( 2 .1 ) ,  and  th e  a sso c ia ted  E u le r- 

L ag range  eq u a tio n s , y ie ld  th e  eq u a tio n s  of motion:

[iY^9y -mq ] q (x )  = gx q ( x ) x ( x ) , (2 .5 )

[ 3 ^  +mx ]x (x ) = -g x q ( x ) q ( x ) . ( 2 .6 )
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As in  th e  case  of all f ie ld - th e o re tic  o p e ra to r  eq u a tio n s , to  g e t a

m eaningfu l e x p re ss io n  we have  to  tak e  th e  m a trix  elem ants of th e se

e q u a tio n s . ( T h is  is  done in  C h a p te r  5. ) In  th e  limit g = 0 we ge t
X

th e  f re e  fie ld  eq u a tio n s . In  th is  lim it no te  th a t  th e  p a ram ete r 

e n te r in g  in  th e  fre e  D irac eq u a tio n s  g iven  b y  E q .(2 .5 )  is th e  

e ffec tiv e  q u a rk  m ass m ^. T h u s  th e  m ass a p p e a r in g  in  v a rio u s  sp in o rs  

in  o u r an a ly s is  will be m ^. Also n o te  th a t  we have no confinem ent 

m echanism  in o u r  model.

I t  is  c lea r from  E q s .(2 .5 )  an d  (2 .6 )  th a t  th e  q u a rk  sca la r 

d e n s ity  is th e  so u rce  of x fie ld  an d  th e  coup ling  of q u a rk  fie ld  w ith  

th e  sca la r fie ld  r e n d e r s  th e  eq u a tio n s  of motion h ig h ly  n o n lin ea r. O ur 

n o n -p e r tu rb a tiv e  an a ly s is  of th e se  eq u a tio n s  y ie ld  non lin ear 

eq u a tio n s  fo r  th e  so liton  s t r u c tu re  an d  will re q u ire  th a t  we do th e  

ca lcu la tions in  a s e lf -c o n s is te n t m anner. T he d e ta ils  of such  

calcu la tion  a re  g iven  in  C h a p te rs  5 an d  6.

2.2 Lagrangian with Gluon Degrees of Freedom:

T he inclusion  of g luonic d e g re e s  of freedom  to  th e  L ag ran g ian  

d e sc r ib e d  b y  E q .(2 .1 )  is  am biguous fo r  v a rio u s  re a so n s . T he main 

problem  is o v e rc o u n tin g . T he e x p re s s io n  g iven  b y  E q .(2 .1 )  is 

co n s id e re d  to  be an  e ffec tiv e  L ag ran g ian  d e n s ity  d e riv e d  from  QCD 

a f te r  in te g ra tin g  ou t th e  re le v a n t g luonic d e g re e s  of freedom , b u t  a t
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th e  same time we co n s id e r  some "g lu o n -ex ch a n g e"  e f fe c ts .  One w ay to  

overcom e th is  am bigu ity  is  to  assum e th a t  th e  e x p re s s io n  in  E q .(2 .1 )  

e ffec tiv e ly  r e p re s e n t  th e  m ultig luon [15] an d  n o n lin ear gauge 

coup ling  in  QCD. T h u s  we ad d  to  th e  e x p re s s io n  in  E q .(2 .1 )  a gluon 

coup ling  te rm  and  n e g le t te rm s d e sc r ib in g  th e  se lf- in te ra c tio n  of 

g lu o n s. T h u s  we h av e ,

t£ (x )=  q (x )  [ i2fV3^ -mq  -g xX(x) ]q (x )

+ (1 /2 ) [ y ( x ) 3 yx (x ) -m^ x2 (x ) ]

-g  q(x)2TW(Xa /2 ) q ( x )  A *(x) - ( l / ^ F ^ V j F ^ x ) , (2 .7 )

w here

FVVa(x ) = 3yAVa(x) -3VAv a( x ) .  (2 .8 )

H ere a is th e  color in d ex  ( a = 1 . . . . . 8  ) ,  g i s  th e  coup ling  of q u a rk

Ucl ftfie ld  w ith  gluon fie ld  A (x ) ,  and  \  /2  is th e  (m atrix ) g e n e ra to r  of 

color S U (3). A gain u s in g  th e  E u le r-L ag ran g e  eq u a tio n  we h av e ,

[ i y y -m ]q (x )  = g x q (x )x (x )  - g  2TV(Xa /2 ) q ( x )  Aa ( x ) , (2 .9 )

[3y3V +m2 ]x (x )  = - g x q ( x ) q ( x ) , (2 .10)

3y 3VAa (x ) = g q (x )(X a / 2 ) ^ q ( x ) .  (2 .11)
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H ere th e  q u a rk  color c u r r e n t  is th e  so u rce  of g luon  fie ld , as can 

be seen  from  E q .(2 .1 0 ) .  T h ese  eq u a tio n s  a re  an a ly se d  in  A ppendix

E.

2.3 The Hamiltonian:

From th e  L ag ran g ian  d e n s ite s  d e sc r ib e d  b y  E q s .(2 .1 )  and  (2 .7 ) it 

is e a sy  to  c o n s tru c t th e  H am iltonian d e n s itie s  u s in g  th e  u su a l 

canonical p ro c e d u re . F or a  L ag ran g ian  d e n s ity  3^0) we define

th e  canonical mometum a s  u su a l,

= 3 j f t x ) /3 0 ( x ) ,  (2 .12)

w here

0 (x ) = 3t 0 (x ) . (2 .13)

T hen  th e  H am iltonian d e n s ity  is  g iven  b y

^ C ( x )  = 0 ( x ) t t ( x ) - U ( x ) .  ( 2 . 14 )

Now u s in g  E q s . (2 .12 ) an d  (2 .13 ) an d  th e  L ag ran g ian  d esc rib e d  

b y  E q .(2 .1 )  we h ave ,

^ i* ( x )  = q ( x ) [ - i ? » ^  + m + g  X(x)  ] q ( x )q \

H l / 2 )  [ x2(x ) + |Vx(x) | 2 + m2 x2 (x ) ] .  (2 .15)

T he H am iltonian H is g iven  b y



14

H = Jd5? # ( x )

= Jd5? { q ( x ) [ - i ? « ^  + mq + g xX(x) ]q (x )

+ (1 /2 )[  x2 (x) + |V x (x ) |2 + m2 x2 (x) ] >, (2 .16)

w here

X(x) = at x ( x ) .  (2 .17)

U sing  th e  equa tions  of motion g iven  b y  E q . (2 .5 )  th is  can be  w r i t te n  

a s ,

H = Jd5? ( q ( x )  (i3f°) q (x )

+(1/2) [ x2 (x) + |V x ( x ) |2 + m2 x2 (x) ] }, (2 .18)

w here

q (x )  = 9t q ( x ) .  (2 .19)

T h e  evalua tion  of th is  Hamiltonian is g iven  in A ppendix  D.

An exac tly  similar calcula tion u s in g  th e  L ag rang ian  d en s i ty  in

E q . ( 2 .7 )  w ith  gluonic in te rac t io n  g ives a Hamiltonian H^, which is ,

Hq  = Jd5? { q (x )  (i*°) q (x )

+ (1 /2 )  [ x2 (x) + |V x (x ) |2 + m2 x2 (x) ]

+ Fyva(x )F  a ( x ) /4  -F a (x )A Va(x) } (2 .20)y v ov
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we w rite ,

Hg  = H + H 'q , (2 .21)

w here  H is g iven b y  E q . (2 .1 8 )  and

H 'G = Jd5? [ FVva( x ) F ^ ( x ) / 4  -Fa v (x )A v a (x) ] . (2 .22)

T h e  evaluation  of th is  Hamiltonian is d e sc r ib e d  in  A ppendix  E.
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CHAPTER III 

In v a r ia n t  A m plitudes

In  o r d e r  to  ana ly se  th e  field  equa t ions  ob ta ined  from the  

L ag ran g ian  we hav e  to  define th e  m atrix  elements of var ious

o p e ra to r s .  H ere we spec ify  th e  m atrix  element of the  q u a rk  field

o p e ra to r  in a m anifestly  co v ar ian t  m anner .  T he m atrix  element we a re  

co n s id e r in g  is the  decay  am plitude fo r  a meson to  go into an  o ff-she ll

q u a rk  an d  a n  o n -sh e ll  a n t iq u a rk .  T h e  am plitude fo r  a meson going

in to  an  o ff -sh e ll  a n t iq u a rk  an d  o n -sh e l l  q u a rk  can be ob ta ined  from 

the  p rev io u s  am plitude b y  ch a rg e  con jugation . Before we go into the  

defin ition  of th e se  am plitudes we specify  o u r  nota tion  and  the  

normalization of s ta te  v e c to rs .

3 .1  Normalization of S ta te  V ecto rs :

We denote  a q u a rk  s ta te  b y  [k s t>, w here  k  is th e  q u a rk  

momentum, s th e  sp in  p ro jec tion  an d  t  the  isosp in  p ro jec tion . The 

co r re s p o n d in g  a n t iq u a rk  s ta te  is d en o ted  b y  |k  s t>. When we 

co n s id e r  th e  q u a rk s  w ithou t isosp in  we will d rop  the  isospin  index . 

For th e se  s ta te s  we choose th e  normalization:

<lc' s '  t ' |  ic s t> = 6 , 6 , 6 (  t ' - l ?  ),  (3 .1 )1 s s t ' t

< t' s '  t ' l  IT s t> = 6 , 6 .,.6 (  t ' - t ?  ).  (3 .2 )1 s s t  t
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For p seu d o sca la r  m esons we deno te  th e  s ta te  b y  M^,> w here  ^  

is th e  meson momentum a n d  is th e  isosp in  p ro jec tion .  T he  isospin  

index  will be a b s e n t  w hen we co n s id e r  p a r t ic le s  h av in g  no isosp in . 

T h u s  we have ,

<£' M't | p>MT > = «( )• (3 .3 )

In  th e  case  of v ec to r  mesons w ith  momentum {?, he lic ity  pro jection  

X, and  isosp in  p ro jec tion  M^,, we denote  the  s ta te  b y  X M^,>. We 

have ,

<?' x' m 't i f x x j > = 6x' x6mt m 't s < ^ ' ^ > -  <3 4 >

T h e  choice of a he lic ity  b as is  in s te a d  of th e  canonical b as is  is due to 

th e  simplicity of re la t iv is t ic  ana ly s is  in th is  b a s is .  Now we define 

var io u s  in v a r ia n t  am plitudes fo r  p se u d o sc a la r  an d  v ec to r  m esons.

3.2 Invariant Amplitude for Pseudoscalar Mesons:

Here we co n s id e r  th e  decay  of a p se u d o sc a la r  meson in to  an  on-

shell q u a rk  and  an o ff -sh e ll  a n t iq u a rk .  T he  re le v a n t  m atrix  element

is <lc s t | q  . ( 0 ) | j ? M  > w here  q .(0) is th e  q u a rk  field o p e ra to r  with ai 1 ax

a an d  i as  Dirac an d  isosp in  ind ices  re s p e c t iv e ly .  We w ant to
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r e p r e s e n t  th is  am plitude in  a m anifestly  cova rian t  w ay. We denote  the  

meson mass b y  m an d  q u a r k  mass b y  m . T h u s  we have ,

2 _ V 2
P = P P y = m , (3 .5 )

k 2 = k Wk = m2 , (3 .6 )
v q

P°  = w(p) = (m2 + I$2)* , (3 .7 )

k °  = Eq (lc) = (m2 t i c 2)*. (3 .8)

Now from the  available  L o ren tz  te n s o r s ,  and  u s in g  th e  fac t th a t

U ( tf ,s )  = m U ( £ f s ) ,  (3 .9 )

w here  U(lc, s) is the  p o s i t iv e -e n e rg y  sp in o r  solution of th e  f ree  Dirac 

equa t ion ,  we can w rite

s t | q  (0 ) | j? M _ >  = [1 / (2 tt) 3] [ l / 2 w ( ^ ) ] 1 [m /E  ( it)]*  ou l  q q

X[ U (£ ,s ) (A + B  ^ / m ) y 5] a (3.10)

H ere t  and  a re  Pauli m atr ices  and  Pauli sp in o r  with p ro jec tion

t  re sp e c t iv e ly  and  is a u n i t  v e c to r  in the  sp h e r ica l  b a s is .  Also ,
T

th e  two in d e p e n d e n t  am plitudes  A an d  B a re  L o ren tz  sca la r  fun c tio n s .
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Since the  meson and  one q u a rk  a re  on mass shell, th e  only available

L oren tz  sca la r  va r iab le  is  p * k . For l a te r  convenience  we choose the

2 2 iam plitudes to  be fu n c tio n s  of [ (p * k /m ^)  -m ] . The fac to r

[1 /(2 tt) 3] [l/2w(j?)]*[m  /E  (lc)J^ in  E q .(3 .1 0 )  is due to the

normalization given in E qs . (3. l ) - ( 3 . 3 ) . T h u s  th e  in v a r ia n t  s t r u c tu r e

of E q .(3 .1 0 )  is v e ry  c lea r .  T he  ap p ea ren ce  two more in d e p en d en t
5

am plitudes w ithou t a Jf fa c to r  is fo rb id d en  b y  p a r i ty  cons idera tions  

(See A ppendix  A ). Also the  am plitudes with a &  fac to r  can be 

eliminated by u s in g  E q . ( 3 .9 ) .  T h u s ,  E q .(3 .1 0 )  is the  most genera l 

ex p re s s io n  we can w rite .

Now u s in g  ch a rg e  conjugation (See A ppend ix  B) we can w rite

< i F T t | q  . (O ) I^ M  > = [ l / ( 2 n ) 3 ] [ l / 2 W(£ )]* [m  /E  (£ ) ]*  ai l  q  q

X[ 2T5(E+F / / m ) V ( i c , s ) ] a [( C3 -11)

w here  E = A, F = -B , an d  is a phase  fac to r .  H ere V (lc ,s)  is the  

n e g a t iv e -e n e rg y  sp in o r  solution  of the  f ree  Dirac equation . Again

2 2 ith e  sca la r  in v a r ian ts  E an d  F a re  func tions  of [ (p * k /m  ) -m ] .

O ur whole analysis  dep en d  on the  s t r u c tu r e  of the  amplitude 

Eqs. (3 .10) and  (3 .1 1 ) ,  so it is im portan t to look a t  th e se  am plitudes 

more closely. In  the  meson r e s t  fram e, = 0, th e  am plitude g iven  in 

E q . (3 .1 1 )  becomes:
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<£ s 11 q (0) | j?  = 0 M > = [ 1 / (2ir)3] {e (lc)/ [E (lc)4m]
HI 4

{E(k ')  - F (k ')  }x_

{E(k ')  + F (k ')  }{k /s  ( k ) } o»k x_q  - s

( 3 . 1 2 )

w here  k  = | lc | ,  s (3c) = E (lT) +m a n d  x is a tw o-com ponent Pauli 
q  Q Q ®

sp in o r  w ith  p ro jec tion  - s .  T he  d ependence  of E and  F  on k 1 = mk/m

2 2 iis due  to th e  fac t  th a t  th e y  a re  fu n c tio n s  of [ (p * k /m  ) -m ] . If we 

compare th e  s t r u c t u r e  of E q .(3 .1 2 )  w ith  th e  Dirac sp ino r  of the  

h y d ro g e n  atom problem  th e  phys ica l  in te rp re ta t io n  of var io u s  te rm s is 

v e r y  c lea r .  T h u s  we define  wave func tions  as  follows,

Ru (k) = {[41r/{m (2n)3 > ][Eq(i<)/Eq (ic)]}i {E(k ')  - F ( k ’)} , (E.13)

R ( k )  = { [ 4 i r / { m ( 2 i r ) 3 ) ] [ E  (lc)/E  (lc)]}i {E(k ')  + F ( k ' ) )  k /e  (1c)
l  4 4 4

( 3 . 1 4 )

a n d  we choose th e  normalization:

J d k  lc2 [{Ru (k )} 2+{^1( k ) ) 2] = 1. (3 .15)

H ere th e  in te g ra t io n  is o v e r  the  va r iab le  k = |k | .  T he choice of 

th is  normalization g ives  th e  c o r re c t  c h a rg e  fo r  th e  meson. (See 

A ppend ix  C ) .



3 . 3  Invariant Amplitude for Vector Mesons:

H ere we co n s id e r  th e  decay  of a v e c to r  meson in to  an  o n -sh e ll

q u a rk  a n d  an  o ff -sh e ll  a n t iq u a rk .  T he  d esc r ip t io n  of th is  am plitude is

more involved  due  to  th e  sp in  of the  meson. T h is  is because  of the

p re se n c e  of th e  th e  po larization  v e c to r  of the  meson, which makes an

additional L oren tz  v e c to r  available to  c o n s t ru c t  var ious  in v a r ia n t

am plitudes . We denote  th e  polarization  of a v e c to r  meson with

ymomentum p a n d  he lic ity  p ro jec tion  X b y  . T h u s  we have,

I t  is u se fu l  to note  th a t  in the  meson r e s t  fram e, p = 0 we have ,

A conven ien t r e p re s e n ta t io n  of th e se  po larization  v e c to rs  is g iven

(3.16)

T h ese  v e c to rs  h av e  the  following p ro p e r t ie s  [17]:

(3.17)

(3 .18)

(3 .19)

(3.20)

by

£±V = { 0, -[ tg j t f )  ♦ §2(p)]/V2}, (3.21)
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(3 .22)

H ere p is u n i t  v e c to r  in  the  d irec tion  of p an d  p ,  e^ (p )  an d  

e 2 (? )  form th r e e  m utuaH y-orthogonal u n i t  v e c to r s .  C onsis ten t w ith  

th e  p a r i ty  tran s fo rm a tio n  (See A ppend ix  A) an d  th e  re la tion  in 

E q . (3 .1 8 ) ,  we can w rite

< t s  t | q a . ( 0 ) | £  X Mt > = [ l / ( 2 i r )3 ] [ l / 2 » ( £ ) ] * [ m q /E q (Ic)]4

x{ U ( ? jS ) [ ? x«k/mq ( C + D y /m ) + /x( S + B ^ / m ) ] } a [xJ t« S M ]..

(3 .23)

Again the  in v a r ia n t  fun c tio n s  C, D, A, and  B a re  functions  of

2 2 i[ (p » k /m  ) -m ] . The e x p re s s io n  in E q .(3 .2 3 )  is the  most genera l 

re la tion  one can w rite  w hich is co n s is te n t  w ith  g enera l inva riance  of 

the  m atrix  element. Now u s in g  ch a rg e  conjugation  (See A ppendix  B) 

we can write

<lt s 11q .(0) |p? X M > =- [l/(2TT)3] [ l / 2 U( ^ ) ] i [m /E  (3 )]*  ctl 1 q  q

x { [(5 x.k /m q ) ( C - D ^ / m ) - / x(A +B /P7 m )]V ( i< ,s )} a [( t * g j ^ ) T

(3.24)

We now look a t  the  am plitude in th e  meson r e s t  fram e, j? = 0. To 

ge t a m ultip let s t r u c t u r e  in th e  meson r e s t  frame we a r r a n g e  ou r  

am plitude so th a t
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A = C = D = - (A+B) / [ l+ p » k /(m m  )] . (3 .25)

With th is  aproxim ation th e  am plitude g iven  in E q .(3 .2 4 )  in th e  meson 

r e s t  fram e, = 0 becomes

< £  s 11 q (0 )  | p  = 0 X M_ > = [1 / (2 tt)3 ]{ s ( £ ) / [ E  (5)4m]>i

(A (k ')  - B ( k ' ) } ? x* ? X . s

( A ( k ' )  + B ( k ' ) } { k / E q (ic)} c * k f x* ? x _ s

(3.26)

Note th a t  the  s t r u c tu r e  g iven  b y  E q . (3 .2 6 )  is valid  only if we 

make th e  aproxim ation g iven  in E q . ( 3 .2 5 ) .  From E q .(3 .2 6 )  we can 

id en tify  th e  v a r io u s  wave fu n c tio n s .  T h u s  we have ,

4
Ru (k) = {[4TT/{m(2n)3}] [£ q ( $ ) / E q ( 5 ) ] } 2{A (k ')  - B ( k ') } ,  (3 .27)

R ( k )  = { [4n/{m (2n)3}] [e (lc)/E (it)] }^{A(k') + B (k ')>  k /e  (£) .
i H H ^

(3 .28)

We normalize th e  am plitude (See A ppend ix  C) so th a t

Jdk ^ 2 [{Ru ( k ) ) 2 + {R1( k ) ) 2] = 1 . (3 .29)

V
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3.4 Related Invariant Amplitudes:

By ta k in g  th e  complex con jugate  of Eqs. (3 .1 0 ) ,  (3 . (1 1 ) ,  (3 .2 3 ) ,  

a n d  (3 .24) we can ge t  v a r io u s  am plitudes w hich a re  needed  fo r  th e  

calcula tion of var io u s  ph y s ica l  q u a n t i t ie s .  T h u s  fo r  p seu d o sca la r  

m esons we hav e ,

<£  MT |q a .(0) | i ? s  t> = <1? s t |q * . ( 0 )  |f?M T >

= <£ s t | q a . ( 0 ) | ? M T >',£y°a 

= - [ l / ( 2 i r ) 3 ] [ l / 2 u ( £ ) ] * [ m  /E  (2 ) ]*

x[2f5 (E -F  ^6/m )U (I? ,s)]a [ (3 .30)

< ?  MT lq a i(°)  s t> = <ic s t | q &1(0) |p  mt > y°ga 

= - [l/(2Tr)3] [ l / 2 « ( ? ) ] i [m /E  (l?)]1
4 4

x[V (iT ,s) (E +F /|i/m)2f5 ]a [ x ^ (  (3 .31)

Similarly fo r  v e c to r  mesons we have ,

<p>X M |q  . (0 ) |E * s  t> = [ l / ( 2 i r ) 3] [ l / 2 « ( ? ) ] ^ m  /E  (£ ) ]*1 oi q q

x { [ ( ^ « k / m q )A 1( l + ^ / m )  + ( A + B ^ / m ) ^ ] U ( i c , s ) ) a [ t - 6 *  x ^ ,

(3 .32)
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<£  X MT |q a i ( 0 ) |k * s  t> = - [ l / ( 2 i r )3] [ l / 2 w ( f r ] 4 [mq /E q ( $ ] *

x{V(ic,s) [ ( ^ • k / m q )A 1( l - /^ /m )-(A + B  p / m ) ^ ]  >w[x*t ( t * § M )T U^t l i ,

(3 .33)

w here
* =!=u

X x = Sxy Ty . (3 .34)
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CHAPTER IV

Form Factors

T h e  ana ly s is  of th e  fie ld  eq u a t io n s  in C h a p te r  3 r e q u i r e s  the  

defin ition  of var io u s  form fa c to rs .  Here we define them for  

p seu d o sca la r  and  v ec to r  mesons in de ta il .  I t  is im portan t to note  th a t  

th e se  defin it ions  a re  e x a c t .  Only w hen we calculate th e  var io u s  form 

fac to rs  in te rm s of th e  in v a r ia n t  am plitudes E and  F in E q . ( 3 .1 1 ) ,  o r  

A^, A, an d  B in E q . ( 3 .2 4 ) ,  do we have  to make some approxim ation. 

T he  evaluation  also g ives  u s  an  idea  of how var io u s  q u an ti t ie s  are  

calcu la ted  in o u r  formalism.

4.1 Form Factor of Pseudoscalar Mesons:

For a p seu d o sca la r  meson of mass m we define th e  form fac to r  
2

F s (q ) ,  w hich is a L oren tz  sca la r ,

4 '  M'T |q ( 0 ) q ( 0 ) | ^ M T > = [1 /(2 t t)3 ]6m m,

w here

r  ̂ -»2w(p) = [ m + p  ] , (4 .2)

r 2 12w(p') = [ m + ? '  ] , (3 .3)

and

q 2 = ( P ' - P ) 1J(P ,- P ) VI = ( P ' - P ) 2 = 2(m2-p » p ) . (4 .4 )



I t  is c lea r  from th e  s t r u c t u r e  of L .H .S .  of E q . ( 4 .1 )  and  the

available  Loren tz  te n s o r s  th a t  we can c o n s t ru c t  on ly  one Lorentz

2 4
sca la r  fun c tio n ,  Fg (q )• T he  fac to r  [2m/{w(p)w(i?')} ] in th e  R .H .S .

of E q . ( 4 .1 )  is due  to th e  normalization condition  g iven  in  E q . ( 3 .3 ) .

2
T h e  d ependence  of Fg on q  can also be easily  u n d e rs to o d  when one

n o te s  th e  fac t th a t  the  m esons a re  on th e  mass shell. T h u s  we have

2 2 2 2 p  = m , p '  = m , and  th e  only available Loren tz  sca la r  is p * p '.

We now calculate th is  form fac to r  in te rm s of the  in v a r ian t

am plitudes E and  F. We s t a r t  from the  defin ition  g iven  in E q . (4 .1 )  

a n d  in s e r t  a  se t  of q u a rk  a n d  a n t iq u a rk  s ta te s  be tw een  the  two 

q u a rk  field  o p e ra to rs .  T h u s  we hav e ,

4 '  M'T |c n 0 ) q ( 0 ) | ^ M T > = Es t  j d l ?

x[<j3' M'T |q a . ( 0 ) | ?  s t><l? s  11 q oj(0 )  10? Mt >

-<j?' M'T lq a .(0) | i?  s t x i ?  s t | q a .(0) |p*MT >] . (4 .5)

H ere we u se d  a fac to r iza tion  which is an  approx im ate  com pleteness

re la t io n .  (T h is  is ex p e c te d  to be a good approxim ation  p rov id ed  the  

sea q u a rk  e ffec ts  a re  n eg l ig ib le .)

U sing  Eqs. (3 .1 0 ) ,  (3 .1 1 ) ,  (3 .30) and  (3 .31) and  th e  re la tions :



I  U(!c, s) U ( £ , s )  = (ft * m ) / (2 m  ) ,  (4 .8)S q q

Eg V (l? ,s)  V (i? ,s)  = (ft - m ) / (2 m  ) ,  (4 .9)

we w rite  E q . ( 4 .5 )  as

<$' M'T |q ( 0 ) q ( 0 ) | ^ M T > = 2 6 , [ l / ( 2 i r )3 ] J [d i? /(2 ir)3 ] [mq /E q ( S ) ]

x [ 1 /{4«(p)w(p ') }^ ]T r ( (E '+F1 *>7m)(E+F p / m )  (-*+m ) / (2 m q )

+ (E -F  f / m) (E '-F ' p / m )  <*+mq ) /(2 m q ) ],

(4 .10)

w here  th e  t ra c e  is o v e r  th e  Dirac m a trices .  H ere E an d  F a re

2 2 ifun c tio n s  of [ (p » k /m q ) -m ] an d  E' and  F' a re  fun c tio n s  of

2 2 i[ ( p '#k /m q ) -m ] . A f te r  ta k in g  th e  t ra c e  in E q . (4 .1 0 )  we ge t

<p' M'T |q ( 0 ) q ( 0 ) | ? M T > = [1 / (2 tt) 3 ]6m m, [2 m /{ « (? )« (? 1) }*] Fg (q 2) ,

(4.11)

2
w here  F (q  ) is g iven  b y  s

Fg(q 2) = (2/m) J[d£/(2TT)3] [mq /E q ( S ) ]

x[EE'+FF1 p '« p /m 2 -E 'F  p»k /(m m q ) -E F 'p '*k /(m m q ) ].
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Note the  in v a r ia n t  s t r u c t u r e  of th e  in te g ra l  in  th e  E q .(4 .1 2 )  is 

as  we e x p e c te d .  The whole in te g ra l  is  an  in v a r ia n t  sca la r  func tion  

since E and  F a re  sca la r  in v a r ia n t  fun c tio n s  an d  th e  th r e e -  

dimensional in te g ra l  in E q . (4 .1 2 )  can be eas ily  made to a  fo u r -  

dimensional in te g ra l  b y  n o tin g  th e  fac t th a t  q u a rk s  on th e  mass shell .  

T h is  can be done th r o u g h  th e  re la tion ,

4.2 Form Factor of Vector mesons:

T he  form fa c to rs  fo r  v ec to r  mesons a re  more invo lved  due  to th e  

sp in  of th e  meson. T h is  is p a r t ly  becau se  of th e  availab ility  of one

can  be u se d  to  make var io u s  in v a r ia n t  fu n c t io n s .  To make the  

no ta tion  simple we aga in  denote  th e  po la rization  of a p ar tic le  with

(4 .13)

w here  9 (k°)  is  a s tep  func tion .

more L oren tz  v e c to r ,  the  polarization  v e c to r  of th e  meson, w hich
A

momentum p? as  5 ^ ,  an d  th e  polarization  of a p a r t ic le  w ith  momentum 

as £ ' , V. T h u s  we h av e ,A

(4 .14)

(4 .15)

V P = °-
(4 .16)
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5 'x*p’ = 0. (4 .17)

T he  re la t io n s  (4 .16) and  (4 .17) re d u c e s  th e  num ber of 

in d e p e n d e n t  in v a r ia n t  fun c tio n s  we can c o n s t ru c t  from th e  available 

Lorentz  t e n s o r s .  T h u s  fo r  a v ec to r  meson we define th e  var io u s  form 

fac to rs  th ro u g h  th e  re la tion ,

<£' X' M'T |q ( 0 ) q ( 0 ) |p >X MT > = [1 / (2 tt) 3 ] S ^ . ^ m / M ^ M p ' )  )*]

x[ { (S 'x? 'p S x'p ' ) / m 2 > F ^ q 2)* (5 ' xT*5x) F2 (q 2) ] .

(4 .18)

Equation (4 .18) is th e  most g en e ra l  form c o n s is te n t  w ith  the  

re la tions  in Eqs. (4 .16) and  (4 .17) an d  the  condition th a t  the  m a trix  

elements be b il inear  in ? x and  £ 'x, . T he  evalua tion  of th e se  form 

fac to rs  p roceeds  ex ac tly  a s  in th e  p seu d o sca la r  meson calculation. 

T h u s  we have ,

<?• X' M'T |q ( 0 ) q ( 0 ) i ^ X  MT > = Z ^  Jdic

x [<{§' X' M ' l q  .(0) |1? s t><i? s 11 q  .(0) |p* X M„>T  ai a l 1

-<p' X' M' | q  . (0) | i t  s t><l? s 11 q (0) | p* X M >] .1 a i  a i  x

(4 .19)
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Again u s in g  th e  re la t io n s  in E q s . (3 .2 3 ) ,  (3 .2 4 ) ,  (3 .3 2 ) ,  (3 .3 3 ) ,  

pe rfo rm ing  th e  sp in  sum o v e r  s an d  th e  isosp in  sum o ver  t  and  u s in g  

th e  re la t io n s  in  E qs . ( 4 .6 ) - ( 4 .9 )  we ge t ,

<£' X' M't  | q (0 )q (0 )  | p* X MT >

= 2 6MT M'T t l / ( 2 i r ) 3 ] [ 1 / { 4 w ( ^ )w(^ ) } i l  J " [ d ? / ( 2ir)3 ] [m q / E q (H)] 

xT r{ [0g -m  ) /(2 m  )] [ (« fxr* k /m  ) A '^ l - ^ ' / m ) - ( A '+ B '  p / m ) # ' * ]  

x [ ( 5 x»k/m q ) A1( l - ^ / m ) - ^ x(A+B p / m ) ]

+ [-(^+m q ) /(2 m q )] [ ( ? x*k/m q ) A1( l+ ^ /m )+ ^ (A + B  / / m ) ]  

x [ ( 5 'xr* k /m  ) A'j(l+^>Vm) + (A'+B1

(4.20)

2 2 iHere again  A 1, A a n d  B a re  func tions  of [ (p»k /m  ) -m ] and  

A '^, A1 and  B' a re  fu n c tio n s  of [ (p '* k /m q ) 2-m2]^. A fte r  ta k in g  the  

t r a c e  over  th e  D irac m atrices  in E q .(4 .2 0 )  we have ,

<■5' X' M'T |q (0 ) q ( 0 )  |p  X MT >

= 8 6M̂ Ml^[l/(2TT)3] [ l / { 4 W( ? ) W( $ , )}i ] J [ d 0 ( 2 i r ) 3 ][m q /E q ( t ) ]

2 ,
X[{ ? 'x, • p ? x*k/(mmq ) } f3+(5 'x.* 5 x) f4 +t • p S x*P, ) / m ) f&

+ {5'xf ' k 5 x*k/m 2 >f1+{5x- p ,5,xr*k /(m m  )} (4 .21)



32

w here

f x = -A 1A,1 [l+ { (p + p ')« k /(m m q )} + (p * p 7 m 2)]

- A ' j K  -A £ '  - ( p * p 7 m 2 (A ^ B )  + A jB ') , (4 .22)

f 2 = A ^B  [p » k /(m m ^ )] -B 'A  -A ^ A ,  (4.23)

f3 = A^B' [p '«k /(m in  )] -BA' - A ^ ' ,  (4 .24)

f4 = -AA' -BB' (p '» p /m 2) +A'B {p»k/(m m ^)}

+AB' (p '» k /(m m ^ )}, (4 .25)

f,. = BB' . (4 .26)o

Again the  in v a r ia n t  n a tu re  of the  in te g ra l  in E q .(4 .2 1 )  is c lear .  

T h is  inva riance  can  be u s e d  to perform  th e  in te g ra t io n s  in E q . (4 .2 1 ) .  

For th e  eva lua tion  of th e se  in te g ra ls  we define

TfV = ( p ,+ p)y/(2 m ) ,  (4 .27)

q p = (p '- p )^ / (2 m )  , (4 .28)

w here  as  u su a l

q 2 = ( P ' - P ) 2 - (4 .29)
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Now co n s id e r  th e  in te g ra l

Jdi?[mq /E q (8>] (J'xr*k {x-k /m ^  f ,  = t \ ?  KXV Ivv. (4 .30 )

Since th e  func tion  f j  is an  in v a r ia n t  func tion  an d  th e  in te g ra l  is 

in v a r ia n t ,  due  to  th e  re la tion  E q . ( 4 .1 3 ) ,  th e  q u a n t i ty  I is a 

Lorentz  symmetric te n s o r  of second r a n k .  T h u s  we can w rite ,

I = IjCq )tt v  + I 2 (q  )q  q

T . 2 W  yv ~y ~v ,J2  „y«.v...2. 0 1 .+I3(q )(g - TT IT / tt - q q /q ). (4 .31)

2 2 2 H ere I (q  ) ,  I „ (q  ) an d  I_ (q  ) a re  L oren tz  sca la r  fu n c tio n s .  In1 <b u

w rit in g  E q . (4 .3 1 )  we u s e d  th e  fac t th a t  1 ^  is symmetric u n d e r  th e

in te rc h a n g e  of y w ith v and  p 11 with p 'V an d  th a t  th e  mesons a re  on

th e  m ass shell .  T h u s  E q . (4 .3 1 )  is th e  most g en e ra l  re la tion  we can

2 2
w rite .  E quation  (4 .31) can be in v e r te d  to  ge t  I ^ (q  ) ,   ̂ anc*

I (q2 ) in  te rm s  of IWV. T h u s  we find ,u

I ^ q 2) = Jd ic [m q /E q (ic)] { (if*k)2/ ( m V ) } £y  (4 .32)

I2( q 2) = Jdic[mq /E q ( ? ) ]  { ( ^ k ) 2/ ( m 2 q 4 )} f r  (4 .33)

I3 (q 2) = Jd if [m q /E q (ic) ]

x [ l  - { ( ^ k ) 2/ ( m 2!rf2)} - ( ( q * k ) 2/ ( m V ) }  ] f /2  .
H n

(4.34)
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A fte r  s u b s t i tu t in g  E q . (4 .3 1 )  in to  E q . (4 .3 0 )  we hav e ,

Jdi?[mq /E q (£ ) ]  (5 'xr * k ? x*k/mq ) f j

= { ( S ' ^ ' p S ^ p ' J ^ J U j f q 2) - I2 ( q 2) - I 3 (q 2) / ^ 2 - I3 (q 2) / q 2] /4

+ ( K \ r Z x) I3 (q 2) , (4 .35)

w here  we u sed  th e  re la t io n s  in E q . (4 .1 6 )  an d  (4 .1 7 ) .  Similarly we 

co n s id e r  th e  in teg ra l :

jd ic[mq/Eq (2)] {5'xr -k 5x‘p'/ (mqm)> f 2 = {Z^p'/m}  Iy

(4 .36)

w here

1 = (di?[m /E  (£ ) ]  k  f„. (4 .37)
u J  q q v 2

Again from g en e ra l  in v a r ian ce  p ro p e r t ie s  we have ,

IU = ^  I4 (q 2) + q W I5 (q 2) , (4 .38)

2 2w here  I^ (q  ) an d  I3 (<3 ) a re  L oren tz  sca la r  fu n c tio n s .  If th e  func tion
2

f^ is symmetric u n d e r  th e  in te rc h a n g e  of p an d  p '  the  func tion  I^ (q  )

2 2
will be zero . E quation  (4 .38) can be solved fo r  I^ (q  ) an d  I^ (q  ) to  

f ind ,



I4 (q2) = Jdic[mq/Eq ( $ ]  {(TT*k)/(mqfl2)> t v  

I5 (q2) = Jdic[mq/Eq (ic)] { (q»k)/(m qq2) }

Now s u s t i tu t in g  E q . (4 .3 8 )  into E q . (4 .3 6 )  g ives u s ,  

Jd ic[m q /E q (l<)] {? 'x, '-k ^ x«pV(mq m)> f2

= { ( ? 'x;|C*p?x« p ') /m 2}[ I4 (q 2) - I5 (q 2) ] /2 .

Similar considera tions  leads  u s  to

Jdi?[mq/Eq (£)] {5'xr*P?x‘k/(m qm)} fg

= { (5 'xr * p ? x* p ') /m 2}[ Ig(q2) + I7(q2) ] /2  ,

w here

Ig(q2) = Jdlc[mq /E q (ic)] { (ir*k )/(m qTf2)} £y  

I? (q 2) = Jdl?[m /E (U)] { ( q - k ) / ( m q q 2)} {y

35

(4.39)

(4.40)

(4.41)

(4 .42)

(4.43)

(4 .44)

Now we use  E qs . (4 .3 5 ) ,  (4 .41) an d  (4 .42) in E q .(4 .2 1 )  an d

compare th e  r e s u l t  w ith th e  defin ition  g iven  in E q . ( 4 .1 8 ) .  T h is  leads 

u s  to
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^ ( q 2) = (2 /m)  J r[dif / (2ir)3 ] [m q / E q (ic)]

f  [{( ir«k)2/ ( m 2 Tf4 ) }  - { ( q « k ) 2/ ( m 2 g 4 ) } ] / 4«L C[ C[

+f [1 - {(TT»k)2/ ( m 2 Tf2 )}  - { ( q « k ) 2/ ( m 2 q 2) } ] [ l / ? I 2j. H 4 l / 5 2 ] / 8

+f [ { ( ^ / ( i n f f 2 ) }  - { ( q * k ) / ( m  q2 ) } ] / 2  
* H H

+ f , [{(TT»k)/(m it2 ) } + { ( q * k ) / ( m  q 2 ) } ] / 2  + fo q cj o

F2 (q 2) = (2/m) J [d £ / (2 T r )3 ] [m /E  (£ )]

*4 [1 - {  (TT*k)2 / (m2 if2 ) } - ( ( q « k ) 2/ ( m 2 q 2 ) } ] / 2
4  4

(4 .45)

(4.46)

2 2Again th e  in v a r ia n t  s t r u c t u r e  of the  fun c tio n s  F ^(q  ) an d  F2 (q  )

is c lear  from th e  E q s . (4 .4 5 )  an d  (4 .4 6 ) .  ( I t  is u se fu l  rem em ber th a t  

th e  form fac to rs  a re  q u a d ra t ic  in the  in v a r ia n t  am plitude. T h is  is 

t r u e  fo r  th e  p s e u d o sc a la r  meson case a lso .)
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Dynamical E quations

We now develop an  in te g ra l  equa tion  w hich can be u se d  to 

determ ine th e  in v a r ia n t  fu n c tio n s  E, F, A and  B given in C h a p te r  3. 

Th is  is done th ro u g h  th e  ana lysis  of E q s . (2 .5 )  and  (2.G). We hav e ,

H ere , for simplicity , we a re  con s id e r in g  the  case w here  the  

exp lic it  gluonic in te rac t io n  h as  been  n eg lec ted .  (A covarian t  

de sc r ip t io n  of g lu o n -ex ch an g e  is p re s e n te d  in the  A ppendix  E .)  We 

f i r s t  ana lyse  the  equa tion  fo r  p seu d o sca la r  mesons w hich is re la tive ly  

s im ple .

5 .1  In te g ra l  Equation fo r  P seu d o sca la r  Mesons:

We now form the m a trix  element of E q . (5 .1 )  with meson and  

a n t iq u a rk  s ta te s .  T h u s  we have ,

[iY 3U -m ] q (x )  = g q ( x ) x ( x ) ,
H H A

(5 .1)

[3^3y + ] X(x) = - g x q ( x ) q ( x ) . (5 .2)

[iy^3V -m ]<lc s t |q ( x ) |p * M T > = g^ <ic” s 11 q ( x ) x ( x )  MT >.

(5.3)
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Similarly b y  form ing th e  m a tr ix  element of E q . (5 .2 )  w ith  two 

meson s ta te s  we ge t ,

[ ay aP + m x 1 ^ '  M' t | x ( x ) | ^ M t > = - g x <p' M'T |q ( x ) q ( x )  I ?  Mt >.

(5 .4 )

By u s in g  th e  re la tions

<lf s 11q(x) |j?  M^,> = e *X ^P ^  <1? s 11q(0) | j?M,j> (5 .5 )

an d

<^' M'T | x ( x ) | ^ M T > = e " ix *(p_p ,)  <£’ M't | x(0 ) | ^ M t >, (5 .6 )

we can simlplify E q s . ( 5 .3 )  an d  (5 .4 )  to  f ind ,

- m ] < K s t  | q (0 )  | i?  Mt > = g^ <k s t |q ( 0 ) x ( 0 )  |p^M^,>,

(5 .7 )

[ - q 2 +m2 ]<j?' M't | x(0) | ? M t > = -g^  <]?' M'T |q (0 )q (0 )  |p  Mt > ,

(5 .8 )

2 2w here  q = ( p ' - p )  . Upon in s e r t in g  a s e t  of mesonic s ta te s  betw een 

the  o p e ra to rs  q (0 )  an d  x(0) in E q . ( 5 .7 )  we ob ta in ,

- m ] <k s t | q ( 0 )  | j? M T >.

= gx zM, JdiT <F7T|q(0)|?' M't |x (0 )  mt >.

(5.9)



39

I t  is  c lea r  th a t  th i s  fac to r iza tion  is approx im ate , b u t  we ex p ec t  

th a t  th e  main co n tr ib u t io n  is from th is  p a r t i c u la r  se t  of s ta te s .  Now 

u s in g  th e  defin ition  of th e  form fa c to r  in E q . ( 4 .1 ) ,  E q . (5 .8 )

becom es:

<$'  M't | x ( 0 ) | ^ M t >

= ' 6MT M'T I1 /(2 i r )3 ] [g x/ ( m x -<I2) n 2 m / { » ( f t u ( 3 ,)>i ] Fs (q2). (5 .10)

2
Now from th e  e x p re s s io n  fo r  F ^ (q  ) in te rm s of th e  in v a r ia n t  

am plitude in E q . (4 .1 2 )  i t  is e v id en t  th a t  th e  form fa c to r  is a 

func tiona l of th e  am plitude we a re  t r y in g  to ob ta in .  T h u s  E q s . (5 .9 )

an d  (5 .10) form a s e t  of non linear  coupled in te g ra l  eq u a t io n s .  This  

s e t  of equa t ions  can be  combined p ic to ria lly  as  in Fig. 1, w here  the  

non linea r  n a tu re  of th e  problem  is  a p p a re n t .

As it  s ta n d s ,  E q . ( 5 .9 )  is a co v ar ian t  eq u a t io n .  T h u s  we can 

analyse  i t  in a n y  fram e. T h is  equa tion  becomes v e ry  simple in the  

a n t iq u a rk  r e s t  fram e, k  = 0. We again  s t r e s s  th e  po in t th a t  th is

choice is only  a m a tte r  of conven ience. D if fe ren t  frames a re  

connec ted  to each o th e r  b y  L oren tz  b oos ts .  Since th e  am plitudes a re  

defined  in  a n  in v a r ia n t  way it  is e asy  to  go from one frame to

a n o th e r .  I t  is th is  c o v a r ian t  formalism w hich makes o u r  analysis
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v e r y  e le g a n t .  Now u s in g  th e  defin ition  of in v a r ia n t  am plitudes in 

E q . ( 3 .1 1 ) ,  we can  rew r i te  E q . ( 5 .9 )  a s ,

- X  - m  ] [ r ° (E + F  p /m ) V (lc ,s)  ] / / « ( £ )
4

=gx J t d ^ V / w ^ ^ l i y ^ E ' + F ' ^ V m J V C ^ s ) ] ^ '  Mt |x (0)  \ f  MT >,

(5 .11)

w here  we p erfo rm ed  th e  sum o v er  the  isosp in  index  M1̂ , a n d  cancelled

th e  isosp in  fa c to rs  on b o th  s ides  of E q . ( 5 .9 ) .  H ere E an d  F a re

2 2 ifun c tio n s  of [ (p * k /m ^)  -m ] and  E1 and  F' a re  func tions  of 

2 2 i[ ( p ,#k /m  ) -m ] . In  the  a n t iq u a rk  r e s t  fram e, w here  k  = 0, E and  
4

F become fun c tio n s  of | ^ |  an d  E' an d  F' a re  fun c tio n s  of | £ ' | .  A fter
'

p u t t in g  k  = 0 in  Eq. (5 .1 1 ) ,  u s in g  the  exp l ic it  r e p re s e n ta t io n  of Dirac 

m atrices  in E qs . ( 1 . 4 ) - ( 1 . 8 ) ,  a n d  u s in g  th e  fac t th a t

V (k = 0 ,s) (5.12)

-s

w here  x is a two com ponent sp in o r ,  we ge t
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[ ! / / « ( £ ) ]

w(j?)-2mq -^•o* ( E (p )  - F ( p ) u ( ^ ) / m } x _ g

-u (^ ) - F ( p )  (p /m )  p«5* x

(E (p ' )  - F ( p ' ) w ( p , ) /m } x _ s~

{ -F (p ')  (p /m )}  £'*o*x

<£• mt | x( 0 ) | ? mt >

-sj

(5 .13)

H ere  we denote  |j?| an d  | p ' |  b y  p an d  p '  re sp e c t iv e ly  . F u r th e r ,  

p  an d  p '  a re  u n it  v e c to rs  in  th e  d irec tion  of a n d  re sp e c t iv e ly ;  

5* is th e  Pauli sp in  m atrix .  For th e  an a ly s is  of equation  (5 .13) i t  is 

u se fu l  to define ,

RU(P) = [ 1 /M i* ) I  [ E (p )  - F (p )  w (£)/m  ] ,  (5 .14)

R ^ p )  = - [ l / M P ) ] [ p / m ]  F ( ^ ) ,  (5 .15)

Ru (p ')  = [1/A>(i*')][ E (p ')  - F (p ')  w t f V m  ] ,  (5 .16)

RL(p ')  = - [ ! /✓ « (? ')  H p '/m ]  F ( p ' ) . (5 .17)

U sing  th e  defin itions in E qs .  (5 .14) - (5 .1 7 )  , E q . (5 .1 3 )  becomes,
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{ [ « ( £ ) -2mq ]R u (p ) - p R ^ p )}  X.s

{pRu (p) K i ^ C P ) }  ^ x . t

■ gx I ' * ’

R (p ')  x u  - s

R j te ')  p '* ^ x _ s

mt | x( 0 ) | ^ m t >

(5 .18)

E quation  (5 .18 ) can  b e  w ritte n  as two coupled  2x2 m a trix
+

e q u a tio n s . We m ultip ly  th e  u p p e r  com ponent from  th e  r ig h t  b y  x_g
+ ^ v

an d  th e  low er p a r t  from th e  r ig h t  b y  -X p*a.  We th e n  perfo rm  a 

sum o v er th e  sp in  index  s .  F inally  we ta k e  th e  tra c e  o v er th e  2x2 

m a trix  in  th e  u p p e r  and  th e  low er p a r t  s e p a ra te ly . T h u s  we h av e ,

{u>(j?)-2m > Ru (p ) - p Rx(p )

- p r u (p ) + w(p ) ^ ( p )

J d ? .

R (p 1)u

- R ^ p ')  P*£ '

<£ '  Mt | x (0)  | ? m t > ,

(5.19)

w here  we u se d  th e  fac t th a t



Finally  u s in g  th e  d e fin itio n  in  E q .(5 .1 0 ) ,  E q .(5 .1 9 )  can  be

w ritte n  as :

>(]3)

V P )

If

2m p
q

R ( p f  u

^ ( p ) P o

i 
Hi

 
*—

• *0 w
1--

--
---

g* J [ d p 7 ( 2 n ) 3] [2m /{w( ^ ) w( ^ ) } i ] [ F s (q 2) / ( m 3 -q 2)]

-i
1 0 R ( p ' )U

o -£ • £ ' R j te ')

(5 .21)

T h is  is  th e  c e n tra l eq u a tio n  fo r all of o u r a n a ly s is . Note th e  

herm ic ity  of th e  k e rn a l in  E q .(5 .2 1 ) ,  w hich is sym m etric u n d e r  th e  

in te rc h a n g e  of f? and  {?'. T h is  h a s  th e  e ffec t of re d u c in g  th is  problem  

to  an  e ig envalue  problem  w ith  re a l e ig en v a lu e s . E quation  (5 .21 ) can 

be  so lved  fo r R-U(P) a n d R-^(p) and  th u s  fo r E an d  F. T he  d e ta ils  of 

th e  calcu la tion  a re  p re s e n te d  in  C h a p te r  6. Since we do no t make a 

s ta tic  approx im ation  th e  "e ffec tiv e  po ten tia l"  te rm  in  th e  k e rn a l is 

nonlocal. Also no te  th a t  o u r  eq u a tio n  is  hom ogeneous, w hich is w hat 

we ex p e c t fo r  a b o u n d -s ta te  problem .
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5.2 Integral Equation for Vector Mesons:

As in  th e  case of p se u d o sc a la r  m esons, we form  th e  m atrix  

elem ents of eq u a tio n  (5 .1 ) w ith  v e c to r  m eson an d  a n tiq u a rk  s ta te s  

an d  develop  E q .(5 .2 )  w ith  v e c to r  m eson s ta te s .  T h u s  we h av e ,

[& - X. - m l <k s 11 q (0 ) | p* X M >
4 -*•

= sx zx<M< J d ? '  <i« s 1 1q(0 )  | p '  x' x' m't |x(0)  | p  mt >,

(5 .22)

an d

[ - q 2 + m2 ]<? '  x’ M'T |x ( 0 ) |p> x  mt >

= -g x <£' X' M'T |q ( 0 ) q ( 0 ) |^ X  MT >. (5 .23)

U sing  th e  defin ition  of form  fa c to rs  in E q .(4 .1 8 ) ,  E q .(5 .2 3 )  becom es,

<? ' X' M't | x(0 ) |? X  Mt > = -5M̂ M^ [ l / ( 2 1r)3] [ g x/(m ^  -q 2)]

x[2m /{W( ? ) W( r ) } i ] [ ( ( C 'xr*pCx*P,) /m 2} Fx (q 2) + ( Z \ r S x ) F2 (q 2)]-

(5 .24)

A fte r  u s in g  th e  defin ition  of th e  in v a ria n t am plitude in  E q .(3 .2 4 ) ,  

an d  cancelling  th e  iso sp in  fa c to rs  on b o th  s id es  of E q .(5 .2 2 ) ,  th a t 

eq u a tio n  becom es,
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\ #  T *  -m ] { [ (5 x*k/m  ) A ^ l - ^ /m )  - ^ ( A + B  j f / m )  ] V ( g ,  s) } /✓ « (? )

=gx zx, j ld ^ V /w C ? ') ]

x [ (5 'x,*k/in  ) A '^ l - y / m )  - X v  (A '+ B '^ p '/m )] V (Ic,s)

x<5' x' Mt | x (0 ) | ^  Mt > . (5 .25)

U sing  E q .(5 .2 4 )  an d  perfo rm in g  th e  X' sum  m aking u se  of

v r ! r i v _ uv |V. 2
\ f Xf ” P P  / m / (5 .26)

E q .(5 .2 5 )  y ie ld s ,

[ p -  & -m ] [{ (? x»k/m q ) A ^ l - j i / m )  -^ (A + B  t f / m )  }V(ic, s)]/Vw(i?)

= - e l  J [ d p 7 ( 2 i t ) 3 ] [2m /{a)(?)W(? ')> i ] [ l / ( m 3 - q 2) ] [ l / y W( ? ') l

(^•p '/m JF ^^C q2) [{ -p»k /(m m q ) + (p » p 7 m 2) p ,*k/(m m q )} A '1(l- /p 7 m ) 

- { ( - / /m )  +(p*P 7 n i2 ) (jtf ' /m) } (^ '+ B ' j* 7 m )]V (Ic ,s)

+F2 (q 2) [{ (-k * ? x/m q ) + (p '«^x/m )(k « p ') /(m m ci)} A '1( l - ^ 7 m )  

- { - r ^ p ' ^ . / m )  (^ 7 m ) } (A '+B1 # ' / m )  ] V(lc, s)

(5.27)



In  E q s .(5 .2 5 )  and  (5 .27 ) A^, A an d  B a re  fu n c tio n s  of

[(p » k /m  an d  A '^ , X' an d  B' a re  fu n c tio n s  of

2 2 1[(p '» k /m  ) -m ] 2 . A gain we an a ly se  E q .(5 .2 7 )  in  th e  a n tiq u a rk  r e s t  

fram e, k  = 0. In  th is  fram e A^, A an d  B a re  fu n c tio n s  of |p |  and  

A '^ , 2.' and  B' a re  fu n c tio n s  of |j£r | .  F or th e  an a ly sis  of E q .(5 .2 7 )  it 

is  u se fu l to  define ,

RU(P) = [ 1 / M $ ) ] [  A (p ) - B (p ) w (£)/m  ] ,  (5 .28)

RL(p ) = - [ ! /✓ « (? ) ]  [ P / m ]  B ( p ) , (5 .29)

RU(P ')  = [ l / /w ( 0 ') ] [  A (p ’) - B (p ')  w (0 ')/m  ] ,  (5 .30 )

R ^ p ’) = -[1/Vw(j3')] [p '/m ] B ( p ') .  (5 .31)

H ere , fo r sim plicity , we deno te  |f?| and  |j$ '| by  p an d  p ',  

re s p e c t iv e ly .

T he an a ly sis  of th e  E q .(5 .2 7 )  is v e ry  invo lved  due to  th e  

p re se n c e  of th e  po la riza tio n  v e c to r  £ I t  is  simple to  co n sid e r th e
A

t r a n s v e r s e  po la riza tion  X=± an d  th e  lo n g itu d in a l po la riza tio n  X=0 

se p a ra te ly . For th e  tr a n v e r s e  po la riza tio n  X=± th e  time com ponent 

£°=0. T h u s  we h av e ,
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(5 .33)

5+*P' < ‘ P '. (5 .34)

U sing  E q s . (5 .2 8 ) - (5 .3 4 )  an d  (5 .12 ) we can  w rite  E q .(5 .2 7 )  fo r 

X=± as :

{(w-2m )R u (p ) - pR L(p)>

{pRu (p) - w R ^p)}  x_£

= S 2X [ d ? ' / ( 2 T T ) 3 ] [2m /{W( ^ ) W( 5 ,)>i ] [ l / ( m 3 -q 2)]

Ru ( p ’) { - F 1 ( q 2 ) ( ? , ' f ±/m) Mx + F2 ( q 2) M2 > x_£

{ B ( p ' ) / / W'}{-F1(q2) ( ? ,*f±/m) Mg + F2(q2) X.

(5 .35)

w here

= -{ l/( l+ w '/m )  }{-w/m +(w'/m) (p » p '/m 2) } (p '*o /m )

■{]W /m - (p * p '/m  ) ( p ' , o% n)},
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M2 = { l/(l+w 7m )}(u'/m )(p '*5+/m)(p'*a7m)

+ ( £ '« f ±/m )($ '« ^ /m )} ,

Mg = {-(5*a/'m) +(p*p'/m2)(|5'*?/m>

-(l+w'/m){-w/m + (p»p'/m2) (w'/m)}, 

M4 = (p'*|*+/m) (^'•57m))(^,*a>/m)

+ (l+u'/m) (u'/m) (p'*5+/m) .

We have u se d  th e  re la tio n s ,

A = -(A + B )/[ l+ p « k /(m m  )] , (5 .36)
^ 4

o/
A' = -(A '+ B 1) [ l+ p ’»k/(m m  )] , (5 .37)

4

an d  th e  n o ta tion

« = w(i?), (5 .38)

w' = « ( ? ') .  (5 .39)

E quation  (5 .3 5 ) can  be  decom posed in to  two 2x2 coupled  m atrix

eq u a tio n s  fo r  &U(P) an d  ^ ( p )- Now we m ultip ly  b o th  th e  u p p e r  and
+

th e  low er p a r t  of th e  E q .(5 .3 5 )  from  th e  r ig h t  b y  x_g an d  from th e  

le ft b y  T+« ?  se p a ra te ly  an d  perfo rm  th e  sum o v e r th e  sp in  in d ex  s .

F inally  we ta k e  th e  tra c e  of th e  u p p e r  and  low er p a r t  of th e
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re s u lt in g  eq u a tio n s  s e p a ra te ly  an d  p erfo rm  a sum o v e r th e  tr a n s v e r s e  

p o la riza tio n  X=±. For th e  tra c e  ev alua tion  of th e  2x2 m a trices we u sed  

th e  following re la tio n s :

- f  *  A
£+ *P . . A  *

-±ip S+ »

and

£+ *5+ = i:t P>

T r [  ?• B a*C ] = 2i(Ax]?)«(?.

(5 .40)

(5 .41)

(5 .42 )

U sing  th e  re la tio n s  in  th e  E qs. (5 .4 0 ) - (5 .4 2 )  we perfo rm  th e  

r e q u ire d  tra c e s  in  E q .(5 .3 5 ) .  We can w rite  th a t  eq u a tio n  a s ,

(w-2mq ) RU(P) '  P RL(P)

P RU(P) w R ^ p )

= "g 2 J [d ? '/(2 iT )3 ] [2m /{u(p)w (p ')}^] [ l / ( m 3 - q 2)]

-R  ( p 1) (w '/m -1) [w'/m + (fj»3 '/m 2) ] [ l  - (p * p ')2 ]

F x(q 2)

u

■R1(p ') (P P '/m 2) [1 - (p * p ')2 ]

-R u (p '){ (« '/m  - 1) [1 - (p * p ')2 ] + 2 }

- R ^ p ')  2

(5 .43)



In  d e r iv in g  th e  re la tio n  in E q .(5 .4 3 )  from  E q .(5 .3 5 )  we made th e  

rep la cem e n t,

| p ' < | 2 = l?M 2 [ l  - ( P ^ ’) 2] /2  , (5 .44)

w here  p  an d  p ' a re  u n it v e c to rs  in  th e  d irec tio n  of p* an d  "3’, 

re sp e c tiv e ly .

We now co n s id e r E q .(5 .2 7 )  fo r  th e  lo n g itu d in a l p o la riza tio n , X=0. 

F or lo n g itu d in a l p o la riza tion  we h av e  [See E q .(3 .2 2 ) ] ,

SQV = , p  w (p)/m  ] . (5 .45)

U sing  E q .(5 .4 5 )  an d  co n s id e rin g  th e  eq u a tio n  in  th e  a n tiq u a rk  

r e s t  fram e ( Tc = 0 ) ,  E q .(5 .2 7 )  becom es,

{(w-2mq )R u (p ) - p R j( p ) } p»o* x_s

(p R u (P) ~ w R ^p)} x_g

- g 2 [ d p ' / ( 2 i T ) 3 ] [ 2 m / { u ( £ ) w ( 3 ' ) > 4 ] [ 1 / (m2 - q 2 )]
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w here

Mc = -{ l/( l+ w '/m )} { -u /m  +(w '/m )(p»pV m ^)} b

- { (j?*a%n) - (p * p '/m 2)(p'«c?/m )} ,

M = { - l/C l+ w '/n O K -^ + C u '/m K p 1**; / m) }({3'»5%n) b o o

My = {(-;p*c?)/m + (p » p '/m 2)(^ '« ? /m )} (^ '» ^ /m )

- (l+w '/m ) {(-w/m) + (p » p '/m 2) (w '/m )} ,

MQ = {-if •<? + (p '*S /m ) (p '»? /m )O o o

-( l+ w '/m ){ -? °+ (« '/m )(p '* 5 o/m )} .

We now m ultip ly  th e  u p p e r  p a r t  of th is  eq u a tio n  from  th e  le f t b y  

$ • 0* an d  th e  r ig h t  b y  x_*. Sim ilarly we m ultip ly  th e  low er p a r t  from 

th e  r ig h t  b y  x *. A fte r  p erfo rm in g  th e  sum o v er th e  in d ex  s and  

ta k in g  tra c e s  of th e  u p p e r  an d  low er p a r t  s e p a ra te ly  E q .(5 .4 6 )  

becom es,
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{ (w-2m ) RU(P) - P R^P))

{p RU(P) " w Rji(P)>

F j ( q 2)

RU(P ')  [(«w '/m 2) ( i ^ ' / m 2) - ( ^ • ^ ') 2 (w'2? 2 + u2^ ,2)/m 4

+ (P*i3')3 (u>w'pp'/m4) + { (^ •^ ,) 2- l } ( p 2u'-wp»^')/m3]

R jXp ')  [{wp'-w'p p * p ')(w 'p -w p ’ p « p ’)/m 4]

+F2<q >

R (p') [ (p, ? l/m2)-(ww'/m2) (p»p')2-(w/m){l-(p»^,) i }u

R ^ P 1) [(P P '/m 2) - (ww'/m2)p « p ']

(5 .47)

We can  elim inate th e  p o la riza tio n  depen d en ce  of th e  eq u a tio n s  by  

com bining E q .(5 .4 3 )  fo r t r a n s v e r s e  po la riza tion  an d  E q .(5 .4 7 )  fo r 

lo n g itu d in a l p o la riza tio n . T h e  re s u lt in g  eq u a tio n  is ,



- (g ^ /3 )  [d p 1/ ( 2 t t ) 3 ] [2m /{U(?)u )(5 ,)} i ] [ l / ( m 2 - q 2)]

F2(q2)

r v 111 <
_ 

M 
1

R (p') u

v 121 v 122 R^p ')
_

+F2 (q  >

1L

—V

v 2n vL R (p')u

v 221 V22J Rl(p ')

J

(5 .48)

w here
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= -(wfJ'2 + w'i$2 )/m'*+ ( p * p ' / m 2 ) [ ( w / m )  + (w ' / m )  + (ww'/m2 ) - 1 ]

-  ( P , p ' ) 2 ( p 2^ ' 2 / m 4 ) t ( w / m )  + ( w ' / m ) ]

+ ( P * P ,) 3 ( P P ,/ m 2 ) [1 - ( w / m )  - ( w ' / m )  +(ww' /m2 ) ]  ,

(5 .50)

V22 = ^ P P '/1112̂ 1 ‘ (ww/m2 ) ]  + ( p #^ ' ) ( ^ 2 w'2 + i5'2 w2 ) / m 4

" ( ^ • p ') 2 (P P '/m 2) [(ww'/m2) + 1] , (5 .51)

V 2  ̂ = - 1  - ( w  + w ' ) / m  + p « i? ' /m 2

+ (p * p ')2 [ (w/m) + (w'/m) - (ww'/m2) - 1J , (5 .52 )

V22 = - ( p p '/m 2) + p * ^ '[ (ww'/m2) + 2] . (5 .53 )

In  d e r iv in g  E q .(5 .4 8 )  from  E q s .(5 .4 3 )  and  (5 .47 ) we ch an g ed  th e  

s ig n  of th e  low er p a r t  of th e  re s u lt in g  com bined eq u a tio n s . T h is  is 

done to  ex h ib it a  herm itian  in te ra c tio n  fo r  th is  problem . H ere again  

we no tice  th e  sym m etry  of th e  k e rn a l in E q .(5 .4 8 )  u n d e r  th e  

in te rc h a n g e  of j? and  p '.  T h is  is th e  dynam ical eq u a tio n  we have to 

c o n s id e r  fo r  th e  v e c to r  m eson. T he m ethod of so lu tion  of th is  

equ a tio n  is ex ac tly  sim ilar to  th e  p seu d o sca la r  case and  is  d e sc rib e d  

in  C h a p te r  6.
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5.3 Equations of Motion for Particles without Isospin:

For th e  charm onium  an d  upsilon  system s th e  q u a rk s  does no t

c a r ry  iso sp in . In  o u r whole an a ly sis  th e  iso sp in  fa c to rs  d ro p  ou t from

th e  eq u a tio n s . T h u s  we can  e x te n d  o u r  an a ly sis  to  p a r tic le s  w ithou t 

iso sp in . T h is  is  b ecause  all o u r am plitudes a re  d efin ed  to  w ith in  a 

c o n s ta n t m ultip licative  fa c to r  an d  it is  th e  norm alization  w hich fixes 

th is  m ultip lica tive  fa c to r . In  th is  case we define  th e  am plitude in  a 

s lig h tly  d if fe re n t w ay so th a t  th e  e x p re s s io n s  fo r v a rio u s  p h y sica l 

q u a n titie s  u n d e r  co n sid e ra tio n  a re  same as in  th e  case th e  q u a rk s  

have  iso sp in . T h u s  fo r p seu d o sca la r  m eson we defin e ,

< i f  s  |q o ( 0 ) | ? >  = [ / 2 ] x [ l / ( 2 1r)3] [ l / 2 a . ( ? ) ] i [mq /E q (i? )]i

X [  U (ic ,s ) (A + B ^ /m )y 5 ] , (5 .54)a

w here |ic s> is  th e  q u a rk  s ta te  an d  th e  m eson s ta te .  T he ch a rg e  

con jugate  am plitude can  be d e riv e d  from  th is  in a m anner ex ac tly  

sim ilar to  th e  case  w hen th e re  is  iso sp in  [See A ppend ix  B] . T h u s  

we h av e ,

< T T  | q  ( 0 ) \ p >  = n [ y 2 ]x [ l / ( 2 1r)3] [ l / 2 u ( ^ ) ] i [m /E  (lc )]4
CL 4  4

X [  y5 (E +F /p /m )V (i< ,s ) ]a , (5 .55)



w here  E = A ,F  = -B and  ti is a  p h ase  fa c to r . As in  E q s .(3 .1 3 )  and  

(3 .1 4 ) , if we define ,

R (k ) = {[4ir/{m (2ir)3 } ] [ B_ ( t ) / E  ( $ ]  >*{E(k') - F (k ')}  , (5 .56)
u. 4 4

R j(k ) = { [4n/{m (2ir)3 }] [e^(ic)/E ^(l< ) ] }^{E (k ') + F (k ')}  k / e q (Ic) ,

(5 .57)

w here  k ' = m k/m  , we can  choose a norm alization :
q

Jd k  ^ 2 [ { i u (k )} 2+{S.1( k ) ) 2] = 1. (5 .58)

With th is  norm alization th e  new problem  is th e  same as th e  old

problem  w ith  iso sp in . S im ilarly , in th e  case of v e c to r  m eson we

defin e ,

< ?  s |q" (0) | {? X > = [ /2 ] x [ l / ( 2 i r ) 3][ l/2 w (£ )]* [m  /E  (£ )]*  a q q

x { U (£ ,s ) [$ x«k/m q  A1 (l+  ^ /m ) + /x(A+B .

(5 .59)

We h av e ,

Ru (k ) = {[4ir/{m (2ir)3} ][e  (tc)/E  ( ic ) ] )* { £ (k ')  - B ( k ') >  , (5 .60)

R (k ) = { [4 tt/ {m (2n)3 }] [e (lc)/E  ( k ) ] }^{A(K ') + B (k ')}  k /e  (k ) ,
 ̂ 4 4  4
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CHAPTER VI 

Numerical Results and Discussion

H ere we d isc u ss  o u r  calcu la tional p ro c e d u re  an d  th e  r e s u l ts  of

o u r  an a ly s is . F ir s t  we comment, on th e  p a ra m e te rs  of o u r  m odel. We

co n s id e r th e  case w here  we do no t inc lude  th e  g luonic d e g re e s  of

freedom  ex p lic itly . In  th is  case  we have th re e  p a ram e te rs  in  o u r

model. T h ese  a re  th e  c o n s titu e n t q u a rk  m ass, m ^, m ass of th e  sca la r

fie ld , m , an d  th e  coup ling  c o n s tsa n t, g , w hich de te rm in es  th e  
X X

s tr e n g th  of th e  coupling of th e  q u a rk s  to  th e  sca la r  fie ld . In  

ad d itio n , we inc lude a c u t-o ff  p a ram e te r in  th e  form  fa c to rs .  T h is  

c u t-o ff  is  u se d  to  re g u la te  th e  b eh av io r of th e  th e o ry  a t  h ig h  

momentum tr a n s f e r .  T he d e ta ils  of th is  cu t off is g iven  in  Section 

6 .3 . Of th e se  th re e  p a ram e te rs  m^, and  g^ a re  fix ed  from  o u r 

p rev io u s  calcu la tion  of nucleon  s t r u c tu re  [1 1 ,1 3 ]. T h u s  th e  only  fre e  

p a ram e te r in  o u r model is  th e  f la v o u r-d e p e n d e n t c o n s ti tu e n t q u a rk  

m ass, m ^. T he inc lusion  of ex p lic it gluonic d e g re e s  of freedom  

in tro d u c e s  a n o th e r  p a ram e te r  in  o u r model. (T he d e ta ils  of th is  

m odification a re  g iven  in  Section  6 .4 .)

We now d e sc rib e  th e  p ro c e d u re  we u se d  in  th e  num erical 

ca lcu la tio n s . T he c e n tra l  eq u a tio n s  in o u r form alism  a re  g iven  in
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C h ap te r  5. T h ese  a re  E q .(5 .2 1 )  fo r p seu d o sca la r  m esons and  

E q .(5 .4 8 )  fo r  v e c to r  m esons. T he m ethod of so lu tion  fo r  b o th  th e se  

eq u a tio n s  a re  th e  sam e. T h u s  we co n s id e r th e  eq u a tio n s  fo r 

p se u d o sc a la r  m esons in  d e ta il.

6.1 Mass of the Meson as an Eigenvalue:

M athem atically E q .(5 .2 1 )  is  a hom ogeneous coup led  n o n lin ear 

in te g ra l eq u a tio n . T h is  is d ue  th e  fac t th a t  th e  am plitude we a re  

try in g  to  ob ta in  a p p e a rs  in  th e  e x p re ss io n  fo r th e  form  fa c to rs  [See 

E q .( 4 .1 2 ) ] .  (T h is  is c le a r  from  th e  F ig u re  1 .)  A n o th er v e ry  

im p o rtan t fe a tu re  is  th e  a p p e a re n c e  of th e  m ass of th e  m eson 'm' 

(w hich is  an  unknow n q u a n tity )  in  a n o n lin ea r fash ion  in  E q .(5 .2 1 ) .  

I t  is u se fu l to no te  th a t th is  m ass, m, also  a p p e a rs  in  th e  ex p re ss io n  

fo r  th e  form  fa c to rs  g iven  in  E q .(4 .1 2 ) .

T h u s  fo r a g iven  g , m a n d  m , E q .(5 .2 1 )  r e p re s e n ts  aX X  q
n o n triv ia l e igenvalue  prob lem . I t  is a hom ogeneous eq u a tio n  fo r &u (p) 

an d  R j(p ) an d  it  does no t y ie ld  a  n o n tr iv ia l so lu tion  fo r all v a lues  of 

m. T h u s  th e  value  of m is de te rm in ed  so th a t  one has  a n o n tr iv ia l 

so lu tions to  E q .(5 .2 1 ) .  T h is  is t r u e  fo r th e  v e c to r  m eson case  also 

w here  we co n sid e r E q .(5 .4 8 )  in s te a d  of E q .(5 .2 1 ) .  We deno te  th is  

value of m w hich y ie ld s a n o n tr iv ia l so lu tion  as m (th e o ry ) . [See 

T ab les  1-2]
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In  ac tu a l calcu la tion  we c a s t o u r  eq u a tio n s  in  th e  form  of an

e ig en v a lu e  eq u a tio n  b y  re p la c in g  w(p) in  th e  L .H .S  of E q .(5 .2 1 )  by  

2 -*2 £(X + p  ) . With an  in itia l g u ess  fo r m an d  fo r  th e  sca la r  form

fa c to rs  we now ite ra te  E q .(5 .2 1 )  u n til th e  whole p ro c e d u re  is se lf-

c o n s is te n t. I t  is im p o rtan t to  note  th a t  th e  in itia l g u essed  form  fo r 

2Fg (q  ) is only u se d  in  th e  f i r s t  i te ra tio n . A fte r  fu ll i te ra tio n , 

E q .(5 .2 1 )  will g ive a new s e lf -c o n s is te n t form  fa c to r . We ach ieve fu ll 

s e lf -c o n s is te n c y  b y  m aking th e  e ig en v a lu e  X th e  same as  th e  in p u t 

m ass m, [den o ted  as  m (th e o ry ) in  T ab le  1-2] .

We a d ju s t o u r  q u a rk  m ass p a ra m e te r , m , so th a t  we g e t se lf- 

co n s is te n cy  fo r  th e  g ro u n d  s ta te s  of th e  p, J/Y  an d  T sy stem s. Now 

w hen co n s id e rin g  th e  ex c ited  s ta te s  (fo r  each  flav o u r se c to r)  we do 

n o t ch an g e  an y  p a ram e te r . We ju s t  look fo r th e  n e x t s e lf-c o n s is te n t 

e ig en v a lu e  of E q .(5 .2 1 )  w ith  th e  same p a ram e te rs  as  u sed  to 

c o n s tru c t th e  g ro u n d  s ta te .  T h u s  th e  p ro p e r tie s  of th e  ex c ited  s ta te s  

a re  p re d ic tio n s  of o u r m odel. For v e c to r  m esons a sim ilar an a ly sis  can  

be  made u s in g  E q .(5 .4 8 ) .

As a b y -p ro d u c t  of th is  s e lf-c o n s is te n t an a ly sis  of E q (5 .2 1 ) , we 

g e t th e  e ig e n v e c to rs  R ^ (p )  and  R j(p ) fo r  each  e ig en v a lu e  m. U sing 

E qs. ( 5 .1 4 ) - ( 5 .17) we can now fin d  th e  in v a ria n t am plitudes E and  F. 

Once we have  th e  in v a ria n t am plitude we can  ca lcu la te  th e  meson r e s t
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fram e wave fu n c tio n s  R ^ (k )  an d  R^(k) u s in g  E q s .(3 .1 3 )  and  (3 .1 4 ). 

T he a rb i t r a r in e s s  in  th e  am plitude due to  th e  hom ogeneity  of 

E q .(5 .2 1 )  can  be rem oved b y  u s in g  th e  norm alization  condition  of 

E q .(3 .1 5 ) .  T he same an a ly sis  may be u se d  fo r  v e c to r  m esons as  well.

In  o u r an a ly sis  we u se  g^ = 7 .0  an d  m^ = 500Mev. T he

c o n s ti tu e n t q u a rk  m ass, m ^, fo r  v a rio u s  flav o u r se c to rs  a re  

p re s e n te d  in  T able 1.

6 .2  C oord ina te  Wave F u n c tio n s  an d  R adii:

Once we have th e  s e lf -c o n s is te n t in v a ria n t am plitudes and  th e
A A

m om entum -space wave fu n c tio n s , R ^ (k )  an d  R ^(k ), as  d e sc rib e d  in 

Section  6 .1  we can ca lcu la te  th e  co o rd in a te -sp a c e  w ave fu n c tio n s  b y  

F o u rie r tran sfo rm a tio n . T h u s  we h av e ,

Ru ( r )  = (2 /ir)*  J t 2 d k  Ru <k) jQ( k r ) ,  (6 .1 )

^ ( r )  = (2 /ir)*  J l c 2 dk  Rt (k ) j ^ k r ) .  (6 .2 )

H ere jQ(k r )  an d  j^ (k r )  a re  B essel fu n c tio n s  of o rd e r  0 an d  1 

re sp e c tiv e ly . P lo ts of coo rd ina te  w ave fu n c tio n s  fo r v a rio u s  system s 

a re  show n in  F ig u re s  2-5 .
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Once we h av e  th e  co o rd in a te -sp ace  w ave fu n c tio n s  we can find  

th e  size of th e  so liton . T h u s  we have th e  ro o t-m e a n -sq u a re  ra d ii of 

b a ry o n  an d  sca la r d e n s it ie s :

< r2>B = | r 2 d r  r 2 [{Ru ( r ) } 2 ♦ ( R ^ r ) } 2] , (6 .3 )

< r2>s  = J r 2 d r  r 2 [{Ru ( r ) } 2 - ( R ^ r ) } 2] .  (6 .4 )

V alues fo r th e se - ro o t m e an -sq u a re  ra d ii a re  p re s e n te d  in  T ab le 1.

For c h a rg e d  p a r tic le s  (fo r  exam ple p  and  t t )  we can  also  define 
2

c h a rg e  ra d ii, < r > , b y  ta k in g  th e  a p p ro p ria te  slope of th e  

e lec trom agnetic  form  fa c to rs .  T h u s  fo r p se u d o sc a la r  m esons we h av e ,

< r2>sm = - (1/6 )  d F |m (q 2) /d q 2 | q 2=0 ((._5)

an d  fo r v e c to r  meson

<r2>em = - d / 6 )  dF®m (q 2) /d q 2 !^2_0 _ ((._6)

w here  F_em (q 2) an d  F i em (q 2) a re  g iven  b y  E q s .(C .1 8 )  and  (C .72) 
o X

re sp e c tiv e ly . T he v a lu es  fo r  th e se  ra d ii  fo r n an d  p m esons are  

g iven  in  T ab le 1.
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6.3 Form Factors:

From th e  (s e lf -c o n s is te n t)  an a ly sis  of E q .(5 .2 1 )  fo r  p seu d o sca la r

m esons an d  E q .(5 .4 8 )  fo r v e c to r  m esons, as d e sc r ib e d  in  Section  6 .1 ,

2 2 2 
we ge t th e  s e lf -c o n s is te n t form  fa c to rs  Fs (q  )» ) a n d ^ 2 ^

w hich w ere d e fin ed  in  C h a p te r  4. As we m entioned  e a r l ie r ,  th e re  is  a

c u t-o ff  in  o u r  model to  re g u la te  th e  h igh  momentum com ponents in  th e

th e o ry . We chose a  dipole form :

£c (q2) = [A2/(A2-q 2) ] 3 (6 .7)

w ith  A = lOfm * - 2Gev fo r  th is  c u t-o ff . D uring  ite ra tio n  we m odulate

2 2 2 all of o u r  s c a la r  form  fa c to rs , Fg (q  ) ,  F ^ (q  ) and  F£(q  ) w ith  th is
2

fa c to r . Note th a t  th is  e ffe c ts  on ly  th e  h ig h  q reg io n  of th e  ac tu a l 

form  fa c to rs . T h ese  m odulated  form fa c to rs  fo r v a rio u s  system s a re  

p lo ted  in F ig u re s  6-9 . I t  is  im portan t to  rem em ber th a t  th e  se lf- 

co n s is te n t so lu tion  we p re s e n t  a re  o b ta in ed  w ith  th e  m odulated form  

fa c a to rs . T he u se  of form fa c to rs  does no t e ffec t th e  se lf-c o n s is te n c y  

of o u r so lu tion .

6.4 Mass of the Meson as an Expectation Value of the Hamiltonian:

We have  ca lcu la ted  th e  ex p ec ta tio n  value of th e  H am iltonian fo r 

v a rio u s  m esons in  A ppend ix  D. U sing th e  s e lf -c o n s is te n t am plitudes 

we can  ex p lic itly  ev a lu a te  th is  ex p ec ta tio n  v a lu e . T h u s  fo r 

p seu d o sca la r  m esons, u s in g  E q s .(D .1 5 )  and  (D .1 6 ), we can  calcu la te
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<H> = m-j. = 2[m - <E >] + £S.H 1 q  J c x ( 6 . 8 )

sT he v a lues  fo r <E > an d  g a re  g iven  in  T ab le  2 fo r v a rio u s  

m esons. For v e c to r  m esons we h av e ,

<H> = m „ = 2[m - <E >] + £ V , H 1 q 1 t'x (6 .9 )

w here  <E > an d
q

re sp e c tiv e ly . T he va lues fo r  <E > and

. a re  g iven  in  E q s .(D .2 9 )  and  (D .30)

v
ilues fo r  <E > an d  £  fo r v a rio u s  v e c to r  

q X

m esons a re  also  p re se n te d  in  T ab le 2.

6 .5  N um erical R esu lts  w ith  G luon-E xchange C o rrec tio n :

We now in v e s tig a te  th e  e ffe c t of g lu o n -ex ch an g e  in  o u r  model b y  

c o n s id e rin g  th e  eq u a tio n s  g iven  in  A ppend ix  E. H ere we co n s id e r 

E q s .(E .3 2 )  and  (E .40) fo r p seu d o sca la r an d  v e c to r  m esons, 

re sp e c tiv e ly . T h ese  eq u a tio n s  a re  sim ilar to th e  hom ogeneous in te g ra l 

eq u a tio n  we co n sid e red  in  Section 6 .1  e x c e p t fo r  th e  fac t th a t  th e  

k e rn a l due to  gluon ex ch an g e  does no t d ep en d  on th e  am plitude we 

a re  t r y in g  to  o b ta in .

From E q s .(E .3 2 )  and  (E .40) it is  c lea r th a t  th is  co rrec tio n

in tro d u c e s  one more p a ra m e te r , g , w hich is  q u a rk -g lu o n  coupling
2

s t r e n g th .  In add ition  we h av e  a new c u t-o ff  fu n c tio n  ^ ( q ^ )  w hich 

is  n eed ed  to make th e  k e rn a l due to gluon ex ch an g e  f in ite . For th is  

c u t-o ff  fu n c tio n  we chose,



w here  = 30 fm * an d  n  = 6. We h ave  a la rg e r  c u t off fo r A^ fo r 

th is  fu n c tio n  com pared to  th e  p re v io u s  one d ue  to  th e  fa c t th a t  we 

w an t to  keep  th e  h igh-m om entum  com ponents of th e  gluon exchange  

as th is  is e x p ec ted  to  be a re la tiv e ly  s h o r t- r a n g e  e ffe c t.

2
With th e  new  p a ra m e te r  g an d  th e  c u t-o ff  fu n c tio n  f ^ ( q ^ )  we 

a n a ly se d  E q s .(E .3 2 )  an d  (E .40 ) as d e sc r ib e d  in  Section  6 .1 . We fix 

th e  p a ram e te r  g su ch  th a t  we h av e  th e  r ig h t  m ass sp lit tin g  betw een  

J/Y (1S) an d  th e  Xc ( lS ) .  With th e se  p a ra m e te r  f ix ed  we now h av e  a 

p re d ic tio n  fo r th e  s p lit tin g  betw een  J / 'f (2 S )  an d  Xc (2S) an d  betw een  

v a rio u s  p seu d o sca la r an d  v e c to r  s ta te s  in th e  u p silo n  sy stem s. In 

c a r ry in g  ou t th is  p ro g ram  we change  o u r  q u a rk  m ass p a ra m e te r ,m ^ , 

to  g ive a new  se lf -c o n s is te n t so lu tion  u s in g  th e  te c h n iq u e s  d e sc rib e d  

in  Section 6 .1 .

2 2 In  o u r  ca lcu la tion  we u se d  g = 6 .08  o r  c*c = g / (4tt) = 0 .4 8 . T he

r e s u l t  of th e se  new se lf -c o n s is te n t calcu la tions a re  g iven  in  T ab le 3. 

2 2H ere <r >„ and  <r > a re  th e  same q u a n titie s  as  d e fin ed  Section 6.2 13 o

e x c e p t th a t  we now ca lcu la te  th e se  q u a n titie s  u s in g  th e  new self- 

c o n s is te n t am p litudes.
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In  T ab le  4 we p re s e n t  th e  m ass of th e  meson ca lcu la ted  b y  ta k in g  

th e  ex p ec ta tio n  value of th e  H am iltonian [See E q s .(E .6 7 )  and  

(E .1 0 2 )] . In  th e  tab le  th e  v a rio u s  co n trib u tio n s  a re  ta b u la te d  

s e p e ra te ly .

6 .6  D iscussion :

We have p re s e n te d  a  sim ple f ie ld - th e o re tic  model of nontopological

so litons w ith  a minimum n u m b er of p a ram e te rs  an d  d em o n stra ted  th e

sim plicity  an d  th e  pow er of th e  co v arian t an a ly s is . We d id  no t t r y  to

make a d e ta iled  f it to  v a rio u s  leve ls  b y  do ing  an e x te n s iv e  p a ram e te r

se a rc h . From T ab les  1 an d  2 we have a re so n ab le  f it to v a rio u s  levels

of th e  m esonic sy stem s. T he main d isc re p a n c y  is th e  too la rg e

se p e ra tio n  betw een  th e  v a r io u s  s ta te s  of charm onium  and  upsilon

sy stem s. T h e re  is  also  a  d iffe re n c e  betw een  m (th eo ry ) ca lcu la ted  from

th e  dynam ical eq u a tio n  an d  th e  m „  ca lcu la ted  from  th e  Ham iltonian asri
can  be seen  from  T ab les  2 an d  4. I t  is  in te re s t in g  to  no te  th a t  th e  

la rg e s t  d isc re p a n c ie s  be tw een  m an d  m ^ a p p e a r  fo r  th e  m esons w ith 

th e  sm allest size . T he d isc re p a n c y  becom es sm aller as th e  meson size 

in c re a se s  in  a sy stem atic  fash io n  in d ica tin g  th a t  fo r q u ite  la rg e  

o b jec ts  one could ach ieve c o n s is te n cy  fo r m an d  m ^ . As we po in ted  

ou t e a r l ie r  we d id  n o t a ttem p t an  e x te n s iv e  p a ra m e te r  se a rc h  and  it 

may be p ossib le  to  rem edy  th e  d e fec ts  no ted  h e re  p a r tia lly  by  

c a r ry in g  ou t su ch  a s e a rc h .
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From T able 1 it is also  in te re s tin g  to  no te  th e  d eg en e racy  in  

m asse betw een  th e  p se u d o sc a la r  and  v e c to r  m esons, e v en th o u g h  th e  

eq u a tio n s  w hich determ ine th e  in v a ria n t am plitudes fo r p seu d o sca la r 

an d  v e c to r  m esons a re  v e ry  d if fe re n t [See E q s .(5 .2 1 )  an d  (5 .4 8 ) ] .  

T he inc lusion  of g lu o n -ex ch an g e  rem oves th is  d e g e n e ra c y , as  can be 

seen  from  T able 3. T h u s  we have  th e  p re d ic tio n s  fo r  m ass sp lit tin g  

in  th e  upsilon  system : m [T (lS )]j_ ^ -m [T (lS )]j_ Q = 3 5  Mev. T he

sp lit tin g  of T(2S) an d  T(3S) s ta te s  a re  q u ite  small an d  p ro b ab ly  no t 

s ig n if ic a n t, g iven  th e  num erical a cc u racy  of o u r  ca lcu la tion . I t  is 

w orthw hile n o tin g  th a t  inc lu sion  of g lu o n -ex ch an g e  g ives an  o vera ll 

a t tra c t io n  in  bo th  p se u d o sc a la r  an d  v e c to r  c h an n e ls , b u t th e  

a t tra c t iv e  fo rce  is s t ro n g e r  in  th e  p seu d o sca la r  ch an n e l.

In  o u r formalism w ithou t g lu o n -ex ch an g e  th e  p ion is d eg en e ra te  

w ith  th e  p an d  w m esons. T he  inc lusion  of g luon ex ch an g e  in  th e  p ion 

ch an n e l h as  some in te re s t in g  p ro p e r tie s . I t  lead s  to  a q u ite  s tro n g  

a t tra c t io n  [18] in th is  ch an n e l an d  we w ere not ab le  to  fin d  a s tab le  

so lu tion . (T he num erical r e s u l ts  became v e ry  u n s ta b le  in  th is  c a s e .)  

I t  is  t r u e  th a t  an y  s a tis fa c to ry  model of p ion s t r u c tu r e  re q u ire s  some 

u n d e rs ta n d in g  of th e  b re a k in g  of ch ira l sym m etry  in  QCD and  o u r  

e ffec tiv e  L ag ran g ian  in E q .(2 .3 )  does no t ex h ib it ch ira l sym m etry . 

B u t w ith in  th e  b ro k en  sym m etry  co n fig u ra tio n  it is  in te re s tin g  to see 

th e  la rg e  a t tra c t iv e  c o n trib u tio n  ob ta in ed  from  g lu o n -ex ch an g e
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e ffe c ts . Of c o u rse , th e  d e sc r ip tio n  of th e  pion in  o u r model as  q u a rk  

a n tiq u a rk  p a ir  h as  i ts  own lim ita tions. I t  may be possib le  to im prove 

o u r  model b y  e x p an d in g  th e  H ilb e rt space  to  include th e  sea q u a rk  

e f fe c ts .  I t  is a lso  t r u e  th a t  we d id  n o t co n s id e r th e  G oldstone boson 

n a tu tr e  of pion in  o u r model [19] .

A no ther se rio u s  lim itation of th e  model is  th a t  we do n o t have  a 

confinem ent m echanism . A specific  co av a rian t confinem ent model is 

d e sc r ib e d  in  [15]. We a re  now in v e s tig a tin g  th e  consequences of 

th is  model.
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APPENDIX A 

P a r ity .

In  th is  A ppend ix  we in v e s tig a te  th e  p ro p e r tie s  of th e  am plitudes 

g iven  b y  E q s .(3 .1 0 )  and  (3 .23 ) u n d e r  p a r i ty  tra n s fo rm a tio n s . With IJ 

as th e  p a r i ty  o p e ra to r  we .have [1 6 ,17 ],

P q (0 ) P ' 1 = Z°  q (0 ) ,  (A .1)

P |ic s t> = | - £  s t  >, (A .2)

w here  tf (k ,s )  is  a ph ase  fa c to r . Now we co n s id e r  th e  tran sfo rm a tio n

of p seu d o sca la r  an d  v e c to r  m esons s e p e ra te ly .

A . l  P seu d o sca la r M esons:

For a canonical s ta te  we h ave  [17],

£  |p  Mt > = >. (A .3)

C on sid er now th e  am plitude g iven  b y  E q .(3 .1 0 )

<11  s t | q o i( 0 ) |? M T > = f . ( k ,p , t ,M T )x[ tf(ic ,s)(A + B  ^ /m ) * 5^

(A .4)

w here



f . ( k ,p , t ,M T ) = [ l / ( 2 i r ) 3 ] [ l / 2 W(pf)]*[m q /E q (J?)]* [Xt+ t « ^ M

U sing  E q s . (A. 1 )- (A .3 )  we h av e ,

< £ s  t | q o . ( 0 ) |? M T > = < J?s  t l P ' ^ . C O J P ^ P l ^ M ^  

= _ei0 ( k ,s )  <_i* g t  |q p. (0) | Mt > (y ° )po.

2 2 •

U sing  th e  fa c t th a t  A an d  B a re  fu n c tio n s  of [(p « k /m q ) -m ] 

w rite  E q .(A .6 )  a s :

<£ s t | q a . ( 0 ) |^ M T > = - e ^ ( k ’ s) f . ( k ,p , t ,M T )

x [TT(-ic, s) (A + b  ^ /m)y5y°]a

w here

P P = (P ° , - ? ) •

Now u s in g

r °  j 5 = - j 5 i ° ,

vO v  vOz  p  y = p  ,

E q .(A .7 )  becom es:

<1? s t | q o .(0) |p  Mt > = e 1<#(k ’ s ) f . ( k ,p , t ,M T )

x [U(- ic,s)y°(A + Bjr/m)Z ]

‘ 69

'i-

(A .5)

(A .6) 

we can

(A .7)

(A .8)

(A .9) 

(A . 10)

(A . 11)
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F u r th e r  w ith  th e  re la tion

U ( - £ , s )  = e 10(k ,s )  y° U (l? ,s)  ( A .12)

5
we can re c o v e r  E q . (A .4 )  from (A. 11). [Note the  im portan t ro le of 2f 

in Eq. (A .4 ) . ]

A .2 V ec to r  mesons:

For a s ta te  w ith  he lic ity  X we have  [17],

P |j?  X Mt > = n e 111 | - p  -X Mt > (A. 13)

w here  ri is th e  in t r in s ic  p a r i ty  of th e  v e c to r  p a r t ic le .  We now

co n s id e r  the  am plitude g iven  b y  E q . ( 3 .2 3 ) ,

< l? s  t | q \ ( 0 ) | ? X  Mt > = f . ( k , p , t , M T )

x [U ( l? ,s ){ (5 x-k /m  )A X(1 + p /m ) + $X(A + B p /m ) } ] a .

( A .14)

Also we have ,

<S s t | q a i ( 0 ) | ?  X Mt > = <1? s t l p ' ^ q ^ W P ^ J P l ?  X MT >

= e "llT e i0 ( k ’ s) < - i ? s  t | q 3. ( 0 ) | - ^  -X MT > ( * ° ) pa ( A .15)

w here  we have  u se d  E q s . ( A . l ) ,  ( A .2) an d  ( A . 13). Now us ing

E q .(A .1 4 )  we can  rew rite  E q .(A .1 5 )  as ,



x [ U ( - k , s ) { «  • k / m J A ^ l  + p / m )  * Z  ,  (A + B i»/in))JfM] ,■ A q  1 - A a

(A. 16)

w here

*">■» 11 o •"V
k V = (k °  , - k ) ,  (A. 17)

and
r*

J,x . '  **' ’ s x

Making u se  of th e  re la tion

= U ° ( - p )  , 5 ? ( - p ) ) .  (A. 18)

we find

5_XV = (5° , - ? x) ( A . 19)

£_x‘ k  = 5x*k, ( A .20)

»° = ^  • (A. 21)

We can  re c o v e r  E q .(A .1 4 )  from E q .(A .1 6 )  b y  no ting  th a t  the  

in t r in s ic  p a r i ty  of the  v e c to r  par t ic le  ri = -1.
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APPENDIX B 

C h a rg e  Conjugation

H ere we d e r iv e  E q . (3 .1 1 )  from E q . (3 .1 0 ) ,  an d  E q .(3 .2 4 )  from 

E q . ( 3 .2 3 ) .  With Q as  th e  ch a rg e  con jugation  o p e ra to r  we have  

[16 ,17 ,20 ,21 ] ,

E y o i C ' ^ ^ y o ) ,  ( B. i ,

C |k*s  t> = |k* s -t> (B .2 )

2 o ' Vw here  C = i X 2f and  |k  s -t> is the  a n t ip a r t ic le  s ta te  c o r re sp o n d in g  

to th e  p a r t ic le  s ta te  | i?  s t>. In  add i tion ,  fo r  the  mesonic s ta te s  we 

hav e  [16 ,17 ,20 ,21 ] ,

MT
C | ^ M t > = (-1 )  X |p*-Mx >, ( B .3)

1+M
g  | F ? X M T > = ( - 1 )  ( B . 4 )

From E q s . ( B .3 )  an d  (B .4 )  i t  is c lea r  th a t  th e  n e u t ra l  

p seu d o sca la r  an d  v ec to r  mesons a re  e ig e n s ta te s  of th e  ch a rg e  

conjugation  o p e ra to r  w ith  e igenva lues  +1 and  -1, re sp e c t iv e ly .  For 

th e  p seu d o sca la r  meson we now cons ide r  th e  am plitude g iven  in 

E q ( 3 .10 ),
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< l? s  t | q o.(0) |p^MT > = f ( k , p )  [U (l? ,s )(A  + B ^ / m ) * 5^  [xj x*d ^

w here

( B . 5)

f ( k , p )  = [l/(2Tr)3] [ l / 2 U(p ) ]* [m  /E  (£ ) ]* .  (B .6 )
4 4

We also hav e ,

<1? s t | q o .(0) |p"MT > = < £  s  t | g " 1£ q a . ( 0 ) C '1£ | p >MT >

1+MT  * -v -1
= (-1) nt  <1? s - t | q pi( 0 ) | ^  -Mt > C pa , (B .7 )

w here  we u se d  th e  re la t io n s  in E qs . (B. 1 ) - ( B . 3 ) . We can  now rew rite  

E q . ( B .7 )  b y  u s in g  E q . ( B .5 ) :

  1+mt<lt s t | q p. ( 0 ) | ^ M T > = (-1 )  n_t <k s - t | q pi( 0 ) | ?  -MT > C ^

1+MT  -  -  5
= (-1 )  X H.t f ( k , p )  [U (lc ,s )(A  + B ^ / m ) *

x ^ - M ^ i -  ( B .8)

Now,

V (lc ,s)  = C [U ( l? ,s ) ]T , . (B .9 )

c  z c"1 = - y T , (B . io)
V V

= <-l > T  S-M ■ ( B -n )T  "*T

C2 = -1. ( B .12)



We can also re w r i te  E q . ( B .8 )  a s ,

<K* s t | q  . (0 ) |^ M _ ,>  = f ( k , p )  [Y5 (E + F ,p /m )V ( ic ,s ) ]  ai x a

■ l ( 1 ^ ) T V . , l r  (B .13)

w here

E = A , (B .14)

F  = -B . (B. 15)

T his  is th e  re la t io n  g iven  in  E q . ( 3 .1 1 ) .

U sing E q s . ( B . l ) ,  (B .2 )  an d  (B .4 ) ,  a similar ana lysis  fo r  th e

v ec to r  meson y ie lds ,

  M
<ic S t | q pi(0 ) | i? X  Mt > = (-1) V t  <C*S “t | q pi( 0 ) | ? X  "MT > C ^ .

( B . 16)

Now th e  r ig h t - h a n d  s ide  of E q . (B .1 7 )  can be w r i t te n  in te rm s of 

the  in v a r ia n t  am plitudes u s in g  th e  defin ition  in  E q . ( 3 .2 3 ) .  T h u s  we 

h av e ,

  M
< l? s  t | q &. ( 0 ) | ^ X  Mt > = f ( k , p )  (-1 )  n_t

x{U (ic ,s)[(Sx*k/mq ) A1( l ^ / m )  + X x(£+B p/m)  ] }q CafJ
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Now u s in g  E qs . ( B . 9) - ( B . 12), E q . (B .1 7 )  can be  re w r i t t e n  as ,

<T? s 11q (0) |j? X M_> = - f ( k , p )
a i  i

x{{(5^»k/m ) A ^ l - ^ / m )  t * e M )T X_t n_t ]

(B .18)

w hich is th e  re la tion  p re v io u s ly  g iven  in  E q . ( 3 .2 4 ) .



APPENDIX C 

Electromagnetic Form Factors

H ere we calcu la te  th e  e lectrom agnetic  form fa c to rs  of various  

mesons a n d  check  th e  co n s is te n cy  of th e  norm alization given by  

E q s . (3 .15) an d  (3 .2 9 ) .

C .l  The Charge Operator:

T h e  ch a rg e  o p e ra to r ,  Q is g iven  b y

re p r e s e n t s  a normal o rd e r in g  p re s c r ip t io n .  For a p seu d o sca la r  meson 

we hav e ,

Q dJ? : q ( x )  r [ ( l / 6 )  + (t_/2)3 q (x ) ( C . l )

w here  is th e  th i r d  com ponent of th e  isosp in  o p e ra to r  and  : :
iy

T  Mt M't 6(5'-?). (C. 2)

Now deno tin g  th e  momentum o p e ra to r  as  we can  w rite

(C .3)

U sing  E q . ( C .3 )  we can w rite  E q . ( C . l )  a s ,
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<£' m,t i q |p>mt >

= ( 2tt) 3 6 (p '-p )  <? ' M't | q (0 )  y ° [ ( l / 6 )  + ( X g / 2 ) ]  q ( 0 ) : | ^ M T >.

(C .4)

If  we compare E q . ( C .4 )  an d  E q . ( C .2 )  it  is c lea r  th a t  the  

r e le v a n t  m atrix  elem ent is g iven  b y

(2ir)3<^' M'T |q ( 0 ) r y [ ( l / 6 )  + (T3/ 2 ) ] q ( 0 ) | ^ M T >. T h e  ch a rg e  of the

p a r t ic le  can  be ob ta ined  from th is  b y  co n s id e r in g  th e  time component, 

y = 0. I t  is also u se fu l  to rem em ber th a t  q(0)Y1J[ ( l / 6 )  + (T g /2 )]q (0 )  is 

th e  e lectrom agnetic  c u r r e n t  o p e ra to r .

C.2 Electromagnetic Form Factor for Pseudoscalar Mesons:

T h e  m atrix  element of th e  q u a rk  e lec trom agnetic  c u r r e n t  betw een 

me sonic s ta te s  is

(2tr)3<p' M’T |q(0)2ry [ ( l / 6 ) +(T3/ 2 ) ] q ( 0 ) | £  MT >

=  M t  «m M' [ ( P '+P ) y / (2m>l [m/{co(^)U( ^ ' ) } i ] F®m (q 2) .

(C .5 )

2 2 ©m 2H ere q  = ( p ' - p )  an d  Fg (q  ) is a (L oren tz)  sca la r  fu n c tio n .  I t  is

e v id e n t  th a t  th is  is th e  only in v a r ia n t  we can  c o n s t ru c t  from the

available  Loren tz  te n s o r s .  When we tak e  th e  time com ponent, y=0, of

E q . ( C .5 )  an d  go to  the  meson r e s t  fram e, !$=0, j3'=0 we have  q  =0.

In  th is  way we can ex h ib i t  th e  ch a rg e  of th e  p a r t ic le .  T h e re fo re  the

normalization h as  to be  su c h  th a t
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F®m(q2=0) = 1 .  (C. 6)

We now check  th e  co n s is te n cy  of th e  re la tion  in E q . ( C .6 )  w ith  the  

norm alization condition g iven  in  E q . ( 3 .1 5 ) .  For th is  we consider

<$' M't  | *. q (0 )  [ (1 /6 )  + ( t 3 / 2 ) ]  q C O J i l ^ M ^  = Jdk*

x{<3' M'T |q a .(0 ) | ic  s t>(2fP) ct&[ ( l / 6 )  + (T3/ 2 ) ] i .<i^ s t | q ^ ( 0 )  ]p? MT >

-<£' M'T | q p. (0 ) | i ?  s t> (yy) a p [ ( l / 6 )  + (x3/2 )] . .< i?  s t | q a . ( 0 ) |p  MT >>

(C .7 )

w here  we have  in s e r te d  a s e t  of q u a rk  and  a n t iq u a rk  s ta te s  betw een 

th e  q u a rk  o p e ra to rs .  Now u s in g  E q s . (3 .1 0 ) ,  (3 .1 1 ) ,  (3 .30) and

(3.31) and  the  following re la t io n s :

= 2 5 mt m't '<1/6>-<mt / 2>1’ <c -8>

= 2 6 mt m't I<1/6> * < V 2>1' <c -9>

I  U ( k , s )  U ( k ,s )  = <* + m ) / (2 m  ) ,  (C .10)
S n Q

l  V ( k , s )  V ( k , s )  = (£  - m ) / (2 m  ) ( C . l l )
S q  q
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we can w rite  E q . ( C .7 )  a s ,

<£' M'T l :q (0 )  [ (1 /6 )  + ( T g / 2 ) ] q ( 0 ) : | ^ M T >

=5Mt M*t  J i^ /C 2 T T )3] [mq /E q (j?)] [ l /{ u , (0 )W( ? ' ) } i ]

xT r[{ (E '+ F ' ^ 7 m )Jr53 fV (E + F  p / m )  [ (-^+mq ) /(2 m q ) ] [ (1 /6 )  + (MT /2 )  ] } 

+{(E -F  ^ / m ) y 5yyy5 (E '-F ' ^7m )[C lt+m q ) /(2 m q ) ] [ ( l / 6 ) - ( M T / 2 ) ] } j .

(C .12)

H ere  th e  t ra c e  is o v e r  th e  D irac m a tr ice s .  Note th a t  E an d  F a re

2  ' 2  Afunc tions  of [ (p » k /m  ) -m ] 2 and  E' an d  F 1 a re  fun c tio n s  of

2 2 i[ ( p ,#k /m  ) -m ] . A f te r  ta k in g  th e  t r a c e  we have ,

( 2t t)3 < $ '  M'T l q ( 0 ) y y t ( l / 6 )  + ( 7 3 / 2 ) ] q ( 0 ) | f  Mt >

= 2 Mt 6m m, [ l / { w ( i ? M ? ') } 4 ] J  [d i? /(2n)3 ][m q /E q (lc)] 
T  T  J

X [EE1 (k y/m  ) -E 'F (P y/m ) -F 'E ( p 'y/m)

+FF '{(p 'Up #k ) / ( m 2m ) - (p » p 7 m 2) ( k U/m  ) + (p '« k p y) / ( m 2m )}]
4  H tI

w here  Iy is g iven  b y ,
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Iy = (2/m) J[di?/(2Tr)3 ][m q /E q (i<)]

x [EE' (k y/m  ) -E 'F (p U/m) - F 'E ( p 'y/m)

+F F '{ (p 'yp » k ) / ( m 2m ) - (p » p '/m 2) (k y/m  ) + (p '» k p y) / ( m 2m )} ] .
Q Q 4

(C. 14)

Due to  th e  s t r u c t u r e  of the  in te g ra l  in  E q . (C .1 4 )  we can w rite

Iv = [ (P ,+P)*V(2m)] Io (q 2) (C. 15)

2w here  I (q  ) is (L o ren tz )  sca la r  fun c tio n .  E qua tion (C . 15) can be

solved fo r  IQ( q 2) in te rm s of Iy an d  is g iven  by

Io (q 2) = [4m2/ ( p ' +p ) 2] [ ( p '+p ) y/(2m ) ] 1^. (C .16)

Now u s in g  E qs . (C. 1 3 ) - ( C . 16) we can  rew r i te  E q . (C .1 2 )  a s ,

( 2 tt) 3 <$' M'T |q(0)3ry [ ( l / 6 )  + ( t 3/ 2 ) ] q ( 0 ) | ^ M T >

= Mt  6m m, [m /{w (?)u(3 ')>*] [ ( p '+p ) y/(2 m )]  F*m(q 2) ,

(C. 17)

w here

F®m(q2) = (2/m) J [ d i c / ( 2 i r ) 3 ][m q /E q (ic)]

x [ (E E '+ F F ') (k » (p '+ p ) /(m m  ) >{m2/( m 2+ p * p ')> -E 'F  - E F ' ] .

(C . 18)
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If we take  ^=0, j$'=0 (an d  th u s  q  =0) in  E q . (C .1 8 )  we find  

F®m (q 2=0) = (2/m) J [d i? / (2 i r )3] [mq /E q (ic)]

x [ (E 2+F2){Eq (lc)/mq } -2EF] . (C .19)

In  E q . ( C .1 9 ) ,  E and  F a re  fu n c tio n s  (km / m ) . By u s in g  th e
A A

defin ition  of wave fu n c tio n s  &u (k)  an d  R^(k) g iven  in  E q s . (3 .1 3 ) -  

(3 .14) an d  th e  re la tion  in E q . ( C .6 )  we can ge t  th e  following re la tion  

from Eq. (C. 19)

J d k  5 2 [ { i u (k ) } 2 + {Rl (k )} 2] = 1. (C .20)

T h is  is the  r e q u i r e d  norm alization as  g iven  in E q . ( 3 .1 5 ) .

C .3  E lectrom agnetic  Form F ac to r  fo r  V ec to r  Mesons:

We now tu r n  to  th e  defin ition  of th e  var io u s  e lectrom agnetic  form 

fac to rs  of v ec to r  m esons. T h is  calculation is more invo lved  th a n  th a t  

fo r  th e  p seu d o sca la r  m esons as we no ted  in  C h a p te r  4. We s t a r t  with 

th e  defin ition



J V = (2ir)3 <$' X' M'T |q ( 0 ) y V[ ( l / 6 )  + ( t 3/ 2 ) ] q ( 0 ) | ^ X  MT >. (C .21)

Now we can w rite

T [m/{w(j3)w(i?')}^]

( C . 22)

w here  F®m (q 2) ,  F ^ ^ q 2) an d  F3m (q 2) a re  (L oren tz )  sca la r

H ere q^ = ( p ,_p ) ' i . T h e  re la t io n s  in  E q s . (C .2 3 )  an d  (C .24) a re  

p ro p e r t ie s  of th e  po la riza tion  v e c to rs  a n d  th e  re la t io n  g iven  by  

E q . (C .2 5 )  is due  to  c u r r e n t  co n se rv a t io n .  Upon in s e r t in g  q u a rk  and  

a n t iq u a rk  s ta te s  betw een the  q u a rk  o p e ra to rs  in E q . (C .2 1 )  we can 

w rite

fu n c tio n s  an d  = (p '+ p )V/(2m ) . T he F®m (q 2) ,  F ^ ^ q 2) and

F3m ( q 2) a re  th e  only th r e e  in d e p e n d e n t  sca la r  fun c tio n s  we can  

c o n s t ru c t  c o n s is te n t  w ith  th e  re la t io n s ,

V p = °> ( C . 23)

(C .24)

an d

( C .25)
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J y = ( 2 t t ) 3 l s + \ d k
■•t jd

x{<£' X' M'T |q o i( 0 ) | i ? s  t>(YV) a p [ ( l / 6) + ( T g / 2 ) ^

x<k s t lq p j (O ) ) Ip  x mt >

-<?’ X' M't Iq^(O ) |ic s t>(yV) a p [ ( l / 6) + (*3/ 2) ] . .

X<k s 11 q .(0 ))  |p*X M_>). (C. 26)ai l

Now u s in g  th e  defin ition  of in v a r ia n t  am plitudes g iven  in  

E q s . (3 .2 3 ) ,  (3 .2 4 ) ,  (3 .32) an d  (3 .33) an d  th e  re la t ions  in

Eq. ( C .8) - ( C .  11) we f ind

j1J = 2 6M M’t  J t d ^ / ( 2 i r ) 3][m q /E q (it)] [ l /{ w (£ )« ($ ')} * l

x T r{ [ (  ) / (2 m  )] [(Cfxr* k /m

xyy [ ( ? x»k/m )A1 ( l -p /m ) - /Tx(A+B p /m )]  [(1 /6)+  ( ^ 7 2 ) ]

[ (  ^ + m q ) / ( 2 m q ) ] [ ( 5 x * k / m c j ) A 1 ( l ^ / m ) ^ x ( A > B  / / m ) ] 2 T V

x [ ($ 'xf* k /m q ) A '^ l + p ' / m )  + (A'+B* # 7 m ) £ \ ,  ] [ (1 /6) - (H j,/2 )  ]}

( C . 27)

w here

V <C-28)
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H ere A^, A, an d  B a re  fun c tio n s  of [ (p » k /m q ) 3-m3]^ and  A '^,

2 2 hX ',  a n d  S ' ,  a re  fu n c tio n s  of [ (p '^ k /m ^ )  -m ] . A f te r  tak ing  the  

t ra c e  o v er  th e  Dirac m atrices  we ge t

J ^ = 2 M t  6m m, [l/{«(f*)u(r)}*l f [di?/(21r)3][mq/E q (£)]
T  T

*«V"° ^ K S V k ^ / m 2) ^  tifv(k oV m 2 )f2 ^ ( W m 2)(3, 

*<Ex" E ' ^ ) ( V n , q ) f4 *

H xP(S 'xr*p /m ) f 5 + 5 'xr u (Cx*p7m ) f '5 

♦ « x-p 7 m )  r x;;:v[ ( k Uk v/m 3 ) f 6+(TTy- ^ ) ( k v /m q ) f7 ]

+ ( 5 ' x T ' P / m )  5 x v [ ( k wk v / m q ) f , 6 + ( f f V + § ,1) ( k v / m q ) f , 7 ]

+(5,x* ^ x)[(k ,1/mq)f8 * & f9 * q" f10]

+ [ ( ^ ' XI • p S j / p V m 2 ] (k^*/mq ) ( C . 29)

w here

q V = ( p ' - p ) / ( 2 m ) ,  ( C . 30)

f x = 2A1A '1, ( C . 31)

f2 = A1A '1 [ ( P '+P ) , k / ( mmq )] + A'iB  + A1B I,

+ A X 1 + A1 A + 2A1A '1 , ( C .32)



= -A1A '1 [ (p '- p )* k / (m m q )] - A ^ B  + A ^ '

- A^A' + A ^ A , (C .33)

= - A 'S [ k * p / ( m m  ) + (p » p '/m 2)] + A' A [k«p '/ (m m  )]

+A'1A + AA' - B B '(p » p '/m 2) ,  (C .34)

-A ^B 'tk^p '/C m m ^) + (p » p '/m 2 )] + A^A' [k»p/(m m q ) ]

+A^A' + Xa ' - B B '(p » p '/m 2) , (C .35)

B B '[k«p '/(m ni )] - A’B, (C .36)

B B '[k»p /(m m q )] - Xb ' ,  (C .37)

-A ^ A ,  ( C . 38)

- A ^ ' ,  ( C . 39)

BB' + A ^ B ,  (C .40)

BB' + A ^ ’, ( C . 41)

-XX' + B B '(p « p !/m 2) ,  ( C . 42)

- B B '[ (p '+ p )•k /(m m  )] + AB' + X 'B , (C .43)

b S ' [ ( p '-p )« k / (m m q ) ] + AB' + A 'b ', (C .44)
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T he  func tions  in  E q . ( C .3 1 ) - ( C .4 5 )  a re  in v a r ia n t  fun c tio n s  of {?,

a n d  lc. T h e y  a re  of t h r e e  d i f fe re n t  ty p e s .  T he  f i r s t  is symmetric,

th e  second  is an tisym m etric  an d  th e  th i r d  h as  no sym m etry  a t  all

u n d e r  th e  in te rc h a n g e  of p V an d  p ,li. We denote  th e se  q u an t i t ie s  by  

S AF , F  an d  F, re sp e c t iv e ly .  T h u s  we have ,

FS = FS ( p , p ' , k )  = FS ( p ' , p , k ) ,  (C .46)

FA = FA ( p , p ' , k )  = -F S (p ’, p , k ) ,  (C .47)

F = F ( p , p ' , k )  * F ( p ' , p , k )  = F '.  (C .48)

To eva lua te  th e  v a r io u s  in te g ra ls  in  E q . (C .2 9 )  we u s e d  the

following re la t io n s ,  w hich follow from the  L o ren tz  transfo rm ation  

p ro p e r t ie s  of th e  in te g ra l  we a re  co n s id e r in g .  T h e y  a re

fdic[m /E  (£ )]  FA = 0 , (C .49)
—/ 4  4

jd ic [m q /E q (ic)] ( k V/m q ) F S = I®(q2) , (C .50)

w here

I ? ( q 2) = (dic[m /E  (£ ) ]  { (ii*k)/(m_TT2) } F S . (C .51)
J  4  4  4O

Also,

id k[m q /E q (lc)] ( k U/m q ) FA = q U I^Cq2) ,  (C .52)

w here

Io (q2) = / d ^ [ m q /E q (ic)] { (q * k ) / (m q q 2) } FA . (C .53)
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and

|di?[m /E  (£ )]  (k V/ni ) F = I (q 2) ifV + I (q 2) ^  (C .54)j  q q  q x ^

w here

Ix(q2) = (1 /2) J d ic [ m q /E q (ic)] { (ff-kJ/OiMf2) } [F + F'] ,

( C .55)

I2 (q 2) = (1 /2 )  J d £ [ m q /E q (I<)] { ( g - k ) / ( m q g 2) } [F - F'] .

(C. 56)

F u r th e r ,

fdi?[m /E  (k )]  (k V/m  ) F' = F ( q 2) - I „ ( q 2) . (C .57)
j q q q 1 1

E qs .  (C .5 4 ) - (C .5 7 )  follow from th e  fac t th a t

F = ( (F+F1) + ( F - F ' ) ] / 2 ,  (C. 58)

F' = [(F+F') - ( F - F ' ) ] / 2  . (C .59)

Now,

/
inT̂r /T-* / ^ \  1 / l  1^1 ^ / 2 . S TS . 2. dk[m q /E q (k ) ]  (k  k  /m q ) F = ^ ( q  ) ir u

_S . 2. -%.y mV t S , 2. r yv . ~yav .#*2. .jwy^v ,^.2..
+i2 (q ) q q + !3 (q ) Is ~ * / » )  ■ (q q /q  )].

(C .60)



88

w here

l f ( q 2) = jd i?[m q /E q (S )]  { ( ^ k ) 2/ ( m V ) }  F S , (C .61)

X2 (q2) = J d ic [m q /E q (5 ) ]  {(qf«k)2/ ( m 25 4)> FS , (C .62)

l | ( q 2) = J d i c [ m q /E q (ic)] FS

an d

x [ l  - { (if«k)2 / ( m 2Tr2) } - { ( ^ k ) 2/ ( m ¥ ) > l  (C .63)

/d k [m q /E q (ic)] ( k V / m 2 ) FA = IA (q 2) [ p ' P p ,V - p V ] / m 2 

J  (C .64)

w here

Jl (q2) = / d ^ [mq /E q (^ ) ]  [ ( " • k q « k ) / ( 2m2 f f V ) ]  FA

(C .65)

T h e  in te g ra l  Jd lc[m q /E q (lc)] .F  (k yk V/m 2 ) can  be  eva lua ted  

u s in g  th e  fac t  th a t

F = [ (F+F') + ( F - F ' ) ] / 2 .  (C.G6)

Finally we h av e ,
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dl?[m^/E^(Tc) ] F S ( k W / m 3 ))

-  tT /’„ 2 \ -vy~v~o T  2. r « v » v „o  .V j-O .y  » o ,y « v .-  I j  (q  ) it it it +I2 (q  ) [it q  q +ti q q +ir q q ]

-T .  2. r.*y vo „v cm *o yv „ 2 w ^y«v^a. +Ig (q ) [ it g +if g +ff g - (3 / it ) ( tt tt it )

. .  ,~2. , „y„v  _o ~ v ^ a^ y  „ a „ y  „v. , y_  „ _ v
" (1 /q  ) ( tt q <? +1T 3 q +TT Q q )] (C.67)

w ith

I l ?(q2) = Jd i? [m q /E q (l?)] FS {(Tr*k)3/ ( i r V ) } ,  ( C .68)

I2?(q2) = J d £ [m „ /E „ ( l< ) ]  FS { (q * k )2/ ( m 3q 4)}q q

x{OT*k)/(m if2)} , (C .69)

£ ( q 2) = (1 /2 )  (d i f [m  /E  ( t ) ]  FS [{(1f*k)/(m If2) )
“ j  q q q

- {(tr«k)3/( ir4m3)} - { ( ^ k ) / ( m  ff2) ) { ( q « k ) 2/ ( m 2q 4)} ] .
4 4

(C .70)

U sing E qs . (C .4 9 ) - (C .7 0 )  the  in te g ra ls  in E q . (C .2 9 )  can be 

com pleted. T h u s  we find ,
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,em'  2 '  -  f [ d £ / ( 2 i r ) 3 ][m  /E  (£ )]F3 (q ) = (2/m) q q (f 5+f,5 /̂2

+ ( f 4+f '4 ) { ( i T « k ) / ( m q 1f2 ) ) / 2  - (£4 - f ' 4 ) { ( g « k ) / ( m q g 2 ) } / 2

+ [f4 q 2{(ff*k)/(m  ir2 )} + £6 + f '6]

x [ l  - { ( f f 'k )2/ ^ 2 ^2)} - { (q « k )2/ (m 2 g 2)} ] /4
q q

( C .74)

If we ta k e  th e  time com ponent, y=0, and  go to th e  meson r e s t

2fram e, j£=0 an d  j?'=0 (q  =0 ) we ge t,

y=0 * T7em / 2
J  -  T  6Mt M't  X X F 1 - 0 ) - (C. 75)

U sing 5^*?^ = we see th a t  fo r  the  c o r re c t  normalization we

need

F*m<q2=0) = -1. ( C .76)

From E q .(C .7 2 )  we have

F®m (q 2=0) = (2/m) [di^/(2TT)3 ][m  /E  (£ )]  
4  4

x [ - (A 2+B2)Eq (lc)/mq + 2AB] (C .77)

w here  A an d  B a re  fun c tio n s  of km/m . Now u s in g  the  defin itions of
q

A  A
Ru (k) an d  R^(k) g iven  in E q s . (3 .2 7 )  a n d  (3 .28) we ge t the  

normalization condition



i
dk 5 2 [ { i u (k)>2+{R1(k)}2] = 1.
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(C .78)
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APPENDIX D 

Hamiltonian

Here we in t ro d u ce  a new  mass iil, w hich is ca lcu la ted  b y  ta k in g  

th e  exp ec ta t io n  va lue  th e  Hamiltonian H, g iven  in  E q . ( 2 .1 8 ) ,  betw een 

two meson s ta te s .

D .l Pseudoscalar Mesons:

From the  defin ition  of th e  Hamiltonian, H, we h av e ,

<j? M't | H | ? M t > = ? ' - ? )  «h (2 ) .  (D 1 )

w here

«H (? )  = i « 4 + ^ 2 ] i - (D -2)

Here m-j. is th e  m ass of th e  p a r t ic le  we calcula te  u s in g  the
n

Hamiltonian g iven  in E q . ( 2 .1 8 ) .  We deno te  it  b y  m ^  to d is t in g u ish  it

from th e  mass w hich a p p e a r s  in  the  r e s t  of o u r  an a ly s is .  For a . t r u l y

co n s is te n t  th e o ry  m „  h as  to  equa l to m. For any  o p e ra to r  Q (x ) ,
Jri

u s in g  th e  momentum o p e ra to r  P, we have  th e  formal re la tion :

i p t  V - v
Q (x) = e1£ Q(Q)e £  . (D .3)
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U sing th is  re la tion  we h av e ,

<?' M't | H | ^ M t > = Jdx>{ <?' M'T |q ( x )  (iJT°) q (x )  | p* MT >

+ (1 /2)  <£' M't | [  x2 (x) + |V x(x ) | 2 + m2 x2 (x) ] | p  Mt >}

= ( 2 tt) 3 6( ) < ?  m't IK (0 )  |p  mt > , (D .4)

w here

<f? M't  | J { (0 )  | pf Mt > = < ^ M ' T |q (0 )  (iJT°) c * (0 ) |? M T >

+ (1 /2) < ^ M 't | [  x2 (0) + | Vx(0) | 2 + m2 x2 ( 0 ) ] | ^ M t >. (D .5)

As it  s ta n d s  E q . (D .S )  is a  formal re la t io n  s ince it  contain  

q u a d ra t ic  o p e ra to rs  w ith  d e r iv a t iv e s .  I t s  meaning will be  c lea r  w hen 

we in s e r t  v a r io u s  s ta te s  be tw een  th e  o p e ra to r s .  Comparing E q s . (D .4 )  

an d  ( D . l )  we have ,

6Mt M't WH (? )  = (2ir)3 <P* M't | ^ ( 0 )  | ^ M t >. (D.G)

Now we can define  o u r  new mass m ^  b y  co n s id e r in g  E q . ( D .6 ) int i

th e  meson r e s t  frame, ]J=0. T h u s  we h av e ,

6Mt M't  mH = (2lT)3 <?=°  MT  l ^ ° ) I P =0 Mt >- (D /7 >
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A fter  in se r t in g  th e  a p p ro p r ia te  s ta te s  betw een var ious  o p e ra to rs  in 

E q . (D .5 )  we have ,

< ?  m't | ^ ( 0 ) iff mt > = i i s t  J d l ?

x[<p M'T |q a .(0) li? s"T>(ir0 ) ap<ic s T | q g.(0) | ? M t >

- < ^ M'T 14 pi(0) 11? S t> ( r ° ) aj5<i? s t | q a i ( 0 ) | ^ M T >]

* ‘ 1 / 2 > V T

x [< ^ M 't | x(0 ) |^ "  M"t ><£" M"t | x(0 ) | ? M t >

+<p M't |Vx( 0 ) |^ "  m "t | vx( 0 ) | ^ m t >

+m2<{? m't |x (0 )  |p "  m"t |x (0 )  |p  mt >] . (D .8 )

U sing th e  re la tion  in E q . (D .3 )  an d  th e  fac t th a t  we a re  in  the  

meson r e s t  frame (p=0) we can  w rite  E q . ( D .8 ) a s ,

<i?M 'T |,X (0) |j? Mt > = i £s t j d l ? [ m  - Eq (lc)]

x [<p M'T lq*a i (°) |i^  s t>y°a g<if s t | q p.(0 ) Ip*mt >

+ < ^ M 'T | q &.(0 ) |£*s  t>2f0a&< l? s  t | q ^ . ( 0 ) Mt >]

+ (1/ 2) ZM„ J d $ "  [ (q ° ) 2 + t 2 + m2]

x [ < ? M 'T |x ( 0 ) | ^ n M"t | x(0 ) | ^ M t >] (D .9)



w here

q o = q°  = m '  w(? " )  . (D. 10)

an d

qf* = • ( D - l l )

U sing  th e  defin itions  of th e  am plitudes  g iven  in E q s . (3 .1 0 ) ,  

(3 .1 1 ) ,  (3 .30) and  (3 .31) a n d  E q . ( 5 .1 0 ) ,  we have  from E q .(D .9 )

< ? M ' t | # ( 0) |p  Mt > = 8^ ,  [1/ (2ir)3 ] ( 1/m)

x J r[dic/(2ir)3] [mq /E q (S )]  [m-Eq (ic)]

x T r t ( E + F ^ / m ) y ° ( E + F ^ / m ) { ( «  - m ) /(2 m  )}

+ ( E - F ^ / m ) y ° ( E - F  p / m) { +  m ) /(2 m  )}]

+2 6mt m't  (1 / (2it) 61 J d P" [«»/«(?")]

0 ,2  A 2 2, r 2 2 2 ,2 .  r_, . 2 , .2
x [2 (q  ) + mx - q  ] [&x/ ( mx ' q  ) 1 (F s (q  )1 • (D .12)

Where we have  perfo rm ed  th e  sum o v e r  th e  sp in  index  s an d  isospin

index  t  in E q . (D .9 )  u s in g  E qs . ( 4 .6) - ( 4 . 9 ) .  A f te r  ta k in g  th e  trac e

o v e r  th e  Dirac m atrices  in E q .(D .1 2 )  we have ,
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< # 0  M't  |o ^ (0 ) |? = 0  M't  > = 2 [ 1 / (2u)3 ] (2/m)

x J [ d i c / ( 2 n ) 3][m q /E q (£ )]  Im-Eq ( 5 ) ] [ ( E 2+F 2)Eq (5 ) /m q  -2EF]

+2 6Mt M't  / dP"

m /  ° \ 2  . 2  2.  r 2 . ,  2 2 . 2 .  ,  2.  . 2x [2 (q  ) + mx - q ] [gx/ ( m x -q  ) ] [Fg (q )] . (D .13)

Finally u s in g  th e  defin ition  of th e  wave fun c tio n s  in 

Eqs. ( 3 . 1 3 ) - ( 3 .14), an d  th e  norm alization condition  in  E q . (3 .1 5 ) ,  

E q . (D . 7) becom es:

m „  = 2 [ m - <E > ] + g ® ,  (D.14)xi q  x

w here

<Eq > = J d k  I 2 Eq (ic)[{Ru (k ) ) 2 + {R1( k ) ) 2 ] ,  (D.15)

£ x = 2 J  [ d p " / ( 2Tr)3] [m/w($")] [g2/ ( m 2 - q 2) 2]

x [2 (q ° ) 2 + m2 - q 2] [Fs (q 2) ] 2 . (D .16)

g
In  p r inc ip le  [m-<E >] can be n eg a t iv e .  However g  whichq X

r e p r e s e n t s  one a sp ec t  of th e  sca la r  field e n e rg y  is always pos itive .
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D.2 Vector Mesons:

P ro ceed in g  as  in th e  case  of th e  p seu d o sca la r  meson calcula tion, 

we have  fo r  v e c to r  m esons,

4 '  m't | h | j ?  x mt > = sM tM.t 5x.x5( ? ’-£ )  (D -17)

mH = WH (^ = 0 )- (D ’18)

As in  E q . (D .7 )  we now hav e ,

6Mt M't  6X'X mH = (2lT)3 <P=0 X' M' t  l ^ ° ) I P = °  X (D - 19)

w here

<i? X' M't | ^ ( 0 ) | ^ X  Mt > = i ZM Jdic [m - Eq (l<)]

* [ < ?  x' M'T |q a i(° )  | i?  s t>y°ag<i? s 11 q &i(°) I p*” x mt >

+ < ^ X ’ M,T | q &i( 0 ) | i ? s  t>y°ag<iT s t | q \ ( 0 ) i £  X m t >]

(1/ 2) Zx„mM fd £ "  [ ( q ° ) 2 + t 2 +m2] 
T 'J

x[<p?x' M't |x ( 0 ) |^ "  X" X" M"T | x ( 0 ) | f  X Mt >] (D .20)

w ith

qQ = q °  = m - w(j5") (D.21)

and

3  = -V  . ( D .22)
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In  w rit in g  th e  Eqs. (D .2 0 ) - (D .2 2 )  we u se d  th e  fac t  th a t  we a re  in 

in  th e  meson r e s t  fram e, j?=0. U sing  th e  defin ition  of th e  in v a r ian t  

am plitudes in E qs . (3 .2 3 ) ,  (3 .2 4 ) ,  (3 .32) an d  (3 .33) a n d  E q . ( 5 .2 4 ) ,  

E q .(D .2 0 )  becomes,

<p?X' M't I ^ ( 0 ) | ? X  Mt > = [ 1 / ( 2tt) 3]

x J [ d i c / ( 2 n ) 3][m q /E q (lc)] [m-Eq (1c)]

x Tr{[0fc-mq)/(2mq) ] [ (5 xr-k/m ) A1(l-/|J/m)-(X+S

X* ° [ ($ x#k /m q ) A1( l - /p / m ) - / x(A+B jrf/m)] 

+ [0t+m ) /(2 m  )] [ ( ? x»k/mq ) A^l+jzf/m) +^X(A+B jrf/m)] 

X* ° [ (5 x. *k/m ) A1( l+ ^ /m ) + (A+B $ / m ) / x, ] >

+ 2 6M M't  J " t d P " / ( 2lT) 6H m /w (^")]  [2 (q° ) 2 + m2 - q 2] [ g 2/ ( m 2 - q 2) 2 ] 

x{[Cx. p ^ x;l' .p"/m2 l [ { ( p ,’»p/m2 )F 1(q2) +F2 (q2) } 2 - ( F 2 (q2) } 2]

+5x*5xr  [F2 (q2) ] 2 >• (D.23)

H ere  we have  perfo rm ed  th e  sum o v e r  s and  t  b y  u s ing  

Eqs. ( 4 .6 ) - ( 4 .9 )  and  perfo rm ed  th e  sum o v e r  X" u s in g  the  re la tion  in
-  jy

E q . ( 3 .1 9 ) .  We also u se d  th e  fac t th a t  th e  meson momentum is p=0. 

T h u s  we have ,

= (0 , ? x) ,  (D.24)



j V '  t ^ p "  t y * P" = 6 X,X ( 4 i t / 3 )  $ " 2 .

In E q .(D .2 6 )  we perfo rm ed  a n g u la r  in te g ra l  o v e r  "p" 

E qs . ( D .2 4 ) - ( D .26) and  p erfo rm ing  the  t r a c e  in  E q .(D .2 3 )  we

<^=0 X' M't  |JC (0 ) |? = 0  X Mt  > = 2 [ 1 / (2tt) 3 ] ^xix®m^ m i^

I ,d i? /
x(2/m) | [dlc/(2TT)3 ] [mq/Eq (g)] [m-Eq (S)]

x [(ft2+B2)E (£) /m -2AB]

*8v x 6MT M'T [1/<2' )3 lC 1 /*2) / 3 "2 d p ”

x [2 (q° ) 2 + m2 - q 2] [ g 2/ ( m 2 - q 2) 2]

x [{p"2/ (3 m 2) }{ [w(l5")/m F 1(q 2) +F2 (q 2) ] 2- [ F 1(q 2) ] 2

+{F2 (q 2) ) 2] .

A
Finally u s in g  th e  defin it ion  of th e  wave func tions  R 

R ^ k )  in Eqs. (3 .2 7 ) - (3 .2 9 )  an d  u s in g  E q .(D .1 9 )  we ge t ,

mH = 2 [ m - <Eq>J * ^

w here

u

(D. 26)

. Using 

ge t ,

}

(D . 27) 

(k )  and  

(D. 28)



( o e a )  -[3{(zb)23>+

( z t ( 2b ) Td ] - z [ ( zb ) ^ +(zb ) Td  u i / ( 4 )n ]} { (zu ie ) /zI4 }]x

h {z h - \ m ) / \ m z h  - * z (ob,zl “dp Z ^ f  ( z * n )  ‘  A3

(62 a) ‘ [2{(5t)T̂ }+z{(>[)n^ }] (2 )ba z% w f  = <ba>
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APPENDIX E 

Gluon E x ch a n g e -C o rrec t io n s

In  th is  A ppendix  we c o n s id e r  the  modification of th e  ana lysis  to 

include th e  e f fec t  of "gluon" ex ch a n g e .  For th is  we co n s id e r  the  

L ag rang ian  d e n s i ty  of E q . ( 2 .7 )  a n d  th e  equa t ions  of motion g iven  as 

Eq. ( 2 .9 ) -  (2 .11) . T h ey  a re

[iifV3 - m ]q (x )  = g q ( x ) x ( x )  +g Jfy (Xa /2 ) q ( x )  Aa ( x ) ,  ( E . l )
U CJ X H

[3V3 + m ^]x(x) = -g -  q ( x ) q ( x ) ,  (E .2)
| i  A , /V

3 ^  Aa (x) = g q(x)3fv (Xa / 2 ) q ( x ) .  (E .3)

E . 1 P seu d o sc a la r  M esons:

We in tro d u ce  th e  in v a r ia n t  am plitude an d  make exp lic it  r e fe re n c e  

to color. T h u s  we have ,

< £ s  t  b | q \ c ( 0 ) | ?  Mt > = (6e b /^3) [ l / ( 2 i r ) 3] [ l / 2 W( 5 ) ] i [mq /E q (lc)]i  

x [ U ( i? , s ) (A + B ^ /m )y 5] a [ x J l » e M̂ ] .  . (E .4 )

H ere  a is  th e  Dirac index  a n d  i th e  isosp in  index ,  as  b e fo re .

F u r th e r ,  b an d  c a re  th e  color labe ls .  T h is  r e p re s e n ta t io n  is same as

th a t  u se d  p rev io u s ly  e x ce p t  fo r  th e  color fac to r  6 ^ 7 / 3 .  With th is
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choice we h av e  th e  p re v io u s  e x p re s s io n s  fo r  form fac to rs  in

E q .(4 .1 2 )  and  th e  normalization condition g iven  b y  E q . (3 .1 5 )  remains 

th e  same. I t  is e a sy  to  f ind  th e  c h a rg e  con jugate  am plitude s ta r t in g

w ith  E q . (E .4 )  [See A ppend ix  B] . I t  is g iven  b y ,

< l ? s  t  b | q a ic ( 0 ) | ^ M T > = (6c b / / 3 )  [ l / ( 2 n ) 3 ] [ l / 2 W( ^ ) ] i [mq /E q ( ^ ) ] i

x[y5 (E+F ^ / m ) V ( i ? , s ) ]  )T X n ] ( E .5)n T

w here  E=A an d  F=-B an d  all th e  in v a r ia n t  am plitudes a re  func tions  of 

2 2 i[ (p * k /m q ) -m ] as  b e fo re .  If we define  th e  u p p e r  and  lower

components of th e  wave fu n c tio n s  as:

i  (k) = {[4TT/{m(2TT)3 }] [E (lc)/E  ( ic ) ] } * [ E ( k ' ) - F ( k ' ) l ,  ( E .6)
v* 4 H

R ( k )  = { [4-iT/{m(2ir)3 >] [ e ( l c ) / E  (!<)]}* [E (k ’)+ F (k ')  ] [k /e  (£ )]  
l 4  4  4

(E .7)

w ith k'=km/m we can  choose th e  normalization:
q

J d k  ^ 2 [{Ru ( k ) } 2 + {R1(k ) } 2] = 1. (E .8 )

We now ana lyse  E qs . ( E .1 ) - ( E .3 )  in th e  same m anner  as  in 

C h ap te r  5. T h u s  from E q . ( E .3 )  we hav e ,



104

- q 2<lc' s '  t '  b ' |A ^ (0 ) | i c  s  t  b>

=<lc' s ' t '  b ' |q(0)2f^(X a /2 )q (0 )  |1? s t  b> , (E .9)

w here

q 2 = ( k ' - k ) « ( k ' - k )  = ( k ' - k ) 2 . (E.10)

From L oren tz  in v a r ian ce  we can  w rite ,

<fr7 7 V | q ( 0 ) y X a/2)q(0) | ¥ 7 T b >  = - 6 t ,t (Xa / 2 ) b ,b [ l / (2 - ir )3 ]

X  [rn2 /{E  ( 1 ) E  & ' ) } ] *  f r ( q 2 ) V (i? ,s )*  V ( £ ' , s ' ) ,  ( E . l l )
q q  q  w k  v

2
w here  f ^ ( q ,  ) is an  L o ren tz  sca la r  fun c tio n .  T h is  is a new cu t-o ff  G k

n eed e d  to  re g u la te  th e  h ig h  momentum b eh av io u r  of o u r  model. (Th is  

is r e q u i r e d  to make th e  v a r io u s  in te g ra ls  in th e  dynam ical equation  

c o n v e rg e . )  With in o u r  formalism we do not have  any  p re s c r ip t io n  to 

ev a lu a te  th is  new fu n c tio n .  T h u s  it in t ro d u c e s  a new p a ram e te r  in 

o u r  model.

Upon in s e r t in g  meson s ta te s  betw een th e  q u a rk  o p e ra to r  an d  the  

X field , and  a n t iq u a rk  s ta te s  be tw een  gluon an d  q u a rk  field  o p e ra to rs  

E q . ( E . l )  y ie ld s ,
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[ f f  -x #  - m ]<k s t  b | q  . (0) |p  M_,> q  aic T

gx Em, fd 0 '  < £ s  t  b | q a .c ( 0 ) |p '  M't | x(0 ) | ^ M t >
X J

+g 2gI t , b , J d lc '  <lf s t  bI A ^(0 ) |k '  s ' t '  b'>

x(yV) a p ( l /2 ) (X a ) ccI<k' s '  t '  b '  | q pic,(0) |p*MT >. (E. 12)

U sing  E q s . ( E .5 ) ,  (E .9 )  a n d  ( E . l l )  an d  th e  re la tion

*.=1,8 l ^ l b b '  = <4 /3 > W  <E 1 3 >

we can  fac to r  ou t th e  color an d  th e  isosp in  fa c to rs  from th e  

E q : (E .1 2 ) .  T h is  g ives  u s ,

Iff  -d c  - m ] [y5 ( E + F ^ / m ) V ( £ s ) ] / v / W(?)

= gx Jdp' [lA/w(?')l

x [y^(E,+F '^ p '/m )V (ic ,s ) ]  <p' Mt | x ( 0 ) | ? M t >

-(4/3) g2 ZgI j~[dic'/(2ti)3] [n w 'E ^ ( ic ') ] [fQ (q 2 ) / ( -q £ ) ]

X [ yy 3T5 (E " + F " m) V (1^1, s ' ) //w  (P ) ] V (^ !, s ') y ̂  V ( lc, s ) .

(E .14)
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2 2 £Here E an d  F a re  fu n c tio n s  [(p * k /m  ) -m ] an d  E' an d  F 1 a re
Q

fu n c tio n s  of [ (p '» k /m q )^-m ^]^ . B u t E" and  F" a re  func tions  of 

2 2 i[ (p » k '/m  ) -m ] . T h is  is c lea r  from E q . (E .1 2 ) ,  w here  th e  m atrix

elem ents a re  d ef ined .  We again  ana lyse  th is  equa tion  in th e  a n t iq u a rk  

r e s t  frame w here  k=0. In  th is  frame th e  fu n c tio n s  E an d  F a re

func tions  of fp | and  E' a n d  F' a re  fun c tio n s  of | . T h u s  we have ,

- A  - mq ] [y 5 (E +F / / m ) V ( 0 , s ) ] / / W(£)

= gx Jdp' [l//w(£')]

x[y5( E '+ F ' / / m ) V ( 0 , s ) ]  <p' MT |x ( 0 ) |p >MT >

- (4 /3 )  g 2 J [ d k 7 (2n )3] [m q /E q ( t ' ) ]  [fG( q £ ) / ( - q £ ) ]

x[2E" - 2F"{p»k '/(m m  ) )  - E" (3c'/m ) + F" Q^/m) ] y5V(0, s)

( E .15)

w here  we have u sed  th e  re la t io n s :

yVy = 4, ( E .16)
V

yv/ y y = "2 <E -17>

y £  y^ = 4A«B, (E. 18)

yy/  $  P  = -2 }6 f t  /  (E. 19)
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a n d  perform ed  th e  sum o v e r  the  sp in  index  u s in g  E q . ( 4 .9 ) .  U sing 

th e  r e p re s e ta t io n  of the  Dirac m atrices  g iven  in Eq. ( 1 .4 ) - ( 1 .7 )  we 

hav e  from E q . (E .1 5 ) ,

{ [<*>(P)'2m ]R u (p) - p R ^ (p )} X.£

{pR-u (p) <o(p)R,(p)> P'o* x

= S. d ? ’

R ( p 1) x u  -s

R ^ P 1) P 1*^  x_£

- (4 /3 ) [d£' / (2TT)3 ] [mq / E 'q ] [fG (q 3 ) / ( - q 3 )]

{2 [E" -F" p*k '/(m m  )] -E" E' /m  +F" w/m)xr  q q q - s

■{E" t ' « ? / m  -F" p«o/m}xq  -s

( E .20)

H ere aga in  Ru (p ) ,  R ^(p),  Ru (p ')  an d  R^(p ') a re  same as the  

fu n c tio n s  g iven  in Eqs. (5 .1 4 ) - (5 .1 7 ) .  We also have  u sed  the  nota tion

= « ( ? ) , ( E .21)

( E .22)

E = E (k ) ,
q q

E1 = E (ic1) 
q q

( E .23) 

( E .24)
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Equation  (E .20) d i f fe r s  somewhat from E q . ( 5 .1 8 ) ,  w here  we

n eg lec ted  the  gluonic d e g re e s  of freedom . T h is  is due  to the

d if fe re n t  in teg ra tio n  var iab le  a p p e a r in g  in  the  second  te rm  in the

r ig h t - h a n d  side of E q .(E .2 0 )  as  com pared to the  f i r s t  te rm . Also the

2 2 id ep en d en ce  of E" and  F" on [ (p » k '/m  ) -m ] makes th e  ana lysis  

d i f fe re n t .  We can deal w ith th is  new a sp e c t  of th e  problem  b y  making 

a change  of var iab les  in th e  second in te g ra l  [11] . T h u s  from the  

in teg ra tio n  variab le  k ' we go to a new var iab le  p  such  th a t

"$' = ?  + ! c ' ( l c ' ) m  } - w/m ] .  (E.25)

T he  time component p 1 of th is  v ec to r  can be w ri t ten  as:

(*)' = [ p '^  + m^ = pQ' = p * k '/m ^ .  (E.26)

2 2 iT h u s  the  d ependence  of E" and  F" on [ (p * k '/m  ) -m ] simplifies 

to  only a dependence  on  Ip 'L  upon u s in g  E q .(E .2 G ).  From 

E qs . (E .25) and  (E.26) it follows th a t :

k ' / e  (k ')  = ( p ' - ^ ) / ( w l+u) ,  ( E .27)
q

w = E' ui'/m + p l#k '/m  , (E.28)q q q

\ t \  = ? '* P  + (P * ^ ’ ^ ’• p ' ) / ( e 'mq) + «' P * £ ’/m q . ( E .29)



H ere fo r  simplicity we deno ted  eq (it ')  a s  e ' .  T h e  eva lua tion  of the  

Jacob ian  fo r  th e  tran s fo rm a tio n  in E q . (E .2 5 )  is s t r a ig h t - fo rw a rd  [11]. 

We hav e ,

die1 [mq /E 'q ] = d ^ '  [m /u1] (mq /m ) [ (w'+w^/Cw'w+m^+j^p')^] .

( E .30)

A f te r  perfo rm ing  the  t r a c e s  o v e r  2x2 m atrices  as  we hav e  done in 

th e  d e r iv a tio n  of E q . ( 5 .2 1 ) ,  E q .(E .2 0 )  y ie ld s ,

(w(p) - 2mq > RU(P) " P ^ ( P )

" P RU(P) + u (? )  ^ ( P )

- R , ( p ' )

- (4 /3 )  g 2

/ '
[die* / (2 it) 3 ] [mq / E 'q ] [fG ( q ^ ) / ( - q ^ ) ]

{2 [E" -F" p»k '/(m m  )] -E" E' /m  +F" u/m>
q q q

x ( l / /w ) ( E .31)

-{E" t '» p / m q  - F" |jT |/m >
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Finally  u s in g  th e  re la t io n s  in E q . (5 .1 0 )  an d  Eqs. ( E .2 5 ) - ( E .30), 

E q . (E .3 1 )  becomes,

>(3)

R (P) 2m pu q

R l(p )j P 0

R (p) u

Rj(p)

g? [d^ '/ (27 i)3 ] [2m/{w(p)w(p')}^] [F (q 2) / ( m 3 - q 2)]

1 0 R,(p')u

0 -p»p' R^p')

(4 /3) g2 [d^'/(2TT)3 ] [ l / ( Wu., ) i ] [ f G ( q 2 ) / ( - q 2 )]

x [m3 (w'+<i03/(w lw+rn2+i5', i?)2 ]

2-E ' /m
q q R (P ')u

R ^ p ')

( E .32)



I l l

In  w rit in g  th e se  eq u a t io n s  we u se d  th e  fac t th a t  th e  dependence

2 2 iof E" an d  F" on [ (p * k ' /m q ) -m ] can  be r e d u c e d  to only  a 

d ependence  on |]?'| u s in g  th e  tran s fo rm a tio n s  in E q s . (E .2 5 )  and  

(E .2 6 ) .  Note again  the  sym m etry  of th e  k e rn a l  in  th e  second  term  in 

E q .(E .3 2 )  u n d e r  th e  in te rc h a n g e  of an d  From E q .(E .2 7 )  i t  is 

c lear  th a t  u n d e r  th e  in te rc h a n g e  of an d  p 1, Ic' ch an g es  s ign . T h u s  

E’q  does no t change  since it is q u a d ra t ic  in  Tc'. To re ta in  the  full 

sym m etry  u n d e r  the  in te rc h a n g e  of j? an d  p ' we have  to in te rch an g e  

th e  o ff-d iagona l m atrix  element in th e  k e rn a l .  Equation  (E.32) is the  

c e n t ra l  equation  we u s e d  to s tu d y  gluonic e ffec t  in p seu d o sca la r  

m esons. Calculational de ta ils  a re  g iven  in  C h a p te r  6 .

D .2 V ector  Mesons:

P roceed ing  as in th e  case  of th e  p seu d o sca la r  m esons, fo r  v ec to r  

mesons we f ind ,

<k s t  b | q a .c (0) |j?  X Mt >

= (6c b / / 3 )  [ l / ( 2 1r )3 ] t l / 2 « ( B ) ] i [mq / E q ( ic) ] i

x

(E .33)



an d  th e  c h a rg e  con jugate  am plitude

<k s t  b  | q  . (0) | p X M_,> cue T

= - ( « c b / / 3 )  [ l / ( 2 i r )3] [ l / 2 t t ( ? ) ] 4 [mq /E q (ic)]*

x { [(5 x*k/mq ) A ^ l ^ / m )  - ^ x (A+B ^ / m ) ] V ( k , s ) } o [(

( E .34)

T h e n  we have  th e  var io u s  wave fu n c tio n s ,

R (k) = {[4Tr/{m(2ir)3 } ] [ E ( l V E  ( £ ) ] } * [ £ ( k ' ) - B ( k ' ) ] ,
u 4  4

( E .35)

R L(k) = {[4Tr/{m(21r)3>][Eq (iJ ) /E q (ic)]}i [A (k ,) +B ( k ' ) ] [ k / e q (lc)]

( E .36)

w ith  k '=km/m an d  th e  norm alization,
q



We now ana lyse  th e  equa t ions  of motion g iven  b y  E qs . (E. 1 ) - (E .3 )  

b y  ta k in g  th e  m atrix  element be tw een  v a r io u s  s ta t e s .  As in 

E q .(E .1 2 )  we now hav e ,

[p - -K - m ] <1? s t  b  | q  . ( 0 ) | i ?  X M_,> q aic T

= g X EX',M 't  j d ? V i? ' s  ‘ X' MV

X <£' X' M'T |x ( 0 ) |p  X Mt >

+ g Z , , , fdlc' < i ? s t  b IA a (0 ) 13c' s ' t '  b ’>s , t  ,b  I p

x(yy) ap ( l /2 ) (X a ) ccl<ic' s ' t '  b ' | q 3ic ,(0 ) |p?X  Mt >. (E .38)

Using E qs . (5 .2 4 ) ,  (E .9 )  an d  ( E . l l ) ,  perfo rm ing  the  sum o v er  

M1̂ ,, X1, s ' an d  t 1, and  u s in g  th e  re la tions  in  E q .(3 .1 9 )  an d  (4 .9 ) ,  

we ob ta in  from E q . (E .3 8 ) ,
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[ * - *  -m ] [ { ( 5 x*k/m ) A ^ l - p / m )  - ^ ( A + B  p / m )  }V(£, s) ] / /« (? )

2
= ' g X

J ^ d j S ' / ( 2ir)3 ] [2m/(w(i5)w(p')}*] [ l / ( m 2 - q 2)] [ l / /w ( ^ ' ) ]

(£x*p7m)F1(q2) [{-p«k/(mmq) + (p»p7m2)p'*k/(mmq)}A'1( l- /|!57m) 

- { - p / m  +(p*p7m2) /gi7m}(A,+S, ^ 7 m )]V (^ s )

+F2(q2) [ { ( - k ‘5x/mq) +(p'-?x/m) (k*p')/(mmq) )A'1(l-^7m )  

- { - / x+(p'*S/m) (,167m)} (A'+B1 ^7m )]V (ic,s)
j

(4 /3) g2 J d lc '  [mq / E 'q ] [ f G ( q 2 ) / ( - q 2 ) ] t l / y « ]

x[(5 »k7m )A"1{-Ik7m -2 -2p«k7(mm ) - p / m }X q 1 q q

-{A "(2Sx'k 7 m q + p j  -B" p  jex/(m m q ) -2B"p*Cx/m}] V ( i c , s ) .

(E.39)
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In  ob ta in ing  E q .(E .3 9 )  from E q .(E .3 8 )  we have  fac to red  ou t the

color and  isosp in  fac to rs  an d  u se d  th e  re la tions  in

Eqs. (E. 1 6 ) - (E. 19). Here aga in  A^, A an d  B a re  func tions  of 

2 2 i[ (p « k /m ^)  -m ] and  A '^, A' a n d  B' a re  func tions  of

[ (p '» k /m  )^-m ^]^ . Similarly, A" , A" a n d  B" a re  func tions  of

2 2 £[ (p * k '/m  ) -m ] . We again  ana ly se  th is  equa t ion  in th e  a n t iq u a rk  

r e s t  frame (k=0) . To simplify th e  ana lysis  we co n s id e r  the  t r a n s v e r s e  

an d  long itud ina l po larization s e p e ra te ly ,  as  in the  de r iv a tio n  of the  

E q . ( 5 .4 8 ) .  Following th ro u g h  th e  same p ro c e d u re  d esc r ib e d  in 

Eqs. (5 .27) to E q .(5 .4 7 )  a n d  making a change  of variab le  as 

d e sc r ib e d  in E q s . (E. 25) - ( E .30), E q .(E .3 9 )  y ie lds ,



R (p) u

Rl(p )

2m p
q

0

R (p) u  '

R j(p )

■(gJ/3) J[d^7(2TT)3] [2m/{W(?)W(^')>i ] [ l/(m 3 -q2)

F x(q 2)

V

V

1 v 111 12

1 „1
21 V22

R (p')u

R ^ p ')

+F2 (q )

_l L_

■N

v 211 v 212 R (p ')u

v 2
I 21

v 222_ R^p ')

- (4 /9 )  g2 J W v ( 2 n ) 3 ] [ ! / (« « ')* ]  [fG (q 2 ) / ( - q 2 )lm'

x[(«'+w) /(w'w+m +{£'*T )̂ ]

v G v G 11 12 R (P*) u

G GV V 21  22 R ^ p ')

116

( E .40)
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T he  fu n c tio n s  Ru ( p ) ,  R j ( p ) ,  Ru ( p ' ) ,  a n d  R ^ p ' )  a re  g iven  in

E qs .  (5 .2 8 ) - (5 .3 1 )  a n d  VJ r  v j 2> V ^ ,  V ^ ,  v \ v  V ^ ,  v \ 2

2
a n d  V„„ a re  g iven  in E qs . ( 5 .4 9 ) - ( 5 .5 3 ) . T he  new  m atr ix  elem ents, 

w hich g ives  th e  exp lic it  g luonic in te rac t io n  te rm s a re  g iven  b y ,

=  2 +w/m -  [m/(m+u')] [-Ic'^/m^ +(ic'»p)^/m^11 q  q

+{(p /m ) (E' /m  ) -(p» ic '/m  ) (w/m) }{p»lc'/m +p/m>], (E.41)

v f  = [m/(m+w)] [ ( p 7 m ) ( E '  /m  ) + (£ '»ic '/m  )(w '/m )] [E '_ /m  +w'/m]1 Z q  q q q  q

-.p '/m , (E. 42)

= [m/(m+w')] [ ( p /m )(E '  /m  ) -(p« ic '/m  )(w/m )] [E' /m  +w/m]
« 1 4  4 'I 4 W.

-p /m ,  ( E .43)

= (m /p ')  [{ (p /m ) (E1 /m  ) -(p« ic '/m  ) (u /m )}{E ' /m  +w/m -4} z z q  q q q q

- ( u ' /m ) ( p /m )  +p«lc,/m  ] .  (E.44)

A gain th e  m a tr ix  e lem ents  a re  symmetric u n d e r  the  in te rc h a n g e  of
Q

j? a n d  p 1. T h is  sym m etry  also  r e q u i r e s  th e  in te rc h a n g e  of ^ anc*

G Ga f te r  the  rep lacem en t of p* an d  j?'. T he  e x p re s s io n s  fo r  ^

Ga n d  Vg 2 a re  symmetric a l th o u g h  th a t  fac t is no t obvious from the  

e x p re s s io n  g iven  above . E quation  (E .40) is the  equa t ion  we have to 

co n s id e r  fo r  th e  v e c to r  meson w ith  gluonic in te rac t io n .  Calculational 

d e ta ils  a re  g iven  in C h ap to r  6 .
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E.3 T he  Hamiltonian:

H ere  we calcula te  the  c o n tr ib u t io n  to  th e  to ta l Hamiltonian from 

th e  gluonic in te rac t io n  te rm s .  [The add itional te rm  due  to  gluonic 

exch an g e  is g iven  in E q . ( 2 .2 2 ) . ]  T h u s  from E q s . (2 .2 0 ) - (2 .2 2 )  we 

have ,

Hq  = H + H 'g  (E. 45)

w here

H = J d x  { [q(x)  (i*°) q (x ) ]

+ (1 /2 )[  x2(x) + |V x(x) | 2 + m2 x2(x) ]} , (E.46)

H 'G = J d i ?  [FyVS( x ) F ^ ( x ) / 4  -Fa y (x )A v a ( x ) ] .  (E.47)

We have  a lre ad y  ca lcu la ted  th e  c o n tr ib u tio n  from H to th e  to ta l  

Hamiltonian in A ppendix  D. T h u s ,  h e re  we only  co n s id e r  the  te rm  

H' Using Eq. ( 2 .8 ) ,  E q .(E .4 7 )  y ie lds ,VJ

H' = fd5? [3,JAv a(x)9  Aa (x) - ( l / 2 ) 3 yAVa(x)3  Aa (x)
Vj I ]i V V ]i

- (3°A Va(x) - 3VA°a (x ) )3 °A a (x )]  . (E.48)

In  o r d e r  to facilita te  formal m anipulation of E q . (E .4 8 ) ,  we have  to

eliminate the  gluon field A (x) in  f a v o u r  of th e  color c u r r e n t  sou rce  
ii« ua

j ( x ) .  T he  c u r r e n t ,  j (x )  is d ef ined  th ro u g h  th e  re la tion ,
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jy (x) = q (x)y^(X a / 2 ) q ( x ) .  (E .49)

Now E q . ( E .3 )  can be solved to  g ive ,

Aa (x) = g J d ( x - x ' )  j®(x') d4x ' ( E .50)

w here  D (x -x ')  sa t is f ies ,

3y3^ D ( x - x ')  = 64 ( x ' - x ) .  ( E .51)

We in t ro d u ce  the  F o u r ie r  decomposition,

D (x -x ')  = [ 1 / ( 2 tt) 4 ] J d 4q e ' iq *( x "X,) [ l / ( - q 2) ] .  (E .52)

U sing Eqs. ( E .49) - (E. 52) , E q .(E .4 8 )  y ie lds ,

H 'g  = ~ [g2/ ( 2 tt) 8 ] J d 4q d 4q' d4x* d4x" [ l / ( q 2q ’2)}

x [ ( 1/ 2) q yq 'yjVa( x ') j a (x")  - ( 1/ 2) q V / V ' ) j a (x")

O iO.VB , i. ,S .  ||. V |O.Oct . •. ,d . t t \ i-q  q J (x ')Jv (x")  +q q ' j ( x ' ) jv (x " ) ]

Xle- i q . ( x - x ' ) e - i q ' . ( x - x ” ) ] {£ 53)

E.4 Hamiltonian for Pseudoscalar Mesons:

We now form the  exp ec ta t io n  value  of the  E q .(E .5 3 )  be tw een  

meson s t a t e s . In ta k in g  th is  expec ta t ion  value we e n c o u n te r  m atrix  

elem ents of the  form,
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I vv( x ' ,x " )  = <p' M'T |j®(x')j®(x") |p  Mt > ( E .54)

We now r e a r r a n g e  th e  c u r r e n t  o p e ra to r  in  E q .(E .5 4 )  u s ing  

E q .(E .4 9 )  so th a t  we can form m eanigful fac to r iza t io n s .  T h u s  we 

h av e ,

I^x'.x") = *M jb jS W J d £  d i e '

x t<P’ M,T l5a ic (X ,) l^  S t ^ >(yy)aP(Xa/2) cc'

x<ic s t  b | j v a (x")  lie1 s ' t '  b 'x l c '  s '  t '  b ' | q p ic , (x ')  |p  MT >

-<P' M'T | q 3.c I( x - ) | i ? s  t  b > ( ^ ) a p (Xa / 2) c c ,

X<lc s t  b | j v a (x")  lie' s ' t '  b 'x j c '  s '  t '  b ' | q a ic (x ')

( E .55)

U sing ch a rg e  conjugation  (See A ppend ix  B) an d  transa la t iona l  

in v a r ian ce ,  E q .(E .5 5 )  becomes,

V * ’ *"> = 2£s , t , b , S' , f , b '  I *  *  [ . t e " t e ' - k *k , - r t

* [< ?’ M'T lq olc( 0 ) |k  » t  b > ( l ' , ) oB(Xa / 2 ) c c ,

x<k s t  b j j (0 ) I k T s ' t '  b ' x k '  s '  t '  b 11 q ^ ,  (0 ) | p MT >] .

( E .56)

S u b s t i tu t in g  E q .(E .5 6 )  into E q .(E .5 3 )  an d  u s in g  th e  re la tions

^ d S c  e ^  X = (2ii)^6^(p), (E.57)



E q .(E .4 8 )  y ie lds ,

=2 ( 2, ) 3S(iS'-iS)g2 I , j t > b _s ,t v die d £ '  [q2 - 2 ( q ° ) 2] / q £

x[<i?M ' |q  . ( 0 ) | k  s t  b > (2f ) A \  / 2 )  ,T  cue a(5 cc

x < i? s  t  b | jv a (0) 15c1 s ' t '  b 'x l c '  s '  t '  b ' | q . .  ,(0) M _>],pie 1

( E .59)

w here

q£  = ( k ' - k ) V. (E. 60)

In  d e r iv in g  E q .(E .5 8 )  we u s e d  c u r r e n t - c o n s e rv a t io n ,

3yja (x) = 0, (E. 61)

so th a t

q N lc ' s ' t '  b ' | j a ( 0 ) | l f  s  t  b> = 0. ( E .62)K y

E quation  (E .62) follows from E q . (E .6 1 )  upon  u se  of t ran sa la t io n a l  

in v a r ia n c e .

U sing  E q . ( E .5 ) ,  th e  complex con jugate  eq u a t io n ,  an d

Eqs. ( 4 .6 ) - ( 4 . 9 ) ,  an d  th e  following re la t io n s ,
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<£' s '  t '  b ' | j * ( 0 ) |lc s t  b> = -5t ,t (Xa / 2 ) b I b [l/(2TT)3]

xf ( q 2 ) [m2 /{E (̂ )E V ( $ ' , s ' )  (E.G3)U K q  q  q  V

= <4/ 3 )Scc ' <E ' 64>

E q .(E .5 9 )  y ie lds ,

4 '  M't |H 'g | ^ M t > = - (4 /3 )  g 2 6 ( p ' - $ )  6! ^ M. U /w t? ) ]

x J [ d l c  dic'/(2TT)6 ] tm 2 / ( E q E 'q )] fG (q 2 ) [ - q J  + 2 ( q ° ) 2] / ( q ^ )

x T r [ ^ y 5 (E'+F' j5 /m ){(Ic-m ^)/(2m q )}yy{ (k -m q ) /(2 m q )}(E+F f i /m )% b] .

( E .65)

2 2 iH ere E' and  F' a re  fu n c tio n s  of [ (p * k '/n iq ) -m ] and  E and  F

2 2 ia re  fun c tio n s  of [ (p»k /m  ) -m ] . U sing the  re la tions  (E. 1 6 ) - (E. 19)
q

an d  perfo rm ing  th e  t r a c e  in E q . (E .6 5 )  we hav e ,

4 '  M't |H 'g | ^ M t > = (8 /3 )  g 2 6(£ '-i?) 6m^ m, ^ [ 1 / U(£ )]

x J [d ic  diJ7(2Tr)6] [m 2 / ( E qE 'q )] + 2 (‘Ik ) 2l / ( q k )

x [EE'{2 -k « k '/m 2 } + E 'F (E ' /m  - 2E /m  }
q q q q q

+EF'(E /m  -2E /m  } + FF '(2E E' / m  - 1}]. ( E .66)
q q q q q q q
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Comparing th e  E q . ( E . 66) w ith  Eqs. (D. 1 ) - (D .7 )  and  no ting  the  

fac t  th a t  we a re  in  th e  meson r e s t  frame (p=0 ) we find ,

mH = 2 [m - <Eq >] + g® + ^  , (E.67)

s sw here  <E > an d  a re  g iven  in E qs . (D. 15) an d  (D.1G) and  Bq  is

g iven  b y ,

e SQ = [8 / (3 m )]g 2

x J [d lc  dicV(21r)6 ][m 2 / ( E q E 'q ) ] f G (q 2 ) [ - q 2 + 2 ( q ° ) 2] / ( q J )

x [EE'{2 -k * k '/m 2 > + E'F{E' /m  - 2E /m  } q q q q  q

+EF'{E /m  -2E /m  } + FF'{2E E' /m 2 - 1}]. ( E .68)q  q q q q q q

In  E q . ( E . 68) E' an d  F' a re  func tions  of m k '/m q an d  E and  F a re  

func tions  of mk/m , s ince  we a re  in th e  meson r e s t  frame w here  p=0 .
q

T h e  in te g ra l  o v e r  th e  azim uthal ang les  in equa tion  ( E .68) can be 

done u s in g  th e  following p ro c e d u re .  We co n s id e r  a gen era l  in teg ra l ,

I ( k , k ' )  = Jdk die' F ( k ,k ' ,  . (E.69)

t  A  A  A  A .
We can now e x p a n d  F ( k , k  ,k » k )  in L egend re  polynomials, P^(k#k ) 

T h u s  we hav e ,

F ( k ,k ' , k » k ' )  = f ^ k . k ' )  P ^ k ^ k ' ) ,  (E.70)
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w here  th e  f^ (k ,k ')  a re  g iven  by

f ^ k . k ' )  = f(21+l)/2] J d (k « £ ')  F ( k , k ' , ^ » ^ ' )  P ^ - l S ' ) .  (E.71)

U sing th e  spherica l-harm on ic  add ition  theorem  we h av e ,

P ^ k - t f ' )  = [ 4 n / ( 2 1 + l ) ]  ( E - 7 2 )

S u b s t i tu t in g  E qs . ( E .70) and  ( E .72) into E q . (E .6 9 ) ,  a n d  u s in g  th e  

o r thogona lity  p ro p e r t ie s  of sp h e r ic a l  harm onics, we ob ta in ,

I ( k , k ' )  = (4u) 2 fQ( k , k ' ) .  (E .73)

From E q .(E .7 1 )  we have ,

fo ( k ,k ' )  = (1 /2 )  J d ( k « k ' )  F ( k ,k ' , l c * k ' ) . (E.74)

T h u s  u s in g  Eq. (E. 69) - ( E .74), E q . ( E . 68) y ie lds ,

S Sr  = [g2/(3m n4)] f 4 2d k  S '2 d k '[m 2 / ( E  E' )] d ( k * ^ ’)U J q  q q

x[EE'{2 -k » k '/m 2 } + E'F{E' /m  - 2E /m  }}
q q q q q

+EF'{E /m  -2E /m  } + FF'{2E E1 / m  - 1}]. (E .75)
q q q q . q q q
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E.5 Hamiltonian for Vector Mesons:

Following a similar p ro c e d u re  a s  in E qs .  (E .5 4 ) - (E .6 2 )  in  th e  case 

of p seu d o sca la r  m esons, we have  fo r  v e c to r  m esons,

x[<j?X' M' |q  . (0) |lc  s t  b>(yV) ft(Xa/2 )  ,T  cue osfS ec

x<l? s t  b | j a (0 ) |lc ' s ' t '  b 'x l c '  s ' t '  b ' |  qp.c ,(0) | ^  X M^,>] .

(E.76)

U sing  the  E q . ( E .3 4 ) ,  i t s  complex con juga te ,  and  th e  re la t io n s  in 

E q s . ( 4 . 6 ) - ( 4 . 9 ) ,  Eq .(E .7G ) y ie lds ,

<jp' X' M'T |H 'G |p  X Mt > = 6( p ' - p )  6m [4g2/3w(j?)]

x J[dic d5V(2TT)6][m2 / ( E qE'q)] + 2 (£Ik) 2 l / ( q k )

x T r t ^ U ^ k ’/ m ^ A y i ^ / m )  - ^ (A '+ B ' > /m ) ]

x[(^'-m )/(2m )]T [ ^ - m  )/ (2m )]
HI 4  r HL HI

x l C ^ J ' . k ^ j A j d - j r / m )  - (A + B ^ /m ) * xT] }. (E.77)

U sing  th e  re la t io n s  in  Eq. (E. 1 6 ) -(E .  19) and  th e  fac t th a t  we a re

4 • X' M't |H 'g I ^ X  Mt > = (2Tr)36 ( ^ - ^ )  2 g 2

in  th e  meson r e s t  frame 4 = 0 )  we may perfo rm  th e  t r a c e  o v er  the

Dirac m atrices  to obta in  from E q . ( E .7 7 ) ,
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<$'  X' M'T |H G n? X Mt > = [8g 2/(3 m )]

x J [ d £  d ^ / ( 2 i r ) 6][m 2 / ( E qE 'q )] + 2 (q k ) 2 l / ( q k )

« K V < - M " 5 )  * h ' h '  l 2  * « X ''" k '«X-k /,n q> £3

♦ (Sxr* k S x*k/m 2 ) f4 + (5xr*k>5x*kVin2 ) f '4 ] ,  (E. 78)

w here

£x = -AA' + 2BB' +A '1A1 ( Ic -k '/m * ), (E .79)

f .  = -[A -B  E /m  ] [A '-B ' E' /m  ] - BB'(ic«ic'/m 2 ) , (E .80)2 q  q J 1 q  q J q

f3 = -B B ', (E .81)

f4 = -A 'A j + S 'A 1 E1 /m  , (E .82)

f '4 = - X a 'j  + B A ^  Eq /m q . (E .83)

T he a n g u la r  in te g ra tio n s  in  E q. (15.78) can b e  perfo rm ed  u s in g  th e  

p ro p e r tie s  of th e  po la riza tio n  v e c to r  in  th e  meson r e s t  fram e, p=0 . 

We h av e ,

Z *  = (0 , f x>, (E .84)

K /  = (0 , f x,}. (E .85)

Now u s in g  th e  p ro p e r t ie s  of th e  sp h e ric a l harm onics we can w rite ,



127

V k =
= - |lc! [4TT/3]* Yl x ( k ) ,  (E .86)

$xr« k  = - \ t \  [4TT/3]1 Y*x,( £ ) .  (E .87)

(E .88)

C o n sid er th e  following g e n e ra l in te g ra ls ,

= jd k  die' F 1(k ,k ', le * k ')  S ^ k  £x»k.

U sing  E q s . (E .86) an d  (E .88) we h av e ,

I 1 = Jdk d£' F1(k,k',k*k'-) le2 (4ir/3) Y*x,(£) Yn (]e). (E .89)

As in  E q s . (E .6 9 )-(E .7 4 )  we now ex p an d  F ^ ( k ,k ',k » k ')  a s ,

F ^ (k , k ',  k * k ')  = I  f ^ k . k ' )  [4 it/(21+1) ] Y ^ k )  Y*m ( £ ') , (E .90)

w here

f j ( k , k ' )  = [(21+1)/2 ] ^ d (k * k ')  F 1( k ,k ',k « k ')  P ^ k - k ') .  (E .91)

S u b s titu tin g  E q .(E .8 9 )  in to  E q . ( E .88) ,  an d  u s in g  th e  

o r th o g o n a lity  p ro p e r tie s  of sp h e ric a l harm onics,

|d ie  Y *  (k )Y ., ,(£ )  = 6nl6 , , ( E .92)J lm v 7 I'm 7 11 mm'

we o b ta in

I ± = (4tt) (4ir/3) f * ( k ,k ')  6X,X S 2 . (E .93)

U sing  E q .(E .9 1 ) ,  E q .(E .9 3 )  can  be w ritte n  a s ,
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Ix = (4ir) (4n/3) 6x,x( l / 2 )  J d (£ * k ')  F ^ k . k ' , ^ ^ )  £ 2 . (E.94)

A gain we co n s id e r,

12 = j
d k  die' F2 (k ,k ',k * le I) S ^ k  £x»k'

= Jd£ d £ ' F ^k jk 'jlc* ]* :1) kk'(4TT/3) Y^x,(l<) Y ^ i e ' )  • (E .95)

U sing  E q s. ( E .90) and  (E .91) an d  o rth o g o n a lity  re la tio n s , we h av e ,

I 2 = ( 4 tt/ 3 ) 2 6 x, x (3 /2 ) f d (k « £ ')  F2( k ,k ',k * £ ')  k k !. (E .96)

Sim ilarly we find

13 = Jd k  d£' F3 ( k ,k ’,k « k ')  s j ' k '  Cx*k'

= (4tt) ( 4 t t /3 )  6 x , x (1 /2 ) J d ( £ ‘ k ')  F3 ( k ,k ’, k 'k ' )  t ' 2 , (E .97)

14 = Jd ic d£' F4 ( k , k ' , ^ k ' )  t xr . k '  5x«k

= ( 4 t t / 3 ) 2 6 x , x (3 /2 ) J" d (k * £ ')  F4 (k ,k ', ie * £ ')  k k '.  (E .98)

F u r th e r ,  u s in g  th e  re la tio n s  in  E qs. (E .88) - (E .98) , E q .(E .7 8 )  y ie ld s ,

<£' X' M’t |H g | ?  X Mt > = 6X,X 6^ ,  6(P ’-P ) (E .99)

w here



129

£ l  = (16g2/9 )  [1 /(2 it)4 J fdk £ 2 d k ' p 2 d ( ^ ^ ’)[m 2 / ( E  E' )]Or J  q  q  q

+ ( ^ '2/m 2 ) £' -3f„] (E . 100)

H ere  we u se d  th e  re la tio n

h ' - h - ' h ’x -  < E - 1 0 1 >

F inally , we h av e ,

mH = 2{m - <Eq >] + , (E .102)

w here  <E > an d  a re  g iven  in  E qs. (D .29) an d  (D .3 0 ),
q  *

re sp e c tiv e ly .
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Table I

R esu lt of calcu la tions b a se d  upon  th e  L ag ran g ian  of E q . ( 2 .1 ) .  T he 

q u a rk  m asses, m ^, a re  f ix e d  so th a t  th e  co rre sp o n d in g  u n d e rlin e d  

m ssses a re  eq u a l. T he  b a ry o n  an d  sca la r  ra d ii a re  d e fin ed  in  Section 

6 .2 . T he  e lec trom agnetic  ra d iu s  is  a lso  d e fin ed  in  Section  6 .2  in  

te rm s of th e  slope of th e  a p p ro p r ia te  form  fa c to rs .

Meson J 17 m (ex p t) m( th e o ry ) mq B aryon S calar E lec tro ­

(Mev) (Mev) (Mev)

D ensity
R adius
(fm)

D en sity
R ad ius
(fm)

m agnetic
R adius
(fm)

p,W l" 775 775 471 1.38 1.21 0.949

TT o ’ 140 782 471 1.39 1.21 0.936

J/T (1 S ) l ’ 3100 3100 2025 0.484 0.434 ------

J/Y (2S) l" 3685 3795 2025 1.21 1.19 ------

Xc d S ) o" 2980 3101 2025 0.483 0.431 ------

XC(2S) o ’ 3590 3794 2025 1.21 1.19 ------

T(1S) r 9460 9460 5700 0.272 0.263 ------

T(2S) r 10025 10355 5700 0.531 0.524

T(3S) r 10355 10900 5700 0.893 0.886 ------

T(1S) o ’ ------ 9460 5700 0.271 0.262 ------

T(2S) o ’ ------ 10356 5700 0.534 0.527 ------

T(3S) o ’ ------ 10900 5700 0.889 0.883 ------



Table II

R esu lts  of ca lcu la tions b a se d  upon th e  L a g ra n g ian  of E q .( 2 .1 ) .  T he

v
a n d  nijj a re  d e fin ed  in  A ppendix

D.

Meson J* m (ex p t) m (th eo ry ) <E > 
q

e s
X

£  V
X <H>=n

(Mev) (Mev) (Mev) (Mev) (Mev) (Mev)

p,w l" 775 775 524 ------ 240 742

ir o ' 140 782 • 527 224 ------ 734

J/T (1 S ) l" 3100 3100 2125 ------ 735 2685

J / 'f (2 S ) l" 3G85 3795 2103 ------ 339 3721

XcdS) o ' 2980 3101 2126 726 ------ 2676

Xc (2S ) o' 3590 3794 2105 341 ------ 3719

T(1S) l" 9460 9460 5806 ------ 1236 8545

T(2S) r 10025 10355 5847 ------ 905 9922

T(3S) r 10355 10900 5831 ------ 588 10726

T(1S) o' ------ 9460 5806 1234 ------ 8542

T(2S) o' ------ 10356 5847 906 ------ 9924

T(3S) o' ------ 10900 5830 590 ------ 10710

v a rio u s  q u a n titie s  <E >,
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Table III

R esu lts  of ca lcu la tions in c lu d in g  th e  g lu o n -ex c h an g e  p o te n tia l. See 

Section  6 .5  a n d  A ppend ix  E. T he  q u a rk  m asses a re  f ix e d  so th a t  th e  

u n d e rlin e d  th e o re tic a l an d  ex p erim en ta l m asses a re  eq u a l.

ITMeson J  m (ex p t) m (th e o ry ) m^ B aryon  S calar E lec tro -

D en sity  D en sity  m agnetic
R ad ius R ad ius R adius

(Mev) (Mev) (Mev) (fm) (fm) (fm)

P,W 1 775 775 619 0.781 0.641 ------

IT o ' 140 ------ ------ ------ ------ ------

J /T (1 S ) l" 3100 3100 2299 0.337 0.288 ------

J /T (2 S ) l" 3685 3961 2299 0.763 0.741 ------

Xc d S ) o ' 2980 2980 2299 0.310 0.264 ------

X (2S ) c o ' 3590 3910 2299 0.713 0.692 ------

T(1S) l" 9460 9460 6037 0.210 0.200 ------

T(2S) l" 10025 10505 6037 0.419 0.412 ------

T(3S) l" 10355 11152 6037 0.672 0.665 ------

T(1S) o' ------ 9425 6037 0.208 0.199 ------

T(2S) o' ------ 10503 6037 0.415 0.408 ------

T(3S) o' ------ 11157 6037 0.674 0.668 ------
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Table IV

R esu lts  of calcu la tions in c lu d in g  th e  g lu o n -ex ch an g e  p o te n tia l. [See 

A ppend ix  E fo r  th e  d efin itio n  of an d  ] T he q u a n titie s  S

a n d  <E q> a re  d efined  A ppend ix  D fo r p se u d o sc a la r  an d  v e c to r  

m eso n s .

Meson J* m (ex p t) m( th e o ry ) <E >
q k <H>=m

(Mev) (Mev) (Mev) (Mev) (Mev) (Mev)

p,w l" 775 775 755 362 306 708

IT o ' 140 ------ ------ ------ ------ ------

J/Y (1S) l" 3100 3100 2485 758 570 2556

J/'f '(2S) l" 3685 3961 2469 509 318 3811

Xc ( lS ) o ' 2980 2980 2544 770 768 2409

X (2S) c o ' 3590 3910 2508 533 298 3736

T(1S) l" 9460 9460 6208 1264 664 8431

T(2S) l" 10025 10505 6263 1023 442 9948

T(3S) l" 10355 11152 6252 771 308 10980

T(1S) o" ------ 9425 6216 1272 698 8388

T(2S) o' ------ 10503 6266 1009 454 9937

T(3S) o' ------ 11157 6251 750 314 10874
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