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Abstract

COVARIANT SOLITON DYNAMICS

by

Ramesh Babu Thayyullathil

Advisor:' Professor Carl M. Shakin

We provide a fully covariant analysis of a nontopological soliton
model of haron structure and make application to the structure of
various mesons. We study:the rho and omega mesons, charmonium,
and upsilon system. The model describes quarks coupled to a scalar
field which plays the role of an order parameter of the QCD vacuum.
There are a few parameters in this model, a flavor-dependent
constituent quark mass, a mass parameter for the scalar field, a
coupling constant which determines the strength of the coupling of
the quarks to the scalar field, and a cut-off parameter. The mass
parameter of the scalar field and the scalar-quark coupling constant
are taken from our study of nucleon structure. Therefore, once a
value is chosen for the high-momentum cut-off, only single parameter
is varied in this analysis, the flavor-dependent (constituent) quark
mass. A resonably good fit is obtained to a series of mesonic states

of quite different masses in this extremely simple model, indicating

- iii -



that a unified aproach to hadron structure is possible. (At this
point, we have not attempted to model the confinement mechanism.
Further, our Hamiltonian has continuum solutions and given our
method of calculation, these solutions prevent us from studying all
but the low-lying states of charmonium and the upsilon system, for

example.)

We have also modified our Lagrangian in order to study
gluon-exchange effects, however, the study of such effect requires
the Aintroduction of additional parameters. By fitting these new
parameters to the mass splitting of the lowest 0 and 1 states of the
charmonium system, we are able to make prediction for corresponding

splitting in the upsilon system.
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CHAPTER I
1.1 Introduction

The vast amount of experimental data collected in the last one or
two decades supports the theoretical concept that hadrons, on a
subnuclear scale, manifest substructures which are called quarks
after Gell-Mann and Zweig {1,2]. There have been many attempts to
derive strong interaction physics from the fundamental interaction

between quarks.

A very promising candidate for a theory of strong interaction is
quantum chromodynamics (QCD), which is the physics of quarks and
gluons. This is a nonabelian gauge theory [3] with gluons as gauge
bosons. Unlike QED, this theory is highly nonlinear due to the fact
that gluons exhibit self interaction, and carry color charge. This is
a general feature of any nonabelian gauge theory. Quantum
chromodynamics has the remarkable property of being aymptotically
free [4]. This feature leads to vanishing of the effective coupling
constant at high momenta and gives the correct description of

Bjorken scaling and many other high-energy process [5,6].

On the other hand the low-energy behavior of this theory is not

well understood. There has been some progress in understanding
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QCD obtained recently from Lattice Gauge Theory calculations. Such

conclusions are still being developed and extended.

Before we go to the description of various models it is worth
noting that the QED, the very well understood theory of charged
particles inte’racting with the electromagnetic field, has its own
difficulties when applied to a bound-state problem. It is possible to
solve a bound-state problem by partially summing a class of diagrams
in the theory [7], however a full fledged field theory of positronium

is definitely beyond the scope of the present formalism.

Recent developments in nonlinear physics has led many to think
of bound states as solitons [8]. Solitons are finite energy, spacially
localized and nondissipative solutions to a certain class of covariant
nonlinear field equations. Even though a soliton has an extended
structure, we can provide a covariant model and can make Lorentz
transformations. The wvelocity of a particle can be taken as the

velocity of the soliton rest frame, for example.

Now in strong interaction physics the difficulties are twofold.
First, there is the problem of finding the dynamics and second, the
problem of describing the bound states. The choice of the right
degrees of freedom for a dynamics is very important as can be seen

in the case of the QED. There, starting from a simple Bohr model we
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are able to go to the Dirac description and finally to a calculation of
the Lamb shift in a smooth way. We are able to do this because we
have the right starting point. Also the standard model of Weinberg-
Salam gives the low-energy limit which is the same as the
phenomenological description of the Fermi theory of beta decay. In
the case of strong interaction physics the developments are to some

extent in a reverse order,

In QCD we start with a theory with right asymptotic limit. In
that limit the relevant degrees of freedom are quarks and gluons and
the theory is comparitively well understood through perturbation
techniques. From here we are trying to interpolaté it to a regime

where the relavent degrees of freedom are unknown.

This has a consequence that there are “"too many"
pheqomenological descriptions of hadrons. The prototypes are the
bag model [9] and the various recent modifications of the model [10].
One unsatisfactory feature of such models is their noncovariance.
Even if one can make corrections to the static aproximation such

corrections are either involved or ambiguous.

The importance of translational invariance for a model of nucleon
structure has been discussed earlier [11]. In this model a fully

covariant analysis of a simplified version of Friedberg-Lee
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nontopological soliton model [12] was made and the fit to nucleon
observables obtained was quite good. In a covariant analysis one is
able to calculate the properties of the nucleon when the nucleon is in
a nucleus [13]. With these modified nucleon properties one was able
to explain the EMC effect and the quenching of the longitudinal
response observed in (e , e') inclusive reactions near nucleon quasi-

elastic peak [14].

Here we apply the same simple nontopological soliton model to
study the structure of mesons. In this model the quarks are coupled
to a scalar field which plays the role of an order parameter of the
QCD wvacuum. (This is a formalism somewhat analogous to the
Ginzburg-Landau theory of superconductivity, where an order

parameter is used in the description of the system [15].)

The analysis is carried forward through the definition of various
covariant amplitudes and the specification of an integral equation
which determines these amplitudes. Even though we truncate our
Hilbert space by considering meson states, quark states and

antiquark states only, we do not violate translational invariance,

We organize this thesis as follows: In section 1.2 we describe
various Dirac matrices and spinors and the metric used. In Chapter 2

we present the Lagrangian and the field equations required for our
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analysis. In Chapter 3 we introduced various invariant amplitudes
and in Chapter 4 we present form factors. In chaptor 5 we study the
integral equation for the various covariant amplitudes. Finally, in
Chapter 6 we present our method of solution, numerical results, and

conclusions.
1.2 Dirac Matrices and Notation:

We use the Dirac matrices and metric as in the texts of Bjorken

and Drell [16]. Thus we have,

g®v = 0 0 -1 0 (1.1)

In our notation all repeated indices are summed. For any two

four vectors A" and B we denote the scalar product by

>

AB = g AYBY = aAPB = A°B° -R.B, (1.2)
Hv u

A2 = Aea = aAta = (%% A2 (1.3)

For the Dirac matrices we used the explicit representation

-

¥ = (v , %) (1.4)

where



I
7° =
| 0
0
T -
-3
and for 3’5 we have,
[o
7 =
I

°]

(1.5)

(1.6)

(1.7

Here I is 2x2 unit matrix and o is the 2x2 Pauli spin matrices. Thus

for any four vector AY we have,

>

->

t‘\.

-
[o]

-
AT

AOJ

(1.8)

We denote the positive and negative-energy spinor for a Dirac

particle with mass mq and momentum 'l_? by U(T?, s) and V(i:’, s)

respectively. Thus we have,

- >
UK,s) = e (B)/(2m )]

3

X
> >,
{3.k/sq(k) }Xj

, (1.9)



{a".fc’/sq(k)}x_;
V@®s) = (e @/@m))? (1.10)
q q
X
hasen —s a—

With + denoting the hermitian conjugate we also have,

TX®,s)  =[U®Rs)]'%, (1.11)
V(R s) = [V(®,s)] ¢°. (1.12)

Here X is the two-component Pauli spinor with spin projection s and

- _ 2 N .
sq(k) = (mq k)" +m_ . (1.13)

We denote the Dirac indices by Greek letters and the isospin
indices by i, j, k. We also denote the magnitude of a three vector,

be V itself when it can be done without ambiguity.



CHAPTER II
The Lagrangian and Hamiltonian

Here we discuss the model Lagrangian we used in our analysis.
In order to make the theory fully covariant we start from a (Lorentz)
scalar Lagrangian. First we consider a simple Lagrangian density
where quarks are coupled to a scalar field. Later we will discuss the

Lagrangian for the theory with gluonic degrees of freedom.
2.1 The Lagragian and the Operator Equations of Motion:

The Lagrangian density of our model is
= d i B - -
)= GEL 17 - m g x(x) 1a(x)

H(1/2) [ aux(x)aux(x) -mi C(x) 1. (2.1)

Here q(k) is the Dirac-field operator and x(x) the scalar field.
The Lagrangian we are considering can be thought of as an effective
Lagrangian describing low-energy hadron physics [15]. In other
words this is a theory where the Hamiltonian is is written in terms of
an order-parameter field, X(x), which effectively describes the gross
feature of low-energy hadron physics. ( As we mentioned earlier in
Chapter 1 this analysis analogous to the Ginzburg-Landau theory of

superconductivity.)
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The parameter mq in the Lagrangian density of Eq.(2.1) has to

be taken as effective mass rather than the current quark mass,
which is about 5-10 Mev for up and down gquarks. This effective
quark mass is thought to have its origin through the formation of
vacuum condensate. To demonstrate this we rewrite our Lagrangian

using the transformation,

$(x) = ac | xX(x) ’ (2.2)

where x(x) represents the fluctuation of the ¢ field around the
vacuum value ¢vac' Using Eq.(2.2) in Eq.(2.1) the Lagrangian

density becomes,

cu

Leo= aeot we, -mi ™ g 400 1a(x)

(/D3 se0a% 00 my (s-s, 11, (2.9)

where

m‘" = - g ¢ (2.4)

q q X vac’

This new quark mass parameter mgur can be interpreted as the

current quark mass.

It is important to note that even in the limit m;ur= 0 the

Légrangian given by Eq.(2.3) is not invariant wunder chiral

transformation. Thus the chiral symmetry is broken at the outset.



10
Eventually we would like to describe the pion in our model as a
composite particle. Here we do not consider the pion as the chiral
partner of the field X(x). Thus to restore the chiral symmetry to our
model we would have to introduce some unphysical pseudoscalar
particle in our formalism. This would introduce more parameters and

we have not considered such an extension of our model.

It is worthwhile to note that the Lagrangian given by Eq.(2.1) is
the simplest one can consider for an interacting fermion systems with
minimum number of parameters. Our goal is to analyse this
Lagrangian in a fully covariant way. We did not attempt to make any
detailed fit of wvarious observables present in different mesonic
systems. We do wish to demonstrate how the implementation of the
right Lorentz transformation properties simplifies the analysis. We
also demonstrate how the various physical quahtities can be calculated

in a less ambigous way in this formalism.

The Lagrangian density in Eq.(2.1), and the associated Euler-

Lagrange equations, yield the equations of motion:

g 2" -m la(o = g aGx), (2.5)

(3,8 +my Ix(x) = -g, TXG(X). (2.6)
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As in the case of all field-theoretic operator equations, to get a
meaningful expression we have to take the matrix elemants of these
equations. ( This is done in Chapter 5. ) In the limit gx = 0 we get
the free field equations. In this limit note that the parameter
entering in the free Dirac equations given by Eq.(2.5) is the
effective quark mass mq. Thus the mass appearing in various spinors
in our analysis will be mq. Also note that we have no confinement

mechanism in our model.

It is clear from Egs.(2.5) and (2.6) that the quark scalar
density is the source of x field and the coupling of quark field with
the scalar field renders the equations of motion highly nonlinear. Our
non-perturbative analysis of these equations yield nonlinear
equations for the soliton structure and will require that we do the
calculations in a self-consistent manner. The details of such

calculation are given in Chapters 5 and 6.
2.2 Lagrangian with Gluon Degrees of Freedom:

The inclusion of gluonic degrees of freedom to the Lagrangian
described by Eq.(2.1) is ambiguous for various reasons. The main
problem is overcounting. The expression given by Eq.(2.1) is
considered to be an effective Lagrangian density derived from QCD

after integrating out the relevant gluonic degrees of freedom, but at
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the same time we consider some "gluon-exchange" effects. One way to
overcome this ambiguity is to assume that the expression in Eq.(2.1)
effectively represent the multigluon [15] and nonlinear gauge
coupling in QCD. Thus we add to the expression in Eq.(2.1) a gluon
coupling term and neglet terms describing the self-interaction of

gluons. Thus we have,

Gx)= GeOL 8" -m g x(x) Jatx)

/2L 2 X0 3" () -m? %% () ]

- a a a a
- 300 (0Y2)a(x) AX(x) (VOFCOF S(x),  (2.7)
where
FV(x) = o"aY?(x) -3"AM(x). (2.8)
Here a is the color index (a = 1,....8 ), g is the coupling of quark

field with gluon field Aua(x), and xa/z is the (matrix) generator of

color SU(3). Again using the Euler-Lagrange equation we have,

U

; - . .M,.a a
[l?fua mq Ja(x) gy a(x)x(x) -g ¥ (x /Z)q(x)Au(x), (2.9)

(3,3 +ml Ix(x) = -g, VA, (2.10)

v,a - a
3,3 Au(x) =g q(x)(x /Z)Xuq(x). (2.11)
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Here the quark color current is the source of gluon field, as can
be seen from Eq.(2.10). These equations are analysed in Appendix

E.
2.3 The Hamiltonian:

From the Lagrangian densites described by Egs.(2.1) and (2.7) it
is easy to construct the Hamiltonian densities using the usual
canonical procedure. For a Lagrangian density £(¢,au¢) we define

the canonical mometum as usual,
n(x) = 3 fx)/39(x), (2.12)

where

(x) = 3,8(x) . (2.13)
Then the Hamiltonian density is given by

J(x) = s)m(x) - &(x). (2.14)

Now using Egs.(2.12) and (2.13) and the Lagrangian described

by Eq.(2.1) we have,

H(x) = e[ + m_ + g x(x) Ja(x)

v/2) [ + 1% e ml P 1. - (2.15)

The Hamiltonian H is given by
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e
H

Ja 00

JaR @ -FF v m_ g x(x) Ja()

rl B0 ¢ T 1? v mt P 1), (2.16)

where

X(x) = 3, x(x). (2.17)

Using the equations of motion given by Eq.(2.5) this can be written

as,

H = fd;?{a(x) (1°) &(x)

(1/2) 1360 + 1T 1%« ml oo 1), (2.18)

where

q(x) = 3.q(x). (2.19)

The evaluation of this Hamiltonian is given in Appendix D.

An exactly similar calculation using the Lagrangian density in

Eq.(2.7) with gluonic interaction gives a Hamiltonian HG which is,
Hg = 4R 0 a0 @) aeo
w2 1+ 1T 1% e md e ]

+ F“"a(x)Fui(x)/tI F2 (A% (%) ) (2.20)
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we write,
- 1
HG =H+ HG’ (2.21)
where H is given by Eq.(2.18) and

H = Jdi?[ F“"a(x)Fui(x)/tl -sz(x)Ava(x) 1. (2.22)

The evaluation of this Hamiltonian is described in Appendix E.
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CHAPTER III
Invariant Amplitudes

In order to analyse the field equations obtained from the
Lagrangian we have to define the matrix elements of various
operators. Here we specify the matrix element of the quark field
operator in a manifestly covariant manner. The matrix element we are
considering is the decay amplitude for a meson to go into an off-shell
quark and an on-shell antiquark. The amplitude for a meson going
into an off-shell antiquark and on-shell quark can be obtained from
the previous amplitude by charge conjugation. Before we go into the
definition of these amplitudes we specify our notation and the

normalization of state vectors.
3.1 Normalization of State Vectors:

We denote a quark state by I'I?s t>, where ¥ is the quark

momentum, s the spin projection and t the isospin projection. The

corresponding antiquark state is denoted by Ifz s t>. When we
consider the quarks without isospin we will drop the isospin index.

For these states we choose the normalization:

<R s't'| Bs t> = 81484148 ®-K), (3.1)

RSt s t> 5( X'-K ). (3.2)

‘Ss'sst't
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For pseudoscalar mesons we denote the state by |f)’ MT> where 'B

is the meson momentum and MT is the isospin projection. The isospin
index will be absent when we consider particles having no isospin.

Thus we have,

B M| PMp> = 8 0 8(B-F). (3.3)

In the case of vector mesons with momentum P, helicity projection
A, and isospin projection MT’ we denote the state by |P A MT>. We
have,

=AU YL =2 = >
BN MLl B Mp 5X,XGMTM,T5(‘;3 7). (3.4)

The choice of a helicity basis instead of the canonical basis is due to
the simplicity of relativistic analysis in this basis. Now we define

various invariant amplitudes for pseudoscalar and vector mesons.
3.2 Invariant Amplitude for Pseudoscalar Mesons:

Here we consider the decay of a pseudoscalar meson into an on-
shell quark and an off-shell antiquark. The relevant matrix element

is <K' s tl&ai(O)lf?M > where qai(O) is the quark field operator with

T

¢ and i as Dirac and isospin indices respectively. We want to



18
represent this amplitude in a manifestly covariant way. We denote the

meson mass by m and quark mass by mq. Thus we have,

p? = p'p, = m?, (3.5)

k% = ¥’k = m, (3.6)
T

p° = u(@® = (m® + 3HE, (3.7)

x° = Eq(ic’) = (mfI LYt (3.8)

Now from the available Lorentz tensors, and using the fact that
=Y
X U®,s) = m, UK,s), (3.9)

where U('l?,s) is the positive-energy spinor solution of the free Dirac

equation, we can write

- —-— - _ 3 3 = 3
K s T, (0)[F Mp> = [1/(20)7] [1/26(B) 1" [m /E_(K)]

«[ T®,5)(A*B g/mT°]_ [x, 28, .. (3.10)
T

Here T and Xt are Pauli matrices and Pauli spinor with projection

t respectively and SM is a unit vector in the spherical basis. Also ,
T

the two independent amplitudes A and B are Lorentz scalar functions.
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Since the meson and one quark are on mass shell, the only available
Lorentz scalar variable is p*k. For later convenience we choose the
amplitudes to be functions of [(pOk/mq)Z-mz]%. The factor
[1/(217)3][1/2w(3)]%[mq/Eq(TZ)]% in Eq.(3.10) is due to the
normalization given in Egs.(3.1)-(3.3). Thus the invariant structure
of Eq.(3.10) is very clear. The appearence two more independent
amplitudes without a 2(5 factor is forbidden by parity considerations
(See Appendix A). Also the amplitudes with a X factor can be
eliminated by using Eq.(3.9). Thus, Eq.(3.10) is the most general

expression we can write.

Now using charge conjugation (See Appendix B) we can write

> > - 3 3 > .3
<Kk's thai(o)lp Mp> = [1/(2m) 111/20(®)] [mq/Eq(k)]

3¢

«[ EF FmVER, )] (T8 IR (3.11)
T

where E = A, F = -B, and n, is a phase factor. Here V(?,s) is the

t

negative-energy spinor solution of the free Dirac equation. Again

2.4

the scalar invariants E and F are functions of [(p'k/mq)z-m 1°.

Our whole analysis depend on the structure of the amplitude
Egs.(3.10) and (3.11), so it is important to look at these amplitudes
more closely. In the meson rest frame, f? = 0, the amplitude given in

Eq.(3.11) becomes:
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3

<K s tlqO) B=0M_ >

3 = ~¥
T [1/(2m) ]{Sq(k)/[Eq(k)4m]}

B
{E(k") - F(k") }x_s

x | TG TIPS
(E(K) + F(k)Hk/e ()} 3ok x_ '
- - (3.12)
where k = I_}zl, sq(fc’) = Eq(?) +mq and X_g is a two-component Pauli

spinor with projection -s. The dependence of E and F on k' = mk/mq
is due to the fact that they are functions of [(p'k/mq)z-mz]%. If we
compare the structure of Eq.(3.12) with the Dirac spinor of the

hydrogen atom problem the physical interpretation of various terms is

very clear. Thus we define wave functions as follows,

3

fal 3 = D ' '
R, (k) = {[4n/{m(2m) }l[sq(k)/Eq(k)]} (E(k') - F(k)1, (E.13)

A _ 3 -3, - 3 : . >
Rl(k) = {[4m/{m(2m) }][Eq(k)/Eq(k)]} {E(k') + F(k")} k/sq(k)

(3.14)
and we choose the normalization:
A
jdk i’z[{Ru(k)}zﬂﬁl(k)}z] =1 (3.15)
Here the integration is over the wvariable k= |'12| . The choice of

this normalization gives the correct charge for the meson. (See

Appendix C).
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3.3 Invariant Amplitude for Vector Mesons:

Here we consider the decay of a vector meson into an on-shell
quark and an off-shell antiquark. The description of this amplitude is
more involved due to the spin of the meson. This is because of the
presence of the the polarization vector of the meson, which makes an
additional Lorentz vector available to construct wvarious invariant
amplitudes. We denote the polarization of a vector meson with

momentum ?and helicity projection X\ by E)\u. Thus we have,
&y =&, (P). (3.186)

These vectors have the following properties [17]}:

£

:::. - # u _
gxl gx - gxlu g)\ - GX'X’ (3'17)
L ] = u =
&P = & P, 0, (3.18)
g6t = g™ wp¥p’/m’. (3.19)

It is useful to note that in the meson rest frame, p = 0 we have,
uo_ -
5 =0, E). (3.20)

A convenient representation of these polarization vectors is given

by

£, = 00, -[ £8,(®) + 8,(B)1/v2), (3.21)

*
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55 = (Bl/m . 8 w@)/m). (3.22)

Here f)\ is unit vector in the direction of B and ﬁ, 'él(ﬁ) and
82(3) form three mutually-orthogonal unit vectors. Consistent with
the parity transformation (See Appendix A) and the relation in

Eq.(3.18), we can write

1
R s GO 18 Mp> = 17201 17261 [m /B (D))

-_ o n~ A + A
x{ U(k,s)[i)‘ 1-:/mq (C+D }zf/m)+/2/)‘(A+B p/m)]}a[xt ’f'eMT]i.
(3.23)
Again the invariant functions C, D, Zx, and B are functions of
[(p'k/mq)z-mz]%. The expression in Eq.(3.23) is the most general
relation one can write which is consistent with general invariance of

the matrix element. Now using charge conjugation (See Appendix B)

we can write

Ks tla ()] F» Mp> =- [1/(2~n)31[1/2w(3>1%1mq/Eq(ﬂ)1*

{[(&,*k/m_)(C-D ,;S/m)-/Zx(§+§/p’/m)]V(l?,s)}a[( ?-é‘:;T)Tx_tn_t]i.
© (3.24)

We now look at the amplitude in the meson rest frame, B = 0. To

get a multiplet structure in the meson rest frame we arrange our

amplitude so that



23

A,=C=0D-= -(A’+§)/[1+p-k/(mmq)] . (3.25)

With this aproximation the amplitude given in Eq.(3.24) in the meson

rest frame, '5’ = 0 becomes

Kk - By T3 %
) x[( ?'GZT)Tx_tn_t] :
(A" + B Hk/e B)) TekZ, oT x_
q N ' i

(3.26)

Note that the structure given by Eq.(3.26) is valid only if we
make the aproximation given in Eq.(3.25). From Eq.(3.26) we can

identify the various wave functions. Thus we have,

flu(k) = {[4ﬂ/{m(2’n)3}][sq(ﬂ)/Eq(ﬁ)]}%{K(k') - B(x"Yy, (3.27)

3

f(.l(k) = ([417/{m(217)3}][eq(_lZ)/Eq(}_z)]} {K(k') + Bk k/sq(.lz) .

(3.28)
We normalize the amplitude (See Appendix C) so that

fdk 'ﬂz[{ﬁu(k)}2+{ﬁl(k)}2] =1, (3.29)
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By taking the complex conjugate of Egs.(3.10), (3.(11), (3.23),

and (3.24) we can get various amplitudes which are needed for the

calculation of various physical quantities. Thus for pseudoscalar

mesons we have,

= d . + - #
<P Mplq ,(0)[K's t> = <Kk's t{q_.(0)[p"Mp>

- - B o
= <k s tIF, (O F Mp> ¥,

= - [1/(2«031[1/2w(5’>1*[quEq(E)1%

x[Z{S(E-F }S/m)U(T{’,s)]a[ .1"8:; X

1.,
Ttl

- Y _ D -y *_0
BMLIT, O R s t> = <F s tlgy,0)|F Mp>"s°

3 3

= - /e’ 1/20@)] [m /B (R)]

<[T(R, ) (E+F g/mya°] [x,( T8, )T ).

T

Similarly for vector mesons we have,

3 3

B Mpla (0 Fs > = (17201 11/20(B)] (m /E ()]

< [(Eyok/m A, (1+ /m)+(K+B p/mB1UR, ) [ T8y

T

(3.30)

(3.31)

X1y

(3.32)
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B MUT @R s & = - (10 1/20@) m /B B

(TR, ) (8 e/m) Ay (1= /)= (ReB p/mp 1) (T8 )0
(3.33)

where

1
e

-
AR (3.34)
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CHAPTER IV

Form Factors

The analysis of the fiéld equations in Chapter 3 requires the
definition of wvarious form factors. Here we define them for
pseudoscalar and vector mesons in detail. It is important to note that
these definitions are exact. Only when we calculate the various form
factors in terms of the invariant amplitudes E and F in Eq.(3.11), or
Al’ A, and B in Eq.(3.24), do we have to make some approximation.
The evaluation also gives us an idea of how various quantities are

calculated in our formalism.
4.1 Form Factor of Pseudoscalar Mesons:

For a pseudoscalar meson of mass m we define the form factor

Fs(qz), which is a Lorentz scalar,

@' M 13(©0)a(0) 1B Mp> = [1/(2v)3]SMTM.lem/{w(b’)w(B')}%] F_(q"),
(4.1)
where
@ = [ m® ¢ 8213 (4.2)
@) = [ m?+ 3?3, (3.3)
and

qz = (p'-p)“(p'-p)u = (p‘-p)2 = 2(m2-p'p). (4.4)
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It is clear from the structure of L.H.S. 6f Eq.(4.1) and the
available Lorentz tensors that we can construct only one Lorentz
scalar function, Fs(qz). The factor [2m/{3(p)w(3')}*] in the R.H.S.
of Eq.(4.1) is due to the normalization condition given in Eq.(3.3).
The dependence of Fs on q2 can also be easily understood when one
notes the fact that the mesons are on the mass shell. Thus we have

p2 = m2 p'2 = mz, and the only avaliable Lorentz scalar is pe*p'.

3

We now calculate this form factor in terms of the invariant
amplitudes E and F. We start from the definition given in Eq.(4.1)
and insert a set of quark and antiquark states between the two

quark field operators. Thus we have,

3 M lTOa@ B My = 1, [aR

)

1 oag! > 74 =
x[<B' M'nlq_(0)[K s t><K's tlq ,(0)[P"Mp>

- - 1 > = - -y
B MLl (0)|R's <K s I (01" Mp>].  (4.5)

Here we used a factorization which is an approximate completeness
relation. (This is expected to be a good approximation provided the

sea quark effects are negligible.)
Using Eqgs.(3.10), (3.11), (3.30) and (3.31) and the relations:

% +
5, [ Fed., x.]. [x, 8, 1.=26 v (4.6)
t MTtx t MTx MTMT
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5, [ ( ?-éM.T)T]i ¢ ?-6;;T)Tx_t]i =28y 4.7
I U®,s) T(K,s) = (% + m )/ (2m ), (4.8)
i, V(Rs) T(Rs) = ¢k - m )/(2m ), (4.9)
we write Eq. (4.5) as
B' M'L1§(0)q(0) B Mp> = 2 aMTM.Tn/(zv)31 fta® @2 [m /()]

<1/ (0B o@D ITE[(EF' p'/m) (B+F p/m) (H+m )/ (2m )

+(E-F p/m) (E'-F' g'/m) (X+m 2m )],
( Jp/m)( B'/m) (X q)/( q)]
(4.10)
where the trace is over the Dirac matrices. Hei'e E and F are
functions of [(p'k/mq)z-m2]§ and E' and F' are functions of
1
[(p'ok/mq)z-mz]z. After taking the trace in Eq.(4.10) we get
—il ] — - - 3 ] % 2
D' M, 15(0)q(0) |8 M> = [1/(2D)° 18, o [2m/{w@)e@))I*1F_(a°),
T T MTMT s
(4.11)

where Fs(qz) is given by
2, _ > 3 LD
Fs(q ) = (2/m) j[dk/(Zn) ][mq/Eq(k)]

x [EE'+FF' p'°p/m2 -E'F p‘k/(mmq) -EF'p"k/(mmq)].

(4.12)
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Note the invariant structure of the integral in the Eq.(4.12) is

as we expected. The whole integral is an invariant scalar function
since E and F are scalar invariant functions and the three-
dimensional integral in Eq.(4.12) can be easily made to a four-
dimensional integral by noting the fact that quarks on the mass shell.

This can be done through the relation,

J]dﬁiEq(ﬁ)] =2 ‘fd4k G(kz—xni) 8 (k%) (4.13)
where e(k°) is a step function.
4.2 Form Factor of Vector mesons:

The form factors for vector mesons are more involved due to the
spin of the meson. This is partly because of the availability of one
more Lorentz vector, E)‘u, the polarization vector of the meson, which
can be used to make various invariant functions. To make the
notation simple we again denote the polarization of a particle with
momentum ?as E)‘u, and the polarization of a particle with momentum

g' as E,')\u. Thus we have,
W_ . u
5= 5®, (4.14)
g b =g " @), (4.15)

£,°p = 0, (4.16)
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§'y*p' = 0. (4.17)

The relations (4.16) and (4.17) reduces the number of
independent invariant functions we can construct from the avaliable
Lorentz tensors. Thus for a vector meson we define the various form

factors through the relation,

BN M30a(0) B Mp> = [1/(210316MTM.T[zm/{w(5’>w(B')}*1

«[ (&', *pE,*p")/m’} F (a)+ (8}, °E,) F,(a)) 1.

(4.18)

Equation (4.18) is the most general form consistent with the
relations in Eqgs.(4.16) and (4.17) and the condition that the matrix
elements be bilinear in g)‘ and E';,::. The evaluation of these form
factors proceeds exactly as in the pseudoscalar meson calculation.

Thus we have,

P M',l,lfi(o)q(o)lﬁ’X Mp> = I Jdi?

RN IRV T g g =
x[<B' N M'LIT(0) R s t><K's t]q (0) P A Mp>

-B N Mg (0K s <K s tIF,(0) [P ) M)

(4.19)
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Again using the relations in Eqgs.(3.23), (3.24), (3.32), (3.33),
performing the spin sum over s and the isospin sum over t and using

the relations in Eqgs.(4.6)-(4.9) we get,
1 3yt ! =~ =
<B' N M'L1(0)q(0) B Mp>

=2 6, o 11/ 1/ Ae@u@E)?) J[dl?/(%)sl[mq/Eq(_lz)l

T T
<Tr{[@-m )/ (2m )] (5! *k/m ) A" (1-p'/m) - (BB p/myp ()
x[(5*k/m ) A (1-p/m)-f, (A+B p/m)]
+[- (kem )/ (2m )T I(E,*k/m ) A (1+p/m)+g, (R+B p/m)]

x[(g'k":‘.k/mq) A'1(1+P'/m)+(2'\.'+1§' P'/m);Z")‘T]}.

(4.20)

A and B are functions of [(p'k/mq)z-mz]% and

l'
A' and B' are functions of [(p"k/mq)z-mZ]%. After taking the

Here again A

!
A 1
trace over the Dirac matrices in Eq. (4.20} we have,

BN MLI3(0)q0) [P ) Mp>

= 3 >4 3 = 3 -
=8 by, [/ 111/¢4u@B)u @) )’] ﬁdk/(Zn) 1 m_/E_(B)]

' e . 3 . ne . 2
<[{E',1 *DE, *k/(mm )} £3+(E',,*8)) £, +((E'),*pE,*P")/m"} £

e s

H(E'y kg, ok/my JE +(E *P'Ey ) oK/ (mm ) £, (4.21)
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where

B = A A [1H((p+p)) K/ (mm )} (pp'/m™) ]

1
-A'IK -Alx' -(p-p'/m2 (A'lﬁ) +A11“3'), (4.22)
- Al D . BRI At X .
£, = A'B [p k/(mmq)] B'A -A' A, (4.23)
- M1 1y REY A T
£, = AB' [p k/(mmq)] BA' -A A", (4.24)

£ = -XX' -BB' (p'ep/m?) +A'B (pek/(mm_))
+AB! (p"k/(mmq)), (4.25)
£ = BB' . (4.26)

Again the invariant nature of the integral in Eq.(4.21) is clear.
This invariance can be used to perform the integrations in Eq.(4.21).

For the evaluation of these integrals we define

o= (p'vp)Y/(2m), (4.27)
& = "-p)l/m), (4.28)
where as usual
2

= (p'-p)°. (4.29)

tel
1
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Now consider the integral

3¢ Vv

? 2 l*. . 2 -zt 'H
Jdk[mq/Eq(k)] EyokEyok/m) £ = 800 5 I (4.30)

Since the function f1 is an invariant function and the integral is
invariant, due to the relation Eq.(4.13), the quantity IW is a

Lorentz symmetric tensor of second rank. Thus we can write,

2 ~ [ 2 ~ ~
™ = 1 (@)% + L)'y

+I3(q2)(gw Sww/N - qq/q). (4.31)

Here Il(qz), Iz(qz) and Is(qz) are Lorentz scalar functions. In
writing Eq.(4.31) we used the fact that ™ is symmetric under the
interchange of u with v and pu with p'u and that the mesons are on
the mass shell. Thus Eq.(4.31) is the most general relation we can
write. Equation (4.31) can be inverted to get Il(qz), Iz(qz) and

13(q2) in terms of I"Y. Thus we find,

1(q) = fdi?[mq/Eq(f)] (('ﬁ-k)z/(miﬁ‘l)} £, (4.32)
,(a) = [aRim /E_(P) {(’c‘;“k)z/(miﬁ'q)} £, (4.33)
Iy(q") = [diim /E_(B)]

<1 - (@@l - (@b wighy 1 e .

(4.34)
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After substituting Eq. (4.31) into Eq.(4.30) we have,
- D1t Forr eyl
[aRtm /B GO (&) kg, k/m) ¢,
* 2 2 2 2. .2 2.~
= (EtpEy /ML () Ty(a) Ty(a)/A -1 y/5%1/4
v (E 08 (g (4.35)
PR S ! )

where we used the relations in Eq.(4.16) and (4.17). Similarly we

consider the integral:

jdl?[mq/Eq(Tc’)l (8,1 *kE, *p'/(m m)) £, = (&,%p'/m} £\, 1)

(4.36)
where
g 2>
I = (dk E (k)] k f£,. 4,37
. f{mq/q()luz (4.37)
Again from general invariance properties we have,
~ 2 - 2
IR HCOIE- U A C (4.38)

where 14(q2) and Is(qz) are Lorentz scalar functions. If the function
fz is symmetric under the interchange of p and p' the function Is(qz)
will be zero. Equation (4.38) can be solved for I4(q2) and 15-(q2) to

find,
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L@ = [aRim /B @] (/1)) 8, (4.39)
1j(a®) = [aRim /(D] (@10/m @) £, (4.40)

Now sustituting Eq. (4.38) into Eq.(4.36) gives us,
4 3, e ot
Jarm /e @1 ot e,

= (&', *pE, *p")/m [ 1,(a°) - I (aD) 1/2. (4.41)

Similar considerations leads us to

P by ] ' *. .
jdk[mq/Eq(k)] (&', °pE, K/ (m m)} £y

= (& Rk, P /mO ] (D) + L)) 172, (4.42)

where

2 ] 2 o ~2
I.(q) fdk[mq/Eq(k)] (1) /(m 7)) £, (4.43)

17(q2) fdic’[mq/Eq(iZ)] {(E-k)/(mqaz)} £, (4.44)

Now we use Eqgs.(4.35), (4.41) and (4.42) in Eq.(4.21) and
compare the result with the definition given in Eq.(4.18). This leads

us to
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2, _ =5 3 -,
F,(q%) = (2/m) f (4R (2" (m /E_(R)]
x[fl (@0 ?/ @) - (@0’ miah/a
q q
[ (@R @) - (@0 @ahnua - 13t
. 20 2
y [(EK)/(m 1)) - (@K)/(m )1 /2
g [ /Gn 17} + (@1 /(m gP))1/2 fs], (4.45)
2, _ 2 3 >
Fy(a) = (2/m) f1aR/(2m)°][m /E_(B)]

y [{'4 € (1 -{(ﬁ-k)z/(mflﬁz)} -((a-k)z/(mic”zz)}l/z:l : (4.46)

Again the invariant structure of the functions Fl(qz) and F2(q2)
is clear from the Eqgs.(4.45) and (4.46). (It is useful remember that
the form factors are quadratic in the invariant amplitude. This is

true for the pseudoscalar meson case also.)
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CHAPTER V

Dynamical Equations

We now develop an integral equation which can be used to
determine the invariant functions E, F, A and B given in Chapter 3.

This is done through the analysis of Egs.(2.5) and (2.6). We have,

cr M
[lxua My Ja(x) gy q(x)x(x), (5.1)

(3,3 + ml Ix(x) = -g, TEIA(X). (5.2)

Here, for simplicity, we are considering the case where the
explicit gluonic interaction has been neglected. (A covariant
description of gluon-exchange is presented in the Appendix E.) We
first analyse the equation for pseudoscalar mesons which is relatively

simple.
5.1 Integral Equation for Pseudoscalar Mesons:

We now form the matrix element of Eq.(5.1) with meson and

antiquark states. Thus we have,

: v [y g = - > -
[i¥, 27 -m_ ]<K's tla(x) [P’ Mp> = g, <k's tlq(x)x(x) |p' Mp>.

(5.3)
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Similarly by forming the matrix element of Eq.(5.2) with two

meson states we get,

H 2 YL =y - . 2o (=
[8,3" + m ]<B' M'LIX() P Mp> = -g, <p' M'pIG)a(x) 1B Mp>.

(5.4)
By using the relations
<EKs tlax) P Mp> = e X (P7k) P t|q(0) |p” M> (5.5)
and
-l ® -ty!
M0 PMp = PP g x@ B M, (5.6)

we can simlplify Eqgs.(5.3) and (5.4) to find,

e - X - mq] <X 's th(O)I?MT> =g, ks t{q(0)x(0) [P M>,
(5.7)
_ 2 2 YL = - o RV L= =
[ -a” +m 1<B' M'LIX(O) [P Mp> = -g, <B' M'1[T(0)a(0) [P Mp> ,
(5.8)
2 _ a2 . . i
where ¢~ = (p'-p)~. Upon inserting a set of mesonic states between

the operators q(0) and x(0) in Eq.(5.7) we obtain,

& -X - mq] <K's tICI(O)lYJ'M,I?-

= ' t ! =1 1 g
- & B, [am FeTHIa) B B M) 18 M

(5.9)
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It is clear that this factorization is approximate, but we expect
that the main contribution is from this particular set of states. Now
using the definition of the form factor in Eq.(4.1), Eq.(5.8)

becomes:
t 1 o J
B' M'p1x(0) [ Mp>

- -GMTM.TU/(Zn)sngX/(mi D)1 2w/ @ o@D F ). (5.10)

Now from the expression for Fs(qz) in terms of the invariant
amplitude in Eci.(4.12) it is evident that the form factor is a
functional of the amplitude we are trying to obtain. Thus Egs.(5.9)
and (5.10) form a set of nonlinear coupled integral equations. This
set of equations can be combined pictorially as in Fig. 1, where the

nonlinear nature of the problem is apparent.

As it stands, Eq.(5.9) is a covariant equation. Thus we can
analyse it in any frame. This equation becomes very simple in the
antiquark rest frame, _1? = 0. We again stress the point that this
choice jis only a matter of convenience. Different frames are
connected to each other by Lorentz boosts. Since the amplitudes are
defined in an invariant way it i§ easy to go from one frame to

another, It is this covariant formalism which makes our analysis
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very elegant. Now using the definition of invariant amplitudes in

Eq.(3.11), we can rewrite Eq.(5.9) as,
(& - % - m_ 1[8°(B+F p/m)V(R, )] //u(@)

g, [1B /@) @ g /m VR 91 My x(0) 17 M,
; (5.11)
where we performed the sum over the isospin index M'T and cancelled
the isospin factors on both sides of Eq.(5.9). Here E and F are

2.4

functions of [(p°k/mq)2-m ] and E' and F' are functions of
. 2 2% . > _

[(p 'k/mq) -m~]°. In the antiquark rest frame, where k = 0, E and

F become functions of |B| and E' and F' are functions of |B'|. After

putting T?= 0 in Eq.(5.11),using the explicit representation of Dirac

matrices in Eqgs.(1.4)-(1.8), and using the fact that

V(k=0,s) , (5.12)

where X_g is a two component spinor, we get
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—

Ay

oB-om PP [(E(p) - F(p)u(B)/mix__

[1//u(B)]

BT -w(B) -F(p) (p/m) H*3 x
W | | | p/m) p _

hll

{E(p")-F(p"w(B")/mIx_

- g, fd;s' 1/ (8] B M Ix(0)[B M

{(-F(p') (p/m)} 6"5’X__SJ

(5.13)

Here we denote |B| and |B'| by p and p' respectively . Further,
P and p' are unit vectors in the direction of P’ and B', respectively;
& is the Pauli spin matrix. For the analysis of equation (5.13) it is

useful to define,

R (@ = [I/Ve@II[ E(p) - F(p) w(B)/m |, (5.14)
Ri(p) = -[1//w(B)][p/m] F(B), (5.15)
R (P") = [1/Vu(B)][ E(p") - F(p") w(B")/m ], (5.16)
R (p") = -[1/e(B) 1 {p'/m] F(p"). (5.17)

Using the definitions in Eqgs.(5.14)-(5.17), Eq.(5.13) becomes,
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{[w@-2m IR, (P) - PRy(P)} X_g

(PR _(P) - w@BR (P} BT x_
. ]
R,(P)  x_g

- g fdgv < MpIx(0) B Mp>
R (") B'ed *s |

(5.18)

Equation (5.18) can be written as two coupled 2x2 matrix
equations. We multiply the upper component from the right by X_;
and the lower part from the right by -x~; ﬁ’?. We then perform a

sum over the spin index s. Finally we take the trace over the 2x2

matrix in the upper and the lower part separately. Thus we have,
(w(®-2m } R (p) - p R)(P)

-PR () *+  w(p) Ri(p)

R, (@)
= g, fdb" <B' Mp1x(0) [P Mp>

- Ry(p") P!

L .

(5.19)

where we used the fact that
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Tr [ 3+& 3B | = 2X-B. (5.20)

Finally using the definition in Eq.(5.10), Eq.(5.19) can be

written as:

R_(p) 2m p| [R, (P

w(B) z

By @) - o [R(P)

-8 [iaB/en’t nte@ue@n I E e/ o -6

B r
1 o | R, ()

x (5.21)
0 -peB'| | Ry(P"
- A L d

This is the central equation for all of our analysis. Note the
hermicity of the kernal in Eq.(5.21), which is symmetric under the
interchange of P and B'. This has the effect of reducing this problem
to an eigenvalue problem with real eigenvalues. Equation (5.21) can
be solved for Ru(p) and Rl(p) and thus for E and F. The details of
the calculation are presented in Chapter 6. Since we do not make a
static approximation the "effective potentiai" term in the kernal is
nonlocal. Also note that our equation is homogeneous, which is what

we expect for a bound-state problem.
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5.2 Integral Equation for Vector Mesons:

As in the case of pseudoscalar mesons, we form the matrix

elements of equation (5.1) with vector meson and antiquark states

and develop Eq. (5.2) with vector meson states. Thus we have,

- % - m ] s t]q) P M>

=g I, [dB' <R s t|q(0)[B' M M. ><B' \' M'_[x(0)|P M..>,
X XMT T T
(5.22)
and
C-a® +md 19 A M [x(0) 1B ) M.
X T T
- - =-UUIRY (I =

g, <p' A MTIq(O)q(O)Ip A Mo> (5.23)

Using the definition of form factors in Eq.(4.18), Eq.(5.23) becomes,

<g' M'TIX(O)IB A Mp> = -5MTM,T[1/(2n)3]IgX/(mi _qz)]

<[2m/ (B 1 I(E, ) *pE, ') /m?) F (@) +(&',15,) Fy(aD].
(5.24)

-After using the definition of the invariant amplitude in Eq.(3.24),

and cancelling the isospin factors on both sides of Eq.(5.22), that

equation becomes,
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b & m )15, k/m ) A (1g/m) <& (KB p/m) ]V (R, )} /Vu(®)
=6, %) [1aB//u(B)
*[(8'tk/m ) A' (1op'/m) 38y, (KBUB/m)IV(E,s)

x<p' ' MTlx(O)I'fS’ Mp> . (5.25)

Using Eq.(5.24) and performing the \' sum making use of
e v 2
R AL SO TR e L (5.26)

Eq. (5.25) yields,

[ p- & -m 1 [{(&,*k/m ) A (1-p/m) %, (A+B g/m)IV(K, )] /Vu(B)

- g [1aBvem®) Em/@e@n i -aH1 e

x Esx-p'/m)Fl(qz)[{-p-k/(mmq)+(p-p'/m2)p'°k/<mmq)}A'lu—/p'/m)

-{(56/m) +(p+p'/m°) (B'/m)}(R"B' p/m)IV(R,s)

*Fy(@°) [((-ke§,/m_) +(p'*E,/m) (kp')/(mm )}A', (1-6"/m)

-+ (p'eg, /m) (8'/m)}(ANE p/m) | V(R,s) |

(5.27)
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In Egs.(5.25) and (5.27) A A and B are functions of

11
[(p*k/mq)z-mz]% and A'l, X' and B' are functions of

1
[(p'°k/mq)2-m2]2. Again we analyse Eq.(5.27) in the antiquark rest

frame, ‘l? = 0, In this frame A A and ~]é are functions of IBI and

1’
A‘l, X' and B' are functions of |B'|. For the analysis of Eq.(5.27) it

is useful to define,

R (@) = [I/Vu@ ]l Ap) - B(p) w(@)/m 1], (5.28)
R (p) = -[1/Vu(B)](p/m] B(p), (5.29)
R () = [1/e(@B)] A - B(p) w(B')/m 1, (5.30)
R/(p") = -[1/Vu(B)]1Ip'/m] B(p). (5.31)

Here, for simplicity, we denote |B| and [B'| by p and p’,

respectively.

The analysis of the Eq.(5.27) is very involved due to the
presence of the polarization vector E)‘u. It is simple to consider the
transverse polarization M=t and the longitudinal polarization- A=0
separately. For the tranverse polarization A=t the time component

£S=0. Thus we have,

g, = (0, 5, (5.32)
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(5.33)

F oD, (5.34)

Using Egs.(5.28)-(5.34) and (5.12) we can write Eq.(5.27) for

A=t as:
-
((u2m R (p) - PR ()} 2T x_,
(PR_(P) -  WR(P)} BT L, T x__

- g2 (@Bven’] v e@eE)?] wmd -]
R_(P)(-F, () (B'*E,/m) M, + Fy(a) M) x__
(B(p")/VW'H-F (¢ (B'*E,/m) M, + Fyla’) My} x_

- T (5.35)
where
M, = -{1/(1+0'/m)}{-u/m +(u'/m)(pep'/m>)}(B'*5/m)

-Bm - (pep'/m>) (@' *T/m)},



48

My = (1/(1+0'/m)) (u'/m) (3'E, /m) (B'+3/m)
E,+T+ (B'F,/m)(B'T/m)},
M, = (~(Be37m) +(pep'/m’) (B'F/m} B'F/m

-(1+4'/m){-u/m + (pep'/m>)(u'/m)},
M, = (-F,3 - (B'+E,/m) (B'*37m)}(B'*5/m)
>, =
+(1+w'/m) (w'/m) (p'*§,/m) .
We have used the relations,

A = —(K+§)/[1+p-k/(mmq)] , (5.36)

Al = (KB [1ep'k/ (mm )] (5.37)

and the notation

w = w(@, (5.38)
o' = w(@"). (5.39)

Equation (5.35) can be decomposed into two 2x2 coupled matrix
equations for Ru(p) and Rl(p). Now we multiply both the upper and
the lower part of the Eq.(5.35) from the right by xjs and from the
left by ':,'t-? separately and perform the sum over the spin index s.

Finally we take the trace of the upper and lower part of the
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resulting equations separately and perform a sum over the transverse

polarization A=%. For the trace evaluation of the 2x2 matrices we used

the following relations:

sk 3}
Txp = -upE,, (5.40)
T, <k, = it B, (5.41)
and
Tr[ 3eA GeB 3°C | = 2i(AxB)*C, (5.42)

Using the relations in the Egs.(5.40)-(5.42) we perform the

required traces in Eq.(5.35). We can write that equation as,

(w-2mq) Ru(p) - p Rl(p)

2
P R, P - w Rl(p)_J
= -2 fiaBren®l eo/w@deE) [l -ah)
“R_(p") (w'/m -1) [w'/m + BB/mDOIML - (beB)’]
x| B (@)
-R,(p") (pP'/m) 1 - (B+B)7] il
“R () {(u'/m - 1)[1 - (B+p)%] + 2 )
+Fy(q) (5.43)
-R)(p) 2 p°p’
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In deriving the relation in Eq.(5.43) from Eq.(5.35) we made the

replacement,

Bef, 1 = 131% - gesn’isz (5.44)

where p and P' are unit vectors in the direction of P and P,

respectively.

We now consider Eq.(5.27) for the longitudinal polarization, X=0.

For longitudinal polarization we have [See Eq.(3.22)],

gl = Bl/m, pu@/m] . (5.45)

Using Eq.(5.45) and considering the equation in the antiguark
rest frame ( R=0 )}, Eq.(5.27) becomes,

{(o=2m )R () - PRy(P)} BT x_

{(pR,(P) - wR,(P)} X g

- g2 @B/en’) En/@e@))] 1w -d))
R (6')(F, (a2 (0"*E_/m) M, + F,(q®) M.} x ]
u 1 o 5 2 6" -

X (5.46)

S

, 2, ., 2
{B(p")/Vu'HF (q") (p'*E /m) M, + Fo(q") Mg} x_SJ
L.
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where
M, = -(1/(1+'/m)}{-u/m +(s'/m)(p*p'/m’)} B'*F/m
{(BFm) - (pep'/m®) (BT/m))
M = {"1/(1+w'/m)}{'Ez*‘(w'/m)(p"\io/m)}(B"a"/m)
HE 0T - (p'eE /m) (BeETm))
M, = ((-B*F)/m +(p*p'/m’) (B'*@/m)}(F'*3/m)

- (1+0'/m) {(-w/m) + (p*p'/m°)(w'/m)}

Mg = {-E_*7 + (p'*§ /m) (B'*8/m))(B'*8/m)
- (1+0'/m) (-§2+ (o'/m) (p'*5_/m)} .

We now multiply the upper part of this equation from the lefé by
ﬁ'? and the right by x_;. Similarly we multiply the lower part from
the right by x_;. After performing the sum over the index s and
taking traces of the upper and lower part separately Eq.(5.46)

becomes,
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{(w-qu) Ru(p) - P Rl(p)}

{p R (P) - w R (p)}

= -gi f[dB'/(Zw)sl [2m/{w(B)w(f)")}%] [1/(m)2( -q2)]

R_(P) [(we'/m’) BB'/m?) - (BopH (B + W'BPy/m’

s 3 (wo'pp/mYy + ((Be892-13 (20" uBeB) /m’]

« | Fy (e
L R (p") [{up'-w'p B*B") (w'p-up' Bep)/m’]
L -
_ “
IN[ (R /il 1,2y on ary2 A Ay 2]
R_(p) [(B+B'/m%)- (ww'/m?) (BB") - (w/m) (1-(B+8) >
+B,(q")
R,(0) [(pp'/m®) - (w0'/m*)pep] |
(J5.47)

We can eliminate the polarization dependence of the equations by
combining Eq.(5.43) for transverse polarization and Eq.(5.47) for

longitudinal polarization. The resulting equation is,



®_(p)

_Rl(p)—‘

-(g2/3) 1B/ (0’1 2o/ @ e@))

r—Vl
11
2
x| B (q")
1
V21
.
2
V11
2
+Fo(q")
2
V21
where

53

—

qu P Elu(p)

P 01 (R(P)

— e -

SR CR Y

Ru(p']

(5.48)

(5.49)
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vi=c@? v wBh/mde @BYmd)((w/m) +(e/m) +(ua'/m’) -1]
- 38 2@%8 % /mYy [(w/m) +(u'/m)]
A AL 3 1 2 1 ] 2
+ (Pep") (pp'/m7)[1 -(w/m) -(w'/m) +(ww'/m7)] ,
(5.50)
Vi, = (ep/mD L - (wo/mD)] + (Bep) FPw? ¢ By /m’
- (B+p" 2 (pp'/m?y [(uu'/m?) + 1] , (5.51)
V2 = e s w)/m e BB
A ari2 : . .2 ‘
v (BB) [(w/m) + (w'/m) - (wo'/m®) - 1], (5.52)
ng = -(pp'/m%) + Pep'[(uw'/m) + 2] . (5.53)

In deriving Eq.(5.48) from Eqgs.(5.43) and (5.47) we changed the
sign of the lower part of the resulting combined equations. This is
done to exhibit a hermitian interaction for this problem. Here again
we notice the symmetry of the kernal in Eq.(5.48) wunder the

interchange of P and P'.

This is the dynamical equation we have to
consider for the vector meson. The method of solution of this

equation is exactly similar to the pseudoscalar case and is described

in Chapter 6.
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5.3 Equations of Motion for Particles without Isospin:

For the charmonium and wupsilon systems the quarks does not
carry isospin. In our whole analysis the isospin factors drop out from
the equations. Thus we can extend our analysis to particles without
isospin. This is because all our amplitudes are defined to within a
constant multiplicative factor and it is the normalization which fixes
this multiplicative factor. In this case we define the amplitude in a
slightly different way so that the expressions for various physical
quantities under consideration are same as in the case the quarks

have isospin. Thus for pseudoscalar meson we define,

<Fs g, 0IF> =1 /2]><[1/(21r)3][1/2w(i5)]%[mq/Eq(l?)]%

x[ T(K,s)(A+B ,p’/m)lxs]a , (5.54)

where |]_<’ s> is the quark state and |B> the meson state. The charge
conjugate amplitude can be derived from this in a manner exactly
similar to the case when there is isospin [See Appendix B]. Thus

we have,

3 3

<Ts la 18 > = n V2Ix11/20 ) [1/20(B)] [m /B (®)]

<[ P EF pmVE,s)] (5.55)
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where E = A ,F = -B and n is a phase factor. As in Egs.(3.13) and

(3.14), if we define,

3

ﬁu(k) = {[4n/{m(zn)3}][sq(’ﬁ)/Eq(l?)]} {(E(k") - F(x"Y)} , (5.56)

ﬁl(k) = {[417/{m(21r)3}][sq(ﬁ)/Eq(E)])%{E(k') + F(k")) k/sq(ic’) ,
(5.57)
where k' = mk/mq, we can choose a normalization:
Jdk iz[{ﬁu(k)}zwfcl(k)}z] - 1. (5.58)

With this normalization the new problem is the same as the old
problem with isospin. Similarly, in the case of vector meson we

define,

H 3

<Rs 1T 1B > = (/2111720 1 [1/26@)] [m /B ()]

x(ﬁ(]?,s)[é’,x'k/mq A (1% p/m) o, (B+B p/m)1) .
(5.59)

We have,

3

ﬁu(k) = {[417/{m(21f)3}][Eq(ﬁ)/Eq(l?)]} (k") - Bx" , (5.60)

R,00 = (an/men* e /e BNFEER) + o) ke @

(5.61)

jdk ?cz[(f{u(k)}z‘f(ﬁl(k)}z] = 1. (5.62)
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CHAPTER VI

Numerical Results and Discussion

Here we discuss our calculational procedure and the results of
our analysis. First we comment on the parameters of our model. We
consider the case where we do not include the gluonic degrees of
freedom explicitly. In this case we have three parameters in our
model. These are the constituent quark mass, mq, mass of the scalar
field, mx, and‘ the coupling constsant, gx, which determines the
strength of the coupling of the quarks to the scalar field. In
addition, we include a cut-off parameter in the form factors. This
cut-off is used to regulate the behavior of the theory at high
momentum transfer. The details of this cut off is given in Section
6.3. Of these three parameters m,, and g, are fixed from our
previous calculation of nucleon structure [11,13]. Thus the only free
parameter in our model is the flavour-dependent constituent quark
~mass, mq. The inclusion of explicit gluonic degrees of freedom
introduces another parameter in our model. (The details of this

modification are given in Section 6.4.)

We now describe the procedure we used in the numerical

calculations. The central equations in our formalism are given in
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Chapter 5. These are Eq.(5.21) for pseudoscalar mesons and
Eq.(5.48) for vector mesons. The method of solution for both these
equations are the same. Thus we consider the equations for

pseudoscalar mesons in detail.
6.1 Mass of the Meson as an Eigenvalue:

Mathematically Eq.(5.21) is a homogeneous coupled nonlinear
integral equation. This is due the fact that the amplitude we are
trying to obtain appears in the expression for the form factors [See
Eq.(4.12)}. (This is clear from the  Figure 1.) Another very
important feature is the appearence of the mass of the meson 'm'
(which is an unknown quantity) in a nonlinear fashion in Eq.(5.21).
It is useful to note that this mass, m, also appears in the expression

for the form factors given in Eq.(4.12).

Thus for a given gx, mx and mq, Eq.(5.21) represents a
nontrivial eigenvalue problem. It is a homogeneous equation for Ru(p)
and Rl(p) and it does not yield a nontrivial solution for all values of
m. Thus the value of m is determined so that one has a nontrivial
solutions to Eq.(5.21). This is true for the vector meson case also
where we consider Eq.(5.48) instead of Eq.(5.21). We denote this

value of m which yields a nontrivial solution as m(theory). [See

Tables 1-2]
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In actual calculation we cast our equations in the form of an
eigenvalue equation by replacing w(p) in the L.H.S of Eq.(5.21) by
0%+ 3HL

+ With an initial guess for m and for the scalar form

factors we now iterate Eq.(5.21) until the whole procedure is self-
consistent. It is important to note that the initial guessed form for
Fs(qz) is only used in» the first iteratibn. After full iteration,
Eq.(5.21) will give a new self-consistent form factor. We achieve full
self-consistency by making the eigenvalue \ the same as the input

mass m, [denoted as m(theory) in Table 1-2].

We adjust our quark m.ass parameter, mq, so that we get self-
consistency for the ground states of the p, J/Y and T systems. Now
when considering the excited states (for each flavour sector) we do
not change any parameter. We just look for the next self-consistent
eigenvalue of Eq.(5.21) with the same parameters as used to
construct the ground state. Thus the properties of the excited states
are predictions of our model. For vector mesons a similar analysis can

be made using Eq.(5.48).

As a by-product of this self-consistent analysis of Eq(5.21), we
get the eigenvectors Ru(p) and Rl(p) for each eigenvalue m. Using
Eqgs.(5.14)-(5.17) we can now find the invariant amplitudes E and F.

Once we have the invariant amplitude we can calculate the meson rest
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frame wave functions ﬁu(k) and ﬁl(k) using Egs.(3.13) and (3.14).
The arbitrariness in the amplitude due to the homogeneity of
Eq.(5.21) can be removed by using the normalization condition of

Eq.(3.15). The same analysis may be used for vector mesons as well.

In our analysis we use 8y = 7.0 and m = b500Mev. The
constituent quark mass, mq, for wvarious flavour sectors are

presented in Table 1.
6.2 Coordinate Wave Functions and Radii:

Once we have the self-consistent invariant amplitudes and the
momentum-space wave functions, flu(k) and ﬁl(k), as described in
Section 6.1 we can calculate the coordinate-space wave functions by

Fourier transformation. Thus we have,
& () = (2/m? [22ak R (¥) i (kr) (6.1)
u u o ’ )

ﬁl(r) = /m? f}?’z dk R (k) j,(kr). (6.2)

Here jo(kr) and jl(kr) are Bessel functions of order 0 and 1
respectively. Plots of coordinate wave functions for various systems

are shown in Figures 2-5.
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Once we have the coordinate-space wave functions we can find
the size of the soliton. Thus we have the root-mean-square radii of

baryon and scalar densities:
<?>_ = frz dr rz[{ﬁu(r)}z + (ﬁl(r)}zl, (6.3)
ards_ = frz ar 2[R () - (R en?. (6.4)
Values for these-root mean-square radii are presented in Table 1.

For charged particles (for example p and 7) we can also define

charge radii, <rz>em, by taking the appropriate slope of the

electromagnetic form factors. Thus for pseudoscalar mesons we have,

2 em, 2
<0 = ~(1/6) dF¢ (q )/dq I (6.5)
and for vector meson
2 . em, 2 2
<> = -(1/6) dF, (q")/dq Iq2=0 ) (6.6)

where F (q ) and F (q ) are given by Eqgs.(C.18) and (C.72)
respectively. The values for these radii for m and p mesons are

given in Table 1.
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6.3 Form Factors:

From the (self-consistent) analysis of Eq.(5.21) for pseudoscalar
mesons and Eq. (5.48) for vector mesons, as described in Section 6.1,
we get the self-consistent form factors Fs(qz), Fl(qz) and Fz(qz),
which were defined in Chapter 4. As we mentioned earlier, there is a
cut-off in our model to regulate the high momentum components in the

theory. We chose a dipole form:
2 2,,,2 2.3
£(a) = [A /(A -q)] (6.7)

with A = 10£‘m_1 * 2Gev for this cut-off. During iteration we modulate
all.of our scalar form factors, Fs(qz), Fl(qz) and Fz(qz) with this
factor. Note that this effects only the high q2 region of the actual
form factors. These modulated form factors for wvarious systems are
ploted in Figures 6-9. It is important to remember that the self-
consistent solution we present are obtained with the modulated form
facators. The use of form factors does not effect the self-consistency

of our solution,
6.4 Mass of the Meson as an Expectation Value of the Hamiltonian:

We have calculated the expectation value of the Hamiltonian for
various mesons in Appendix D. Using the self-consistent amplitudes
we can explicitly evaluate this expectation value. Thus for

pseudoscalar mesons, using Eqgs.(D.15) and (D.16), we can calculate
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S

<H> = = 2[m - <Eq>] + Ex. (6.8)

"
The values for <Eq> and E)s( are given in Table 2 for various

mesons. For vector mesons we have,

v

<H> = x

= 2[m - <Eq>] + € (6.9)

My

where <Eq> and E:. are given in Eqgs.(D.29) and (D.30)
respectively. The values for <Eq> and E;’ for wvarious vector

mesons are also presented in Table 2.
6.5 Numerical Results with Gluon-Exchange Correction:

We now investigate the effect of gluon-exchange in our model by
considering the equations given in Appendix E. Here we consider
Egs. (E.32) and (E.40) for pseudoscalar and vector mesons,
respectively. These equations are similar to the homogeneous integral
equation we considered in Section 6.1 except for the fact that the
kernal due to gluon exchange does not depend on the amplitude we

are trying to obtain.

From Eqgs.(E.32) and (E.40) it is clear that this correction
introduces one more parameter, g, which is quark-gluon coupling
strength. In addition we have a new cut-off function fG(qi) which
is needed to make the kernal due to gluon exchange finite. For this

cut-off function we chose,
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ey = 2/l - gy” (6.10)

where Ak = 30 f.'mnl and n = 6. We have a larger cut off for Ak for
this function compared to the previous one due to the fact that we

want to keep the high-momentum components of the gluon exchange

as this is expected to be a relatively short-range effect.

With the new parameter g and the cut-off function fG(qlzc) we
analysed Eqgs.(E.32) and (E.40) as described in Section 6.1. We fix
the parameter g such that we have the right mass splitting between
J/¥(1S) and the xc(ls). With these parameter fixed we now have a
prediction for the splitting between J/Y(2S) and XC(ZS) and between
various pseudoscalar and vector states in the upsilon systems. In
carrying out this program we change our quark mass parameter,mq,
to give a new self-consistent solution using the techniques described

in Section 6.1.

In our calculation we used g2 = 6.08 or @, = gz/(41r) = 0.48. The
result of these new self-consistent calculations are given in Table 3.
Here <r2>B and <r2>S are the same quantities as defined Section 6.2

except that we now calculate these quantities using the new self-

consistent amplitudes.



65

In Table 4 we present the mass of the meson calculated by taking
the expectation value of the Hamiltonian [See Eqs.(E.67) and
(E.102)]. In the table the wvarious contributions are tabulated

seperately.
6.6 Discussion:

We have presented a simple field-theoretic model of nontopological
solitons with a minimum number of parameters and demonstrated the
simplicity and the power of the covariaﬁt analysis. We did not try to
make a detailed fit to various levels by doing an extensive parameter
search. From Tables 1 and 2 we have a resonable fit to various levels
of the mesonic systems. The main discrepancy is the too large
seperation between the various states of charmonium and upsilon
systems. There is also a difference between m{theory) calculated from
the dynamical equation and the my, calculated from the Hamiltonian as
can be seen from Tables 2 and 4. It is interesting to note that the
largest discrepancies between m and My appear for the mesons with
the smallest size. The discrepancy becomes smaller as the meson size
'increases in a systematic fashion indicating that for quite large

objects one could achieve consistency for m and m As we pointed

H
out earlier we did not attempt an extensive parameter search and it

may be possible to remedy the defects noted here partially by

carrying out such a search.
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From Table 1 it is also interesting to note the degeneracy in
masse between the pseudoscalar and vector mesons, eventhough the
equations which determine the invariant amplitudes for pseudoscalar
and vector mesons are very different [See Eqgs.(5.21) and (5.48)].
The inclusion of gluon-exchange removes this degeneracy, as can be
seen from Table 3. Thus we have the predictions for mass splitting
in the  upsilon system: m[T(lS)]J=1-m[T(IS)]J=O=35 Mev. The
splitting of T(2S) and T(3S) states are quite small and probably not
significant, given the numerical accuracy of our calculation. It is
worthwhile noting that inclusion of gluon-exchange gives an overall
attraction in both pseudoscalar and vector channels, but the

attractive force is stronger in the pseudoscalar channel.

In our formalism without gluon-exchange the pion is degenerate
with the p and w mesons. The inclusion of gluon exchange in the pion
channel has some interesting properties. It leads to a quite strong
attraction [18] in this channel and we were not able to find a stable
solution. (The numerical results became very unstable in this case.)
It is true that any satisfactory model of pion structure requires some
understanding of the breaking .of chiral symmetry in QCD and our
effective Lagrangian in Eq.(2.3) does not exhibit chiral symmetry.
But within the broken symmetry configuration it is interesting to see

the large attractive contribution obtained from gluon-exchange
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effects. Ofcourse, the description of the pion in our model as quark
antiquark pair has its own limitations. It may be possible to improve
our model by expanding the Hilbert space to include the sea quark
effects. It is also true that we did not consider the Goldstone boson

natutre of pion in our model [19].

Another serious limitation of the model is that we do not have a
confinement mechanism. A specific coavariant confinement model is
described in [15]. We are now investigating the consequences of

this model.
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APPENDIX A

Parity.

In this Appendix we investigate the properties of the amplitudes
given by Eqgs.(3.10) and (3.23) under parity transformations. With P
as the parity operator we have [16,17],

P q(0) P = 5° q(0), (A.1)
1068 Rt s, (A.2)

E]l-zst>=

where ¢(k,s) is a phase factor. Now we consider the transformation

of pseudoscalar and vector mesons seperately.
A .1 Pseudoscalar Mesons:
For a canonical state we have [17],
PIBM.>=-|-PM, > (A.3)
Consider now the amplitude given by Eq. (3.10)

R's tIT, 0P Mp> = £,(k,p,t,M)x[ T(E,5)(A+B p/m)3’]

T )

(A.4)

where



£,0e,p, M) = (170 (17201 m /BRI 1] 08y 1,

Using Eqs.(A.1)-(A.3) we have,

<Ks t1g (0) |8 Mp> = <Rs t|P

Using the fact that A and B are functions of [(p'k/mq)z—mz]

write Eq.(A.6) as:

<K s t|g(0)|PM

where

Now using

Eq.(A.7) becomes:

=> .
<k's t|g(0)IB M

_o18(k,5)

> = - ¢9(k:9) £.(k,p,t,M

g
2q,,(0)

T)

x [U(-R,5)(a + B H/mre°]_

> = 09 £ ap,t M)

x [O(-R,s)¥%(A + B,p'/m)?fs]a.

plpIM >

<R st |35(0]-B Mp> (1),
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T
(A.5)

~

T

(A.8)

3

we can

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)
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Further with the relation
UC-R,s) = 208 ° y(Rs) (A.12)

we can recover Eq.(A.4) from (A.11}. [Note the important role of 2{5

in Eq.(A.4).]
A.2 Vector mesons:
For a state with helicity A we have [17],
-P -\ M,> (A.13)

where n is the intrinsic parity of the vector particle. We now

consider the amplitude given by Eq.(3.23),

- _ - -
<K's t1F 08 Mp> = £(k,p,t,Mp)

<[O(R,$)((5,"k/m A (1 + p/m) + &, (A + B p/m)}], .

(A.14)
Also we have,
5 -— - -1 -1 —_
<R s t[§,(0)|F A Mp> = <K's t|P "Pq (O PIF X Mp>
. -im i¢(k,s) _ o — = o
=e e <-K's thsi(on B -) Mp> (¥ )Ba (A.15)

where we have used Eqgs.(A.1), (A.2) and (A.13). Now using

Eq.(A.14) we can rewrite Eq.(A.15) as,
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<K s tIFLO) PN M> = n o IMglé (K, 5) £,(k,p,t,M

T T)

< TCR ) E K/m A+ Fm) + B (& + B Emn®)

(A.16)

where

™=, D, (A.17)
and

TV= wlem , B (A.18)
Making use of the relation

Ww_ 0o P :

E_x - (gx E) gx) (A'lg)
we find

E_{k = &k, (A.20)

0y O _

¥ ,Z_)‘ ¥ —}/)‘ . (A.21)

We can recover Eq.(A.14) from Eq.(A.16) by noting that the

intrinsic parity of the vector particle n = -1.
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APPENDIX B

Charge Conjugation

Here we derive Eq.(3.11) from Eq.(3.10), and Eq.(3.24) from

Eq.(3.23). With € as the charge conjugation operator we have

[16,17,20,21],
— -1
c (]?s t> = Ny ll?s ~t> (B.2)

where C = i 2{2 ?fo and |k s -t> is the antiparticle state corresponding
to the particle state I]?s t>. In addition, for the mesonic states we
have [16,17,20,21},

M

ClBMp = (-1 T IF-Mp, (B.3)

T

1+M
CIPAMp = (-1) BN M. (B.4)

From Eqs.(B.3) and (B.4) it is clear that the neutral
pseudoscalar and vector mesons are eigenstates of the charge
conjugation operator with eigenvalues +1 and -1, respectively. For
the bseudoscalar meson we now consider the amplitude given in

Eq(3.10),



R s T (O P My = £(k,p) [T(R,5)(A + B f/mys°]_ x, T8y 1, ,

T

T
(B.5)
where
f(k,p) = [1/(21031[1/2w(5’)1*[mq/Eq®1*. (B.6)
We also have,
R s tIT0) P M = <K s IS Qa (0C CIF My
1M s -1
= (1) n, <K s -t]qy(0)|F -Mp> Cp ™, (B.7)

where we used the relations in Eqgs.(B.1)-(B.3). We can now rewrite
Eq.(B.7) by using Eq.(B.5):

1+M

T _
<K s thﬁi(O)I?MT> = (-1) ny <Ks t|T 018 Mp> C g
1+Mp - 5
= (-1) n_tf(k,P) [U(k,s)(A + B p/m)¥ ]aCaB
P28 B.8
<Oy (B.8)
Now,
v®R,s) = ¢ (TR, ’ (B.9)
cy ct= 57T (B.10)
u u
. M
=y Te, (B.11)
Mp Mp

c = -1. (B.12)
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We can also rewrite Eq.(B.8) as,

s tla 0T Mp = £(k,p) [1(E + Fp/mV(ER,9)],

e T
.A
x [(t eM ) x—tn—t]i s (B.13)
T
where
E = A, (B.14)
F = -B. (B.15)

This is the relation given in Eq.(3.11).

Using Eqgs.(B.1), (B.2) and (B.4), a similar analysis for the
vector meson yields,

M
~» T -
<K's thBi(om‘a’ MM = (1) T, <k’s -t|qsi(0)|i? X -Mp> Cy.

(B.16)

Now the right-hand side of Eq.(B.17) can be written in terms of
the invariant amplitudes using the definition in Eq.(3.23). Thus we

have,

M
T
K's tlay(OIF K Mp> = £(,p) (-1 T

-t
(TR, s) [(5,*k/m ) A, (13p/m) + £, (A+B g/m)]} C o

(B.17)
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Now using Eqgs.(B.9)-(B.12), Eq.(B.17) can be rewritten as,
R's tlq,(0)|F A Mp> = -£(k,p)

KU [(5yok/m ) A (Log/m) -E, (K+B p/m) 1V (@903, [C ?-%T)Tx_tn_t]i,

(B.18)

which is the relation previously given in Eq. (3.24).
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APPENDIX C

Electromagnetic Form Factors

Here we calculate the electromagnetic form factors of various
mesons and check the consistency of the normalization given by

Egs.(3.15) and (3.29).

C.1 The Charge Operator:

The charge operator, Q is given by

Q fd)? 1q(x) KO[(l/G) + (13/2)] q(x): , (C.1)

where 4 is the third component of the isospin operator and

represents a normal ordering prescription. For a pseudoscalar meson

we have,

>y 1 = - D1
P MLIQIP Mp> = My, SV §(3'-B). (C.2)

Now denoting the momentum operator as p we can write

q(x) = & *q0ye EX, ' (C.3)

Using Eq.(C.3) we can write Eq.(C.1) as,



7
<B' M'pIQIPM>
= 2m° 8(p'-p) B' MLl G0) °[(1/6) + (/D] a(®): P M>.

(C.4)

If we compare Eq.(C.4) and Eq.(C.2) it is clear that the
relevant matrix element is given by
(2w)3<f3' M'Tl'q(O) Xu[(1/6)+(t3/2)]q(0) 5+ MT>. The charge of the
particle can be obtained from this by considering the time component,
.1 = 0. It is also useful to remember that '('i(O)Xu[(l/6)+(13/2)]q(0) is

the electromagnetic current operator.
C.2 Electromagnetic Form Factor for Pseudoscalar Mesons:

The matrix element of the quark electromagnetic current between

mesonic states is

(21> B! M IGO0 [(1/6)+(t4/2)1a(0) |B M >

3 _em, 2
=My 6 a0 [(PR)Y/(2m)] [Im/(w@)e(B))] . (a7
T MM s
T T ‘
(C.5)
2 . 2 em, 2 . . X

Here q = (p'-p) and Fs (q") is a (Lorentz) scalar function. It is
evident that this is the only invariant we can construct from the
available Lorentz tensors. When we take the time component, u=0, of
Eq.(C.5) and go to the meson rest frame, P=0, B'=0 we have q2=0.

In this way we can exhibit the charge of the particle. Therefore the

normalization has to be such that



Fzm(q2=0) = 1,
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(C.6)

We now check the consistency of the relation in Eq.(C.6) with the

normalization condition given in Eq.(3.15). For this we consider
RV R H LD = i
B MLI1EO) /6 + (D] Q@) [P M = 5 [aR

(B M T 0 E s (") g [(1/6)#(13/2)] ;<K s tlag (0)|F

MT>

~<B' M. plag (018 s t(")  1(1/6)+(15/2)1;<K s 1T, (0) [p M)

(C.7)

where we have inserted a set of quark and antiquark states between

the quark operators. Now using Egs.(3.10), (3.11),

(3.31) and the following relations:

?.A* ‘ +—%.A
g lteeyn Xt]i[(l/G)*(T3/2)]ij[Xt eMT]j

T
=2 8y g, (/0 Mp/2)),
zt[x_:(?-’éM,T)le[(1/6)+(r3/2)11j[< Tedy )T
T
=2 aMTM.T[(1/6)+(MT/z)1,
£ U(k,s) Ulk,s) = (K + m)/(2m ),
EV(k,s) V(k,s) = ¢k - m_)/(2m, )

(3.30) and

(C.8)

(C.9)

(C.10)

(C.11)
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we can write Eq.(C;7) as,
B' M1 1:8(0) ¥ [(1/6)+(14/2)] q(0): 1P Mp>

VIRV

f[drc’/(zwsl [m /E _(B)] [1/{w(r5)w(3')}%]
™ T q q

xTr[f(E”F' p'/m) 8 1 e (B+F p/m) [(+m )/ (2m )T1(1/6)+ M/}

- 5 u.b 1_.1 1 _
+H{(E-F p/m)¥ ¥¥ (E'-F }5/m)[(]<+mq)/(2mq)][(l/6) (MT/Z)]}J.

(C.12)

Here the trace is over the Dirac matrices. Note that E and F are
0 l :
functions of [(pok/mq)z-mz]z and E' and F' are functions of

[(p"k/mq)z-mz]%. After taking the trace we have,

2m® B MLIG©O) T [(1/6)+(x,/2)1a(0) | M >

T MM

=2 M8 (/@ u@) ] f{d}?/(zm31 (m_/E_(®)]

x[EE' (k“/mq) -E'F(p"/m)-F'E(p'"/m)

+FF'{(p'up'k)/(m2mq) -(p-p'/mz)(k“/mq)+(p'-kp“)/(m2mq)}1

_ I ST
= M, 5MTM'T (m/{w(@w@H}] I, (C.13)

where I" is given by,
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™= (2/m) f[dl?/(zn):’][mq/Eq(?)]
x [EE' (k“/mq) -E'F(p*/m)-F'E(p'""/m)

SEF{(p™pek)/ (mm ) - (pep'/m) (k/m )+ (p'ekp")/ (m'm )]

(C.14)
Due to the structure of the integral in Eq.(C.14) we can write
2
M = [e+p)Y/em] 1 (a) (C.15)

where Io(qz) is (Lorentz) scalar function. Equation(C.15) can be

solved for Io(qz) in terms of I" and is given by
1(a) = [m’/@+p)’] 1(p'+p)*/(2m)] 1. (C.16)
Now using Egs.(C.13)-(C.16) we can rewrite Eq.(C.12) as,
(2m° B M0 1 [(1/6)+(t,/2)]q(0) B Mp>

i
= M (/@ e@E) ] [('p)Y/(2m)] MG,

(C.17)

N
T MTMT
where

F™ () = (2/m) j[dl‘«’/(znﬁ [m /B (0]

x[(EE'+FF'>{k-(p'+p)/(mmq)}{mz/(mz+p-p')} -E'F -EF'].

(C.18)
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If we take P=0, B'=0 (and thus q2=0) in Eq.(C.18) we find
B(0) = (2/m) (el @’ im /B (D)

x [(E2+F2){Eq('1$)/mq} -2EF]. (C.19)

In Eq.(C.19), E and F are functions (kmq/m). By using the
definition of wave functions ﬁ.u(k) and ﬁl(k) given in Eqgs.(3.13)-
(3.14) and the relation in Eq.(C.6) we can get the following relation

from Eq. (C.19)

fdk R’z[(ﬁu(k)}2+{ﬁl(k)}2) 1. (C.20)

This is the required normalization as given in Eq.(3.15).

C.3 Electromagnetic Form Factor for Vector Mesons:

We now turn to the definition of the various electromagnetic form
factors of vector mesons. This calculation is more involved than that
for the pseudoscalar mesons as we noted in Chapter 4. We start with

the definition
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M= emd @ M'TI5(0)2‘"[(1/6)+(T3/2)]<I(0)II?X Mp>. (C.21)

Now we can write

}
g4 = 8 v Im/{e @) eEH )]
T MTMT
STGRERE L S CO RN TGN DV R i S O
+5, M@ Cop/my ¢ 5 MG o0 /m)) (D).
(C.22)

where F‘;m(qz), F;'m(qz) and Fgm(qz) are (Lorentz) scalar

functions and %" = (p'+p)"/(2m). The F‘l’"‘(qz), F‘;"‘(qz) and

Fgm(qz) are the only three independent scalar functions we can

construct consistent with the relations,

gp = 0, (C.23)

g.;.p. _— (C.24)
and

un“ =0 . (C.25)

Here q" = (p'-p)". The relations in Egs.(C.23) and (C.24) are
properties of the polarization vectors and the relation given by
Eq.(C.25) is due to current conservation. Upon inserting quark and
antiquark states between the quark operators in Eq.(C.21) we can

write
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no_ 3 -
J° = (2m) zs,t Jdk

(BN M'p13,(0) [’s (™), [(1/6) + (xg/2)],,

<R s thBj(O))h?)‘ Mp>
DIV M'T‘qu(o’“? s t>(xu)a8[(1/6) * (rg/2)]y

x<K s t1q,(0)) B} Mp>}. (C.26)

Now using the definition of invariant amplitudes given in
Eqgs.(3.23), (3.24), (3.32) and (3.33) and the relations in
Eq.(C.8)-(C.11) we find

PMeze, o {laendim B @1 (e@edn’]

MM 3 q9q

<Tr([( #m )/ (2m )] [(F'y, *k/m A" (1op/m)- (KB p/mig', ]

<2 [(5, *k/m ) A (1-p/m) %, (A+B p/m)][(1/6)+(Mp/2)]

-[( Kom )/ (2m )T L(E, *k/m A, (1ep/m) 12, (B+B p/my1a"

<[5y *k/m ) A" (1op'/m) + (KB p/m)L', 11(1/6)-(Mp/2)])
(C.27)
where

Ay E E':" LI (C.28)
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3 '
and A 1

X', and B', are functions of [(p'-k/mq)z-mZ]%. After taking the

~ o~ . 2 2
Here Al’ A, and B are functions of [(p‘k/mq) -m" ]

trace over the Dirac matrices we get

. . R 2m® K

=2 My gy [1/¢u(B)w(@B)}’] f[dk/(z“’ Hmg/Eg ()]
(29 E VM k /mPye, +#(k k /me)e, §P(k k /mo)E, ]
U W A T o'v' g2 ovias

RN TV ST AR G N TCRLBER

g, B op/m) £ ¢ £ E o0 /m) £

+(E,*p'/m) a'xi""[(k”kv/mfl)fgc«"r“—a“) (k,/m )]
e epm) £ IO /) () (e /m )]

1 u ~U al

+LE' Pk, ep"/m7] (k/m) £ ) (C.29)
where

" = (p'-p)/(2m), (C.30)

£ = 284", (C.31)

= 1 1 . 't B =
fz AlAI[(p +p) k/(mmq)] + AlB + AlB ,

' t X 1
+ AIK + A'A + 2A A", (C.32)
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B3 = A A" [(P'-p)*k/(mm )] - A" + A B
- Allé' + A'lA’, (C.33)
£y = -A"Blkep/(mm ) + (pp'/mD)] + AL K(kep"/ (mm )]
+A'1K + X&' - BB'(pep'/m), (C.34)
£, = -, [kep!/(mm ) + (pop'/m*)] + A K [kep/(mm )]
+A1A" + XX - BE'(pep'/m), (C.35)
£ = ’ﬁﬁ'[k-p'/(mmq)] - X'B, (C.36)
£ = ”Bﬁ'[k-p/(mq)] - XB', (C.37)
£s = -A'I”A, (C.38)
£y = -Alz', (C.39)
£, = BB’ + A'I‘B', (C.40)
£ = BB' + Alﬁ', (C.41)
£g = -XX' + BE'(pep'/m?), (C.42)
£ = -'ﬁﬁ'[(p’+p)-k/(mq)] + AB' + A'B, (C.43)
£10 ° EE'[(p'-p)-k/(mmq)l + AB' + X'F, (C.44)
£, = -BB". (C.45)

11
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The functions in Eq.(C.31)-(C.45) are invariant functions of P,

P' and ﬁ They are of three different types. The first is symmetric,
the second is antisymmetric and the third has no symmetry at all
under the interchange of p11 and p'u. We denote these quantities by

FS, FA and F, respectively. Thus we have,

B> = Fo(p,p',k) = F(p',p,k), (C.46)
A = F*p,p' k) = -F(p',p, k), (C.47)
F = F(p,p',k) * F(p',p,k) = F. (C.48)

To evaluate the various integrals in Eq.(C.29) we used the
following relations, which follow from the Lorentz transformation

properties of the integral we are considering. They are

jdi?[mq/Eq(T(’)] M=o, (C.49)
Jd}?[mq/Eq(fc’)] (k“/mq) F = IS(qZ) ¥, (C.50)

where
(q”) = fdl?[mq/Eq(Tc’)] {(?r'-k)/(mq?’rz)} . (C.51)

Also,
jdk[mq/Eq(Tc‘)l a/m) 7 = 3 e, (C.52)

where

A 2. _ > 2 n2e s A
12 = fdk[mq/Eq(k)] (Fx)/(m &) 7™, (C.53)
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and
> > u _ 2, ~U 2, ~u
fdk{mq/Equ (/me) F = 1) W+ L) § (C.54)
where
2, _ - Py ~, n2
L) = (1/2) fdk[mq/Eq(k)] {(x k)/(mq1r Y} [F + F'1 ,
(C.55)
I (qz) = (1/2) dl?[m /E_(B)] (§k)/(m 52)} [F - F']
2 q q q '
(C.56)
Further,
P u [ 2, ~l _ 2, ~H
fdk[mq/Eq(k)] (k /mq) F' = Il(q ) T Iz(q ) . (C.57)
Eqs.(C.54)-(C.57) follow from the fact that
F = [(F+F') + (F-F")]/2, (C.58)
F' = [(F+F") - (F-F")]/2 . (C.59)

Now,

> = Hov, 2 S _ .S, 2, ~lev
fdk[mq/Eq(k)] (k'k /mq) F = Il(q )T

a@d) @ &« 8- @t - @gah,

(C.60)
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where

S 2. B w2, 2A S

(q") = fil‘?[mq/Eq(k)] (I i)y B (C.61)

s, 2 _ > o mein2, 2.4 S

(e = fdk[mq/Eq(k)] (@0l /mgh (C.62)

S, 2. _ > 3 S

15 = jdk[mq/Eq(k)] F

x[1 - {(«?‘-k)z/(miﬁ?‘)} - {(ﬁ°k)2/(mifi2)}] (C.63)

and

jdk[m /E_@] MK /m2) B = 12 p - plpl/m’
q qgq q
(C.64)

where

A, 2 - ~» N1 N 2522 A
(@ = [aRim /R M) (K0, @ FE] F

(C.65)

The integral fd]?[mq/Eq(l?)] F (kukv/mZ) can be evaluated

using the fact that
F = [(F+F") + (F-F")1/2. (C.66)

Finally we have,
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2 Py 5SS WV, 0, 3
Jdk[mq/Eq(k)] F° (k'k k /mq))

T, 20 su.ve0 T 20 alaVlO VO U oOn UV
= I, (q") #1741, (¢ (78 4 387751

with

7 (a?)

I (a))

I, (@)

Using

completed.

+I§‘(q2) [ﬁugvoﬁfvgoumog?w _(3/.1_12)(#1.7»1?0)

Nz [ X ~ ~ o~ ~
-(1/8%) (#§° 5%+ 5%5 775" (C.67)

> - S ~ 3,.6 3
jdk[mq/Eq(k)] F~ {(m*k) /(@ mq)}, (C.68)

5 D1 oS w2, 2.4
fdk[mq/Eq(k)] E” {(§*5)°/(mg"))

><((?r"k)/(mq?f2)}, (C.69)

> - S ~, ~l
(1/2) jdk[mq/Eq(k)] F [{(7 k)/(mqn )}

- (7037 md)y - {(ﬁ"k)/(mq?fz)}{(E°k)2/(mzfi4)}].

(C.70)

Eqgs.(C.49)-(C.70) the integrals in Eq.(C.29) can be

Thus we find,



(eL°D) ‘ :Nwmmﬁ\x.wx.\ﬁ%_m-wt-
SAmwcs:z.wv:f-f- N\:N%sv\z.t:J}r
JICCRPW) /(eb) Y - ((a2w)/ (L)) - Tl
871142 AeR)) - LA M/ B S - 1
9.9 Z

:Nm\ﬁ J+°1TY- 3 :Nm\: - Amw\cf

T b

3 :Nm w)/(et)} :Nm\e - Amw\:vmwf

b
4. Y (a7 W)/ Glep) ) b1

b/ LR/, Gl Pz + O3 +
b Z 1 b
v\ivwmev\mﬁx.@: I- 3 Qm.m Evkx.m:mw-_ x

(6D e/l [ (42) /gP) \ (w/g) = (), o

(zr'0)

‘ b b . 1 b
N\:ANwNEV\NQ.w:AANmNEV\NE.m:,:_ 3+ Ewm Ev\Q.w:NwT

B+ 830 m)/ Gty | LG a/ wl {(uo) ap) \ (wz) = (b)Yl

oaoym
(12°0) QUM FICTERS AR B CTZNAR s 3
(D)yod gk /(e ¥ade 90y o (B)la o (fge )]
[ @n(Dmy/w] Tty Ty s
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em, 2. _ 3 > .
Fao(q) = (2/m) f[dl?/(zﬂ) ][mq/Eq(k)][(fs’ff 5)7/2

+(f4+f'4){(%‘-k)/(mq?rz)}/z - (f4-f'4){(d~k)/(mqaz)}/2

+[f1 qz{(%k)/(mq&‘r’z)} + f6 + f's]
x[1 - {("?'k)z/(mzw”rz)} - ((&"k)z/(miﬁz)}]/tl . (C.74)

If we take the time component, p=0, and go to the meson rest

frame, B=0 and B'=0 (q2=0) we get,

- * em, 2_
= MT BMTM,T };k E)\ Fl (q°=0). (C.75)

J+=0

Using E;'E)\ = -§ s We see that for the correct normalization we

A

need
Fim(qz=0) = -1, (C.76)
From Eq.(C.72) we have
Fi™(a’=0) = (2/m) f [<R/ (21)°} [m_/E_(R)]

~2 ~3 = ans
x[-(A"+B )Eq(k)/mq + 2AB] (C.77)

where A and B are functions of km/mq. Now using the definitions of
A .
ﬁu(k) and Rl(k) given in Eqgs.(3.27) and (3.28) we get the

normalization condition



j'dk

-]'{02

A 2 .4 2
[{Ru(k)} +{Rl(k)} 1

1.

92

(C.78)
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APPENDIX D

Hamiltonian

Here we introduce a new mass m which is calculated by taking

the expectation value the Hamiltonian H, given in Eq.(2.18), between

two meson states.

D.1 Pseudoscalar Mesons:

From the definition of the Hamiltonian, H, we have,

<B' MLIHIB Mp> = 8y o §CB-F) wy(B), (D.1)
T T
where
wg@® = m ¢ 392 (D.2)

Here m, is the mass of the particle we calculate using the

Hamiltonian given in Eq.(2.18). We denote it by m_ . to distinguish it

H

from the mass which appears in the rest of our analysis. For a.truly

consistent theory m_ has to equal to m. For any operator Q(x),

H

using the momentum operator P, we have the formal relation:

Qx) = e'B"Xg(0)e X, (D.3)
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Using this relation we have,
B MIHIF M = [dR 0B MLIT00 @) G060 15 Mp>
r(1/2) B M0+ 1Teo1? s mh F) 1B Mp)
= 2m° 8( BB ) B M'LIH©) B Mp> (D.4)
where
<P ML KO B Mp> = <B M'LIF0) (18%) §(0) 1B Mp>

2 + 1%@1% + m2 @118 M. (D.5)

=2 aft
+(1/2) <p M T

As it stands Eq.(D.5) is a formal relation since it contain
quadratic operators with derivatives. Its meaning will be clear when
we insert various states between the operators. Comparing Eqgs.(D.4)

and (D.1) we have,

- 3 ' =>
GMTM,TwH(B) = (2m)7 <P M| HO) B Mp>. (D.6)

Now we can define our new mass m., by considering Eq.(D.6) in

H

the meson rest frame, B=0. Thus we have,

- 3 o >
GMTM'T my = (27) <B=0 My, | M(0) | p=0 Mp>. (D.7)
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After inserting the appropriate states between various operators in

Eq. (D.5) we have,
<B M| HO) 1B Mp> =i 5, [af
< [<B MILIT, () IR s (1% R s t1d,,(0) |18 Mp>
B M4 (0 R s (1) (<K s t1T(0) [P M)
+ (1/2) zM,,T f dp"
x[<B M' | %(0) [B" M"><B" M".[x(0) B M
+<B M| T(0) [B" M">e<B" M".1[TX(0) |F M>

2 1 2n " =LY i 2>
m <3 M1 [x(0) [B" M"><B" M"[[x(0) |P Mp>1. (D.8)

Using the relation in Eq.(D.3) and the fact that we are in the

meson rest frame (p=0) we can write Eq.(D.8) as,
M HO)IBM.>=i:% di’ [m - E_(B)]
T T s,t q

— I 2 -
x[<B M'LIT,(0) R s £1° <K's t]qy(0) [P Mp>

8
<P M'71qy,(0) [ s t>x°a8<1?s t1q,(0) 18 Mp>]

) by (@ 1@ e my
T

x[<F M' | x(0) [B" M" ><B" M"[%(0) P Mp>] (D.9)
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where
q =q =m- @), (D.10)

and
- (D.11)

? =B

Using the definitions of the amplitudes given in Egs.(3.10),

(3.11), (3.30) and (3.31) and Eq.(5.10), we have from Eq.(D.9)

=5 [1/(2m3] (1/m)

bon W11 -3

= 3 > >
x f [4R/(2m) "] [m_/E_(B)] [m-E ()]
xTr[(E+F g/m)t°(E+F /m){ (K - m)/(2m )}

+(E-F _g/m)¥°(E-F p/m){ (¥ + mq)/(qu))l

2 8y g eEn®l a3 /@)
T T

0,2 2 2 2 2 2.2 2,.2
x[2(q)" *m - q] [g/(m -q)7] [F(q)]". (D.12)
Where we have performed the sum over the spin index s and isospin
index t in Eq.(D.9) using Eqgs.(4.6)-(4.9). After taking the trace

over the Dirac matrices in Eq.(D.12) we have,
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<=0 M'T lH(0) | B=0 M > = 2 [1/(21:)3] GMTM'T (2/m)

> 3 > > 2 .2 > _
xf[dk/(Z'n) ][mq/Eq(k)] [m Eq(k)][(E +F )Eq(k)/mq 2EF]

2 8 (1/¢2m® f dp" [m/w(B")]

t
MM

<12(a%)% + ml - @) (g2/md -aH (R D1’ (.19

Finally using the definition of the wave functions in

Eqgs.(3.13)-(3.14), and the normalization condition in Eq.(3.15),

Eq.(D.7) becomes:

€3, (D.14)

mH=2[m—<Eq.>]+ y
where
<E> = fdk 22 Eq(?)[{ftu(k)}zﬂﬁl(k)}z], (D.15)
ES = 2 f{dﬁ"/(zmg’][m/w(ﬁ"n[gi/(mf‘( -aH
«[2(a”)? + m? - q%) [F (g’ (D.16)
In principle [m-<E_>] can be negative. However gi which

represents one aspect of the scalar field energy is always positive.
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D.2 Vector Mesons:

Proceeding as in the case of the pseudoscalar meson calculation,
we have for vector mesons,
oyt ! > = L
BN MLHIP A M GMTM'T“x'x""('P’ B) uy(®, (D.17)

my = wH(;‘a’=0) . (D.18)

As in Eq.(D.7) we now have,

- 3 _a_ 1 1' e
GMTM,T 'Sx'x mH = (2m)  <p=0 X MT [H(0)|p—0 A MT> (D.19)

where

BN MM B A Mp> = i Zs,tfd]? [m - Eq(?)]

(AR Y 1 0] = -
«[<P N M'p|F_(0) IR s > o K s tlag (0 1P\ Mp>

> |1 (] > P -~>
+<P ) M'T|q6i(0)ll?s £1° <K s tg (0) B X M)
2 2 2
D) B JaB" 1@? e &
x[<P A M'2[x(0) [B" A" M ><B" A" M"L]%(0)[B A Mp>] (D.20)
with
a, =q =m - w@" (D.21)
and
g =-p". (D.22)
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In writing the Egs. (D.20)-(D.22) we used the fact that we are in

in the meson rest frame, PB=0. Using the definition of the invariant
amplitudes in Egs.(3.23), (3.24), (3.32) and (3.33) and Eq.(5.24),

Eq.(D.20) becomes,

BN MLIHO PN M = (1720 8y
T T

< [1eRen’im /e B moB @)
x Tr([(km_)/(2m )] [(E)‘:,k'k/mq) A (158/m)- (K+B zf/m)ﬁ’;‘l
<A1, k/m ) A (Lp/m) -, (KB p/m))
FLeem )/(m )1 *k/m ) A, (Lyg/m)+F, (K+B p/m)]
xx°[(g;,::-k/mq) A1(1+}zf/m)+(13'+§ jd/m)/i/)"rk]}

2 8y [1687/ @0 @127 ¢ ml - @l iel/ ] )’

T T

<[5, D8, *P"/m 1 [((p"*p/m)F (4))+E, (a1~ (E, (gD} ]
* 2,2
€ 08, [Fya1® ). (D.23)

Here we have performed the sum over s and t by using
Eqs.(4.6)-(4.9) and performed the sum over \" using the relation in
Eq.(3.19). We also wused the fact that the meson momentum is _f)=0.

Thus we have,

H =
g =0, 1), (D.24)
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2 %
EX.EX‘ - Gk')\ ’ (D.ZS)
as" o2 B o2 =6 4a1/3 an D.26
P A P gx! P )\'X ( TI'/ ) . ( .2 )

In Eq.(D.26) we performed angular integral over —13". Using

Eqgs.(D.24)~(D.26) and performing the trace in Eq.(D.23) we get,

<BE0 M M'p, |2(0)[B=0 A M, > = 2 [1/(2“)3]6)")‘5MTM'T

= 3 2 o P
x(2/m) f[dk/(%) ][mq/Eq(k)] {m Eq(k)]
~2 ned by d b da
x [(A"+B )Eq(k)/mq 2AB]
32
P

3 2
R e IS B L

T T
0,2 2 2 2 2 2.2
x[2(q)” + m, - q]lg,/(m -q)7]
B2/ @mD) [ @) /m F (a))+F, (a1 1F, (a1

HE, (a1, (D.27)

A
Finally using the definition of the wave functions Ru(k) and

A
Rl(k) in Egs. (3.27)-(3.29) and using Eq.(D.19) we get,

=2 [m - <Eq>] . ev (D.28)

My X

where



. ) Z.
(o @ [z{(zb) d}+

T z 1
(z[(zb) al-,[(,p) e1+(zb) d w/(lsé)m]}{(zms)/zuﬂ}]x

X . X X X
[z(zb- zw)/zﬁllzb - z(ob)Z] «dP z..ﬂf (ZH/I) AB

(62"@) ‘[z{(x)lghz{(mng}](g)ba 7l xpf - Pas

Tot
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APPENDIX E
Gluon Exchange-Corrections

In this Appendix we consider the modification of the analysis to
include the effect of "gluon" exchange. For this we consider the
Lagrangian density of Eq.(2.7) and the equations of motion given as

Eq.(2.9)-(2.11). They are

i, - mlaCo = gaG)x) g O A, (E.D
(%, + mylx(x) = -g; Q) @®D
e, AS(x) = g AT O7/2)a(x). | (E.3)

E.1 Pseudoscalar Mesons:

We introduce the invariant amplitude and make explicit reference

to color. Thus we have,

R st bIT, (OB Mp> = (6, //3) [1/en°1 172031 m /B @1

<[T(R2,s) (A+B_p/m)T°] [x, T8, 1. . (E.4)

a 't MT i
Here o is the Dirac index and i the isospin index, as before.
Further, b and c¢ are the color labels. This representation is same as

that used previously except for the color factor 5cb/\/3. With this
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choice we have the previous expressions for form factors in
Eq.(4.12) and the normalization condition given by Eq. (3.15) remains
the same. It is easy to find the charge conjugate amplitude starting

with Eq. (E.4) [See Appendix B]. It is given by,

<Kst b!qaic(O)II—)) MT> = (GCb//3) [1/(211)3] [l/Zw(b')]%[mq/Eq(‘lz)]%
5 =) - /\* T
“ (8 (BF pm VR, )] [CReey ) Tx n_ ], (E.5)
T

where E=A and F=-B and all the invariant amplitudes are functions of

3

[(p°k/mq)2~m2] as before. If we define the upper and lower

components of the wave functions as:

A - 3 -y =5 % 1 ]
Ru(k) = {[4n/{m(2T) }llsq(k)/Eq(k)]} [E(k)-F(k)], (E.6)
R (k) = ([47/{m(2m)"}] [eq(ﬁ)/Eq(Tc’).l}%[E(k'wr*(k')] [k/e (K]
(E.T)
with k'=km/mq we can choose the normalization:
jdk ?<2[{ﬁu(k)}2+{ﬁl(k))2] = 1. (E.8)

We now analyse Eqs.(E.1)-(E.3) in the same manner as in

Chapter 5. Thus from Eq.(E.3) we have,
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—q]2(<k" s' t' b’lAi(O) IRstb>

=<B' s' t' b'|a(0)xu(xa/2)q(0)|?s t b> , (E.9)
where
2 ' ' 1oy 2
q = (K'-K)*(k'-k) = (k'-k)°, (E.10)

From Lorentz invariance we can write,

<R st b'|a(0)xu(xa/2)q(0)|k’ stb>= -at,t(xa/Z)b,b[1/(2n)3]

« (mZ/AE DE EM? t(ad) TR 97 VR, s, (E.11)

where fG(q]Z{) is an Lorentz scalar function. This is a new cut-off
needed to regulate the high momentum behaviour of our model. (This
is required to make the various integrals in the dynamical equation
converge.) With in our formalism we do not have any prescription to
evaluate this new function. Thus it introduces a new parameter in

our model.

Upon inserting meson states between the quark operator and the
x field, and antiquark states between gluon and quark field operators

Eq.(E.1) yields,
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r - X - mq1<1?s t blg . (0)|F Mp>
S5 By f dad' <R s t blg, (0)[B' M'><B' M'Ix(0) IB M>
'8 T yrp jdil:" <Kst blAi(O) R s't' b'>
(%) g (/2 0% <K' s' £ b ag (0B M (E.12)
Using Eqs.(E.5), (E.9) and (E.11) and the relation

a,, .2 _
2a=1,8 [x /Z]bb, = (4/3) be. _ (E.13)

we can factor out the color and the isospin factors from the

Eq.(E.12). This gives us,
g - % - mq][KS(E"Fp’/m)V(lZS)]/\/w(B)

- g Jd?o' [LA/o(B)]

X

<[ (EBF p/mV(E,5)] B MLIx(0) [F M

-3 6 1y [1aR7Om 1 im /B B (Ega/ Cap)

<[ T pm) V(R s Ve 1 TR, s) T V(R,).

(E.14)
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3

Here E and F are functions [(p'k/mq)z-mz] and E' and F' are

2.4

functions of [(p"k/mq)z-m] . But E" and F" are functions of
[(p'k'/mq)z-mz]%. This is clear from Eq.(E.12), where the matrix
elements are defined. We again analyse this equation in the antiquark

rest frame where k=0. In this frame the functions E and F are

functions of ]El and E' and F' are functions of |B'|. Thus we have,
5
[B - & - m ] (8 (E+F p/m)V(0,5)14/u(P)
- g, JaB 1A@E))

<[P (E“F' B/m)V(0,5)] <B' M1 |x(0) P M

-(4/3) ¢ f[d'ﬁwzn)?'] [mg /B BY] I8 () /Cap)]

x[2E" - ZF"{pOk'/(mmq)} - E" (&’/mq) + F" (lf/m)]XSV(O,s)

(E.15)
where we have used the relations:
My = 4, (E.16)
u
u .
¥ AY = -2 X, E.17
A5, % (E.17)
M
¥ ¥ = 4A+B, E.18
SR8 (E.18)

PAB gy = 2 £ B A (E.19)
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and performed the sum over the spin index using Eq.(4.9). Using
the represetation of the Dirac matrices given in Eq.(1.4)-(1.7) we

have from Eq. (E.15),

([w(B)-2m IR (p) - PR(P)} X_

S
(PR (P) - w@BR(P)} BT X
R () x_
=g, Jdﬁ' <B' Mp[x(0) [ Mp>

Ry(p") B'*T x_
-(4/3) ¢ f{d‘ﬁ'/(zw:ﬁ [mg/B' (£ (ap)/ (-j0)]

{2[E" -F" p'k’/(mmq)] -E" E'q/mq +F" w/m}x_s_‘

x(1/Vw) (E.20)

~{(E" R'*F/m_ -F" Bed/m)x_
i q s i

Here again Ru(p), Rl(p), Ru(p') and Rl(p') are same as the

functions given in Eqs.(5.14)-(5.17). We also have used the notation

w = w(@)), (E.21)
o' = w@", (E.22)
Eq = Eq(k), (E.23)
E = E_(RY. (E.24)
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Equation (E.20) differs somewhat from Eq.(5.18), where we
neglected the gluonic degrees of freedom. This is due to the
different integration variable appearing in the second term in the
right-hand side' of Eq.(E.20) as compared to the first term. Also the
dependence of E" and F" on {(p°k'/mq)2-m2]% makes the analysis
different. We can deal with this new aspect of the problem by making

a change of variables in the second integral [11]. Thus from the

integration variable R we go to a new variable —B' such that

D=8+ Tc"ll?"b’/(sq('lz')mq} - w/m]. (E.25)

1

The time component P, of this vector can be written as:

v = - L. '
W [P +m” ] P, p*k /mq. (E.26)

Thus the dependence of E" and F" on [(p'k'/mq)z-mz]% simplifies
to only a dependence on |P'|, upon using Eq.(E.26). From

Eqgs.(E.25) and (E.26) it follows that:
Ko (k) = BB/, (E.27)
w=E w/m +PK/m, E.28
q / q P / q ( )

Bl = BB + (DK’ K"ﬁ’)/(r:’mq) +w' 6-'13’/mq : (E.29)
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Here for simplicity we denoted sq(ﬁ') as ¢'. The evaluation of the
Jacobian for the transformation in Eq. (E.25) is straight-forward [11].

We have,

aR [m /E'] = B (m/w] (mz/m)[(w'+w)2/(w'w+m2+i>’°3’)2]-

(E.30)

After performing the traces over 2x2 matrices as we have done in

the derivation of Eq.(5.21), Eq.(E.20) yields,

(w(@)-2m } R (®) - P R)(P)

-pPR(P) W@ Ry(P) |

—

[END

= g, fd'ﬁ' x<p' MT{x(O)lﬁ M>

-4/3) ¢ f[dﬁ'/(zw"‘l [m /' ) (£ (a2 / (-]

—

r{-IZ[E" -F" p'k'/(mmq)] -E" E'q/mq +F" w/m}

x(1/Vw) : (E.31)

~(E" ﬁ'-ﬁ/mq - F" |Bl/m }
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Finally using the relations in Eq.(5.10) and Egs.(E.25)-(E.30),

Eq.(E.31) becomes,

p| | R (P)

Ru(p) 2mCI
w(B) =
_Rl(p)_J P

(o]

R,(p)

ot e —

-2 @By en®l eme@e@)1E @) /m -a?)

1 o | |R (P

0 -pep'| | R,(P)

-@/3) g8 18/ en’1 /w1 g ad)/-ad))

x [mz(w'ﬂ»)2/(w'w+m2+3"f3)2]

[2-E' /m -3eRYm R (p")
q g q
(E.32)

Bep'+feR' B R Ae'm )| |R, (p")
q_J 1

R'ep
p/mq

.
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In writing these equations we used the fact that the dependence

of E" and F" on [(p'k'/mq)z-mZ]% can be reduced to only a
dependence on |P'| using the transformations in Eqgs.(E.25) and
(E.26). Note again the symmetry of the kernal in the second term in
Eq.(E.32) under the interchange of B and B'. From Eq.(E.'27) it is
clear that under the interchange of 8 and 'ﬁ', 4 changes sign. Thus
E'q does not change since it is quadratic in X'. To retain the full
symmetry under the interchange of B and P' we have to interchange
the off-diagonal matrix element in the kernal. Equation (E.32) is the

central equation we used to study gluonic effect in pseudoscalar

mesons. Calculational details are given in Chapter 6.
D.2 Vector Mesons:

Proceeding as in the case of the pseudoscalar mesons, for vector

mesons we find,

<Rst bl (0B X Mp>

3 3

= (8.4,/Y3) [1/(2m°] (1/20(3)] [mq/Eq(?)]

<(T(R,5) [(5,*k/m ) A (1+g/m)+g, (K+B p/m)]) [x, P&y |

o+
=
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and the charge conjugate amplitude

™y
<k's t b|qaic(0)|§’x Mp>

3 3

= -(Bcb//B) [1/(211)3][1/2«»(3)] [mq/Eq(Tz)]

<[5y k/m ) A, (1p/m) K (BB g/m)IV(K, )1 [« ‘r’-a;T)Tx_tn_tli.
(E.34)

Then we have the various wave functions,

R 00 = tan/ime@n* 1 e /B B ER)-BaO,

(E.35)

3

R,(k) = {[4n/{m(2n)3}1[sq(ic')/Eq(Km (A B /e (K]

(E.36)

with k’=km/mq and the normalization,

Jdk R’z[{ﬁu(k)}2+{ﬁl(k)}2] = 1. (E.37)
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We now analyse the equations of motion given by Eqs.(E.1)-(E.3)
by taking the matrix element between various states. As in

Eq.(E.12) we now have,

F— -
lp - X% m I<k's t blg , (0[P X Mp>

= o P8 pr g 4IRS EEYT]
& B /dp <Ps t bl (03" A M >

x BN M L[X(0) B\ Mp>

- —
£ 8 I fdk" <Ks t blA‘;(O)jk' s' t' b'>

(1) g (1/2) 0% <R s ¢ bl lag 1 (0)[Bh Mp>. (E.38)

Using Eqgs.(5.24), (E.9) and (E.11), performing the sum over

M'T, A\', s' and t', and using the relations in Eq.(3.19) and (4.9),

we obtain from Eq.(E.38),



[ £ % -m 1 [((E,"k/m ) A;(1-p/m) Z,(A+B B/m)IV(R, )] /va(B)

3

= -6 [taB/en’) 1am/ @ e@) 11/ a1 11/e@))

x [(ax-p'/m)Fl(qz) [{-p*k/(mm_)+(p*p'/m”)p'+k/ (mm,_)}A'; (1-p'/m)

-(-p/m +(pep'/m’) p'/mp(KE' p/m)IV(R,s)

*Fy(a) [((-KeE,/m ) +(p'*E, /m) (kp')/ (mm_) 1A' (1-p'/m)

S (p'eE, /m) (p'/m)} (KB p‘/m)lwﬁ,sﬂ
~a/3) g8 [aR me/E 1)/ Cap) ) [14/6)

x[(g)‘.k'/mq)Anl{.I('/mq -2 -Zp'k'/(mmq) -p/m}

-(K"(25,Kk/m_ + g) B K p g/ mm ) -2B"peg, /m)V(K,s).
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(E.39)
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In obtaining Eq.(E.39) from Eq.(E.38) we have factored out the
color and isospin factors and used the relations in
Egs.(E.16)-(E.19). Here again Al’ A and B are functions of

3

and A' A' and B' are functions of

[(p+k/m_)*-m’] N

[(p‘~k/mq)2-m21*

. Similarly, A“I’ A" and B" are functions of
.[(p°k'/mq)z-m2]%. We again analyse this equation in the antiquark
~ rest frame (?=0). To simplify the analysis we consider the transverse
and longitudinal polarization seperately, as in the derivation of the
Eq.(5.48). Following through the same procedure described in

Egs.(5.27) to Eq.(5.47) and making a change of variable as

described in Eqgs.(E.25)-(E.30), Eq.(E.39) yields,



-(g2/3) f [/ (2m°]

AENTS

-(4/9) g° f[dB’/(zn)?’nl/(w')

«[(w0) 2/ (0omi BB )

R, (P)

R,(p)

be —d

[v1

11

+F, (@)

3

R,(P)

| ©

L. 4

(2m/ @ @)}) 1/m? b))

(Eglap)/ C-ap) Im)

e —

R (P

Rl(p')J

e
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(E.40)
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The functions Ru(p), Rl(p), Ru(p'), and Rl(p') are given in

1 1 1 1 2 2 2
Eqs.(5.28)-(5.31) and Vi, Vi, Vi, Vi Vi Voo Vi,

and ng are given in Egs.(5.49)-(5.53). The new matrix elements,

which gives the explicit gluonic interaction terms are given by,

Vi = 2 v/m - fm/ )] R /ml (@) /md
t _ (AT A 3%y
+{(p/m) (E q/mq) (pek /mq)(w/m)){p k/mq tp/m}], (E.41)
G _ ' A1gitt 1
Vg = [m/(m+w)] [(p'/m)(E q/mq)+(p k /mq) (w'/m)] [E'q/mq +w'/m]
-p'/m, ' (E.42)
G = ! [ ~ n.-'), '
Vyy = [m/(m+w)) ] [(p/m) (E q/mq). (pek /mq)(w/m)] (E q/mq *w/m]
-p/m, (E.43)
G . ' 1 - ".\"'1 1 -
VS, = (/B [((p/m) (B /m) -(BeRY/m ) (w/m) HE' /m_ +u/m -4}

-(w'/m) (p/m) +ﬁ°T<"/mq] . (E.44)

Again the matrix elements are symmetric under the interchange of

? and 'f))'. This symmetry also requires the interchange of sz and

VG after the replacement of P’ and f)". The expressions for V

21 11

and V.,ZG'2 are symmetric although that fact is not obvious from the
expression given above. Equation (E.40) is the equation we have to

consider for the vector meson with gluonic interaction. Calculational

details are given in Chaptor 6.
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E.3 The Hamiltonian:

Here we calculate the contribution to the total Hamiltonian from
the gluonic interaction terms. [The additional term due to gluonic
exchange is given in Eq.(2.22).] Thus from Egs.(2.20)-(2.22) we

have,

H, =H+H (E.45)

where
H = jd:?{ [G(x) (%) §x)]

rw e+ 1R 1? s ml oo 1), (E.46)

— 5 ohva a = va
H —jdx [FP O Se0/4 -Fo (0% (). (E.47)

We have already calculated the contribution from H to the total
Hamiltonian in Appendix D. Thus, here we only consider the term

H'G. Using Eq.(2.8), Eq.(E.47) yields,

H, = fd;? [3"A"%(x)3 A%(x) -(1/2)3"A" ()2 A% (x)

-(a%%% (%) - a"A°a(x)}a°Ai(x)]. (E.48)
In order to facilitate formal manipulation of Eq.(E.48), we have to

eliminate the gluon field Az(x) in favour of the color current source

jua(x). The current, jua(x) is defined through the relation,



119

50 = 3607 0%/2)ax). | (E.49)
Now Eq.(E.3) can be solved to give,
Ai‘(x) =g fD(x-x') jz(x') a’x’ | (E.50)
where D(x-x') satisfies,
a”au D(x-x') = 87 (x'-x). (E.51)
We introduce the Fourier decomposition,
D(x-x") = [1/(2m?) fd“q XD 14/ (g%, (E.52)
Using Eqs. (E.49)-(E.52), Eq.(E.48) yields,
Hy = -1g%/en’ f alq alq 'k ' /(dPah)
x[(1/2) q"a' 175" -(172) gt iP5 (")
-a%q" 7 (O (") +q’q 7 (=D (x")]
x[e-iq'(x-x')e-iq'°(x-x")] (E.53)
E.4 Hamiltonian for Pseudoscalar Mesons:

We now form the expectation value of the Eq.(E.53) between
meson states. In taking this expectation value we encounter matrix

elements of the form,
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L") = B MR O " 1B Mp> (E.54)

We now rearrange the current operator in Eq.(E.54) using
Eq.(E.49) so that we can form meanigful factorizations. Thus we

have,

W, ooy T T4]
I (x',x") = zs,t,b,s't'b' fdk dk

- IV T b NI < + ho(xH a
X[<p M qaiC(X)lk S t b>(x )as()‘ /Z)CC'

!

<k st b|P*"|E s t' b><k st b'IqBic,(x')Iﬁ) M>

-<B' Miplag ) IR s t b2 0%2)

x<K s t bljva(x")li' s' t' b'><K' s't b'lq . (x')IfJ’M >]
aic T
(E.55)
Using charge conjugation (See Appendix B) and transalational
invariance, Eq.(E.55) becomes,

. f_ t. ssre 1!
1 \,(X'»x") = 9% -fdiz d}-Z' [elx *(p'-k+k’-p) elx (k-k )]

u s,t,b,s',t',b’
— 4 H a
! t
x[<B' ML, (0K s t b>(3) J(V/2)

x<k s t bljva(O) ﬁc" s' t' b'><k' s' t' b'|qBic|(0)|3 MT>]'

(E.56)

Substituting Eq. (E.56) into Eq.(E.53) and using the relations

fd‘lx P - omistp, (E.57)
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fdi? B - omd s@). (E.58)

Eq.(E.48) yields,

B’ M'plH' P M>

3 2 > . 2 2.4
=2 2MS@-Be” I, f dR dR' [qy - 2(ap)“1/qy

«[<B M'71G (0 K s ¢ b>(8") (0%/2)

x<is t b|j*®0)|R' &' t' b'><k' s' t' b'|qsic,(0)1?MT>],

(E.59)
where
ap = (k'K (E.60)
In deriving Eq (E.58) we used current-conservation,
in(x) = 0, (E.61)
so that
Q<K' s' ¢ b'|j3(0)|?s t b> = 0. (E.62)

Equation (E.62) follows from Eq.(E.61) upon use of transalational

invariance.

Using Eq.(E.5), the complex conjugate equation, and

Eqs.(4.6)-(4.9), and the following relations,
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P 1ogr 318 Exd _ . a 3
<k's' t'b lJu(O)lk s tb> =-8,(1/2),,[1/(2")]
xf (qz)[mz/{E &)E (i')}]%V(R‘ s)T V(K',s") (E.63)
G k" q g q AT ’ :
a, .2 _
Zaz1,80 /D ger = (47338 ' (E.64)

Eq.(E.59) yields,
LAWY T b g = - 2 oo
<p' M'pIH'G P Mp> = -(4/3) g” §(3'-B) GMTM,TH/«»(;‘:')]

x f (dR af/(20°1iml/ B ' )] fgla) [ay. + 2(ap) 1/ (ay)

5 Lot _ u _ 5
xTr[Xu?f (E'+F' p/m){(k mq)/(2mq)}?f {(k mq)/(qu)}(E+F p/m)¥].

(E.65)

3

Here E' and F' are functions of [(pok'/mq)2~m2] and E and F

are functions of [(p'k/mq)z-mzlé. Using the relations (E.16)-(E.19)
and performing the trace in Eq.(E.65) we have,
1 1 1 - 2 _D =2
<B' M'L|H'G|P Mp> = (8/3) g” §(8'-P) e 11/0 )]

2 6, 2 \ 2. 2 0.2,, 4
< Jlak ok @n’liml/ (B E O fo(aq) ey + 2@ 1/ (@)
1 el 2 1 1 _
x[EE'{2 -k k/mq} + E'F(E q/mq 2Eq/mq}

2
EF'(E -2E FF'{2E E' - 1}}. E.66
+EF'{ q/mq q/mq} + { q q/mq 1 ( )
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Comparing the Eq.(E.66) with Eqs.(D.1)-(D.7) and noting the

fact that we are in the meson rest frame (p=0) we find,

my = 2[m - <E_>] + g)s( + Eé , (E.67)

where <Eq> and E)S( are given in Eqgs.(D.15) and (D.16) and EZ is
given by,
s 2
Eg = [8/(3m)]g
- o 6., 2 , 2., 2 0.2 4
xf[dk dR'/(2m)° 1 Im_/(E_B' )1 () [y + 2(ay) 1/ (qy)

2
EE'{2 -k*k'/m + E'F{(E' /m - 2E
x[EE'{ / q} { <™ q/mq}

2
EFY{E -2E FF'{2E E' - 1}1. E.68
+EF'{ q/mq CI/mq} + { q q/mq } ( )

In Eq.(E.68) E' and F' are functions of mk'/mq and E and F are
functions of mk/m _, since we are in the meson rest frame where '13=0.
The integral over the azimuthal angles in equation (E.68) can be

done using the following procedure. We consider a general integral,
I(k,k") = fdﬁ dk' F(k, k', k*K"). (E.69)

We can now expand F(k,k',ﬁ"ﬂ) in Legendre polynomials, Pl(ﬁﬂz').

Thus we have,

F(k, k', kk') = £ £(k,k') Pl(ﬁ-ﬁ'), (E.70)
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where the fl(k,k') are given by
' - A 4' 1 A ﬂ' A Aq
£k, k") = [(21+1)/2] jdl(k'k) F(k, k', Kek') P (KeR"). (E.71)
Using the spherical-harmonic addition theorem we have,
P (ke = [aw/2+1)] £ Y, (R)Y, (kY (E.72)
i m lm Im ) ’

Substituting Eqgs.(E.70) and (E.72) into Eq.(E.89), and using the

orthogonality properties of spherical harmonics, we obtain,
I(k,k') = (4m)° £_(k,k"). (E.73)
From Eq.(E.71) we have,
A A A A
Eo(k,k') = (1/2) |d(ke*k') F(k, k', kek"). (E.74)
Thus using Eq.(E.69)-(E.74), Eq.(E.68) yields,
l 1 2 ! A '4!
E [g /(3m1r )] fk dk k dk [mq/(EqE q)] d(kek")
2 2 0,2 4
fola) bq + 2(q ) 1/(qy)
<[EE'(2 -kek'/m2) + E'F{E' /m_ - 2E /m_}}
q q q 9 q

2
(E -2E FF'{(2E E' - 11}. .75
+EF'{ q/mq q/mq} +. F{ q q/mq 13 (E.75)
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E.5 Hamiltonian for Vector Mesons:

Following a similar procedure as in Eqgs.(E.54)-(E.62) in the case

of pseudoscalar mesons, we have for vector mesons,

2

1 [} i => - 3 1 2
<P' M M'L[H'GIP Y Mp> = 2m)76(B'-B) 2 ¢

> g 2 0,2 4
X Zs,t,b,s't'b' fdk dk [qk Z(qk) ]/(qk)

-~ = a
(<P N MG, (0K s t () (/2)

> .a > >
x<k s t bIJu(O)Ik' s' t' b'><k' s' t' b'|qsic,(0)|{)’ X Mp>].
(E.76)
Using the Eq.(E.34), its complex conjugate, and the relations in

Eqgs.(4.6)-(4.9), Eq.(E.76) yields,
B A MGIH B A Mp> = 6(B'-B) GMTM'T [4g2/30(B)]
< ftaR ak/en 1l EE O] toa) e ¢ 20 1/ (@)
<Tr(¥ [(5, oK' /m ) A", (156/m) - &, (BB pym))
<[6K'-m)/(2m )]¥, [-m )/ (2m )]
<[5y k/m)A (op/m) - (KB p/mugy 1), (€.77)

Using the relations in Eq.(E.16)-(E.19) and the fact that we are
in the meson rest frame (B=O) we may perform the trace over the

Dirac matrices to obtain from Eq.(E.77),
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B M H B Mp> = 5@ (8677 (3m)]

x f{dfc’ aR/ (20 m2/ (B B' )] tolap) [, + 2(a) 1/ ()

<

N oLt J::. 2 ) . o >}:. . 2

*o . 2 *o 12 el! 2 !
- where
- A% ARt ' 2,321 /02
£, = -AA' + 2BB' +A" A  (R°k /mq), (E.79)
£ = -[A-B E /m J[A-B' B' /m_] - B (ReR'/m?) (E.80)
2 q q qq q”’ )
£y = -BB', (E.81)
- X = 1
£, = AAl + B'A) Eq/mq, (E.82)
t . LR B Al
t', = -Ea' + BA Eq/mq. (E.83)

The angular integrations in Eq.(E.78) can be performed using the
properties of the polarization vector in the meson rest frame, 'f)=0.

We have,

no_

gh=10,2), (E.84)
uo_ pecd

gxl = {0 ) EX'}- (E'85)

Now using the properties of the spherical harmonics we can write,
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- __) '»
> 3 A
= -I%| [4v/31° Y., (), (E.86)
53 -y % 3l A
E)J *k = -|K| [47/3] le'(k)' (E.87)
Consider the following general integrals,
I, = (dK dk' T (k,k',Kek') £, ok . *k. (E.88)
1 1 A A
Using Eqgs.(E.86) and (E.88) we have,
I = fd]é ar' Fl(k,k',lé-ﬁ'.) R2 (an/3) Y"lz)‘,(l?) Yn(ﬁ).  (E.89)

As in Egs.(E.69)-(E.74) we now expand Fl(k,k',ﬁ-ﬁ') as,

. ' ot ) 1 . . A sk 4'

Fy ok kek') = 5 (kKD [0/ (2] Y oY) k), (E.90)
where

fll(k,k') = [(21+1)/2] fd(ﬁ‘ﬁ') Fl(k,k',ﬁ-fd) Pl(l‘c-l’é'). (E.91)

Substituting Eq.(E.89) into Eq.(E.88), and using the

orthogonélity properties of spherical harmonics,

A b A A
fdk Y, ()Y, (k) = 88 (E.92)

we obtain

I1 = (4w)(4n/3) fcl,(k,k') 6)‘,)‘ ﬁz. (E.93)

Using Eq.(E.91), Eq.(E.93) can be written as,
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I, = (4m)(41/3) 8,,,(1/2) d(kek" Fl(k,k',ﬁofc') 72, (E.94)
Again we consider,
I = [d aif' F.(k, k', K8 £ ok £, k'
2 Fp ks, \! A
= fdﬁ dk' B, (k, k', KeK') kK'(47/3) Y:x,(lg) Y (K) . (E.95)
Using Eqgs.(E.90) and (E.91) and orthogonality relations, we have,
_ 2 P 1 a1t 1
I, = (41/3)%6,,, (3/2) [d(kek") F,(k;k',kek') kk'. (E.96)

Similarly we find

I = fdﬁ k' Fy(k, k', K*K") £k:'<°k' £, k'

3
= (4m) (47/3)8,,, (1/2) fd(ﬁ-ﬁ') F3(k,k',£-f<') 72 (E.97)

1, = fdk dk' F,(k, X', K*K") £, k' £ °k
= (4“/3)25x'x (3/2) fd(ﬂ-ﬂ') F4(k,k',ﬂ-12') k' (E.98)

Further, using the relations in Eqs.(E.88)-(E.98), Eq.(E.78) yields,

Doy agt _ 21 2
<B' N M'p[HG B A Mp> = 8, Ot SBP) €

Vv
o (E.99)

where



129

v 2 4 22 12 A 2 .
EG (16g~/9) [1/(27) 1|dk k™ dk' k'™ d(k k)[mq/(EqE q)]

2 2 0.2 4
xfa(ay) [-ay + 2(a) 1/(q,)
2,7, 2 2, 2
x[(KeK'/m) (£, +£) + (® /m) £,
.2, 2 .
+(k /mq) f4 3f2]
Here we used the relation
3fe ’ _ 5
Sty =
Finally, we have,

= 2{m - <Eq>] + EV + I

My X G’

(E. 100)

(E.101)

(E.102)

where <Eq> and {-'_;’ are given in Eqgs.(D.29) and (D.30),

respectively.
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Table I
Result of calculations based upon the Lagrangian of Eq.(2.1). The
quark masses, mq, are fixed so that the corresponding underlined
mssses are equal. The baryon and scalar radii are defined in Section
6.2. The electromagnetic radius is also defined in Section- 6.2 in

terms of the slope of the appropriate form factors.

Meson = J m(expt) m(theory) mCI Baryon Scalar Electro-

Density Density magnetic
Radius Radius Radius

(Mev) (Mev) (Mev) (fm) (fm) (fm)
p,w 1 775 775 471 1.38 1.21 0.949
1r 0 140 782 471 1.39 1.21 0.936
J/¥(18) 1 3100 3100 2025 0.484  0.434  ----
J/¥(2S) 1 3685 3795 2025 1.21 1.19
x,(15) 0 2980 3101 2025 0.483 0.431
x,(25) 0 3590 3794 2025 1.21 1.19 —---
T(1S) 1 9460 9460 5700 0.272  0.263  ----
T(2S) 1~ 10025 10355 5700 0.531 0.524 -
T(3S) 1~ 10355 10900 5700 0.893 0.886
T(1S) 0 ---- 9460 5700  0.271 0.262 .-
T(28) 0 ---- 10356 5700 0.534 0.527

T(3S) 0o ---- 10900 5700 0.889 0.883 ----
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Table II
Results of calculations based upon the Lagrangian of Eq.(2.1). The

various quantities <Eq>, g‘s, g(v and my, are defined in Appendix

D.
Meson J" m(expt) m(theory) <Eq> st Exv <H>=mH
(Mev) (Mev) (Mev) (Mev) (Mev) (Mev)
p,u 1 775 775 524  ---- 240 742
T 0 140 782 - 527 224 ---- 734
J/¥(18) 1 3100 3100 2125  ---- 735 2685
J/¥(28) 1 3685 3795 2103 ---- 339 3721
X, (18) 0 2980 3101 2126 726 - 2676
X, (28) 0 3590 3794 2105 341 ---- 3719
T(1S) 1 8460 9460 5806  ---- 1236 8545
T(2S) 1 10025 10355 5847  ---- 905 9922
T(38) 17 10355 10900 5831  ---- 588 10726
T(18) 0 ---- 9460 5806 1234 -—-- 8542
T(2S) 0 ---- 10356 5847 906 —_—- 9924

T(38) 0 ---- 10900 5830 590 -——-- 10710
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Results of calculations including the gluon-exchange potential. See

Section 6.5 and Appendix E. The quark masses are fixed so that the

underlined theoretical and experimental masses are equal.

Meson m(expt) m(theory) mq Baryon Scalar Electro-
Density Density magnetic
Radius Radius Radius
(Mev) (Mev) (Mev) (fm) (fm) (fm)
p,w 775 775 619 0.781 0.641 -—
T 140 —-——- -—— ———— ——— ———-
J/¥(18) 3100 3100 2299  0.337 0.288 -—--
J/¥(28) 3685 3961 2299 0.763 0.741 ----
x,(18) 2980 2980 2299 0.310 0.264 ———-
x,(25) 3590 3910 2299 0.713  0.692 -
T(1S) 9460 9460 6037 0.210 0.200 -
T(2S) 10025 10505 6037  0.419 0.412 ----
T(3S) 10355 11152 6037 0.672 0.665 ———-
T(1S) ---- 9425 6037 0.208 0.199 -
T(28) ---- 10503 6037 0.415 0.408 ————
T(3S) ---- 11157 6037 0.674 0.668 -—--
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Results of calculations including the gluon-exchange potential. [See

Appendix E for the definition of m

H

and EG'] The quantities Ex

and <Eq> are defined Appendix D for pseudoscalar and vector
mesons.
Meson m(expt) m(theory) <Eq> EX EG <H>=mH
(Mev) (Mev) (Mev) (Mev) (Mev) (Mev)
p,w 775 775 755 362 306 708
m 140 ---- ---- ---- ---- ----
J/¥(18) 3100 3100 2485 758 570 2556
J/¥(28) 3685 3961 2469 509 318 3811
xc(IS) 2980 2980 2544 770 768 2409
X, (2S) 3590 3910 2508 533 298 3736
T(1S) 9460 9460 6208 1264 664 8431
T(2S) 10025 10505 6263 1023 442 9948
T(3S) 10355 11152 6252 771 308 10980
T(1S) -=-- 9425 6216 1272 698 8388
T(2S) ---- 10503 6266 1009 454 9937
T(3S) ---- 11157 6251 750 314 10874
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