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ABSTRACT

DISTORTION MITIGATION THEORY AND TECHNIQUES FOR
MULTIDIMENSIONAL WIDEBAND DATA TRANSMISSION VIA
LINEAR/NONLINEAR DISPERSIVE CHANNELS

by

Peter D. Karabinis
Advisor: Professor Fred E. Thau

A unified distortion mitigation theory for multidimensional, linearly/
nonlinearly dispersive data transmission systems is presented. The analysis starts
with fundamental principles of linear systems theory, and linear digital communica-
tions systems modeling and optimization, and gradually generalizes until a mathemat-
ical framework emerges that unifies the behavior, analysis and optimization of the
general system, containing an arbitrary combination of linear and/or nonlinear set
of dispersive elements. The optimum receiver architectures and adaptive control
laws that we derive and evaluate subject to the general linear/nonlinear system are
channel distortion and nonlinearity model independent, and substantially superior to
previously reported techniques, particularly during stressful channel conditions
characterized by large amounts of linear and/or nonlinear distortion (Intersymbol

Interference (ISI) 1imited channels).

A new approach to the ISI cancellation issue is postulated, analyzed, verified
by computer simulation and shown to substantially mitigate against the limitations
of conventional ISI cancellers. The new technique is generic and, besides lending

itself to the linear/nonlinear ISI cancellation issue, it can also be applied to the



purely linear channel decision-feedback equalizer situation to substantially resolve
the long-standing error propagation problem associated with decision-feedback equal-
izers. Due to the importance and central role played by the transversal filter (as
the building block in forming the optimal receivers developed and analyzed in this
dissertation), an experimental effort has been undertaken to study digital implemen-
tations of the multitap synchronously/fractionally spaced transversal filter. Sev-
eral key properties and results predicted by the analysis are verified and pre-

sented, together with the supporting experimental qbservations.
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“Don't keep forever on the public road, going only where others have gone. Leave
the beaten track occasionally and dive into the woods. You will be certain to find
something you have never seen before. Of course, it will be a little thing, but do

not ignore it. Follow it up, explore all around it; one discovery will lead to an-

other ...

Alexander Graham Bell
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CHAPTER 1
INTRODUCTION AND EXECUTIVE SUMMARY



CHAPTER 1
INTRODUCTION AND EXECUTIVE SUMMARY

This dissertation presents a unified distortion mitigation theory for multi-
dimensional, linearly/nonlinearly dispersive, data transmission systems utilizing
Quadrature Amplitude Modulation (QAM). QAM has been chosen in this work since it
represents a very high capacity/density modulation format in terms of the bit rate
per unit bandwidth that it can accommodate (particularly when used with vestigial
sideband filteringl1]) and because it has found wide applications in high capacity
commercial communications systems.[2-4] Our approach, concepts and results, how-
ever, are (by intent) quite general and may readily be applied to a variety of other

situations.

The analysis begins with fundamental principles of linear systems theory, and
linear digital communications systems modeling and optimization, and gradually gen-
eralizes until a mathematical framework emerges that unifies the behavior, analysis
and optimization of the general system, containing an arbitrary combination of
linear and/or nonlinear set of dispersive elements. The optimum receiver architec-
tures and adaptive control laws that we derive and evaluate subject to the general
linear/nonlinear system are channel distortion and nonlinearity model independent,
and substantially superior to previously reported techniques[5-11], particularly
during stressful channel conditions characterized by large amounts of linear and/or

nonlinear distortion (Intersymbol Interference (ISI) limited channels).

. In References 5 through 7, the basic architecture of Figure 1-1 and some

closely related variations thereof have been used as the means for cancelling ISI.

S
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The Linear Equalizer (LE) shown in this receiver is used to provide preliminary es-
timates of the transmitted data symbols, which are subsequently used by a canceller
structure (C) to adaptively form the prevailing ISI estimate. The ISI estimate,

thus formed, is subtracted from the matched filter (W) output, producing (in prin-
ciple) an ISI-free quantity, which then serves as the basis for forming a final de-

cision regarding the corresponding transmitted symbol value.

The generic ISI canceller of Figure 1-1 is quite flexible and lends itself to
ISI cancellation resulting froﬁ arbitrary combinations of linear and/or nonlinear
system impairments, provided that an appropriate configuration/architecture exists
within the canceller block, ¢.[5-7] For a type qf system containing a nonlinearity
at the transmitter (a nonlinear power amplifier) followed by a linearly dispersive
(multipath fading) channel, the ISI in the received data stream will, in general,
contain a "linear" as well as a "nonlinear" component*. Given a channel memory of,
say, N symbol (baud) intervals, the canceller (C) of Figure 1-1 must process a se-
quence of N preliminary decisions per signaling interval and be able to form (from
such a sequence) the necessary linear and/or nonltinear symbol combinations reflect-

ing the currently received ISI (as it exists at the matched filter output).

The signal processing (ISI cancellation) methodology outlined above has been
argued as representing the ultimate in receiver processing, with performance ap-
proaching that of the isolated pulse matched filter bound[6]. Indeed, as long as
the preliminary decisions (as provided by the LE) are correct, the canceller matched

filter combination performance does approach the "isolated pulse matched filter

* The Tinear ISI component is defined by a linear combination of transmitted data
symbols, while the nonlinear ISI term reflects a nonlinear combination of the
transmitted data elements.



bound" claimed in Reference 6, but, if the preliminary decisions are correct, what
is the need for the canceller matched filter combination? It is argued in Refer-
ence 7 (and substantiated, to some extent, by computer simulation) that, as long as
only a small number of errors occur in the preliminary decisions, the canceller
should still be capable of providing near optimum performance, since most of the
symbols used in forming the ISI estimates are still correct. This, however, may not
be true (in general), particularly when the ISI is strongly dependent on a rela-
tively small number of symbols, some of which are represented in error by the pre-
liminary decisions. For the line-of-sight multipath fading channel considered in
this work, we have indeed observed considerable canceller degradations brought about
by a relatively small number of errors made by the preliminary estimator (a conse-
quence of the ISI being strongly dependent on a relatively small number of trans-

mitted symbols).

In Chapter 3 of this dissertation, a new approach to the canceller decision
making strategy and methodology is postulated, analyzed, verified by computer simu-
lation and shown to substantially mitigate against the limitations of the conven-
tional canceller algorithm.[12] The new technique is generic in nature and, besides
lending itself to the ISI cancellation issue, it can also be applied to the purely
Tinear channel decision feedback equalizer situation to substantially resolve the
long standing error propagation problem associated with decision feedback equal-
izers.[9-11] The work presented in Chapter 3 also addresses the issue of ISI equal-
ization for the general Tinear/nonlinear system. A baseband equivalent model is de-
rived for the generalized QAM system, containing linear as well as nonlinear distor-
tion, showing that the impulse response of such a system is not only distortion de-

pendent, but data-sequence-dependent as well. Since the classical adaptive



equalizer operation relies on the assumption that the system's impulse response be
quasistatic with respect to the system's transmission interval, this assumption
breaks down completely for the general linear/nonlinear system, rendering the clas-
sical equalizer approach impotent (a data-sequence-dependent impulse response
changes at the signaling rate). The development of Chapter 3 resolves this issue.
A generalized equalizer structure (and associated control algorithm) is developed
involving data-sequence-dependent coefficients that allow the equalizer to properly

operate on the system's data-sequence-dependent impulse response.

Chapter 2, in conjunction with Appendices A through D, Tays down the fundamen-
tal mathematical framework for the purely linear QAM system. These fundamentals are
drawn upon heavily and serve as the basis for the generalized discussions of
Chapter 3, as outlined above. In Appendix D, where a discussion of 1ineér receivers
in the Nyquist sense is presented, a new adaptive receiver architecture in the "op-
timum Nyquist sense" is developed (Figure D-4). This receiver configuration and as-
sociated control strateqy is capable of forming adaptively a transfer function re-
sulting in minimum probability of error subject to the zero ISI constraint. Prior
published work involving an adaptive Nyquist receiver[2] ysed an arrangement result-

ing in suboptimum performance during channel fading.

Because of the importance and central role played by the transversal filter as
the building block in forming the optimal receivers developed herein, a Timited ex-
perimental effort has been undertaken to study digital implementations of the multi-
tap synchronously/fractionally spaced transversal filter. Chapter 4 reports on
these findings. Certain key prdperties/results predicted by analysis regarding the

behavior of synchronously spaced as well as fractionally spaced transversal filters



are verified, and are presented and discussed in Chapter 4, together with the sup-

porting experimental observations.

We close in Chapter 5 with a synopsis of the central theme of this work and
with a detailed enumeration of contributions made throughout this dissertation.
Several important observations/developments that have surfaced during the course of
the present work, but have not been central to the theme of this dissertation, have
not been expanded upon in Chapters 2 through 4, but are cited in some detail in
Chapter 5. These concepts[ls 13] identify areas for further work aimed at improving

the capabilities of the QAM system.

We close this chapter by presenting (systematically) a list of the major con-
tributions made. The contributions are rated in importance (according to the

author's judgement) using the following "three~star" method:

**%* = New and Very Important
** = New and Moderately Important
* =

New, Interesting

* Several baseband equivalent mathematical models are derived for the QAM sys-
tem illustrating its two-dimensional character (Chapter 2). The models are used in
the analysis and optimization of the system to derive optimum linear receivers (Ap-

pendices C and D) in the:
a. Minimum mean-squared error sense

b. Minimum probability of error sense subject to the zero ISI constraint



** A new adaptive receiver architecture and associated control algorithm is de-
rived which forms the optimum transfer function in the Nyquist sense yielding mini-

mum probability of error subject to the zero ISI constraint (Appendix D).

** The general nonlinearly dispersive QAM system is shown equivalent to a sys-
tem whose impulse response is data-sequence-dependent and, therefore, represents a
baud-interval-by-baud-interval changing waveform (Chapter 3). This result illus-
trates why the classical adaptive equalization techniques (which involve data-
sequence-independent coefficieﬁts) become highly suboptimum for the system contain~-

ing nonlinearities.

** An equalizer receiver configuration is derived that can optimally mitigate
against linear and/or nonlinear distortion (Chapter 3). This equalizer arrangement
requires only a factor of two increase in the number of taps (over those that would
be required in a purely linear system application) and is independent of the order
of the nonlinearity. A new performance index for optimum decision making based on
the equalizer output is also presented and illustrated (via simulation) to work

well.

*** A new and generic algorithm/methodology for cancelling ISI is presented
(Chapter 3). The algorithm is applicable to a variety of canceller arrangements
and/or equalizers using decision feedback, and substantially resolves the problem of
error propagation. Numerical results are presented illustrating the capabilities of

the new algorithm.

* Experimental results are presented confirming the performance insensitivity
of the digitally implemented fractionally spaced equalizer to timing phase errors

and showing that a fractionally spaced equalizer with only five taps is capable of



forming the receiver matched filter adaptively for a PAM system employing a half-
Nyquist transmitter filter (Chapter 4). The digitally implemented synchronously
spaced equalizer performance is shown highly sensitive to timing phase errors and

incapable of forming the receiver matched filter adaptively.

** Several new signal processing techniques, relating to the transmitter and
receiver processing of the QAM system, have been identified during the course of de-
veloping the central theme of this dissertation. These new techniques/algorithms,
not being central to the main theme of this work, have not been amplified in the
main text. Instead, they are cited and discussed in some detail in Chapter 5 as
areas for further work aimed at strengthening the capabilities of the communications

system. They involve:

d. Trahsmitter and receiver processing enabling vestigial sideband filtering

to be imposed on a QAM waveform (to achieve higher spectral efficiencies)

b. A nondata directed algorithm for adjusting the coefficients of adaptive
equalizers during start-up periods (thus avoiding the need for a training

sequence)
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CHAPTER 2
MATHEMATICAL PRELIMINARIES AND THE LINEAR QAM SYSTEM

2.1 NOTATIONAL REMARKS

In this work, we will deal extensively with symbols that denote complex-valued
quantities. Such symbols will invariably appear with a bar " " over them to empha-
size their complex-valued significance. Thus, symbols such as @, &, T(x), g(n),
etc., will be utilized in the representation of complex-valued entities. The form
of the first two (a, £) will be used to represent complex-valued constants, while
that of the third, F(x), will be appropfiate for the representation of a complex-
valued function of the real-valued argument x. The form of the fourth entry, g(m),

will be used to denote a complex-valued function of the complex-valued argument .

Uppercase letters will be used to denote nondeterministic quantities (unless
explicitly specified to the contrary). Accordingly, a form such as A will be used
to specify a complex-valued random variable, while the form N(t) will designate a
random process. One excebfion to the above notational convention will occur when
the argument of the function, which is being designated by an uppercase letter, is
jw. In that case, the function in question will always denote a Fourier transform.
That is, given the functional form N(jw), N(jw) will always be interpreted as the

Fourier transform of n(t), never as a complex-valued process.

Vector quantities will be identified via an underbar, while a double underbar
will be reserved for matrices. Hence, the symbols V and h will, for example, be

used to denote a complex-valued deterministic vector and matrix, respectively, while
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uppercase symbols such as V and H will typically be reserved for nondeterministic
(complex-valued as per the overbar) vectors and matrices, respectively. Of course,
in some situations, exceptions to the above rules will occur, but, when this hap-
pens, it will always be clear from the context as to the meaning of the symbology
being used (e.g., T will be used to denote the baud interval, J will be used as a

performance index, etc,).

Finally, for the sake of simplicity, we will adhere to the infinite summation

notational equivalence | =) and the operator * will, at times, be used to repre-
NV

sent convolution. The operator * will also be used as a superscript to denote com-

plex conjugation.

2.2 COMPLEX-VALUED IMPULSE SEQUENCES AND SAMPLING THEORY

Let x(t) denote a complex-valued function of the independent (real-valued) ar-
gument t. We assume x(t) to be band-limited, with X(juw) denoting its Fourier trans-
formd: |X(jw)] = 0 for Y|w| > wm, 0 < wy < =. Given that X(t) undergoes ideal
sampling, by being multiplied with the impulse trqin Es(t-kT), 0 <T < =, the fol-

lowing impulse sequence results:

{x(kT)}

1]

EilkT)s(t-kT). (2-1)

Fourier transforming the above, we have

(2-2)

X(eduT),

FLRUT)H] = [ (R(KT)Je-dutdt = JR(KT)e-dukT
-00 k

Having YKej“T) as defined above, the nth element of the sequence {x(kT)} may be re-

generated via the following operation:
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_ T ®/T_ . . T
x(nt) = 5[ T(edvT)eduonTdy; n = 0, +1, 42, .... (2-3)
-t/ T

This can be verified in a straightforward fashion by substituting JX(kT)e-JekT in
k
place of X(eJwT) and performing the indicated operations. Having established the

above, we now observe that x(nT) may also be expressed as

v < L5 junT

X(nT) = X(t)|tany = 3 [ X(jw)ed dw, (2-4)
where we have utilized the continuous-time inverse Fourier transform relationship.

Equation (2-4) may be rewritten in the following equivalent form:

_ 1 (2k+1)wg_ .
x{nT) = "2}'2 / oX(J'm)eJ“anw; 0 < wy < = (2-5)

K (2k-1)ug

Letting wg ='%§ 0 < T < = and performing the following change of variable:

E = w - 2Kugs (2-6)
we attain
-_ 1 n/T_ 2nk.
X(nT) = 27 1 [ X(3exi™7)edTde
k ~n
(2-7)
T w/T1 2wk, s
CE AT P
-7

Comparing equation (2-7) with equation (2-3) and invoking the uniqueness property of

the inverse Fourier transform, we conclude
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2nk

K(edoT) = -%z X(jutiT)s |u] < (2-8)

Owing to our band-limited assumption regarding x(t), we see that, if the sam-
21
pling interval T is chosen such that T > 2uM, only the k = 0 term in the above sum-
mation will assume nonzero values over the frequency band |w| 5j¥: Hence, given

that T <'%-, we can write
- M

X(dw) = TXET), jof <T (2-9)
or, equivalently,
- — _ Sin T (t-kT)
x(t) = T{x(kT)} * h(t) = Yx(kT) “1?""""', (2-10)
k T (t-kT)

where "*" denotes convolution and

Sin( )t
A.\i = = se— ’ -
hit) % %) (2-11)

ot | ==

i

represents the impulse response of an ideal low pass filter band-limited to w =T,
Equations (2-9) and (2-10) summarize the well-established result of the sampling

theorem.

2.3 BASEBAND EQUIVALENT REPRESENTATIONS OF THE LINEAR QAM SYSTEM

Baseband equivalent representations of passband communications systems are
often used to facilitate the analysis and/or computer simulation of such systems.

In this section, we develop several baseband equivalent representations of the
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Tinear passband QAM system. These representations are used later on in this work as

the bases for further analysis and to facilitate numerical computations.

Figure 2-1 shows the elements of a basic QAM communications system comprising a
modulator, a passband channel and a demodulator*. At the modulator input, two inde-
pendent impulse data sequences, {a(nT)} and {b(nT)}, are assumed to exist on the In-
phase (I) and Quadrature (Q) "rails" of the system, respectively**. Following low_
pass filtering of the input data sequences by identical I- and Q-rail transmitter
filters, the resulting I- and Q-rail signals, i(t) and q(t), respectively, are used
to amplitude modulate two carrier waveforms that are in phase-quadrature. Super-
position of the two modulated carriers, as shown in Figure 2-1, yields the QAM wave-
form, s(t). The waveform s(t) propagates througﬂ the passband channel and, at the
receiver, it is once again decomposed into baseband I- and Q-rail components, i'(t)

and q'(t), respectively, via the coherent demodulation process shown in Figure 2-1.

In arriving at the first baseband equivalent representation of the system, we
first associate Fourier transforms 1(jw) and Q(jw) with i(t) and q(t), respectively,
and trace these transforms through the system of Figure 2-1. At the receiver, at
points D and D', we find transforms corresponding to i'(t) and g'(t), that are ex-

plicitly related to the transmitted spectra by baseband transfer functions. These

* Thermal noise effects are neglected for the purposes of this discussion. Addi-
tive thermal noise is not relevant in calculating the baseband equivalent of a
linear passband communications system. The input passband thermal noise is
treated later on in conjunction with the optimization of the receiver processing.
At that juncture, a baseband equivalent representation for the input passband
thermal noise is developed.

** These data sequences are taken to be deterministic for the purposes of this dis-
cussion,
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baseband transfer functions enable us to define a baseband equivalent model for the

passband QAM system.
At point A in the system (sée Figure 2-1), we have
s(t) = vZ [i(t) cos wet - q(t) sin wctl, (2-12)
or, in the frequency domain,

S(jn) = ;%?[TYjw-jwc) + T{jutjuc)] + Jéf[ﬁxjm-jmc) - Tlutjue)ds (2-13)

where, as usual, j = ¥-1. At the passband channel output (at point B of the sys-
tem), we therefore have the signal transform R(jw) = H(jw) S(ju). Using the identi-
ties

j6 jw.t -j6 =ju.t
elldiet 4 7% R (2-14)

2 cos (w t+9)

and

i8 ju.t
d0 duc

-jo ~jw.t
i o J o Jug

, (2-15)

- 2sin(wct+0)

the signal transform at point C may be expressed as
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X(ju) = %e‘jeﬁ(iw-imc)n(iw-ﬂwc) + T(Jw)]
+ & IR (G, ) umd2ag) = Tju)]

1 . -
+ 5 e M (Guring )[T(iw) + T(jutj2u)]

N T T . — s
+% e I (Juring ) [Qw) - Qliutileg)].
Similarly, at point C', we have

Viiu) = & ed®M(jumjug) [T(ju-i2og) + T(ju)]
1 . — —
- 5 eI (ju-ju )[Q(Guw-j2u.) - Qldu)]

-5 e (Gutinc) [T(ju) + T(jutizug)]

1 _ig— -
-+ eI (Gutjuc ) [Q(Gw) - Qderizuc)].

Finally, in order to specify the signal spectra at points D and D', we assume
that the receiver filter characteristic, GR(jw), being of a low pass nature, is
going to eliminate all passband signal components existing at points C and C'. We

can thus specify the signal spectrum at point D as
=it l TEr e e N:] Tl 4 -ja . /s
I'(jw) = 7 [A(ju-jug)ed® + H(jutjue )™ Tog(Ju) T(ju)

+ 5 [AlGu-joc)ed® + A(juting)eT0T6s (u) Tjw),
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and the signal spectrum at point D' as

T (dw) = 3 [Alju-ju)ed® - H(jutingJe 90 Tap(J0) T(ju)

1 . _ .
+ 5 [A(jumjuc)e?® + W(jurjug e I8 T (3u) Tlju).
Letting

(2-16)

| 1 . _ .
M(Ge) = Fpp(ie) = 5 [A(ju-juc)ed® + A(jutin,e™d],

and

— j = ; — : 2-17
Molin) = Fpy(du) = 3 [Alju-jug)ed® + Fjutjug)e=30], (2-17)

the I- and Q-rail signal transforms at the demodulator output may be written as

T'(ju) = GR(Ju)lA11(jw) T(ju) + A12(je) Qjw)d, (2-18)
and
Q'(dn) = Gp(Ju)[F21(dw) T(ju) + Haa(jw) Qjw)l, (2-19)

or, more compactly, in terms of a complex-valued vector matrix equation as
T (ju) — [ H1(iw) Ai2(ie) T(jw)
. = GR(Jw)} _ _ _ . (2-20)
Q' (jw) H21(Jw) Hzz(jw) Q(jw)

Defining the vectors
T'(ju)
Gu)=| _ ", (2-21)
Q' (Juw)

S3(iu) [T(jw) :l d
Jw) = an
= )

Ll
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and the matrix

Ha(juw) -

[ A11(iw) H12(iu) ]
_ _ . (2-22)
Ho1(jw) Hoo(jw)

Sgldn) = Grljw) Hy(ie) Sg(ie). (2-23)

equation (2-20) may be rewritten as

These relationships highlight the two-dimensional character of the QAM system. The
complex-valued matrix transfer function, Eb(j“)’ as specified above, defines the
two~dimensional baseband equivalent transfer characteristic of the QAM system. Fig-

ure 2-2 shows a block diagram representation of this baseband equivalent model.

An examination of equation (2-20), which is equivalent to the two scalar equa-
tions of (2-18) and (2-19), reveals that the signaTs transmitted on the two orthog-
onal dimensions of the system (the I and Q rails) will interfere with one another
unless Hi2(jw) is identically zero or is otherwise properly behaved. Furthermore,
unless Hyj(jw) is properly behaved, self-rail (intersymbol) interference will also
be present in the received‘waveform. In addition, the baseband equivalent form of
equation (2-20) suggests that a receiver architecture as shown in Figure 2-3 may (in
principle) be employed, following the demodulator stage, in order to negate the ef-
fect of the channel. Although this is theoretically and practically feasible, it is
typically attained at the expense of thermal noise enhancement, as will be quanti-

fied later on.

Having established the first baseband equivalence of the linear passband QAM
system, we now derive a second equivalence incorporating a baseband channel model

with complex-valued impulse response instead of the real-valued matrix impulse
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response utilized above. Considering the block diagram of Figure 2-4, we let the

input complex~valued signal Sg(t) be
sp(t) = i(t) + jaq(t), (2-24)
and define the complex-valued impulse response hg(t) as

hg(t) hi(t) + jha(t). (2-25)

Based on these definitions, the complex-valued output, Eé(t), may be written as

(neglecting thermal noise)
Sa(t) = gp(t) » Miglt) « Sp(t) = i"(t) + jg"(t). (2-26)

Substituting equations (2-24) and (2-25) into equation (2-26) gives

Sp(t) = gp(t)alhy(t) + dhp(t)Iuli(t) + jq(t)]
gr(t)*[hy(t)*i(t) - ha(t)xq(t)] (2-27)

+ Jgp(t)xlhy(t)xq(t) + hp(t)«i(t)].

n

Equating the real and imaginary parts on both sides of equation (2-27) results in

i"(t) gr(t)+Lhy(t)=i(t) - ha(t)xa(t)], (2-28)

and

q"(t) gr(t)xL[hy(t)xq(t) + ha(t)+i(t)1. (2-29)

We now observe that equations (2-28) and (2-29) become indistinguishable from equa-

tions (2-18) and (2-19), respectively, provided that

hy(t) = h1p(t) and hp(t) = -hp(t). (2-30)
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Hence, subject to the constraint of equation (2-30), an equivalence exists between
the two baseband models of Figures 2-2 and 2-4, and, consequently, an isomorphism

between 2 x 2 real-valued matrices and complex-valued quantities.

The baseband equivalent models described above serve in characterizing the
overall communications system from an input/output standpoint. That is, given base-
band inputs to the system, one of the two baseband equivalent models derived thus
far may be used to predict the corresponding baseband system outputs (at points D
and D' of Figure 2-1). These Baseband models, however, are incapable of specifying
signal values at intermediate (passband) system points, such as at point B of Figure
2-1. To provide for such a capability, an alternate baseband equivalent representa-
tion for the QAM system is derived based on the complex envelope principle. The
method of representing passband signals and systems via corresponding "complex enve-

Topes" is developed in Appendix A.

Refer to Figure 2-5a, which, just as in Figure 2-1, shows a basic linear QAM
system. Figure 2-5a, however, expands on Figure 2-1 in that a receiver filter is
postulated to exist in the passhand prior to the demodulation process and, after the
demodulator, a receiver sampler is shown, followed by a decision-making process.

The modulator and demodulator blocks shown in Figure 2-5a are assumed structurally
jdentical to those shown in Figure 2-1. The receiver filter with impulse response
g(t), shown in the passband in Figure 2-5a, is mathematically equivalent to having a
baseband structure (after the demodulator) as that shown in Figure 2-3 (see Appen-

dix B for the details of this equivalence).

- We begin the mathematical development of the "complex envelope" based baseband

equivalent of the physical system shown in Figure 2-5a by considering the narrowband
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passband process signal U"(t), which we assume to exist at the QAM demodulator in-
put. Since, by design, U"(t) is a narrowband* passband random process (owing to the
band-limited nature of the receiver filter), it can be represented in terms of I and

Q components, relative to the carrier frequency wc, as
U"(t) = Ug(t) cos wgt = Ug(t) sin wct, (2-31)

where U;(t) and U;(t) denote the I and Q components of U"(t), respectively. Thus,

the I-rail output of the QAM demodulator will be**

Demodulator
(1-Rail Output) = [{/2 cos (uct+e)}

« {Ug(t) cos wct = Ug(t) stn wet g (2-32)

1 U"(t) in o
—_— sin o,
/2- S

1
= ——-Ug(t) cos 6 +

/2

where [*]p denotes the low pass (baseband) components of the expression inside the

brackets. Similarly, the Q-rail component at the demodulator output will be

Demodulator .
(g-Rai1 output) = [{-YZ sin (uct+e)}

¢ {Ue(t) cos wgt = Ug(t) sin uct}lp (2-33)

1 " 1
—Us(t) cos © -—U(':'(t) sin 6.

/Z 2

* Relative to the system's carrier frequency

** The I- and Q-rail filters that are part of the QAM demodulator (see Figure 2-1)
are taken here to be ideal low pass filters defined over the system bandwidth.
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Next, we consider the decomposition into real and imaginary parts of the low

1 =~ . ~
pass complex-valued waveform ;@:U"(t)e'Je, where U"(t) denotes the complex envelope

(see Appendix A) of U"(t). We have

"

L yn(e)e-ie %—{ug(t) + jUg(t)}{cos 8 ~ j sin e}

/2

= 7-;.-u'c'(t) cos 8 +712_-U's'(t) sin 6 (2-34)

+ _{ 1 U"(t) 5 1 U"(t) . 9}
- cos 6 - = sin 6}.
N s 7z ¢
- o 1= .
From the above, we observe that the real and imaginary parts of ;§:U"(t)e-J9 are
isomorphic to the I- and Q-rail waveforms, respectively, of the demodulator output,
hence, allowing us to state the mathematical equivalence of Figure 2-5b. Further-

more, since the waveform at the QAM modulator output may be expressed as

S(t) = VZ I(t) cos uct - V2 Q(t) sin wct, (2-35)

where
I(t) = EAkgT(t'kT)’ (2-36)

and
Q(t) = EBkgT(t-kT), (2-37)

the complex envelope of S(t) may be expressed as
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S(t) = V2 {I(t)+jQ(t)} = ﬁE(Ak‘*J'Bk)gT(t'kT) z v’fETkgr(t-kT), (2-38)

with Ty = A + jBy (k =0, #1, ¥2, ...) denoting the kP complex-valued input data
element. Using the above, the physical QAM system of Figure 2-5a, which encompaéses
both passband and baseband signals, and system sections, may mathematically and
equivalently be replaced by the nonphysical purely baseband model shown in Figure
2-5c. At each stage of the baseband equivalent block diagram of Figure 2-5c, a com-
plex waveform represents, via its real and imaginary parts, the I- and Q-rail (or
in-phase and quadrature) components, respectively, of the corresponding signal on
the physical QAM system diagram of Figure 2-5a. Thus, the real and imaginary parts
of §(t) map onto the I and Q components, respectively, of S(t). The same can be

said regarding the relationship between ﬁ"(t) and U"(t).

Continuing on with our mathematical modeling, we refer now to Figure 2-6. In
Figure 2-6a, we have equivalently rearranged the mathematical QAM demodulator model
(from the way it appears in Figure 2-5c) to being distributed between the system's
noise input and channel characteristic. In Figure 2-6b, a mathematical equivalence
is depicted between sampling the waveform ﬁ’(t) at the discrete points in time
nT +t (n =0, +1, +2, ...) to form the sequence {ﬁ'(nT+r)}, versus delaying ﬁ'(t)

by -t seconds to yield 5'(t+r), and then sampling ﬁ'(t+r) at the points nT {(n = 0,
+1, #2, ...) to produce the same sequence {ﬁ'(nT+r)}. Incorporating the results of
the sampler equivalence of Figure 2-6b into the configuration of Figure 2-6a and ac-
counting for the noncausal delay element -t (by modifying the noise input and chan-
nel characteristic), the simplified baseband equivalent model of Figure 2-6¢ re-

su1ﬁs.
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In summary, the physical passband QAM system model of Figure 2-5a has been
shown to be mathematically equivalent to the purely baseband (nonphysical) model of
Figure 2-5¢, wh%ch, in turn, is equivalent to the simplified baseband models of Fig-
ures 2-6a and 2-6c. Since the relationships between the simplest model of Figure
2-6c and the other alternatives shown in Figures 2-5 and 2-6 are straightforward,
we chose to analyze the configuration of Figure 2-6¢ in determining the "best" re-
ceiver filter response, ;°(t), which optimizes some (as yet undefined) relevant per-

formance index.

2.4 A NYQUIST ZERO INTERSYMBOL INTERFERENCE CONDITION FOR THE QAM SYSTEM

In reference to the baseband equivalent model of Figure 2-6c, we Tet x(t) de-
note the overall baseband equivalent impulse response of the system; that is, we let
x(t) = TF(t) * g(t). (2-39)
In terms of X(t), the received waveform U(t) may be expressed as
U(t) = TTgx(t-kT) + V(t), (2-40)
Kk
where V(t) denotes the filtered noise process ;(t) * T(t). Evaluating equation
(2-40) at the nth receiver sampling instant gives
U(nT) = JIxx(nT~kT) + V(nT). (2-41)
k

As can readily be seen from equation {2-41), intersymbol-interference-free transmis-

sion will occur provided that
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%(mT) = 1+ j0 form
X(nT) 0+ jO form

0 (2-42)
il’ 12’ _+-3, LN N ]

That is, provided that the overall system impulse response satisfies the constraints
imposed by equation (2-42), the received waveform at the nth receiver observation

instant will be
T(nT) = T, + V(nT), (2-43)

thus being influenced only by the nth transmitted symbol (and, of course, noise)
with all other future and past transmitted symbols (relative to the nth signaling

interval) not effecting its value.

Since the overall system impulse response, x(t), may be expressed in terms of

its Fourier transform, X(jw), via the inverse Fourier transform relationship,

- 1 = .
x(t) = 57 [ X(juw)eItdu, (2-44)
x(mT) may be evaluated from
- 1 = .
x(mT) = o7 [ X(jw)edumTqy, (2-45)

Rearranging and placing equation (2-45) in the form of

_ 1 (2k+1)wg_ . ‘
X(nT) = 51 J X(jw)ed®™du; w, > 0, (2-46)
k (Zk-l )U)o

followed by changing the variable of integration in accordance with

v = o - 2kug, (2-47)
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) T
setting wy equal to T, and reversing the order of summation and integration gives

T (2-48)

- T /T 2nk. .
X(nT) = 5 | /T['f'é'x-(jvﬁ"]'r-‘) JedvmTgy,

Since x(mT) can be envisioned as representing the mth element of the sequence

{x(mT)}, we may also write

. JT . :
RT) = o ) X(edoT)edunTy,, (2-49)
/T
where
X(eduT)y = FL{x(mT)}] = ’)E’Y(kT)e‘j“’kT = 1, (2-50)

where equation (2-42) was invoked in writing the last equality above. Comparing
equations (2-49) and (2-48), and using the uniqueness properties of the Fourier and

inverse Fourier transformations, we conclude (with the help of equation (2-50)) that
. 2nk
gxuw-"r) =T for [u| <T- (2-51)

The constraint imposed by equation (2-51) on the overall system transfer function
X(juw) is typically referred to as the frequency domain zero intersymbol interference
condition, which, when satisfied by X(Jjuw), yields received waveform performance in
accordance with equation (2-43). Mathematically equivalent to the frequency domain
constraint of equation (2-51) is the time domain constraint of equation (2-42), typ-

ically referred to as the time domain zero intersymbol interference condition.
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CHAPTER 3
THE GENERALIZED LINEAR/NONLINEAR QAM SYSTEM

3.1 INTRODUCTION AND REVIEW OF LINEAR SYSTEM FUNDAMENTALS

Thus far, we have focused on and dealt with issues related to the mitigation of
linear system distortions. Despite all linear distortion mitigation efforts, how-
ever, nonlinearities in state-of-the-art communications systems (albeit typically
controlled by sophisticated component designs and substantially maintained at fairly
Tow levels) are rapidly assuming a major role in limiting the further increase in
reliable data rates. The pioneering works of D. D. Falconerfl] and E. Biglieri, et
a1l2], established and characterized a class of adaptive receiver structures capable
of mitigating nonlinear channel distortions in multidimensional data communications
systems, at the expense, however, of substantial hardware complexities (a large
number of tap coefficients is typically required in these structures to compensate
for the effects of the nonlinear dispersive channel). As a consequence of such
practical limitations, alternatives such as adaptive baseband predistortion at the
transmitter have been explored.[3J Adaptive baseband predistortion, however, may
not always be desirable or even feasible, particularly in multihop nonregenerative
digital communications systems. It therefore becomes highly desirable to have adap-
tive capability of mitigating nonlinear channel impairments at the receiver of a
communications system without having to resort to unreasonable hardware complexi-

ties,

. The work outlined in this chapter addresses this issue. We show that, indeed,

it is possible to define relatively simple receiver structures (representing not
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more than a factor of two increase in the number of tap coefficients over those re-
quired in the linear channel applications) that can effectively mitigate channel
nonlinearities. The adaptive receiver structures that we propose and study repre-
sent generalizations on the classical techniques that have been developed subject to
the linear channel assumption. We show that the general nonlinear channel can be
modeled equivalently by one whose impulse response is data-sequence-dependent and,
in this sense, represents a baud-interval-by-baud-interval changing waveform. That
is, we show that the channel's .impulse response assumes values from an ensemble of
waveforms, with a possibly different waveshape being assumed once every signaling
interval. This simple observation leads to the data-sequence~dependent channel con-
cept, which is the key to defining relafively simple extensions of the classical
adaptive receiver structures that are capable of effectively combating channel non-
linearities. Before embarking on this venture, however, a synopsis of the tech-
niques developed thus far for the 1inear QAM system (in Chapter 2, and Appendices A,

B, C and D) is in order.

A simplified block diagram of the basic QAM communications system is shown in
Figure 3-la. As shown, twb statisically independent discrete-valued (typically,
zero mean) random data sequences, {Ax} and {Bg}, are each low pass filtered by a
transmitter filter with impulse response pt(t). Then, the filtered random informa-
tion processes corresponding to {Ax} and {Bx} [I(t) and Q(t), respectively] ampli-
tude modulate two phase quadrature carriers, v2 cos wct and Y2 sin wet, respec-
tively. Hence, following the summation of the modulated carrier signals, the pass-

band QAM random process signal, S{t), is formed. We therefore have

S(t) = VZ I(t) cos wet - vZ Q(t) sin wct, (3-1a)
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where
I(t) = Jmpr(t-kT), (3-1b)
Qt) = EBkPT(t-kT), (3-1c)
{Ak} = EAkG(t-kT) (3-1d)
and
{Bx} = EBkc(t-kT), (3-1e)

where T denotes the signaling interval. The passband channel (thé propagation
medium) is characterized by the impulse response h(t). This impulse response is as-
sumed unknown and, in general; time varying, but substantially quasistatic with re-
spect to the transmission rate (the baud rate) 1/T. At the output of the channel,
a thermal noise process, N(t), is added to the received information carrying random
process signal. Following this, we postulate a passband receiver filter with im-
pulse response gg(t). The purpose of this filter is to optimize (minimize) some
performance index of the system, such as, for example, the Mean Squared Error (MSE)
at the sampling times, or the probability of error subject to the zero Intersymbol
Interference (ISI) constraint, etc. Finally, demodulation of the received noisy
process by the phase orthogonal carrier signals vZ cos (uwet + ) and

v2 sin (wct + 8) followed by sampling at t = nT + 1, n = 0, +1, +2, ..., and deci-
sion making produces estimates, fﬁk} and {gk}, of the transmitted random data se-
quenées. The parameters o and Tt denote the receiver's carrier phase and timing

phase values, respectively.
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Using the complex envelope representation of passband signals and systems (see
Appendix A), a mathematical equivalence can be established between the passband QAM
system of Figure 3-la and the purely baseband equivalent mathematical system de-
picted in Figure 3-1b. In the representation of Figure 3-1b, a complex-valued ran-

dom data sequence, {Ikx}, defined as

Ik} = Ech(t-kT) = E[Ak""jBk]G(t'kt) (3-2)

is Tow pass filtered by a transﬁitter filter having real-valued impulse response
pT(t). The effect of the channel, receiver carrier phase 6 and receiver timing
phase t, is accounted for by the complex-valued low pass filter entity hqving im-
pulse response hg.(t), where

Fg (t) = h(t+r)edo, (3-3)

Thermal noise is accounted for by the complex envelope I(t), where

m

R(t) 7;. R(t+r)e=d® (3-4)

and the receiver filter function is represented by the compliex envelope SR(t). We
stress that, in the mathematical model of Figure 3-1b, although the demodulation
functions are not shown explicitly, they are mathematically and equivalently ac-

counted for by the channel's response as given by equation (3-3).

The baseband equivalent model described above for the linear QAM system can
readily be analyzed and optimized (see Appendices C and D) by finding the optimum

receiver filter impulse response, gE(t), which minimizes some mathematically
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tractable performance index, such as, for example, the MSE at the sampling times.
That is, letting ﬁ(t) denote the random process signal at the output of the receiver

filter, we can define the MSE at.the nth sampling time as

€

o= E[UT) - T2, (3-5)

where the expectation operator, E[-], denotes ensemble averaging with respect to all
possible complex-valued data sequences and noise waveforms. Minimizing such a per-
formance index (see Appendix C) results in an optimum receiver filter transfer func-

tion given by (see equation (C-45))

= = 4 F*(ju)
G2(juw) = Flgo(t)] = - 7 N
R R %E'F(jm'*j-g_—?k) +;.<12>_ (3-6a)
where
F_(Jw) 2 F[pT(t)*-ﬁ-B'r(t)]’ (3'6b)
of = E[IT,I?], (3-6¢)
and
No = Sp(de) = FLep(r)] = FLE[T(t) T*(t+1)]], (3-6d)

where the power spectral density of the equivalent noise, Sp(jw), has been assumed
constant over the system bandwidth and F[-] denotes the Fourier transformation,

FL1 = fm[-]e‘iwtdt.

00



42

Similarly, if the performance index to be minimized is the well known “proba-
bility of error subject to the zero ISI constraint", it can readily be shown that an

appropriate performance index in the frequency domain is (see Appendix D)

0o 3 0 psptaens Bty 5[
/T k
+ A[EY(JW‘J' g%k) - T]s (3-7a)
where A denotes a Lagrange multiplier, with
T(w) = Fliu)ep(ie) (3-7b)

denoting the overall transfer characteristic of the system. Minimizing J with re-

spect to GR(jm) gives

zo F*(ju) (3-8)
Grldn) = THTF e Zika[2

—_ +] ===

P 35
We observe that Es(jm), as defined by equation (3-8), yields an overall system
characteristic that is Nyquist, satisfying the zero ISI constraint. Furthermore,
observe that, in the 1limit, as the thermal noise becomes vanishingly small, the two

optimum receivers as defined by equations (3-8) and (3-6) become indistinguishable.

In practice, the optimum linear receivers represented by equations (3-6) and
(3-8) are implemented (approximated) by fractionally spaced transversal filter
structures (see Appendices C and D). The basic elements of a (2N + 1) tap, T'

spaced, fractionally spaced transversal filter are shown in Figure 3-2. The delay
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1ine elements are typically chosen such that T' = T/2, However, T' need not be set
equal to T/2, as long as it is chosen so that the periodic transfer characteristic
formed by the structure spans the entire system bandwidth, which is typically de-

~ fined (according to the Nyquist school of thought) to extend over the frequency in-
terval |uw| j_%f(l +a), 0 <a < 1. A T/2 tap spacing, however, does represent a
preferred embodiment for practical reasons, particularly when the filter is imple-
mented digitally. The filter coefficients are assumed complex-valued (as shown in
Figure 3-2), since the complex-valued impulse response ;R(t) is being approximated.
It is readily seen that in terms of the complex random process signals defined
along the delay line of the filter, the complex-valued output signal at t = nT can

be written as
UnT) = T_pX(nTNT') + TpaX(nTNT'-T') + ...

+ ToX(nT) + TIX(nT-T') + ... + TNK(nT-NT'), (3-9a)

or, more compactly, in terms of an inner product of complex-valued vector quanti-

ties,

UnT) = T'K,» (3-9b)

where
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Ty ] = X(nT+NT')
Tnel X(nT+NT'=T")
C = Cp and Xp = X(nT) , (3-9c)
(] X(nT-T')
Ty | X(nT-NTY)

with T used as a superscript on a vector to denote transposition. For the case

where the performance index to be minimized is the MSE at the nth sampling time, we

have
= E[|U(nT) - T.|2
€n LIU(n ) In' ]
= TR -TTP-TT P+, (3-10a)
where
R = E[XXT], (3-10b)
T o= E[ThX,] (3-10¢)
and
R
o¢ = E[T,I,] (3-10d)
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To' find the optimum complex-valued coefficient vector, E?, which minimizes ep, we

take the gradient of ep with respect to T, set the result to zero and solve for C.

That is,
V _ 3€n _
Cn g C O (3-11)
Evaluating equation (3-11) gives
Toxr = R-IP, (3-12)

In practice, the optimum coefficient vector predicted by equation (3-12) is found
adaptively using some control law such as the well known stochastic gradient algo-

rithm (see Appendix C)

Cker = & * vEpkn, (3-13)

~

Th - Up, the subscript k specifies the adaptation index, and n pertains

where Ep

to receiver sampling time. It can readily be shown that

Tim E[Tiy] = T = RIP (3-14)
ko
That is, the control law (3-13) finds C° in the mean in the limit as k » =, Similar
techniques exist for finding the coefficient vector that minimizes the performance

index J (see Appendix D).

.Below, the mathematical model for the nonlinear QAM system is derived, leading

to the data-sequence-dependent channel concept. Following this, an optimum in the
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Least MSE (LMSE) sense receiver structure is defined for the nonlinear QAM system,
together with its associated adaptive control algorithm. The issue of nonlinear ISI
equalization versus cancellation. is also examined. An ISI canceller is defined for

the nonlinear QAM system and its performance examined via computer simulation.

3.2 A BASEBAND EQUIVALENT REPRESENTATION FOR THE NONLINEAR SYSTEM

The overall structure of the nonlinear QAM system to be considered here is as-
sumed substantially the same as-that of the linear QAM system described in Chapter 2
and reviewed above. As shown in Figure 3-3, however, a nonlinear device is postu-
lated at the output of the QAM modulator. Following Heiter's approach[4], the as-

sumed Jth order nonlinearity is mode]ed.by the input/output relationship

vo(t) = gpuilt=ty) + gpvi2(t-1p) + uu + ggv;i°(t-1y), (3-15)
where vj(t) and vo(t) denote the input and output signals, respectively. The non-
linearity model defined by equation (3-15) is capable of predicting nonlinear dis-
tortions in both amplitude and phase. As specified above, w; assume that the only
nonlinearity in the system.exists at the modulator output (accounting perhaps for
the effects of a transmitter power amplifier). However, this need not be the case.
The system model may be further generalized to account for a multiplicity of nonlin-
earities distributed throughout it. This, however, is not attempted at this point
for the sake of simplicity and clarity. Furthermore, in order to keep the analyti-
cal results more easily interpretable and manageable, we consider, in detail, the

J = 3 case. That is, we assume a third order nonlinearity at the modulator output.

-Subject to the above simplifications, the passband random signal process at the

output of the nonlinearity, S'(t), may be expressed as
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S'(t) = giS(t-1g) + gp83(t-1p) + g383(tr3), (3-16)

where S(t) represents the QAM signal as defined by equation (3-1). Assuming that
the passband system bandwidth is small compared to the carrier frequency, Sz(t-rz)
will exist entirely outside the band of interest and will, hence, not appear at the
receiver. The term 53(t-r3) will contribute, however, an iannd as well as an out-
of-band component. The component of 53(t-13) in the passband will be denoted by

SgB(t'TB)' Straightforward algebraic manipulations give

SBg(t-t3) = Kpz E(t-t3) I(t-t3) ¥Z cos ugt
+ Ks3 =(t-13) Q(t-13) ¥Z cos wct
- Koz =(t-13) Q(t-13) vZ sin wct

+ Kg3 E(t-t3) I(t-13) ¥/2 sin wct (3-17a)
where
Kz = cos wet3, K§3 = sin wet3 (3-17b)
and
3
2(t) = 7 [14(t) + Q4(t)]. (3-17¢)

Using equations (3-1c) and (3-1d), equation (3-17a) above may be rewritten in
terms of the transmitted random data sequences, {Agx} and {Byl, and the transmitter

filter impulse response, py(t), as



SBg(t-t3) = {g'KcsgAkE L{Aghy*8 By

. bT(t113-kT)pT(t-r3-£T)pT(t-13-mT)} Y2 cos wct -

+ {é.KS3szz L[AgAr*BeBr]
2 %k am

pT(t-13-kT)pT(t-r3-zT)pT(t-r3-mT)} VZ cos uct

3
{2 KealBil [Agh#Be8y)
k<em

pT(t-r3-kT)pT(t-13-2T)pT(t-r3-mT)} VZ sin wct

<+

3
{E'KS3EAk2 L[Aghn*B4Bp]
k 2m

. pT(t-r3-kT)pT(t-t3-2T)pT(t-r3-mT)} YZ sin uct.

The total passband (inband) component of S'(t) will therefore be
]
SPB(t) = QIS(t-‘l‘l) + 93588(1‘.-1:3).

Hence, we can write

‘50

(3-18)

(3-19)
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Spg(t) =EM%%$%yWWWWWWQM)

pT(t-t3-2T)pT(t-t3-mT) + Kc191PT(t-11-KT)]

-+

gBkbg Ks393L L(AghyByBn)py (t-r3-kT)

pT(t=t3-2T)pT(t-t3-mT) + Ks191PT(t-11-kT)] V2 cos wct

EB"[% Kc3g3§ %(AzAm+BzBm)pT(t-t3-kT)

pr(t-t3-2T)pr(t-t3-mT) + Kc191Pr(t-11-kT)]

l)(:Ak[-g- Ks3g3§' EI(AR‘Am'FBzBm)pT (t-‘l‘s-kT)

(3~20a)

pT(t-t3-2T)pT(t-13-mT) + K5191PT(t-11-kT)]} V2 sin wct,
where
Kcg = cos wery and Ks = sin weti. (3-20b)

At this point, we make the assumption that, at any one particular point in time,
only M' preceding and N' succeeding data values play a role in determining the value

of SEB(t). We, hence, write
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. k!
Spat) = {EAkfl(t-kT, {T@}ka.)

~ kHN'

+ Ekaz(t-kT, {Iz}k_Ml)} Y2 cos wct

- {Eka1(t-kT, {Tk}:f::)

k+N'

k_M,)} VZ sin wct, (3-21)

- EAku(t-kT, {Te}

where

' N N'

3
wl = peass L, L (AdntByBplpr(t-rs)

N
filt, {Tp}

o p7(t'-13~4T)p7(t '=13-mT) + Kgig1pr(t-t1)  (3-22a)
and '

N' Nl Nl

-M S$393 “M' meaM" 7'M P m/PT 3

t, (T
fz( { 2} 2

——r
I

 pr(t'-r3~aT)py(t'=13-mT) + Ks191pT(t-11).  (3-22b)

Note that, in the above expressions, t' = t. The only reason for using t' in the

-~ N
places where we have is for clarity of the definition of fi(t - kT, {I”}-M'J and

fo(t - kT, ng}N ) above. In light of equation (3-21), and definitions (3-22a) and

MI
(3-22b), we can now define an equivalent data-sequence-dependent transmitter filter

as illustrated in Figure 3-4. The data-sequence-dependent transmitter filter is
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modeled mathematically by associating with it the complex envelope ?[t, {Ig} M')’
where

N' N' N' (3-22c)

?t,T sT .ft’T ¢
(b, (Tgd ) = falts (g )+ 3f(ts {Tgd )

Letting g;B(t) denote the complex envelope of SQB(t), we can write

k+N'

Spg(t) = IT,F(t-kT, Tl e

)

N k4N
= T(A*+iBy)[F1(t=kT, T ifo(t-kT, {T
E( BRI F1( Ty, ) * 3fal LPLAN)
- kN k'
= YA F1(t-kT, (T - Bkfa(t-kT, (T

_ kN kN
+ JE{kal[t-kT, {Iz}k-M') + Agfa(t-kT, {Iz}k_M')}. (3-23)

=~ jw .t
As expected, equation (3-23) gives S;B(t) = Re[SpB(t)e‘]mc ], as per equation (3-21).
Next, allowing §;B(t) to propagate through the passband channel (with complex enve-

lope ﬁ(t)), the signal §;B(t) * ;(t) is generated. We let

S'(t) * h(t)

= _ kN
ElkhNL[t-kT, M1 ) ~ (3-23a)

where
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o — N = _ N =
(¢, (T,} g5 Tl T ) *hie). (3-23b)

The equation above serves as the defining equation for the data-sequence-dependent
channel. Since it is the convolution of ﬁ(t) with ?(t, {Th}?é,) that determines the
impulse response of the data-sequence-dependent channel, we let ﬁNL(-) depend on a
data sequence of length M + N + 1 > M' + N' + 1, in general. The equivalence of the
data-sequence-dependent transmitter filter (followed by the passband channel) with
the data-sequence-dependent chaﬁne1 js illustrated in Figure 3-4. Finally, account~
ing for the demodulator recovered carrier phase and sampling time phase parameters,
¢ and t, respectively (just as we did for the linear QAM system case), gives the

data-sequence-dependent baseband equivalent channel model with impulse response

N
Fﬁ&(t, {Tk}_M), where

(3-24)

-~ N = - N
Me(ts (Tpr,) = At (Ty )3,

This data-sequence-dependent baseband equivalent channel model for the nonlinear QAM

system is illustrated in Figure 3-5.

3.3 THE DATA-SEQUENCE-DEPENDENT IMPULSE RESPONSE

In this section, computer simulation results are presented illustrating the
nonlinear behavior of the assumed QAM communications system (impaired by a third
order nonlinearity at the modulator output (see Figure 3-3)). The pulse shaping
transmitter filter, py(t), is assumed half-Nyquist, with the following frequency

domain transfer characteristic[5]:
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po—

YT for O f_mi'TTL'(l-a)

Pr(juw) = Flpr(t)] =— /_; 1 - s‘in[g_a (o - %)]}1/2 (3-25)

for%(l-a) Sw _<_-’TL(1+OL),

where o denotes the "roll-off" factor, 0 <a < 1. Here, we have set o = 0.5. The
baud interval (the signaling interval) has been set to 66.67 x 10-9 seconds =

66.67 ns, corresponding to an assumed baud rate (number of transmitted data symbols

per second) of 15 x 106 = 15 Mbaud.

The passband channel transfer characteristic is assumed to exist over the fre-
quency interval w, -71;' (1+a)<w < +'¥—(1 + a), where w. = 2n(4 x 109) rads/
second. The passband channel transfer function, H(ju), is chosen to represent a
line-of-sight multipath fading tropospheric medium,[6-9] we et

-J'(w-wf)'r -jut

H(jw) = a(l - be ) = a(l+be ) (3-26)

in accordance with the Rummler mode].[7:I In equation (3-26), the parameter ws de-
notes the frequency at which the magnitude of H(jw) is at a minimum (thus, wf de-
fines the "fade notch" frequency). At the fade notch frequency, we have ejwa = -1,
by definition, with v set equal to 6.3 ns, according to the Rummier model. The
parameter "a" represents frequency independent attenuation (or gain) over the entire
band and "b" determines the maximum attenuation of H(ju) at w = wf due to the fre-
quency dependent factor (1 + be~Jwt), The quantity 20 log |1 - b|, expressed in dB,

is used as a measure of the frequency dependent factor of the passband channel's
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transfer function and serves as an indicator of transmission quality, since it is

the frequency dependent factor of H(jw) that is responsible for generating ISI.

In Section 3.2, we derived an expression for the inband (passband) random sig-
nal process at the nonlinearity output, just prior to propagation through the pass-
band channel (the expression is repeated below for convenience):

So(t) = [TAF(tekT, (T,
pB( ) = {E_k 1( -kT, { “}k-M')

— kN
+ YBkFa(t-kT, [Ty} )} V2 cos wct
K . k-M'
~ k!
- {}Bkfy1(t-kT, {I
- BT, (Tl )

— k+N
= EAku(t'kTs {Ig}k M')} Y2 sin wet,
k -

where
- k+N! 3 k+N' k+N'
F1(ts (T = 3k Aghy#B B )T (t-13-kT
1t Tehy ) = Fheass 1 1 (AehuBBlpy(E-r3-kT)

» pr(t-t3-2T)pT(t~r3-mT) + Kc191pT(t-11-KT),

— _k+N'
with a similar equation defining fa(t - kT, {Iz}k M'J°

With k and t3 set to zero (for simplicity and without loss of generality), we

have evaluated the triplet pr(t) pr(t - &T) p7(t - mT) for various integer values of
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2 -and m. Some results are shown in Figure 3-6a. First, as a point of reference,
the half-Nyquist pulse, py(t), is shown with its peak amplitude normalized to unity.
Also shown, and correspondingly labeled, are the half-Nyquist bu]se triplets gener-
ated by (k =0, £ =0, m=0), (k=0,8=0,m=1)and (k =0, £ =1, m=2). O0b-
serve the rapid decay of triplet peak magnitude as a function of the distance of m
and % away from k. For example, we see that the triplet py(t) pr(t - T) pr(t - 2T),
generated by (k = 0, £ =1, m = 2), never exceeds 0.04 in magnitude, whereas the
peak magnitude of trip]ef p%(t).pT(t - T), corresponding to (k =0, & =0, m = 1),
is about 0.17.

The superposition of py(t) with all such pulse triplets (appropriately weighted
by corresponding transmitted data values) forms what we have referred to as the
"data-sequence-dependent" transmitter filter impulse response. Assuming an ideal
passband channel characteristic (that is, H(jw) = 1) and a half-Nyquist receiver
filter (in conjunction with ideal coherent demodulation), the received triplet wave-
forms corresponding to those depicted in Figure 3-6a are shown in Figure 3-6b.
First, the solid curve represents the "full-Nyquist” pulse shape corresponding to
the transmitted half-Nyquist pulse, pr(t). The other three (nonsolid) curves of
Figure 3-6b correspondingly show the effect that the jdeal band-limited passband
channel and half-Nyquist filtering (at the receiver) have on the transmitted trip-
lets p%(t), p%(t) py(t - T) and pT(t) pr(t - T) pp(t - 2T). Similar results are
presented in Figures 3-7a and 3-7b. Observe that all numerical results discussed
thus far suggest that a symbol sequence of length 3 is adequate to accurately de-

scribe the data-sequence-dependent transmitter filter impulse response.

'Resu1ts similar to those presented in Figures 3-6 and 3-7 (for the ideal chan-

nel case) have been attained subject to a dispersive (fading) passband channel.
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With a 20-dB selective fade (20 Tog |1 - b| = -20 dB, with b = 0.9) assumed at the
center of the channel, wf = wc (with a =1 and v = 6.3 ns. Figures 3-8 and 3-9 il-
lustrate the effect of dispersion on the transmitted pulse triplets and on pT(t).
Interestingly enough, we observe that, even under largely dispersive channel condi-
tions, the nonlinear ISI, caused by the received pulse triplets, extends roughly
over the same number of baud intervals as it does subject to the ideal channel as-
sumption. The same statement is clearly not true relative to the linear ISI compo-

nents, as can be seen from the figures.

The overall system data-sequence-dependent impulse response, as defined by
equation (3-24), may be broken up into two components, a first component that is
completely data independent (as per the linear channel case) and a second component
that is data-sequence-dependent as well as channel dependent (this second component
is generated by the transmitter filter impulse response triplets discussed above).
The data-sequence-dependent component of the overall system's impulse response gen-
erates nonlinear ISI, thus rendering the optimal receivers (which we have already
discussed relative to the }inear system) incapable of functioning optimally. Fig-
ures 3-10 and 3-11 illustrate two possible wave shapes that the data-sequence-
dependent component of the overall system's impulse response may assume from one
signaling interval to the next. These results have been generated assuming an ideal
passband channel, with the following values characterizing the third order nonlin-
earity (see equation (3-15)): g1 =1, g2 = 0, g3 = 0.05, t1 = 15 ns and 3 = 25 ns.
A 16-state QAM system utilizing full-Nyquist filtering at the transmitter with a
roll-of f factor of 0.45 and operating at 15 Mbaud was assumed. The results of Fig-
ures .3-10 and 3-11 point out how drastically the channel's impulse response can

change from one signaling interval to the next. Since the classical adaptive



Figure 3-8.

AMPLITUOE

AMPLITUDE

63

NONLINEAR TRANSMITTER, (3RO ORDER)
HALF NYQUIST TRANSMITTER FILTER. CASE
TRANSMITTED IMPULSE RESPONSE COMPONENTS

T N ‘1\F- 7@

y T ()

| 1l

w [ | ‘\ \\

) TP Bnen

“ [ ,I “‘\ T EIRL-TIR(t-2T)
;:.:: — N D‘ .,-’: t;; ,.::_/ . FARN P

S ANARN Bt

RECEIVED [-RAIL-TO-I-RAIL
- IMPULSE RESPONSE COMPONENTS
HALF-NYQUIST RECEIVER FILTER ASSUMED

I

Transmitted and Received Impulse Response Components (Faded Channel
Case; 20-dB Fade Notch at Channel Center)



64

NONLINEAR TRANSMITTIER (3RO ORDER)
HALF NYQUIST TRANSMITTER FILTER CRSE
TRANSMITTED [MPULSE RESPONSE COMPONENTS

» [ s
a7 /I ‘\ 3
HE—)
/! l\
. [
% o3 /ll ‘/\’_ T:(t)?l-(t'-r)
[IRFA
1] IR AR TRERET
o L [/jv \ 5‘ ..... / -
RECEIVED I-RAIL~-TO-I-RAIL
IMPULSE RESPONSE COMPONENTS
) HALF=-NYOUIST RECEIVER FILTER ASSUMED
[ | [/“x\
/R
» [ ||
g 0.0 e i\-h [A ‘ !f = /-\\,
, N \\ [
- . \/

Transmitted and Received Impulse Response Components (Faded Channel

Figure 3-9.
Case; 20-dB Fade Notch at Channel Center)



65

SYSTEM IMPULSE RESPONSES
SOLID = I INTO I RESPONSE
DASH. = O INTO I RESPONSE

0.14
0.12-
0.10-
0.08-5
]
0.06 -
3 ]
%] )
i 0. 04
| R
~J ]
L o0.024
= ]
—
)
o 0-009
u o
> ]
1 -0.024
& ]
LJ N
4 §
~0.04- -
-0.06 {
—0.08: ..............
-0.10- At
] P
-0.12 lvlTirrlui-!lu;lvll Ilil;ll1‘l
-6.0 -4.0 -2.0 0.0 2.0 4.0 6.0

TIME IN BAUD INTERVALS

Figure 3-10. gomposite Data-Sequence-Dependent Component of Overall System Impulse
esponse ‘



66

SYSTEM IMPULSE RESPONSES

SOLID = I INTO I RESPONSE
DASH - Q INTO I RESPONSE

0.35

0. 30 eesresnerasmareanfromscissnricsneend , ................. 19 RS ........ , .

0, 25 -emseeemmreneene '. ................ ,... .................. ;, .............. w

. 20 eeeremrnererae b ' .............. . .............. ' .................

SO U S P |

0.104-- et s L

RECEIVED SIGNAL LEVEL

0, 09 ~Fr-oemrmeemsomorndonnonees vesf

10 40 =0 00 20 40 6.0
TIME IN BAUD INTERVALS

Figure 3-11. I({omposite Data-Sequence-Dependent Component of Overall System Impulse
esponse :



67

receiver techniques (particularly the ones utilizing stochastic gradient type algo-
rithms) rely on a quasistatic (with respect to the signaling interval) assumption

regarding the channel, they cannot be expected to function properly here and they

don't.

3.4 TRANSVERSAL FILTER ARCHITECTURES FOR LINEAR/NONLINEAR INTERSYMBOL INTERFERENCE
MITIGATION - '

Having established a mathematical equivalence between the nonlinear QAM system
and a linear one that involves Q data-sequence-dependent channel (or a data-
sequence-dependent transmitter filter), it becomes apparent that a receiver filter
that is also data-sequence-dependent is. required in order to "match" the received
pulse shapes and also combat ISI. This realization leads us to propose the receiver
structure of Figure 3-12, where, in response to an estimate of the finite length
data sequence {Th}:fx:, a corresponding linear receiver filter with impulse response
ERj(t), 1<Jj <K", is chosen. The output of the chosen receiver filter is observed
at t = nT to yield an optimal estimate of the transmitted data symbol Th. Having
assumed that the data-sequence-dependent transmitter filter and the transmitter
filter-channel combination'depend onM' +N'+1and M+ N+ 1 length data se-
quences, respectively, we postulate that the receiver filter is determined by an
M"+N"+1>M+N+1>M +N' +1 length data sequence. Accordingly, we may say
that the overall impulse response of the system is determined by an M" + N" + 1

length data sequence.

A practical embodiment of the receiver structure proposed in Figure 3-12 is
shown in Figure 3-13. A (2L + 1) tap fractionally spaced transversal filter imple-
mentation is assumed, where the (2L + 1) tap coefficients are allowed to be data-

sequence-dependent. A finite length data sequence estimator (assumed .here to be a
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n+N+L
n-M-L"
serves as an address to a Random Access Memory (RAM) device, which, in turn, pro-

conventional equalizer) generates the sequence estimate {?h} This estimate
vides an appropriate coefficient vector to the transversal filter., The value of
this coefficient vector is distributed among the (2L + 1) tap coefficients and is
subsequently updated in accordance with some control law, such as, for example, the
stochastic gradient algorithm of equation (3-13). Then, the updated value of the
coefficient vector is stored back in memory to be accessed the next time the same

data sequence estimate is made.

The number of distinct data sequences that can be generated by an (M + N +
2L + 1)T long transmission interval groWs very rapidly, however, with the length of
the transmission interval. For example, assuming a 64-QAM system (where each member
of the transmitted data sequence {Tz} can assume values from a 64-element set), even
for (M + N+ 2L + 1) = 5, corresponding to M = N = L = 1, we have =109 distinct data
sequences to contend with. Consequently, the receiver structure of Figure 3-13, al-
though (in principle) feasible, may require a very large memory (RAM) for storing
all coefficient vectors. The receiver structure of Figure 3-13, however, may be
simplified (from a memory requirement standpoint), as is described next. In refer-
ence to Figure 3-14, a finite length data sequence estimator is, as before, used,
but now to generate the estimated data sequence {%;}:iitt of length 2(L + 1) + 1.
Then, subsequences of this estimated data sequence are generated, each of length 3
and overlapping with adjacent subsequences by one data element. It is these
(2L + 1) overlapping subsequences that are used (as shown in Figure 3-14) as ad-

dresses to access, from (2L + 1) different RAMs, the (2L + 1) corresponding coeffi-

cients of the transversal filter. Following such-a methodology, the ith equalizer
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' A n-i+l
coefficient, -L < i < L, depends on the jth generated subsequence {I“]n - of

length 3.

A n-i

AT
Since the subsequence {Ih}n iu1 is of length 3, even for 64 QAM, we have

643 = 262,144, a number that is quite manageable with curreni RAM technology. Let-
A n-i+l
ting the jth equalizer coefficient depend on the estimated data sequence {I“}n i1 z
A A A -i=
{Tnei-1s Inwis In-i+1} instead of letting the entire coefficient vector (and, hence,

N N+l
each coefficient) depend on the entire sequence {I“} ML may somewhat hinder the
n

performance of the equalizer, depending on the channel's memory. For the type of
channel considered here, however, the length of the data sequence that determines
the nonlinear part of the impulse response of the baseband equivalent channel (or
the transmitter fi]ter characteristic) is substantially confined to a span of three
baud intervals, as has already been demonstrated by the computer simulation results

of the previous section.

The baseband equivalent nonlinear QAM system as depicted in Figure 3-5 has been
simulated, in conjunction with the receiver architecture of Figure 3-13. In the
simulation, 16-state QAM transmission was assumed, at a baud rate of 15 Mbaud, with
full-Nyquist pulse shaping at the transmitter involving a roll-off factor of 0.45.
The receiver was formed in terms of two nine-tap synchronously spaced transversal
filters (one forming the finite length data sequence estimator and the second form-
ing the transversal filter with data-sequence-dependent coefficients). The follow-
ing approach was used to evaluate the "error correction" capability of the proposed

receiver.,
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Given that the third order nonlinearity in the system and the fading channel
parameters were defined, the adaptive receiver was initially allowed to converge and
reach steady state using an a priori known transmitted data sequence (a training se-
quence). Once convergence had taken place, the transition from a priori known to
random transmission -of data commenced. Based on the estimates of the transmitted
symbols made by the data sequence estimator;-corresponding coefficient sets were ac-
cessed from memory and transferred to the transversal filter of Figure 3-13, The
simulated algorithm involved an examination of five different coefficient sets per
signaling interval: one coefficient set corresponding to the actual finite length
data sequence estimated by the estimator, with the remaining four coefficient sets
reflecting the four nearest neighbors of the data estimate in the midd]g of the
finite length estimated data sequence. In response to these five coefficient sets,
five decisions and five error quantities were derived. The one error quantity found
smallest in magnitude was used as a pointer in outputting the corresponding deci-

sion.

Table 3-1 shows typical examples of symbol errors made by the sequence estima-
tor that were corrected by the proposed receiver and associated control algorithm.
In the first example shown in Table 3-1, QAM state 2 is transmitted (see Figure
3-15), but the estimator decides on QAM state 1. In response to this initial esti-
mate (state 1) and the other ifour symbol estimates surrounding the current esti-
mate, five coefficient sets are accessed and used to yield the output error magni-
tudes of 0.68 «.., 0.86 «os, 0,92 .ss, 0.08 ... and 1.13 .s.. The first error mag-
nitude of 0.68 ... is generated by the coefficient set that is accessed in response
to the estimate of "state 1", and the other four prior and four future estimates

that surround it. The next four error magnitudes (0.86 ... through 1.13 ...) are



Table 3-1. Examples of Symbol Errors Corrected by the Receiver of Figure 3-13

TRANSMITTED STATE = 2 INITIAL ESTIMATE = 1
TRUE ERROR MAGNITUDE OF ESTIMATOR =  1.,29563518
ERROR MAGNITUDE = 68155310 J= 1 M
ERROR MAGNITUDE = 86652108 J= 5§ QA
ERROR MAGNITUDE = 92537704 J= ¢ €l
ERROR MAGNITUDE = ,08971078 J= 2 States
ERROR MAGNITURE. = 1,13457887 J= 3
TR I-RAIL = RCY I-RAIL =
TR @-RAIL = RCY Q-RAIL =

Tronsmitied 7 Finol, .

Symbol DectSIon
TRANSMITTED STATE = 10 INITIAL ESTIMATE = ¢
TRUE ERROR MAGNITUDE OF ESTIMATOR = 1,24334568
ERROR MAGNITUDE = 55419788 J= 9
ERROR MAGNITUDE = 88121349 J= 1
ERROR MAGNITUDE = ,98945793 J = 13
ERROR MABNITUDE = 22461724 J = 10
ERROR MAGNITUDE = 1,13907366 J = 11
TR I-RAIL = -1,0 RCY I-RAIL = -1,0
TR Q-RAIL = 3.0 RCY Q-RAIL = 3,0
\

TRANSHITTED STATE = 9 INITIAL ESTIMATE = 11
TRUE ERROR MAGNITUDE OF ESTIMATOR = 1,33788920
ERROR MAGNITUDE = 43521941 J = 11
ERROR MAGNITUDE = 80178276 J= 3
ERROR MAGNITUDE = 95361105 J =15
ERROR MAGNITUDE = 24128944 J= 9
ERROR MAGNITUDE = 82211778 J = 12

TR I-RAIL

-1.0 RCV I-RAIL = -1.0
TR Q-RAIL =

1.0 RCV Q-RAIL

Non!linmr'\ts: %=l 94,70, $a=0.05 § =15 0s
Ta=25 18
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generated by the coefficient sets that are accessed in response to the four nearest
neighbors of “"state 1", and the same four prior and four future symbols that sur-
round it. The proposed receiver decides correctly on state 2, since the coefficient
set corresponding to this choiée (of center symbol estimate) yields the minimum er-
ror magnitude. In generating the above results, a nonlinearity with g; =1 and g3 =
0.03 has been assumed, in conjunction with an rf channel fade of 14 dB at a fre-
quency of 5 MHz above the carrier frequency of 4 GHz. The unfaded Ep/No was assumed

to be 27 dB.

3.5 LINEAR/NONLINEAR INTERSYMBOL INTERFERENCE CANCELLATION

In this section, an adaptive distortion cancellation algorithm is described
that can be used in the receiver of a digital communications system to cancel ISI
without increasing the noise Tevel already present in the received signal. The al-
gorithm is similar to previously reported techniques[ls 10, 2] in that it uses ten-
tative decisions to form noiseless ISI estimates. It is, however, substantially
different in its decision making strategy and, as a consequence, is more resilient
to tentative decision errors as compared to the previously reported methods. The
new algorithm described herein is generic and can be used with a variety of can-
celler architectures in mitigsting ISI caused by arbitrary combinations of linear
and nonlinear system impairments. Computer simulation results illustrating the per-
formance capabilities of the algorithm subject to a severely distorted channel are

presented.

The basic structure shown in Figure 3-16 (and various variations thereof) has
been used in previous investigations (as cited above)4as the means of cancelling ISI

introduced in the received data stream by linear and/or nonlinear system distortion.
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As shown, a Linear Equalizer (LE), which may be configured as synchronously or frac-
tionally spacedfll], is used to provide preliminary estimates of the transmitted
data elements. These preliminary estimates serve as inputs to a cance]ier struc-
ture C, which, in response, adaptively forms an estimate of ISI and subtracts it
from the output of the matched filter W. Based on the assumption that the final de-
cisions will be better (more of them will be correct) than the preliminary esti-
mates, it has been arguedfz] that existing final decisions may be used by the can-
celler C, in Tieu of the corresponding preliminary estimates, to improve perfor-
mance. A fundamental problem associated with the above technique, however, stems
from the way in which the preliminary estimates and final decisions are utilized by
the canceller C in forming the ISI estimate. No provision is made to question the
validity of the preliminary estimates (or that of the final decisions), which are
being used by the canceller C in forming the current ISI estimate. That is, the
preliminary estimates and final decisions are utilized blindly. When the channel is
substantially noisy and/or highly dispersive, erroneous preliminary estimates and/or
final decisions may adversely affect the canceller’s ability to form the proper ISI
estimates, thus Teading to more errors in final decisions and, hence, to error prop-
agation and deterioration in performance. This effect has Tong been recognized with

regard to the operation of decision feedback equalizers.[12, 13, 14]

Below, an adaptive algorithm is described that substantially mitigates against
this problem, The algorithm can be applied to the conventional decision feedback
equalizer to improve its robustness properties (by substantially resolving the prob-
lem of error propagation), and c;n also be used within the framework of the linear
and nonlinear cancellers of References 10 and 2, respectively, to achieve added per-

formance gains there, Computer simulation results of a particular canceller
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structure, governed by the new algorithm, are presented, subject to a combination of
linear and nonlinear system impairments. A comparison of the new canceller algo-

rithm performance against the conventional one is also made.
3.5.1 ODISTORTION CANCELLATION PRELIMINARIES

Consider a digital communications system and let the nth transmitted data ele-
ment be denoted by Ap. Furthermore, assume that a new data element is transmitted
once every T seconds and that each data element assumes values from an L element al-
phabet, i.e., Ap € {21, 22, ..., a } for ¥n. In such a system, irrespective of the
modulation format being used, the nth receiver sample, following the demodulation

process, may be represented by the following generic form:
Rn = Enphp + In + Np, (3-27)

where R, represents the observable (the nth receiver sample), N, denotes Gaussian
thermal noise, the value of I, reflects the ISI that may have been generated by a
variety of system imperfections, and &, denotes frequency independent channel atten-
uation or gain. Clearly, in an ideal system, we would expect I, = 0 and &, = 1 for
¥n, and the variance of N, to be as small as possible (approaching the matched

filter Timit).

In general, the value of ISI at the nth sampling time, I,, will depend on the
overall system characteristic (i.e., impulse response) and on a finite length data
N
sequence, {An}_M, that includes A, as one of its elements, and extends M symbol

periods before A, and N symbol periods after Ap. We define {An}NM as follows:
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N
{An} M = {AnoMs An-M+ls <oes An-ls Aps Antls ooes Apands (3-28)

where the Tlength of {AN}TM is determined by the system's memory. Assuming a linear
system, the dependency of I, on the elements of {An}TM is a Tinear one. However,
for the nonlinear system, this relationship becomes nonlinear. For a linear system,
the attenuation/gain parameter, &,, will only depend on the system characteristic,
while, for a nonlinear system, &, will also depend (in some nonlinear fashion) on

N
the elements of {Ap} v

In cancelling the system induced distortion, the objective is to add a noise-
less term to the observable R, such as to force g,A, + I, to become A, without en-
hancing the variance of thermal noise already present in the received waveform,

That is, we desire to find a cancellation parameter C such that
Rn + C = EnAn + In + Nn + C = An + Nn. (3'29)

The above equation implies that the distortion cancelling term, C, must assume the

value of
C = Ap(l-gy) - Ip. (3-30)

Distortion cancellation, as outlined above, has been investigated for linear
- and nonlinear systems using various canceller embodiments{ls 10, 21, In each re-

N
ported case, a preliminary estimate of the data sequence {Ap} . is used to generate

M
the value of C. This preliminary estimate of {An}NM, however, is used blindly and

is not questioned in any way regarding the possibility of containing erroneous
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components., Clearly, since C is dependent on the system characteristic and on

{An}’:‘M (since, in general, g, and Iy are), errors made in estimating {An}TM will re-

sult in a distortion cancellation term, say C', which will not, in general, be equal

to C (the desired value). Therefore, given that errors have been made in estimating
N

{Ap} W we will, in general, have

C' = C+e; |e|l 20, (3-31)

with the magnitude of ¢ depending, in general, on the number of errors made and on
the system characteristic prevailing at the time the errors were made. Subject to

the above hypothesis, the canceller's performance will degrade, since
Rp +C' = Ay + e + Ny, (3-32)

with ¢ denoting the residual distortion. That is,

Final Final
Pr] Decision|R, + C' > Pr| Decision
Error Error

3.5.2 A NEW CANCELLER ALGORITHM

Rp + c]; le] > 0.  (3-33)

Having established the above, we now extend the canceller's scope by providing

N
for a mechanism via which checks on the original estimate of {Ap} , may be per-

M

. s . N , .
formed. Given an original estimate of {Ap} ,, a series of subsequent estimates may

-M
be made by modifying the elements of the original estimate of the sequence {An}TM.
Then, each new generated sequence of data elements may be used as an input to the
canceller structure to yield a corresponding distortion cancellation quantity C.

The value of each generated C may be added to the receiver observable, R,, thus gen-

erating a sequence of values of Ry + C, The one element of the R, + C sequence that
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is found closest (Euclidian-distance-wise) to an ideal element of the alphabet {aj,
a2, .+, aL} may be used to determine the best canceller estimate of Ay. That is,
the one element of the R, + C sequence found closest to an element of {aj, a2, ...,
aL} will (most likely) correspond to a distortion cancellation coefficient C, which
yields R, + C = Ay + Ny Note that, in generating the various different estimates
of the sequence {An}TM (based on the original estimate of {An}TM), only the nearest
neighbors of the elements of {An}?M should be considered in order to maintain man-
ageable the number of resulting possibilities that will have to be examined, partic~

ularly when dealing with large signal constellations (i.e., 64 QAM).

The flowchart of Figure 3-17 further illustrates the algorithm outlined above.
This algorithm has been investigated via computer simulation (in conjunction with a
particular canceller architecture) and the results are presented below, together
with a more in-depth analysis of the required functions and hardware/software impli-~

cations of the proposed distortion cancellation algorithm.

For the purpose of investigating the capabilities of the distortion cancella-
tion algorithm outlined above, a FORTRAN computer program has been developed that
simulates a 15-Mbaud, 16-state, QAM carrier system, where (for simplicity) we have
assumed full-Nyquist pulse shaping at the transmitter, with a roll-off factor of
0.45. Following the QAM modulation stage, a third order nonlinearity is imposed on
the QAM waveform in order to model the effects of a transmitter power amplifier.

The input/output characteristic of this nonlinearity is specified as[4]
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volt) = gyvi(t-ty) + 92V12(t'12) + 93Vi3(t-T3): (3-34)

where vj(t) and vo(t) denote the input and output signals, respectively, and the co-
efficients 92 and 93 are set in accordance with the degree of nonlinear distortion

1 is always set to unity, with

11, 12, and 13 representing delays. Following the transmitter amplifier stage, a

fading line-of-sight radio 1ink (the channel) is simulated in accordance with the

that we wish to model in the system. The value of g

Rummler model1L7] and propagation at an rf of 4 GHz is assumed. At the receiver
baseband section, Gaussian thermal noise is added to the demodulated waveform, and
the canceller embodiment of Figure 3-18 is used in conjunction with the control al-
gorithm presented above and outlined in Figure 3-17. Preliminary estimates of the
received data sequence are made using a conventional nine-tap synchronously spaced
transversal filter whose coefficients are controlled by the classical "stochastic
gradient" LMS algorithm. Initially, a training sequence (known to the receiver) is
used to achieve rapid convergence in the transversal fi]ter and canceller coeffi-

cients. Then, random (unknown to the receiver) data transmission commences.

As shown in Figure 3-18, the sampled demodulator output serves as the input to
a nine-tap synchronously spaced transversal filter Qhose output is used to form a
preliminary estimgte of the finite length sequence {An}TM. For the type of channel
and system considered here, the extent of ISI has (to a large degree of accuracy)
been found not to exceed *two baud intervals about anyvgiven signaling epoch. Thus,

corresponding to the nth signaling interval, the transmitted sequence

2
{An} » = {An-2s An-1s An, An+ls Ans2}s (3-35)
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in conjunction with the channel characteristic, defines the ISI that exists within
the corresponding receiver observation. As a consequence, in this simulation we
have used the transversal filter in providing a preliminary estimate of {An}fz, a
sequence of length 5. The preliminary estimate of {An}f2 is then used to define a
"nearest neighborhood" region that involves, at most, 55 = 3125 distinct possibili-
ties for the sequence {An}fz. This is true since, for 16-QAM signaling, a given
constellation point has, at most, four nearest neighbors (diagonally adjacent points
excluded). In the interest of minimizing computation, however, and in light of the
fact that the distortion is strongly dependent on the Ap.1, Ap, Ap+1 elements, with
weak dependency on the elements Ap.2 and Aps2, the simulated algorithm has been re-
stricted to consider only a subset of all nearest neighbors of the original estimate
of {An}fz. That is, we only consider all nearest neighbors of {An}i1 and take Anjz
as originally estimated by the transversal filter. Consequently, at each receiver
sampling epoch, an estimate of {An}f2 is made by the transversal filter and is then
used to generate only 53 = 125 nearest neighbors to the original sequence estimate.
Then, these 53 distinct sequence possibilities are used sequentially to access from
a RAM device corresponding distortion cancellation coefficients. As shown in Figure
3-18, each distortion cancellation coefficient, C, which is fetched from memory, is
added to the observable R, to yield a decision d and a corresponding error quan-
tity, e. The 53 (e, d) twoples thus created aré stored in temporary memory and, at
the end of the baud interval, the one associated with a minimum error magnitude is
identified. The identified "minimum error" twople defines the system output in
terms of a final decision on A,. Furthermore, the identified minimum error twople
serves as an index in identifying the particular sequence estimate and, hence, dis-

tortion cancellation coefficient that has given rise to it. That distortion
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cancellation coefficient (resulting in the minimum error twople) is updated in ac-

cordance with
Ck+1 = Ck - ueMIn, (3-36)

where u is the step size and emiN denotes the minimum error. After adaptation, the

coefficient is stored back in its corresponding memory location,

A few words are in order now regarding the size requirements of the RAM device,
which contains the distortion cancellation values. For the channel and system that
we have studied, a sequence of length 5 is sufficient to define the distortion pres-
ent at any one receiver sampling instant. Hence, in general, there will be
165 = 1,048,576 distinct distortion possibilities. At first glance, therefore, it
appears that there must be 169 distinct memory locations within the RAM device to
accommodate, in general, the 16% distinct distortion possibilities. Some thought,
however, reveals that one-half of these distortion values will be the negatives of
the remaining one-half, assuming a symmetrical QAM signal state constallation (for
any arbitrary linear and/or nonlinear channel condition). Hence, only
165/2 = 524,288 distinct mémony locations need to be provided in conjunction with
the capability of changing the distortion cancellation coefficient sign external to
the RAM. If the above memory based canceller requirement is still prohibitive, one
may substitute the RAM device and associated coefficient adaptation algorithm of
Figure 3-18 with a hardware based canceller approach such as the one described in
Reference 2. The overall scheme of Figure 3-18, however, remains invariant relative

to the strategy utilized in arriving at the final decisions.

Relative to the purely memory based canceller approach, it is worth mentioning

that a generally suboptimal (but one requiring substantially less memory capacity)
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configuration may be pursued, whereby the single RAM device of Figure 3-18 is re-~
placed by an arrangement such as that shown in Figure 3-19. In utilizing the ar-
rangement of Figure 3-19, the assumption is that at any one signaling instant the
overall system impulse response (for the general system where nonlinearities exist)
is strongly dependent on the currently transmitted data element, A, and on its two
adjacent neighbors, Anjﬁ. This, to a ]arge extent, is true and has been verified
for the subject system. Hence, still assuming an overall system memory of 5, five
RAMs, each containing 163/2 = 2048 memory locations, may be configured as shown in
Figure 3-19 to "approximately" (subject to the assumptions) replace the funztion of
the single 165/2 size RAM. Before leaving the subject, we point out that, for a
purely linear system, the size of each of the five RAMs in Figure 3-19 becomes 16/2

(or, in general, M/2, where M is the number of QAM constellation states).
3.5.3 NUMERICAL RESULTS

Turning our attention now to some numerical results, Figure 3-20 iilustrates .
performance for a system impaired by linear and nonlinear distortion with the non-
linearity characteristics and channel state as defined in the figure. The top trace
represents the transversal filter's (the estimator's) performance, with a script E
placed over a point to indicate that an incorrect decision in received QAM constel-
lation state has been made by the estimator. The bottom trace illustrates the per-
formance of the new canceller algorithm described above using the embodiment of Fig-
ure 3-18. The canceller algorithm has corrected all incorrect decisions found in
the preliminary estimates while maintaining relatively small error magnitudes at its
output as compared to the transversal filter output error magnitudes. The middle
(dotted) trace in the figure illustrates how the canceller embodiment of Figure 3-18

would have performed if it were controlled by a conventional algorithm where the
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original set of preliminary estimates are used unequivocally without generating and
examining "closest neighborhood" variations. In generating this middle trace of
Figure 3-20, a decision feedback canceller mechanism has been postulated whereby the
canceller's output is utilized in generating ISI estimates (see Figure 3-16). Be-
cause of the assumed decision feedback canceller approach, it is seen that error

propagation does occur at two different instances where the conventional canceller

algorithm makes errors.

The new distortion cance]]ﬁtion strategy presented above appears to represent
an optimum technique designed to achieve isolated pulse, matched filter performance.
Our simulation results confirm that there is improvement to be gained by using this
technique over the conventional canceller strategies. The precise error rates
achievable with the new approach, however, can only be estimated with extremely long
and costly computer runs, which, up until now, have proved prohibitive. Actual ex-
perimentation may ultimately be the preferred approach toward a detailed character-

ization of the proposed signal processor.
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CHAPTER 4
EXPERIMENTAL RESULTS ON DIGITAL TRANSVERSAL FILTER IMPLEMENTATIONS

4.1 INTRODUCTION AND SUMMARY

As we have seen in Chapters 2 and 3, and Appendices C and D, adaptive optimal
receivers rely heavily on transversal filter structures for their implementations.
In this chapter, wé examine, from an experimental standpoint, various key issues re-
garding the implementation (and, in particular, the digital implementation) of the

basic optimal receiver building block - the transversal filter.

Below, the digital implementation of an adaptive baseband transversal filter
(equalizer) is described in which the filter is configured and evaluated in both the
fractionally and synchronously spaced modes of operation., The filter coefficients
are updated using the "zero-forcing" version of the Least Mean-Squared (LMS) error
algorithm* and the performance is evaluated in terms of Bit Error Rate (BER) mea-
surements during fade-free and faded channel conditions. A four-level pseudorandom

symbol sequence at a symbd] rate of 5.5 Mbaud is used as the test signal.

In the synchronously spaced mode of operation, the sensitivity of the filter to
the receiver timing phase error is investigated. The measurements show that, for a
synchronously spaced equalizer, the BER curve degrades very rapidly for large timing
phase errors (timing phase errors approaching 90°). This degradation can be ex-
plained in terms of the effects of spectrum aliasing that occur at the output of the

receiver sampler (the Analog-to-Digital (A/D) converter, in this case) as a result

* The zero-forcing LMS algorithm represents a variation of the exact LMS algorithm,
where only sign information is used in calculating the adaptation increments.
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of a sampling rate that, for the synchronous tap spacing, is less than twice the
bandwidth of the baseband signal. As a result of the spectrum aliasing, a spectrum
null can occur at one-half the Nyquist frequency. This spectrum null must then be
compensated (inverted) by the equalizer, resulting in a degradation of the received
Signal-to-Noise Ratio (SNR). In contrast, the performance of the fractionally
spaced equalizer is found only mildly dependent on timing phase errors. In prin-
cipte, a fractionally spacéd equalizer should be completely insensitive to timing
phase errors[1-3], OQur experimental model showed slight variations in BER perfor-
mance (about 0.5-dB shift of the BER curve) as the timing phase error was varied,
starting from optimum, through a 360° excursion. This is attributed to nonideal low
pass filtering of the baseband spectrum.preceding the equalizer, as will be dis-
cussed in more detail in a later section. Furthermore, the equalizer in the frac-
tionally spaced mode was shown capable of synthesizing the receiver matched filter
adaptively for a 50-percent roll-off half-Nyquist transmit filter. This property of
fractionally spaced equalizers is predicted from theoretical considerations of Ap-
pendix C. What is perhaps more important, however, from a practical standpoint, is
the finding that only five fractionally spaced taps can synthesize the receiver
matched filter with sufficient accuracy. This was verified by comparing the theo-
retical BER curve (assuming ideal transmitter and receiver 50-percent roll-off half-
Nyquist filters) with measurements corresponding to the fractionally spaced equal-
izer preceded only by a simple low pass filter. The measured BER curve showed an
averége degradation of less than 0.4 dB from the theoretical one. To investigate
the effect of adding more taps for the purpose of improving the receiver matched
filter synthesis, two more fractionally spaced taps were added to the equalizer

(giving a total of seven fractionally spaced taps) and the BER measurements were
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repeated. No observable improvement was noticed in the BER curve over that obtained

with only five fractionally spaced taps.

Section 4.2 describes the digital implementation of the transversal filter
structure and the “"zero-forcing" version of the LMS control algorithm. In Section
4.3, an analysis of the A/D converter sampling process is presented, showing how
spectrum aliasing arises and how, as a result of the aliasing and a suboptimum sam-
pling time, a null can occur in the sampled spectrum at a frequency equal to one-
half the symbol rate. The ana]&sis is substantiated by laboratory measurements that
also illustrate the response of the synchronously spaced equalizer to the sampled
spectrum containing a null. In Section.4.4, the BER measurements comparing the per-

formance of the filter in the two modes of operation are presented.

4,2 CIRCUIT DESCRIPTION

Figure 4-1 shows a block diagram of the transversal equalizer circuit. The re-
ceived analog symbol sequence, {x}, is sampled by an A/D converter that provides at
its output an 8-bit representation of the sampled data. The sampling rate of the
A/D converter was equal to the symbol rate for the synchronously spaced configura-
tion and was made equal to twice the symbol rate for the fractionally spaced case.
The elements of the delay line-following the A/D converter were implemented by con-
ventional 4-bit shift registers (two 4-bit shift registers were needed per delay
element section) and clocked by the same clock signal strobing the A/D converter.
Thus, it is the clock rate that determines the delay introduced by each shift regis-
ter stage. This means that, in a digital implementation of a transversal equalizer,
the mode of operation of the equalizer can be changed from synchronously spaced to

fractionally spaced simply by doubling the clock rate of the system.
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Digital 8- by 8-bit multipliers were used for weighting the sampled data values
{XNs XN=1s sees XQ» sees X_N+1.X_N} residing on the delay line by the corresponding
coefficient values {C_p, CoN¢ls .«-e» Cgs sees CN-1» CN} generated by the coefficient
adaptation circuit. The Motorola 8- by 8-bit multiplier (MC 10901), having a 20-ns
typical multiply time,_was used in this implementation. The result of each 8- by
8-bit multiplication is a 16-bit word that represents the product Cjx-j for -N <
Jj < N. A1l elements of the product set, {C_.NXNs C-N+1XN-1s eses COX0s oo
CN-1XN+1> CNX-N}s are added in- the summing network as shown in Figure 4-1. The re-

sult of this summation is a 16-bit word representing the equalized symbol vaiue.

The equalized symbol samples, {y},.are processed by a decision and decoder cir-
cuit that generates a digital error sequence, {e}, and also decodes the equalized
symbol sequence, {y}, to its corresponding bit sequence for the purpose of bit error
detection. The error, e, is generated by assigning to each equalized symbol value
an ideal state (that state which is found closest to the equalized symbol value) and
then taking the difference between the equalized symbol value and its assigned ideal
state. Note that, in forming the "zero-forcing" version of the LMS algorithm, only
the Most Significant Bit (MSB) of the error quantity, e, is required by the coeffi-
cient adaptation circuit.* In addition, the coefficient adaptation circuit requires
the set of binary values, {sgn(xp), SON(XN-1)s «ees SGN(XQ)s ooes SGN{X_N+1)s
sgn(x_N)}, in order to form the gradients, A sgn(e) sgn(xj), -N < j < N, and update
the coefficient set according to the rule C§+l = C§ - A sgn(e) sgn(x_j), =N <

J < N. In implementing the algorithm as defined above, the increment quantity A was

* In the two's complement representation of binary numbers, the MSB of e is equiva-
lent to the operation sgn(e).
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made equal to one Least Significant Bit (LSB). That is, Ao = 0000 0001 in two's com-

plement representation, assuming 8-bit wide coefficient values.

Since thé equalizer is implemented entirely in the digital domain, meaning that
all signals within the equalizer are represented by binary words, Digital-to-Analog
(D/A) converters were attached at the output of the A/D and summing network (as
shown in Figure 4-1) in order to display analog waveforms (eyes) corresponding to

the digital signals at these points.

Implementing the transversal equalizer structure in the straightforward conven-
tional fashion as depicted in Figure 4-1 (i.e., delay line, followed by multipliers,
followed by the summing network), it was soon realized that the amount of hardware
required to synthesize the various equalizer functions grows very rapidly as a func-
tion of the number of taps, especially in forming the summing network. This proved
to be a seriousilimitation of this approach, not only from an economic standpoint,
but also from a circuit reliability and management aspect. We originally intended
to implement 11 taps, N = 5, so that we may have ample freedom to evaluate the per-
formance of the equalizer as a function of a sufficiently large number of taps. To
illustrate the circuit complexity required to digitally form the summing network of
Figure 4-1 for 11 taps, consider Figure 4-2. Figure 4-2 shows a summing tree that
accepts 11 16-bit multiplier outputs and sequentially sums them (two at a time) to
form the final sum output. The dashed lines show how the circuit was subdivided and
built onto six different boards. Each summing junction appeéring in Figure 4-2 was
implemented using Motorola ECL 10,000 series devices, as shown in Figure 4-3. The
shift registers (the boxes labeled SR) appearing in Figure 4-2 between the various
funcfiona] stages of the circuit were uséd for retiming of the digital signals to

maintain alignment between them as they propagated through the summing tree. The
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Implementation of Summing Network of Figure 4-1

Figure 4-2.
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sheer bulk and density of the digital circuit required to form the summing tree pre-
sented us with insurmountable clock and signal cross-coupling problems. We were
able to maintain error-free operation with a maximum of seven consecutive taps (out
of the possible 11) at a maximum equalizer clock frequency of 11 MHz. This meant
that the equalizer could operate synchronously spaced at a maximum signal baud rate
of 11 Mbaud or fractionally.spaced at a maximum signal baud rate of 5.5 Mbaud. For
consistency and ease of comparing the results, we chose to evaluate the equalizer’s

performance in both modes of operation at the lower baud rate of 5.5 Mbaud.

The approach of implementing the "zero~forcing" version of the LMS algorithm is
illustrated by the simplified block diagram of Figure 4-4. The circuit shown is
time-shared between all coefficient values, thus minimizing the amount of hardware
required for the adaptation process. This was possible since distortions in the
channel changed at a rate much lower than the baud rate. A detailed description of

its operation follows.

Eleven exclusive-0R gates were used to equivalently form the products,
sng(e) sng(x.j), -5 5_j.5-5, by forming the operations, MSB(e) & MSB(x.j), -5 <
j <5, with 8 denoting the exclusive-OR operation. Then, the outputs'of the 11
exclusive-0R gates were processed sequentially. A multiplexer was used, as shown in
Figure 4-4, to accomplish this. Thé multiplexer output at any one time is a binary
signal (logic level 0 or 1) that indicates whether the tap coefficient corresponding
to the particular multiplexer output under consideration needs to be incremented or
decremented by an amount A (an LSB). However, many indications of each multiplexer
output signal need to be considered (averaged out or integrated) before a decision
to ubdate the corresponding tap coefficient is made. This minimizes random fluctua-

tions of coefficients due to random noise effects. Accordingly, the output of the
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multiplexer was fed into an 8-bit Up/Down (U/D) counter, which was ibitia]ized to
reflect all past indications of the current multiplexer output signal. The initial
value of the U/D counter was accessed from a Random Access Memory (RAM) shown at-
tached to it. Depending on the logic state of the multiplexer output signal, the
initial value of the U/D counter was incremented or decremented by an LSB. The re-
sult was stored back in RAM to be accessed again, as an initial value, at the next
cycle when the same multiplexer output signal would again be under evaluation. If,
at some point (as a result of an increment or decrement), the U/D counter value cor-
responding to some particular tap coefficient reached an overflow or underflow con-
dition, then it was time to update, by an LSB, the corresponding coéfficient value.
That is, at this point, we updated the éoefficient value corresponding to the multi-
plexer output signal, which, over many cycles, had provided enough correlated indi-
cations resulting in the overflow or underflow condition of the U/D counter. HWhen
an overflow or underflow condition occurred, the mid-range value of the U/D counter
was stored back in RAM and the Max, Min output leads of the counter (corresponding
to overflow and underflow, respectively) were activated (in the absence of an ex-
treme condition of the U/D. counter, the Max, Min outputs are both at logic level 0).
The Max, Min outputs served as an address to a Programmable Read Only Memory (PROM)
that provided, at its output, the appropriate adaptation word for the coefficient
value under consideration. A1l current coefficient values were stored in a RAM, as
shown in Figure 4-4. At the appropriate point in time, when the PROM had provided
an output corresponding to the outcome of the gradient, A sgn(e) sgn(x.j), coeffi-
cient Cj was accessed and updated by the gradient value. Subsequently, it was
stored back in its corresponding memory location in RAM and was also simultaneously
sent.to 11 parallel shift register stages corresponding to the 11 coefficients.

Only one of the 11 shift register stages was clocked, however (the one corresponding
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to the tap whose coefficient value had just been updated). This transferred the up-

dated coefficient value to the appropriate tap multiplier.

4.3 ANALYSIS OF A/D CONVERTER SAMPLING

The A/D converter preceding the delay line of the digitally implemented trans-
. versal equalizer (see Figure 4-1) serves as a sampler and quantizer for the system.
That is, the A/D converter samples the received symbol sequence, {x}, at some prede-
termined rate and provides, at its output, a sequence of binary words (each word be-
ing 8 bits wide in our case). The binary word sequence represents, to within one-
half of an LSB of accuracy, the values of an analog sample sequence that would be
seen at the output of an analog samb]ing circuit if such a circuit were to replace
the A/D converter. In this section, we analyze the sampling operation of the A/D
converter and the resulting sampled waveforms as they relate to the performance of

the transversal equalizer.

Consider Figure 4-5 and let m(t), an arbitrary function of time, be the input
to the sampler (the A/D converter). The analog waveform, m(t), is to be sampled
once every T seconds by stfobing the sampler with the periodic impulse train, p(t),
shown in Figure 4-5. A characteristic of the A/D converter sampling process is that
the output word, corresponding to a particular sample of the input waveform, is held
constant for the entire duration of a sampling interval. Thus, the analog waveform
corresponding to the binary word samples appearing at the output of the A/D con-
verter, given that m(t) is the input, would be a random staircase-type function such
as that designated as fs(tf in Figure 4-5. It is the digital representation of
fg(t) that the transversal equalizer operates on., By associating a spectrum with

the input waveform, m(t), we will evaluate the spectrum of fg(t) in terms of the
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spectrum of m(t). Then, we will show that linear distortion in the spectrum of
fg(t) can arise as a consequence of a time displacement (a timing phase error) of
the sampling impulse train, p(t), given that the spectral density of m(t) extends
beyond 1/2T Hz (i.e., the case where m(t) represents a sequence of Nyquist pulses at
a baud rate of 1/T and with a roll-off factor greater than zero). Since the trans-
versal equalizer is operating on fg(t), it will naturally attempt to compensate for
the linear distortion on fg(t) induced by the sampling process. This, we will show,
can lead to a degradation of the received SNR, affecting the BER performance of the
recejver at the equalizer output. Applying our analytical results to the fraction-
ally spaced case (with a sampling rate of 2/T), we show that all sampling related

problems are circumvented.

In reference to the bottom sketch of Figure 4-5, which illustrates the function
fg(t) in terms of a superposition of weighted and delayed step functions, we can

write

fo(t) = oo =[m(=3T) - m(-2T)Ju(t + 2T) - [m(-2T) - m(-T)Ju(t + T)
- [m(-T) - m(0)Ju(t) ~ [m(0) - m(T)Iu(t ~T) - ..., (4-1)

where m(kT) represents the value of m(t) at t = kT and u(t) denotes the unit step

function defined as

u(t) = 1 fo . (4-2)

Note that fg(t) can be expressed succinctly as

fs(t) = <JIm((i-1)T) = m(iT)Ju(t-iT). (4-3)
1
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Differentiating fg(t) with respect to time, we find

dfs(t)
dt

=, =JIm((i-1)T) - m(iT)Js(t-iT), (4-4)
1

where §(t) denotes the impulse "function". Equation (4-4) can be rewritten as

dfs(t)

T ~[m(t-T) - m(t)Ip(t), (4-5)

where

p(t) = 1Zﬁ(t-iT), (4-6)

representing the impulse train shown in Figure 4-5. Expanding the periodic impulse

train, p(t), in terms of a Fourier series, we find

on
ik(F7 )t
R () . (4-7)

-00

ne—-1g

1
p(t) = T
. k

Substituting equation (4-7) into equation (4-5) yields

dfe(t) ' o jk(FI)t
a"‘st = %’[m(t) -m(t-T)]kz e T . (4-8)
Letting M(jw) denote the Fourier transform of m(t),
m(t) « WM(jw), (4-9)

it is easily seen that
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1 _ | smgh | 8D
Fim(t) - m(t-T)] « Ju M(ju) _IZﬁS—_- e . (4-10)
7

(t)

df
Using expressions (4-8) and (4-10), the Fourier transform of._.gt_.can be written

as

df (t) g T . -
S5 ] - a0 ok 3 oeak )

_k=ew

, (4-11)

sinl_ ok 18 ] ] o0 P2
2.1
(wkPF

where the operator F[ ] denotes the Fourier transformation.

We seek an expression for the Fourier transform of fg(t). Having the Fourier

transform of dfg(t)/dt, we can use the relationship

dfs(t)
i@l - Rl = - (4-12)

Therefore, the Fourier transform of fg(t) can be written as

wek Zn _
FLfg(t)] = z - T | Wju-ik %1)

sin[ w-k T’);] -3 (w-k 'T_]—
N

(4-13)
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Equation (4-13) is a superposition of an infinite number of spectral harmonics [of
M(jw)], with each harmonic in the summation representing a weighted and translated
version of the input spectral density M(jw). Taking m(t) to be a sequence of .
Nyquist pulses transmitted at a baud rate of 1/T and with a roll-off factor a > 0

!1 ; az'n)’

FLfg(t)] contains aliased spectra of m(t). That is, the harmonics forming the infi-

(meaning that the spectrum of m(t) is nonzero for all |w| < we see that
nite summation (4-13) overlap to some degree. To illustrate this further, the mag-
nitudes of the fundamental and first harmonic (corresponding to k = 0 and k = 1, re-
spectively) are plotted in Figure 4-6. The dashed curve labeled k = 0 represents
the magnitude of the fundamental component of the summation. The d'ashed curve
marked k = 1 represents the magnitude of the first harmonic of the summation, ex-
cluding the effect of the multiplicative factor (v - k '1?-1)/01. The dotted curve
shown for k = 1 takes into account the effect of this factor. Therefore, the over-
all baseband spectrum over the Nyquist equivalent channel (0 < |u| 5%) corresponds
to the superposition of the dashed curve for k = 0 and the dotted curve for k = 1.
Thus, it becomes apparent that the relative phase between overlapping spectral com-
ponents of the fundamental and first harmonics of F[fg(t)] is of paramount impor-
tance over the frequency interval SLT-—a)li w 5'?". In particular, note that com-
plete cancellation between overlapping spectral components can occur at w = % (at
the half-Nyquist frequency, where the overlapping spectra are equal in amplitude)
given a n-radian phase differential between them. It is easily seen from equation
(4-13) that, for the assumed clock signal, p(t) = Zs(t - iT), the overlapping spec-

i
tral components between the fundamental and first hamonics of F[fg(t)] add coher-

‘1 - a)m (1+ a}n

ently for all frequencies in the interval T fw<<T T . This assumes a

specfrum M(jw) of the form M(jw) = Mo(m)ej¢(”), where ¢(w) = 0 for 0 < w <
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1+a)n . .
< However, if we assume a clock signal containing an arbitrary time shift

1, as expressed by p(t) = }&(t - iT - 1), we find
i .

o 2n
FIfs(t)] = :] M(Jw-Jk 2n)

Sln[: (w-k T :] | -i(w-k T )" -Jk(ZH)
. - e . (4"14)
21,1
(w-k F7)Z

Having assumed an arbitrary timing offset, 1, we see that the fundamental component

of F[fs(t)] is unaffected,

LT Ll
FIfg(t) g = M(jw) 5—1(_5_%—_1 eJ(T), (4-15)
2

but its first harmonic becomes

1 2n
FiE()], = | = | Wlw-d &)

sl o] ] e B8 e )
( -‘%1)2

I
It is easily seen that a choice of v =7 yields n-radian phase difference between

FLfg(t)Ix=0 and F[fg(t)Jk=1 at w = %} thus resulting in a spectrum null at one-half

the Nyquist frequency of the signal spectrum entering the equalizer delay line. To

substantiate further the effect of spectrum aliasing when the sampling rate equals
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the baud rate of a Pulse Amplitude Modulated (PAM) waveform, the sampled spectrum
was experimentally measured as a function of the clock timing offset parameter, .
The results are shown in Figure 4-7. The photograph at the top of the figure shows
the spectrum at the A/D converter output for the case of optimum sampling, corre-
sponding to T = 0.* The first spectrum null occurs at w =‘%1, which is at the
Nyquist frequency, as is predicted by equation (4-13) and Figure 4-6. The Nyquist
equivalent channel (0 g_lml_g'%j is relati&ely flat, which is representative of a
distortion-free signal. As t is allowed to depart from its optimum value, a spec-
trum null appears at the edge of the Nyquist equivalent channel and becomes more
pronounced as t approaches T/2. The photograph at the bottom of Figure 4-7 shows
the aliased spectrum for a clock timing'offset, 1, equal to T/2., The spectrum null
created at v = %’is at its maximum depth, representing substantial distortion in the
sampled data sequence entering the &e]ay line of the transversal filter. When pre-
sented with such a dispersive input condition, the transversal filter will respond
by attempting to flatten out the Nyquist equivalent channel, thus greatly enhancing
the noise level in the vicinity of the spectrum null, The response of the synchro-
nously spaced transversal equalizer to a dispersive input condition generated by a
suboptimum timing offset, t, has been measured. A value of t was chosen such that
the BER at the output of the equalizer reached a steady state value of 10-3. Under
these conditions, the spectral density at the A/D converter output is shown by the
top photograph of Figure 4-8. The spectrum at the output of the equalizer (operat-
ing with five taps) was also measured and is shown by the bottom photograph of Fig-
ure 4-8. As is evident from the latter photograph, the five-tap equalizer has

formed a transfer function that has, to a large extent, compensated for the input

* The 8-bit word sequence provided by the A/D converter is passed through an 8-bit
D/A converter to recover the corresponding analog sample sequence.
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spectrum null at w =‘%2 The four-level eyes corresponding to the input and output

spectral density curves of Figure 4-8 are shown by the first and second traces, re-
spectively, of the first photograph of Figure 4-9. For comparison, the bottom pho-
’tograph of Figure 4-9 shows undistorted (ideal) four-level eyes at the output of the

A/D converter and at the output of the five-tap equalizer, respectively.

We have seen the effect of a suboptimum sampling time on the performance of a
synchronously spaced transversal equalizer. Because of the sensitivity of the syn-
chronously spaced equalizer to timing phase errors, adaptive timing techniques would
have to be used with such equalizers to track perturbations of the optimum sampling
time due to changing characteristics of the channel. To circumvent such timing re-
lated complications, a fractionally spaced equalizer can be used instead. It has
been shown, and is well recognized, that a fractionally spaced equalizer is insensi-
tive to timing phase errors, no matter how severe.[3J Here, we illustrate this
property by resorting to equation (4-14), which expresses the spectral density at
the output of the sampler (the A/D converter) as a function of the sampling offset

parameter, t.

Assume that, for a fractionally spaced equalizer, a sampling rate of 1/T'
(where T' < T) is used to sample a sequence of half-Nyquist pulses that are being
received at a baud rate of 1/T. Then, the spectral density of the sample sequence

at the output of the A/D converter will have the form
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'w-k%!"

w

FIs(t)] = z M(du-jk 1)

2n . T' on T' 2
sin[ (w-k 'T")z_] ok T -3k ()

o , . (4-17)
ok 7

T
Letting T' =7 yields

w-k'%'n'
FLfs(t)] = 2 M(du-jk )

k=00 w

. (4-18)

smL w-k T )4] e-j(w-k %l]%e'jk(#ﬁ
ok F1T

It is evident from equation (4-18) that, for a band-limited input waveform, m(t)
(band-Timited to 0 < |u] iﬁl—;mi‘%l], no spectrum aliasing between the har-
monics of M(jw) will result at the output of the sampler. Therefore, the baseband
spectrum at the output of the sampler (over the frequency interval 0 < |u| <
.(L;’,_S_)l) is determined solely by the fundamental harmonic of the summation and is

thus completely independent of the timing offset parameter, t. That is,

. - Sin(%l-] 1+g)n
FIE(0] = Fg)| r— |0 lol < (4-19)
(T

This was verified experimentally by converting the equalizer to fractionally spaced
with-a sampling rate equal to twice the baud rate. Figure 4-10 shows photographs of

the sampled waveforms at the A/D converter output and at the equalizer output. The
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first trace of each photograph shows the "eye" pattern that appears at the output of
the A/D converter, having sampled the input eye (corresponding to a sequence of
half-Nyquist pulses with roll-off factor, a, equal to 0.5) at twice the baud rate.
The second trace on each photograph corresponds to the four-level eye appearing at
the output of the fractionally spaced qualizer operating with five taps. Clearly,
the measurements show the insensitivity of the fractionally spaced configuration to
the timing offset (compare the top picture of Figure 4-10 with the top picture of
Figure 4-9). Even when both A/D converter samples (per baud interval) are far from
optimum (in the sense that they represent samples of the input eye pattern at the
transition regions), as is the case shown by the first trace of the top photograph
of Figure 4-10, the equalizer output seems unaffected. The spectral density corre-
sponding to the sample waveforms at the output of the A/D converter (shown in Figure
4-10) is shown in Figure 4-11, Thi§ spectral density clearly shows the absence of
spectrum aliasing and was found insensitive to the timing offset parameter, t, as is

predicted by equation (4-19).

4.4 BIT ERROR RATE MEASUREMENTS

BER measurements were taken in both the synchronously and fractionally spaced
modes of operation. The laboratory arrangement used for these measurements is shown
in Figure 4-12. A Pseudorandom Word Generator (PRNG) was used to provide a binary
sequence, which was subsequently encoded into a four-level PAM sequence of symbols.
A digitally implemented pulse synthesizer circuit was used to perform the encoding
and half-Nyquist transmit filtering operations. The transmitter filter, shown after
the pulse synthesizer circuit, was used solely for the purpose of rejecting the
higher order sidebands generated by the pulse synthesizer., This filter was chosen

to be a fifth order Chebyshev low pass filter with a cutoff radian frequency of
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Figure 4-11. Spectral Density at A/D Converter Output (Sampling Rate = T)
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+
LL'TJEIE; where T defines the baud interval and o is the roll-off factor of the
Nyquist pulse. In this experiment, an o of 0.5 was chosen and the baud rate was set

at 5.5 Mbaud (as mentioned earlfer).

The baseband PAM signal was upconverted to an Intermediate Frequency (IF) of
70 MHz (as shown in Figure 4-12), where a fade simulator was used to generate Inter-
symbol Interference (ISI). An Automatic Gain Control (AGC) amplifier following the
fade simulator was used to maintain the power level at the receiver input fixed.
Also, at the input of the receiver, Additive White Gaussion Noise (AWGN) was intro-
duced to the signal. Following this, the signal plus AWGN was demodulated and
filtered by a receiver filter and the transversal equalizer. The receiver filter
shown prior to the transversal equalizer was chosen identical to the low pass Cheby-
shev filter following the pulse synthesizer. Having a half-Nyquist filter at the
transmitter, but not one at the receiver, the receiver frequency characteristic was
no longer matched to that of the transmitter. This translated into a BER degrada~
tion, which was reflected in our measurements, as will become evident shortly. In a
way, however, this shortcoming proved advantageous, since it served as a measure of
the fractionally spaced equalizer's ability to synthesize the receiver matched

filter adaptively.

Figure 4-13 presents BER measurements illustrating the performance of the
equalizer in the two modes of operation and as a function of the clock phase error.
The curves presented in Figure 4-13 correspond to the nonfaded channel case. That
is, the "APPLE based" fade simulator was removed from the system loop of Figure
4-12. A1l measured BER versus SNR curves of Figure 4~13 correspond to SNR values as

measured at the input of the transversal equalizer. As a point of reference, the
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BER of the "unequalized" system was measured first. This curve is labeled "Cq only"
and corresponds to a transversal equalizer where all tap values except the Cp tap
have manually been forced to zero. The center (Cg) tap is allowed to operate nor-
mally, providing flat AGC over the channel bandwidth, but is incapable of mitigating
any ISI that may exist. Next, all equalizer taps (C.p through C4p) are allowed to
operate normally, with the equalizer in the synchronously spaced mode, resulting in
the curve (immediately to the left of the "Cqy only" curve) labeled "SS-5 taps opti-
mum timing". As indicated, this curve corresponds to optimum sampling timing, mean-
ing that the input four-level eye is sampled at its maximum eye opening. As dis-
cussed earlier, the synchronously spaced equalizer is sensitive to the timing phase
érror. To verify the degradation in BER performance as a function of a suboptimum
timing phase, the measurement was repeated for several timing phase error values. A
curve corresponding to a timing phase error of 80° is shown in Figure 4-13. Note

thaf, at a BER of 10-6, a degradation of 3 dB in SNR is observed.

The BER versus SNR performance of the equalizer in the fractionally spaced mode
is i1lustrated by the curves labeled "FS-5 taps". We immediately notice two strik-
ing differences comparing these curves with those corresponding to the synchronously
spaced configuration. First, we note that the BER performance of the fractionally
spaced equalizer is highly insensitive to the choice of sampling time. A1l BER
curves measured, corresponding to various timing phase values ranging from "optimum"
to +180°, were bounded by the two curves shown in Figure 4-13. At a BER of 10-6,
the two bounds differ by only 0.5 dB. Even this small variation, however, is sur-
prising, since it is not anticipated by the analysis. It is possible that, due to
a nonideal Tow pass filter characteristic, a nonzero noise spectral density existed

2n
beyond the radian frequency 7 . Subject to this, aliasing of the noise spectrum
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would result, given a sampling rate of 2/T. As we have seen, cancellation or en-
hancement of certain spectral components can take place, depending on the particular
value of the sampling offset parameter, 1, thus resulting in a fluctuation of the

. . i
average noise power over the interval 0 < |u| <7 .

The second interesting aspect regarding the fractionally spaced equalizer
curves is the improvement in BER performance that they display over the synchro-
nously spaced equalizer curve with optimum timing. In both cases, the number of
equalizer tap coefficients is the same, {C_p, C.7, Cg, C4+1, C42}. With five tap co-
efficients, the delay line of the synchronously spaced equalizer spans four baud in-
tervals, while the delay line of the fractionally spaced equalizer (operating at a
sampling rate of 2/T) spans only two baud intervals. Even so, as our measurements
show, the five-tap fractionally spaced equalizer outperforms the synchronously
spaced arrangement. As can be seen from the curves of Figure 4-13, the improvement
in performance at a BER of 10-6 is about 1.3 dB (taking an average over the two

curves representing the performance bounds).

In Appendix C, we show, analytically, thét a fractionally spaced equalizer
forms the optimum Tinear receiver in the sense that it forms a transfer function
that is equivalent to a matched filter, followed by a synchronously spaced transver-
sal filter. The BER curve corresponding to the synchroﬁous]y spaced equalizer (with
optimum timing) represents the performance of an unmatched receiver, given the
transmitter and receiver filter arrangements described earlier. The degradation in
BER performance of such an unmatched receiver over one that is perfectly matched to
the transmitter characteristic was evaluated numerically. The degradation in BER
performance was found to be 1.54 dB (assuming that the transmitter and receiver

filters shown in Figure 4-12 were ideal low pass filters with a cutoff radian
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frequency of il'%illl). In other words, we predicted, by computer simulation, a
1.54-dB improvement in BER performance afforded by a receiver that is ideally
matched to the overall transmitter filter characteristic, followed by a synchro-
nously spaced transversal equalizer, as compared to the transmitter/receiver ar-
rangement shown in Figure 4-12, with the transversal equalizer operating synchro-
nously spaced. The transmitter/receiver arrangement shown in Figure 4-12, with the
transversal equalizer operating fractionally spaced, provided an average measured
improvement in the BER curve ranging from 1.2 to 1.3 dB over the case involving the
synchronously spaced equalizer. We, therefore, conclude that the fractionally
spaced equalizer, with only five taps, was able to adaptively form the receiver
matched filter with sufficient accuracy (our experimental error in measuring the
SNRs was approximately 0.2 dB). To see whether increasing the number of fraction-
ally spaced taps could improve the matched filter synthesisv(bringing us closer to
the theoretical 1.54-dB improvement), the fractionally spaced equalizer was extended
to seven taps. The measurements were repeated, with no observable deviation frém'
those corresponding to the five-tap fractionally spaced case. It would thus appear
that five fractionally spaéed taps suffice in forming the receiver matched filter

adaptively with sufficient accuracy.

To observe the performance of the two equalizer configurations under faded
channel conditions, the computer controlled fade simulator was used, as shown in
Figure 4-12, to introduce a 20-dB frequency selective fade centered at the carrier
frequency (70 MHz). With the channel faded, the BER versus SNR curves corresponding
to the five-tap synchronously and fractionally spaced equalizers were measured. The
results are shown in Figure 4-14. The superiority of the five-tap fractionally

spaced equalizer is again evident. The "FS-5 taps" curve of Figure 4-14 represents
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an average taken over all timing phase errors. As can be seen from the figure, this
measured curve falls very close to a theoretically predicted curve that assumes
ideal matched filtering followed by an infinitely long synchronously spaced egual-
izer. This again supports the claim that five fractionally spaced taps yield per-
formance that very closely approximates the optimum attainable (for the type of
channel used here). Computer simulations showed that the receiver mismatching due
to the 20-dB faded channel, given a four-level 5.5-Mbaud signal with 50-percent
roll-off factor, is negligible (only 0.05-dB degradation of the BER curve). Thus,
the improvement in BER performance afforded by the fractionally spaced equalizer, as
shown in Figure 4-14, is still due to the fact that the receiver filter is not
matched to the transmitter filter. At higher baud rates, however, the mismatching
due to a faded channel becomes more significant. At a baud rate of 20 Mbaud, a
20-dB notch centered fade will cause an 0.5-dB degradation in the BER curve due to
receiver mismatching. At a baud rate of 50 Mbaud, the same fade will cause a 3.5-dB
BER 6urve degradation due to the same effect. We see that, at the higher baud
rates, a fractionally spaced equalizer can provide appreciable BER improvements dur-
ing faded channel conditions by adaptively maintaining a receiver characteristic
that is matched to the overall transfer function of the transmitter filter plus the

channel.
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CHAPTER 5
CLOSING REMARKS

5.1 SYNOPSIS OF DISSERTATION

We have presented a distortion mitigation theory (and techniques for implement-
ing the theoretical results) for a generalized two-dimensional digital communica-
tions system that is corrupted by additive thermal noise and contains, throughout
its transmission path, linear as well as nonlinear dispersive elements. The modula-
tion format assumed for the communications system has been QAM, chosen for its two-
dimensibnal nature and high density (spectral efficiency), and because it poses
challenges due to that it is very fragile to system imperfections (linear and non-

Tinear distortion).

Following a brief historical introduction and preview of the main theme and
contributions of this work, presented in Chapter 1, in Chapter 2 we established the
mathematical framework and baseband equivalent modeling tools that enabled us to de-
rive detailed descriptions of two classes of optimal linear receivers for the linear
QAM system. Using one of the baseband equivalent models established in Chapter 2,
in Appendix C we derived optimal linear receivers, in the minimum mean-squared error
sense, in conjunction with adaptive control laws and transversal filter architec-
tures for adaptively forming the optimal solutions. Using the same baseband equiva-
lent representation, the QAM system was optimized in Appendix D in the Nyquist
sense, resulting in a second class of optimal linear receivers, control laws and
transversal filter architectures, for adaptively forming the necessary transfer

characteristics. A new receiver configuration and adaptive signal processing
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methodology was derived, capable of forming the minimum probability of error
(linear) receiver, subject to the zero ISI constraint. In Appendices A and B, math-
ematical arguments/derivations and equivalence relations were presented complement-

ing the baseband equivalent model developments of Chapter 2.

Having established a supporting mathematical framework and proper baseband
equivalent modeling methodology, in Chapter 3 we embarked on the main theme of this
dissertation and began to develop a logical generalization and extension of the con-
cepts established in Chapter 2, A baseband equivalent model for the generalized QAM
system (containing linear as well as nonlinear distortion) was developed showing
that the impulse response of such a system is not only distortion dependent, but
data-sequence-dependent as well, thus showing explicitly why the classical adaptive
equalizer (transversal filter) receiver fails to function when subjected to the non-
linear channel environment. The shortcoming of the classical equalizer receiver was
resolved by developing an equalizer structure (and associated control algorithm) in-
volving data-sequence-dependent coefficients, controlled appropriately, such as to
allow the equalizer to optimally operate on the system's data-sequence-dependent
characteristic. We resorted to a computer simulation of the new equalizer/algorithm

arrangement and illustrated proper operation.

Having developed a solution for the equalization of ISI,.stemming from a combi-
nation of linear and nonlinear system impairments, we focused next (in Chapter 3) on
the issue of ISI cancellation for the generalized QAM system. Cancellation of ISI
is, in general, a more complex process (requiring more hardware) as compared to ISI
equalization. However, cancellation of ISI avoids the receiver thermal noise en-

hancement problem and, hence, becomes important during periods of deep channel
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fading*. In Chapter 3, we developed a strategically new algorithm for the ISI can-
cellation issue (perhaps the most important contribution of the dissertation). The
algorithm was shown to be generic and, hence, applicable to a variety of canceller
configurations and also to decision feedback equalizers (recall that a decision
feedback equalizer performs partial ISI cancellation). The strength of the algo-
rithm was shown to lie in that it optimally mitigates against the problem of "error
propagation" that has plagued the operation of decision feedback equalizers and ISI
céncel]ers using decision feedback. Furthermore, for ISI cancellers not using deci-
sion feedback (relying solely on preliminary decisions to form ISI estimates), the
new algorithm was shown beneficial by resolving errored preliminary decisions, hence
maintaining optimum ISI estimates. The ISI cancellation strategy developed in
Chapter 3 was shown optimum, designed to achieve the isolated pulse, matched filter
performance bound (the ultimate performance bound for any communications system).
Qur computer simulation results of the new algorithm confirmed that there is sub-
stantial improvement to be gained by using this technique over conventional can-

celler strategies.

Because of the importance and central role played by the transversal filter, as
the building block in forming the optimal receivers developed in Appendices C and D,
and Chapter 3, an experimental effort was undertaken to study digital implementa-
tions of multitap synchronously/fractionally spaced transversal filters. We re-
ported on our findings in Chapter 4. Experimental results were presented confirming

the performance insensitivity of the digital implemented fractionally spaced

* For the same reason decision feedback equalizers have been developed to mitigate
against the thermal noise penalty incurred by the classical adaptive equalizer
during periods of deep channel fading. A decision feedback equalizer performs
partial ISI cancellation in conjunction with some channel equalization.
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equalizer to timing phase errors and showing that a fractionally spaced equalizer,
with'on1y five tapé, is capable of forming the receiver matched filter adaptively
for a PAM system employing a half-Nyquist transmitter filter. The digitally imple-
mented synchronously spaced equalizer performance was shown highly sensitive to tim-

ing phase errors and incapable of forming the receiver matched filter adaptively.

5.2 EXTENSIONS AND TOPICS FOR FURTHER WORK

Several important tangential observations/signal processing techniques that
surfaced during the course of developing the central theme of this dissertation have
not been expanded upon in the main text, but are presented in some detail below.
They may be viewed as means of defining areas for further work, aimed at improving

the capabilities of the QAM system.
5.2.1 SUPPRESSED SIDEBAND QAM SYSTEM
Consider the conventional QAM signal
s(t) = i(t) cos wet = q(t) sin wet, (5-1)

where we denotes the carrier frequency, and i(t) and q(t) denote the I- and Q-rail
baseband information waveforms, respectively. Let the QAM carrier, s(t), be passed
through a low pass filter in order to suppress one of the sidebands, say the upper.

This filtering function is depicted in Figure 5-1.

At the output of the filter, the single sideband waveform [s(t)]ss can be ex-

pressed as



Single-Sideband Filter +| H (jo)|

s (t) [s(t) ]ss
h(t) — 4
_(oc
Time Domain Representation Freguency Domain Filter Characteristic

Figure 5-1.

Suppressing One Sideband of a QAM Signal

Getl



[s(t)]gs = th(r) i(t-t) cos [wc(t-t)Idt

- fmh(T) q(t-t) sin [we(t-t)Ildr.

Using the trigonometric identities

2 cos [wc(t-1)] cos wet €oS weT + Sin wet sin wet

and

2 sin [wc(t-1)] sin wct €cos wet - €0S wet sin wer,

equation (5-2) can be rewritten as

[s(t)lss = {fwh(T) i(t-t) cos (wet)dt
+ fwh(f) q(t-t) sin (wcr)dr}cos wet

+ {1 hix) 4(t-0) sin (ugo)ee

- fmh(r) q(t-t) cos (wcr)dr}sin wet

=00

136

(5-4)



137

or as
1
[s(t)lss = 1%-{i(t)_+ X(t)}cos wct -7 {alt) - ¥(t)}sin wcts (5-5)

where ¥(t) and 5(t) denote the Hilbert transforms of i(t) and q(t), respectively.

We see that [s(t)lgs, as expressed by equation (5-5), has the same form as the
conventional QAM signal expressed by equation (5-1). However, it occupies half the
bandwidth of s(t) and, as a result, the I- and Q-rail information waveforms i(t) and
q(t) are contaminated by g(t) and -¥(t), respectively. Thus, if [s(t)lsg is to be
transmitted, received and demodulated intelligibly, means must be provided at the
receiver for cancelling 5(t) and -¥(t) from the I and Q rails, respectively. We now

illustrate how this may be done.

Consider the block diagram shown in Figure 5-2, which depicts the transmitter
and receiver portions of the SSQAM system. As shown, the single sideband waveform
[s(t)]gs is transmitted through a linear (dispersive) channel. At the receiver,
after coherent demodulation, the baseband waveforms appearing on the I and Q rails

will have the form

i'(t) = [i(t) + q(t)] + ISI + X-Rail ISI + np(t) (5-6)

and

q'(t) = [q(t) - T(£)] + IS + X=Rail ISI + ng(t), (5-7)

respectively. The terms “ISI" and "X-Rail ISI" appearing in i'(t) and q'(t), re-

spectively, denote the ISI and cross-rail ISI that may have been generated in the I
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and Q rails by a dispersive channel. The waveforms ny(t) and nq(t) represent the

additive Gaussian thermal noise.

A conventional quadrature transversal equalizer can be configured to operate on
i'(t) and q'(t) as if [i(t) + g(t)] and [q(t) - ¥(t)] are the desired pulse shapes,
thus mitigating the ISI and X-rail ISI terms. At the equalizer output, we assume
all channel induced distortion has been eliminated, yielding the I- and Q-rail wave-

forms

ig(t) = [i(t) + q(t)] + nge(t) (5-8)

and

ge(t) = [aft) - 1(£)7 + nge(t). (5-9)

These waveforms are sampled at the symbol rate (at T-second intervals), with the kth

sample being

[i(kT) + q(kT)] + nyg(kT) (5-10)

ip(kT)

for the I rail and

n

qe(kT) = [q(kT) + 1(KT) + ngg (kT) (5-11)

for the Q rail. The samples must now be processed to extract the information carry-
' v
ing components i(kT) and q(kT). That is, the terms -¥(kT) and q(kT) must be elimi-

nated.
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The terms ¥(kT) and z(kT) can assume a limited number of a priori known values.
For example, in a 16-QAM system with i(kT) and q(kT) assuming the values +1 and +3,
it can be shown[l] that the quantities ¥(kT) and 5(kt) can take on values only from
the set (0, -1, -2, -3, 1, 2, 3}, provided that raised cosine Nyquist filtering with
50-percent roll-off is used for the transmitter (pulse shaping) filter and that the
sideband suppressing filter of Figure 5-1 is made a vestigial sideband filter having
a roll-off factor of 0.5. That is, subject to the stated filtering, the terms ¥(kT)
and a(kT) can assume one of seven possible values. Realizing this, the decoder cir-
cuit shown in Figure 5-3 can be used for the detection of i(kT) and q{kT). The de-
coding will be illustrated for the I rail only. The Q-rail information can be de-

coded in a similar fashion.

The seven a priori known values of é(kT), {gl(kT), 52(kT), cors 57(kT)}, are
subtracted, one at a time, from the input sample, ig(kT) = [i(kT) + Z(kT)], result-
ing in the following set of possibilities: {ign(kT)} = {i(kT) + é(kT) - gn(kT) +
nig(kT)}, 1 < n < 7. These seven values are then compared to the ideal levels that
i(kT) can assume, {1, #3}. The one value found to be closest to an ideal level
from the set {+1, +3} is used in determining the best estimate, ¥(kT), of the trans-
mitted I-rail symbol. The best estimate of i(kT) is represented by the ideal level,
which is found to have a minimum Euclidian distance from some element of {ipn(kT)},
1 <n <7. Inthe absence of noise [njg(kT) = 0], the minimum distance between an
ideal state of i(kT) and an element of {igpp(kT)} should be zero. However, only one
element of {ign(kT)} should be found to coincide (having a distance of zero) with an
jdeal state of i(kT). Unless this is true, an unambiguous decision as to the state

of i(kT) cannot be made. We have shown that such ambiguities can arise with a
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16-QAM constellation, where i(kT) and q(kT) are allowed to take on values from the
seﬁ {+1, #3}. To circumvent this problem, the QAM constellation can be modified
such that the I- and Q-rail samples do not share values from a common set. As an
example, if we let i(kT)€ {+1, +3} and q(kT) & {+1.5, 4.5}, it can be shown that
the detection procedure described above will always determine only one of the
members of {ig,(kT)}, 1 < n <7, as having the minimum distance from an ideal state
of i(kT) and, thus, a decision regarding the best estimate, ?YkT), can always be

made unambiguously.
5.2.2 NON-DATA DIRECTED EQUALIZER ALGORITHM

Recently, there has been considerable effort towards developing "nondata
directed" adaptive algorithms for the control of tap weight coefficients of equal-
izers and/or cross-polarization (x-pol) cancellers.[2~5] sych algorithms are desir-
able for use during periods of time when the receiver's demodulation processes (car-
rier, timing recovery and estimation of the transmitted data) become unreliable or
break down completely. Use of a nondata directed algorithm when the receiver is ex-
periencing outage allows an equalizer and/or an x-pol canceller to maintain reason-
ably proper coefficient sets, thus substantially aiding reacquisition of the data
directed carrier and time recovery processes, and, hence, of the data estimation

process itself,

In this section, we briefly describe an LMS error adaptive algorithm that is
carrier synchronization independent and, hence, nondata directed in the conventional
sense, [6] Furthermore, we show that the algorithm intrinsically derives its own op-
timal clock signal; thus, it is completely independent of the receiver timing syn-

chronization issue. This nondata directed algorithm represents a special case of
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the classical stochastic gradient LMS adaptive algorithm, in both theory and means
of implementation. Therefore, it is robust and relatively simple to implement.
Since the algorithm's adaptations utilize (by design) a select subset of the re-
ceived signal states (in contrast to the classical LMS adaptations, which utilize
all states of the QAM signal constellation), the derived coefficient set will, in
general, be suboptimum in minimizing the mean-squared error with respect to the en-

semble of all data sequences.

In Figure 5-4, we show a representative baseband arrangement of an x-pol can~
celler and a copolarization egualizer. The circuit shown is for operating on the
received vertically polarized QAM signal. An identical arrangement (not shown)
would have to be provided in order to similarly treat the horizontally polarized re-
ceived QAM signal. The demodulator and carrier recovery architecture shown advanta-
geously maintains a frequency alignment between the (V and H polarized) baseband
spectra that is identical to that existing between them in the passband where the

interference has occurred.

The nondata directed LMS algorithm that we postulate operates on the following
simple principle. A peak in the QAM signal envelope occurs every time two succes-
sive QAM constellation states involve the same outer corner state. Furthermore,
this peak in the ideal QAM signal envelope will occur at a point in time that is
halfway between these two successive coﬁste]]ation states. Using these two simple
observations, a circuit is provided for identifying the points in time at which the
QAM signal envelope peaks at the equalizer/canceller output of Figure 5-4. These
points in time are denoted by the set {tg}. Once a point in time from the set {tg}
has been identified, it is known what, ideally, the signal envelope must be at t =

tg #T/2. Using this information and the actual value of the QAM signal envelope at
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t = tg +T/2, reliable error quantities can be associated with the I- and Q-rail sig-
nals at these points. These error quantities can be used in a conventional LMS
adaptation algorithm. The details of the "peak envelope detector and error polarity
generator" circuit used to achieve the above are shown in Figure 5-5. The heart of
the circuit involves a statistical technique for adaptively tracking the peak of the
QAM signal envelope. It can easily be verified that the expected number of QAM en-
velope peaks per second, assuming, for example, 15-Mbaud 64-QAM transmission, is
7,324 (where statistical independence between successive constellation states is
postulated). Hence, a voltage reference, Vg, is adaptively found and compared with
the actual signal envelope so that this number of peaks is, on the average, satis-
fied. The circuit details are shown in Figure 5-5. Since the QAM signal envelope
characteristics are not affected by either carrier recovery or timing recovery oper-
ation, the acquisition algorithm described above is carrier and timing synchroniza-
tion independent, and is, furthermore, self-synchronizing in the sense that it

creates its own optimal timing signal.
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APPENDIX A
BASEBAND EQUIVALENT FORMS FOR PASSBAND SIGNALS AND SYSTEMS
(THE COMPLEX ENVELOPE PRINCIPLE)

In a multielement passband system, comprising a tandem interconnection of a
plurality of linear passband subsystems, it may be required to mathematically opti-
mize some subsystem element with respect to some overall system pérformance index,
and/or evaluate and predict some signal state at an intermediate system point. Such
a task (whether performed analytically or by computer simulation) is invariably
facilitated via the use of a baseband equivalent modeling methodology that is convo-
Tutionally isoﬁorphic (in passing from system element to system element) to the
original physical passband system model. Owing to the wide use of this approach in

this work, we develop, in this appendix, the necessary mathematical foundations.

We begin by defining the Hilbert transform of an arbitrary waveform, x(t), as

v v
the waveform x(t), where x(t) is generated from x(t) via a linear operation. This
linear operation involves passing x(t) through a system whose transfer function is

-jsgn(w). The transfer function -jsgn(w) is defined as

-j for w >0
-jsgn(w) = 0 for w = 0. (A-1)
>

+j for w

Hence, if x(t) has the transform X(ju), we may write

v { -iX(ju) for w
FIx(t)] = -jsgn(w)F[x(t)] = 0_ for w
+jX(jo) for w

(A-2)

AN v
(== e e ]
.
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In general, we may also write

v
x(t) = x(t) * F-1[-jsgn(w)], (A-3)
where "*" denotes convolution.

Given now that x(t) is a narrowband passband signal whose frequency content is
confined about some carrier frequency wc, x(t) may be represented generically in

terms of I and Q components in the form of
x(t) = xp(t) cos wct - xq(t) sin wct, (A-4)

where x1(t) and xq(t) represent the 1 and Q components of x(t), respectively. The
generic form of equation (A-4) may always be invoked in representing an arbitrary
narrowband passband waveform (whose spectrum exists about wg), since such a waveform
may be envisioned as the result of having subjected a carrier to amplitude and/or

phase modulation. In general, we may therefore write

x(t) a(t) cos(wct+p(t))

a(t)[cos ¢(t) cos wet - sin ¢(t) sin wetl, (A-5)

where a(t) and ¢(t) are assumed to be baseband (low pass) signals. Equation (A-5)
above yields the generic form of equation (A-4), where xy(t) = a(t) cos ¢(t) and

xq(t) = a(t) sin ¢(t).

The I and Q components of x(t) may be evaluated from x(t) and its Hilbert
transform. Given that Xj(jw) and YQ(jw) represent the transforms of xj(t) and

xq(t), respectively, the transform of x(t) may be written as



— 1_ 1_
FIx(t)] X(jw) [Z X1(Ju-juc) + 7 X1(Jutiue)]

1.
-[-73

1 _ —
= 7 [X1(Ju-juc) + iXqldu-juc)]

1 . _— .
+7 [X1(Jutjuc) - 3Xgliwtuc)].

1
Qiw-juc) + 77 3Xg(Jutiuc)]
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(A-6)

Since the first and second bracketed terms above represent the spectral content of

x(t) for positive and negative frequencies, respectively, utilization of equation

(A-2) allows us to write, by inspection,
v B S o s s
FIx(t)] = -2 3[X1(Ju-duc) + jXg(Ju-juc)]

1 .= . T e
+ 7 [ X1 (Jutiuc) - dXglJutiue)],

and, hence,

1 _ —
FIX(£)] = 7 [Tpldu-juc) + §Rgliu-duc)]

1 -
- 7 [X1 (Jutdue) - Xq(Jutiuc)]-

Adding equations (A-6) and (A-8) yields

FIx(£)] + JFIX(t)] = Rq(jw-juc) + 3Xq (Ju-juc),

or, equivalently,

(A-7)

(A-9)
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v jwat .
x(t) + dx(t) = [xp(t) + jxg(t)1eC, (A-10)
where the baseband complex-valued waveform xj(t) + jXQ(t) defines the complex enve-
. lope, ;(p), of the passband narrowband signal x(t). We let

X(t) = xq(t) + ¥gt). (A-11)

‘ v _
The complex-valued quantity x(t) + jx(t) defines the preenvelope, x4(t), of x(t).
We therefore have
- v = Juct
xp(t) = x(t) + jx(t) = x(t)e . (A-12)
We observe that the spectral content of the signal x+(t) is nonzero for positive

frequencies only, as is evident from equation (A-9). At this juncture, we also ob-

serve that, since

;(t)ej.wCt [x(t) + ij(t)][cos wet +J sin wct]

x1(t) cos wct - xq(t) sin wct
+ j[xQ(t) cos wet + x(t) sin wctl, (A-13)

conformance with equation (A-12) dictates that

x(t) x1(t) cos wct - xq(t) sin wct (as expected)

and [ (A-14)

X(t)

x1(t) sin wet + xq(t) cos wct. _
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Solving equations (A-14) simultaneously for xy(t) and xq(t), we find

v
x1(t) x(t) cos wct + x(t) sin wct

and — (A-15)

v
-x(t) sin wet + x(t) cos wct. |

xq(t)

We now turn our attention to the case of a linear, time invariant, passband
narrowband system having an impulse response h(t). Furthermore, we assume that the
transform of h(t) exists about the carrier frequency we. As in the case of the nar-
rowband passband signal x(t), here too, h(t) lends itself to the generic representa-

tion of equation (A-4); hence, we can write
h(t) = hy(t) cos wct - hg(t) sin wct. (A-16)

The complex envelope for the passband system case, however, will be defined as

h(t) = 1 Inp(t) + dho(t)], (A-17)

1
where the factor of 7 has been introduced in order to preserve an isomorphism be-
tween ﬁ(t) * ;(t) and h(t) * x(t), as will be established shortly. The preenvelope
for the passband system will be defined as
jwat
eJmc E

Ry(t) = ZIn(E) +dh(e)] = ht) (A-18)

Letting y(t) represent the output of a linear, time invariant, passband system

with impulse response h(t) and with the passband input x(t), we may write y(t) =
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h(t) * x(t). We now show that ;(t) * ;(t) generates the complex envelope of y(t),
;(t), and, hence, the convolution operation as performed between the complex enve-
lopes of a passband signal and system. is isomorphic to the convolution operation
performed between the pa-ssbahd signal and the impulse response of the passband sys-

tem. Towards establishing the above, we first show that
y(t) = Re[[ h4(t)x4(t-t)dr].

Using definitions (A-18) and (A-12), we have

Re[[ Fult)Xaltot)de] = Re[¥[ [n(z) + ih(r)}

o {x(t-t) + J'X(t-r)}dr]

"zl'fmh('r)x(t-'r)dr -~ ';'pr;(r))‘((t-'r)d'r. (A-19)

Fourier transforming equation (A-19) yields

©. . - 1 . 1 v v (A-20)
FIRe{ hy(t)xs(t-1)dt}] = T H(ju)X(jw) -~ FF[h(t)IF[x(t)],
where H(jw) and X(jw) denote the Fourier transforms of h(t) and x(t), respectively.

Next, utilizing the result of equation (A-2), it becomes apparent that the right-

hand side of equation (A-20) is equivalent to H(juw)X(jw). Hence, we conclude
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o

Re[ [ Py(t)x4(t-1)dt] = fwh(‘r)x(t-t)d‘t = y(t). (A-21)

Having established the above, we now observe that

Re[J {7 (1) T H{a(t-r)e e (E 7 ]

i}

Re[ [ (<)X, (t-1)de]

J

Re[e™c%[ h(c)X(t-t)dt]. (A-22)

However, since y(t) is also a passband signal, it may be written in terms of its

complex envelope as

y(t) = Re[fl(t )ejmct] . (A-23)

Combining equations (A-21) through (A-23), we arrive at the desired result

h(t) * x(t). (A-24)

(]}

J6) = [ hlo)x(t-)de

Hence, the complex envelopes of x(t) and h(t) may be used via the convolution opera-
tion to evaluate the complex envelope of y(t) and thus y(t) itself. We have thus
established that convolution involving passband waveforms is isomorphic to convolu-
tion involving complex-valued low pass waveforms provided fhat the aforementioned
Tow pass waveforms represent the complex envelopes of thg corresponding passband

quantities.
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APPENDIX B
AN EQUIVALENCE BETWEEN PASSBAND AND BASEBAND RECEIVER FILTERS

The complex envelope principle developed in Appendix A is utilized herein to
establish an equivalence between the operations of baseband and passband receiver
filtering in a linear QAM communications system. In reference to Figure B-1b, de-
picting a (noiseless) linear QAM system, where a passband receiver filter with im-
pulse response g(t) is being utilized, the passband signal r'(t) at the receiver

filter output may be expressed as
r'(t) = r(t) *g(t), (B-1)

where r(t) denotes the passband received waveform at the receiver filter input. In

terms of the associated complex envelopes, we may also write

P(t) = r(t) * g(t). (8-2)

Letting (see Appendix A, equation (A-4))

r(t) = ri(t) cos wct - ro(t) sin wct, ]
g(t) = gi(t) cos uct - gg(t) sin wct
L (B-3)
and
r'(t) = ri(t) cos w.t - ré(t) sin w.t, _

the associated complex envelopes may be expressed as
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ME) = rp(t) + drgft),
g(t) = Lap(t) + 3 gpt)
| (B-4)
and
FUE) = rp(t) + drglt). _
Substituting equations (B-4) into equation (B-2), we have
PI(E) + GrQ(t) = F(r(6) + drg(t)) * (a(t) + daglt)). (B-5)
Or, equivalently,
1 1 1 T
ri(t) = Forp(t)sr(t) - 7 ro(t)gq(t)
and — (B-6)
- 1 1
rolt) = 7 ri(t)«gg(t) + 7 rolt)gy(t). _

Having established the I and Q components of r'(t) as per equation (B-6) above, the
I and Q signal components at the QAM demodulator output, igp(t) and qp(t), respec-
tively (see Figure B-1b), may readily be evaluated. Given the QAM demodulator
structure of Figure B-la (encompassing ideal low pass filters following the I- and

Q-rail mixing processes), the output I component, ig(t), may be expressed as
ip(t) = [{VZ cos (wct+e)}

. {ri(t) cos w.t - ré(t) sin wctllgs {(B-7)
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where [°JB indicates that we are keeping only the baseband component of the quantity

in the brackets. Hence,
. 1 1 . .
ig(t) = "/E""I(t) cos 6 + 7_2—rQ(t) sin . (B-8)

Similarly, we have

qr(t) [{-/Z sin (mct+6)}{r‘i(t) cos w.t - r‘é(t) sin “’ct}]ﬁ

-/—;-ré(t) cos 6 - %ri(t) sin o. (B-9)

Equations (B-8) and (B-9), in conjunction with equations (B~6), specify the I and Q
components at the demodulator output of the system of Figure B-1b in terms of the I
and Q components of the received waveform r(t) and the characteristics of the pass-
band receiver filter. Upon substitution of equations (B-6) into equations (B-8) and
(B-9), straightforward algebraic manipulation yields the following explicit repre-

sentations:

ip(t) = %[rl(t) cos 6 + rq(t) sin 6] * gy(t)

+ le-;[rl(t) sin 8 - rq(t) cos 6] * gg(t), (8-10)

and
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1
qr(t) = ?/?[”(t) cos 8 + ro(t) sin 8] * gq(t)

/r-[rQ cos 8 - ry(t) sin 6] * gp(t). (B-11)

Next, we turn our attention to the second receiver arrangement depicted in Fig-
ure B-1c. In this case, the I- and Q-rail signals at the demodulator output may be

expressed as

I-Rail Signal 1 ( 1 ) ]
at Demodulator —=ri(t) cos 8 + ==rq(t) sin 6
Qutput /2_ a q

and L-(B-12)

Q-Rail Signal
at Demodulator
Qutput

Utilizing the above expressions and referring to Figure B-lc, we can, by inspection,

1
;%=rq(t) cos --;;:rl(t) sin 6.
conclude that
' 1
ip(t) = '7§=[r1(t) cos 6 + ro(t) sin 8] * gq1(t)

1
+-;éf[rQ(t) cos & - ry(t) sin o] * gp1(t), (B-13)

and
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q'(t) = '7%=[rq(t) cos 8 - ri(t) sin 8] * goa(t)

J,.[rl(t) cos 6 + rq(t) sin e] * gio(t). (8-14)

Comparing equations (B-13) and (B-14) to equations (B-10) and (B-11), respectively,

we conclude that, for the two sets to be indistinguishable, we must have

gll(t) g[(t)s 921(t) =-1 gq(t)s

— (B=15)
gzz(t) = % gI(t), and 912(12) =% gQ(t)°
Furthermore, we observe that
g11{t) = gg2(t), and g12(t) = -g21(t). (B-16)

Consequently, provided that the relationships of equations (B-15) and (B-16) hold,
the two receiver filtering methodologies of Figures B-lb and B-1c become mathemati-
cally equivalent. In practice, the baseband receiver filter architecture of Figure
B-1c often represents a preferred embodiment, since baseband signal processing is
typically easier to implement, particularly when using digital techniques. The
passband receiver filter configuration of Figure B-1b, however, is often preferred
in performing mathematical analysis and optimization of the system, since it lends
itself to the complex envelope representation. Having demonstrated the equivalence
between the two configurations, mathematical results derived relative to passband
filtering may easily, via the use of equations (B-15) and (B-16), be transformed to

reflect the properties of the corresponding baseband configuration.
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APPENDIX C

OPTIMAL LINEAR RECEIVERS IN THE MINIMUM MEAN-SQUARED ERROR SENSE AND
THE LEAST MEAN-SQUARED ERROR ALGORITHM

" C.1 INTRODUCTION

The baseband equivalent QAM system model, as derived in paragraph 2.3 and shown
in Figure 2-6c, is repeated here (Figure C-1) for convenience. In this appendix, we
derive and establish optimum linear receiver filter characteristics which minimize
the Mean-Squared Error (MSE) at the receiver sampling instants nT, n =0, +1,

#2, +uov. Initially, we do so without imposing any constraints on the linear re-
ceiver filter architecture. This leads to the optimum linear receiver structure of
a matched filter followed by a synchronously spaced transversal equalizer. This op-
timum linear receiver architecture is shown equivalent to a fractionally spaced
transversal filter structure. The stochastic gradient Least MSE (LMSE) algorithm is
derived and used to adjust the coefficients of the fractionally spaced transversal
filter in order to adaptively form the linear optimal receiver in the presence of
arbitrary channel conditions. An inferior (but still optimal in the MSE sense)
linear receiver characteristic is also derived by imposing the additional constraint
that the linear receiver be realized via a synchronously spaced transversal filter

architecture.

C.2 THE OPTIMAL SOLUTION

We begin the analysis, relative to Figure C-1, by defining the MSE at the nth

receiver sampling instant as

en = ELIT(T) - Ty)2], (c-1)
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where E[+] denotes the statistical expectation (ensemble average) operator. The
statistical expectation is taken over the entire ensemble of possible transmitted
data sequences and thermal noise waveforms. Letting x(t) denote the overall impulse
response of the system, we have

X(t) = T(t) * g(t)

[C8(t)F(t-r)dr, (c-2)

where

F(t) gr(t) * h(t). (C-3)

m

Using the above, the received random process waveform, U(t), may be written as

U(t) = ET}?(t-kT) + V(t), (C-4)
where

V(t) = T(t) * g(t) (c-5)

denotes the filtered thermal noise process at the output of the receiver filter and

where the input complex-valued data sequence, an}, has been assumed of the form

{T,} = ETks(t-kT). (C-6)

Using equation (C-4), the nth receiver observation may be expressed as

U(nT) = ETk')?(nT-kT)+V(nT), (c-7)

or, in shorthand notation, as
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Un = lickn-k + Voo (c-8)

U(nT), Xp-k = X(nT-kT), ..., etc.

m

where Up
Next, expanding equation (C-1) as
— .- —f —-—F
en = EL(T, - T,)(T, -~ T)]

ELT.05 - T30, - To0p + TaInds (c-9)

and substituting equation (C-8) into equation (C-9) yields

ey

en = E[QTck Vn)(rinTnV;-m +Vn)

—K e - — -— Tl —k *
ST 0T % +V,) - T (3Tpx, + V) +T,1,].
n(E k®n-k n) "(E k7n-k n) nln] (C-10)

To evaluate the above, the following assumptions are made:
a. I is identically distributed for Vk, with zero mean and variance o%.
b. Tk and T are statistically independent for Yk # m.

c. T and V,, are statistically independent for Vk, n.

2

d. V. is identically distributed for Vn, with zero mean and variance Oy

n

Subject to the above assumptions, equation (C-10) may readily be evaluated to yield

& = UfEYn-kY:-k + o - of¥y - ofXg + of. (c-11) |
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Using equation (C-~2) to evaluate the form of Xgs followed by substitution into equa-

tion (C-11), results in

€y = o%fm / ;(r);*(n)Z?YzT-T)?*(zT-n)drdn
-0 =00 J'A

+ J'w IQS(T);*(n)tbr(T-n)d'rdn

-00 =00

- o%fm ;(T)?(-T)d'r - O%Ima*(’f)?*(-r)dr + o.’i_’"

(C-12)
where the following have been used in writing the above:
X'Yn-klz = ZII‘Q‘IZs (C-13)
k 2
and
* R N -
02 = E[V,Val = [ [ g(t)g*(n)ELT(nT=1)T*(nT-n)]drdn
= [ [ g(1)g*(n)ér(r-n)dzdn. (C-14)

-0 =00

Also, we note that, in letting E[T(nT-t)T*(nT-n)] be represented by the autocorrela-
tion function of the process T(t) evaluated at t - n, a stationarity assumption re-

garding the process T(t) has been invoked.

The MSE at the nth sampling time, as expressed by equation (C-12), can be writ-

ten more succinctly via the following definition. We let



169

(rm) = IF(AT-)F*(2Tn) +1_§'¢r(r-n), (C-15)
2 o
thus placing ep in the form of
e = ollf | a(x)a*(n)ale,n)dudn - | §(x)F(~t)dx
- [ (TR () + 1. (c-16)

=00

In order to determine the optimum receiver filter characteristic that minimizes ep,
the first variation of e, with respect to the function § must be taken, set to zero,

and the value of § satisfying the resulting equation must be evaluated. We have

|
(=)

Sgp{en)

n
o

891(ep) (C-17)

where gp and gj denote the real and imaginary parts of S, respectively.

" Prior to performing the operations above, we rearrange equation (C-16)

slightly; we have

e, = 0%{fw[fw;(1)311,n)dt];*(n)dn - fw;(r)?Y-T)dt

-0 =00 -0

- [ a(e)P(=e)dr + 1}, (c-18)
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or, more explicitly,

-]

€ = 0%{1 [ffg(fsﬂ)(gR(T)+391(T))dT](QR(n)-jQI(n))dn

-0 =

- {:(th)ﬁgI(r)ﬁ(-T)dr - | (gy{x)-dg (1)F(-xdae + 1},

(C~19)
Hence,
- 8gp(eq) = °§{Iw[fm3(r,n)5(r)dr + g*(n)f 2(t,n)dt]dn
- fm?("f)d’f - fw?*(-'r)dr}, (C-20)
and
sap(en) = Bl [-4] Bxa)alx)ee
+ j;*(n)f?E(T,n)dT]dn
- 3] Fl-t)de + §f FH-t)dx). (c-21)

Setting equations (C-20) and (C-21) to zero and solving simultaneously yields

wa fgi(t,n)g(r)dtdn - 2]9?*(-1)dr = 0, (C-22)

=00 =00 =00
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where, to get equation (C-22), we have multiplied equation (C-21) by j and added the
result to equation (C-20). Changing the dummy variable of integration of the second
term of equation (C-22) from t to n, we can write

1 3 (rn)a(e)de - Fé(n)]dn = O. (c-23)

=00 =00

At this point, we observe that the integral with respect to n will vanish (as is re-
quired by the right-hand side of the equation) if we require that the integrand

vanish. Hence, we require that*
[ At,n)glx)dr - F*¥(-n) = 0. (C-24)

Substituting definition (C-15) into equation (C-24) and slightly rearranging yields

i f¢§(f)¢r(n-t)dr (C-25)

I -

F*(zT'n)fm;(T)?(zT'T)dT - ?*(-n) = =
L -0

or, equivalently, by using definition (C-2),

..%Y(zT)?*(zT-n) + T*(-n) = 'tl:%‘fw;(r)qpp(n-r)dr. (C-26)

* Note that the solution stemming from equation (C-24) may not be the only one sat-
isfying equation (C-23) and, thus, the receiver filter characteristic minimizing
en may not be unique. This, however, is inconsequential at this point in the de-
velopment.
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Equation (C-26) is of the form

_ ®x (C-27)
Ya g F*(2T-n) = [ g(t)¢r(n-1)dr,
L -00
where
-o%f(o) + a% for 2 =0
ag = o (C-ZB)
-ofx(2T), otherwise. '
Fourier transforming equation (C-27) with respect to n gives
Fr(ju)legemdtT = G(ju)Sp(ju), (c-29)
L

where F(jw) = F[f(n)], and E(jw) and Sp(jw) denote the transforms of ;(r) and

¢r(n), respectively. We are now in a position to examine the form of the optimum
receiver filter characteristic that promises minimum MSE at the receiver observation
instants. Assuming that the noise power spectral density does not vanish over the

system bandwidth (a fair dssumption), we may divide both sides of equation (C-29) by

Sr(jw), giving
= F*(iw .
Bo) = S TederT, (¢-30)
2

F*(juw
The term S, (Ju may be envisioned as a noise whitener/matched filter combination

(see Figure C-2 for interpretation), while the second term, ZE@e'jsz, represents a
L
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(noncausal*) synchronously spaced transversal filter architecture of infinite

length. Letting

F*w

S F'(Jm) - ?'( t), where Fy(ju) - Te (t),

the inverse Fourier transformation of equation (C-30) yields
= — etk
g(t) = Zazfe(zT-t).
L
Now, substituting equation (C-32) into equation (C-25) results in

TF*(aT-n)[ (3 (nT=t) JF(eT-1)dx
2 -0 m

%‘?— J_(5Fam-o)Joptnec)de = Fo(on).

Rearranging, we have

z?*(f-T'n)Eonfm?(kT--r)?;(mT-r)dr
2 m -0

—(1,5 amf ¥ (mT-1: Jop(n-t)dr = F*(-n).
I -0

174

(C-31)

(C-32)

(C-33)

(C-34)

* We note that, in general, both F*(jw) and X'g e-JulT represent noncausal systems,

this, however, is a mathematical artifice an

of no practical concern.
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Fourier transforming the above expression with respect to the continuous variable n

gives
IF*(ju)e™o2Tyg e (oT-nT)
2 m
1 ek : -
— ’ - : =JuT = *f 4
+ Uf mam{wfe(mT 1)Sp(Ju)e ™" dr F*(jw), (C-35)
where
Flor(n)l = Sr(jw) ]
and
— (C-36)
- _ °°?. - _ "?* 7
pe(aT-mT) = [ F(aT-1)Fo(mT-t)dr = [ T (£)F(&+aT-mT)de.
Rewriting equation (C-35) as
Fr(jo)] (Jaos (&T-mT) Je~JutT
. Am
+ s s (o) ()T ed0mT = Fr(ju)
a~12 P Tel il ’ (C-37)
and dividing through by F*(jw) yields
. 1 ,
a Te(aT-mT))e Jull 4= vy o=jumT - 1
LQonps ) o2 Loy (C-38)
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We now observe that the first term of the left-hand side above represents the
Fourier transform of the sequence {Jappf(2T-mT)}. This sequence, however, is the
convolution of {ap} and {yf(nT)}, agd, hence, the transform of {XEﬁﬁf(zf-mT)} may be
evaluated by forming the product of F[{ap}] and F[{y£(nT)}]. Thg transform of the
sequence {P£(nT)} may easily be deduced by observing that (see equation (C-36))

TelenT) = [ ENEF(e-t)de| = f FCwT(t-u)du
-0 t=nT -0 t=nT
= [F(-t) *Ta)]] . (c-39)
t=nT
Hence, since
FIF(-t) * Ta(t)] = F(-ju)Fa(-ju), (c-40)

we conclude, using the result of the sampling theorem (see equation (2-8)), that

— 1 2nk 2nk C-4
{CICUBIEE SO o ASRIL S (c-41)

and, consequently, it follows that

— 1 2nk 2nk C-42
Fl{ys(nT)}] = T'EF(JMJ';—)?;(M*.J'%)- (c-42)

Returning now to equation (C-38), the result of equation (C-42) above may be
utilized in solving for the remaining unknown, the Fourier transform of the trans-

versal filter coefficients. We have
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1

FLGR(nT)}] 4o
I

Fliop}]l = Xaﬁe'j“mT - (C-43)
m

Finally, we can substitute this result 1n'equation (C-30) to express the opti-
mum minimum MSE receiver filter characteristic solely in terms of the channel and

system parameters/characteristics. We have

. F* (Ju)
G(ju) = 1 K 2k, Spw)
T E (ot T Fa(duti*F) °f

(C-44)

We observe that, subject to the simplification of a constant noise power spectral

density, Sp(Jju) = No» the optimum receiver filter characteristic reduces to[1:|

g, T*(jw)
G(ju) = N (C-45)
L o R 5
I

As will become evident shortly, a fractionally spaced filter configuration may be
utilized to adaptively form the function E(jm) specified above. This capability of
the fractionally spaced filter will be discussed in detail in a later section of
this appendix. Suffice it to say, at this point, that the one-sided bandwidth of
the function F*(juw) (and, hence, the bandwidth of E(jm)) will, in general, exceed
'-?'radians. That is, in general, we will have |E(jm)l =0 for Wlu| > w3 wy 3%
(with wy being greater than‘%ﬂ but less than'%l, in practice). Given this, a trans-
versal filter structure with a transfer function of the form ZEhe'j”"T' must, if it
is to form the function E(jm) via an appropriate choice of itg coefficients, be

capable of exercising control over the entire bandwidth of E(jm). Since, by



178

definition, the bandwidth of E(jm) extends from -wy to wy and the transversal
filter's periodic transfer function has a period of'%q', we must have';'-"r > wM or,
equivalently, wyT' < m, which implies that T' < T, since wy >‘%: A transversal
filter whose delay between taps (or coefficients) is less than the system's signal-
“ing interval is termed fractionally spaced as opposed to synchronously spaced (the
term synchronously spaced is reserved for the case where T' = T). For the transfer
function EEhe'j“"T' to converge (in the MSE sense) to the function E(jw) over ihe
interval r-]mM_<_ w < wy, wWe must have
'
E, = '%ﬁ'jw/T E(jm)ej”"T'dm for Vh. (C-45a)
-n/T'
One technique of adaptively forming (estimating) these optimum coefficients is dis-

cussed in paragraph C.4 below.

C.3 A SUBOPTIMAL SOLUTION

We now return to Figure C-1 and impose the additional constraint on the re-
ceiver filter that it have a transfer function of the form E(jm) = kae'j‘”kT or,
equivalently, we require ;(t) = JCk8(t-kT), with the coefficient set {Ck} to be
chosen optimally such as to minir':l'ize the MSE at the receiver sampling times. A
choice of receiver filter architecture such as the one specified above defines the
receiver as a synchronously spaced transversal filter configuration. In general,
the synchronously spaced transversal filter receiver yields inferior performanée as
compared with its fractionally spaced counterpartfl]. However, because of the ease

with which it lends itself to implementation (particularly in the digital domain),
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it enjoys wide usage and is worthy of the following synoptic discussion. Given,

therefore, that
g(t) = JTks(t-kT), (C-46)
k
the received random process waveform, U(t) (see Figure C-1), will be

U(t)

n

fw(%fmd(a-mt )) (ETk?(t-a-kT) + T(t-a) )da

X E_C-mTk?(t'mT-kT) + ZEmF(t-mT)o (C-47)
m - m

The value of T(t) at the nth sampling instant (t = nT) can thus be expressed as

Up = U(nT) = } EEHTEFﬁ-m-k + YCnTn-ms (C-48)
m m
where
fn-mek = T(nT-mT-KkT) (C-49)
and
Tpem = T(nT-mT). (C-50)

Substituting Up in the expression of equation (C-9) for the MSE and evaluating

yields
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€ = °¥' ) ZEH—;Fﬁ-m-E?:-z-k - °% o -m
mk & m
- ol * OF%IC"'IZ s ot (C-51)
where
& = E[[T,]2, (c-52)

with the discrete time noise process {Fp} assumed stationary and of zero mean, and
with ?h and Fh statistically independent for\fm # n. Note that, in arriving at
equation (C-51), the same assumptions leading to equation (C-11) have, once again,
been invoked. To find the optimum set of coefficients {fk} that minimize e, the
gradients of ep with respect to E} (i = e0ep, =1, 0,1, 2, ...) must be taken, set to

zero and then solved for {Ck}. We have

d€
n_ -
aCiR 0 4
- i S eee '1, 0, 1, ceey (C'53)
o€
n -
aCi1 °

where, as implied above, we have let

Ci = Cip +3Ci1. (C-54)
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Evaluating equation (C-53) yields

aEn

—— 2 *

Cip ofil Xtﬁ?h-m-k?h-i-k
' m k

* E sz?h-i-k?:-z-k}
2

* ' (C-55)
- offy - offly + oE(TT1} = o,
and
aSn
L A o T
aC;p o7{-3 1Cnfn-m-kTn-i-k
mk
. . —*
* JE zczfn-i-kfn-z-k}
(C-56)

. . e 4
- joff_y + doffly + of{-3T;4T;1 = 0.
Multiplying equation (C-56) by j and adding the result to equation (C-55) gives

Y STF.  F ., - o2F . + o2C: = 0.
°I% E m n-m-k'n-i-k = 9IT-i T OpYj (C-57)

Fourier transforming the above with respect to the discrete variable i, we have

0%2 Zfﬁ?h_m_kF%(eJmT)e-JmnTerkT
m k
- o%?*(ejmT) + olz‘-c-(ejw-r) = 0. (C-58)
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Rearranging slightly, we arrive at

Fu(ejmT)XChz?h_m_kejkae-jwnT
m K

2
g . .
~°—§'c‘(erT) = Fr(eluT) (C-59)
2
or, equivalently,
P o2 .
[F(elD)IT(elT) + =5 T(eI®T) = Fx(eluT). (C-60)
I

This last equation allows us to solve for the Fourier transform of the optimum

transversal filter coefficient set. We have

- . = T
C(eduT) Fr(edoT) (C-61)
IF(eij)lz + Eg
g2
I
and, hence,
_ T o/T_ . -
C; = o T(eduT)eduiTyy, forVi. (C-62)
-1/T

C.4 ADAPTIVE FORMATION OF OPTIMUM RECEIVER

A transversal receiver filter structure, as illustrated in Figure C-3, is pos-
tulated. The transversal filter is assumed to contain 2N + 1 coefficients, with the
spacing (delay) between coefficients specified as T'. As mentioned earlier, if T'

is chosen such that T'_g{%q (where wy defines the one-sided baseband equivalent
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system bandwidth), the transversal filter periodic transfer function will be capable
of exercising control over the entire system band and will thus be able to form the
optimum linear receiver characteristic E(jm) (as specified by equation (C-44)) via
an appropriate choice of the coefficient set {€j}. If, on the other hand, the
filter tap spacing T' is not smaller than, or at least equal to,'E', the filter
characteristic will, in general, deviate from optimality. If, for example, we set
T' = T (where, in general, T >fﬁq), the transversal filter can, at best, form the
transfer characteristic given by equation (C-61), which is, in general, suboptimum

(in the LMSE sense) to the optimal linear receiver response of equation (C-44).

Independently of the value assigned to the transversal filter tap spacing
parameter T', a time domain solution for the filter coefficient set that minimizes
the MSE at the receiver sampling times is now sought. As indicated in Figure C-3,
the transversal filter output can be expressed in terms of the filter coefficients

and the signals residing on the filter delay line as
N — w—
U(t) = § EX(t-kT'). (C-63)
k=-N
At the nth receiver sampling time, we have

N
T, = kz'NEkT('(nt-kT') = T'X,, (C-64)

U(nT)

where
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R — X(nT+NT') 7]
BN+l X(nT+NT'=T')
0 and X = X(nT) R (C-65)
T X(nT-T")

L EN | X(aT-NT') ]

and where the superscript T as used on a vecter denotes transposition.

As seen from the definitions above, the complex-valued (2N + 1)X1 column vector

E expresses the transveral filter coefficients, while the complex-valued signal vec-

tor Zh has, as its components, the delay line signal values evaluated at the nt

ceiver sampling instant.

h re-

Taking the form of U, as given by equation (C-64) and sub-

stituting in the MSE expression of equation (C-9) yields

or, equivalently,

where

en = E[EXZE ] - E[TE'X,]

(C-66)
- E[T,E X)) + of
x -
ey = EEXInIE - EE[ToX,]
- ETE[T X5 + of
= EFrE -Ep - £ + of, (C-67)
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T = E[%.%,T] and B = E[TX,], (c-68)

To find the optimum coefficient vector, g?, that minimizes ¢,, the gradient of

en With respect to € must be taken, set to zero and then solved for E. We have

‘ZQRen = 0
Veen, =77 and (c-69)
V_&;_Ien = 0,
where
E = ER +JEI. (c-70)
Furthermore, we have
V e 1, 2, 3 M l;
= - = 0; 8=1, 2, 3, eevy +1; Cc-71
gen 7 0 = B, (C-71)
and
Ben
VEIEn =0 - 35 = 02=1,2,3 ., AL (c-72)

Performing the operations indicated above, we find (after some algebraic manipula-

tion)

— —

VERE" = Re[FE*]1-p-p* = 0 (C-73)

and
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Vglen = -2Im[f €*] - jp + jp* = O. (C-74)

Multiplying equation (C-74) by -j and adding to equation (C-73) produces the result
JFE*-2 = O. (c-75)

The optimum, in the LMSE sense, transversal filter coefficient vector is thus de-

fined by the relation

(z0)* = r-lp. (C-76)

The best choice of transversal filter coefficients, as defined above, may be found
(in the mean) by applying Widrow's Stochastic Gradient A1gorithm[2] to the situation

at hand. As is shown below, the control Taw

-t - e

Bys1 = E *+ WEnKns (c-77)

where

En = Tn - Un, (C"78)

'denoting the receiver error at the nth sampling time, finds the complex-valued coef-

ficient vector Ex4) such that

lim E[gy] = @)Y = B (c-79)
ko0

To show the above, we use
E, = T,-T, = T, - EX, (C-80)

and substitute into equation (C-77), giving
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—% -k =k Tork
T = K +uy - B R
_ (C-81)
Taking the expectation of the above expression yields
ke — — —_ (C-82)
E[Ex+1] = E[Ek] - wrE(Ec] + up,
where the relationship
(C-83)

— e T _— —%
E[XKn Bl = ELXXq JE(EL]

has been assumed to hold and definitions (C-68) have been used. We point out that
the assumption (C-83) is not difficult to justify, particularly when the control law

(C-77) is updated once every several baud intervals corresponding to a time span ex-

ceeding the memory of the channel.

Since the discrete channel autocorrelation matrix r appearing in equation
(C-82) is Hermitian (E"T =), it can be expressed in terms of its corresponding

eigenvector and eigenvalue matrices, g and A, respectively. We have

= i&i'l’ (C-84)

Il

where the columns of the eigenvector matrix §:are formed by the normalized eigenvec-
tors of r and where the real-valued eigenvalue matrix A is a diagonal matrix whose
main diagonal is made up of the eigenvalues of E} Using the representtion of equa-

tion (C-84) and substituting intoequation (C-82), we attain

(I-g & THE[E] + wp

i

E[Exa1]
(C-85)

q(L-w)T LE[Ey] + uBs

i
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where I denotes the identity matrix. Multiplying both sides of equation (C-85) from

the left by g-! gives

Elzger] = (L-mA)E[ZE] + ' (C-86)
where
BT and B = TN (c-87)

Equatfon (C-86) is a first order, complex-valued, vector matrix difference
equation. It represents 2N + 1 complex-valued scalar difference equations in the
transformed coefficients {zi}, i = -N, -N +1, ..., -1, 0, 1, ..., N. These equa-
tions are all decoupled, owing to the diagonal nature of both I and A, and, hence,

they can easily be solved. For the ith such equation, we have

CE[Eikanl = CEwaJEL(Z§)R] * ey (c-88)

h eigenvalue of r (and the

where (zj)y denotes the ith component of Zys A is the it
diagonal entry of the ith row of A) and B; denotes the ith component of p'. Solving

equation (C-88), we find
_— % -— %
E{(Tikn] = (1=mg )KHE[ ()]

- 1-(1-u)\1-)k

Pl T (c-5%)
With the step size parameter u chosen appropriately small such that 0 < urj < 2, the
first term of equ?tion (C-89) goes to zero in the limit as k + =, while the second

term approaches .;l Thus,
i
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Hm E[ (zi)ke1] = 37 (C-90)
k+o 1

or, equivalently,
lim E[zxy] = A71B'. (c-91)

Finally, using definition (C-87), we conclude

. - — - —— |- -— | *
I E(B) = TATTR - IR o= G (c-92)
>0
We see that the control law (C-77) has converged, in the mean, to the optimal coef-
ficient vector, which minimizes the ensemble averaged squared error at the receiver

sampling instants.
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APPENDIX D
OPTIMAL LINEAR RECEIVERS IN THE NYQUIST SENSE AND THE ZERO-FORCING ALGORITHM

D.1 THE OPTIMAL SOLUTION IN THE NYQUIST SENSE

We begin the analysis by seeking the optimum linear receiver filter which mini-
mizes the thermal noise Qariance at its output subject to the zero Intersymbol In-
terference (ISI) constraint. That is, the overall system transfer characteristic,
X(jw) = F(jm)a(jm), is contrained to satisfy equation (2-51) (repeated below for

convenience)
— 2nk
TX(uHiF) = T for |u| < T (D-1)
k

while the receiver filter characteristic is optimally chosen for minimum output
thermal noise variance. Clearly, this is a constrained optimization probiem which
can be handled via the Lagrange multiplier approach. We observe that minimizing a
performance index such as the filtered noise mean-squared value subject to the zero
ISI constraint also minimizes the probability of error in the system subject to the

same constraint.

In reference to Figure D-1, the filtered thermal noise variance (or, equiva-

lently, its mean-squared value, since we assume zero mean statistics) is

o = ELV(t)P*(t)] = E[|g(t) * T(t)|2] (D-2)

or, in terms of frequency domain quantities,
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o = '%; {:Ia(jw)lzsr(jw)dm, (D-3)

where Sp(jw) denotes the power spectral density of the baseband equivalent input

thermal noise process T(t).

Equation (D-3) can easily be rearranged and placed in the form of

(D-4)

= o -% L] 'ﬁ
AR TN LN SIS

-7

1 w/T
/T

thus providing a statement of the noise variance (to be minimized) in terms of the
same frequency band, |u| 5j%2 over which the constraint equation (equation (D-1)) is
valid. Since the quantity °€ is to be minimized subject to the zero ISI contraint
and since the integrand of equation (D-4) is positive (or zero) for every w within
the band |uw| _<_‘1'-;‘, minimizing the integrand at each w from -'%'to %, subject to the
constraint, is equivalent to minimizing °5 subject to the same constraint. There~

fore, taking the Lagrange multiplier approach, we define a performance index as[1]

=21k o 2nk
J = %IG(JW )12, (JutiT)

= .2k 2mk ud (D-5
+ A[EF(JN+J T )G(Ju+i=T ) - T] for |w] <T. )

g"T"g‘)l (2

To minimize J with respect to the unknowns |G(ju + j =0, #1, 2, ...) and
A, the associated partial derivatives must be taken, set to zero and solved. We

have



3J = . 2mh oo 2mR
= Zng 2]G(Ju+iTT) ISy (Jutd ™)
3|G(Jm+J T )l

f

218 Je(“’"’ T )
+ AF(JutiTT e

= 0 for |u] <Fand V2
and
ad 2nk T
oA = )F(Jw+J T )G(Jw*a T)=~T = 0for |u| <T;

where 6(w) denotes the phase characteristic of E(jm); that is,

G(ju) |G(ju) |edelw),

Rearranging equation (D-6) gives

jo(u 2 Fliutie)

~ 2 =Jolwt T A JNJ T

|G(j«»+j—1}&)|e : = =2 zZug. for |u| £ and Vz,
Sp(Juti T )

and, with the help of definition (D-8), we conclude

2n

A F*(Juti T )

-G =g for |u| <Tand‘v&
Sp(Ju+i=T )

=PI }
G(JutiT )

or, equivalently,

195

(D-6)

(D-7)

(D-8)

(D-9)

(D-10)
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= x F*
G(jw) = -gs—Hﬁ}foer. (D-11)

In order to solve for the unknown A, equation (D-10) may be substituted into equa-

tion (D-7), giving

2
IF(Jw+J )I
Az' ;,,k = T for |w| 5"1"'. (D-12)

k Sp(dutiT )

A
Solving for -7 from equation (D-12) and substituting the result into equation

(D-11) gives

x F*(ju)
G(jw) = ' . 21k > (D-13)
Spldu) 5 [F(3uw+i=T)]
T ., .2uk
Sr[Jw+J T )
or, equivalently,
.. 'F‘*(.m
G(ju) = 2nk s (0‘14)

Fliur® T JF*(JW+J )

- In—-
~r~

where

Fe(ju) s'?“!‘lr':r.'j'w . | | (D-15)

Observe that, subject to the simplification of a constant noise power spectral den-
sity, Sp(jw) = Ng, the optimum receiver filter transfer function given by equation

(D-14) reduces to
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i
plich anlk

G(ju) = (D-16)

Furthermore, observe that the optimum solution does force the overall system to be

Nyquist, as can readily be seen by straightforward substitution of equation (D-14)

into equation (D-1)...

The general form of the optimum Nyquist filter may be viewed/interpreted as
representing the following two-stage configuration: a first stage comprising a
noise whitener/matched filter combination, followed by a second stage representing
an infinitely long synchronously spaced transversal filter. The first stage (the
noise whitener/matched filter combination) is an interpretation of the numerator
term of equation (D-14), while the periodic nature of the denominator naturally
lends itself to a transversal filter interpretation/visualization. Figure D-2 fur-

ther illustrates the structure of the optimum Nyquist filter.

D.2 A SUBOPTIMUM SOLUTION AND ITS ADAPTIVE FORMATION

A suboptimum (and simpler) solution in the Nyquist sense can be derived by al-
Towing the receiver to assume the form of a synchronously spaced transversal filter.
With a receiver filter configuration as that shown in Figure D-3, the Nyquist zero

ISI constraint of equation (D-1) becomes
= —_ 2k
6(ju)IF(u+i"T) = T for Ju] <T, (D-17)
k

since
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~ e N & 2ng D-18

G(jw) = e-JwNT Z Yie-JwIT = G(jm+j‘%‘); L =0, %1, +2, ... ( )
i=-N

is now a periodic transfer function (see Figure D-3). Solving equation (D-17) for

E(jm), we find

= T T
B30) = =g for lu| <T: (0-19)

The suboptimum solution found above does force the overall system to be Nyquist.
However, it makes no attempt to minimize thermal noise effects. Despite this, it
has enjoyed applications in ISI limited channels[2] (operating at fairly large
signal-to-noise ratios), owing to its conceptual simplicity and ease of implementa-

tion.

Focusing now on Figure D-3, the output waveform, U(t), evaluated at the nth

sampling instant, may be expressed in terms of the filter coefficients as

— * e N — — N — w—
Up = U(nT) = ] viX(nT-iT) = ] viXp-j (D-20)
i=-N j=-N
or as
T, = 1'%
n X Zps (D-20a)

where



=1
m

The waveform at the filter's input, X(t + NT), may be written as

and, therefore,

. Xp-N

T(t+NT) = ETE?(t-kT) + T(t)

X(t) = JTxF(t-NT-kT) + T(t-NT).
k
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(D-20b)

(D-21)

(D-22)

Evaluating X,.i from the above expression and substituting in equation (D-20) gives

where

Troi-N-k = F(nT=iT-NT-KT) and Tp.j.N = T(nT-iT-NT).

n

Tk
K

1==

N
Yoyl
N

is=

N
1 Yifn-i-N-k +

ETETh-i-N-k + Thei-N]

N

1==

Since we desire to force the ISI to zero, we require that

I YiTnei-Ns

(D-23)

(D-24)
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N _ 1 fork =n
Lo yefnea-nk = (D-25)

0 otherwise.

The above set of conditions is equivalently expressed by the following complex-

valued vector matrix equation:
Iy = u (D-26)

with ?N-(i-l)-(j-l) representing the ijth element of the (2N + 1) x (2N + 1) matrix

T and with 7—N+(1‘-1) representing the ith element of the (2N + 1) x 1 column vector

Y. The vector u is a (2N + 1) x 1 column vector with all zero elements, except for

its N + 1 component, which is 1. The solution of equation (D-26) gives

'J'_O = I-]'E (D-27)
or, equivalently,
B o= (L R RN .
and — (D-27a)
- -1
1 = R |

where 1}% and l‘f denote the real and imaginary components of :y_°, respectively, and fp

and f1 represent the real and imaginary parts of f, respectively.

Next, we consider a control law that can adaptively and recursively find an un-

biased estimate of y0. We let
Tt = X+ By, (0-28)

where p is a constant controlling the algorithm step size,
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E, = T, - X5 (D-29)

denotes the error at the filter output corresponding to the nth receiver sampling

instant and

- Th-N _
TB-N+1
Tn . (D-30)

—

Ins1

B

e T.n+N -

Substituting equation (D-29) into equation (D-28) gives

u

Tn = Xt (Ll

Y + wIpl, - LA L. (D-31)
Taking the statistical expectation of the above yields

E[Te1] =- ELTil + wE[TpI,] - wE[TED K]

E[T) + wofu - v I JELR] (0-32)

where 05 = E[ITﬁIZ], E[T:Tk] = 0 for Wk #n, and }: and ThYz* are as-
sumed uncorrelated (an assumption easily justified in practice). The 1jth component
of the matrix E[Thig*] can readily be shown to be 0%?K-(i-1)-(j-1) and, thus,

equation (D-32) may be rewritten as
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- — D-3
ETeerl = ELT) + wolu - wolFRE(T). (b-32)

Letting

(D-33)

Ty = ETead = 9§ + 39k and T = £5 + dfp,

the complex-valued equation (D-32a) may be represented equivalently in terms of the

following two real-valued equations:

(D-34a)
o = (L - wobfp)uf + wolfpk + whu |
and
(D-34b)
o™ = (L woffg)ef + wofyef,

or, more compactly, in terms of the following (augmented) vector matrix equation:

I
wi' L-witg | wi of u
SN S BN dmmm |+ wod—~ [, (D-35)
o wify [ L+wffz || of °

Rewriting the above as

=

! |

' el &4 o

=== = ||t - wifp-=t - | = + yof |- — —|, (D-36)
|
!

+ +
ot 01l -f1 } -fa ot

jo
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the following solution is readily arrived at (following the analysis of Appendix C,

equations (C-81) through (C-92)):

I -1
! 14 u
Pm____ = ___4-__ —_— | (D-37)
Lkl |
¥] -f1 | g 0
Equation (D-37) is equivalent to the statement
Vim E[ygay] = P = Tlu (D-38)

k-0

thus concluding the argument that the control law of equation (D-28) finds, in the
mean, the optimal coefficient vector resulting in an overall Nyquist system (or,
equivalently, control law (D-28) finds an unbiased estimate of EP). The coefficient
vector found by control law (D-28), however, although optimal in the Nyquist sense
(in terms of forcing ISI to zero), is suboptimal from a residual noise MSE stand-
point. The optimal Nyquist solution presented in the first section of this appendix
is revisited next, since this solution does force the noise MSE to a minimum while
simultaneously maintaining zero ISI. As will be seen, however, the adaptive forma-
tion of this (more optimum) sblution is substantially more complex and, hence, typi-

cally not sought in practice.

D.3 ADAPTIVE FORMATION OF THE OPTIMAL NYQUIST SOLUTION

Figure D-4 illustrates a receiver architecture that can be used to adaptively
form the optimum Nyquist characteristic of equation (D-14). As shown in the figure,
an overall receiver configuration is postulated comprising a fractionally spaced

transversal filter whose coefficients are controlled by the Least Mean-Squared (LMS)
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error algorithm (as described in Appendix C) followed by a synchronously spaced
transversal filter cqntro]led by the Zero-Forcing (ZF) algorithm (as described in
the previous section of this appendix). The LMS controlled fractionally spaced
filter minimizes the residual noise MSE, while the ZF algorithm controlling the syn-
chronously spaced filter guarantees ISI-free performance. As can readily be seen
from equation (D-1) and/or equation (D-17), the optimum synchronously spaced trans-

versal filter transfer function, EgF(jw), will converge to

T d
2k 2nk . * [w] 2T (D-39)

8(in) = T
EGLMS(JN+J_T-]F(Jm+j_T—)

while the optimum fractionally spaced filter characteristic, EEMS(jm), will be gov-

erned by a coefficient vector, Gyys, defined by

- o] = *
Gns = (RfsPims)”s (D-40)
where
-— —
Biws = E[Y,Y,'1,
(D-41)
— R
Piws = E[TpY¥p]

and
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™ V(nT+NT')
V(nT+NT'-T")

n = Y(nT) ; T ='£‘, (D-42)
Y(nT-T')
| V(nT:NT') _
such that
V(t) = K(t) * gzr(t). (D-43)

The statement made by equation (D-40) can be verified using the techniques of Appen-
dix C. Furthermore, to adaptively converge to the optimum solution of equation
(D-40), the following control law must be used to update the fractionally spaced

filter coefficient vector:

- =k
Bu = Bys + wEns (D-44)
where
Ey = Ty - Upe (D-45)

Using the control law of equation (D-44), it can readily be shown that

K+l . =l wm 4 * (D-46)
lim E[G]ys] = (RrwsPims) -

ko0
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