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ABSTRACT

DISTORTION MITIGATION THEORY AND TECHNIQUES FOR 
MULTIDIMENSIONAL WIDEBAND DATA TRANSMISSION VIA 

LINEAR/NONLINEAR DISPERSIVE CHANNELS

by

Peter  D. Karabinis 

Advisor: Professor  Fred E. Thau

A un i f i ed  d i s t o r t i o n  mit iga t ion  theory fo r  mult idimens ional ,  l i n e a r l y /  

n on l in ea r ly  d i sp e r s iv e  data  t ransmiss ion systems i s  p resent ed .  The ana ly s i s  s t a r t s  

with fundamental p r in c ip le s  of l i n e a r  systems theory,  and l i n e a r  d i g i t a l  communica­

t i o n s  systems modeling and op t im iza t ion ,  and g radua l ly  gene ra l i ze s  un t i l  a mathemat­

ical  framework emerges t h a t  u n i f i e s  the  behavior ,  ana ly s i s  and opt imiza t ion of  the  

general system, con ta in ing  an a r b i t r a r y  combination of  l i n e a r  and/or  nonl inear  se t  

o f  d i sp e r s iv e  elements.  The optimum rec e ive r  a r c h i t e c tu r e s  and adapt ive control  

laws t h a t  we de r ive  and eva lua te  sub jec t  to  the  general l i n e a r / n o n l i n e a r  system are 

channel d i s t o r t i o n  and no n l in e a r i ty  model independent ,  and s u b s t a n t i a l l y  super io r  to 

prev ious ly  repor ted techn iques ,  p a r t i c u l a r l y  during s t r e s s f u l  channel condi t ions 

cha rac te r ized  by la rge  amounts of  l i n e a r  and/or  nonl inear  d i s t o r t i o n  (Intersymbol 

In te r fe r enc e  ( IS I )  l im ited  channels) .

A new approach to  the  ISI cance l la t ion  i ssue  i s  pos tu l a te d ,  analyzed,  v e r i f i e d  

by computer s imulat ion and shown to  s u b s t a n t i a l l y  m i t iga te  aga in s t  the  l im i t a t i o n s  

of  convent ional  ISI c a n c e l l e r s .  The new technique i s  generic  and, besides  lending 

i t s e l f  to  the  l in e a r / n o n l i n e a r  ISI ca n ce l la t io n  i s s u e ,  i t  can a l so  be appl ied t o  the
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purely l i n e a r  channel decis ion-feedback  e qua l i ze r  s i t u a t i o n  to  s u b s t a n t i a l l y  resolve 

the  long-standing e r r o r  propagation problem assoc ia te d  with decis ion- feedback  equa l ­

i z e r s .  Due to  the  importance and cen tr a l  ro le  played by the  t r a n s v e rs a l  f i l t e r  (as 

the  bui ld ing  block in forming the optimal r ece ive rs  developed and analyzed in t h i s  

d i s s e r t a t i o n ) , an experimental  e f f o r t  has been undertaken to  s tudy d i g i t a l  implemen­

t a t i o n s  of  the  mult i t ap  s y nc h ronous ly / f ra c t iona l ly  spaced t r a n s v e rs a l  f i l t e r .  Sev­

e ra l  key p r o p e r t i e s  and r e s u l t s  p red ic ted  by the ana lys i s  a re  v e r i f i e d  and p re ­

sented ,  toge the r  with the  support ing experimental  observa t ions .
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"Don't keep fo rever  on the  publ ic  road, going only where others  have gone. Leave 

the  beaten t rack  occasional ly  and dive in to  the  woods. You wil l  be c e r t a i n  to  find 

something you have never seen be fore .  Of course ,  i t  wi l l  be a l i t t l e  t h in g ,  but do 

not ignore i t .  Follow i t  up, explore  a l l  around i t ;  one discovery wi l l  lead to  an­

o ther  . . . "

Alexander Graham Bell
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CHAPTER 1 

INTRODUCTION AND EXECUTIVE SUMMARY

This d i s s e r t a t i o n  p resen ts  a un i f ied  d i s t o r t i o n  m i t iga t ion  theory fo r  m u l t i ­

dimensional ,  l i n e a r l y / n o n l i n e a r l y  d i s p e r s iv e ,  data  t ransmiss ion systems u t i l i z i n g  

Quadrature Amplitude Modulation (QAM). QAM has been chosen in t h i s  work s ince  i t  

r ep resen ts  a very high c a p ac i ty /d e n s i ty  modulation format in terms of  the  b i t  r a t e  

per  un i t  bandwidth t h a t  i t  can accommodate ( p a r t i c u l a r l y  when used with v e s t i g ia l  

s ideband f i l t e r i n g C U )  and because i t  has found wide a pp l i c a t ions  in high capac i ty  

commercial communications s y s t e m s . O u r  approach, concepts and r e s u l t s ,  how­

ever ,  are  (by i n t e n t )  q u i t e  general  and may read i ly  be appl ied t o  a v a r i e ty  of o the r  %

s i t u a t i o n s .

The ana ly s i s  begins with fundamental p r in c ip le s  of  l i n e a r  systems theo ry ,  and 

l i n e a r  d i g i t a l  communications systems modeling and op t im iza t ion ,  and gradual ly  gen­

e r a l i z e s  un t i l  a mathematical framework emerges t h a t  u n i f i e s  the  behavior ,  ana ly s i s  

and opt imiza t ion o f  the  general system, containing an a r b i t r a r y  combination of  

l i n e a r  and/or  nonl inear  s e t  of  d i spe r s ive  elements .  The optimum rece ive r  a r c h i t e c ­

tu re s  and adapt ive  control  laws t h a t  we der ive  and eva lua te  subjec t  t o  the  general 

l i n e a r / n o n l i n e a r  system a re  channel d i s t o r t i o n  and n o n l in e a r i ty  model independent ,  

and s u b s t a n t i a l l y  supe r io r  t o  prev ious ly  reported t e c h n i q u e s [ 5 - H ] ,  p a r t i c u l a r l y  

during s t r e s s f u l  channel condi t ions  cha rac te r ized  by l a rge  amounts of  l i n e a r  and/or  

nonl inear  d i s t o r t i o n  (Intersymbol In te r fe r en c e  ( IS I )  l im ited  channels ) .

. In References 5 through 7, the  bas ic  a r c h i t e c tu r e  of  Figure 1-1 and some 

c lo se ly  r e l a te d  v a r i a t i o n s  t h e r e o f  have been used as the  means fo r  cance l l ing  ISI .
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The Linear Equal izer  (LE) shown in t h i s  r ec e ive r  i s  used t o  provide pre l iminary  e s ­

t im ates  of the  t r an sm i t t ed  da ta  symbols, which a re  subsequent ly used by a ca nce l le r  

s t r u c t u r e  (C) t o  adap t ively  form the  p rev a i l i n g  ISI e s t im a te .  The ISI es t imate ,  

thus  formed, i s  sub tr ac ted  from the  matched f i l t e r  (W) output ,  producing ( in  p r i n ­

c i p l e )  an IS I - f r e e  q u a n t i ty ,  which then serves  as the  bas is  f o r  forming a f in a l  de ­

c i s io n  regarding the  corresponding t r a n sm i t t e d  symbol value.

The generic  ISI c a n ce l l e r  of Figure 1-1 i s  q u i t e  f l e x i b l e  and lends i t s e l f  t o  

ISI c a n c e l l a t io n  r e s u l t i n g  from a r b i t r a r y  combinations of l i n e a r  and/or  nonl inear  

system impairments,  provided t h a t  an a pp rop r ia t e  c o n f i g u r a t io n / a r c h i t e c tu r e  e x i s t s  

within the  c a n c e l l e r  block,  C . tS-7]  For a type of  system containing a no n l in e a r i ty  

a t  the  t r a n s m i t t e r  (a non l inear  power a m p l i f i e r )  followed by a l i n e a r l y  d i spe r s ive  

(mult ipath fad ing)  channel,  the  ISI in the  received data  stream w i l l ,  in g e n e ra l , 

contain a " l inea r "  as well as a "nonlinear"  component*. Given a channel memory of ,  

say,  N symbol (baud) i n t e r v a l s ,  the  c a n c e l l e r  (C) of  Figure 1-1 must process  a s e ­

quence of  N p re l iminary dec is ions  per  s ig n a l in g  in te rva l  and be able  t o  form (from 

such a sequence) the  necessary l i n e a r  and/or  nonl inear  symbol combinations r e f l e c t ­

ing the  c u r r e n t ly  received ISI (as i t  e x i s t s  a t  the  matched f i l t e r  o u tp u t ) .

The s ignal  processing (ISI c a n c e l l a t io n )  methodology ou t l ined  above has been 

argued as represen t ing  the  u l t ima te  in r ec e ive r  process ing,  with performance ap­

proaching t h a t  of  the i so l a t e d  pulse  matched f i l t e r  b o u n d t ^ .  Indeed, as long as 

the  prel iminary dec is ions  (as provided by the LE) a re  c o r r e c t ,  the  c a n c e l l e r  matched 

f i l t e r  combination performance does approach the " i s o l a t e d  pulse  matched f i l t e r

* The l i n e a r  ISI component i s  def ined by a l i n e a r  combination of  t r a n s m i t t e d  data  
symbols, while  the  non l inea r  ISI term r e f l e c t s  a nonl inear  combination of  the 
t r a n s m i t t e d  data  elements.



5

bound" claimed in Reference 6 , but ,  i f  the  prel iminary decis ions  are  c o r r e c t ,  what 

i s  the  need f o r  the  c a n ce l l e r  matched f i l t e r  combination? I t  i s  argued in Refer­

ence 7 (and s u b s ta n t i a t e d ,  t o  some e x t e n t ,  by computer s imula t ion)  t h a t ,  as long as 

only a small number of  e r r o r s  occur in the  prel iminary  d e c is ions ,  the  c a n c e l l e r  

should s t i l l  be capable of  providing near  optimum performance, s ince most of  the 

symbols used in forming the  ISI e s t imates  are  s t i l l  c o r r e c t .  This ,  however, may not 

be t ru e  ( in  g e n e ra l ) ,  p a r t i c u l a r l y  when the  ISI i s  s t rong ly  dependent on a r e l a ­

t i v e l y  small number of  symbols, some o f  which a re  represented  in e r r o r  by the  p re ­

l iminary d e c is ions .  For the  l i n e - o f - s i g h t  mult ipath fading channel considered in 

t h i s  work, we have indeed observed cons iderable  c a n c e l l e r  degradat ions brought about 

by a r e l a t i v e l y  small number of  e r ro r s  made by the  prel iminary  es t ima tor  (a conse­

quence of  the ISI being s t rong ly  dependent on a r e l a t i v e l y  small number of  t r a n s ­

mit ted symbols).

In Chapter 3 of  t h i s  d i s s e r t a t i o n ,  a new approach to  t h e  c a n c e l l e r  dec is ion 

making s t r a t e g y  and methodology i s  p o s tu l a te d ,  analyzed,  v e r i f i e d  by computer simu­

l a t io n  and shown t o  s u b s t a n t i a l l y  m i t ig a t e  aga ins t  the  l im i t a t i o n s  of  the  conven­

t io n a l  c a n c e l l e r  a l g o r i t h m . T h e  new technique i s  generic  in nature  and, besides 

lending i t s e l f  to  the  ISI ca n ce l la t io n  i s sue ,  i t  can a l so  be applied t o  the  purely 

l i n e a r  channel decis ion feedback e q u a l i z e r  s i t u a t i o n  t o  s u b s t a n t i a l l y  resolve  the 

long s tanding e r r o r  propagation problem assoc ia ted  with dec is ion feedback equa l - 

i z e r s . ^ " 11^ The work presented in Chapter 3 a l so  addresses  the  issue of  ISI equa l­

i z a t io n  fo r  the  general  l in e a r / n o n l i n e a r  system. A baseband equiva len t  model i s  de ­

r ived f o r  the  genera l ized  QAM system, conta in ing  l i n e a r  as well as non l inea r  d i s t o r ­

t i o n ,  showing t h a t  the  impulse response of  such a system i s  not only d i s t o r t i o n  de ­

pendent,  but data-sequence-dependent  as w e l l .  Since the  c l a s s i c a l  adapt ive
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e q u a l i z e r  o p e r a t i o n  r e l i e s  on the  assumption t h a t  the  system's  impulse response be 

q u a s i s t a t i c  with respec t  t o  the  system's t ransmiss ion i n t e r v a l ,  t h i s  assumption 

breaks down completely f o r  the  general l i n e a r / n o n l i n e a r  system, rendering the  c l a s ­

s i c a l  equa l i ze r  approach impotent (a data-sequence-dependent  impulse response 

changes a t  the  s igna l ing  r a t e ) .  The development of  Chapter 3 resolves  t h i s  i s s u e .

A genera l ized  e qua l i ze r  s t r u c t u r e  (and assoc ia te d  control  a lgori thm) i s  developed 

involving data-sequence-dependent  c o e f f i c i e n t s  t h a t  allow the  e qua l i ze r  t o  properly 

operate  on the  system's  data-sequence-dependent  impulse response.

Chapter 2, in conjunct ion with Appendices A through D, lays  down the  fundamen­

t a l  mathematical framework fo r  the purely l i n e a r  QAM system. These fundamentals are  

drawn upon heavi ly  and serve as the  bas is  fo r  the  general ized di scuss ions  of  

Chapter 3, as ou t l ined  above. In Appendix D, where a di scuss ion  of  l i n e a r  rece ivers  

in the  Nyquist sense i s  p resent ed ,  a new adapt ive r ece ive r  a r c h i t e c tu r e  in the  "op­

timum Nyquist sense" is  developed (Figure D-4). This r ece ive r  configura t ion  and a s ­

soc iated  control  s t r a t e g y  i s  capable of  forming adap t ively  a t r a n s f e r  funct ion  r e ­

s u l t i n g  in minimum p r o b a b i l i t y  of  e r r o r  sub je c t  t o  the  zero ISI c o n s t r a i n t .  P r io r  

publ ished work involving an adapt ive Nyquist r e c e i v e r ^ ]  used an arrangement r e s u l t ­

ing in suboptimum performance during channel fad ing.

Because of  the  importance and c e n t r a l  role  played by the  t r a n sve rsa l  f i l t e r  as 

t he  bu i ld ing block in forming the  optimal r ece ive rs  developed he re in ,  a l im ited ex­

perimental e f f o r t  has been undertaken to  study d i g i t a l  implementations of  the  m u l t i - 

tap  synchronous ly / f rac t iona l ly  spaced t ra n s v e rs a l  f i l t e r .  Chapter 4 r epor t s  on 

these  f in d in g s .  Cer tain key p r o p e r t i e s / r e s u l t s  pred ic ted  by ana ly s i s  regarding the  

behavior  of  synchronously spaced as well as f r a c t i o n a l l y  spaced t r a n s v e rs a l  f i l t e r s
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are  v e r i f i e d ,  and a re  presen ted and discussed in Chapter 4, toge the r  with the sup­

por t ing  experimental  observa t ions .

We close  in Chapter 5 with a synopsis of  the  cen tr a l  theme o f  t h i s  work and 

with a d e ta i l e d  enumeration of  con t r ibu t ions  made throughout  t h i s  d i s s e r t a t i o n .  

Several important  observat ions/developments  t h a t  have surfaced during the  course of 

the  present  work, but have not been c e n t r a l  t o  the  theme of  t h i s  d i s s e r t a t i o n ,  have 

not been expanded upon in Chapters 2 through 4, but are c i t e d  in some d e t a i l  in 

Chapter 5. These c o n c e p t s ^ *  13] i d e n t i f y  areas  f o r  f u r t h e r  work aimed a t  improving 

th e  c a p a b i l i t i e s  of  the  QAM system.

We c lose  t h i s  chapter  by present ing ( sy s te m a t ic a l ly )  a l i s t  of  the  major con­

t r i b u t i o n s  made. The con t r ibu t ions  a re  ra ted  in  importance (according t o  the

a u th o r ' s  judgement) using the  following " th r e e - s t a r "  method:

*** = New and Very Important
** = New and Moderately Important
* = New, I n t e r e s t i n g

* Several baseband equiva len t  mathematical models are  der ived f o r  the  QAM s y s ­

tem i l l u s t r a t i n g  i t s  two-dimensional c h a ra c te r  (Chapter 2) .  The models a re  used in 

t he  ana lys i s  and opt imiza t ion of  the  system t o  der ive  optimum l i n e a r  r ece ive r s  (Ap­

pendices  C and D) in the :

a .  Minimum mean-squared e r r o r  sense

b. Minimum p r o b a b i l i t y  of  e r r o r  sense sub jec t  t o  the  zero ISI c o n s t r a in t
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** A new adaptive r ece ive r  a r c h i t e c tu r e  and assoc ia te d  control  a lgori thm i s  de­

r ived which forms the  optimum t r a n s f e r  funct ion in the  Nyquist sense y i e l d in g  mini­

mum p ro b a b i l i t y  of  e r r o r  sub jec t  to  the  zero ISI c o n s t r a in t  (Appendix D).

** The general  non l inea r ly  d i spe r s ive  QAM system i s  shown equiva len t  t o  a sy s ­

tem whose impulse response i s  data-sequence-dependent and, t h e r e f o r e ,  r ep resen ts  a 

b aud- in te rva l-by -baud- in te rva l  changing waveform (Chapter 3) .  This r e s u l t  i l l u s ­

t r a t e s  why the  c l a s s i c a l  adapt ive equa l i za t io n  techniques (which involve d a ta -  

sequence-independent  c o e f f i c i e n t s )  become highly suboptimum f o r  the  system co n ta in ­

ing n o n l i n e a r i t i e s .

** An e q u a l i ze r  r ece ive r  configurat ion i s  der ived t h a t  can opt imal ly  m i t iga te  

aga ins t  l i n e a r  and/or  non l inea r  d i s t o r t i o n  (Chapter 3) .  This equa l i ze r  arrangement 

requ i res  only a f a c t o r  of  two inc rease  in the  number of  t aps  (over those t h a t  would 

be required in a purely l i n e a r  system a p p l i c a t i o n )  and i s  independent of  the  order  

of  the  n o n l in e a r i t y .  A new performance index f o r  optimum dec is ion  making based on 

the  e qua l i ze r  output  i s  a lso  presented and i l l u s t r a t e d  (via s imulat ion)  t o  work 

wel l .

*** A new and generic  algorithm/methodology fo r  cance l l ing  ISI i s  presented 

(Chapter 3) .  The algori thm i s  app l i cab le  t o  a v a r i e ty  of  c a n c e l l e r  arrangements 

and/or  e qua l i ze r s  using dec is ion feedback,  and s u b s t a n t i a l l y  resolves  the  problem of  

e r r o r  propagat ion.  Numerical r e s u l t s  a re  presented i l l u s t r a t i n g  the  c a p a b i l i t i e s  of  

the new algori thm.

* Experimental r e s u l t s  a re  presented confirming the  performance i n s e n s i t i v i t y  

o f  the  d i g i t a l l y  implemented f r a c t i o n a l l y  spaced e q u a l i ze r  t o  t iming phase e r r o r s  

and showing t h a t  a f r a c t i o n a l l y  spaced equa l i ze r  with only f iv e  taps  i s  capable of
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forming the r ec e ive r  matched f i l t e r  adap t ive ly  f o r  a PAM system employing a h a l f -  

Nyquist t r a n s m i t t e r  f i l t e r  (Chapter 4 ) .  The d i g i t a l l y  implemented synchronously 

spaced equa l i ze r  performance is.shown highly s e n s i t i v e  t o  t iming phase e r r o r s  and 

incapable of  forming the r ec e ive r  matched f i l t e r  adap t ive ly .

** Several new signal  processing techn iques ,  r e l a t i n g  t o  the  t r a n s m i t t e r  and 

r ece ive r  processing of the  QAM system, have been i d e n t i f i e d  during the  course of  de­

veloping the  cen tr a l  theme of t h i s  d i s s e r t a t i o n .  These new techn iques /a lgor i thms ,  

not being c en t ra l  t o  the main theme of  t h i s  work, have not been amplif ied in the 

main t e x t .  Inst ead ,  they a re  c i t ed  and d iscussed  in some d e t a i l  in Chapter  5 as 

areas  fo r  f u r t h e r  work aimed a t  s t reng thening  the  c a p a b i l i t i e s  o f  the  communications 

system. They involve:

a. Transmit t er  and r ece ive r  processing  enabl ing v e s t i g ia l  s ideband f i l t e r i n g  

to  be imposed on a QAM waveform ( to achieve higher  spec t ra l  e f f i c i e n c i e s )

b. A nondata d i rec ted  algor i thm f o r  ad ju s t in g  the  c o e f f i c i e n t s  of  adapt ive 

e qua l i ze r s  during s t a r t - u p  pe r iods  ( thus avoiding the  need f o r  a t r a i n in g  

sequence)
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CHAPTER 2

MATHEMATICAL PRELIMINARIES AND THE LINEAR QAM SYSTEM

2.1 NOTATIONAL REMARKS

In th is  work, we wil l  deal extensive ly with symbols that denote complex-valued 

quantit ie s .  Such symbols wil l  invariably appear with a bar " over them to empha­

s iz e  the ir  complex-valued s ig n if icance .  Thus, symbols such as a", 7 ,  7 ( x ) ,  cfCn), 

e t c . ,  wi ll  be u t i l i ze d  in the representation of complex-valued e n t i t i e s .  The form 

of  the f i r s t  two (IT, 7)  wil l  be used to represent complex-valued constants,  while 

that of the th ird ,  7 ( x ) ,  will  be appropriate for the representation of  a complex­

valued function of the real-valued argument x. The form of the fourth entry,  "gCn), 

will  be used to denote a complex-valued function of the complex-valued argument 7.

Uppercase l e t t e r s  wil l  be used to denote nondeterministic quantit ies  (unless  

e x p l i c i t l y  spec if ied  to the contrary).  Accordingly, a form such as A wil l  be used 

to  specify a complex-valued random variable,  while the form N^t) will  designate a 

random process.  One exception to the above notational convention wil l  occur when 

the argument of  the function,  which i s  being designated by an uppercase l e t t e r ,  i s  

jw. In that case,  the function in question will  always denote a Fourier transform.  

That i s ,  given the functional form'N(jui), "N(jo>) wil l  always be interpreted as the 

Fourier transform of  n ( t ) ,  never as a complex-valued process.

Vector quantit ies  wil l  be identi f ied  via an underbar, while a double underbar 

will  be reserved for matrices. Hence, the symbols 7  and 7  wi l l ,  for example, be 

used to denote a complex-valued determinist ic  vector and matrix, respect ive ly ,  while
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uppercase symbols such as ¥  and j l w i l l  t y p i c a l l y  be reserved f o r  nondetermin is t ic  

(complex-valued as per  the  overbar)  vectors  and m at r ice s ,  r e s p e c t iv e ly .  Of course,  

in  some s i t u a t i o n s ,  except ions t.o the  above rules  wil l  occur ,  bu t ,  when t h i s  hap­

pens, i t  will  always be c l e a r  from the  context  as t o  the  meaning of  the  symbology 

being used ( e . g . ,  T wil l  be used to  denote the  baud i n t e r v a l ,  J wil l  be used as a 

performance index,  e t c . ) .

F in a l ly ,  f o r  the  sake of  s im p l i c i t y ,  we wil l  adhere t o  the  i n f i n i t e  summation
oo

n o ta t iona l  equivalence I  = £ and the  opera to r  * w i l l ,  a t  t imes ,  be used to  r ep re -
k=-« k

sen t  convolut ion .  The opera to r  * will  a l so  be used as a s u pe rsc r ip t  t o  denote com­

plex con jugat ion .

2.2 COMPLEX-VALUED IMPULSE SEQUENCES AND SAMPLING THEORY

Let x ( t )  denote a complex-valued funct ion of  the  independent ( rea l -va lued)  a r ­

gument t .  We assume x ( t )  to  be band-l imited,  with 7 ( j u )  denoting i t s  Four ie r  t r a n s ­

forms.-  |Y(ja)) | = 0 fo r  V |fo | _> (o(vj, 0 < < «.  Given t h a t  7 ( t )  undergoes ideal

sampling,  by being m ul t ip l ied  with the  impulse t r a i n  £<S(t-kT), 0 < T < ~, the  f o l ­
ic

lowing impulse sequence r e s u l t s :

(x(kT)} = Ix (k T)5 ( t-kT) .  (2-1)
k

Four ie r  t ransforming the  above, we have

F[{x(kT)}] i  J {x(kT)Je- j“t d t  = Jx(kT)e“M T  = 7 ( eM ) .
-oo k

H a v i n g  X^e^T) as defined above, the  nth element of  t h e  sequence (x(kT)} may be r e ­

generated via the  following opera t ion:
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ir/T
* (n t )  = - h i  I ( e J uT)eJunTdm; n = 0, +1, +2, . . . .  (2-3)

-tt/T

This can be v e r i f i e d  in a s t r a igh t fo rw ard  fashion by s u b s t i t u t i n g  £x(kT)e-J’ukT in 
_  k

place of  X(eJuT) and performing the  ind ica ted  opera t io ns .  Having e s ta b l i she d  the

above, we now observe t h a t  3T(nT) may a l so  be expressed as

x(nT) = x( t ) 11 _nT = J jT(ju)eJ“nTdu, (2-4)

where we have u t i l i z e d  the  cont inuous- t ime inverse  Four ier  t ransform r e l a t i o n s h ip .  

Equation (2-4) may be r ew r i t t e n  in the  following equivalen t  form:

1 (2k+l)oj0 . _
x(nT) = "ST I I  X(ja))eJunTda); 0 < < ~. (2-5)

k (2k-l)u„

IT
Le t t ing  u>0 = y ,  0 < T < « and performing the  following change of  va r i ab le :

£ = a) -  2kco0 , (2 -6 )

we a t t a i n

1 t t / T  2 irk • -r
x(nT) * *2  ̂ I f  X( jE+j- f“ )eJ?nTd? 

k - t t /T

T 1 . ^ i r k . ,  . - e n j
= 2ir /  [ t I x ( J 5 +J T ) ] e d ?*

-t t /T  k

(2-7)

Comparing equation (2-7) with equation (2-3)  and invoking the  uniqueness proper ty  of  

the  inverse Four ie r  t r ansfo rm,  we conclude
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X(eJ“T) = h i  < f .  (2-8)
K

Owing t o  our band-l imited  assumption regarding "x(t ) ,  we see t h a t ,  i f  t h e  sam-
2tt

pl ing in te rv a l  T i s  chosen such t h a t  "f”  _> 2idm, only the  k = 0 term in the  above sum
7T

mation will  assume nonzero values over t h e  frequency band |w| _<7 . Hence, given
TT

t h a t  T < t t , we can wri te  
-  M

X(jto.) = T I ( e J&)T) , h |  < f ,  (2-9)

o r ,  e qu iva len t ly ,

_  Sin Y  ( t-kT)
x ( t )  = T{x(kT)} * h ( t )  = I x ( k T ) - T ; --------------- , (2-10)

k “  ( t-kT)

where "*" denotes convolut ion and

represen ts  the  impulse response of an ideal  low pass f i l t e r  band-l imited  t o  u = “ . 

Equations (2-9) and (2-10) summarize the  w e l l - e s t a b l i s h e d  r e s u l t  of  the  sampling 

theorem.

2.3 BASEBAND EQUIVALENT REPRESENTATIONS OF THE LINEAR QAM SYSTEM

Baseband equiva len t  r ep re sen ta t ions  of  passband communications systems are  

of ten  used to  f a c i l i t a t e  the  ana ly s i s  and/or  computer s imulat ion of  such systems. 

In t h i s  s e c t io n ,  we develop severa l  baseband equ iv a len t  r ep re s en ta t i o n s  of the
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l i n e a r  passband QAM system. These rep re sen ta t ions  are  used l a t e r  on in t h i s  work as 

the  bases fo r  f u r t h e r  ana ly s i s  and to  f a c i l i t a t e  numerical computations.

Figure 2-1 shows the  elements of  a bas ic  QAM communications system comprising a 

modulator,  a passband channel and a demodulator*. At the  modulator i n p u t ,  two inde­

pendent impulse da ta  sequences, {a(nT)> and {b(nT)}, are assumed to  e x i s t  on the  In-  

phase ( I )  and Quadrature (Q) " r a i l s "  of  the  system, r espec t ive ly ** .  Following low 

pass f i l t e r i n g  of  the  input  da ta  sequences by id e n t i c a l  I -  and Q-rai l  t r a n s m i t t e r  

f i l t e r s ,  the  r e s u l t i n g  I -  and Q-rai l  s i g n a l s ,  i ( t )  and q ( t ) ,  r e s p e c t iv e ly ,  are  used 

to  amplitude modulate two c a r r i e r  waveforms th a t  are  in phase-quadrature .  Super­

pos i t ion  of  the  two modulated c a r r i e r s ,  as shown in Figure 2-1,  y i e ld s  the  QAM wave­

form, s ( t ) .  The waveform s ( t )  propagates  through the  passband channel and, a t  the 

r ec e ive r ,  i t  i s  once again decomposed in to  baseband I -  and Q-rai l  components, i ' ( t )  

and q ' ( t ) ,  r e s p e c t iv e ly ,  via the  coherent  demodulation process shown in Figure 2-1.

In a r r i v in g  a t  the  f i r s t  baseband equiva len t  r ep re sen ta t ion  o f  the  system, we 

f i r s t  a s so c i a te  Four ie r  t ransforms T(ja>) and Q(jw) with i ( t )  and q ( t ) ,  r e s p e c t iv e ly ,  

and t r a c e  these  t ransforms through the  system of  Figure 2-1.  At the  r e c e iv e r ,  a t  

points  D and D' ,  we f ind t ransforms corresponding to  i ' ( t )  and q ' ( t ) ,  t h a t  are  ex­

p l i c i t l y  r e l a te d  t o  the  t ra n sm i t t ed  spec t ra  by baseband t r a n s f e r  func t ions .  These

* Thermal noise  e f f e c t s  a re  neglected fo r  the  purposes of  t h i s  d i scuss ion .  Addi­
t i v e  thermal noise  i s  not r e levan t  in c a l c u la t in g  the  baseband equivalen t  of  a 
l i n e a r  passband communications system. The input  passband thermal no ise  i s  
t r e a t e d  l a t e r  on in conjunction with the  opt imiza t ion of  the  rece iv e r  process ing .  
At t h a t  j u n c t u r e ,  a baseband equivalent  r ep re sen ta t ion  f o r  the  input  passband 
thermal noise  i s  developed.

** These data  sequences are  taken to  be de te r m in i s t i c  f o r  the  purposes of  t h i s  d i s ­
cussion.
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baseband t r a n s f e r  func t ions  enable us t o  de f ine  a baseband equiva len t  model f o r  the  

passband QAM system.

At point  A in the  system (see Figure 2-1) ,  we have

s ( t )  = JZ  [ i ( t )  cos u>ct  -  q ( t )  s in  o>ct ] ,  ( 2- 1 2 )

o r ,  in the  frequency domain,

S(jw) = ^=[T( ju»-juc ) + T(ju)+ju)c )]  + ^[Q(ja>-j<dc ) -  Q(jai+jcjc ) ] ,  ^  ^

where, as u sua l ,  j  = f - \ .  At the  passband channel output  (a t  point  B of  the  sy s ­

tem),  we th e r e fo r e  have the  s ignal  t ransform R^jui) = TT(ju) S’( jw).  Using the  i d e n t i ­

t i e s

je  jwr t  - j e  -jwr t  
2cos(ioc t+9) = e e c + e  e c , (2-14)

and

je jmr t  . - je  -jior t  
-  2sin(a>ct+e)  = j e  e c -  j e  e c , (2-15)

the  s ignal  t ransform at  po in t  C may be expressed as
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X(jw) = “ e J 0lT(jw-jwc )[T(j())-j2u)c ) + I( j io)]

+ 7  eJ eTT C jt»> - j(uc ) ITQ (j  u> - j  2toc ) -  Ift jm)]

+ 7  e"j 9H(ju+juc)rT(ju) + T(Jto+j2ojc)]

+ Y  e_J0Tr(ja»+ju)c )tQ(ja)) -  Q(ja)+j2a)c ) ] .

S im i la r ly ,  a t  po int  C1, we have

T(jto) = 7 e J0H(ju-ju)c )[T(ja)- j2wc ) + T ( j u ) ]

-  “I"eJ 0H‘(jaj-jajc )[Q‘( juj- j2ujc ) -  Q(ju))] 

e“J 0lT(ja)+ju)c ) [T(ju)  + T(jui+j2<Dc )]

. + Y  e_J 0H(j(o+ju)c )irQ(ja)) - Q(ju+j2uc ) ] .

F in a l ly ,  in order  to  specify the  s ignal  s pe c t r a  a t  po in ts  D and D' ,  we assume 

t h a t  the  r ece ive r  f i l t e r  c h a r a c t e r i s t i c ,  Gr ( j to), being of  a low pass na tu re ,  is  

going to  e l imina te  a l l  passband s ignal  components e x i s t i n g  a t  points  C and C1. We 

can thus speci fy  the  s ignal  spectrum a t  po in t  D as

T ' ( j u )  = 7  [H(jw-jwc )eJ’e + H(jw+ju)c )e" J 0 lGR(ja)) T(jaj)

+ y [ -H ( j a ) - j i o c ) e j 0 + H(ju>+j(0c ) e ' J' e lGR(ja)) Q(jai),



and the  s ignal  spectrum a t  point  D' as

tT(jw) = i  - H(jo)+jaic )e"J 0 !lGR(jio) I(ju»)

+ \  PT(ju-ju)c )eJ'9 + H(ju»+juc )e"j 9 ]GR(ja)) Tftja>).

Le t t ing

TT^fju)  s Tr2 2 (jtt>J = \  [H(jw-ja)c )eJ0 + TT(ju)+ja)c )e"J0] ,

and

TTi2 (Ju) E - ^ ( j u )  = T  [-H(joi-ja)c )eJ’0 + I ( jw+juc )e “J’e] ,  

t he  I -  and Q-rai l  s ignal  t ransforms a t  the  demodulator output  may be w r i t t en  

T ' ( j u )  = GR(ju)[Hii(jw) I(jto) + Hi2 (ju>) Q(jco)],

and

Q ' ( ju )  = G-R(jio)[H2l ( j u )  I(joi) + H2 2 (Juj) Q(joi)] ,  

o r ,  more compactly, in terms of  a complex-valued vec to r  matr ix  equat ion as

rT'(j«)-| _ r  Hn(ju») TTi2(j») -I pi(jw) “I
Ltf’U") J  L%(j-)% o-) J L to-) J

Defining the vectors

(2-16)

(2-17)

as

(2-18)

(2-19)

(2- 20)
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and t h e  m a t r i x

• =
Hn(joj)  TTi2 ( ju)  

Hgifju) H2 2 (jw)
( 2- 2 2 )

equation (2- 2 0 ) may be r ew r i t t e n  as

ifl(ju)) = Gr(jw) Hfifju) l 3 ( j u ) . (2-23)

These r e l a t i o n s h ip s  h ig h l ig h t  the  two-dimensional c h a ra c te r  o f  the  QAM system. The 

complex-valued matr ix  t r a n s f e r  func t ion ,  ^ ( j o i ) ,  as spe c i f ie d  above, de f ines  the 

two-dimensional baseband  equ iva lent  t r a n s f e r  c h a r a c t e r i s t i c  o f  the  QAM system. F ig ­

ure 2 -2  shows a block diagram rep resen ta t ion  of  t h i s  baseband equiva len t  model.

An examination of  equation (2-20) ,  which i s  equ iva lent  t o  the  two s c a l a r  equa­

t i o n s  of  (2-18) and (2 -19) ,  revea ls  t h a t  the  s ig n a l s  t r a n s m i t t e d  on th e  two or thog­

onal dimensions of  the  system ( the I and Q r a i l s )  wil l  i n t e r f e r e  with one another 

unless  H"i2 (ju>) i s  i d e n t i c a l l y  zero or  i s  otherwise proper ly  behaved. Furthermore,  

unless  TTn(jiu) i s  p roper ly  behaved, s e l f - r a i l  ( in te rsymbol ) i n t e r f e r e n c e  wi l l  a lso  

be p resen t  in the  received waveform. In a d d i t io n ,  the  baseband equ iva len t  form of 

equation (2-20) suggests  t h a t  a rece ive r  a r c h i t e c tu r e  as shown in Figure 2-3 may (in 

p r i n c i p l e )  be employed, following the  demodulator s tage ,  in order  t o  negate  the  e f ­

f e c t  of  the  channel .  Although t h i s  i s  t h e o r e t i c a l l y  and p r a c t i c a l l y  f e a s i b l e ,  i t  i s  

t y p i c a l l y  a t t a in e d  a t  the  expense of  thermal noi se  enhancement, as wil l  be q u a n t i ­

f i e d  l a t e r  on.

Having e s ta b l i s h e d  the  f i r s t  baseband equivalence of  the  l i n e a r  passband QAM 

system, we now de r ive  a second equivalence incorpora t ing  a baseband channel model 

with complex-valued impulse response in s tead  of  the  rea l -va lued  matr ix  impulse
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response u t i l i z e d  above. Considering the  block diagram of  Figure 2-4,  we l e t  the  

i n p u t  complex-valued s ignal  S g ( t ) be

? B ( t )  = i ( t ) + j q ( t ) ,  (2-24)

and def ine  the  complex-valued impulse response h e ( t )  as

hB( t )  = h i ( t )  + j h 2 ( t ) .  (2-25)

— I
Based on these  d e f i n i t i o n s ,  the  complex-valued ou tpu t ,  s g ( t ) ,  may be w r i t t e n  as 

(neg lect ing thermal noise)

S g( t )  = gR( t )  * TTB(t) . * ? B( t )  = i " ( t )  + j q " ( t ) .  (2-26)

S u b s t i t u t i n g  equat ions (2-24) and (2-25) into equation (2-26) gives

sbOO = SR(t)*Chi( t )  + j h 2 ( t ) ] * [ i ( t )  + j q ( t ) ]

= 9 R ( t ) * [ h i ( t ) * i ( t )  -  h2 ( t ) * q ( t ) ]  ( 2 -2 7 )

+ J 9R ( t ) * C h i ( t ) * q ( t )  + h2 ( t ) * i ( t ) ] .

Equating the  real  and imaginary pa r t s  on both s ides  o f  equation (2-27) r e s u l t s  in

i " ( t )  = 9R ( t ) * [ h i ( t ) * i ( t )  - h2 ( t ) * q ( t ) ] ,  (2-28)

and

q"(t) = gR(t)*[hi(t)*q(t)  + h2 ( t ) * i ( t ) ] .  (2-29)

We now observe t h a t  equations (2-28) and (2-29) become in d i s t in g u i sh a b le  from equa­

t io n s  (2-18) and (2-19) ,  r e s p e c t i v e ly ,  provided th a t

h i ( t )  = h n ( t )  and h2 ( t )  = - h j 2 ( t ) .  (2-30)
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Hence, sub jec t  t o  the  c o n s t r a in t  of equation (2 -30) ,  an equivalence e x i s t s  between 

the  two baseband models of  Figures 2-2 and 2-4,  and, consequent ly ,  an isomorphism 

between 2 x 2 r ea l-va lued  matr ices and complex-valued q u a n t i t i e s .

The baseband equiva lent  models descr ibed above serve in c h a ra c te r i z in g  the 

ove ra l l  communications system from an inpu t /ou tpu t  s tandpo in t .  That i s ,  given base­

band inputs  t o  the  system, one of  the  two baseband equiva lent  models der ived thus 

f a r  may be used to  p red ic t  the  corresponding baseband system outputs  ( a t  po in ts  D 

and D' of  Figure 2 -1 ) .  These baseband models, however, are incapable  of  speci fy ing

signal  values a t  in te rmedia te  (passband) system p o i n t s ,  such as a t  po int  B of  Figure

2-1.  To provide f o r  such a c a p a b i l i t y ,  an a l t e r n a t e  baseband equ iva len t  r ep re s en ta ­

t ion  fo r  the  QAM system i s  der ived based on the  complex envelope p r i n c i p l e .  The 

method of  represen t ing  passband s igna l s  and systems via corresponding "complex enve­

lopes" i s  developed in Appendix A.

Refer t o  Figure 2-5a,  which, j u s t  as in Figure 2-1,  shows a bas ic  l i n e a r  QAM 

system. Figure 2-5a,  however, expands on Figure 2-1 in t h a t  a rece iv e r  f i l t e r  i s  

pos tu la ted  t o  e x i s t  in the  passband p r i o r  t o  the  demodulation process  and, a f t e r  the  

demodulator,  a r ece ive r  sampler i s  shown, followed by a decis ion-making process .

The modulator and demodulator blocks shown in Figure 2-5a a re  assumed s t r u c t u r a l l y  

i d e n t i c a l  t o  those  shown in Figure 2-1. The r ec e ive r  f i l t e r  with impulse response 

g ( t ) ,  shown in t h e  passband in Figure 2-5a,  i s  mathematically equiva len t  t o  having a 

baseband s t r u c t u r e  ( a f t e r  the  demodulator) as t h a t  shown in Figure 2-3 (see Appen­

dix B fo r  the  d e t a i l s  of t h i s  equ iva lence) .

We begin the  mathematical development of  the  "complex envelope" based baseband 

equ iva len t  of  the  physical  system shown in Figure 2-5a by cons ider ing the  narrowband
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passband process  s ignal  U " ( t ) ,  which we assume t o  e x i s t  a t  the  QAM demodulator i n ­

put .  Since,  by des ign ,  U " ( t ) i s  a narrowband* passband random process  (owing to  the  

band-l imited na ture  of the  rece.iver f i l t e r ) ,  i t  can be represented  in terms of  I and 

Q components, r e l a t i v e  to  t h e  c a r r i e r  frequency u)C, as

II „ II
U"(t)  = Uc ( t )  cos u)ct  -  Us ( t )  s in  uct ,  (2-31)

where ( t ) and U j ( t )  denote the  I and Q components of  U " ( t ) ,  r e s p e c t iv e ly .  Thus, 

the  I - r a i l  output  of  the  QAM demodulator will  be**

.Demodulator f _
l l - R a i l  Output) = Li*'2 cos (wct+e)}

{U<l(t) cos uct  - Us ( t )  s in  u>ct } ] B (2-32)

1 H 1 H
= —  Ur ( t )  cos e + -^rUs ( t )  s in  e,

where [*]g denotes the  low pass (baseband) components of the  expression in s id e  the  

b rac ke ts .  S im i la r ly ,  the  Q-rai l  component a t  the  demodulator output  wi l l  be

Demodulator , r , _  . , , ,
(Q-Rail Output) = Li-^2 s in  (wct+e)}

|Uc ( t )  cos u)ct  -  Us ( t )  s in  uct } ] B (2-33)

= ^=-Ug(t) cos e - - ^ s - U ^ t )  s in  e.

* Rela t ive  t o  the  sys tem 's  c a r r i e r  frequency

** The I -  and Q-rai l  f i l t e r s  t h a t  a re  pa r t  of  the  QAM demodulator (see Figure 2-1) 
are  taken here t o  be ideal  low pass f i l t e r s  def ined  over t h e  system bandwidth.
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Next, we cons ider  the  decomposition in to  real and imaginary p a r t s  o f  the  low 

pass comp lex-valued waveform ^ = U " ( t ) e " J 0, where U"(t)  denotes the  complex envelope 

(see Appendix A) of  U " ( t ) .  We have

^ L u " ( t ) e "J0  = -^r{u | ! ( t )  + jUg(t)}{cos 0 -  j  s in  0}

= ^ L u | ! ( t )  cos 0 +-^p-Us ( t )  s in  0 (2-34)

+ j{^=rUs ( t )  cos 0 - ^=rUc ( t )  s in  0}.

From the  above, we observe t h a t  the real  and imaginary pa r t s  of  ^ : O " ( t ) e “j 0 are 

isomorphic t o  t h e  I -  and Q-rai l  waveforms, r e s p e c t iv e ly ,  of  the  demodulator ou tpu t ,  

hence,  allowing us t o  s t a t e  the  mathematical equivalence of  Figure 2-5b. Fu r the r ­

more, s ince  the  waveform a t  the  QAM modulator output may be expressed as

S ( t )  = t/2 I ( t ) cos uc t  -  J l  Q(t)  s in  uc t ,  (2-35)

where

I ( t )  = lAkgr ( t -k T ) ,  (2-36)
k

and

Q(t) = p k 9T( t-kT) ,  (2-37)

the  complex envelope of  S ( t )  may be expressed as
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S ( t )  = { I ( t )+ jQ ( t )}  = /2  X(Ak+jBk)gT(t-kT) = /2  i r kgT( t -k T ) ,  (2-38)
k k

with Tfc = A|̂  + jBj  ̂ (k = 0 , +1 , +2 , . . . )  denoting the  kth complex-valued input  data  

e lement . Using the  above, the  physical  QAM system of  Figure 2-5a,  which encompasses 

both passband and baseband s ig n a l s ,  and system s e c t i o n s ,  may mathematically and 

equ iva len t ly  be replaced by the  nonphysical purely baseband model shown in Figure 

2-5c.  At each s tage of the  baseband equiva len t  block diagram o f  Figure 2-5c,  a com­

plex waveform rep re sen t s ,  via i t s  real  and imaginary p a r t s ,  t h e  I -  and Q-rai l  (or  

in-phase and quadrature)  components, r e s p e c t i v e ly ,  of  the corresponding s ignal  on 

the  physical QAM system diagram of  Figure 2-5a. Thus, the  real  and imaginary pa r t s  

of S ( t )  map onto t h e  I and Q components, r e s p e c t iv e ly ,  of S ( t ) .  The same can be 

said regarding the  r e l a t i o n s h ip  between U"(t)  and U"( t) .

Continuing on with our mathematical modeling, we r e f e r  now t o  Figure 2-6.  In 

Figure 2-6a, we have equ iva len t ly  rearranged th e  mathematical QAM demodulator model 

(from the  way i t  appears in Figure 2-5c) t o  being d i s t r i b u t e d  between the  system's 

noise  input  and channel c h a r a c t e r i s t i c .  In Figure 2-6b, a mathematical equivalence 

is  depicted between sampling the  waveform 0 ' ( t ) a t  the  d i s c r e t e  poin ts  in time 

nT + t  (n = 0, _+l, +2, . . . )  to  form the  sequence {U'(nT+t)}, versus delaying U ' ( t )  

by - t  seconds to  y i e l d  U ' ( t + r ) ,  and then sampling U'(t+T) a t  the  points  nT (n = 0, 

+1, +2, . . . )  t o  produce th e  same sequence {D'(nT+T)}. Incorporat ing the  r e s u l t s  of 

the  s a m p le r  equivalence of  Figure 2-6b in to  the  configura t ion  of  Figure 2-6a and ac ­

counting fo r  the  noncausal delay element - t  (by modifying the  noise  input  and chan­

nel c h a r a c t e r i s t i c ) ,  the  s im pl if ied  baseband equ iva len t  model o f  Figure 2-6c r e ­

s u l t s .
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In summary, the  physical  passband QAM system model of Figure 2-5a has been 

shown t o  be mathematically equ iva len t  t o  the  purely  baseband (nonphysical)  model of  

Figure 2-5c, which, in t u r n ,  i s  equiva len t  t o  the  s im p l i f ie d  baseband models of  F ig ­

ures  2-6a and 2-6c. Since the  r e l a t i o n s h ip s  between the  s implest  model of  Figure 

2-6c and the  other  a l t e r n a t i v e s  shown in Figures 2-5 and 2-6 are s t r a ig h t fo rw a rd ,  

we chose to  analyze the  configura t ion  of  Figure 2-6c in determining the  "best"  r e ­

ce ive r  f i l t e r  response,  g ° ( t ) ,  which opt imizes some (as ye t  undefined)  r e l evan t  p e r ­

formance index.

2.4 A NYQUIST ZERO INTERSYMBOL INTERFERENCE CONDITION FOR THE QAM SYSTEM

In re fe rence  to  the  baseband equ iva len t  model of  Figure 2-6c,  we l e t  7 ( t )  de­

note the  overa l l  baseband equ iva len t  impulse response o f  the  system; th a t  i s ,  we l e t

x ( t )  = ? ( t )  * g ( t ) .  (2-39)

In terms of  ><(t), t h e  received waveform U ( t )  may be expressed as

. U(t) = £Tkx(t-kT) + V ( t ) ,  (2-40)
k

where 7 ( t )  denotes the f i l t e r e d  noise  process g ( t )  * 7 ( t ) .  Evaluat ing equation 

(2-40) a t  the  nt 1̂ r ece ive r  sampling i n s t a n t  gives

U(nT) = jTkx(nT-kT) + 7(nT).  (2-41)
k

As can r ea d i ly  be seen from equation (2 -41) ,  in te r sy m b o l - in te r fe r e n c e - f r e e  t r a n s m i s ­

s ion w i l l  occur provided th a t
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x(mT) = - T  I  + JO f ° r  m = 0, o ,0 + jO fo r  m = +1, +2, +3, . . . .

That i s ,  provided t h a t  the  overa l l  system impulse response s a t i s f i e s  the  c o n s t r a in t s  

imposed by equat ion (2-42) ,  the  r e c e i v e d  waveform a t  the  nth r ece ive r  observat ion 

i n s t a n t  wil l  be

U(nT) = Tn + V(nT), (2-43)

thus being in f luenced only by the  n ^  t r a n sm i t t e d  symbol (and, o f  course,  noise)  

with a l l  o the r  f u tu r e  and past  t ransmi t t ed  symbols ( r e l a t i v e  t o  the  n ^  s igna l ing 

i n t e r v a l )  not e f f e c t i n g  i t s  value.

S i n c e  t h e  ove ra l l  system impulse response,  7 ( t ) ,  may be expressed in terms of

i t s  Four ie r  t rans form,  X ( j u ) ,  via the  inverse  F o u r i e r  t ransform r e l a t i o n s h ip ,

x ( t )  = j ;  f  X(juOeJ'^du., (2-44)
—OO

"x(mT) may be evalua ted from

x(mT) =  j ;  J  X U ^ e J ^ d o ) .  (2-45)
-OO

Rearranging and p lac ing equation (2-45) in the  form of 

_  i  (2k+l)wo_ T
x(mT) = ^  I  J X(j(ii)e^ du; <j0 > 0, (2-46)

k ( 2k-l)u )0

followed by changing the  va r iab le  of  i n te g r a t io n  in  accordance with

v = to -  2ku>0 , (2-47)
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s e t t i n g  io0 equal t o  j ,  and reversing th e  order  o f  summation and in te g r a t io n  gives

x ( » T )  -  - - S  / ” / r [ T p f C J '> + J S r L) J e j ' " llTd v .  ( 2 ' 4 8 )
—tt/T  k

Since "x(mT) can be envis ioned as r ep resen t ing  the  nith element of  the  sequence 

{x’(mT)}, we may a l so  wr i te

"x(mT) = i -  / 7r/TX(eJa,T)eJumTd(j> (2-49)
- i r /T

where

X(eJ“ T) = F[{x(mT)}] = £X(kT)e-J“ kT = 1, (2-50)
k

where equation (2-42) was invoked in w r i t i n g  the  l a s t  e q u a l i ty  above. Comparing 

equat ions (2-49) and (2-48) ,  and using the  uniqueness p ro p e r t ie s  of  the  Four ie r  and

inverse  Fourie r  t rans fo rm at ions ,  we conclude (with the  help of  equation (2-50))  t h a t

277k IT
I X ( ju > + jT l  = T fo r  h i  < 7 . (2-51)
k

The c o n s t r a in t  imposed by equation (2-51) on the  ove ra l l  system t r a n s f e r  funct ion 

"X(jca) i s  t y p i c a l l y  r e fe rr ed  to  as the  frequency domain zero intersymbol in te r f e r e n c e  

c ond i t ion ,  which, when s a t i s f i e d  by X’( jw),  y i e l d s  received waveform performance in 

accordance with equation (2 -43) .  Mathematical ly equiva len t  t o  the  frequency domain

c o n s t r a in t  of  equation (2-51) i s  the  t ime domain c o n s t r a in t  of  equation (2-42) ,  t y p ­

i c a l l y  r e f e r r e d  to  as the  time domain zero intersymbol i n t e r f e r e n c e  cond i t io n .
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CHAPTER 3

THE GENERALIZED LINEAR/NONLINEAR QAM SYSTEM 

3.1 INTRODUCTION AND REVIEW OF LINEAR SYSTEM FUNDAMENTALS

Thus f a r ,  we have focused on and d e a l t  with i s sue s  r e l a t e d  t o  the  m it iga t ion  of 

l i n e a r  system d i s t o r t i o n s .  Despi te  a l l  l i n e a r  d i s t o r t i o n  m i t ig a t io n  e f f o r t s ,  how­

ever ,  n o n l i n e a r i t i e s  in s t a t e - o f - t h e - a r t  communications systems ( a l b e i t  t y p i c a l l y  

co n t ro l l e d  by s o p h i s t i c a t e d  component designs and s u b s t a n t i a l l y  maintained a t  f a i r l y  

low l e v e l s )  a re  r ap id ly  assuming a major r o le  in l im i t i n g  t h e  f u r t h e r  increase  in 

r e l i a b l e  data  r a t e s .  The pioneering works of  D. D. F a l c o n e r W  and E. B i g l i e r i ,  e t  

alC2 J ,  e s t a b l i s h e d  and c h a ra c te r iz e d  a c l a s s  of  adap t ive  re c e iv e r  s t r u c t u r e s  capable 

of  m i t ig a t in g  non l inea r  channel d i s t o r t i o n s  in mult idimensional da ta  communications 

systems, a t  the  expense, however, of s u b s t a n t i a l  hardware complexi t ies  (a la rge  

number of  tap  c o e f f i c i e n t s  i s  t y p i c a l l y  requi red in  these  s t r u c t u r e s  t o  compensate 

f o r  the  e f f e c t s  of  the  non l inea r  d i sp e r s iv e  channel ) .  As a consequence of  such 

p r a c t i c a l  l i m i t a t i o n s ,  a l t e r n a t i v e s  such as adapt ive  baseband p r e d i s t o r t i o n  a t  the  

t r a n s m i t t e r  have been e x p l o r e d . ^ ]  Adapt ive baseband p r e d i s t o r t i o n ,  however, may 

not always be d e s i r a b l e  or  even f e a s i b l e ,  p a r t i c u l a r l y  in mult ihop nonregenerat ive 

d i g i t a l  communications systems.  I t  t h e r e f o r e  becomes highly d e s i r a b l e  t o  have adap­

t i v e  c a p a b i l i t y  of  m i t ig a t in g  non l inear  channel impairments a t  the  r ec e ive r  of  a 

communications system without  having t o  r e s o r t  t o  unreasonable  hardware complexi­

t i e s .

. The work ou t l ined  in t h i s  chapte r  addresses  t h i s  i s s u e .  We show t h a t ,  indeed,  

i t  i s  pos s ib l e  t o  de f ine  r e l a t i v e l y  s imple r e c e iv e r  s t r u c t u r e s  ( r e p re s e n t in g  not
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more than a f a c t o r  of  two increase  in t h e  number of  tap c o e f f i c i e n t s  over those  r e ­

qu ired in the  l i n e a r  channel a p p l i c a t i o n s )  t h a t  can e f f e c t i v e l y  m i t ig a t e  channel 

n o n l i n e a r i t i e s .  The adapt ive r ec e ive r  s t r u c t u r e s  t h a t  we propose and s tudy r e p r e ­

sen t  ge n e ra l i z a t i o n s  on the  c l a s s i c a l  t echniques t h a t  have been developed sub je c t  to  

the  l i n e a r  channel assumption. We show t h a t  t h e  general  non l in ea r  channel can be 

modeled equ iv a l en t ly  by one whose impulse response i s  data-sequence-dependent and, 

in t h i s  sense,  r ep re sen t s  a baud - in te rva l -by -baud - in te rva l  changing waveform. That 

i s ,  we show t h a t  the  channel ' s  -impulse response assumes values from an ensemble of  

waveforms, with a poss ib ly  d i f f e r e n t  waveshape being assumed once every s igna l ing  

i n t e r v a l .  This simple observa t ion  leads t o  the  data-sequence-dependent  channel con­

c e p t ,  which is  the  key t o  def in ing  r e l a t i v e l y  simple ex tens ions  o f  the  c l a s s i c a l  

adapt ive  re c e iv e r  s t r u c t u r e s  t h a t  a re  capable  o f  e f f e c t i v e l y  combating channel non- 

l i n e a r i t i e s .  Before embarking on t h i s  ve n tu re ,  however, a synopsis  of  the  t e c h ­

niques developed thus  f a r  fo r  the  l i n e a r  QAM system ( in  Chapter 2, and Appendices A, 

B, C and D) i s  in o rder .

A s im p l i f i e d  block diagram of  the  ba s ic  QAM communications system i s  shown in 

Figure 3 - l a .  As shown, two s t a t i s i c a l l y  independent  d i sc r e te -v a lu e d  ( t y p i c a l l y ,  

zero mean) random da ta  sequences,  {A|<} and {B|<}, a re  each low pass f i l t e r e d  by a 

t r a n s m i t t e r  f i l t e r  with impulse response p j ( t ) .  Then, the  f i l t e r e d  random informa­

t io n  processes  corresponding to  {A^} and {B^} [ I ( t ) and Q ( t ) ,  r e s p e c t i v e ly ]  ampli­

tude modulate two phase quadra ture  c a r r i e r s ,  /2  cos oict  and / 2  s in  uic t ,  r espec­

t i v e l y .  Hence, fol lowing  the  summation of  the  modulated c a r r i e r  s i g n a l s ,  t he  pa s s -  

band QAM random process  s i g n a l ,  S ( t ) ,  i s  formed. We t h e r e f o r e  have

S ( t )  = / 2  I ( t )  cos (oct  -  Jz  Q(t) s i n  wct ,  ( 3 - l a )
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where

I ( t )  = lAkPT( t -k T ) , (3- lb)
k

Q(t) = XBkPT(t-kT), (3 - l c )
k

tAk> Ak6 ( t-kT) (3- ld)

and

{8k} = XBk 6 ( t -kT ) ,  
k

(3 - l e )

where T denotes the  s ig n a l in g  i n t e r v a l .  The passband channel ( the  propagat ion 

medium) is  cha rac te r ized  by the  impulse response h ( t ) .  This impulse response is  a s ­

sumed unknown and, in gene ra l ,  time varying,  but s u b s t a n t i a l l y  quasi s t a t i c  with r e ­

spect  t o  the  t ransmiss ion  r a t e  ( the baud r a t e )  1/T. At the  output  of  the  channel ,  

a thermal noise  p rocess ,  N ( t ) ,  i s  added to  the received information c a r r y i n g  random 

process  s ig n a l .  F o l lo w ing . th i s ,  we p o s tu l a te  a passband r ece ive r  f i l t e r  with im­

pulse  response gR(t ) .  The purpose of  t h i s  f i l t e r  i s  to  opt imize (minimize) some 

performance index of  the  system, such a s ,  f o r  example, the  Mean Squared Error  (MSE) 

a t  the sampling t imes ,  o r  the  p r o b a b i l i t y  o f  e r r o r  subjec t  t o  the zero Intersymbol 

In te r fe rence  ( IS I )  c o n s t r a i n t ,  e t c .  F i n a l l y ,  demodulation of  the  received noisy 

process by the  phase orthogonal  c a r r i e r  s igna l s  / ?  cos (<uct  + e) and 

✓2 sin (uct  + 0) followed by sampling a t  t  = nT + x, n = 0, +1, +2, . . . ,  and d e c i -
A A

sion making produces e s t im a te s ,  {Ak} and {Bk}, o f  the  t r an sm i t t ed  random da ta  s e ­

quences. The parameters  0 and x denote the  r e c e i v e r ' s  c a r r i e r  phase and timing 

phase va lues ,  r e s p e c t iv e ly .
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Using the  complex envelope r ep re sen ta t ion  of  passband s igna l s  and systems (see 

Appendix A), a mathematical equivalence can be e s ta b l i s h e d  between the  passband QAM 

system of  Figure 3 - la  and the  purely baseband equ iva len t  mathematical system de­

p ic ted  in Figure 3 - lb .  In the  r ep re sen ta t ion  of  Figure 3 - lb ,  a complex-valued ran ­

dom da ta  sequence, {T|<}, defined as

{Tk} = r r k6 ( t -kT) e  I [Ak+jBk] 6 ( t - k t )  (3-2)
k k

i s  low pass f i l t e r e d  by a t r a n s m i t t e r  f i l t e r  having rea l -va lued  impulse response 

p-j-(t). The e f f e c t  of  the  channel,  r ec e ive r  c a r r i e r  phase e and rece ive r  t iming 

phase t , i s  accounted fo r  by the  complex-valued low pass f i l t e r  e n t i t y  having im­

pu lse  response FBT( t ) ,  where

hBT( t )  = h(t+T)e-J0. (3-3)

Thermal noise  i s  accounted fo r  by the  complex envelope r ( t ) ,  where

r ( t )  = N( t+ t )e -J0

and the  r ece ive r  f i l t e r  funct ion  i s  represented  by the  complex envelope gR( t ) .  Me

s t r e s s  t h a t ,  in the  mathematical model of  Figure 3 - lb ,  a lthough the  demodulation

funct ions  a re  not shown e x p l i c i t l y ,  they a re  mathematically and equ iv a len t ly  ac ­

counted fo r  by the  channel ' s  response as given by equation (3 -3 ) .

The baseband equiva len t  model descr ibed above f o r  the  l i n e a r  QAM system can 

r e a d i ly  be analyzed and opt imized (see Appendices C and D) by f ind ing  the  optimum
O

r e c e i v e r  f i l t e r  impulse response,  gB( t ) ,  which minimizes some mathematically
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t r a c t a b l e  performance index,  such as ,  f o r  example, the  MSE a t  the  sampling t imes.  

That i s ,  l e t t i n g  U(t) denote the  random process s ignal  a t  t h e  output  of  the  rece iv e r  

f i l t e r ,  we can de f ine  the  MSE a t . t h e  n ^  sampling time as

c n = E[|U(nT) - Tn | 2] ,  (3-5)

where the  expecta t ion ope ra to r ,  E[*],  denotes ensemble averaging with respec t  to  a l l  

po s s ib le  complex-valued da ta  sequences and noise  waveforms. Minimizing such a p e r ­

formance index (see Appendix C) r e s u l t s  in an optimum rece iv e r  f i l t e r  t r a n s f e r  func­

t ion  given by (see equation (C-45))

k ( M  = F* ('l " | L |2  V
T jyp(Jul+J ' T ^ l  + Hr (3-6a)

°I

where

F ( ju )  = F[py(t )  * hex ( t ) ] ,  (3-6b)

of = E[|Tk| 2], (3-6c)
and

N0 = s r (jto) = F U r ( i ) ]  e F [ E [ r ( t )  r * ( t + x ) ] ] ,
(3-6d)

where t h e  power spec t ra l  dens i ty  of  the  equiva len t  no ise ,  Sr( j io) ,  has been assumed

cons tan t  over the  system bandwidth and F[*]  denotes the  Four ie r  t rans fo rm at ion ,
00

FC#] e /  [ • ] e " j “ t:d t .
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S im i la r ly ,  i f  t h e  performance index t o  be minimized i s  the  well known "proba­

b i l i t y  o f  e r r o r  sub je c t  t o  the  zero ISI c o n s t r a i n t " ,  i t  can r ea d i ly  be shown t h a t  an 

a pp rop r ia t e  performance index in t h e  frequency domain i s  (see Appendix D)

1 v f i  2uk . « 2ttJc
J = Zir /  IS r ( jto+j T ) GR(jo)+j 7  )

- it/  r k

2
du

+ x[IXCj03+j ^ T )  - T] ,  (3-7a)
k

where x denotes a Lagrange m u l t i p l i e r ,  with

X(joj) = F(jo))GR(j(o) (3-7b)

denoting the overa l l  t r a n s f e r  c h a r a c t e r i s t i c  of  the  system. Minimizing J  with r e ­

spect  to  GR(jtu) gives

( 3 ' 8 )

— o
We observe t h a t  GR(jtu) , as def ined by equat ion ( 3 -8 ) ,  y i e l d s  an o v e ra l l  system 

c h a r a c t e r i s t i c  t h a t  i s  Nyquist,  s a t i s f y i n g  the  zero ISI c o n s t r a i n t .  Furthermore,  

observe t h a t ,  in the  l i m i t ,  as the  thermal noise  becomes vanishing ly  small ,  t he  two

optimum rece ive r s  as def ined  by equat ions (3-8) and (3-6) become i n d i s t i n g u i s h a b l e .

In p r a c t i c e ,  the  optimum l i n e a r  r ec e ive r s  represen ted  by equa t ions  (3-6) and 

(3-8)  a re  implemented (approximated) by f r a c t i o n a l l y  spaced t r a n s v e r s a l  f i l t e r  

s t r u c t u r e s  (see Appendices C and D). The ba s ic  elements o f  a (2N + 1) t a p ,  T' 

spaced,  f r a c t i o n a l l y  spaced t r a n s v e r s a l  f i l t e r  a re  shown in Figure 3-2.  The delay
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l i h e  elements a re  t y p i c a l l y  chosen such t h a t  T' = T/2.  However, T 1 need not be s e t  

equal t o  T/2, as long as i t  i s  chosen so t h a t  the  pe r iod ic  t r a n s f e r  c h a r a c t e r i s t i c  

formed by the  s t r u c tu r e  spans th.e e n t i r e  system bandwidth, which is  t y p i c a l l y  de­

f ined  (according to  the  N y q u is t  school o f  thought)  to  extend over  the  frequency i n -
Tt

t e rv a l  |w| I f  ^  + °)> 0 < a < 1* A T/2 tap spacing ,  however, does r epresen t  a 

p re fe r r ed  embodiment fo r  p r a c t i c a l  reasons,  p a r t i c u l a r l y  when the  f i l t e r  i s  imple­

mented d i g i t a l l y .  The f i l t e r  c o e f f i c i e n t s  a re  assumed complex-valued (as shown in

Figure 3 -2) ,  s ince  t h e  complex-valued impulse response gR(t) i s  being approximated.

I t  i s  read i ly  seen t h a t  in terms of  the  complex random process  s igna l s  defined 

along the  delay l i n e  of the f i l t e r ,  t h e  complex-valued output s ignal  a t  t  = nT can 

be w r i t t en  as

U(nT) = C_NX(nT+NT') + C_N+1X(nT+NT'-T') + . . .

+ C0X(nT) + EiX(nT-T') + . . .  + CNX(nT-NT'), (3-9a)

o r ,  more compactly, in  terms of  an inner  product of  complex-valued vec tor  q u a n t i ­

t i e s ,

U(nT) = (3-9b)

where
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~  X(nT+NT')

C-N+l
•

X(nT+NT'-T')
•

•

C’o and Xn =
•

X(nT)

Cl
•

X(nT-T')
•

•

_  cN _

•

X(nT-NT')

with T used as a s u p e rs c r ip t  on a vec tor  t o  denote t r a n s p o s i t i o n .  For the  case

where the  performance index to  be minimized is  the  MSE a t  the  nth sampling t ime,  we

have

en = E[|U(nT) - T n | 2]

= crT R £* -  CT £  - C*T 1 *  + o f ,  (3-10a)

where

1  2 El ln I i IT]> (3-10b)

z  2  E r d U  < 3 - 1 0 c >

and

(3-10d)
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To f ind  the  optimum complex-valued c o e f f i c i e n t  vec to r ,  £ ° ,  which minimizes en , we 

t ake  the  g rad ient  of  en with respect  t o  (T, s e t  the  r e s u l t  t o  zero and solve f o r  £ .  

That i s ,

In p r a c t i c e ,  the  optimum c o e f f i c i e n t  vec to r  p red ic ted  by equation (3-12) i s  found 

adap t ive ly  using some control  law such as the  well known s to c h a s t i c  grad ien t  a lg o ­

r ithm (see Appendix C)

where En = I n -  Un , the  subsc r ip t  k s p e c i f i e s  the  adap ta t ion  index, and n pe r t a in s  

t o  r ece ive r  sampling t im e . .  I t  can r e a d i ly  be shown t h a t

lira E[cJ+1] = C°* = H f .  (3-14)
k+® ™

That i s ,  the  con trol  law (3-13) f inds  £°  in the  mean in the  l im i t  as k + «.  Simila r  

t echniques e x i s t  f o r  f inding  the  c o e f f i c i e n t  vec to r  t h a t  minimizes the  performance 

index J (see Appendix D).

Below, the  mathematical model f o r  the  non l inear  QAM system i s  der ived ,  leading

t o  the  data-sequence-dependent  channel concept .  Following t h i s ,  an optimum in the

0 . (3-11)

Evaluat ing equat ion (3-11) gives

C°* = R-lp (3-12)

(3-13)
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Least MSE (LMSE) sense r e c e iv e r  s t r u c t u r e  i s  def ined f o r  the  non l inea r  QAM system, 

tog e th e r  with i t s  a s so c i a te d  adap t ive  con trol  a lgor i thm. The i ssue  of  non l in ea r  ISI 

e q u a l i za t ion  versus  c a n ce l l a t io n ,  i s  a l s o  examined. An ISI c a n c e l l e r  i s  def ined f o r  

the non l inea r  QAM system and i t s  performance examined via computer s im ula t io n .

3.2 A BASEBAND EQUIVALENT REPRESENTATION FOR THE NONLINEAR SYSTEM

The overa l l  s t r u c t u r e  o f  the  non l in ea r  QAM system to  be considered here  i s  a s ­

sumed s u b s t a n t i a l l y  the  same a s - t h a t  of  the  l i n e a r  QAM system descr ibed in Chapter 2 

and reviewed above. As shown in Figure 3-3,  however, a nonl inear  device i s  pos tu ­

l a t ed  a t  the  output  of  the  QAM modulator .  Following H e i t e r ' s  a p p r o a c h ^ ] ,  t h e  a s ­

sumed J th  order  n o n l in e a r i t y  i s  modeled by th e  inpu t /ou tpu t  r e l a t i o n s h ip

o , (3-15)
v0 ( t )  = g i V ^ t - T j )  + g2v-,- ( t - T 2 )  + . . .  + gjv>7-u ( t - r j ) ,

where v i ( t )  and v0 ( t )  denote t h e  input  and output  s i g n a l s ,  r e s p e c t i v e ly .  The non- 

l i n e a r i t y  model de f ined  by equat ion (3-15) i s  capable  o f  p r e d i c t i n g  non l inea r  d i s ­

t o r t i o n s  in both amplitude and phase.  As s p e c i f i e d  above, we assume t h a t  the  only 

n o n l in e a r i t y  in t h e  system e x i s t s  a t  t h e  modulator  output  (accounting perhaps f o r  

the  e f f e c t s  o f  a t r a n s m i t t e r  power a m p l i f i e r ) .  However, t h i s  need not be the  case.  

The system model may be f u r t h e r  ge nera l i zed  to  account f o r  a m u l t i p l i c i t y  o f  n o n l in ­

e a r i t i e s  d i s t r i b u t e d  throughout  i t .  This ,  however, is  not a ttempted a t  t h i s  point  

fo r  the  sake o f  s i m p l i c i t y  and c l a r i t y .  Furthermore,  in o rder  t o  keep the  a n a l y t i ­

cal r e s u l t s  more e a s i l y  i n t e r p r e t a b l e  and manageable, we c ons ide r ,  in d e t a i l ,  the  

J = 3 case .  That i s ,  we assume a t h i r d  o rder  n o n l in e a r i t y  a t  t h e  modulator  ou tpu t .

Subject  t o  the  above s i m p l i f i c a t i o n s ,  the  passband random signal  process  a t  the 

output  of  the  n o n l i n e a r i t y ,  S ' ( t ) ,  may be expressed as
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S ' ( t )  = g 1S ( t - x 1) + g2S2 ( t - T 2) + g3S3 ( t - x 3) ,  (3-16)

where S ( t )  r ep resen ts  the  QAM signal  as def ined by equat ion (3 -1 ) .  Assuming th a t  

the  passband system bandwidth i s  small compared t o  the  c a r r i e r  f requency, S^( t-T2) 

wi l l  e x i s t  e n t i r e l y  ou t s ide  the  band of  i n t e r e s t  and w i l l ,  hence,  not appear  a t  the  

r e c e iv e r .  The term S2 ( t - r 3) wil l  c o n t r i b u t e ,  however, an inband as  well  as an ou t -

of-band component. The component of  S3 ( t - r 3 ) in the  passband wil l  be denoted by

SpB(t  —t 3 ) .  St ra ightfo rward  a lg e b ra ic  manipulat ions give

Spg( t-x3) = K(;3 S ( t~ r3 ) I ( t - x 3 ) / 2  COS uc t

+ K33 S( t -T3) Q( t—t 3) COS uc t

-  Kc3 S( t -T 3 ) Q(t-T3 ) / 2  s in  uc t

+ K33 S ( t - r 3) I (t ~ t 3 ) /2  s in  u)Ct  (3-17a)

where

l<C3 h cos o)Ct 3 , K$3 = s in  <uc t 3 (3-17b)

and

o

H(t)  = 1  [ I 2 ( t )  + Q2 ( t ) ] .  (3-17c)

Using equat ions (3 - l c )  and ( 3 - l d ) ,  equation (3-17a) above may be r ew r i t t e n  in 

terms of  the t r an sm i t t ed  random da ta  sequences, {A^} and {B|<}, and the  t r a n s m i t t e r  

f i l t e r  impulse response,  p y ( t ) ,  as
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SPBCt-Ts) = K ^ A jJ  XLAjeAn+B£Bm] 
k £ m

• PT(^“.'r3"kT)PT(t -T3 -AT)pT(t-T3 -mT)| / Z  cos uct

+ §  KS3?BkI H A£ V B£BJ
' d k £ m

• P T ( t - T 3 - k T ) p T ( t - T 3 - £ T ) p T ( t - T 3 - m T ) j  fz COS (Dct

-  { f ^ k i  n v w yk £ m

• PT(t - f 3 -kT)PT(t-T3 -£T)pT(t-T3 -mT)^ / z  s in  toct

+ { f  Ks 3IAkI  I [ A A +BA l
k £ m

• PT(t-T3 -kT)px(t-T3 -£T)PT(t-T3 -mT)| S2  s in  o)Ct .  (3-18) 

The t o t a l  passband (inband) component of  S ‘( t )  w il l  t h e r e fo r e  be

Spg(t)  = g i S ( t - T j )  + g3SpB( t - x 3) .  (3-19)

Hence, we can wr i te
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SpB( t )  = h A k[ | K C3g3n ( A AAni+BJlBni)pT( t-T 3 -kT)
Ik e- A m

• P T ( t - T 3 - 4 T ) P T . ( t - T 3 - m T )  +  K c i g i P T ( t - T i - k T ) ]

+ I Bk [ | KS393l K ' ' A tBl Bm)PT(t - ’ 3 - kT)
k d 4 m

• PT(t_t3"4T)PT(t_t3"m̂ ) + kSX91pT(t “Tl"kT) ] |  ^  cos “c*

-  Im |  kC393£ K ^ V S A l P T l t - ^ - k T )
(k c Am

« Pl ( t -T3-4T)PT(t -T3-mT)  + K c ig iP r ( t -T i - k T )J

-  Wk[ | l<S393l  K A t ^ B m l P r l t t s - k T )
k * Am

• PT(t-T3 -AT)PT(t-T3 -mT) + K s ig iP f f t - T i -k T ) ] |  s in  wct ,  2° 3^

where

K(;i = cos wcTl  and K$i = s in  ojctj. (3-20b)

At t h i s  p o in t ,  we make the  assumption t h a t ,  a t  any one p a r t i c u l a r  po in t  in t ime,  

only M1 preceding and N1 succeeding da ta  v a lu e s  p lay a r o le  in determining the  value
l

of  Spg( t) .  We, hence, wr i te
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i i  k+N1
SPB(t)  i  {EAkf i( t -k T , |Tt J )

_  k+N' \
+ lBkf 2 ( t -kT ,  {U}k_MJ }  f t  cos “ c*

k+N' \
- !Akf 2 ( t -kT,  {T*} U  n  s in  u)ct ,  (3-21)

k K-M /

where

f l ( t » MJ  -  4 kC393 I  , I-M d £=-M' m=-M'

• PT(t'-T3 -AT)p7 ( t ' -T 3 -fnT) + K cig ip y ft - t i )  (3-22a)

and

_  N* ,  N' N‘
f 2 (t » {IA} MJ  = 7 KS393 I-M d £=-M' m=-M

• PTft ' -ta-ATjpTft '-TS-niT)  + K s i g i P T ( t - u ) .  (3-22b)

Note t h a t ,  in the  above expre ss ions ,  t '  = t .  The only reason fo r  using t 1 in the
_  N'

places  where we have i s  f o r  c l a r i t y  of  the  d e f i n i t i o n  of  f j ( t  -  kT, { I ) and
_ N*

f 2 (t  -  kT, { I j J  ) above. In l i g h t  of  equat ion (3 -21) ,  and d e f i n i t i o n s  (3-22a) and 

(3-22b) ,  we can now define  an equ iva len t  data-sequence-dependent  t r a n s m i t t e r  f i l t e r  

as i l l u s t r a t e d  in Figure 3-4.  The data-sequence-dependent t r a n s m i t t e r  f i l t e r  is
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N' ^
modeled mathematically by a s so c i a t i n g  with i t  the  complex envelope f [ t ,  {1^} J ,

-M
where

_  N' _  N' _  N' , ( 3 - 2 Z c )
f ( t .  « * } _ „ , )  = f i ( t .  ( V . M,) +

Le t t ing  SpB( t )  denote  the complex envelope of  SpB( t ) ,  we can wri te

4 = _  k+N\
SpB( t )  " £Ikf(t-kT, «*>*_„,)

k+N‘ k+N'
£(*k+JBk)[fl(t-kT. ff*> ,) + Jf2(t-kT, tT»Jk_„,)]
k

k+N1 k+N*
Z{Akf l ( t - k T ,  -  Bkf 2 ( t -kT,  O ^ , ) }

_  k+N' _  k+N'
+ j p k f l ( t - k T .  + Akf 2 ( t -kT,  {I*>k-MJ } -  (3-23)

I — I jto—t
As expected ,  equation (3-23) gives SpB( t )  = Re[SpB( t ) e  c ] ,  as per  equation (3-21) .  

Next, a l lowing SpB( t )  t o  propagate through the  passband channel (with complex enve­

lope h ( t ) ) ,  t h e  s ignal  SpB( t )  * h ( t )  i s  generated .  We l e t

a 2* d tii k+N
S 1( t )  * h ( t )  = I I khNL(t-kT,  {I£} ) ,  (3-23a)

k k -M

where
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(3-23b)

The equat ion above serves  as the  de f in ing  equation f o r  the  data-sequence-dependent

data  sequence o f  length M + N + 1 _> M' + N' + 1, in genera l .  The equivalence of  the  

data-sequence-dependent  t r a n s m i t t e r  f i l t e r  (followed by the passband channel)  with 

the data-sequence-dependent  channel i s  i l l u s t r a t e d  in Figure 3-4.  F in a l ly ,  account­

ing f o r  the  demodulator recovered c a r r i e r  phase and sampling time phase parameters ,  

e and t ,  r e spe c t ive ly  ( j u s t  as we did fo r  the  l i n e a r  QAM system c a se ) ,  gives the  

data-sequence-dependent  baseband equiva len t  channel model with impulse response

This data-sequence-dependent  baseband equiva len t  channel model f o r  the  nonl inear  QAM 

system i s  i l l u s t r a t e d  in Figure 3-5.

3.3 THE DATA-SEQUENCE-DEPENDENT IMPULSE RESPONSE

In t h i s  s e c t io n ,  computer s imulat ion r e s u l t s  a re  presented i l l u s t r a t i n g  the  

non l inea r  behavior  o f  the  assumed QAM communications system (impaired by a t h i r d  

order  n o n l in e a r i ty  a t  t h e  modulator output  (see Figure 3 -3 ) ) .  The pulse  shaping 

t r a n s m i t t e r  f i l t e r ,  p j ( t ) ,  i s  assumed ha lf -Nyquist ,  with the  following frequency 

domain t r a n s f e r  c h a r a c t e r i s t i c ^ ] ;

S =! _  N
channel .  Since i t  i s  the  convolut ion of  h ( t )  with f ( t ,  {IA> , )  t h a t  determines the  

impulse response of  the data-sequence-dependent  channel ,  we l e t  hNL(-) depend on a

(3-24)
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Pt (jw) = FCpr( t ) J  = —

/ T  f o r  0 < a  £  7 ( 1-cx)

A n - .<-is (»- f)i)1/2 (3'25)
f o r  JL ( 1-a)  £  id _< i  ( 1+ a ) ,

where a denotes the  " r o l l - o f f "  f a c t o r ,  0 < a  < 1. Here, we have s e t  a = 0 .5 .  The 

baud in te r v a l  ( the s igna l ing  i n t e r v a l )  has been s e t  t o  66.67 x 10-9  seconds =

66.67 ns ,  corresponding to  an assumed baud r a t e  (number of  t ra n s m i t t e d  da ta  symbols 

per  second) of  15 x 10® = 15 Mbaud.

The passband channel t r a n s f e r  c h a r a c t e r i s t i c  i s  assumed t o  e x i s t  o v e r  the  f r e ­

quency in te rva l  ojc - ‘j ’ (1 + a )  <_w _< wc + y  (1 + a ) ,  where tnc = 2n ( 4  x 10®) r a d s /  

second. The passband channel t r a n s f e r  func t ion ,  H(jw), is  chosen to  represen t  a 

l i n e - o f - s i g h t  mult ipa th  fading  t ropospher ic  m e d i u m . W e  l et

   , "j(lD-U#)T. , -j(DT
H(ju) = a ( l  - be f  ) = a ( l  + be ) (3-26)

in accordance with the  Rummler m o d e l . ^  in equation (3-26) ,  the  parameter  uif de­

notes  the  frequency a t  which the  magnitude of  IT(ju) i s  a t  a minimum ( thus ,  uf  de-
J WjjT

f in e s  the  "fade notch" frequency) .  At the  fade notch frequency,  we have e T = -1 ,  

by d e f i n i t i o n ,  with t s e t  equal to  6 .3  ns ,  according t o  the  Rummler model. The 

parameter  "a" represen ts  frequency independent a t t e nua t ion  (or  gain)  over the  e n t i r e  

band and "b" determines the  maximum a t t e n u a t io n  of  *H(jto) a t  u> = wf due to  the  f r e ­

quency dependent f a c t o r  (1 + be_j WT) .  The qua n t i ty  20 log | 1 -  b | , expressed in dB, 

i s  used as a measure of the  frequency dependent f a c t o r  of  t h e  passband channe l ' s
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t r a n s f e r  funct ion and serves  as an i n d i c a to r  of  t ransmission  q u a l i t y ,  s ince  i t  is 

the  f requency dependent f a c t o r  of  tf(ju)) t h a t  is  respons ib le  f o r  generat ing ISI .

In Section 3 .2 ,  we der ived  an expression  f o r  the  inband (passband) random s i g ­

nal process a t  the  n o n l in e a r i ty  ou tpu t ,  j u s t  p r io r  t o  propagat ion through the  pass ­

band channel ( the  expression i s  repeated below fo r  convenience):

i _  k+N1
SpB(t) = lIA|cf l (t-kT, f y k_H.)

K

_  k+N'
+ p k ^ t - k T ,  / 2 cos a»ct

_  k+N'
. -  {lBkf ! ( t - k T ,  {I*}k_MJ

_ k+N'
-  !Akf 2 ( t -kT,  { U l k_MJ }  f t  s in  u)Ct ,

where

k+N' ,  k+N' k+N'
{V k  m * ^ s  y K C 3 9 3  j  I  , ( A * A m + B £ B m ) P T ( t ” T 3 " k T )* £=k-M' m=k-M'

• PT(t-x3-JlT)pT(t-T3-mT) + Kc ig iP i ( t -T i -kT) ,

_  k+N'
with a s im i la r  equation de f in ing  f 2 ( t  -  kT, {I^} J .

k-M

With k and T3 s e t  to  zero ( fo r  s im p l ic i t y  and without l o s s  o f  g e n e r a l i t y ) ,  we

have evaluated  the t r i p l e t  p f ( t )  py(t -  zT) p j ( t  -  mT) fo r  various in teg er  values o f



59

% and m. Some r e s u l t s  are  shown in Figure 3-6a. F i r s t ,  as a point  of  refe rence ,  

the  ha lf-Nyquist  pu lse ,  p y ( t ) ,  i s  shown with i t s  peak amplitude normalized t o  u n i ty .  

Also shown, and correspondingly l abe led ,  are  the  ha lf-Nyquis t  pulse  t r i p l e t s  gener­

ated by (k = 0, % -  0, m = 0) ,  (k = 0, £ = 0, m = 1) and (k = 0, £ = 1, m = 2) .  Ob­

serve the  rapid decay of t r i p l e t  peak magnitude as a funct ion  o f  the  d i s tance  of m 

and I  away from k. For example, we see t h a t  the  t r i p l e t  p y ( t )  py(t  - T) py(t  -  2T), 

generated by (k = 0, z  = 1, m = 2) ,  never exceeds 0.04 in magnitude, whereas the 

peak magnitude of t r i p l e t  py(t) .  pT( t  -  T) ,  corresponding to  (k = 0, % = 0, m = 1),  

i s  about 0.17.

The superpos i t ion  of  p j ( t )  with a l l  such pulse  t r i p l e t s  ( appropr ia te ly  weighted 

by corresponding t r a n sm i t t e d  da ta  va lues)  forms what we have re fe r red  to  as the  

"data-sequence-dependent" t r a n s m i t t e r  f i l t e r  impulse response.  Assuming an ideal  

passband channel c h a r a c t e r i s t i c  ( tha t  i s ,  TF(jw) = 1) and a ha lf-Nyquist  rece ive r  

f i l t e r  ( in  conjunct ion with ideal  coherent  demodulation),  the  received t r i p l e t  wave­

forms corresponding to  those depic ted  in Figure 3-6a a re  shown in Figure 3-6b.

F i r s t ,  the  s o l i d  curve rep resen ts  the  " fu l l -Nyquis t"  pulse  shape corresponding to  

the  t ra n sm i t t ed  ha lf-Nyqu ist  pu lse ,  p y ( t ) .  The o the r  th ree  (nonsol id)  curves of  

Figure 3-6b correspondingly show the  e f f e c t  t h a t  the  ideal  band-l imited passband 

channel and half -Nyqui st  f i l t e r i n g  ( a t  the  rece iv e r )  have on the  t ra n sm i t t ed  t r i p ­

l e t s  p | ( t ) ,  p f ( t )  p y ( t  -  T) and p y ( t )  p y ( t  - T) p y ( t  -  2T). Simi lar  r e s u l t s  are 

presented in Figures  3-7a and 3-7b. Observe t h a t  a l l  numerical r e s u l t s  discussed 

thus f a r  suggest  t h a t  a symbol sequence of length 3 i s  adequate t o  accura te ly  de­

sc r ibe  the  data-sequence-dependent  t r a n s m i t t e r  f i l t e r  impulse response.

R esults s im i la r  to  those presented in Figures 3-6 and 3-7 ( fo r  th e  ideal chan­

nel case) have been a tta in ed  su bject  to  a d is p e r s iv e  (fading) passband channel.
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With a 20-dB s e l e c t i v e  fade (20 log | 1 -  b|  = -20 dB, with b = 0.9)  assumed a t  the 

c e n te r  of  the  channel ,  wf = wc (with a = 1 and t  = 6.3 ns . Figures  3-8 and 3-9 i l ­

l u s t r a t e  the e f f e c t  o f  d ispe r s io n  on the  t ra n s m i t t e d  pulse  t r i p l e t s  and on p y ( t ) .  

I n t e r e s t i n g l y  enough, we observe t h a t ,  even under l a rge ly  d i sp e r s iv e  channel condi­

t i o n s ,  the non l inear  ISI ,  caused by the  received pu lse  t r i p l e t s ,  extends roughly 

over the  same number o f  baud i n t e r v a l s  as i t  does sub je c t  t o  the  ideal  channel a s ­

sumption. The same s ta tement  i s  c l e a r l y  not  t r u e  r e l a t i v e  t o  the  l i n e a r  ISI compo­

n e n ts ,  as can be seen from the  f i g u r e s .

The overa l l  system data-sequence-dependent impulse response,  as def ined by 

equation (3-24) ,  may be broken up in to  two components, a f i r s t  component t h a t  i s  

completely data  independent (as per  the  l i n e a r  channel case)  and a second component 

t h a t  i s  data-sequence-dependent  as well as channel dependent ( t h i s  second component 

is  generated by the  t r a n s m i t t e r  f i l t e r  impulse response t r i p l e t s  di scussed above).  

The data-sequence-dependent  component of  the  overa l l  sys tem's  impulse response gen­

e r a t e s  non l inea r  ISI ,  thus rendering the  optimal r ec e ive r s  (which we have already 

discussed r e l a t i v e  t o  the  l i n e a r  system) incapable  of  funct ioning op t imal ly .  Fig­

ures  3-10 and 3-11 i l l u s t r a t e  two poss ib le  wave shapes t h a t  the  data -sequence-  

dependent component of  the  overa l l  sys tem's  impulse response may assume from one 

s igna l ing  in te rva l  t o  the  next .  These r e s u l t s  have been generated assuming an ideal 

passband channel ,  with the  following values c h a ra c te r iz in g  the  t h i r d  order  non l in ­

e a r i t y  (see equation (3-15) ) :  gi  = 1, g2 = 0, g3 = 0 .05,  t i  = 15 ns and 13 = 25 ns .

A 1 6 - s t a t e  QAM system u t i l i z i n g  f u l l -N yqu is t  f i l t e r i n g  a t  the  t r a n s m i t t e r  with a 

r o l l - o f f  f a c t o r  of  0.45 and operat ing a t  15 Mbaud was assumed. The r e s u l t s  of  F ig ­

u r e s . 3-10 and 3-11 po in t  out how d r a s t i c a l l y  the  channel ' s  impulse response can 

change from one s ig na l in g  in te rv a l  t o  the  next .  Since the  c l a s s i c a l  adapt ive
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NONLINEAR TRANSHITTER.(3RD ORDER)
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Figure 3 -8 .  Transmitted and Received Impulse Response Components (Faded Channel
Case; 20-dB Fade Notch at Channel Center)
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NONLINEAR TRANSMITTER. (3RD ORDER)
HALF NYQUIST TRANSMITTER FILTER CASE
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Figure 3 -9 .  Transmitted and Received Impulse Response Components (Faded Channel
Case; 20-dB Fade Notch a t  Channel Center)
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Response
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r ece ive r  techniques ( p a r t i c u l a r l y  the  ones u t i l i z i n g  s to c h a s t i c  g radient  type a lgo­

r i thms)  re ly  on a q u a s i s t a t i c  (with r espec t  to  the  s igna l ing  i n t e r v a l )  assumption 

regarding the  channel ,  they cannot be expected to  funct ion  properly here and they 

d o n ' t .

3 .4 TRANSVERSAL FILTER ARCHITECTURES FOR LINEAR/NONLINEAR INTERSYMBOL INTERFERENCE 
MITIGATION

Having es tab l i shed  a mathematical equivalence between the  nonl inear  QAM system

and a l i n e a r  one t h a t  involves  a data-sequence-dependent  channel (or a da ta -

sequence-dependent t r a n s m i t t e r  f i l t e r ) ,  i t  becomes apparent  t h a t  a r ece ive r  f i l t e r

t h a t  i s  a lso data-sequence-dependent  i s  required in order  t o  "match" the  received

pulse  shapes and a l so  combat ISI .  This r e a l i z a t i o n  leads us t o  propose the  rece ive r

s t r u c t u r e  of  Figure 3-12, where, in response t o  an es t imate  of  the  f i n i t e  length 
_  n+N"

data  sequence d n ) n a corresponding l i n e a r  r ec e ive r  f i l t e r  with impulse response 

g R j ( t ) ,  1 <. j  <. K", is  chosen. The output of the  chosen r ec e ive r  f i l t e r  i s  observed 

a t  t  = nT to  y i e l d  an optimal es t imate  of  the  t r an sm i t t ed  da ta  symbol 7 n . Having 

assumed t h a t  the  data-sequence-dependent  t r a n s m i t t e r  f i l t e r  and the t r a n s m i t t e r  

f i l t e r - c h a n n e l  combination depend on M' + N' + 1 and M + N + 1 length data  s e ­

quences,  r e s p e c t iv e ly ,  we p o s tu l a te  t h a t  the r ec e ive r  f i l t e r  i s  determined by an 

M" + N" + 1 _> M + N + 1 _> M' + N‘ + 1  length da ta  sequence. Accordingly,  we may say 

t h a t  the  overa l l  impulse response of  the  system i s  determined by an M" + N" + 1 

length data sequence.

A p r a c t i c a l  embodiment of  the r ec e ive r  s t r u c t u r e  proposed in Figure 3-12 is  

shown in Figure 3-13. A (2L + 1) t ap  f r a c t i o n a l l y  spaced t r a n s v e rs a l  f i l t e r  imple­

mentation i s  assumed, where the  (2L + 1) tap  c o e f f i c i e n t s  a re  allowed t o  be d a ta -  

sequence-dependent.  A f i n i t e  length data  sequence es t im a to r  (assumed here  t o  be a
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a n+N+L
conventional  equa l i ze r )  generates  the  sequence es t imate  {Tn} . This es t imate

n-M-L
serves as an address to  a Random Access Memory (RAM) device,  which, in t u r n ,  pro­

vides an appropr ia te  c o e f f i c i e n t  vector  t o  the  t r a n s v e r s a l  f i l t e r .  The value of 

t h i s  c o e f f i c i e n t  vec tor  is  d i s t r i b u t e d  among the  (2L + 1) t ap  c o e f f i c i e n t s  and i s  

subsequent ly  updated in accordance with some control  law, such as ,  f o r  example, the 

s to c h a s t i c  g rad ien t  a lgori thm of  equation (3-13) .  Then, the  updated value of the 

c o e f f i c i e n t  vec tor  i s  s to red  back in memory to  be accessed the  next time the  same 

data  sequence es t imate  i s  made.

The number of  d i s t i n c t  da ta  sequences t h a t  can be generated by an (M + N +

2L + 1)T long t ransmission  in te rva l  grows very r ap id ly ,  however, with the  length of 

the  t ransmiss ion  i n t e r v a l .  For example, assuming a 64-QAM system (where each member 

of  the  t ra n sm i t t ed  data  sequence {T^} can assume values  from a 64-element s e t ) ,  even 

f o r  (M + N + 2L + 1) = 5 ,  corresponding t o M  = N = L = l ,  we have »1()9 d i s t i n c t  data  

sequences t o  contend with.  Consequently, the  r e c e iv e r  s t r u c tu r e  of  Figure 3-13, a l ­

though ( in  p r in c i p l e )  f e a s i b l e ,  may r e q u i r e  a very l a rge  memory (RAM) f o r  s to r in g  

a l l  c o e f f i c i e n t  vec to r s .  The r ec e ive r  s t r u c t u r e  o f  Figure 3-13, however, may be  

s im p l i f ied  (from a memory requirement  s t a n d p o in t ) ,  as i s  descr ibed next.  In r e f e r ­

ence to  Figure 3-14, a f i n i t e  length da ta  sequence e s t ima tor  i s ,  as be fo re ,  used,
is  n +1+L

but now to  generate  the  es t imated da ta  sequence ( I n} of  length 2(L + 1) + 1.
n- l -L

Then, subsequences of  t h i s  es t imated da ta  sequence are  generated ,  each of  length 3 

and overlapping with ad jacent  subsequences by one da ta  element . I t  i s  these  

(2L + 1) overlapping subsequences t h a t  are  used (as shown in Figure 3-14) as ad­

d resses  to  access ,  from (2L + 1) d i f f e r e n t  RAMs, the  (2L + 1) corresponding c o e f f i ­

c i e n t s  of  the  t r a n s v e rs a l  f i l t e r .  Following such a methodology, the  i*h e qua l i ze r
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th — n - i f i
c o e f f i c i e n t ,  -L < i < L, depends on the  i Ln generated subsequence { 1 ^  . j  of 

length 3.

Cl n - i +1
Since the  subsequence {I-^T i s  o f  leng th 3, even f o r  64 QAM, we have

n  n - i -1
64^ = 262,144, a number t h a t  i s  q u i t e  manageable with cur rrm'  RAM technology.  Let-

th — n - i +1
t i n g  the  i ul e q u a l i z e r  c o e f f i c i e n t  depend on the  est imated  da ta  sequence {In J . s 
a  a  a  n - 1 - 1
{Tn_ i _ i ,  I n - i )  I n - i  +1} inst ead  of  l e t t i n g  the  e n t i r e  c o e f f i c i e n t  vec to r  (and,  hence,

CS n+N+L . . .
each c o e f f i c i e n t )  depend on the  e n t i r e  sequence {I„} may somewhat hinder  the

n-M-L
performance o f  the  e q u a l i z e r ,  depending on the  c hanne l ' s  memory. For the  type  of  

channel considered he re ,  however, the  length of t h e  da ta  sequence t h a t  determines 

the non l inea r  pa r t  of  the  impulse response of  the  baseband equ iva len t  channel (or  

the t r a n s m i t t e r  f i l t e r  c h a r a c t e r i s t i c )  i s  s u b s t a n t i a l l y  confined t o  a span o f  th re e  

baud i n t e r v a l s ,  as has a l ready been demonstrated by the  computer s imulat ion r e s u l t s  

of  the  previous s e c t io n .

The baseband equ iva len t  non l in ea r  QAM system as dep ic ted  in Figure 3-5 has been 

s imulated,  in conjunct ion with the  r e c e iv e r  a r c h i t e c t u r e  o f  Figure 3-13. In the 

s im ula t ion ,  16 - s t a te  QAM t ransmiss ion was assumed, a t  a baud r a t e  of  15 Mbaud, with 

fu l l -N yqu is t  pulse  shaping a t  the  t r a n s m i t t e r  involv ing a r o l l - o f f  f a c t o r  of  0 .45 .  

The r e c e iv e r  was formed in terms of  two n ine - t ap  synchronously spaced t r a n s v e r s a l  

f i l t e r s  (one forming the  f i n i t e  leng th da ta  sequence e s t im a to r  and the  second form­

ing the  t r a n s v e r s a l  f i l t e r  with data-sequence-dependent  c o e f f i c i e n t s ) .  The fo l low­

ing approach was used to  eva lua te  the  " e r r o r  co r r e c t io n "  c a p a b i l i t y  of  the  proposed 

r e c e iv e r .
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Given t h a t  the  t h i r d  o rder  n o n l in e a r i ty  in the  system and th e  fading  channel 

parameters  were de f ined ,  the  adapt ive  r e c e iv e r  was i n i t i a l l y  allowed t o  converge and 

reach s teady s t a t e  using an a p r i o r i  known t r a nsm i t t e d  da ta  sequence (a t r a i n i n g  s e ­

quence) .  Once convergence had taken  p lace ,  the  t r a n s i t i o n  from a p r io r i  known to  

random t ransmiss ion  of  data  commenced. Based on the  e s t ima tes  of  the  t r a n sm i t t e d  

symbols made by the  data  sequence e s t im a to r ,  corresponding c o e f f i c i e n t  s e t s  were ac ­

cessed from memory and t r a n s f e r r e d  to  the  t r a n s v e r s a l  f i l t e r  of  Figure 3-13. The 

s imulated algori thm involved an examinat ion of  f i v e  d i f f e r e n t  c o e f f i c i e n t  s e t s  per  

s ig n a l in g  i n t e r v a l :  one c o e f f i c i e n t  s e t  corresponding to  t h e  actual  f i n i t e  length

da ta  sequence est imated  by th e  e s t i m a t o r ,  with the  remaining four  c o e f f i c i e n t  se t s  

r e f l e c t i n g  the  four  nea re s t  neighbors of  the  data  es t imate  in  the  middle of  the 

f i n i t e  leng th est imated  da ta  sequence. In response t o  t hese  f iv e  c o e f f i c i e n t  s e t s ,  

f iv e  dec is ions  and f i v e  e r r o r  q u a n t i t i e s  were der ived .  The one e r r o r  qua n t i ty  found 

s mal le s t  in magnitude was used as a p o i n te r  in o u tpu t t ing  the  corresponding d e c i ­

s ion.

Table 3-1 shows ty p ic a l  examples of  symbol e r r o r s  made by the  sequence e s t ima­

t o r  t h a t  were cor rec ted  by th e  proposed re c e iv e r  and a s soc ia ted  control  a lgor i thm.

In the  f i r s t  example shown in- Table 3-1,  QAM s t a t e  2 i s  t r a n sm i t t e d  (see Figure 

3-15),  but the  es t im a to r  decides on QAM s t a t e  1. In response t o  t h i s  i n i t i a l  e s t i ­

mate ( s t a t e  1 ) and the  o the r  ^ fo u r  symbol es t im a tes  surrounding the  cu r ren t  e s t i ­

mate, f i v e  c o e f f i c i e n t  s e t s  a re  accessed and used to  y i e l d  the  output  e r r o r  magni­

tudes of  0.68 . . . ,  0.86 . . . ,  0.92 . . . ,  0.08 . . .  and 1.13 . . . .  The f i r s t  e r r o r  mag­

ni tude  of  0 .6 8  . . .  i s  generated by the  c o e f f i c i e n t  s e t  t h a t  i s  accessed in response 

to  the  es t im a te  of  " s t a t e  1",  and the  o the r  four  p r i o r  and fou r  fu tu r e  es t imates  

t h a t  surround i t .  The next four  e r r o r  magnitudes (0.86 . . .  through 1.13 . . . )  are
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Table 3-1. Examples of Symbol Errors Corrected by the  Receiver  of  Figure 3-13

TRANSMITTED STATE = 2 IN IT IA L  ESTIMATE = 1
TRUE ERROR MAGNITUDE OF ESTIMATOR »
ERROR MAGNITUDE = 
ERROR MAGNITUDE =
ERROR MAGNITUDE =
ERROR MAGNITUDE =
ERROR MAGNITUDE=
TR I -R A IL  = / f . o N  
TR Q-RAIL = 1 3 .0  )

Transroitteî
TRANSMITTED STATE = 10

,68155310  
,86652108  
,92537704  
.08971078  

1 ,13657887  
RCV I -R A IL  = 
RCV Q-RAIL =

F i n f t J k
; d&c4 S io a ,

1 ,29 563518

QAM
StOutes

IN IT IA L  ESTIMATE = 9
TRUE ERROR MAGNITUDE OF ESTIMATOR = 1 .24334568
ERROR MAGNITUDE = .55419788 J = 9
ERROR MAGNITUDE = .88121349 J = 1
ERROR MAGNITUDE = .98945793 J = 13
ERROft MAGNITUDE = ,22461724 J = 10
ERROR MAGNITUDE = 1 .13907366 J = 11
TR I -R A IL  = - 1 . 0 RCV I -R A IL  «» - 1 . 0
TR Q-RAIL = 3 .0 RCV Q-RAIL = 3 .0

TRANSMITTED STATE = 9 IN IT IA L  ESTIMATE = 11
TRUE ERROR MAGNITUDE OF ESTIMATOR = 1 .33788920
ERROR MAGNITUDE = ,43521941 J = 11
ERROR MAGNITUDE = .80178276 J = 3
ERROR MAGNITUDE = ,95361105 J ss 15
ERROR MAGNITUDE = .24128944 J = 9
ERROR MAGNITUDE = • .82211778 J = 12
TR I -R A IL  = - 1 . 0 RCV I -R A IL  = -1 .0
TR Q-RAIL = 1 .0 RCV Q-RAIL = 1 .0

ftahniftritj; > ^  = 0.05 3 ^  = 15 ns
n ^

C ldnnei : in- i t  |a d e  at 5  JjHm e a r n e r  

£ - j > / n 0  =  ^  i t
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generated by the  c o e f f i c i e n t  s e t s  t h a t  a re  accessed in response t o  the  four  neares t  

neighbors of  " s t a t e  1 ", and the  same four  p r i o r  and four  f u tu r e  symbols t h a t  s u r ­

round i t .  The proposed r ece ive r  decides c o r r e c t l y  on s t a t e  2, s ince the  c o e f f i c i e n t  

s e t  corresponding to  t h i s  choice (of c e n te r  symbol es t imate)  y i e l d s  the  minimum e r ­

ro r  magnitude. In generat ing th e  above r e s u l t s ,  a no n l in e a r i ty  with gj  = 1 and g3 = 

0.03 has been assumed, in conjunct ion with an r f  channel fade of  14 dB a t  a f r e ­

quency of  5 MHz above the  c a r r i e r  f requency of  4 GHz. The unfaded Et,/N0 was assumed 

to  be 27 dB.

3.5 LINEAR/NONLINEAR INTERSYMBOL INTERFERENCE CANCELLATION

In t h i s  s e c t i o n ,  an adapt ive d i s t o r t i o n  ca n ce l la t io n  algori thm i s  descr ibed 

th a t  can be used in the  r ece ive r  of a d i g i t a l  communications system t o  cancel ISI 

without  increas ing  the  noise  level  a l ready present  in the  received s ig n a l .  The a l ­

gorithm i s  s im i l a r  t o  previously reported t e c h n i q u e s ^ *  10* 2 ] i n t h a t  i t  uses t e n ­

t a t i v e  dec is ions  t o  form no i se le ss  ISI e s t im a tes .  I t  i s ,  however, s u b s t a n t i a l l y  

d i f f e r e n t  in i t s  dec is ion  making s t r a t e g y  and, as a consequence, i s  more r e s i l i e n t  

to  t e n t a t i v e  dec is ion  e r ro r s  as compared to  the  prev ious ly  reported methods. The 

new algori thm descr ibed herein i s  generic  and can be used with a va r i e ty  of  can­

c e l l e r  a r c h i t e c tu r e s  in m it ig a t in g  ISI caused by a r b i t r a r y  combinations of  l i n e a r  

and nonl inear  system impairments. Computer s imulat ion  r e s u l t s  i l l u s t r a t i n g  the  p e r ­

formance c a p a b i l i t i e s  of  the  algori thm sub je c t  t o  a severe ly  d i s t o r t e d  channel are 

p resented .

The bas ic  s t r u c tu r e  shown in Figure 3-16 (and var ious va r i a t i o n s  th e r e o f )  has 

been used in previous inv es t ig a t io n s  (as c i t e d  above) as the  means of  cance l l ing  ISI 

introduced in the  received da ta  stream by l i n e a r  and/or  nonl inear  system d i s t o r t i o n .
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As shown, a Linear  Equa l izer  (LE), which may be configured as synchronously or  f r a c ­

t i o n a l l y  s p a c e d ^ ] ,  i s  used to  provide prel iminary  es t ima tes  of  the t ransm i t t ed  

da ta  e lements .  These prel iminary es t imates  serve as inpu ts  to  a c a n c e l l e r  s t r u c ­

tu r e  C, which, in response,  adap t ive ly  forms an e s t im a te  o f  ISI and su b t r a c t s  i t  

from the  output  of the  matched f i l t e r  W. Based on the  assumption t h a t  the  f i n a l  de­

c i s io n s  w i l l  be b e t t e r  (more of  them wil l  be c o r r e c t )  than the  p re l iminary  e s t i ­

mates,  i t  has been a rgued t2  ̂ t h a t  e x i s t in g  f i n a l  dec is ions  may be used by the  can­

c e l l e r  C, in l i e u  of  the  corresponding pre l iminary  e s t im a te s ,  t o  improve p e r f o r ­

mance. A fundamental problem assoc ia te d  with the  above techn ique ,  however, stems 

from the way in which the  prel iminary es t ima tes  and f i n a l  dec i s ions  a re  u t i l i z e d  by 

the  c a n c e l l e r  C in forming the  ISI e s t im a te .  No prov is ion  i s  made to  quest ion  the  

v a l i d i t y  of  the  prel iminary  es t imates  (or  t h a t  of  the  f i n a l  d e c i s i o n s ) ,  which are  

being used by the  c a n c e l l e r  C in forming the  cu r ren t  ISI e s t im a te .  That i s ,  the 

p rel iminary e s t ima tes  and f in a l  dec is ions  a re  u t i l i z e d  b l in d l y .  When the  channel i s  

s u b s t a n t i a l l y  noisy and/or  highly d i s p e r s iv e ,  erroneous prel iminary  es t ima tes  and/or  

f i n a l  dec is ions  may adve rse ly  a f f e c t  the  c a n c e l l e r ’s a b i l i t y  t o  form the  proper  ISI 

e s t im a te s ,  thus leading  to  more e r r o r s  in f i n a l  dec i s ions  and, hence, t o  e r r o r  prop­

agat ion and d e t e r i o r a t i o n  in performance. This e f f e c t  has long been recognized with 

regard t o  the  ope ra t ion of  dec is ion  feedback e q u a l i z e r s .C l 2> 13, 14]

Below, an adapt ive  algori thm i s  descr ibed t h a t  s u b s t a n t i a l l y  m i t ig a te s  aga in s t  

t h i s  problem. The algori thm can be appl ied  t o  t h e  conventional  dec is ion  feedback 

e q u a l i z e r  to  improve i t s  robustness  p ro p e r t i e s  (by s u b s t a n t i a l l y  reso lv ing  the  prob­

lem of  e r r o r  p ropaga t ion ) ,  and can a l so  be used wi th in  the  framework of  the  l i n e a r  

and non l inea r  c a n c e l l e r s  of  References 10 and 2, r e s p e c t i v e ly ,  t o  achieve added p e r ­

formance gains  t h e r e .  Computer s imulat ion r e s u l t s  of  a p a r t i c u l a r  c a n c e l l e r
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s t r u c t u r e ,  governed by the  new algor i thm, a re  p resen ted ,  sub jec t  to  a combination of  

l i n e a r  and nonl inear  system impairments. A comparison o f  the  new c a n ce l l e r  a lgo ­

r ithm performance aga ins t  the  conventional  one i s  a l so  made.

3 .5 .1  DISTORTION CANCELLATION PRELIMINARIES

Consider a d i g i t a l  communications system and l e t  t h e  nt *1 t r ansmi t t ed  da ta  e l e ­

ment be denoted by An. Furthermore,  assume t h a t  a new data  element i s  t ransmi t t ed  

once every T seconds and t h a t  each data  element assumes values from an L element a l ­

phabet,  i . e . ,  An €  {a j ,  a 2 , a ^  fo r  Vn. In such a system, i r r e s p e c t i v e  of the 

modulation f o r m a t  being used, the  n ^  r ec e ive r  sample, following the  demodulation 

p rocess ,  may be represented  by the  following gene ric  form:

^n = ^n^n + In + ^n» (3-27)

where Rn rep resen ts  the  observable  ( the  n**1 r ec e ive r  sample),  Nn denotes Gaussian 

thermal noise ,  the  value of  I n r e f l e c t s  the  ISI t h a t  may have been generated by a 

v a r i e ty  of  system imper fec t ions ,  and ?n denotes frequency independent channel a t t e n ­

ua t ion or gain.  Clear ly ,  in an ideal  system, we would expect  I n = 0 and ?n = 1 fo r  

Vn, and the var iance of Nn t o  be as small as poss ib le  (approaching the  matched 

f i l t e r  l i m i t ) .

In gene ra l ,  the  value of  ISI a t  the  n*'*1 sampling t ime,  I n , wil l  depend on the

overa l l  system c h a r a c t e r i s t i c  ( i . e . ,  impulse response)  and on a f i n i t e  length data  
N

sequence, {An} , t h a t  includes An as one of  i t s  e lements ,  and extends M symbol
N

periods before  An and N symbol per iods a f t e r  An . We define {An } as fol lows:
-M
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N
{An} = Ap_^+1 Ap_i, Ap, An+i ,  . . . ,  Ap+j ĵ}, (3-28)

-M

N
where the  length of  {An} i s  determined by the  sys tem 's  memory. Assuming a l i n e a r

N
system, the  dependency of In on the  elements of  {An } i s  a l i n e a r  one. However,

f o r  the  nonl inear  system, t h i s  r e l a t i o n s h ip  becomes non l inea r .  For a l i n e a r  system,

the  a t t e n u a t i o n /g a in  parameter,  ?n, will  only depend on the  system c h a r a c t e r i s t i c ,

whil e ,  f o r  a nonl inear  system, ?n wi l l  a l so  depend ( in  some nonl inear  fashion)  on
N

the  elements of  {An> .
-M

In cance l l i ng  the  system induced d i s t o r t i o n ,  the  ob j e c t iv e  i s  t o  add a no i se ­

les s  term to the  observable  Rn such as t o  force  snAn + In t 0  become An without  en­

hancing the  var iance of  thermal noise a lready p resen t  in the  received waveform.

That i s ,  we d e s i r e  t o  f ind  a cance l la t ion  parameter  C such t h a t

Rn + C = 5nAn + In + ^n + C = ^n + ^n* (3-29)

The above equation impl ies  t h a t  the  d i s t o r t i o n  c ance l l ing  term,  C, must assume the

value o f

C = An ( l -5 n ) -  In- (3-30)

D i s to r t ion  c a n c e l l a t i o n ,  as ou t l ined  above, has been in v e s t ig a t e d  fo r  l i n e a r

and non l inea r  systems using various c a n ce l l e r  e m b o d i m e n t s I ® *  2 ] ,  ip each r e -
N

ported case ,  a prel iminary es t imate  of  the  data sequence {An } i s  used to  generate
N

the  value of  C. This prel iminary  es t imate  of {An > , however, i s  used b l in d ly  and
-M

is  not questioned in any way regarding the  p o s s i b i l i t y  of  con ta in ing  e r r o n e o u s
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components. C lea r ly ,  s ince  C is  dependent on th e  system c h a r a c t e r i s t i c  and on
N N

{An} (s ince ,  in general ,  £n and I n a r e ) ,  e r r o r s  made in es t imat ing  {An } will  r e -  _M -M
s u i t  in a d i s t o r t i o n  c a n ce l l a t io n  term,  say C ,  which wil l  not ,  in genera l ,  be equal

to  C ( the  des ired va lue) .  Therefore ,  given t h a t  e r r o r s  have been made in es t imat ing  
N

(An ) , we w i l l ,  in genera l ,  have -M

C' = C + e;  | e |  > 0,  (3-31)

with the  magnitude of  e depending, in genera l ,  on the  number of  e r r o r s  made and on 

the  system c h a r a c t e r i s t i c  p r e v a i l i n g  a t  the  time the  e r r o r s  were made. Subject  to  

the  above hypothes is ,  the  c a n c e l l e r ' s  performance wil l  degrade, s ince

Rn + C1 = An + e + Nn . (3-32)

with e denot ing the  res idua l  d i s t o r t i o n .  That i s ,

[”  Final “ 1 f ”  Final “ I
Prl Decision Rn + C' I _> Pr Decision Rn + C ; | e |  j> 0.  (3-33)

1__ Er ror  J_ Er ror  J

3 .5 .2  A NEW CANCELLER ALGORITHM

Having e s ta b l i s h e d  th e  above, we now extend the  c a n c e l l e r ' s  scope by providing
N

fo r  a mechanism via which checks on the  o r ig ina l  e s t ima te  of  {An} „ may be per--M
N

formed. Given an o r ig ina l  e s t ima te  of  {An} a s e r i e s  of subsequent es t imates  may
N

be made by modifying the elements of  the  o r ig ina l  es t imate  of  the  sequence {An} .
-M

Then, each new generated sequence of  data  elements may be used as an input  t o  the 

c a n ce l l e r  s t r u c t u r e  t o  y i e l d  a corresponding d i s t o r t i o n  ca n ce l la t io n  qua n t i ty  C.

The value of  each generated C may be added to  the  r ece ive r  observab le ,  Rn , thus gen­

e ra t i n g  a sequence of  values  of  Rn + C. The one element of  the  Rn + C sequence t h a t
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is  found c lo s e s t  (Euc l i d ia n -d is t ance -w ise )  t o  an ideal  element of  the  alphabet  {ai,  

a2 , . . . ,  aj_} may be used to  determine the  bes t  c a n c e l l e r  es t imate  of  An . That i s ,  

the  one element of  the  Rn + C sequence found c lo s e s t  t o  an element of {a j ,  a 2 , 

a[_} wil l  (most l i k e l y )  correspond to  a d i s t o r t i o n  c a nce l la t ion  c o e f f i c i e n t  C, which

y i e l d s  Rn + C = An + Nn . Note t h a t ,  in generat ing the  various d i f f e r e n t  es timates
N N

of the  sequence {An} (based on the  o r ig ina l  es t imate  of {An } M) ,  only the  nearest
N

neighbors of the  elements of  {An } should be considered in order  t o  maintain man-
-M

ageable the  number of  r e s u l t i n g  p o s s i b i l i t i e s  t h a t  wil l  have t o  be examined, p a r t i c ­

u l a r l y  when deal ing with l a rge  s ignal  c o n s t e l l a t i o n s  ( i . e . ,  64 QAM).

The f lowchart  of  Figure 3-17 f u r t h e r  i l l u s t r a t e s  the  algori thm ou t l ined  above. 

This a lgorithm has been in v es t ig a t ed  via computer s imulat ion ( in  conjunct ion with a 

p a r t i c u l a r  c a n c e l l e r  a r c h i t e c t u r e )  and the  r e s u l t s  a re  presented below, toge the r  

with a more in -depth ana lys i s  of  the  required funct ions  and hardware/sof tware im p l i ­

ca t ions  of  the  proposed d i s t o r t i o n  c a n ce l l a t io n  algor i thm.

For the  purpose of  i n v e s t i g a t in g  the  c a p a b i l i t i e s  of  the  d i s t o r t i o n  c a n c e l l a ­

t io n  algori thm ou t l ined  above, a FORTRAN computer program has been developed th a t  

s imulates  a 15-Mbaud, 1 6 - s t a t e ,  QAM c a r r i e r  system, where ( fo r  s im p l ic i t y )  we have 

assumed fu l l -N yqu is t  pu lse  shaping a t  the  t r a n s m i t t e r ,  with a r o l l - o f f  f a c t o r  of 

0 .45.  Following th e  QAM modulation s t a g e ,  a t h i r d  order  n o n l in e a r i ty  i s  imposed on 

the  QAM waveform in order  t o  model the  e f f e c t s  of  a t r a n s m i t t e r  power a m p l i f i e r .

The inpu t /ou tpu t  c h a r a c t e r i s t i c  of t h i s  n o n l in e a r i ty  i s  spe c i f ie d  a s ^
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VoU) = giViCt-Ti) + g2v1-2 ( t - T 2 ) + 93V1-3 ( t - T 3) J (3-34)

where V j ( t )  and v0 ( t )  denote  the  input  and output  s i g n a l s ,  r e s p e c t i v e ly ,  and the  c o ­

e f f i c i e n t s  g and g are  s e t  in accordance with the  degree o f  non l in ea r  d i s t o r t i o n  
2 3

t h a t  we wish t o  model in the  system. The value of  g^ i s  always s e t  to  u n i ty ,  with

x  ,  t  , and t  r ep resen t in g  de lays .  Following the  t r a n s m i t t e r  a m p l i f i e r  s ta ge ,  a 
2 2 3

fading l i n e - o f - s i g h t  radio l in k  ( the  channel)  i s  s imulated in  accordance with the  

Rummler model£?] and propagat ion a t  an r f  of  4 GHz i s  assumed. At the  r ece ive r  

baseband s e c t i o n ,  Gaussian thermal noise  i s  added to  t h e  demodulated waveform, and 

the  c a n c e l l e r  embodiment of  Figure 3-18 i s  used in conjunc t ion with the  control  a l ­

gorithm presented  above and ou t l ined  in Figure 3-17. Prel iminary es t ima tes  of the  

received data  sequence a re  made using a convent ional  n ine - t ap  synchronously spaced 

t r a n s v e rs a l  f i l t e r  whose c o e f f i c i e n t s  a re  co n t ro l l e d  by the  c l a s s i c a l  " s to c h a s t i c  

g rad ien t"  LMS algor i thm. I n i t i a l l y ,  a t r a i n i n g  sequence (known t o  the  r ece ive r )  is  

used to  achieve rapid  convergence in the  t r a n s v e r s a l  f i l t e r  and c a n c e l l e r  c o e f f i ­

c i e n t s .  Then, random (unknown to  the  r e c e iv e r )  da ta  t ransmiss ion  commences.

As shown in Figure 3-18, the  sampled demodulator ou tput  serves  as the input  to

a n ine - t ap  synchronously spaced t r a n s v e r s a l  f i l t e r  whose output  i s  used to  form a
N

prel iminary es t ima te  of  t h e  f i n i t e  leng th sequence {An } . For t h e  type of  channel
-M

and system considered he re ,  the  ex ten t  of  ISI has ( to  a l a rge  degree o f  accuracy)  

been found not  t o  exceed +two baud i n t e r v a l s  about any given s ign a l in g  epoch. Thus, 

corresponding to  the  n ^  s ig n a l in g  i n t e r v a l ,  the  t r a n s m i t t e d  sequence

2
(^n)  g = ^ n - 2 »  ^n-l»  An, An+ i ,  An+2 }, (3-35)
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in conjunct ion with the  channel c h a r a c t e r i s t i c ,  def ines  the  ISI t h a t  e x i s t s  within

the  corresponding r ece ive r  obse rva t ion .  As a consequence, in t h i s  s imulat ion we
2

have used the  t r a n s v e rs a l  f i l t e r  in providing a prel iminary es t ima te  of  (An }_2, a
2

sequence o f  length 5. The prel iminary es t ima te  of  {An} is  then used t o  def ine  a

"nea rest  neighborhood" region t h a t  invo lves ,  a t  most,  5^ = 3125 d i s t i n c t  p o s s i b i l i -
2

t i e s  f o r  the  sequence {An} .  This i s  t r u e  s ince ,  f o r  16-QAM s ig n a l in g ,  a given 

c o n s t e l l a t i o n  poin t  has,  a t  most, four  nea re s t  neighbors (diagonal ly  ad jacent  points  

excluded) .  In the  i n t e r e s t  of  minimizing computation, however, and in l i g h t  of  the  

f ac t  t h a t  the  d i s t o r t i o n  i s  s t rongly dependent on the  An_ i ,  An , An+i e lements ,  with 

weak dependency on the  elements An_2 and An+2 , the  simulated algori thm has been r e ­

s t r i c t e d  to  cons ider  only a subset  of  a l l  ne a re s t  neighbors of the  o r ig ina l  es t imate
2 1 * 

of {An} . That i s ,  we only cons ider  a l l  n ea res t  neighbors of {An } and take ttn+2
n -2  -1 “

as o r i g i n a l l y  es t imated by the  t r a n s v e rs a l  f i l t e r .  Consequently, a t  each rece ive r
2

sampling epoch, an es t ima te  of  {An} i s  made by the  t r a n sve rsa l  f i l t e r  and i s  then 

used to  generate only 53 = 125 neare s t  neighbors t o  the  o r ig ina l  sequence es t im a te .  

Then, these  53 d i s t i n c t  sequence p o s s i b i l i t i e s  a re  used se quen t i a l ly  t o  access  from 

a RAM device corresponding, d i s t o r t i o n  c a n c e l l a t io n  c o e f f i c i e n t s .  As shown in Figure 

3-18, each d i s t o r t i o n  c a n ce l l a t io n  c o e f f i c i e n t ,  C, which i s  fe tched from memory, is  

added to  the  observable  Rn to  y i e l d  a dec is ion  d and a c o r r e s p o n d i n g  e r r o r  q u a n ­

t i t y , e .  The 53 (e ,  d) twoples thus c rea ted  a re  s to red  in temporary memory and, a t  

the  end of  the  baud i n t e r v a l ,  t h e  one a s soc ia ted  with a minimum e r r o r  magnitude is  

i d e n t i f i e d .  The i d e n t i f i e d  "minimum e r r o r "  twople def ines  the  system output  in 

terms o f  a f in a l  dec is ion on An . Furthermore,  the  i d e n t i f i e d  minimum e r r o r  twople 

serves as an index in  i d e n t i f y in g  the  p a r t i c u l a r  sequence es t ima te  and, hence, d i s ­

t o r t i o n  can ce l l a t io n  c o e f f i c i e n t  t h a t  has given r i s e  t o  i t .  That d i s t o r t i o n
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c a n c e l l a t io n  c o e f f i c i e n t  ( r e s u l t i n g  in the  minimum e r r o r  twople) i s  updated in ac ­

cordance with

C|c+i = Cfc - peMiN. (3-36)

where u i s  the  s tep  s i z e  and e^iN denotes the  minimum e r r o r .  Af ter  adap ta t ion ,  the 

c o e f f i c i e n t  i s  s to red  back in i t s  corresponding memory loca t ion .

A few words a re  in order  now regarding the  s i z e  requirements of the  RAM device, 

which contains  t h e  d i s t o r t i o n  c a n ce l l a t io n  values .  For the  channel and system th a t  

we have s tud ied ,  a sequence of  length 5 is  s u f f i c i e n t  t o  def ine  t h e  d i s t o r t i o n  p r e s ­

ent  a t  any one re c e iv e r  sampling i n s t a n t .  Hence , in genera l ,  t h e r e  wi l l  be 

16^ = 1,048,576 d i s t i n c t  d i s t o r t i o n  p o s s i b i l i t i e s .  At f i r s t  glance,  t h e r e f o r e ,  i t  

appears t h a t  t h e r e  must be 165 d i s t i n c t  memory loca t ions  within the  RAM device to 

accommodate, in gene ra l ,  the  165 d i s t i n c t  d i s t o r t i o n  p o s s i b i l i t i e s .  Some thought,  

however, revea ls  t h a t  one-ha l f  of  these  d i s t o r t i o n  values  w i l l  be the  negat ives  of 

t he  remaining o n e -h a l f ,  assuming a symmetrical QAM signal  s t a t e  c o n s t a l l a t i o n  (fo r  

any a r b i t r a r y  l i n e a r  and/or  nonl inear  channel c o n d i t io n ) .  Hence, only 

1 6 ^ / 2  = 524,288 d i s t i n c t  memory loca t ions  need t o  be provided in conjunct ion with 

the  c a p a b i l i t y  of  changing the  d i s t o r t i o n  ca nce l la t ion  c o e f f i c i e n t  s ign exte rnal  to  

the  RAM. I f  the  above memory based c a n c e l l e r  requirement i s  s t i l l  p r o h ib i t i v e ,  one 

may s u b s t i t u t e  t h e  RAM device and a s soc ia te d  c o e f f i c i e n t  adap ta t ion  algor i thm of 

Figure 3-18 with a hardware based c a n c e l l e r  approach such as the  one descr ibed in 

Reference 2. The overa l l  scheme of  Figure 3-18, however, remains i n v a r i a n t  r e l a t i v e  

t o  the  s t r a t e g y  u t i l i z e d  in a r r i v in g  a t  the  f ina l  d e c i s ions .

Re la t ive t o  t h e  purely memory based c a n c e l l e r  approach, i t  i s  worth mentioning 

t h a t  a genera l ly  suboptimal (but one requ i r in g  s u b s t a n t i a l l y  l e s s  memory capac i ty )
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configura t ion  may be pursued,  whereby the  s in g l e  RAM device of  Figure 3-18 is  r e ­

placed by an arrangement such as t h a t  shown in Figure 3-19. In u t i l i z i n g  the  a r ­

rangement of  Figure 3-19, the  assumption i s  t h a t  a t  any one s igna l ing  i n s t a n t  the  

ove ra l l  system impulse response ( fo r  the  general  system where n o n l i n e a r i t i e s  e x i s t )  

i s  s t rong ly  dependent on th e  c u r r e n t l y  t r an sm i t t ed  da ta  e lement , An, and on i t s  two 

ad jacen t  neighbors,  An+i .  This ,  to  a l a rge  e x t e n t ,  i s  t r u e  and has been v e r i f i e d  

f o r  the  sub je c t  system. Hence, s t i l l  assuming an overa l l  system memory of  5, f ive  

RAMs, each con taining 163/2  = 2048 memory l o c a t io n s ,  may be configured as shown in 

Figure 3-19 to  "approximately" (sub jec t  to  the assumptions)  replace  the  funct ion of  

the s ing le  163/ 2  s iz e  RAM. Before leaving the  s u b je c t ,  we po in t  out  t h a t ,  f o r  a 

purely l i n e a r  system, the  s i z e  of  each of  t h e  f i v e  RAMs in Figure 3-19 becomes 16/2 

(o r ,  in gene ra l ,  M/2, where M is  the number of  QAM c o n s t e l l a t i o n  s t a t e s ) .

3 .5 .3  NUMERICAL RESULTS

Turning our a t t e n t i o n  now t o  some numerical r e s u l t s ,  Figure 3-20 i l l u s t r a t e s  

performance f o r  a system impaired by l i n e a r  and non l inear  d i s t o r t i o n  with the  non- 

l i n e a r i t y  c h a r a c t e r i s t i c s  and channel s t a t e  as defined in the  f ig u re .  The top t r a c e  

r ep resen ts  the  t r a n s v e rs a l  f i l t e r ' s  ( the  e s t i m a t o r ' s )  performance,  with a s c r i p t  E 

placed over a po in t  t o  i n d ic a te  t h a t  an i nco r r ec t  dec is ion  in  received QAM c o n s t e l ­

l a t i o n  s t a t e  has been made by the  e s t im a to r .  The bottom t r a c e  i l l u s t r a t e s  the  p e r ­

formance of  the new c a n ce l l e r  a lgori thm descr ibed above using the  embodiment of  F ig ­

ure 3-18. The c a n c e l l e r  a lgori thm has co rrec ted  a l l  i n co r r ec t  dec is ions  found in 

the  prel iminary  es t ima tes  while maintaining r e l a t i v e l y  small e r r o r  magnitudes at  i t s  

output  as compared to  the  t ra n s v e rs a l  f i l t e r  output  e r r o r  magnitudes. The middle 

(do t t ed)  t r a c e  in the  f ig u r e  i l l u s t r a t e s  how the c a n c e l l e r  embodiment of Figure 3-18 

would have performed i f  i t  were con t ro l led  by a conventional  a lgori thm where the
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or ig ina l  s e t  of  prel iminary es t imates  are used unequivocally  without  gene ra t ing  and 

examining " c lo se s t  neighborhood" v a r i a t i o n s .  In generat ing t h i s  middle t r a c e  of 

Figure 3-20, a dec is ion feedback c a n c e l l e r  mechanism has been pos tu la te d  whereby the 

c a n c e l l e r ' s  output  i s  u t i l i z e d  in generat ing ISI e s t imates  (see Figure 3-16) .  Be­

cause of  the  assumed dec is ion feedback c a n c e l l e r  approach,  i t  i s  seen t h a t  e r r o r  

propagation does occur  a t  two d i f f e r e n t  ins tances  where the  conventional  ca nce l le r  

a lgori thm makes e r r o r s .

The new d i s t o r t i o n  c a nce l la t ion  s t r a t e g y  presented above appears t o  represent  

an optimum technique designed t o  achieve i s o l a t e d  pu lse ,  matched f i l t e r  performance. 

Our s imulat ion r e s u l t s  confirm t h a t  th e re  i s  improvement to  be gained by using t h i s  

technique over the  conventional  c a n c e l l e r  s t r a t e g i e s .  The p rec i s e  e r r o r  r a t e s  

achievable  with the  new approach, however, can only be est imated with extremely long 

and c o s t ly  computer runs, which, up u n t i l  now, have proved p r o h ib i t i v e .  Actual ex­

per imenta t ion may u l t im a te ly  be the  p re fe r r e d  approach toward a d e t a i l e d  c h a r a c t e r ­

i z a t io n  of  the  proposed s igna l  processor .
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CHAPTER 4

EXPERIMENTAL RESULTS ON DIGITAL TRANSVERSAL FILTER IMPLEMENTATIONS

4.1 INTRODUCTION AND SUMMARY

As we have seen in Chapters 2 and 3, and Appendices C and D, adapt ive optimal 

r ece ive r s  re ly  heav i ly  on t ra n s v e rs a l  f i l t e r  s t r u c tu r e s  fo r  t h e i r  implementat ions.

In t h i s  chap te r ,  we examine, from an experimental  s tandpo in t ,  various key i ssues  r e ­

garding the implementation (and, in p a r t i c u l a r ,  the  d i g i t a l  implementation) of  the 

bas ic  optimal r ece ive r  bu i ld ing  block - the  t r a n s v e rs a l  f i l t e r .

Below, the  d i g i t a l  implementation of  an adapt ive  baseband t r a n sve rsa l  f i l t e r  

(equa l ize r )  i s  descr ibed in which the  f i l t e r  i s  configured and evaluated in both the  

f r a c t i o n a l l y  and synchronously spaced modes o f  opera t ion .  The f i l t e r  c o e f f i c i e n t s  

are  updated using the  "ze ro-forcing"  vers ion  of  the  Least Mean-Squared (LMS) e r ro r  

algori thm* and the  performance i s  eva lua ted  in terms of  Bi t  Er ro r  Rate (BER) mea­

surements during f ad e - f r e e  and faded channel cond i t ions .  A fou r - leve l  pseudorandom 

symbol sequence a t  a symbol r a t e  of 5 .5  Mbaud i s  used as the  t e s t  s ig n a l .

In the  synchronously spaced mode of  ope ra t ion ,  the  s e n s i t i v i t y  of  the  f i l t e r  to  

the  r ece ive r  t iming phase e r r o r  i s  i n v e s t i g a t e d .  The measurements show t h a t ,  fo r  a 

synchronously spaced e q u a l i z e r ,  the  BER curve degrades very rap id ly  f o r  l a rge  timing 

phase e r ro r s  ( timing phase e r r o r s  approaching 90°) .  This degradation can be ex­

plained in terms of  the  e f f e c t s  of  spectrum a l i a s i n g  t h a t  occur a t  the  output  of  the 

r ec e ive r  sampler ( the  Analog-to -Digi ta l  (A/D) conve r te r ,  in t h i s  case)  as a r e s u l t

* The z e ro - fo rc ing  LMS algori thm rep resen ts  a v a r i a t i o n  of  the  exact  LMS algori thm, 
where only s ign information i s  used in c a l c u l a t i n g  the  adap ta t ion  increments.
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of a sampling r a t e  t h a t ,  f o r  t h e  synchronous tap  spacing,  i s  l e s s  than twice the  

bandwidth of  the  baseband s i g n a l .  As a r e s u l t  of  the  spectrum a l i a s i n g ,  a spectrum 

nul l  can occur  a t  one -ha l f  t h e  Nyquist f requency.  This spectrum nul l must then be 

compensated ( in v e r t e d )  by th e  e q u a l i z e r ,  r e s u l t i n g  in a degradat ion of  the  received 

S ig na l- to -Noise  Rat io  (SNR). In c o n t r a s t ,  t h e  performance of  the  f r a c t i o n a l l y  

spaced e q u a l i z e r  i s  found only mildly dependent on t iming phase e r r o r s .  In p r i n ­

c i p l e ,  a f r a c t i o n a l l y  spaced e q u a l i z e r  should be completely i n s e n s i t i v e  t o  t iming 

phase e r r o r s t 1- 3] .  Our experimental  model showed s l i g h t  v a r i a t i o n s  in BER p e r f o r ­

mance (about 0.5-dB s h i f t  o f  the  BER curve)  as  t h e  t iming  phase e r r o r  was va r i e d ,  

s t a r t i n g  f rom  optimum, through a 360° excurs ion .  This i s  a t t r i b u t e d  t o  nonideal low 

pass f i l t e r i n g  of  t h e  baseband spectrum preceding the  e q u a l i z e r ,  as w i l l  be d i s ­

cussed in  more d e t a i l  in a l a t e r  s e c t i o n .  Furthermore, the  equa l i ze r  in the  f r a c ­

t i o n a l l y  spaced mode was shown capable of  syn thes iz ing  the  r ec e ive r  matched f i l t e r  

adap t ive ly  f o r  a 50-percent  r o l l - o f f  ha lf -Nyquist  t ransm i t  f i l t e r .  This proper ty  of  

f r a c t i o n a l l y  spaced e q u a l i ze r s  i s  p red ic ted  from t h e o r e t i c a l  cons id e ra t io ns  o f  Ap­

pendix C. What i s  perhaps more important ,  however, from a p r a c t i c a l  s t a ndpo in t ,  i s  

t h e  f ind ing  t h a t  only f ive, f r a c t i o n a l l y  spaced t ap s  can syn thes ize  t h e  rece ive r  

matched f i l t e r  with s u f f i c i e n t  accuracy.  This was v e r i f i e d  by comparing the  t h e o ­

r e t i c a l  BER curve (assuming ideal  t r a n s m i t t e r  and r ec e ive r  50-percent  r o l l - o f f  h a l f -  

Nyquist f i l t e r s )  with measurements corresponding t o  the  f r a c t i o n a l l y  spaced equa l ­

i z e r  preceded only by a simple low pass f i l t e r .  The measured BER curve showed an 

average degradat ion o f  l e s s  than 0 .4  dB from the  t h e o r e t i c a l  one. To in v e s t ig a t e  

the  e f f e c t  of  adding more t ap s  f o r  the  purpose of  improving the  r ec e ive r  matched 

f i l t e r  s y n th e s i s ,  two more f r a c t i o n a l l y  spaced taps  were added t o  the  equa l i ze r  

(giving a t o t a l  o f  seven f r a c t i o n a l l y  spaced t a p s )  and the  BER measurements were



96

r epea ted .  No observable  improvement was no t iced  in  the  BER curve over t h a t  obtained 

with only f iv e  f r a c t i o n a l l y  spaced t a p s .

Sect ion 4 .2  desc r ibes  the  d i g i t a l  implementat ion o f  the  t r a n s v e r s a l  f i l t e r  

s t r u c t u r e  and the  "ze ro - fo rc ing"  vers ion of  the  LMS control  a lgor i thm. In Sec t ion 

4 .3 ,  an a n a ly s i s  of  the  A/D convert e r  sampling process  i s  p resen ted ,  showing how 

spectrum a l i a s i n g  a r i s e s  and how, as a r e s u l t  of  the  a l i a s i n g  and a suboptimum sam­

p l ing  t ime,  a null  can occur  in  the  sampled spectrum a t  a f requency equal  t o  one- 

h a l f  the  symbol r a t e .  The a n a ly s i s  i s  s u b s t a n t i a t e d  by labora to ry  measurements t h a t  

a l s o  i l l u s t r a t e  t h e  response of  the  synchronously spaced e q u a l i z e r  t o  t h e  sampled 

spectrum conta in ing  a n u l l .  In S e c t i o n .4 .4 ,  the  BER measurements comparing the  p e r ­

formance of  t h e  f i l t e r  in  the  two modes of  opera t ion  a re  presen ted .

4.2 CIRCUIT DESCRIPTION

Figure 4-1 shows a block diagram o f  the  t r a n s v e r s a l  e q u a l i z e r  c i r c u i t .  The r e ­

ceived analog symbol sequence, {x}, i s  sampled by an A/D conver te r  t h a t  provides a t  

i t s  output  an 8 - b i t  r ep re s en ta t io n  of  the  sampled d a ta .  The sampling r a t e  o f  the  

A/D conver te r  was equal t o  the  symbol r a t e  fo r  t h e  synchronously spaced con f igu ra ­

t i o n  and was made equal t o  twice the  symbol r a t e  f o r  the  f r a c t i o n a l l y  spaced case .  

The elements o f  t h e  delay l i n e  following th e  A/D convert e r  were implemented by con­

vent ional  4 - b i t  s h i f t  r e g i s t e r s  (two 4 - b i t  s h i f t  r e g i s t e r s  were needed per  delay 

element s e c t io n )  and clocked by the  same clock s igna l  s t r o b in g  th e  A/D conve r te r .  

Thus, i t  i s  the  clock r a t e  t h a t  determines the  delay introduced by each s h i f t  r e g i s ­

t e r  s t a g e .  This means t h a t ,  in a d i g i t a l  implementat ion of  a t r a n s v e r s a l  e q u a l i z e r ,  

t h e  mode of  opera t ion  of  the  e q u a l i z e r  can be changed from synchronously spaced t o  

f r a c t i o n a l l y  spaced simply by doubl ing th e  clock r a t e  of  t h e  system.
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Digi tal  8 -  by 8 - b i t  m u l t i p l i e r s  were used fo r  weighting th e  sampled data  values 

{Xfj, xn_i ,  xg, • • • ,  x_N+i»x_f|} r e s id ing  on the  delay l i n e  by the  corresponding 

c o e f f i c i e n t  values {C_n, C.fj+j, . . . . ,  Cg. . Cjy_i,  Cr} generated by the  c o e f f i c i e n t  

adap ta t ion  c i r c u i t .  The Motorola 8 -  by 8 - b i t  m u l t i p l i e r  (MC 10901), having a 20-ns 

t y p ic a l  mult ip ly  t im e,  was used in t h i s  implementat ion. The r e s u l t  of  each 8-  by 

8 - b i t  m u l t i p l i c a t i o n  is  a 16-b i t  word t h a t  represen ts  the  product  CjX.j fo r  -N £  

j  £  N. All elements of  the  product  s e t ,  {C_nxn, C-N+1xN-1» •••» C0X0» • • • »  

CN-1X-N+1> Cnx-NJ> a re  added in - t h e  summing network as shown in Figure 4-1.  The r e ­

s u l t  of  t h i s  summation i s  a 16-bi t  word represen t ing  the  equa l ized  symbol value.

The equa l ized  symbol samples, {y}, are  processed by a dec is ion  and decoder c i r ­

c u i t  t h a t  generates  a d i g i t a l  e r r o r  sequence,  {e}, and a l so  decodes the  equalized 

symbol sequence, {y}, t o  i t s  corresponding b i t  sequence fo r  the  purpose of  b i t  e r r o r  

d e t e c t i o n .  The e r r o r ,  e ,  i s  generated by assigning  t o  each equalized symbol value 

an ideal  s t a t e  ( th a t  s t a t e  which i s  found c lo s e s t  t o  the  equal ized symbol value) and 

then tak ing  the  d i f f e r e n c e  between th e  equal ized symbol value and i t s  ass igned ideal 

s t a t e .  Note t h a t ,  in forming the  "ze ro-fo rcing"  version of  the  LMS algori thm, only 

the  Most S i g n i f i c a n t  Bi t  (MSB) o f  the  e r r o r  q u a n t i ty ,  e ,  i s  required by the  c o e f f i ­

c i e n t  adapta t ion  c i r c u i t . *  In a d d i t io n ,  the  c o e f f i c i e n t  adapta t ion c i r c u i t  requ ires  

the  s e t  o f  binary va lues ,  (sgn(xfj),  sgn(x f j - i ) ,  . . . »  sgn(xg) ,  . . . ,  sgn(x_N+i),  

sgn(x.f j )} ,  in order  t o  form the  g rad i e n t s ,  A sgn(e)  sg n (x j ) ,  -N < j  £  N, and update 

the  c o e f f i c i e n t  s e t  according to  the  ru le  Cj+  ̂ = C*- - a sgn(e)  sgn(x_ j ) ,  -N £  

j  £  N. In implementing the  algori thm as def ined  above, the  increment qu a n t i ty  a was

* In the  two' s  complement r ep re sen ta t ion  o f  binary numbers, the  MSB o f  e i s  equiva­
l e n t  to  the  opera t ion  sgn(e ) .
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made equal t o  one Least S ig n i f i ca n t  Bi t (LSB). That i s ,  A = 0000 0001 in  two' s  com­

plement r e p r e s e n ta t i o n ,  assuming 8 - b i t  wide c o e f f i c i e n t  values .

Since t h e  e q u a l i z e r  i s  implemented e n t i r e l y  in the  d i g i t a l  domain, meaning th a t  

a l l  s ig n a l s  wi th in the  e q u a l i z e r  are  represented  by binary words, Digi ta l - to-Analog  

(D/A) convert er s  were a t tached a t  t h e  output  of  the  A/D and summing network (as 

shown in Figure 4-1)  in order  t o  di sp lay  analog waveforms (eyes) corresponding to  

the  d i g i t a l  s igna l s  a t  these  p o in t s .

Implementing the  t ra n s v e rs a l  e q u a l i z e r  s t r u c t u r e  in t h e  s t r a igh t fo rw ard  conven­

t i o n a l  fashion as depic ted  in Figure 4-1 ( i . e . ,  delay l i n e ,  followed by m u l t i p l i e r s ,  

followed by the  summing network) ,  i t  was soon r ea l iz e d  t h a t  t h e  amount of  hardware 

requi red  to  syn thes ize  the  various e q u a l i z e r  funct ions  grows very rap id ly  as a func­

t io n  of  the  number of  t a p s ,  e s p e c i a l l y  in forming th e  summing network. This proved 

to  be a se r ious  l i m i t a t i o n  of  t h i s  approach,  not only from an economic s tandpo in t ,  

but a lso  from a c i r c u i t  r e l i a b i l i t y  and management a spec t .  We o r i g i n a l l y  intended 

to  implement 11 t a p s ,  N = 5, so t h a t  we may have ample freedom t o  eva lua te  the  p e r ­

formance of  the  e q u a l i z e r  as a func t ion of  a s u f f i c i e n t l y  la rge  number o f  t a p s .  To 

i l l u s t r a t e  the  c i r c u i t  complexity required to  d i g i t a l l y  form the  summing network of  

Figure 4-1 f o r  11 t a p s ,  consider  Figure 4-2 .  Figure 4-2 shows a summing t r e e  t h a t  

accepts 11 16-bi t  m u l t i p l i e r  outputs  and s e q u e n t i a l ly  sums them (two a t  a t ime)  to  

form the  f in a l  sum ou tput .  The dashed l i n e s  show how the  c i r c u i t  was subdivided and 

b u i l t  onto s ix  d i f f e r e n t  boards. Each summing junc t ion  appearing in Figure 4-2 was 

implemented using Motorola ECL 10,000 s e r i e s  dev ices ,  as shown in Figure 4-3. The 

s h i f t  r e g i s t e r s  ( the  boxes labeled SR) appearing in Figure 4-2 between the  various 

funct ional  s tages  of  the  c i r c u i t  were used f o r  ret iming of  t h e  d i g i t a l  s ig n a l s  to  

maintain alignment between them as they propagated through th e  summing t r e e .  The
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sheer  bulk and d e n s i ty  of  the  d i g i t a l  c i r c u i t  required to  form the  summing t r e e  p r e ­

sented us with insurmountable clock and s ignal  c ros s -coup l ing  problems. We were 

able  to  maintain e r r o r - f r e e  operat ion with a maximum o f  seven consecut ive taps  (out 

of  the  poss ib le  11) a t  a maximum e qua l i ze r  clock frequency of  11 MHz. This meant 

t h a t  the  e qua l i ze r  could ope ra te  synchronously spaced a t  a maximum s ignal  baud ra te  

of  11 Mbaud or  f r a c t i o n a l l y  spaced a t  a maximum s ignal  baud r a t e  of  5 .5  Mbaud. For 

cons is tency and ease of  comparing th e  r e s u l t s ,  we chose to  eva lua te  t h e  e q u a l i z e r ’s 

performance in both modes of  opera t ion a t  the  lower baud r a t e  o f  5.5 Mbaud.

The approach o f  implementing th e  "ze ro- forcing"  vers ion of  the  LMS algori thm i s  

i l l u s t r a t e d  by the  s im p l i f ied  block diagram of  Figure 4-4.  The c i r c u i t  shown is 

t ime-shared between a l l  c o e f f i c i e n t  va lues ,  thus minimizing th e  amount of  hardware 

required fo r  the  adapta t ion process .  This was poss ib le  s ince d i s t o r t i o n s  in the 

channel changed a t  a r a t e  much lower than the  baud r a t e .  A d e t a i l e d  desc r ip t ion  of 

i t s  opera t ion fol lows .

Eleven exclusive-OR gates  were used t o  equ iva len t ly  form the  products ,  

sng(e) sng (x_ j ) ,  -5 <: j  < 5, by forming the  ope ra t ions ,  MSB(e) ® MSB(x_j), -5 _< 

j  £  5, with ® denot ing the exclusive-OR ope ra t ion .  Then, t h e  outputs  of  the  11 

exclusive-OR gates  were processed s e q u e n t i a l ly .  A m ult ip lexer  was used, as shown in 

Figure 4-4,  to  accomplish t h i s .  The m ult ip lexer  output  a t  any one time i s  a binary 

s ignal  ( lo g ic  level  0 or  1 ) t h a t  i n d ic a te s  whether t h e  tap  c o e f f i c i e n t  corresponding 

t o  the  p a r t i c u l a r  m u lt ip lexer  output  under cons ide ra t ion  needs to  be incremented or  

decremented by an amount a (an LSB). However, many i n d ic a t io n s  of  each mult ip lexer  

output  s ignal  need t o  be considered (averaged out  or  in te g r a t e d )  before  a decis ion 

to  update the  corresponding tap  c o e f f i c i e n t  i s  made. This minimizes random f l u c t u a ­

t io n s  of  c o e f f i c i e n t s  due to  random noise  e f f e c t s .  Accordingly,  the  output  of  the
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m ult ip lexer  was fed in to  an 8 - b i t  Up/Down ( U/D) coun te r ,  which was i n i t i a l i z e d  to  

r e f l e c t  a l l  p a s t  in d ic a t io n s  o f  the  c u r r e n t  m u lt ip lexer  output  s ig n a l .  The i n i t i a l  

value o f  the  U/D counter  was accessed from a Random Access Memory (RAM) shown a t ­

tached to  i t .  Depending on the  logic  s t a t e  of  the  mul t ip lexer  output  s i g n a l ,  the  

i n i t i a l  value of  t h e  U/D counte r  was incremented o r  decremented by an LSB. The r e ­

s u l t  was s to red  back in RAM to  be accessed again ,  as an i n i t i a l  value,  a t  the  next 

cyc le  when th e  same mult ip lexer  output  s ignal  would again be under e v a lua t ion .  I f ,  

a t  some point  (as a r e s u l t  of an increment or  decrement) ,  t he  U/D counter  value c o r ­

responding t o  some p a r t i c u l a r  t ap  c o e f f i c i e n t  reached an overflow or underflow con­

d i t i o n ,  then i t  was time to  update ,  by an LSB, t h e  corresponding c o e f f i c i e n t  value.  

That i s ,  a t  t h i s  p o in t ,  we updated the  c o e f f i c i e n t  value corresponding t o  the  m ul t i ­

p lexer  output  s i g n a l ,  which, over  many c yc le s ,  had provided enough c o r r e l a t e d  i n d i ­

ca t ions  r e s u l t i n g  in the  overf low o r  underflow condi t ion  o f  the  U/D counte r .  When 

an overflow or  underflow condi t ion  occurred,  the  mid-range value of  the  U/D counter  

was s to red  back in RAM and the  Max, Min output  leads of  the  counter  (corresponding 

to  overflow and underf low, r e s p e c t iv e ly )  were a c t i v a t e d  ( in  the  absence of  an ex­

treme condi t ion of  the  U/D. coun ter ,  t he  Max, Min outputs  a re  both a t  log ic  level  0) .  

The Max, Min ou tputs  served as an address t o  a Programmable Read Only Memory (PROM) 

t h a t  provided, a t  i t s  ou tpu t ,  the  a pp rop r ia t e  adap ta t ion  word f o r  the  c o e f f i c i e n t  

value under cons ide ra t ion .  All curren t  c o e f f i c i e n t  values  were s to red  in a RAM, as 

shown in Figure 4-4.  At the  appropr ia t e  po in t  in t ime,  when the  PROM had provided 

an output  corresponding to  the  outcome of  the  g r a d i e n t ,  A sgn(e)  sgn(x_ j ) ,  c o e f f i ­

c i e n t  Cj was accessed and updated by the  g rad ien t  value.  Subsequently,  i t  was 

s to red  back in i t s  corresponding memory loca t ion  in  RAM and was a lso  s imultaneously 

sen t  to  11 p a r a l l e l  s h i f t  r e g i s t e r  s tages  corresponding t o  the  11 c o e f f i c i e n t s .

Only  one o f  t h e  11 s h i f t  r e g i s t e r  s ta ges  was clocked,  however ( the  one corresponding
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to  the  t ap  whose c o e f f i c i e n t  value had j u s t  been upda ted) .  This t r a n s f e r r e d  the up­

dated c o e f f i c i e n t  value t o  t h e  appropr ia te  tap  m u l t i p l i e r .

4 .3 ANALYSIS OF A/D CONVERTER SAMPLING

The A/D convert er  preceding the  delay l i n e  of  the d i g i t a l l y  implemented t r a n s ­

versal  eq u a l i ze r  (see Figure 4-1) serves  as a sampler and quan t i ze r  f o r  the  system. 

That i s ,  the  A/D conver te r  samples the  received symbol s equ ence ,  {x>, a t  some prede­

termined r a t e  and prov ides ,  a t  i t s  ou tpu t ,  a sequence o f  binary  words (each word be ­

ing 8 b i t s  wide in  our c a se ) .  The binary word sequence r ep r e s e n t s ,  to  within one- 

ha l f  of an LSB of  accuracy,  the  values of  an analog sample sequence t h a t  would be 

seen a t  the  output  o f  an analog sampling c i r c u i t  i f  such a c i r c u i t  were t o  replace 

the  A/D c onve r te r .  In t h i s  s e c t io n ,  we analyze t h e  sampling opera t ion o f  the  A/D 

convert er  and the  r e s u l t i n g  sampled waveforms as they  r e l a t e  t o  the  performance of  

the  t r a n s v e rs a l  e q u a l i z e r .

Consider Figure 4-5 and l e t  m ( t ) ,  an a r b i t r a r y  funct ion of  t ime,  be the  input  

to  the  sampler ( the  A/D c o n v e r t e r ) .  The analog waveform, m ( t ) ,  i s  t o  be sampled 

once every T seconds by s t rob ing  the  sampler with the  pe r iod ic  impulse t r a i n ,  p ( t ) ,  

shown in Figure 4-5.  A c h a r a c t e r i s t i c  of  the  A/D converter  sampling process i s  t h a t  

the output  word, corresponding t o  a p a r t i c u l a r  sample of  the  input  waveform, i s  held 

cons tan t  fo r  the  e n t i r e  dura t ion  of  a sampling i n t e r v a l .  Thus, the  analog waveform 

corresponding t o  the  binary word samples appearing a t  the  output  of  the  A/D con­

v e r t e r ,  given t h a t  m(t)  i s  t h e  inpu t ,  would be a random s t a i r c a s e - t y p e  funct ion such 

as t h a t  designa ted  as  f s ( t )  in Figure 4-5.  I t  i s  the  d i g i t a l  r ep re sen ta t ion  of  

f s ( t )  t h a t  the  t r a n s v e r s a l  eq u a l i ze r  operates  on. By a s so c i a t i n g  a spectrum with 

the  input  waveform, m ( t ) ,  we w i l l  eva lua te  the  spectrum o f  f $ ( t )  in terms of  the
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spectrum of  m ( t ) .  Then, we wi l l  show t h a t  l i n e a r  d i s t o r t i o n  in the  spectrum of 

f s ( t )  can a r i s e  as a consequence of a t ime displacement  (a t iming phase e r r o r )  of  

the sampling impulse t r a i n ,  p ( t ) ,  given t h a t  the  spe c t r a l  dens i ty  of  m(t) extends 

beyond 1/2T Hz ( i . e . ,  t h e  case where m(t) r ep re sen t s  a sequence of  Nyquist pulses  a t  

a baud r a t e  of  1/T and with a r o l l - o f f  f a c t o r  g r e a t e r  than z e r o ) .  Since t h e  t r a n s ­

versal  e q u a l i ze r  i s  ope ra t ing  on f s ( t ) ,  i t  wi l l  n a tu r a l l y  a ttempt t o  compensate fo r  

the  l i n e a r  d i s t o r t i o n  on f s ( t ) induced by the  sampling process .  This ,  we wil l  show, 

can lead to  a degradat ion of  the  received SNR, a f f e c t i n g  the  BER performance of  the  

r ec e ive r  a t  the  e q u a l i ze r  ou tpu t .  Applying our a n a ly t i c a l  r e s u l t s  to  the  f r a c t i o n ­

a l l y  spaced case (with a sampling r a t e  of  2/T) ,  we show t h a t  a l l  sampling r e la ted  

problems are  circumvented.

In re fe rence  to  the  bottom sketch of  Figure 4-5 ,  which i l l u s t r a t e s  t h e  funct ion 

f s ( t )  in terms of  a superpos i t ion  of  weighted and delayed s tep  func t ions ,  we can 

wr i te

where m(kT) represen ts  the  value of  m(t) a t  t  = kT and u ( t )  denotes the  u n i t  s tep 

func t ion defined as

f s ( t )  = . . .  -[m(-3T) -  m(-2T)]u( t  + 2T) -  [m(-2T) -  m(-T)]u( t  + T)

- [m(-T) -  m (0 ) ]u ( t )  -  [m(0) -  m(T)]u(t  -  T) -  . . . ,  (4-1)

u ( t ) (4-2)

Note t h a t  f s ( t )  can be expressed su c c in c t ly  as

f s ( t )  = - I N ( i - l ) T )  -  m ( iT ) ]u ( t - iT ) .  
i

(4 -3 )
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D i f f e r e n t i a t i n g  f s ( t )  with respec t  to  t ime,  we f ind

= .  - ID n( ( i - l )T )  -  m(TT)]5 ( t - i T ) ,  (4-4)
dt  *j

where 6 ( t ) denotes  the  impulse " func t ion" .  Equation (4-4) can be r ew r i t te n  as

= -[m(t-T)  -  m ( t ) ] p ( t ) ,  (4-5)
dt

where

p ( t )  -  ][6 ( t - i T ) , (4-6)
i

r epresen t ing  the  impulse t r a i n  shown in Figure 4-5. Expanding the  pe r iod ic  impulse

t r a i n ,  p ( t ) ,  in terms of  a Four ie r  s e r i e s ,  we f ind

2ir
1 "  Jk(T Jt

P ( t )  = T l  e . (4-7)
k=-~

S u b s t i t u t i n g  equat ion (4-7) i n to  equation (4-5) y i e ld s

2tt
d f s ( t )  i  » j k f T ’j t- f r "  = TDn(t) -  m(t-T)]  I e . (4-8)

k=-»

Le t t ing  M(ja>) denote the  Four ie r  t ransform of m ( t ) ,

m(t) -  M(jfai), (4-9)

i t  i s  e a s i l y  seen t h a t
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yDn(t)  -  m(t-T)]  -  ju  M(j•  J s1n̂
w ) | _  i f )

• r u t  
■ j ( r )

d f  ( t )
Using expressions  (4-8) and (4 -10) ,  the  Four ie r  t r ansfo rm of  s can be

dt
as

f d f s ( t ) - |  -  *  .. 2n ,
r _  dt ■ J E («-* T ) *(o«-jk T )

-k=-'

: 2ir T “ I " I  , 2 t t J  
(u-k T )Z  J  - i ( » - k  T ) Ir  sinC (u-k iL (“- k f l?  J

where the  opera to r  F[ ] denotes  the  Four ie r  t r a n s fo rm a t ion .

We seek an expression f o r  the  Four ie r  t r ansfo rm of  f s ( t ) .  Having the  

t rans form of  d f s ( t ) / d t ,  we can use the  r e l a t i o n s h i p

1 r  d f s ( 4 )i r  dfs(t) 
F [ f s ( t ) ]  = F[_ dt

Therefore ,  the  Four ie r  t ransfo rm o f  f s ( t )  can be w r i t t e n  as

FCf s ( t ) ] = I J  M(jo,-jk

f "  s i n £  (t—k y 1^ ] ]  "1 -j(u>-k T - i" L J p

(4-10)

w r i t t e n

(4-11)

Four ie r

(4-12)

(4-13)
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Equation (4-13) i s  a superpos i t ion  of  an i n f i n i t e  number of  spec t ra l  harmonics [o f

M(jw)], with each harmonic in the  summation rep re sen t ing  a weighted and t r a n s l a t e d

version of  the  input  spec t ra l  dens i ty  M(juj). Taking m(t) t o  be a sequence of

Nyquist pulses  t r a n sm i t t e d  a t  a baud r a t e  of  1/T and with a r o l l - o f f  f a c t o r  a > 0
(1 + a )u

(meaning t h a t  the  spectrum o f  m(t) i s  nonzero f o r  a l l  |o»| £ — 7  ) ,  we see t h a t

F [ f s ( t ) ]  contains  a l i a s e d  spec t ra  of  m ( t ) .  That i s ,  t h e  harmonics forming the  i n f i ­

n i t e  summation (4-13) overlap t o  some degree.  To i l l u s t r a t e  t h i s  f u r t h e r ,  the  mag­

ni tudes  of  the  fundamental and f i r s t  harmonic (corresponding to  k = 0 and k = 1 , r e ­

s p e c t ive ly )  are  p lo t t e d  in Figure 4-6.  The dashed curve labe led  k = 0 rep resen ts  

t he  magnitude of the  fundamental component o f  t h e  summation. The dashed curve

marked k = 1 represen ts  the  magnitude of  the  f i r s t  harmonic of  the  summation, ex-
I zLneluding the  e f f e c t  of  the  m u l t i p l i c a t i v e  f a c t o r  (u> -  k 7 )/w. The dot ted curve 

shown f o r  k = 1 takes  i n to  account the  e f f e c t  of  t h i s  f a c t o r .  Therefore ,  the  over-  

a l l  baseband spectrum over the  Nyquist equ iva len t  channel (0 £  |«i| £ 7 ) corresponds 

t o  the  superpos i t ion  of  the dashed curve f o r  k = 0 and the  do t ted  c u r v e  f o r  k = 1 . 

Thus, i t  becomes apparent  t h a t  the r e l a t i v e  phase between overlapping spe c t r a l  com­

ponents of  the  fundamental, and f i r s t  harmonics of  F [ f s ( t ) ]  i s  of  paramount impor-
(1 -  a)ir it

tance over the  frequency in te rva l  J £  w £  f .  In p a r t i c u l a r ,  note  t h a t  com­

p l e t e  ca n ce l la t io n  between overlapping spec t ra l  components can occur a t  u = f  (at 

t he  half-Nyquist  f requency, where the  overlapping spec t ra  a re  equal in amplitude) 

given a n- rad ian  phase d i f f e r e n t i a l  between them. I t  i s  e a s i l y  seen from equation

(4-13) t h a t ,  fo r  t h e  assumed clock s i g n a l ,  p ( t )  = ][6 ( t  -  iT ) ,  the  overlapping spec-
i

t r a l  components between the  fundamental and f i r s t  hamonics of  F [ f s ( t ) ]  add coher-
(1 -  a)n  (1 + a)ir

en t ly  fo r  a l l  f requenc ies  in the  i n te rva l  7 £  to £ — 7—  . This assumes a

spectrum M(ju)) of  the  form M(jai) = MQ(a>)eJ<J,(U)) ,  where <j>(<u) = 0 f o r  0 £  id £
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Figure 4 -6 .  S up erposit ion  o f  Spectra a t  A/D Converter Output
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(1 + ct )ir
— y 1 . However, i f  we assume a clock s ignal  con taining an a r b i t r a r y  time s h i f t

t ,  as expressed by p ( t )  = £ s ( t  -  iT -  t ) ,  we f ind
i

r  r ,  2 tt. T | “ I ,  2 t t T 2 tt 
sin[__ (m-k T ) z  J I - J > - k T J i M ^ T  )T

L M  f lz  J (4-14)

Having assumed an a r b i t r a r y  t iming o f f s e t ,  t , we see t h a t  t h e  fundamental component 

of  F [ f s ( t ) ]  i s  unaffec ted ,

. r sintr) ~| -j(r)[_ (f) J eF [ f s ( t ) ] k=0 = M(ja») "TSTT" e , (4-15)

but  i t s  f i r s t  harmonic becomes

FCfs ( t ) ] k=i ■

r *  . f~”  ,  • f  2ir J  . . 2 tt
s in |_  (u>- T f t  J  T “J Ct

L (»- f j f  J (4-16)

T
I t  i s  e a s i l y  seen t h a t  a choice of  x - f t  y i e ld s  n- rad ian  phase d i f f e r e n c e  between 

FLfs(t)]fe=o and a t  u = "f, thus  r e s u l t i n g  in a spectrum nul l  a t  one-ha lf

the  Nyquist f requency o f  the  s ignal  spectrum e n te r ing  the  e q u a l i z e r  delay l i n e .  To 

s u b s t a n t i a t e  f u r t h e r  the  e f f e c t  of spectrum a l i a s i n g  when the  sampling r a t e  equals
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t h e  baud r a t e  of  a Pulse Amplitude Modulated (PAM) waveform, the  sampled spectrum

was experimental ly  measured as a funct ion of  the  clock timing o f f s e t  parameter,  t .

The r e s u l t s  are  shown in Figure .4-7. The photograph a t  the  top of  the  f igu re  shows

the  spectrum a t  the  A/D convert er  output  fo r  the  case of optimum sampling,  c o r r e -
2 tt

sponding to  t  = 0 .*  The f i r s t  spectrum null  occurs a t  <o = j  , which i s  a t  the  

Nyquist f requency,  as i s  p red ic ted  by equation (4-13) and Figure 4-6. The Nyquist
7T

equiva len t  channel ( 0  £  |u>| £ “ ) i s  r e l a t i v e l y  f l a t ,  which i s  r ep re s en ta t i v e  of  a 

d i s t o r t i o n - f r e e  s ig n a l .  As x i s  allowed to  depa rt  from i t s  optimum va lue ,  a spec­

trum null  appears a t  the edge of  the  Nyquist equ iva len t  channel and becomes more 

pronounced as t  approaches T/2. The photograph a t  the  bottom of  Figure 4-7 shows 

the  a l i a s e d  spectrum f o r  a clock t iming o f f s e t ,  x, equal t o  T/2. The spectrum nul l 

c rea ted  a t  u> = y  i s  a t  i t s  maximum depth,  r ep resen t in g  sub s ta n t i a l  d i s t o r t i o n  in the  

sampled data  sequence en te r ing  the  delay l i n e  of  the  t ra n s v e rs a l  f i l t e r .  When p r e ­

sented with such a d i sp e r s iv e  input  cond i t io n ,  the  t ran sve rsa l  f i l t e r  wil l  respond 

by at tempting to  f l a t t e n  out  the  Nyquist equ iva lent  channel ,  thus  g rea t ly  enhancing 

the  no ise  level in the  v i c i n i t y  of  the  spectrum n u l l .  The response of  the  synchro­

nously spaced t r a n sve rsa l  e q u a l i ze r  t o  a d i sp e r s iv e  input  condi t ion generated by a 

suboptimum t iming o f f s e t ,  x, has been measured. A value of  x was chosen such th a t  

the  BER a t  t he  output  of  the  e q u a l i z e r  reached a s teady  s t a t e  value of  10-3.  under 

these  c ond i t ions ,  t h e  spec t ra l  dens i ty  a t  the  A/D convert er  output  i s  shown by the  

top photograph of  Figure 4-8 .  The spectrum a t  the  output  of  the  e q u a l i ze r  (opera t ­

ing with f ive  t a p s )  was a lso  measured and i s  shown by the  bottom photograph o f  F ig ­

ure 4-8. As i s  evident  from the  l a t t e r  photograph,  the  f i v e - t a p  e q u a l i z e r  has 

formed a t r a n s f e r  funct ion t h a t  has,  t o  a l a rge  e x t e n t ,  compensated f o r  t h e  input

* The 8 - b i t  word sequence provided by th e  A/D convert er  i s  passed through an 8 - b i t  
D/A conve rte r  t o  recover the  corresponding analog sample sequence.
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spe c t rum  n u l l  a t  i d  = y .  The f o u r - l e v e l  eyes  c o r r e s p o n d i n g  t o  t h e  i n p u t  and o u t p u t  

s p e c t r a l  d e n s i t y  c u r v e s  o f  F i g u r e  4 -8  a r e  shown by t h e  f i r s t  and second  t r a c e s ,  r e ­

s p e c t i v e l y ,  o f  t h e  f i r s t  pho tog ra ph  o f  F i g u r e  4 - 9 .  For  c o m p a r i s o n ,  t h e  bo t tom  pho ­

t o g r a p h  o f  F i g u r e  4 -9  shows u n d i s t o r t e d  ( i d e a l )  f o u r - l e v e l  eyes  a t  t h e  o u t p u t  o f  t h e

A/D c o n v e r t e r  and a t  t h e  o u t p u t  o f  t h e  f i v e - t a p  e q u a l i z e r ,  r e s p e c t i v e l y .

We have seen  t h e  e f f e c t  o f  a suboptimum s am pl ing  t im e  on t h e  p e r f o r m a n c e  o f  a

s y n c h ro n o u s l y  s paced  t r a n s v e r s a l  e q u a l i z e r .  Because  o f  t h e  s e n s i t i v i t y  o f  t h e  s y n ­

c h r o n o u s l y  spaced e q u a l i z e r  t o  t i m i n g  p ha se  e r r o r s ,  a d a p t i v e  t i m i n g  t e c h n i q u e s  would 

have t o  be used w i th  such e q u a l i z e r s  t o  t r a c k  p e r t u r b a t i o n s  o f  t h e  opt imum sampl in g  

t im e  due t o  chang in g  c h a r a c t e r i s t i c s  o f  t h e  c h a n n e l .  To c i r c u m v e n t  such  t im in g  r e ­

l a t e d  c o m p l i c a t i o n s ,  a f r a c t i o n a l l y  spaced  e q u a l i z e r  can be used i n s t e a d .  I t  has 

been shown, and i s  wel l  r e c o g n i z e d , t h a t  a f r a c t i o n a l l y  s paced  e q u a l i z e r  i s  i n s e n s i ­

t i v e  t o  t i m i n g  phase  e r r o r s ,  no m a t t e r  how s e v e r e . £3]  Here,  we i l l u s t r a t e  t h i s  

p r o p e r t y  by r e s o r t i n g  t o  e q u a t i o n  ( 4 - 1 4 ) ,  which e x p r e s s e s  t h e  s p e c t r a l  d e n s i t y  a t  

t h e  o u t p u t  o f  t h e  s a m p le r  ( t h e  A/D c o n v e r t e r )  a s  a f u n c t i o n  o f  t h e  s a m p l in g  o f f s e t  

p a r a m e t e r ,  x .

Assume t h a t ,  f o r  a f r a c t i o n a l l y  spaced  e q u a l i z e r ,  a s ampl in g  r a t e  o f  1 / T '

(where T '  < T) i s  used  t o  sample a s e quenc e  o f  h a l f - N y q u i s t  p u l s e s  t h a t  a r e  be ing  

r e c e i v e d  a t  a baud r a t e  o f  1 /T .  Then, t h e  s p e c t r a l  d e n s i t y  o f  t h e  sam ple  sequence  

a t  t h e  o u t p u t  o f  t h e  A/D c o n v e r t e r  w i l l  have t h e  form
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M(jai-jk | £ )

f ” 2n T ' I I 2tt.T ' 2ir
s i n [ _  (ai-k j t ) z  J  -j(u)-k T r ]T - -Jk(Tr )*

(«-k i 2L , r
■ }

(4-17)

Let t ing  T' = 2 y i e ld s

M(jai-jk ^ - )

s in [ ]  (wk t")! ^  

(u-k t  )T

4tt T 4tt 
- j(w-k j  M “J k Ct ) t 

e e (4-18)

I t  i s  evident  from equat ion (4-18) t h a t ,  f o r  a band-l imited  input  waveform, m(t) 

(band-l imited t o  0 £  |u>| £  ^  j  £ ‘f L)» no spectrum a l i a s i n g  between the  h a r ­

monics of  M(jw) wi l l  r e s u l t  a t  the  output of  the  sampler.  Therefore ,  the  baseband

spectrum a t  the  output  of  the sampler (over  the  frequency in te rv a l  0 £  |<o| £  

■(— y “ ^") i s  determined s o le ly  by the  fundamental harmonic of  t h e  summation < 

thus completely independent o f  the  t iming o f f s e t  parameter ,  t .  That i s ,

F [ U t ) ]  = M(ju) (4-19)

This was v e r i f i e d  experimental ly  by convert ing the  e q u a l i ze r  t o  f r a c t i o n a l l y  spaced 

with a sampling r a t e  equal t o  twice t h e  baud r a t e .  Figure 4-10 shows photographs of  

the  sampled waveforms a t  the  A/D converter  output  and a t  t h e  e qua l i ze r  ou tput .  The
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f i r s t  t r a c e  of  each photograph shows the  "eye" p a t t e rn  t h a t  appears a t  the  output  of  

the  A/D conve r te r ,  having sampled the  input  eye (corresponding to  a sequence of 

half -Nyqui st  pulses  with r o l l - o f f  f a c t o r ,  a ,  equal to  0 .5 )  a t  twice the  baud r a t e .  

The second t r a c e  on each photograph c o r r e s p o n d s  t o  t h e  f o u r - l e v e l  eye appearing a t  

the output  of  the  f r a c t i o n a l l y  spaced q u a l i z e r  ope ra t ing  with f i v e  t a p s .  C lea r ly ,  

the measurements show the  i n s e n s i t i v i t y  of  the  f r a c t i o n a l l y  spaced conf igu ra t io n  to  

the  t iming o f f s e t  (compare the  top p i c t u r e  o f  Figure 4-10 with the  top p i c t u r e  of  

Figure 4 - 9 ) .  Even when both A/D convert e r  samples (per  baud i n t e r v a l )  a re  f a r  from 

optimum (in  the  sense t h a t  they rep re sen t  samples o f  the  input  eye p a t t e rn  a t  the 

t r a n s i t i o n  r e g io n s ) ,  as i s  the  case shown by the  f i r s t  t r a c e  of  t h e  top photograph 

of  Figure 4-10,  the  eq u a l i ze r  output  seems una f fec ted .  The spec t ra l  d e ns i ty  c o r r e ­

sponding to  the  sample waveforms a t  the  output  o f  the  A/D convert e r  (shown in Figure 

4-10) i s  shown in Figure 4-11.  This spe c t r a l  dens i ty  c l e a r l y  shows the  absence of 

spectrum a l i a s i n g  and was found i n s e n s i t i v e  t o  t h e  t iming o f f s e t  parameter,  t ,  as is  

p red ic ted  by equa t ion (4-19) .

4 .4  BIT ERROR RATE MEASUREMENTS

BER measurements were taken in  both the  synchronously and f r a c t i o n a l l y  spaced 

modes of ope ra t ion .  The labora to ry  arrangement used f o r  these  measurements i s  shown 

in Figure 4-12.  A Pseudorandom Word Generator  (PRWG) was used to  provide a binary 

sequence, which was subsequently encoded in to  a f o u r - l e v e l  PAM sequence of  symbols.

A d i g i t a l l y  implemented pulse  s y n th e s i ze r  c i r c u i t  was used t o  perform th e  encoding 

and ha lf-Nyquis t  t r a n sm i t  f i l t e r i n g  op e ra t io n s .  The t r a n s m i t t e r  f i l t e r ,  shown a f t e r  

the pulse  s y n the s ize r  c i r c u i t ,  was used s o le ly  f o r  the  purpose of  r e j e c t i n g  the 

higher  order  s idebands generated by the  pu lse  s y n th e s i z e r .  This f i l t e r  was chosen 

to  be a f i f t h  o rder  Chebyshev low pass f i l t e r  with a c u t o f f  radian  frequency of



F i g u r e  4 - 1 1 .  S p e c t r a l  D e n s i t y  a t  A/D C o n v e r t e r  O u tpu t  (Sam p l ing  R a te  = y)
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.(1 |  a ?,7L where j  def ines  t h e  baud in te r v a l  and a i s  the  r o l l - o f f  f a c to r  of  the  

Nyquist pu lse .  In t h i s  experiment,  an a o f  0 .5 was chosen and the  baud r a t e  was se t  

a t  5.5 Mbaud (as mentioned e a r l i e r ) .

The baseband PAM signal  was upconverted to  an Intermediate  Frequency (IF) o f  

70 MHz (as shown in Figure 4-12) ,  where a fade s im ula to r  was used to  generate  I n t e r ­

symbol In te r fe rence  ( I S I ) .  An Automatic Gain Control (AGC) a m p l i f i e r  fol lowing the  

fade s imulator  was used t o  maintain the  power level  a t  the  r ece ive r  input  f ixed .  

Also, a t  the  input  of  the  r ec e iv e r ,  Addit ive White Gaussion Noise (AWGN) was i n t r o ­

duced to  the s ig n a l .  Following t h i s ,  t h e  s ignal  plus  AWGN was demodulated and 

f i l t e r e d  by a r ece ive r  f i l t e r  and the  t r a n s v e r s a l  e q u a l i z e r .  The rece iv e r  f i l t e r  

shown p r io r  to  the  t ra n s v e rs a l  e q u a l i z e r  was chosen id en t i c a l  t o  the  low pass Cheby- 

shev f i l t e r  fol lowing the  pulse  s y n th e s i z e r .  Having a half -Nyquist  f i l t e r  a t  the 

t r a n s m i t t e r ,  but not one a t  the r e c e iv e r ,  the  r e c e iv e r  frequency c h a r a c t e r i s t i c  was 

no longer  matched t o  t h a t  of  the  t r a n s m i t t e r .  This t r a n s l a t e d  i n to  a BER degrada­

t i o n ,  which was r e f l e c t e d  in our measurements, as wil l  become evident  s h o r t l y .  In a 

way, however, t h i s  shortcoming proved advantageous,  s ince  i t  served as a measure of 

the f r a c t i o n a l l y  spaced e q u a l i z e r ' s  a b i l i t y  to  syn thes ize  the  rece iv e r  matched 

f i l t e r  adap t ive ly .

Figure 4-13 present s  BER measurements i l l u s t r a t i n g  the  performance of  the 

e q u a l i z e r  in the two modes of opera t ion and as a func t ion  of  the  clock phase e r r o r .  

The curves presen ted in Figure 4-13 correspond to  the  nonfaded channel case .  That 

i s ,  the  "APPLE based" fade s imulator  was removed from the  system loop of  Figure 

4-12. All measured BER versus SNR curves of  Figure 4-13 correspond t o  SNR values as 

measured a t  the  input  of  the  t r a n s v e rs a l  e q u a l i z e r .  As a point  of  refe rence ,  the
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BER of  the  "unequal ized" system was measured f i r s t .  This curve i s  labeled "Cq only"

and corresponds to  a t r a n s v e rs a l  e q u a l i z e r  where a l l  t ap  values except the  Cg tap

have manually been forced to  zero.  The cen te r  (Co) t ap  i s  allowed to opera te  nor­

mally,  providing f l a t  AGC over the  channel bandwidth, but i s  incapable of  m it iga t ing  

any ISI t h a t  may e x i s t .  Next, a l l  e q u a l i z e r  taps  (C_2 through C+g) are  allowed to  

ope ra te  normally,  with the  e q u a l i ze r  in the synchronously spaced mode, r e s u l t i n g  in 

the curve (immediately to  the  l e f t  of  the  "Cg on ly" ' curve)  labeled "SS-5 taps  o p t i ­

mum t iming".  As in d ic a te d ,  t h i s  curve corresponds t o  optimum sampling t im in g ,  mean­

ing t h a t  the input  fou r - leve l  eye i s  sampled a t  i t s  maximum eye opening. As d i s ­

cussed e a r l i e r ,  the  synchronously spaced e q u a l i ze r  i s  s e n s i t i v e  to  the t iming phase 

e r r o r .  To v e r i f y  the  degradat ion in BER performance as a funct ion of a suboptimum 

t iming phase,  the  measurement was repea ted  f o r  several  t iming phase e r r o r  values .  A 

curve corresponding to  a t iming phase e r r o r  of 80° i s  shown in Figure 4-13. Note 

t h a t ,  a t  a BER of  10“6, a degradat ion of  3 dB in SNR i s  observed.

The BER versus SNR performance of  the  e q u a l i z e r  in the  f r a c t i o n a l l y  spaced mode

i s  i l l u s t r a t e d  by the  curves labe led  "FS-5 t a p s " .  We immediately no t ic e  two s t r i k ­

ing d i f f e re n c es  comparing these  curves with those corresponding to  the  synchronously 

spaced conf igu ra t ion .  F i r s t ,  we note t h a t  the  BER performance of  the f r a c t i o n a l l y  

spaced eq u a l i ze r  i s  highly i n s e n s i t i v e  t o  the  choice o f  sampling t ime.  All BER 

curves measured, corresponding to  var ious t iming phase values ranging from "optimum" 

to  +180°, were bounded by the  two curves shown in Figure 4-13. At a BER of  10- 6 , 

the  two bounds d i f f e r  by only 0.5  dB. Even t h i s  small v a r i a t i o n ,  however, i s  s u r ­

p r i s i n g ,  s ince  i t  i s  not a n t i c ip a t e d  by the  a n a ly s i s .  I t  i s  poss ib le  t h a t ,  due to  

a nonideal low pass f i l t e r  c h a r a c t e r i s t i c ,  a nonzero noise  spec t ra l  d e ns i ty  ex is ted
2 Tt

beyond the radian frequency” . Subject to  t h i s ,  a l i a s in g  o f  the n o ise  spectrum
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would r e s u l t ,  given a sampling r a t e  of  2/T. As we have seen,  ca n ce l la t io n  or  en­

hancement of  c e r t a i n  s p e c t r a l  components can take  p lace ,  depending on the  p a r t i c u l a r

value of  the  sampling o f f s e t  parameter ,  t ,  th us  r e s u l t i n g  in a f l u c t u a t io n  o f  the
-22-average noise  power over the  in te r v a l  0 _< |u)| <: j  .

The second i n t e r e s t i n g  aspec t  regarding  the  f r a c t i o n a l l y  spaced e q u a l i ze r  

curves i s  the  improvement in BER performance t h a t  they d i sp la y  over  t h e  synchro­

nously spaced e q u a l i z e r  curve with optimum t im ing .  In both c a se s ,  the  number of  

e q u a l i z e r  t ap  c o e f f i c i e n t s  i s  the  same, (C_2 » C_i, Cg, C+j, C+g}. With f ive  tap  co­

e f f i c i e n t s ,  t he  delay l i n e  o f  the  synchronously spaced e q u a l i z e r  spans fou r  baud i n ­

t e r v a l s ,  while the  delay l i n e  of  the  f r a c t i o n a l l y  spaced e q u a l i ze r  (opera t ing a t  a 

sampling r a t e  of  2/T) spans only two baud i n t e r v a l s .  Even so,  as our measurements 

show, the  f i v e - t a p  f r a c t i o n a l l y  spaced e q u a l i z e r  outperforms the  synchronously 

spaced arrangement.  As can be seen from the  curves of  Figure 4-13,  the  improvement 

in performance a t  a BER of  10~6 i s  about 1.3 dB ( tak ing an average over the  two 

curves r ep resen t in g  the  performance bounds).

In Appendix C, we show, a n a l y t i c a l l y ,  t h a t  a f r a c t i o n a l l y  spaced e q u a l i z e r  

forms the  optimum l i n e a r  r e c e iv e r  in the  sense t h a t  i t  forms a t r a n s f e r  funct ion 

t h a t  i s  equ iva len t  t o  a matched f i l t e r ,  followed by a synchronously spaced t r a n s v e r ­

sal  f i l t e r .  The BER curve corresponding to  the  synchronously spaced e q u a l i z e r  (with 

optimum t iming)  r ep re sen t s  the  performance o f  an unmatched r e c e iv e r ,  given the  

t r a n s m i t t e r  and r ec e ive r  f i l t e r  arrangements descr ibed  e a r l i e r .  The degrada t ion in 

BER performance of  such an unmatched r e c e iv e r  over one t h a t  i s  p e r f e c t l y  matched to  

the  t r a n s m i t t e r  c h a r a c t e r i s t i c  was eva lua ted  numer ica l ly .  The degrada t ion in  BER 

performance was found t o  be 1.54 dB (assuming t h a t  the  t r a n s m i t t e r  and r ec e ive r  

f i l t e r s  shown in Figure 4-12 were ideal  low pass f i l t e r s  with a c u to f f  radian
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(1 + a )ir
frequency o f — f — ).  In o the r  words, we p red ic te d ,  by computer s im ula t io n ,  a 

1.54-dB improvement in BER performance afforded by a r ece ive r  t h a t  is  i d e a l ly  

matched to  the  overa l l  t r a n s m i t t e r  f i l t e r  c h a r a c t e r i s t i c ,  followed by a synchro­

nously spaced t r a n s v e rs a l  e q u a l i ze r ,  as compared to  the  t r a n s m i t t e r / r e c e i v e r  a r ­

rangement shown in Figure 4-12, with the  t r a n sve rsa l  e qua l i ze r  opera t ing synchro­

nously spaced.  The t r a n s m i t t e r / r e c e i v e r  arrangement shown in Figure 4-12,  with the  

t ra n s v e rs a l  e q u a l i ze r  opera t ing  f r a c t i o n a l l y  spaced, provided an average measured 

improvement in the  BER curve r a n g i n g  f r o m  1.2 to  1.3 dB over t h e  case involving the  

synchronously spaced e q u a l i ze r .  We, t h e r e f o r e ,  conclude t h a t  the  f r a c t i o n a l l y  

spaced e q u a l i z e r ,  with only f ive  t a p s ,  was able to  adapt ively  form the  rece iv e r  

matched f i l t e r  with s u f f i c i e n t  accuracy (our  experimental e r r o r  in measuring the 

SNRs was approximately 0.2 dB). To see whether increas ing  th e  number of  f r a c t i o n ­

a l l y  spaced taps  could improve the  matched f i l t e r  synthes is  (b r inging us c lo s e r  to  

the t h e o r e t i c a l  1.54-dB improvement), the  f r a c t i o n a l l y  spaced e q u a l i z e r  was extended 

to  seven t a p s .  The measurements were repeated,  with no observable  dev ia t io n  from 

those corresponding to  the  f i v e - t a p  f r a c t i o n a l l y  spaced case .  I t  would thus appear 

t h a t  f iv e  f r a c t i o n a l l y  spaced taps  s u f f i c e  in forming the  r e c e iv e r  matched f i l t e r  

adap t ively  with s u f f i c i e n t  accuracy.

To observe the  performance of  the  two equa l i ze r  conf igu ra t io ns  under faded 

channel cond i t ions ,  the  computer c o n t ro l le d  fade s imulator  was used, as shown in 

Figure 4-12, t o  introduce a 20-dB frequency s e l e c t i v e  fade cen tered a t  the  c a r r i e r  

frequency (70 MHz). With the  channel faded, the  BER versus SNR curves corresponding 

t o  the  f i v e - t a p  synchronously and f r a c t i o n a l l y  spaced e qua l i ze r s  were measured. The 

r e s u l t s  are  shown in Figure 4-14. The s u p e r i o r i t y  of  the  f i v e - t a p  f r a c t i o n a l l y  

spaced eq u a l i ze r  i s  again ev iden t .  The "FS-5 taps"  curve of  Figure 4-14 rep resen ts
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an average taken over a l l  t iming phase e r r o r s .  As can be seen from the  f i g u r e ,  t h i s  

measured curve f a l l s  very c lo se  to  a t h e o r e t i c a l l y  pred ic ted  curve t h a t  assumes 

ideal  matched f i l t e r i n g  followed, by an i n f i n i t e l y  long synchronously spaced e qua l ­

i z e r .  This again supports  the  claim t h a t  f i v e  f r a c t i o n a l l y  spaced taps  y i e l d  p e r ­

formance t h a t  very c lo se ly  approximates the  optimum a t t a i n a b l e  ( fo r  the  type of 

channel used h e re ) .  Computer s imulat ions showed t h a t  the r ec e ive r  mismatching due 

to  the  20-dB faded channel ,  given a fou r - leve l  5.5-Mbaud s ignal  with 50-percent  

r o l l - o f f  f a c t o r ,  i s  n e g l i g ib l e  (only 0.05-dB degradat ion of  the  BER curve) .  Thus, 

the  improvement in BER performance afforded  by the  f r a c t i o n a l l y  spaced e q u a l i z e r ,  as 

shown in Figure 4-14, i s  s t i l l  due t o  the  f a c t  t h a t  the  r ece ive r  f i l t e r  i s  not 

matched to  the  t r a n s m i t t e r  f i l t e r .  At higher  baud r a t e s ,  however, the  mismatching 

due to  a faded channel becomes more s i g n i f i c a n t .  At a baud r a t e  of  20 Mbaud, a 

20-dB no tc h  c e n t e r e d  f a d e  wi l l  cause an 0.5-dB degradat ion in the  BER curve due to  

r ec e ive r  mismatching. At a baud r a t e  of 50 Mbaud, the  same fade wil l  cause a 3.5-dB 

BER curve degrada t ion due to  the  same e f f e c t .  We see t h a t ,  a t  the  higher  baud 

r a t e s ,  a f r a c t i o n a l l y  spaced e q u a l i z e r  can provide apprec iab le  BER improvements dur­

ing faded channel cond i t ions by adapt ively maintaining a r ec e ive r  c h a r a c t e r i s t i c  

t h a t  i s  matched to  the overa l l  t r a n s f e r  f u n c t i o n  o f  the  t r a n s m i t t e r  f i l t e r  plus  the 

channel .
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CHAPTER 5 

CLOSING REMARKS

5.1 SYNOPSIS OF DISSERTATION

We have presented a d i s t o r t i o n  m it ig a t io n  theory (and techniques fo r  implement­

ing the  t h e o r e t i c a l  r e s u l t s )  f o r  a genera l ized  two-dimensional d i g i t a l  communica­

t io n s  system t h a t  i s  corrupted by a d d i t ive  thermal noise  and con ta ins ,  throughout 

i t s  t ransmission  pa th ,  l i n e a r  as well as nonl inear  d i spe r s ive  elements.  The modula­

t ion  format assumed f o r  the communications system has been QAM, chosen f o r  i t s  two- 

dimensional na ture  and high dens i ty  ( spec t ra l  e f f i c i e n c y ) ,  and because i t  poses 

challenges due t o  t h a t  i t  i s  very f r a g i l e  t o  system imperfections ( l i n e a r  and non­

l i n e a r  d i s t o r t i o n ) .

Following a b r i e f  h i s t o r i c a l  in troduc t ion  and preview of  the  main theme and 

con t r ibu t ions  of  t h i s  work, presented in Chapter 1, in Chapter 2 we e s ta b l i she d  the 

mathematical framework and baseband equiva len t  modeling to o l s  t h a t  enabled us to  de ­

r ive  d e t a i l e d  d e s c r ip t i o n s  of  two c la s se s  o f  optimal l i n e a r  r ece ive rs  fo r  the  l i n e a r  

QAM system. Using one of  the  baseband equiva len t  models e s ta b l i she d  in Chapter 2, 

in Appendix C we der ived optimal l i n e a r  r e c e iv e r s ,  in the  minimum mean-squared e r r o r  

sense,  in conjunct ion with adapt ive control  laws and t ran sve rsa l  f i l t e r  a r c h i t e c ­

tu re s  f o r  adap t ively  forming the  optimal s o lu t io n s .  Using the  same baseband equiva­

l en t  r ep re s en ta t i o n ,  the  QAM system was optimized in Appendix D in the Nyquist 

sense ,  r e s u l t i n g  in a second c la s s  of  optimal l i n e a r  r e c e iv e r s ,  control  laws and 

t r a n s v e rs a l  f i l t e r  a r c h i t e c t u r e s ,  f o r  adapt ively forming the  necessary t r a n s f e r  

c h a r a c t e r i s t i c s .  A new rece ive r  configura t ion  and adapt ive s ignal  processing
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methodology was der ived,  capable of  forming the  minimum p r o b a b i l i t y  of  e r r o r  

( l i n e a r )  r e c e iv e r ,  subjec t  t o  the zero ISI c o n s t r a i n t .  In Appendices A and B, math­

ematical  a rguments/der ivat ions and equivalence r e l a t i o n s  were presen ted complement­

ing the  baseband equ iva lent  model developments of  Chapter 2.

Having e s ta b l i she d  a support ing mathematical framework and proper  baseband 

equ iva len t  modeling methodology, in Chapter 3 we embarked on the  main theme of  t h i s  

d i s s e r t a t i o n  and began to  develop a log ica l  ge ne ra l i z a t ion  and extension of  the  con­

cepts  e s ta b l i she d  in Chapter 2. A baseband equ iva len t  model fo r  the  genera l ized  QAM 

system (containing l i n e a r  as well as nonl inear  d i s t o r t i o n )  was developed showing 

t h a t  the  impulse response of  such a system is not only d i s t o r t i o n  dependent , but 

data-sequence-dependent  as wel l ,  thus  showing e x p l i c i t l y  why the  c l a s s i c a l  adapt ive 

e q u a l i z e r  ( t r an sve rsa l  f i l t e r )  rece iv e r  f a i l s  t o  funct ion  when subjected to  the non­

l i n e a r  channel environment. The shortcoming of  the  c l a s s i c a l  e q u a l i ze r  r ece ive r  was 

resolved by developing an equa l i ze r  s t r u c tu r e  (and assoc ia te d  control  a lgori thm) i n ­

volving data-sequence-dependent c o e f f i c i e n t s ,  c o n t ro l le d  a p p ro p r i a t e ly ,  such as to  

a llow the  e q u a l i z e r  t o  opt imal ly  opera te  on the  system's  data-sequence-dependent  

c h a r a c t e r i s t i c .  We resor ted  to  a computer s imulat ion  of the  new e q ua l i ze r /a lgo r i thm  

arrangement and i l l u s t r a t e d  proper  opera t ion.

Having developed a so lu t ion  f o r  the e q ua l i za t ion  of IS I ,  stemming from a combi­

na t ion  o f  l i n e a r  and nonl inear  system impairments, we focused next ( in  Chapter 3) on 

the  i s sue  of  ISI ca n ce l la t io n  fo r  the  general ized QAM system. Cancel la t ion of  ISI 

i s ,  in genera l ,  a more complex process ( requ i r ing  more hardware) as compared to  ISI 

eq u a l i z a t io n .  However, can ce l l a t io n  of ISI avoids the  r e c e iv e r  thermal noise  en­

hancement problem and, hence,  becomes important during per iods of  deep channel
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fad ing*.  In Chapter 3, we developed a s t r a t e g i c a l l y  new algori thm fo r  the  ISI can­

c e l l a t i o n  i s sue  (perhaps the  most important  c on t r ibu t ion  of  the  d i s s e r t a t i o n ) .  The 

algori thm was shown to  be generic  and, hence, app l i cab le  t o  a v a r i e ty  of  c a n c e l l e r  

conf igu ra t io ns  and a lso  t o  decis ion feedback e qua l i ze r s  ( r e c a l l  th a t  a dec is ion 

feedback e q u a l i ze r  performs p a r t i a l  ISI c a n c e l l a t i o n ) .  The s t r eng th  of  the  a lgo ­

r ithm was shown to  l i e  in t h a t  i t  opt imal ly  m i t ig a tes  aga ins t  the problem of "er ro r  

propagation" t h a t  has plagued the  operat ion of  dec is ion  feedback e qua l i ze r s  and ISI 

ca n ce l l e r s  using dec is ion feedback. Furthermore,  f o r  ISI cance l le r s  not using d e c i ­

s ion feedback ( re ly ing  s o le ly  on prel iminary  dec is ions  to  form ISI e s t i m a t e s ) ,  the  

new algori thm was shown bene f ic i a l  by reso lv ing e rro red  prel iminary d e c i s io n s ,  hence 

maintaining optimum ISI e s t im a te s .  The ISI ca nce l la t ion  s t r a t e g y  developed in 

Chapter 3 was shown optimum, designed to  achieve the i so l a te d  pu lse ,  matched f i l t e r  

performance bound ( the u l t im a te  performance bound f o r  any communications system).

Our computer s imulat ion r e s u l t s  of  the  new algori thm confirmed t h a t  t h e r e  is  sub­

s t a n t i a l  improvement to  be gained by using t h i s  technique over convent ional  can­

c e l l e r  s t r a t e g i e s .

Because of  the  importance and cen t ra l  role  played by th e  t r a n sve rsa l  f i l t e r ,  as 

the  bu i ld ing  block in forming the  optimal r ece ive r s  developed in Appendices C and D, 

and Chapter 3, an experimental  e f f o r t  was undertaken to  study d i g i t a l  implementa­

t io n s  of  m ult i t ap  s ynchronous ly / f rac t iona l ly  spaced t ra n s v e rs a l  f i l t e r s .  We r e ­

ported on our f indings in Chapter 4. Experimental r e s u l t s  were presented confirming 

the  performance i n s e n s i t i v i t y  of  the  d i g i t a l  implemented f r a c t i o n a l l y  spaced

* For the  same reason dec is ion feedback equa l i ze r s  have been developed to  m i t iga te  
aga in s t  the  thermal noise  penal ty  incurred by the  c l a s s i c a l  adapt ive e q u a l i ze r  
during per iods of  deep channel f ad ing .  A dec is ion feedback e qua l i ze r  performs 
p a r t i a l  ISI c a n ce l l a t io n  in conjunct ion with some channel e q u a l i z a t io n .
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eq u a l i ze r  t o  t iming phase e r ro r s  and showing t h a t  a f r a c t i o n a l l y  spaced e q u a l i z e r ,  

with only f ive  t a p s ,  i s  capable of  forming the  r ec e ive r  matched f i l t e r  adapt ively  

fo r  a PAM system employing a half -Nyquist  t r a n s m i t t e r  f i l t e r .  The d i g i t a l l y  imple­

mented synchronously spaced equa l i ze r  performance was shown highly s e n s i t i v e  t o  t im ­

ing phase e r ro r s  and incapable of  forming the  r ec e ive r  matched f i l t e r  adap t ive ly .

5.2 EXTENSIONS AND TOPICS FOR FURTHER WORK

Several important  t an g e n t i a l  obse rva t ions / s igna l  processing  techniques th a t  

surfaced during the  course of  developing the c e n t r a l  theme of  t h i s  d i s s e r t a t i o n  have 

not been expanded upon in the  main t e x t ,  but a re  presented in some d e t a i l  below.

They may be viewed as means of  de f in ing areas f o r  f u r t h e r  work, aimed a t  improving 

the  c a p a b i l i t i e s  of  the QAM system.

5.2 .1  SUPPRESSED SIDEBAND QAM SYSTEM

Consider the  conventional  QAM signal

s ( t )  = i ( t )  cos wct  -  q ( t )  s in  «)c t ,  (5-1)

where wc denotes the  c a r r i e r  f requency,  and i ( t )  and q ( t )  denote the  I -  and Q-rai l 

baseband information waveforms, r e s p e c t iv e ly .  Let the  QAM c a r r i e r ,  s ( t ) ,  be passed 

through a low pass f i l t e r  in order  t o  suppress  one of  the  s idebands,  say the  upper. 

This f i l t e r i n g  funct ion  i s  depicted in Figure 5-1.

At the  output of  the  f i l t e r ,  the  s in g l e  s ideband waveform [ s ( t ) ] ss can be ex­

pressed as
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Figure 5-1.  Suppressing One Sideband of  a QAM Signal
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[s( t ) ] ss = /  h(x) i ( t - x )  cos [a)c ( t -x ) ]dx
- o o

00

- /  h(x) q ( t - x )  s in  [wc ( t - x ) ] d x .  
• 0 0

Using the  t r igonomet r i c  i d e n t i t i e s

2 cos [ u c ( t “T)]  = cos wct  cos o)Cx + s in  u)ct  s in  ucx

and

2 s in  DjJc(t-x)] = s in  uict  cos wcx -  cos wct  s in  uc x, 

equat ion (5-2) can be r ew r i t t e n  as

/ “
[ s ( t ) ] ss = h( x )  i ( t - x )  cos ( uc x)dx

+ /  h(x) q ( t - x )  s in  (u)c x)di>cos u)Ct  
—00

+ vf h(x) i ( t - x )  s in  (u)Cx)dx
' . m

00
- /  h(x)  q ( t - x )  cos (toc x)dx | s in  uict

(5-2)

- ( 5 - 3 )

(5-4)
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or  as

[ s ( t ) ] ss  = i r { i ( t ) . +  q ( t ) J c o s  a)ct  - | { q ( t )  -  i ( t ) J s i n  wct ,  (5-5)

V V
where i ( t )  and q ( t )  denote the  Hi lber t  t ransforms of i ( t )  and q ( t ) ,  r e spe c t ive ly .

We see t h a t  [ s ( t ) ] s s , as expressed by equation (5 -5 ) 9 has the  same form as the

conventional  QAM signal  expressed by equation (5 -1 ) .  However, i t  occupies h a l f  the

bandwidth of  s ( t )  and, as a r e s u l t ,  the  I -  and Q-rai l  information waveforms i ( t )  and
v y

q ( t )  a re  contaminated by q ( t )  and - i ( t ) ,  r e s p e c t iv e ly .  Thus, i f  [ s ( t ) ] ss is  to  be

t ra n s m i t t e d ,  received and demodulated i n t e l l i g i b l y ,  means must be provided a t  the
v y

r ece ive r  fo r  cance l l ing  q ( t )  and - i ( t )  from the  I and Q r a i l s ,  re spec t ive ly .  We now

i l l u s t r a t e  how t h i s  may be done.

Consider the  block diagram shown in Figure 5-2, which dep ic t s  the t r a n s m i t t e r  

and rece iv e r  po r t ions  of  the  SSQAM system. As shown, the  s in g l e  sideband waveform 

[ s ( t ) ] ss  is  t ra n sm i t t ed  through a l i n e a r  (d i spe rs ive )  channel .  At the r ece ive r ,  

a f t e r  coherent  demodulation, the  baseband waveforms appearing on the  I and Q r a i l s  

wil l  have the  form

i ' ( t )  = [ i ( t )  + q ( t ) ]  + ISI + X-Rail ISI + n ^ t )  (5-6)

and

q ' ( t )  = [ q ( t )  - i ( t ) ]  + ISI + X-Rail ISI + nQ( t ) ,  (5-7)

r e s p e c t iv e ly .  The terms "ISI"  and "X-Rail ISI" appearing in i ' ( t )  and q ’ ( t ) ,  r e ­

sp e c t iv e ly ,  denote the  ISI and c r o s s - r a i l  ISI t h a t  may have been generated in the I
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and Q r a i l s  by a d i spe r s ive  channel.  The waveforms n i ( t )  and nq( t)  represen t  the 

a d d i t iv e  Gaussian thermal no ise .

A conventional  quadrature  t ra n s v e rs a l  e q u a l i z e r  can be configured to  opera te  on
v y

i ' ( t )  and q ' ( t )  as i f  [ i ( t )  + q ( t ) ]  and [ q ( t ) -  i ( t ) ]  are  the  desired  pulse  shapes, 

thus m it iga t ing  the  ISI and X-rai l  ISI terms.  At the  equa l i ze r  outpu t ,  we assume 

a l l  channel induced d i s t o r t i o n  has been e l imina ted ,  y i e ld in g  the  I -  and Q-rai l  wave­

forms

!*E(t ) = + q ( t ) 3  + n i e ( t )  (5-8)

and

qE( t )  = [ q ( t )  -  l ( t ) ]  + nqE( t ) .  (5-9)

These waveforms a re  sampled a t  the symbol r a t e  (a t  T-second i n t e r v a l s ) ,  with the  kth 

sample being

i E(kT) = [ i (kT)  + q(kT)J + n IE(kT) (5-10)

f o r  the  I r a i l  and

qE(kT) = Cq(kT) + i (kT) ]  + nQE(kT) (5-11)

f o r  the  Q r a i l .  The samples must now be processed to  e x t r a c t  the  information c a r r y -
Y v

ing components i (kT) and q(kT). That i s ,  the  terms - i (kT) and q(kT) must be e l im i ­

nated.
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V VThe terms i (kT) and q(kT) can assume a l im i ted  number of  a p r io r i  known values.

For example, in a 16-QAM system with i (kT) and q(kT) assuming the  values +1 and +3,
y v

i t  can be showndj  t h a t  the  q u a n t i t i e s  i (kT) and q ( k t )  can take  on values only from 

the s e t  {0, -1 ,  -2 ,  -3,  1, 2, 3}, provided th a t  r a i sed  c o s i n e  Nyquist f i l t e r i n g  with 

50-percent  r o l l - o f f  is  used f o r  the t r a n s m i t t e r  (pulse  shaping)  f i l t e r  and th a t  the 

sideband suppressing f i l t e r  o f  Figure 5-1 i s  made a v e s t i g i a l  sideband f i l t e r  having
Y

a r o l l - o f f  f a c t o r  of 0 .5 .  That i s ,  sub jec t  t o  the  s t a t e d  f i l t e r i n g ,  the  terms i (kT) 
v

and q(kT) can assume one of  seven poss ib le  va lues .  Real iz ing t h i s ,  the  decoder c i r ­

c u i t  shown in Figure 5-3 can be used f o r  the de te c t io n  of  i (kT ) and q(kT).  The de­

coding will  be i l l u s t r a t e d  f o r  the I r a i l  only.  The Q-rai l information can be de ­

coded in a s im i la r  fash ion .

v v v v
The seven a p r io r i  known values of  q(kT),  {q j(kT) , q£(kT), . . . ,  q ; ( k T ) }, are

v
sub t r a c te d ,  one a t  a t ime,  from the input sample, ig(kT) * [ i (kT)  + q ( k T ) J ,  r e s u l t -

v v
ing in the following s e t  of  p o s s i b i l i t i e s :  {i'En(kT)} = (kT) + q(kT) -  qn (kT) +

nIEC^T)}, 1 £  n <_ 7. These seven values are  then compared t o  the  ideal l eve ls  t h a t

i (kT) can assume, {+1, _+3)* The one value found to  be c lo s e s t  t o  an ideal level
v

from the  se t  {+1, jK3} i s  used in determining the  bes t  e s t im a te ,  i ( k T ) , of the  t r a n s ­

mit ted I - r a i l  symbol. The bes t  es t imate  o f  i ( k T ) i s  represen ted  by the  ideal l e v e l ,  

which i s  found to  have a minimum Eucl idian d i s t a n c e  from some element of  ( iEn(kT)>,

1 1  n 1  7* In tlle absence of  noise  CniE(kT) = 0 ] ,  the  minimum d is tance  between an 

ideal  s t a t e  of  i (k T ) and an element of  ( iEn(kT)} should be zero .  However, only one 

element of {i£n(kT)} should be found to  co incide (having a d i s tance  o f  zero)  with an 

ideal  s t a t e  of i (kT) .  Unless t h i s  i s  t r u e ,  an unambiguous decis ion as t o  the  s t a t e  

of  i (k T ) cannot be made. We have shown t h a t  such ambigui t ies  can a r i s e  with a
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16-QAM c o n s t e l l a t i o n ,  where i (kT) and q(kT) a re  allowed to  take on values from the 

se t  {+1, +3}. To circumvent t h i s  problem, the  QAM c o n s t e l l a t i o n  can be modified 

such t h a t  the I -  and Q-rai l  samples do not share  values from a common s e t .  As an 

example, i f  we l e t  i ( k T ) £  {+1, +3} and q ( k T ) £  {+1.5, +4.5}, i t  can be shown th a t  

the  de tec t ion  procedure descr ibed above wil l  always determine only one of  the 

members of  {iEn (kT)}, 1 < n < 7, as having the  minimum di s t ance  from an ideal s t a t e  

of  i (kT) and, t hus ,  a dec is ion  regarding  the  bes t  e s t im a te ,  'i '(kT), can always be 

made unambiguously.

5 .2 .2  NON-DATA DIRECTED EQUALIZER ALGORITHM

Recent ly ,  t h e r e  has been cons iderab le  e f f o r t  towards developing "nondata 

d i re c te d"  adapt ive algorithms fo r  the  control  of  tap  weight c o e f f i c i e n t s  of  equa l ­

i ze r s  and/or  c ro s s - p o la r i z a t i o n  (x-po l)  cance l !e rs .£2~5]  Such algori thms are d e s i r ­

ab le  f o r  use during per iods of  t ime when the  r e c e i v e r ' s  demodulation processes  ( c a r ­

r i e r ,  t iming recovery and es t imat ion of  the  t r a n sm i t t e d  da ta )  become u n re l i ab le  or 

break down completely. Use o f  a nondata d i re c te d  algori thm when the r ece ive r  i s  ex­

per ienc ing outage allows an e q u a l i z e r  and/or  an x-pol c a n c e l l e r  t o  maintain reason­

ably proper  c o e f f i c i e n t  s e t s ,  thus s u b s t a n t i a l l y  a id ing  reac q u i s i t i o n  of  the  data  

d i re c te d  c a r r i e r  and time recovery processes ,  and, hence, of  the  data  es t imat ion  

process i t s e l f .

In t h i s  s e c t io n ,  we b r i e f l y  desc r ibe  an LMS e r r o r  adapt ive algori thm t h a t  is  

c a r r i e r  synchronizat ion independent and, hence, nondata d i re c te d  in the  conventional 

s e n s e . [ 6 ]  Furthermore, we show t h a t  the  algor i thm i n t r i n s i c a l l y  der ives  i t s  own op­

t imal clock s i g n a l ;  thus ,  i t  i s  completely independent of  the  rece iv e r  t iming syn­

ch ron izat ion  i s sue .  This nondata d i r e c te d  algor i thm represen ts  a special  case of
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the  c l a s s i c a l  s t o c h a s t i c  g rad ien t  LMS adap t ive algor i thm, in both theory and means 

of  implementat ion. Therefore ,  i t  i s  robust  and r e l a t i v e l y  s imple t o  implement.

Since the  a lg o r i th m 's  adap ta t ions  u t i l i z e  (by des ign)  a s e l e c t  subset  of  the  r e ­

ceived s ignal  s t a t e s  ( in  c o n t r a s t  t o  the  c l a s s i c a l  LMS a d a p ta t i o n s ,  which u t i l i z e  

a l l  s t a t e s  of the  QAM signal  c o n s t e l l a t i o n ) ,  the  der ived  c o e f f i c i e n t  s e t  w i l l ,  in 

gene ra l ,  be suboptimum in minimizing the  mean-squared e r r o r  with respec t  to  the en­

semble of  a l l  data sequences.

In Figure 5-4 ,  we show a r e p r e s e n ta t i v e  baseband arrangement o f  an x-pol can­

c e l l e r  and a c o p o la r i z a t i o n  e q u a l i z e r .  The c i r c u i t  shown i s  f o r  opera t ing on the  

received v e r t i c a l l y  p o la r i ze d  QAM s ig n a l .  An id e n t i c a l  arrangement (not shown) 

would have to  be provided in order  t o  s i m i l a r l y  t r e a t  t h e  h o r iz o n ta l ly  pola r ized  r e ­

ceived QAM s ig n a l .  The demodulator and c a r r i e r  recovery a r c h i t e c t u r e  shown advanta ­

geously maintains  a f requency alignment  between the  (V and H p o la r i zed )  baseband 

spec t ra  t h a t  i s  i d e n t i c a l  to  t h a t  e x i s t i n g  between them in t h e  passband where the  

i n t e r f e r e n c e  has occur red.

The nondata d i r e c t e d  LMS a lgori thm t h a t  we p o s tu l a t e  opera tes  on the  fo l lowing 

simple p r i n c i p l e .  A peak in the  QAM s ignal  envelope occurs  every t ime two succes­

s ive  QAM c o n s t e l l a t i o n  s t a t e s  involve t h e  same ou te r  co rner  s t a t e .  Furthermore,  

t h i s  peak in the  ideal  QAM signal  envelope w i l l  occur  a t  a po in t  in time t h a t  is  

halfway between th e s e  two success ive  c o n s t e l l a t i o n  s t a t e s .  Using these  two simple 

obse rva t ions ,  a c i r c u i t  i s  provided f o r  i d e n t i f y i n g  the  po in ts  in  t ime a t  which the  

QAM signal  envelope peaks a t  the  e q u a l i z e r / c a n c e l l e r  ou tput  of  Figure 5-4. These 

po in ts  in  t ime a re  denoted by the  s e t  { to ) .  Once a po in t  in  t ime f ro m  the  se t  {tg} 

has been i d e n t i f i e d ,  i t  i s  known what,  i d e a l l y ,  t h e  s ignal  envelope must be at  t  = 

t o  +T/2. Using t h i s  information and the  actual  value of  t h e  QAM s ignal  envelope a t
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t  = t o  +T/2, r e l i a b l e  e r r o r  q u a n t i t i e s  can be assoc ia ted  with the I -  and Q-rai l  s i g ­

nals  a t  these  p o in t s .  These e r ro r  q u a n t i t i e s  can be used in a conventional  LMS 

adap ta t ion  algor i thm. The d e t a i l s  of  the  "peak envelope d e te c to r  and e r r o r  p o l a r i t y  

generato r"  c i r c u i t  used to  achieve the  above are  shown in Figure 5-5. The hear t  of  

the c i r c u i t  involves a s t a t i s t i c a l  technique f o r  adap t ively  t rack ing  the  peak of  the  

QAM signal  envelope. I t  can e a s i l y  be v e r i f i e d  t h a t  the  expected number of  QAM e n ­

velope peaks per  second, assuming, f o r  example, 15-Mbaud 64-QAM t ransmiss ion ,  is  

7,324 (where s t a t i s t i c a l  independence between successive c o n s t e l l a t i o n  s t a t e s  is  

p o s tu l a te d ) .  Hence, a vol tage r e fe rence ,  Vr ,  i s  adap t ively  found and compared with 

the ac tual  s ignal  envelope so t h a t  t h i s  number of  peaks i s ,  on the  average, s a t i s ­

f i e d .  The c i r c u i t  d e t a i l s  are shown in Figure 5-5.  Since the  QAM signal  envelope 

c h a r a c t e r i s t i c s  are  not a f f e c te d  by e i t h e r  c a r r i e r  recovery or t iming recovery oper ­

a t i o n ,  the  a c q u i s i t i o n  algori thm descr ibed above i s  c a r r i e r  and t iming s y n c h r o n i z a ­

t i o n  independent,  and i s ,  fu r thermore,  se lf -synchron iz ing  in the sense t h a t  i t  

c rea te s  i t s  own optimal t iming s ig n a l .
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APPENDIX A

BASEBAND EQUIVALENT FORMS FOR PASSBAND SIGNALS AND SYSTEMS 
(THE COMPLEX ENVELOPE PRINCIPLE)

In a mult ie lement  passband system, comprising a tandem in terconnec t ion  of a 

p l u r a l i t y  of  l i n e a r  passband subsystems, i t  may be required to  mathematically o p t i ­

mize some subsystem element with respec t  t o  some overa l l  system performance index, 

and/or  eva lua te  and p red ic t  some s ignal  s t a t e  a t  an in te rmedia te  system p o in t .  Such 

a task (whether performed a n a l y t i c a l l y  or  by computer s imulat ion)  is invar iab ly  

f a c i l i t a t e d  via the  use of  a baseband equiva len t  modeling methodology th a t  i s  convo- 

l u t i o n a l l y  isomorphic ( in passing from system element to  system element) to  the 

o r ig ina l  physical passband system model. Owing to  the  wide use of  t h i s  approach in 

t h i s  work, we develop, in t h i s  appendix,  the  necessary mathematical foundat ions.

We begin by de f in ing  the  Hi lber t  t ransform of  an a r b i t r a r y  waveform, x ( t ) ,  as 
v v

the waveform x ( t ) ,  where x ( t )  is  generated from x ( t )  via a l i n e a r  opera t ion .  This 

l i n e a r  operat ion involves passing x ( t )  through a system whose t r a n s f e r  funct ion i s  

- jsgn(oj) .  The t r a n s f e r  func t ion -jsgn(w) i s  defined as

- j  f o r  to > 0
0 fo r  a) = 0 .

+j f o r  a) > 0
(A-l)

Hence, i f  x ( t )  has the  t rans form X(jw), we may wr i te

F [ x ( t ) ]  = - jsgn(o) )F[x(t) ]
- jX(ju )  fo r  a) > 0

0_  fo r  w = 0 .
+jX(jo>) f o r  w < 0

(A-2)
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In genera l ,  we may a lso  wr i te

x( t ) .  = x ( t )  * F - l C - j s g n M L  (A-3)

where denotes convolut ion.

Given now t h a t  x ( t )  is  a narrowband passband s ignal  whose frequency content  is

confined about some c a r r i e r  frequency ujc , x ( t )  may be represented g e ne r ica l ly  in

terms of  I and Q components in the  form of

x ( t )  = x i ( t )  cos uc t  -  x q ( t )  s in  aic t ,  (A-4)

where x j ( t )  and X Q ( t )  represen t  the  I and Q components of  x ( t ) ,  r e s p e c t iv e ly .  The 

generic  form of  equat ion (A-4) may always be invoked in r epresen t ing  an a r b i t r a r y  

narrowband passband waveform (whose spectrum e x i s t s  about ioc ) ,  s ince such a waveform 

may be envis ioned as the r e s u l t  of  having subjec ted  a c a r r i e r  t o  amplitude and/or  

phase modulation.  In genera l ,  we may th e re fo re  wri te

x ( t )  = a ( t )  cos(ujct+(j>(t))

= a ( t ) [ c o s  <f>(t) cos «)Ct  -  s in <)>(t) s in  <oct ] ,  (A-5)

where a ( t ) and <|>(t) are  assumed to  be baseband (low pass)  s ig n a l s .  Equation (A-5) 

above y i e l d s  the  generic  form of  equation (A-4),  where x j ( t )  h a ( t )  cos <j>(t) and 

xq ( t)  = a ( t )  s in  (j>(t).

The I and Q components of x ( t )  may be evaluated from x ( t )  and i t s  Hi lber t  

t ransfo rm.  Given th a t  X i ( j w )  and Xq ( j w ) rep resen t  the  t ransforms of x i ( t )  and 

x q ( t ) ,  r e s p e c t iv e ly ,  the  t ransform of  x ( t )  may be w r i t t en  as
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F [ x ( t ) ]  = X'(ja)) = [ r X i ( j a ) - j a ) c )  + - X i ( j a )+ja>c ) ]

" [■ T + 2“ J‘Xq ( ja)+jajc )]

= F [ ^ l ( j “ "jwc) + jXQ(ja>-jioc )]

+ T  [ X"l (jo3+jaJC) " jXq(ja)+ja)c ) ] . (A-6 )

Since the  f i r s t  and second bracketed terms above rep resen t  the  spe c t r a l  content  of  

x ( t )  fo r  p o s i t i v e  and nega t ive  f re que nc ie s ,  r e s p e c t i v e ly ,  u t i l i z a t i o n  of  equat ion 

(A-2) allows us t o  w r i t e ,  by in sp e c t io n ,

v 1____ _
F [ x ( t ) ]  = - "F" j [Xr (jto-jajc ) + J‘Xq ( joi-jojc )]

+ 2 j[Xi(ju)+ju>c ) -  jXQ(jw+jwc ) ] ,  (A-7)

and, hence,

v 1 _  _
j F [ x ( t ) ]  = 7  [Xi(jo)-jo)c ) + j'Xq ( jco-jo3C)]

2 [ XJ (jt»+jo)c ) -  J‘Xq ( joi+jwc ) ] .  (A-8 )

Adding equations (A-6 ) and (A-8 ) y i e l d s

F [ x ( t ) ]  + j F [ x ( t ) ]  = Xj(jio-jwc ) + j'Xq (jo)-jo)C) ,  (A-9)

o r ,  equ iv a l en t ly ,
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x ( t )  + j x ( t )  = [ x j ( t )  + j x g ( t ) ] e ^ Wc^,  (A-10)

where the  baseband complex-valued waveform x j ( t )  + jXg(t)  def ines  the  complex enve­

lope,  x ( t ) ,  of  the  passband narrowband s ignal  x ( t ) .  We l e t

x ( t )  = xj( ' t )  + j X g ( t ) .  (A- l l )

v _
The complex-valued quan t i ty  x ( t )  + j x ( t )  de f ines  the  preenvelope, x + ( t ) ,  of  x ( t ) .

We t h e r e fo r e  have

x+( t )  = x ( t )  + j x ( t )  = x ( t ) e JU>ct. (A-12)

We observe t h a t  the  spec t ra l  content  of  the  s ignal  x+(t)  i s  nonzero f o r  p o s i t i v e  

frequencies  only,  as i s  evident  from equation (A-9). At t h i s  j u n c tu r e ,  we a lso  ob­

serve t h a t ,  s ince

x (t)eJUct = [x j ( t )  + jXg(t)][cos wct + j  sin aic t ]

= x j ( t ) cos wct - xg(t) sin o»ct

+ j[xq (t ) cos uct  + x j ( t ) sin u)Ct ] ,  

conformance with equation (A-12) dictates that

x ( t )  = x j ( t ) cos wct  -  xg ( t )  s in  o»ct  (as expected)

and

(A-13)

— (A-14)

v
x ( t )  = x j ( t ) s in  uct  + xg ( t )  cos (oct .
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Solving equat ions (A-14) s imultaneously fo r  x j ( t ) and x q ( t ) ,  we f ind

and — (A-15)

v
x q ( t ) = - x ( t )  s in  »ct  + x ( t )  cos aict .

We now tu rn  our a t t e n t i o n  t o  the  case of  a l i n e a r ,  t ime i n v a r i a n t ,  passband 

narrowband system having an impulse response h ( t ) .  Furthermore, we assume t h a t  the

transform of  h ( t )  e x i s t s  about the  c a r r i e r  frequency tuc . As in the case of  the  n a r ­

rowband passband s ignal  x ( t ) ,  here t oo ,  h ( t )  Tends i t s e l f  t o  the  g e n e r i c  r ep re s en ta ­

t io n  of equation (A-4); hence, we can wr i te

The complex envelope f o r  the  passband system case ,  however, wil l  be def ined as

where the  f a c t o r  of  f  has been introduced in order  t o  preserve an isomorphism be­

tween h ( t ) * x ( t )  and h ( t )  * x ( t ) ,  as wil l  be e s ta b l i s h e d  s h o r t l y .  The preenvelope 

f o r  the  passband system wil l  be defined as

Let t ing y ( t )  r ep resen t  the  output  of  a l i n e a r ,  time in v a r i a n t ,  passband system 

with impulse response h ( t )  and with the  passband input  x ( t ) ,  we may wr i te  y ( t )  =

h ( t )  = h j ( t )  cos uct  - hg ( t)  s in  wct . (A-16)

h ( t )  = |  C h j ( t ) + j h g ( t ) ] , (A-17)

1

h+( t )  = J  [ h ( t )  + j f t ( t ) ]  = h ( t ) e ^ U>c't - ' (A-18)
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h ( t )  * x ( t ) .  We now show t h a t  h ( t ) * x ( t )  generates  the  complex envelope o f  y ( t ) ,  

y ( t ) ,  and, hence,  the  convolut ion opera t ion as  performed between the  complex enve­

lopes of  a passband s ignal  and sys tem.is  isomorphic t o  the  convolut ion operat ion 

performed between the  passband signal  and the  impulse response of  the  passband sy s ­

tem. Towards e s t a b l i s h in g  the  above, we f i r s t  show t h a t

CO
y ( t )  = Re[J F+ (x )x+( t-x )dx] .

•00

Using d e f i n i t i o n s  (A-18) and (A-12), we have

Re[/  h + ( x ) x + ( t - x ) d x ]  = Re[2" /  ( h ( x )  + j K( x ) }

{x(t-x)  + jx( t -T )}dx]

2 /  h ( x ) x ( t - x ) d x  -  2 /  h ( x ) x ( t - x ) d x .  (A-19)

Four ier  t ransforming equation (A-19) y ie ld s

l _  _  l v  , v (A-20)
F[Re{/ h+(x)x+(t-x)dx}]  = 2 H(j<o)X(jw) - 2F[ h (t )3F[x (t )]>

where Tl(jaj) and X(joi) denote the  Four ie r  t ransforms o f  h ( t )  and x ( t ) ,  r e s p e c t iv e ly .  

Next, u t i l i z i n g  the  r e s u l t  of  equation (A-2), i t  becomes apparent t h a t  the r i g h t -  

hand s ide  of  equation (A-20) i s  equ iva len t  t o  TT(ju>)X’(ju>). Hence, we conclude
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00 00

Re[/  h + ( x ) x + ( t -x )d x ]  = /  h ( x ) x ( t - x ) d x  = y ( t ) . (A-21)
—00

Having e s ta b l i s h e d  the  above, we now observe t h a t

Re[ /  F +( x )x+( t - x ) d x j
00

-00

Re[eJU>ct/  h ( T ) x ( t - x ) d x J . (A-22)

However, s ince  y ( t )  i s  a l so  a passband s i g n a l ,  i t  may be w r i t t e n  in terms of  i t s  

complex envelope as

Hence, the  complex envelopes of  x ( t )  and h ( t )  may be used via the  convolut ion opera ­

t i o n  t o  eva lua te  the  complex envelope of  y ( t )  and thus  y ( t )  i t s e l f .  We have thus 

e s t a b l i s h e d  t h a t  convolut ion involving  passband waveforms i s  isomorphic t o  convolu­

t i o n  involving complex-valued low pass waveforms provided t h a t  the  aforementioned 

low pass waveforms rep resen t  the  complex envelopes of  the  corresponding passband 

q u a n t i t i e s .

y ( t )  = R e l y f t j e ^ c 4 ] . (A-23)

Combining equat ions  (A-21) through (A-23), we a r r i v e  a t  the  des ir ed  r e s u l t

y ( t )  = /  h (x )x ( t -x )dx  = h ( t )  * x ( t ) . (A-24)
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APPENDIX B

AN EQUIVALENCE BETWEEN PASSBAND AND BASEBAND RECEIVER FILTERS

The complex envelope p r in c i p l e  developed in Appendix A i s  u t i l i z e d  herein to  

e s t a b l i s h  an equivalence between the  ope ra t ions  of baseband and passband rece ive r  

f i l t e r i n g  in a l i n e a r  QAM communications system. In reference t o  Figure B-lb,  de ­

p i c t in g  a (n o i s e le s s )  l i n e a r  QAM system, where a passband r ec e ive r  f i l t e r  with im­

pulse  response g ( t )  i s  being u t i l i z e d ,  the  passband s ignal  r ' ( t )  a t  the  rece ive r  

f i l t e r  output  may be expressed as

where r ( t )  denotes the  passband received waveform a t  the  r ece ive r  f i l t e r  inpu t .  In 

terms of  the  assoc ia te d  complex envelopes,  we may a l so  wr i te

r ' ( t )  = r ( t )  * g ( t ) , (B—1)

r ' ( t )  = r ( t )  * g ( t ) . (B-2)

Le t t ing  (see Appendix A, equation (A-4))

r ( t )  = r j ( t )  cos uct  - rQ(t)  s in  wct ,

9 ( t )  = 91(t ) cos uct  - gQ(t) s in  wct
— (B-3)

and

r 1 ( t ) = r j ( t )  cos uct  -  r g ( t )  s in  wct ,

the assoc ia te d  complex envelopes may be expressed as
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r ( t )  = n ( t )  + j r q ( t ) ,

g( t) .  = -i g j ( t ) + j  i  gq(t)

and

r ' ( t )  = r r ( t )  + j r q ( t ) .  

S u b s t i t u t i n g  equat ions (B-4) in to  equat ion (B-2) ,  we have

(B-4)

r j ( t )  + j r q ( t )  = y  ( r j ( t )  + j r Q( t ) )  * ( g j ( t )  + j g Q( t ) ) . (B-5)

Or, equ iva len t ly ,

r l ( t ) = T  r I ( t ) * g I ( t )  -  7  rq ( t )*gQ( t )

and -  (B-6 )

r q ( t )  = 7  r ! ( t ) * g q ( t )  + 7  r q ( t ) * g I ( t ) ,

Having es tab l i shed  the  I and Q components of  r ' ( t )  as per  equation (B-6 ) above, the 

I and Q signal components a t  the QAM demodulator ou tpu t ,  i f j ( t ) and q R ( t ) ,  respec­

t i v e l y  (see Figure B - lb ) ,  may r ea d i ly  be eva lua ted.  Given the  QAM demodulator 

s t r u c tu r e  of  Figure B-la (encompassing ideal low pass f i l t e r s  following the  I -  and 

Q-rai l  mixing p rocesses ) ,  the  output  I component, i R ( t ) ,  may be expressed as

i r (t ) = [ { / 2  cos (<oct+e)}

• { r j ( t )  cos uct  - r q ( t )  s in  u>ct } ] B, (B-7)
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where [*]g in d ic a te s  t h a t  we are keeping only the  baseband component of  the  quan t i ty  

in the  b racke ts .  Hence,

Equations ( B - 8 )  and (B-9) ,  in conjunct ion with e q u a t i o n s  ( B - 6 ) ,  s p e c i f y  t h e  I  and Q 

components a t  the  demodulator output  of  the  system of  Figure B-lb in terms of  the  I 

and Q components of  the  received waveform r ( t )  and the  c h a r a c t e r i s t i c s  of  the  pass-  

band r ec e ive r  f i l t e r .  Upon s u b s t i t u t i o n  of  equat ions (B-6 ) i n to  equat ions (B-8 ) and 

(B-9),  s t r a ig h t fo rw ard  a lgebra ic  manipulat ion y i e l d s  the  fol lowing e x p l i c i t  r ep re ­

s e n ta t io n s :

(B-8 )

S im i la r ly ,  we have

_  I I
qR( t ) = [ { - / 2  s in  (aict + e ) } { r j ( t )  cos a>ct  -  r g ( t )  s in  iuct} ]g

(B-9)

and
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qR(t)  = cos 9 + r Q(t ) s in  9  ̂ * S Q ^

+ ^ t r q ( t )  cos 0 - r i (t ) s in  e] * g j ( t ) .  (B - l l )

Next, we tu rn  our a t t e n t i o n  to  the  second r ece ive r  arrangement depicted in F ig ­

ure B- lc .  In t h i s  case ,  the  I -  and Q - ra i1 s ig n a l s  a t  the  demodulator output may be 

expressed as

I”  I -Rail  Signal ~ 1 i i
at  Demodulator = - p r i ( t )  cos 0 + 7 =, r n ( t )  s in  0 

L  Output . J  /2 /2
and

tQ-Rail Signal ~ 1 i i
a t  Demodulator = " T ^ rn f t )  cos e - - y = r j ( t )  s in  0. 
Output J /2 n

— (B-12)

U t i l i z i n g  the above express ions and r e f e r r i n g  to  Figure B-lc ,  we can,  by in sp e c t io n ,  

conclude th a t

i r ( t ) = ^ [ r j ( t )  cos 0 + rQ( t )  s in  0] * gn ( t )

+ cos 0 - r j ( t )  s in  0] * g2 l ( t )* (B-13)

and
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(B-14)

Comparing equations (B-13) and (B-14) to  equations (B-10) and ( B - l l ) ,  r e s p e c t iv e ly ,  

we conclude t h a t ,  f o r  the  two se t s  t o  be i n d i s t in g u i s h a b le ,  we must have

Consequently, provided t h a t  the  r e l a t i o n s h ip s  of  equations (B-15) and (B-16) hold,  

the  two r ece ive r  f i l t e r i n g  methodologies of  Figures  B-lb and B-lc become mathemati­

c a l l y  equ iva len t .  In p r a c t i c e ,  the  baseband r ec e ive r  f i l t e r  a rc h i t e c tu r e  of  Figure 

B-lc  of ten  represen ts  a p refe r red  embodiment, s in ce  baseband s ignal  processing i s  

t y p i c a l l y  e a s i e r  to  implement, p a r t i c u l a r l y  when using d i g i t a l  t echniques.  The 

passband r ec e ive r  f i l t e r  configura t ion  of  Figure B- lb,  however, i s  o f ten  preferred  

in performing mathematical ana lys i s  and op t imiza t ion of  the  system, s ince  i t  lends 

i t s e l f  to  the  complex envelope r ep r e s e n ta t i o n .  Having demonstrated the  equivalence 

between the two con f igu ra t ions ,  mathematical r e s u l t s  der ived r e l a t i v e  t o  passband 

f i l t e r i n g  may e a s i l y ,  via the  use of  equat ions (B-15) and (B-16), be t ransformed to  

r e f l e c t  the  p ro p e r t i e s  of  the  corresponding baseband conf igu ra t ion .

9 n ) = A 9 j ( t ) 9 g2 i ( t )  = ~ -i 9 g ( t ) ,

_  (B-15)

922( t )  = |  9I (t ) .  and 912( t )  = \  S q ^ ) *

Furthermore, we observe t h a t

9 l l ( t )  3 g22(t)» and g i 2 ( t )  = -g2 l ( t ) . (B-16)
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APPENDIX C

OPTIMAL LINEAR RECEIVERS IN THE MINIMUM MEAN-SQUARED ERROR SENSE AND 
THE LEAST MEAN-SQUARED ERROR ALGORITHM

C.l  INTRODUCTION

The baseband equiva lent  QAM system model, as der ived in paragraph 2.3 and shown 

in Figure 2-6c,  i s  repeated here (Figure C- l)  f o r  convenience.  In t h i s  appendix, we 

der ive  and e s t a b l i s h  optimum l i n e a r  r ece ive r  f i l t e r  c h a r a c t e r i s t i c s  which minimize 

the  Mean-Squared Error  (MSE) a t  the  r ece ive r  sampling i n s t a n t s  nT, n = 0, jK,

+2, . . . .  I n i t i a l l y ,  we do so without  imposing any c o n s t r a in t s  on the  l i n e a r  r e ­

ce ive r  f i l t e r  a r c h i t e c t u r e .  This leads t o  the  optimum l i n e a r  r ec e ive r  s t r u c t u r e  of  

a matched f i l t e r  followed by a synchronously spaced t r a n s v e r s a l  e q u a l i z e r .  This op­

timum l i n e a r  r ece ive r  a r c h i t e c t u r e  i s  shown equ iva len t  t o  a f r a c t i o n a l l y  spaced 

t ra n s v e rs a l  f i l t e r  s t r u c t u r e .  The s to c h a s t i c  g rad ien t  Least MSE (LMSE) algori thm i s  

der ived and used to  ad jus t  the  c o e f f i c i e n t s  of  the  f r a c t i o n a l l y  spaced t r a n sve rsa l  

f i l t e r  in order  t o  adap t ively  form the  l i n e a r  optimal r ec e ive r  in the  presence of 

a r b i t r a r y  channel cond i t ions .  An i n f e r i o r  (but  s t i l l  optimal in the  MSE sense)  

l i n e a r  r ec e ive r  c h a r a c t e r i s t i c  is  a l so  der ived by imposing th e  add i t io na l  c o n s t r a in t  

t h a t  the  l i n e a r  r ece ive r  be r ea l iz e d  via  a synchronously spaced t r a n s v e r s a l  f i l t e r  

a r c h i t e c t u r e .

C.2 THE OPTIMAL SOLUTION

We begin the  a n a ly s i s ,  r e l a t i v e  t o  Figure C - l ,  by de f in ing  the  MSE at  the  nth 

re c e iv e r  sampling in s t a n t  as

en = E[|U(nT) - T J 2], (C-l)
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where E[»] denotes the s t a t i s t i c a l  expecta t ion (ensemble average) ope ra to r .  The 

s t a t i s t i c a l  expec ta t ion  i s  taken over the  e n t i r e  ensemble of  poss ib le  t ra nsm i t t ed  

da ta  sequences and thermal noise  waveforms. Le t t ing  7 ( t )  denote the overa l l  impulse 

response of  the  system, we have

x ( t ) = ? ( t )  * g ( t )  = J  g ( t ) f (t-x)dT, (C-2)
• 0 0

where

7 ( t )  s gT( t )  * FBx( t ) .  (C-3)

Using the  above, the  received random process  waveform, U ( t ) ,  may be w r i t t e n  as

U(t) = PV x(t -kT)  + V ( t ) ,  (C-4)
k

where

V(t) = r ( t )  * g(t) ( c - 5 )

denotes the filtered thermal noise process at the output of the receiver filter and
where the input complex-valued data sequence, {Tn}, has been assumed of the form

{Tn} = I I k6 ( t -k T ) .  (C-6 )
k

Using equation (C-4),  the  nth r ec e ive r  observat ion may be expressed as

tf(nT) = nVx(nT-kT) + 7(nT) ,  (C-7)
k

or ,  in shorthand n o ta t io n ,  as
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un = ETkxn-k + vn> (C-8 )
k

where Un = U(nT), xn_|< = x’(nT-kT), . . . ,  e t c .

Next, expanding equat ion (C-l)  as

en = E^ (un " *n)(un ” ^ n ^

E[UnUn -  I nUn -  I nUn + In In ]» (C-9)

and s u b s t i t u t i n g  equation (C-8 ) i n to  equat ion (C-9) y i e ld s

en = EUjpkxn-k +- vn)̂ ^mxn-m + vn) k m

“ *n(jpkxn-k + Vn) “ In^Ikxn-k + Vn ) + n̂̂ n]’ (C-10)

To eva lua te  the  above, the  following assumptions a re  made:

a .  Tk is  i d e n t i c a l l y  d i s t r i b u t e d  f o r V k ,  with zero mean and variance o j .

b. Tk and Tm are statistically independent forVk t  m.

c. Tk and ¥n are statistically independent forVk, n.

d. ¥ n i s  i d e n t i c a l l y  d i s t r i b u t e d  f o r V n ,  with zero mean and var iance a^. 

Subject  to  the  above assumptions,  equa t ion (C-10) may r ea d i ly  be evaluated to  y i e l d

en = ®?jpn-k*n-k + 4  -  af io  - aK  + °?* (c_n)
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Using equat ion (C-2) t o  eva lua te  the  form of x^, followed by s u b s t i t u t i o n  in to  equa­

t ion  ( C - l l ) ,  r e s u l t s  in

oo ooM a

en = ° I /  /  g(T)g*(n)If(AT-T)T*(£T-n)dTdn

oo ooM a

+ /  /  g(T)g*(n)4»r(T- T>)dxdn 
—00 -00

00 ^ 002 
o f /  g ( x ) f ( - T ) d T  -  o f /  g * ( T ) 7 * ( - x ) d T  +  o f ,

and

(C-12)

where the  following have been used in wr i t ing  the  above:

I P n - k l 2  = I l * i l 2 .  <c - 1 3 >
k i

CO 00 M

Oy = E H / p T / ^ ]  = /  /  g ( T ) g * ( n ) E [ F ( n T - T ) r * ( n T - n ) ] d T d n

0 0  0 0 „  ^

= /  J  g(T)g*(n)<t>r(T-n)dTdn. (C-14)

Also,  we note t h a t ,  in l e t t i n g  E t r f n T - T j r ^ n T - n ) ]  be represented by th e  a u to c o r r e l a ­

t i o n  funct ion of  the  process  7 ( t )  evaluated a t  t  * n, a s t a t i o n a r i t y  assumption r e ­

garding the process  7 ( t )  has been invoked.

The MSE a t  the  n**1 sampling t ime,  as expressed by equation (C-12), can be w r i t ­

ten  more s u c c inc t ly  via t h e  following d e f i n i t i o n .  We l e t
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1 (C-15)
a(x,n)  = I7(AT-x)7*UT-n) + ? )*

X, a i

thus placing en in the form of

0 0  C 0 „  ^  0 0 ^

en = °f[/ / 9(T)9*(n)a(T,n)dTdn - J g(x)f(-x)dx 
- 0 0  — 0 0  - 0 0

0 0 ^

-  J g * ( i ) f * ( - x ) d T  + 1 ] .  (C-16)
-0 0

In order to determine the optimum receiver f i l t e r  characteristic that minimizes £n, 
the first variation of en with respect to the function g must be taken, set to zero, 
and the value of g satisfying the resulting equation must be evaluated. We have

<SgR(en ) = 0

« g i ( e n ) = 0 (C-17)

where gp and gj denote the real and imaginary parts of g, respectively.

Prior to performing the operations above, we rearrange equation (C-16)  

slightly; we have

0 0  0 0 ^  ^  c o „

en = a l i f  [/ g(T)a'(T,n)dT]g*(n)dn - / g(x)f(-x)dx

- / g(x)f*(-x)dx + 1), 
-00

(C-18)
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o r ,  more e x p l i c i t l y ,

OO 00

en = ai( /  [ / ^(T»Ti)(9R(T)+jgi(T))dT](gR(n)-jgI(n))dn

-  /  ( g ^ x j + j g ^ x j ' j f f - x j d x  -  /  (gR( x ) - j g i ( T ) J f * ( - T ) d x  + 1}. ( c -1 9 )

Hence,

00 00 ^  00

<SgR(en ) = a f {/ [J  a(x ,n )g(x)dx  + g*(n) /  a(x,n)dx]dn 
•00 *00 *00

00 00

-  J f ( - x ) d x  -  J f * ( - x ) d x j ,  (C-20)
■00 *00

and

00 00 M 

59 l (en ) = «?{ /  l -J ' /  T(x ,n)g(x)dx
-00 -00

+ j g * ( n ) /  a(x,n)dx]dn 
-00

0 0  CO

-  J f  f ( - x ) d x  + j f  f * ( - x ) d x } .  ( C - 2 1 )
-0 0  —00

S e t t ing  equat ions (C-20) and (C-21) t o  zero and so lv ing s imultaneously y i e l d s

00 00 M oo
2/ /  a(x,n)g(x)dxdn - 2/ f* (-x )dx  = 0, (C-22)
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where, to  get  equation (C-22),  we have m ult ip l ie d  equation (C-21) by j  and added the  

r e s u l t  t o  equation (C-20).  Changing the  dummy va r i ab le  o f  i n te g r a t io n  of  the  second 

term of  equation (C-22) from t to  n, we can wri te

OO 00 M

/  [ /  ? ( T , n ) g ( x ) d T  - ? * ( -n ) ]dn  = 0. (C-23)
••00 -0 0

At t h i s  po in t ,  we observe t h a t  the  i n te g ra l  with respec t  t o  n wil l  vanish (as i s  r e ­

quired  by the  r ight -hand  s ide  of  the  equa t ion)  i f  we requ i re  t h a t  the  integrand 

vanish.  Hence, we requ i re  th a t*

00 w

/  a ( T , n ) g ( t ) d T  - f* (-n )  = 0. (C-24)

S u b s t i t u t i n g  d e f i n i t i o n  (C-15) i n to  equation (C-24) and s l i g h t l y  rear ranging y i e ld s

1 "a fC-251
)7 * ( £ T - n ) /  g ( t )T (£ T - T ) d T  -  T * ( - n )  = -“ ^  /  g(t)<j>r (n-T)dT
£ -00 0 1 -00

o r ,  e q u iva len t ly ,  by using d e f i n i t i o n  (C-2),

- I x ( t T ) f * ( £ T - n )  + ? * ( - n )  = “T  /  9 ( x ) i > r ( n - r ) d T .   ̂ ^
£ °I  -®

* Note t h a t  the  so lu t ion  stemming from equation (C-24) may not be the  only one s a t ­
i s fy ing  equation (C-23) and, t h u s ,  the  r ece ive r  f i l t e r  c h a r a c t e r i s t i c  minimizing 
en may not be unique. This ,  however, i s  inconsequent ia l  a t  t h i s  point  in the  de ­
velopment.
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Equation (C-26) is  of the  form

IcTjeT*(«.T-n) = /  g(t)<(>r (n-T)dt ,

where

r  - a fx (o )  + o f  

L_ -ffjX(£T), ot

- fo r  z  = 0

otherwise .

Four ie r  t ransforming equat ion (C-27) with respect  to  n gives

(C-27)

(C-28)

F*(ja))Ia£e-J'a,JlT = G(ju)Sr ( j u ) ,  (C-29)
Z

where F"(jto) s F t f ( n ) ] ,  and G(jw) and Sr (jui) denote the  t ransforms of  g ( t )  and 

<j>r(n), r e s p e c t iv e ly .  We a re  now in a po s i t i o n  t o  examine the  form of  the  optimum 

r ec e ive r  f i l t e r  c h a r a c t e r i s t i c  t h a t  promises minimum MSE a t  the  rece iv e r  observat ion 

i n s t a n t s .  Assuming t h a t  the  noise  power spec t ra l  dens i ty  does not vanish over the  

system bandwidth (a f a i r  assumption) ,  we may d iv ide  both s ides  of  equation (C-29) by 

S r ( J u ) .  giving

F*(ju)
The term may be envisioned as a noise  whitener/matched f i l t e r  combination

(see Figure C-2 fo r  i n t e r p r e t a t i o n ) ,  while the  second term,  Io£e " j “ AT, represen ts  a
z
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(noncausal*) synchronously spaced t r a n s v e rs a l  f i l t e r  a r c h i t e c tu r e  of  i n f i n i t e  

l ength.  Le t t ing

F?(
ST = F j ( j u )  -  7 * ( - t ) ,  where Fe (ju)  -  7 e ( t ) ,  (C-31)

the  inverse  Four ie r  t ransfo rmat ion  of  equation (C-30) y ie ld s

g ( t )  = I o t f e (AT-t) .  (C-32)
£

Now, s u b s t i t u t i n g  equation (C-32) in to  equation (C-25) r e s u l t s  in

)T*(£T-n)/  (£amfg(mT-T))f(£T-T)dT 
£ -~ m

+" T  /  (I0hn^e(mT-T) ) M n"T)d'r = 7 * ( - n ) .  (C-33)
-» m

Rearranging,  we have

If*(£T-n)X«J f(£T-T)f*(mT-r)dT 
£ m -“>

I

* We note t h a t ,  in gene ra l ,  both F*(jo») and Ja J,e"Jaii^ represent  noncausal systems; 
t h i s ,  however, i s  a mathematical a r t i f i c e  ana o f  no p rac t i c a l  concern.
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Fourie r  t ransforming the  above expression with re spec t  t o  t h e  continuous va r iab le  n 

gi ves

lF*(j \o)e"j“ *TI a m<pf (£T-mT)

+ ̂  JaJ" fg(mT-T)Sr (jw)e"JUTdT = F*(ju>),
m (C-35)

where

F[<(>r(r>)3 = Sp(ju)

and

\pf(£T-mT) = /  T(£T-T)fe (mT-x)dT = /  ? e (?)?(5+£T-mT)d5.

— (C-36)

Rewri ting equation (C-35) as

UT-mT))e
£ m

-ju)£T

+ 12 Sr ( jw)Fg(jw)Iame"J“mT = F*(ju>), 
° r  m (C-37)

and divid ing  through by F*(jw) y i e l d s

U I V f ( A T - m T ) ) e - j “ A T +i 2 l a [ne - J “niT = 1. 
£ m ° j  m (C-38)
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We now observe t h a t  the  f i r s t  term of  the  l e f t -ha nd  s ide  above represen ts  the

Four ier  t ransform o f  the  sequence {£«ni£fUT-mT)}. This sequence, however, i s  the  
_  _  m _

convolut ion of  {on} and {iJif(nT)}, and, hence, the  t ransform of  UT-mT)} may be
_ _ m

evaluated by forming the  product of  F[{an}] and F[{ij>f(nT)}]. The t ransform of the

sequence U f (nT)}  may e a s i l y  be deduced by observing t h a t  (see equation (C-36))

'Cf(-nT) = /  7 * ( ? ) 7 ( s - t ) d ?
t=nT

= J  f ( - u ) ? e ( t -u )du
t=nT

t=nT
(C-39)

Hence, s ince

F [ f ( - t )  * f * ( t ) ]  = F U j ^ - j o , ) , (C-40)

we conclude, using the r e s u l t  of  the  sampling theorem (see equation ( 2 - 8 ) ) ,  t h a t

k

(C-41)

and, consequent ly ,  i t  follows th a t

1 r,w, . 2 irk  * .  2nk .
F[{ij)f(nT)}] = j  ^7(j(o+j j  )Fe(j(i)+j- y- ). 

k

(C—42)

Returning now to equation (C-38),  the  r e s u l t  of  equation (C-42) above may be 

u t i l i z e d  in solving fo r  the  remaining unknown, the  Four ier  t ransform of the  t r a n s ­

versal  f i l t e r  c o e f f i c i e n t s .  We have
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P C S ' . ) ]  3 * c r - , T U 1  I - (C-43)
F[{i|»f (nT)}] +

‘ nrm

F i n a l l y ,  we can s u b s t i t u t e  t h i s  r e s u l t  in equation (C-30) t o  express  the  o p t i ­

mum minimum MSE rece ive r  f i l t e r  c h a r a c t e r i s t i c  s o le ly  in terms of  the  channel and 

system p a r a m e t e r s / c h a r a c t e r i s t i c s .  We have

G(J“ ) ‘  l - r , 2- K , ^ ,  2»k. S r»»>
T l F(Ju+J T " ) Fe ( J 0)+J ” ) + , 2

I

e (C-44)

k —  a t

We observe t h a t ,  sub jec t  t o  the  s im p l i f i c a t i o n  of  a constant  noise  power spec t ra l  

de ns i ty ,  Sr (jtu) = NQ, the  optimum rec e ive r  f i l t e r  c h a r a c t e r i s t i c  reduces t o ^

§( j« )  = — ^ * 4 ~f i~2— ir* ( ° - 45)

As wil l  become evident  s h o r t l y ,  a f r a c t i o n a l l y  spaced f i l t e r  configura t ion  may be

u t i l i z e d  to  adap t ive ly  form the  funct ion  G(jw) spec i f ie d  above. This c a p a b i l i t y  of

the f r a c t i o n a l l y  spaced f i l t e r  wil l  be discussed in d e t a i l  in a l a t e r  s ec t ion  of

t h i s  appendix.  Suf f i ce  i t  t o  say, a t  t h i s  p o in t ,  t h a t  the  one-sided bandwidth of

the funct ion  F ^ j io )  (and, hence,  the  bandwidth of  G(jto)) w i l l ,  in gene ra l ,  exceed

j" rad ians .  That i s ,  in gene ra l ,  we wi l l  have |G(jio)| = 0 for \ / |a» |  >. u>m “M i " f "
2

(with u>m being g r e a t e r  t h a n ” , but l e s s  than 7  , in p r a c t i c e ) .  Given t h i s ,  a t r a n s ­

versal  f i l t e r  s t r u c t u r e  with a t r a n s f e r  funct ion of  the  form J J ne"JwnT' must,  i f  i t
~ n

i s  to  form the  funct ion  G(jui) via an appropr ia te  choice o f  i t s  c o e f f i c i e n t s ,  be

capable of exe rc is ing  contro l  over the  e n t i r e  bandwidth o f  G(juj). Since,  by
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d e f i n i t i o n ,  the  bandwidth of  G(jai) extends from -wm to  and the  t r a n sve rsa l
2ir if

f i l t e r ' s  pe r iod ic  t r a n s f e r  funct ion  has a per iod of  y*,  we must h a v e f 7 >_ or ,  

equ iv a l en t ly ,  uimT1 £  ir, which implies  t h a t  T' < T, s ince  wm >T* A t ransve rsa l  

f i l t e r  whose delay between taps  (or  c o e f f i c i e n t s )  i s  l es s  than the  sys tem's  s i g n a l ­

ing in te rv a l  i s  termed f r a c t i o n a l l y  spaced as opposed to  synchronously spaced (the 

term synchronously spaced i s  reserved f o r  the  case where T' = T). For the  t r a n s f e r

funct ion XTne “‘’“nT to  converge ( in  the  MSE sense)  t o  the  func t ion  G(jio) over the  
n

in te r v a l  -wm £  u> £  wm. we must have

T '  f t / T 1 ~  . ,

5n = ~ 2 7 J  G(jto)eJunT dto fo r  V n . (C-45a)
- tt/T '

One technique of adap t ively  forming (es t im a t ing )  these  optimum c o e f f i c i e n t s  i s  d i s ­

cussed in paragraph C.4 below.

C.3 A SUBOPTIMAL SOLUTION

We now return  to  Figure C-l and impose t h e  add i t iona l  c o n s t r a in t  on the  r e ­

ce ive r  f i l t e r  t h a t  i t  have a t r a n s f e r  funct ion of the  form G(jto) = or ,
k _

equ iv a l en t ly ,  we require  g ( t )  = EC|<6 ( t - k T ) ,  with the  c o e f f i c i e n t  s e t  {C|<} to  be
k

chosen opt imal ly such as to  minimize the  MSE at  the  r ece ive r  sampling t im es .  A 

choice of  r ec e ive r  f i l t e r  a r c h i t e c t u r e  such as the  one spe c i f ie d  above def ines  the 

rece iv e r  as a synchronously spaced t r a n s v e r s a l  f i l t e r  c o n f igu ra t ion .  In genera l ,  

the  synchronously spaced t ra n s v e rs a l  f i l t e r  r e c e iv e r  y i e l d s  i n f e r i o r  performance as 

compared with i t s  f r a c t i o n a l l y  spaced c o u n t e r p a r t ^ ^ .  However, because of  the  ease 

with which i t  lends i t s e l f  t o  implementation ( p a r t i c u l a r l y  in the  d i g i t a l  domain),
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i t  enjoys wide usage and i s  worthy of  the  following synopt ic  d i scuss ion .  Given, 

t h e r e fo r e ,  t h a t

g ( t )  = ICk6 ( t -kT ) ,  (C-46)
k

the  received random process  waveform, U(t)  (see Figure C - l ) ,  wi l l  be

u ( t )  = I ( iCmSfa-mtJXXlkff t -a-kT) + r ( t - a ) ) d o
-® m k

= I  lCmTkf(t-mT-kT) + ECmr(t-mT) .  (C-47)
m k - m

The value o f  TJ(t) a t  the  n ^  sampling i n s t a n t  ( t  = nT) can thus be expressed as

Un = U(nT) = £ ICmTkTn_m_k + ECmr n_m, (C-48)
m k m

where

f n-m-k = f(nT-mT-kT) (C-49)

and

Tn-m 5 r(nT-mT). (C-50)

S u b s t i tu t ing  ITn in the expression of  equation (C-9) fo r  t h e  MSE and eva lua t ing  

y i e ld s
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en = ° I^  I  ^ m V n - m - k ^ - A - k  "
m k {

" + + °I»
m m

,2v i r  12
(C-51)

where

»f = E[ I rn | ,7  i 2 i (C-52)

with the  d i s c r e t e  time noise  process  {7n} assumed s t a t io n a r y  and of  zero mean, and 

with "rn and 7^ s t a t i s t i c a l l y  independent forVm i  n.  Note t h a t ,  in a r r i v in g  at  

equation (C-51), the  same assumptions leading t o  equation ( C - l l )  have, once aga in ,  

been invoked. To f ind  the  optimum s e t  of  c o e f f i c i e n t s  {£]<} t h a t  minimize en , the  

g rad ient s  of  en with respec t  t o  (i = . . . ,  - 1 , 0 , 1 , 2 , . . . )  must be taken ,  s e t  to  

zero and then solved f o r  (Cjc>. We have

3e.
aCiR

3en
3Ct i

= 0

= 0

»  l — . . .  “ 1 , 0 , 1 , (C-53)

where, as implied above, we have l e t

^ i  = ^iR + J C i i • (C-54)
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Evaluating equation (C-53) y i e ld s  

3en
d C i R  = ° l i ^  jprn^n-m-k^n-i-k 

1K m k

* J  I ^ n - l - k C k - k )
k %

-  o f f -1  -  o f » ! i  ♦  -  o ,  ( c ' 5 5 )

and

3C1- t = a f { "J l  i V n - m - k ^ n - i - k  
11 m k

+ J’Z I^iif n - i - k f n-Ji-k} 
k %

-  Joff r_1- + j a j f * j  + o ^ - j ^ + j C * }  = 0. (C 56)

Multiplying equation (C-56)  by j  and adding the  r e s u l t  t o  equation (C-55) gives

°*m jPmfn-m-kirn_1"k ~ + = (C-57)

Four ie r  t ransforming the  above with respec t  t o  the  d i s c r e t e  va r iab le  i ,  we have

■ft  I ^ n - m - k ^ ( e j “T)e - junTe ^ kT
m k

- afP‘*(eJ“T) + 0pC’(e*juT) = 0. (C-58)
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Rearranging s l i g h t l y ,  we a r r i v e  at

m k

a2
+ — C‘(eJ'toT) = T*(eJ'u)T) (C-59)

°I

o r ,  e q u iv a l en t ly ,

02
|F(ej V r ) | 2C(ej V r ) + - r C ( e jajT) = F*(ej V r ) .  (C-60)

°I

This l a s t  equation allows us t o  so lve f o r  the  Four ie r  t ransform of  the  optimum 

t ransve rsa l  f i l t e r  c o e f f i c i e n t  s e t .  We have

C ( e W )  = ■ ■ £ (C-61)

|F (eJ “ T) | 2 4
a ‘

I

and, hence,

C-,- = "JZ j  r ( e J“ ^)e J“ 1^dto, fo r  V i. (C-62)
-u/T

C.4 ADAPTIVE FORMATION OF OPTIMUM RECEIVER

A t ra n s v e rs a l  r ece ive r  f i l t e r  s t r u c t u r e ,  as i l l u s t r a t e d  in Figure C-3, i s  pos­

t u l a t e d .  The t r a n s v e rs a l  f i l t e r  i s  assumed t o  c o n t a i n  2N +  1 c o e f f i c i e n t s ,  with the 

spacing (delay)  between c o e f f i c i e n t s  sp e c i f i e d  as T ' .  As mentioned e a r l i e r ,  i f  T ' 

i s  chosen such t h a t  T' (where wm defines  the  one-sided baseband equivalent
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Figure C-3. Transversal F i l t e r  with 2N + 1 C o e f f i c i e n t s 00
CO
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system bandwidth) , the  t ra n s v e rs a l  f i l t e r  pe r iod ic  t r a n s f e r  funct ion wil l  be capable 

of e xe rc i s ing  cont ro l  over  the  e n t i r e  system band and wil l  thus be able  t o  form the 

optimum l i n e a r  r ec e ive r  c h a r a c t e r i s t i c  G(jiu) (as s p e c i f i e d  by equation (C-44)) via

an app ropr iat e  choice of  the  c o e f f i c i e n t  se t  {f-f}. I f ,  on the  o ther  hand, the

f i l t e r  tap  spacing T' i s  not smal le r  than ,  or  a t  l e a s t  equal t o , " ^ j ,  t h e  f i l t e r  

c h a r a c t e r i s t i c  w i l l ,  in genera l ,  dev ia te  from op t im a l i ty .  I f ,  f o r  example, we se t
ir

T 1 = T (where, in genera l ,  T > 7 T ) ,  the  t r a n s v e rs a l  f i l t e r  can, a t  b e s t ,  form the
M

t r a n s f e r  c h a r a c t e r i s t i c  given by equation (C-61),  which i s ,  in genera l ,  suboptimum 

(in  the  LMSE sense)  to  the  optimal l i n e a r  r ece ive r  response of  equation (C-44).

Independently of  the  value assigned to  the  t r a n s v e rs a l  f i l t e r  t ap  spacing 

parameter  T ' ,  a time domain s o lu t ion  fo r  the  f i l t e r  c o e f f i c i e n t  s e t  t h a t  minimizes 

the  MSE at the  r ec e ive r  sampling t imes i s  now sought .  As ind ica ted  in Figure C-3, 

the  t r a n s v e rs a l  f i l t e r  output  can be expressed in terms o f  the  f i l t e r  c o e f f i c i e n t s

and the  s igna l s  re s id ing  on the  f i l t e r  delay l i n e  as

N
tf ( t )  = I  ? kX ( t - k T ' ) .  (C-63)

k=-N

At the  n ^  re c e iv e r  sampling t ime,  we have

N ___
U(nT) = Un = £■ 5kX(nt-kT')  = £ h >  (c ' 64)

k=-N

where
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5-N “  X(nT+NT') ”

5-N+l
•

X(nT+NT‘-T ' )
•

I  S
•

?0 and 2̂ 1 =

•

•

X(nT)

51
•

•

X(nT-T')
•

«
•

_  Tn _
•

X(nT-NT')

and where the  s u p e rs c r ip t  T as used on a vec tor  denotes t r a n s p o s i t i o n .

As seen from the d e f i n i t i o n s  above, the  complex-valued (2N + 1)X1 column vector  

T  expresses  the  t r a n s v e ra l  f i l t e r  c o e f f i c i e n t s ,  while  the  complex-valued s ignal  vec­

t o r  ^  has ,  as i t s  components, the  delay l in e  s ignal  values evaluated a t  the  n ^  r e ­

ce ive r  sampling i n s t a n t .  Taking the  form of  Up as given by equation (C-64) and sub­

s t i t u t i n g  in the  MSE expression of  equation (C-9) y i e ld s

■=„ '  E U ’S S P i* ]  -
(C-6 6 )

o r ,  e qu iva len t ly ,

■ s w r  -  i te[t s ,]

- i* TE[T^] * of

e I Tr  I *  -  J Tj> -  i * T| *  + o f ,  (C—67)

where
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7  s E ^ * 1] and £  = E f l ^ ] ,  

with the  matr ix  7  e a s i l y  shown to  be Hermitian (7*^ = 7 ) .

(C-6 8 )

To f ind the  optimum c o e f f i c i e n t  vec to r ,  J ^ ,  t h a t  minimizes en , the  gradien t  of  

en with respec t  t o  T  must be taken ,  s e t  t o  zero and then solved f o r  ][. We have

where

Furthermore, we have

V ?en

r V ^ en = 0

and

_ V l I e n = 0 ,

I  s iR + J I I .

(C-69)

(C-70)

3en
Ve en = 0 ** = 0; £ = 1, 2, 3, . . . ,  2N + 1;
' $R R l

(C-71)

and

^ I en =
3en

0 ~ U
= 0; l  = 1, 2, 3, . . . ,  2N + 1. (C-72)

Performing the  opera t ions  ind ica ted  above, we f ind  ( a f t e r  some a lgeb ra ic  manipula­

t io n )

V? e n = 2Re[r £ * ] - £ - £ *  = 0 
—R

(C-73)

and
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VgjEp = -2Im[r  _§;*]- j £  + j£* = 0. (C-74)

Multiplying equation (C-74) by - j  and adding to  equat ion (C-73) produces the  r e s u l t

2r 1 *  -  2 £  = 0 .  (C-75)

The optimum, in the  LMSE sense ,  t r a n sve rsa l  f i l t e r  c o e f f i c i e n t  vector  i s  thus de ­

f ined  by the  r e l a t i o n

( I 0 )* = l ~ lI -  (C-76)

The best  choice of t r a n sve rsa l  f i l t e r  c o e f f i c i e n t s ,  as def ined above, may be found 

(in the  mean) by applying Widrow's S tochas t ic  Gradient  A l g o r i t h m ^ ]  to  the  s i t u a t i o n  

a t  hand. As i s  shown below, the  control  law

£ + 1  -  £  * (C-77)

where

En = Ti  “ ^n» (C—78)

denot ing the  r ece ive r  e r r o r  a t  the  n ^  sampling t ime,  f inds  the  complex-valued coe f ­

f i c i e n t  vec to r  J k + i  such t h a t

E [ g +1] = ( J 0 )* = r" 1̂  (C-79)
k-H»

To show the  above, we use

En = -  ITn = ^n " -iic^n (C-80)

and s u b s t i t u t e  i n to  equation (C-77), giving
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f i +i - SI ♦

■ Ik - “ZnSTlk + k̂ JZn-
(C-81)

Taking the  expectat ion  of  the  above expression y i e l d s

£[ik+l] = E[ikJ " CE[IkJ + ME»
(C-82)

where the  r e l a t i o n s h ip

E[XfA/iLkJ = EU W ^ / ^ L £ k ]
(C-83)

has been assumed t o  hold and d e f i n i t i o n s  (C-6 8 ) have been used.  We point  out  t h a t  

the  assumption (C-83) i s  not d i f f i c u l t  to  j u s t i f y ,  p a r t i c u l a r l y  when the  control  law 

(C-77) is  updated once every several  baud i n t e r v a l s  corresponding to  a t ime span ex­

ceeding the  memory of  the  channel.

Since the  d i s c r e t e  channel a u to c o r r e l a t i o n  matr ix  7  appearing in equation 

(C-82) is  Hermitian (7*T = 7 ) ,  i t  can be expressed in terms of  i t s  corresponding 

e igenvector  and eigenvalue m at r ices ,  £  and .X, r e s p e c t iv e ly .  We have

where the  columns of  the  eigenvec tor  matr ix  £  a re  formed by the  normalized eigenvec­

t o r s  of  7  and where the  rea l -va lued  eigenvalue matr ix  \  i s  a diagonal matr ix  whose 

main diagonal i s  made up of  the  eigenvalues o f  7 .  Using the r ep re sen t t ion  of  equa­

t i o n  (C-84) and s u b s t i t u t i n g  in to -equa t io n  (C-82),  we a t t a i n

£  = £  \  £ _1 (C-84)

E[ i£ + i ]  a + ii£

= m - y x ) £ - lE[ g ]  + u£,

(C-85)
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where I. denotes the  i d e n t i t y  matr ix .  Mult iplying both s ides  o f  equat ion (C-85) from 

the l e f t  by £ -1  gives

Equation (C-8 6 ) i s  a f i r s t  o rde r ,  complex-valued,  vec tor  matr ix  d i f f e re nc e  

equat ion .  I t  r ep resen ts  2N + 1 complex-valued s c a l a r  d i f f e r e n c e  equat ions in the  

t ransformed c o e f f i c i e n t s  ( F i ) .  i = -N, -N + 1, . . . ,  -1 ,  0,  1, . . . ,  N. These equa­

t io n s  are a l l  decoupled,  owing to  the  diagonal na ture  of  both .1 and and, hence, 

they can e a s i l y  be solved.  For the  i tl1 such equa t ion ,  we have

With the  s tep  s i z e  parameter  u chosen app ro p r i a t e ly  small such t h a t  0 < pXj < 2, the  

f i r s t  term of  equation (C-89) goes t o  zero in  the  l im i t  as k ♦ « ,  while  the  second

E [ik + l l  = ( I - H ) E[£k] + VB! > (C-86)

where

- *  —_ i—*  , —. —-1 —
£* s a  ^  and £ '  i  a  a£ . (C—87)

E[ ( ? i ) k + l ]  a ( ^-JJ^i )E[ (^ i )k ]  + wPi *
(C—88)

where (Cjjfc denotes the  i ^  component o f  5^ ,  A7- i s  the  i*^ eigenvalue o f  7  (and the  

diagonal en try  o f  the  i ^  row of _X) and pj denotes  the  i ^  component of  £ ' .  Solving 

equation (C-8 8 ) ,  we f ind

(C-89)

P *term approaches__2. Thus,
*i
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» ■  E[Ul)k+l] " 7 T  (C-90)
k+°° 1

o r ,  e qu iva len t ly ,

lim E [ ^ +1] = A"1] ) ' . (C-91)
k-*-~ “

F in a l ly ,  using d e f i n i t i o n  (C-87),  we conclude

lim E[ ]J+i] = a i ' 1! -1!! = £ _1£  = (1°)*- (C-92)
k+oo

We see t h a t  the  control law (C-77) has converged, in the mean, t o  the  optimal c oe f ­

f i c i e n t  vec to r ,  which minimizes the  ensemble averaged squared e r r o r  a t  the  rece iv e r  

sampling i n s t a n t s .
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APPENDIX D

OPTIMAL LINEAR RECEIVERS IN THE NYQUIST SENSE AND THE ZERO-FORCING ALGORITHM 

D.l THE OPTIMAL SOLUTION IN THE NYQUIST SENSE

We begin the  ana lys i s  by seeking the  optimum l i n e a r  rece iv e r  f i l t e r  which min i­

mizes the  thermal noise var iance a t  i t s  output  sub je c t  t o  the  zero Intersymbol In­

t e r f e r e n ce  ( IS I )  c o n s t r a i n t .  That i s ,  the  overa l l  system t r a n s f e r  c h a r a c t e r i s t i c ,  

7(ju>) = F,(jto)G(jaj), i s  contrained to  s a t i s f y  equation (2-51) ( repeated below for  

convenience)

I7 ( j fo+ jT^)  = T f o r  |(o| _<y, (D-l)
k

while the  r e c e iv e r  f i l t e r  c h a r a c t e r i s t i c  i s  opt imal ly  chosen f o r  minimum output  

thermal noise  var i ance .  C lea r ly ,  t h i s  i s  a cons tr a ined  opt imiza t ion problem which 

can be handled via the  Lagrange m u l t i p l i e r  approach.  We observe t h a t  minimizing a 

performance index such as the  f i l t e r e d  noise  mean-squared value subjec t  t o  the  zero 

ISI co n s t r a in t  a l so  minimizes the p r o b a b i l i t y  of  e r r o r  in the  system sub jec t  to  the  

same c o n s t r a i n t .

In re fe rence  t o  Figure D-l ,  the  f i l t e r e d  thermal noise  variance (o r ,  equiva­

l e n t l y ,  i t s  mean-squared va lue ,  s ince  we assume zero mean s t a t i s t i c s )  i s

a* = E U ( t )V * ( t ) J  h E [ | g ( t )  * r ( t ) | 2] 

o r ,  in terms of  frequency domain q u a n t i t i e s ,

(D-2)



U(t)

—  _  a

s  =  l ( t + t ) 6 ^  ='Bi\seboif\i. E*jnivaJLejot Channel
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Figure D - l .  Baseband Equivalent QAM System Model
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a 2 = -L_2 7 /  |G(jw) | ^Sr (jui)duj, (D-3)

where Sr(jui) denotes the power spectral density o f  the baseband equivalent input 

thermal noise process T’( t ) .

Equation (D-3) can e a s i ly  be rearranged and placed in the form of

2 1 flr/Tr r i 2 r .  r- . 2 * ^ ^  (D"4)°v = a? /  [IIS(j<o+j“f - j r S r ( jw +j - f ) ]du ) ,
-u/T k

thus providing a statement of the noise variance (to be minimized) in terms o f  the 

same frequency band, |w| £*f", over which the constraint equation (equation (D -l))  i s  

va l id .  Since the quantity Oy is  to be minimized subject to  the zero ISI contraint  

and since  the integrand o f  equation (D-4) i s  p o s it iv e  (or zero) for every w within
1 1  TT JL 1

the band |ui| £ ~ ,  minimizing the integrand at each w from -  7  to 7 , subject to  the  

constra int, i s  equivalent to minimizing Oy subject to  the same constraint. There­

fore ,  taking the Lagrange m ultip lier  approach, we define a performance index a s W

<• 2 irk. ,0 ,2rrk.
J = ),|G(ju)+j 7  ) | Sr (ju)+j 7  )

i, 2-rrk - .  2irk. it (D-5)
+ X[lF(ju)+j 7  )G(jaj+j 7  ) -  T] for |uj| £  7 . 

k

and
s cttZ

To minimize J with respect to  the unknowns |G(ju) + j  7  )| (Z = 0 ,  +1, +2, . . . )

A, the associated partial derivatives  must be taken, set to  zero and solved. We 

have
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and

1 J   * 2tt£ , , 2tt£
2ttJI . = 2|G(ju)+j 7  J |S r (ju»+J j  )

9|G(joi+j 7  ) |

2n& J9(“+ T J 
+ AF[ju)+j 7  Je

= 0 f o r  |u)| £  7 and Vs,

9 J  2 n k . a . 2 i r k . ir
9A = l F ( JU+j 7  jG(j(o+j 7  ] -  T = 0 for |u>| <TT 

k

where e(u) denotes the phase ch a racter is t ic  of G(jw); that i s ,

G(jto) = |G(jw) | e J 0(“ ) .

Rearranging equat ion (D-6 ) gives

, 2tt£ 2tt&.
2tt&. . ■J0 l“ + T J x HJm+J T J , , it W

|G(ju+j  7  J | e  = -  g ' ' ~2ttA fo r  M  i  T and
S r ( j “ +J T )

and, with the  help o f  d e f i n i t i o n  (D-8 ) ,  we conclude

_ _  ,  2tt&
= . ,2ttA A F*(jw|'j T J . jr_ w
G(jw+j 7 ] = - 2 £tt& ' 'For M  <, T and Vfc

Sr (joj+j 7 )

(D-6 )

(D-7)

(D-8 )

(D-9)

(D—10)

or, equivalently ,
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G O )  = - i i J f e j ' f o r V u ) .  (D-l 1)

In order  to  solve fo r  the  unknown A, equat ion (D-10) may be s u b s t i t u t e d  i n to  equa­

t io n  (D-7), giving

x !F( jca+ĵ y )̂ | 2 _
- 2  I   ; S H T "  = T f o r | u | < y .  (D-1 2 )

k Sr (j(o+j“ J

Solving fo r  -  g" from equation (D-12) and s u b s t i t u t i n g  the  r e s u l t  i n to  equation

( D - l l )  gives

-  4____  F*f.i«o)__________
G0 )  a _ .ink 2 (D-13)

o r ,  e q u i v a l e n t l y ,

Sr O )  v lF0 +j*T’) l< 
T k c r .Sr (ju>+j-y)

Fe ( j“ )
= _L vrr • -M-w*,- -2irlV  (D' 14)

k

where

n ( J » ) (D-15)

Observe t h a t ,  sub je c t  t o  the  s im p l i f i c a t i o n  of  a cons tan t  noise  power spec t ra l  den­

s i t y ,  Sp(jcu) = N0 , the  optimum rece ive r  f i l t e r  t r a n s f e r  funct ion given by equation 

(D-14) reduces to
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(D-16)

Furthermore,  observe t h a t  the  optimum s o lu t ion  does force  the  overa l l  system to  be 

Nyquist,  as can r ea d i ly  be seen by s t r a igh t fo rw ard  s u b s t i t u t i o n  of  equation (D-14) 

i n to  equation (D- l) . , .

The general form of  the  optimum Nyquist f i l t e r  may be v iew ed/in te rp re ted  as 

r ep resen t ing  the  fol lowing two-stage c onf igu ra t ion :  a f i r s t  s t age  comprising a 

noise  whitener/matched f i l t e r  combination, followed by a second s tage  represen t ing  

an i n f i n i t e l y  long synchronously spaced t r a n s v e rs a l  f i l t e r .  The f i r s t  s t age  ( the 

noise  whitener/matched f i l t e r  combination) i s  an i n t e r p r e t a t i o n  of  the  numerator 

term of  equation (D-14), while the  pe r iod ic  na ture  of  the  denominator na tu ra l l y  

lends i t s e l f  t o  a t r a n sve rsa l  f i l t e r  i n t e r p r e t a t i o n / v i s u a l i z a t i o n .  Figure D-2 f u r ­

t h e r  i l l u s t r a t e s  the  s t r u c tu r e  of  the  optimum Nyquist f i l t e r .

D.2 A SUBOPTIMUM SOLUTION AND ITS ADAPTIVE FORMATION

A suboptimum (and s impler)  s o lu t ion  in the Nyquist sense can be der ived by a l ­

lowing the  r ece ive r  to  assume the form of  a synchronously spaced t r a n sve rsa l  f i l t e r .  

With a r ece ive r  f i l t e r  configura t ion  as t h a t  shown in Figure D-3, the  Nyquist zero 

ISI c o n s t r a in t  of equation (D-l) becomes

~ , , , ZTTK. . . TT
G(jui)£F(jo)+j j  ) = T f o r  |id| _< 7 , (D-17)

k

since
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is  now a pe r iod ic  t r a n s f e r  funct ion (see Figure D-3) .  Solving equat ion (D-17) fo r  

G(jw), we f ind

G(jw) = _  2irk f ° r  l“ l I T *  (D-19)
lF(jo»+j t ) 
k

The suboptimum s o lu t ion  found above does fo rce  t h e  ove ra l l  system to  be N y q u i s t .  

However, i t  makes no attempt  to  minimize thermal noise  e f f e c t s .  Despi te  t h i s ,  i t

has enjoyed a pp l i c a t ions  in ISI l imited channels^2] (opera t ing  a t  f a i r l y  l a rge

s ig n a l - t o - n o i s e  r a t i o s ) ,  owing to  i t s  conceptual  s im p l ic i t y  and ease o f  implementa­

t i o n .

Focusing now on Figure D-3, the  output  waveform, U ( t ) ,  evaluated a t  the nth 

sampling i n s t a n t ,  may be expressed in terms of  the  f i l t e r  c o e f f i c i e n t s  as

N N
Un = U(nT) = I  YiX(nT-iT) = I  YiXn_-j (D-20)

i=-N i=-N

or as

Un = £ % ,  (D-20a)

where
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Y-N *n+N

Y-N+l Xn+N-1
• •

• •

• •

TO and = xn

Y1 *n-l
• •

• •

• •

_  yn _ _  Xn-N _

The waveform a t  the  f i l t e r ' s  inpu t ,  X(t + NT), may be w r i t t en  as

I(t+NT) = ITkT( t-kT)  + r ( t )  (D-21)
k

and, t h e r e f o r e ,

X(t)  = ^TkT(t-NT-kT) + r ( t -N T) .  (D-22)
k

Evaluat ing Yn_i from the  above expression and s u b s t i t u t i n g  in equation (D-20) gives

N
Un = I  T i t O T n - i - N - k  + r n - i4 l ]  

i =-N k

N N
= H k  I  Yifn- i-N-k + I  T i rn-i-N» (D_23)

k i =-N i =-N

where

fn- i -N-k = f(nT-iT-NT-kT) and r n_i_N = r(nT-iT-NT). (D-24)

Since we d e s i r e  to  fo rce  the  ISI to  zero ,  we requ i re  t h a t
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N
I  Y*Vjl-N-k 

A=-N

fo r  k = n 

otherwise.
(0-25)

The above s e t  of  condi t ions i s  equ iv a len t ly  expressed by the  following complex­

valued vec tor  matr ix  equation:

(D- 26 )

with represen t ing the  i j th  element of  the  (2N + 1) x (2N + 1) matrix

7  and with Y_N+(i_i) represen t ing  the  i th  element of  the  (2N + 1) x 1 column vec tor  

y .  The vec tor  ^  is  a (2N + 1) x 1 column vec tor  with a l l  zero elements ,  except fo r  

i t s  N + 1 component, which i s  1. The s o lu t ion  of  equation (D-26) gives

y° = 7 _1u (D-27)

o r ,  equ iva len t ly ,

and

I ?  =

-  (D-27a)

where x r  and x°  denote the  real  and imaginary components of  y°, r e s p e c t iv e ly ,  and f^ 

and rep resen t  the  rea l  and imaginary pa r t s  of  7 ,  r e s p e c t iv e ly .

Next, we consider  a control  law t h a t  can adap t ively  and r ecu rs ive ly  f ind  an un­

biased es t imate  of  y ° .  We l e t

Ik+1 = Ik + wEnin» (D-28)

where u i s  a cons tan t  c o n t r o l l i n g  the  algori thm step s i z e ,
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En B *n “ Inlk (D-29)

denotes the e r r o r  a t  the  f i l t e r  output  corresponding to  t h e  n ^  rece iver  sampling 

i n s t a n t  and

"^n-N

V n+i

Jji = Ir

Tn+1

_ In+N _

S ub s t i t u t i n g  equation (D-29) in to  equation (D-28) gives

Ik+1 = Ik +
—  — .T

Ik + ^nln " In̂ n Ik*

(D-30)

(D-31)

(D-32)

Taking the s t a t i s t i c a l  expecta t ion of  the  above y i e l d s

Ellk+l] =- ELlkJ + >jElTnIn] - ^[Inin*2]

= E[^J + pafu -

where e E[ |Tn | ^ ] ,  E[T^T|J = 0 f o r  Vk n, and and are  a s ­

sumed uncorre la ted  (an assumption e a s i l y  j u s t i f i e d  in p r a c t i c e ) .  The i j t *1 component 

of  the  matrix EfT^X^*] can r ea d i ly  be shown t o  be and, t hus ,

equation (D-32) may be r ew r i t te n  as
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Ellk + lJ  = El l i d  + " >*«K*El5 k] '
(D-32a)

Le t t ing

ik = ECjLk+1 H + anc* J- = 1r + Jli>
(D-33)

the  complex-valued equat ion (D-32a) may be rep resen ted  equ iv a l en t ly  in terms of  the  

following two rea l -va lued  equa t ions :

(D-34a)

and

(D-34b)
i i +1 = U  + +

o r ,  more compactly,  in terms of  the  following (augmented) vec tor  matr ix  equat ion

,hk+l
iR

i- 
1

! 
%

' 
i

I
1  - u o ^  ] u a f l j

W0 !^ ! J J. + u a fiR
+ }JOj (0-35)

Rewrit ing the  above as

* *

1
H to

1

o
------------ = ------- ( .----- -  uaf

i i +1 o ! i
i

,  I f

j
*  ! - in

■*

+ uaf
_u

£

m

, (D-36)
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the  fol lowing so lu t ion  i s  r ea d i ly  a r r ived  a t  ( fol lowing the  ana lys i s  of  Appendix C, 

equations (C-81) through (C-92)):

— — — i — - l — —

lim
d * 1

1
t—t 

f
V 

\ 
------1

«¥ 
!1

jj

-£i  | _£ r 0

Equation (D-37) is  equiva len t  t o  the  s ta tement

lim E[xic+1] = 7°  = T- 1u, (D-38)
k+«

thus concluding the argument t h a t  the  control  law of  equation (D-28) f i n d s ,  in the 

mean, the  optimal c o e f f i c i e n t  vec tor  r e s u l t i n g  in an overa l l  Nyquist system (or ,  

e q u iva len t ly ,  control  law (D-28) f inds  an unbiased es t imate  of  7 ° ) .  The c o e f f i c i e n t  

vecto r  found by control  law (D-28), however, a lthough optimal in the  Nyquist sense 

( in terms of  fo rc ing  ISI t o  z e ro ) ,  i s  suboptimal from a residua l  noise  MSE s tand ­

p o in t .  The optimal Nyquist so lu t ion  presented in the  f i r s t  s e c t i o n  o f  t h i s  appendix 

i s  r e v i s i t e d  nex t ,  s ince t h i s  so lu t ion  does fo rce  the  noise  MSE to  a minimum while 

s imultaneously maintaining zero ISI .  As wil l  be seen,  however, the adap t ive forma­

t io n  of  t h i s  (more optimum) so lu t ion  i s  s u b s t a n t i a l l y  more complex and, hence,  t y p i ­

c a l l y  not sought in p r a c t i c e .

D.3 ADAPTIVE FORMATION OF THE OPTIMAL NYQUIST SOLUTION

Figure D-4 i l l u s t r a t e s  a r ece ive r  a r c h i t e c t u r e  t h a t  can be used to  adapt ively 

form the  optimum Nyquist c h a r a c t e r i s t i c  of  equation (D-14). As shown in the  f i g u r e ,  

an overa l l  r ece ive r  configu rat ion i s  pos tu la te d  comprising a f r a c t i o n a l l y  spaced 

t ra n s v e rs a l  f i l t e r  whose c o e f f i c i e n t s  a re  c o n t ro l le d  by the  Least Mean-Squared (LMS)
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e r r o r  a lgori thm (as descr ibed in Appendix C) followed by a synchronously spaced 

t ra n s v e rs a l  f i l t e r  con t ro l led  by the  Zero-Forcing (ZF) algori thm (as descr ibed in 

the  previous sec t ion  of  t h i s  appendix).  The LMS con t ro l led  f r a c t i o n a l l y  spaced 

f i l t e r  minimizes the  residua l  noise  MSE, while the  ZF algori thm c o n t r o l l i n g  the  syn­

chronously spaced f i l t e r  guarantees  I S I - f r e e  performance. As can read i ly  be seen 

from equat ion (D-l) and/or  equation (D-17), the  optimum synchronously spaced t r a n s ­

versal  f i l t e r  t r a n s f e r  func t ion ,  Gzp(ju)), wi l l  converge t o

while the  optimum f r a c t i o n a l l y  spaced f i l t e r  c h a r a c t e r i s t i c ,  Glms(J^)» W1' H  be 90V- 

erned by a c o e f f i c i e n t  vec to r ,  Gj_ms» def ined by

(D-39)

k

•§i.MS = G£ms£lMs )* ’ (D-40)

where

&LMS -  »

Z ln s  2 E[TiS > ]

_  (D-41)

and
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In =

Y(nT+NT') 

Y(nT+NT'-T')

Y(nT) 
T(nT-T')

Y(nT-NT')

• T1 - f  » 1 Z > (D-42)

such th a t

Y( t )  s I ( t )  * gZF( t ) .  (D-43)

The s ta tement  made by equation (D-40) can be v e r i f i e d  using the  techniques of  Appen­

dix C. Furthermore,  t o  adap t ive ly  converge t o  the  optimum so lu t ion  of  equation 

(D-40), the  following control  law must be used to  update t h e  f r a c t i o n a l l y  spaced 

f i l t e r  c o e f f i c i e n t  vecto r :

I lMS = I lMS + ŵnXn* (D_44)

where

En = Tn -  Un. (D-45)

Using the  contro l  law of  equation (D-44), i t  can r ea d i ly  be shown th a t

J im E[HSJ]  = (SImsElms) •
k->"»

(D-46)
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