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FOREWORD

Algorithmic solutions of the word problem, the conjugacy problem
and the isomorphism problem were investigated by Max Dehn in 1912 {4]

when he settled all three problems for the groups
k

G, = (a;,b,...,8,,b ; 151 [a,,b, 1= 1),
the fundamental groups of closed, orientable, two-dimensional surfaces.
All three problems are important for presentation theory as well as
for applications; the one with which we are primarily concerned here
is described briefly as follows: For any pair of elements of a
group G which is somehow effectively given, is there an effective
procedure whereby one can decide in a finite number of steps whether
or not these elements are conjugate,

For certain classes of groups the solution of the conjugacy
problem is well-known. For example, for free groups it is not only
known but is even fairly trivial [8]. However, for the class of
groups with a single defining relator (to which the groups Gk belong)
nothing is yet known about the solution in general, even though Magnus
employed the Freiheitssatz to prove in about 1932 that this class has
a solvable word problem [6]. (It will be clear once these are defined
more precisely that solution of the word problem is necessary for
solution of the conjugacy problem.)

The first examples of finitely presented groups with unsolvable
word problem were given about 1955 by Novikov and Boone. In 1954
Novikov also published a paper on the unsolvability of the conjugacy

problem in general [ll]and then later showed the unsolvability even
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for a class of finitely presented groups having solvable word problem.

Among recent results in the positive direction for settling the
conjugacy question is N, Blackburn's solution for the class of finitely
presented nilpotent groups [2]. In order to establish further positive
results it seems feasible to consider various groups with known solv=-
able conjugacy problem, to construct some new groups from them and then
to investigate the same guestion for these new groups. The construc~
tion which we propose is that of the generalized free product or free
product with amalgamation, noting that G. Baumslag has shown [1] the
generalized free product of two finitely presented groups is finitely
presented if and only if the amalgamated subgroup is finitely generated,

In Chapter I the general theorem on conjugacy in a generalized
free product is presented together with sufficient conditions for
providing an algorithmic solution to the conjugacy problem. Special
conditions on the factors or on the amalgamated subgroup giving rise
to a solution are then discussed.

Chapter 1l is devoted to a detailed study of an algorithmic
solution when the amalgamated subgroup is cyclic and the factors are
either free, torsion~free nilpotent or free metabelian groups. For
torsion-free nilpotent factors the subgroup can be enlarged from
cyclic to abelian of rank two; investigation of this case is the
subject of Chapter III. Finally some of the problems encountered in

attempting to secure more general results are discussed in some detail,
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CHAPTER 1
SOLUTION OF THE CONJUGACY PROBLEM IN GENERAL CASES

This section is preliminary in nature and covers some of the
concepts, definitions and notations which will be used in what follows.

We begin with a short description of the constructions known as
the "free product' and "generalized free product’ of groups, referring
the reader for further details to the extensive work of B.H. Neumann
on the subject, Let G be a group and let Ga be subgroups of G
where « runs through an indexing set A, If the following two

conditions are satisfied, G 1is called the generalized free product of

the subgroups Ga : (1) G is generated by the Ga’ and (ii) for every
group X and every set of homomorphisms ¢b of each Ga onto X,
where every two @a, QB agree when both are defined, there exists a
homemorphism ¢ of G into X that coincides with each ¢, on Ga'
Further, if G is the generalized free product of its subgroups

Ga (v ¢ A) and if Ga nag (o,B € A) where all such inter-

B = HQB

sections coincide in a single subgroup H, then G is called the free

Broduct of the Ga with amalgamated subgroup H., 1In case H=1, i.e.

Ga NG,=1(x# PB), then G is simply called the free product or more

B
specifically the ordinary free product of the Ga'

The question as to which conditions are necessary and sufficient
for given groups with prescribed intersections to be fitted together
to form a generalized free product are treated in great detail in

Neumann's essay and they are referred to as compatibility conditions.

While the generalized free product does not always exist, it does



exist in the case of the generalized free product with a single sub-
group H amalgamated. In this, as in the ordinary free product where
the amalgamation is trivial, one can represent the elements in a

certain normal form described as follows. In every group Ga we

choose a system Ta of left coset representatives modulo H; thus
every element g € Ga is uniquely represented in the form

g =ht (h eH, t e TO). (By convention and for the sake of simplicity,
the unit element is chosen as the representative of H itself, so

that 1 ¢ Ta for every «.) Now we distinguish certain words in the
elements of the Ga; specifically we call

= uo.t
w htlt2 n

a normal word if it satisfies the following three conditions:

(i) Every component ti (1L £1i £n) is a representative
(# 1) belonging to one of the Ta'
(ii) Successive components ti, ti+1 belong to different

systems of representatives.

{(iii) The first component belongs to the common subgroup,

We call n the lenEth of the normal word., The string of symbols
comprising a word is interpreted as a product giving rise to an
element of the group G; then the word is said to represent the element
and the length of an element g 1is defined to be the length of the
word defining it., If n = 0, g € H, Uniqueness of this normal form is
essential for obtaining results about free products.

We call the element g = htl"'En cyclically reduced if t1 and

tn are not in the same factor unless n = 1; this is equivalent to



saying that no conjugate of g has smaller length than itself.
Clearly every element is conjugate to a cyclically reduced one since
if g = htl...tn (n > 1) 1is the cyclically reduced form of an

element of smallest representative length conjugate to g', then t1
and tn cannot be in the same factor; otherwise

tngt;1 = (t ht )t ...t

is conjugate to g' and has smaller representative length than g.
When we wish to consider an element g of G not in its unique

normal form but simply as a product of elements (¥ 1) from alternate

factors, we may write

g = plo-opn

and refer to this form for g as a reduced form.

Let A and B be groups, H and K subgroups of A and B
respectively and ¢ an isomorphism between H and K. We denote
the generalized free product G of A and B amalgamating H (K)
by G= {A* B; H, o} to indicate that H and K are identified
under the isomorphism . A and B are referred to as factors of
G. We adopt the convention of not distinguishing between A and its
isomorphic copy in G but expect that the point of view will be clear
from the context, When for the sake of clarity we wish to consider an
element hi in H as lying specifically in B,'we shall feel free
to write it as ki' understanding ki = hiw.

More generally, if {Ai], i=1,..., n 1is a collection of groups
and [Hi} subgroups of the corresponding Ai with {wi}, i=1,...,
n-1 isomorphisms where qB establishes the isomorphism of H with

J

H then G = {* Ai; H ¢H] will represent their generalized

J+1’ i’



free product.

Throughout this thesis we shall be concerned with two problems
very closely associated with the conjugacy and word problems; these
are the so-called extended word and extended conjugacy problems. Hence
it is worthwhile to describe all four quite precisely. Let G be a

group given by means of a presentation, i.e,

G = gp (xl, b r (xl, x ),..)

grteri T resald, rz(xl, X

2 2,-..

where the X, are a possibly infinite but recursively enumerable set

of generators and the ry (xl, xz,...) are a recursive set of defining
relations of G. G is said to be finitely presented if it has a
presentation in which the number of generators and defining relations
is finite.

By a word w 1in the generators of G is meant a finite sequence

W= g1g2"'gm--lgm

-1 -1
X x X

where each of the gj is one of the symbols xl, grrrer Xy Xy pees

Assigning to the symbols their value in the group G we can compute
the value of a word w and interpret it as a group element g, For
the most part we shall not distinguish between words in the generators
of G and the group elements which they define but we shall use the
one which effects greater clarity in context.

I. The word problem. For an arbitrary word w= w (xi ...xi ) in the
1 n

generators of G, give an effective procedure for determining in a
finite number of steps whether w defines the identity element 1 of
G, or not,.

II. The conjugacy problem, For any pair of words

W= W, (xi peees Xy ) and w, = W, (x. ...xj )
1 n 1 m



in the generators, give an effective procedure for determining in a
finite number of steps whether wl and w2 define conjugate
elements of G, or not,

I111. The extended word problem for G relative to a given finitely

generated subgroup H, Let

H=gp (wl (xll ngno-),loo’ wr (xl’ xz,...) )

* *
where the w are words in the generators of G and let w = w

i
(xl, xz,...) be an arbitrary element of G, Give an effective
procedure for determining in a finite number of steps whether w* lies
in H and, if it does, for expressing w* in terms of the generators
of H.
IV, The extended conjugacy problem for G relative to H. With H
and w* as in II1, give an effective procedure for determining in a
finite number of steps whether w* is conjugate to some element h
in H.

If the first of these problems is always decidable for any word,

then we say that the group G has solvable word problem, Similar

terminology applies in the other three cases,
As far as notation is concerned, we shall as usual write

Ix, y] = x-ly xy; [x, y] 1is called the commutator of x and ¥y
where these are any group elements. By [x, Y] where X and Y are
subgroups of G, we shall mean the subgroup generated in G by all

such commutators [x, YJ with x € X, y €Y, In particular,

[G, 6] = G' 1is called the commutator subgroup of G.

The center of G, denoted Z (G), is the set of all x in G
which commute with every element in G:

Z (6) = {x eG{[x, g]=1 for all g €Gl.



We then define inductively a chain of subgroups:

Zo G) =1, Zi+1 {G) 1is the inverse image in G of the center
of G/Zi(G) and is called the i + 1 st center of G. In this
notation, Zl(G) denotes the center of G. The upper central series
of a group G 1is the series

{11 = Zy @ =2z, (@) <-...

1
If a group G has an upper central series terminating in a finite
number of steps in G, it is said to be nilpotent; more precisely,
if Zm (G) = G, Zm_1 (G) # G, G is nilpotent of class m.
Also, by convention, we use xy to mean y_lxy, the conjugate of
x by y and
= [0y ¢G, h en}
where H is a subgroup 6f G,
The normalizer of a subgroup H of G, denoted NG (H) 1is the
subgroup of G,
Ng () = g ¢ Gu¢ <u}
while the centralizer of H, denoted CrG (H) is the subgroup
Cro, (1) = [g ¢ Gllg, h]=1 for all h eH}

If H<G and © is any mapping of G into another group G',

then ©[H will indicate the restriction of 6 to H.



Section 2

We proceed to describe the general theorem on conjugacy of
elements in a free product as given by Magnus, Karrass, Solitar [8]
Theorem 1 Let G = {A * B; H, w} and let gl be any cyclically
reduced element of G. In determining conjugates of gl in G there
are three cases to consider:

(i) g, has length zero, i.e. g, = h € H. 1If g, is conjugate to
gz, then g2 has length zerc or one and there exists a sequence

gl = h, hl""’ ht’ gz
where hi is in H and consecutive terms of the sequence are conjugate
in a factor,
(ii) g1 has length one, i,e. g,y lies in A or B, If gl is
conjugate to g2 then either

{(a) lies in H (and we are back in I)

Eo
(b)

g2 lies in a conjugate of H and there exists a seqguence

gl, hl,..., ht’ gz such that hi € H and successive terms of
the sequence are conjugate in a factor
or
{c) g, lies in the same factor as g, but not in a conjugate
of H and g2 and gl are conjugate in that factor

(ii1) gy has length greater than one, i.,e, By = PpeeePy (r > 1),

If gl is conjugate to gz, the latter can be obtained from gl by

cyclically permitting pl...pr and then conjugating by some element
*

»* h

h. € H, i.eu g2 = (piot'pr plnc-pi-l)



Since our objective is to provide an algorithmic sclution to the
conjugacy problem it seems helpful at this point to investigate the
implications of the general theorem and to describe a procedure in
detail. PFirst of all given any two elements gl and g, of G we
must be able to cyclically reduce one of them, say 81' As stated in
Section 1 this is not only possible but mechanically straightforward.
Next we must be able to decide effectively whether or not g, lies in
H, that is, we must be able to settle the extended word problem for A
and B relative to H. Finally we must know that A and B them-
selves have solvable conjugacy problem and solvable extended conjugacy
problem with respect to H.

For the sake of procedural efficiency and clarity in what follows,
we summarize this in the form of a proposition to which we shall refer
frequently throughout the remainder of the thesis,.

Proposition 1 Let G = {A * B; H, w} and let g and gy be any

arbitrary pair of elements of G, Then sufficient conditions for G

to have solvable conjugacy problem are:
(A) Solvable conjugacy problem in A and in B,
(B) Solvable extended word problem for A and B relative to H,
(C) Solvable extended conjugacy problem for A and B relative
to H,
(D) An effective method for either producing, in case gy and g,

have length =1, a finite sequence gl, hl,...,h of elements

t’ &3
with hi in H and successive terms conjugate in a factor or else
an effective procedure for determining that no such sequence exists,

(E) An effective method for either producing, in case g and g2

*
have equal length > 1, an element h in H such that



gl = gz or else an effective procedure for determining that no such
hl.l exists,

Proof: Cyclically reducing one of the given elements, say 8y, (B)
allows us to determine whether or not it lies in H. 1If it does (D)
provides a sequence the last element of which must be conjugate to g2
in a factor in order for g1 and gz to be conjugate in G or else
effectively determines that gl and g2 are not conjugate, If gl
has length one, we can by (C) decide effectively whether or not it lies
in a conjugate of H, If not, (A) is sufficient to determine whether

gl is conjugate to as case (ii) of Theorem 1 assures, On the

€2
other hand, if gl does lie in a conjugate of H, say gl is conjugate
to h1 € H, (D) again suffices to test its conjugacy with g2. Finally
if gl = Pyee<P, (r = 1),*case (iii) of Theorem 1 asserts that

g, = (pi...pr pl"‘pi-l)h for some cyclic permutation of PP,

and some h* € H. Since there are only r possible permutations, (E)
suffices to ensure that we can determine the conjugacy via an element

of H of gz with one of these elements of length r in G or else
determine that no such element of H exists.

In connection with (E) we notice that frequently it will be
necessary to decide not only when two elements of a group X are
conjugate but, in addition, which elements of a subgroup Y of X
effect an inner automorphism mapping one to the other. This motivates
the following definition, Let X be a group given by a recursive
set of generators xl, xz,... subject to a recursive set rl, r2,...

of defining relations in these generators., Let further Y be a sub-

group of X which comes equipped with a finite set

Yio Ypoeeen ¥
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of generators, where each vy is some explicitly given word in the

J
generators xl, Kpsess Assuming that X has solvable extended
conjugacy relative to Y, it follows that Y is a recursive subset of
X, i,e, there is a recursive enumeration

L PYRRE

of the elements of Y which we shall assume as fixed throughout.

We shall say that X has a solvable strong conjugacy problem

relative to Y if:

(i) PFor every pair w, x of elements of X, the set C . of those

)
elements c¢ € Y which conjugate w to x (i.e. c::_1 woce = X) |is
recursive, i.,e. both Cw, x and its complement in Y are recursively
enumerable,

and

(ii) For every finite sequence

(wl, xl), (w2, xz),..., (wn, xn)

of pairs of elements of X, there exists a recursively enumerable
function f (from the integers to the integers) such that

(Cw x ny) u( ny) u...u (Cw

ny) = {a , a
1'71 WorXg n’*n 1

27 af(n)}

We assume for the remainder of this section that, unless otherwise
specified, A and B are finitely presented groups, H and K are
finitely generated subgroups of A and B respectively, and ¢ |is
an isomorphism of H onto K. Once it is assumed that A and B
have solvable conjugacy problem it seems clear that the possibility of
solving the conjugacy problem in the generalized free product
G = [A * B; H, Q] is determined in some sense by the nature of the
subgroup H together with its relative position in A and in B,

i,e, by the effect on H of inner automorphisms of A and B.
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Section 3

Before concentrating on conditions on subgroups H and K with
their identifying automorphism ¢, we should notice an interesting
result stemming only from a special relationship between A and B
themselves,

Theorem 2 Suppose B 1is an isomorphic copy of A given as follows:

A= gp (al, Byreeei T} (al, az,...), r, (ai, az,...),...)
B=gp (bl’ bz,o..; rl (bl’ bz'...)’ r2 (bl’ b2’lll),ll.)
and let ¢ be the isomorphism given by

Cp(ai) - bi i= 1’ 2' * s

Further suppose

H

gp (w, (a,, a_,ees), W, {8,, A, ,00e), 000y W_(a_., a_,...) )
1 1 2 2 1 2 n 1 2

K b ) )

Ep (wl (bl’ bztv-'). w (bls b )90‘0' wn (b

2 2]-.- 1, 2,.-.

Then the solution of the conjugacy problem in A together with solvable
extended and strong conjugacy problems relative to H in A are
sufficient for solution of the conjugacy problem in G = [A * B; H, @}
Proof: If A has solvable conjugacy problem, certainly B = Ap does
also and clearly the conjugacy of two elements in A 1is equivalent to
the conjugacy in B aof their images under <. The same is true of the
extended conjugacy problem, for if

a = h (a, x e A, h ¢ H)
then

atpxq): h (atp, xp € B, h € K)

It is possible to show that in this case the remaining conditions

of Proposition 1 while sufficient are not necessary. Let g1 and g2

be any pair of elements of G with gy cyclically reduced, II gl
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has length zero and is conjugate to g2, then there exists a sequence

gll hl""’ ht’ gz

with h1 € H and successive terms conjugate in a factor, If, for any

i, h1 is conjugate io hi+1 in B, say

b

ki = ki+1 (b € B)
then

b¢-1 a

hi = hi = h1+1 (agp = b)

so that consecutive terms (and therefore -3 and gz) are already

conjugate in A,

If gl has length one and is conjugate to g2 then either 32
lies in the same factor and is conjugate to gl in that factor (hence
clearly they are conjugate in A) or else g2 lies in a conjugate of
H as determined by the extended conjugacy problem and there exists a

sequence

h h

gzl ll"')

t' &1
again with successive terms conjugate in a factor, In the latter case,
just as above, all consecutive terms known to be conjugate in A or in

B are already conjugate in A,

Finally, if gy = PyeeP (r 1) and is conjugate to

*x®
h *
- - s 8w * e th € -
By = Qy-eelp, t:en g, (p1 P, Py pi-l) h:i h H. For
h -1 -1
pJ €B and pj = Qg it is clear that pJ P = q P so that

conjugacy is already determined in A. The strong conjugacy problem

*
being solvable in A, we can determine those h such that
* *

q, = pJ (i=1,...,r) and proceed to test q; etc, through

= pJ+1’

all the components of Ege
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Corollary 1 Under the conditions of Theorem 1 for G = [A * B; H, ¢]

two elements a of A are conjugate in G 1if and only if they

81, 2

are conjugate in A,

Proof: 1If al and 8, are conjugate in A then clearly they are

conjugate in G. Conversely, suppose al and a2 are conjugate in
G. Then we know from Theorem 1 that there is a sequence (possibly
empty) of elements of H, hl’ h2,..., ht such that gl and h1 as

well as gz and ht are conjugate in A while successive hi are

conjugate in a factor, But as in Theorem 2, successive terms hi‘ hi+1
conjugate in a factor amounts to these terms being conjugate in A,
Theorem 3 Suppose B 1is an isomorphic copy of A as in Theorem 2.
Suppose, further that | is an isomorphism of H onto K (K # Hy)
such that qul is an element of ¢ (A), the group of inner auto-
morphisms of A where Ww-l is known to be induced by a* € A, Then
the solution of the conjugacy problem in A together with solvable
extended and strong conjugacy problems relative to H 1in A are
sufficient for solution of the conjugacy problem in G = [A * B; H, @}.
Proof: If A has solvable conjugacy problem, certainly B = Ay does
also; moreover, two elements are conjugate in A if and only if their
images under ¢ are conjugate in B. It is not equally apparent that
solvable extended conjugacy problem in B results from solvability in
A because of the identifying isomorphism {; however if

b. = k (b and x in B, k € K)
then there exists an h in H such that h = k*-l

and

®* = hp g
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becomes

=] 1 *
axcP = h'&(P- = ha (aCP = b)

*
Therefore, if b is conjugate to h in B, bqu is conjugate to h®
and hence conjugate to h in A. The converse follows similarly. The
rest of the proof consists in showing that the remaining conditions of
Proposition 1 are in this case unnecessary.

Let gl and g2 be any pair of elements of G with gl
cyclically reduced. If gl has length zero and is conjugate to gz.

then there exists a sequence

gl, hl,utt, ht, gz

with hi in H and consecutive terms conjugate in a factor. 1If, for

any 1, hi is conjugate to hi+ in B, say

1
b
ki = ki+1 (b € B)
then
h¥? =h, . ¥
i i+l
implies -1
-1P® -12 -1
= h = =
hy Ve 1 ¥9 hip1¥9 (ap = B
or
* ko]
a aa
hi - hi+1

where consecutive terms {and in particular g, and g2) are already
conjugate in A,

If gl has length one and is conjugate to g2, then either g2
lies in the same factor and is conjugate to gl in that factor (and
hence c¢learly they are conjugate in A) or else g2 lies in a conjugate
of H as determined by the extended conjugacy problem and there exists

a sequence

E hl""’ h

2’ t* 8
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again with successive terms conjugate in a factor, In the latter case,
as previously, all consecutive terms known to be conjugate in A or in
B are already conjugate in A.

Finally, if €, = Py-+:P, (r > 1) and is conjugate to

1

*
h *
By = Qp«++Qq, then gy = (pj"‘prpl"'pj-l) with h in H, PFor
p. €B and
J *
h y
it is clear that
h™y 1
(pj = qi) ¢
vields * - o] % %
-lh Vg 1 -8 1h a _
Py = P9 =q®

so that conjugacy is already determined in A,

Assume therefore that 9y the first component of gz lies in A.

*
Using the strong conjugacy problem in A, determine those h such that

*
h —
where p‘j is the first component in one of the finite number of cyclic
*
permutations of gl. For each h so determined, test whether
*
h ¢
B2 = Pjn

and so on through all the components of g, As we have just noted,
conjugacy of elements in B can be equivalently determined in A,
thereby completing the proof.

So much for solutions of the conjugacy problem in generalized free
products where the factors themselves are especially related. We wish
now to concentrate on conditions on the amalgamated subgroup which

render the solution more tractable.
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Section 4

Assuming for the remainder ot this section that A and B,
finitely presented groups, have themselves solvable conjugacy problem,
then the simplest conditions on their respective subgroups, H and K,
giving rise to a solution are stated and proved by Magnus, Karrass,
Solitar [8].

(1) H=<Z (A) and K =2 (B)

(2 H a finite subgroup
Both (1) and (2) admit of generalizations which we proceed to investigate,

An immediate application of (2) is given after this definition.
Definition: A group G 1is an FC group (finite conjugate group) if
each x € G has only a finite number of conjugates,

Proposition 1 Let A and B be finitely generated FC groups with

respective periodic subgroups P and Q@ (¥ 1). If ¢ is an
isomorphism of P with Q, then G = {A * B, P, ¢} has solvable
conjugacy problem,
Proof: 1In a finitely generated FC group the subgroup P consisting
of periodic elements is finite [10].

A generalization of (2) is given by the following proposition.

Proposition 2 Let H and K be finitely generated subgroups of A

and B, both subgroups having the property that for every x in H (K)
the number of conjugates of x in A (B) is finite., If A and B
have solvable extended word problem and conjugacy probiem as well as
strong conjugacy problem relative to H, then G = [A * B; H, w] has
solvable conjugacy problem,

Proof: Only conditions (D) and (E) of Proposition 1 need verification,
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So assume that gl and g2 are given with 8; cyclically reduced., 1If
gl lies in H or in a conjugate of H, the number of possible sequences

hl, hz...I, ht

with successive terms conjugate in a factor is finite by assumption

whether or not g, is conjugate to h1 in any such sequence is

decidable by the solvable extended conjugacy problem for both groups

with respect to H.

*
h
1f B) = Ppye-eP (r > 1), then By = dy+--q, = (pi...prpi...pi_l)

if g and g, are conjugate, Using the strong conjugacy property,

*
* h
determine those h such that 9, =P, and test, for all successive
*
h i
components of gz whether q‘j = p1+j (i=2,...7),

A generalization of (1) is given by the following proposition,

Proposition 3 Let H be a subgroup of A such that H = 2Z (A) and

let K be any subgroup of B, If A and B have solvable extended
word problem relative to H and if B has solvable extended conjugacy
problem and strong conjugacy problem relative to K, then

G = [A * B; H, ¢] has solvable conjugacy problemn.

Proof: Considering the conditions of Proposition 1, Section 2:

(A) and (B) are satisfied by hypothesis.

{C) Solvable extended conjugacy problem in A relative to H is
identical with the solvable extended word problem since any element

a €A is in a conjugate of H = Z (A) if and only if a € H.

(D) Successive terms of any sequence of elements of H

hl, hz’lll’ h

¢ (h, # h, )

i+l

are conjugate in a factor if and only if they are conjugate in B since

h = h. (a GA)
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= «c o n = "o >

(E) 1f 8, Py P and g, q q. (r 1) then we know they are
h*

conjugate if and only if gz = (pj"'prpi"'pj-l) for some cyclic

%*
permutation of the components of g, and h e H, Assume without loss
of generality that ql € A; then it is clear that this relationship
holds only if q1 = pJ for some j. Since B has solvable strong

*
conjugacy problem relative to K, we can determine those h € H

for which

The successive ay € A must then be equal to the corresponding pJ+i
while those qi € B must be conjugate via h* to the corresponding
pj+r which, of course, can be effectively decided.

Before taking up some more general cases, we establish the following
definitions,

Definition If S is a subgroup of G and s any element of S, by

the conjugator of s in G, denoted CgG (s), we shall mean the set

x
Ceg (s) = {x ecl|s es}
Definition The conjugator of a subgroup S of G1 denoted CgG (s)

is the subgroup of G generated by the conjugators of all s € 8; i.e.

Ceg (s) = gp (Slés CgG(s) )

Theorem 4 Let H and K be finitely generated subgroups of A and B

and ¢ an isomorphism of H onto K, Assume that Cg, (H) is

A
isomorphic to CgB (K) under a unique isomorphism q} which extends

¢ i.e, q}l H= . If A and B have solvable extended word and
conjugacy problems and solvable strong conjugacy problem relative to H,

then G = {A * B; H, ¢} has solvable conjugacy problem,

Proof: The verification of condition (D) of Proposition 1 requires more
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detailed consideration since the sequences hl’ h2,..., ht are neither
necessarily finite nor limited to conjugacy in one factor as before.
Assume g1 and gz are any pair of elements of G with g,
cyclically reduced. If g, has length zero and is conjugate to gz,
then let

gy hl,..., ht’ g,
be a sequence with hi € H and consecutive terms conjugate in a factor.

By reason of q} which extends ¢ wuniquely, elements of H are

conjugate in A 1if and only if they are conjugate in B, for

a
hi = hi+1 {a € A)
implies
1
ag. _ b _ _ 1
h ¢ =k, =h, 9=k, . (ap = b € B)

Therefore if gz has length zero or one, it is conjugate to gl in
the factor in which it lies,

If gl has length one and is in a conjugate of H, we may replace
gl by any conjugate hl in H and, repeating the above argument,
test whether h1 and g2 are conjugate in the factor in which 32 lies.

The verification of condition {(E) proceeds evidently from the
solvable strong conjugacy problem in A and in B.

An immediate corollary of Theorem 4 follows this definition,
Definition A subgroup S of a group G 1is said to be malnormal in G
if for any s €S and x € G with x £ S, then s* £ s,

Corollary Let H be a malnormal subgroup of A and K a malnormal
subgroup of B, If A and B have solvable extended word and
conjugacy problems with respect to H as well as solvable strong
conjugacy problem, then G = {A * B; H, Q] has solvable conjugacy

problem,
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Proof: For a malnormal subgroup H, CgG(H) = H and hence ¢} = Q.
The last proposition of this chapter refers again to a condition
on the conjugators in both factors of the amalgamated subgroup.

Propos&tion 4 Let H and K be finitely generated subgroups of A

and B having the property that CgA (H) = CrA (H), and similarly for
K in B. If A and B have solvable extended word and conjugacy
problems as well as solvable strong conjugacy problem relative to H,
then G = {A * B; H, ¢] has solvable conjugacy problem.

Proof: 1In order to verify condition (D) we need only remark that
conjugate elements of H are equal; hence possible sequences

h h

1’ h

2,---, t

consist of a single element.
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CHAPTER 11

PARTICULAR CLASSES OF GROUPS AMALGAMATING A CYCLIC SUBGROUP

In thig chapter we shall investigate the solvability of the
conjugacy problem in generalized free products whose factors are groups
of a particular class - free groups, torsion free nilpotent groups and
free metabelian groups = and where the amalgamated subgroup H in each
case is cyclic. Proofs presented in Chapter I will be relevant since,
in every case, we can show that the conjugator and centralizer of H
coincide. So we no longer make any general assumptions about A and
B nor about H, but assume only that when we refer to an isomorphism
of H with K a definite one, ¢, is prescribed. In all proofs, (A),
(B), etc. refer to conditions of Proposition 1, Section 2, all of which

will require verification.

Section 5

Theorem 5 Let A and B be finitely generated free groups given by

A

gp (al' azi"'! an)

B

I

gp (bl, Dyyeses bn)

If H and K are maximal cyclic subgroups of A and B,

H=gp (u=u (al,..., an) ) and K=¢gp (v =v (hl,...,bn) )

{(u and v cyclically reduced of reduced length s and t respectively),
then G = {A * B; H, w} has solvable conjugacy problem,

Proof: (A) Free groups have solvable conjugacy problem [8].

(B) Suppose w (xl,..., xp) is an arbitrary word in the generators of

A (B). Cyclically reducing w = w (x xp) we can determine its

1,---,
o
reduced length, say 4{. Since the length of u is a-s,
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o
w (xl,..., xp) = uOr only if the length of w equals the length of u

for some «. Hence determining { = a-s for some « and testing
+

w=1u gives an effective procedure for solution of the extended

word problem in A (B) relative to H (K).

(C) Free groups have soclvable extended conjugacy problem relative to

a maximal cyclic subgroup since w (xl...xp) €A lies in a conjugate
of H=gp (u) only if, when cyclically reduced, w (xl...xp) is a
cyclic permutation of some power ua of the generator u. By
consideration of the lengths of w and u-a as in (B), we need only
decide whether w 1is a cyclic permutation of a Slﬁﬁﬂ power u6 of u.
(D) A maximal cyclic subgroup of a free group is malnormal since

since g-1 ua g = uB implies, for free groups, that g = u6 for

some integer 6. Therefore the corcllary of Theorem 4 applies to
verify (D).

(E) Assume g, = Py«-P, (r 1) and By = Qp-eedg {s > 1) are
cyclically reduced. 1In order for gl and gz to be conjugate, first
of all r must equal s, Let pi...prpi...pi_1 be any cyclic
permutation of the components of gl (the trivial permutation is
included). Since each such permutation represents a possible conjugate
of gz, for each of them we proceed as follows. When a and pi are
cyclically reduced in their factors (notice the distinction between
cyclic reduction of g = xl...xk in E. and the cyclic reduction of

each component Xy in its factor), they are conjugate if and only if

q is a cyclic permutation of pi; i.e. if

1
= xpl X
Q = Py

Using (B), we can effectively decide whether x € gp (u) and, if it
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does, whether x = u6 for some &, If so, then u6 is the unique
element of H which conjugates p1 to qi.

Next consgider 4, and Pi1 and test whether or not

= u-6 u6
U = Pin

Proceeding in this way for all pairs gj (of gz) and Piyj-l (of gl).
we test whether or not these corresponding components are conjugate
via u6. gl and g2 are conjugate in G 1if and only if this is the
case, (Notice we have in fact shown that A and B have solvable
strong conjugacy problem relative to H.)

The following sequence of lemmas will be used to prove a corollary
to Theorem 5 and indeed to prove corollaries to each of the main
theorems of this chapter,

Lemma 1 Let A and B be groups both of which have solvable

extended word problem relative to a cyclic subgroup H = gp (u). Then
G = [A * B; H, Q} has solvable extended word problem relative to H.
Proof: By use of the extended word problem in both A and B every
element g € G can be expressed as an alternating product, If g

has length zero or one then it lies in one of the factors both of which
have solvable extended word problem relative to H. If g has length

greater than one, say g = p R (r 1) then clearly g does not

1
lie in H.

Lemma 2 Let A and B be groups both of which have solvable extended
word and extended conjugacy problem relative to a cyclic subgroup
H=gp (u. Then G = {A * B H, Q} has solvable extended conjugacy
problem relative to H.

Proof: Let g € G be expressed as an alternating product. If g has
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length zero or one then it lies in one of the factors both of which
have solvable extended conjugacy problem relative to H, If g has
length greater than one, then g 1is not conjugate to any element of
length zero as Theorem 1 clearly states.

Lemma 3 Let H = gp (u) be a cyclic subgroup of A and He =K an
isomorphic subgroup of B. Assume that the Cg (H) = Cr (H) 1in both

groups, Then CgG (H) = CrG (H) where G = {A * B; H, ol.

- o
Proof: Suppose g ! u g = uB (B#£ o for any g € G. Then expressing

g in reduced form, g = PpeeeP (r 2 1), we must have that

-1 o
P, u P, Zu

for some component Py of g. But this is clearly impossible,

Corollary Let {Ai} i=1,..., n be free groups given by

)

A = gp (51,1’ a a

i,2"""" "i,n(1)

and let {Hi} be maximal cyclic subgroups of the corresponding Ai’

Hl = gp (ul = ui (ai,l,...’ ai,n(i)).
Then G = {* Ai; Hi' wi}, i 2 2, has solvable conjugacy problem.

Proof: For i = 2, this is precisely Theorem 5,

Put G, = {* AJ; H } 2 <j <1,

‘]'l (PJ_l
Then G = {G *a
i+ i

1 iz

By induction using Theorem 5 and Lemmas 1 and 2, each of the Gi (i >1)

101’ Bye1r @

has solvable conjugacy problem, solvable extended word and extended

conjugacy problem relative to H, Lemma 3 asserts that, for each of the

G, Cr (H) CgG {H), verifying condition (D). To verify condition
i i

= 'K = * e >
(E), let & P Py P and g, Qa0 -9, (r 1) be any pair of
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elements of G For each of the cyclic permutations pi...prpi...pi_1

T

*
of gl, we wish to decide if there exists an h € H1+1

conjugating it to 32 = ql...qr. Since at least one of the components

6

*
of 82 lies in the free group A the unique h = u which may

i+l’
effect conjugation of this component to the corresponding component in

some cyclic permutation of gl can be effectively decided as was

* b
shown in Theorem 5. We need only test for this unique h = u whether

*

h
= Y Y . t th .
or not g2 pi prp1 pi_1 This completes e proof

Section 6

We now present, after some preliminary considerations and rather
technical lemmas, a proof of the following theorem, B
Theorem 6 Let A and B be finitely generated torsion free nilpotent
groups, H a cyclic subgroup of A and K a cyclic subgroup of B,
Then G = {A * B; H, @} has solvable conjugacy problem.

By way of introduction we remark that if Gl is the free nil-
potent group of class k on the generators xl, xz,..., X then as
P. Hall has shown {5] 6! can be given in terms of basic commutators

Cl’ cz,..., N uniquely ordered in non-decreasing degrees (lengths)

with CN the largest k-=fold commutator; i.e.

1
G = gp (cl, Corenes CN)
1
where any element g € G has a unique normal form

m, m
1 "2 ™
g = ¢ ¢y ...cy (mi integers)

The uniqueness of the normal form in the free nilpotent group is
essential in proving the following lemmas which establish for torsion

free nilpotent groups some of the properties we need in Theorem 6 and
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again in Chapter III.
Lemma 4 Let G be a finitely generated nilpotent group given by the
presentation

G = gp (xl""’ X Ty (rl,...,xm),..., r (xl,..., xm), N)
where N represents the relation 'nilpotent of class k." Let H be
a finitely generated subgroup of G,

H = gp (Wl (xl,.... xm), w, (xl.--., xm)...., 73 (xl,..., xm))
Then G has solvable extended word problem relative to H.

*
Proof: Let w = X, x cee X be any given word in the generators
1 2 J
of G. First we rewrite the generators of H
wi (xl’..., xm) (i=1'2,-'o, {l)’

the relations in G

rj (xl,..., xm) {(j =1,2,..., n)

*
and w in their unique normal forms as werds in the basic commutators

Cl""’ cN of Gl, the free nilpotent group on xl,..., xm. 1f w* =
€ €
. . * l1 1p
is to lie in H, then w = <y ses €y must lie in H' where H'
1 P
1

is the normal closure in G {(the free nilpotent group of class k) of

(wl (cl,..., cN),..., v, (cl,..., cN), ry (cl..., cN),...,

rn (Cl,o-o, CN))

t v _
Let W be the set W' = {wl (Cl""’ CN),..., w& (cl,..., CN)]

and let R' be the set R' = {rl (cl,..., cN),...,rn (cl,..., cN)]
Then the algorithmic decision proceeds in two steps.

*
(i) If the initial commutator of w , ci , is not the initial

1

L]
commutator in the normal form of some v' € W' UR', then w £ H.
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This follows from the following two observations:

- ]
(a) ct]L v ¢ = v' {v', ct} where the length of [v; ct}

represented in normal form is greater than the length of v'.

Hence conjugation leaves the initial element unchanged.

] "

(b) The product v' v of two elements of W' (U R' has, as

initial commutator, the smaller of the initial commutators of

"

v' and v .
- Since a new initial element cannot be introduced in either a

conjugate or a product,

w* € H' = nm (W' UR").

(ii) 1f the initial commutator ci of w = c,. tesC is the

initial commutator of any element v' € W' UR', i.e.

€ € 3 €,

, h 'K Kl e
i c, vaeCyy

1 K K+1' e

*
so that v' agrees with w in its first k (k 2 1) commutators, we

*
can first express w as

and then rewrite the segment following v' in its normal form; i.e.

5, %
*
w =v' ¢ 1...c p
Jy Jp
J1 '
1f ey is not the initial commutator of some v' € W' UR', then as
1
as we have already noted,
€ €
|-l * Jl Jp
v W -_— CJ -UOCJ
1 P
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*
does not belong to H', implying that w does not, If, on the other

€
J
hand, < 1 is the initial commutator of some v' € W' U R', we proceed
1
as before until, eventually
€ €
n n
*
w o= v'v' v c t...c P
n n
1 P

At each step, only a finite number of substitutions of this kind are

possible; hence, either

- .
w o= vy, v (v’ ¢ W' UR")

*
in which case w (xl,...,xm) lies in H,

or else € €

n n

* Pt n 1 P
W = V'V ...V Cn +a6sC

1 P

*
with no further replacement possible in which case w (cl,...,cN) does
*

not lie in H', implying that w (xl,...,xn) is not in H.
Lemma 5 Let G be a finitely generated nilpotent group as in Lemma 4
and let H be a cyclic subgroup of G, Then relative to

H=gp (u-= u(xl...xn)),
G has solvable extended conjugacy problem,
Proof: Suppose g = xi sea x5 is any element of G,

1 p

Proceeding as in Lemma 1, rewrite both u and g in their unique

normal form as words in the basic commutators; i.,e,

[ M
u = c 11 c in
11 in
and
M. M,
J1 Jp
g = CJ sesC
1 Ip

Since <c gec, =g lg, ct] and since [g, ct} has greater length



29

than g when represented in normal form, the initial commutator of g

remains unchanged under conjugation. Further,

CY-p. a.“,
o 4 4
u = c «s.has initial component c,

1 1
Therefore, by examining u and g in normal form, we find that g is
conjugate to an element of H if and only if:

(a) g and u have the same initial basic commutator, ¢,

1
nil uil
() g=c¢, ... (], £#0) and u=c_, ~,..are such that
i i i
1 1 1
M. = Q. for some integer «a and
i, i,

(¢) g 1is conjugate in G to u¥ (for @ as in (b)). But it is
possible to determine effectively whether g and ua are conjugate
since finitely generated nilpotent groups have solvable conjugacy
problem.

We now proceed to the proof of Theorem 6,

Proof: (A) Finitely generated nilpotent groups have solvable conjugacy
problem,
(B) and (C) are proved in Lemmas 4 and 5 above.
(D) We show that CgA (H) = CrA (H), and similarly for B; so that
Proposition 4 applies to verify condition (D). Suppose H = gp (u)

-1 o B

and x U x =u . Assume that ua € Z1+1 (A)/Zi (A). Then modulo

o o -
Zi (A, u is central so that [x, u } = uB @ implies B - o = 0,

= > = ) >
(E) Assume g, Py«s<P, (r 1) and g, q q_ (s 1) are
cyclically reduced. 1In order for gl and gz to be conjugate, first

of all r must equal s. Let pJ...prpi...p be any cyclic

i-1
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permutation of the components of gl (the trivial permutation included).

(o4
u o
We now wish to determine whether q, = pJ for some u in order

to settle the strong conjugacy problem in each of the factors relative

to H=gp (u). Since

ua (o4
Py =Py [y vl
we need only test whether
p31 q, = [py, u®]
for some power &, We now show that (i} if o exists, it is unique

and that (ii) the choice of powers o of u is bounded.

(1) Assume that [pj, ul] € Z,.1 (A)/Zi(A). Then modulo 2Z (A),[pj, uj

- B]

u

i

o o o
is central so that [pj, u ] = [pj' u] ., Hence, [pJ, u ] = [pJ,

implies that & = B since A 1is torsion free,
(ii) Again let Zi (A) be the lest term of the upper central series which

excludes [pj, u]. Working modulo z, (A),

-1 - [ ua]

means that must actually be a power of the cycle generated by

Pjoi 4
[p‘j u}. Since a cyclic group has solvable power problem, « can be
1

readily determined,

Next consider q2 and pJ+l and determine whether

og, =1 *
Pjy1 92 7 P00 M

o
for the unique u . Proceeding in this way for all the components

Q. (k~1,..., r} of g, We have an effective determination of the
. o
conjugacy of 8y and g, in G via an element u of H.

Corollary Let {Ai]’ i=1,..., n be finitely generated torsion free

nilpotent groups, given by
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A =(a 3ese, A y r (a pe ey a.);-oc, r (a yeesyll ),N)

1 m 1 i1 1m in i1 im k

where Nk represents the relation " nilpotent of class k. Let {Hi}

be cyclic subgroups of the corresponding Ai,
H =gp (u, = u, (a, ,.0., a, ))
i i
1 m

) i . = {* .
where Hi and Hi+1 are isomorphic via qﬁ Then, G { Ai’ H1+1, ¢&}

has solvable conjugacy problem,

Proof: For i = 2, this is precisely Theorem 6,

Put Gi=[*A; H_, } 2 <j <i,

it i -
Then G, . = {G, * A
1+ 1

1 L

By induction using Theorem 6 and Lemmas 1 and 2, each of the

i+ M1

Gi (i » 1) has solvable conjugacy problem, solvable extended word and
extended conjugacy problem relative to H. Lemma 3 asserts that, for

each of the G,, Cr (H) = CgG (H) verifying condition (D). To
i

’
i Gi

verify condition (E), let & = PyPgeeeP and By = @305+, (r >1)

be any pair of elements of Gi+ For each of the cyclic permutations

1-

pi...prp of gl, we wish to decide whether or not there exists

100 Py

*

an h € Hi+1 conjugating it to gz = ql...qr. Since at least one of

the components of gz lies in the torsion free nilpotent group Ai+1'
]

the unique h = u6 which may effect conjugation of this component to

the corresponding component in some cyclic permutation of gl can be

effectively decided as was shown in Theorem 6., We need only test for

*
* & h .
h =u whether or not gz = pi"'prpi"'pi-l' thus completing the

proof,
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Section 7

Another class of groups for which the conjugacy problem has recently
been settled is the class of finitely generated free metabelian groups.
Again the generalized free product of such groups amalgamating a cyclic
subgroup can be shown to have solvable conjugacy problem., First some
preliminaries.

Let M be a finitely generated free metabelian group, freely
generated by [xl, x2,..., xn}. If F is an absoclutely free group of
rank n, then the homomorphic image of F under a homomorphism p such
ker p = F', the second derived group of F, is precisely an isomorphic

F/F". According to a theorem of Magnus [7] , it
(

Iy

copy of M, i.e. M

follows that if

.8 (a., a

A = gp (ai’ 8y 0 i j] 1 forall i and j=1,..., n)

[b

1 for all i and j l1,..., n)

]

and B = gp (bl’ bz,...,bn; i? bj]

are all free abelian groups of rank n, then W = A wr B, the restricted

wreath product of A and B contains a copy M of M. Further, M

is generated by the elements m

(B) AB)

=b, f in W where the f in
J J J J

A is as usual the set of mappings from B into A

(where

which have the value 1 except for finitely many b € B) are defined by
8 for B=b j=1, 2,-.0,“

J J
£, (B =

J 1 otherwise

Recently, J. Matthews has established:
Theorem C (9] Two elements x and y are conjugate in M if and
only if their images x€ and ye&¢ are conjugate in W,

Moreover she proves that W = A wr B does have solvable conjugacy

problem. These two facts enable us to rely heavily on the imbedding of
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M in W to verify the condition of Proposition 1 in the proof of
Theorem 7 Let M and N be finitely generated free metabelian
groups, If H is a subgroup of M, H = gp (u) with u not a proper
power and K = gp (v) 1is a similar subgroup of N, then

G ={M=* N; H, w} has solvable conjugacy problem,

Proof: (A) Solvable conjugacy problem for finitely generated free

metabelian groups was noted in the above preliminaries.
(B) To show that M has solvable extended word problem relative to H
we first embed M in W = A wr B. Then the image of u in W is

given by
(B)

=
I

bg (b eB, g €A ).

Since

k-1 k-2

k b + b +...+ b + 1

k k
u = (bg) = b E
any given element m € M lies in H = gp (u) if and only if the image

of m in W

B
m = ch (c ¢eB, h ¢ A( ))
is such that ¢ = bk for some integer k
k-1
and T bi
h = g1=0

If b £ 1 we need only use the fact that it can be effectively decided

k
in a free abelian group whether ¢ = b for some k and then, for that

k-1 i
2 b
i=0
integer Kk, whether or not h =g

¥

. If b=1, then ¢ must also
be 1 and the existence of a bound for k proceeds from the following

considerations. Because we are concerned with a direct rather than a

(B)

cartesian product, every function f € A has finite support

g (£), i.e,
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o(f) = {BeB | £ (B) #£1]) 1is finite.
(B)

Therefore, foir any function f € A and any b € B, there exists an

integer @' such that, for all o > o',

bQ’
g(t")YNo(f) =1

where f' is any fixed element in A(B). Applying this to g and h
above assures us that the choice of k 1s bounded,

{(C) To see that M has solvable extended conjugacy problem relative

to H, we again let m = ch be any given element of M considered as

lying in W and x = df{ be an arbitrary element of W. Then if m 1is

conjugate to an element of H,

o, X
m=(u)
or

L ) ()

ch = (d4)~
Hence for choices of « as described in (B) we need only decide
algorithmically whether <ch is conjugate to (bg}a in ¥ (and
consequently in M),

(D) To verify that CgM (H) = Cr_ (H) (similarly for K), we note

N
o
that if a conjugate of u lies in H, i.e.

(uot)x = ua [ua, x] = uB
then
@ B-cr

But since a finitely generated free metabelian group is residually

torsion free nilpotent, such a relation is impossible as was clearly

shown in Theorem 6. Proposition 4 then applies to verify condition (D).
- a0 >1 = LI Y >l

(B) Assume g P P, oD (r ) and g, = 9,4, qs(s )} are

cyclically reduced. In order for gl and gz to be conjugate, r
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must equal s. Then let pJ

of the components of gl (the trivial permutation included).
)

We now seek to determine whether or not q1 = pg for some power

...prpl...p be any cyclic permutation

j-1

8 of u in order to settle the strong conjugacy problem in each of
the factors relative to H = gp (u). Again imbedding M in W = A wr B,

let u = bg, q, = ch and pJ = d{. Then

)
_.u
-6 )
ch = (bg) (at) (bg)
6-1 i 6=-1 i
-d £ b 5 L b
—dg i=0 {p g1=0

We first determine whether or not ¢ = d and, if it does, then for
bounded choices of & as described in (B) above, whether or not h

is actually equal to such a product. If § exists (surely then it is
unique), we next consider q, and p and determine whether

j+1

)
u

ay = (Py,y)
Proceeding in this way for all the components qk (k = 2,..., r) of
gz, we have an effective determination of the conjugacy of gl and
gz in G via an element u6 of H.
Corollary Let [Mi], i=1, 2,..., n be finitely generated free
metabelian groups, {Hi} cyclic subgroups of the corresponding Mi’
where
H = gp (u)

i

and qﬁ an isomorphism of Hi to H Then G = {* M_; Hi’ ¢a}

i+1°

has solvable conjugacy problem.



Proof: For i = 2; this is Theorem 7,

Put G, = {* M ; H } 2 <3 <i

S MRA TS

}

= *
Then G {G M

1 i 1410 B

141’ B
By induction using Theorem 7 and Lemmas 1 and 2, each of the

Gi (i » 1) has solvable conjugacy problem, solvable extended word and

extended conjugacy problem relative to H. Lemma 3 asserts that for

each of the Gi’ CrG

(H) = CgG (H) verifying condition (D). To
i i

verify (E), let € = PyPye--P_ and By = qyd5¢¢+4, (r » 1) be any

pair of elements of Gi+ For each of the cyclic permutations

1-

p of gl, we wish to decide whether or not there exists

ioooprpi---pi-l

*

= s s 8 . t
an h ¢ H1+1 conjugating it to gz q1q2 qr Since at least one

of the components of g2 lies in the free metabelian group M1+1’

*
the unique h = u6 which may effect conjugation of this component to
the corresponding component in some cyclic permutation of gl can be
effectively decided as was shown in Theorem 7, We need only test for
*

* ] h
this unique h = u whether or not g2 = pi"°prpi"'pi—1’ thus

completing the proof.

(Note: Seymour Lipschutz has already presented a proof of Theorem 5
as announced in Abstract 629-12 of the Notices of the American Math.

Soc., November 1965.)
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CHAPTER II1i
AMALGAMATING A NON-CYCLIC SUBGROUP

Section 8

In the cases which we have Just considered = the generalized free
product G of free groups, torsion free nilpotent groups and free
metabelian groups =~ the amalgamated subgroup has been cyclic, Clearly
the possibility of solving the conjugacy problem rested heavily on the
fact that Cg (H) = Cr (H) whether H was regarded as a subgroup of
A or of B, Once this property no longer maintains for H, the effect
of inner automorphisms of A and B on H together with the nature
of ¢ in identifying elements of H and K render the problem of
settling the conjugacy question quite unwieldy. Therefore, attempting
to enlarge the subgroup H, it seems plausible that we should impose on
the groups A and B conditions somehow related to conjugacy. Of
course in an abelian group the conjugacy problem is trivial; so moving
one step from "abelian” to "nilpotent of class two' would appear to
provide sufficient structure in A and B to force some restriction
on conjugacy classes in G. However, even here the problem is far
from simple though we are able to establish the feollowing:

Theorem 8 Let A and B be finitely generated free nilpotent

groups of class two, H and K two-generator maximal abelian subgroups
of A and B respectively and ¢ any isomorphism of H with K,
Then G = {A * B; H, ¢} has solvable conjugacy problem.

Before undertaking the proof, some preliminary remarks seem
helpful in motivating the procedure and clarifying the structure of the

group G which has been constructed,
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We considered in Section 4 the general solution of the conjugacy
problem when H = Z (A) and K = Z (B). What then is the possible
structure of a twé—generator non-central abelian subgroup H of a
group A which is itself free nilpotent of class two?

Let
H = gp (a,c | [a, ¢] = 1),
We assume without loss of generality that a £ Z (A). Then [a, c] =1

implies that ¢ € CrA (a). Since A is free nilpotent ¢ must be of

the form a power of a times an element in the center; i.e. ¢ = a =z

where 2z € 2 (A) (and is therefore a product of commutators). We may
then, by a suitable change of generators, consider H to be generated

by a and ¢ where c¢ € & (A). Any element h € H can be expressed

in the form h = a° ct (s, t integers)., Since, for x € A,

h™ = h [h, x] = a¥ ot [as ct, x] a® ¢t [as, x],

it is clear that if the normalizer of H does not coincide with its
centralizer then [as, x] = [a, x]S must be a power of ¢, 1i.e.
[a, x]s = ¢, But the fact that H 1is maximal insures that s is 1
and, by free nilpotence, r must also be 1. We havé;determined
therefore that H is of the form

H=gp (a, c | agad(a), c =[a, b] for some b € A\ A').

The structure of the generalized free product G which we wish to
investigate depends on whether one or both of the identified subgroups
H, K are non central (having therefore the form just described) and, in
the latter case, on the way in which ¢ identifies the generators of H
and K. The various possibilities which arise account for the difficulty

in determining conjugacy c¢lasses within the amalgamated subgroup where

inner automorphisms are induced alternately by A and B.
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The reason for insisting that the abelian subgroup be both
maximal and of rank two is not obvious but we prefer to discuss this
at the end since it motivates, to some extent, the concluding remarks.
Once again, the proof of Theorem 8 proceeds by verifying that the
sufficiency conditions of Proposition 1 are met,

Proof of Theorem 8 (A) Finitely generated nilpotent groups have

solvable conjugacy problem by Blackburn's Theorem.
(B) Finitely generated nilpotent groups have solvable extended word
problem relative to a finitely generated subgroup as proved in
Lemma 4 of Section 6,
(C}) Solvable extended conjugacy problem for a finitely generated
nilpotent group G of class two relative to an abelian subgroup H of
rank two is easily verified,
(1) H<2Z (G). Any element g € G 1is conjugate to an element of
H if and only if g € H. But, by (B), the extended word problem
is solvable,
(2) H¥ Z (G). Then we know that
He=gp (a, ¢ l a £Z (G), ¢ = [a, b] for some b ¢ G)
Any element g € G (g & H) is conjugate to an element of H if and
only if
g =a ¢ . (s, t integers; possibly = 0)

But

X s t
g€ =g [g, x] =a c

Since [g, x] ¢ A' while a # A', we can conclude that g 1is of the

[2°%d, x] = [a, x]°®

-1 t t
a®d {d c ) = a® c .

form a® d for some d € A’ and hence [g, x]

for some x € A. Then g [g, x] = a® a [a, x]%
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8
For a given element g = a d, the existence of an element x such

that [a, x]s d is a power of the generator ¢ is effectively
decidable by the methods of Lemma 4,

(D) Verification of this condition falls quite naturally into three
cases, the last of which presents the greatest difficulty. -
Case I".H <Z (A), K £Z (B, This case is covered by Proposition 3
of Section 4 once it is known that B has solvable strong conjugacy
problem relative to K, (This will be shown subsequently in the

verification of condition (E)). -

Case I1 H=1¢gp (a, c | a £2 (a), ¢ = [a, b]) (b € A)
K=gp (o, 6 |2 #z (B), 6 = [a, B]) (B € B)
with
¢ (a) = q, p (e) = 6
Let h = apl cp2 and h'.I = agl cg be any pair of elements of H.

We need to investigate possible sequences in H beginning with h and
*

ending with h and having consecutive elements conjugate in a factor.

Forming conjugates of h in A

X
1 P, P P, P x
W s alo?i, 1 2’ b 1]

P p P, X
1 c 2 (a, b] 11

Py Py P14
a c
Applying ¢ and conjugating by a power of P gives

b1, B2

P.+ P, X X
(h ) -« 2 1 71, P2

6 )
P, P,+ P, X
_al 2 171

Py
&

P, P, +P,X, X
1 2 11 2
[a ™ 6 » B

P, P,+DP X p, X
11 1l 2
ol g2 [a, B

P, Py

+ p (x + X )
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It is clear that further conjugation can only alter, by an

integral multiple of Py the power of the central element in H so
*

that h and h are conjugate in G 1if and only if:

1 =

(1) q, =p,
and

2 - =

(2) q, = P, = Py X for any integ?r x

*

Notice, moreover, that any sequence h,..., h with consecutive
elements conjugate in a factor has all elements conjugate in either one

of the factors.

Case III H=gp Ca, c | a £2 (A), ¢ = [a, b)) (b € A)
K=gp (o, 6 |xfz (A, 6§ = (o, B (B ¢ B)
with
¢ (&) = & and ¢ (c) = a,

*
Again, let h = a C 2 and h = a c 2 be any pair of elements of H.

Then,
1 p, p p, X
o]
h —alec? [a, b] 11

Py P+ Py %y
= a C

Applying ¢ and conjugating by a power of B gives,

X, X x
1 2 P P, + P, X 2
b 1 2 11
m® HP -l )P
P P, + P, X P, *+ P, X X
11 2 11 2
= 61 Q’2 [a 3 B ]
Py + Py + Py X)) Xy Pyt Py X
= 6 «a .
Transforming once more by an element of CgA (h), we have
X, x,. X x
1 2 '3 + + +
blp2p Py + p+ Ppox) Xy put py %) 3

(h ) = {(a c )
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P +(p t plxl) X, Pyt PyX; pl+(pz+ plxl) X, X4
= a c [a y b ]

Py+(Py +P1X)) X, Pyt X +(py+lp, +p X ] X)) x,
a c y €etc,

Conjugating an element h € H in the generalized free product G can

thus be described by mappings effected alternately

u v - u v+ mu
in A: 8 ( =t g

and

u v u + nv v
in B: a ¢ > a c {m, n integers)

These mappings, regarded as transformations of the free abelian group

H of rank two, are generated by the matrices

1 1 1 0
X = and Y =
0 1 1 1
where
m 1 m n 1 0
X = and Y =
4] 1 n ) §

effect all possible conjugations.

Verification of Case III is thereby reduced to giving an effective
procedure for determining when h = a c is mapped to h =

by means of an element osz{ the subgroup generated by X and Y in

the full automorphism group of our free abelian group of rank two.

What we are able to show is that:

(1) X and Y actually generate M the full automorphism group
of H.
*
{2) It can be effectively decided when h 1is mapped to h 1n/d
thus completing the algorithmic solution.
Rather than digress by insertion of these proofs at this point, we
prefer to make their verification the subject of Section 9 and complete

the proof of Theorem 8 by examining the final condition (E).
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{(E) A and B have solvable strong conjugacy problem relative to H,

Let g. = p “eeP and g _ = qpeeeq (r > 1) be cyclically reduced and

1 1 2

let p,ssob p A o} be any cyclic permutation of the components of

J =1
(the trivial permutation included), Assume, without loss of

generality that q1 €A and that H £ Z (A). Then, using the

notation of (D),

h

t
pJ = PJ [er h]

s
Py [pj,a c ]

Py [pJ,a]s (since ¢ € A')
So, we first determine whether or not, for some integer s

P
Assuming that it does, then s 1is clearly unique by the property of

S
q, = [pj. a]

torsion free nilpotence as previously demonstrated. There are now three

cases to consider:
h
i) H < . Th P - ‘
(i) Z (B). Then Pij1 = Py implies that g, and g, are
conjugate if and only if g, = (pj"°prp1"'pj-1) .

(ii) H #Z (B) and ¢ is given in Case II of (D), Using that

notation,

h¢ B s
Pisl = Pyuq [Pyyqr @ )

[pj+1. a® (since & € Z (B)).

#

pj+1

Again, therefore, gl and 32 are conjugate in G if and only if

]

a
g, = (p es.P pl...pJ 1)

(iii) H ¥ Z (B) and ¢ is given as in Case IIIl of (D). Using

that notation

h¢ &3
Pisl = Pys1 [pj+1' o'l

P [pj+1’ @]
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So we first determine whether or not, for some integer t

-1
Py 9 = [PJ+1: o]

Assuming that it does, t 1is clearly unique. In this case,

E and g2 are conjugate in G if and only if

1

s t
= ( p....p, D% €
gz— pJ---pr 1-00 j—l

This completes the verification of (E) and the proof of Theorem 8 apart

from the investigation of the automorphism group of H which we now

resume,
Section 9

The purpose of this section is, as motivated by the proof of
Theorem 8 under condition (D), to establish that the conjugacy of an
arbitrary pair of elements of a free gbelian group of rank two can,

under certain circumstances, be effectively decided.

Proposition 5 Let H = gp (xl, x, | [xl, x2} = 1) be a free abelian
*
group. Then for an arbitrary pair h and h of elements of H, it
can be effectively decided whether or not there exists an automorphism
*®
of H mapping h to h .,

Proof: Let /%z be the automorphism group of H and assume that

p, P 4, 4
1 2 * 1 2
h = x1 x2 and h = xl x2

Since /%[ evidently contains the automorphisms defined by:

x > x}
1 1
.1
1
»-3
X *a
-]
e, 1 *1
: 1
2 x > X
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and
b 4 > x-l
¢ - 1l 1
3’ -1
x2 > x2

We can assume without loss of generality that pl, pz, q1 and q2 are
all greater than or equal to zero,

/ézy also contains the automorphisms defined by:

X ——> X

1l 1
€4: -1
X2 > Xl Xz
and
X — X x-']'
1 1 2
s’ X, — X
2 2
P, Py

Therefore, given h = X x, (pl, Pq > 0), we can by using Euclid's

algorithm and applying 64 insure that p_ < pl. In the same way,

2
applying 65 allows us to transform h so that p1 < p2. Hence we
pl p2 s
can eventually transfoerm h = X, Xy to Xy (for some integer s) and
* 9 9 t
similarly h = X0 X, to X, (for some integer t) by means of an

element of /&

t
We now claim that xi can be mapped to x1 by an element of/ez,

1 t. To see this, assume there exists an 1) e/&z

if and only if s

t
xl. Then

such that (xi) T

ti.s t

) M= (x; D% = () = x

since the automorphism 7 must map a generator onto a generator of H,
+

Hence s = t and the proof is complete,

Proposition 6 Let H = gp (xl, X, I [xl, x2] = 1) be a free abelian
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group and ﬂ the automorphism group of H. Then if J is the subgroup
of/& generated by the automorphisms
1 1 1 0

X = and Y =
0 1 1 1

A actually 1sﬂ

Proof: The automorphism group of a free abelian group of rank two is

generated by (see e.g. [3], p. 85)

1 1 0 1
S = and T =
=1 0 =1 0
Observe that
-1 )
SS=T2=Z, Zz=E where Z =
0o =1

It is easily verified that

x = 18"}, Yy = 17735
and, therefore,
s = Y Ix, T = xv "'k,

Hence, X and Y also generate/ﬂ‘

Therefore we may conclude that h and h* in H are conjugate
in the generalized free product G defined in Theorem 8, Case III
under condition (D), if and only if they can be transformed into one
another by an element of the full automorphism group of H, This

can be effectively determined by Proposition 5.
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Let us consider briefly the further difficulties which arise in a

case similar to the one just treated when we try to amalgamate a 2-

generator abelian subgroup which is not maximal. For example, let

and B be finitely presented nilpotent groups of class 2 and H

K 2-generator abelian subgroups given by

H

and

K

Again the nature of

gp (a, ¢ | a £2 (A),

gp (¢, & | 0 £2Z (B),

(4

[a", bD)

5 =(d B]). (m or n >1)

¢ gives rise to two cases, one of which

yields solvable conjugacy problem for G = {A * B; H, w} while the

other cannot be solved,

employing.

Case 1 Assume ¢ is given by aQ =

where p1 xl

-
Il
=
—
-
=3
-

p

1 PatPi%)
= 8a <

is a multiple of m.

2 * qh 9

at least by the methods which we have been

@, cP = 6

Applying ¢ and conjugating by a power of f gives,

where plx2

1 2 p PP, X
)B - o 1 8 2711

P
= o 6

is a multiple of n,

P X
o 1 2

, B

1 PatP1**Py%p

and

A
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It is clear that further conjugation can only alter, by an integral
multiple of Py the power of the central element in H (K) so that

*
h and h are conjugate in G if and only if:
(L 9, = P,

(2) 9, = P, = P, X for any integer x of the form X, + %,

such that

is a multiple of m and p1 x a multiple of

LSS | 2
*

Again, any sequence h,..., h with successive elements conjugate in

a factor has all elements already conjugate in either one of the

factors.

The conjugacy problem for G = {A * B; H, @] is therefore solvable.

Case 11 Assume ¢ is given by ap= 0, cp= «

Let

P P % q q
h = a 1 C 2 and h = a 1 C 2.

Considering
b 1 Py Pyt %y
h = a c

’

applying ¢ and conjugating by a power of B gives

1 2 P P +p,X% P.+p. X X
b 11 2P %

w® )P sl a? [« , B 2]
) 6pl+(p2+plxl)x2 0?2*"1"1

P1+(pytPy X)X, Pyt X,
a c

X3
Transforming once more by b yields

X
R LS WP T L cp2+p1x1+[p1+(p2+plx1)x2] *3

At each stage of the conjugation, it is necessary that for consecutive

s s t t
terms hi = a 1 c 2 and hi+1 = a 1 c 2 either (i) s, =t and
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s, t2 is a multiple of m or (ii) s, = t2 and s, - t1 is a

multiple of n. Conjugation is therefore not effected by automorphisms
of H (as in Section 9)., Moreover the number-theoretic considerations

become unweildy as is clear from the fairly simple calculation ahove:

X

X, X, X
b 16 2, 3B 4 . apl+(p2+plx1)x2+(p2+p1x1+[p1+(p2+p1x1)xz]xs)x4

sz+p1x1+[p1+(pz+plx1)xz]xa

we must be able to establish not only that
(i) a) = py + oy + X)) x, + Ryt x) + [+ (pyrp %) %, x)) x,
and

(ii) q, = P, + P1¥%; +-[p1 + (p2+p x,) xz] x

11 3

for integers x x etc,, but also that

1' 2!

(i) P % and [pl + (p2 + plxl) x2] x. are multiples of m

3

and

(ii) (p2+p1xl) X, and (p2+p1x1 + {p1+(p2+p1xl) x2] x3) x4)

are multiples of n,

While it is clear therefore that necessary conditions for a pair of

Py Py

* 9 9
elements h = a c and h = a C

to be conjugate are that

(p1 - ql) be a multiple of n and (p2 - q2) be a multiple of m,
these conditions are not sufficient as the following example shows.
ExamEle LLet H and K be two generator abelian subgroups of A and

B respectively (where A and B are free nilpotent of class two)

given by

=
Ll
H
—
[}
=2
—
S’

gp (a, c | c

n
Q

gp (a, 6 | &

=
It



and let ¢ be the isomorphism defined by
ayp = &, cp =«
Let

2 S 10 _10
h=32C and ‘h = a b

Then while it is true that 8 (q1 -p =4, - p2) is a multiple of
both 2 and 4, h and h* are not conjugate elements since they are
not conjugate in the homomorphic image H/H2 obtained by factoring
out square powers,

The impossibility of computing suitable solutions for equations in
the exponents of h and h* is precisely where the difficulty occurs
and our methods are useless here, For subgroups of rank greater than
two the nature of the various possible isomorphisms renders a general
solution even more complex,.

Finally, in connection with Chapter 1II, it is clear that the
condition of maximality on the amalgamated cyclic subgroups in theorems
5, 6 and 7, while admitting simplification in the proofs, is not
necessary. The arguments used there extend to any infinite cyclic
subgroups.

In a positive direction, it seems likely that Theorem 8 can be
proved in the case that A and B are only torsion free nilpotent of
class two, The immediate difficulty arises from the possibility that
the generafor ¢ which is central may be such that e’ = [a,b] for
some integer r. In that case the automorphism available to us is

1
no longer X = 1 1) but rather X' ( r) (and similarly

0 1 0 1

I

for Y) so that we do not have generators for the full automorphism
group as is required in this algorithm, Extension of our approach,

however, does appear plausible,
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