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Abstract

COUPLED THERMOELASTIC CRACK PROBLEMS
by

Pichaya Phurkhao

Advisor: Prof. Mumtaz K. Kassir

In this research, coupled thermoelastic problems
of stationary cracks are discussed. It is assumed that
the crack is disturbed by thermal and/or elastic waves
generated by external thermal and/or mechanical excita-
tions. Two classes of problems of particular interest
are investigated in detail. These are the scattering
6f plane harmonic thermoelastic waves and the sudden
application of thermal and/or mechanical loadings to
the crack surfaces (transient problems). Integral
transform techniques are employed to formulate the pro-
blems and reduce them to Fredholm integral equations of
the second kind and/or to a system of simultaneous
algebraic equations. The resulting equations are then
solved numerically and the singular stress field near

the crack tip, which is of paramount importance in



iv

determining crack propagation, is determined in expli-
cit form. Also, the magnitude of this stress field,
which is conveniently described by a parameter k;
(stress-intensity factor), is calculated.

The effect of the frequency of the input thermal
and/or elastic waves as well as the influence of coupling
upon the dynamic stress-intensity factor for few mate-
rials are determined and displayed graphically. In the
transient problems, a numerical Laplace inversion tech-
nique is used to convert the values of k; in the Laplace
Plane to the regular time domain, and the results are
compared to the corresponding steady-state values to
reveal the influence of inertia and coupling on the
dynamic stress~-intensity factor.

For both problems, the important results are;
(1) the stresses are singular of order r;% as r— 0 at
the crack tip, (2) the inertia effect upon the variation

of k; with frequency and time is found to be significant

while the coupling effect is negligibly small, and (3)

| ]
k1 is proportional to material constants and crack size.

. 1
It is also observed that there is a peak in k1 in both
problems. The corresponding values of time and frequency

vary depending upon material properties and crack size.



In applying the methodology of Linear Elastic Fracture
Mechanics (LEFM), the information gained is essential

to determine the conditions of crack propagation under

thermal loading.
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CHAPTER 1

Introduction

More than a century ago, Duhamel [9] * and
Neumann [38] formulated a theory of thermoelasticity
of elastic solids subject to temperature variation.
The governing equations of the theory consist of the
Navier equations of motion coupled with the Fourier
heat conduction equation. This theory takes into
account the interaction effect of straining upon the
temperature field and temperature distribution upon
the strains in the body. Moreover, unlike the conven-
tional thermoelasticity theory, which ignores the
inertia terms in the governing equations and is concerned
with sélving the heat conduction equation and the equa-
tions of motion separately, this theory allows the dyna-
mic response to be determined by solving the coupled set
of governing equations simultaneously. Despite its
mathematical complexity, coupled thermoelasticity gives

a deeper insight into the mechanism of deformation

* Number in brackets designate reference given on
pages 160-163 '



process connected with thermal phenomena in elastic
solids. Utilizing this theory, Biot [2], Chadwich [5] ,
Boley and Weiner [3] » Nowacki [éo] y and others obtained
solutions to some thermal stress problems.,

Concern over thermal effects in the design of
structural components has caused investigators to consider
the implications, theoretical as well as practical, of
the thermal stresses and strains in the vicinity of cracks
in structural members. However, because of the complexity
of the field equations, most of the previous investiga-
tions were carried out under certain simplifying assump-
tions. Usually the inertia terms in the equations of
motion and/or the coupling term in the heat conduction
equation are neglected. Thus, upon omission of the
coupling term in the heat conduction equation, the equa-~
tions become uncoupled and there results what is often
termed as the Uncoupled Theory. Further omission of the
inertia terms in the equations of motion results in
Uncoupled Quasi-Static Theory of Thermoelasticity (orx,
more simply, Thermoelasticity). When there is no time
involved in the equations the steady~-state condition is

reached.
Cracking of brittle solids due to thermal stress



is a well-«known phenomenon., When a steady heat flow is
disturbed by the presence of a crack, there is local
intensification of temperature field accompanied by
singular thermal stress which may cause crack propagation
resulting in serious damage to structural members.
Sufficiently rapid local heating or cooling of solids
(thermal shock) can also lead to serious catastrophe.
This could occur, for example, in cracked structural
components under the influence of laser beams or elec-
trical (spark) discharges, in pressurized water

reactor (PWR) and its piping éystem experiencing a
thermal transient during a loss of coolant accident
(1ocA), in space crafts and jet engines, etc..
Furthermore, when the thermal loading is fluctuating
and periodic with time it gives rise to the fluctuating
and periodic stresses and displacements propagating
through the medium in the form of waves. It would be
expected that, near the crack tips, these waves will
cause high local stress intensification causing the
propagation of the crack. Since in the current tech-
nology of Linear Elastic Fracture Mechanics (LEFM), the
critical value of the intensity of the local stress
field can be associated with the fracture toughness of

the material, it follows that by knowing the stress



intensity factors as functions of the temperature field,
material properties, and flaw size, it is possible to
predict a critical thermal loading which will not
result in failure of the material.

Up until now most of the analysis efforts deve-
loped in the area of fracture mechanics due to thermal
stress have been confined to either steady-state or
quasi-gstatic problems. None of the investigations avai=-
lable in the literature have utilized the coupled theory.
It is expected that when the temperature field exhibits
sufficiently steep time-gradients or fluctuates and varies
harmonically with time, the dynamic effects disregarded
in the traditional treatment of the problems may become
significant, Summaries of some solutions to steady-state
thermal crack problems are given by Sneddon and Lowengrub
[22] and by Kassir and Sih IjS]. While some solutions to
quasi-static crack problems can be found in recent book
by Cherepanov [7] .

Elastodynamic crack problems have been investi-
gated. Thorough summaries of the methods of analyses in
dynamic elastic fracture mechanics have been given by
Chen and Sih [6], Achenbach [1], and Freund [12]. It is
often found that inertia effects have significant influ-
ence on the response of structural components.- At speci-

fic locations in a body, namely, in the vicinity of crack



tips, the stresses and displacements and, in turn, the
dynamic stress-intensity factors are higher than those
encountered under static loadings. This stress 'over=~
shoot' in the vicinity of a crack tip may be as high
as 30% above the corresponding static value. In view
of the dynamic amplification of the stress level it is
conceivable that there are cases for which fracture
does not occur under a gradually applied system of
loads, but does indeed take place when the same system
of loads is applied rapidly or when it is flutuating
periodically with time giving rise to propagating mecha-
nical disturbances. Even though elastodynamic theory
takes inertia effects into consideration, however, in
order to study the influence of thermal waves, one
needs to include the mechanical coupling term in the
heat conduction equation as well as to consider the
inertia effects.

In this dissértation. it is intended to inves-
tigate the nature of thermal waves generated by thermal
disturbances in a two-dimensional medium containing a
central crack when the general theory of coupled ther-
moelasticity is employed. Special emphasis is focused
on finding the stress-intensity factors, the critical

valués of which govern the condition of crack propagation.



The fracture of solids under elastic waves will also be
studied so that the salient feature of the influence of
the mechanical coupling term upon the stress-intensity
factor can be brought out when the corresponding results
are compared with the known static solution. It will be
assumed that initially the medium is at rest, stress-
free, at absolute temperature (To) everywhere and the
deformations are small relative to the dimension of the
body. Furthermore, all thermoelastic material proper-
ties are assumed to be independent of temperature. With
these assumptions, the governing equations are greatly
simplified, become linear and amenable to analytical
treatment, namely, by means of integral transform tech-
niques. Every variation of strains will be accompanied
by variations in temperature and vice versa. Two classes
of problems of particular interest are considered sepa-
rately. These are the problem of scattering of plane
harmonic thermoelastic waves by a stationary crack and
transient problems in which the crack surfaces experience
sudden application of thermal disturbances and/or mecha-
nical loadings. Figure 1 shows a sketch of the geometry
of the problems. In terms of the co-ordinate system

(x',y',2') the crack occupies the region |x'|¢a', |z'|<oo



of the mid-plane y'=0. The stresses in the medium are
produced by either a passage of incoming thermal and/or
mechanical waves (thermoelastic waves), or by the appli-
cation of an instantaneous uniform change of thermal
disturbances and/or stresses across the crack surfaces.
The basic governing equations of coupled ther-
moelasticity are presented in chapter 2. The general
equations consist of one displacement equation of motion
(Navier Equation) written in vector form and one equa-
tion of heat conduction coupled with change of strain.
For plane-strain problem, the dependent variables are
two components of displacement and temperature. The
stress components are related to the strain components
and temperature through the Duhamel-Neumann relations
while the strains are connected to displacements by
the strain-displacement relationships. The equations
stated above are based upon the assumption of small
variation of temperature due to change of strain and
small displacements., In addition it is necessary to
specify initial and boundary conditions in order to
describe fully the transient problems in which the
crack surfaces experience sudden variation of thermal

and/or mechanical disturbances. However when the



disturbance is in the form of wave (thermoelastic wave),
which is harmonic in time, only boundary conditions are
necessary.

Chapter 3 is devoted to the problem of diff-
raction of thermoelastic waves around a stationary crack.
The equations of chapter 2 are first non-dimensionalized
into a form which is convenient for subsequent analyses,
and the theory of plane harmonic thermoelastic waves is
then developed and appropriate solutions are derived to
investigate the diffraction of these waves around a crack
embedded in structural members., In this analysis, it is
assumed that the crack is insulated and traction-free
(see Fig. 2). Making use of linearity, the analysis can
be divided into two parts; one is concerned with imping-
ing of thermal wave with accompanying elastic wave while
the other deals with an elastic wave accompanied by ther-
mal wave, The two input waves may be viewed as waves
arising from thermal and mechanical excitation in the
members, respectively. The complete solution will then
be taken as the sum of the two solutions. For the mere
purpose of finding the dynamic stress-intensity factor,
it is sufficient to focus attention on the scattered

wave field. The solution is then conveniently solved



by considering a symmetric and a skew symmetric problem
which are even and odd in y, respectively. Furthermore,
eaéh problem is divided into two parts, one is even in
x and the other is odd in x. Since both parts can be
solved in the same manner, only the symmetric and even
problem in x will be studied in detail. Integral tran-
sform techniques are used to reduce the problem to a
pair of dual integral equations in a complex variable
domain which can be further reduced to a system of cou-
pled, real, Fredholm integral equations of the second
kind. The system of integral equations is solved nume-
rically and the dynamic stress-intensity factor is then
determined in term of the solutions of these equations.
The singularity is found to retain its classical order
O(r'é), but the stress field is greatly influenced by
the frequency of the thermoelastic waves.

In chapter 4, the problems dealing with the
applications of thermal and/or mechanical impact loading
on the crack surfaces are discussed. In particular,
three specific examples are considered in detail;
namely 1) crack problem under sudden application of
uniform normal stress on insulated crack surfaces,

2) crack problem under sudden variation of thermal flux



10

on crack surfaces, and 3) crack problem under sudden
variation of thermal radiation on crack surfaces.
Again, the governing equations are non-dimensionalized
and solved. The use of potential functions in con-
junction with Laplace and Fourier integral transforms
reduce the problems of the first two categories to the
solutions of standard pair of dual integral equations
in the Laplace transform plane. The solution of the
dual integral equations is reduced to the determination
of an auxiliary function governed by a Fredholm inte-
gral equation of the second kind which is amenable to
numerical treatment. The dynamic stress~intensity
factor is then determined in term of the auxiliary
function evaluated at the crack tip in the Laplace
transform plane. A numerical inversion of the Laplace
transform is then employed to invert the dynamic
stress-intensity factor into regular time domain.
Similarly, the mixed-boundary conditions of the third
example reduce the problem to a system of dual integral
equations which can be further reduced to a system of
simultaneous algebraic equations having infinite unknown
functions. The dynamic stress-intensity factor in

Laplace transform domain is again found to be directly
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proportional to the sum of these unknown functions.
The unknown functions can be determined effectively
by truncating the equations to finite numbers. Upon
application of the numerical inversion of Laplace
transform, the dynamic stress-intensity factor in the
real time domain is obtained. For the three examples
considered the stress singularities are found to
retain their classical order O(r'%).

In chapter 5, the procedure for the solutions
of Fredholm integral equations and numerical inversion
of Laplace transforms are presented. This part of
analysis comprises most of computer effort and, conse-
quently, deserves a great deal of attention, especially,
when dealing with slowly convergent integrals having an
infinite interval of integration and with integrals
having singularities within the limits of integration.
Therefore, special techniques are developed and employed.
The method of solving Fredhglm integral equation is
based on the replacement of the equation by a finite
system of linear algebraic equations which is outlined
by Kantorovich and Krylov [14] . The integral terms
are approximately replaced by a finite sum using

Simpson formula. The accuracy is achieved by increasing
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number of terms in the summations. The numerical
inversion of the Laplace transform technique which
is employed in chapter 4 is based on the method
outlined by Miller and Guy [17]. It utilizes the
properties of Jacobi polynomials. This technique is
found to be useful and suitable for the problems
considered in this research.

To illustrate the applicability of the solu-
tions developed, numerical results are obtained and
displayed graphically in chapter 6 for two materials,
lead and copper, having relatively high and low values
of the coupling constant, respectively. For the
problem of scattering of thermal wave accompanied by
elastic wave, the variations of the dynamic stress
intensity factors with the non-dimensional frequency
L= a!'/w* for crack length 2a'= 1 cm. and 2 cm. and
incident angle F’” 90° are shown on semi-log scale.

It is observed that the stress-intensity factor k;
rises sharply at first, reaches the peak and then
decreases rapidly with increasing values of 2 . The
peaks of the k; occur at different frequencies depend=-
ing upon material properties and crack size. Increas-
ing crack length tends to induce the peak in k; to

occur at lower frequency. As an example, for copper
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with crack lengths of 1 cm. and 2 cm., the peaks occur
at frequencies 9a 4.25 rad/s and 2 = 1,67 rad/s, res-
pectively. As the frequency approaches zero, the stress
intensity factor, k;, tends to zero value. A similar
feature is also observed when the input waves consist
of an elastic wave accompanied by a thermal wave. The
peak in the dynamic stress-intensity factors as com-
pared to the analogous statical value are about 30% =
40% higher. In both cases, the coupling effect is
found to be negligibly small., In particular case

of isotropic material (coefficient of thermal expan-
sion %, = 0), the solutions associated with elastic
wave accompanied by thermal wave reduce to known
solutions obtained by Chen and Sih [6]. It should
also be mentioned that when the medium is disturbed
by both thermal and mechanical excitations simulta-
neously, the solution can be obtained by superposition
of the two solutions. For the transient problems,

the results are calculated and the dynamic stress
intensity factors (k;) for the three categories men=-
tioned previously are displayed graphically. A crack
length 2a' = 210/c1 (or non-dimensional crack length

2a = 2) is taken for numerical calculation purpose.
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In all cases, the curves are observed to exhibit the
usual dynamic effect. The overshoot in the values of
k; as compared to the analogous steady-state one is
about 11% - 30%. The effect of the mechanical coup~-
ling term in the heat conduction equation is brought
out by letting the coupling constant € = O in the
numerical calculation. The results are then plotted
and compared with those obtained from the coupled
theory. It is found that the coupling effect is
minimal and may be neglected.

In conclusion, integral transform solutions
have been developed to study the nature of thermal
waves in cracked structural components. In each
case the problem is reduced to a pair (or a system)
of dual integral equations which in turn can be
further reduced to an integral equation (or a system
of algebraic equations) suitable for numerical solu-
tions. Reduction of a pair of dual integral equations
to Fredholm integral equation of the second kind is
well known. The validity of the method is dictated
by the nature of the weight functions, kernels and
the input functions. Elegant summary of the develop-

ment of the theory of dual integral equations can



be found in the book written by Sneddon [23]. On
the other hand, it can bhe shown that reduction of
the system of dual integral equations to simulta-
neous Fredholm integral equations for the transient
problem associated with the thermal radiation boun-
dary condition on the crack surfaces considered in
this dissertation is hopeless. The reason for

this is due to the nature of the functions stated
above, Therefore & more general and straight for-
ward procedure discussed by Erdogan and Bahar []1],
which is the generalization of the method developed
by Tranter [24], is employed. This method which is
based on the properties of some definite integrals
of Weber~-Sonine-Schafheitlin type involving Bessel
functions reduces the problem to an infinite set

of linear algebraic equations. Its solution can be
obtained by cutting off the computation of the
infinite number of linear algebraic equations after
n equations for large n. It should be noted that
it is very difficult to investigate the regularity
of this system of equations but numerical experi-
ments show that the approximate solutions obtained

by considering only the first few terms (e.g. 6 terms)

15
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exhibit good behaviour. To this end, it should be
pointed out that the procedure developed in this
dissertation can be equally well applied to various
other problems having different kind of boundary
conditions.

The results obtained in this study play a
key role in the methods of Linear Elastic Fracture
Mechanics (LEFM) with regard to fracture initiation
and propagation in structural components. These
methods have been demonstrated to be adequate and
have been verified by various experiments and have
a wide range of practical applications. The know=-
ledge of the stress distribution in the neighbour-
hood of a crack tip in a structure subjected to
temperature that varies periodically with time, to
fluctuating loads, thermal shock and/or impact
loadings is imperative for a safe prediction of
the strength of, especially, modern structures.

It is known that the stress~intensity factor is

a prime parameter characterizing crack propagation.
Having performed the appropriate stress analysis and
obtained the stress intensity factor for the problem

under consideration, it is then possible to estimate
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the maximum allowable load and/or thermal disturbances
a machine or structural component can tolelate for a
given defect size or the maximum defect size that is

permitted to exist in a given material.
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CHAPTER 2

Statement of the Problems and Basic Equations

In this dissertation, it is intended to study,
within the framework of the linear coupled thermoelas-
tic theory, the nature of the propagation of thermal
and elastic waves in an infinite, homogeneous, isotro-
pic elastic solid containing a finite crack. In parti-
cular, attention is focused on the distribution of the
singular stress field in the vicinity of the crack tips
and to what-degree it is influenced by the frequencies
of the input waves, inertia effects and the mutual
dependence of temperature and displacement fields inhe-
rent in the theory of coupled thermoelasticity. It is
assumed that the temperature has no effects upon ther-
moelastic constants and, furthermore, the temperature
changes and deformations are small relative to the
dimension of the body. In view of this, and assuming
there are no heat sources and body forces in the medium,

the governing equations are [5]

2
,wsz + (ke Ve' -YV(T-T,) = g_a_-_sz (2.1a)
: 3!

VY T - chﬂ - \(TO Q_e_'
CAN A A
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Egs.(2.12) and (2.1b) relate the displacement
vector U = Uf+V? and the (small) deviation T-T, from
the equilibrium temperature (absolute), Ty for which
lthe material is stress~-free. Moreover, e' is the dila-
tation, t' is the usuwal time variable and the constants
k,g and‘cE denote, respectively, the thermal conducti-
vity, the density and the specific heat at constant

strain of the material. The constant ¥ stands for
¥ = (epixg (2.2)

where A and p are Lame's elastic constants and dT is
the coefficient of linear thermal expansion.
For plane strain problem, the strain-dis-

Placement relations are

£ = U
ax!
éy' = @l (2-3)
CRA
6x‘y' = -1-( ?—U + @.;V- )l
2 9y' 9x!

While the stress-strain relations are
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(0 = 2pbyy + Ne' - ¥(1-1T()
(g0 = 2prg + Me' - T(1-1p) (2.4)
Tx|y|= q’/yixl = zanx'yl

where £, ay' and ix'y' are the strain components

and Gx., Gy. and @i'y' are the stress components.
In addition, appropriate boundary conditions and
regularity requirements must be satisfied.

Two classes of problems of particular inter-
est are considered separately. One is concermed with
the effect of thermoelastic waves (thermal and/or
mechanical waves) impinging on a stationary crack of
finite length and the other one deals with the sudden
application of thermal disturbances and/or uniform
normal stress on the crack surfaces_(transient problem).
Qhe geometry of the problems is shown in.Fig. 1 with
the center of crack coinciding with the origin of the
coodinates. For the former problems, the effect of
a thermal wave (accompanied by an associated mechanical
wave) impinging on the crack surfaces is studied in

details while for the latter problems the following
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cases are considered to illustrate the procedure:

1. Sudden application of uniform normal stress on 1nsu;
lated crack surfaces.

2. Sudden variatiop of thermal flux on crack surfaces

3. Sudden variation of radiation thermal conditions on
crack surfaces. |

In each case attention is focused on finding the stress

field in the vicinity of the crack tips and the relevant

results, from the practical view point, are pointed out.



Figure 1

Geometry of a Finite Crack

22
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CHAPTER 3

Diffraction of Thermoelastic Waves Around Crack

3.1

Plane Harmonic Thermoelastic Waves

In this chapter, the expression of thermo-

. elastic waves are derived first and subsequently used

to generate the stresses obtained from diffraction of

such waves around cracks of finite length embedded in

structural components.

For this purpose it is found

convenient to introduce the following dimensionless

quantities:

=)

2
e
= _l (characteristic frequency)
§
= W*t'
cowx, oy = wey (3.1)
c c
1 1
—,
= w*(J
€4
= T‘To
To
ﬁ" Gy=§1" ,fxy =E£;x'
W o ad
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Moreover, introducing the dimensionless

abbreviations

2 02

pe = raop = 1
z 2

b = 1T (3.2)
,Aa

g = _3_
§CE

and making use of Egs.(3.1), Egs. (2.1) may be written

in the concise form:

0

-
d>r9n
ot I8Y
o

2 2
Vi+(p-1)Ve - vVe0 (3.3a)

2
Vg-20-g Re = 0 (3.3b)
9t 2t

where V is the del operator, e is the dilatation in
dimensionless units, cq= ‘&Igil is the velocity of
longitudinal elastic waves in a medium with zero coef-
ficient of expansion (isothermal velocity), c2=v[zz

is the velocity of distortional waves and k = k_ is

C
the diffusitivity of the material. f°r
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Similarly for plane-strain problem, the

strain-displacement relations are

Ex = 2u
9x
¢y = W (3.4)
y @y'
Ery = 1.(2u+0v)

Py 9x

and the stress-strain relations become

: 2
« = 2&_ + (¢ -2)e - vo

¢ 2

g = 28+ (¢ ~2)e - bo (3.5)
7 7

ny = (ayx = 28xy.

According to Helmholtz theorem, the displace-
ment vector field can be expreésed as the sum of the
gradient of a scalar field @ and the curl of a vector
field Q :

2 = Y4+ curl@ . (3.6)

Applying relation (3.6), Egs. (3.3) assume the form
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2 2 2 2 |

P V@~ 16 = ¢ °g (3.7a)
8t°

2 2

JYe-20-g 37 § = 0 (3.7b)

9t ot

2 2 2

I Y = r oY (3.7¢)
942

Eqs. (3.7) show that the compressional wave
(P-wave) and the thermal wave are coupled while the
shear wave (S-wave) is independent of thermal strain-
ing. This cross=-coupling vanishes when the coefficient
of thermal expansion O‘T is zero and equations (3.7a)
and (3.7b) then reduce respectively'to the wave equa-
tions and heat conduction equation.

Some of the stress-strain relations become

(=]
]

2 2 2
2|2 g - azq) + (¢ -2) V g - be
y 2 2v9

y yox (3.8)

2 2 2
= 2?¢+Gq—aq’.
3xdy 3y2 x°

Xy

Seeking solutions of Egs. (3.7a,b) of the

forms
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-1 )&(xcos’ +ysing )+ ot
0 ¢ { ’ P } (3.9a)

¢ -
-i g i Ht
0, iy (xcosp +ysinf )+ §,

e = © (3-9b)

Upon substituting Eqs. (3.9a,b) into Egs. (3.7a,b),

one can readily shows that

2 2
be® = Qz(ﬂ -« ) g (3.10a)

2 2
igaag® = (ia-«) % (3.10b)

Elimination of ¢O/GO results in the characteristic

equation

2 2 2 2
(* =2 )(2+ix ) +exa = 0, (3.11)

Here, ¢ = Qg is the coupling constant, ﬁ is the

~incident aggle, ¢O and &°

are constant magnitudes,

o and 2 are ,in general, complex quantities so that
the wave length is 2%/Re( & )and the period=2W/Re( ).
It is usual to regard either X or £ as a real cons-
tant so that waves of a given wavelength (& regarded

as a constant) or of a specified frequency £+ may be

studied. However when o = constant,
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one of the solutions associated with temperature o is
standing wave, the wave pattern does not advance, caus-
ing no wave diffraction at the cracks and, consequently,
giving no rise to high stress intensification around
the crack tips. Thus,only waves of assigned frequency

Q 1is considered.

Assuming 2 1is a real constant (specified

frequency), Eq. (3.11) gives 4 roots t«1, 3“2, where
5
X, = %\/fl{[n+(1+i) \/-é—.c-l +i(1+8)] +
] . %
Lﬂ -(1+1) J2a +i(1+a)] }
3 (3.12)
X = 1f . .
> ’zn{[m(m)ﬁhu(ua)] -
%

[Q-(1+i) J2a +i(1+£)] }

Upon putting &4 = O in Egs. (3.12), it follows that

2 2
K9}

i

o
i
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and comparing with the corresponding results from
Egqs. (3.10a,b), it is seen that = %, represent modified
elastic waves while ¥ “2 represent modified thermal

waves, Introducing

+ 19
J

? j=192 (3013)

<410

where vj’qj and 2 are the phase velocities, the
attenuation coefficients and frequency in dimersionless

units respectively which in conventional units take the

form

Vj = C1Vj (3-14)
] %*
d *

_Q = WQ ° (3016)

Then, the plane wave solution of the thermoelastic

equations (3.7a,b) can be expressed as
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-q1(xcos§+ysinﬁ)-iﬂ
e

q2(xcos§+ysinﬁ)-iﬂiﬁ+%
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q1(xcos§+ysinﬁ)-in{t+%$xcos?+ysin§)1

xcosf+ysinﬁ)x

t-l(x osp+ 'n')&
v cosp+ysingd

0 ;qz(xcos§+ysin§)-iﬂiﬁ-%gxcos?+ysin?)l

(3.17)

In Egs. (3.17), the waves associated with

the exponents t+%.(xcosﬁ+ysinﬁ) and t-%_(xcosﬁ+ysin§)

are the incoming and outgoing waves, respectively.

making use of Egqs. (3.10), Egs. (3.17) become

g = o9
0

'QEGZ

6 = o9
O 40
191

Considering only the incoming waves and

= s =\ s 1 - R
q (xcosf+ysin )—1£)&t+— (xcosP+ysinz) | +
e1 v V V1 85 "l

e

qz(xcos§+ysin§)-i£l[t+%2(xcosf+ysin§)l

- . - 1 - . -
(xcosg+ysin )-152[t+- (xcos¢+ysing) | +
eq2 ¢ P Vo ? ¢ 1

- 1 D
eq1(xcos§+y31n?)-1£2[t+;1(xcosv+y31n?)l

(3.18)
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Eqs. (3.18), being known as incoming thermo-
elastic waves, consist of an elastic wave and a ther-
mal wave. Neither component can exist without the
other. in general, the elastic wave contains both
quasi-elastic and quasi-thermal modes associated res-
pectively with the exponents t+%gxcosﬁ+ysinﬁ) and
t+%§xcosf+ysin?). Similarly, both modes are repre-
sented in the thermal wave. The presence of the mode
of opposite type in each constituent of the thermo=~
elastic waves represent a coupling of elastic and
thermal effects, the strength of which depends upon
the frequency st and the coupling constant £ . The

quasi-elastic mode, in contradistinction to purely

elastic waves, is subjected to damping and dispersion,

the attenuation coefficient q, and the phase velocity

V4 both being functions of 2 . Both the purely ther-

32

mal wave and its modification, the quasi-thermal mode,

also exhibit damping and dispersion.

Explicit formulas for the phase velocities
Vyr Vo and the attenuation coefficients Q4s Qqp CaN be
derived directly from Eqs. (3.12), but the results
are more informative when expressed as series expan-

sions in either of the parameters &€ or 2 . In
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most applications of the theory,the coupling constant

£ and QO are small numbers compared with unity as
shown in table 1, chapter 6. Therefore expanding
Egs. (3.12) in Taylor series of powers of & and <&
and making use of Eq. (3.13), the following formulas
for V3 and qy are obtained [5] .

Expansions in powers of E . gives

£ (1140 4)
= 1=14 {& + &
V. = 1 + 21 = >
+ﬂ) 8(1+ a)
5 2 4 6
«E(1-79n+159»¢-17n)+ o( & ) (3.21)
16(1+ 2°)°
&_0.2 a g,(
5- !
q =
! 2(1+ .0—2) 4(1+ a°)
¢ -ﬂ2(3 55 ° 65 PP, ) 4
5=155 &4+ -
y + 0(¢e) (3.22)
16(1+ 22)°
2 2 3 4
v, = \/27)_ [1' AL ﬂ) £ (3410028 £ -6 - 45 &) _
: 2(1+-0') 8(1+ n°)
3 2 3 4 5 6 7
£ (54359 =65 L =151 +143 2 +73 2 =43 L +3 52 )

16(1+ .0.2)5

4
+ 0o( g) ] (3.23)
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2 2 3 4
n g(1=0) € (1=61 =12 +109 +3 53 )
= 1 -
12 v 2 [ " 201s 2 8(1+ 92)°

3 2 3 4 5 6 T
o £ (1-150-65 2 41359 +155 5 =101 5> =35 +55)
16(1+5.°)
4
+ 0o( &) ] (3.24)

While expansions in powers of <1 yield

2
/ £ £(4-32)
v, = J1+€ | 1 = +
! [ 8(1+ £)*

oty a e-17 & °
(64-304 +23§ =178) , o(= )X (3.25)
128(1+ &)
.2 4 2
) 1 T e <+ £(8-20E +5 £ ) _n.6
3 = 5 - 2 + O( <%)
1+2 | 2(1+ &) 16(1+ ¢ )
X (3.26)
i Qe .(LZ&
v, = A 1 - 3+ (4+%) *
1+ & 2(1+ &) 8(1+ £)

3 2 4 2 5
2" £(B-20€+ £ ) D £(64-208¢ -8 +5 E )
16(14+ £)° 128(1+ )8

+

5
o( s )J (3.27)
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2
o fatiee) |, _8E  ge@me),
2 2 | 2(1+ £)°  8(1+£)%
3 ~
+ Ce(8-1264+22) + a4e(64-2406+120£%-5¢2) + 0(07)
16(1+£)° - 128(1+¢)°

T 1
—-—

(3.28)
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3.2 Boundary Conditions and Formulations

When a medium is subjected to an external
thermal and mechanical disturbances at some points,
a form of wave is created and it propagates through
the medium. In using coupled theory this wave will
consist of two types of waves, one is elastic wave
the other one is thermal wave. Each wave consists of
quasi-elastic and quasi-thermal mode. The coupling
between the two waves is characterized by the factors

m and $1¢ which depend upon the coupling constant &

T
and frequency S . Because of the fact that €1, and
51¢ are complex, it is clear from Eq. (3.18) that
the quasi-elastic components of the two constituents
of thermoelastic waves differ in phase and that the

two quasi-thermal modes also have this property.

Thus in this case it is to be assumed that the input

waves will be of the form

(1) (1) (1)

¢ = ¢1 + ¢2

(1) (1) (1) .

e = 9, + O, (3.29)

(1)
W

"
(@



Figure 2

A Finite Crack Subjected to Incident Waves
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= z 1. = -
(1) _ ¢9 eq1(xcos?+ysin¢)-i£l[f+;$xcos?+ysin?)]

=
—
[

(1) a goqu(xcos§+YS1n§)—iSl{t+%§xcos§+ysin§)§

L8
[\*)
¥

(1) ;1T¢Oeq1(x°°3§+YSin?)-ifL[t+%g#cos§+ysin§ﬂ

_‘O
]

(1) _ O qu(xcos§+ysinﬁ)-i£1(%+%£xcos§+ysin§)]

(3.30)

However, it is more informative to study the
effects of the thermal wave with an accompanying elastic
wave (0%°=constant, $°®=0) and the elastic wave with an
accompanying thermal wave (¢°=constant, G°=O) upon the
stability of the crack separately. The solution for the
incoming thermoelastic waves of the forms Eqs. (3.29),
therefore, may be taken as the linear sum of their
solutions (refer to Fig. 2 for geometrical parameters

and direction of the incident waves).

Some of the corresponding stress components

are
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G(i) ) 2@205(1) . (?2_ ) ¢( ) ) bG(i)
y . 5—5
y
- (3.31)
’t(i) ) 2@2 (1) .
Xy
? x9y

The resulting wave fields, #, Y and © may
be taken as the linear sum of the incident wave fields

and scattered wave fields as follows:

i = ¢(i) . ¢(S)
(s)

Y = ¢i)+ Ws (3.32)
(1) (s)

e = @ + ©

where the scattered wave fields must satisfy the

conditions

¢(S), qfs)’ G(S{__g ) as (x2+y2)%——9 00

and be governed by the following equations
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2
2V2¢(S) - bO(S) = gsz ?__g(s) (3.33a)
2 ¢2
VZG(S)-?_Q(S)-g_@_V2¢(S) = 0 (3.33b)
D+t 9t
2 .2
Vﬁ‘((S) = 9 “Y(S) (3.33c)

f —
Pt

and subjected to specified conditions on the crack
surfaces. For traction-free insulated crack surfaces,
the total normal, shear stress and heat flux on y=0

plane and |x|¢a must vanish, i.e.,

(1) (s)
(Ty(x,o,t) - fy (x,0,8) + Uy " (x,0,%) = 0, [x|<a
/t'/xy(xsoot) = ,L;(c;.)(xoort) + ,i;(c;.)(xyogt) = 0, |x|<a
i
99(x,0,t) = QgstO,t) + 2g2;20,t) = 0, |x|<a
Py oy oy
(3.34)

from which the boundary conditions of the scattered
wave problem may be established. For convenience,

the problem will be divided into a symmetric and skew
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symmetric part being even and odd in y respectively.
The corresponding mixed-boundary conditions on y=0

pPlane are

Symmetric Problem

(s)
Qiy = 0 for all x
(s) (1)
G’y = - G’y for |x|<a
(s) (1)
:3_9. S = - 2_9. for |X|<a (3035)
2y ‘ oy
(s)
v = 0 for |x|)a
(s)
%¢ = 0 for |x|)a
oy
Skew=-Symmetric Problem
(s)
Gy = 0 for all x
A8) (1)
ny = - ’L'xy for |x|Ca
(s) <
%o = 0 for |x|(a (3.36)
Qy
(s)
2 = 0 for |x[ya
(s) ‘
e = 0 for |x|ya

The complete solution of the original problem can be
obtained by adding the solutions found from the
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conditions (3.35) and (3.36). Furthermore, each of the

previous parts can be subdivided into systems even

or odd in x. In this dissertation, only the symmetric

problem even in x will be studied in detail.
Combination of Egs. (3.33a) and (3.33b)

leads to equation having only ¢(s) as the dependent

variable.

{\72- 3 M <°- a} 89 L e
2

Dt Pt

(3.37)

In view of the problem being even in x it is
seen that ¢(s) ana 0(8) are even functions in x while
W(s) is an odd function in x. Thus it is
appropriate to apply the Fourier Cosine transform

with respect to x to Eq. (3.37). This can be accom-

plished by setting

(s) -iat
¢ = f(x,y) e . (3.38)

Substitution of Eq. (3.38) into Eq. (3.37) and making

use of the Fourier Cosine theorem, namely
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[n.9]
fc(s,y) = jf(x,y)cos(sx)dx, 0{s(x
° (3.39)
1]
f(x,y) =2 &‘fc(s,y)cos(sx)ds. 0dx (o,
T
0
leads to
4 2 2
a'f, [£l+i§1(1+8)-232] a 't
el 7
y y
4 20,2 3
{s -8 \ﬂ +in(1+a)] +i 0 } f,b = O (3.40)

For solutions to be bounded at the remote distances,

Eq. (3.40) admits the form

e (ory) ~ e-(s2- (2)2y (3.41)
c ’

Substitution of Eq. (3.41) into Eq. (3.40) yields the

characteristic equation
4 2 2 3
5 - {n +ia(1+g) ] £ +10 = 0 (3.42)

which is identical with Eq. (3.11). Eq. (3.42) has
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four roots :§1 and t§2 where

2
E = my+ing,  j=1,2 (3.43)
J J
in which
Q?
- - a2 -
mj = ;—2- qj, 3—1,2 (3-44)
and J
By = 2249y, =12, (3.45)
d
Letting
ng = Na(s) = (8- 2)% j=1,2 (3.46)
id '.)J §j ’ !

and making use of Egs. (3.38) and (3.39), the solution
¢(s) is obtained

(v

- - -iat
¢(S) =2 {A1(s)e il + B,(s)e oY } cos(sx)e ds.
L
0
(3.47)

(s)
The solution © may be obtained by substituting

Eq. (3.47) into Eq. (3.33a). Thus
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%
2 2 -
‘ 9(8) = 2_?_2. g {(—Q - §)a,(s)e ny,

2 - -
+(ﬂ2- §2‘)B1(s)e y)zy} cos(sx)e ‘intds

(3.48)

Application of the Fourier Sine transform theorem,

namely
0o
fs(s,y) = Sﬁf(x,y)sin(sx)dx, O s¢m
. 0
0 (3.49)
f(x,y) = 2 gi‘s(s,y)sin(sx)ds, 0 x¢{ ™
T

(o)

to Eq. (3.33c) leads to

3 - it
LéS) = 2 g Ci(s)e 137 sin(sx)e ds (3.50)

T

)
where

Ng = (s2- gi)% (3.51)
2 2 2

& = my = L1 (b and nz = 0 (3.52)
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It should be noted that in evaluating the
quantities (s2- §2)é the root with positive real
part must be taken in each case to ensure boundedness
at the remote distances from the origin.

Utilizing the theory of complex variables,

the quantities (s - 52)% may be written as
g = (82~ gz)% = Ryl . §=1,2,3 (3.53)
i j N . -
where
= [,.2 2.2 +2k . T

(3.54)

i 3
_ 2__ 2, 2 +2k T
Ij - L(s mj) +nJ] 2] j

in which the argument

0L 8,y 2T
and kJ = 0 or 1 whichever gives the value of RJ>»O.
When nj=0 and 32-—mj < 0, Rj becomes zero and

(52— gj)é = -i(mj—sa)%, J=1,2,3



where the branch cuts of the function have been

discussed in [19] .
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3.3 Thermal Wave with Accompanying Elast_ic Wave

Impinging on Crack

In this case the input waves are assumed

to be in the forms

G(i.) ) Goeqz(xcos?+ysin¢3)—iﬂ[t-i-:}éxcosﬁysin@]

. - . 1 ey
¢(1) A 9oeqz(xcoss&fysinY»)-'i.(l- [tf-v-gxcosgﬂysz,nv)j

(1)
Y

1]
o

(3.55)

The associated scattered wave solutions ¢(s), 6(8)
and W(S) are as follows:

00
¢(S) = 2 g{A“(s)e-%y + 311(8)9-“23’] cos(sx)e-intds
T 0 ©

o

e(s) 2 gej L (9,2- gQ)A”(s)e-Y”y +
Tb 1
0

+(-Q-2- Ez)Bn(S)e-v)zy ] cos(sx)e-iﬂtds
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00
-Nzy -iagt
Y = 2 CS Ciq(s)e 13 sin(sx)e ds

T
(3.56 )

where n; (i=1,2,3) are given by Eq. (3.53)

Applying the boundary conditions Egs. (3.35)
to the appropriate expressions of displacement, stress
and temperature obtained from putting Eqs. (3.56) into
Egs. (3.6) and (3.8), the results may be written as:

Do
t

([f11(s)A11(s)+f12(s)B11(s)] cos(sx)as = - L 07,

i 0<x<a (3.57a)
bo ) ,rt
g{f21(s)A11(s)+f22(s)B11(s)] cos(sx)ds = g—iﬁ- ’

° 0<(x<a (3.57b)
00
g {811(8)1\.11(S)+g12(S)B11(s)] COS(‘SX)dS = 0,

- xya (3.57¢c)
(.Kf21(S)A11(s)+f22(§)B11(s)X cos(sx)ds = O,

0 xy0 (3.574)

t . t
where fij’ gij (i,3=1,2), G and T are abbreviations
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given in Appendix C.

Application of Inversion of Cosine Transform

theorem to Egs. (3.57b) and (3.57d4) yields

o

t
f21(s)A11(s)+f22(s)B11(s) = :/E?f’t cos(sx)ds,
b 0¢x¢% (3.58)
Now let
w1(s) = 311(s)A11(s)+g12(s)B11(s) (3.59)

and solve for A11(s) and B11(s). Thus

9
t
Aqq(8) = { g1o(8) b g T cos(sx)dx - f22(s)w1(s)}
8,(s) #2,
. (3.60)
t
By (8) = -g44(8) b T cos(sx)dx + f21(s)w1(s)§
A4(s) #2

where [&1(5) is given in Appendix C.

Substitution of A,,(s) and B,,(s) from
Egs. (3.60) into Eq. (3.57a) and w1(s) from Eq. (3.59)
into Eq. (3.57c) leads to a pair of dual integral

equations
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0o
fsms)w,(s)cos(sx)as = 2(x), 0(x(a

° (3.61)
%

§w1(s)cos(sx)ds = 0 , xya

0

in which E(s) and Z(x) are defined as

2
sE(s) = _.2_._@____ { 'f11f22+f12f21} (3.62)
(p=-1) &, (s)

and
5 b
z(x) = __f___z g 1 [f12311‘f11812]
((ﬁ _1) 0 A1(8)
" 2 %
b g % cos(sx)d x.cos(sx)ds - 10 0 (3.63)
P2 s 2(p-1)

The solution of the dual integral equations

(3.61) is (for detail, see Appendix A)

\
2 4
W,(s) = =Tf %2 (J’Tf( )In(8an)d (3.64)
1 —%——2(? s o}") M Jdolsanidn
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where Jg; is the zero order Bessel function of the
first kind. The unknown Y (v ) is govermed by a
standard Fredholm integral equation of the second kind

¥(n) - S?(F)L(ﬁ."))dt -

57
T e g0 N =X

2 )
4 =1 Z(ax)dx , O0<ng1 (3.65)
§< T
0

where I is the symmetric kernel

]

L(1,") = (V)'c)é g's [E(s/a)+1] Jo(sﬁ)Jo(sn)ds. (3.66)

0T <1

o 0<M <1
<
-2
in which E(s/a)+1 = 0(s ) as s—® ,
Because of ", = (sz-gi) (i=1,2) being complex,
TE(»)), L(%,v), E(s/a) and z(ax) in Eq. (3.65) are,
therefore, complex functions. Separating these func-

tions into their real and imaginary parts in accordance

with

V()

191(V)) + iﬁgz(ﬁ )

E(s/a) = E1(s/a) + iEa(s/a)
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L(‘L’V}) Ih](t"')) + iLz(T«"?)

zZ(ax)

Z1(ax) + izz(ax)

the following system of coupled Fredholm integral

equations are obtained:

Y. (1) - gw}w )L, (T,m)ar + ng(t Ly (1, )

o

= 4(¢ -1)J5‘('Z (ax)dx
(')-x)

|

v,(n) - g%(t Lo (T, et - {%(’c )1, (T, et

o (o]

2

4( f° -1)Jﬁ (qzz(ax)dx .
ﬂ

T PGO o (V)z'x )%

(3.67)

Here, the function Z1 and 22 are given in Appendix C.
The kernels Lj(ﬁ,7) (j=1,2) are given by

11 4
L(T,n) = (it ys [2y(a/ar1) ] dgts0ag(anas (3.68)

o
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0
Ly(T,q) = (w})% jsEz(s/a)Jo(st)Jo(87)ds (3.69)

0

in which E1(s/a) and Ez(s/a) are given in Appendix C
and JO stands for the usual Bessel function of the
first kind of order zero.

The kernel L, given by Eq. (3.68) may be
replaced by

L,(1,9) = (1)¥Ea21 (atR)Ky(ayi) +

do
(tn)? gs [E1(s/a)+1- ¢ ]JO(SW)JO(St).
(s/a)%+8% ds
0
(3.70)

-—

where C and n are given in Appendix C, IO and Ko are
the usual modified Bessel function of the first and
second kind of order zero respectively.

The alternate kernel L, given by Eg. (3.70)
converges faster than Eq. (3.68) as can be observed
from

E,(8) + 1 - 0(3'6) as 8 —

C
———§~,“—?
82+ﬁ
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Thus, it poses no difficulties in numerical works.

In view of the kernels L; (i=1,2) and forcing
terms (right hand side terms) in Egs. (3.67) being
complicated, the system of coupled Fredholm equations
must be solved numerically, the detail of which is
discussed in chapter 5. It should also be noted that
the forcing terms contain singularities at x=v) .

Thus certain technique must be developed before evalua-
ting these functions numerigally. This technique will
be discused in detail in Appendix ?.

Stress-Intensity Factor:

In fracture mechanics, much of the interest
is centered on the near-field solution, in particular,
the stress-intensity factor, a parameter characterizing
the stability of crack propagation. To find the stress
intensity factor for symmetric problem with system
being even in x only F = 969 will be considered. Thus
by following the same procedure as outlined in Appendix
E, the singular stress Gy. in the neighbourhood of
the crack tips on the y=0 plane is

C.o= S 4 o®) (3.71)
y —3 1
(2ry)
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!
Here,k1 is the dynamic stress-intensity factor which in

conventional units takes the form

ky = Gé Va! ¥ (1) e-i£L.t' (3.72)
where Gg = -f¢G° and 6° is a constant specified by
the incoming wave.

To illustrate the influence of frequency over
. the stress-intensity factor, the system of Fredholm
integral equations (3.67) are solved numerically. The
Procedures discussed in Chapter 5 are used and the
results for lead and copper are displayed graphically
on the semi-log scale, for frequency range O = Q'/w* =
1x10™12 to 1x107€ as shown in Fig. 3. It is observed
that the stress-intensity factors k; rise at first,

reach the peak at relatively low frequency and then

decay as the frequency increases.
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3.4 Elastic Wave with Accompanying Thermal Wave

Impinging on Crack

In this case the input waves are assumed

as follows

¢(i) ¢O eq1(xcos§+ysin§)-i£2[t+%$xcos@+ysin@)]

. - 1 . i
g(i) ) g2T¢O eq1(chs¢+ysinf0-i£2[t+;$xcos?+ysin¢)]

(1)
'

(3.73)

The proper expressions of the associated
scattered solutions ¢(S), Q(s) and (8) are determined

in the forms

- - -1
¢(8) =2 S {A12(s)e q1y+ Biy(s)e q2y }cos(sx)e ! tds
T 0
(8) 2 > 2 2 -,y
) =2 P ( {(51 - E )aq (s)e 71 +
To LI

2 2 - i Q%
+( & - §2)B12(s)e WQY'} cos(sx)e ds
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%
(és) = 2 .g 012(s)e v3ysin(sx)e i‘Ltds

T
(3.74)

where 1) (i=1,2,3) are given by Eq. (3.53).
Application of the boundary conditions Egs.
(3.35) leads to

K [ 11(s)A12(s)+f12(s)1312(s)] cos(sx)ds = f_%\' UJe

0<x<a

[ 21(9)A12(5)+f22(s)B12(5)q'cos(sx)ds =T T ©

. 2 2

0 0<¢x<a

L J
xya

0

g 311(S)A12(8)+g12(s)312(s)— cos(sx)ds = O
g Lf21(s)A12(s)+f22(s)B12(s)] cos(sx)ds

Xy a

(3.75)

e e
where fij’ 8; (1,3=1,2), @ anda T - are abbreviations
given in Appendix C.
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Application of the Inversion of Cosine Trans-

form theorem and defining

wz(s) = 811(3)A12(s)+g12(5)312(8) (3-76)

the Eqs. (3.75) may be reduced to a pair of dual inte-

gral equations

00

g‘sE(s)Wz(s)cos(sx)ds = Z(x), 0<x<a

° (3.77)
%

ng(s)cos(sx)ds = 0, x)a

[+

in which E(s) is defined by Eq. (3.62) and Z(x) by

a

2 o e
S T cos(sx)dx.

Z(x) = —-g-- 1 [f12311'f11g12}
(%) | &, (s)

2
0 P E

.cos(sx)ds - T Ez ¢° | (3.78)
2

(Q -1)

Following a procedure similar to that used

in the previous case, the solution of the dual integral
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equations (3.77) is (for detail, see Appendix A)

0 g2 2 2.1.2 [
Wy(s) = T8 38? -2cos°F)a gyhﬁf(j)Jo(sav)dq (3.79)
. 2(%-1) 5 |

where JO is the zero order Bessel function of the first
kind. The unknown ﬁf(ﬁ) is governed by a standard
Fredholm integral equafion of the second kind

! | 5 )
Y () - gY('C)L('t.'))dt = _4(p 1) V¥ 7(ax)ax
-“ P )

o

(3.80)

where L is the symmetric kernel given by Eq. (3.66).
An inspection of Eq. (3.80) reveals that
when £ =0, g=0 the equation reduces to the known solu-

tions in [6,21] .

Stress-Intensity Factor

It can be shown that for symmetric problem'

: [4
-with system being even in x and ? = 90 the stress Qf
in the neighbourhood of the crack tips on the y=0

plane is
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' 0
¢,= % + 0o(r}) (3.81)
y
(2r})

where k;,'the dynamic stress-intensity factor in

conventional units, is given as

-iarg
k! = Gva' T(1) e (3.82)

in which @ = -rA¢O §2 is the magnitude of static
stress associated witg th=O and applied in the direc-
tion normal to the crack plane. In experimental inves-
tigations using ultrasonics it is determined that the

characteristic frequency, w¥, is bounded by the relation

.Q.' ((w*( L

where w_ = 2'W(c1)ﬂ(zll)%
4™

is the cut-off frequency obtained from the Debye spec-
trum for longitudinal waves, M being the atomic mass

of elastic material and (c1)s is the velocity of longi-
tudinal wave measured under adiabatic conditions, and

consequently, for mechanical vibrations occuring in



practice it may be assumed that Q = ﬂ'/w* {{1. The
variations of the stress~intensity factors k; with
the non-dimensional frequency.ﬂ in the range 1x10~ 10,
1x10~5 (1.8x10'rad/s < <& <1.8x10%rad/s for lead;

and 1.'7x101 rad/S<-Q:<i1.7x106rad/s_ for copper) are
displayed graphically on the semi-log scale as indiQ
cated in Fig. 4. The variation is observed to exhibit
the usual feature, i.e., the stress-intensity factors

increase with frequency, reaching maximum and then

monotonically decreasing.
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CHAPTER 4
Transient Thermoelastic Crack Problems

4.1 Basic Equations, Boundary Conditions and

Formulations

Consider an infinite medium containing a
through finite crack located along the x'-axis from
-a' to +a' and the z'=-axis coincides with the center
line of the crack as shown in Fig. 1. Stresses in the
medium are produced by an instantaneous uniform change
of stress and/or thermal disturbances applied across
the crack surfaces. -

The governing equations are given by Eqgs.
(2.1). For the analysis in subsequent sections, it

is convenient to introduce the dimensionless variables

P &
_ %
x = 3
(4.1)
c,y'
_ 1
y = 1<
2
c1t'

T = —— (4-2)

[\ 9]
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Similarly, the components of displacements and stresses

are made dimensionless by setting

=]
]
F
-\
L]

=
H
&

(4.3)

<
i

Lo Y
félo
O =\ O
'5<

and

KC\
]
=

O

(4.4)

q
)
i
I
(@] -

<

ﬂ’%
(@]

T.. =
Xy

In this manner, the governing equations assume the form

" 2
2., 2 2 25°3
u+ (¢ -1)Ve 4 ?’5;3 (4.52)
2
Ve -98_¢Qe = 0 (4.5b)

P+t ot

where e is the dilatation in dimensionless units,

& is the coupling constant and © is dimensionless
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temperature defined im Eq. (3.1).
Expressing the displacement vector i as the

sum of irrotational and rotational components as before

Y

u = Vg + Curl'--}3 (4.6)

where @ and q’ are the scalar and equivoluminal
vector potentials, respectively. It can be seen that
Egs. (4.5a,b) are satisfied provided that @, 4 and

@ are Vsolutions of the following equations

2 2
Vg-~-o = @_ﬂ (4.72)
0t2
Vze - % _ EVZ{QQ} = 0 (4.7b)
R 9t
2 2.2
A = ¢ 9Y (4.7¢c)
9t

Similarly, some of the stress components can be

expressed in terms of the potential functions as
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2 2 2
¢ - 2 |88 _98¢ | _(P-2v% -0 (4.8a)
Yy o p2 [ 9y 0xdy 6
2

To- 1 [292?5 AL 62“’} (4.8b)
Xy 02| 9xPy Oy° 9x°
From Eqgs. (4.7) it is easily seen that only
the compressional wave is influenced by the temperature
distribution and vice versa.

Assuming the problems possess symmetry with
respect to y=0 plane, several examples can be formu-
lated for y 2 O where the stress field_ due to the
Presence of the crack is obtained by specifying appro-
priate boundary conditions on the plane of symmetry
and at infinity. To illustrate the applications, the

following examples are considered.

1. Sudden Application of Normal Stress on Insulated
Crack Surfaces: Here the relevant boundary conditions

are

T;y(x,o,t) = 0 for all x (4.9a)
Vy(x,o,t) = =0 H(t) for |xKKa (4.90)
v(x,0,t) = 0 for |x|ya  (4.9¢)
g_g(x,o,t) = 0 for all x . (4.94)
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2. Sudden Variation of Thermal Flux on Crack Surfaces:

The applicable boundary conditions are

7;y(x,0.t) = 0 for all x (4.10a)
G’y(x,o,t) = 0 for |x|¢a (4.10b)
v(x,0,t) = 0 for [|x|>a (4.10¢)
96(x,0,t) = QpH(t) for [xika (4.104)
dy

9¢(x,0,t) = 0 for (x[ya . (4.10e)
9y

3. Sudden Variation of Thermal Radiation Conditions

on Crack Surfaces: In this case the thermal distur-

bances are specified as

208(x,0,t)+h [G(X,O,t)-eoﬁ(t)] = 0, for |x|¢a

ot (4.11a)
86(x,0,t) = O for [x>a (4.11D)
Dy

and Eqs. (4.10a) to (4.10c) confirm the presence of a
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symmetric stress-free crack in the medium.

In addition, the regularity conditions

u(x,y,t) = v(x,y,t) = 6(x,y,t) = 0 for (x2+y2)i——><>°
(4.12)

must be satisfied in all cases.

In Eqs. (4.9b),(4.104) and (4.11a), H(t) is the
Heaviside unit step function, GO’ Qy and O, are the
non—dimehsional magnitude of the applied normal stress,
heat flux and temperature, respectively, which,in con-

ventional units,arq

' _ YT

. _ %1%0% (4.14)
QO - 2
8y = 6T, (4.15)

The dimensionless quantity h in Eq. (4.11a)

relates to H, the outer or surface conductivity [4]

through
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Elimination of © from Eqs. (4.7a,b), noticing
that @ and 6 are even functions of x and Y is an
0dd function of x, and applying Fourier Sine and Cosine
transforms to remove the variable x and Laplace trans-

form to freeze the time variable, i.e.

0o
-pt
£(p) = ff(t)e Prat
° | (4.17)
%
£(t) = 1 g £*(pe’ dp
211
1LY

the following ordinary differential equations with

¥y being the independent variable are readily obtained

a4g {282+ [p2+(1+2)p]} d2¢: +{s4+82[P2+(1+ )P}+P3§¢Z

ay* dy2

= 0 (4.18)
aly*
__L_er - (s%+0%4?) v} = 0. (4.19)

dy
Eqs. (4.19) admit the following solutions which give
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rise to bounded displacements and stresses for large y

¢* ‘(82+§2)%y
~ e

and
—(32+ 2)%y
‘-Vs’\’ e ’

substituting @ and 45 into Eqs. (4.18) and (4.19)
and making use of Egs. (3.39), (3.49) and (4.17) the

following results are obtained.

bo
- -
¢*(x,y,p) =2 g-[A(s,p)e 1y+ B(s,ple 52%] cos(sx)ds
WT
© (4.20a)
* Y -7 -7
o (x,y,p) = 2 g [ng-pz)A(s,p)e 7, (¢2-p®)B(s,p)e 2y]
T 1 2
o cos(sx)ds (4.20b)
* v "‘(3Y
¢ (X,¥,p) =T_$, C(s,ple sin(sx)ds (4.20¢)

o

where §2 and 52 are the roots of the equation
1 2 ‘

54 - cz { p2+(1+£)p] + p3 = 0 (4.21)
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that is
2 [priset /(1462242 | p/2 (4.22)
(12 :
and 2 2.2
= .2
L, ¢P (4.23)

In addition, the following abbreviations have been used

(3 = Yy(am) = (%), 1=1,2,3 (4.24)

In the above equations the function f* is the Laplace
transform of the function f with p being the transform
parameter and Br stands for the Bromwich path, an infi-
nite line parallel to and to. the right of imaginary axis.
It should be noted that in Egs. (4.20), the
s-plane has been cut in such a way that (82+Z?)é 7 O,
(i=1,2,3) for 0¢ s {w, and the requirement th;t the
displacement and temperature fields vanish at infinity
is satisfied. A(s,p), B(s,p) and C(s,p) are the unknown
functions to be determined from the set of boundary

conditions in Laplace domain, which may be written for

the three examples mentioned earlier as



Example 1:

*
ﬁiy(xiovp)

*
G&(X,O,p)
V*(X,O,P)

@g*(X.O,P)
CR

Example 2:

%
e
ny(x!o’p)

G&(x,o,p)
V*(xtoip)
22*(xvoop)

dy

EQ*(xoovP)
9y

"

-0y/p.

QO/P

for

for

for

for

for

for

for

for

for

all x
1x|<{ a
Ix[>a

all x

all x
1X|< a
%[> a
|x|< a

xl) a

72

(4.25)

(4.26)



Example 3:

*

’txy(xvoop)

6"*

y(xvoop)
v"(x,0,p)
?_g*(x.O.p)+h[e*

Oy

96" (x,0,p)
dy

= 0 for all x
= 0 for [x|¢a
= 0 for Ix|ya

(vaQP)"G/P] = 0 for

= 0 for |x|y a

|x|< a

13

(4.27)
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4.2 Example 1: Sudden Application of Normal Stress

on Insulated Crack Surfaces

For the determination of the unknown functions,
A(s,p), B(s,p) and C(s,p), the boundary conditions
Eqs. (4.25a,d) give the following linear algebraic

equations
oup) = - 23[11(s,p)A(%.p;+ ¥5(s,2)B(s,p)]
28 +r
3
(4.28)
' (Z“z—p2) K1(S’P) 4
B(ssp) = - A(s,D) (4.29)

(zz-pz)fé(s.p)

and the mixed-boundary conditions Egs. (4.25b,c) with
the aid of Egs. (4.28) and (4.29) give a pair of dual

integral equations

bo TFGB ?2
(sF(s.p) A1(s.p)cos(sx)ds = --3——5—— , 0(x<a
o) 2 -
p’(p=-1) (4.30)
f)
{.A1(s.p)cos(sx)ds = 0, xy a

(o]
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where .A1(s,p) is new unknown function which relates

to A(s,p) through

-2(72-r2) 1, (s,p)
A (8,p) = 2221 - A(s,p) (4.31)
| (zz—p )(2s +§3)

and F(s,p) is defined as

A 232+[2
7(s,p) = 3 [a,,(s.p>52(z§-p2)-
232ty 1y
2
1 pZ(?2_1)

in which a; 3 (j=1,2) are given in Appendix C.

The solution of the dual integral equations

(4.30) is (for detail, see Appendix A)

T2 02
Ao = =2 (48, 0)0g(sprap  (4.33)
2p°(p2-1) |

(]

The unknown @1(¢,p) in Eq. (4.33) is governed by a
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standard Fredholm equation of the second kind.
I
0, (1,p) + -( 0, (t,p)K,(nytop)a = Vi , 0491 (4.34)
(2]

where the kernel K1 is symmetric in T and v, i.e.,

Do

K,(1,Typ) = (ql)ﬁigs [F(S/a.p)-ﬂJo(sq)Jo(81)ds (4.35)

(-}

The standard Fredholm integral equation (4.34)
can be solved numerically for the unknown Q1. the detail
is given in Chapter 5, and subsequently the dynamic
stress~-intensity factor can be obtained. It can be
observed that F(s,p)=-1 = 0(3'1) as s @ 0, therefore,
the integrand in Eq. (4.35) is O(so) as s » 0 and thus
the integral converges at the lower limit. Furthermore
at the upper limit, the integral converges since
F(s,p)=1 = O(s'z) as s- w0,

To evaluate the integral in Eq. (4.35) numeri-
cally, the integrand must be replaced such that there
is a rapid decay when s becomes large. For this purpose

by introducing the function
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C

F(s/a,p) = F(s/a,p) = 1 = —5—5 = 0(s~%), s>

(s/a)€+n
(4.36)
and making use of the identity [10]
00
J‘-———————- Jo(sq)Jo(st)ds = aZIO(aqn)Ko(azn),
5 (s/a)2+n2
0 T (4.37)

the kernel K1 may be written as

K (qstyp) = (ﬂt)%cazlo(aqn)Ko(atn) +

00
(qt)% g si(s/a,p)Jo(sq)Jo(st)ds, OgM<1

©

(4.38)

where ¢, n are given in Appendix B, Io and KO are
modified zero order Bessel functions of the first and

second kind respectively. The alternate kernel given
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by Eq. (4.38) converges more rapidly than the one
given by Eq. (4.35), thus, it poses no difficulties

in numerically work.

Stress~-Intensity Factor

By using the procedure outlined in Appendix E,

it can be shown that the stress G& in the neighbour-

hood of the crack tips on the y=0 plane is

7o k1(t)

0
+ 0(ry) (4.39)
Vo (et 1
In the above eguation, k1(t) is the dynamic stress-
intensity factor which in dimensionless units assumes

the form
..| -1

ky(8) = L, (2)} = loval{oeie} (40

The corresponding dynamic stress-intensity factor in

the conventional units is

! ' =1
k(') = 05 va'[) {@1(1.p)/p} (4.41)
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where Ué is defined by Eq. (4.13) and a', being half
of the crack width, is defined by

a' = %1’2 (4.42)

Numerical calculations have been carried out
for two typical materialé, lead and copper, one with
high coupling constant and the other with low coupling
constant. The results shown in Fig.5 show that the
rise in stress-intensity factor is about 25% and occurs
at time t'=5x10"1! sec. for lead and for copper the
peak is lower about 21% and occurs at shorter time
t'=3x10" 1! sec.. The coupling éffect is observed to

be small which may be considered negligible.
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4.3 Example 2: Sudden Variation of Thermal Flux on

Crack Surfaces

Substitution of Eqs. (4.20) into Eq. (4.26a)

yields an algebraic equation (4.28). With the help

of Eqs. (4.28) and (4.20) it can be shown that the

boundary conditions Eqs. (4.26b) to (4.26e) give the

following simultaneous dual integral equations

Do

gf[311(s,p)A(s.p)+a12(s,p)B(s.pﬂ cos(sx)ds

4]
w .
gh[b21(s.p)A(S.p)+b22(s,p)B(s,pﬂ cos(sx)ds

0{x<Ca

°w 0(x<{a
.([b11(s,p)A(s.p)+b12(s.p)B(s.pﬂ cos(sx)ds
° Xy a

o
g[}21(s,p)A(s,p)+b22(s,p)B(s,pﬂ cos(SX)d§

L) X7a

]

0

(4.43a)
T

2p

(4.430)

0
(40430)
0

(4.434)

where 24 and bij (i,j=1,2) are given in Appendix C.
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Now application of the Inversion Theorem of the

Cosine Transform to Egqs. (4.43b,d) leads to

byy(s,p)A(s,p)+b,,(8,0)B(8,p) = Qgsin(sa)/ps

0< s8¢0 (4.44)

Then let

sz(S,p) = b11(S,P)A(Sop)+b12(sop)B(S,P) (4045)

and solve for A(s,p) and B(s,p) from Egs. (4.44) and
(4.45)

A(s,Dp)

- [bzz(s.p)l\,,2(s.p)-b12(s.p)Qo_sg%_g§_al]

B(SQP) =

{-b21 (s,p) Az(s,P)+b11(s.P)Q08_i_%ﬁl:|

(4.46)

A(s,p)

where A (s,p) is given in Appendix C.
Substitution of Eqs. (4.46) into Eq. (4.43a)
and (4.45) into Eq. (4.43c) yields the following set
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of dual integral equations

0o
.gsF(s,p)J&z(s.p)cos(sx)ds

]

I(x,p), 0<Xx<a

(4.47)
Do

gl\z(s,p)cos(sx)ds

0

i
o
-

X7 a

where F(s,p) is given by Eq. (4.32) and j&a(s,p) is
a new unknown function. In addition, the following

contraction have been introduced

00

5
I(x,p) = _3%9é173 §-e(8,p)sin(sa)cos(sx)ds (4.48)
p7(p=1)
in which
1
e(s,p) = ;7:?;?;) [‘311(Spp)b12(3,p)+

+a12(s,p)b11(s,p)] (4.49)
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It is not difficult to see that e(s,p) = 0(s™2)

for s > ® and for small s,e(s,p)_= 0(s”'). Thus the
integral in Eq. (4.48) converges rapidly at upper limit.
At lower limit the integrand has a removable singularity
which can be removed by using L'hospital rule.

Since the dual integral equations (4.47) are
in the same form as Egs. (4.30) except the forcing term
(right hand side term of the equations),thus, the solu-
tion of Eqs. (4.47) may be given as

2 1

_ 2
'AQ(S’P) = E%;%;?ETy g J7@2(q9F)JO(Sa7)dﬂ (4.50)

L}

where @2 is governed by a standard Fredholm integral
equation of the first kind.

|
@z(ﬁop) + g @2(5.P)K1(7,$,P)df = D(qﬁp)o

o

0<1 <1 (4.51)

in which the kernel K, is given by Eq. (4.35) or (4.38)

and D(q,p) is given by
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po

S -N i
D(y,p) = i g—e(g.p)sin(s)Jo(sq)ds (4.52)

A
Ta

The integral equation (4.51) can be solved
numerically as outlined in Chapter 5.

'Stress-Intensity Factor

Following the same procedure as in example 1,
the dynamic stress-intensity factor in dimensionless

units is

ky(8) = =g va o, {(1.0)/p) (4.53)

Making use of Eqs. (4.4) and (4.14), the dynamic stress

intensity factor in conventional units is obtained.

k;(t') = -G'q\/a'oﬁ{ﬁz(hp)/p} (4.54)
where
g |
q C» Qg (4.55)
k

in which Qé - I
110
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Graphical representation of the results for
lead and copper are shown in Fig. 6,7. Again it exhi-
bits the inertia effect. The overshoot in stress-int-
ensity factor is about 30% for lead and 11% for copper.
The corresponding elaspsed time for both materials

'11, 2.75x10" 1! sec. for copper and

occurs at t'= 3x10
lead respectively. The coupling effect is found

to be small and may be negligible.
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4,4 Example 3: Sudden Variation of Thermal Radiation

on Crack Surfaces

Following the same procedure as in the previous
examples and for the sake of simplicity, taking a=1,
the boundary conditions (4.27) give the following

system of simultaneous dual integral equations

]
g [a”(s.p)A(s,p)+a1z(s.p)B(S.p)] cos(sx)ds = O

o

0¢ x<1 (4.56a)
0o
| The,
g [a21(s,p)A(s.p)+a22(s,p)B(s.p)] cos(sx)ds = —5
) 0<x<1 (4.56b)
» .
§ [b11(S.p)A(s,p)+b12(s.p)B(S.p)] cos(sx)ds = 0O
i xy1 (4.56c)
v .
g [1)21(s.p)A(s.p)+b22(s.p)B(s.p)] cos(sx)ds = O
° X1 (4.56a)

where aij and bij (i,j=1,2) are given in Appendix C.
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Now let

v,(s,p) = s? [b11(s.p)A(s.p)+b12(s.p)B(s.p)J

(4.57)

Vp(ssp) = 8% [y (5,0)4(8,0)+bp5(s,2)B(s, )]

Solving for A(s,p) and B(s,p) from Egs. (4.57) yields

- :
8
A(s,p) = —A—'("s"";')' [bzz(S-P)V1(S:P)"b12(SoP)V2(SoP):[
(4.58)
o2
B(S,P) = .Z\__(—s-;)_ [‘b21(svp)v1(SQP)+b11(SvP)V2(SvP)]

where & (s,p) is given in Appendix C.
Substitution of Egs. (4.57) and (4.58) into
Eq. (4.56) and making use of the identity [16] .

cos(sx) = (ﬁgg)% J_%(sx) (4.59)

the Eqs. (4.56) can be put in a standard form as follow
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00 ‘
g [c”(s.p)V1(s.p)+c12(s.p)V2(s,p)] J_z(sx)ds = 0

0<x<1 (4.60a)
o _

S [cm(s.pm(s.p)+c22(s,p>v2(s.p>] J_y(sx)as

(o}

/i’ ne,x"2/p, 0 ¢x <1(4.60Db)
¢ .

w
S.V1(s,p)J_%(sx)ds = 0, x>1 (4.60c)
)

= 0, x>1 (4.604)

§v2(s,p) I_y(sx)ds

where cy (i,3=1,2) are given in Appendix C.

It is not difficult to show that reduction
of a system of simultaneous dual integral equations
to a system of Fredholm integral equations is hopeless
because it will lead to divergent kernels., An alter-
nate method is to adopt the method outlined by Erdogan
and Bahar [11] which is an extension to the method

developed by Tranter [24] y that is by defining
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1-?1 0o
- heos
v,(s,p) =/; -3 w‘2;‘761’l(p).r-(_;\)qmﬂh (4.61a)
h9081—?2 < (p)a(s) (4.61D)
V,(ssp) 5/% _;3_ Iégocﬁz,l P -3+2m+p, ) )
1=2m+1

where 72141 are the unknown coefficients to be deter-
mined and §?i are the parameters to be chosen so as
t0o make the subsequent integrals convergent.

It can be seen that with the choice of V;(s,p)
as given by Eq. (4.61), the Eqs. (4.60c,d) will be
automatically satisfied because of the properties of

the following Sonine-Schafheitlin integrals [16]

00

§“s1-?i J(s) J(sx)ds = 0, x>1 (4.62)
-%+2m+?i -

Re2(m+%) > O, i 0

Substituting Eq. (4.61) into Egqs. (4.60a,b)
and interchanging the order of summation and integra-

tions, the following equations are obtained
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0
M2;7C1,1(p) ;f;1-§%c11(s.p)J£§22m+?1J£gx)ds +
09 Y 1-?2 |
2§OQ<2,1(p) g-s C’Z(s’p)Jf§32m+¢2JfSX)ds = 0,
0 0<¢ x<1 (4.63a)
< ¥ 1-p, |
m}:othl(p) gs c21(s,P)J-(-§£2m+hJ£§x)ds .
0
‘ " 1=ty 2 -3
Zisz,l(p) S s 022(8.P)J£322m+v2J£§x)ds = p°x"%,
D 0¢x (4.63b)

Multiplying both sides of Eq. (4.63a) by

% 2 Fﬁ'1 2
x=(1-x )_ 'gk('%+ﬁ1véox )

and Eq. (4.63b) by

3,2 ta 5
x2(1-x2) ’fk(-yﬁz,g,x )

k=0,1929350000
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integrating in x from O to 1, using the following

integrals [24]

S J(S) = -1
2+2lrpy ML) T )

0
o1
.gx%(%xz) : ?k(-%+¢i,%,x2)J(gx)dx (4.64)

o

and defining f, = 3/2, f, =1, the following equations

are obtained

b %
Z 9<'1 1(P) g 3-2011(5,P)J§-S)J(S)ds +
’ r

po 0o

D K.z,2(2) S5-3/2c,2<s.p)JﬁgJ§s>as’ = B, ,(p)(4.65a)
o

iM%

’)(,1,1(1,) g 8-3/2CZ1(s,p)J£s)J£§%ds +

AR
ks
o

o

w
,1(p)f s'1c22(s.p)J§§ JJ(Dgids = By .(p)(4.65b)

k=0’1’20.’ 1‘=2k+1, 1=2m+1
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where [see Appendix ﬁ]

B1’r(p) = 0 for r=1,3’5,ooooo

T 2
(é*'k):p §/j‘:k(é!é9x2)dxi k=0,1,244.

T T (2 1)

By »(p)

0 for r 1

P for r = 1

(4.66)

in which 8; is the Jacobi polynomial.

Eqs. (4.65) can be put in a more convenient
form for numerical purpose by adding and subtraéting
the following sum of integrals to and from the left
hand sides [16]

® w
' = %q.(P)
20%1’1(1’) 5J£S)J§.s)g_§ ;II‘

o (4.67)

»
Z’»XZ,:L(P) g"(fﬂfig—% 2,1

[o]

"
x
N
"
~~
o
~

giving
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po
4
-1
7‘1’r(p)/2r + gzaxw,l(p)g-( s 011(8,p)-1] J{s)Jgs)%g

o

po po

A\ -
I 2@ 5722 pemagagaeres = 5 2

Do

Do
| -3/2
X5, 2(p)/(22-1) t;gjx1’l(p)g~s 3/ c21(sfp)J§s)J§§%ds

=

+z %2,l(p) ([022(8.13)"1] J(S)J(Sids = 32 (p)

»
m= 0 o

(4.68b)

It should be noted that

s, (8,2)-1 = 0(s7%)
cq,(8,p) = o(s™")
cpq(8,p) = o(s™")
¢y5(8,p)=1 = o(s™1)
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for s> », and for s - O all the integrands in Egs.
(4.68) are order 0(1). Thus all the integrals in Egs.
(4.68) exist. Egs. (4.68) are infinite system of equa-
tions in x’i,r’ i=1,2; r=1,3,55¢40¢+ which can be

solved by truncating the equations to finite numbers.

Stress-Intensity Factor

It can be shown that the dynamic stress-inten-

sity factor in conventional units is [see Appendix E]

-\
ky(t') = Gri{%(p)/p} (4.69)
where
% m+1 :
B5(0) = 7 (=1 %4 omq(®)  (4.70)
m={
and
- 2 2 ' 2
G‘r = \/__’F‘_-h(\b-ﬂGoY/V (4.71)

The results for lead and copper for different
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values of H (outer or surface conductivity) are shown
graphically in Fig. 8=13. It still reveals the dynamic
effect but small coupling effect. For lead, the over-
shoot in stress-intensity factor is approximately 30%
and for copper about 15%. The corresponding elaspsed
time t'=3.3x10'11s and 3::10"11 s for lead and copper

respectively.
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CHAPTER 5

Numerical Techniques

This chapter discusses the.gumerical solutions
of Fredholm integral equations and numerical inversion
of the Laplaée transform technique for the problems
formulated in Chapter 3 and 4. Special technigues
concerning the accuracy of numerical integrations of
slow convergent integrals and of the integrals possess-

ing singularities are also discused in some detail .
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5.1 Numerical Solutions of System of Fredholm

Integral Equations

To solve the system of Fredholm integral equa-
tions (3.67) the method outlined by Kantorovich and
krylov [14] will be followed. Simpson's rule for
approximate integration is used and Egs. (3.67) are

approximately replaced by the algebraic relations

N+1
Eatng) - zAaL1(“’i.'ﬂj)Y1(V)a’ +
j=1 -
N+1
:Z AjLz(ﬂivﬂj)Hfz(qj) = G1(qi) -
J=1

N+1

Yz(y)l) - Z A‘JLZ(V]i’vj)Y’](V]J) -

J=

N+1

ZZ ALq(5993) Yalng) = Ga(ny) + &4
J=1

(5.1)
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where
4(p%=1) Jq ﬂ;z (ax)d
- ) x)dx
6,(n) = —F |
) = T § 0D
° (5.2)
> N

G (n.) 4(P.-1) ¢%i Zz(ax)dx

2 V)l _n_2(9290 ('2?-1 )

o

in which Z1 and Z2 are given in Appendix C, and

N = even number of sub-intervals between O to 1

Ayg,q = 1/3X
A2 = A4 = A6 = e0s 00000 e000 o= AN = 4/3N

o
W
il

Ag = Ag = sevveneneeces= Ay g _ o/3y
¢4 = error which can be made to a small value if
number of equations are increased, therefore,
can be neglected.

Ni = (1=1)/N, 1=1,2,3,.... N+1

Eqs. (5.1) are simultaneous linear algebraic

equations in N+1 equations having Xya(ji) and @{é(qi)
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(i=1,2,¢¢4+,N+1) as unknowns which can be solved by
any conventional method. Thus to find the stress-

intensity factor

-ia'g

k; = G,Q /a' Y1(1) e

only Hf1 and 3[2 evaluated at 41 = 1 are necessary.

The main difficulties encountered in solving
this set of equations are basically due to two factors.
One is the slow convergence of the kernel L1(t,q), as
can be observed from the order of magnitude of the

integrand

£(s) = s |By(s/2)+) ] Jo(snig(sT) = 0(s72)

for s> ® , This troublesome can be overcome by
subtracting and adding the integrand f(s) a certain

function

gls) = — Jo(8m)d(s1)
(s/a)?+a°

which has the same order of magnitude 0(s~2) as £(s)
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for large s and whose solution is known in elementary
form. In this manner, the resulting integrand becomes
O(s'6)vfor large s, consequently, the corresponding
integral converges faster than the original one and
requires computer time only a fraction of second.
Another difficulty is due to the presence of singulari-_
ties at upper limit x=v)in the forcing terms (right
hand side terms). This type of singularity, being
known as a weak singularity, can be effectively dealt
with by the method outlined in Appendix F.

One more point which care must be taken proper-

ly is when dealing with the quantities

95 = (32.5";-)1t = Ry+il;,  3=1,2,3 (5.3)

It is noted that the function defined by Eq. (5.3)

has 2 branches, one having positive Rj and the other
one having negative Rj. The geometry of the problems
suggests the branch having Rj> O so that far away from
the crack, temperature, stresses and displacements
become zero. However question arises as to how to

select the branches of the function when Rj = Q which



101

is the situation when 1y = 0 and 32--m'_j ¢ 0. In this
case, without getting into any further discussion
since it has already been discussed in great detail by
Noble D9] s the branch with negative imaginary part

must be chosen

qj = (Sz—gé)% = —in = -i(mj-sz)%, j=1,2,3

Similarly, the éame technique can also be
applied to the solutions of Eq. (3.80).

Eqs. (4.34) and (4.51) are Fredholm integral
equations of the second kind which again can be solved
numerically by the method of Kantorovich and Krylov

[14] . Thus, for example, Eq. (4.34) may be replaced
by

N+1

@1(?1-)11) + ZAJ‘K‘]((.‘%_’?J"P)@»‘(F;ij) = \/(»'71 + éi
J=1
i,3=1,2,..8+1 (5.4)

where Aj. N and ii are defined as before and

?j = (1-1)/N.



102

Again Eq. (5.4) is the simultaneous algebraic
equations in N+1 equations having @1({3,p)(i=1,2,..N+1)
as unknowns. Thus upon solving Eq. (5.4), in particu-

lar for @1(1,p), the stress-intensity factor

-~

K (s1) = @ Ja-i{@u.p)/p}

is obtained.

Similarly, the numerical value of Q2(1,p) in
Eq. (4.51) can be obtained in the same manner as out-
lined above.

The coefficients 9(1’2m_1(p). (m=1,2,3,000.)
in the series (4.70) is determined by the infinite set
of linear algebraic equations given by Eq. (4.68).
This system of equations having infinite variables is
well-known. The solution of this type of equations
can be found effectively by truncating the infinite
equations to finite numbers and , therefore, any itera-
tive algorithm such as the Gauss-Seidel procedure can
be applied. It should be noted that the proof of the
regularity of the Eqs. (4.68) is impossible because of
the complexity of the kernels but it is confirmed by

numerical results. In this problem, retaining 6 terms
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in the infinite series (4.61) is found to give a good
approximation (3 significant digits).
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5.2 Numerical Inversion of the Laplace Transforms

The main difficulty in applying the Laplace
transform technique is the inversion or determination

of the original function from its transform

00
-pt
¢.(1,2)/p = -ge F f.(t)at, r=1,2,3 (5.5)

0

i,e to find £_(t) from the known function @r(1,p)/p.
In many applications analytical methods are not possi-
ble, e.g., when @r(1,p) is the numerical solution of
an integral equation, Therefore numerical methods
must be used. One of the successful methods is given
by Miller and Guy [17] . This method is based on the
values of the functions @r(1,p)/p evaluated at dis-
crete points along the real axis, p = (?+1+k)£ ,
k=0,1,293500000y P and & are real numbers.

Suitably changing of variable of integration
and expanding fr(t) in terms of Jacobi polynomials

Q. (0,p) =it
£.(t) = za C Py (2¢ =1), 1r=1,2,3 (5.6)
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leads to

_ "’ ! @ (0,p)
G, [1, (1)) () § (1-x)f E coaes
(P+1+k) 5

[ anP:();Y;)] dx (5.7)
neo

where a, are known coefficients and Cn are to be deter-
mined from orthogonality of Jacobi polynomial which

leads to n system of simultaneous algebraic equations.

0 (1, +1)] ¢

?+1 (+1

9. [1,(p+2)] _ S, MG 5.8)
0 +2 pr2  (p+2)(?+3)

8. [1,(p+3)] _ % 2c, 21c,

o3 pe3  (pe3)(pea) | (pe3) () (pes)

L] = @ 0 G 000008 00000000000 0000000000 EYO IS
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In this manner the inverse lLaplace transform assumes

the form

g Yoo, 54
2.(0) = L {8,01,0)/8] ) OB, (2 =1) (5.9)

where Pio’f) is the Jacobi polynomial of degree n.
In using this method, it is suggested that,
according to ref. [17] ’ -.5$g9$ 5.0 and .Ossgs 2.0.
Thus the required computer time is only a fraction of
a second. It is also noted that the following set of
values (» = 0, L .125; 7 = 0, ) = 275 and ﬁ = 0,

5 = .35 have been found useful.
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CHAPTER 6

Numerical Results, Conclusions and

Suggestions for Future Researchs

6.1 Numerical Results

Two typical materials, copper and lead, one
with low coupling constant and the other with high
coupling constant, were selected for numerical compu-
tation and application of the solution presenté&.

The numerical values of the materials are found in ref.
[8] and are reproduced here in Table 1.

The plane harmonic thermoelastic waves, the
simplest type of thermoelastic disturbances, were
chosen to study the problem of diffraction of thermo-
elastic wéves around crack so that the salient features
of utilizing the coupled thermoelastic theory can be
brought out. In case of transient problem, three
examples were chosen to illustrate the results.

The Fredholm integral equations (3.67), (3.80),
(4.34) and (4.51) were solved numerically by the



108

method described in Chapter 5 to yield the values of
the functions VY (1), 7Y (1), §,(1,p) and §,(1,p).
The accuracy of the results was achieved by choosing
large value of N in approximation of integrals in
Fredholm integral equations. The number of terms
N = 21 was observed to give a reasonable accurate
results. The function @s(p) was obtained by taking
a few terms of X, o, _,(p) in the series Eq. (4.70).
The functions X:1'2m_1(p), m=1,2,3,000. are the
solutions of the system of algebraic equations (4.68)
which were solved numerically by truncating the infi-
nite series to a finite number of terms, Six terms in
the series were observed to give good results. In
all cases examined the numerical computation converged
smoothly and no unusual difficulties were encountered.
These values were then inserted into Egs. (3.72), (3.82)
(4.41), (4.54) and (4.69) to determine the corresponding
stress-intensity factors. The inversion of the Laplace
transforms were accomplished through the numerical
method described in Chapter 5 or ref. [37] .

For convenience, the stress—intensity factors
given by Egs. (3.72) and (3.82) may be rewritten in

the form
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' —ig't! o o=i(attr=d)

¥1 = (R+il)e = k| e (6.1)

1; is the phases angle, and Ik;l is

R
the max. stress-intensity factor.

where & = tan”

Shown graphically on semi-log scale in Fig. 3
is the behaviour of the normalized max. stress~intensity
factor lk;l/GgJé' as function of frequency Q =n'/w* when
~a crack of length 2a'= 1.0 cm. énd 2.0 cm., is impinged
upon by a thermal wave accompanied by an elastic wave
at an incident angle f":s 90°. Since S = 2'/w*, the nor-
malized stress-intensity factor will depend upon‘the
circular frequency of incident thermal wave and charac-
teristic frequency w*. The time t' at which'it occurs
depends upon the phase angle 5 = tan’1—lﬂliill. Exami-
nation of the results in Fig. 3 shows tﬁ:gr£;g max,
stress-intensity factor rises at first then decay with
increasing frequency. For the actual crack length
2a' = 1.0 cm, the peak occurs at frequency ' = 1.3 rad/s
and 2' = 4.25 rad/s for lead and copper respectively.
The corresponding peak values for crack length 2a' = 2.0
cm. are observed to take place at relatively lower
frequency. However their corresponding peak values

are observed to remain constant for the same materials.

It is also noted that as Q'— 0 all the
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curves approach zero value. This implies that the
stress-intensity factor vanishes under static thermal
loading. The impact of the coupling term in heat
conduction equation can be examined by setting g=t= 0
in the numerical process and the corresponding results
are shown by dashed lines in Fig. 3 for both materials.
It is noted that the coupling effect is negligibly
small.

A similar behaviour is also observed when a
plane elastic wave accompanied by thermal wave imping-
ing upon a crack. The variation of |k;|/GJé', the ratio
of max. dynamic stress-intensity factor over static
value, with frequency £ = a'/w* gshown graphically on
semi-log scale in Fig. 4 shows that the maximum dynamic
stress-intensity factor is about 42% and 31% higher
than the corresponding static value for the given mate-
rials, lead and copper respectively. As S— 0 all
the curves degenerate to unity and consequently the
dynamic stress-intensity factor approaches static value

6/a'. For lead with crack length 2a' = 1.0 cm. the
peak in |ki| occurs at frequency Q' = 112104 rad/s
while for copper it takes place at higher frequency
a = 3.3x105rad/s . When the crack length becomes twice,

2a' = 2.0 cm., the corresponding peak is observed to
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occur at lower frequency about half of the previous
value. As frequency increases the stress-intensity
factor decreases drastically for both materials.
Similar to the previous case, the coupling effect is
brought out by letting g=£=0 in the numerical process
and the results are shown in Fig. 4 by dashed lines.
It is in excellent agreement with the analogous results
for isotropic materials [6,21] . The coupling effect
is found to be minimal. Therefore, it is justifiable
to apply uncoupled theory (elastodynamic theory) when
dealing with crack problems under harmonically time
varying elastic P~wave.

Shown in Figs. 5 to 135 are the variation of
the stress-intensity factors k; associated with the
transient problem versus the dimensionless time
t = cft'/ro for a crack of length 2a' = 2k/c,. The
results for non-dimensional surface conductivity
h = 1x10°3, 1x10~4 ana 1x10™° are shown gseparately
in Figs. 8 to 13. In order to find out the influence
of the coupling term in the heat conduction equation
on the response, another set of numerical computation

was carried out with the coupling constant é= O and

the results were exhibited on the same curves by dotted
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lines. Upon examining the results, it is seen that all
the curves exhibit the same feature; that is the dyna-
mic stress-intensity factor rises quickly with time,
reaching a peak and then decreases in magnitude and
approaches steady-state for sufficiently long time.

The dynamic stress-intensity factors for Ex. 1, normal
stress acting on the crack surfaces, are shown in

Fig. 5. TFor lead, the rise in'stress-intensity factor
is about 25% and occurs at an elapsed time of $1=5%10"2
sec., For the remaining material, copper, the peak is
a little lower, about 21% above the steady-state value
and occurs at shorter time 1:'=3x10"9 sec.. The influ-
ence of the mechanical coupling term (coupling effect)
is observed to be very small, about 0.1%, for both
materials. In Ex., 2, flux specified inside the crack
surfaces, the overshoot in stress-intensity factor is
about 30% for lead and 11% for copper as shown in
Figs. 6,7. The elapsed time is approximately the same
for both materials taking place at t'=3.5x10'9 S€C..
The coupled theory seems to yield lower value in
stress-intensity factor for both materials approxi-
mately less than 2.5%. Finally, Figs. 8 to 13 display

the variation of the stress-intensity factor associated



with sudden variation of thermal radiation boundary
condition on crack surfaces, Ex. 3%, versus dimen-
sionless time t = ¢2t'/k for a crack of length

2alt = 2k’./c1 and dimensionless surface conductivities

h = 1x10'3, 1x10~4 ana 1x10"°. The peak in stress
intensity factor k; is moderately high in lead, about
30%, and relatively low in copper, about 15% above
the steady-state value. The elapsed time needed for
k; to reach its maximum value is estimated to be
approximately 3.3x10”2 gec. and 3.0x10"2 sec. for
lead and copper respectively. Similar conclusion can

be méde concerning the influence of the mechanical

coupling term as in the previous examples.

113
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6.2 Conclusion and Suggestions for Future Researchs

The application of'coupled thermoelasticity
theory to 2-dimensional plane-strain crack problems
is presented first time in this dissertation. Despite
the complexity of the theory, coupled thermoelasticity
theory allows one to examine the effects of thermal
waves (steady state and transient) upon the crack situ-
ated inside the structural components, whereas the
conventional thermoelasticity (quasi-static theory)
is not able to explain. Moreover, some insight as to
the interaction effects of straining and temperature
upon the stress-intensity factor is also made possible
and becomes clear. TFew examples concerning the scat-
tering of plane harmonic thermal waves (and/or elastic
waves) and transient problems have been formulated and
solved successfully.

Many of the crack problems can usually be redu-
ced to a set of dual integral equations. The solution
of such equations usually presents a formidable task
for engineers and physicists, Most of solutions
(stress-intensity factors) have been achieved success-
fully if the weigth functions are constants [11] .

In this research a method of finding the stress-
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intensity factor from the solution of a set of -dual
integral equations having non-constant weigth function
has been developed.

By incorporating a system of moving coordinates
into the method presented in this research, another
interesting problem concerning a crack of fixed length
travelling with constant velocity in a medium of infi-
nite extent may be solved. A more realistic problem
is the problem of a moving crack having crack tips
moving in opposite directions with constant velocities.

It is hoped that the successful application of
theory of coupled thermoelasticity to the crack problem
treated in this research may stimulate further investi-
gations and researches to the more advanced problems
encountered in the years to come, especially, in the
area of high elevated temperature fracture mechanics
in which non-linear theory of coupled thermoelasticity

must be employed.



Table 1: Material properties (measured at 21°C)
Symbol Property Units Copper Lead
k Thermal conductivity Cal/s.cm.’X 0.93 0.084
K Thermal diffusitivity em?/s 1.14 0.25
Ko Coeff. of thermal cm/em®C 16.5x107° 29.3x10~°
expansion
€ Coupling constant - 0.017 0.0729
E Young modulus dyn/cm2 11.45x1011| 1.625x10""
, Velocity of longitudinal em/s 4.36x10° | 2.14x10°
wave
3 Poisson ratio - 0.32 0.446
1 Density gm/cm3 8.93 11.34

9Ll
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APPENDIX A

Solution of a Pair of Dual Integral Equations

Consider a pair of dual integral equations of

the form
m .
g-sq(s)j\(s)cos(sx)ds = P(x), 0K(x<a (A.1a)
a
w0
S.A(s)cos(sx)ds = 0, xya (A.1D)

o

where A (s) is unknown, q(s) and P(x) are the known
functions.

Introducing

»

P(x) = P(x) - (' s{g(s)-1 }A(s)cos(sx)ds (A.2)
J
O
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into (4.1), then Eq. (A.1) may be written as

bo
gsA(s)cos(sx)ds = B(x), Ox<a (4.38)
0
v
hgli(s)cos(sx)ds = 0, x)a (A.3D)
Defining
a
As) = fQ(v))Jo(s»))dq (4.4)

0

it can be seen that Eq. (4.3b) is automatically satis-
fied when use is made of the Bessel integral identity

[10]

' _
[\Jo(sq)cos(sx)ds = 0, x)>a (A.5)

(2]
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Rewriting Eq. (4.3a) as

»
% (A(s)sin(sx)ds = B(x), 0¢x<a (4.6)
X

o

substituting for A (s) from Eq. (A.4) and interchang-

ing the order of integrations, thus

Q(v)d -
%x g '(';é:)"z';% = B(x), 0<x¢a . (A.7)

0

Eq. (A.7) is the equation of Abel's type the
solution of which is [23] .

Q) = %ﬂg Zgax (4.8)
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Substituting for P(x) from Eq. (A.2) and making use
of the integral identity [10]

0

g cos(sx)dx _ '% Jo(sq) (A.9)
(

o (17

Eq. (A.8) may be put in the form

() a( JK(gym)a 2 1 fm Bxax 10
Q) + gQE Es)dy ) :
0("}(1

If P(x) = constant = 1, then Eq. (A.10) becomes
a

Q(V))+gQ(g)K(§.q)dg = 1, 0(n<a (4.11)

0

where the kermel K(g,q) is defined as
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o
K(g,v)) = V)j s [q(s)-1] Jo(sg)Jo(sr))ds (A.12)

7]

To normalize the quantities o] and g and
symmetrize the kernel K the following definitions will

be used

at (A.13)

7= ap . g

a(n) = adp B(p) (A.14)

then Eq. (A.10) may be written as

| ,
op) + (@(D)K(P.t)dt =Jp s 0Pt (4.15)

4]

where the symmetric kernel K is
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00
K(py1) = /@c‘ js[q(s/a)ﬂ] Jo(_sr:)Jo(st)ds (A4.186)

6

Eq. (A.15) is the standard Fredholm integral equation
of the second kind, JO is the Bessel function of zero
order. The necessary conditions for the convergence

of the kernel K have been discussed by Sneddon [23] .
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APPENDIX B
Improvement of Convergence of Kernel, Eq. (4.35)

The constants ¢ and n are to be determined
from the condition that F(s/a,p) = O when s > &
Hence, asymtotic expansion of the right-hand side
terms in Eq. (4.36) for large s and equating to zero

leads to

§;g - a:cn2+ 0(8'6) = §§M1(p) + iimz(p) + 0(5'6) (B.1)

By identifying the like-power terms, the follo-

wings are obtained

¢ = M,(p) | (B.2)

N
=
—~
-]
~

n€ = - 2 (B.3)

=
-
o~~~
o
N
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where
M()=TfT— h,+p°h,+h (B.4a)
T 2% [ #hrrangrns ]
f’z 4 2
Mz(p) = m [P g4+P 82+83] (B.4D)
and
n, = -
(#2=1) 2
2 2 ,
"2 =432(Z1+52) Tt
1
_ ) AL22
hy 2 (Z3 9 Zz)
‘ (B.5)
2
g, = %(3ﬁ+3[2-2;§)
3(p%-2) 2 2
32 = - 8{b2 z1 fz" g‘fl (5(1+5(+11[ §2r3 3212?3)

g5 = 8—;-2[ 2(5;2+5(2-3;) - g ]

1
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APPENDIX C
Abbreviations

Some of the abbreviations which were used in

this study are defined in this appendix.

2 .
a;,(s,p) = 232- 4s X3(1 + p°
2 p2(232+;§)
2 ,
\a12(s,p) = pg- 48 (BXé + p2

2 2 2
(2
F (28 +Z§)

321<59P) = ‘(!f’Pz)(71+h)

aga(8+p) = =(1°=p") (Vp+h)

by (s0p) = = 20

232+Z§

Lf

b (Sap) = - e 2
12 -3
28 +(3

by, (8yp) = -([f-pa)(1
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2 2
’ == - )X
b,,(8,P) ([2 )0,
1 [ . 2
cyq(8p) = LIPS PLPY —5——E—-
B A (s,D) J p*(p°-1)
2
¢yp(sep) = A PLIPALI LI -——fz-——
e A<s.p>[ ] p2<¢ -1)
1
coe(syp) = [a21b22’322b21]
A(S’P)
cpp(ssp) = 1 ['a21b12*a22b11]
A (s,p)
2 2 4527 1
f11(s) = 28° - ¢ - 113
5 28 -¥
3
- 262 - 2 - 487513
£,0(8) =28 - §3 - :
°TY
(02,2
f21(s) = (Q §1)71

fy0(8) = (‘12‘§§)72
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2
2E N
= °3
B(e) = 3~
8™-¢
5 3
2§ "2
g12(s) = 3:
28 -g
3
A (8) = Dbyybyy=by,byy
A(s) = £,0817%,0814

2
B (s) = _{7 (P5P3*PePy)
2(p%-1) g 5(p5+P¢)

0 (P5P4=PgP3)

Bpls) = 5 2.0 D
2(p -1)§38(p5+p6)
L 2_2 2 _ .
pa = (25 ‘§3)‘48 (RJR3 IJI3), j=1,2
P3 = (a%-m))(pyRy=1,1)+nq (oI +1,R,) =
(22-m,) (P4Ry=1,1,)-ny(pyI,+14R,)
D, = (a%-m ) (p,I;+1,R,)-n,(pRy-1,1,) -
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(my-my ) (R4Rp=1415) = (ny=ny) (R Ip+R,I4)
(my=my ) (RqI,+R,I4) + (ny-n,) (R4Ry=I415)
-4s%(R,I.+R.I.), J=1,2
jt3t 35 ’ »

1/4 [’Q‘*PZ(3(72-4)+3a2(m1+m2)-3(m1m2-n1n2)]
a%(p°=1)

-% {.cf 94(F2+2)'6“4 r:z(m1+m2)+42[-5(m§-n§)+5(m$-nf)

+(6V2+5)(m1m2-n1n2)J -5 [ (m1m2—n1n2)(m1+m2)-
-(m1n2+m2n1)(n1+n2)]} /[nﬁvz(3¢2-4)+3L?(m1+m2)-

-3(m1m2-n1n2)]
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In formulating the diffraction of thermal waves by a

gtationary crack the following abbreviation_e are employed.

t

0 Re [(rt] + 1Im [a“tj

t
e [ 0] e° {(r,Z_zcos?f;) [Q r(qg-.cf'_ )+ Ng;2 0 qz]- b}
vg . V2

cosh(qzxcosfr)cos( Q2 xcosr’&) - (sz-Zcoszfi).
v

- L2 2_ 2 QO . -
[ ¢i(q2 _0.__2)+ g2 %qZI s1nh(q2xcosfb).
v
2

sin( ﬁ—_xcosfb))

Vo

m \:G’t] = -'GOA( {(sz-.?coszr?) [ﬂ¢r(q§-—‘§)+ﬂ¢12¥-q2] - b}

V2 V2

. . Ve (62200825
s:.nh(qzxcosp)sin(%xcosph({é cos r:)

{j- 'Q‘¢i( qg-’ﬁ-;)-i- -ﬂ—¢r2_&q2':l cosh( g Xcos r’b) cos(%xcosfb)
V2 Vo
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t t t
T = Re[T] + iIm [T]

t
o) - - ‘ -
R Ti= ©°s8i cosh(q,xcos@)cos(nx ) -
e [T] 8 nfb[qa osh(q, g & cosf

£ sinh( q2xcosfb) sin(9 xcos f)) J
V2 V2

t
Im [’C] = -Gosinfé [qzainh(qzxcosr'b)sin(ﬁxcos?) +
: v
2

£ cosh(qgyxcosfp)cos(2xcosp) ]

V2 V2
2 /7 R’
Z,(x) = [: {{XH(S)_‘QZ g‘Re[’L’] cos(s€)dg -
(V -1) (v ;
° o

Y2(s).‘9_2 flm [:'{;t] cos(sg)dg} cos(sx)ds
i

0

-_ﬁzl. Re[ﬁ“’t]
2(p2-1)
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% o
Zy,(x) = !?2 [Y1(.s)92 gIm[’Ut] cos(sz)dg +
(p==1) i
3 v 0
& t
Yg(s)_‘g:2 jRe [ 7] cos(sg)dg} cos(sx)ds
i
2 t
2((2-1)

where Y1 and Y2 are the real and imaginary parts of

[ £128117%14812] / 4 (s)

Y,(s) = <zs2-g§) [ (Ry-Rp)pg+(1,-T,)p6 ] /(p5+2g)
Yps) = (26%-52) [ (1,-1p)p5-(Ry-Ry)pg] /(25+0E)
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For the diffraction of elastic wave, the following

abbreviations are employed.

e e e
(" = Re[(] +iIm (]

Re[(re] = ¢O{ [(Fz-zcoszﬁ)(qf- -‘_%) - b“mr]
v
1

- | - C -2 2
h - -
cos (q1xcosp)cos($1xcosp) L(p 2cosp)

2%q1+b 'O'Ti] sinh(q xcosf) s:i.n(il—1 xcos (b)

Im[oue] = _¢O{[( ‘4)2_2(':082{& )(qf-%z)-b 'Q'Tr] sinh(q.‘xcos(?)

vy

(o -2 )2ﬂ- b <
sin v1Jr.cosra) + [(rb cos (b q1+ Ti]

cosh( a xcos(?) cos(;;:xcos(‘:) }
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A Re[’L’ej +iIm[’t’e’J

Re[’ﬁ?] = ¢0 { (q1 Ot S .!Lmi)cosh(q1xcosfb) cos(-_f_l_xcosf:)
| v, v,

+ (q1 _(LTi-_‘_r{L_ ‘Q‘T_r) sinh( q.‘xcosfé) sin(_él_xcosfb)}.
1 1

-sin(?

e —
Im[t] = g© { -(q, _(LTI'-*.';.'Q: Qs Jsinh( q1xcosr‘b)sin(%xcos‘f>)
1

o+ (a, .rLTi-;J_:_JLTr)cosh(q1xcos(5)cos(%xcosfb)}.

.sil}("}
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APPENDIX D

Derivation of Expressions in Eq. (4.66)

Consider

I
I, = (hi(x.p)x

0

fri=1

pH ‘
(1-x2)

3;(f1+p1,91+1,x2)dx

k=0,1,2....- (D‘1)

where @I is the Jacobi polynomial.
k
Supposing

h, (x,p) = x4, (D.2)

then Eq. (D.1) may be written as

{
21 +1 5 ﬂ'uv 2
I. = gx 1 (1-x%) .yk(fwia»?i,hn,x )dx.

(o)

k=0,1,2,.... (D03)



Now let
bt = %
patt = T
x2 = Y

Thus Eq. (D.3) becomes

' -1 =t
1, = %ﬁ (=) F (xTpay .

o

Because of the following property [16]

%(“.1,"}1) = 1 4

the Eq. (D.5) may be written as

7-1 A=
: 0 I3
Ii = %gy) (1-"}) &O(“,V,V)) q‘(%,{,v)dy)

o
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(D.4)

(D.5)

(D.6)

(D.7)
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Making use of the orthogonality property [16]

{=1 4=
§ n (1=9) §m(°‘.w’,')) };(«.nq)dq = 0 (D.8)

o
when m # n, Eq. (D.7) becomes

I, = O for k) 0

and | (Dog)
7=1 (X=Y+1)=1 ;
i _12_(") (1-\')) dv for k=0
o

Noticing that the Beta function of ¥ and
(x={+1) is defined by the integral [13]

1=1 (R=¥+1)=1
g (1-v]) an

0

B(Y,%=¥+1)

- T T (x=Y+1) (D.10)
T («+1)

(Y,#at+1) 0
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making use of Eq. (D.4), Eq. (D.9) is reduced to

0 for k>0
I, = < (D.11)
(i +1)T ()
\ _;_T BT por k=0
T (pyrps+1)
For particular case, p; = -1/2, ri = 1
[
I, = |%,3,5%ax
k
(2]
0 for k)0

(D.12)

1 for k =0
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APPENDIX E

Stress-Intensity Factors

Derivation of Stress-Intensity Factor, Eq. (4.41);

For the mere purpose of finding the dynamic
stress-intensity factor, only G&(x,o,t) will be consi-
dered here. Thus, with the help of Eq. (4.20) and the
Laplace transform theorem Eqs. (4.17), Eq. (4.8a)

becomes

bo

* -
(‘dy(X.O,‘t) =;2Y gLa“(s,p)A(s.p)+a12(s,p)B(S.p)]cos(SX)ds

6 (E.1)

where a11(s,p) and a12(s,p) are given in Appendix C.
Making use of Egs. (4.29), (4.31) and Appendix
Cy, Eq. (E.1) may be written as
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90
Fz(x,o,p) = -gpf(@2—1) y 91\1(s,p)cos(sx)ds -
7“?
0

'222(P2'1) s F(s,p)—1]1\1(s,p)cos(sx)ds
T
(E.2)

Substitution for 1X1(s,p) from Eq. (4.33) and
integrating the first term by parts, leads to

[’
GJ;(X’OOP) = - &a’ @1(1’1)) g J1(Sa)COS(SX)ds +
p

o

e o

+ ggi S’cos(sx)g.fJ1(SaF)%?[Q1(PaP)A@ﬂdfvds

0 ]

0o
- §B§(P2-1) (S [F(S.p)-1:P&1(S.P)cos(sx)ds

T
° (E.3)
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It is not difficult to see that only the first
term in Eq. (E.3) contains a singularity at x = Za,

Making use of the Bessel integral identity [10]

po

lim JAJ1(sa)cos(sx)ds = 1/a - 1/(2ar1)% (E.4)
X-»>a

©

where X=r,+a for §1=0, and inversion of the Laplace
transform theorem, the closed elementary form of Wy

near the crack tip on the y=0 plane is obtained.

U} = k1(t) + O(r?) as vy ot (E.5)
(2r,)

where k1(t), the dynamic stress-intensity factor in

dimensionless units is given by

-1

k,(t) =°C-{1k1(p)} = 0y Ja 4L {¢1(1.p)/p}

(E.6)
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Making use of Eqs. (4.4), (4.13) and
as= c1a'/m y T, = c1r{/w (E.T)

the dynamic stress-intensity factor in conventional

units is obtained

k;(t') = 0“(') Ja'o[:i%(hp)/p} (E.8)
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Derivation of Stress-Intensity Factor, Eq. (4.69):

To obtain the dynamic stress-intensity factor,
it is only necessary to consider the singular stress Uy
near the crack tips on the y=0 plane. Thus, upon apply-
ing the Laplace transform theorem Egs. (4.17) to Eg.
(4.82) and making use of Egs. (4.20), the following

result is obtained.

00

i y{%:0,P) g[a11(s.p)A(s.p)+a12(s,p)B(s.p)] cos(sx)ds

=2
T
(E.9)

Substituting for V, and V, from Egs. (4.61) into
Egs. (4.58), then substituting the resulting expressions
for A(s,p) and B(s,p) into Eq. (E.9) yields

® w0
he
G (x. D) = \/1; p(bo (r, -1) S Z‘ 1 l(p)Jgf)mI cos(sx)ds
-5 hey NS (s p)-pz( 2-1)[57" (p)d(s) I
J% F3— f L 2 f 5201’1 1+2m
o po "
cos(sx)ds = 1_?_ i;_g_q gsz(s,p)si’[ZXZ'l(p)gig&} cozisx)

M=o

° (E.10)
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where

5,(s,8) = F(s,p)p°(p?-1)/ e (E.11)

S,(s,p) = a;q(syp) . a,5(sp) (E.12)

T2 e - (w2 2y
(;2-2;1,)s2f1 ((2-3-1)50’2

in which F(s,p) is given by Eq. (4.32) and aij’(j=1’2)
are given in Appendix C.

It can be seen that only the first term contains
singularity at x=1" . Thus upon interchanging the order
of integration and summation, and using the following

recurrence formular [16]

Jpeq(8) = %r_x_ J.(8) - J,_,(s) (E.13)

Eq. (E.10) may be written as
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00
fy(x,o,p) = -/2 22% (72‘1)@3(P) S-J1(s)cos(sx)ds +
VT pp ;
+ Non-Singular Terms (E.14)
in which
n m+1
B5(0) = 3 (=) Ky pey(2) (E.15)
Ly~ ’
M=)

Passing the limit as x - 17 to Eq. (E.14) and
making use of the identity Eq. (E.4), the closed elemen~-
tary form of Ky is obtained

1in , 0 (x,0,t) = 518 4+ o(xd) (E.16)
x-1 (Zr%)

where k1(t), the dynamic stress-intensity factor in
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dimensionless units, is

ki(t) = 2 heogg 1) L {%(p)/p} (E.17)

The stress-intensity factor k1(t) is then

converted to conventional units through Eqs. (E.7) and

(4.4). Thus

i (47)

0 L'{%(p)/p} (£.19)

]
in which k1(t') is the required dynamic stress~intensity

factor and

Gr - /é neo'(p?--ﬂ/ rza (E.20)
|
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APPENDIX F

A Note on the Isolation of Weak

Singularities of Improper Integral

In certain case, the usual numerica& evaluation
of an improper integral of the type I = ~(f(x)dx leads
to difficulties. This situation occurs :henever f(x)
or one of its derivatives is infinite at any point
within or near the ends of the range of integration.

In such a case f(x) is said to possess a singularity

at that point. A useful technique in calculating the
approximate value of this type of integral is to take
out of the integrand f(x) a certain function g(x) having
the same singularities as f(x), which is integrable in
elementary terms on the given interval [a,b] and is

such that the difference f(x)-g(x) has a necessary

number of derivatives.
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Write the integral in the form

b b b
I = -{f(x)dx = [ﬂg(x)dx + J‘[f(x)-g(x)] dx.

[+ Y o~

The first integral can be evaluated analytically, and
the second integral is readily evaluated by standard

quadrature formulas.

Consider the integral function of the form

£(x) = (x-C)pﬁf(X), agegb

~ ~N

where =1¢ p¢ 0, and T (x) 4is continuous and has a
sufficient number of derivatives on the interval [a,b] .

Then f(x) can be written in the form

f(x) = (?(c)(x-c)p+ f%f[(x-c)p+1+ .....+‘1§k)(c)(x-c)p+k
' k!

p.
+ (x-c) [‘f(x)- Y(e)- ‘;(15?2(x-c)- (c)(x-c)?.....
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The first square bracket contains a power function
which can integrated directly. The expression in the
second square bracket vanishes at x=c together with its
derivatives up to order k. The product of this express-
ion by the factor (x—c)p is a continuous function.
Therefore, the integral of this function can be evalua-

ted by one of the standard quadrature formulas.
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