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A b s t r a c t

COUPLED THERMOELASTIC CRACK PROBLEMS

by

P i c h a y a  P h u rk h a o

A d v i s o r :  P r o f .  Mumtaz K. K a s s i r

I n  t h i s  r e s e a r c h ,  c o u p l e d  t h e r m o e l a s t i c  p r o b l e m s  

o f  s t a t i o n a r y  c r a c k s  a r e  d i s c u s s e d .  I t  i s  a s su m e d  t h a t  

t h e  c r a c k  i s  d i s t u r b e d  b y  t h e r m a l  a n d / o r  e l a s t i c  waves  

g e n e r a t e d  by  e x t e r n a l  t h e r m a l  a n d / o r  m e c h a n i c a l  e x c i t a ­

t i o n s .  Two c l a s s e s  o f  p r o b l e m s  o f  p a r t i c u l a r  i n t e r e s t  

a r e  i n v e s t i g a t e d  i n  d e t a i l .  T h e s e  a r e  t h e  s c a t t e r i n g  

o f  p l a n e  h a r m o n i c  t h e r m o e l a s t i c  w av es  a n d  t h e  s u d d e n  

a p p l i c a t i o n  o f  t h e r m a l  a n d / o r  m e c h a n i c a l  l o a d i n g s  t o  

t h e  c r a c k  s u r f a c e s  ( t r a n s i e n t  p r o b l e m s ) .  I n t e g r a l  

t r a n s f o r m  t e c h n i q u e s  a r e  e m p lo y e d  t o  f o r m u l a t e  t h e  p r o ­

b l e m s  a n d  r e d u c e  th em  t o  F r e d h o lm  i n t e g r a l  e q u a t i o n s  o f  

t h e  s e c o n d  k i n d  a n d / o r  t o  a  s y s t e m  o f  s i m u l t a n e o u s  

a l g e b r a i c  e q u a t i o n s .  The r e s u l t i n g  e q u a t i o n s  a r e  t h e n  

s o l v e d  n u m e r i c a l l y  a n d  t h e  s i n g u l a r  s t r e s s  f i e l d  n e a r  

t h e  c r a c k  t i p ,  w h i c h  i s  o f  p a r a m o u n t  i m p o r t a n c e  i n
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d e t e r m i n i n g  c r a c k  p r o p a g a t i o n ,  i s  d e t e r m i n e d  i n  e x p l i ­

c i t  f o r m .  A l s o ,  t h e  m a g n i t u d e  o f  t h i s  s t r e s s  f i e l d ,
i

w h i c h  i s  c o n v e n i e n t l y  d e s c r i b e d  by  a  p a r a m e t e r  k^ 

( s t r e s s - i n t e n s i t y  f a c t o r ) ,  i s  c a l c u l a t e d .

The e f f e c t  o f  t h e  f r e q u e n c y  o f  t h e  i n p u t  t h e r m a l  

a n d / o r  e l a s t i c  w aves  a s  w e l l  a s  t h e  i n f l u e n c e  o f  c o u p l i n g  

u p o n  t h e  d y n am ic  s t r e s s - i n t e n s i t y  f a c t o r  f o r  few  m a te ­

r i a l s  a r e  d e t e r m i n e d  a n d  d i s p l a y e d  g r a p h i c a l l y .  I n  t h e  

t r a n s i e n t  p r o b l e m s ,  a  n u m e r i c a l  L a p l a c e  i n v e r s i o n  t e c h -  

n i q u e  i s  u s e d  t o  c o n v e r t  t h e  v a l u e s  o f  k^ i n  t h e  L a p l a c e  

p l a n e  t o  t h e  r e g u l a r  t i m e  d o m a in ,  a n d  t h e  r e s u l t s  a r e  

co m p a red  t o  t h e  c o r r e s p o n d i n g  s t e a d y - s t a t e  v a l u e s  t o  

r e v e a l  t h e  i n f l u e n c e  o f  i n e r t i a  a n d  c o u p l i n g  on t h e  

dy n a m ic  s t r e s s - i n t e n s i t y  f a c t o r .

F o r  b o t h  p r o b l e m s ,  t h e  i m p o r t a n t  r e s u l t s  a r e ;

( 1 ) t h e  s t r e s s e s  a r e  s i n g u l a r  o f  o r d e r  r ^  a s  r .j-» 0  a t  

t h e  c r a c k  t i p ,  ( 2 ) t h e  i n e r t i a  e f f e c t  u p o n  t h e  v a r i a t i o n  

o f  k!j w i t h  f r e q u e n c y  a n d  t i m e  i s  f o u n d  t o  be  s i g n i f i c a n ti

w h i l e  t h e  c o u p l i n g  e f f e c t  i s  n e g l i g i b l y  s m a l l ,  a n d  ( 3 )
i

k.j i s  p r o p o r t i o n a l  t o  m a t e r i a l  c o n s t a n t s  a n d  c r a c k  s i z e .
i

I t  i s  a l s o  o b s e r v e d  t h a t  t h e r e  i s  a  p e a k  i n  k^ i n  b o t h  

p r o b l e m s .  The c o r r e s p o n d i n g  v a l u e s  o f  t i m e  a n d  f r e q u e n c y  

v a r y  d e p e n d i n g  u p o n  m a t e r i a l  p r o p e r t i e s  a n d  c r a c k  s i z e .
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I n  a p p l y i n g  t h e  m e t h o d o l o g y  o f  L i n e a r  E l a s t i c  F r a c t u r e  

M e c h a n ic s  ( LEFM) ,  t h e  i n f o r m a t i o n  g a i n e d  i s  e s s e n t i a l  

t o  d e t e r m i n e  t h e  c o n d i t i o n s  o f  c r a c k  p r o p a g a t i o n  u n d e r  

t h e r m a l  l o a d i n g .
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NOMENCLATURE

A ( s , p ) ,  ( s , p ) ,
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B ( p , q )
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B ( s , p ) ,  B ^ s . p ) ,
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b

C ( s , p ) ,  C . , ( s , p ) ,

C - | i ( s » p ) f  2 ^s »p)

c ± ^ , ( i »  j = 1 f 2 )

C1

A r b i t r a r y  f u n c t i o n s  o f  s a n d  p

H a l f  o f  t h e  c r a c k  w i d t h  

F u n c t i o n s  d e f i n e d  i n  A p p e n d ix  C 

B e t a  f u n c t i o n

F u n c t i o n s  d e f i n e d  by  E q .  ( 4 . 6 6 )
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CHAPTER 1 

I n t r o d u c t i o n

More t h a n  a  c e n t u r y  a g o ,  Duham el [ 9 ] * an d  

Neumann [18] f o r m u l a t e d  a  t h e o r y  o f  t h e r m o e l a s t i c i t y  

o f  e l a s t i c  s o l i d s  s u b j e c t  t o  t e m p e r a t u r e  v a r i a t i o n .

The g o v e r n i n g  e q u a t i o n s  o f  t h e  t h e o r y  c o n s i s t  o f  t h e  

N a v i e r  e q u a t i o n s  o f  m o t io n  c o u p le d  w i t h  t h e  F o u r i e r  

h e a t  c o n d u c t i o n  e q u a t i o n .  T h i s  t h e o r y  t a k e s  i n t o  

a c c o u n t  t h e  i n t e r a c t i o n  e f f e c t  o f  s t r a i n i n g  u p o n  t h e  

t e m p e r a t u r e  f i e l d  a n d  t e m p e r a t u r e  d i s t r i b u t i o n  u p o n  

t h e  s t r a i n s  i n  t h e  b o d y .  M o re o v e r ,  u n l i k e  t h e  c o n v e n ­

t i o n a l  t h e r m o e l a s t i c i t y  t h e o r y ,  w h ic h  i g n o r e s  t h e  

i n e r t i a  t e r r a s  i n  t h e  g o v e r n i n g  e q u a t i o n s  a n d  i s  c o n c e rn e d  

w i t h  s o l v i n g  t h e  h e a t  c o n d u c t i o n  e q u a t i o n  a n d  t h e  e q u a ­

t i o n s  o f  m o t io n  s e p a r a t e l y ,  t h i s  t h e o r y  a l l o w s  t h e  d y n a ­

m ic  r e s p o n s e  t o  be  d e t e r m i n e d  by  s o l v i n g  t h e  c o u p le d  s e t  

o f  g o v e r n i n g  e q u a t i o n s  s i m u l t a n e o u s l y .  D e s p i t e  i t s  

m a t h e m a t i c a l  c o m p l e x i t y ,  c o u p le d  t h e r m o e l a s t i c i t y  g i v e s  

a  d e e p e r  i n s i g h t  i n t o  t h e  m ech an ism  o f  d e f o r m a t i o n

* Number i n  b r a c k e t s  d e s i g n a t e  r e f e r e n c e  g i v e n  on 
p a g e s  1 6 0 -1 6 5
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p r o c e s s  c o n n e c t e d  w i t h  t h e r m a l  phenom ena i n  e l a s t i c  

s o l i d s .  U t i l i z i n g  t h i s  t h e o r y ,  B i o t  [ 2 ]  , C hadw ich  [ 5]  , 

B o le y  a n d  W e in e r  £3 ]  , N ow acki [ 2 0 J  , a n d  o t h e r s  o b t a i n e d  

s o l u t i o n s  t o  some t h e r m a l  s t r e s s  p r o b l e m s .

C o n c e rn  o v e r  t h e r m a l  e f f e c t s  i n  t h e  d e s i g n  o f  

s t r u c t u r a l  c o m p o n e n ts  h a s  c a u s e d  i n v e s t i g a t o r s  t o  c o n s i d e r  

t h e  i m p l i c a t i o n s ,  t h e o r e t i c a l  a s  w e l l  a s  p r a c t i c a l ,  o f  

t h e  t h e r m a l  s t r e s s e s  a n d  s t r a i n s  i n  t h e  v i c i n i t y  o f  c r a c k s  

i n  s t r u c t u r a l  m em bers .  H ow ever, b e c a u s e  o f  t h e  c o m p l e x i t y  

o f  t h e  f i e l d  e q u a t i o n s ,  m o s t  o f  t h e  p r e v i o u s  i n v e s t i g a ­

t i o n s  w e re  c a r r i e d  o u t  u n d e r  c e r t a i n  s i m p l i f y i n g  a ssu m p ­

t i o n s .  U s u a l l y  t h e  i n e r t i a  t e r m s  i n  t h e  e q u a t i o n s  o f  

m o t io n  a n d / o r  t h e  c o u p l i n g  t e r m  i n  t h e  h e a t  c o n d u c t i o n  

e q u a t i o n  a r e  n e g l e c t e d .  T h u s ,  u p o n  o m is s i o n  o f  t h e  

c o u p l i n g  te rm  i n  t h e  h e a t  c o n d u c t i o n  e q u a t i o n ,  t h e  e q u a ­

t i o n s  becom e u n c o u p le d  a n d  t h e r e  r e s u l t s  w h a t  i s  o f t e n  

t e r m e d  a s  t h e  U n c o u p le d  T h e o ry .  F u r t h e r  o m i s s i o n  o f  t h e  

i n e r t i a  t e r m s  i n  t h e  e q u a t i o n s  o f  m o t io n  r e s u l t s  i n  

U n c o u p le d  Q u a s i - S t a t i c  T h e o ry  o f  T h e r m o e l a s t i c i t y  ( o r ,  

m ore  s i m p l y ,  T h e r m o e l a s t i c i t y ) .  When t h e r e  i s  no  t im e  

i n v o l v e d  i n  t h e  e q u a t i o n s  t h e  s t e a d y - s t a t e  c o n d i t i o n  i s  

r e a c h e d .

C r a c k in g  o f  b r i t t l e  s o l i d s  d u e  t o  t h e r m a l  s t r e s s
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i s  a  w e l l - k n o w n  p henom enon . When a  s t e a d y  h e a t  f lo w  i s  

d i s t u r b e d  by  t h e  p r e s e n c e  o f  a  c r a c k ,  t h e r e  i s  l o c a l  

i n t e n s i f i c a t i o n  o f  t e m p e r a t u r e  f i e l d  a c c o m p a n ie d  by 

s i n g u l a r  t h e r m a l  s t r e s s  w h ic h  may c a u s e  c r a c k  p r o p a g a t i o n  

r e s u l t i n g  i n  s e r i o u s  damage t o  s t r u c t u r a l  m em bers . 

S u f f i c i e n t l y  r a p i d  l o c a l  h e a t i n g  o r  c o o l i n g  o f  s o l i d s  

( t h e r m a l  s h o c k )  c a n  a l s o  l e a d  t o  s e r i o u s  c a t a s t r o p h e .

T h i s  c o u ld  o c c u r ,  f o r  e x a m p le ,  i n  c r a c k e d  s t r u c t u r a l  

c o m p o n e n ts  u n d e r  t h e  i n f l u e n c e  o f  l a s e r  beam s o r  e l e c ­

t r i c a l  ( s p a r k )  d i s c h a r g e s ,  i n  p r e s s u r i z e d  w a t e r  

r e a c t o r  (PWR) a n d  i t s  p i p i n g  s y s te m  e x p e r i e n c i n g  a  

t h e r m a l  t r a n s i e n t  d u r i n g  a  l o s s  o f  c o o l a n t  a c c i d e n t  

(LOCA), i n  s p a c e  c r a f t s  a n d  j e t  e n g i n e s ,  e t c . .  

F u r t h e r m o r e ,  when t h e  t h e r m a l  l o a d i n g  i s  f l u c t u a t i n g  

a n d  p e r i o d i c  w i t h  t im e  i t  g i v e s  r i s e  t o  t h e  f l u c t u a t i n g  

a n d  p e r i o d i c  s t r e s s e s  a n d  d i s p l a c e m e n t s  p r o p a g a t i n g  

t h r o u g h  t h e  medium i n  t h e  fo rm  o f  w a v e s .  I t  w ou ld  be 

e x p e c t e d  t h a t ,  n e a r  t h e  c r a c k  t i p s ,  t h e s e  w aves  w i l l  

c a u s e  h i g h  l o c a l  s t r e s s  i n t e n s i f i c a t i o n  c a u s i n g  t h e  

p r o p a g a t i o n  o f  t h e  c r a c k .  S in c e  i n  t h e  c u r r e n t  t e c h ­

n o l o g y  o f  L i n e a r  E l a s t i c  F r a c t u r e  M e c h a n ic s  (LEFM), t h e  

c r i t i c a l  v a l u e  o f  t h e  i n t e n s i t y  o f  t h e  l o c a l  s t r e s s  

f i e l d  c a n  be  a s s o c i a t e d  w i t h  t h e  f r a c t u r e  t o u g h n e s s  o f  

t h e  m a t e r i a l ,  i t  f o l l o w s  t h a t  by  k n o w in g  t h e  s t r e s s
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i n t e n s i t y  f a c t o r s  a s  f u n c t i o n s  o f  t h e  t e m p e r a t u r e  f i e l d ,  

m a t e r i a l  p r o p e r t i e s ,  a n d  f l a w  s i z e ,  i t  i s  p o s s i b l e  t o  

p r e d i c t  a  c r i t i c a l  t h e r m a l  l o a d i n g  w h ic h  w i l l  n o t  

r e s u l t  i n  f a i l u r e  o f  t h e  m a t e r i a l .

Up u n t i l  now m o s t  o f  t h e  a n a l y s i s  e f f o r t s  d e v e ­

lo p e d  i n  t h e  a r e a  o f  f r a c t u r e  m e c h a n ic s  due  t o  t h e r m a l  

s t r e s s  h a v e  b e e n  c o n f i n e d  t o  e i t h e r  s t e a d y - s t a t e  o r  

q u a s i - s t a t i c  p r o b l e m s .  None o f  t h e  i n v e s t i g a t i o n s  a v a i ­

l a b l e  i n  t h e  l i t e r a t u r e  h a v e  u t i l i z e d  t h e  c o u p le d  t h e o r y .  

I t  i s  e x p e c t e d  t h a t  when t h e  t e m p e r a t u r e  f i e l d  e x h i b i t s  

s u f f i c i e n t l y  s t e e p  t i m e - g r a d i e n t s  o r  f l u c t u a t e s  a n d  v a r i e s  

h a r m o n i c a l l y  w i t h  t i m e ,  t h e  d ynam ic  e f f e c t s  d i s r e g a r d e d  

i n  t h e  t r a d i t i o n a l  t r e a t m e n t  o f  t h e  p ro b le m s  may become 

s i g n i f i c a n t .  Sum m aries  o f  some s o l u t i o n s  t o  s t e a d y - s t a t e  

t h e r m a l  c r a c k  p ro b le m s  a r e  g i v e n  by  S nedd on  a n d  L ow engrub  

[ 22J  a n d  by  K a s s i r  a n d  S ih  [15 j -  W h ile  some s o l u t i o n s  t o  

q u a s i - s t a t i c  c r a c k  p r o b le m s  c a n  b e  fo u n d  i n  r e c e n t  book  

by  C h e re p a n o v  [ 7 ]  •

E la s to d y n a m ic  c r a c k  p r o b le m s  h a v e  b e e n  i n v e s t i ­

g a t e d .  T h o ro u g h  su m m a rie s  o f  t h e  m e th o d s  o f  a n a l y s e s  i n  

dyn am ic  e l a s t i c  f r a c t u r e  m e c h a n ic s  h a v e  b e e n  g i v e n  by 

Chen a n d  S i h  [ 6 ] ,  A c h e n b a c h  [ 1 ] ,  a n d  F r e u n d  [ i 2J • I t  i s  

o f t e n  f o u n d  t h a t  i n e r t i a  e f f e c t s  h a v e  s i g n i f i c a n t  i n f l u ­

e n c e  on  t h e  r e s p o n s e  o f  s t r u c t u r a l  c o m p o n e n ts .  A t s p e c i ­

f i c  l o c a t i o n s  i n  a  b o d y ,  n a m e ly ,  i n  t h e  v i c i n i t y  o f  c r a c k
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t i p s ,  t h e  s t r e s s e s  a n d  d i s p l a c e m e n t s  a n d ,  i n  t u r n ,  t h e  

d y n am ic  s t r e s s - i n t e n s i t y  f a c t o r s  a r e  h i g h e r  t h a n  t h o s e  

e n c o u n t e r e d  u n d e r  B t a t i c  l o a d i n g s .  T h i s  s t r e s s  ' o v e r ­

s h o o t '  i n  t h e  v i c i n i t y  o f  a  c r a c k  t i p  may be  a s  h i g h  

a s  30% a b o v e  t h e  c o r r e s p o n d i n g  s t a t i c  v a l u e .  I n  v ie w  

o f  t h e  d ynam ic  a m p l i f i c a t i o n  o f  t h e  s t r e s s  l e v e l  i t  i s  

c o n c e i v a b l e  t h a t  t h e r e  a r e  c a s e s  f o r  w h ic h  f r a c t u r e  

d o e s  n o t  o c c u r  u n d e r  a  g r a d u a l l y  a p p l i e d  s y s te m  o f  

l o a d s ,  b u t  d o e s  i n d e e d  t a k e  p l a c e  when t h e  same s y s te m  

o f  l o a d s  i s  a p p l i e d  r a p i d l y  o r  when i t  i s  f l u t u a t i n g  

p e r i o d i c a l l y  w i t h  t im e  g i v i n g  r i s e  t o  p r o p a g a t i n g  m echa­

n i c a l  d i s t u r b a n c e s .  E ven th o u g h  e l a s t o d y n a m i c  t h e o r y  

t a k e s  i n e r t i a  e f f e c t s  i n t o  c o n s i d e r a t i o n ,  h o w e v e r ,  i n  

o r d e r  t o  s t u d y  t h e  i n f l u e n c e  o f  t h e r m a l  w a v e s ,  one  

n e e d s  t o  i n c l u d e  t h e  m e c h a n i c a l  c o u p l i n g  t e r m  i n  t h e  

h e a t  c o n d u c t i o n  e q u a t i o n  a s  w e l l  a s  t o  c o n s i d e r  t h e  

i n e r t i a  e f f e c t s .

I n  t h i s  d i s s e r t a t i o n ,  i t  i s  i n t e n d e d  t o  i n v e s ­

t i g a t e  t h e  n a t u r e  o f  t h e r m a l  w aves g e n e r a t e d  b y  t h e r m a l  

d i s t u r b a n c e s  i n  a  t w o - d i m e n s i o n a l  medium c o n t a i n i n g  a  

c e n t r a l  c r a c k  when t h e  g e n e r a l  t h e o r y  o f  c o u p le d  t h e r ­

m o e l a s t i c i t y  i s  e m p lo y e d .  S p e c i a l  e m p h a s i s  i s  f o c u s e d  

on  f i n d i n g  t h e  s t r e s s - i n t e n s i t y  f a c t o r s ,  t h e  c r i t i c a l  

v a lu e B  o f  w h ic h  g o v e r n  t h e  c o n d i t i o n  o f  c r a c k  p r o p a g a t i o n .
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The f r a c t u r e  o f  s o l i d s  u n d e r  e l a s t i c  w aves  w i l l  a l s o  be 

s t u d i e d  so  t h a t  t h e  s a l i e n t  f e a t u r e  o f  t h e  i n f l u e n c e  o f  

t h e  m e c h a n i c a l  c o u p l i n g  t e r m  u p o n  t h e  s t r e s s - i n t e n s i t y  

f a c t o r  c a n  be b r o u g h t  o u t  when t h e  c o r r e s p o n d i n g  r e s u l t s  

a r e  co m p ared  w i t h  t h e  known s t a t i c  s o l u t i o n .  I t  w i l l  be  

a s su m e d  t h a t  i n i t i a l l y  t h e  medium i s  a t  r e s t ,  s t r e s s -  

f r e e ,  a t  a b s o l u t e  t e m p e r a t u r e  (T q ) e v e ry w h e re  a n d  t h e  

d e f o r m a t i o n s  a r e  s m a l l  r e l a t i v e  t o  t h e  d i m e n s io n  o f  t h e  

b o d y .  F u r t h e r m o r e ,  a l l  t h e r m o e l a s t i c  m a t e r i a l  p r o p e r ­

t i e s  a r e  a ssu m e d  t o  be  i n d e p e n d e n t  o f  t e m p e r a t u r e .  W ith  

t h e s e  a s s u m p t i o n s ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e  g r e a t l y  

s i m p l i f i e d ,  becom e l i n e a r  a n d  a m e n a b le  t o  a n a l y t i c a l  

t r e a t m e n t ,  n a m e ly ,  by  m eans o f  i n t e g r a l  t r a n s f o r m  t e c h ­

n i q u e s .  E v e r y  v a r i a t i o n  o f  s t r a i n s  w i l l  be  a c c o m p a n ie d  

by  v a r i a t i o n s  i n  t e m p e r a t u r e  a n d  v i c e  v e r s a .  Two c l a s s e s  

o f  p r o b le m s  o f  p a r t i c u l a r  i n t e r e s t  a r e  c o n s i d e r e d  s e p a ­

r a t e l y .  T h e se  a r e  t h e  p ro b le m  o f  s c a t t e r i n g  o f  p l a n e  

h a rm o n ic  t h e r m o e l a s t i c  w av es  by  a  s t a t i o n a r y  c r a c k  an d  

t r a n s i e n t  p r o b le m s  i n  w h ic h  t h e  c r a c k  s u r f a c e s  e x p e r i e n c e  

su d d e n  a p p l i c a t i o n  o f  t h e r m a l  d i s t u r b a n c e s  a n d / o r  m echa­

n i c a l  l o a d i n g s .  F i g u r e  1 show s a  s k e t c h  o f  t h e  g e o m e try  

o f  t h e  p r o b l e m s .  I n  t e r m s  o f  t h e  c o - o r d i n a t e  s y s te m  

( x ' , y ' » z ' )  t h e  c r a c k  o c c u p i e s  t h e  r e g i o n  | x ' | < a ' ,  |z'|<<*>
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o f  t h e  m i d - p l a n e  y ' » 0 .  The s t r e s s e s  i n  t h e  medium a r e  

p r o d u c e d  by  e i t h e r  a  p a s s a g e  o f  in c o m in g  t h e r m a l  a n d / o r  

m e c h a n i c a l  w aves  ( t h e r m o e l a s t i c  w a v e s ) ,  o r  b y  t h e  a p p l i ­

c a t i o n  o f  a n  i n s t a n t a n e o u s  u n i f o r m  c h an g e  o f  t h e r m a l  

d i s t u r b a n c e s  a n d / o r  s t r e s s e s  a c r o s s  t h e  c r a c k  s u r f a c e s .

The b a s i c  g o v e r n i n g  e q u a t i o n s  o f  c o u p le d  t h e r ­

m o e l a s t i c i t y  a r e  p r e s e n t e d  i n  c h a p t e r  2 .  The g e n e r a l  

e q u a t i o n s  c o n s i s t  o f  o ne  d i s p l a c e m e n t  e q u a t i o n  o f  m o t io n  

( N a v i e r  E q u a t i o n )  w r i t t e n  i n  v e c t o r  fo rm  a n d  one  e q u a ­

t i o n  o f  h e a t  c o n d u c t i o n  c o u p le d  w i t h  c h a n g e  o f  s t r a i n .  

F o r  p l a n e - s t r a i n  p r o b le m ,  t h e  d e p e n d e n t  v a r i a b l e s  a r e  

two c o m p o n e n ts  o f  d i s p l a c e m e n t  a n d  t e m p e r a t u r e .  The 

s t r e s s  c o m p o n e n ts  a r e  r e l a t e d  t o  t h e  s t r a i n  c o m p o n e n ts  

a n d  t e m p e r a t u r e  t h r o u g h  t h e  D uham el-N eum ann r e l a t i o n s  

w h i l e  t h e  s t r a i n s  a r e  c o n n e c t e d  t o  d i s p l a c e m e n t s  by  

t h e  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s h i p s .  The e q u a t i o n s  

s t a t e d  a b o v e  a r e  b a s e d  u p o n  t h e  a s s u m p t i o n  o f  s m a l l  

v a r i a t i o n  o f  t e m p e r a t u r e  due  t o  c h a n g e  o f  s t r a i n  a n d  

s m a l l  d i s p l a c e m e n t s .  I n  a d d i t i o n  i t  i s  n e c e s s a r y  t o  

s p e c i f y  i n i t i a l  a n d  b o u n d a ry  c o n d i t i o n s  i n  o r d e r  t o  

d e s c r i b e  f u l l y  t h e  t r a n s i e n t  p r o b le m s  i n  w h ic h  t h e  

c r a c k  s u r f a c e s  e x p e r i e n c e  s u d d e n  v a r i a t i o n  o f  t h e r m a l  

a n d / o r  m e c h a n i c a l  d i s t u r b a n c e s .  H ow ever when t h e
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d i s t u r b a n c e  i s  i n  t h e  fo rm  o f  wave ( t h e r m o e l a s t i c  w a v e ) ,  

w h ic h  i s  h a rm o n ic  i n  t i m e ,  o n l y  b o u n d a ry  c o n d i t i o n s  a r e  

n e c e s s a r y .

C h a p t e r  3 i s  d e v o te d  t o  t h e  p ro b le m  o f  d i f f ­

r a c t i o n  o f  t h e r r a o e l a s t i c  w av es  a r o u n d  a  s t a t i o n a r y  c r a c k .  

The e q u a t i o n s  o f  c h a p t e r  2 a r e  f i r s t  n o n - d i m e n s i o n a l i z e d  

i n t o  a  fo rm  w h ic h  i s  c o n v e n i e n t  f o r  s u b s e q u e n t  a n a l y s e s ,  

a n d  t h e  t h e o r y  o f  p l a n e  h a rm o n ic  t h e r m o e l a s t i c  w aves  i s  

t h e n  d e v e l o p e d  a n d  a p p r o p r i a t e  s o l u t i o n s  a r e  d e r i v e d  t o  

i n v e s t i g a t e  t h e  d i f f r a c t i o n  o f  t h e s e  w aves a r o u n d  a  c r a c k  

em bedded  i n  s t r u c t u r a l  m em b ers .  I n  t h i s  a n a l y s i s ,  i t  i s  

a s su m e d  t h a t  t h e  c r a c k  i s  i n s u l a t e d  a n d  t r a c t i o n - f r e e  

( s e e  P i g .  2 ) .  M aking  u s e  o f  l i n e a r i t y ,  t h e  a n a l y s i s  c a n  

be d i v i d e d  i n t o  two p a r t s ;  one  i s  c o n c e r n e d  w i t h  im p in g ­

i n g  o f  t h e r m a l  wave w i t h  a c c o m p a n y in g  e l a s t i c  w ave w h i l e  

t h e  o t h e r  d e a l s  w i t h  a n  e l a s t i c  wave a c c o m p a n ie d  by  t h e r ­

m al w a v e .  The two i n p u t  w av es  may be  v ie w e d  a s  w aves 

a r i s i n g  f ro m  t h e r m a l  a n d  m e c h a n i c a l  e x c i t a t i o n  i n  t h e  

m em b ers ,  r e s p e c t i v e l y .  The c o m p le te  s o l u t i o n  w i l l  t h e n  

be  t a k e n  a s  t h e  sum o f  t h e  two s o l u t i o n s .  F o r  t h e  m ere  

p u r p o s e  o f  f i n d i n g  t h e  d y n am ic  s t r e s s - i n t e n s i t y  f a c t o r ,  

i t  i s  s u f f i c i e n t  t o  f o c u s  a t t e n t i o n  on  t h e  s c a t t e r e d  

wave f i e l d .  The s o l u t i o n  i s  t h e n  c o n v e n i e n t l y  s o l v e d
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by  c o n s i d e r i n g  a  s y m m e tr ic  a n d  a  skew s y m m e tr ic  p ro b le m  

w h ic h  a r e  e v e n  a n d  odd  i n  y ,  r e s p e c t i v e l y .  F u r t h e r m o r e ,  

e a c h  p ro b le m  i s  d i v i d e d  i n t o  two p a r t s ,  one  i s  e v e n  i n  

x a n d  t h e  o t h e r  i s  odd  i n  x .  S i n c e  b o t h  p a r t s  c an  be 

s o l v e d  i n  t h e  same m a n n e r ,  o n l y  t h e  s y m m e tr ic  a n d  e v e n  

p ro b le m  i n  x  w i l l  be s t u d i e d  i n  d e t a i l .  I n t e g r a l  t r a n ­

s f o rm  t e c h n i q u e s  a r e  u s e d  t o  r e d u c e  t h e  p ro b le m  t o  a  

p a i r  o f  d u a l  i n t e g r a l  e q u a t i o n s  i n  a  co m p lex  v a r i a b l e  

dom ain  w h ic h  c a n  be  f u r t h e r  r e d u c e d  t o  a  s y s te m  o f  c o u ­

p l e d ,  r e a l ,  F re d h o lm  i n t e g r a l  e q u a t i o n s  o f  t h e  s e c o n d  

k i n d .  The s y s te m  o f  i n t e g r a l  e q u a t i o n s  i s  s o l v e d  nume­

r i c a l l y  a n d  t h e  d ynam ic  s t r e s s - i n t e n s i t y  f a c t o r  i s  t h e n  

d e t e r m i n e d  i n  t e r m  o f  t h e  s o l u t i o n s  o f  t h e s e  e q u a t i o n s .  

The s i n g u l a r i t y  i s  fo u n d  t o  r e t a i n  i t s  o l a s s i c a l  o r d e r  

0 ( r “ ^ ) ,  b u t  t h e  s t r e s s  f i e l d  i s  g r e a t l y  i n f l u e n c e d  by 

t h e  f r e q u e n c y  o f  t h e  t h e r m o e l a s t i c  w a v e s .

I n  c h a p t e r  4» t h e  p r o b le m s  d e a l i n g  w i t h  t h e  

a p p l i c a t i o n s  o f  t h e r m a l  a n d / o r  m e c h a n i c a l  im p a c t  l o a d i n g  

on  t h e  c r a c k  s u r f a c e s  a r e  d i s c u s s e d .  I n  p a r t i c u l a r ,  

t h r e e  s p e c i f i c  e x a m p le s  a r e  c o n s i d e r e d  i n  d e t a i l ;  

n a m e ly  1) c r a c k  p ro b le m  u n d e r  s u d d e n  a p p l i c a t i o n  o f  

u n i f o r m  n o rm a l  s t r e s s  on i n s u l a t e d  c r a c k  s u r f a c e s ,

2 )  c r a c k  p ro b le m  u n d e r  su d d e n  v a r i a t i o n  o f  t h e r m a l  f l u x
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o n  c r a c k  s u r f a c e s ,  a n d  3 ) c r a c k  p ro b le m  u n d e r  s u d d e n  

v a r i a t i o n  o f  t h e r m a l  r a d i a t i o n  on  c r a c k  s u r f a c e s .

A g a in ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e  n o n - d i m e n s i o n a l i z e d  

a n d  s o l v e d .  The u s e  o f  p o t e n t i a l  f u n c t i o n s  i n  co n ­

j u n c t i o n  w i t h  L a p l a c e  a n d  F o u r i e r  i n t e g r a l  t r a n s f o r m s  

r e d u c e  t h e  p r o b le m s  o f  t h e  f i r s t  two c a t e g o r i e s  t o  t h e  

s o l u t i o n s  o f  s t a n d a r d  p a i r  o f  d u a l  i n t e g r a l  e q u a t i o n s  

i n  t h e  L a p l a c e  t r a n s f o r m  p l a n e .  The s o l u t i o n  o f  t h e  

d u a l  i n t e g r a l  e q u a t i o n s  i s  r e d u c e d  t o  t h e  d e t e r m i n a t i o n  

o f  a n  a u x i l i a r y  f u n c t i o n  g o v e rn e d  b y  a  F re d h o lm  i n t e ­

g r a l  e q u a t i o n  o f  t h e  s e c o n d  k i n d  w h ic h  i s  a m e n a b le  t o  

n u m e r i c a l  t r e a t m e n t .  The d ynam ic  s t r e s s - i n t e n s i t y  

f a c t o r  i s  t h e n  d e t e r m i n e d  i n  t e r m  o f  t h e  a u x i l i a r y  

f u n c t i o n  e v a l u a t e d  a t  t h e  c r a c k  t i p  i n  t h e  L a p l a c e  

t r a n s f o r m  p l a n e .  A n u m e r i c a l  i n v e r s i o n  o f  t h e  L a p l a c e  

t r a n s f o r m  i s  t h e n  e m p lo y ed  t o  i n v e r t  t h e  dynam ic  

s t r e s s - i n t e n s i t y  f a c t o r  i n t o  r e g u l a r  t im e  d o m a in .  

S i m i l a r l y ,  t h e  m ix e d - b o u n d a r y  c o n d i t i o n s  o f  t h e  t h i r d  

e x a m p le  r e d u c e  t h e  p ro b le m  t o  a  s y s te m  o f  d u a l  i n t e g r a l  

e q u a t i o n s  w h ic h  c a n  b e  f u r t h e r  r e d u c e d  t o  a  s y s te m  o f  

s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  h a v i n g  i n f i n i t e  unknown 

f u n c t i o n s .  The d y n am ic  s t r e s s - i n t e n s i t y  f a c t o r  i n  

L a p l a c e  t r a n s f o r m  d o m ain  i s  a g a i n  f o u n d  t o  be  d i r e c t l y
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p r o p o r t i o n a l  t o  t h e  sum o f  t h e s e  unknown f u n c t i o n s .

The unknown f u n c t i o n s  c a n  he  d e t e r m i n e d  e f f e c t i v e l y  

by  t r u n c a t i n g  t h e  e q u a t i o n s  t o  f i n i t e  n u m b e rs .  Upon 

a p p l i c a t i o n  o f  t h e  n u m e r i c a l  i n v e r s i o n  o f  L a p l a c e  

t r a n s f o r m ,  t h e  d y n am ic  s t r e s s - i n t e n s i t y  f a c t o r  i n  t h e  

r e a l  t im e  d om ain  i s  o b t a i n e d .  F o r  t h e  t h r e e  e x a m p le s  

c o n s i d e r e d  t h e  s t r e s s  s i n g u l a r i t i e s  a r e  f o u n d  t o  

r e t a i n  t h e i r  c l a s s i c a l  o r d e r  0 ( r ~ ^ ) .

I n  c h a p t e r  5 ,  t h e  p r o c e d u r e  f o r  t h e  s o l u t i o n s  

o f  F re d h o lm  i n t e g r a l  e q u a t i o n s  a n d  n u m e r i c a l  i n v e r s i o n  

o f  L a p l a c e  t r a n s f o r m s  a r e  p r e s e n t e d .  T h i s  p a r t  o f  

a n a l y s i s  c o m p r i s e s  m o s t  o f  c o m p u te r  e f f o r t  a n d ,  c o n s e ­

q u e n t l y ,  d e s e r v e s  a  g r e a t  d e a l  o f  a t t e n t i o n ,  e s p e c i a l l y ,  

when d e a l i n g  w i t h  s l o w l y  c o n v e r g e n t  i n t e g r a l s  h a v i n g  an  

i n f i n i t e  i n t e r v a l  o f  i n t e g r a t i o n  a n d  w i t h  i n t e g r a l s  

h a v i n g  s i n g u l a r i t i e s  w i t h i n  t h e  l i m i t s  o f  i n t e g r a t i o n .  

T h e r e f o r e ,  s p e c i a l  t e c h n i q u e s  a r e  d e v e l o p e d  a n d  e m p lo y e d .  

The m e th o d  o f  s o l v i n g  F re d h o lm  i n t e g r a l  e q u a t i o n  i s  

b a s e d  on  t h e  r e p l a c e m e n t  o f  t h e  e q u a t i o n  by  a  f i n i t e  

s y s te m  o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  w h ic h  i s  o u t l i n e d  

by  K a n t o r o v i c h  a n d  K r y lo v  0 4 ]  . The i n t e g r a l  t e r m s  

a r e  a p p r o x i m a t e l y  r e p l a c e d  by  a  f i n i t e  sum u s i n g  

S im p so n  f o r m u l a .  The a c c u r a c y  i s  a c h i e v e d  by  i n c r e a s i n g
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num ber o f  t e r m s  i n  t h e  su m m a t io n s .  The n u m e r i c a l  

i n v e r s i o n  o f  t h e  L a p l a c e  t r a n s f o r m  t e c h n i q u e  w h ic h  

i s  e m p lo y ed  i n  c h a p t e r  4 i s  b a s e d  on t h e  m eth o d  

o u t l i n e d  by  M i l l e r  a n d  Guy [ j 7 ] .  I t  u t i l i z e s  t h e  

p r o p e r t i e s  o f  J a c o b i  p o l y n o m i a l s .  T h i s  t e c h n i q u e  i s  

fo u n d  t o  be  u s e f u l  a n d  s u i t a b l e  f o r  t h e  p ro b le m s  

c o n s i d e r e d  i n  t h i s  r e s e a r c h .

To i l l u s t r a t e  t h e  a p p l i c a b i l i t y  o f  t h e  s o l u ­

t i o n s  d e v e l o p e d ,  n u m e r i c a l  r e s u l t s  a r e  o b t a i n e d  a n d  

d i s p l a y e d  g r a p h i c a l l y  i n  c h a p t e r  6 f o r  two m a t e r i a l s ,  

l e a d  a n d  c o p p e r ,  h a v in g  r e l a t i v e l y  h i g h  a n d  low  v a l u e s  

o f  t h e  c o u p l i n g  c o n s t a n t ,  r e s p e c t i v e l y .  F o r  t h e  

p ro b le m  o f  s c a t t e r i n g  o f  t h e r m a l  wave a c c o m p a n ie d  by 

e l a s t i c  w ave , t h e  v a r i a t i o n s  o f  t h e  dynam ic  s t r e s s  

i n t e n s i t y  f a c t o r s  w i t h  t h e  n o n - d i m e n s i o n a l  f r e q u e n c y  

n. = n.' / w* f o r  c r a c k  l e n g t h  2a* * 1 cm. a n d  2 cm. a n d  

i n c i d e n t  a n g l e  f  * 9 0 0 a r e  shown on  s e m i - l o g  s c a l e .
i

I t  i s  o b s e r v e d  t h a t  t h e  s t r e s s - i n t e n s i t y  f a c t o r  k^ 

r i s e s  s h a r p l y  a t  f i r s t ,  r e a c h e s  t h e  p e a k  a n d  t h e n  

d e c r e a s e s  r a p i d l y  w i t h  i n c r e a s i n g  v a l u e s  o f  &  • The
i

p e a k s  o f  t h e  k^ o c c u r  a t  d i f f e r e n t  f r e q u e n c i e s  d e p e n d ­

i n g  up on  m a t e r i a l  p r o p e r t i e s  a n d  c r a c k  s i z e .  I n c r e a s -
t

i n g  c r a c k  l e n g t h  t e n d s  t o  i n d u c e  t h e  p e a k  i n  k^ t o  

o c c u r  a t  l o w e r  f r e q u e n c y .  As a n  e x a m p le ,  f o r  c o p p e r
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w i t h  c r a c k  l e n g t h s  o f  1 cm. a n d  2 c m . ,  t h e  p e a k s  o c c u r
/  /  

a t  f r e q u e n c i e s  4 .2 5  r a d / s  a n d  sx * 1 .6 7  r a d / s ,  r e s ­

p e c t i v e l y .  As t h e  f r e q u e n c y  a p p r o a c h e s  z e r o ,  t h e  s t r e s s
i

i n t e n s i t y  f a c t o r ,  k 1 , t e n d s  t o  z e r o  v a l u e .  A s i m i l a r  

f e a t u r e  i s  a l s o  o b s e r v e d  when t h e  i n p u t  w aves  c o n s i s t  

o f  a n  e l a s t i c  wave a c c o m p a n ie d  by  a  t h e r m a l  w a v e .  The 

p e a k  i n  t h e  d yn am ic  s t r e s s - i n t e n s i t y  f a c t o r s  a s  com­

p a r e d  t o  t h e  a n a l o g o u s  s t a t i c a l  v a l u e  a r e  a b o u t  30% -  

40?6 h i g h e r .  I n  b o t h  c a s e s ,  t h e  c o u p l i n g  e f f e c t  i s  

f o u n d  t o  be n e g l i g i b l y  s m a l l .  I n  p a r t i c u l a r  c a s e  

o f  i s o t r o p i c  m a t e r i a l  ( c o e f f i c i e n t  o f  t h e r m a l  e x p a n ­

s i o n  = 0 ) ,  t h e  s o l u t i o n s  a s s o c i a t e d  w i t h  e l a s t i c  

wave a c c o m p a n ie d  by t h e r m a l  wave r e d u c e  t o  known 

s o l u t i o n s  o b t a i n e d  b y  Chen a n d  S i h  [ « ] .  I t  s h o u l d  

a l s o  be  m e n t io n e d  t h a t  when t h e  medium i s  d i s t u r b e d  

by  b o t h  t h e r m a l  a n d  m e c h a n i c a l  e x c i t a t i o n s  s i m u l t a ­

n e o u s l y ,  t h e  s o l u t i o n  c a n  be o b t a i n e d  by  s u p e r p o s i t i o n  

o f  t h e  two s o l u t i o n s .  F o r  t h e  t r a n s i e n t  p r o b le m s ,  

t h e  r e s u l t s  a r e  c a l c u l a t e d  a n d  t h e  d y n am ic  s t r e s s  

i n t e n s i t y  f a c t o r s  ( k ^  f o r  t h e  t h r e e  c a t e g o r i e s  men­

t i o n e d  p r e v i o u s l y  a r e  d i s p l a y e d  g r a p h i c a l l y .  A c r a c k  

l e n g t h  2 a '  *  2/o/c^ ( o r  n o n - d i m e n s i o n a l  c r a c k  l e n g t h  

2a  * 2 )  i s  t a k e n  f o r  n u m e r i c a l  c a l c u l a t i o n  p u r p o s e .
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I n  a l l  c a s e s ,  t h e  c u r v e s  a r e  o b s e r v e d  t o  e x h i b i t  t h e  

u s u a l  d yn am ic  e f f e c t .  The o v e r s h o o t  i n  t h e  v a l u e s  o f
i

a s  co m p ared  to  t h e  a n a l o g o u s  s t e a d y - s t a t e  one  i s  

a b o u t  11% -  30%. The e f f e c t  o f  t h e  m e c h a n i c a l  c o u p ­

l i n g  te r m  i n  t h e  h e a t  c o n d u c t i o n  e q u a t i o n  i s  b r o u g h t  

o u t  by  l e t t i n g  t h e  c o u p l i n g  c o n s t a n t  5 * 0  i n  t h e  

n u m e r i c a l  c a l c u l a t i o n .  The r e s u l t s  a r e  t h e n  p l o t t e d  

a n d  co m p ared  w i t h  t h o s e  o b t a i n e d  f ro m  t h e  c o u p le d  

t h e o r y .  I t  i s  fo u n d  t h a t  t h e  c o u p l i n g  e f f e c t  i s  

m in im a l  a n d  may be  n e g l e c t e d .

I n  c o n c l u s i o n ,  i n t e g r a l  t r a n s f o r m  s o l u t i o n s  

h a v e  b e e n  d e v e l o p e d  t o  s t u d y  t h e  n a t u r e  o f  t h e r m a l  

w aves  i n  c r a c k e d  s t r u c t u r a l  c o m p o n e n ts .  I n  e a c h  

c a s e  t h e  p ro b le m  i s  r e d u c e d  t o  a  p a i r  ( o r  a  s y s te m )  

o f  d u a l  i n t e g r a l  e q u a t i o n s  w h ic h  i n  t u r n  c a n  be 

f u r t h e r  r e d u c e d  t o  a n  i n t e g r a l  e q u a t i o n  ( o r  a  s y s te m  

o f  a l g e b r a i c  e q u a t i o n s )  s u i t a b l e  f o r  n u m e r i c a l  s o l u ­

t i o n s .  R e d u c t io n  o f  a  p a i r  o f  d u a l  i n t e g r a l  e q u a t i o n s  

t o  F re d h o lm  i n t e g r a l  e q u a t i o n  o f  t h e  s e c o n d  k i n d  i s  

w e l l  know n. The v a l i d i t y  o f  t h e  m e th o d  i s  d i c t a t e d  

by  t h e  n a t u r e  o f  t h e  w e ig h t  f u n c t i o n s ,  k e r n e l s  a n d  

t h e  i n p u t  f u n c t i o n s .  E l e g a n t  summary o f  t h e  d e v e l o p ­

m en t o f  t h e  t h e o r y  o f  d u a l  i n t e g r a l  e q u a t i o n s  c an
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be  fo u n d  i n  t h e  book  w r i t t e n  by  S nedd on  [ 2 3 ] .  On 

t h e  o t h e r  h a n d ,  i t  c a n  be  shown t h a t  r e d u c t i o n  o f  

t h e  s y s te m  o f  d u a l  i n t e g r a l  e q u a t i o n s  t o  s i m u l t a ­

n e o u s  F re d h o lm  i n t e g r a l  e q u a t i o n s  f o r  t h e  t r a n s i e n t  

p ro b le m  a s s o c i a t e d  w i t h  t h e  t h e r m a l  r a d i a t i o n  b o u n ­

d a r y  c o n d i t i o n  on t h e  c r a c k  s u r f a c e s  c o n s i d e r e d  i n  

t h i s  d i s s e r t a t i o n  i s  h o p e l e s s .  The r e a s o n  f o r  

t h i s  i s  due  t o  t h e  n a t u r e  o f  t h e  f u n c t i o n s  s t a t e d  

a b o v e .  T h e r e f o r e  a  m ore g e n e r a l  a n d  s t r a i g h t  f o r ­

w ard  p r o c e d u r e  d i s c u s s e d  by  E rd o g a n  a n d  B a h a r  [ l l ]  , 

w h ic h  i s  t h e  g e n e r a l i z a t i o n  o f  t h e  m e th o d  d e v e lo p e d  

by  T r a n t e r  [ 2 4 ] ,  i s  e m p lo y e d .  T h i s  m e th o d  w h ic h  i s  

b a s e d  on t h e  p r o p e r t i e s  o f  some d e f i n i t e  i n t e g r a l s  

o f  W e b e r - S o n i n e - S c h a f h e i t l i n  t y p e  i n v o l v i n g  B e s s e l  

f u n c t i o n s  r e d u c e s  t h e  p ro b le m  t o  a n  i n f i n i t e  s e t  

o f  l i n e a r  a l g e b r a i c  e q u a t i o n s .  I t s  s o l u t i o n  c an  be 

o b t a i n e d  by  c u t t i n g  o f f  t h e  c o m p u t a t i o n  o f  t h e  

i n f i n i t e  num ber o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  a f t e r  

n  e q u a t i o n s  f o r  l a r g e  n .  I t  s h o u l d  be  n o t e d  t h a t  

i t  i s  v e r y  d i f f i c u l t  t o  i n v e s t i g a t e  t h e  r e g u l a r i t y  

o f  t h i s  s y s te m  o f  e q u a t i o n s  b u t  n u m e r i c a l  e x p e r i ­

m e n ts  show t h a t  t h e  a p p r o x i m a t e  s o l u t i o n s  o b t a i n e d  

by  c o n s i d e r i n g  o n l y  t h e  f i r s t  few  t e r m s  ( e . g .  6 t e r m s )



e x h i b i t  good  b e h a v i o u r .  To t h i s  e n d ,  i t  s h o u l d  be 

p o i n t e d  o u t  t h a t  t h e  p r o c e d u r e  d e v e lo p e d  i n  t h i s  

d i s s e r t a t i o n  c a n  be  e q u a l l y  w e l l  a p p l i e d  t o  v a r i o u s  

o t h e r  p r o b le m s  h a v i n g  d i f f e r e n t  k i n d  o f  b o u n d a ry  

c o n d i t i o n s .

The r e s u l t s  o b t a i n e d  i n  t h i s  s t u d y  p l a y  a  

k e y  r o l e  i n  t h e  m e th o d s  o f  L i n e a r  E l a s t i c  F r a c t u r e  

M e c h a n ic s  (LEFM) w i t h  r e g a r d  to  f r a c t u r e  i n i t i a t i o n  

a n d  p r o p a g a t i o n  i n  s t r u c t u r a l  c o m p o n e n ts .  T h ese  

m e th o d s  h a v e  b e e n  d e m o n s t r a t e d  t o  be  a d e q u a t e  a n d  

h a v e  b e e n  v e r i f i e d  b y  v a r i o u s  e x p e r i m e n t s  a n d  h a v e  

a  w id e  r a n g e  o f  p r a c t i c a l  a p p l i c a t i o n s .  The know­

l e d g e  o f  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  n e i g h b o u r ­

hood  o f  a  c r a c k  t i p  i n  a  s t r u c t u r e  s u b j e c t e d  t o  

t e m p e r a t u r e  t h a t  v a r i e s  p e r i o d i c a l l y  w i t h  t i m e ,  t o  

f l u c t u a t i n g  l o a d s ,  t h e r m a l  s h o c k  a n d / o r  im p a c t  

l o a d i n g s  i s  i m p e r a t i v e  f o r  a  s a f e  p r e d i c t i o n  o f  

t h e  s t r e n g t h  o f ,  e s p e c i a l l y ,  m o dern  s t r u c t u r e s .

I t  i s  known t h a t  t h e  s t r e s s - i n t e n s i t y  f a c t o r  i s  

a  p r im e  p a r a m e t e r  c h a r a c t e r i z i n g  c r a c k  p r o p a g a t i o n .  

H a v in g  p e r f o r m e d  t h e  a p p r o p r i a t e  s t r e s s  a n a l y s i s  a n d  

o b t a i n e d  t h e  s t r e s s  i n t e n s i t y  f a c t o r  f o r  t h e  p ro b le m  

u n d e r  c o n s i d e r a t i o n ,  i t  i s  t h e n  p o s s i b l e  t o  e s t i m a t e
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t h e  maximum a l l o w a b l e  l o a d  a n d / o r  t h e r m a l  d i s t u r b a n c e s  

a  m a c h in e  o r  s t r u c t u r a l  com p o n en t c an  t o l e l a t e  f o r  a  

g i v e n  d e f e c t  s i z e  o r  t h e  maximum d e f e c t  s i z e  t h a t  i s  

p e r m i t t e d  t o  e x i s t  i n  a  g i v e n  m a t e r i a l .
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CHAPTER 2

S t a t e m e n t  o f  t h e  P r o b le m s  a n d  B a s i c  E q u a t i o n s

I n  t h i s  d i s s e r t a t i o n ,  i t  i s  i n t e n d e d  t o  s t u d y ,  

w i t h i n  t h e  f ra m e w o rk  o f  t h e  l i n e a r  c o u p le d  t h e r m o e l a s ­

t i c  t h e o r y ,  t h e  n a t u r e  o f  t h e  p r o p a g a t i o n  o f  t h e r m a l  

a n d  e l a s t i c  w aves i n  a n  i n f i n i t e ,  h o m o g e n e o u s ,  i s o t r o ­

p i c  e l a s t i c  s o l i d  c o n t a i n i n g  a  f i n i t e  c r a c k .  I n  p a r t i ­

c u l a r ,  a t t e n t i o n  i s  f o c u s e d  on t h e  d i s t r i b u t i o n  o f  t h e  

s i n g u l a r  s t r e s s  f i e l d  i n  t h e  v i c i n i t y  o f  t h e  c r a c k  t i p s  

a n d  t o  w h a t  d e g r e e  i t  i s  i n f l u e n c e d  b y  t h e  f r e q u e n c i e s  

o f  t h e  i n p u t  w a v e s ,  i n e r t i a  e f f e c t s  a n d  t h e  m u tu a l  

d e p e n d e n c e  o f  t e m p e r a t u r e  an d  d i s p l a c e m e n t  f i e l d s  i n h e ­

r e n t  i n  t h e  t h e o r y  o f  c o u p le d  t h e r m o e l a s t i c i t y .  I t  i s  

a s su m e d  t h a t  t h e  t e m p e r a t u r e  h a s  no  e f f e c t s  up on  t h e r ­

m o e l a s t i c  c o n s t a n t s  a n d ,  f u r t h e r m o r e ,  t h e  t e m p e r a t u r e  

c h a n g e s  a n d  d e f o r m a t i o n s  a r e  s m a l l  r e l a t i v e  t o  t h e  

d im e n s io n  o f  t h e  b o d y .  I n  v ie w  o f  t h i s ,  a n d  a s s u m in g  

t h e r e  a r e  no  h e a t  s o u r c e s  a n d  b o d y  f o r c e s  i n  t h e  m edium , 

t h e  g o v e r n i n g  e q u a t i o n s  a r e  [ 5 ]

( 2 . 1 a )

2
0 ( 2 . 1 b )
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E q s . ( 2 . 1 a )  a n d  ( 2 . 1 b )  r e l a t e  t h e  d i s p l a c e m e n t  

v e c t o r  I? = Ui+V;f a n d  t h e  ( s m a l l )  d e v i a t i o n  T-Tq f ro m  

t h e  e q u i l i b r i u m  t e m p e r a t u r e  ( a b s o l u t e ) ,  Tq , f o r  w h ic h  

t h e  m a t e r i a l  i s  s t r e s s - f r e e .  M o re o v e r ,  e '  i s  t h e  d i l a ­

t a t i o n ,  t f i s  t h e  u s u a l  t im e  v a r i a b l e  a n d  t h e  c o n s t a n t s  

k ,  a n d  cE d e n o t e ,  r e s p e c t i v e l y ,  t h e  t h e r m a l  c o n d u c t i ­

v i t y ,  t h e  d e n s i t y  a n d  t h e  s p e c i f i c  h e a t  a t  c o n s t a n t  

s t r a i n  o f  t h e  m a t e r i a l .  The c o n s t a n t  s t a n d s  f o r

tf = ( 3 U 2 ^ t  ( 2 . 2 )

w h e re  a n d  a r e  L a m e 's  e l a s t i c  c o n s t a n t s  a n d  ot^ i s  

t h e  c o e f f i c i e n t  o f  l i n e a r  t h e r m a l  e x p a n s i o n .

F o r  p l a n e  s t r a i n  p r o b le m ,  t h e  s t r a i n - d i s -  

p l a c e m e n t  r e l a t i o n s  a r e

6  , = d Ux '  —
9x»

£ v , = i l  ( 2 . 3 )
d r

eXt y .  = K  9 u  + ) .
2 3y* 3 x '

W h ile  t h e  s t r e s s - s t r a i n  r e l a t i o n s  a r e
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(lx , = 2 f ^ x , + V e '  -  tf(T -T Q)

(I y'
=  2 p - £ y ,  +  X e '  -  t f ( T - T q ) ( 2 . 4 )

^ x ’ y 1* ^ y ' x 1 “  ^fA' ^ x ' y l

w h ere  £ x , ,  a n d  £ x i y i a r e  t h e  s t r a i n  c o m p o n e n ts

a n d  (T , ,  (T , a n d  t  , , a r e  t h e  s t r e s s  c o m p o n e n ts .x  y x  y
I n  a d d i t i o n ,  a p p r o p r i a t e  b o u n d a ry  c o n d i t i o n s  and  

r e g u l a r i t y  r e q u i r e m e n t s  m u s t  he s a t i s f i e d .

Two c l a s s e s  o f  p ro b le m s  o f  p a r t i c u l a r  i n t e r ­

e s t  a r e  c o n s i d e r e d  s e p a r a t e l y .  One i s  c o n c e r n e d  w i t h  

t h e  e f f e c t  o f  t h e r m o e l a s t i c  w aves ( t h e r m a l  a n d / o r  

m e c h a n i c a l  w a v es )  im p i n g i n g  on  a  s t a t i o n a r y  c r a c k  o f  

f i n i t e  l e n g t h  a n d  t h e  o t h e r  one d e a l s  w i t h  t h e  s u d d e n  

a p p l i c a t i o n  o f  t h e r m a l  d i s t u r b a n c e s  a n d / o r  u n i f o r m  

n o r m a l  s t r e s s  on  t h e  c r a c k  s u r f a c e s  ( t r a n s i e n t  p r o b l e m ) .  

The g e o m e tr y  o f  t h e  p r o b le m s  i s  shown i n  P i g .  1 w i t h  

t h e  c e n t e r  o f  c r a c k  c o i n c i d i n g  w i t h  t h e  o r i g i n  o f  t h e  

c o o d i n a t e s .  F o r  t h e  f o r m e r  p r o b l e m s ,  t h e  e f f e c t  o f  

a  t h e r m a l  wave ( a c c o m p a n ie d  by  a n  a s s o c i a t e d  m e c h a n i c a l  

w ave) i m p i n g i n g  on  t h e  c r a c k  s u r f a c e s  i s  s t u d i e d  i n  

d e t a i l s  w h i l e  f o r  t h e  l a t t e r  p r o b le m s  t h e  f o l l o w i n g
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c a s e s  a r e  c o n s i d e r e d  t o  i l l u s t r a t e  t h e  p r o c e d u r e :

1 .  S udd en  a p p l i c a t i o n  o f  u n i f o r m  n o rm a l  s t r e s s  on  i n s u ­

l a t e d  c r a c k  s u r f a c e s .

2 .  Sudd en  v a r i a t i o n  o f  t h e r m a l  f l u x  on  c r a c k  s u r f a c e s

3 .  S u dden  v a r i a t i o n  o f  r a d i a t i o n  t h e r m a l  c o n d i t i o n s  on 

c r a c k  s u r f a c e s .

I n  e a c h  c a s e  a t t e n t i o n  i s  f o c u s e d  on  f i n d i n g  t h e  s t r e s s  

f i e l d  i n  t h e  v i c i n i t y  o f  t h e  c r a c k  t i p s  a n d  t h e  r e l e v a n t  

r e s u l t s ,  f ro m  t h e  p r a c t i c a l  v ie w  p o i n t ,  a r e  p o i n t e d  o u t .
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y'

F i g u r e  1 

G e o m e try  o f  a  F i n i t e  C ra c k

j



CHAPTER 3

D i f f r a c t i o n  o f  T h e r m o e l a s t i c  Waves A round  C ra c k

3 .1  P l a n e  H arm on ic  T h e r m o e l a s t i c  Waves

I n  t h i s  c h a p t e r ,  t h e  e x p r e s s i o n  o f  th e rm o ­

e l a s t i c  w aves  a r e  d e r i v e d  f i r s t  a n d  s u b s e q u e n t l y  u s e d  

t o  g e n e r a t e  t h e  s t r e s s e s  o b t a i n e d  f ro m  d i f f r a c t i o n  o f  

s u c h  w aves a r o u n d  c r a c k s  o f  f i n i t e  l e n g t h  em bedded i n  

s t r u c t u r a l  c o m p o n e n ts .  P o r  t h i s  p u r p o s e  i t  i s  f o u n d  

c o n v e n i e n t  t o  i n t r o d u c e  t h e  f o l l o w i n g  d i m e n s i o n l e s s  

q u a n t i t i e s :

w* =    ( c h a r a c t e r i s t i c  f r e q u e n c y )
K
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M o r e o v e r ,  i n t r o d u c i n g  t h e  d i m e n s i o n l e s s  

a b b r e v i a t i o n s

F 2 = ^  +2 1* =
r =1

b = 1 ^ 0  ( 3 . 2 )

g *
SCE

a n d  m a k in g  u s e  o f  E q s . ( 3 . l ) »  E q s .  ( 2 . 1 )  may be  w r i t t e n  

i n  t h e  c o n c i s e  fo rm :

^  3  + ( f  - 1 ) V e  -  t V  Q = f  ® u  ( 3 . 3 a )
9 t 2

2
^  e  -  -  g  _ £ e  = 0 ( 3 . 3 b )

9 t  9 1

w h e re  V  i s  t h e  d e l  o p e r a t o r ,  e i s  t h e  d i l a t a t i o n  i n  

d i m e n s i o n l e s s  u n i t s ,  c-j= / X+2f* i s  t h e  v e l o c i t y  o f  

l o n g i t u d i n a l  e l a s t i c  w aves  i n  a  medium w i t h  z e r o  c o e f ­

f i c i e n t  o f  e x p a n s i o n  ( i s o t h e r m a l  v e l o c i t y ) ,  c ? = /
V ?

i s  t h e  v e l o c i t y  o f  d i s t o r t i o n a l  w aves  a n d  ic = k__ i s
? C E

t h e  d i f f u s i t i v i t y  o f  t h e  m a t e r i a l .  J
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S i m i l a r l y  f o r  p l a n e - s t r a i n  p r o b le m ,  t h e  

s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  a r e

£x  = « u  
8 s

£ y  ‘  ^  ( 3 . 4 )
9 y

= 1 ( 3 u  + )x y  -r - —— —
d y  d x

a n d  t h e  s t r e s s - s t r a i n  r e l a t i o n s  becom e

✓ 2 
x  = 2 £ x  + ^  ” 2 ) e  "  109

, 2

y = 2 fcy + ~2 ) e  “ b e  ( 3 , 5 )

Lx y  = l yx  = 2 £ xy*

A c c o r d in g  t o  H e lm h o l tz  t h e o r e m ,  t h e  d i s p l a c e ­

m en t  v e c t o r  f i e l d  c a n  be  e x p r e s s e d  a s  t h e  sum o f  t h e  

g r a d i e n t  o f  a  s c a l a r  f i e l d  0 a n d  t h e  c u r l  o f  a  v e c t o r  

f i e l d  $  :

u  = 0 + c u r l  $  . ( 3 . 6 )

A p p ly in g  r e l a t i o n  ( 3 . 6 ) ,  E q s .  ( 3 . 3 )  a ssu m e  t h e  fo rm
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( 3 . 7 a )

2 2
V e - 2e -  g JJ.Y 0

'd t 9 t
o ( 3 . 7 b )

( 3 . 7 c )

E q s .  ( 3 . 7 )  show t h a t  t h e  c o m p r e s s i o n a l  wave

(P -w a v e )  a n d  t h e  t h e r m a l  wave a r e  c o u p le d  w h i l e  t h e  

s h e a r  wave ( s - w a v e )  i s  i n d e p e n d e n t  o f  t h e r m a l  s t r a i n ­

i n g .  T h i s  c r o s s - c o u p l i n g  v a n i s h e s  when t h e  c o e f f i c i e n t  

o f  t h e r m a l  e x p a n s i o n  ^ i s  z e r o  a n d  e q u a t i o n s  ( 3 . 7 a )  

a n d  ( 3 . 7 b )  t h e n  r e d u c e  r e s p e c t i v e l y  t o  t h e  wave e q u a ­

t i o n s  a n d  h e a t  c o n d u c t i o n  e q u a t i o n .

Some o f  t h e  s t r e s s - s t r a i n  r e l a t i o n s  become

r  2  2  -i 2 2
(f = 2 ^  + ( f  - 2 ) 7  0 -  b«

_3y2 3 y 9 x . ( 3 . 8 )

S e e k in g  s o l u t i o n s  o f  E q s .  ( 3 . 7 a , b )  o f  t h e

fo rm s
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n - i  Jo < (x co s£  + y s i n £  ) + A t }
0 = 0°  e 1 J ( 3 .9 a )

n - i  i ^ ( x c o s p  + y s i n £  ) + A t ]  .
e = e° e l i ( 3 . 9 b )

Upon s u b s t i t u t i n g  E q s .  ( 3 . 9 a , b )  i n t o  E q s .  ( 3 . 7 a , b ) ,  

one  c a n  r e a d i l y  shows t h a t

2 2 2
bQ° = p ( -a -  * ) 0 °  ( 3 . 1 0 a )

2 2 
igex £L0 °  = ( i A - «  ) e ° .  ( 3 . 1 0 b )

E l i m i n a t i o n  o f  0 ^ /Q ^  r e s u l t s  i n  t h e  c h a r a c t e r i s t i c  

e q u a t i o n
2 2 2 2 

(o< -  i l ) ( i l + i o (  ) + U h  = 0 .  ( 3 . 1 1 )

H e r e ,  2 = bg  i 3  t h e  c o u p l i n g  c o n s t a n t ,  f  i s  t h e
V* 0 0i n c i d e n t  a n g l e ,  0  a n d  6  a r e  c o n s t a n t  m a g n i t u d e s ,  

oi a n d  a r e  , i n  g e n e r a l ,  co m p lex  q u a n t i t i e s  s o  t h a t  

t h e  wave l e n g t h  i s  2 ^ /R e (  & ) a n d  t h e  p e r io d = 2 ' i r /R e (  &  ) .

I t  i s  u s u a l  t o  r e g a r d  e i t h e r  <* o r  -fl- a s  a  r e a l  c o n s ­

t a n t  so  t h a t  w aves  o f  a  g i v e n  w a v e l e n g t h  ( r e g a r d e d  

a s  a  c o n s t a n t )  o r  o f  a  s p e c i f i e d  f r e q u e n c y  &  may be  

s t u d i e d .  However  when oc a  c o n s t a n t ,



one  o f  t h e  s o l u t i o n s  a s s o c i a t e d  w i t h  t e m p e r a t u r e  © i s  

s t a n d i n g  w av e ,  t h e  wave p a t t e r n  d o e s  n o t  a d v a n c e ,  c a u s ­

i n g  no wave d i f f r a c t i o n  a t  t h e  c r a c k s  a n d ,  c o n s e q u e n t l y ,  

g i v i n g  no r i s e  t o  h i g h  s t r e s s  i n t e n s i f i c a t i o n  a r o u n d  

t h e  c r a c k  t i p s .  T h u s , o n l y  w aves  o f  a s s i g n e d  f r e q u e n c y  

S2 i s  c o n s i d e r e d .

A ssum ing  ^  i s  a  r e a l  c o n s t a n t  ( s p e c i f i e d  

f r e q u e n c y ) ,  E q .  ( 3 . 1 1 )  g i v e s  4 r o o t s  ±<*.j, w h e re

( 5 . 12 )

Upon p u t t i n g  = 0 i n  E q s .  ( 3 . 1 2 ) ,  i t  f o l l o w s  t h a t
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a n d  c o m p a r in g  w i t h  t h e  c o r r e s p o n d i n g  r e s u l t s  f ro m  

E q s .  ( 3 . 1 0 a , b ) ,  i t  i s  s e e n  t h a t  -  %  ̂ r e p r e s e n t  m o d i f i e d  

e l a s t i c  w aves  w h i l e  -  r e p r e s e n t  m o d i f i e d  t h e r m a l  

w a v e s .  I n t r o d u c i n g

OCi = % + i q 3 , 3*1*2 ( 3 . 1 3 )
J 3

w h e re  v . , q .  a n d  Cl a r e  t h e  p h a s e  v e l o c i t i e s ,  t h e  
«J J

a t t e n u a t i o n  c o e f f i c i e n t s  a n d  f r e q u e n c y  i n  d i m e r . s i o n l e s s  

u n i t s  r e s p e c t i v e l y  w h i c h  i n  c o n v e n t i o n a l  u n i t s  t a k e  t h e  

fo rm

c„ v .
1 0

*
w
c i

Cl =

( 3 . 1 4 )

( 3 . 1 5 )

( 3 . 1 6 )

T h en ,  t h e  p l a n e  wave s o l u t i o n  o f  t h e  t h e r m o e l a s t i c  

e q u a t i o n s  ( 3 . 7 a , b )  c a n  be e x p r e s s e d  a s
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. n q 1 ( x c o s ; ? + y s i n f ) - i a r t - » 4 ( x c o s p + y s i n f ) {  
[ 0 , © ]  -  { 0 ? , S ? ) e  1 ' L V1 M

f o o i  q2 x̂ c o s ^+ y s i n ^ " i a [t + v ^ c o s f + y s i n ^ ]  
+ <02*^2 \ e ^

^00 ^ 0 |  ( x c o s f +y s i n f ) “ i a [ t^ (x c o s j» + y s in f )^

| ^ o  e o |  - q 2 ( x c o s f +y s i n f ) ’ i a  [ t ~ ( x c o s f + y s i n j » )  ]

( 3 . 1 7 )

I n  E q s .  ( 3 . 1 7 ) *  t h e  w aves  a s s o c i a t e d  w i t h
1 — 1 

t h e  e x p o n e n t s  t + ^  ( x c o s p + y s i n p )  a n d  t - — (xcosf»+ysin<5)
d 3

a r e  t h e  i n c o m i n g  a n d  o u t g o i n g  w a v e s ,  r e s p e c t i v e l y .

C o n s i d e r i n g  o n l y  t h e  i n c o m i n g  w aves  a n d  

m a k in g  u s e  o f  E q s .  ( 3 . 1 0 ) ,  E q s .  ( 3 . 1 7 )  become

0  q 1 ( x c o s t f + y s i n p ) - i  \ t+ ~  ( x c o s f r + y s i n  j£) I +
0 = 0 e ‘ 1 1

9  =  ©2 e

0  q 2 ( x c o s j £ + y s i n f ) - i - ^  t + i  ( x c o s ^ + y s i n ^ ) J  

q q 2 ( x c o s ^ + y s i n ^ ) - i ^ i  t + ^  ( x c o s ^ + y s i n ^ ) ] +

Cl 0 0  q-| ( x c o s ^ + y s i n ( £ ) - i i i  j t + ^  ( x c o s ^ + y s i n p  j

( 3 .1 8 )
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E q s .  ( 3 . 1 8 ) ,  b e i n g  known a s  i n c o m i n g  t h e r m o -  

e l a s t i c  w a v e s ,  c o n s i s t  o f  a n  e l a s t i c  wave a n d  a  t h e r ­

mal  w a v e .  N e i t h e r  c o m p o nen t  c a n  e x i s t  w i t h o u t  t h e  

o t h e r .  I n  g e n e r a l ,  t h e  e l a s t i c  wave c o n t a i n s  b o t h  

q u a s i - e l a s t i c  a n d  q u a s i - t h e r m a l  modes a s s o c i a t e d  r e s -

p e c t i v e l y  w i t h  t h e  e x p o n e n t s  t + ^ ( x c o s p + y s i n p )  a n d  
. 1 

t + ^ ( x c o s p + y s i n p ) . S i m i l a r l y ,  b o t h  modes a r e  r e p r e ­

s e n t e d  i n  t h e  t h e r m a l  w av e .  The p r e s e n c e  o f  t h e  mode 

o f  o p p o s i t e  t y p e  i n  e a c h  c o n s t i t u e n t  o f  t h e  t h e r m o ­

e l a s t i c  w aves  r e p r e s e n t  a  c o u p l i n g  o f  e l a s t i c  a n d  

t h e r m a l  e f f e c t s ,  t h e  s t r e n g t h  o f  w h i c h  d e p e n d s  u po n  

t h e  f r e q u e n c y  s i  a n d  t h e  c o u p l i n g  c o n s t a n t  £ . The 

q u a s i - e l a s t i c  m ode,  i n  c o n t r a d i s t i n c t i o n  t o  p u r e l y  

e l a s t i c  w a v e s ,  i s  s u b j e c t e d  t o  d am p in g  a n d  d i s p e r s i o n  

t h e  a t t e n u a t i o n  c o e f f i c i e n t  q 1 a n d  t h e  p h a s e  v e l o c i t y  

v.j b o t h  b e i n g  f u n c t i o n s  o f  s i  . B o th  t h e  p u r e l y  t h e r ­

m al  wave a n d  i t s  m o d i f i c a t i o n ,  t h e  q u a s i - t h e r m a l  mode 

a l s o  e x h i b i t  da m p in g  a n d  d i s p e r s i o n .

E x p l i c i t  f o r m u l a s  f o r  t h e  p h a s e  v e l o c i t i e s  

v - j , v 2 a n d  t h e  a t t e n u a t i o n  c o e f f i c i e n t s  q 1 , q 2 c a n  be 

d e r i v e d  d i r e c t l y  f r o m  E q s .  ( 3 . 1 2 ) ,  b u t  t h e  r e s u l t s  

a r e  m ore  i n f o r m a t i v e  when e x p r e s s e d  a s  s e r i e s  e x p a n ­

s i o n s  i n  e i t h e r  o f  t h e  p a r a m e t e r s  3 o r  s i  • I n
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m o s t  a p p l i c a t i o n s  o f  t h e  t h e o r y , t h e  c o u p l i n g  c o n s t a n t  

£  a n d  Si a r e  s m a l l  n u m b ers  c o m p a red  w i t h  u n i t y  a s  

shown i n  t a b l e  1 ,  c h a p t e r  6 .  T h e r e f o r e  e x p a n d i n g  

E q s .  ( 3 . 1 2 )  i n  T a y l o r  s e r i e s  o f  p o w e r s  o f  & a n d  s i  

a n d  m a k in g  u s e  o f  E q .  ( 3 . 1 3 ) *  t h e  f o l l o w i n g  f o r m u l a s  

f o r  v^ a n d  q.. a r e  o b t a i n e d  [  5 ]  .

E x p a n s i o n s  i n  p o w e r s  o f  £  g i v e s

( 3 . 2 1 )

q1 2(1+ si2) 4(1+

A 2 2 2 2 
t s i  t  S I  ( 5 - 3  S i  )

 , ------------------------------------------------------------W   / +

3 2 2 4 6 a
,̂ . ( 3 5 - 1 5 5  A  . 6 5  + . -  ± .J  + 0 (  £ 4 ) ( 3 . 22 )

16(1+  s i  )

4
+ 0( £ ) ( 3 . 2 3 )
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qe  - ,  + * .( 1= 4 1  
2 ( 1 +  - ^ )

2 2 3 4
t  ( 1- 6 -0 - - 1 2  <0- + 1 0 ^ - + 3 - ^  )

8 ( 1 + ^ ) 3

3 2 3 4 5 6 7
6. ( 1 - 1  5 ^ - 6 5  +135 -o- +155 -1 0 1  - 3 5 - ^  + 5 - ^ )

+ 0( t  ) ( 3 . 2 4 )

W hile  e x p a n s i o n s  i n  p o w e r s  o f  S i  y i e l d

r1 = s J
i -  ^  £ ( 4 - 3  fc) 

8 ( 1 +  £ ) *

^  a ( 6 4 - 3 0 4 ^ . 2 3 2  A - - r L £ . , I  + 0 ( ^ ) I ( 3 . 2 5 )
1 2 8 (1 +  &)

*1 =

v 0 =

/ u T

r2 S i  
1+ £

^  , .  ^ . . ^ f e 20 £ t 5 . f j .  + Q( J ) 
2 ( 1+ & )2 1 6 ( 1+ e )

( 3 . 2 6 )

1 -
£L t. SI 1 1 4 + 4 1  +

2 ( 1 +  £ ) 2 + 8 ( 1 +  E ) ^

3 2 4 2 3 x
-0- £ ( 8 - 2 0 ^ +  S ) _ -0- 6 ( 6 4 - 2 0 8  t - 8  £  +5 6 ) +

16(1+  E ) 5 1 2 8 (1 +  E ) S

( 3 .2 7 )
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3
+ 6 ( 8 - 1 2 l + t * )

16(1 + 6 ) 6

2
-  -a £ ‘ _ ^  (4- t  )

2(1+ fc )2 8 ( l + £ ) 4

+ n 4 t(64-240fc+120fc2-5fc3 ) + 0 ( n 5) — — — ^

( 3 . 2 8 )
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3 . 2  B o u n d a ry  C o n d i t i o n s  a n d  F o r m u l a t i o n s

When a  medium i s  s u b j e c t e d  t o  a n  e x t e r n a l  

t h e r m a l  a n d  m e c h a n i c a l  d i s t u r b a n c e s  a t  some p o i n t s ,  

a  f o r m  o f  wave i s  c r e a t e d  a n d  i t  p r o p a g a t e s  t h r o u g h  

t h e  medium. I n  u s i n g  c o u p l e d  t h e o r y  t h i s  wave w i l l  

c o n s i s t  o f  two t y p e s  o f  w a v e s ,  one  i s  e l a s t i c  wave 

t h e  o t h e r  one i s  t h e r m a l  w av e .  E a c h  wave c o n s i s t s  o f  

q u a s i - e l a s t i c  a n d  q u a s i - t h e r m a l  mode.  The c o u p l i n g  

b e tw e e n  t h e  two w aves  i s  c h a r a c t e r i z e d  by  t h e  f a c t o r s  

a n d  .0.0  w h i c h  d e p e n d  u p o n  t h e  c o u p l i n g  c o n s t a n t  £  

a n d  f r e q u e n c y  . B e c a u s e  o f  t h e  f a c t  t h a t  an d  

- ^ 0  a r e  c o m p le x ,  i t  i s  c l e a r  f r o m  E q .  ( 3 . 1 8 )  t h a t  

t h e  q u a s i - e l a s t i c  c o m p o n e n ts  o f  t h e  two c o n s t i t u e n t s  

o f  t h e r m o e l a s t i c  w aves  d i f f e r  i n  p h a s e  a n d  t h a t  t h e  

two q u a s i - t h e r m a l  modes a l s o  h a v e  t h i s  p r o p e r t y .

Thus i n  t h i s  c a s e  i t  i s  t o  be a s s u m e d  t h a t  t h e  i n p u t  

w aves  w i l l  be  o f  t h e  fo r m

( i )  ( i )  ( i )
© = 0 1 + 0 29 ( 3 . 2 9 )

( i )
0
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F i g u r e  2

A F i n i t e  C r a c k  S u b j e c t e d  t o  I n c i d e n t  Waves
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in  which

^ ( i )  q-j (xcos^ + ys in j5 )-i  A  t+^(xcos^+ysinp) *J

^ ( i )  ^  0 q 2 ( x c o s f + y s i n j 5 ) - i  A  j t ^ ( x c o s j £ + y s i n ^ ) j

9

0

( i )  ^  q1 ( x c o s j £ + y s in f ) - i^  Jt+^(xcosj£+ysin^)j

0 q2 (x co sjs+ y s in p )- i  jt+^(xcos^+ysinj>) j

2

( 3 . 3 0 )

How ever ,  i t  i s  more  i n f o r m a t i v e  t o  s t u d y  t h e  

e f f e c t s  o f  t h e  t h e r m a l  wave w i t h  a n  a c c o m p a n y in g  e l a s t i c  

wave ( 9 ° = c o n s t a n t ,  0°=O) a n d  t h e  e l a s t i c  wave w i t h  a n  

a c c o m p a n y in g  t h e r m a l  wave ( 0 ° = c o n s t a n t ,  0°=O) up o n  t h e  

s t a b i l i t y  o f  t h e  c r a c k  s e p a r a t e l y .  The s o l u t i o n  f o r  t h e  

i n c o m i n g  t h e r m o e l a s t i c  w av es  o f  t h e  f o r m s  E q s .  ( 3 . 2 9 ) ,  

t h e r e f o r e ,  may be  t a k e n  a s  t h e  l i n e a r  sum o f  t h e i r  

s o l u t i o n s  ( r e f e r  t o  F i g .  2 f o r  g e o m e t r i c a l  p a r a m e t e r s  

an d  d i r e c t i o n  o f  t h e  i n c i d e n t  w a v e s ) .

Some o f  t h e  c o r r e s p o n d i n g  s t r e s s  c o m p o n e n ts

a r e



39

<r = 2 ^ 0  + (&- —2)  V  0 -  be
5 7

( 3 . 3 1 )

f ( i )  = 2 9 2 e!( 1 )  .x y  — ~
0 x 3 y

The r e s u l t i n g  wave f i e l d s ,  0 ,  ^  a n d  © may 

be  t a k e n  a s  t h e  l i n e a r  sum o f  t h e  i n c i d e n t  wave f i e l d s

a n d  s c a t t e r e d  wave f i e l d s  a s  f o l l o w s :

*  oi( i )  J s )  0 =  0 + 0

( i )  ( s )
<f = ^  Y  ( 3 . 3 2 )

( i )  ( s )
© = © + ©

w h e re  t h e  s c a t t e r e d  wave f i e l d s  m u s t  s a t i s f y  t h e  

c o n d i t i o n s

U )  ( s )  ( s )  2 2 i
0 t L̂  t 0   > o a s  ( x  +y ) - co

a n d  be  g o v e r n e d  b y  t h e  f o l l o w i n g  e q u a t i o n s
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2 _2 ( s )
<> O  ( 3 . 3 3 a )

0 t 2

0 ( 3 . 3 3 b )

2  a 2 ,,(s )
?  ^  %  ( 3 . 3 3 c )

T t 2

a n d  s u b j e c t e d  t o  s p e c i f i e d  c o n d i t i o n s  on  t h e  c r a c k  

s u r f a c e s .  F o r  t r a c t i o n - f r e e  i n s u l a t e d  c r a c k  s u r f a c e s ,  

t h e  t o t a l  n o r m a l ,  s h e a r  s t r e s s  a n d  h e a t  f l u x  on  y=0

p l a n e  a n d  | x | < a  m u s t  v a n i s h ,  i . e . ,

fj ^ ( i )  ~ ( s )
u y ( x , 0 , t )  = ( x , 0 , t ) + (Ty ( x , 0 ,  t )  = 0 ,  jx |<  a

^ x y ( x * 0 , t )  = ^xy + Scy ( x »®»^) = 0 » l x K a

( i )  ( a )
9 e ( x , 0 , t )  = + 2 © ( x , 0 , t )  a  0 , | x | < a
3 y  'dy 3 y

( 3 . 3 4 )

2 2 ( s )  ( s )
f  v  0 -  b e

2 ( s )  ( s )  o r72 J s )V e -  3© -  g d y  0
'B t  3 t

2 ( s )

f r o m  w h i c h  t h e  b o u n d a r y  c o n d i t i o n s  o f  t h e  s c a t t e r e d  

wave p r o b l e m  may be  e s t a b l i s h e d .  F o r  c o n v e n i e n c e ,  

t h e  p r o b l e m  w i l l  be  d i v i d e d  i n t o  a  s y m m e t r i c  a n d  skew
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s y m m e t r i c  p a r t  b e i n g  e v e n  a n d  odd  i n  y  r e s p e c t i v e l y .  

The c o r r e s p o n d i n g  m i x e d - b o u n d a r y  c o n d i t i o n s  on  y=0 

p l a n e  a r e

S y m m e t r i c  P r o b l e m

? ( s )
x y 0 f o r a l l  x

y = - , ( i )y f o r |x |<  a

2® f o r I x |  < a ( 3 . 3 5 )
d y

( s )
V

2y
0 f o r lx |> a

3 9 (B) 0 f o r |x |  > a

e w -S y m m e t r ic  P r o b le m  

X s )
o = 0  y f o r a l l  x

t ( s )
x y

= - * ( i )  x y f o r |x|< a

09W
®

l
col 0 f o r |x |<  a ( 3 . 3 6 )

Qy
( s )

u 0 f o r |x |  >a

( s )
9 0 f o r | x | > a

The c o m p l e t e  s o l u t i o n  o f  t h e  o r i g i n a l  p r o b l e m  c a n  be 

o b t a i n e d  by  a d d i n g  t h e  s o l u t i o n s  f o u n d  f r o m  t h e
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c o n d i t i o n s  . ' (3 .35)  a n d  ( 3 . 3 6 ) .  F u r t h e r m o r e ,  e a c h  o f  t h e  

p r e v i o u s  p a r t s  c a n  he  s u b d i v i d e d  i n t o  s y s t e m s  e v en  

o r  odd i n  x .  I n  t h i s  d i s s e r t a t i o n ,  o n l y  t h e  s y m m e t r i c  

p r o b l e m  e v e n  i n  x  w i l l  be  s t u d i e d  i n  d e t a i l .

C o m b i n a t i o n  o f  E q s .  ( 3 . 3 3 a )  a n d  ( 3 . 3 3 b )
. ( g )

l e a d s  t o  e q u a t i o n  h a v i n g  o n l y  0 N '  a s  t h e  d e p e n d e n t  

v a r i a b l e .

■ 2 2 - i
V  -  d

d t 2J
v 2-  JL 

H .

( s )  ^  2 ( s )
0 -  V  0

n
= 0

( 3 . 3 7 )

I n  v i e w  o f  t h e  p r o b l e m  b e i n g  e v e n  i n  x  i t  i s
, ( a ) ( a )

s e e n  t h a t  '  an d  ©vo/  a r e  e v e n  f u n c t i o n s  i n  x  w h i l e  

i s  a n  odd  f u n c t i o n  i n  x .  Thus i t  i s  

a p p r o p r i a t e  t o  a p p l y  t h e  F o u r i e r  C o s i n e  t r a n s f o r m  

w i t h  r e s p e c t  t o  x  t o  E q .  ( 3 . 3 7 ) .  T h i s  c a n  be accom­

p l i s h e d  b y  s e t t i n g

( s )  - i f i - t
0  = f ( x , y )  e ( 3 . 3 8 )

S u b s t i t u t i o n  o f  E q .  ( 3 . 3 8 )  i n t o  E q .  ( 3 . 3 7 )  a n d  m a k in g  

u s e  o f  t h e  F o u r i e r  C o s i n e  t h e o r e m ,  n a m e ly
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00

f c ( s , y )  = ( f ( x , y ) c o s ( s x ) d x ,  0 < s  < <*>

00

f ( x , y )  a  2 f  f  ( s , y ) c o s ( s x ) d s ,  0  < x  < oo
T  J 

0

(3 .3 9 )

l e a d s  t o

4

4  f = +"T +

d y *

z  o
a  + i  Cl ( 1 + & )-2s

d y 2

j ^ s ^ - s 2 ^ ! !  + i - £ l ( i + s )  j  + i  x i  "j f  = 0 ( 3 . 4 0 )

F o r  s o l u t i o n s  t o  be  b o u n d e d  a t  t h e  r e m o t e  d i s t a n c e s ,

Eq .  ( 3 . 4 0 )  a d m i t s  t h e  fo rm

( 3 . 4 1 )
f c ( s , y )  ~  e

- ( s 2-  | 2 ) ^ y

S u b s t i t u t i o n  o f  E q .  ( 3 . 4 1 )  i n t o  E q .  ( 3 . 4 0 )  y i e l d s  t h e  

c h a r a c t e r i s t i c  e q u a t i o n

4 r 2 , n 2 5§ - La +ixzd+&) J | + in  = o ( 3 . 4 2 )

w h ic h  i s  i d e n t i c a l  w i t h  E q .  ( 3 . 1 1 ) .  E q .  ( 3 * 4 2 )  h a s
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f o u r  r o o t s  a n d  - 5g w^ e r e

2
£ = m . + i n i , 3= 1 , 2  ( 3 . 4 3 )

j  0 3

i n  w h ic h

a n d

2
® - 5  -  3 * 1 , 2  ( 3 . 4 4 )

n 5 = 5 = 1 . 2 .  ( 3 . 4 5 )
5

L e t t i n g

1

V]3 S ^ 3 ^  “  ^s 2 ~ ^ , 3*1 >2 ( 3 . 4 6 )

a n d  m a k in g  u s e  o f  E q s .  ( 3 . 3 8 )  a n d  ( 3 . 3 9 ) ,  t h e  s o l u t i o n  

i s  o b t a i n e d

00
( s )  r  r  -n-iy “ Hoy 'i - i f t t

0 = 2  f ( A . , ( s ) e  ' + ( s ) e  |  c o s ( s x ) e  d s .

0
( 3 . 4 7 )

( s )
The s o l u t i o n  6  may be o b t a i n e d  b y  s u b s t i t u t i n g  

E q .  ( 3 . 4 7 )  i n t o  E q .  ( 3 . 3 3 a ) .  Thus
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Da
( s )  2 r  f  2 2 - n 1y

e  = 2_ L  f < *  -  S ) A , ( B ) .  11 ♦I t  J 1 1
0

2 2 “ 'Ipy 1 - i A t
+ ( -  § ^ ( s j e  > c o s ( s x ) e  d s

( 3 . 4 8 )

A p p l i c a t i o n  o f  t h e  F o u r i e r  S i n e  t r a n s f o r m  t h e o r e m ,  

n a m e ly

Oo

f s ( s , y )  * j " f ( x , y ) s i n ( s x ) d x ,  0 < s < < »

° ( 3 - 49)  

f ( x , y )  * 2 ^ f g ( s , y ) s i n ( s x ) d s ,  0 < x < » °

t o  E q .  ( 3 . 3 3 c )  l e a d s  t o

s )  / °  -* w y  - i ^ - t
= 2 I C . j ( s ) e  ' 5 s i n ( s x ) e  d s  ( 3 . 5 0 )

T  J 0

w h e re

V) = ( s 2 -  p 2 ) *  ( 3 . 5 1 )
' 3 3

2 2 2
j: = = -Ti. p  a n d  n ^  = 0 ( 5 . 5 2 )
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I t  s h o u l d  be  n o t e d  t h a t  i n  e v a l u a t i n g  t h e
o p

q u a n t i t i e s  ( s  -  p )* t h e  r o o t  w i t h  p o s i t i v e  r e a l  

p a r t  m u s t  be t a k e n  i n  e a c h  c a s e  t o  e n s u r e  b o u n d e d n e s s  

a t  t h e  r e m o t e  d i s t a n c e s  f r o m  t h e  o r i g i n .

U t i l i z i n g  t h e  t h e o r y  o f  c o m p le x  v a r i a b l e s ,
2 ? it h e  q u a n t i t i e s  ( s  -  jr )*  may b e  w r i t t e n  a s

n)J “  ( ®2'  | 2 ) 4  = R3+ i I j  ’ 3 = 1 , 2 *3 ( 3 . 5 3 )

w h e re

/  2 n 2 2
( s  +n.j

/  2 \ 2  2 
( s  " “ j /  +*L-j

c o s  9 P 3 ^ 2 k j T  
2

s i n  9 p.i+ 2 k . i" 
2

( 3 . 5 4 )

i n  w h i c h  t h e  a r g u m e n t

o N< ep;| < 2T

a n d  k^ = 0 o r  1 w h i c h e v e r  g i v e s  t h e  v a l u e  o f  > 0 .
2

When n.,=0 a n d  s  - m .  < 0 ,  R^ b e co m es  z e r o  a n d  
3 3 3

< s2 - r 2 ) *  = 
s 3

- i C m ^ - s 2 ) ^ ,  3 = 1 , 2 , 3



w h e re  t h e  b r a n c h  c u t s  o f  t h e  f u n c t i o n  h a v e  b e e n  

d i s c u s s e d  i n  [19]  •



3 . 3  T h e rm a l  Wave w i t h  A ccom p an y in g  E l a s t i c  Wave

I m p i n g i n g  o n  C r a c k

I n  t h i s  c a s e  t h e  i n p u t  w aves  a r e  a s su m e d  

t o  he  i n  t h e  f o r m s

( i )  q  q2 ( x c o s ^ + y s i n ^ ) - i i i -  
0  ~ 0 e

t + ^ ( x c o s2

^ ( i )  ^  0 q2 ( x c o s ^ + y s i n ^ ) - i A  t + ^ ( x c o s j 5 + y s i n ^ ) j

( i )
Y = 0

( 3 . 5 5 )

.( Q ) { S  ̂
The a s s o c i a t e d  s c a t t e r e d  wave s o l u t i o n s  9 $ 0

is )a n d  ^ vo /  a r e  a s  f o l l o w s :  

00

( s )  ( r . . - ' V
0 2

IT
A ^ C s J e  ' '  + B1 1 ( s ) e - ^ 2y - i ^ - 1  

c o s ( s x ) e  d s

( s )  2
9 = 2 (»

fa

TT h

2 2 - V-  § )A1 1 ( s ) e  +

, 2 2 -*)py
+ ( A  -  |  ) B1 1 ( s ) e

- i . n t  
c o s ( s x ) e  d s
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Do
( s )  /  - ^ y  - i ^ > t

Y ® £  \ C-|<](s)e s i n ( s x ) e  d s

( 3 .5 6  )

w h e re  ^ j_ ( i = 1 , 2 , 3 )  a r e  g i v e n  "by E q .  ( 3 . 5 3 )

A p p l y i n g  t h e  "boundary c o n d i t i o n s  E q s .  ( 3 . 3 5 )  

t o  t h e  a p p r o p r i a t e  e x p r e s s i o n s  o f  d i s p l a c e m e n t ,  s t r e s s  

a n d  t e m p e r a t u r e  o b t a i n e d  f r o m  p u t t i n g  E q s .  ( 3 . 5 6 )  i n t o  

E q s .  ( 3 . 6 )  a n d  ( 3 . 8 ) ,  t h e  r e s u l t s  may be w r i t t e n  a s :

Do

i i  ( s ) Ai 1 ( s ) + f  12 ( s ) Bi 1 ( s )

o°
r n *h c

f 2 1 ( s ) A i 1 ( s ) + f 2 2 ( s ) B i 1 ( s )  c o s ( s x ) d s  = - — ,
L 2 p

C 0 s ( s x ) d s  ss -  TL (T ,
2

0 < x  < a  ( 3 . 57a)  
t

T b ' t

0O

DO

0 < x  < a ( 3 . 5 7 b )

c o s ( s x ) d s = o,

x  )  a ( 3 . 5 7 c )

c o s ( s x ) d s = o,

x  > 0 ( 3 . 57d)

X t
w h e re f i j »  g i j  ( A*3*1 *2 )» 0 a n d  Z  a r e  a b b r e v i a t i o n s



50

g i v e n  i n  A p p e n d ix  C.

A p p l i c a t i o n  o f  I n v e r s i o n  o f  C o s i n e  T r a n s f o r m  

t h e o r e m  t o  E q s .  ( 3 . 5 7 b )  a n d  ( 3 . 5 7 d )  y i e l d s

CL 

(  ^f 2 1 ( s ) A 1 l ( s ) + f 2 2 ( s ) B 1 1 ( s )  = b 'K c o s ( s x ) d s ,
p j
1 0 0 < x < o o  ( 3 . 5 8 )

Now l e t

W-j ( s )  a  g 1 1 ( s ) A 1 1 ( s ) + g 1 2 ( s ) B 1 1 ( s )  ( 3 . 5 9 )

a n d  s o l v e  f o r  A1 1 ( s )  a n d  B ^ t s ) .  Thus

o-
An ( s )  = 1 j  g 1 9 ( s )  b ( % c o s ( s x ) d x  -  f PP( s ) W 1( s )

Ai ( s )  (  ^
<50

Bn ( s )  = 1 j - g - ^ s )  b ( t c o s ( s x ) d x  + f p i  (s)W - ( s )
A 1 ( s )  \  f 2

w h e re  A ^ s )  i s  g i v e n  i n  A p p e n d ix  C.

S u b s t i t u t i o n  o f  A ^ f s )  a n d  B - j ^ s )  f r o m  

E q s .  ( 3 . 6 0 )  i n t o  E q .  ( 3 . 5 7 a )  a n d  W ^ s )  f r o m  E q .  ( 3 . 5 9 )  

i n t o  E q .  ( 3 . 5 7 c )  l e a d s  t o  a  p a i r  o f  d u a l  i n t e g r a l  

e q u a t i o n s
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0°

jrs E ( s ) W 1 ( s ) c o s ( s x ) d s  » Z ( x ) ,  0 < x  (  a

o

Oo
^ W1 ( s ) c o s ( s x ) d s  = 0 , x > a

o

i n  w h i c h  E ( s )  a n d  Z ( x )  a r e  d e f i n e d  a s

an d

2

( 3 .6 1 )

2
s E ( s )  = —  2----------  j  ■f 11f 22+ f 12f 2 l ]  ( 3 . 6 2 )

< f 2- l ) A . , ( s )  L J

b f  f  c o s ( s x ) d x . c o s ( s x ) d s  -  ^ f  O' ( 3 . 6 3 )
j*2 J 2(^-1)

The s o l u t i o n  o f  t h e  d u a l  i n t e g r a l  e q u a t i o n s  

( 3 . 6 1 )  i s  ( f o r  d e t a i l ,  s e e  A p p e n d ix  A)

i

W<|(s) = -'TC'f Q °a 2 f ^ Y ( y) ) J o ^ s a ‘l ) d 1 ( 3 . 6 4 )
2 ( p - l )  J
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w h e re  J q i s  t h e  z e r o  o r d e r  B e s s e l  f u n c t i o n  o f  t h e  

f i r s t  k i n d .  The unknown ) i s  g o v e r n e d  b y  a

s t a n d a r d  E r e d h o l m  i n t e g r a l  e q u a t i o n  o f  t h e  s e c o n d  k i n d

0
2 1

4( (» - 1 ) > A ) r  Z( a x ) d x  , 0 < ^ 1  ( 3 . 6 5 )

H 2ft2e °  J ( ^  2- x 2 )*  .

w h e re  L i s  t h e  s y m m e t r i c  k e r n e l

do

L( 'W '))  = ( j" s  E ( s / a ) + 1  J 0 ( s i : ) J 0 ( s ^ ) d s f ( 3 . 6 6 )

°  0  < vj 4  1

0 < Z  4  1
- 2

i n  w h i c h  E ( s / a ) + 1  = 0 ( s  ) a s  s — .
p p

B e c a u s e  o f  *0^ = ( s  " §  ) ( i = 1 » 2 )  b e i n g  c o m p le x ,  

Y  ( ^ ) t  L ( <C , ^ ) ,  E ( s / a )  a n d  Z ( a x )  i n  E q .  ( 3 . 6 5 )  a r e ,  

t h e r e f o r e ,  c o m p le x  f u n c t i o n s .  S e p a r a t i n g  t h e s e  f u n c ­

t i o n s  i n t o  t h e i r  r e a l  a n d  i m a g i n a r y  p a r t s  i n  a c c o r d a n c e  

w i t h

Y h  ) “  +

E ( s / a )  = E . j ( s / a )  + i E 2 ( s / a )
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+ A b ^ T , ^ )

Z ( a x )  « Z ^ a x )  + i Z 2 ( a x )

t h e  f o l l o w i n g  s y s t e m  o f  c o u p l e d  F r e d h o l m  i n t e g r a l  

e q u a t i o n s  a r e  o b t a i n e d :

i i

■ ? , (► ))  -  f ^ C  T + v i ^  ) I 2 ( t , v )) d t
J

_ 4(  ^  - 1 ) vA) f  Z1 ( a x ) d x
- , 2 . 2  n 2 2~i

P © J  ( *) - x  )
I

^ 2 (  >' "  f  Y l (  r  -  j "  Y 2 (  *  ) L 1( X , ^ ) d t
d> °

2 / \
_ 4 (  p> -1)7*0 ( Z2 ( a x ) d x

“ T T 7 T  \  ------2— 2“ **
^  ? ©  0J ( 1 - x  )*

( 3 . 6 7 )

H e r e ,  t h e  f u n c t i o n  a n d  Z2 a r e  g i v e n  i n  A p p e n d ix  C, 

The k e r n e l s  L ^ ( ^ , y )  ( j = 1 , 2 )  a r e  g i v e n  by

00

= (^*7) ^  j " s  E 1 ( s / a + 1 ) J  J 0 ( s i : ) J 0 ( s ^ ) d s  ( 3 . 6 8 )
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L2 ( t , i ' | )  = (^*7 ) ^  f s E 2 ( s / a ) J 0 ( s x ) J 0 ( s ^ ) d s  ( 3 . 6 9 )

0

i n  w h i c h  E ^ C s / a )  a n d  E2 ( s / a )  a r e  g i v e n  i n  A p p e n d ix  C 

a n d  J q s t a n d s  f o r  t h e  u s u a l  B e s s e l  f u n c t i o n  o f  t h e  

f i r s t  k i n d  o f  o r d e r  z e r o .

The k e r n e l  L 1 g i v e n  by  E q .  ( 3 . 6 8 )  may be 

r e p l a c e d  by

w here  C a n d  n  a r e  g i v e n  i n  A p p e n d ix  C, I q a n d  Eq a r e  

t h e  u s u a l  m o d i f i e d  B e s s e l  f u n c t i o n  o f  t h e  f i r s t  a n d  

s e c o n d  k i n d  o f  o r d e r  z e r o  r e s p e c t i v e l y .

c o n v e r g e s  f a s t e r  t h a n  E q .  ( 3 . 6 8 )  a s  c a n  be  o b s e r v e d  

f r o m

l 1 ('t »l7) = ( t l7)^Ca2I 0 ( a t ^ ) K 0 ( a ^ )  +

3 Fe^ ( s / a ) + 1 -

0

The a l t e r n a t e  k e r n e l  g i v e n  by  E q .  ( 3 . 7 0 )

E . ( s )  + 1 -  C 
1
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T h u s ,  i t  p o s e s  no d i f f i c u l t i e s  i n  n u m e r i c a l  w o r k s .

I n  v i e w  o f  t h e  k e r n e l s  ( i = 1 , 2 )  a n d  f o r c i n g  

t e r m s  ( r i g h t  h a n d  s i d e  t e r m s )  i n  E q s .  ( 3 . 6 7 )  b e i n g  

c o m p l i c a t e d ,  t h e  s y s t e m  o f  c o u p l e d  P r e d h o l m  e q u a t i o n s  

m u s t  b e  s o l v e d  n u m e r i c a l l y ,  t h e  d e t a i l  o f  w h ic h  i s  

d i s c u s s e d  i n  c h a p t e r  5 .  I t  s h o u l d  a l s o  be  n o t e d  t h a t  

t h e  f o r c i n g  t e r m s  c o n t a i n  s i n g u l a r i t i e s  a t  x= .

Thus c e r t a i n  t e c h n i q u e  m u s t  be  d e v e l o p e d  b e f o r e  e v a l u a ­

t i n g  t h e s e  f u n c t i o n s  n u m e r i c a l l y .  T h i s  t e c h n i q u e  w i l l  

be  d i s c u s e d  i n  d e t a i l  i n  A p p e n d ix  P .

S t r e s s - I n t e n s i t y  P a c t o r :

I n  f r a c t u r e  m e c h a n i c s ,  much o f  t h e  i n t e r e s t  

i s  c e n t e r e d  on  t h e  n e a r - f i e l d  s o l u t i o n ,  i n  p a r t i c u l a r ,  

t h e  s t r e s s - i n t e n s i t y  f a c t o r ,  a  p a r a m e t e r  c h a r a c t e r i z i n g  

t h e  s t a b i l i t y  o f  c r a c k  p r o p a g a t i o n .  To f i n d  t h e  s t r e s s

i n t e n s i t y  f a c t o r  f o r  s y m m e t r i c  p r o b l e m  w i t h  s y s t e m
0

b e i n g  e v e n  i n  x  o n l y  p » 90 w i l l  be  c o n s i d e r e d .  Thus 

b y  f o l l o w i n g  t h e  same p r o c e d u r e  a s  o u t l i n e d  i n  A p p e n d ix  

E ,  t h e  s i n g u l a r  s t r e s s  (f , i n  t h e  n e i g h b o u r h o o d  o f
J

t h e  c r a c k  t i p s  o n  t h e  y=0 p l a n e  i s

t fy t  = — + <3 *7 1 >
( 2rJj r
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i
H e r e , k 1 i s  t h e  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r  w h i c h  i n  

c o n v e n t i o n a l  u n i t s  t a k e s  t h e  fo rm

i ^ ,  - i  .a,' t '
k 1 = / a '  Y d )  e ( 5 . 7 2 )

w h e r e  ()q * - ^ © °  a n d  ©° i s  a  c o n s t a n t  s p e c i f i e d  by

t h e  i n c o m i n g  w a v e .

To i l l u s t r a t e  t h e  i n f l u e n c e  o f  f r e q u e n c y  o v e r  

t h e  s t r e s s - i n t e n s i t y  f a c t o r ,  t h e  s y s t e m  o f  P r e d h o l m  

i n t e g r a l  e q u a t i o n s  ( 3 . 6 7 )  a r e  s o l v e d  n u m e r i c a l l y .  The 

p r o c e d u r e s  d i s c u s s e d  i n  C h a p t e r  5 a r e  u s e d  a n d  t h e  

r e s u l t s  f o r  l e a d  a n d  c o p p e r  a r e  d i s p l a y e d  g r a p h i c a l l y  

on  t h e  s e m i - l o g  s c a l e ,  f o r  f r e q u e n c y  r a n g e  -Q. = o* /w* = 

1x10“ ^  t o  1x1 C f 6 a s  shown i n  P i g .  3 .  I t  i s  o b s e r v e d
i

t h a t  t h e  s t r e s s - i n t e n s i t y  f a c t o r s  k^ r i s e  a t  f i r s t ,  

r e a c h  t h e  p e a k  a t  r e l a t i v e l y  low f r e q u e n c y  a n d  t h e n  

d e c a y  a s  t h e  f r e q u e n c y  i n c r e a s e s .
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3 . 4  E l a s t i c  Wave w i t h  A ccom p an y in g  T h e rm a l  Wave 

I m p i n g i n g  on  C r a c k

I n  t h i s  c a s e  t h e  i n p u t  w aves  a r e  a s su m e d  

a s  f o l l o w s

^ ( i )  (x cos j5 + y s in jp ) - i -£ i  t -* ~ (x c o s jb + y s in ^ )  j

( i )  q  00 q 1 ( x c O s f + y s i n p ) - i ^ i  £ t + ^ ( x c o s ^ + y s i n ^ ) J

( i )
y  = 0

( 3 . 7 3 )

The p r o p e r  e x p r e s s i o n s  o f  t h e  a s s o c i a t e d
. ( a )  C a )

s c a t t e r e d  s o l u t i o n s  0 '  , ©' '  a n d  '  '  a r e  d e t e r m i n e d

i n  t h e  f o r m s
/ x  00
( s ) /  c -kj y  ~ n p y ) - i - Q t

0 “  -  \ ) Ai 2 ( s ) e  + Bi 2 ^ s ^e f c o s ( s x ) e  d s

0®

e ( s )  = 2 _ L  f  ( ( a 2 -  §Z )A 1 2 ( s ) e " >,iy +
1Tb J l  1

2 2 - vv )y ) - i - a t
+ ( -  I  )B 1 2 ( s ) e  > c o s ( s x ) e  d s
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( s )
s i n ( s x ) e

o
( 3 . 7 4 )

w h e re  t'j i  ( i = 1 , 2 , 3 )  a r e  g i v e n  by  E q .  ( 3 . 5 3 ) .

A p p l i c a t i o n  o f  t h e  b o u n d a r y  c o n d i t i o n s  E q s .

( 3 . 3 5 )  l e a d s  t o

 ̂ £fgi (s)Ai2(s)+f22(s)B‘|2(s)j cos(sx)ds = b̂ ^
0 < x  < a

^  g 1 1 ( s ) A 1 2 ( s ) + g 1 2 ( s ) B 12 ( s ) j  c o s ( s x ) d s  = 0

°  oo x > a

f 2 1 ( s ) A 1 2 ( s ) + f 2 2 ( s )B1 2 ( s ) j  c o s ( s x ) d s  = 0

o x > a

( 3 . 7 5 )

e e
w h e re  f ^ ,  g ^  ( i , 3 = 1 , 2 ) ,  U a n d  X  a r e  a b b r e v i a t i o n s  

g i v e n  i n  A p p e n d ix  C.

c o s ( s x ) d s  = -  T  ^  
" 5

0 < x  < a
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A p p l i c a t i o n  o f  t h e  I n v e r s i o n  o f  C o s i n e  T r a n s ­

f o r m  t h e o r e m  a n d  d e f i n i n g

W2 ( s )  = g 1 1 ( s ) A 1 2 ( s ) + g 1 2 ( s ) B l 2 ( s )  ( 3 . 7 6 )

t h e  E q s .  ( 3 . 7 5 )  may be  r e d u c e d  t o  a  p a i r  o f  d u a l  i n t e ­

g r a l  e q u a t i o n s

Oo

sE (s )W 2 ( s ) c o s ( s x ) d s  = Z ( x ) ,  0 < x < a

o 
oo

W2 ( s ) c o s ( s x ) d s  = 0 ,  x > a

( 3 . 7 7 )

i n  w h i c h  E ( s )  i s  d e f i n e d  by  E q .  ( 3 . 6 2 )  a n d  Z ( x )  by

Z ( x )  = ( 1 _ f 12g 1 1« f 1 i g 1 2 | b  I f  c o s ( s x ) d x .
L J I*? '( f - D  J  A ^ s )  L J  p'

o
2 e

. c o s ( s x ) d s  -  T  P 0* ( 3 . 7 8 )
2(p2- l )

F o l l o w i n g  a  p r o c e d u r e  s i m i l a r  t o  t h a t  u s e d  

i n  t h e  p r e v i o u s  c a s e ,  t h e  s o l u t i o n  o f  t h e  d u a l  i n t e g r a l
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e q u a t i o n s  ( 3 . 7 7 )  i s  ( f o r  d e t a i l ,  s e e  A p p e n d ix  A)

w h e re  J Q i s  t h e  z e r o  o r d e r  B e s s e l  f u n c t i o n  o f  t h e  f i r s t  

k i n d .  The unknown (*)) i s  g o v e r n e d  b y  a  s t a n d a r d  

F r e d h o l m  i n t e g r a l  e q u a t i o n  o f  t h e  s e c o n d  k i n d

( 3 . 8 0 )

w h e re  L i s  t h e  s y m m e t r i c  k e r n e l  g i v e n  b y  E q .  ( 3 . 6 6 ) .

An i n s p e c t i o n  o f  E q .  ( 3 . 8 0 )  r e v e a l s  t h a t  

when £ = 0 ,  g=0 t h e  e q u a t i o n ,  r e d u c e s  t o  t h e  known s o l u ­

t i o n s  i n  | ^ 6 , 2 l J  •

S t r e s s - i n t e n s i t y  F a c t o r

i n  t h e  n e i g h b o u r h o o d  o f  t h e  c r a c k  t i p s  on  t h e  y«0  

p l a n e  i s

I t  c a n  be  shown t h a t  f o r  s y m m e t r i c  p r o b l e m  

w i t h  s y s t e m  b e i n g  e v e n  i n  x  a n d  ^  » 90  t h e  s t r e s s  ( y
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0
+ 0 ( r { ) ( 3 . 8 1 )

w he re  k } , t h e  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r  i n  

c o n v e n t i o n a l  u n i t s , i s  g i v e n  a s

s t r e s s  a s s o c i a t e d  w i t h  <*^=0 a n d  a p p l i e d  i n  t h e  d i r e c ­

t i o n  n o r m a l  t o  t h e  c r a c k  p l a n e .  I n  e x p e r i m e n t a l  i n v e s ­

t i g a t i o n s  u s i n g  u l t r a s o n i c s  i t  i s  d e t e r m i n e d  t h a t  t h e  

c h a r a c t e r i s t i c  f r e q u e n c y ,  w*, i s  h o u n d e d  by  t h e  r e l a t i o n

i s  t h e  c u t - o f f  f r e q u e n c y  o b t a i n e d  f r o m  t h e  Debye s p e c ­

t r u m  f o r  l o n g i t u d i n a l  w a v e s ,  M b e i n g  t h e  a t o m i c  m ass  

o f  e l a s t i c  m a t e r i a l  a n d  ( c , j ) s  i s  t h e  v e l o c i t y  o f  l o n g i ­

t u d i n a l  wave m e a s u r e d  u n d e r  a d i a b a t i c  c o n d i t i o n s ,  a n d  

c o n s e q u e n t l y ,  f o r  m e c h a n i c a l  v i b r a t i o n s  o c c u r i n g  i n

kjj = GVa' T (1) e
- i  - n ' t 1

( 3 . 8 2 )

0  2i n  w h i c h  o = -  y .0  § i s  t h e  m a g n i t u d e  o f  s t a t i c

n '  « w * <  wc

w h e re  wQ = 2 T ( c 1 ) s ( ^ j _ ) ^
4TM
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p r a c t i c e  i t  may be  a s s u m e d  t h a t  a *  d  /w* «  1 .  The
«

v a r i a t i o n s  o f  t h e  s t r e s s - i n t e n s i t y  f a c t o r s  w i t h  

t h e  n o n - d i m e n s i o n a l  f r e q u e n c y  £1 i n  t h e  r a n g e  1x10“ 10-  

1x10“ ^ ( 1 . 8 x 1 0 1r a d / s  <  < 1 . 8 x 1 0 6r a d / s  f o r  l e a d ;
1 |  /T

a n d  1 . 7 x 1 0  r a d / s <  <  1 .7 x 1 0  r a d / s  f o r  c o p p e r )  a r e  

d i s p l a y e d  g r a p h i c a l l y  on  t h e  s e m i - l o g  s c a l e  a s  i n d i ­

c a t e d  i n  P i g .  4 .  The v a r i a t i o n  i s  o b s e r v e d  t o  e x h i b i t  

t h e  u s u a l  f e a t u r e ,  i . e . ,  t h e  s t r e s s - i n t e n s i t y  f a c t o r s  

i n c r e a s e  w i t h  f r e q u e n c y ,  r e a c h i n g  maximum a n d  t h e n  

m o n o t o n i c a l l y  d e c r e a s i n g .



63

CHAPTER 4

T r a n s i e n t  T h e r m o e l a s t i c  C r a c k  P r o b l e m s

4 .1  B a s i c  E q u a t i o n s > B o u n d a r y  C o n d i t i o n s  a nd  

P o r m u l a t i o n s

C o n s i d e r  a n  i n f i n i t e  medium c o n t a i n i n g  a  

t h r o u g h  f i n i t e  c r a c k  l o c a t e d  a l o n g  t h e  x ' - a x i s  f ro m  

- a *  t o  +a* a n d  t h e  z ' - a x i s  c o i n c i d e s  w i t h  t h e  c e n t e r  

l i n e  o f  t h e  c r a c k  a s  shown i n  P i g .  1 .  S t r e s s e s  i n  t h e  

medium a r e  p r o d u c e d  b y  a n  i n s t a n t a n e o u s  u n i f o r m  c h a n g e  

o f  s t r e s s  a n d / o r  t h e r m a l  d i s t u r b a n c e s  a p p l i e d  a c r o s s  

t h e  c r a c k  s u r f a c e s .

The g o v e r n i n g  e q u a t i o n s  a r e  g i v e n  by  E q s .  

( 2 . 1 ) .  F o r  t h e  a n a l y s i s  i n  s u b s e q u e n t  s e c t i o n s ,  i t  

i s  c o n v e n i e n t  t o  i n t r o d u c e  t h e  d i m e n s i o n l e s s  v a r i a b l e s

( 4 . 1 )

( 4 . 2 )

x  =
C-|X'

k.

c . y '
y = K

2*.
t  * 111

lo
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S i m i l a r l y ,  t h e  c o m p o n e n ts  o f  d i s p l a c e m e n t s  a n d  s t r e s s e s  

a r e  made d i m e n s i o n l e s s  by  s e t t i n g

a n d

u  =

v  =

x

1

$ c i v

T  = S - L ^ 1
x y  r ^ o

( 4 . 3 )

= f e  ( 4 - 4 )

I n  t h i s  m a n n e r ,  t h e  g o v e r n i n g  e q u a t i o n s  a s su m e  t h e  fo rm

2 *  2
V u  + ( f  - 1 )  V e  - ( 4 . 5 a )

v e  - .  g i t
0 t  'S t

( 4 . 5 b )

w h e re  e i s  t h e  d i l a t a t i o n  i n  d i m e n s i o n l e s s  u n i t s ,  

£  i s  t h e  c o u p l i n g  c o n s t a n t  a n d  9 i s  d i m e n s i o n l e s s
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t e m p e r a t u r e  d e f i n e d  i n  E q .  ( 3 . 1 ) .

E x p r e s s i n g  t h e  d i s p l a c e m e n t  v e c t o r  u  a s  t h e

sum o f  i r r o t a t i o n a l  a n d  r o t a t i o n a l  c o m p o n e n ts  a s  b e f o r e

u  = V 0  + C u r l y  ( 4 . 6 )

w h e re  0 a n d  ^  a r e  t h e  s c a l a r  a n d  e q u i v o l u m i n a l

v e c t o r  p o t e n t i a l s ,  r e s p e c t i v e l y .  I t  c a n  be  s e e n  t h a t  

E q s .  ( 4 . 5 a , b )  a r e  s a t i s f i e d  p r o v i d e d  t h a t  0 ,  a n d  

© a r e  s o l u t i o n s  o f  t h e  f o l l o w i n g  e q u a t i o n s

-  ©
% t2

( 4 . 7 a )

2
V © 9©

G t
-  EV

I  9 t  i
= 0 ( 4 . 7 b )

2 2 2 
= f  M

3 t 2
( 4 . 7 c )

S i m i l a r l y ,  some o f  t h e  s t r e s s  c o m p o n e n ts  c a n  be  

e x p r e s s e d  i n  t e r m s  o f  t h e  p o t e n t i a l  f u n c t i o n s  a s
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v 2fj -  e (4<8a)

( 4 . 8 b )

From E q s .  ( 4 . 7 )  i t  i s  e a s i l y  s e e n  t h a t  o n l y  

t h e  c o m p r e s s i o n a l  wave i s  i n f l u e n c e d  by  t h e  t e m p e r a t u r e

d i s t r i b u t i o n  a n d  v i c e  v e r s a .

A ssu m in g  t h e  p r o b l e m s  p o s s e s s  sym m etry  w i t h  

r e s p e c t  t o  y=0 p l a n e ,  s e v e r a l  e x a m p le s  c a n  be f o r m u ­

l a t e d  f o r  y  £ 0 w h e re  t h e  s t r e s s  f i e l d  d u e  t o  t h e  

p r e s e n c e  o f  t h e  c r a c k  i s  o b t a i n e d  b y  s p e c i f y i n g  a p p r o ­

p r i a t e  b o u n d a r y  c o n d i t i o n s  on  t h e  p l a n e  o f  sym m et ry  

a n d  a t  i n f i n i t y .  To i l l u s t r a t e  t h e  a p p l i c a t i o n s ,  t h e  

f o l l o w i n g  e x a m p le s  a r e  c o n s i d e r e d .

1 .  Su d d e n  A p p l i c a t i o n  o f  N orm al  S t r e s s  on  I n s u l a t e d  

C r a c k  S u r f a c e s :  H ere  t h e  r e l e v a n t  b o u n d a r y  c o n d i t i o n s

a r e

^ y ( x , 0 , t )  

^ y ( X ,0 ,  t )

v ( x , 0 , t )

- ( f0H ( t )  f o r  |x |< a

0

0 f o r  a l l  x

f o r  | x | > a

( 4 . 9 b )

( 4 . 9 c )

( 4 . 9 a )

^ © ( x , © , t )  
$ y

0 f o r  a l l  x ( 4 . 9 d )
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2 .  S u d d e n  V a r i a t i o n  o f  T h e r m a l  F l u x  o n  C r a c k  S u r f a c e s :  

The a p p l i c a b l e  b o u n d a r y  c o n d i t i o n s  a r e

( x , 0 , t )  * 0 f o r  a l l  x  ( 4 . 1 0 a )xy

tf ( x , 0 , t )  sb 0  f o r  | x | < a  ( 4 . 1 0 b )
J

v ( x , 0 , t )  = 0 f o r  | x | > a  ( 4 . 1 0 c )

3 © ( x , 0 , t )  = QQH ( t )  f o r  | x | < a  ( 4 . 1 0 d )
'By

9 © ( x , 0 , t )  = 0 f o r  | x | > a  . ( 4 . 1 0 e )
'By

3 .  S u d d e n  V a r i a t i o n  o f  T h e r m a l  R a d i a t i o n  C o n d i t i o n s  

on  C r a c k  S u r f a c e s :  I n  t h i s  c a s e  t h e  t h e r m a l  d i s t u r ­

b a n c e s  a r e  s p e c i f i e d  a s

' 8 8 ( x , 0 , t ) + l i  ^ 8 ( x , 0 , t ) - e 0H ( t ) j  »  0 ,  f o r  | x | < a

9 t  ( 4 . 1 1 a )

^ © ( x , 0 , t )  = 0 f o r  | x | > a  ( 4 . 1 1 h )
'By

a n d  E q s .  ( 4 . 1 0 a )  t o  ( 4 . 1 0 c )  c o n f i r m  t h e  p r e s e n c e  o f  a



s y m m e t r i c  s t r e s s - f r e e  c r a c k  i n  t h e  medium.

I n  a d d i t i o n ,  t h e  r e g u l a r i t y  c o n d i t i o n s

u ( x , y , t )  * v ( x , y , t )  = 9 ( x , y , t )  = 0  f o r  ( x 2+ y 2 ) ^ —* 00

(4 . 12)

m u s t  b e  s a t i s f i e d  i n  a l l  c a s e s .

I n  E q s .  ( 4 . 9 b ) , ( 4 . 10d)  a n d  ( 4 . 1 1 a ) ,  H ( t )  i s  t h e  

H e a v i s i d e  u n i t  s t e p  f u n c t i o n ,  (Tq, Qq a n d  9q  a r e  t h e  

n o n - d i m e n s i o n a l  m a g n i t u d e  o f  t h e  a p p l i e d  n o r m a l  s t r e s s ,  

h e a t  f l u x  a n d  t e m p e r a t u r e ,  r e s p e c t i v e l y ,  w h i c h , i n  c on ­

v e n t i o n a l  u n i t s , a r e

( 4 . 1 3 )

( 4 . 1 4 )

( 4 . 1 5 )

The d i m e n s i o n l e s s  q u a n t i t y  h  i n  E q .  ( 4 . 1 1 a )  

r e l a t e s  t o  H, t h e  o u t e r  o r  s u r f a c e  c o n d u c t i v i t y  [4 ]  

t h r o u g h
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E l i m i n a t i o n  o f  © f r o m  E q s .  ( 4 . 7 a , b ) ,  n o t i c i n g  

t h a t  0 a n d  © a r e  e v e n  f u n c t i o n s  o f  x  a n d  ^  i s  a n  

odd  f u n c t i o n  o f  x ,  a n d  a p p l y i n g  F o u r i e r  S i n e  a n d  C o s i n e  

t r a n s f o r m s  t o  rem ove  t h e  v a r i a b l e  x  a n d  L a p l a c e  t r a n s ­

fo r m  t o  f r e e z e  t h e  t i m e  v a r i a b l e ,  i . e .

f * ( p )

f ( t )

t h e  f o l l o w i n g  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w i t h  

y  b e i n g  t h e  i n d e p e n d e n t  v a r i a b l e  a r e  r e a d i l y  o b t a i n e d

d40* (2s 2+ £ p 2+(1 + O p J |  d20* ( s 4+ s2 jp2+ ( l+  )pj+p510*

d y *  "  J d y 2  J

= 0 ( 4 . 18 )

00r - p t
f ( t ) e  d t

( 4 . 1 7 )
* p t  

f  ( p ) e  dp

^ 4 “ -  ( s 2+ p 2 *2 ) y *  = 0 . ( 4 . 1 9 )
d y  1 8

E q s .  ( 4 . 1 9 )  a d m i t  t h e  f o l l o w i n g  s o l u t i o n s  w h i c h  g i v e
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r i s e  t o  b o u n d e d  d i s p l a c e m e n t s  a n d  s t r e s s e s  f o r  l a r g e  y

an d

s

- ( s 2+ £2 ) ^ y

- ( s 2+ £2 ) ^ y

s u b s t i t u t i n g  0 Q a n d  i n t o  E q s .  ( 4 . 1 8 )  a n d  ( 4 . 1 9 )

a n d  m a k in g  u s e  o f  E q s .  ( 3 . 3 9 ) »  ( 3 . 4 9 )  a n d  ( 4 . 1 7 )  t h e  

f o l l o w i n g  r e s u l t s  a r e  o b t a i n e d .

Do

0 ( x , y , p )  = 2
T

© ( x , y , p )  = 2
t

-K'-.y -tf^y.
A ( s , p ) e  + B ( s , p ) e c o s ( s x ) d s

( 4 . 2 0 a )

( £ 2- p 2 ) A ( s , p ) e  lY+ ( £2- p 2 ) B ( s , p ) e

c o s ( s x ) d s  ( 4 . 2 0 b )

Y * ( x , y , p )
r  - v

= 2 ( C ( s , p ) e  '  s i n ( s x ) d s
f  Jo

( 4 . 2 0 c )

2 2w h e re  £ a n d  )* a r e  t h e  r o o t s  o f  t h e  e q u a t i o n  
1 2

^  “  £2 [  p 2+ ( l  + ̂ ) p ]  + P5 * 0 ( 4 . 2 1 )



71

t h a t  i s

2 _ J'p+1 + £ ~ y  ( p + 1 + £ ) 2 - 4 p  T p / 2  ( 4 . 2 2 )
M , 2

a n d
g  * jj> p ( 4 . 2 3 )

I n  a d d i t i o n ,  t h e  f o l l o w i n g  a b b r e v i a t i o n s  h a v e  b e e n  u s e d

= ^ ( s , p )  = ( s 2+ £ 2 f ,  i = 1 , 2 , 3  ( 4 . 2 4 )

*
I n  t h e  a b o v e  e q u a t i o n s  t h e  f u n c t i o n  f  i s  t h e  L a p l a c e  

t r a n s f o r m  o f  t h e  f u n c t i o n  f  w i t h  p b e i n g  t h e  t r a n s f o r m  

p a r a m e t e r  a n d  Br  s t a n d s  f o r  t h e  Bromwich p a t h ,  a n  i n f i ­

n i t e  l i n e  p a r a l l e l  t o  a n d  t o . t h e  r i g h t  o f  i m a g i n a r y  a x i s .

I t  s h o u l d  be  n o t e d  t h a t  i n  E q s .  ( 4 . 2 0 ) ,  t h e
2 2s - p l a n e  h a s  b e e n  c u t  i n  s u c h  a  way t h a t  ( s  +£ )* >/ 0 ,

i
( i = 1 , 2 , 3 )  f o r  0 <  s < o o ,  a n d  t h e  r e q u i r e m e n t  t h a t  t h e  

d i s p l a c e m e n t  a n d  t e m p e r a t u r e  f i e l d s  v a n i s h  a t  i n f i n i t y  

i s  s a t i s f i e d .  A ( s , p ) ,  f i ( s , p )  a n d  C ( s , p )  a r e  t h e  unknown 

f u n c t i o n s  t o  be  d e t e r m i n e d  f r o m  t h e  s e t  o f  b o u n d a r y  

c o n d i t i o n s  i n  L a p l a c e  d o m a in ,  w h ic h  may be  w r i t t e n  f o r  

t h e  t h r e e  e x a m p le s  m e n t i o n e d  e a r l i e r  a s
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E xam ple  1 :

*
^ x y U . O , ! ) )

° y ( x , 0 , p )

v * ( x , 0 , p )

5_0* ( x , O , p )  

Exam ple  2 :

^ y C X . Q , ! ) )

^ y ( X , 0 , p )

v * ( x , 0 , p )

9 e * ( x , 0 , p )

9 y

9 e * ( x , o , p )

9 y

O f o r  a l l  x

(T0 / p  f o r  |x|< a

( 4 . 2 5 )

0 f o r  | x | > a

0 f o r  a l l  x

0 f o r  a l l  x

0 f o r  | x | < a

0 f o r  | x | > a  ( 4 . 2 6 )

Q0 / p  f o r  |x |<  a

0 f o r  | x | )  a
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E xam ple  3 :

= 0 f o r  a l l  x
•*v

G y ( x , 0 , p )  = 0 f o r  |x|< a

v * ( x , 0 , p )  s  0 f o r  l x |> a

9 © * ( x , 0 f p ) + h  © * ( x , 0 , p ) - © / p 1  = 0 f o r  |x|< a
0 y L -I

3 e * ( x « 0 , p )  = 0 f o r  | x | > a

9 y

#

( 4 . 2 7 )
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4 . 2  E xam p le  1:  S u d d e n  A p p l i c a t i o n  o f  Norm al  S t r e s s  

on  I n s u l a t e d  C r a c k  S u r f a c e s

F o r  t h e  d e t e r m i n a t i o n  o f  t h e  unknown f u n c t i o n s ,  

A ( s , p ) ,  B ( s , p )  a n d  C ( s , p ) ,  t h e  b o u n d a r y  c o n d i t i o n s  

E q s .  ( 4 . 2 5 a , d )  g i v e  t h e  f o l l o w i n g  l i n e a r  a l g e b r a i c  

e q u a t i o n s

2 s U 1 ( s , p ) A ( s , p ) +  } f p ( s , p ) B ( s , p ) ]  
C ( s , p )   -------------------------- p— ^ ------------------------------

2 s c+ r  
3

( 4 . 2 8 )

( £ f - P 2 ) ^ ( s » P )
B ( s , p )  a  -   -------------------------- A ( s , p )  ( 4 . 2 9 )

( £2- p 2 ) ^2 ( S »P)

a n d  t h e  m i x e d - b o u n d a r y  c o n d i t i o n s  E q s .  ( 4 . 2 5 b , c )  w i t h  

t h e  a i d  o f  E q s .  ( 4 . 2 8 )  a n d  ( 4 . 2 9 )  g i v e  a  p a i r  o f  d u a l  

i n t e g r a l  e q u a t i o n s

Oo 2
f  T<ro ?I s F ( s , p )  A 1 ( s , p ) c o s ( s x ) d s  =   , 0 < x < a

J  2 p 3 ( p 2- l )
0°

( 4 . 3 0 )

•A--J ( s , p ) c o s ( s x ) d s  = 0 ,  x >  a
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w h e re  - A . j ( s ,p )  i s  new unknown f u n c t i o n  w h ic h  r e l a t e s  

t o  A ( s , p )  t h r o u g h

- 2 ( j 2- ^ 2 )if1 ( s , p )
A .(s ,p )  = --------— 1---------------  A ( s , p )  ( 4 . 3 1 )

( £ 2- p 2 ) ( 2 s 2+ J 2 >i 2

a n d  F ( s , p )  i s  d e f i n e d  a s

F ( s , p )  »
2 s  2+ r 2 

43 a 1 1 ( s , p ) ^ 2 ( ^ - p  )•

a 1 2 ( s , p ) ^ (  j 2- p 2 )
P2 (f>2- 1 )

( 4 . 3 2 )

i n  w h ic h  a .  . ( j=*1 ,2 )  a r e  g i v e n  i n  A p p e n d ix  C.

The s o l u t i o n  o f  t h e  d u a l  i n t e g r a l  e q u a t i o n s

( 4 . 3 0 )  i s  ( f o r  d e t a i l ,  s e e  A p p e n d ix  A)

a i r O 2 p 2 /
A , ( s , p )  = -----------------  ( ( f  , p ) J 0 (sap)djfc  ( 4 . 3 3 )

2p5 ( f 2- l )  J
o

The unknown <jj,j((b,p) i n  E q .  ( 4 . 3 3 )  i s  g o v e r n e d  by  a
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s t a n d a r d  F r e d h o l m  e q u a t i o n  o f  t h e  s e c o n d  k i n d .

^  ( t  #p)K1 (9  , t , p ) d £  = 7*9 , 0<*9< 1 ( 4 . 3 4 )

w h e re  t h e  k e r n e l  K1 i s  s y m m e t r i c  i n  t  a n d  >9 , i . e . ,

00 
. r

£-1( 9 , t , p )  = ( 9 ^ ) ^ *  s  [ p ( s / a , p ) - l ] j 0 ( s 9 ) J 0 ( s ^ ) d s  ( 4 . 3 5 )

e>

The s t a n d a r d  F r e d h o l m  i n t e g r a l  e q u a t i o n  ( 4 . 3 4 )  

c a n  he s o l v e d  n u m e r i c a l l y  f o r  t h e  unknown , t h e  d e t a i l  

i s  g i v e n  i n  C h a p t e r  5 ,  a n d  s u b s e q u e n t l y  t h e  d y nam ic  

s t r e s s - i n t e n s i t y  f a c t o r  c a n  be o b t a i n e d .  I t  c a n  be 

o b s e r v e d  t h a t  F ( s , p ) - 1  = 0 ( s ” ^)  a s  s ■+ 0 ,  t h e r e f o r e ,  

t h e  i n t e g r a n d  i n  E q .  ( 4 . 3 5 )  i s  O ( s ^ )  a s  s  -> 0 a n d  t h u s  

t h e  i n t e g r a l  c o n v e r g e s  a t  t h e  l o w e r  l i m i t .  F u r t h e r m o r e  

a t  t h e  u p p e r  l i m i t ,  t h e  i n t e g r a l  c o n v e r g e s  s i n c e
«• 9E ( s , p ) - 1  = 0 ( s  ) a s  s-*oo.

To e v a l u a t e  t h e  i n t e g r a l  i n  E q .  ( 4 . 3 5 )  n u m e r i ­

c a l l y ,  t h e  i n t e g r a n d  m u s t  be r e p l a c e d  s u c h  t h a t  t h e r e  

i s  a  r a p i d  d e c a y  when s b ecom es  l a r g e .  F o r  t h i s  p u r p o s e  

b y  i n t r o d u c i n g  t h e  f u n c t i o n
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F(s/a,p) = F(s/a,p) - 1 - -— — 7 5 — w = 0(s“^), s -> 00
(s/a) +n

(4.36)

and making use of the identity [1 0 ]

00
s  2J0 (s^)J0 (st)ds » a I 0 (ar)n)K0 (atn),

(s/a) 2 - " 2+n
O ^ t  (4.37)

the kernel K1 may be written as

K 1 (v) a ('nt )^ca2 I0 (av)n)K0 (a-cn) +

00

(''jx)̂  ^ sF(s/a,p)Jq(s>])J0 (sx)ds,
c

(4.38)

where c, n are given in Appendix Bf Iq and Kq are 
modified zero order Bessel functions of the first and 
second kind respectively. The alternate kernel given



b y  E q .  ( 4 . 3 8 )  c o n v e r g e s  more r a p i d l y  t h a n  t h e  one  

g i v e n  h y  Eq .  ( 4 . 3 5 ) »  t h u s ,  i t  p o s e s  no d i f f i c u l t i e s  

i n  n u m e r i c a l l y  w o rk .

S t r e s s - I n t e n s i t y  F a c t o r

By u s i n g  t h e  p r o c e d u r e  o u t l i n e d  i n  A p p e n d ix  E,  

i t  c a n  be  shown t h a t  t h e  s t r e s s  i n  t h e  n e i g h b o u r ­

h o o d  o f  t h e  c r a c k  t i p s  on  t h e  y=0 p l a n e  i s

rJ k 1 ( t )  n
= —------   + 0 ( r ? )  ( 4 . 3 9 )y (2r ) i  1

I n  t h e  a b o v e  e q u a t i o n ,  k ^ t )  i s  t h e  d y n am ic  s t r e s s -  

i n t e n s i t y  f a c t o r  w h i c h  i n  d i m e n s i o n l e s s  u n i t s  a s s u m e s  

t h e  fo rm
-I -1

k - | ( t )  = = Go ' / a < £ ( M 1 ’ p ) / p j  ( 4 . 4 0 )

The c o r r e s p o n d i n g  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r  i n  

t h e  c o n v e n t i o n a l  u n i t s  i s



79

w h e re  (Tq i s  d e f i n e d  b y  E q .  ( 4 . 1 3 )  a n d  a ’ , b e i n g  h a l f  

o f  t h e  c r a c k  w i d t h ,  i s  d e f i n e d  by

a '  = ( 4 . 4 2 )
C1

N u m e r i c a l  c a l c u l a t i o n s  h a v e  b e e n  c a r r i e d  o u t

f o r  two t y p i c a l  m a t e r i a l s ,  l e a d  a n d  c o p p e r ,  one  w i t h

h i g h  c o u p l i n g  c o n s t a n t  a n d  t h e  o t h e r  w i t h  low  c o u p l i n g

c o n s t a n t .  The r e s u l t s  shown i n  F i g . 5 show t h a t  t h e

r i s e  i n  s t r e s s - i n t e n s i t y  f a c t o r  i s  a b o u t  25% a n d  o c c u r s
— 11a t  t i m e  t*:=5x 10  s e c .  f o r  l e a d  a n d  f o r  c o p p e r  t h e

p e a k  i s  l o w e r  a b o u t  2 *\% a n d  o c c u r s  a t  s h o r t e r  t im e  
-1 1t ' = 3 x 1 0  s e c . .  The c o u p l i n g  e f f e c t  i s  o b s e r v e d  t o  

be  s m a l l  w h ic h  may b e  c o n s i d e r e d  n e g l i g i b l e .
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4 . 3  E xam ple  2 :  S u dd en  V a r i a t i o n  o f  T h e rm a l  F l u x  on

C r a c k  S u r f a c e s

S u b s t i t u t i o n  o f  E q s .  ( 4 . 2 0 )  i n t o  E q .  ( 4 . 2 6 a )  

y i e l d s  a n  a l g e b r a i c  e q u a t i o n  ( 4 . 2 8 ) .  W i th  t h e  h e l p  

o f  E q s .  ( 4 . 2 8 )  a n d  ( 4 . 2 0 )  i t  c a n  be  shown t h a t  t h e  

b o u n d a r y  c o n d i t i o n s  E q s .  ( 4 . 2 6 b )  t o  ( 4 . 2 6 e )  g i v e  t h e  

f o l l o w i n g  s i m u l t a n e o u s  d u a l  i n t e g r a l  e q u a t i o n s

00

( s , p ) A ( s , p ) + a 1 2 ( s , p ) B ( s , p )

oo

|*>21 ( s » p ) A ( s , p ) + b 2 2 ( s , p ) B ( s , p )

c o s ( s x ) d s  = 0

0 < x  < a  ( 4 . 4 3 a )

TTQq

oo

c o s ( s x ) d s  ss 

0 < x < a
2p
( 4 . 4 3 b )

b 1 1 ( s , p ) A ( s , p ) + b 1 2 ( s , p ) B ( s , p )

Oo

c o s ( s x ) d s  S 0

X> a ( 4 . 4 3 c )

^21 ( s »P)A( s , p ) + b 2 2 ( s , p ) B ( s t p ) j  c o s ( s x ^d s  * 0

x  > a ( 4 . 4 3 d )

w h e re  a ^  a n d  b ^  ( i , j = 1 , 2 )  a r e  g i v e n  i n  A p p e n d ix  C.
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Now a p p l i c a t i o n  o f  t h e  I n v e r s i o n  Theorem  o f  t h e  

C o s i n e  T r a n s f o r m  t o  E q s .  ( 4 . 4 3 b , d )  l e a d s  t o

b 2 1 ( s , p ) A ( s , p ) + h 2 2 ( s , p ) B ( s , p )  « Q0 s i n ( s a ) / p s

0 < s < o c  ( 4 . 4 4 )

T h en  l e t

A 2 ( s , p )  "  t>1 l ( s , p ) A ( s , p ) + h 1 2 ( s , p ) B ( s , p )  ( 4 . 4 5 )

an d  s o l v e  f o r  A ( s , p )  a n d  B ( s , p )  f r o m  E q s .  ( 4 . 4 4 )  a n d

( 4 . 4 5 )

A ( s , p )  =
A(s,p) t 22( s ,p ) A 2(s ,p ) -h 12(s,p)Q0sinXsaI

PS

B ( s , p )
1

A ( s , p )
~ h 2 1 ( s . p )  A 2 ( s . p ) + b 1 1 ( s , p ) Q 0 s in ( s_ a )

( 4 . 4 6 )

w h e r e  A  ( s , p )  i s  g i v e n  i n  A p p e n d ix  C.

S u b s t i t u t i o n  o f  E q s .  ( 4 . 4 6 )  i n t o  E q .  ( 4 . 4 3 a )  

a n d  ( 4 . 4 5 )  i n t o  E q .  ( 4 . 4 3 c )  y i e l d s  t h e  f o l l o w i n g  s e t
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o f  d u a l  i n t e g r a l  e q u a t i o n s

o°
s F ( s , p ) A 9 ( s , p ) c o s ( s x ) d s  = l ( x , p ) ,  0 < x < a

( 4 . 4 7 )
Do

A 2 ( s , p ) c o s ( s x ) d s 0 , x  > a

w h e re  f ( s , p )  i s  g i v e n  by  E q .  ( 4 . 3 2 )  a n d  A 2 ( s *p ) i s  

a  new unknown f u n c t i o n .  I n  a d d i t i o n ,  t h e  f o l l o w i n g  

c o n t r a c t i o n  h a v e  b e e n  i n t r o d u c e d

I ( x , p )  = «0  f e ( s , p ) s i n ( s a ) c o s ( s x ) d s  ( 4 . 4 8 )

i n  w h ic h

e ( s , p )  =
1

s  A ( s , p )  .
- a 1 l ( s , p ) b 1 2 ( s , p ) +

+ a 1 2 ( s , p ) b 1 1 ( s , p ) ( 4 . 4 9 )
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I t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  e ( s , p )  = 0 ( s "  ) 

f o r  s  -* a n d  f o r  s m a l l  s , e ( s , p )  = 0 ( s “ 1 ) .  Thus t h e  

i n t e g r a l  i n  E q .  ( 4 . 4 8 ) c o n v e r g e s  r a p i d l y  a t  u p p e r  l i m i t .  

At  l o w e r  l i m i t  t h e  i n t e g r a n d  h a s  a  r e m o v a b l e  s i n g u l a r i t y  

w h ic h  c a n  be  r e m o v e d  b y  u s i n g  L 1h o s p i t a l  r u l e .

S i n c e  t h e  d u a l  i n t e g r a l  e q u a t i o n s  ( 4 * 4 7 )  a r e  

i n  t h e  same f o r m  a s  E q s .  ( 4 . 3 0 )  e x c e p t  t h e  f o r c i n g  t e r m

( r i g h t  h a n d  s i d e  t e r m  o f  t h e  e q u a t i o n s ) , t h u s ,  t h e  s o l u ­

t i o n  o f  E q s .  ( 4 . 4 7 )  may be  g i v e n  a s

2 2 '

= 2 3?  2 ' " )  f  ^ $ 2 ^  9 ( 4 . 5 0 )
' o

w h e re  <jj2  i s  g o v e r n e d  b y  a  s t a n d a r d  F r e d h o l m  i n t e g r a l  

e q u a t i o n  o f  t h e  f i r s t  k i n d .

I

$ 2 ( ^ »P) ( * )  »t'»P)d‘C = D(  ̂ »p)»

0 < ^ < 1  ( 4 . 5 1 )

i n  w h ic h  t h e  k e r n e l  i s  g i v e n  b y  E q .  ( 4 . 3 5 )  o r  ( 4 . 3 8 )  

a n d  D(^) ,p)  i s  g i v e n  by
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po
-2\./v) f

D(>0»p) -   ' \ e ( a , p ) s i n ( s ) J 0 ( s io ) d s  ( 4 . 5 2 )
l a  J **

The i n t e g r a l  e q u a t i o n  ( 4 . 5 1 )  c a n  be  s o l v e d  

n u m e r i c a l l y  a s  o u t l i n e d  i n  C h a p t e r  5 .

S t r e s s - i n t e n s i t y  F a c t o r

F o l l o w i n g  t h e  same p r o c e d u r e  a s  i n  e x a m p le  1,  

t h e  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r  i n  d i m e n s i o n l e s s  

u n i t s  i s

-i

k 1 ( t )  = -Q0 / a  £  j ^ 2 ^ 1 »p ) / p ( 4 . 5 3 )

M aking  u s e  o f  E q s .  ( 4 . 4 )  a n d  ( 4 . 1 4 ) v t h e  dy n a m ic  s t r e s s  

i n t e n s i t y  f a c t o r  i n  c o n v e n t i o n a l  u n i t s  i s  o b t a i n e d .

-i

w h e re

^  = I 7 Q0  <4 - 5 5 )

1 k, Qn
i n  w h i c h  Qn * r -m'-

0 C1T0
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G r a p h i c a l  r e p r e s e n t a t i o n  o f  t h e  r e s u l t s  f o r  

l e a d  a n d  c o p p e r  a r e  shown i n  P i g .  6 , 7 .  A g a in  i t  e x h i ­

b i t s  t h e  i n e r t i a  e f f e c t .  The o v e r s h o o t  i n  s t r e s s - i n t ­

e n s i t y  f a c t o r  i s  a b o u t  3 0 #  f o r  l e a d  a n d  11# f o r  c o p p e r .

The c o r r e s p o n d i n g  e l a s p s e d  t i m e  f o r  b o t h  m a t e r i a l s
-11  -11o c c u r s  a t  t ' =  3x10 , 2 . 7 5 x 1 0  s e c .  f o r  c o p p e r  a n d

l e a d  r e s p e c t i v e l y .  The c o u p l i n g  e f f e c t  i s  f o u n d

t o  b e  s m a l l  a n d  may b e  n e g l i g i b l e .
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4 . 4  E xam ple  3 :  S u d d e n  V a r i a t i o n  o f  T h e rm a l  R a d i a t i o n  

o n  C r a c k  S u r f a c e s

F o l l o w i n g  t h e  same p r o c e d u r e  a s  i n  t h e  p r e v i o u s  

e x a m p le s  a n d  f o r  t h e  s a k e  o f  s i m p l i c i t y ,  t a k i n g  a = 1 , 

t h e  b o u n d a r y  c o n d i t i o n s  ( 4 . 2 7 )  g i v e  t h e  f o l l o w i n g  

s y s t e m  o f  s i m u l t a n e o u s  d u a l  i n t e g r a l  e q u a t i o n s

o°
t 

0

0o

a 1 1 ( s , p ) A ( s , p ) + a 1 2 ( s , p ) B ( s , p ) J  c o s ( s x ) d s  = 0

0 <  x  < 1 ( 4 . 5 6 a )

I
a 2 1 ( s , p ) A ( s , p ) + a 2 2 ( s , p ) B ( s , p )  c o s ( s x ) d s  = —

0 < x  <1 ( 4 . 5 6 b )
o*

-j ( s , p ) A ( s , p ) + b 1 2 ( s , p ) B ( s , p )  c o s ( s x ) d s  = 0

x  > 1 ( 4 . 5 6 c )

b 2 i ( s , p ) A ( s , p ) + b 2 2 ( s » p ) B ( s ,p ) J  c o s ( s x ) d s  = 0

x  > 1 ( 4 . 56d)

v°

w h e re  a n d  b ^  ( i , j = 1 , 2 )  a r e  g i v e n  i n  A p p e n d ix  C
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Now l e t

V1 ( s , p )  = j’ b ^  ( s , p ) A ( s , p ) + l 3 1 2 ( s fp ) B ( s , p ) J

( 4 . 5 7 )

V2 ( s , p )  = s ^  j^b21 ( s , p ) A ( s f p ) + b 2 2 ( s , p ) B ( s , p ) J

S o l v i n g  f o r  A ( s , p )  a n d  B ( s , p )  f r o m  E q s .  ( 4 . 5 7 )  y i e l d s

A ( s , p )  =
s

B ( s » p )  =

A ( s , p )

3~*

A ( s , p )

b22(s,p)V1(s,p)»b12(s,p)V2(s,p)J

( 4 . 5 8 )

- b 2 1 ( s , p ) V 1 ( s , p ) + b 11( s , p ) V 2 ( s , p )

w h e re  ( s , p )  i s  g i v e n  i n  A p p e n d ix  C .

S u b s t i t u t i o n  o f  E q s .  ( 4 . 5 7 )  a n d  ( 4 . 5 8 )  i n t o  

E q .  ( 4 . 5 6 )  a n d  m a k in g  u s e  o f  t h e  i d e n t i t y  [ l 6 ]  .

c o s ( s x )  = (Tfsx)* J  i ( s x )"a ( 4 . 5 9 )

t h e  E q s .  (4 * 5 6 )  c a n  be  p u t  i n  a  s t a n d a r d  f o r m  a s  f o l l o w
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00

c 11 ( s , p ) v 1 ( s , p ) + c 1 2 ( s , p ) V 2 ( s , p )  J ^ ( s x ) d a  = 0

0 < x  < 1 ( 4 . 6 0 a )
00

c 2 1 ( s , p ) V 1 ( s , p ) + c 2 2 ( s , p ) V 2 ( s , p )  J _ ^ ( s x ) d s  =

o
OP

y ?  h©0x " ^ / p ,  0 < x < l ( 4 « 6 0 b )  

V1 ( s , p )  J ^ s x j d s  = 0 ,  x > 1  ( 4 . 6 0 c )

0°

| , V2 ( s , p )  J _ ^ . ( s x ) d s  = 0 ,  x > 1  ( 4 . 6 0 d )

w h e re  c i i  ( i , j = 1 , 2 )  a r e  g i v e n  i n  A p p e n d ix  C.
^ J

I t  i s  n o t  d i f f i c u l t  t o  show t h a t  r e d u c t i o n  

o f  a  s y s t e m  o f  s i m u l t a n e o u s  d u a l  i n t e g r a l  e q u a t i o n s  

t o  a  s y s t e m  o f  F r e d h o l m  i n t e g r a l  e q u a t i o n s  i s  h o p e l e s s  

b e c a u s e  i t  w i l l  l e a d  t o  d i v e r g e n t  k e r n e l s .  An a l t e r ­

n a t e  m e th o d  i s  t o  a d o p t  t h e  m e th o d  o u t l i n e d  b y  E r d o g a n  

a n d  B a h a r  [ l l ]  w h ic h  i s  a n  e x t e n s i o n  t o  t h e  m e th o d  

d e v e l o p e d  by  T r a n t e r  [2 4 ] » t h a t  i s  by  d e f i n i n g
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1 - f y  00

V s , p ) = / | ^  « ' 6 1 a >

v - p ) - i !  ^  p2f y 2 .1(p)J<!i2m+ ? v  ( 4 - 61 b )
Ms.O

l=2ra+1

w h e re  ^ a r e  t h e  unknown c o e f f i c i e n t s  t o  he  d e t e r ­

m in e d  a n d   ̂ a r e  t h e  p a r a m e t e r s  t o  he  c h o s e n  s o  a s  

t o  make t h e  s u b s e q u e n t  i n t e g r a l s  c o n v e r g e n t .

I t  c a n  he s e e n  t h a t  w i t h  t h e  c h o i c e  o f  V ^ S j p )  

a s  g i v e n  h y  E q .  ( 4 . 6 1 ) ,  t h e  E q s .  ( 4 . 6 0 c , d )  w i l l  he 

a u t o m a t i c a l l y  s a t i s f i e d  b e c a u s e  o f  t h e  p r o p e r t i e s  o f  

t h e  f o l l o w i n g  S o n i n e - S c h a f h e i t l i n  i n t e g r a l s  [16]

00
1 - ^

s  j ( s )  J ( s x ) d s  = 0 ,  x  > 1  ( 4 . 6 2 )
-^+2m+|&i

R e 2 (m + i)  > 0 ,  ^ > 0

S u b s t i t u t i n g  E q .  ( 4 . 6 1 )  i n t o  E q s .  ( 4 . 6 0 a , b )  

a n d  i n t e r c h a n g i n g  t h e  o r d e r  o f  s u m m a t io n  a n d  i n t e g r a ­

t i o n s ,  t h e  f o l l o w i n g  e q u a t i o n s  a r e  o b t a i n e d
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o° oo

/  %-\ n ( p )  f s  ^1C1 1 ( s , p ) j ( s )  J ( s x ) d s  + 
^  1»i  J 11 -h+2m+to, -£

N * 0 o

OO 00

X  ^ 2  f  8 ^2c 1P( s , p ) j ( s )  J ( s x ) d s  =
t o  ' j  - ^ +2m+f 2  - *

0

0< x < 1

00 Oo

/ j  1 l ^ p ) s c 2 1 ( s , p ) J ( s )  J ( s x ) d s  +
<£. ’ J -»+2m+fi  -4

0

°° °° 1 (*
2 ^ 2 , f  8 2 c2 2 ^ s , p ^J ^ | ^ 2 J ( s x ) d s  = p

J I 2
o

0 < x  < 1

M u l t i p l y i n g  b o t h  s i d e s  o f  E q .  ( 4 . 6 3 a )  by

x ^ ( l - x 2 ) ^  , i , x 2 )

a n d  E q .  ( 4 . 6 3 b )  by

f2 ‘
x ^ d - x 2 ) yk ( - i + ^ 2 , i , x 2 )

k = 0 >1 y 2 y 3 » . . .

0 ,

( 4 . 6 3 a )

2 - £  x  »

( 4 . 6 3 b )
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i n t e g r a t i n g  i n  x  f r o m  0 t o  1 ,  u s i n g  t h e  f o l l o w i n g  

i n t e g r a l s  [24]

- f t  T ( k + £ )
- - r - n ---------------------

- i +2k+ p. 2f i

/ °  f  j " 1
. ( x ^ ( l - x 2 ) ^ ( - i + f i f i f X 2 ) J ( s x ) d x  ( 4 . 6 4 )

a n d  d e f i n i n g  -  3 / 2 ,  f 2 “  1 * ’fclie f o l l o w i n g  e q u a t i o n s  

a r e  o b t a i n e d

Oo ^

2 > l f l (p> J  s - 2 c 1 1 ( s , p ) j ( s ) j ( s ) d s  +
H i :  O 0

*  r °
^ X 2 , i ( p )  I 8 ~ ^ ^ 2 c 1 2 ( s , p ) j ( 3 ) j ( s ) d s  = B1 ( r ( p ) ( 4 . 6 5 a )

IHÂ-0 o

00 00

2  ^ 1 , l ( p )  ( s “ 3 / 2 c 2 1 ( s , p ) j ( s ) J ( s ) d s  +
Ur>0 J 1  r - 5

o
9° P° ̂ \ r\

^ 2 , l ^ p  ̂ s “ 1c 2 2 ( s t p ) J ( s ) J ( s ) d s  = B2 > r ( p ) ( 4 . 6 5 b )
\Mz-0 * J 1*2  r “ « *o

k = 0 , 1 , 2 . . ,  r = 2 k + 1 , l=2m+1
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w h e re  | s e e  A p p e n d ix  d J

B1 , r ^ p  ̂ = 0 f o r  r = 1 , 5 , 5 »

B2 f r ( p )  =
r(£+k)p f  *  2

)dx* k - 0 , 1 » 2 , . .
T (4 ) f  Ck+D

0 f o r  r  > 1

f o r  r  « 1

(4 . 66)

i n  w h i c h  ^  i s  t h e  J a c o b i  p o l y n o m i a l .

E q s .  ( 4 . 6 5 )  c a n  be  p u t  i n  a  more  c o n v e n i e n t  

fo r m  f o r  n u m e r i c a l  p u r p o s e  by  a d d i n g  a n d  s u b t r a c t i n g  

t h e  f o l l o w i n g  sum o f  i n t e g r a l s  t o  a n d  f r o m  t h e  l e f t  

h a n d  s i d e s  [16]

o°

^ % 1 f l ( p )  J  J ( s ) j ( s ) d s % i  r (p> 
“ Z r

( 4 . 6 7 )

g i v i n g



X 1 > r ( p ) / 2 r  + ^  X 1 f l ( p ) (  [  s - 1C l 1 ( s , p ) - l ]  j ( s ) j ( s ) d s

0O 1*0
f . - 3 / 2+ / X p  , ( p )  s “ 5 /  c 1 2 ( a , p ) j ( s ) j ( s ) d s  = B ( p )

I*  d , ±  J l d  1 - i  r  1 , rIm-uO

Oo 0°

X 2 > r ( p ) / ( 2 r - 1 ) + ^ j  f  s ~ 5^ 2 c 2 1 ( s , p ) J ( s ) j ( s ) d s

Oo 0°

j" C2 2 ^ S , P ^ " 1 ]  J ( s | J ( s ^ d s  = B^ ( p )

-  6 o

(4.68b)

I t  s h o u l d  be  n o t e d  t h a t
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f o r  a -* o° t a n d  f o r  s  0  a l l  t h e  i n t e g r a n d s  i n  E q s .

( 4 . 6 8 )  a r e  o r d e r  0 ( 1 ) .  Thus a l l  t h e  i n t e g r a l s  i n  E q s .

( 4 . 6 8 )  e x i s t .  E q s .  ( 4 . 6 8 )  a r e  i n f i n i t e  s y s t e m  o f  e q u a ­

t i o n s  i n  . i = l , 2 ;  r = 1 , 3 » 5 » ...........  w h i c h  c a n  be

s o l v e d  b y  t r u n c a t i n g  t h e  e q u a t i o n s  t o  f i n i t e  n u m b e r s .

S t r e s s - i n t e n s i t y  f a c t o r

I t  c a n  be shown t h a t  t h e  d y n a m ic  s t r e s s - i n t e n ­

s i t y  f a c t o r  i n  c o n v e n t i o n a l  u n i t s  i s  £ s e e  A p p e n d ix  Ej

-I

l ^ ( t * )  = 6"r  X  | 5 5 ( p ) / p ]  ( 4 . 6 9 )

w h ere

0o
■rH m+1

5 3 ( P ) = Zi ( 4 . 7 0 )
l/Ks-l

a n d

<j“r  = ( 4 . 7 1 )

The r e s u l t s  f o r  l e a d  a n d  c o p p e r  f o r  d i f f e r e n t
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v a l u e s  o f  H ( o u t e r  o r  s u r f a c e  c o n d u c t i v i t y )  a r e  shown 

g r a p h i c a l l y  i n  P i g .  8 - 1 3 .  I t  s t i l l  r e v e a l s  t h e  dynam ic  

e f f e c t  b u t  s m a l l  c o u p l i n g  e f f e c t .  F o r  l e a d ,  t h e  o v e r ­

s h o o t  i n  s t r e s s - i n t e n s i t y  f a c t o r  i s  a p p r o x i m a t e l y  30%

a n d  f o r  c o p p e r  a b o u t  15%. The c o r r e s p o n d i n g  e l a s p s e d
— 11 —11 t i m e  t ' * 3 . 3 x 1 0  s  a n d  3x10  s  f o r  l e a d  a n d  c o p p e r

r e s p e c t i v e l y .



96

CHAPTER 5 

N u m e r i c a l  T e c h n i q u e s

T h i s  c h a p t e r  d i s c u s s e s  t h e  n u m e r i c a l  s o l u t i o n s  

o f  P r e d h o l m  i n t e g r a l  e q u a t i o n s  a n d  n u m e r i c a l  i n v e r s i o n  

o f  t h e  L a p l a c e  t r a n s f o r m  t e c h n i q u e  f o r  t h e  p r o b l e m s  

f o r m u l a t e d  i n  C h a p t e r  3 a n d  4* S p e c i a l  t e c h n i q u e s  

c o n c e r n i n g  t h e  a c c u r a c y  o f  n u m e r i c a l  i n t e g r a t i o n s  o f  

s l o w  c o n v e r g e n t  i n t e g r a l s  a n d  o f  t h e  i n t e g r a l s  p o s s e s s ­

i n g  s i n g u l a r i t i e s  a r e  a l s o  d i s c u s e d  i n  some d e t a i l  •
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5 .1  N u m e r i c a l  S o l u t i o n s  o f  S y s te m  o f  F r e d h o l m

I n t e g r a l  E q u a t i o n s

To s o l v e  t h e  s y s t e m  o f  E r e d h o lm  i n t e g r a l  e q u a ­

t i o n s  ( 5 . 6 7 )  t h e  m e th o d  o u t l i n e d  h y  K a n t o r o v i c h  a n d  

k r y l o v  [1 4 ] w i l l  he  f o l l o w e d .  S i m p s o n ' s  r u l e  f o r  

a p p r o x i m a t e  i n t e g r a t i o n  i s  u s e d  a n d  E q s .  ( 5 . 6 7 )  a r e  

a p p r o x i m a t e l y  r e p l a c e d  hy  t h e  a l g e b r a i c  r e l a t i o n s

N+1

3*1

N+1

^ AJL2(ll»1j)Y2hj) = + £1
J=1

N+1

^ 2^ 0  ” A3L2^/) i » 1? ^  Y l ^ 3 ^  “

N+1

X  * g 2 ^ 0  + ^ i
3=1

( 5 .1 )
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w h ere

0
( 5 . 2 )

O

i n  w h i c h  a n d  Z2 a r e  g i v e n  i n  A p p e n d ix  C, a n d

N = e v e n  n um ber  o f  s u b - i n t e r v a l s  b e t w e e n  0 t o  1

= e r r o r  w h i c h  c a n  be  made t o  a  s m a l l  v a l u e  i f  

num ber  o f  e q u a t i o n s  a r e  i n c r e a s e d ,  t h e r e f o r e ,  

c a n  be  n e g l e c t e d .

^  = ( i - 1 ) / N ,  i = 1 , 2 , 3 , ------  N+1

E q s .  ( 5 * 1 )  a r e  s i m u l t a n e o u s  l i n e a r  a l g e b r a i c  

e q u a t i o n s  i n  N+1 e q u a t i o n s  h a v i n g  a n ^

An = 4 /3N  

AN-1 = 2 /3N
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( i = 1 , 2 , . . . . ,N + 1) a s  unknowns w h i c h  c a n  he  s o l v e d  by  

a n y  c o n v e n t i o n a l  m e t h o d .  Thus t o  f i n d  t h e  s t r e s s -  

i n t e n s i t y  f a c t o r

o n l y  1 a n d  ^ 2  e v a l u a t e d  a t  ^  = 1 a r e  n e c e s s a r y .

The m a in  d i f f i c u l t i e s  e n c o u n t e r e d  i n  s o l v i n g  

t h i s  s e t  o f  e q u a t i o n s  a r e  b a s i c a l l y  due  t o  two f a c t o r s .  

One i s  t h e  s l o w  c o n v e r g e n c e  o f  t h e  k e r n e l  L 1 a s

c a n  b e  o b s e r v e d  f r o m  t h e  o r d e r  o f  m a g n i t u d e  o f  t h e  

i n t e g r a n d

f o r  s  -> 00 • T h i s  t r o u b l e s o m e  c a n  be  o v e rc o m e  by  

s u b t r a c t i n g  a n d  a d d i n g  t h e  i n t e g r a n d  f ( s )  a  c e r t a i n  

f u n c t i o n

fi'o Y i ( 1 > *
- i . n -  t '

1

f ( s )  = s  E . j ( s / a ) + 1  Jq( s ^)Jq( s C) = 0 ( s ” 2 )

sC

w h i c h  h a s  t h e  same o r d e r  o f  m a g n i t u d e  0 ( s “  ) a s  f ( s )
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f o r  l a r g e  s  a n d  whose  s o l u t i o n  i s  known i n  e l e m e n t a r y  

f o r m .  I n  t h i s  m a n n e r ,  t h e  r e s u l t i n g  i n t e g r a n d  becom es 

0 ( s  ) f o r  l a r g e  s ,  c o n s e q u e n t l y ,  t h e  c o r r e s p o n d i n g

i n t e g r a l  c o n v e r g e s  f a s t e r  t h a n  t h e  o r i g i n a l  one  and  

r e q u i r e s  c o m p u te r  t i m e  o n l y  a  f r a c t i o n  o f  s e c o n d .  

A n o t h e r  d i f f i c u l t y  i s  due  t o  t h e  p r e s e n c e  o f  s i n g u l a r i ­

t i e s  a t  u p p e r  l i m i t  x = v r j in  t h e  f o r c i n g  t e r m s  ( r i g h t  

h a n d  s i d e  t e r m s ) .  T h i s  t y p e  o f  s i n g u l a r i t y ,  b e i n g  

known a s  a  weak s i n g u l a r i t y ,  c a n  be  e f f e c t i v e l y  d e a l t  

w i t h  b y  t h e  m e th o d  o u t l i n e d  i n  A p p e n d ix  P .

One more p o i n t  w h i c h  c a r e  m u s t  be  t a k e n  p r o p e r ­

l y  i s  when d e a l i n g  w i t h  t h e  q u a n t i t i e s

= ( s 2- ?2 ) ^  = R j + i l  .j, j=1 , 2 , 3  ( 5 . 3 )

I t  i s  n o t e d  t h a t  t h e  f u n c t i o n  d e f i n e d  b y  E q .  ( 5 . 3 )

h a s  2 b r a n c h e s ,  one  h a v i n g  p o s i t i v e  R .  a n d  t h e  o t h e r

one  h a v i n g  n e g a t i v e  R . .  The g e o m e t r y  o f  t h e  p r o b l e m s
J

s u g g e s t s  t h e  b r a n c h  h a v i n g  R i > 0 so  t h a t  f a r  away f r o m  

t h e  c r a c k ,  t e m p e r a t u r e ,  s t r e s s e s  a n d  d i s p l a c e m e n t s  

become z e r o .  However  q u e s t i o n  a r i s e s  a s  t o  how t o

s e l e c t  t h e  b r a n c h e s  o f  t h e  f u n c t i o n  when R i = 0 w h ic h
J
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pi s  t h e  s i t u a t i o n  when ^  = 0 an d  s  -m^ < 0 .  I n  t h i s  

c a s e ,  w i t h o u t  g e t t i n g  i n t o  a n y  f u r t h e r  d i s c u s s i o n  

s i n c e  i t  h a s  a l r e a d y  b e e n  d i s c u s s e d  i n  g r e a t  d e t a i l  by 

N o b le  [19] » t h e  b r a n c h  w i t h  n e g a t i v e  i m a g i n a r y  p a r t  

m u s t  be  c h o s e n

= U 2 - S 2 ) *  = - i l j  = - i ( m 3- s 2 ) * ,  3= 1 , 2 ,3
3

S i m i l a r l y ,  t h e  same t e c h n i q u e  c a n  a l s o  be 

a p p l i e d  t o  t h e  s o l u t i o n s  o f  E q .  ( 3 . 8 0 ) .

E q s .  ( 4 . 3 4 )  a n d  ( 4 . 5 1 )  a r e  P r e d h o l m  i n t e g r a l  

e q u a t i o n s  o f  t h e  s e c o n d  k i n d  w h i c h  a g a i n  c a n  b e  s o l v e d  

n u m e r i c a l l y  by  t h e  m e th o d  o f  K a n t o r o v i c h  a n d  K r y l o v  

[14] . T h u s ,  f o r  e x a m p l e ,  E q .  ( 4 . 3 4 ) may be  r e p l a c e d

by

N+1

i , 3 = 1 , 2 , . .N+1 ( 5 . 4 )

w h e r e  N a n d  fc, a r e  d e f i n e d  a s  b e f o r e  a n d  
J ^

(3. =* ( i - 1  ) / N .I 0
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A g a i n  E q .  ( 5 . 4 )  i s  t h e  s i m u l t a n e o u s  a l g e b r a i c  

e q u a t i o n s  i n  N+1 e q u a t i o n s  h a v i n g  ^  ( ^ , p )  j ( i = 1 , 2 , .  .N + 1) 

a s  u n k n o w n s .  Thus u p o n  s o l v i n g  E q .  ( 5 . 4 ) >  i n  p a r t i c u ­

l a r  f o r  § ^ ( l , p ) ,  t h e  s t r e s s - i n t e n s i t y  f a c t o r

i s  o b t a i n e d .

S i m i l a r l y ,  t h e  n u m e r i c a l  v a l u e  o f  i n

E q .  ( 4 . 5 1 )  c a n  be  o b t a i n e d  i n  t h e  same m a n n e r  a s  o u t ­

l i n e d  a b o v e .

i n  t h e  s e r i e s  ( 4 . 7 0 )  i s  d e t e r m i n e d  b y  t h e  i n f i n i t e  s e t  

o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  g i v e n  by  E q .  ( 4 . 6 8 ) .

T h i s  s y s t e m  o f  e q u a t i o n s  h a v i n g  i n f i n i t e  v a r i a b l e s  i s  

w e l l - k n o w n .  The s o l u t i o n  o f  t h i s  t y p e  o f  e q u a t i o n s  

c a n  be  f o u n d  e f f e c t i v e l y  by  t r u n c a t i n g  t h e  i n f i n i t e  

e q u a t i o n s  t o  f i n i t e  n u m b e r s  a n d  , t h e r e f o r e ,  a n y  i t e r a ­

t i v e  a l g o r i t h m  s u c h  a s  t h e  G a u s s - S e i d e l  p r o c e d u r e  c a n  

be  a p p l i e d .  I t  s h o u l d  be  n o t e d  t h a t  t h e  p r o o f  o f  t h e  

r e g u l a r i t y  o f  t h e  E q s .  ( 4 . 6 8 ) i s  i m p o s s i b l e  b e c a u s e  o f  

t h e  c o m p l e x i t y  o f  t h e  k e r n e l s  b u t  i t  i s  c o n f i r m e d  by  

n u m e r i c a l  r e s u l t s .  I n  t h i s  p r o b l e m ,  r e t a i n i n g  6 t e r m s

-i

The c o e f f i c i e n t s  X i t 2 m - 1 ^ ^ *  ^m== 1 » 2 ,3 f  •  •  •  • )
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in the infinite series (4 .61) is found to give a good 
approximation (3 significant digits).
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5 . 2  N u m e r i c a l  I n v e r s i o n  o f  t h e  L a p l a c e  T r a n s f o r m s

The m a in  d i f f i c u l t y  i n  a p p l y i n g  t h e  L a p l a c e  

t r a n s f o r m  t e c h n i q u e  i s  t h e  i n v e r s i o n  o r  d e t e r m i n a t i o n  

o f  t h e  o r i g i n a l  f u n c t i o n  f r o m  i t s  t r a n s f o r m

i , e  t o  f i n d  f r ( t )  f r o m  t h e  known f u n c t i o n  <pr ( l » p ) / p .  

I n  many a p p l i c a t i o n s  a n a l y t i c a l  m e th o d s  a r e  n o t  p o s s i ­

b l e ,  e . g . ,  when § r ( l » p )  i s  t h e  n u m e r i c a l  s o l u t i o n  o f  

a n  i n t e g r a l  e q u a t i o n .  T h e r e f o r e  n u m e r i c a l  m e th o d s  

m u s t  be  u s e d .  One o f  t h e  s u c c e s s f u l  m e t h o d s  i s  g i v e n  

b y  M i l l e r  a n d  Guy [1 7 ] . T h i s  m e th o d  i s  b a s e d  on  t h e  

v a l u e s  o f  t h e  f u n c t i o n s  <j>r ( l 9p ) / p  e v a l u a t e d  a t  d i s ­

c r e t e  p o i n t s  a l o n g  t h e  r e a l  a x i s ,  p = (̂ > + 1+k)  ̂ , 

k = 0 , 1 , 2 , 3 , ............   p a n d  i  a r e  r e a l  n u m b e r s .

S u i t a b l y  c h a n g i n g  o f  v a r i a b l e  o f  i n t e g r a t i o n  

a n d  e x p a n d i n g  f r ( t )  i n  t e r m s  o f  J a c o b i  p o l y n o m i a l s

00
f  - p t

5 r d , p ) / p  -  \ «  f r ( t ) d t ,  r = 1 , 2 , 3 ( 5 . 5 )

0

(2e - 1 ) ,  r « 1 , 2 , 3  ( 5 .6 )

N=0
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l e a d s  t o

$ r  [1 , ( f + 1+k)]

(p+1+ k)

-(j^ + 1+k)
( 1 - x )

00 (Ot p)
a mPm( x )  m m'

c»r C P ( x )  n  n '  7 dx ( 5 . 7 )

w h ere  a  a r e  known c o e f f i c i e n t s  a n d  C! a r e  t o  b e  d e t e r -  m n
m in e d  f ro m  o r t h o g o n a l i t y  o f  J a c o b i  p o l y n o m i a l  w h ic h  

l e a d s  t o  n  s y s t e m  o f  s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s .

f +1

C0 
f> + 1

$ r [ l . ( p + 2 ) ] C0 1 !C1
( 5 . 8 )

f  +2 f + 2 ( f + 2 ) ( f + 3 )

$ P [ l . ( f + 3 ) ] C0 , 2 ° 1
2 ! C 2

f +3 f + 3 ( f + 3 ) ( p + 4 ) ( f + 3 ) ( ^ + 4 ) ( | * + 5 )
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I n  t h i s  m a n n e r  t h e  i n v e r s e  L a p l a c e  t r a n s f o r m  a s s u m e s  

t h e  fo r m

(0 ,(9)
w h e re  Pn  1 i s  t h e  J a c o b i  p o l y n o m i a l  o f  d e g r e e  n .

I n  u s i n g  t h i s  m e t h o d ,  i t  i s  s u g g e s t e d  t h a t ,  

a c c o r d i n g  t o  r e f .  [1 7 ] , - . 5 ^ ( M  5 . 0  a n d  . 0 5 ^ $  2 . 0 .

Thus t h e  r e q u i r e d  c o m p u t e r  t i m e  i s  o n l y  a  f r a c t i o n  o f  

a  s e c o n d .  I t  i s  a l s o  n o t e d  t h a t  t h e  f o l l o w i n g  s e t  o f  

v a l u e s  ( 9 = 0 ,   ̂ = . 1 2 5 ;  (9 = 0 ,   ̂ = . 2 7 5  a n d  ^  = 0 ,

» . 3 5  h a v e  b e e n  f o u n d  u s e f u l .
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CHAPTER 6

N u m e r i c a l  R e s u l t s ,  C o n c l u s i o n s  a n d  

S u g g e s t i o n s  f o r  F u t u r e  R e s e a r c h s

6 .1  N u m e r i c a l  R e s u l t s

Two t y p i c a l  m a t e r i a l s ,  c o p p e r  a n d  l e a d ,  one 

w i t h  low  c o u p l i n g  c o n s t a n t  a n d  t h e  o t h e r  w i t h  h i g h  

c o u p l i n g  c o n s t a n t ,  w e re  s e l e c t e d  f o r  n u m e r i c a l  compu­

t a t i o n  a n d  a p p l i c a t i o n  o f  t h e  s o l u t i o n  p r e s e n t e d .

The n u m e r i c a l  v a l u e s  o f  t h e  m a t e r i a l s  a r e  f o u n d  i n  r e f .

[8] a n d  a r e  r e p r o d u c e d  h e r e  i n  T a b l e  1 .

The p l a n e  h a r m o n i c  t h e r m o e l a s t i c  w a v e s ,  t h e  

s i m p l e s t  t y p e  o f  t h e r m o e l a s t i c  d i s t u r b a n c e s ,  w ere  

c h o s e n  t o  s t u d y  t h e  p r o b l e m  o f  d i f f r a c t i o n  o f  t h e r m o ­

e l a s t i c  w av es  a r o u n d  c r a c k  so  t h a t  t h e  s a l i e n t  f e a t u r e s  

o f  u t i l i z i n g  t h e  c o u p l e d  t h e r m o e l a s t i c  t h e o r y  c a n  be  

b r o u g h t  o u t .  I n  c a s e  o f  t r a n s i e n t  p r o b l e m ,  t h r e e  

e x a m p le s  w e re  c h o s e n  t o  i l l u s t r a t e  t h e  r e s u l t s .

The F r e d h o l m  i n t e g r a l  e q u a t i o n s  ( 3 . 6 7 ) ,  ( 3 . 8 0 ) ,  

( 4 . 3 4 )  a n d  ( 4 . 5 1 )  w e r e  s o l v e d  n u m e r i c a l l y  by  t h e
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m eth o d  d e s c r i b e d  i n  C h a p t e r  5 t o  y i e l d  t h e  v a l u e s  o f  

t h e  f u n c t i o n s  V O ) ,  'Y ' ( 1 )» $ . j ( 1 »p) a n d  § 2 ( 1 * P ) #

The a c c u r a c y  o f  t h e  r e s u l t s  was a c h i e v e d  by  c h o o s in g  

l a r g e  v a l u e  o f  N i n  a p p r o x i m a t i o n  o f  i n t e g r a l s  i n  

F re d h o lm  i n t e g r a l  e q u a t i o n s .  The num ber o f  t e r m s  

N » 21 was o b s e r v e d  t o  g i v e  a  r e a s o n a b l e  a c c u r a t e  

r e s u l t s .  The f u n c t i o n  § ^ ( p )  was o b t a i n e d  by  t a k i n g  

a  few  t e r m s  o f  ^ 1  2m -1 ^ ^  i n  t l i e  s e r i e s  Eq .  ( 4 . 7 0 ) .

The f u n c t i o n s  %  -j a n - l ^ ' -  m=:1»2 » 3 ............  a r e  t h e

s o l u t i o n s  o f  t h e  s y s te m  o f  a l g e b r a i c  e q u a t i o n s  ( 4 . 6 8 ) 

w h ic h  w e re  s o l v e d  n u m e r i c a l l y  by  t r u n c a t i n g  t h e  i n f i ­

n i t e  s e r i e s  t o  a  f i n i t e  num ber o f  t e r m s i  S ix  t e r m s  i n  

t h e  s e r i e s  w e re  o b s e r v e d  t o  g i v e  good  r e s u l t s .  I n  

a l l  c a s e s  e x a m in e d  t h e  n u m e r i c a l  c o m p u t a t i o n  c o n v e r g e d  

s m o o th ly  an d  no u n u s u a l  d i f f i c u l t i e s  w e re  e n c o u n t e r e d .  

T hese  v a l u e s  w ere  t h e n  i n s e r t e d  i n t o  E q s .  ( 3 . 7 2 ) ,  ( 3 . 8 2 )  

( 4 . 4 1 ) ,  ( 4 . 5 4 ) a n d  ( 4 . 6 9 )  t o  d e t e r m i n e  t h e  c o r r e s p o n d i n g  

s t r e s s - i n t e n s i t y  f a c t o r s .  The i n v e r s i o n  o f  t h e  L a p l a c e  

t r a n s f o r m s  w ere  a c c o m p l i s h e d  t h r o u g h  t h e  n u m e r i c a l  

m e th o d  d e s c r i b e d  i n  C h a p te r  5 o r  r e f .  [17]  .

F o r  c o n v e n i e n c e ,  t h e  s t r e s s - i n t e n s i t y  f a c t o r s  

g i v e n  b y  E q s .  ( 3 . 7 2 )  a n d  ( 3 . 8 2 )  may be  r e w r i t t e n  i n  

t h e  fo rm
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- i - n ' t '  , -iCa.* t ' - £ )
*1 * ( R + i l ) e  -  | k 1 | e ( 6 . 1 )

w h e re  b » t a n ’ 1I  i s  t h e  p h a s e s  a n g l e ,  a n d  |k ! |  i s
I 1

t h e  m ax. s t r e s s - i n t e n s i t y  f a c t o r .

Shown g r a p h i c a l l y  on  s e m i - l o g  s c a l e  i n  F i g .  3 

i s  t h e  b e h a v i o u r  o f  t h e  n o r m a l i z e d  m ax. s t r e s s - i n t e n s i t y  

f a c t o r  | k . j | / ( f ^ / a 1 a s  f u n c t i o n  o f  f r e q u e n c y  i i  / w* when 

a  c r a c k  o f  l e n g t h  2a 1* 1 . 0  cm. a n d  2 . 0  cm. i s  im p in g e d

u p o n  by  a  t h e r m a l  wave a c c o m p a n ie d  by  a n  e l a s t i c  wave

a t  an  i n c i d e n t  a n g l e  * 9 0 ° .  S i n c e  Si  * t h e  n o r ­

m a l i z e d  s t r e s s - i n t e n s i t y  f a c t o r  w i l l  d e p e n d  u p o n  t h e  

c i r c u l a r  f r e q u e n c y  o f  i n c i d e n t  t h e r m a l  wave a n d  c h a r a c ­

t e r i s t i c  f r e q u e n c y  w *. The t im e  t*  a t  w h ic h  i t  o c c u r s

d e p e n d s  u p o n  t h e  p h a s e  a n g l e  £ * t a n ~ 1"- ~  ^  E x am i-
R e T ( 1 )

n a t i o n  o f  t h e  r e s u l t s  i n  F i g .  3 show s t h a t  t h e  m ax. 

s t r e s s - i n t e n s i t y  f a c t o r  r i s e s  a t  f i r s t  t h e n  d e c a y  w i t h  

i n c r e a s i n g  f r e q u e n c y .  F o r  t h e  a c t u a l  c r a c k  l e n g t h  

2a '  » 1 . 0  cm. t h e  p e a k  o c c u r s  a t  f r e q u e n c y  * 1 . 3  r a d / s  

a n d  a '  * 4 . 2 5  r a d / s  f o r  l e a d  a n d  c o p p e r  r e s p e c t i v e l y .

The c o r r e s p o n d i n g  p e a k  v a l u e s  f o r  c r a c k  l e n g t h  2 a '  * 2 . 0  

cm. a r e  o b s e r v e d  t o  t a k e  p l a c e  a t  r e l a t i v e l y  l o w e r  

f r e q u e n c y .  How ever t h e i r  c o r r e s p o n d i n g  p e a k  v a l u e s  

a r e  o b s e r v e d  t o  r e m a in  c o n s t a n t  f o r  t h e  same m a t e r i a l s .

I t  i s  a l s o  n o t e d  t h a t  a s  -Q.' —> 0 a l l  t h e
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c u r v e s  a p p r o a c h  z e r o  v a l u e .  T h i s  I m p l i e s  t h a t  t h e  

s t r e s s - i n t e n s i t y  f a c t o r  v a n i s h e s  u n d e r  s t a t i c  t h e r m a l  

l o a d i n g .  The im p a c t  o f  t h e  c o u p l i n g  te r m  i n  h e a t  

c o n d u c t i o n  e q u a t i o n  c a n  be e x a m in e d  b y  s e t t i n g  g=g= 0 

i n  t h e  n u m e r i c a l  p r o c e s s  a n d  t h e  c o r r e s p o n d i n g  r e s u l t s  

a r e  show n b y  d a s h e d  l i n e s  i n  F i g ,  3 f o r  b o t h  m a t e r i a l s .  

I t  i s  n o t e d  t h a t  t h e  c o u p l i n g  e f f e c t  i s  n e g l i g i b l y  

s m a l l .

A s i m i l a r  b e h a v i o u r  i s  a l s o  o b s e r v e d  when a  

p l a n e  e l a s t i c  wave a c c o m p a n ie d  by  t h e r m a l  wave im p in g ­

i n g  u p o n  a  c r a c k .  The v a r i a t i o n  o f  |k.j| /(jVa1, t h e  r a t i o  

o f  m ax. d ynam ic  s t r e s s - i n t e n s i t y  f a c t o r  o v e r  s t a t i c  

v a l u e ,  w i t h  f r e q u e n c y  & * * i ' /w *  show n g r a p h i c a l l y  on 

s e m i - l o g  s c a l e  i n  F i g .  4 show s t h a t  t h e  maximum dynam ic  

s t r e s s - i n t e n s i t y  f a c t o r  i s  a b o u t  42% a n d  31% h i g h e r  

t h a n  t h e  c o r r e s p o n d i n g  s t a t i c  v a l u e  f o r  t h e  g i v e n  m a te ­

r i a l s ,  l e a d  a n d  c o p p e r  r e s p e c t i v e l y .  As 0 a l l

t h e  c u r v e s  d e g e n e r a t e  t o  u n i t y  a n d  c o n s e q u e n t l y  t h e  

d y n am ic  s t r e s s - i n t e n s i t y  f a c t o r  a p p r o a c h e s  s t a t i c  v a l u e  

t f / a ' .  F o r  l e a d  w i t h  c r a c k  l e n g t h  2 a '  = * 1 .0  cm. t h e  

p e a k  i n  |kJj| o c c u r s  a t  f r e q u e n c y  ii* * 11x 1 0 ^ r a d / s  

w h i l e  f o r  c o p p e r  i t  t a k e s  p l a c e  a t  h i g h e r  f r e q u e n c y  

c l m  3 .3 x 1  O'5r a d / s  . When t h e  c r a c k  l e n g t h  beco m es  t w i c e ,  

2a f =* 2 . 0  c m . ,  t h e  c o r r e s p o n d i n g  p e a k  i s  o b s e r v e d  t o
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o c c u r  a t  l o w e r  f r e q u e n c y  a b o u t  h a l f  o f  t h e  p r e v i o u s  

v a l u e .  As f r e q u e n c y  i n c r e a s e s  t h e  s t r e s s - i n t e n s i t y  

f a c t o r  d e c r e a s e s  d r a s t i c a l l y  f o r  b o t h  m a t e r i a l s .

S i m i l a r  t o  t h e  p r e v i o u s  c a s e ,  t h e  c o u p l i n g  e f f e c t  i s  

b r o u g h t  o u t  b y  l e t t i n g  g* £ » 0  i n  t h e  n u m e r i c a l  p r o c e s s  

a n d  t h e  r e s u l t s  a r e  show n i n  P i g .  4 by  d a s h e d  l i n e s .

I t  i s  i n  e x c e l l e n t  a g r e e m e n t  w i t h  t h e  a n a l o g o u s  r e s u l t s  

f o r  i s o t r o p i c  m a t e r i a l s  [ 6 , 2 l ]  . The c o u p l i n g  e f f e c t  

i s  f o u n d  t o  be  m in i m a l .  T h e r e f o r e ,  i t  i s  j u s t i f i a b l e  

t o  a p p l y  u n c o u p le d  t h e o r y  ( e l a s t o d y n a m i c  t h e o r y )  when 

d e a l i n g  w i t h  c r a c k  p r o b le m s  u n d e r  h a r m o n i c a l l y  t im e  

v a r y i n g  e l a s t i c  P*-wave.

Shown i n  F i g s .  5 t o  13 a r e  t h e  v a r i a t i o n  o f
t

t h e  s t r e s s - i n t e n s i t y  f a c t o r s  k^ a s s o c i a t e d  w i t h  t h e  

t r a n s i e n t  p ro b le m  v e r s u s  t h e  d i m e n s i o n l e s s  t im e  

t  » c ^ t ' / 10 f o r  a  c r a c k  o f  l e n g t h  2a '  =* 2 ^ /c - j .  The 

r e s u l t s  f o r  n o n - d i m e n s i o n a l  s u r f a c e  c o n d u c t i v i t y  

h  « 1x 10  , 1x 10  a n d  1x 10  a r e  shown s e p a r a t e l y

i n  F i g s .  8  t o  1 3 .  I n  o r d e r  t o  f i n d  o u t  t h e  i n f l u e n c e  

o f  t h e  c o u p l i n g  t e r m  i n  t h e  h e a t  c o n d u c t i o n  e q u a t i o n  

on  t h e  r e s p o n s e ,  a n o t h e r  s e t  o f  n u m e r i c a l  c o m p u t a t i o n  

was c a r r i e d  o u t  w i t h  t h e  c o u p l i n g  c o n s t a n t  6 - 0  a n d  

t h e  r e s u l t s  w e re  e x h i b i t e d  on  t h e  same c u r v e s  b y  d o t t e d
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l i n e s .  Upon e x a m in in g  t h e  r e s u l t s ,  i t  i s  s e e n  t h a t  a l l  

t h e  c u r v e s  e x h i b i t  t h e  same f e a t u r e ;  t h a t  i s  t h e  d y n a ­

m ic  s t r e s s - i n t e n s i t y  f a c t o r  r i s e s  q u i c k l y  w i t h  t i m e ,  

r e a c h i n g  a  p e a k  a n d  t h e n  d e c r e a s e s  i n  m a g n i tu d e  a n d  

a p p r o a c h e s  s t e a d y - s t a t e  f o r  s u f f i c i e n t l y  l o n g  t i m e .

The d y n am ic  s t r e s s - i n t e n s i t y  f a c t o r s  f o r  E x . 1 , n o rm a l  

s t r e s s  a c t i n g  on  t h e  c r a c k  s u r f a c e s ,  a r e  shown i n

F i g .  5 .  F o r  l e a d ,  t h e  r i s e  i n  s t r e s s - i n t e n s i t y  f a c t o r
- 9i s  a b o u t  25% a n d  o c c u r s  a t  a n  e l a p s e d  t im e  o f  t ' = 5x 10

s e c .  F o r  t h e  r e m a i n i n g  m a t e r i a l ,  c o p p e r ,  t h e  p e a k  i s

a  l i t t l e  l o w e r ,  a b o u t  21% a b o v e  t h e  s t e a d y - s t a t e  v a l u e
- 9a n d  o c c u r s  a t  s h o r t e r  t im e  t ’ =3x10 s e c . .  The i n f l u ­

e n c e  o f  t h e  m e c h a n i c a l  c o u p l i n g  te r m  ( c o u p l i n g  e f f e c t )  

i s  o b s e r v e d  t o  be  v e r y  s m a l l ,  a b o u t  0 . 1%, f o r  b o t h  

m a t e r i a l s .  I n  E x . 2 ,  f l u x  s p e c i f i e d  i n s i d e  t h e  c r a c k  

s u r f a c e s ,  t h e  o v e r s h o o t  i n  s t r e s s - i n t e n s i t y  f a c t o r  i s  

a b o u t  30% f o r  l e a d  a n d  11% f o r  c o p p e r  a s  shown i n

F i g s .  6 , 7 .  The e l a p s e d  t im e  i s  a p p r o x i m a t e l y  t h e  same
- 9f o r  b o t h  m a t e r i a l s  t a k i n g  p l a c e  a t  t ' » 3 . 5x 10  s e c . .

The c o u p le d  t h e o r y  se e m s  t o  y i e l d  l o w e r  v a l u e  i n  

s t r e s s - i n t e n s i t y  f a c t o r  f o r  b o t h  m a t e r i a l s  a p p r o x i ­

m a t e l y  l e s s  t h a n  2 .5 % . F i n a l l y ,  F i g s .  8  t o  13 d i s p l a y  

t h e  v a r i a t i o n  o f  t h e  s t r e s s - i n t e n s i t y  f a c t o r  a s s o c i a t e d
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w i t h  s u d d e n  v a r i a t i o n  o f  t h e r m a l  r a d i a t i o n  b o u n d a ry  

c o n d i t i o n  on  c r a c k  s u r f a c e s ,  E x . 3 ,  v e r s u s  d im e n -  

s i o n l e s s  t im e  t  » c ^ t 1/ ^  f o r  a  c r a c k  o f  l e n g t h  

2a ’ = 2 fc/c.j a n d  d i m e n s i o n l e s s  s u r f a c e  c o n d u c t i v i t i e s

h  = 1x10” ^ ,  1x10"*^ a n d  1x10“ ^ .  The p e a k  i n  s t r e s s
i

i n t e n s i t y  f a c t o r  k^ i s  m o d e r a t e l y  h i g h  i n  l e a d ,  a b o u t  

30%, a n d  r e l a t i v e l y  lo w  i n  c o p p e r ,  a b o u t  15% a b o v e  

t h e  s t e a d y - s t a t e  v a l u e .  The e l a p s e d  t im e  n e e d e d  f o r
t

k^ t o  r e a c h  i t s  maximum v a l u e  i s  e s t i m a t e d  t o  be
- 9  -Qa p p r o x i m a t e l y  3 . 3x 10  s e c .  a n d  3 . 0x 10  s e c .  f o r

l e a d  a n d  c o p p e r  r e s p e c t i v e l y .  S i m i l a r  c o n c l u s i o n  c a n  

be  made c o n c e r n i n g  t h e  i n f l u e n c e  o f  t h e  m e c h a n i c a l  

c o u p l i n g  t e r m  a s  i n  t h e  p r e v i o u s  e x a m p le s .
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6 . 2  C o n c lu s io n  a n d  S u g g e s t i o n s  f o r  F u t u r e  R e s e a r c h s

The a p p l i c a t i o n  o f  c o u p le d  t h e r m o e l a s t i c i t y  

t h e o r y  t o  2 - d i m e n s i o n a l  p l a n e - s t r a i n  c r a c k  p r o b le m s  

i s  p r e s e n t e d  f i r s t  t im e  i n  t h i s  d i s s e r t a t i o n .  D e s p i t e  

t h e  c o m p l e x i t y  o f  t h e  t h e o r y ,  c o u p le d  t h e r r a o e l a s t i c i t y  

t h e o r y  a l l o w s  o n e  t o  ex am in e  t h e  e f f e c t s  o f  t h e r m a l  

w aves  ( s t e a d y  s t a t e  a n d  t r a n s i e n t )  u p o n  t h e  c r a c k  s i t u ­

a t e d  i n s i d e  t h e  s t r u c t u r a l  c o m p o n e n ts ,  w h e r e a s  t h e  

c o n v e n t i o n a l  t h e r m o e l a s t i c i t y  ( q u a s i - s t a t i c  t h e o r y )  

i s  n o t  a b l e  t o  e x p l a i n .  M o r e o v e r ,  some i n s i g h t  a s  t o  

t h e  i n t e r a c t i o n  e f f e c t s  o f  s t r a i n i n g  a n d  t e m p e r a t u r e  

u p o n  t h e  s t r e s s - i n t e n s i t y  f a c t o r  i s  a l s o  made p o s s i b l e  

a n d  becom es c l e a r .  Few e x a m p le s  c o n c e r n i n g  t h e  s c a t ­

t e r i n g  o f  p l a n e  h a rm o n ic  t h e r m a l  w aves  ( a n d / o r  e l a s t i c  

w a v e s )  a n d  t r a n s i e n t  p ro b le m s  h a v e  b e e n  f o r m u l a t e d  a n d  

s o l v e d  s u c c e s s f u l l y .

Many o f  t h e  c r a c k  p r o b le m s  c a n  u s u a l l y  be  r e d u ­

c e d  t o  a  s e t  o f  d u a l  i n t e g r a l  e q u a t i o n s .  The s o l u t i o n  

o f  s u c h  e q u a t i o n s  u s u a l l y  p r e s e n t s  a  f o r m i d a b l e  t a s k  

f o r  e n g i n e e r s  a n d  p h y s i c i s t s ,  M ost o f  s o l u t i o n s  

( s t r e s s - i n t e n s i t y  f a c t o r s )  h a v e  b e e n  a c h i e v e d  s u c c e s s ­

f u l l y  i f  t h e  w e i g t h  f u n c t i o n s  ax*e c o n s t a n t s  [11] •

I n  t h i s  r e s e a r c h  a  m e th o d  o f  f i n d i n g  t h e  s t r e s s -
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i n t e n s i t y  f a c t o r  f ro m  t h e  s o l u t i o n  o f  a  s e t  o f  d u a l  

i n t e g r a l  e q u a t i o n s  h a v i n g  n o n - c o n s t a n t  w e i g t h  f u n c t i o n  

h a s  b e e n  d e v e l o p e d .

By i n c o r p o r a t i n g  a  s y s te m  o f  m o v in g  c o o r d i n a t e s  

i n t o  t h e  m e th o d  p r e s e n t e d  i n  t h i s  r e s e a r c h ,  a n o t h e r  

i n t e r e s t i n g  p r o b le m  c o n c e r n i n g  a  c r a c k  o f  f i x e d  l e n g t h  

t r a v e l l i n g  w i t h  c o n s t a n t  v e l o c i t y  i n  a  medium o f  i n f i ­

n i t e  e x t e n t  may be  s o l v e d .  A m ore r e a l i s t i c  p r o b le m  

i s  t h e  p r o b le m  o f  a  m o v ing  c r a c k  h a v i n g  c r a c k  t i p s  

m o v in g  i n  o p p o s i t e  d i r e c t i o n s  w i t h  c o n s t a n t  v e l o c i t i e s .

I t  i s  h o p e d  t h a t  t h e  s u c c e s s f u l  a p p l i c a t i o n  o f  

t h e o r y  o f  c o u p le d  t h e r m o e l a s t i c i t y  t o  t h e  c r a c k  p r o b le m  

t r e a t e d  i n  t h i s  r e s e a r c h  may s t i m u l a t e  f u r t h e r  i n v e s t i ­

g a t i o n s  a n d  r e s e a r c h e s  t o  t h e  m ore a d v a n c e d  p ro b le m s  

e n c o u n t e r e d  i n  t h e  y e a r s  t o  come, e s p e c i a l l y ,  i n  t h e  

a r e a  o f  h i g h  e l e v a t e d  t e m p e r a t u r e  f r a c t u r e  m e c h a n ic s  

i n  w h ic h  n o n - l i n e a r  t h e o r y  o f  c o u p le d  t h e r m o e l a s t i c i t y  

mu3 t  be  e m p lo y e d .



Table  1: M a t e r i a l  p r o p e r t i e s  (measured a t  21°C)

Symbol P r o p e r t y U n i t s C opp er L ead

k T h e rm a l c o n d u c t i v i t y C a l / s . c m .° K 0 .9 3 0 .0 8 4

IC T h erm al  d i f f u s i t i v i t y
p

cm / s 1 .1 4 0 .2 5

&T C o e f f .  o f  t h e r m a l cm/cm°C 1 6 .5 x 1 0 “ 6 2 9 .3 x 1 0 “ 6

e x p a n s i o n

& C o u p l in g  c o n s t a n t 0 .0 1 7 0 .0 7 2 9

E Young m o d u lu s
p

dyn /cm 1 1 .4 5 x 1 0 11 1 .6 2 5 x 1 0 1 1

C1
V e l o c i t y  o f  l o n g i t u d i n a l cm /s 4 .3 6 x 1 0 5 2 .1 4 x 1 0 5

wave

9 P o i s s o n  r a t i o - 0 .3 2 0 .4 4 6

! D e n s i t y
■2

gm/ cm 8 .9 3 1 1 .3 4
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F i g u r e  3 V a r i a t i o n  o f  S t r e a s - I n t e n s i t y  F a c t o r s  w i t h  F re q u e n c y  f o r  I n c i d e n t  
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Figure 5 Variation of Stress-intensity Factors with
Time for Lead and Copper Due to Sudden Application of
Normal Stress on Crack Surfaces, (a = 1.0)
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Figure 6 Variation of Stress-intensity Factors with
Time for Lead Due to Sudden Variation of Thermal Flux
on Crack Surfaces, (a = 1.0)
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Figure 7 Variation of Stress-intensity Factors with
Time for Copper Due to Sudden Variation of Thermal Flux
on Crack Surfaces, (a » 1.0)
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Figure 8 Variation of Stress-intensity Factors with
Time for Lead Due to Sudden Variation of Thermal
Radiation on Crack Surfaces, (a = 1.0, h = 1.0x10” ')
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Figure 11 Variation of Stress-Intensity Factors with
Time for Copper Due to Sudden Variation of Thermal
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Figure 12 Variation of Stress-Intensity Factors with
Time for Copper Due to Sudden Variation of Thermal
Radiation on Crack Surfaces, (a » 1.0, h » I.OxlO*̂  )
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APPENDIX A

S o l u t i o n  o f  a  P a i r  o f  D u a l  I n t e g r a l  E q u a t i o n s

C o n s i d e r  a  p a i r  o f  d u a l  i n t e g r a l  e q u a t i o n s  o f

t h e  fo rm

bo
s q ( s ) A ( s ) c o s ( s x ) d s  = P ( x ) ,  0<x<a ( A .1 a )

I A  ( s ) c o s ( s x ) d s  = 0 ,  x > a  (A .1 h )

w h e re  A ( s )  i s  unknown, q (s )  and P ( x )  a r e  t h e  known 

f u n c t i o n s .

I n t r o d u c i n g

P ( x )  = P ( x )  - s j q C s ) - !  j A ( s ) c o s ( s x ) d s  ( A .2 )
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i n t o  ( A . 1 ) ,  t h e n  E q . ( A .1 )  may he  w r i t t e n  a s

Do

s A (s ) c o s ( s x )d s P ( x ) ,  0<x<a (A .3 a )

M b) c o s ( s x ) d s 0 ,  x > a  (A .3 h )

D e f i n i n g

A  (s )  =

CL

r
Q(*))J0 (sv))d>) ( A .4 )

o

i t  c a n  he  s e e n  t h a t  E q .  ( A .3 h )  i s  a u t o m a t i c a l l y  s a t i s ­

f i e d  when u s e  i s  made o f  t h e  B e s s e l  i n t e g r a l  i d e n t i t y

[10]

0°
j Q ( s ^ j ) c o s ( s x ) d s  *  0 ,  x >  a (A . 5)

o
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R e w r i t i n g  E q , ( A ,3 a )  a s

00

— ( A ( s ) s i n ( s x ) d s  ■ p ( x ) »  0 < x < a  ( A .6 )
dx

su b st itu t in g  for  A ( s )  from E q. ( A .4 )  and interchang­

ing the order of in teg ra t io n s , thus

Q(^])d
, — 5— 5“ i  -  P ( x ) ,  0 < x  < a  . ( A .7 )

dx  \ ( x  -  r f r

E q . ( A .7 )  i s  t h e  e q u a t i o n  o f  A b e l ' s  t y p e  t h e  

s o l u t i o n  o f  w h ic h  i s  [23] .

* »  ■
o

( A .8 )
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S u b s t i t u t i n g  f o r  P ( x )  f ro m  E q . ( A .2 )  a n d  m ak in g  u s e  

o f  t h e  i n t e g r a l  i d e n t i t y  [10]

00

{ c o s ( s x ) d x  X  ( A .9 )
)  ( X X 4  "  2

o '

E q . ( A .8 )  may b e  p u t  i n  t h e  fo rm

c l 0°
r  9 . f  P ( x ) d x

QO,) ♦ j Q(?)«|.-J)d5 .  2 •) ] (A. 10)

0 °

o <►) < 1

I f  P ( x )  »  c o n s t a n t  = 1 ,  t h e n  E q . ( A . 10) becom es

CL

Q(>|) + |  Q (§ )K (5 .* ))d | *  ►) , 0 < ^  < a  (A . 11)

w h e re  t h e  k e r n e l  K ( |» ^ )  i s  d e f i n e d  a s
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Do

= ►) |  s  [ q ( s ) - 1  ]  J 0 ( s ^ ) J 0 ( s ^ ) d s  ( A . 12)

To n o r m a l i z e  t h e  q u a n t i t i e s  ^ a n d  j: said 

s y m m e t r i z e  t h e  k e r n e l  K t h e  f o l l o w i n g  d e f i n i t i o n s  w i l l  

be  u s e d

y) -  ajb , £ = a - t  ( A . 13)

Q (^) * av/^  (Jj(p) ( A . 14)

t h e n  E q . ( A . 10) may b e  w r i t t e n  a s

| ( p ) § ( t ) K ( j * , l ) d t  ■ v/j> t 0 <  [ K  1 (A . 15)

w h e re  t h e  s y m m e t r ic  k e r n e l  K i s
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Oo

K ( ^ , t )  = s f q ( s / a ) - l j  J q Cs^ )  J Q( s t ) d s  ( A . 16)

E q . ( A . 15) i s  t h e  s t a n d a r d  F re d h o lm  i n t e g r a l  e q u a t i o n  

o f  t h e  s e c o n d  k i n d ,  J q i s  t h e  B e s s e l  f u n c t i o n  o f  z e r o  

o r d e r .  The n e c e s s a r y  c o n d i t i o n s  f o r  t h e  c o n v e r g e n c e  

o f  t h e  k e r n e l  K h a v e  b e e n  d i s c u s s e d  by  S n ed d o n  [23] *
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APPENDIX B

Im p ro v e m e n t  o f  C o n v e rg e n c e  o f  K e r n e l ,  E q . ( 4 . 3 5 )

The c o n s t a n t s  c a n d  n  a r e  t o  b e  d e t e r m i n e d  

f ro m  t h e  c o n d i t i o n  t h a t  F ( s / a , p )  0 when s  w . 

H e n c e ,  a s y m t o t i c  e x p a n s i o n  o f  t h e  r i g h t - h a n d  s i d e  

t e r m s  i n  E q . ( 4 . 3 6 )  f o r  l a r g e  s  a n d  e q u a t i n g  t o  z e r o  

l e a d s  t o

a 2c -  a fcn2+ 0 ( s “ 6) = a2M.(p) + a 4Mp(p) + 0 ( s " 6) (B.1)“A 7' ““o I A ^
s s

By i d e n t i f y i n g  t h e  l i k e - p o w e r  t e r m s ,  t h e  f o l l o ­

w in g s  a r e  o b t a i n e d

c * M1(p) (B.2)

2 M? ( p )n -  -  - i —  (B .3)
M .(p )
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w h e re

m - ( p )  * - z r ? — r
1 V ( f  - 1 )

p ^ h . |+ p 2h 2+ h j  J  ( B . 4 a )

” 2 ( p )  = 7 ^ ) p 4g. ,+p2g 2+ g 3 J  ( B .4 h )

a n d

,  P o ( * 2« 1 )  y2
« ^ (* + /  ) +     £-

4(* 1 2 2 f*‘

h3

S 1

g 2

— 2
A(T 3 1 2

■  s ( 3 ^ +3 f ' - 2 ^

( B . 5 )

.  -  3 ( f , ~ 2) ^  ( 5 A + 5 f + u f  f - 3  f f - i f  f )
8{*2 M 52 8 f 2 41 2 S2 S3 S  3
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APPENDIX C

A b b r e v i a t i o n s

Some o f  t h e  a b b r e v i a t i o n s  w h i c h  w e re  u s e d  i n  

t h i s  s t u d y  a r e  d e f i n e d  i n  t h i s  a p p e n d i x .

a ^ U . p )  = 2 s 2-  t f U I * P2
f  p 2 ( 2 s 2+£2 )

a 1 2 ( s , p )  = 2 s 2-  y2 + P2
|»? ( 2 s  + ^ )

a 2 1 ( s , p )  «  - ( ^ - p 2 ) ( / 1+ h )

a 2 2 ( s . p )  = - ( ^ 2- p 2 ) (  ^2+h)

K u ( s . p )  -  -
2s  + /  

S3

1>1 2 ( 3 » P )  = -  —
2a + r

3

D2 1 ( s , p ) =



137

b22(s,p) = - ( f V ) 4

-1
'11

'12

'21

f 1 1 ( s )

f12(s)

f 2 l ( s )

A  (s fP )

-1

A  (s *P)

1

09 »P)

1

A ( b fP)

CM09
CMII

-  i:
CM09

CMII

- s:

a 11b 2 2 " a 12b 21

” a 11b 12+ a 12b 11

a 2 1 b 2 2 “ a 2 2 b 21

’a 21b 12+ a 22b 1 l ]

2 4s

3
2

2 4 s  V) n*):

I
p 2 ( ^ 2- 1 ) 

2_ r _
p 2 (j»2 - 1 )

3 — 2 "g"
23 - i .

f 2 2 ( u )  = ( a 2 - 52 ) i 2
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g - n ( s )  =

g 1 2 ( s )  “

2 £ 
2s  -  r

3

2 1 ^ 2

— 2— 22s -  ) f

A ( s ) b 11b 22“ b 12b 21

A  1 ( s ) = f 2 1s 12“ f 2 2 g 11

E ^ s )

E2 ( s )

^ 2 ( p 5p 3+p 6p 4 )
— “̂3------ 3 3'....37
2 ( ^ - 1  ) § ^ a ( p ^ p 6 )

^ 2 ( p 5p 4~p 6p 5 )

2 ( f 2- l ) § 2 s ( p 5+p 6 )

( 2 s 2- | 2 ) - 4 s 2 (R j R3- I ;jI 3 ) , 3= 1 , 2

(fl. “ ID̂  ) ( P 2R ^ " J  ( ? 2^ 1 ̂ "^2^1 ^

(A -m2 ) ( p 1R2« l 112 ) - n 2 ( p 112+l . jR2 )

( a 2-m 1 ) ( p 2I l + l 2R1 ) - n 1 ( p g R - j - l g l . , ) 

( i l2-m2 ) ( p 1I 2+ l l R2 )+ n 2 ( p 1R2- l 1I 2 )
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(m g-n^) (R-jRg-I^Ig)  “ (ng-n.j  ) (R,jIg+RgI,j)

(m2-m 1 ) ( R 1I 2+R2I 1  ̂ + ^n 2“ n l > ( R ^ g - I - j I g )

- 4 s 2 ( R ;jI 3+R3I ;j) ,  d = 1 ,2

1 / 4  
^ ( p  - 1 )

xi4 ^2 ( 3[>?2- 4 )+3 A2 ( m1+m2 ) - 3  ( m1 m2- n 1 n 2 )

■ i p p 4 ( p 2+ 2 ) - 6 A 4 |%2 (m1+m2 )+A2 [ 5 ( m | - n | ) + 5 ( m ^ - n ^ )  

+ ( 6 ^ 2+ 5 ) ( m 1m2- n 1n 2 )J -  5 £ (rn.jing-n.jng) (m1+mg)-  

-(mlng+mgn.j ) (n.j+ng)j j  /|̂ n.4^2(3^2-4)+3A2(m1+mg)- 

- 3 ( m 1m g - n 1n 2 ) J
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I n  f o r m u l a t i n g  t h e  d i f f r a c t i o n  o f  t h e r m a l  w aves  b y  a  

s t a t i o n a r y  c r a c k  t h e  f o l l o w i n g  a b b r e v i a t i o n s  a r e  em p loy ed ,

<r R e [ ( ? ]  +

iL [ n  - 9 ° ( U f - 2cos2|?) ) + ^ i 2 ^  q2
__2 Vo

-  b

p q
c o s h ( q 2x c o s p ) c o s (  s i  x c o s p )  -  ( p  - 2 c o s  |5),

- )+ -°-0x 2 T sinh(q2xcosj?).
t |  "

s i n (  -h- xcosjft) 
v 2

0 /
( p 2 - 2 c o s 2|5) [ ^ 0 r ( q | - i | ) + - a ^ i 2^ 1q2 J -  b

v 2 v 2

p p
s i n h ( q 2x c o s p ) s i n ( £ o c c o s p ) + ( p  - 2 c o s  p )

j^-X)-0 i ( q | - j f ^ ) +  -O>0 r 2 -^-a2 j  c o s h (  a 2xcos jS )cos ( - f l»xcosp )
v2 v2
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^  = Re £ % "j + i l m  [  X ]

Re [ U ]  = e Qs i i i p  £ g^coshC g^xcoap)coa(-<v  xcoBp) -  

-fl- s i n h (  q2x c o s ^ )  a i n ( ^ x c o s  p) J

Im [ t ]  -  -© a i n p  g ^ a i n h C Q o X c o s p ) s i n ( x c o a p )  +
v 2

-n- c o 8 h ( a 2x c o B p )c o a ( -^ x c o 8 p )  j
2 2

0° a,
2 /  /■ r  t

z -j(x ) * ^ ( R e [ ^ ]  C0 8 ( a x ) d |  -
(p-T) ) I f }

<L

! Im [^] cos(Bjj)d | ( coa(ax)d3p2 J f

. _ £ * ! _  R e [ r )  
2 (  p - 1 )
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Z2(x)
DO Ol

2 r ,  t
P (  f y . , ( s ) b  c o s ( s ^ ) d ^  +

T ^ o  I f2 J

f -  t
Y2(s )b  R e ^ Z j  o o s (s^ )a |  | cos(sx)as

P 0

-  A _

2 ( p - 1 )

w h e re  Y1 a n d  Y2 a r e  "fche r e a l  a n d  i m a g i n a r y  p a r t s  o f

[  f 12g 1 l " f 11s 1 2 J  /  ^ ( s )

Y1 (s )  * ( 2s 2- ?2) [ (R1-R2)P5+ ( I 1- I 2)P6 ] /(P5+P6)

Y2 ( s )  «  ( 2 s 2 - £ 2 ) ( I 1- I 2 ) P 5 - ( R 1- R 2 ) P 6 ]  / ( P 5+P6 )
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F o r  t h e  d i f f r a c t i o n  o f  e l a s t i c  w av e ,  t h e  f o l l o w i n g  

a b b r e v i a t i o n s  a r e  e m p lo y e d .

(T » Re [  (f J + i l m  I tf'j

Re[(Te] * 0 ° f  [ ( p 2- 2 c o s 2p ) ( q 2-  -  b i l T r  J

^ r  o 2
cosh(q..xcoB?»)cos( ^  xcosjs) -  ( 0  - 2 c o s  {%)

V 1 1

2-h-a1+b-fl-T i '  s in h ( a , jX c o 3 p ) s in ( - f l -  x c o s ^ )

Im in =
- 0 ° |  | ^ 2 - 2 c o s ^ b  ) ( q 2- ^ ) - b - ^ T r  s i n h ( q . , x c o s p

V1

s i n ( - f l - x c o s p )  + ( ^ 2- 2 c o s 2 ^ ) 2 - ^ - a 1+b-^ - j^  j

c o s h (  q.j x c o s  p) c o s ( - ^  x c o s p )
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e o f  — —
He [ t r j  3  0  I ( j i ^ r + -n- -n.I i ) c o s h ( Q 1x c o s j^ ) c o s ( - ^  x c o a p )

V1 V1

+ ( q 1 ) s i n h (  a  ̂x c o s p )  s i n (  -Q- x c o s p ’) *
V1 V1

• s i n
f

= 0 °  f - ( q 1 -V'Tx+j±. ^ I i ) s i n h ( q 1x c o s ^ ) s i n ( :^ x c o s p )
V1 V1

+ ( q 1 ^ - T i - ^ _ - a T r ) c o s h ( q 1x c o s p ) c o s ( ;£,xcosJj-) 1 ,
V1 V1

- s i n
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APPENDIX D

D e r i v a t i o n  o f  E x p r e s s i o n s  i n  E q .  ( 4 * 6 6 )

C o n s i d e r

<V'1 (*i“1
Ii “ ( hi(x»P)x (1-3C2) % (̂ -i+pit î+1,x2)dx

k

k = 0 , 1 , 2 , . . . .  ( D . 1 )

w h e r e  %  i s  t h e  J a c o b i  p o l y n o m i a l .  

S u p p o s i n g

h j ^ X t P )  = ( D .2 )

t h e n  E q .  ( D . 1 )  may b e  w r i t t e n  a s

2 K + 1  o ^i  ̂ p.
I ± * I x  ( 1 - x  ) H +1 , x  ^d x *

k * 0 , 1 , 2 , . . . .  ( D . 5 )
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Now l e t

f l + Pi * *

f t + i  = r

x 2 = ^

Thus E q .  ( D . 3 )  becom es

f - 1  ot-f

B e c a u s e  o f  t h e  f o l l o w i n g  p r o p e r t y  [16]

= 1

t h e  E q .  ( D . 5 )  may be  w r i t t e n  a s

V-1
I ± '« ^  y*) ( 1 - * p  ^ ( o ^ Y , * ) )

( D .4 )

( D .5 )

(D.6)

( D .7 )
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Making use of the orthogonality property [16]

/ - 1
s] (1 -^)  J  («.*.' ')) f  = 0 (D.8)

when m 4  n ,  E q .  ( D .7 )  becom es

I ,  = 0

a n d

Xi 1
I

f o r  k  > 0

'  / - 1  ((X-V+1)-1
*} ( 1 - ^ )  d'') f o r  k=0

( D .9 )

N o t i c i n g  t h a t  t h e  B e t a  f u n c t i o n  o f  a n d

(<K-^+l) i s  d e f i n e d  b y  t h e  i n t e g r a l  [1 3 ]

i
f  ^-1 (< * -*+ l) -1

B(tf>-Tf+i) - J *] d*9

T (if) T ( * - / + 1 )  
r ( « ( + i )

(P .10)
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m a k in g  u s e  o f  E q .  ( D .4 ) »  E q .  ( £ . 9 )  i s  r e d u c e d  t o

f o r  k  > 0

( D . 11)

1

* t  ( p l + p i + 1 )
f o r  k  =0

F o r  p a r t i c u l a r  c a s e ,  ^  »  - 1 / 2 ,  | ĵ_ ~= 1

% ( £ , £ , x 2 ) d x  
k

0 f o r  k  > 0

( £ • 12)

1 for k = 0
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APPENDIX E

S t r e s s - i n t e n s i t y  P a c t o r s

D e r i v a t i o n  o f  S t r e s s - I n t e n s i t y  F a c t o r ,  E q .  ( 4 . 4 1 ) .

F o r  t h e  m ere  p u r p o s e  o f  f i n d i n g  t h e  dynam ic  

s t r e s s - i n t e n s i t y  f a c t o r ,  o n l y  ^  ( x , 0 , t )  w i l l  be  c o n s i -J
a e r e d  h e r e .  T h u s ,  w i t h  t h e  h e l p  o f  Eq .  ( 4 . 2 0 )  a n d  t h e  

L a p l a c e  t r a n s f o r m  t h e o r e m  E q s .  ( 4 . 1 7 ) ,  E q .  ( 4 . 8 a )  

becom es

^  ( x , 0 , t )  = 2 ( a 1 1 ( s , p ) A ( s , p ) + a 1 2 ( s , p ) B ( s , p )
T  J L

b

c o s ( s x ) d s  

( E . 1 )

w h e re  a 1 1 ( s , p )  a n d  a 1 2 ( s , p )  a r e  g i v e n  i n  A p p e n d ix  C.

M aking  u s e  o f  E q s .  ( 4 . 2 9 ) ,  ( 4 . 3 1 )  a n d  A p p e n d ix  

C, Eq .  ( E . 1 )  may be  w r i t t e n  a s
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90
. 2 / , 2(T ( x , 0 , p )  = - 2 p  (fr - 1 )  s  A 1 ( s , p ) c o s ( s x ) d s

)

- 2 p 2 (|»2-1  ) [ s  F ( s , p ) - 1  ]  A 1 ( s , p ) c o s ( s x ) d s
T f

( E . 2 )

S u b s t i t u t i o n  f o r  A ^ ( s t p )  f r o m  Eq .  ( 4 . 3 3 )  a n d  

i n t e g r a t i n g  t h e  f i r s t  t e r m  by  p a r t s ,  l e a d s  t o

Oo

(T ( x , 0 , p )  = -  [ o a  ^ d . p )  \ ( s a ) c o s ( s x ) d s  +

0o &

+ f 0 a  f  c o s ( s x )  f j ^ J ^ s a j j J d  ( |%p)/v/pjd d s
P J J

-  2 £ 2 ( p 2- l )  f s  | ^ F ( s , p ) - 1  | A ^ ( s , p ) c o s ( s x ) d s

V  }
0  (E.3)
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I t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  o n l y  t h e  f i r s t  

t e r m  i n  E q .  ( E . 3 )  c o n t a i n s  a  s i n g u l a r i t y  a t  x  = - a .

M aking  u s e  o f  t h e  B e s s e l  i n t e g r a l  i d e n t i t y  [lOj

l i m
x  -> a

J 1 ( s a ) c o s ( s x ) d s  = 1 / a  -  l / ( 2 a r 1 ) ( E . 4 )

w h e r e  x = r ^ + a  f o r  S.pO, a n d  i n v e r s i o n  o f  t h e  L a p l a c e  

t r a n s f o r m  t h e o r e m ,  t h e  c l o s e d  e l e m e n t a r y  f o r m  o f  (T
J

n e a r  t h e  c r a c k  t i p  on  t h e  y=0 p l a n e  i s  o b t a i n e d .

(f _  ^ ( t )  + 0 ( r ° )  a s  r 1 -> 0*  ( E . 5 )

( 2 r , ) *

w h e r e  k ^ ( t ) ,  t h e  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r  i n  

d i m e n s i o n l e s s  u n i t s  i s  g i v e n  by

—1 ”  ̂
k , ( t )  • £  -  S'o X  ( § i ( 1 > p ) / p ]

(E.6)
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M aking  u s e  o f  E q s .  ( 4 . 4 ) ,  ( 4 . 1 3 )  a n d

= c ̂  a  * / | c  , r.j » c ^ r ^ / f o  ( E . 7 )

t h e  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r  i n  c o n v e n t i o n a l  

u n i t s  i s  o b t a i n e d

k * ( t ‘ ) = (Tq ^$1 (1 » p ) / p |  ( E . 8 )
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D e r i v a t i o n  o f  S t r e s s - i n t e n s i t y  F a c t o r ,  E q ,  ( 4 . 6 9 ) :

To o b t a i n  t h e  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r ,  

i t  i s  o n l y  n e c e s s a r y  t o  c o n s i d e r  t h e  s i n g u l a r  s t r e s s  (T
«/

n e a r  t h e  c r a c k  t i p s  o n  t h e  y=0 p l a n e .  T h u s ,  u p o n  a p p l y ­

i n g  t h e  L a p l a c e  t r a n s f o r m  t h e o r e m  E q s .  ( 4 . 1 7 )  t o  E q .  

( 4 . 8 a )  a n d  m a k in g  u s e  o f  E q s .  ( 4 . 2 0 ) ,  t h e  f o l l o w i n g  

r e s u l t  i s  o b t a i n e d .

S u b s t i t u t i n g  f o r  V1 a n d  Vg f r o m  E q s .  ( 4 . 6 1 )  i n t o  

E q s .  ( 4 . 5 8 ) ,  t h e n  s u b s t i t u t i n g  t h e  r e s u l t i n g  e x p r e s s i o n s  

f o r  A ( s , p )  a n d  B ( s , p )  i n t o  Eq .  ( E . 9 )  y i e l d s

J (Vi -̂ 0
o

£*>

c o s ( s x ) d s  - [ 2  h e 0 I S r > ( s ,p ) s * P )  X ,  - . ( p ) J ( s )
p -  2 L  2 *1 i + 2 -

c o s ( s x )
d s

( E . 1 0 )
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w h e re

S.j ( s , p )  = P ( s , p ) p 2 ( p2- 1 ) /  j^2 ( E . 11)

s 9 ( s . p )  *  a n ( s »p )  + a i 2( s »p)_ _ ( E . 1 2 )

i n  w h i c h  F ( s , p )  i s  g i v e n  by  E q .  ( 4 . 3 2 )  a n d  a i ^ , ( j * 1 , 2 )  

a r e  g i v e n  i n  A p p e n d ix  C.

I t  c a n  b e  s e e n  t h a t  o n l y  t h e  f i r s t  t e r m  c o n t a i n s  

s i n g u l a r i t y  a t  x=1 + • Thus  u p o n  i n t e r c h a n g i n g  t h e  o r d e r  

o f  i n t e g r a t i o n  a n d  s u m m a t i o n ,  a n d  u s i n g  t h e  f o l l o w i n g  

r e c u r r e n c e  f o r m u l a r  [ l 6]

J n + 1 ( a )  -  2 n  J n ( s )  -  J ^ C s )  ( E . 1 3 )
8

E q .  ( E . 1 0 )  may b e  w r i t t e n  a s
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^ y ( x , 0 , p )  *

+ N o n - S i n g u l a r  Terms ( E . 1 4 )

i n  w h i c h

°° 1m+1
| j ( p )  -  J  ( - 1 )  . ’ C 1 , 2b _ 1 ( p ) ( B . 1 5 )

P a s s i n g  t h e  l i m i t  a s  x  1+ t o  Eq .  ( E . 1 4 )  a n d  

m a k in g  u s e  o f  t h e  i d e n t i t y  Eq .  ( E . 4 ) »  t h e  c l o s e d  e l e m e n ­

t a r y  fo r m  o f  i s  o b t a i n e d
v

l i m  (Tv ( x , 0 , t )  * k 1 ( t  ̂ + 0 ( r ° )
x -* 1  y  / o « . \ 4

( E . 1 6 )
( 2 r » )

w h e re  k ^ ( t ) »  t h e  d y n a m ic  s t r e s s - i n t e n s i t y  f a c t o r  i n
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d i m e n s i o n l e s s  u n i t s ,  i s

3 ( p ) / p j  ( E . 1 7 )

The s t r e s s - i n t e n s i t y  f a c t o r  k . j ( t )  i s  t h e n  

c o n v e r t e d  t o  c o n v e n t i o n a l  u n i t s  t h r o u g h  E q s .  ( E . 7 )  a n d  

( 4 . 4 ) .  Thus

k l ( t )

k ^ ( t ' )  -  (fr  o C ^ $ 5 ( p ) / p |  ( E . 1 9 )

i n  w h i c h  k ^ ( t ' )  i s  t h e  r e q u i r e d  d y n a m ic  s t r e s s - i n t e n s i t y  

f a c t o r  a n d

* /I  h6tf(f2-D/ p2
A

( E . 2 0 )
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APPENDIX P

A N o te  on t h e  I s o l a t i o n  o f  Weak 

S i n g u l a r i t i e s  o f  I m p r o p e r  I n t e g r a l

I n  c e r t a i n  c a s e ,  t h e  u s u a l  n u m e r i c a l  e v a l u a t i o n
r h

o f  a n  i m p r o p e r  i n t e g r a l  o f  t h e  t y p e  I  * f ( x ) d x  l e a d s
a ,

t o  d i f f i c u l t i e s .  T h i s  s i t u a t i o n  o c c u r s  w h e n e v e r  f ( x )  

o r  one  o f  i t s  d e r i v a t i v e s  i s  i n f i n i t e  a t  a n y  p o i n t  

w i t h i n  o r  n e a r  t h e  e n d s  o f  t h e  r a n g e  o f  i n t e g r a t i o n .

I n  s u c h  a  c a s e  f ( x )  i s  s a i d  t o  p o s s e s s  a  s i n g u l a r i t y  

a t  t h a t  p o i n t .  A u s e f u l  t e c h n i q u e  i n  c a l c u l a t i n g  t h e  

a p p r o x i m a t e  v a l u e  o f  t h i s  t y p e  o f  i n t e g r a l  i s  t o  t a k e  

o u t  o f  t h e  i n t e g r a n d  f ( x )  a  c e r t a i n  f u n c t i o n  g ( x )  h a v i n g  

t h e  same s i n g u l a r i t i e s  a s  f ( x ) ,  w h i c h  i s  i n t e g r a b l e  i n  

e l e m e n t a r y  t e r m s  on  t h e  g i v e n  i n t e r v a l  [ a , b j  a n d  i s  

s u c h  t h a t  t h e  d i f f e r e n c e  f ( x ) - g ( x )  h a s  a  n e c e s s a r y  

n u m b er  o f  d e r i v a t i v e s .
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W r i t e  t h e  i n t e g r a l  i n  t h e  fo r m

b b

I  s  ( f ( x ) d x  = g ( x ) d x  +

b 
r .

J f ( x ) - g ( x ) J  dx,

fit Ou O'

The f i r s t  i n t e g r a l  c a n  be e v a l u a t e d  a n a l y t i c a l l y ,  a n d  

t h e  s e c o n d  i n t e g r a l  i s  r e a d i l y  e v a l u a t e d  b y  s t a n d a r d  

q u a d r a t u r e  f o r m u l a s .

C o n s i d e r  t h e  i n t e g r a l  f u n c t i o n  o f  t h e  fo rm

P
f  ( x )  = ( x - c )  ( p ( x ) ,  a ^ c ^ b

w h e r e  -1  < p <  0 ,  a n d  ^  ( x )  i s  c o n t i n u o u s  a n d  h a s  a  

s u f f i c i e n t  n u m b er  o f  d e r i v a t i v e s  on  t h e  i n t e r v a l  [ a , b j  • 

T hen  f ( x )  c a n  be  w r i t t e n  i n  t h e  fo r m

r  P P+1 ( k ) P+lc
f ( x )  = I < f ( c ) ( x - c )  + Cf ( c ) ( x - c )  + ............+ <f ( c ) ( x - c )

L 1!

X-c)-  i f ( c ) ( x - c ) ...........m+mammmm

( k )  k
- A h l ( x - c )

x!  J
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The f i r s t  s q u a r e  b r a c k e t  c o n t a i n s  a  p o w e r  f u n c t i o n

w h i c h  c a n  i n t e g r a t e d  d i r e c t l y .  The e x p r e s s i o n  i n  t h e

s e c o n d  s q u a r e  b r a c k e t  v a n i s h e s  a t  x = c  t o g e t h e r  w i t h  i t s

d e r i v a t i v e s  up  t o  o r d e r  k .  The p r o d u c t  o f  t h i s  e x p r e s s -
P

i o n  b y  t h e  f a c t o r  ( x - c )  i s  a  c o n t i n u o u s  f u n c t i o n .  

T h e r e f o r e ,  t h e  i n t e g r a l  o f  t h i s  f u n c t i o n  c a n  be  e v a l u a ­

t e d  by  one  o f  t h e  s t a n d a r d  q u a d r a t u r e  f o r m u l a s .
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