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Abstract
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by
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Edmonds and Johnson, are presented to solve linear program­
ming problems on certain "lattice polyhedra."
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CHAPTER 1 

INTRODUCTION

l.a "Greediness"
Several "greedy" algorithms will be presented to solve 

linear programming problems on certain "lattice polyhedra" 
defined by Hoffman and Schwartz [12]. Since the definition 
of a "lattice polyhedron" is lengthy, it will be deferred to 
section l.f, while we first discuss "greediness" and a his­
tory of some "greedy" algorithms.

By a "greedy" algorithm we mean the following: Suppose 
we have a set E with n elements and a nonnegative function
w on E, and we wish to maximize (or minimize) E w(e)x(e)

eeE
subject to various constraints on the variables x(e). We 
arrange the n elements of E so that w(e^)=w(e2) = ... =w(en). 
We make x(e^) as large (or as small) as possible, subject 
to the constraints involving x(e^), while insuring feasi­
bility of the remaining variables. We then do the same for 
x(e2), assuming x(e^) to be fixed at the assigned value, and 
so on, until we assign a value to x(en).

l.b Kruskal's Algorithm
In order to look at the first algorithm entitled 

"greedy," we need to introduce several definitions. A 
graph consists of a set of nodes and a set of edges. An
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edge consists of two nodes, which are called its endpoints.
A path between nodes a and b is a sequence of edges of the 
form ( a ^ ) , (v^v^ , (vk-1, vfc) , (vk#b), where a,
v2, ..., vk,b are distinct nodes. A graph is said to be 
connected if for every two nodes a and b there is a path be­
tween a and b. A path from a to a is called a cycle. A 
graph which is connected and cycle-free is called a tree.
A graph G' is a subgraph of a graph G if the nodes of G' are 
a subset of the nodes of G and the edges of G1 are a subset 
of the edges of G. A subgraph that includes all the nodes 
of G and is a tree is called a spanning tree of G.

Suppose that we are given a connected graph G with n 
nodes and that each edge of G has an assigned nonnegative 
weight. The maximal spanning tree problem is to find a 
maximum weight spanning tree. Kruskal [14] proposed the 
following algorithm, to which Edmonds [3] first applied the 
term "greedy algorithm." Let w(e) represent the weight of 
edge e. Order the edges e^, e2, ..., en 80 that wfe^) * 
w(e2) = ... = w(en). Let T represent the set of edges in 
the solution. Put e^ in T. Put e2 in T, unless it forms a 
cycle with the edges already in T, and so on, until we have 
one less edge in T than the number of nodes in G. We stop 
then, because a cycle-free graph on |v| nodes can have at 
most |V| - 1 edges [7].

Kruskal's algorithm is "greedy," as we have defined it, 
in the following way. Let x (®k) = 0 if ek i T and x(ek) = 1
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if e T. We will say an edge (v^,Vj) is contained in a 
set of nodes U if {v^,Vj} £ U. Since a cycle-free graph 
with |U| nodes can have at most |u| - 1 edges, we must re­
quire for any subset U of the nodes V of G that the number 
of edges of T contained in U is at most |u| - 1. Thus, the 
maximal spanning tree problem can be expressed as

max E w(ev)x(et) 
ekeE

subject to

(1.1) £ x(ek) “ lU l " 1 V U £  ve^ contained in U

(1.2) x êk̂  = 0 or 1 V e^ e E.

Since e. = (v.,v.) is contained in U = {v.,v.}, (1.1) impliesK 1 J 1 J
that xfe^) will be at most 1 and, clearly, always integral. 
Therefore, (1.2) can be replaced by xfe^) = 0 for all e^eE* 
Kruskal's algorithm consists of making x(e^) equal to 1 if 
no cycles are formed with (e^|i =1, ..., k-1, e^eT}, i.e., 
if none of the inequalities are violated. Otherwise, xfe^) 
will be zero.

l.c The "Greedy" Algorithm for Matroids
The "greedy" algorithm for matroids [3] is a
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generalization of Kruskal's algorithm. A matroid consists of 
a finite set E and a family JL of subsets of E, called inde­
pendent sets, with the properties

(i) I e «l and I' £ I -*• I' e JL ,

and
(ii) V S £ E, all maximal independent sets con­

tained in S have the same cardinality, which 
is called the rank of S.

A minimal set not in is called a circuit. We can see that
a graph is a matroid with E as the set of edges and «£ the
family of cycle-free subsets of E. The generalization of 
the maximal spanning tree problem is to find the maximum 
weight independent set. Let w(e) represent the nonnegative 
weight of element e in E. The matroid "greedy" algorithm 
is the following. Order the elements of E so that wfe^ = 
w(e2> = ... = w(en). Let I represent the set of elements in
the solution. For each k = 1,2, ..., n, put e^ in I, unless
it forms a circuit with {e^|i =1,2, ..., k-1, e^el}.

If we know the rank of S, r(S), for all S C e, the 
problem can be stated as

max I w(e. )x(e.) ekeE k *
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subject to

£ x(e, ) = r (S) 
ekes

V SC E

> 0 V ek eE

Since r({ek}) = 1 for S = by definition of the rank
it follows that x(e^) will equal at most 1. Thus, x(ek) will 
equal 1 if e^el and xte^) will equal zero if e^^I. The 
algorithm consists of assigning a value of 1 to x(ek) for 
each k = 1, 2, n, unless one of the inequalities is
violated, in which case ek is given a value of zero. There­
fore, the algorithm is "greedy" as we have defined it.

We should note that the function r(S) has certain 
properties:

(1.3) S £ T + r (S) = r (T)

(1.4) r (S) = 0 V S£ E ,

and

(1.5) r(S) + r(T) = r(SUT) + r(SAT) V S, T C e
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If a function has property (1.5), it is called submodular. 
These properties can easily be proven [16].

l.d The Polymatroid "Greedy" Algorithm
The maximum independent set problem on a matroid was 

generalized to a maximization problem on a polymatroid [4].
Let E be a finite set and let r be any submodular nonnegative

E — E —function on 2 . Let a e (R \J ± <*>) . The polyhedron {x =
(x |e e E) e RE |0 = x = a; E xe = r(S) V S £ e } is called

eeS
a polymatroid. The linear program

max Z c(e)x(e) eeE

subject to

Z x(e) = r(S) V S C E
eeS

0 = x(e) = a(e) V e e E

and its dual

min Z r(S)y(S) + Z a(e)z(e) 
SSE eeE

subject to
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E y (S) + z (e) = c(e) V e e E
e | eeS

y (S) = 0  V S C e

z(e) = 0  V e e E

can be solved by a "greedy" algorithm. Edmonds [4], [5] con­
sidered only the case where the vector a is all infinite (i.e., 
there are no upper bounds on the variables x(e)) and r(S) 
satisfies property (1.3) in order to prove the "Greedy Al­
gorithm Theorem," though since this algorithm is a special 
case of one of the algorithms presented here, we will see that 
a need not be infinite and that (1.3) need not be satisfied 
in order to solve the problem with a "greedy" algorithm. 
However, these requirements simplify Edmonds' algorithm, 
which we will now examine.

Greedy Algorithm Theorem 14], [5]
If the elements of E are arranged so that c(e^) = c ê2̂  *
... * c ên  ̂ “ 0 = °^en+l^ “ *** “ c(e|g|), then the following 
vectors x° = (x°(ek)|k=l, ..., |e |) and y° = (y°(S)|S£E) are 
optimum solutions to the primal and dual problems, respec­
tively: Let Sk = (e^, e2, ..., e^}. Let x°(e1) * rfS^, 
x°(ek) = r(Sk) - r(Sk_1) for k = 2, ..., n; and x°(ek) = 0 
for k = n+1, ..., |E|. Let Y°(Sk) = c(ek) - c(ek+1) for 
k = 1, ..., n-1; y°(Sn) = c(en), and y°(S) = 0 for all
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other S £ E.
We will now see why this algorithm is "greedy" on the

primal. We must show that for each k, x(e^) is made as
large as possible, subject to the constraints. Since x(e^) =
r(S) must hold for all S such that e^e S, we first let x(e^) =
min r(S). Since {e.} £ s for all S such that e. e S, e.e S i  1

<r(S^) = r(S), so that x(e^) = r(S^). In general, we let

x(e.) = min [r(S) - E x(eff)]
K s|ek eS e£eS

£<k

Assume for k = 1, ..., p-1 that

(1.6) min [r(S) - E x(ep)]
S|ekeS ezeS

Z<k

r(Sk> - r (Sjc_1) .

We would like to prove that (1.6) is true for k=p. For all 
S£ E such that e^eS, let S' = {ek| ek e S, k = p}. S'CS, 
so that by (1.3) r(s') =r(S). Therefore,

(1.7) r(S ) - r(S .) i r(S') - I x(e.) »
p P'1 e^eS’ “

A<P

r(S ) - r(S .) * r(S) - Z x(e.)
V S 1
&<P

k-1
= r(S.) - E x(e„) = 

1=1 *



By (1.5),

(1.8) r(Sp) + r (S' - {ep}) = r(S') + r t S ^ )  ,

since S'KJ S . = S and S'A S . = S' - {e }. (1.8) impliesP-l P P-l P

(1.9) r(Sp) - r(Sp_1) = r(S') - r(S* - {ep}) .

Now, since we are assuming that the values assigned to x(e^), 
xfej), •••> x êp-i^ satisfy the constraints, we have

E x(e9) = r (S' - (e >) ,
< ^ S M e p} 1 ?

which, with (1.9), implies

(1.10) r(S ) - r(S .) = r(S') - I x(e0)
p p-1 < v s M e p > 1

By the induction hypothesis,

P“2 p-l
(1.11) r (s„ i) = £ x(e9) + x(e_ .) = I x(e.)P-1 i=1 * P-l £=1 *

(1.10) and (1.11) imply

p-i <(1.12) r(S ) - r(S n) « r(S ) - l x(efl) = r(S') P P“1 P £=1 i

Z x(eil)
e*eS’- (ep>
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From (1.12) and (1.7) we have

P"1 <r(S ) - Z x(e.) = r(S) - Z x(ep) , 
p £=1 * ezeS x

£<p

for all S such that ep£S. Therefore, (1.6) is true for 
k*p, so that the algorithm satisfies our definition of 
"greedy."

1.e Johnson's Algorithm
The algorithms we have discussed thus far are all 

"greedy" on their respective primal problems. We will now 
look at an algorithm which is "greedy" on the dual. Johnson 
[13] formulated the following problem and a "greedy" algo­
rithm, which generalize the problem of finding the shortest 
path between two given nodes in a graph and Dijkstra's [2] 
algorithm to solve that problem.

Let a graph G have node set V and edge set E. Let G 
be directed, i.e., each edge e is an ordered pair (i,j) of 
nodes in V. We say e is out of i and into j. For a node i, 
let w(i) represent the set of edges out of i, and for a sub­
set U of the nodes V, let w(U) be the edges (i,j) out of some 
node i in U such that j U. A source is a node such that 
no edge is directed into it. Let a node s in G be distin­
guished as the source. Let r be a nonnegative function on 
the subsets U of V. We assume r has the following properties:
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(1.13) r (S) + r(T) = r ( S V T )  + r ( S A T ) ,

that is, r is supermodular, and

(1.14) r(V) = 0.

(1.13) and (1.14) imply

(1.15) S £ T -*■ r (S) = r (T) .

This can be seen if we consider the sets T and V - (T-S).
Then r(T) = r(T) + r
T A V-(T-S)|

V-(T-S)j = r T U  Jv-(T-S)
= r(V) + r(S) = r(S) + 0. The problem is

primal min E c(e)x(e)
eeE

subject to

E x(e) = r(U) V O C V  with s e U
eew(U)

x(e) = 0  V e e E

dual max E r(U)y(U)
U£V

subject to
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£ y(u) = c(e) V e e E
U eew(U)

y (U) = 0 V U <• V .

Johnson [13] proves that the following algorithm 
solves the problem:

Step 0. Let Uq = {s}; let c^(e) = c(e) V e e E ;  
let k = 0.

Step 1. Let y(U, ) = min
e | eew(Uĵ )

ck (e) Let ek be the

k+1 ke e w (ujc) giving this minimum. Let c (e)=c (e)-y(Uk)
k+1 kfor all e e w(Uk); let c (e) = c (e), otherwise.

If |Uk | = |V| - 1, go to step 2. Otherwise, let 
Uk+1 = \J (j}r where ek = (i,j), replace k with 
k+1, and repeat step 1.

Step 2. Let x(e.) = r(U. ) - E x(e0) . If k = 0, go
K K e£ew(Uk) *

Jt=k+1
to step 3. Otherwise, replace k with k-1 and 
repeat step 2.

Step 3. Let y(U) = 0 for all other U £ V and x(e) * 0 for 
all other e e E .  Stop.
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We would now like to show why this algorithm is 
"greedy" on the dual. Since we require that {s} C u for 
all u C v, r({s}) = r(U) for all U £  V, by (1.15). There­
fore, we would first make y((s}) = y(Ug) as large as possi­
ble, subject to the constraints. =c(e) must hold for
all e e w(Un), so that we can let y(Un) = min c(e). The

e|eew(UQ)
e giving the minimum is e^. Let e^ = (s,j). Since the 
algorithm is "greedy," we would now make y(U) as large as 
possible for the U such that r(U) is the greatest, after 
r(Ug). However, if e^ew(U), y(U) cannot be greater than 
zero. Therefore, {s,j} Q  U must hold if y(U) is to be 
greater than zero. Since {s,j} C u implies r({s,j}) = r(U), 
we next assign a value to {s,j} = U^. In the same way, in 
general, we can make

y(U.) = min [c (e) - Z y(Up)] = 
e|eew(Uk) eew(U^)

4<k

lrmin c (e) 
e|eew(Uk)

Thus, the algorithm is "greedy" on the dual. The values for
the primal are assigned so that the duality equation [1]
Z c(e)x(e) = Z r(U)y(U) is satisfied and feasibility is 

eeE ucv
preserved to insure optimality of the solutions.
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l.f Lattice Polyhedra
If r is an integral function, both Edmonds' and John­

son's algorithms will produce integral optimal primal solu­
tions, so that by Lemma 2.1 of [8] the polymatroid and the 
polyhedron defined by Johnson's algorithm would be integer 
polyhedra. Hoffman and Schwartz [12] introduced a class of 
integer polyhedra, which they called "lattice polyhedra."
All of the preceding problems are special cases of linear 
programming problems defined on these polyhedra, which we 
will now define.

We assume that the following are given: a partially 
ordered set L, two functions on L x L ->■ L, "v" and "/\", that 
satisfy a V b  = b V a  = a,b and a A b  = b A a  = a,b. We also 
assume a<b implies a A b  = a and a V b  = b. A finite set U 
and a mapping f: L ■+• 2U - <j> that satisfies

(1.16) a < b < c  f(a)/\f(c) C  f(b)

are also assumed to be given. If f has the property

(1.17) u e f (a), a = b -»• u e f(b) , 

then f is called upper; if f has the property

(1.18) u e f(a), a = b -*■ u e f(b) ,
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then f is called lower. Each of (1.17) and (1.18) implies
(1.16). If f satisfies (1.16),

(1.19) f (a) A  f (b) C f (aVb) A  f (aAb) ,

and

(1.20) f(a) U  f(b) C f(aVb) \J f(aAb) ,

f is called submodular. If f satisfies (1.16),

(1.21) f ( a ) A f ( b ) 3 f ( a V b ) A f ( a A b )  ,

and

(1.22) f(a)Uf(b)3f(aVb)l» f(aAb) ,

f is called supermodular. We also assume that a nonnegative 
function r is defined on L. r is said to be submodular if

(1.23) r(aVb) + r(aAb) = r(a) + r(b) , 

and supermodular if

(1.24) r(aVb) + r(aAb) = r(a) + r(b)
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Lastly, we assume we are given values d(u) = 0 for all u e U. 
Each of the following polyhedra is called a "lattice poly­
hedron" :

(x|0 = x(u) = d(u) , Z x(u) = r(a), r(a) and
uef(a)

f(a) submodular}

and

{x|0 = x(u) = cT(u) , Z x(u) = r(a), r(a) and
uef (a)

f(a) supermodular)

We consider the following two linear programs and 
their duals:

Submodular Problem
Let both r and f be submodular.

Primal max Z c(u)x(u)
ueU

subject to

(1.25) Z x(u) = r(a) V a e L
uef(a)

(1.26) 0 = x(u) = d(u) V u e U
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Dual min £ r(a)y(a) + £ d(u)z(u)
aeL ueU

subject to

(1.27) £ y(a) + z(u) = c(u) V u e U
a|uef(a)

(1.28) y(a) = 0  V a e L

(1.29) z(u) = 0  V u e U .

Supermodular Problem
Let both r and f be supermodular and let c(u) = 0 for all 
u e U.

Primal min £ c(u)x(u)
ueU

subject to

(1.30) £ x(u) = r(a) V a e L
uluef(a)

(1.31) 0 = x(u) = d(u) V u e U

Dual max £ r(a)y(a) - £ d(u)z(u)
aeL ueU

subject to
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(1.32) £
a|uef(a)

y(a) - z(u) = c(u) V u e U

(1.33) y(a) = 0  V a e L

(1.34) z (u) = 0  V u e U

Hoffman and Schwartz [12], [10], [11] studied these 
linear programming problems in order to derive some known 
and some new combinatorial theorems. However, no "nice" 
algorithms existed to solve the problems. The purpose of 
this research is to present algorithms to solve these 
problems.

In Chapter 2 we present an algorithm that solves the 
submodular problem if f is either upper or lower. In 
Chapter 3 we present an algorithm that solves the supermodu- 
lar problem if f is either upper or lower. In Chapter 4 
we present an algorithm that solves the supermodular problem, 
without upper bounds, under the assumptions that r is mono­
tonic, i.e., either

(1.35) a < b -*• r (a) = r(b)

or

(1.36) a > b -*■ r(a) = r(b) ,

and that L is a lattice.
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Hoffman and Schwartz [12] proved that if r(a), c(u), 
and d(u) are integral, then there exists at least one inte­
gral optimal solution, which, by lemma 2.1 of [8] implies 
that the lattice polyhedra are integer polyhedra. The al­
gorithms to be presented produce integral solutions if r(a), 
c(u), and d(u) are integral, thus providing an alternate 
proof. The algorithms in Chapters 2 and 3 are "greedy" on 
their respective primal problems, while the algorithm in 
Chapter 4 is "greedy" on its dual.

Several other algorithms which are "greedy" in ap­
proach can be found in references [6], [9], and [15]. How­
ever, we are still far from a comprehensive theory as to when 
and why the "greedy" approach will work.
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CHAPTER 2

AN ALGORITHM FOR THE SUBMODULAR PROBLEM

We now present the algorithm for the submodular prob­
lem, in the case where f is either upper or lower. Since 
each of (1.17) and (1.18) clearly implies both (1.16) and
(1.20), we need not assume (1.16) or (1.20).

Theorem 1. The following algorithm solves the submodular 
problem if f is either upper or lower:

Step 0. Order the elements of U so that c(u^) = c(u2) = 
. . . = c(un) = 0 = c(un+1) = . . . = c(un+r)• 
Let r®(a) = r(a) for all a in L.
Let k = 1; let j = 0.

Step 1. If uk e f(aA) for some I = j, let x (uk) = 0 and
go to (c). Otherwise:

(a) Let x(uk) = min m i n  k - 1 . . . ,  . '

a|u ef (a) r (a) f d(uk}k
Increase j by 1. Let k (j) = k, where k(j) 
represents the value of k corresponding 
to j.

(b> If X (uk) . a |u r -̂1 (a), let the a in
Jv

L giving the minimum be a^. If more than
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Step 2

Step 3

one a in L gives this minimum, then choose 
the maximum one in L to be a ̂ if f is upper, 
and the minimum one in L if f is lower. If 

= d(u^), no a is to be subscripted 
with j.

(c) Let r^(a) = r^-1(a) - for a su°h
that u^ef(a). Let r * ( a )  = r^ ^(a), other­
wise. If k = n, let xfu^) = 0 for k = n+1, 
and go to step 2. Otherwise increase k by 
1 and repeat step 1.

Let m = j, i.e., m will represent the maximum value 
of j.
Let y(am) = c ûk(m)^' m t*le sul3ScriPt 
some a in L.

Let z(uk(m)> “ c(uk(m)>' if not-

Decrease j by 1.
Let y<a..) = c(uR(j)) - c(uk(J+l)) + *(«k(j+1,), if 
j is the subscript of some a in L.
Let - c(uk(j)) - c(uk(j+1)) + z(«k(jtl)l,
if not.
If j = 1, go to step 4. Otherwise, repeat step 3.

Step 4. Let y(a) = 0 for all other a in L.
Let z(u) = 0  for all other u in U. Stop.



Proof; The method of proof will be to show that the solutions 
to the primal and dual problems are feasible, and then to 
show that they satisfy the complementary slackness optimal­
ity criterion [1], to prove optimality. If we reverse the 
order of L, a lower function becomes an upper one. Thus, it 
suffices to prove the theorem for an upper f. We assume, 
then, that f is upper.

We must first show that if more than one a in L gives 
a minimum value in step 1 of the algorithm, then there is a
maximum such a. Let a and a. be two elements in L suchs t
that ufc e f(ag), uk e f (at)» and rk_1(as) = rk_1(at) =
. m^ ,  = v rk ^(a). It will be shown that rk "̂(a Va.) = a|ukeria; s t

rk *(ag). If rIc'1(agVat> < rk-1(ag), then rk-1(ag) would
k-1not have been the minimum value. Suppose r (a-Va*.) >5 tk-lr (a ). According to (2.5), which is proven below, s

r(a) = rk *(a) + E x(u0) » V a e L .
u£ef(a) *

£=k-l

Thus, according to (1.23),



Now, by properties (1.19) and (1.17),

(2.2) Z x(uj + Z x(u ) =
uAef(asVat) uAef(a/ at)

£=k-l £=k-l

Z x (u.) + Z x (u.) +
u^ef(a )-f(afc) u^ef (a.)-f(ag)

£=k-l £=k-l

2 Z x(u.) = Z x(u.) + Z x(u»)
u^ef(a )Af(afc) u^ef(as) u^ef(at)

£=k-l £=k-l £=k-l

Thus, (2.1) leads to

(2.3) rk-1(asv a t) + r k_1(asA a t) = r k_1(ag) + r k-1(at) .

If rk”^(a_V a ) > rk ^(a ) were true, then rk”^(a A a ) <
S t  S S uk-i v-ir (a ) = r (a ) would hold. But since u. e f(a A a.)

t  S JC S t

by property (1.19), a A a+. would have given the minimum
S w k-i k-1value, rather than a . Thus, r (a Va.) = r (a ), sos s t  s

that there is a maximum a in L giving the minimum value

Feasibility of the primal solution will now be proven.
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In order to prove that x(u. ) = 0 for all k# we will prove by
k > 0 >induction on k that r (a) = 0 for all a e L. r (a) = 0 for

all a e L, since r®(a) = r(a) = 0. Assume that rp (a) = 0
for all a e L. Now, by step 1, x(Up+1) = rp (a) for all a
such that up+i e f(a), and rp+1(a) = rp (a) - x(Up+ )̂ for all
a such that up+  ̂ e f(a). Therefore, rp+ "̂(a) = 0 for all a
such that up+i e f(a)* Also, rp+^(a) = rp (a) = 0, otherwise.
Now, either x(uR) = a |umgf(a) rk-1(a) = 0, x(uk) = d <uk) = 0*

^ >or x(uk) = 0, so that x(uk) = 0 for all k. It is quite clear
from step 1 that x(uk) = d ûk) ^or

The proof that all the inequalities (1.25) hold will be
by induction on k. Consider all a in L with the property
that 1 is the largest value of k such that u^ e f(a). Then

I x(u) = x(u.) = r^(a) = r(a) for all a with the above
uef(a) 1
property, by definition of x(u^). Assume now for all a in L
with the property that p is the largest value of k such that
u. e f(a) that E x(u) = r(a). Consider any I in L with
K uef(a)
the property that p+1 is the largest value of k such that
u^ e f(&). Then

E x(u) = x(u .) + E x(u. ) =
uef(£) p 1 u.ef(a) *

- < k=P

E x(u. ) + min rp (a) = E x(u. ) + 
ukef(a) K a|up+1ef(a) ukefU) K

k=p k=p

rP (a)
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for all a such that up+  ̂ e f(a). Therefore, in particular,

(2.4) E x(u.) = E x(u.) + rP (S) .
uef(&) K ukef(a) *

To complete the proof, it will be shown that

(2.5) rk (a) = r(a) - E x(u.), V a e L
u ef(a)

By definition of r^(a), r^(a) = r(a) for all a e L.

r1(a) = r(a) - E x(u.)
u^ef (a)

1=1

is true for all a, since if u1 i f(a), then (a) = r°(a) = 
r(a), and if u^ e f(a), then r^(a) = r^(a) - x(u^) = r(a) - 
x(u^). Assume that

rp (a) = r(a) - E x(u„) , V a.
u£ef(a)

rp+1(a) = rp (a) - x ûp+i^ if up+i e f(a)» and rp+1(a) = 
rp (a), otherwise. Therefore,
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rp+1(a) = r(a) - Z x(u.) ,
u^ef(a)
£=p+l

which completes the proof of (2.5). It follows from (2.4) 
and (2.5) that

Z x(u) = Z x(u. ) + r(&) - Z x(u. )
uef(£) u.ef(a) K u.ef (S) k

.< , <k=p k=p

= r(&) ,

which concludes the proof of feasibility of the solution to 
the primal.

To prove feasibility of the solution to the dual, the 
following lemma must be proven:

(2.6) Lemma. s < t -*■ a < a.  s t

Proof? Let s be the subscript of some a in L, and let t 
be the next subscript after s. Suppose a = a . Then

u S

since f is upper, if u. e f(a.), u. e f (a ). Then there wouldK C K S
be no u^ e f(at) such that u^ £ f(ag), so that afc could not 
have been subscripted in step 1 of the algorithm. Therefore 
at ? v  We must show that ag and at are not incomparable. 
Suppose they were. There are two cases to consider:
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Case I. uk (s) e f(at)

If uk(s) e f(at)/ by Pr°Perty (1.19), ^(g) e f(agA afc), 
since Uj^gj e f(ag). Therefore, according to step 1 of 
the algorithm,

(2.7) rk(s)_1(ag) = rk(s)_1(agA at) .

As a result of step 1 of the algortihm,

(2.8) rk(t)_1(a ) = r k(s)(a ) - Z '
c r s< j <t

uk(j)ef(at)

since for j, s<j<t, x(u^jj) = an^ tor all I such
that I j* k(j) for some j and k(s)<£<k(t), x (û ) = 0. Now, 
since u ^ ^  e f(afc),

(2.9) rk<s)(at) = rk(,)'1 (at> - x(uk(s)) =

- ^^'^(a,.) - rk(*>*1(a )t s

(2.8) and (2.9) imply that

(2.10) r ^ ’-1 ^ )  = rk<,,-1(at) - -1 <»„)

? ^^Uk(i)^s< j < t Kl3'
uk(j)ef(at)
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Similarly,

(2.11) rk(t)“1(agV afc) = rk(s) (agV  afc) -

I d(ukf..) = rk(s)“1(a V a  )
s< j < t k(D) S r

* " w  - s<5<t d<uk(j)> -
uk(j)ef(asVat>

rkOO-1^ ^ )  - rkts)-1 t«,) -

E d(Uk(i)) ’s< j <t
Uk(j)£f(a3Vat>

By (2.3), r“ *>-1 (..V«t) + r*“ >-l<..A«t> * r*(,)-l(..> ♦
rk (s)“l(at)/ which implies

(2.12) rk(s)"1(agV a t) - rk(s)’1(ag) = rk(s)_1(at) -

rk(s)-1 (agA afc) .

(2.7) and (2.12) imply
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(2.13) rk(s)'1 (a V  a ) - rk(s)-1 (a ) i rk(s)-1 (av)S t  s t

k(s)-l, x r <as) .

By property (1.17),

(2.14) Z d(u.,.,) = Z d(u, ... )
S< j <t S< j <t

uk(j)ef<*.Vat) uk(j)£f<at>

From (2.13) and (2.14) we can conclude

rk (s)-1(a V a ) - rk<,,-1 (a.)S t  s

s< j < t k(j)
uk(j)ef(asVat)

? d(uk(i)} S < j < t  -1
uk(j)£f (at)

d(uk(j)> s ^k(S)'1< V  - rk(s,'l(as)

which implies that rk ^ -*(a V a.) = rk ^ -k(a.), by (2.10)
S u L

and (2.11). Then agV afc would have been subscripted Instead
of a in step 1 of the algorithm. Thus, a < a must be 

b S b

true.
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Case II. uk (s) t

As in Case I, (2.8) is true. But, since Uj^g) ^ f(at),
rk(s)(a )̂ _ rk(s) go that

(2.15) rk(t)_1(a ) = rk(s)_1(a ) - Z d(uv m ) •
^ r s< j < t -1

" k f D ^ ' V

(2.11) is true in this case, also. Since rk (a A a.) > 0,
S u

(2.12) implies

(2.16) rk(s)“1(a V a. ) - r k(s)_1(ac) = r k(s)_1(a.) .
S t  S u

From (2.16) and (2.14) we have

rk(s)-1(asv a t) - rk(s)-1(as) -

a(u. , )  i rk<s)-1(a4.)S<j<t Tt(J) '“t‘
uk(j)ef(asVat)

s d(uk(i)} 's< j < t K '31
uk(j)e£<at)

which implies that rk(t)_1(a V a.) i rk(t)_1(a.), by (2.15)
S t  t

and (2.11). Then agV at would have been subscripted instead
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of a in step 1 of the algorithm. Thus a < a must be true.u S u
By transitivity of the partial ordering of L, it follows that 
a < a for any s and t such that s < t, so that the lemma isS b
proven.

The feasibility of the dual solution will now be proven. 
z(u^) = 0 unless I = k (j) for some j and j is not the sub­
script of any a in L. We must prove that in the latter case

z(uk(j)’ J If 3=m' z(uk(m)> = c<uk(m>> J since
k(m) = n. Assume for all j = p+1 that z(u^jj) = 0. For
j=p, if p is not the subscript of any a in L, z(uk p̂j) =

o(uk (p)) - °(uk(p+1)) + *<“k(p+1)> S c<uk(p)> - c(uk(p+l)>'
since, by the induction hypothesis, z ûk(p+l)^ = c ûk(p) 
c(u^^p+^j) = 0, by step 0 of the algorithm. If p is the sub­
script of some a, let p-r be the greatest j<p such that j is 
not the subscript of some a. Then z(uk(p-r)) 58 c ûk(p-r)^ -
c(uk(p-r+l)^ + z(uk(p-r+l)) = c(uk(p-r)) ' c<uk(p-r+l)1' 
since z(uk(p.r+1)) = 0. c(uk(p_r)) - c(uk(p.r+1) S 0 by
step 0, so that z(u) = 0 for all ue U.

Since y(a) = 0 for all non-subscripted elements of L,
we must show that for all j, if j is the subscript of some
a in L, then y(a^) = 0. This is an immediate result of
steps 2 and 3 of the algorithm and (1.29), which was just
proven. If m, the maximum value of j, is the subscript
of some a, then y(a ) = c(u. , x) =0. For any other valuem x (m)
of j that is the subscript of some a, y(aj) = c ûk(j)^ ” 

Cluk(j+D) + Z(uk(j+D) s c(uk(j)) - c(uk(j+i)> s °>
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using (1.29) and step 0 of the algorithm.
Before proving that the inequalities (1.27) hold, we 

will prove

(2.17) I y(aj} + z(uk(Jl)) c(uk(£))f
D-4

ajlUk(il)ef(aj)

£ ~ 1, ..., m,

which will be used in the proof that (1.27) holds, as well 
as in the proof of optimality. When I-m, if m is the sub­
script of some a in L, y(a ) = c(u, , .) and z(u. , .) =0,m k im) K im;
so that (2.17) is true. If m is not the subscript of some a, 
z(uk(m)) = c (uk(m))' 80 that (2.17) is true. Assume that
(2.17) is true for I = p+1. For £,=p, by step 3 of the 
algorithm, either

(2.18) y(ap) . c(uR(p)) - c(uk(p+1) + > (p+1)> -

if p is the subscript of some a, or

(2-19) 2 (uk(P)> = « tuK(p>> - c(uk<p+u) + z(uk(P+D ) ■

if not. Now, by the induction hypothesis.
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c(uk(P)> - c(uk(p+n) + I(uk{p+i)> “ c(uk(P)> *

>S y<aj> ‘ 2 ̂uk(p+l) > + 2<uk<p+l>’
. j-p+1

aj'uk(p+l)ef(aj}

c(uk(p)> - * y(aj> = c<uk(p)) -
. j=p+l 

ajluk<p+l>ef(aj)

>£ y(a.) ,j=P+i 3
ajiuk(P)Ef<aj>

by (2.6) and (1.17). Thus, if p is the subscript of some a,
(2.18) results in

E y(a.) * c(uk(p)) ,

aj|uk(p)e£(aj>

which implies

j~P
ajluk(p>ef(aj)

y<aj) + z(uk(p)> = c(uk (p)

since z (u^pj) = 0 would hold. If p is not the subscript of 
any a, (2.19) results in
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jip+l 
,Uk(p)Ef(a3>

y(aj) I(uk(p)> c(uk(p)>

which implies

E y(aj) + ^(uk(p)) - =<uk(p))

since letting j=p does not add a term to the sum. This
concludes the proof of (2.17).

The proof that the inequalities (1.27) hold is also by
induction on j. For j=m, consider all u^ such that n = k>k(m)
u^e f°r some least I, since m is the maximum value of
j, which implies that x(u^) could not be made positive in
step 1 of the algorithm. Since £=m, it follows from (2.6)
and (1.17) that u. ef(a.) must hold for any j that is the* 3
subscript of some a such that I = j = m. Let m - r be the
greatest j that is the subscript of some a in L. Then

a|u^ef(a)
y (a) + z(u. ) = y (a ) k m-r

Now, using (2.17), we have
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By step

Thus, (1 
k = k (m),
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Y<am-r> " o(uk(m-r)) * o(uk(m-r+l)' + a(uk<m-r+l>> =

c<uk(m-r)) ' > 1 y(aj> ‘
j=m-r+l

ajl“k(n.-r+l)ef(aj)

^ “kdn-r+l)1 + z(uk(m-r+l)> c(uk(m-r))

j i J m  '
aj ̂ Uk(m-r+l)ef

y (a.) = 0
.> 3j=m-r+l

ajluk(m-r+l)ef(aj)

0, c (uk (m_r)) = c(uk)r so that

Z y(a) + z(uk) = y(am_r) = c(uk)
a|ukef(a)

.27) is true for all k such that n = k>k(m). For
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E y(a) + z (u. . ») « E y(a.) +
a l“k(m,z*<a> ’ Jim

*jluKCm>cJJ<aJ>

z(uk(m)> * c(uk(m)> '

by (2.17).
Now assume for all k = k(p+l) that

E y (a) + z (u. ) = c(u.) 
a|ukef(a) K k

Let u^, be an element of U such that k’ >k(p) but k 1 <k(p+l) 
uk , ef(a^) for some least £=p, since otherwise u^, would be 
Uk(p+i)* Therefore, as a result of (2.6) and (1.17),

(2.20) E y(a) + z(u. ,) = E y(a.) +
a|uk,ef(a) ^  3

ajIuk •ef <aj >

z(ukl) = S y(a.) + z(uk ,) = c(uk U ) ) -
i j = *ajiuk(« ef(aj»

z(uk(i)> + z(uk'> -

by (2.17). But = 0 and = 0 by steps 3 and
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4. Thus (2.20) implies

£ y (a) 
a|u^,ef(a)

+ 2<V ) i C(Uk(t)) 4 C(UR(p)) i

c(uk,) ,

so that (1.27) is true for k' >k(p). If k' = k(p), by
(2.17),

a uk (p)
£ y (a)
ef (a) z(uk(p)’ * . >3=P|uJc<P>eftV

y(aj) +

z(uk(p)> = 0(uk(p)> •

Thus (1.27) is true for all u^ such that l = k = n. For u^ 
such that k = n+l, c(u^) = 0, according to step 0, so that 
the inequalities (1.27) clearly hold. Therefore, (1.27) 
holds for all u e U. This completes the proof of feasibility 
of the dual solution.

In order to prove optimality of the solutions, the 
complementary slackness optimality criterion [1] will be 
shown to be satisfied. The complementary slackness opti­
mality criterion of linear programming states that if the 
solutions to the primal and dual solutions are feasible, then
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they are optimal if

(2.21) x(u, ) > 0 -*■ E y (a.) + z (u. ) = c(u. ) ,

(2.22) y(a) > 0 -*■ E x(u) = r(a) ,
uef(a)

and

(2.23) z(u) > 0 -*■ x(u) = d(u)

x(uk)> 0 only for those k that are equal to k (j) for 
some j. Now,

(2.24) E y(a.) = E y(a.) ,
“jlV*)'*'3!1 jil

ajluk(i)££(aj)

since if u^^jEffaj), j < I, then x(u^^j) could not have 
been made positive in step 1. (2.17) and (2.24) imply that
(2.21) holds.

According to step 1 of the algorithm, if j is the sub­
script of some a in L, r ^ ^ ”^(a.) = x ( u V M v ) ,  so that using3 k l j j
(2.5) we have

x (uir / -i \) ■ r(a.) - E x(u.)
3 u£ef(aj) *

A-k(j)-1
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which implies

(2.25) r(a.) = Z x(u.) .
3

*=k(j)

For &>k(j), if u^ef(aj), then x(u^) = 0, so that (2.25) 
implies

r(a.) = I x(u0) 
3

For any a ^ a^ for some j, y(a) = 0. Therefore,

y (a.) > 0 -*■ r (a .) = Z x(u.) ,
3 3 u^fia.) *

proving that (2.22) holds.
z(u) > 0 only if u=u^^j for some j and j is not the 

subscript of any a in L. These conditions occur only when 
x(u^jj) = d(Uj^jj) in step 1 of the algortihm, so that
(2.23) is true.

This completes the proof that the solutions are op­
timal. Since U is a finite set, the algorithm will terminate.
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CHAPTER 3

AN ALGORITHM FOR THE SUPERMODULAR PROBLEM

In this chapter, we present the algorithm for the 
supermodular problem, in the case where f is either upper or 
lower. Since each of (1.17) and (1.18) clearly implies 
both (1.16) and (1.21), we need not assume (1.16) or (1.21).

Theorem 2. The following algorithm solves the supermodular 
problem if f is either upper or lower:

Step 0. Order the elements of U so that c(u1) = c(u2) =
> > 0 ... = c(u ) = 0. Let r (a) = r(a) for all a e l .  n

Let k=l; let i=0; let j=0.

Step 1. If u^efta^) for some Z=j, let x(u^) = d(uk),
increase i by 1, let k(i) = k, where k(i) repre­
sents the value of k corresponding to i, and go 
to step 2. Otherwise:

f k-1(a) Let x(u.) = max max [r (a) -
Ulu^ef (a)

E d(u.)],o] . If x(uv) > d(u. ), the u^ef(a) ' k k
ZZk+1

problem is infeasible; stop.
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(b) If 0 < x(uk) <d(uk), Increase j by 1. Let 
the a in L giving the maximum value be a^. 
If more than one a in L gives this maximum 
value, choose the maximum such a in L to 
be aj if f is upper, and the minimum one in 
L if f is lower. Let k(j) = k, where k(j) 
represents the value of k corresponding to
j-

Step 2. Let r^(a) = r^ ^(a) - x(u^) for all a such that
u^effa); let r^(a) = r^  ̂(a), otherwise. If k=n, 
go to step 3. Otherwise, increase k by 1 and re­
turn to step 1.

Step 3. Let m=j, i.e., m will represent the maximum value 
of j. Let y(am) = o(uE(l0)).

Step 4. Decrease j by 1. Let y(a..) = c(u^(jj) - c (u£(j+i)) 
If j=l, go to step 5. Otherwise, repeat step 4.

Step 5. Let z(uw ..) = Z y (a.) - c (u. ,..).

If i=l, go to step 6. Otherwise, decrease i by 1 
and repeat step 5.

Step 6. Let y(a) = 0 for all other ae L. Let z(u) = 0 for



all other ueD. Stop.

Proof; The method of proof will be to show that the solutions 
to the primal and dual problems are feasible, and then to show 
that they satisfy the complementary slackness optimality cri­
terion [1], to prove optimality. If we reverse the order of 
L, a lower function becomes an upper one. Thus, it suffices 
to prove the theorem for an upper f. We assume, then, that 
f is upper.

We must first show that if more than one a c L  gives a
maximum value in step 1(a) of the algorithm, then there is a
maximum such a. Let a and a. be two elements in L suchs t
that u^ef (ag), ufc e f (afc), and

max
a|ukef(a)

k-1 (a) - E d(u«) 
u^ef(a)
Jl=k+1

r

Since f is upper, u^e f(agV at)• It will be shown that
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assuming the problem is feasible. If

rk_1(a V a ) - I d(u.) > rk_1(a )
u£ef(asvat)

Jl=k+1

E d(u.)
X f(as’£=k+l

then clearly a y  a. would have given the maximum value inS u
step 1 of the algorithm. Suppose

rk"l(a v « J  - E < rk'1(a=) - V f(asVat>
lik+1

jik+1
a(u*>

According to (3.10), which is proven below,

r(a) = rk-1(a) + I x(u ) , V aeL.
u{ef(a) *
*Sk-i

Thus, according to (1.24),
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(3.3) rk-1(asV a t) + rk“1 (as/\at) = rk_1(ag) + rk_;L(at)

By properties (1.22) and (1.17),

(3.4) Z d(u?) + Z d(u.)
u£ef(asVat) uSLef{a^ at)

£=k+l £=k+l

Z d(u ) +
u£ef(asVat)Uf(asAat)

£=k+l

I d(u.) = Z d(u ) +
u^ef (agvat)nf (agAat) u£ef (ag)rtf (afc)

£=k+l £=k+l

E d(u.) = E d(up) +
u^ef (ag)VJf (afc) u£ef(ag)

£=k+l Jt=k+1

Z d (uff) .

Jl=k+1

(3.3) and (3.4) imply

(3.5) tW (avaJ - Z d(u.) + rk_1(a l a  )
u*ef<Svat)

d-k+1

V ' V t 1
i.=k+l

d(ut) i rk_1(as)
ute£(as)
l=k+l

a(V  +



then
(3.6) rk-1(a Aa.) - E d(u.) > rk_1(a.) -

u*ef< V at>
£=k+l

E d (u,)
u,sf (at)
£=k+l

must hold. Now

(3.7) rk_1 (a. ) - E d(uff) > 0 ,
X f(at>£=k+l

since otherwise x (u]̂) would be given a value of zero in step 1 
of the algorithm, and no ae L would be subscripted. (3.6) 
and (3.7) imply

(3.8) [W (a,Ml > E d(u.) .
‘ u,£f<as*>t)

£=k+l

Then if u^ £ f(agAat), the problem is infeasible. Therefore,



if the problem is feasible, e f(agAafc). Then (3.6) would 
imply that afc does not give the maximum value in step 1 of 
the algorithm. Therefore,

rk"1(asv at»

E d(u.)
X f(as>
£=k+l

so that there is a maximum a e L giving the maximum value

I d(u.) = r (a ) -
“ief<a.vat»

£=k+l
9

X f(as>
£=k+l

d(u£)

Feasibility of the primal solution will now be proven. 
x(uk) = 0 for all u^ e U is an immediate result of step 1 of 
the algorithm. x ûjĉ “ ^ uk̂  ^or uk e U a^so an ^m“ 
mediate result of step 1.

The proof that all the inequalities (1.30) hold is by 
induction. Consider all a in L with the property that 1 is 
the largest value of k such that u^efla). Then
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for all a with the above property, by definition of x(u^).
Assume now for all a e L with the property that p is the
largest value of k such that u.e f(a) that E x(u) =r(a)

u|uef(a)
Consider any a' e L with the property that p+1 is the largest
value of k such that uk e f(a')• Then

I x(u) = x(u 
u|uef(a')

>

Z x(u.) + 
ukef(a') K

max rp (a) E d(u„) u^ef(a) *
£=p+2

>

Z x (u. ) + rp (a) 
uk ef(a') K

Z d (uf) 
u^ef(a)
Jl=p+2

for all a such that up+^ e f(a)* Therefore, in particular

(3.9) Z x (u) 
uef(a')

= Z x (u. ) + rp (a1) 
ukef(a') K

Z d(uff) u£ef(a') *
£=P+2

To complete the proof, we will show that
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(3.10) r^(a) = r(a) - E x(u.), V aeL
u^ef(a)

r^(a) = r(a), for all aeL, by definition of r®(a).

r1 (a) = r(a) - E x(u.)
u^ef(a)

*=1

is true for all a, since if fL f (a), then r^(a) = r®(a) = 
r(a), and if e f (a) , then r1(a) = r°(a) - xtu^ = r(a) - 
x(u^). Assume that

rp (a) = r(a) - E x(u0), V a .
u^ef (a) *

rp+1(a) = rp (a) - x(up+1), if up+1e f(a), and rp+1(a) = 
rp (a), otherwise. Therefore,

rp+1(a) = r(a) - E x(u.) ,
u^ef(a) *
l=p+l

which completes the proof of (3.10). It follows from (3.9) 
and (3.10) that

E x(u) = E x(u.) + r(a') - 
uef(a') u.ef(a')
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E x(u. ) 
u. ef (a*) K

, <k=p

Z
i ef (au^efla') 
i=p+2

d(VI x * = r(a') -

I d (u?) = r (a') ,
u^ef(a')
l=p+2

since {uju^ e f(a')» £ = p+2} = <j>. This concludes the 
proof of feasibility of the solution to the primal problem.

To prove feasibility of the solution to the dual, we 
will first prove the following lemma:

(3.11) Lemma. Assuming feasibility of the problem,
aj+^ > a^ for all j=l,2, ..., m-1.

Proof: Suppose aj+  ̂® aj• Then since f is upper, if 
Ujcef(aj+^), u^ef(aj). Then there is no u^effa.^) such 
that Uj^f(aj). Then aj+  ̂could not have been subscripted 
in step 1 of the algorithm. Therefore, a j + i  ^ a j *  We roust 
show that a^ and aj+  ̂ar® not incomparable. Suppose they 
were. There are two cases to consider:

Case_I. uf(j) e f(a.+1).
We will be using the fact that

(3.12) r^(j)_1(a A a^+1) “ £ d < V  =3 ^+1 uAef(ajA aj+1)
A=k(j)+1
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rk(j)-i(a j _ z d(u ) ,
u)lef(aj)
*--k( j) +1

which is true for the following reasons. If  ̂j ef (a^a^^) , 
then (3.12) is true, since otherwise aj/\Sj+  ̂ would have 
been subscripted instead of a^. If u^
(3.12) must be true, since

rk (j) -i (a ) _ E d(u ) > o , 
3 u£ef(a..) *

J^k (j)+1

and if (3.12) were not true, it would follow that

rk(j)-i(a a a ) - £ d(u ) > 0 ,
3 3 “tef<aj*aj+i>

£=E(j)+l

which implies the problem is infeasible. 
By step 2 of the algorithm,

(3.13) rk(j+1)_1(aj+1) = r*(j)(aj+1)

—  ̂ ^^Uk (i) ̂ 'k (j)<lc(i) <k(j+l) Kiaj
ukd) £f(aj+i>

since for those k(i) such that k(j) <k(i) <Mj+l), 3£(u]C(i)) =
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d(uk(i)), and for all I such that I ? k(i) for some i and 
k(j) < SL < k (j+1) , x(uA) = 0. Since j e f (a..+1) »

(3.14) rk(J>(aj+1) = r ^ ' * 1^ )  - x(uE(j)) -

r’'(J)‘1(a. .) - rS’(J,'1(a.i> + E dfu.) . 
3 1  3 u£ef(a.) *

Jl-k (j)+1

(3.13) and (3.14) imply that

(3.15) rk «i+1»-1(aj+1, - r ^ ’1 ^ )  - r ^ ’’1 ^ )  +

 ̂ d (u«) “   E   d (u. / j \) •
u£ef(aj) * k( j) <k(i) <k( j+1) K U >
Uk(j)+1 e f(aj+1)

We can similarly see that

(3.16) rI"(j+1)"1(ajv a j+1) = rk (j ) -1 (a. V  aj+1)

rk (j)-i(a ) + e d(u.) -
3 u^ef(aj)

£=k(j+l)

2 - d(uk(i)} k (j) <k(i) <k(j+l) KUi
uk(i)ef(ajvaj+l)
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By (3.5),

(3.17) rk(i>-1(ajv a j+1> - I d(ut)

S,=k (j) +1

r^( j)-1 (a ) + j d(u ) i rif<3>-l,a , 
J û effa..) J

&-k(j)+1

j+1
£=k(j)+l

I d(u ) .
uAef(ajAaj+1>

£* k(j)+l

(3.17) and (3.12) imply that

(3.18) rk(j)“1 (a.V a. .) - I d(u.)
3 3 ui€*iajvaj+i)

A=k(j)+1

rk (j) -i (a \ + z d(u ) > rk(j)"1 (a. .) - 
3 u^efU..) * 3+i

&-k(j)+l

S d(u.) - rk(j)_1(a.) + I d(u.) .
uAef(aj+i)  ̂ u,ef(aj)
£=k(j) +1 k (j) +1
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Now

(3.19) Z d(u.) = Z d(u ) +
ute££ajvaj+i> ut'£(ajvaj+i)

Jl=k(j)+1 Jl=k(j+1)+1

_ Z _ d ûk(i)^ + d ûk(i+l)^k (j)<k(i)<k(j+1) Kllj kid+xi
uk(i)ef(ajvaj+l)

for the following reasons. It is quite clear that every 
term on the right hand side is also on the left hand side. 
If e f (ajV aj+ )̂ and 1 = k(j)+l, then u^effa^W f(aj+l>
by property (1.22). If u^ef(a^+1) ” qV i f âq̂  and 
k(j) < I < k(j+1), then would have been u ^ j +1). There­
fore, u^ef(ag) for some q= j, so that u^ = for some i.
Thus, every term on the left hand side is also on the right 
hand side. It can also be shown that

(3.20) I d(u„) = I d(u«) +
ui'£<aj+l* u£e£(aj+l>
*=k(j)+l £=E(j+l)+l

_ Z _ d ûk(iP + d ûk(i+l)^k( j) <k(i) <k( j+1) KU; M3+-U
ukd) ef(aj+1)

Again, it is clear that every term on the right hand side 
is on the left hand side. If I = k(j)+l and u^e f(a^+^),
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then either u0 e f(a ) for some q=j so that I = k(i) < k(j+1) x, q
for some i, or = uj£(j+1), or I = k( j+1) + 1. Therefore, 
all terms on the left hand side are also on the right hand 
side. From (3.18), (3.19), and (3.20) we have

(3.21) r^ ^ )-1(a.v a. .) - E d(u.) -

£=k(j+1)+1

—  ̂— ^ uk(i) ̂ ^^uk(i+l) ̂ ”k (j) <k(i) <k(j+1) Ku; KiD+ii
“M D ^ j ^ j + l *

rk (j) -i (a j + E d(u j > rk(j)_1(a. .)
3 uAef(aj) * 3+1

A=k(j)+1

E d(u.) - _ E d(u. ...)
u^ef (aj+1) * k(j)<k(i)<k(j+l) MaJ
A-k(j+1)+1 uk(i) e f(aj+l)

r^(3)-1(a.) + E d(u£) 
3 uef(a.)

£=k(j)+l

(3.21), (3.15), and (3.16) imply that

rk(j+l)-l( } _ z d >
3 3

Jl=k (j+1) +1
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rk ( j + D - i ( , . z d (

3 Vf(Vi>£.=k (j+1) +1

which implies that a^v aj+i would have been chosen instead 
of aj+1 in step 1 of the algorithm.

Case II. Ufc(j) ^ f (aj+1)•
Since f is upper, uj£(j) implies that u£(j) t
f(ajAaj+^). Therefore, if the problem is feasible,

(3.22) rk(j)“1 (a.A a...) - Z d(u0) = 0
3 3 1  t W j a 1Jt=k(j)+1

Since u^(j) ^f(aj+1),

(3.23) rk(j)(aj+1) = rk(j)_1(aj+1)

Therefore, from (3.13) and (3.23),

(3.24) r^(j+1)_1(aj+1) = rk(j]_1(aj+1)

Z _ d (u. ... ) 
Tc(j) <k(i) <k(j+l)
uk(i) e f(aj+l)

Since u£(j) tf(aj V aj+^)» (3.16) still holds. (3.5) and
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(3.22) imply that

(3.25) rk(j)_1(a.Va. .) - E d (u ) - rk (j ) _1 (a..
3 3

£=k(j)+l

E d(u.) = r*(j)_1(a. .) - E d(u.) -
u cf(a.) 3+1 u£cf(aj+1)
i=k(j)+l H=k(j)+1

rk(j)-i(a a a ) + E d(u ) =
3 3+1 v j i w i *

£-k(j+l)

r E < j , ' 1 ( a j + i >  -  *  . d t a t >  •

X £ ( V i *A=k(j)+1

Since (3.19) and (3.20) hold in this case also, (3.25) 
implies

(3.26) rk(j)_1(a.V a. ) - E d(u ) -

A«k(j+1)+1

—  ̂ *^uk(i)^ ~ ^^(i+l)^k(j)<k(i)<Tc(j+l) kU) M ]  11
uk(i)e£(T j + i )

rk(j)"1(a.) + E d(u ) = r^(j)_1(a. ,) 
3 up ef(a.) 1 3+i

>— J £-k(j)+l



I d (u{) - _ E _ d (u. / j »)
u«ef (aj+1) * k (j) <k(i) <k(j+l) Ku;
S,=k( j+l)+l uk(i) e f (aj+i)

d(uk(j+l))

(3.26), (3.16), and (3.24) imply

(3.27) .k(j+l)-l (aj V a j+1)
ul5*(ajVaj+l})lik(j+l)+l

d(ut> J

rk(j+l)-l( , _ E
u,£f(aj+1>
&=k(j+1)+1

d(V

Then ajVaj+  ̂would have been subscripted instead of in
step 1. Therefore, a^+ 1 > a^ must hold, which completes the 
proof of the lemma.

We will now prove the feasibility of the solution to 
the dual. y(a) = 0, for all a, is an immediate result of 
steps 3, 4, and 6 of the algorithm, using the fact that

C <Uk(j)} " C(uk(j+1)) from step °*
To prove z(ujc(i)) = 0 f°r i' we must prove that
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For each value of i, there is some value of j, say p, such 
that k(p) < k(i) < k(p+l). Then ^or some l®ast
£=p. Then by (3.11) and (1.17), uk(i) e ̂ • Thus,

E y (a .) = y(a ) = c (us-,_ «) -
a lu Ff(a ) 3 P k(p)j 1 k(i) j

c(uk(p+l)> J “ '“kip)1 5 c(uk(i)> '

since k(p) <k(i). For each k ? k(i) for any i, Mu^) = 0, 
so that z(u) = 0 for all ueU.

Before proving that the inequalities (1.32) hold, we 
will prove

(3.28) E y(aj) = c (u£(£)) for 1=1,

ajluk U ) e£(aj>

m.

(3.28) will be used in the proof that (1.32) holds and in 
the proof of optimality. When £=m, y(am) = c ûk(m) ^  so 
that (3.28) is true. Assume that (3.28) is true for I = p+1. 
For I = p, by step 4 of the algorithm and the induction 
hypothesis,

(3.29) y(ap) = c (uE(p)) - c (Ujj(p+1)) =c(u,5(p)) -
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Z
j>P+l

(3.30) Z
j=p+l

y(aj)

by (3.11) and (1.17). Therefore, since u£(p) ef (ap) , (3.29) 
and (3.30) result in

so that (3.28) is true.
The proof that the inequalities (1.32) hold is also 

by induction. If k = k(i) for some i, equality holds in 
(1.32) by step 5 of the algorithm. If k = k(j) for some 
j, say j=l, z(u£(Jlj) = 0, and

. >

yUj)

l y(a) ,
a l“k U ) ef(a)
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so that equality holds in (1.32) by (3.28). For k not equal
to k(i) for any i, nor equal to k(j) for any j, z ûjĉ  = 0*
Therefore, we must show that

I y(a) = c(u. )
a|u^ef(a)

Consider all u^ such that k>k(m). If u^ef(a^) for some 
£=m, x(uk) = d(u^) would hold and k = k(i) would hold for 
some i. Therefore, u^^f(a^) for any £=m. But then for all 
a such that u^effa), y(a) = 0, so that

E y(a) = 0 = c(ut)
a|ukef(a)

Assume that

I y (a) = c(u.) 
a|u^ef(a)

for all k such that k(p+l) >k>k(p). Since k ^ k(i) for 
any i, uk ^f(a^) for any £=p. Therefore, using (3.28) and 
step 0,

£ y(a.) => JD=P+1
ajluk(P+l)ef(aj)

a|u^ef(a)
y (a) =

j=P+l
y(aj) =

o(uk(p+i)> 5 c(uk> •
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Therefore, (1.32) holds for all u e U, which concludes the 
proof of feasibility of the dual solution.

In order to prove optimality of the solutions, we will 
show that the complementary slackness optimality criterion 
[1] is satisfied. The complementary slackness optimality 
criterion of linear programming states that if the solu­
tions to the primal and dual problems are feasible, then they 
are optimal if

(3.33) z(u) > 0 -*■ x(u) = d(u)

x(uk) > 0 only if k = k(i) for some i or k = k(j) for 
some j. If k = k(i), (3.31) is true as a result of step 5 
of the algorithm. If k = k(j) for some j, say I, by (3.28)

(3.31) x(u. ) > 0 -*> I y (a .)
a ^ e f f a . )  3

z(uk) = c(uk)

(3.32) y(a) > 0 + I x(u) = r(a)
uef(a)

and

c(uk U ) >  = Z yUj) Z y(a.)
aj|uk(*)e£(aj'

Since = (3.31) is true.
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To see that (3.32) is true, we note that y(a) > 0 only 
for a = a^, j = 1, m. By (3.10)

rk (j)-1(a ) = r(a ) _ z x(u } .

3 3 u.ef(a.)

But

r^(j)“l(a \ _ x (u=- . ) + E d(u.)
3 Kk3) ukef(a.) k

k^c(j)+l

and ef(aj). Thus,

r(a.) = E x(uf) + E d (u.) ,
3 v i (aj> ukif(aj»

Jl=k(j) k=k(j)+l

Now x (û ) = d (u )̂ for u^ef(aj) such that Z = Tc (j) + 1. 
Therefore,

r(a.) = E x(u„) ,
3

so that (3.32) is true.
z(u) >0 only if x(u) = d(u). Therefore, (3.33) is true
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as a result of step 5 of the algorithm. This completes the 
proof that the solutions are optimal. Since U is a finite 
set, the algorithm will terminate.
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CHAPTER 4

AN ALGORITHM FOR THE SUPERMODULAR PROBLEM 
WITHOUT UPPER BOUNDS

An algorithm for the supermodular problem without 
upper bounds is presented in this chapter. We now assume 
that r(a) is monotonic, i.e, r(a) satisfies (1.35) or (1.36), 
and that L is a finite lattice, but we do not assume that f 
is either upper or lower. Since (1.16) clearly implies
(1.21), we need not assume (1.21).

Theorem 3. Suppose r(a) is monotonic and L is a finite
lattice. Then the following algorithm solves the super- 
modular problem without upper bounds:

Step 0. Let a^ be the maximum element in L if r(a) satis­
fies (1.35); let ag be the minimum element in L if 
r(a) satisfies (1.36). Let c®(u) = c(u) for all 
u e U. Let k=0.

Step 1. Let y(aR) = ) ck (u). Let uR be the u
k

giving this minimum. Consider A^ = {a|u^f(a);
£=0, 1, ..., k}. If A^ = 4>, go to step 2. Other­
wise, choose the maximum element in A^ if r(a)
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satisfies (1.35); choose the minimum element in 
if r(a) satisfies (1.36). Call this element

le+ 1  lcak+1. Let c (u) = c (u) - y(ak) f°r ail u e
k+1 kLet c (u) = c (u), otherwise. Replace k with k+1

and repeat step 1.

Step 2. Let x(u, ) = r(av) - £ x(u.).
K * Z=k+1

U|le£(ak)

If k=0, go to step 3. Otherwise, decrease k by 1
and repeat step 2.

Step 3. Let y(a) = 0 for all other aeL. Let x(u) = 0
for all other u e U.

Proof t The method of proof will be to show that the solu­
tions to the primal and dual problems are both feasible, 
and then to show that the complementary slackness optimality 
criterion [1] is satisfied. If r(a) satisfies (1.36) and 
the order of L is reversed, r(a) will then satisfy (1.35). 
Therefore, it suffices to prove the theorem in the case that 
r(a) satisfies (1.35). We therefore assume r(a) satisfies
(1.35).

First we must show that, for each k, A^ has a maximum 
element. Suppose a and b are incomparable elements in A^. 
For each i-Q, 1, ..., k, u^ fL f (a) and u^ £ f (b) . Therefore, 
u^ ̂  f (a)\j f (b). By property (1.22), u ^  f (aV b)^ f (aAb).
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Therefore, aVbeA^, providing the maximum element needed.
We will now prove the following lemma, which is neces­

sary in the proof of the theorem.

(4.1) Lemma. For all k, >ak+i*

Proof: It is quite clear that > a^, since a^ is the maxi­
mum element in L. Now assume an > a. > ... > a . a is theO k  P P
maximum element in Ap_^ = (a I u^^f(a), I = 0, 1, ..., p-1),
which contains {a | u.^f(a), I = 0,1, ..., p} = A . There-x, p
fore a > a for all a e A , so that, in particular, a > a .P P P P+l
Thus, the subscripted a's form a chain in L.

We will now prove feasibility of the dual solution.
In order to prove feasibility, we will show that for all k,
c^(u) = 0 for all u e U. c® (u) = 0 since c(u) = 0. Assume
cp (u) = 0 for all u e U. Now y(a ) = cp (u) for all u e f  (a ),P P
and cp+^(u) = cp (u) - y(a ) for all ue f(a ). Therefore,P P
cp+1(u) = 0 for all u e f  (a ). Also, cp+^(u) = cp (u) = 0,
otherwise. It is now quite simple to see that y(ak) = 0 for
all k. For all k, y(ak) = uef*2 ) °k û  ̂ “ °*k

We will now prove that

(4.2) E y(a) = c(u) V u e U  
a | u e f (a)

Consider all u e U with the property that a^ is the minimum
A

a e L  = {ak | k = 0, 1, ..., m} such that u e f (a), where m
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represents the highest value k attains in the algorithm. 
Then, using (4.1),

E y (a) = E y(a.) = y(an) = c(u)
a | uef (a) a^luefU^)

for all u such that uef(aQ), by definition of y(aQ), since 
c(u) = c^(u). Assume now that (4.2) holds for all u with

Athe property that a is the minimum element a in L such that
kr

ue f(a). Consider any u' with the property that ap+  ̂is the
Aminimum element a in L such that u' e f(a).

£ y(a) = E y(a ) = E y(a.) +
a | u' ef (a) a |u'ef(a ) a |u*ef(a)

^ x £<p+l x

y(a ..) = E y(a.) + min cp+1(u) =
aJu'ef(aJ uef(a .)
x £<p+l * P+1

E y(a.) + cP+1(u) 
a |u'ef(a ) 1
* Jl<p+1 *

for all uEf(ap+1). Therefore, in particular,

(4.3) E y(a) = E y(a„) + cp+1(u')
a|u'ef(a) a^|u'ef(a^)

Jt<p+1

To complete the proof, we will show that for all u e U
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(4.4) ck (u) = c(u) - E y(a.)
aoI uef(ao) x £<k *

By definition of c®(u), c®(u) = c(u).

c1 (u) = c(u) - E y(ap) 
a.|uef(a.)
* a<i

is true, since if u^f(ag), then c1 (u) = c°(u) = c(u), and 
if uef(aQ), c1(u) = c°(u) - y(aQ) = c(u) - y(aQ). Assume 
that

cp-1(u) = c(u) - E y(ap)
ajuef (a.) 

x,<p-l x

cp (u) = cp 1(u) - y (a ,) if uef(a .) and cp (u) = cpp-1 p-1
otherwise. Therefore, by the induction hypothesis,

cp (u) = c(u) - E y(a.) ,
a.|uef(a.)

#,<p

so that (4.4) is true. From (4.3) and (4.4),

E y (a) = z y (a ) + c (u1) -
a|u'ef(a) a |u'ef(a ) *

a Jl<p+1 A



which completes the proof of (4.2), so that we have proven 
feasibility of the solution to the dual.

Feasibility of the primal solution will now be proven. 
To show that x(u) = 0 for all u e U, we will prove that

(4.5) r(a.) = E x (u0) , for all k
> V f<ak-:i>

£=k

by induction on k. When k=m,

£=m-l
X(V X <UJm or

ullE* (am-l)
l=m-l

x(“t) = 0

Since 0 = r(a ) and x(u ) = r(a ), in either case (4.5) m m m
is true. Assuming (4.5) to be true for k=p+l, we must
prove (4.5) is true for k=p. Since u e f(a ),P P

(4.6) r ( 0  = s x (u«) ,p u.ef(a )Si p
£=p

by step 2 of the algorithm. By property (1.16) and because 
for all Si we have u^ef(a^), it follows that if £ = p,
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u^ef(ap_1) implies u^e f(ap). Therefore,

(4.7) Z x(u.) = Z x(u.)
ufcef(ap) u££f(V l )

A=p Jt=p

(4.6) and (4.7) imply

r (a ) =
v f‘aP-i>

t-P

x(ut) ,

which completes the proof of (4.5). Now we can show that
x(u) = 0. Obviously, this only needs to be shown for the
subscripted u's. When k=m, x(u ) = r(a ) = 0. Assumem m
x(up+l) ’ °*

x(u ) = r(a ) - 1 x(u.) = r(a ) - r(a .) ,
P p u,ef(a ) 1 P P+1

« V l

by (4.5), and r(ak) - r(ak+ )̂ = 0 by monotonicity of r(a) 
and lemma (4.1). Therefore, = 0 for all k=l, 2, ...,
m.

The proof that

(4.8) Z x(u) « r(a) V a e L
u|uef(a)
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is satisfied is also by induction. First, (4.8) is true for
all a = a . This is so because if a < a , then the only m m
u. e f (a) is u , since if there were any u, e f (a) such that K m  K
k < m, then u.ef(a ) would be true because of property (1.16) K m
and the fact that u. e f (a. ). But a e A ., and thereforeK K m m-±
uff̂ f(a ), I = 0, 1, ..., m-1. u_ef(a) must be true sinceIu III
Am was there were no a's such that u^ i f(a),
k = 0, 1, ..., m. Thus, for all a = a . u, e f (a) . Nowm m
x(u) = r(a ) = r(a) for all a = a . by (1.35). Therefore m in m
(4.8) is true for all a = a . Assume (4.8) is true for allm
a = ®p+i* Consider a', a' ^ ap+i' ^ut a' < ap' an<̂  suppose

(4.9) E x(u) < r(a')
uef(a1)

Since a'/\ ap+^ < ap+]/ by t*ie induction hypothesis,

(4.10) E x(u) = r(a'A a .) .
uef<a,A V l )  P+1

Hence, by (4.9) and (4.10),

(4.11) r(a'A a ..) - r(a') < E x(u) -
P uef(a'Aap+1)

E x(u) 
uef(a*)

By supermodularity,
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(4.12) r(a'A ap+1) + r(a'vap+1) = r(a') + r(ap+1) ,

which implies

(4.13) r(a'Aap+1) - r(a') = r(ap+1) - r(a'vap+1)

By (4.11) and (4.13),

(4.14) £ x(u) - E x(u) > r(a .) -
uef (a'A ap+1) uef (a*) p x

r(a'V a p+l) *

Since it is assumed that L is a lattice, and since a > a'r
and a >a it is true that a = a'Va ,,, which implies, P P+l P P+l
by (1.35), r(ap) = r(a'vap+1). Thus

(4.15) r (ap+1) - r(a'V ap+1) = r(ap+1) - r(ap) .

Therefore, by (4.14) and (4.15),

E x(u) - E x(u) > r(a ,) - r(a ) =
uef(a'Aap+1) uef (a')

E x(u) - E x(u) 
uef(ap+l) uef(ap)



Therefore, to prove that a contradiction exists, it suffices 
to show that

(4.16) £ x(u) - I x(u) = I x(u) -
uef(ap+1) uef(ap) uef(a'Aap+1)

£ x(u) 
uef(a')

Since

£ x(u) - £ x(u) = £ x(u) -
uef(ap+1) uef(ap) uef (.ap+1) -f (ap)

£ x(u) ue£(ap)-f(ap+1)

and

£ x(u) - £ x(u) =
uef(a'Aap+1) uef (a')

£ x(u) - £ x(u) ,
uef (a'Aap+1)-f (a') uef (a')-f (a '-Aap+1)

it is equivalent to (4.16) to show that
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Z x(u.) - Z x (u.) .
ukef(a^ap+1)-f(a') K ukef(a*)-f(a'Aap+1) k

(4.17) will be shown by proving that

(4.18) f(a'Aap+1) - f(a')£ f(ap+1) - f(ap) 

and

(4.19) {uk |ukef(ap) - f(ap+1)} C {uk |ukef(a') -

f(a'A a p+l)}

To prove (4.18), let uef(a'Aap+ )̂ - f(a'). By property
(1.22), uef(ap+^). To show u / f (ap), in (1.16) let 
a = a'A a .., b = a 1, and c = a . Since a > a' > a' A  a_...p+l p p p+l
and u e f (a'/V ap+1) “ f(a'), uj£f(ap). To prove (4.19) we 
must prove that

(4.20) (uk Iuk£f (ap) > ?  (uk |uk £ f (a 'vap+1)}

Since L is a lattice, the following Hasse diagram represents 
the situation:
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This is so because a > a' and a > a .., but a'Va is theP P P+l p+l
least element which is greater than both a' and ap+ .̂ Is
possible, of course, that a = a'va .. , in which case (4.20)P P+l
is trivial. Now u. t f(a ) for k = 0, 1, ..., p-1. There-k p
fore, since each u^ is in f (a^), u ^ f ( a ' v  for k = 0,
1, ..., p-1, by property (1.16) and lemma (4.1). u ef(a ),

r  r

and Up£ f f a ' v a ^ ) ,  since if it were not, u^ f. f (a' \y ap+ )̂
for k = 0, 1, ..., p would be true, which would imply that
a'va .i is in A . But a ,, is the maximum element in A ,P+l P P+l P
and a'va ^  7* a ... because a ,, / a'. Thus, u e f (a'va L.) .p+i p+i p+i p P+l
For any k = p+l, if u^ e f (a^), then u^ e f(a'V a^^) must 
hold, since u^ef(a^). Therefore, (4.20) is true. Now, to 
prove (4.19), let uk ef(ap) - f(ap+1). By (4.20), 
uR ef(a'v ap+1) - f(ap+1 ). By property (1.22), uk ef(a').
To show uk i f(a'a ap+^), in property (1.16) let c = ap,

b = aP+r and a = a'A aP+r aP > aP+i> a ' A  aP+i and
uk e f(ap) - f(ap+1) implies uR t f(a'A ap+1). Therefore, a 
contradiction exists, proving that

Z x(u) = r(a')
u e f(a')

must hold for any a' < ap. Thus, (4.8) is true for all ae L, 
which completes the proof of feasibility of the solution to 
the primal.

In order to prove optimality of the solutions, we 
will show that the complementary slackness optimality
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criterion [1] is satisfied. This criterion states that if 
the solutions to the primal and dual problems are feasible, 
then they are optimal if

(4.22) y(a) > 0 ■+ E x(u) = r(a)
uef(a)

x(u) >0 only for u = u^, k = 0, 1, ..., m. Therefore, 
we must show that for each k = 0, 1, ..., m,

From (4.4) we have

(4.21) x(u) > 0 ■* E y(a9) = c(u)
ajuef (â )

and

ck (uk) = c(uk) E y(aA)
ai|uke£(aii)

£<k

IrBut by step 1 of the algorithm, c (uk) = y(ak), so that

c(uk>
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since for any a0, i > k, u. ^f(a„). Thus, (4.21) is satis- * K Z
f ied.

y(a) >0 only for a = a^r k = 0 ,  1, Thus, we
must show for k = 0, 1, ..., m that

But if I < k, u^/^f(ak), so that (4.23), and thus (4.22), is 
true, which completes the proof of optimality.

It is clear that the algorithm terminates, since L is 
finite. Therefore, A^ will be empty for some value of k, 
which was called m.

We might wish to know if the "greedy" approach will 
work on the dual of the submodular problem without upper 
bounds, under the assumption that r(a) is monotonic. How­
ever, the following simple example will convince us that the 
"greedy" approach will not work. Consider the lattice 
L - {aVb, a, b, aAb} with the following Hasse diagram:

(4.23) £ x (u.) = r (a, ) 
u,ef(ak)

According to step 2 of the algorithm

u*e*<ak>
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Let r(aVb) ^rta), r(b) and r(aAb) = r(a), r(b), i.e., we
will assume r(a) satisfies (1.35). Let U = (u1, u2, u3>,
f(aVb) = (u1# u2>, f(a) = (u^, f(b) = ^ 2>, and f(aAb) =
{u3>. There are no upper bounds on the dual variables y(a),
so that we can assume y(a) = + 00 for all aeL, before we make
each variable as small as possible. r(aVb) = r(a), r(b),
r(aAb), so that we would first assign the smallest possible
value to y(aVb), while insuring that the constraints can be
satisfied. We would therefore let y(aVb) = max [ c(u^) -
y(a), c(u2) - y(b), 0] = 0. Whether r(a) = r(b) or r(a) =
r(b), we would next let y(a) = c(u^) and y(b) = c(u2).
Finally, we would let y(aAb) = c(u,). Then _l r(a)y(a) =J aeL
c(u^)r(a) + c(u2)r(b) + c(u3)r(aAb). However, if we did 
not take the "greedy" approach, we could let y(aV b) = 
max Ic (u^), c(u2)], y(a) = 0, y(b) = 0, and y(aAb) = c(u3). 
Suppose that c(u^) = c(u2) ? 0. Then c(u^)r(a) + c(u2)r(b) = 
c(u^)[r(a) + r(b)] = cfu^rfaVb), by submodularity, (1.23). 
Then the solution obtained by the "greedy" approach would 
be greater than the latter solution. Thus, we see that 
the "greedy" approach will not work in this situation.
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