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Abstract
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by

Deborah Freedman Kornblum

Adviser: Dr. Alan J. Hoffman

Three "greedy" algorithms, which generalize results of
Edmonds and Johnson, are presented to solve linear program-

ming problems on certain "lattice polyhedra."
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CHAPTER 1
INTRODUCTION

l.a "Greediness"

Several "greedy" algorithms will be presented to solve
linear programming problems on certain "lattice polyhedra"
defined by Hoffman and Schwartz [l12]. Since the definition
of a "lattice polyhedron" is lengthy, it will be deferred to
section 1.f, while we first discuss "greediness" and a his-
tory of some "greedy" algorithms.

By a "greedy" algorithm we mean the following: Suppose
we have a set E with n elements and a nonnegative function
w on E, and we wish to maximize (or minimize) I w(e)x(e)
subject to various constraints on the variablegsi(e). We
arrange the n elements of E so that w(el);w(ez) z... ;w(en) .
We make x(el) as large (or as small) as possible, subject
to the constraints involving x(el), while insuring feasi-
bility of the remaining variables. We then do the same for
x(ez), assuming x(el) to be fixed at the assigned value, and

so on, until we assign a value to x(en).

1.b Kruskal's Algorithm

In order to look at the first algorithm entitled

"greedy," we need to introduce several definitions. A

graph consists of a set of nodes and a set of edges. An



edge consists of two nodes, which are called its endpoints.
A path between nodes a and b is a sequence of edges of the
form (a,vl), (vl,vz), ceey (Vk-l' Vk)' (Vkﬂﬂ, where a, Vys
Vor eces Vk'b are distinct nodes. A graph is said to be
connected if for every two nodes a and b there is a path be-
tween a and b. A path from a to a is called a cycle. A
graph which is connected and cycle-free is called a tree.

A graph G' is a subgraph of a graph G if the nodes of G' are
a subset of the nodes of G and the edges of G' are a subset
of the edges of G. A subgraph that includes all the nodes

of G and is a tree is called a spanning tree of G.

Suppose that we are given a connected graph G with n
nodes and that each edge of G has an assigned nonnegative
weight. The maximal spanning tree problem is to find a
maximum weight spanning tree. Kruskal [14] proposed the
following algorithm, to which Edmonds [3] first applied the
term "greedy algorithm." Let w(e) represent the weight of
edge e. Order the edges €ys €y ...y € 8O that w(el) 2
w(ez) z2...2 w(en). Let T represent the set of edges in
the solution. Put ey in T. Put e, in T, unless it forms a
cycle with the edges already in T, and so on, until we have
one less edge in T than the number of nodes in G. We stop
then, because a cycle-free graph on |V| nodes can have at
most |V| - 1 edges [7].

Kruskal's algorithm is "greedy," as we have defined it,

in the following way. Let x(ek) = 0 if ey £ T and x(ek) =1



if e, € T. We will say an edge (vi,vj) is contained in a
set of nodes U if {Vi’vj} € U. Since a cycle-free graph
with |U| nodes can have at most |U| - 1 edges, we must re-
quire for any subset U of the nodes V of G that the number
of edges of T contained in U is at most |U| - 1. Thus, the

maximal spanning tree problem can be expressed as

max I w(e )x(e,)
ekeE k k

subject to

(1.1) > x(e,) S |ul -1 VUCV
ey contained in U

(1.2) x(ek) =0 or 1 v e, € E.

Since e (vihﬁ) is contained in U = {vi,vj}, (1.1) implies

. =
that x(ek) will be at most 1 and, clearly, always integral.
Therefore, (1.2) can be replaced by x(ek) 2 0 for all ekeE.
Kruskal's algorithm consists of making x(ek) equal to 1 if
no cycles are formed with {eili =1, ..., k-1, e;eT}, i.e.,

if none of the inequalities are violated. Otherwise, x(ek)

will be zero.

l.c The "Greedy" Algorithm for Matroids

The "greedy" algorithm for matroids [3] is a



generalization of Kruskal's algorithm. A matroid consists of
a finite set E and a family &£ of subsets of E, called inde-

pendent sets, with the properties
(i) I e and I'¢€ I +>I"ek ,

and
(ii) ¥ 8 € E, all maximal independent sets con-
tained in S have the same cardinality, which

is called the rank of S.

A minimal set not ind is called a circuit. We can see that
a graph is a matroid with E as the set of edges and < the
family of cycle-free subsets of E. The generalization of
the maximal spanning tree problem is to find the maximum
weight independent set. Let w(e) represent the nonnegative
weight of element e in E. The matroid "greedy" algorithm
is the following. Order the elements of E so that w(e,) z
w(ez) 2 ... 2 w(en). Let I represent the set of elements in
the solution. For each k =1,2, ..., n, put e, in I, unless
it forms a circuit with {eili =1,2, ..., k-1, eisI}.

If we know the rank of S, r(S), for all S € E, the

problem can be stated as

max I wi{e )x(e,)
ekeE k k



subject to
<
z x(ek) = r(S) ¥ SGE
ekeS
x(ek)=0 VekeE .

Since r({ek}) 21 for S = {ek}, by definition of the rank,

it follows that x(ek) will equal at most 1. Thus, x(ek) will
equal 1 if e el and x(ek) will equal zero if ektI. The
algorithm consists of assigning a value of 1 to x(ek) for
each k=1, 2, ..., n, unless one of the inequalities is
violated, in which case ey is given a value of zero. There-
fore, the algorithm is "greedy" as we have defined it.

We should note that the function r(S) has certain

properties:

(1.3) seT*>r(s) sc(m |,

(1.4) r(s) =0 ¥ SSE ,
and

(1.5) r(s) + r(T) 2 r(SUT) + r(SAT) Vs, TCE .



If a function has property (1.5), it is called submodular.

These properties can easily be proven [16].

1.4 The Polymatroid "Greedy" Algorithm

The maximum independent set problem on a matroid was
generalized to a maximization problem on a polymatroid [4].

Let E be a finite set and let r be any submodular nonnegative

function on 2B, Let 2 ¢ (R Ut ©)E.  The polyhedron {x =

(xele € E) ¢ REIO Sx23; : X s
eeS

a polymatroid. The linear program

r(S) ¥ S ¢ E} is called

max I c(e)x(e)
ecE

subject to

na

r x(e)
eeS

r(s) ¥ SCE

(PN

0= x(e) a(e) ¥VecekE

and its dual

min I r(S)y(S) + I af(e)z(e)
SGE ecE

subject to



v

I y(S) + z(e) cle) VecectE
elees
>
y(s8) =0 ¥SCE
z(e) =0 ¥ecE

can be solved by a "greedy" algorithm. °‘Edmonds (4], [5] con-
sidered only the case where the vector a is all infinite (i.e.,
there are no upper bounds on the variables x(e)) and r(S)
satisfies property (1.3) in order to prove the "Greedy Al-

gorithm Theorem," though since this algorithm is a special

case of one of the algorithms presented here, we will see that
a need not be infinite and that (1.3) need not be satisfied

in order to solve the problem with a "greedy" algorithm.
However, these requirements simplify Edmonds' algorithm,

which we will now examine.

Greedy Algorithm Theorem [4], [5]

If the elements of E are arranged so that c(el) 2 c(ez) 2

> > > > > .
cee = c(en) = Q = c(en+l) = L.. = c(elEl), then the following
vectors x° = (xo(ek)|k=1, .-«s |E|) and y0 = (yO(S)ISQE) are
optimum solutions to the primal and dual problems, respec-
tively: Let Sk = {el, €nr ooy ek}. Let xo(el) = r(Sl),

0 _ _ _ . 0 _
X (ek) = r(Sk) r(Sk_l) for k=2, ..., n; and X (ek) =0

for k = n+l1, ..., |E . Let yo(Sk) = c(ek) - c(ek+1) for

k=1, ..., n-1; y2(5_) = cle ), and y?(s) = 0 for all



other S&E.
We will now see why this algorithm is "greedy" on the
primal. We must show that for each k, x(ek) is made as

large as possible, subject to the constraints. Since x(el)é

r(S) must hold for all S such that ele S, we first let x(el)=

g min _ r(S). Since {e,} € S for all S such that e
|ele 1

r(Sl)

1 €5y

r(S), so that x(el) = r(Sl). In general, we let

A W0

x(ek) = min ([r(s) - I x(eg)] .
SlekeS e,€es
<k
Assume for k =1, ..., p-1 that
k-1
(1.6) min [r(S) - I x(el)] = r(Sk) - I x(ez) =
Sl|e, €S e,cS =1
k L
2<k
r(S,) - r(S,._y) .

We would like to prove that (1.6) is true for k=p. For all
SSE such that e S, let §' = fe,le, €8, k < pl. s'¢cs,

so that by (1.3) r(s') s r(S). Therefore,

na

(1.7) r(Sp) - r(s r(s') - L x(e

]
ezeS
L<p

p-l) P

A



By (1.5),

(1.8) r(s,) + r(s' - {e 1 S r(s') + r(s,_;)

since S'V Sp__1 = Sp and S'/'\Sp_1 =s' - {ep}. (1.8) implies
(1.9) r(s,) - r(s,_ ;) S r(s') - r(s' - {e,h .

Now, since we are assuming that the values assigned to x(el),

x(e2), cesy X(e ) satisfy the constraints, we have

p-1

T x(e,) Sr (s' - {e.}) ,
' L P
ezes {ep}

which, with (1.9), implies

s r(s') - z | x(e ) .

(1.10) r(s.) - r(
P e2€S'-{ep} %

Sp-l)
By the induction hypothesis,

p-2 p-1
(1.11) r(S ) = T x(e,) + x(e ) = I x(e,) .
p-1 2=1 2 p~1 9=1 )

(1.10) and (1.11) imply

(1.12) (S.) - r(s ) = r(s) - pot x(e,) 2 r(s') -
. r p p-l =r p 51 el =TI
z x(ez) .
ezgS"‘ {ep}
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From (1.12) and (1.7) we have

p-1
r(s) - I x(e,) r(s) - & x(e,) ,
P =1 . e €S o

2<p

A

for all S such that epeS. Therefore, (1.6) is true for
k=p, so that the algorithm satisfies our definition of

"greedy."

l.e Johnson's Algorithm

The algorithms we have discussed thus far are all
"greedy" on their respective primal problems. We will now
look at an algorithm which is "greedy" on the dual. Johnson
[13] formulated the following problem and a "greedy" algo-
rithm, which generalize the problem of finding the shortest
path between two given nodes in a graph and Dijkstra's [2]
algorithm to solve that problem.

Let a graph G have node set V and edge set E. Let G
be directed, i.e., each edge e is an ordered pair (i,j) of
nodes in V. We say e is out of i and into j. For a node i,
let w(i) represent the set of edges out of i, and for a sub-
set U of the nodes V, let w(U) be the edges (i,]j) out of some
node i in U such that j ¢ U. A source is a node such that
no edge is directed into it. Let a node s in G be distin-
guished as the source. Let r be a nonnegative function on

the subsets U of V. We assume r has the following properties:
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(1.13) r(S) + r(T) Sr(SUT + r(SN T,

that is, r is supermodular, and

(1.14) r(v) = 0.

(1.13) and (1.14) imply

v

(1.15) SCT~> r(s) r(T) .

This can be seen if we consider the sets T and V - (T-S).

Then r(T) S r(T) + r[V-(T-S)] S rlp LI[V—(T—S)] +

r(TN {V-(T-S)] = r(V) + r(S) = r(S) + 0. The problem is
primal min I c(e)x(e)
ecE

subject to

I x(e) 2 r(u) ¥V UCV with seU
ecw(U)

x(e);O ¥ ecE .

dual max I r(u)y(u)
uev

subject to
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L y(U) 2 c(e) ¥ ecE
U| eew (V)

o
<

y(u) 2o VvV U

Johnson [13] proves that the following algorithm

solves the problem:

Step 0. Let U, = {s}; let co(e) = c(e) ¥ e ¢ E;
let k = 0.
Step 1. Let y(Uk) = min [ck(e)]. Let ey be the
e|eew(U,)

e ¢ w(Uk) giving this minimum. Letck+%e)=cﬁe)-y(Uk)
for all e ¢ w(Uk); let ck+1(e) = ck(e), otherwise.
1f |u, | = |V| - 1, go to step 2. Otherwise, let
Upel = Uk\J {j}, where e, = (i,j), replace k with
k+l, and repeat step 1.

Step 2. Let x(e

= r(U - h) x(ez). If k =0, go

ezez(Uk)
=k+1
to step 3. Otherwise, replace k with k-1 and

k) x!

repeat step 2.

Step 3. Let y(U) = 0 for all other U &€ V and x(e) = 0 for

all other e ¢ E. Stop.
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We would now like to show why this algorithm is
"greedy" on the dual. Since we require that {s} € U for
all u €V, r({s}) 2 r(u) for all U€ V, by (1.15). There-
fore, we would first make y({s}) = y(U,) as large as possi-

ble, subject to the constraints. y(Uo) éc(e) must hold for

all e ¢ w(Uo), so that we can let y(Uo) = min c(e). The
eleew(Uo)
e giving the minimum is e;- Let e = (s,j). Since the

algorithm is "greedy," we would now make y(U) as large as
possible for the U such that r(U) is the greatest, after
r(Uo). However, if ele:w(U), y (U) cannot be greater than
zero. Therefore, {s,j} € U must hold if y(U) is to be
greater than zero. Since {s,j} € U implies r({s,j}) 2 r(u),
we next assign a value to {s,j} = U;- In the same way, in

general, we can make

y(U,) = min [c(e) - z y(u,)) =
eleew(Uk) eew(U,)
<k
min ck(e) .
e|eew(Uk)

Thus, the algorithm is “greedy" on the dual. The values for
the primal are assigned so that the duality equation [1]

I c(e)x(e) = & r(U)y(u) is satisfied and feasibility is
ecE uev

preserved to insure optimality of the solutions.
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1.f Lattice Polyhedra

If r is an integral function, both Edmonds' and John-
son's algorithms will produce integral optimal primal solu-
tions, so that by Lemma 2.1 of [8] the polymatroid and the
polyhedron defined by Johnson's algorithm would be integer
polyhedra. Hoffman and Schwartz [12] introduced a class of
integer polyhedra, which they called "lattice polyhedra."
All of the preceding problems are special cases of linear
programming problems defined on these polyhedra, which we
will now define.

We assume that the following are given: a partially
ordered set L, two functions on L x L + L, "v" and "A", that
satisfy avb = bva 2 a,b and aAb = bAa S a,b. We also
assume a<b implies aAb = a and avb = b. A finite set U

and a mapping £: L ~» ZU - ¢ that satisfies

(1.16) a<b<c » f(a)nf(c) C £(b)

are also assumed to be given. If f has the property
(1.17) uef(a), a<b->uce f(b) ,

then f is called upper; if f has the property

(1.18) uef(a), aZ2b+uce £(b) ,
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then f is called lower. Each of (1.17) and (1.18) implies

(l1.16). If f satisfies (1.16),

(1.19) f(a) N\ £(b) C f(avb) N f(aADb). .,

and

(1.20) f(a) V £(b) € f(avb) V f(aADb) ,

f is called submodular. If f satisfies (1.16),

(1.21) f(a) N\ £(b) O f(avb)n f(aAb) ,

and

(1.22) f(a) V£(b) © £(avb)V f(aAb) ,

f is called supermodular. We also assume that a nonnegative

function r is defined on L. r is said to be submodular if

(1.23) r(avb) + r(aAb) = r(a) + r(b) ,

and supermodular if

(1.24) r(aVb) + r(aAb) 2 r(a) + r(b) .
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Lastly, we assume we are given values d(u) z 0 for all u ¢ U.

Each of the following polyhedra is called a "lattice poly-

hedron":
{x|o £ x) £ 3, £ x(u) = r(a), r(a) and
uef (a)
f(a) submodular}
and
{x|o0 2 X = dw), X x(u) 2 r(a), r(a) and

uef (a)

f(a) supermodular} .

We consider the following two linear programs and

their duals:

Submodular Problem

Let both r and f be submodular.

Primal max L c(u)x(u)
ueU

subject to

(1.25) X x(u) s r(a) ¥acel
ucf (a)

(1.26) 0 = x(u) = d(u) VueU .



Dual min I r(a)y(a) + I d(u)z(u)
aceL uel
subject to
(1.27) L y(a) + z(u) = c(u) Vued
alucf (a)
(1.28) y(a) 2 0 Vacl
(1.29) z{u) =0 ¥VuelU .

Supermodular Problem

Let both r and f be supermodular and let c(u) = 0 for all

u € uU.
Primal min Z c(u)x(u)
uel
subject to
(1.30) z x(u) 2 r(a) Vacel
uluef (a)
< <
(1.31) 0 = x(u) = d(u) YVuelU .
Dual max I r(a)y(a) - & d(u)z(u)
ael uel

subject to

17
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(1.32) X y(a) - z(u) = c(u) Vued
aluef (a)

(1.33) y(a) = 0 ¥acel

(1.34) z(u) =0 VuelU .

Hoffman and Schwartz [12], [10], [11] studied these
linear programming problems in order to derive some known
and some new combinatorial theorems. However, no "nice"
algorithms existed to solve the problems. The purpose of
this research is to present algorithms to solve these
problens.

In Chapter 2 we present an algorithm that solves the
submodular problem if £ is either upper or lower. 1In
Chapter 3 we present an algorithm that solves the supermodu-
lar problem if f is either upper or lower. 1In Chapter 4
we present an algorithm that solves the supermodular problem,
without upper bounds, under the assumptions that r is mono-

tonic, i.e., either

(1.35) a<b + r(a) = r(b)
or
(1.36) a>b + r(a) = r(b) ,

and that L is a lattice.
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Hoffman and Schwartz [12] proved that if r(a), c(u),
and d(u) are integral, then there exists at least one inte-
gral optimal solution, which, by lemma 2.1 of [8] implies
that the lattice polyhedra are integer polyhedra. The al-
gorithms to be presented produce integral solutions if r(a),
c(u), and d(u) are integral, thus providing an alternate
proof. The algorithms in Chapters 2 and 3 are "greedy" on
their respective primal problems, while the algorithm in
Chapter 4 is "greedy" on its dual.

Several other algorithms which are "greedy" in ap-
proach can be found in references [6], [9], and [15]. How-
ever, we are still far from a comprehensive theory as to when

and why the "greedy" approach will work.
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CHAPTER 2

AN ALGORITHM FOR THE SUBMODULAR PROBLEM

We now present the algorithm for the submodular prob-

lem, in the case where f is either upper or lower. Since

each of (1.17) and (1.18) clearly implies both (1.16) and

(1.20), we need not assume (1.16) or (1.20).

Theorem 1. The following algorithm solves the submodular

problem if f is either upper or lower:

Step 0.

Step 1.

Order the elements of U so that c(ul) 2 c(u2) z

.. .= c(un) 202 c(u ) z2,..2 c(u

n+l
Let ro(a) = r(a) for all a in L.

Let k = 1; let j = 0.

If u ¢ £(a,) for some % S 4, let x(u,) = 0 and

k
go to (c). Otherwise:
. min k-1
(a) Let x(uk) = min alukef(a) r (a), d(uk)].
Increase j by 1. Let k(j) = k, where k(j)
represents the value of k corresponding
to j.

min

- k-1 .
k) = alukef(a) r (a), let the a in

(b) If x(u

L giving the minimum be aj . If more than



Step 2.

Step 3.

Step 4.

21

one a in L gives this minimum, then choose
the maximum one in L to be aj if £ is upper,
and the minimum one in L if f is lower. 1If
x(uk) = d(uk), no a is to be subscripted
with j.
k _ Jk-1
(c) Let r (a) = r (a) - x(uk) for all a such

that u.ef(a). Let rk(a) = k-1

(a), other-
wise. If k = n, let x(uk) = 0 for k 2 n+l,
and go to step 2. Otherwise increase k by

1 and repeat step 1.

Let m = j, i.e., m will represent the maximum value
of j.

Let y(am) = c(uk(mﬂ, if m is the subscript of

some a in L.

Let z(u = c(uk(m)), if not.

k(m))

Decrease j by 1.

Let y(aj) = c(uk(j)) - C(uk(j+l)) + Z(uk(j+1)L if
j is the subscript of some a in L.

Let z(uk(j)) = C(uk(j)) - C(uk(j+1)) + Z(uk(j+l))'

if not.

If j =1, go to step 4. Otherwise, repeat step 3.

0 for all other a in L.

Let y(a)

Let z(u)

0 for all other u in U. Stop.
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Proof: The method of proof will be to show that the solutions
to the primal and dual problems are feasible, and then to
show that they satisfy the complementary slackness optimal-
ity criterion {1], to prove optimality. If we reverse the
order of L, a lower function becomes an upper one. Thus, it
suffices to prove the theorem for an upper f. We assume,
then, that f is upper.

We must first show that if more than one a in L gives
a minimum value in step 1 of the algorithm, then there is a
maximum such a. Let ag and a, be two elements in L such

k-1 _ k-1 _
that u, € f(as), u € f(at), and r (as) =r (at) =

min k-1 . k-1 _
alukef(a) (a). It will be shown that r (aévat) =
r (ag). Ifr (agva,) < r (ag), then r (a;) would

not have been the minimum value. Suppose rk-l(asvat) >

rk-l(as). According to (2.5), which is proven below,

r(a) = rk-l(a) + z x(u

uzef(a)
<
L=k-1

2) r v aEL L]

Thus, according to (1.23),

(2.1) rk"l(asv a,) + 5 x(u,) + X 1a Aa,) +
ugef(a va,) S
< s t
2=k-1
) x (u,) £ rk-l(as) + I x(uy) +
uzsf(aSAat) quf(as)

23k-1 25k-1
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k-1
r (at) + . egia )x(uz) .
£ t

22k-1

Now, by properties (1.19) and (1.17),

(2.2) Y x(u,) + T x (u,) 4
ugef£a§Vat) ulefiagﬁat)
2=k-1 L=k-1
b x(uz) + pX x(un) +
uzef(a )-f(at) uzef(a )-f(as)
f=k-1 L=k=~1
21 x(uz) = X x(uz) + z x(uz) .
uzef(a )Af(at) ulif(as) unif(at)
L=k-1 L=k~-1 2=k-1
Thus, (2.1) leads to
k k-1

k

(2.3) r -l(asv a,) + rk-l(as/\ a,) £r -l(as) +r(a) .

k-1 k-1 k-1
If r (asV'at) >r (as) were true, then r (asA at) <
k-1 _ k-1 .
r (at) = r (as) would hold. But since u, € f(asA at)

by property (1.19), asA a, would have given the minimum

value, rather than a_. Thus, rk-l(as\/at) = rk-l(as), so

that there is a maximum a in L giving the minimum value

k-1
r (as).

Feasibility of the primal solution will now be proven.
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In order to prove that x(uk) z 0 for all k, we will prove by

1]
induction on k that rk(a) 4 0 for all a € L. r (a) 2 0 for

v

all a € L, since ro(a) = r(a) 2 0. Assume that rp(a) 0

for all a € L. Now, by step 1, x(u ) = rP(a) for all a

ptl

such that u e f(a), and rp+l(a) = rp(a) - x(up+1) for all

p+l
a such that up+l e f(a). Therefore, rp+1(a) 4 0 for all a

such that u e £f(a). Also, rp+l(a) = rp(a) 4 0, otherwise.

p+l
Now, either x(uk) =

v

min k-1
alu, ef (a) (a)

or x(uk) = 0, so that x(uk) z 0 for all k. It is quite clear

0, x(uk) = d(uk) z 0,

from step 1 that x(uk) s d(uk) for all k.

The proof that all the inequalities (1.25) hold will be
by induction on k. Consider all a in L with the property
that 1 is the largest value of k such that u, € f(a). Then

z x(u) = x(ul) < ro(a) = r(a) for all a with the above

uef (a)

property, by definition of x(ul). Assume now for all a in L
with the property that p is the largest value of k such that
u, € f(a) that z x(u) s r(a). Consider any & in L with
k uef (a)

the property that p+l is the largest wvalue of k such that

u € £(8). Then '

<
z x(u) = x(up+l) + )3 x(uk) =

ucf (4) ukef(a)
<
k=p
z x(uk) + min rP(a) = z X(uk) +
u, ef(8) alu . ef(a) u, £ (8)
<
k=p =p
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for all a such that up+1 € £(a). Therefore, in particular,

(2.4) I ox(u) b x x(u,) + rP(a) .
ucf(4) ukef(a)
<
k=p

To complete the proof, it will be shown that

(2.5) X)) =r@a - @ x(u V acel
u ef(a)

%
2k

Ry

By definition of r°(a), r%(a) = r(a) for all a ¢ L.

rl(a) = r(a) - X x(u
uzsf(a)

221

g)

is true for all a, since if u, ¢ f£(a), then rl(a) = ro(a) =

r(a), and if u; € f(a), then rl(a) = ro(a) - x(ul) = r(a) -

x(ul). Assume that

rp(a) = r(a) - z x(uz) ’ ¥ a.
uzef(a)

kép

p+l

rp+l(a) = rP(a) - x(up+l), if u e £f(a), and r (a) =

p+l
rp(a), otherwise. Therefore,
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rp+l(a) = r(a) - z x{(u

uzef(a)
<
L=p+1

Z) !

which completes the proof of (2.5). It follows from (2.4)

and (2.5) that

f x(u = I x(w) +r(a) - x (u, )
ucf (a) uksf(a) ukef(&)
k=p k=p
= r(a) ’

which concludes the proof of feasibility of the solution to
the primal.
To prove feasibility of the solution to the dual, the

following lemma must be proven:

(2.6) Lemma. s-:<t->a£,‘<at .

Proof: Let s be the subscript of some a in L, and let t

na

be the next subscript after s. Suppose a, ag. Then
since f is upper, if u, € f(at), u € f(as). Then there would
be no u, € f(at) such that U, £ f(as), so that a, could not

have been subscripted in step 1 of the algorithm. Therefore

a, ? ag. We must show that ag and a, are not incomparable.

t
Suppose they were. There are two cases to consider:
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Case 1I. uk(s) € f(at)

If Uy (g) € f(at), by property (1.19), W (g) € f(asA at),
since uk(s) £ f(as). Therefore, according to step 1 of

the algorithm,

rk(s)-l < k(s)-1

(a)) = r (asA at)

(2.7) s

As a result of step 1 of the algortihm,

rk(t)-l(a ) = rk(s)

(2.8) g = (a,) -

I d(u
s<j<t

Uy (5) €E(ay)

k(j)

since for j, s<j<t, x(uk(j)) = d(uk(j)), and for all % such
that 2 # k(j) for some j and k(s)<<k(t), x(ul) = 0. Now,

since U (s) € f(at)'

(2.9) rk(S)(at) = rk(S)-l(at) - x(uy g)) =
= M8y - K8l
(2.8) and (2.9) imply that
(2.10) rk(t)-l(at) - rk(s)-l(at) _ rk(s)-l(as) _
s<§<t d(uk(j)) .

U (5) €E (@)
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Similarly,

(2.11) rk(t)-l(asv at) = rk(s) (asv at) -

k(s)-1

T a( L) = (a_va,) -
s<i<t k@) T sV %
uk(j)ef(as\lat)
x(uy (g)) = aciet dluy (4y) =
uk(j)ef(asVat)
rk(s)-l(asv a‘t) _ rk(S)-l(as) _
z dlu,,.,) .
s<j<t k(3)
uk(j)ef(as\lat)
By (2.3), rk(s)-l(asv a,) + rk(s)-l(asl\ a,) s rk(s)-l(as) +
rk(S)-l(at), which implies
(2.12) rk(s)-l(as\/at) - rk(s)-l(as) = rk(s)_l(at) -

rk(s)_l(asl\ at)

(2.7) and (2.12) imply
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rk(s)-l _ rk(s)-—l(a ) s rk(s)-l

(2.13) 8

(asV at) (a,)

rk(s)-l(as) .

By property (1.17),

>
(2.14) z d(u, ,.,) = z d(u,_,.,) .
s<j<t k(3) s<j<t k(3)

uk(j)ef(a§Vat) uk(j)ef(at)

From (2.13) and (2.14) we can conclude

rk(s)-l(asV at) _ rk(s)-l(a )

< k(s)-1

z d(uk(j)) =r (at) (a )

s<j<t
uk(j)ef(a5Vat)

z d(u
s<j<t
Uy (3) EE(ay)

k(j)

k(t)-1 < Jk(t)-1

which implies that r (asV’at) =r (at), by (2.10)

and (2.11). Then asV a, would have been subscripted instead
of a, in step 1 of the algorithm. Thus, as< a, must be
true.
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Case II. uk(s) £ f(at).

As in Case I, (2.8) is true. But, since Y (s) £ f(at),

rk(S)(at) = rk(s)_l(at), so that

K(t)-1 - k(s)-1

(2.15) (a.)

t (ay) - L dluy (4y) -

s<j<t
uk(j)ef(at)

k(s)-1

(2.11) is true in this case, also. Since r (aSA‘at) > 0,

(2.12) implies

(2.16) rk(S)-l(asv'at) - rk(S)-l(as) < rk(s)-l(at) .
From (2.16) and (2.14) we have
rk(s)-l(asv a,) - rk(s)-l(as) _
. d(u. ..y S k(s)-1 L
s<j<t “k(i)) T F (a¢)
uk(j)ef(aévat)
hX d(u . ) ’
s<j<t k(3)
uk(j)ef(at)
k(t)-1 < k(t)-1

which implies that r (as\lat) =r (at), by (2.15)

and (2.11). Then as\/a would have been subscripted instead

t
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of a, in step 1 of the algorithm. Thus as<at must be true.

By transitivity of the partial ordering of L, it follows that

as<at for any s and t such that s<t, so that the lemma is

proven.
The feasibility of the dual solution will now be proven.
z(ul) = 0 unless % = k(j) for some j and j is not the sub-

script of any a in L. We must prove that in the latter case

>

z(u 2 0. If j=m, Z(uk(m)) = c(uk(m)) = 0, since

k(3)’
k (m) 2 n. Assume for all 3j 4 p+l that Z(uk(j)) 2 0. For
j=p, if p is not the subscript of any a in L, z(uk(p))

) + z(u Z c(u

U py) = Sy (p41) k(p+l)’ k(p)) = Sy (p+1))
since, by the induction hypothesis, Z(uk(p+1)) z 0. c(uk(p))

c(u 2 0, by step 0 of the algorithm. If p is the sub-

k (p+1))
script of some a, let p-r be the greatest j<p such that j is

not the subscript of some a. Then z(u = c(u

k(p-r)’ k (p-r)’

C(uk(p-r+1)) + Z(uk(p-r+1)) = C(uk(p-r)) - C(uk(p-r+l))'

since z(u Z0 by

k(p-r+1)) = 0 U (popy) =l p ri)
step 0, so that z(u) z 0 for all ueU.

Since y(a) = 0 for all non-subscripted elements of L,
we must show that for all j, if j is the subscript of some
a in L, then y(aj) 2 0. This is an immediate result of
steps 2 and 3 of the algorithm and (1.29), which was just
proven. If m, the maximum value of j, is the subscript
of some a, then y(am) = c(uk(m)) 2 0. For any other value
of j that is the subscript of some a, y(aj) = c(uk(j))
>

>
C(uk(j+l)) + Z(uk(j+1)) = c(uk(j)) - C(uk(j+l)) = 0,
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using (1.29) and step 0 of the algorithm.
Before proving that the inequalities (1.27) hold, we

will prove

=L
2319y (g

(2.17)
sf(a])

2:=1’ LI A m’

which will be used in the proof that (1.27) holds, as well
as in the proof of optimality. When %=m, if m is the sub-
script of some a in L, y(am) = c(uk(m)) and z(uk(m)) = 0,

so that (2.17) is true. If m is not the subscript of some a,

z(u = c(uk(m)), so that (2.17) is true. Assume that

X (m)
(2.17) is true for g 2 p+l. For 2=p, by step 3 of the

algorithm, either

(2.18) y(ap) = c(uk(p)) - C(uk(p+1) + z(uk(p+1)) ’

if p is the subscript of some a, or

(2.19) z(uk(p)) = C(uk(p)) - C(uk(p+l)) + z(uk(p+1)) ’

if not. Now, by the induction hypothesis,
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c(uk(p)) - C(uk(p+l)) + z(uk(p+1)) = c(uk(p)) -

>Z y(aj) - z(uk(p+l)) + z(uk(p+l)) =
j=p+l
ajluk(p+1)ef(aj)
cluy py) - >z y(ay) = cluy 1))
j=p+l )
ajluk(p+l)ef(aj)
T y(a,) ,
32p+1 J
ajluk(p)sf(aj)

by (2.6) and (1.17). Thus, if p is the subscript of some a,

(2.18) results in

ajluk(p)ef(aj)
which implies
z y(aj) + z(uk(p)) = c(uk(p) .

a3 vy (p) £ (a3)

since z(uk(p)) = 0 would hold. If p is not the subscript of

any a, (2.19) results in
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>Z y(aj) + z(uk(p)) = c(uk(p)) ’
j=p+1
ayluy pyefiay)

which implies

ajluk(p)ef(aj)
since letting j=p does not add a term to the sum. This
concludes the proof of (2.17).

The proof that the inequalities (1.27) hold is also by
induction on j. For j=m, consider all U, such that n;l<>k(m).
uke,f(az) for some least 2, since m is the maximum value of
j, which implies that x(uk) could not be made positive in
step 1 of the algorithm. Since lém, it follows from (2.6)

and (1.17) that u, ¢ f(aj) must hold for any j that is the

k
subscript of some a such that léjjéln. Let m-1r be the

greatest j that is the subscript of some a in L. Then

b2 y(a) + z(u.) z y(a__) .
a|ukef(a) k m=r

Now, using (2.17), we have
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ylap o) = cluy (o) = cluy norey)) * 200

c(u pX y(a,) -
> J
j=m-r+l

ajluk(m-r+l)

k(m-r)) -

sf(aj)

z(uk(m-r+l)) + z(uk(m--r+l)) = c(uk(m-r)) -

j=m-r+l
3510 (ers1yeflay)
since
z y(a.) = 0
> J
j=m-r+l

3519y (p-rs1)eflay)

By step 0, c(u 2 c(uk), so that

X (m-r)’

pX y(a) + z(uy) 2 yla _.) 2 clu) .
alukef(a)

Thus, (1.27) is true for all k such that n;k>k(m). For

k=k(m),

X (m-r+1)) =
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>

z v(a) + z(u ) = z y(a,) +
k (m) ]

aluk(m)ef(a) 52m

aj|uk(m)ef(aj)

z(uk(m)) = c(uk(m)) ’

by (2.17).

Now assume for all k 2 k(p+l) that

) y(a) + z(u,) 2 c(u) .
alu, ef (a) k k

Let u be an element of U such that k' > k(p) but k' <k(p+l).

kl
uk.e:f(ag) for some least lép, since otherwise U would be

uk(p+l)‘ Therefore, as a result of (2.6) and (1.17),

(2.20) X y(a) + z(u,) 2 z yla.) +
aluk,ef(a) 322 J

aj|uk.ef(aj)

z(u

kl) z Y(aj) + z(uk|) = c(uk(g‘))

>
=2
ajluk(z)ef(aj)

2(uy (g)) *+ 2(u,)

by (2.17). But z(uk(l)) = 0 and z(uk.) = 0 by steps 3 and
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4. Thus (2.20) implies

T y(a) + z(u,,) 2 c(u ) 2 c(u )
aluk.ef(a) k k(2) k(P)
C(uk.) 14

so that (1.27) is true for k' > k(p). If k' = k(p), by

(2.17),

T y(a) + z(u ) 2 z y(a.) +
a|uk(p)ef(a) k(p) 32p J
ajluk(p)ef(aj)

z(uk(p)) = c(uk(p)) .

Thus (1.27) is true for all u, such that 15k=n. For u,
such that k;rx+1, c(uk) s 0, according to step 0, so that
the inequalities (1.27) clearly hold. Therefore, (1.27)
holds for all ue U. This completes the proof of feasibility
of the dual solution.

In order to prove optimality of the solutions, the
complementary slackness optimality criterion [1] will be
shown to be satisfied. The complementary slackness opti-

mality criterion of linear programming states that if the

solutions to the primal and dual solutions are feasible, then
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they are optimal if

(2.21) x(u,) >0 > I y(a.,) + z(u,) = c(u,) ,
k ajlukef(aj) J k k

(2.22) v(a) >0 » £ x(u) =r(a) ,
uef (a)

and
(2.23) z{u) > 0 + x(u) = d(u) .

x(uk)> 0 only for those k that are equal to k(j) for

some j. Now,

(2.24) I y(aj) = b
ajluk(z)Ef(aj) 524

aj'“k(z)

Y(aj) ’

ef(aj)

since if uk(z)ef(aj), j< %, then x(uk(z)) could not have
been made positive in step 1. (2.17) and (2.24) imply that

(2.21) holds.

According to step 1 of the algorithm, if j is the sub-

script of some a in L, rk(J)-l(aj) = x(uk(j)), so that using

(2.5) we have

X(uk(j)) = r(a-) - z x(uz) ’

J
uzsf(aj)

23k (3) -1
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which implies

(2.25) r(aj) = X x(u

) [
2
uzef(aj)

25k (3)

For 4 >k(j), if u, e f(aj), then x(uz) = 0, so that (2.25)

2
implies

r(a.) = r  x(u,) .
] ugef(ay) %

For any a # aj for some j, y(a) = 0. Therefore,

y(a,) > 0 + r(a.) = z x(u,) ,
] J uzsf(aj) .

proving that (2.22) holds.

z(u) >0 only if u==uk(j) for some j and j is not the
subscript of any a in L. These conditions occur only when
= d(u

x(u )) in step 1 of the algortihm, so that

k(3) k(3
(2.23) is true.
This completes the proof that the solutions are op-

timal. Since U is a finite set, the algorithm will terminate.
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CHAPTER 3
AN ALGORITHM FOR THE SUPERMODULAR PROBLEM

In this chapter, we present the algorithm for the
supermodular problem, in the case where f is either upper or
lower. Since each of (1.17) and (1.18) clearly implies

both (1.16) and (1.21), we need not assume (1.16) or (1.21).

Theorem 2. The following algorithm solves the supermodular

problem if f is either upper or lower:

v

Step 0. Order the elements of U so that c(ul) 2 c(uz)
> >
... =clu) = 0. Let r’(a) = r(a) for all acL.

Let k=1; let i=0; let j=0.

Step 1. If u e:f(az) for some Réj, let x(uk) = d(uk),

k
increase i by 1, let k(i) = k, where k(i) repre-
sents the value of k corresponding to i, and go
to step 2. Otherwise:

(a) Let x(u,) = max { max [rk-l(a) -

alukef(a)
I d(u )],0]. If x(u,) >d(u,), the
uzef(a) % k k
22k+1

problem is infeasible; stop.



Step 2.

Step 3.

Step 4.

Step 5.

Step 6.
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(b) 1f 0‘<x(uk)'<d(uk), increase j by 1. Let
the a in L giving the maximum value be aj.
If more than one a in L gives this maximum
value, choose the maximum such a in L to
be aj if £ is upper, and the minimum one in
L if f is lower. Let k(j) = k, where k(j)

represents the value of k corresponding to

j.

Let rk(a) = rk-l(a) - x(u) for all a such that

rk-l(a), otherwise. If k=n,

ukef(a); let rk(a) =
go to step 3. Otherwise, increase k by 1 and re-

turn to step 1.

Let m=j, i.e., m will represent the maximum value

of j. Let y(am) = c(ui(m)).

Decrease j by 1. Let y(aj) = c(ui(j))- c(uf(j+1)).

If j=1, go to step 5. Otherwise, repeat step 4.

Let z(uk(i)) = z y(a.

) - cl(u,,.,).
J k(i)
ajluk(i)ef(aj)

If i=1, go to step 6. Otherwise, decrease i by 1

and repeat step 5.

Let y(a) = 0 for all other ae L. Let z(u) = 0 for
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all other ue U. Stop.

Proof: The method of proof will be to show that the solutions
to the primal and dual problems are feasible, and then to show
that they satisfy the complementary slackness optimality cri-
terion [1l], to prove optimality. If we reverse the order of
L, a lower function becomes an upper one. Thus, it suffices
to prove the theorem for an upper f£. We assume, then, that
f is upper.

We must first show that if more than one ac L gives a
maximum value in step l(a) of the algorithm, then there is a
maximum such a. Let ag and a, be two elements in L such

t
that ukef(as), ukef(at), and

) - I dluy) = rk‘l(at) - x d(u,) =
uzef(a ) u,ef(a,)
N s g t
2=k+1 2=k+1

max [rk-l(a) - z d(uz)] .
alukef(a) u,ef(a)

22k+1
Since f is upper, u, € f(asv at). It will be shown that

rk'l(asvat) - 5 d(u,) = rk‘l(as) -
uzef(a Vat)
N S
22k+1

uzef(a )
> S
L=k+1



assuming the problem is feasible. If

*ayvay - 3 atu,) > rk‘l(as) -
uzef(asvat)

23k+1

z d(uz) ’
zﬁf(as)
L=k+1

u

then clearly a_y a, would have given the maximum value in

step 1 of the algorithm. Suppose

rk-l(as\/at) - )X < rk-l(as) -
ugefiasVat)
L=k+1
z d(uz) .
ulef(a )
5 8
L=k+1

According to (3.10), which is proven below,

r(a) = L@ + I  x(u)

r
uzef(a) %
23k-1

¥ ac€l.

Thus, according to (1.24),

43
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(3.1) HW|Hﬂmm/\mnv + pX x(ug) + HWlHAmm> a,) +
cpmmﬁm va,)
< S t
=k-1
z xAcnv 2 HWlHAmmv + T xAcnv +
anmmMmm>mnv Cnmmﬁmmv
Kl v 1 x@p .
:pmmAm )
< t
i=k~-1
Now, by properties (1.22) and (1.17),
(3.2) T xAcpv + T xASpv = X x(u
csmmﬂmmv z»mmAmnv cpmmﬁwmrxmAmnv
25k-1 2Sk-1 2= k-1
>
T xﬁcnv = z xacpv +
cnmmawmtzmﬁmnv cnmmAmw<wn7gmAmm>mﬁv
L=k-1 L=k-1
T xﬁcwv = z xﬁanv +
cnmmAmW<Wﬂ¥JmAmm>mﬂv SpmmMmm<mﬁv
i=k-1 L=k-1
I xﬂcnv .

cnmmﬁmm>mﬂv
2=k-1

Thus, (3.1l) leads to

L

) +
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k-1 k-1 > k-1 k-1
(3.3) r (asvat) +r (agA at) =r (as) +r (at)
By properties (1.22) and (1.17),
(3.4) z d(uz) + z d(ul) =
u2€f§a§Vat) uzefiagﬂat)
L=k+1 L=k+1
ZU d(uz) +
uzef(asv:t) f(asAat)
=k+1
<
z d(un) = z d(uz) +
uzef(aévitﬂ\f(asAat) uzef(gsV\f(at)
L=k+1 2=k+1
r d(uz) = )3 d(ul) +
ulef(a WE(a,) u.cf(a_)
58 t 2> s
2=k+1 L=k+1
T d(uz) .
uzef(a )
S t
L=k+1
(3.3) and (3.4) imply
(3.5) rk-l(asvat) - z d(uy) + rk-l(as/\ a,) -
uzef(a va,)
N t
2=k+1
5 d(u,) 2 ey - 1 awy +
uzef(asl\at) uzef(as)

22k+1 22k+1
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*la) -z awmy .
uzef(at)
>
2=k+1
If
*avay) - I dlwy) <) -
ulef(a va,)
N s  t
L=k+1
z d(ul) ’
uzef(a )
N s
L=k+1
then
(3.6) rk-l(asAat) - T d(u,) > rk—l(at) -
uzef(a Aat)
NE-
2=k+1
X d(ug)
uzef(a )
> t
2=k+1
must hold. Now
(3.7) rk‘l(at) - I dwy) >0 ,
ulef(at)
>
L=k+1

since otherwise x(uk) would be given a value of zero in step 1
of the algorithm, and no ae L would be subscripted. (3.6)

and (3.7) imply

(3.8) *liaaa) > 5 d(u,) .
st u,ef(a_Aa,) .
') s S t
22k+1

Then if ukgff(asAat), the problem is infeasible. Therefore,
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if the problem is feasible, uke:f(asAat). Then (3.6) would
imply that a, does not give the maximum value in step 1 of

the algorithm. Therefore,

r*la_vay - ) atay) =ty -
uzef(a va,)
5 S t
2=k+1
z d(uz) ’
uzef(a )
N s
L=k+1

so that there is a maximum ae L giving the maximum value

rk'l(as) - & ay .
ulsf(a )
> S
L=k+1

Feasibility of the primal solution will now be proven.
x(uk) 2 0 for all u, ey is an immediate result of step 1 of
the algorithm. x(uk) 2 d(uk) for all u el is also an im-
mediate result of step 1.

The proof that all the inequalities (1.30) hold is by
induction. Consider all a in L with the property that 1 is

the largest value of k such that uke:f(a). Then

v

b x(u) = x(u;) ro(a) - L df(uy) =
u|uef (a) u,ef (a)

222

r%a) = r(a) ,
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for all a with the above property, by definition of x(ul).

Assume now for all a€L with the property that p is the

largest value of k such that uks:f(a) that z x(u);:r(a).
u|uef(a)

Consider any a' e L. with the property that p+l is the largest

value of k such that uke:f(a'). Then

X x(u) = x(up+l) + z x(uk) 2

uluef(a') ukef(a')
<
k=p
z x(u,) + max rp(a) - z d(ul)];
[ ]
ukef(a ) alup+lef(a) ung(a)
k=p =p+2
z x(u,) + rP(a) - :odlu,)
u, € f(a') ulef(a)
x<p 22p+2

for all a such that u € f(a). Therefore, in particular,

p+l
(3.9) £ x(u) = £ x(u) + rP(a') -
uef(a') uksf(a')
<
k=p
z d(ug) .
ugef(a’)
22p+2

To complete the proof, we will show that
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(3.10) rk(a) = r(a) - z x(uz), ¥Vael .
ulef(a)

s

ro(a) = r(a), for all aeL, by definition of ro(a).

rl(a) = r(a) - X x(uz)
ulef(a)

221

is true for all a, since if ulgff(a), then rl(a) = rO(a) =
r(a), and if u, € f(a), then rl(a) = ro(a) - x(ul) = r(a) -

x(ul). Assume that

rP(a) = r(a) - L x(uy), ¥a .

uzef(a)

zép

p+1)’ if up+1€ f(a), and rp+l(a) =

rp(a), otherwise. Therefore,

rp+l(a) = rp(a) - x(u

P =r@ - 1 x() ,
u ef(a)

§p+l

which completes the proof of (3.10). It follows from (3.9)

and (3.10) that

T x(u) 2 T x(uk) + r(a') -

ucf(a') ukef(a')

kép
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T x(uk) - z d(uz) =r(a') -
ukef(a') uzef(a')
< >
k=p =p+2

z d(uz) = r(a') ,
uzef(a')

22p+2

since {uz|u£e f(a'), 2 2 p+2} = ¢. This concludes the
proof of feasibility of the solution to the primal problem.
To prove feasibility of the solution to the dual, we

will first prove the following lemma:

(3.11) Lemma. Assuming feasibility of the problem,

a >aj for all j=1,2, ..., m-1l.

j+l

Proof: Supposé aj+l s aj. Then since f is upper, if

u, € f(aj+l)’ uke:f(aj). Then there is no uke:f(aj+1) such

that ukt f(aj) . Then a. could not have been subscripted

j+1

in step 1 of the algorithm. Therefore, aj+1 ; aj. We must

show that aj and a. are not incomparable. Suppose they

j+1
were. There are two cases to consider:

We will be using the fact that

(3.12) )=l a ajp) - ) a(u,) &
] ulef(aj;\ aj+1)

22k () +1
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rk(j)°1(a.) - I d(u
J uzef(aj)

22k (§)+1

9:) ’

which is true for the following reasons. If uf(j)Ef(ajAaj+1)’

then (3.12) is true, since otherwise aj/\aj+1 would have

been subscripted instead of aj. If u'lf(j) 4 f(aj/\ aj+l)’

{(3.12) must be true, since

K3 -tay o 3 dtu) 20 ,
J uzef(aj)
22k () +1

and if (3.12) were not true, it would follow that

rk(J)'l(ajAajﬂ) - z d(uy) >0 ,

uzsf(ajAaj+1)

22K (§) +1

which implies the problem is infeasible.

By step 2 of the algorithnm,

E(.'*'l)-l _ E(j)
(3.13) r\J (aj+l) =r (aj+l) -
z d(u,_,..) ,
k(3) <k (i) <k (3+1) k(i)

U (i) € £lagyy)

since for those k(i) such that k(j) <k(i) <k(j+1), x(uy 5y) =
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d(uk(i))' and for all & such that £ # k(i) for some i and

k(j) < 2 <k(j+1), x(u,) = 0. Since g (4) e fla.,,),

j+l
k(3) _ k(-1
(3.14) r (aj+1) r (aj+l) x(ui-(.))
k(5)-1 kK(5)-1
r (a.,,) r (a.) + X d(u,) .
j+l J uzef(a ) %
22k (§) +1
(3.13) and (3.14) imply that
k(5+1)-1 _ k(-1 k(j5)-1
(3.15) (ay,p =r T ay ) - P T ay) +
X d{u,) - I d(u, ,..) .
ugef (ay) Y R <k(i)<K(j+1) kD)
22k (3)+1 W (i) € f(aj+1)

We can similarly see that

rE(j+1)-1 k(j)-1

(3.16) (ajvaj+l) =r (ajvaj+l) -

KO Loy 4 I dl) -
] uzef(aj)

zii(jﬂ)

_ L _ d(u
k(3) <k (i)<k(j+1)

“k(i)ef(aivaj+l)

k(i)



By (3.5))
(3.17) k(3) l(ajVaj+l) 5 d(u,) -
uzefiéjvaj+1)
2=k (3)+1
rk(j) 1(a.) + z d(uz) = rE(j) l(a.+l) -
uzef(a ) J
22k (§)+1
pX d(uy) rk_(j) l(a./\a-+1) +
uzef(a +1) J J
>—-
L=k (j) +1
X d(uz)
uzef(ajAaj+l)
23K (§) +1
(3.17) and (3.12) imply that
(3.18) rk‘j)"l(ajv ay4) - 5 d(uy) -
uzefféjvaj+l)
=k (j)+1
K@y vz dwy) 2D E ) -
uzsf(aj) J
22k (§) +1
5 aty) - 2@y + 1 agy)
ulif(ajﬂ) uzif(aj)
2=k (j)+1 22k () +1

53
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Now
(3.19) X d(uﬂ,) = 5 d(uz) +
uzef(a VaJ+1) £€f(a Va]+l)
22K (5) 41 2K (3+1) 41
- L _ d(u ) + d(uz )
K(§)<k (i) <k (j+#1) k(D) K (j+1)
uy (1) cElagvay,,)

for the following reasons. It is quite clear that every
term on the right hand side is also on the left hand side.

If u ef(a V a. +1) and & = k(j)+1 then u ef(a W f(a

A 3 j+l)
by property (1.22). If uge f(aj+1) - \=J f(aq) and

k(j) < 2 <k(j+l), then u, would have been uk(j+l)' There-
fore, ulef(aq) for some qéj, so that Up = W4y for some 1i.
Thus, every term on the left hand side is also on the right

hand side. It can also be shown that

(3.20) L d(u,) = . dtuy +
2€f(a3+1) u ef(aj+1)
12K (3)+1 2=k (3+1) +1
L d(u, ) + dluz- y .
K(3) <k (i) <k (5+1) K K (§+1)
uk(i) € f(aj+1)

Again, it is clear that every term on the right hand side

is on the left hand side. If & 2Kk(j)+l and ujefla ),
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then either u, ¢ f(aq) for some qéj so that £ = k(i) < k(j+1)

2
for some i, or u, =
all terms on the left hand side are also on the right hand

> =, .
uf(j+l)' or £ = k(j+1) + 1. Therefore,

side. From (3.18), (3.19), and (3.20) we have

rE(j)-l

(3.21) (a va,,,) bX d(u,) -
i+l ugef(a Vaj+1) L
22K (§41) +1
T d(u, ,.,) - d(u- )
U (i) e (@5vay )
k(3)-1 > k(j)-1
r (a.) + z d(u,) =r (a.,,) =
j ef(a ) 2 j+l
L= k(J)+l
)3 d(u,) - )3 d(u, ,.,)
weflag,))  © K<k ks <O
27
22Kk (j+1)+1 Y (i) € f(a3+1)
rE(j)-l(a.) + z d(u,) .
J u ef(aj)
22K (5) ¥1
(3.21), (3.15), and (3.16) imply that
rk(j+l)-l(a Vag,) I d(u,) z
uzef(a VaJ+1)

23K (+1) +1
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rk(3+1)-1(a_ ) - 5 d(u,) »
J+l u,ef(a ) .
_ j+l
L=k (§+1) +1
which implies that ajv aj+1 would have been chosen instead
of a. in step 1 of the algorithm.

j+l

Case 1I. u'E(j) tf(aj+l).

Since f is upper, uf(j)‘ff(aj+1) implies that uf(j)t
f(aj/\aj+1). Therefore, if the problem is feasible,
(3.22) rk(j)-l(a Aa,)) z dtu) S0 .
3 2ef(a Aa3+1)
—k(3)+l
Since uf(j) £ f(aj+l);
k(3) _ Jk(3)-1
(3.23) r (aj+1) =r (aj+l) .
Therefore, from (3.13) and (3.23),
kK(j+1)-1 _ k(j)-1 -
z_ du,,.y) -
K(§)<k(i)<k(j+1) K1)
Uy (1) € £a54)

Since ui(j) ef(a V a. +1 (3.16) still holds. (3.5) and
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(3.22) imply that

K(3)-1 K(3)-1

(3.25) (a.va.,,) - z d(u,) -r (a.
2=k () +1
I du, 2 rK(j)-l(aj+l) - I dluy) -
u if(aj) uzsi(aj+l)
2=k (j)+1 =k (j)+1
uzefiéjAaj+l)
2=k (j+1)
rE(j)—l(a. )y - T d(u,)
i+l u,ef(a ) %
2519541
L=k (j)+1

Since (3.19) and (3.20) hold in this case also, (3.25)

implies
k(3)-1
(3.26) r (a.Vv a.+l) - X d(uz) -
J ] uzefiéjvaj+l)
23k (3+41) +1
L d(u, ,.,) - 4 . ) -
X(§) <k (i) <k (j+1) *D) "R (341)
uk(i)ef(ajvaj+l)
k(3)-1 > k(j)-1
r (a;) + z d{(u,)) =r (a,,4) -
u ef(aj) L j+l

2=k (§)+1
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r d(u,) - z alu. ,..)
weflag,y) ¢ K@<k <k@sy <O
dlug(541y) -

(3.26), (3.16), and (3.24) imply

(3.27) rk(j+1)-l(ajV'aj+l) - 5 atu,) 2

ulif(ajvaj+l)
22K (3¥1) ¥1
k(j+1)-1 _
: (aj+l) u ef(g )d(uz) )
e j+1
92K (§+1) +1

Then aj\/aj+1 would have been subscripted instead of aj+1 in
step 1. Therefore, aj+1:>aj must hold, which completes the
proof of the lemma.

We will now prove the feasibility of the solution to
the dual. y(a) 2 0, for all a, is an immediate result of
steps 3, 4, and 6 of the algorithm, using the fact that
c(uf(j)) a c(uf(j+l)) from step O.

To prove z(uk(i)) 2 0 for all i, we must prove that

) y(a.) =clu,,.\) =20, Vi .
j k(i)
ajluk(i)ef(aj)
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For each value of i, there is some value of j, say p, such
that k(p) <k(i) <k(p+l). Then U (4) € f(am) for some least

2<p. Then by (3.11) and (1.17), Uy (3) € £(ay). Thus,

) P y(a.) 2 y(a_) = c(ug )
J P k(p)
ajluk(i)ef(aj)

> _ >
C(uf(p+l)) = c(uk(p)) = c(uk(i)) ’

since k(p) <k(i). Yor each k # k(i) for any i, z(u,) = 0,
so that z(u) 2 0 for all ueU.

Before proving that the inequalities (1.32) hold, we

will prove

(3.28) y(aj) = c(uf(z)) for 2=1, ..., m.

z
o)

ajluf(z)ef(aj)

(3.28) will be used in the proof that (1.32) holds and in

the proof of optimality. When g%=m, y(am) = c(uf(m))’ so
that (3.28) is true. Assume that (3.28) is true for ¢ z p+l.

For 2 = p, by step 4 of the algorithm and the induction

hypothesis,
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z yla,) .
jop+l J
ajluf(p+1)€f(aj)

(3.30) T y(a.) = T y(a,) ,
> J > J
j=p+l j=p+1

ajluE(p+1)ef(aj) ajlui(p)ef(aj)

by (3.11]) and (1.17). Therefore, since ui(p)ef(ap), (3.29)

and (3.30) result in

Y(aj) = c(ui(p)) ’

.
v ™
o)

ajwuf(p)ef(aj)

so that (3.28) is true.

The proof that the inequalities (1.32) hold is also
by induction. If k = k(i) for some i, equality holds in
(1.32) by step 5 of the algorithm. If k = k(j) for some

j, say j=2%, Z(ui(z)) = 0, and

y(aj) = z y(aj) =

j=2 ajlui(z)ef(aj)
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so that equality holds in (1.32) by (3.28). For k not equal
to k(i) for any i, nor equal to k(j) for any j, z(u) = 0.

Therefore, we must show that

z y(a) s c(uk) .
alukef(a)

Consider all u, such that k>k(m). 1If u € f(az) for some
2<m, x(u,) = d(u,) would hold and k = k(i) would hold for
some i. Therefore, uszf(az) for any Rém. But then for all

a such that ukef(a), y(a) = 0, so that

¥ ya) =0 = clu,) .
alu ef(a)
Assume that
oz y(a) = c(u,)
a|ukef(a)

for all k such that k(p+l) >k >k(p). Since k # k(i) for
<
any i, uktf(ag) for any %=p. Therefore, using (3.28) and

step 0,

<
) y(a) = pX y(aj) = z y(aj)
alukef(a) j§p+1 j;p+1
ajluf(p+l)€f(aj)

<
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Therefore, (1.32) holds for all ue U, which concludes the
proof of feasibility of the dual solution.

In order to prove optimality of the solutions, we will
show that the complementary slackness optimality criterion
[1]) is satisfied. The complementary slackness optimality
criterion of linear programming states that if the solu-
tions to the primal and dual problems are feasible, then they

are optimal if

(3.31) x(u,) >0 » T y(a,) - z(u,) = cl(u,) ,
k ajlukef(aj) J k k

(3.32) y{(a) > 0 » X x(u) = r(a) ,
uecf (a)

and
(3.33) z{u) > 0 » x(u) = d(u) .
x(u,) >0 only if k = k(i) for some i or k = k(j) for

some j. If k = k(i), (3.31) is true as a result of step 5

of the algorithm. If k = k(j) for some j, say £, by (3.28)

c(us- ) = X y(a.) = X y(a.)
k(L) J _ J
324 ajluk(l)ef(aj)
ajluf(z)ef(aj)

Since z(ui(z)) = 0, (3.31) is true.
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To see that (3.32) is true, we note that y(a) > 0 only

for a = aj, j=1, ..., m. By (3.10)

k(j)-1 -
r (a;) = r(a,) - z x(u,) .
] J uzef(aj) %
22k () -1
But
k(j)-1 - _
r (aj) x(uk(j)) + | €E(a.)d(uk)
k J
kZk (5) +1
and uﬁ(j)e f(aj). Thus,
r(a.) = T x(u,) + T d(u,) ,
J uzef(aj) . ukef(a ) k
23K (5) k2K (§)+1

Now x(uz) = d(uz) for ule:f(aj) such that § 2 k(j) + 1.

Therefore,

r{a.) = I x(u

J
uzef(aj)

2) ’

so that (3.32) is true.

z(u) >0 only if x(u) = d(u). Therefore, (3.33) is true
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as a result of step 5 of the algorithm. This completes the
proof that the solutions are optimal. Since U is a finite

set, the algorithm will terminate.
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CHAPTER 4

AN ALGORITHM FOR THE SUPERMODULAR PROBLEM

WITHOUT UPPER BOUNDS

An algorithm for the supermodular problem without
upper bounds is presented in this chapter. We now assume
that r(a) is monotonic, i.e, r(a) satisfies (1.35) or (1.36),
and that L is a finite lattice, but we do not assume that f
is either upper or lower. Since (1.16) clearly implies

(1.21), we need not assume (1.21).

Theorem 3. Suppose r(a) is monotonic and L is a finite
lattice. Then the following algorithm solves the super-

modular problem without upper bounds:

Step 0. Let a, be the maximum element in L if r(a) satis-

fies (1.35); let a. be the minimum element in L if

0
r(a) satisfies (1.36). Let c(u) = c(u) for all

ueU. Let k=0.

min ck(u).

ulue:f(ak) Let u, be the u

k
giving this minimum. Consider A = {aluztf(a);

Step 1. Let y(ak) =

2:=0, 1, cov ey k}o If Ak = ¢' gO tO Step 2- Other‘

wise, choose the maximum element in Ak if r(a)
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satisfies (l1.35); choose the minimum element in

A, if r(a) satisfies (1.36). Call this element

k

a Let ck+1(u) = ck(u) - y(ak) for all ue f(ak).

k+1°
k+1 _ Xk . .
Let c (u) = ¢ (u), otherwise. Replace k with k+1

and repeat step 1.

Step 2. Let x(gk) = r(ak) - S x(uz).

2=k+1
uzsf(ak)

If k=0, go to step 3. Otherwise, decrease k by 1

and repeat step 2.

Step 3. Let y(a) = 0 for all other ae L. Let x(u) 0

for all other ueU.

Proof: The method of proof will be to show that the solu-
tions to the primal and dual problems are both feasible,

and then to show that the complementary slackness optimality
criterion [1] is satisfied. If r(a) satisfies (1.36) and
the order of L is reversed, r(a) will then satisfy (1.35).
Therefore, it suffices to prove the theorem in the case that
r(a) satisfies (1.35). We therefore assume r(a) satisfies
(1.35).

First we must show that, for each k, Ak has a maximum
element. Suppose a and b are incomparable elements in Ak.
For each %=0, 1, ..., k, ultf(a) and uztf(b). Therefore,
u, £ £(a)u £(b). By property (1.22), u, £ f(av b))\ f(aADb).
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Therefore, avbe Ak, providing the maximum element needed.
We will now prove the following lemma, which is neces-

sary in the proof of the theorem.
(4.1) Lemma. For all k, ak> LR

Proof: It is quite clear that a, > ay, since a, is the maxi-
mum element in L. Now assume a0 > ay > eee > ap. ap is the

maximum element in A,y = {a|u £f(@), £=0,1, ..., p-1},
which contains {a | u, ¢gf(a), £=0,1, ..., pl = Ap. There-

fore ap >a for all ac Ap, so that, in particular, ap > ap+l

Thus, the subscripted a's form a chain in L.

We will now prove feasibility of the dual solution.
In order to prove feasibility, we will show that for all k,
ck(u) 2 0 for all ueU. co(u) 2 0 since c(u) = 0. Assume

2

cp(u) 0 for all ueU. Now y(a ) s cp(u) for all uce f(ap),

P
and cp+1 (w) = cp(u) - y(ap) for all ue f(ap). Therefore,

cp+1(u) Z0 for all uce f(ap). Also, cp+l(u) = cp(u) 2 0,

fiv

otherwise. It is now quite simple to see that y(ak) 0 for
- min k >
all k. For all k, y(ak) = uef(ak) c (u) = 0,
We will now prove that
(4.2) z y(a) 2 c(u) ¥ uel .

alue £(a)

Consider all ueU with the property that a is the minimum

aeL = {a,lk=0,1, ..., m} such that ue £f(a), where m

xl
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represents the highest value k attains in the algorithm.

Then, using (4.1),

A

pX y(a) = T y(az) = y(ao) c (u)

a|uef (a) azluef(ag)

for all u such that ue:f(ao), by definition of y(ao), since
c(u) = co(u). Assume now that (4.2) holds for all u with
the property that ap is the minimum element a in £ such that
ue f(a). Consider any u' with the property that ap+1 is the

)
minimum element a in L such that u' e f(a).

T y(a) = )} y(al) = T y(az) +

alu'ef(a) a lu’ e f(ay) a |u'ef(ay)
. L<p+l

y(a +1) = z y(az) + min cp+1(u) =

P ag|u'ef (a) uef(a_,,)

L<p+1 P
z y(az) + cp+1(u)

azlu'ef(al)

L<p+l

for all ue:f(ap+l). Therefore, in particular,

(4.3) r yla) = 5 ylay) + cPHluny .
alu'ef(a) azlu'ef(az)
2<p+l

To complete the proof, we will show that for all ueU
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(4.4) ck(u) = c(u) - z y(az) .
azluef(al)
<k

By definition of co(u), co(u) = c(u).

cl(u) = c(u) - z y(ay)
a2|uef(az)
<1

is true, since if u ¢ f(ao), then cl(u) = co(u) = ¢(u), and
if us:f(ao), cl(u) = co(u) - y(ao) = c(u) - y(ao). Assume

that

P L) = cu) - 5 yla,) .
alluef(az)
L<p-1

cPu) = P L) - y(a,_;) if uef(a, ;) and P = P ),

otherwise. Therefore, by the induction hypothesis,

cPu) = clu) - z y(a,)
anluef(az)
2<p

so that (4.4) is true. From (4.3) and (4.4),

by y(a) = T y(a ) + c(u') -
a|u'ef(a) a |u'ef(a ) L
% .<p+l %
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z y(ag) =cla") ,
azlu'ef(az)
L<p+l

which completes the proof of (4.2), so that we have proven
feasibility of the solution to the dual.

Feasibility of the primal solution will now be proven.
To show that x(u) 2 0 for all ue U, we will prove that

(4.5) r(a 2 z x(ul) ' for all k ,

quf(ak-l)

22k

k)

by induction on k. When k=m,

z x(uz) = x(um) or X x(uk) =0
ulef(am_l) ugef(am_l)
2=m-1 2=m-1

Since 0 s r(am) and x(um) s r(am), in either case (4.5)
is true. Assuming (4.5) to be true for k=p+l, we must

prove (4.5) is true for k=p. Since upe:f(ap),

(4.6) r(ap) = z x(uz) ’

u,ef(a )
2°5°P
L=p

by step 2 of the algorithm. By property (1.16) and because

for all & we have uze:f(al), it follows that if ¢ z P,
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uzef(ap_l) implies ulszf(ap). Therefore,

(4.7) T x(u,) z T x(u,) .
uzef(ap) uzefiap_l)
L= L=

(4.6) and (4.7) imply

>
r(a ) = z x(u ) ,
P uzef(a ) L

Q;p

p-1

which completes the proof of (4.5). Now we can show that
x(u) z 0. Obviously, this only needs to be shown for the

subscripted u's. When k=n, x(um) = r(a_.) = 0. Assume

m
>
>
x(u.) = r(a_ ) - z X(u,) = r(a.) - r(a )
P P u,ef(a ) % P p+l
2> P
L=p+l

by (4.5), and r(ak) - r(ak+1) 20 by monotonicity of r(a)
and lemma (4.1). Therefore, x(u) Z 0 for all k=1, 2, ...,
m.

The proof that

(4.8) T x(u) 2 r(a) ¥ acel
u|uef(a)
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is satisfied is also by induction. First, (4.8) is true for
all a = a . This is so because if a < a’ then the only

u € f(a) is L since if there were any u, € f(a) such that

k <m, then u, € f(am) would be true because of property (1.16)
and the fact that u e £(ay). But a eA ;, and therefore

uztf(am), £=0,1, ..., m=1, u. € f(a) must be true since

Am was empty, i.e., there were no a's such that ukpf f(a),

k=0,1, ..., m. Thus, for all a = a s umsf(a). Now

x(um) = r(am) 2 r(a) for all a = a by (1.35). Therefore

ml
(4.8) is true for all a 3 a . Assume (4.8) is true for all

<

a=a Consider a', a' ;’ ap+l’ but a' < ap, and suppose

p+l°

(4.9) I x(u) < r(a') .
ucef(a')

Since a'A a 1< ap+1, by the induction hypothesis,

P+

>
(4.10) X x(u) = r(a'A a ) .
uef(a'/\ap+1) pt+l

Hence, by (4.9) and (4.10),

(4.11) r(a'A a ) - r(a') < z x(u) -
p+l '
uef (a Aap+1)

X x(u) .
uef(a')

By supermodularity,
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>
(4.12) r(a'A ap+l) + r(a'vap+1) = r(a') + r(ap+1) ’
which implies

(4.13) r(a'Aag,) - r(a') 2 rlay,)) - r@a'va,,) .

By (4.11) and (4.13),

(4.14) L x(u) - z x(u) > r(a +1) -
usf(aﬂAap+1) ucef(a') P
r(a'Vap+1) .

Since it is assumed that I is a lattice, and since ap:»a'

and ap >ap+l, it is true that ap 2 a' Vap+l, which implies,

2 '
by (1.35), r(ap) = r(a'v ap+l)' Thus

(4.15) r(ap+1) - r(a'\/ap+1) z r(ap+1) - r(ap) .

Therefore, by (4.14) and (4.15),

) x(u) - L x(u) > r(a ) - r(al) =
ue (a'ha,;) uef(a') p+l P
)3 Xx(u) - b x(u) .
uef(ap+l) uef(ap)
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Therefore, to prove that a contradiction exists, it suffices

to show that

(4.16) I x(u) - z x (u) 2 I x(u) -

uef(ap+1) uef(ap) uef(a'Aap+1)

z x(u) .

uef(a')

Since
z x(u) - z x(u) = z x(u)
uef(ap+1) uef(ap) uef(ap+1)-f(ap)
X x(u)

uef(ap)-f(ap+1)

and

z x(u) - z X(u) =
uef(aﬁAap+1) ucf(a')
z x(u) - z x(u) ,
uef(a%\ap+l)—f(a') uef(a')-f(a'Aap+1)

it is equivalent to (4.16) to show that

(4.17) > x(a,) - 5 x(u,) =
ukef(ap+1)-f(ap) ukef(ap)-f(ap+l)



75

T x(uk) - p) x(u,)
ukef(ahap_'_l)—f(a') uksf(a' )-f(a'Aa

(4.17) will be shown by proving that

(4.18) f(a'A ap+l) - f(a') ¢ f(ap+1) - f(ap)
and
(4.19) {uklukef(ap) - f(ap+l)} c {uklukef(a') -

f(a'A ap+l)} .

To prove (4.18), let ue f(a'A ap+1) - f(a'). By property

(1.22), uef(ap To show u g f(ap), in (1.16) let

+1)’
a=a'A ap+l’ b=a', and ¢ = ap. Since ap>a' >a'Aa

P+l
and ue f(a'A ap+l) - f(a'), ug f(ap). To prove (4.19) we
must prove that

(4.20) {uklukef(ap)} €y lu cflarva )}

p+l

Since L is a lattice, the following Hasse diagram represents

the situation:
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.. > at S ' .
This is so because ap a' and ap ap+l’ but a Vap+1 is the

p+l* It 1is

possible, of course, that ap = a'y ap+1, in which case (4.20)

is trivial. Now uktf(ap) for k=0, 1, ..., p-1l. There-

least element which is greater than both a' and a

fore, since each u, is in f(ak), uktf(a'v ap+1) for k = 0,

k
1, ..., p~l, by property (1.16) and lemma (4.1). upef(ap),

and upef(a'va 1)+ since if it were not, u, ff(a'ya_ )

p+ p+l
for k=0, 1, ..., p would be true, which would imply that

a'vap_"l is in Ap. But ap+l is the maximum element in Ap,

and a'y ap+1 # ap+1 because ap+1fa'. Thus, ups f(a'vap+1).

2 ; '
For any k = p+l, if u, € f(ap), then u € f(a'v ap+l) must
hold, since uke f(ak). Therefore, (4.20) is true. Now, to

prove (4.19), let ukef(ap) - f(a By (4.20),

p+l)'

ukef(a'va - f(a By property (1.22), ukef(a').

p+1) p+1)‘

To show uktff(a'/\a in property (1.16) let c = ap,

p+l)'
= - ]
b = ap+l' and a a /\ap+l. ap>ap+l>a'/\ ap_'_1 and

£ f(ap) - f(ap+1) implies ukt f(a'A a Therefore, a

g P+l) °

contradiction exists, proving that

T x(u) 2 r(a')
uec £(a')

must hold for any a"<ap. Thus, (4.8) is true for all acelL,
which completes the proof of feasibility of the solution to
the primal.

In order to prove optimality of the solutions, we

will show that the complementary slackness optimality
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criterion [1] is satisfied. This criterion states that if
the solutions to the primal and dual problems are feasible,

then they are optimal if

(4.21) x(u) > 0 » X Y(aﬁ) = c(u)
agluef(al)

and

(4.22) v(a) > 0 » z x(u) = r(a) .
uef (a)

x(u) >0 only for u = U k=90,1, ..., m. Therefore,

we must show that for each k =0, 1, ..., m,

z y(a,) =c(u,) .
allukef(az) . k

From (4.4) we have

k
¢ (u,.) = clu,) - X y(ag) .
k k azluksf(az)

<k
But by step 1 of the algorithm, ck(uk) = y(ak), so that

c(u,) = z yla,) = pX y(a,) ,
k a,lueta)) Yoagluefay *

22k
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since for any ag, &>k, ukt f(az). Thus, (4.21) is satis-
fied.

y(a) >0 only for a = a k=0,1, ..., m. Thus, we

kl
must show for k = 0, 1, ..., m that

(4.23) z x(ul) = r(ak) .
ugef(ak)

According to step 2 of the algorithm,

T x(u,) = r(a,).
ef(a) k

22k

Yo

But if ¢ <k, uzp_‘f(ak), so that (4.23), and thus (4.22), is
true, which completes the proof of optimality.
It is clear that the algorithm terminates, since L is

finite. Therefore, A, will be empty for some value of Kk,

k
which was called m.

We might wish to know if the "greedy" approach will
work on the dual of the submodular problem without upper
bounds, under the assumption that r(a) is monotonic. How-
ever, the following simple example will convince us that the
"greedy" approach will not work. Consider the lattice
L = {avb, a, b, aAb} with the following Hasse diagram:

avb
a b

aAb
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Let r(aVvb) =r(a), r(b) and r(aAb) = r(a), r(b), i.e., we
will assume r(a) satisfies (1.35). Let U = {ul, u,, u3},
f(aVvb) = {ul, uz}, f(a) = {ul}, f(b) = {uz}, and f(aAb) =
{u3}. There are no upper bounds on the dual variables y(a),
so that we can assume y(a) = + © for all ae L, before we make
each variable as small as possible. r(aVvb) 2 r(a), r(b),
r(aAb), so that we would first assign the smallest possible
value to y(aVvb), wﬁile insuring that the constraints can be

satisfied. We would therefore let y(aVb) = max [c(ul) -

A

y(a), c(u,)) - y(b), 0] = 0. Whether r(a) Z r(b) or r(a)

r(b), we would next let y(a) = c(ul) and y(b) = c(uz).

Finally, we would let y(aAb) = c(u3). Then aiLr(E)y(E)
c(ul)r(a) + c(uz)r(b) + c(u3)r(a/\b). However, if we did
not take the "greedy" approach, we could let y(av b) =
max[c(ul), c(uz)], y(a) = 0, y(b) =0, and y(aAb) = c(u3).

Suppose that c(ul) = c(uz) # 0. Then c(ul)r(a) + c(uz)r(b)

v

c(ul)[r(a) + r(b)l c(ul)r(a\/b), by submodularity, (1.23).
Then the solution obtained by the "greedy" approach would
be greater than the latter solution. Thus, we see that

the "greedy" approach will not work in this situation.
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