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Abstract

GROUP EXTENSIONS AND 

COHOMOLOGY THEORY IN 

CARTESIAN CLOSED CATEGORIES

by

GEORGE DANAS

Adviser: Professor Alex Heller

The classical theory of group extensions, due to S. Eilenberg and S.

MacLane shows that extensions of a group G by an abelian subgroup A  are

2
given by the second cohomology group H (G,A). Extensions of a group G

by a nonabelian subgroup H give to H the structure of an abstract

G-kernel (i.e., G operates externally on H) and the elements of the

3
third cohomology group H (G,A) of the group G with coefficient in the 

G-module A  are interpreted as obstructions to extensions of the

abstract kernel H by G, where H contains A as its center.

In a parallel development Huebschmann using as tools the notions of 

crossed modules and that of crossed n-fold extensions showed that in

the category of sets the crossed n-fold extensions of A  by G constitute



an abelian group Opextn(G,A) isomorphic to HH+\ g ,A).

3Wu, studying the obstructions of group extensions and H (G,A) gives the 

treatment and the study of the classical results categorically, free of 

tricky cocycle calculations.

Early attempts to treat in analogous fashion extensions of 

topological groups led to the understanding only of special cases.

Another treatment of extensions of locally compact topological groups

was given by Moore. In 1972 Alex Heller studied and gave a more 

complete analysis of this situation in which he considered the problem 

of group extensions with abelian kernels and cohomology in topological

and simplicial categories.

The problem that we study here is that of group extensions and their 

relations with cohomology theory of groups in suitable cartesian closed

categories. In fact, we prove that for such categories with finite

limits and countable colimits and enough projective or injective 

objects, for example sheaf categories (e.g. simplicial sets), all the 

above results still hold.

For this purpose it proved necessary to reconstruct, in the context 

of such categories, some of the basic results of combinatorial group 

theory, and to redevelop the theory of crossed n-fold extensions in

categories possessing injective rather than projective objects.

Results along these lines should be useful in the further investigation

contemplated.
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I0AKH

S o t  P y e i< ;  c tx o v  j ty jY o tijio  y t a  x r )v  T 0 a x T ) ,  

v a  e & x SCToa v & v a i  ^ a x p i j i ;  o  8 p o [ i o q ,  

y s f i a x o ^  j t e p u t e x e i e ^ ,  y e n a x o i ;  y v <">cte 

T o u q  A a u T x p o y o v a q  x a l  x o u q  K u x X t a r c a t ; ,  

x o v  © u ^ w ^ ^ v o  I Io C T e iS o iv a  [ ir)  ( p o P a a a t ,  

x £ x o i a  c t x o v  S p o ^ o  c t o u  k o x e  c t o u  8 e v  0 a  p p E lq ,  

a v  i j i s v ’ r) c tx e t |n < ; a o u  C>4*tjXv5, a v  i x X e x x i ) 

C T u y x lv r jc ru ;  x o  j c v e u ^ a  x a l  x o  a S j i a  c t o u  a y Y ^ s i . .  

T o u < ;  A a i o x p u y o v a ?  x a l  xo£><; K » ix X a> 7 ta< ;, 

x o v  a y p t o  n o C T E tS c o v a  8 e v  0 a  C TU vavx^C Teic;, 

a v  8 e v  x o u q  x o u j 3 a v s u ;  ^xeq c rc f jv  c|>uxir) c t o u ,  

a v  f j  (J^uxV) c t o u  8 e v  x o i x ;  c tx tq v e i  ^ x p o q  c t o u .

Na e(>xeCTal vSvat ^axpu<; o 8pono<;.
IloXXa xa xaXoxaiptva rcpana va slvai 
7tou xl siJxapiCTxvjCTi, ^  T'1 XaP“
0a [ixatvei^ cte Xi(ievaq jtptoxoetStonevouc;- 
va CTxajiaxiQCTEii; ct’ e^jtopeia $oivixtxa, 
xal xeq xaXeq 7ipayiJiaxei.ee; v’ aicoxxi^CTeu;, 
CTevxetpia xal xopaXXta, xexPlHIt“Pia x ’Spevou?, 
xal ifjSovixa nuptoStxa xa0E Xoyrj';, 
octo (jtKopeiq Tiio acp0ova f)8ovixa {jiuptoSixa- 
cte tooXek; AlyuToxiaxEi; rcoXXee; va naq, 
va â0Et<; xal va â0Ei.<; aTt’ xoi)<; CT7tou8acr[iEvoui;.

I la v x a  ctxov vou ctou vaxei^ xv)v T0axY).
T o  tp0aoi^ov £xel eIv’ 6 7tpoopt,o^oq ctou.

’AXXa (af) (3ia£st.<; xo xa?Ei8i SioXou.
KaXXtxspa xp ovia  xoXXa va StapXECTEf 
x a l yepoq Tua v ’ apa^Eu; ctxo vt)cti,
7tXoiiCTio<; he o o a  xspSioeq ctxov 8po(jio,
(jit) 7tpOCT8oxo5vxaq TtXotixT) va cte Swctei. f) T0oixrj.



'H  ’IGaxif) ct’ SStoore x ’ cbpaio xa£et8i. 
Xti)pl<; aOxfjv 8ev 0aj3yatve$ ctxov Spojio. 

*AXXa 8fcv S / s i  v“  CT̂  Stooei mot.

Ki av KxtoxtX'f) xf)v (3pei<;, $ ’IGaxr) 8ev ct£ y^XaCTe. 
vExcti CTOtpoc; izob lyivsq, xoctt) xeipa,
■̂ Stq 0a  xo xaxaXape*; if) ’IGaxe^ xt cnf)[Jialvouv.

Kcovaxavxivoc; KaPacpiqq

Ti)v 8i8axxopixV) tiou ip ya a ia , ajcox̂ XeCTixa ^oxGou xal ctxou8t)<; £x63v, xrjv atpieptovto 
ctxoiji; ayaxr)(ievou<; ^ou yoveii; II£xpo xal Kupiaxf) Aava xa66>q £kLoiq<; ctxov orepaoxo 
^ou xaGrjyrjxf) x. Alex Heller.



ITHAKA

As you set out for Ithaka 

hope your road is a long one, 

full of adventure, full of discovery.

Laistrygonians, Cyclops,

angry Poseidon -  don’t be afraid of them:

you’ll never find things like that on your way

as long as you keep your thoughts raised high,

as long as a rare excitement

stirs your spirit and your body.

Laistrygonians, Cyclops, 

wild Poseidon — you won’t encounter them 

unless you bring them along inside your soul, 

unless your soul sets them up in front of you.

Hope your road is a long one.

May there be many summer mornings when, 

with what pleasure, what joy, 

you enter harbors you’re seeing for the first time; 

may you stop at Phoenician trading stations 

to buy fine things,

mother of pearl and coral, amber and ebony, 

sensual perfume of every kind -



as many sensual perfumes as you can;

and may you visit many Egyptian cities

to learn and go on learning from their scholars.

Keep Ithaka always in your mind.

Arriving there is what you’re destined for.

But don’t hurry the journey at all.

Better if it lasts for years, 

so you’re old by the time you reach the island, 

wealthy with all you’ve gaived on the way, 

not expecting Ithaka to make you rich.

Ithaka gave you the marvellous journey.

Without her you wouldn’t have set out.

She has nothing left to give you now.

And if you find her poor, Ithaka won’t have fooled you 

Wise as you will have become, so full of experience, 

you’ll have understood by then what these Ithakas mean.

Constantinos Cavafys.

My doctoral dissertation, which is the result of years of studying and

work, is dedicated to my dear parents Peter and Kiriaki Dana and to my 

adviser Professor Alex Heller.
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Introduction

The problem that we study is that of group extensions and 

their relations with the cohomology theory of groups. Before we see how 

the problem arises and then review its progress through the years 

after 1947, when it first was introduced, it is worthwile to give 

some definitions of the algebraic structures and notions that are 

involved in this problem.

We shall start with the definition of the exactness of a sequence of 

two homomorphisms [3 and a of groups. A sequence of two homomorphisms (3 

and a of groups, as in K—— >G—— >H, where K, G, H are groups and a, 

(3 homomorphisms of groups, is said to be exact at G  when Im/3 = Kera 

(the image of the map coming into G is exactly the kernel of the map 

leaving G).

A short exact sequence is a sequence of homomorphisms

0------>K—@—>G— >H >0 (l)

of groups exact at K, at G  and at H. Given now a short exact sequence

1



(1), we say that the middle group is an extension of the group K by H.

Two extensions G and G ' (that is, two short exact sequences with the 

same end terms K and H and with middle terms G and G ')  are called 

equivalent when there is an isomorphism i/»:G=G' such that the following 

diagram commutes.

0--------->K— —— >G— - — >H------------ >o

4  m ' 4  n' ^
0--------->K— -  >G' —  >H------------ >0

That is 0 m = m 'lK and l Hn=n'i/>.

We shall also need the definition of a crossed module. A crossed 

module (C,G,a) consists of two groups C, G and a homomorphism

d:C >G together with a map GxC9(g,c) i >gceC, called an action of G

on C, which satisfies the following conditions:

i) 3(gc)=ga(c)g'1 VgeG, VceC

ii) a^ c = b c b _1 vb,ceC

This is a generalization both of an ordinary G-module and a normal 

subgroup of G, two basic algebraic structures.

The notion of group extensions was treated in 1934 by R. Baer in his 

paper "Erweiterung von Gruppen und ihren Isomorphismen" (see [1] in 

bibliography) in which he considered also the problem of the 

classification of group extensions. Later the problem of group 

extensions was indentified as the construction of the class of all 

groups with a given normal subgroup K and a corresponding given factor 

group Q. When the given subgroup K is abelian, this class leads to the

2



two-dimensional cohomology groups of Q with coefficients in K 

(considered as a Q-module). When K is non-abelian and the action of Q 

by outer automorphisms of K is specified ( so that K is an "abstract 

Q-kernel" ) it is possible (see [1]) that no extension of the specified 

character can exist. Samuel Eilenberg and Saunders MacLane in 1947 in 

their papers "Cohomology theory in abstract groups I and II" (see 

[14] and [15] respectively) give a neccessary and sufficient condition 

for the existence of such an extension formulated in terms of a certain 

three-dimensional cocycle. In the case when such extension can exist, 

they show that the class of such extensions is equivalent to the class 

of extensions of a certain abelian subgroup. This analysis also leads 

to an interpretation of the three-dimensional cohomology group Q over 

an abelian coefficient group G. In 1948 J. H. Whitehead in his papers 

"Combinatorial Homotopy I and II" (see [53] and [54]) introduced the 

notion of a crossed module as well as the notion and the construction 

of a free crossed module (a free object in the category X-mod of 

crossed modules), for computational applications in low 

dimensional homotopy theory. This was a very important innovation 

because as we see later both the notion of a crossed module and the 

construction of a free crossed module play a very important role in the 

subject.

In 1948 C. Chevalley and S. Eilenberg in their paper "Cohomology 

theory of Lie groups and Lie algebras" (see [11]), in 1949 A. Shapiro 

in paper "Group extensions of compact Lie groups" (see [51]), and H. 

Nagao in his paper "The extensions of topological groups" (see [44]),

3



and finally G. Hochschild in his papers "Group extensions of Lie groups 

I and II" (see [28] and [29]) tried to consider the same problem for 

topological groups. In 1952 S. T„ Hu in his paper "Cohomology theory of 

topological groups" (see [31]) considers the same problem. In fact Hu 

simplified the problem by considering only extensions with trivial 

topological structures (i.e., extensions whose underlying topological 

space is the product of the subgroup and the quotient group). Under 

this hypothesis he was able to prove that an analogous cohomology 

theory using continuous cochains classifies the extensions with abelian 

kernels.

As we see next there is a long way to go in order to find out what 

is going on under more general assumptions. In 1963 Calvin C. Moore in 

his two papers "Extensions and low dimensional cohomology theory of 

locally compact groups I and II" (see [41], [42]) treated the general 

case with the restriction that all the groups are locally compact. He 

was able to show once more that, using a cohomology theory constructed 

out of Borel functions, two-dimensional cohomology classifies 

topological group extensions with abelian kernel. The global 

structure of the group extensions of K by H also enters into another 

problem, that of classifying irreducible representations of locally 

compact groups.

As we have seen early attempts to treat in analogous fashion 

extensions of topological and Lie groups let to the understanding only 

of special cases. In 1972 Alex Heller in his paper "Principal bundles 

and group extensions with applications to Hopf algebras" (see [21])

4



studied and gave a more complete analysis of this situation in which he

considered the problem of group extensions with abelian kernels and

cohomology in topological and simplicial categories. That was a useful

contribution because now the problem for the first time was stated and

studied under very general hypotheses, using only categorical language

and avoiding the computational method for cohomology. In 1977 R. Brown

and PJ.Higgins in their papers "Sur les complexes croises w-groupoides
/

et T-complexes" and "Sur les complexes croises d’homotopie associes a
/

quelques espaces fibres" (see [6] and [7] respectively) introduced the 

notions of crossed complexes and crossed resolutions which both play in 

later work the main role in the theory of group extensions and
a

cohomology. In 1978 Y.C.Wu in his paper "H (G,A) and obstructions of 

group extensions" (see [56]) studied the problem using categorical 

language rather than the computational technique introduced by S. 

Eilenberg and S. MacLane. He required assumptions involving the 

concepts of crossed modules and crossed 2-fold extensions, but he did 

not realise this at that time. Finally in 1980 J. Huebschmann in his 

paper "Crossed n-fold extensions of groups and cohomology" (see [32]) 

introduced and studied crossed n-fold extensions and implicity resolved 

the original problem under the classical assumptions but in more 

general case using categorical language and homological algebra. The 

explicit consequences were not spelled out. In 1989 I wrote down and 

proved everything in great detail in my Master’s Thesis "The relation 

between crossed n-fold extensions of groups and cohomology" (see [12]). 

Thus group extensions with abelian kernels are well understood in a

5



large collection of categories, and group extensions with non-abelian 

kernels are well understood, but only in the discrete case.

The problem that we study here is that of group extensions and their 

relations with cohomology theory of groups in suitable cartesian closed 

categories. In fact we prove that for such categories with finite 

limits and countable colimits and enough projective or injective 

objects, for example sheaf categories (e.g. simplicial sets), all the 

above results hold.

For this purpose it proved neccessary to reconstruct, in the context 

of such categories, some of the basic results of the combinatorial 

group theory, and to redevelop the theory of crossed n-fold extensions 

in categories possessing injective rather than projective objects.

6



CHAPTER I Group theory in Cartesian Closed Categories

In this chapter consider £ to be a category with countable colimits, 

finite limits, disjoint coproducts such that the pullbacks preserve 

colimits and every morphism in (T can be factored as the coequalizer of 

its kernel pair followed by the equalizer of its cokernel pair.

1 Categorical Preliminaries

In this section we introduce the basic notions for the study of 

group extensions in cartesian closed categories.

Definition 1.1. A monoid in G is a triple <c, p:cxc— >c, rj.'t— >c> such 

that the following diagrams commute:

Cx(cxc)—— >(cxc)xC-^UcxC 
l x J  fX

y  y
CxC-------------------------------------- >C

7



. „  1 ) X l  „  „  1 XT)t xC—1----—>Cx C<-------—Cx t

ll lf
C =  C =

Definition 1.2. A group in E is a monoid <c,fv)> together with an 

arrow <:c— >c which makes the diagram (with Ac  the diagonal) commute

A 1 xC C x lc  A
C----------- >CxC--------->CxC<---------CxC<------------C

N *
------------ ----------------------------
V V

Moreover a group <c,nvj> is abelian if the following diagram commute

t r a n sCxC- ■>CxC

C

Definition 1.3. A morphism f:<c, n, v>  ><c' , n ' , y ' > of monoids is

an arrow f:c— >c' such that ffx=/j'(fxf):cxc— >c', fv=v'  :t— >c'. 

Definition 1.4. A left action of a monoid <c, n, y> on an object |3 of 

(T is an arrow w.cxp >/3 of £ such that the diagram commute

C x(cxjS )—   > (cx c)x ff — >Cxg< — * * t xp

lxi> 

Cx/3 P

In addition, a homomorphism f:v w ' of left actions of c is an arrow

8



f:/3----- >/3' of C such that v'(lxf)=fv:cx/3 >/3'.

Definition 1.5. Let G be a group in (L A (left) G-module is an abelian

group A in e together with an action i>:GxA >A of G on A such that the

following diagram commute:

^ r x  * a  a  V x trans x 1 a
G x (A x A )— -   > (G xG )x(A xA )— -------------------^->(G xA  ) x ( GxA)

V ' a

GxA-

v x v  

A x A

^A
->A

We shall give the definition of a subgroup of a given group, a normal 

subgroup and also the notion of a factor group.

Definition 1.6. If C, G are two groups and f:C— »G is a homomorphism 

of groups which is monic then we say that C is a subgroup of G. 

Definition 1.7. A subgroup H of G is normal if there is an operation 

v  (necessarily unique) of G  on H such that the diagram

GxH

l„ x in c  1 u
GxG conj

commutes.

Let 5:H— >G be a homomorphism of groups. We define the orbit space of 

G by the image of a (denoted a(H)) as follows:

Definition 1.8. The orbit space of G by the image of a is defined as 

the coequalizer object of the arrows fiG( lGxa):GxC— >G, prG:GxC— >G

9



and is denoted by G x „ . „ l .
3(C)

If d happens to be monic then we denote it by Gxc l. Moreover, if C is 

a  normal subgroup of G then the orbit space of G by C has a group 

structure and its operation is given as follows: Consider the arrow 

sxt:GxCxGxC— >GxC, where s=uG(prGxG):GxCxGxC— »G and 

t=Mc (conjxlc )(transxlc ) ( lc xinvxlc )(prCxGxC):GxCxGxC— >C.

Then we have in the following diagram that prr (sxt)=MG(prGxG) and

tlG(sxt)=uG(uGxuG).

P r

G x C x G x C - sx t ~»G xC

G xG MGXMG P r G

GxG

m
P,

-->G
G

(Gx c 1 ) x (Gxc l )
G x _  1̂ G x c 1

If m:GxG— >(Gxc l)x(Gxc l), n:G— >Gxc l  are the coequalizers of the 

arrows PrGxG and p g xpg , prQ and incl respectively then there is a 

unique arrow mGx 1:(Gxc 1)x(Gxc 1)— >Gxc l, which is the operation on

Gxc l, making the diagram commute.

Consider now the category grp(E) of groups in G, and the subcategory 

ab(£) of the abelian groups of grp(G). So we have the following

u„ u.
ab(G)^ ^grp(e)̂ _ G

2 1

If G has a free group functor the forgetful functor U 1:grp(G) >G has

a left adjoint the free group on G, and also the forgetful functor

10



U2:ab(e) >grp(G) has a left adjoint the abelianization of a group

in grp(£). Now we see how we get the abelianization of a group in 

grp(Gt). Consider the free group on GxG denoted by F(GxG) and the arrow 

GxG-kUG which is defined as [,]=fiG( lGxtransxlG)x(AxA) where 

A = < l^,inv„ > :G— >GxG.Cj Cj

GxG------------------- L J--------------- ->G

AxA ^G
GxGxGxG— z  ------------ r - )G x G x G x Gl „ x  trans x 1_

Cj  G

Then consider the inclusion map GxG -ncl >F(GxG) and since F(GxG) is 

free on GxG there is a unique homomorphism of groups (actually of 

G-groups) #>:F(GxG) >G such that p(incl) = [,].

F ( G X G ) —  >G--°  ker W  >GAb

inc 1 [,1
G xG

Now since the cokernel of any homomorphism between groups exist, we

have that coker(^) also exists because <p:F(GxG) >G is a homomorphism

of G-groups with the property <pv=conjG( lGx<p), where v represents the 

action of G on F(GxG) which is by conjugation. The object GAb is simply 

by construction the abelianization of the group G in grp(C).

Definition 1.9. A category G with all finite products specifically 

given is called cartesian closed when each of the following functors

e  >1--------------c ------------->exe g  ~xb

ci >0 ci----- ><c , c> ---------------- a-i----->axb

11



has a specified right adjoint (with a specified adjunction). These 

adjoints are written as follows

t< 0 axtx------ <a,b> ĉ < c

Let e be a cartesian closed category with finite products and 

coproducts and countable limits. We define next the notions of the 

the monoid homomorphism object mott(X,Y) and the group homomorphism 

object grp(X,Y) of X and Y in £.

First consider the exponential functor (-)W:(?— which is a covariant 

functor and preserves products (i.e., (XxY)w = XWxYw ). But any 

functor which preserves products preserves also groups. Therefore Xw is 

a group in C, if X is a group in £. Given X, Yegrp(E) tnon(X,Y) and 

grp(X,Y) are defined by the adjunction. This means that we define them 

according to the diagram

w
(W,mon(X,Y)) = mone(X,Yvv)

i w
(W,flrp(X,Y)) = grp(?(X)Y W)

Moreover mon(X,Y) is constructed as the equalizer of the following pair 

of arrows YMx:Yx  >YXxX, (/i Y)(YPfx x Y1*^ )(A ):YX >YXxXyAXX yX

and Y ^  :YX >YT, tjy^:Yx-------->YT.

Lemma 1.10. Every monoid homomorphism is a group homomorphism (i.e., 

mon£(X,Y) = grp£(X,Y)).

Proof. We have now grp(?(X,Y)------ >mon(T(X,Y)------>C(X,Y) and we define

the multiplication in G(X,Y) to be the multiplication of the values in 

Y, as follows f-g=py(fxg)Ax :X— >Y.

12



Let femon£(X,Y), to prove that fegrp£(X,Y). To see this it suffices to 

prove that f preserves the inverse, that is f(invx ) = (invy )f, in G(X,Y).

Since the definition of a of a homomorphism f:X >Y is fnx = MY(fxf)

we have that the following two diagrams commute

X- ->Y- ->Y

1 v lX
X xX fxf ->Yx Y- l y x invy *YxY

1 x inv 
Xx X—    >Xx X-

fxf
->Yx Y

X

/K

“xj/ S'
X - ->X- ->Y0 f

Since f(invx ) and (invy )f are both the inverse of f they are equal, in 

other words f(invx )=(invY)f- Therefore we have mon(?(X,Y)= grpG(X,Y) 

in e. This implies that mon(X,Y)=grp(X,Y) since they represent the 

same functor. |

Next we define the composition between "function-space" objects 
Y X Yin e, (i.e., X xW  >W ). Using the adjunction we get the following:

e (x YxWY, wY) = g (xY, (w Y-)(wX)) = e (x Y, wYxwX) = e(YxXYxWx , W),

y  „ , x  CXl(WX ):YxX x W' >XxW'x ->W belong in

Y XE(YxX x W , W), where e is the counit of the adjunction or, shortly

YxXY x WY >w

ex  1(W^)
XxW X

13



and e:(-xX)(-)x  >idg .

Now we define the composition between group functor-space objects in 

We have the diagram

YX x Z ->zX

9rp (X , Y) x srp (Y ,Z )- ->9r p (X,Z)

and the adjunction

efw.Y^ = e(x,Yw) s g(wxx,Y)

1 I
W

C(W,mon ( X , Y)) = monE ( X, Y )

“i i w
G(W,arp(X,Y)) = g r p C ( X, Y )

It suffices to define the composition for the case

C(X,YW) X e(Y,ZW) >C(X,ZW)

because the group morphisms are special cases of the morphisms between 

objects in e as it is described in the following diagram.

e ( X , Y W ) x (?(Y,ZW )- -»(T (X , ZW )

W W W
grp®: ( X , Y ) x grpG (Y , Z ) >grpQ:(X,ZW)

The composition is defined as

X - >YW L - , ( Z W)W= ZW*W ^ Z W (2)

14



It remains to verify that both definitions of the composition coincide. 

If we observe closely (2) we have first the evaluation (gw)f and then 

the evaluation ZA(gwf), which means that we have exactly the same 

definition for the composition but in other terms. If X =Y  we get the 

internal endomorphisms of X object in G, Gn6(X). We construct the 

internal automorphisms of X object in G as the pullpack of the arrows 

comp:Gn6(X)xGn6(X)— >Grt6(X), 1— >Gn6(X) described by the diagram

S3ut(X) »Gtt6(X)xGn 6 (X)

»Gn6(X)

Let K be an object in G. Consider the automorphisms object of K

3ut(K) and also the arrow K >9ut(K) which is defined in terms of the

adjunction,

G(K,S3ut(K))----------- >G(K,KK) = G(KxK,K)

in other words K— >9ut(K) is defined in terms of an arrow KxK— >K, 

where the arrow £:KxK >K is defined according to the diagram

KxK-
Axl K

KxKxK- l^ x  trans

->K 

^KxKxK

where A:K— >KxK is defined as pr1A = l K, pr2A=invR and pr15 pr2 are the

15



projections on the first and second component respectively.

Moreover if we consider the pushout of the arrows X >9ut(X) and

X >1 (i.e., its cokernel)

»9ut(X)

*Dut(X)

we get the internal outer automorphisms of X object in (?.

Definition 1.11. Let X  be a group in (? and we consider the arrow

inn=cr:X  >3ut(X) as it is defined above. The kernel of cr is an arrow

t:Z(X) >X, where Z(X) is the center of X.

Definition 1.12. Let A, G be two groups together with an action v of G

on A. By a derivation (or crossed homomorphism) we mean an arrow 

d:G— »A such that

GxG-

ag x 1 g

G xG xG

dx 1 x d G

G ->G

A x G x A—-------- >Ax A--------
' a ™

->A

commutes.

Definition 1.13. Let H and G denote two groups in (T. By a group 

extension of H by G, we mean a short exact sequence

0------ >11— >E——>G------ >0

Without a proof we state also two theorems due to Professor Alex

16



Heller. For more details someone can look at [21] in bibliography. 

Theorem 1.14. Let G be a category with countable colimits, finite 

limits, disjoint coproducts, the pullbacks preserve colimits and every 

morphism in G can be factored as the coequalizer o f its kernel pair

followed by the equalizer o f its cokemel pair. I f  X  is an object o f  G

then the free group F(X) on X  exists.

Theorem 1.15. Let G be a category with countable colimits, finite 

limits, disjoint coproducts, the pullbacks preserve colimits and every 

morphism in G can be factored as the coequalizer o f its kernel pair

followed by the equalizer o f its cokemel pair. I f  X  is an object o f  G

then the free group F(XvX) has no non-trivial normal abelian subgroups.

17



2 Crossed Modules and Crossed n-fold Extensions

Definition 2.1. A crossed module (C,G,a) in (T consists of two groups

C, G and an homomorphism 5:C >G together with an arrow i>:GxC— >C,

the action of G on C, which makes the following diagrams commute

9x1,

l_xd

*GxC

GxG con] conj

di>=conj (1q x  ̂) ^ (S x lG)»conj ( l C)<c)

where for any group H the arrow conj:HxH— >H is the conjugation which 

is defined as conj=fiH( lHx/iH)( lHxtrans), the arrow trans:HxH— >IixH is 

the transpose and the arrow hh :HxH—>H denotes the group operation on H.

A morphism (a,/3):(C,G,a)------ ^ C ^ G '^ ')  of crossed modules consists of

two group homomorphisms a:C— >C' and /3:G— >G' such that the 

following diagrams commute

18



G x C- 

0 x a

->C

a

3'a=/33

G 'x  C '— p — >C' 

v '  ( £ x a ) = a v

Remarks

From the definition follows at once that a crossed module is a 

generalization both of an ordinary G-module and a normal subgroup of G.

i) If G is a group and C is an G-(left) module then (C ,G ,3-0) is a 

crossed module with 3=0 the zero morphism.

ii) If G is a group and C is a normal subgroup of G then (C,G,3=i) is 

a crossed module with i:C>— >G a monomorphism (the inclusion) and G 

acting on C by conjugation.

We observe now the following consequences coming from the definition 

of a crossed module:

Proposition 2.2. The image 8(C) is a normal subgroup o f G.

Proof. Consider the following diagram

W '

'1 I1'
G x C - ->C

I
G x 3 (C ) -  -  -  ->3

l^x i n c 1 Cj

3

C)
incl

G x G - conj ->G

4  1*
w

where (s,t) is a cokernel pair of 3, incl is the equalizer of the
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cokernel pair (s,t), ( s ', t ')  to be the kernel pair of l Gxa, and ( l Gxa) 

be the coequalizer of ( s ', t ') .  We have sa = ta (because (s,t) is the 

cokernel pair) which implies s3v=tav and because the square commutes 

(i.e., av=(conj)(lGxd)) we get s(conj)(lGxa)=t(conj)(lGxa). On the 

other hand since incl:3(C)—>G is the equalizer of (s,t) this implies 

that there is a unique group homomorphism p:GxC— >a(C) such that 

(incl)p = conj(lGx3). Also since (incl)p = (incl)(av) =» p = 3v. Moreover, 

we have that (conj)(lGxa)s' = (conj)(lGxa)t', because ( s ', t ')  is the 

kernel pair of ( lGxa) and since the square commutes this implies 

3vs' = avt' => (incl)ps'=(incl)pt' =s> p s '= p t '.  Because l Gxa is the 

coequalizer of ( s '. t ') ,  there is a unique arrow v ':G xa(C )— >a(C) 

such that v '( l Gx3)=p. Thus we get

(incl)p = (conj)(lGxa) => (incl)v/ ( lGxa) = (incl)p = (conj)(lGxincl)(lGxa) ==> 

=> (incl)v' =(conj)(lGxincl) which proves that a(C) is a normal subgroup 

of G. |

Proposition 2.3. The kernel Ker(d) lies in the center Z(C) o f C.

Proof. To see this suppose that a:C >G is a crossed module and

u:B »C the kernel of a, then dv = 0. On the other hand if we apply

the second condition of a crossed module to B, which is a subobject of 

C, then we get a commutative diagram

BxC

I ^Uj |
axlcl J/c

GxC >Cv
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which proves that the ker(a) is central in C. |

Proposition 2.4. The operation o f G on C induces a natural 

Gxa^c ^-m odule structure on Z(C) and ker(d) is a submodule o f Z(C). 

Proof Let us consider the following diagram

Gx Z( C)  H>Z(C)

ker( v x i n n )  ker(inn)
>1/ V ^

GxC--------------------  >C

v x i n n

9 u t ( C ) x 9 u t ( C ) ---------:—v '  v '  conj

1 nn

(C)

where v:GxC— >C is the action of G on C and v :G— >9ut(C) is defined in

terms of the adjunction e(G,9ut(C)) »e(G,CC)«C(GxC,C) with the

relation v=(eval)( v x lc ) (GxC vxl >aut(C)xC eval)C). Consider also the 

kernels of vxinn and inn respectively. We shall prove first that the 

square (GxC,C,9ut(C),9ut(C)xaut(C))commutes and then that there is a

unique arrow v ' :GxZ(C) >Z(C) making the whole diagram commutative.

To prove that the square commutes it suffices to prove that the 

following diagram commutes

vx l
GxCxC-------------— ->CxC

v x i n n x 1 

9 u t ( C ) x 3 u t

i nnx 1̂ -,I1
C) xC-------- r—r->9ut (C)xC------- r>Cc o n jx l^  v '  eval

In other words we have to prove the equality of the two maps 

(eval)(innx l c )(vx 1 ) = (eval)(conjx 1 )(v xinnx l c ) 

Since v= (eval)(vx l ) we have 

(eval)(innxlc )(vxlc ) = (eval)((inn)vxlc ) =
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= (eval)((inn(eval)( v x l c )x l c ) = (eval)(conjx l c )( v xinnx l c ) which proves 

that the above diagram commutes and coesequently the original diagram 

also commutes.

We have (inn)v(ker(vxinn)) = (conj)(vxinn)(ker(vxinn)) = 0 and since

ker(inn) is the kernel of inn there is a unique arrow v ' :GxZ(C) >Z(C)

such that ker(inn)v' =v(ker(vxinn)). Because v(3xlz ^ ) = p r 2

C x Z (C )

axlz(c)
G x Z (C ) -  >Z(C)

this implies v 'a = 0 . If we consider the cokernel of a, then there is a 

unique arrow w:Gxa ^ l  >9ut(Z(C)) such that w(coker(a)) = v ' .

c --------— d ->gut (z(c))
a

G   >3ut (Z(C))

coker(a)
'  '  11/

Gxa ( c ) l   >9ut(Z(C))

Therefore by the adjunction

e(Gxa(c)l,aut(Z(C))) ^(Gxa(c)lxZ(C),Z(C))*(S(Gxa(c)l,Z(C)Z(C))

the arrow w:Gxa ĉ ^lxZ(C)---- >Z(C) is defined as w =eval(w xlz ^ ) ,

which defines a 1-module structure on Z(C). |

Proposition 2.5. The operation o f G on C induces a natural

Gx 1-module structure on the commutator factor group CAb = Cx 1. u (C/ / c , cy
Proof Similar to the proof of proposition 2.4. above, g

Thus the crossed modules constitute a category which is called the
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category of crossed modules and is denoted by X-mod.

Definition 2.2. Let Q be a group and let A be a Q-module in (T. A 

crossed n-fold extension of A by Q is an exact sequence of groups in £

K a .  d d d
e: 0— >A------ >C T- ^ C  • • •  >C ----- >Q— >0n-l n-2 2 1

in which G acts on Cj and Q acts on Ck, k^l with the following 

properties:

i) The triple (C1,G,al ) is a crossed module.

ii) For 2^ksn-l Ck is a Q-module and ak and k are Q-linear.

It make sense to require a2 to be Q-linear since ker(ai ) is a Q-module.

A morphism (<r,a,<p):e— >e' of crossed n-fold extensions in (T

consists of group homomorphisms <p:Q >Q', ccQ:G >G', . . . . ,

ak:Ck >Ck and cr:A >A' such that (<r, a n <p) provides a

commutative diagram of groups in £ which preserves all the structure. 

Thus the crossed n-fold extensions in e constitute a category.

For completeness a crossed 0-fold extension of A by Q is a derivation

d:Q >A.

Example

Given a group K in C, the homomorphism inn:K >3ut(K) and its kernel

A = ker(inn):Z(K)----->K then

0-------------->Z(K) A >K -^ -» 9 u t(K )----->0ut(K)------- >0

is a crossed 2-fold extension.
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3 Free Crossed Modules

Let Grp(2) denote the category whose objects are group homomorphisms 

and whose arrows are commutative squares in the category of grp((F).

The forgetful functor U:X-mod(G)------>Grp(2), which forgets the group

action, has a left adjoint V:(<?:H----- >G)i------ >V(<p)=(C,G,a), the free

crossed module on <p. Before we see the construction of the free crossed 

module on <p we prove first that every group G has a set of generators 

X. Moreover if F(X) represents the free group on X then there is an 

epimorphism F(X)— »G.

Lemma 3.1. Let B, D be two categories and F, G two adjoint junctors

F  1G. I f  G is faithful then the counit e:FG ndD o f the adjuction

in an epimorphism (i.e., an epi arrow for each component).

Proof. To prove the counit e:FG— -—>idDis epi we consider two arrows 

■&, ■&' such that we have the following diagram

e x  *  >
FG(X) Y
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and suppose that #ex  = # 'e x  to prove ■&=■&'. We apply the functor G and 

consider the unit so we getG(XJ

G g ,

G FG (X )_________ _G(X)__________ 'G(Y)
ii)G ( X ) G #'

with (G^)(Ggx ) = (G#' )(Gex ). Then (G^)(Ggx )7jg(x) = (Gfl' )(Gcx )riG(x) 

which implies G#1g ^ =  G # '1g ^  =* G #=G #' ==> ■&=■&', because G by 

hypothesis is a faithful functor, g

Lemma 3.2. Every group G in £ is the homomorphic image o f a free group 

in g.

Proof Suppose that D=grp(g), B=g, G = U and F= F , then we have

U ,
grp(g) g F |U

F

where g:FU ^grp(g) ^ 'e>’ eG-FUG >G) is the counit of the

adjunction grp(g)(FH,G)~g(H,UG). For H = U G  the adjunction becomes 

grp(g)(FUG,G)*g(UG,UG). Since the forgetful functor U is faithful and

F |U  according to the previous lemma 3.1. the counit of the

adjunction e:FU ^grp(g) *s an eP* arrow> means each component

is an epimorphism in grp(g). Thus UG represents an object that 

generates G. This implies there are objects X in g that generate the

group G. That is, there exist an object X in g and an arrow X >UG

with F(X) »G to be an epimorphism in grp(g). g

Suppose now that we have the epimorphism F(X)-^—»G together with its 

kernel N>— >F(X). Since N is a group in g, according to the lemma 3.2. 

above, there is an object Y in g that generates N.
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Definition 3.3. A  presentation of a group G in terms of generators X 

and relations Y consists of two arrows Y—^>U F(X ), X—— >UG in £ such 

that the following diagram

Y)- ->F(X) 

X

->G

is a pushout diagram in grp(e). A  presentation of a group G in (T is 

denoted by G = < X ,Y > .

Consider now two groups G and G ' in C which are expressed in terms of 

generators and relations (i.e., G = <X,Y > and G ' < X ',Y ' >). We construct 

the free product G*G ' of the groups G and G ' as follows.

Since G and G ' are both expressed in terms of generators and relations 

we have

x-
->UF(X)

-*UG

F (Y )— - —>F (X )

->G

Y '  V  >U F (X / )

X ' ->UG'

( Y ' ) -  >F X ')  

X '  

»G'

Consider the coproduct of (Y, Y '), (X, X '), and (G, G ')  denoted by

Y uY ', X uX ', and GnG ' respectively. We define ^ : Yn Y ' >UF(XiiX') and

^ :X aX ' >U(GuG') by ifi x = x " (x ^x ')  where

0":UF(X)aUF(X/ )— »UF(XaX'), W : YaY' — >UF(X)nUF(X') and
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x":U(G)iiU(G ' )—*U (G iiG '), an*' :XuX' — >U(G)uU(G'). Using the same 

argument as above we get that XuX' is an object of G that generates 

G *G ' with F(X nX ')— >G*G' to be an epimorphism in grp(G) and YjiY ' is 

the object in G that generates the kernel kerir=N of a. Therefore the 

free product of G and G", G *G ', is the group generated by XuX' and 

satisfying the relations YjiY ' in such a way that the following diagram

is a pushout. Then the arrows 0  , x express a presentation of G *G ' in 

terms of generators and relations.

Given a group G generated by an object A of G we construct the 

normal subgroup N of G generated by A as follows:

Let F(A) be the free group generated by A, consider the pushout of 

the two arrows F(A) >G, F(A) >1

N

and take the kernel of <p. Then N represents the normal subgroup of G 

generated by A because of the construction.

We give next the definition of the semidirect product between two 

objects G and K in grp(G). The product GxK of two groups in G can be

F (Y u Y ') ——»F (X iiX ')

X

1 *G*G'

ker(v>)
F (A )  >G

1
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generalized to the construction of a semidirect product KxG depending

on UG, UK and on a homomorphism ?>:UG >U(Sut(K)) in £.

Definition 3.4. Let G, K be two groups in £. Consider also the objects 

UG, UK and the product UKxUG in £. The semidirect product of G  and K 

denoted by KxG, consists of the product object UKxUG in £ and the

action #>:UG----->U(9ut(K)) of G on K in £ together with an arrow

P ^ U K x U G x U K x U G  >UKxUG (which denotes he operation in

UKxUG) defined as follows:

l IIKx tr x l  n  x u
(UK xU G )x(UK xU G )—— ------------- ^ -^U K xU K xU G xU G — -------- ^ U K x U G

where tr:UGxUK >UKxUG is defined follows:

UG  x UK----------- — ------------- >UKxUG

A x XUK. 
U G x U G x U K

W * X l UK.
U G x U S u

t r

( K ) x U fc ------------------ >UGxUK
U G X eVUK

We observe at once that any semidirect product KxG in grp(£) may be
kerpG PGdescribed by an exact sequence as 0 >K ^ K x G  >G >0 where

kerpG:K >KxG is the kernel of pQ:KxG >G where pG is the projection

on G  which is an epi arrow in grp(£). To see that K >KxG is the

kernel it suffices to prove that the following diagram

K-------------->i

<1 C0>iK’
Kx]G »G

PG
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is a pullback in grp(C). Let suppose now that there is another object 

W in e and two arrows W—— >1, W - f’g^KxG such that the square 

(W,l,G,KxiG) commute. Thus we have

cid-., 0 >
-> KxiG

<f,g>

since pG<f,g>=0, this implies that g=0. Therefore there is a unique

arrow f:W >K such that <idK,0>f= <f,g> = <f,0> and T)f=0. Hence the

square is a pullback diagram and K— >KxG is the kernel of KxiG—^ G .  

Therefore the semidirect product KxG in grp(G) can be expressed as a

short exact sequence 0------->K-
kerp,

->KxG- ->G-

short exact sequence splits since the arrow t=  <0,1„ >:GvJ

->0. Moreover this 

 >KxG has the

property PGt=  1G- 

Proposition 3.5. I f  0- ->0 is a short exact
<r

sequence o f groups where q:K— is the kernel o f the epimorphism p  

and p v = lG then P is isomorphic to the semidirect product KxG in grp(d). 

Proof Consider first the following diagram

KxG <- 
*  \ pG | t

,71 G
p i0,

p %~

(i)

the arrow inv(o-p):P >P (the inverse image of crp) in (T and the arrow

l p -inv(crp):P >P in e . Then we get the following
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p(lp-inv(<rp))=plp -pinv(<rp)=p-inv((p<r)p)=p-invp=0. Thus there is an 

arrow u:P >K such that l p • inv(crp) = qu. Moreover we have that

( l p -inv(0-p))q=quq => l p(q) • inv(op)q = quq =» q-inv((crp)q) = quq =»
*

q-inv(<r(pq)) = quq => q -q u q  => l K=t>q (* because q is monic, so it is left 

cancelable). This implies that the exact sequence 0— >K-^UP-2->G— >0 

splits also on the left. Also because of the definition of the arrow 

l p -inv((rp) = qu:P— >P we have that qu-«rp = l p (1), as well uq = l K (2) and 

pcr= l p (3). Thus the object P in © is a product KxG because we have

KxG( ?P
< u ,p >

such that (qpK*o'PG)<u,p> =qpKu-o'pGp = l p , because of (1), and

<v.P>(qPK-»PG> = < v(qPKXp(°'PG)> = <(vq)pK,(qcr)pG> = < pk,p g > =

= IrxG t>ecause (2) and (3)). Therefore in diagram (I) there is an 

invertible arrow from KxG to P in G, which means P and KxG are 

isomorphic. §j

Given a homomorphism </>:H >G of groups in G we shall construct the

free cossed module on <p as follows. Consider the free product G*H of G 

and H, and the two morphisms v = (idG,0):G*H— »G, (idG,<p):G*H— >G in 

grp(G). We take also the kernel of (idG,0) denoted by u:W— >G*H, so the 

following diagram arises

W— - ------- >G *H

A = (id G,<p)v ( ldG"°) =  v  (II)

V (idG*0)
We observe that the sequence W >G*H >G is exact and it is
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also split, since we have the morphism k = < 1G,0> :G >G*H with vk=1G.

Then by proposition 3.4., on page 29, we have G*H=WxiG and the diagram 

(II) becomes

H

\ in iH

w- V

A = (idG,y)u

*G * H=Wx)G

( id G,0) = v

(III)

G ( ld G ’^  G

We consider the arrow frUWxUW— >UW and the free group generated by 

UWxUW, F(UWxUW). Then we have the epimorphism 

T:F(UW xUW)— >W and we take the pushout of the arrows 

T :F(UWxUW)— >W and F(UWxUW)— >1

F(UW xUW )

■>C

0

(IV)

By taking the arrows w : W G and 0:1 >G we have (w )  7  = 0v = 0 and since

the diagram (IV) is a pushout there is a unique homomorphism of groups 

d:C >G such that d^= w  and a«r=0. Then the diagram becomes

H

C« (V)

We claim that (C,G,5) is the free crossed module on <p.
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Observe that (C,G,a) is a crossed module by construction. It remains 

only to prove that (C,G,3) is a free crossed G-module. To see this it 

suffices to prove that given another crossed G-module (C ',G ,3 ') and 

the arrow i/»:H— >C', as they are presented in the following diagram,

(VI)

t->G

there is a unique arrow S:C >C' such that (VI) commutes.

Consider the following diagram

w
V

G H - M

C ' 

n

*G xC ' (VII)

V
( i dG. ° ) \

G

G

where W -^—>G*H and C '- 71—>GxC' are the kernels of the homomorphisms 

(id„,0) and p„ respectively. Since (id ,0)u = 0 and p„?r = 0 and also C 'G’ G G’ G
is a kernel there is a unique arrow w:W >C' which makes the diagram

commute. In addition, consider also the arrows A:W >G and £:W >C

then (VI) becomes

- c
«T

- W-
w -->c'

'G

->G <~

a' (VIII)
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We take now the pushout of the arrows T:F(UWxUW) >W and

F(UWxUW) >1, and consider also the arrow w:W >C' 0:1----- >C'.

We have the following

First we have to prove that o>7 =0. This comes immediately since W and 

C ' are G-groups, w is a homomorphism of G-groups and C ' is a crossed 

module. Then because the square (F(UWxUW),W,C,l) is a pushout and

wT =0 there is a unique homomorphism <5:C----->C' which makes both (VIII)

and (IX) commute. Therefore (C,G,a) is the free crossed module on <p. g 

Remark

If the group H is free on S, where S is an object in £, then C is 

called the free crossed G-module with basis S. In this case the notion 

of the free crossed module given as above generalizes W hitehead’s 

definition of free crossed module.

Lemma 3.6. I f  C is the free crossed G-module with basis S then is 

as ordinary Gxg^c ^l-module free on S.

Proof. Consider the following comma categories mod^G, grp^G, E^UG 

and the following diagram

F(UWxUW) f

(IX)
1

0

u,2
X -m od^G ’e^ u g

v i V.2
$(FX- Fd ->G) <-------  (FX— ->G) f (X- d *UG)
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The forgetful functor U2 has a left adjoint which sends X to the free 

group generated by X (denoted by F(X)) and UG (the underlying object of 

the group G) to the group G and the morphism (X-^—»UG) of objects in 6 

to the homomorphism of groups (F(X)~— >G). The forgetful functor U x

has a left adjoint which sends each group homomorphism (F(X)----- >G) to

the free crossed G-module with basis X. Now we consider a new category
JL

which is denoted by mod G, whose objects are pairs (N,W), where 

(N,G,a=incl) is a crossed module, in other words N is a normal subgroup 

of G and W is a Gx 1-module, and whose morphisms are arrows of the 

form (N,W)------ >(N ',W ') such that:

i) N >N' is a monomorphism of G-groups, and

ii) <p:W >W' is a morphism in the category of G-modules.

Since N is a normal subgroup of G there is an action of G on N which 

afterall is the restriction of the action of G to itself on N and is 

defined as follows:

Consider the following diagram

GxN N
l^xincl I T) =ker#

r
G x n 1

where the arrow conj:GxG >G is defined by the adjunction

(G,9ut(G))~(GxG,G) and N -- >G is the kernel of the arrow 

G— >Gxn 1. Then we have &w = 0 and fl(conj)(lGxincl) = 0 because N is a 

normal subgroup of G. On the other hand, since tkN— >G is the kernel
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of & there is a unique arrow GxN— >N which makes the diagram

GxN- N
~>N

l „ x  incl u i)=kcr&

O x G - ^ - * G
$

GxNi

commute. Thus N is a G-group.
JL

We define now the functor K:mod G ^grp^G as follows:

3 = (incl,0)
Ob(mod# G>(N,W ). ->(NxW- -*G)eOb(grp^G)

where NxW, G are groups in e and 3:NxW— >G is a homomorphism of 

groups, and we introduce the following action of G on NxW

\ \ i l„x transx l <v >
Gx(NxW)— ^ U G x G x N x W —--------- ^UGxNxGxW— N ——>NxW

where i>w :GxW— >W is the action of G on W (W is a G-module since W is a 

GxNl-module). We claim that (NxW,G,a = (incl,0)) is a crossed module. 

To see this consider the diagram

Gx

NxW

NxW-

1 x incl 
NxW)— —---------->GxG

conj

~>G

which commutes because of the definition of 3:NxW— >G, the fact that G, 

N and NxW are G-groups and also because the action of G on N is by 

conjugation; thus the first condition of a crossed module is satisfied.
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To verify also the second condition consider the diagram

( N x W )  x ( N x W )  C° n  >NxW

N xW
\

Nx(NxW ) 1 NxW

G x ( N x W) -------------------- >NxW
^NxW

which commutes because N acts on W trivially, since W is a GxNl-module, 

and the action of G to NxW as it is defined is conjugation on N on the 

first component and the action of G on N on the second component. Thus 

(NxW,G,a=(idN,0)) is a crossed module. A left adjoint for the functor 

K, as we previously defined it, is a functor which is defined as

mod# Gs(N,CAb)<—̂ -( (C -^G )eX -m o d ^G

where v:C— >G is a crossed G-module, #(C)=N is a normal subgroup of 

G  and is a GxNl-module. Consider now the diagram

K

'1
K' . U1 U2

mod G( >X-mod^G( grp4̂  G

|  L' V1 V2

and we define the functor

mod# G9 [grpFd(FX),GxN1'module] <— - — | (f x  Fd >G)egrp^G 
' f r e e  on X '

Now we have the functors IJ^UjK ' =K, L ' V’1V2 and L. In addition we have

that L is a left adjoint of K and is also a left adjoint of
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L ^U jK ' =K. But we know that any two left adjoints of a functor are

arrow X— >C is an injection, g

Let (X;R) be a presentantion of a group Q. Let N be the normal

subgroup of F  generated by R in G and let A:N >F be the arrow that is

induced by the relators, where F is free on X.

Proposition 3.7. Any presentation (X;R) o f a group Q determines a 

crossed module (C,F,d) in which F is free on X  and C is the free 

crossed F-module with basis R.

Proof Let suppose that (X;R) is a presentation of Q. In other words 

the presentation (X;R) of Q in terms of generators X and relations R

consists of two arrows R >UFX and X >UQ in £ such that the

following diagram is a pushout in grp(G)

We construct next the free crossed F(X)-module on <p. That is, we

consider the free product F(X)*F(R), the arrow F(X)*F(R)----->F(X) and

its kernel u:W >F(X)*F(R). Then we get the diagram

naturally isomorphic. Thus is an ordinary GxNl-module free on X. 

Moreover since we have the diagram

x

with X >CAb injective (because is a GxNl-module free on X) the

F (R )— - —>F(X)

1
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w-

X=(idFX,0)u

->F(X)*F ( R)

y =  ( idFX’°) 

F ( X ) ( ld F X ’^  F (X )

in which

0-
u (id ,0)

->W----------->F(X) * F (R)— — — »F(X)-

is a split short exact sequence, because ‘' ^ I p x  w^ere

u = < id G,0):G---->G*H. Thus F(X)*F(R)=WxF(X) and the above diagram

becomes

F ( R )

w- v

A = (idFX,<p)u

F ( X )

->F(X) *F ( R)=Wx)F(X) 

\  *’ - < i d FX’0 )

f  ;x)

Now we consider the arrow frUWxUW >UW and the free group generated

by UWxUW, denoted by F(UWxUW). We have then the epimorphism

T:F(UW xUW) >UW and we consider also the pushout of the arrows

T :F(UWxUW) >UW and F(UWxUW) >1, so we get

F(UW xUW )- 

V

-*W
i>u = 0

— >c  a
T

and because the diagram is a pushout there is a unique homomorphism
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d:C >F(X) such that d£= w  and a<r=0.

The diagram finally becomes

R)

C« -  W  ->F(X) * F(R)=W xF(X)

F ( X )

v 

F (X )

and (C,G,s) is the free crossed F(X)-module on <p.
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CHAPTER II Cohomology in the presence of projectives

In this chapter consider G to be a category with countable colimits, 

finite limits, disjoint coproducts such that the pullbacks preserve 

colimits, every morphism in G can be factored as the coequalizer of its 

kernel pair followed by the equalizer of its cokernel pair and also 

G has enough projective objects. Moreover, because of theorem 1.14. on 

page 17, G has a free group functor.

1 Crossed Complexes, Free and Projective 
Crossed Resolutions of groups

Definition 1.1. A crossed complex C (over a group Q) is a sequence

5 d d a
C: • •  >C — ^ C  . -----> • • •  > C ^ - h c , - h Gn n-1 n-2 2 1

of groups in which G acts on Cj and Q acts on vk^2 with the 

following properties:

1) The triple (C ^G ,^ ) is a crossed module

2) For k^2 each is a Q-module and each is a Q-map, and

3> 3k .A = ° -  k i2 -
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Definition 1.2. A crossed complex C is called free (projective) if G

is free, if Cj is a free (projective) crossed G-module and if Ck, ks2

is a free (projective) Q-module (Q=Gx 1).
i ^ i>

If now a crossed complex C is exact and if a group Q given in advance 

is isomorphic to the quotient Gx^ ^1 then C is called a crossed 

resolution of Q.

Definition 1.3. A morphism a:C— >C' of crossed complexes consists of

group homomorphisms aQ:G >G', <*k:Ck >Ck k^l such that

( . . .,ak, «k . . . ,«l , aQ) provides a commutative diagram of 

groups which preserves all the structure.

Remark

Clearly crossed n-fold extensions are special cases of exact complexes

with C. =0 for k^n+1. k
Proposition 1.4. Any group has a free crossed resolution.

Proof Let Q be any group and let (X;R) be a presentation of Q. Then

we have 0 >N=grpp <;R> >F(X)---- »Q. Consider now the arrows

R >F(R), R >F(X). Because F(R) is free on R there is a unique

homomorphism v>:F(R)----->F(X) making the triangle commute.

R >F(R)

\<p ■I 
F(X )

Construct now the free crossed F(X)-module on <p denoted by 

(C1,F(X),ai ). Then we have the diagram
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C ------—»F(X)-----»Q

kerfl.

/

where kerd1 is the kernel of d . By lemma 3.2., on page 25, there is a 

free group C2 and an epimorphism c2:C2 »kera1< Then we get

a2 aiC . = -> C ----- -—>F(X)----------»Q

k e r 3

*
and define the arrow a2= *ie2‘ ^ave Im(a2) = Im(i1e2) = Im(e2) ==ker51> 

(* because ij is the inclusion and e2 is an epimorphism). Continuing 

this process we have finally

-^C3- ^ C 2- ^ C 1- ^ F ( X )  »Q
a a 

->C — y~—n n-1

a free resolution of Q. §

Lemma 1.5. Let f  be an arrow in a category g  and consider its cokemel 

pair (the pushout o f f  by itself).

Then f  is epi in g, i f  and only if, u=v.
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Proof If f is epi in 5 and uf=vf then by the definition of epi arrow 

we have u=v.

Let us suppose that u=v to prove f is epi. To do this consider an 

object W of E, two arrows y:Y— >W, h:Y— >W and suppose that yf=hf. 

Then since the square is a pushout there is a unique arrow q:P— >W 

such that qu=y and qv=h. But from hypothesis u=v, therefore y= qu= qv= h  

which means that f is epi. g

We observe that the forgetful functors U 1:X-mod(e)4/G— >grp(G)4/G, 

U 2:grp(e)-J'G— >grp(e), and U 4:Q-module(6)— >6 preserve pushouts, 

therefore preserve epimorhisms. This implies that the free functors V4 

V2 and V4 preserve projective objects. We make now the following extra 

hypothesis. The forgetful functor U3:grp(e)— >£ preserves epimorphisms 

which implies that the free functor V3 preserves projective objects. 

Remark

The above hypothesis is true, for example, in presheaf categories. 

Proposition 1.6. Any group has a projective crossed resolution.

Proof. Let Q be any group and (X;R) be a presentation of Q. Without 

loss of generality we may assume that both X and R are projective 

objects in (?, otherwise we can find two projective objects X ' and R ' in

£ and two epi arrows X ' »X, R ' »R, in other words we consider a

projective presentation of Q. Then we have

0-------->N = grppx < R > --------->F (X)-------»Q

and because we have the arrows R >F(R), R >F(X) and the fact that

F(R) is free on R there is a unique homomorphism <p:F(R)----->F(X) making
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the triangle commute

R >F(R)

F (X )

Consider now the free crossed F(X)-module on <p, denoted by(C,F(X),ai ), 

which is projective since F(R) is projective, then we get the diagram

where i^kerSj ^  is the kernel of ----->F(X). Since kerdj is an

object in £, and C by hypothesis has enough projectives, there is a

projective object F j in e and an epi arrow e ^ F  »kera1> We take

now the free abelian group on QxFj denoted by F ^ Q x F ^ ). The above 

diagram becomes

where the arrow e2:^ ab ^ x^ i)— »kera is epi since the arrow

Fj »kera1 is epi. Moreover Q acts on because Q acts on

itself. Therefore Fab(QxF1) is a projective Q-module and we define the

o

a1

1

1 *F(X) »Q

0 0
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arrow s2:C2— >Ct as a2= *ie2’ where ^ 2 =Fa b ^ x^i^‘ T îen we ^ ave tlle
♦

following Im(a2)=Im (i1e2)=Im (e2)=kerai (* because ^  is the inclusion 

and e2 is an epimorphism). Continuing this process we get finally a

a a a a a.
. . .  >C — • ■ • ----->C,—±»C0— —^ F ( X ) ---- »Qn n-1 5 2 1 x

projective resolution of Q. g 

Remark

Let us consider the following diagram

I
X - m o d ^  ~grp

A .  V )

2 <- JT

u :

u„

U 2

(GS'G)

X-mo *G T grp^G T ?(g*UG)

T I

2
the forgetful functor X-mod >grp and its left adjoint, which

2
gives the free crossed module on an object of grp . We observe that

2
when we constructed the free crossed module on an object of grp we 

did not make any special generalization, which means that if we start 

with the forgetful functor U^X-mod^G— ^grp^G consider its left adjoint 

and construct the free crossed module on an object of grp^G the 

construction says that we’ll get the same free crossed G-module. In 

other words the above diagram commutes in both ways.

Proposition 1.7. Let C be a free crossed complex on projective
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generator objects with Q=cokerdJ and let C ' be a crossed resolution o f

a group Q '. Then any homomorphism <p:Q >Q' may be lifted to a morphism

ocC >C' o f crossed complexes.

Proof. Consider the following diagram

C:

C '

m
->C »G-2 -'l

a:2 1 0
f \

-X)

-*C'-2
5 2

aC'- ->G'- -» Q '- -M)
9i m

We have by hypothesis that G is free on a projective generator object 

R, and therefore according to lemma G is projective. Moreover, we

have the morphism #>m:G----->Q' and the epimorphism m ' : G ' -----»Q '.

Since G is projective there is a homomorphism of groups aQ:G >G'

which makes the first square from right to the left on the above 

diagram commute. ^1:C1— >G is a free crossed module on an object

X >UG of (T^G and X is a projective object. Consider the free group

on X and the homomorphism i>:F(X)— We have the diagram

F(X)—   >C\\  /. 
kerm

kerm '

k7  X 1'

->G

Ci- ->G'
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We look also at the following diagram

F ( X ) -----  —— -»kerm

4
C' - k '

-»kerm '

Since F(X) is projective in grp(C) there is a group homomorphism 

t:F(X)— which makes the square commute. This implies that the 

following diagram

•& =  d  v  
X )   >G

C ' -

ot„

->G'
a :

commutes in grp . From the adjunction between the functors U j and V 

we have

grp2(F(X) >G,  >G, ))«X-mod(C1----->G,  >G')

This means that there is a morphism ao:®— >G')

between crossed modules which makes the second square commute. 

Consider the diagram

kerdj

we have a0d1d2=® (*) but since the second square commute we have
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aQai = a /1a 1 (2). Then because of (1) and (2) a 'a j a2=0, which means that 

the arrow a1a2’̂ 2— âctors through the kernel of 5 '.  That is 

a i a2=c2C1- On the other hand since C2 is a Q '-m odule it is also a 

Q-module, ditto kerS'j is a Q-module. We have now the homomorphism

<l:C2— dcera'j and the epimorphism C3:C2 »kerd^ between Q-modules.

Since C2 is a projective Q-module there is a homomorphism «2:C2----->C2

of Q-modules such that the following diagram commute

C2
“2 /

C '- er9j

and therefore the third square in the diagram commute. Continuing this 

process we take finally a morphism of crossed complexes, denoted by

«=(• • • an.r  • • • aT  “r  V - I

If C is a free crossed resolution of Q on projective generator objects 

we denote by Cn the following exact crossed complex

Q Q

Cn:0 >J----- 2->C , ----> • • • ------ >C,---------  >Q-------- >0n n-1 1

where J =ker(a :C .  >C A  We shall refer to Cn as the freen v n - l  n-1 n-27

crossed n-fold extension on projective generators.

Proposition 1.8. Let e' be a crossed n-fold extension with

Q ‘ =coker(d'1). Then any homomorphism <p:Q— >Q' may be lifted to a

morphism — >e' o f crossed n-fold extensions.

Proof Since Cn is a special case of C and the proposition 1.7. is 

true this implies that the proposition 1.8. holds, g
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2 Chain Homotopy

Let there be given two crossed complexes C, C ' with Q =coker(ai ) and 

Q ' =coker(a/1); let further a, (3 be morphisms of crossed complexes. 

Definition 2.1. A family £ = {z^k^O} of maps ZQ:G— >C'l5 s k:Ck— >Ck+1 

k^l is called a homotopy between a and 3 denoted by £:a=3 if

i) zq:G— >0^ is a (left) derivation (crossed homomorphism) 

associated with 3Q (i.e., the following diagram commutes)

GxC-

G

c i<-

A x 1G ->GxGxG

W zo
CjXG' xCj

1 , x  v

-C'j XC'j

such that a^zQ=aQ- inv(30).

ii) ^1:C1 is a G-homomorphism with G acting on C'2 via aQ

(or 3Q which yields the same action in view of i)) such that
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a2s i =inv(^ i)' inv(s oai ) ' “r

iii) For k==2, ^k:Ck >C^+1 is a Q-homomorphism with Q acting on

Ck + 1 (via the induced map <p:Q— »Q' in view of i) ) such that

3i +i V  vki2-
Remarks

1) SjiCj— >C2 is a G-homomorphism with G acting on C'2 via aQ or via /3Q 

means that the following two squares commute

V Z1GxCj  — ^>G'x C'2 G xC j  — —>G' x C'2

v

Zl v = v ' ( a0x Zi> * lv = v ' (P0xSl )

and G acting on C'2 via /3Q yields the same action in view of i) because 

we have 8 '^ =  <y(inv£0) =* (a i z0̂ p0 =a0*

Therefore we have the following

S 1v  =  v , (a 0x S 1) =  v ' ( ( 3 '1Z0) - P 0x Z ^ v '  ( d f o x v '  (0 Qx Z ^ v ' ^ x  2 ^ = 2 ^

(* because v' (3 'zoxv'O oxZ1) )= v'(1 q / xv'(0oxZ1) )= i,'(^ oxZ1)).

2) a and IB induce the same map <p:Q— >Q' in terms of i) means that we

have m / a0 =m / ^Q. To see this consider a 'z0=a0-inv(/30) =» m '(a'Z0) =

= m , (a()-inv/30) ==> (m/ a ')z()=m , a0- m'(inv/3Q) ^  0 = m / aQ- m'(inv£ )
** *
=> 0=  m'o^- inv(m'P0) => m 'a =m 'p .

** because C' is exact at G ', *** because m' is a morphism.

Lemma 2.2. Homotopy is an equivalence relation.
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Proof. To prove that homotopy is an equivalence relation we have to 

prove that if a, p, y are morphisms between the crossed complexes C, C ' 

then we have:

1) <x=a Va

2) If oc=p ==> p=a Va, p

3) If ot=p and p=y ==> o&y Va, p, y.

1) To prove now a=a Va, we take ZQ=1 and zk=0 for k^l. Then we have

1) a 'z Q = a^l = l and aQinv(a0) = l  therefore a,1Z0=aQinv(a()).

ii) d'2z 1=d'20= l  and inv(a1)-inv(zoa1)-a 1=inv(a1)-inv(la1)-a 1=

=inv(a1)-a 1 = l. Thus a^Z1= inv(a1) ■ inv(ZQai ) •

iii) (ak+i V  + ̂ k-iak)= ^ k + i0  ̂+ (0ak)=0 Also ak+inv(ak)=0- Thus we take 

ak+lSk+Sk i ak=ak+ n̂v âk^ Therefore a=a Va.

2) Let suppose that a=|3 to prove p=a. But a=p means that the following 

holds: a,1z0=a()inv(|30), a^ = im (p ^  • inv(ZQai ) • a^ and also

8i +i V  te2-
Now we consider the arrows z^ = inv(zo), zk = inv(zk), k^l. We have now

i) a jz j  = a ' (inv(z0) ) = inv(a 'ZQ) = inv(a0 • im pQ) =pQ • inv(aQ).

ii) a^zj =a^(inv(z1) ) = ^ ( 8 ^ )  sinvCinvOp • i n v ^ a ^  -a ^  =

= inv(ax) • inv(inv(zQai)) • inv(inv01)) = in v ^ )  • (zQai ) • p%.

iU> + Sk-l8k = 8 ' k t l ( iny(SkW+ in v (Zk-P ak =

=  inV<a i  + l Sk> + iny(Sk-iak) = inv(8ic + lEk + Zk .l8k> =

= inv(ak + inv(£k) ) = inv(inv(/3k)) + inv(ak) = Pk + inv(ak).

Thus we have that p=a.

3) If a=/3 and p=y to prove that <x.=y. Since a=/3 we have the relations 

* 1 V  “o' inv( V ’ ai z i  = inv(^ i)-inv(zoaP ' ai ’ and
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9 k + l S k +  S k i a k =  a k +  ’n v (^k^’ ^ S0 S*nCe P ~ r  W e ^ a v e  t î e  f o l lo w in g

relations a ^ = p 0*inv(y0), a ^ Z '^ n v frp -im ^ zj^ )-^  and

ak + l2k + 2k i 5k= ^k+ *nv^k^’ ^ 0W we conslcler th6 following arrows

L = z -z' L = Z ' +  z ,  and L, = z , + z '  k^2. Then we have 0 0 0 1 1 1 k k k

i )  r 1L 0 = 3 i ( 2:0 - ^ ) = a i z 0 - a ; r = « 0 -in v ((?0 ) - P 0 - m v ( r 0) = « 0 - m v ( r 0 ).

ii) a^L1= a '( z ; + r 1) = a ^ i .a 'z 1=

= inv(» t ) • M z ^ a p  • 0; • inv(gj) • in v fz ^ )  • otj =

“ invfrj) • in v f z ^ )  • inv(z()ai ) • otj= inv(r x) • i n v O ^ )  • *y

a i > a U 1L k = a k + i ( s k +  z P = a L A +  W i  a n d

L k -ia k = < Ek - i+  I k - i ) s k ‘ s k - A +  Ei - i a k- 

Thus we have the following

ak+i V  Lk-iak= ak+i V  ak+iEk+ s k-iak+ s k-iak=

= ak+l2k+ Zk-iak+ ak+l2k+ 2k-iak=ak+ invOk)+Pk+inv(3rk) = 

=ak+inv(yk), k^2.

Therefore 1, 2, and 3 prove that homotopy is an equivalence relation, g 

Lemma 2.3. I f  <p:X— dJC is an arrow in £ and the free group, F(X), on X  

acts on C then the arrow <p can be extended to a derivation F(X)— >C. 

Proof. To see this consider the semidirect product C xF (X ), the short 

exact sequence

0 >C >CxiF(X) >F(X)-------->0

and the diagram

4' •
->C------- -> C x]F(X)------- ->F(X)-------- X)

x  “ T ^ T >F<X)
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We have the arrows incl:X— >F(X), g= <^,incl>:X— >CxF(X) and since F(X)

is free on X there is a unique homomorphism f:F(X) >CxiF(X) such that

f(incl)=<<p, incl>. On the other hand we consider also the arrow 

p:CxF(X)— >C (the projection on C) which is a derivation because of the 

way we have defined the semidirect product. Therefore we have that 

CxiF(X) acts on C , the arrow p:CxF(X)— >C is a derivation and the arrow 

f:F(X)— >CxF(X) is an F(X)-module homomorphism. Hence pf:F(X)— >C is 

the unique derivation that extends the arrow <p:X— >UC such that 

(pf)incl=<p. |

Proposition 2.4. Let C be a free crossed complex on projective

generator objects with Q =coker(d and let C ' be a crossed resolution 

o f Q '; let further a,(3;C— >C' are morphisms o f crossed complexes. I f  a 

and £ induce the same homomorphism <p:Q— ><2' there is a homotopy Z:a=f3. 

Proof To prove this proposition consider the following diagram of 

crossed complexes and their morphisms.

x

a„

-4C„ -4CL

<r

-4G-
m

r ' -3
*3

-4C'-2
92

-4G'-
m

-»Q-

^3 j. “̂ 2  
ke r 3^

0 2 i  “ x
k e r 3 ' P 1 . i  , “ ok e r m po

V / 1 
/■

i\

X \ ' V

<P

-X)

-40

Let X be a projective object in £ that generates G, so G is projective. 

We have that m/ a0<r=m'/30(r => m '(a 0<r-inv(/30<r)) = l. Thus the arrow 

(a0<r) • inv(P0<r) must be factored through the kernel of m '. In other
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words we have that (aQcr) • inv^cr)=k2k3. (1) We also have the arrows

k3:X >kerm' and k1:C'1 »kerm'. Because (by hypothesis) X is

projective there is an arrow k4:X— >Ĉ  such that k1k4=k3> Hence (1) 

becomes (a()cr)-inv(30«r)=k2k3=k2k1k4=ajk4 =» (a0<r)-inv(/30<r) = a 'k 4 (2)

We have the arrow k4:X >UC  ̂and F(X)=G acts on C^. Thus the arrow k4

according to lemma 2.3., on page 52, can be extended uniquely to a

derivation £Q:G >C' such that = k4> (3) Because of (3), (2) becomes

(a0<j')-inv(P0<r) = a,1k4=a/1s0o- => (a0inv(30))o-=(a,1s0)o' and since these two 

arrows agree on X, and X is a generator object of G they agree on G. 

Therefore we have a0inv(/30)= a '£0. Now since a^C^— >G is a free crossed 

module on projective generator let t:Y— >UG be the projective object in 

GS'UG that generates it. We consider also the arrow

wt = (inv(p1)-inv(£()ai)-a1)t:Y---- >0  ̂ so we get

a '^ in v ^ ) • in v ^ a p  • a ^ t=a '^ in v ^ t) • in v ^ ^ t)  • (a^t)) =

=a'1(inv(f31t»  • a '^ i n v ^ t ) )  • a ' ^ t ) =M a '^ t )  • in v C a '^ t)  • (a'<xQt) =

=in v O ^ t)  • inv((aQ • i n v ^ ^ t )  • ( a ^ t )  =

=inv(/3()a1t) • inv fta^ t) • in v O ^ t)  • ( a ^ t )  =

= in v fa ^ t)  • invtfnv^fljt)) • in v fa ^ t)  • ( o ^ t )  =

=inv(/3()ait) • ( p ^ t )  ■ inv fa^ t) • ( a ^ t )  = 1.

Therefore the arrow wt = (inv(p )-inv(E0a )-a )t:Y— >Ĉ  must be factored 

through the kernel of a^. This means that we have 

«t=(inv(pj) ■ in v ^ a p • a ^ t=C2<3- (4)

From the arrows <3:Y— >kera ,̂  »kera^ and the fact that Y is

projective there is an arrow A:Y— >C'2 such that CjA=C3. (5)

Hence, because of (5), (4) becomes
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«t = (inv(P1) • in v ^ a p • a^t = C2C3 = C2C^ = a^X. (6) 

Consider now the diagram

and the arrows a ^ Y — >G, 0:C2— >G'. Since we have the arrows a^,

where d^-Cl— >G is the free crossed module on d^t, and
a t  o

(A,a ):(Y------- >G)----->(C2------ »G') there is a unique G-homomorphism

 >C‘2 such that (7) Now, because of (7), (6) becomes

wt = a2x = a 2zi t and since the two arrows agree on a ^ Y — >UG which is the

generator object of the free crossed module 3 :CX— >G they agree on a .

Therefore we have that a ^  = in v ^ )  ■ in v ^ a ^ )  • o^.

Next, let Z  be a projective generator of C2 and consider the arrow

Tfv = (a2• inv(z a )-inv(p ))v:Z----->C2. We get then

a2((«2‘ inv(Sia2) ' inv(P2)y) = (a2a2U) ’ (d2iny(Zld2 ^ ' (d2iay(p2 ^  =
= (d'2a2v) • in v (a ^ i a2v) • inv(a^P2v) =

= ( c t^ v )  • invCCinvOj) • i n v ^ a ^  • a j d f )  • i n v ^ a ^ )  =

= ( a ^ v )  • inv(inv(Pja2v) • i n v ^ a ^ v )  • ( a ^ v ) )  • m v ^ a ^ )  =

= ( c t^ v )  • inv(ai a2v) • • (P fav) • i n v ^ ^ v )  = 1.

Thus the arrow art = (a2 ■ i r n ^ I ^ )  • inv(/32))t must be factorized through
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the kernel of d'2. In other words we have tfv - 828y  (^)

From the arrows v.Z  >C2, s^iZ  >kerd2 and the fact that Z is a

generator object of C2 there is a unique Q-homomorphism 8 ^.C2 >ker32

such that (9) Because of (9), (8) becomes *t'  = 5263:=52^3i;‘

Once more from the Q-homomorphisms S y C 2 >kera2,  »kera2

and the fact C2 is projective there is a Q-homomorphism denoted by 

s2:C2— >C' such that 6 ^ = 6 ^  (11) Because of (11), (10) becomes 

kv=828 ^ = 8 /̂ ^ L ^  = a,̂ L ^ , and since the two arrows agree on Z, which is 

the generator object of C2, the agree on C2. Therefore we have

33S2 = ? = V inv(,32>'inV(Zia2> "* 33Z2+ El32 = “2 'inV032)-
Continuing this process we take finally a homotopy £=(2:k:fc=0) between

a and p. |

Proposition 2.5. Let Cf1 be a free crossed n-fold extension on 

projective generators with Q -coker(d^ and let e ' be a crossed n-fold 

extension with Q' =coker(d,]). I f  (<r, a, <p) and (x, (3, <p) are morphisms 

Cn— >e' o f crossed n-fold extensions with the same right end <p, then 

there is a homotopy £ :( c r , a , <p)=(x, ft, <p).

Proof. Since, as we have observed, the crossed n-fold extensions are 

special cases of (exact) crossed complexes and the proposition 2.4., on 

page 53, is true for crossed complexes it is also true for crossed 

n-fold extensions. f§

Proposition 2.6. The set Hom(Q,Q')  classifies the homotopy classes o f 

morphisms C— >C' (resp. o f morphisms Cn— >e') with the same right end. 

Proof. This is obvious because to different right end homomorphisms 

correspond different homotopy classes of morphisms C— >C\ g
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Corollary 2.7. Any two free crossed resolutions on projective 

generators o f a group are homotopy equivalent.

Proof Let C, C ' be two free crossed resolutions on projective 

generators of a group Q. If we consider as right end homomorphism <p the 

identity on Q (1q :Q— >Q) then because of proposition 2.5., on page 56, 

there is a homotopy £:<x=/3. Thus any two free crossed resolutions on 

projective generators of a group are homotopy equivalent. |
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3 Opextn-Groups and Cohomology

In this paragraph we finally prove that the set of equivalence 

classes of crossed n-fold extensions of A by Q constitute an abelian 

group isomorphic to Hn+1(Q,A)-

Let Q be a given group and let

9 , 8  9 8 - 9 ,
C;. • — -̂>C • • •  iC - l i C  — k*F------->Q--- »0

n n-1 2 1

be a free crossed resolution on projective generator objects of Q. For 

any Q-module A we consider the complex

Hom(C,A): Der(F,A)—»Hom p (C 1 ,A )^H om  (C 2 ,A)—> ■ • *

Definition 3.1. We define cohomology as follows

H°(Hom(C,A)) = Der(Q,A) , Hq(Hom(C,A)) = Hq+1(Q,A) q^l

We divide the crossed n-fold extensions of A by Q (n^l) into classes 

as follows: Two crossed n-fold extensions e, e ' of A by Q are related 

if there is a morphism (l,a,l):e— of crossed n-fold extensions.
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This relation generates an equivalence relation which we shall denote 

by '=" and is defined as follows:

Definition 3.2. Two crossed n-fold extensions e, e' of A by Q are 

related, e=e' if there are a crossed n-fold extension e" of A by Q and 

morphisms (l,a ,l):e"— >e, ( l,a ',l) :e "— >e'.

Proposition 3.3. The above relation "=" is an equivalence relation.

Proof. We have to prove that the relation "=" is:

1) reflexive, (i.e., e=e, ve)

2) symmetric, (i.e., if e=e' then e'=e, Ve, e ')

3) transitive, (i.e., if e=e' and e'=e" then e=e", v e ,  e ',  e").

1) If e: 0— >A— >Bn_1— > • • • — ^B1— >G— >Q— >0 then we consider 

e"= e and the morphism ( l ,l^ ,l) :e " — >e. This means that there is a 

crossed n-fold extension e"= e of A by Q together with the morphisms

->e, ( l , l^ ,l) :e " — >e. Thus the relation is reflexive.

2) If e=e' then this means that there is a crossed n-fold extension

e": 0— >A— >rn_1— > ■ • • — >r1— >G"— >Q— >0 of A by Q together

with the morphisms (l,a,l):e"— >e, (l,a ',l):e"— >e', which by 

definition 3.2. means that e'=e. Thus ’=" is symmetric.

3) Assuming that e=e' and e ' =e" there are crossed n-fold extensions,

z ':  0— >A— >Cn_1— > • • • — >CJ— >C°— >Q— >0

z": 0— >A— ^F0"1— > ■ • • — >FX— >F°— >Q— >0

of A by Q together with morphisms (l,g ,l):z '— >e, ( l ,d ,l) :z '— >e' 

and (l,f,l):z"— >e', (l,h ,l):z"— >e". In other words we have the

following diagram of crossed n-fold extensions of A by Q
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We consider the pullbacks of the arrows d.iC1— >D‘ and f.iF1— >D‘,

i=0,l,2,...,n-l. in grp(G). Then since dn x=fn l v=fi and the square

(En"1,Cn'1,Dll‘\ F i1' 1) is a pullback there is a unique arrow 7r:A— >En’1
ii 1 n Xsuch that s ,n ~ x  and t .n = v, where s ,:E  "  >C " andn-l n-1 n-1

n 1 n 1
t ,:E  ‘ — >F ' . Furthermore, since we haven-1

n i n 1
d „ ? ' s  = s f A = f jp  ,t  . (because of the commutativity ofn-2 n-1 n-1 n-1 n-2 n-1 n-1 v J

the diagram) and (En"2,Cn‘2,Dn"2,Fn‘2) is a pullback diagram there is a

unique arrow en' 1:En"1— >En’2 such that vn_1sn j = sn 1 and also
n 1 r» 1

<p ' tn 1 = tQ 2c " . Continuing this proccess we get finnally a crossed 

n-fold extension of A by Q

z; o------>A---->En'1- ^ ^ E n'?-> • • • — >EJ—^->E°— --------- >0

Consider the arrows w .^g.s.iE1— >B* and v^h .t.iE 1— >H‘, i = 0,...,n-l.i i i l l
There is a crossed n-fold extension z of A by Q and the morphisms

( lA,w ,lQ):z >e, ( lAv ,lQ):z------ >e". We conclude that e=e". |

The equivalence class of e is called the similarity class and is

denoted by [e]. Let e be a crossed n-fold extension of A  by Q. If C is

a free crossed resolution on projective objects of Q by proposition



1.7., on page 45, the identity arrow of O lifts to a morphism

C:

e:

->c
v

->A-

->Cn-1 ->C„ ->c. ->F- ->Q-

a  . o' a .n-1 2 1 0
t \ * ' * \ / 4#

Q
->An-1 -»A, ->A. ->G-

In view of the above v  represents a class [v]eHn+1(Q,A). If C is 

replaced by Cn then the above induces a morphism (i>,a,l):Cn— >e of 

crossed n-fold extensions. On the other hand given a crossed resolution 

of Q and an arrow v:Jn— >A (veHom(Jn,A)) we correspond to v  a class of 

crossed n-fold extensions of A by Q as follows:

Consider the pushout of v.J — >A and y:J — >A where J =ker(a .)r  n n n-1’ n v n-17

3 -.C rn-1 n-1

->Q-

-X)

-X)

and the arrows d ,:C ,— >C „, 0:A— >C_ „. Then the square

n - i , v

"n-2’

^ 4 c  ~ i c  Tn-1 n-2 n-3

"n-2*

-»c„ '■*C. ->F- ->Q- -X)

(A,Cn 2,Cn 15Jn) commute (i.e., an l ^ = ̂ ) -  Because the square 

(JQ,Cn 1,Cn 1 v,A) is a pushout diagram there is a unique arrow 

t:C  ,  >C .  such that rn = d . and xA = 0. Therefore since xA = 0, then -l,v  n-2 n-1

arrow A must be factored through the kernel of x, that is 'V = C2C1- Then
*

we get Im(A) = Im(<2Cx) = Im(ci ) = kerx. (* because C2 is the inclusion and 

is an epimorphism). Thus the chain

^00— >A— >C  >C — >n-l,i> n-2 ^C2 >CX >F >Q-

is exact at C , , C ,C,, F, Q. It remains to show that itn -l,v’ n-3 ’ 1’
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is also exact at C .. To do this (i.e., Im r=kera .) it suffices ton-2 v n-2'

prove that Imx = Iman l  since Ima^  ̂= kerdn2 (because Cn is exact at

C A  We observe that Im r = Ima , because of the commutative diagram n-2' n-1 °

n -1x n-2n-1

C , n - l , v

Thus the chain

0 >A >C .  >C . — > • • • --------------  >C,--->F------ >Q----->0n-l,v n-2 2 1

is exact also at C ~ and therefore is a crossed n-fold extension of An-2

by Q, which is denoted by vC™. Hence we have defined a  map between 

Hom(Jn,A) and the set of equivalence classes of crossed n-fold 

extensions of A by Q.

We claim that this map is surjective, for the following reason. Let 

[e] be an equivalence class of crossed n-fold extensions of A by Q, let 

e be a representative of this class, and consider a proper free crossed 

resolution on projective objects of Q. In other words consider the 

following diagram

C: • • ■  >C  >C Z »C =— > • • ■  >C  >C  >F >0---- >0n n-1 n-2 2 1

?l  K - i  l “ - 2  h  1 “> l ao 11
e: 0----- >A------ >A -— >A ^— > • • • -----»A ----->A .----->G----->Q--- >0n-1 n-2 2 1

The identity arrow on Q (i.e., Iq^Q— >Q) lifts to a morphism of crossed 

n-fold extensions. In view of the above <eHom(Jn,A). We take the
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pushout of the maps < and v, so we have a crossed n-fold extension of A

0---- >A-

'n-1 -*Cn-2 >Q >0

T
-̂ C

n-1 ,C

by Q, denoted by <Cn. We claim that £Cn=e. We have the arrows

>A „ A >A . such that the square (J ,C .,A  ,,A)n-1’ n-1 n v n’ n-1 n-1’ 7a  ‘C  n-1 n-1

commute. Because the diagram (Jn,Cn 15Cn 1 ^,A) is a pushout there is

a unique arrow 3n 1:Cq x ^ >Aq x and therefore there is a morphism

(l,3,l):CCn— >e of crossed n-fold extensions which is described by the 

following diagram

C C : 0------ »A- ->Cn -lX

* n -l

->Cn-2

3n-2

-»F-

->A >An-1 -»An-2 ->A
2 1P1
 ̂ >A — ->G-

>Q >0

>Q >0

Thus the well defined map between Hom(Jn,A) and the equivalence classes 

of crossed n-fold extensions of A by Q is surjective. Thus we deduce 

the following proposition 3.3. from the above arguments.

Proposition 3.3. Each equivalence class o f crossed n-fold extensions 

o f A  by Q has a representative o f the form  vCn. @

It is now clear that the abelian group Hom(Jn,A) maps onto the classes 

of crossed n-fold extensions of A by Q. Consequently these classes 

constitute a set which is denoted henceforth by Opextn(Q,A) and the map 

is Hom(J ,A)si>i— >vCneOpextn(Q,A).
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Now given two crossed n-fold extensions e, e7 of A by Q we construct 

their Baer sum as follows:

Let

e: 0 >A >A  >A  > ■ • •  >A_----->A.----- >F----->Q----- >0
n-1 n-Z Z 1

e7: 0 >A >A7 ----->A7  > ■ • •  »A7----->A7----->F7— >Q------ >0n-1 n-Z Z 1

be two crossed n-fold extensions of A by Q. Consider the pullback of 

the arrows F >Q and F 7 >Q and also the direct product of the

A x A ------ »A „x A 7
n -1  n-1

* a

->A x A 7 -  
n-z n—Z

»Axx A^ >F >F'

F  >Q

objects of the crossed n-fold extensions e, e7 with the same index

(i.e., A^xA^ l<k^n-l and Ax A). Next consider the arrow AxA— >A

(the codiagonal arrow) and the pushout of the arrows AxA— >A,

(r ,r '):A xA — >A .x A 7 .. Thus we construct a crossed n-fold v 7 n-1 n-1

extension of A by Q (as we have already described it above) which is 

called the Baer sum of e and e7. Moreover the Baer sum induces an 

operation on similarity classes, and the surjection

Hom(Jn,A) >Opextn(Q,A) is a homomorphism with respect to

the Baer sum. (i.e., ( f i+ v )C n=/iCn + vC n, fi, veHom(Jn,A)) To see this we 

consider the following diagrams
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a  1 5  <■>

Cn: o >j  >cn n-1 n-2
71 /*

0 >A >Cn-l,fi

a2 91 -^C2— = ^ C —  >Q >0

nC”: 0 >A >C ,  >C . — >n-l,fx n-2 ->C2---------  >F----->Q----- >0

3 , 5 „
Cn: 0 >J  >cn n-1 n-2

17

o »A >Cn-1,17

a a 
->C2— — =->F------ >0------->0

i7Cn: 0  >A >C ,  >C T—>n-1,17 n-2 -*C2---------  >F----->Q----- >0

C : 0 >J  >C , — ->C =— >n n-1 n-2

f i  +  17

0 >A >C
v  V

n-1, (fi + 17)

0

-^C2------ >C1------ >F------ >Q------->0

((i+i7)Cn: 0—^ A — >C w  =-7 n-l,(n+i7) n-2 '2 1
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To construct the Baer sum of uCn and i>Cn consider the following

diagram

I I I
0 >A »P F  >Q

0

uCn + uCn: 0— >A— >P— >C -X C^ n-2 n-2 Cx— >F— >Q— >0

We have (u+ v)CR=uCn + i>Cn, since the identity arrow of Q may be extended

to a morphism (1,^, -+- v>)Cn =>jiCn+ vCn of crossed n-fold extensions

of A  by Q. Consequently under the Baer sum Opextn(Q,A) is an abelian 

group with zero element 0Cn (i.e., the image of the zero arrow

0:Jn— >A) and Hom(Jn,A) »Opextn(Q,A) is an epimorphism of

abelian groups.

Lemma 3.4. Let v:Jn— >A be an operator arrow which may be extended

over C . to: n-1

i) a derivation F— >A if  n = l

ii) an F-map — >A if  n= 2

iii) a Q-map C ; ^— >A if m 3

Then the exact sequence 0— >A—  ̂ y ^  splits, (i.e., there

is a section /  j 1— >C j  ̂v which is a crossed homomorphism for n= l, 

an F-homomorphism for n - 2  and a Q-homomorphism for m3).

Proof. Consider the following diagram
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Since i>:J — >A can be extended to a Q-arrow u:C —̂>A the exactn n-1

sequence 0— >A— >Cr 1 jj—>Jn j—*0 splits on the left. In other words

there is an arrow k:C , — >A with k y '= l A. We define this arrow asn-l,v A

follows: k:C 1— >A is such an arrow that ky' =1 . and kfi=u. Then we n -l,v  A

observe that the arrow 1„ • inv(y'k):C „— >C „ has the
n - l ,v  n' ^

property

( l c  - in v ^ 'k ))* ' =y ' • in v ^ 'k )? ' =y ' • inv(y 'k7 ' )  = x 'm v(y ' 1 ) = 
n -l,v

=?' •inv(y')=0. Thus there is a unique arrow 1:J -—>C „ suchv 7 n n-1 n-l,i>

that 1„ • inv(^'k) = l^. Now we have that
n-l,i>

#(1 • inv(7 'k ))=#l#  => ^•inv(i?(3' / k))=i?li> => ^■inv((^y/ )k)=^l^ =>
n-l,v

*
=> => l j  = #1 (* because # is epi, so it is right cancelable),

n- l

Thus the exact sequence

E: 0----- >A----->C ,  >J -— >0
n -l,v  n-1

splits. |

If now given an operator arrow v>:Jn— >A the exact sequence E  splits (as 

in lemma 3.4., on page 66) there is a morphism (l,a,l):i>Cn— >0 of



crossed n-fold extensions where 0 denotes

0:0— »A ~ >A— >0— >0— > • • • — >0— »Q ~ >Q— >0

and so we have

i>Cn: o >A >cn-l,v n-2 -*C2------>C1 > F------->Q------ >0

0------ >A- ->A- ->0-
I

->0 >0- ->Q >Q >0

Hence vCn and 0 are equivalent. Since 0 represents [0]eOpextn(Q,A) so 

does vC n. The above lemma 3.4. characterises the kernel of the 

epimorphism $:Hom(J ,A) »Opextn(Q,A)- But since

0— *J - ^ C  Tn n-1 n-2 >F—^ Q -^ 02 2

is an exact sequence we have that the following sequence is also exact

Hom(F,A)- »HomF(Cn l ,A) >Homn (Jn,A)Qv n’

and the cokernel of Homp(Cn pA)----->HomQ(Jn,A) is the cohomology group

H n+1(Q,A). Thus we have that 

Hn+1(Q,A) = Hom(Jn,A)/ker$ = Opext“(Q,A)- Therefore the following 

theorem has been proved

Theorem 3.5. The map $ :H n + \Q ,A )— >Opextn(Q,A) is an isomorphism o f  

abelian groups. In other words the set o f equivalence classes o f 

crossed n-fold extensions o f A  by Q constitute an abelian group 

Opextn (Q,A) naturally isomorphic to the cohomology group H n + 1 (Q, A). 

The group operation is given by the Baer sum. The zero element o f this 

group is the class o f crossed n-fold extension 0, whereas the inverse 

o f the class o f
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(e): 0 >A&L>C — >C — > • • • ----->C,----->C7----->F----->Q----->0' ' n-1 n-2 2 1 ^

i s  t h e  c l a s s  o f

(-e): 0 >A&Xc -7— >C • • • ------ >C.----->C,----->F----->Q----->0' '  n-1 n-2 2 1 ^
Corollary 3.6. The set o f equivalence classes o f crossed 2-fold

2
extensions o f A  by Q constitute an abelian group Opext (Q>A) naturally

1
i s o m o r p h i c  t o  t h e  c o h o m o l o g y  g r o u p  H  (Q > A )-

Proof This is a special case of the theorem 3.5., on page 68, 

for n=2. |

Example

The above theory can be applied in presheaf categories.
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CHAPTER III Cohomology in the presence of injectives

In this chapter consider G to be a category with countable colimits, 

finite limits, such that the pullpacks preserve colimits, and every 

morphism in G can be factored as the coequalizer of its kernel pair 

followed by the equalizer of its cokernel pair. We suppose also that 

G-mod(G) has enough injective objects. In his paper, see [19], 

Grothendieck proved that in a Grothendieck topos any G-module can be 

immbeded in an injective G-module. Moreover, because of theorem 1.14. 

on page 17, G has a free group functor.

1 The relations between Crossed n-fold 
Extensions and Cohomology.
The Isomorhism O p e x t 2( G , A ) = H 3( G , A )

Lemma 1.1. Every G-module M  in G has an injective resolution.

We divide the crossed n-fold extensions of A by Q (n^l) into classes 

as follows: Two crossed n-fold extensions e, e ' of A by Q are related 

if there is a morphism (l,a,l):e— >e' of crossed n-fold extensions. 

This relation (as we already know from proposition 3.3. on page 59)
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generates an equivalence relation which we shall denote by 

Lemma 1.2. For every crossed 2-fold extension o f A  by G, denoted by 

e: 0— >A-—>X-@->C-̂ ->G— >0, there is a free crossed 2-fold presentation 

e: 0— >A-^X-@->C— >G— >0 which maps onto it.

Proof Consider the free presentation N—— >C—^-»G of the group G,

which is defined as follows: Consider the epimorphism r.C— >G and

the free group on UC denoted by F(UC)=C, where U:Grp— >Sets is the

forgetful functor. Then z:C— >G is an epimorphism of groups and

N is its kernel. Consider the forgetful functor U and its left adjoint 
u

F, that is grp^G ^Sets^G. From the counit of the adjunction, denoted

by sg :(C=F(UC)-^>G)— >(C-^G), we get a homomorphism f:C— >C of 

groups with yf=y. If now v:N— >C is the kernel of v then we have 

*fv = * v = 0. Therefore there is a unique homomorphism of groups p:N— >N 

such that vp=fv. Consider next the pullback of the group homomorphisms 

m:X— >N and p:N— >N, that is, a group D and two group homomorphisms 

r:D— s:D— >X with pr=ms. Construct now the free crossed module on 

vr:D— >C, denoted by £:X— >C (cf. page 30). We have that the morphism

( D - ^ C ) ------->(X -— >C) is monic and the square (D,C,C,X) commutes

(i.e., fvr=/3s). By construction X  >C is free on vr yielding a unique

homomorphism g:X— >X with /3g= as crossed modules. Let also a:A >X

be the kernel of p. We have IBga = fpa = 0 and therefore there is a unique 

group homomorphism h:A— >A with ah=ga. From proposition 2.5., on page 

22, we know that the abelianization of X, XAb is an ordinary 

Cx£(X) l _module free on D. Moreover the homomorphism aAb: A— >XAb is a
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monomorphism and we have the following commutative diagram

-r OL —
A  >X

-A b  a

X

O'
Ab

Remark

Consider an injective resolution of the G-module A, denoted by

X :  0— >A-^—̂ Y > Y1— Y2 > • • • ---- eY" -- - —>Yn+1— > • • •

and the cokernel of k, denoted by A:Y— >B. Moreover consider the
— A * L Al

homomorphisms h:A— >A, a :A— . Since a  is a monomorphism of

C-modules, there is a homomorphism of C-modules tAb:XAb— >Y such that

ich=tAb aAb. If t = tAbo-:X— »Y, this implies that ta=ich.

Consider now the categories, G-mod (the category of G-modules),

Cat (the category of small categories) and Sets (the category of sets)

together with the functors Opecct (G,-):G-mod >Cat, and 7r0:Cat >Sets

where 7rQ(3) is the set of connected components. The composition of the

two functors nQ and Gp&ct (G,-) defines a new functor, denoted by

Opext2(G,-):G-mod >Sets.
2

For the functor Opext (G ,-) we have the following

Lemma 1.3. The functor Opext (G,-):G-mod >Sets preserves finite

products.

Proof To see this it suffices to prove that

nQ(Op&ct2(G,AxA' ))-nQ(Gpea±2(G,A))xn^(Ofiecct2(G ,A ')) (1)

for any two G-modules A, A '. Consider a crossed 2-fold extension of
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AxA' by G 0— >AxA' >X--—->C-—->G— >0 together with the projections

prA:AxA' >A, prA, :A xA ' >A'. We first construct the so called

pseudopushout of a and prA which yields a crossed 2-fold extension of 

A by G, denoted by
a*

0- ->A-----—>X„----^ C - ^ G ------->0

Considering the homomorphism

<inv(prA),a> :A xA ' >AxX, its cokernel cr:AxX we see that

<0,a> = < 0 ,lx >a=  <inv(prA),a> • <prA,0> = <inv(prA),a> • < lA,0>prA. 

It follows that

<r<0,a> =<r<inv(prA),a> *o-<prA,0> ==> g1a=<r<0,lx >a=o'< lA,0>prA=

= a lP rA ’ w ^e r e  oci =a' < 1 a ,®> an(  ̂g i = ° ' < 0 .1x > - t îe n  ^ a v e  t î e  m o rP h ism  

of crossed 2-fold extensions

0-------- >Ax A ' --------->X-----!— >C— 2---->G >0

Similarly we construct the pseudopushout of a and prA, following 

exactly the same procedure as above which yields an analogous crossed 

2-fold extension of A 'by G denoted by

tt2 ^2 "X0------ >A' — ^ X 2— ^ C —^->G------>0

and a morphism of crossed 2-fold extensions

0---------->AxA' — — >X----- ^->C------- ------»G------- >0
prA ' h.

^2’ ° "*A a '“ 2 p.->X„

G

->G--------->0
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Consider the product of the crossed 2-fold extensions < , c2>

a  x a  P.xf i  Tfxy
0 >AxA' ■ 2 >X . xX„ —  >CxC--------)GxG------1 2 -*0

the diagonal arrow Ag :G— >GxG and take the pullback of AQand yxy. Then 

we have a crossed 2-fold extension of A by G

1i : °- -»AxA' •
a

A x A '

<2= *-

->X- -£ >C  ----->G- -X)

h l xh2

A x A '

0 ->AxA' •
G

>GxG X)

—> A x A '----------- >X. x X . ------------- >S-------~----->G---------- >0a  x a  1 2 <p 8
1 t

» X l xX 2 -
 » X ,x X ,  0 p )CxC--------1 2 yxy

We have Ag 1q 3t= =  (yxy)Ac  and since (S,G,GxG,CxC) is a pullback 

square there is a  unique homomorphism f:C— >S with tf=Ac  and 5f= 1 ^ = * .  

Thus the crossed 2-fold extensions lj and 12 are equivalent.

h ' l2  <2 >

Next consider two crossed 2-fold extensions of A by G,

m ^ 0->A— —@—>C— >G------------- >0

m2: 0------ >A' —^—>X' —@—>C' —^->G----- >0

Their product together with the diagonal arrow ag :G >GxG and the

pullback of the arrows AQ and yxy yield a crossed 2-fold extension m3 

of AxA' by G.

^ A x A '- ^ + X x X '- * - ->K- ~>G- -̂ 0

A xA '
0 ->AxA' -

A X xX ' I1 G
 r ->XxX' 0 a , >C x C '-------ax  a  (3x0 j x t f ->GxG- -X)
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With m3 the crossed 2-fold extension and prA the projection we

consider the homomorphism <inv(pr ),axa' > :A xA ' >Ax(XxX') and its

cokernel <r' :Ax(XxX')------>Zr  The pseudopushout of axa' and prA yields

the crossed 2-fold extension m^ of A by G. Consider next the

homomorphism jux (<xxprx ) :A x (X x X ')----->X.

We get (iix (axprx ) < inv(prA), a x a '> =|ux (inv(a)xa)=inv(a)-a = 0.

Because <r' is the cokernel of <inv(prA), axa' > there is a unique 

homomorphism p ^ Z j— >X such that p ^ '  =Mx (axprx ) which implies that 

Pia i ==a' Therefore there is morphism between the crossed 2-fold 

extensions m4 and m^ which implies that m4 and it̂  are equivalent.

m = m . 1 4 (3)

The equivalence is described by the following diagram

0 > Ax A' — » X x X ' — —

m 0-  4

n^: 0-

Pr ,
-->A- -*Z

A
—>A a ^X-

-7>K-

K
-»K-

->C-

->G-

G
->G-

G
-»G-

-M)

-X)

-X)

Similarly, with m the crossed 2-fold extension and pr , the projectionj  J\
we consider the homomorphism <inv(prA,), a x a '> A x A ' »A 'x (X x X ')

and its cokernel c r" :A 'x (X x X ')----->Z2. The pseudopushout now of a x a '

and prA, yields the crossed 2-fold extension of A ' by G
oc„

m 5:0----- >A- X>K-
0

->G-----»0

which by an analogous argument as above is equivalent to m .

m2Sm5 (4)
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->AxA' aX(X/ >X x X '— — >K ^ >G---------- >0

p fA

XA

1 1'2 I‘k 1
m5: °— ^ — 50

1 .h  r  1

*G

*G
m • 0---------- >A---------- 7----- >X------- ^ — >C---------- — >G---------- >02 a  /3' y

. 2/

From (2), (3) and (4) we have that (1) holds. §

From lemma 1.3., on page 72, we see that O pexC(G -) is an additive 

functor and therefore preserves abelian groups. We shall prove that 

given a G-module A there is MQ:Opext2(G,A)—=1—>H3(G,A) an 

isomorphism between the abelian groups Opext (G,A) and H  (G,A).

Let us consider an injective resolution ft of A (see page 72) and let

A:Y >B be the cokernel of k. Then we have the short exact sequence

of G-modules 0 > A v -  >0 which we shall call it the

truncated injective resolution of A coming from ft. Consider also a 

crossed 2-fold extension of A by G denoted by

0---- >A— >X—@—>C— ^->G----- >0.

By lemma 1.2., on page 71, there is a free crossed 2-fold presentation

of A  by G (i.e., 0 >A— >C— >G >0) which maps onto it.

Construct the map jj^:Opext2(G,A) >H3(G,A) as follows:



Denote the cokernel of a, by p:X »N. Since Y is an injective G-module

there is a homomorphism t:X— >Y such that ta=ich. We have then Ata= 

A»ch = 0 which implies there is a unique homomorphism wt:N— >B with 

u p  = At. Next take the homomorphisms q:N— >C, ^  and consider also the 

homomorphism < inv(wt),q > :N— >BxC, its cokernel <r:BxC— >R. We have 

then 9-(pr^)<inv(wt),q> =yq= 0 which implies there is a unique 

homomorphism s:R— >G (actually s is an epimorphism because both p r-, y 

are epimorphisms) such that scr=y(pr^).

B

— 4- _

N >B x)C »R

N   >C----------»G
q r

Consider also the homomorphism r=cr<idB,0>:B >R, which is in fact

a monomorphism because, if g:K— >B is its kernel then we have that 

cr<idB,0>g=rg = 0, which implies there is a unique homomorphism <:K— >N 

with <inv(wt),q>C= <idfi,0>g. Therefore qC = 0g = 0 and since q is monic 

we have that C=0. Therefore g=w^ = 0, which implies that r is a 

monomorphism.

We shall prove next that the sequence 0------>B> r >R—^-»G---- >0 is

a short exact sequence by proving that r is the kernel of s.

To see this we look at the following diagram
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k er(s )= 7 i

»BxC

r=<r<idg,0>

q y

Consider the kernel of s, denoted by ker(s)=n:K >R, and take the

pullback of <r and n. We have that sr=s<r<idB,0> =ypr^<idB,0> =0 which

implies that there is a unique homomorphism f:B >K with 7rf=r. (l)

We observe also that 0 = stc => 0 = smjj = scr(r' = y ( p r • Therefore there is a

unique homomorphism <:Z >N such that q< = (p r^o - '. We define the

homomorphism C:Z >B by ^= prB[(<wt,inv(q)>C)-o'']. We have

Cn= prR[( < wt,inv(q) > C) * <r' ]n=prB[( < wtC,inv(q)< >) • <r' ]n =

=prB[( < wtc,inv(q)< > )n • <r' n] =prB[( < wt<n,inv(qXn >) • < inv(wt),q > ] =

= prB[( < w{,inv(q) >) • < inv(w),q > ] = 0.

Therefore there is a unique homomorphism h:K >B (since n is the

kernel of </0 such that h^=C. It follows that

rC=<r < idfi,0 > prB[( < wt,inv(q) > <) • <r' ] =<r[( < wt,inv(q) > C) • <r' ] =
  *

= [(o'<wt,inv(q)>C)-o-o', ]=0-<ro'/ =mp (* because the square (Z,K,R.BxC)

commutes). Therefore m// = r£ = rhi// and since i/» is epi it is right

cancelable. Thus Tt = rh. We have by (1) nf=r =* Ttfh=rh=it and since ir is

monic it is left cancelable, therefore fh = l v . (2)Jtv
Also rhf=7rf=r and because r is monic it is left cancelable, that is,
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h f= lfi. (3) From (2) and (3) we have that K and B are isomorphic, thus

r:B >R is the kernel of s. Therefore to every element of Opext2(G,A)

there corresponds an element of H (G,B).
/

Lemma 1.4. ("Devissage") I f  0 >A >Q >A‘-----»0 is a short exact

sequence o f G-modules with Q an injective G-module then

Hq(G>A /)^Hq+1(G>A)

Proposition 1.5. The homomorphism Opext2(G,A)----->1?(G,B)=T?(GyA)

is independent o f the choice o f t and also o f the choice o f the 

injective resolution o f A.

Proof. Consider the crossed 2-fold extension of A by G, denoted by

0----->A-^—>X-^—>C-^—>G >0, its corresponding free crossed 2-fold

presentation 0----->A -“ - >X ^ >C y >G >0 and two different injective

resolutions of A with corresponding truncated injective resolutions

v f  0— >A>— Y—^ » B — >0, v2: 0—-* A v -^ Y ' —^1»B '— >0

In addition consider also the truncated injective resolution of A

v3:0 >A <k,k > >YxY' —— ----->0, where A:YxY' >B is the cokernel

of < k ,k ' > .  Then there are morphisms between v3 and V j ,  v3 and v2 

expressed by the following two diagrams

_ . <k,k' A ~0 >A   >Yx Y ----------->B---------- >0



V

V

. < k ,k '  >_. A ~
~>A— 1----->Yx Y '----------- »B-

A
—>A
I P r Y ' 

~ » Y '------ A'

n
->B '-

(2)
-M3

If we consider the free crossed 2-fold presentation of A by G and the 

two truncated injective resolutions of A v , v2 together with 

homomorphisms a, ich and a, «/h  respectively then because Y and Y '

are injective G-modules there are homomorphisms t:X >Y, t ' :X >Y'

respectively such that ta=ich, t / a=K/ h. Moreover consider also the 

truncated injective resolution v3> Then there is a homomorphism

< t,t '> :X  >YxY' such that < t ,t '> a =  < k,k' > h. We have the following

A<t,t' > o . - X < k , k '  >h= 0 which implies that there is a unique homomorphism

w< tt, >:N >B with >p = A< t,t / >. Similarly, since Ata =  Aich = 0, there

is a unique homomorphism « :N >B with wtp = At. It follows now that

nu<tt' >P = n^ < ht/ > =AprY<t,t' > =At=wtp and since p is an epimorphism

0--------- ->A--------   >X- ->c ->G- -X)

'I

CJC JC  >
N

< t , t' >

Y x Y '- ->B

->B

Let <r:BxC »K, cr:Bx£! »R be the cokernels of the homomorphisms

<inv(w< tt, >),q>:N  >BxiC, <inv(wt),q>:N  >BxiC respectively. There is
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a homomorphism nxl^rBxC >BxiC such that

nx l£< idg ,0>  = <idB,0>n, nxl-<inv(w <t>t, >),q> = <inv(wt),q> .

It follows then (r(nxl-)<inv(w<tt/ >),q> =<r<inv(wt),q> =0 which implies 

that there is a unique homomorphism #>:K >R such that <po- =<r(nxl-).

N—9 C -  >G--------->0

0) \
<t,t' >

0 ------->B

n

0----->B

V
B xC G

-»* R -̂>G------- >0
B xiC <P GV| *
 >R >G >0r s

We have then <p r =<pv < ids ,0> = a '(nx l-)< ids ,0> =<r<id_,0>n=rn =>
15 L  d  Jd

=> <p r =rn. Also s =s<p. Therefore we have a morphism of group extensions 

described by the following diagram

(3)
0 >B

If we consider the diagram (2) and the arrow n ' instead of n then after 

a similar study we have an analogous momorphism of group extensions

(4)

It follows then from (3) and (4) the following diagram
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H G,B) e : 0------- >B— ^ -> r— -—>G- -X)

} '  1“
H (G ,B ) e :  0 >B-----— >R----  — >G- -)0

i
H (G ,B 7)

I*' 1:G
e ' :  0------»B7---- ---------- r^G-

r s -X)

which indicates that e, e ' are in the same second cohomology class, 

therefore H2(G,B)-H2(G ,B '). |

Proposition 1.6. The map ii^:Opexf* (G,-)----------(G,-) is a natural

transformation.

Proof. To see this consider any two G-modules A, A ' and a homomorphism

between them u:A >A' then we shall prove that the following diagram

commutes.

A '

Opext (G A )

Opext (G A ')

-> H2(G ,B )* H 3 ( G ,A )

-> H2(G ,B ' )^ H 3 ( G , A ' )

Consider first a crossed 2-fold extension of A by G, its corresponding 

free crossed 2-fold presentation of A  by G and the corresponding 

truncated injective resolution w , w2 of an injective resolution of A, 

A 7 respectively. Then it follows clearly the following morphism of 

G-module extensions

0---------— ^ -» B ------------------------- X)

m n
\ / s t \ *

0------- >A' >—r->Y7 —tt*>B7-------->0k A

82



By the remark on page 72.,there is a homomorphism t:X >Y such

that ta=Kh and we construct the group extension 0 >B— ^>R— -̂>G----- >0

by the above method. Moreover there is a homomorphism t ' :X >Y' such

that t , a=»c, uh and since by proposition 1.5., on page 79, the 

construction is independent of the choice ot t we choose t ' =mt. Then 

we have that t ' a = mta = m/ch= k ' uh.

It follows A/ t 'a = x , fc, uh=0 which implies that there is a unique

homomorphism ay :N----->B' with ay p = A't ' . In addition no)tp=nAt = A' mt =

=A't' = o y p  and because p is an epimorphism it is right cancelable,

thus nwt =c<y. Let <r' :B'xG >R' be the cokernel of the homomorphism

<inv(wt, ),q> :N  >B'xiC. We consrtuct the following group extension

a

A

o------>B' -L_>R' _J_> G----»0

N— 9— ->C----- -— >G

0-----

1G

n B' XC <p 1G
0 >B —--->R ' --7>Gr s
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For the homomorphism nxl-:BxjC >B' xiC we have the following relation

<inv(wt / ),q> =(nxl-)<inv(wt),q>. Composing both sides by <r' we get 

o', (nxl^)<inv(ut),q> =o-'<inv(wt,),q>  =0. This means there is a unique

homomorphism <p:R >Ry with <po =cr' (nxl—), which implies

^r=^o'<idr>,0> =<r, (nxl—)<id_,0> =<r' <id_/ ,0 > n = r/ n=s>^r=r'n. On thed L d r>
other hand 2r(pr^)<inv(wt),q> =y q = 0 and since cr is the cokernel of

<inv(wt),q> there is a unique homomorphism s:R >G with y(pr—) = s<r.

By an analogous argument we get ^ (p r-)= s 'c '' and s 'po^s 'o -' (n x l-)  = 

= ^(pr^)(nx l-) =^(pr^) = s<r. We conclude that s > = s  because <r, an 

epimorphism, is right cancelable.

0------->B--------- -—>R----  —>G-------->0

"1 4  1*0
0------->B'------- r ^ R ' ------ i->G--------<0r s

2
Our final task is to construct the appropriate map from H  (G,B) to 

H  (G ,B '). Consider the homomorphism <inv(n),r>:B— >B' xiR, its cokernel 

d:B' xiR-»R" and the homomorphism nR/ (r ' x<p):B' xR--*-->R ' xR ' -5->R '. 

It follows that

mr / (r' x<p) < inv(n),r' > =MR,(r , inv(n)x^r, )= n R /(inv(r, n)x(pr) =

=inv(r/ n)-«pr = inv(r/ n )-r/ n = 0, which implies that there is a unique 

homomorphism #:R" >R such that ■&d=ii„,(r'xv). It follows thatK.
•&r"=^d<idB/,0> =fiR /(r 'x^ )< idB/,0> =/nR /(r, x lR /)= r ' and s '#  = s".

By the 5-lemma & is an isomorphism which means the group extensions 

0— >B'-^—>R"-^—>G— >0 and 0— >B'-T_^R'_1_>g — >0 are isomorphic. 

Thus n~  is a natural transformation, g
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We define now the generalized Baer sum for any two crossed 2-fold 

extensions of A by G as follows:

Let e, e ' be two crossed 2-fold extensions of A by G.

e: 0------ >A— >X— >C— ------->0

e ' : 0- -^A—^ X '  ~ ^ U C ‘ — >G- ->0

Their product, which is a crossed 2-fold extension of AxA by GxG is 

denoted by

exe' :0 > A x A - ^ X x X '  ~ ^ C x C '  - I ^ G x G  >0

and the diagonal arrow aq :G >GxG. Take next the pullback of the

arrows AQ and y x y '. We get homomorphisms y :C >G and S:C >CxC'

such that AG v = ( 2rxy')d.

r > X x X r>C xC r^GxG»AxA fixp- yxy
<oc, i n v ( a ' ) >

a x a

A =<idA ,inv(idA )>

If we consider the arrows 0:XxX' »G, /3x/3' we get ( y x v ' ) ( p x i 3 / )  = 0 and

because (C,G,GxG,CxC') is a pullback diagram there is a unique

homomorphism <p:XxX' >C such that v<p = 0, s#>=/3x/3'. Moreover C acts

on XxX' through 5 (i.e., Cx(XxX ') )(CxC' )x(XxX/ ) -^ -> X x X ')

which implies that <p is a homomorphism of £ -groups. (l)

On the other hand we have

^ x W ^ < 6x W ^ XW ) =  ^ XW >  =  ̂ X(J'> x l XxX'>  =
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= c°nj'(1x xx / )' W
From (1) and (2) we conclude that <p:XxX' >£ is a crossed module.

Consider now the arrows

A = < idA,inv(idA) >:A---->AxA, < a,inv(a') > :A >XxX'

together with their cokernels denoted them by nA =coker(A):AxA-----

coker < a,inv(a ') > :XxX'---->X respectively. It follows then

coker < a,inv(a ') > (axa' )A= coker < a,inv(a') > < a,inv(a ') > id = 

coker<a,inv(a')>  <a,inv(a')>  =0 and because nA is the cokernel of A there 

is a unique homomorphism a:A —>X such that a /j= coker< a,inv(a ')> (axa/ ). 

Also we have <p<a,inv(a')> =^(axa')A=0 which implies there is a unique

homomorphism /3 :X ----->£ with /3 (coker <a,inv(a')>)=<p.

Remark

Observe that G acts on A, C acts on A via the homomorphism r  and C ' 

acts on A via v ' . Then because of the monomorphism 6 we have that the

* , CxA-----—>GxA— -—>A
~ S x l A  SCxA---- -—>(CxC' )xA ^

C' xA— t->GxA------ >AT  V

actions of C, C ' on A  via y, y ' respectively create two actions of £  on 

A via 8 which are the same. Therefore £  acts on A. On the other hand £  

acts on XxX'(since <p is a crossed module) which implies that £  acts on

X, in other words £ :X ----->£ is a homomorphism of £ -groups. (3)

Moreover we have i>(^xlXxX/) = i>(0(coker<a,inv(a')>)xlXxX/) =>

=> conj(lXxX,)  = v(p(coker<a,inv(a') > )x lXxX, ) =*

==> v( p (coker < a,inv(a') > )xcoker < a,inv(a') >) =

= coker < a,inv(a') > v( p (coker < a,inv(a') > x lXxX/ ) =
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= coker < a,inv(a ') > (conj( lXxX/ ) = conj(coker < a,inv(a') >) =*

=> v( p x lXxX/ )(coker < a,inv(a') >) = conj(coker < a,inv(a') >) and 

since coker<a,inv(a')>  is an epimorphism, this implies that we get 

K 5 x l x xX.)  = conj ( lx xx'>- TO

Thus from (3), (4) we get that /3:X >C is a crossed module. Also we

have that Ker/3 = a . Thus 0 >A— - —>X— - —>C— - —>G >0 is a

crossed 2-fold extension of A by G which is called the generalized Baer 

sum of e, e \

Proposition 1.7. The natural transformation \i^:Opex? (G,-)----- >ff*(G,~)

preserves products.

Proof Given two crossed 2-fold extensions of A by G

e: 0----- >A— >X—^—>C— >G >0

e ':  0------ > A - ^ X ' — £ U C '- ^ > G ------->0

there corresponds to each of them a free crossed 2-fold presentation 

yielding the diagrams

e: 0-

0

e ' : o-------- >a' — - — >x' — ^ — >c' — >g----------->o

h' g' f '
*>' N/ \f 4̂

0 >A--------r—>X' — ^ 7 -^ C ' ----- 7— >G----------->0a P K

Consider now the products exe', exe' and the projection of exe"7 on eT

^A— - — >X— - — >C— — >G-----------X)

h g f
' N

->A----------->X— 3---->C >G-----------X)a  B y
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Consider also the diagonal arrow Ag :G >GxG and take the

pullback of the arrows yxy' and A^. There are homomorphisms y :C >G,

tt:C >CxC' such that AQ y = (yxy' )n. Moreover we get the crossed

2-fold extension of A by G

0 >AxA' -^ L » X x X ' - M U e   —>G------->0

Then by the remark (on page 72) for the pairs of homomorphisms a:A— >X,

»ch:A------- >Y and a' :A '---->X', ich' :A ' >Y there are homomorphisms

t:X------- >Y t ' :X '--- >Y respectively such that ta=ich, t 'a '  =fch'.

On the other hand for the homomorphisms

axa' :A xA '---->XxX', («cxk/ )(ExK/ ):AxA/----- >YxY there is

a homomorphism txt' :X x X ' >YxY such that (tx t' ) ( a x a ') = (kxk' )(h x E ').

Let p x p ':X x X ' >NxN' be the cokernel of ax a ', where p:X— >N,

p ': X '— >N' are the cokernels of a, a '  respectively.

We have Ata=Ai<h=0, A t 'a '=Ai<h'=0 and therefore there are unique

homomorphisms wt:N >B, :N ' >B such that wfp = At, w^p' =At'. In

addition (AxA)(txt')(ax<?) = (AxA)(fcxic)(hxh') = () which implies that there

is a unique homomorphism u^xu^'.NxN' >BxB with (cĵ xô , )(p x p ')  =

= (AxA)(txt').

Let also o: :(BxB)xiC— o-:BxiC— >R be the cokernels of the

homomorphisms < inv(wtxwt / ), q > :NxN >(BxB)xiC,

< inv(wt)(pr—),q(pr—) > :N xN '---->BxiC respectively.

Then for the homomorphism prBx(pr-)Tr:(BxB)xiC >BxiC we have that

(prBx(prG)7i) < inv(«txwt#), q > = < inv(w )(pr-),q(pr-) > because 

prB(u>tx«>t,)=a>t(prN), (pr-)rrq = q(prw). It follows that
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o-(prBx (p r-)7r) < in v(«txwt / ), q > = < in v(w )(p rR ) ,q (p r - )  > =  

= 0- <  in v(«t)(prH ),q (p rR ) > = 0 .

0 ->AxA' a x a  -> X xX ' -  >C - ------- ->G- -X)

* A x A ' * X x X '
/ 7

N
71

0- --»A xA '-

h x h  '

0 >AxA-

a x a
H>XxX'-

g x g

£ x |3

f x f '

->CxC'- ~ » G xG - -* )

GxG

KXK

 r ^ X x X '  a , >C x C '  r^GxG >0a x a  £ x /3  v x y

0  >A  — ~>C— - —>G----------- > 0

h

0 >A a

g
H>X
1 fl
X p; >C~

G

Y xY -
V

Pr Y\
K AxA ->BxB

-»G-

I
->B

p r B

Therefore there is a unique group homomorphism <p:R >R such

that <pv =or(prBx(pr^7r). We deduce easily from this (p'r =r(prB), ?  =s<p. 

Thus we get the commutative diagram

0-------->BxB-

prB
0------->B

->R- ->G- H>0
<P

->R
I1G

->G------->0r s

Similarly, if we consider the products exe', exe' and the projection 

of exe' on e ' then we end up with an analogous commutative diagram 

of group extensions

0->Bx B—   >R---------------------->G >0

p ' b 1 V I1G
0 >B-------- t— >R' -------- r->G >0r s
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Let us consider two crossed 2-fold extensions of A by G 

e: 0->A— >X—@—>C—^->G-------------->0

e ':  0------- >A— ^ X —^ C —^ G ------>0

together with the corresponding truncated injective resolution of A 

coming from R (see page 72). If we apply the natural transformation n~  

on e, e ' we get the following group extensions

0---- >B—L>R—i*G ------>0, 0-----> B -^ R '-^ -> G -----»0.

Consider the product exe ', the product of their corresponding free

crossed 2-fold presentations and the product of the group extensions

Mg(e), ^ ( e ' )
rxr >RxR' sxs >GxG- -*0/iG(e)xji Q(e ' ): 0 >BxB-

together with the diagonal arrow AQ:G >GxG. The pullback of yxy' and

1Gxgag  cons ŝts ° f the homomorphisms ^9:C9----->G, x9:C9 >CxC' such2 2 2 2

that ^GxG^G^2= )T2 y^Wing the crossed 2-fold extension of AxA 

by G

Vji 0----->A xA -^X xX '—^U c2- ^G  >0.

« ~r ~r/ a x a ' — —, |3" _0 >AxA  >XxX —   >C

h xh ' gxg

~>G-

0 >AxA r> X xX 'a x a ' /3' ->C2 y. ~>G-

G

h xh ' gx g f x f '

-X)

-X)

0-------- > A x A '-a * “ '>X x X ' gxp/>C xC ' yXy )G x G ---------- X)

GxG
0 >AxA ^X xX ' ■.5 — ^C x C ' ^G xG  X)a x a '  /3x/3 y x y '
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Similarly, the pullback of yx*' and consists of the homomorphisms 

yl :̂ l — Ti :^ l — with = (yxy' ) t j  yielding the crossed

2-fold extension of AxA' by G, denoted by

0 >AxA' - ^ > X x X ' --------- >0.

We apply now the natural transformation Mq XA to the crossed 2-fold 

extension Vj. We get the group extension

v2: 0 >BxB— r—>R— — >G >0

Consider the group extension

0 >BxB -^>RxR ' - ^ G x G  >0

The pullback of sxs' and AQ consists of the homomorphisms s^S >G,

(p̂ -.S >RxR' such that AGs1 = (sxs, )</>1 yielding the group extension

v3: 0------>BxB—!—>S— >G >0

Finally, we show that v2, v3 are isomorphic which implies that the 

natural transformation preserves products.

Recall that for <p, <p' we have s<p=s, s'<p' = s which implies that 

AG l G I = A G ?  =  ? x 7  = ( sx s ' ) ( v)x?) / )- On the other hand because the square 

(S,G,GxG,RxR7) is a pullback diagram there is a unique homomorphism 

ip2:K >S with lG?  = ? = s l92 and

o >BxB------- — -> R--------  — -> G----------- >0

1BxB

S xb]  | V2
xB-------

I ^

*G
0 >BxB------------ >S---------------->G------------ >0

S1
*1 a g

0 >BxB t-^R x R '  t->G x G >0rx r  sx s

By the 5-lemma applied to the first two short exact sequences <p is an
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isomorphism. |

Proposition 1.8. The homomorphism h^-'OpexP (GyA)  (GyA) is an

isomorphism for every G-module A.

Proof. Consider the map v>^:H2(G,B)*H3(G,A) >Opext2(G,A) which is

defined as follows

Let e:0— >B——>R-^-->G— >0 be an element of H 2(G ,B)-H3(G,A). Consider 

the truncated injective resolution of A coming from 3? which is denoted 

by 0----->A> K >Y——»B-- >0 and the diagram

B

where Y is a G-module and B is an R-group. Y is an R-group because the
sxlY VGaction of R on Y is given via s (i.e., RxY >GxY >Y) and this

implies the group homomorphism rA:Y >R is an R-group homomorphism.

Moreover if v denotes the action of R on Y then v(rAx 1 y ) = conj( 1 y x 1 y ) 

because we have

v(rAxlY)=v(s(rA)xlY)= v ( ly x lY) = l Y, conj(lYx lY) = l Y(i.e., Y is an abelian

group since it is a G-module). Thus rA:Y >R is a crossed module which

implies that 0------- >A—— >Y—* >R—- >G >0 is a crossed 2-fold

extension of A by G. This implies that the map is defined by

v£(0---- >B~—>R -->G  >0) = (0----->A— > Y > R — »G >0)

Next we prove 1) = 1 and 2) =

1) if  o--->B-^—>R-^—>G------>0 is an element of H2(G,B)-H3(G,A) then
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by applying v to it we get the crossed 2-fold extension

0-
G

->A— > Y >R— >G- ->0. Then according to lemma 1.2., on page

71, there is a free crossed 2-fold presentation of A by G denoted by 

0 ->A— >y . -r A  ->R— *G-------------->0 which maps onto it. Then there is a

homomorphism t:Y >Y with tK=ich and since the construction, as we have

proved, is independent of the choice of t we choose t=g.

0 >A   >Y —  >R   >G----------->0

0---------- >A-

K

tc ->Y- rA ->R-

G

->G----------->0

w .

->B

Considering the cokernel of ic, p:Y >N we have Atfc = Aich = 0 which implies

there is a unique homomorphism a>t:N >B such that wtp=At. We take also

the homomorphism <inv(w ),q>:N  >B iR, where BxR is the semidirect
f x l R vr

product of B and K with R  acting on B via f (i.e., RxB >RxB >B)

and its cokernel <r:BxR >R'.

For the homomorphism /iR(rxf):BxR >R we have

fiR(rxf) < inv(ut), q > = MR < rinv(w),fq > = inv(rwt) • fq = inv(fq) • (fq )=0

which implies there is a unique homomorphism <p:R '  >R such that <pr‘ =r

and s < p = s '. From the 5-lemma we conclude that <p:R '— >R is an isomorphism 

(i.e., (0— >B-l—>R-5—>G— >0) -  (0— > B -^ R ' - i l* G — >0)).

2) Let e:0------ >A—^->X— >C—^ > G ------->0 be a crossed 2-fold

extension of A by G, then by lemma 1.2., on page 71, there is a free 

crossed 2-fold presentation which maps onto it. By applying Mq on
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e we get the group extension 0->B— >R— ---------- >0

—>A- 

h

—>A- 

K

a

a.

->X-

g
'I'

->X-

P

N

P

->C-

-3>C-

-»G-

G
->G-

-M)

-M3

o>.
->B

Then there is a unique homomorphism v=o-<0,id^>:C >R such that

(rA)t=v/3. To see this it suffices to prove that cr<0,id^>q- jr<idQ,0>wt => 

=> vq=rw . We have <0,id-^>q= <0,q> , <id ,0>w = <w ,0> and
I  v_/ JD I [

<0,q> = <inv(wt),q> • <wt,0> => (r<0,q> =tr( <inv(wt),q> • <wt,0> ) = 

=<r<inv(w ),q> *(r<w 0> ==> <r<0,q> =«r<w ,0> ==> o'<0,id?q>q =
I L I  v

=o- < idB,0 > o>t vq = rwt< Therefore vqp = ro>tp which implies vp = r(At) =>

=> v£ = (rA)t and we have the following diagram of crossed 2-fold 

extensions and their morphisms.

0-------->A—   »Y———>R--------—>G---------- >0

w. G
0------>A—  >X— ^—>C-----—>G---------M)

lG
0------* A -  >X -p > C -  >G---------X)

Consider next the crossed 2-fold extension of A by G denoted by 

0------>A—~ >X—— >C— >G------- >0, its corresponding free crossed 2-fold

presentation and the crossed 2-fold extension 

0------- >K— -̂>K------>0------->0- ->0

where K is the kernel object of the homomorphism h:A >A. By
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considering now the cokernels of d j and d2 we get the following crossed 

2-fold extension of A by G

0----->A- <p ->M- 4C - ->G------ >0

and we have also the commutative diagram

idT
z: 0-

e: o-

-4K———»K- -40- -40-

-4A—— > X ----- £ -4 C ------^ G -

G

e": 0------ >A---------->M-----r<p ip 4C-----—^G-
7

-40

-40

-40

Since e" is constructed as the quotient of e by z there is a unique

morphism between e" and e (i.e., e" >e). Similarly there is a unique

morphism between e" and e' (i.e., e" >e'). Therefore the crossed

2-fold extensions e and e ' of A by G are equivalent, which implies that 

v£n£(e) = e /=e. Thus from 1) and 2) we conclude that

M^:Opext2(G,A) >H2(G,B)^H3(G,A) is an isomorphism of the abelian

groups Opext2(G,A) and H 3(G,A).

e :

e:

0---------4A— - — >Y———»R----- 5-4G----------->0

G

0------ -4 A— - — >M—- — >C  —>G--------- >0

G

0 >A >X----5 —>C---------- >G-
«  /3 7

-40 I

Thus we have proved the following
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j 2 3
Theorem 1.9 The map n^O pext (G yA ) >H (G yA ) is an isomorphism o f

abelian groups. In other words the set o f equivalence classes o f

crossed 2-fold extensions o f A  by G constitute an abelian group denoted
2 3by Opext (G yA ) naturally isomorphic to the cohomology group H  (G yA ).

The group operation is given by the generalized Baer sum.

Proof. This follows as a consequence from the above propositions, g

Corollary 1.10. More generally the map M^:Opexfl (G yA ) — >lfl + 1 (G yA ) is

an isomorphism o f abelian groups. In other words the set o f equivalence

classes o f crossed n-fold extensions o f A  by G constitute an abelian

group denoted by Opextn (G,A) naturaly isomorphic to the cohomology

group T fl +1 (G,A). The group operation is given by the Baer sum.

Proof. Similar to the above with the only difference that we have to

work with G-modules which simplifies the arguments, g

Example

The above theory can be applied in sheaf categories.
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CHAPTER IV The Obstruction Theory

1 On the action of Ext'/'(G,A) on Ext'/'(G,H)

We denote by Ext^(G,H) the set of all equivalence classes of group 

extensions of H by G and Ext^(G,A) the set of all equivalence classes 

of group extensions of A by G, where A is the center of H.

Recall now that for every exact sequence of groups 0— > H ^> E -S G — >0 

we have a homomorphism ip:G— >0ut(H), where Out(H) is the outer 

automorphism object of H.

Definition 1.1. The triple (H,G;^) is called an abstract G-kemel 

associated with the extension 0— >H-^>E-^->G— >0.

Suppose that e: 0 >H— —>E— —>G >0 eExt^(G,H) and also that

d: 0----->A— —2_>g ----- >0 eExt^(G,A). We define a map from

Ext0(G,A)xExt0(G,H) to Ext0(G,H) as follows:

Consider first the product of d and e, then take the pullback of the 

diagonal arrow ag and the homomorphism nxs. We get a group extension of

AxH by G denoted by 0 >AxH—E—>E'—9—>G >0 . Consider now the

pseudopushout of the restriction of the multiplication on H, denoted by
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hh :AxH— >H, and p we get the following group extension of H by G

0------ »H— -̂h>E"-^—>G----->0 eExt0(G,H).

We shall prove that the above correspondence is an action of Ext^(G,A) 

on Ext^(G,H). To this it suffices to prove the two conditions

i) If 1 represents the identity element of the group Ext^(G,A) and

a any element of Ext^'(G,H) then 1a=a.

ii) If g, h are any two elements of Ext^(G,A) and a is any element

of Ext^(G,H) then 8(ha) = (gh)a.

i) Suppose we have 1: 0--- >A -m- >AxG-^—>G----- >0 the identity of Ext^(G,A)

and d: 0— >H-^—>E-^—>G— >0 eExt^(G,H)- Considering the above procedure

0 >AxH —  >(A xG ) x E — — -------->GxG >0

0 >AxH -

H

0----------->H-

1A X < S ’ 1E >
--S>AxE- ~»G-

-->E- ~>G-

-X)

-X)

we get again d, which implies 1a= a  VaeExt^(G,H)-

ii) Let g: 0----> A - ^ D - ^ G ----->0, h: 0----->A- ->G----->0 be two

elements of Ext^(G,A) and a: 0----- >11—^ E —^ G ----->0 an element of
/  8  I.

E xr (G,H)- We construct first ( a) as follows:

Consider the product of h and a and the diagonal arrow aq :G— >GxG. Take 

the pullback of n 'xs and aq . We get a group extension of AxH by G

denoted by f : 0----->AxH-^—>E'-J—>G >0. Take the pseudopushout of e '

and nH,the restriction of the operation on H. The result is a group 

extension of G by H ha : 0------>H-^-^E"J—>G---->0.

98



Consider next the product of g and a and the diagonal arrow AG> Take 

the pullback of nxj" and ag> We get a group extension of AxH by G

denoted by f^ 0 >AxH k >K' >G >0. Take the pseudopushout of k'

and nH, the restriction of the operation on H. The result is a  group

extension of H by G 8(ha): 0-----> H ^ K " - ^ U g ----- >0.

Construct now ^ a  as follows:

Consider the product of g and h and the diagonal arrow A . Take the
Cj

pullback of nxn' and A^. We get a group extension of Ax A by G denoted

by f3: 0 >AxA-2—>P'-9—>G >0. Take the pseudopushout of p ' and ma ,

the operation on A. The result is a group extension of A by G denoted

by f4: o > A -^P "-2 ^» G ----->0.

Consider next the product of f4and a and the diagonal arrow aq . Take 

the pullback of sxq" and ag> We get a group extension of AxH by G

denoted by 0----->AxH-^—>T' >G >0. Take the pseudopushout of t '

and mh , the restriction of the operation on H. The result is a group 

extension of H by G ^gh^a: 0---- >H-^->T"-^—>G >0.
g

It remains to prove that (ha) = ̂ a .

Consider the product

gxhxa: 0 >AxAxHmxm' xr >DxD/ xEnxn< x̂ GxGxG >0

and the arrows l„xA -GxG— >GxGxG, A_xl^,:GxG— >GxGxG. Take the
Cj  Cj  Cj  Cj

pullbacks of nxn'xs, lGxAG and nxn'xs, AGX1G- We get then the group

extensions of Ax AxH by GxG, 0— >A xA xH ^>D xE ' ̂ > G x G — >0

and 0— >AxAxH-B-—■->P ' xE—q- x^GxG— >0 respectively. Consider next the

arrows 1Ax/LtWI, n Ax l,T where /j^A xH — >H denotes the restriction of the A H A H H

operation on H and fi : Ax A— >A the operation on A.A
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Take the pseudopushouts of m xe', lAxnH and p 'x r, ma><1h . We get the 

group extensions of AxH by GxG 0— >AxH—mx->DxE" nx  ̂>GxG— >0 and 

0— >AxH p xr >P"xE q xs>GxG— >0 respectively. Take now the pullbacks of 

nxj", ag  and q"xs, A^. We get the group extensions of AxH by G  which 

are denoted as 0— >AxH— —>K' ——>G— >0,0— >AxH——»T' — >G— >0 

respectively. Finally, we consider the pseudopushouts of k ',  and t ' ,  

n„. We get the group extensions of G by H which are denoted as follows 

z: 0— >H k->K "-^>G — >0, z ':  0— >H-!—>T"-^—>G— >0 respectively. 

What we simply did in both cases above is, first we pullback the 

arrows nxn'xs, AG( lGxAG) and nxn'xs, AG(AGx lG) and then we pushout by 

the arrows ttH(luAxl H) and MH(lAx,iH  ̂ resPectiyety- 

But we have AG( lGxAG) =  AG ^ G x 1G^ a n d  th e re fo re

the two constructions are the same which implies that the group

extensions z, z ' of H by G  are isomorphic. Thus (ha) = ̂ a .

Therefore from the above we conclude the following

Proposition 1.2. The above map defines an action o f the group

Ext1̂(GyA) on Ext^(G,H).

Proof. It is already proved above. |

Remark

Proposition 1.2. above is a general statement which we use in 

obstruction theory and whose proof is independent of whether E has 

enough projective or G-mod(G) has enough injective objects.
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2 Obstructions of Group Extensions and the 
Cohomology group H3(G,A) in C

In this section we study the obstruction theory of group 

extensions in £ and we prove that the classical results hold when 

either 1) £ has enough projectives objects or 2) G-mod(£) has enough 

injective objects.

In the classical case as we already know the elements of the 

third cohomology group H (G,A) of the group G with coefficients in 

the G-module A are interpreted as obstructions to extensions of H by G, 

where H contains A as its center.

Next we are going to prove once more that the classical theorems on 

abstract kernels (which are the following) hold also when £ has enough 

projective or G-mod(£) has enough injective objects.

1) To each abstract kernel, there corresponds an element in H  (G,A) 

where A is the center of H (the correspondence is not bijective). This 

element is called the obstruction class of the abstract kernel.
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2) If £ represents a crossed 2-fold extension of A by G then every 

[£]eH (G,A) can be realized as coming from an abstract kernel 

associated with an extension of H by some group G.

3) An abstract kernel (H,G;i//) comes from an extension of H  by G if, 

and only if, the obstruction class is zero.

4) The extensions of H  by G giving rise to the same abstract kernel
9

are in one-one correspondence with H (G,A).

Proposition 2.1. Every abstract kernel (H ,G;^i) corresponds naturally 

(in G ) to an element in H  (G yA). The correspondence is surjective.

Proof. Let us consider the short exact sequence

0 >A >H >aut(H)------ >Out(H)---->0

and the homomorphism <p:G— >Dut(H). We have the diagram

0 >A >H >9ut(H) >0ut (H)------->0
a

G

and consider the pullback of the arrows 9ut(H )— >Dut(H) and 

i//:G— >0ut(H). We get an extension of A by G and the diagram becomes

0 >A >H >9ut(H) >Dut(H) >0A A

I  I I  0
^  : 0-------- >A-------- >H--------- - » P -------------- >G------------->0

The extension which is the crossed 2-fold extension obtained from an 

abstract G-kernel $:G— >0ut(H) is called the obstruction class of 

(H,G ;</>).
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Let 0- >A >H >F >G >0 be an extension in which F is free on

XvX, where X generates G. Because H— >F is a crossed module A is 

contained in the center of H. On the other hand since F is free on XvX, 

according to theorem 1.15., on page 17, it has no non-trivial abelian 

normal subgroups. The image of Z(H) in F is a normal abelian subgroup, 

therefore the image of Z(H) in F is the trivial group which implies 

that the center of H is contained also in A. Thus A is exactly the 

center of H.

0 >A-------->H— ——>9 u t  ( H) > 0 u t ( H ) -------- >0

II II t *
5; 0------ > A - ^ H - g ------>F------ g------->G---------- >0

Then since F acts on H we get the arrow m:F— >9ut(H) with m3 = 5. Observe 

also that ^md = ̂ <5 = 0. Therefore there is a unique arrow <p:G— >0ut(H) such 

that the above diagram commutes. Now if we pullback tp and k we get a 

crossed 2-fold extension of A by G which is equivalent to £. j

We observe now that the extension 0— >H— >E— >G— >0 induces the 

abstract kernel (H,G;t//) if and only if there is a map a:E— making 

the diagram

€ ,:  0------ >A----->H------>P,------ >G-------»o

i t«  i
0----- >H------>E-------- >G------->0

commute.

Theorem 2.2. A n abstract kernel (H,G;\p) is associated with an 

extension 0— >H— >E— >G— A) if, and only if  the obstruction class is 

zero.
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Proof To prove the theorem we distinguish two cases:

Case 1: (When d has enough projective objects)

If 0— >A— >H— >F— >G— >0 is a crossed 2-fold extension on projective 

generators and a representative of the class then there is a arrow 

/3:F— >P .̂ We shall need the following lemma.

Lemma 2.3. There is a homomorphism \p:F— >E with oup=f3.

Proof. Consider the diagram

0------- »A------- >H--- > 9 u t (H )  » 0 u t ( H ) ------------>0

II II | m
0------- >A->H   >P------ , ------   >G-------------->0

I I
0  >H-------------->E-------- ^------->G------------- >0

\  r  t

, 1
0------- >A------- >H------------ >F-------- -------->G------------- >0

Let X be a projective generator object of F. Since m is epi there is an 

arrow i/>Q:X— >E such that ^  = ( 1̂ )1 . Therefore we have

(ka^0) |x = (k^ ) |x  =* k((P)lx ' inv(a^0))=0 => (P)lx = a ( V V ’ where 

is the &Q:X— >H. Because F is free on X, \pQ is extended in such a way 

that there is a unique homomorphism t//:F— >E with ai//=/3, ifi\ =# ip and
A  U U

also /#  = v, and this proves the above lemma 2.3..

If the abstract kernel (H,G;tf>) comes from the extension of H by G, 

0— >H— >E— >G— >0 then, by lemma 2.3., there is an F-homomorphism 

:R— >H such that Xty' =/?q. Consider the arrow s = (0 ',l_ ):R — >H', whereK.
H ' =HxR. Then s is an F-homomorphism, because </>' is an F-homomorphism, 

and the exact sequence 0— >A— >H' — >R— >0 is split by an F-homomorphism

104



Thus, according to the lemma 3.4., on page 66, the obstruction class

containing the sequence 0— >A— >H'— >F— >G— >0 is zero.

We prove now that the condition suffices. To this end, let us

consider C :0— >J— >C— »F— >G— >0 to be a free crossed 2-fold extension
2

on projective generators and let ,1):C — >e be a lifting of the

identity map of G.

Jj = N

c 2: 0------ >J “ >C---- p--------- —- —>G---->0

4  y  ipi ip2 i
e: 0------>A— 7—>K----------- >L—r—>G--->0f g h

Since [e] = OeOpext (G,A), according to lemma 3.4., on page 66, v extends

over C to an F-map C— >A and the following short exact sequence

0— >A— >C,-----— >0 splits; that is there is a section /3' :J„—l ,v  l  r  ^ l  l ,v

which is an F-homomorphism. Consider the arrow P1*inv(ft):C— >K. 

We have • inv(ft))a= ■  inv(ft)a= ^ 0: • inv(fta) =(3^a ■ inv(fy) = 

=P1a-inv(^1a) = 0. Since p is the cokernel of a this implies that there 

is a homomorphism/3:N— >Ksuch that/31-inv(ft)=/3p. Then /30qp=/30/3=g/31 = 

=g(£1-inv(ft))=g/3p =* pQq=g/3 (* because p is epi). It follows that 

there is a morphism (£,/3 ):(J ,N,q)— >(K,L,g) of crossed modules 

where J =N = ker(r). If we take the pushout of the arrows q and 13 this 

yields the required extension 0— >K— >E'— >G— >0.

Case 2: (When G-mod(C) has enough injective objects)

Suppose that the abstract kernel (H,G;v>) comes from the extension 

0— >H— >E— >G— >0. Consider the crossed 2-fold extension of A by G 

induced by the abstract kernel (H,G;i//) and its corresponding free
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crossed 2-fold presentation e, where F is free on E. Then there is a 

a homomorphism </>:F— »E, the counit of the adjunction, such that a<p=p. 

Moreover, if q :R '— >F is the kernel of y:F— >G this implies that there 

is a unique homomorphism 5 :R '— >H such that rs=/3q. R ' is an F-group

and A  is also an F-group (i.e., F acts on A trivially).

Therefore AxR' is an F-group, which implies that q(prD/):AxR/ — >F is 

a homomorphism of F-groups. Moreover, if v denotes the action of F on 

AxR' then v(q(prR /)xlAxR/)=conj ( lAxR/><lAxR/)  because we have that 

v(q(prR, )x lAxR, )=v(q!<lAxR, )=v(qxlA)xv(qxlR, ) = l Axv(qxlR, ) =

= lAxconj(qxlR /) = lAxconj(lR /) (l)

(* since q :R '— >F is a crossed module) and also

^ n j^ A x R ' x lAxR' ) = COnj( 1A^XCOn̂ 1R/ 1 xConj'(lR0- (2)

From (1) and (2) we deduce that q(prR /):A xR ' >F is a crossed module

with kernel < 1 .,0> :A  >AxR'.

Therefore e":0 >A >AxR'------->F >G >0 is a crossed 2-fold

extension of G  by A which splits (i.e., for p r^ A x R '------>A we have

prA< l A,0> =1A) and there is a morphism ( lA,K-5,/3,lG):e"-----

between ^  and e". Therefore is equivalent to e" and since e" splits

this implies that the obstruction class ] is zero.
2

Suppose that the obstruction class [^]=OeOpext (G,A). The crossed 

2-fold extension of A by G

r

C: 0----->A----->A—^ G ----->G----->0

106



is a representative of the zero obstruction class which implies that 

and <; are equivalent. Therefore there is a crossed 2-fold extension ■& 

of A by G such that the following diagram commutes

£ , :  0--------- >A------ >H------- > P ,-------- >G------- >o

I I  Tf I
V: 0--------- >A------ >K------- >X---------- >G------- >0

I |  J I
c : 0-------- >A------- »A— q ->G--------- >G-------- >0

From the diagram we get that the crossed 2-fold extension ■& splits and 

by lemma 3.4., on page 66, the group extension 0— >A— »K-£->N— >0 

splits i.e., there is a group homomorphism p:N— >K such that pp = l N, 

where N is the cokernel of A— >K and q:N— >X is the kernel of 

X— >G. Then there is a group homomorphism h:N— >H with hp= g  making 

the square (N,X,P^,H) commutative

Considering the pseudopushout of the homomorphisms h and q and applying 

the usual construction we get the group extension 0— >H— >E— >G— >0. 

Also we have the homomorphism a:E— >P ,̂ because of the pseudopushout 

construction and the commutativity of the square (N,X,P^,H), making the 

following diagram commute

0 >A >H--------> p .----- >G------>oîp tjj
I t« I

0  >H >E >G >0

which implies that the abstract kernel (H,G;0) is associated with the
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extension 0— >H— >E— >G— >0. |

Theorem 2.4. The group H  (G yA ) operates freely and transitively on the 

set o f equivalence classes o f extensions with given abstract kernel

Proof Let e:0— >H—̂->E—̂ -G— >0, and e ':0— >H—L>E'—L>G— >0 be two 

group extensions of H by G. Since E, E ' act on H, by conjugation, from 

the adjunction we get the homomorphisms m:E— >9ut(H), m ' :E ' — >Sut(H) 

respectively. Consider now the pullback of the homomorphisms 

<s,m >:E— >Gx9ut(H) and <s/ ,m/ > :E / — >Gx9ut(H). Because the two 

extensions e, e ' comes from the same abstract kernel (H,G:tf>) we 

have < l G,r> s  = ( lGxh)<s,m> and < l G,y > s '= ( lGxh)<s, ,m '>. This 

implies that both < l G,y>s, < l G,y>s' have the same image, that means 

Im( < l G,r > s )= Im( < 1 G,y > s ' ).

H
\  ^ ’si t ' ~>E '

< s ' ,m ' >

E ------------------ > G x 9 u t (H )< s , m >  v '
; l^x h

v. G
G ;------------> G x O u t(H )< --

< i G , y >  v 1

->G

<V >

The kernel of l G*h is 0xincl:0x3tm(H) >Gx3tit(H), and since both the

images of <s,m> and < s ',m '> contains 0x3nn(H) this implies that the 

images are equal, i.e., Im (< s ',m ' > =Im (<s,m >). Considering the pullback

of E »Im(<s,m>) and E ' » Im (< s ',m '>) still we get t:M— >E,

t':M — >E'. Thus, because the pullback of an epimorphism is an

108



epimorphism, both t, t ' are epimorphisms and cosequently st = s ' t '  is 

also an epimorphism. Furthermore, we have <s,m >r= < s ',m '> r ' and 

because the square is a pullback there is a unique arrow #:H— >M 

such that ta= r, t ' ^ r ' .  Consider next the kernel of st, denoted by 

k:K— >M, which contains H as a normal subgroup.

We have sti?=s/ t / i?=s, r / =0, and because k is the kernel of s t= s 't ' there 

is a unique arrow V  :H— >N such that k#' =■&.

Consider the short exact sequences c: 0----->K-^— ----->0 and
iH

0 >H >H >0 in the following diagram

0-------- >H

c: 0--------->K
v

d: 0--------->A

->H--------->0--------->0

■&
' st

-»M— —>G-------->0

V II

 >D >G >0
p q

By considering now the cokernels % i?' of # and respectively we get 

the following group extension of A by G

d: 0->A—£—>d — >G------------ >0

making the above diagram commute.

It remains to prove that the generalized Baer sum of the group 

extensions e and d is isomorphic to the group extension e ' .

Consider the product of d and e

dxe: 0 >A xH -^!>D xE-^i>G xG  >0

Then there is a morphism between c and dxe which is indicated by the 

following commutative diagram
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dxe: 0------>Ax H-  pXr - >D x E- ^ -X- S >G x G- -X)

<7} ,<p> <TJ, t> G
c: ^K-

s t -->G- -X)

We can see easily that the arrow <i)',<p>:K— >AxH is an isomorphism. 

Since dxe, c are both short exact sequences and <ii ',<p > is an 

isomorphism this implies that the square (DxE,GxG,G,M) is a pullback 

square. On the other hand there is a morphism between c and e ' 

indicated by the commutative diagram

dxe:

c:

e ':

0  >AxH—  >Dx E >GxG >0

,<p>

Because now c, e ' are both short exact sequences and 1Q is an 

isomorphism this implies that the square (K,M ,E',H) is a pseudopushout 

square. This immediately implies that above construction is simply the 

generalized Baer sum of d and e which gives as result e ' . |

Collolary 2.5. I f  the obstruction class o f (H,G;ip) is zero, then the 

set o f equivalence classes o f extensions with abstract kernel (H,G;i{j) 

is in one-one correspondence with H  (G^4), where A  is the center 

o f H.

Proof Comes as a consequence of the theorem 2.4. above. |
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