INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

University Microfilms International
A Beit & Howell information Company
300 North Zeeb Road. Ann Arbor, Ml 48106-1346 USA
313:761-4700 800.521-0600






Order Number 9130307

Group extensions and cohomology theory in Cartesian closed
categories

Danas, George, Ph.D.

City University of New York, 1991

Copyright ©1991 by Danas, George. All rights reserved.

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






GROUP EXTENSIONS AND
COHOMOLOGY THEORY IN
CARTESIAN CLOSED CATEGORIES

by
GEORGE DANAS

A dissertation submitted to the Graduate Faculty in
Mathematics in partial fulfillment of the requirements
for the degree of Doctor of Philosophy,

The City University of New York.

1991



Copyright © 1991,

George Danas

All rights reserved.
No parts of this dissertation may be reproduced or transmitted in any
foorm or by any means, electronic or mechanical, including photocopy,
recording or any information storage and  retrieval system  without

permission in writing from the author.



This manuscript has been read and accepted for the Graduate Faculty
in Mathematics in satisfaction of the dissertation requirement for the

degree of Doctor of Philosophy.

)9 Cpr 1114) \/ﬂ*'/'h’\ss

Date Chair of Examining Committee

IR N

Date Executive Officer

Professor Alex Heller

Professor Eldon Dyer

Professor Alpho nse Vasquez
Supervisory Committee

The City University of New York

iii



Abstract

- GROUP EXTENSIONS AND
COHOMOLOGY THEORY IN
CARTESIAN CLOSED CATEGORIES
by

GEORGE DANAS
Adpviser: Professor Alex Heller

The classical theory of group extensions, due to S. Eilenberg and S.
MacLane shows that cxtensions of a group G by an abelian subgroup A are
given by the second cohomology group HZ(G,A). Extensions of a group G
by a nonabelian subgroup H give to H the structure of an abstract
G-kernel (ie, G operates externally on H) and the eclements of the
third cohomology group HS(G,A) of the group G with coefficient in the
G-module A  are interpreted as obstructions to extensions of the
abstract kernel H by G, where H contains A as its center.

In a parallel development Huebschmann using as tools the notions of
crossed modules and that of crossed n-fold extensions showed that in

the category of sets the crossed n-fold extensions of A by G constitute
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an abelian group Opextn(G,A) isomorphic to Hn+1(G,A).

Wu, studying the obstructions of group extensions and H3(G,A) gives the
treatment and the study of the classical results categorically, free of
tricky cocycle calculations.

Early  attempts to treat in  analogous  fashion  extensions of
topological groups led to the wunderstanding only of special cases.
Another treatment of extensions of locally compact topological groups
was given by Moore. In 1972 Alex Heller studied and gave a more
complete analysis of this situation in which he censidered the problem
of group extensions with abelian kernels and cohomology in topological
and simplicial categories.

The problem that we study here is that of group extensions and their
relations with cohomology theory of groups in suitable cartesian closed
categories. In fact, we prove that for such categories with finite
limits and  countable  colimits and enough  projective  or  injective
objects, for example sheaf categories (e.g. simplicial sets), all the
above results still hold.

For this purpose it proved necessary to reconstruct, in the context
of such categories, some of the basic results of combinatorial group
theoryy, and to redevelop the theory of crossed n-fold extensions in
categories  possessing  injective  rather = than  projective  objects.

Results along these lines should be wuseful in the further investigation

contemplated.
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IOAKH

Y& Byeic otov nnyapd v v 1660,

vi ebyeoor vévar poxpbs 6 dpduoc,

YEUATOG REPLRETELES, YEUATOS YVADOELS.

Toug Aaatpuydvag xat tolg Kixhwrag,

Tov Bupopévo Ilooeddva un pofaocat,

tétola oToOV dpbduo oov noté cou dev O PBecic,
&v pév’ ) oxédig cov HYNAY, &y ExdhexTy)
ouYXIVoLE TO Tvelua ot T0 coua oov dyyilet.
Tobg Aaotpuydvag xal tovg Kdxhwrag,

tov dypto MTooewddva v B& ouvavtioetc,

&v 8&v tolg xoufaveig pueg oty Quyi cov,
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MoAA& & xahoxonptvd mpwid va elvor

7oL pg Tt eVyaploTnoL, HE TL xopd

6& pratvele o AMpévag TpwWTOEWBOUEVOUS:

v otapatioes o’ gunopeia Porviexd,

xotl T KAhES Tpaypdteeg v’ droxTHoELS,
oeviEQua Xl xXopdAhia, xexpluTdpla X “EBevoug,
xal Hdovixd pupwdud xdbe Aovic,

800 propeic mod &phova HBovixd pupwdxd:

ot ndéhewg Alyurtiaxtg roAhég v nag,

vi pdbete xat va pabeg an’ tobg oroudacuévous.

II&vta otdv vol cou vayews v “16dxn.

To pbdorpov éxet elv’ 6 npoopiopdg oov.

P AN py) Bualerg o Toetdt Stéhov.

Koahhitepa ypdvia ToANd Vi Stapxéoer

xal yépog md v’ dpaleic 6td vnol,

nhodotog puE doua xépdioeg oTov Spbuo,

un npoadoxdvrag Thodty va ot ddoel §y “10dm.
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‘H *I8dn o Edwoe 1’ dpato tageidt.
Xopig adtnyv dtv B&Byaives atodv dpduo.
“ Ahha Bty Exer va ot ddoer md.

K &v nroyua) v Peeis, ) *10dxn dev ot yéhaoe.
“Etow 6o@og mob Eyuveg, pe tbéom nelpa,
13n 0& 0 xatdhafBeg ¥ *I0dxes i onuaivouy.

Kovotavtivog KePdgng

THv Swdaxtopua] wou épyaosia, dnotéheopa pbyxhou xal oroudiic &1dv, Ty dQLepdve
oT0Ug dyannuévoug pou yovels Ilétpo xal Kuptaeh Aava xabbg énlong otov oefaotd
pov xafnynth x. Alex Heller.
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ITHAKA

As you set out for Ithaka

hope your road is a long one,

full of adventure,. full of discovery.
Laistrygonians, Cyclops,

angry Poseidon — don’t be afraid of them:
yowll never find things like that on your way
as long as you keep your thoughts raised high,
as long as a rare excitement

stirs your spirit and your body.
Laistrygonians, Cyclops,

wild Poseidon — you won’t encounter them
unless you bring them along inside your soul,

unless your soul sets them up in front of you.

Hope your road is a long one.

May there be many summer mornings when,

with what pleasure, what joy,

you enter harbors you’re seeing for the first time;
may you stop at Phoenician trading stations

to buy fine things,

mother of pearl and coral, amber and ebony,

sensual perfume of every kind —



as many sensual perfumes as you can;
and may you visit many Egyptian cities

to learn and go on learning from their scholars.

Keep Ithaka always in your mind.

Arriving there is what you're destined for.

But don’t hurry the journey at all.

Better if it lasts for years,

so youw're old by the time you reach the island,
wealthy with all you’ve gaived on the way,

not expecting Ithaka to make you rich.

Ithaka gave you the marvellous journey.
Without her you wouldn’t have set out.

She has nothing left to give you now.

And if you find her poor, Ithaka won’t have fooled you
Wise as you will have become, so full of experience,
youw’ll have understood by then what these Ithakas mean.
Constantinos Cavafys.
My doctoral dissertation, which is the result of years of studying and
work, is dedicated to my dear parents Peter and Kiriaki Dana and to my

adviser Professor Alex Heller.
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Introduction

The problem that we study is that of group extensions and
their relations with the cohomology theory of groups. Before we see how
the problem arises and then review its progress through the years
after 1947, when it first was introduced, it is worthwile to give
some definitions of the algebraic structures and notions that are
involved in this problem.

We shall start with the definition of the exactness of a sequence of
two homomorphisms g and « of groups. A sequence of two homomorphisms 8
and o of groups, as in K——B—aG—“AH, where K, G, H are groups and «,
B8 homomorphisms of groups, is said to be exact at G when Img=Ker«
(the image of the map coming into G is exactly the kernel of the map
leaving G).

A short exact sequence is a sequence of homomorphisms

0 K—B G sH— 50 ¢))

of groups exact at K, at G and at H. Given now a short exact sequence



(1), we say that the middle group is an extension of the group K by H.

Two extensions G and G’ (that is, two short exact sequences with the
same end terms K and H and with middle terms G and G’) are called
equivalent when there is an isomorphism w:S}EG’ such that the following

diagram commutes.

0 >K: >G >H: >0
g ¥l J
0 > G’ Y H——0

That is ym=m’ 1 and 1 n=n'y.

We shall also need the definition of a crossed module. A crossed
module (C,G,3) comsists of two groups C, G and a homomorphism
8:C——G together with a map GxCs(g,c) ——¥ceC, called an action of G
on C, which satisfies the following conditions:

i) a(ec)=ga(c)g! vgeG, vceC

if) ®c=pcb vb,ceC

This is a generalization both of an ordinary G-module and a normal
subgroup of G, two basic algebraic structures.

The notion of group extensions was treated in 1934 by R. Baer in his
paper "Erweiterung von Gruppen und ihren Isomorphismen" (see [1] in
bibliography) in which he considered also the problem of the
classification of group extensions. Later the problem of group
extensions was indentified as the construction of the class of all
groups with a given normal subgroup K and a corresponding given factor

group Q. When the given subgroup K is abelian, this class leads to the



two-dimensional cohomology groups of Q with coefficients in K
(considered as a Q-module). When K is non-abelian and the action of Q
by outer automorphisms of K is specified ( so that K is an "abstract
Q-kernel" ) it is possible (see [1]) that no extension of the specified
character can exist. Samuel Eilenberg and Saunders MacLane in 1947 in
their papers "Cohomology theory in abstract groups I and II" (see
[14] and [15] respectively) give a neccessary and sufficient condition
for the existence of such an extension formulated in terms of a certain
three-dimensional cocycle. In the case when such extension can exist,
they show that the class of such extensions is equivalent to the class
of extensions of a certain abelian subgroup. This analysis also leads
to an interpretation of the three-dimensional cohomology group Q over
an abelian coefficient group G. In 1948 J. H. Whitehead in his papers
"Combinatorial Homotopy I and II" (see [53] and [54]) introduced the
notion of a crossed module as well as the notion and the construction
of a free crossed module (a free object in the category X-mod of
crossed modules), for computational applications in low
dimensional homotopy theory. This was a very important innovation
because as we see later both the notion of a crossed module and the
construction of a free crossed module play a very important role in the
subject.

In 1948 C. Chevalley and S. Eilenberg in their paper "Cohomology
theory of Lie groups and Lie algebras" (see [11]), in 1949 A. Shapiro
in paper "Group extensions of compact Lie groups" (see [S1]), and H.

Nagao in his paper "The extensions of topological groups" (see [44]),



and finally G. Hochschild in his papers "Group extensions of Lie groups
I and II" (see [28] and [29]) tried to consider the same problem for
topological groups. In 1952 S. T. Hu in his paper "Cohomology theory of
topological groups" (see [31]) considers the same probiem. In fact Hu
simplified the problem by considering. only extensions with trivial
topological structures (i.e., extensions whose underlying topological
space is the product of the subgroup and the quotient group). Under
this hypothesis he was able to prove that an analogous cohomology
theory using continuous cochains classifies the extensions with abelian
kernels.

As we see next there is a long way to go in order to find out what
is going on under more general assumptions. In 1963 Calvin C. Moore in
his two papers "Extensions and low dimensional cohomology theory of
locally compact groups I and II" (see [41], [42]) treated the general
case with the restriction that all the groups are locally compact. He
was able to show once more that, using a cohomology theory constructed
out of Borel functions, two-dimensional cohomology classifies
topological group extensions with abelian kernel. The global
structure of the group extensions of K by H also enters into another
problem, that of classifying irreducible representations of locally
compact groups.

As we have seen early attempts to treat in analogous fashion
extensions of topological and Lie groups let to the understanding only
of special cases. In 1972 Alex Heller in his paper "Principal bundles

and group extensions with applications to Hopf algebras" (see [21])



studied and gave a more complete analysis of this situation in which he
considered the problem of group extensions with abelian kernels and
cohomology in topological and simplicial categories. That was a useful
contribution because now the problem for the first time was stated and
studied under very general hypotheses, using only categorical language
and avoiding the .computational method for cohomology. In 1977 R. Brown
and P.J.Higgins in their papers "Sur les complexes croises w-groupoides
et T-complexes" and "Sur les complexes croises d’homotopie associes a
quelques espaces filtres" (see [6] and [7] respectively) introduced the
notions of crossed complexes and crossed resolutions which both play in
later work the main role in the theory of group extensions and
cohomology. In 1978 Y.C.Wu in his paper "H3(G,A) and obstructions of
group extensions" (see [56]) studied the problem using categorical
language rather than the computational technique introduced by S.
Eilenberg and S. MacLane. He required assumptions involving the
concepts of crossed modules and crossed 2-fold extensions, but he did
not realise this at that time. Finally in 1980 J. Huebschmann in his
paper "Crossed n-fold extensions of groups and cohomology" (see [32])
introduced and studied crossed n-fold extensions and implicity resolved
the original problem under the classical assumptions but in more
general case using categorical language and homological algebra. The
explicit consequences were not spelled out. In 1989 I wrote down and
proved everything in great detail in my Master’s Thesis "The relation
between crossed n-fold extensions of groups and cohomology” (see [12]).

Thus group extensions with abelian kernels are well understood in a



large collection of categories, and group extensions with non-abelian
kernels are well understood, but only in the discrete case.

The problem that we study here is that of group extensions and their
relations with cohomology theory of groups in suitable cartesian closed
categories. In fact we prove that for such categories with finite
limits and countable colimits and enough projective or injective
objects, for example sheaf categories (e.g. simplicial sets), all the
above results hold.

For this purpose it proved neccessary to reconstruct, in the context
of such categories, some of the basic results of the combinatorial
group theory, and to redevelop the theory of crossed n-fold extensions

in categories possessing injective rather than projective objects.



CHAPTER I  Group theory in Cartesian Closed Categories

In this chapter consider € to be a category with countable colimits,
finite limits, disjoint coproducts such that the pullbacks preserve
colimits and every morphism in € can be factored as the coequalizer of

its kernel pair followed by the equalizer of its cokernel pair.

1 Categorical Preliminaries

In this section we introduce the basic notions for the study of

group extensions in cartesian closed categories.

Definition 1.1. A moneid in € is a triple <c, p:icxc—¢, nit—c> such

that the following diagrams commute:

Cx(CXC)—a—-)(CxC)xc“—ﬂ:ocxc

] :
CxC >C




txc >CX C¢ cxt
I
C = C = C

Definition 1.2, A group in € is a monoid <c,un> together with an

arrow g:c—c which makes the diagram (with A the diagonal) commute

AC 1,.xC Cx1 C A
C——>CXC—>CXC¢ CXC¢

1 ! |

t >C¢

n n

Moreover a group <c,u,n> is abelian if the following diagram commute

LI LI

”(\ e

¢ -
Definition 1.3. A morphism f:<c, u, n>——<c’, ¢’, 2’ > of monoids is
an arrow fic—c’ such that fu=p’(fxf)icxc—sc’, fa=7n':t—c".
Definition 1.4. A left action of a monoid <c, p, n> on an object B of
€ is an arrow v:cxB——B of € such that the diagram commute

cx(cxB );“———)(CXC)XB-&—)CXBé—BitXB

N Lo

CxB 3B = B

In addition, a homomorphism f:v——v’ of left actions of ¢ is an arrow



fi.s——B’ of € such that v’ (1xf)=fv:cxp—pB’.
Definition 1.5. Let G be a group in €. A (left) G-module is an abelian
group A in € together with an action v:GxA——A of G on A such that the

following diagram commute:

A x 1 1.x trans x 1
Gx (AxA)—S— A% (GxG)x(AxA)-E AL(GxA) x (GxA)
VXV
IGX“A AxA
a
GxA N
v

We shall give the definition of a subgroupA of a given group, a normal
subgroup and also the notion of a factor group.

Definition 1.6. If C, G are two groups and f:C—G is a homomorphism
of groups which is monic then we say that C is a subgroup of G.
Definition 1.7. A subgroup H of G is normal if there is an operation

v (necessarily unique) of G on H such that the diagram

GxH—Y—H

lGxinc 1 l lincl
GxG———G
conj

commutes.

Let 8:H—G be a homomorphism of groups. We define the orbit space of
G by the image of 3 (denoted 8(H)) as follows:

Definition 1.8. The orbit space of G by the image of 8 is defined as

the coequalizer object of the arrows uG(lGxa):GxC—eG, pr5:GxC—G



and is denoted by G x, (C)l.

If 8 happens to be monic then we denote it by chl. Moreover, if C is
a normal subgroup of G then the orbit space of G by C has a group
structure and its operation is given as follows: Consider the arrow
sxt:GxCxGxC—>GxC, where s=uG(perG):GxCxGxC——>G and
t=p(conjx1 C)(trans>< 1.)(1xinvx1 Py ) GXCxGxC—C.

Then we have in the following diagram that prG(Sxt)=uG(perG) and

" G(S><t) =pn G(u G G).

Gx CxGxC Xt ,GxC
perG\[ l”Gx“G p’Gl l“G
GxG >G
e
m n

(Gx~1)x(Gx,1)—>Gx 1
¢ ¢ Mox.1 ©

C
If m:GxG——)(chl)x(chl), n:G—>GxC1 are the coequalizers of the
arrows pre . and B¥Hg Prg and incl respectively then there is a

unique arrow EGx 1:(G><C1)x(G><Cl)——>GxC1, which is the operation on
C
chl, making the diagram commute.

Consider now the category grp(€) of groups in €, and the subcategory
ab(€) of the abelian groups of grp(€). So we have the following

Y Yy

ab(€), grp(®), €
Va V1

If ¢ has a free group functor the forgetful functor Ulzgrp(G)——ats has

a left adjoint the free group on €, and also the forgetful functor

10



U2:ab((i)——>grp(€) has a left adjoint the abelianization of a group
in grp(¢). Now we see how we get the abelianization of a group in
grp(€). Consider the free group on GxG denoted by F(GxG) and the arrow
GxG-LLG  which is defined as [J=py(1xtransxl )x(BxB) where

A=<1 G,invG >:G—>GxG.

GxG L] >G
AxAj I“G
GxGxGxG >GxGxGxG

1 .x trans x 1
G G
incl

Then consider the inclusion map GxG———F(GxG) and since F(GxG) is
free on GxG there is a unique homomorphism of groups (actually of

G-groups) ¢:F(GxG)——G such that ¢(incl)=[,].

F(GxG) 4 \ccoker(go)\GAb

inc 1 i1

GxG

Now since the cokernel of any homomorphism between groups exist, we
have that coker(y) also exists because ¢:F(GxG)——G is a homomorphism
of G-groups with the property gov=coan(1Gxgo), where v represents the
action of G on F(GxG) which is by conjugation. The object GA® is simply
by construction the abelianization of the group G in grp(€).

Definition 1.9. A category € with all finite products specifically

given is called cartesian closed when each of the following functors

-xb 56

c—0 ch—<c¢,c> a+—axb

C—1 E—CxC¢ €

11



has a specified right adjoint (with a specified adjunction). These

adjoints are wriiten as follows

t———0 axbe——<a,b> cb<————c

Let ¢ be a cartesian closed category with finite products and
coproducts and countable limits. We define next the notions of the
the monoid homomorphism cobject mon(X,Y) and the group homomorphism
object grp(X,Y) of X and Y in €,
First consider the exponential functor (—)W:G——>€ which is a covariant
functor and preserves products (i.e., (XxY)W = XVyW ). But any
functor which preserves products preserves also groups. Therefore XV is
a group in €, if X is a group in €. Given X, Yegrp(€) mon(X,Y) and
arp(X,Y) are defined by the adjunction. This means that we define them

according to the diagram

(W,mon(X,Y)) = mon(X,Y")
(W,8rp(X,Y)) = grpE(X,Y")

Moreover mon(X,Y) is constructed as the equalizer of the following pair
1 pr pr
of arrows Y X:Yx———eYXXX, (n YX><X)(Y ey X )a YX):YX——>YXXX

and Y X :yX YT, n oYY,

Lemma 1.10. Every monoid homomorphism is a group homomorphism (ie.,
monC(XY) = gp€(X,Y)).

Proof. We have now grp€(X,Y)——mon€(X,Y)——€(X,Y) and we define
the multiplication in €(X,Y) to be the multiplication of the values in

Y, as follows f-g=uy(f><g)AX:X——>Y.

12



Let femon€(X,Y), to prove that fegrp€(X,Y). To see this it suffices to
prove that f preserves the inverse, that is f(invx)=(ian)f, in €(X,Y).
Since the definition of a of a homomorphism £:X—Y is fu, = u (fxf)

we have that the following two diagrams commute

X f > 0 >Y
Axl Avl T”Y
XxX < >YxY T YY XY
y* Vy
1.,%x inv fxf

xxX—2 X xxx SYxY
AXT "xl l”y

X 0 > X T >Y

Since f(invx) and (ian)f are both the inverse of f they are equal, in
other words f(invx)=(ian)f. Therefore we have mon€(X,Y)=grp€(X,Y) -

in €. This implies that mon(X,Y)zgrp(X)Y) since they represent the

same functor.
Next we define the composition between "function-space” objects
in €, (ie., XYxWX——>WY). Using the adjunction we get the following:
(X xWY, WY) = e(XY, (wY-)(WX)) = 6(X), WY"WX) 2 6(YxX \xWX, W),
exl X
e(exl(wx)):YxXYx wX W) xwX ¢ w belong in

G(YxXYx WX, W), where ¢ is the counit of the adjunction or, shortly

YxXY X WY-—————>W

s |

X><WX

13



and ex(xX)(-)*—id, .
Now we define the composition between group functor-space objects in €.

We have the diagram

G A

I T

arp(X,Y) x grp(Y,Z)——arp(X,2)

and the adjunction

CW, YY) = 6x,YY) = GWxXY)
C(W,mon (X,Y)) = mon€(X,Y")
CW,9tp (X,Y) =  grpE(X,Y")

It suffices to define the composition for the case

ex,YW) x 6(v,z™)——ex,zW)
because the group morphisms are special cases of the morphisms between

objects in € as it is described in the following diagram.
Ex,YV) x 6Y,zV)— s6¢x,zV)

grp€ (X, YW) x grp€(Y, ZW)——>grp°3(X , Zw)

The composition is defined as

2z =z N — 5 7 @)

14



It remains to verify that both definitions of the composition coincide.
If we observe closely (2) we have first the evaluation (gw)f and then
the evaluation ZA(gwf), which means that we have exactly the same
definition for the composition but in other terms. If X=Y we get the
internal endomorphisms of X object in €, €nd(X). We construct the
internal automorphisms of X object in € as the pullpack of the arrows

comp:End(X)xCud(X)—End(X), 1—€nd(X) described by the diagram

Aut (X)—End(X)xEu d (X)

comp

1 >End (X)

Let K be an object in €. Consider the automorphisms object of K
But(K) and also the arrow K——#ut(K) which is defined in terms of the

adjunction,

E(K But(K)———EKKS) 2 CKXKK)

in other words K—¥ »aut(K) is defined in terms of an arrow KxK——£—>K,

where the arrow &£KxK——K is defined according to the diagram

KxK- g >K

Ax 1KJ( IMK

KxKxK———KxKxK
1Kx trans

where A:K—KxK is defined as prIZ=1K, pr22\'=inv and pr,, pr, are the

K
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projections on the first and second component respectively.
Moreover if we consider the pushout of the arrows X——@ut(X) and

X——1 (i.e., its cokernel)

X— Aut(X)

1—Hut(X)

we get the internal outer automorphisms of X object in €.

Definition 1.11. Let X be a group in € and we consider the arrow
inn=¢:X——@ut(X) as it is defined above. The kernel of ¢ is an arrow
. Z(X)——X, where Z(X) is the center of X.

Definition 1.12, Let A, G be two groups together with an action v of G
on A. By a derivation (or crossed homomorphism) we mean an arrow

d:G—A such that

M
GxG G 5G
AleG
GxGxG d
dlexd |
AxGxA ——AXA SA
A A

commutes.

Definition 1.13. Let H and G denote two groups in €. By a group

extension of H by G, we mean a short exact sequence
0——H—L5E—5G——0

Without a proof we state also two theorems due to Professor Alex
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Heller. For more details someone can look at [21] in bibliography.
Theorem 1.14. Let € be a category with countable colimits, finite
limits, disjoint coproducts, the pullbacks preserve colimits and every
morphism in € can be factored as the coequalizer of its kernel pair
followed by the equalizer of its cokernel pair. If X is an object of €
then the free group F(X) on X exists.

Theorem 1.15. Let € be a category with countable colimits, finite
limits, disjoint coproducts, the pullbacks preserve colimits and every
morphism in € can be factored as the coequalizer of its kernel pair
followed by the equalizer of its cokernel pair. If X is an object of €

then the free group F(XvX) has no non-trivial normal abelian subgroups.

17



2 Crossed Modules and Crossed n-fold Extensions

Definition 2.1. A crossed module (C,G,3) in € consists of two groups
C, G and an homomorphism 8:C——G together with an arrow v:GxC—C,

the action of G on C, which makes the following diagrams commute

v 6><1C
GxC——>C CxC——>GxC
1GXGJ Ja ICXCJ Jv
GxG———G CxC——————>C
conj conj
6v=conj(1Gx6) v(ale)=conJ(1CxC)

where for any group H the arrow conj:HxH——H is the conjugation which
is defined as conj=uH(1prH)(1thrans), the arrow trans:HxH—HxH is
the transpose and the arrow p:HxH—H denotes the group operation on H.
A morphism («,8):(C,G,0)——(C’,G’,8’) of crossed modules consists of
two group homomorphisms «:C—C’ and B:G—G’ such that the

following diagrams commute

18



c—2 G G x c—2 ¢

T N,

C'T-)G' G’ x C’—-T—)C'
' a=B3 v’ (Bxa)=ov

Remarks
From the definition follows at once that a crossed module is a
generalization both of an ordinary G-module and a normal subgroup of G.
i) If G is a group and C is an G-(left) module then (C,G,6=0) is a
crossed module with 8=0 the zero morphism.
ii) If G is a group and C is a normal subgroup of G then (C,G,8=i) is
a crossed module with i:C>——G a monomorphism (the inclusion) and G
acting on C by conjugation.

We observe now the following consequences coming from the definition
of a crossed module:
Proposition 2.2. The image 3(C) is a normal subgroup of G.

Proof. Consider the following diagram

wl
s,l ltl
GxC——Y—C
lGxal , a

Gx8(C)- L — 53(C)

lGxincll 1ind

Gx G——————G
con j
sl 1t
w

where (s,t) is a cokernel pair of 3, incl is the equalizer of the
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cokernel pair (s,t), (s’,t’) to be the kernel pair of 1,%8, and (1,x3)
be the coequalizer of (s’,t’). We have sa=td (because (s,t) is the
cokernel pair) which implies sav=tdv and because the square commutes
(ie., av=(conj)(1Gxa)) we get s(conj)(lGxa)=t(conj)(1Gxa). On the
other hand since incl:8(C)—»G is the equalizer of (s,t) this implies
that there is a unique group homomorphism p:GxC—38(C) such that
(incl)p=conj(lGx6). Also since (incl)p=(incl)(av) = p=6v. Moreover,
we have that (conj)(lGxa)s’ =(conj)(1G><a)t’, because (s’,t’) is the
kernel pair of (lGxa) and since the square commutes this implies
avs’ =avt’ = (incl)ps’ =(incl)pt’ = ps’ =pt’. Because 1,8 is the
coequalizer of (s’,t’), there is a unique arrow v’:Gx38(C)—3(C)
such that v’(1Gx6)=p. Thus we get

(incl)p=(conj)(1Gxa) = (incl)v’(lGxa)=(incl)p=(conj)(lGxincl)(lGxa) =
= (incl)v’ =(conj)(1Gxincl) which proves that 8(C) is a normal subgroup
of G. f§

Proposition 2.3, The kernel Ker(d) lies in the center Z(C) of C.

Proof. To see this suppose that :C——G is a crossed module and
v:B——C the kernel of 3, then 6v=0. On the other hand if we apply
the second condition of a crossed module to B, which is a subobject of

C, then we get a commutative diagram

BxC
vxlC
CxC——C

conj
axlcl J,IC

GXC—V——)C
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which proves that the ker(d) is central in C. J
Proposition 2.4. The operation of G on C induces a natural

G 1-module structure on Z(C) and ker(8) is a submodule of Z(C).

*a(C)
Proof. Let us consider the following diagram

’
GxZ(C)— - ¥ -~ 57(C)
ker(;x inn) ker(inn)
GXC v >C
vxinn inn

ﬂuT(C) xdut (C)Tnj——)ﬁuT (C)

where v:GxC—C is the action of G on C and v:G—#ut(C) is defined in
terms of the adjunction (E(G,Hut(C))——)@(G,CC)zG(GxC,C) with the
relation v=(eval)('\7xlc) (GXCLHM(C)XC—C‘@L)C). Consider also the
kernels of vxinn and inn respectively. We shall prove first that the
square (GxC,C,8ut(C),dut(C)xHut(C))commutes and then that there is a
unique arrow v’ :GxZ(C)——Z(C) making the whole diagram commutative.

To prove that the square commutes it suffices to prove that the

following diagram commutes

vx1C
GxCxC———————»CxC
v><1nnx1C leXIC
Aut(C)xAut (C)xC conjxlgﬂut (C)XC__Wc

In other words we have to prove the equality of the two maps
(eval)(innx1)(vx1.)=(eval)(conjx1 C)(5 xinnx1)
Since v=(eval)(vx1 ) we have

(eval)(innx1_)(vx1 C) =(eval)((inn)vx1_)=
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=(eval)((inn(eval)( Vxlc)xlc)=(eval)(conjxlc)( innnxlC) which proves
that the above diagram commutes and coesequently the original diagram
also commutes.

We have (inn)v(ker(Vxinn))=(conj)(Vxinn)(ker(Vxinn))=0 and since
ker(inn) is the kernel of inn there is a unique arrow v’:GxZ(C)——Z(C)

such that ker(inn)v’ =v(ker(vxinn)). Because v(axlz(c))=pr2

CxZ(C)
ax1, ©) 1 5 r,
GxZ(C)——Z(C)

this implies v’a=0. If we consider the cokernel of 8, then there is a

unique arrow w:Gx ——#3ut(Z(C)) such that w(coker(s))=Vv".

a(c)!
c— V'8 etz
|
G——Y @At (Z(C))
coker(d) "

Gx (C)l——Laut(Z(C))

Therefore by the adjunction

B(G 5y LEUH(Z(ON))——8(Goxy o) IZ(CNZCYAE(Gxy o 1,Z(C)%(©))

the arrow w:Gx , , .. 1xZ(C)——Z(C) is defined as w=eval( vT/xlz(C)),

8(C)
which defines a Gx

a( C)1-m0dule structure on Z(C).

Proposition 2.5. The operation of G on C induces a natural

G I-module structure on the commutator factor group ct=cx /c,c ]I.

*a8(C)
Proof. Similar to the proof of proposition 2.4. above. J

Thus the crossed modules constitute a category which is called the
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category of crossed modules and is denoted by X-mod.
Definition 2.2. Let Q be a group and let A be a Q-module in €. A

crossed n-fold extension of A by Q is an exact sequence of groups in €

1 a d a a

. C ie o2 2 c_ 1,
eo O_‘—)A /\./n_l ,Vn-z rd '—_)C 2 rd 4 1 I\I’HQ‘HO

in which G acts on C, and Q acts on Ck’ k=1 with the following

properties:

i) The triple (C,,G,3,) is a crossed module.

ii) For 2=k=n-1 C, is a Q-module and 8y and y are Q-linear.

It make sense to require 4, to be Q-linear since ker(al) is a Q-module.
A morphism (o,0,0):e—e’ of crossed n-fold extensions in €

consists of group homomorphisms ¢:Q——Q’, ocO:G————>G’, e e e,

ak:Ck———ale( and o:A——A’ such that (o, o« . ¢) provides a

BRI
commutative diagram of groups in € which preserves all the structure.
Thus the crossed n-fold extensions in € constitute a category.

For completeness a crossed O-fold extension of A by Q is a derivation
d:Q—A.

Example

Given a group K in €, the homomorphism inn:K——&ut(K) and its kernel

a=ker(inn):Z(K)—XK then

0> Z(K)— K22 (K)——sDut (K)—0

is a crossed 2-fold extension.
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3 Free Crossed Modules

Let Grp(2) denote the category whose objects are group homomorphisms
and whose arrows are commutative squares in the category of grp(€).
The forgetful functor U:X-mod(€)——Grp(2), which forgets the group
action, has a left adjoint V:(p:H »G) ——V(9)=(C,G,8), the free

crossed module on ¢. Before we see the construction of the free crossed
module on ¢ we prove first that every group G has a set of generators
X. Moreover if F(X) represents the free group on X then there is an
epimorphism F(X)—>G.

Lemma 3.1. Let B, D be two categories and F, G two adjoint functors
F—|G. If G is faithful then the counit e:FG—'——n'dD of the adjuction
in an epimorphism (i.e., an epi arrow for each component).

Proof. To prove the counit e:FG———'—>idDis epi we consider two arrows

9, 9’ such that we have the following diagram

€ 9

X —_—
FG(X)——X - Y

24



and suppose that 9, = ¢’e, to prove 9=9'. We apply the functor G and

consider the unit N (X)’ so we get

Gey Go

GFG(X), G(X) G(Y)
T nG(X) Go’

W

with (G«?)(Gex) =(G#’)(Ge,,). Then (G9)(Geyng = (Gv’ )(Gex)‘nG(x)

which implies GMG(X)= Gy’ 1G(X) = Go=Gv’' = ®=9’, because G by

hypothesis is a faithful functor.

Lemma 3.2. Every group G in C is the homomorphic image of a free group

in €.

Proof. Suppose that D=grp(€), B=€, G=U and F=F, then we have
U

grp(€), > 6 F—U

where ¢ FU——>1 ) (i.e., eG:FUG——>G) is the counit of the

(i}
adjunction grp((S)(FirII,’é})zG(H,UG). For H=UG the adjunction becomes
grp(€)(FUG,G)~€(UG,UG). Since the forgetful functor U is faithful and
F—U according to the previous lemma 3.1. the counit of the
adjunction e:FU—'—>1grp © is an epi arrow, this means each component
is an epimorphism in grp(€). Thus UG represents an object that
generates G. This implies there are objects X in € that generate the

group G. That is, there exist an object X in € and an arrow X——UG

with F(X)

»G to be an epimorphism in grp(€).

Suppose now that we have the epimorphism F(X)-Z»G together with its
kernel N>—F(X). Since N is a group in €, according to the lemma 3.2.

above, there is an object Y in € that generates N.
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Definition 3.3. A presentation of a group G in terms of generators X
and relations Y consists of two arrows Y—YUF (X), X—2 UG in ¢ such

that the following diagram

FY)—L R (%)
x

1— G
is a pushout diagram in grp(€). A presentation of a group G in € is
denoted by G=<XY>.
Consider now two groups G and G’ in € which are expressed in terms of
generators and relations (i.e., G=<X,Y> and G’ <X’,Y’ >). We construct
the free product G*G’ of the groups G and G’ as follows.
Since G and G’ are both expressed in terms of generators and relations

we have

Yy—Y Sur) F(Y)—Y P (X)
Xx—X UG l lx
1I— G
v —¥urx) F(Y )—25r (X7
x'— X ug’ l x’
— G

Consider the coproduct of (Y, Y’), (X, X’), and (G, G’) denoted by
YuY’, XuX’, and GuG’ respectively. We define ¢:YuY’——UF(XuX’) and
2:XeX'—U(GuG’) by y=y“(yuy’), x=x"(xux’) where

" UF(X)uUF(X’)—UF(XuX’), yuy’ :YuY’'—UFX)uUF(X’) and
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x”:U(GU(G’ )—U(GuG’), xux’ :XuX’'—U(G)uU(G’). Using the same
argument as aboveA we get that XuX’ is an object of € that generates
G*G’ with F(XuX’ )—i—>G*G’ to be an epimorphism in grp(€) and YuY" is
the object in € that generates the kernel kerc=N of ¢. Therefore the
free product of G and G’, G*G’, is the group generated by XuX’ and

satisfying the relations YuY’ in such a way that the following diagram

*

F(YaY' ) —Y P (XuX’)
K
p4
—  G*G’

~ % % . .
is a pushout. Then the arrows ¢ , x express a presentation of G*G’ in

terms of generators and relations.

Given a group G generated by an object A of € we construct the
normal subgroup N of G generated by A as follows:
Let F(A) be the free group generated by A, consider the pushout of
the two arrows F(A)—>G, F(A)—1

N
ker(p)
F(A)—G
| L
1I—G

and take the kernel of ¢. Then N represents the normal subgroup of G

generated by A because of the construction.
We give next the definition of the semidirect product between two

objects G and K in grp(€). The product GxK of two groups in € can be
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generalized to the construction of a semidirect product KxG depending -
on UG, UK and on a homomorphism ¢:UG——U(aut(K)) in €.
Definition 3.4. Let G, K be two groups in €. Consider also the objects
UG, UK and the product UKxUG in €. The semidirect product of G and K
denoted by KxG, consists of the product object UKxUG in € and the
action ¢:UG——U(Aut(K)) of G on K in € together with an arrow
by iy UKXUGXUKXxUG——UKXUG  (which denotes he operation in
UKxUG) defined as follows:

1% tr x 1 M, X M
UK UG, ukxUKxUGX UGS S,UkxUG

(UKxUG)x(UKxUG)

where tr:UGxUK———UKxUG is defined follows:

UGxUK tr SUKXUG
AxlUK
UGxUGxUK tr
IUwaxlUK
UGxUEn T (K)xUK—————UGXUK
uG™ “uk

We observe at once that any semidirect product KxG in grp(€) may be
described by an exact sequence as 0————>KEP—G—>K><1GE—9G——>O where
kerpG:K-———aKmG is the kernel of pG:K><G—->G where PG is the projection
on G which is an epi arrow in grp(€). To see that K——KxG is the

kernel it suffices to prove that the following diagram

K——1

a| |

K XG———G
P
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is a pullback in grp(€). Let suppose now that there is another object

W in ¢ and two arrows W—Y »1, W—L83K.G such that the square

(W,1,G,K«G) commute. Thus we have

N

K———1

<fg> l<idK, 0> j

> KAG————G
PG

since pG<f,g>=0, this implies that g=0. Therefore there is a unique

arrow f:W—-—K such that <idK,0>f= <f,g>=<f,0> and #»f=0. Hence the
P
square is a pullback diagram and K—KxG is the kernel of K«G—S5G.

Therefore the semidirect product KxG in grp(€) can be expressed as a

short exact sequence 0 \KkerpG KxG ’s >G——0. Moreover this
short exact sequence splits since the arrow t=<0,1 G>:G——>K><1G has the
property p t= 1 G

Proposition 3.5. If 0———>K——q——>P<_—f——_->G——->0 is a short exact
sequence of groups where q:K—P is the kem:l of the epimorphism p
and po=1 G then P is isomorphic to the semidirect product KxG in grp(€).

Proof. Consider first the following diagram

wj'/K?GQGit
. 3G
RN A

<

M

the arrow inv(cp):P——P (the inverse image of op) in € and the arrow

15-inv(ep):P——P in € . Then we get the following
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p(lP-inv(o-p))=p1P-pinv(crp)=p-inv((pcr)p)=p-invp=0. Thus there is an
arrow v:P——K such that 1P'inV(0‘p)=qv. Moreover we have that
(1p-inv(ep))q=quq = 1,(q)-inv(cp)q=quvq = q-inv((cp)q)=quq =
q-inv(e(pq)) =quq = q=qvq 5 1, =vq (* because q is monic, so it is left
cancelable). This implies that the exact sequence 0—K-L:P-E5G—0
splits also on the left. Also because of the definition of the arrow
1P-inv(op)=qv:P——>P we have that qu-op=1p (1), as well vq=1, (2) and
po=1, (3). Thus the object P in € is a product KxG because we have

Py "OPg
KxG P

<v,p>
such that (qu-o~pG)<v,p>=qp]Kv-o~pGp=1P , because of (1), and
<vp>(qpy 7P > = <U(@P)P(OPE) > = < (VDPyAGPIP > = <PP > =
=l (* because of (2) and (3)). Therefore in diagram (I) there is an
invertible arrow from KxG to P in €, which means P and KxG are

isomorphic.

Given a homomorphism ¢:H——G of groups in € we shall construct the
free cossed module on ¢ as follows. Consider the free product G*H of G
and H, and the two morphisms v=(idG,O):G*H——»G, (idG,go):G*H——eG in
grp(€). We take also the kernel of (idG,O) denoted by v:W—G*H, so the

following diagram arises

w—Y G*H

A=(id ;0) // j (id0)=v an

4
G (idg,0) G

v (id ,,0)
We observe that the sequence W—— G*H—Y"5G is exact and it is
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also split, since we have the morphism k=< 14:0>:G—G*H with vk=1 G

Then by proposition 3.4., on page 29, we have G*H=WxG and the diagram

(II) becomes

H

\\\injH

N
W— " G *H=WxG (11D

A=Gdgov | 7 71'< l(idG,0)=v

& Gdg.0) " &

We consider the arrow :UWxUW-—UW and the free group generated by
UWxUW, F(UWxUW). Then we have the epimorphism
T:F(UWxUW)—W and we take the pushout of the arrows
T:F(UWxUW)—W and F(UWxUW)—l

~

f

F(UWxUW)———
|, e
1)
1 el >C 5 > G
l T
0

By taking the arrows vv:W—G and 0:1——G we have (vv) T =0n=0 and since
the diagram (IV) is a pushout there is a unique homomorphism of groups

8:C——>G such that 8¢=vv and 80=0. Then the diagram becomes

H
inj
\ H
g 4 v
Cg W 3G *H=WxG V)

Ve
x A jv

& (g0 &

We claim that (C,G,3) is the free crossed module on ¢.
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Observe that (C,G,3) is a crossed module by construction. It remains
only to prove that (C,G,3) is a free crossed G-module. To see this it
suffices to prove that given another crossed G-module (C’,G,3‘) and

the arrow y:H—C’, as they are presented in the following diagram,

PN

there is a unique arrow 8:C——C’ such that (VI) commutes.

Consider the following diagram

\ c’
”J id. 0 T
0% y|
G*H GxC’ (VID)
\ p
. G
( xdG,O)\ i
G

where W—=-G*H and C'-—GxC’ are the kernels of the homomorphisms
(idG,O) and Pg respectively. Since (idG,O)v=0 and pGn=O and also C’
is a kernel there is a unique arrow w:W——C’ which makes the diagram
commute. In addition, consider also the arrows A:W——G and & W——C

then (VI) becomes

(VIII)

k lpc ”
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We take now the pushout of the arrows T:F(UWxUW)——W and
F(UWxUW)——1, and consider also the arrow w:W——C’ 0:1——C’,

We have the following

F(UWxUW)—j—————aw
| [\
1 C 5C’ )
| S
0

First we have to prove that wT =0. This comes immediately since W and
C’ are G-groups, w is a homomorphism of G-groups and C’ is a crossed
module. Then because the square (F(UWxUW),W,C,1) is a pushout and
»T =0 there is a unique homomorphism 8:C——C’ which makes both (VIII)
and (IX) commute. Therefore (C,G,8) is the free crossed module on ¢. §
Remark

If the group H is free on S, where S is an object in €, then C is
called the free crossed G-module with basis S. In this case the notion
of the free crossed module given as above generalizes Whitehead’s
definition of free crossed module.

Lemma 3.6. If C is the free crossed G-module with basis S then cAb is

as ordinary Gx 1-module free on S.

9(C)
Proof. Consider the following comma categories modvG, grp'G, YUG

and the following diagram

2
X-modVG grpm(_ eVUG
Vi Va
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The forgetful functor U, has a left adjoint which sends X to the free
group generated by X (denoted by F(X)) and UG (the underlying object of
the group G) to the group G and the morphism (X—d—>UG) of objects in €
to the homomorphism of groups (F(X)——li‘—i—>G). The forgetful functor U,
has a left adjoint which sends each group homomorphism (F(X)——G) to
the free crossed G-module with basis X. Now we consider a new category
which is denoted by mod#G, whose objects are pairs (N,W), where
(N,G,a8=incl) is a crossed module, in other words N is a normal subgroup
of G and W is a Gx a( C)l-module, and whose morphisms are arrows of the
form (N,W)——(N’,W’) such that:

i) N—>N’ is a monomorphism of G-groups, and

il ¢:W——>W’ is a morphism in the category of G-modules.
Since N is a normal subgroup of G there is an action of G on N which
afterall is the restriction of the action of G to itself on N and is

defined as follows:

Consider the following diagram

GxN N
1 mec 1 n=kerd
Gch—QﬂeG
9
Gle

where the arrow conj:GxG——G is defined by the adjunction
(G,aut(G))*(GxG,G) and N-15G is the kernel of the arrow
Gi)Gle' Then we have 9m=0 and «9(conj)(1Gxincl)=0 because N is a

normal subgroup of G. On the other hand, since n:N—G is the kernel
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v
of # there is a unique arrow GxN—2N N which makes the diagram

v

GxN >N
1Gx incl n=kerd
GG G
9
G§N1

commute. Thus N is a G-group.
We define now the functor K:mod#G——>grp¢G as follows:

# d=(incl,0)
Ob(mod™ G)s(N, W), S(NxW. »G)<Ob(grp*G)

where NxW, G are groups in € and 8:NxW—G is a homomorphism of
groups, and we introduce the following action of G on NxW

1_ xtransx1 <Y, Vo, >
G SGxNxGxW— W N W

A><1N><W
Gx(NxW)————GxGxNxW.

where vy GxW—W is the action of G on W (W is a G-module since W is a
Gle-module). We claim that (NxW,G,8=(incl,0)) is a crossed module.

To see this consider the diagram

1Gx incl
G x (NXxW)———>GxG

vawj J conj

NxW. 3 >G

which commutes because of the definition of 8:NxW—G, the fact that G,
N and NxW are G-groups and also because the action of G on N is by

conjugation; thus the first condition of a crossed module is satisfied.
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To verify also the second condition consider the diagram

conj

(NxW) x (NxW)——————NxW
A
d N\NN w 1
*INxw (W) 4 1w
o
Gx (NxW) > YNxW
NxW

which commutes because N acts on W trivially, since W is a Gle-module,
and the action of G to NxW as it is defined is conjugation on N on the
first component and the action of G on N on the second component. Thus
(NxW,G,a=(idN,O)) is a crossed module. A left adjoint for the functor

K, as we previously defined it, is a functor which is defined as
mod” Gs(N,C*") L' | (C-2G)eX-modG

where 9:C—G is a crossed G-module, 9(C)=N is a normal subgroup of

G and CA% is a Gx 1-module. Consider now the diagram

K

. o |

mod” G X-modVG grp¥G VUG
—— 2

T I V1 V2 I

L
and we define the functor
mod#Gs [grde(FX),Gle'mOdule] L | (FX: Fd >G)egrpvG
free on X

Now we have the functors U2U1K’ =K, L’ V1V2 and L. In addition we have

that L is a left adjoint of K and V,V L’ is also a left adjoint of
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U, UK’ =K. But we know that any two left adjoints of a functor are
naturally isomorphic. Thus A% is an ordinary Gle-module free on X.

Moreover since we have the diagram

X——>C
\ iAb
with X——CA® injective (because AP is a Gx1-module free on X) the

arrow X—C is an injection.

Let (X;R) be a presentantion of a group Q. Let N be the normal
subgroup of F generated by R in € and let A:N——F be the arrow that is
induced by the relators, where F is free on X.

Proposition 3.7. Any presentation (X;R) of a group Q determines a
crossed module (C,F,8) in which F is free on X and C is the free
crossed F-module with basis R.

Proof. Let suppose that (X;R) is a presentation of Q. In other words
the presentation (X;R) of Q in terms of generators X and relations R
consists of two arrows R——>UFX and X——UQ in € such that the

following diagram is a pushout in grp(€)
F(R)—2—F (X)

1l———Q

We construct next the free crossed F(X)-module on ¢. That is, we
consider the free product F(X)*F(R), the arrow F(X)*F(R)—F(X) and
its kernel v:W——F(X)*F(R). Then we get the diagram
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———————>F(X)*F (R)

A=(idgy j lv: (idpy0)

F(x) (dpxe?) Bex)
in which
v (id,,0)
0 SW. sF(X)*F(R)—E2_LF(X) 50
is a split short exact sequence, because vv=1 where

FX
v= <idG,O):G——>G*H. Thus F(X)*F(R)xWxF(X) and the above diagram

becomes

F(R)

\J»'/—”>F(X) *F (R)=WxF(X)

A=(id e )0 / .k Jv=(ide,0)

F(X) F(X)

Now we consider the arrow :UWxUW——UW and the free group generated
by UWxUW, denoted by F(UWxUW). We have then the epimorphism
T:F(UWxUW)——UW and we consider also the pushout of the arrows
T:F(UWxUW)—UW and F(UWxUW)—1, so we get

FUWXUW)— LW
-
1 5—F(X)
[ T
0

and because the diagram is a pushout there is a unique homomorphism
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8:C——F(X) such that 8€=vv and 80 =0.

The diagram finally becomes

F(R)
Ce—5 WY SF(X)* FR)=WF(X)
\A / j{v

F(X) F(X)

and (C,G,d) is the free crossed F(X)-module on .
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CHAPTER 1II Cohomology in the presence of projectives

In this chapter consider € to be a category with countable colimits,
finite limits, disjoint coproducts such that the pullbacks preserve
colimits, every morphism in € can be factored as the coequalizer of its
kernel pair followed by the equalizer of its cokernel pair and also
€ has enough projective objects. Moreover, because of theorem 1.14. on

page 17, € has a free group functor.

1 Crossed Complexes, Free and Projective
Crossed Resolutions of groups

Definition 1.1. A crossed complex C (over a group Q) is a sequence

s} 8 a a

- - - —C 8¢ My oo o —C—2C. LG
n n-1 n-2 2 1

of groups in which G acts on C, and Q acts on Cy vk=2 with the
following properties:

1) The triple (Cl,G,al) is a crossed module

2) For k=2 each C,_is a Q-module and each 8, is a Q-map, and

3) 8, ,8,=0. k=2.
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Definition 1.2. A crossed complex C is called free (projective) if G
is free, if C1 is a free (projective) crossed G-module and if Ck’ k=2

is a free (projective) Q-module (Q=Gx, e )1).
11

If now a crossed complex C is exact and if a group Q given in advance
is isomorphic to the quotient Gxa1 (Cl)l then C is called a crossed
resolution of Q.

Definition 1.3. A morphism «:C—C’ of crossed complexes consists of
group homomorphisms % :G——>G’, “k:Ck—>Cf< k=1 such that
( .. W Qe e, oco) provides a commutative diagram of
groups which preserves all the structure.

Remark

Clearly crossed n-fold extensions are special cases of exact complexes
with C, =0 for k=n+1.

Proposition 1.4. Any group has a free crossed resolution.

Proof. Let Q be any group and let (X;R) be a presentation of Q. Then
we have 0——N=grp . sR>——F(X)—>Q. Consider now the arrows

R——F(R), R——F(X). Because F(R) is free on R there is a unique

homomorphism ¢:F(R)——F(X) making the triangle commute.

R——F(R)

N e

F(X)

Construct now the free crossed F(X)-module on ¢ denoted by

(C1’F(X)’31)' Then we have the diagram
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a
Cl——-——-1—>F(X)——-—»Q

/

kerd 1

/

0

where kera1 is the kernel of a,. By lemma 3.2, on page 25, there is a

free group C, and an epimorphism eZ:CZ——»keral. Then we get
a 3

c 2 .2

2 1
e,\ /1,
kerd
1
0 / 0
and define the arrow a,=i e,. We have Im(62)=Im(ilez);Im(e2)=keral,

2 1

(* because i1 is the inclusion and €,

this process we have finally

>F(X) »Q

is an epimorphism). Continuing

an 6n-1 63 a2 a1
>C C 7 y - - - —-——>C3—————9C2——->C1———>F(X)————»Q

a free resolution of Q. J§
Lemma 1.5. Let f be an arrow in a category ¥ and consider its cokernel

pair (the pushout of f by itself).

Then f is epi in 3, if and only if, u=v.
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Proof. If f is epi in § and uf=vf then by the definition of epi arrow
we have u=v.

Let us suppose that u=v to prove f is epi. To do this consider an
object W of €, two arrows y:Y—W, h:Y-——W and suppose that yf=hf.
Then since the square is a pushout there is a unique arrow q:P—W

such that qu=y and qv=h. But from hypothesis u=v, therefore y=qu=qv=h

which means that f is epi.
We observe that the forgetful functors UI:X-mod(€)¢G——>grp((S)~1'G,
U2:grp((€)4'G——agrp(€), and U 4:Q-module(@?)—>€ preserve pushouts,
therefore preserve epimorhisms. This implies that the free functors \A
V2 and V4 preserve projective objects. We make now the following extra
hypothesis. The forgetful functor U3:grp(€)-—>@‘ preserves epimorphisms
which implies that the free functor V3 preserves projective objects.
Remark

The above hypothesis is true, for example, in presheaf categories.
Proposition 1.6. Any group has a projective crossed resolution.

Proof. Let Q be any group and (X;R) be a presentation of Q. Without
loss of generality we may assume that both X and R are projective
objects in €, otherwise we can find two projective objects X’ and R’ in
€ and two epi arrows X'—>»X, R’—>»R, in other words we consider a

projective presentation of Q. Then we have

0——N=grp, <R> >F(X) »Q

and because we have the arrows R——F(R), R——>F(X) and the fact that

F(R) is free on R there is a unique homomorphism ¢:F(R)——F(X) making
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the triangle commute

R——F(R)

N
4
F(X)
Consider now the free crossed F(X)-module on ¢, denoted by(C,F(X),al),

which is projective since F(R) is projective, then we get the diagram

8
C1—1——>F(X)—-———»Q

where i :kerd, —C, is the kernel of 8,:C,—F(X). Since kera, is an
object in €, and € by hypothesis has enough projectives, there is a

projective object F. in € and an epi arrow e F,—kera,. We take

1
now the free abelian group on QxF, denoted by Fab(QXFl)' The above

diagram becomes

1
F,, (QxF,) C SF(X) »Q

1
/‘.
ez\keralll

0/| \O

where the arrow 82:Fab(QXF1)—"'»ker61 is epi since the arrow

Fl-——»kera is epi. Moreover Q acts on Fab(QxFl) because Q acts on

1
itself. Therefore Fab(QXFl) is a projective Q-module and we define the

44



arrow 62:C2—>C1 as 62=i where C2=Fab(Q><F1). Then we have the

€
172
following Im(<92)=Im(i1e:2);lm(s:2)=ker61 (* because i1 is the inclusion

and e, is an epimorphism). Continuing this process we get finally a

a a 33 62 31
- —C, C —> . - - ———>C3——>C2———>C1————>F(X)——-»Q

projective resolution of Q. [
Remark

Let us consider the following diagram

the forgetful functor Ul:X-mod———>grp2 and its left adjoint, which
gives the free crossed module on an object of grp2. We observe that
when we constructed the free crossed module on an object of grp2 we
did not make any special generalization, which means that if we start
with the forgetful functor U'I:X-mod¢G——>grp4'G consider its left adjoint
and construct the free crossed module on an object of grp¥G the
construction says that we’ll get the same free crossed G-module. In
other words the above diagram commutes in both ways.

Proposition 1.7. Let C be a free crossed complex on projective

45



generator objects with Q=cokerd, and let C’ be a crossed resolution of

1
a group Q’. Then any homomorphism ¢:Q——>Q' may be lifted to a morphism
owwC——C’ of crossed complexes.

Proof. Consider the following diagram

Bn a 2 a 1 m
* o s SsC > = e e s Ve 3
Cl —'—'>Cn Iun _ 1 rd __—)C r4 1 4 | /Q_‘—)O
%n *n-1 * “ J“o ¢
? . . . ’ s )y & e . ’ sC NeXd e M
C M _’_)Cn B I\Jn-l ? —“_)Cz X 1\.,1 , 22U i Q __)O
Bn é] 2 a m

We have by hypothesis that G is free on a projective generator object
R, and therefore according to lemma G is projective. Moreover, we
have the morphism ¢m:G——Q’ and the epimorphism m’:G’'—->Q"’.
Since G is projective there is a homomorphism of groups &%) :G—G"
which makes the first square froxﬁ right to the left on the above
diagram commute. 8,:C,—G is a free crossed module on an object
X—>UG of 6¥YG and X is a projective object. Consider the free group

on X and the homomorphism v:F(X)—>C1. We have the diagram

3
F(X)—2—C, ! G
K 4
kerm
|
kerm’
k' 1]
C'1 \' >G’
9
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We look also at the following diagram

F(X)——c—=—l(l)-9kerm

T M

i
Ci—-—-—lz—,———»kerm'

Since F(X) is projective in grp(€) there is a group homomorphism
-r:F(X)——>C’1 which makes the square commute. This implies that the

following diagram

0=81v
F(X)———G

tl jao ocoﬂ =4 1':

’ '
Cl———————>6, G
1

commutes in grp2 . From the adjunction between the functors U, and V,

we have

g0’ (F(X)—G, U (C;—G"))+X-mod(C,—G, C;—G")

This means that there is a morphism oc10=(oc1:C1———>C'1, ocO:G——>G’)
between crossed modules which makes the second square commute.

Consider the diagram

a a3
C 2 »C 1 >G Q >0
2 1
\ 1
kera1 o o, P
SR NN
! Nold ek s’ N
C2 6, 1\11 al 7 IQ IO
2 1
we have oc06162=0 (1) but since the second square commute we have
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%9, =7, (2). Then because of (1) and (2) 6’1a162=0, which means that

the arrow oclc’a’Z:G2—>C’1 factors through the kernel of 8] That is
«,8,=8,2,. On the other hand since C’2 is a Q’-module it is also a
Q-module, ditto kexra’1 is a Q-module. We have now the homomorphism
C1:C2—>ker3’1 and the epimorphism <;3:C’2———-»k<=:r8'1 between Q-modules.
Since C, is a projective Q-module there is a homomorphism 0L2:C2——)C'2

of Q-modules such that the following diagram commute

o C2
2 .-
z"' \[cl
C2———»k erd 1

C3
and therefore the third square in the diagram commute. Continuing this

process we take finally a morphism of crossed complexes, denoted by

a=(. . .,

w %nr %2 % aO)'

If C is a free crossed resolution of Q on projective generator objects

we denote by C" the following exact crossed complex

c™:0 5] — B 5C 50 sC,— L SF 5Q—— 0

where J =ker(8 :C_.——C ). We shall refer to C" as the free
n n-1""n-1 n-2

crossed n-fold extension on projective generators.

Proposition 1.8, Let e be a crossed n-fold extension with

(04 =coker(a’1). Then any homomorphism ¢:Q—>Q’ may be lifted to a

morphism (c,0,9):C"—e’ of crossed n-fold extensions.

Proof. Since C" is a special case of C and the proposition 1.7. is

true this implies that the proposition 1.8. holds. |
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2 Chain Homotopy

Let there be given two crossed complexes C, C’ with Q=coker(d,) and
Q’ =coker(a’1); let further «, g be morphisms of crossed complexes.
Definition 2.1. A family ={zk:k20} of maps ZO:G—-—>C', zk:Ck——>Ci( ‘1
k=1 is called a homotopy between « and g denoted by Y:a=g if

i) EO:G——>C’1 is a (left) derivation (crossed homomorphism)

associated with By (i.e., the following diagram commutes)

A x 1

GxC G >GxGxG
“GJ Z 0 *Bp<%
G C’le’ ><C’1
20 1C,1x v
éi‘ — cixCy
¢

such that 81Z =" 1nv(130).
ii) Z,:C,—C; is a G-homomorphism with G acting on C; via «

(or By which yields the same action in view of i)) such that
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85%,= 1nv(f31) . mv(zoa 1) ot
iii) For k=2, Zk:Ck——aCiHl is a Q-homomorphism with Q acting on
Ci ., (via the induced map ¢:Q—Q’ in view of i) ) such that
B 15k zk_lak=ak-inv(3k), vk=2.
Remarks
1) z,:C,—C; is a G-homomorphism with G acting on C, via «, Or via B,

means that the following two squares commute

o¢0x21 Bole
GxCl—————-—>G’x Cé GxCl——————>G’x Cé
VJ Jv’ VJ Jv’
_— -
C1 > C2 C1 5 C2
1 1
21v=v (aox 21) 21v=v (BOXZI)

and G acting on C’2 via B, yields the same action in view of i) because

we have & 120~ oco-(mvBO) = (8 120)-(30:“0‘

Therefore we have the following
*
21v=v’(oc0x 21)=v’((6’120)-80>< 21)=v’(6’120><v’(80x 21))=v’(60x zl)=zlv
(* because v'(a’lioxv'(Bole))=v’(IQ,xv’(BonI))=v'(BOXEI)).
2) « and B induce the same map ¢:Q—Q’ in terms of i) means that we

have m’a,=m’B,. To see this consider 81Zy =%y Inv(B)) = m’(8]%)=

* %k
— ’ o1 Y4 = ’ . 7 {4 = 7 . 7 (3
=m (oco 1nv{30) = (m 61)20 m’e - m (1nvl30) = 0=m %) m (mvBO)
¥k K . ’ ’ _ ,
= 0= m % inv(m BO) — m’e,=m’B,,

** because C’ is exact at G, *** because m’ is a morphism.

Lemma 2.2. Homotopy is an equivalence relation.
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Proof. To prove that homotopy is an equivalence relation we have to
prove that if «, B, » are morphisms between the crossed complexes C, C’
then we have:

1) aza Yo

2) If a2 = B=o Va, B

3) If a=B and Bzy = a=y Vo, B, 7.

1) To prove now o=« Yo, we take £ =1 and z, =0 for k=1. Then we have

0

i) 81z,=071=1 and ocolnv(oco) =1 therefore 8%, = ocolnv(oco).

ii) 3'221=a,20=1 and inv(ocl)-inv(zoal)-a1=inv(oc1)-inv(181)-oc1=

= inv(ocl) ‘o, =1 Thus 83, = inv(ocl) . inv(zoa 1) ‘.

iii) (a{( N 1Zk) + (z:k_ 1ak) = (ai( N 10) + (Oak) =0 Also o, + inv(ock) =0. Thus we take

81 + 1% T I 10 =% Tinv(e, ). Therefore aza va.

2) Let suppose that a=f to prove p=oa. But a=g means that the following

holds: 6'120=oc0inv(f30), a’zzl=inv(3 1)-ir1v(§:0<'31)-oc1, and also

B 1 Zk ™ Z1% T +1nv(Bk), k=2.

Now we consider the arrows 5:6=inv(20), Zl'(=inv(2k), k=1. We have now

i) 81%0= a’l(mv(zo)) = 1nv(a'120) = mv(oco . ianO) =B, 1nv(oc0).

ii) 8557 =6,(inv(Z,)) =inv(a,=, ) =inv(inv(B,)- inv(£,8,) e, )=

= inv(ocl) . inv(inv(zoa 1)) . inv(inv(Bl)) = inv(ocl) . (Z‘Oal) ‘By-

iii) 8 Zkt T s 1(mv(zk)) + mv(zk_ 1)ak =

— ’ 4 ] ’
=inv(a - lzk) +inv(E inv(a; T + =

k1) STV Bt B8 =

= inv(ock + inv(Bk)) = inv(inv(Bk)) + inv(ock) =B, + inv(ock).

Thus we have that p=e.

3) If a=B and B=y to prove that a=y. Since a=8 we have the relations

31Z0= %y’ 1nv([30), 6’121=1nv({31)-1nv(2061)-ocl, and
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B 1kt T %%t 1nv(Bk), k=2. Also since B=y we have the following

relations CH 0=f30-1nV(arO), 3221=1nV(a(1)'an(Z()al)'Bl and
8, 12k+zk_16k=13k+mv(ark), k=2. Now we consider the following arrows

L =2 -3 L1=2’1+ Zp and Lk=z +2i(, k=2. Then we have

0o 070 k
i) 61L0=61(ZO-20) =815, 012l =0 mv(BO) By’ 1nv(70) =0 1nv(70).
ii) a2L1=a'2(2'1+zl)=azzl-6221=

= inv(arl) . inv(Zba 1) ‘B, inv(Bl) . inv(zoa 1) ‘o =
= inv(afl) -inv(= 0@ 1) . inv(zoa 1) ‘o = inv(a(l) . inv(Loa 1) "o

iii) 87 L =3¢ (zk+ 2{():3' z + 8; .= and

k+1k k+1 k+17k k+17k
L8 =@t B 088 8t B0

Thus we have the following

e S I N e L R A

=ak+lzk+ zk_lak+ ak+1zk+ zk_lak=ak+ 1nv(3k)+Bk+1n_V(ark)=

=q, + inv(afk), k=2,

k
Therefore 1, 2, and 3 prove that homotopy is an equivalence relation. |
Lemma 2.3. If o2 X—UC is an arrow in € and the free group, F(X), on X
acts on C then the arrow ¢ can be extended to a derivation F(X)—C.
Proof. To see this consider the semidirect product CxF(X), the short
exact sequence
00— C——CF(X)——F(X)——0

and the diagram

0 O (X)—— > F(X)——0

(;Xg/' N f

X ———F(X)
incl
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We have the arrows incl: X—F(X), g= <¢,incl>:X——C«F(X) and since F(X)
is free on X there is 2 unique homomorphism f:F(X)——CxF(X) such that
f(incl)= <¢, incl>. On the other hand we consider also the arrow
p:CxF(X)—C (the projection on C) which is a derivation because of the
way we have defined the semidirect product. Therefore we have that
C«F(X) acts on C, the arrow p:C«F(X)—-C is a derivation and the arrow
f:F(X)—CxF(X) is an F(X)-module homomorphism. Hence pf:F(X)—C is

the unique derivation that extends the arrow ¢:X—>UC such that

(pDincl=¢. [
Proposition 2.4. Let C be a free crossed complex on projective
generator objects with Q=coker(d 1) and let C’ be a crossed resolution
of Q’; let further o,3:C—C’ are morphisms of crossed complexes. If o
and B induce the same homomorphism ¢:Q—Q" there is a homotopy =:a=p.
Proof. To prove this proposition consider the following diagram of

crossed complexes and their morphisms.

Z Y X
v ; t o
a5 N 9, | N 3, N m
H s MY N
C3 C2 : Cy G Q >0
o, ||B oo, | 1B i o ]|B 4 o 1B
3 3 ker6’2 2 2 kera'1 1 1 kerm’ 0 P
4 N N7 N
’ fald fald 7 ! 5
C3 a, 1\.,2 a, \./1 6, ra® m, IQ IO
3 1

Let X be a projective object in € that generates G, so G is projective.

We have that m’« c=m’'Bo = m’(ocoa-inv({soo))=l. Thus the arrow

0
(ocoo)-inv(BOcr) must be factored through the kernel of m’. In other
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words we have that (aom)-inv(300)=k2k3. (1) We also have the arrows
k3:X——>kerm’ and kl:C’l——»kerm'. Because (by hypothesis) X is
projective there is an arrow k,:X—C} such that k k =k,. Hence (1)
becomes (ocOo-)-inv(BOcr)=k2k3=k2k1k4=a’1k4 = (ocoo*)-inv(BOo*)=6ik4 (2)
We have the arrow k 4+ X—UCY and F(X)=G acts on C’l. Thus the arrow k 4
according to lemma 2.3, on page 52, can be extended uniquely to a
derivation ZO:G——>C’1 such that zoo=k " (3) Because of (3), (2) becomes
(aow)-inv(rsow):a'lk 4010 = (ocOinv(BO))o=(6’120)o and since these two
arrows agree on X, and X is a generator object of G they agree on G.
Therefore we have “0inv(30)=6120' Now since 61:C1——9(} is a free crossed
module on projective generator let t:Y—UG be the projective object in
€YUG that generates it. We consider also the arrow
wt=(inv(131)-inv(zoal)-ocl)t:Y—>C’1 so we get

a’l(inv(Bl) -inv(z o2 1) ‘o 1)t = B’l(inv(Blt) -inv(z 0° 1t) . (oclt)) =

= a’l(inv((a 1t)) . a'l(inv(zoalt)) . a’l(aot) = inv(a'lrslt) -inv(a 1%0° 1t) . (6’1<x0t) =

= inV(Boa 1t) . inv((ocO- i“V(Bo))a1t) . (ocoa 1t) =

= inV(Boalt) -inv((« 0alt) . inv(rso)a 1t) . (ocOB 1t) =

=inv(g 9, t) - inv(inv(8a,t)) -inv(e 3, t)- (x2,1) =

= inv(BOa 1t) . (1306 1t) . inv(ocoa 1t) . (aoalt) =1.

Therefore the arrow wt=(inv(/31)-inv(zoal)-ocl)t:Y—->C’1 must be factored
through the kernel of 8. This means that we have

wt=(inv(8,)-inv(£3,) -« )t= .84 4)

From the arrows ?;3:Y—>kera’, §1:C’2—-e>kera'1 and the fact that Y is

projective there is an arrow A:Y—C’ such that a=¢.. (5)

Hence, because of (5), (4) becomes
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wt=(inv(B,)- inv(Z8,) « )t =8, L, =L, A=8 (6)

Consider now the diagram

it
J/a,z ai\\,

C o G

and the arrows alt:Y————>G, O:C’z————>G'. Since we have the arrows a,t,

where al:Cl——>G is the free crossed module on 8,1 and

a.t 0
(A,ao):(Y———1—>G)———>(C’2————>G’) there is a unique G-homomorphism
z,:C,—>C; such that = t=x (7) Now, because of (7), (6) becomes

wt=8,A=8,% t and since the two arrows agree on 8.t:Y—UG which is the

generator object of the free crossed module 61:C1—>G they agree on 8,

Therefore we have that 6221=mv(131)-mv(zoal)-ocl.

Next, let Z be a projective generator of C, and consider the arrow
afv=(ot2- inV(Elaz)-inV(B2))v:Z—>C’2. We get then
3 ’2((¢x2- inv(zlaz) . inV(BZ)v) =(3 éoczv) -(8 'Zinv(zlaz)v) -(o ’2inv({32)v) =

= (6:20c2v) . inv(a'zz 132") . inV(6’2{32v) =

=(a 1621;) . inv((inv(Bl) . inv(Zoa 1) . ocl)azv) . inv(3162") =

= (alazv) -inv(inv(g,8,v)- inv(an 1621)) “(« 182v)) . inv(Blazv) =
=(a,8,v)" inv(oclazv) “(£,8,9,0)" (B,9,v)" inv(B,8,v)=1.

Thus the arrow art=(oc2-inv(2182)-inv(Bz))t must be factorized through
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the kernel of 8. In other words we have w=83. (8

From the arrows v:Z————>C2, 63:Z——akeraé and the fact that Z is a
generator object of C2 there is a unique Q-homomorphism § 3:C2———>keraé
such that 33v=63. (9) Because of (9), (8) becomes arv=6263=623 5 (10)
Once more from the Q-homomorphisms 33:C2——>kera', 61:Cé——>>keraé
and the fact C, is projective there is a Q-homomorphism denoted by
£,:C,—C; such that 3122=§3. (11) Because of (11), (10) becomes
w=62?§3v=325122v=3322
the generator object of C_, the agree on C,. Therefore we have

v, and since the two arrows agree on Z, which is

6322=;y=oc2-1nv([32)-1nv(2162) = 835, + = 2=¢x2-1nV(32).

Continuing this process we take finally a homotopy Z=(Zk:k20) between

o and B.

Proposition 2.5. Let C' be a free crossed n-fold extension on
projective generators with Q=coker(d ]) and let e’ be a crossed n-fold
extension with Q' =c0ker(8’1). If (0, o ¢) and (t, B, ¢) are morphisms
C"—e’ of crossed n-fold extensions with the same right end ¢, then
there is a homotopy Y:(o, o« ¢)=(t, B, ¢).

Proof. Since, as we have observed, the crossed n-fold extensions are
special cases of (exact) crossed complexes and the proposition 2.4., on

page 53, is true for crossed complexes it is also true for crossed

n-fold extensions. [
Proposition 2.6. The set Hom(Q,Q’) classifies the homotopy classes of
morphisms C—C’ (resp. of morphisms C"—se’) with the same right end.
Proof. 'This is obvious because to different right end homomorphisms

correspond different homotopy classes of morphisms C—C’.
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Corollary 2.7, Any two free crossed resolutions on projective
generators of a group are homotopy -equivalent.

Proof. Let C, C’ be two free crossed resolutions on projective
generators of a group Q. If we consider as right end homomorphism ¢ the
identity on Q (1Q:Q—>Q) then because of proposition 2.5., on page 56,
there is a homotopy Y:a=8. Thus any two free crossed resolutions on

projective generators of a group are homotopy equivalent. [
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3 Opext™-Groups and Cohomology

In this paragraph we finally prove that the set of equivalence
classes of crossed n-fold extensions of A by Q constitute an abelian

group isomorphic to H**}(Q,A).

Let Q be a given group and let

a e} 0 d 8

c- - - 2 e AL 250 —HF—Q—0

be a free crossed resolution on projective generator objects of Q. For

any Q-module A we consider the complex
Hom(C,A): Der(F,A)—»Hom F (C 1 ,A)—»Hom 0 (C 5 A)— - -
Definition 3.1. We define cohomology as follows
H(Hom(C,A))=Der(Q,A) , H%Hom(C,A)=HI"1(Q,A) g¢=1

We divide the crossed n-fold extensions of A by Q (nz1) into classes
as follows: Two crossed n-fold extensions e, e’ of A by Q are related

if there is a morphism (l,«,1):e—e’ of crossed n-fold extensions.

58



This relation generates an equivalence relation which we shall denote
by "=" and is defined as follows:
Definition 3.2. Two crossed n-fold extensions e e’ of A by Q are
related, e=e’ if there are a crossed n-fold extension e” of A by Q and
morphisms (1,0,1):e"—e, (1,0',1):e"—e’.
Proposition 3.3. The above relation "=" is an equivalence relation.
Proof. We have to prove that the relation "=" is:

1) reflexive, (i.e., e=e, ve)

2) symmetric, (i.e., if e=e’ then e’=e, Ve, e’)

3) transitive, (i.e., if e=se’ and e’=e” then e=e”, V e, €', e”).
1) fe 0—A—B "L ... BL sG—Q—0 then we consider
e”=e¢ and the morphism (1,1Bi,1):e”—ee. This means that there is a
crossed n-fold extension e”=e of A by Q together with the morphisms
(1,1Bi,1):e”—>e, (1,1 r),i,l):e”—>e. Thus the relation is reflexive.
2) If e=e’ then this means that there is a crossed n-fold extension
e”s 0—A—r™ 5 . . . 5l ,G"5Q—0 of A by Q together
with the morphisms (1,0,1):e"—e, (1,a’,1):e“—e’, which by
definition 3.2. means that e’=e. Thus "=" is symmetric.

3) Assuming that e=e’ and e’=e” there are crossed n-fold extensions,

2t 0—A—C" 5 . . . % 0—0

z"; 0—->A—>Fn'1——> S ———>F1HFO—>Q——>O

of A by Q together with morphisms (1,g,1):z'—e, (1,d,1):z' —e’
and (1,f1):z"—e’, (1,h,1):z"—e”. In other words we have the

following diagram of crossed n-fold extensions of A by Q
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¢ A Bt BB —520—0
1 g B B g B e B 1
Al Pl n-2 L, ~oly Q
z’: 0—>A 5C = C -5 —C-—>C ——0——->Q—————>0
1] d ¥ ¥ .| Ya | ¥ |1
Al "n-1) | 1] 0] Q
L 0 \A \f)n—l Dn-2 N e e \Dl DO 5 _—)0
~ * p [ n-1", n-2' ’ 1 ,/\ 0 .
1]t S o e | %S¢l ¢ 1
A n-1 n-1 02 1 1 0 0 Q
z”: 0 >A > >F wn-le wn_z\ e >F q;l >F ‘00 »Q——0
1 h h h 1
Y AL el n-2 Ly 04 Q
e’: (0—->A———>H sH > ¢ - - sH sH >Q——0

€
We consider the pullbacks of the arrows di:Ci——>Di and fi:Fi—>Di,

i=0,1,2,..,n-1. in grp(€). Then since dn_ A=fn_1v=u and the square

1
(En'l,Cn'l,D“"l,F“'i) is a pullback there is a unique arrow wA—E™1

such that s =m=x and t w=v, where sn_l:En'l———>C“'1 and

n-1 n-1
-1 n-1 .
t E—F . Furthermore, since we have
n-1 _ on-1 _ . .
dn_zy s 1=9 fn_ltn_l— 12?011 (because of the commutativity of

the diagram) and (E*2C"2D"2F"?) is a pullback diagram there is a

unique arrow e LE™L_E™? such that afn'lsn_1=sn_2e“'1 and also
n-1 n-1

¢ tn-1 = tn-2€

n-fold extension of A by Q

Continuing this proccess we get finnally a crossed

1™l _n-2 1 e o &
z: 0——A—SE™ sE s -+« —E sE >Q——0

Consider the arrows w.:=gs. ' 5B' and vi=hiti:E‘—>H‘, i=0,...,n-1.

There is a crossed n-fold extension z of A by Q and the morphisms

(1 A,w,lo):z——w, (1 AVl Q):z———>e”. We conclude that e=e”.
The equivalence class of e is called the similarity class and is
denoted by [e]. Let e be a crossed n-fold extension of A by Q. If C is

a free crossed resolution on projective objects of Q by proposition
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1.7., on page 45, the identity arrow of Q lifts to a morphism

C - - - —C —C — + + * —C,——C,——F——0—0
vl lan_l Jaz Jal 1040 le
e: - - - A >An_1 > oo ———9A2——>A1——9G———>Q—-—>O

In view of the above v represents a class [v]eH" Y(QA). If C is
replaced by C" then the above induces a morphism (v,¢,1):C"—e of
crossed n-fold extensions. On the other hand given a crossed resolution
of Q and an arrow v:Jn——eA (veHom(Jn,A)) we correspond to v a class of
crossed n-fold extensions of A by Q as follows:

Consider the pushout of v:J —A and ¥:J -—A ., where J =ker(a_.)
n n n n n-1

-1

and the arrows 8 .:C —C _, 0:A—C .. Then the square
n-1" "n- n-2 n-2

1

n 4 an-1 an-2 a2 61
C: > >C C_5—>C =—> + + + —C,—5C,—F—Q——0
n n-1 n-2 n-3 2 1
[
T
T A Cn-l,v
0

(AC_,C J) commute (ie, 8 r=0v). Because the square

(Jn,C C.. »A) is a pushout diagram there is a unique arrow

n-1’ 1

:C ——C_ such that tu=2o
n-2 n-

v and ta=0. Therefore since ta=0, the
~dy

1
arrow A must be factored through the kernel of =, that is A=¢,g,. Then

we get Im(h)=Im(c2§1);lm(c1)=kert. (* because g, is the inclusion and
¢, is an epimorphism). Thus the chain

O——)A—)Cn_

1’v——>Cn_2—> v —>C2-——>C1——>F————9Qﬁ0

is exact at C , C ., ...,C, F Q. It remains to show that it
n-1,v n-3 1
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is also exact at Cn-z’ To do this (i.e., Imr=keran_2) it suffices to
prove that Imr=Ima . since Ima__= kera_ ., (because C" is exact at
n-1 n-1 n-2

Cn-2)' We observe that Imt=Ima_ because of the commutative diagram

(an_l,O)
C X A——————C
n-1 n-2
(u,h)l /
Cn-l,v
Thus the chain
r‘ p N » . - \F N D)
0~‘_)A \/n_l,v 7\ n-2 rd _'—>C2 /\/1 /F IQ—_'>O

is exact also at C_, and therefore is a crossed n-fold extension of A
by Q, which is denoted by vC". Hence we have defined a map between
Hom(J ,A) and the set of equivalence classes of crossed n-fold
extensions of A by Q.

We claim that this map is surjective, for the following reason. Let
[e] be an equivalence class of crossed n-fold extensions of A by Q, let
e be a representative of this class, and consider a proper free crossed
resolution on projective objects of Q. In other words consider the

following diagram

¢+ —»C—C —C 7+ + - —C,—C,—F—Q—0
n n-1 n-2 2 1
cl lan-l l"‘n-z J"‘z 1“1 1“0 ”
e: 0—>A >A SA > - - e >A S>A >G Q—>0
n-1 n-2 2 1

The identity arrow on Q (i.e., 1Q:Q——->Q) lifts to a morphism of crossed

n-fold extensions. In view of the above CEHOI’H(JH,A). We take the
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pushout of the maps ¢ and 7, so we have a crossed n-fold extension of A

0—J —C —C =— + + + —C_ —C —F—0Q—0
n n-1 n-2 2 1
A
| | A
0———>/|\-—-——>Cn 1,¢
0

by Q, denoted by ZC". We claim that ¢C"=e. We have the arrows

ocn_I:Cn_l——>An_1, A——>An_1 such that the square (Jn,Cn_l,An_l,A)

commute. Because the diagram (Jn,Cn_l,C A) is a pushout there is

n'l,C’

a unique arrow 8 :C . .——A_ . and therefore there is a morphism

n-1,¢ 1
(1,8,1):2C™—e of crossed n-fold extensions which is described by the

following diagram

n
cC™ 0————>A——->Cn_ LC———)Cn_i-—)

| e [Raa Lsz le e |

0 SA \An-l /An_2 > * 3 1

Thus the well defined map between Hom(Jn,A) and the equivalence classes
of crossed n-fold extensions of A by Q is surjective. Thus we deduce
the following proposition 3.3. from the above arguments.

Proposition 3.3. Each equivalence class of crossed n-fold extensions

of A by Q has a representative of the form vC". B
It is now clear that the abelian group Hom(Jn,A) maps onto the classes
of crossed n-fold extensions of A by Q. Consequently these classes
constitute a set which is denoted henceforth by Opext"(Q,A) and the map
is Hom(J ,A)sv—wC"eOpext™(Q,A).
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Now given two crossed n-fold extensions e, e’ of A by Q we construct

their Baer sum as follows:

v
W
~

e: 0 SA. SA >SA SF——Q——0

n-1 n-2 B 2 1

e’ 0—A—A’ >A
n-1

“*n-2

W

>A’2 ,A’l SF/ —Q—0

be two crossed n-fold extensions of A by Q. Consider the pullback of

the arrows F——Q and F’——Q and also the direct product of the

AXA—A X Al — A x Al —> -+ + —A x Al——>F—F’

n-1 n-1 n-2 n-2 1 1
‘[ J/ ."z J l
0——>A—P F——Q
0

objects of the crossed n-fold extensions e, e’ with the same index
(e, AxA; 1sks=n-1 and AxA). Next comsider thie arrow AxA—A
(the codiagonal arrow) and the pushout of the arrows AxA——A,
(ar,ar’):AxA—>An_1x A’ - Thus we construct a crossed n-fold
extension of A by Q (as we have already described it above) which is
called the Baer sum of e and e’. Moreover the Baer sum induces an
operation on similarity classes, and the surjection
Hom(Jn,A)—>Opext“(Q,A) is a homomorphism with respect to

the Baer sum. (i.e., (u+v)C"=pC"+ vC", y, veHom(J ,A)) To see this we

consider the following diagrams
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: 0—A—C ————)C E

'19”'

vC™ 0—A—C —>C  d

n-1,v

CcC" 0——i n—>C

n-1 n-2
u+vj J

- '[
T Cn-ly(u+v) ‘

0

(u+v)C™ 0—A—C

n-1 (u+v)_-)C

—>C > -

65

% 4

. —>C2—->C1—>F——>Q—>O

————>C2———>C1————>F————>Q————>0

% 9

. ——-———>C2———>C1———>F-———->Q———>O

. ———aCZ———->C1~———>F———>Q——-->O

>C2 >C1 SF——Q—0
. —-——>C2————>C1——>F——>Q——90



To construct the Baer sum of puC"™ and vC" consider the following

diagram

O——)AxA—)Cn_l,“an_l,v—)Cn_szn_i—) e —>C2x Cz——éclx Cl———>F———>F

[ ||

0—->A——P F—Q

pC™+ vC™ 0—>A———>P——>Cn_2x Cn_2—> .o —>C1>< Cl——>F—>Q—>0

We have (u+v)C"=pC" +vC"® since the identity arrow of Q may be extended
to a morphism (1,£,1):(u+v)C"——puC"+ vC" of crossed n-fold extensions
of A by Q. Consequently under the Baer sum Opext"(Q,A) is an abelian
group with zero element 0C" (i.e., the image of the zero arrow
0:J —A) and Hom(J ,A)—>Opext"(Q,A) is an epimorphism of
abelian groups.
Lemma 3.4. Let v.'Jn———aA be an operator arrow which may be extended
over Cn_ ; o

i) a derivation F—A if n=1

it) an F-map CI——>A if n=2

iii) a Q-map Cn_1—>A if n=3
Then the exact sequence 0———>A————>Cn —J 1—)0 splits. (i.e, there

-1,v " n-

is a section Jn_ 1———>Cn_ which is a crossed homomorphism for n=1,

Ly
an F-homomorphism for n=2 and a Q-homomorphism for nz3).

Proof. Consider the following diagram
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00— C_ 1n-1"’n-2 2, >C,y 2 >C1—1-—->F———>Q——>0
"
A
0 >T Icn 1,v Jn-1
/ ~
Tl
0

Since v:Jn——>A can be extended to a Q-arrow u:Cn_l—-—>A the exact

sequence 0—A—C > 70 splits on the left. In other words

n-1,v

there is an arrow k:Cn_1 ;——>A with ky’ =1 A We define this arrow as

follows: k:Cn_1 ;—>A is such an arrow that ky’ =1 A and ku=u. Then we

observe that the arrow 1 - inv(y’k):C_ . —C has the
Cn-l v n-1,v n-1,v

property

(1C -inv(y’ k))y’ =¥’ - inv(y’'k)y’ =y’ - inv(y’ ky’ ) =" inv(y’ 1A)=
n-1,v

=y’ -inv(y’)=0. Thus there is a unique arrow Ly C ,, such

that 1. - inv(y’k)=ls. Now we have that
n-1,v

9(1 - inv(y’ k))=ole = o-inv(s(2’k)) =9l = 9-inv((oy’ )k)=9l% —

Cn-l,v

¥
= 9=9% = 1, = ®l (* because o is epi, so it is right cancelable).
n-1

Thus the exact sequence

E: 0—A—C ——)J ————>0

n-1,v
splits. §

If now given an operator arrow v:Jn——>A the exact sequence E splits (as

in lemma 3.4. on page 66) there is a morphism (1,0,1):2vC"—0 of
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crossed n-fold extensions where 0 denotes
0:0—A—5A—>0—0— - - - —>0—->Qi>Q—>O

and so we have

vC™ 0——A—C >C >+ ¢+ ——C ——C,——F——Q—0
n-1v n-2 2 1
0 A— A 50 > o . >0 >0 >Q——>Q——30

Hence vC" and 0 are equivalent. Since ¢ represents [0]eOpext”(Q,A) so
does vC". The above lemma 3.4. characterises the kernel of the

epimorphism tb:Hom(Jn,A)ﬁ>Opextn(Q,A). But since
0——>Jn——>Cn_1HCn_2——-> - ———>C2———>C2———>F——>Q———>O

is an exact sequence we have that the following sequence is also exact

Hom(F,A)—- - - ——>HomF(Cn_1,A)——->HomQ(Jn,A)

and the cokernel of HomF(Cn_l,A)———>Hom Q(J »A) is the cohomology group
H"*(Q,A). Thus we have that

H**{Q,A) = Hom(J ,A)/ker? = Opext"(Q,A). Therefore the following
theorem has been proved

Theorem 3.5. The map 3:H n”( 0,4)—Opext"(Q,A) is an isomorphism of
abelian groups. In other words the set of equivalence classes of
crossed n-fold extensions of A by Q constitute an abelian group
Opext*(Q,A) naturally isomorphic to the cohomology group H ’”(Q,A).
The group operation is given by the Baer sum. The zero element of this

group is the class of crossed n-fold extension 0, whereas the inverse

of the class of
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(@): 0——4C —C —— - -+ —C—C —F——0—0
is the class of

(-¢): 0——atUC —sC = - - - —C—C —F—0—0
Corollary 3.6. The set of equivalence classes of crossed 2-fold
extensions of A by Q constitute an abelian group Opextz( Q,A) naturally
isomorphic to the cohomology group H3(Q,A ).

Proof. This is a special case of the theorem 3.5, on page 68,

for n=2.
Example

The above theory can be applied in presheaf categories.
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CHAPTER III Cohomology in the presence of injectives

In this chapter consider € to be a category with countable colimits,
finite limits, such that the pullpacks preserve colimits, and every
morphism in € can be factored as the coequalizer of its kernel pair
followed by the equalizer of its cokernel pair. We suppose also that
G-mod(€) has enough injective objects. In his paper, see [19],
Grothendieck proved that in a Grothendieck topos any G-module can be
immbeded in an injective G-module. Moreover, because of theorem 1.14.

on page 17, € has a free group functor.

1 The relations between Crossed n-fold

Extensions and Cohomology.
The Isomorhism Opext’(G,A):=H3(G,A)

Lemma 1.1. Every G-module M in € has an injective resolution.

We divide the crossed n-fold extensions of A by Q (nz1) into classes
as follows: Two crossed n-fold extensions e, e’ of A by Q are related
if there is a morphism (1l,,1):e—e’ of crossed n-fold extensions.

This relation (as we already know from proposition 3.3. on page 59)
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generates an equivalence relation which we shall denote by "=".

Lemma 1.2. For every crossed 2-fold extension of A by G, denoted by
e O—AA—°‘—>X—B>C—3{—>G-——>0, there is a free crossed 2-fold presentation
& 0—A-%%BC 0G0 which maps onto it.

Proof. Consider the free presentation N—;—aC‘——j——»G of the group G,
which is defined as follows: Consider the epimorphism ¥:C—G and
the free group on UC denoted by F(UC)=C, where U:Grp—-Sets is the
forgetful functor. Then 7%:C—G is an epimorphism of groups and

N is its kernel. Consider the forgetful functor U and its left adjoint
U

F, that is grp¢G:FSets¢G. From the counit of the adjunction, denoted
by eG:(C=F(UC)j—>G)—>(C—7—>G), we get a homomorphism f:C—C of
groups with yf=%. If now v:N-—C is the kernel of ¥ then we have
¥fv=7 v=0. Therefore there is a unique homomorphism of groups p:N—N
such that vp=fv. Consider next the pullback of the group homomorphisms
m:X—N and p:N——N, that is, a group D and two group homomorphisms
r:D—N, s:D—X with pr=ms. Construct now the free crossed module on
vr:D—C, denoted by B:X—C (cf. page 30). We have that the morphism
(Djr—>C)———>(X—B:—>C) is monic and the square (D,C,C,X) commutes
(i.e., fvr=gs). By construction X——C is free on vr yielding a unique
homomorphism g:X—-X with 8g=18 as crossed modules. Let also «:A——X
be the kernel of B. We have Bga=fBa=0 and therefore there is a unique
group homomorphism h:A—A with ah=ge. From proposition 2.5., on page

22, we know that the abelianization of X, XA s an ordinary

Cxz

A% 1-module free on D. Moreover the homomorphism oA% A XAPisa
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monomorphism and we have the following commutative diagram

—— a —
—-Ab ‘[ o
o
—)ZAb
Remark

Consider an injective resolution of the G-module A, denoted by

1 2 n+1
R: 0—AL Y A >Y1 A >Y2—-——> e >Y™ A >Ythl

) o . .
rd

and the cokernel of «, denoted by A:Y—B. Moreover consider the

2P is a monomorphism of

Ab, XAb

homomorphisms h:A—A, aAP.A%XAP Since
C-modules, there is a homomorphism of C-modules t —Y such that
kh=t4? 34 If t=tA%:X_,Y, this implies that tax=kh.

Consider now the categories, G-mod (the category of G-modules),
Cat (the category of small categories) and Sets (the category of sets)
together with the functors Opeoth(G,—):G-mod——aCat, and nO:Cat————>Sets
where nO(D) is the set of connected components. The composition of the
two functors A and Opea:tz(G,—) defines a new functor, denoted by

Opextz(G,—):G-mod——aSets.
For the functor Opext?‘(G,—) we have the following
Lemma 1.3. The functor Opextz(G,—):G-mod—>Sets preserves finite
products.
Proof. To see this it suffices to prove that
n(Opert’ (G, AxA’ ))=n (Opert{G,A))xm (Opext{G,A")) 1

for any two G-modules A, A’. Consider a crossed 2-fold extension of
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AxA’ by G 0—AxA’ 25X B ,c¥ G—0 together with the projections
pr A:AxA’—>A, pr,.:AxA’——A’. We first construct the so called
pseudopushout of o and pr, which yields a crossed 2-fold extension of

A by G, denoted by

0 A—1X 1>‘C 7 \G—0

Considering the homomorphism

<inv(pr A),oc >:AxA’ ——>AxX, its cokernel o:AxX—X,, we see that
<0>=<0,1, >a= <inV(prA),oc> - <pr,,0>= <inv(prA),a> <1,,0>pr,.

It follows that

o <0,0.> =o<inv(prA),a> «o<pr,,0> = gea=c<0,ly >a=c<1,,0>pr, =

=« pr,, where o, =<1 A,0> and g,=0<0,1,>. We then have the morphism

1
of crossed 2-fold extensions

0——AxA’ i 2, ¢

G
PTA l lgl llc llG
C.: 0 SA: > >C -G

1 ocl 1 Bl Y

Similarly we construct the pseudopushout of « and pr,, following
exactly the same procedure as above which yields an analogous crossed
2-fold extension of A’by G denoted by
o B
2 2
X2 7N

and a morphism of crossed 2-fold extensions

0 >A’

0 SAxA’ * B >C Y G >0
prA'l lgz llc llG
C.: 0 A’ >X >C >G >0
2 oc2 2 82 v
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Consider the product of the crossed 2-fold extensions ¢p o

oclxoc2 BIXBZ XY
0—AXA'— 55X 1><X2 >CxC »GxG >0

the diagonal arrow AG:G—>G><G and take the pullback of AGand ¥xy. Then

we have a crossed 2-fold extension of A by G

o B

11: 0 >AxA’ »X >C >G >0
leA’l lhﬁ‘hz lf llG
l.: 0—AXA' —X  xX >S >G >0
2 oL XQ, 1 2 ¢ 8
1A><A’ 172 1 t A
XlxX2 G
0 >SAxA’ >X . xX YCx C: >Gx G 50
o, X, 1 2 leBZ XY

1772

We have AG1G7=AGy=(yxa’)AC and since (S,G,GxG,CxC) is a pullback

square there is a unique homomorphism f:C—S with tf =Ac and sf=1 GY=7
Thus the crossed 2-fold extensions 11 and l2 are equivalent.

1=, ()]

Next consider two crossed 2-fold extensions of A by G,

m: 0—A—% X B ,c % ,g—

m: 0——A—*x B o g

Their product together with the diagonal arrow AG:G———>G><G and the
pullback of the arrows 8, and ¥xy yield a crossed 2-fold extension m

of AxA’ by G.

3

my O——AxA’ axa’ vox'-? k¥ g 50
1AxA'l 1X><X'l 11‘ lAG
0———>AXA’ XXX’ —CxC’ >Gx G 50
o4 BxB XY
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With m; the crossed 2-fold extension and pr 4 the projection we

consider the homomorphism <inv(pr A),ocxoc’ >:AxA’ ——Ax(XxX’) and its

cokernel o’ :Ax(XxX’ )—>Zl. The pseudopushout of axa’ and pr A yields

the crossed 2-fold extension m, of A by G. Consider next the

4
homomorphism ux(ocxprx):Ax(XxX’ —X.

We get ux(ocxprx)<inv(pr A)’ oxe’ > =ux(inv(oc)xoc)=inv(oc)-oc=0.

Because ¢’ is the cokernel of <inv(pr 4)» axe’ > there is a unique
homomorphism p :Z,—X such that p ¢’ =uX(ocxer) which implies that
P&, =a. Therefore there is morphism between the crossed 2-fold
extensions m 4 and m,, which implies that m 4 and m_ are equivalent.

m =m, 3)

The equivalence is described by the following diagram

oxo’ ®

0—AXA ——Xx X’ >G >0
‘"Al l Ty llK llc
. N 5 N
m4| 07 ’A al /Z 1 x]- IK w 4™ | ,0
1Al lp 1 lq llG
. S s ()
ml. 0 ? x > X B A" po U )

Similarly, with m, the crossed 2-fold extension and pr,, the projection
we consider the homomorphism <inv(pr,,), axa’ >AxA’——A’ x(XxX’)
and its cokernel o”:A’x(XxX’)——Z,. The pseudopushout now of axa’
and pr A’ yields the crossed 2-fold extension of A’ by G

X ¥
2 K—G——0

%
m5:0 SA. 22

which by an analogous argument as above is equivalent to m,.

m,=m, C)
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0— AxA % yux—® kY 50
P'Al l ) J,IK llc;
. N N N '€ SO
m5. 0 A = Z2 Y K 5 0 >0
1 2 2 1
A Py q G
. N N s (e N
m2. 0 >A a, /X B, A% 7, 48| /O

From (2), (3) and (4) we have that (1) holds.

From lemma 1.3., on page 72, we see that Opextz(G,—) is an additive

functor and therefore preserves abelian groups. We shall prove that

given a G-module A there is ug:Opeth(G,A)—i)H3(G,A) an

isomorphism between the abelian groups Opextz(G,A) and H3(G,A).
Let us consider an injective resolution R of A (see page 72) and let

A:Y——B be the cokernel of «. Then we have the short exact sequence

of G-modules 0——A>*5Y-2 5B 0 which we shail call it the
truncated injective resolution of A coming from R. Consider also a
crossed 2-fold extension of A by G denoted by

0—A—2x—B ,c 7 ;G0

By lemma 1.2, on page 71, there is a free crossed 2-fold presentation

of A by G (i.e., 0—A % B2 >G——0) which maps onto it.

Construct the map ué:Opextz(G,A)—>H3(G,A) as follows:

a1 Al
¢

76



Denote the cokernel of «, by p:X——>»N. Since Y is an injective G-module
there is a homomorphism t:X—Y such that te=xch. We have then Ata=
ach=0 which implies there is a unique homomorphism wt:N——>B with
wt§=ht. Next take the homomorphisms q:N—C, v, and consider also the
homomorphism <inv(w,),q>:N—BxC, its cokernel ¢:BxC—R. We have
then E(pr6)<inv(wt),ﬁ> =yq=0 which implies there is a unique
homomorphism s:R—G (actually s is an epimorphism because both P, ¥

are epimorphisms) such that so=7(prg).

B
“¢ / \\f
- d_
N >B xC R
w0
N. >C- »G
q ¥

Consider also the homomorphism r=o<idB,0>:B-—>R, which is in fact
a monomorphism because, if g:K—B is its kernel then we have that
o<idB,0> g=rg=0, which implies there is a unique homomorphism g:K—N
with <inv(w),q>¢=<id;,0>g. Therefore q¢=0g=0 and since q is monic
we have that ¢=0. Therefore g=0 =0, which implies that r is a

monomorphism.

We shall prove next that the sequence 0——B>——R 5 5G——0 is
a short exact sequence by proving that r is the kernel of s.

To see this we look at the following diagram

77



w |
N t >B- f >K
/ 1\ h
7 £ g
— n_ N .
N : >Z K r—0'<1dB,O>
oY} Lo’ lker(s)=m
N. >BxC >R¢
o
l'ﬁ Pre s
N——>C——G
q t4

Consider the kernel of s, denoted by ker(s)=m:K——R, and take the
pullback of ¢ and n. We have that sr=so<idg,0> =§pra<idB,0> =0 which
implies that there is a unique homomorphism f:B——K with nf=r. (1)
We observe also that 0=sw = 0=smy=so0’ =7(prg)o’. Therefore there is a
unique homomorphism {:Z——N such that q¢= (pré—)o’ . We define the
homomorphism £:Z——B by €=prB[(<wt,inv(ﬁ)>c)-o~' ] We have
gn=pry[(<w,inv(g) >¢)-o’ In=pry[(<w &,inv(q)c>) o Jn=

=prgl(<w tc,inv(ﬁ)«; >)n-o’n]=pry[(<e tQn,inv(ﬁ)cn >)- < inv(wt),ﬁ >]=

= prB[( < wt,inv(ﬁ) >)- <inv(w t),ﬁ> ]=0.

Therefore there is a unique homomorphism h:K——B (since n is the
kernel of y) such that hy=¢. It follows that

r§ =o<idg,0> prB[( <wt,inv(§) >&) 0’ ]=0[(< wt,inv(Ej) >g)-0']=
=[(¢r<wt,inv(§)>§)-cro’]=0-o~o~' =y (* because the square (Z,K,R.BxC)
commutes). Therefore ny=r£=rhy and since y is epi it is right
cancelable. Thus n=rh. We have by (1) nf=r = nfh=rh=n and since = is
monic it is left cancelable, therefore fh=1K. )

Also rhf==nf=r and because r is monic it is left cancelable, that is,
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hf=1.. (3) From (2) and (3) we have that K and B are isomorphic, thus
r:'B——R is the kernel of s. Therefore to every element of Opeth(G,A)
there corresponds an element of HZ(G,B).

Lemma 1.4. ("De\:issage") If 0——A—Q——A'——0 is a short exact

sequence of G-modules with Q an injective G-module then
H(GA")=HT"(G,4)

Proposition L5, The homomorphism i:Opext (G,A)——H (G,B)= (G,A)
is independent of the choice of t and also of the choice of the
injective resolution of A.

Proof. Consider the crossed 2-fold extension of A by G, denoted by
0—>A—“—>XB—>C7’—>G——~>O, its corresponding free crossed 2-fold
presentation 0————>K——&—+X§—>Cj——->G——>O and two different injective

resolutions of A with corresponding truncated injective resolutions

v 0—A—SY A ,B—0), v,i 0—A Ky A B 50

In addition consider also the truncated injective resolution of A

v 0 SASKE > vy A B0, where X:YxY’— B is the cokernel

of <k,’>. Then there are morphisms between vy and TR and v,

expressed by the following two diagrams

x 0—>ASEK Syyy 5B 50
lAl l Pry J'n (1)
v1: 0 > < >Y- X >B >0
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<KK! >
S

% 0 >A 3YxY’ >B 50
1Al ler, ln’ )
V! 0 >A: P >Y A,—>B >0

If we consider the free crossed 2-fold presentation of A by G and the

v, together with

two truncated injective resolutions of A v, v,

homomorphisms «, kh and «, «’h respectively then because Y and Y’
are injective G-modules there are homomorphisms t:X——Y, t’:X——Y"’
respectively such that ta=«kh, t’a=«’h. Moreover consider also the

truncated injective resolution v,. Then there is a homomorphism

5
<t,t’ >:X—>YxY’ such that <tt’ >a=<k,xk’>h. We have the following

A<tt’ >a=a<k,k’ >h=0which implies that there is a unique homomorphism

w >:N—>i§ with o _ " >§=X<t,t' >. Similarly, since Ata=akh=0, there

<t,t’

is a unique homomorphism wt:N——-—>B with v p=at. It follows now that

no_, ., >§=nX<t,t’ > =2apry, <tt’ > =At=wt§ and since p is an epimorphism
Mo > =%
0 >A X B sC—2 G 50
h —\ -
J P q
A N
<Kk’ > lw<t,t,>
Yx Y’ - B
A
er\ n
Y Y >B

Let ¢:BxC—>K, o:BxXC—>»R be the cokernels of the homomorphisms

<inv(_, ., )q> :N—BxC, <inv(w,),q>:N——BxC respectively. There is
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a homomorphism nx15:BxC——BxC such that
nx1e < id§,0> = <idg,0>n, nx 15< inv(wq’t, hq>=< inv(wt),a> .
It follows then o(nx 16) < inv(w<t s ),q> =0< inv(wt),Zi> =0 which implies

that there is a unique homomorphism ¢:R——R such that ¢o =o(nx1-c—).

N4 5c—7% 56 50
N
w_, ., N
<t,t’ > ~NB><1C _ 1G
0—sB—t |50
n B «C lw | 1G

0—-B -———;——iR—;—)G-————)O

We have then ¢T =¢o <idg,0> =o(nx1g) <idg,0> =0 <idg,0>n=m —
— ¢ T =rn. Also s =sp. Therefore we have a morphism of group extensions

described by the following diagram

0——B— T SR—2 5G—0

o] e ilG )

If we consider the diagram (2) and the arrow n’ instead of n then after

a similar study we have an analogous momorphism of group extensions

B R
I P
B

It follows then from (3) and (4) the following diagram
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H(G,B) e: 0— B—F SR—5 35G— 0
“T _ T“’ . TIG

2. .5 "~ = I = S

H"(G,B) e: 0——B >R >G >0

) nl )] 110

H”(G,B’) e’: 0—B' —R'—G 0

which indicates that e, e’ are in the same second cohomology class,

therefore H%(G,B)=H*(G,B").

Proposition 1.6. The map uE:Opextz (G,—)——)H; (G,-) is a natural
transformation.

Proof. To see this consider any two G-modules A, A’ and a homomorphism
between them u:A——A’ then we shall prove that the following diagram

commutes.

]

AI

Opext>(G,A) ——— HXG,B)=H> (G, A)

Opext>(G,A’) —— HXG,B’ )~H>(G,A")

Consider first a crossed 2-fold extension of A by G, its corresponding
free crossed 2-fold presentation of A by G and the corresponding

truncated injective resolution w , w, of an injective resolution of A,

17
A’ respectively. Then it follows clearly the following morphism of

G-module extensions

0 SA > K >Y- »B——0

ek

0 >A Y >Y A"B >0
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By the remark on page 72.there is a homomorphism t:X——Y such
that ta=kh and we construct the group extension 0——B—5R—>G——0
by the above method. Moreover there is a homomorphism t’ :X——Y’ such
that t’a=k’uh and since by proposition 1.5., on page 79, the
construction is independent of the choice ot t we choose t’ =mt. Then

we have that t’«=mte=mkh=«’uh.

0 S>A ¢ X B sC—2 G >0
N S
h\ gl p N /! q f lG
0 >A X >C >G >0
o B Y

Y N7 >B

It follows A’t’a=a’k’uh=0 which implies that there is a unique
homomorphism v, :N——B’ with v, p=2"t". In addition Nw p=nAt=A’mt=
=A't’ =wt,§ and because p is an epimorphism it is right cancelable,
thus nw =w_,. Let ¢’:B’ xC——R’ be the cokernel of the homomorphism

t ot
<inv(wt,),ﬁ>:N—>B’ xC. We consrtuct the following group extension

0—B’'-L SR -5 5G——0
N. q >C ¥ >G 50
w
tl BxC ge
0 >B ! —>N R—S>f}——>0
n\ B ><1CN ® ] 1G
0 >B’ 7 >R'T>G——>O
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For the homomorphism nx 1—C:Bx1C—>B’ xC we have the following relation
<inv(wt, ),q> =(nx 1E)<inv(wt),ﬁ>. Composing both sides by ¢’ we get
o’ (nx 16)<inv(wt),ﬁ> =g’ <inv(wt, ),q>=0. This means there is a unique
homomorphism ¢:R——R” with ¢o=0¢’(nx1g), which implies

(pr=q)o‘<idB,0> =g’ (nx1€)<idB,O> =0’ <idB, O0>n=r'n=¢r=r'n. On the
other hand ?(pra) <inv(w,),q>=7 =0 and since o is the cokernel of
<inv(wt),Ej> there is a unique homomorphism s:R——G with ?(pra)=so~.
By an analogous argument we get E(pr6)=s’o-' and s’ po=s"c’(nx 1E)=
=§(pr6)(nx 16)=§(pr6)=so~. We conclude that s’¢=s because o, an

epimorphism, is right cancelable.

0— B 5R— 5 G 50

T

0——>B’ —r,—‘)RI ——S,—>G———90

Our final task is to construct the appropriate map from HZ(G,B) to
HZ(G,B’ ). Consider the homomorphism <inv(n),r>:B—B’ xR, its cokernel
d:B"-R—»R” and the homomorphism py , (* xp):B* REZER R ARSRS
It follows that

pg/ (17 xp) < inv(n),r’ > =pp. (r/inv(n)xer’) =Hpe (inv(r’ n)xer) =
=inv(r’'n)-er=inv(r'n)-r'n=0, which implies that there is a unique
homomorphism 9:R“——>R such that 6d=uR,(r’ xp). It follows that
or” =9d <id

0> =uR,(r’ xg)<id,,,0> =uR,(r’x1R,)=r’ and s’ 9=s".

BI’ B’,
By the 5-lemma ® is an isomorphism which means the group extensions

7 ”n ’ ’
0—B’—~—>R"23G—0 and 0—B’-~—R’'->-G—0 are isomorphic.

Thus g is a natural transformation. f§
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We define now the generalized Baer sum for any two crossed 2-fold
extensions of A by G as follows:

Let e, e’ be two crossed 2-fold extensions of A by G.

e 0— A% X B % \g— 0

Their product, which is a crossed 2-fold extension of AxA by GxG is
denoted by
exe’ 10— >AxA-EE XX BBk TG G——0

and the diagonal arrow A.:G——GxG. Take next the pullback of the

arrows 4 . and ¥xy’. We get homomorphisms ¥ :C——G and 5:C——CxC’

such that A7 =(yxy’)3.

0 sAa—E 5% s5—L 56 50
“AI I \[ JAG
0——>AXA —Xx X’ ; ,\,xC’ - G xG 50
axe BxB
K=<idA,inv(idA)>I }[<oc, inv(a’)>
A——*i—g-éA

If we consider the arrows 0:XxX’'——G, BxB’ we get (¥xy’)(BxB’)=0 and
because (C,G,GxG,CxC’) is a pullback diagram there is a unique
homomorphism ¢:XxX’——C such that 7 ¢=0, sp=px8’. Moreover C acts
on XxX’ through s (i.e., Cx(XxX’ )jx_lx.x_’-‘;(cxc' I(Xx X }—L—sXxX")
which implies that ¢ is a homomorphism of C-groups. (1)

On the other hand we have

v(oxly, ) =(8xy o Joxly s ) =0(B0xly oo )=0((BXB! X1y, )=
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=conj(1 2)

xxx ) ¢
From (1) and (2) we conclude that ¢:XxX’——C is a crossed module.
Consider now the arrows

A= <id A,inv(id A) >:A—AxA, <ainv(a’)>:A—XxX’
together with their cokernels denoted them by p A=coker(Z):AxA——>A,
coker <a,inv(a’ )>:XxX’——X respectively. It follows then
coker <a,inv(a’ ) > (axa’ )A=coker <e,inv(a’ )> <a,inv(e’ ) >id =
coker <e,inv(a’)> <a,inv(e’ )> =0 and because p A is the cokernel of A there
is a unique homomorphism «:A—X such that «p zcoker<o,inv(a’) > (axa’).
Also we have ¢<a,inv(a’)> =¢(axa’)A=0 which implies there is a unique
homomorphism B:X——C with B(coker<e,inv(a’)>)=0.
Remark

Observe that G acts on A, C acts on A via the homomorphism y and C’

acts on A via y’. Then because of the monomorphism & we have that the

ax1
ExA——é—>(CxC’ )xA 7

C’' x AT)GXA—V—)A

actions of C, C’ on A via v, ¥’ respectively create two actions of C on
A via 8 which are the same. Therefore C acts on A. On the other hand C
acts on XxX’(since ¢ is a crossed module) which implies that T acts on
X, in other words B:X——C is a homomorphism of C-groups. (3)

Moreover we have v(px1y ., )=v(B(coker<einv(a’)>)x1, ..,) =

= conj(lXxX,)=v(§(c0ker<oc,inv(oc’ )>)x1 ) =

XxX’
= v( B (coker<w«,inv(a’)>)xcoker <o inv(a’)>)=

=coker <a,inv(a’ ) >v(B (coker <a,inv(a’ ) > XLy ser)=
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=coker <a,inv(a’)>(conj(1 )=conj(coker<e,inv(a’)>) =

XxX’

= v(Bx1 )(coker <a,inv(a’ ) >)=conj(coker <a,inv(e’ )>) and

XxX’
since coker<a,inv(a’)> is an epimorphism, this implies that we get
v(ExlXxx, )=conj(1, ..). @

Thus from (3), (4) we get that 8:X——C is a crossed module. Also we

~ o~

have that Kerf=a. Thus 0—A—% X8 .6 7 ;G50 is a
crossed 2-fold extension of A by G which is called the generalized Baer
sum of e, e’.

Proposition 1.7. The natural transformation uE:Opaxt2 (G,—)———>I-13 (G,-)
preserves products.

Proof Given two crossed 2-fold extensions of A by G

et 0—>5A—* X B 7 \g— 0

r’

e 0—oA—2 X B Y gy

there corresponds to each of them a free crossed 2-fold presentation

yielding the diagrams

e 0 SA—r X B 5C- 7 >G 50
Lol s
0 >A PR B >C > >G >0
e: 0 >A’ o X’ B’ >C’ v G >0
o
0 >A o >X’ 5 >C’ 7 >G >0

Consider now the products exe’, exe’ and the projection of exe’ on e.
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Consider also the diagonal arrow AG:G——anG and take the
pullback of the arrows rxz* and b There are homomorphisms ¥ :C——G,

m:C——CxC’ such that A7 =(7x7’")n. Moreover we get the crossed

G
2-fold extension of A by G

0——AxA’ ooxar! SKX K’ BxB’ sC Y \G——0

Then by the remark (on page 72) for the pairs of homomorphisms a:A—X,
khiA—Y and «’:A’——X’, kh’:A’——>Y there are homomorphisms
t:X—Y t':X’'—>Y respectively such that ta=xh, t’«’ =«h’.

On the other hand for the homomorphisms

axa’ AXA ——XxX’, (kxk’)(hxh’)AxA’—->YxY there is

a homomorphism txt’ :XxX‘——YxY such that (txt’ )(axa’ )= (kxx’ )(hxh*).
Let pxp’:XxX’——NxN’ be the cokernel of axa’, where p:X—N,
p’:X'—N’ are the cokernels of «, a’ respectively.

We have ata=akh=0, At’a’ =akh’ =0 and therefore there are unique
homomorphisms wt:N—aB, ©,, :N’——B such that wt'p'=ht, w,p’ =at". In
addition (Axa)(txt’ )(axa’ }=(axa)(kxx)(hxh’)=0 which implies that there
is a unique homomorphism VX0, :NxN’——>BxB with (wtxwt,)(ﬁxﬁ')=
=(axa)(txt).

Let also ¢:(BxB)xC—R, ¢:Bx{C—R be the cokernels of the
homomorphisms ~ <inv(wxw,, ),q >:NxN—(BxB)xC,

< inv(wt)(pr—ﬁ),ﬁ(prﬁ) >:NxN’'——-BxC respectively.

Then for the homomorphism per(prE)n:(BxB)mC——anC we have that
(prgx(pre)m) <inv(wxw, ),q> =< inv(w )(pri),q(pry)> because

pry(w o, )=u(pry), (pra)n'(i =q(prg). It follows that
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o(prgx(pre)n) <inv(wpw,, ), q > = <inv(e (prg).a(pryg) > =

=o<inv(w )(pry),q(pryg)> =0.

0— >AxA X% %X B g ¥ >G 50
1 S A
1RA X' W " G
0——>AXA ———5>XxX' — >CxC’ — >Gx G 50
axo’ BxB rxy’
hxh \ gxg fxf VlGxG
’ fal ’ 5
0 >AXA > XxX BxB” >CxC ,p(y,vaG 0
0 A" x—B 57 >G >0
KX K
| gl fl llG
0 SA >X >C: >G >0
d o B Y
YxY N X P %Bx];r
er\ J, B
Y—T__)B

Therefore there is a unique group homomorphism ¢:R——R such
that ¢o =o(prpx(pren). We deduce easily from this 0T =1(prg), s =sp.
Thus we get the commutative diagram

0 sBxB—— SR G 50
0 5B SR G 50
r S

Similarly, if we consider the products exe’, exe’ and the projection

of exe’ on e’ then we end up with an analogous commutative diagram

of group extensions

78]

0———BxB >R G >0
T
0 sB = sR’ 7 sG—0
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Let us consider two crossed 2-fold extensions of A by G

e: 0 SA—% X B sC—2 5G—0

al 1 rs
et 0—>A—2 X B T \6— 0

together with the corresponding truncated injective resolution of A
coming from R (see page 72). If we apply the natural transformation pg
on e, e’ we get the following group extensions

0—B—5R—$G—0, 0—B- R —5,G—0.
Consider the product exe’, the product of their corresponding free
crossed 2-fold presentations and the product of the group extensions
Hg(®), nge’)

uAEu(e’): 0——BxBLRxR —X5GxG——0

together with the diagonal arrow AG:G—-——>G><G. The pullback of ¥x¥’ and

1 GxGlG consists of the homomorphisms 7,,C,—G, 12:C2————>C><C such
that lGxGAG%:(”‘W )1:2 yielding the crossed 2-fold extension of AxA
by G
4 ” 'J
v 0 AA LN X B 2,60
v oY Y
0—AxA - Tx B >C LI 50
hxh’ gxg’ l"f' \ 1 G
N 5 ’ C N N
0 YAXA v XxX g C, 72 >G 0
0—AxA’ %X BBLE T Y65 G—0
hxh 1 lgxg lfxf \[IGXG
) S ’ C L4 SOy Y
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Similarly, the pullback of ¥xy’ and 8515 consists of the homomorphisms
7,:C;—G, 7;:C;—CxC’ with A 1.y, =(2xy')r, yielding the crossed
2-fold extension of AxA’ by G, denoted by

0— A % o B C,

AxA
G

Y
1 >G 50.

We apply now the natural transformation u to the crossed 2-fold

extension v, We get the group extension
vy 0——BxB——SR——G—0

Consider the group extension

0——>BxB-IRxR’ ~5,GxG——30

The pullback of sxs’ and A5 consists of the homomorphisms s, :5—G,

q>1:S——>R><R’ such that L\.Gsl=(s><s’)<p1 yielding the group extension
r S
v 0——BxB—58—G—0

Finally, we show that Vo Vg

natural transformation preserves products.

, v, are isomorphic which implies that the

Recall that for ¢, ¢° we have sp=75, s’¢’ =s which implies that

Aglg S =B5s ='5x5 =(sxs")(pxp’). On the other hand because the square

(5,G,GxG,RxR") is a pullback diagram there is a unique homomorphism

1 r

9, R—8 with 1,5 =5 =5 ¢, and ¢, =r 15 _=r..

1%2 I

~ ~

0—BxB r >

R
1B><BJ, 1“’2 ilG
0——BXB———— S ——
1 1
leBJ, l “1 l e

0————BxB————>R xR’ —GxG >0
Ixr SX §

By the S-lemma applied to the first two short exact sequences 0, is an
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isomorphism. [

Proposition 1.8. 7he homomorphism u’é:Opeth (G,A)——-aHa (G,A) is an
isomorphism for every G-module A.

Proof. Consider the map vf:H*(G,B)~H*(G,A)—Opext*(G,A) which is
defined as follows

Let e:0—sB-—- sR—55G—s0 be an element of HX(G,B)~H>(G,A). Consider

the truncated injective resolution of A coming from ® which is denoted
A

by 0——A"5Y »B-——0 and the diagram

K‘.)Y rA 3R s
A
B
SN
0 0

0 > A > G > 0

where Y is a G-module and B is an R-group. Y is an R-group because the
sx1 v
action of R on Y is given via s (i.e., RxY Y,Gxy-C Y) and this

implies the group homomorphism ra:Y——R is an R-group homomorphism.
Moreover if v denotes the action of R on Y then v(rhle)=conj(1Yx1Y)
because we have

v(rAle) =v(s(ra)x lY) =v(1Yx1Y) =1y, conj(le 1Y) =1,(i.e., Y is an abelian

group since it is a G-module). Thus ra:Y——R is a crossed module which

implies that 0 A Yy 2 RS G >0 is a crossed 2-fold
extension of A by G. This implies that the map "é is defined by

v (0——B-L R 5G——0) =(0——A—S Y- RS 5G——0)

A
G

1) f 0——B-" 3R> 5G——0 is an element of HX(G,B)~H>(G,A) then

Next we prove 1) u’év?’:l and 2) v ug=1-
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by applying v‘é to it we get the crossed 2-fold extension

0 A YA RS ,G— 0. Then according to lemma 1.2., on page

71, there is a free crossed 2-fold presentation of A by G denoted by

0 A—K Y™ ;RS ;G0 which maps onto it. Then there is a

homomorphism t:Y——Y with t« =«h and since the construction, as we have

proved, is independent of the choice of t we choose t=g.

0 A—F 57— A RS g 0
h gl NN g jf l1
| G
0 SA 5Y SR G 50
K rA S
K\ Jwt
Y A B

Considering the cokernel of k, p:Y——N we have atx =axh=0 which implies
there is a unique homomorphism wt:N——>B such that wtf)‘=7tt. We take also
the homomorphism <inv(wt),ﬁ>:N—>BxR, where BxR is the semidirect

fxlB Vg
product of B and R with R acting on B via f (i.e., RxB >RxB >B)

and its cokernel o:BxR——R".

For the homomorphism uR(rxf):B xR——R we have

pp(rxf)<inv(w ),q> =pp < rinv(wt),fc_l > =inv(rw t) -fq=inv(fq)- (fq) =0

which implies there is a unique homomorphism ¢:R’——R such that ¢r’ =r
and sp=s’. From the 5-lemma we conclude that ¢p:R’—R is an isomorphism

(ie., (0—B——R-55G—0) = (0—B-"R’ -2 5G—0)).

2) Let e A—* X B s ¥ s\G— 50 be a crossed 2-fold

extension of A by G, then by lemma 1.2, on page 71, there is a free

crossed 2-fold presentation which maps onto it. By applying ué on
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e we get the group extension 0——B—5R »G——0

|
R|

0 > X >C G >0
h . l NN g Jf 11
l G
0 57 >X 5C G 50
o« B 4
K\ lwt
Y >B

Then there is a unique homomorphism v=c< O,idé- >:C——R such that
(rA)t=vB. To see this it suffices to prove that o< O,id—é >q=ea< idB,O >0, =
= vq= ro,. We have < O,idE >q=<0,q>, < idB,O >0 =< wt,O > and
<0,g>= <inv(wt),ﬁ> ' <0,0> = c<0,q> =o(<inv(wt),ﬁ> $<w,0>)=
=o<inv(v),q>-0<w,0> = ¢<0,q> =0<0,0> = o<0,idz>q=
=0<idy,0>w, = vq=1v. Therefore vqp =rv p which implies v8 =r(at) =

= vB=(ra)t and we have the following diagram of crossed 2-fold

extensions and their morphisms.

K rA S

0 >A >Y SR >G 50
h B wt B v ~ 1G
0 A2 x B 5 7 >G >0
hJ g f 1G
0— A e 5C 5G 50
o B t's

Consider next the crossed 2-fold extension of A by G denoted by

0 A% X B o »G—0), its corresponding free crossed 2-fold

presentation and the crossed 2-fold extension
id
0—K—XK >0 50——0

where K is the kernel object of the homomorphism h:A——A. By
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considering now the cokernels of d1 and d, we get the following crossed

2-fold extension of A by G
O—HA—L)M—w——)CLG———)O

and we have also the commutative diagram

id
z: 0 SK—K LK >0 50 50
d1 ) dz_ | )
& o AL X B e 7 g 50
h d3 1= 15
e’ 0 >A >M >C- G 50
¢ 1/ ,}'

Since e” is constructed as the quotient of e by z there is a unique
morphism between e” and e (i.e., e’——e). Similarly there is a unique
morphism between e” and e’ (i.e., e’——e’). Therefore the crossed
2-fold extensions e and e’ of A by G are equivalent, which implies that
vgu‘é(e)=e’se. Thus from 1) and 2) we conclude that
ug:Opextz(G,A)—-—>H2(G,B):v-H3(G,A) is an isomorphism of the abelian
groups Opeth(G,A) and H3(G,A).

e’: 0 A Ly A g S G 50
1 A v1 \% _ lG
e”s 0—a—? MY o7 g 50
1 A v2 f 1G
e: 0——A SX——5C >G 50
o B Y l

Thus we have proved the following
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Theorem 1.9 The map u/G!'Opextz(G,A)—>H 3(G,A) is an isomorphism of
abelian groups. In other words the set of equivalence classes of
crossed 2-fold extensions of A by G constitute an abelian group denoted
by Opeth(G,A ) naturally isomorphic to the cohomology group H (G,A).
The group operation is given by the generalized Baer sum.

Proof. This follows as a consequence from the above propositions. [§
Corollary 1.10. More generally the map Afé:Opext"(G,A)—aH’” (G,A) is
an isomorphism of abelian groups. In other words the set of equivalence
classes of crossed n-fold extensions of A by G constitute an abelian
group denoted by Opext(G,A) naturaly isomorphic to the cohomology

1+ 1

group H'" *(G,A). The group operation is given by the Baer sum.

Proof. Similar to the above with the only difference that we have to

work with G-modules which simplifies the arguments.
Example

The above theory can be applied in sheaf categories.
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CHAPTER IV The Obstruction Theory

1 On the action of ExtY(G,A) on Ext¥(G,H)

We denote by Ext'I’(G,H) the set of all equivalence classes of group
extensions of H by G and Ext'/’(G,A) the set of all equivalence classes
of group extensions of A by G, where A is the center of H.

Recall now that for every exact sequence of groups 0—H—>E-—>sG—0
we have a homomorphism y:G—9ut(H), where Out(H) is the outer
automorphism object of H.

Definition 1.1. The triple (H,G;y) is called an abstract G-kernel

associated with the extension 0—sH-SE-55G—0.

Suppose that e 0——H—~E— 5 sG——0 <Ext¥(G,H) and also that
d 0——A-2 D" G—0 <Ext*(G,A). We define a map from
Ext*(G,AExt*(G,H) to Ext*(G,H) as follows:
Consider first the product of d and e, then take the pullback of the

diagonal arrow A _, and the homomorphism nxs. We get a group extension of

G
AxH by G denoted by 0——AxH—2E’—94 sG——0 . Consider now the

pseudopushout of the restriction of the multiplication on H, denoted by
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p-AxH—H, and p we get the following group extension of H by G
0——H—YSE" Y sG— 0 <Ext*(G,H).
We shall prove that the above correspondence is an action of Ext'/’(G,A)
on Ext'/’(G,H). To this it suffices to prove the two conditions
i) If 1 represents the identity element of the group Ext'l'(G,A) and
a any element of Ext'ﬂ(G,H) then la=a.
ii) If g, h are any two elements of Ext'/’(G,A) and a is any element
of Ext’(G,H) then  ("a)=(®Wg,
i) Suppose we have 1: 0——A-"sAxG-2G—0 the identity of Ext*(G,A)
and d: 0—sH-">E-* 5G—s0 <Ext¥(G,H). Considering the above procedure

0——AxH—XL  5(AxG)xE—25  sGxG 50
" 1A>< <s,1E> /[
0 >AxH >AXE >G )
P q
1)
u| |
0 >H >E >G >0
r S

we get again d, which implies la=a VaeExt'/'(G,H).
ii) Let g: 0——A-" D" 5G——0, h: 0—>A-"""D" 2 ,G— 50 be two

elements of Ext*(G,A) and a: 0——H—"5E—5,G——0 an element of
Ext'/'(G,H). We construct first g(ha) as follows:

Consider the product of h and a and the diagonal arrow 85:G—GxG. Take
the pullback of n’xs and A We get a group extension of AxH by G
denoted by f,: 0—AxH ¢’ JE’ 4" ,G—0. Take the pseudopushout of e’

and uH,the restriction of the operation on H. The result is a group

extension of G by H Ma : 0—H-2E" 3,6 0.
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Consider next the product of g and B3 and the diagonal arrow Ay Take
the pullback of nxj” and A, We get a group extension of AxH by G
denoted by f,: 0——sAxH-~

K 5G—50. Take the pseudopushout of k’
and by the restriction of the operation on H. The result is a group
extension of H by G ("a): 0——H-X"K" L ,G—s0.

Construct now ®a as follows:

Consider the product of g and h and the diagonal arrow A. Take the

pullback of nxn’ and Ay We get a group extension of AxA by G denoted

by f,: 0——AxA P’ ,p' 9" ,G——0. Take the pseudopushout of p* and p,
the operation on A. The result is a group extension of A by G denoted
by f; 0—sALLp 9060,

Consider next the product of f ,and a and the diagonal arrow Ay Take
the pullback of sxq” and A, We get a group extension of AxH by G
denoted by fy: 0 AxH-UST Y ,G—0. Take the pseudopushout of t’

and Hpp the restriction of the operation on H. The result is a group
extension of H by G (&), 0 H- ST Y G6—0.
: 8 h_\_(ch)
It remains to prove that (Ta)='""a.
Consider the product
gxhxar 0——sAxAXHRM X1y, D7 ERXR XS (5, GxG—s0

G G
and nxn’xs, AGxIG. We get then the group

and the arrows 1 GxAG:GxG—>G><GxG,A x1_.:GxG—GxGxG. Take the
pullbacks of nxn’xs, 1.xA.
extensions of AxAxH by GxG, 0—>AxAxHZXSDXE 25GxG—s0

and 0—sAxAXHE X3P B4 X8GxG—s0 respectively. Consider next the
arrows 1 RLTE Ale where uH:AxH-—>H denotes the restriction of the

operation on H and p A:AxA—-—>A the operation on A.
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Take the pseudopushouts of mxe’, 1 AXMy and p’xr, p <1y We get the
group extensions of AxH by GxG 0—sAxH—"X Dy B G G—s0 and
0—>AxH-LXT,pr B 978G G—s0 respectively. Take now the pullbacks of

nxj”, A, and q“xs, A.. We get the group extensions of AxH by G which

G
are denoted as 0—sAxH-X 5K’ 1 5G—0, 0—AxH- 5T Y 5G—0
respectively. Finally, we consider the pseudopushouts of k’, p, and t’,
e We get the group extensions of G by H which are denoted as follows
z: 0———>H—kL>K”—1—”—aG——>0, 2’ 0—H-T Y560 respectively.
What we simply did in both cases above is, first we pullback the
arrows nxn’xs, A G(l GXAG) and nxn’ xs, AG(Ale G) and then we pushout by
the arrows “H(“ Ale) and uH(l Aqu) respectively.

But we have A G(1 GxAG) =A G(A G 1 G) and “H(” Ale) =uH(1 Aqu), therefore
the two constructions are the same which implies that the group
extensions z, z’ of H by G are isomorphic. Thus g(hzn)=(gh)a.

Therefore from the above we conclude the following

Proposition 1.2. The above map defines an action of the group

Ext*(G,A) on Ext?(G,H).

Proof. 1t is already proved above.
Remark

Proposition 12. above is a general statement which we wuse in
obstruction theory and whose proof is independent of whether € has

enough projective or G-mod(€) has enough injective objects.
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2 Obstructions of Group Extensions and the
Cohomology group H3(G,A) in C

In this section we study the obstruction theory of group
extensions in € and we prove that the classical results hold when
either 1) € has enough projectives objects or 2) G-mod(€) has enough

injective objects.

In the classical case as we already know the elements of the
third cohomology group H3(G,A) of the group G with coefficients in
the G-module A are interpreted as obstructions to extensions of H by G,
where H contains A as its center.

Next we are going to prove once more that the classical theorems on
abstract kernels (which are the following) hold also when € has enough
projective or G-mod(€) has enough injective objects.

1) To each abstract kernel, there corresponds an element in H3(G,A)
where A is the center of H (the correspondence is not bijective). This

element is called the obstruction class of the abstract kernel.
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2) If € represents a crossed 2-fold extension of A by G then every
[g]eH3(G,A) can be realized as coming from an abstract kernel
associated with an extension of H by some group G.

3) An abstract kernel (H,G;y) comes from an extension of H by G if,
and only if, the obstruction class is zero.

4) The extensions of H by G giving rise to the same abstract kernel
are in one-one correspondence with HZ(G,A).

Proposition 2.1. Every abstract kernel (H,G;y) corresponds naturally

(in G) to an element in H3( G,A). The correspondence is surjective.

Proof. Let us consider the short exact sequence
0—A—H—&ut(H)——9ut(H)——0

and the homomorphism y:G—9ut(H). We have the diagram

0 >A >H——&Aut(H)}——dut (H)—0

Y
G

and consider the pullback of the arrows @ut(H)—9ut(H) and

Y:G—9ut(H). We get an extension of A by G and the diagram becomes

0 >A >H >Aut (H)——Dut (H)—0

"
:  0——A—H >P 5G >0
& "

The extension £ " which is the crossed 2-fold extension obtained from an
abstract G-kernel y:G—90ut(H) is called the obstruction class of

(H,G;v).
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Let 0——A >H >F. yG——0 be an extension in which F is free on

XvX, where X generates G. Because H—F is a crossed module A is
contained in the center of H. On the other hand since F is free on XvX,
according to theorem 1.15., on page 17, it has no non-trivial abelian
normal subgroups. The image of Z(H) in F is a normal abelian subgroup,
therefore the image of Z(H) in F is the trivial group which implies

that the center of H is contained also in A. Thus A is exactly the

center of H.
0——sA——H—> 52t (H)—Ls0u t (H)——0
I |m Tv
c 0 A >H >F. >G >0

o a B
Then since F acts on H we get the arrow m:F—#@ut(H) with ma=3. Observe
also that yma=73=0. Therefore there is a unique arrow y:G—9ut(H) such

that the above diagram commutes. Now if we pullback y and » we get a

crossed 2-fold extension of A by G which is equivalent to &.
We observe now that the extension 0—H—E—G——0 induces the
abstract kernel (H,G;yp) if and only if there is a map «:E—P " making

the diagram

0—A—H—P , —G—0

]
[
0—H SE G >0

£y

commute.
Theorem 2.2. An abstract kernel (H,G;yp) is associated with an
extension 0—>H—E—G—0 if, and only if the obstruction class is

zZero.
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Proof. To prove the theorem we distinguish two cases:

Case 1: (When € has enough projective objects)
If —A—H—F—G——0 is a crossed 2-fold extension on projective
generators and a representative of the class [€ !ﬂ] then there is a arrow
B:F—P " We shall need the following lemma.
Lemma 2.3. There is a homomorphism y:F—E with wp=p.

Proof. Consider the diagram

0—A—H—&ut (H)—Yut (H)——0

I N LI

N s N SY
0 ,A 74 X ,Pw 77 )O

e |
0——H SE LN 0

N oy’ |

R
P~ N, Y !

0——A—H >F >G 50

Let X be a projective generator object of F. Since p is epi there is an
arrow wO:X~——>E such that m//O:(v)IX. Therefore we have
(koa/JO)IX=(kB)IX = k((B)IX- iIlV(OC!/IO))=0 = (B)|X= a(@o-wo), where 9%,
is the 00:X——>H. Because F is free on X, Yy is extended in such a way
that there is a unique homomorphism y:F—E with ay =35, wlx=z90w0 and
also py=v, and this proves the above lemma 2.3..

If the abstract kernel (H,G;y) comes from the extension of H by G,
0—H—E—G——0( then, by lemma 2.3, there is an F-homomorphism
¥’ :R—H such that Ay’ =gq. Consider the arrow s=(y’ ,lR):R—>H’ , where
H’ =HxR. Then s is an F-homomorphism, because ¢’ is an F-homomorphism,

and the exact sequence —A—>H’—R—0 is split by an F-homomorphism
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Thus, according to the lemma 3.4. on page 66, the obstruction class
containing the sequence (0—A—H’'—F—G—0 is zero.

We prove now that the condition suffices. To this end, let us
consider C2:0—J—>C—sF—G——0 to be a free crossed 2-fold extension
on projective generators and let (v,Bl,BO,l):CZ—ee be a lifting of the

identity map of G.

J1=N
2 o p/' N4 Y
L On: 0—>1] C—p—F >G——0
t.
A2l e
e 0—A—K SL >G 0
f g h

Since [e]=OeOpext2(G,A), according to lemma 3.4., on page 66, v extends
over C to an F-map C—A and the following short exact sequence
0——>A—-9C1’;-——>J1—>0 splits; that is there is a section B':J1—>C1,v
which is an F-homomorphism. Consider the arrow Bl-inv(ft):C—>K.
We have (B1 -inv(ft))a=p8 o inv(ft)a=p * inv(fte) =B & inv(fv)=
={31a-inv(Bloc)=0. Since p is the cokernel of o this implies that there
is a homomorphism g:N—sXK such that g_ -inv(ft) =gp. Then B,AP=B,B=gB,=
=g(B, -inv(ft)) =gBp 5 B,=gB8 (* because p is epi). It follows that
there is a morphism (B,BO):(JI,N,q)—>(K,L,g) of crossed modules
where J1=N=ker(7). If we take the pushout of the arrows q and B this
yields the required extension ¢—K—E’'—G—0.

Case 2: (When G-mod(€) has enough injective objects)

Suppose that the abstract kernel (H,G;y) comes from the extension
0—H—E—G-—0. Consider the crossed 2-fold extension & " of Aby G

induced by the abstract kernel (H,G;y) and its corresponding free
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crossed 2-fold presentation e, where F is free on E. Then there is a
a homomorphism ¢:F—E, the counit of the adjunction, such that ap=8.
Moreover, if q:R’—F is the kernel of 7:F—G this implies that there

is a unique homomorphism &8:R’—H such that r6=gq. R’ is an F-group

H—' p

o

R'-4F
and A is also an F-group (i.e,, F acts on A trivially).
Therefore AxR’ is an F-group, which implies that ﬁ(er,):AxR'——>F is
a homomorphism of F-groups. Moreover, if v denotes the action of F on

AxR’ then v(El'(er,)xl )=conj (1 ) because we have that

AxR’ Ak Laxr?
V(ﬁ(er, 1, gr)=v(gx1 AxR/ )=v(gx1 A)xv(Eix 1g)=1 Axv('(ile, )=
=1 Axconj(ﬁle,); 1 Axconj(lR,) €]
(* since q:R’—F is a crossed module) and also
conj(1, o, xleR,)=conj(1A)><conj(1R,)=1 xconj(lp,). (@
From (1) and (2) we deduce that ﬁ(er,):AxR’——>F is a crossed module
with kernel <1 A,0>:A—-—>AxR’.
Therefore e”:0——A——>AxR'—F——G——0 is a crossed 2-fold
extension of G by A which splits (i.e., for pr AAXR’—A we have
pr, < 1 A,0>=1 A) and there is a morphism (1 A,vc-a,B,lG):e”———aE v
between £ v and e”. Therefore £ " is equivalent to e” and since e” splits
this implies that the obstruction class [£ V!] is zero.

Suppose that the obstruction class [& w]=OeOpext2(G,A). The crossed
2-fold extension of A by G

& 0——A—A—" 5G—G—0
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is a representative of the zero obstruction class which implies that £ "
and ¢ are equivalent. Therefore there is a crossed 2-fold extension

of A by G such that the following diagram commutes

0——A—>H—>P  —G—0

Y

9: 0 A »>K »X >G ()

[

C: 0 A >A 0 SG——G——0

From the diagram we get that the crossed 2-fold extension ¢ splits and
by lemma 34. on page 66, the group extension 0———>A——>K—59N——>O
splits i.e., there is a group homomorphism p:N-—K such that §p=1N,
where N is the cokernel of A—K and q:N-—X is the kernel of
X—G. Then there is a group homomorphism h:N—H with hp =g making
the square (N,X,P !!!’H) commutative

Considering the pseudopushout of the homomorphisms h and q and applying
the usual construction we get the group extension 0—H-—E—G—0.
Also we have the homomorphism «:E—P " because of the pseudopushout
construction and the commutativity of the square (N,X,P w,H), making the

following diagram commute

€ :/;: 0—A—H——P w——-)G——)O
R

0—H—E—G—30

which implies that the abstract kernel (H,G;y) is associated with the
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extension —H—E—G—0. R

Theorem 2.4. The group H 2(G,A ) operates freely and transitively on the
set of equivalence classes of extensions with given abstract kernel
(H,G;y).

Proof. Let e:0—H-SE-5G—0, and e’:0—H-SE’'—G—0 be two
group extensions of H by G. Since E, E’ act on H, by conjugation, from
the adjunction we get the homomorphisms m:E—@&ut(H), m’ :E’ —->@ut(H)
respectively. Consider now the pullback of the homomorphisms
<s,m>:E—Gxdut(H) and <s’,m’>:E’—Gx#ut(H). Because the two
extensions e, e’ comes from the same abstract kernel (H,G:y) we
have <1G,y>s=(1th)<s,m> and <1G,a(>s’ =(1th)<s',m’ >. This
implies that both <1 7S <1 G,?f>s' have the same image, that means

Im(<1G,y>s)=Im(< 1G,?/>s’).

H
~--.__19
M " LE NG
r
tl <s’,m’>
> E <s m> Gxaut(H) <15¥>
sl 1 xh
G——————)GxDut(H)(——-—

G

The kernel of 1;xh is Oxincl:0x3an(H)——Gx#ut(H), and since both the
images of <s,m> and <s’,m’> contains Ox3nun(H) this implies that the
images are equal, i.e., Im(<s’,m’ > =Im(<s,m>). Considering the pullback
of E—»Im(<s,m>) and E’'——»Im(<s’,m’>) still we get t:M—E,

t':M—E’. Thus, because the pullback of an epimorphism is an
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epimorphism, both t, t’ are epimorphisms and cosequently st=s‘t’ is
also an epimorphism. Furthermore, we have <sm>r=<s’,m’>r’ and
because the square is a pullback there is a unique arrow #:H-—M
such that to=r, t‘s=r’. Consider next the kernel of st, denoted by
k:K—M, which contains H as a normal subgroup.

We have sto=s’t’9=s"r’ =0, and because k is the kernel of st=s"t’ there
is a unique arrow ¢ :H—>N such that ko’ =».

Consider the short exact sequences c: 0— KX sM35,G— 0 and

1
0——H—EH—0 in the following diagram

0———>H——H >0 >0
o I L

c: 0 K—X sM—SL G 50
Al

d: 0 SA > >DTG_—)O

By considering now the cokernels @, #’ of ¢ and ¢’ respectively we get

the following group extension of A by G

d: 0 sA—P D9 ,G— 0

making the above diagram commute.
It remains to prove that the generalized Baer sum of the group
extensions e and d is isomorphic to the group extension e’.

Consider the product of d and e

dxe: O SAXH-PXL Dy E-¥5 ,GxG———0

Then there is a morphism between ¢ and dxe which is indicated by the

following commutative diagram
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dxe:  0——AxH-2XL spxE-TX5 ,6xG——0

’[<n ,P> I<n,t> IAG

[} 3 SN S 3
c: 0 >K K >M w; > >0

We can see easily that the arrow <7’,9>:K—AxH is an isomorphism.
Since dxe, ¢ are both short exact sequences and <n’,p> is an
isomorphism this implies that the square (DxE,GxG,G,M) is a pullback
square. On the other hand there is a morphism between ¢ and e’

indicated by the commutative diagram

dxe:  0—AxH-EZL ,pxE-TX3 ,GxG—0
<n’ ,p> <n,t> IAG
. 9} S N
c. 0 ,K k IPVL St 'C ’O
T t’
H |
e’: 0 >H —>E’ —>G 50
r S

Because now ¢, e’ are both short exact sequences and 1 G is an
isomorphism this implies that the square (K,M,E’,H) is a pseudopushout

square. This immediately implies that above construction is simply the

generalized Baer sum of d and e which gives as result e’.
Collolary 2.5. If the obstruction class of (H,G;y) is zero, then the
set of equivalence classes of extensions with abstract kernel (H,G;y)
is in one-one correspondence with HZ(G,A ), where A is the center
of H.

Proof. Comes as a consequence of the theorem 2.4. above. [§
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