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GAUSSIAN SUMS FOR G1n

by

PEARL GREENBERGER 

ABSTRACT

A d v ise r: P ro fe s s o r  Herve Ja c q u e t, Columbia U n iv e rs ity

L et G = G l(n ,F )  , w here F i s  a f i n i t e  f i e l d  o f o rd e r  q .

I f  tt i s  a r e p re s e n ta t io n  o f G , we can reg a rd  i t  as  a fu n c tio n  

on th e  space  o f nXn m a tr ic e s  o v er F th a t  v an ish e s  on s in g u la r  

m a t r ic e s .  Given a n o n t r iv i a l  a d d i t iv e  c h a ra c te r  V ° f  F , we 

c o n s t r u c t  th e  F o u r ie r  tra n sfo rm

ft(x) = q“ n / 2  £  TT(g)i|f(tr gx) .
g€G

I f  x i s  n o n s in g u la r , th e n  tt( x )  =  Q ( tt) tt( x  1 ) , where Q ( tt)  

i s  a g e n e ra l iz e d  G aussian  sum. F or tt i r r e d u c ib le ,  Q ( tt)  i s  c l e a r l y  

a s c a l a r ;  th e  v a lu e , c(Ti) , o f t h i s  s c a la r  i s  a lre a d y  known. We show 

t h a t  when Tt i s  induced  from a p a ra b o lic  subgroup o f G , th e n  Q ( ti)  

i s  s t i l l  a s c a la r ,  even i f  tt i s  re d u c ib le , and compute c ( tt)  . We 

•then prove th a t  i f  Tt̂  i s  any i r r e d u c ib le  component o f tt , c(T L ) = 

c ( tt)  .

A n o th er q u e s tio n  th a t  a r i s e s  i s  w hether th e  F o u r ie r  tra n s fo rm  

a l s o  v a n ish e s  on s in g u la r  m a tr ic e s . T h is  pap er d e te rm in e s  a n e c e ssa ry  

and s u f f i c i e n t  c o n d itio n  f o r  induced r e p re s e n ta t io n s  to  have t h a t  

p ro p e r ty .

iii
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§0. In tro d u c tio n .

Let F be a  f i n i t e  f i e l d  o f  o rd e r  q (q>2) , and l e t

G = G l(n ,F )  . F ix  an e x te n s io n  F , o f F o f  d eg ree  n l ; f o r

d ^  n , t h e  un ique ex ten s io n  o f  F o f d eg ree  d in s id e  F , w i l l

be deno ted  by F . .d

Given a r e p re s e n ta t io n  tt o f  G w ith  space  V , we can  ex tend

th e  fu n c t io n  x -* tt( x )  to  R = M(nXn,F) by d e f in in g  tt( x )  t o  be

z e ro  f o r  s in g u la r  x . I f  i s  a n o n t r iv i a l  a d d i t iv e  c h a r a c te r  o f
A

F , we may th en  c o n s tru c t  th e  fu n c tio n  tt , a  F o u r ie r  tra n s fo rm  o f tt

tt(x) = q- n  ^2 £  TT(y)\|r(tr yx) ; 
y€R

TT(x) i s  a  l i n e a r  o p e ra to r  on V .

A -n s / 2  —1For x 6 G , Tt(x) = q £ TT(yx ) i|r(tr  y )
y § l

= q"n S /2  £ TT(y) f ( t r  y W x " 1) . 
y€R

Thus, tt(x ) i s  com plete ly  de term in ed  by tt(x '*') and th e  g e n e ra liz e d

G au ssian  sum Q ( tt)  -  q n ^ 2 £ TT(y)'(f(tr y )  = q n  ^2 £  TT(g)tl((tr g) .
y€R g€G

I f  TT i s  i r r e d u c ib le ,  Q ( tt)  i s  o b v io u s ly  a s c a l a r  o p e ra to r ,  

s in c e  Q(rr) commutes w ith  tt .  The v a lu e  o f  t h i s  s c a l a r ,  c ( tt)  , 

was o b ta in e d  by Kondo [ 4 ] .  We s h a l l  compute Q ( tt)  and c ( tt)  by 

a n o th e r  method, which a p p lie s  a l s o  to  c e r t a i n  r e d u c ib le  re p re s e n ta ­

t io n s ,  and w i l l  show th a t  Q(n) i s  a s c a l a r  f o r  th e s e  r e p re s e n ta t io n s  

a s  w e l l .  One im m ediate consequence w i l l  be t h a t  Q ( tt)  i s  n e v e r  th e
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ze ro  o p e ra to r .

I f  tt i s  c u s p id a l  (see  §1 f o r  d e f in i t io n )  and  x € R i s  

s in g u la r ,  i t  c a n  be shown th a t  tt( x )  = 0 . In  §3 we d e r iv e  a  

n e c e ssa ry  and s u f f i c i e n t  c o n d itio n  f o r  c e r t a in  in d u ced  re p re ­

s e n ta t io n s  to  s h a re  t h a t  p ro p e rty .
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§1. C om putation o f Q(tt) f o r  an i r r e d u c ib le  c u s p id a l  

r e p re s e n ta t io n  tt .

A r e p re s e n ta t io n  tt o f  G i s  c u sp id a l i f  f o r  ev e ry  v £ V,

£  tt(u ) v = 0 , where U i s  th e  u n ip o te n t r a d ic a l  o f  any p ro p e r  
u€u

p a ra b o l ic  subgroup o f  G . We a ls o  u se  th e  te rm  to  in c lu d e  a l l  

r e p re s e n ta t io n s  o f G i f  n = 1 .

I f  tt i s  an i r r e d u c ib le  c u sp id a l r e p r e s e n ta t io n  o f G , 

th e n  tt co rre sp o n d s  to  a m u l t ip l ic a t iv e  c h a r a c te r  X o f  Fq 

t h a t  i s  no t in v a r ia n t  by any elem ent o f  th e  G a lo is  group o f 

o v e r  F .

L et 6 be th e  c h a ra c te r  o f  tt , 0 (g ) = t r  Ti(g) , and l e t

f  be any c l a s s  fu n c tio n  on G whose v a lu e  depends o n ly  on th e

sem i-sim p le  p a r t  o f  th e  Jo rdan  decom position  o f  g € G ; f ( g )  =

t ( t r  g ) i s  one such fu n c tio n *  We compute £  0 (g ) f (g )  .
g€G

S ince 0 and f  a re  c la s s  f u n c tio n s ,  i f  C i s  a s e t  o f  

r e p re s e n ta t iv e s  f o r  th e  conjugacy c la s s e s  o f  G ,

2 0 ( g ) f ( g )  = 2  0 ( g ) f ( g ) [ G : Z ( g ) ]  , 
g€G g€c

w here Z(g) i s  th e  c e n t r a l i z e r  o f  g in  G . I f  g and g '

have th e  same sem i-sim p le  p a r t ,  g = su  and g ' = su* , th e n  g*

i s  c o n ju g a te  t o  g i f  and o n ly  i f  u ' i s  c o n ju g a te  t o  u by

some elem en t o f  Z (s )  . We can th e r e f o r e  c o n s tr u c t  C as fo llo w s :

Choose a  s e t  S o f  r e p re s e n ta t iv e s  o f  th e  con jugacy  c la s s e s  o f 

sem i-s im p le  e lem en ts  o f  G . F or each  s  € S , f i x  a  s e t  U (s)



o f r e p re s e n ta t iv e s  o f  th e  o r b i t s  o f  Z (s )  in  Z (s )  H U , where

U i s  th e  s e t  o f  u n ip o te n t e lem ents o f  G . Let C =

{su: s € S, u 6 U (s)}  . Thus

2 © (g )f(g ) = 2  S 0 (su )f(su ){ G : Z (su )]  .
g€G s€ s  u€[j(s)

S ince Z (su) = Z (s )  fl Z (u) and f ( s u )  = f ( s )  , t h i s  sum e q u a ls

|g | 2 Z 0 ( s u ) f  ( s ) / | z ( s )  n Z(u) | .
s€s u € u (s)

We now d e f in e  a s p e c i f ic  maximal to r u s  T o f  d im ension nn
V

in  G • F ix  a g e n e ra to r  T_ o f F and a  semi-*simple elem ent0 n

t Q of G th a t  has tq a s  one ro o t o f  i t s  c h a r a c t e r i s t i c  poly­

nom ial, Then th e  c y c l ic  group g e n e ra te d  by t Q i s  isom orphic
V

t o  P ; t h i s  group i s  T n n
i  i  £L e tt in g  cp deno te  th e  isom orphism  t Q -* tq , i f  t  * T  ,

cp(t) i s  a ro o t o f th e  c h a r a c t e r i s t i c  po lynom ial o f t  ; th e  o th e r

q 1ro o ts  a re  g iv en  by cp(t ) ,  i  = l , . . . , d e g  t  -1  .

The v a lu e s  o f 0 (su )  a re  known { e .g . ,  G elfand  2 ] ,

I f  th e  c h a r a c t e r i s t i c  polynom ial o f  s  i s  th e  p ro d u c t o f  two o r  

more d i s t i n c t  i r r e d u c ib le  po lynom ials -  t h a t  i s ,  i f  s i s  no t

c o n ju g a te  to  an elem ent o f  Tn -  th e n  0 (su )  = 0 . Thus th e  on ly

c o n tr ib u t io n s  t o  o u r  sum come from a s e t  T o f  r e p re s e n ta t iv e s  o f 

th e  conjugacy c la s s e s  o f T .

I f  t  6 T has  c h a r a c t e r i s t i c  po lynom ial p^ , w here p i s

i r r e d u c ib le  o v e r P o f deg ree  d = deg t  and j  = n /d  , th en

Z ( t )  — G l( j jF^) • The conjugacy  c la s s e s  o f u n ip o te n t  e lem ents in  

Z ( t )  th e r e f o r e  co rresp o n d , by Jo rd an  norm al form , to  th e  d i s t i n c t



p a r t i t i o n s  X o f j  , X = ( j . , . . . ,  j  ) ,  S j  = j  .
1 r  i= i  1

I f  u € U (t)  i s  determ ined by a  p a r t i t i o n  X o f  j  w ith

r  p a r t s ,  th e n

d - i  i
0 ( tu )  = ( - l ) n+1$ (qa ) 2  x(T q ) ,

i=0

w here T = cp(t) and $r (X) = (1 ~ X ).. . (1-Xr ) , $ Q(X) = 1 . ( 0  i s

q 1
independen t o f  o u r o r ig in a l  ch o ic e  o f  t  , because  th e  run

th ro u g h  a l l  th e  ro o ts  o f p . )

The o rd e r  o f Z ( t )  0 Z(u) i s  a ^ (q d ) , d e f in e d  a s  fo llo w s :

I f  X = ( j^ ,  . . . , d r ) i s  a p a r t i t i o n  o f  j  , |x |  = ^  + . . .  + = j

j  2: . . .  ^  j r  , l e t  r ^ X )  = be th e  number o f  p a r t s  o f  X

e q u a l to  i , i = l , . . . , j .  The d u a l p a r t i t i o n ,  X’ , i s  th e

p a r t i t i o n  (m , . . . ,m  ) of j  w here m. = 2 r .  . L e t n(X) = i s  k ia&  i

s
£  2  m, (m.-1 )  . Then

k= l k

a .(x >  = x J+2“ <A> -nr * ( i / x ) .
X i  1

Going back to  o u r  o r ig in a l  sum, we can  now w r i te  i t  a s  

|g | E f < «  2  C -l)n+1§ . ( q ^ V  x(Tq i ) / a x(qd ) ,
t e r  |x |= j p_1 . i =0

w here d = deg t  and r  i s  th e  number o f  p a r t s  o f  th e  p a r t i t i o n

X o f j  = n /d  .

Lemma: For any j  = 1 ,2 ....................2 $ (X )/a^(X ) = — ^----  ,
— -    IM=j  x ^ - i
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w here X i s  any prim e power.

P roo f (by in d u c tio n  on j  ): I f  j  = 1 , th e  o n ly  p a r t i t i o n  i s  

X = (1 ) ,  r  = 1 , r x = 1 , X’ = (1 ) , n(X) = 0 , ^ ( X )  = $Q(X) = 1 ,

"IT $r i <x > = V x > = 1" X • Thus> V l (X ) /a \ (X) = =

1 /(X -1 )  = l / (X j - l )  .

Now suppose th e  c o n c lu s io n  h o ld s  f o r  a l l  k <  j  . L e t 

G = G l( j ,F )  , where F i s  any f i n i t e  f i e l d ;  d e f in e  tt, 0 , f  , x  » T , 

and cp f o r  t h i s  G a s  in  th e  p re c e d in g  d is c u s s io n .  We can  w r i te

2 9 ( g ) f (g )  = < - l ) d + 1 lG| 2  f ( t )  2 X(Tq l ) 2  $ (qd ) / a  (qd ) , 
g€G t € r  i= 0  |x |= k  A

w here d = deg t ,  q = |f  | , and th e  l a s t  sum i s  o v e r  a l l  p a r t i t i o n s

X o f k = j / d  . We can  sum s e p a ra te ly  o v e r  th o se  t  € T w ith

d e g  t  >  1 and th o se  w ith  deg t  = 1 . I f  d >  1 , th e n  k < j  , 

and th e  in d u c tio n  h y p o th e s is  h o ld s .  The c o rre sp o n d in g  sum i s

/ -i %j+l Ip | d-1 i j
 L_L S f ( t )  S x(T  ) • I f  we s e t  c = (qw- l )  2  $ . ( q ) / a , ( q )  ,

q -1 t e r  i =0
d > i

/ _ l \ j ^  U |
th e  te rm  c o rre sp o n d in g  to  d = 1, k = j  , i s  ---------3----- •—-L- 2  f ( t ) c X(T) .

q  - i  t e r
d=l

We need to  show t h a t  c = 1 .

I f  f  i s  i d e n t i c a l l y  1 , th e n

( - l ) d+1 g I2 6(g)f (g) = 2 6(g) = 0 =  12-1
g€G g6G qd- l

U  > +  C S  XCT>
ter  i=o ter
d>l d=l
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d-1  i
w hich im p lie s  th a t  2  2  X(T ) + c 2 x ( t )  = 0 , o r

t€T i=0 t€r
d> 1 d=l

V
2  XCO + C 2 X(7) = 0 . S ince X I s  a  c h a r a c te r  o f  F , 

t € f X- f X t € f x

2  x ( t )  = 2 x(T ) + 2  x ( t )  = 0 . Thus c  2 x ( t )  = 2 x ( t )  .

t Sf x t € f X- F X t 6 f x t € f x  t € f X
d d

To show th a t  c = 1 , l e t  X he th e  c h a r a c te r  t h a t  sends

X (  q*̂ —1 \a g e n e ra to r  o f  F . o n to  a p r im i t iv e  I — --------- )th  ro o t o f  u n i ty .
d '  q -1  '

T h is  X s a t i s f i e s  o u r  e a r l i e r  c o n d it io n ;  i t  i s  t r i v i a l  on F ,

and th e r e f o r e  2 X(t ) = q -1  ^ 0 . Hence c = 1 , and th e  lemma

T6PX

i s  p roved .

W ith t h i s  lemma, we have

2  9 ( g ) f ( g )  = ( - l ) n+1 -jG-L  2 f ( t )  2  x(Tqi) .
g€G q -1 ter i =0

—1 q 1*Making u se  o f  th e  f a c t  t h a t  th e  cp ( t  ) a r e  e x a c t ly  th e  

condugates o f  t  € T , and re g a rd in g  X a l s o  a s  a  c h a r a c te r  

o f  Tfl ( th a t  i s ,  w r i t in g  X X0(P )> we have th e

Theorem: I f  0 i s  th e  c h a r a c te r  o f  a  c u s p id a l r e p re s e n ta t io n

it o f  G = G l(n ,F )  a s s o c ia te d  w ith  th e  n o n d eg en era te  c h a r a c te r
y

X- 2 l  Fn  * 311(1 f  i s  a  c l a s s  f u n c t io n  t h a t  depends o n ly  on th e

sem i-sim p le  p a r t  o f  g € G , th e n
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2 e ( g ) f (g )  = ( - l ) n+1[G: T ] 2  X ( t ) f ( t )
g€G t€Tn

In  o rd e r  to  apply t h i s  theorem  t o  Q ( tt)  , we in tro d u c e  an

a d d i t iv e  c h a r a c te r  ¥ o f  F > d e f in e d  by ¥ ( t) = ty (tr i_ t) .n  Fn

%
L et x  be a  one-d im ensional r e p r e s e n ta t io n  o f G 1(1,F  ) = F .U U

S e t t in g  X(0) = 0 , we form  th e  G au ssian  sum Q(x) =

q '”/2  .
TSFn

C o ro lla ry : I f  tt i s  th e  i r r e d u c ib l e  c u s p id a l  r e p re s e n ta t io n  o f

XG = G l(n ,F ) a s so c ia te d  w i th  th e  c h a r a c te r  X o f  F^ , th en  

Q(tt) = c ( tt) 1 v  , where c ( ti)  = ( - l ) n+1c (x )

P ro o f : As above, l e t  9 (g )  = t r  TT(g) , and l e t  f ( g )  = tyCtr g) ,

Then

2 9(gH (tr g) = (-l>n+1 - j - L  S K tr  t)x(cp(t)) .
g€G qn- i  t6r.

S ince  t r  t  = t r p  J p ^ t )  > t h i s  i s  Ju s t

n

( - l ) n + 1  l*lL. S_ X(t ) ¥ ( t)
q - 1  t€Fd

Now, |G | = q ^ 1 ^ 2 ( q - 1 ) . . .  (q11- ! ) , so
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2 e<g)f(tr g) = ( - l ) n+1 qn 3 /2 ( q - l ) . . . ( q n_1-l)Q (X )
g€G

A lso ,

2  0 (e ) 'K t*  e) = s  t r  ,n (g )1K t r  g)
g€G g€G

= t r (  2  rr(g)ilt(tr g ) \  = t r  Q(tt)
g 60 7

= q11 / 2  ^ (T T )  ,

where i s  th e  degree  o f  tt , But 3 ^ =  ( q - l ) . . . ( q  - 1 )  ,

and th e r e f o r e  c ( tt)  = (-1 )  Q(x)

To show th a t  Q(tt) ^ 0 , we must show t h a t  Q(x) t  0

AA, * , A. .We c o n s id e r  X(x) and X(x) :

A
X (x) = q“ n 2 2  x (z)Y (zy)Y (yx)

y ^ n  z6Fn

= q” n 2 x ( z )  2 Y [y(z+x)] .
z€F y€F . n n

I f  z ^  - x  , th en  z+x £  0 , and 2 Y [y (z+ x)] = 2  Y(y) = 0
y€Fn  ySPn

A
Thus, x ( x ) = q nX(_ x ) 2 Y(0) = X(~x) .

y ^ n
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A
But X(x) = q” u s  X(z) + q “  s  Z t f z y  A)Y(z)Y(yx)

z € F  e-JX. z € F
n  y € l £  n

= 0 + q” n Ex(y’1)¥ (y 30  S X (z)Y (z)

y & l  zQ?n

= q- n /2  E x(y"1)Y(yx)Q(x) . 
y€F*

A
I f  x  ^  0, x ( x) ^  0 » w hich im p lie s  t h a t  Q(X) /  0
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§2. Com putation o f  Q(tt) f o r  a  n o n cu sp id a l r e p re s e n ta t io n  Tt .

I f  th e  i r r e d u c ib le  r e p re s e n ta t io n  tt o f  G = G l(n ,F )  i s

n o t  c u s p i d a l ,  t h e n  tt i s  i n  a  s e n s e  i n d u c e d  b y  t h e  t e n s o r  p r o d u c t

o f  i r r e d u c ib le  c u s p id a l  r e p re s e n ta t io n s  o f  G  ̂ = G l(n i ,F )  ,

w here 2  n. = n . 
i

Given a  p a r t i t i o n  X = (n1>. . . , n  ) o f  n , form th e  subgroup 

P. o f  G c o n s is t in g  o f  a l l  p € G o f th e  form

T h is  i s  a p a ra b o l ic  subgroup o f  G and has a Levi decom position  

, w here i s  th e  u n ip o te n t r a d ic a l  o f  P ^  and

i s  a  Levi subgroup, c o n s is t in g  o f th o se  m € P such  th a t

MXUX= UXMX’ and Mx n UX = •

I f  i s  an  i r r e d u c ib le  c u sp id a l r e p re s e n ta t io n  o f  G.̂  ,

i  = l , . . . , r  , we can form  th e  r e p re s e n ta t io n  ff = ® ff

o f  M, and ex ten d  i t  t o  a  r e p re s e n ta t io n  o f  P % by d e f in in g

a(u ) t o  be t r i v i a l  f o r  u € U, . Any rearrangem en t o f  th e  n
A 1

g iv e s  r i s e  to  a  p a ra b o lic  subgroup co n ju g a te  to  P^ . The re p re ­

s e n ta t io n  o f  t h i s  group t h a t  co rresp o n d s to  a  i s  e q u iv a le n t  to  

o  , so we can  assume th a t  th e  p a r t s  o f  X a re  in  descen d in g

P =
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o rd e r  S . . .  £ nr ), and use  P, M, V f o r  P y  My .

Let tt = Ind(G ,P;cr) . Then i f  V* i s  th e  space  o f  a  ,

th e  space  o f  tt i s  V = {<(* G V" l<p(pg) = o(p)(p(g)  ,p  € p} ,

and th e  a c t io n  o f G i s  g iv en  by TT(g)cp(h) = cp(hg) , g ,h  € G .

The induced r e p re s e n ta t io n  tt i s  no t n e c e s s a r i ly  i r r e d u c ib le ;  

i n  f a c t ,  i f  any two o f th e  in te g e r s  n^ a re  eq u a l and th e  c o r re s ­

ponding a re  e q u iv a le n t ,  tt i s  r e d u c ib le .  However, s in c e  Q(tt)

commutes w ith  tt , th e r e  e x i s t s  a  fu n c tio n  K: G -* Hom^OT' ,V*) such 

th a t  K(pxgp2) = ff(P1)K(g)CT(p2) , f o r  p ^ P g  € P , and f o r  any 

<P € V ,

Q(n)cp(k) = 2 K(h- 1 )cp(hk) , k € G .
h€p\G

T hat i s ,  f o r  any k € G ,

q -n  / 2  2 TT(g)i|t(tr g)«f(k) = q n ^  2 cp(kg) Kt** g) 
g€G g€G

= 2 K(h- 1 )cp(hk) .
h€P\G

I f  k = e  , we have

q -n  / 2  j  (p(g ) ^ ( t r  g) = 2  K(h 1)cp(h) ,
g€G h€P\G

f o r  any tp 6 V .

We now u se  th e  B ruhat decom position  o f G : L e t W be th e

s e t  o f  nXn p e rm u ta tio n  m a tr ic e s  i n  G , and l e t  W = wHw\W/wrM .

Then G = U_PwP ( d i s j o i n t  u n io n ). 
w€w
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Lemma 1; I f  w € W i s  such th a t  w "Sfar £  M , th e n  K(w) = 0 .

P ro o f : L et u  € w 1Mw fl U , u ^ e  ( s in c e  w does n o t n o rm a lize  

M , t h i s  i n t e r s e c t io n  i s  n o n t r i v i a l ) .  Then wuw 1 € M fl wUW 1 C P .

We have

K(wu) = K (w)a(u) = K(W) ; 

a l s o  K(wu) = K(wuw ^w) = cr(wuw ^KCw) ,

Thus, K(w) = ct(v)K(w) f o r  every  v € M fl WUW 1 , o r  #(M fl wUW 1 )K(w) =

£ cr(v)K(w) , th e  sum b e in g  tak e n  o v e r  a l l  v  € M fl wUw 1 . However, 
v

M fl WUW, i s  th e  u n ip o te n t r a d ic a l  o f  a p a ra b o lic  subgroup o f  M

[ B o r e l -T i ts  l ] ,  and s in c e  a  i s  c u s p id a l,  2  ct(v) = 0 ,  T h e re fo re ,
v

K(W) = 0 .
K('.-v ■ >) *

I f  w- 1 Mw = M , th e n  PwP = PwMU = PwMw_1wU = PMwU = PwU , 

and an elem ent i n  th e  double c o s e t  PwP can be u n iq u e ly  e x p re ssed  

a s  pwu f o r  u € (U H w ^UW^U = U(w) • Then

£ K(h- 1 )cp(h) = £ ’ £  K(u“ 1w“ 1)cp(wu)
h€E*s(G w u€u(w)

= 2 ’ £  cr(u~1)K(w- 1 ) cp(wu)
w u€u(w)

= 2 ’ 2  K(w"”1)cp(wu)
w u€u(w)

= 2 ’ K(w_ 1 ) £  cp(wu) ,
w u€u(w)

w here £ ' i s  th e  sum o v e r a l l  w € W th a t  n o rm a lize  M . 
w
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Lemma 2 ; i f  w = M and w ^  e  , th en  K(w) = 0 .

P ro o f : F ix  a  wQ € W t h a t  s a t i s f i e s  th e s e  c o n d i t io n s ,  and choose

a cp € V such t h a t

r ° ( p ) f ( u )  i f  g = pw0u f o r  some p €  P , u  € U(w ) 
tp(g) = {

0 o th e rw ise

w here f ( u )  = 0 f o r  u  € U(w^), u  ^  e , and f ( e )  ^  0 . (More

sim p ly , cp i s  a  nonzero fu n c tio n  th a t  v an ish e s  o u ts id e  o f Pw ^.)

Then

Q(n)cp(e) = S ' mw” 1) S cp(wu) = K(w 1 ) S f ( u )  
w u€u(w) u€u (wq )

= K(w"1 ) f ( e )  .

T h is ,  i n  tu r n ,  i s  eq u a l to

q” n S cp(g)t|f(tr g) = q n  2  o (p ) E cp(g)i|f(tr pg) 
g€G p €p  g€P\G

_ q -n  / 2  2 o (p )^ f ( tr  pw ) f ( e )  . 
p€P 0

Thus, i f  2  a (p ) ilf ( tr  pwQ) = 0 , th e n  K(wQ) = 0 f o r  any wQ ^  e . 
p€p

R ec a ll th e  p a r t i t i o n  X o f  n co rre sp o n d in g  t o  M . R e lab e l

S S S 4i t s  p a r t s  to  w r i te  X = (n^1 , . . .  »nr r ) , w here n^1 in d ic a te s  t h a t

ŝ  ̂ p a r t s  a re  eq u a l to  ^  , and n.  ̂ >  . . .  >  . C o rresp o n d in g ly

r e la b e l  th e  r e p re s e n ta t io n s  ^  , l e t t i n g  {a*}, j  = 1 , . . . ,  s.^ , be

th e  r e p re s e n ta t io n s  o f G l(n ^ ,F ) th a t  a p p ea r i n  th e  te n s o r  p ro d u c t
i  ia  . F or each i ,  t .  = cr, ® . . .  ® a  i s  an  i r r e d u c ib l e  r e p re s e n ta -x 1 Sj

t i o n  o f  P.  ̂ , th e  p a ra b o lic  subgroup o f  G lC s^ n ^ F ) c o rre sp o n d in g
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t o  th e  p a r t i t i o n  (n^1 ) o f  • Then ff = ® , ,  t ®

L et Mi Ui  be th e  L evi decom position  o f  P^ .

Every p € P h as  th e  form

P =

each  A. b e in g  a sq u a re  m a tr ix  o f o rd e r  s .n .  ; 
1 . 1 1

i  i  i
gl l  g 12 gl s

i  i
e 22 *** g2s

Ai  =

*gss

w here we have w r i t t e n  s f o r  s.  ̂ and g*j € G l f r ^ F ) ,  g*k € M O ^X n^F) 

f o r  j  < k  .

The w € W t h a t  n o rm a lize  M a re  o f th e  form

w here each  wA i s  a  b lo ck  p e rm u ta tio n  m a tr ix  o f o rd e r  s i n i

whose nonzero  b lo ck s  a r e  th em se lv es  n.X n . p e rm u ta tio n  m a tr ic e s .1 1

(We may ta k e  th e s e  l a s t  t o  be  id e n t i t y  m a t r ic e s .)  I f  w £  M 

( th a t  i s ,  i f  w ^  e  ) ,  th en  f o r  some i  th e  b lo ck s  w ith in  w.̂  

a re  n o t p la c e d  a lo n g  th e  d ia g o n a l.

I t  i s  easy  t o  see  th a t
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pw =

and t r  pw = t r  A,w, + . . .  + t r  A w . Then1 1  r  r

S a (p ) \ |f ( tr  pw) 
p€P

T T l P i l  a . ® ,

Jl L  r

2 T1*A1* ® • ••  ® TpCAp ) t ( t r  A ^ )  . . .  \|f(tr A

® 2 t . (A .) i(f(tr A .w .) .
TTIpJ 1

Now, l e t  k be such th a t  wfe i s  n o t an i d e n t i t y  m a tr ix  ( s in c e  

w ^  e  , such a  w, e x i s t s )  and l e t  io € S be th e  p e rm u ta tio nK llfc

o f  £ l , • • • , n ^ } such th a t  th e  ( i ,u o ( i ) ) th  e n try  o f wfc i s  1 . 

AyWy. (where th e  s u p e r s c r ip t  k has been d ro p p ed ), so

♦<t r  V k >  = gl«,(l) + ••• + t r  W ) >

■ *( t r  ‘W ) '  —  *<t r  W ) 1 ’

and

2 Tk (Ak ) K t r  Akwk )

gi j

t h e  sum b e in g  ta k e n  o v er a l l  g ^  € M O^Xn^F) , w here d e t  g ,^  £  0

♦< tr  g 3»(
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T h is  i s  eq u a l to

s
i

g
[P :Mk] ® S « J (g  )*(tr g )

1=1 g i j

i=u>(i) s ±i

® [ . ®  2  ^ u ’] ®i> u ( i )  g±i

i<<«(i)=j g . j

The l a s t  p ro d u c t i s  nonempty, by th e  ch o ic e  o f  

F o r each  i  such t h a t  i  <  U)(i) = j  ,

2  0'i<ei i>*<t r  e ±j ) = 2  2  •
g i j  g i i  g i j

I f  d . a r e  th e  d iag o n a l e n t r i e s  o f  g , t h i s  i s1 nj£ i j

<r 1 11 {A <i '>6?nk 1 nkgi i  '  i ’ * * * ’ njc

2 oJ(gu ) IT  2 tw m) .
gi i  m=l d €Fm
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But ^ I s  a  n o n t r iv i a l  c h a r a c te r  o f  F , so  2  i|i(d ) = 0 .
d  ep m m

Thus, one f a c t o r  o f  2  o‘(p )^ f( tr  pw) i s  0 , and th e  lemma i s
pQp

proved .

We now come to  th e  m ain theorem  o f  t h i s  s e c t io n .  Let 

rr = Ind(G ,P;cr) , w here P and o  = o ® . . .  ® cr  ̂ a r e  as  d e fin e d  

e a r l i e r .  The C a re  i r r e d u c ib le ,  and th e r e f o r e  Q(^i ) i s  a

s c a l a r  o p e r a to r  f o r  each  i  ; QCo^) = c ( a ^ ) l .^  , th e  space 

o f 0^ .

Theorem: I f  tt = In d (G ,P ;a )  , w ith  space  V , th en  Q(n) =

c(Tr)lv  , m d  c ( tt)  = c ( a 1) . . . c ( a r ) .

P ro o f : F o r any cp € V ,

Q(Tt)cp(e) = q""n ^2 £  cp(g)\Jr(tr g ) = K(e)cp(e) ,
g€G

w here K i s  th e  f u n c t io n  d e f in e d  e a r l i e r .  I f  cp i s  a nonzero  

fu n c tio n  t h a t  v a n ish e s  o u ts id e  P ,

K(e)cpCe) = q "n  / 2  £  cp(p)t|r(tr p>
p£p

= q"n 2 /2  2  < J(p )cp(e)K tr p) 
p€P

= q~n 2  a (p ) i» ( t r  p)cp(e) . 
p€P

S ince  a  i s  i r r e d u c ib l e  and i s  th e  p ro d u c t o f  c u sp id a l rep re sen ­

t a t i o n s ,  2  a (p ) i |r ( t r  p ) i s  a  nonzero  s c a l a r  o p e ra to r  (se e  §1), 
p€P
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and th e r e fo r e  K (e) ^  0 . M oreover, f o r  any p 6 P , K (e) = 

K(pep"1 ) = a (p )K (e )a (p ) " 1 , o r  K (e )a (p j = a (p )K (e) , which 

shows th a t  K (e) commutes w ith  a  and must th e r e f o r e  a l s o  be 

a  s c a la r .  T hus,

K (e) = q_n / 2  2 a ( p ) t ( t r  p) 
p€P

= q 'n 3 /2 [P:M] 2 a (p ) i |i ( t r  p ) 
p€M

= q“n  q i<3 1 ^ 2 0 (p ) t ( t r  p ) .
p €m

2 2Since n = 2  n . + 2 2  n . n . , th e  exponent o f  q in  th e
i  1 i< j  1 3

2
m u l t ip l ie r  i s  - 2  n ^ /2  . A lso  

i

2  cr(p )\|r(tr p) = T T  2 <*. (S* ) t ( t r  g . )  .
p€M i  g

P u tt in g  th e se  p ie c e s  to g e th e r ,  we g e t

K (e) = T lQ (0 ;L) • 
i

The f a c t  t h a t ,  f o r  any <p € V, h  € G ,

Q ( u ) c p ( h )  =  K ( e ) c p ( h )

shows th a t  Q(tt) i s  a  s c a l a r ,  Q(tO = K (e) = "JTQC^) > an<*

t h e r e f o r e  c ( tt)  =  " f J c C a . )  .
i  1
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We see  t h a t  in  t h i s  c a se  a l s o ,  Q(tj) ^  0 , because  

c C ^ )  t  0 f o r  any i  .

I f  tt i s  r e d u c ib le ,  we can  e a s i ly  compute th e  v a lu e  o f

th e  G aussian  sum f o r  each  o f  th e  i r r e d u c ib le  components o f  tt .

Theorem; I f  tt = Ind(G ,P ; o') and , , . . ,  T̂,_ a r e  th e  i r r e d u c ib le

components o f  tt , th e n  c ( tt̂ ) = . . .  = c C ^ )  = c ( tt) .

P ro o f : W rite  V = © . . .  © Vfe , w here i s  th e  space o f

Then f o r  any g € G, v € V, v = v1 + . . .  + vk> € V\ ,

TT(g)v = TTi (g )v i  + . . .  + \ ( g ) v fc .

F ix  an i  and l e t  v € , v ^  0 . Then v € V , and

Q(tt) v = q n / 2  2  TT(g)i|r(tr g )v  
g€G

q- n 2/ 2  s  g)

g€G

q“ n / 2 S tt (g )v i(i(tr  g) 
g€G 1

= Q(tt±) v .

Hence c Ct̂ )  = c (n )  f o r  any i
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§3. A r e s u l t  concern ing  tt(x) f o r  x  s in g u la r .

A n o n t r iv ia l  c u sp id a l r e p re s e n ta t io n  tt o f G = G l(n ,F )  has

th e  p ro p e r ty  t h a t  i f  x € M(nXn,F) i s  s in g u la r ,  th e n  n (x ) = 0 .

To see  t h i s ,  suppose t h a t  x i s  o f  rank  r  .  Then f o r  some 

g ,h  € G ,

g x h  =

s in c e  TT(gxh) = TT(h~1)TT(x)TT(g 1) ss tt( z ) , tt( x ) = 0 i f  and o n ly  i f  

TT(z) = 0 .

I f  u  € G i s  any m atrix  o f t h e  form u  =

z = uz , and tt(z ) = tt(uz) = tt̂ ttCu” 1) . T he s e t  U o f  a l l  such

u i n  w hich u  i s  an u p p e r - t r ia n g u la r  u n ip o te n t  m a tr ix  inn - r

G l(n -r ,F .)  i s  th e  u n ip o te n t r a d ic a l  o f  th e  p a r a b o l ic  subgroup o f 

G d e te rm in ed  by th e  p a r t i t i o n  X = ( r , i n r )  o f n  . T h e re fo re ,

TT(z) = lu l"1 2 TT(Z) TT(u""̂ ) 
u€u

=  |U r 1 TT(z) 2  TT(U) =  0  .
u € u

We now tu r n  to  th e  r e p re s e n ta t io n s  tt = Ind(G ,P ; o)  d e f in e d  in  

§ 2 . F o r h € G, € V ,

q11 ir(x)cp(h) = 2  TT(g)\lr(tr gx)tp(h)
g€G

= 2 (p(hg)ilr(tr g x ) 
g&J
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g€G

= 2  2  a(p)cp(g) \|t(tr pgxh” 1 )
p€P g€p\G

= 2 2  ar(p )i|i(tr pgxh“ 1 )tp(g) .
g€p\G pgp

S in ce  x i s  s in g u la r ,  z = gxh 1 i s  s in g u la r ,  and tt(x ) = 0

i f  and o n ly  i f  tt(z ) = 0 . T h is  w i l l  happen i f  2 o (p )ilr ( tr  pz) = 0 .
p€P

Theorem: L et Tt = Ind(G ,P;cr) , a  = <8> . . .  ® . Then tt(x) = 0

f o r  a l l  s in g u la r  x € M(nxn,F) i f  and o n ly  i f  f o r  ev e ry  i  , ; 

i = l , . . . ,  r  , a  (y ) = 0 f o r  a l l  s in g u la r  y € M O O m ^F ) .

P ro o f (by in d u c tio n  on r ) :  The theorem  i s  t r i v i a l l y  t r u e  i f  

r  = 1 . In d u c in g  i n  s te p s ,  we need on ly  p rove i t  f o r  r  = 2 .

F i r s t ,  suppose o . and o0 a r e  b o th  z e ro  on s in g u la r  m a tr ic e s .  

I f  we w r i te

(a s  b lo c k  m a tr ic e s ) ,  th e n  a (p )  = o ^ O ^ )  ®. or2 (m2) , and t r  px =

t r  m, a  + t r  uc + t r  m„d . Thus,1 «

2 o '(p )ilt(tr px) = 2  o  (m ) ® a 2 (m2 )\lr( tr  m ^ ij rC tr  u c ) i |r ( t r  m2d)
p€P n y m ^ u
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th e  suras b e in g  ta k e n  o v e r a l l  € G IO ^ .F )  , u  € M(njXn2 ,F ) •

I f  c ^  0 , th e n  2  \(t(tr u c ) = 0 ; we may assume th a t  c = 0
u

Then x  i s  s in g u la r  i f  and on ly  i f  a o r  d i s  s in g u la r .  We 

th e n  have

2 a (p ) i |; ( t r  px) = qn in 2 |"qn i / 2  a  (a )  ® qn®/ 2  a2 (d)~]
P<SP L I

n3/ 2  A . . _ A= q ^ ( a )  ® a 2 (d )

By o u r assum ption , e i t h e r  a, (a )  o r  <?0 (d ) i s  z e ro .  Hence,1 A

2  cr(p)ijr(tr x ) = 0 , and th e r e fo r e  tt(x ) = 0 . 
p€P

A ATo prove th e  co n v erse , suppose th a t  one o f  th e  , say a  ,

i s  nonzero  on some s in g u la r  m a tr ix  a  . Then 2 a (p ) i |i ( t r  px)
p€P

/ a 0 \
w i l l  be nonzero f o r  x = I ) .  I f  cp € V i s  a  fu n c t io n  th a t

0 K 3

v a n ish e s  o u ts id e  P and has cp(e) £ 0 , th e n

TT(x)c«e) = q“n 2 cr(p)^(tr px)cp(e) t  0 ,
p€P

and th ere fo re  tt(x) i s  n o t th e  zero op era tor.

The o n ly  c u s p id a l r e p re s e n ta t io n  t h a t  h a s  i t s  F o u r ie r  tra n s fo rm  

nonzero on s in g u la r  m a tr ic e s  i s  th e  t r i v i a l  one. Thus, tt w i l l  have 

th e  d e s ir e d  p ro p e r ty  i f  and o n ly  i f  none o f  th e  i s  t r i v i a l .
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