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GAUSSIAN SUMS FOR Gln

by

PEARL GREENBERGER
ABSTRACT
~Adviser: Professor Herve Jacquet, Columbia University

let G = Gl(n,F) , where F is a finite field of order q .
If T 1is a representation of G , we can regard it as a function
on the space of nXn matrices over F that vanishes on singular
matrices. Given a nontrivial additive character § of F , we
construct the Fourier transform

Yy = ™72 B we)icer ex)
, €6

If x is nonsingular, then %(x) = Q(ﬂ)n(x_l) , where Q(m
is a generalized Gaussian sum., For T irreducible, G(m is clearly
"a scalar; the value, c(M) , of this scalar is already known. We show
that when T is induced from a parabolic subgroup of G , then G(T)
is still a scalar, even if T is reducible, and compute c(m) . We
then prove that if T& is any irreducible component of T, c(T&) =
c(m .

Another question that arises is whether the Fourier transform
also vanishes on singular matrices. This paper determines a necessary

and sufficient condition for induced representations to have that

property.
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§0, Introduction.

Let F be a finite field of order q (q>2) , and let
G = Gl(n,F) . Fix an extension Fn! of F of degree n! ; for
d Sn , the unique extension of F of degree d inside Fn: will
be denoted by F q °

Given a representation 1T of G with space V , we can extend
the function x — ™(x) to R = M(nXn,F) by defining Tm(x) to be
zero for singular x, If Yy is a nontrivial additive character of
F , we may then construct the function '{'\r , a Fourier transform of 1 :

-2 '
Ry = ¢ /2 2 ) dtr yx)
. YER

A
m(x) .is a linear operator on- V .

For x €@, Q(X) = q_nz/z Zxﬂ(yx-l)\lf(tr y)
y

—-ne _’
a2 5 neycer pne Y
yE€R

A -
Thus, T(x) is completely determined by Ti(x 1) and the generalized

Gaussian sum G(m = q-n2/2 Z ) i(tr y) = q_na/2 z ) i(tr g) .
yER g€G

If T is irreducible, G(m) is obviously a scalar operator,
since Q(m commutes with v ., The value of this scalar, ¢(m) ,
was obtained by Kondo [ 4], We shall compute Q(m) and c(m) by
another method, which épplies also to certain reducible representa-
tions, and will show that G(m) is a scalar for these representations

as well, One immediate consequence will be that G(m is never the



zero operator,

If T is cuspidal (see §1 for definition) and x € R is
singular, it can be shown that %(x) =0, In 83 we derive a
necessary and sufficient condition for certain induced repre-

sentations to share that property.



§1. Computation of G(7) for an irreducible cuspidal
representation T .
A representation T of G is cuspidal if for every v €V,

2 7m(u)vy = 0 , where U is the unipotent radical of any proper
u€y

parabolic subgroup of G . We also use the term to include all
representations of G ‘1f mn=1.

If T is an irreducible cuspidal representation of G ,
then T corresponds to a multiplicative character ¥ of Fﬁ
that is not invariant by any element of the Galois group of. Fn
over F ,

Let © be the character of T, 8(g) = tr ™g) , and let
f be any class functiop on G whose value depends only on the
semi-simple part of the Jordan decomposition of g € G ; £(g) =

V(tr g) is one such function. We compute z o)) .
g€Gc

Since © and f are class functions, if C is a set of

representatives for the conjugacy classes of G ,

Zo()t(e) = Z0o(g)f(ec:z(e)] ,
g€G g€c

where Z(g) 1is the centralizer of g in G. If g and g'
have the same semi-simple part, g = su and g' = su' , then g'

is conjugate to g if and only if u' is conjugate to ﬁ by
some element of Z(s) . We can therefore construct C as follows:
Choose a set S of representatives of the conjugacy classes of

semi-simple elements of G, For each s € 8§ , fix a set U(s)



of representatives of the orbits of Z(s) in 2Z(s) N U , where
U is the set of unipotent elements of G . Ilet C =
{su: s €8, u €u(s)} . Thus

T o(g)f(g) = Z L 9(su)f(su)[G: Z(su)] .
g&; s€s u€u(s)

Since Z(su) = Z(s) N Z(u) and f(su) = f(s) , this sum equals

el = T 0(sw)f(s)/ |z¢s) NzCw | .
s€s u€u(s)

We now define a specific maximal torxrus Tn of dimension n

in G . Fix a generator T, of Fﬁ and a semi-simple element

0

to of G that has TO as one root of its characteristic poly-

nomial, Then the cyclic group generated by t is isomorphic

0
X .
to Fn ; this group is Tn .
i

i
o " T if tﬁ'rn,

Letting ¢ denote the isomorphism t
@(t) 1is a root of the characteristic polynomial of t ; the other
roots are given by ¢(tq1), i=1l,...,deg t -1 .

The values of 6(su) are known [e.g., Gelfand 2].
If the characteristic polynomial of s is the product of two or
more distinct irreducible polynomials - that is, if s dis not
conjugate to an element of Tn - then ©O(su) = 0 , Thus the only
contributions to our sum come from a set T of representatives of
the conjugacy classes of Tn .

If t €T has characteristic polynomial pj , where p is
irreducible over F of degree d = deg t and j = n/d , then
Z(t) EfGl(j,Fd) . The conjugacy classes of unipotent elements in

Z(t) therefore correspond, by Jordan normal form, to the distinct



partitions A of j , A= (jl,...,J ), = ji Jj .

If u € U(t)

r parts, then

0(tu) =

where T = @(t)

i=1

is determined by a partition A of j with

d_
1" (q y 2 oxerdy
i=0

and 8 (X) = (1—x>...(1—-xr),@o<x) =1. (0 is

independent of our original choice of to , because the Tq run

through all the roots of p .)

The order of

If A= (jl,o.-’jr

J1
equal to i , i =

partition (m,,..

1

2, (X) =

Z(t) N Z(u) is ah(qd) , defined as follows:

) is a partition of j , |h| = + eas + jr =

1

2 e 2 jr , let ri(h) =T, be the number of parts of A

1,440, » The dual partition, A' , is the

.m) of j where = Zr, . Let n(}) =
s m'k ik 1

s
= (m ~1) ., Then
2
k=1“‘k M

RO 17 8, (D) .
i

Going back to our original sum, we can now write it as

d 1
n
IGI Z 2w 5 @h = xe¥r/aa?h
l l i=0
where d =degt and r :is the number of parts of the partition
A of j=n/d.
Lemma: For any j = 1,2,..., P (x)/a X) = :

|A[=572 -1

J
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whexre X 1s any prime power,

Proof  (by inductionon j ) If j =1 , the only partition is

)‘-=(1)s r=1, r1=1 ’ A ='(1) 9n()\)=0’ QI"I(X)=§O(X)=1 ’

-1
.Til' §r1 x) = él(x) = 1-X , Thus, @I__l(x)/a)\(x) = 1/X(1-X *) =

1/(%-1) = 1/(0-1) .

Now suppose the conclusion holds for all k <j . Let
G = GL(j,F) , where F 1is any finite field; define w, 0, £ , x , T,

and ¢ for this G as in the preceding discussion. We can write

d"]. i
S = (13l @) Txe? )y m éz_lch)/a,\(qd) ,
ter  1=0 | |=x

where d deg t, q = lFl , and the last sum is over all partitions
A of k=j/d. We can sum separately over those t € T with
degt >1 and those with degt =1, If d>1, then k <j ,

and the induction hypothesis holds. The corresponding sum is

J+1 da-1 i
) Gl 5 2oy zxe®y . 1rwe set o= 1) Te_ )/e,@
q’-1 teF  1=0 A =3
da>1 '
13" e |
the term corresponding to d =1, k = j , is Z g(t)ex(T) .
qj-l t€r

d=1

We need to show that ¢ =1 .

If £ is identically 1 , then

SR £5 | a1 . q
Zo(g)t(g) = L O(g) =0 = (¢ 1’3 el | = x X(T° )
g&a g&G q'-1 ter i=0
d>1 d=

+ cZ x(t) | »
ter




a-1 .
which implies that X ' Z )(('rq Y+ cZy(T) =0, or
t€T i=0 ter
d>1 d=1

0. Since ¥ is a character of F;( ,

Z %(T) + ¢ Z %(T)
TGF?-FX r€p”

ZX(T) = ZX(T) + ZX(T) =0. Thus ¢ ZX(T) = ZX(T) .,
TeF§ ¢6F§-Fx TEF" TEF" TEFX

To show that ¢ =1 , let ¥ be the character that sends

.
a generator of F;( onto a primitive (—g—-li-)th root of unity.
q—

This ¥ satisfies our earlier condition; it is trivial on li‘>< ’

and therefore ZX(T) =q~1#0., Hence c =1, and the lemma
TEFX

is proved.

With this lemma, we have

d-1
20 (@) = 1) _lel £¢t) = x(Yy |
g€a Cq™1 tér  i=0

- 1
Making use of the fact that the ¢ I(Tq ) are exactly the
conjugates of t € T, and regarding X also as a character

of T (that is, writing X for X°9 ), we have the

Theorem: If 6 is the character of a cuspidal representation

m of G = Gl(n,F) associated with the nondegenerate character

% 2_{ Fﬁ , and £ is a class function that depends only on the

semi~simple part of g € G , then




2o = 16 7] Zx®)2e) .

g€G tETn

In order to apply this theorem to Q(Tr) , We introduce an

additive character VY of Fn ydefined by Y(T) = ‘ll(tr lF'r) .

Let % Dbe a one-dimensional representation of Gl (l,Fn) = Fﬁ .

Setting ¥%(0) = 0 , we form the Gaussian sum G(Y) =

a2 xmym .

TEF
n

Corollary: _I__f_ m is the irreducible cuspidal representation of

G = G1(n,F) associated with the character X _o_::f F:; , then

n+l

G(m) = c(‘rr)lv , Where c(m = (-1) c(X) .

Proof: As above, let 0O(g) = tr ™(g) , and let f(g) = Y(tr g) .

Then
L o(g)i(tr g) = -n* ———-L z 1b(ﬁr tIX(p(t)) .
g€G q®-1 t€r

Since tr t = tr @(t) , this is just
F, |F

1™ -—L—— Z X(T¥(T)

q-l 'r€F

n(n-1)/2

Now, || =4q (@-1)...(a"-1), so



n+l n2/2
4 /

T 0(e)¥(tr g) = (-1) (@-1)e.. @ -1)000) .

g€a
Also,
T 0(g)Y(tr g) = I tr () Y(tr g)

g€G : g€e

= 'br( Z mg) ¥(tr g)),= tr G(m)
g€a )

n?/2
=% dem

where dﬂ is the degree of T, But dn= (q-l),,,(qn"l_]_) ,

n+l

and therefore c(m = (-1)" G) &
To show that G(m # 0 , we must show that G(x) # 0 .

A A
We consider X(x) and ¥(x) :

R>>

@) =q "2 I x@)¥y)¥yx)
yEFn zEFn

= q_n Zx(z) Z ¥[y(z+x)] .
zE‘r"n yEFn.

If z #~x , then z+x # 0 , and I ¥[y(z+x)] = Z ¥() =0,
yEFn.. yEF

A
Thus, Q(x) = ¢ X¢-x) T ¥(0) = X(-x) .

yE€F,
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A
But Y(x) = q P Ex(z) +q 2T T x(zy 1)¥(z)¥(yx)
zGFn yeFi(l zEFn
=0+ q 2 Ny HYe=) @)Y
yEFI): ZEFn
= q'n/2 z x(y-l)‘l’(yx)(i(x) .
yEFﬁ
A

If x # 0, Q(x)' # 0 , which implies that Q(x).# 0 .
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§2. Computation of G(m) for a noncuspidal representation T,

If the irreducible representation T of G = Gl(n,F) is

not cuspidal, then T 1is in a sense induced by the tensor product

of irreducible cuspidal representations o*i of Gi-= Gl(ni,F) ,
where 2 n, =n.,
i

Given a partition A\ = (nl,...,nr) of n , form the subgroup

P)\ of G consisting of all p € G of the form

1 *
p = ... Ai e Gl(ni’F) = Gi ]
0 A

This is a parabolic subgroup of G and has a Levi decomposition

P, = M)\Uk , Where U)\ is the unipotent radical of P}\ and M)\

A

is a Levi subgroup, consisting of those m € P such that

Al 0

m = ".. ,AiEGi;
] A
r

It cri is an irreducible cuspidal representation of Gi ’
i=1,,ss,r , we can form the representation o = o ® e ® O'r
of M}\ and extend it to a representation of P)\ by defining
o(u) to be trivial for u € U, . Any rearrangement of the n,
gives rise to a parabolic subgroup conjugate to PX « The repre-
sentation of this group that corresponds to ¢ is equivalent to

O , so we can assume that the parts of A are in descending
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order (n1 2 ees = nr), and use P, M, U for Ph’ ‘M‘);’ -U)\ .
Let T = Ind(G,P;0) . Then if V' is the space of o ,

the space of T is V = {@ G - V' |o(pe) = o(p)9(&),p € P} ,
and the action of G 1is given by m(g)w(h) = @Chg) , g,h € G .

The induced representation 7 1is not necessarily irreducible;

in fact, if any two of the integers n, are equal and the corres-

i

ponding O, are equivalent, T is reducible, However, since Q(T)

commutes with ™ , there exists a function K: G —*Homn(v',v') such
that K(p,8P,) = 0(p)K(g)9(p,) , for p,,p, € P, and for any
PeEV,

QM) = =K )omk) , k €6 .
hEP\G

That is, for any k € G ,

- —_—ne
Y72 5 n@E)ictr ) = o V72 T gke) ¥t g)

g€a g€a

S K(h “)@(hk) .
hEPXG

If k = e , we have

.-} -
T2 5 geyctr g) = E KA Dem) ,
g€G h€pPXG

forany @9 €V,

We now use the Bruhat decomposition of G : Let W be the
set of nXn permutation matrices in G , and let W= wiM\w/winm .

Then G = U PwP (disjoint unionm).
wew
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1

Lemma 1: If w € W is such that w-‘Mw;éM,then K(w) =0,

1

Proof: Let u€w M NU, u#e (since w does not normalize

M , this intersection is nontrivial), Then ——- M N WUW—I SP.
We have

K(wu)

Kw)o(u) = K(W) ;

also K(wu) K(wuw_lw) = c(wuw-l)K(v)) .

1l

Thus, K(w) = o(v)K(w) for every v € M N WUW-1 , or #MN wa_l)K(w) =

2 o(v)K(w) , the sum being taken over all v €M N wU'wm1 . However,
v

co=1
M N wOW ), is the unipotent radical of a parabolic subgroup of M
[Borel-Tits 1], and since ¢ is cuspidal, 2 o(v) = 0, Therefore,
v
K(w) =0 .

By -9 .

If w-':l

Mv = M , then PWP = PWwMU = PWMWW ‘wU = PMWU = PwU ,
and an element in the double coset PwP can be uniquely expressed

as pwu for u € (U ﬂw-IUw)\U = U(w) . Then

ERM Heh) = I TR W Do)
h€NG w u€uw)

= X' z o‘(u"l)K(w_l)cp(wu)
w u€u(w)

TSR D ewu)
w u€u(w)

=T Kw L) p(wu) ,
w u€vu(w)

where ' is the sum over all w € W that normalize M .
w
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ILemma 2: E W—le=M and wi# e, then K(w) =0,

Proof: Fix a WO € W that satisfies these conditions, and choose

a @ €V such that

{ o(p)f(u) if g = pwou  for some P €PpP, ut€ U(wo)

o(e)
0 otherwise

where f(u) = 0 for u € U(wo),u #e, and f(e) #0 . (More
simply, ® is a nonzero function that vanishes outside of PWO.)
Then

GMEe) = T KW ) T gwu) = K(wy) T £(u)
w u€u(w) u€v(w,)

K(w-(;l)f(e) .

Thisg, in turn, is equal to

-1 —_ne
a " /2 5 W) ¥(tr g) =a - /2 2 o(p) = ©(g) ¥ (tr pg)
g&6 pE€P  g€P\G
-ne :
= a2 5 o yctr HIECe) .
pE€P

Thus, if Z o(p){(tr pwo) =0, then K(wo) = 0 for any w, #e .
pEP

Recall the partition A of n corresponding to M . Relabel

its parts to write A = (ni'l,...,nir) , where nii indicates that

S parts are equal to ni ,and n, > ,.. > nr » Correspondingly.

1
relabel the representations o, , letting {oj}, j= 1,...,si , be
the representations of Gl (ni,F) that appear in the tensor product
. ¥or each i, '1'i = O'i ® ... ® c‘z is an irreducible representa-

i

tion of P the parabolic subgroup of Gl(sini,F) corresponding

i ?
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Sy -
to the partition (ni ) of s,m, . Then © = T ® (e ® T ®

Let MiiUi be the Levi decomposition of P

i L]
Every p € P has the form

A1 *
p= .'. ’
0 A

each Ai being a square matrix of order s.n, ;

1%

i i i
€11 B1p *c Byg
i i
Bog *** Eag

Ai = 0 '. E ’
o. i
gSS

where we have written s for s and

i i
1 gjd € Gl(ni,F), Bk € M(nani,F)

for j <k .

The w € W that normalize M are of the form

wl 0]
w = ‘. ,
0 w
r

where each wi is a block permutation matrix of order Sini

whose nonzero blocks are themselves nix ni permutation matrices,

(We may take these last to be identity matrices.) If w £ M
(that is, if w # e ), then for some 1 the blocks within Wy
are not placed along the diagonal.

It is easy to see that
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AW
L,
W= o ..
‘' Aw
rr

and tr pw = tr Alwl + 400 + tr Arwr . Then

Z o(p) y(tr pw)
pEP

.__J.g.l.__.

= ZT,A,) 0 0o @ T ANU(Er AW ) ... Y(tr A w )
- 171 rer 11 rr
Ij.i lPil AiEPi

r
_ P
= ___L.‘__ ® z 'ri(Ai)\l;(tr Aiwi) .

1!1pi| i=1 A, €p,

Now, let k be such that w is not an identity matrix (since

k

exists) and let ® € Sn be the permutation

w#e, such a w
K

k

of {1,...,nk} such that the (i,w(1))th entry of w,_ is 1,

Akwk =(giw(j)) (where the superscript k has been dropped), so

(tr Akwk) (tr B3 w(1) + eoe + tr gsu)(s))

Y(tr g1w(1)) eos Y(tr g )) )

sw(s

and
' X T A)Y(tr A W)
k' 'k k'k
AERy
= [p:M ] E ) ve O e JUET & 0 ea U(ET €
k‘Mk T T1Y°11Y *** Ts'Pss lw(l)’°°* sw(
gij
the sum being taken over all €53 € M(n, X, ,F) , where det g, 0 .
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This is equal to

S
[P ] ® = cl;(gii)wtr 8im(i)’
i=1 gij

—tpamd[ © =z piers]e

i=w(i) 854

e
o[ ®© 5 Gi(gii)] ®
i>w(i) gii

® ® 2 g, uctr g, 0] .
i (=i gy o ]

The last product is nonempty, by the choice of wk .

For each i such that i <w() =3,

k .
Zoje, ) Wer g, ) = T 0i(e) T UGr e .

€135 €53 gij

If dl""’dn are the diagonal entries of gi this is
Kk

j ’

K
% 0;(e;;)

CHINRTCHY
g1 (s eeerdy Y& x

n
€F
ny

= e T Sy .
€i1 m=l d €F
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But | is a nontrivial character of F , so z Mdm) =0,
d_€EF
m

Thus, one factor of X o(p)¥(tr pw) is O , and the lemma is
pEP

proved,

We now come to the main theorem of this section., Let
= Ind(G,P;0) , where P and O =0, ®... ® o, are as defined
earlier. The ci
scalar operator for each 1i ; Q(O’i) = c(<:ri)1V1 , vi the space

are irreducible, and therefore Q(Ui) is a

of Oi .

Theorem: If w= Ind(G,P;0) , with space V , then Q(Tm) =

c(Ml, , and c(m = c(9;)...c(d) .

Proof: For any @ €V,

-n=2/2

G(Mwte) = q Z ¢g)Y(tr g) = K(e)y(e) ,

g€a

where K is the function defined earlier. If ¢ 1is a nonzero

function that vanishes outside P ,

—r
a” /2 g ®(p) ¥(tr p)

p€p

K(e)p(e)

/2 5 o(p)p(e) ¥ (tr P)

pEpP

-l
= %72 £ o(p)¥(tr PIGCE) .

pEP
Since © is irreducible and is the product of cuspidal represen-

tations, I o(p)¥(tr p) is a nonzero scalar operator (see ),
pEP .
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and therefore K(e) # O . Moreover, forany p € P , K(e) =
~1 -1 —

K(pep ) = o(p)K(e)o(p) =~ , or K(e)o(p) = o(p)K(e) , which

shows that KX(e) commutes with O and must therefore also be

a scalar, Thus,

-
a¥ /% g o(p) ¥(tr p)

PEP

K(e)

I

o 2rp:m] T o(p)¥(tr p)
PEM

zZn.n
_2 . A 4
=qn/2q“‘ I % o) ¥ctr p) .
PEM

Since n2 = X nf + 2 Z n.n. , the exponent of q in the
i i<j

multiplier is =-Z nf/z . Also
i

Zo@iCtr p) =TT 2 0,(g)¥tr &) .
pEM i giEG

i

Putting these pieces together, we get

k(e) = T1G(o,) .
i

The fact that, for any 9 €V, h € G,
G(M ph) = K(e)yp(h)
shows that Q(m) is a scalar, QG(T) = K(e) = "[TQ(ci) , and
i

therefore c(m) =ch(oi) .
i :
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We see that in this case also, G(T) # 0 , because

c(ci) #0 forany i .

If 1 is reducible, we can easily compute the value of

the Gaussian sum for éach of the irreducible components of 1.

Theorem: If T = Ind(G,P;0) and 111,...,1'5{’ are the irreducible

components of T , then c(T[l)'= eee = (M) = (M) .

Proof: Write V = Vl D o ®Vk , where Vi is the space of 'ni .

Then for any g €G, VEV, V=V, + 00 + V.

w Vi €V

1
g)v = TTl(g)v1 + eee * T[k(g)vk .

Fix an i and let vévi,v#O. Then v € VvV, and

_ne
q /2 3 ™(e) ¥(tr g)v
g€G

G(Mv

ey -)
=q " /2 3 ™)vi(tr g)

g€c

-ne
= /2 3 1 (e)victr 8

g&a

G(m v .

Hence c('ni) =c(mM for any i .
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. A :
§3. A result concerning T(x) for x singular,

A nontrivial cuspidal representation T of G = Gl(an,F) has
the property that if x € M(nXn,F) is singular, then 'Q(x) =0,
To see this, suppose that x is of rank r . Then for some

g’hEG»

gxh = =2 ;
(8] 0

A A =1 A, = A
since hexh) = wn H¥E) N ) = Nz) , Nex) = 0 if and only if

A
™z) =0 .,
Ir *
If u € G is any matrix of the form wu = , then
0 u
n-r

A A -
z =uz , and T(z) = T(uz) = '/r\r(z)‘n(u 1) . The set U of all such

u in which un—r is an upper-triangular unipotent matrix in

Gl(n-r,F) is the unipotent radical of the parabolic subgroup of

G determined by the partition A= (r,1° ) of n . Therefore,

i = fizymah
u€y

%(z)

| ey = fiw) = o .
u€u

We now turn to the representations 1 = Ind(G,P;0) defined in

§2, For h €aG, 9E€EV,

2
72 fexypm)

Z m(g) Y (tr gx)ep(h)
g€G

Z @(hg) ¥(tr gx) -
g€G
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£ g(g) ¥(tr B gx)
eg€G

p> £ o(p) ®(g) Y(tr pexh 1)
p€P gE€MG

z Z o(p) Y(tr pgxh-l)tp(g) .
g€P\G p€P

- A
Since x 1is singular, z = gxh 1 is singular, and T(x) = 0

A
if and only if T(z) = 0 ., This will happen if 2 o(p)¥(tr pz) =0 .,
p€pP

A
Theorem: ILet T = Ind(G,P;0) , O = oy ® .0e ® crr « Then T(x) =0

for all singular x € M(axn,F) if and only if for every i ,

i=l,40e, T , éi(y) = 0 for all singular y € M(nani,F) .

Proof (by induction on r): The theorem is trivially true if
r=1, Inducing in steps, we need only prove it for r =2 ,
A A
First, suppose Gl and 02 are both zero on singular matrices,

If we write

(as block matrices), then o(p) = cl(ml) ® dz(mz) , and tr px =

tr mla + tr uc + #r m2d » Thus,
Zo(P)¥(tr px) = I o;(m) @ 0,(m,) ¥(tr mya)Y(tr uc)(tr myd)
peEP m, T, u

= [ﬂzl: o, (m)) ¥(tx ma) @ i 0, (my) ¥ (tr mzd)]i Y(tr ue) ,
1 2
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the sums being taken over all m, € Gl(n;,F) , u € M(nlan,F) .

If ¢c#0, then X {Y(tr uc) = 0 ; we may assume that c = 0 ,
u

Then x 1is singular if and only if a or d is singular., We

then have

|

2 2 '
Z o ieer po = 279 q"2 G (2) @ 6™2 Gy ]

p€P

2/2 A A
= 4”2 G (2) ® 3,0 .

. . A A .
By our agsumption, either cl(a) or oz(d) is zero, Hence,

= o(p)V(tr x) = 0 , and therefore ka) =0 .,
pEP

A
To prove the converse, suppose that one of the oi , say Gi ,

is nonzero on some singular matrix a . Then I o(p){y(tr px)
peEP

a O
will be nonzero for x = ( ) . If @ €V is a function that

vanishes outside P and has @(e) # 0 , then

_ne
fix) ey = g = /2 E a(p) ¥(br PO # 0 ,
p

A
and therefore T(x) is mot the zero operator.

The only cuspidal representation that has its Fourier transform
nonzero on singular matrices is the trivial one, Thus, T will have

the desired property if and only if none of the © is trivial,

i
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