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Abstract

PARTICLE-HOLE STATES IN NUCLEAR MATTER
by

Carl A. Matyas

Adviser: Professor Carl M. Shakin

This work deals with the collective excitations in nuclear matter, from
the point of view of the TDA approximation. Our calculations involved
the construction of a Hamiltonian, expressed as a matrix in the space of
particle-hole excitations with a given momentum transfer, and a given

total angular momentum in the direction of the momentum transfer.

We used in this Hamiltonian an average single nucleon potential,
and (in some cases) an effective interaction obtained for the potential

HEA in the relativistic Brueckner-Hartree-Fock theory.

The eigenvectors of the TDA-Hamiltonian were used to compute
the strength of the collective response of nuclear matter to external
probes. Our results, succintly described the last section, are summa-

rized in a set of figures at the end of this monograph.

The basic features of the Brueckner theory needed for our work
are presented the last chapter. The relativistic corrections that we have

introduced are discussed in a paper by M.R. Anastasio, L.S. Celenza,



W.S. Pong, and C.M. Shakin on Relativistic Nuclear Structure (see

Ref 9 ).

The specific form of the TDA equations that we used, and the
procedure to calculate the degree of collectivity of the solutions, is
studied in detail in the fifth chapter. A derivation of the TDA equa-
tions, and a discussion of the solutions for a separable potential, is

given in the fourth chapter.

The structure of a non-relativistic potential for a system of two
nucleons is examined in the third chapter, in several representations.
On the other hand, the particle-hole states relevant to our discussions

on the TDA equations are introduced in the first two chapters.
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|
NON-INTERACTING NUCLEONS

1.1 NUCLEAR MATTER AND P.B.C

The physical system of interest here is (infinite) nuclear matter. This
is a uniform and isotropic distribution of an equal number of protons
and neutrons, all with the same mass, and no electric charge or mag-

netic moment.

The protons and neutrons can be viewed as two different states
of the same kind of particle, the nucleon. A nucleon is defined as a
parﬁcle of spin and isospin 1/2, a proton as a nucleon in a state of

isospin projection t = *1/2, and a neutron as a nucleon in a state of

isospin projection t = -1/2 . We adopt for the mass of the nucleon the
value
1)) my = 938.906 Mev = 4.75841 fm™' (approx.) ,

which is very close to both the arithmetic and the geometric average of
the mass 938.259 Mev of a real proton and the mass 939.553 Mev of

a real neutron.

A nucleon may be in a state of spin projection s = +1/2 or s =
-1/2, relative to a reference direction, that we ordinarily choose as the

(positive) Z-axis of a cartesian coordinate system. Moreover, the

1
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nucleon may be in a state of total momentum k . Suppose now that one
of these alternatives do apply at a given time to a given proton or neu-
tron. This proton or neutron is then a nucleon in the quantum mechan-

ical state |k,s,t> .

We will assume for convenience that all nucleons are enclosed in
a cubic box V, of volume V, , of sides parallel to the cartesian axes
X, Y, Z of reference. We further assume that the superpositions of
states |k,s,t> specifying the single nucleon states (s.n.s) of the
nucleons are those corresponding to periodic boundary conditions

(p.b.c) in the box V,

This implies that the momentum values k allowed for the nu-

cleons have cartesian components kx , kY , kz given by

2) k,,*nxAk, k.,y+n Ak,k°z+nzAk ,

X Y

where n_ , n_, n are arbitrary integers, k"x , k“y , kuz , some

X y 2
fixed momentum values that we equate normally to zero, and Ak =
21r/V(,1/3 . Therefore, A%k = (211)3/V° is the volume of the contiguous

momentum space cubic cells A’k with centers at the momenta allowed

for the nucleons, and sides parallel to the cartesian axes X, Y, Z.

A set { |k,s,t>} = { |k,s,t>,|k',s',t'">,...} of single nucleon
momentum states |k,s,t> corresponding to all possible allowed momen-
tum values k , and all spin and isospin values s = *1/2 , t = £1/2

for each given k , will be used as a reference orthonormal basis for

s.n.s

The momentum space cells A%k , that we assume specify a par-



3
tition of the momentum space (into disjoint but contiguous pieces) , do
not need actually to have a common size, shape or orientation, when the
volume V, is infinite. In this case we can write A%k = d®k to indi-

cate that A%k is infinitesimal.

The use of a large and variable volume V, is legitimate,
because infinite nuclear matter can be viewed as the limiting case of a
system with A identical nucleons enclosed in a box, corresponding to
an increasingly large volume V, of the box i.e to V, --> « , with a

fixed nucleon density n = A/V, , and zero total spin and isospin.

It is then appropriate to consider first a system of A nonin-
terécting nucleons in the box V, , with a density close to that at the
center of a large real nucleus. This system becomes a model for nuclear
matter, and may be called "nuclear matter” in a generalized sense,
when we introduce suitable interactions between the nucleons, and A
is sufficiently large. Moreover, the use of p.b.c is justified as a
device to eliminate all surface effects, which are absent in infinite

nuclear matter.



1.2 THE NON-INTERACTING GROUND STATE

The quantum-mechanical state of a system of A (identical) nucleons
enclosed in the reference box V, is either an antisymmetric Slater

determinant of unit norm
3)  lkisit> = kg, stV LK, s, 0> LV Ky s, >/ VAL

of A elements lki'si’ti> of the reference orthonormal basis
{ |k,s,t> } for s.n.s , or a superposition of such Slater determi-

nants. Therefore, the kinetic energy
&2
4) E, = ; k.”/2my

of the A nucleons in the state 3) is the non-relativistic energy asso-
ciated with the nucleons when they do not interact with each other,
assuming that no external potential exists in the box V, . Moreover, it
is clear that Ek has the minimum possible value when we accomodate
as many nucleons as possible in the states |k,s,t> with the smallest
values of |k| .. It follows immediatly, due to the Pauli's principle
incorporated in 1) , that the total spin and isospin of the system van-

ish in this case, assuming that A is a multiple of 4 .

A ground state for a system of A = 4 N noninteracting

nucleons is then given by

|2> = i\S/t Ik, s .t >/ VAl

5) y

= \/ Ik, 5,82V [k, 4,42 ..V [k, -3, -3> / VA
=1



= [klr%/%>v Ikl,'%,%>---\/ |kN’-%;-%>/ /A! ’

with a set of N different allowed momentum values kl' k2,..., kN

s.t  (such that) no other similar set gives a smaller value for the
sum of all values ki:2 , = 1,2,...,N . An alternative expression for

|> s

il

12> = |k, 1>V [k,2> ...V |k,A> / VA

6)

Ik, 15" |k,2>" . ojk,a> o>,

where |[0> is the no-nucleon or "bare-vacuum”" state, and |k,n>‘— the
creator operator corresponding to the s.n.s |k,n> , defining this state
as the element |ki,s,t> s.t n =4(i-1) * 5/2 - 2t - s . The momentum
ki used in 5) and 6) may be labeled so that |ki+1] > lkil , if we

want.

We now define the Fermi momentum k for the system of

F
nucleons as the largest value |k| allowed for the nucleons when the
system is in the state |Q> . The set of all allowed momenta k s.t
[k| < kF contains for some values N several momenta k , with |k| =
kF , which are not included in |2> i.e. different to all ki in 5)

This means that there are several Il.i. (linearly independent) states

with the same noninteracting ground state energy if such values of N

are used.

We will assume however, that N = A/4 is chosen so that the
set of all momenta ki in 5) is the set of all allowed momenta k

with |k] <€ k for some value kF that define the Fermi momentum of

F ’
the system. Under these conditions the noninteracting ground state |Q>

of the system is unique up to a phase factor, and may be expressed as



7) 12> = \/ lk,s,t> = ([] Ik s, ") |0>
ki ke lkigke
st=%1/2 s, t=t1/2

The momentum k takes here all values s.t |k| < kF in combination

with every value s,t = *1/2 .

The volume density n (x) of nucleons with a given spin and

s, t
isospin projection s,t corresponding to the state |Q> , at a given

configuration space position x , inside the box V, , is

8) LA <9;,t(X)IQ;,t(X)> ,

where IQ; t(x)> = <x,s,t|" |R> . We denote by <x,s,t|k the destruc-

tion operator corresponding to the configuration space position eigens-

tate |x,s,t> , specified by

_ -ik.x
9) <k,s,tlx,s,t> = Gss' att' e /

Then <Q; t(x)l = <Q| |x,s,t>'_ , where |x,s,t>‘- is the creation oper-

ator corresponding to |x,s,t> .

Similarly, let us denote by <k,s,t{'_ and |k,s,t>" the
destruction and creation operators associated with the s.n.s |k,s,t> ,

and define [Q] ,(k)> = <k,s,t|” |@> . Then

12

S (0> = D> <x,s.tlk, s t'> |Q;,,t.(k).>

k,s)t

= S Vatk/(em? tkex 9] ,(k)>
- ,

10)

The first sum may be performed over all momentum values k , apart
from over all s',t' = t1/2 , because IQ;. t.(k)> vanishes unless k

is an allowed momentum and |k| s ke -
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The "single-hole" states |(k,s,t) > IQS' t(k)> , for which
Ikl £ kg , constitute an orthonormal set of A elements, and lQr'](k)>
= <k,n| |@> is (-1)n—l YA  times the element that we obtain when

the state |k,n> is omitted in the expression 6) for |2> . There-

fore, ng t(x) has the same value

11) ng (x) = > ak/(2m?
’ ki€ ke
at every configuration space position x in V, . The sum in the

r.h.s (right hand side) is performed over all (allowed) momentum k

The partial density ng ¢ is then (21r)-3 times the

sum  Qp of the volumes A’k of all momentum space cells A%k with

s.t |kl < kg .
with centers inside the "Fermi sphere” i.e. inside the sphere of radius
kF centered at k = 0 . Obviously Qp is very close to the volume of

this sphere when the cells A°k are very small. Therefore,

- 3

12) Q = 4/3 7 kF
can be used with negligible error if (A"k)1/3/kF = 21r/(kFVul/3) is
enough small. Moreover, 10) becomes exact when A’k --> 0 " i.e

when A%k = d®k , which is the case of interest for nuclear matter.

This way we conclude that for nuclear matter, or for large val-

ues of the volume V, of the box enclosing the nucleons,

- 3 _ 3 2
gt = QF/(21r) = kg /(617)
13)
no= ag/(2) = 2 k. /(7))
where n = > ne ¢ is the total nucleon volume density at any config-
st .

uration space position in V, .
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This result could have been anticipated noting that the number

N = A/4 of nucleons in the box V, with a given spin and isospin
projection is the number of allowed momentum values k s.t |k| <

k or equivalently (as a good approximation for large V, ) , the

F ’
number 4/3 TTkF3/A3k of cells of volume A’k inside the Fermi sphere.

Then N/V, = kF3/(61r2) , which is also n_ ,(x) , because the distribu-

s,t

tion of nucleons in V, is uniform due to the assumed p.b.c .

The Fermi momentum kg = (31r2n/2)1/3 associated with the non-
interacting ground state of a uniform distribution of nucleons can be
used as a measure of the nucleon volume density of the distribution,
because the removal of the interaction bctween the nucleons can not
change this density n , if we keep constant the total volume of the

distribution.

Remark

The total momentum space volume occupied by the cells A%k of volume
Ak = (217)3/Vu corresponding to all momenta k of the nucleons is
Qp = A A*k/4 = (21r)3n/4 , exactly, with n = A/V, , when the state of
the system is‘ any given Slater determinant. The radius kF =

(3172n/2)1/3 of a sphere with this volume §_ coincides with the Fermi

F

momentum kF of nuclear matter of nucleon density n . o

It is also useful to introduce the radius o s.t 4/3 1 ro3 is
the volume per nucleon n_1 in the system. Then o kF = (91r/8)1/3 .

The values
- . -1
14) ro = 1.12 fm , kF-1.36 fm

are commonly accepted values for nuclear matter, corresponding to a
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nucleon density n = 0.17 fm-3 . We use 1 fm-l = 10_15 mt-1 = 197.315
Mev . Then kF = 268.3484 Mev . The nucleon mass my is close to
3.5 kg , using 1) , and the "Fermi energy" ep = kF2/2mN approxi-
mately equal to

15) e. = 38.35 Mev = 0.1944 fm™*

F

The non-relativistic kinetic energy associated with the nucleons
in their noninteracting ground state is clearly,
16) E, = 42 K/amg = A/ 2 87k K/2my
tkl<ke kI < ke
including only "allowed" momenta in the sum. The value of the energy
per n'ucleon is then

17) E /A = :f &k k*/2my = 3/5 e
{ki<ke

F

when A is large enough. This value is 23.01 Mev for nuclear mat-
ter, according to 15) . However, it becomes 22.68 Mev if we use the
relativistic expression eN(k) = (k2+mN){y - my for the kinetic energy
of a nucleon of momentum k instead of k2/2mN , in the r.h.s. of

17) . Since,
18) ey = k/zmg - k¥/8mg + K*/16my + L.
we obtain, approximately, in this case
19) E/A = 3k.2/10m. - 3k.%/56m. + k.%/a8
K F /My F My F /=My

Remark
The volume density of non-relativistic kinetic energy for nucleons of

spin and isospin projection s , t is n E,/J4A at any position x
K



10
inside V,; , when the system is in the state |@> . This value is
precisely the one we obtain using the expression
<Q;,t(x)| K(x) |Q;’t(x)> for the mentioned energy, with K(x) =

—(sz)'l 82 /3 x2 . Note also that the equality 10) becomes

- _ ik.x - 3/2
9 (0> = [ d°k e 127 ()} (2m)
lkl<ke
in the limit A’k --> 0, denoting by |§2; t(k)} the element

|Q; t(k)>/(A3k)i , which is the element {k,s,t|F|Q> , with |k,s,t} =
' 1 _ S .

Ik,s,t>/ (A°k)® . Thus, {Qs,t(k)ms',t'(k)} is 8 att' §(k-k') for

[k, k' < kg . in the mentioned limit, and zero for |k|,|k'| > kg -

This implies that

ns,t,s',t'(xlx) = <Q;,t(x)|Q;|'t|(X )> = Gssv Gttv n(X'X)
nr) = f @tk R En¥? s 3o jkgle /el
HINT

for nuclear matter in its noninteracting ground state |Q> , with Qg

4/3 1 kF3 , J1(&) = (sinf - & cosi)/‘i2 . This gives in turn ng t(x)

n(0) 39, /(zm)> . o
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1.3 PARTICLE-HOLE STATES

A simple but important characterization of the noninteracting ground

state |2> of the system of nucleons is

<k, st 19> = 0, for |kl > kg , s,t=2}
20)
[k,s,t>"|> = 0 , for |k| < k s,t = £}

F 4

assuming that k is any one of the momenta allowed for the nucleons
by the p.b.c in ¥V, . These momenta become arbitrary (real) momen-
tum values, without any restriction whatsoever, in the limit of V, =

(21r)3/A°k --> » , appropriate for nuclear matter.

The equalities 20), equivalent to 7), follow directly from 7),
the definition of the Fermi momentum kF {which may be defined alter-
natively through 20) ), and the C.A.R. (canonical anticommutation

relations)

0

[ <k,s,t|", <k',s",t'|"1,
21)

[ ' ' v -
[ <k,$,t| 7 |k ,5 ,t> ]+ - GSS' (Stt. 6kk'

The C.A.R for the single-nucleon creation and destruction

operators corresponding to the states |k,s,t} = |k,s,t>//A°k and
their adjoint ({k,s,t] = <k,s,t|/vVA’k are also useful. We have

{k,s, tjk',s", t'y = 6&6(k-k") 8o Sypr - and then

tt

[ (k,s,t]", (k',s',t]"], = 0
22)

I- Al L) i) P 1
[ {k,S,t| ’ 'k ,S ,t} ]+ GSS' Gttv G(k"‘k) ’

where &6(k-k') is the usual Dirac '"delta-function”, when V, =

(2m)3/a%k is infinite.
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The equalities 20) allows us to say that the single-nucleon
destructors relative to |Q> are arbitrary |.c (linear combinations) of
single-nucleon destructors <k,s,t|F with [k| > kF , and single-nu-
cleon creators Ik,s,t>"  with [kl < kF' The adjoint of these

"destructors” are the single-nucleon creators relative to |Q> .

We say also that the I.c of destructors <k,s,t|” with |k| >
kF , and the |l.c of creators |k,s,t>k with |k| < kF are, respec-
tively, the "single-particle” and the "single-hole" destructors relative to
|> . The corresponding adjoints of these '"particle" and "hole"

destructors are the "single-particle” and the "single-hole" creators rel-

ative to |Q> , respectively.

These definitions are useful because the destruction and creation
operators relative to |2> behave w.r.t. (with respect to) |[|Q2> in
the same way that the usual single-nucleon creation and destructor
operators behave relative to the "bare-vacuum” state |0> . For this

reason |Q> is sometimes called the "Fermi vacuum".

It should be clear that corresponding to the one and two nucleon

(antisymmetric) states

lk,s,t> = |k,s,t>" |0>
23)
[(k',s", t)(k,s,t)> = |k',s", t™>" |k,s, t>" |0>

we have, relative to |@2> , the states

I(k,s, )" > Ik, s, 25 |2, e

I(k,s, )7 > = <k,s,t]" |2, K] < kg
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and the states
I(k',s' t) (k,s,0) > =
k', s, t>" |k,s,t>" |@> , [kl 1K'| > kg
[(k',s', t') (k,s,t) > =
25) .
<k’,s',t'|"<k,s,t|7|2> Ikl 1K' < kg
(K, s, t) (k,s,8)7> =

k', s', t'> <k, s, t|" |2, Ikl € kp < [K'|

The last five equalities specify, respectively, the elements of a
basis for the "1-particle” states, the "1-hole" states, the "2-particle"
states, the "2-hole states”, and the '"single particle-hole" (or

"1-particle 1-hole") states, relative to |Q> .

We use these definitions even when we drop the "Fermi condi-
tions" given at the r.h.s of the equalities in 24) . However, we ordi-
narily assume these conditions, explicitly or implicitly, changing some-
times the last condition in 25) into |k| < kF < k't , for

convenience. Otherwise, some of the particle, the hole and the p-h

(particle-hole) states would vanish.

The "metric" properties of the states in 23) and 24) follows
easﬂy from the C.A.R in 21) , combined with 20) and <Q|@> =1,
in the case of the states in 24) and 25) , and with <k,s,t|'_|0> =

0, <0]0> =1, in the case of the states in 23) . We thus find,

<kllsllt1|k2152/t2> = ﬁklkz 58152 thtz
26) <(k1',51',t1')(k1,51,t1)|(kz'rsz'/tz')(k2,52/t2)> =
<k1'/sl'/t1'lk2'152'1t2.> <k1,51,t1’k2,52,t2> -

<k1',51',t1'|k2,52,t2> <k11511t1|k2'152'1t2'>
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These equalities remain valid when we substitute the labels
(k,'os, 6D, (ks t)® for (k',s',t') , (k,s,t) in the l.h.s,
with either € =+ or ¢ = -, and lkil < kg < |ki'| , i =1,2 (chang-
ing first <k,,s,,t;] , |k2,s2,t,> into the equivalent expresions
<(ky,sy,t1)] . |(kz,s2,t2)> ). We find also that the states
|(k',s',t')+(k,s,t)-> , that we may denote by —I(k,s,t)_(k',s',t')+>

when (k,s,t) # (k',s',t") , are orthonormal:

+ - + -
<(ky' sy t1) (ky,se,ty) J(ke',s.',t2") (ka,sz,t2) >
27) = <k1',51',t1'|kz',Sz',t2'><k1,Sl,t1|kz,Sz,t2>

= 6 v 6 1 ' 6

ki'ks S S2 t 't 2

klkz 65132 thtz

assuming again, as we do below, that lki] < kF < [ki'l . Then,

+ - + -
<(k1',51',t1') (kllslltl) I(kzlfsz'rtz') (kZISZItZ) >

— ] 1 ' 1 t '
- <k1 +Sy ltl 'k1f51,t1|k2 rS2 ,tz /k2'52/t2> ’

with |k',s",t",k,s,t> = |k',s",t'> |k,s,t> . Observe also that the sec-

ond identity in 25) allows us to use the identifications

3]

[(k',s", t')(k,s, t)> [k',s",t™>V | k,s,t>/v2

29)
<(k',s', t')(k,s,t)| = <k,s,t|Vv<k',s', t'|/v2
We agree that the mutually adjoint states |¢,>V |¢.> and <¢,|V <¢,]|
are the antisymmetric states |[¢,> |¢.> - |¢.> [¢,> and <¢,| <¢,| -
<¢,| <¢,| , respectively, and that <¢,,¢./¢, ,¢."> is given by
<¢1l¢1'> <¢2162"> , wusing |¢;,6:> = |¢,> |4,>, and <¢1', 2| =

<¢,"| <¢,'| ,for arbitratry s.n.s [¢.>, |¢.> , i =1,2 .

The generalization of the equalities given above to states with
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several '"particles" and/or "holes" (relative to |Q> ) is straightfor-

ward. For example, the states
+ - -
l(kl'rsllrtl') (ki,s1,t,) (kg,sz,t2) > ’

produced by the product of the operators |k,',s;', t,'>", <k,,s;, t;|"
and <K,,s;,t.|” acting on |9> , is a 2-particle 1-hole state. Simi-

larly, the the 2-hole 1-particle state
' t t + ' T ' + =
|(k1 lsl rtl) (k2 /S2 ;tz) (klrslltl) >

is produced by the product of the operators k', s,, t,>",

“and <k, s. t, " acting on |@> . On the other hand, any

fke', s, , t">
operator given by the product of N' single-particle creators
Iki',si',ti'>" and N single-hole destructors <ki,si,ti]'- relative to
[2> , or some |.c of these kind of products, can be called an

N'-particle N-hole creator relative to |2> . Any such operator acting

on |2> produces an N'-particle N-hole state relative to |2> .

The number of nucleons corresponding to an N'-particle N-hole
state is obviously A+*N'-N , agreeing as before that [9> "contains"
A nucleons i.e. that this noninteracting ground state corresponds to of
a system of A nucleons. Therefore, the only N'-particle N-hole
states that are possible states for a system of having initially a definite
number of nucleons are those with N' = N , assuming that the interac-
tions between the nucleons, or between the nucleons and any external
probe used to excite them, conserve the number of nucleons. Further,
we assume as part of the definition of nuclear matter that the interac-
tions between nucleons conserve the total number of protons and the

total number of neutrons (charge conservation).
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We will deal mostly with single p-h states in the following sec-
tions and chapters, but not with N'-particle N-hole states with N’
or N larger than 2, apart from occasional reference to them. How-
ever, some of our discussions can be generalized easily to these multi-

particle multihole states.
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1.4 SIMPLE PARTICLE AND HOLE OBSERVABLES

The total momentum P , the total spin and the total isospin quantum
numbers S , T and the total spin and isospin projections Sz and
T, associated with the single particle and holes states I(k,s,t)i> are

as follows:

+
[(k,s,t) >: P

1l
>
~

S =T =

Nl
~
w

"
7]
~

i
~+

30)

S=T7T-= T = -t

[
172
1l
]
7]

I(k,s,t) >: P

1
[}
=

~

This should be clear noting that the total momentum, angular momen-
tum, spin and isospin associated with the Fermi vacuum |Q> s zero.
This .makes |(k,s,t)+> similar to lk,s,t> , and [(k,s,t) > to
|-k,-s,-t> , w.r.t (with respect to) the mentioned observables, up to

phase factors in general.

For the same reason the single p-h states [(k',s',t')+(k,s,t)_>
are similar (up to phase factors) to the 2-nucleon states
[(k',s", t')(-k,-s,-t)> w.r.t the total linear momentum and the total
angular momentum, spin and isospin. Thus, the total linear momentum,
and the total spin and isospin projections of these p-h states are

given by
3 (ks t) (k,s,t)>: P=k-k, S =s'-s, T.=t-t

Neither the states |(k',s',t')+(k,s,t)_> , nor the states
I(k',s", t')(-k,-s,-t)> , have a definite total spin and isospin, unless
s'" = -s , t = -t , in which case their total spin and isospin is 1 . But
they can be coupled, respectively, to form states ]k'+k_SMTN> and

|k' k SMIN> of total spin and isospin S,T = 0,1 and total spin and
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isospin projection M ,N . Moreover, the coupling of the states
I(k',s',t')+(k,s,t)_> (-1)s-t to form the state |k'+k-SMTN> can be
done in exactly the same way that the coupling of the states
[(k',s",t')(-k,-s,-t)> to form |k' k SMIN> (See §2.1 ) . For this rea-
son we denote the  states |(k',s',t')+(k,s,t)-> (-1)5_t by
Ik'+k_(s',s)(t',t)> , assuming that we denote the states

[(k',s", t')(k,s,t)> by |Jk'k(s',s)(t', t)> .

The observations made above can be verified through the
explicit use of the momentum, spin and isospin operators for systems
with arbitrary number of nucleons. The manipulations involved become

simpler noting that

O |¢>7 > = ( (O |¢>) + 6> 0 ) |2
32) 0 <¢|" 12> = (-(<¢] O) + <¢] O ) |2
00 (@ = ([0,01+00 ) |2> |,

denoting by 0 =0", o0 = o ,... the extended or "second quantiza-

tion" operators corresponding to given restricted or "first quantization"
T-nucleon operators O , O' ,.... Note in this connection that if O' s

> <¢'| , then O is |¢>" <¢'|". We use |zp>F , <p|” to denote

the creation and destruction operators corresponding to arbitrary

1

s.n.s > = |¢>, |¢> ,.

Remark
The commutators [ O°, {¢>"] and [ O", <¢|"] coincide respectively
with the operators ( O |¢> )" and - (<¢] O )", for any
( 1st-quantization) 1-nucleon operator O , of second quantization
O", and any s.n.s |¢>, using [ A, B] = AB-B A . This
O

implies that [ O0,", O,"] = O;" follows from [ O , and

1’2:| 3



19

viceversa, for arbitrary T1-nucleon operators O1 , O2 , 03 . O

Using the identities in 32) and the spin projection operators

S. =S, (Sl =S S, =S, , S3 = Sz) , we obtain, for example,

X ' T2 y

-

(<k,s,t| $°)" |2

3(3+1) | (k,s,t) >

8% |(k,s,t) ">
33)

H

- S l(klslt)~> ’

i

S, Ik,s,)7> = -(<k,s,t| S, ) |2

i1

with 8% = 2 8%, s® = ¥s? (i =xy,2). This verifies that
|(k,s,t) > is a state of spin (quantum number) 1/2 and spin projec-
tion - s along the Z-axis . The corresponding statements for the
isospin operators '/I\'i and ‘?2 , can be obtained substituting the

symbols T, T, (and T, , T, , T, ) for the symbols S, S,

y

g S, ) , and ‘"isospin" for "spin" , respectively.

(and SX , S

The total momentum qg=k -k of the p-h state
|(k',s',t')+(k,s,t)_> may be referred to as the "momentum transfer".
This is justified by noting that we must transfer the momentum q to a

system of nucleons originally in its noninteracting ground state [Q2> to

excite it to the p-h state |(k',s',t')+(k,s,t)-> .

|(k+q,s',t')+(k,s,t)_>

~_ S

The particle and/or hole states relative to |2> are particular

Slater determinants of s.n.s |k,s,t> . Therefore, they are eigenstates
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~

of the kinetic energy operator K = K" , and

K 1(k,s,0)™> = (B + e(l)) [(k,s,8)">
K 1tks, 07> = (B¢ - eg(K) (k,s,0)7>

34)
K 1(kvq,s',t) (k,s,)7> =
+ -
(Eg * eg(k*a) - e (K)) [(k,s,0) (K,5,8)7>
where EK is the Kkinetic energy associated with the state |2> , so

that K > = E, |92, and eK(k) the kinetic energy of a nucleon of

momentum k . These equalities follows easily from the expression
35) K = 2 [ks, " elk) <ks,tl"

where the sum is performed over all s,t = t} and all possible
(allowed) momenta k , using the definition of the states in 34) and
the commutators of /Ii with the operators |k',s', t>" , <k,s,tlk and
Ik',s', t™> <k,s,t|" . These commutators are equal respectively to
(K 1k, s' 1> )" = e (k) [k, s t>" , -(<k,s,t] K)™ = - e (k) <k,s,t|",

and (eK(k') - eK(k)) times |k',s',t'>P <k,s,t|"

These arguments can be repeated using instead of K the

momentum operator P = P" . The cartesian components f’i = Pi'- of

this operator are
36) Poo= > lks, " ko o<ks,t”

where ki are the cartesian components ( k k k3 or k., k_,

Xy
kZ ) of the momentum values k. This way we can verify that the

17 72

momentum transfer q is, as mentioned before, the (total) momentum of

the p-h states |(k+q,s',t')+(k,s,t)-> i.e. that these states are
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eigenstates of P with eigenvalue q .

Remark

If k is a momentum not allowed by the p.b.c in V, , we have
<k,s,'c|k [9> = 0 . As a result, the sums in 34) and 35) may be
extended to all possible momenta k , whether or not they are allowed

by the p.b.c in V, . o

The p-h states l(k*q,s',t')+(k,s,t)-> can be expressed as
l.c of the states [(k+q)+k—SMTN> of definite spin and isospin, with
the same values of k and q , and viceversa. Therefore, the state-
ments made above for the momentum and the kinetic energy of the

states l(k*q,s',t')+(k,s,t)-> are equivalent to

-

P |(k*q) KSMIN> = |(k*q) Kk SMIN> q
37) K | (k*q) k™SMIN> =

(Eg * eg(k*q) - e (K)) |(k+q) k suTn>

Adding the states l(k*q)+k—SMTN> over all momenta |k| < kF
(or over all momenta because these states vanish when |k| > kF , and
when k is not "allowed") we obtain, obviously, p-h states |q;SMIN)
of total momentum q . These "collective" single p-h states, and the
operators which, acting on |2> , create them, will be discussed later
in detail. We remark however that the "total weight" Qq introduced in
the next section is (21:)3 times the squared norm per unit volume
(q;SMIN|q;SMIN)/V, of the states |q;SMIN) corresponding to nuclear

matter.
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1.5 PARTICLE-HOLE ENERGIES AND WEIGHTS

The kinetic energy eK(k+q) - eK(k) of the single p-h states of par-
ticle momentum k * q and hole momentum - k , measured relative to

the ground state |Q> of the noninteracting nucleons, is

exla k) = ((k *a)° - k%) /2my =

38) 2

q g.k

;iN = |ql(]lq| * 2 |Kk| cosH )/2m[\I ,

nonrelativistically, denoting by 6 the angle between q and k .

These excitation energies are positive, or zero, assuming that we use

the Fermi condition |k| < kF < |k*q| for p-h states.

The maximum value e&(q) of eK(q,k) for any momentum
transfer q , and the minimum value e}'{(q) of eK(q,k) for |q| =

2 k corresponding to the Fermi condition referrred above, can be

F 7

obtained only with |k| =kl= , cosB =1 and |k} =k cosf = -1,

F ’

respectively. Therefore, for the mentioned values of |q| ,
39) .ext{(q) = lal (lal £ 2 kg )/2my

On the other hand, the minimum value ek(q) =0 of eK(q,k) 20 is

obtained when |q| <2 kp , and cosb = -lql/(21k|)

It is also worth noticing that the region Qq of the momentum
space including all possible momentum values k s.t |k| < kF < |k*q]
(whether or not they are allowed by the p.b.c in use) is the (closed)

Fermi sphere Q_ = _Sz(kF,O) minus the intersection of this sphere with

F
the (open) sphere Sl(kF,-q) of radius kF centered at -q . The vol-
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Particles

. : |kl € kg <]k*q

ume QFq common to two spheres of radii kF with a distance |q]

between their centers is zero unless |q] <2 Kg + in which case it is

3
40 Q. = 9 (1-3 ' , <2 k.
) Fq F ( 4 l?pl l‘::(!:a ) 'ql F

where Qg = 4/3 7 kF3 is the volume of the Fermi sphere. The volume

Fq is then,

2 2 3
9 lal(12 kg™ - [q]7)/16 kg™ , lal £2 kg
41) Q=

4/3 7 k> ,olal 22 kg

This is also the volume of the momentum space region including all
momenta k*q s.t k is in 2 . This region is the intersection of the
(closed) sphere Q(kF,q) minus its intersection with Fermi sphere

without surface (open Fermi sphere) .

The region gq contains obviously the negative of all hole
momenta -k relevant to arbitrary single p-h states relative to |2
of total momentum q appropriate for infinite nuclear mattter i.e cor-

responding to an infinite quantization volume V, . Suppose however
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that V, is finite. In this case each momentum k allowed by the
p.b.c in the box V, is the center of a cell A%k of volume A%k =
(21r)3/V0 in the momentum space, such that the system of all these cells
completely fills the momentum space, and specifies a disjoint partition of
of it. Therefore, the number of different p-h ctates |(k+q)+k-£n>
with a given q and given spin-isospin coordinates & = (s,s') or
SM , and n = (t,t') or TN, is S'Zq/Aak with negligible error if A%k

is enough small compared to k 3

P This number is also (A/4) Qq/QF

(with a slightly improved approximation that becomes exact for |q] 2
2 kF )}, where A is, as usual, the number of nucleons in the system
of noninteracting ground state |[2> . It is then convenient to refer to
Qq/QF as the'total momentum space 'fractional weight" WT per
"reduced nucleon" i.e per available momentum value, corresponding to
the set of all (non-zero) elements |(k+q)+k~£n> having the same total
momentum q and the same spin-isospin quantum numbers £ , n . The
corresponding fractional weight (per reduced nucleon) of one of these

elements is defined, naturally, as A“k/SZF .

This leads us to inquire about the total fractional weight AWT
per reduced nucleon associated with the set of all p-h  states
|(k+q)+k‘£n> , of fixed q and fixed spin-isospin quantum numbers,
having a kinetic energy eK(q,k) in a small energy interval
(eK , eK+AeK) . More precisely, we want to find the value dWT/deK of
ratio AWT/AeK in the limit of V; --> « and AeK—-> 0 , corresponding

to a given value e; = e,(q,k) and |q| , or equivalently, the "Lin-

dhard" weight distribution specified by

w

dk

p = A4 dWp _ 8epfql dw,
3 3

kF deK

Ye]
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42)
cg = 12 (epfeg - aP/kD/ Uallky)

where e, = sz/sz . Noting that Kg = kq/kF for e, = eK(q,k) ,

with kq = |k|] cos® , we find

g (g + 2Kq) , if -@/2 <k _<1l-q ,

q
2
1 - , if -1<1l-g<k <1
| Kq I q Kq
43) wp =

r l-q< -1¢ <1 ,
o) o] kg

0 otherwise ,

using q = ]ql/kF . Observe that wp considered as a function of ex

and q , vanishes only outside the open range (e;(q),ex(q)) of val-

ues ey . The value e}*{(q) of ex corresponds to kg = 1, and

ez(q) (which is zero for q <2 ) to Kq = -1, if g2 2, and to Rq

< -q/2 if gg 2.

e
K - \\_‘ O8N \ \\\‘
w; =0 SR \!‘:‘Q‘;\;\\\VVL quadratic
~/ SN in e
x( . K
oy N
& ) ‘T\\
N ‘\\:\\ -
SANREN wp= 0
J('?—q) .\‘\
7/ //// / \‘\
L > q

Wy linear in eg

The open region limited by the two parabolas eg = e;{(q) and
ey = e{((q) in the first quadrant of the plane ey V.s g is the only
part of this plane for which W # 0 . This region splits into two parts

limited by the parabola eK/eF = q(2-q) , characterized respectively by
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a linear (lower part) and a quadratic (higher part) dependence of W

!
'

-7 t‘.‘_‘ s, L\‘
q(2-q) | S 1a(2-q) a
’ \ / l
S : \ N
| ' |
|
> ]

K ]
-1 -g/2 1-g 1 -1 g/2 1-q 1 -1 1

0<q<1 1<q<2 q>2

It is interesting to note that q(2-q) is also the value of the
"Lindhard" distribution w; as a function of e, corresponding to

eK/eF = q(2-9q) , or to x_ =1-q, for w, as a function of «

q q’

The results in 43) can be obtained (as indicated in detail in
the next chapter) performing the integration w.r.t ¢ and k_ =

o}
[k] sin8 that we obtain when the first integral in

1
_ _ 3
44) S'lq = Jdak = 7 kF J( wp dncq
Q -q/2

*q

is expressed in terms of the cylindrical coordinates (kp,kq) corre-
sponding to a Z-axis along q . The integration limits for Kq = kq/kF
in 44) can be omitted (implying then an integration over the whole
range -w < Rg < « ), because WL(Kq) vanishes for Kq < -g/2 and
Kq <1 . On the other hand we can change the integration limit -g/2

in 44) into 1 when q > 2, since in this case WL(Kq) vanishes for

< -1
q
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COLLECTIVE P-H EXCITATIONS

2.1 SPIN AND ISOSPIN OPERATORS

The particle-hole states in which we are interested are mostly non-rela-
tivistic states with a definite total spin and isospin. For this reason we
will consider first some identities associated with the spin and isospin

operators appropriate for a non-relativistic multinucleon system.

" of the (non-rela-

The cartesian components §i = Sik, "/I\'

T.
i i

tivistic) spin and isospin operators may be expressed as

S. = 7o lks, " <s| & |s> <k,s’t]"
1)
T2 35 ks, " <t It <ks, b7
in terms of the spin and isospin 1/2 states |s> = I%ez,s> , 1> =

[%sz,t> (corresponding to the reference Z-directions e, and £, of
the spin and the isospin space, respectively ), and the Pauli spin and
isospin operators Si and ?i . The matrix elements of these opera-

tors can be expressed in turn as,

<s| 5 |s> = <s| o |s>
2)
<t T It = <t g |t>
in terms of the hermitian 2x2 matrices g . 3 (i=1,2,3, ori=

27
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X,Y,2 ) that we identify with the Pauli spin matrices, and of column
matrices |s> , |t> , of hermitian adjoints <s| , <t| . We use specifi-

cally, o 7 I, with

0 1 0 -i ] (1 o0
o, = , o = , ©_ =
x {1 0 Y [i 0 2 o -1 ]
3)
1 0 1 0
‘i>=[ , '-%>=[ , l:
0 1 0o 1

and <3| = (0 1]}, <3| =(1 o]

The action of the operators o 2 Si on the states |k,s,t>
with s = ¥} and fixed values k , t , and that of the operators
1. 2 2 Ti , on the states |k,s,t> with t =%} and fixed values

k , s , patterns the action of the matrices g, on the column matrices

*
|x> = <x| , with x=s , and x =t , respectively. Therefore,

S, lk,s,t>= 2 |k,-s,t> T, Ik,s, t> = 3 lk,s,-t>
4) Sy ks> =i % k-5, , T kst =i ks, -t
S, Ik,s, 2= 3 [k,-s, 0 , T, ks, = ¥ |ks,-t> ,

representing with § = sgn(s) , t=sgn(t) the signatures 2s =
(_1)%-5 and 2t = (—1)%-t of s and t . These identities (in which
we can write §i , 'T'i instead of Si , Ti ), or alternatively, 1) to

3) , imply that

Tx = Z{ |klsl%> %<klsl—%| + |klsl-%> %<k/s,%l }
k.s
5) T, = 2 ks3> 5 <ks,od + (ks8> 3 <k,s, 3] )

<
=

,S
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L -1
T= S Clsd> g <ksdl + Hks, o> ks, )

Similar expressions holds for the operators Si . 'Since the oper-
ators o T behave as the Pauli spin 1/2 matrices, we have also
t.” =0, =1, and

6.0, = -9g, 0 =1ig
k i k

i
I-l.

T.T.='Tk’[i

when (i,j,k) is a cyclic permutation of (x,y,2) (or of (1,2,3}) ). In

this case we obtain [ S, . Sj ] =1 Sk P I Tj ] =1 Tk , since S,

A~

i
= %Ti , Ti = %oi . On the other hand, §i = Sik, Ti = Ti", and

[s,. sjf] =1[s,. S; | T, TJ.“] =[T, T, 17, because s, . T,

are 1l-nucleon operators. Then also,
7) [S.,S.]=iSk,[T.,T.]=iTk ,

when (i,j,k) is a cyclic permutation of (x,y,z) . We can verify in a
similar way that | §i , '/I\'j ] =0 . This result should be quite obvious

noting that :l\'i and §i act on independent degrees of freedom.

Remark
These commmutation relations for §i , :l\-i implies the corresponding

commutation relations for the (antisymmetrized) N-nucleon spin and

isospin operators §i(N) '?i(N), because §i , ?i reduces to §i(N),

£,

’

respectively, relative to N-nucleon states. This means that

~

Si = > §i(N) ; ?i = > "’I:i(N) , with sums over all N = 1,2,3,...,
and that Si = §i ) , Ti = :I\'i(l) . o

~~

Corresponding to the Pauli spin and isospin operators o; = 2 Si

and T, = 2 Ti we have the "spherical" spin operators o; and ‘[§ ,
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specified by
o] 0 = ] T 0 = 1
o', = -(o. * i oy)//z 1!, = -(r, * i TY)//Z
8)
oly = o, T = T,
g, = (oX -1 cy)//Z th, = (TX -1 Ty)/»/z ’

denoting by 1 the unit operator on 1-nucleon states.

These definitions remain valid if we write o , T instead of o ,

—~

1 , respectively, substituting at the same time the unit operator 1= 15
on the spin 1/2 space for the operator 1 the |.h.s of 8) , and

the unit operator TT on the isospin 1/2 space for the operator 1

in the r.h.s . They remain also valid when we substitute the symbols
g and 1 for the symbols o and 1t in them, and 1 for 1 . This

way we obtain the appropriate definition of the spin and isospin opera-

T

.S
tors o N

. . S
M T;g , and of the 2x2 matrices g

M 14 I

The linear correspondences between T1-nucleon operators and
spin and isospin operators and matrices, reflected in the correspon-

dences between the operators o . T the operators Ei , ’fi and the

matrices 9 T, , or in the correspondences between the operators
S T ..5 T . S T
Oy + Ty + the operators Oy + Ty and the matrices Oy + Iy - estab-

lished with the remarks made above, imply, in view of 1) , that

S ~S 1 1
Oy = Z |k,s,t> <s| Gy |s'> <k,s’,t]
9)
T S T ' t
ty = 2 kst <t] Ty |t <kt

. -5 - _ S ' ~T S T '
with <s| Oy |s'™> = <s| Iy |s™> and <t] Ty [t'> = <t] Iy It'™> . The
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. A
same correspondences imply also LA and,

1 0 0 -1
g’y = , o, = V2
0 1 0] 0
10)
1 0] 0 0
oty = , oty =v2
0 -1 1 0

Any l.c of the operators Ei will be denoted by EC » Op reen

The corresponding l.c of operators %i will be denoted by 'fc ,
TD ,... JTo these 'spin and isospin operators are associated, respec-
tively, corresponding |I.c Oc + Op sone of operators o . and corre-
sponding |.c Tor Ty reee of operators T - The operators Oe -
Te s Oy +Tp reee and Oc v Ta r Op s Ty soeey thus defined, are char-
acterized by corresponding l.c O = 1o and gy = 15 of the matrices
9 = T,

Remark

It is sometimes useful to introduce the "spherical’ vector basis of ele-

e e of the cartesian

S . .
ments ey related to the directions e, . y ' %2

. S
axes of reference in the same way that the operators oy are related

to the operators Oy °y ;) 9, . Then,
1
eM eMv MM'
1 1 s . 1
ey x e = 1 sgn(M-M) ey .\

1* . . .
where e, = (-1)M e}M is the complex conjugate of el\l,I , agreeing

that sgn(M) is the sign of M, or zero, if M is zero, and that e;



vanishes for |M| larger than 1 . This gives,

e, .o = aly
oxe, = i (el; oty - e!;, oly)
o = -el; o, * ely oty - e, ol

. 1 1
noting that Oy =€y « 0, for o =e_o_*te o, *
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2.2 PLANE-WAVE OPERATORS :

Another 1-nucleon operator of interest for our discussions is the

"plane-wave" or "momentum transfer” operator

t=.~iq'X = Zfdax Ix,s,t} eiq.x {x,s,t|
1) N
= > |k*q,s, t> <k,s,t|

kst
The second equality follows agreeing that the elements |x,s,t} =
[x} |s> |[t> are related linearly to the s.n.s |k,s,t> = |k> |s> |[t>
through the standard matrix elements <k,s,t|x,s', t'} =
eik'x :Sss.ﬁt,c./v‘,,J2~ , corresponding to the p.b.c in the box V, of

volume V, = (2m)%/A°k enclosing the nucleons. Note also that the
operator X wused above is the 1-nucleon position operator.

According to 11)
12) @ = S (kg5 ) (ks>

is a particle-hole state of total momentum ¢ . Similarly, since

iq.X B
e oc 1 =
- 13) _ _
D lk*q,s,t> <s| o Is™> <t] 1y It'> <k,s"t'|
where o, is any |l.c of the operators o; (or Si = %oi ) and 1,
any l.c of the operators T (or Ti = %ri ) . The states
iq.X k _
(e oc 1p) 19> =
14)

> I(kra,s, ) (ks t) 7> <s| G, |s'> <t T |t

are also (single) particle-hole states with total momentum q , for the



34
same system of A nucleons for which |Q> is the noninteracting

ground state. These states include, in particular, the states in 11)

{case of 0o = Tp = 1)

A more general type of particle-hole state is given by

(Qep(a) f5)7 19>, and  (fy Qqp(a))"|9> , using

- iq.X
15)
fo = > lkos,t fi(k) <k,s,t|
with arbitrary scalar elements fB(k) , so that fB represents any

operator which acts only on the momentum degrees of freedom of the
nucleons, and which is diagonal w.r.t them. Further, any (single)
p-h state is a state Q | s.t Q is a l.c  of operators
QCD(q) fB , or equivalently, of operators fy QCD(q) . Any such oper-
ator is also a l.c of operators Q(gq) corresponding to different
"momentum transfer" q , that are in turn |l.c of operators QCD(q) fB

or fp Q.p(q) , for a given momentum transfer q .

The single particle-hole "excitation operators” Q = QF are
extended 1-nucleon operator, since the particle-hole excitation opera-
tors Q defined above are restricted 1-nucleon operators. Any such
restricted particle-hole excitation operator can be expressed as Q(q) =
eiq'X Q(0) , where Q(0) is some 1-nucleon operator diagonal w.r.t
the momentum degrees of freedom of the nucleons, when it corresponds

to a given momentum transfer q . We can then write,
16) Q0) = > |k,s,t> <s,t] Q(k) [s',t'> <k,s",t'|

with some operator Q(k) defined over the spin-isospin  space
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{product of the spin and the isospin spaces) . When Q(k) is the same
for all k , the operator Q(gq) is one of the operators QCD(q)

defined before, or a |.c of them.

Remark
An arbitrary |.c of tensor products 6001 of spin 1/2 operators Ec

and isospin 1/2 operators ?D , denoted usually by ¢ ?D , constitute

Cc
an arbitrary operator over the spin-isospin 1/2 space, spanned by
the elements |s,t> = |s> |t>, s,t =t} . The meaning of the tensor

product o, T, is specified by
<s,t| o, T |s’,t> = <s| 3o Is™> <t| T, [t'>

We can identify EC Ty, and T 8C if we identify also |s> |t> and
[t> |s> . This is possible defining the elements |s> and |t> (despite

the notation) as linearly independent . o

The sum in the expression 14) for QCD(q)"IS'Z> may be per-
formed over all possible momentum values k , whether or not they sat-
isfy (relative to q and kg ) the p-h "Fermi condition" Jk| < kg <
|k*q] , because the contribution to the sum from a momentum k van-
ishes when k does not satisfy this condition, and q # 0 . But we
usually think of that sum as running only over values k satisfying
the Fermi condition, so that all its terms represent meaningful p-h
states. The sum in 13) runs however over all possible momenta k .
This is actually an advantage, since it allows the use of the same p-h
excitation operators for different choices of the Fermi momentum kF .
Nevertheless, it may be convenient for some purposes to restrict the

sum in the r.h.s of 13) to values of k that satisfy the p-h
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Fermi condition, changing thereby the |.h.s of that equality. This

can be achieved introducing the 1-nucleon projector operators

lp = z |k,s,t> <k,s,t]
Tkl & ke
17) sr=tiy
1F o= 5 ks, <k,s, b,
el > ke
ct=t1/2
relative to kg . Using them we have
F iq.X =
1" e Oc Tp lF =
18) N
Z. |k*q,s, t> <s,t| o, T |s',t'> <k,s,t'|
b § le ¢ val
where  <s,tlo T ls’,t'> means <s|G.|s"> <t|TIt"> . As a result,
F iqg.X - . F r .
(1" e 9aTp 1F) |R> , or equivalently (1 QCD(q) lF) |9> , is the

same p-h state specified by 14)

The p-h states Q“CD'(q)FIQ> are of special interest because
they are collective states for the system of nucleons. Note that all
nucleons with momenta k satisfying the Fermi condition |k| = kF <
|k+*q} , for the given momentum transfer q , contribute with the same
amplitudes and phases to the p-h state QCD(q)P|Q> .  The operator
6CD(q) = QCD(q)P that excites this state represents a collective p-h
excitation on the system of nucleons, under which every nucleon of the
system, with a given spin and isospin, has the same probability of get-
ting the additional momentum q , if its original momentum k is such
that the increased momentum k+tq corresponds to an wunoccupied
s.n.s .

iq.X

The p-h states (e OaTp '-|52> produced by these opera-

tors, which are states of total momentum q , may be also, for particu-
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lar choices of the operators Oc + Tp - states with a definite total spin

5 = 0,1 and a definite total isospin T = 0,1 , as we show below.

The operator elq’X commmutes with the operators Si and Ti

because it acts on the 'configuration space" degrees of freedom,
which are independent of the spin and isospin degrees of freedom.

A

Then, since Si |@> =0,

~

Sj (elq.X Sj)k > = 1q X[S S])

19)

S, 2t ¥ s)" I = ' ¥ls., Is,, s.1D"|

We twice used the property [O, ,0, ] = [0,,0.] , valid for
arbitrary restricted 1-nucleon operators O, , O, , in obtaining these

identities.

Note now that 7) gives [Si’[si'sj]] = (1-5ij)Sj . The sum of

these commutators run over the indices i = X,y,2 , yields 2 S. , and
the corresponding sum of the operators §i2 is gz . All this hold

equally well if we write Ti ,Tj instead of Si 'Sj . Therefore,

§2 (eiq.X Sj)k > = 2 (eiq.X Sj)’_|9>
?.2 (eiq.x Tj)F > = 2 (eiq.x Tj)l-|9>
20)
G 5" |9 ik 9% s )" 0>
T T e = i @I T e

with k # i,j , denoting by eijk the Kronecker's symbol for i,j,k =
X,¥,2 (defined as 0 when (i,j,k) is not a permutation of (x,y,2) ,
and as 1 or -1 when (i,j,k) is an even or an odd permutation of

(x,v,2) , respectively)
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We can change Sj , Sk into their product with T‘.. , and

Tj , Tk into their product with S,.. (j,j' ==%x,y,2) in 20) , because
elq'X S

’

the three operators - and Tj commute. This commutativity

v 2 -

implies also that the three extended operators §i = Si , T.=T. and

j j
(e**)" commute for any two given indices i,j = x,y,2 . This property

gives us in turn, using again §i |Q> = Ti |Q> = 0 , the identities

§i (elq'X )'_|Q> = ?i (elq‘X)P|Q> = 0
21)

S. (elq'X Tj)"|§z>

: ?i (e*9-% sj)*|sz>

1
(@]

which shows that the p-h states (elq’x)k|§z> have a zero total spin

and isospin.

The p-h states (eiq'x oi)"|52> are, according to 20) and
21) , states with total spin 1 , total spin projection zero along the
i-axis , and total isospin zero. Similarly, (eiq'X ri)’_|$2> are p-h
states with total isospin 1 , total isospin projection zero along the

isospin i-axis, and total spin zero.

From 20) and 21) follows also (remembering the comments

made above on a possible modification of 20) ) that

Q iq.X S T,r _ iq.X S T+
SZ ( M N) |Q> - M( OM N) |Q>
A ig.X S T iqg.X S T
T, (e q- oy N*|sz> = N (9 )|sz>
22)
§? (' o> e = s(s*1) (7 o )
T2 oy IR = 1) @ F op e

. S T .
with oy , 1ty given by 9) for ST , M, *N = 0,1 , [M| <5, |N|
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€T . Thus, (elq'x og tg)'_|$2> is a p-h state with associated total
spin and isospin S and T , and total spin and isospin projection M ,

N (along the reference spin and isospin Z-axis ) , respectively.
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2.3 COUPLED P-H BASIS ELEMENTS

The arguments and results of our discussion above on the spin and

(e19- %4

isospin of the p-h states CTD)}-|Q> hold also when we substi-

tute the operator elq'X fB for elq'x , with fB given by 15) .
Now, elq'X fB c; 15 and elq’X fB may be in particular, if fB(p)
= ka /2 , the operators
qST - +q00 S T
Q" k- = Q" k-00 % n
23)
Q kCIOO; = %Z|k+q’s’t> <k,S,t|
I

Therefore, the p-h states defined by

+ . -
24) |(k*q) 'k'SMIN> = Q quT

>,
that we sometimes denote by |q;k SMIN> , satisfy the identities

M | (k*q) Kk SMIN>

§z | (k*q) k™ SMIN>

T_ |(k*q) Kk sMIN> N |(k*q) Kk SMIN>
25)

S(5+1) |(k+q) k SMIN>

S% | (k*q) Kk sMIN>

T2 |(k*q) K 'SMIN> = T(T+1) |(k*q) k SMIN>

Consequently, the states l(k*q)+k-SMTN> , that we define as non-zero
only for |k| < kp < |k*q| , and -S <M <SS, -T<N<T, (-1)5_M =

21, (-nTN

t1 , are (single) p-h states (relative to [Q> ) with
associated spin S = 0,1 , isospin T = 0,1 , spin projection M (along
the Z-axis ) , isospin projection N , particle momentum k+q , hole

momentum -k , and (total) momentum q .

An explicit expression for these states in terms of the p-h
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states |(k+q,s',t')+(k,s,t)_> considered originally is

| (k*q) Kk SMIN> =

26)

é—z |(k+q,s',t')+(k,s,t)_> <s| OS |s"™> <t] 1;{; |t'>

sttt

From this expression, the equalities

172 Tr (oo 5y = 5.6
r iy Oy/ = Ogg Oy
27)
T* T
1/2 Tr (TN TN.) Sepp GNN' ,

and the orthonormélity relations in 27);1 for the states appearing in

the r.h.s of 26) , follows that

<(k+q)+k'SMTN| (k'+q") +k-S'M'T'N'>
28)
5

= 8 §

ss' Ot S O Sqq Skk' -

assuming that |k| , |k'] < ke . lk*ql , [k'*q'| > k apart from the

F Id
standard conditions -S < M <S , -T < N< T, for the integers M , N

corresponding to S,T = 0,1

The set of all (non-zero) states I(k*q)+k-SMTN> constitutes
then an orthonormal basis for (single) p-h states (relative to |2 ),

and the sum of all these states, corresponding to given fixed values

iq. X s T

q,S,M,T,N , is the collective p-h state 1/2 (e Oy ‘[N)'—IQ> ,

according to 14) , and 26)
It is useful to realize that the equality 26) is equivalent to

| (k*q) k™SMIN> =
29)

T %%S %%T - S'_t' + _e!' _+"Y™
L CSS'M CttvN ( ]) ‘(k+q,S,t) (kl S 7 t) > 14
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where Ccl 123 3.6 the standard (Condon and Shortley)
mym,mj
Clebsch-Gordan coefficients, and the sum is performed over all values

s,s’,t,t' = t1/2 (with the restriction s + s =M, t + t =N, if we

wish). This result becomes obvious noting that

l_ ! S , 1l 1lgs
(-1*7° <s| oy Is>/V2 = CI 24
30)
z-t T . . ~3 3T
(-1 <t] 1y |t>/V2 = Ci tN

These two equalities can be considered, if we want, as a fundamental
definition of the spin and isospin operators oﬁ and ’[; , that speci-
fies these operators as '"irreducible tensor operators” of rank S and

T , respectively.

According to 29) (or to 23) and 30) ) the excitation opera-
~ + g
tors Qkkgsg = Qkigf& that acting on |Q> create the p-h

+ -
states |(k*q) k SMIN> can be expressed as

~ k+qST
Q K~ MN
31)

s' -t F

SS'M ttvN <kl—s I-.‘t |

11 11
Z CZZ S CZET lk+qls,t>l’-(_1)
The values of k and g here are arbitrary (apart from the
restrictions on them arising from the p.b.c that we assume on the box
V, enclosing the nucleons) . This allows us to express the collective

i b
p-h excitation operator 1/2(elq'X ol\s,[t:;) as the sum of the operators

ﬁkagzg over all k (allowed by the p.b.c in V,)

~lr+
An explicit expression for the operators Qkk-q;g for the

different values of S,M,T and N for which they do not vanish, can

be obtained using the appropriate values for the Clebsh-Gordan coeffi-
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cients in 31) . The result is:

6";988 = % > lk*q,s, t>" <k,s,t|"
5t

akl:—q(l)g = %_ Z lk*q,s,t>"§ <k,s,t|"
5.t

ék;-qgé = —;: z k+q,s,t>" t <k,s,t|"
St

ék;—q(l)é = é szt lk*q,s,t> § t <k,s,t|"

32) Q< a0 = 2 g Ik+q,s,t" (-3) <k,-s,t|"
Qk;;—qg{l = ‘,—; g lk+q,s, > (-1) <k,s,-t|"
ék;'-qé% = /% g k*q,s, t>" (-t s) <k,s,-t|"
Qk+q§é = 7% 2; lk+q,s, t>7(-8 1) <k,-s,t|"
ak:(_qé% = lk*q,s,t> § t <k,s,t|" ,

R 1. 1. . .
where t=(—1)2t,§=(-1)2s,thatis, t=2t, s=2s.

. . : ~ K'ST _ k'sT "
It is sometimes convenient to use Q-kMN = Q-kMN to
denote the operator 6&-;; . If we use this convention we can write,
~Ak'sT  _ 73S ~3 3T Coo -

33) Quun = 2 CiliyCigy IK.s.t,2" ks>,
defining, for arbitrary momentum k , spin projection s = *3 , and
isospin projection t = #3 ,

lk,s,t,*>" = |k,s,t>"
34)
|k/sltl->}- = (-1)1—S-t <-kl—sl-tl‘- ’
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which is equivalent to define |k,s,t,-> = (-1)s_t<-k,-s,-t| , and
|k,s,t,*> = }k,s,t> . The C.A.R.'s for single nucleon creators and

destructors become this way, with X =z,

[ <k,s,t,x|", <k',s",t',\']"] 0
35)

kk' Gss' att' 6)\)"

[ <k,s,t, 7], [k',s' t',A">"] 8

It is also convenient, in view of 29) and 31) , to define

l(k*q) ,s.t> = |(k*q,s,t)">
36) Ik, s, > = |(k,-s,-t)"> (-1t
(k*q) K (s,s) (4, t)> = [(k*q,s,8) (k,-s',-t) 7> (-5t |

The state |(k*q)+k-(s,s')(t,t')> may be denoted for simplicity by
Iq; k (s,s")(t,t')> and | (k*q) k™ SMTN> by |q;k SMIN> . The states
|(k*q)+(-k)_(s,s')(t,t')> and ](k*q)+(—k)'SMTN> may be denoted also
by |(k*‘q)k(s,s')(‘c,t')>ph and l(k+q)kSMTN>ph , respectively, if we

wish. A notation similar to this one is used by some authors.



45

2.4 CONTINUOUS BASES AND COLLECTIVE STATES

The elements |(k+q)+k_SMTN> can be interpreted in the limit of

Ak = (2m)?*/V, --> 0 as the elements |(k+q)+k_SMTN}‘/d3k , where
d*k = (2m)°*/V, is infinitesimal, and [(k*q)+k-SMTN} are states carry-

ing a "8-function” normalization w.r.t the momentum labels k , and
a unit normalization w.r.t the momentum transfer labels q and the
spin and isospin labels S,M,T,N (when they do not vanish). Then (for

Ikl € kg < |k*aq] ),

{q;k SMIN|q'; k' S'M'T'N'}

37)
= GSSV 5MM1 GTT' 6NN' qu. G(k"k) ’
writing |q;k SMIN} = |(k+q)+k-SMTN} . This state can be expressed
obviously in terms of the states lq; k™ (s,sD)(t,t)} = (-1° -t

|(k+q,s,t)+(k,-s',—t')_} of é&-function normalization w.r.t k , and
unit normalization w.r.t q,s,t,s',t' , in exactly the same way that
|q; k SMIN> = [(k*q)+k-SMTN> is expressed in terms of the states

s'-t'

lq; k (s,s")(t,t')> = |(k+q,s,t)+(k,-5',-t')_> (-1) . Thus,

| (k*q) kSMIN} =
38)

%';‘S %%T s'-t' + ety
> CIZy City G170 H(kra,s,t) (k,-s'-t) ),
The states l(k*q,s,t)+(k,s',t')_} can be interpreted as a result, as
the states |(k*q,s,t)+(k,s',t')->/v/A3k in the limit of A%k = (271)%/V,
-=> 0 .

The part of the state |q;k SMIN} with an associated definite total

angular momentum M, along the Z-axis is also of interest. [t is

given by ISM |q; k SMIN} where
J
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~ ~

39) Py = (mt fdy UM
J

is the projection operator over the space of the eigenstates of the
Z-compoment JAz of the total angular momentum J  with eigenvalue

My The integration indicated in the r.h.s is a usual integration over

all angles ¢ in the interval (0,2w)

Let us suppose now that we choose the (positive) direction of
the Z-axis as that of q , so that the operator e_ide" that performs
a rotation around the Z-axis through the angle ¢' changes
|q:k(8,¢) SMIN} into |q;k(8,¢+¢') SMIN} , assuming that we are con-
sidering here an infinite "quantization wvolume" V, = (21)/d*k . We
denote by k(8,¢) a given momentum k of absolute value |k| , of
angle 8 w.r.t the Z-axis, and projection kp on the X-Y plane
that makes an angle ¢ with the X-axis (in a counterclockwise direc-
tion w.r.t the Z-axis ). Thus (l1k|,8,¢) are the standzrd spherical
coordinates of k(8,¢) , and (]|q},0,0) those of q , using the Z-axis
as the polar axis for these coordinates. On the other hand, ji =L, +

§i ., where T‘i = Lx 'T'Y ,ALZ are the cartesian components of the orbi-
tal angular momentum operator L (for a multinucleon system), and §i

S, ,S

= §x 'Sy , are the corresponding components of the (total) spin

operator S . We then obtain,

Py la:k(e,¢) suInN} =
J

40)
L1019 §d¢.ei(MJ-M)¢' lq;k(8,¢') SMIN}/27

for g = |q] e, . where e, s the direction of the Z-axis. Using
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39) we see that

{q;(k,e)"MJSMTN[q';(k',e’)'MJ's'M'T'N'} =
41)

5 aqq' 6§(cos8 - cos8') G(R—k')/kz .

v Baer Byt G By
IIJMJ SS° MM "TT °NN

writing for convenience k = |k| , k' = |k'| , for the states

lq; (k,8) 'MJSMTN} specified by

42) f’H la;k(8,¢) SNy = o +(MyM)e lq; (k,8) M SMIN}/V2n
J

Note also that Mo=M; - M is the total orbital angular momen-
tum along the direction of q (the Z-axis) of the states

|q;(k;e)'MJSMTN} , and that 40) and 42) imply

lq;k(8,8) SHTN} = S |q;(k,0) msumw) e (M zn
My
43)
1q; (k,8) M, SHTN) = ¢ dg |q;k(e,9) sumny et (a8, g

The set of all states |q;(k,8)_MJSMTN} corresponding to all

possible values k< k., 0<08 <7

. , S,#M,T,*N = 0,1 and M, =
<

! J

0,1,2,3,...., with -S M S, -T <N < T, constitute then a basis

IA

for (single} p-h states for nuclear matter, having a total momentum

q = |al e, .

The states |qg;(k,8) MSMIN} , which have zero total orbital angular
momentum ML =M, - M along the direction of q , will be denoted by

|q; (k,8) SMIN} . Then
44) i (£,0)"SHIN} = §ds |a;k(8,¢) SUTN)/VZT

with g = |q] e, , as before, so that kz = |k|] cos ¢ is the projection
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kq=k.q of k along q .

According to 43) and 44) the collective state

45) |q;SMTN} = d®k |q;k sMIN}

1 See—

q

defined with an integration over the momentum-space region @

including all momentum values k s.t |k| < ke < |k*q| , can be

expressed as

46) |q;SMIN} = deZk(e) lq; (k,8) SMIN}
Q {2)
“q
with  d?k(8) = |k|? d|k|] dcosB , performing the integration over all

values (|k|,cos8) , or equivalently, over values (}k|®/3,cos8) s.t

k(8) k(8,0) belongs to S_Zq .

An straightforward generalization of the equalities above to col-

lective states |q;MJSMTN} of total angular momentum MJ , and spin

angular momentum M , along the direction of q , is

|q; M SMIN) = A7k |q;ksurny et (Mg ey

1K S

q
47)

= V27 J d?k(0) [q;(k,e)'MJSMTN} ,

Q {2)
=q

where ¢k is the azimuthal angle of k relative to q i.e ¢k = ¢ for

k = k(e,¢) and gq = |q] e, . Then, |q;MSMIN} coincides with
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The symbol S_Zq‘z’ indicating the integration range in 46) may
denote the set Qq(O) of all values k(8) in Qq , or some other set of
values characterizing that integration range, as the set of all pairs

(|k}%,cosB) mentioned above, or the corresponding set of values

(k,cos0) , with « = lkl/kF , depending on the integration variables in
use.
K K k= lki/ ke K
_ e ] ' = 11/ ke a®
. -~ . - ) -‘]‘-kz {
R CF ¥ 7a K P S,
! N | \/ _ ‘, . S // -
PO RN N B S A
Sl TS e D e
T A R -
>:050 5068 L LA s eoce
-1 -1q:2 1 -1 1
0 <g<1 q > 2

In any case we define

2) = 2
48) 2, [ 42k ()

Q {2)
=q

as the weight of Qq‘z‘ . Then Qq‘z’ = Qq/(21r) , where Qq is the momen-

tum-space volume (or "weight") of Qq discussed in 1.85 . Therefore,
(2) 3 - 2
49) Qq /kF = q(lz - g7)/24 , 0<g<2

with q = |q|/k. , and Qq‘z’/k;’ =2/3 for q22 .

F ’

The explicit reference to the sets _S_Zq and Qq‘z’ in the inte-
grals given above is not actually needed because the states |q;k SMTN}
and |q;(k,8) SMIN} would vanish if k = k(8,¢) were notin 2_ , or

k(6,¢) did not correspond to a point inside Qq . However the men-

tioned reference to the sets Qq , Qq‘z’ is convenient. |t helps to see
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easily, using 46) , that
{q;SMIN|q';S'M'T'N'} =

50)

The squared norm of |[q;SMIN} , which may be defined as its

"weight" , is then Q_ = 27 @ '® , and
d q q
51) | q;SMIN> = ]q;SMTN}//Qq

are orthogonal p-h collective states of unit normalization (or weight)
These results remain true if we write |q;M;SMIN} and |lq';M.'S'TM'T'N"}
instead of |q;SMIN} and |[q;SMT'N'} , respectively, introducing at

the same time 'the additional factor factor GM M. in the |.h.s of
JJ

50) . On the other hand, we can write

(q;SMIN|q';S'M'T'N') =
52)
in the limit of V, --> «» , for the collective states

53) o JaqisuIN) = Qpi(q) (@

A~ +
specified by Qpy(q) = Qoi(q) and

S +qST
54) Qp(@) = > Q< et
k

We use here a sum over all possible values k (allowed by the p.b.c

in use), so that

AST 1, iq.X S T.*r
55) Quula) = > (e oy Ty)

However, this collective p-h excitation operator creates, acting on



51
I2> , the same collective p-h state |q;SMIN) as the operator

-
(1F Q;;\rl(q) lF) , which is given by the sum of the operators
A k+qST
Qi uw
< kF < |k*q] , which are those in Qq . The projectors 1F , 1F used

over all values of k that satisfy the Fermi condition |k]

above are those associated with [Q> , or equivalently, with kF ,

defined in 17)

Remark
Let Q" be any single p-h excitation operator (defined as some |I.c
of operators |k,s,t>"<k',s’,t'|") . Then Q2> = (lF Q lF)"|5'2> .

Moreover, if Q7, Q'7, are single p-h operators s.t Q"|®

. F F . .
Q9> , then 1 Q 1F = 1 Q 1F , and vice versa . ©

If the quantization volume V,; in consideration is finite we
would substitute éqq./A:'q , with a°q = (21)/V, , for &(g-q') in
52) and modify appropriately the value Qq in use if kl__3 V, is not
large enough compared to 1 . It should be observed that the p.b.c in
V, allow for g the same values that they allow for the single nucleon
momenta k , and that these values become arbitrary position vectors in

the momentum space for an infinite value V, = (21)/d®q .

The collective state |q;SMIN) , which can be interpreted as the

element |q;SMIN}/Vd®q when V, is infinite, can be expressed as

56) |q;SMIN) = J d’k |q;k SMIN)
Q
=q
in terms of p-h states |q;k SMIN) that may be interpreted in turn

as the elements |q; k SMIN>//d°kd’q , and/or the elements

|q; k SMIN}//d®q . Then
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(q;k—SMTqu';k'-S'M'T'N') =
57)
which implies 52) , using 56) . Note also that all relations given
before concerning the states |q;(k,9)_MJSMTN} and |q;M;SMIN}  remain
valid when we substitute for all states |q;...,N} used in them the cor-

responding states |q;...,N) , (which may be interpreted as the ele-

ments |q;...,N}/V/d®q ) , and change qu. into 6(g-q') in 41)

~ [
This implies that the operators Q, ;;(q) = Qy r?u'ﬁ(q) s.t
J J

QM bsﬂ"g(q) is given by the r.h.s of 54) when we introduce there
J

the factor ei(MJ'MMk', are, for an infinite volume V, = (21)%/d%q ),
the p-h collective excitation operators that creates, acting on |@> ,
the p-h collective states |q;MJSMTN) , independently of the Fermi
momentum kF in use. The corresponding operators for the states

'—
|q;MJSMTN} will be denoted by Qq ST Qq ST . We can then write
J

Qq ST (q) vd®q . We define also qun'fl

(at least symbolically) QMJMN

QMMN , in analogy with Qﬁ;’(q) = Qms;,(q)
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2.5 COLLECTIVE STATES AND WEIGHT FUNCTION

The momentum variables kq = k.q, kp = |kxq| , where q is the
direction of q , can be used conveniently in 47) . Since we are
assuming that q is the positive direction e, of the Z-axis, we have
kq = k cos 8, kp = ksine, for k = k(8,¢,kq) . The values
(kp,¢,kq) are then the standard cylindrical coordinates for k .

Using these coordinates we rewrite the states |q;(k,9)—MJSMTN}
as |q;(kp,kq)'MJSMTN} , modifying their normalization, to have
; k ,k "'M SMTN v; k ',k ] 'M vSvaTle =
(a; (kg ko) MySMINTQ; (kT k) My }

58)

This way we can write 47) as

-M_SMIN} = /2 : "M_SMTN
59 e = /2 | dk dieg 1 G k) S

Q 2)
q

and agree that the labels My can be dropped when they concide with
M . The corresponding expression for the squared norm Qq of

|q;M;SMINY s, according to 58) and 59) ,

60) Q9 = Zdek dk Kk
q p g “p

Q (2)
-q

This is of course the expression for the momentum-space volume of Qq
written as a volume integral in terms of the cylindrical coordinates
(kp , ¢, kq) , with the integration corresponding to ¢ already per-

formed.
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The region S_Zq is the part of the momentum-space sphere of
radius kF centered at k = 0 (Fermi sphere), which is not inside the
sphere of radius kF centered at k = - g . The set of wvalues
(kp,kq) that specifies the integration region Qq‘z’ in 60) is, as a
result, the part of the half circle kp'2 * (kq * |Cl|)2 = sz . This

integration region can be viewed as the intersection Qq(qs) of Qq and

any given semiplane having a fixed azimuthal angle ¢ in the momentum

space.
ke - 14
il
2

Let us express now the equation of the perimeter of the circle

kp + kq?' = sz , and that of its intersection with the circle

kp2 * (I<q + |q|)2 = kFZ , corresponding to the abscissae kp 2 0 and

i > - = =
the ordinates kq > -|qi/2 , as kp k+(kq) and kp k_(kq) ,
respectively. Let us further agree for convenience that k_(kq) =0
for kF - lq] < kq < kF ,
d k_ < - 2.
an q lq|/

and that k+(kq) and k_(kq) vanish for

kqskF

Under these conditions the integration region Qq‘z’ in the kp

vV.s kq plane, needed in 60) , is the one enclosed by the curves kp

= kz(kq) , and
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61)  kT(k) = kg" - (kg * Al L if kg < -1 < kg s kgolal
k+(kq) = k_(kq) = 0 , otherwise
Moreover, we obtain
kF k+(kq)
Q= 2n5dk Jk dk
q q PP
19
(=] k_(kq)

That is, introducing the weight function kq -+ WF(kq) ,

2, = [ wglk)) dkg
62)

_ 2 2
welkg) = m (k) -k “(k) )

. - 2 . -
The expression for wp = wF(kq)/(v kF ) as a function of Kgq =
kq/kF obtained from 62) and 61) is precisely the expression for wp

= 4/3 dWT/qu as a function of Kg = k| cos® /kF considered at the

end of the first chapter.

Using for the integrals in 59) a procedure similar to the one

used for those in 60) , we obtain

|q; M SMTN} = j /wF(kq) lq;kq_MJSMTN} qu
63)
lk,,(kq)
- 2 T 3 -
; M_SMIN} = :
Iq,kq 3 } (WF(kq)) J Iq,(kp,kq) M SMIN} kp dkp
k_(kq)

The integration limits in the last integral may be omitted because its
integrand vanishes when kp is outside the range (k_(kq),k+(kq)) .

It also vanishes when this (open) range is empty, or equivalently,
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when wp vanishes. That is, for kq outside (-|q|/2,kF) in gen-
eral, and when kq < -kF , if g 2 2 kF . Consequently, we may
introduce the integration limits -|ql|/2 , kp (or -kg kg if |ql/kF
> 2 ) in the first integral in 63) , and in 62) , if we want. Apart
from this, we may omit the labels M, oin 63) when they are equal to

M . Then Iq;kq_SMTN} denotes lq;kq_MSMTN}.
The states |q;kq—MJSMTN} , which are normalized so that

{q;kq M SMTN| q ;kq M 'SM'T'N'}

64)

= GMJMJ' SSS' dMMl GTT' GNN' qul é(kq'kq) ’

are orthogonal eigenstates of the (non-relativistic) kinetic energy oper-

ator, with excitation energies
65) e (a, k) = lal®/2m, * |q] k_/m

relative to the ground state |Q2> of the noninteracting system of

nucleons.

According to these results the "unit weight" collective p-h
state :M_SMIN> = ;M_SMTN}/VQ h ight w.(k dk _/Q in the
lq la;M; } q has a weig gl q) o' %
kinetic excitation energy range (eK ;e * lqlqu/mN) . This weight
may be called a the fractional weight in this range corresponding to the
states |q;MJSMTN} and |q;MJSMTN> , or to any other state proportional

to them.
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TWO-NUCLEON POTENTIAL AND STATES

3.1 SYMMETRIES OF THE POTENTIAL

We will assume that the interaction between the nucleons of the system
in consideration is that arising from the interaction between each pair

of nucleons in the system via a 2-nucleon potential,

V = X <kllC1IkZIC2| V |k1'IC1'Ik2'Ic2'>
1)

x |k11C1/k2/‘:2> <k1’rC1'lk2'lC2'l
Since the states of a multinucleon system are always antisymmetric we
can use instead of this potential, if we wish, its corresponding anti-

symmetrized form

b4

l | 1 1 1
Vi= 3 2 <ky gk, gal VOIK 8 ke s>

x | (ky,21)(kz,22)> <(k,',z:)(kz',z2")|
2)

‘i‘ Z<(k1,C1)(k2,Cz)| Vo(k,y', 2, ) (k' 227)>
x (ki 21)(Kke,22)> <(k,,z.)(k.',z.")}|

We use the labels ¢,z',..., to denote the spin 1/2 - isospin 1/2 pair

of labels (s,t) ,(s',t') ,..., so that |ki,z;i> Iki’si’ti> , Iki',ci'> =

|ki',si',ti'> , etc. , with si,si',... = 1/2 , ti,ti' ... = t1/2 . The

57
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elements lk,z, k', ¢'> = |k, z>lk',z'> denote the unsymmetrized

2-nucleon states

| (k, k), (s,s"), (t,t)> Ik,s. t, k',s", t">

3)

|k,s,t,k',s",t'> = |k,s,t> |k',s', t"> ,

where s,t,s',t = £1/2 , and |(k,g)(k',2')> = |k,z,k',2'>"V2 stand for
the corresponding antisymmetrized states | (k, k) (s,s")(t,t")> =

{(k,s,t)(k',s",t')> of unit normalization:

|k,s,t,k',s',t'>t V2

I(k,s,t)(k',s",t")>

4) lk,s,t>Vv |k',s", t'>/V2

[k,s,t>|k',s",t"> - |k',s',t'>|k,s,t>

|k,s,t>Vv |k',s", t'>

Any pair of round parenthesis may be omitted, or introduced, in the
symbol for a given state, if no confusion arises from this. By examﬁle,
we will write |k,k',s,s", t,t'> for |(k,k'),(s,s"),(t,t")> . Similarly,
|(k,k')(s,s')(t,t')> can be expressed as |k, k'(s,s")(t,t)>, if we
wish.

We assume always that V commutes with the "exchange" oper;
ator P,, specified by (the linear extension of) P,, |K;,8:,k.,2,> =
lkz2,%2,.k,,2,> . This is equivalent to saying that V commutes with the
2-nucleon antisymmetrization operator 2 = (1-P,,)/2 . Therefore, Vt
= 19 v "1  coincides with both "1V and V “1? . We assume also

*
that V =V i.e that V is hermitian. Consequently,

<ky,Z1,.ki.220 V Ik za ke g

"

<k2/C2lkllCJ.| v Ikz',C2'Ik1',C1'>
5)
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1] A 1] L} *
(<ki,z1. ki, 220 V Ik, 20, K2, 827>) =
<k1'r61'1k2'1C2" v lkIICIIk21C2> ’

*
for arbitrary momentum and spin-isospin values, denoting by 2 the

complex conjugate of a number X . These two equalities constitute
another way of expressing the "exchange symmetry"” and the herm-

icity of V , referred to above.

The connection between the matrix elements of Vt and those of

V can be expressed in several equivalent ways. In particular

i 1 A} T 1
2 <k1r§1;k1152| v Ikl Icl Ik2 1C2> =

<(ky,20) (ke 2201 V5 (K2 ) (Ke'h e )> =
6)

<(ky, ) (ky, 22 V [k, gk, 2,")>

<k1/C1/k2/C2| v lk1'/§1'/k2'1C2'> ’

defining for convenience V=V (1 - P,;) . Then vi=1/2V , and

<k1,C1,k2/§2| \7 |k1'1C1'1k2'IC2'> =
7) <ki,21.ky, 220 V Ik, ke, 2> -
<k11£11k1/;2| v 'k2'r52',k1',C1'>

The second term in the r.h.s of this equality is usually referred to
as the '"exchange term” w.r.t to the first term in the r.h.s , and

P, V =V P,;, as the exchange potential corresponding to V .

Apart from these general properties, we assume that the partic-
ular non-relativistic interaction under consideration is invariant under
total space inversions, conserves the total momentum of the nucleons,
and is independent of the c¢.m {(center of mass) momentum of the

interacting nucleons. Then,
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<k,,%:1,K2,82) V lky' g, k', g™ =
<-ki,%1,-k2,22] V [-ky', ¢, -ke', g™ =
8) = (2m° Vil s

x

kitks, ky'*k,'

\'% ’(kl_kZ_k1'+k2'rkl-k2+k1'_k2') 1
2 2

51828122

with some finite elements

9) (p,p') =V (-p,-p) =V (-p,p')* ,

VClCzCLVCz 320182 ¢y £1'22'C1,22

using, as before, p.b.c in a box V, of volume V, enclosing the
nucleons. The equality of the first and last expression in 8) implies
the invariance of the interaction wunder arbitrary space translations,

in the limit of V¢ --> =

Remark
The matrix elements (k,,Z,,k2,22] V |ky',2.:',k2',Z2') corresponding

to the states |ki,21,k2,2,) , defined as the states |k,;,Z2:,Kkz.,22>

divided by (a%k a°k")? , with A%k = A%k’ = (21)°/V, , become

V ' v(kl'k]_',kl'kz') timeS 6(k1+k2'k1"’k2') WhEn Aak = dak ’
18281 3, _

that is, when V, --> « . O

We assume in addition that the potential V is invariant under
arbitrary space reflections and time-reversal, under simultaneous rota-
tions of the space and spin coordinates, and under arbitrary rotations
in the isospin space (charge independence). The last mentioned prop-
erty, which hold approximately for real nucleons (in absence of e.m
fields), together with the other symmetries referred to above, may be
considered as part of the definition of a 2-nucleon potential appropri-

ate for nuclear matter.
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The invariance of V under time reversal, taking into account

the hermicity of V and the first equality in 8) , means that

1 t [ [ t 1 -
<k11k2151/52rt1/t2| v Ikl Ik2 +S1.S2 /tl It2> -

10)  (plsafsemsamsa)

' L Al 1 1 A}
<k1 /kz ,~S1 ,°S2 /tl It2 I Vv Ik11k2r-51/-521t1/t2>

On the other hand, the other symmetries imply that the matrix
element in the l.h.s of 8) remains invariant under each one of the

transformations

(k1,k2)’(k1'zk2') -2 (k2,k1)/(kz'rk1')
1) (514152),(51',52') -=> (32151)1(52'151‘)
(tlltZ)/(tl'ltZ') --> (tZItl),(tZ'/tl‘)

That is, the potential V is invariant, separately, under the exchange

of the space, spin, and isospin coordinates of each pair of nucleons .

As a result, the total spin S and isospin T of a 2-nucleon
system is conserved by the interaction V . The total isospin projection
N is also conserved by this interaction (charge conservation), together
with the total aﬁgular momentum J and its projection MJ (in the limit
of V, --> « ) , due to the rotational invariance properties of V . In
contrast, the total spin projection M is not conserved in general with
the potentials usually assumed for nuclear matter (due t;:> a non-central

or '"tensor force" part in these potentials) .
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3.2 RELATIVE MOMENTUM STATES

The momenta k and k' of two nucleons can be specified through

their corresponding total mometum k+k' , and relative momentum

(k-k')/2 . We can then write,

[k, k',s,s", t, t'> =

Ik*k';ﬂ,S,S',t,t'> = |k+k'> |————k_k ,s,s,t,t>
2 2
12)
lk, k', SM,IN> =
Ik*‘k';ii;}'—k,SM,TN> = |k+k'> ]%K,SM,TN>

The states in the last two lines are states with total spin and
isospin S,T = 0,1 and total spin and isospin projections M,N , defined
for integer values |M| £ S, |N|] £ T through standard angular mom-

emtum coupling of the states in the preceding two lines:

' — 335 HT
Lt = .22 22 1 t '
|k, k",SM,TN> > C’ss'M Ctt'N tk,k',s,s’, t,t'>
13)
k-k' o . N ~3ES 3T koK, L
i 5 ,SM,TN> = 2 CSS'M CttvN IT,S,S LE >

We choose the Clebsch-Gordan coefficients in the r.h.s as

those of Condon and Shortley. These coefficients are real. Then,

11 )
ks st t> = > CES eR i, sn e

'M “tt'N
14)
k=K' s o 3ts 33T k-k'
I2 ,s,s ,t,t'> = chs‘M Ctt'N |2 ,SM, TN>

The equalities in 13) and 14) can be considered to be a con-

sequence of
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1
|SM> = ZCZ;; Is,s">
15)
11
|TN> = Zcff,z [t,t'>
defining |s,s'> = |s>]s"> , |t,t'> = |t>|t'> , and
16) k. k', &, n> = k> |[k'> |&> |n>
k-k' k-k'
I 2 /grn> = I 2 > |£> ln>

The labei & denotes the pair of spin labels (s,s') or SM,
and n the pair of labels (t,t') or TN , independently of which

choice is used for £ . On the other hand,

_U
i
=
+
[
=~
T
N
+
ko)

17) <eao>
p = 5 k' =

N|o

Therefore, the identities in 12) are particular case of the identities
P P - _
18) |§+p,§'P,Z,n> = IP;P,E,TP = |P> IP,E,TP

We will agree that the elements |k> , |P> and |p> used
above belong to independent spaces (despite the notation) and that, the
direct product of two elements |f> , |g> that belong to "independent”
spaces, like the elements |[s> and |t> , is commutative. Then, in

particular,
19) |P;p> = [P> |p> = |p> |P>

In constrast, |k,k'>= |k>|k'> and |k',k> are othogonal, unless k

= k' .
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The allowed values for the relative momentum p in the states
|P>|p> specified by 18) depend in part on the value of the total
momentum P and vice versa, when V, is finite, due to the restric-
tion on the single nucleon momemtum values k = P/2 + p , k' = P/2 - p
imposed by the p.b.c in the box V, . However, this partial con-
nection of |P> and |p> can be ignored if V, is large, and disap-

pear if V¢ is infinite.

Remark

Since |k>|k'™> = |P>|p>, |k'>|k> = |P>|-p> when P = k*k' , p =
(k-k')/2 , we can not have |k>|k'™ equal to |k'>|k> unless p =0 .
Note also that k , P and p may denote the same momentum value
{even if V, is finite). This shows that our notation becomes ambigu-
ous when 19) is used. However, we can remove th'e ambiguity writ-

ing, by example, |P> <P| instead of |P> and <P| , and

cm 7 cm

|p>rel ’ rel<p| ’ instead Of |p> and <pl , respectively .o

Note now that <g|&'> = 65};' holds whether |£> represents the
states |s,s'> or the states [SM> . Similarly, <nfa'™> = snn' for both

In> = |t,t"> and |n> = |IN> . This gives,

<PIP'> = &

20)

< r r '[ l( '> = 6 '6 '6 1 Y
p.&.mlp.& ,n op’ Sre 00y

defining <p|p'™> = 6pp. . These identities can be expressed as

(PIP) = &(P-P")
21)

(P:LMPUEVIH') = 5(P"P') ng' Gnn' ’

in the limit of V, --> « , defining |p) = |p>/VA’p , and
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IP) = |P>/VA’P
22)
Ip.&,m) = |p,&,n>/VA%p

For finite V, we may write A°P A’p = (21r)‘*/Vu2 , and we choose

AP = A%p = (2m)%/V, for simplicity.

Remark
The allowed values for P and p are given by P = k, p =
k/2 + k' , or equivalently, by P = k *2k', p = k/2 , with single

nucleon momenta k,k' compatible with the p.b.c in V, . This gives
AP A%p = A%k APK' = (21r)5/V02 ,

interpreting A°P and A%p as follows. Suppose that we use the first
alternative mentioned for P and p as functions of k and k' . In
this case we may define AP as the volume (21)%/V, of the cells
associated with the lattice specified in the momentum space by all
allowed values P = k , and A%p as the volume of the cells associated
with the lattice specified by the allowed values p = P/2 * k' corre-
sponding to a given value P . If we use the second alternative we can
define A°p as the volume A%k/8 = 7%/V, of the cells associated with
the lattice specified by all allowed values p = k/2 , and A®P as the
volume of the cells associated with the lattice specified by the allowed

values P = 2p *+ 2k' corresponding to a given value p . o

Every 2-nucleon state (antisymmetric or not) can be written,
according to 18) , as a product of a 2-nucleon c.m-state Izpcm>
( l.c of states |P>) and a 2-nucleon relative position state |y

>
rel

( l.c of states |p,%,n> ), or as a sum of this kind of products. This
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is useful in connection with 2-nucleon operators that can be factorized
into a (tensor) product of an operator acting on the c.m-states and

an operator acting on the relative position states.

A trivial example is given by the unit operator on arbitrary

2-nucleon states

23) 1= > P> |p> [§> |n> <n| <g| <p] <P|

: 21 (@
This operator can be expressed as the tensor product 1cm1rel1s 1T

of the unit operators

Tem = 2 IP><P| lei = o P> <pl

cm rel
24) _
-Isr,2) - L |E> <g| , 1T\2) = Z |TI> |TI>

Similarly, the unit operator over the space of the 2-nucleon
relative momentum states |p,%,n> , given by > |p,&,n> <p,&.n| , can

be expressed as 1 = 1.2 1’1‘(2) . Therefore, 1?2 = 1cm 1

rel 'S rel °

rel

Another example is given by the total momentum operator P? =

P

em rel for a 2-nucleon system, which is the tensor product of the

operators P = > |P>P<P| and 1 Let us write also p@? =

cm rel -

Tem Prel 15‘2’ 1T{2’ . with p_, = > |p> p <p| as the definition of the

relative momentum operator for a 2-nucleon system. Then,

2 2
s
4mN My

25) K2

is the kinetic energy operator for any system of 2 nucleons.

The tensor products of operators referred above to are commu-
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tative, because their factors are operators acting on different spaces,
and we assume that |f>|g> = |[g>|f> for elements |f> and |g>
that belong to independent spaces. We remark also that the unit opera-

tors 1 , 1

cm 15‘2’ , 1T"2’ are not written explicitly in practice (at

rel ’
least not as elements differentiated notationally from the scalar unit 1)
in tensor products, like those in 25) , that should have them as fac-

tors.

Turning again our attention to the 2-nucleon interaction V
considered before, we note that we can express it as the tensor prod-
uct 1.V of the unit operator 1_ on the space of c.m-states, and

C

the operator
26) V o= > Ip.&.n><p,g,nl V [p &> <p &0

defined on the space of the relative position states. This implies,
using 18) , that
<ki,kz2,&,n] V [k k' 8 ,0> = (21)%/V, x

kl—kz k]_"kgv ' '
6k1+k2,k1'+k2' ( 2 /E,Tl| y I 2 Ig rn)

Comparing this expression with 8) we see that we can identify the

. «(p,p') appearing explicitly there with the matrix
$18281 G2

elements in the extreme r.h.s of 27) when (s,,s;) , (t,,t;) are

elements V

the values for £ and n , and (s,',s,') , (t,',t;') the values for &'

and n' , assuming that g, = (si’ti) . Note also that 27) gives

(kl’kZIgfnl V IqulkZ'IE'/n') =

28)

5(kytke-ky'-ko') (Kagke g np v Kazke g o
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in the limit of V, --> « , using 22) and lky, kz,8,0)
Ik, k', &, n>/Va kA®K" .

We assume now, up to the end of this chapter, that we are con-
sidering the limit of V, --> « , even though we will not state this
explicitly everytime that we use or write an expression involving the
volume V, . This permits us to equate A°k , A*P and A*p to the
infinitesimal quantities d°k , d°P and d°p , and use arbitrary (real)
momentum values k , P and p in the 2-nucleon states expressions
introduced above. Moreover, the values of P and p in the states

[P>|p,5, 0> = |P)|p,E,n)V/d®Pd®p can be considered now as completely

independent.

Under these conditions we can express the potential V as

‘——r‘ Al T 1 L 1 L 1

2) Vo= > Jd%d% |P;p.&,m} (p.E.nl V [PLE L) {P;p',E
= ij/f(d"Pd“pdap' [P;p.&.m) (p,&,nl V [p,&8",0n") (P;p", 8|
using |P;p,&,n} = |P>|p,&,n) , and [P;p,&,n) = |P)|p,&,n) . These
two states can be written also as |k,,k.,&,n} and |k, , kz,&,n) ,.

respectively, when P = k;*k, , p = (k,-k;)/2 .

" 1"

and

We will further agree that the expressions p,&.,n

"ki,kz2,&,n" , used as labels, may be changed into the expressions
"p,(z1,22)" and "k,,Z,.kz,z;" , respectively, without changing the
meaning of the elements where they appear, when & = (s,,s,) , n =
(t,,t2) . In this case both |p,&,n) and |p,(Z;,Z2)) denote, as a
result, the element |p,s,,s.,t;,t2) , and both lk;,k2,&,n) and
|ki,Z1,kz2,22) denote the element |k,,k;,s;,s;.,t;,t2) . This way we

can write, using 27) ,
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<k,,Z1.kz,22) V k', 2 k' 22> = (21)8/V, x

30)
kl'kg

k]"kg'
Slitka Ky vk, (T2

,(C1,C2)| ! l 2 I(CI'ICZ'))

Observe that the factor (27)°/V, in the r.h.s should be omitted if
we substitute the elements {k,,Z,,k:,2.] and |k, ,2:,k.;',z,'} for
the states <k,,Z,,k.,22] and |k;, 2z, k. ,2."> , respectively. More-
over, that factor should be dropped, and in addition 5k1*kz,k1'*kz'
should be changed into 6(k;*k.,-k, -k,') if we substitute instead
(ki,2y, k221 and  [ky', 2., k.',z;') for the two states mentioned

above.

Remark

We assume for simplicity that we do not incorporate any relativistic cor-
rection in the 2-nucleon potential V = > |P> V <P| . Otherwise, the
operator V would depend on total momentum P of the nucleons. In

this case we would write V(P) instead of V . o
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3.3 RELATIVE CONFIGURATION STATES

We can introduce conventions and expressions similar to those consid-
ered above, apart from the position of some factors 1/2 associated
with the transformation to the c.m coordinates, in connection with the
configuration space matrix elements of V . Thus, corresponding to
the expression 28) for the momemtum states matrix elements of V ,

we have the expression

(x1,%x2,&,0] V |x;,xz',8,0") =
31)

X1*Xz _ X3 '*Xp' C o e -
§(=5=2 - =-2) (x1-x, &, V Ixi'-x2, 8 0)

for the configuration states matrix elements of V , wusing the

2-nucleon configuration states

_ X1*X - X, *X
32) |X1,X2r£/ﬂ) - IITZ;XI_XZIE)IH) - |%) IXI_XZI};/") ’

The states |[x,,x.,%,n) are those given in terms of the states
IX1,8:1,t1) 2 |xy,s:,8> , [X2,82,t2) £ |X.,s,,t;> (defined through
9),1), in the same way that the states |k,,k;,&,n) are given in
terms of the states |k,,s,,t;) = |k, si,t:} , |Kaz,s2,t2) = |Ka,s,,t2}

(defined after 21),1 )

Observe that the <c¢.m transformation for the configuration

]

space position vectors x , x of two nucleons is given by the equali-

ties in the l.h.s , or in the r.h.s , of
R o= XX x = R*+Z
33) <--->
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The vector R is the c.m position of a 2-nucleon system with

nucleons in the configuration space positions x , x , and r the rel-

ative configuration space position of one of the nucleons w.r.t to the

other.

The states in 32) may be expressed as |x,;)|xz)|&)|n) ,
using (with x = x,,x,,... ) the configuration space position states
|x) = |x> specified as |.c of states |k> s.t <x|k> = e—lk'x/»/ AV

or equivalently, s.t (x]|k) = e—lk'x/(21r)3/2 . Then, since (x|x') =

§(x-x') , we use

(RJR") = &(R-R")
34) '
(r/‘ng]'r ,5 ,T]) = 6(r"r) 6g£' Gnn' ’
for R = (x;*x2)/2 , R'" = (x1:"*x2')/2 , and r = X;=-%X2 , M = x,'-%x,',

in analogy with 21)

Remark
Let (r,8,¢) , (r',08',¢') be the standard spherical coordinates of r

and r' , respectively. Then

6(r-r') = ﬂf—;;—) 5(cosB - cos8') 6(¢-¢')
. _ 1 - 3 . - 1 =
This can be expressed as 6&6(r-r') Grr.ﬁee.éw./d r , using 6&(r-r’)
Grr'/dr , 6(8-8") = Gee./de , 6(¢-¢") = 6¢¢./d¢ , and d®r =

r? sin8 dr d6 d¢ . Since d®r = r? dr d?r , with d?F = sin8 d6 d¢ ,

we obtain &(r-r') = 5rr'5,.r.'/(r2d2") , denoting by + and ¢ the

] ~ At

directions of r and r' . Then also &(r-r') = &§(r-r')é(r-r')/r? ,
using &(r-r') = ﬁrr./dzﬁ . Similar equalities hold for 6(R-R') and

s(k-k') . o
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The coordinate transformations in 17) and 33) are corre-
sponding momentum space and configuration space transformations, in

the sense that

35) eik.x eik'.x' - eiP.R eip.r
when the equalities in 17) and 33) are used. This allows us to
agree, since we are considering the limit of V, --> «» , that the con-

figuration space position states |R) , |r) and the momentum space

position states |P) , |p) , considered above, are related through

R) = [aep Py & PRyam?
36) .
) = [d% ipEm) e P YR
or equivalently, through
Py = Jd“R IR) eiP‘R/(zﬂ)3/2
37) ‘ .
lp, &, n) = jd”r r,&,n) elp"‘/(ZTr)3/2

The 2-nucleon spin and isospin labels £ , 1 can be omitted in these
identities, assuming that we use |r,%,n) = {r)|&)|n) , in analogy with

lp.£,m) = |p)|&)|n)

The configuration and momentum space relative position states

ir) and |p) can be expressed as

L *
M) = S grum) Yy (R
LML L
38)
L % .
lp) = > |p.lM) Yy B
L, M

in terms of states |r,LML) , lp,LML) of definite orbital angular momen-
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tum L , and orbital angular momentum projection M (along the refer-
ence Z-axis ) . We use p=pp, r =rr, denoting by p and r
the directions of p and r , respectively, and by Y:l*(u) , with u

=p,r,..., orwith u=p,r,..., if we wish, the complex conjugate

of the usual spherical harmonics
39) YEw = vEiee) =e™u vie)

of order (or rank) ¢ and projection index m , corresponding to the

spherical coordinates (eu’¢u) of the direction of a given vector u .

Remark

Let us define

ig 1 1 1 ig

1, = -3 sinf e , Yy's =cost , yl, =% sin6 e ,

Y

or equivalently, vy?!'; = -(x*iy)/(2r) , y°, = 2/r , yi, = (x-iy)/(2r) ,
if (r,8,¢) are the spherical coordinates of a vector r of cartesian
components (x,y,2) . Define also y%, = 0 . The spherical harmonics

Yri = Y;(G,cb) are then given by

. /
vt oo \/22+1 JEmlammt

m 4y g2 m
¢ S PO
Yo 2 Yoo Ymoro Yol ,
m+=m n

for any positive (or zero) integer & , any integer m s.t |m|] < 2,

and arbitrary positive (or zero) integers Ri, 82,00,y s.t
Batlat.. ot =0, performing the sum in the r.h.s over all possible
integers ms |mj| < rLj giving m+* =m  for mt = mytmpt..tmo

Using these identities, with n = g , by example, in which case !Lj =
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1, we can find any particular spherical harmonic Yrﬁ(e,qs) in a
simple and straightforward way.

The identities above can be proved by showing that the re-

1 -1 .
> Y yf‘ holds (with a sum over all m,,m,
1 2

. . 2
cursion relation Yo

s.t my;*m, = m ) by virtue of the conventional definition of Yrﬁ , that
implies
2 img _ X-m
Ym = _e___ (1-cos?8) n/2 d (cosze-l)z
2% (g-m) 1 dcosg*™

We can substitute 2*m for 2-m and m/2 for -m/2 in this equality,
. . . m 2 _ mooe*
if we multiply its r.h.s by (-1) , due to Yo = (-1 Y. - Note

also that yz = Pg(cose) , and that e "¢ y:l is (-1)"(et/(2*m) 1)
. . '] .

times Pﬁ(cose) , where PQ()\) are the usual Legendre polynomials

of degree 2 , and P[ﬁ(k) the associated Legendre functions . ©

The equalities in 38) can be inverted easily using the orthogo-

nality relations for the spherical harmonics,

40) §d2ﬁ Y YR @) = s s
m m '3 mm ’

which we may rewrite changing r to p . Here d?*rF = dcosb _d¢_ ,

where (Br,zpr) are the spherical coordinates of r , so that d°r
r? dr d?f . Similarly, d°p = p? dp d?p , d?p = dcosep d¢p , denoting
by (9p,¢p) the spherical coordinates of p . We thus obtain,
- L.
|r,1M; ) = J&;dzr Ir) Yy ()

L
41)

p,LM) = §d'B |p) Y,I;L(a) ,
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These two identities give in turn, using again 40) , and (r|r') =

§(r-r') , (plp') = 6(p-p') , the orthogonality relations

. ' r 1] 2
(r,LMLIr ,L ML) Sipr Sy m 6(r-r')/r

LL M
42)
] 1 t — 1 2
(p,IM |p", L'M ") = & .. 8y, 8(p-P)/P
L'L
Remark
We can write |r,LM ) = |r )|LM; >, |p,LM ) = |p/)|LM >, and equate

(P lp)  to 8;..6(p-P)/P* , (p i) to  6.,.8(p-p)/P*, and

1 '>
<LML |L ML to SLL' t‘SMLML.

Ir) = > J(2L+1)/4n |rL)|f~L> , |p) = 2 Y(2L+1)/4n IpL)|BL> )

. This leads, with a sum over L , to

and <FL|;3L> = /(4n/(2L+1)) Yg(epr,o) , where 8 is the angle

pr

between p and r , defining IGL> as the sum over ML of all ele-~
* -~ . . ~ ~

ments |LM,> YL (4) divided by V(2L+*1)/4w , so that <G |G,> =1 .
L ML L'"L

|G,> corresponds to the direction G in the

The element |(L0)u> L

same sense that |?_L> = |LO> corresponds to the direction z of the
Z-axis . Further, the relation between the elements |rL) and IpL)
is the same as the relation, given below, between the elements Ir',LML)

and |p,LML) . o

The identities 41) imply also that

t r - . L 2 .
43) (r,LMLlp,L ML) = i /-n_r JL(pr) GLL' 6MLML' ,

where jL(pr) is the spherical Bessel function XL(-%‘%XL%E

A = pr . This result, that specifies the connection between the elements

in
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|r,LM.) and |p,LM.) , is equivalent to
L L

L /2 2 .
.-L /2 2,
p,iM) =10 2 Jar prmy o en

by virtue of of the orthogonality relation 42) . Note also that

|r,LML)
44)

|r, L) = iL@ Jdap Ip) YﬁL(ﬁ) jp (pr)

45)
iL/%Jd% Ir) YrIZL(F) jptery

i

|p, LM} )
according to 41) and 44)

The identities given above are useful in finding the relation
between the momentum space matrix elements of the 2-nuclson poten-
tial, or of any other 2-nucleon operator, and its associated configura-

tion space matrix elements.

The following discussions use as reference only the momentum
states. However, most identities introduced below, in this chapter,
remain valid when we write r , r ,... instead of p, p ,..., respec-
tively. Moreover, all of them remain valid if we write additionally R ,
X, x" ,... instead of P, p, p',..., and change all expressions
x*x' , (x-x)/2 ,... that may result this way into the corresponding

expressions (x*x')/2 , x-x',..., for consistency with the «c.m

transformations in 17) and 33)
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3.4 ANGULAR MOMENTUM COUPLING

Let us define |p,LML,£,n) = |p,LML)|£>|n> , where |%> represents, as
before, the 2-nucleon spin states |[s,s’> or |SM> , and |n> the
2-nucleon isospin states |[t,t'"> or |TN> . Then, according to the

previous section,

*

L ”~
lp.E.n) = > |p,LM ,Em) Y, ()
L ™My L

46)

2 4 L % .
Ip,LM,E ) = 6B [p.Em) Yy (B)
- L

Moreover, since <Z|&'> = Ggg. , <nin'> = ﬁnn, , we obtain, using 42) ,

the orthogonality relations

(p,LML/g,'ﬂIP',L'ML';{,U') =
47)

6.0+ 8 . 8

'y /o2
' 16 -
L G O 8 o 8(P-P)/p

The 2-nucleon relative momentum states lp,LML) of orbital
momentum L can be coupled to the 2-nucleon spin states |SM> to
obtain states lp,(L,S)JMJ) of total angular momentum J , and total
angular momentum projection M, along the Z-axis . We can then

write,

~ L SJ L ..
p, (L,S)JM ,TN) = D ydz Cy (MM lp,SM,TN) Y, ()

ML M L
48)
_ L SJ L%,
lp,SM,TN) = Z o, 19 (£,5)35, ) Yy " (5)
LML

Taking into account now 13) and 14) we conclude that

P, (L,8)3M,TN) =
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,o L ST _3FS 13T L ,. o
Zjd b CMLMMJ CZy Cizn YML(p) Ip,s, s, t,t)

49)
lp,s,s', t, t') =

L %

- L sJ * 1T ~
> : i Yy () lp (LS ™)

1
11s
CZ
yau CMLMMJ ss'M c

Nl

performing the sum in each equality over the angular momentum and
spin labels that do not appear in the |.h.s of the equality. The
states ]p,(L,S)JMJ,TN) specified by these identities satisfy, according
to 47) ,

(p, (L,8)JdM , TN|p', (L',S")I'M ", T'N") =
50)
"2
‘SMJMJ' 875" Op' 8ss' Sppr Sy 8(P-P)/P ,

because the angular momentum coupling (via the usual Clebsch-Gordan

coefficients) preserves the orthonormalicy of the coupled states.

The  "total" angular momentum specified above by J =
0,1,2,..., and MJ = 0,+1,...,83 , is not the whole total angular
momentum corresponding to the 2-nucleon system, but only the part of
this angular momentum associated with the relative motion of the
nucleons. This follows directly from 46) and 48) , since p repre-

sents there the relative momentum (k-k'}/2 of two nucleons of momen-

tum k , k' .

The two kinds of total angular momentum referred to above are
conserved for two interacting nucleons, due to the invariance of the
potential V under arbitrary coupled rotations of the space and spin
coordinates, which implies, combined with 30) or 31) , that the orbi-

tal angular momentum corresponding to the c¢.m motion, and the total
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angular momentum corresponding to the relative motion of the nucleons

are conserved separately.

The identities in 49) , together with 12) or 18) , can be
used to express the matrix elements relative to the states
|k, k',s,s", t,t'> = jk,s,t,k',s',t'"> of the 2-nucleon potential V =

Tem ¥V . in terms of the matrix elements of V relative to the states

|————lkék l,(I-,S)JI'IJ,TI\I) , or vice versa. It should be observed in this

connection that

(p, (L,5)3M,TN| V |p',(L',5)3", TN') =
51)
with some '"reduced" matrix elements (p,(L,S)J| V |p',(L',S)J) , for
arbitrary relative momentum values p = (k,-k,)/2 , p' = (k,'-k.")/2 ,
of absolute value p = |p| , P = |p'| , as required by the conservation
properties of the nuclear interaction, mentioned before. These reduced

matrix elements, which are real due to the invariance of the 2-nucleon

interaction under time reversal, can be expressed as

52) (p, (L,8)J] V |p', (L',8)3) = (p,(L,S)J| V |p’, (L',8)])

according to 51) , defining |p,(L,S)J) = > Ip,(L,S)J,MJ)NZJ*l , for

arbitrary values of p , L and J .

We proceed now to consider the 2-nucleon antisymmetric states
that can be expressed as products of some I.c I:pcm> of total momen-
tum states |P> and some |I.c "‘bre1> of some relative momentum

states |p,s,s’,t, t"> .
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Note first that the transposition operation P,, on 2-nucleon

states, defined by the linear extension of

53) P,, |k, k',s,s", t,t'> = |k',k,s',s,t', t> ,

is equivalent, in view of 12) , to the operation Ip,s,s’, t,t'™> -
|-p,s',s, t',t> performed over the relative momentum states that enter
in the 2-nucleon states in consideration. The antisymmetrization of the

state |k,k',s,s’,t,t'> can then be expressed as

L' 1 X —_ 1 k-k' ' v *
54) |k,k',s,s’,t, t'> = |k*k'™> |—72——,s,s,t,t> ,
defining
55) Ip.s, s, t,t>° = ( |p,s,s’, t,t'> - [-p,s’,t',t> )/2
We extend this definition linearly over arbitrary l.c I‘prel> of

2-nucleon relative momentum states, that is, over arbitrary

~ +
> = 2 lw =

( 2-nucleon ) relative position states, and write |y rel”

rel

|¥p01” - 1¥p01> - We use also
~ * x
IY> = 2 |Y> = IY> - |Y>
56)
Tyl o= 2 t<\y| = <y| - <y ,
with [¥>" = P,, |¥> , ™<Y| = <Y¥| P,, , for any canonical 2-nucleon
state |¥> i.e for any |l.c of states |k,,k.,s,,s2,t;,t2> . These

states can be expressed as a sum of products of some

lwcm>|wrei>

c.m-states I:pcm> and some relative position states Mrel) . Then,

+ ~
Y™ 10 = 1/2 (log,> 1bp1”)

rel

57)

( l“bcm> l“brel>) = I I"brel
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V =

On the other hand, since P,; V = V P,; , we get P“rel——

vV P, el defining P“rel as the operator on the space of the states

N’rel) s.t Py, =1 P“rel , or equivalently, s.t P“rel H’rel>

cm
N’rel; . Then
T<El OV O|Y> = <3|V |¥> = <3| V |7
58)
<q’rell v Il[”rel> = <q’rell v Iwrel> = <<1’rel| v llprel> ’

with V = 2 \_/t = (1—P21rel) V , for arbitrary 2-nucleon states |[&> ,

|Y> , and arbitray 2-nucleon relative position states l¢rel> , 'wrel> .

~

2 |¥>" , and I‘prel>~~ =2 |p.1> . we have also

Since |Y>

@] V |¥> = 1/2 "< V |p7
59)
<¢rel| v Ilprel> = 1/2 <‘lsrell v llprel>

~

Further, since V = 1_ \;/ , due to V =1V, we obtain, taking

57) into account,

60) <¢cm;¢relI v |('bcm;'prel> = <Kbczmll‘bcm> <¢r‘elI v 'wrel> ’
with  arbitrary. 2-nucleon c.m-states [6cm> Izpcm> , using
l"bcm;")rel> = ll‘bcm>l'prel> ’ <"bcm;“brell = <"bcm'<‘prel|

The transpositions |¥> -+ |¥>" , "‘brel> - I'?brel>n introduced

above can be generalized conveniently, taking advantage of the commu-
tativity of the elements |P>, |p> and |t> , to arbitrary Il.c |g,>,
fg92> ..., |9n> of elements |P> , |p>, |s> and |t> , or arbitrary

(direct) products of these elements, using the linear extension of

61) (lgi>lg2>. .- 19,2)" = 19> . 192> 19"
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"= s>, |t>" = |t> . Under these

and |P>" = |P>, |p>" = |-p>, |s>

conditions we say that |g>" is the total transposition of |g> , and
*

define the adjoint 7<g| = |g> of |g>™ as the total transposition of

%
the adjoint <g| = |g> of |g> .

We are interested in the antisymmetric 2-nucleon states |¥>~
because they are the only (position-spin-isospin) states physically
admissible for a 2-nucleon system, and because the 2-nucleon interac-
tion for a system with an arbitrary number of nucleons interacting
pair-wise via the potential V can be expressed in terms of the matrix
elements of V relative to these states. These questions are of course
relevant only w.r.t the relative position states factors I‘prel> con-
tributing to the canonical 2-nucleon states |Y> in consideration, due
to 54)

Observe also that the spin and isospin states |SM> and |TN>
are antisymmetric for ‘S =T =0, and symmetric for 5 =T =1 . In

effect, the specification of these states follows the scheme

[0 0> = (|3>|-2> - |-3>|3>)/V2
111> = |3>|3>
62)
|1 0> = (]3>|-2> *+ |-2>|3>)/V2
1 -1> = |-3>|-3> ,
so that |S=1 M=1> = |s=}>|s=3> , |T=1 N=1> = |t=§>|t=3> , etc. It is

then clear, taking also into account 38) or 41) , and Y; (-p) =
L

(-D" Yy (p) , that
L
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sw>™ = (-1)°! |su>
63) |TN>" = (-1)T+1 | TN>
x  _ L
lplL“L) - (-1) 'p,LML) ’

with p = |p| , as before. Consequently,

o, i s,y = (0N pp o, sm, )
64)

P, (L,s)am, ™))" = DFT (L, sy, 1)

This result, that can be obtained directly from 49} , using Y:l(-p) =

RELLIEV2 Jo2 1 a - _qyii1ti2mia ~ 1 2 a3 . .
-1)" Y (p) , szmlma (-1) Cm1m2m3 , is equivalent,
according to 51) , to

~ L+S+T
|p, LM, SM,TN)" = (1-(-1) ) |p,LM, ,SM,TN)
65)

~ L+5+T
lp, (L,S)JM,, IN) = (1-(-1) ) Ip,(L,S)IM , IN)

From this follows in turn that the only physically admissible states

|P;p, LM ,SM, TN} = |P> |p, LM  SM,TN)

66)

|P;p,(L,S)IM, TN} = |P> |p,(L,S)JM ,TN)

are those with T = (1 - (-l)T)/2 =

= (1 + (-1)L+S)/2 , and using 51) ,

52) , 59) and 60) , that

{P;p, (L,S)aM,TN| V |P';p',(L',5)I", TN} =
(o, (L,8)3My, IN| V |p',(L',S)3",T'N') &, =
67)

+S+ +( - L+L'
-0t ) 6 w591 v, )0)
x 8

PP’ BJJ' GMJMJ' 5SS' GTT' 6NN' !



84

' L+L'

The factor 5(_1)L (_1)L = (1 +(-1) )/2 , appearing in 66) may

be omitted, since the equality
[ 1 - L L'
68) (p,(L,S)J] V |P',(L',85)J) = 0O for (-1)" # (-1) ,

that express the parity conserving property of the potential V , holds
due to 28) , 51) and the invariance of V under coordinate reflec-

tions.

Note also that the 2-nucleon states having the labels SM indi-
cating a total spin S and a total spin projection M , and/or the labels
IN , indicating a total isospin T and a total isospin projection N,
arise from corresponding 2-nucleon states having the labels (s,s’)
(or (s,,s.) , etc.), and/or the labels (t,t') (or (t,,t;) , etc.),
through a standard Clebsch-Gordan coefficients coupling i.e through

" . "
vector coupling” .



v
THE HARTREE-FOCK-TDA EQUATIONS

4.1 H-F ENERGIES AND POTENTIALS

The noninteracting ground state |[Q> of a system of nucleons is not the
ground state of the system when the nucleons are considered in a state
of mutual interaction. However, we can still use |Q> as a first
approximation %o the exact ground state of the system, for many pur-
poses.

Thus, a first approximation to the ground state-kinetic energy
per nucleon for a system of A nuclecns, and for nuclear matter, is

EJ/A = <@ K [®/A = 45 el(k)/A

Ikl < ke

1)

= Vo d®k _ , 3
= A 2m)? eg(k) = Jd k ep(k)/(4nk;"/3)

ki ke Il k¢
where K is the kinetic energy operator, and V,/A = 3/(2kF3) the
volume per nucleon in the system. This result (exact for nointeracting

nucleons) can be written more compactly as

-3
2) E/A = <ep> = kg [ ee(k) dlk|®
klgke
We may use here eK(k) = k2/2mN , or the relativistic expression eK(k)
= (k2 + mNz)ﬂl;-mN , if we prefer. In either case,

85
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K = > kg ep(k) <k,z|"
k¥

r

? = /Cf [dok Ik.gYep(k) {k,z]"
in terms of the creation and destruction operators associated with the
s.n.s |k, 2> = |k,s,t>, |k,2} = |k,s,t>/V/A'k corresponding to the
p.b.c in the box V, of volume V, = (21)°/A°k enclosing the
nucleons. The second equality in 3) is obtained setting A%k = d°k ,
to imply that we are considering the limit A%k -> » , or at least, that

A*k is very small.

Similarly, a first approximation to the ground state potential
energy of the system of nucleons (in a perturbative sense) is

4) <QI V |Q> = Z <k1/C1/k21C2| v lk1'1§1'1k2'1C2‘> ’

k.k'e st

where k,k'<Q means that |k|,|k'| £ k We are assuming that the

F
interaction between the nucleons is the one associated with the

2-nucleon potential

\A/ T = Z<(k1,(‘;1)(k2,(’,’2)' Vol(k,' 2.k, z2")>

N

3)
x 1Ky, 2.7 ke, 52> <k1’:C1'l’-<kz',Cz'|'— ’
and that the labels ¢,z',..., denote the spin-isospin pairs of labels
(s,t) ,(s',t") ,..., as agreed before. This potential is the '"second
quantization”, or antisymmetric extension to multinucleon systems, of

the ‘'restricted" or first quantization potential

Vo= 2 <Ky, gy K, Zal VIR, 2y K>

6)
X 'k11C1/k2/C2> <k1'/C1'rk2'rC2'l 7
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discussed in the last chapter, or equivalently, of its antisymmetrization

t 1 1 1) 1 1
Vi = g D <tk ) (ke 8D | V(KL (ke 20>

7)
X ](kpr)(kz/Cz)) <(k1',C1')(k2'/C2')|

We use |(k,z)(k',z')> to represent the antisymmetric state
lk,z>Vv |k',g'>/vV2 = (k,g, k', 2> - |k',¢',k,z2)/V2 , which is the same
state obtained when the 2-nucleon creator |k,z> |k',Z'> acts on the

(bare) vacuum state |0> .

The matrix elements of the potential \A/ are related to those of

V through
<(Ky,21) (ke 22) | V [k, 20 ) (ke 22')> =
<(ky,g1) (Ke,2) 1 Vo (k20 ) (ks 2,)> =
8) <(ky,80) (K, 21V 1Ky, 200 (s, 2,)> =

= <k,,%:,kz, 821 V |k ey kg

- <ki,gi.kz, g2l V Ik g2 Ky 8> P
assuming the exchange symmetry

<k1,C1,k2,Cz| V |k1v'/CI’lk2'/C2'> =

9)
<k2!C2/ k11C1| v Ik2'1C2'l k1'1C1'>

The product of these matrix elements and V,/(27)° can be
defined as independent of the quantization volume in consideration.
Thus we write

<k1,C1,kz,Cz| V Ikl'/C1'1k2'rC2'> =
((2“)3/\/0) {kIICIIkZIC2| v |k1'1C1'Ik2'IC2'}

10)
{kerIIkZIC2I V lklerI'ka'ICZ'} =

k -k k "'k ! r '
6k1+k2,k1'+k2' (szr(CuCz)l y | 1 2 2 /(Cl ,C2 )) ’
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USing |k1151/k2/‘;2} = Ikl,cl,kz,c")> (Vo/(zn)a)% ’ and the relative
momentum states |p,(Z,2')) = |p,s,s',t,t') of &-function normalization

w.r.t the momentum values p , and unit normalization w.r.t the

1}

spin-isospin labels ¢ = (s,t) , ¢ (s',t') . We write also

Vclczclvcz'(p-p ,Pp*p’) (p,(z21,22)1Vip', (2,',22"))

1)

~

v§1C2C1’C2 (php) .

'(plp') = V '(p/p') - V

212281 C2 2122812,

to obtain an alternative notation, convenient sometimes, for the matrix

elements in 10) and 9)

Correspovnding to the 2-nucleon potential V and the Fermi
momentum Kk, associated with the system of nucleons, or equivalently,
to V and |®>, we have the 1-nucleon extended H-F (Hartree-Fock)

A~

potential U specified by

U = > [k, U (K) <k, gl

U_(k) = 2 <k, k'e"| V (kg kg

4 £ K'ey

This potential is the second quantization form U" of the (restricted)
H-F potential U that would be given by 12) if we substitute there

[k, 2>, <k,z'| for <k,z|", <k,f,'|k, and U for U

The charge independence, the rotational invariance, and the
invariance under reflections that we assume for the interaction potential
V implies that UCC'(k) = U(k) GCC' , with values U(k) depending on
k through k? . The 1-particle potential U is then diagonal w.r.t

the s.n.s |k,s> = |k,s,t> . That is,
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0 = 3 1ke>"Uk) <kl
13)
= 3 [d oo uto thelt

with values U(k) = UCC independent of ¢ = (s,t)

Remark

We can obtain the last result noting first that the charge independence
of the interaction implies that the spin-isospin operator :(k) =
> |c>UCC.(k)<c'| is the product of the unit operator over the isospin
space and an operator over the spin space. We can then write I(k) =

U(k) + W(k) k.o/m where U(k) , W(k) are real functions of Kk

N 7
(times the unit operator over the spin-isospin space, that we do not

usually write explicitly), and k.o = kxcx + kyoy + kzoz , where Oy

cy , 0, are the Pauli spin 1/2 operators. The rotational invariance
of the interaction implies that U(k) and W(k) depends on k
through k? . Then, since I(k) = I(-k) , due to the invariance of the

interaction under reflections, we conclude that W(k) =0 . o

The potential energy of the system of interacting nucleons in the

state |Q> s,
14) E, = <0/ Ve = 1z< U|e

according to 4) and 12) . The total energy of the system in the state

|?> , is given by EQ = <Q| Q 12> , where
15) H = K+V

is the total Hamiltonian of the system. Then
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16) E, = <q K 19>+ 1/2 <] U |2

-~ ~

Since both K and U are 1-nucleon operators, we can com-

pute EQ in the same way that the kinetic energy is computed.
Therefore,
17) EQ/A = EK/A + EP/A = <gp> * <U>

denoting by <f> the value > f(k)/ > 1 in the limit of (2m)2%/V, -->

klgke Nl g ke
0 . Thus,
- ) 3 3
<> = | d% f(k)/(4nky /3)
18_) ikl ¢ke Ke

-3
3k [ dIKIf(K) :

0

assuming that f(k) depends on k through k2.

The value EQ/A is the total energy per nucleon for nuclear
matter in the refererce state |Q> corresponding to the interaction
potential \A/ This wvalue is also the H-F approximation for the
ground state energy per nucleon in nuclear matter i.e to the binding

energy (per nucleon) e, in nuclear matter, because the potential U

B
is, according to our remarks below, the H-F potential for the system

of nucleons in consideration.

The potential U(k) may be interpreted physically as the aver-
age potential felt in the system by a nucleon of momentum k , due to
its interaction with the other nucleons of the system (when the system
is the state |Q> ). This potential is then an average interaction poten-
tial energy for a pair of nucleons interacting through the potential V .

This explains the need for the factor 1/2 in the last term of 16) .
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Without it we would be including twice the average interaction energy of
each pair of nucleons in the energy EQ of the system. Note also that
the mentioned factor would become 1/3 if U were associated with a

3-nucleon interaction, rather than with a 2-nucleon interaction.

Writing now

T>
1}

x>
+

o>

19)
we see that
He 1k,e> = e(k) |k,2>
20) e(k) = ep(k) * U(k)

1/2 <ep * e> ,

EQ/A

These equalities, with U given by 12) , are precisely the ones that

specifies the H-F approximation to the ground state of a system of

nucleons interactiong through the 2-nucleon potential V . Conse-

quently, the s.n.s |k,z> = |k,s,t> are the H-F single-nucleon

states for the system, and e(k) their corresponding H-F single-nu-

cleon energies. The noninteracting ground state [|Q> of the system is
1

then also (assuming that K(k) *+ 3 U(k) increases with increasing

|k] ) the H-F ground state.

This result motivates the introduction of the identities

H = H_ *+V,
21) . . )
H, = K+ U-1/2<q U |@

A

as the definition of the (Hartree-Fock) '"residual interaction” VR cor-

A .
responding to V , which is the part of the interaction V not taken

ey
into account by the Hartree-Fock approximation. The operator VR is
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also the "normal ordering” (V). of V relative to |2> , that we get

Q
from the r.h.s of the standard expression 5) for \7 when we move
there the destruction operators relative to [2> to the right of the
creation operators relative to |92> , introducing additionally a factor

-1 in each term obtained from one of 5) through an odd permutation

of creation and destruction operators.

The destruction operators relative to (2> referred to above are
the single-nucleon destructors <k,c|k= <k,s,t|” with Jk| > kF , which
are the 'particle" destruction operators relative to |2> , and the

single-nucleon creators |k,z>"= |k,s,t>" with |k| < k which are the

F o’
"hole" destruction operators relative to |Q> . The adjoint of these
operators, namely, the operators |k,z>" = |k,s,t>" with k| > kF ,
which are the 'particle" creators relative to |2> , and the operators
<k,z|"= <k,s,t]” with |k| < kF , which are the "hole" creators rela-
tive to |R> , are the corresponding creators relative to [Q> , to which

we made reference.

The normal order (\/';’ relative to |2> of any N-nucleon

N)Q

operator WN is specified in exactly the same way that (\7)Q was

defined above, changing the expression 5) for {\/ into the appropri-

A

ate (second-quantization) expression for WN , and all references to V

Pa)
into references to WN .

These definitions imply that

-

K = <@ K |9 + (R)Q

A

22) = < U |2+ (O)g

U
Vo= <@V e (U)g + (Vg
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We thus conclude, using 15), 16), 17) and 21) , that

H o= A+ ()

23) ~ N
H = (HF)Q + Eg2 ,
which shows that indeed QR = (O)Q , as mentioned before. Moreover,
19) and 20) gives,
24) (Hedg = 2> 1k,>"e(k) <k,g|"- 5 <k,zf"e(k) |k,z>"
Ikl> ke elg ke
summing over all values ¢ = (s,t) , and over the momentum values k

that satisfy the conditions indicated in 24) below the summation signs.

A A

It should be observed that the operation WN > (WN)Q is Iinga.r'
w.r.t N-nucleon (extended) operators (products of N single-nucleon
creators and N single-nucleon destructors, or linear combinations of
such products of 2 N operators, all with the same N }, but not in
general, according to 18) . Note also that the definition of the normal
order relative to |?> does not imply that the operators (IQ)Q ,
(0)9 ,(\A/)Q acting on |@> gives zero, because there are terms m
these operators containing only creators w.r.t [Q> . However,

<Q|(WN)Q|Q> = 0, in general, for any N-nucleon operator WN = R ,

U,\?,etc.
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4.2 NORMAL ORDER SPLITTING

Let us agree now that the "upsilons” wv,;,v,,..., v, ,v;' ,... denote
arbitray labels (k,z) , or (k,s,t) , and that (ku,cu) , or equiva-
lently, (ku’su’tu) , denote the values (k,z) , or (k,s,t) , associ-
ated with with the s.n.s label v .

Let us further agree that w,u',..., v,v',... are labels v
with Ikul > kF , and that «,a2',..., B,B',... are labels v with
lkul < kF , so that yu,u',... are 'particle" labels, and «,ca'..
"hole" labels (relative to |Q> , or kF ). This convention facilitates

the interpretation of the expressions given below, and allows us to omit
in them, if we wish, the statements «,8,... Q, u,v,... 2, that we
use sometimes to indicate explicitly the restrictions Ikal’lkﬁl"" < kF
and lkul’lkvl"" > kF .

Using these conventions we have, according to 23) and 24) ,
25) },-\|0 = Z |u>'-eu <u|" _ Z |a>Fea <a’— + EQ ,

denoting by e, the H-F energy e(ku) corresponding to the s.n.s

i

jv> = |ku,c:u> Iku’su'tu> , where v = «,B8,...,14,v,.... On the other

hand,
1
VvV = E Z IU1>}.IUZ>F<U1,Uzl \V; IUl',UZ'> <U1||F<Uzvll‘

26)

l * 1 1
= Z Z IU1>F|U2>'~<U1U21 \Y4 lUl U2’> <U1 I'-<Uz I'—

We will use for convenience,
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' = < LU, > = <u,,v "Lu, >
U U0, U, Uy,U2] V vy, 0, 2,91 V [vz v,
“~ A
2 . = < v, v,'> = <y,v 'v,'>
7) NPRRIFRTR vUz| V [uy v, 2V1] V vz,
= <uy,v,| Vv 0> = - <upuy| Voo 'uy">
”~ —~
and V o=V v It should be observed that the states
UPRIPRIPRRTI U VoV, Uy
v> = , >
| [k, 2,
28) |v,v"> = [kU,cU,kU.,cu.> = lku,su,tu,kv.,su.,tu.>
'> = T 1 > = 1 >
IUU I(kU;CU)(kU ICU) l(kursurtu)(ku'lsu /tU') 4
related through [v,v'> = Ju>|u™>, Juu'> = |uv>V |[v>/V2 , with
[v>V Ju'> = Ju>|v'> - Ju'>]uv> , satisfy the orthogonality relations
<yju'> = 6§,
)
2 <y u,> = 6 . .
g) 1102101 UZ U101 60202
<U Uz v u> = 8 8 -8

VU VLU, VU, U0,

Note also that the first and the third equality in 29) can be obtained

combining |v> = Ju>"[0> , |vu'> = |u>"|uv'>"|0> with the C.A.R's
[d [P _
[ <U| ’ |U> ]+ - GUU'
30)
[ <v]”,<v'["], = [ <o, o>"], = 0

and the identities <v|" |0> = <0} |v>"= 0 , and <0|0> =1 .

Remark
We define IU1,Uz,---,Un> = ]u1>|u2>...|un>, and |ulu2...un> =
|u1>V|u2>...V|un>/¢n UL P N <u1|v<u2|...v<un|/v/n , agreeing

that

+
[vi>V fuz>. ..V Ju > Z ('1"2"""h) ]ui >|ui >...|ui >
1

2 n
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< < V< = Z (i,,i i )i < < <
£ i RS .
Un‘\/ V2| Uy 1,12, i UI | Ulzl UI |
The sums are performed here over all values i;,i,,...,i_ =1,2,...,n,

n

+
with (il,iz,...,in)' equal to 1, -1, or 0 , depending on whether

i ) is an even, or an odd permutation of (1,2,...,n) , or

iy,ia,...,1
(112/ "'n

not a permutation of (1,2,...,n) , respectively. This way we can write

|u,u2...un> = Juy>Tju>t. |un>" 10>

<U,Uz...0 <0| <un|i..<u2|*<u1r

nl

These identities can be generalized changing the labels v,,v,,...v

into labels ¢y,02,...,9 corresponding to arbitrary $.n.s

n

|¢1>,|¢z>,...,}¢n> . a

The definitions introduced above, and the resﬁlts of the previ-
ous section, allows us to write the H-F single-nucleon potential as
- - <O + - F @ '
31) U > lvru v gnlw Vieo's <V ,
so that <u|0|u'> = U 6 ., with U = U(k) . The corresponding
v LU v v

expression for the kinetic energy operator is

+

32) K = 3 |vrK, <l ,

where Ku = eK(kU) is the kinetic energy of a nucleon of momentum

kU . Consequently,

33) e = K =+ U

represents, with v = «,...,u,..., the H-F single-nucleon energies

appearing in 23) . We find also,



34) (Vg = Vpp * Vi * Vou * Ve * Vpp * V

N ’

where V \Y V are 'partial" potentials, all in

PP ’ HH 7" "7 N

order relative to |2> , given by

~ l ) - "
\V = = > >r vV <v <y
PP 4 Zhh fuz TERTURTSRY 2| 1}
¢ 1 - o - F
= - < < > >
Vig = 7 2 <l el Vg 182271,
Y = Steg|m WV >Fey |t
35) Vo > |pt<al Veiva 1877
-~ 1 . - A
= = >r<g|t |v><
Vee = 7 2 Iwi<al" w8 Vg
-~ 1 ¢ - r . -
= - > <
Vop = 7 2 Vgauy 1@ <ul” 1857 <y :
and,
v/ = NPMLPIILERY , >k
Vi > <l <" Vg 1B
+ <xql" v, SUP LN
2 <BI" Ve @<l <y
36) N - r G -
+ >tiy'>t< , <
2w e <al Vuu va Vi
|l = - s
+ < , >faylt <
PR A e T
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normal

The operators |v>" or/and <v|" appearing to the left of the

A

matrix elementes V v
UUU; U,

in 35) and 36) are creators relative

to |92> , and those appearing to the right of the mentioned matrix ele-

ments are destructors relative to |#> . Observe also that
-~ * _ ~ PN * _ o~ ~ * . A~
Vep = Vpp + Vug T Vuw + Veg T Vpy

37)
~ * _ A~ ~ * _ ~ R 3 a ~
Vee ® Vee + Vop % Vpp - V = Yy ’
. A * -~ , , .
assuming that VU1UzU1'Uz' = VU1'Uz'U1Uz , for all  v,,v,,v;', v, i.e

A A% A
that V satisfies the hermitian property V =V

The result 34) , the last equality in 22) , and the equalities
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38) < V|2 = 1/2<@ U | = " ,

can be obtained combining 5) , 27) and 31) with 30) , and with

the properties

Qo> = 1
39) W = jet 2> = 0
Q| jw" = <@ <a|” = 0

of the Hartree-Fock (or Fermi) vacuum |Q> . We should take into

account, in this connection, that the particle creators |u>", jv>",...,

anticommute with the hole creators <a| ", <g| ,..., (according to
30) ), due to w,v,... # «,B,... (wich follows from lkul,lkvl,... >

kg = Tkl Tkgl ... )

The equalities in 37) are obtained noting that the s.n (sin-
gle-nucleon) creators |v>"= <u|“.ic and the s.n destructors <vu| =
1u>F * , are mutually adjoint operators. Using this property and the
adjoint operation |Y> - |‘f’>* = <Y| , <¥| - <‘i‘|* = |Y> for multinucleon

states, we obtain also the third line in 39) from the second, and vice

versa.
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4.3 THE P-H HARTREE-FOCK HAMILTONIAN

It is useful at this point to consider the particle, hole and particle-hole

states (relative to |2> or k. ), defined by

F
+ _ +> _ +>
fu > l(ku’cu) I(ku’su'tu)
40) la™> = (kg )> = |(k,s_,t)>
+ - + - . _
lp o > = I(ku,cu) (k) > = I(ku,su,tu) (ks .t) >,
with the convention |k |,]k,|,... £ k. < |k_|,lk | . These states
o B8 F U v

satisfy, according to 30) and 39) , the orthogonality relations

<++
> =
uo|v 8 v
41) <al6>:6a6
+ -+ =
<geafvp> = § é ,

+ - + + _ - + - - +

apart from <p ja > = <p |v B >=<a|vB>=0, and <Qla > = <Q|u >
+ - S .

= <Qu a > = 0, which follows from the different number of nucleons,

+ - + .
holes or particles in the states |y >, |a >, |[ue > and |Q> .

Remark

Using our conventions on p-h labels we may introduce the the direct

and adjoint multi-particle-hole states relative to |2> (or to kg )
+ o+ + . - - _ v . - IS v IS
|UI uz ...un a1 Q2 am > - |u1> IU2> ...]un> <u1, <a2I ...<aml IQ>
+ + + - - - _ - . - s - =
SHy Wz «.eMp 0y @ o | = <R e > e fa> fen> <up [T < | <ug
+ + - - . . N .
The symbols 1y, S e SRR in the |l.h.s of these identities

may be permuted freely if the same permutation is performed on the

r.h.s , or of we multiply their r.h.s by -1 when the permutation
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used in the l.h.s is odd.

A direct (adjoint) state with n particles and m holes (rela-
tive to |@> ), and then with A * n -m nucleons (assuming that |Q>
is a state "with" A nucleons ), is any |.c of the direct (adjoint )
states defined above, with fixed values of n and m . Two states with
different number of nucleons, or with different number of holes or par-

ticles (relative to %2> ), are then orthogonal . o

The only non-vanishing matrix elements of the residual interac-

tion (\A/)Q relative to the states in 40) and |Q> , are the particle-

hole matrix elements
+ o ~ + - + . A + .
42) <u a I(V)le B> = <uwa | Vpy v 6> .

given explicitly by,

<u+a_[ OPH |v+B_> = <uB| C/ jav> = <uB| V |ov>
43) ~
= <y, Bl Vo la,v> = <y, Bl V |a,v> - <y, Bl V |v,e>
Then, since
A + +
44) ﬁo la > = ( EQ - ea) o>
A~ + - + -
Holua>=(EQ"eu-ea)|ua> ,

where e, ~ e(ku) , we see that

T H V> = o H (Eg *e) 8

45)

™
1

v

1]

11
A
R
1
I

<a’| H |B™> (Eq - &) 8¢

Defining now the particle-hole Hamiltonian Hoy = Hy * Vpy - we get
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+ - N + . + - ) + -
<ua|H|\)B>=<ua|HPH|vB>

+ - A + - + - N + .

46) = <pa | H  [vB>*<ua| Vp, |vB>

= + - < \/
(EQ eu ea) Guv BaB + <uB| V |ov>
. . + ~ - + A + -
The additional matrix elements <y | Hja >, <p | H}jv B >,... cor-

responding to the states in 40) are obviously zero, because they are

matrix elements of FA{ between states with different number of

A

nucleons, and H conserves the number of nucleons. For the same

reason <Q| H lu+> = <Q| A la”> = 0 . On the other hand, the equality
+ - ~
<ua [(V)g|@> = 0 gives,

A + A

47) we | AR = <ol A2 = <u] Ay Jo> = 0

~

The vanishing of the elements <y| HF |e> , which is clear from
u # a and the diagonal structure of the H-F Hamiltonian I/-\lF w.r.t
arbitrary s.n.s |v> = |u>, |o> , constitute the general form of the
Hartree-Fock equations for a system of nucleons. This "Hartree-Fock"
structure follows for the system of nucleons in consideration, even if
we do not use the diagonal nature of QF w.r.t arbitrary s.n.s
|v> , from the momentum conservation property of the Hamiltonian ﬁ =

K+ V , expressed by

<y i/(\ fv'> = 0 for k #ku.

48) "
<UU2| V Juyu,> = 0 for k. *+ k. #k .* k. .

~

In effect, these properties of K and \7 imply, as we can see from

~

19) and 31) , that H conserves also the momentum of the nucleons

F
i.e that <u|HF|u'> =0 for ku # ku' . This gives in turn <u|HF|a> =

0 , since here lku' > kF > |ka|
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It is clear from 46) and 35) that some p-h (particle-hole)

+ -
states |w> i.e some |l.c. of states |u a > are eigenstates of the

A

p-h Hamiltonian H with eigenvalues E_, * w given by the eigenva-

Q

+ - ~ + -
lues of a matrix whose elements are <p o | H |[v B > . These states

PH

constitute the Hartree-Fock Tamn-Dancoff Approximation (HF-TDA) for
the collective states in the system of nucleons, and the excitation ener-
gies w thus specified for the states |w> , the Hartree-Fock Tamn-
Dancoff Approximation for the excitation energies corresponding to the

mentioned collective states.
According to 46) , the equations

Hpy lw> (EQ *w) |w

49)
Iw> = z |u+a-> <u+a-lw> ,

specifying the TDA states |w> and the TDA excitation energies w
referred to above, are given explicitly in terms of the relevant matrix
elements of the p-h interaction potential, by
Z <y el v YRS <y BT >
= ua]VPHIvB vﬁl@
50)

+ o
+ - - < > = 0
(eu e, w) <p a |w

These TDA equations separate into independent sets of equations,
such that each set of equations corresponds to p-h stétes with a
given momentum transfer q (total momentum of the p-h states). This
can be seen easily noting that <u+a_l</PHlv+B_> = <uB| C/ |av> vanishes
when the momentum transfer qu = ku-km associated with |v+s'>

does not coincide with the momentum transfer qua = ku_ka associated

-~

+ -
with  |u a >, due to the momentum conservation property of V .
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Moreover,

Tl Vo VBT = (Bl V jav)
51)

= 6 V (q Ik "k)
90908 CUCBCGCV Ha' a B

using 11) with &y © (su , tu) , and Sy 7 t, = *1/2 , as usu;l, and
the states
[vyvz} = |u102>/\/A3kU
52)
+ - + -
[vy vz 3} = Juy v, >/ Aaku ,
where A:’ku = (211)3/V,, . Therefore, the Tamn-Dancoff equations can

be written in the more explicit form

N 3 3 \7 _ + * -

o YAk A kg Vi oo o (@ Kook ) <(kgrq,z ) (kg gg) |w>
53)

+ (e(ka*q) - e(ka) - w) <(ka*q,cu) (ka,Ca)_l w> = 0
The sum here can be interpreted as a sum over all labels B, v, or

more conveniently, as a sum over all different spin-isospin values

CB -
(SB , tﬁ) and g, = (sv , tv) , and all different (allowed) momenta k[5

in the momentum space region §2_q of all k s.t k| < kF < |k * g

A similar interpretation for the sum in 50) makes clear that we can

express the TDA equations as

S [dkg Tl Vo 197 078w
54) %0y Qq

+ -
+ - - > = 0
(eu e, w) {(vo lw .

in the limit of V, » « , appropriate for nuclear matter, with an inte-

gration over all momenta kB in Qq , and if we want, with qua and
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98 equal to a given value q .

We interpret Skk./Aak as 06(k-k') , and write A’k = d%k ,
A*k' = 4%k’ , for k , k' = kU , ku' , in the mentioned limit. Moreover,
since the identification of A’k and A’k’ with the same value
(21r)3/Vu is only optional in this limit, we can interpret ]u'+u_} ,
u8} and  |ev} as |u'+u">//XFE; . 1uB//ETKy  and |av/VETK
respectively, and Iu_u'+} as -Iu'+u_} . This way we obtain Ia-v+}

= - |v+a-} and the orthogonality relations

(Wo |vB Y = {uelvbl}

= 6(k -k
o

55)

) 8 8

B quaqu 6CHCV CGCB

Remark

The states |uv') , |u+v'_) , defined as (AakU A"’ku')_Jf times the
states |uv'> , |u+u'> , are also of interest. They allows us to write the
HF-TDA equations for nuclear matter in the form

e + ~ + + -
Z !J daks d:'q\)‘3 (wa | Vpy IvB) (v B |w

©Celiray ) - elk) - w) (Wallur = 0,

v p

. _ _ + oA + - _
with N ~ ku—ka , Ay T kv_kB , and elements (u « |Vpylv 8) =

(uB|V|av) specified by

—~

(uB|V]av) = (uB|V]av) = 6(qm-qv6) chcﬁcacv(qua’ka'kﬁ)

The integrations are performed over all kB s.t |k6+qw[ > kg,
understanding with the notation that lkBI < kF (or over all possible
kﬁ , since QPH |v+B-) vanishes when these conditions are not satis-

fied), and over a range of values qu that includes qua . O
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4.4 THE SCHEMATIC-TDA MODEL

The TDA equations will be discussed with reference to the specific
states l(ka+q,cu)+(ks,c5)-> used, and to their coupling to equations
associated to p-h states of definite spin and isospin, in another chap-
ter, without committing ourselves to a particular kind of p-~h potential
QPH' At this time we will consider, in terms of the p-h states
|u+a_> , the case corresponding to a 'separable" p-h potential. The
p-h states |u+a—> may be reinterpreted, if we want, as p-h states
with definite total angular momentum (if we do not require that these
states have a definite direction for the total momentum q ), or some
other.similar states, changing the operators |uw>'<e|" into the appro-

) *
priate p-h creators o

Let us assume then that V is "separable” , in the sense

PH
that we can write
PN _ ~N A%
with some operator 6 in normal order w.r.t |Q>, and some.

"coupling constant” )\ , real to make v hermitian. The inspection

PH
of the expression for OPH in 33) shows that (3 should be a single

p-h operator. That is,
57) Q Z Q'ua |u> <a| ,

with real values Qua , not all different from zero, in general. This,
%

B ’
)\ Qua QvB , which in turn lead back to 56)

and then that O =

. . /\* + = N
implies that Q |v g > is |Q> Qv HBav
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Remark

A * N "
The use of quav = ) Quu QvB does not imply that the exchange
term in Vusw = quav - Vqua is neglected. The potential VPH is

completely specified by the set of all values and from these

VuBav !

values alone we can not determine the "direct" term VuBav and the

separately. We should equate v and

" " t
exchange erm Vu uBve

Bva
*
to - X Qua QvB , for consistency with our notation for the

~

vBuav

matrix elements of V , but this is not needed to specify the structure

of VPH , nor have any additional consequence for it. o

A ~

The p-h Hamiltonian H,. = H. *+ V

PH o PH corresponding to the

"TDA-schematic model” specified by 54) is given by

~ A ~A ~%R
H = Hy*2xQQ +E

PH Q

58)

~

= N [y <yl” - >+ <g!"
Ho > lwre <ul” - 3 le>te <af ,

. ~ ~
expressing H0 as H, * E, for convenience. Since we are interested

Q

N

here in the action of H on single p-h states, and on no other

PH
states, we may substitute the single p-h part Iu'a> e u <u+a-|
of Qo , where"’ eua = eu - e, for the r.h.s of the second equality
in 56) , changing then our definition of ﬁu . This modification of
56) is needed for notational consistency when the p-h states |u+a_>
are reinterpreted as p-h states of definite total spin or total (or

orbital) angular momentum, and/or definite total isospin.

The solutions |w> to the TDA equations are the single p-h

eigenstates of A . These equations are then, according to 58) ,
PH

(Ao - @) o> = -2Q8" |w

59)
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*
Q |w> = |2 <Qlw> ,

in the model in consideration, writing |Q> = 6 [2> . Assuming now
that <Qjw> # 0 , which is equivalent to saying that |w> is not

destroyed by C/PH , we obtain
= <Qjw>
60) | w> h\ " -l40|Q> ,

for some eigenstates of QPH . This yields, since here <Qlw> # 0 , the
equation,

61) A<Ql Ay - )7hQ> = 1 ,

for the eigenvalues w needed for 58) . This equation can be written,

+ -
noting that |Q> = > |y a > Qua , as
2 -
62) N2 1Qu 1w - (ere ) = 1
The solutions w for this "dispersion relation” can be found graphi-

cally, determining the intersection of the function D(w) of w speci-

fied by <Q|(I:Io - w)—l[Q> with the function of w of constant value

\

X' ; ————

D(w)

AN

\

Y . These solutions specifies in turn, using 60) , the eigenvectors

.
A

/
-]

w> , up to a constant factor, and <Q|Q> , once we choose the normal-
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ization for |w> . Thus,
63) o> = (- A7t 1@/ (<Q(w - Ay) %),

up to an arbitrary phase factor, using a unit normalization for |w> .

This equality, which gives
_ -l NI
64) <Qlw> = X (<Q|(w - Hy) 71Q>) ‘

using 61) , can be written more explicitly as

-1 + -
65) o = Z(w - e + ea) Qua ln e >

(5 w-e, red?ia 17

The eigenstétes lw> given by this expression are non-degenerate,
and then, since QPH is hermitian, orthogonal to each other. However,
these states, which may be called '"collective" when Qua is non-zero
and of the same order of magnitud for a large number of p-h states
|u+a-> , are not all possible solutions to 59) . These equations may
admit also solutions |w> that are destroyed by QPH i.e s.t <Qjw> =
0 , which are then solutions to I,-\lu lw> = w Jw> . This situation arises
when Qua is 'zero for some label wua , and when there are different
p-h states Iu*a_> with the same p-h energy eu - e, (which is
always the case for nuclear matter, even if keep finite the quantization
volume V, ), and only then. In these cases |w> s either a p-h
state |u+u-> , up to a factor, or a l.c of p-h states |u+a—> cor-
responding to the same p-h energy e11 - e, which constitute the
eigenvalue w of |w> . Each eigenstate |w> of QPH of this type,
which is also an eigenstate of pi., , is either a member of an orthonormal

~

set of the same type of eigenstates of HPH , ora l.c of several mem-
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bers of this set, due to the hermicity of QPH .

It should be observed that every solution w to 62) is differ-
ent to all single p-h energies em = eu - e corresponding to labels
we  for which Quoc is not zero, assuming that <Q|Q> is finite (and
A # 0 ). Therefore, some of these (all different) energies w may coin-
cide with some p-h energy @ only "accidentally” , and only if
the corresponding value Quu is zero. In this case e is the eigen-

value w of at least two eigenstates of HPH , only one of which is not

also an eigenstate of ﬁo , but one of the type specified by 63)

Moreover, if there is an eigenstate w of A that is larger

PH
than any p-h .energy € ¢ 33 when )\_1 > 0 , or smaller than all
these p-h energies, which may be so if we are considering an enough
large momentum transfer |q| , so that all values €. 2'e larger than
zero, and )‘_1 is negative, then, that eigenvalue is necessarily a
solution of 62) . Its éorresponding eigenvector is, as a result, one
that is not destroyed by \A/PH i.e one of the type 63) . Further,
only one such eigenvalue w , larger than all e © OF smaller than all
eua (or even .negative, in which case the TDA equations, or the
potential, should not be considered appropriate for the system in con-
sideration) may exists. This situation is important because it often
applies as well to a realistic p-h potential \A/PH , which (as any other
p-h potential) may be considered as a superposition of '"separable"
p-h potentials of the type 56) . For this kind of potential we should
modify the dispersion relation in 62) , changing lQualz into some

values Dw(w) , not necessarily all with the same sign, which may

depend to some extent on w .
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It is also important to note that the number of solutions w to

62) in a semiopen range (evB’ev'B') specified by two p-h energies
(with only one of them in the range, by definition of "semiopen
range" ) is not in general equal to the number of labels wupa in this
range, because several of these energies may coincide, but to the num-
ber of different values ew in the range. Therefore, the number of
solutions w to 62) , or equivalently, of eigenstates |[w> of the type
63) , in a given energy interval, which may be small, even if there is
a large number of p-h states |u+a_> with energies in this range,
decreases if we change the energies e in this interval so that some
of them become the same. When we do this the number of single p-h
eigens.,tates of QPH that are also eigenstates of ﬁo increases, but the
total number of single p-h eigenstates of QPH remains unchanged.

In the extreme case when all p-h energies eum = erl - e, in 62)
(which are not in general all p-h energies eua) have the same
value, the expressions in 63) and 65) define only one state |w> ,
which is the unit normalization of |Q> . All other solutions to 59)

are in this case perpendicular to |Q> , and then, solutions corre-.

sponding to X equal to zero (even though we are using X # 0 ).

it should be clear now that the union of the set of all single
p-h states |w> of QPH given by 63) , which satisfy \A/PH |lw> # 0,
and a complete orthonormal set of single p-h eigenstates |w> of QPH
s.t QPH |w> = 0 , constitute a (complete) orthonormal basis { Iwn> }
for all single p-h states corresponding to the total momentum values
q in consideration. That is, it spans the same p-h space that the set

+ -
of all p-h states |u o > that we are considering in connection with

56) and 57).
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The labels n in l“’n> z |w,n> are used above to differentiate
several independent solutions to the TDA equations corresponding to
the same eigenvalue w . This '"degeneracy" label is, of course, not
needed, and can be omitted, when lw,> is the only element of the
basis { |wn> } corresponding to the energy w . On the other hand,
we denote by |w> , as done repeteadly above, any state, normalized to

1 , which is a solution to the TDA equations (or any other equations

in consideration ) corresponding to the excitation energy w relative to

the noninteracting ground state |Q> . We write also |w> = |q,w> when
|w> has a definite total momentum gq , and |[w> = ||q|,w> when this
state - corresponds to a definite absolute value |q] for the total

momentum. These conventions will be assumed not only for the TDA
equations in 58) , but to any other set of equations in consideration at

a given time.
According to these remarks we can write
66) Q> = 5 e <w|Q> ,

performing the sum over all solutions |Jw> to 59) given by 63)

Therefore,

67) <ol@>® = 51 1% = <@

A similar "sum rule" holds for arbitrary p-h states |Q'> = o} |Q> ,
such that 6 is given by 57) wheﬁ we modify this equality by
changing Q into Q' , and the values Qucx into arbitray numbers
Q'ua' However, we should write w_  instead of w in 66) and
67) , in general, and perform all sums involving w, over all eigens-
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tates w of ?{

n PH when we change the symbol Q into Q (and

then Qua into Q e )} in these equalities.



\
TDA-STATES AND COLLECTIVITY

5.1 THE TDA-MATRIX ELEMENTS

The HF-TDA equations for nuclear matter derived before can be can

be expressed,for a given momentum transfer q , in the form

(e(k*q) - e(k) - w) <(k*q,z) (k,c ) |w>
1) + > /A°k &K <(k'+q,z.:v)+(k',cs)_lw>

< (kra,g) (kg )] Yy 1(ka,e) (K Y = 0,

with arbitrary (allowed) momentum values k in the region gq of all

momenta k' s.t |k'| < kg < |k'+q| , arbitrary spin-isospin projec-

tions ¢z = (s ,t), s = (s ,t), and a sum over all different
o a o H uou

(allowed) momenta k' in Qq , and all different spin-isospin projec-

tions CB and cv . These equations become
(e(k*q) - e(l) - w) ((k*a,z) (k&) w>
g t + ' =
2) © 3 A ke, ) (K g e

%S 0q

(ka2 (6,8 )71 Vpy [(K*a,8) (K,g)7) = 0,

in the limit of V, = (21)%/A°k --> » , i.e for A’k = d%®k , with an

integration over all momentum values k' in _gq , using the equality
+ - + -
3) | (k*q,2) (k,z') > = |(k;q,2) (k,z') } VA%k

113
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The matrix elements of VPH appearing above, and the corre-

sponding 2-nucleon matrix elements of the interaction potential V ,

are given by

{(kra,z ) (kg ) | Vpy 1K' *q,2) (K gg) ) =
((k*a,g ) (k' g) | V [ (k,c )(K'*q' g )} =

4) ~
{k+QrCu,k ICBI V Iklcalk +q ,C\)} =
k-k'rq v kekd
( 2 ,(CU,CB)I \_/ I 2 ,(Ca,Cv)) aqq' ’

in terms of the matrix elements of the c.m-frame "antisymmetrized"
2-nucleon potential Q =V (1—P21rel) w.r.t the relative momentum

statess |p,(z,2)) = |p,s,s',t,t') . Here, as wusual, ¢ = (s,t) , ¢ =

(s',t') , and s,s' = *#1/2 , t,t' = t1/2 .

The states |(k+*q,g)(k',z')} are v2 times the the antisymme-
trization of the 2-nucleon states |k*q,z,k',g'} = |k+q,z;,k',<:'>//z\—3_k ,
with Aak = (27)%/V, . The normalization of these states, and that of
the p-h states |[(k*q,2) (k',z)7) , is specified, with |k|,|Kk'| < kg
< |k*ql,k'*q| , by

(Ck*a,e) ()1 (K a2 ) (K, gg)7) =

5)

{k*q,z ,k',z lk'*q", ¢z ,k,z )}y = & _ . 6(k-k') 8 8 ,
U B v o qq Cucv cacs

in the limit of Vy, --> 0 in consideration here.

The equation 1) may be recovered from 2) , as an approxi-
mation in which we change the integral over all momentum values k in
Qq into a sum over some discret subset S_Zq of these values. In this

case, the values A°k do not need to be the same for different
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momenta k . lInstead, they represent, in general, the volume of the
cells A’k in some partition ?[q of Qq into small disjoint cells, s.t
the values k entering in the sum in 1) , defined as those in S:Zq ,
corresponds to {(momentum space) points inside these cells, with one
point per cell. This procedure, that changes the infinite set of equa-
tions represented by 2) into a finite set of linear equations, chang-
ing integrals into ordinary sums over a finite number of elements, is
useful as a computational device for solving (approximately) the integral
equations 2) . An adequate accuracy should be expected using this

procedure only if (A:‘k)l/3 is enough small relative to kF , for all

momentum space cells into which gq is partitioned.

According to this, the sums in the equations 48);IV for
nuclear matter, that represent an ordinary sum over spin and isospin
degrees of freedom, but an integral over the momentum values keS_Zq
(since we should do A°k --> 0 for nuclear matter) can be_interpreted
also, as an approximation, as an ordinary sum over the spin and isos-
pin degrees of freedom, and over the elements of a discrete set S}q of
momentum values k , each one associated, in a one to one way, to a

different cell Ak of a partition Qq of gq into small cells.

On the other hand, the symmetry properties that we are assum-

ing for the interaction potential V for nuclear matter implies that \7

A A~ ~

commutes with the total isospin projector operators Ti = Tx , Ty ,
'/l\'z . Moreover, the different parts of V  that become the partial
potentials \A/PP , \A/PH ;o--, Vg considered in 28),29);1V  through

normal ordering w.r.t |Q> , are linearly independent. Therefore, they

commute also with the operators "’l\'i . Further, these different parts of
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\7 differ from their corresponding normal ordering only in scalar

terms, or in parts of the 1-nucleon potential U specified by

AN

12),1V , that, like 0 itself, or the kinetic energy operator K , com-

mute with Ti , because U s diagonal w.r.t the s.n.s |k,s,t> .

~

As a result, the partial potentials OPP , VHH peeeny, ON , that include
the p-h potential Vpy - commutes with Ti . A similar argument leads

us to conclude that the commutativity of the interaction \7 with the

A ~

total angular momentum operators Ji = Jx ’jy ,jz ,

momentum operators Pi = ﬁx ,/lsy ,/ISZ , which follows from the rotational

and translational invariance of the potential V for nuclear matter,

and the total

implies that the partial potentials mentioned before, commute also, like

s

U and FZ , with the operators ji and IA’i . We then have,

[Ho Pl = [H,, 31 = [H ,T 1 =0
6) ~ ~ ~ A A\ ~
[ VPH ’ Pl ] = [ VPH ’ J' ] = [ VPH ’ T' ] = 0 ’

with HO specified by 21),I1V . Consequently, the p-h eigenstates

~

ju> of H = I:lo + VPH can be chosen to be eigenstates of some of

PH
the operators 3% = ZJiZ , jz , T2 = E'T'iz , and 'f'z , or of all them.
This allows us to replace, if we wish, the p-h states |u+a_> ,
|v+,6_> used in 4) by (or reinterpret them as) elements of a basis
for p-h states that are eigenstates of any number of the four men-

tioned operators, with fixed given eigenvalues relative to them.

The TDA states |w> that are eigenstates of '/I\"2 and ?z

can have a definite momentum transfer q if they are not eigenstates

of 32 , but not otherwise, because the operator —T‘i , but not 32 ,

A

commutes with the total momentum operator P . However, since PZ
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and J\z commute, we can consider solutions |w> to the TDA equa-

tions that are eigenstates of J and have a definite momentum trans-

z 4

fer q , if we choose q along the Z-axis.

Thus, in particular, we can use in the TDA equations for
nuclear matter the states |q;k SMIN} = |(k+q)+k-SMTN} , instead of the
states |(k+q,s',t')+(k,s,t)—} ,  with fixed values for the total
momentum transfer q , the total isospin T , and the total isospin pro-

jection N . Alternatively, we can use, with fixed values of q, T, N

and My, using this time q = |q] e, . the (single) p-h states
7) |q; (k,0) M SHTN} = V2 B, |q;k(8) M SMIN}
: J
introduced in Il , corresponding to hole momenta with definite absolute

value k , definite polar angle 8 (but indefinite azimuthal angles ¢ ).

The operator P is the projector on arbitrary multinucleon states of

"

definite total angular momentum projection M, along the Z-axis, and
k(8) = k(0,0) any momentum value k of absolute value k = |k{| , of
angle 8 w.r.t the direction of g (the Z-axis) and zero azimuthal
angle ¢ (angle w.r.t the X-axis of the projection kp of k on
the X-Y plane). The substitution of a momentum value Kk(6,¢) of
polar angle 8 , azimuthal angle ¢ , and absolute value k = |k| for
k(8) in 7) requires the multiplication of the l.h.s of 7) by the
e-i(MJ-M)¢ -

phase factor This is clear noting that the states in 7)

have eigenvalues M= Mo-M ow.r.t the Z-component T.z of the orbital

angular momentum operator on antisymmetric multinucleon states, and

¢

~

that the effect of e—le on those states is the same corresponding to
a rotation of k(8) around the Z-axis through the angle ¢ , that

changes k(8) into k(8,¢)
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The particle-hole states lq;(k,e)-MJSMTN} have a normal-
ization &(cos8 - cos8') 5(k—k')/k2 w.r.t the values k(8,¢) , a unit
normalization w.r.t q ,MJ ,5 ,M ,T ,N, and the set of all of them
corresponding to a fixed value q span the same subspace of states
with total momentum q = |q] e, that the p-h states |q;k SMIN} ,
or the p-h states |(k+q,s',t')+(k,s,t)-} , corresponding to the same
q . Moreover, OPH conserves, according to 6) , the total angular

momentum along any direction. Consequently, we can rewrite the TDA

equations 2) in the form,

(e(k*q) - e(k) - w) {q;(k,8) M SMIN|w>

8) + 2 dTKI(8Y) {qr (K, 0') M S TN >
SlM- gl‘;’) .
x a; (e, 0) MysHIN| Vo fq; (6,00 s}y = 0,

where d?k’'(8') = k2 dk' dcos®' . This result can be obtained directly
from 48),1V , remembering 6) and the normalization, mentioned
above, of the p-h states used ir 8) . The integration here is per-
formed over all values (k,cos8') , or equivalently, over all values
(k'3/3 ,cos8') , or over all momenta k'(8') = k'(8',0) , of polar coordi-
nates (k,8') , s.t |k'(8")] < kg < [K'(8)*q] . We denote with Qq‘z’ a
set of values specifying this integration range. Thus, Qq“” may be the
set of momenta k'(8') referred to above, or the set of all coordinates

1 t 13 1] .
(k',8') , or (k'7/3 ,cos8') , corresponding to these momenta.

It should be observed that, due to 6) ,

~

{q; (k,8) M SMIN| V. |q';(k',8') M SMTN'} =
9) {q; (k,8) M SMTN| Vpy |q; (k',8") M S'™M', TN}
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The commutation relations in 6) imply additionally that the
matrix elements in the r.h.s of 9) are the same for all values N =
-1,0,1 of the isospin projection corresponding to T = 1 , and then
(since N =0 for T = 0 ) independent of N for a given total isospin
T . We can then replace.any expression for these matrix elements
involving N (like the one in 12) ) by its arithmetic average w.r.t N
i.e to introduce a sum over all N in that expression, dividing it at
the same time by 2T+l , without altering its value. This is a conven-
ient way to eliminate the superflous freedom that we have in any such
expression of choosing N as -1, 0 or 1 for T =1 . We can, for

the same reason, drop the labels N in 8) , and in the matrix ele-

ments of QPH in the r.h.s of 9) , agreeing that

.

10) |q;(k,e)'MJSMT} = > ]q;(k,e)'MJSMTN}//2T+1 ,
Nz-T

with a sum over the 2T+*1 possible values of N . Accordingly,

{q; (k,8) M SMIN| Vo |q;(k’,8") M,/ 'SM TN} =

1) (a; (k,0) MySHIN| Vpy |q; (K, 0') Mys, T} =

An explicit expression for the p-h matrix elements in 8) in
terms of the 2-nucleon relative momentum matrix elements of the anti-

symmetrized interaction potential, is
{q; (k,8) M SMIN| V. |q';(K',8') M SUTN} =

3§d¢ o 1My M)e {q;(k,e)'MJSMTm Y (k‘,e’)'MJs'M'TN} =

py 19/
12)

¥ 35S 3 3s 3 3T
ZCS-SMCs—sM'Ctu-tNC -

LS (0%«
TR v B a v B

r+ oNl=
-
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k—k'—q'
7 +SqrSyrtty)

-i(M.-M)¢ k-k'*qg
e J (—~7?———,Su,ss,tu,tﬁl VvV |

with g = |q] e, , k = k(8,¢) , k' = k'(8') , and a sum over all spin
and isospin labels S, ,tu = £1/2 . The first of these two equalities fol-

lows from 7) , 40);ll , and the identity of PMJ VPH PMJ with

ﬁMJ \A/PH , implied by 6) and }SMJZ = ISMJ . The second equality comes
from the first, together with 38);lIl and 4) , taking note of the con-

vention on labels introduced at the end of §3.2 .

The 2-nucleon matrix elements appearing at the end of 12)

are given in turn, according to Il , by

(p,su,s totgl Volpts  t,t t) =

B’ u
S }ES5 FIT LSI 3iS 33S L'ST
L L T 1
SMSBM tutBN MLMMJ satvM tatvM I"ILMMJ
13)
L+L' L L' *_
x (L DTTY/2 Y () Yy ) ()
L L
L+S+T . '
x (1 -(-1) ) (el (L,8)3] V []p'},(1,8)3)
where p , p' are the directions of the relative momenta p =

(k(8,¢)-k'(8')*q)/2 and p' = (k(6,¢)-k'(8')-q)/2 .

The sum of products of nine Clebsch-Gordan coefficients that we
obtain substituting 13) into 12) can be changed into a sum of prod-

ucts of standard 3-J , 6-J and 9-J symbols. In effect, the defini-

tions
j1 jz ja - _ j1'j2'm3 jl jz j3 :
Gl aiad) = D) Col alal (@)
yElotim 101, 34y (1 1, 3,y (1s 1; 3,
14) Z (-1)77i ' (nl—nz ma) (nz—na ml) (na—n1 mz)
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- (31 J2 33) 3y Iz Ja
m, Mz My 1, 1, 1 ’

together with the orthogonality and the symmetry properties of the

Clebsch-Gordan coefficients, imply that

c?

15) N oC

U
'} C l 1 C 1 1
x (zs+1)5 (2s' +1)% (21+1) (- 1)

The p-h labels u, v, o, B are used here to indicate either the isos-

pin 1/2 indices tu, t , t

t, , or the spin 1/2 indices s ,
v a B u

S, 1 Sq ¢ Sg - Note also that the last identity can be obtained (using
again the symmetry properties of the Clebsch-Gordan coefficients) from

the more general result,

ZCS 1J CSIJ CL JCL'I'J

Mnm' “Mnm' “Knm “Knm

s s'1'| [LL'I'l .$SI L'LTI

16) Z lT1J3( |113 Cymnet Cr'ok M
x  (-1)7I R o500y (204

We may combine now the expression for the arithmetic mean over
the isospin values N of the result of the substitution of 13) into

12) with the last three equalities, and with
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i— % 5 ! ’S S'I' I1sJ JI S'J'l
g L = '+
17 {%;?’ ]IIJ'H%%%}I%%%J(ZJ g

This yields in a rather straightforward way, taking into account 14) ,

10) and 11) , the the useful expression

{q;(k,e)'MJSMTm Voy |q';(k',e')'MJ's‘M'T'N'} =

ST{pis ] T cobent
zz S IIJ] |23 T - 2

Lo |t z 2

T G N B B ¢ I S D LA ILD B G D R

18)

< (25+1)F (25'+1)F (23+1) (21'*1) (2I+1)
y §d¢ e 1(M;-M)¢ Y5 (h+q) Y;:*(h-q)

«dR2al g v el na ,

where h = k(8,¢) - k'(8') , and g = |q| e, . The sum should be per-
formed here, as in 12) and 13) , over all discrete labels that do not

not appear in the l.h.s .

Any square matrix specified in the standard way by the p-h
matrix elements given above corresponding to a given discrete range of
values ki ,Gi ’Si ’Mi , for both %, 8, S, M and k', 8, S', M, is
hermitian, assuming that the 2-particle potential V (or equivalently
V ) is hermitian, since in this case the second quantization Q of V ,

and its p-h part \A/ y ¢ are also hermitian. Any such matrix is addi-

P
tionally symmetric when the matrix elements of V in 18) are real, as
those associated with nuclear matter, because in this case the elements

given by 18) are also real. This can be seen as follows.
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Let us agree first, for convenience, that the dependence on ¢
of the momentum values k{(8,¢) has the usual periodicity of 2% , cor-

responding to the expressions

19) kx = Kk cos8 cos¢p |, ky = k sin® sin¢g , kz = k cos®

for its cartesian components, so that we can use the integration range
(-m,m) in 18) , instead of the range (0,27n) , if we wish. It is clear,
using this integration range for ¢ in 18) , that we can change ¢
into -¢ in the integrand, without changing the value of the integral.
The product of spherical harmonics in 18) changes into its corre-
sponding complex conjugate under the mentioned substitution, because

it depends on 'qS through the (K—K')th power of the phase factor

specifed by
et = (h. + ih )/|h. * ih|
‘U y X 4
20)
° + . - . i¢ _ 1] . *
hx lhy k sinB e k' sinB ,
where k = |k(8,¢)| , k' = |k'(8")] . However, the matrix elements of

V remain unaltered, because

[h q|2 = q2 t (k' cos8’ - k cosB) *

21)

2 2

k™ + k'™ - 2kk' (sin® sind' cos¢ * cosB cosB') ,

with g =g e, . On the other hand, all factors to the left of the inte-
gral in 18) are real. Therefore, the allowed substitution of -¢ for
¢ in the integrand of 18) changes the complete expression in the
r.h.s of 18) into its complex conjugate, when the matrix elements of
V there are real. The r.h.s of 18) specifies then, in this case, a

real value.



The angle & = &(k,k',8,8',¢) in

the relative momentum h = k-k'

18)

defined in the range (0,7m) , is specified by

cos 0 = (h, * q)/|h *+ qj

22)
hz = Kk cos® - k' cosb’

and the value for |h * q| given by 21) .

20)

and of the momentum values

The corresponding polar angle 0 =

124
is the azimuthal angle of
h*q in

o(k,k',8,8',¢) of htq,
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5.2 DIAGONALIZATION OF THE TDA EQUATIONS

An approximate solution to the TDA equations in 8) can be found
changing the integrals there into a finite sum (following a procedure
similar to the one discussed after 5) ), to obtain a finite system of lin-

ear equations, associated with an hermitian matrix.

Let us assume, by example, that the above mentioned sum is
performed over a finite set S}q‘z’ of momenta that belong to the
2-dimensional region Qq‘z’ of points k'(8') specified by the coordi-

nates (k',8') needed in 8) , which are those s.t.

'v '2 r 1
23) k% < k® <K%+ 2K qcosd * g )

IA

with g = |q| , k' = |k'| . Introduce now a partition gzqm of gq“’
into disjoint cells, s.t each cell of ﬂq‘z’ contains one and only one
element of Qq‘z’ . Let A%k(®) be the cell of f[q(z’ containing a given

point k(8) of S_Zq"’ , that we call the reference point of A?k(8) , and

write
24) wk(e) = [ drK(e) | [ar2/3 deoser ,
2%k(8) A%k (8)
as a definition of its "weight" . If we use (k®,cosf) as orthogonal

coordinates for the points of Qq‘z’ we obtain A?k(8) = (Ak®/3)Acos8 ,
when A?k(8) looks rectangular, with sides of length Ak®/3 , Acos®

parallel to the k® and cos8® axes.

The values k',0' corresponding to a given cell A%k(8) ,

together with all angles ¢ in the interval (0,n) specifies the spher-
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ical coordinates (k,8',¢') of the points k'(8',¢') of an annular
"cell" A°k(8) in the momentum space. This annular region, which is
the one swept out by A?k(8) when this 2-dimensional region is
rotated around the Z-axis through the angle 2% , specifies in turn
A*k(8) , as its cross section A%k(6,¢) of fixed azimuthal angle ¢ =
0 . Moreover, the usual momentum space volume A°k(8) of the annular
cell A%Kk(8) corresponding to A%Kk(0) is 21 times the
( 2-dimensional) "volume” A?k(8) of A?k(8) , defined in 24) , and
the set ﬂq of all cells A%k(8) corresponding to the cells A*k(8) in
consideration (of reference points in Qq‘”) is a partition into disjoint

annular cells of the momentum space region containing all momenta k

s.t |k|] £ |k*q] , with g = |q| e, . The momentum space volume of
Qq of Qq is then, as indicated already in Il., 2m times the
"weight" Qq(z’ of Q_q“’ , given by the r.h.s of 24) if we change

there AZ%k(8) into Qq(z’. The weight Qq"z’ is also given, obviously,
by the sum of all weights A?k(8) corresponding to cells A?k(8) with

reference points k(8) in S_?q(z’.

The cells A%k(8) referred to above may be rectangular relative

to the k> and cosB axes, with the exception, when |[q] < kF , of
some of them which are contiguous to the boundary of Qq‘z‘ . Since we
are dealing here with an approximation to the TDA -equations, we can
discard some of these non-rectangular cells, and change the others into
rectangular cells, distorting the boundary of _S?q(z’ , but in a way that
changes little (if the cells are enough small) the overall shape and the
total weight (or "volume") Qq‘z’ = Qq/Zv of gzq”). This allows us to
consider only rectangular cells, all with the same (or approximately the

same) weight, s.t the sum of their weights is quite close to Qq/21r .
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To each cell A%k(8) of ﬂq‘z’ , and hence to each annular cell

A*k(8) of ﬂq , of reference point k(8) , we associate now the p-h

wave packet

q; (k,8) M SHTN> = Jde'(e') |q; (k',8") 1 SMIN} /A% K (B)
25) A2k (8)

s k(e gy e P e

= J d’k'(8',¢') e 7Y la;k'(8',¢") SMIN}/V/A*k(8) .

A%Kk(B)

of unit norm. The set of all these p-h states is orthonormal, that is
<q;(k,e)'MJSMTN|q';(k',e')'MJ's'M'T'N'> =

5§q' 6}{1{' 568' GMJMJ. 5SS' 6MM' 5TT' GNN' ,
due to the orthogonality and normalization of the states

|q;(k,8)—MJSMTN}, or of the states |q;k SMIN} (se: 48);I1 ), and

because two different cells of Qq‘z’ , or of s’zq , are disjoint.

On the other hand, the states [q;(k,8) M;SMIN>//A?k(8) become
the state |q;(k,8)—MJSMTN} considered in 8) , in the limit of A%k(6)
--> 0 . The same holds if we drop the labels N in the p-h states in

consideration, using

27) |q;(k,8) M SMT> = > |q; (k,8) M SMTN>//2T+1

MH=-T

Consequently, the finite set of TDA equations

a
W

= W
=<4

(etk+a) - e(k) - w) Xg
J

+ 2 2L (qn’ k's'T q
28) 2 VA2k(8) A%k'(8') Xe'M'MJw

SaMlj:LI;)

x  {q;(k,8) M SHTN| V

py |a:(k',8') MSMIN} = 0O
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<q;(k,B)-MJSMTN]q,w;MJTN> =
k
8

Tgq
M.ow

<q;(k,8)'MJSMqu,w;MJT> = X 3

J

associated to the partition ﬂq‘z-’ of Qq‘” , and to the partition ﬂq of
_S:Z_q into annular cells, constitute a good approximation to the equations
8) for the states |w> = fq,w;M;T>, and |w> = |q,w;MJTN> , of exci-
tation energy w , when the volumes A%?k(8) = A°k(6)/2n of the cells

in Qq‘z’ are small enough compared to the total volume Qq‘z’ = Qq/Zv of
Q2.
“q

The sum in the equations 28) is performed over the coordi-
nates (k',8') of all elements k'(8"') of the set {Zq‘” of reference
points. for the cells in S’Zq‘” , or in ﬂq , with q = |q] e, , and over
all spin-1 labels s' ,M" , using the same p-h matrix elements, given
in 12) and 18) , that are used in 8) . The state ]q,w;MJTN> may
be interpreted as the |.c of states |q;(k,e)_MJSMTN> that approxi-

mates the state |lw> in 8) in the sense specified by 28) . This

way we have,

kSTgq -
2 : = ;
29) lq,w;M N> § Xg My lq; (k,8) M SMTN> ,

Smke
with a sum over the coordinates k,8 of all elements k(8) in Qq‘z) ,

and over all spin-1 labels 5 , M .

The matrix elements <w|q;MJSMTN> corresponding to the solu-
tions |w> ='IQ,w;MJTN> to the TDA equations, and the p-h collec-

tive states

~q ST
QM JMN

30) | q;M SMTN> 1Q>/J§; ,

of wunit norm (weight), considered in Il , are also of interest,
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. - e ~Aq ST
particularly for M; =M. The excitation operators QM My are asso-
ciated in this case, according to our remarks in |l , to plane waves
that may propagate in nuclear matter transferring a momentum q to

an unexcited nucleon.

For the states ]q;MJSMTN} ﬁq ST |2> ,of norm Qq , we

have, using 23) and 30) ,

|q;M SHIN} = /Qq | q; M SHTN>

r -
Y2m . d?k(8) |q;(k,8) M SHIN}
31) Q“(z;
q

> V2w aTk(8)  |q; (k,8) M SMIN>
Q 12}
q
The isospin labels N may be omitted if we wish, here and

below, using for the isospin-T states not carrying these labels a defi-

nition similar to that in' 10) and 27)
From 31) follows immediatly, remembering Qq = 27 qu , that

<w] q;MJSMTN> =

> Vau 27k(8)/Q,  <wlq; (k,8) M SHTN>

32) S:Z {2)
q
/A K(8)/Q @ ks Taq*
Z A*k(8)/2% Xg , ,
Q (2)
q
for a solution |w> = |q,w;MJTN> to the TDA equations 28) . Any

such solution is a member of an orthormal set of solutions Iwn> to

the same equations (not necessarily all with different energies w ), or
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a l.c of them, that span the same space as the elements

[q;(k,e)_MJSMTN> in consideration. We get, as a result, the "sum

rule”
— 2
S 1<ugla; S| =
“n
33)
i— 2 {2) kST q 2 =
S Va K(8)/8 Xy T
n
(2)
W Qq
. kSTq kSTgq ..
denoting by Xe M Man the values Xe M Mg specified by 28) for
its particular solution |w> = |°°n> , of excitation energy w . The sum
in the 1.h.s is performed over all labels Wy, corresponding to the

reference orthonormal basis { lwn> } of solutions to 28) , so that the
I.h.s of 33) is the squared norm, of value 1 , of the collective
state lq;MJSMTN> . Since the elements lwn> have also a unit norm, we

should have additionally,

1]

ksT 2
34) 2 l Xg h M ! ’
SMke “n
running the sum over all integers S,M ( |M| £ 5 = 0,1 ), and all val;
ues k,8 corresponding to points in Qq‘z’ , with fixed values of T, N,

w and n .

The labels n , running over some set of different values, are
used here, together with the excitation energy w , to differentiate the
several elements lw,> = |w,n> of a complete orthonormal set of solu-
tions to 28) , choosen as reference. We may use in particular n =
(q;MJTN) , or drop the labels n if Iwn> is just an abbreviation for

lq,wn;MJTN>, when any two |.i solutions |w> to 28) associated
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with the same values q,MJ,T,N correspond to different energies w .

Note also that the values Xg;;q , or equivalently, the

ksTgq
8 M Man

them to be real in the case nuclear matter, or whenever the 2-particle

values X are complex in general. However, we can choose

matrix elements of V in 18) are real, since in that case, as indi-

cated before, the p-h matrix elements used in 28) are also real.
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5.3 COLLECTIVE TDA STATES

There are many types of p-h states that can be called "collective"
in the sense that they have comparable components, with the appropri-
ate phases, w.r.t to an enough large number of p-h states with
hole momenta distributed over some region of the Fermi sea. However,
we are interested here, specifically, in the collectivity of the TDA
states |w> = lq,w;MJTN> measured w.r.t the reference collective

states |q;M;SMIN> specified by 30)

A convenient measure of the collectivity of a given state |w>
relative to a given set of reference collective p-h states is the
squared norm of the part l(w)c> of Jw> in the linear space of the
reference collective states in consideration, divided by the squared
norm of |w> (if |w> is not zero). This value, always between 0 and
1 , will be called the "degree of collectivity” , or the p-h strength,

of |w> relative to the mentioned reference states.

The degree of collectivity of a solution |w> = |q,w;M;IN> to
TDA equations 28) , relative to the collective state |q;MJSMTN> that

have the same values of q My, T and N that |Jw> , is then

< W) > <w|q;M SHIN> <q;M SHIN|w>

35)

/xz2 @ kSTq 2
l Z A k(B)/Qq Xe M Man !

9) (2}
"q

The state I(w)c> is here the collective state |q;M SMTN> multiplied
by the number <q;M,SMIN|w> , which is given by the sum in the r.h.s

of 35)
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To a value <(w)c](w)c> close to 1 for a particular spin and

spin  projection S,M corresponds, as a result, small values
<(w)cl(w)c> for all other S,M . This is clear noting that the sum over
all S,M of the values given by 35) is the degree of collectivity of
fw> relative to the set of all states lq;MJSMTN> , which can not be

larger than 1

A related question is, of course, the strength of the coupling in
jw> of states of different spin and spin projection S,M . An evaluation
of this coupling can be obtained from the relative magnitude of the
squared norms of the parts |(w)§> = isSM lw> of |w> corresponding
to different values of S,M . These squared norms, whose sum is 1 ,

due to 31) , are given, for each choice of g, MJ , T in Jw =

lq, w;M TN> by the first equality in

S Tqg |2 _ < kSTgq 2
X Mw " = > ‘ Xg 1 Mw
k,8
36)
: = N xS Ta ,
|q, w;M IN> = Z Xy M |q, w; M SHIN> )
s,M

running the first sum over the set S_?qm of coordinates k,8 used in
28) . The last equality is an expression of |w> as the sum of its
parts I(w)§> . using lq,w;MJSMTN> to denote a unit normalization

S . .
| w;SM> of |(w)M> , corresponding to given values q,MJ,T,N .

The quantities specified by 35) for a complete set of solutions
lw,> = |w,n> to the equations 28) , allows us to write the sum rule in

33) as
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37) D <) lu)> =1

w,n

This shows that if a given solution lwn> to the TDA equa-
tions is extremely collective w.r.t the state |q; M SMIN>  j.e if
<(wn)c|(wn)c> is close to 1 for this state, then, all other independent
solutions to the same equations would have little collectivity w.r.t

same collective state. A plot of of the values
38) wplw) = <(w )l (w)) > ,

where the sum is performed over all states lw,> corresponding to the
same energy w (usually no more than one or two if we compute w
with more than four digits) is then useful. We may obtain something

that looks like the figure below, representing each relative weight

wr(w)

ol |,.‘z |l’|.||.\. .

W

wr{w) with the length of a vertical bar. The sum of the lengths of all
bars appearing in a graph of this kind may be smaller than one, even
though the sum over all w of the weights wT(w) is 1 , because

many of these weights may be too small to be shown in the graph.

The exact values, and position as a function of w , of the
weights wT(w) depends of course on the particular way in which we

construct 28) from 25) , that is, on how we construct the partition
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Qq‘z’ of Qq‘z’ (see the discussion in §5.2 , before 25) ). For this
reason the individual values wT(w) are not by themselves, usually,
very significative, with the possible exception of a few of them, which

may be, for example, relatively large compared to all other, and not

very close together on the w-axis.

We say that two values wT(w') , wT(w) are close on the w-axis

+ -

when |w'-w| is small compared to the difference Aey = ey - ey be-
tween the higher and lower Lindhard energies e; and e;( , given by
0 . lal < 2kg
e- =
lal (lal - 2kg)/2my » lal 2 2kg
39)
+
ex = lal Ual * 2k)/2my

They are the largest and the smallest (positive) p-h kinetic energies
eK(q,k) = eK(k"q) - eK(k) corresponding to the non-relativistic kinetic

energy e,(k) = kz/(Zm ) of a nucleon.
K N

Observe.that the energies w of the solutions to 28) are in
the range of energy (e}_( , e;) when the p-h potential OPH is
zero, and that this range is the set of all energies w allowed by the
integral TDA equations in 8) for OPH = 0 . This is also true (as
our discussion of the schematic TDA model in IV suggests) for all
energies w corresponding to QPH # 0 , with the possible exception of
one of them, for usual p-h potentials (or few of them for more gen-
eral potentials inappropriate for nuclear matter), if we change the

- +
energies eg . ey referred to above into the smallest and the largest

values e = e (q) , e = e+(q) of the p-h energies e(q,k) =
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e(k*q) - e(k) corresponding to e(k) = eK(k) + U(k) .

- +
As a result, the smallest energy w and the largest energy w

of all energies w allowed by the TDA equations 28) for Vo, # 0

PH
are of particular interest. At least if the number of momenta k(8)
used in these equations (which are the elements of S_?q‘”) is large
enough, so that any eigenvalue w outside the range (e-,e+) can be
considered as a characteristic value for \A/PH , rather than a value
associated with both OPH and the particualar sets ﬂq‘z’ and S}q‘z’ in
use. But even if this is not the case, we have obtained, perhaps, some

interesting information about OPH when we find that w <e , or w+

+
> e ,; for a given momentum transfer |q]

+
This situation arises normally only with W = w (q) , and only
for |q| smaller than some value qg < kF . The TDA states with

energies wc(q) 2 e+(q) are highly collective states corresponding to

"zero sound" vibrations in nuclear matter, of nucleons around the
Fermi surface, since a small |q| requires hole momenta |k| close to
k. in the p-h states.

F

- > |al

~

These remarks hold assuming that we reinterpret V. and

PH ~

0 , which is specified by its matrix elements U(k) , as "effective"
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single-nucleon and p-h potentials appropriate for nuclear matter.
These effective potentials may be the H-F potential U and the p-h
interaction potential VPH (defined in 1V ) corresponding to some ade-
quately chosen potential V , usually non-local. However their matrix
elements may be quite different from those of the potentials U and

V. corresponding to a "realistic" local potential V for two isolated

PH
nucleons.
Remark

A 2-nucleon potential V = > [P> V <P| s local if we can write

(plgtnl .\_/ Ip';g',n') = \__/gngvn-(P'P')
(r,&,n| V |r',E,0") = vini'n'(r) s(r-r") ,

using relative momentum and relative position eigenstates of &-function

normalization. These two equalities are equivalent and imply,

' v(r)

- -3 3 -ip.r
yini'n'(p) (27) 5 d3r e VETIE "

Uk) = Z—{Z VEROREE DI C N L SV (S O
c N ¢ N

Qr

where SE is the total spin label S in & = SM , and Tn the total
isospin label T in n = TN . The symbol & stands for the volume,

1/4 m kF3 , of the Fermi sphere Q. . O

To eliminate some of the dependence of the function w ~ wT(w)
defined in 38) on the discretization procedure leading to 28) , we
should smooth it to some extent into a new function w + wp(w) . We

can do this, by example, setting

40) Wy = Z wr(w') ,

1
wiSw Wi
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for w in the (semiopen) range (w,w;,,1) , and w.(w) = 0 for w <
- + .
Wy and w > Wy with 1 =1,2,..., and

+ + o+ . +

wy = Max(w e ) * Auy

41)
Min(w ,e ) + Aw;{ ,

€
i

where Aw; , Aw;i are adjustable parameters. The notation here is
specified defining Min(),)\') as the smallest, and Max(},\') the larg-

est of two given real numbers ) , \' .

- +
We assume this procedure, and split the range (wH,wH) into
NH equal parts that we identify with NH consecutive intervals

(wi,wi“) , so that Wi oW is Buy = (“’H_w;!)/NH (at least) for

these intervals. The number NH should be relatively small compared to

the number Nk of points k(8) wused in the TDA equations 28) ,

which is 1/4 of the number of |I|.i solutions lwn> to these equa-

tions, but comparatively large w.r.t 1 . On the other hand, it seeems

+ + - -
reasonable to set AwH= 0 when w 2 e , and AwH= 0 when w =

+
e , and use Aw

H,Aw

< .
g < buwy in general.

Under these conditions the function w *+ w.(w) is a stepwise
function, that may be called a "histogram”" of w - wrl(w) , with a
total "area" , or weight, gT(w)dw equal to 1 . Its graphical repre-
sentation may look like the next figure. However, it conveys little
information of value in this example because a value 7 for NH is too
small. Useful values for Ny may be around 20 . The size of the

associated to 28) should then be of

square matrix H,, = Hy * V

PH
the order of 400x400 elements (which corresponds to Nk = 100

PH

points k(8) in E_Zq(” ), and even larger.
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wo (w)

o ]

An evaluation of the quality of the histogram w » w.(w) corre-
sponding to given values N, Nk may be obtained setting QPH (or
equivalently, its associated matrix y_PH ) equal to zero. |n effect, let

WL/WL be the Lindhard distribution w defined in 43);1 , divided

L

by the total area W under it, considering w as a function of the

L L

p-h kinetic energy ex = eK(q,k) . The histogram should resemble,

e

when V vanishes, an acceptable stepwise approximation to WL/WL

PH

if N and N

H K are adequate, meaning that NH and Nk/NH are

large enough.

Remark

We defined w, with a maximum value 1 for gq = |q|/kF < 1 . This

L
normalization yields the value 2 Qq‘z’/kF3 (see 49);11 } for the area

W, under the ordinates W o using Kq (see 42);1 ) as abscissa. The

L
corresponding area w.r.t the p-h <Kinetic energy ey as abscissa is
. . _ 2 .

2 ep 4 times larger, with ep = kF /2mN , because ey s here the
sum of ep q'2 and 2 ep d kg - Define now the (modified) particle and

hole kinetic energies Q.p = eF(pz—l) and &, = eF(l-hz) , where p =
lk*‘ql/kF 21, and h = |k|/kF <1 . The p-h kinetic energy is then
Qph = Qp*' &y in terms of p and h , and ep wp can be expressed as

2 (ep) , defining QH(eK) as the maximum value of %, corresponding

to the given value e, of Qph . O
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We thus see that the function w > w; should be considered as

a stepwise approximation to a smooth p-h weight function w -
WPH(“’) , which constitutes a modification, associated with the p-h

N

potential V of the Lindhard distribution wL(w)/WL (of total

PH
weight 1 ) mentioned above. The modifications that QPH introduces in

wL/W which changes this function into Wpy - is a redistribution of

L ’
its total weight 1 , that puts most of it, for one or another momentum
transfer q , around energies corresponding to highly collective vibra-
tions that can be excited in nuclear matter by external probes carrying

the momentum q , if such vibrations are possible with the (effective)

interaction in consideration for the nucleons.

Moreover, the weight distribution Wpy referred to above can
be determined in principle with any desired degree of accuracy using
its stepwise approximation W if NH and Nk/NH are choosen large
enough. Therefore, we can view wyg, as the limit of the function w,

corresponding to increasing first Nk and then NH up to infinity.
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BRUECKNER-TDA CALCULATIONS

6.1 THE REACTION MATRIX

The TDA equations considered earlier are not appropriate for a real-
istic study of the single p-h collective excitations in nuclear matter,
when V is, as we assume here, an acceptable potential for two iso-
lated nucleons, mainly because the independent particle model approxi-
mation to the ground state of the system, in which these equations are

~ e

based, neglects (by ignoring completely the parts Vpp and V, of

N
the interaction, defined in 28),29);!V ) the short range correlations
that result from the collision of nucleons inside the nuclear matter. For
this reason the matrix elements U(k) of the H-F single-particle
potential U, used to compute the single-particle energies e(k) , may

even be infinite for some interaction potentials V (as the "hard core"

ones) usually considered for nuclear matter.

The difficulty concerning the H-F single-particle potential may
be overcame changing it into some '"effective" single-particle potential
U , of single-particle matrix elements U(k) , that may possibly lead to
an acceptable value eg = 1/2 <ep * e> for the binding energy per

nucleon, using the single-nucleon energies e(k) = eg * u(k) .

141



142

It is clear that we should also replace the matrix elements of the
2-nucleon potential V entering in the TDA equations by the matrix
elements of some ‘"effective interaction” to obtain a set of corrected
TDA equations that take properly into account, at least in part, the
short range correlations between nucleons in the nuclear matter (and

some relativistic corrections).

It would be quite rewarding to have some specific procedure to
compute adequate single-nucleon energies, and 2-nucleon interaction
matrix elements, for a corrected set of TDA equations corresponding
to a given 2-nucleon potential V that we want to use for nuclear
matter. A usual prescription in this direction is the substitution of the
matrix elements of V by the corresponding matrix elements elements of
some "reaction matrix" G(W) , computed within theAframework of the
independent-pair model for nuclear matter at some energy W that
depends on the specific matrix elements in consideration, and of the
equations, or expressions, that we want to correct through the men-

tioned substitution.

The required steps to compute a typical reaction matrix G =
G(W) for a given energy W can be summarized as follows. Start
assuming a spectrum e(k) of single-nucleon energies. The Kkinetic
energy values eK(k) = k2/2mN may be used for e(k) at this point,
for |k{| > kF . Compute now from G = (1-P.;) G and the Bethe-

Goldstone equation
1) G = V+VvVQWG

corresponding to the '"projected" energy denominator operator
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2) Q(W) = Z |k112;1/k2/z;2> (W‘e(kl)_e(kz))—l <k1/‘;11k21C2| 7
|k1|llk2|>kF

the matrix elements of G{e(k)+e(k’)) needed to find

3) Uk) = 2 <k,g, k2" Gle(k)*e(k)) |k,g, k2>
|k'|skF
and the new single-particle spectrum e(k) = eK(k) + U(k) . Now

repeat this process several times until the last single-particle energies
e(k) found coincide with the ones found in the previous step, within

the desired accuracy.

This  "Brueckner-Hartree-Fock" self-consistent procedure to

find the single-nucleon energies
4) e(k) = ep(k) * U(k,e(k)) )

where U(k,e(k)) is the single-nucleon potential given by 3) , is

normally used for |k| < k but not often for |k| > kF . Instead,

F ’

the choice e(k) = eK(k) , with eK(k) = k2/2m or possibly eK(k) =

N
(mNZ‘ka)% - my together with U(k) = 0 , is usually favored for |[k]|
> kg , because the current theory concerning the reaction matrix G(W)
does not usually offer a satisfactory criterion to decide which is the
best choice for e(k) in this case. However, the discontinuity of U(k)
at k| = kF that is introduced this way, too large ordinarily to be

considered realistic, is inappropriate for some purposes.

The use of the reaction matrix in the way mentioned above,
characteristic of the Brueckner theory of nuclear matter, serves to take

into account the average Pauli principle and dispersive effects on the
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motion of pairs of colliding nucleons in nuclear matter. These effects
are introduced through the operator Q(W) defined in 2) , that com-

bines the "Pauli operator”

F
5) 1 = Z lklr‘:1rk21€2> <k1/Cl/k2rC2l ’
[yl Tkl >k
to forbid scattering into the occupied states in the "Fermi sea" i.e

into the states |k,z> with J|k] < kF , and the "energy denomina-

tor" operator (W - lle)—l :
6) aw) = 1f w- At o= w- AT Af
" We denote with I:/iF the sum of all operators HF(i) , 1 =
1,2,3,.... These (linear) operators are defined by
F(i) |¢,> |¢2>---|¢n> =
|¢1>...|¢i_1> F(i) |¢i> |¢i+1>"‘|¢n> ’
changing the r.h.s to zero if i > n, for any s.n (single nucleon)
operator F . This allows us to write HF = K + U . Note also that the
antisymmetrization of FiF is the standard second quantization FlF of
HF = K + U, from our usual point of view that identifies each multinu-
cleon state with some |.c of s.n states and Slater determinants of

s.n states.
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6.2 C.M-MOMENTUM RELATIONS

The elements of the reaction matrix G(W) depend, in contrast with
those of V , on the c¢.m momentum P of the pair of nucleons in
consideration, but G(W) satisfies the same invariance properties under
translations, rotations and reflections that we assume for V . Conse-
quently, the expressions for the matrix elements of G(W) obtained
through the substitution of G for V everywhere in the expressions
given before for the matrix elements of V , should be modified, but
only slightly, to accomodate in the symbols for the matrix elements of
G not only the label W (which is omitted sometimes for simplicity),
but the appropf*iate 2-nucleon c¢.m momentum labels P , when these
symbols would otherwise indicate only a dependence on the relative

momentum of the nucleons.

The 2-nucleon- c.m-momentum dependence of the matrix ele-
ments of G(W) arises from the c.m-momentum dependence of the

operator Q(W) . This is clear noting that in terms of the 2-nucleon

states |P;p,Z,n} = |P>|p,&,n) introduced before, we have
7 aw) =S [ase 1PipEm) (PipEnd
PENT(P)  Wee(5+p)-e(5-p)

with a sum over all labels P,Z,n , and an integration over all values
p s.t lg*‘pl > kF , |g-pl > kF , for each total momentum P in

consideration. The integration region T(P) thus specified is the com-
plement in the momentum space of the union Qep of the two spheres of

radii kF with centers at the points P/2 and -P/2 , which contain,
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respectively, all points p s.t |5-p| < kF , and all points p s.t
P
I§+p| pS kF .

According to this, the Bethe-Goldstone equations specifying

G(W)‘ can be expressed, using V = Z |P>V<P| , as
{P;p, &, nIGW)IP;p",E" 0"} = &5p0 (P, E,|G(P,W)|P',E ')
8) (P, EIG(P WP, E,n") = (p,E,nIVIp,E,n") *

z "(dap" (p,g,nl\_/[p”,g”,n”) (p”,g"/n”lG(P’W)|p"£"nj) !
T(P) W-e(g"p")-e(g-P")

with an implicit sum over the 2-nucleon spin and isospin labels &' ,n"".
We introduced for convenience the operator G(P,W) , defined over thg'
space of the 2-nucleon relative momentum states |p,&,n) , but associ-
ated with a given c.m-momentum P and a given energy W . This

specification of G(W) and G(W,P) can be written, clearly, as

G(W) = > [P> G(P,W) <P|
9) G(P,W) = V *+V Q(P,W) G(P,W)

_Q_(P,W) = Z Jdap IPIE,TI) (p,;a,nl ,
r(P) W - e(123+p) - e(l;—p)

introducing the operator Q(P,W) s.t Q(W) = > |P> Q(P,W) <P|
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From these definitions it follows that the symbols G and G in
an expression obtained from one for the potentials V or V , or for
their matrix elements, through the substitution, everywhere, of the
symbol G for V , should be interpreted as the operators G(W) and
G(P,W) corresponding to a some energy W and some c.m-momentum
P . Similarly, the symbols G and _CE obtained through the same sub-
stitution should be interpreted as the operators G(W) = G(W) (1-P,,)
and G(P,W) = G(P,W) (1-P,, ;) , in analogy to V =V (1-P,,) and
Q =V (1-P21rel) (see 1il ). Correspondingly, we define Q =
Q (1-P,,) and Q =Q (1-P;,, ;) for Q = Q(W) and Q = Q(P,W)

Observe .that (1-P;,)/2 is a projector operator that commutes
with  V and Q , and then with G . Therefore, we can substitute
G/2, V/2, Q2 for G,V ,Q in 8), changingA G into its anti-
symmetrization G* = 6/2 . The same substitutions can be made in 9) ,
if we change also |p,£,n) into 1/2 of |p,E,n) = (1-P..)|p.E.0)

and/or (p,%,n| into 1/2 of “(p.%,n] = (p,&.0|(1-P2,) .

The direction of P in G(P,W) and Q(P,W) is irrelevant i.e
these operators depend on P through |P| , due to the isotropy of
nuclear matter. On the other hand, the energy W in the matrix ele-
ments considered in 8) is normally the total energy associated in
nuclear matter with a 2-nucleon system in the state |[P;p,&,n) =
(1-P;,)|P;p,&,n) , or in the state |P';p',&',n')" , for the conditions in
nuclear matter in which we are interested. Hence, we can express this

energy as

_ . 2, 2.3}
10) W o= (W, am)® s PHE - 2my
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where Wc is the c.m energy of the 2-nucleon system, and My the
nucleon mass. A non-relativistic approximation is allowed here in most
cases, and usually Wc << 2mN . In this case we can use the non-rela-

tivistic expression
1) W = W+ P/am
c N

in the energy denominators associated with the operator Q(W) and the
G matrix, appearing, by example, in 7) , 8) or 9) . Further,
since the single nucleon energies e(P/2 *p) in these denominators
correspond to "particles” (nucleons over the Fermi sea) for which the
single nucleon effective effective potential U(P/2 #p) is presumably
small compared to the kinetic energy eK(P/Z tp) , this potential is
usually neglected in the mentioned energy denominators. These denomi-

nators become this way,

2
C_p/mN ’

12) W-eGep) eEp) = w

in the non-relativistic approximation (writing here p'' instead of p
if we are making reference to 8) ). It is customary for this reason to
calculate the matrix elements of G(P,W) as a function of |[P| and
the ‘'starting energies” W_ , rather than in terms of |P| and W,
even when the non-relativistic approximation used above is not applica-
ble. This practice, that led us to write G(IPI,WC) = G(P,W) ,
Q(lPl,Wc) = Q(P,W) , etc , requires us to use 10) , or 11) in
non-relativistic situations, to calculate WC , not W , because P and
W are the magnitudes that we can determine initially, at least approxi-
mately, from the single-nucleon energies relevant to the TDA equa-

tions. We can see this from our discussions in the next section.
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6.3 THE P-H REACTION MATRIX

+ _ + .
The p-h reaction matrix elements (u a |GPH(W)|\) B ) corresponding

to the momentum transfer q = ku-ka = kv_kB is given by

((k*a,8) (ke )71 BpyW) [ (kga,8,) (kg 2g)7)

13) {ka*q,su,tu,kﬁ,sﬁ,tsl G(W) 'kB’SB' kB Qs t} =
k -k, *q s k -k,-q
(Ca 28 'S, B,t b | G(k kB q.W) | o ZB ,sa,sv,ta,tv)

According to our previous remarks, the energy W appropriate
for these equalities is the total energy associated in nuclear matter with

a 2-nucleon system in the state

I(ka+q,su,tu)(k3,ss,t8)) =

14)
k k,*q
+ +q: 2
"‘aksq'—"—zﬁ——s sgrt. 1) /Y
corAresponding to lka‘*q] > kF , and |ka]’|k6| < kF . Moreover, the

momentum energy 4-vectors associated in nuclear matter with nucleons

of momenta ka , and with a given s.n (single-nucleon) excita-

Ke o
B
tion carrying the momenta q , are respectively,

ke = Ky " eyy ©o
= +
15) 55 kﬁ eyp o
S = q tw €y 4
denoting by e, the time direction (of metric e,,2 = e,.eq = -1 ), by
ey the total energy ey’ My of a nucleon of momentum kX in

nuclear matter, and by ww the energy carried by by the s.n. excita-

tion. The sum of these 4-vectors should be the momentum energy
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4-vector P * (W * My ) e, corresponding in nuclear matter to the
excited 2-nucleon system of state given by 13) , when the state of
the nuclear matter is a (single) p-h state arising from the absorption

of the momentum energy q by a single unexcited nucleon. Therefore,

-
1
=~

+ks+q

a

16)
W = e *e, *tuw
are the total momentum and the total energy associated with the matrix

elements in 12) , that we need for the corrected TDA equations.

Remark

The energy e’ eB" w associated above with the state |uf> when k
= ka+ q , is not the energy eu+ eg that the independent particle
model would associate with it. This is clear noting that w is one of
many possible values corresponding to the same q . The difference Ae
= e e, v between these energies is an "off the energy-shell" contri-

bution to the energy of the state |uB> , characteristic of the Brueck-

ner theory . o

The p-h states in consideration can be viewed as states in
which the energy-momentum transfer q = q * w e, is the same for
every excited nucleon. Consequently, the excitation energy w appear-

ing through the use of 16) and

e, ~ e(k) , ku = k
17)
eg = e(k') , kB = k
in the matrix elements in 13) , when they are substituted for the

matrix elements of V in the HF-TDA equations 1);VI and

PH
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2);VI , should coincide with the eigenvalue w appearing in these
equations, corresponding to the eigenstate |w> = |q,w> , as long as

the this point of view is legitimate.

The corrected TDA equations that we obtain this way are the
Brueckner-TDA equations (a particular modality of them) for nuclear
matter, corresponding to the HF-TDA equations referred to above.
Similarly, the B-TDA (Brueckner-TDA) equations corresponding, in

the same way, to the equations 8);VI and 28);VI are obtained sub-

A

stituting G, (W) for O , and _ES:(P,W) for Q , in them and in

PH( PH
18);VI , with P and W specified again by 16} and 17) , adding

this time k = k(6,¢) , k' = k'(8') , to agree with the the notation

being used now.

It should be observed that the minimum value for the squared

norm of the momenta p in 7), and p'" in 8) , which is kF2

P2/4 for |P] < 2k and zero for |P|] 2 2k_ , can always be zero

F F

for some value of the momenta ku , k, in 18) , that satisfy the Fermi

B

condition ka,k that we assume implicitly in connection with the.

B <
elements in 13) (writing k¢ Qq to mean |k| < kg < [|k*q] ).
Therefore, the energy denominator in 8) , needed to compute this ele-
ments, becomes zero for some values of ka and kB , unless Wc <

0 , assuming that we use for it the expression in 12) (modified

changing p into p'" ).

Remark
An appropriate interpretation should be given to the reaction matrix
elements in 8) , by going into the complex plane, when the energy

denominator there may become zero. A small imaginary value ig ,
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which is equaled to zero after the integrations in 8) are performed, is

customarily added in this case to that denominator . o
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6.4 PRACTICAL CONSIDERATIONS

The c.m energy associated with the p-h state 14) wused in the

B-TDA equations described above, is

= + + + 2_ + + 2 Jf -
18) W, = ((w e, ' e ZmN) (ka kB ql)’) 2mN ,
according to 13) , if we use 10) , or
19) W. = wre *e, - (k *k, *q)/em
c a B a B a N !
which is the non-relativistic approximation of 18) , if we use 11) . In
this case we obtain Wc <0 for wc«< ey . with
| 2 lekg)| . lal < 2kg
20) ey = ,’
2
| 2 Je(kg)| * (jal-2kg)"/2my . lal 2 2kg
where e(kF) is the value of e(ka) for lkal equal to kF , assum-

ing that e(ka) is negative, and an increasing function of Ikal < kF .

Consequently, the matrix elements in 12) may become complex
{see the Remark at the end of 86 ), unless w < ey when 19) and
12) are used. However, we can use the real part of these matrix ele-
ments instead of their complex value as a useful approximation. We may
even set Wc equal to zero whenever the r.h.s of 18) , or 19) ,
becomes positive, if we do not need too much accuracy.
Remark
There is a small discontinuity i.e an '"energy gap" in e(k) at |K|

= kF , even though it is small compared to e = kFZ/ZmN . Therefore,

the value e(kF) introduced above should be defined as the limit
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e(k;.) of e(k) for |k| £ k. increasing up to k even though

F F 7’

this is irrelevant for the calculations that we are discussing . ©

Since e(kF) should be close to the binding energy eg = -15.7

Mev (per nucleon) for nuclear matter, we can substitute eg for
e(kF) in 20) , without changing too much the value of ey - More-
over, the momenta kX (¥ = «,B) in consideration should satisfy
|kX+q| > kF , apart from IkXI < kF . This implies that Ika] and
|k,] are close to k. , and e * e, close to 2 e(k.) , and then to

B F a B F
-2|eB| , when lal s small w.r.t kF . Therefore, the use of

21) W. = w- 2les] - |k * k,* q|%/2m

c B a g 9 N ’

as an approximation, wich leads to the acceptable change of e(kF)

into e, in 20) , and to the corresponding substitution of -|e for

B B l

e, and e, in 18) , is justified for ordinary purposes, when |qg} is

B

relatively small w.r.t kg -

The B-TDA equations referred to above can be solved in
exactly the same way as the corresponding HF-TDA equations dis-
cussed in VI ,.if we compute the energies W , or Wc , needed for the
reaction matrix elements, using some reference value w, for w , for
each momentum transfer |q| in consideration. The eigenstates |w> =
|q,w;MJTN> thus obtained can be considered as correct (within the
approximations used to solve the linearized equations) for the original
(non-linear) B-TDA equations, when they correspond to eigenvalues w
close to w, . Therefore, repeating the calculations with different val-
ues of w, we can obtain an an adequate picture of the solutions to the

mentioned equations. The sensitivity of the results to the choice of w,



155
is usually small, assuming of course that w, belongs to the spectrum
of eigenvalues w corresponding to the B-DTA equations that we are
solving. For these reason, a value for w, around the middle of this
spectrum, another near the top w+ , and one near its botton w ,

should be enough for most purposes.

An estimate of the spectral range (w—,w+) for the B-TDA
equations, for a particular momentum transfer q , is given by the
range (e—,e+) of the single p-h energies e(k*q)-e(k) , where
e(k) = eK(k) + U(k) , as usual, and |k| £ kF < |k*q| . This range
may be estimated in turn using an effective mass approximation, that
sets e(k) equal to k2/2m* + U, , with an effective mass m* of the

order of 0.65 m and a constant Uo of value around -85 Mev , for

N 7

[k < k setting also e(k) equal to k2/2m for |k| > k. . A sim-
N F

F 4

- +
pler, but less accurate, estimate for (w ,w ) is given, of course, by

the range (e}-{,e}:) of the (positive) non-relativistic single p-h

energies
2 2 2
22) eglq, k) = ((k*q)” - k )/2mN = (q *2 k.q)/2mN ,
discussed in | , which is the non-relativistic range (w_,w+) corre-
sponding to a zero interaction potential. Therefore, the midpoint of

this range, given by

2
[ (a® * 2Ky Jal)/amy . lal < 2kg

23) ey =

2
{ q"/2my| » lal 2 2kg

may be an appropriate initial choice for wy , in usual cases.
0
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The calculations can be carried out in practice using a table of

reaction matrix elements

(ipl, (L,8)3] G(IP], W) |Ip'l,(L',S)J)
24)

m

(Ipl,(L,5)J3] G(P,W) ||p'|,(L",5)T) ,

for some set of values |p|,|p'|,lP[,Wc appropriate for the values of
momentum transfer |q| and reference excitation energy w, to be
considered, using the same set of values for |p|] and |p'| . That
table would include all integers L, L' in the range (|J-S]|,|J*S}])
corresponding to S = 0,1 , and all integers J 2 0 smaller than some

value JM .

The specific reaction matrix elements needed to replace those of
V in the r.h.s of 18);V!l can be computed by interpolation from
those in the mentioned table. The number of momentum wvalues |P]
and of starting energies Wc choosen for the table do not need, ordi-
narily, to be large, because the matrix elements in 24) are often
slowly varying functions of |P| , and also of Wc , for W < -2|eB|
Neither do we need a large number of values for the total angular
momentum J . However, a relatively large number of values for |p|

should be used, in general, for realistic interactions.



157

6.5 CALCULATIONS WITH THE POTENTIAL HEA (REPORT)

We solved the Brueckner-TDA equations to calculate the relative
strengths of the p-h (particle-hole) excitations in nuclear matter. The
one-boson exchange potential HEA (described in the Ref 7 ) was cho-

sen as the 2-nucleon potential.

A self-consistent potential U(k) , obtained from the potential

HEA , was used to compute the single-nucleon energies
- 2
1) e(k) = k /2mN + U(k)

The potential U(k) was found following the relativistic Brueckner-
Hartree-Fock calculations of Anastasio, Celenza, Pong, and Shakin,
reported in the Ref 9 . The explicit expression that we adopted for

UCk) , for |K| < k, = 3.56 fm ™', was

2) UGk = Uy(k%7k,” - D,

with U, = -78.4 Mev . This parametrization reproduces (with differ-

M
ences smaller than 3 Mev ) the values for U(k) given in the Ref 9
for nuclear matter of Fermi momentum kF = 1.36 1’m_1 . No values for

U(k) were available for k beyond 3.35 1“m_1 , so we set U(k) =0

for k| > kM . Similar accuracy is obtained with
- 2 2
3) u(k) = Uc(l - tanh k /kc ) ,

and UC = -79.0 Mev , kc = 2.52 fm—l. This fit differs little from 2)
for |k| < 2.75 fm~1, and it is close to zero for |k| > 4 fm-l. How-

ever, it is about 3 Mev more negative at |k| = 3.25 fm-1 .
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The calculations included the contributions to the c.m reaction

matrix elements of all partial waves with total angular momentum up to
J = 5 . The actual reaction matrix elements used were found by inter-
polation of those in a table containing 1560 different entries, adequate
for a non-realativistic calculation, for each one of the different angular
momentum channels referred to above. The reaction matrix elements in
these tables corresponded to an appropriate choice of 12 relative
momentum values, 5 total momentum values, and 4 starting energies.
Similar tables were used to evaluate the relativistic corrections to the
reaction matrix elements required by the relativistic Brueckner-Hartree-

Fock theory of Shakin et al, when they were important.

We considered p-h excitations with total angular momentum
projection M = 0,1 along the direction of the momentum transfer q ,
for different absolute values q of this momentum, and each total isos-

pin value T =0,1 .

The solutions to the TDA equations corresponding to each

p-h channel specified by a choice of q , M. and T (and an irrele-

J
vant choice of the isospin prgjsction), are in general some admixture of
p-h singlet states (5 ,M = 0) and triplet states (S =1 , M = 0,%1)

However, either the singlet state part, or the triplet state part with

spin projection M (along the momentum transfer) equal to zero, is

missing in a particular solution, when 1"1J = 0 . In the first case the

amplitudes of the triplet-state parts corresponding to M =1 and M =
-1 differ only in a sign, relative to any reference basis for p-h
states. In the second case they coincide completely. These properties of

the TDA wave-functions for M; =0 follows from the general symme-



159
tries of the nuclear interaction, but we noticed them first through the

inspection of the calculated wave-functions.

The degree of collectivity, or relative strength, with respect to
plane wave collective states of spin S5 and isospin T of the TDA
states |q,w;M;T> in a given "channel" (q,MJ,T) were computed as a
function of the excitation energy w . These relative strengths are

given by
2
4) Wolw) = Z |<q,w;M.T|q;SMT>| ,

with a sum over possible energy degenerate states. We denote by
|q;SMT> a collective (single) p-h state, of unit normalization, corre-
sponding to a plane wave excitation carrying the momentum q , the

total spin and spin projection S$,M , and the total isospin T .

We are assuming that the states la,w;M,T> satisfying the
TDA equations with eigenvalues w , which are orthogonal to each
other, have been normalized to unity, and that the irrelevant isospin
projection, whose label is being omitted here for simplicity, is the same
for all p-h sfates in consideration, for a given T . We are omitting
also the degeneracy Ilabel needed to differentiate orthogonal TDA
states in the same channel (q,MJ,T) that have (accidentally) the same
TDA eigenvalue w . The sum in 4) , which is performed over a com-
plete set of such degenerate states, can be interpreted as one over the

omitted degeneracy label.

Under these conditions, the relative strengths, or weights, cor-
responding to all energies w in a given channel (q,MJ,T) , satisfy

the sum rule
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5) > Wolw) = 1 :
W

when M = My oot should be observed that the strengths W, vanish

0
for M # MJ , due to the zero orbital angular momentum projection along

q of the plane-wave collective states |qg;SMT> .

We are dealing with a discrete set of energy eigenvalues w ,
rather than with a continuous energy spectrum, because we changed
the (non-linear) integral Brueckner-TDA equations into a finite set of
ordinary linear equations, as an approximation. The specific discretiza-
tion procedure 'used for this purpose affects to some extent the shape
of the weight function Wo(w) , whose value may be defined as zero
when w is not an eigenvalue of the discretized Brueckner-TDA equa-
tions. Nevertheless, an energy w with a relatively large strength
Wo(w) is of interest, because it is an estimate of the excitation energy

of a collective state that can be excited in nucler matter.

We find it useful, to display the results graphically, to split the
excitation energy axis into a set ‘of consecutive reference semiopen
intervals of equal width A , and to add up all weights Wo(w) ‘corre-
sponding to energies w in the same interval. We obtain this way a
stepwise function or "histogram", whose value WA(w) at a given
energy w is the value of the mentioned sum for the reference interval
in which w is located. The sum of the "collected" strengths WA(w)
corresponding to different reference energy intervals is 1 , and the
original distribution Wg(w) is the limit of the histograms WA(w) for a

step width A decreasing to zero.
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The histogram WA(w) is less sensitive than the distribution

Wo(w) to the details of the discretization procedure mentioned above,
when its step width A is not too small and the the number N of
TDA eigenvalues, or equivalently, the number of elements NxN of
the square matrix associated with the discretized Brueckner-TDA
equations, is large enough. We used matrices of about 180x180 ele-
ments in most cases. This matrix size was judged satisfactory for small
momentum transfers q . The results obtained with larger matrices for
q around 0.2 kF were not significantly different, specially in connec-
tion with the strength and energy of the collective modes. The same
matrix size was found adequate also for large q , if in this case we

are interested only in qualitative results.

Our weight calculations can be summarized, for each channel
(q,MJ,T) , with a plot of two histograms WA(w) . One with a step
width 4 narrow enough to allow the identification of the collective
states, and another with a much larger width, to indicate the overall
smoothed shape of the weight distribution. Some of these graphs are
given at the end of this report. We give for each of them the values of'

the ratios <o+/(.oL , where

w, = e(qth) - e(kF)

I+

6)

1

and the values of the relevant quantum numbers. Note that the energies
Max(0,w ) and w, specifies the range of the p-h excitation energies
when the 1-nucleon effective potential U(k) , given by 2) , is act-

ing, but the 2-nucleon effective potential is removed.
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The histograms actually shown in this work were constructed

with a step width A equal to (w,-w_)/10 over the energy range
(wo,w,) , but with A = 0 (more precisely, with A << (w,-w,)/10 )
outside this range. This way, a collective mode outside (wo,w,) is
indicated by a vertical line, of length equal to the relative strength

W, of this mode, located at its corresponding excitation energy.

0

Only one collective state was found in each channel (MJ,T) ,
and only in a range of momentum transfer below 0.2kF = 0.272 1‘m—1 .
The excitation energy w_ of this collective mode as a function of q ,
for T =1, MJ = 1, is indicated in one of the figures, for the range

of momentum transfer were our calculations determined it clearly.
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Figure 19
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Figure 25
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