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Abstract

INTERACTION OF ELECTROMAGNETIC WAVES AND ELEC-
TRONS WITH SOLID SURFACES AND SMALL PARTICLES

by

Sanjukta Das

Advisor: Professor Joel. I. Gersten

In this dissertation I study both the interaction of electromagnetic
waves and the interaction of electrons with solid state surfaces and small
particles. In the electromagnetic problem I construct a theory to explain
the continuum Raman scattering from the surface of a solid. This theory
is then generalized to the case of a spherical particle. I find that the sur-
face and particle problems have somew hat different features due to quan-
tum size effects. Resonance’ Raman scattering appears to play an important
role in the case of the spherical particles. In the study of the interaction
of electrons with solid state surfaces, I examine the role played by
interference effects in electron energy loss spectroscopy. As in the case of
low energy electron diffraction, scattering from the ionic lattice leads to
an interference effect. . This causes additional features to appear in the
excitation spectrum for plasmon emission. In addition the effects of
electron-hole pairs are considered. I have also studied the interaction of an
electron with a solid state particle and derived expressions for the various
excitation cross sections. The nonlocal nature of the dielectric constant is

included.
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PART L
INTERACTION OF LIGHT WITH SURFACES
AND SMALL PARTICLES

INTRODUCTION

The field of surface physics has experienced considerable develop-
ment in recent years. This follows a fairly exhaustive study of the bulk
properties of solids in the last half century. The analysis of bulk proper-
ties is simplified by the fact that one may regard it as having infinite
extent in all directions. The surface properties play a secondary role since
the ratio of the number of surface atoms to the number of bulk atoms is
small. However, certain experimental probes are sensitive only to the sur-
face properties and in analyzing these experiments one must obviously
understand the surface physics. In addition, thin ilms and small particles
are dominated by surface effects. Some processes such as crystal growth,
catalysis, corrosion, adhesion, etc. can only really be understood as surface
processes. The topic of this thesis relates to two tools that have proven to
be very fruitful in studying surfaces: light scattering and electron scatter-
ing. My goal here is to gain a greater insight into how these tools operate

and to exploit their potential by proposing some new experiments.

Let me briefly review some salient features of surface physics. In
the case of bulk solids one has two major categories: crystalline and non-
crystalline. In the former case the problem is simplified by the presence of
translational periodicity. This leads to a well developed theory of elec-
tronic band structure and a fine description of the lattice structure and
excitations. In the latter case the theory is less well developed but some of

the concepts such as bands and phonons do carry over. When a surface is
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introduced both the excitations and the structure get modified. Surface
electronic states and their associated bands appear in the band gaps and
surface phonons appear. These come about because of the breaking of the
translational symmetry in the direction normal to the surface. The surface
layers may also relax or undergo a restructuring due to an asymmetry of
the forces acting on them. Surface dipole layers may be built up. 1In addi-
tion, the possible presence of adsorbates complicates the situation. Finally,
the surface is likely to possess new sets of collective excitations, such as

surface plasmons and surface phonons etc.

The problems of surface physics are further complexified by mor-
phological effects. Surfaces are not always smooth and roughness can
modify the surface propertics considerably. As the scale of surface rough-
ness gets to be smaller and smaller the roughness features begin to take on
properties related to those of small solid state particles. To a first approxi-
mation one may regard a rough surface as a hybrid between a smooth sur-
face and a collection of particles. Aside from their intrinsic interest in
their own right, the study‘ of small particles is seen to be of interest as it

can serve as a model for surface roughness.

In recent years some strange anomalies have been reported for systems
containing rough surfaces or small particles. Included in these effects are
various enhanced electromagnetic processes such as surface-enhanced
Raman scattering!, enhanced infrared absorption and second harmonic gen-
cration. In addition some optical processes such as enhanced photoemission?
have been observed. More recently anamolies relating to the sticking
coefficient® and interparticle forces have been reported. Our understanding
of these effects, at present, is incomplete. One of the goals of this work is

to develop tools by which one may study such systems.
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Small particle’s properties are quite different from those of bulk solids
since the electronic energy levels are discrete. The various phenomena due
to this are loosely called ‘quantum size effects’. The spacing between the
levels, on the average is inversely propertional to the volume of the parti-
cles. At low temperatures, when the thermal energy is small compared to
the level spacing, this discreteness should be exhibited in the physical pro-
perties. Kubo* first pointed out that due to the atomic roughness on the
surface the levels should have a statistical distribution and the physical
properties which depend on the transition between two levels, should
depend on a two level correlation function. Gorkov and Eliasberg® had cal-
culated the two level correlation function corresponding to four different
types of statistical distributions. They are the Poisson distribution, orthogo-
nal distribution, unitary distribution and symplectic distribution®.
Another important property is that due to discreteness of the levels the
Knight shift has a different temperature dependence for the case of even
and odd eclectrons per particles. Due to the discreteness of the energy lev-
els, theoreticaliy one should expect to observe oscillations in the infrared
absorption, but this oscillation is very difficult to see experimentally due to

the polydisperse nature of the size distribution.

The rate of progress in surface science is slowed both due to
difficulties in carrying out experiments as well as difficulties in performing
realistic calculations. Surface studies entail the need for the precise charac-
terization of the morphology, chemical composition, geometrical arrange-
ment and eclectronic density distribution. Nevertheless, a substantial

amount of progress has been made.

Real interest in the study of surfaces began, after ultrahigh vacuum

techniques had been developed, by which well-defined surfaces could be
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produced. To date the most widely used UHV spectroscopies include Elec-
tron Loss Spectroscopy (ELS), Auger Electron Spectroscopy (AES), Ultra-
violet and X-ray photoelectron spectroscopy (UPS and XPS) and Secondary
fon Mass Spectroscopy (SIMS). However, UHV techniques are also not
universal in the sense that they can not be applied to the solid-liquid
interfaces. Surface electronic X-ray absorption spectroscopy (SEXAFS)” and
surface infrared vibrational spectroscopy remedied these limitations
encountered in UHV techniques. The former is less surface sensitive due
to large penetration depths of optical photons. On the other hand surface
vibrational spectroscopy is used for characterizing molecules adsorbed on
surfaces. Among thesc techniques Surface Raman Spectroscopy is applica-
ble to most surface environments, though the normal Raman intensity is
very small. However after the discovery of Surface Enhanced Raman
Scatterings (SERS), it has been_ widely used to study the surface. Recently
there is growing interest in the study of surfaces and small solid state par-
ticles due to the advent of a new generation of ‘high resolution experimen-
tal apparati, lil-ie scanning ‘tunneling microscopes, by which one can pre-

cisely probe the structure of the surface.

One of the most extensively studied surface spectroscopy is the sur-

face enhanced Raman scattering, so let me briefly review this topic.
Surface Enhanced Raman Scattering.

In the phenomenon of Surface Enhanced Raman Scattering (SERS) the
intensity of Raman-scattered light from an adsorbed molecule is found to
be up to six orders of magnitude greater than from an isolated molecule.
SERS was originally observed for pyridine molecules adsorbed on a silver
surface in an electrochemical cell. In recent years the experimental

works has been extended to include a wide varicty of adsorbates for both
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the solid/vacuum interface as well as the solid/liquid interface. The field

has been adequately reviewed?.

In the experimental observations it was dctermined that surface
roughness played an important role in governing the degree of enhance-
ment that was observed. The rougher the surface was, the stronger the
Raman scattering was. The present day understanding of this phenomenon
is that there are two mechanisms operating - one an electrodynamic
mechanism and the other a chemical mechanism. In the electrodynamic
mechanism  the local field in the vicinity of the molecule is enhanced both
due to a ‘lightning rod’ effect as well as due to the excitation of localized
excitations (such as plasmons) on the surface roughness fecatures. The
chemical mechanism for the enhancement is due to charge transfer excita-
tions between the molecule and the substrate. Both of these effects contri-
bute substantial factors to the scattered signal and hence account for the

observed enhancement effects.

One puzzling feature observed in the SERS experiments is the observa-
tion of a continuum background® upon which the Raman scattercd lines
are superimposed. This continuum radiation extends on the Stokes side out
to 4000cm™. Recently it has been found that even without the presence of
surface roughness the continuum background is present. This would indi-
cate that the electrodynamic mechanism is not responsible for this effect.
This feature has never been adequatcly explained although some attempts
have been made. It had been conjecturced, for cxample, that in a charge
transfer mechanism electrons can tunnel back to the molecular ion from
anyw here below the Fermi surface. One could therefore envision a process
in which simultaneous tunneling and emission of photons was occuring

and this could give rise to the continuum. However, it is difficult to obtain
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quantitative, estimates for this effect and the low tunneling rates might
act to supress this mechanism. Additional mechanisms include electron-
hole excitations, surface plasmon polaritons, superimposed weak Raman
lines, unspecified fluorescence mechanisms and various luminescence
mechanisms. There is some evidence that an adsorbate is not needed to see
the continuum. This therefore seems to say that the chemical effect acting
in SERS is also not of any relevance to the phenomenon. It appears that

the continuum radiation is an intrinsic property of the substrate itself.

In the first chapter of the first part of this thesis we have done the
explicit calculation for the continuum background spectrum, taking elec-
tronic Raman scattering as the mechanism. In the second chapter we have
extended the above formalism to a spherical geometry. In the second part
of the thesis we study electron energy loss spectroscopy. In the first
chapter of the second part we consider the interference effect in EELS due
to ionic planes. There we also consider the contribution of electron-hole
pair and bulk plasmon contributions to the inelasic background. In the
second chapter we conéider\energy loss of a charged particle scattered from
a sphere. There we consider the excitation of higher order multipoles and

also include the non-local dielectric function.

A major distinction between part one and two of the thesis concerns
the single-particle versus the collective excitations. In our Raman studics
we focus our attention on processes in which a single electron is excited.
This process is sensitive to the finite size of the system because the energy
levels are well separated from each other. In the second part of the thesis,
however we focus primarily on collective excitations. Since such an exci-
tation represents a many-body effect, the role of quantized energy levels is

not that important and the more traditional quantum models are
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applicable. In the second part we have described the excitation spectrum

of the solid and small particles in terms of the dielectric function.
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1. Theory of continuum surface Raman scattering from

electrons in metals.

1. Introduction.

An interesting phenomenon associated with the observation of surface
‘enhanced Raman scattering (SERS)! from molecules adsorbed on metal sur-
faces has been the observation of a continuum background? on the
Stokes side of the incident laser field. It appears that adsorbed molecules
are not needed to observe this background®® indicating. that the contin-
uum is a property of the metal substrate. A number of mechanisms have
been proposed to account for the origin of this radiation. These include
luminescence associated with charge transfer,' electron-hole excitations,!!
surface plasmon polaritons,’> superimposed weak Raman lines,3
unspecified fluorescence mechanisms,** and various luminescence mechan-
isms.>*>'* While all these mechanisms are plausible the relative contribu-
tion of the various mechanisms has not been determined duc to a lack of

detailed calculations. This provides the motivation for the present study.

We start with a very simple process - Raman scattering f rom a gas of
electrons bounded by a surface potential but otﬁerwise free and try to cal-
culate from first principles what the yield for secondary radiation is.
Rather than attempt to study the case of complicated surface morphology
~we. consider the plane surface. The process consists of a photon promoting
an electron from an occupied state within the Fermi sea, followed by the
coherent radiation of a scattered photon aiong with a lowering of the elec-

tron encrgy to another vacant state.

In Sec. 2 we develop the basic theory for the Raman scattering pro-
cess. First the theory is applied to the case of a step potential. Then the

theory is generalized to the case of a more realistic potential. Finally the
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results of the calculations are discussed and their significance is analyzed.
It will be concluded that Raman scattering may be used as a valuable tool

to probe the density of states of metals near the Fermi energy.

2. Theory

The physical process we are considering is one in which an incident
photon characterized by a frequency w, and polarization e, virtually
excites an clectron from an occupied state below the Fermi level to a state
above the Fermi level . The excited electron then relaxes to some empty
state above the Fermi level emitting a secondary photon characterized by
frequency w, and polarization e, Our goal is to calculate the yield for
this Raman process. The electrons in the solid are described by the Som-
merfeld model in which they are bounded by a translationally symmetric
surface potential. The electromagnetic field corresponding to the photons at
frequencies w, and w, are described by the vector potentials A, and A..
- We are working in the long wave length limit, so that retardation effects
are neglected and A, and A, can be taken as spatially homogeneous. We
also neglect the ‘eletron-electron’ interaction. Atomic units are used, so
that m=e= ~=1. The one electron Schrodinger equation is given by

v P +%(zl+£2)]2+v (F)—i% W7 £ )=0 2.1

Making a gauge transformation of the type

WF ) = eil(u1+a2).F+le(r-, ‘) (2.2)

w here

o =— _[A,- (¢ Dde (2.3)
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B.=— 2i . { [A (¢ I+A (e WPar (2.4)

and making use of the commutation relation [p,,71=—i8, , Eq.
(2.1) can be rewritten as

E;w (F —ay—ay) — i% M7E)=0 (2.5)

Thus in this gauge the electrons respond to a time-dependent potential
which oscillates at the frequency of both the incident and the out-going

photons.

In discussing Raman scattering we are only interested in terms bil-

inear in A, and A, , so we will make a perturbation expansion of V. Thus
V (F—ay—as) =V (r )~(a1402).VV +Ya oot a0, )i VTV (2.6)

The Hamiltonian may be written as the sum of three terms
H = HtH \+H, .7)

where H, is the unperturbed Hamiltonian describing the quiescent
solid

ﬁ-z
H()= )

+V (7) (2.8)
I | is the part of the Hamiltonian lincar in the electromagnetic field

H, = —(a;+0). YV (2.9)
and H , is bilinear in the fields.

H 2 = ‘/z(ala2+oz2a1):VVV = ozlaz:VVV (2.10)
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In our calculation to lowest order in perturbation theory we consider
the second order perturbation produced by # , and the first order perturba-
tion by H . If we quantize the electromagnetic field we may write «, and
a, in terms of the creation and annihilation operators for the photons.
Since we are only interested in the process in which photon w, is absorbed

and photon w, is emitted we have

a, = —&'a (2 QZ 5 ) (2.12)
ar = —&%as (2 Q:; 7 i (2.13)

where Q is the quantization volume of all space. The second quan-
tized Hamiltonian for the system may now be written in terms of the

matrix elements involving the eigenstates of the unperturbed Hamiltonian

(ey—H ) IA>=0 (2.13)
Thus
H =w (aa+¥2)+w La s"a ,+Y2)—( 27 =2 A NeLgV IA> X
' Qw i xxe
+ m 27 Y2 %2 +7 + _
albx(,bw ( 3) ZQ'GVV l)\>a2bxqu
Qwi Yo
2 =
_Q’l(w wa) 23 A TELVELVV IA>asta bbby (2.14)
Mo :

where o is the spin index, a, and &,, are the destruction operators for
photons and electrons, a,; and &,, are the corresponding creation opera-

tors.

The physical processes corresponding to Raman Scattering are shown

in Fig. (1) by the 5 diagrams. In each process a photon of frequency w, is
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absorbed and a photon of frequency w, is emitted. A hole is produced in
state IA>and an electron is excited to state 1A'> In diagrams (a) and (c)
the intermediate state involves a hole whereas in diagram (b) and (d) it
involves an electron. In (b) and (c) the absorption occurs prior to emission
whereas the reverse is true for diagrams (a) and (d). Diagram (e) is a pro-
cess in” which absorption and emission occurs simultaneously. The explicit

expression for the matrix element corresponding to these five diagrams are

My ==l NI i LA !::;t:f"vv 22 (215)
g ¢ ST R D2 1
Mo 2T AR el léz'vv 2> (2150
My =+ li:)z./z z\‘:f W SNIEvV ;:i;ifv":%}vv A > (215d)

M, = rfv’rz)ﬁqwa.v“ez.vv x> (2.15¢)

For convenience the vacuum level is taken at e=0. Conservation of
energy for the overall process demands that w,+e, = w,+ey. Matrix ele-
ments M, and M, can be added togather, even at finite temperature, to
give an expressions no longer involving the Fermi factor of intermediate
state. Similarly M. and M, can be added togather. Thus the total matrix

element will be the sum of three terms and is given by

M =2 " QI[RLYVG (w +€ ) LUV +
(w 1144 2)

eLVVG (e\—w )2V +elyelyv lia> (2.16)
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where we have introduced the Greens function G (e¢) defined by

1

- (2.17)

G (€)= T IN>]
X
The boundary condition corresponding to this function is chosen to
result in outgoing states.

Evaluation of EqJ2.16) is turther simplified by introducing states

lu >and |v > defined by

|u >=G(W 1+€A)%1.VV IX > (2.18a)

and
lv >=G (e\—w e,V I > (2.18b)

so that the total matrix element becomes

2T

M = W[<Nl%3.v‘v lu >+ XN1ELVV v >+ <N 1E.VELVV A ]
1" 2

(2.19)

The advantage of introducing fu > and Iv > is that they may be

found by simply solving the inhomogeneous equations
(ex+w —H,)lu >=¢&.VV IA > (2.20)

and

(ex—w ,—H,)lv >= &YV I\ > (2.21)

Then the matrix elements in Eq(2.19) may be obtained by direct

integration.
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We are interested in obtaining the yield for producing outgoing pho-
tons that reach the detector per incident photon. We calculate the scatter-
ing rate by using Fermi’s Golden Rule and dividing by the incident flux of
photons. Thus summing over the initial and the final states of the electron

and final states of the photon, the yield is given by

TN FF M 18w —w e, —€, ) (2.22)
b Ao

Here¢ €, and e, are the initial and final state energy of the electron
and &, is the direction of final photon wave vector. The summation over

final states is given by the integral

d Q,
fw—,dw ‘_(2 p—: (2.23)

The differential yield for producing a photon in a frequency range

dw » around w, and a solid angle range 4 Q, is given by

dy W

- " 2
qud 92 47T'C ,\;af A f PM 8(“’1 w2+en1 nl) (2 4)

where o is the spin index. £, is the Fermi factor for an occupied
electron state |A> while f ,* is the Fermi factor for the unoccupied state
IA> Note that f o~ +f ,f =1. In our work we are primarily concerned
with situations in which thermal effects are not important, so we have

used the relation

S x =6le f —€)) (2.25)

© being the unit step function, and —e, is the work function. For
convenience the vacuum level is taken at € = 0. Conservation of energy for

the overall process demands w +€, = w»+€)"
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So far the form of V'(+) has been left general. Let us now restrict our

attention to the case of a simple metal, which we will model as a set of .

free electrons in a potential well. The surface of the solid is taken to lie in

the x-y plane with a characteristic surfacc reference point at z=0. The

potential will be assumed to be of the form V(z) so that as far as the x or

y motion is concerned the clectrons are free particles. Let

<r I\ >=¢,(z expliK, r)

(2.26)

where we have expanded the notation so that the index A now

denotes (K »» ), Where K p is the wave vector parallel to the surface. The

function ¢,(z ) now satisfies the Schrodinger equation

E, + ) dz—V(-) D z)=0
w here
K,?
6)\=1‘#+ >

Similarly we may factor <r Iz >and <r v >as
<rlu >=U %,k exp(iK , 1)
<r lv >=W(z)e,K expliK, » )

So that U () and W (z ) satisfy the inhomogeneous equations

s~ V)| UGE)=VI(z))

14?2 :
E#—w2+§.F_—V(z) Wi)=Vi(z)z)

The matrix element may thus be written as

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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_ @M L s . s ,
M = G ek EKN 8(K, =K, (2.32)

where N is ‘a matrix element obtained by doing one-dimensional

integrals over the z coordinates

N = <p VU >+ <l VENIW, >+ < V() Ig,> (2.33)
Inserting Eq. (2.32) into Eg. (2.24) gives

dy 1 . K
= — > [d°K, 6(—p—E ,—

2
l'
dwad Q;  mewiw, o 2

JO(E ,+¢+ fz_”:)x

IN 12K €K 28w \—w o+E ,—E ) (2.34)

Here we have performed the intcgration over k', using the

3(¥, —K,) term and have summed over spins.

If' we have unpolarized incident light and do not measure the polari-
zation of the outgoing light we may further simplify this by summing
over the final polarization vectors (é,) and averaging over the initial polari-
zation vectors (1) . Let 6, be the angle between the normal to the surface
and the incident propagation vector of the photon , similarly Tet 6, be the

angle between the outgoing photon’s wave vector and normal. Then

T <@k &R P>, = Lisind sind o (2.35)
€2

In Eq.(2.34) we may integrate over X, so we obtain

dy  _ (sinf ;sinf,)
dwzd QZ 27TC4W 13W2

2 IN 1 {—¢—E ,~max (—¢p—E ,,0)]x

Mot

Ol~¢—E ,~max (€ ; —E 08w \—w ,+E ,~E ) (2.36)
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It is convenient to introduce the one-dimensional density of states
D(E)= Y8 —-E)) (2.37)
"

so that Eq. (2.36) may finally be expressed as

dy _ (sin® sin@,)

BT B JdED (ED (E +w —w ) IN |2
el 2 TC "W WH

[—p—E —max (0,—p—E —w +w 5)|0[—p—E —max(0,~p—E —w ,+w ,)]

(2.38)
This may alternatively be written as
dy  _ (sinf sind,)? . )
T T = I JdED (EDD (E +w ;=w D IN 17x
O(w ;—w 5)O(—p—E )min(w \—w »,—E —¢). (2.39)

This quantity is zcro if w <w,, so at T=0K there will only be Stokes
scattering. At finite temperatures we can expect an exponential tailing off
of the Raman scattering on the anti-Stokes side of the incident frequency.

Now we will consider the specific form of the potential.

THE STEP POTENTIAL

Before going on to a more general case let us look at the idealized
model where the potential function V(z) is simply a step, ie.,

-V, ifz <0

viz)= |, ifz >0 (2.40)

The depth of the step is the sum of the work function and the Fermi

energy
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V()=¢+€f (2.41)

For energies which lie below the vacuum level but above the bottom

of the band, the normalized eigenfunctions of Eq.(2.26) are

%sin(K uz +8,) ifz <0 _
¢# = -5 (2-42)
TsinS#exp(—q uZ) ifz >0
Here
k,=[AE  +V )"
g, =[2E ]
and
8, =—cot X LR

u

The normalization length is chosen to extend from -L to +L, where

eventually the limit L — oo will be taken.

We may use Eq2.42) along with the formula V(z) =V 8(z) to plug
into the right-hand sides of Eqs.(2.30) and (2.31). The resulting inhomo-
geneous equation is then solved subject to the following boundary condi-
tions. If the solution is of a propagating nature then the wave should pro-
pagate away from the surface. If the solution is of an attenuated nature
then it should attenuate away from the surface. Thus from Eq.(2.30) we
find

Dexp(—ioyz) ifz <0

U)= D explir,z) ifz >0, (2.43)
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w here
2w +E ,+V )" ifw | +E ,+V 4 >0
9= i [—2>w 1+ AV Il ifw +E ,+V (<0 (2.44)
[2(W 1+E #)]‘/2 if w 1+E #> 0
L= il=2w +E )" if wy+E ,<0, (2.45)
and
=2
D, = o V 0$,0)- (2.46)
Likewise
D sexp(—i 0»z ) ifz <0
Wiz)= D 2exp(i 75z ) ifz >0, (247)
w herc
[2(—w +E +V )" if E,4+V =wj; >0
927 |i[—2(~w+E V1% if E 4V g—w, <0, (2.48)
|[2(=wo+E % if E,~w,>0
T2 = ([2(w —E " if E,~w, <0, (2.49)
and
AR
D2 = b0 (2.50)

In terms of Egs.(2.42), it is now very simple to evaluate the matrix

element appearing in Eq.(2.33). Thus the individual contributions are

—4iV ¢ sind ,sind
0'1+T 1 L

<¢pu VU, >= (2.51)

—4iV § sind sind
0'2+72 L

<P V()W >= (2.52)
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and
2V, . .

<P V)P, >= 7 (g ,+g ,)sind ,sind (2.53)

Note that
. . " K,uK s y
sin sind ,; = Ve (2.54)
s0
KKy . 1 1

N = —% l,#+q £—2iV o Cra e (2.55)

The density of states for the step potential is
L XE +V

m2E +V )I*  #E T

Since we will restrict our attentions to energies lying below the

vacuum level the second term may be omitted and Eq. (2.39) becomes

dy (sm9 lsm9 2)? "
= d +V +w —w o+ V "X
I T T s _[ E(E (,)(E w 1—=w o+ V J]"x

[
| F +q -2V 0
|

[ 1 1 o
lo.l+7'1+0'2+72 le(WI Wz)mm(wl Wk ¢)' (2'57)

Here ¢'=(-2E ,)*evaluated at £ , = E'=E +w ,—w, The formula for
the yield has therefore been reduced to the evaluation of a one-

dimensional integral. This integral may be computed numerically.

A MORE REALISTIC POTENTIAL

In the step potential model the abrupt change of the potential from
-V o to O at z=0 is somew hat unrealistic. In reality the electrons penetrate

in to the vacuum region and the potential change takes place more
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gradually. Let us study the following model potential
V(z)=~V, [1-{1+exp (—az ]! (2.58)

It rises from -V, to O in a characteristic distance of order 1/ «. While
the Schrodinger equation for this potential may be solved analytically and
the Green function may likewisc be obtained , we have found it simpler

to solve the equations numerically.

To obtain the eigenfunction we proceed as follows. We start at a large
positive value of z and assign ¢(z)=1 arbitrarily. Since for large z
#z) =exp[—z(—2¢)"] we Kknow that ¢(z)=—(—-2¢)". We numerically
integrate the Schrodinger equation using a Runge-Kutta procedure down
to some large negative value of z. There the wave function will be
&z ) = Nsin(z [(e+V )J*+8). The normalization constant N can then be

found from

= |2 1 d oy
N = |z )+2E +2V0( dz) (2.59)

The wave function may then be rescaled so that A = (2/ L)%

The solution to Eq{2.30) is obtained by a slightly more complicated
procedure. For large positive z we know f{rom our experience with the
step potential that

U'z) .
UG | —~o L Ty, (2-60)
while for large negative z,

%‘H | omri oy, (2.61)
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Let us call the large positive value of z "L" and the large negative
value of z "-L". If we would implement a Runge-Kutta integration pro-
cedure backwords in z we could express U (~L) and U (-L ) as linear com-

bination of U (Z)and U (L ). By using Eq.(2.60), however,

U(~L)=A+BU (L) (2.62)

U(—=L)=C+DU(L) (2.63)

where A,B,C,D are coefficients to be determined. What we do is make
two trial integrations of Eq.(2.30) backwards in z. In the first trial we
start with U (L) =0 and call the resulting solution U (z ). From Egs.(2.60)
and (2.61) we then find that

A =U-L) (2.64)

and

C =U"'(~L) (2.65)

In_the second trial we start with U (L) = 1 and call the resulting solu-

tion U ,(z ). Then from Eq.(2.62) and (2.63) we find

U(-L)=A+B, (2.66)
U'(~L)=C +D. (2.67)

Equations (2.64)-(2.67) are sufficient to determine A,B,C, and D.
From Eqs.(2.62)-(2.64) we have

G oA +C)

V)= ——prop

(2.68)

Inserting the solutions for A ,B,C,D in to this expression tells us what

the proper starting value for U (L ) should be
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U '0(—'L iU ol=L)]
U (=L )=U '{=LY+i oU (=L )=U {~=L)]

U(L)=— (2.69)

From Eq.(2.69) and (2.60) we then know the correct starting values
for the functions U (L) and U (L) so a backward Runge-Kutta integration
yields the entire function U (z). An identical procedure may be used to

determine W (z ).

The density of states is again given by Eq.2.56). Since the density of
states is singular at £ +V,=0 (and at £ =0) it is useful to make the

change of variables x? = E +V ;. Then

i

dy _ (sin® sin6 2)? €7
dw 2d QZ 2me 4W 13W 2 ‘b

dx (x 24w =w )™ I N 12x0(w —w )min(w ;—w € , —x 7),

(2.70)

and the integrand is now manifestly nonsingular.
RESULTS AND DISCUSSION

In. the prévious section we have developed a theory for continuum
Raman scattering produced when a photon impinges on a free electron gas
bounded by a surface potential. Let us now apply this theory to some sim-
ple metals. In order to do so we will need to know numerical values for
the model potential of Eq.(2.58). Smith"” has derived a model potential
based on the density functional formalism and this may be used as a start-
ing point. We have slightly modified the Smith potentials by regarding the
background ion density as a variable which can be used to fit the experi-
mental values for Vv, based on the work function and the Fermi energy. A
least squares fitting procedure was then used to fit Eq(2.58) to the Smith
potential. The two parameters varied were the constant ‘a’ of Eq.(2.58) and

the location of the origin of the Smith potential relative to our model
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potential. Typical values of a for' Al, Ag, and Au were found to be 0.91,

0.81, and 0.81, respectively. The corresponding values for v, were 0.59,
0.36, 0.36.

In Fig.2. we show typical wave functions appearing in our theory. In
Fig.(2a).the eigenfunction ¢(z) for Al corresponding to an energy E=-02
a.u. is shown alohg with the perturbed function U(z). Since U(z) is com-
plex we graph both the real and imaginary parts of U(z) separately. The
photon energy was taken to be w, = 0.taw. . In Fig.(2b). we again plot ¢(z)
along with the real and imaginary parts of W(z). As might be expected
each of these functions is oscillatory inside the solid and decays more or
less exponentially into the vacuum. For comparison’s sake in Fig.3. we
illustrate what happéns to the perturbed function U(z) at higher frequen-
cies corresponding to transitions to states above the vacuum level. Now
w, = 0.5 a. u. and the perturbed function is oscillatory over all space. Qur
attention , however, will be restricted to photon energies aw, smaller than

the Work function, so the wave functions will look typically like those of
Fig.2. - -

First we considered the idealized case of Raman scattering from a
theta function step potential ,then we studied the scattering from the
more realistic potential given by Eq.2.58). The step potential case has the
advantage that it is almost completely tractable analytically whereas the
realistic potential requires some numerical integration of differential equa-
tions. In Fig.5. we compare the ratio of the square of typical matrix ele-
ments | N 12 for the realistic potential to those of the step potential. As
the parameter ‘a’ gets larger the realistic potential gets to look more like an
abrupt step so the ratio approaches unity, as expected. For lower values of

a, however, |N 12 is significantly lower than the corresponding value for
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the abrupt step. One may note that this is expected since the magnitude of
vV (z) gets to be smaller as thc potential gets to be more gradual in its

behavior. Hence the size of the matrix element is diminished.

Let AY denote the differential yield divided by the (sinf ;sinf ,)? factor,
ie.,

day

AY =($n9,dn?3yqzﬁ;;7175

(2.71)

In Fig.4. we graph AY as a function of outgoing photon frequency
for Al, Ag, and Au. Since the free electron parameters are the same for Ag
and Au the theory predicts the same spectrum. In this graph the incident
photon was taken to have an angular frequency=0.1 a.u., corresponding to
an optical wavelength of 48504 . We note the differential yield rises gra-
dually from zero as one proceeds more to the Stokes side of the incident

photons. The typical scale over the optical region would be approximately

1077,

The graduél rise in the differential yicld as one progresses into the
Stokes region of the spectrum is largely due toa density of states effect.
This may be seen in Fig.6. where we have graphed AY for a hypothetical
case in which the matrix element N was taken to be 0.5. The Fermi
energy was taken to be that appropriate to Ag, ic., € ; = 0.20a.u. The simi-
larity of Fig.4 and 6, the calculation with and without the energy varia-
tion of N, indicates that the shape of the differential yield curve is deter-

mined mainly by the density of states.

Let us now make rough numerical estimates. We choose these
hypothtical experimental parameters to correspond to experiments done on
Ag>. Consider the case of Ag and calculate the counting rate for Stokes

shifted photons at an 1800cm™ Raman shift. Assume an incident power of
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0.2 W hitting the surface. Let us take 6, and 6, to be both 45° Let the
incident laser wavelength be 4850A, corresponding to the calculations in
Fig.4. The detector will be assumed to have a {requency resolution of
Aw =2cm™! = 0.91x107° a.u. and an optical acceptance cone of A Q= 1 stera-
dian. The absolute yield into the detector is then Y = 0.95x107*° per
inciderit photon. The number of incident photons per second is 4.6x10'7 so
the counting rate would be 440 counts per second. Assuming a detector
effiency of approximately 25% this would yield an observed counting rate
of 110 counts per second. This is in very good agreement with the experi-
mentally observed counting rate. Experiment® also indicate a gradual rise
in the continuum background over 3500cm™ range, followed by a gradual

decline in the rate. It is this feature which we will address below.

For many purposcs Ag may be treated as a free electron metal. This is
because the density of states at the Fermi level is given corfectly by the
free electron Sommerfeld theory'. However, a glance at the bulk density
of states function of Ag!® will show that in reality band structure effects
are important and that the density of states hardly follows a monotonic
behavior. Theory!? predicts that in the immediate neighborhood of the
Fermi level the density of states goes through a maximum and minimum.
The behavior of the density of states is reproduced in Fig.6. It is perhaps
not unreasonable to assume that the equivalent one-dimensional density of
states such as given by Eq.(2.37) will also display such a peak in the vicin-
ity of the Fermi level. Since we have seen that the form of the differential
yield function is approximately reproduced by neglecting the variation of
the matrix element with energy, it is worthwhile to repeat the calculation
for a density of states function such as in Fig.7. As a model we approxi-

mate Fig.7 by the function
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E —E XE —E>,) ifE ,<E <E,

D(E)= {( , 0 (2.72)

otherwise

For Ag we choose E, = —0.151ax. ,E , = —0.1867 and ¢=0.1581. From Eq.

(2.70) the yield is then proportional to the integral

—¢
I-= [dED(EDD(E + 8)YNE + A+V J—(§+E Y(—¢p—E YXE +p+ A) +

£
A O A)O(A —E —¢)] (2.73)

where A=w,~w, The result of this integral is plotted in Fig.8 as a
function of the Stokes shift w,—w .. We note that a broad maximum occurs
at 0.015 awu., or about 3300cm~!. This is in good agreement with the
observed maximum in the Ag spectrum, although this maximum may also

be due in part to water molecular vibrations.

The implications of these crude calculations are very important. It
means that by using a totally optical experiment one is able to measure
some features .of the band structure of solids to spectroscopic accuracy.
This would put rather st‘ringent requirements on any theoretical band
structure calculations to reproduce the expérimental features. Conse-
quently the existing Raman experiments should be extended to larger

Stokes shif'ts and to higher incident photon cnergies.

A comparison may be made between this theory and that of photoem-
ission. In- photoemission an electron is excited by an incident photon to an
energy sufficient to overcome the work function and to leave the solid. If
the energy is less than the work function then the excited electron is not
emitted and will eventually relax. One of the process for relaxation is by
emitting a photon. Here we have calculated the yield for coherently excit-

ing such a photon.
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In photoemission it is known that both the surface potential and the
bulk potential play a role in determining the photoyield. Here we have
Just calculated the surface contribution to the Raman scattering and have
neglected the bulk contribution. It is an approximation and this approxi-
mation can be remedied by suitably modifying the potential v (). The
theory will still be described by Eq.2.24) and (2.20). However, it should
be noted that the experiments were done on a roughened silver surface,
and on such a surface the ratio of surface area to mass is very high. Thus
one would expect bulk effects to be not as important. Furthermore, the
bulk effect is not very important unless a very large sample of bulk actu-
ally has radiation photons w, and w, passing through it. Becausc of screen-
ing the internal potential is rather smooth, as is evidenced by pseudopoten-
tial descriptions of the properties of the bulk mctals. However, the final
work on the relative importance of surface and bulk contributions must

await a more complete analysis.

In photoemission one essentially measures the joint density of states
for electrons above the vacuum level and below the Fermi level. In the
theory outlined above one measures the joint density of states of electrons
below the vacuum level (but above the Fermi level) with those below
the Fermi level. Like inverse photoemission® it therefore provides compli-
mentary information to that of photoemission. However, it has the poten-
tial advantage over inverse photoemission in that electron beams and their
inherent difficulties and poor resolution are not needed.One may also study
the solid-gas or solid-liquid interface by a purely optical technique. This

theory should also be applicable to the casc ol ordinary photoemission.
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Figure Caption

Fig.1. Diagrams corresponding to Raman scattering process. Diagram
a, b, ¢, and d are second order processes whereas diagram e is a first
order process. Electrons and holes are described by solid lines and pho-

tons by dashed lines.

Fig.2. a). Wave functions as a function of distance. Here ¢ is an eigen
function for aluminium. Re U and Im U are the real and imaginary
parts of the perturbed wave functions for w=0.1 au. b). same as

Fig.2(a) except that RE W and Im W are compared with ¢.

Fig. 3. Perturbed function U(z) at higher {requencies corresponding to

_transitions to states above the vacuum level w, = 0.5.

Fig. 4. Differential yield of Eq. (4.13) divided by (sinf sinf,)?* as a
function of scattered photon frequency, w,, for Al, Ag, and Au. Both

abscissa and ordinates are in atomic units.

Fig.5. Ratio of matrix elements squared I~ 1% IN 12, for the real-
istic potential and the abrupt step potential. Here V,=03,
e = —02,w, =0.1, and w, =0.075 a.u. The abscissa is the slope parame-

ter, a, of Eq.4.1) expressed in Bohr radii.
Fig.6. Same as Fig. 5 but for a constant matrix element N=0.5.

Fig.7. Theoretical density of states function as computed by Snow

(Ref. 19) in the vicinity of the Fermi level.

Fig.8. Differential yield based on theorical density of states as a func-

tion of the Stokes shift in photon energy, w ,—w ,
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2. Electronic Raman Scattering From Spherical Particles

1. Introduction

Light scattering from the surface of a solid or from a small solid state
particle has been a subject of considerable interest in recent years. Some of
this interest has centered on the study of surface enhanced Raman scatter-
ing (SERS ). The Raman spectrum is that of molecule, adsorbed on the sur-
face of the solid , and has been observed for adsorbates both on rough sur-
faces and on solid state particles. Associated with this spectrum is a back-
ground continuum spectrum?->, which appears to be characteristic of the

solid itself®°.

In the first part of this thesis and in a recent paper!® we studied a flat
metallic surface subjected to electromagnetic radiation and found that
continuum electromagnetic radiation is emitted. The origin of this radia-
tion may be regarded as a kind of Raman process involving the solid state
electrons. An electron from below the Fermi surface is excited by the
incident photon and raised to a virtual level. As the electron falls back to
some unoccupied state above the Fermi level, an outgoing photon is emit-
ted. The surface potential provides the necessary momentum transfer to
allow this transition to occur. An attractive feature of doing a purely elec-
tromagnetic experiment of course, is that results may be obtained to opti-
cal spectroscopic accuracy. Thus such an experiment has an advantage

over photoemission or inverse photoemission.
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Small solid state particles and atomic clusters have been studied
intensively in recent years. Significant information concerning these clus-
ters can be obtained from a variety of physical measurements. Light
scattering has been employed!? primarily in such studies. For example by
studying the low frequency Raman Scattering associated with small parti-
cles on surfaces or in colloids, it is possible to get interesting infofmation
concerning their size and shape!? . Recently these low frequency vibrations
have also been seen from microcrystallites in glass'. Either of these sys-
tems may be used to study the electronic Raman scattering to be discussed

here, although isolated levitated particles provide the cleanest system.

In addition it has been noted that therc are anomalies associated with
small particles. Schmidt-Ott et.al’®> have measured the photoelectric yield
from small metal particles and found it to be nearly two orders of magni-
tude larger than would be expected on the basis of extrapolations from
planar surface measurements. This problem has received some theoretical
consideration recently's. In order to clarify the electronic properties of
smalil partj‘cles it is desirable to have as many experimental probes avail-

able as possible .

A cluster or small particle may be regarded as a giant molecule. As
such, it is expected to have a rich spectrum of both vibrational and elec-
tronic excitations. The primary focus of this section is on the latter. It is
possiblc, using short pulses of exciting light, to study clectronic excitations ‘
without the need for considering vibrational excitations. We shall discuss
this more later. Electronic Raman scattering can be used to study the tran-
sition from a giant molecule to a bulk solid as the size of the particle is

increased.




_44 -

The existence of ‘electronic Raman scattering’ could be of considerable
importance in interpreting astronomical data. It is known that various
regions of the universe are permeated with dust particles. If it is indeed
possible to lower the frequency of a Raman scattered photon, it is possible
that this effect could contribute to the ‘apparent red shift’ of various galac-
tic and intergalactic objects. Effects of a similar but unrelated nature have

been discussed in the literature lately!”.

Furthermore, a distribution of particle sizes would tend to resonate
with certain incident frequencies and make them more efficient Raman
scatterers. This could also be of some relevance to the identification of

atomic elements and their abundances in distant stars.

Additional motivation for this study is that electronic Raman scatter-
ing could be used to characterize the shape and size of small particles,
including those etched onto microcircuit wafers. There is also the possibil-
ity of having such particles serve as nonlincar optical clements useful for

down-converting light.

In our theory we calculate not only the spectrum ( which is rather
triviél ) but the excitation strength of each line (which requires more
detailed study). Our theory makes use of the electron in a spherical
potential well to determine the energy level spectrum and the associated

excitation strength.

In the next section we describe the model and develop the theory.
This is followed by some detailed calculation and a discussion of the
results. In order to keep this section self contained some of the arguments

presented in the previous chapter are duplicated here.
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2. Theory

The physical process we are considering is one in which an incident
photon characterized by a frequency w, and polarization e, Vir'tually
excites an electron from an occupied state below the Fermi level to a state
above the Fermi level . The excited electron then relaxes to some empty
state above Fermi level emitting a secondary photon characterized by fre-
quency w, and polarization e, Our goal is to calculate the yield for this
Raman process. The electrons in the solid are described by the Sommerfeld
model in which they are bounded by a spherically symmetric surface
potential. The electromagnetic field corresponding to the photons at fre-
quencics w, and w, are described by the vector potentials A, and A, We
are working in the long wave length limit, so that retardation effects are
neglected and A, and A, can be taken as spatially homogeneous. We also
neglect the ‘eletron-electron’ interaction. Atomic units are used, so that

m=c= 4 =1. The one electron Schrodinger equation is given by

. Vo[ P +%(z¥,+/¥2)]2+v (F)—iait. WG £ )=0 (2.1)
'where
"V o if r <a
V()= 0 if r >a (2‘2)

Here a is the radius of the sphere and v, is the well depth.

Making a gauge transformation of the type'®

WFye ) = ei[(a'+a2)'F+BlX(F°x ) (2.3)

w here




- 46 -

a; = —%{A_,-(t Yt * (2.4

— e 1 i ' N2 .
B==5n [ [A (£ )+A ot War (2.5)

and making use of the commutation relation [p;,7]=—ié, , Eq.

(2.1) can be rewritten as

%i+V (7 ~oy—az) — i% XFt) =0 / (2.6)

Thus in this gauge the electrons respond to a time-dependent potential
which oscillates at the frequency of both the incident and the out-going

photons.

In discussing Raman scattering we are only interested in terms bil-

incar in A, and A, , so we will make a perturbation expansion of V. Thus
\'% (F’—al—-az) =V (7' )—(al-i-az).VV +1/2(oz1a2+a2a1):vvv (2-7)
.The Hamiltonian may be written as the sum of three terms

H = H0+H 1+H2 (2-8)

where H, is the unperturbed Hamiltonian describing the quiescent

solid

Hy= 172~ +V () (2.9)

H  is the part of the Hamiltonian linear in the electromagnetic field
Hl = —(a,-i-ozz).VV (2-10)

and II , is bilinear in the fields.
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112 = 1/z(a1a2+a2al):VVV = alaz:VVV (2.11)

In our calculation to lowest order in perturbation theory we consider
the second order perturbation ’produced by #, and the first order perturba-
tion by H,. If we quantize the electromagnetic field we may write «, and
a, in terms of the creation and annihilation operators for the photons.
Since';;fc are only interested in the process in which photon w, is absorbed

and photon w , is emitted we have

o) = —&'a,(2 Q:Tv K e (2.122)
oy = _%2(1 2+ (2 Q:: 23 )‘/.’. (2.12b)

where @ is the quantization volume of all space. The second quan-
tized Hamiltonian for the system may now be written in terms of the

matrix elements involving the eigenstates of the unperturbed Hamiltonian

(ex—H)IA>=0 (2.13)
Thus
H =w(a"a +V2)+w fLa ;ta ,+Y¥2)—(2 il 3 ¥ ANELYV IA> X
Wi  ANe
a b b ro—( 27 3 ) 2 A'ELYV [A>a b kb e —
Qws e
2 -3
_g_(w w2 2T A NELVEAVV 1 A>a s a 1b b o (2.14)
o

where o is the spin index, a, and b4,, are the destruction operators for
photons and electrons, o, and and 5,5 are the corresponding creation

operators.
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The physical processes corresponding to Raman Scattering are shown
in Fig. (1) by the 5 diagrams. In each process a photon of frequency w, is
absorbed and a photon of frequency w, is emitted. A hole is produced in
state 1A> and an electron is excited to state |A'> In diagrams (a) and (c)
the intermediate state involves a hole whereas in diagram (b) and (d) it
involves an electron. In (b) and (c) the absorption occurs prior to emission
whereas the reverse is true for diagrams (a) and (d). Diagram (e) is a pro-
cess in which absorption and emission occurs simultaneously. The explicit
expression for the matrix element corresponding to these five diagrams has

been calculated in our previous paper . Their sum is given by

M=2—T __NI[EAVVG (w +€)el vV +
(ww¥?

ELYVG (ey—w 2wV +&.veiyv ] 1a> (2.15)
where we have introduced the Greens function G (e) defined by

1
G—ff 0

G(e)= Y IN>'] (2.16)
<

The boundary condition corresponding to this function is chosen to

result in outgoing states.

We are interested in obtaining the yield for producing outgoing pho-
tons that reach the detector per incident photon. We calculate the scatter-
ing rate by using Fermi’s Golden Rule and dividing by the incident flux of
photons. Thus summing over the initial and the final states of the electron

and final states of the photon , the cross sectional yield is given by

Y = 2711' 2 [ IM 138w —wate, —€, ) (2.17)
k2N
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Here €,, and e, are the initial and final state energy of the electron
and &, is the direction of final photon wave vector. The summation over

final states is given by the integral

d Qs
(27r¢ )¢

Z = fW 22dW2 (2.18)
&
The differential yield for producing a photon in a frequency range

dw , around w , and a solid angle range 4 Q, is given by

ar = wz~4 Z f )\—f )\-'*- | M IZS(W 1—wWate,y, "'E,,'[') (2.19)

dw zd Qz B 4772C AN

where o is the spin index. f ;- is the Fermi factor for an occupied
electron state |A> while f ,* is the Fermi factor for the unoccupied state
tA> Note that f o+ / ,f =1. In our work we are primarily concerned

with situations in which thermal effects are not important. So we have

used the relation
f o =60les —¢)) (2.20)

© being the unit step function, and —e , . the work function. For con-
venience vacuum level is taken at e = 0. Conservation of energy for the

overall process demands w ;+€, = wote€)’
Spherical Potential

With the potential given by cquation (2.2) the eigenfunctions are
given by

FIA>= ¢, (r )Y, G) (2.21)

AlF'>= ¢n Y4 '(r ')Y[:" (;' ') (2-22)
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where X\ = (n,l,m). Inserting the complete set of states in the expres-

sion for the matrix element in equation. (2.15) we get

¥

M = _(__i%_de? [dr AIEEYV 17> G (w+e) |7 > 1LYV +
ww o) ®

LYV 17 ><1G (ey—w o) | F ><F 1829V +
P ><' 17 >< e ved gV 1IA> (2.23)

The matrix element of the Greens function <7'1G (w,+€))i7>1is a
scalar function of the variables 7, /' and 77", so we can express it in terms

of spherical harmonics as

67' I G (W 1+€)\) ' F >= Z GL (7" Re ';GI\+W 1)}’1:‘\] (;' ')}/]_.\] (;' ) (2.24)
LM

With equations (2.21) and (2.22) we obtain

NNEEPV 17> = 227 a‘g’ff D bl W ) (2.25)
< 1etgv >=e3 g 6oy, 6) (2.26)

or

where we have introduced the spherical vectors
e = cyedr . : (2.27)
"

elF = cXe, Y L) (2.28)
M

with ¢ = -\/ i;T_. From Eq. (2.23) M can be written as sum of three

terms, given by

2m

M =
(w w)7?

M, +M, +M_] (2.29)
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Inserting all those values defined above in Egs. (2.24) - (2.28) and

using the 3j symbols! the three matrix element may be expressed in the

form

M, =_£7\/(21 FIRIHD T Q. (6w +w 2L +1)c % 3e,!

LM oy
;.' ffl" AI; /.11. riz AI; (1) lO' I(; (1) (l) I(; (2-303)
M, = %x/tzz oD d‘;ﬂ'#'Q,,(',LJ,, (e —w X2L +1)c 2% Je
wm | lwmallooollooo (2:30b)
M, = LVE@FIGIFD T 0. 0L +e% el
LM un
wm it |lwmat|looollooo (2:300)

Where Q and Q are given by

QnL'I il (enl +w l) = fdrr Zfdr r '2¢n 1 '(r ')V '(r ')GL (7" s ';enl +w l)V '(7‘ )¢nl (?" )

(2.31a)

Qkvmiew—wo) = [drr2[drr 2, r W )G, (r 1 e, —w IV (o ()
(2.31b)

Ot = [drr®[drr 2, r ) 180 = W )y ) (2310)
r
With the above expressions equation (2.29) becomes

M=_ 2T JEADRIFD ¥ QL+1DALede) +BLe? €llx

(W 1w 2) 2 LA pp!
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10'"L |11l L 1 ' L 1! L
00o0lo00||lwm M|lumM (2.32)
where
AL =0k (e +w DHOE (2.332)
Br = Qv (€y —w2) (2.33b)

After computing |M 12 we wish to sum over m ', € and average
over &'. In this treatment we do not look specifically at polarization effects,
although it is certainly possible to do this in our formalism. Let &, be the
incident photon wave vector and &, be the outgoing photon wave vector.
While summing over all these variables we use the relations

Tel €} =ad, , +ampy i, (kY (k) (2.34)

€

It can be shown that « = 1, and g8 = —1/ 3. By averaging Eq. (2.34) over

all directions, we find

‘ ‘ )
<Deiy €47, = 3Bty (2.35)
€2 .
x 1
<Fe)€,,!> = TS uray (2.36)

Combining these equations we get

T <EIM P> = L)"Si(zlﬂ)(zz"ﬂ)z:(zl, +1)(2L '+1)
mun' & =2 (WIWZ) 9 LL"*

(AL AL+BE B )8, 18y o H(=) AL BL+AL'BE )8#'1,_#.28,[2,_,4;]

11" L
000

11 L
000

11" L'
00 O

11 L’
000

X
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1 ' L 1 { L 1 ' L' 1 L L'
M py 'y M gt g ! 'u"l m' M My m M #'2 m' M’ p2 m M’
=2 Q% (o DY QL +DCL )
9 (w,w,)? L
(AL Abuplply Oy
QL +1)
(ALBL'+AL'BL)YS (1,140 ,L ") (2.37)
w here
1 (' L 1 [ L
S (l ,l’;.LL :) — (_)#l+#2 _ , X
? mm 'MI\ZI Y2y M2 m M Ky m M
1 ' L' 1 [ L'
-y m'' M’ |ty m M’

Utilizing the dipole selection rules for the excitation and de-excitation

processes, one finds only the following allowed transitions.

a.) 1'=(1 +2), L =(1 +1), L'=( +1)'
6) ==, L=G-), L'=(1-1)
c.) 1=l L=(+1), L'=0 +15

d.) 1'=t, L =@ +1), L'=(-1)
e.) 1=l L=u-1,  L'=(+1)

f.) 1'=l, L =(I -1), L'=( -1)

It can be shown that

2
321 +3)
ﬁ%— l'=l—2, L=L'=l—1

0 otherwise

ifl'=0+2, L =L'=1[+1

S2
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Inserting these values, the average of the differential yield from

Eq.(2.19) can be written as

Z< dy o 8 Z Tl fnh 8w i—wate, —€,49 (2-38)

oy €1k O e A
dw, “v"1 9w Pwoct

where
(L+1Pr e12y g+ L2 (-2 4 p-1)? cer
m[A +B I+ W[A +B 1 ifl =1
T = %f_:%[f; u-n2ypu ‘1)2+§-A -npgt-1) ifl'=1-2 (2.39)
(l +2ll)g-23'*'l )[A « +1)2+B(1 +l)2+_g_A(1 +1)B(1 +l)] if l'= Z +2

Thus the yield spectrum is nothing but a 8 function spectrum multi-
plied by the weight factor T. Evaluation of T involves the cvaluation of
A% and B’ given by the Eq. (2.33). With the potential given in Eq. (2.2)
we have

V (r) =V 8(r —a) and Eq. (2.31a) becomes
Q1€ 4w ) =V #a*9,1(a )61 (@ @iy +w Dy @) (2.40)
where G (r ') satisfies the wave equation |
v yben =2~V (I (779 = 8G7 =) (2.41)

G (7,7 can be expressed as sum of spherical harmonics

CFEFY= Y GG rhen +w i G Wi G) (2.42)
LM

Introducing a variable ¢; (r ) defined by

g, (r)= fdr Gy (r i€, +w )8(r'—a ) =G; (r a6, +w,) (2.43)
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we find

QnL'I 'l = \% 02a 4¢n K (a )"[’L (a )d)nI (a ) (2-44)

The function y¢; (r ) satisfies the wave equation

lwﬁe,,, —pTz-—V (r )—ﬁ%‘j—l)— g, (r) = 1 5(r —a) (2.45)

a 2
This equation can be solved analytically and the value of ¢(r ) at r=a

is given by

i; (ka Yh;Mga)
2 JL2e L if (w +€, +V )>0 and (w ;+€, )>0
a’ kj'y (kadhyga )—gh 'f(ga ) j; (ka) ‘

2 j1 (ka Ye; (sa) .
= £ (w,+e, +V)>0 .
Vi la) = e R, Ga sk Ga )y ey (W atew ¥V)> 0 and (w e, )<0
i.L (/C 1a )kL (Sa) .
+ \%
T G Ga Gy L W aten +V )<0and (w e, )<0

o

(2.46)
w here
k= 2lw te, +V) if (w e, +V ) >0
k= =2(w,+€, +V) if (wte, +v) <0
g = /2w 1€y ) if (w,+€,,)>0
s =+ =2w +€y ) if (w+€,, ) <0

For small enough w, we can restrict the intermediate state ¢, so as to
never go to first condition of equation (2.46). Thus we never permit the

intermediate state to rise above the vacuum level. @ and Q expressed in

terms of y, are given by
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Q& “nl (€, +w ) = V2a‘p, la Wi (a )p, (a) 247
énL'I “nl =-V [¢'n Vi '(a )¢nl (a )+¢n 1 '(a )¢'n1 (a )] (2-48)

where the eigenfunctions ¢, ,{a ) satisfies the Schrodinger equation

¢nl (r )Ylm (; ) =0 (2-49)

=2
%—‘i‘V (r )"G,,[

The solution of this equation is given by

Dj(pr ey (\a) if r <a
Dl (O\r ) ji(pa) ifr >a (?-50)

¢nl (r ) =
where p =/ 20ey tV)
and \=+/—2€,

The normalization constant D is determined from the continuity of ¢

at r=a and is given by

1

D = (2.51)
-\/ f fl 2pr Ve, *(Na drdr + fk, (\r)j; X pa Irdr
[0} a
D can be determined analytically, and is gi{fen by
= lgae ™ gpla S5 —sin®pa I (2.52)
ifl =0

and

3
D = a_z_[k,_,()\a Ye, piAa ) ji XA pa) — j—pa)j;milpa e, 2(Na ™"

if 20
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The eigenvalues are given by the condition
paj ' (pa ik, (\a)—hak ‘y(A\a ) j; (pa) =0 (2.52)
3. Results and Discussion

In the theory that we have just constructed a formalism for describ-
ing the Raman scattering from a small spherical metalic particle has been
introduced. The formalism bears some similarity to atomic physics and
some similarity to solid state physics. The spherical symmetry has been
successfully employed, as in atomic physics, to reduce the theory to a com-
pact form involving analytic formulas. The solid state physics appears in

our use of the Sommerfeld model in describing the electronic states.

At first sight it appears that a rich spectrum of Raman Scattering fre-
quencies would be seen and this would make it somcwhat difficult to
resolve individual lines. For example, consider Fig. 2. where a joint density
of statc9ityr a spherical potential well is translated into a Raman spectra.
The joint density of states i§ determined here naively by simply weighting
each transition f requency by the degeﬁeracy factor (21 +1X2¢ *+1) associated
with that transition. The calculation was done for a potential well of
diameter 29.7 angstroms, a well depth of V=8.16 eV, a work function of
le, 1=4.3 eV and an incident photon energy of 2.72 eV. These numbers
typif'y common metalic situations and are suitable for silver. In order to
provide a presentable spectrum the individual lines have been broadened
by making them into Lorentzians with line width .01 eV . This simulates
the effect of the finite resolution of a spectrometer. In the figure, the
degeneracy is plotted as a function of the scaled Raman shift (w,—w )/ €, .
We note that there is a tendency for the spectrum to increase for the

larger shifts. This tendency was also noted in our previous work! on
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Raman scattering from a planar surface. It comes about because there is a
large phase space available to the outgoing photon when the (Stokes)
Raman shift is increased. In our work it will be assumed that the tem-

perature of the particle is sufficiently small, so that anti- Stokes shifts are

not important.

A limitation of the above consideration is that the the weights associ-
ated with given lines are not simply the degeneracy. Important matrix ele-
ment effects do enter and the primary goal of this work has been to
describe and understand these effects. A Raman spectrum for the spherical
particle just considered is given in Fig. 3. The abscissa is the same as in the
previous case but the ordinate now includes the weighting of the given
lines by the appropriate strengths derived from the matrix elements. A
striking feature of the exact spectrum is that it is simpler than the joint
density of states derived spectrum. The dominant lines have been labeled
by letters A and B . These labels will be discussed soon. In our discussion
of the Raman spectrum we have neglected the natural linewidth associ-
ated with.the excited states. This puts a limitation on the thgory. In our
calculation the strength of the spectral line grows as one turns closer to
resonance. However competing with this process is resonance fluorescence
in which a real transition is made. In order to understand the reasons for

this we will have to look at an energy level scheme for the particles.

In Fig. 4 we represent the energy levels as a series of points. The
abscissa denotes the orbital angular momentum and the ordinate denotes
the energy. Spin- orbit coupling effects are expected to be very weak and
therefore unimportant. As expected, the spectrum has the characteristics of
both a box potential and an atom. For a given !, the energy gap between

successive states increases as the energy increases, just as in a spherical box.




-59 -

On the other hand we see that the degeneracy between different orbital
angular momenta is lifted due to penetration of the electron into the clas-

sically forbidden region.

We have labeled the transitions A and B on the energy level scheme
and note that they correspond to our selection rules Al = +2,0. The dom-
inant contribution.to the spectrum come from those transitions in which
the intermediate state ( virtual) lies close to an actual energy level. It is
preciscly the analog of conventional resonant Raman scattering for the
case of a spherical particle. When resonance occurs a large scattering
occurs, while when one is off resonance, a small scattering occurs. This
will be seen more clearly in Fig. 5,6, énd 7, where a semilog scale is used

to display the spectrum.

Since we are dealing with a resonant phenomenon we would expect
the spectrum to be very sensitive to small changes in the physical parame-
ters. This is illustrated in Fig.5 where the spectra for spheres of slightly
different radii are shown. This ordinate denotes the strength of the Raman
signal, the abscissa is again the scaled Raman shift. If we consider spheres
of somewhat greater size difference the sensitivity becomes even more

striking, as in Fig. 6.

In order to relate our calculations to experiment it is useful to convert

our results into a form that will be of more utility to experimentalists.
The quantity % appearing in Eq{2.38) represents the cross-section per

unit scattered frequency expression in standard atomic units. An examina-
tion of Fig.(6) shows this number to be typically on the order of 1074,
although because of resonance effects this number may be increased or

decreased. We make the following estimate based on Z_f; = 107",
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Using a typical spectrometer resolution of 100cm™!(5x10™* atomic

units ) the cross section for Raman scattering light in to the spectromter

dy

would be dwa_w_ = 5x1078q,2 . Let 7, represent the incident light intensity.

1, . .. . . s

So th is the number of incident photons per unit arca per unit time. Let
1 .

n denote the number of spheres per unit volume and V denote the volume

of illuminated spheres probed by the Raman spectrometer. The number of

scattered photons per unit time is then

< _ dy 1,
,N = de?z"w',‘”v (3.1)

The density of spheres is typically expressed in terms of a filling fac-
tor, f, by f = 4ma3/3, where "a" is the typical sphere radius. Taking a
typical value!® for f equal to 1078, a=25q, = 25%.529x1078cm, V =.1cm? ,
and I = 100wazt / cm?® for 2.7 eV incident photon gives a scattering rate of
3.3x10° photons per second. With a system with a solid angle acceptance of
1 steradian and a detector efficiency of 1 percent this gives about 260
cour;ts per-second. This number may be increased by increasigg the laser
intensity, the acceptance band width, the filling factor or any of the other
parameters in the numerator of Eq.(3.1). We thus conclude that the exper-

imental observation of the Raman scattering by spheres is feasible.

In Fig. 7 we illustrate the dependence of the spectrum on the incident
light frequency. Again the sensitivity is apparent. The sensitivity is much
less pronounced as the work function changes as in Fig. 8 . The reason for
this is that both the energy level scheme and the matrix element are not
dependent on the work-function. The work-function simply provides a
parameter which makes part of the spectrum allowed or disallowed. Thus

an allowed transition must always start from a state below the Fermi
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level and terminate on a state above that level.

Until now we have considered only the effect of particle size on the
spectrum, but not particle shape. We have not made a thorough study of
this effect, but a simple exercise can give some insight into it. Let us com-
pare the joint density of states of a sphere with that of a box potential.
For simplicity we now allow the walls of the sphere and box to be
impenetrable. The respective joint density of states spectrum is presented
in Fig.9 and 10. We note that the spectrum for a box potential is richer,
this is to be expected since the azimuthal degeneracy is lifted in the case of
the box. However, we still expect the resonant Raman scattering mechan-
ism to be operative in the case of the box. Thus thc actual Raman spec-

trum will again appear to be much simpler .

In principle valuable information concerning the particle’s shape can
be extracted from either the electronic Raman scattering or the low fre-
quency vibrational Raman scattering. At this time it is difficult to com-
ment on the preferability of either method. The answer will depend upon
the experimental ability to resolve individual spectral lines. The more
lines that are seen, the more information can be obtained relating to parti-

cle shapes.

In Fig. 9 we present the spectrum for a sphere with infinitely high
walls. The sphere radius and Fermi energy are taken to be the same as in
Fig. 2. We note, however, that the spectra appear to be qualitatively quite
different. This is due to the penetration of the electronic wave functions
in to the vacuum. A more diffuse wave function can be expected to see
less of the centrifugal barrier that a wave function confined to the interior
of the box. This leads to a greater influence of the centrifugal barrier in

the latter case and a broader distribution of energy levels, and hence
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Raman frequencies. In the case of the sphere of finite well depth the spec-
trum is more compact as the degree of degeneracy among the orbital angu-

lar momentum state is greater.

If an experiment is done to measure the Raman spectrum for a parti-
- cle, a possible complication arises due to thc motion of the nuclei. This is
analogous to Raman scattering in the case of a molecule where the nuclear
vibrations modulate the electronic spectrum. In the molecular case this
results in vibrational energy bands associated with the given electronic
transitions. There the Frank-Condon factors musi be introduced to give
the measured spectrum. One would expect similar considerations to apply
to the case of a small sphere. If the experiment were done with a CW

laser the spectrum, indeed, would be quite dense.

It is possible, however, to excite the electronic spectrum by going to
short optical pulses. If the scattering event is over before the molecule has
had a chance to move, one would not expect the light to ‘know’ about the
ions. The response would be due to the electrons alone. Broad band detec-
tion accomiplishes the same thing. By averaging over the contribution from
many vibrational transitions one is able to focus on the purely electronic
contribution. In designing such an experiment the duration of a pulse
must be shorter than a vibrational period, but not so short that its Fourier
spectrum is broader than the Raman spectrum. We see from our analysis
that the Raman spectrum does indced tend to be sparse, so that the latter

limitation is not severe, at all.

In summary we see that Raman scattering from a small solid state
particle can provide valuable information concerning the size and shape of
the particle. The detailed spectrum is indicative of the underlying elec-

tronic spectrum and is very sensitive to the parameters of the problem.
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Figure Captions

FIG. 1. Diagrams corresponding to Raman scattering process.
Diagrams a, b, ¢, and d are second order process whereas diagram e is a
first order process. Electrons and holes are described by solid lines and

photons by dashed lines.

FIG. 2. Degeneracy spectrum of a sphere with a finite potential. Here

a=28.1 a. u,, w,=.1 auu, e, =-.158 a.u.

FIG. 3. Transition Spectrum corresponding to the cnergy level

diagram of fig. 4. (7,7) denotes transition from (=7, to {'=7, ctc.

Fig. 4. Energy levels of the sphere. Abscissa represents the energy
levels, ordinate is angular momentum. a=28.1 a.u., w,=.1 au., e; =-
.158 a.u. Virtual levels in the transition arc shown by the dotted

lines.

FIG. 5. Transition showing three different radii very close to each
other in the semi log plot. Abscissa shows transition probability, ordi-
nate is the frequency difference normalised with respect to fermi

‘energy.

FIG. 6. Transition showing 4 different radii, quite different from each

other. Abscissa and ordinates are same as that of fg.5

FIG. 7. Spectrum with S different incident frequency. Abscissa and

Ordinates arc same as the fig. S.

FIG. 8. Spectrum with different Fermi energies. The abscissa is the

transition probability, the ordinate is the frequency difference.

FIG. 9. Spectrum of the sphere with infinite wall of radius 28.1 a. u.
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FIG. 10. Spectrum of a cube of side 49.2 Angstroms with infinite
wall . The abscissa is the degeneracy, and the ordinate is the fre-

quency difference normalized with respect to Fermi energy.
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PART 1L

ELECTRON SCATTERING FROM SOLID SURFACES AND
SMALL PARTICLES.

INTRODUCTION

The primary tool for the study of solid state surfaces is electron
scattering. The earliest applications of this technique date back to Davisson
and Germer who studied the Bragg reflection of electrons from solids. The
important distinctions between light and clectrons that made them suit-

able for the study of solid state surfaces was

a. The characteristic wave length for electrons at low cnergies was

on the order of the lattice spacing and could be continuously varied.

b. The electrons that were scattered were those which did not
penetrate the solid that readily and thus were strongly affected by surface
properties.

-.c. The electrons were readily prepared, focused and detected.

However, progress in the full use of electron spectroscopy was slow
due to the need for ultrahigh vacuum techniques and the need for
developing methods for preparing and characterizing clean surfaces. Today
a whole range of techniques exist including low energy electron
diffraction (LEED), Auger electron spectroscopy (AES), low energy elec-
tron loss spectroscopy (LEELS), Surface extended X-ray absorption fine
structure (SEXAFS), photoemission, ellipsometry and various ion scattering
probes. The state of the art is perhaps best characterized by the recent
invention of the vacuum electron tunneling microscope. Recent work has

been reviewed by Raether.
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Because of the imporiance of surfaces for science and technology we
have chosen two aspects of the interaction of electrons with surfaces for
analysis in this part of the thesis. In the first problem we look at the ine-
lastic excitation of a flat surface by electrons. Our goal will be to see what
the effect of solid state structure has on the excitation spectra of the solid.
As we shall see, interesting information may be extracted {rom the data.
Secondly, we turn our attention to rough surfaces or small particles.
Again we look into the question of how the structure influences the
scattering, but now focus our attention on the finitc size of the particle or
the surface roughness feature. We will see that, because of the spatial
dispersion of the dielectric function of matter, there is indeed a shift of

the excitation spectra with size.

In the first project of this part of the thesis we look at interference
effects in electron energy loss spectroscopy. Previous calculations of EELS
were based on a model of the solid in which the potential the electron
experiences is simply a step potential. Thus the intcrior of the solid is
treated as-a free electron gas confined by a wall of finite height. The
theory predicts an EELS spectrum for the surface blasmon loss peak
which falls off monotonically with increasing electron energy. This,
perhaps can be understood as an eff ect related to the duration of a colli-
sion. As the energy of the electron increases the clectron spends less time
in the vicinity of the surface. Hence the probability for exciting the

plasmon also gets to be less.

Recently experiments were carried out at the University of Puerto
Rico for electrons incident on silver. Contrary to theoretical expectations
the EELS intensity of the plasmon loss peak relative to the elastic peak did

not fall off monotonically but rather had some regions where it actually
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increased considerably with increasing energy.

We attempt to explain this behavior on the basis of a possible quan-
tum interference effect caused by the clectrons scattered off of the various
ionic planes of the solid. For certain energics thc quantum mechanical
amplitude for an electron to be ncar the surface will be different than for
others. This amplitude will depend on the comparison of the lattice con-
stant and the electron wave length. Since the surface plasmon is most
easily excited when the electron is necar the surface we also expect the
probability for its excitation to be correlated to the clectron is being found

on the surtace.

The second project of this part of the thesis involves studying EELS
from small spherical particles. This could serve as a model for island films.
In spite of its experimental interest the theoretical formulation of the
energy loss probability for a charged particle passing ncar a gencral polar-
izable sphere is incomplete. For closer trajectories we cxpect larger contri-
butions from higher multipoles since it must approach the planar limit.
The calculation for the dipole mode is relatively easy and has been done.
Ferrel ct.al. have done calculations for all multipoles with a dielectric
constant which is only a function of frequency. We would like to gen-

eralize the theory to include spatial dispersion .

In order to consider such effects we have introduced the frequency
and wave- vector dependent dielectric function e(k ,w ). The problem gets
complicated due to the presence of finite boundary cflects. We develop an
approximate method for incorporating such effects by replacing € (& ,w ) by
an effective dielectric constant €, (w ), where ¢ is the multipolar index of

the excitation.
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3. Interference effect in Electron Energy Loss

Spectroscopy
1L.INTRODUCTION

At present, electron scattering from solid state surfaces provides
two complementary ways of probing the solid. On the one hand low
energy electron diffraction (LEED) is a valuable tool to characterize the
surface structure!. On the other hand, low energy electron loss spectros-
copy (LEELS)? is useful in determining the excitation spectrum of the
solid. The combination of the two techniques provide surface scientists
with a powerful tool for studying the dynamics and statics of surfaces.
In this paper we will study the consequences of interference cffects on the
LEELS spectrum and thus probe the common boundary of the above two
methods. From our analysis, we will see that additional information con-

cerning the solid may be obtained from such a study.

The origin of the interference eff'ects in LEELS may be understood
simply as follows. The scattering electron couples to typical excitations of
the solid such as surface plasmons, bulk plasmons and electron-hole pairs.
The probability for making an inelastic transition depends on a matrix ele-
ment involving states of the scattering electron and the potential which
_describes the collective excitation. Since surface excitations have potentials
which are peaked in the surface region, these matrix elements will tend to
accentuate the behavior of the electron wave functions near the surface.
The electronic wave functions, however are determined by the superposi-
tion of the incident wave with the waves reflected from the various ionic
planes in the solid. The reflection from these planes may interfere either
constructively or destructively depending on the particular value of the

wave length and the geometric structure of the solid. Thus one would
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expect the LEELS spectrum to contain information about the underlying
structure as well as the inelastic scattering spectrum. Furthermore, since
the wave function of the electron near the surface is playing a more
important role, it might be expected that the information contained in the
LEELS spectrum might be more specific to the surface region than the
bulk region. This would allow the energy of the incident electron to be
raiscd without the drawback that occurs in LEED when the energy is
raised, namely that the electron samples a good portion of the bulk as well

as the surface.

Previous theoretical descriptions of the LEELS spectrum relied on
two models. On the one hand, dielectric theory3—® provides a formalism in
which it is simple to describe the inelastic excitations. On the other hand,
the Sommerfeld model” for an electron interacting with a solid provides a
natural description [or the dynamics of the electron. Combined, the two
methods allow one to describe LEELS spectra. This program has been car-
ricd out in the literature® and applied to the excitation of surface
plasfnons. The basic conclusion drawn by such a study is that_ the excita-
tion spectrum as a function of the primary electron energy falls off with
energy at high energies. In the context of the model, this is reasonable,
since the time that the electron spends in the vicinity of the surface is a
function of the energy and decreases as the energy increases, going roughly
as the inverse square root of the energy. One may argue that when the
clectron is near the surface it is able to excite surface plasmons, when it is

away from the surface, it cannot.

The above model, however clearly leaves out several elements
which are of significance to us here. In particular, the Sommerfeld model

does not include the spatially modulated ionic potential which is the
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source of the interference pattern seen in LEED. In our model this will be
included. We also will consider other possible excitation channels: the
bulk plasmons and the electron-hole pairs. As we will see, these contri-

bute significantly to the inelastic background.

2. THEORY

The interference effects seen in LEED come about because of the
scattering from the ions. One may identify two key elements in this pro-
cess. One is due to scattering from the two-dimensional periodic array of
atoms parallel to the surface while the other is due to the superposition of
waves scattered from successive layers of atoms in the solid. The two
effects play a somewhat different role in LEED. The former effect is
largely responsible for Bragg scattering. The latter eff'ect gives rise mainly
to a modulation of the reflected intensity as a function ot primary electron
energy. In more refined multiple scattering formulations of LEED, these
two cffects are, of course, interconnected. Bragg scattering is very well
underst.ood and is not of much interest here. We therefore will focus our

attention on the interlayer scattering.

In order to accomplish this let us introduce a simplified model in
which the ionic potential is a function of one spatial variable, z. The par-
ticular form we choose for this potential consists of a periodic piece to
describe the bulk of the solid and a surface potential. Thus

—Vo ~Uo cos(27r%) if cos(27r—2—)<0,

_ (2.12)
Vo if cos(21r—z—)> 0,

Viz)=
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when |z |<|N+?1T b,

and

—cliz I—(N+%)b] ~

V(z)=—Ve . (2.1v)

b,

when Iz |>P\!+711_

Here v, is the complex optical potential, U, is the strength of the lat-
tice potential, b equals the lattice constant, N is the number of ionic plancs
taken to represent the solid and ¢ determines how fast the potential goes
1o zero beyond the surface. In our calculation we model the solid by a
finite number of planes and solve the problem numerically. The solid is

taken to extend from -L to +L, where L=Nb.

In order to describe the LEELS process we will be applying ‘Fermi’s
Golden Rule’. An electron in an incoming state ¢, (z) excites a surface
excitation and scatters into an outgoing state; ¢,, (z ). As in LEED the ‘in’
and ‘out’ statés may be expressed in terms of transmission and reflection
coefficients outside the solid. Inside the solid, hbwever, they will have to

be obtained numerically. We begin by determining the ‘in-state’.

a. The in-state

Since the potential varies only along z direction we can write the

incoming wave as

ik +p

Yin =Pine ¥ (2'2)

with &, =(k, k,) and 7, =(x,y), where &£, and 7, are the planar

projections of © and 7. Here
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ez +Re "z if z <L

bin (2) = Y, ik ifz > L (2.3)
where '
k=v3E ‘ (2.4)
2
e=E -55_ (2.5)

and E is the energy of the incoming electron. R and T are the
reflection and transmission coefficient respectively. The function ¢, (z)

satisfies the one - electron Schrodinger equation
[—v29, 24V (z =€l &b;, (z ) = 0. (2.6)

The function ¢,, (z) can also be written as a lincar combination of

parity eigenstates
bin (z) = c14(z )+c ¢ (2), 2.7
where
b= xdl—2), (2.8)

Here the k dependence has been supressed. The parity eigenstates may

be written as

coskz +asgn (z )sinkz

bz )= sinkz +fsgn (z Xoskz forlz 1 >L (2'9)

where sgn(z)==z/ 1z | is an odd function of z. Equating Egs. (2.3)
and (2.7) for z >L and z <L, yields



. , (2.102)
c-= =g (2.100b)
T = mz%#m (2.100)
R = “m%%‘i)_uﬁ (2.10d)

The eigenstates ¢, for 1z | <L are calculated by numerical integra-
tion. Our procedure is as follows: start at z=0 and assign ¢.,(0)=1 and
#.(0) =0, where prime denotes differentiation with respect to z and @
differs from ¢ by a normalization factor to be determined. Then we
numerically integrate the Schrodinger equation by a Runge-Kutta pro-

cedure out to z=L. There $.,(L ) will be given by

¢.(L ) = (coskL +asinkL )T, (2.11)

#'+(L) = (k sink L +k acoskL )Ty, (2.12)

The normalization constant I', is determined from Eq. (2.9) and
(2.12)

(1+lr+'2)

1‘+= |¢+(L)|[-m-2)—

1% (2.13)

where we have defined

L= (L)
ke L)
- tankL +o

1+atankL (2.14)
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and

_ ryttankL
*= 1—r ,tankL (2.15)

Renormalizing the temporary function ¢(z ) gives

’(Z).{.(Z )

b (z) = T,

(2.16)

The eigenfunction ¢_(z) will be detrmined in the same way as ¢.(z)

cxcept that at z=0, we start with $_ =0 and $(0) = 1, and integrate to z=L:
d_(L ) = (sinkL +BcoskL )T, (2.17)

&' (L) = (k cosk L —Bk sinkL )T_ (2.18)

The quantities T, 8, y— are given by

I = 13.L)] -\/ ?:;I;;E (2.19)
P L 20
= % (2.21)
and
#z) = ‘7’}(_2) (2.22)

Having characterized the ‘in-state’ let us now turn our attention to

the ‘out-state’.

b. The QOut-state
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The outgoing wave can be written as

—,

Vou P =" P25 (2) (2.23)

By the same argument as used in the case of the in-wave we can

write
ez ype~7 if z <L
Pou (z)= reikz ifz>L (2.24)
with
k' =3e (2.25)
k 2
e€=E '_—2—— (2-26)

where E ' is the energy of the scattered electron.
The function ¢,, (z) satisfies the Schrodinger equation
[—%2924V (2 €T oy (z) =0 (2.27)
As before ¢,,, may be written as |
Gou (2) = ¢y (z JHc '_¢>_‘.(Az ) (2.28)
with

cosk 'z +ao'sgn (z )sink 'z
== |sink 'z +B'sgn (z Josk 'z’ (2.29)
when |z | >L.

Comparing the equations of the out-wave with the in-wave we see

that they are identical provided

k -k’
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‘ i ——i
R —p
T -1
The expressions for ci,c_,p, 7,d,r'y, Ty, &4, B, ', p. are obtained

from ‘the corresponding expressions for the in-wave simply by making the

above replacement. Thus

ety = n__lbm (2.30a)
c'l_= 'GTL»‘ET (2.30b)°
T= (1—ilo:)c€ﬁi ) (2:30c)
P=itg Z;th ) (2.30d)
o= % (2.31)
. % (2.32)
o= 13.L)1 [li%%;l';]% (2.33)
$i(z) = :”’I’fj) (2.34)
g = % (2.35)
r.= % | (2.36)
p= 222 237)

I
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C. Matrix element for surface plasmon excitation

Having determined the in and out -waves we now calculate the
matrix elements involved in the excitation of a surface plasmon wave.
With b as the lattice constant and N the number of layers, the surface

plasmon wave can be represented by a potential field of the form

¢ - .ye—q tz+Nb | . (2-38)

-

where § = k,—k', is the wave-vector of the plasmon and y is the

appropriate coupling constant. The desired matrix element is
1= femviz4melgn (2 ), (z) ' (2.39)
=1L +11u +1R

where we have divided the integration range into three regions:

-L
I, = fdzeq(z 0B o (2 Ypin (2 )

~L
= fdze 92 [e k' ypeit 2] [oikz 4 Re ~ikz Jg anb

el (& +k )L e! '=k )L el (k=& L

=, —q (L ~nb) ¢ + +
¢ P (T Ry (= iy ey

ik +& )L

& e
R Ty (2.40)
Ip = fdze ~q (z +nb )[Te —ik 'z ]‘ [Te ikz ]
L
[—g +i (k +& L
= * _ —gnb e
Te e Ty (2.41)

L
IAI = fdze_q Iz +nb |¢O:lf(z )¢in (Z)
-L




- 90 -

L L
= [dze =t !0 g (=2 Wy, (=2 )+ [[dze ¥ 1208 g, (2 )ehy, (2 X2.42)
[4) 0
Inserting the expressions for ¢,, and ¢, [rom (2.26) and (2.7) we get
L R
Iy = fdz tc 04z e 1P (2 MHc P (2 de _p(z e ™9 2+l T gy inb—z )]}y
0 - ’

[ e ¢ cp(z)Hc ' iz e _p(z e 2+t ! —g—yinb—z1] (2.43)

From (2.38) and (2.39) note that as L —oo both I, and I —0, so that
the main contribution comes from I,;. Of course, 7,;, must be evaluated
numerically. In order that the wave-function be continuous at -L both in
magnitude and phase, 7, is multiplied by a phase factor, given by

e —ikL +Re kL

i L = FL) (2.44)

‘n:

The differential scattering rate is determined from the formula

ar  _ 1
d UdE" 41°h

V2E =k, 2 1y(g, )11 1 128(E +w, ~E)  (2.45)

where y is the plasmon coupling constant and is given by

(27h/ g, 0€ y.,

w

Using this value for y we obtain the differential scattering rate

dT =| 1
d QdE |2 3¢

N2E ~kFV 112 |8(E 4w, —E )

g, ow "

=P (E )8(E +w, —E ) (2.46)



01 .

d. Scattering geometry

Our work is motivated by some experiments currently in progress®. In
order to compare our results with these experiments we must take the
geometry of the experiments into account and relate our theoretically cél— *
culated diffcrential scattering rate to the signal to be determined cxperi-
mentally. In Fig.(1) we show the experimental arrangement that is being
“used. The line A A’ denotes the surface of the solid. The normal to the
solid is along the direction 7. An incident beam of wave vector &
impinges on the solid and scatters into an outgoing state with wave vector
k'. The detector is taken to be a cylindrical analyzer with a circular
entrance slit around the base of a cone whose apex angle is 6. The
geometric relation between the various vectors are described by angles 6,0,

and y. Thus

k, =V2E sind i (2.47)
£, = V3E sin0'G cosp'+ j sing) (2.48)
) k =V2E cosd (2.49)
k*=V3E cosd’ (2.50)
where € = sz and € = %i
g =k, —k,
= (V2E sin0'cos¢'—V 2E sind )i +v 2L 'sin0 singd’ j (2.51)

The angles ¢,6,and 8' , shown in fig(1b) are related by the equation

2(sinf cosgp'cosy) =V 4(sin20 cos?'cos?y )—4(sin0 cos?p'+cos20 Xcos?Y—cos0)

g =
sin 2(sin“0 cos“¢'+cos%0)

(2.52)
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Naturally we define the physical branch as that sign which gives us a

real solution.
3. BACKGROUND SCATTERING

In addition to the plasmon peak one expects other excitations to be
present. Let us try to identify and estimate the various background contri-
butions due to these excitations. The two main sources of background come
from electron-hole pairs and bulk plasmon emission. In order to estimate
the electron-hole pair contribution we will study the direct excitation pro-
cess induced by the interaction with the incident electron. The bulk
plasmon excitation process, on the other hand, is more naturally describ-

able in a dielectric formalism.
a. Electron hole-pair contributions

As an electron impinges on the solid it will interact with the tails of
the solid’s electrons which penetrate the vacuum region. It may be argued
that this represents the major source for the electron-hole background con-
tribution because this interaction is unscreened. Once the electron
penetrates the solid the extent of its Coulomb interaction with.electrons is
limited by the screening effect of other electrons. In the course of the exci-
tation process the solid’s electron make a transition from some initial state

li > to a final state |/ > The transition amplitude is given in time-

dependent perturbation theory by

___.m e—i(e,-——e_, 3 @(z) .
A = L_fmdz <f|mn> 3.1

where R(:) defines the classical trajectory of the projectile and e;
and €, denote the energies of the respective states. The unit step function

o(z ) allows a Coulomb coupling only if the electron is in the the vacuum
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region.

Let P(e)d e represent the probability of having an energy loss

between e and e+d €. P(e) is given by '

P(€)= fo+fi_|A '28(€,'—€f —‘E)
i

oo ef
=2fde; D(e;) [de;D(e;)IA 1%(e; —€ ; —€)
€ —co

Gf
=2 [ deD(eID(e;—€)IA 12
€+€f
=214 12 [ de D(€)ID(e;—e) (3.2)
G+€f

Here ¢ is the energy lost by the incident electron in producing the
clectron-hole pair. The quantities f ~ and f * are the Fermi-factors for
the occupied and unoccupied electronic states . If we neglect thermal
effects they are represented by @ functions. D (e) denotes the density of
states and-A represents an average transition matrix element. Note that
the probability function involves the joint density of states. The density of
states of silver is modeled as shown in the Fig(2) . In this model one
simplifies matters by including only s and d band contributions. The

mathematical form we use is

FJ2AE+V,))
27
G+F JAE+V,)
217
DE)= | TV (33)
52 ¢ if E,<E <0
FIVXE +V, )+V2E ]
2m?

if -V, <E <E,

if £\<E<E,

if E>0
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where E, and E , are detérmined by band edges. The constants F and

G are evaluated by using the normalization conditions given by

€7
[ D (EME =n, (3.4)
-V,
€3
[ Dy (EME =ny (3.5)

€1

where n, and n, are the number densitics of s and d electrons, respec-

tively. With this, our model density of states becomes

D(E) = 86x107 | L0 _0(E —e )+ —> —VAEFV, 65 +V,)+
o 2V 2e+V, )2
3 —_
> VIE &E) (3.6)

27/ 2e+V, )?

The first term in the above expression is the contribution from the
localized d electrons, This term is relatively unimportant since we are con-
sidering only the coupling of the projectile with the electrons which tail

into'the vacuum.

In order to calculate the transition amplitude one must specify the
initial and final states of the solid electrons, which are obtained by solving

the Schrodinger equation
[-2VH4V )-EW =0 37
with

=V, ifz <0
VEI=1y  irz>0 (3.8)
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As before z=0, represents the surface. Since the potential varies only

in the z direction , the solution of the above equation may be written as

¥ = ¢z )e 7 (3.9)

Two cases are of interest : bound-bound transitions and bound-
continuum transitions. In the bound-bound transition the excited electron
remains below the vacuum level whereas in the bound-continuum transi-

tion it is excited above the vacuum level.

k 2
For a bound state E ——T”<O and

| Ne® if z >0 (
¢(z) = N sin(gz +8) if z <0 3.10)
sind
where  Q =k, 2E and ¢ = 2E +V,)—k,>

“The constants N and & are determined from the boundary conditions

and are given by
5 = coU-2) (3.12)

N = -\/ %Sina (3.13)

k 2
For a continuum state E —_§_>0 and

IV[eik’z +Re_ik:z] if z <0

¥z = | Fro if z >0 (3.14)

where R and T are the reflection and transmission coefficients respec-

tively, and are obtained by matching ¢ and ¢' at z=0,




R =0 (3.15)
7 =1-R
k, =~2E —¢;? (3.16)
N =[2L(1+R +R)™ (3.17)
In terms of these states we may now study the transitions.
The matrix element for bound-bound transition is given by
- 5 Yoo .
T (Q4-:nQA{)12V—q2 {(Q -(33 :gz);;w"quj:;wz (3.18)
w here
W o=w k", ~k, )7, (3.19)

Here v, is the z component of the velocity of the electron, and v, is

the velocity of the projectile electron parallel to the surface.

-The matrix element for the bound - continuum transition is given by
4mNN ' | AQ ik, v, 29v:

— ¢] - -~ +
(Q +ik, )*—q* I(Q +ik, Yv.2+w? g%, 24w’

2

(Q —ik, y*—q° |(Q —ik, v, 4w ¢, %+w” )
The total matrix element is the sum of the above two terms
A =A+A, (3.21)

As before, in order to correlate our theory with experiments® we will
evaluate this for a particular detector arrangement. The detector function
is included to account for the fact that only some scattered electrons enter

the detector. It is determined by the geometry of the experiment. One
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must include the detector function corresponding to the scattering
geometry shown in the ﬁg.(l) in order to compare our results with the

experiment. It is given by the formula

A= |O(X, +§2£\/ 1-X,°—X )0(X _—X, +ST‘”J 1-X,2)+

X, +8_2‘/'_J 1-X,2—-X )X ,~X, +%L/ 1-X.2) (3.22)
Here y, refers to Fig.]1 and 8y represents the angular width of the
detecting slit. We have let

X, = cosy, . (3.23)

and

X.= Tl— sin0(Q cosA—v sinf ) = cosd vV —Q >—v sin0 +2Qv cosksind +v 2 }3.24)

X is the angle between two planer componets of the change in

mormnentum in the natural coordinate systrm , v’ is the speed of the scat-

tered electron and v is the velocity of the incident electron.

The net transition probability, taking the detector function into

account is
P yolw) = fo,-‘ff*lA 128(e ; —€; —w A
Using the definitions
D(e) = 3 8(e—e;)

and
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D(e)= 3 8(e'—ef )
f
we obtain
Pilw) = fd efd €Y fi7f fle—e; )o(e'—e ; )8(e ; —€; —w )<I A 174>
if

(3.25)

w here

Zfl—ff+|A |2A8(€j —G,'—W)
<IA 128> = "

(3.26)
fd ede'y [~ f j8(e—¢; )8(e'~e ; )B(e'—e—w )
i

The detection probability is therefore
Pa(w) = [dedeD(e)D(€)0e ; —€)O(e'—€ ; I8(e'—e—w I<I A 124>

=J(w)<lA 12A> (3.27)

.where J (w) is the joint density of states corresponding to single parti-

cle density of states given by Eq(3.3), .
Jw)= [dedeD(eD(e)6le ; —€)ble'—€ ; )5(e'—€—w ) (3.28)

In calculating <lA 12A> we make the simplifying assumption of
using a free electron. The actual numerical calculation is done by a

Monte-Carlo method.

b. Bulk-plasmon contributions

The electric field experienced by a charged particle scattering from a plane

surface may be derived from the Poisson equation and is given by
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<, i 7L —iwt =k 1 1-€k, w)
E = [d2. [dwe™ e o™ ~kpz 1 "= \p W 7
Jax, [ k, 1+ete, w)

bt '—ik—; .13;, (e—k,z ()

Gk, +k,2) [dt e (3.29)
where € is the effective dielectric constant defined by
1 =k dk,
e, w) ?Tf 2+, Dl ) (3.30)

-

and & =(k,k,), R =(R,,z) where k£, and R, are the planar com-
ponents of £ and R respectively.
The energy loss of the projectile is given by the equation
+ oo

AW =ReQ | [vEdt |, (3.31)

where Q is the charge of the projectile . The probability to lose

energy fw is given by

o<

i  P@w)=m ) [are™ T2 (3.32)
. . ‘n"'q 1+€ —00

‘As before, we must integrate the above probability over the detector
function , to relate to experiments. Integrating over the plasmon wave

vector k, gives

P(w)= [dg, -,,—n’fqlm(___lle Al [die™ RO 2

2

= w dzq 1 per
?f q Im( 1+e a [(gv e Y +w =g ¥ (3:33)

4q 2y

where v, is the perpendicular component of v. When the detector

geometry is taken in to account we finally get
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_ 1
P(w)=S(w)m lﬁ? l (3.34)
_ wv Zcos? roT 3 35)

where A is the detector function given by equation (3.22) and o is
given by

P’ (3.36)

o [(pv cosd )*+(w —w, —pv cosksind )°F

Having determined the contributions from the surface plasmons, bulk

plasmons and electron-hole pairs, let us now use them to calculate spectra.
4. RESULTS AND DISCUSSION

In the previous section we have developed a thecory to describe
interference effects that arise when electrons scattered inelastically from a
metal and excite surface plasmons. The interference is caused by scattering
from the various ion planes in the solid. Simply stated, the probability for
an i'ncideni clectron to be at the surface is not constant but depends on
how" the electron’s wave length compares with the imerionic. separation.
Since the excitation of surface plasmons is a local effect, taking place at

the surface of the solid, we can understand the origin of the modulation.

In formulating our theory we also had to consider several background
contributions to the inelastic spectrum which could possibly mask the
interference effect. We have calculated the contribution due to electron-

hole pair excitation as well as the contribution due to bulk plasmon exci-

tation.

In our calculations we have made a number of simplifying assump-

tions. Perhaps the main one was to reduce the potential to a quasi-one-
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dimensional form by neglecting the variation of the potential along the
surface. It was pointed out that this assumption supresses the Bragg
scattering but leaves the kind of interference we wish to study relatively
unchanged. Thus the assumption permits us to focus on the essence of the

physics without having to do the full three-dimensional calculation.

In doing our calculations we restricted our attention to the case of
silver. The lattice constant was taken to be 2.36A , corresponding to the
(1,1,1) direction interplanar spacing. In our calculations we took a finite
slab of material with N planes. Typically N was taken to be around 20,

because this yielded well-converged results.

As in the case of LEED we have introduced a complex potential® The
imaginary part of the potential is included to account for the depletion of
current, due to inelastic process. Fig.(3) and Fig.(4) show the real and
imaginary parts of the optical potential of Eq.2.1). The real part
represents the periodic part of the potential, whereas the imaginary part is
responsible for ‘the absorption. The curve for the potential is drawn taking

N=5. The thickness of the solid is taken to be 37A

In Fig. (5) we plot the relative differential scattering rate as a func-
tion of the energy of the incident electron. The ordinate is in arbitrary
units. The calculation was done for an incident angle 6 = 30°, a cone angle
of ¥ =44° and was integrated over all azimuthal angles, ¢ (see Fig{1) for
the scattering geometry). At high energies note that the curve falls with
increasing energy, as would be expected on the basis of a classical analysis.
However at lower energies some additional structure is observed. This
structure arises from the interference effect discussed earlier. In addition
to the fact that probability is decreasing with incident energy it is show-

ing some additional structures in the low energy part. Here we have taken
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the incident angle to be 30° and the cone angle to be 44°% the ¢ integration

was done over 360°.

For comparison’s sake, in Fig. (6) we display the results of the same
calculation with the periodic part of the potential set equal to zero. This
corresponds to the usual Sommerfeld free-electron model. Note that the
interfé'xiénce structure present in Fig.(5) is now supressed, as would be
expected. At high energy, the two graphs do behave similarly, i.e. the
interference effects are less important. At low ecnergies, however, gross

discrepancies do occur.

In the above cases we have calculated the results when all azimu-
thally scattered electrons are detected. Let us now see what happens if we
selectively detect electrons at a given azimuthal angle. Let us call this the
angle-resolved signal. Fig.(7) shows the plasmon loss probability in the
specular direction. Both the angle of incidence and reflection are taken to
be 22" and the cone angle to be 44% and now ¢ is 180". Comparing Fig.(7)
with Fig.(5) we sce that there is a considerable difference. The sharp struc-
ture at E=24, 112 and 279 ¢V may be understood by examining the
reflection coeflicient for clastically scattered electrons. In Fig.8 we plot this
reflection coefficient (given by Eq. 2.3). The reflection peaks are observed to
occur in close proximity to the peaks in Fig.7. Thus we conclude that the
specular interference pattern correlates with the elastic interference pat-

tern. However, the detailed magnitudes of the two effects are diffcrent.

Finally Fig.(9) shows the azimuthal variation of plasmon probability.
The abscissa denotes the angle ¢. The incident electron energy is taken to
be 100 eV, the angle of incidence was taken to be 21.15° and the scattered

angle is given by Eq. (2.52). Note that some angle resolved structure is

observed.




In summary we find that interference effects can be of considerable
importance in understanding the systematics of inelastic processes, such as
surface plasmon excitation, just as they are of importance in understand-
ing the LEED intensities. This paper was designed primarily as an aid to

experimental studies in this field.

The authors wish to acknow ledge the suggestion for doing the present
work to Prof. Y. Goldstein, A. Many and Z. Weiss and thank them for

helpful discussions.
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Figure Captions

Fig.(1). The scattering geometry. The quantities 6,8'y, are the angle of

incidence, angle of reflection, and cone angle respectively.

Fig.(2). The model density of states of Ag. Here e, is the Fermi level

and the vacuum level is taken at O.

Fig(3). The real part of the ionic potential for the case where N=5,
b=236 A,L=37A.

Fig(4). The Imaginary part of the ionic potential corresponding to

the parameters of Fig.(3).

Fig(5). The variation of the surface plasmon loss probability with
the incident electron energy. Here 0 = 30, ¢ = 44, ¢ = (0, 360). b=2.36
A ,and N=20.

Fig.(6) Same as Fig{3) with the strength of the ionic potential sct
equal to zero. Comparison of these two curves shows that the addi-

tional structures are due to the ionic potential.

Fig(7) Plasmon loss probability in the specular direction. Here

0 =0'=22¢ =180, b=2.36 A .

Fig(8). The LEED spectrum corresponding to the parameters of
Fig.(8)

Fig.(9). The variation of surface plasmon probability with azimuthal

angle ¢ for 100 eV incident energy. Here 6 = 21.15, and ¢ = 42.3.
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4. Inelastic Scattering of an electron from a small sphere:
Effect of non-local dielectric function on the
excitation spectrum.

1. Introduction

In recent years the properties of small solid state systems such as iso-
lated particles or surface roughness featurcs has attracted considerable
attention. The small particles could cither be isolated levitated particles or
could be on an inert substrate, in which case it forms what is known as
island film. In this part of the thesis we study the properties of such sys-
tems interacting with electron beams. In particular we will study the ine-
lastic loss spectrum of the electrons and try to relate it to elementary elec-

tronic and structural features of the small paricle.

The theoretical formulation of the energy loss spectrum for an elec-
tron scattering from a sphere has previously been given. Qriginally a
theory has been given by Das and Gersten! for the excitation of dipolar
collective excitations. This theory has been extended by Ferrel et. al.2 who
have computed the effect of multipdlar excitations. Batson* studied the
excitation of rough surfaces by means of clectron scattering and focussed
attention on the effect of a sphere near a plane. All of these formulations,
however, involved an assumption that the spatial dispersion of the dielec-
tric function could be neglected. For bulk matter, this is usually accept-
able. For small particles, however, some care must be exercised before this

assumption is used. In this chapter we will address this question.



-116 -

In order to consider such effects we must introduce the frequency and
wave-vector dependent dielectric function e(k',w ). The problem is compli-
cated by the presence of finite boundary effects. In the present work we
develop an approximate method for incorporating such effects by replacing
el ,w) by a new effective dielectric constant ¢, (w ), where ! is the mul-
tipolar index of the excitation. As we will sce, the /- dependence contains
information concerning the spatial dispersion. We will include in our
theory all higher order multipolar excitations, These are of interest since
an electron whose wave length is small compared with the size of the par-

ticles will efficiently couple to such excitations.
2. Theory.

The technique we will employ involves a semiclassical calculation in
which the trajectory of the charged projectile is taken to be a classically
prescribed one. The trajectory is given by 7 = R(¢ ) and the sphere which
it interacts with is denoted by radius ‘@’. The radius of the spherc is
assumed to be much smaller than the wavelength of the light correspond-
ing to the ‘characteristic excitation frequency (a <<A), so that.rctardation
effects can be neglected. The scattering geometry is illustrated in the
Fig.(1a). The position of the electron at any instant of time is denoted by
R(t), and ‘@’ denotes the sphere radius. The corresponding electrostatic

potential satisfies the Laplace equation
V(7L ) =0 (2.1)

everywhere except at the position of the charge and the boundary.

The solution is given by

= q ~(l+y (% ; . :
o(r,t) TR +IZJ"A,,,, @) Yim &) if r>a (2.2a)
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ored)=Y B, ey, ) if r<a (2.2b)

{.m

The coefficients A,, (¢) and B,, (¢t ) could be determined by solving the
Poisson equation and applying the boundary conditions. However, due to
t‘he finite size of the sphere, the non-local diclectric constant formalism
can not be introduced. This is because the dielectric function is exppressed
in terms of momentum cigenstates and is given as a function e(4’,w ). For a
finite sphere, momentum eigenstates arc inappropriate. So an alternative

method has to be developed.

We start by introducing a related problem which can be readily
solved and show its relevance to the problem at hand. In this problem the
sphere is replaced by an infinite medium through all space characterized
. by dielectric constant e(k ,w ) and a fiduciary shell of charge at radius r=a,
as shown in the Fig(1b). Since the medium is now infinite there is no
difficulty in introducing a momentum representation. We then demand
that the field inside the shell be the same as in the first case i.e. ¢ is given
by Eqn.(2.2b) for r< a. This technique has been used by .Ferrel and
Marusak? in the case of a semi- infinite crystal. They argued that when
the electrons undergo specular reflection at the boundary, the electron
dynamics is not influenced by the assumption. Here we extend their
analysis to a spherical geometry and again assume specular reflection. The

shell of charge is characterized by the charge density

p(7,t ) = 8(r —a ) oy, (¢ )Y, (F) (2.3)

{.m

The Poisson equation for ¢ corresponding to p is given by

Vip = —4m P (2.4)

€
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The corresponding Fourier components are related by
k 2k w )plk w ) = 4mp(k w) (2.5)

With Eq. (2.3), p(k ,w ) is expressed as

plk w) = —(—2-717?‘[ dr fdte —ilkr =w0)§(p —q )2 01 @)Y, (7) (2.6)

Im

Using the spherical harmonic expansion of the plane wave we may

write
ple w) = ____(;;’)4a 2 f dte ™! %;(—i Y o, (¢ )j, (ka )Y, (k)
B (;WT'T)s “ EE(T[’" (W )(—i )I Ji (ka )Ylm (l; ) (2.7)

where j, (ka) is the spherical Bessel function of the first kind and Y,
are the spherical harmonics. Here oy, (w) and o,() are the Fourier

transforms of each other, i.c.

L

O W)= [ Lo, () (2.8)

With this form of p , Eq(2.5) becomes

$Ew)=22"__ 1 S wXei ¥ ji(ka W (B ) (2.9)

™ k ZG(IZ',W ) {.m
The electric field £ and the displacement vector D are given by

e i (l:'_..r-"-—wl )

ooy 2m O Xt Y i ka Y &) (2.11)
’ im

D = [dk fdw2;_2(-—ik)

The radial component of D can be expressed as
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D, (F¢t)= —2L__ f dkdw =L kr e Y am! j(kr)x
k tun dsm'
Yl;n (l; )Ylm (; )O‘( ‘m (W )(—l' )l 'jl (ka )YI ‘m (I; ) (2-12)

One may express the dot-product in the above cxpression as

0
N

P(k7) =_3Zz; Y kY 3, ) (2.13)
M

using the property of the 3j symbols, the radial component of the dis-

placement vector may be expressed as

Dl' (Frt ) ' = —477'20-1/)1 (t ) Im (;\.) (2014)

(]

21 +1

The expression for the potential ¢ and radial components of D can

also be obtained from Eq.(2.9) and is given by

B¢ 4)1, = 8aF T [dw Zh,"((:)) e Y, G (2.15)

{m

where ¢, is the effective dielectric constant and is given by

1 _2a(2 +1)f

e w) T e(k ) i ¥kea) (2.16)

Here we have assumed the isotropy of the medium i.e.
el w) =ele.w)

A construct similar to that given in Eq. (2.16) has been given by Penn
and Rendell” in their study of surface-enhanced photoabsorption and pho-

toyield in small spheres.

We next demand that the quantities ¢ and D, of both models match

at the surface of the sphere (r=a). The potential and the radial components
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of the displacement vectors from Egs.(2.2),(2.14-15) are given by

{ ~
¢(F.’t ) ! a qz a }’I‘.m (k )Ylm (;: )+ZA/ wn (t )7' = +1)Y1 s (;: )

2l +1 RI*(¢)

I.m {.m

l
2z+1 R1+l( ))’“"

D.(rg)l, =—q7,

{.m !

Thus

47Tq al ,[4 (é ) AI o (t ) _ 4ma fdwe —iwt Ot ("’ )

2L +1 RI*Y(e) 2T 2 +1 €, (w)
{ -1 -
- 47rq la Yle.m (k )+AI n L+1 == At T7on (Z )

2041 RTFI(7) PR Y S

After some simplification we get the expression for o, (w)

20 +1 r Y L
O 00 =~ ] e gy k)
) +:€1(Wj

Putting the above value of o;,, in Eqn. (2.19),we get

1 YI*.m (k (l ))

AI W (t ) =a 4 +l47rq - 27 +1 RI +l(t )

s ier Yoo R@)

1 r: ~iwt
_27-_l;odwe e,(w 5+l +1 fdt Rt

Thus the potential is given by

1

dFt ) =4mg) s 1+1 Y (R (t Y, (7)

L.m

2LFT +1

YI M (;: ) 1 Yl‘.m (& )

4 2 +1 —
qu,zma )‘1 +1 20 +1 R { +1

e e e - S JEOT U e ——

(2.17)

‘) GI+T A X +Da~ 2y, ()

(2.18)

(2.19)

(2.20)

(2.21)

(2.21b)
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- et R Y REN |
E;_mdw-—(j————l RCRAET] La’t e — gy (2.22)

where r,=max(r,R ), r .=min(,R()) The energy loss of the

moving charge, "e", is given by
e =—[dP(¢) (2.23)

where P(¢t)=—¢v(t ).E (t) is the power, E is the local clectric field
given by

E_'.(t ) = '—VFIJ(F) | P =R0) (2.24)

where ¥ (¢ ) is the velocity of the projectile. Thus "¢" is given by
e = [digR (e )E () (2.25)

When substituting the value of £ (: ) we take only the nonsingular
part of ¢(7,) to avoid divergence problems with the self energy. This is
given by '

65 = ZAI on (t )r -u +1)YI o (;: ) (2.26)

{m

Employing the expression for 4,,, from Eq. (2.21), Eq. (2.25) we

obtain

e = [dt 4mg?

)'l o (;: ) ‘ 1 YI..m (R ) +

o 20 +1
RVYa ST | T3 T ROH

L

3

3

(o]

—iwt Y["”' (je (t ')) ; ] (2 27)

1 e I e iwr’
_.’l“‘;r";/;o dwle,(w 5+l+_-/;°dt ¢ RI*(¢)
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Then the above expression may be written as

g = f e (w )dw : (2.28)

where e (w )dw is the energy loss in the frequency range between w
and w+dw, factorizing the w integration from the two terms of the above

equation yields

e(w)=2q 2fdtZa A+l g ~ivt fdt ‘e %

—co lun -

)’I"’I,I (R ') <, }"1 m (k ) —1 + 1
RIFL VR TRTIT 2141 l€ (w)F H

(2.29)

l 1-e,(w) 7

= 9, 2%, 20 +1 e [de'x
% I.Zma 2l'*'llél(w)+l+1f _~_/;’t
v (=) Y m(R) 5 . Yy (R)

R+ R+

(2.30)

From the above formula it is clear that e (w)=0, if ew)=1, as

expected. If there is no sphere there is no loss. Furthermore

(R) _ =
s = Ry f
) m(R) Y m(k)

So Eq. (2.30) reduces to the form

— e 2% 241 L 1-¢;(w) T i Y,,,,,(f!) i
e(w)=2iwg?) a?* T Te T fd (2.31)

{.m
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The real part of e(w) may be interpreted as the energy loss spectrum.

The above equation can be written as

e(w)=—=2wg?ya?*Im

l.m

—iwe 1 m (R )
Te,(w 5+l +1 fdte R+l (232)

The total energy loss is expressible as the sum of the contributions

due to exciting the individual multipoles, i.e.

ew)= Y e ,(w)

{m

where ¢, (w)dw equals the energy lost to mode {,m between fre-

quency w and w+dw. Here
e/ (W)= —=2wg?%a ¥ Im 1 I jdte —iwt M 12 (2.33)
Lo Te,wHi+1 ¢, R'™
The probability for exciting a particular /,,» mode between frequency
w and w+dw is given by dividing this quantity by the photon energy #w :

€r.m (W )dW

— (2.34)

Pl.m (W )dW =

The cross section for exciting a particular {,m» mode between w and

w+dw is thus

d O.IJN
dw

2w
= [d ¢ [babP,,, (w)dw (2.35)
[\]
where b is the impact parameter and ¢ is the azimuthal angle.
Finally, using Eq. (2.33) the cross section is given by

1
m e+

do,( = Y, . (R)
LA o fag foap2Lqmeix | [ arg-r T

(2.36)
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"Thus the problem is reduced to the calculation of €, (w ):

1 _2aQ+1) mdk ji%kea )
€ (w) T w €lkw)

(2.37a)

This should be compared with the formula of Ritchie and Marusak?

which.gives

1 k, 1
—— = _[dy, 2.37b
dew) J . &, %4, 2067w ) (2:370)

In order to assess the role played by spatial dispersion we need a
model for the dielectric function e(&,w ). In general this can be a rather
complicated task and is not really a solved problem, to this day. The
difficulty lies in how to trcat the one electron cxcitations of the system
when spatial dispersion are present. While theorctical expressions may be
constructed for e(X,w ) in terms of the electronic band structure, no simple

method for their evaluation has been found.

In our work we are primarily concerned with collective excitations.
For studying these it is possible to introduce a simple model which does
include spatial dispersion effects. It is the hydrodynamical model. Let us

derive the dielectric function as follows.
Hydrodynamic model

If an external test charge p., is introduced into the solid it produces a
net charge p,.,, which depends on the dielectric constant of the solid.

These charge densities are given by the relations

Pex = poe KT =w1) (2.38)
Prer = pret E1) (2.39)
Poe = o0 (2.40)

et ,w)
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where p,, p; are the corresponding amplitudes and e(x ,w ) is the dielec-
tric constant of the solid. We follow the traditional Drude approach here.
The dynamics is specified by Gauss’s law, the continuity equation and a

New tonian equation of motion

V.E = 4mp,, ‘ (2.41)
T, 43P _ (2.42)
EY
_‘{‘i-}- V= —ef —XoVn | (2.43)
dt T ‘oA .

where J,.,, is the net current in the solid due to the net external
charge, v is the electron velocity, e£ is the electrical force and x,vr is the

degeneracy force. Here x, is derived from the Fermi energy and is given by

_ 23

Xo = (2.44)
and
Dot = Pes—e (1 =1 0) (2.45)
Tt = —nev +J,, '. (2.46)
n =notv(T,t) (2.47)

The quantity » is the induced electron charge density, n, is the
back-ground jon charge density and » rcpresents the fluctuation in the
background charge density. Linearizing the above set of equations yields,

after some algebra, the expression for the dielectric function as

2

? o (248)

i k°n
i 0
w +
w T) Xo m

€(l?,w)=1— hid
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Using’ this value of the dielectric function the integral in Eq. (2.16)

can be done analytically and is given by

1 1 € =1 _¢.
Gy = et D20 e e o) (2.49)

where w, is the free ‘electron plasma frequency, €, is the Drude

dielectric constant and c is a parameter,

» _ dmmne?
w,S =
m
w,’
€y = 1—-__1'.._._.
i
wlw +-2)
p
.1 1 1 ]
m €y

c =w,a
d Xont (€4 —1)

In Eg. (2.49) i, (c) and &, (¢ ) are modified spherical Bessel functions of
the first and second kind, respectively. Equation (2.49) prbvidcs us with

the desired expression needed.
3. Results and discussion:

We have carried out a calculation of the f fequencies for the resonant
excitation of small spherical particles for both the Drude model and the
hydrodynamiccal model. In the Drude case, where the dielectric function
depends only on the frequency, € = e(w ), we do not expect the resonance
frequencies to depend on the particle size at long wave-lengths. It is not
until the wave-length gets to be comparable to the size of the particle that
retardation effects enter and the Mie resonances display their variation
with size. In Fig. 2 we show the variation of the Drude frequencies, deter-
mined from the cquation e(w) = —( +1)/ ¢ as a function of [. As expected,

the low modes are red-shifted away from the surface plasmon value
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(e(w)=—1). As { is increased the frequencies converge to the surface

plasmon frequency.

In Fig.2 we also illustrate the result of the hydrodynamic calculation.
The physical parameters chosen werc those corresponding to a realistic
model such as silver ( &, =.645 7 = 1500, A = .13aw. ). The calculation was
done for several particle sizes. The trends are clear. In cach case, as [ is
increased the resonance frequency also increases. However, small "a"
values have higher frequencies than large values. As "a" is increased the
hydrodynamic results seem to converge to the Drude results. This is again
illustrated in Fig. 3 where the frequencies are plotted as a function of

spherc size for various order, {.

A qualitative understanding of these trends may be had by studying
Eq. (2.48). The extent of the spatial dispersion of the dielectric function is
governed by the extent of the & -vectors involved . In a sphere of radius a
the range of & -vectors is determined by the uncertainty relation. Small a
implies a large vk and vice versa. Thus for small spheres the effective
dielectﬁc function samples a higher range of frequencies than for large a.
This accounts for the tendency of the requenéies to rise with decreasing

a.

The effective dielectric function ¢, (w ) should find application in prob-
lems relating to small particles. In this paper we have shown how it can
be applied to the problem of inelastic electron scattering, but it could also
find applicability in problems involving the interaction of light with par-

ticles or the interaction of atoms or molecules with particles.
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Figure Captions

Fig.1. a). Scattering geometry. R (¢ ) is the position of the projectile at
any instant of time t, a is the sphere radius. b). Equivalent problem
replaced by an infinite medium characterised by e(#,w) and a shell of

charge.

Fig.2. variation of frequency with ¢ for different radius in hydro-

dynamic model

Fig.3. Variation of w with radius for different ¢
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CONCLUSION:

In conclusion we see that by careful analysis of the interaction of

¥
light or electrons with solids additional information concerning the struc-

ture and excitation properties of the solid may be obtained. In particular

our first project indicates that the continuum clectronic Raman scattering
spectrum contains information about the density of states above the Fermi
level. The second project shows how the Raman spectrum for a small par-
ticle can give information about the structure of the particle. Our third
project, involving electron scattering from surfaces shows how the cry-
stalline structure of the solid can influence even inelastic electron scatter-
ing properties. Finally our fourth project demonstrates how the excitation
spectrum of a small particle can be influenced by the size of the particle.
This thesis demonstrates that the well-studied fields of electron and light
scattering with solids still provides a fertile area for research in condensed

matter physics.




