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ABSTRACT

Contact Induced Micro-Plasticity near Surface:
A Novel Boundary Element Technique.
by

Mazen Diab

Adviser: Professor Honghui Yu

Contact induced micro-surface plasticity is of crucial impar¢ain many applications, such
as surface treatment via severe plastic deformation. A alederstanding of the evolution of
dislocation structure near the surface and the mutual interactimrsyaneighboring asperities is
important in understanding micro-surface plasticity. In this digsen, rough surfaces under
contact are analyzed using a discrete dislocation model.

A new Boundary Element Method (BEM) that takes into consideratiomlsinfields due to
dislocations is derived to solve the boundary value problem. At the bk#nts method, a
complex variable boundary integral equation that is weakly sindtilat.order singular integral
equations capable of measuring stresses accurately closesirfhhee are developed. The new
method offers a unified approach where two-dimensional discrdtecatisn boundary value
problems are solved directly in a similar fashion as in two-dimensionakéasti

Using the new technique, indentation of single crystals with reugiaces by flat contacts is
analyzed. Simulation results show the size effect where verg hard to yield small size
asperities. If only surface sources are activated, distotatiucleated form surface-steps exhibit

different behavior depending on the asperity width and spacing. Faitigspef small widths
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and large spacing, dislocations nucleated from surface-stepsdipotar bands within which
materials are inserted from the surface leading to theattwmof zones with high compressive
stresses. For asperities of large widths, dislocations nutléate the surface segregate into
anti-load and pro-load dislocations. Anti-load dislocations pile up uthgesurface leading to
the formation of tensile spots at the edges of the asperitiégenWulk material yields
dislocations nucleated from bulk sources glide towards the surfaceretiade the high
compressive stresses that may develop within the shear bandsth&g block the motion of
dislocations nucleated from the surface making it harder for guesedislocations to nucleate
from surface asperities. For small asperity width to @spgpacing ratios, a large material pile-
up is observed on both sides of the asperity. For big ratios, deformatdbs is similar to that of
a plane strain compressions. Between these two modes maxjasience shear band

deformation.
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CHAPTER 1

INTRODUCTION

1.1. Introduction
In many cases, material failures such as fatigueuractretting fatigue, wear and corrosion
occur on surfaces. Therefore the structure and properties ofiahatefaces have a tremendous
impact on the global behavior and reliability of mechanical componéntghis reason, surface
treatments such as severe plastic deformation (SPD); e.gsouiitashot-peening [1], high-
energy shot peening [2], surface mechanical attrition treatfBgnsurface nanocrystallization
and hardening [4], air blast shot peening [5], wire brushing [6],dncliding [7] and ultrasonic
impact peening [8] have become more and more important in modern engineeringiapplica

Surfaces treated via severe plastic deformation methods have dioowdevelop a
nanostructured layer at the surface (see Fig. 1.1). This phenomenomows as surface
nanocrystallization. The main concept of these techniques is teeseaad randomly plastify
the surface of bulk materials by subjecting the surfacepetiteve high contact loads. The key
issue is to generate walls of dislocations. These dislocatiorys amaihilate, nucleate and
rearrange into small angle grain boundaries that divide the drggaias into randomly oriented
finer grains (see Fig. 1.2).

Experimental evidences have shown that this nanostructured layesgp@ssiovel properties
and performances that are fundamentally different from its coiowah coarse-grained
polycrystalline counterparts, such as high hardness and strength, exhipdaysical properties,

improved tribological properties, and superplasticity at low temperatures [11-16]



Figure 1.1.Microstructure of as shot peened Fe-3.29 Si with different coverage: (a) 3,000 %, (b)
10,000% [9].

(@) (b)

N

Figure 1.2.Arrangement of grain boundaries in nanostructured layers: (a) dislocation structur
during SPD processing, (b) dislocation structure after SPD processing leathegormation of
nonequilibrium grain boundaries [10].



Despite the wealth of experimental evidences, there is stilearetical framework to give a
clear picture on the formation of the nanocrystalline surface.ldye reason is that the system
is too complicate to be modeled. Material surfaces have rougldoes) to a very small scale at
which continuum plasticity is not valid. Moreover, Material surfapky the role of both sink
and source for dislocations.

Surfaces are unavoidably rough and when two rough surfaces asegiato contact, they
meet only at their highest spots. Accordingly, the sizes ofdhelting contact spots, the true
contact pressure, and the true area of contact have to be predi@ecbntact problem. The
classic approach of rough surface contact is the GreenwoodWsthn model [17] that
represents a rough surface as a collection of discrete cahasperities with same radius of
curvature but different heights and gives a statistical waletluce multi-asperity contact from
single-asperity contact. The statistical parameters of th@ehdepend upon the measurement
window and instrumentation resolution. However, surfaces are typmelhaffine fractal and
the Greenwood-Williamson model cannot describe fractal surfacqgaiyn Several models that
adapt the Greenwood-Williamson model have been proposed to analgtee $tafaces, e.g.
[18-20], but they appear to suffer from the same difficulties asotiginal Greenwood-
Williamson analysis: no unambiguous way to determine the supfatée. A big step forward
was achieved recently by Ciavarella et al. [21]. They adoptdMeierstrass profile function to
capture the multi-scale nature of surface roughness undec @astact load. In this model, the
true contact area of an elastic solid with a self-affinetélasurface consists of an infinite
number of contact spots, each of zero size so that the total cargads zero, but the pressure

on each contact is infinite. Gao and Bower [22] has extended thisagppto perform an elastic-



plastic contact analysis of a fractal rough surface by deinof the Weierstrass-Archard type;
see also Pei et al. [23].

The conventional plasticity theory fails to account for the dependehtiee mechanical
response on the size of the structure. This is due to thééache conventional plasticity theory
relates the plastic strain at a point to the history of the mhafiion at that point without taking
into consideration the possible interactions with other materialgwirthe vicinity of that point.
There have been strong experimental evidences that at microrulaimsicson level, the yield
strength increases as the length scale of the specimensdscréaong these experiments, we
name a few. Fleck et al [24] have showed a length scale hardanmmgro-torsion test of thin

copper wires (see Fig. 1.3).

Flll|lIlII'IIlI'llIIIIIIiIIII

20=12um

600

20=170 um

Figure 1.3.Torsional response of copper wires of diameter 2a in the range 12-170 um. If the
constitutive law were independent of strain gradients, the plots of normalized toajus.
would all lie on the same curve, whesis the twist per unit length of the wire [24].



Furthermore, bending of thin beams was reported by Stolken and Ex@hsMoreover,
micro/nano-indentation hardness experiments have repeatedly cevdade increase of
indentation hardness with the decrease of indentation depth [26-28]. Bhdegiendency is
believed to be due to the following mechanisms: (i) strain gneglieading to geometrically
necessary dislocations, (ii) obstacles to dislocation gliderigadi boundary layers, (iii) limited
number of sources and of obstacles to glide leading to dislocation starvation.

Extensive work has been conducted in the last two decades in ordeive al@on-local
continuum theory to account for the size effects [29-33]. All dehmoposed formulations have
focused on representing in phenomenological constitutive relation sexsethat stem from
geometrically necessary dislocations arising from straadignts. Some of the formulations
have accounted for the boundary layer mechanism by introducing additional bocmai@itions
and balance conditions. However, a continuum framework that accauntkef size effects
arising due to dislocation starvation is still lacking.

In the absence of a well developed continuum framework to catch the heterogenesyiof pla
deformation at nano/micro scale and the limitations of the atansistiulations to sizes less than
hundred nanometers and time scales less than tens of nanosecosdmrish scales modeling
technigues have become necessary to assess the reliabiligcb&mcal components at small
scales. Discrete dislocation plasticity in which the sfieceis introduced implicitly through the
material length and the Burgers vector has been used to bridgaptihetgveen the length scales
extremes.

With the advances in the computer speed and hardware, discretatislquasticity has
gained a tremendous popularity to study plastic deformationmalt scales. Due to the large

computational demands, three dimensional discrete dislocation swnslatre still limited to
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small strains. Therefore, two-dimensional discrete dislocatiasti@ly has been used widely to
gain qualitative understandings of materials deformation at scalks. Some examples of what
can be done in three dimensions are illustrated in [34-39].

1.2. Contact Induced Plasticity of Material Surfaces

During the last two decades, a variety of discrete dislocatamstigity studies have been carried
out to investigate the size dependency of microscopic aspentaats [40-44]. Most of these
studies have dealt with isolated asperities under contactntpagolrtly due to the wide
application of micro- and nano-indentation measurements. Below is a sumntaggettudies.
1.2.1. Discrete Didlocation Plasticity Studies

Polonsky and Keer [40] were the pioneers in using discrete dislngalasticity to investigate
the scale effects of elastic-plastic asperity micro-ainiEhey have simulated ploughing tests of
an initially flat surface by a sinusoidal rigid asperityn8lations results revealed that when the
asperity size becomes comparable to the dislocation source spid@ngsperity can sustain
considerably higher loads than those predicted by continuum pladfaityrermore, they have
concluded that below a certain threshold, the asperity deforms puasticaly. Kreuzer and
Pippan et al. [41-42] have considered indentation by indenters of vahapess Their model
was limited to dislocations along slip planes parallel to théaserr Two cases with different
dislocation source density were considered. The analysis has cahfarmajor experimental
finding that hardness decreases with increasing indentation. Aésohéave noted that increasing
the friction stress leads to dislocations pile-up at the sifléseoindenter, and therefore the
nominal hardness decreases. Moreover, they have showed that the stepmadénter affects
the indentation behavior of the material. Similarly, discretéockdgion plasticity calculations

conducted by Widjaja et al. [43] showed that the indentation respongenofilins with a
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cylindrical indenter is qualitatively different from that witie wedge indenters. A more detailed
work of the indentation problem was reported by Balint et al. [44]ir Bimulation results
revealed size dependant indentation pressure that approaches theuocorgiasticity solution
for large contact sizes and the elastic solution for small cosizes. None of these studies have
considered the role of the surface as a source for dislocatimhscd@ions were nucleated from
material defects such as Frank-Read sources that were distributed ramdtiralmaterial bulk.
1.2.2. Theoretical Unit Step Model

An important feature of the material surface that differéedia from the material bulk is that a
surface can play the role of both sink and source for dislocatibrisasl been predicted
theoretically [45-47] and observed experimentally [48-51] that dismtatcan nucleate from
surface-steps or ledges. These geometric features are greentration sources which lead to
dislocation nucleation similar to dislocation nucleation from a crack tip [52-54].

In an attempt to understand micro-plastic deformation of rough sarfacder contact
loading, Yu and his collaborators [47,55] have proposed a theoreticatemimedel to study
near surface plasticity under contact loading. They have mod&tedutface roughness as a
distribution of surface-steps. In Fig. 1.4, the Unit Step Model ixkkdt The surface of solid |
is assumed to be flat and rigid and the rough surface of Ifaidnodeled with a surface step.
When the two solids are brought in contact, they perfectly bond outg@e @f sizea. The right
end of the gap is determined by matching the energy reldasant the work of adhesion as in

the classic Griffith crack.
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Figure 1.4.Schematic representation of a stepped solid (solid 1) indented by a ritgd suéad
) [55].

A dislocation can be nucleated and move out from the surface dbepdriVing force on the
dislocation was calculated using conservation integrals. Thet®fté surface adhesion, step
size and lattice resistance on the driving force were ag@lyZ he driving force in conjunction
with the Rice-Thompson criterion [52] determines the threshold c¢ondfbr dislocation
nucleation and its final equilibrium position; i.e., the equilibrium distdnam the dislocation to
the surface step. Fig. 1.5 shows the normalized equilibrium poBEhias a function of applied
remote load—o® /c;, ) for two slip planes at angles 6= -n/4 andé = -3r/4 respectively. In
the figure,h is the step height]" the work of adhesion at the interfa€®; the elastic stiffness,
andG, is the Peierls force. The two curves correspond to two €lift€,. Along the slip plane
at ¢ = -n/4, dislocation emission occurs only after the normal load bexdarger than a
threshold value. Once emitted, the dislocation is pushed clodex &tefp as the load increases.
In contrast, along the slip planeét -3r /4, the dislocation is easy to nucleate and the distance

between the dislocation and the surface step increases as tlecteages. The results can be
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understood as follows. The forces on dislocation due to the surfacgape@nd interface all
decay as the dislocation moves away from the step while theteradriving force is a constant,
which tends to push dislocation up at slip planedof -n/4 and down at) = -3z /4. The

dislocation stops when the total driving force is less than the Peierls force.

The equilibrium positions of the dislocations clearly indicate tteddations nucleated from
the surface step along different slip planes segregate. Uhdendrmal contact load, the
dislocations at slip planes at the right hand side of the stepsdorpde, at) = -n/4, are localized
near the surface step while the dislocations along the slippnthe other side are easily
pushed away from the step. They named the former dislocations as anti-loadidisgaoad the

latter ones as pro-load dislocations.

They also observed that slip planes, if acting separately, exiffeitent hardening behavior.
As shown by the two smooth curves in Fig. 1.6., this difference in tdermag behavior can be
interpreted as follows: The slip planeéat -n/4 yields at an applied pressure of one order of
magnitude easier than the slip plan® at-3t/4. However, dislocations nucleated along the slip
plane atd = -n/4 are of anti-load type and therefore they pile up close tetdpeand generate a
large back stress which makeucleation of subsequent dislocations very hard. In contrast, the
dislocation nucleated along the slip planedat -3n/4 are of pro-load type and therefore they
move away from the step making it easier to nucleate subsedjgdations. Interestingly, it
was found that dislocation nucleation along one slip plane can makistbeation nucleation
along the other slip plane much easier. Thus, the critical appsduyre required was found to
be an order of magnitude less than that needed in the case miweation was considered
along a slip plane separately. This phenomenon is called latiehiag and is shown in the

stair-way like curve in Fig. 1.6.
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This analytical model has two major limitations. First, mglates rough surfaces only under
single asperity contact; thus interaction between different iispens not taken into
consideration. Second, it can deal with a very limited number of dislocations.

1.3. Statement of Dissertation Work

In this dissertation, a numerical model that is capable of megssiresses accurately near the
surface is developed. At the heart of this model is a complexol@baundary integral equation
that is weakly singular. The numerical model takes into considaraingular fields due to the
presence of dislocations in finite solids. Using this numericadeh boundary value problems
are solved directly to predict size dependant plasticity in feoleds. A fast numerical code is
created using C++ and Matlab.

A Multi-Asperities model is devised to study contact inducecrarplasticity under rough
surfaces using the new boundary element technique. Interactionrebetwighboring asperities
is modeled using periodic boundary conditions. Being aware of the exitypdf the problem
and the current knowledge on the subject, we adopt two approacheappisch is to perform
simple analysis to shed some lights on dislocation behavior underheatbritact area. Like the
theoretical Unit-Step Model described above. Although, it is basealvery simplified analysis,
it revealed important phenomena that helped us understand how the ctadpticshocation
structure evolves near the surface. Second approach is to condudckrsimulations where
yield of both material surface and bulk is considered. Connectigrebptdeformation patterns

and geometric properties of the rough surface, i.e., asperity size and sjgacivgstigated.
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1.4. Outline of the Dissertation

Chapter 2 presents the new boundary element formulation developed chsdastation.
Numerical schemes are developed and elastic benchmark problesmdva and compared to
mechanics of materials results.

In Chapter 3, the new boundary element method is extended to takemsideration the
singular fields due to dislocations. Thus, a new discrete distocapproach is developed. The
advantage of the new approach over existent approaches is discumsadarg value problems
solved in the literature are solved to validate the proposed technigeh@ndts robustness in
solving size dependant plasticity in finite solids.

Chapter 4 presents a Multi-Asperities model that adopts the bourbtlanent approach
developed in Chapter 3. The model is used to analyze the dislocationobelalerneath the
surface and the interaction among the various asperities. Onbcatisn nucleation from
surface-steps is considered in this chapter. The results obtainéd blyal. and Gao et al. in
[47,55] are checked using the new model. New observations are discusseflirther
improvements of the Multi-Asperities model are offered.

In Chapter 5, the Multi-Asperities model is extended to take intodenagion nucleation of
dislocations from bulk sources. Effect of dislocation nucleation fsatk sources on dislocation
behavior and dislocation structure underneath the surface are discGssmection between
mean contact pressure, deformation patterns and geometric t@®psr rough surfaces are

investigated.
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CHAPTER 2

A WEAKLY SINGULAR BOUNDARY ELEMENT METHOD

2.1. Introduction

The seminal work by Rizzo [56] was pioneering in deriving boundaegiat equations for two
dimensional boundary value problems. Rizzo’s work was based on thea#ippliof Betti's
reciprocal theorem to the fundamental solution of the Navier emsafor an infinite three-
dimensional medium subjected to a point force called the Kelvin gplufihis formulation is
known as the conventional boundary element formulation. The conventional bourtdgrgl
equation relates the displacement and the traction at the boundaryradinen kernel is first
order singular and the displacement kernel is logarithmic singlilee Somigliana identity is
used to calculate the displacement at an internal point; thendéferentiating and applying
Hook’s law, the stress field can be computed at that internal. pidiet main drawback of this
approach is that the displacement kernel in the Somigliana idéentggcond order singular,
which makes the results of the stress field at internal polose to the boundary very poor. In
addition, differentiating the displacement at internal points imagduce numerical errors. Gosh
et al [57] used integration by parts to eliminate the @irder singularity from the traction kernel
and reformulate the conventional boundary integral equation in terrhe ¢dngential gradient

displacementslu/dsand the tractionsat the boundary. The proposed formulation is logarithmic

singular. The stress field is first order singular andlwamcalculated directly from the values of
tractions and gradient displacements at the boundary. This new dpmbawed a great

advantage over the conventional boundary element in eliminating thedled lboundary layer
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effect. Similar approach was also used by Wu et al. [58]rmo&ropic materials. Okada et al.
[59] solved boundary displacements and tractions by the conventional bouledaentemethod,
and then obtained internal stresses from the integrals involvingate gt of displacements and
tractions at the boundary. Their numerical results showed thaintbgrals could calculate
internal stresses accurately even when the points were extremelyactbe boundary.

In this dissertation, we propose a unified set of complex bounai@yral equations starting
from the Stroh formulation and using the Cauchy integral theoremo. Goundary integral
equations of this set are of main interest. The two equatiomeaved in terms of the tangential
gradient displacements and the tractions at the boundary. We al#® idéxgral equations for
the stress field at any domain point in terms of the gradisptacements and tractions at the
boundary. The complex forms of the integral equations allow the éauzt these integrals
analytically. The new formulation permits the direct calcalaif stresses at any domain point
from the boundary values. Moreover, The stress field integral equatierfgst order singular
which eliminates the problem of the boundary layer effect asllitbe shown later in this
chapter.

This chapter is organized as follows. Section 2.2, reviews therhardal Stroh formulation.
In Section 2.3, we present the methodology followed to derive several bouimdagyal
equations for two-dimensional anisotropic problems. Section 2.4 uwseppinoach followed by
Yu and Yang [60] to deduce the isotropic forms of the derived equatior&ection 2.5, we
discuss the numerical implementation of the isotropic formulation#iadexpressions which
are used to solve elastic problems numerically. Section 2.6 showssthles obtained for five

elastic problems and discusses the accuracy of the results aratihetages of the new
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formulation in eliminating the boundary layer effect. Finally,Saction 2.7, a conclusion is
provided.

2.2. Fundamental For mulation

It has been shown by Eshelby et al. [61], Stroh [62] and Lekhni&}i that for a two
dimensional problem, i.e., with both geometry and external loadingiantan the direction
normal toxy-plane, the elastic field can be represented in terms of thme&dns. These are the

displacement, , stressr; , and the resultant fordgon an arc,

ij?

ui=2Re[iAafa(za)] ; Ti=—2Re[§Liafa(za)] (2.1)
o, =2ReB L, 1/(2,)] i oy =—2Re[>’L,,p, £(2,) @2

where functionf, is holomorphic in its argument, = X + p,y , and f_ is its derivative with
positive imaginary part, which can be solved assobthe following sixth order polynomial,

C,.+ PC,, + pPC,.+ pP°C,, (2.3)
whereC,,, are the stiffness tensor of the material.

Each column oA is solved from the following eigenvalue problem,
3
kZ_l(Cim + P, Ciu + P.Cooa + piciZkZ)Am =0 (2.4)
The matrixL is given by,
3
L, = Z[Ci2k1 +P,Cia] A (2.5)
k=1

The notations used in this chapter follow those&Suo [64] who proved that the schemes

derived by Lekhnitskii and Eshelby are consistent.

15



2.3. Boundary Integral Equationsfor Anisotropic Materials
Denotef =[f,(z), f,(z,), f5(z,)]", u as the displacement vector afidas the resultant force
vector at the boundary of a solid. From Eq. (2x8,have
u=A-f+A-f (2.6a)
~T=L-f+L-f (2.6b)
Eliminating f from Egs. (2.6a) and (2.6b), we get
f=L"-(B+B)™*-[iu-B-T] (2.7)
whereB =iAL™ is a Hermitian matrix.
Denoted() as the boundary of a simply connected dongain z-plane = x+1iy,i = \/—_1)
and 0Q, the image ofdQ in z-plane. For any internal poir# in domainQ, its image is

z, =X+ p,Y in z,plane. From Cauchy’'s theorem,

1 ¢ f,(d)
f.(z,) Zz—maﬁimdfa (2.8)

We have inside the solid as,
1 _ — 1 —
f=——§(C+p.9/c,~2)) L7 (B+B)" {iu-B-T] ds (2.9)
oQ

where <(C+ p,S)/(s, —za)> is a diagonal matrix whosexth diagonal component is
(C+p,S)/(s,—12z,). ¢ is apoint oncQ and(, is its image orpQ . C = cosf), S= sinp), ¢

is the tangent angle af (Fig. 2.1)and ds is an infinitesimal arc length afQ so that
d¢ =(C+iS)ds and dg, =(C+ p,S)ds. The original integrals in Eq. (2.8) along2,6 are
converted into integrations alor@2. In this chapter(*} represents a diagonal matrix whose

a-th diagonal component is indicated inside the ketc
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Figure 2.1.Boundary of a single connected domain in z-plane.

Integrating Eq. (2.9) by part and replacieity/ds by the traction vectar = (tx,ty,tz)T, yields

the following expression for the holomorphic fulctj

1 1 B\-1 /; o) -1 Byl [ B
f|z:—5§<ln(ga—za)>-t .(B+B) -(|(;—L;—B-t) ds+L*-(B+B) -(|u—B-T)Lm (2.10)
oQ

3

where ¢” is a reference point on the boundary used to méterthe single value branch of the
logarithmic functions. In Eq. (2.10), the singldaed branch-cut ofn(s, —z,) in z,-plane is
line from z, and passing, (Fig. A.1(a)), so that the argument ¢t,6 -z, i from
argc!” —z)) to arg¢!” —z,)+2z. In deriving the last term of Eq. (2.10), we assuthe
external loads on the boundary are self-equililuta(té}zds: 0), so thafT is periodic around the

boundary.

The displacement field is obtained as:
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1 _ =4 ,du =
u, =—;ReiA-<In(ga ~2,))-L™"(B+B) 1-($+|B-t)

; ds+ul, (2.11)

The stress field derived from Eq. (2.2) is

[021’022’023]T‘Z :%RGIL '<1/(§a - Za)>'|—71'(B +§)l'(%+i§'t)

ds (2.12a)
4

1 . v du o
[011’6127013]T‘Z =_;Rej-|— '<pa/(§a _Za)>'|— *-(B+B) 1'(%*"3'0
0

ds (2.12b)
¢

Note that the integral kernels in Eq. (2.12) hakresingularity.

If we only integrate by parts the integral part rotree resultant forc& in Eq. 2.9, we can
obtain boundary integral equations in terms of tlgplacementu and the tractiort (see
Appendix A). By extracting the real parts of thdsmindary integral equations we obtain the
boundary integral equations used in the conventiboandary element method [65]. However,
the integral kernels will have (¥)rsingularity (see Egs. A.3(a) and (b)).

Thus, by integrating over the boundary in termshef displacement gradient instead of the
displacement, the singularity is reduced and tloeeethe new stress expressions provide very
accurate stress measurements at internal pointshase to the boundary.

For two dimensional elasticity, usually, only two independent boundargitions are given at
each single point along the boundary. We need to set up boundary ietpgaitibn to solvel andt
along the boundary.

For a point{, = x, +iy, at boundargQ, its image is¢? = x, + p, Yy, atoQ,. For analytic

functionf,(z, ), its boundary value is

on 1 ¢ f,(,)
f (0= § taloaly
(&) ﬂii F e (2.13)
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Since(pis a point on the boundary, the singular integratib the right hand side of Eq. (2.13)
takes Cauchy Principal Value. & is a corner point, the coefficient at the left thaside is
Ocomefm instead of 1, wheréqomeris the angle formed by the two sides at the corner.

Sincef,(z, ) is an analytic functionf (z, )s also analyticf, in Eq. (2.8) can be replaced

by f . Usingdf, = f/({,)dd, = df, ds, we obtain the integral equations about the dérigs

ds

of displacementslu/ds and tractiong ,

x

1 0 -1 n)-1 o VI _ 1. *71‘-%_*‘
AW )L BB i Bt ds-(UC,+p.8) L @B i B (214)

where¢, is a point on the bounda2, Cy = cosfo), S = sinPo), andé, is the tangent angle at

point ¢, on 6Q2 (Fig. 2.1). Both sides of the equation can betiplidd by matricesA or L so
that even in the degenerate cases, in wAicandL are singular, the limit oﬂv(*)-L*l or
L <*> L™ still exists and the equations still hold eventfoe case of isotropic materials. Here,
(*) represents any diagonal matrix listed above.

Furthermore, du/ds and t on the boundary can be explicitly expressed byndaty

integrals. First eliminate the matrices at thétrigand side of Eq. (2.14), then take the real part

1., =—2Re{%§} {(Co+ P86, ~<D) L (B+B) - B

dg  (2.15)

If we take the imaginary part of Eq. (2.14), weda

du

ds

= n(2 B B) L {(Cot SN/, ) L (B4B) i Bt dg-m®) 1, (2.16)
$o 0Q s

Insert Eq. (2.15) into the last term of Eq. (2,18kn use(B + B) =2Re®) andBL =iA,

we have,
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du

ds

_2RefE §A-((Co+ P,S)/(5, - <)L (B+B) 1 B
N ds

dg (2.17)
So S

Because of the weak singularity of the integrahkés of Eqg. (2.11), the displacements at a

boundary point;, can be obtained from Eq. (2.11) by simply replgarby¢,,

1 B — 4 ,du =
u :——RejSA '<|n(§a _g2)>.|_ L. (B+B)™* -(—u+|B -t)‘ ds+ U|g(r) (2.183
T 4 ds ¢

S0

Let ¢ =¢,, we have

fA-(In, -<2)) L7 -(B+B)” -(%+ iB-1)| ds=0 (2.18b)

¢

The branch cut of the logarithm function is a linem points, going outward and not
intersecting the boundary at other places (Fig(®)1Even thoughA andL are singular for

degenerate cases, the limit Af-(In(s, —¢2))-L™ exists, so Eq. (2.18) holds for any material.

Indeed, if we take the limit of Eq. (2.18b) for tisipic materials, then pick the real part, we
obtain the integral equations used in [65] for ¢atding a boundary element scheme. Complex
variable boundary integral equations in terms efdlsplacemeni and the traction are derived
in Appendix A.
2.4. Boundary Integral Equationsfor |sotropic Materials
In this section and the sections that follow, th&walations are carried out only for Eqgs. (2.14)
and (2.18b). However, the kernels in Egs. (2.18)@nl7) are similar to the kernel in Eq. (2.14).
Therefore, isotropic formulation and numerical soke for Eqs (2.15) and (2.17) can be
deduced easily from their counterparts for Eq.4R.1

Consider a two dimensional bonded isotropic donsailjected to a plane stress state. The

anti-plane and in-plane deformations decouple. TtiesEigen values of the Stroh formulations
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reduce to two. For a moving source at a constaeedsy inside the isotropic domain, the

matricesA, L andB are

1 - pz}
A= 2.19a
{pl 1 ( )
2p1 1- pf}
L=u (2.19b)
[— @-p7) 2p,

i { p.A+p;)  -(@2pp,+ (- p§))} (2.19¢)

B= 212 2 2
u1l4pp, + L= p3)°1 2p,p, + @—p3) p, A+ p3)

2 2
wherep, =i /1 —‘C’—% andp, =i /1 — Z_SZ . v is the source speed, and ¢ are the longitudinal

oy 1
and shear wave speeds respectively givei;by [%] % and cs = [%] 2, u is the shear
modulusy is Poisson’satio andp is the mass density.

For the sake of abbreviation, denote the diagonal mafiitfes, —¢.)).(In(s, —52)),

(p, (g, —¢2)) and (1/(Cy+p,S,) asD(&,.C0) . Din(G,.Co) Du(G,, Go) and Do(Gy),

respectively and denoteas the identity matrix. For the static case where the speedevo,p;

andp, are equal to the imaginary unit i, which makes the matAcasdL singular. However,
the kernelsL.D({, C0).L™, ADn(E, C0).L™ L.Dy(C, . Co).L™ and L.Do(Co).L™ , 0=1,2,

and the matriB still hold in the limiting case when the spee@pproaches zero.

The limits of the above kernels were determined as foll&vst, we expanded the matrices
D(CQ,CZ) : Dm(Qa,CZ) , Dp(C,, CZ) and DO(CZ) aboutp, = i using Taylor series to the first

order. Second, we calculated the limits as v approachkssOnecessary to note that the first
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order Taylor expansion is enough since the limits of theiceatproductsA((p, —i)")L*and

L{(p, —i)")L™" arezero forn> 2. The matrices obtained for the isotropic domain are

1o i(l—2v)
_1 2
B—ﬂ —i(l;Zu) - (2.20a)
- T
L.D({a,gayo).L—lzg_lgo _|—Z_ZZ {_'1 _i} (2.20D)
_ 1 i
AD, (¢, . ¢, o)L =log(g —&o) + 2”/—?; %L _I } (2.20c)
o a1 y-y[-1 -0 [2 -1
L.D,(¢, ¢a)-L _é—éo'l é—éo{—i 1}{—1 0} (2.20d)
L.D,(¢;)-L." = W+exptif,)) | — S expe 6’0){_i L :ﬂ (2.20e)
o1 M 10
(B+B) ‘(1—0){0 J (2.20f)

whered, is the tangential angle @fo, C=x+iy,¢°% = X, +1y, andS is the trigonometric sine

function of the anglé, (see Fig. 2.1).
Hence, for isotropic materials, the boundary integral equafiggs. 2.14 and 2.18b) and the

stress field at internal points Z = X+iY (Egs. 2.12a ai@[2) have the following forms,

Lyl el ey
i é/_é/ é/_é/ -1 i ds ¢

-6\ _ -6, i -1 _-d_U___
={(1+e ) —-Se {_1 _J}[l s B-t]

ds

(2.21a)

¢o
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iﬁn{ln(( Y +%iﬁ _'J} [ %—E-t] ds=0 (2.21b)

¢

0w 1 Y=Y b —Lladu &
(621,02 ‘Z_—Ziz'(l—l)) Rei{go_z.l ;O_z{—l _i}.h Bl

ds
%o

T TH 1 YooY -1 —i 2 -1 _d_u__
[011,00,] ‘Z—Zﬂ(l_v)ReH;O_zl go_z{-i 1}{—1 o}}[' 55~ BU

oQ

(2.223)

ds (2.22b)
¢

2.5. Numerical I mplementation

In this section, numerical schemes for the anisotropic integuadtions are developed first, and
then the isotropic forms of these numerical schemes areceedConsider a two dimensional
isotropic domain with a simple closed boundé€y, of boundary length. in the z-plane. The

boundaryoQ, is discretized intdN linear boundary elements interconnected with a single node,

where the last node and the first node are the same?.ﬂé@t denotes the "k element, which
connects the nodeto the nodé+1. For a well defined two-dimensional isotropic problem case,
there are four boundary values at each node, two otwverie known and the other two are to be
determined. So, in total, there & unknowns. In order to solve for these unknowns, eHuer

(2.14) or (2.18b) can be used to construct a linearmysf@N equations by collocating at the

mid points; ") of theN elements m =1.... N(Fig. 2.2).

The values of the vectordu/dsand t at any point along the linear element can be

interpolated from the nodal values by using the LagrangeediiactionsN;(s) andNy(s),

ou/os = N, (s)(eu/as), + N, (s)(0u/ds), (2.23a)

t = N,(9t, + N,(), (2.23b)
. S S
with N, (s) =1—L—k and N, (s) = L_k
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whereLgisthe length of the'kelement angis a parameter which varies frdo L.

Figure 2.2.Discretized boundary of a simply connected domain in figane.

The shape functions in thg@ane can be written as,

S =Saa N = o =Sa

N 1--— "=
(G =t me o RN

(2.24)

The integrals at the left hand sides of Eqgs. (2.14) 21i8l§) are respectively rewritten in the

z,-plane as,
N 2 ] ) u®
ZZ; LEDLL(B+B)* [ i +iB.t®W (2.25a)
k=1 j=1
N 21 N — ., du® =
ZZ— F“).L_ .(B+B)" -[FHBI(J)] (2.25b)
k=1 j=1 7T
3 ®)
Co=Caa 1 dg,
Eli = j (1- (k) (k)) (m) (2.250)
&y ez Gaa o Gr RS
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(k)
2 _ T {,~¢e 1 dg, (2.25d)
S R RS |

g(k) a,0 k a

<% (k)
Gy Can my dg,
(1_ K K ) (é/ é/( )) (2256)
4,([) é’( ) é’( ) +p, S<
T Gt my__9¢, (2.25f)
Fk g'([) é/o([k% é/(k) n(é/ é/ )C Y S< -

The above integrals are regular and can be eealuatalytically along all the elements

except along the element to Whi@jf‘;) belongs. The explicit solutions for the above gnéds in

this case are

E&=ﬁ[—1+a+%)l o+ gf) g ) (2.268)
ot S o S 2 260
Fkl=(ck+paSK)( O )[gl( SAET A (%)) (2.26¢)
R = [9:(¢D — 9,(£ ] (2.26d)

(o IOA)( Car—Ca)

where,

9.(¢,) = (¢, — <IN, (‘m’)[ (€. =<8~ (£ar —¢0)
+(¢o = <an)l- (C ~ &)+ (= A

6,(¢.) =-09.(¢,) + (¢, —£aIIn(g, - ¢5%) 1]
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Let us now consider the case whef) is in the middle of the'kelement; that is whem
andk are equal.F! and F? are weakly singular so the two integrals can &l evaluated

analytically and Egs. (2.26¢) and (2.26d) are stilld. However,E; and E? are not regular and

can be decomposed into a regular integral and anatkegral which is singular in the Cauchy

principal value sense (CPV).

1 ¢ ¢
E1 (k) (m)
TCH- ;‘k>>(ck+pa&>{ Dl 4““) B (2.272)
E2 = 1 cm - (k))gi(’[k% f%[k%dg (2.27b)
TG sy | WM< 5 a4

The CPV singular integral is evaluated by takirttpH circle around the singular poitj”gf‘g :

It can be easily shown that the singular term \mess The expressions obtained &r and E?

in this case are

Ei:_—l : Ef:;
Cy + P, S C.+p,S (2.28)

Following the same approach in Section 2.3, EQ7€6), (2.27b), (2.27c) and (2.27d) are

determined for the isotropic case as follows,

= Ha(¢22.609. &™) + (P, —D)HU(GY ¢, 66™) (2.292)
=HI(¢. ¢ + (P, —DHI(EEY .61 G) (2.29b)

Fe =Ge(¢22.¢17.4") + (P, —DGu(£3”.61.65™) (2.29¢)
Fe =GS(¢5”.¢19. &™) + (P, =G (&Y ¢, ¢6") (2.29d)
D, (€2) =M (¢35, ¢ ) + (P, —DM (59,61, &™) (2.29)
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where H? HD G G M _andM,,(j =1,2), are functions in the z-plane and given in

Appendix B.

Numerical schemes for Egs. (2.14) and (2.18b) autéew for isotropic materials as,

N 1 () (-~ (k) (k) () (-~ (k) (k) i -1 du? (i)
ZZ_ HC (Q-Z ’gl lgO )|+HV (gg 1g1 1g0 ) R '[I _B't ]
k:].j:lm _1 _I dS
| TiZ1) du - (2.30a)
=J@1+e'®) -S e’ Ji—-B-t
{( 'S Ll _i}}[ ds ]40

N 2 o _ 1 —j du
ZZ[—'GC‘”(Q‘EK),;{”,gék))B+Gv‘”(g§k),gfk),gék))L 1ﬂ'['¥_8'tm]:0 (2.30b)

k=1 j=1

Noting the similarity between Egs.(2.12a) and (B)l&nhd the left hand side of the Eq.(2.14),

the stress fields for the isotropic domain aretenmitas,

N 2 Héj)(gék)’gfk)’g(()k))l-i_ (J)
0y 0y =——Re> > i -1y [——+iB-tY}  (2.31a)
[721720] 27(l-v) A= Hé”(gék),gfk’,gék)){ 1 J ds '
(D~ (k) ~(k)
ool =~ ReS) R (g
o0, =——* _Re . i -1} +iB-
S Y ) R Nv‘”(gék’,gl‘k’,gék)){ L J ds (2.316)

where N & NI (j=1,2) are given in the Appendix B.
Egs. (2.30a) and (2.30b) are in complex forms.sThy taking the real or the imaginary part

of Egs. (2.30a) or (2.30b), we can form a lineastay of2N equations which can be solved

using numerical techniques such as Gaussian elilmm# compute the unknown boundary
values. It is worth noting that the expressidjs, EZ, F! and F,> are bounded functions. Thus,

the elements of the coefficient matrix obtaineddoy of the two boundary integral equations are
all small numbers. Moreover, the kernels in thednal expressions of the stress field are first
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order singular and after integrating over each eldma weak singular expression is obtained
which eliminates the boundary layer affect.

2.6. Numerical Examples

The numerical schemes developed in the previousoeefor isotropic materials are used to
solve various elastostatic boundary value problevith different boundary value types. A
comparison between the convergence rates of thtgesbtained using the numerical schemes
developed for Egs. (2.14) and (2.18b) and the #inalyresults is provided. The fact that these
boundary integral equations are functions of toactind tangential derivative of displacement
eliminates the problem of rigid body motion for @uraction problems. In the case where the
displacements are known at the boundary, the taiaelerivative of the displacements can be
calculated by differentiating the displacement gleach element. This approach may introduce
rigid body motion. Thus, special treatment is reggiito eliminate this rigid body motion. The
authors eliminated this effect by forcing the eitpuilm of moments about any poitt at the

boundary of the domain. The equilibrium of momenquagion in the z-plane is

LY () 1« W, w0 1« ()
N 3 [_(yl _yo)_z(yz _yo)]tlx + 3 [(X1 _Xo)"'z(xz _XO)]tly
Mo =),

=l R | LY 1
< +T[—§(y1(k) -Yo) _(y|2< - yo)]tgi) +?[§(X1(k) —Xo) + (Xg —Xo)]té';)

(2.32)

where (x®, y® ) (x{, y¥) are the coordinates of the first and end nodekeoK" elementx,
andyy are the components of the potandt{,t{?,t5?,t7 are thex andy components of the

traction vector at the first and end node ofkelement. Eq. (2.32) can be added to the system
of linear equations or replace one of #i¢ equations. In the former case, the linear systtm o
equations becomes over determined. Thus, The Gauskmination cannot be used to solve the

linear system. The least squares method providisfasdory results. However, the Householder
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method can be used for better results. In therlatise, to the author's knowledge, there is no
effective technique to decide which equation cadrogped without affecting the results.

The problems modeled in this chapter involve geaewetwith sharp corners. At these
corners, components of the traction and the dispt@nt gradient are not continuous which
introduces two more unknowns at each node. Thadiagstem becomes under-determined. For
the problem solved in this chapter, the corner lgrobis treated by shifting the corner node a
very small distance inside each of the two elemeanisected at this node. An element of length
¢ Is placed between these two nodes as shown in2Bg.Therefore, two more equations are
obtained at each corner. This approach is calledl sorner element.

Five elastic problems are modeled in order to chtbek accuracy of the new boundary
integral equations and its effectiveness. The stiiletd is calculated at internal points very close
to the boundary in order to show the effectivengfsthe new formulation in eliminating the
boundary layer effect. In all of the following ptelms, Poisson’s ratio is takenyas 0.3 and the

stress is normalized by the shear stress.

Figure 2.3.Treatment of a corner node using the small corleanent approach
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2.6.1. Pure Traction

Consider a 1 x 1 plate subjected to a tension tdanagnitude 1 in the direction from both
sides. The Mechanics of Material results of thesstrfield ares, = 1.0 andoy = gy =0. This
problem is a pure tension problem. The boundargitons are shown in Fig. 2.4 for a sample
mesh size. Using the numerical schemes develope&ds. (2.14) and (2.18b), stresses are
calculated at grid points uniformly distributed dbghout the domain. Convergence rate is

checked by calculating tHe error norm defined as,

N
2
2(05)_05))
_ i=1

EL2 - N
Z(Gg))z
i=1

(2.33)

wheres® is the analytical stress; is the computed stress aNds the number of grid points.

F
¥

F 3
r

iﬁ:

Figure 2.4 A plate under uni-axial tension
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Eq. (2.18b) required eight elements (2 elementsgaéach side) for the solution to converge
with an L, error norm of 4.3& However, Eq. (2.14) required a very fine meshuadothe
corners and forty elements (10 along each sideyder to obtain results with an approximately
L, error norm of 58. The axial stress for the points along the vertieaterline of the plate
(AA’) in both mesh cases and the Mechanics of Malteesults are plotted in Fig. 2.5. The
normalized relative errors of the two different imes for both cases are shown in Fig. 2.6. Both
equations show a great convergence of the strefsts fat points close to or at the boundaries,

which proves the advantage of these formulatiordiminating the boundary layer effect.

1.1 1 1 1 1

+  Eq. (2.14); 40 Elements : :
108 & Eq (2.18b): § Elements E : 1
o6l Analytical Results : !

ol | | .

102} e e e e :

Oy

ol | | .
0.96 ! ! ! ! 1
T | | -

0.92| i i i i :

09 H H H H
0 0.2 0.4 0.6 0.8 1

T

Figure 2.5.Axial normal stressgy , along line AA'.
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Figure 2.6.Normalized error of the computed axial stregsalong line AA’.

2.6.2. Pure Bending of a Beam
The same plate now is subjected to a bending lsaghawn in Fig. 2.7. This problem is also a

pure traction problem. Let the normalized momenifée The analytical results are
o,=2(y-12),7r,,=0,=0 (2.34)
Stresses at grid points distributed uniformly oa pilate are computed. The error norm is
computed for the two types of meshes (eight elesnantl forty elements along the boundary)
used in modeling the plate under pure traction. tRercoarse mesh (8 elements), ltheerror

norm of the results obtained using Egs. (2.14) ¢nii8b) is respectively 0.165 and 4.37e
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Refining the mesh to 40 elements along the boundhtlye plate reduced the error norm of
the results obtained using Eq. (2.14) to 2.7e

For the axial stressy, along the centerline AA’, Eg. (2.18b) providecdta@te results with
the eight nodes mesh. However, the error rangaenaataising Eq. (2.14) with eight nodes was
between 0.175 at the boundary and @0he center of the plate. Eq. (2.14) requiretyfoodes
to provide results at internal points close to bwindary with comparable errors to those
obtained by using Eq. (2.18b). The converged resiitained using Eqgs. (2.14) and (2.18b) are
shown in Fig. 2.8. The normalized relative erroystiie applied load are plotted in Fig. 2.9 for
the two types of meshes (eight and forty nodesis Ghaph shows the fast convergence of Eq.

(2.18b) and the effectiveness of the new formutegtim eliminating the boundary layer effect.

Figure 2.7.A Plate under pure bending.
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2.6.3. Bending of a Cantilever Beam

A beam of a rectangular cross section is loadéts &iee end at the right and fixed at the left
end (Fig. 2.10). The length and height of the beaen10 and 1. The stress field near the two
ends is very complicate and actually the analytieallts are unknown. While according to the
Saint-Venant's principle, the stress along the eelmie AA’, which is away from the two ends,

can be accurately predicted by the results frometementary Mechanics of Materials,

o, =60y-1/2) andz,, = 6(y* - ) (2.35)
The fixed end of the beam is modeled by takingldoal gradient of the displacements to be
zero. This approach introduces a rigid body motiamich is treated by enforcing the
equilibrium of moment using Eq. 2.32. The concdrtidoad is distributed along the right side

of the edge. The boundary conditions are showngnZ10.

el VA
i) 5 !
o '
5 =
s

Figure 2.10A cantilever beam under transversal loading.

The computed axial and shear stresses along thieaterenterline of the beam AA’ are
shown in Figs. 2.11 and 2.12. This model requirdoigger mesh size to converge than the

previous two examples. This is due to the errot thight be introduced by assuming the local
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gradient displacement to be zero along the le# sidthe beam. It is worth noting that the axial
stress results converged faster than the sheasstesults along the centerline of the beam.
Again Eq. (2.18b) converged faster than Eq. (2.TA& normalized errors by the maximum axial

stress of the stress field are shown in Figs. arikB2.14.

30 T T T !
+ Eq. (2.18b) ' '
O Eq (2.14)

1 1 1 ra
1 1 1 1
1 [] ' ' ' £
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1 1 1 £ -
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el

---------------------------------

I:Fx
—_=

-10

Figure 2.11 Axial Stressgy, along lineAA’.
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Figure 2.14 Normalized error of the computed shear stregsalongAA'.

2.6.4. Pressurized Thick-Walled Cylinder

In order to show the efficiency of the weakly siteg boundary integral equation, Eqg. (18b), an
internally pressurized hollow cylinder is model@the hollow cylinder has an inner radius1
and an outer radius = 2, and is subjected to an internal presgusé magnitude 1. A quarter of
the symmetric cylinder was modeled. The boundanditmns are shown for a sample mesh in

Fig. 2.15. The plane stress analytical Lame saiuibo the hoop stress is

2 2

pr; 1.4
S ) =S(o+1 2.36
rZ—r? (r2 ) 3(r2 ) (2.36)

Gy =
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The numerical results converged to the analytieallits with a mesh size of forty linear
elements along the straight edges and hundredr ligleaments along the curved edges. The
magnitude of the hoop stress along the horizorttaight edge AB, which is equal to the
negative traction, was calculated and plotted o Eil6. Also, the hoop stress along a quarter
circle of radiusr =1.99 was also computed and tabulated in Table Th&. computed results
show a great convergence even at internal poimsalese to the outer curved edge and to the

corners.

Table 2.1Hoop stress at r = 1.99.

Theta (°) oy (Computed results) | oy (Analytical results) Error/p
0.5729 0.6476 0.67 -0.022338
5.0156 0.6616 0.67 -0.008399
13.9010 0.6702 0.67 0.000241
18.3437 0.6710 0.67 0.000996
22.7864 0.6713 0.67 0.001364
27.2291 0.6721 0.67 0.002138
36.1145 0.6705 0.67 0.000545
53.8854 0.6708 0.67 0.000780
67.2135 0.6719 0.67 0.001900
71.6562 0.6716 0.67 0.001621
76.0989 0.6709 0.67 0.000926
84.9843 0.6623 0.67 -0.00763b
89.4270 0.6531 0.67 -0.00168P
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Figure 2.15An internally pressurized cylinder

og

Figure 2.16.Hoop stress along the horizontal straight edgeo”AtBie pressurized cylinder.
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2.6.5. Platewith aHole

A plate 2 x 1 with a circular hole of radius= 0.1, and subjected to a pure traction in the
horizontal direction is modeled. The plate is assdisufficiently thin for plane stress conditions

to be valid. Due to the symmetry, a quarter of gplege is modeled (Fig. 2.17). The numerical

scheme developed for Eq. (2.18b) is used to sawé¢hke stress concentration factor. The value
obtained is 3.217. Compared with the analyticaliltesthe error is 0.003. This example shows
again the advantage of the new formulation in elating the boundary layer effect and in

providing accurate results close to the corner ande

Figure 2.17 Plate with a circular hole under pure traction.

2.7. Conclusion
Using the Stroh formulations for anisotropic matksiand the Cauchy theorem, a set of complex

variable boundary integral equations in terms efdsplacement gradientiils and the traction
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t are derived. Also, integral expressions that candael to calculate the stress field are derived.
The stress field expressions are first order smarguh contrast to their counterparts in the
conventional boundary element formulation that h@&eeond order singularity. Thus, the
boundary layer effect is eliminated in the new falation. The isotropic forms of the boundary
integral equations based omn/ds andt are deduced. Numerical schemes to implement these
equations are proposed and explicit expressionsséaropic domains are derived. The elastic
problems solved in this chapter shows that Eq.4)2ptovided better convergence and more
accurate results than Eqg. (2.18b) and this is dutstweak singularity. Using Egs. (2.12a) and
(2.12b), the numerical schemes allow the straigitvdérd calculation of stresses at internal
points. Though only linear interpolation shape fions are used, accurate calculation of stresses

is obtained even at points very close to the boynda
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CHAPTER 3

DISCRETE DISLOCATION PLASTICITY:

A NOVEL BOUNDARY ELEMENT APPROACH

3.1. Introduction

Discrete dislocation plasticity is a method of sodvboundary value problems, where plastic
flow is represented in terms of the collective rootof discrete dislocations. The dislocations are
treated as discrete singular entities in an otlssvalastic continuum. Not until around two
decades ago that the collective behavior of disaletiocations could be simulated, e.g. [66-69].
In these studies, investigations of dislocatiortguatformation and of work-hardening relations
were carried out in macroscopic solids with inendr periodic boundary conditions. Thus, the
effect of a free surface was not taken into comatitn. However, in problems such as contact
loading or indentation of thin film image forcesedio external surfaces have to be considered so
the stress fields in the finite solid bodies havée calculated.

In 1995, Van der Giessen and Needleman [70] prap@seyeneral approach to solve
boundary value problems using discrete dislocgtiasticity as in the continuum plasticity. This
approach is described in the next section. The SBredleedleman approach is based on the
formulation of Lubarda et al [71] for equilibriumistbcation arrangements. Boundary value
problems are solved by writing the stress and dcgyhent fields as superposition of two fields,
u=UuU+u ando =6+ .In Fig. 3.1, the (")-fields represent the supeitpws of the field

guantities associated with the individual dislomasi in their current configuration but in an

infinite space. For example, the (7)-stress fieddobtained a& = ), cg?") : wherecg.‘) is the
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stress field due to the"kdislocation. The (")-field represents the imaggdfithat corrects the

boundary conditions. Two sub-problems are solvedukaneously (see Fig. 3.1). In the first
sub-problem, the dislocation structure is updatedi the ()-fields are determined by using well
defined analytical formulations [72,73]. In the ged, the ()-fields are calculated by means of

numerical techniques such as finite element methadsboundary element methods.
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Figure 3.1. Decomposition of the dislocated problem into theo taub-problems: the sub-
problem that accounts for the dislocations intéoast in the infinite solid ((7)-fields) and the
complementary problem that corrects for the boundanditions ((")-fields) [70].

The Giessen-Needleman approach is general andecaxténded to solve three-dimensional
discrete dislocation plasticity. However, in theseaf evolving surfaces, this approach can be
computationally expensive and therefore very slohis is due to the need of re-meshing the

domain when the surface evolves.
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Boundary element method, due to its fewer degréé®edom, is very attractive in solving
stress field and has its own advantage of reduzhgulation cost in the above mentioned cases.
The mesh generation and refinement in boundary eslermethod is much simpler than in the
finite element method.

In this chapter, a new approach based on the coamvpléable boundary integral equation is
introduced. The new boundary integral formulatideseloped in Chapter 2 are extended to take
into consideration singular fields around dislogas in finite bodies. Thus, additional terms are
introduced to the complex variable boundary integraations developed in Chapter 2. These
additional terms are derived for anisotropic malerin Section 3.2 and their forms for isotropic
materials are deduced in Section 3.3. As will bewsh later in this chapter, the free surface
effect, i.e., the image stress, is included impian the new formulations. Therefore there is no
need for the superposition technique adopted in Giessen-Needleman approach [70]. A
general framework that can be used to study siperd#ant plasticity in finite bodies using the
new formulation is devised. Two numerical examplleat were solved using the Giessen-
Needleman technique are adopted and solved usegndétv boundary element technique. A
comparison of the results using the two differ@thnhiques is provided to show the robustness
and the validity of the new technique.

3.2. Fidld around an Internal Singular Point

Let’'s assume that there is a singular stress &sddind an internal poing z Xg+iyp and stresses
vanish at infinity. We can construct a contour it@umvent the singular point as shown in Fig.
3.2. Applying Cauchy’s theorem Eq. (2.8) fband using Eg. (2.7), we can get the integral
expression of’ in terms of boundary values 8f1/ ds and tractiond, similar to the left hand

side of Eq. (2.14). When the outside part of tbhatour I,y approaches infinity, because of
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vanishingdu/ ds and tractions at infinity, the integrations of vanish. The integrations dh
andTI'. cancel each other if displacements acdasandI's are continuous or just differ by a
constant vector. Thus, the stress field can bg &xXpressed by the integrationslan Since g is
at the outside ofy, [(Sq —22)/(zq —28)| <1 and the kernell/(S, —z,) in the integral

expression of,, can be expanded around the singular pdinthen

2™
folz) =2 == 3.1
«(2,) Zl 2 7y (3.1)
wherea(™ is the nth component of a vect$?, wherea®™ is given by,
1 =4 .du =
(n) _ 0yn-1 -1 1
% = [ conl(6a—2)") L (B+B) (B0 o8 (3.2)

The above integration is alorig, from the upper bank of the cut going counterclask to the

lower bank.

Figure 3.2.The integration contour for field with a dislocatim the z-plane.
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When stress has first order singularity around iatpg, = x, +iy,, du/ds and tractiong

have 1f singularity too, and for anp> 2, a™ vanishes as$, becomes infinitely small. Assume

a—uds: b (Burgers vector) angftds: F (concentrated force), lettifg= 0, we have

I,(CCw) s o

a® =2i|_1-(|3 +B)* b (3.3)
T

Thus,

, _1L'-.(B+B)™
fa(za)—zﬂ—(za_zg) b (3.4)

Here we can see that the two conditions for digsient and traction can be given

independently. The stress field around a dislonasmbtained as,

[021,02,02] = Re[l-l— -D(z,,2;)-L"-(B+B)™ 'b} (3.5a)
v
[011,015,035]" =~ R{i-'— Dy, (z,,2)-L"-(B+B)™ 'b:| (3.5b)

And the holomorphic functioharound a dislocation is obtained from Eq. (3.4) as
f (z,) :ZiLl-(B +B)™"-log(z, - 22)b (3.6)
7T

3.3. Discrete Dislocation Dynamics Based on the Boundary Element Technique

In this section, we apply the new formulation thngte solid that has many discrete dislocations
inside. In problems involving dislocations, thepdesscements are not continuous referring to a
perfect crystal. The stress field is singular nik&r dislocations. This singularity is treated by
cutting small circles around the dislocations apglyng the integral equations Eqgs. (2.14) and

(2.18b) to the boundary enclosed by the small esicthe cuts, and external boundary. Hence,
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extra terms are introduced into the left hand swfegqgs. (2.14) and (2.18b) due to multiple

dislocations. For the anisotropic materials, theedea terms are respectively,

—ZL <—= = g(k) >.Lt (B+B)™*-b® (3.7)

a0

Y A-<Inz® -g¥) > Lt (B+B)*-b® (3.8)

k=1
where n is the total number of dislocatioé'f) andb® are respectively the position (in z
plane) and the Burgers vector of tHedislocation.

The stress field expressions, shown in Egs. (2.48d)(2.12b) also have their own respective

additional terms,

YL-(1(z, -2%))-L* - (B+B)*-b® (3.92)

k=1

YL (p, /(z,-2%))-L*-(B+B)*-b% (3.9b)

k=1
Following the same limit taking process as showrSeattion 2.4, we obtain the isotropic
forms of the additional terms, to be added to thenldary integral equations (2.21a) and (2.21b)

respectively,

n 1 y® —y i -1
_ | — 0 p® _
é{z“’ R 3409
n y® 101 i
—>SUInEz" -¢,) + Yo -—{ }-b‘k) 3.10b
k=1{ ° —¢o 2ull -1 ( )

where 2% = x" +iy® andg¢, = x, +iy,.
In numerical implementation, these terms only dbate to the right side force vector of the

linear algebraic system, and have no effect onnth&ix. When all the boundary values are
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solved, the internal stress field due to the exeload and the dislocations can be calculated by

adding the following terms respectively to Eqs2f2) and (2.22b)

M 4 1 y—y® i - »
— ——Re | — b _
27r(l-v) kZ;{Z— 7K 778 11 —j (3.11a)
A o1 y=yW -l i [ I
— = Re | — | n b .

It is necessary to emphasize that writing thesstiaused by dislocations in complex form
saves computational work. Thus, when calculatirggdtness field caused by any dislocation at
any internal point or at any other dislocation,réhis no need to use local coordinates systems
attached to the dislocation then transform badkeoglobal coordinate system in order to collect
the stress caused by all the dislocations.

3.4. Evolution of the Didocation Structure

In discrete dislocation plasticity, dislocation® dreated as discrete entities that interact with
each other and with the surface of the body. letema among dislocations is divided into two
categories: long range interactions and short ranggactions. Long range interactions are
calculated directly from the elasticity theory (Ed%11) which can represent accurately
dislocation fields beyondi®B8b from the core, wherk is the magnitude of the Burgers vector.

Dislocation glide and short range interactions sashnucleation and annihilation are
controlled by atomistic processes and thus caneaebolved in discrete dislocation plasticity.
Therefore, constitutive rules are needed to mduede mechanisms in two-dimensional discrete

dislocation plasticity.
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3.4.1. Didocation Glide
Dislocations move on slip planes driven by the alted Peach-Koehler force which acts on the
dislocation per unit length. In vector form, theaBle-Koehler formula is written as,
f=(0.b) X% (3.12)

where(Xx) is the cross product,)(is the dot productg is the stress state tensor at the dislocation
line, b is the Burgers vector of the dislocation &nd the tangent vector to the dislocation line.
In planar domains, the tangent vedtds perpendicular to the plane and can be takeén=ag,
0, 1]. Using the superscript k to denote an edgechtion, the resolved driving force is

FOO = (OB (3.13)
where<® is the resolved shear stress in the slip planthetdislocation line ant™ is the
magnitude of the Burgers vector. Neglecting thetiaesffects of dislocations, the magnitude of
the glide velocity V' becomes linearly related to the Peach-Koehleftiiooughf ® = v ®)
and therefore Eq. 3.13 is re-written as,

1K) = gy (K) (3.14)
where B is the drag coefficient.
3.4.2. Didocation Nucleation
In a crystal, dislocations nucleate from internefedts to account for the large strains that are
produced. Edge dislocations can nucleate from FRed&d sources. Under the effect of the
resolved shear stress, a single segment of andeslgeation that gets pinned at internal defects
bows out by glide. A stress applied continuouslyhi pinned dislocation segment will cause the
radius of curvature of the dislocation line to eese and the dislocation line becomes unstable.

Two sections of the curved line annihilate eackep@nd form a closed outer dislocation loop
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that can freely propagate on the glide plan leadrdjslocation segment anchored between the
internal defects.

The Frank-Read mechanism has been used widely soretie dislocation plasticity
[70,74,75]. In two-dimensional discrete dislocatasticity, this phenomenon is approximated
as follows. A Frank-Read source is represented fgirat source on a slip plane. If the resolved
shear stress acting on the source exceeds a lcvitilce 7, during a period of timg,, two edge
dislocations of opposite Burgers vectors are ntietkat a distance,, as shown in Fig. 3.3. The
polarity of the nucleated dipole is determined hg sign ofz,,. The values of these three
variableszy,, t,, andL,, depend on the length of the initial Frank-Readnsay, the elastic
properties and the drag coefficient. The distaretevéen the nucleated dislocations is related to

the critical shear stresg, by,

L . H b
"o2r(l-v) 7

nuc

(3.15)

b L +b
T X L
| |
Lﬂu

Figure 3.3.A Schematic diagram of dislocation nucleation frafirank—Read source.

3.4.3. Didocation Annihilation
In two-dimensional discrete dislocation plasticityslocation annihilation is modeled as follow.
When two dislocations of opposite Burgers vectdidegcloser than I6 to each other, they

annihilate each other. The annihilated dislocatemestaken out of the simulations.
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3.4.4 Didlocation Pinning

Gliding motions of dislocations may get hindereddilyer defects. We model these defects as
point defects that are distributed randomly aloregpfined slip planes. A dislocation that meets
a point defect is pinned and is allowed to overcoinie obstacle only if its resolved shear stress
is larger than a threshold stress catlgd

3.5. Numerical I mplementation

In discrete dislocation plasticity, quasi-staticubdary value problems are solved in an
incremental manner. At each time step, the fietldsd@termined inside the dislocated body and
the evolution of the dislocation structure is updatn accordance with the current fields. In
discrete dislocation plasticity, if the boundaryedaot move, the stiffness matrix is fixed and
dislocation motion only changes the generalizeddatector. The numerical schemes developed
in Chapter 2 for the integral Egs. (2.14) and (B)1lahd their corresponding isotropic forms are
still valid to form the stiffness matrix. Howevehe additional terms introduced in this chapter
due to dislocation fields have to be added to #eecplized force vector. Isotropic expressions
of the dislocation terms are given respectivelyBHog. (3.10a) and Eq. (3.10b). The stress field
can be calculated using the numerical expressiemsloped for Egs. (2.22) in addition to the
isotropic forms of the dislocations terms thatgixeen in Egs. (3.11).

Isotropic forms of the numerical schemes develofiedthe weakly singular boundary
integral equations, Eq. (2.18b) with extra ternmrfrEq. (3.10b), are used in the following two
examples to study the plastic deformation of ataiysnder pure bending and of a polycrystal
under pure shearing. These two examples are pitleeduse they had been respectively

simulated by Cleveringa et al. [74] and Balint kt[@5] using the superposition technigque and
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the finite element method. In these simulationslodations are constrained to glide along slip
planes where they were originally nucleated.

We adopt the same material modeling and paramieté€teveringa et al. [74] and Balint et
al. [75] so that direct comparison can be madeehtds are originally free of dislocations. Bulk
sources are distributed randomly following a Garssdistribution with mean nucleation
strength of 50 MPa and a standard deviation of BEaM he time step is fixed a6= 0.5 ns and
the nucleation time &g, = 10 ns. The distance between adjacent slip plasrtegen to be 100

Materials properties are taken to be those of Ahwm where Young's modulus E = 70 GPa,
Poisson ratio = 0.33, drag coefficier8 = 10* Pa.s and the Burgers vector length 0.25 nm.
The so called Peierls stress that resists distmtaliding is taken to be zero.

3.5.1. Bending of a Single Crystal

The bending of a single crystal of lendth= 12 um and height = 4 pum is simulated using the
developed boundary element approach. The bendatyitomodeled by prescribing the slope of
the left and right edges of the single crystal (Big). In terms of the displacement gradient, this
is defined a®u/os =6, where u is the displacement in thdirection. The bending rate is taken
to bed = 0.5 x 103 s~ 1. In this example, the material is considered térée of obstacles.

Geometric configuration of slip systems is simitarthat in Cleveringa et al. [74]. The

crystal has three slip systems inclined at anglest n/6 ande = n/2 from the x axis as shown in

Fig. 3.5. Thet/2 slip planes are confined to a central regiosinéL. — h/ tan(g). The £n/6 slip

planes are confined geometrically to a region ghahintersection with the vertical edges where
the rotation is prescribed does not occur. Theegfdislocations can only exit the crystal from
the top or bottom edges. Dislocations are dividezhly between the three slip systems. In total

there are 404 slip planes and 808 bulk sources.
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Figure 3.4. ASingle crystal under pure bending.
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Figure 3.5.Sketch of the boundary value problem.

To show mesh independence of the results, threelaiions with different mesh sizes
(meshl, mesh2 and mesh3) are conducted. Meshl2naegh mesh3 have respectively 200

nodes, 400 nodes and 800 nodes distributed evémyg dhe four edges of the crystal. The
resultant bending moment normalized with a refeeerru)menMrefzgfnu(g)z, is plotted

versus the prescribed slépAs shown in Fig. 3.6, for the three different imes the crystal has

yielded at approximately the same bending mometit l#ss than 10 % difference between the
coarse mesh, meshl, and the other finer mesheb2mesl mesh3. This is due to the fact that
the linear shape functions used do not model bgnginblems accurately and usually require

fine meshes.
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Figure 3.6.Convergence of the boundary element results.

In Fig. 3.7, the boundary element results are @ with the finite element results
obtained in [74]. Both methods have showed sintilgtnavior of the crystal under bending. The
first nucleation incidence occurred in our simwas at a lower moment than in Cleveringa et
al.[74]. This may explains the quantitative difiece between the two methods from the yielding
point up to# = 0.08. However, fop > 0.08, both methods have surprisingly providemsel
results. A comparison of dislocation distributidanda= 0.002 obtained from the two methods is
plotted in Figs 3.8(a) and 3.8(b). It is worth mgtithat although similar slip planes in both
methods are active, dislocations are more unifomiigyributed in the boundary element results.
The possible reason for this is that the intertralss and its variation in the field calculatedriro
the boundary element method are much smootherttiestress field calculated by the finite
element method, which is greatly affected by theshmgeometry, shape function and integral

points.
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Figure 3.7.Comparison of the boundary element results witHithie element results in
Cleveringa et al. [74] for the single crystal undending.

(@)

(b)

Figure 3.8.Dislocation distribution results at= 0.0175. (a) Boundary element results.(b) Finite
element results [74]. The gray circles are FrankeRsurces, (+) are positive dislocations and
(-) are negative dislocations.
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3.5.2. Polycrystal under Pure Shearing
The model used in this paper is similar to the shelied in Balint et al. [75]. A square
polycrystal of size 10x10 pfhis composed ofi square grains in each direction. The grains are
arranged analogously to a checkerboard; the adjapams have slip systems with different
orientations (Fig. 3.9). Each grain has only onp slstem with slip planes oriented either
horizontally or vertically. Density of the Frank-&& sources is taken to peg. = 20 urt. In
order to prevent separation of a new born dipolevéen two adjacent grains, the distance
between sources and the grain boundaries is dat targer than the radius of the nucleation
zone, 0.5, Transmission of dislocations through the graiarutaries is not allowed. Obstacles
with a prefixed densitpops = 40 un¥ are randomly distributed along the different gllpnes.
These obstacles are treated as fixed points. Aaibn cannot surpass the point obstacle unless
the Peach-Koehler force on the dislocation excHeglsbstacle strength which is taken to be 150
MPa.

The polycrystal is subjected to pure shearing, guiigsd through the gradient displacement
boundary conditions (Fig. 3.9). The prescribed sk#ain is increased at the rate= 2000 s™1.

Polycrystals with two different grain sizes= 2.5 um andl = 0.5 pm, are simulated. The work
conjugate shear stress definedwas Ll—zgiti u; ds , is plotted against the shear strain for the two

simulated cases and compared with the finite eléme=ults obtained in Balint et al. [74] (Fig.
3.10). For the grain siz#= 2.5 um, the boundary element results have slsoftar response of
the polycrystal than the finite element resultswideer, the results from both methods are
qualitatively very similar to a big extent. For tgein sized = 0.5 um, the two methods have

provided very close results.
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Figure 3.9.Sketch of the checkerboard like polycrystal undeeshearing.
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Figure 3.10.Comparison of the boundary element results witHitiie2 element results in Balint
et al. [75] for the polycrystal under pure shearing
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3.6. Conclusion

The boundary integral equations derived in Chaptare extended to take into consideration
singular fields due to dislocations in finite bagli€ombined with discrete dislocation dynamics,
the formulation provides a direct approach to soh@soscopic plasticity problems in a finite

body with many discrete dislocations, without tise wf superposition method proposed by Van
der Giessen and Needleman [70]. Two such exampéesimulated: the plastic behavior of a

crystal under pure bending and that of a polyctystaler pure shearing. The results are very
close to the finite element results in Cleveringale [74] and Balint et al. [75]. Due to the

inherent mathematical structure of the boundarsneld method, it provides a smoother internal
stress field than the one calculated by the figkement method, which usually generates
artificial non-smooth stress field at the boundaref neighboring elements. It is worth

mentioning that the calculation cost in these satiohs is low. For example, the first problem

about the bending of single crystal can be solweal time period that ranges from two hours for
the coarse mesh up to 6 hours for the fine mesh,regular Dell Precision Computer without

any upgrade.

59



CHAPTER 4

MULTI-ASPERITIESCONTACT WITHOUT BULK SOURCES

4.1. Introduction
A main interest of this dissertation is the mictaustural deformation of rough surfaces. We do
not consider only the contact of single asperitiesthe contact of many asperities focusing on
how the different parts of the surface interacthwetach other and the factors that drive the
pattern formation. We propose a Multi-Asperitiesd®loto capture the complexity of the multi-
scale nature of rough surfaces under contact. i; dhapter, the proposed Multi-Asperities
model is described and the boundary value probkersolved using the discrete dislocation
approach described in Chapter 3. Only nucleationdisfocations from surface-steps is
considered in this chapter. Effect of bulk sourceshe microstructure deformation and pattern
formation underneath the surface is presented @pt@n 5. The results obtained are presented
and discussed. Finally, further improvements ofrtioelel are proposed.

In the proposed Multi-Asperities model, the rougyhrface of a material is idealized by a
periodic array of asperities of rectangular shapas. model is illustrated in Fig. 4.1, wherés
the height of the asperitpSis the width of the asperity andis the period of the rough surface.
The main difference between the proposed Multi-Aisps model and the Unit-Step model
described in Chapter 1 is that the interaction betwadjacent asperities is considered. The
collective effect of an array of contacts when cdeed has important consequences such as

neighboring hardening, i.e., when dislocations gaieel under different asperities interact.
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Another important feature that differentiates owdal from the theoretical Unit-Step model is

that our model is capable of dealing with a largmhber of dislocations.

R
Rigid Indenter

] | l : | l : | l

t 1
1]

"
%

-
L

w

Figure 4.1.A Semi infinite crystal with a rough surface indeshby a rigid flat indenter.

4.2. Description of the Boundary Value Problem

The problem to be studied is a semi-infinite singlgstal in the horizontal direction with a rough
surface under indentation. The problem can be egtita a finite one by considering the domain
as a set of an infinite number of unit cells oesw x h, where periodic boundary conditions are
imposed on the two opposite sides of the unit ddlus, a dislocation that leaves the unit cell
from a side is inserted back from the opposite.sithe material is assumed to be initially free of
defects of any kind. Plastic flow occurs in thestay as a result of the nucleation of edge

dislocations from the surface-steps and their matialong slip planes that emanate from the
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surface-steps as illustrated in Fig. 4.2. Each etigjecation is associated with a Burgers vector
of fixed magnitude and of direction parallel to thig plane along which it can glide. The

dislocation line direction is perpendicular to fllane of deformation.

4.2.1. Boundary Conditions

The contact conditions considered are those atadiless contact; thus, the indenter is free to
slide along the surface of contact where the shiass vanishes. There is no contact between
the indenter and the gap between adjacent asperitiee bottom surface of the unit cell is
assumed to be free to move in the lateral diredbainis fixed in the longitudinal direction. No
lateral displacement is assumed along the two sifidee simulation cell. Also, there is no shear
stress along the two sides. The governing integgalation used to solve the boundary value
problem is given in terms of the displacement gratlvectordu/ds and the traction vectdr

Thus, the boundary conditions are

t,=00u,/0s=0; 0<x<w andy= 0. (4.1)
t,=t,=0; x=(wx AS)/2 andh<y<h+¢ (4.2)
t,=00cu,/0s=0;x=0o0rx=wandd<y<h (4.3)
t,=t,=0; 0<x<wandy=h (4.4)

The loading condition along the contact surfacanmposed by prescribing the normal
displacement under the contact in an incrementalhera This can be achieved by satisfying the

following equation,
€ ou .
[—Lds=—Judt (4.5)
A OS

where the prescribed displacement rafés taken to bet = 4 x 10* um/s.
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The unit cell is free to move horizontally. Thenefothe periodic boundary conditions on the

sides of the unit are imposed with the followingiatpns,

2 ou
[—xds+V =0 (4.6a)
s OS
B ou
[—2ds=0 (4.6b)
5 0S

The constanV is determined by assuming that the resultant bot& forces acting on any

of the two sides of the cell vanish. This is sa&isby requiring that,

1 B
Ejtx(w, y)dy=0 (4.7)

A5

W
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L 4

W

Figure 4.2 Simulated unit cell including dislocations glidiatpng different slip planes whewne
is the width of the unit celASis the width of the asperity.
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4.2.2. Governing Equations and Constitutive Rules

The calculations are carried out using the plamairsttwo-dimensional discrete dislocation
plasticity method developed in Chapter 3. The bamndsalue problem is solved using the
isotropic forms of the numerical schemes develdpedhe weakly singular boundary integral
equation (Eqg. (2.18b)) with the corresponding exéran (Eq. (3.10b)). Similarly, the internal
stress field is calculated using the isotropic feroh the numerical schemes developed for Egs.
(2.12) with their associated extra terms given gg.K3.11).

Nucleation of dislocation from bulk sources is atbwed. The Rice-Thomson criterion [52]
is used to model dislocation nucleation from siwefateps. If the driving force on a dislocation at
a distance from the surface step is greater than the Pdmnte, the dislocation is emitted. The
distancey and its corresponding Peierls fofg@re determined by atomistic simulations in Yu et
al. [47]. The parameter characterizes the size of the dislocation emisgrocess zone near the
step. The dislocation glides only if the drivingrde overcomes the Peierls force. Once a
dislocation is nucleated from a surface step, thg&s vector is accommodated by the surface
step, which is accounted for by means of an app@prmage dislocation above the surface.
Thus, the strength of a surface step dislocatiamcgodepends on the number of dislocations it
has generated. This step-height dependency iscoouated for in our calculations. Dislocation
glide is controlled by the Peach-Koehler force. dntwo dimensional domain, the glide

component of the'kdislocation is written explicitly as,
b .
fre= 7" [(Oxx — Tyy) Sin 26), —20,, cos 26, ] (4.8)

wheref is the slip plane angle ang is the magnitude of the Burgers vector. Given that

glide component is bigger than the Peierls force glide velocityis calculated as,
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v = (f — brtpsign(fy))/B (4.9)

wherer, is the Peierls stress aBds the drag coefficient. Displacement of the dialoon along
the slip plane is determined through the expliciteE integration techniquey = vi 4t. The time
step is taken to bdt = 0.005 ns.

4.2.3. Geometry and Material Properties

The heighth of the unit cell and the step heighare fixed, respectively, ds= 50 um and =
0.02 um. The simulations are carried out for vagiaidths of the unit cell and various ratios of
the asperity width to the unit cell widtAS/w The material is elastically isotropic where the
shear’s modulug = 183e3MPa and the Poisson’s ratio= 0.43. The magnitude of the Burgers
vector is equal to the lattice constant of Gbld 4.08 A°. The size of the nucleation process
zone and the corresponding Peierls force are tedsgectively ag = S andfy/ub= 0.001. The
drag coefficient is taken &=10" Pa.s.

4.3. Smulation Results

Let us note first that a quantitative comparisotwieen the results discussed in this chapter and
the results obtained in [47,54] is not possibleisTid due to the following reasons. They have
used continuum formulations; adhesion energy wasidered and finally the contact conditions
they simulated are those of a perfectly stickingtact. However, a qualitative comparison is
provided in the rest of this chapter in addition tte new phenomenon revealed by our
simulations. The surface-steps are differentiatethkir locations at the right corner or the left
corner of the asperity and the slip planes emanfated the surface-steps are differentiated by

their inclination angled with respect to thg axis.
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4.3.1. |solated Single Steps

We start our analysis by studying the dislocatiehdvior underneath the contact area in the case
of an isolated single step (see Fig. 4.3). To e@late the effect of the periodic boundary
conditions, the width of the unit cell is takenb® large enoughy = 50 um. Also, the size of the
asperity is set to bAS= 10 um so the interaction between dislocatiordeaated form opposite
steps is negligible. Only nucleation from the kftface step is allowed and hence the nucleation
source at the right corner is suppressed. Thrderelift cases are considered: (1) only the slip
plane atf = -31/4 is activated, (2) only the slip planeét /4 is activated, (3) both of these
slip planes are activated. For the first two ca#ies,equilibrium positiond/b, of the first few
nucleated dislocations are plotted against the rpesssureP,, in Figs. 4.4(a) and (b), where

_ 1 (weAS)/2 O-yy(x! h+ &) i

" AS(W—AS)/Z H

(4.10)

i i

YYY VY YY VYOYY
e ) 5

Figure 4.3.A schematidllustration of a rough surface with isolated sudgasteps.
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A comparison between the curves in Fig. 4.4(a) thedcurves in Fig. 4.4(b) show that the
slip plane at? = -3n/4 yieldsat a lower mean contact pressure than the slip plafe=a-n/4.
However, as the mean contact pressure increassscations nucleated along the right slip
plane ¢ = -w/4) moves easily towards the bulk while dislocasionucleated along the left slip
plane ¢ = -37/4) stay close to the surface step from which theyewricleated. This different
behavior of dislocations nucleated from surfac@ste called dislocation segregation into pro-
load and anti-load types. This is due to the apgpi@mote load. Dislocation segregation was

observed in the Unit-Step model developed by Yal.g#7].

(a)
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Figure 4.4 Normalized mean contact pressuPg/l, versus dislocation distance to the surface
stepl/b. (a) for dislocations moving along the slip platé = -n/4, (b) for dislocations moving
along the slip plane &t= -3r/4.
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In Fig. 4.5, the number of dislocations nucleatksh@ the slip planes @&t = -3t/4 andd = -

n/4 is plotted against the mean contact presdayge,for the cases when each slip plane is
activated separately and when the two slip planesaetivated at the same time. As shown in
Fig. 4.5, for the cases when each slip plane isatet] separately, it is easier to nucleate ttss fir
few dislocation along the slip planetat -31/4 than along the slip plane @t -w/4. However as
the number of nucleated dislocations increasdsedbmes a lot easier to nucleate dislocations
along the slip plane & = -n/4. This is due to the fact that the dislocationsl@ated along the
slip plane at) = -3n/4 are of the anti-load type and thus they pileunperneath the surface
making it difficult for subsequent anti-load diskdions to nucleate from the surface-steps. When
the two slip planes are active at the same tingentban pressure required to nucleate subsequent
dislocations along either of the two slip planediepped. This phenomenon is called latent
softening. The same phenomenon was observed ireGdo[55].

Furthermore, while the drop in the mean pressuréhi® plane aé = -31/4 is constant, the
drop in the mean pressure for the slip plange=atn/4 increases with the number of dislocations.
It is worth noting that the number of pro-load disdtions is still larger than the number of anti-
load dislocations and this due to the fact that-laatl dislocations pile up close to the surface
and thus generate a large back stress that supprées anti-load source. Therefore, dislocation
segregation observed in the case of individual @imes still hold when the two slip planes are
activated together.

A final note is that there is no change in the maamtact pressure required for the nucleation
of the first dislocation along the slip left plarhis is because the Rice-Thomson model does

not take into consideration the instability alohg slip planes before a dislocation is nucleated.
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3n/4 on each of them separately.

4.3.2. Effect of Didlocations Pile-up near the Surface

The dislocation structure underneath the surfacetla@ distribution of the lateral stresg are
plotted respectively in Figs. 4.6(a) and (b) fog tase when the two slip planes are activated at
the left corner of the asperity. Obviously, white fpro-load dislocations move away towards the
bulk, anti-load dislocations dominate a thin layer undath the free surface. This leads to the
formation of a tensile layer underneath the surkeshown in Fig. 4.6(b). This tensile layer can

cause surface cracking and sub-surface crack groftiin-layer delamination [76].
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Figure 4.6.Simulation results for the isolated surface-stapOislocation structure; the height
of the surface-step is magnified, (b) distributairthe lateral stress.

4.3.3. Asperity Size Effect

The size effect on dislocation nucleation from acefsteps is checked by changing the width of
the asperityASand the width of the unit celN while fixing the ratio of the asperity width toeth
unit cell width atAS/w= 1/9. As shown in Fig. 4.7, the mean contact saresP,, required to
nucleate dislocations from the surface-steps dsegeas the size increases. Thus, it is difficult to
flatten asperities as the size decreases. Thidromnprevious results obtained using discrete
dislocation plasticity [40] and continuum plastycif22,23] that nano-size asperities deform

elastically.
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Figure 4.7 .Effect of the asperity size on dislocation nucleafirom surface-steps.

The dislocation segregation phenomenon observiéeinase of isolated steps is investigated
further for the case of asperities of finite sizes, a case where the surface-steps are close to
each other. A unit cell model of widtlh = 50 um and an asperity of si2S = 10 um is
considered. Dislocations network and distributibthe lateral stressyx underneath the asperity
are plotted respectively in Figs. 4.8(a) and (3. shown in Fig. 4.8(a), anti-load dislocations
pile up close to the asperity while pro-load dislitans move away towards the bulk of the
material. The contour plot in Fig. 4.8(b) shows tlevelopment of high tensile spots at both
corners of the asperity. Therefore, for asperibédarge sizes, dislocations exhibit similar
behavior as in the case of isolated surface-stiyas,is, dislocations segregate into pro-load

dislocations and anti-load dislocations.
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To study the effect of the width of the asperitytba dislocation behavior, the width of the
asperity is changed form 5 pum down to 0.44 um. Smats of dislocation structure underneath
the surface are plotted in Figs. 4.9(a-d) at tlstaimt when 100 dislocations have been generated.
As the size of the asperity decreases, the numbanteload dislocations increases and the
leading anti-load dislocation tailgate the leadprg-load dislocation. This can be explained as
follows. The distance between the parallel slimpiaemanated from the opposite corners of the
asperity is proportional to the width of the asperiTherefore, as the size of the asperity

decreases, the back stress due to the pile-upeddrtti-load dislocations underneath the surface
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is reduced by the compressive stresses generatételyro-load dislocations nucleated at the
opposite corner and; thus, nucleation of anti-ldetbcations is facilitated. This is similar to the
latent softening phenomenon discussed in Secti@ril, 4where slip planes emanated from
isolated surface-steps facilitate nucleation ofsggjent dislocations when both slip planes are
activated. Furthermore, these pro-load dislocatitoren dipoles with anti-load dislocations
nucleated from the opposite corner and move togdtheards the bulk. Therefore, we can
differentiate between two phenomena: for asperiiekarge sizes, dislocations segregate into
pro-load dislocations and anti-load dislocationst bBs the size of the asperity decreases,
dislocations generated along parallel slip plamesifdislocation dipoles that glide away of the
surface.

In Figs. 4.10(a-d), distribution of the lateralestsoy, underneath the asperity is plotted for
the asperities of different widths. As shown, igd4.10(a) and (b), asperities of large sizes
develop high tensile spots at the corners of therages while the stresses under the free surface
are compressive. This is due to the pile-up ofathi-load dislocations under the free surface as
shown in Figs. 4.9(a) and (b). However, as the sfzbe asperity decreases, these tensile spots
vanish and the stress in the vicinity of the as@ariis compressive (Figs. 4.10(c) and (d)).
Furthermore, for the asperities of small sizeshhigmpressive stresses are developed inside
shear bands that emanate from the surface. These Bands are due to the dipolar bands that
are formed by the anti-load and pro-load dislocetioucleated from the opposite corners of the
asperity. Thus, materials are pushed from the seifawards the bulk within those shear bands

leading to the high compressive stresses.
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4.3.4. Asperity Spacing Effect

The mean contact pressul, required to nucleate the first dislocation frdme surface step is
plotted against the unit cell width in Fig. 4.11Ivd effects have been observed. First, for widely
spaced asperities, the slip plane$ at -31/4 yield before the slip planes @t= /4 but as the
asperities become closer, the yielding order flifecond, the mean pressure required to yield the
slip plane ab = -31/4 is inversely proportional to the asperity spgaivhile the mean pressure
required to yield the slip plane @t -w/4 is proportional to the asperity spacing. In Hid.2, the
mean contact pressure is plotted against the nuwfbdislocations for several unit cells with
widths that vary fronw = 6 pm tow = 2 um. For the unit cells of widtiv = 2 pm,w = 3 pm
andw = 4 um, it is easier to nucleate the first few-jmad dislocations than the anti-load
dislocations. However, nucleation of subsequenti@ad dislocations requires considerable
increase in the mean contact pressure and thisegempted by the jumps in the mean contact
pressure curves that correspond to the case® pm,w = 3 um andv = 4 um. This hardening
behavior is due to the interaction among the paatlaislocations nucleated from adjacent
asperities. In contrast, for the widely spaced asge casew = 6 um, where it is easier to
nucleate the first anti-load dislocation, subsegudislocations are nucleated without a
significant increase in the mean pressure. Thislue to the latent softening phenomenon
discussed above. We conclude that when the aggebécome closer to each other, it becomes
easier to flatten asperities of moderate heightsvluy difficult to flatten asperities of large

heights.
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4.3.5. Ratio Effect
As discussed above, dislocation nucleation fromfasersteps and dislocation behavior
underneath the contact area are controlled by thengmena. These phenomena are latent
softening and neighboring hardening, where the éordepends on the size of the asperity and
the latter depends on the asperity spacing. Ins#etion, we investigate the competition between
the two phenomena.

Consider an asperity of si25= 0.44 pm and two unit cell of widthe= 4 pum AS/w= 1/9)
andw = 2 um AS/w= 2/9). Dislocation structures are plotted regpebt in Figs. 4.13(a) and
4.13(b). Dipolar bands are observed in both figuféss is because the asperity spacing | slarge

enough and the asperity width is small so the tateftening phenomenon prevails.

(@) (b)
30 g
- ¥
49 f=
- 4 5
E | A » )
E: ;‘} ¥, * E
= Y ., =
ky “
43 W
|~ y - 4
s SR RS NRENE NEEE NN e FER NN RN NEEEE RN
0 1 2 3 4 0 0.5 1 1.5 z
x () x ()

Figure 4.13.Dislocationstructure underneath the surface for an asperigizefAS= 0.44 um
and width to spacing ratio: (&S/w= 1/9, (b)AS/w= 2/9.
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Now, let’'s change the size of the asperityA®= 1 um. Dislocation structures are plotted
respectively in Fig. 4.14(a) and (b) for the twatwells of widthsw = 4 um andv = 2 um.
Dipolar bands are observed only for the unit célivadth w = 4 pm andAS/w =1/4. This is
because the dipole strength is inversely propaatiom the distance between the slip planes and
as the size of the asperity increases, this distarmreases and therefore dipoles become weaker

and cannot overcome the neighboring hardening teffébus, the neighboring hardening

phenomenon prevails when the asperity spacing appes the width of the asperity.
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Figure 4.14.Dislocationstructure underneath the surface for an asperigizefAS= 1 um and
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Therefore, the ratio of the size of the asperityhi® distance between adjacent asperities is
very crucial in determining the dislocation behawioderneath the surface. Thus, we conclude
that dislocation behavior is determined by two oluithe following three factors: width of the
asperity AS, width of the unit cell\), and ratio of the width of the unit cell to thédti of the
asperity AS/w.

4.4. Further Remarkson the Model

First, dislocation nucleation from surface-stepassessed by the Rice-Thomson criterion which
is based on the stress state at the stress caab@mtrOnce the Peach-Koehler force on a
fictional dislocation at a distancg from the surface step exceeds the Peierls stthss,
dislocation is nucleated. Thus, the model criticdiépends on the stress state at the surface-steps
which can suddenly change once a new dislocatidsoia. Thus, slip plane instability is not
taken into consideration before the dislocatiomugleated. Furthermore, the Rice-Thomson
model does not consider the three-dimensional eatbiembryo dislocation [52]. The observed
latent softening phenomenon critically dependshenrtucleation model adopted and therefore
this scenario may change if a different nucleatiaoterion is adopted .To the knowledge of the
authors, there is no consensus on the dislocatiofeation from the surface in the literature.
However, a continuum cohesive zone model can bdogmn to capture more details of the
dislocation nucleation process [77].

Second, dislocations segregation is due to the teeiayoplied load. Therefore, changing the
dislocation nucleation criterion is not expectedhange this scenario. However, in this chapter
only nucleation from surface-steps is allowed amastby considering bulk yield some of the

phenomena discussed in this chapter may not hold.
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4.5. Conclusion

A Multi-Asperities model has been introduced tadstdislocation behavior near rough surfaces
under contact loading. Periodic boundary conditiares adopted to take into consideration the
effect of adjacent asperities. Simulations wereiedrout using the new boundary element
approach presented in Chapter 3.

The main conclusions are:

e The size effect is clear in the simulation resulg smaller being the harder. Moreover,
dislocations nucleated under the indented asperéjigead out to reach neighboring asperities
and interact with the dislocations nucleated fromighboring asperities. This observation
contradicts the continuum plasticity results tHaspc deformation is confined to the area under
the asperities that have yielded.

e For the case of asperities of large sizes, dislogsisegregate into pro-load type and anti-
load type near the surface. Pile-up of the anuHdsslocations underneath the contact area
results in the development of high tensile spoth@iasperities edges.

e For the case of widely spaced and relatively samstlerities, dislocations nucleated from
opposite corners of an asperity form dipolar batidd propagate towards the material bulk.
These dipolar bands accommodate high compressigsses. Surface Materials are squeezed

within these shear bands.

81



CHAPTER 5

EFFECT OF BULK YIELD ON SURFACE MICROPLATICITY

5.1. Introduction

In Chapter 4, discrete dislocation analysis of toagrfaces under contact loading is conducted.
We assumed that the material bulk is free of defedtere plastic deformation is due to the
homogenous nucleation of dislocations from surfste@s. Given that the size of the asperity is
big enough, high tensile spots were observed aedges of the asperity; this is due mainly to
the pile up of the anti-load dislocations underhahe free surface. These tensile high spots may
lead to surface crack nucleation associated witlangieation wear. Rough surfaces with
asperities of small widths and that are spacedlwiel®ough exhibit shear band deformation that
emanates from the asperity and propagates towarddlk. Similar deformation pattern was

observed in an impact experiment on an MgO sing/stal (see Fig. 5.1) [48].

Figure 5.1.Dislocation etch pits of bands emanating from sigfasperities of an MgO single
crystal under contact [48].
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5.2. Boundary Value Problem

In this chapter, discrete dislocation calculati@ne carried out for the Multi-Asperities model
under contact loading taking into consideration yiedd of bulk material. Thus bulk sources
such as Frank-Read sources are introduced. Hersfudg the effect of dislocations nucleated
from bulk sources on dislocation structure andsstidistribution underneath the contact area for
asperities of different sizes and different spaci@gnk-Read sources are distributed randomly
along predefined slip planes with orientatiofls: -n/4, -3t/4 and 0 rad (Fig. 5.2). Dislocation
nucleation from Frank-Read sources is modeled girothe constitutive rule discussed in
Section 3.4. If two dislocations of opposite Bugyeectors get closer thab & each other, they
are annihilated and taken out of the simulationsleks noted otherwise, the density of the
Frank-Read sources is fixed to pg. = 30 unt. The strength of Frank-Read sources and the
nucleation time are fixed to be respectivgly= 183 MPa andl,, = 10 ns. Distance between slip
planes is fixed to be 200 The time step is fixed agt = 0.05 ns, which is small enough
compared to the nucleation time to make sure theakeation events are not missed. Similar to
Chapter 4, the Rice-Thomson model is used to asaedeation of dislocations from surface-
steps, i.e., from opposite corners of an aspefite formulations derived in Chapters 2 and 3
assume small strain deformations; therefore, ewmwlubf the surface roughness due to
dislocation annihilation at the surface or dislamatnucleation from surface-steps is not
considered. Moreover, surface evolution requiresieshing of the boundary where very small
elements have to be structured around the newbtenlesurface-steps that are of small heights
which make the problem computationally very expeasi herefore, dislocations nucleated from
bulk sources that glide towards the free surfaeeaanihilated and taken out of the simulations.

However, bulk dislocations that reach the contaea are pinned at a distance &ffeom the
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area under contact. The single crystal is takdretelastically isotropic, with a shear modulus
= 183 GPa and a Poisson ratie 0.43. A Burgers vector of magnitude= 0.4 nm is used in the

calculations.
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Figure 5.2.Unit cell model with Frank-Read sources distribuamhg slip planes inclined at an
angled form thex axis.

As in Chapter 4, a displacement controlled loadwigh an indentation raté = 4 X

10* um/s is applied along the width of the asperiy§ where frictionless conditions are
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assumed. The effect of neighboring asperitiesksrtanto consideration by applying periodic
boundary conditions along the opposite sides ofuhi¢ cell. See Egs. (4.1-7) for a detailed
description of the boundary conditions.

5.3. Simulation Results

Discrete dislocation simulations are carried orgtffor a planar-symmetric single crystal with
slip systems oriented at angkes -n/4 andd = -3rn/4 from thex axis. Then a slip system parallel
to thex axis is added.

5.3.1. A Crystal with Two Slip Systems

In this section, deformation pattern is investigdia the case when bulk sources are present. To
establish a connection with the results in Chagtex unit cell with geometric properties € 4

pm andAS = 0.44 um) is simulated with and without bulk s@s.cFor the case where bulk
sources are present, Frank-Read sources are disttitandomly along the slip planegat -n/4
and § = -3n/4. In Fig. 5.3, contour plots of the lateral ssreg, is plotted along with the
dislocation structure for the two cases at an itaten depthu = 0.062 um. For the case where
nucleation is allowed only from surface-steps (Big(a)), two dipolar bands that accommodate
high compressive stresses emanate from the asperitgrs. Similarly, for the case where bulk
sources are activated (Fig. 5.3(b)), two shear ®atil emanate from the asperity. These shear
bands are populated with dislocations that areeatiet! from bulk sources and glide on slip
planes perpendicular to the shear bands. Thesecdigns glide towards the free surface and
change the surface profile. It is worth noting thadten bulk sources are activated, there are
tensile layers under the free surface which arégbgrdue to the elastic deformation. However,
when only surface sources are activated, stressder ithe free surface are predominately

compressive.
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(u=0.062 um) for the case & 4 um andAS= 0.44 um) where nucleation is allowed from: (a)
only corners of the asperity, (b) both Frank-Reaufees and corners of the asperity.

Let's now look at the case of closely spaced as8esriv = 2 umand AS= 0.44 um).
Simulation results ai = 0.1 um in Figs. 5.4(a) and (b) reveal two sheards emanated from the
surface, whether bulk sources are activated orthmivever, in the case where bulk sources are
activated, well structured dipolar bands are nateobed. This is again due to dislocations
nucleated from Frand-Read sources that glide tawérd free surface in the vicinity of the

asperity and block the dislocations nucleated ftioencorners of the asperity.

86



() (b)
o [N N -+ BN

A 00E-02 -2 50E-02 -A02E-02 1.50E-02 -6 00E-02 -2 50E-02 -4 02E-03 1. 50E-02
a0 a0

40 5 48.3

49 49
et g
= i
485 485
42 43
473 47.3
0 0.3 1 1.5 2
% ([m) % (um)

Figure 5.4.Distribution of the lateral stresgx and dislocation structure at the indentation depth
(u=10.1 um) for the casav(= 2 um andAS= 0.44 um) where nucleation is allowed from, (a)
only corners of the asperity, (b) both Frank-Reautses and corners of the asperity.

One common observation between the widely closqubraes and the closely spaced
asperities is that the zone under the contact iar@@mpulated by both anti-load and pro-load
dislocations, which explains why tensile spotshat ¢dges of the asperities are not observed
whether dipolar bands are formed or not. It is ingrat to mention that the compressive stresses

in the shear bands are more significant in the wdw only surface sources are activated.
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The results presented above are at a moderatetatidendepth where only very few Frank-
Read sources near the contact area are activatélie rest of this section, results are presented
at the indentation deptlh= 0.16 um, which is large enough so that FrankdRsmaurces away
from the surface are activated and therefore bugkdyoccurs. Contour plots of the lateral
stressesyy for the two unit cellsAS/ w= 0.44/2) andAS/ w= 0.44/4) at an indentation depth
= 0.16 um are plotted in Fig. 5.5. At this indeittatdepth, the shear bands are still observed for
both of the unit cells. However, the shear bandbtencase of widely spaced aspenty=4 pum)
are more considerable and propagate deep in theibabntrast to the closely spaced asperity
(w =2 um) where the shear bands stay closer to tii@csu This is because for closely spaced
asperities, shear bands emanated from the suriguerity are blocked by the shear bands
emanated from neighboring asperities.

We also looked at the effect of the ratio of theeagy width to the unit cell widtAS/w For
the unit cell of widthw = 4 pm, the ratio is varied from 1/9 to 1/3. Camtplot of the lateral
stress in Fig. 5.5(c) shows that for the high rati3, two shear bands still emanate from the
surface asperity and propagate towards the buliweder, compressive stresses within the band-
like regions are less significant than in the aafsthe small contact to space rati&/w= 1/9.

We conclude that for a crystal with two symmetiip planes a¥) = -n/4 and -3n/4, shear
bands emanate from the asperity under contactrigaahd propagate towards the material bulk
regardless of the yield condition of the bulk miaierThese shear bands accommodate large
compressive stresses due to the material insertiotieese band-like regions. However, as the
size of the asperity approaches the distance batwerghboring asperities, these shear bands
become less prominent and deformation is morethia of plain strain compression. Similar

behavior was observed in Chapter 4 when only serdacrces are activated.
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5.3.2. A Crystal with Three Slip Systems

5.3.2.1. Deformation Pattern

Here, we study dislocation interaction and deforomapattern when all of the three slip systems
are active. Frank-Read sources are now distribaltaaly the three slip systens= -n/4, -3u/4
and 0 rad. We conduct a series of simulations foniacell of widthw = 8 um with a surface
asperity of different sizes. The size of the aspasiranging fromAS= 0.44 um tAAS=4 um.

Let’s look first at the case of an asperity of sige= 0.44 umASw = 1/18. In Fig. 5.6(a),
dislocation structure down to a distance of 3 pwmfrthe surface is shown. Arrays of
dislocations with negative Burgers vector pile apthe central region on parallel slip planes
down to a distance of 1 um from the surface. Thgtles of these arrays range from 0.44 um to
1.2 um. On both sides of these arrays, there aeysaof dislocations with positive Burgers
vector. These arrays of dislocations play the oblebstacles to the dislocations nucleated in the
bulk and glide towards the surface, which may erplehy the zone underneath the surface is
not densely populated with dislocations.

From the above observations, we conclude thatyonger the asperity, materials are pushed
downward, i.e., sink in, while at the opposite sidéthe asperity, materials pile up. If we define
the amount of material pile-up as the differencevben the indentation depth and the maximum
displacement along the surface, we find that theuwsnof pile up is 0.118 um. Dislocations
nucleated along the inclined slip planes either entoxvards the bulk or form slip bands that
propagate towards the surface and can change tfecesuoughness. A close snapshot of the
dislocation structure within a zone of size 0.1 wmderneath the asperity (Fig. 5,6(b)) shows the
existence of both anti-load and pro-load dislocetiaanderneath the asperity. However, the

number of anti-load dislocations is almost doubkiumber of pro-load dislocations.
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Figure 5.6.(a) Dislocation structure underneath the indentethee for the cas&S/w= 0.44/8.
(b) Snapshot of the dislocation structure undemtred asperity.
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The size of the asperity is changedA®= 0.88 um while the unit cell width is kept fixeal
w = 8 um. Dislocation structure to a distance of3 fuom the surface is plotted in Fig. 5.7(a).
Similar to the case abovA%/w= 0.44/8), we still observe arrays of dislocatieng horizontal
Burgers vector along parallel slip planes. Howeuwbese arrays are less populated with
dislocations and more spread out than in the pusveaseAS/w= 0.44/8). Moreover, there are
on both sides of the asperity slip bands that setetrthe free surface. This leads to the formation
of surface-steps and therefore changes the momoliothe surface. The number and length of
these slip bands are more significant than in t#ee avherédS/w= 1/18. A close inspection of
the dislocation structure underneath the aspéfity. 6.7(b)) shows that the so called anti-load
and pro-load dislocations nucleated from the agpedrners exhibit similar behavior as in the
case discussed abowkS/w= 0.44/8). However, the area between the cornfetiseoasperity is
populated with parallel arrays of dislocations @ggating from the bulk material and piling up
underneath the contact which may cause some hagibehavior.

Now let’s look at the case where the distance batvaaljacent asperities is equal to the size
of the asperity, i.eAS/w= 4/8. From Fig. 5.8, we observe that dislocatiaresmore spread out
throughout the width of the unit cell. Comparedhe widely spaced cas@&%/w= 0.44/8), we
notice two main differences. First, we do not obsgrarallel arrays of pile-up dislocations in the
central zone and this can be due to the big sizihefoaded zone which makes it easier for
dislocations along parallel slip planes to formadgs and move together. The height of the pile-
up material is equal to 0.0568 pum, almost halheftieight of the material pile-up for the case of
AS/w= 0.44/8. Second, the zone under the asperitgrisely populated with dislocations gliding
form the bulk towards the contact area. This cbatas partially to the difference between the

size of the pile-up of widely spaced asperity alodaly spaced asperity.
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Figure 5.7.(a) Dislocation structure underneath the indentethse for the cas&S/w= 0.88/8.
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(b) Snapshot of the dislocation structure undemtred asperity.
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Figure 5.8.Dislocation structure underneath the indented sarfar the casAS/w= 4/8.

5.3.2.2. Internal Stress

In this section, distribution of the lateral stess,,is analyzed and its connection to the asperity
size and spacing is investigated. To establish mmaxtion between dislocation structure and
stress distribution, contour plots of the latete¢ss is plotted for the unit cell of width= 8 um
with an asperity of sizAS= 0.44 um. Fig. 5.9(a) shows a compressive zaaestrans the width

of the unit cell; however, in the central zone unéath the asperity there are high compressive
stresses followed by tensile spots. These tenpi¢sscorrespond to the arrays of dislocations
that pile-up in the central zone underneath thaéamdnThe period of the surface roughness is
changed now tav = 4 um. In Fig. 5.9(b), a contour plot of the fatestressocy under the

indented surface is shown. In contrast to the pres/case v = 8, AS= 0.44), compressive shear
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stresses are more concentrated in a shear bandniaaiates from the surface while the tensile

spots are distributed throughout the width of tle# down to a distance of 2 um from the

surface.
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Figure 5.9.Distribution of the lateral stress at the indewtatilepth ¢ = 0.16 um) for the cases:
(a) AS/w= 0.44/8, and (bAS/w= 0.44/4.
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The unit cell width is changed now vo= 2 um while the asperity size is still setA8 =
0.44 pum. Contour plot of the lateral stress, phbtin Fig. 5.10, shows islands of compressive
and tensile stresses down to a distance of 1 um fhe surface below which the stresses are
predominately compressive. It is worth noting thmatll of the cases presented, there are no

tensile spots in the vicinity of the asperity came
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Figure 5.10 Distribution of the lateral stress at the indeatatiepth ¢ = 0.16 pum) for the case:
AS/w= 0.44/2.
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Now let’s check the case when the distance betadgtent asperities is equal to the size of
the asperityAS/w= 1/2. Two unit cells are considered,= 8 um andv = 4 pum. High tensile
stresses are developed under the free surface ofitr ¢tases. Here, the bulk material has
undergone a much larger bulk compressions thameicases where the ratio of the contact to the

unit cell width is small, e.gAS/w=1/9.
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Figure 5.11 Distribution of the lateral stress at the indeatatiiepth ¢ = 0.16 pum) for the cases:
(a) AS/w= 4/8, and (bAS/w= 2/4.
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In terms of internal stresses, we can differentizaveen two modes. For cases of small
asperity width to unit cell width raticAS/w there are tensile spots distributed within the
compressive zone under the indented surface. Tieasde spots become more localized at the
center of the cell as the ratio decreases,ASgv =0.44/8. However, when the ratio of the
asperity width to the unit cell width is large, eAS/w= 1/2, the stresses are predominately
compressive under the indented surface. In FigR,5slirface profiles for the two cases that
represent small and large ratios are illustrated.tke case of widely spaced asperities (AS/w =
1/18), materials are pushed from underneath therégpo pile up on the sides which cause the
formation of the tensile spots underneath the @gpétowever, for the case of closely spaced
asperitiesAS/w= 1/2), materials are squeezed down throughouttitecell which lead to the

predominately compressive zone under the indentddce.

40,08 °©  ASlw = 1/18 |
QR * AS/W = 1/ 2

y (um)

49.8- =

49.75- :
|

w (um)
Figure 5.12. Profile of the indented surface at an indentatieptidu = 0.16 pum for a unit cell of
width w = 8 pm and two ratios of the asperity width to tiné cell width.
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5.3.2.3. Effect of Size and Spacing on the Meant&xriPressure

In this section, the size effect is analyzed. important to note first that in discrete dislooati
plasticity, plastic flow is a result of nucleatiand motion of dislocations. Let’s first fix the it

of the asperity width to the unit cell width AS/w= 1/9. In Fig. 5.13, the mean contact pressure
Pmis plotted versus the indentation depttior several values oAS andw. As shown in Fig.
5.13, as the size decreases, a larger mean cnéasiure is required in order for the material to
yield. Thus, the Multi-Asperities model exhibitszai dependency, where smaller is harder.
Similar size effect was observed in Chapter 4 whanly nucleation from surface-steps is
allowed. That is rough surfaces under contact lupdio exhibit size effect, i.e., smaller is
harder, regardless of the yielding condition of thelk material. This is in contrast to
conventional plasticity that predicts a size indefent response.

Another observation from Fig. 5.13 is that for tese of a relatively larger sizA/w=
0.88/8), the mean contact pressure reaches a platean indentation depth much smaller than
the unit cell of widthw = 4 pum, while for the smallest unit cell (w = 2 uthe corresponding
mean contact pressure did not reach a platealdéantientation depth simulated. This is due to
the fact that the mean contact pressure reachkedeayp when the material bulk yields. Thus, we
conclude that for the indentation depth simulabedk materials of the two unit cells with widths
w =2 um andv = 4 um haven't yielded yet and the plastic zonstiis confined to the zone

underneath the surface.
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Figure 5.13 Effect of the size of the Multi-Asperities model the mean contact pressuRg,

To check the effect of the ratio of the asperitgtwito the unit cell width, the size of the unit
cell is fixed asw = 8 um while the asperity size ranges from 1.33tpr@.44 um. Simulation
results in Fig. 5.14 reveal that the mean conteesqure is inversely proportional to the size of
the asperity. This is due to the following. Fiess, the size of asperity decreases less bulk sources
are in the vicinity of the asperity where the stessare high and; therefore, fewer dislocations
are nucleated. Second, for the case of closelyespasperity dislocations move throughout the

unit cell as shown in Fig. 5.8 leading to the aation of more Bulk sources.
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Figure 5.14 Effect of the raticAS/won the mean contact presséxg

To gain further insights into the size effect, weeck the effect of the spacing between
adjacent asperitiew. The size of the asperity is taken toA8= 0.44 um whilew is ranging
from 8 um to 2 um. As shown in Fig. 5.15, the meamtact pressure required for the material to
yield increases with the spacing between adjacgmerdies. However, closely spaced asperity
(w = 2 um) shows hardening effect, which is due te thteraction between neighboring
asperities that hinders the plastic flow. It is thonoting that for the cases of widely spaced
asperitiesW = 4 um andv = 8 um), the mean contact pressure reaches the glateau at an
indentation deptln = 0.16 pm. We conclude that the mechanical beha¥ithe rough surface is
controlled not only by the size of the asperity bigo by the distance between neighboring

asperities.
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Figure 5.15 Effect of the unit cell widthwv, i.e., asperity spacing on the mean contact pressu
Pm.

5.3.2.4. Effect of Bulk Sources on Flattening opAsties

In this section, the effect of the yield of the pral bulk on the flattening of the asperity is
discussed. We consider an asperity of fixed 8i8e= 0.44 and a unit cell of width that ranges
from 8 pum to 2 um. Mean contact pressure requeautleate a dislocation from the surface-
steps is computed when only surface sources anatct and then when both surface and bulk
sources are activated. As shown in Fig. 5.16, fer tase when only surface sources are
activated, once the asperity yields there is naleea significant increase in the mean contact
pressure to nucleate subsequent dislocation. Bhdué to the latent softening phenomenon
discussed in Chapter 4. However, when bulk sousresactivated, mean contact pressure

102



required to nucleate dislocation from the asperdgners show hardening behavior. This is due
to the dislocation nucleated from the bulk sourted glide towards the contact area and block
the motion of the dislocation nucleated from thefaste sources which prevent nucleation of
subsequent dislocations. This hardening behavicorhes more significant in the case of widely

spaced asperities. This is due to the arrays adigons that pile up beneath the surface.

0.08 T T T T
w =8 pm; Bulk and Surface Sources
w =4 pm; Bulk and Surface Sources
w =2 um; Bulk and Surface Sources
007} —*— w =28 um; Only Surface Sources .
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—+— w =2 um; Only Surface Sources
0.06 .
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Figure 5.16 Mean Pressuré),, required to nucleate dislocations from surfaepsiversus
number of dislocations for an asperity of sige= 0.44 pm.
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5.4. Conclusion

In this chapter, discrete dislocation studies amied out for the Multi-Asperities model under
contact loading taking into consideration the yiefdboth material bulk and material surface.
Deformation patterns were analyzed for two singystals: one with two symmetric slip systems
and another with three slip systems. The followdngclusions are drawn:

e For the single crystal with symmetric slip systemdined at angle® = -n/4 andé = -
3n/4 from thex axis, materials are inserted within shear bands émanate from the surface
asperity and propagate towards the bulk. Thiswmslai to the case when only surface sources are
activated. However, the magnitude of compressixesses within the shear bands is higher in
the latter case.

e For the single crystal with symmetric slip systemdined at angle® = -n/4, 6 = -3n/4
andé = 0 from thex axis, two deformation modes are identified depegadin the ratio of the
asperity width to the asperity spacing. For smatiios, plastic deformation is localized in the
central zone of the unit cell where materials apgeszed vertically while on the opposite sides
of the asperities, materials pile up. Tensile spd¢velop within the compressive zone
underneath the asperity. These tensile spots beocoone prominent with the asperity spacing.
For large ratios, material bulk experiences plafaiis compression throughout the width of the
unit cell, where the amount of the material pileisapgmuch smaller than in the cases of large
ratios.

e In contrast to the case when only surface sources@ivated, no high tensile spots at
the corners of the asperity were observed. Howexgrmodel does not take into consideration
creation of surface-steps due to dislocation afatibn at the surface. These surface-steps may
become sources for dislocation nucleation andéafdistance between the neighboring steps is
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large enough, dislocation may segregate into pad-land anti-load dislocations leading to the
formation of the high tensile spots.
e In contrast to the continuum plasticity that isesindependent, our discrete dislocation

analysis predicts size dependency where smalleriter.
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CHAPTER 6

CONCLUSION

6.1. Research Summary

Almost all mechanical components fail first at theurfaces. Understanding mechanical
behavior of material surfaces is very crucial inigi|eg surface treatment techniques that can be
used to enhance the mechanical properties of ttiaceuand; therefore, of the overall material.
Surface treatment via severe plastic deformatiaones of these techniques that have been used
recently to enhance the properties of materialased. Materials treated via severe plastic
deformation have developed nanolayers underneatiutface. The driving mechanism behind
this phenomenon is dislocation interaction andgpattormation underneath the surface.

The main objective of this dissertation is to slsedne light on dislocation behavior and
dislocation pattern formation underneath rougham@$. For this purpose, we have developed a
boundary element technique that takes into coreider image forces due to dislocations in
finite bodies. We have developed a set of comphaiable boundary integral equations that can
be used to solve discrete dislocation boundaryevphoblems in a direct manner. We developed
numerical schemes that can be used to constru¢ar Isystem of equations. The linear system
of equations is solved for the unknown boundaryesl We also developed boundary integral
equations that can be used to calculate stressageatal domain points. The kernels of these
integral equations havel/f) singularity in contrast to the kernels of theegrals in the
conventional boundary element formulation that hgté?) singularity. Thus, the new

formulation eliminates the so called boundary lafézct.
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We have devised a simple geometrical model thalimks rough surfaces as an infinite
periodic array of asperities of rectangular shgpes Fig. 4.1). In conjunction with the boundary
element technique, a unit cell model is constructdée unit cell model takes into consideration
effect of neighboring asperities via periodic boanydconditions that are applied to the opposite
sides of the unit cell.

We have adopted two approaches. In the first apgprose only considered nucleation from
surface-steps. Simulations results revealed twoq@hnena depending on the asperity width and
spacing.

o If the width of the asperity is small enough, disibons nucleated from opposite corners
form dipolar bands and move together towards tlie Binus, material experiences shear
band-like deformation. These shear bands accommbiigtht compressive stresses.

e If the size of the asperity is large enough, diatmns segregate into pro-load and anti
load types. The anti-load dislocations pile up undath the surface causing high tensile
spots in the vicinity of the asperity under theefmirface. These tensile spots are much
localized and may cause wear of the material serfac

In the second approach, yield of both material batikd material surface is considered.
Dislocations nucleated from bulk sources that gtmleards the surface play a dual role. First,
they form slip bands that change the morphologghefsurface. Second, they accommodate the
contact loading and relieve the compressive stsedsd develop in form of shear bands when
only surface sources are activated. This is mayaifgtant for the case of large ratio of the
asperity width to the asperity spacing, where wgeoled materials pile up to the sides of the
asperity and materials sink in beneath the aspéfity. 5.12). Also, we did not observe tensile
spots underneath the surface when bulk sourcesctivated.

107



In terms of dislocation nucleation from surfacepstethe bulk dislocations block the motion

of the surface dislocations. Thus, dislocations leated from surface asperities pile up

underneath the surface which prevents nucleatiosubtequent dislocations from the surface

sources. Hence, surface asperities show harderhgvior in the case when bulk sources are

activated. Moreover, when the asperities are widglgced, plastic zone is more localized

beneath the surface and where dislocation derssikygh. This may be very important for the

severe plastic deformation technique that favagh kislocation density.

6.2. Concluding Remarks

As discussed in Chapter 4, the latent softeningh@menon observed in our simulations
depends mainly on the nucleation criterion. TheeRibomson criterion [52] adopted in
this dissertation to model dislocation nucleatioont surface-steps depends mainly on
the driving force at a distanegefrom the surface-step. However, there is no casen
that the Peach-Koehler force is the driving foreedislocation nucleation from surfaces
[78 ]. However, more details of the dislocation leation process may be captured by
adopting the Peierls-Nabarro model [79,80]. In tfenework of the Peierls-Nabarro
model, the solid is divided by the slip plane of thislocation into two half-space linear
elastic continua, which have a disregistry relatveeach other and are connected by a
nonlinear potential force. Thus, it incorporatesnat level processes into a continuum
framework. Rice [53] has proposed a more rigorowsiehin which the displacement
discontinuity along the slip plane is defined as itielastic displacement rather than the
total displacement between the two adjacent atdayiers long the slip plane. In this

model, the embryonic dislocation profile is chaesized as a distribution of interplanar
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inelastic displacements. Thus, in order to studslodation nucleation, the inelastic

relative displacements have to be calculated.

Dislocations nucleated from bulk sources form shpnds that may change the
morphology of the free surface and thus leadintipéocreation of new surface-steps that
may become sources for nucleation of dislocatidtso, taking into consideration the

change in heights of the surface-steps due to atiefeof dislocation may be important

to study flattening of asperities at very smalllssaAn adaptive mesh technique is
needed to refine the mesh in the vicinity of theviyecreated surface-steps and to
account for the change in heights of surface-steps.

It is worth looking more into the formation of téesspots that develop when only

surface sources are activated. In severe plastorrdation, e.g. shot peening, repetitive
loading is applied randomly but statistically umifo So the question is, will these hot
spots smear out and form a tensile layer underfrig® surface or disappear in the
compressive zone.

Two-dimensional discrete dislocation studies haeu$ed on the collective behavior of
dislocations where the long range interactions isfodations play the major role in

determining the mechanical behavior of materialswelver, at very small scales, where
materials such as micron-sized pillars and thim fire relatively free of dislocations and
the size of a dislocation loop becomes comparabline size of the material, accurate
modeling of dislocation mobility, dislocation nuate®on and mutual interactions of

dislocation cores become of a great importance tiolysthe onset of the plastic

deformation. Thus, if two-dimensional discrete alisition plasticity is the method of

choice, constitutive rules are needed in order éb lgetter understanding of plastic
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deformation in small volumes. Benzerga and hisataliators [81] have proposed semi-
physical constitutive rules that have been usetthenso called 2.5D discrete dislocation

plasticity.
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APPENDIX
A. Boundary Integral Equations Based on u and t

In Chapter 2, boundary integral equations are ddria terms of d/ds and along the boundary.

In this Appendix, boundary integral equations agwed in terms ofi andt.
In Eq. (2.9), the resultant forcdscan be replaced by tractionis= (tX,ty,tZ)T =dT/ds, by

integrating by part,

fl _ 1 $(C+p,9)/(s,—2,)-L " (B+B) | ds+
r 27y, J
’ 1 (A1)
—d{n(¢, —z))-L*-(B+B)™*-B-t| ds
o i< (6, ~2,))L"-(B+B)* B-Y,
where the single-valued branch-cutlo{s, —z,) in z,-plane is a line fromz, and passing a

point on the boundary!, so that the argument ofsc, —z,) is from arg¢!” -z,) to

argc'” —z,)+ 2z . In deriving the last term of Eq. (A.1), we as&ifis calculated from the
reference point;’ and the external loads on the boundary are selfiegied (ﬁ})ds:O) SO

thatT is periodic around the boundary.
Correspondingly, we can express the internal digphent field and stress field by the
boundary displacements and tractions, and deriedtiundary integral equations that relates

andt along the boundary.
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i, = Re JA-(C+ p,9)/lc, ~2,)) L™ (B+B)  ul s

(A.2)
~i$A-(In(s, -z,))-L*-(B+B)™ .g.t‘gds
[021’022’023]T :%Re§|— '<(C+ IOaS)/(Ca — Za)2>.L‘1.(B+§)—1.u|§
+iL - (I/(e, _Za)>'|-_1'(|3+§)'1-§-t‘g}js (A.32)
(011,012,035 =%Re§L {(C+p.9)p, /(¢ ~2)7) L (B+B) U,
: (A.3b)

FIL-(p, /e, ~2,)) L@+ B) Bt Ks

The corresponding boundary integral equations ¢batd be used to solve the un-giveror t

along the boundary are

ul, =§R fIA-(C+p,9)/(5, )L (B+B) |,
N (A.4)
—iA-(In(, —¢2))-L*-(B+B)" -E.t|§]ds}

The branch cut for each logarithm function is frath and pointing outward, (Fig. A.1b), not

intersecting the other part of the boundary. Udimg limiting technique in Section 4.4, the
integral expressions can be deduced for the isothoterials. It is important to note that by
extracting the real parts of the right hand sideEgk. (A.3) and (A.4), we can obtain the
boundary integral equations for the displacemedtsdresses used in the conventional boundary

element method.
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Figure A.1.The branch cuts of logarithmic functions.
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B. Explicit Expressionsfor the Numerical Schemesin Chapter 2

Denote byr the length of the boundary elemédt,¢,)™ .
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