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ABSTRACT 

 

Contact Induced Micro-Plasticity near Surface:  

A Novel Boundary Element Technique. 

by  

Mazen Diab 

 

Adviser: Professor Honghui Yu 

Contact induced micro-surface plasticity is of crucial importance in many applications, such 

as surface treatment via severe plastic deformation. A clear understanding of the evolution of 

dislocation structure near the surface and the mutual interactions among neighboring asperities is 

important in understanding micro-surface plasticity. In this dissertation, rough surfaces under 

contact are analyzed using a discrete dislocation model. 

A new Boundary Element Method (BEM) that takes into consideration singular fields due to 

dislocations is derived to solve the boundary value problem. At the heart of this method, a 

complex variable boundary integral equation that is weakly singular. First order singular integral 

equations capable of measuring stresses accurately close to the surface are developed. The new 

method offers a unified approach where two-dimensional discrete dislocation boundary value 

problems are solved directly in a similar fashion as in two-dimensional elasticity.  

Using the new technique, indentation of single crystals with rough surfaces by flat contacts is 

analyzed. Simulation results show the size effect where it is very hard to yield small size 

asperities. If only surface sources are activated, dislocations nucleated form surface-steps exhibit 

different behavior depending on the asperity width and spacing. For asperities of small widths 
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and large spacing, dislocations nucleated from surface-steps form dipolar bands within which 

materials are inserted from the surface leading to the formation of zones with high compressive 

stresses. For asperities of large widths, dislocations nucleated form the surface segregate into 

anti-load and pro-load dislocations. Anti-load dislocations pile up under the surface leading to 

the formation of tensile spots at the edges of the asperities. When bulk material yields 

dislocations nucleated from bulk sources glide towards the surface and relieve the high 

compressive stresses that may develop within the shear bands. Also, they block the motion of 

dislocations nucleated from the surface making it harder for subsequent dislocations to nucleate 

from surface asperities. For small asperity width to asperity spacing ratios, a large material pile-

up is observed on both sides of the asperity. For big ratios, deformation mode is similar to that of 

a plane strain compressions. Between these two modes materials experience shear band 

deformation. 
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CHAPTER 1  

 

INTRODUCTION 

 

1.1. Introduction 

In many cases, material failures such as fatigue fracture, fretting fatigue, wear and corrosion 

occur on surfaces. Therefore the structure and properties of material surfaces have a tremendous 

impact on the global behavior and reliability of mechanical components. For this reason, surface 

treatments such as severe plastic deformation (SPD); e.g. ultrasonic shot-peening [1], high-

energy shot peening [2], surface mechanical attrition treatment [3], surface nanocrystallization 

and hardening [4], air blast shot peening [5], wire brushing [6], friction sliding [7] and ultrasonic 

impact peening [8] have become more and more important in modern engineering applications.  

Surfaces treated via severe plastic deformation methods have shown to develop a 

nanostructured layer at the surface (see Fig. 1.1). This phenomenon is known as surface 

nanocrystallization. The main concept of these techniques is to severely and randomly plastify 

the surface of bulk materials by subjecting the surface to repetitive high contact loads. The key 

issue is to generate walls of dislocations. These dislocations may annihilate, nucleate and 

rearrange into small angle grain boundaries that divide the original grains into randomly oriented 

finer grains (see Fig. 1.2). 

Experimental evidences have shown that this nanostructured layer possesses novel properties 

and performances that are fundamentally different from its conventional coarse-grained 

polycrystalline counterparts, such as high hardness and strength, enhanced physical properties, 

improved tribological properties, and superplasticity at low temperatures [11-16]. 
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(a) (b) 

 
Figure 1.1. Microstructure of as shot peened Fe-3.29 Si with different coverage: (a) 3,000 %, (b) 
10,000% [9]. 

 

 

(a) (b) 

 
Figure 1.2. Arrangement of grain boundaries in nanostructured layers: (a) dislocation  structure 
during SPD processing, (b) dislocation structure after SPD processing leading to the formation of 
nonequilibrium grain boundaries [10]. 
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Despite the wealth of experimental evidences, there is still no theoretical framework to give a 

clear picture on the formation of the nanocrystalline surface layer. The reason is that the system 

is too complicate to be modeled. Material surfaces have roughness down to a very small scale at 

which continuum plasticity is not valid. Moreover, Material surfaces play the role of both sink 

and source for dislocations. 

Surfaces are unavoidably rough and when two rough surfaces are pressed into contact, they 

meet only at their highest spots. Accordingly, the sizes of the resulting contact spots, the true 

contact pressure, and the true area of contact have to be predicted in a contact problem. The 

classic approach of rough surface contact is the Greenwood-Williamson model [17] that 

represents a rough surface as a collection of discrete spherical asperities with same radius of 

curvature but different heights and gives a statistical way to deduce multi-asperity contact from 

single-asperity contact. The statistical parameters of the model depend upon the measurement 

window and instrumentation resolution. However, surfaces are typically self-affine fractal and 

the Greenwood-Williamson model cannot describe fractal surfaces uniquely. Several models that 

adapt the Greenwood-Williamson model have been proposed to analyze fractal surfaces, e.g. 

[18-20], but they appear to suffer from the same difficulties as the original Greenwood-

Williamson analysis: no unambiguous way to determine the surface profile. A big step forward 

was achieved recently by Ciavarella et al. [21]. They adopted the Weierstrass profile function to 

capture the multi-scale nature of surface roughness under elastic contact load. In this model, the 

true contact area of an elastic solid with a self-affine fractal surface consists of an infinite 

number of contact spots, each of zero size so that the total contact area is zero, but the pressure 

on each contact is infinite. Gao and Bower [22] has extended this approach to perform an elastic-
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plastic contact analysis of a fractal rough surface by a model of the Weierstrass-Archard type; 

see also Pei et al. [23]. 

The conventional plasticity theory fails to account for the dependence of the mechanical 

response on the size of the structure. This is due to the fact that the conventional plasticity theory 

relates the plastic strain at a point to the history of the deformation at that point without taking 

into consideration the possible interactions with other material points in the vicinity of that point. 

There have been strong experimental evidences that at micron and sub-micron level, the yield 

strength increases as the length scale of the specimen decreases. Among these experiments, we 

name a few. Fleck et al [24] have showed a length scale hardening in micro-torsion test of thin 

copper wires (see Fig. 1.3). 

 

 

 

Figure 1.3. Torsional response of copper wires of diameter 2a in the range 12-170 µm. If the 
constitutive law were independent of strain gradients, the plots of normalized torque Q/a3 vs. қa 
would all lie on the same curve, where қa is the twist per unit length of the wire [24].  
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Furthermore, bending of thin beams was reported by Stolken and Evans [25]. Moreover, 

micro/nano-indentation hardness experiments have repeatedly revealed the increase of 

indentation hardness with the decrease of indentation depth [26-28]. The size dependency is 

believed to be due to the following mechanisms: (i) strain gradients leading to geometrically 

necessary dislocations, (ii) obstacles to dislocation glide leading to boundary layers, (iii) limited 

number of sources and of obstacles to glide leading to dislocation starvation.  

Extensive work has been conducted in the last two decades in order to derive a non-local 

continuum theory to account for the size effects [29-33]. All of these proposed formulations have 

focused on representing in phenomenological constitutive relation size effects that stem from 

geometrically necessary dislocations arising from strain gradients. Some of the formulations 

have accounted for the boundary layer mechanism by introducing additional boundary conditions 

and balance conditions. However, a continuum framework that accounts for the size effects 

arising due to dislocation starvation is still lacking. 

In the absence of a well developed continuum framework to catch the heterogeneity of plastic 

deformation at nano/micro scale and the limitations of the atomistic simulations to sizes less than 

hundred nanometers and time scales less than tens of nanoseconds, transitional scales modeling 

techniques have become necessary to assess the reliability of mechanical components at small 

scales. Discrete dislocation plasticity in which the size effect is introduced implicitly through the 

material length and the Burgers vector has been used to bridge the gap between the length scales 

extremes. 

With the advances in the computer speed and hardware, discrete dislocation plasticity has 

gained a tremendous popularity to study plastic deformations at small scales. Due to the large 

computational demands, three dimensional discrete dislocation simulations are still limited to 
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small strains. Therefore, two-dimensional discrete dislocation plasticity has been used widely to 

gain qualitative understandings of materials deformation at small scales. Some examples of what 

can be done in three dimensions are illustrated in [34-39]. 

1.2. Contact Induced Plasticity of Material Surfaces  

During the last two decades, a variety of discrete dislocation plasticity studies have been carried 

out to investigate the size dependency of microscopic asperity contacts [40-44]. Most of these 

studies have dealt with isolated asperities under contact loading partly due to the wide 

application of micro- and nano-indentation measurements. Below is a summary of these studies.  

1.2.1. Discrete Dislocation Plasticity Studies 

Polonsky and Keer [40] were the pioneers in using discrete dislocation plasticity to investigate 

the scale effects of elastic-plastic asperity micro-contact. They have simulated ploughing tests of 

an initially flat surface by a sinusoidal rigid asperity. Simulations results revealed that when the 

asperity size becomes comparable to the dislocation source spacing, the asperity can sustain 

considerably higher loads than those predicted by continuum plasticity. Furthermore, they have 

concluded that below a certain threshold, the asperity deforms purely elastically. Kreuzer and 

Pippan et al. [41-42] have considered indentation by indenters of various shapes. Their model 

was limited to dislocations along slip planes parallel to the surface. Two cases with different 

dislocation source density were considered. The analysis has confirmed a major experimental 

finding that hardness decreases with increasing indentation. Also, they have noted that increasing 

the friction stress leads to dislocations pile-up at the sides of the indenter, and therefore the 

nominal hardness decreases. Moreover, they have showed that the shape of the indenter affects 

the indentation behavior of the material. Similarly, discrete dislocation plasticity calculations 

conducted by Widjaja et al. [43] showed that the indentation response of thin films with a 
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cylindrical indenter is qualitatively different from that with the wedge indenters. A more detailed 

work of the indentation problem was reported by Balint et al. [44]. Their simulation results 

revealed size dependant indentation pressure that approaches the continuum plasticity solution 

for large contact sizes and the elastic solution for small contact sizes. None of these studies have 

considered the role of the surface as a source for dislocations. Dislocations were nucleated from 

material defects such as Frank-Read sources that were distributed randomly in the material bulk.  

1.2.2. Theoretical Unit Step Model 

An important feature of the material surface that differentiates it from the material bulk is that a 

surface can play the role of both sink and source for dislocations. It has been predicted 

theoretically [45-47] and observed experimentally [48-51] that dislocations can nucleate from 

surface-steps or ledges. These geometric features are stress concentration sources which lead to 

dislocation nucleation similar to dislocation nucleation from a crack tip [52-54]. 

In an attempt to understand micro-plastic deformation of rough surfaces under contact 

loading, Yu and his collaborators [47,55] have proposed a theoretical unit step model to study 

near surface plasticity under contact loading. They have modeled the surface roughness as a 

distribution of surface-steps. In Fig. 1.4, the Unit Step Model is sketched. The surface of solid I 

is assumed to be flat and rigid and the rough surface of solid II is modeled with a surface step. 

When the two solids are brought in contact, they perfectly bond outside a gap of size a. The right 

end of the gap is determined by matching the energy release rate and the work of adhesion as in 

the classic Griffith crack. 
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Figure 1.4. Schematic representation of a stepped solid (solid II) indented by a rigid plate (solid 
I) [55].  

 

 

A dislocation can be nucleated and move out from the surface step.  The driving force on the 

dislocation was calculated using conservation integrals.  The effects of surface adhesion, step 

size and lattice resistance on the driving force were analyzed.  The driving force in conjunction 

with the Rice-Thompson criterion [52] determines the threshold condition for dislocation 

nucleation and its final equilibrium position; i.e., the equilibrium distance from the dislocation to 

the surface step. Fig. 1.5  shows the normalized equilibrium position l/b as a function of applied 

remote load ���
/��� 	 for two slip planes at angles of θ = -π/4 and θ = -3π/4 respectively.  In 

the figure, h is the step height, Γ the work of adhesion at the interface, C11 the elastic stiffness, 

and Gp is the Peierls force.  The two curves correspond to two different Gp. Along the slip plane 

at θ = -π/4, dislocation emission occurs only after the normal load becomes larger than a 

threshold value.  Once emitted, the dislocation is pushed closer to the step as the load increases.  

In contrast, along the slip plane at θ = -3π /4, the dislocation is easy to nucleate and the distance 

between the dislocation and the surface step increases as the load increases.  The results can be 
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understood as follows. The forces on dislocation due to the surface step, gap, and interface all 

decay as the dislocation moves away from the step while the remote driving force is a constant, 

which tends to push dislocation up at slip plane of θ = -π/4 and down at θ = -3π /4. The 

dislocation stops when the total driving force is less than the Peierls force. 

The equilibrium positions of the dislocations clearly indicate that dislocations nucleated from 

the surface step along different slip planes segregate. Under the normal contact load, the 

dislocations at slip planes at the right hand side of the step, for example, at θ = -π/4, are localized 

near the surface step while the dislocations along the slip planes at the other side are easily 

pushed away from the step.  They named the former dislocations as anti-load dislocations and the 

latter ones as pro-load dislocations.  

They also observed that slip planes, if acting separately, exhibit different hardening behavior. 

As shown by the two smooth curves in Fig. 1.6., this difference in the hardening behavior can be 

interpreted as follows: The slip plane at θ = -π/4 yields at an applied pressure of one order of 

magnitude easier than the slip plane at θ = -3π/4. However, dislocations nucleated along the slip 

plane at θ = -π/4 are of anti-load type and therefore they pile up close to the step and generate a 

large back stress which makes nucleation of subsequent dislocations very hard. In contrast, the 

dislocation nucleated along the slip plane at θ = -3π/4 are of pro-load type and therefore they 

move away from the step making it easier to nucleate subsequent dislocations. Interestingly, it 

was found that dislocation nucleation along one slip plane can make the dislocation nucleation 

along the other slip plane much easier. Thus, the critical applied pressure required was found to 

be an order of magnitude less than that needed in the case where nucleation was considered 

along a slip plane separately. This phenomenon is called latent softening and is shown in the 

stair-way like curve in Fig. 1.6.  
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Figure 1.5. Equilibrium position (l/b) versus the applied remote load ���
/��� 	 for a 
dislocation moving along the slip plane at 4πθ −=  or at θ = -π /4 [47].  

 

 

 
Figure 1.6. Applied remote load ���
/��� 	 versus number of dislocations nucleated along slip 
plane at θ = -π/4, θ = -3π/4 or both [55].  
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This analytical model has two major limitations. First, it simulates rough surfaces only under 

single asperity contact; thus interaction between different asperities is not taken into 

consideration. Second, it can deal with a very limited number of dislocations.  

1.3. Statement of Dissertation Work 

In this dissertation, a numerical model that is capable of measuring stresses accurately near the 

surface is developed. At the heart of this model is a complex variable boundary integral equation 

that is weakly singular. The numerical model takes into consideration singular fields due to the 

presence of dislocations in finite solids. Using this numerical model, boundary value problems 

are solved directly to predict size dependant plasticity in finite solids. A fast numerical code is 

created using C++ and Matlab.  

A Multi-Asperities model is devised to study contact induced micro-plasticity under rough 

surfaces using the new boundary element technique. Interaction between neighboring asperities 

is modeled using periodic boundary conditions.  Being aware of the complexity of the problem 

and the current knowledge on the subject, we adopt two approaches. First approach is to perform 

simple analysis to shed some lights on dislocation behavior underneath the contact area. Like the 

theoretical Unit-Step Model described above. Although, it is based on a very simplified analysis, 

it revealed important phenomena that helped us understand how the complicated dislocation 

structure evolves near the surface. Second approach is to conduct large scale simulations where 

yield of both material surface and bulk is considered. Connection between deformation patterns 

and geometric properties of the rough surface, i.e., asperity size and spacing, is investigated. 
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1.4. Outline of the Dissertation 

Chapter 2 presents the new boundary element formulation developed in this dissertation. 

Numerical schemes are developed and elastic benchmark problems are solved and compared to 

mechanics of materials results.  

In Chapter 3, the new boundary element method is extended to take into consideration the 

singular fields due to dislocations. Thus, a new discrete dislocation approach is developed. The 

advantage of the new approach over existent approaches is discussed. Boundary value problems 

solved in the literature are solved to validate the proposed technique and show its robustness in 

solving size dependant plasticity in finite solids.  

Chapter 4 presents a Multi-Asperities model that adopts the boundary element approach 

developed in Chapter 3. The model is used to analyze the dislocation behavior underneath the 

surface and the interaction among the various asperities. Only dislocation nucleation from 

surface-steps is considered in this chapter. The results obtained by Yu et al. and Gao et al. in 

[47,55] are checked using the new model. New observations are discussed and further 

improvements of the Multi-Asperities model are offered. 

In Chapter 5, the Multi-Asperities model is extended to take into consideration nucleation of 

dislocations from bulk sources. Effect of dislocation nucleation from bulk sources on dislocation 

behavior and dislocation structure underneath the surface are discussed. Connection between 

mean contact pressure, deformation patterns and geometric properties of rough surfaces are 

investigated.  
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CHAPTER 2  

 

A WEAKLY SINGULAR BOUNDARY ELEMENT METHOD 

 

2.1. Introduction 

The seminal work by Rizzo [56] was pioneering in deriving boundary integral equations for two 

dimensional boundary value problems. Rizzo’s work was based on the application of Betti’s 

reciprocal theorem to the fundamental solution of the Navier equations for an infinite three-

dimensional medium subjected to a point force called the Kelvin solution. This formulation is 

known as the conventional boundary element formulation. The conventional boundary integral 

equation relates the displacement and the traction at the boundary. The traction kernel is first 

order singular and the displacement kernel is logarithmic singular. The Somigliana identity is 

used to calculate the displacement at an internal point; then after differentiating and applying 

Hook’s law, the stress field can be computed at that internal point. The main drawback of this 

approach is that the displacement kernel in the Somigliana identity is second order singular, 

which makes the results of the stress field at internal points close to the boundary very poor. In 

addition, differentiating the displacement at internal points may introduce numerical errors. Gosh 

et al [57] used integration by parts to eliminate the first order singularity from the traction kernel 

and reformulate the conventional boundary integral equation in terms of the tangential gradient 

displacements dsdu and the tractions t at the boundary. The proposed formulation is logarithmic 

singular. The stress field is first order singular and can be calculated directly from the values of 

tractions and gradient displacements at the boundary. This new approach showed a great 

advantage over the conventional boundary element in eliminating the so called boundary layer 
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effect. Similar approach was also used by Wu et al. [58] for anisotropic materials. Okada et al. 

[59] solved boundary displacements and tractions by the conventional boundary element method, 

and then obtained internal stresses from the integrals involving the gradient of displacements and 

tractions at the boundary. Their numerical results showed that the integrals could calculate 

internal stresses accurately even when the points were extremely close to the boundary. 

In this dissertation, we propose a unified set of complex boundary integral equations starting 

from the Stroh formulation and using the Cauchy integral theorem. Two boundary integral 

equations of this set are of main interest. The two equations are derived in terms of the tangential 

gradient displacements and the tractions at the boundary. We also derive integral equations for 

the stress field at any domain point in terms of the gradient displacements and tractions at the 

boundary. The complex forms of the integral equations allow the evaluation of these integrals 

analytically. The new formulation permits the direct calculation of stresses at any domain point 

from the boundary values. Moreover, The stress field integral equations are first order singular 

which eliminates the problem of the boundary layer effect as it will be shown later in this 

chapter. 

This chapter is organized as follows. Section 2.2, reviews the fundamental Stroh formulation. 

In Section 2.3, we present the methodology followed to derive several boundary integral 

equations for two-dimensional anisotropic problems. Section 2.4 uses the approach followed by 

Yu and Yang [60] to deduce the isotropic forms of the derived equations. In Section 2.5, we 

discuss the numerical implementation of the isotropic formulations and offer expressions which 

are used to solve elastic problems numerically. Section 2.6 shows the results obtained for five 

elastic problems and discusses the accuracy of the results and the advantages of the new 



 15

formulation in eliminating the boundary layer effect. Finally, in Section 2.7, a conclusion is 

provided.  

 2.2. Fundamental Formulation 

It has been shown by Eshelby et al. [61], Stroh [62] and Lekhnitski [63] that for a two 

dimensional problem, i.e.,  with both geometry and external loading invariant in the direction 

normal to xy-plane, the elastic field can be represented in terms of three functions. These are the 

displacement iu , stress ijσ , and the resultant force Ti on an arc, 

 ∑∑
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where function fα is holomorphic in its argument, zα = x + pαy , and αf ′  is its derivative with 

positive imaginary part, which can be solved as roots of the following sixth order polynomial, 

 22
2

122111 kikikiki CppCpCC +++  (2.3)

where ijklC are the stiffness tensor of the material.   

Each column of A is solved from the following eigenvalue problem, 

 0)(
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1
22

2

122111 =+++∑
=k

kkikikiki ACpCpCpC αααα  (2.4)

The matrix L is given by, 

 ∑
=

+=
3

1
2212 ][

k
kkikii ACpCL ααα  (2.5)

The notations used in this chapter follow those in Suo [64] who proved that the schemes 

derived by Lekhnitskii and Eshelby are consistent. 
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2.3. Boundary Integral Equations for Anisotropic Materials 

Denote T
332211 )](),(),([ zfzfzf≡f , u as the displacement vector and T as the resultant force 

vector at the boundary of a solid.  From Eq. (2.1), we have 

 fAfAu ⋅+⋅=  (2.6a)

 fLfLT ⋅+⋅=−  (2.6b)

Eliminating f from Eqs. (2.6a) and (2.6b), we get 

 ][)( 11 TBuBBLf ⋅−⋅+⋅= −− i  (2.7)

where 1−= ALB i  is a Hermitian matrix.   

 Denote �Ω as the boundary of a simply connected domain Ω in z-plane ( iyxz += , 1−=i ) 

and �Ω� the image of �Ω  in zα-plane. For any internal point z in domain Ω, its image is 

ypxz αα +=  in zα-plane. From Cauchy’s theorem, 
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We have f inside the solid as, 

 dsizSpC
i ζααα ς

π
][)()()(

2

1 11 TBuBBLf ⋅−⋅+⋅⋅−+= ∫
Ω∂

−−  (2.9)

where )()( ααα ς zSpC −+  is a diagonal matrix whose α-th diagonal component is 

)()( ααα ς zSpC −+ . ζ  is a point on Ω∂  and ζα  is its image on αΩ∂ . C = cos(θ), S = sin(θ), θ 

is the tangent angle at ζ  (Fig. 2.1) and ds is an infinitesimal arc length at Ω∂  so that 

dsiSCd )( +=ς  and dsSpCd )( αας += . The original integrals in Eq. (2.8) along αΩ∂  are 

converted into integrations along Ω∂ .  In this chapter, ∗  represents a diagonal matrix whose   

α-th diagonal component is indicated inside the bracket.  
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Figure 2.1. Boundary of a single connected domain in z-plane. 

 

 

Integrating Eq. (2.9) by part and replacing dT/ds by the traction vector t = (tx,ty,tz)
T, yields 

the following expression for the holomorphic function, 

)()()( )()()ln(
2

1 1111
r

ids
ds

d
iz

iz ς
ς

αας
π

TBuBBLtB
u

BBLf ⋅−⋅+⋅+⋅−⋅+⋅⋅−−= −−

Ω∂

−−∫  (2.10)

where )( rς  is a reference point on the boundary used to determine the single value branch of the 

logarithmic functions. In Eq. (2.10), the single-valued branch-cut of )ln( αας z−  in zα-plane is 

line from αz  and passingr
ας  (Fig. A.1(a)), so that the argument of )( αας z−  is from 

)arg( )(
αας zr −  to πς αα 2)arg( )( +− zr .  In deriving the last term of Eq. (2.10), we assume the 

external loads on the boundary are self-equilibrated, ( 0=∫ Ω∂
dst ), so that T is periodic around the 

boundary. 

The displacement field is obtained as: 
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The stress field derived from Eq. (2.2) is 
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Note that the integral kernels in Eq. (2.12) have 1/r singularity.  

If we only integrate by parts the integral part over the resultant force T in Eq. 2.9, we can 

obtain boundary integral equations in terms of the displacement u and the traction t (see 

Appendix A). By extracting the real parts of these boundary integral equations we obtain the 

boundary integral equations used in the conventional boundary element method [65]. However, 

the integral kernels will have (1/r2) singularity (see Eqs. A.3(a) and (b)).  

Thus, by integrating over the boundary in terms of the displacement gradient instead of the 

displacement, the singularity is reduced and therefore the new stress expressions provide very 

accurate stress measurements at internal points very close to the boundary.  

For two dimensional elasticity, usually, only two independent boundary conditions are given at 

each single point along the boundary. We need to set up boundary integral equation to solve u and t 

along the boundary. 

For a point 000 iyx +=ζ  at boundaryΩ∂ , its image is 00
0 ypx ααζ +=  at αΩ∂ . For analytic 

function )( αα zf , its boundary value is 
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Since ζ0 is a point on the boundary, the singular integration at the right hand side of Eq. (2.13) 

takes Cauchy Principal Value. If ζ0 is a corner point, the coefficient at the left hand side is 

Өcorner/π instead of 1, where Өcorner is the angle formed by the two sides at the corner. 

Since )( αα zf  is an analytic function, )( αα zf ′  is also analytic.αf  in Eq. (2.8) can be replaced 

by αf ′ . Using ds
ds

df
dfdf α

αααα ζζ =′= )( ,  we obtain the integral equations about the derivatives 

of displacements dsdu  and tractions t , 
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where 0ς  is a point on the boundary Ω∂ , C0 = cos(θ0), S0 = sin(θ0), and θ0 is the tangent angle at 

point 0ς  on Ω∂  (Fig. 2.1).  Both sides of the equation can be multiplied by matrices A or L so 

that even in the degenerate cases, in which A and L are singular, the limit of 1* −⋅⋅ LA  or

1−⋅∗⋅ LL  still exists and the equations still hold even for the case of isotropic materials. Here, 

*  represents any diagonal matrix listed above.   

Furthermore, dsdu  and t  on the boundary can be explicitly expressed by boundary 

integrals.  First eliminate the matrices at the right hand side of Eq. (2.14), then take the real part,  
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 If we take the imaginary part of Eq. (2.14), we have 
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 Insert Eq. (2.15) into the last term of Eq. (2.16), then use )Re(2)( BBB =+  and ABL i= , 

we have, 
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 Because of the weak singularity of the integral kernels of Eq. (2.11), the displacements at a 

boundary point 0ς  can be obtained from Eq. (2.11) by simply replacing z by 0ς , 
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The branch cut of the logarithm function is a line from point 0ς  going outward and not 

intersecting the boundary at other places (Fig. A.1(c)). Even though A and L are singular for 

degenerate cases, the limit of 10 )ln( −⋅−⋅ LA αα ςς  exists, so Eq. (2.18) holds for any material.  

Indeed, if we take the limit of Eq. (2.18b) for isotropic materials, then pick the real part, we 

obtain the integral equations used in [65] for constructing a boundary element scheme. Complex 

variable boundary integral equations in terms of the displacement u and the traction t are derived 

in Appendix A.   

2.4. Boundary Integral Equations for Isotropic Materials 

In this section and the sections that follow, the calculations are carried out only for Eqs. (2.14) 

and (2.18b). However, the kernels in Eqs. (2.15) and (2.17) are similar to the kernel in Eq. (2.14). 

Therefore, isotropic formulation and numerical schemes for Eqs (2.15) and (2.17) can be 

deduced easily from their counterparts for Eq. (2.14). 

Consider a two dimensional bonded isotropic domain subjected to a plane stress state. The 

anti-plane and in-plane deformations decouple. Thus, the Eigen values of the Stroh formulations 
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reduce to two. For a moving source at a constant speed v inside the isotropic domain, the 

matrices A, L and B are 

 
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where �� � ��1 � ��
���

 and �� � ��1 � ��
���

 ; v is the source speed, c1 and cs are the longitudinal 

and shear wave speeds respectively given by �� � ������	�
�����	��

� ��
 and � � ��

��
� �� ; µ is the shear 

modulus, ν is  Poisson’s  ratio and ρ is the mass density. 

For the sake of abbreviation, denote the diagonal matrices )/(1 0
αα ςς − , )ln( 0

αα ςς − , 

)/( 0
ααα ςς −p  and 00/(1 SpC α+

 
as D( αζ ,

0
ζα ) , Dln( αζ ,

0
ζα ), Dp( αζ , 

0
ζα ) and Dθ(

0
ζα ), 

respectively and denote I as the identity matrix. For the static case where the speed v is zero, p1 

and p2 are equal to the imaginary unit i, which makes the matrices A and L singular. However, 

the kernels L.D( αζ ,
0
ζα ).L-1 , A.Dln( αζ ,

0
ζα ).L-1, L.Dp( αζ , 

0
ζα ).L-1 and  L.Dθ(

0
ζα ).L-1 , α=1,2,  

and the matrix B still hold in the limiting case when the speed  v approaches zero. 

The limits of the above kernels were determined as follows. First, we expanded the matrices 

D( αζ ,
0
ζα ) , Dln( αζ ,

0
ζα ) , Dp( αζ , 

0
ζα ) and Dθ(

0
ζα ) about pα = i using Taylor series to the first 

order. Second, we calculated the limits as v approaches 0. It is necessary to note that the first 
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order Taylor expansion is enough since the limits of the matrices products 1)( −〉−〈 LipA n
α and 

1)( −〉−〈 LipL n
α  are zero for 2≥n .  The matrices obtained for the isotropic domain are 
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where θ0 is the tangential angle at 0ζ , iyx +=ζ , 00
0 iyx +=ζ  and S0 is the trigonometric sine 

function of  the angle θ0 (see Fig. 2.1). 

Hence, for isotropic materials, the boundary integral equations (Eqs. 2.14 and 2.18b) and the 

stress field at internal points Z = X+iY (Eqs. 2.12a and 2.12b) have the following forms,  
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2.5. Numerical Implementation 

In this section, numerical schemes for the anisotropic integral equations are developed first, and 

then the isotropic forms of these numerical schemes are deduced. Consider a two dimensional 

isotropic domain with a simple closed boundary ∂Ωα of boundary length L in the zα-plane. The 

boundary ∂Ωα is discretized into N linear boundary elements interconnected with a single node, 

where the last node and the first node are the same. Let ∂Ω��#	 denotes the kth element, which 

connects the node k to the node k+1. For a well defined two-dimensional isotropic problem case, 

there are four boundary values at each node, two of which are known and the other two are to be 

determined. So, in total, there are 2N unknowns. In order to solve for these unknowns, either Eq. 

(2.14) or (2.18b) can be used to construct a linear system of 2N equations by collocating at the 

mid points ( )
,0
m

αζ  of the N elements ,  m = 1…. N (Fig. 2.2).  

The values of the vectors s∂∂u and t at any point along the linear element can be 

interpolated from the nodal values by using the Lagrange shape functions N1(s) and N2(s), 

 ( ) ( )2211 )()( ssNssNs ∂∂+∂∂=∂∂ uuu  (2.23a)  
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where Lk is the length of the kth element and s is a parameter which varies from 0 to Lk. 

 

 

 
Figure 2.2. Discretized boundary of a simply connected domain in the zα-plane. 

 

 

The shape functions in the zα plane can be written as, 
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The integrals at the left hand sides of Eqs. (2.14) and (2.18b) are respectively rewritten in the 

zα-plane as, 
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 The above integrals are regular and can be evaluated analytically along all the elements 

except along the element to which ( )
,0
m

αζ  belongs. The explicit solutions for the above integrals in 

this case are 
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Let us now consider the case where ( )
,0
m

αζ  is in the middle of the kth element; that is when m 

and k are equal. 1
kF  and 2

kF  are weakly singular so the two integrals can still be evaluated 

analytically and Eqs. (2.26c) and (2.26d) are still valid. However, 1
kE  and 2

kE  are not regular and 

can be decomposed into a regular integral and another integral which is singular in the Cauchy 

principal value sense (CPV). 
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The CPV singular integral is evaluated by taking a half circle around the singular point ( )
,0
m

αζ . 

It can be easily shown that the singular term vanishes. The expressions obtained for 1
kE  and 2

kE  

in this case are 
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Following the same approach in Section 2.3, Eqs (2.27a), (2.27b), (2.27c) and (2.27d) are 

determined for the isotropic case as follows, 
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where  1,2),( , and , ,, , vc
)()()()( =jMMGGHH j

v
j

c
j

v
j

c are functions in the z-plane and given in 

Appendix B. 

Numerical schemes for Eqs. (2.14) and (2.18b) are written for isotropic materials as, 
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Noting the similarity between Eqs.(2.12a) and (2.12b) and the left hand side of the Eq.(2.14), 

the stress fields for the isotropic domain are written as, 

 ]}[

1

1
),,(

).,,(

Re{
)1(2

][ )(
)(

1

2

1
)(

0
)(

1
)(

2
)(

)(
0

)(
1

)(
2

)(

22,21
j

jN

k j
kkkj

v

kkkj
c

T i
ds

d

i

i
H

H

tB
u

I

⋅+⋅
























−−

−

+

−
= ∑∑

= = ςςς

ςςς

νπ
µ

σσ (2.31a)

 

]}[ 

1

1
),,(

),,(

Re{
)1(2

][ )(
)(

1

2

1
)(

0
)(

1
)(

2
)(

)(
0

)(
1

)(
2

)(

12,11
j

jN

k j
kkkj

v

kkkj
c

T i
ds

d

i

i
N

N

tB
u

I

⋅+⋅
























−−

−

+

−
−

= ∑∑
= = ςςς

ςςς

νπ
µ

σσ

 

(2.31b)

where ( ) ( )&j j
c vN N  ( j =1,2 ) are given in the Appendix B.  

 Eqs. (2.30a) and (2.30b) are in complex forms. Thus, by taking the real or the imaginary part 

of Eqs. (2.30a) or (2.30b), we can form a linear system of 2N equations which can be solved 

using numerical techniques such as Gaussian elimination to compute the unknown boundary 

values. It is worth noting that the expressions 1
kE  , 2

kE , 1
kF  and 2

kF  are bounded functions. Thus, 

the elements of the coefficient matrix obtained for any of the two boundary integral equations are 

all small numbers. Moreover, the kernels in the integral expressions of the stress field are first 
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order singular and after integrating over each element, a weak singular expression is obtained 

which eliminates the boundary layer affect. 

2.6. Numerical Examples 

The numerical schemes developed in the previous section for isotropic materials are used to 

solve various elastostatic boundary value problems with different boundary value types. A 

comparison between the convergence rates of the results obtained using the numerical schemes 

developed for Eqs. (2.14) and (2.18b) and the analytical results is provided. The fact that these 

boundary integral equations are functions of traction and tangential derivative of displacement 

eliminates the problem of rigid body motion for pure traction problems. In the case where the 

displacements are known at the boundary, the tangential derivative of the displacements can be 

calculated by differentiating the displacement along each element. This approach may introduce 

rigid body motion. Thus, special treatment is required to eliminate this rigid body motion. The 

authors eliminated this effect by forcing the equilibrium of moments about any point O at the 

boundary of the domain. The equilibrium of moment equation in the z-plane is 
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where ),( )(
1

)(
1

kk yx  ),( )(
2

)(
2

kk yx  are  the coordinates of the first and end nodes of the kth element, x0 

and y0 are the components of the point O and )(
2

)(
2

)(
1

)(
1 ,,, k

y
k
x

k
y

k
x tttt are the x and y components of the 

traction vector at the first and end node of the kth element. Eq. (2.32) can be added to the system 

of linear equations or replace one of the 2N equations. In the former case, the linear system of 

equations becomes over determined. Thus, The Gaussian elimination cannot be used to solve the 

linear system. The least squares method provided satisfactory results. However, the Householder 
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method can be used for better results. In the latter case, to the author’s knowledge, there is no 

effective technique to decide which equation can be dropped without affecting the results. 

The problems modeled in this chapter involve geometries with sharp corners. At these 

corners, components of the traction and the displacement gradient are not continuous which 

introduces two more unknowns at each node. The linear system becomes under-determined. For 

the problem solved in this chapter, the corner problem is treated by shifting the corner node a 

very small distance inside each of the two elements connected at this node. An element of length 

ε is placed between these two nodes as shown in Fig. 2.3. Therefore, two more equations are 

obtained at each corner. This approach is called small corner element. 

Five elastic problems are modeled in order to check the accuracy of the new boundary 

integral equations and its effectiveness. The stress field is calculated at internal points very close 

to the boundary in order to show the effectiveness of the new formulation in eliminating the 

boundary layer effect. In all of the following problems, Poisson’s ratio is taken as ν = 0.3 and the 

stress is normalized by the shear stress. 

 

 

 

 Figure 2.3. Treatment of a corner node using the small corner element approach. 
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2.6.1. Pure Traction 

Consider a 1 x 1 plate subjected to a tension load of magnitude 1 in the x direction from both 

sides. The Mechanics of Material results of the stress field are σx = 1.0 and σy = σxy =0. This 

problem is a pure tension problem. The boundary conditions are shown in Fig. 2.4 for a sample 

mesh size. Using the numerical schemes developed for Eqs. (2.14) and (2.18b), stresses are 

calculated at grid points uniformly distributed throughout the domain. Convergence rate is 

checked by calculating the L2 error norm defined as, 
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where σe  is the analytical stress, σc  is the computed stress and N is the number of grid points. 

 

 

 

Figure 2.4. A plate under uni-axial tension. 

y 
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Eq. (2.18b) required eight elements (2 elements along each side) for the solution to converge 

with an L2 error norm of 4.3e-7. However, Eq. (2.14) required a very fine mesh around the 

corners and forty elements (10 along each side) in order to obtain results with an approximately 

L2 error norm of 5e-4. The axial stress for the points along the vertical centerline of the plate 

(AA’) in both mesh cases and the Mechanics of Material results are plotted in Fig. 2.5. The 

normalized relative errors of the two different meshes for both cases are shown in Fig. 2.6. Both 

equations show a great convergence of the stress fields at points close to or at the boundaries, 

which proves the advantage of these formulations in eliminating the boundary layer effect. 

 

 

 
Figure 2.5. Axial normal stress, σx , along line AA’. 
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Figure 2.6. Normalized error of the computed axial stress, σx, along line AA’. 

 

 

2.6.2. Pure Bending of a Beam  

The same plate now is subjected to a bending load as shown in Fig. 2.7. This problem is also a 

pure traction problem. Let the normalized moment be 1/6. The analytical results are   

 )2/1(2 −= yxσ , 0== yxy στ  (2.34)

Stresses at grid points distributed uniformly on the plate are computed. The L2 error norm is 

computed for the two types of meshes (eight elements and forty elements along the boundary) 

used in modeling the plate under pure traction. For the coarse mesh (8 elements), the L2 error 

norm of the results obtained using Eqs. (2.14) and (2.18b) is respectively 0.165 and 4.37e-7. 
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Refining the mesh to 40 elements along the boundary of the plate reduced the L2 error norm of 

the results obtained using Eq. (2.14) to 2.7e-5. 

For the axial stress, σx, along the centerline AA’, Eq. (2.18b) provided accurate results with 

the eight nodes mesh. However, the error range obtained using Eq. (2.14) with eight nodes was 

between 0.175 at the boundary and 0.02 at the center of the plate. Eq. (2.14) required forty nodes 

to provide results at internal points close to the boundary with comparable errors to those 

obtained by using Eq. (2.18b). The converged results obtained using Eqs. (2.14) and (2.18b) are 

shown in Fig. 2.8. The normalized relative errors by the applied load are plotted in Fig. 2.9 for 

the two types of meshes (eight and forty nodes). This graph shows the fast convergence of Eq. 

(2.18b) and the effectiveness of the new formulations in eliminating the boundary layer effect.  

 

 

 

Figure 2.7. A Plate under pure bending. 
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Figure 2.8. Axial stress σx along line AA’. 

 

 
Figure 2.9. Normalized error of the computed axial stress, σx, along line AA’. 
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2.6.3. Bending of a Cantilever Beam  

A beam of a rectangular cross section is loaded at its free end at the right and fixed at the left 

end (Fig. 2.10). The length and height of the beam are 10 and 1. The stress field near the two 

ends is very complicate and actually the analytical results are unknown. While according to the 

Saint-Venant’s principle, the stress along the center line AA’, which is away from the two ends, 

can be accurately predicted by the results from the elementary Mechanics of Materials,
 

 

 )2/1(60 −= yxσ  and )(6 2 yyxy −=τ    (2.35)

The fixed end of the beam is modeled by taking the local gradient of the displacements to be 

zero. This approach introduces a rigid body motion, which is treated by enforcing the 

equilibrium of moment using Eq. 2.32. The concentrated load is distributed along the right side 

of the edge. The boundary conditions are shown in Fig. 2.10.  

 

 

 
Figure 2.10. A cantilever beam under transversal loading. 

 

 

The computed axial and shear stresses along the vertical centerline of the beam AA’ are 

shown in Figs. 2.11 and 2.12. This model required a bigger mesh size to converge than the 

previous two examples. This is due to the error that might be introduced by assuming the local 



 36

gradient displacement to be zero along the left side of the beam. It is worth noting that the axial 

stress results converged faster than the shear stress results along the centerline of the beam. 

Again Eq. (2.18b) converged faster than Eq. (2.14). The normalized errors by the maximum axial 

stress of the stress field are shown in Figs. 2.13 and 2.14. 

 

 

 
 Figure 2.11. Axial Stress, σx, along line AA’.  
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Figure 2.12. Shear Stress along line AA’. 

 

 
Figure 2.13. Normalized error of the computed axial stress along line AA’. 
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Figure 2.14. Normalized error of the computed shear stress, σxy, along AA’. 

 

 

2.6.4. Pressurized Thick-Walled Cylinder 

 In order to show the efficiency of the weakly singular boundary integral equation, Eq. (18b), an 

internally pressurized hollow cylinder is modeled. The hollow cylinder has an inner radius r1=1 

and an outer radius r2 = 2, and is subjected to an internal pressure p of magnitude 1. A quarter of 

the symmetric cylinder was modeled. The boundary conditions are shown for a sample mesh in 

Fig. 2.15. The plane stress analytical Lame solution for the hoop stress is 

 )1
r

4
(

3

1
)1

r

b
(

rr

pr
22

2

2
1

2
2

2
1 +=+

−
=σθ  (2.36)

 



 39

The numerical results converged to the analytical results with a mesh size of forty linear 

elements along the straight edges and hundred linear elements along the curved edges. The 

magnitude of the hoop stress along the horizontal straight edge AB, which is equal to the 

negative traction, was calculated and plotted in Fig. 2.16. Also, the hoop stress along a quarter 

circle of radius r =1.99 was also computed and tabulated in Table 2.1. The computed results 

show a great convergence even at internal points very close to the outer curved edge and to the 

corners. 

 

Table 2.1. Hoop stress at r = 1.99. 

Theta (º) σθ (Computed results) σθ (Analytical results) Error/p 

0.5729 0.6476 0.67 -0.022338 

5.0156 0.6616 0.67 -0.008399 

13.9010 0.6702 0.67 0.000241 

18.3437 0.6710 0.67 0.000996 

22.7864 0.6713 0.67 0.001364 

27.2291 0.6721 0.67 0.002138 

36.1145 0.6705 0.67 0.000545 

53.8854 0.6708 0.67 0.000780 

67.2135 0.6719 0.67 0.001900 

71.6562 0.6716 0.67 0.001621 

76.0989 0.6709 0.67 0.000926 

84.9843 0.6623 0.67 -0.007635 

89.4270 0.6531 0.67 -0.001689 
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Figure 2.15. An internally pressurized cylinder. 

 

 

 
Figure 2.16. Hoop stress along the horizontal straight edge AB of the pressurized cylinder. 
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2.6.5. Plate with a Hole 

A plate 2 x 1 with a circular hole of radius r = 0.1, and subjected to a pure traction in the 

horizontal direction is modeled. The plate is assumed sufficiently thin for plane stress conditions 

to be valid. Due to the symmetry, a quarter of the plate is modeled (Fig. 2.17). The numerical 

scheme developed for Eq. (2.18b) is used to solve for the stress concentration factor. The value 

obtained is 3.217. Compared with the analytical results, the error is 0.003. This example shows 

again the advantage of the new formulation in eliminating the boundary layer effect and in 

providing accurate results close to the corner nodes. 

 

 

 

Figure 2.17. Plate with a circular hole under pure traction. 

 

 

2.7. Conclusion 

Using the Stroh formulations for anisotropic materials and the Cauchy theorem, a set of complex 

variable boundary integral equations in terms of the displacement gradient du/ds and the traction 
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t are derived. Also, integral expressions that can be used to calculate the stress field are derived. 

The stress field expressions are first order singular in contrast to their counterparts in the 

conventional boundary element formulation that have second order singularity. Thus, the 

boundary layer effect is eliminated in the new formulation. The isotropic forms of the boundary 

integral equations based on du/ds and t are deduced. Numerical schemes to implement these 

equations are proposed and explicit expressions for isotropic domains are derived. The elastic 

problems solved in this chapter shows that Eq. (2.14) provided better convergence and more 

accurate results than Eq. (2.18b) and this is due to its weak singularity. Using Eqs. (2.12a) and 

(2.12b), the numerical schemes allow the straight forward calculation of stresses at internal 

points. Though only linear interpolation shape functions are used, accurate calculation of stresses 

is obtained even at points very close to the boundary.   
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CHAPTER 3  

 

DISCRETE DISLOCATION PLASTICITY:  

A NOVEL BOUNDARY ELEMENT APPROACH 

 

3.1. Introduction 

Discrete dislocation plasticity is a method of solving boundary value problems, where plastic 

flow is represented in terms of the collective motion of discrete dislocations. The dislocations are 

treated as discrete singular entities in an otherwise elastic continuum. Not until around two 

decades ago that the collective behavior of discrete dislocations could be simulated, e.g. [66-69]. 

In these studies, investigations of dislocation pattern formation and of work-hardening relations 

were carried out in macroscopic solids with infinite or periodic boundary conditions. Thus, the 

effect of a free surface was not taken into consideration. However, in problems such as contact 

loading or indentation of thin film image forces due to external surfaces have to be considered so 

the stress fields in the finite solid bodies have to be calculated.  

In 1995, Van der Giessen and Needleman [70] proposed a general approach to solve 

boundary value problems using discrete dislocation plasticity as in the continuum plasticity. This 

approach is described in the next section. The Giessen-Needleman approach is based on the 

formulation of Lubarda et al [71] for equilibrium dislocation arrangements. Boundary value 

problems are solved by writing the stress and displacement fields as superposition of two fields, 

$ � $% & $'  and ( � (% & (' .In Fig. 3.1, the (˜)-fields represent the superposition of the field 

quantities associated with the individual dislocations in their current configuration but in an 

infinite space. For example, the (˜)-stress field is obtained as (% � ∑ σ+,
�-	-  , where σ+,

�-	 is the 
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stress field due to the kth dislocation. The (ˆ)-field represents the image field that corrects the 

boundary conditions. Two sub-problems are solved simultaneously (see Fig. 3.1). In the first 

sub-problem, the dislocation structure is updated and the (˜)-fields are determined by using well 

defined analytical formulations [72,73]. In the second, the (ˆ)-fields are calculated by means of 

numerical techniques such as finite element methods and boundary element methods.  

 

 

 

Figure 3.1. Decomposition of the dislocated problem into the two sub-problems: the sub-
problem that accounts for the dislocations interactions in the infinite solid ((˜)-fields) and the 
complementary problem that corrects for the boundary conditions ((ˆ)-fields) [70]. 

 

 

The Giessen-Needleman approach is general and can be extended to solve three-dimensional 

discrete dislocation plasticity. However, in the case of evolving surfaces, this approach can be 

computationally expensive and therefore very slow. This is due to the need of re-meshing the 

domain when the surface evolves.  
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Boundary element method, due to its fewer degrees of freedom, is very attractive in solving 

stress field and has its own advantage of reducing calculation cost in the above mentioned cases. 

The mesh generation and refinement in boundary element method is much simpler than in the 

finite element method. 

In this chapter, a new approach based on the complex variable boundary integral equation is 

introduced. The new boundary integral formulations developed in Chapter 2 are extended to take 

into consideration singular fields around dislocations in finite bodies. Thus, additional terms are 

introduced to the complex variable boundary integral equations developed in Chapter 2. These 

additional terms are derived for anisotropic materials in Section 3.2 and their forms for isotropic 

materials are deduced in Section 3.3. As will be shown later in this chapter, the free surface 

effect, i.e., the image stress, is included implicitly in the new formulations. Therefore there is no 

need for the superposition technique adopted in the Giessen-Needleman approach [70]. A 

general framework that can be used to study size dependant plasticity in finite bodies using the 

new formulation is devised. Two numerical examples that were solved using the Giessen-

Needleman technique are adopted and solved using the new boundary element technique. A 

comparison of the results using the two different techniques is provided to show the robustness 

and the validity of the new technique. 

3.2. Field around an Internal Singular Point 

Let’s assume that there is a singular stress field around an internal point z0 = x0+iy0 and stresses 

vanish at infinity. We can construct a contour to circumvent the singular point as shown in Fig. 

3.2. Applying Cauchy’s theorem Eq. (2.8) to ./ and using Eq. (2.7), we can get the integral 

expression of ./ in terms of boundary values of ∂$/ ∂s and tractions t, similar to the left hand 

side of Eq. (2.14).  When the outside part of the contour Γout approaches infinity, because of 
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vanishing ∂$/ ∂s and tractions t at infinity, the integrations on Γout vanish. The integrations on Γ- 

and Γ+ cancel each other if displacements across Γ- and Γ+ are continuous or just differ by a 

constant vector. Thus, the stress field can be fully expressed by the integrations on Γ0. Since zα is 

at the outside of Γ0, |�2� � z�4	/�z� � z�4	| 5 1 and the kernel 1/�2� � z�	 in the integral 

expression of .�/  can be expanded around the singular point z�4, then 

 ∑
= −

=′
1

0

)(

)(
)(

n
n

n

zz

a
zf

αα

α
αα

 
(3.1)

where 67�8	  is the nth component of a vector a(n),  where a(n)  is given by, 
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The above integration is along Γ0, from the upper bank of the cut going counterclockwise to the 

lower bank. 

 

 

 
Figure 3.2. The integration contour for field with a dislocation in the z-plane. 
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When stress has first order singularity around a point 000 iyxz += , dsdu  and tractions t 

have 1/r singularity too, and for any 2≥n , a(n) vanishes as 0Γ  becomes infinitely small. Assume 

b
u

=
∂
∂

∫
Γ

ds
sCCW)(0

(Burgers vector) and Ft =∫
Γ

ds
0

(concentrated force), letting F = 0, we have  
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Here we can see that the two conditions for displacement and traction can be given 

independently. The stress field around a dislocation is obtained as, 
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And the holomorphic function f around a dislocation is obtained from Eq. (3.4) as,  
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(3.6)

3.3. Discrete Dislocation Dynamics Based on the Boundary Element Technique  

In this section, we apply the new formulation to a finite solid that has many discrete dislocations 

inside. In problems involving dislocations, the displacements are not continuous referring to a 

perfect crystal. The stress field is singular near the dislocations. This singularity is treated by 

cutting small circles around the dislocations and applying the integral equations Eqs. (2.14) and 

(2.18b) to the boundary enclosed by the small circles, the cuts, and external boundary. Hence, 
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extra terms are introduced into the left hand sides of Eqs. (2.14) and (2.18b) due to multiple 

dislocations. For the anisotropic materials, these extra terms are respectively, 
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where n is the total number of dislocations, 97�-	 and b(k) are respectively the position (in zα 

plane) and the Burgers vector of the kth dislocation. 

The stress field expressions, shown in Eqs. (2.12a) and (2.12b) also have their own respective 

additional terms, 
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Following the same limit taking process as shown in Section 2.4, we obtain the isotropic 

forms of the additional terms, to be added to the boundary integral equations (2.21a) and (2.21b) 

respectively, 
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where )()()( kkk iyxz +=  and 000 iyx +=ς . 

In numerical implementation, these terms only contribute to the right side force vector of the 

linear algebraic system, and have no effect on the matrix. When all the boundary values are 
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solved, the internal stress field due to the external load and the dislocations can be calculated by 

adding the following terms respectively to Eqs. (2.22a) and (2.22b) 
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 It is necessary to emphasize that writing the stress caused by dislocations in complex form 

saves computational work. Thus, when calculating the stress field caused by any dislocation at 

any internal point or at any other dislocation, there is no need to use local coordinates systems 

attached to the dislocation then transform back to the global coordinate system in order to collect 

the stress caused by all the dislocations.  

3.4. Evolution of the Dislocation Structure 

In discrete dislocation plasticity, dislocations are treated as discrete entities that interact with 

each other and with the surface of the body. Interaction among dislocations is divided into two 

categories: long range interactions and short range interactions. Long range interactions are 

calculated directly from the elasticity theory (Eqs. 3.11) which can represent accurately 

dislocation fields beyond 5b-8b from the core, where b is the magnitude of the Burgers vector. 

Dislocation glide and short range interactions such as nucleation and annihilation are 

controlled by atomistic processes and thus cannot be resolved in discrete dislocation plasticity. 

Therefore, constitutive rules are needed to model these mechanisms in two-dimensional discrete 

dislocation plasticity. 
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3.4.1. Dislocation Glide 

Dislocations move on slip planes driven by the so called Peach-Koehler force which acts on the 

dislocation per unit length. In vector form, the Peach-Koehler formula is written as,  

 . � �(. ;	 < = (3.12)

where �<	 is the cross product, (.) is the dot product,  σ is the stress state tensor at the dislocation 

line, b is the Burgers vector of the dislocation and ξ is the tangent vector to the dislocation line.  

In planar domains, the tangent vector ξ is perpendicular to the plane and can be taken as ξ = [0, 

0, 1]. Using the superscript k to denote an edge dislocation, the resolved driving force is 

 >�-	 � ?�-	@�-	 (3.13)

where τ(k) is the resolved shear stress in the slip plane at the dislocation line and b(k) is the 

magnitude of the Burgers vector. Neglecting the inertia effects of dislocations, the magnitude of 

the glide velocity v (k) becomes linearly related to the Peach-Koehler force through >�-	 � AB�-	 

and therefore Eq. 3.13 is re-written as, 

 ?�-	@�-	 � AB�-	 (3.14)

where B is the drag coefficient. 

3.4.2. Dislocation Nucleation 

In a crystal, dislocations nucleate from internal defects to account for the large strains that are 

produced. Edge dislocations can nucleate from Frank-Read sources. Under the effect of the 

resolved shear stress, a single segment of an edge dislocation that gets pinned at internal defects 

bows out by glide. A stress applied continuously to the pinned dislocation segment will cause the 

radius of curvature of the dislocation line to increase and the dislocation line becomes unstable. 

Two sections of the curved line annihilate each other and form a closed outer dislocation loop 
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that can freely propagate on the glide plan leaving a dislocation segment anchored between the 

internal defects. 

The Frank-Read mechanism has been used widely in discrete dislocation plasticity 

[70,74,75]. In two-dimensional discrete dislocation plasticity, this phenomenon is approximated 

as follows. A Frank-Read source is represented by a point source on a slip plane.  If the resolved 

shear stress acting on the source exceeds a critical value τnu during a period of time tnu, two edge 

dislocations of opposite Burgers vectors are nucleated at a distance Lnu as shown in Fig. 3.3. The 

polarity of the nucleated dipole is determined by the sign of τnu. The values of these three 

variables τnu, tnu and Lnu depend on the length of the initial Frank-Read segment, the elastic 

properties and the drag coefficient. The distance between the nucleated dislocations is related to 

the critical shear stress τnu by, 

 
nuc

nu

b
L

τυπ
µ

)1(2 −
=

 
(3.15)

 

 

Figure 3.3. A Schematic diagram of dislocation nucleation from a Frank–Read source. 

3.4.3. Dislocation Annihilation 

In two-dimensional discrete dislocation plasticity, dislocation annihilation is modeled as follow. 

When two dislocations of opposite Burgers vectors glide closer than 6b to each other, they 

annihilate each other. The annihilated dislocations are taken out of the simulations. 
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3.4.4 Dislocation Pinning  

Gliding motions of dislocations may get hindered by other defects. We model these defects as 

point defects that are distributed randomly along predefined slip planes. A dislocation that meets 

a point defect is pinned and is allowed to overcome this obstacle only if its resolved shear stress 

is larger than a threshold stress called τobs. 

3.5. Numerical Implementation  

In discrete dislocation plasticity, quasi-static boundary value problems are solved in an 

incremental manner. At each time step, the fields are determined inside the dislocated body and 

the evolution of the dislocation structure is updated in accordance with the current fields. In 

discrete dislocation plasticity, if the boundary does not move, the stiffness matrix is fixed and 

dislocation motion only changes the generalized force vector. The numerical schemes developed 

in Chapter 2 for the integral Eqs. (2.14) and (2.18b) and their corresponding isotropic forms are 

still valid to form the stiffness matrix. However, the additional terms introduced in this chapter 

due to dislocation fields have to be added to the generalized force vector. Isotropic expressions 

of the dislocation terms are given respectively by Eqs. (3.10a) and Eq. (3.10b). The stress field 

can be calculated using the numerical expressions developed for Eqs. (2.22) in addition to the 

isotropic forms of the dislocations terms that are given in Eqs. (3.11). 

Isotropic forms of the numerical schemes developed for the weakly singular boundary 

integral equations, Eq. (2.18b) with extra terms from Eq. (3.10b), are used in the following two 

examples to study the plastic deformation of a crystal under pure bending and of a polycrystal 

under pure shearing. These two examples are picked because they had been respectively 

simulated by Cleveringa et al. [74] and Balint et al. [75] using the superposition technique and 
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the finite element method. In these simulations, dislocations are constrained to glide along slip 

planes where they were originally nucleated.  

We adopt the same material modeling and parameters in Cleveringa et al. [74] and Balint et 

al. [75] so that direct comparison can be made. Materials are originally free of dislocations. Bulk 

sources are distributed randomly following a Gaussian distribution with mean nucleation 

strength of 50 MPa and a standard deviation of 10 MPa. The time step is fixed as ∆t = 0.5 ns and 

the nucleation time as tnu = 10 ns. The distance between adjacent slip planes is taken to be 100b. 

Materials properties are taken to be those of Aluminum where Young’s modulus E = 70 GPa, 

Poisson ratio ν = 0.33, drag coefficient B = 10-4 Pa.s and the Burgers vector length b = 0.25 nm. 

The so called Peierls stress that resists dislocation gliding is taken to be zero. 

3.5.1. Bending of a Single Crystal 

The bending of a single crystal of length L = 12 µm and height h = 4 µm is simulated using the 

developed boundary element approach. The bending load is modeled by prescribing the slope of 

the left and right edges of the single crystal (Fig. 3.4). In terms of the displacement gradient, this 

is defined as ∂u/∂s = θ, where u is the displacement in the x direction. The bending rate is taken 

to be CD � 0.5 < 10G s��. In this example, the material is considered to be free of obstacles. 

Geometric configuration of slip systems is similar to that in Cleveringa et al. [74]. The 

crystal has three slip systems inclined at angles φ = ± π/6 and φ = π/2 from the x axis as shown in 

Fig. 3.5. The π/2 slip planes are confined to a central region of size L � h/ tan�L
M	. The ± π/6 slip 

planes are confined geometrically to a region such that intersection with the vertical edges where 

the rotation is prescribed does not occur. Therefore, dislocations can only exit the crystal from 

the top or bottom edges. Dislocations are divided evenly between the three slip systems. In total 

there are 404 slip planes and 808 bulk sources.  
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Figure 3.4. A Single crystal under pure bending. 

 

 

 
Figure 3.5. Sketch of the boundary value problem. 

 

 

To show mesh independence of the results, three simulations with different mesh sizes 

(mesh1, mesh2 and mesh3) are conducted. Mesh1, mesh2 and mesh3 have respectively 200 

nodes, 400 nodes and 800 nodes distributed evenly along the four edges of the crystal. The 

resultant bending moment normalized with a reference moment MOPQ � �
G τSTU�V

�	�, is plotted 

versus the prescribed slop θ. As shown in Fig. 3.6, for the three different meshes, the crystal has 

yielded at approximately the same bending moment with less than 10 % difference between the 

coarse mesh, mesh1, and the other finer meshes, mesh2 and mesh3. This is due to the fact that 

the linear shape functions used do not model bending problems accurately and usually require 

fine meshes. 
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Figure 3.6. Convergence of the boundary element results. 

 

 

 In Fig. 3.7, the boundary element results are compared with the finite element results 

obtained in [74]. Both methods have showed similar behavior of the crystal under bending. The 

first nucleation incidence occurred in our simulations at a lower moment than in Cleveringa et 

al.[74]. This may explains the quantitative difference between the two methods from the yielding 

point up to θ = 0.08. However, for θ > 0.08, both methods have surprisingly provided close 

results. A comparison of dislocation distribution at θ = 0.002 obtained from the two methods is 

plotted in Figs 3.8(a) and 3.8(b). It is worth noting that although similar slip planes in both 

methods are active, dislocations are more uniformly distributed in the boundary element results. 

The possible reason for this is that the internal stress and its variation in the field calculated from 

the boundary element method are much smoother than the stress field calculated by the finite 

element method, which is greatly affected by the mesh geometry, shape function and integral 

points. 
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Figure 3.7. Comparison of the boundary element results with the finite element results in 
Cleveringa et al. [74] for the single crystal under bending. 

 

 

(a) 

 
 

(b) 

 
Figure 3.8. Dislocation distribution results at θ = 0.0175. (a) Boundary element results.(b) Finite 
element results [74]. The gray circles are Frank-Read sources, (+) are positive dislocations and  
(-) are negative dislocations. 
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3.5.2. Polycrystal under Pure Shearing  

The model used in this paper is similar to the one studied in Balint et al. [75]. A square 

polycrystal of size 10x10 µm2 is composed of n square grains in each direction. The grains are 

arranged analogously to a checkerboard; the adjacent grains have slip systems with different 

orientations (Fig. 3.9). Each grain has only one slip system with slip planes oriented either 

horizontally or vertically. Density of the Frank-Read sources is taken to be ρsrc = 20 µm-2. In 

order to prevent separation of a new born dipole between two adjacent grains, the distance 

between sources and the grain boundaries is set to be larger than the radius of the nucleation 

zone, 0.5Lnu. Transmission of dislocations through the grain boundaries is not allowed. Obstacles 

with a prefixed density ρobs = 40 µm-2 are randomly distributed along the different slip planes. 

These obstacles are treated as fixed points. A dislocation cannot surpass the point obstacle unless 

the Peach-Koehler force on the dislocation exceeds the obstacle strength which is taken to be 150 

MPa. 

The polycrystal is subjected to pure shearing, prescribed through the gradient displacement 

boundary conditions (Fig. 3.9). The prescribed shear strain is increased at the rate γD � 2000 s��. 

Polycrystals with two different grain sizes, d = 2.5 µm and d = 0.5 µm, are simulated. The work 

conjugate shear stress defined as  τ �  �
Y� Z t[ u[ ds , is plotted against the shear strain for the two 

simulated cases and compared with the finite element results obtained in Balint et al. [74] (Fig. 

3.10). For the grain size d = 2.5 µm, the boundary element results have shown softer response of 

the polycrystal than the finite element results. However, the results from both methods are 

qualitatively very similar to a big extent. For the grain size d = 0.5 µm, the two methods have 

provided very close results. 
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Figure 3.9. Sketch of the checkerboard like polycrystal under pure shearing. 

 

 

 
Figure 3.10. Comparison of the boundary element results with the finite element results in Balint 
et al. [75] for the polycrystal under pure shearing. 
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3.6. Conclusion 

The boundary integral equations derived in Chapter 2 are extended to take into consideration 

singular fields due to dislocations in finite bodies. Combined with discrete dislocation dynamics, 

the formulation provides a direct approach to solve mesoscopic plasticity problems in a finite 

body with many discrete dislocations, without the use of superposition method proposed by Van 

der Giessen and Needleman [70]. Two such examples are simulated: the plastic behavior of a 

crystal under pure bending and that of a polycrystal under pure shearing. The results are very 

close to the finite element results in Cleveringa et al. [74] and Balint et al. [75]. Due to the 

inherent mathematical structure of the boundary element method, it provides a smoother internal 

stress field than the one calculated by the finite element method, which usually generates 

artificial non-smooth stress field at the boundaries of neighboring elements. It is worth 

mentioning that the calculation cost in these simulations is low. For example, the first problem 

about the bending of single crystal can be solved in a time period that ranges from two hours for 

the coarse mesh up to 6 hours for the fine mesh, in a regular Dell Precision Computer without 

any upgrade. 
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CHAPTER 4  

 

MULTI-ASPERITIES CONTACT WITHOUT BULK SOURCES 

 

4.1. Introduction 

A main interest of this dissertation is the micro-structural deformation of rough surfaces. We do 

not consider only the contact of single asperities but the contact of many asperities focusing on 

how the different parts of the surface interact with each other and the factors that drive the 

pattern formation. We propose a Multi-Asperities model to capture the complexity of the multi-

scale nature of rough surfaces under contact. In this chapter, the proposed Multi-Asperities 

model is described and the boundary value problem is solved using the discrete dislocation 

approach described in Chapter 3. Only nucleation of dislocations from surface-steps is 

considered in this chapter. Effect of bulk sources on the microstructure deformation and pattern 

formation underneath the surface is presented in Chapter 5. The results obtained are presented 

and discussed. Finally, further improvements of the model are proposed.  

 In the proposed Multi-Asperities model, the rough surface of a material is idealized by a 

periodic array of asperities of rectangular shapes. The model is illustrated in Fig. 4.1, where δ is 

the height of the asperity, AS is the width of the asperity and w is the period of the rough surface. 

The main difference between the proposed Multi-Asperities model and the Unit-Step model 

described in Chapter 1 is that the interaction between adjacent asperities is considered. The 

collective effect of an array of contacts when considered has important consequences such as 

neighboring hardening, i.e., when dislocations generated under different asperities interact. 
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Another important feature that differentiates our model from the theoretical Unit-Step model is 

that our model is capable of dealing with a large number of dislocations.  

 

 

 

Figure 4.1. A Semi infinite crystal with a rough surface indented by a rigid flat indenter. 

 

 

4.2. Description of the Boundary Value Problem  

The problem to be studied is a semi-infinite single crystal in the horizontal direction with a rough 

surface under indentation. The problem can be reduced to a finite one by considering the domain 

as a set of an infinite number of unit cells of sizes ^ < _, where periodic boundary conditions are 

imposed on the two opposite sides of the unit cell. Thus, a dislocation that leaves the unit cell 

from a side is inserted back from the opposite side. The material is assumed to be initially free of 

defects of any kind. Plastic flow occurs in the crystal as a result of the nucleation of edge 

dislocations from the surface-steps and their motions along slip planes that emanate from the 
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surface-steps as illustrated in Fig. 4.2. Each edge dislocation is associated with a Burgers vector 

of fixed magnitude and of direction parallel to the slip plane along which it can glide. The 

dislocation line direction is perpendicular to the plane of deformation.  

4.2.1. Boundary Conditions  

The contact conditions considered are those of a frictionless contact; thus, the indenter is free to 

slide along the surface of contact where the shear stress vanishes. There is no contact between 

the indenter and the gap between adjacent asperities. The bottom surface of the unit cell is 

assumed to be free to move in the lateral direction but is fixed in the longitudinal direction. No 

lateral displacement is assumed along the two sides of the simulation cell. Also, there is no shear 

stress along the two sides. The governing integral equation used to solve the boundary value 

problem is given in terms of the displacement gradient vector �$/�`  and the traction vector t. 

Thus, the boundary conditions are 

 0/,0 =∂∂= sut yx ; wx ≤≤0  and y = 0. (4.1)

 0== yx tt ; 2/)( ASwx ±=  and δ+≤≤ hyh  (4.2)

 0/,0 =∂∂= sut xy ; x = 0 or x = w and hy ≤≤0  (4.3)

 0== yx tt ; wx ≤≤0  and y = h (4.4)

The loading condition along the contact surface is imposed by prescribing the normal 

displacement under the contact in an incremental manner. This can be achieved by satisfying the 

following equation,  

 dtuds
s

uC

A

y

∫∫ −=
∂

∂ .

 (4.5)

where the prescribed displacement rate, a,D  is taken to be aD � 4 < 10d ef/`. 
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The unit cell is free to move horizontally. Therefore, the periodic boundary conditions on the 

sides of the unit are imposed with the following equations, 

 0∫ =+
∂

∂D

B

x Vds
s

u
 (4.6a)

 0∫ =
∂

∂D

B

y ds
s

u
 (4.6b)

The constant V is determined by assuming that the resultant horizontal forces acting on any 

of the two sides of the cell vanish. This is satisfied by requiring that,  

 0),(
1

=∫
B

A
x dyywt

h
 (4.7)

 

 

 
Figure 4.2.  Simulated unit cell including dislocations gliding along different slip planes where w 
is the width of the unit cell, AS is the width of the asperity.  
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4.2.2. Governing Equations and Constitutive Rules 

The calculations are carried out using the plane strain two-dimensional discrete dislocation 

plasticity method developed in Chapter 3. The boundary value problem is solved using the 

isotropic forms of the numerical schemes developed for the weakly singular boundary integral 

equation (Eq. (2.18b)) with the corresponding extra term (Eq. (3.10b)). Similarly, the internal 

stress field is calculated using the isotropic forms of the numerical schemes developed for Eqs. 

(2.12) with their associated extra terms given by Eqs. (3.11). 

Nucleation of dislocation from bulk sources is not allowed. The Rice-Thomson criterion [52] 

is used to model dislocation nucleation from surface-steps. If the driving force on a dislocation at 

a distance η from the surface step is greater than the Peierls force, the dislocation is emitted. The 

distance η and its corresponding Peierls force fp are determined by atomistic simulations in Yu et 

al. [47]. The parameter η characterizes the size of the dislocation emission process zone near the 

step. The dislocation glides only if the driving force overcomes the Peierls force. Once a 

dislocation is nucleated from a surface step, the Burgers vector is accommodated by the surface 

step, which is accounted for by means of an appropriate image dislocation above the surface. 

Thus, the strength of a surface step dislocation source depends on the number of dislocations it 

has generated. This step-height dependency is not accounted for in our calculations. Dislocation 

glide is controlled by the Peach-Koehler force. In a two dimensional domain, the glide 

component of the kth dislocation is written explicitly as, 

 >-g hi
� j��kk � �ll	 sin 2C- �2�kl cos 2C-p  (4.8)

where θk is the slip plane angle and bk is the magnitude of the Burgers vector. Given that the 

glide component is bigger than the Peierls force, the glide velocity vk is calculated as, 
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  B- � �>- � @-?q`�rs�>-		/A (4.9)

where τp is the Peierls stress and B is the drag coefficient. Displacement of the dislocation along 

the slip plane is determined through the explicit Euler integration technique, uk = vk ∆t. The time 

step is taken to be ∆t = 0.005 ns. 

4.2.3. Geometry and Material Properties 

The height h of the unit cell and the step height δ are fixed, respectively, as h = 50 µm and δ = 

0.02 µm. The simulations are carried out for various widths of the unit cell and various ratios of 

the asperity width to the unit cell width, AS/w. The material is elastically isotropic where the 

shear’s modulus µ = 183e3 MPa and the Poisson’s ratio ν = 0.43. The magnitude of the Burgers 

vector is equal to the lattice constant of Gold b = 4.08 Aº.  The size of the nucleation process 

zone and the corresponding Peierls force are taken respectively as η = 5b and fp/µb = 0.001. The 

drag coefficient is taken as B =10-4 Pa.s. 

4.3. Simulation Results 

Let us note first that a quantitative comparison between the results discussed in this chapter and 

the results obtained in [47,54] is not possible. This is due to the following reasons. They have 

used continuum formulations; adhesion energy was considered and finally the contact conditions 

they simulated are those of a perfectly sticking contact. However, a qualitative comparison is 

provided in the rest of this chapter in addition to the new phenomenon revealed by our 

simulations. The surface-steps are differentiated by their locations at the right corner or the left 

corner of the asperity and the slip planes emanated from the surface-steps are differentiated by 

their inclination angle θ  with respect to the x axis.  
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4.3.1. Isolated Single Steps 

We start our analysis by studying the dislocation behavior underneath the contact area in the case 

of an isolated single step (see Fig. 4.3). To eliminate the effect of the periodic boundary 

conditions, the width of the unit cell is taken to be large enough, w = 50 µm. Also, the size of the 

asperity is set to be AS = 10 µm so the interaction between dislocations nucleated form opposite 

steps is negligible. Only nucleation from the left surface step is allowed and hence the nucleation 

source at the right corner is suppressed. Three different cases are considered: (1) only the slip 

plane at θ = -3π/4 is activated, (2) only the slip plane at θ = -π/4 is activated, (3) both of these 

slip planes are activated. For the first two cases, the equilibrium positions, l/b, of the first few 

nucleated dislocations are plotted against the mean pressure, Pm, in Figs. 4.4(a) and (b), where  

 ∫
+

−

+
−=

2/)(

2/)(

),(1 ASw

ASw

yy
m dx

hx

AS
P

µ

δσ
 (4.10)

 

 

 
Figure 4.3. A schematic illustration of a rough surface with isolated surface-steps. 
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A comparison between the curves in Fig. 4.4(a) and the curves in Fig. 4.4(b) show that the 

slip plane at θ = -3π/4 yields at a lower mean contact pressure than the slip plane at θ = -π/4. 

However, as the mean contact pressure increases, dislocations nucleated along the right slip 

plane (θ = -π/4) moves easily towards the bulk while dislocations nucleated along the left slip 

plane (θ = -3π/4) stay close to the surface step from which they were nucleated. This different 

behavior of dislocations nucleated from surface-steps is called dislocation segregation into pro-

load and anti-load types. This is due to the applied remote load. Dislocation segregation was 

observed in the Unit-Step model developed by Yu et al. [47]. 

 

 

(a) (b) 

 
Figure 4.4. Normalized mean contact pressure, Pm/µ, versus dislocation distance to the surface 
step l/b. (a) for dislocations moving along the slip plane at θ = -π/4, (b) for dislocations moving 
along the slip plane at θ = -3π/4. 
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In Fig. 4.5, the number of dislocations nucleated along the slip planes at θ = -3π/4 and θ = -

π/4 is plotted against the mean contact pressure, Pm, for the cases when each slip plane is 

activated separately and when the two slip planes are activated at the same time. As shown in 

Fig. 4.5, for the cases when each slip plane is activated separately, it is easier to nucleate the first 

few dislocation along the slip plane at θ = -3π/4 than along the slip plane at θ = -π/4. However as 

the number of nucleated dislocations increases, it becomes a lot easier to nucleate dislocations 

along the slip plane at θ = -π/4. This is due to the fact that the dislocations nucleated along the 

slip plane at θ = -3π/4 are of the anti-load type and thus they pile up underneath the surface 

making it difficult for subsequent anti-load dislocations to nucleate from the surface-steps. When 

the two slip planes are active at the same time, the mean pressure required to nucleate subsequent 

dislocations along either of the two slip planes is dropped. This phenomenon is called latent 

softening. The same phenomenon was observed in Gao et al. [55]. 

Furthermore, while the drop in the mean pressure for the plane at θ = -3π/4 is constant, the 

drop in the mean pressure for the slip plane at θ = -π/4 increases with the number of dislocations. 

It is worth noting that the number of pro-load dislocations is still larger than the number of anti-

load dislocations and this due to the fact that anti-load dislocations pile up close to the surface 

and thus generate a large back stress that suppresses the anti-load source. Therefore, dislocation 

segregation observed in the case of individual slip planes still hold when the two slip planes are 

activated together. 

A final note is that there is no change in the mean contact pressure required for the nucleation 

of the first dislocation along the slip left plane. This is because the Rice-Thomson model does 

not take into consideration the instability along the slip planes before a dislocation is nucleated.  
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Figure 4.5. Effect of the mutual interactions between the two slip planes at Ө = -π/4 and Ө = -
3π/4 on each of them separately. 

 

 

4.3.2. Effect of Dislocations Pile-up near the Surface   

The dislocation structure underneath the surface and the distribution of the lateral stress σxx are 

plotted respectively in Figs. 4.6(a) and (b) for the case when the two slip planes are activated at 

the left corner of the asperity. Obviously, while the pro-load dislocations move away towards the 

bulk, anti-load dislocations dominate a thin layer underneath the free surface. This leads to the 

formation of a tensile layer underneath the surface as shown in Fig. 4.6(b). This tensile layer can 

cause surface cracking and sub-surface crack growth of thin-layer delamination [76]. 
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(a) (b) 

 
Figure 4.6. Simulation results for the isolated surface-step. (a) Dislocation structure; the height 
of the surface-step is magnified, (b) distribution of the  lateral stress σxx. 

 

 

4.3.3. Asperity Size Effect 

The size effect on dislocation nucleation from surface-steps is checked by changing the width of 

the asperity AS and the width of the unit cell w while fixing the ratio of the asperity width to the 

unit cell width at AS/w = 1/9. As shown in Fig. 4.7, the mean contact pressure Pm required to 

nucleate dislocations from the surface-steps decreases as the size increases. Thus, it is difficult to 

flatten asperities as the size decreases. This confirms previous results obtained using discrete 

dislocation plasticity [40] and continuum plasticity [22,23] that nano-size asperities deform 

elastically. 
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Figure 4.7. Effect of the asperity size on dislocation nucleation from surface-steps. 

 

 

The dislocation segregation phenomenon observed in the case of isolated steps is investigated 

further for the case of asperities of finite sizes, i.e., a case where the surface-steps are close to 

each other. A unit cell model of width w = 50 µm and an asperity of size AS = 10 µm is 

considered. Dislocations network and distribution of the lateral stress σxx underneath the asperity 

are plotted respectively in Figs. 4.8(a) and (b). As shown in Fig. 4.8(a), anti-load dislocations 

pile up close to the asperity while pro-load dislocations move away towards the bulk of the 

material. The contour plot in Fig. 4.8(b) shows the development of high tensile spots at both 

corners of the asperity. Therefore, for asperities of large sizes, dislocations exhibit similar 

behavior as in the case of isolated surface-steps, that is, dislocations segregate into pro-load 

dislocations and anti-load dislocations.  
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(a) (b) 

 
Figure 4.8. Simulation results for a unit cell of width w = 50 µm with an asperity of width AS = 
10 µm. (a) Dislocation structure; the height of the asperity is magnified, (b) distribution of the 
lateral stress σxx. 

  

 

To study the effect of the width of the asperity on the dislocation behavior, the width of the 

asperity is changed form 5 µm down to 0.44 µm. Snapshots of dislocation structure underneath 

the surface are plotted in Figs. 4.9(a-d) at the instant when 100 dislocations have been generated. 

As the size of the asperity decreases, the number of anti-load dislocations increases and the 

leading anti-load dislocation tailgate the leading pro-load dislocation. This can be explained as 

follows. The distance between the parallel slip planes emanated from the opposite corners of the 

asperity is proportional to the width of the asperity. Therefore, as the size of the asperity 

decreases, the back stress due to the pile-up of the anti-load dislocations underneath the surface 
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is reduced by the compressive stresses generated by the pro-load dislocations nucleated at the 

opposite corner and; thus, nucleation of anti-load dislocations is facilitated. This is similar to the 

latent softening phenomenon discussed in Section 4.3.1, where slip planes emanated from 

isolated surface-steps facilitate nucleation of subsequent dislocations when both slip planes are 

activated. Furthermore, these pro-load dislocations form dipoles with anti-load dislocations 

nucleated from the opposite corner and move together towards the bulk. Therefore, we can 

differentiate between two phenomena: for asperities of large sizes, dislocations segregate into 

pro-load dislocations and anti-load dislocations, but as the size of the asperity decreases, 

dislocations generated along parallel slip planes form dislocation dipoles that glide away of the 

surface.  

In Figs. 4.10(a-d), distribution of the lateral stress σxx underneath the asperity is plotted for 

the asperities of different widths. As shown, in Figs 4.10(a) and (b), asperities of large sizes 

develop high tensile spots at the corners of the asperities while the stresses under the free surface 

are compressive. This is due to the pile-up of the anti-load dislocations under the free surface as 

shown in Figs. 4.9(a) and (b). However, as the size of the asperity decreases, these tensile spots 

vanish and the stress in the vicinity of the asperities is compressive (Figs. 4.10(c) and (d)). 

Furthermore, for the asperities of small sizes, high compressive stresses are developed inside 

shear bands that emanate from the surface. These shear bands are due to the dipolar bands that 

are formed by the anti-load and pro-load dislocations nucleated from the opposite corners of the 

asperity. Thus, materials are pushed from the surface towards the bulk within those shear bands 

leading to the high compressive stresses. 
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(a) (b) 

 
 

(c) (d) 

 
Figure 4.9. Dislocation structure under the indented surface for asperities of different widths: (a) 
AS = 10 µm, (b) AS = 5 µm, (c) AS = 2.5 µm and (d) AS = 0.44 µm. The heights of the asperities 
are magnified.  
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(a) (b) 

  
 
 
(c) (d) 

 
Figure 4.10.  Distribution of the lateral stress σxx underneath the contact area for: (a) AS = 5 µm, 
(b) AS = 2.5 µm, (c) AS = 1.25 µm and (d) AS = 0.44 µm.  
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4.3.4. Asperity Spacing Effect 

The mean contact pressure, Pm, required to nucleate the first dislocation from the surface step is 

plotted against the unit cell width in Fig. 4.11. Two effects have been observed. First, for widely 

spaced asperities, the slip planes at θ = -3π/4 yield before the slip planes at θ = -π/4 but as the 

asperities become closer, the yielding order flips. Second, the mean pressure required to yield the 

slip plane at θ = -3π/4 is inversely proportional to the asperity spacing while the mean pressure 

required to yield the slip plane at θ = -π/4 is proportional to the asperity spacing. In Fig. 4.12, the 

mean contact pressure is plotted against the number of dislocations for several unit cells with 

widths that vary from w = 6 µm to w = 2 µm. For the unit cells of width: w = 2 µm, w = 3 µm 

and w = 4 µm, it is easier to nucleate the first few pro-load dislocations than the anti-load 

dislocations. However, nucleation of subsequent pro-load dislocations requires considerable 

increase in the mean contact pressure and this is presented by the jumps in the mean contact 

pressure curves that correspond to the cases w = 2 µm, w = 3 µm and w = 4 µm. This hardening 

behavior is due to the interaction among the pro-load dislocations nucleated from adjacent 

asperities. In contrast, for the widely spaced asperities case, w = 6 µm, where it is easier to 

nucleate the first anti-load dislocation, subsequent dislocations are nucleated without a 

significant increase in the mean pressure. This is due to the latent softening phenomenon 

discussed above. We conclude that when the asperities become closer to each other, it becomes 

easier to flatten asperities of moderate heights but very difficult to flatten asperities of large 

heights. 
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Figure 4.11. Mean contact pressure required to nucleate the first dislocation from the asperity 
corner versus the width of the unit cell, w. 

 

 

 
Figure 4.12. Mean contact pressure versus the number of dislocations for cases of same asperity 
size AS = 1µm and several unit cell widths. 
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4.3.5. Ratio Effect 

As discussed above, dislocation nucleation from surface-steps and dislocation behavior 

underneath the contact area are controlled by two phenomena. These phenomena are latent 

softening and neighboring hardening, where the former depends on the size of the asperity and 

the latter depends on the asperity spacing. In this section, we investigate the competition between 

the two phenomena.  

Consider an asperity of size AS = 0.44 µm and two unit cell of widths w = 4 µm (AS/w = 1/9) 

and w = 2 µm (AS/w = 2/9). Dislocation structures are plotted respectively in Figs. 4.13(a) and 

4.13(b). Dipolar bands are observed in both figures. This is because the asperity spacing I slarge 

enough and the asperity width is small so the latent softening phenomenon prevails. 

 

 

(a) (b) 

 
Figure 4.13. Dislocation structure underneath the surface for an asperity of size AS = 0.44 µm 
and width to spacing ratio: (a) AS/w = 1/9, (b) AS/w = 2/9. 
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Now, let’s change the size of the asperity to AS = 1 µm. Dislocation structures are plotted 

respectively in Fig. 4.14(a) and (b) for the two unit cells of widths w = 4 µm and w = 2 µm. 

Dipolar bands are observed only for the unit cell of width w = 4 µm and AS/w =1/4. This is 

because the dipole strength is inversely proportional to the distance between the slip planes and 

as the size of the asperity increases, this distance increases and therefore dipoles become weaker 

and cannot overcome the neighboring hardening effect. Thus, the neighboring hardening 

phenomenon prevails when the asperity spacing approaches the width of the asperity. 

 

 

(a) (b) 
 

 

 

Figure 4.14. Dislocation structure underneath the surface for an asperity of size AS = 1 µm and 
width to spacing ratio: (a) AS/w = 1, (b) AS/w = 1/2. 
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Therefore, the ratio of the size of the asperity to the distance between adjacent asperities is 

very crucial in determining the dislocation behavior underneath the surface. Thus, we conclude 

that dislocation behavior is determined by two out of the following three factors: width of the 

asperity (AS), width of the unit cell (w), and ratio of the width of the unit cell to the width of the 

asperity (AS/w). 

4.4. Further Remarks on the Model 

First, dislocation nucleation from surface-steps is assessed by the Rice-Thomson criterion which 

is based on the stress state at the stress concentration. Once the Peach-Koehler force on a 

fictional dislocation at a distance η from the surface step exceeds the Peierls stress, the 

dislocation is nucleated. Thus, the model critically depends on the stress state at the surface-steps 

which can suddenly change once a new dislocation is born. Thus, slip plane instability is not 

taken into consideration before the dislocation is nucleated. Furthermore, the Rice-Thomson 

model does not consider the three-dimensional nature of embryo dislocation [52].  The observed 

latent softening phenomenon critically depends on the nucleation model adopted and therefore 

this scenario may change if a different nucleation criterion is adopted .To the knowledge of the 

authors, there is no consensus on the dislocation nucleation from the surface in the literature. 

However, a continuum cohesive zone model can be employed to capture more details of the 

dislocation nucleation process [77].  

Second, dislocations segregation is due to the remote applied load. Therefore, changing the 

dislocation nucleation criterion is not expected to change this scenario. However, in this chapter 

only nucleation from surface-steps is allowed and thus by considering bulk yield some of the 

phenomena discussed in this chapter may not hold.  
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4.5. Conclusion  

A Multi-Asperities model has been introduced to study dislocation behavior near rough surfaces 

under contact loading. Periodic boundary conditions are adopted to take into consideration the 

effect of adjacent asperities. Simulations were carried out using the new boundary element 

approach presented in Chapter 3.  

The main conclusions are:  

• The size effect is clear in the simulation results; the smaller being the harder. Moreover, 

dislocations nucleated under the indented asperities spread out to reach neighboring asperities 

and interact with the dislocations nucleated from neighboring asperities. This observation 

contradicts the continuum plasticity results that plastic deformation is confined to the area under 

the asperities that have yielded. 

• For the case of asperities of large sizes, dislocations segregate into pro-load type and anti-

load type near the surface. Pile-up of the anti-load dislocations underneath the contact area 

results in the development of high tensile spots at the asperities edges.  

• For the case of widely spaced and relatively small asperities, dislocations nucleated from 

opposite corners of an asperity form dipolar bands that propagate towards the material bulk. 

These dipolar bands accommodate high compressive stresses. Surface Materials are squeezed 

within these shear bands. 
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CHAPTER 5  

 

EFFECT OF BULK YIELD ON SURFACE MICROPLATICITY 

 

5.1. Introduction 

In Chapter 4, discrete dislocation analysis of rough surfaces under contact loading is conducted. 

We assumed that the material bulk is free of defects where plastic deformation is due to the 

homogenous nucleation of dislocations from surface-steps. Given that the size of the asperity is 

big enough, high tensile spots were observed at the edges of the asperity; this is due mainly to 

the pile up of the anti-load dislocations underneath the free surface. These tensile high spots may 

lead to surface crack nucleation associated with delamination wear. Rough surfaces with 

asperities of small widths and that are spaced widely enough exhibit shear band deformation that 

emanates from the asperity and propagates toward the bulk. Similar deformation pattern was 

observed in an impact experiment on an MgO single crystal (see Fig. 5.1) [48].  

 

 

Figure 5.1. Dislocation etch pits of bands emanating from surface asperities of an MgO single 
crystal under contact [48].  
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5.2. Boundary Value Problem 

In this chapter, discrete dislocation calculations are carried out for the Multi-Asperities model 

under contact loading taking into consideration the yield of bulk material. Thus bulk sources 

such as Frank-Read sources are introduced. Here, we study the effect of dislocations nucleated 

from bulk sources on dislocation structure and stress distribution underneath the contact area for 

asperities of different sizes and different spacing. Frank-Read sources are distributed randomly 

along predefined slip planes with orientations: θ = -π/4, -3π/4 and 0 rad (Fig. 5.2). Dislocation 

nucleation from Frank-Read sources is modeled through the constitutive rule discussed in 

Section 3.4. If two dislocations of opposite Burgers vectors get closer than 6b to each other, they 

are annihilated and taken out of the simulations. Unless noted otherwise, the density of the 

Frank-Read sources is fixed to be ρsrc = 30 µm-2. The strength of Frank-Read sources and the 

nucleation time are fixed to be respectively τnu = 183 MPa and tnu = 10 ns. Distance between slip 

planes is fixed to be 200b. The time step is fixed as ∆t = 0.05 ns, which is small enough 

compared to the nucleation time to make sure that nucleation events are not missed. Similar to 

Chapter 4, the Rice-Thomson model is used to assess nucleation of dislocations from surface-

steps, i.e., from opposite corners of an asperity. The formulations derived in Chapters 2 and 3 

assume small strain deformations; therefore, evolution of the surface roughness due to 

dislocation annihilation at the surface or dislocation nucleation from surface-steps is not 

considered. Moreover, surface evolution requires re-meshing of the boundary where very small 

elements have to be structured around the newly created surface-steps that are of small heights 

which make the problem computationally very expensive. Therefore, dislocations nucleated from 

bulk sources that glide towards the free surface are annihilated and taken out of the simulations. 

However, bulk dislocations that reach the contact area are pinned at a distance of 5b from the 
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area under contact. The single crystal is taken to be elastically isotropic, with a shear modulus µ 

= 183 GPa and a Poisson ratio v = 0.43. A Burgers vector of magnitude b = 0.4 nm is used in the 

calculations. 

 

 

.  
Figure 5.2. Unit cell model with Frank-Read sources distributed along slip planes inclined at an 
angle θ form the x axis. 

 

 

As in Chapter 4, a displacement controlled loading with an indentation rate aD � 4 <
10d ef/` is applied along the width of the asperity, AS, where frictionless conditions are 
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assumed. The effect of neighboring asperities is taken into consideration by applying periodic 

boundary conditions along the opposite sides of the unit cell. See Eqs. (4.1-7) for a detailed 

description of the boundary conditions. 

5.3. Simulation Results 

Discrete dislocation simulations are carried out first for a planar-symmetric single crystal with 

slip systems oriented at angles θ = -π/4 and θ = -3π/4 from the x axis. Then a slip system parallel 

to the x axis is added.  

5.3.1. A Crystal with Two Slip Systems 

In this section, deformation pattern is investigated for the case when bulk sources are present. To 

establish a connection with the results in Chapter 4, a unit cell with geometric properties (w = 4 

µm and AS = 0.44 µm) is simulated with and without bulk sources. For the case where bulk 

sources are present, Frank-Read sources are distributed randomly along the slip planes at θ = -π/4 

and θ = -3π/4. In Fig. 5.3, contour plots of the lateral stress σxx is plotted along with the 

dislocation structure for the two cases at an indentation depth u = 0.062 µm. For the case where 

nucleation is allowed only from surface-steps (Fig. 5.3(a)), two dipolar bands that accommodate 

high compressive stresses emanate from the asperity corners. Similarly, for the case where bulk 

sources are activated (Fig. 5.3(b)), two shear bands still emanate from the asperity. These shear 

bands are populated with dislocations that are nucleated from bulk sources and glide on slip 

planes perpendicular to the shear bands. These dislocations glide towards the free surface and 

change the surface profile. It is worth noting that when bulk sources are activated, there are 

tensile layers under the free surface which are partially due to the elastic deformation. However, 

when only surface sources are activated, stresses under the free surface are predominately 

compressive. 
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(a) (b)  

 
Figure 5.3. Distribution of the lateral stress σxx and dislocation structure at the indentation depth 
(u = 0.062 µm) for the case (w = 4 µm and AS = 0.44 µm) where nucleation is allowed from: (a) 
only corners of the asperity, (b) both Frank-Read sources and corners of the asperity. 

 

Let’s now look at the case of closely spaced asperities (w = 2 µm and AS = 0.44 µm). 

Simulation results at u = 0.1 µm in Figs. 5.4(a) and (b) reveal two shear bands emanated from the 

surface, whether bulk sources are activated or not. However, in the case where bulk sources are 

activated, well structured dipolar bands are not observed. This is again due to dislocations 

nucleated from Frand-Read sources that glide towards the free surface in the vicinity of the 

asperity and block the dislocations nucleated from the corners of the asperity. 
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(a) (b) 

 
Figure 5.4. Distribution of the lateral stress σxx and dislocation structure at the indentation depth 
(u = 0.1 µm) for the case (w = 2 µm and AS = 0.44 µm) where nucleation is allowed from, (a) 
only corners of the asperity, (b) both Frank-Read sources and corners of the asperity. 

 

 

One common observation between the widely closed asperities and the closely spaced 

asperities is that the zone under the contact area is populated by both anti-load and pro-load 

dislocations, which explains why tensile spots at the edges of the asperities are not observed 

whether dipolar bands are formed or not. It is important to mention that the compressive stresses 

in the shear bands are more significant in the case when only surface sources are activated. 



 88

The results presented above are at a moderate indentation depth where only very few Frank-

Read sources near the contact area are activated. In the rest of this section, results are presented 

at the indentation depth u = 0.16 µm, which is large enough so that Frank-Read sources away 

from the surface are activated and therefore bulk yield occurs. Contour plots of the lateral 

stresses σxx for the two unit cells (AS/ w = 0.44/2) and (AS/ w = 0.44/4) at an indentation depth u 

= 0.16 µm are plotted in Fig. 5.5. At this indentation depth, the shear bands are still observed for 

both of the unit cells. However, the shear bands in the case of widely spaced asperity (w = 4 µm) 

are more considerable and propagate deep in the bulk in contrast to the closely spaced asperity 

(w = 2 µm) where the shear bands stay closer to the surface. This is because for closely spaced 

asperities, shear bands emanated from the surface asperity are blocked by the shear bands 

emanated from neighboring asperities.  

We also looked at the effect of the ratio of the asperity width to the unit cell width AS/w. For 

the unit cell of width w = 4 µm, the ratio is varied from 1/9 to 1/3. Contour plot of the lateral 

stress in Fig. 5.5(c) shows that for the high ratio, 1/3, two shear bands still emanate from the 

surface asperity and propagate towards the bulk. However, compressive stresses within the band-

like regions are less significant than in the case of the small contact to space ratio, AS/w = 1/9.  

We conclude that for a crystal with two symmetric slip planes at θ = -π/4 and -3 π/4, shear 

bands emanate from the asperity under contact loading and propagate towards the material bulk 

regardless of the yield condition of the bulk material. These shear bands accommodate large 

compressive stresses due to the material insertions in these band-like regions. However, as the 

size of the asperity approaches the distance between neighboring asperities, these shear bands 

become less prominent and deformation is more like that of plain strain compression. Similar 

behavior was observed in Chapter 4 when only surface sources are activated. 
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(a) (b) 

 
 
 (c)  

 
Figure 5.5. Distribution of the lateral stress σxx at the indentation depth (u = 0.16 µm) for the 
cases: (a) AS/w = 0.44/2, (b) AS/w = 0.44/4, and (c) AS/w = 1.33/4.  
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5.3.2. A Crystal with Three Slip Systems 

5.3.2.1. Deformation Pattern 

Here, we study dislocation interaction and deformation pattern when all of the three slip systems 

are active. Frank-Read sources are now distributed along the three slip systems: θ = -π/4, -3π/4 

and 0 rad. We conduct a series of simulations for a unit cell of width w = 8 µm with a surface 

asperity of different sizes. The size of the asperity is ranging from AS = 0.44 µm to AS = 4 µm. 

Let’s look first at the case of an asperity of size AS = 0.44 µm, AS/w = 1/18. In Fig. 5.6(a), 

dislocation structure down to a distance of 3 µm from the surface is shown. Arrays of 

dislocations with negative Burgers vector pile up in the central region on parallel slip planes 

down to a distance of 1 µm from the surface. The lengths of these arrays range from 0.44 µm to 

1.2 µm. On both sides of these arrays, there are arrays of dislocations with positive Burgers 

vector. These arrays of dislocations play the role of obstacles to the dislocations nucleated in the 

bulk and glide towards the surface, which may explain why the zone underneath the surface is 

not densely populated with dislocations.  

From the above observations, we conclude that just under the asperity, materials are pushed 

downward, i.e., sink in, while at the opposite sides of the asperity, materials pile up. If we define 

the amount of material pile-up as the difference between the indentation depth and the maximum 

displacement along the surface, we find that the amount of pile up is 0.118 µm. Dislocations 

nucleated along the inclined slip planes either move towards the bulk or form slip bands that 

propagate towards the surface and can change the surface roughness. A close snapshot of the 

dislocation structure within a zone of size 0.1 µm underneath the asperity (Fig. 5,6(b)) shows the 

existence of both anti-load and pro-load dislocations underneath the asperity. However, the 

number of anti-load dislocations is almost double the number of pro-load dislocations. 
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(a)  

 

 

(b)  

 
Figure 5.6. (a) Dislocation structure underneath the indented surface for the case AS/w = 0.44/8. 
(b) Snapshot of the dislocation structure underneath the asperity. 
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The size of the asperity is changed to AS = 0.88 µm while the unit cell width is kept fixed to 

w = 8 µm. Dislocation structure to a distance of 3 µm from the surface is plotted in Fig. 5.7(a). 

Similar to the case above (AS/w = 0.44/8), we still observe arrays of dislocations with horizontal 

Burgers vector along parallel slip planes. However, these arrays are less populated with 

dislocations and more spread out than in the previous case (AS/w = 0.44/8). Moreover, there are 

on both sides of the asperity slip bands that intersect the free surface. This leads to the formation 

of surface-steps and therefore changes the morphology of the surface. The number and length of 

these slip bands are more significant than in the case where AS/w = 1/18. A close inspection of 

the dislocation structure underneath the asperity (Fig. 5.7(b)) shows that the so called anti-load 

and pro-load dislocations nucleated from the asperity corners exhibit similar behavior as in the 

case discussed above (AS/w = 0.44/8). However, the area between the corners of the asperity is 

populated with parallel arrays of dislocations propagating from the bulk material and piling up 

underneath the contact which may cause some hardening behavior. 

Now let’s look at the case where the distance between adjacent asperities is equal to the size 

of the asperity, i.e., AS/w = 4/8. From Fig. 5.8, we observe that dislocations are more spread out 

throughout the width of the unit cell. Compared to the widely spaced case (AS/w = 0.44/8), we 

notice two main differences. First, we do not observe parallel arrays of pile-up dislocations in the 

central zone and this can be due to the big size of the loaded zone which makes it easier for 

dislocations along parallel slip planes to form dipoles and move together. The height of the pile-

up material is equal to 0.0568 µm, almost half of the height of the material pile-up for the case of 

AS/w = 0.44/8. Second, the zone under the asperity is densely populated with dislocations gliding 

form the bulk towards the contact area. This contributes partially to the difference between the 

size of the pile-up of widely spaced asperity and closely spaced asperity.  
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(a)  

 

(b)  

 
Figure 5.7. (a) Dislocation structure underneath the indented surface for the case AS/w = 0.88/8. 
(b) Snapshot of the dislocation structure underneath the asperity. 
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Figure 5.8. Dislocation structure underneath the indented surface for the case AS/w = 4/8. 

 

 

5.3.2.2. Internal Stress 

In this section, distribution of the lateral stresses σxx is analyzed and its connection to the asperity 

size and spacing is investigated. To establish a connection between dislocation structure and 

stress distribution, contour plots of the lateral stress is plotted for the unit cell of width w = 8 µm 

with an asperity of size AS = 0.44 µm. Fig. 5.9(a) shows a compressive zone that spans the width 

of the unit cell; however, in the central zone underneath the asperity there are high compressive 

stresses followed by tensile spots. These tensile spots correspond to the arrays of dislocations 

that pile-up in the central zone underneath the contact. The period of the surface roughness is 

changed now to w = 4 µm. In Fig. 5.9(b), a contour plot of the lateral stress σxx under the 

indented surface is shown. In contrast to the previous case ( w = 8, AS = 0.44), compressive shear 
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stresses are more concentrated in a shear band that emanates from the surface while the tensile 

spots are distributed throughout the width of the cell down to a distance of 2 µm from the 

surface. 

 

 

(a) (b)  

 
Figure 5.9. Distribution of the lateral stress at the indentation depth (u = 0.16 µm) for the cases: 
(a) AS/w = 0.44/8, and (b) AS/w = 0.44/4. 
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The unit cell width is changed now to w = 2 µm while the asperity size is still set to AS = 

0.44 µm. Contour plot of the lateral stress,  plotted in Fig. 5.10, shows islands of compressive 

and tensile stresses down to a distance of 1 µm from the surface below which the stresses are 

predominately compressive. It is worth noting that in all of the cases presented, there are no 

tensile spots in the vicinity of the asperity corners. 

 

 
Figure 5.10. Distribution of the lateral stress at the indentation depth (u = 0.16 µm) for the case:  
AS/w = 0.44/2. 
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Now let’s check the case when the distance between adjacent asperities is equal to the size of 

the asperity, AS/w = 1/2. Two unit cells are considered, w = 8 µm and w = 4 µm. High tensile 

stresses are developed under the free surface for both cases. Here, the bulk material has 

undergone a much larger bulk compressions than in the cases where the ratio of the contact to the 

unit cell width is small, e.g. AS/w =1/9.  

 

(a) (b) 

 
Figure 5.11. Distribution of the lateral stress at the indentation depth (u = 0.16 µm) for the cases: 
(a) AS/w = 4/8, and (b) AS/w = 2/4. 
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In terms of internal stresses, we can differentiate between two modes. For cases of small 

asperity width to unit cell width ratio, AS/w, there are tensile spots distributed within the 

compressive zone under the indented surface. These tensile spots become more localized at the 

center of the cell as the ratio decreases, e.g AS/w =0.44/8. However, when the ratio of the 

asperity width to the unit cell width is large, e.g. AS/w = 1/2, the stresses are predominately 

compressive under the indented surface. In Fig. 5.12, surface profiles for the two cases that 

represent small and large ratios are illustrated. For the case of widely spaced asperities (AS/w = 

1/18), materials are pushed from underneath the asperity to pile up on the sides which cause the 

formation of the tensile spots underneath the asperity. However, for the case of closely spaced 

asperities AS/w = 1/2), materials are squeezed down throughout the unit cell which lead to the 

predominately compressive zone under the indented surface.  

 

 

 
Figure 5.12.  Profile of the indented surface at an indentation depth u = 0.16 µm for a unit cell of 
width w = 8 µm and two ratios of the asperity width to the unit cell width.  
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 5.3.2.3. Effect of Size and Spacing on the Mean Contact Pressure 

In this section, the size effect is analyzed. It is important to note first that in discrete dislocation 

plasticity, plastic flow is a result of nucleation and motion of dislocations. Let’s first fix the ratio 

of the asperity width to the unit cell width as AS/w = 1/9. In Fig. 5.13, the mean contact pressure 

Pm is plotted versus the indentation depth u for several values of AS and w. As shown in Fig. 

5.13, as the size decreases, a larger mean contact pressure is required in order for the material to 

yield. Thus, the Multi-Asperities model exhibits size dependency, where smaller is harder. 

Similar size effect was observed in Chapter 4 where only nucleation from surface-steps is 

allowed. That is rough surfaces under contact loading do exhibit size effect, i.e., smaller is 

harder, regardless of the yielding condition of the bulk material. This is in contrast to 

conventional plasticity that predicts a size independent response.  

Another observation from Fig. 5.13 is that for the case of a relatively larger size (AS/w = 

0.88/8), the mean contact pressure reaches a plateau at an indentation depth much smaller than 

the unit cell of width w = 4 µm, while for the smallest unit cell (w = 2 µm) the corresponding 

mean contact pressure did not reach a plateau for the indentation depth simulated. This is due to 

the fact that the mean contact pressure reaches a plateau when the material bulk yields. Thus, we 

conclude that for the indentation depth simulated, bulk materials of the two unit cells with widths 

w = 2 µm and w = 4 µm haven’t yielded yet and the plastic zone is still confined to the zone 

underneath the surface. 
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Figure 5.13. Effect of the size of the Multi-Asperities model on the mean contact pressure, Pm.  

 

 

To check the effect of the ratio of the asperity width to the unit cell width,  the size of the unit 

cell is fixed as w = 8 µm while the asperity size ranges from 1.33 µm to 0.44 µm. Simulation 

results in Fig. 5.14 reveal that the mean contact pressure is inversely proportional to the size of 

the asperity. This is due to the following. First, as the size of asperity decreases less bulk sources 

are in the vicinity of the asperity where the stresses are high and; therefore, fewer dislocations 

are nucleated. Second, for the case of closely spaced asperity dislocations move throughout the 

unit cell as shown in Fig. 5.8 leading to the activation of more Bulk sources. 
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Figure 5.14. Effect of the ratio AS/w on the mean contact pressure Pm. 

 

 

To gain further insights into the size effect, we check the effect of the spacing between 

adjacent asperities w. The size of the asperity is taken to be AS = 0.44 µm while w is ranging 

from 8 µm to 2 µm. As shown in Fig. 5.15, the mean contact pressure required for the material to 
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Figure 5.15. Effect of the unit cell width w, i.e., asperity spacing on the mean contact pressure 
Pm.  
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required to nucleate dislocation from the asperity corners show hardening behavior. This is due 

to the dislocation nucleated from the bulk sources that glide towards the contact area and block 

the motion of the dislocation nucleated from the surface sources which prevent nucleation of 

subsequent dislocations. This hardening behavior becomes more significant in the case of widely 

spaced asperities. This is due to the arrays of dislocations that pile up beneath the surface. 

 

 

 
Figure 5.16. Mean Pressure, Pm, required to nucleate dislocations from surface-steps versus 
number of dislocations for an asperity of size AS = 0.44 µm.  
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5.4. Conclusion 

In this chapter, discrete dislocation studies are carried out for the Multi-Asperities model under 

contact loading taking into consideration the yield of both material bulk and material surface. 

Deformation patterns were analyzed for two single crystals: one with two symmetric slip systems 

and another with three slip systems. The following conclusions are drawn: 

• For the single crystal with symmetric slip systems inclined at angles θ = -π/4 and θ = -

3π/4 from the x axis, materials are inserted within shear bands that emanate from the surface 

asperity and propagate towards the bulk. This is similar to the case when only surface sources are 

activated. However, the magnitude of compressive stresses within the shear bands is higher in 

the latter case.  

• For the single crystal with symmetric slip systems inclined at angles θ = -π/4, θ = -3π/4 

and θ = 0 from the x axis, two deformation modes are identified depending on the ratio of the 

asperity width to the asperity spacing. For small ratios, plastic deformation is localized in the 

central zone of the unit cell where materials are squeezed vertically while on the opposite sides 

of the asperities, materials pile up. Tensile spots develop within the compressive zone 

underneath the asperity. These tensile spots become more prominent with the asperity spacing. 

For large ratios, material bulk experiences plain strain compression throughout the width of the 

unit cell, where the amount of the material pile-up is much smaller than in the cases of large 

ratios.  

• In contrast to the case when only surface sources are activated, no high tensile spots at 

the corners of the asperity were observed. However, our model does not take into consideration 

creation of surface-steps due to dislocation annihilation at the surface. These surface-steps may 

become sources for dislocation nucleation and if the distance between the neighboring steps is 
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large enough, dislocation may segregate into pro-load and anti-load dislocations leading to the 

formation of the high tensile spots.   

• In contrast to the continuum plasticity that is size independent, our discrete dislocation 

analysis predicts size dependency where smaller is harder.  
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CHAPTER 6  

 

CONCLUSION 

 

6.1. Research Summary 

Almost all mechanical components fail first at their surfaces. Understanding mechanical 

behavior of material surfaces is very crucial in devising surface treatment techniques that can be 

used to enhance the mechanical properties of the surface and; therefore, of the overall material. 

Surface treatment via severe plastic deformation is one of these techniques that have been used 

recently to enhance the properties of material surfaces. Materials treated via severe plastic 

deformation have developed nanolayers underneath the surface. The driving mechanism behind 

this phenomenon is dislocation interaction and pattern formation underneath the surface. 

The main objective of this dissertation is to shed some light on dislocation behavior and 

dislocation pattern formation underneath rough surfaces. For this purpose, we have developed a 

boundary element technique that takes into consideration image forces due to dislocations in 

finite bodies. We have developed a set of complex variable boundary integral equations that can 

be used to solve discrete dislocation boundary value problems in a direct manner. We developed 

numerical schemes that can be used to construct a linear system of equations. The linear system 

of equations is solved for the unknown boundary values. We also developed boundary integral 

equations that can be used to calculate stresses at internal domain points. The kernels of these 

integral equations have (1/r) singularity in contrast to the kernels of the integrals in the 

conventional boundary element formulation that have (1/r2) singularity. Thus, the new 

formulation eliminates the so called boundary layer effect.  
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We have devised a simple geometrical model that idealizes rough surfaces as an infinite 

periodic array of asperities of rectangular shapes (see Fig. 4.1). In conjunction with the boundary 

element technique, a unit cell model is constructed. The unit cell model takes into consideration 

effect of neighboring asperities via periodic boundary conditions that are applied to the opposite 

sides of the unit cell.  

We have adopted two approaches. In the first approach, we only considered nucleation from 

surface-steps. Simulations results revealed two phenomena depending on the asperity width and 

spacing.  

• If the width of the asperity is small enough, dislocations nucleated from opposite corners 

form dipolar bands and move together towards the bulk. Thus, material experiences shear 

band-like deformation. These shear bands accommodate high compressive stresses. 

• If the size of the asperity is large enough, dislocations segregate into pro-load and anti 

load types. The anti-load dislocations pile up underneath the surface causing high tensile 

spots in the vicinity of the asperity under the free surface. These tensile spots are much 

localized and may cause wear of the material surface. 

In the second approach, yield of both material bulk and material surface is considered. 

Dislocations nucleated from bulk sources that glide towards the surface play a dual role. First, 

they form slip bands that change the morphology of the surface. Second, they accommodate the 

contact loading and relieve the compressive stresses that develop in form of shear bands when 

only surface sources are activated. This is more significant for the case of large ratio of the 

asperity width to the asperity spacing, where we observed materials pile up to the sides of the 

asperity and materials sink in beneath the asperity (Fig. 5.12). Also, we did not observe tensile 

spots underneath the surface when bulk sources are activated. 
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In terms of dislocation nucleation from surface-steps, the bulk dislocations block the motion 

of the surface dislocations. Thus, dislocations nucleated from surface asperities pile up 

underneath the surface which prevents nucleation of subsequent dislocations from the surface 

sources. Hence, surface asperities show hardening behavior in the case when bulk sources are 

activated. Moreover, when the asperities are widely spaced, plastic zone is more localized 

beneath the surface and where dislocation density is high. This may be very important for the 

severe plastic deformation technique that favors high dislocation density.  

6.2. Concluding Remarks 

• As discussed in Chapter 4, the latent softening phenomenon observed in our simulations 

depends mainly on the nucleation criterion. The Rice-Thomson criterion [52] adopted in 

this dissertation to model dislocation nucleation from surface-steps depends mainly on 

the driving force at a distance η from the surface-step. However, there is no consensus 

that the Peach-Koehler force is the driving force for dislocation nucleation from surfaces 

[78 ]. However, more details of the dislocation nucleation process may be captured by 

adopting the Peierls-Nabarro model [79,80]. In the framework of the Peierls-Nabarro 

model, the solid is divided by the slip plane of the dislocation into two half-space linear 

elastic continua, which have a disregistry relative to each other and are connected by a 

nonlinear potential force. Thus, it incorporates atomic level processes into a continuum 

framework. Rice [53] has proposed a more rigorous model in which the displacement 

discontinuity along the slip plane is defined as the inelastic displacement rather than the 

total displacement between the two adjacent atomic layers long the slip plane. In this 

model, the embryonic dislocation profile is characterized as a distribution of interplanar 
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inelastic displacements. Thus, in order to study dislocation nucleation, the inelastic 

relative displacements have to be calculated. 

• Dislocations nucleated from bulk sources form slip bands that may change the 

morphology of the free surface and thus leading to the creation of new surface-steps that 

may become sources for nucleation of dislocations. Also, taking into consideration the 

change in heights of the surface-steps due to nucleation of dislocation may be important 

to study flattening of asperities at very small scales. An adaptive mesh technique is 

needed to refine the mesh in the vicinity of the newly created surface-steps and to 

account for the change in heights of surface-steps. 

• It is worth looking more into the formation of tensile spots that develop when only 

surface sources are activated. In severe plastic deformation, e.g. shot peening, repetitive 

loading is applied randomly but statistically uniform. So the question is, will these hot 

spots smear out and form a tensile layer under the free surface or disappear in the 

compressive zone. 

• Two-dimensional discrete dislocation studies have focused on the collective behavior of 

dislocations where the long range interactions of dislocations play the major role in 

determining the mechanical behavior of materials. However, at very small scales, where 

materials such as micron-sized pillars and thin film are relatively free of dislocations and 

the size of a dislocation loop becomes comparable to the size of the material, accurate 

modeling of dislocation mobility, dislocation nucleation and mutual interactions of 

dislocation cores become of a great importance to study the onset of the plastic 

deformation. Thus, if two-dimensional discrete dislocation plasticity is the method of 

choice, constitutive rules are needed in order to get better understanding of plastic 
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deformation in small volumes. Benzerga and his collaborators [81] have proposed semi-

physical constitutive rules that have been used in the so called 2.5D discrete dislocation 

plasticity. 
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APPENDIX 

  

A. Boundary Integral Equations Based on u and t  

 

In Chapter 2, boundary integral equations are derived in terms of du/ds and t along the boundary. 

In this Appendix, boundary integral equations are derived in terms of u and t.  

In Eq. (2.9), the resultant forces T can be replaced by tractions dsdttt zyx Tt == T),,( , by 

integrating by part, 
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where the single-valued branch-cut of )ln( αας z−  in αz -plane is a line from αz  and passing a 

point on the boundary r
ας , so that the argument of )( αας z−  is from )arg( )(

αας zr −  to 

πς αα 2)arg( )( +− zr .  In deriving the last term of Eq. (A.1), we assume T is calculated from the 

reference point rς  and the external loads on the boundary are self-equilibrated ( 0=∫ Ω∂
dst ) so 

that T is periodic around the boundary. 

Correspondingly, we can express the internal displacement field and stress field by the 

boundary displacements and tractions, and derive the boundary integral equations that relates u 

and t along the boundary. 
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The corresponding boundary integral equations that could be used to solve the un-given u or t 

along the boundary are 
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(A.4) 

The branch cut for each logarithm function is from 0
ας  and pointing outward, (Fig. A.1b), not 

intersecting the other part of the boundary. Using the limiting technique in Section 4.4, the 

integral expressions can be deduced for the isotropic materials. It is important to note that by 

extracting the real parts of the right hand side of Eqs. (A.3) and (A.4), we can obtain the 

boundary integral equations for the displacement and stresses used in the conventional boundary 

element method. 
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(a) 

 

(b) 

 

(c) 

 

Figure A.1. The branch cuts of logarithmic functions. 
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B. Explicit Expressions for the Numerical Schemes in Chapter 2 
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