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Abstract

A PARAMETER ADAPTIVE APFROACH
TO OCULOMOTOR SYSTEM MODELING

by
Theodore Raphan

Advisor: Professor Ralph Mekel

This dissertation investigates the utilization of a parameter
>adaptive technique in modeling the oculomotor subsystem responsible
for generating saccades or quick eye movements. The mathematical
technique is based upon a model reference system configuration and
the design of a parameter controller whose control signals are used
to update and identify the saccadic generator's mathematical model.
In the model-reference configuration , the reference system represents
the actual physiological system by the stimulus response date which
are aveilable from experimentation. The postulated model system is
constructed initially as an approximate mathematical representation of
the reference system and is derived from considerations of lesion,
stimulation, intracellular, and extracellular studies of the oculomotor
system. The controller's equations used to update the model's
parameters are derived using Liapunov's direct method in order to
insure the convergence of the derived algorithms.

Several artificial modeling exsmples are presented in order to

iii



illustrate the design of the parameter controller and its adaptive
capabilities. It is shown that by utilizing & modified model -reference
adaptive approach, & "confidence criterion” could be defined which
monitors the adaptation and gives a measure of the amount of
adeptation wvhich has taken place. For each of the examples, some or
all of the initial values assumed for the model parameterse are
purposely chosen different from the corresponding reference system
parameters. Using the model-reference configuration and the
parameter controller, the model's parameters are updated and are
shown to approach the corresponding values of the reference system
parameters,

In applying this technique to modeling the saccadic gemerator,
the reference system is assumed to be the neural signals recorded
in a region of the brain known as the Paramedian zone of the Pontine
Reticular Formation (PFRF). Only the neural activity present in the
PPRF associsted with quick eye movements was considered and not the
overall closed loop behavior of the saccadic system. There is
electrophysiological evidence to suggest that the PFRF contains the
neuron classes responsible for driving the eyes to make seccades and
quick phases of nystagmus. In formulating an initial model to simulate
the neural activity, the firing frequencies of particular unit types
are considered to be the state variables of the saccadic generator.
Accepting the hypothesis that the saccadic generator is a state
determined system, realization theory 1s utilized to gain insight
into the organizational structure of the PPRF. This leads to a
system matrix which can be used to explain various aspects of

cculomotor function. In the model, the subsystem generating the state
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variables within the PPRF ( long and medium lead burst units) is the
mechanism that controls the neurons which are driving the motor
nucleus directly ( short lead burst units). These neurons also
stimilate a neural integrator providing the pulse-step necessary

to produce saccades and quick phases. The pause units act as &
switch to enable or disable the saccadic generator.

The controlling part of the model behaves essentially as a
"relaxation oscillator”. When a pulse is applied to the saccadic
generator, there is a slow buildup of activity in the state
varigbles. When a critical threshold level is reached, the dynamic
characteristics of the model change. This forces the saccadlc
generator back to its équilibrium position. In terms of the
physiology, the saccadic generator is outputing to the motor nucleus
during this interval. When a step 18 applied, a stable condition
can never be achieved, since as soon as the feedback drives the
generator below some threshold, a slow buildup of activity resumes.
This leads to the periodic quick phases which are similar to those
observed during Induced nystagmus.

The model has focused on the dynamic response of neuron classes
to various stimuli and how they are organized centrally to drive the
eyes in the saccadic mode. In describing oculomotor behavior, there
is evidence to suggest that the nervous system is capable of performing
addition, multiplication, integration, threshold sensing, and switching.
Therefore, in the model realization such functional relationships are
used. The PFRF is thus conceived as a multiloop system with positive

and negative feedback. The order of the system which has been chosen



to be two and the nonlinearities that have been introduced in the model
realization account for the biphasic character of the neuronal bhehavior.
The various identified parameters determine the dynamic response of

the state variables corresponding to the different neuron types. It

is shown that if particular feedback elements are altered and if
eppropriate slow phase information 1s introduced into the neural
integrator, the model becomes unstable and spontaneous oscillations

may result. This may be analagous to spontaneous nystagmus which
occurs after lesions in the Pontine Reticular Formation. Thus a
mathematical basis has been established to understand the neuronal

organization of the PPRF and how it might produce rapid eye movements.
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CHAPTER 1

INTRODUCT ION

1.1 Rationales and Motivation

The oculomotor system is an important subject for biomedical
research because of the close relationship of looking to seeing,

i.e., of eye movements to vision, and because it is prominently
involved in many patients with disease of the brain and muscles. An
elucidation of the functional aspects of oculomotor controi as well
as the physiological organization should prove useful in diagnosing
and treating patients whose eye movements have been impaired. The
purpose of this research is to contribute towards the understanding
of the organization of the oculomotor system.

The system engineering approach to blologlcal modeling has made
important contributions to understanding of brain mechanisms in recent
years. In particular a large amount of work has been done in modeling
the oculomotor system and a number of workers have produced models
which account for meny of the observed oculomotor responses to various
inputs. This work will be summsrized in Chapter 2. In general these
models have been limited to descriptions of the input-output behavior _
of the overall oculomotor response to various stimuli. They have not
dealt specifically with how individual neuron classes within the brain
are coordinated to produce eye movements, Recent advances in physiology
have made it possible to record from neurons which are responsible for
producing eye movements in the central oculomotor system of alert monk-

eys. Therefore, there is a need to formulate models which explain



oculomotor system unit behavior and relate it to the oculomotor
response., This 1s particularly important since there are currently
no anatomlical or physiological techniques for determining the sequence
of activity or structural relations existing among the various neuron
classes in the portions of the brain where eye movements are produced.
Insight into this problem coﬁld come from models which explain the
oculomotor system response In terms of variables which can be related
to unit behavior.

Lesion, stimulation, intracelluler and extracellular studies
have shown the Pontine Reticular Formetion (PRF) to be an important
area for quick phase generation (13). The lesion studies (4, 9, 38)
indicate the necessity of this region of the brain for producing rapid
eye movements. The stimulation and intracelluler studies (4, 10, 12,
41, 49, 50) show connectivity of regions and cells involved in eye
movement. The extracellular studies (14, 57, 62) demonstrate that
the individual firing of the FRF cells is associsted with eye move-
ments. Although much insight has been gained into brainstem
organlzation using these standard neurophysiologlcal techniques, it
is unlikely that their usage alone will determine how neuron classes
in the PRF are coordinated to produce a rapid eye movement. A method
utilizing a combined neurophysiological and system theoretic approach
seems more suited for this purpose. This thesis, therefore, attempts
to provide a theoretical basis for understanding how neurons recorded
in this region of the brain can be combined to create a sufficient

pulse generstor for producing a quick eye movement.



The mathematical model and overall modeling technique may have
future practical value by relating parameter variations in the model
to pathological conditions in man and monkeys. It is therefore
important to have a technique whereby the parameters of a system
may be determined by measurements made on its state variables. Such
techniques have been studied in the past and the general problem of
determining a system's parameter has come to be known &8 the system
identification problem.

The purpose of all the identification schemes which have been
developed 1s to determine the dynamics of the process under investi-
gation or 1ldentify parameters which govern its behavior. One simple
and flexible method which has been studied over the last decade is the
model -reference adaptive approach. This technique consists of applying
a known input to a model system and an unknown reference system,
measuring the state error and designing an adaptive controller to
adjust the parameters of the model so that reference system and model
are approximately equivalent.

In this dissertation & parameter adaptive approach is used to iden-~
tify the parameters of the quick phase generator as a subsystem of the
oculomotor system. Liapunov's second method is utilized in designing
the controller adaptive algorithms used for identification. Such
adaptive algorithms have the advantege that they result in globally
asymptotically stable systems and convergence 1ls always guaranteed.
Other designs based on gradient approaches may exhibit instability
in some cases (73). The technique may also be extended to time varying

systems (69, T0) and classes of nonlinear systems 88 is done in this



dissertation. In addition the use of Liapunov's second method
provides useful performance criteris which examine the quelity

of sdaptation.
The next section describes the organization of the dissertation

and how the above mentioned goal is achileved.



1.2 Organization of Dissertation

This dissertation is organized into three parts. The first
part (Chapter 2) gives & description of the prominent aspects of
the oculomotor system and a review of the research which has been
done to understand its function. In Section 2.3 the function and
neurophysiology is examined. Some of the more important models which
have been developed using an engineering system theoretic approach¥®
are reviewed in Section 2.3.3. All of these models generally
treat the system from an input-output point of view without regard
to relating model variables or parameters to centrally recorded
neural behavior.

The second part of the thesis (Chapter 3) develops the
mathematical technique which is used in this dissertation to identify
the parameters of the model for quick phase generation. The method
is a parameter adaptive approach to system identification, using a
Liapunov function to design the adaptive algorithms. In Section 3.3
the controller is designed for both a controllable and observable form
realization for & system. The derived algorithms are implemented for
an example which had been proposed as a model for & human operator in
a tracking task (67). Different reslizations are adapted to show
the dynamic characteristics of the controller for different conditions.
In Section 3.5 a "Confidence Criterion" is developed as an aid in

determining how much adaptation has taken place over the identification

* The use and appllication of control systems theory and techniques



interval. This criterion may also be used as an ald in choosing

the parameters of the controller to obtaln different convergence
rates. However; in order to use the criterion a modified model-
reference configuration had to be utilized. This is developed in
Section 3.6. In Section 3.7 examples are shown which demonstrate the
convergence of the derived algorithms and show the behavior of the
"eonfidence criterion.”

The third part of the thesls, (Chapters 4 and 5), deals with
the application of the parameter edaptive approach to identify the
parameters of a proposed quick phase generator.

In Chapter 4 conceptual models for saccadic generation and slow
phase generation are developed from a state theoretic point of view.
The state varisbles of the oculomotor system are assumed to be repre-
sentative of the frequency of firing of various unit types in the
oculomotor system. The conceptualization of the saccadic generator is
based on relaxation oscillator theory to explain the biphasic behavior
for the recorded units wh;cq are belng modeled.

The conceptual viability of such a configuration is demonstratgd
by showing that such a generator could give the known oculomotor .
responses by approprilately coupling position and velocity information.
By assuming that the slow phase velocity signal is the predominant
signal driving the quick phase generator during nystagmus, the various
aspects of nystagmus can be predicted and the state variables of the

quick phase generator model are similar to the obéerved unit activity.



In Chapter 5 the parameter adaptive approach developed in
Chapter 3 is applied to the saccadic generator model. The parameters
associated with the quick phase generator for nystagmus generation
are then identified. It is assumed that the slow phase velocity
signal 1s driving the quick phase generator. Therefore, in the model
reference configuration the input into the model is a step equal to
the slow phase velocity of the induced nystagmus. The adaptation is
done for a typical quick phase movement of approximately 12 degrees
using 45 degrees/second as a stimulus.

The conclusions and results obtained from this research are
described in Chapter 6. It is suggested that the PPRF is a multiloop
system with positive and negative feedback and contains sufficient
neuron classes to time and generate quick eye movements. The manner
in which the neurons ére coupled to each other determine their
dynamic response. In the quick phase generator model this is
represented by the parameters hi and gy The variation in these
parameters may be related to various disorders in the PPFRF regilon.
The order of the system which has been chosen to be two and the non-
linearities that have been introduced in the model realization
account for the biphasic character of the neuronsl behavior. Thus
a mathematical bgsis has been established to understand the neuronal
organization of the PFRF and how it might produce rapid eye

movements.



CHAFTER 2

THE EYE MOVEMENT CORTROL SYSTEM

2.1 Introduction

The function of the eye movement control system is to move the
eyes to subserve vision. There are two primary inputs into this
system; the visual system and the vestibular system. The goal of the
visual system is to maintain visual acuity or fixate obJjects of inter-
est. The vestibular system provides a compensatory mechenism to
stabilize the ezivironment during heed movements (11, 16, 84, 92, 117).
In response to visual and vestibular stimuli sll animals make comb-
Inations of two types of movements; quick or saccadic movements and
slow or smooth pursuit movements. Saccades shift the gaze of the eye
from one point to another and have peak velocities ranging to 600
degrees/sec. in man and 1000 degrees/sec. in monkey (34, 82). These
rapld movements bring an image from the periphery of the retina to the
high resolution region of the retinas, the fovea, which covers an angle
of approximately %° in the center of the visusl field (113). Smooth
pursuit movements on the other hand are continuous movements of the eye
and can be elicited only when the image of a target moves smoothly over
the retina. Their velocities are generally slower than those of
saccadic movements, usually being less than 40/sec. (83, 113, 119).

Nystagmus is an interaction of both types of movements. It is
composed of smooth following movements called slow phases interspersed
with rapid movements in the opposite direction called quick phases.

Nystagmus can be induced by stimulation of either the visual or vest-



ibular system. The visual system is stimulated by moving a textured
visual field before an observer and the resultant response is known
as Optokinetic Nystagmus (OKN). Perception of visual information
occurs during the slow phazes whereas the quick phases are primarily
for resetting the eye so that tracking may be resumed. The vestibular
systen 1is st;mulated with linear or angular acceleration. This induces
a slow compensatory deviation of the eyes followed by a quick phase;
this 1s called vestibuler nystagmus.

Other types of movemente which the eye can perform are
vergénce movements which are used for viewing near targets. They
have the characteristics of slow movements (106, 121).

In the next section & brief historical background of oculo-
motor research is given and the remainder of the chapter describes
those aspects of the oculomotor system which are necessary for the

theoretical formulation of the mathematical model.
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2.2 Historical Background

It is the characteristic dual mode operstion* (29, 107, 108)
of the oculomotor system which motivated Rashbass ( 79 ) to study
whether quick and slow phase movements were different modes of
action of the same neurological apparatus or were separate subsystems
utilizing different pathways. His studies and those of others (82, 83,
114, 115, 116) support the contention that the quick and slow move-
ments are under separate control in the Central Nervous System (CNS).
These modes are coordinated to maintain a moving target within the
foveal region, thereby providing the best visual acuity. The saccadic
system achieves its goal by quick corrective movements. The pursult
system responde to velocity information and controls the eye movements
so as to match target velocity.

Viewed in this way, the Oculomotor system lends itself to a
system theoretic engineering approach which mathematically models the
observed responses to stimuli. These models should ultimately be repre-
sentations of how the system works and be formulated in explicit terms.

~ Fender andlnye (31) were the first to view the oculomotor

system from a system theoretic point of view. The method of analysis
was & sinusoidal steady stete approach and demonstrated the approximate
frequency response of the system. It showed the upper cutoff frequeney
for sinusoidal tracking and indicated that there was some velocity
feedback from propioceptors in addition to the retinal image feedback.

The sinusoidal approach does not bring into evidence the separate

* Fast and slow aspects of eye movement



11
saccadic and smooth pursuit subsystems. Young and Stark (11h, 115)
introduced a model which doeavdescribe separate paralled control '
branches. Because of its importance and usefulness in devising ex-
veriments to study the Oculomotor system, this model will be deserib-
ed in more detail in Section 2.3.3. Briefly, the Young and Stark
model of visual tracking is a sampled data system which is divided
into two distinct subsystems: a saccadic subsystem and & smooth pur-~
sult subsystem. The saccedic subsystem is & position servomechanism
to direct the eyes toward the target. The pursuit subsystem is a
velocity servomechanism to rotate the eyes at the same angular vel-
ocity as the target.

To describe Vestibular Nystagmus, Sugile and Jones (101, 102)
incorporated the "sampled data" idea of Young and Stark into a model
of vestibular nystagmus. In the Sugle and Jones Model the output
signal of the semicircular canals drives an integrator for the
slow phases of nystagmus, The input-output transfer function of the
semicircular canals is given by a second order linear system.* A
fi#ed’interval sampling mechanism samples the output signal of the
semicircular canals and is used as a negative input to the integrator
for generating the quick phases of nystagmus. Barnes and Benson(2)
point out that the fixed interval sampling mechanism of the Sugle and
Jones model cannot account for the variation in the duration of the
slov phase components and the increased frequency of seccades associ-

ated with increasing magnitude of eye velocity (58). Barnes and

¥Discussed in Seetion 2.5.3.
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Benson (2) incorporated a threshhold element in the saccadic gener-
ator rather than a fixed sampler, to compensate for this deficiency.
With the eddition of this element, nystagmus was produced by various
types of inputs which approximated the nystagmic response of humans.

Recently there has been considerable effort in the utilization
of the "single cell approach” in trying to understand the neuronal
makeup of the control of eye movements (14, 35, 47, 55, 56, 57, 85, 87).
However, in view of the complexity of the neural apparatus for eye
movements shown in extracellular studies, it seems unlikely that the
functional role of the various types of neurons will be easily un-
raveled in conventional electrophysiological studies. A more promis-
ing line of approach would appear to be to match unit activity record-
ed in the brainstem of alert animals to that which is predicted from
models of the oculomotor system. These models should be valusable
because they may give new insights into understanding the organi-
zation of the oculomotor system and suggest new experiments.

In this thesis, state-theoretic models for saccadic and smooth
pursuit behavior will be presented and analyzed. For a particular
realization of a model for quick phase generation, it will be shown
that certain unit activity in the brain can be related to state
variable behavior.

Before formulating these models, the basie chéracteristics of
the eye movement control system will be reviewed and the basis for the

models established.



13

2.3jrhé Saccadie System

Saccades and quick phases of nystagmus are interspersed in
almost every type of eye movement. Consequently, the saccadic system
has a central role in any overall model of the oculomotor system. A
description of its functional properties is given in this section as

e theoretical basis for the model developed in Chapters 4 and 5.

2.3.1 The Saccadic System Properties

Saccades are the most rapid movements the eyes make, and they
csn be elicited by a variety of stimuli. Saccades can be made volun-
tarily without concomitant slow movements. Therefore, their time domain
behavior and properties have been extensively studied. The response of
the oculomotor system to a random step of a target off the fovea 1s a
saccade after a delay of approximately 200-250 msec. (reaction time).
The reaction time inereases with the magnitude of the saccade. In
humans, a 5 degree saccade has a latency of approximately 200 msec.
(36, 82, ii3): If, however, the target motion is periodic so that it
can be predicted, the tracking performance can bevimbroved, so that no
latencies are apparent (97). The duration of saccades is approximately
& linear function of the size of the movements (3h, 82).

One of the more interesting aspects of the saccadic system 1s
the observation made by Westheimer (107, 108). In his experiment a
target was made to jump to one side and then back again in iess
than 200 meec. The eyes responded by Jjumping to one side after
a saccadic reaction time end then back again after another reaction

time. Wheeles et al (109) reinvestigated this result by applying
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a step in target displacement of 6 degrees to one gide followed by

a step in target displacement of 6 degrees to the other side after
waiting T msec. They found that if T was much smaller than 200 msec.
( ~50 msec.) then the eyes were more likely to ignore the first
target step. Becker and Fuchs (3) examined the response of the
saccadic system to double steps of target displacement with and
without visual fixation points. They found that the duration of
saccades in the dark is longer than in light and also that large
movements are packaged as two sub-movements with apprbximately a 70
msec. latency between the firsgt and second part of the movement.

Some other interesting properties of the saccadic system are
brought out when a saccade is made in conjunction with a& smooth pursuit
movement. Rashbass (79) showed that if a target steps to one side
and then moves with constant velocity in the opposite direction and
recrosses its original position within approximately one saccadic
latency (200 msec.), no saccadic response occurs. Robinson (83, 88)
has also studied saccades made in conjunction with smooth pursuit
movements and has concluded that rate of change of retinal error
as well as the error itself is utilized by the Central Nervous System
(CNS) in determining the iize of sacesdes.

The quick phase movements which occur during optokinetic and
vestibular nystagmus have the same dynamic properties as saccades and
are presumably generated by the same mechanism (90). Quick phases of
nystagmis have been generally assumed to be refixations of the eyes
after the limit of travel from the ecenter position in the orbit was

reached. Horridge (52) showed that quick phases of nystegmus are not
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merely resetting mechanisms but are more closely tiled to signal
processing in the Central Nervous System (CNS). Hood (51), Dix and
Hood (28), and Yesui (112) showed that during nystagmus the eyes
tended to beat toward the quick phase side. Sugie and Jones (102)
in formula&ing their model for vestibular nystagmus also implicitly
assume that the quick phases are not mearly resetting mechanisms. -
They imply that slow phese information is used to innervate the quick
phase generator. The contention that the quick phases of nystagmus
are generated by slow phase information is also expressed by Barnes
and Benson (2) in their model for vestibular nystagmus and is e
‘fundemental postulate in this thesis.

To understand the central functions performed in producing a
saccade, Young and Stark (114, 115) modeled the eye movement control
system using sempled data control system theory.®* However, attempts
to expléin all of the properties of the saccadic system have led to
radicel revisions of the Young model. The updated models have
become so complex that their value in helping understand the oculo-
motor system is questionable (36). Models of vestibular nystagmis
(101, 102) utilizing the "sampled data" concept also are lecking in
their ability to explain all the properties of quick phase eye
movements. It would appear that a more viable approach is to examine
the oculomotor system from within and construct models related to unit
activity in light of the more recent neurophysiological developments.
To this end the next section describes the saccadic system from a

neurophysiological point of view.

* See section 2.3.3
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2.3.2 Reurophysiology of the Saccadic System

Lesion and stimulation studies (4, T4) have suggested that the
Oculomotor control signals which are initiated by a visual input
follow certain pathways. These are summarized by Pasik and Pasik (76)
and are shown in Fig. 2.1 taken from their paper. Conjugate eye
movements to one side which are elicited by visual stimmli presumabLy
arise in the cortex of the conj:ra.lateral cerebral hemisphere. The
functional pathways descend in a converging fashion toward the
brainstem tegmentum or reticular formetion. The pathways approach the
midline in the midbrain tegmentum, cross over at the level of the
oculomotor nuclear complex and descend to the paramedian zone of the
pontine reticular formation between the levels of the fourth and
sixth nerve nuclei. From there the oculomotor signals eventusally reagh
the nuelear éroups innerveting the individual eye muscles (11).

It is known that the reticular formation of the pons and
mesencephalon are critical structures for the generation of slow and
rapid eye movements and positions of fixation in the horizontal plane
from lesion and stimulation studies (L4). However how the reticular
formation is organized to produce these movements is unclear. One of
the contributions of this research is to Gevelop a model from a
system theoretic point of view which gives greater Insight into the
nature of reticular control of eye movements. Early clinical evldence
to suggest that the pontine reticular formation plays an important
role in Oculomotor function was summarized by Freeman (33). Lorente
de No (60) was the first to demonstrate that nystagmus was affected by

pontine reticular formation lesions and postulated that quick pheses of
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Fig. 2.1 Oculomotor pathways as suggested by the experimentel primate
model. The cerebral surface and the brain sections are
drawn to different scales.AR, arcuate sulcus of frontal lobe.
LU, lunate sulcus separating from parietal and temporal lobs.
ST, subthalmic region. MRF, mesencephelic reticular formatin.
III, oculomotor nerve nucleus. OMD, oculomotor decussation
FRF, pontine reticular formation. VI, abducens nerve nuc-
leus. MLF, medial longitudinal fasiculus. Numbers below
sections represent anteroposterior stereotaxic coordinates.
The graded stippling indicates the location of physiologile
pathways for conjugate gaze to the right; they are widely
represented at the left cerebral hemisphere and become
progressively more contentrated toward the left MRF, decuss-
ate at the level of and ventral to the oculomotor nuclear
complex, and descend in the right paramedian zone of the
PRF to the level of the sixth ?VI) nerve nucleus. Some of
the pathways activate this nucleus, innervating the right
lateral rectus muscle; and some cross the midiine to
ascend in the left MLF and activate the left third (III)
nerve nucleus, innervating the left medial rectus muscle.
Contralateral conjugate geze defects are produced by
large lesions above the decussation of the physiologic
pathways (OMD); ipsilateral deficits are caused by small
lesions below the decussation. Lesions of the MLF result
in disconjugate eye movements. Taken from Pasik and Pasik (76).
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nystagmus are produced in this region. Bender and Shanzer (L) and
Cohen et al (9) have done experiments confirming ﬁhat the pontine
reticular formation contains the neural activity necessary for the
generation of saccades. Bender and Shanzer (%) proved that lesions
of the Pontine Tegmentum in monkeys ceuse paralysis of ipsilateral
(seme side) conjugate gaze and Cohen et al (9) found that all
ipsilateral rapid eye movements and positions of fixation in the
ipsilateral hemifield of movement were lost after pontine reticular
formation lesions.

In stimulation studies by Cohen and Komatsuzeki (12) positions
of fixation and all types of horizontal eye movements were induced
by stimulation of a functionally specific area of the pontine reticular
formation known as the paramedian zone of the pontine reticular
formation (PPRF). When the PFRF wes electrically stimilated, the
eyes moved in the horizontal plane to the ipsilateral side. The
movements were conJjugate and similar in amplitude and velocity in
both eyes. Eye movements induced by PFPRF stimulation were of constant
velocity and contimious eye movements were induced by unllateral
or bilateral stimulation of the PFRF. Eye movements with veloecities
in the saccadic range were also induced by PFPRF stimuletion. This lenis
support to the contention that the PPRF is the site of generation of
rapid eye movements in the horizontal plane. The stimulation studies
suggest that there is a neural integrator which must mediate the activity
between the PPRF and motor nucleus ( 12). Skavenskii and Robinson (92)
also suggest that such an integrator exists from sinusoidal studies
on the vestibulo-ocular reflex. Robinson (89) has also shown that

the cerebellum is important for maintaining the integrative properties
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of the integrator.

. Extracellular studies of unit activity and gross potential
changes in the PPRF substantiate the hypothesis that rapid eye
movements, i.e. saccades and quick phases of nystagmus, are
generated in the PPRF. Cohen and Henn (1l4), Luchei and Fuchs (62)
and Keller (57) have found that neurons in the pontine reticular
formation change their activity in assoclation with rapid eye
movement s. The units were classifled into essentially two classes:

1. Burst Units

2, Pause Units

The burst units fire with a burst of spikes before and during quick

eye movements. Their activity is similar during all rapid eye move-
ments, i.e. saccades or quick phases of optokinetic or vestibular
nystagmus. In most units the latency before the onset of a movement

is between 12-20 msec. In others the latenciles are as high as 150 msee.
There are burst units which fire maximally or exclusively during eye
movements in a particular direction, the timing of these units being
positively related to the size of the movement. Cohen and Henn (1k)
and Luchei and Fuchs (62) also found en almost linear relationship
between duration of burst and duration of eye movement of some units.
Tt has recently been found ( 17 ) that there are certain neurons whose
activity is related to direction as well as duration or amplitude of
movement. It has also been found that timing 1s solely represented in
some PPRF units and direction of eye movement in others. The direction
sensitive units have very specific direction of action and many

are horizontal. The pause units are those units which are inhibited

and pause their activity during rapid eye movements. The onset of
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a pause is abrupt and precedes the initiation of the rapid movement
by an Interval which 1s approximately 15 msec.

The various units are shown in Fig. 2.2. Fig. 2.2a shows a
short lead burst unit which precedes & quick eye movement by
approximately 15 msec. Figures 2.2 b,c and d show various types
of long lead burst units and Figures 2.2 e and f show the pause units.
The observations on the unit behavior which has been described will
be used in Chapter 4 in developing a model for quick phase generation
by assuming that certain units recorded in the PFRF may be viewed as
state variables of the quick phase generator.

With all this informstion about the neural activity in the
PPRF region, a need exists to establish a mathematical model to add
an organizational framework to help understend how these unit types
are coordinated to move the eyes in the saccadic mode. In the next
section a review of saccadic system models will be presented and
in Chapter 4 the state model based on the above mentioned neuronal

unit activity will be formulated and analyzed.

2.3.3 Saccedic System Models

The first viable model for saccadic eye movements was presented
by Young and Stark (114, 115). Their original model which described
both saccadic and pursuit eye movements in response to an unpredictable
target is shown in Figure 2.3. The seccadic portion of the model

is shown in Fig. 2.4 A and B. Essentially the model behaves in the

following fashion.
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The error between the desired angle of gaze and the actual eye
position is sensed at the retina. The error is sampled by an impulse
modulator at intervals equal to the refractory period of a saccadic
movement (< 200 msec.). The saempler is also synchronized to begin
its operation with the onset of the target motion, provided the eye
had not made a saccedic movement within the previous refractory period.
The nonlinear dead zone element accounts for the lack of saccadic
response to extremely swall target displacements (113). The
error impulse 1s delayed by one refractory period and integrated to
give the step command which when applied to Westheimer's model of
the mechanical plant of the oculomotor system (107, 108), yields
the appropriate saccadic response.

This model was important since it was the first time an attempt
ves made to model tﬁe overall input-output behavior of the oculomotor
system. It brought into evidence the intermittency property of the
saccadic system as demonstrated by Westheimer (107, 108), provided a
quantative analysis of eye movement control, and provided a theoretica
framework for experimentation.

The Young model predicts eye movements correctly vwhen only
saccades are required. However, it does not adequately predict
correct saccadic behavior when these movements sare made in conjunction
with a smooth pursuit movement. Robinson (84) explains this by
suggesting that the rate of change of retinesl error as well as
retinal error is utilized by the Central Nervous System (CNS) in
determining the size of the saccades. Other experiments which the
Young model fails to explain are the Wheeless and Rashbass experiments.

Wheeless et al (109) showed that in response to a double step in
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target displacement (first to one side and then to the ot;her) , the
eye frequently makes a single saccade to the final position of the
target when the second target step is within 50-100 msec. of the
first. Young's model predicts that the eye should make two saccades
under all eircumstances. The Rashbass experiment (79) showed that
if a target steps to one side and then moves with constant velocity
in the opposite direction crossing its original position within
150-200 msec., no saccadic response occurs. The model predicts
saccades would occur. An attempt to explailn these experiments by the
Young model has led to postuleting a finite sampling interval and a
nonsynchronous sampler (116).

Other studies of the saccadic system led to models of the plant
dynamics in order to infer the nature of the control signals which
must be generated centrally to move the eye. Robinson (82) pointed
out the overdamped nature of the plant as opposed to the underdamped
nature assumed by Westheimer (107, 108) which was incorporated
in the Young model. Cook &and Sfark (23) also asnalyzed the plant
and found a "homeomorphic” model such that a direct correspondence
could be established between model parameters and physiological
elements. Sobotkin (93) showed how Robinson's model cen be made
to behave as Cook's model for a saccadic response by using an adaptive
approach similar to that developed in this thesis. These studies
were ilmportent because they demonstrated that the internal processing
in the Young model had to be modified. Rather then generating a
step to drive an underdamped plant as is done in the Young model.
for saccadic generation, a pulse step was needed to drive the overdamped

plant. Modified models, as presented by Fuchs (38) and Robinson (86, 89)
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were further attempts to correct the failings of the original Young
and Stark model. However, as the patching continues these models
become more and more complex and it becomes exceedingly difficult to
attach any neurophysiological basis to the model.

With the recent advances in electrophysiology it is clear that
models of the neural organization of the saccadic generatore are
required in order to bring into evidence the nature of the central
saccadic controller. This is one of the goals of this thesis gnd will
be discussed in detail in Chapters 4 and 5.

In the next section the smoocth pursuit system is described.

A review of its properties and those of the slow phase generators of
vestibular nystagmus and OKN will aid in the formulation of a

slow-phase generator model developed in Section L.k,



2,4 Slow Eye Movements

The eye generally makes three types of slow verslonal eye
movements; Smooth pursult movements when tracking a smoothly moving
target; slow phases of vestibular nystagmus; and slow phases of
Optokinetic nystagmus. Much is known about the neurophysiology of the
vestibular system and how slow phaée information reaches the eye muscle
motoneurons. The visual pathways responsible for producing smooth
pursuit and slow phases of Optokinetic nystegmis are largely unknown.
Because of the similarities between all these types of slow eye
movements, & similar central mechanism is indicated. Therefore the
models which have been established for the vestlbulo-ccular reflex
arc could give clues as to how visual information is processed to
generate slow phase eye movements. In section 2.4.3 models of the
vestibulo-ocular reflex arc are reviewed and in Chapter 4 a general
model for slow phase generation for both Optokinetic nystagmus and
vestibuler nystagmus is formuikted. First, however, the properties of

the smooth pursuit system are reviewed.

2,h.1 Smooth Pursuit System Properties

The smooth pursuit system controls slow continuous movements of
the eye when tracking a moving target. The function of the system is
to stabilize retinal images by matching the angular velocity of the
eyes to that of the target. It differs from the saccadic system by
responding essentially to velocity inputs rather than position inputs

and by being continuous in nature as opposed to belng discrete.
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One of the basic experiments which suggest that the pursuit
system responds primarily to velocity of the target was performed by
Rashbass (79). The stimulus was a step followed by a ramp in the
opposite direction. This elicited a smooth pursuit movement after a
certain latency vhich was followed by a saccade after another latency.
At the start of the eye movement, the eye was actually moving in a
direction away from the position of the target apparently responding to
velocity and not to the position of the target. It should be noted that
target vzlocity is presumebly reconstructed by the brain by adding
retinal slip velocity and eye velocity. The latter is presumably ob=-
tained from a corrollary discharge through the oculomotor centers
from outflow information (46, 112).

Since the saccadic system displays a refractory period in its
response, the question whether a similar refractory period exists for
the smooth pursuit system has also been studied. Robinson (83) showed
that the smooth pursuit system cen be made to respond to two separate
stimuli spaced only 75 milliseconds apart. This substantiastes that
during pursuit the eye behaves very nearly in a continuous fashion.
Also, Stark (98) demonstrated the absence of a refractory period for
successive changes in smooth pursuit eye movements.

Although primsrily responding to target velocity, the smooth
pursuilt system also seems to have some sensitivity to position
information. Robinson (83) found that the eyes make three types of
movement in response to remps of position. These responses are shown
in Fig. 2.5 together with the percent observation of each type of
response. For all three, there is a latency of approximately 125-150

msec., In the most common response (Type 1) there is an overshoot in
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Fig. 2.5 Three typlcal eye movement patterns in response to a
10 deg/sec ramp input.Taken from Robinson(83)
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velocity after the saccade. This indicates that some positional inform-
ation is being used by the smooth pursuit system for tracking purposes.
This view hes also been expressed by Young (119).

The smooth pursuilt system also exhibits nonlinear characteristics
such es saturation and threshhold. Rashbass (79) found that target
veloclty of at least .8 deg./sec. are required to produce any pursuit
movements and that saturation occured at approximately L0 deg./eec.
in humens (113).

The neurophysiological aspects of the smooth pursult system are
largely unknown. Crosby and Henderson (24) described cortical
connections from the occipital lobe to the tegmentum and superior
colliculi and refer to them as being concerned with automatic eye
movements. However, no one as yet has been able to induce smooth
pursuit movements by stimulation of the occipital cortex and therefore
to attribute smooth responsibility to this part of the brain is
speculative. Recently Cohen et al (10) have been able to produce
slow eye movements by stimlation of the region around the PPRF,

Sparks and Sides (95) have also recorded neuroms in the PPRF

assoclated with horizontel eye movements dwrdhg tradking.

2.4.2 Vestibular System Properties (Vestibular Nystagmus)

One of the functions of the vestibular organ 1s to stabllize
the visual axis 4in space. In this regard it is similar to the
smooth pursuit system and optokinetic system which stabilize targets
and visual surround respectively on the retina. Stimulation of the

vestibular apparatus by linear and angular acceleration induces reflex



31
compensatory movements of the eyes in the orbit approximately equal
and opposite to the movement of the head in space (92). The
processing of the signal eminating from the vestibular organ has been
studied using both electrophysiological techniques and an enginsering
systems approach. These studies have traced some of the pathways
involved in the vestibulo-ocular reflex and led to the formmlation
of models to describe its function. For a complete review see
Cohen (16) end Young (117).

When the vestibular system Is subjected to & constant angular
velocity, the eyes perform a jerky rhythmical to and fro motion known
as nystegmus. A typical vestibular nystegmus record is shown in Fig.
2.6. The to and fro motion is characterized by a slow deviation of
the eyes opposite to the direction of rotation and a quick movement
of the eyes back. The characteristics of the quick phases or saccadic
eye movements have slready been discussed in sec. 2.3.3. The sense organs
responsible for the oculomotor reflex to head rotation described
sbove are the three semicircular canals. They are arranged approximately
orthoganally in the inmer ear. Each cansl is filled with & fluid, the
endolymph, which flows within the canal wherever an angular acceleration
in the plane of the canal is experienced by the head. As the endolymph
moves, it displaces a gelatinous structure, the cupula, which is in an
enlarged portion of the canal kmown as the ampulla. Cupula movement
is detected by samll hair-like cells which code the displacement into
neural activity in the nerve endings synapsing on them (61). A
diagram of a semicircular canal is shown in Fig. 2.7.

When an individual semicircular canal or its nerve is stimulated,

eye movements are induced which lie in planes parallel to the plane of
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that cenal (7, 8, 30, 103). The neurons from the semicircular csnals
synapse primarily in the rostrg.l ,» medial, and superior vestibular
nuclei (78). Axons from cells in the vestibular nucleus on the side
ipsilateral to the stimulus project across the brain stem to fhe
contralateral abducens nucleus causing the opposite lateral rectus
muscle to contraet (77). Direct projections from the vestibuler
nucleus to the ipsilateral medial rectus motoneurons probably lie in
the medisn longitudinel fasciculus (MLF) and it is these projections
which could be responsible for generating the slow phases of nystagmus
This is supported by evidence from lesion studles which show that the
MLF not only participates in eye movements induced by the vestibular
apparatus but is important for ipsilateral adduction during all types
of rapid horizomtal eye movements (11). This would imply that the
MLF is a final integrating step before projecting onto the motoneurons
which move the eyes. It is also postulated that the slow phase signal
innervates the PPRF where the signals for quick phase generation are
produced.

One of the first models attempted to explain the response of
the vestibular system to stimli was formulated by Steinhausen (99).
He used & torsion pendulum model for the semicirculer canal which was

than described by the differential equation:

dzg ds dr
— + 8 — +85 =b — el
at dt at

where § is the cupula deflection and r is the angular wvelocity and
8] and e, are parameters which determine the systems dynamic response.

Goldberg and Fernandez (32,39,40) measured the time constant of
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the neuronal behavior of peripheral neurons innervating the labyrinth
and compared it with the torsion pendulum model. They found the system
to be highly overdamped with & large time constant of approximately
5 sec. and & ewall time constant of about .005 sec. The value of the
large time constant is smaller than that obtained from measurements
made on the nystagmus which follows stimlation and is approximately
15-20 sec. in monkey and man (117). In either case, the vestibular
system responds very rapidly to steps in angulaer velocity and operates
over & wide frequency band for sinusoidal inputs (92).

The transfer function relating cupula displacement to velocilty

input is given by:

g (s) b, 8

R (8) sa-e-als-r-ao

2.2

Where g(s) and R (s) are the Laplace transform of the cupula deflection
and angular velocity respectively. This equation has been used by
wany researchers in modeling vestibular nystegmus (2, 102, 112). The
transfer function given by Egq. 2.2 1s used to transfer the head
velocity signal to generate the slow phase velocity signal. This signal
is then used to drive a saccedic generator for the quick phases of
nystegmus and is also integrated to generate the slow phases of
nystagmus.

Robinson (86) suggested the idea that the saccadic gener-
ator behaves as a "one shot" multivibrator, with some threshhold
sensing neuronsl network. Barnes and Benson (2) incorporated

this idea into their model of vestibular nystagmus and introduced
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& lead network to compensate for the lag introduced into the quick
phase generator by the threshold sensing network. In terms of the
state theory used in this dissertation this would imply that the
slow phase generator is a third order subsystem of the oculomotor
system: +two states to account for the cg.na.l dynemics and one to
account for the lead which is introduced before driving the sacca-
dic system. This is explored in greater detail in Section 4.k4.2
vhere e state theoretic slow phase gemerator is formulated. Young
(117) has noted that the vestibular system has some adaptation
assocldted with it and has modeled it by introducing an adeptation
operator. Goldberg and Fernsndez (39) have also found this
adaptation in some peripheral neurons in the eighth nerve.

The remaining portion of this chapter gives a description of

optokinetic nystegmus and visual vestibular interaction.

2.4k,3 The Properties of the Optokinetic System (Optokinetic Nystg@mgl

Optokinetic Nystagmus (OKN) is & dusl mode operation of the
eye movement control system induced by a moving visual surround. The
response to this visual stimulus is a to and fro movement of the globe.
The most effective way to elicit OKN is to stimulate the peripheral
retina as well as the fovee with full field rotetion (5). Although
the response can be suppressed under some circumstances, it 1is
generally reflexive and involuntary in nature. A typicel KN response
is shown in Fig. 2.8.

The quick 'pha.ses of OKN have characteristics not significantly

different from those of vestibular nystagmus quick phases and saccades
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Fig. 2.8 Typical optokinetic record for square wave velocity
input. (Arrows indicate change in direction of
velocity). Top trace is eye position vs. time. Bottom
trace is the time code (1 mark represents 1 second).
Teken from Hood (51).
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(90) and are presumably generated by the same central mechenism

(See Sec. 2.3). The slow phases of OKN are generated by a system

which essentially responds to velocity informetion. This 1s similar

to the system which gamerates the slow phases of vestibular

nystagms Lud smooth pursuit. Collewijn (18, 19, 20, 21) examined

the optokinetic slow phase response in rabbits for step and sinusoidal
inputs. He found that the system was not responsive to steps in positdon
input (Amplitude .5 - 4 deg/sec) and was & veloeity servomechanism.
Veloeltles up to 1 deg/sec are followed well with a gain of .7 = 9.

The maximal eye velocity is reached soon after the start of the
stimlation for step inputs and hes a letency of epproximately 100 - 200
msec. For velocities above 1 dég./sec the following is poor and appremches
stimlus velocities only after long periods of time. In sinusoidal
movements increases in stimulus amplitude and/or frequency results in

8 decreased gain but only & small phase lag of the eye movement. An
analog computer model has been formulated which desplays these
characteristics to explain the type of function which’might be

performed centrally (21).

A thorough quantitative analysis of the slow phese velocity
characteristics of OKN in the monkey has not been carried out.
Komatsuzaki et al (58) did measure various parameters of OKN such
as maximum quick phase veloclty, slow phase velocity, frequency
(beats/sec.), and total eye deviation and related these to stimulus
velocity. They found a generally increasing function, although
nonlinear, of stimulus velocity. The results of thelr studies are
showvn in Figs. 2.9 and 2.10. Cheng and Outerbridge (6) have recently

shown that as the stimulus speed increases, the frequency of the
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Fige. 2.9 Graphs of parameters of OKN of one monkey. Graphs A and
C were obtained from data recorded on the same date and
B and D from data taken 5 days later. A and B are the
standard test situation with eight stripes on the OKN drum.
In C and D the number of stripes was doubled. Each point
is the mean value of a single parameter over & 30-second
period. The velocity and frequency of the OKN stimulus are
shown on the abseissa in degrees/sec and stripes/sec. Perfect
following for slow phase velocity in degrees/ls)ec or for
frequency in bea.ts/ sec wvould follow the dotted lines marked
"Velocity" and "Frequency". The closed boxes are symbols
for total deviastion in degrees, the open boxes for maximum
slow phase velocity in degrees sec. the open triangles for
maximum quick phase velocity in degrees sec. the closed

circles for amplitude of beats in degrees and the open circles
for frequency in beats sec, Taken from Komatsuzaki et al (58)
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et a.l (58).
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nystagmus beats approaches & bimodel distribution where the second
frequency is a harmonic of the previous one. All of these studies
indicate that environmental velocity is the important signal in driving
the optokinetic system and probably is iesponsible for driving the
saccadic generator to initiate the quick phases of nystagmus. This
idea will be used in Chapter Five vhen & parameter adaptive scheme is
used to identify the parameters of a quick phase generator using
neuronal activity as the reference system states.

Because of the seemingly common nature of saccadic generation
for vestibular and optokinetic nystagmus, the question arises as to
whether there is coupling between the slow phase generators of
vestibular nystagmus and OKN. This is indeed the case and is briefly

described in the next section.
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2.5 Visual-Vestibular Interaction

There is an intimate reletionship between the visual and
vestibular system and recently there has been established evidence
that there is an interaction (5, 15, 16, 26, 27, 48, 75).

One example is "Flash nystagmus' which is induced by flickering a
1light in one eye (75). Because the direction of this nystagmus is
dependent on the position of the head in space, it indicates that

the vestibular system has a role in producing it. The interaction

is also shown by the sensetion of self-movement (circular vection)
caused by whole field rotation in man (5, 26). This shows that the
central mechanism responsible for sensing self-rotation from the
lebyrinth is also coupled into by the visual system. The exact
coupling mechanism is not clear but the peripheral retine is important
in inducing circuler vection (5).

From a neurophysiological point of view Cohen et al (15), have
demonstreted that monkeys are unable to maintain slow phase velocitles
of more than 45 -~ 60/sec. during OKN after unilateral or bilateral
labyrinthectomy. This indicates that the optokinetic systém utilizes
the vestibular system for higher velocity following. Moreover,
the nystagmus which follows OKN when the animal is put in darkness
(Optokinetic after nystagmus) is abolished a:!.’t?r bilateral lebyrintheet-
omy (15, 104, 105). Dichgens et al (27) and Hemn et al (48) demonstrated
that activity of neurons in the vestibular nucleus was wither enhanced
or decreased by inducing OKN in one direction or another. For a more
complete review of the vestibular-visual interaction see Cohen (16).

From the above 1t is clear that the vestibular system is
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affected by visual input. Using a state theoretic approach a com-
plete slow phase generator can be formilated which takes this effect
into account by introducing coupling coefficients in the system matrix
between vestibular and visual state varisbles. In Section k.lk such
a generator is formulated.

;l‘his concludes Part One of the dissertation which describes
the essential properties of the Oculomotor Control System. The
next chapter which is the second part of the dissertation develops
the mathematical theory which is utilized for adapting the parameters

of the model for guick phase generation.



CHAPTER 3

MATHEMATICAL TECHNIQUE FOR ADJUSTING PARAMETER VALUES OF THE MODEL

3.1 Introduction

The mathematical approach used to establish a correspondence
between states in a model and unit firing in the oculomotor system is
called a parameter adaptive technique. This technique uses & model-
reference system configuration (66, 73) in conjunction with a
Lispunov function formulated for the purpose of identifying the
model parameters. The initial model in the congiguration is
formulated based on physiological arguments and the reference
systém is considered to represent the actusl eye movement control sub-
system. A Liapunov function is formulated based on the response
error equation obtained from a comparison of the reference and model
systems when both are subjected to the same stimulus. The Liapunov
function together with its first time derivative in accordance with
Liapunov's stebility criteris provide the dynamics needed to identify
the model's parameters. The adaptive identification of the model is
implemented by utilizing the stimulus response data, the unit activity
data, and the constraints imposed upon the time derivative of the
Liapunov function. The mathematical development of the parameter
adaptive technique is presented in the chapter for two realizations
of the model. Artificial examples are shown to demonstrate the
convergence properties of the model-reference system.

The next section reviews the literature related to system

modeling and identification using & model-reference adsptive approach.
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3.2 Historical Background

The model-reference adaptive approach is a popular technique
used in the design of adapitive control systems., It is particularly
useful in spplications which require rapid adaptation i.e. auto=-
pilots ( 37 ). The conventional model-reference adaptive design
forced a given reference system to respond in approximately the same
way as & specified mathematical model for a given stimulus. This ob-
Jective was realized by designing a controller which compared the
output of the reference system with that of the model and adapted or

changed the parameters of the reference system so that the response

to the given stimulus for both systems would be approximately equal
according to some performance index. If the controller's role is

modified so that it updates the model's parameters to match the in-

put -output characteristics of the reference system, the model-refer-
ence configuration may be used to identify the reference system.
Whitaker et al (110) were one of the first to apply a
pareneter adjustment technique in theif app_lication to controlling
the behavior of an aircraft. They used a model reference configuration
with three adjustable system parameters and three indices of performance,
one for each parameters. They derived the adaptive algorithms based
on the gradient of an even function of the error between model and
reference system outputs. The error function chosen was very critical
and convergence was not guaranteed,
Osborn et al (72) modified the above mentioned method by
choosing the adjusting mechanism to minimize the integral square error

by a gradient technique. This method became very popular and has been
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known as the "MIT rule."

At about the same as these studies were being cerried on,
Margolis (63) and Staffenson (96) were applying the parameter adeptive
technique to the study of the identification problem. They called
this technique the learning model approach. They minimized the
sensitivity function using a gradient technigue and in this way the
adaptive algorithm were similar to the "MIT rule"” mentioned earlier.

With the popularization of Liapunov's direct method (L4, 5k,

59) many researchers started applying this technique to model-reference
adaptive control systems (42, 43, 65, 66, 69, 70, 73, 80).

Rang (80) was one of the first to design & corrective
dynsmics controller based on a Liapunov function. The basis for
his design was to force & system to behave according to a given model
by designing & controller to make the error between the cutput of the
model and the system be sssymptotically steble. However, his design
was not a parameter &djustment scheme and he found that the adaptive
properties were relatively slow and large transients occurred if the
process coefficients and tracking parameters differed widely. Grayson
(42, 43) implemented the controller in a slightly different way
and was able to obtain more rapid convergence times. However, this
manner of design had the shortcoming that although the error goes
assymptotically to zero, there is no parameter adjustment. Therefore
it cannot be used in an identification scheme.

Parks (73) extended the Liapunov technique by alleviating
somewhat the shortcomings of the "MIT rule" and the methods of Rang
(80) and Grayson {42, 43). He designed a controller to adapt the

parameters of a given reference system to that of a specified model
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using Lispunov's direct method. He points out the analyticael
difficulties associated with the "MIT rule" and gives an example of

8 second order system such that a controller designed using this

"MIT rule" leads to instability. He therefore redesigned the adaptive
algorithms for problems consldered by other researchars (53, 111)
using Liapunov's direct method. However, he chooses the derivative

of the Liapunov function negative seml-definite so that if the error
goes to zero, the rarameters stop changing and consequently makes

the tracking equations input dependent. |

In a peper by Shahein et al (OL) these shortcomings are
emphasized and an attempt 1is made to choose the derivative of the
Liaspunov function negative definite in error and parameter misalign-
ment. However, the obtained parameter adjusting equations are dependent
on the derivatives of the input and unknown parameters.

Mekel (65, 66) utilized a Liapunov function to identify the
parameters of a human operator in a control taske It was in this study
that different realizations of a system were first explored as.a possible
means of uncovering the mechanisms by which a system is controlled.

Narendra and Kudva (69, 70) extended some of the ideas of mod-
eling via a Liapunov function to modeling where not all state varia-
bles are measurable. The algorithms developed have very long adaptation
time and in many cases appear not to work.

In all studies done so far no eriterion has been defined which
assesses the adaptation properties of the controller or has any attempt
been made to identify models whose exact structure is not that of the

reference system (inexact identification).



In the next section the mathematical theory of adaptation
will be derived and shown how it may be used in the modeling of the

saccadic generator of the. cculomotor system.

L8



k9

3.3 Mathematical Theory of Adaptation

In this section the mathematical derivation of the adaptive
control algorithms used for identificetion is presented. It 1s shown
how different realizations of a system lead to adaptive algorithms
which have different convergence properties., The derivations have been
carried out for two such realizations of & system: The "phase variable
form" realization which is closely related to the "controllable form"
realization; and the "observable form'" realization. Both of these are
important in the theoretical development of the model for saccadic

generation considered in this dissertation.

3.3.1 Statement of Problem

Before considering the derivation of the various adaptive
algorithms, a statement of the basic problem is given. Consider the
model -reference system configuration depicted in Figure 3.1. The
reference system may represent any part of the oculomotor system which
is to be modeled and is referred to as the gculomotor subsystem. The
stimulus response data and the state vector for the sybsystem are
assumed to be available from experimentation. It is further assumed
that the oculomotor subsystem is & state determined proper differential

system® and may be described by the differential equation:

a’z anl, ar a1ty
—Q—ta,g deecriyanz=hb T by 3 kecsee+bor 3.3.1
at® at?-t 077 Tm 4 1 gt 0

* A proper differential system is one where n>m in Eguation 3.3.1
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Fig. 3.1 Model-Reference configuration for adaptation of a model
in state form. Controller design based on Liapunov
function. r is the stimulus veetor, z and x are the
reference system and model system state vectors
respectively, and u and W are the controller adaptation
vectors.
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This nth order differential equation is equivalent to & system of n
Pirst order differential equations and in vector notation 1t takes

the form:
z=Az+Br 3.3.2

where 2z denotes the state vector, r represents the stimulus vector
and z = -d:- . The elements of matrices A end B, vhich are related to
the coefgzcients of the differential equation (Equation 3.3.1) are
unknown and are to be identified based on the measurements made on its
state vector z and the input r. Matrices A and B will be said to have
been identified when Equation 3.3.2 has a response which is approx-
imately equal to that of the physical system (oculomotor subsystem)
under consideration when both are subjected to the same stimulus.

As a starting point for the modeling approach, & tentative
mathematical model system of the same form as Equation 3.3.2 is chosen.
Let the model system represent the reference system and be described
by the following vector differential equation:

x=Hx+Gr - 3.3.3
where r is the same stimulus vector as for Equation 3.3.2, and x
and X are the model's state vector and the derivative of the state
vector respectively. The aim is then to adapt the elements of matrices
H and G so that eventually H—*A and G—-+B. The final velues of the
elements of matrices H and G are unknown but they may be assigned a
set of initial values which are updated to match the reference system
response. To insure convergent adaptation, Liapunov's direct method
is used to derive the edaptive algorithms and the initial matrices
HO and G, are chosen so that their elements lie in the stability

0
region of the Liapunov function (66, 67, 68).



For linear single input differential systems which are
proper of order n, there are several ways of realizing relationships
as given by Equations 3.3.2 and 3.3.3. The realization depends on
the choice made for the state variables and different choices will
lead to different reelizations (120). The realization problem
could give clues as to the actual structure of a physiological
system where the structure is virtuslly indeterminsble by anatomical
means.

In the next sections identification algorithms for Controllable
end Observable form realizations will be derived using Liapunov's

direct method.

52
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3.3.,2 Phase Variable Form Realization (Controlleble Form)

In this subsection a phase variable form realization of the
model is discussed. The state variables chosen are referred to
as phase varisbles, a name that stems from the coordinates of the
phase space. This choice of state variables is practical since it
has the ready physical interpretation as one varisble being the rate
of change of the other or vice versa, as one being the integral of
the other. In considering the neurophysiological makeup of the
brainstem this would be interpreted as one class of neurons integ-
rating the activity of another classs of neurons. This type of
behavior is quite plausible when one considers neurons on & cellular
level (71, 91).

In order to derive the identification dynemics for & controll-
able form realization of tﬁe oculomotor subsystem's wmathematiczl model,
one mst first formulate the error vector differentisl equation for
the model-reference system in terms of those phase variables.

It should be noted that initially the response of the reference
system will not be the same as the response of the tentative mathemat-
ical model, when both are subjected to the same stimulus. This is
because the tentative model's parameters are assumed initially differ-
ent from those of the reference system.

For an nth order system, n state variables are necessary and
sufficient to represent the dynamic behavior of the system and the

phase variable form realization matrices of Eqs. 3.3.2 and 3.3.3.
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A, B, H, and G assume the following form (120)
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The difference between the model's response and the reference system

response 18 the model-reference system error. Let this error be
denoted by vector e and defined as
ex2z - X 3.349

Note that e, x, and z are time varying vectors given by

nd ™~ b

2 | 1 €1
Z2 . 3.3.10 Xz . 3.3.11 ez . 3.3.12
zn _xn_ .en_
by -

Differentiating Eq. 3.3.9 with respect to time ylelds

e= 2z -X 3.3.13

where the dot denotes the time derivative and the vectors z, x, and

é__ are given by

-élw -il- oo Ol—
z=1. 3.3.1k x= |. 3.3.15 é= | . 3.3.16
n, ) |
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Substituting Equations 3.3.2 and 3.3.3 into Equation 3.3.13 yields,
after some algebraic manipulations, the vector error differential

equation for the model reference system:

exHe+bu z+dv r 3.3.17
or
¢zAe+bu’xrav s 3.3.17"

where the superscript t denotes the matrix or vector transpose.
The vectors u and w are the parameter misalignment vectors and may
be related to the reference system and model system matrices expressed

in Equations 3.3.2 and 3.3.3 by the following relationships:

A-H=bu 3.3.18
- t
B-G=dy 3.3.19
where vectors b, u, 4, and v are given by:
[0 -ao + h,
0 + h
b= 3.3.20 u= T 3.3.21
. ;
b l- _-an-l..‘ hn"l-‘
- o'l rbo - go -
0 -
; by - &
d_= : 3.3.22 we . 363423
[
[ 1] bpo1™ 8pa1

The adaptive algorithms are derived ba.s;d on either equation
3¢3.17 or 3.3.17'. The equation one chooses to work with determines
the type of adaptation which must be implemented on the digital computer.
If Equation 3.3.17 is used then Liapunov's criterion has to be satisfied
based on & time varying matrix H. This leads to complicated control

algorithms since the stability of the system must be checked each time



57
H changes. However, 4f it 1s assumed that the reference system,
represented by the matrix A, 1s a stable system, then the existence
of a Lispunov function is assured (59) and a stable controller can
be determined. Therefore Equation 3.3.17' is used in deriving the
adaptive algorithms.

Equation 3.3.17' may be viewed as consisting of three
verturbational vectors e, u, and w, denoting the model -reference
system error and parameter misalignment vectors respectively, in
terms of which a Liapunov function may be formulated. An eppropriste
Liapunov function should be positive definite in the error as well
as in parameter misalignments. Therefore, one may choose a Liapunov

function of the form

t

v ERNu+w Qw 3.3.24

V= e Mg_i-g_N

=

where matrices M, N, and Q are symmetric square matrices and given by:
[-mu !nle eenvee mln

m‘la m22 vesen m2n 3.3.25

enwe
® ® o 90

[N XN J

m_m
[ ln 2n

Full Dyo seees

n12 n22 se0dee 3.3.26

eOon & &
e v

gﬂ.....ags E;: EE.....

-nlnn% [N N N ) J

qll q12 essse qlnw

q q seeeee G
A2 22 2n 3.3.27

qln Q2n XXX X} qm
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The elements of the preceding matrices may be constants or
functions of the state variables.

When considering linear or plecewlse linear constant reference

systems*, metrices M, N, and Q may be restricted to be constant matrices

chosen in accordance with Lispunov's stebility eriterion.
Differentiating equation 3.3.24 with respect to time and then

substituting Equation 3.3.17' and its transpose given by

t t t t

the time derivative of the Liapunov function is obtained in the

following form:

V= -g_t De +2 [f_x_t N*Et('t_a_t M g)]ll'ba[;l_t Q+£t(gt M _e_)]g_ 3+3.29
where
t
D=A" M+MA 3.3.30

In matrix form

dll dla ssoee

dla d22 (R N X X ]
’ 3.3.31

.....pﬂl Eil

¥ This will be the case when the oculomotor subsystem being identified
behaves in & linear or piecewise linear time invariant fashion during
the identification interval.
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Liapunov's criterion for stability calls for V> Q0 and V& O.
One way to comply with Liapunov's criterion for stability is to
constrain the elements of the matrix D to satisfy the following

conditions:
444> 0

di,j= d,ji= 0

3.3.32

where 1 and J denote row and column respectively. However, since
an unknown system matrix A 1s lnvolved in solving Equation 3.3.30,
a trial and error procedure mist be used to obtain the elements of
the M and D matrices until convergent algorithms are obtained.

This however is less objectionable than finding a Liapunov function
for a time varylng system.

If the derivative of the Lispunov function is further constrained

by letting
W oNezt (B Me) =0 3.3.33
W atrt (¥ me)=o0 3.3.34

then the controller dynamics for updating the parameters of the
model are determined by these equations.

These equations can be summarized as follows:
Equation 3.3.32 insures that matrix D is positive definite (p>0).
Equation 3.3.30 can then be solved for a positive definite matrix M¥.
Matrices N and Q must also be chosen positive definite (N>0, Q>0)

in order to insure convergent adaptive algorithms. The elements of

* There always exists such a matrix if the matrix A represents a stable
system (59, 6h4)
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matrices M, N, and Q are not unique and are used as controller design
parameters to vary the covergence properties of the identification
dynamics;

It should be noted that because of the constraints imposed by
Equations 3.3.33 and 3.3.34, the derivative of the Liapunov function‘(i)
is negative semidefinite as opposed to negative definite. Thim is
because % is only a function of the model reference system error and
does not depend on the parameter misalignment vectors u and w. This
implies that the error equation is only stable and the possibility of
oscillations in parameter misalignment space may exist without having
exact identification.

By solving equations 3.3.33 and 3.3.34 for the control vectors
u and w,explicit expressions for the jidentification controller
dynamics mey be realized. Since g? M e is a scalar quantity, one may

obtain from Equations 3.3.33 and 3.3.3% the following relationships:

-Zt N-l (Et M g_) 3.3.35

Ise,

2t 8t (& Me) 3.3.36

(L
]

The transpose of Equations 3.3.35 and 3.3.36 ylelds

b=-0 2P ue) 3.3.37

-1
vz-@Q) r(a®Me) 3.3.38
In order to formulate the mathematicel adaptlve algorithms in
terms of the model parameters (elements of H and G matrices), a

relationship among Equations 3.3.28, 3.3.19, 3.3.35, and 3.3.36 must
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be obtalned. This may be done by assuming that the changes in the

reference system (oculomotor subsystem) parameters are much slower than
the variation of the model parameters. Matrices A and B may then be
considered a&s being time invariant over the identification interval.
Therefore, differentiating equstion 3.3.18 and 3.3.19 respectively

with respect to time yields

-E=p 3.3.39
-~ é» - d_{_]_t 3.3.""0

since b and 4 are constant vectors. Substituting Equations 3.3.35 and

3.3.36 into Equetions 3.3.39 and 3.3.40 one obtains

Bzb "N (1 Me) 3.3.41
G=arfat(®Me) 3.3.42

Integration of Equations 3.3.41 and 3.3.42 over the identification

time interval ylelds

T
- t =l (b
H-Ho*'[l.o.z_ N (' Me) at 3.3.43
T 1
G=Go+fg_f' Q™ (e Me) at 3.3.4k

where Bb and GO are the initially chosen matrices for the mathematical
model and T is the identification intervael.

The mathematical model will bé considered to have been identified
when both model and oculomotor system produce approximately the ssme

response when subjected to identical stimuli. A "confidence criterioa"



62

that checks the model convergence to the reference system will Dbe
discussed in Section 3.5 where its purpose and usefulness will be
demonstrated. In terms of Equation 3.3.2 this means that one has
identified matrices A and B. Experimentation has also indicated

that by varying the matrices N and Q the convergence rate for identi-
fication changes. It is conjectured that optimal valﬁes for N and Q
exist so that identification time is reduced to a minimum. A study
of the nature of the convergence for different parameter values and

finding the optimal matrices is a topic for future research.

3.3.3 Observable Form Realization

In this subsection state variables are defined which lead to
a state realization different from the phase variable realization
presented in section 3.3.2 and is known as the observable form repre-
sentation. This form is shown to be particularly important in de-
riving the adaptive algorithms used to identify the saccadic genera-

*

tor model .

Let it be assumed that the reference system may be expressed by

the differential equation

é = A zZ + ;b_ r 3.3.)4-5
where
2 1 0 ..... O b ]
-1 n-1
- N2 0 1..... 0] bn__2
e 3.3.46 b = . 3.3.47
- O..... 1
al 0
-a 0 0 ... 0 b
0 0
- i | "o

*¥See Section 5.3
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The a's and b's are unknown and are to be identified. A model sys-
tem may now be considered of the same form and given by the follow-

ing state equations:

x=Hx+gr 3.3.48
where
B . i
-h, 1 1 0..... O an-l
shy o0 1 ..... O Bn_o
H=1|. . . . . . ]3.3.4 g = . 3.3.50
—hl O 0..... 1 .
—ho O 0..... 0 &y
_ — L -

The form of these matrices may be obtained by examining the nth or-

der differential equation which may be expressed as follows:

n -1 n-1
Tz @ (ay8) 4eeen g, = P 1) o +br 3.3.51
dg atn-1 gen-1

where r denotes the stimulus for the system and z denotes its re-

sponse. If the state variables are chosen as follows:

Zl =z

22 = Zl + an_l z—bn__.L r 3.3.52
2 = y -

n Zn-l + al Z bl T

the differential equation given by 3.3.51 is equivalent to a system
of n first order differential equations which are represented by
Equation 3.3.45 with the matrices as shown by Equations 3.3.46 and
3.3.47.

In order to identify matrix A and vector b, the same procedure

as used for the controllable form realization in Section 3.3.2 is



followed. First the error differential equation for the composite
model-reference system as shown in Figure 3.1 is formulated. An
identification controller is then designed, based on Liapunov's
criterion, which updates matrix H and vector g so that eventually
the response of the model system approximates that of the Oculomotor
system to a given stimulus. The reference system is considered
identified when H*A and g+ b.

The state error vector expressing the difference between the
reference system response and the tentative model system response
when both are subjected to the same stimulus can again be expressed
as

e=32-x 3.3.53
Differentiating Eq. 3.3.53 with respect to time yields

3.3.5L

[ e

L]
=_Z_—

|os

Substituting Eqs. 3.3.45 and 3.3.48 into 3.3.54 gives after some
manipulations the error differential equation
e=He+(A-H z+(b-g)r 3.3.55

or

e=Ae+(A-H x+(b-g)r 3.3.55"

The equation one chooses to work with determines the type of adapta-
tion which must be implemented on the digital computer. If Eq.3.3.55
is used then Liapunov's criterion will have to be satisfied based on

a time varying matrix H. This leads to complicated control algorithms
since the stability equations have to be checked each time matrix H is

updated. However if it is assumed that the reference system is a
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stable system then the existence of a Liapunov function is assured
(59) and a stable controller can be determined. Therefore Eq.3.3.55'
is used in deriving the adaptive algorithms.

Let the parameter misalignments be given as:

A-H=uch 3.3.56

b-g 3.3.57

i
|=

where the superscript fidenotes the vector transpose and vectors

u, w, and c are given by

N e S R | Vi| [Pn-1 " 8p1

u2 “8pp * By V2 Php " &p-p
us=|.|= . 3.3.58 wo=|. * 3.3.59

. . [ ]

U.n -—a.o + hO J Wn bO - &g

1

0
c = 1. 3.3.60

—O—

Since gt X = Xl’ Equation 3.3.55' may be written in the following
form

é_=Ae+_g_xl+Wr 3.3.61
where Xy and r are scalars and denote the response and stimulus

respectively.
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Equation 3.3.61 may be looked upon as containing three perturba-
tional quantities. These are the model reference error e, and the
parameter misalignment vectors u and w.

In order to design the identification controller, a ILiapunov
function for Equation 3.3.61 is chosen such that it is both positive
definite in model reference system error as well as in parameter mis-
alignment vector error vector. Therefore, an appropriate Liapunov
function is chosen in the same way as for the controllable form

realization. Let the Liapunov function be given by:

V=e"'Me+u" Nu+w Quw 3.3.62

where matrices M, N, and Q are symmetric positive definite matrices
whose elements are constants. Differentiating Eq.3.3.61 and its
transpose, the time derivative of the Liapunov function is obtained

as follows:

Vv =- g? De + 2 gf (Na+ M g_xl) + 2 E? (Qw +Me r) 3.3.63

where

—D=At M+ MA 3.3.6k4

To satisfy Liapunov's criterion V> O, %ggo, Eq.3.3.64 may be
solved in the same manner as described for the controllable form
realization (See Section 3.3.2)

Letting

Nau+Mex, =0 3.3.65

Quw+Mer =0 3.3.66
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Equations 3.3.65 and 3.3.66 constitute the basic relations from
which the adaptive controller and the identification dynamics may
be realized. Rearranging Equations 3.3.65 and 3.3.66 one obtains the
relationship

-1

L=-N"Mex 3.3.67

=-qluer 3.3.68

Equations 3.3.67 and 3.3.68 represent the identification dynamics
and the realization of these equations produces the adaptive control-
ler dynamics. Matrices M, N, and Q are obtained in the same manner
ags in Section 3.3.2.

In order to formulate the mathematical adaptive algorithms in
terms of the model parameters (elements of H and G matrices), a
relationship among Equations 3.3.56, 3.3.5T7, 3.3.67, and 3.3.68 must
be obtained. This may be done by assuming that the changes in the
reference system (Oculomotor subsystem) parameters are much slower
than the variations of the model parameters. Matrices A and B may
then be considered as being time invariant over the identification
interval. Therefore, differentiating Equations 3.3.56 and 3.3.57
with respect to time yields

f=ouc 3.3.69

g =% 3.3.70
Substituting Equations 3.3.67 and 3.3.68 into Equations 3.3.69 and

3.3.70 gives

I
)
ct

H=1N M ex c 3.3.71

g=Qluer 3.3.72
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Integration of Equations 3.3.71 and 3.3.72 yields the following

relationships: T
H=H + h{(N_l Me x, cb) dt 3.3.73
0 - 1=
o]
T .
-1
o

50 are the initially assumed values for the matrix H

and vector g and T denotes the identification interval.

where H and
0

The next section demonstrates the controller adaptive algorithms

with various digital computer simulations.
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*
3.4 Digital Computer Simulation Examples

In this section the design and implementation of the parameter
adaptive control algorithms are demonstrated by two examples. They
show the adaptation of phase variable and observable form realizations
of a second order model system. The parameters of the model system
are intentionally chosen different from that of the reference system
and then adapted using the algorithms derived in Section 3.3. It is
shown how the model-reference error vector approaches zero and the
model parameters approach those of the reference system over the
identification interval.

Because these examples are chosen merely to demonstrate the con-
vergence of the adaptive algorithms, the reference system parameters
are assumed known. However when the reference system is not known
exactly some measure will be needed in order to monitor the adaptation.
Therefore in Section 3.7 these examples are studied again in terms of
a "Confidence Criterion" for model adaptation using a modified model-
reference adaptive approach. This is discussed in Sections 3.5 and
3.6.

3.4.1 Example 1 - Second order system with 2 unknown parameters
(Phase Variable Form)

This example examines the performance of the adaptive controller
when used with a second order model. The system matrix for the model
which contains two unknown parameters, is to be identified for a phase
variable form realization. The reference system under consideration is

assumed to be described by the differential equation:

¥These examples identify different realizations of a differential sys-
tem proposed as a model for a human operator in a control task (65,6T)
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z + 22z + 121 z = 102 ¢ + 187 r 3.4%.1
where r is the input and z is the response. A tentative mathematical
model for the reference system is chosen of the form:

X+ hy x + ho x =102 r + 187 r 3.h.2

where x is the response and r is the same input as for Eqg.3.4.1.
The problem at hand is to identify hl and ho so that the reference
system and model have the same response to a given input. It is
assumed that hl and hO are completely arbitrary, except that one
may assign initial values to hy and howhich lie within the stability
region of the Liapunov function chosen for identification. The

initial values are denoted by h and hpg. A controller or an

10
adaptive algorithm is now realized which updates the initially chosen
values of hjand hgso that the final mathematical model represents the
reference system.

For a phase variable representation of Eq.3.h4.2 the H matrix

for the model system has the form

3.4.3

and the realization is shown in Figure 3.2. Equations 3.3.37, 3.3.38
and 3.3.39 and 3.3.40 may now be used to find the controller dynamics

and they are given by the following relationships:
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Note that ﬁl and %2 are equal to zero for this example.
In order to satisfy Liapunov's stability criterion i.e. V>0,
V< 0, the following conditions are imposed:

n_>0
11

n,,> 0 3.4.5

2
niq Nop - n12 >0

m_> 0
11

my0> 0 3.4.6

2

- >
mll m.22 ml2 0

and from Equation 3.3.30

28y m, &g Moo + 8y Myp = Mg
D = 3.0h.7

2y Moy + hl m o My 2 ( 8, Tpy - M, )

Equation 3.4.7 contain the unknown parameters and consequently choosing
the elements of the matrix M to obtain a convergent controller beccmes

a trial and error procedure. In many cases some range of values are
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known for the parameters of the unknown system and this eases the
problem of finding apprépriate elements of the matrix M to obtain
convergent algorithms. Because Liapunov's criterion is only a suffi-
cient condition to obtain a convergent controller, parameters which
do not satisfy these equations will also sometimes lead to converg-
ing algorithms.

In Figures 3.3 and 3.4, are shown the time behaviour of the para-—
meter adaptation and the state errors. The behaviour in parameter
space is shown in Figure 3.5. The controller design matrices were

chosen as:

" ]
4268 29
M= 3.4.8 .
29 30
- -
7018 0
D= ‘ 3.4.9
0 1262
1 .5
N = ' 3.4.10
.5 1
L —_

The starting values of the parameters are

hlO = 100 hOO = 50 3.k.11
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3.5 Adaptation of parameters h
(Example 1). Starting valu
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3.4.2. Example 2 - Second Order System with 2 Unknown Parameters
(Observable Form)

This example examines the performance of the adaptive controller
when applied to a second order model system. The system matrix, which
contains two unknown parameters, is to be identified for an Observable
Form realization.

The reference system is again assumed to be described by the
differential equation

Z 4+ 227+ 121 z =102 £ + 187 r 3.k.12
where r is the input and z is the response.

A tentative mathematical model for the reference system is again
chosen of the form

. s .

X + hl x + hO x =102 r + 187 r 3.54.13

where hl and hO should adapt to the values 22 and 121 respectively.

Therefore a controller must be designed to update the initially

chosen values of hl and ho. For an Observable Form realization of

Equation 3.4.13, the H matrix for the model has the form

-h 1
1

H = 3.4.14

- hy 0

and the realization is shown in Figure 3.6.
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Fig. 3.6 Observable form realization for a second order model
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From Equation 3.3.71 and 3.3.72 the controller equations are as

follows:
) *1 ]
U s o -n2 (= mpp myy + nyp mypleyt(= ngp myp + myp Nyplep
11 22 12
a X5
2 (" nll m12 + mll n12)61+(— nll m22 + m12 nlz)e2
n n - N 2
11 722 12 .
L1t 3.4.15 -

Note that %1 and %2 are equal to zero.

vz

In order to satisfy Liapunov's criterion for stability that

O and ¥ < O the following conditions must be satisfied:

n >0
11
> ot
N, 0 3.4.16
2 0
U117 By ™ Mo
mll>> 6]
myp > 0 3.h.17
-m 2> 0

m
"y 722 T a2

The matrix D is given in terms of the elements of the M and A matrices

by

+
2 mll al 2 m12 aO aq le + m



Note that for this example agaln the D matrix depends on the

unknown parameters al and ao.

is explained above in Sections 3.3.3 and 3.k.1

In Figures 3.7 and 3.8 are shown the time history of the para-

meters hl and hO and the time behaviour of the model-reference sys-

tem errors el and e2 respectively. The behaviour of hl and h0 and

el and e in parameter space and error state space respectively are

demonstrated in Figure 3.9. The matrices M, D, and N used in the

controller design were chosen as:

700 -23.96

M = 3.4.19

-23.96 10.142

_25001.68 o—

D = 3.k.20
0 k7.92
—.01 0_

N = 3.4.21
0 .01

The starting values of the model parameters were chosen as

hlo =2 hoo = 200 3.h.22

80

The reason and justification for this
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Fig. 3.7 Adaptation of parameters b, and hO (Example 2)
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3.5 Confidence Criterion for Modeling Approach

The purpose of the previous examples was to check the validity
of the controller adaptive properties. Since the reference system
was assumed to be known (all the parameters known) a criterion to
establish identification of the model Wés not necessary. One can
determine the identification of the model when the parameters of the
model approach the reference system parameter values. However, when
the reference system parameters are unknown, as is the case in phy-
siological systems, an exact model structure for the reference sys-
tem is never assured. Consequently., one must have a way of insuring
with some degree of confidence that the model is representative of
the processes in the reference system under investigation. Such

"econfidence criterion" and is derived in

a criterion is called a
this section. Among its features the criterion may also suggest
whether additional stimulus is required to continue the adaptive
process of the model.

Since the controller is designed based on a Liapunov function,
the overall model reference configuration is stable and the Liapunov

function value at t = O is larger than at any other time, i.e.

v (0) > v (t). The integral of -V (%) is given by
T

j -V at = v(0) - V(T) (T - Identification) 3.5.1
A Interval

together with the Liapunov function at t = 0 may be utilized to

form a '"confidence criterion".
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Let the "confidence criterion" be defined by:

n. = 1- 20 3.5.2

Substituting Eq.3.5.1 into Eq.3.5.2 yields:

n, - __ V(&) 3.5.3
v(o)|T

If the model-reference configuration is assymptotically stable then

vV (T) + O and hence ’zl—r 0.

Therefore, the smaller 'ﬂl gets, the better the adaptation.

The negative semi-definite derivative of the Liapunov
function implies that the model reference system is only stable and
not assymptotically stable. Therefore adaptation could stop without
having identified the proper values of parameters. One way to over-
come this difficulty is to monitor the value of 711 and keep perturb-
ing the system until Vll is below some present value, i.e., qll< c
where ¢ is some arbitrary constant. For inexact modeling, if 721
does not get smaller then the model has been adapted to its fullest
extent.

In order to monitor 721 over the identification interval, the
derivative of the Liapunov function V and the initial value of the
In order to monitor 72 over the identification interval, the
Liapunov Iunction vV {U/ MUST De KNown.

The Liepunov function may be viewed as being composed of three

parts, i.e.

V=V:L+V2+V3 3.5.4



where v, = g? Me 3.5.5
V,=u" N u 3.5.6
Voew aw 3.5.7

If N and Q are chosen such that

M> N 3.5.8

M>>Q 3.5.9

over the range of possible initial parameter errors then

Tm
v(o) = Vl(_e_) + f- vV at 3.5.10
[e)

and may be taken as an estimate of V(0). T is the time at which
m

Vl reaches its maximum value, Vlmax'

The "confidence criterion" may then be monitored over the

identification interval by substituting 3.5.10 into 3.5.2 and ob-
T

taining:
J:—V dt ' 3.5.11

1 Tn
Vlma.x + -V at 3.5.11

0

Another parameter of interest is the smallness of the error

portion of the Liapunov function at the end of the identification

86

interval compared to its initial value. Thus the following parameter

may be defined:

v, @L v, (e)l
Il'!
1 o= = T 3.5.12
v (0) V. (e) +/—'\'rdt
1 Tm 70

where V; (e) is given by Equation 3.5.5 and V(0) is estimated by
3.5.10.
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3.6 Modified Model-Reference Adaptive Controller Design

In the previous section it was shown how a "confidenqe cri-
terion" for adaptation could be defined if one had knowledge of
both V(0), the initial value of the Liapunov function, and V the
derivative of the Liapunov function for gll time. In order to
alleviate some of the difficulties discussed previously such as
finding the % function and estimating the initial value of the Liapunov
function V(0), a modified model-reference adaptive controller is util-~
ized (69,70).

Let the reference system be of the same form as before

=Az+Br 3.6.1

e

and modified model system is now chosen as
X=Kx+ (H-K)z+Gr 3.6.2

where H and G are to be identified such that as H>A and'G*B and K
is an arbitrary known stable matrix. The form of K is chosen in
accordance with the form of the matrix H and will be dependent on
the realization desired for the model. A functional diagram of the
modified model-reference configuration is shown in Figure 3.10A.

Insight into the dynamic properties of the modified model-
reference adaptive system can be obtained by examining the equations
and model reference configuration for the second order case,

For the second order observable form case the modified model
equations are given by:

X, = -kpx *xp (- hy + kl) zy +gy T 3.6.3

X, = - ky x + (- hy + ko) Z

+
0o %1 €& T

1 0

The realization is shown in Figure 3.10B. From this simple case it
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Fig 3.10 A Modified model-reference configuration for adaptation
of a model in state form. Controller design is based
on a Liapunov function. r is the stimulus vector, z
and x are the reference system and model system state
vectors respectively, and u and, ware the controller
adaptetion vectors.
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From Reference System (See Fig. 3.10 A)

Fig. 3.10 B Second order realizetion of a modified model
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can be seen that by changing the model-reference configuration to a
modified model~-reference configuration the h parameters have been
altered from being feedback elements in the model to feed forward
gains in the modified model. In other words, the elements of the K
matrix provide the feedback gain for the model system. Since the
reference system states are bounded and K can be chosen arbitrarily
this will lead to greater stability in the adaptive algorithms if the
eigenvalues of K are chosen negative. It also allows greater flexi-
bility since additional parameters have been introduced via the K
matrix. It must be kept in mind, however, that the h's although al-
tered in their role for purposes of identification still represent the
parameters of the model of the "physiological" system under study.

Returning to the general case, if Equation 3.6.2 is substracted
from Equation 3.6.1 the resultant error vector differential equation
yields:

=Ke+(A-H)z+(B~-G)r 3.6.4

f@-

This is exactly the same error equation obtained previously for the
phase variable and observable form realizations of the model reference
system, except that matrix K, which is the designer's choice, is multi-
Plying e rather than H or A which is either time varying or unknown.
For the various forms of realization of the model system, the ILiapunov

function is chosen as in Section 3.3.2

t
V= Me+u Nu+w' Qw 3.6.5

where M, N and Q are defined by Equations 3.3.25, 3.3.26 and 3.3.27.

The resultant controller dynamics for the phase variable reglization
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of a linear system are then exactly the same as Equations 3.3.-35 and

3.3.36 and are repeated here

~2 (¥ me) 3.6.6

é}

t
- X

P Q™ (d® Me) 3.6.7

For the observable form realization, the controller dynamics are
obtained with zl replacing xl in Equations 3.3.67 and 3.3.68 and

are given by

It
I
=
I
’_l
=
[
N

3.6.8

u

I
]
O

W Mer 3.6.9
However, the derivative of the Liapunov function which is given by

V=-e"De 3.6.10

is now dependent on known chosen matrices since
t
-D=K M+ MK 3.6.11
where K and M are chosen in order to obtain satisfactory convergence

properties.

The confidence criterion discussed in Section 3.5 may now be

evaluated using Equation 3.5.2 as: P
moo= 1 o- fogtbga_dt 3.6.12
1 Tm
“uel+fetpeat
Ty ©

where T, is the time at which Vl.reaches a maximum. Since D is a
known matrix given by Equation 3.6.11, ’Ql may be evaluated.

In the next section examples showing the convergence properties
of the modified adaptive algorithm will be shown. The usefulness of

the "confidence criterion" will also be demonstrated.
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One may also examine

2 2
7 =\, Wll +‘72 3.6-13

as a check on the adaptation.

In order to evaluate 3.6.11 - 3.6.13, the time derivative of
the Liapunov function (V) would have to be known over the entire
identification interval. However, to known V at each instant of time
one would need knowledge of the reference system matrix A in order to
evalaute Matrix D where

~D=A'M+MaA 3.6.1h
since V = -et De. Because A required identification, V is an un-
known function throughout the identification interval. Consequently,
a modification in the adaptive algorithm is required to establish a
viable "confidence criterion". Before such a criterion can be es-

tablished a modified model reference system is considered. This is

shown in Sections 3.6 and 3.7.
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3.7 Examples Showing the Modified Model Reference Adaptation

In this section the same examples which were shown above
in Section 3.4 are reevaluated to demonstrate the adaptive properties
of the modified model reference system and to demonstrate how the
"confidence criterion" defined previously may be used to give a mea-
sure of the adaptation which has taken place.
In each of these examples the reference system is assumed to be
given by the differential equation:
a%z
at2

dz = d
+ =2+ a 2z = b, & + .T.
La o lg 707 30

where & ao ’ bl and bo are specified for each example
and "controllable" and "observable" form realizations for this

system are identified. The model representations were chosen as

- — - - = - _ ~ -
il —kl 1 X --hl + ky g,
= + zl + r 3.7.2
iz -k, ol [%, ~hg + ko g,
for the observable form realization and
el _— - - - = —_ -
kl 0 1 X, 0 0 z1 0 0 r
= * + 3.7.3
5:2 —ko % {[%, -h th otk | 2, go g |l
SR S L4 L J L a4 L i ) N

for the controllable form realization. Note that hl and hO and 81
and gy are the parameters which correspond to the reference system

parameters a1s 4> bl and bo respectively.®* Note also r{=r and r2=%%:

¥See Section 3.6 for a detailed explanation
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For each of the examples presented in this section, computer
printed graphs are shown for each parameter adaptation. Below the
graph the printed computer information is shown. The starting para-
meters at the beginning of the identification interval, the M, N, K,
and D matrices used to obtain the controller dynamics are also given.
The final values of the parameters are indicated by an F in front of
the parameter, i.e., FH1, FHO, FGl, and FGO. Printed out are the
other ggrtinent parameters which are related to the adaptation.

The .é[— & dt 1s denoted by INT VD, the maximum value of Vi during
the adaptation interval is denoted by VIM and the estimation of V(0)
is shown. The confidence criterion '71 is evaluated in terms of INT
VD and V(0) and denoted by ETAl. ETA2 (72) is evaluated in the pro-
gram as Vl(e)/V(o4§hand is a measure of how close the error signal,
e=z - x, is to zero. The parameter’7,=Jn§ +ﬂ§ is also given and is
denoted by ETA.

Since Vy (e) is used in estimating the value of V(0), which
is in turn used in defining the confidence criterion, its dynamic
behaviour is shown for each example. It can be seen thatVi reaches

a maximum value very early in the identification interval and then

falls off toward zero as adaptation takes place.

3.7.1 Example 1 - Two Parameter Adaptation for an Observable Form

Realizstion

In Figure 3.11 is shown the adaptation of h, and ho for an

1
observable form model realization. Parameters g and g, are assumed

to be the same as the corresponding reference system parameters and

having the value 102 and 187 respectively. In Figure 3.12 is shown the
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Time (Sec.)

Time (Sec.)

TIMR:.5 STAR PAR H1-4p:2 1207 M MET: 790 :~1PF ~37 NV MAT: P} ¢ 2.7

K MAT:30 120 D MAT:22¢000 1 (0 t20P

FH1= 21.475¢

FH@A= 122.3670

INT VD= €67.3€62

VM= 51.2413

Ve = 65. #1355

ETAl=~ f. @353 ETep2= Q. Q0PP4 ETf= fe P35% %

Fig. 3.11 Parameters h, and h, adaptation for modified model-reference
system (Example 1)
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Fig. 3.12 Portion of Lispunov function ( V= €° M e ) used in
evaluating confidence criterion ( Example 1 )
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variation of the error portion of the Liapunov function Vl(g) with

time. The maximum value of this function is used in estimating the

initial value of the Liapunov function V, i.e. V(O).

interval for the adaptation is .5 seconds.

The time

The initial values of

the model parameters and the matrices used in designing the con-

troller are:

hyg = 2
30
K =
-100
700
M =
| -100
22000
D =
e
.01
N =
e

L

~100" ]

37

.01

3.7.4

3.7.5

3.7.6

3.7.7

3.7.8

3.7.2 Example 2 - Three Parameter Adaptation for a Controllable Form

Realization

This example demonstrates a three parameter adaptation of a

second order model system whose form is a phase variable realization.

Parameters hy, ho, and gy are identified and parameter g is assumed

to be known and equal to the corresponding reference system parameter
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having a value 8y = 0, The time for each subadaptation interval is
.25 seconds and the total adaptation interval is .5 seconds. The
initial values of the model parameters and the matrices used in de-

signing the controller are:

hy = 99 ho, = 50 €y = O 3.7.9
[ 1
K = 3.7.10
-100 30
3870 -89 |
M = 3.7.11
-89 30 |
-_52000 0 —W
D = 3.7.12
_9 220
. 005 .0025|
N = 3.7.13
| 0025 .005_|
005 .0025 |
Q= 3.7.14
| L0025 .005

The adaptation dynamics are shown in Figures 3.13, 3.1k, and 3.15.

InFigure 3.16 is shown the variation of the Vl

As in example 3.T7.l, the maximum value of this function is used in

(e) function with time.

estimating the initial value of the Liapunov function, V(0).
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Fig. 3.13 Parameter hy adaptation for modified model-reference
gystem (Example 2)
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It should be noted that the elements of N and Q are chosen small

and that under these conditions the adaptation is fairly rapid.

For the first .25 sec. the value of Ql is down to .0272 which is
fairly good adaptation. A second run for next .25 sec. starting
with the values attained at the end of the first .25 sec. indicates
that the maximum value of V; = e'Me is .0255 as compared to 64.5LT9
in the previous subadaptation period. The small value of Vl in this
subinterval is because the parameters have been adapted to fairly
close values to the true reference system parameters. Consequently,
there is a small error (V; = e Me) term in the next identification
subinterval. This can be used as a measure of the goodness of one
set of parameters over another set. Any further adaptation would give
very slow convergence and does not warrant the extra effort. In some
adaptation examples Ql might go negative. This is an indication

that V(0) was not estimated correctly. Smaller choice of N and Q

parameters usually improve the estimate of V(0).
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3.7.3 BExample 3 —~ Four Parameter Adaptation for an Observable Form

Realization

This example shows the adaptation of four parameters h., h

1’ 70’

81> and 8o for an observable form realization. The subadaptation
time interval is .25 seconds. This was repeated three times for a
total adaptation interval of .75 seconds to show the decrements in
“ql and V.- in each identification subinterval. This indicates that
the model adaptation is improving. The dynamics are shown in Figures
3.17 - 3.22.

The initial choice for the model parameters and the matrices

used in the controller design are:

th =2 hOO = 200 810 = 100 gOO = 100 3.7.15
[ 30 1]

K = 3.7.16
| -100 0 |
[ 700 ~100|

M= 3.7-17
| -100 37
5_2000 O_

D= 3.7.18
__O 22009_
005 0 |

N = 3.7.19
| o .005 |
005 0|

Q= 3.7.20

0 .005
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Fig. 3.17 Parameter h.  and ho adaptation for modified model.reference
system (Exa&iple 3)
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Fig. 3.18 Parameters h, and h

0 adaptetion for modified model-reference
system (Example 3)

(Cont.)
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system (Example 3) (Cont.)
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Fig. 3.23 Portion of Liapunov function ( V.= e® M e ) used

in evalusting confidence criterion (Example 3)



In this chapter the adaptation of an initially chosen model
was presented. The development led to defining a "confidence
eriterion” which could be used to monitor the adaptation process.

In the next chapter a model for saccadic generation will be
discussed from a state theoretic point of view. The model will
déscribe saccadic generation in a "microscopic" way rather than a
macroscopic input-output manner. This will lead naturally into
viewing the frequency of firing of certain neurons as the state

variables of the saccadic generator.
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CHAPTER %

STATE THEORETIC MODELING OF THE OCULOMOTOR SYSTEM

4,1 Introduction

In gection 2.3.2 the neurophysiology of the saccadic generator
was discussed. It was shown that by recording extracellularly in
the paramedian zone of the pontine reticular formation (PFRF), various
unit behavior can be related to quick eye movements (See Fig. 2.2).
The prupose of this chapter is to conceptualize a model which will
explain the observed unit activity and relate it to the overall
behavior of the oculomotor system. To this end state theory or a
"microscopic” approach to systems rather than an input~output
"macroscopic"” approach has been utilized in modeling oculomotor
behavior., It is assumed that the oculomotor system is state determined.
The question is what are 1ts state variables? The answer to this
question should give insight into the realization or organizational
makeup of the eye movement control system.

A conceptual model for saccadic generstion is shown in Fig. 4.1 A,
The box labeled saccadic generator can be modeled and made to correspond
to certain neuronal activity found in the brainstem. This is shown
in Sec. 4.3 and analyzed in greater detail in Chapter 5. In order
to formulate a model which will explain quick phase generation in
terms of these neurons it will be assumed that certain types of neurons
are the state variables of the saccadic generator. The state of a
system represents the minimum amount of information that one needs to

know about a system at & given time such that its future behavior can
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be determined without reference to the input before a given time.
The state variables or states which characterize the system,
completely determine its behavior and any varisbles within the
system can be described in terms of the states. Since the state
variables can be related to physical properties of a system, a
state theoretic approach seems to be a natural way to charactertize
system behavior. The choice of state variables is not unique and
different choices will lead to different mathematicel realizations
of a system (25). The particular realization which most closely
agrees with the physiological data should give clues as to the structure
and behavior of the physiological system. Furthermore, if one could
localize the neuronal classes within the brain which may be viewed
as the state variables of the oculomotor system, then he could
theoretically describe all of oculomotor behavior in terms of these
neurons.

The two fundamental aspects of oculomotor system behavior, i.e.,
saccades or quick movements and slow movements can be modeled separately.
However, only a model for quick phase generator will be identified
since there is no unit data avallable at this time which can be related

directly to the slow phase movements of the oculomotor system.
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4,2 Realization of Saccadic Generator Model

As described above,the PFRF of the brain stem appears to
contain the neuron classes which are responsible for driving the
eyes to perform saccades.and quick phases of nystegmus. Neural
activity in the PFRF has been classified into two broad classes:

1) Pause units and 2) burst units. The different types of units
have already been discussed in Sec. 2.3.2 and are shown in Fig. 2.2.

The duration of the cessation of firing in the pause units
(Fig. 2.2 e-f) is nearly linearly related to the duration of the
movement and therefore these units could act as & switch which enables
or disables the saccedic generator. In support of this idea, Keller (57)
has recently shown that by exciting the pause units, saccadic
generation could be suppressed.

The burst units* exhibit a greater variety of different activity
which lead eye mﬁvements either with long, medium or short latenciles.
Upon closer exsmination of the burst units, shown in Fig. 2.2, by
plots of the instantaneous spike frequency vs. time, the firing
pattern of the various units are much clearer and can be seen to
behave quite distinctly. These plots for the various units are shown

in Fig. 4.1 B.** The unit shown in Fig. 4.1 B-¢ (short lead burst unit)

# Units which start firing 80 to 250 msec. before the eye movement are
termed long lead burst units. Units which start firing 12 to 20 msec.,
before the movement are termed medium lead or short lead burst units.

#% How these plots are obtained and & detailed explenation of their
behavior is given in Sec. 5.2,
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has the property that it rises immediately to a high frequency, approxi-
mately 15 msec. before the eye movement and then falls rather sharply.
The other units shown in Fig. 4.1 B-a,b (long lead burst units) have
been divided into essentially two classes. There are those that rise
and cut off very sharply indicating strong inhibitory influences,

while the second type falls more slowly. Both types of loﬁg lead burst
units have & "biphasic" dynamic character in that a slow buildup of
activity precedes the period of more intense burst which precedes the
eye movement by gbout 15 msec. This behavior suggests that these units
are functionally distincet in producing quick éye movements.

The questions which need answering at this point are:

l. What role does each of these neuron types play in

coding an eye movement?

2. How do these neurons act together to move the eyes?
A partial answer to these questions is obtained by setting these neuroms
in & wathematical framework and then inferring the internal structure
and neuronsl coupling coefficients of the system on the basis of
fhe experimental data using realization theory and Liapunov's direct
method to identify the system parameters.

Using this modeling approach it is assumed that the frequency of
firing of the long lead burst units shown in Fig. L.1 B are representative
of the state variables of the quick phase generator. If this basic
hypothesis is accepted the probleh of understanding neuronal organization
can be approached by realizing a model whose state variables behave as
the neurons and in addition maintain the correct input-output behavior.
In describing oculomotor behavior there is evidence to suggest that the

nervous system is capable of performing addition, multiplication,
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integration, threshold sensing, and switching. Therefore, in the

model realization such functional relationships are used. The saccadic
generator is moreover assumed to be completely controllable and
observable. This assumptlon is warranted because of the close
correspondence between neural actiwvity and eye movement. In additionm,

it is unlikely that in such a precise, well organized mechanism,

there would be neuronal modes which are uncontrollable. ‘As a first
approximation & "controllable" form realization for the model was assumed.
However, a model which is more physically appealing can be realized by
assuning all integration to be nonideal. A second order model was

chosen because of the biphaslic character of the neuronal behavior

and the types of units that were available (See Fig. 4.1 B). The

model mey be expanded if additional unit types are located in this region
of the brain.

The model for the saccadic generator with ideal integrators is
shown in Fig. 4.2 A. together with the matrix state equations. The
model using nonideal integrators is shown in Fig. 4.2 B, with the state
equations. All delays which are inherent in the propogation of the
signals have been neglected in order to reduce the complexity of the
model and give greater insight into the neural activity in the brainstem.
A more complete model would of course have to take delays into account
and is a suitable subject for future research. The model (Fig. 4.2 B)
consists of two portioms: a "eontrolling portion" (saccadic generator)
vhich determines the dynamic responses of the system state varlables
and an output portion (meural integrator) which relastes state variable

behavior to the motor neuron activity. The controlling part of the model
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behaves essentially as a "relaxation oscillator." When & perturbation
is applied to the saccadic generator, there is a buildup of activity
in the states xl' and X, o When X, reaches some threshold the
dynamic characteristics of the wmodel changes due to the additional
feedback through the nonlinear element fl(°). This forces the
generator back to its equilibrium point x1: 0, x2: 0. In terms of
relaxation oscillator theory, the system has entered into a
"monosteble mode.” This is consistent with Robinson's view (86) of
the saccadic generator as & "ome shot" multivibrator. When a step is
applied to the input of the saccadic generator a stable condition can
never be achleved since as soon as the varisble Xy is below the
threshold a buildup of activity resumes. Thie leads to the periodic
quick phases which are similar to those observed during induced
nystaegmus. In other words, the step or constant perturbation input has
forced the system into an astable mode of bebavior. A complete

phase plane analysis of relaxation oscillator theory can be found in -
Stern (100).

By using a deadzone nonlinearity or "threshold” element for £,
and a switching funetion for f2 » & pulse is generated as the input
to the neural integrator. The pulse together with the step, which
is the output of the neural integrator, is the proper signal, which
will drive the oculomotor plant (82). The switch in the model is
activated (in the down position) when x, is above the threshold
(flko). The plant is not shown in this diagram as it is not of

major interest in this model. For a consideration of models of the

oculomotor plant see Robinson (82), Cook and Stark (23), Coilins (22)
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end Sobotkin (93).

If the plant 1s neglected then one may leave out the parameter
& and its direct path around the integrator in the model for purposes
of similation. This may be done since without a plant to drive, the
direct pulse is unnecessary to overcome plant inertia and the variable
m 1s directly related to the eye position. -

The switeh in the model is considered to be the pause units and
the variables f2 ’ X and X, correspond to the various types of burst
units which have been located in the brainstem (PFRF). Such units are
shown in Fig. 4.6 and are compared to the variable which are generated
by the idealized model shown in Fig. 4.2 A. The change in model
variable m is related to motor unit activity and should correspond
directly to change in eye position. This has been shown to be the
case for tonic-phasic motor units (47, 85). The nonlinear control
function f2(-) is a switching function whose height varies as a
function of x3 » the state of the neural integrator, and is indicated
in the equations in Fig. 4.2 B, This can be considered as feedback
- from the output of the "neural integrator.” This function explains
why the eyes beat on the qﬁick phase side during nystagmus and also
why the short lead burst units which are believed to input into
neural integrator show a decay in their frequency vs. time behavior.
This is shown in Sec. 5.2. where the frequency vs. time behavior is
analyzed more closely.

Slow phase information is used by the model when fl= 0 while
the saccadic generator is inhibited. There is evidence to suggest

that this might be the case since there are direct vestibulo-oculomotor
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pathways for vestibular slow phase generation. The visual-oculomotor
pathways for slow phase generation are present but their location and
characteristics are largely unknown. A realization of & slow phase
generator for use in generating nystagmus is shown in Sec. L.h.l.
However, there is no unit data available at this time to compare with
the state variables of the slow phase generator and therefore remains

speculative and a subject for future research.
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4,3 Testing of Model to Bstablish Conceptual Viability

In order to test the model to see whether it was feasable to
realize the saccadic system in such a fashion, various stimuli were
introduced at the input to the realized saccadic generator shown in
Fig. 4.2 A. This was similated on a digital computer (FDP 8E) end
the output was recorded on & digital display. Fig. 4.3 shows the
response of the system to a pulse input. The output is a step or a
saccade. The amplitude of the step is related to the area of the pulse.
Fig. L.4t shows that if the appropriate slow phase information is
introduced when fl: 0, a step input into the saccadlc generator
produces nystagmus. This is in egreement with the idea that the
saccadic generator uses slow phase informaticn to produce quick
phases of nystagmus. Fig. 4.5 shows the response of the overall
system to & penduler stimulus. Note that the eyes beat on the quick
phase side as in actual nystagmus recorded from humans and monkeys ¥
(28, 51).

Comparisons were also made between the various variables of the
model and actual neuronal firings recorded from the pontine reticular
formation of an alert monkey while it was moving its eyes. This is
shown in Fig. 4.6. The unit data was taken from the studies done by
Cohen and Henn (14).

Figures 4.6 a-d are the model generated varisbles and Figs. 4.6
e-f are the recorded unit data. The dotted curve for the recorded FFRF
wnit (Fig. 4.6 E) 1s a frequency vs. time plot and the top and bottom

solid curves are the horizontal and vertical EOG, respectively,

¥ See Fig. 2.6 (Sec. 2.5,2) and Fig. 2.8(Sec. 2.4.3)



' Slow Phase

Pulse

ormation
£,=0

v

Jat

&3

...h6

"y

'r g rjg’"\

' éaccade .

-hll-

Fig. 4.3 Response of saccadic generator model to a pulse input (See Fig. 4.1 A for

state variable location)

ozt



Slow Phase Information

£ £, 0 |
e 5 : f at TN
! ' ¥ 33_—]
..h6 =
- Nystagmus
Time (Sec.) ny
[
' -
Time(Sec. )

~I o s, 3 —J/dt I h

—

o [

Fig. L.kt Response of saccedic generator model to & step input (See Fig. 4,1 A for
state variable location)

L2t



Slow Phase Information

besc

m
‘ >
’{:}%;j
Sinusold‘

r : . ' '
b//’N\\\ . '}///-\\\\ : £.(-) Pendular Nystagmus
— l%..—l m{
F . \/ Time(Sec.\ | ‘

., SAAAN i
e ( '/M;vx/‘
£ Time(Sec.
) g, ST TN ]dt hgfdtﬁl £ (+) L
A

..h3

.ho %

!

Fig. 4.5 Response of saccadic generator model to a sinusoidal input (See Fig. 4.1 A for
state variable location)

get



129

showing actual eye position. The bottom trace for the model-generated
variables is the varisble representing horizontal eye position and the
top trace frequency of firing versus time. The number of impulses

in the burst for the unit in Fig. 4.6 e is linearly related to the
horizontal component of movement. Excluding the differences in
latency, both the actual frequency of neuronal firing and predicted
varistions of the £, varisble in model (Fig. 4.6 a) fall off in
approximately the same fashion. The frequency of firing of this unit

could be related to the f_ variable which inputs to the neural

2
integrator as well as proJjecting directly around it to give the pulse-
step which is required to drive the motor plant. The frequency of
firing of the units shown in Fig. 4.6 g-h are assumed to represent the
state variables of the saccadic generator and are studied further in
Chapter 5 where it 1s shown how they are used to identify the
parameters of the saccadic generator. Further electrophysiological
work is required to strengthen the correspondence between the

variables in the model and the neuron classes. It is to be noted,

for example, that the line drawn in Fig. 4.6 d is to indicate that
various thresholds could exist for each neuron and each of the
varisbles could represent a class of neuron types with different
thresholds. It is also to be noted that for Fig. 4.6 £-h the top
traces are the unit recordings and the second and third traces down are
the horizontal and vertical EOG respectively. For the model-generated
variables (Fig. 4.6 a-d) the bottom trace is eye position versus time

and the top trace is the variable representing the fregquency versus

time behavior of the unit.



IR At s iplihes St )

VP S XTI S 3 05

N Rt

704 RPN

a)

Model H e Pos.

o—

*1
__/_\\
c)
Model Hor. Eye Pos.
_—\_———-—-———

b)

X2
//\ }
\/_’

Model Hor. Eye Pos.
_———’\.-/.——

130

——— " HOR. EOG

e) 7. FREQOF UNIT
VERT EOG

Fig. 4.6 Model varisbles and a$sociated neurons. Model verisbles (a-d)

recorded units and EOG's (e-h)



131

4,4 Slow Phase Generator Model

h,h,1 Introduction

A particular model realization of a slow phase generator is shown
in Fig. 4.7. The motivaetion for choosing a realization in this form
is that the brain must be monitoring the state of the end organ (semi-
circular canals) and therefore should be generating state variables
which are in accordance wi{:h a realization of the end orgen transfer
funetion. Physiologically, neurons from the semicircular canals
synapse in the rostral, medial and superior vestibular nuclei* and
could generate the type of activity suggested by this realization,
since the input couples into all the states directly. In Sec. 4.4.2
it is shown how such a realization may be formulated from the tramnsfer
functions which have been proposed for the vestibular system. This
model was formulated for purposes of completeness to show how the
modeling philosophy used in this dissertation can be applied to &
different aspect of oculomotor control. Whether the state variables
postulated in the slow phase generator model are actually generated
internslly as frequency of firing of various units is speculative at
this point. Recently, though, there have been reports of slow phase
velocity related units in the vestibular nuclei and cerebellum. The
parameters chosen for this slow phase generator model are in accordance
with a known transfer function between the input-output behavior of
the vestibular system. It is then shown how this may be generalized

to include an optokinetic slow phase generator with coupling between

¥ See Sec, 2.4.2
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the optokinetic slow phase state varisbles and the vestibular system

slow phase states.

h.4.2 Realization of a Slow Phase Generator Model

Before considering the realization of a particular slow phase
generator model, some general concepts of realization theory are
discussed. For a state determined system, the system may be described

by the equation

X 2A X+ brg L
y5= Ct xs h’oa

vwhere the subscript s denotes that these state variables are referred
to the slow phase generator. Taking the Laplace transform of Egs.
4.1 and 4.2 and assuming the initlal state vector to be zero, the
following is obtained:

8 Xg (8)z=A X, (8) + b Rg(s) k.3

Y (s) = ¢° X, (a) bl

vhere X (s), Ys(s) » and Rg(s) are the Laplace transforms of X, ¥g

and ry respectively. Solving for X (s) one obtains

u

Xg(s) = (s 1-a)7" b Rg(s) 4.5

Y (#) c® (s 1-2)7" b R (s) 4.6

where (s I-A) 1 §(s) is the Laplace transform of the gtate

transition matrix. Therefore

Y (s) = ¢ §(s) v R (s) bt
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Hence

B(s)= c° §(s) b 4.8
is called the transfer function matrix. Egq. 4.7 may be rewritten as:
Y. (s) = H(s) Rg(s) h.9

The problem in realization theory is: given a transfer funection metrix
H(s), £ind matrices C, A, and vector b such that ¢t (s I-A)'l b =H(s).
A discussion of this equation can be found in Zadeh and Desoer(120).
In this section it is shown how the transfer function used for the
vestibular system may be realized in the form shown in Fig. L.T.

From the originel work of Steinhsussen(99), who compared the
semicircular canal to a damped torsion pendulum, one finds the transfer

function between the canal output to head velocity input to be given

vy
Nsl8) _ 4 (a) 5

Ry(s) 1 =(:L + s'l‘l)(l +8T,)

4,10

This has been discussed in Sec. 2.4.2. The time constants in Eq.

4,10 are related to the coefficients of Eq. 2.1 in the following way:

= 1 1
) ao’TL T2 ? bl T. T h'oll

S 1.1
=1 4
alTl T 1 T2

2
Barnes and Benson(2) suggest that the transfer function between
information going to the quick phase generator and head velocity is

glven by
s(1+ sT3)

- = L -
R (s) Hple) = (1879 )(1+6T,)(1 +5T),)
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Therefore the transfer function vector H(s) for the system is given by:

{H:L('; ,- (1+ STl)—?T'i- 8T2)
H(s) = N - k.13
8(1 +8T3) A
_Hz(SZ (14 8T, )(1+8Tp) (14 “Th)J

Eq. 4.13 is now realized in state form, i.e. matrices C, A, and vector

b are found. From Fig. 4.7, hhe state equations are given by:

o - o :

J.Cls B.ll 0 0 xls b2

“g(o

1]

12
o

5‘35 831 832 833 x39_ L

Y1g €11 ©2 €13} |*1s
.15

C21 C22 Cogl |*es

x3s
where yls is the slow phese signal driving the neural integrator and
y23 is the signal driving the saccadic generator. Matrices A, Ct, and

vector b are given by

&, 0 0O
A= Jo 8y O k.16
831 B30 B33
by
h: bl l"cl?
b
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c c c

¢t | 1 A3 4.18
€21 %22 C23

The Det (s I-A) = (s —all)(s-a.ez)(s-a33).

Using the above equations, the Leplace transform of the state

transition matrix is found to be

i §-877 0 0 ]
§s) = 0 Ts_-'l'g_a)' 0 .19
a3y a32 - 1l
_(s-all)(s-a33) (s-app)(s-a53) (8-a33)‘

From Eqs. 4.8, 4.17, 4.18, and k.19, the elements of the matrix H(s)

in terms of the elements of matrices A, C, and vector b are found to be

[b2 ey1+ by eyot by °13] s+ (b ¢)3 831+ by €13 837
b, °11(a'22+ a33) - by °l2(a11“'-a33) - by c13(all+ 9‘225_‘5
+[by ¢q1 agp 33+ by c1p By B33+ Py 13 811 Fp
g (s) = -by 13 837 8y = by €33 835 9‘11] .20

(s-all)(s-aez)(s-a33)

2
-bp °21(8‘2éba33) -b °22(all"' 833) - by 023(a11+ 522)]5
+[b2 Coy a22 a33+ bl Coo all a33+b0 c,r_,3 811 8op

~by Cp3 83y 8gp = Py Cpg 83 a‘111 h.2L

He(s) =
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Comparing Egs. 4,20 and 4.21 with Egs. 4.10 and 4.12, the values of the

a's and c's may be chosen to get the appropriate transfer function.

By choosing
- L s 1 = 1 = - =
&y = T, 8opF "«5‘2 833 = "T-L 1370 e 0 5= 0 ho2e

Hl(s) and He(s) become

(b, cyy+ by cyp0)8 = (by ¢ 811+ Py oy CIPY)

= 4.23
K, (s) (s-87;)(s-8,,)

2
'bo c23 s -‘l-[b2 023 a3l+- bl c23 a.32 - bo a3 (all+ 322)] s

"2 €23 83] 8gp + Cp3 B 8y 85 - Py Cp3 8, 8y

Ha(s) = 4,24
(s-a.ll)(s-azz)(s-a.33)
By further constraining Eqs. 4.23 and 4.24 as follows:

b2 cll + bl Cle.zﬁ h.25

112

T

0 23 y
1

0 4,29

by 83y 8y + by By 8y - Dy By, 847
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The following transfer functions R_-L(s), and HQ(B) are obtained:

1
T. o
H (s) = (B_}.;(S:‘i) k.30
I, Tg
1
TTT, s (1+ '1'33)
(s) =
e e b n b31

A more general slow phase generator model should contain
optokinetic state variables and vestibular state varilables . Using tle
state theoretic approach the interaction between the two sets of state
varisbles may be examined and coefficients of coupling found.*

To formulate this mathematically, assume that the vestibular

system is state determined and may be described by the state equations

5_cv= Ay %, +B, Iy k.32

where X, 1s the vestibular system state vector, r, 1s the
vestibular system input velocity signal and the elements of matrices
A, and B, govern the system response. The optokinetic system may

be similarly described by the state equations

;—(O= AO §O+ Bo I—'O h"33

where the subscript, o, indiecates that this equation is referred to tle
optokinetic system. Eqgs. 4.32 and 4.33 may be combined to form the

composite equation:

* The interactive effects have been discussed in Section 2.5.
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X, Av ' xv Bv ; 0 r,

[ D - -~ -
o ol [ --7 b3y
xo 0 : A xo 0 : Bo ro

If the coupling matrices AVO, Bvo’ Abv’ and Bov are introduced to
account for visual-vestibular interaction, then a complete slow phase

generator may be formulated as follows

xVV:A X B ‘B ||r

. “vo v v + vo||'v

- - . _,..~',~,.-v -

- + . 4,35
' B B

% Bov ! Al %o ov ¢ “o| [¥o

Once the state variables for the visual and vestibular systems

slow phase generator are determined, analysis . techniques similar

to those used in this dissertation for studying quick phase generation

may be utilized to identify the parameters of the slow phase generator.
In the next chapter, the parameters of the model for quick phase

genexration (Fig. 4,2 B) is identified using the parameter adaptive

technique derived in Chapter 3.
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CHAPTER 5

APPLICATION OF PARAMETER ADAPTIVE APPROACH
TO THE OCULOMOTOR SYSTEM MODEL (QUICK PHASE GENERATION)

5.1 Introduection

In Chaptér 4 a model for saccade generation was developed
sssuming that the frequency of firing of the neurons found in the
brain stem were the state variables of the saccadic generator. It
is nov necessary to identify the parameters hi and gi of the saccadic
generator model so that a better quantative association might be
established between the neuronal activity and model behavior. The
parameéter adaptive technique based on a Lispunov function, which was
developed and shown to be a viable identification scheme in Chapter
3 will now be applied to identify the parameters of the saccadie
generator while executing nystagmus. In order to accomplish this, the
reference system must be established and the adaptive identification
algorithm must be implemented. In section 5.2 it is shown how the
reference system is formulated on digital tapes for use in the model
reference configuration. The experimental technique is described and
a description of data processing that was done to obtain it in a form
so that it could be used in the analysis will be indicated. In
section 5.4 the implementation of the controller dynamics is given.
In section 5.5 some interesting conclusions about the implications

of the adapted parameters will be discussed.
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5.2 Experimental Procedure for Data Acquisition¥*and Reference

System Formulation

Monkeys are used in the extracellular unit studies. Under
anesthesia a plug which accepts & microelectrode housing is implanted
on the skull and fixed in place with screws and dental acrylic resin
cement. The bone at the base of the plug is removed, but the dura is
left intect. Etched insulated tungsten electrodes of 2-12 Megohms
resistance are used for recording unit activity. They are introduced
into regions of interest in a guide tube through the implanted plug.
Microelectrodes are advanced using a hydraulic microdrive. Action
potentials are recorded with RC-coupled amplifiers with a bandpass of
from 200-5000 Hz. Eye movements are recorded by elctro-oculography
(E0G). Platinum needle electrodes are placed at the lateral margins
and sbove and below the eyes, or silver-silver chloride electrodes
are implanted in the bone around the eyes. The horizontal and
vertical EOG's are recorded differentially using DC-cbupled amplifiers.
Eye movement and unit date are displayed on an oscilloscope and are
recorded on FM magnetic tape slong with stimulus information. A time
code accurate to the nearest second is simultaneously recorded on one
channel of tape to provide accurate identification of segments of
tape.

During experiments monkeys are alert and sit restrained in a
chair. The head is bolted to the chailr and the chest and arms
restrained in a breast plate. Small doses of amphetamine (0.2 mg/Kg)

are sometimes given to maintain alertness but this is generally

¥ From Cohen and Henn (14)
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unnecessary. The monkeys look about spontaneously, and OKN or
rotational nystaegmus is induced. OKN is evoked by an intemé,lly-
lighted rotating OKN drum which surrounds the animal, or by an OKN
belt which can be moved in horizontal, verticasl or obligue directions.
Rotational nystagmus is induced by a rim-driven rotating platform.
Each of these devices 1s servo-controlled for velocity or for
position and can be externally driven by a wave form generator. The
velocity of the OKN drum and belt is determined by measuring the
passage of drum or belt stripes, or by registereing feedback volbtages.
The EOG is calibrated using slow phase velocity (1). It is assumed
'the animal?s eyes move at the velocity of the OKN drum for speeds up
to 90 deg./sec.

Unit activity and horizontal and vertical EOG's are digitized and
recorded on digital megnetic tape using a FDP 8/E computer. A tape
search unit identifies predetermined sections of FM magnetic tapes and
signals the computer when to start and stop the digitizing. The
horizontal and vertical EOG's are digitized each 1.6 msec. and the
unit activity which occurs between these digitizations 1s coded to the
nearest 100 Asec. Periods of up to 145 seconds can be put on one
decatape. Programs have been written to mark the beginning and end of
eye movements, and occurrence of blinks., Tape files are generated
wvhich contain measures of the position of the eyes at the beginning
and end of eye movement, the duration of eye movement and periods of
fixation, and the duration and mean frequency of unit firing during
eye movements and periods of fixation. In addition, programs have

been written which display the frequency vs. time behavior of the
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neuron. The frequency vs. time curve for the units was obtained by
recording the time of occurrence of each spike on a decatape to the
nearest 100 microseconds. A program was then written to calculate
the interspike interval each time a spike occurred. The reciprocal
of this time interval was then plotted as & function of time to
obtain the traces shown in Figs. 5.1 and 5.2. The values obtained
are then approximated by a polynomial and thus the reference system
state variables Zq and z, are obtained.

In Fig. 5.1 are shown typical EOG (electro-oculogram) and
frequency vs. time traces of PFRF neurons which are assumed to be
representative of the state varlsbles which govern the dynamic
response of saccadic generation. The traces are those of neuron types
shown in Fig. 2.2 and 4.6 where the actual recorded AP's (action
potentials) are shown. In Fig. 5.2 is shown the frequency character-
istics of & burst unit which is believed to drive the neural integrator.
This type of unit has been analyzed by Cohen and Hemn (17), the
number of spikes having been shown to be linearly related to saccade
size. In order to obtain the correct temporal relationéhips between
the neuron types shown in Fig. 5.1, the data was displayed on a
digital display and lined up so that the corresponding eye movement
(E0G) started approximately at the same time. This is shown in Fig.
5.3 by a dotted line. Eye movements of approximately the same size
were chosen (approximately 10-12 degrees). The neuron shown in Fig.
5.1 A has the very interesting characteristic that it turns off very
drastically a few milliseconds after the start of the movement. This

indicates very strong inhibitory effects on the neuron cell. This
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behavior has been approximated by a negative going waveform which
passes through zero a few milliseconds after turning off. Although
this function is conjectured, it can be seen in intracellular
recordings of hyperpolarized cells (L49). "Following lead burst

units" as reported by Keller (57) could be responsible for this

- activity since they start firing at the beginning or slightly after

the start of the eye movement and could be coding this acﬁivity.
This is in contrast to the type of activity seen in the neuron shown
;I.n Fig. 5.1 B where a slower decline in neural activity can be seen.
The data representing the frequency vs. time behavior (Fig. 5.3) were
approximated by polynomiasls in three regions:

Ost <.105, 105¢t £.158, J158¢t ¢ .320
The computer generated curves representing the polynomials are shown
superimposed on the data in Fig. 5.3. The polynomisl approximation

expressions* used are as follows:

z1= -1.0B422+.797122 © + 11812.7 t° 0tt$.105 5.2.1
zy= -12214,5+ 216863 ¢ - 763908 £ - 3726550 3 - 19017400 £

.105s t%.,158 08
2y = 733,038 - 5504.6 t+7813.95 t°4 3735h.4 3 - 94383.5 ¢

B b0z
z,= 371795 + 3773.05 t - 9617h t2 1200950 +3 - k779200 t* .

0¢ t<.105

z,= 1042.37 - 39156.6 t + 53156 2 - 2641540 t3 3451200 £ .25

.105&t £.158

¥ See Appendix B.
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2= - 240,176+ 696,524 ¢ + 27h.783 £2 + 4950.77 t3 - 12397.75 t*

.158¢ t §.302

2 5.2.6

For the region of data .158 s t s .302, 2, Was cut off (no data
points) and therefore this region was not identified. A curve has
been drawn in Fig. 5.3 to indicate that the variable should theoreti-
cally rise toward zero. The exact nature of the rise is not known but
can only be conjectured. The polynomial approximation to the data was
used because continuous functions are needed in the Liapunov designed
controllers used in this dissertation. A flow diagram showing the
experimental procedure for data acquisition and the reference system

formulation is given in Fig. 5.k.
In the next section the.controller equations for adepting the

model formulated in Chapter U are derived.
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5.3 Controller Design for Adaptatlon of Parameters of the

Quick Phase Generator Model

The parameters of the saccadic generator model are ldentified
by assuming a piecewise linear model and applying the parameter
adaptive approach using Liapunov's direct method as. developed in
Chapter 3. The model of the saccadic generator is divided into two
linear models, when fl= O and when fl'.\: O. This can be seen by
examining the state equations for the saccadic generator shown in
Fig. 4.2 B. The reference system structure is assumed to be of the
same form as the model which is based on physiologlcal arguments and
formulated in Chapter 4. The problem is now to identify its parameters’
from the observed deta. Corresponding to the model state variable
behavior for fl: 0, the reference system states are assumed to be the
neuronal behavior for O £ t £ .105 sec,

Therefore, for fl: O the reference system is assumed to be given

by:

5¢3.1

]
+
L2

where z 1 and z o are obtained from the polynomial approximatiem to the

unit data and are given by Egs. 5.2.1 and 5.2.4%*. The model is chosen

as:

X, S I B - (hl - kl) h2 - 1z 8,

. = + + r 5¢3.2
X, 9 |, - (h0 - k) -h3 Z, g,

¥ Note this is the polynomial approximation for the section of data
0O« t & .105.
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based on the state equations for Fig. 4.2 B when fl: 0. The
formulation of the model in this fashion 18 so that a modified model
adaptation algorithm might be implemented. The details of formulating
the model in this way and its adventages are described in Sec. 3.6.
The error equstion 1ls formulated as:
e 4 1l fe -t& -h a =-h z b -

1 1 1 ( 1 l) ( 2 2) 1 1 gl

= + + r 5.3.3
e | &, ofle] |y ~1y) -(az - h3)| |2z5] by - &g
The equation may beé rewritten in the form:

L]

el | 1 ]e _(a1 - hl) (a2 - he) (bl - gl)

= + ) zl+ 221' b o 5030’4'

-(a; - b, -(a3 - h3) (bo - go)

This equation 1s essentially the same as that obtained for the
observable form realizetion.

Eq. 5.3.4 may be reyritten concisely as:

e=Ke+tuz +yz,rur 5¢3.5
wvhere
fk 1

ks| 1 5.3.6
%k, O
'ul~ (a. - hl)-[

u= = 1 54347
va| [ - o))
v, | [ (a. -h )-

! - 1 -~ ( 2 2) 5.308
v -(a =h
| 2] | 3 3
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W b, -~
l - l gl 5.3.9

w >
Y2 %, - 8
The vectors z, ¢, are the reference system state vector and the
model reference state error vector respectively. One may now
choose a Liapunov function as follows:
V=g_tMg_+gtNg+y_tL1+‘f'Qy, 53.10
Because of the form of the error equation (5.3.4) the controller

equations will be those obtained for an observable form realilzstion.

The solution of the controller dynamice are then using Egs. 3.3.67 and

303068.
. -Zl .
b= [(nea By " Mo m12) et (ngp myp - nyp myp) ea]
2
nll n22 - le 503011
» -zl
hy= [(nll Mo = My n12) el-!-(nll Myp = Myp nle) e2]
Dy Dy = nﬁz 5,3.12
-2
ho= 2 (1 1 ) (1 1 )
2= 22 By = 432 Mol &3+ Voo Mo = 130 Moo/ €
2
1y 1 - 15, 5.3.13
L) -22
=h - [(111 mp = Lo W) e ey my - 1ypm ) ea]
. r
&~ [(qll mp -y G1a) et (dgp Wp - 9pp M) °2]

a3 9pp - 95, 5.3.15
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g = [(922 my - dgp Tp) € ¥ (Ggp Wyp - Gyp Mop) °2]

o
931 %2 -~ 9 5:3.16

The process of adaptatio:i can be performed on this section of data
until the "confidence criterion” is at some value. This will be con-
sidered and explained in the next section where the adaptation is
shown.

For fl!;. 0 the reference system 1s assumed to have entered a
different mode of behavior and is given by:

*
2q -8 8, Zl b

"
+
H

. 5.3.17
22 -8, -8 22 b
where z, and z, are obtained from the polynomial expression for the
unit data given by Egqs. 5.2.2 and 5.2.5%., The model is chosen as in
the previous case as:

. )

X S RES (b, -k)) B, -1} %] [e
+ - r 5.3-18

{
-(ho - ko) -h3 Z, g,

X2 0 )
Comparing this with the model in Fig. 4.2 B it can be seen that

hy = h + hg 5.3.19

!
ho - hh * hl ) 5.3020

* Note this iIs the polynomial approximatlion for the section of date
05 ¢ t ¢ .158.
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Since h2, h3, &> go, hl and ho have been identified in the mode

corresponding to £, % O, and h. can be found by first identifying
1 5

/’

]
hl and h0 in the mode fl % O.

?
The equations used to identify hl and h'0 are the same as

Eqs. 5.3.11 and 5.3.12 with h'l and h(l) replacing b, and h .

LI ] -zl .
b = [(n22 my - Byp Wyp) & (ngy my - ny, my) e_z]
Dy By - n;%a 5.3.11"
8. 1 ( ) e+ ) e
o= [nll Byp = Wy Dyp) €Ty, Moy = Mo Bio 2}
nll n22 - nga 5.3.12"

From Egs. 5.3.19 and 5.3.20 hh and h5 may be found as:

-
hll s ho - ho 5¢3.21

h.= h -h 5,3.22

The next section shows the implementation of these equations

in identifying the parameters of the saccadic generator model.
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S.4 Identification of Parameters

To identify the parameters hl ’ h0 s h2 » h3 » 8 5 8 of the
saccadic generator model during nystagmus, a computer program (see
Fig. 5.5) was written which generates the polynomial expressions for
z; and z, glven by Egs. 5.2.1 - 5.2.4 at each instent of time,
compares these wvalues to the generated model state variables Xy and
Xp &t that instant and updates the parameters according to Egs.
5.3¢11 - 5.3.16. An input of 45 deg./sec. was used in exciting
the saccadic generatér model as it is assumed that a constant
velocity signal is used in driving the saccadic generator during
nystagmus.

In the identification of the parameters of the model for fl= 0,

the matrices M, D, K, L, N and Q were chosen as follows:

i l '-l-

M = 5.hol
L-ol o]33J
i T
L o}

D - 5 5.""02
| o .2 |
=30 1]

K= S4.3
«30 0-
.0 0]

N= 5 souoh
0 «05
05 0]

Q 5.4.5
0 .05.J
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«05 0
L = S5.4.6
0 .05

The initial choices of the H matrix Hb and the g vector g, vere
-30 35 0
HE= so - 5.1"‘07
-(-25) =30 80

The M matrix was chosen considerably smaller than the examples
presented in Chapter 3. This was because the adaptive algorithms
were implemented on & digital ecomputer and the range of the state
variables is about 100 times as great. Therefore, if one wishes to
have the advantages of digital adaptation with a reasonable time
interval, then smaller values of the elements of M and D are required.
This points out agaih the flexibility of the Lispunov designed
controller. Since the medel can never give an exact fit to the
data, the parameters may never reach a steady state level but rather
will tend to oscillate. It is in this case that the confidence
criterion is useful in establishing some "degree of confidence” in
the adapted parameter values. For exact model matching as shown in
the examples in Chapter 3 the parameters of the model system will
eventually converge to those of the reference system. Once the
adaptation is complete further identification will give - / T{r dt = 0,
V (0) =0 and the confidence criteria,™], , will be indeter;inate for
this identification interval. However, for inexact modelling V (0)
can never be zero for any given identification interval since the

reference system and model can never be metched. This produces an
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interesting effect on the confidence criterionm, *[l. As the model

parameters oscillate in parameter space,*ll., will tend to some value

ITH
/EtDE_dt
"l,1= =% 5.4.8
v (0)

If the D matrix is chosen to be diagonal as is done here

T; 'r2
dll_Leldt+dE2 leedt

"1; - , . 5.4.9
v (o)

This value will depend on the coice made for matrices M and D. The
identification of a particular phase of data behavior will be
terminated, therefore, when it 1s felt that ‘711 has reached some
relatively unchanging value. The final choice of parameters for the
system depends on the values obtained by the "confidence criterion"
after the identification interval and stability considerations for
the model. Because of the ;nexact modeling there exists a region in
parameter space which would establish the model as an adequate
representation of the physiological system under study.

In Fig. 5.6 are shown the model adapted parameters as the adapta-
tion is run for the iInterval of data between O and .105 sec., since
this is the approximate duration of the slow bulldup of activity of
the long lead burst units and is assumed to correspond to the phase
flz.o. The adeptation was repeatedly done for this interval to
obtain a final set of adapted parameters for this phase. A stimulus

of 45 deg./sec. was applied at the start of each subinterval to



rerturb the systems. This magnitude stimulus was used since from
Figs. 2.9 and 2.10 it is seen that the amplitude of a quick phase
movement at 45 deg./sec. is about 10 degrees which is the amplitude
of the quick movement in this problem. The total adaptation
duration for this phase was equivalent to .945 sec. The final adapted
parameters of the model for each identification subinterval were used
a8 starting parameters for the next identification subinterval.
These values are indicated in Fig. 5.6 as FH1, FH2, FHO, FH3, FGl1,

T
Vimay ? 809 /° -V at, vV (0), and "‘Ll have

been denoted by VIM, INT VD, V (0), and ETAl. The program used to

and FGO., Functions

generate the corrective dynamics for identification was written in
Focal for a FDP 8/E computer and displayed on a VI8/E digital display.

A 1isting of the programs is shown in Fig. 5.5.

alt.1¢ E

Plell & PACILPILDLPRPCDLFI DILPACDLFP(2),FIC2)L,P2(2), F3¢ D), F4C D)
fla20 & PoHILHAH2,H3,G15CEMLM3,M4, K1, 0%2543, D1,D4,N1,V3,N4, DT
P1.28 S DN=NI*N4=-NIr2:S S1=(V4«M]-N3I*MII /DN S SP=(N4xVM3-Y3%«M4) /DY

@1.29 S S3I=(N1*M3-N3«M1I)/IN?S S4=C(N1«M4-NV3=xM3Y /N3 S D=FDIS¢)

Rl.40 p X15X2;S R=4535 P1=189/F;F T=¢,DT,F;D 2

BleS2 S UUM=y2+U3:5S ETC1I=1-VI/UC(P3S ET(2Y=V01/UC M

Rl.60 T "FHl= "H1," FH2="H2, L, "F@="HF," FY3="H3, ', "FGI="GCl, " FGEP="GF, !
21.92 T YINT VD="VI,»!,"U1M="U2, !, "Wl M ="U( )5 I, "ETLIVETC 1), ' ETL2"FET( 2)
g1.99 ©

C2:.021 S VI=MI*xEL112+2«xM3*EI+*E2+M4xE21 23T (VUI-U2)2. 0255 Ul=VU1;S Y3=VT
PEeg2 S VI=VUI+DT*DI*E112+DT*D4*xE2123S D=FDISCFI*T-94,4 1

Q2.1 S Z1=PACVI+FICNI*T+FECDI*Te2+E3C ND«Tr3+F4C )% T 4

£2411 S Z2=FE2)+PI( DI *T+F2(2)¥Tr2+F3(2Y«T13+F4C(2)xTr 4

R2.402 S XD( 1) =X 1kE1-E2- 1«7 1+2«Z2+C1*F; S X 1=X1+XDC 1V+*DT: S F1=7 1-%1
BF2.45 S XDC2)=XFcE1-H@re7 1-HI*Z2+CGkR3 S X2=X2+XD(2)%DT: S F2P=72-X2

P25 S HE=~S1¢E1%7 1-S2«F2«71;S HYU7=-8S3*E1%7 |-S4+xED%7 |

P2. € S HE=S1*E1*72+S2xE2*x7 235 HY)=~-S3«kE1«7 2-S4x E2%x7 D

22665 S H1=H 1+ €*¥DT3 S H=HC+{T7*DT; S HP=H«DT+H2; S Y3I=4U3+DT+49

P2«78 S Gl=FxS1*¥E1*DT+EFE«52«cE2*DT+G1’S GP=S3*E % FE*x DT+ S4*CO0«Fe DT+ G

*

Fig. 5.5 Program for Saccadic Generator Model Parameter Identification
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The dynamics of the adeptation are shown in Fig. 5.7 - 5.12.
As can be seen, the parameters tend to oscillate with smaller
amplitudes in the final identification interval than in the first.
Also by examining the values of "ll in each subinterval it can be
seen that "]l tends to some constant value indicating that the
model adaptation has gone as far as it can. In the last few sub-
intervals there is very little gained by the adaptation as can be
:Lnferred by the small changes in ) 1 and additional identification,
it is felt, 1s not warranted as has already been explained previously.
Ancther indication that further adaptation is not warranted is the |
repeated oscillg.t:l.ons of the parameters. The final adapted parameters
for the total interval have, therefore, been taken to be as:¥

b, = 19.5 h, = 35.6 g = -18.52
5.4,10
h, = 17.46 h3 = 46,157 8o = 88.0k4

The identification of the parameter values for flt 0 were done
in the same fashion as described previously for fl= O. The M, D, N
and Q matrices were chosén as before and the starting parameters at
each new subinterval were chosen to be those at the end of the previous
subinterval. The starting parameters of the model for the interval of
% O are the final adapted parameters for £ =0

1 1
and are given by equation 5.4.10. Only new values for hl and ho vere

data corresponding to f

identified. The identification interval was taken to be .053 seconds
and was obtained from estimating the time duration of the burst of
activity in Fig. 5.3. Repeated adaptation for this intervel 1is given

in Fig. 5.13 and the dynamics are shown in Fig. 5.14 and 5.15. As can

* The significance of these parameters in terms of the physiology is
discussed in Sec. 5.5.
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be seen from Fig. 5.13 "Ll has settled at the level "1’3.'788 and
therefore the adaptation was terminsted. The values obtained for
h, and ho are to bhe considered as h]'_ and h(') as described in Sec.

1
5.3. This is so as not to confuse these values with hl and ho for

the case fl= 0. Paremeters hh and h5 can then be computed as follows:
- | B
hy, = ho ho
2 h! =
h5 1 hl

From Fig. 5.13 the following values were taken as the final parameters

1 ] .
values ho and hl :

h(') = 157.53

hi: -41.9
Therefore:
by, = 157.53 * 17.46 = 174.99
= <41.9 - 19.5 = <6l b

o5
In order to simulate the physiological data the obtained parameters
were used in the model. The model horizontal eye movement was obtalned
by setting the output parameters in Fig. 4.2 B, i.e., g5 » 83 » h6
appropiately to obtain a 12 degree movement. Parameter h6 was chosen
small so as to give the final neural integrator a large time constant
(h6 = ,1). Parameter g, was set to zero (0) vecause the plant was
neglected. Parameter k.l. s which corresponds to the peak firing frequency
of the short lead burgt units, was chosen to be kl::. 800. Parameter k2

was chosen to be k2= 20 to correspond to the falling behavior of these
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short lead burst units. Parameter g3 may then be adjusted to give
a 12 degree step for 45 deg./sec. input into the saccadic generator.
This is purely a scaling problem.

Upon putting these values into the model equetions and driving
it with a 45 deg./sec. stimulus, the curves generated in Fig. 5.16
result. This compares fevorably with the real data generated in
Fig. 5.3. Fig. 5.17 shows the model in response to a 45 deg./sec.
stimulus showing the model generated nystagmus and pendular nystagmus
with the £, variable. Fig. 5.18 shows a comparison between the
model variables and the physiologlcal unit data.

The next section dlscusses some of these results in terms of
the parameters which have been foung for simulating the character-

istics of the quick phase genersator.
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FH 1= Sr. 2359 FU2= 36.3114
FHP=- 1£.35f3 F43= 45. 4353
FGl=- 132.7762 FGE= FTe5CER
INT UD= €.9285

V1= 12. 1307

Ve = 16.564F

ET2l=  ¢.5317 RBTA2:  €.0027%

Fil= 19.3574 . Fi2= 35.95¢93
FHP=~ 1£.9730 F43= 45.7931
FGl== 1R.6932 FGEO= 873 U4
INT UD= £.3227

VM= 11.8 135
v = 16.19217
ETAL= e 5736 :Tﬁ9‘ Pe (30

FH1= 1951359 FH2= 35. 633
FHt=~ 17.459%5 FY{3= 4. 1575
FGl=~ 13.5223 FGe= 93. 0479
INT VD= E.7€13

V= 11.55%3

VR = 15.9123

ETol= 75753 ETL2= e CL29%

Fig. 5.6 Model parameter values at end of each adaptation subinterval
for f£. = 0. See Fig. 5.7-5.12 for first and last subinterval

1dent}fica.tion dynamics,.
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h
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.840 | .9k
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Fig. 5.7 Adaptation of parameter h;. of saccadic generator model
for f.= O. The corresponding data interval 1s 0<t £.105
The £irst and last subintervals of adeptation are shown.
(See Fig. 5.6 for initial and final parameter values for
each subinterval)
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0 .105
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. \\/
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hg
L840 : S5
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Fig. 5.8 Adaptation of parameter h, of saccadic generator model
for £,= O. The correspondgng;data interval is 0&<t £.105.
The f}rst and last subintervals of adaptation are ghown.
(See Fig. 5.6 for initial and final parameter values for
each Subinterval)



165

-
3 Sq . e
T e R
. ™

Time (Sec.)

35..___'/\\/\/\./\/'\./\/\;-\,

081"'0 ‘ | '9’45
Time (Sec.)

Fig. 5.9 Adaptation of parameter bgngf saccadic generator model
for f,= 0. The correspond data interval is 0%t £.105
The rirst and last subintervals of adaptation are shown.

(See Fig. 5.6 for initial and final parameter values for
each gubinterval)
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30 t——" \/ \‘\_/";

0 .105
Time (Sec.)
B3
.8ho 3#5

Time (Sec.)

Fig. 5.10 Adaptation of parameter h, of saccadic generator model
for £.=0. The correspond data interval 1s Ost £.105
The £irst and last subintervals of adaptation are shown.
(See Fig. 5.6 for initial and final parameter values for
each subinterval)
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0 .105
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907 M_"W

Time (Sec.)

Fig. 5.11 Adaptation of parameter g, of saccadic generator model
for £,= 0. The correspondgng data interval is O0st £.105
The first and last subintervals of adeptation are shown.
(See Fig. 5.6 for initial and final parameter values for
each subinterval)



ot e b

168

20T .""'-.,‘_____. I

-840

Time (Sec.)

.?h-S

20 Fr TN T T

Time (Sec.)

Fig. 5.12 Adaptation of parameter g} of saccadic generator model

for £, = 0. The correspond

The f}rst
(See Fig.

ng deta interval is O< t £.105
and last subintervals of adaptation are shown,
5.6 for initial and final parameter values for

each subinterval)
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*FH1= - 4@.5188 FH2= 35. 620¢
FH@= 157.3120 FH3= 4€. 1600
FGl=~ 18.523@ FG¢= 38+« A500C

INT VD= 378.7470
ViM= 1751.5€0¢
Vi@ = 2054.0100

ETA1 Fe8156 ETL2 e 3049
* FYl= - 4P.8€21 FHP= 35. €000
FH@= 157.€750 F4I3= LELLECR
FGl=~- 18.523¢ FGP= Q3. CPSPE

INT UD= 329.453¢
UViM= 17€61.8400
VY= 135%.4100

ETAI f.7351 ET£? #. 333 ¢
* Fl= - 41.9793 F4@2= 35. €070
FH@= 157.533¢ FH3= L4E. 1600
FGl=-~ 18.523¢ FGP= I3, 50 ¢

INT VD= 391.304¢

UliM= 1757.120¢

V@M = 1350.54¢¢

ETP1 P.7835 ETeP2 Fe333¢

Fig. 5.13 Model mrameter values at end of each adaptation subinterval
for £% O. See Figs. 5.14-5.15 for first and last subinterval
i’dentification dynamics.
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Fig. 5.1+ Adaptation of parameter h, of saccadic gemerator model
for f.% O, The correspond}.ng data interval is .105<t $.158
The f]:rst and last subintervals of adaptation are shown
(See Fig. 5.13 for initial and final parameter values for
each subinterval)
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Fig. 5.15 Adaptation of parameter h? of saccadic generator model
for £.% 0. The corresponding data interval is .105% ¢t £.158
The fIrst and last subintervals of adaptation are shown
{See Fig. 5.13 for initial and final parameter values far
each subinterval)
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Fig. 5.16 Model generated state variables for 2 quick phase movement
(The size of the movement was made to correspond to approe
12 degrees as described on pages 157 and 158)
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Fig. 5.17 Model nystagmus generation
A- Constant velocity nystagmus
B~ Pendular nystagmus
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Physiological varilables Model variables
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Comparison of physiological variables (Frequency of

firing of units) with state variables and variable
f, of the model. The size of the quick phase eye
movement is gpproximstely 10-12 degrees.
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5.5 Discussion of Results

The parameters of the model have been adapted by the controller

t0o the following values for fl= 0:

by 2 19.5159
k.= -17.4595
hy® 35.6033
h = 46,1575
g. = -18.5228
gy = 88.0479

This corresponds to the following state equation for fl= 0

"‘1 -19.5159  35.6033| [x | [-18.5228
. r
X, 17.4595 L46.1575 X, 88.0479
The parameters of the saccadic generator model hl ) ho ’ h‘,2 s

h3 » gl » and go are assumed to determine the dynamic response of the
neurons found in the PFRF, and some interesting observations can be
made about the nature of the signal processing in the PFRF from the

adapted parameter values, For the system matrix H given by:

-y by

The characteristic equation is
det (sI -H)= 0

or

2 -
8 & (hl-t-h3)s +* (hl h_+ h2 ho) =0

3
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where in this case hl+ h3 = 65,9075 and hO h2+ hl h3= 279.1893379.
The damping coefficient and natural oscillation frequency 1is found
to be §=1.972 and w, = 16.709 respectively. This implies that
the system is overdamped in its initial response.

An interesting point arises for these parameter values. Because
B, is negative (h0< 0) the quantity h, hy+h) b, may become

negative if hl end h. teke on values such that h1 h31'h h_« 0. This

3 072

would meke the saccadic generator unstable and result in spontaneous
oscillations. This type of phencmene 1s observed in patients with
lesions in the PFRF region.

It is also interesting to note that the parameters 1/ h, and
1/ h3 represent the time constants of the integrators in the model.
These values are gbout 20 - 50 msec. This implies that the brain has
different integration mechanisms to perform different functions.

In the PPRF, where quick eye movements are processed, integrators
with short time constants are all that is necessary. The integrator
mediating activity from the PPRF to the motor nucleus has a long time
constant since it is necessary that the eyes be held in positions of
fixation for extended periods with little drift.

Figs. 5.19 - 5.21 sumarize the model behavior by showing where
in the model the various unit types appear during a quick phase move-
ment. The top two traces in the upper left hand corner represent the
EOG and show the actual movement of the eye. This could be realized
by putting output m of the model into an appropriate plant repre-~

senting the eye muscles.¥*

¥ See Sobotkin (93), Robinson (82).



VERT

st.ow

NEURAL
EOG -~ — — PRASE INFORMATION : INTEGRATOR
5 = ¥i <0. f3 Tl I
a SWITCH.
E 350 + . f,#0
o R |
g f2 4 ‘ gz
Tl + —

150 302 £, ()
TIME {msac) 2
+ xz
—'—J——JE; Jat £, 00— ¢,

SIGRAL DRIVING
SACCADIC GENCRATOR

Fig. 5.19 Location of neuron type z) in geccadic generator model

LLT



VERT A PHASE INFORMATION INTEGRATOR
{
~ HORIZ f, =0 3 X3
o Jar 9,
w
~ Zo :;w;a:u
Q.
E l 'he e
~ 150 £ T \
2 2 ) 9,
[s e - ‘ —
W 150 302 ()«
TIME (msec) l 1
. zz
g, Jat -4 n, f, 0  t,
SIGNAL DRIVING
SACCADIC GENERATOR -h,
-ho
~h,

sLow NEURAL

Fig. 5.20 Location of neuron type z, in saccadic generator model

gLT



(imps/sec)

FREQ

VERT

o 2N W T m AN e TS

T emant wnpes sty v

~—— SLOW NEURAL
PHASE INFORMATION INTEGRATOR
EOG \L,
= f3 X
HORIZ e f, =0 ﬁ" 3 9, 5 )-m
. SWITCH
2 f, #0 -h
(o) 6
1000 _— l
f2 ( gg
075 150 .0k
TIME (msec)
X
-'-—E_o' far -3 o, -lf, ]+,
SISNAL DRIVING ]
SACCADIC GENERATOR -h 4
-h 4
“hg ke 5
\O

TR W T b



180

CHAPTER 6
SUMMARY AND CONCLUSIONS

641 Summary

In this dissertation a combined neurophysiological and system

- ‘theoretic technique has been utilized in studying the behavior of the
oculomotor system and how it might relate to neural uhits recorded in
the PPRF. Rather than study the oversll system from an input-output
point of view an attempt was made to establish a theoretical basis
for explaining oculombtor response in terms of recorded unit activity
in the brain stem.

One of the major postulates of this dissertation 1s that the
oculomotor system is state determined and that there exists classes of
neurons in the brain whose frequency of firing as a function of time
can be considered the state varisbles of the oculomotor system. It
was then shown in Chapter U4 that by realizing a second order non-linear
system in s particular fashion, based on physiological arguments, various
frequency patterns of units found in the brain stem eould be simulated.
In other words it was demonstrated that there are sufficient neurons
in the PFRF to resglize a pulse generator capable of producing quick
eye movements.,

Once a conceptually viable model had been demonstrated, quantative
egreement between model state variables and neural activity was obtain-
ed. This was accomplished using a model reference adaptive epproach.
The controller which was used to adapt the parameters was deslgned
using Liapunov's direct method. The adaptive algorithms for the

parameter controller to identify the model were derived for two types
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of reference systems in Secs. 3.3.2 and 3.3.3. In Sec. 3.4 the algorithms
were ilmplemented by adapting two realizations of a model to a known
reference system., The reference systems for identification used in
the examples were assumed linear, controllable, observable, and having
constant parameters. This technique is extended in Chapter 5 to
piecewise linear reference systems when it is applied to the identi-
fication of the saccadic generator. Under the influence of the con-~
troller, the model's postulated parameters are modified in a manner
such as to cause the model reference system state error vector to
approach zero or to remain on a surface in error space (stability
region) and the model parameter values to approach those of the
reference system. The identification controller's adaptive algorithms
were derived using Ligpunov's Direct method.

The design based on Liapunov's second method insures the
convergence of the adaptive algorithm and furthermore guarantees that
for inexact modeling the state error vector stays within some bound
which can be given in terms of the Liapunov function. In Chapter 3
a eriterion has been established which gives estimates on the "goodness"
of the adaptation. Using this criterion, engineering judgment can then
be exercised to determine whether the mathematicsl model suiltaebly
approximates the process under investigation. This performance criter-
ion is particularly important in modeling biological systems where the
class of input functions to the reference system ig limited and in many
cases might have to be inferred from the observed response. Also the
use of Liapunov's second method in designing the adaptive controller

leads to algorithms which do not require large srrays of computer space
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and can be easily programmed to run on s minicomputer. This is an
extremely important practical consideration in electrophysiological
research since the minicomputer has become an extensively used tool
for data analysis.

The identification controller is derived in Chapter 3 where
various examples were simulated to demonstrate the convergence proper-
ties of the adaptive algorithms.

A phase variable form and observable form realization were studied
to galn insight into the type of adaptation expected for different
realizations for a given system. By introducing "leaky" integrators
into the quick phase generator model realization & more appropriate
system matrix was obtained. The observable form realization also
seems to have promise in the identification of systems where only a
single state variasble is measureable.

In the examples in Sec. 3.4 it was pointed out that the elements
of the M, N, and Q matrices were important in determining the dynamic
properties of the controller. However, the elements of M, N, and Q
were dependent on the unknown references system or on the time varying
system parameters. In order to alleviate this difficulty a modified
model ~-reference approach was used to derive the adaptive algorithms
which enable the defining of a "confidence criterion" in Sec. 3.5 that
estimates the controller's adaptive properties.

In Sec. 4.3 the model for the eye movment comtrol system saccadic
generator is presented. The conceptual viabillity is then demonstrated
by introducing pulse, step, and sinusoidal inputs into the system with

appropriate slow phase information introduced at the switch site.
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It was also shown in Chapter 4 that there exist neurons in the brain
stem (1n ﬁ#rticular the paramedian zone of the pontine reticular forma-
tion) whose frequency vs. time behavior is very similar to the time
behavior of the state variables of a model for the saccadic generator.

In Chapter 5 minimum mean square error polynomials were found
which approximated the neural activity of different neuron types
recorded in the FPFRF, The parameter adaptive technique developed in
Chapter 3 was then applied by using these polynomiels in identifying
the saccadic generator model parameters.

The state theoretic approach in viewing the dculomotor system is
conceptually pleasing as 1t offers a theoretical basis for understanding
unit behavior and its relation to overall oculomotor response. In
particular, it was shown that the saccadic generator can be looked at
as a relaxation oscillator whose behavior is determined by the type of
inpat introduced. When a pulse is applied to the saccadic generator
it enters into an astable mode of hehavior and a step 1s produced which
is similar to a saccade. When a step 1s introduced via the slow phase
generator, then nystagmus results. When a sinusoidal stimulus 1s used
as an input to the slow phase generator, then pendular nystagmue is
produced at the output. By introducing féedback from the neural inte-
grator state to the saccadic generator the neuron type which rises
rapidly and decays sharply can be simulated. This neuron type 1s
assumed to drive the neural integrator as well as feeding directly onto
the motoneurons,

An interesting conclusion of this research is that if the PFRF

1s looked at as a state determined system, then the quick phases of
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nystagmus and saccadic generstion can be explained by the same saccadic

generator.
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6.2 Recommendstions for Future Research

Future research in this area could be approached on two levels.
From the mathematical point of view, the following areas of research
are extensions of this work:

1. To develop further criteria for "model adequacy." The

criteris developed in this dissertation could be extended
by defining vector valued distance functions as has recently
appeared in the literature (81).

2. Develop a complete approach to non-perfect model matching in

terms of these "model adequacy" criteria.

3. Investigate new forms of Lispunov functions from which new

controllers may be designed.

k., Examine controller design for larger classes of nonlinear systema.

From the applications point of view:

1. Do more unit recordings and establish the model further as
" well as indicate modifications.
2. Examine the body repair mechenism in terms of a conmtroller
which exists in the brain and updates parameters (repairs)
based on a normal model copy which also resides in the brain.

3. Apply similar techniques to study other physiologlical systems.
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APPENDIX A

THEORY OF STABILITY IN THE SENSE OF LIAPUNOV (Lk, 59, 60)

Lispunov in 1892 introduced a criterion called the direct method
for studying the stability of the equilibrium solution of nonlinear
systems. This criterion gives information about stability or instab-
ility by making use only of the form of the equations describing the
systems but without requiring the explicit knowledge of the solution.
The underlying idea of the direct .method of Liapunov is based on the

existence of a positive definite scalar function V(x) of the state

variables x with the following properties:

a) V(x) is continuous and has continuous first partial
derivatives in a certain region R sbout the equilibrium
point x=0, where the origin is chosen as the equilibrium
point.

b) Vv(0)=0

¢) Outside the origin and always in region R, V(x) is
positive and vanishes only at the origin. The origin is
an isolated minimum of V(x).

Since V(x) has first partial derivatives it hes a gradient VV,
and one can get V(x) =(VV)' x as 1its time derivative. (VV)' is the
transpose of VV. If in addition V(x)20 in R, V(x) is called a Lia-

punov function. With these definitions, Liapunov's stability theory

can be summarized by the following theorems.
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Stebility Theorem. If there exists in some neighborhood & of the

origin a Liapunov function V(x) then the origin is stable.

Asymptotic Stability Theorem. If, in addition to the requirements

of Theorem 1, ‘.’.(_’i) is negative definite ‘.T(J_C_) $ 0 ine then the
stabllity is asymptotic.

Instability Theorem. If V(x)>0, V(0) = O and V(x) > 0 in € then

the origin i1s unstseble.
Global Asymptotic Stability Theorem. If the Liapunov function V(x)

satisfies further the conditions: (a) V(x)— ©° as x—»o°

and (b)« V(x) not identically zero along a solution f the system
other than the origin, the system is globally asymptotically stable.
From the above theorems it is seen that stabilﬂ:y in the sense of
Liapunov rests upon the relative sign of the function V and its

time derivative V,
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APPENDIX B
WEIGHTED MINIMUM MEAN SQUARE ERROR
POLYNOMIAL APPROXIMATION TO DATA (15)

This appendix describes the polynomial curve fitting technlque
which was ‘used in this dissertation.

Given M measurements (observations) (x g Y1 ) we wish to
fit a polynomial of degree N where N 1is much less than M, typically
about 3 to 10 times smaller for cubics or higher-degree polynomiels.
Let the calculated data be given by y(x i ) where

y(x) = Pyt P} x+Pp x21~--~--~+PN xN B.1l
and the weighted sum-of the squares of the differences (residuals) be
glven by

vy (v(xy) - y1)2= Flag, a5 g, ay) B.2

where wiis the weight assigned to each data point y(x; ) is the value

of the polynomial at x, and ¥ N is the value of the actual data at Xy o

i
With N +1 parameters we have the N+l partial derivatives to equate to

zero

J

'—;J : 2 gwi (y(x5) - yy) x =0 B.3

)

or

F, (Zw xi)'i-P (iw x‘jﬂ') +ee4 B, (g j*N

- ,j B.4
= iuwi X3 ¥y
For ease,in note.tion we set "
The eguations' then become 130
Py 8y 5= Ty J 0,1,..... N B.6

and are called the normai equations.
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The normal equations are N-1 linear equations in N-1 unknowns
Pi » viocse determinant is shown not tc be zero. Considering the
homogeneous equations

™M
Z‘pi S4y5" 0 B.7
k3

it 1s shown that thay have only the trivial solution PJ=0 for all j
from which it follows that the detminant is not zero. Multiplying

the Jjth equation by EJ and sunming for all J

i
2 iPJ Py Sy, i“'_ipd Pii"xi x5 = (f_PJ xi)(zﬂjpn x7)
S0 15 o i) nay iz neo
| 3 ¥ (xi) 20 B.8
This means that y(x)= O and P;=0 for all j. We have therefore proved
that the determinant is not zero and that the nonhomogeneous equations
can be solved for the coefficients of the least-squares polynomial.

In principle the problem of finding the least~squares polynomial
is solved; in practice it is not very easy-to solve the normal
equations when N is very large, say greater than 10. To see why this
is so, suppose that the X, &re more or less uniformly distributed in

the interval O<¢x ¢ 1. Then
i
M
- xk- = B,
Sy = Ji‘ j-M‘[xk dax S) 9

The resulting determinaent (suppressing the factors M) is the well-

known Hilbert determinant

1 .
:i"‘EfI ,j,k‘-: 0,1,"' N Bolo
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The Hilbert determinant of order N has the value

Hy = NI(N+1)! ... ..(2N=1)!

[ar 2038 .00 o (v -1)0)3
which approaches zero very rapldly and suggests that the system of

‘B.1l1

normal equations will be difficult to solve when N is even moderate
in size. For N=i, which is the maximum order used in this disser-
tation the Ailbert determinant H  is 1.7 X 10-7,

For the fourth order polynomial approximation the following normsl

equations are obtained for the coefficients of the polynomial

So Po-i Sl Pl+ 5o Pyt S3 P3+ Sh Py = TO B.12
5y P0+ Sp Pl-r S3 Pyt ), P3+ Sg Py= Ty B.13
Sy Pyt S3 P:U* S), Potr S5 P3+S6 Py = ‘1‘2 B.1k
Sy Fo* 85 Py¥ Sg PywS7 P+ Sg B= T B.16

Gauss's elimination process (45) can be used to solve these equations
for the polynomial coefficients. The computer progrem to do this was

written for a FDP 8/12 using Focal and is shown in Fig. B-l.
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cl.e) T
PleP2 £ S0,51550,535545,55,56,57»53.-T¢sT1»T8+T3, T

Cle10 S £1=SC3S £P=513S £3=5S0:¢ £4=S3:S £5=S4

¢l1.2¢ S F1=S13S B2=5S23S B3=S3:S Fa=54:S F5=85

Fl1e2¢ S C1=S2:S CP=5S3:S C3=S43S C4=55:S C5=S¢€

Pl.ea S D1=S3:S D2=S4:S D3=S5:S Da=S€3 S D5=S7

1.5 S E1=S4:S E2=553S E3=S€:S E4=S7:S ES5=5%

?1.700 S T1=T1-TPxF1/£13S T2=T2-TPxC1/£13S T3=T3-TexD1/2]
P1.3¢ S E2=F2-£O2%xR1/£13S B3=B3-£3%B1/£1;S B4=Pa-L4kF1/f 1
P1.9¢ S E5=R5-£5%F1/p£13S 2=C2-£2%C1/£13S C3=C3-£3%Cl/L]

P2. 10 S C4=Cu-pa*C1/£13S CS=CS-£5+«C1/£1

P2.0¢ S D2=D2-£0«D1/£1:S D3=D3-£3*D1/£13S D4=D4-£a+xD1/p1
P2.3p S D5=DS=-£5%¥D1/p1:S E2=F0-L2%E1/£1;S E3=F3-£3%xE1/£1
P2.4¢ S E4=E4-LA4xE1/L1:S ES=E5-£S5+E1/£15S T4=T4-T «E1/¢£1
#2.5¢ S E1=MS C1=@3S D1=@:S El=¢

P2.&F S C3=C3-P3%xCO/FP23S Ca=C4-P4x 9/F23S C5=C5~-FS«CS/FP
P2.7¢ S T2=TO~T1*C2/F2:;S D3=D3-R3«DO/R2:S Na4=D4a-Fak DO/ FD
P2.8¢ S D5=D5~R5%D2/P2:S T3=T3-T1%*D2/R2;S E3=F3-F3%xES/FF
PP.9¢ S E4=E4-DYxEDL/P2:S ES5=E5-PS«ES/F2:S Ta4=TA~T1*FP/ED
#3.10 S CS=p¢3S D2=@:S E2=¢:S D4=D4-C4+%D3/C33S DS5=D5-C5«N3/CA
P3.2¢ S E4=FE4-C4+«E3/C3:S E5=E5-C5+ 3/03:S T3=T3-To«D3I/C3
P3.30¢ S T4=T4-T2*E3/C3;S D3=@;S E3=r0:S ES5=ES-DS«Fa/Da

F3.4¢ S T4=T4-T3*xE4/D43 S E4=¢ '

PlUe 1P S F4=T4/ES:S F3=CT3-D5%14)/D43S FP=C¢TO-CS5*F4-C4%xF3) /C3
P4.2¢ S F1=(T1-P5«F4-R4xF3~-F3«F2) /RD

P4.3C S EP=CTC~L5«FPl=LL4*F3=~L3*FO=LOxF1) /2]

Cley@ T 25 '5"F@="FPs !> F1="F1, !, "F2="F2, !, "E3="F3, !, “"F4=""F4, !
P4.5¢ T “TYEE (D 5) FOF EOLY EXAM:':(C

5.1 £ "TIME="T5;1 (TY4.5
£S5.2¢ Y=FC+FI*T+FP«Tr2+F3*Tt3+Fa4+xTr 43T "FCTy="Y, 13C 5.1

n

Fig. B-1 Computer Program for Obtaining Polynomial Approximstion
To Data
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APPENDI! C

COMPUTER PROGRAMS USED TO GENERATE CORRECTIVE DYNAMICS

FOR EXAMPLES IN SECTION 3.k

Example 1

Al e E
P1.15 C 91¢=99i4900=501M11=3014)1P=003MPE=303V)1=13Y1P=.5:VPP=
PLe2¢ f “TIME="F, "ST FAR H1-4F" 1,40, " 4T 1,M3,M2, "N VTN 1,35, N4
P1.3¢ & D=FRISC)I;S 51=M3/CN1«MA-NA*N3V5S SP=M4/(\ [«Va=\3cV3)
1.4¢ S PIs137%/F5 DT=aPP13E Flul3F T=(,DT,FiD 2
PleCt T "FINHI="H1, ', "FINYF=":p
#ra7e o
P17 S D=FDISCFI*T=24,41)3S FO=@:1 (=T)2.2;S RP=1/DT
P2.2¢ S 74=~121%7%1=-PP%7P+137«F 1+ 10PO+xFP; S 707 2+NT*74; S 7 1=7 |+ DT«72
P2 60 S Wa4=-HP¥X1-41¥X2+ IR T*F 1+ 1PPeFED:S XO=X2+DTkX2:S (=X 1+NT«X?
P2.8F S E1=71-X13S EP=70-X2
C2:a0 S HA=-N4*S1*kE1«Y 1~VauSP«X |« EO+\N3rX2kS1kE 1+ V2P k SOk FP
PP495 5 H3==N1* 51k 1«XO~N 1k SP*X D EC+ N3« S 1L 1¥E1+V 3k SOLY [« F2
P2.97 S HO=HP+DT*H43;S H1=41+DT«43
Example 2
Flale E :
Pl.11 C H10=P:UCP=DPPIMII=T70FI M 1P=-POLIMPP:2R.IE
C1e15 £ "TIME="]."ST TAF H1--40"11,40, "M MAT"M1,M3, ¥4, "y MFAT™N1,N3,V4
Fl1.20 S 1'1=18%/F3& ND=FNISCY$S DT=.P@1sF T=¢>DT,F3D 2
Clezi T “FTNU 1= "H1, LY INY =S¢ '
F1.5¢ €
CPe1f S D=FNTSCEI*T=94,41)35 73=-0Px2 |+7.0+ 17235 74=-1P1:7 1+ 197
PP P S Z1=714DT%7355 72=72+D1%%ai] (=-T)2.4
C2.30 S C1=21/D1:8 GE=72/s0T . .
AP AP S XB=—l1EXIRNPHELSS Xa==-1CxY1+GP; S X 1=¥ 1+X 36 DT
PO.SP S XP=NPHDTYYAIS K17 1-X 118 Fo=70-XP1S A3=~X 15 J40QQeF 1+ 1e2ppTcr2

P EE S HASY | ERPPEEEL-4T) . PeX 1 ES1 S L1 1eDT*H 3T S HE=T 0 T4 4

o«
~>—
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APPENDIX D

COMPUTER PROGRAMS USED TO GENERATE CORRECTIVE DYNAMICS

Exi.mgle 1
fl.1¢ E
01.2¢ £ “TIME"P,"STLAR FER WI-HE"H 1,40 "M MAT"™MI1,M3,M4, "™ MAT'N1,N3,N4
£1.25 A ¢ MAT"X1,%X¢,"D MAT"D1,D3,D4
$1.28 S DN=N1+N&=-N3t2;S S1=(N4#M)=-N3*M3) /N3 S S52=¢N4*xM3-Ma+«\3) /N
01.29 S S3=¢VU1«M3-M{*xN3I/DN; S Sa=(N1+M4-M3«N3) /DN
21.40 S F1=183/F;S D=FDIS()3;S DT=.@C1;F T=@DTsFsD 2
91.45 S UC@I=U2+V3 :
01.50 S ETC1)=1-VI/ZUW( @3S ET(2)=V1/V2:;S ET(3) =FSETCET¢ D 12+ET(2) 1 2)
Pla6¢ T "Fdl= "H1, L,"FB="4HE, !, "INT UD="VUl, 1, "VUIM="V2, !
01.99 T "U(EI="UC(@®, ,"ETAI="ETC 1), " ETL2"ETC( 2)," ETA="ET(I ;0
02.01 S UD=DI*E1t2+D4xE212; S VI =YI+DT*\uD
02.02 S UVI=MIXEL112+2¢MI*kEI*E2+M4* E21 23T (VI-U2Y2.13S V2=V1I; S U3=VI
$2.10 S D=FDISCPI*T-94,%1);S 73<-22%7 1+72+1P235S 74==121%7 1+ 187
P2.20 S 7Z1=71+DT*735S 72=72+DT%7 451 (-T) 2.4 ‘
82.30 5 G1=21/DT;S G@=72/DT
B$2.48 S X3=-HI«Z I+KI*E1+X2+G1;S X4z~ «7 1+ P*EI+CP S X 12X 1+X 3% DT
22.50 S X2=X2+DT*X45S E1=71-X1;S E2=72-X2;5 H3==-7 I*xSI*E[-7 1% S2xE2
P2.60 S H4=~7 1%«SI*E1-~-S4*Z |xE23S H 1=H 1+DT*H3; S HE=Y G+ DT+ 4
E

le 2
61.10 E .
Ble2p £ "TIMEYE,"STARE FAR H 1-4HPs G1=GR*"t1,H7, C1,GP» "M MAT"M 1, M3, M4
01.23 & "X MAT"K1,K (s "D MET"D1, D35 Dds "N MET"N I,NTIs N4 "0 MAT"01s €35 04
f1.24 & "DT"DT '
21.25 S DN=V1+*N&~N312:5 S1=M34N3/DN:S S2=M4xN1/IN:; S S3=M3+«N3/DN
P1.26 S S4=M4L*N3/DN:S SS=M3*N4/DN;S SE=Ma4*N4/IN
P1.28 S DO=01%Q4~-Q31255 ST=CQ1¥xM3-M1*03)/DE: S ST=¢ € 1*xM4~-M3% £3) /DO
Pl1.40 S E=1;S F1=188/F;S D=FDIS¢()»;F T=¢,DT>F: D 2
P1e¢45 S UM =U2+VI;S U4=1 S VI=VI+V4
01.58 § STC1)=1=-UI/UC@®3:S ETC(2D=UI/V(@® ;S5 ETC3I=FSQTCETC D 12+ ET(2)12)
Ple€C T 'H"F{l= "H1," FI@="H@ 15 "FGI="G1," FC@="G> !, "INT UD="Ul, !
P1.90 T “UIM="U2, 1, "Gc@="UC D, 1, "ETLI="ETC 1D, " ETA2"ET(2)," ETA="ET(3)
21.99 ©
£2.01 S UD=DI*Elr2+D4*E2r2;S VI=VI+DT*VUD
02.02 S VI=MI*EIT2+2xMICEI*E2+M4*E21 251 (V1-U2)2. 155 U2=U13S V3=Vl
@2.1¢ S D=FDIS¢(PI*T~98,71)5S 7ZD(2)==121%7 1-22«72+ 183 7«F3; S 7 2=72+DT*7ZD( 2)
£2.20 S 21=7 1+DT*72:5 XM I =KX« E1+K 1% E2-H (*7 1 - 1% 7 2+ G« R
P2.4p S X2=X2+DT*XD( 2235 X 1=X1+DT*X2: S Ei=71-X13S E2=72-%X2
€2e5¢ S HDCP)==SS*E]«7 [~-SE«E2¥7 1+ S3*E |« 70+ 54« ES*7 2
P2e€F S HDC1)==S1*E1w72-S0« EQ«7 2+.53%E1«7 1+ S4% EO%7 2
B2.7¢ S GD( @) =FE*ST*E1+F*S3%T2;S He=U @+ DX M =DT;S H 1= 1+4D¢ 1)+ DT
£2.80 § GP=GE+GDC M +DT;S D=FDISC(P1%xT-94,72)

FOR EXAMPLES IN SECTION 3.7
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Example 3

Plel19 E

Pl.2¢ £ "TIME"E,"STAR PAF H!-4¢,CG1-C2'H1,47 G1,GP> "™ MAT"M1,%3,M4
123 £ "€ MAT"™X1,X @ "D MAT"D1,D3,04, "N MATNI>N3, V4 "¢ MATC1, €3, 04
"01le25 S DN=N1*V4-N3:2:S S1=(N4xMI=-N3I*M3)/DN; S S2=(N4xM3-M4xN 31 /DN
R1426 S S3=(NI:M3-M1%N3)/DN:S Sa=¢N 1%«M4-M3+\3) /DN

P1.27 s DR=Q1%C4-Q3123S SS=( CAxM]I-L3«M3I/DE; S SE€=( @4«M3~-M4xR3) /D€
P1.28 S ST=CQ1%xM3-M1*%23) /D03 S S3=¢C1«M4-M3%x£3)/DE

Ple4@ S F=13S P1=188/P; S D=FDIS¢)3 A "DT="DT:F T=@,DT-»F:D 2

@led4s5 S V(@) =V2+U3: S V4=1

2150 S ETC1)=1-(VUI+UH V(A S ETC2Y=V1/7UC ®

21«55 S ET(3)=FSCTCETC D t2+ET(2)12)

P1.60 T "FH1l= *"M1,* FH@='"™@ !> "FGI=""Gls" FG@="GE¢s !> *"INT UD="VI, !
21.98 T "UIM="VU2, L, U@ ="U( @), !> "ETAI="ETC 1D " ETA2"ET(2),*" ETA="ET(3)
P1.99 @

P2.01 S UD=DI*E1t2+D4%E2t2;S VUl =VUI+DT+*VUD

P2.22 S VI=M1*EI12+2#M3+E]*E2+M4«E212;51 (U1-V2Y2. 1S V2=V1:iS U3=VTI
P2.1@ S D=FDISCP1*T-94,H1);S 73=-20%7 1+72+10A2} S Z4==121%7 1+ 187
P2.29 S Z1=71+DT*73;S 7Z2=72+DT*743S XD 1) ==H 1*7 1+K 1+ E1+X2+G 1% R
P2.42 S XD(2)=-HP+Z |+K@*E1+Gr*E; S X1=X1+XDC 1D*DT; S X2=X2+DT*XD( 2)
22.52 S El=7Z1-X1;S5 E2=72-X2;S HD(1)=-Z1%*S1*E1-7 I* SO*E?

PB2.60 S HD( @) ==7 1 %S3%kE1-54%7 1%xE2; S HI=H 1+DT*HDC 1) 3 S HP=HF+DT*4IDC P
P2.78 S GDC 1)=ExSS5+#E1+R*S6+E2;S GD( @ =RxS7T*xE1+R+xS3%x E2

02.80 S GI=G1+GD( 1)*DT3 S G@=G@+CDC ) *DT
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