
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the m ost advanced technological means to  photograph and reproduce this docum ent 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to  help you understand 
markings or patterns which may appear on this reproduction.

1.The sign or "target" for pages apparently lacking from the docum ent 
photographed is "Missing Page(s)". If it was possible to  obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to  insure you com plete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected tha t the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the  page in the adjacent frame.

3. When a map, drawing o r chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to  begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections w ith a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate tha t the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to  the understanding of the dissertation. Silver 
prints of "photographs" may be ordered a t additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

Xerox University Microfilms
300 North Z e e b  Road
Ann Arbor, M ichigan 48106



I
76-21,183

RAPHAN, Theodore, 1947-
A PARAMETER ADAPTIVE APPROACH TO 
OCULOMOTOR SYSTEM MODELING.
City University of New York, Ph.D., 1976 
Engineering, biomedical

Xerox University Microfilms, A n n  A rb o r, M ic h ig a n  4 8 1 0 6



A PARAMETER ADAPTIVE APPROACH 

TO

OCULOMOTOR SYSTEM MODELING

by

Theodore Raphan

A d i s s e r t a t i o n  subm itted  t o  th e  G raduate 

F a c u lty  in  E n g in eerin g  in  p a r t i a l  f u l f i l lm e n t  o f 

th e  req u irem en ts  f o r  th e  deg ree  o f  D octor o f  P h ilosophy  

The C ity  IM iv e rs ity  o f  New York 

1976



T h is  m anuscrip t has been  read  and accep ted  f o r  th e  G raduate 

F a c u lty  i n  E n g in ee rin g  i n  s a t i s f a c t i o n  o f  th e  d i s s e r t a t i o n  

req u irem en t f o r  th e  deg ree  o f  D octor o f  P h ilo so p h y .

S '/ ’ i t  j ib
d a te Chairman o fx Examining Committee

5/ib/7&
/ ' d a te  '  E x ecu tiv e  O f f ic e r

P ro fe sso r  Bgon B renner___________

P ro fe sso r  B ernard Cohen__________

P ro fe sso r  George Kranc___________

P ro fe sso r  R alph Mekel (Chairm an)

P ro fe sso r  Se Jung Oh_____________
S u p e rv iso ry  Committee

The C ity  U n iv e rs ity  o f  New York 

i i



A b stra c t

A PARAMETER ADAPTIVE APPROACH 

TO OCULOMOTOR SYSTEM MODELING

by

Theodore Raphan 

A dviso r: P ro fe sso r  R alph Mekel

T h is  d i s s e r t a t i o n  in v e s t ig a te s  th e  u t i l i z a t i o n  o f  a  param eter 

ad ap tiv e  te ch n iq u e  in  m odeling th e  oculom otor subsystem  re s p o n s ib le  

f o r  g e n e ra tin g  saccades o r  qu ick  eye movements. The m athem atical 

tech n iq u e  i s  based  upon a  model re fe re n c e  system  c o n f ig u ra tio n  and 

th e  d esig n  o f a  pa ram ete r c o n t r o l l e r  whose c o n tro l  s ig n a ls  a re  used 

to  update  and I d e n t i f y  th e  saccad ic  g e n e r a to r 's  m athem atica l model.

In  th e  m od e l-re fe ren ce  c o n f ig u ra tio n  ,  th e  re fe re n c e  system  re p re se n ts  

th e  a c tu a l  p h y s io lo g ic a l system  by th e  s tim u lu s  re sp o n se  d a ta  which 

a re  a v a i la b le  from  e x p e rim en ta tio n . The p o s tu la te d  model system  i s  

co n s tru c te d  i n i t i a l l y  a s  an  approxim ate m athem atical r e p re s e n ta t io n  o f 

th e  re fe re n c e  system  and i s  d e riv ed  from c o n s id e ra tio n s  o f  le s io n ,  

s t im u la t io n , i n t r a c e l l u l a r ,  and e x t r a c e l lu la r  s tu d ie s  o f  th e  oculom otor 

system . The c o n t r o l l e r 's  e q u a tio n s  used t o  update  th e  m odel's  

param eters a re  d e riv ed  vising L iapunov 's  d i r e c t  method in  o rd e r t o  

In su re  th e  convergence o f th e  d e riv ed  a lg o rith m s .

S ev e ra l a r t i f i c i a l  m odeling examples a r e  p re sen te d  in  o rd e r  to
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i l l u s t r a t e  th e  d e s ig n  o f  th e  p a ram ete r c o n t r o l le r  and i t s  a d a p tiv e  

c a p a b i l i t i e s .  I t  i s  shown t h a t  by  u t i l i z i n g  a  m odified  m o d e l-re fe re n c e  

a d a p tiv e  ap p ro ach , a  "co n fid en ce  c r i t e r io n "  cou ld  be  d e fin e d  w hich 

m onito rs  th e  a d a p ta t io n  and g iv e s  a  m easure o f  th e  amount o f  

a d a p ta t io n  w hich has ta k e n  p la c e .  F o r each  o f  th e  exam ples, some o r  

a l l  o f  th e  i n i t i a l  v a lu e s  assumed f o r  th e  model p a ram ete rs  a r e  

p u rp o se ly  chosen d i f f e r e n t  from  th e  co rrespond ing  re fe re n c e  system  

p a ra m e te rs . Using th e  m o d e l-re fe ren ce  c o n f ig u ra t io n  and th e  

pa ram ete r c o n t r o l l e r ,  th e  m o d e l's  p a ram ete rs  a re  u p d a ted  and a re  

shown t o  approach  th e  co rre sp o n d in g  v a lu es  o f  th e  re fe re n c e  system  

p a ra m e te rs .

In  a p p ly in g  t h i s  te c h n iq u e  t o  m odeling th e  sac c ad ic  g e n e r a to r ,  

th e  re fe re n c e  system  i s  assumed t o  be  th e  n e u ra l  s ig n a ls  reco rd ed  

in  a  re g io n  o f  th e  b r a in  known a s  th e  Param edian zone o f  th e  P o n tin e  

R e t ic u la r  Form ation  (PPRF). Only th e  n e u ra l a c t i v i t y  p re s e n t  in  th e  

PERF a s s o c ia te d  w ith  q u ick  eye movements was co n sid ered  and n o t th e  

o v e r a l l  c lo se d  lo o p  b e h a v io r  o f  th e  saccad ic  system . T here  i s  

e le c t ro p h y s io lo g ic a l  ev id en ce  t o  su g g es t t h a t  th e  PFRF c o n ta in s  th e  

neuron c la s s e s  re s p o n s ib le  f o r  d r iv in g  th e  eyes t o  make saccad es  and 

q u ick  phases o f  nystagm us. In  fo rm u la tin g  an  i n i t i a l  model t o  sim ulate 

th e  n e u ra l  a c t i v i t y ,  th e  f i r i n g  f re q u e n c ie s  o f  p a r t i c u l a r  u n i t  ty p e s  

a re  co n sid e red  t o  b e  th e  s t a t e  v a r ia b le s  o f  th e  sac c ad ic  g e n e ra to r .  

A ccep ting  th e  h y p o th e s is  t h a t  th e  saccad ic  g e n e ra to r  i s  a  s t a t e  

determ ined  system , r e a l i z a t i o n  th e o ry  i s  u t i l i z e d  t o  g a in  in s ig h t  

in to  th e  o rg a n iz a t io n a l  s t r u c tu r e  o f  th e  PPRF. T h is  le a d s  t o  a  

system  m a tr ix  w hich can  be used  t o  e x p la in  v a rio u s  a sp e c ts  o f  

oculom otor f u n c t io n .  In  th e  m odel, th e  subsystem  g e n e ra tin g  th e  s t a t e
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v a r ia b le s  w ith in  th e  PHRF ( lo n g  and medium le a d  b u r s t  u n i t s )  i s  th e  

mechanism th a t  c o n tro ls  th e  neurons w hich a r e  d r iv in g  th e  m otor 

n u c leu s  d i r e c t l y  ( s h o r t  le a d  b u r s t  u n i t s ) .  These neurons a ls o  

s t im u la te  a  n e u ra l  in te g r a to r  p ro v id in g  th e  p u lse -B te p  n e ce ssa ry  

t o  produce saccades and q u ick  p h a se s . The pause  u n i t s  a c t  a s  a  

sw itch  t o  enab le  o r  d is a b le  th e  sac c ad ic  g e n e ra to r .

The c o n tr o l l in g  p a r t  o f  th e  model behaves e s s e n t i a l l y  a s  a  

" r e la x a t io n  o s c i l l a t o r ” . When a  p u ls e  i s  a p p lie d  to  th e  sac c ad ic  

g e n e ra to r> th e re  i s  a  slow  b u ild u p  o f  a c t i v i t y  in  th e  s t a t e  

v a r ia b le s .  When a  c r i t i c a l  th re s h o ld  l e v e l  i s  re ach ed , th e  dynamic 

c h a r a c t e r i s t i c s  o f  th e  model change. T h is  fo rc e s  th e  saccad ic  

g e n e ra to r  back  t o  i t s  e q u ilib r iu m  p o s i t io n .  In  term s o f  th e  

p h y s io lo g y , th e  saccad ic  g e n e ra to r  i s  o u tp u tin g  t o  th e  m otor nuc leus 

d u rin g  t h i s  I n te r v a l .  When a  s te p  i s  a p p l ie d ,  a  s ta b le  c o n d itio n  

can  n ev er be ach iev ed , s in c e  a s  soon a s  th e  feedback  d r iv e s  th e  

g e n e ra to r  below some th r e s h o ld ,  a  slow  b u ild u p  o f  a c t i v i t y  resum es.

T h is  le a d s  t o  th e  p e r io d ic  q u ick  phases which a re  s im i la r  t o  th o se  

observed  d u rin g  Induced nystagm us.

The model has focused  on th e  dynamic re sp o n se  o f neuron  c la s s e s  

t o  v a r io u s  s t im u li  and how th e y  a r e  o rg an ized  c e n t r a l l y  t o  d r iv e  th e  

eyes in  th e  saccad ic  mode. In  d e s c r ib in g  oculom otor b e h a v io r , th e r e  

i s  ev idence  t o  su g g es t t h a t  th e  nervous system  i s  cap ab le  o f  perform ing  

a d d i t io n ,  m u l t ip l ic a t io n ,  in t e g r a t io n ,  th re s h o ld  se n s in g , and sw itch in g . 

T h e re fo re , in  th e  model r e a l i z a t i o n  such  fu n c t io n a l  r e la t io n s h ip s  a re  

u se d . The PPRF i s  th u s  conceived  a s  a  m u ltilo o p  system  w ith  p o s i t iv e  

and n e g a tiv e  feed b ack . The o rd e r  o f  th e  system  which has been  chosen
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t o  be  tv o  and th e  n o n l In e a r  i t  i e  s  t h a t  have been  in tro d u ced  in  th e  model 

r e a l i z a t i o n  accoun t f o r  th e  b lp h a s ic  c h a r a c te r  o f  th e  n eu ro n a l behavior*  

The v a r io u s  I d e n t i f i e d  p a ram ete rs  de term ine  th e  dynamic re sp o n se  o f  

th e  s t a t e  v a r ia b le s  co rre sp o n d in g  t o  th e  d i f f e r e n t  neuron  ty p e s .  I t  

i s  shown t h a t  i f  p a r t i c u l a r  feedback  elem ents a r e  a l t e r e d  and i f  

a p p ro p r ia te  slow  p h ase  in fo rm a tio n  i s  in tro d u ced  in to  th e  n e u ra l  

in t e g r a to r ,  th e  model becomes u n s ta b le  and spontaneous o s c i l l a t i o n s  

may r e s u l t .  T h is  may be analagoua t o  spontaneous nystagm us w hich 

occurs a f t e r  le s io n s  i n  th e  P o n tin e  R e t ic u la r  F orm ation . Thus a  

m athem atica l b a s is  h as  been  e s ta b l is h e d  t o  u n d ers tan d  th e  n eu ro n a l 

o rg a n iz a tio n  o f  th e  PFRF and how i t  m ight p roduce ra p id  eye movements.
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CHAPTER 1 

UPERODDCTION

1,1  R a tio n a le s  and M o tiv a tio n

The oculom otor system  I s  an  Im portan t s u b je c t  f o r  b io m ed ica l 

re s e a rc h  because  o f  th e  c lo s e  r e la t io n s h ip  o f  lo o k in g  to  s e e in g ,

i . e . ,  o f  eye movements t o  v is io n ,  and because  I t  i s  p ro m in en tly  

invo lved  in  many p a t i e n t s  w ith  d is e a s e  o f  th e  b r a in  and m u sc les . An 

e lu c id a t io n  o f  th e  fu n c t io n a l  a s p e c ts  o f  oculom otor c o n t r o l  a s  w e ll  

a s  th e  p h y s io lo g ic a l  o rg a n iz a t io n  should  p rove  u s e f u l  in  d ia g n o sin g  

and t r e a t i n g  p a t i e n t s  whose eye movements have been  im p a ired . The 

purpose  o f  t h i s  r e s e a rc h  i s  t o  c o n tr ib u te  tow ards th e  u n d e rs ta n d in g  

o f  th e  o rg a n iz a t io n  o f  th e  oculom otor system .

The system  e n g in e e r in g  approach  t o  b io lo g ic a l  m odeling has made 

im p o rtan t c o n tr ib u t io n s  t o  u n d e rs tan d in g  o f  b r a in  mechanisms in  r e c e n t  

y e a r s .  In  p a r t i c u l a r  a  la r g e  amount o f work has been  done i n  m odeling 

th e  oculom otor system  and a  number o f  w orkers have produced models 

w hich acco u n t f o r  many o f  th e  observed  oculom otor re sp o n ses  t o  v a r io u s  

in p u ts .  T h is  work w i l l  b e  summarized in  C hapter 2 . In  g e n e ra l  th e s e  

models have been  l im i te d  t o  d e s c r ip t io n s  o f  th e  in p u t-o u tp u t  b e h av io r 

o f  th e  o v e r a l l  oculom otor resp o n se  t o  v a r io u s  s t im u l i .  They have n o t 

d e a l t  s p e c i f i c a l l y  w ith  how in d iv id u a l  neuron  c la s s e s  w ith in  th e  b ra in  

a r e  c o o rd in a ted  t o  p roduce eye movements. R ecent advances in  p h y s io lo g y  

have made i t  p o s s ib le  t o  rec o rd  from  neurons which a re  r e s p o n s ib le  f o r  

p roducing  eye movements i n  th e  c e n t r a l  oculom otor system  o f  a l e r t  monk­

e y s . T h e re fo re , th e r e  i s  a  need t o  fo rm u la te  models w hich e x p la in
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oculom otor system  u n i t  b e h av io r and r e l a t e  i t  t o  th e  oculom otor 

re sp o n se . T h is i s  p a r t i c u l a r l y  im p o rtan t s in c e  th e r e  a r e  c u r r e n t ly  

no an a to m ica l o r  p h y s io lo g ic a l  te ch n iq u es  f o r  determining th e  sequence 

o f  a c t i v i t y  o r  s t r u c t u r a l  r e l a t i o n s  e x is t in g  among th e  v a r io u s  neuron  

c la s s e s  in  th e  p o r t io n s  o f  th e  b r a in  where eye movements a r e  p roduced . 

In s ig h t  in to  t h i s  problem  could  come from  models which e x p la in  th e  

oculom otor system  re sp o n se  in  term s o f  v a r ia b le s  which can be r e la te d  

t o  u n i t  b e h a v io r .

L es io n , s t im u la t io n ,  i n t r a c e l l u l a r  and e x t r a c e l lu l a r  s tu d ie s  

have shown th e  P o n tin e  R e t ic u la r  Form ation (FRF) t o  be an  im p o rtan t 

a r e a  f o r  q u ick  phase g e n e ra tio n  (1 3 ) . The le s io n  s tu d ie s  (4 ,  9 , 38) 

in d ic a te  th e  n e c e s s i ty  o f  t h i s  re g io n  o f  th e  b ra in  f o r  p ro d u c in g  ra p id  

eye movements. The s t im u la t io n  and i n t r a c e l l u l a r  s tu d ie s  (4 , 10, 12,  

4l ,  h9 ,  50) show c o n n e c t iv i ty  o f  re g io n s  and c e l l s  invo lved  in  eye 

movement. The e x t r a c e l l u l a r  s tu d ie s  ( l ^ ,  57,  62) dem onstra te  t h a t  

th e  in d iv id u a l  f i r i n g  o f  th e  FRF c e l l s  i s  a s s o c ia te d  w ith  eye move­

m ents. A lthough much I n s ig h t  has been  gained  in to  b ra in s te m  

o rg a n iz a tio n  u s in g  th e s e  s ta n d a rd  n e u ro p h y s io lo g ic a l te c h n iq u e s , i t  

i s  u n l ik e ly  t h a t  t h e i r  usage a lo n e  w i l l  determ ine how neuron  c la s s e s  

in  th e  FRF a r e  c o o rd in a ted  t o  produce a  ra p id  eye movement. A method 

u t i l i z i n g  a  combined n e u ro p h y s io lo g ic a l and system  th e o r e t i c  approach  

seems more s u ite d  f o r  t h i s  p u rp o se . T h is  t h e s i s ,  th e r e f o r e ,  a tte m p ts  

t o  p ro v id e  a  t h e o r e t i c a l  b a s i s  f o r  u n d e rs tan d in g  how neurons reco rd ed  

in  t h i s  re g io n  o f  th e  b r a in  can  be combined t o  c r e a te  a  s u f f i c i e n t  

p u ls e  g e n e ra to r  f o r  p roducing  a  q u ick  eye movement.
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The m athem atica l model and o v e r a l l  m odeling te ch n iq u e  may have 

f u tu r e  p r a c t i c a l  v a lu e  by r e l a t i n g  p a ram ete r v a r ia t io n s  in  th e  model 

t o  p a th o lo g ic a l  c o n d itio n s  in  man and monkeys. I t  i s  th e r e f o r e  

im p o rtan t t o  have a  tech n iq u e  vhereby  th e  p a ram ete rs  o f  a  system  

may be determ ined by measurements made on i t s  s t a t e  v a r ia b le s .  Such 

te c h n iq u e s  have been  s tu d ie d  i n  th e  p a s t  and th e  g e n e ra l problem  o f 

d e te rm in in g  a  sy s te m 's  pa ram ete r has come t o  be known a s  th e  system  

id e n t i f i c a t i o n  problem .

The purpose o f  a l l  th e  i d e n t i f i c a t i o n  schemes which have been 

developed i s  to  determ ine th e  dynamics o f  th e  p ro c e ss  Tinder i n v e s t i ­

g a t io n  o r  id e n t i f y  param eters  w hich govern  i t s  b e h a v io r . One sim ple 

and f l e x ib l e  method which has b een  s tu d ie d  ov er th e  l a s t  decade i s  th e  

m o d e l-re fe ren ce  a d ap tiv e  app roach . T h is  te c h n iq u e  c o n s is ts  o f  ap p ly in g  

a  known in p u t t o  a  model system  and a n  unknown re fe re n c e  system , 

m easuring th e  s t a t e  e r r o r  and d e s ig n in g  an  a d a p tiv e  c o n t r o l l e r  to  

a d ju s t  th e  p a ram eters  o f  th e  model so  t h a t  re fe re n c e  system  and model 

a re  app ro x im ate ly  e q u iv a le n t.

In  t h i s  d i s s e r t a t i o n  a  p a ram ete r a d a p tiv e  approach  i s  used t o  id e n ­

t i f y  th e  p a ram ete rs  o f th e  q u ic k  phase  g e n e ra to r  a s  a  subsystem  o f th e  

oculom otor system . L iapunov 's  second method i s  u t i l i z e d  in  d esig n in g  

th e  c o n t r o l le r  a d ap tiv e  a lg o rith m s  used  f o r  i d e n t i f i c a t i o n .  Such 

a d a p tiv e  a lg o rith m s  have th e  ad van tage  t h a t  th e y  r e s u l t  in  g lo b a lly  

a sy m p to tic a lly  s ta b le  system s and convergence i s  alw ays g u a ran teed .

O ther d e sig n s  based  on g ra d ie n t approaches may e x h ib i t  i n s t a b i l i t y  

in  some case s  ( 73) • The te ch n iq u e  may a ls o  be extended to  tim e v ary in g  

system s (6 9 , 70) and c la s s e s  o f  n o n lin e a r  system s a s  i s  done in  t h i s



d i s s e r t a t i o n .  In  a d d i t io n  th e  use  o f  L iapunov 's  second method 

p ro v id es  u s e fu l  perform ance c r i t e r i a  which examine th e  q u a l i ty  

of a d a p ta t io n .

The nex t s e c t io n  d e sc r ib e s  th e  o rg a n iz a tio n  o f  th e  d i s s e r t a t io n  

and how th e  above m entioned g o a l i s  ach iev ed .
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1 .2  O rg an iza tio n  o f  D is s e r ta t io n

T his d i s s e r t a t io n  i s  o rgan ized  in to  th re e  p a r t s .  The f i r s t  

p a r t  (C hapter 2 ) g iv e s  a  d e s c r ip t io n  o f  th e  prom inent a sp e c ts  o f 

th e  oculom otor system  and a  review  o f th e  re se a rc h  which has been 

done to  u n d erstand  i t s  fu n c tio n . In  S ec tio n  2.3  th e  fu n c tio n  and 

neurophysio logy  i s  examined. Some o f th e  more im portan t models which 

have been  developed u s in g  an en g in ee rin g  system  th e o r e t ic  approach* 

a re  review ed in  S ec tio n  2 .3 .3 .  A ll o f  th e se  models g e n e ra lly  

t r e a t  th e  system  from an in p u t-o u tp u t p o in t  o f  view w ith o u t regard  

t o  r e l a t i n g  model v a r ia b le s  o r  param eters  to  c e n t r a l l y  recorded  

n e u ra l  b e h a v io r .

The second p a r t  o f  th e  th e s i s  (C hapter 3) develops th e  

m athem atica l te ch n iq u e  which i s  used in  t h i s  d i s s e r t a t i o n  t o  id e n t i f y  

th e  p a ram eters  o f th e  model f o r  qu ick  phase g e n e ra t io n . The method 

i s  a  p a ram ete r ad ap tiv e  approach to  system  id e n t i f i c a t i o n ,  u s in g  a  

Liapunov fu n c tio n  t o  d esig n  th e  ad ap tiv e  a lg o r ith m s . In  S e c tio n  3 .3  

th e  c o n t r o l l e r  i s  designed  f o r  b o th  a  c o n tr o l la b le  and o b serv ab le  form 

r e a l i z a t i o n  f o r  a  system . The deriv ed  a lg o rith m s  a re  implemented f o r  

an  example which had been proposed a s  a  model f o r  a  human o p e ra to r  in  

a  t r a c k in g  t a s k  (6 7 ) . D if fe re n t r e a l iz a t io n s  a re  adap ted  t o  show 

th e  dynamic c h a r a c te r i s t i c s  o f th e  c o n t r o l le r  f o r  d i f f e r e n t  c o n d itio n s . 

In  S e c tio n  3*5 a  "Confidence C r ite r io n "  i s  developed a s  an  a id  in  

d e te rm in in g  how much a d a p ta tio n  has ta k e n  p la c e  over th e  i d e n t i f i c a t io n

*  The u se  and a p p l ic a t io n  o f c o n tro l  system s th e o ry  and te ch n iq u es
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i n t e r v a l .  T h is  c r i t e r i o n  may a ls o  be used  a s  an  a id  in  choosing  

th e  p a ram e te rs  o f  th e  c o n t r o l l e r  t o  o b ta in  d i f f e r e n t  convergence 

r a t e s .  However, in  o rd e r  t o  u se  th e  c r i t e r i o n  a  m odified  m odel-  

re fe re n c e  c o n f ig u ra tio n  had t o  be  u t i l i z e d .  T h is i s  developed in  

S e c tio n  3*6 .  In  S e c tio n  3*7 exam ples a re  shown which d em o n stra te  th e  

convergence o f th e  d e riv ed  a lg o rith m s  and show th e  b e h av io r o f  th e  

"co n fid en ce  c r i t e r i o n . "

The th i r d  p a r t  o f  th e  t h e s i s ,  (C hap ters  4 and 5 )t d e a ls  w ith  

th e  a p p l ic a t io n  o f  th e  p a ram ete r a d a p tiv e  approach t o  id e n t i f y  th e  

p a ram ete rs  o f  a  proposed q u ick  phase  g e n e ra to r .

In  C hapter h c o n ce p tu a l m odels f o r  saccad ic  g e n e ra tio n  and slow 

phase g e n e ra tio n  a re  developed from  a  s t a t e  th e o r e t ic  p o in t  o f  v iew . 

The s t a t e  v a r ia b le s  o f  th e  oculom otor system  a re  assumed t o  be  r e p r e ­

s e n ta t iv e  o f  th e  freq u en cy  o f f i r i n g  o f  v a r io u s  u n i t  ty p e s  in  th e  

oculom otor system . The c o n c e p tu a l iz a t io n  o f  th e  sac c ad ic  g e n e ra to r  i s  

based  on r e la x a t io n  o s c i l l a t o r  th e o ry  t o  e x p la in  th e  b ip h a s ic  b eh av io r 

f o r  th e  reco rd ed  u n i t s  w hich a r e  b e in g  modeled.

The c o n ce p tu a l v i a b i l i t y  o f  such a  c o n f ig u ra tio n  i s  dem onstrated  

by showing t h a t  such a  g e n e ra to r  cou ld  g iv e  th e  known oculom otor 

re sp o n ses  by  a p p ro p r ia te ly  co u p lin g  p o s i t io n  and v e lo c i ty  in fo rm a tio n . 

By assum ing t h a t  th e  slow  phase v e lo c i ty  s ig n a l  i s  th e  predom inant 

s ig n a l  d r iv in g  th e  q u ick  phase  g e n e ra to r  d u rin g  nystagm us, th e  v a rio u s  

a sp e c ts  o f  nystagmus can  be  p re d ic te d  and th e  s t a t e  v a r ia b le s  o f  th e  

q u ick  phase g e n e ra to r  model a re  s im i la r  t o  th e  observed  u n i t  a c t i v i t y .
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lii Chapter 5 the parameter adaptive approach developed In 
Chapter 3 Is applied to the saccadic generator model. The parameters 
associated with the quick phase generator for nystagmus generation 
are then Identified. It is assumed that the slow phase velocity 
signal Is driving the quick phase generator. Therefore, In the model 
reference configuration the Input into the model is a step equal to 
the slow phase velocity of the Induced nystagmus. The adaptation Is 
done for a typical quick phase movement of approximately 12 degrees 
using degrees/second as a stimulus.

The co n c lu s io n s  and r e s u l t s  ob ta in ed  from  t h i s  re s e a rc h  a re  

d e sc rib e d  In  C hapter 6 . I t  i s  suggested  t h a t  th e  PPRF i s  a  m u ltilo o p  

system  w ith  p o s i t iv e  and n e g a tiv e  feedback  and c o n ta in s  s u f f i c i e n t  

neuron c la s s e s  to  tim e and g e n e ra te  qu ick  eye movements. The manner 

in  which th e  neurons a re  coupled t o  each o th e r  determ ine t h e i r  

dynamic re sp o n se . In  th e  quick  phase g e n e ra to r  model t h i s  i s  

re p re se n te d  by th e  param eters h^ and . She v a r ia t io n  in  th e se  

p a ram eters  may be r e la te d  t o  v a rio u s  d is o rd e rs  in  th e  PPRF re g io n .

The o rd e r o f  th e  system  which has been chosen t o  be  two and th e  non- 

l i n e a r i t i e s  t h a t  have been  in troduced  in  th e  model r e a l i z a t io n  

account f o r  th e  b ip h a s ic  c h a ra c te r  o f  th e  n eu rona l b e h a v io r . Thus 

a  m athem atical b a s is  has been e s ta b lis h e d  t o  understand  th e  n eu rona l 

o rg a n iz a tio n  o f  th e  PPRF and how i t  m ight produce ra p id  eye 

movements.
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CHAPTER 2 

THE EXE MOVEMENT CONTROL SYSTEM

2 .1  In tro d u c tio n

The fu n c tio n  o f  th e  eye movement c o n tr o l  system  i s  t o  move th e  

eyes t o  subserve  v is io n .  There a re  two p rim ary  in p u ts  in to  t h i s  

system ; th e  v is u a l  system  and th e  v e s t i b u la r  system . The g o a l o f  th e  

v is u a l  system  i s  to  m aintain , v i s u a l  a c u i ty  o r  f i x a t e  o b je c ts  o f  i n t e r ­

e s t .  The v e s t ib u la r  system  p ro v id es  a  com pensatory mechanism to  

s t a b i l i z e  th e  environm ent d u rin g  head movements ( l l ,  16 , 84,  $2 , 117 )•  

In  re sp o n se  t o  v is u a l  and v e s t i b u la r  s t im u l i  a l l  an im als  make comb­

in a t io n s  o f  two ty p e s  o f  movements; q u ick  o r  saccad ic  movements and 

slow o r  smooth p u r s u i t  movements. Saccades s h i f t  th e  gaze o f  th e  eye 

from  one p o in t  t o  a n o th e r  and have peak  v e lo c i t i e s  ran g in g  t o  600 

d e g re e s /s e c . i n  man and 1000 d e g re e s /s e c . i n  monkey ( 31)., 82) .  These 

ra p id  movements b r in g  an  image from  th e  p e r ip h e ry  o f  th e  r e t i n a  to  th e  

h ig h  r e s o lu t io n  re g io n  o f  th e  r e t i n a ,  th e  fo v e a , w hich co v ers  an  an g le  

o f  ap p ro x im a te ly  j;° i n  th e  c e n te r  o f  th e  v is u a l  f i e l d  ( l l 3 )» Smooth 

p u r s u i t  movements on th e  o th e r  hand a r e  co n tin u o u s  movements o f  th e  eye 

and can  be  e l i c i t e d  on ly  when th e  image o f  a  t a r g e t  moves sm oothly over 

th e  r e t i n a .  T h e ir v e lo c i t i e s  a re  g e n e r a l ly  slow er th a n  th o s e  o f  

s a c c a d ic  movements, u s u a l ly  b e in g  l e s s  th a n  4o7 s e c .  (8 3 , 113, 119)*

Nystagmus i s  an  in te r a c t io n  o f  b o th  ty p e s  o f  movements. I t  i s  

composed o f  smooth fo llo w in g  movements c a l le d  slow phases  in te r s p e r s e d  

w ith  r a p id  movements in  th e  o p p o s ite  d i r e c t io n  c a l le d  q u ick  p h ase s . 

Nystagmus can  be induced by s t im u la t io n  o f  e i t h e r  th e  v i s u a l  o r  v e s t ­



ib u la r  system . The v is u a l  system  I s  s t im u la te d  by moving a  te x tu re d  

v is u a l  f i e l d  b e fo re  an  o b se rv e r and th e  r e s u l t a n t  re sp o n se  i s  known 

a s  O p to k in e tic  Nystagmus (OKN). P e rc e p tio n  o f  v is u a l  in fo rm atio n  

occu rs  d u rin g  th e  slow  ph ases  w hereas th e  q u ick  phases a r e  p r im a r i ly  

f o r  r e s e t t i n g  th e  eye so  t h a t  t r a c k in g  may be resum ed. The v e s t ib u la r  

system  i s  s tim u la te d  w ith  l i n e a r  o r  a n g u la r  a c c e le r a t io n .  T h is induces 

a  slow com pensatory d e v ia t io n  o f  th e  eyes fo llow ed  by a  q u ick  phase; 

t h i s  i s  c a l le d  v e s t i b u la r  nystagm us.

O ther ty p e s  o f  movements w hich th e  eye can  perform  a re  

vergence movements which a re  used f o r  v iew ing n e a r  t a r g e t s .  They 

have th e  c h a r a c t e r i s t i c s  o f  slow  movements (106 , 121 ).

In  th e  n ex t s e c t io n  a  b r i e f  h i s t o r i c a l  background o f  o c u lo ­

motor re s e a rc h  i s  g iv en  and th e  rem ainder o f  th e  c h a p te r  d e sc r ib e s  

th o se  a sp e c ts  o f  th e  oculom otor system  which a re  n e ce ssa ry  f o r  th e  

th e o r e t i c a l  fo rm u la tio n  o f  th e  m athem atica l model.
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2.2  H is to r ic a l  Background

I t  I s  th e  c h a r a c t e r i s t i c  d u a l mode o p e ra tio n 4  ( 29,  107,  108) 

o f  th e  oculom otor system  which m otivated  R ashbass ( 79 ) t o  s tu d y  

w hether q u ick  and slow phase  movements w ere d i f f e r e n t  modes o f  

a c t io n  o f  th e  same n e u ro lo g ic a l a p p a ra tu s  o r  were s e p a ra te  subsystem s 

u t i l i z i n g  d i f f e r e n t  pathw ays. H is s tu d ie s  and th o s e  o f  o th e r s  (82 ,  8 3 , 

l lU , 115, 116) su p p o rt th e  c o n te n tio n  t h a t  th e  q u ick  and slow  move­

ments a r e  under s e p a ra te  c o n tro l  in  th e  C e n tra l Nervous System (CNS). 

These modes a r e  c o o rd in a te d  t o  m a in ta in  a  moving t a r g e t  w ith in  th e  

fo v e a l r e g io n , th e re b y  p ro v id in g  th e  b e s t  v is u a l  a c u i ty .  The sa c c a d ic  

system  a c h ie v e s  i t s  g o a l by q u ick  c o r r e c t iv e  movements. The p u r s u i t  

system  resp o n d s t o  v e lo c i ty  in fo rm a tio n  and c o n tro ls  th e  eye  movements 

so a s  t o  match t a r g e t  v e lo c i ty .

Viewed In  t h i s  way, th e  Oculomotor system  le n d s  I t s e l f  t o  a  

system  th e o r e t i c  e n g in e e rin g  approach  which m a th em atica lly  m odels th e  

observed re sp o n se s  t o  s t im u l i .  These models should  u l t im a te ly  be  r e p r e ­

s e n ta t io n s  o f  how th e  system  works and be fo rm u la ted  in  e x p l i c i t  term s..

F ender and Nye ( 31) were th e  f i r s t  t o  view th e  oculom otor 

system  from  a  system  th e o r e t i c  p o in t  o f  view . The method o f  a n a ly s is  

was a  s in u s o id a l  s te a d y  s t a t e  approach  and dem onstrated  th e  approx im ate  

freq u en cy  re sp o n se  o f  th e  system . I t  showed th e  upper c u to f f  freq u en cy  

f o r  s in u s o id a l  t r a c k in g  and in d ic a te d  t h a t  th e r e  was some v e lo c i ty  

feedback  from  p ro p io c e p to rs  in  a d d i t io n  t o  th e  r e t i n a l  image feed b ack . 

The s in u s o id a l  approach  does n o t b r in g  in to  ev idence  th e  s e p a ra te

4  F a s t  and slow  a s p e c ts  o f  eye movement
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sac c ad ic  and smooth p u r s u i t  subsystem s. Young and S ta rk  ( l l 4 ,  115) 

In tro d u ced  a  model which does d e sc r ib e  s e p a ra te  p a ra l le d  c o n tro l  

b ra n c h es . Because o f  i t s  im portance and u s e fu ln e s s  in  d e v is in g  e x ­

p e rim en ts  t o  s tu d y  th e  Oculomotor system , t h i s  model w i l l  be d e s c r ib ­

ed in  more d e t a i l  i n  S e c tio n  2 .3 .3 .  B r ie f ly ,  th e  Young and S ta rk  

model o f  v is u a l  t r a c k in g  i s  a  sampled d a ta  system  which i s  d iv id ed  

in to  two d i s t i n c t  subsystem s: a  saccad ic  subsystem  and a  smooth p u r ­

s u i t  subsystem . The sa c c a d ic  subsystem  i s  a  p o s i t io n  servomechanism 

t o  d i r e c t  th e  eyes tow ard th e  t a r g e t .  The p u r s u i t  subsystem  i s  a  

v e lo c i ty  servomechanism t o  r o t a t e  th e  eyes a t  th e  same a n g u la r  v e l ­

o c i ty  a s  th e  t a r g e t .

To d e sc r ib e  V e s tib u la r  Nystagmus, Sugle and Jones (1 0 1 , 102) 

in c o rp o ra te d  th e  "sampled d a ta "  id e a  o f  Young and S ta rk  in to  a  model 

o f  v e s t i b u la r  nystagm us. In  th e  Sugle and Jones Model th e  ou tp u t 

s ig n a l  o f  th e  s e m ic ir c u la r  c a n a ls  d r iv e s  an  in te g r a to r  f o r  th e  

slow  p h ases  o f  nystagm us, The in p u t-o u tp u t t r a n s f e r  fu n c tio n  o f  th e  

s e m ic irc u la r  c a n a ls  i s  g iv en  by a  second o rd e r l i n e a r  sy stem .*  A 

f ix e d  in t e r v a l  sam pling mechanism sam ples th e  o u tp u t s ig n a l  o f  th e  

s e m ic irc u la r  c a n a ls  and i s  used a s  a  n e g a tiv e  in p u t to  th e  in te g r a to r  

f o r  g e n e ra tin g  th e  q u ick  phases o f  nystagm us. B arnes and Benson(2 ) 

p o in t  o u t t h a t  th e  f ix e d  in te r v a l  sam pling mechanism o f  th e  Sugie and 

Jones model canno t acco u n t f o r  th e  v a r ia t io n  in  th e  d u ra t io n  o f  th e  

slow phase components and th e  In c re ase d  freq u en cy  o f  saccades a s s o c i ­

a te d  w ith  in c re a s in g  m agnitude o f  eye v e lo c i ty  (5 8 ) .  B arnes and

*D iscussed in  S e c tio n  2 .5 .3 .
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Benson ( 2 ) In c o rp o ra te d  a  tta reshho ld  elem ent In  th e  sa c c a d ic  g e n e r­

a to r  r a th e r  th a n  a  f ix e d  sam p ler, t o  com pensate f o r  t h i s  d e f ic ie n c y . 

With th e  a d d i t io n  o f  t h i s  e lem en t, nystagmus was produced hy  v a r io u s  

ty p e s  o f  In p u ts  w hich approxim ated th e  nystagm ic re sp o n se  o f  humans.

R ecen tly  th e r e  has heen  c o n s id e ra b le  e f f o r t  i n  th e  u t i l i z a t i o n  

o f  th e  " s in g le  c e l l  approach" in  t r y in g  to  un d ers tan d  th e  n eu ro n a l 

makeup o f  th e  c o n tro l  o f  eye movements (lU , 35 , U7, 55, 56, 57, 85, 87 )• 

However, i n  view o f  th e  com plex ity  o f  th e  n e u ra l  a p p a ra tu s  f o r  eye 

movements shown in  e x t r a c e l lu l a r  s tu d ie s ,  i t  seems u n l ik e ly  t h a t  th e  

f u n c t io n a l  r o le  o f  th e  v a r io u s  ty p es  o f  neurons w i l l  be  e a s i l y  u n ­

ra v e le d  in  c o n v en tio n a l e le c tro p h y s io lo g ic a l  s tu d ie s .  A more p ro m is­

in g  l i n e  o f  approach  would ap p ea r t o  be  to  match u n i t  a c t i v i t y  r e c o rd ­

ed i n  th e  b ra in s te m  o f  a l e r t  an im als t o  t h a t  which i s  p re d ic te d  from  

models o f  th e  oculom otor system . These models should  be v a lu a b le  

because th e y  may g iv e  new in s ig h ts  in to  u n d e rs tan d in g  th e  o rg a n i­

z a t io n  o f  th e  oculom otor system  and su g g est new ex p e rim en ts .

t h i s  t h e s i s ,  s t a t e - t h e o r e t i c  models f o r  sac c ad ic  and smooth 

p u r s u i t  b eh av io r w i l l  be p re sen te d  and an a ly zed . F o r a  p a r t i c u l a r  

r e a l i z a t i o n  o f  a  model f o r  q u ick  phase g e n e ra tio n , i t  w i l l  be  shown 

t h a t  c e r t a i n  u n i t  a c t i v i t y  in  th e  b r a in  can  be r e la te d  t o  S ta te  

v a r ia b le  b e h a v io r .

B efo re  fo rm u la tin g  th e s e  m odels, th e  b a s ic  c h a r a c t e r i s t i c s  o f  

th e  eye movement c o n tr o l  system  w i l l  be review ed and th e  b a s i s  f o r  th e  

models e s ta b l i s h e d .
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2.3 The Saccad ic  System

Saccades and qu ick  phases o f  nystagmus a r e  in te r s p e r s e d  In  

a lm ost every  ty p e  o f  eye movement. C onsequently , th e  sac c ad ic  system  

has a  c e n t r a l  r o le  In  any o v e ra l l  model o f  th e  oculom otor system . A 

d e s c r ip t io n  o f  I t s  fu n c tio n a l  p ro p e r t ie s  i s  g iv en  in  t h i s  s e c t io n  as  

a  th e o r e t i c a l  h a s is  f o r  th e  model developed In  C hapters b and 5*

2 . 3.1  The S accad ic  System P ro p e r tie s

Saccades a re  th e  most ra p id  movements th e  eyes make, and th e y  

can he e l i c i t e d  hy a  v a r ie ty  o f  s t im u l i .  Saccades can he made v o lu n ­

t a r i l y  w ith o u t concom itant slow movements. T h e re fo re , t h e i r  tim e  domain 

b eh av io r and p ro p e r t ie s  have heen  e x te n s iv e ly  s tu d ie d . The re sp o n se  o f  

th e  oculom otor system  t o  a  random s te p  o f  a  t a r g e t  o f f  th e  fo v ea  I s  a  

saccade a f t e r  a  d e lay  o f  approx im ate ly  200-250 msec, ( r e a c t io n  t im e ) .

The r e a c t io n  tim e In c re a se s  w ith  th e  magnitude o f  th e  saccad e . In  

humans, a  5 deg ree  saccade has a  la te n c y  o f  app ro x im ate ly  200 msec.

(3 6 , 82 , 113)» If> however, th e  t a r g e t  m otion i s  p e r io d ic  so t h a t  i t  

can he p re d ic te d ,  th e  tra c k in g  perform ance can  he im proved, so t h a t  no 

la te n c ie s  a r e  ap p aren t (97 )• The d u ra tio n  o f  saccades i s  app rox im ate ly  

a  l i n e a r  fu n c tio n  o f th e  s iz e  o f  th e  movements (3 ^ , 8 2 ) .

One o f  th e  more in te r e s t in g  a sp e c ts  o f  th e  sac c ad ic  system  i s  

th e  o b se rv a tio n  made hy Westheimer ( 107,  108 ). In  h is  experim ent a  

t a r g e t  was made t o  jump to  one s id e  and th e n  hack  a g a in  in  l e s s  

th a n  200 msec. The eyes responded hy jumping t o  one s id e  a f t e r  

a  saccad ic  r e a c t io n  tim e  and th e n  hack  a g a in  a f t e r  a n o th e r r e a c t io n  

tim e . H heeles e t  a l  (109) re in v e s t ig a te d  t h i s  r e s u l t  hy  ap p ly in g
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a  s te p  In  t a r g e t  d isp lacem ent o f  6 deg rees to  one s id e  fo llow ed  by

a  s te p  In  t a r g e t  d isp lacem ent o f  6 deg rees t o  th e  o th e r  s id e  a f t e r

w a itin g  T msec. They found t h a t  I f  T was much sm a lle r  th a n  200 msec.

( ssJO m sec .) th e n  th e  eyes were more l i k e l y  to  Igno re  th e  f i r s t

t a r g e t  s te p .  Becker and Fuchs ( 3) examined th e  re sp o n se  o f  th e  

saccad ic  system  t o  double s te p s  o f  t a r g e t  d isp lacem ent w ith  and 

w ith o u t v is u a l  f i x a t io n  p o in ts .  They found th a t  th e  d u ra tio n  o f  

saccades in  th e  d a rk  i s  lo n g e r th a n  in  l i g h t  and a ls o  t h a t  la rg e  

movements a r e  packaged a s  two sub-movements w ith  app rox im ate ly  a  70 

msec, la te n c y  betw een th e  f i r s t  and second p a r t  o f  th e  movement*

Some o th e r  in t e r e s t i n g  p ro p e r t ie s  o f  th e  saccad ic  system  a re  

b rought o u t when a  saccade i s  made in  c o n ju n c tio n  w ith  a  smooth p u rs u i t  

movement. Rashbass (79) showed th a t  i f  a  t a r g e t  s te p s  to  one s id e  

and th e n  moves w ith  c o n s ta n t v e lo c i ty  i n  th e  o p p o s ite  d i r e c t io n  and 

re c ro s s e s  i t s  o r ig in a l  p o s i t io n  w ith in  app rox im ate ly  one saccad ic  

la te n c y  (200 m sec .) , no saccad ic  resp o n se  o c cu rs . Robinson (8 3 , 88) 

has a ls o  s tu d ie d  saccades made in  c o n ju n c tio n  w ith  smooth p u r s u i t  

movements and has concluded t h a t  r a t e  o f  change o f  r e t i n a l  e r r o r  

a s  w e ll  a s  th e  e r r o r  itself is u t i l i z e d  by  th e  C e n tra l Nervous System 

(CNS) in  d e te rm in in g  the Size of saceadas.
The q u ick  phase movements which occur d u rin g  o p to k in e tic  and 

v e s t ib u la r  nystagmus have th e  same dynamic p ro p e r t ie s  a s  saccades and 

a re  presum ably g en era ted  by  th e  same mechanism (9 0 ) . Quick phases o f  

nystagmus have been  g e n e ra l ly  assumed t o  be r e f ix a t io n s  o f  th e  eyes 

a f t e r  th e  l im i t  o f  t r a v e l  from th e  een b sr p o s i t io n  in  th e  o r b i t  was 

reach ed . H orridge (52) showed th a t  qu ick  phases o f  nystagmus a re  n o t



m erely  r e s e t t i n g  mechanisms h u t a re  more c lo s e ly  t i e d  to  s ig n a l 

p ro c e ss in g  In  th e  C en tra l Nervous System (CNS). Hood ( 5l)>  Dix and 

Hood ( 28) ,  and Y asui ( 112) showed t h a t  du rin g  nystagmus th e  eyes 

tended  to  b e a t toward th e  qu ick  phase s id e . Sugle and Jones (102)

In  fo rm u la tin g  t h e i r  model f o r  v e s t ib u la r  nystagmus a ls o  Im p l ic i t ly  

assume th a t  th e  quick  phases a re  no t m sarly r e s e t t i n g  mechanisms.

They Imply t h a t  slow phase In fo rm ation  I s  used to  In n e rv a te  th e  qu ick  

phase g e n e ra to r . The c o n ten tio n  th a t  th e  qu ick  phases o f  nystagmus 

a re  generated  by slow phase In fo rm ation  i s  a ls o  expressed  by Barnes 

and Benson (2 ) In  t h e i r  model f o r  v e s t ib u la r  nystagmus and I s  a  

fundam ental p o s tu la te  In  t h i s  t h e s i s .

To understand  th e  c e n t r a l  fu n c tio n s  perform ed In  producing  a  

saccade,Young and S ta rk  ( l lU , 115) modeled th e  eye movement c o n tro l 

system  u s in g  sampled d a ta  c o n tro l system  th e o ry .*  However, a ttem p ts  

t o  e x p la in  a l l  o f  th e  p ro p e r t ie s  o f  th e  saccad ic  system  have le d  to  

r a d ic a l  r e v is io n s  o f  th e  Young model. The updated models have 

become so complex th a t  t h e i r  va lue  In  h e lp in g  understand  th e  o c u lo ­

motor system  I s  q u estio n ab le  (3 6 ). Models o f  v e s t ib u la r  nystagmus 

(101, 102) u t i l i z i n g  th e  "sampled d a ta"  concept a ls o  a re  la c k in g  in  

t h e i r  a b i l i t y  to  e x p la in  a l l  th e  p ro p e r t ie s  o f  quick  phase eye 

movements. I t  would appear t h a t  a  more v ia b le  approach I s  to  examine 

th e  oculom otor system  from w ith in  and c o n s tru c t models r e la te d  t o  u n i t  

a c t i v i t y  In  l i g h t  o f  th e  more re c e n t n eu ro p h y slo lo g lca l developm ents. 

To t h i s  end th e  n ex t s e c tio n  d e sc rib e s  th e  saccad ic  system  from a  

n eu ro p h y s lo lo g lca l p o in t o f  view .

* See s e c t io n  2 ,3 .3
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2 . 3*2 K europhyslology o f  th e  S accad ic  System

L esio n  and s t im u la t io n  s tu d ie s  (h ,  7*0 have su g g ested  t h a t  th e  

Oculomotor c o n tr o l  s ig n a ls  w hich a re  i n i t i a t e d  by  a  v i s u a l  in p u t 

fo llo w  c e r t a i n  pathw ays. These a re  summarized by R asik  and R asik  (76) 

and a re  shown in  F ig . 2 .1  ta k e n  from  t h e i r  p a p e r . C onjugate  eye 

movements t o  one s id e  which a re  e l i c i t e d  by  v is u a l  s t im u l i  presum ably  

a r i s e  in  th e  c o r te x  o f  th e  c o n t r a l a t e r a l  c e r e b ra l  h em isphere . The 

f u n c t io n a l  pathw ays descend in  a  converg ing  fa s h io n  tow ard  th e  

b ra in s te m  tegmentum o r  r e t i c u l a r  fo rm a tio n . The pathw ays approach  th e  

m id lin e  in  th e  m id b ra in  tegmentum, c ro s s  over a t  th e  l e v e l  o f  th e  

oculom otor n u c le a r  complex and descend t o  th e  param edian  zone o f  th e  

p o n tin e  r e t i c u l a r  fo rm a tio n  between th e  l e v e l s  o f  th e  f o u r th  and 

s ix th  n erve  n u c le i .  From th e r e  th e  oculom otor s ig n a ls  e v e n tu a l ly  re a eh  

th e  n u c le a r  groups in n e rv a tin g  th e  in d iv id u a l  eye m uscles ( l l ) .

I t  i s  known t h a t  th e  r e t i c u l a r  fo rm atio n  o f  th e  pons and 

m esencephalon a r e  c r i t i c a l  s t r u c tu r e s  f o r  th e  g e n e ra tio n  o f  slow  and 

ra p id  eye movements and p o s i t io n s  o f  f i x a t i o n  in  th e  h o r iz o n ta l  p lan e  

from  l e s i o n  and s t im u la t io n  s tu d ie s  ( h ) .  However how th e  r e t i c u l a r  

fo rm a tio n  i s  o rg an ized  t o  produce th e s e  movements i s  u n c le a r .  One o f  

th e  c o n tr ib u t io n s  o f  t h i s  re s e a rc h  i s  t o  develop  a  model from  a  

system  th e o r e t i c  p o in t  o f  view which g iv e s  g r e a te r  in s ig h t  in to  th e  

n a tu re  o f  r e t i c u l a r  c o n tro l  o f  eye movements. E a r ly  c l i n i c a l  ev idence  

to  su g g es t t h a t  th e  p o n tin e  r e t i c u l a r  fo rm a tio n  p la y s  an  im p o rtan t 

r o le  i n  Oculomotor fu n c tio n  was summarized by Freeman ( 33)* L o ren te  

de No (60) was th e  f i r s t  t o  dem onstrate  t h a t  nystagm us was a f f e c te d  by 

p o n tin e  r e t i c u l a r  fo rm a tio n  le s io n s  and p o s tu la te d  t h a t  q u ick  phases o f
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- 2 .5

F ig . 2.1  Oculomotor pathways as suggested  by th e  experim en ta l p rim ate  
model. The c e re b ra l  su rfa c e  and th e  b r a in  s e c tio n s  a re  
drawn t o  d i f f e r e n t  sca les.A R , a rc u a te  su lcu s  o f f r o n ta l  lo b e . 
LU, lu n a te  su lcu s  s e p a ra tin g  from p a r i e t a l  and tem poral l o t e .  
ST, subthalm ic re g io n . MRF, m esencephalic r e t i c u l a r  formation. 
I l l ,  oculom otor nerve n u c leu s . OMD, oculom otor d e c u s sa tio n  
FRF, p o n tin e  r e t i c u l a r  fo rm atio n . V I, abducens nerve nuc­
le u s .  MLF, m edial lo n g i tu d in a l  f a s ic u lu s .  Numbers below 
s e c tio n s  re p re se n t a n te r o p o s te r io r  s te r e o ta x ic  c o o rd in a te s .
The graded s t ip p l in g  in d ic a te s  th e  lo c a t io n  o f  p h y s io lo g ic  
pathways f o r  co n ju g ate  gaze t o  th e  r i g h t ;  th e y  a re  w idely  
re p re se n te d  a t  th e  l e f t  c e r e b ra l  hem isphere and become 
p ro g re s s iv e ly  more c o n cen tra ted  tow ard th e  l e f t  MRF, d e cu ss­
a te  a t  th e  le v e l  o f and v e n tr a l  t o  th e  oculom otor n u c le a r  
complex, and descend in  th e  r ig h t  param edian zone o f th e  
FRF to  th e  le v e l  o f th e  s ix th  (VI) nerve  n u c leu s . Some o f 
th e  pathways a c t iv a te  t h i s  n u c le u s , in n e rv a tin g  th e  r ig h t  
l a t e r a l  r e c tu s  m uscle; and some c ro s s  th e  m id lin e  to  
ascend in  th e  l e f t  MLF and a c t iv a te  th e  l e f t  th i r d  ( i l l )  
nerve n u c le u s , in n e rv a tin g  th e  l e f t  m edial re c tu s  m uscle. 
C o n tra la te r a l  con ju g ate  gaze d e fe c ts  a re  produced by 
la rg e  le s io n s  above th e  d e c u ssa tio n  o f th e  p h y sio lo g ic  
pathways (OMD); i p s i l a t e r a l  d e f i c i t s  a re  caused by sm all 
le s io n s  below th e  d e c u ssa tio n . L esions o f th e  MLF r e s u l t  
in  d isco n ju g a te  eye movements. Taken from  P asik  and P asik  (7 6 ) .
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nystagmus a re  produced in  t h i s  reg ion* Bender and Shanzer ( h) and 

Cohen e t  a l  (9 ) have done experim ents confirm ing  th a t  th e  p o n tin e  

r e t i c u l a r  fo rm atio n  c o n ta in s  th e  n e u ra l a c t i v i t y  n ecessa ry  f o r  th e  

g e n e ra tio n  o f  sac c ad e s . Bender and Shanzer (h) proved th a t  le s io n s  

o f  th e  P on tine  Tegmentum i n  monkeys cause p a ra ly s is  o f  i p s i l a t e r a l  

(same s id e )  co n ju g a te  gaze and Cohen e t  a l  (9 ) found th a t  a l l  

i p s i l a t e r a l  ra p id  eye movements and p o s i t io n s  o f  f i x a t io n  in  th e  

i p s i l a t e r a l  h em ifie ld  o f  movement were l o s t  a f t e r  p o n tin e  r e t i c u l a r  

fo rm atio n  le s io n s .

In  s t im u la t io n  s tu d ie s  by Cohen and Komatsuzaki (12) p o s i t io n s  

o f  f i x a t io n  and a l l  ty p e s  o f  h o r iz o n ta l  eye movements were induced 

by s tim u la tio n  o f  a  f u n c t io n a l ly  s p e c i f ic  a re a  o f  th e  p o n tin e  r e t i c u l a r  

fo rm atio n  known a s  th e  param edian zone o f  th e  p o n tin e  r e t i c u l a r  

fo rm atio n  (PH3F ) .  When th e  PFRF was e l e c t r i c a l l y  s tim u la te d , th e  

eyes moved in  th e  h o r iz o n ta l  p lan e  t o  th e  i p s i l a t e r a l  s id e .  The 

movements were co n ju g a te  and s im i la r  in  am plitude and v e lo c i ty  in  

b o th  e y es . Eye movements induced by PFRF s tim u la tio n  were o f c o n s ta n t 

v e lo c i ty  and con tinuous eye movements were induced by  u n i l a t e r a l  

o r  b i l a t e r a l  s t im u la t io n  o f  th e  PFRF. Eye movements w ith  v e lo c i t i e s  

in  th e  saccad ic  range were a ls o  induced by PFRF s t im u la t io n . T h is  len d s  

support t o  th e  c o n te n tio n  th a t  th e  PFRF i s  th e  s i t e  o f  g e n e ra tio n  o f 

ra p id  eye movements in  th e  h o r iz o n ta l  p la n e . The s tim u la tio n  s tu d ie s  

su g g est t h a t  th e r e  i s  a  n e u ra l in te g r a to r  which must m ediate  th e  a c t i v i t y  

between th e  PFRF and motor nuc leus ( 32) .  S k avensk ii and Robinson (92) 

a ls o  su g g est t h a t  such an I n te g r a to r  e x i s t s  from s in u s o id a l  s tu d ie s  

on th e  v e s t ib u lo -o c u la r  r e f l e x .  Robinson (89) has a ls o  shown th a t  

th e  cerebe llum  i s  im p o rtan t f o r  m a in ta in in g  th e  in te g r a t iv e  p ro p e r t ie s
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o f  th e  In te g ra to r*

E x t r a c e l lu la r  s tu d ie s  o f  u n i t  a c t i v i t y  and g ro ss  p o te n t ia l  

changes in  th e  PPRF s u b s ta n t ia te  th e  h y p o th esis  t h a t  ra p id  eye 

movements, i . e .  saccades and q u ick  phases o f  nystagm us, a re  

g en era ted  in  th e  PFRF, Cohen and Hienn ( l ^ ) ,  Luchei and Fuchs (62) 

and K e lle r  (57) have found th a t  neurons in  th e  p o n tin e  r e t i c u l a r  

fo rm atio n  change t h e i r  a c t i v i t y  in  a s s o c ia t io n  w ith  ra p id  eye 

movements. The u n i t s  were c l a s s i f i e d  in to  e s s e n t i a l ly  two c la s s e s :

1 . B u rs t U nits

2 . Rause U hlts

The b u r s t  u n i t s  f i r e  w ith  a  b u r s t  o f sp ik e s  b e fo re  and d u rin g  qu ick  

eye movements. T h e ir  a c t i v i t y  i s  s im ila r  d u rin g  a l l  ra p id  eye move­

m ents, i . e .  saccades o r  q u ick  phases o f  o p to k in e tic  o r  v e s t ib u la r ' 

nystagm us. Bn most u n i t s  th e  la te n c y  b e fo re  th e  o n se t o f  a  movement 

i s  betw een 12-20 msec. £1 o th e rs  th e  la te n c ie s  a r e  a s  h igh  a s  150 msec. 

There a re  b u r s t  u n i t s  w hich f i r e  maxim ally o r  e x c lu s iv e ly  d u rin g  eye 

movements in  a  p a r t i c u l a r  d i r e c t io n ,  th e  tim in g  o f th e s e  u n i t s  b e in g  

p o s i t iv e ly  r e la te d  t o  th e  s iz e  o f  th e  movement. Cohen and Henn ( lM  

and Luchei and Fuchs (62) a ls o  found an  alm ost l i n e a r  r e la t io n s h ip  

between d u ra t io n  o f  b u r s t  and d u ra tio n  o f  eye movement o f  some u n i t s .

I t  has r e c e n t ly  been  found ( 17 ) t h a t  th e re  a r e  c e r t a in  neurons whose 

a c t i v i t y  i s  r e la te d  t o  d i r e c t io n  a s  w e ll a s  d u ra tio n  o r  am p litu d e  o f 

movement. I t  has a ls o  been  found th a t  tim in g  i s  s o le ly  re p re se n te d  in  

some PHRF u n i t s  and d i r e c t io n  o f  eye movement in  o th e r s .  The d i r e c t io n  

s e n s i t iv e  u n i t s  have v e ry  s p e c i f ic  d i r e c t io n  o f  a c t io n  and many 

a re  h o r iz o n ta l .  The pause u n i ts  a re  th o se  u n i t s  which a re  in h ib i te d  

and pause t h e i r  a c t i v i t y  du ring  ra p id  eye movements. The o n se t o f



20

a  pause i s  a b ru p t and p reced es  th e  i n i t i a t i o n  o f  th e  ra p id  movement 

by an  in te r v a l  which i s  app ro x im ate ly  15 msec.

The v a rio u s  u n i t s  a r e  shown in  F ig . 2 . 2 . F ig . 2 . 2a  shows a  

s h o r t  le a d  b u r s t  u n i t  which precedes a  q u ick  eye movement by 

app rox im ate ly  15 msec. F ig u res  2 .2  b ,c  and d show v a rio u s  ty p e s  

o f  lo n g  le a d  b u r s t  u n i t s  and F ig u res  2.2  e  and f  show th e  pause u n i t s .  

The o b se rv a tio n s  on th e  u n i t  b e h av io r which has been d e sc rib e d  w i l l  

be used in  C hapter k in  develop ing  a  model f o r  q u ick  phase g e n e ra tio n  

by assum ing t h a t  c e r t a in  u n i t s  reco rded  in  th e  PFRF may be viewed as  

s t a t e  v a r ia b le s  o f  th e  q u ick  phase g e n e ra to r .

With a l l  t h i s  in fo rm a tio n  abou t th e  n e u ra l  a c t i v i t y  in  th e  

PFRF re g io n , a  need e x i s t s  t o  e s t a b l i s h  a  m athem atica l model t o  add 

an  o rg a n iz a t io n a l  framework to  h e lp  un d ers tan d  how th e s e  u n i t  ty p e s  

a re  c o o rd in a ted  t o  move th e  eyes in  th e  sac c ad ic  mode. In  th e  n ex t 

s e c t io n  a  rev iew  o f  sac c ad ic  system  models w i l l  be  p re se n te d  and 

in  C hapter h th e  s t a t e  model based on th e  above m entioned n eu ro n a l 

u n i t  a c t i v i t y  w i l l  be fo rm u la ted  and an a ly zed .

2 . 3.3 Saccad ic  System Models

The f i r s t  v ia b le  model f o r  saccad ic  eye movements was p re sen te d  

by Young and S ta rk  ( l l h , 115)• T h e ir  o r ig in a l  model which d esc rib ed  

b o th  sac c ad ic  and p u r s u i t  eye movements in  re sp o n se  t o  an u n p re d ic ta b le  

t a r g e t  i s  shown i n  F ig u re  2 . 3* The saccad ic  p o r t io n  o f  th e  model 

i s  shown in  F ig . 2 .U A and B. E s s e n t ia l ly  th e  model behaves in  th e  

fo llo w in g  fa s h io n .
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> -- '- -450 msec
25 msec

F ig . 2.2  FRF B u rs t U n its  (a -d )  FRF Pause U n its  ( e - f )

1 - U nit A c t iv i ty
2 - H o riz o n ta l EOG
3 - V e r t ic a l  EOG
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The e r r o r  between th e  d e s ire d  an g le  o f  gaze and th e  a c tu a l  eye 

p o s i t io n  i s  sensed a t  th e  r e t i n a .  The e r r o r  i s  sampled by an  im pulse 

m odulator a t  in te r v a l s  e q u a l t o  th e  r e f r a c to r y  p e rio d  o f  a  saccad ic  

movement ( 3T200 m se c .) . The sam pler i s  a l s o  synchronized  to  b eg in  

i t s  o p e ra tio n  w ith  th e  o n se t o f  th e  t a r g e t  m otion, provided  th e  eye 

had n o t made a  saccad ic  movement w ith in  th e  p rev io u s  r e f r a c to r y  p e rio d . 

The n o n lin e a r  dead zone elem ent accounts f o r  th e  la c k  o f  saccad ic  

response  t o  ex trem ely  sm all t a r g e t  d isp lacem en ts  ( l l 3)» The 

e r r o r  im pulse i s  de layed  by  one r e f r a c to r y  p e rio d  and In te g ra te d  to  

g iv e  th e  s te p  command which when ap p lie d  t o  W estheim erfs model o f  

th e  m echanical p la n t  o f  th e  oculom otor system  (107, 1 0 8 ), y ie ld s  

th e  a p p ro p r ia te  saccad ic  re sp o n se .

T his model was im p o rtan t s in c e  i t  was th e  f i r s t  tim e  an  a ttem p t 

was made t o  model th e  o v e r a l l  in p u t-o u tp u t b eh av io r o f  th e  oculom otor 

system . I t  b ro u g h t in to  ev idence  th e  in te rm it te n c y  p ro p e rty  o f  th e  

saccad ic  system  a s  dem onstrated  by W estheimer ( 107,  108) ,  p rov ided  a  

q u a n ta tiv e  a n a ly s is  o f  eye movement c o n tro l ,  and prov ided  a  th eo re tic a l, 

framework f o r  ex p e rim en ta tio n .

The Young model p r e d ic t s  eye movements c o r r e c t ly  when on ly  

saccades a re  re q u ire d . However, i t  does n o t a d eq u a te ly  p re d ic t  

c o r r e c t  saccad ic  b eh av io r when th e s e  movements a r e  made in  co n ju n ctio n  

w ith  a  smooth p u r s u i t  movement. Robinson (84) e x p la in s  t h i s  by 

su g g es tin g  th a t  th e  r a t e  o f  change o f r e t i n a l  e r r o r  a s  w e ll a s  

r e t i n a l  e r r o r  i s  u t i l i z e d  by th e  C e n tra l Nervous System (CBS) in  

de term in in g  th e  s iz e  o f  th e  saccad es . O ther experim ents which th e  

Young model f a l l s  t o  e x p la in  a re  th e  W heeless and Rashbass experim en ts . 

W heeless e t  a l  (109) showed t h a t  in  response  to  a  double s te p  i n



ta r g e t  d isp lacem en t ( f i r s t  t o  one s id e  and th e n  to  th e  o th e r ) ,  th e  

eye f re q u e n tly  makes a  s in g le  saccade to  th e  f i n a l  p o s i t io n  o f  th e  

t a r g e t  when th e  second t a r g e t  s te p  i s  w ith in  50-100 msec, o f th e  

f i r s t .  Young's model p r e d ic ts  t h a t  th e  eye should make two saccades 

under a l l  c ircu m stan ces . The Rashbass experim ent (79) showed th a t  

i f  a  t a r g e t  s te p s  to  one s id e  and th e n  moves w ith  c o n s ta n t v e lo c i ty  

in  th e  o p p o s ite  d i r e c t io n  c ro s s in g  i t s  o r ig in a l  p o s i t io n  w ith in  

150-200 m sec ., no sac c ad ic  resp o n se  o c cu rs . The model p re d ic ts  

saccades would o c cu r . An a tte m p t t o  e x p la in  th e se  experim ents by  th e  

Young model has le d  to  p o s tu la t in g  a  f i n i t e  sam pling in te r v a l  and a  

nonsynchronous sam pler ( l l 6 ) .

O ther s tu d ie s  o f  th e  saccad ic  system  le d  to  models o f  th e  p la n t  

dynamics in  o rd e r  to  i n f e r  th e  n a tu re  o f  th e  c o n tro l s ig n a ls  which 

must be g en era ted  c e n t r a l l y  t o  move th e  ey e . Robinson (82) p o in ted  

ou t th e  overdamped n a tu re  o f  th e  p la n t  a s  opposed t o  th e  underdamped 

n a tu re  assumed by  W estheim er (107,  108) which was in co rp o ra ted  

in  th e  Young m odel. Cook and S ta rk  (23) a ls o  analyzed th e  p la n t  

and found a  "homeomorphic" model such th a t  a  d i r e c t  correspondence 

could be e s ta b l is h e d  betw een model param eters  and p h y s io lo g ic a l 

e lem en ts . Sobo tk ln  (93) showed how R obinson 's  model can  be made 

to  behave as  C ook's model f o r  a  saccad ic  response by u s in g  an a d a p tiv e  

approach s im i la r  to  t h a t  developed i n  t h i s  t h e s i s .  These s tu d ie s  

were im portan t because  th e y  dem onstrated  t h a t  th e  in te r n a l  p ro c e ss in g  

in  th e  Young model had t o  be m o d ified . R ather th a n  g e n e ra tin g  a  

s te p  to  d r iv e  an  underdamped p la n t  a s  i s  done in  th e  Young model 

f o r  saccad ic  g e n e ra tio n , a  p u ls e  s te p  was needed t o  d r iv e  th e  overdamped 

p la n t .  M odified m odels, a s  p re sen te d  by  Fuchs (38) and Robinson (86 , 89)
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w ere f u r t h e r  a tte m p ts  t o  c o r r e c t  th e  f a l l i n g s  o f  th e  o r ig in a l  Young 

and S ta rk  m odel. However, a s  th e  p a tc h in g  c o n tin u e s  th e s e  models 

become more and more complex and i t  becomes ex ceed in g ly  d i f f i c u l t  t o  

a t t a c h  any n e u ro p h y s lo lo g lc a l b a s is  t o  th e  model.

W ith th e  r e c e n t  advances in  e le c tro p h y s io lo g y  i t  i s  c l e a r  t h a t  

models o f  th e  n e u ra l  o rg a n iz a tio n  o f  th e  saccad ic  g e n e ra to re  a r e  

re q u ire d  in  o rd e r  t o  b r in g  in to  ev idence  th e  n a tu re  o f  th e  c e n t r a l

sac c ad ic  c o n t r o l l e r .  T h is  i s  one o f  th e  g o a ls  o f  t h i s  t h e s i s  and w i l l

be  d isc u sse d  i n  d e t a i l  i n  C hap ters  U and 5.

In  th e  n ex t s e c t io n  th e  smooth p u r s u i t  system  i s  d e sc r ib e d .

A rev iew  o f  i t s  p r o p e r t ie s  and th o s e  o f  th e  slow  phase  g e n e ra to rs  o f

v e s t i b u la r  nystagm us and GKN w i l l  a id  in  th e  fo rm u la tio n  o f  a  

s low -phase  g e n e ra to r  model developed i n  S e c tio n  h,k.
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2 . 1+ Slow Eye Movements

The eye g e n e ra l ly  makes th r e e  ty p e s  o f  slow  v e r s lo n a l  eye 

movements; Smooth p u r s u i t  movements when t r a c k in g  a  sm oothly moving 

t a r g e t ;  slow phases o f  v e s t ib u la r  nystagm us; and slow phases o f 

O p to k in e tic  nystagm us. Much i s  known abou t th e  neurophysio logy  o f th e  

v e s t ib u la r  system  and how slow  phase in fo rm a tio n  reach es  th e  eye muscle 

m otoneurons. The v is u a l  pathways re s p o n s ib le  f o r  p roducing  smooth 

p u r s u i t  and slow phases o f  O p to k in e tic  nystagm us a r e  la r g e ly  unknown. 

Because o f  th e  s i m i l a r i t i e s  betw een a l l  th e s e  ty p e s  o f slow eye 

movements, a  s im i la r  c e n t r a l  mechanism i s  in d ic a te d .  T h ere fo re  th e  

models which have been  e s ta b l is h e d  f o r  th e  v e s t ib u lo -o c u la r  r e f l e x  

a rc  could  g iv e  c lu e s  a s  to  how v is u a l  in fo rm a tio n  i s  p ro cessed  t o  

g e n e ra te  slow  phase eye movements. In  s e c t io n  2 . h .3  m odels o f  th e  

v e s t ib u lo -o c u la r  r e f l e x  a rc  a r e  review ed and in  C hapter k a  g e n e ra l 

model f o r  slow phase g e n e ra tio n  f o r  b o th  O p to k in e tic  nystagmus and 

v e s t i b u la r  nystagmus i s  fo rm u la ted . F i r s t ,  however, th e  p ro p e r t ie s  o f  

th e  smooth p u r s u i t  system  a r e  rev iew ed .

2.^ .1  Smooth P u rs u it  System P ro p e r tie s

The smooth p u r s u i t  system  c o n tro ls  slow con tinuous movements o f  

th e  eye when tra c k in g  a  moving t a r g e t .  The fu n c tio n  o f  th e  system  i s  

t o  s t a b i l i z e  r e t i n a l  images by m atching th e  a n g u la r  v e lo c i ty  o f  th e  

eyes t o  t h a t  o f th e  t a r g e t .  I t  d i f f e r s  from th e  saccad ic  system  by 

resp o n d in g  e s s e n t i a l l y  t o  v e lo c i ty  in p u ts  r a th e r  th a n  p o s i t io n  In p u ts  

and by b e in g  con tinuous i n  n a tu re  a s  opposed to  b e in g  d i s c r e t e .
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One o f  th e  b a s ic  ex p erim en ts  w hich su g g es t t h a t  th e  p u r s u i t  

system  responds p r im a r i ly  t o  v e lo c i ty  o f  th e  t a r g e t  was perform ed by  

Eashbass (79) .  The s tim u lu s  was a  s te p  fo llow ed  by  a  ramp in  th e  

o p p o s ite  d i r e c t io n .  T h is  e l i c i t e d  a  smooth p u r s u i t  movement a f t e r  a  

c e r t a i n  la te n c y  which was fo llo w ed  by a  saccade  a f t e r  a n o th e r  la te n c y .

At th e  s t a r t  o f  th e  eye movement, th e  eye was a c tu a l ly  moving in  a  

d i r e c t io n  away from  th e  p o s i t io n  o f  th e  t a r g e t  a p p a re n tly  resp o n d in g  t o  

v e lo c i ty  and n o t t o  th e  p o s i t io n  o f  th e  t a r g e t .  I t  should  be no ted  t h a t  

t a r g e t  v e lo c i ty  i s  p resum ably re c o n s tru c te d  by th e  b r a in  by  add ing  

r e t i n a l  s l i p  v e lo c i ty  and eye v e lo c i ty .  The l a t t e r  i s  presum ably  ob­

ta in e d  from a  c o r r o l l a r y  d is c h a rg e  th ro u g h  th e  oculom otor c e n te rs  

from  o u tflo w  in fo rm a tio n  (k6 , 1 1 2 ).

S ince  th e  sa c c a d ic  system  d is p la y s  a  r e f r a c to r y  p e rio d  in  i t s  

re sp o n se , th e  q u e s tio n  w hether a  s im i la r  r e f r a c to r y  p e rio d  e x i s t s  f o r  

th e  smooth p u r s u i t  system  has a ls o  been  s tu d ie d .  R obinson (83) showed 

t h a t  th e  smooth p u r s u i t  system  can  be made t o  respond t o  two s e p a ra te  

s t im u l i  spaced o n ly  75 m ill is e c o n d s  a p a r t .  T h is  s u b s ta n t ia te s  t h a t  

du ring  p u r s u i t  th e  eye behaves v e ry  n e a r ly  i n  a  co n tin u o u s fa s h io n .

A lso , S ta rk  (98) dem onstrated  th e  absence  o f  a  r e f r a c to r y  p e rio d  f o r  

su cc e ss iv e  changes in  smooth p u r s u i t  eye movements.

A lthough p r im a r i ly  re sp o n d in g  t o  t a r g e t  v e lo c i ty ,  th e  smooth 

p u r s u i t  system  a ls o  seems t o  have some s e n s i t i v i t y  t o  p o s i t io n  

in fo rm a tio n . Robinson (83) found t h a t  th e  eyes make th r e e  ty p e s  o f  

movement i n  re sp o n se  t o  ramps o f  p o s i t io n .  These re sp o n ses  a r e  shown 

in  P ig .  2 .5  to g e th e r  w ith  th e  p e rc e n t o b se rv a tio n  o f  each ty p e  o f  

re sp o n se . For a l l  t h r e e ,  th e r e  i s  a  la te n c y  o f  ap p ro x im a te ly  125-150 

msec. In  th e  most common re sp o n se  (Type l )  th e r e  i s  an o v e rsh o o t in



Ey
e 

Po
si

tio
n 

(D
eg

re
es

)

29

T arg e t
2 - -

600500200 300100

Time (m sec.)

P ig . 2 .5  T hree ty p ic a l  eye movement p a t te r n s  in  resp o n se  t o  a  
10 d eg /sec  ramp in p u t .Taken from  Robinson(83)
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v e lo c i ty  a f t e r  th e  saccad e . T h is in d ic a te s  t h a t  some p o s i t io n a l  in f o r n -  

a t io n  i s  b e in g  used by th e  smooth p u r s u i t  system  f o r  t r a c k in g  purposes* 

T h is  view  has a ls o  been  ex p ressed  by  Young (119)*

The smooth p u r s u i t  system  a l s o  e x h ib i ts  n o n lin e a r  c h a r a c t e r i s t i c s  

such  a s  s a tu r a t i o n  and th re s h h o ld . R ashbass (79) found t h a t  t a r g e t  

v e lo c i ty  o f  a t  l e a s t  .8  d e g ./s e c .  a r e  re q u ire d  t o  produce any p u r s u i t  

movements and t h a t  s a tu r a t io n  occured a t  ap p ro x im ate ly  Uo d e g ./s e c .  

i n  humans (113)*

The n e u ro p h y s io lo g ic a l a s p e c ts  o f  th e  smooth p u r s u i t  system  a r e  

l a r g e ly  unknown. Crosby and H enderson ( 2U) d e sc rib e d  c o r t i c a l  

co n n ec tio n s  from  th e  o c c i p i t a l  lo b e  t o  th e  tegmentum and s u p e r io r  

c o l l i c u l i  and r e f e r  t o  them  a s  b e in g  concerned w ith  au to m atic  eye 

movements. However, no one a s  y e t  has b een  a b le  t o  induce smooth 

p u r s u i t  movements by s t im u la t io n  o f  th e  o c c i p i t a l  c o r te x  and th e r e f o r e  

t o  a t t r i b u t e  smooth r e s p o n s ib i l i t y  t o  t h i s  p a r t  o f  th e  b r a in  i s  

s p e c u la t iv e .  R ec e n tly  Cohen e t  a l  (10) have been  a b le  t o  produce 

slow  eye movements by s t im u la t io n  o f th e  re g io n  around th e  PERF,

Sparks and S id es  ( 95) have a ls o  reco rd ed  neurons in  th e  PERF 

a s s o c ia te d  w ith  h o r iz o n ta l  eye movements t r e a t i n g .

2 .H .2  V e s t ib u la r  System P ro p e r t ie s  (V e s t ib u la r  Nystagmus)

One o f  th e  fu n c tio n s  o f  th e  v e s t i b u la r  o rgan  i s  to  s t a b i l i z e  

th e  v i s u a l  a x is  i n  sp ace . In  t h i s  reg a rd  i t  i s  s im i la r  to  th e  

smooth p u r s u i t  system  and o p to k in e tic  system  which s t a b i l i z e  t a r g e t s  

and v i s u a l  su rround  r e s p e c t iv e ly  on th e  r e t i n a .  S tim u la t io n  o f  th e  

v e s t i b u la r  a p p a ra tu s  by l i n e a r  and a n g u la r  a c c e le r a t io n  ind u ces  r e f l e x
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com pensatory movements o f  th e  ey es  i n  th e  o r b i t  ap p ro x im ate ly  eq u al 

and o p p o s ite  t o  th e  movement o f  th e  head in  space  ( 92) .  The 

p ro c e ss in g  o f  th e  s ig n a l  em in a tin g  from  th e  v e s t i b u la r  o rgan  has been  

s tu d ie d  u s in g  b o th  e le c tro p h y s io lo g ic a l  te c h n iq u e s  and an  e n g in ee rin g  

system s app roach . These s tu d ie s  have t r a c e d  some o f  th e  pathways 

invo lved  i n  th e  v e s t ib u lo -o c u la r  r e f l e x  and le d  t o  th e  fo rm nlA tlon  

o f  models t o  d e sc r ib e  i t s  fu n c t io n . F o r a  com plete rev iew  see  

Cohen ( l6 )  and Young (117) .

When th e  v e s t ib u la r  system  i s  su b je c te d  t o  a  c o n s ta n t a n g u la r  

v e lo c i ty ,  th e  eyes perfo rm  a  je rk y  rh y th m ica l t o  and f r o  m otion known 

a s  nystagm us. A ty p ic a l  v e s t i b u la r  nystagm us re c o rd  i s  shown in  F ig .

2 . 6 .  The t o  and f r o  m otion i s  c h a ra c te r iz e d  by  a  slow  d e v ia t io n  o f  

th e  eyes o p p o s ite  to  th e  d i r e c t io n  o f  r o t a t io n  and a  q u ick  movement 

o f  th e  eyes b ack . The c h a r a c t e r i s t i c s  o f  th e  q u ick  phases  o r  saccad ic  

eye movements have a lre a d y  been  d iscu ssed  in  s e c .  2 .3 .3 .  The sense organs 

re s p o n s ib le  f o r  th e  oculom otor r e f l e x  t o  head r o t a t i o n  d e sc rib e d  

above a r e  th e  th r e e  s e m ic irc u la r  c a n a ls .  They a r e  a rran g ed  app rox im ate ly  

o r th o g a n a lly  in  th e  in n e r  e a r .  Each c a n a l i s  f i l l e d  w ith  a  f l u i d ,  th e  

endolynrph, which flow s w ith in  th e  c a n a l whenever an  a n g u la r  a c c e le r a t io n  

in  th e  p la n e  o f  th e  c a n a l i s  ex p erien ced  by  th e  head . As th e  endolymph 

moves, i t  d is p la c e s  a  g e la t in o u s  s t r u c tu r e ,  th e  c u p u la , which i s  in  an 

e n la rg ed  p o r t io n  o f  th e  c a n a l known a s  th e  am p u lla . Cupula movement 

i s  d e te c te d  by  sam ll h a i r - l i k e  c e l l s  w hich code th e  d isp lacem en t in to  

n e u ra l  a c t i v i t y  in  th e  n e rv e  end ings synapsing  on them  ( 6 l ) .  A 

diagram  o f  a  s e m ic irc u la r  c a n a l i s  shown i n  F ig . 2*7 .

When an  in d iv id u a l  s e m ic irc u la r  c a n a l o r  i t s  nerve  i s  s t im u la te d , 

eye movements a r e  induced w hich l i e  i n  p la n es  p a r a l l e l  t o  th e  p lan e  o f
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R i g h t A  I  . 1  J r  . I  i
• / /  V ^N-X\ v'"''y / / / ^///v-xx \ \ \ V n .> ,/ - ‘ffft'f/

Le f t  v

-1-- 1---  1---1-- r- -I---■—1--I---1- -i 1--1— r-
V e s t i b u l a r  n y s t a g m u s

F ig . 2 .6  T y p ica l v e s t i b u la r  nystagm us re c o rd .  (Top t r a c e  shows 
eye p o s i t io n  a s  a  fu n c tio n  o f  t im e . Arrows in d ic a te  
change in  d i r e c t io n  o f  a n g u la r  v e lo c i ty .  Bottom t r a c e  
in d ic a te s  tim e  t r a c e .  Each mark R ep resen ts  1 S e c .)  
Taken from  Hood(5l ) .
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F ig . 2

S k u ll R o ta tio n a l Velocity-

R e la tiv e
Endolyraph

M otion

CupulaU tr ic u la r  
Sac o f 

V e s tib u le

C r i s t a /
A rapullaris

To
CNS

.7  D iagram atic  r e p re s e n ta t io n  o f a  s in g le  s e m ic ir c u la r  c a n a l 
in d ic a t in g  e s s e n t i a l  f e a tu r e s  o n ly . Redrawn from Sugie and 

Jones (101, 102)



t h a t  c a n a l (7 ,  8 , 30, 103) .  The neurons from  th e  s e m ic irc u la r  c a n a ls  

synapse p r im a r i ly  i n  th e  r o s t r a l ,  m ed ia l, and su p e r io r  v e s t ib u la r  

n u c le i  (7 8 ) . Axons from  c e l l s  in  th e  v e s t ib u la r  nuc leus on th e  s id e  

i p s i l a t e r a l  t o  th e  s tim u lu s  p ro je c t  a c ro ss  th e  b r a in  stem  t o  th e  

c o n t r a la t e r a l  abducens nucleus cau s in g  th e  o p p o s ite  l a t e r a l  re c tu s  

muscle to  c o n tra c t  (77) .  D ire c t  p ro je c t io n s  from  th e  v e s t ib u la r  

nuc leus t o  th e  i p s i l a t e r a l  m edial r e c tu s  motoneurons p ro b ab ly  l i e  in  

th e  median lo n g i tu d in a l  fa s c ic u lu s  (MLF) and i t  i s  th e s e  p ro je c t io n s  

which could  be re s p o n s ib le  f o r  g e n e ra tin g  th e  slow  phases o f  nystagm ua 

T h is  i s  supported  by ev idence  from  le s io n  s tu d ie s  which show th a t  th e  

MLF n o t o n ly  p a r t i c ip a te s  in  eye movements induced by th e  v e s t ib u la r  

ap p a ra tu s  b u t i s  im p o rtan t f o r  i p s i l a t e r a l  ad d u c tio n  d u rin g  a l l  ty p e s  

o f  ra p id  h o r iz o n ta l  eye movements ( l l ) .  T h is  would imply th a t  th e  

MLF i s  a  f i n a l  in te g r a t in g  s te p  b e fo re  p ro je c t in g  onto  th e  motoneurons 

which move th e  e y es . I t  i s  a ls o  p o s tu la te d  t h a t  th e  slow phase s ig n a l  

in n e rv a te s  th e  FERF where th e  s ig n a ls  f o r  q u ick  phase g e n e ra tio n  a re  

produced.

One o f  th e  f i r s t  models a ttem p ted  t o  e x p la in  th e  response  o f 

th e  v e s t ib u la r  system  t o  s t im u li  was fo rm u la ted  by S te in h au sen  ( 99) •

Hie used a  to r s io n  pendulum model f o r  th e  s e m ic irc u la r  c a n a l which was 

th a n  d e sc rib ed  by th e  d i f f e r e n t i a l  e q u a tio n :

d2^  d S d r
— — +  a^ —  4- = —  2.1
d t  d t  d t

where 5 I s  th e  cu p u la  d e f le c t io n  and r  i s  th e  a n g u la r  v e lo c i ty  and 

ax and a Q a re  pa ram ete rs  which determ ine  th e  system s dynamic re sp o n se . 

Goldberg and Fernandez (3 2 ,3 9 ,^ 0 ) measured th e  tim e c o n s ta n t o f
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th e  n eu ro n a l b e h av io r o f  p e r ip h e ra l  neurons In n e rv a tin g  th e  la b y r in th  

and compared i t  w ith  th e  to r s io n  pendulum, model. They found th e  system  

to  be h ig h ly  overdanrped w ith  a  la r g e  tim e c o n s ta n t o f app ro x im ate ly  

5 s e c . and a  sm a ll tim e  c o n s ta n t o f about .005 s e c . The v a lu e  o f  th e  

la r g e  tim e c o n s ta n t i s  sm a lle r  th a n  th a t  o b ta in ed  from  measurements 

made on th e  nystagm us w hich fo llo w s s tim u la tio n  and I s  approx im ate ly  

15-20 s e c . in  monkey and man ( l l7 ) «  l a  e i t h e r  c a s e , th e  v e s t ib u la r  

system  responds v e ry  r a p id ly  to  s te p s  in  a n g u la r  v e lo c i ty  and o p e ra te s  

over a  wide freq u en cy  band f o r  s in u s o id a l  in p u ts  (9 2 ) .

The t r a n s f e r  fu n c tio n  r e l a t i n g  cupula  d isp lacem en t to  v e lo c i ty  

in p u t i s  g iv en  by :

and a n g u la r  v e lo c i ty  r e s p e c t iv e ly .  T his eq u a tio n  has been  used by 

many re s e a rc h e rs  i n  m odeling v e s t ib u la r  nystagmus ( 2,  102,  112) .  The 

t r a n s f e r  fu n c tio n  g iv en  by Eq. 2.2  i s  used t o  t r a n s f e r  th e  head 

v e lo c i ty  s ig n a l  t o  g e n e ra te  th e  slow  phase v e lo c i ty  s ig n a l .  T h is  s ig n a l  

i s  th e n  used t o  d r iv e  a  saccad ic  g e n e ra to r  f o r  th e  q u ick  phases o f 

nystagm us and i s  a l s o  in te g ra te d  to  g e n e ra te  th e  slow phases o f  

nystagm us.

Robinson (86) suggested  th e  id e a  t h a t  th e  saccad ic  g e n e r­

a to r  behaves a s  a  "one sh o t"  m u l t iv ib ra to r ,  w ith  some th re sh h o ld  

se n s in g  n eu ro n a l netw ork. Barnes and Benson (2 ) in c o rp o ra te d  

t h i s  id e a  in to  t h e i r  model o f  v e s t ib u la r  nystagmus and in tro d u ced

R ( s )  s 2 + s
2.2

Where £ ( s )  and R ( s )  a r e  th e  L ap lace tra n s fo rm  o f  th e  cupu la  d e f le c t io n
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a  le a d  n e tv o rk  t o  compensate f o r  th e  la g  In tro d u ced  in to  th e  qu ick  

phase g e n e ra to r  by th e  th re s h o ld  sen s in g  n e tv o rk . In  term s o f  th e  

s t a t e  th e o ry  used in  t h i s  d i s s e r t a t i o n  t h i s  would im ply t h a t  th e  

slow  phase g e n e ra to r  i s  a  th i r d  o rd e r  subsystem  o f  th e  oculom otor 

system : two s t a t e s  t o  account f o r  th e  c an a l dynamics and one to  

account f o r  th e  le a d  which i s  in tro d u ced  b e fo re  d r iv in g  th e  s a c c a ­

d ic  system . T h is  i s  exp lo red  i n  g r e a te r  d e t a i l  i n  S e c tio n  1+.U.2  

where a  s t a t e  th e o r e t ic  slow  phase g e n e ra to r  i s  fo rm u la ted . Young 

( l l 7 )  has no ted  t h a t  th e  v e s t ib u la r  system  has some a d a p ta t io n  

a s s o c ia te d  w ith  i t  and has modeled i t  by  in tro d u c in g  an  a d a p ta tio n  

o p e ra to r .  G oldberg and Fernandez (39) have a ls o  found t h i s  

a d a p ta t io n  i n  some p e r ip h e ra l  neurons in  th e  e ig h th  n e rv e .

The rem ain ing  p o r t io n  o f t h i s  c h a p te r  g iv e s  a  d e s c r ip t io n  o f  

o p to k in e tic  nystagmus and v is u a l  v e s t ib u la r  I n te r a c t io n .

2 . 3  The P ro p e r t ie s  o f  th e  O p to k in e tic  System (O p to k in e tic  Nystagmus)

O p to k in e tic  Hystagmus (OKN) i s  a  d u a l mode o p e ra tio n  o f  th e  

eye movement c o n tro l  system  induced by  a  moving v is u a l  surround* The 

resp o n se  t o  t h i s  v is u a l  s tim u lu s  i s  a  t o  and f r o  movement o f  th e  g lo b e . 

The most e f f e c t iv e  way t o  e l i c i t  OKN i s  t o  s t im u la te  th e  p e r ip h e ra l  

r e t i n a  a s  w e ll  a s  th e  fo v ea  w ith  f u l l  f i e l d  r o t a t i o n  (5 ) • A lthough 

th e  resp o n se  can be suppressed  under some c ircu m stan ces , i t  i s  

g e n e ra l ly  r e f le x iv e  and in v o lu n ta ry  in  n a tu re .  A ty p ic a l  CKN response  

i s  shown i n  F ig . 2 . 8 .

The q u ick  phases o f  CKH have c h a r a c te r i s t i c s  n o t s ig n i f i c a n t ly  

d i f f e r e n t  from  th o se  o f  v e s t ib u la r  nystagmus q u ick  phases and saccades



37

I

— S * 
• /

L e f t  *

V  \  ✓ , ,
/ / V v y "  - '- /-M 's '

W V

i —i—i—i—i—t- -t—i—i—i—i—f—(—i—i—i—i—t—i—r~

O p t o k i n e t i c  n y s t a g m u s

F ig . 2 .8  T y p ica l o p to k in e tic  rec o rd  f o r  sq u are  vave v e lo c ity - 
in p u t .  (Arrows in d ic a te  change in  d i r e c t io n  o f  
v e lo c i ty ) .  Top t r a c e  i s  eye p o s i t io n  v s . t im e . Bottom 
t r a c e  i s  th e  tim e  code ( l  mark re p re s e n ts  1 seco n d ). 
Taken from  Hood ( 51) .
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( 90) and a re  presum ably g en e ra ted  by th e  same c e n t r a l  mechanism 

(See S ec . 2 .3 ) .  The slow  ph ases  o f  OKN a re  g e n e ra te d  by  a  system  

which e s s e n t i a l l y  responds t o  v e lo c i ty  in fo rm a tio n . T h is  i s  s im i la r  

t o  th e  system  which g asB ra te s  th e  slow  ph ases  o f  v e s t i b u la r  

nystagm us ^ud smooth p u r s u i t .  C o llew ljn  (1 8 , 1 9 , 20,  21) examined 

th e  o p to k in e tic  slow  phase re sp o n se  in  r a b b i t s  f o r  s te p  and s in u s o id a l  

in p u ts .  He found th a t  th e  system  was n o t re sp o n s iv e  t o  s te p s  in  p o s i t io n  

in p u t (A m plitude .5  -  4 d e g /se c ) and was a  v e lo c i ty  servom echanism . 

V e lo c i t ie s  up to  1 d eg /sec  a re  fo llow ed  w e ll w ith  a  g a in  o f  .7  -  *9*

The maximal eye v e lo c i ty  i s  reached  soon a f t e r  th e  s t a r t  o f  th e  

s t im u la t io n  f o r  s te p  in p u ts  and has a  la te n c y  o f  a p p ro x im a te ly  100 -  200 

m sec. F o r v e lo c i t i e s  above 1 d e g ./s e c  th e  fo llo w in g  i s  p o o r and approaches 

s tim u lu s  v e lo c i t i e s  o n ly  a f t e r  lo n g  p e r io d s  o f  t im e . In  s in u s o id a l  

movements in c re a s e s  in  s tim u lu s  am p litude  a n d /o r  freq u e n cy  r e s u l t s  in  

a  decreased  g a in  b u t o n ly  a  sm all phase l a g  o f  th e  eye movement. An 

an a lo g  com puter model has been  fo rm u la ted  w hich d e sp la y s  th e s e  

c h a r a c t e r i s t i c s  t o  e x p la in  th e  ty p e  o f  fu n c t io n  w hich m ight be 

perform ed c e n t r a l l y  (2 1 ) .

A th o ro u g h  q u a n t i ta t iv e  a n a ly s is  o f  th e  slow  phase  v e lo c i ty  

c h a r a c t e r i s t i c s  o f  OKN in  th e  monkey has n o t been  c a r r ie d  o u t .

K om atsuzaki e t  a l  (58 ) d id  m easure v a r io u s  p a ram ete rs  o f  OKN such 

a s  maximum q u ick  phase v e lo c i ty ,  slow  phase  v e lo c i ty ,  freq u en cy  

( b e a t s / s e c . ) ,  and t o t a l  eye d e v ia t io n  and r e la t e d  th e s e  t o  s tim u lu s  

v e lo c i ty .  They found a  g e n e ra l ly  in c re a s in g  f u n c t io n ,  a lth o u g h  

n o n lin e a r ,  o f  s tim u lu s  v e lo c i ty .  The r e s u l t s  o f  t h e i r  s tu d ie s  a re  

shown i n  F ig s .  2.9  and 2 . 10.  Cheng and O u te rb rid g e  (6 ) have r e c e n t ly  

Bhown t h a t  a s  th e  s tim u lu s  speed in c re a s e s ,  th e  freq u en cy  o f  th e
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P ig . 2*9 Graphs o f  param eters o f  OKN o f one monkey. Graphs A and 
C were o b ta in ed  from d a ta  reco rded  on th e  same d a te  and 
B and D from d a ta  ta k e n  5 days l a t e r .  A and B a re  th e  
s tan d a rd  te B t s i tu a t io n  w ith  e ig h t  s t r ip e s  on th e  OKN drum.
In  C and D th e  number o f  s t r i p e s  was doubled . Each p o in t  
i s  th e  mean v a lu e  o f  a  s in g le  param eter over a  30-second 
p e r io d . The v e lo c i ty  and frequency  o f  th e  OKN s tim u lu s  a re  
shown on th e  a b s e is s a  in  d e g re e s /se c  and s t r i p e s / s e c .  P e r fe c t 
fo llo w in g  f o r  slow phase v e lo c i ty  in  d e g re e s /sec  o r  f o r  
frequency  in  b e a ts /s e c  would fo llo w  th e  d o tte d  l in e s  marked 
"V elo c ity "  and "Frequency". The c lo sed  boxes a r e  symbols 
f o r  t o t a l  d e v ia t io n  i n  d e g re e s , th e  open boxes f o r  maximum 
slow phase v e lo c i ty  in  deg rees  s e c . th e  open t r i a n g le s  f o r  
maximum quick  phase v e lo c i ty  in  deg rees s e c . th e  c lo sed
c i r c l e s  f o r  am plitude  o f  b e a ts  in  deg rees and th e  open c i r c l e s  
f o r  frequency  in  b e a ts  s e c . Taken from  Komatsuzaki e t  a l  (58)
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F ig . 2 .1 0  D ata o f  F ig . 2 .9  r e p lo t te d  f o r  in d iv id u a l  p a ra m e te rs . The 
s o l id  l i n e s  in  each graph show th e  resp o n se  t o  th e  norm al 
t e s t  s i t u a t io n  (8  l i n e s  360°  )• The d o tte d  l i n e s  show th e  
resp o n se  t o  doub ling  th e  number o f  s t r i p e s  in  th e  OKN drum. 
The u n d e rly in g  d o tte d  l i n e  in  th e  graph o f  slow phase eye 
v e lo c i ty  shows p e r f e c t  fo llo w in g  f o r  each  v e lo c i ty  o f  drum 
r o t a t i o n .  In th e  g raph  o f  frequency  th e  u n d e rly in g  s o l id  
l i n e  shows frequency  changes which would occur i f  one b e a t 
o f  nystagmus corresponded t o  th e  passag e  o f  one s t r i p e  
when th e r e  were 8 s t r i p e s / 3600 . The d o tte d  l i n e  shows 
1 : 1 fo llo w in g  f o r  16 s t r i p e s / 3600 . Taken from  Komatsuzaki 
e t  a l  ( 58) .



nystagm us b e a ts  approaches a  bim odal d i s t r ib u t io n  w here th e  second 

freq u en cy  i s  a  harmonic o f  th e  p rev io u s  one. A ll o f  th e s e  s tu d ie s  

in d ic a te  t h a t  env ironm enta l v e lo c i ty  i s  th e  im p o rtan t s ig n a l  in  d r iv in g  

th e  o p to k in e tic  system  and p ro b ab ly  i s  re s p o n s ib le  f o r  d r iv in g  th e  

sa c c a d ic  g e n e ra to r  to  i n i t i a t e  th e  q u ick  phases o f  nystagm us. T h is  

id e a  w i l l  be  used in  C hapter F iv e  when a  param eter a d a p tiv e  scheme i s  

used  to  id e n t i f y  th e  pa ram ete rs  o f  a  q u ick  phase g e n e ra to r  u s in g  

n eu ro n a l a c t i v i t y  a s  th e  re fe re n c e  system  s t a t e s .

Because o f  th e  seem ingly  common n a tu re  o f  sac c ad ic  g e n e ra tio n  

f o r  v e s t ib u la r  and o p to k in e tic  nystagm us, th e  q u e s tio n  a r i s e s  a s  to  

w hether th e r e  i s  co u p lin g  betw een th e  slow phase g e n e ra to rs  o f 

v e s t i b u la r  nystagm us and OKN. T h is  i s  indeed  th e  c ase  and i s  b r i e f l y  

d e sc rib e d  in  th e  n ex t s e a t io n .
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2 .5  V isu a l-V e s tib u la r  I n te r a c t io n

There i s  an  in tim a te  r e la t io n s h ip  betw een th e  v is u a l  and 

v e s t ib u la r  system  and r e c e n t ly  th e r e  has been  e s ta b l is h e d  ev idence  

th a t  th e r e  i s  an  in te r a c t io n  (5, 15, 16 ,  26 ,  27> 75 ) •

One example i s  "F lash  nystagm us" w hich i s  induced by f l i c k e r in g  a  

l i g h t  in  one eye (7 5 )• Because th e  d i r e c t io n  o f t h i s  nystagmus i s  

dependent on th e  p o s i t io n  o f  th e  head in  sp ac e , i t  in d ic a te s  t h a t  

th e  v e s t ib u la r  system  has a  r o le  i n  p roducing  i t .  The in te r a c t io n  

i s  a ls o  shown by  th e  s e n s a tio n  o f  self-m ovem ent ( c i r c u l a r  v e c tio n )  

caused by whole f i e l d  r o ta t io n  i n  man (5* 2 6 ) . T h is  shows t h a t  th e  

c e n t r a l  mechanism re s p o n s ib le  f o r  sen s in g  s e l f - r o t a t i o n  from  th e  

la b y r in th  i s  a ls o  coupled in to  by  th e  v is u a l  system . The e x ac t 

co u p lin g  mechanism i s  n o t c l e a r  b u t th e  p e r ip h e ra l  r e t i n a  i s  im portan t 

in  in d u c in g  c i r c u l a r  v e c tio n  ( 5 )«

From a  n e u ro p h y s io lo g ic a l p o in t  o f  view  Cohen e t  a l  ( 1 5 ) ,  have 

dem onstrated  t h a t  monkeys a re  u n ab le  to  m a in ta in  slow phase v e lo c i t i e s  

o f  more th a n  U5 -  60/ s e c .  d u rin g  OKN a f t e r  u n i l a t e r a l  o r  b i l a t e r a l  

lab y rin th ec to m y . T h is  in d ic a te s  t h a t  th e  o p to k in e tic  system  u t i l i z e s  

th e  v e s t ib u la r  system  f o r  h ig h e r  v e lo c i ty  fo llo w in g . M oreover, 

th e  nystagm us which fo llo w s  OKN when th e  an im al i s  p u t in  darkness 

(O p to k in e tic  a f t e r  nystagm us) i s  a b o lish e d  a f t e r  b i l a t e r a l  l a b y r in th e c t ­

omy ( 15* 10U, 105) .  D ichgans e t  a l  ( 27) and Henn e t  a l  (U8 ) dem onstrated 

t h a t  a c t i v i t y  o f  neurons in  th e  v e s t i b u la r  nuc leu s  was e i t h e r  enhanced 

o r  decreased  by  induc ing  OKN in  one d i r e c t io n  o r  a n o th e r . For a  more 

com plete rev iew  o f th e  v e s t i b u la r - v i s u a l  in t e r a c t io n  see  Cohen ( 16 ) .

From th e  above i t  i s  c l e a r  t h a t  th e  v e s t ib u la r  system  i s
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a f fe c te d  "by v is u a l  in p u t .  Using a  s t a t e  th e o r e t ic  approach  a  com­

p le te  slow  phase g e n e ra to r  can  he fo rm ula ted  which ta k e s  t h i s  e f f e c t  

in to  accoun t by in tro d u c in g  co u p lin g  c o e f f ic ie n ts  in  th e  system  m a tr ix  

betw een v e s t ib u la r  and v i s u a l  s t a t e  v a r ia b le s .  In  S e c tio n  4 .4  such 

a  g e n e ra to r  i s  fo rm u la ted .

T h is concludes B art One o f  th e  d i s s e r t a t i o n  which d e sc r ib e s  

th e  e s s e n t i a l  p ro p e r t ie s  o f  th e  Oculomotor C o n tro l System. The 

n ex t c h a p te r  which i s  th e  second p a r t  o f th e  d i s s e r t a t i o n  develops 

th e  m athem atical th e o ry  which i s  u t i l i z e d  f o r  a d ap tin g  th e  pa ram ete rs  

o f  th e  model f o r  q u ick  phase g e n e ra tio n .



CHAPTER 3

MATHEMATICAL TECHNIQUE FOR ADJUSTING PARAMETER VALUES OF THE MODEL

3 .1  In tro d u c tio n

The m athem atica l approach used t o  e s t a b l i s h  a  correspondence 

between s t a t e s  In  a  model and u n i t  f i r i n g  In  th e  oculom otor system  I s  

c a l le d  a  p a ram ete r ad ap tiv e  te c h n iq u e . T h is te ch n iq u e  u ses  a  m odel- 

re fe re n c e  system  c o n f ig u ra tio n  ( 66,  73 ) in  c o n ju n c tio n  w ith  a  

Liapunov fu n c tio n  fo rm ula ted  f o r  th e  purpose o f  Id e n t i fy in g  th e  

model p a ram ete rs . The I n i t i a l  model In  th e  c o n f ig u ra tio n  i s  

fo rm ula ted  based  on p h y s io lo g ic a l argum ents and th e  re fe re n c e  

system  i s  co n sid ered  t o  r e p re s e n t  th e  a c tu a l  eye movement c o n tro l  sub­

system . A Liapunov fu n c tio n  i s  fo rm u la ted  based  on th e  resp o n se  

e r r o r  e q u a tio n  o b ta in ed  from a  com parison o f  th e  re fe re n c e  and model 

system s when b o th  a re  su b jec te d  to  th e  same s t imul u s .  The Liapunov 

fu n c tio n  to g e th e r  w ith  i t s  f i r s t  tim e d e r iv a t iv e  in  accordance w ith  

L iapunov 's  s t a b i l i t y  c r i t e r i a  p ro v id e  th e  dynamics needed t o  id e n t i f y  

th e  m o d e l's  p a ra m e te rs . The ad ap tiv e  id e n t i f i c a t i o n  o f  th e  model i s  

implemented b y  u t i l i z i n g  th e  s tim u lu s  resp o n se  d a ta ,  th e  u n i t  a c t i v i t y  

d a ta ,  and th e  c o n s t r a in t s  imposed upon th e  tim e  d e r iv a t iv e  o f  th e  

Liapunov fu n c tio n . The m athem atical developm ent o f  th e  pa ram ete r 

a d ap tiv e  te ch n iq u e  i s  p re sen te d  in  th e  c h a p te r  f o r  two r e a l i z a t io n s  

o f  th e  model. A r t i f i c i a l  examples a re  shown t o  dem onstrate  th e  

convergence p ro p e r t ie s  o f  th e  m ode l-re fe ren ce  system .

The n ex t s e c t io n  rev iew s th e  l i t e r a t u r e  r e l a t e d  t o  system  

m odeling and id e n t i f i c a t i o n  u s in g  a  m o d e l-re fe ren ce  a d a p tiv e  approach .
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3 .2  H is to r ic a l  Background

The m o d e l-re fe ren ce  a d a p tiv e  app roach  i s  a  p o p u la r  te c h n iq u e  

used In  th e  d e s ig n  o f  a d a p tiv e  c o n tro l  sy stem s. I t  i s  p a r t i c u l a r l y  

u s e f u l  In  a p p l ic a t io n s  v h lc h  re q u ir e  r a p id  a d a p ta t io n  I . e .  a u to ­

p i l o t s  ( 37 )•  The co n v en tio n a l m o d e l-re fe ren ce  a d a p tiv e  d e s ig n  

fo rce d  a  g iv en  re fe re n c e  system  t o  respond  i n  ap p ro x im a te ly  th e  same 

way a s  a  s p e c if ie d  m athem atica l model f o r  a  g iv en  s t im u lu s . T h is  ob­

j e c t iv e  was r e a l iz e d  by d e s ig n in g  a  c o n t r o l l e r  w hich compared th e  

o u tp u t o f  th e  re fe re n c e  system  w ith  t h a t  o f  th e  model and ad ap ted  o r  

changed th e  p a ram ete rs  o f  th e  re fe re n c e  system  so  t h a t  th e  re sp o n se  

t o  th e  g iv en  s tim u lu s  f o r  b o th  system s would be  ap p ro x im a te ly  eq u a l 

a cc o rd in g  t o  some perform ance in d ex . I f  t h e  c o n t r o l l e r 's  r o l e  I s  

m od ified  so  t h a t  i t  u p d a te s  th e  m o d e l's  p a ram ete rs  t o  m atch th e  i n ­

p u t-o u tp u t c h a r a c t e r i s t i c s  o f  th e  re fe re n c e  system , th e  m o d e l- re fe r ­

ence  c o n f ig u ra t io n  may be  used t o  id e n t i f y  th e  re fe re n c e  system*

W hitaker e t  a l  (110) w ere one o f  th e  f i r s t  t o  a p p ly  a  

p a ram ete r ad ju stm en t te ch n iq u e  in  t h e i r  a p p l ic a t io n  t o  c o n t r o l l in g  

th e  b e h a v io r  o f  an a i r c r a f t .  They used  a  model r e fe re n c e  c o n f ig u ra t io n  

w ith  th r e e  a d ju s ta b le  system  p a ram ete rs  and th r e e  in d ic e s  o f  perfo rm ance, 

one f o r  each  p a ra m e te rs . They d e riv ed  th e  a d a p tiv e  a lg o rith m s  based 

on th e  g ra d ie n t  o f  an  even fu n c tio n  o f  th e  e r r o r  betw een model and 

re fe re n c e  system  o u tp u ts .  The e r r o r  fu n c tio n  chosen  was v e ry  c r i t i c a l  

and convergence was n o t g u a ran teed .

Osborn e t  a l  (72) m odified  th e  above m entioned method by  

choosing  th e  a d ju s t in g  mechanism t o  m inim ize th e  i n t e g r a l  sq u are  e r r o r  

by  a  g ra d ie n t  te c h n iq u e . T h is  method became v e ry  p o p u la r  and h as  been
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known a s  th e  "MIT r u l e . "

At about th e  same a s  th e s e  s tu d ie s  were b e in g  c a r r ie d  on,

M argolis ( 63) and S ta ffe n so n  ( 96 ) were ap p ly in g  th e  pa ram ete r a d ap tiv e  

te ch n iq u e  to  th e  s tu d y  o f  th e  i d e n t i f i c a t i o n  problem . They c a l le d  

t h i s  te ch n iq u e  th e  le a rn in g  model approach . They m inim ized th e  

s e n s i t i v i t y  fu n c tio n  u s in g  a  g ra d ie n t  te ch n iq u e  and in  t h i s  way th e  

a d ap tiv e  a lg o rith m  were s im ila r  to  th e  "MIT r u l e ” m entioned e a r l i e r .

W ith th e  p o p u la r iz a t io n  o f Liapunov’s d i r e c t  method (4 4 , 54,

59) many re s e a rc h e rs  s t a r t e d  ap p ly in g  t h i s  te ch n iq u e  to  m o d e l-re fe ren ce  

a d a p tiv e  c o n tro l  system s (4 2 , 43 , 65 ,  66 ,  69,  70 ,  73> 80 ) .

Bang (80 ) was one o f  th e  f i r s t  t o  d e sig n  a  c o r r e c t iv e  

dynamics c o n t r o l le r  based  on a  Liapunov fu n c tio n . The b a s is  f o r  

h is  d e s ig n  was to  fo rc e  a  system  t o  behave acco rd in g  t o  a  g iv en  model 

by d e sig n in g  a  c o n t r o l le r  to  make th e  e r r o r  betw een th e  o u tp u t o f  th e  

model and th e  system  be a s s y m p to tic a lly  s t a b l e .  However, h i s  d esig n  

was n o t a  param eter ad ju stm en t scheme and he found th a t  th e  ad ap tiv e  

p ro p e r t ie s  were r e l a t i v e l y  slow and la rg e  t r a n s ie n t s  occu rred  i f  th e  

p ro cess  c o e f f ic ie n t s  and t r a c k in g  param eters  d i f f e r e d  w id e ly . Grayson 

(42 , 43) implemented th e  c o n t r o l le r  in  a  s l i g h t l y  d i f f e r e n t  way 

and was a b le  t o  o b ta in  more ra p id  convergence tim e s . However, t h i s  

manner o f  d e sig n  had th e  shortcom ing th a t  a lth o u g h  th e  e r r o r  goes 

a s sy m p to tic a lly  t o  z e ro , th e r e  i s  no param eter a d ju stm en t. T h e re fo re  

i t  cannot be used in  an  i d e n t i f i c a t i o n  scheme.

Barks (7 3 ) extended th e  Liapunov tech n iq u e  by a l l e v i a t i n g  

somewhat th e  shortcom ings o f  th e  "MIT r u le "  and th e  methods o f Bang 

( 80) and Grayson (4 2 , 4 3 ) . He designed  a  c o n t r o l le r  t o  a d ap t th e  

pa ram eters  o f  a  g iv en  re fe re n c e  system  t o  t h a t  o f  a  s p e c if ie d  model
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u s in g  L iap u n o v 's  d i r e c t  m ethod. He p o in ts  o u t th e  a n a ly t i c a l  

d i f f i c u l t i e s  a s s o c ia te d  w ith  th e  "MET r u le "  and g iv e s  an  example o f  

a  second o rd e r  system  such  t h a t  a  c o n t r o l l e r  designed  u s in g  t h i s  

"MET r u le "  le a d s  t o  i n s t a b i l i t y .  He th e r e f o r e  red esig n ed  th e  a d a p tiv e  

a lg o rith m s  f o r  problem s c o n s id e re d  by o th e r  r e s e a rc h e r s  (5 3 t  H i )  

u s in g  L iap u n o v 's  d i r e c t  m ethod. However, he chooses th e  d e r iv a t iv e  

o f  th e  Liapunov fu n c tio n  n e g a tiv e  s e m i-d e f in i te  so t h a t  i f  t h e  e r r o r  

goes t o  z e ro , th e  p a ram ete rs  s to p  changing  and co n seq u en tly  makes 

th e  t r a c k in g  e q u a tio n s  in p u t dependen t.

In  a  p ap er by Shahein  e t  a l  (9*+) th e s e  shortcom ings a re  

em phasized and a n  a tte m p t i s  made t o  choose th e  d e r iv a t iv e  o f  th e  

Liapunov fu n c t io n  n e g a tiv e  d e f i n i t e  in  e r r o r  and p aram ete r m is a l ig n ­

m ent. However, th e  o b ta in ed  p a ram ete r a d ju s t in g  e q u a tio n s  a r e  dependent 

on th e  d e r iv a t iv e s  o f  th e  in p u t and unknown p a ra m e te rs .

Mekel ( 65 , 66 ) u t i l i z e d  a  Liapunov fu n c tio n  t o  id e n t i f y  th e  

p a ram ete rs  o f  a  human o p e ra to r  in  a  c o n tro l  t a s k .  I t  was in  t h i s  s tu d y  

t h a t  d i f f e r e n t  r e a l i z a t i o n s  o f  a  system  were f i r s t  ex p lo red  a s  a  p o s s ib le  

means o f  u n co v erin g  th e  mechanisms by  which a  system  i s  c o n t r o l le d .

N arendra and Kudva ( 69 ,  70 ) ex tended some o f th e  id e a s  o f  mod­

e l in g  v ia  a  Liapunov fu n c t io n  t o  m odeling where n o t a l l  s t a t e  v a r i a ­

b le s  a r e  m easu rab le . The a lg o rith m s  developed have v e ry  lo n g  a d a p ta t io n  

tim e  and i n  many c a se s  ap p ea r n o t to  work.

In  a l l  s tu d ie s  done so  f a r  no c r i t e r i o n  has been  d e fin ed  w hich 

a s s e s s e s  th e  a d a p ta t io n  p r o p e r t ie s  o f  th e  c o n t r o l l e r  o r  has an y  a tte m p t 

been  made t o  i d e n t i f y  models whose e x a c t s t r u c tu r e  i s  n o t t h a t  o f  th e  

re fe re n c e  system  ( in e x a c t  i d e n t i f i c a t i o n ) .



In  th e  n ex t s e c t io n  th e  m athem atical th e o ry  o f  a d a p ta t io n  

w i l l  be d e riv ed  and shown how i t  may be used i n  th e  m odeling o f th e  

saccad ic  g e n e ra to r  o f  th e  oculom otor system .
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3 .3  M athem atical Theory o f A d ap ta tio n

In  t h i s  s e c t io n  th e  m athem atica l d e r iv a t io n  o f  th e  ad ap tiv e  

c o n tro l  a lg o rith m s  used f o r  i d e n t i f i c a t i o n  i s  p re se n te d . I t  i s  shown 

how d i f f e r e n t  r e a l iz a t io n s  o f  a  system  le a d  t o  a d a p tiv e  a lg o rith m s  

which have d i f f e r e n t  convergence p r o p e r t i e s .  The d e r iv a t io n s  have been 

c a r r ie d  o u t f o r  two such r e a l i z a t io n s  o f a  system : The "phase v a r ia b le  

form" r e a l i z a t i o n  which i s  c lo s e ly  r e l a t e d  to  th e  " c o n tro l la b le  form" 

r e a l i z a t i o n ;  and th e  "o b se rv ab le  form" r e a l i z a t i o n .  Both o f  th e s e  a re  

im p o rtan t in  th e  th e o r e t i c a l  developm ent o f  th e  model f o r  saccad ic  

g e n e ra tio n  co n sid ered  in  t h i s  d i s s e r t a t i o n .

3*3.1  S ta tem en t o f  Problem

B efore c o n s id e rin g  th e  d e r iv a t io n  o f  th e  v a rio u s  a d a p tiv e  

a lg o r ith m s , a  s ta tem en t o f  th e  b a s ic  problem  i s  g iv e n . C onsider th e  

m o d e l-re fe ren ce  system  c o n f ig u ra t io n  d e p ic ted  in  F ig u re  3*1. The 

re fe re n c e  system  may re p re s e n t  any p a r t  o f  th e  oculom otor system  which 

i s  t o  be modeled and i s  r e f e r r e d  t o  as  th e  Oculomotor subsystem . The 

s tim u lu s  resp o n se  d a ta  and th e  s t a t e  v e c to r  f o r  th e  sybsystem  a re  

assumed t o  be  a v a i la b le  from  experim en tation*  I t  i s  f u r th e r  assumed 

t h a t  th e  oculom otor subsystem  i s  a  s t a t e  determ ined p ro p e r d i f f e r e n t i a l  

system * and may be d e sc rib e d  by th e  d i f f e r e n t i a l  e q u a tio n :

dnz dn ”1z dmr  dm-1r

”7 n + a n - l  n-1 * ............ + a0z = bm Tm +  V l  m-1 + ..........+ V  3*3*1Qv Qv ut/ d t

*  A p ro p e r d i f f e r e n t i a l  system  i s  one where n> m  i n  E quation  3.3*1
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Model System

R eference System 
(Oculomotor 

Subsystem)

C o n tro lle r

F ig . 3 .1  M odel-Reference c o n f ig u ra tio n  f o r  a d a p ta tio n  o f  a  model 
in  s t a t e  form . C o n tro lle r  desig n  based on Liapunov 
fu n c t io n ,  r  i s  th e  s tim u lu s  v e c to r ,  z and x a re  th e  
re fe re n c e  system  and model system  s t a t e  v e c to rs  
r e s p e c t iv e ly ,  and u and w a re  th e  c o n t r o l le r  a d a p ta t io n  
v e c to r s .
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T h is  n th  o rd e r  d i f f e r e n t i a l  e q u a tio n  i s  e q u iv a le n t t o  a  system  o f  n 

f i r s t  o rd e r  d i f f e r e n t i a l  e q u a tio n s  and in  v e c to r  n o ta t io n  i t  ta k e s  

th e  form :
z_ = A z_ +- B r  3*3*2

where den o tes  th e  s t a t e  v e c to r ,  r  r e p re s e n ts  th e  s tim u lu s  v e c to r  
~  dz

and z s  —  • The e lem en ts o f  m a tr ic e s  A and B, w hich a r e  r e la te d  t o  
d t

th e  c o e f f i c i e n t s  o f  th e  d i f f e r e n t i a l  e q u a tio n  (E q u atio n  3*3*1) a re  

unknown and a re  t o  be  i d e n t i f i e d  based  on th e  m easurem ents made on i t s

s t a t e  v e c to r  z and th e  in p u t r . M atrices  A and B w i l l  be  s a id  t o  have

been  id e n t i f i e d  when E quation  3*3*2 has a  re sp o n se  w hich i s  approx­

im a te ly  eq u a l t o  t h a t  o f  th e  p h y s ic a l  system  (oculom otor subsystem ) 

under c o n s id e ra t io n  when b o th  a re  su b jec te d  t o  th e  same s tim u lu s .

As a  s t a r t i n g  p o in t  f o r  th e  m odeling ap p roach , a  t e n t a t i v e

m athem atica l model system  o f  th e  same form  a s  E q u a tio n  3*3*2 i s  chosen .

L et th e  model system  re p re s e n t  th e  re fe re n c e  system  and be  d e sc rib e d  

by  th e  fo llo w in g  v e c to r  d i f f e r e n t i a l  e q u a tio n :

x  r  H x +  G r  3*3*3

where r  i s  th e  same s tim u lu s  v e c to r  a s  f o r  E q u a tio n  3*3*2, and x  

and i  a re  th e  m o d e l's  s t a t e  v e c to r  and th e  d e r iv a t iv e  o f  th e  s t a t e  

v e c to r  r e s p e c t iv e ly .  The aim  i s  th e n  to  a d ap t th e  e lem en ts  o f  m a tr ic e s  

H and G so  t h a t  e v e n tu a lly  H~*A and G-+B. The f i n a l  v a lu e s  o f  th e  

e lem en ts o f  m a tr ic e s  H and G a re  unknown b u t  th e y  may be  a ss ig n e d  a  

s e t  o f  i n i t i a l  v a lu e s  which a re  updated t o  match th e  re fe re n c e  system  

re sp o n se . To in s u re  convergen t a d a p ta t io n , L iap u n o v 's  d i r e c t  method 

i s  used  t o  d e r iv e  th e  a d a p tiv e  a lg o rith m s  and th e  i n i t i a l  m a tric e s  

Hq and Gq a re  chosen so t h a t  t h e i r  e lem en ts l i e  i n  th e  s t a b i l i t y  

re g io n  o f  th e  L iapunov fu n c tio n  ( 66 ,  67 ,  68 ) .
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For l in e a r  s in g le  In p u t d i f f e r e n t i a l  system s which a re  

p ro p e r o f o rd e r n ,  th e r e  a re  s e v e ra l  ways o f  r e a l i z in g  r e la t io n s h ip s  

a s  g iven  by E quations 3*3*2 and 3*3*3* The r e a l i z a t i o n  depends on 

th e  cho ice  made f o r  th e  s t a t e  v a r ia b le s  and d i f f e r e n t  ch o ice s  w i l l  

le a d  to  d i f f e r e n t  r e a l iz a t io n s  (120)* The r e a l i z a t i o n  problem  

could  g iv e  c lu e s  a s  t o  th e  a c tu a l  s t r u c tu r e  o f  a  p h y s io lo g ic a l 

system  where th e  s t r u c tu r e  i s  v i r t u a l l y  in d e te rm in ab le  by an atom ica l 

means.

In  th e  n ex t s e c tio n s  i d e n t i f i c a t io n  a lg o rith m s  f o r  C o n tro lla b le  

and O bservable form  r e a l iz a t io n s  w i l l  be d e riv ed  u s in g  L iap u n o v 's  

d i r e c t  method.
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3*3*2 Phase V a ria b le  Form R e a l iz a t io n  (C o n tro l la b le  Form)

In  t h i s  s u b se c tio n  a  phase  v a r ia b le  form  r e a l i z a t i o n  o f  th e  

model i s  d is c u s se d . The s t a t e  v a r ia b le s  chosen  a r e  r e f e r r e d  t o  

a s  phase v a r ia b le s ,  a  name t h a t  stem s from  th e  c o o rd in a te s  o f  th e  

phase sp ace . T h is  c h o ice  o f  s t a t e  v a r ia b le s  i s  p r a c t i c a l  s in c e  i t  

has th e  ready  p h y s ic a l  i n t e r p r e t a t i o n  a s  one v a r ia b le  b e in g  th e  r a t e  

o f  change o f  th e  o th e r  o r  v ic e  v e r s a ,  a s  one b e in g  th e  in t e g r a l  o f  

th e  o th e r .  In  c o n s id e r in g  th e  n e u ro p h y s io lo g ic a l makeup o f  th e  

b ra in s tem  t h i s  would be in te r p r e te d  a s  one c la s s  o f  neurons in t e g ­

r a t i n g  th e  a c t i v i t y  o f  a n o th e r  c la s s s  o f  n eu ro n s. T h is  ty p e  o f 

b eh av io r i s  q u i te  p la u s ib le  when one c o n s id e rs  neurons on a  c e l l u l a r  

l e v e l  (71 ,  91 )*

In  o rd e r  t o  d e r iv e  th e  i d e n t i f i c a t i o n  dynamics f o r  a  c o n t r o l l ­

a b le  form r e a l i z a t i o n  o f  th e  oculom otor su b sy s tem 's  m athem aticz l mode], 

one must f i r s t  fo rm u la te  th e  e r r o r  v e c to r  d i f f e r e n t i a l  e q u a tio n  f o r  

th e  m o d e l-re fe ren ce  system  in  te rm s o f  th o se  phase v a r ia b le s .

I t  should  be n o ted  t h a t  I n i t i a l l y  th e  resp o n se  o f  th e  re fe re n c e  

system  w i l l  n o t be th e  same a s  th e  re sp o n se  o f th e  t e n t a t i v e  m athem at­

i c a l  m odel, when b o th  a r e  su b je c te d  t o  th e  same s tim u lu s . T h is  i s  

because th e  t e n t a t i v e  m o d e l's  p a ram ete rs  a r e  assumed i n i t i a l l y  d i f f e r ­

e n t from  th o se  o f  th e  re fe re n c e  system .

F or an  n th  o rd e r  system , n  s t a t e  v a r ia b le s  a re  n e c e s sa ry  and 

s u f f i c i e n t  to  r e p re s e n t  th e  dynamic b eh av io r o f  th e  system  and th e  

phase v a r ia b le  form  r e a l i z a t i o n  m a tr ic e s  o f  E qs. 3*3*2 and 3*3*3*
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A, B , H, and G assume th e  fo llo w in g  form  (120)

0 1 0  . . . . .  0
j j 
0 0 0  . . . . .  0

0 0  1 .......... 0 0 0  0  . . . . .  0

3 . 3 . ^  B =

0 0 0 .......... 1 0 0  0  .......... 0

^ 0  -*1  ^ 2 ..........^ n . i b b  bn . . . . .  b0 1 2 .......... m

H =

'0 1 0 . . . 'o 0 0 . . .

0 0 1  . . .

3 .3 .6  G -

0 0 0 . . .

0 0 0  . . . 0 0 0  . . .

"ho -hl -h2  . . . ••  -hn - l g0 el g g . . . ••  ®m

3.3.7

Note a l s o  t h a t

r  s

m

3 .3 .8 where
dW r

r k  =
atk -1



The d if f e r e n c e  betw een th e  m o d e l's  resp o n se  and th e  re fe re n c e  system  

resp o n se  i s  th e  m ode l-re fe ren ce  system  e r r o r .  L et t h i s  e r r o r  be 

denoted by v e c to r  e  and d efin ed  a s

e = z -  x 3*3*9

Note t h a t  e ,  x ,  and z a re  tim e  v a ry in g  v e c to rs  g iven  by

1
H*3 V IV

z2 x2 je 2

• 3*3*10 p • 3.3*11 e = e

• • •

zn ■* *■

*nm m .®n.

D if f e r e n t ia t in g  Eq. 3*3*9 w ith  re s p e c t  t o  tim e  y ie ld s

e = z -  x 3*3*13

where th e  do t deno tes th e  tim e d e r iv a t iv e  and th e  v e c to rs  Zj x , and 

e  a re  g iven  by



S u b s t i tu t in g  E q u a tio n s  3*3*2 and 3*3*3 in to  E qu a tio n  3*3*13 y ie ld s ,  

a f t e r  some a lg e b r a ic  m a n ip u la tio n s , th e  v e c to r  e r r o r  d i f f e r e n t i a l  

e q u a tio n  f o r  th e  model re fe re n c e  system :

o r
e  = H e - t - b u  z + d w  r

I 4* 4*
e s A e + b u x + d v  r

3*3*17

3*3*17'

v h e re  th e  s u p e r s c r ip t  t  d en o tes  th e  m a tr ix  o r  v e c to r  t r a n s p o s e .

The v e c to r s  u and w a re  th e  pa ram ete r m isalignm ent v e c to r s  and may 

be r e l a t e d  t o  th e  r e f e re n c e  system  and model system  m a tr ic e s  ex p ressed  

in  E q u a tio n s  3*3*2 and 3*3*3 by th e  fo llo w in g  r e l a t io n s h ip s :

A -  H =  b u

B -  G = d w*

where v e c to r s  b ,  u ,  d> and w a r e  g iv en  b y :

b  -

3*3*18

3*3*19

d =

*
0 "*0 *  h0

0 -â  +• 3*3*20 U r ♦
• #
1_ .-a n - l *  V i

p* *10

r—
 

10fit•

0 bl - *L• •• 3*3*22 vs *» 0
1' bn - l ~  Sn-1

3*3*21

3*3*23

The a d a p tiv e  a lg o rith m s  a r e  d e riv e d  based  on e i t h e r  e q u a tio n  

3*3 .1 7  o r  3 *3 *1 7 ' •  The e q u a tio n  one chooses to  work w ith  de term ines 

th e  ty p e  o f  a d a p ta t io n  which must be implemented on th e  d i g i t a l  com puter. 

I f  E qu a tio n  3*3*17 i s  used th e n  L iap u n o v 's  c r i t e r i o n  has t o  be s a t i s f i e d  

based  on a  tim e  v a ry in g  m a tr ix  H. T h is  le a d s  t o  com plica ted  c o n tro l  

a lg o rith m s  s in c e  th e  s t a b i l i t y  o f  th e  system  m ust be checked each  tim e



57

H changes. However* i f  I t  i s  assumed t h a t  th e  re fe re n c e  system*

re p re se n te d  by th e  m a trix  A, i s  a  s ta b le  system , th e n  th e  e x is te n c e

o f a  Liapunov fu n c tio n  i s  a ssu red  (59) and a  s ta b le  c o n t r o l l e r  can

be de term ined . T h e re fo re  E quation  3 .3 .17*  i s  used i n  d e r iv in g  th e

a d ap tiv e  a lg o r ith m s .

E quation  3«3*17* way be viewed a s  c o n s is t in g  o f  th r e e

p e r tu r b a t io n a l  v e c to rs  e ,  u ,  and w, d en o tin g  th e  m o d e l-re fe ren ce

system  e r r o r  and param eter m isalignm ent v e c to r s  r e s p e c t iv e ly ,  in

te rm s o f which a  Liapunov fu n c tio n  may be fo rm u la te d . An a p p ro p r ia te

Liapunov fu n c tio n  should be p o s i t iv e  d e f in i t e  in  th e  e r r o r  a s  w e ll

a s  i n  param eter m isa lignm en ts. T h e re fo re , one may choose a  Liapunov

fu n c tio n  o f  th e  form

V = e J ' M e - h U fcN u + w t Q w  3*3.2^

where m a tr ic e s  M, H, and Q a re  symmetric square  m a tr ic e s  and g iven  by :

M -

ml l  ®12 

“12 “22

m‘I n

“ 2n

N r

“ in
m ...

2n —  “nn

“l l n12 •• —  “ i n

n12 “22 •• —  n2n

3 .3 .2 5

nl n  n2n nn

3 .3 .2 6

Q =

qn  qi2 '  I n  

q12 q2 2  q2n

ql n  q2n 9nn

3.3 .27



The e lem ents o f  th e  p reced ing  m a tr ic e s  may he c o n s ta n ts  o r  

fu n c tio n s  o f  th e  s t a t e  v a r ia b le s .

When c o n s id e rin g  l in e a r  o r  p iecew ise  l i n e a r  c o n s ta n t re fe re n c e  

systems*^ m a tric e s  M, N, and Q may be r e s t r i c t e d  t o  be c o n s ta n t m a tric e s  

chosen i n  accordance w ith  L iapunov’s s t a b i l i t y  c r i t e r i o n .

D if f e r e n t ia t in g  eq u atio n  3 .3*24 w ith  r e s p e c t  t o  tim e  and th e n  

s u b s t i tu t in g  E quation  3»3«17' and i t s  tra n sp o se  g iv en  by

3 .3 .2 8

th e  tim e  d e r iv a t iv e  o f  th e  Liapunov fu n c t io n  i s  o b ta in ed  in  th e

fo llo w in g  form:

V s -e t  D e +* 2 [u*  N + z ^ b 11 M e J J u i ^ J w 1 Q + r ^ d *  M e j j w  3 .3 .2 9

where

D = At  M + M A 3 .3 .3 0

In  m a trix  form

dl l  dl 2

D * 3 .3 .3 1

d.nn

*  T his w i l l  be th e  case  when th e  oculom otor subsystem  b e in g  id e n t i f i e d  
behaves in  a  l i n e a r  o r  p iecew ise  l i n e a r  tim e in v a r ia n t  f a s h io n  du rin g  
th e  i d e n t i f i c a t i o n  in te r v a l .



59

«
L iap u n o v 's  c r i t e r i o n  f o r  s t a b i l i t y  c a l l s  f o r  V > 0  and V 4  0 .

One way t o  comply w ith  L iapunov 's  c r i t e r i o n  f o r  s t a b i l i t y  i s  to  

c o n s tr a in  th e  e lem en ts o f  th e  m a trix  D to  s a t i s f y  th e  fo llo w in g  

c o n d it io n s :
d n >  0

3 .3 .3 2
d , .= d -  0

i j

where i  and j  deno te  row and column r e s p e c t iv e ly .  However, s in c e  

an unknown system  m a tr ix  A i s  Involved  in  so lv in g  E quation  3 .3*30 , 

a  t r i a l  and e r r o r  p ro cedu re  must be used t o  o b ta in  th e  e lem ents o f  

th e  M and D m a tr ic e s  u n t i l  convergen t a lg o rith m s  a re  o b ta in e d .

This however i s  l e s s  o b je c t io n a b le  th a n  f in d in g  a  Liapunov fu n c tio n  

fo r  a  tim e  v a ry in g  system .

I f  th e  d e r iv a t iv e  o f  th e  Liapunov fu n c tio n  i s  f u r th e r  c o n s tra in e d  

by l e t t i n g

u 5 N+z*  (b^ M e )  :  0  3 .3 .3 3

w* Q + r 11 (d* M e )  = 0 3 .3 -3 ^

th en  th e  c o n t r o l l e r  dynamics f o r  u p d a tin g  th e  p a ram eters  o f  th e  

model a r e  determ ined  by th e se  e q u a tio n s .

These e q u a tio n s  can  be summarized a s  fo llo w s :

E quation  3*3*32 in s u re s  t h a t  m a trix  D i s  p o s i t iv e  d e f in i t e  ( D > 0 ) .

E quation  3 .3 .3 0  can  th e n  be so lved  f o r  a  p o s i t iv e  d e f in i te  m a trix  M*.

M atrices N and Q must a ls o  be chosen p o s i t iv e  d e f in i t e  ( N > 0 ,  Q >0 )  

in  o rd e r  to  in s u re  convergen t a d a p tiv e  a lg o rith m s . The e lem en ts o f

* There alw ays e x i s t s  such a  m a trix  i f  th e  m a trix  A re p re s e n ts  a  s ta b le  
system  ( 59> 6U)
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m a tric e s  M, N, and Q a r e  n o t unique and a r e  used a s  c o n t r o l l e r  d esig n  

p aram eters  t o  v a ry  th e  covergence p ro p e r t ie s  o f  th e  i d e n t i f i c a t i o n  

dynam ics.

I t  should  be  noted  th a t  because o f th e  c o n s t r a in t s  imposed by 

E quations 3.3*33 and 3*3*3^> th e  d e r iv a t iv e  o f  th e  Liapunov fu n c tio n  (V) 

i s  n e g a tiv e  s e m id e f in i te  a s  opposed to  n e g a tiv e  d e f i n i t e .  T h is  i s  

because V i s  o n ly  a  fu n c tio n  o f th e  model re fe re n c e  system  e r r o r  and 

does no t depend on th e  pa ram ete r m isalignm ent v e c to rs  u and w. T h is  

im p lie s  t h a t  th e  e r r o r  e q u a tio n  i s  on ly  s ta b le  and th e  p o s s i b i l i t y  o f  

o s c i l l a t i o n s  in  p a ram ete r m isalignm ent space may e x i s t  w ith o u t hav ing  

e x ac t i d e n t i f i c a t i o n .

By s o lv in g  e q u a tio n s  3*3*33 and 3 . 3 . 3U f o r  th e  c o n tro l  v e c to rs  

u and v , e x p l i c i t  e x p re ss io n s  f o r  th e  i d e n t i f i c a t i o n  c o n t r o l le r  

dynamics may be r e a l i z e d .  S ince  b^ M e i s  a  s c a la r  q u a n t i ty ,  one may 

o b ta in  from  E q u ations 3*3*33 and 3*3*3^ th e  fo llo w in g  r e la t io n s h ip s :

= -b* N*1 (b* M e ) 3*3*35

w* = -r*  N"1 (a* M e ) 3.3*36

The tra n sp o se  o f  E q u ations 3.3*35 and 3*3*36 y ie ld s

u -  -  (N )̂""1 z  (b11 M e )  3 .3 .3 7

w a -  (Q^)"1 r  (d* M e ) 3 . 3 .38

In  o rd e r  to  fo rm u la te  th e  m athem atical a d a p tiv e  a lg o rith m s  in  

term s o f th e  model pa ram ete rs  (e lem en ts o f  H and G m a tr ic e s ) ,  a  

r e la t io n s h ip  among E quations 3*3*28, 3*3*19> 3*3*35, and 3*3*36 must
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be o b ta in e d . T h is  may be done by assum ing th a t  th e  changes in  th e  

re fe re n c e  system  (oculom otor subsystem ) p aram eters  a re  much slow er th a n  

th e  v a r i a t io n  o f th e  model p a ram e te rs . M atrices  A and B may th e n  be 

co n sidered  a s  b e in g  tim e in v a r ia n t  ov er th e  id e n t i f i c a t i o n  i n t e r v a l .  

T h e re fo re , d i f f e r e n t i a t i n g  e q u a tio n  3*3*18 and 3.3*19 r e s p e c t iv e ly  

w ith  re s p e c t  to  tim e  y ie ld s

-  H = b u* 3*3*39

r* 3 . 3A 0

s in c e  b and d a re  c o n s ta n t v e c to r s .  S u b s t i tu t in g  E quations 3*3*35 and 

3*3*36 in to  E quations 3*3*39 and 3 . 3.^0  one o b ta in s

H = b a* N"1 (b* M e ) 3* 3*^1

G = d r*  Q"1 (d* M e ) 3*3*^2

In te g r a t io n  o f  E quations 3*3*^1 and 3*3*^2 o v er th e  i d e n t i f i c a t i o n  

tim e in te r v a l  y ie ld s

f
H = H +■ / b  z* iT 1 (b* M e ) d t  3.3.U 3

0
T

G -  Gq +■ J  A £  Q’1 (d* M e ) d t  3 *3 * ^

where H and G a re  th e  i n i t i a l l y  chosen m a tric e s  f o r  th e  m athem atica l
0 0

model and T i s  th e  i d e n t i f i c a t i o n  in te r v a l .

The m athem atica l model w i l l  be co n sid e red  to  have been id e n t i f i e d  

when b o th  model and oculom otor system  produce app ro x im ate ly  th e  same 

resp o n se  when su b jec te d  to  id e n t ic a l  s t im u l i .  A "co n fid en ce  c r i t e r io n "
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that checks the model convergence to the reference system will he 

discussed in Section 3.5 where its purpose and usefulness will he 

demonstrated. In terms of Equation 3.3.2 this means that one has 

identified matrices A and B. Experimentation has also indicated 

that hy varying the matrices N and Q the convergence rate for identi­

fication changes. It is conjectured that optimal values for N and Q 

exist so that identification time is reduced to a minimum. A study 

of the nature of the convergence for different parameter values and 

finding the optimal matrices is a topic for future research.

3.3.3 Ohservahle Form Realization

In this subsection state variables are defined which lead to 

a state realization different from the phase variable realization 

presented in section 3.3.2 and is known as the observable form repre­

sentation. This form is shown to be particularly important in de­

riving the adaptive algorithms used to identify the saccadic genera- 
*

tor model .

Let it be assumed that the reference system may be expressed by 

the differential equation

z = A z + b r 3.3.U5

where

A =

-a 1 0 . . . . . 0
n-1 n-1

~an-2 0 1 . . . . . 0

3 . 3 .U6 b =

bn-2

•

"ai 0 0 . . . . .  1 •

- ao 0 0 . . . . .  0 bo

3.3.^7

'See Section 5*3



The a's and b's are unknown and are to be identified. A model sys­

tem may now be considered of the same form and given by the follow­

ing state equations:

x = H x + g. r 3 . 3 .  U8

where

H =

-hn-l 1 0 . . .. . 0

-hn-2 0 1 ... . . 0

onon

"hl 0 0 . . .

“ho 0 0 . . . . . 0

n-1

gn-2
3.3.50

°0

The form of these matrices may be obtained by examining the nth or­

der differential equation which may be expressed as follows:

dn z + dn_1(a„ t zn-1 ) + a 0 z = <ln 1(l5n-l r) + .............+ b r 3.3.51
ltn dtn dtn_1
where r denotes the stimulus for the system and z denotes its re­

sponse. If the state variables are chosen as follows:

Z1 = Z

z2 = Z1 + an-l z“V l  r

z = z^ , + a_ z-b, r n n-1 1 1

3.3.52

the differential equation given by 3*3.51 is equivalent to a system 

of n first order differential equations which are represented by 

Equation 3.3.U5 with the matrices as shown by Equations 3-3.1*6 and 

3.3.1*7-

In order to identify matrix A and vector b_, the same procedure 

as used for the controllable form realization in Section 3-3-2 is
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followed. First the error differential equation for the composite 

model-reference system as shown in Figure 3.1 is formulated. An 

identification controller is then designed, hased on Liapunov's 

criterion, which updates matrix H and vector so that eventually 

the response of the model system approximates that of the Oculomotor

system to a given stimulus. The reference system is considered

identified when H-^A and g-> b.

The state error vector expressing the difference between the 

reference system response and the tentative model system response 

when both are subjected to the same stimulus can again be expressed 

as

e_ = z_ - x 3.3.53

Differentiating Eq. 3.3*53 with respect to time yields

e_ = z_ - x_ 3.3.5^

Substituting Eqs. 3.3.^5 and 3.3-^8 into 3.3.5^ gives after some

manipulations the error differential equation

_e = H e_ + (A - H) z_ + (b - g) r 3.3.55

or
e_ = A e_ + (A - H) x + (8. “ £.) r 3-3.55'

The equation one chooses to work with determines the type of adapta­

tion which must be implemented on the digital computer. If Eq.3.3.55 

is used then Liapunov's criterion will have to be satisfied based on 

a time varying matrix H. This leads to complicated control algorithms 

since the stability equations have to be checked each time matrix H is 

updated. However if it is assumed that the reference system is a



stable system then the existence of a Liapunov function is assured 

(59) and a stable controller can be determined. Therefore Eq.3.3.55' 

is used in deriving the adaptive algorithms.

Let the parameter misalignments be given as:

A - H = u c‘ 3.3.56

b - g. = w 3.3.57
where the superscript^^denotes the vector transpose and vectors 

u_, v, and c are given by

u =

U1

u2

un

"an-l + hn-l

~an-2 + hn-2

-a. + h0

3.3.58 w =

W1 bn-l - Sn-1
w2 bn-2 - §n-2
. •

• •

wn 1

0bO1O 
■° 

1

3.3.59

1

0

c = 3.3.60

Since c_ x = x^5 Equation 3.3.55* may be written in the following 

form

e_ = A e _ + u x ^  + w r 3.3.61

where x^ and r are scalars and denote the response and stimulus 

respectively.
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Equation 3.3.61 may tie looked upon as containing three perturba- 

tional quantities. These are the model reference error e_, and the 

parameter misalignment vectors u_ and w.

In order to design the identification controller, a Liapunov 

function for Equation 3.3.6l is chosen such that it is both positive 

definite in model reference system error as well as in parameter mis­

alignment vector error vector. Therefore, an appropriate Liapunov 

function is chosen in the same way as for the controllable form 

realization. Let the Liapunov function be given by:

V = e ^ M e _ + u fcN u  + w fcQ w  3.3.62

where matrices M, N, and Q are symmetric positive definite matrices 

whose elements are constants. Differentiating Eq.3.3.6l and its 

transpose, the time derivative of the Liapunov function is obtained 

as follows:

V = - e ^ D e _ + 2 u ^  ( N u  + Me_ x^) + 2 w ^  ( Q w  + Me_r) 3-3.63 

where

-D = A1 M + M A 3.3.6U

To satisfy Liapunov's criterion V> 0, Vj£0, Eq.3.3.61* may be 

solved in the same manner as described for the controllable form 

realization (See Section 3-3.2)

Letting

N u + M e x 1 = 0  3-3.65

Q w + M e r  = 0  3-3.66
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Equations 3.3.65 and 3*3.66 constitute the hasic relations from 

which the adaptive controller and the identification dynamics may 

be realized. Rearranging Equations 3.3.65 aud 3.3.66 one obtains the 

relationship

u = - N-1 M e_ x 3.3.67

w = - Q ' * " M e _ r  3.3.68

Equations 3-3.67 and 3-3.68 represent the identification dynamics 

and the realization of these equations produces the adaptive control­

ler dynamics. Matrices M, N, and Q are obtained in the same manner

as in Section 3*3.2.

In order to formulate the mathematical adaptive algorithms in 

terms of the model parameters (elements of H and G matrices), a 

relationship among Equations 3*3.56, 3.3.57> 3-3.67, and 3.3.68 must 

be obtained. This may be done by assuming that the changes in the 

reference system (Oculomotor subsystem) parameters are much slower 

than the variations of the model parameters. Matrices A and B may 

then be considered as being time invariant over the identification 

interval. Therefore, differentiating Equations 3-3.56 and 3-3.57 

with respect to time yields

H =-u e* 3-3.69

i = -± 3 .3 . 7 0

Substituting Equations 3-3.67 and 3.3.68 into Equations 3-3-69 and 

3 .3 . 7 0 gives
-1  6 H = N M e _ x 1 c_ 3.3.71

i = Q _ 1 M e  r 3-3-72
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Integration of Equations 3.3-71 and. 3.3.72 yields the following 

relationships: T

H = Hq + j (N- 1  M e_ x1 c*) dt 3.3.73

£ = ^ 0

T
(Q- 1  M e r) dt 3.3.7^

where H and g^ are the initially assumed values for the matrix H 
0

and vector £  and T denotes the identification interval.

The next section demonstrates the controller adaptive algorithms 

with various digital computer simulations.
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*
3 A  Digital Computer Simulation Examples

In this section the design and implementation of the parameter 

adaptive control algorithms are demonstrated by two examples. They 

show the adaptation of phase variable and observable form realizations 

of a second order model system. The parameters of the model system 

are intentionally chosen different from that of the reference system 

and then adapted using the algorithms derived in Section 3.3. It is 

shown how the model-reference error vector approaches zero and the 

model parameters approach those of the reference system over the 

identification interval.

Because these examples are chosen merely to demonstrate the con­

vergence of the adaptive algorithms, the reference system parameters 

are assumed known. However when the reference system is not known 

exactly some measure will be needed in order to monitor the adaptation. 

Therefore in Section 3.7 these examples are studied again in terms of 

a "Confidence Criterion" for-model adaptation using a modified model- 

reference adaptive approach. This is discussed in Sections 3-5 and 

3.6.

3.U.1 Example 1 - Second order system with 2 unknown parameters 
(Phase Variable Form)

This example examines the performance of the adaptive controller 

when used with a second order model. The system matrix for the model 

which contains two unknown parameters, is to be identified for a phase 

variable form realization. The reference system under consideration is 

assumed to be described by the differential equation:

*These examples identify different realizations of a differential sys­
tem proposed as a model for a human operator in a control task (6 5 ,6 7 )
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z + 22 z + 1 2 1 z = 1 02 r + 187 r 3.U.1

where r is the input and z is the response. A tentative mathematical 

model for the reference system is chosen of the form:

where x is the response and r is the same input as for Eq.. 3-^.1- 

The problem at hand is to identify h^ and hg so that the reference 

system and model have the same response to a given input. It is 

assumed that h-̂  and hQ are completely arbitrary, except that one 

may assign initial values to hpand hQwhich lie within the stability 

region of the Liapunov function chosen for identification. The 

initial values are denoted by h-̂ g and hgg. A controller or an 

adaptive algorithm is now realized which updates the initially chosen 

values of hj_and IiqSO that the final mathematical model represents the 

reference system.

For a phase variable representation of Eq,.3.U.2 the H matrix 

for the model system has the form

x + h, x + h x = 102 r + 187 r 1 0 3.U.2

0 1
3.U.3

-h,0 -h.1

and the realization is shown in Figure 3.2. Equations 3-3.375 3-3.38 

and 3.3.39 and 3 .3 .^ 0 may now be used to find the controller dynamics 

and they are given by the following relationships:
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R eference  System

C o n tro lle r

d t d td t

-h-187

F ig . 3.2  Phase v a r ia b le  form  r e a l i z a t i o n  f o r  a  second o rd e r model 
(Two param ete r a d a p ta tio n )
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— — ri

u
1 0

CM
•3

II

H

it

— —1 L—

m12 el + n i22 e 2

nil n22 ni2

ml2 el+  m22 e 2

nll n22*ni2

( xx n22+ x 2 n12 )

( X;L n12 -  x2 n1;L)

3.U.1+

Note that w^ and w^ are equal to zero for this example.

In order to satisfy Liapunov’s stability criterion i.e. V>0, 

V<_ 0, the following conditions are imposed:

n > 0 
11

n22> 0 3.U.5

n u  n 2 2  -  n i 2  > 0

m > 0 
11

m22> 0 3.U.6

mll m22 - mi2 > °

and from Equation 3-3.30

ao

D =

2 a„ m ^ a0 m22 + al m12 " mll

a0 m22 - \  ” 1 2 ”ll 2 ( a! “ 22 - ml2 >

3.U.7

Equation 3-^-7 contain the unknown parameters and consequently choosing 

the elements of the matrix M to obtain a convergent controller becomes 

a trial and error procedure. In many cases some range of values are
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known fo r  th e parameters o f  the unknown system and th is  eases the  

problem o f  fin d in g  appropriate elem ents o f  the matrix M to  obtain  

convergent a lgorithm s. Because Liapunov’s c r ite r io n  i s  only a s u f f i ­

c ien t con d ition  to  obtain  a convergent c o n tr o lle r , parameters which 

do not s a t i s f y  th ese  equations w i l l  a lso  sometimes lea d  to  converg­

in g  algorithm s.

In Figures 3.3 and 3.1*, are shown th e  tim e behaviour o f the para­

meter adaptation and the s ta te  e r r o r s . The behaviour in  parameter 

space i s  shown in  Figure 3-5* The c o n tr o lle r  design m atrices were 

chosen a s :

1*268 29
M = 3.1* .8

29 30

7018 0

D = 3.1*.9

0 1262

1

3 .1*.10

1

The s ta r t in g  values o f  the parameters are

h = 100 
10 3.1*. 11
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F ig . 3 . 3  Adaptation of parameters and hQ (Example l)
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Pig. 3.U Model-Reference syfcem errors e^ and e vs. time 
during adaptation (Example l)
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22 ..

: 121

Fig. 3 . 5  Adaptation of parameters h and h in parameter space 
(Example l). Starting values of pSrameters h = 100, 
hCo“ 50 Final values of Parameters h^ = 22 ® h ~ 121.



77

3 A .  2. Example 2 -  Second Order System with 2 Unknown Parameters 
(Observable Form)

This example examines th e performance o f the adaptive co n tro ller  

when applied to  a second order model system . The system m atrix, which 

contains two unknown param eters, i s  to  be id e n t if ie d  for  an Observable 

Form r e a liz a t io n .

The referen ce system  i s  again assumed to  be described by the  

d if f e r e n t ia l  equation

where r i s  th e  input and z i s  th e response.

A te n ta t iv e  m athem atical model for  the referen ce system i s  again  

chosen o f  the form

Therefore a c o n tr o lle r  must be designed to  update the i n i t i a l l y

z + 22 z + 121 z = 102 r + 187 r 3.U .12

x + hn x + h x = 102 r + 187 r 
1 0 3 A . 13

where h and h should adapt to  th e values 22 and 121 r e sp e c tiv e ly

chosen values o f  h^ and h^. For an Observable Form r e a liz a t io n  of 

Equation 3 A . 13, the H m atrix for  the model has th e form

h 1
1

H 3 A . A

0

and the r e a liz a t io n  i s  shown in  Figure 3>6.
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R eference System

C o n tro lle r

187
u2 u-l

Cr-Uh 4

102

/ x.
d t

-h(0

F ig . 3 . 6  O bservable fo rm  r e a l i z a t i o n  f o r  a  second o rd e r  model 
( Two param ete r a d a p ta tio n )
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From Equation 3.3.71 and 3.3.72 the controller equations are as 

follows:

u
1

•

ii

u
2

x.
n n„„ - n 2 

11  22 12

(- n22 ml:L + n12 m1 2 )e1+(- n22 m12 + n1 2 )e£

n n „  - n 2
11 22 12

( -  nlx  m12 + mi;L n1 2 )e1t-(- nu  m22 + m12 ni 2 )e2

3.U.15

Note that w-̂  and w 2 are equal to zero.

In order to satisfy Liapunov's criterion for stability that 

V >_ 0 and V <_ 0 the following conditions must be satisfied:

n > 0  
11

n 22 > 0

n_, n 
11  22

3.U.16

n12  > 0

m2 2 >  0 3.U.17

m11 m22 -  > 0 

The matrix D is given in terms of the elements of the M and A matrices 

by

D =

2 m a + 2 m a„ 11 1 12 0

h  "12 + m22 a0 -  "11

al  m12 + m22 a0 -  “ill

-2 m.12
3.U.18
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Note that for this example again the D matrix depends on the 

unknown parameters a^ and a^. The reason and justification for this 

is explained above in Sections 3-3.3 and 3.4.1

In Figures 3-7 and 3.8 are shown the time history of the para­

meters h and it and the time behaviour of the model-reference sys- 1 0
tern errors e^ and e^ respectively. The behaviour of h-̂  and hg and 

e^ and e^ in parameter space and error state space respectively are 

demonstrated in Figure 3.9* The matrices M, D, and N used in the 

controller design were chosen as:

M =

700

-23.96

-23.96

10.142

3.4.19

D =

25001.68

47.92

3.4.20

.01 0

N =

0 .01
The starting values of the model parameters were chosen as

3.4.21

hi o  = 2 h Q0 = 200 3.4.22
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****** «t

H---------------- h
•2 3

Time ( s e c .)

121

Time ( s e c .)

F ig . 3-7  A d ap ta tio n  o f p a ram ete rs  h and hQ (Example 2)
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Time ( s e c . )

Time (sec.) ---

F ig . 3 . 8  M odel- re fe re n c e  system  e r r o r s  e^ and e2 v s .  tim e  
d u rin g  a d a p ta tio n  (Example 2 ) .



121

Fig* 3*9 A dap ta tion  o f  param eters  h and h in  p a ram e te r space
and the "behavior of the errors and e in error space 
(Example 2). Starting values of parameters h = 2, hn_- 
final values of parameters 22 and h =121. Errors e^ 
and oscillate and decay toward zero.
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3.5 Confidence Criterion for Modeling Approach.

The purpose of the previous examples was to check the validity 

of the controller adaptive properties. Since the reference system 

was assumed to be known (all the parameters known) a criterion to 

establish identification of the model was not necessary. One can 

determine the identification of the model when the parameters of the 

model approach the reference system parameter values. However, when 

the reference system parameters are unknown, as is the case in phy­

siological systems, an exact model structure for the reference sys­

tem is never assured. Consequently, one must have a way of insuring 

with some degree of confidence that the model is representative of 

the processes in the reference system under investigation. Such 

a criterion is called a "confidence criterion" and is derived in 

this section. Among its features the criterion may also suggest 

whether additional stimulus is required to continue the adaptive 

process of the model.

Since the controller is designed based on a Liapunov function, 

the overall model reference configuration is stable and the Liapunov 

function value at t = 0 is larger than at any other time, i.e.

V (0) >_ V (t). The integral of -V (t) is given by

f TI - V dt = V(0) - V(T) (T - Identification) 3.5-1
J Interval

together with the Liapunov function at t = 0 may be utilized to

form a "confidence criterion".
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3.5.2

3.5.3

If the model-reference configuration is assymptotic ally stable then

V (T) 0 and hence "7 -> 0.
1

Therefore, the smaller ^  gets, the better the adaptation.

The negative semi-definite derivative of the Liapunov 

function implies that the model reference system is only stable and 

not assymptotically stable. Therefore adaptation could stop without 

having identified the proper values of parameters . One way to over­

come this difficulty is to monitor the value of 7̂ ^ and keep perturb­

ing the system until v{.-̂ is below some present value, i.e. , c

where c is some arbitrary constant. For inexact modeling, if 

does not get smaller then the model has been adapted to its fullest 

extent.

In order to monitor over the identification interval, the 

derivative of the Liapunov function V and the initial value of the 

Liapunov function V (0) must be known.

The Liapunov function may be viewed as being composed of three 

parts, i.e.
V = Vi + v2 + v 3 3.5*1*

Let the confidence criterion be defined by:

T

.  x - V dt

V(0)

Substituting Eq..3.5*l into Eq,.3.5.2 yields:

V(t)
v ( 0 )
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where V^ = e ^ M e _  3.5-5

V2 = N u 3.5-6

V3 = ^  Q w 3.5-7

If N and Q are chosen such that

M »  N 3.5.8

M »  Q 3.5.9

over the range of possible initial parameter errors then

c  •
v (0 )  = V (e) + I- V a t  3 . 5 . 1 0

o

and may be taken as an estimate of V(0). T is the time at whichm
Vj reaches its maximum value, vlmax-

The "confidence criterion" may then be monitored over the 

identification interval by substituting 3 - 5 . 1 0  into 3 . 5 . 2  and ob­

taining: J-

V  = 1 -  Jo'V a t  3 -5 ' n

1 W + at 3-5-n
J0

Another parameter of interest is the smallness of the error 

portion of the Liapunov function at the end of the identification 

interval compared to its initial value. Thus the following parameter 

may be defined:

i  ■‘ HTi  M  -  IT

v  (0 ) V (e) r Tm-+  / - V dt 
Tm O

3.5.12

where (e_) is given by Equation 3-5-5 and V(0) is estimated by 
3.5.10.
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3.6 M odified Model-Reference Adaptive C ontroller Design

In the previous section it was shown how a "confidence cri­

terion" for adaptation could he defined if one had knowledge of
»

both V(0), the initial value of the Liapunov function, and V the 

derivative of the Liapunov function for all time. In order to 

alleviate some of the difficulties discussed previously such as 

finding the V function and estimating the initial value of the Liapunov 

function V(0), a modified model-reference adaptive controller is util­

ized (69,70).

Let the reference system be of the same form as before

z_ = A z_ + B r. 3 -6 .1

and modified model system is now chosen as

x = K x + ( H - K ) z _ + G r _  3.6.2

where H and G are to be identified such that as H-tA and G->B and K 

is an arbitrary known stable matrix. The form of K is chosen in 

accordance with the form of the matrix H and will be dependent on 

the realization desired for the model. A functional diagram of the 

modified model-reference configuration is shown in Figure 3.10A.

Insight into the dynamic properties of the modified model- 

reference adaptive system can be obtained by examining the equations 

and model reference configuration for the second order case.

For the second order observable form case the m odified  model

equations are given by:

x = - kj_ x-̂  + x2 + (- h1 + k-j_) +g1 r 3.6.3

%  = -  k o X1 + ( -  h o -  V  Z1 +go r

The realization is shown in Figure 3-10B. From this simple case it
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Model System

R eference System 
(Oculomotor

Subsystem)

C o n tro lle r

P ig  3 .10  A M odified m o d e l-re fe ren ce  c o n f ig u ra t io n  f o r  a d a p ta t io n  
o f  a  model in  s t a t e  form . C o n tro l le r  d e s ig n  i s  based  
on a  Liapunov fu n c t io n ,  r  i s  th e  s tim u lu s  v e c to r ,  z_ 
and x a re  th e  re fe re n c e  system  and model system  s t a t e  
v e c to r s  r e s p e c t iv e ly ,  and u and, a re  th e  c o n t r o l l e r  
a d a p ta t io n  v e c to r s .



Prom R eference System (See P ig . 3 .1 0  A)

d t

-k. -k.

F ig . 3*10 B Second o rd e r  r e a l i z a t i o n  o f  a  m o d ified  m odel
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can be seen that by changing the model-reference configuration to a 

modified model-reference configuration the h parameters have been 

altered from being feedback elements in the model to feed forward 

gains in the modified model. In other words, the elements of the K 

matrix provide the feedback gain for the model system. Since the 

reference system states are bounded and K can be chosen arbitrarily 

this will lead to greater stability in the adaptive algorithms if the 

eigenvalues of K are chosen negative. It also allows greater flexi­

bility since additional parameters have been introduced via the K 

matrix. It must be kept in mind, however, that the h's although al­

tered in their role for purposes of identification still represent the 

parameters of the model of the "physiological" system under study.

Returning to the general case, if Equation 3.6.2 is substracted 

from Equation 3.6.1 the resultant error vector differential equation 

yields:

e = K e_ + (A - H) z_ + (B - G) r 3.6.U

This is exactly the same error equation obtained previously for the 

phase variable and observable form realizations of the model reference 

system, except that matrix K, which is the designer's choice, is multi­

plying e_ rather than H or A which is either time varying or unknown.

For the various forms of realization of the model system, the Liapunov 

function is chosen as in Section 3.3*2

"t "t* *f"V = e _ M e _ + u R u  + w Q w  3.6.5

where M, N and Q are defined by Equations 3.3.25, 3-3.26 and 3.3.27.

The resultant controller dynamics for the phase variable realization
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of a linear system are then exactly the same as Equations 3.3. 35 

3 .3 - 36 and are repeated here

^  = - N- 1  (b^ M e_) 3.6.6

w* = - £  Q- 1  (d13 M e_) 3.6.7

For the observable form realizationj the controller dynamics are 

obtained with z^ replacing x^ in Equations 3.3.67 3.3.68 and

are given by

u = - N-^ M e_ z^ 3.6.8

w = - Q- 1  M e_ r 3.6.9

However, the derivative of the Liapunov function which is given by

V =-et D e 3.6.10

is now dependent on known chosen matrices since

- D = K t M + M K  3.6.11

where K and M are chosen in order to obtain satisfactory convergence 

properties.

The confidence criterion discussed in Section 3.5 may now be 

evaluated using Equation 3-5.2 as:

= 1 _ fL ̂  3.6.12
\ t I rTle_ M e + eetD e dt

o

where Tm is the time at which V .reaches a maximum. Since D is a 

known matrix given by Equation 3-6.11, ^  may be evaluated.

In the next section examples showing the convergence properties 

of the modified adaptive algorithm will be shown. The usefulness of 

the "confidence criterion" will also be demonstrated.
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One may also examine

3-6-13

as a check on the adaptation.

In order to evaluate 3.6.11 - 3.6.13, the time derivative of 

the Liapunov function (V) would have to be known over the entire 

identification interval. However, to known ^ at each instant of time 

one would need knowledge of the reference system matrix A in order to 

evalaute Matrix D where

known function throughout the identification interval. Consequently, 

a modification in the adaptive algorithm is required to establish a 

viable "confidence criterion". Before such a criterion can be es­

tablished a modified model reference system is considered. This is 

shown in Sections 3.6 and 3-7.

3. 6* lfc
•  • wsince V = -e De. Because A required identification, V is an un-
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3.7 Examples Showing the Modified Model Reference Adaptation 

In this section the same examples which were shown above 

in Section 3.U are reevaluated to demonstrate the adaptive properties 

of the modified model reference system and to demonstrate how the 

"confidence criterion" defined previously may be used to give a mea­

sure of the adaptation which has taken place.

In each of these examples the reference system is assumed to be 

given by the differential equation:

d2z

at2 1 dt 0 dt 3-7.1

where , aQ ,  ana b Q a re  s p e c if ie d  f o r  each example

and "controllable" and "observable" form realizations for this

system are identified. The model representations were chosen as
_  —

X
1

=
"kl 1

X1

*2 “k0 0 x2

_ _ _ _ _

- h i  + ki

- h0 + ko

for the observable form realization and

■*- —
.

X
1

—

X
2

—

0 1

-k -k

x

x

gi

Zl  +

g0̂

r* _, p-

~ V kl  "ho +ko

3.7.2

0 0

g g.

3.7.3

for the controllable form realization. Note that h^ and hQ and g^

and gQ are the parameters which correspond to the reference system

parameters ap, a^, b^ and bg respectively.* Note also rj_=r and r^=dr.
 ____ _ ___________  dt
*See Section 3.6 for a detailed explanation



For each of the examples presented in this section, computer 

printed graphs are shown for each parameter adaptation. Below the 

graph the printed computer information is shown. The starting para­

meters at the beginning of the identification interval, the M, N , K, 

and D matrices used to obtain the controller dynamics are also given. 

The final values of the parameters are indicated by an F in front of 

the parameter, i.e., FH1, FHO, FG1, and FGO. Printed out are the 

other pertinent parameters which are related to the adaptation.

the adaptation interval is denoted by VIM and the estimation of V(0) 

is shown. The confidence criterion is evaluated in terms of INT 

VD and V(o) and denoted by ETA1. ETA2 ('̂ g) is evaluated in the pro­

denoted by ETA.

Since (e) is used in estimating the value of V(0), which 

is in turn used in defining the confidence criterion, its dynamic 

behaviour is shown for each example. It can be seen thatV^ reaches 

a maximum value very early in the identification interval and then 

falls off toward zero as adaptation takes place.

3.7-1 Example 1 - Two Parameter Adaptation for an Observable Form 

Realization

In Figure 3.11 is shown the adaptation of h^ and h.Q for an 

observable form model realization. Parameters g^ and gQ are assumed 

to be the same as the corresponding reference system parameters and 

having the value 102 and 187 respectively. In Figure 3.12 is shown the

■T
The maximum value of during

e_=z_ - x_, is to zero. is also given and is
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25-

.25 .5
Time (S e c . )

200

100

Time ( S e c . )

TT ME: • 5 STPF FPR H I - H P :  2 : ?  P P M  M £ T : 7 0 0  : - J P P  - 3 7  M M P T : . P I  : P  : ‘. P 1
K MPT:3P : ] ? P  D MPT: 2 2 P 0 0  : 0  : 2 00
FH 1 = 2 1 - 4 7 5 0
FHR= 1 2 2 - 3 6 7 0
TNT VD= 6 7 . 3 6 6 2
V1M=* 5 1 - 2 4  13
VC 01= 6 5 . 0 3 5 5
E T P 1 = -  0.  0353 ETP2 = 0 . PP04 ETP = p.  0353*

F ig . 3*11 Param eters and h o  a d a p ta tio n  f o r  m odified  m odel-re ference  
system  (Example l )
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5 0 -

2 5 "

Time (S e c .)

/  *b \P ig .  3 .12  P o r tio n  o f  Liapunov fu n c tio n  ( V^= e M e )  used in  
ev a lu a tin g  confidence c r i t e r io n  ( Example 1 )
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variation of the error portion of the Liapunov function V-^ie) with 

time. The maximum value of this function is used in estimating the 

initial value of the Liapunov function V, i.e. V(0). The time 

interval for the adaptation is .5 seconds. The initial values of 

the model parameters and the matrices used in designing the con­

troller are:

h10 2

K =

M =

D =

-30

-100  

”  700

-100

"22000

_0 
~  .01

0

h Q0 = 200

0

-iocT

3 7 _

0 “

22000

0 “

.01

3.7.U

3 . 7 . 5

3 . 7 . 6

3 . 7 . 7

3 . 7 .  8

3-7.2 Example 2 - Three Parameter Adaptation for a Controllable Form 

Realization

This example demonstrates a three parameter adaptation of a 

second order model system whose form is a phase variable realization. 

Parameters h^, hg, and gg are identified and parameter ĝ _ is assumed 

to be known and equal to the corresponding reference system parameter



having a value = 0 .  The time for each subadaptation interval is 

.25 seconds and the total adaptation interval is .5 seconds. The 

initial values of the model parameters and the matrices used in de­

signing the controller are:

h10 99 h 00 = 50 s oo ~ 0 3.7.9

K =

M =

D =

N =

-1 0 0

3870

-89

22000

0

. 0 0 5

j . 002 5

.0 0 5

Q =

30

-89“

3 °  _  

0

220

. 0 0 2 5

• 0 0 5 _  

. 0 0 2 5

3 . 7 . 1 0

3.7.11

3.7.12

3.7.13

3.7.1^

.0025 .005

The adaptation dynamics are shown in Figures 3.13, 3.1^, and 3.15* 

InFigure 3.16 is shown the variation of the V̂ (e_) function with time. 

As in example 3.7.1, the maximum value of this function is used in 

estimating the initial value of the Liapunov function, V(0).
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Fig. 3.13 Parameter hj_ adaptation for modified model-reference
system (Example 2)
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P ig . 3 . 11!- Param eter hQ a d a p ta t io n  f o r  m odified m o d e l-re fe ren ce  
system  (Example 2 )
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Fig. 3*15 Parameter gQ adaptation for modified model-reference
system (Example 2)
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F ig . 3 .16  P o r tio n  o f Liapunov fu n c tio n  ( V,= e^ M e  ) used 
in  e v a lu a tin g  confidence  c r i t e r i o n  (Example 2)



It should he noted that the elements of N and Q are chosen small 

and that under these conditions the adaptation is fairly rapid.

For the first .25 sec. the value of ^  is down to .0272 which is 

fairly good adaptation. A second run for next .25 sec. starting 

with the values attained at the end of the first . 2 5 sec. indicates 

that the maximum value of = e_'Me_ is . 0 2 5 5 as compared to 6k. 5^-79 

in the previous subadaptation period. The small value of V-̂  in this 

subinterval is because the parameters have been adapted to fairly 

close values to the true reference system parameters. Consequently, 

there is a small error (V^ = ê _ MeJ term in the next identification 

subinterval. This can be used as a measure of the goodness of one 

set of parameters over another set. Any further adaptation would give 

very slow convergence and does not warrant the extra effort. In some 

adaptation examples \^ might go negative. This is an indication 

that V(0) was not estimated correctly. Smaller choice of N and Q 

parameters usually improve the estimate of V(0).
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3.7.3 Example 3 - Four Parameter Adaptation for an Observable Form 

Realization

This example shows the adaptation of four parameters h^, hQ , 

g^, and gQ for an observable form realization. The subadaptation 

time interval is .25 seconds. This was repeated three times for a 

total adaptation interval of .75 seconds to show the decrements in 

■"*]_ and V1mqy in each identification sub interval. This indicates that 

the model adaptation is improving. The dynamics are shown in Figures 

3.17 - 3.22.

The initial choice for the model parameters and the matrices 

used in the controller design are:

h10 h00 200

K =

M =

D =

N =

g10

-30

-100  

”  700

-100

22000

0

.005

0

.005

=  100 =00
=  100

Q =

0

-100

37

0

2200_0

0

.005_

0

.005

3.7.15

3.7-16

3.7.17

3.7.18

3.7.19

3 .7 .20
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K MPT:3P : 1PP D M P T :2 2 P P P  : P : 2 P P  N M P T : . PP5 : P : • PP5 P M P T : . P 0 5  : 0 
D T = : . p .pp l
FH 1= 1 1 . 9 2 5 2  FHP= 1 3 0 . 9 S 5 P
FG 1= 7 3 . 9 3 1H FG0= 1 R 5 . 2 1 7 P
I MT VD= 6 5 . 9 4 3 3
V1M= 5 4 . 4 6  IP
V( F)= 7 1 . PPPP
F.TP1 = P. P 712  ETP2 = P . P 1 6 3  ETP= P . P 7 3 I *

Pig. 3*17 Parameter h and hQ adaptation for modified model-reference
system (Example 3)
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Fig. 3.18 Parameters and hQ adaptation for modified model-reference
system (Example 3) (Cont.)
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Fig. 3*19 Parameters and hQ adaptation for modified model-reference
system (Example 3) (Cont.)
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Fig. 3.20 Parameters S± and gQ adaptation for modified model reference
system (Example 3)
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Fig. 3.21 Parameters and gp adaptation for modified model-reference
system (Example 3) (Cont.)
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Pig. 3.22 Parameters g-̂ and gQ adaptation for modified model-referencesystem (Example 3) (Cont.)
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la  t b t s  c h a p te r  th e  a d a p ta tio n  o f  an i n i t i a l l y  chosen model 

was p re se n te d . The developm ent le d  t o  d e f in in g  a  "confidence 

c r i t e r io n "  which could h e  used t o  m onito r th e  a d a p ta tio n  p ro c e ss .

In  th e  nex t c h a p te r  a  model f o r  sac c ad ic  g e n e ra tio n  w i l l  be 

d iscu ssed  from a  s t a t e  th e o r e t ic  p o in t  o f  view . The model w i l l  

d e sc r ib e  saccad ic  g e n e ra tio n  in  a  "m icroscop ic"  way r a th e r  th a n  a  

m acroscopic in p u t-o u tp u t manner. T h is  w i l l  le ad  n a tu r a l ly  in to  

view ing th e  frequency  o f  f i r i n g  o f  c e r t a in  neurons as th e  s t a t e  

v a r ia b le s  o f  th e  sa c c a d ic  g e n e ra to r .
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CHAPTER 4

STATE THEORETIC MODELING OF THE OCULOMOTOR SYSTEM

4 .1  In tro d u c tio n

Da s e c t io n  2 . 3*2 th e  neurophysio logy  o f th e  sac c ad ic  g e n e ra to r  

was d isc u sse d . I t  was shown th a t  b y  reco rd in g  e x t r a c e l lu l a r ly  in  

th e  param edian zone o f th e  p o n tin e  r e t i c u l a r  fo rm atio n  (FRFF), v a r io u s  

u n i t  b eh av io r can be  r e la te d  to  q u ick  eye movements (See F ig . 2 .2 ) .

The prupose o f  t h i s  c h a p te r  i s  t o  c o n ce p tu a liz e  a  model w hich w i l l  

e x p la in  th e  observed u n i t  a c t i v i t y  and r e l a t e  i t  t o  th e  o v e r a l l  

b ehav io r o f  th e  oculom otor system . To t h i s  end s t a t e  th e o ry  o r  a  

"m icroscopic” approach  to  system s r a th e r  th a n  an  in p u t-o u tp u t 

"m acroscopic" approach has been u t i l i z e d  in  m odeling oculom otor 

b e h av io r . I t  i s  assumed t h a t  th e  oculom otor system  i s  s t a t e  d e term ined . 

The q u e s tio n  i s  what a re  i t s  s t a t e  v a r ia b le s ?  The answ er to  t h i s  

q u es tio n  should g iv e  in s ig h t  in to  th e  r e a l i z a t io n  o r  o rg a n iz a t io n a l  

makeup o f  th e  eye movement c o n tro l  system .

A co n cep tu a l model f o r  saccad ic  g e n e ra tio n  i s  shown in  F ig . 4 .1  A* 

The box la b e le d  saccad ic  g e n e ra to r  can be  modeled and made t o  correspond  

to  c e r t a in  n eu ro n a l a c t i v i t y  found in  th e  b ra in s tem . T h is  i s  shown 

in  S ec . 4 .3  and analyzed  i n  g r e a te r  d e t a i l  in  C hapter 3* In  o rd e r 

to  fo rm u la te  a  model which w i l l  e x p la in  qu ick  phase  g e n e ra tio n  in  

term s o f  th e s e  neurons i t  w i l l  be  assumed th a t  c e r t a in  ty p e s  o f  neurons 

a re  th e  s t a t e  v a r ia b le s  o f  th e  saccad ic  g e n e ra to r . The s t a t e  o f  a  

system  re p re se n ts  th e  minimum amount o f in fo rm atio n  th a t  one needs t o  

know abou t a  system  a t  a  g iv en  tim e  such th a t  i t s  f u tu r e  b eh av io r can



N eural S ig n a l 
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o th e r  in f lu e n c e s
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F ig . ^ .1  A C onceptual model f o r  th e  g e n e ra tio n  o f  sac c ad ic  eye movements
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be determ ined  w ith o u t re fe re n c e  t o  th e  in p u t b e fo re  a  g iv en  tim e .

The s t a t e  v a r ia b le s  o r  s t a t e s  which c h a r a c te r iz e  th e  system , 

com pletely  determ ine  i t s  b eh av io r and any v a r ia b le s  w ith in  th e  

system  can b e  d esc rib ed  i n  term s o f  th e  s t a t e s .  S in ce  th e  s t a t e  

v a r ia b le s  can  be r e la te d  t o  p h y s ic a l p ro p e r t ie s  o f  a  system , a  

s t a t e  th e o r e t i c  approach seems t o  be a  n a tu r a l  way t o  c h a r a c te r t i z e  

system  b e h a v io r . The ch o ice  o f s t a t e  v a r ia b le s  i s  n o t un ique  and 

d i f f e r e n t  ch o ice s  w i l l  le ad  to  d i f f e r e n t  m ath em atica l r e a l i z a t io n s  

o f  a  system  ( 25 ) .  The p a r t i c u la r  r e a l i z a t i o n  which most c lo s e ly  

ag rees  w ith  th e  p h y s io lo g ic a l d a ta  should g iv e  c lu e s  a s  t o  th e  s t r u c tu r e  

and b e h av io r o f  th e  p h y s io lo g ic a l system . F u rth e rm o re , i f  one could  

lo c a l iz e  th e  n eu ro n a l c la s s e s  w ith in  th e  b r a in  which may be  viewed 

as  th e  s t a t e  v a r ia b le s  o f th e  oculom otor sy stem , th e n  he could  

th e o r e t i c a l l y  d e sc r ib e  a l l  o f  oculom otor b e h av io r i n  te rm s o f  th e s e  

neurons.

The two fundam ental a sp e c ts  o f  oculom otor system  b e h a v io r , i . e . ,  

saccades o r  q u ick  movements and slow  movements can be  modeled s e p a ra te ly .  

However, o n ly  a  model f o r  qu ick  phase  g e n e ra to r  w i l l  be  id e n t i f i e d  

s in ce  th e re  i s  no u n i t  d a ta  a v a i la b le  a t  t h i s  tim e which can  be r e la te d  

d i r e c t l y  to  th e  slow  phase movements o f th e  oculom otor system .
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As d e sc rib e d  a b o v e ,th e  FPRF o f  th e  b r a in  stem  ap p ears  t o  

c o n ta in  th e  neuron c la s s e s  which a r e  re s p o n s ib le  f o r  d r iv in g  th e  

eyes t o  p erfo rm  saccades and q u ick  phases o f  nystagm us. N eural 

a c t i v i t y  in  th e  PfRF has been  c l a s s i f i e d  i n to  two broad  c la s s e s :  

l )  Pause u n i t s  and 2) b u r s t  u n i t s .  The d i f f e r e n t  ty p e s  o f  u n i ts  

have a lre a d y  been d iscu ssed  in  S ec . 2 .3 .2  and a re  shown in  F ig . 2 .2 .

The d u ra tio n  o f  th e  c e s s a t io n  o f  f i r i n g  in  th e  pause u n i t s  

(F ig . 2 .2  e - f ) 1b n e a r ly  l i n e a r l y  r e la te d  t o  th e  d u ra t io n  o f  th e  

movement and th e re fo re  th e s e  u n i t s  could  a c t  a s  a  sw itch  w hich e n ab le s  

o r d is a b le s  th e  saccad ic  g e n e ra to r .  3n su p p o rt o f  t h i s  id e a ,  K e l le r  (57) 

has r e c e n t ly  shown t h a t  by e x c i t in g  th e  pause  u n i t s ,  saccad ic  

g e n e ra tio n  cou ld  be su p p ressed .

The b u r s t  u n i ts *  e x h ib i t  a  g r e a te r  v a r i e ty  o f  d i f f e r e n t  a c t i v i t y  

which le a d  eye movements e i t h e r  w ith  lo n g , medium o r  s h o r t  l a t e n c i e s .  

Upon c lo s e r  exam ination  o f  th e  b u r s t  u n i t s ,  shown in  F ig . 2 .2 ,  by 

p lo t s  o f  th e  in s ta n tan e o u s  sp ik e  freq u en cy  v s .  tim e , th e  f i r i n g  

p a t te r n  o f  th e  v a rio u s  u n i t s  a re  much c le a r e r  and can  be see n  to  

behave q u i te  d i s t i n c t l y .  These p lo t s  f o r  th e  v a r io u s  u n i t s  a re  shown 

in  F ig .  4 .1  B .** The u n i t  shown i n  F ig . 4 .1  B-e ( s h o r t  le a d  b u r s t  u n i t )

*  U n its  which s t a r t  f i r i n g  80 t o  250 msec, b e fo re  th e  eye movement a r e  
term ed lo n g  lead  b u r s t  u n i t s .  U n its  w hich s t a r t  f i r i n g  12 t o  20 msec, 
b e fo re  th e  movement a r e  term ed medium le a d  o r  s h o r t  le ad  b u r s t  u n i t s .

** How th e s e  p lo t s  a r e  o b ta in ed  and a  d e ta i le d  e x p la n a tio n  o f  t h e i r  
b e h av io r i s  g iven  in  Sec. 5*2.
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F ig . 4 .1  B In s ta n tan e o u s  freq u en cy  v s . tim e behav io r o f  b u rs t  u n i ts
recorded  in  PFRF. U nits a re  assumed t o  b e  a s so c ia te d  w ith  

box la b e le d  "Saccadic G enera to r"  in  F ig . 4 .1  A.
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h as  th e  p ro p e r ty  t h a t  i t  r i s e s  im m ediately t o  a  h ig h  freq u en cy , a p p ro x i­

m ate ly  15 msec, b e fo re  th e  eye movement and th e n  f a i l s  r a th e r  sh a rp ly .

The o th e r  u n i ts  shown in  P ig . ^ .1  B -a ,b  ( lo n g  le a d  b u r s t  u n i t s )  have 

been  d iv id ed  in to  e s s e n t ia l ly  two c la s s e s .  There a r e  th o s e  th a t  r i s e  

and c u t o f f  v e ry  sh a rp ly  in d ic a tin g  s tro n g  in h ib i to r y  in f lu e n c e s , 

w h ile  th e  second ty p e  f a l l s  more s lo w ly . Both ty p e s  o f  lo n g  le a d  b u rs t  

u n i t s  have a  "b ip h a s lc "  dynamic c h a ra c te r  i n  t h a t  a  slow b u ild u p  o f 

a c t i v i t y  p reced es  th e  p e rio d  o f  more in te n s e  b u r s t  which p reced es  th e  

eye movement by  about 15 msec. T h is b eh av io r su g g es ts  t h a t  th e s e  u n i ts  

a re  fu n c t io n a l ly  d i s t i n c t  in  p roducing  q u ick  eye movements.

The q u e s tio n s  which need answ ering  a t  t h i s  p o in t  a r e :

1 . What r o le  does each o f  th e s e  neuron ty p e s  p la y  in  

cod ing  an  eye movement?

2 . How do th e se  neurons a c t  to g e th e r  t o  move th e  eyes?

A p a r t i a l  answer t o  th e se  q u e s tio n s  i s  o b ta in ed  by s e t t in g  th e s e  neurons 

i n  a  m athem atica l framework and th e n  in f e r r in g  th e  in te r n a l  s t r u c tu r e  

and n eu ro n a l co u p lin g  c o e f f ic ie n ts  o f  th e  system  on th e  b a s is  o f  

th e  ex p erim en ta l d a ta  u s in g  r e a l i z a t i o n  th e o ry  and L iapunov’s d i r e c t  

method t o  id e n t i f y  th e  system  p a ram ete rs .

U sing t h i s  m odeling approach i t  i s  assumed t h a t  th e  freq u en cy  of 

f i r i n g  o f  th e  lo n g  le a d  b u r s t  u n i ts  shown i n  F ig . h . l  B a r e  r e p re s e n ta t iv e  

o f  th e  s t a t e  v a r ia b le s  o f  th e  qu ick  phase g e n e r a to r .  I f  t h i s  b a s ic  

h y p o th e s is  i s  accep ted  th e  problem  o f  u n d e rs tan d in g  n eu ro n a l o rg a n iz a tio n  

can  be approached by r e a l iz in g  a  model whose s t a t e  v a r ia b le s  behave a s  

th e  neurons and in  a d d itio n  m a in ta in  th e  c o r r e c t  in p u t-o u tp u t b e h av io r .

In  d e sc r ib in g  oculom otor b eh av io r th e r e  i s  ev idence  t o  su g g est t h a t  th e  

nervous system  i s  capab le  o f  perform ing  a d d i t io n ,  m u l t ip l ic a t io n ,
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in te g r a t io n ,  th re sh o ld  se n s in g , and sw itch ing*  T h e re fo re , i n  th e  

model r e a l i z a t io n  such  f u n c t io n a l  r e la t io n s h ip s  a re  u sed . The sac c ad ic  

g e n e ra to r  i s  moreover assumed t o  he co m p le te ly  c o n tro l la b le  and 

o b se rv ab le . T h is assum ption  i s  w arran ted  because o f  th e  c lo se  

correspondence betw een n e u ra l  a c t i v i t y  and eye movement. In  a d d i t io n ,  

i t  i s  u n l ik e ly  t h a t  in  such a  p r e c i s e ,  w e ll o rgan ized  mechanism, 

th e r e  would be n eu ro n a l modes w hich a r e  u n c o n tro l la b le . As a  f i r s t  

approx im ation  a  " c o n tro lla b le "  form  r e a l i z a t i o n  f o r  th e  model was assum ed. 

However, a  model which i s  more p h y s ic a l ly  ap p ea lin g  can  be r e a l iz e d  by 

assum ing a l l  in te g r a t io n  t o  be n o n ld e a l . A second o rd e r  model was 

chosen because o f  th e  b ip h a s ic  c h a ra c te r  o f  th e  neuronal b eh av io r 

and th e  ty p e s  o f  u n i t s  t h a t  w ere a v a i la b le  (See P ig . U .l  B ). The 

model may be expanded i f  a d d i t io n a l  u n i t  ty p e s  a re  lo c a te d  i n  t h i s  re g io n  

o f  th e  b r a in .

The model f o r  th e  saccad ic  g e n e ra to r  w ith  id e a l  In te g r a to r s  i s  

shown in  F ig . ^ .2  A. to g e th e r  w ith  th e  m a trix  s t a t e  e q u a tio n s . The 

model u s in g  n o n id ea l in t e g r a to r s  i s  shown in  F ig . h.2  B. w ith  th e  s t a t e  

e q u a tio n s . A ll d e lay s  which a r e  In h e re n t in  th e  p ro p o g a tio n  o f  th e  

s ig n a ls  have been  n e g le c te d  in  o rd e r t o  reduce  th e  com plex ity  o f  th e  

model and g iv e  g r e a te r  in s ig h t  in to  th e  n e u ra l a c t i v i t y  in  th e  b ra in s te m . 

A more com plete model would o f  co u rse  have t o  ta k e  d e lay s  in to  account 

and i s  a  s u i ta b le  s u b je c t  f o r  fu tu r e  re s e a rc h . The model (F ig . k.2  B) 

c o n s is ts  o f  two p o r t io n s :  a  " c o n t r o l l in g  p o r tio n "  (sa c c a d ic  g e n e ra to r )  

which determ ines th e  dynamic re sp o n ses  o f  th e  system  s t a t e  v a r ia b le s  

and an  o u tp u t p o r t io n  (n e u ra l  in te g r a to r )  which r e l a t e s  s t a t e  v a r ia b le  

b eh av io r t o  th e  m otor neuron  a c t i v i t y .  The c o n t r o l l in g  p a r t  o f  th e  model



Slow Phase 
In fo rm atio n N eural

In te g ra to r

d t
Sw itch

Slow Phase I n f .  fy =0

> DZ

f l =  0
signum (f..) -  k5 (xo-x.

atat

F ig . k,2  A S ta te  r e a l i z a t i o n  o f  sac c ad ic  g e n e ra to r  w ith  id e a l  in te g r a to r s (  r  i s  th e  s ig n a l  
d r iv in g  th e  sa c c a d ic  g e n e ra to r  model and m i s  th e  s ig n d .d r iv in g  th e  a y e  p la n t)

120



SLOW
PHASE INFORMATION

NEURAL
INTEGRATOR

• 0
‘iO■k, • olgnum <f, } - k 2- (x3 - x 30 

Slow Phaoo Information
/O

SIGNAL DRIVING 
SACCADIC GENERATOR

F ig . b,2  B S ta te  r e a l i z a t i o n  o f th e  saccad ic  g e n e ra to r  model v i t h  n o n id e a l in te g r a to r s



122

behaves e s s e n t i a l l y  as a  " re la x a t io n  o s c i l l a t o r . ' ’ When a  p e r tu rb a t io n  

i s  a p p lie d  to  th e  saccad ic  g e n e ra to r ,  th e r e  i s  a  b u ild u p  o f  a c t i v i t y  

in  th e  s t a t e s  x.  ̂ and xg . When reach es  some th re s h o ld  th e  

dynamic c h a r a c t e r i s t i c s  o f  th e  Model changes due t o  th e  a d d i t io n a l  

feedback  th ro u g h  th e  n o n lin e a r  elem ent f • ) .  T h is  fo rc e s  th e  

g e n e ra to r  back  t o  i t s  e q u ilib r iu m  p o in t  x^~ 0 ,  x^ tsO . In  te rm s o f  

r e la x a t io n  o s c i l l a t o r  th e o ry , th e  system  has e n te re d  in to  a  

"m onostable mode." T h is i s  c o n s is te n t  w ith  R obinson’s view  ( 86) o f  

th e  sac c ad ic  g e n e ra to r  a s  a  "one sh o t"  m u l t iv ib r a to r .  When a  s te p  i s  

ap p lie d  t o  th e  in p u t o f  th e  saccad ic  g e n e ra to r  a  s ta b le  c o n d it io n  can 

n e v e r be ach ieved  s in ce  a s  soon a s  th e  v a r ia b le  x1  i s  below  th e  

th re s h o ld  a  b u ild u p  o f  a c t i v i t y  resum es. T h is  le a d s  t o  th e  p e r io d ic  

q u ick  ph ases  w hich a re  s im i la r  t o  th o s e  observed d u rin g  induced 

nystagm us. In  o th e r  w ords, th e  s te p  o r  c o n s ta n t p e r tu r b a t io n  in p u t has 

fo rc e d  th e  system  in to  an  a s ta b le  mode o f  b e h a v io r . A com plete 

phase  p la n e  a n a ly s is  o f  r e la x a t io n  o s c i l l a t o r  th e o ry  can  b e  found in  

S te m  (1 0 0 ).

By u s in g  a  deadzone n o n l in e a r i ty  o r  " th re sh o ld "  e lem ent f o r  f ^  

and a  sw itch in g  fu n c tio n  f o r  f  ,  a  p u ls e  i s  g en era ted  a s  th e  in p u t 

t o  th e  n e u ra l  in t e g r a to r .  The p u ls e  to g e th e r  w ith  th e  s t e p ,  which 

i s  th e  o u tp u t o f  th e  n e u ra l  I n te g r a to r ,  i s  th e  p ro p e r s ig n a l ,  w hich 

w i l l  d r iv e  th e  oculom otor p la n t  (8 2 ) . The sw itch  in  th e  model i s  

a c t iv a te d  ( i n  th e  down p o s i t io n )  when i s  above th e  th re s h o ld  

( f . ^ 0 ) .  The p la n t  i s  n o t shown in  t h i s  diagram  a s  i t  i s  n o t o f  

m ajor i n t e r e s t  i n  t h i s  m odel. F or a  c o n s id e ra tio n  o f  models o f  th e  

oculom otor p la n t  see  Robinson (8 2 ) , Cook and S ta rk  ( 23 ) ,  C o llin s  (22)
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and Sobotk in  (93)*

I f  th e  p la n t  i s  n e g lec te d  th e n  one may le av e  o u t th e  pa ram ete r 

gg and i t s  d i r e c t  p a th  around th e  in te g r a to r  in  th e  model f o r  pu rposes 

o f s im u la tio n . T h is may be done s in c e  w ith o u t a  p la n t  t o  d r iv e ,  th e  

d i r e c t  p u ls e  i s  unnecessary  t o  overcome p la n t  i n e r t i a  and th e  v a r ia b le  

m i s  d i r e c t l y  r e la te d  t o  th e  eye p o s i t io n .

The sw itch  in  th e  model i s  considered  t o  be th e  pause u n i t s  and 

th e  v a r ia b le s  fg  ,  x1 and correspond t o  th e  v a rio u s  ty p e s  o f  b u r s t  

u n i t s  w hich have been  lo c a te d  in  th e  b ra in s tem  (PFRF). Such u n i t s  a re  

shown in  F ig . U.6  and a r e  compared t o  th e  v a r ia b le  which a re  g en era ted  

by th e  id e a l iz e d  model shown in  F ig . k.2  A. The change in  model 

v a r ia b le  m i s  r e la te d  t o  m otor u n i t  a c t i v i t y  and should  correspond  

d i r e c t l y  t o  change in  eye p o s i t io n .  T his has been  shown t o  be th e  

case  f o r  to n ic -p h a s ic  m otor u n i t s  (1*7# 85 ) .  The n o n lin e a r  c o n tro l  

fu n c tio n  f g ( •)  i s  a  sw itch in g  fu n c tio n  whose h e ig h t v a r ie s  as a  

fu n c tio n  o f  x^ ,  th e  s t a t e  o f  th e  n e u ra l in te g ra to r ,  and i s  in d ic a te d  

in  th e  eq u a tio n s  in  F ig .  h.2  B. T h is  can be considered  a s  feedback  

from th e  o u tp u t o f  th e  ’’n e u ra l in t e g r a to r . "  T his fu n c tio n  e x p la in s  

why th e  eyes b e a t on th e  q u ick  phase s id e  du ring  nystagmus and a l s o  

why th e  s h o r t  le ad  b u r s t  u n i t s  which a re  b e lie v e d  t o  in p u t in to  

n e u ra l  in te g r a to r  show a  decay in  t h e i r  freq u en cy  v s . tim e  b e h a v io r . 

T h is i s  shown in  S ec . 5 .2 . where th e  frequency  v s .  tim e b e h av io r i s  

analyzed  more c lo s e ly .

Slow phase in fo rm a tio n  i s  used by th e  model when 0 w h ile  

th e  saccad ic  g e n e ra to r  i s  in h ib i te d .  There i s  ev idence  t o  su g g est 

t h a t  t h i s  m ight be  th e  case  s in c e  th e re  a r e  d i r e c t  v e6 tib u lo -o cu lo m o to r
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pathways for vestibular slow phase generation. The visual-oculomotor 
pathways for slow phase generation are present but their location and 
characteristics are largely unknown. A realization of a slow phase 
generator for use in generating nystagmus is shown in Sec. 4.^.1. 
However, there is no unit data available at this time to compare with 
the state variables of the slow phase generator and therefore remains 
speculative and a subject for future research.



125

4.3 Testing of Model to Establish Conceptual Viability

In order to test the model to see whether it was feasable to 
realize the saccadic system in such a fashion, various stimuli were 
introduced at the input to the realized saccadic generator shown in 
Fig. 4.2 A. This was simulated on a digital computer (PDP 8E) and 
the output was recorded on a digital display. Fig. 4.3 shows the 
response of the system to a pulse input. The output is a step or a 
saccade. The amplitude of the step is related to the area of the pulse. 
Fig. 4.4 shows that if the appropriate slow phase information is 
introduced when 0 , a step input into the saccadic generator 
produces nystagmus. This is in agreement with the idea that the 
saccadic generator uses slow phase information to produce quick 
phases of nystagmus. Fig. 4.5 shows the response of the overall 
system to a pendular stimulus. Note that the eyes heat on the quick 
phase side as in actual nystagmus recorded from humans and monkeys *

(28, 51).
Comparisons were also made between the various variables of the 

model and actual neuronal firings recorded from the pontine reticular 
formation of an alert monkey while it was moving its eyes. This is 
shown in Fig. 4.6. The unit data was taken from the studies done by 
Cohen and Henn (l4).

Figures 4.6 a-d are the model generated variables and Figs. 4.6 
e-f are the recorded unit data. The dotted curve for the recorded FFBF 
unit (Fig. 4.6 E) is a frequency vs. time plot and the top and bottom 
solid curves are the horizontal and vertical EOG, respectively,

* See Fig. 2.6 (Sec. 2.4,2) and Fig. 2.8(Sec. 2.4.3)
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showing actual eye position. The bottom trace for the model-generated 
variables is the variable representing horizontal eye position and the 
top trace frequency of firing versus time. The number of impulses 
in the burst for the unit in Pig. 4.6 e is linearly related to the 
horizontal component of movement. Excluding the differences in 
latency, both the actual frequency of neuronal firing and predicted 
variations of the fg variable in model (Pig. 4.6 a) fall off in 
approximately the same fashion. The frequency of firing of this unit 
could be related to the f variable which inputs to the neural
integrator as well as projecting directly around it to give the pulse-
step which is required to drive the motor plant. The frequency of
firing of the units shown in Fig. 4.6 g-h are assumed to represent the
state variables of the saccadic generator and are studied further in 
Chapter 5 where it is shown how they are used to identify the 
parameters of the saccadic generator. Further electrophyBiological 
work is required to strengthen the correspondence between the 
variables in the model and the neuron classes. It is to be noted, 
for example, that the line drawn in Fig. 4.6 d is to Indicate that 
various thresholds could exist for each neuron and each of the 
variables could represent a class of neuron types with different 
thresholds. It is also to be noted that for Pig. 4.6 f-h the top 
traces are the unit recordings and the second and third traces down are 
the horizontal and vertical EOG respectively. For the model-generated 
variables (Fig. 4.6 a-d) the bottom trace is eye position versus time 
and the top trace is the variable representing the frequency versus 
time behavior of the unit.
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b»h Slov Phase Generator Model 

Jl-.̂ .l Introduction

A particular model realization of a slow phase generator is shown 
in Fig. U.7 . The motivation for choosing a realization in this form 
is that the brain must be monitoring the state of the end organ (semi­
circular canals) and therefore should be generating state variables 
which are in accordance with a realization of the end organ transfer 
function. Physiologically, neurons from the semicircular canals 
synapse in the rostral, medial and superior vestibular nuclei* and 
could generate the type of activity suggested by this realization, 
since the input couples into all the states directly. *n Sec. ^ .^ - .2  

it is shown how such a realization may be formulated from the transfer 
functions which have been proposed for the vestibular system. This 
model was formulated for purposes of completeness to show how the 
modeling philosophy used in this dissertation can be applied to a 
different aspect of oculomotor control. Whether the state variables 
postulated in the slow phase generator model are actually generated 
internally as frequency of firing of various units is speculative at 
this point. Becently, though, there have been reports of slow phase 
velocity related units in the vestibular nuclei and cerebellum. The 
parameters chosen for this slow phase generator model are in accordance 
with a known transfer function between the input-output behavior of 
the vestibular system. It is then shown how this may be generalized 
to include an optokinetic slow phase generator with coupling between

* See Sec. 2.4.2
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the optokinetic slow phase state -variables and the vestibular system 
slow phase states.

4.4.2 Realization of a Slow Phase Generator Model

Before considering the realization of a particular slow phase 
generator model, some general concepts of realization theory are 
discussed. For a state determined system, the system may be described 
by the equation

where the subscript s denotes that these state variables are referred 
to the slow phase generator. Taking the Laplace transform of Bqs.
4.1 and 4.2 and assuming the initial state vector to be zero, the 
following is obtained:

where Xs(s), Ys(s), and RB(s) are the Laplace transforms of xg, ys 
and r8: respectively. Solving for Xg(s) one obtains

xs= A xs * ^ rs 4.1
4.2

s Xs (s)= A Xs (s)+ b Rs(s) 

Yg(s) = C* Xg (s) 4.4

4.3

Xs(s) = (s I-A )" 1 b Rs(s)

Ys(s) * C* (s I-A )" 1 b Rs(s)

where (s I “A ) ”1 = J(s) is the Laplace transform of the state 
transition matrix. Therefore

4.5

4.6

YB(s) a C* $(s) b Rs(s) 4.7
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Hence

H ( s ) = C* $ ( s )  b 4.8

i s  called th e  t r a n s f e r  fu n c tio n  m a tr ix . Eq. 4.7 may be r e w r i t te n  as:

The problem  in  r e a l i z a t i o n  th e o ry  i s : g iven  a  t r a n s f e r  fu n c tio n  m a trix

A d is c u s s io n  o f  t h i s  eq u a tio n  can  be found in  Zadeh and D esoer(l20)«

In  t h i s  s e c t io n  i t  i s  shown how th e  t r a n s f e r  fu n c tio n  used f o r  th e  

v e s t ib u la r  system  may be r e a l iz e d  in  th e  form  shown in  F ig . 4 .7 .

From the original work of Steinhaussen(99)> who compared the 
semicircular canal to a damped torsion pendulum, one finds the transfer 
function between the canal output to head velocity input to be given 
by

T h is  has been  d iscu ssed  in  Sec. 2 .4 .2 .  The tim e  c o n s ta n ts  in  Eq.

4 .1 0  a re  r e la te d  t o  th e  c o e f f ic ie n ts  o f  Eq. 2 .1  in  th e  fo llo w in g  way:

B arnes and Benson(2) su g g est t h a t  th e  t r a n s f e r  fu n c tio n  betw een 

in fo rm a tio n  go ing  to  th e  q u ick  phase g e n e ra to r  and head v e lo c i ty  i s

Ys ( s )  = H (s) Rs ( s ) 4.9

*fc «•!
H (s ) , f in d  m a tr ic e s  C, A, and v e c to r  b  such t h a t  C ( s  I - A ) ” b r H ( s ) .

4 .1 0

4 .11

g iv en  by
Y2s(®) f a\ -  ®(1 +flTq)

Rs ( s )  8 (1+-sT1 ) ( 1 + s T 2 ) ( H 's T 1j)
4.12
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T h e re fo re  th e  t r a n s f e r  fu n c tio n  v e c to r  H (s) f o r  th e  system  i s  g iv en  by:

H (s) =

\ ( » )
------------- S “I
( 1 + s ^ K n - s T g )

H2 ( s )

—
s ( l t s T ? )

(1 + 8^ 5( 1 + s t 2 ) ( i + s t ^ )

^ .1 3

Eq. U.13 i s  now r e a l iz e d  in  s t a t e  form , i . e .  m a tr ic e s  C, A, and v e c to r  

b  a re  fo u n d . From F ig .  U.7 ,  hhe s t a t e  e q u a tio n s  a re  g iv en  b y :

* ls a l l 0 e

*28 z 0 a22 0

x3s a 31 a 32 a 33

V is' ’cn c12 c13

*28
z

C21 C22 c23
•

I s

P^S

K3s

xl s

*2s

x3s

h .ik

^ .1 5

where y  i s  th e  slow phase s ig n a l  d r iv in g  th e  n e u ra l  in te g r a to r  and 
i s

y0 i s  t h e  s ig n a l  d r iv in g  th e  saccad ic  g e n e r a to r .  M a tr ice s  A, C , and 

v e c to r  b  a r e  g iv en  by

A =

a n  0  0

0  8 ig g  0

®31 a32 a33

k . i  6

b = 4.17
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c* =
'11 '12 C13

C21 C22 '23
U .l8

The Det ( s  I - A )  s  ( s - a - ] ^ ) ( s —a g g H s - a 33) .

Using th e  above e q u a tio n s , th e  L aplace tra n s fo rm  o f  th e  s t a t e  

t r a n s i t i o n  m a trix  i s  found t o  be

$(s)  =

s - a11

31

( s - a 22 )

a 32

(s-e^  1 )(s -a g g )  ( s - a gp)(s -a ^ g ) ( s - a 33)

if.19

From E qs. If.8 , If.17 ,  U .l8 , and If. 19, th e  elem ents o f  th e  m a trix  H (s) 

in  term s o f  th e  e lem en ts  o f  m a tric e s  A, C, and v e c to r  b  a re  found t o  t e

[b2 cl l *  b l  c1 2 +’ b0 C13]  b2+ Cb2 C13 a31+ bl  c13 a 32 

>2 cn ^ a 22’** &33^"b2 cn ( a 22'*‘ a 33^ " bl  c l2 ^ a i i ‘l‘ a 33^ " b ' 

+ [b2 C11 &22 a 33+ b i  c12 ^ 1  a 33+

-b2 c ^  ^ 3 ! a22 " b l  c13 a ;

'22- 33 ' ~ l 33 ' U xo

i22 a 33+ \  C]L2 a 33+ b o c13 ®U 

cl 3 a31 a22 " bl  C13 a 32

( s  - a n ) ( s -a22) ( s  - a ^  )

3

c 13(eU + e 2 2 >]*

11 a22
If.20

[ b2 ci:21^  bl  c22+  b0 C23]  ®2+ [b 

-b2 *2x 1*2 2 *33) “ bl  c22^

>2 c23 a31+- bx c23 a 3 g

H (s ) = *[b2 C21 a22 a33+ bl

1 «  U cjiJ L c  OX J- 0<=

2̂ * 2 2 *33) " bl  c22 ( a n + a 33) - b0 c23( a U +’a22 ) ] ‘

21 a 22 a 3 3 + b l  °22 aU  a 3 3 + bo c23 aH  a 22

■bg c23 a 31 agg -  bx cg3 a 32 an ]  ________ ^ #2I

(s-a n K s-a g g H s-a s^^22) ̂  ® **33
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Comparing Eqs. U.20  and 4 .2 1  w ith  Eqs. 4 .1 0  ana 4 .1 2 , th e  v a lu e s  o f  th e  

a ’s and c ' s  may be chosen t o  g e t th e  a p p ro p r ia te  t r a n s f e r  fu n c tio n .

By choosing
1 1 1  

* 1 1 3  " Tx a 2 2 -  " f 2 a3 3 "  “ t ^  C13 -  0 c22-  0 c21= 0 4 .2 2

H^(s) and H ^ s )  become

(1>2 c12)s  -  (bj_ a u  +  t g  0U  flgg)

H j(s)'- " ~  '  U*23
( s -a-; i ) ( s  -a pp )

b0 c23 s 2 * [ b2 c23 a 31* b l  °23 a 32 -  b 0 “33 <a u ' b a 22>]  S 

-b 2 c23 a 31 agg +• c23 bQ a 22 -  ^  c 23 a  au
H ( s )  = ------------------------------------------------------------------------------------------4 .2 4

( s - a n K s - a ^ K s ^ )

By f u r th e r  c o n s tr a in in g  E qs. 4 .23  and 4 .2 4  as  fo llo w s :

b_ c , , + b n c ip*— ^—  4 .25
2  H  1 12 T-l Tg

bl  c12 a i l +’ b2 C11 a22 ~ 0 11,26

T,
b Co, 3 —  " 30 23 Tx T2 4 .27

C23 [ b 2  a 3 1 +  bx a 32 -  b 0 a i i  -  bo *1-28

“b2 a31 ®22 *  b0 aH  a22 ■ bl  a32 a l l ~  0 4 .2 9
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The fo llo w in g  t r a n s f e r  fu n c tio n s  K ^ s ) ,  and B ^(s) a re  o b ta in e d :

1
T t  .1 l 2 k .30

H .( s ) = . l  . . i  . 
1 ( s - — ) ( s -  — )

V  TS

H g(s) =

m m m ® (H "T ^ s)
y - 2 l k  3

( s  + i  ) ( s  1 -i- ) ( s +  i ) 4 .3 1

A more g e n e ra l slow  phase  g e n e ra to r  model should  c o n ta in  

o p to k in e tic  s t a t e  v a r ia b le s  and v e s t ib u la r  s t a t e  v a r ia b le s  . Using t ie  

s t a t e  th e o r e t ic  approach th e  in te r a c t io n  betw een th e  two s e t s  o f  s t a t e  

v a r ia b le s  may be examined and c o e f f ic ie n ts  o f  co u p lin g  fo u n d .*

To fo rm u la te  t h i s  m a th em atica lly , assume th a t  th e  v e s t ib u la r  

system  i s  s t a t e  determ ined and may be d e sc rib ed  by th e  s t a t e  eq u a tio n s

M  Ay 5v + Bv Sy U*32

where x^. i s  th e  v e s t ib u la r  system  s t a t e  v e c to r ,  r^. i s  th e  

v e s t ib u la r  system  in p u t v e lo c i ty  s ig n a l  and th e  e lem en ts o f  m a tric e s  

Ay. and Bv govern th e  system  re sp o n se . The o p to k in e tic  system  may 

b e  s im i la r ly  d esc rib ed  by th e  s t a t e  eq u a tio n s

& =  A© 5o+  B0 So M 3

where th e  s u b s c r ip t ,  o , in d ic a te s  t h a t  t h i s  e q u a tio n  i s  r e f e r r e d  t o  t ie  

o p to k in e tic  system . Eqs. 4 .3 2  and 4 .33  may be combined t o  form th e  

com posite e q u a tio n ;

*  The in te r a c t iv e  e f f e c t s  have been d iscu ssed  in  S e c tio n  2 . 5 .
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I f  th e  co u p lin g  m a tric e s  Avqj B , AQv,  and BQV a re  in tro d u ced  to  

account f o r  v i s u a l - v e s t ib u la r  in te r a c t io n ,  th e n  a  com plete slow  phase 

g e n e ra to r  may be fo rm u la ted  a s  fo llo w s

*v A , Av  vo

A ' ov » o.

m .

B ' B r .
V  • vo V

1
I

B_ , B_ rov o *• « J .  o.

M 5

Once th e  s t a t e  v a r ia b le s  f o r  th e  v is u a l  and v e s t ib u la r  system s 

slow phase g e n e ra to r  a re  d e term ined , a n a ly s is  te ch n iq u es  s im ila r  

to  th o se  used in  t h i s  d i s s e r t a t i o n  f o r  s tu d y in g  q u ick  phase g e n e ra tio n  

may be u t i l i z e d  t o  id e n t i f y  th e  pa ram ete rs  o f  th e  slow  phase g en era to r.

In  th e  n ex t c h a p te r ,  th e  param eters o f  th e  model f o r  q u ick  phase 

g e n e ra tio n  (F ig . k,2  B) i s  id e n t i f i e d  u s in g  th e  param eter a d ap tiv e  

tech n iq u e  d eriv ed  in  C hap ter 3»



CHATTER 5

APPLICATION OP PARAMETER ADAPTIVE APPROACH 

TO THE OCULOMOTOR SYSTEM MODEL (QUICK PHASE GENERATION)

5 .1  In tro d u c tio n

In  C hapter U a  model f o r  saccade g e n e ra tio n  was developed 

assum ing t h a t  th e  freq u en cy  o f  f i r i n g  o f th e  neurons found in  th e  

b r a in  stem  w ere th e  s t a t e  v a r ia b le s  o f  th e  saccad ic  g e n e ra to r .  I t  

i s  now n e c e ssa ry  t o  id e n t i f y  th e  param eters h^ and g^ o f  th e  sac c ad ic  

g e n e ra to r  model so  t h a t  a  b e t t e r  q u a n ta tiv e  a s s o c ia t io n  m ight be 

e s ta b l is h e d  betw een th e  n eu ronal a c t i v i t y  and model b e h a v io r . The 

p a ra a f t te r  a d a p tiv e  te ch n iq u e  based  on a  Liapunov fu n c tio n *  w hich was 

developed and shown t o  be a  v ia b le  id e n t i f i c a t io n  scheme in  C hapter 

3 w i l l  now be  a p p lie d  t o  id e n t i f y  th e  p a ram eters  o f  th e  saccad ic  

g e n e ra to r  w h ile  ex ecu tin g  nystagm us. In  o rd e r t o  accom plish  t h i s ,  th e  

r e fe re n c e  system  must be  e s ta b lis h e d  and th e  a d a p tiv e  i d e n t i f i c a t i o n  

a lg o rith m  must be im plem ented. In  s e c t io n  5*2 i t  i s  shown how th e  

re fe re n c e  system  i s  fo rm u la ted  on d i g i t a l  ta p e s  f o r  use  in  th e  model 

re fe re n c e  c o n f ig u ra t io n . The exp erim en ta l te ch n iq u e  i s  d e sc rib e d  and 

a  d e s c r ip t io n  o f  d a ta  p ro c e ss in g  th a t  was done t o  o b ta in  i t  i n  a  form 

so  t h a t  i t  cou ld  be used in  th e  a n a ly s is  w i l l  be  in d ic a te d . In  

s e c t io n  5 *^ th e  im plem entation  o f  th e  c o n t r o l le r  dynamics i s  g iv e n .

In  s e c t io n  5*5 some in te r e s t in g  con clu sio n s  about th e  im p lic a tio n s  

o f  th e  adap ted  p aram ete rs  w i l l  be  d iscu ssed .



l ln

5 .2  E xperim en ta l Procedure f o r  Data A cqu laition*and  R eference

System F orm ula tion

Monkeys a r e  used in  th e  e x t r a c e l lu la r  u n i t  s tu d ie s .  Under 

a n e s th e s ia  a  p lu g  w hich acc e p ts  a  m ic ro e le c tro d e  housing  i s  im planted 

on th e  s k u l l  and f ix e d  in  p la c e  w ith  screw s and d e n ta l  a c r y l i c  r e s in  

cem ent. The bone a t  th e  base  o f  th e  p lu g  i s  removed, b u t th e  dura  i s  

l e f t  i n t a c t .  E tched in s u la te d  tu n g s te n  e le c tro d e s  o f  2-12 Megohms 

r e s is ta n c e  a re  used f o r  rec o rd in g  u n i t  a c t i v i t y .  They a re  in tro d u ced  

in to  re g io n s  o f  i n t e r e s t  in  a  guide tu b e  th ro u g h  th e  im plan ted  p lu g . 

M icro e lec tro d es  a re  advanced u sing  a  h y d ra u lic  m ic ro d riv e . A ction  

p o te n t ia l s  a re  reco rded  w ith  RC-coupled a m p lif ie r s  w ith  a  bandpass o f 

from 200-5000 Hz. Eye movements a re  reco rded  by  e lc tro -o c u lo g ra p h y  

(E0G). P la tinum  n eed le  e le c tro d e s  a re  p laced  a t  th e  l a t e r a l  m argins 

and above and below th e  e y es , o r  s i l v e r - s i l v e r  c h lo r id e  e le c tro d e s  

a re  im planted  in  th e  bone around th e  e y es . The h o r iz o n ta l  and 

v e r t i c a l  EOG's a re  recorded  d i f f e r e n t i a l l y  u s in g  DC-coupled a m p lif ie r s .  

Eye movement and u n i t  d a ta  a r e  d isp lay ed  on an  o s c i l lo s c o p e  and a re  

reco rded  on FM m agnetic ta p e  a long  w ith  s tim u lu s  in fo rm a tio n . A tim e 

code a c c u ra te  t o  th e  n e a re s t  second i s  s im u ltan eo u sly  reco rd ed  on one 

channel o f  ta p e  t o  p ro v id e  a c c u ra te  i d e n t i f i c a t i o n  o f  segm ents o f  

ta p e .

D uring experim ents monkeys a re  a l e r t  and s i t  r e s t r a in e d  in  a  

c h a i r .  The head i s  b o lte d  t o  th e  c h a ir  and th e  c h e s t  and arms 

r e s t r a in e d  in  a  b r e a s t  p la t e .  Small doses o f  amphetamine (0 .2  mg/Kg) 

a re  sometimes g iven  t o  m ain ta in  a le r tn e s s  b u t t h i s  i s  g e n e ra l ly

* From Cohen and Henn ( l4 )
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u n n ecessa ry . The monkeys lo o k  about sp o n tan eo u sly , and OKN o r 

r o ta t io n a l  nystagm us i s  induced . OKN i s  evoked by an i n t e r n a l l y -  

l ig h te d  r o ta t in g  OKN drum which su rrounds th e  an im al, o r  by an  OKN 

b e l t  which can  be moved in! h o r iz o n ta l ,  v e r t i c a l  o r  o b liq u e  d i r e c t io n s .  

R o ta tio n a l nystagm us i s  induced by a  r im -d riv e n  r o t a t in g  p la tfo rm . 

Each o f  th e se  d ev ices  i s  s e rv o -c o n tro lle d  f o r  v e lo c i ty  o r  f o r  

p o s i t io n  and can b e  e x te r n a l ly  d r iv e n  by  a  wave form  g e n e ra to r . The 

v e lo c i ty  o f th e  OKN drum and b e l t  i s  determ ined by m easuring th e  

passage o f  drum o r b e l t  s t r i p e s ,  o r  by r e g is te r e in g  feedback  v o lta g e s . 

The EOG i s  c a l ib r a te d  u s in g  slow phase v e lo c i ty  ( l ) .  I t  i s  assumed 

th e  an im a l’s  eyes move a t  th e  v e lo c i ty  o f  th e  OKN drum f o r  speeds up 

to  90 d e g . /s e c .

U nit a c t i v i t y  and h o r iz o n ta l  and v e r t i c a l  EOG's a r e  d ig i t i z e d  and 

recorded  on d i g i t a l  m agnetic ta p e  u s in g  a  PDP 8/E  com puter. A ta p e  

sea rch  u n i t  i d e n t i f i e s  p redeterm ined  s e c t io n s  o f  FM m agnetic ta p e s  and 

s ig n a ls  th e  com puter when t o  s t a r t  and s to p  th e  d i g i t i z in g .  The 

h o r iz o n ta l  and v e r t i c a l  EOG's a re  d ig i t i z e d  each 1 .6  msec, and th e  

u n i t  a c t i v i t y  which occurs betw een th e s e  d ig i t i z a t io n s  i s  coded t o  th e  

n e a re s t  100/Ctsec. P eriods o f  up t o  1U5 seconds can  be pu t on one 

d e ca ta p e . Programs have been w r i t t e n  t o  mark th e  beg in n in g  and end o f  

eye movements, and occurrence  o f b l in k s .  Tape f i l e s  a re  g en era ted  

which c o n ta in  m easures o f  th e  p o s i t io n  o f  th e  eyes a t  th e  beg in n in g  

and end o f  eye movement, th e  d u ra tio n  o f  eye movement and p e r io d s  o f 

f i x a t io n ,  and th e  d u ra tio n  and mean frequency  o f  u n i t  f i r i n g  d u rin g  

eye movements and p e rio d s  o f  f ix a t io n .  In  a d d i t io n ,  program s have 

been w r i t t e n  which d is p la y  th e  freq u en cy  v s . tim e b eh av io r o f  th e
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neuron . The freq u en cy  v s . tim e  cu rve  f o r  th e  u n i t s  was o b ta in ed  by 

rec o rd in g  th e  tim e o f occu rrence  o f  each sp ik e  on a  d eca tap e  to  th e  

n e a re s t  100 m icroseconds. A program  was th e n  w r i t t e n  t o  c a lc u la te  

th e  in te r s p ik e  in te r v a l  each tim e  a  sp ik e  o c cu rred . The r e c ip ro c a l  

o f t h i s  tim e  in te r v a l  was th e n  p lo t te d  a s  a  fu n c tio n  o f tim e  to  

o b ta in  th e  t r a c e s  shown in  F ig s .  5*1 end 5 .2 . The v a lu es  o b ta in ed  

a re  th e n  approxim ated by  a  po lynom ial and th u s  th e  re fe re n c e  system  

s t a t e  v a r ia b le s  z^ and Zg a re  o b ta in e d .

In  F ig . 5*1 a r e  shown ty p ic a l  EOG (e le c tro -o c u lo g ra m ) and 

frequency  v s . tim e t r a c e s  o f  FPRF neurons which a re  assumed t o  be 

re p re s e n ta t iv e  o f  th e  s t a t e  v a r ia b le s  which govern th e  dynamic 

response  o f  saccad ic  g e n e ra tio n . The t r a c e s  a r e  th o se  o f neuron ty p e s  

shown in  F ig . 2 .2  and k»6 where th e  a c tu a l  reco rded  A P 's ( a c t io n  

p o te n t ia l s )  a r e  shown. In  F ig .  5 .2  i s  shown th e  frequency  c h a r a c te r ­

i s t i c s  o f  a  b u r s t  u n i t  which i s  b e lie v ed  t o  d r iv e  th e  n e u ra l  in te g r a to r .  

T h is ty p e  o f u n i t  has been  analyzed  by Cohen and Henn (l7 )>  th e  

number o f  sp ik e s  hav ing  been shown t o  be l i n e a r l y  r e la te d  t o  saccade 

s iz e .  In  o rd e r to  o b ta in  th e  c o r r e c t  tem pora l r e la t io n s h ip s  between 

th e  neuron ty p e s  shown in  F ig .  5*1* th e  d a ta  was d isp la y ed  on a  

d i g i t a l  d is p la y  and l in e d  up so t h a t  th e  co rresp o n d in g  eye movement 

(EOG) s t a r t e d  approx im ate ly  a t  th e  same tim e . T h is  i s  shown in  F ig .

5 .3  by a  d o tte d  l i n e .  Eye movements o f  app ro x im ate ly  th e  same s iz e  

were chosen (app ro x im ate ly  10-12  d e g re e s ) .  The neuron shown in  F ig .

5 .1  A has th e  v e ry  i n t e r e s t in g  c h a r a c te r i s t i c  t h a t  i t  tu r n s  o f f  very  

d r a s t i c a l l y  a  few m illise c o n d s  a f t e r  th e  s t a r t  o f  th e  movement. T h is 

in d ic a te s  v e ry  s tro n g  inhibitory e f f e c t s  on th e  neuron c e l l .  T h is
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b e h av io r h as  been  approxim ated  by a  n e g a tiv e  go ing  waveform which 

p a sse s  th ro u g h  z e ro  a  few  m illis e c o n d s  a f t e r  tu rn in g  o f f .  A lthough 

t h i s  fu n c t io n  i s  c o n je c tu re d , i t  c an  be seen  i n  i n t r a c e l l u l a r  

re c o rd in g s  o f  h y p e rp o la r iz e d  c e l l s  (4 9 ) . "Follow ing le a d  b u r s t  

u n i ts "  a s  re p o r te d  by K e l le r  (57) could  b e  re s p o n s ib le  f o r  t h i s  

a c t i v i t y  s in c e  th e y  s t a r t  f i r i n g  a t  th e  b e g in n in g  o r s l i g h t l y  a f t e r  

th e  s t a r t  o f  th e  eye movement and could  be  coding  t h i s  a c t i v i t y .

T h is  i s  in  c o n t r a s t  t o  th e  ty p e  o f  a c t i v i t y  seen  in  th e  neuron  shown 

in  F ig . 5 .1  B w here a  s lo w er d e c lin e  in  n e u ra l  a c t i v i t y  can be  see n . 

The d a ta  r e p re s e n t in g  th e  freq u en cy  v s . tim e  b eh av io r (F ig . 5 . 3 ) w ere 

approxim ated by  p o lynom ia ls  i n  th r e e  re g io n s :

The com puter g en era ted  c u rv es  r e p re s e n tin g  th e  po lynom ia ls  a r e  shown 

su p erinposed  on th e  d a ta  in  F ig . 5«3* The polynom ial ap p ro x im atio n  

e x p re ss io n s*  used  a re  a s  fo l lo w s :

O s t  $ .1 0 5 , .105 i t  5 . 158 ,  .158  * t  S .320

zx= -1 .04422 •+.797122 t  +  11812.7  t 2 0 $ t  S . 105 5 .2 .1

z1= -122l 4 . 5 t 2l 6863 t  -  763908 t 2  -  3726550 t 3 -  19017J+OO t ^

.105 5  t s  .158
52 .2

z i -  733 .038  -  5504.6 t  + 7813.95 t 2 + 37354.4 t 3 -  94383.5 t*

. 1 5 8 $  t s .302
5 .2 .3

Zg — 3.71795 + 3773.05 t  -  98174 t 2  1200950 t 3 -  4779200 t 1*-

0 <- t  < .105

z2 = 1042.37 -  39156.6 t  +  53156 t 2  -  2641540 t 3 3451200 t h

.105 £  t  S .158
5.2 .5

5 .2 .4

* See Appendix B.
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z .=  -  240 .176*  696 . 524 t  -h 274.783  t 2 * 4950.77 t 3  -  12397*75 
d 5 * 2.6

. 158$ t  * .302

For th e  re g io n  o f  d a ta  .158  $  t ?  . 302,  z2  v a s  c u t o f f  (no d a ta  

p o in ts )  and th e r e f o r e  t h i s  re g io n  was n o t i d e n t i f i e d .  A curve  has 

been  drawn in  F ig . 5*3 t o  in d ic a te  t h a t  th e  v a r ia b le  should  t h e o r e t i ­

c a l l y  r i s e  tow ard z e ro . The e x ac t n a tu re  o f  th e  r i s e  i s  n o t known b u t 

can  o n ly  be c o n je c tu re d . The polynom ial approx im ation  t o  th e  d a ta  was 

used  b ecause  con tinuous fu n c tio n s  a re  needed in  th e  Liapunov designed  

c o n t r o l le r s  used in  t h i s  d i s s e r t a t i o n .  A flo w  diagram  showing th e  

ex p e rim en ta l p rocedure  f o r  d a ta  a c q u is i t io n  and th e  re fe re n c e  system  

fo rm u la tio n  i s  g iven  in  F ig . 5*4.

3h th e  n ex t s e c t io n  t h e .c o n t r o l l e r  e q u a tio n s  f o r  a d a p tin g  th e  

model fo rm u la ted  in  C hapter 4 a re  d e riv e d .
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Fig. 5.4 Flow graph of reference system formulation
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5»3 C o n tro l le r  D esign f o r  A d ap ta tio n  o f  Param eters o f  th e  

Quick Phase G enera to r Model

The p aram ete rs  o f  th e  saccad ic  g e n e ra to r  model a r e  id e n t i f i e d  

by assum ing a  p iecew ise  l i n e a r  model and ap p ly in g  th e  pa ram ete r 

a d ap tiv e  approach  u s in g  L iapunov 's  d i r e c t  method a s  developed in  

C hapter 3* The model o f  th e  saccad ic  g e n e ra to r  i s  d iv id ed  in to  two 

l i n e a r  m odels, when f ^  0 and when f  ^  0 . T h is  can be seen  by 

exam ining th e  s t a t e  eq u a tio n s  f o r  th e  saccad ic  g e n e ra to r  shown in  

P ig . 4 .2  B. The re fe re n c e  system  s t r u c tu r e  i s  assumed t o  be o f  th e  

same form  a s  th e  model which i s  based  on p h y s io lo g ic a l argum ents and 

fo rm ula ted  in  C hapter 4 . The problem  i s  now t o  id e n t i f y  i t s  p a ram eters  

from  th e  observed d a ta .  C orresponding t o  th e  model s t a t e  v a r ia b le  

b eh av io r f o r  f ^ s  0 ,  th e  re fe re n c e  system  s t a t e s  a re  assumed to  b e  th e  

n eu ro n a l b e h av io r f o r  0 4  t  ? .105  s e c .

T h e re fo re , f o r  f ^ ~  0 th e  re fe re n c e  system  i s  assumed t o  be g iven

by:

5 .3 .1

where and a r e  o b ta in ed  from  th e  polynom ial app rox im ation  t o  th e  

u n i t  d a ta  and a re  g iv en  by  Eqs. 5 .2 .1  and 5 .2 .4 * . The model i s  chosen 

a s :

, • -

Z1 "®1 a2 X1
= +

.z2 “®0 •a
3 X2 bo

X 1

(

X1

• -k 0 X. 2 . 0 J , 2. L

’- ( h i - V

-h

8,
5 .3 .2

*  Note t h i s  i s  th e  polynom ial approx im ation  f o r  th e  s e c t io n  o f  d a ta  
0 4  t j  .105 .
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based on th e  s t a t e  eq u a tio n s  f o r  F ig . h.2 B when 0 . The 

fo rm u la tio n  o f  th e  model in  t h i s  fa sh io n  i s  so t h a t  a  m odified  model 

a d a p ta tio n  a lg o rith m  might be Implem ented. The d e t a i l s  o f  fo rm u la tin g  

th e  model in  t h i s  way and i t s  advan tages a re  d e sc rib ed  in  Sec. 3 .6 .

The e r r o r  e q u a tio n  i s  fo rm ulated  a s :
-1

e -k l] re 11 1 1
- +

•
e„ -k 0 e2 • 0  j 2 » •

1 1  2 2

l0 -  h 0 ) - ( a 3 •  h3 

The e q u a tio n  may be re w r i t te n  in  th e  form :

*
z w1

,,0

1 1 1
1-

-Z2 ?o “ go
r  5.3*3

_» .

Ik l  ^ ei - ( s i  -  V
7

K> <bi - g x)

CVl’
•0  

1

2

; ko ° . *2

r

; ( a o -  ho>. : ( a 3
- y .(bo ■ S o ’.

r  5.3.fc

T h is e q u a tio n  i s  e s s e n t i a l ly  th e  same a s  t h a t  o b ta in ed  f o r  th e  

o b serv ab le  form  r e a l i z a t io n .

Eq. 5 . 3 .I+ may be  r e w r i t te n  c o n c is e ly  a s :

e  = K e - t . u z 1 + v Z g * v r

where

u  -

v =■

1
■k o ° J

I . - ( a i  -  V
.“2. _"( a o  ‘  bo\
V '  («g -  h2 )

\ - ( a  -  h ) 
. 3  3 .

5.3.5

5 . 3 .6

5.3.7

5 . 3.8
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m
b -  g

1 K1

y

0bO1O&
»

v  r  * -  -  ~ 5 .3 .9

The v e c to rs  z ,  e ,  a re  th e  re fe re n c e  system  s t a t e  v e c to r  and th e  

model re fe re n c e  s t a t e  e r r o r  v e c to r  r e s p e c t iv e ly .  One may now 

choose a  Liapunov fu n c tio n  a s  fo llo w s :

V s : e fcM e  + u b N u + v fcL v + w b Q w 5 .3 .1 0

Because o f th e  form  o f  th e  e r r o r  eq u a tio n  (5*3*^) th e  c o n t r o l le r  

eq u a tio n s  w i l l  be th o se  o b ta in ed  f o r  an o b serv ab le  form  r e a l i z a t i o n .  

The s o lu t io n  o f th e  c o n t r o l le r  dynamics a r e  th e n  u s in g  Eqs. 3*3.67 and 

3 .3 .6 8 .

-z

hl=

nl l  n22 "  n12

[(n22 “l l  " nl2  ml 2 ) *1+ (n22 m12 " n12 “22> e2]

5 .3 .1 1

-z.
h0 =

h2 =

Sr

2
“n  n22 12

2

2
H i  122 ■ H a

-z_
2

2
111 122 ■ H a

r

qll q22 " ql2

j^nl l  mi 2 “ ml l  nl 2  ̂ e l * ^ nl l  m22 " m12 n12  ̂ ^

5 .3 .1 2

J(122 ">u  - 112 m12̂  ei  + ^ 2 2  m12 “ 112 “22̂  e2]
5 .3 .1 3

[( 1 1 1 V  ’ X1S €X * (lll - h 2 ”l2 > e2]
5 .3 .1 ^

[(qu  ml2 - m ^  q12) e1+ (q22 ml2 - q12 m22) e2J
5.3.15
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Sl = .

ql l  q22 " qi 2

^ 2 2  ml l  * q12 “12  ̂  e l + q̂22 “12 -  ql 2 m22  ̂ e 2̂

5 .3 .1 6

The p ro c e ss  o f  a d a p ta tio n  can  be perform ed on t h i s  s e c t io n  o f  d a ta  

u n t i l  th e  "confidence  c r i t e r io n "  i s  a t  some v a lu e . T h is  w i l l  be  con­

s id e re d  and ex p la in ed  in  th e  nex t s e c t io n  where th e  a d a p ta t io n  i s  

shown.

For f  8$ 0 th e  re fe re n c e  system  i s  assumed t o  have e n te re d  a  

d i f f e r e n t  mode o f  b eh av io r and i s  g iv en  b y :

5 .3 .1 7

r  » m

Z1
*
m

a 2 V o'
1

H
— 

1
CV1 > “*3 «

Z 2

-----i
O

■° 
.

where z1 and zg a re  o b ta in ed  from th e  polynom ial e x p re ss io n  f o r  th e  

u n i t  d a ta  g iv en  by Eqs. 5*2.2 and 5*2.5*. The model i s  chosen a s  in  

th e  p rev io u s  case  a s :
T f * / *  \ 1 T 7 r

'*1 -ki

1

—
x2 + * >  °. to

- (h l  -  V  h8 '  1

-(h'0 - k 0 ) -h 3
r  5 .3 .1 8

Comparing t h i s  w ith  th e  model in  F ig . k.2  B i t  can  be seen  t h a t

h^ = hx * h ? 5 .3 .1 9

hQ =. h^ -t* 5 .3 .2 0

*  Note t h i s  i s  th e  polynom ial approxim ation  f o r  th e  s e c t io n  o f  d a ta
.105 i  t  $ . 158 .
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S ince  hg , h ^ , g ^ , gQ, ^  and hQ have been  id e n t i f i e d  in  th e  mode

co rresp o n d in g  t o  f ^  0,  h^ and h,- can  be found by f i r s t  id e n t i f y in g

h^ and hQ in  th e  mode f ^  \  0 .

The e q u a tio n s  used t o  id e n t i f y  h* and h* a re  th e  same as
1 0

E qs. 5 .3 .1 1  and 5 .3 .1 2  w ith  ^  and h^ r e p la c in g  h^ and hQ.

•mZ - I

b l r  i   y n22 ‘ n12 ”12) (“22 m12 " °12 m22̂  *j]

nl l  °22 " * ^.2  5 . 3 .1 1 '

*0 = -----------------    [ (n l l  "12 -  ”n  °1 2 > ' l + ( n l l  m22 -  m12 n1 2  ̂ ' 2]

° U  ”22 -  n22 5 - 3 -1 2 ’

From E qs. 5*3*19 and 5*3*20 h^ and h^ may be found a s :

hi, = 1>0 -  hQ 5 .3 .2 1

h c - h ' - h  5 -3 .2 2
5 1 1

The n ex t s e c t io n  shows th e  implement a t  io n  o f  th e s e  e q u a tio n s  

in  id e n t i f y in g  th e  pa ram ete rs  o f  th e  sac c ad ic  g e n e ra to r  m odel.
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5 .4  I d e n t i f i c a t io n  o f  Param eters

To id e n t i f y  th e  p a ram ete rs  , hQ ,  hg ; ,  gQ o f  th e

sac c ad ic  g e n e ra to r  model d u rin g  nystagm us, a  com puter program  (See 

F ig . 5 .5 )  was w r i t t e n  which g e n e ra te s  th e  po lynom ial e x p re ss io n s  f o r  

Zj and Zg g iv en  by  Eqs. 5*2.1  -  5*2.4 a t  each  in s ta n t  o f  tim e , 

compares th e se  v a lu e s  t o  th e  g en e ra ted  model s t a t e  v a r ia b le s  x^ and 

x2 a t  t h a t  in s ta n t  and u p d a tes  th e  p a ram ete rs  acco rd in g  t o  Eqs. 

5 . 3 . I I  -  5 .3 * l6 . An in p u t o f  45 d e g . / s e c .  was used  in  e x c i t in g  

th e  saccad ic  g e n e ra to r  model a s  i t  i s  assumed t h a t  a  c o n s ta n t 

v e lo c i ty  s ig n a l  i s  used in  d r iv in g  th e  sac c ad ic  g e n e ra to r  du rin g  

nystagm us.

In  th e  i d e n t i f i c a t i o n  o f  th e  p a ram ete rs  o f  th e  model f o r  f^*t 0 , 

th e  m a tr ic e s  M, D, K, L , N and Q were chosen  a s  fo llo w s :

M =

D *

K =

N -

Q

1 - . 1

- .1 .133.

• * 0

.  0 •2

■-3° 1

-30 0

’ .05 0

0 .05

' .05 0

0 .05

5*4.1

5 .4 .2

5 M 3

5*4.4

5*4*5
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L ~
•05 o

o .05
5 .^ .6

The i n i t i a l  ch o ice s  o f th e  H m a trix  H and th e  g v e c to r  g were
0 0

Hos
’ -30 35 ’  0

So =

-(-2 5 )fc
-30 _ 80 

0> m

5 .^ .7

The M m a trix  was chosen c o n s id e ra b ly  sm a lle r  th a n  th e  examples 

p re sen ted  in  C hapter 3* T h is  was because  th e  a d a p tiv e  a lg o rith m s  

were implemented on a  d i g i t a l  com puter and th e  range o f  th e  s t a t e  

v a r ia b le s  i s  about 100 tim es as  g r e a t .  T h e re fo re , i f  one w ishes to  

have th e  advan tages o f  d i g i t a l  a d a p ta t io n  w ith  a  re a so n a b le  tim e  

in t e r v a l ,  th e n  sm a lle r  v a lu es  o f  th e  e lem en ts o f  M and D a r e  r e q u ire d . 

T h is p o in ts  ou t a g a in  th e  f l e x i b i l i t y  o f  th e  Liapunov designed  

c o n t r o l l e r .  S ince  th e  model can  n ev er g iv e  an  e x ac t f i t  t o  th e  

d a ta ,  th e  p a ram ete rs  may n ever re a c h  a  s te a d y  s t a t e  l e v e l  b u t r a th e r  

w i l l  ten d  t o  o s c i l l a t e .  I t  i s  in  t h i s  c a se  t h a t  th e  co n fid en ce  

c r i t e r i o n  i s  u s e fu l  in  e s ta b l is h in g  some "degree o f  co n fid en ce"  in  

th e  adap ted  param ete r v a lu e s . F o r e x a c t model m atching a s  shown in  

th e  examples in  C hapter 3 th e  p a ram ete rs  o f  th e  model system  w i l l  

e v e n tu a lly  converge t o  th o se  o f th e  re fe re n c e  system . Once th e

r T -a d a p ta tio n  i s  com plete f u r th e r  i d e n t i f i c a t i o n  w i l l  g iv e  -  / V d t  = 0*
•'o

V (o ) a 0 and th e  co n fidence  c r i t e r i a ,  ,  w i l l  be  in d e te rm in a te  f o r  

t h i s  id e n t i f i c a t i o n  in t e r v a l .  However, f o r  in e x a c t m odelling  V ( o )  
can nev er be zero  f o r  any g iv en  i d e n t i f i c a t i o n  in t e r v a l  s in c e  th e  

re fe re n c e  system  and model can n ev er be m atched. T h is produces an
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i n t e r e s t i n g  e f f e c t  on th e  co n fid en ce  c r i t e r i o n ,  As th e  model

T h is  v a lu e  w i l l  depend on th e  c o ic e  made f o r  m a tr ic e s  M and D. The 

id e n t i f i c a t i o n  o f  a  p a r t i c u l a r  phase  o f  d a ta  b e h av io r w i l l  be 

te rm in a te d ,  th e r e f o r e ,  when i t  i s  f e l t  t h a t  ^  ^ has reached  some 

r e l a t i v e l y  unchanging v a lu e . The f i n a l  ch o ice  o f  p a ram ete rs  f o r  th e  

system  depends on th e  v a lu e s  o b ta in ed  by th e  "co n fid en ce  c r i t e r io n "  

a f t e r  th e  i d e n t i f i c a t i o n  in t e r v a l  and s t a b i l i t y  c o n s id e ra t io n s  f o r  

th e  m odel. Because o f  th e  in e x a c t m odeling th e r e  e x i s t s  a  re g io n  in  

p a ram ete r space which would e s t a b l i s h  th e  model a s  an  ad eq u a te  

r e p r e s e n ta t io n  o f  th e  p h y s io lo g ic a l  system  under s tu d y .

3h F ig . 5 . 6  a r e  shown th e  model adap ted  p a ram ete rs  a s  th e  a d a p ta ­

t i o n  i s  ru n  f o r  th e  i n t e r v a l  o f  d a ta  betw een 0 and .105  s e c . ,  s in c e  

t h i s  i s  th e  approxim ate  d u ra t io n  o f  th e  slow  b u ild u p  o f  a c t i v i t y  o f  

th e  lo n g  le a d  b u r s t  u n i t s  and i s  assumed t o  co rrespond  t o  th e  phase 

f ^ O .  The a d a p ta t io n  was re p e a te d ly  done f o r  t h i s  in t e r v a l  t o  

o b ta in  a  f i n a l  s e t  o f  adap ted  p a ram ete rs  f o r  t h i s  p h a se . A s tim u lu s  

o f  ^5 d e g . /s e c .  was a p p lie d  a t  th e  s t a r t  o f  each  s u b in te rv a l  t o

p a ram ete rs  o s c i l l a t e  in  p a ram ete r sp ac e , ,  w i l l  ten d  t o  some v a lu e

V ( 0 )

I f  th e  D m a tr ix  i s  chosen  t o  be d ia g o n a l a s  i s  done h e re

5 . M
V ( 0 )
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p e r tu rb  th e  system s. T h is  m agnitude s tim u lu s  was used s in c e  from

F ig s . 2 .9  and 2 .1 0  I t  I s  seen  t h a t  th e  am plitude  o f  a  q u ick  phase

movement a t  %5 d e g . /s e c .  I s  about 10 d eg rees  which i s  th e  am plitude

o f  th e  q u ick  movement In  t h i s  problem . The t o t a l  a d a p ta t io n

d u ra tio n  f o r  t h i s  phase  was e q u iv a le n t t o  .9^5  s e c . The f i na l  adapted

param ete rs  o f  th e  model f o r  each id e n t i f i c a t i o n  s u b in te rv a l  were used j

a s  s t a r t i n g  p aram ete rs  f o r  th e  n ex t i d e n t i f i c a t i o n  s u b in te rv a l .  i

These v a lu e s  a re  in d ic a te d  in  F ig . 5*8 a s  FED., FH2, FED, FH3, FG1,
rT

and FGO. F u n c tio n s  V. ,  and J  -  V d t ,  V ( 0 ) ,  and 1 havelraax ' ‘' o '  1
been denoted by VIM, IMP VD, V ( 0 ) ,  and ETA1 . The program  used t o

i

g e n e ra te  th e  c o r r e c t iv e  dynamics f o r  id e n t i f i c a t i o n  was w r i t t e n  in  j
1

F ocal f o r  a  FDP 8/E  com puter and d isp la y ed  on a  VT8/E  d i g i t a l  d is p la y .  j
I

A l i s t i n g  o f  th e  program s i s  shown in  F ig . 5*5*

PI. IP Ep 1.11 P PPC n ,pic n .ppc n , P3c n , p4c n .FPC 2) ,FK?) . PPC 2), F3C 2). F4C 25PI.20 P P.H 1.HP.H2.H3.G 1. CP.Ml. H3.M4.X 1. XP. X2. X3. Dl. D4.M 1.M3.M4, PTPI.28 S m=N J*V4-!\J3»2;S S ] = CV4*’“!1-V3*M3)/DM;S 52 =CM4*X3-V3*M4> / DMPI.29 s S3=CM 1 + M3-M3KM 1) /DXJS S4=C M 1+M4-M 3*M3) /DM;s D=FDI SC 1PI.40 p XI.X2;s r=45;s Pi = m/p;F t=p.DT. PI D 2PI.5P s VC P) = V2+ V31 S ETC 1)=1-VI/VCP)»5 ETC 2)=V1/VC P)
01.60 T ”FH1= "HI." FH2="H2. !."FHP="4P. " FH 3= "H 3. !."FG1 ="G 1. " FGP="GP, !
01.90 T "ICJT VD="VI . !. "V1M="U2. !."VCP>= "VC P) . !. "ETPT'ETC n ." ETPP"ETC 25
0 1.99 0

e2. 01 s Vl =M!*ElT2+2+r<]3*El+E2+M4*E2»P; I CV1-V252. P2JS V2= V1J s V3= VI
0 2 .P2 s VI =VI + DT*D1*E l» 2+DT*D4* E21 2;S D=FDI SC F1*T-94.H 1)
0 2 .10 s z 1=PPC 1) + F 1C 15+T+F2C 15*Tt2*F3C 1) *Tr 3+F4C 1)*Tt 4
0 2 .11 s X2=FPC 2> + P1C2)*T+F2C2)*Tt 2+F3C2) *Tt 3+F4C 2)*T» 4
0 2 .40 s XDC l)=Hl'fEl-EP-Hl*X 1 + H2*T2+G 1*f; s x i=x l+xDC 1 ) * DT;s fi -Z 1-X 1
0 2 .45 s XDC2) ='-CP* E 1 -H ?*Z 1-H3*E2*GC»‘F; S X 2=X P+X DC 2) * DT; 5 EP=7, 2-XP
02.5P s H 6 =-S1*E1*X1-S2*E2*Hl;S H7=-S3* E1*T 1 -54* E2*X I
02.60 s HS =S l*El*T2+S2*E2*/2; S H9--S3* EI *X 2-S4*E2*Z9
02.65 s Hl =hi+h6+dt;s hp=hf+H7*dt;s hp=H3*DT+HP;S H3=H 3*DT*H9
02.70 s Cl~R*S1*EI*DT+F*S2*E2*DT+G US GP=S3*E1*F* DT-f- S4* E2* F* DT+GP
*

F ig . 5 .5  Program f o r  Saccadic  G enera to r Model P aram eter I d e n t i f i c a t io n
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The dynamics o f  th e  a d a p ta t io n  a re  shown in  P ig . 5*7 -  5*12.

As can  be  see n , th e  p a ram ete rs  ten d  t o  o s c i l l a t e  w ith  s m a lle r  

am p litu d es  in  th e  f i n a l  i d e n t i f i c a t i o n  in t e r v a l  th a n  in  th e  f i r s t .

A lso by exam ining th e  v a lu e s  o f  in  each  s u b in te rv a l  i t  can  be

seen  t h a t  ^  te n d s  t o  some c o n s ta n t v a lu e  in d ic a t in g  t h a t  th e  

model a d a p ta t io n  has gone a s  f a r  a s  i t  can . In  th e  l a s t  few su b - 

in te r v a l s  th e r e  i s  v e ry  l i t t l e  gained  by th e  a d a p ta t io n  a s  can  be 

in f e r r e d  by  th e  sm all changes in  and a d d i t io n a l  i d e n t i f i c a t i o n ,

i t  i s  f e l t ,  i s  n o t w arran ted  a s  has a lre a d y  been  ex p la in ed  p re v io u s ly . 

A nother in d ic a t io n  t h a t  f u r th e r  a d a p ta t io n  i s  n o t w arran ted  i s  th e  

re p e a te d  o s c i l l a t i o n s  o f  th e  p a ra m e te rs . The f i n a l  ad ap ted  p a ram ete rs  

f o r  th e  t o t a l  i n t e r v a l  have, th e r e f o r e ,  been  ta k e n  t o  be a s :*  

hx = 19-5 h2 -  3 5 .6  g l  = -18 .52

5 .1 * .1 0
hQ = 17.1*6 h3 -  1*6.157 gQ = 88.01*

The id e n t i f i c a t i o n  o f th e  pa ram ete r v a lu e s  f o r  f ^  0 were done 

in  th e  same fa s h io n  a s  d e sc rib e d  p re v io u s ly  f o r  f  a  0 . The M, D, N 

and Q m a tr ic e s  were chosen a s  b e fo re  and th e  s t a r t i n g  p a ram ete rs  a t  

each new s u b in te rv a l  were chosen to  be  th o s e  a t  th e  end o f  th e  p re v io u s  

s u b in te r v a l .  The s t a r t i n g  p aram ete rs  o f  th e  model f o r  th e  i n t e r v a l  o f  

d a ta  co rre sp o n d in g  t o  f ^  0 a r e  th e  f i n a l  adap ted  p a ram ete rs  f o r  f ^ ~  0 

and a r e  g iv en  by  e q u a tio n  5.1*.10. Only new v a lu e s  f o r  h, and hQ were 

i d e n t i f i e d .  The id e n t i f i c a t i o n  in te r v a l  was ta k e n  t o  b e  .053 seconds 

and was o b ta in ed  from  e s t im a tin g  th e  tim e  d u ra t io n  o f  th e  b u r s t  o f  

a c t i v i t y  in  P ig . 5*3. Repeated a d a p ta t io n  f o r  t h i s  i n t e r v a l  i s  g iv en  

in  P ig . 5*13 and th e  dynamics a re  shown in  F ig . 5«ll* and 5*15. As can

*  The s ig n if ic a n c e  o f  th e s e  p a ram ete rs  in  te rm s o f  th e  p h y sio lo g y  i s  
d isc u sse d  in  Sec. 5>5«
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be seen  from  P ig . 5*13 has s e t t l e d  a t  th e  l e v e l  yl*.rf8Q and

th e r e f o r e  th e  a d a p ta tio n  was te rm in a te d . The v a lu e s  o b ta in ed  f o r

h„ and h  a re  to  be co n sid ered  as  h '  and h ' a s  d e sc rib e d  in  Sec. 
1 0  1 0

5 . 3 . T h is  i s  so a s  n o t t o  confuse th e se  v a lu es  w ith  h^ and hQ f o r

th e  case  f , = 0 . Param eters h. and h  can th e n  be computed a s  fo llo w s: 1 h 5

h h "  h i  " h0

h c 3 h * -  h
5 1 1

From P ig .  5 .13 th e  fo llo w in g  va lu es  were ta k en  a s  th e  f i n a l  param eters

v a lu e s  h^ and h^

h^ = 157.53

h^- -hi. 9

T h e re fo re :

= 157.53 i- 17.^6  = 174.99 

h c = -h i. 9 - 19.5 = -61. h
5

In  o rd e r  t o  s im u la te  th e  p h y s io lo g ic a l d a ta  th e  o b ta in e d  p aram eters  

w ere used in  th e  model. The model h o r iz o n ta l  eye movement was ob ta in ed  

by  s e t t i n g  th e  o u tp u t param eters in  F ig . h.2 B, i . e . ,  g2 > g  ̂

a p p ro p ia te ly  to  o b ta in  a  12 degree movement. P aram eter hg was chosen 

sm all so  as  t o  g iv e  th e  f i n a l  n e u ra l in te g r a to r  a  la r g e  tim e  c o n s ta n t 

(hg = .1 ) .  P aram eter gg was s e t  t o  zero  ( 0) because  th e  p la n t  was 

n e g le c te d . P aram eter k^ ,  which corresponds t o  th e  peak  f i r i n g  frequency  

o f  th e  s h o r t  le a d  b u r s t  u n i t s ,  was chosen to  be  k ^ =  800. Param eter kg 

was chosen t o  be kg =20  t o  correspond to  th e  f a l l i n g  b e h av io r o f  th e se
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s h o r t  le ad  bvirst u n i t s .  P aram eter g^ may th e n  be a d ju s te d  t o  g ive 

a  12 degree s te p  f o r  d e g ./s e c .  in p u t in to  th e  saccad ic  g e n e ra to r . 

T his i s  p u re ly  a  s c a l in g  problem .

Upon p u t t in g  th e s e  v a lu es  in to  th e  model e q u a tio n s  and d r iv in g  

i t  w ith  a  h5 d e g ./s e c .  s tim u lu s , th e  curves g en era ted  in  F ig . $.16 

r e s u l t .  T h is compares fa v o ra b ly  w ith  th e  r e a l  d a ta  g en era ted  in  

F ig . 5*3» Pig* 5*17 shows th e  model in  response  t o  a  d e g ./s e c .  

s tim u lu s  showing th e  model g en era ted  nystagmus and p en d u lar nystagmus 

w ith  th e  fg  v a r ia b le .  F ig . 5 .18  shows a  com parison betw een th e  

model v a r ia b le s  and th e  p h y s io lo g ic a l u n i t  d a ta .

The nex t s e c t io n  d is c u s s e s  some o f th e s e  r e s u l t s  in  te rm s o f 

th e  p a ram eters  which have been  foung f o r  s im u la tin g  th e  c h a r a c te r ­

i s t i c s  o f  th e  qu ick  phase g e n e ra to r .
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FH 1= 2 3 . 9 0 P 7  F H S -
FHP=- I t * 039 1 FH3=
FG1 = -  9 . 5 2 6 5  FGP=
IMT VD= 1 2 . 4 6 5 2  
VIM- 2 3 - 2 4  09
VC 09 = 2 9 .  7561
FTP 1 = 0.  6 4 5 3  ETP2 =
FH 1 = 2 1 .  19 14 FH2 =
FH0=- 1 3 - 5 3 P 2  FH3=
FG 1 = -  1 9 . 9  119 FGP=
IMT VD= 7 . 2 0 6 5
V 1M= 2 3 - 4  139
VC 0) = 2 7 . 6 3 3  7
F.TA1 = P . 7 3 9  7 ETP2 =
FH 1 = 2 1 .  0355  FH 2=
FHP=- 1 3 - 3 2 9  0 FH3=
FG1 = -  2 2 . 7 0 3 6  FGP=
IMT VD= 7 . P 1 3 4
V m =  13-9 593

13 . 47 73  
ETA1= 0 . 6 2 0 2  ETA2 =

FH 1= 21-  29 23 FH2=
FH0=- 14-33  79 FH3 =
FG 1 =-  21-  2647 FCF=
I MT VD= 10- 4133
V1M= 1 3 . 4 4 5 2
VC 09= 2 0 .  53 5 0
ETA 1 = 0 . 4 9  4 1 FT A 2 —

FH1= 2 1 .  1752 FH2= 
FHp=- 1 5 . 2 5 3  4 FH3=
FG1 = -  19.  5527  FGP-
I MT VD= 9 • 29 2 P
V 1M = 1 3 . 5 1 7 3
VC 09 -  19 . 3 19 6
ETA 3 -v  0 . 5 3  12 E7PP -

FH1= 2 0 - 7 3 2 6  FH?=
F H f = - 15 .3  443 FH3 =
FG 1 =- 1 3 . 3 3 2 0  FG0=
T MT V"0>= 7 .  573 1
V !M= 12. 6963
VC0)= 1 7 . 6 3 6 5
EIA 1 -  p.. 5 7 n3 f t  0. p =.

4 1 -457-  
4 9 . 2 3 5 3  
69 . 9 7 1 5

p. 01 03*
4 P- 9  293

4 7 .  57 13 
8 1. 339 2

FH 1 =
FH <?-- 
FG1 = -  
IMT VD=
V 1M=
VC 0)  = 
ETA 1-  
FH 1 = 
FHp= —
FG1=-  
IMT VD=
V 1M= '
VC 0) = 
ETA 1 =

20 - 2559 FH2 = 
16. 3503  FH3= 
1 3 . 7  762 FG P= 

6 - 9 2 3 5  
1 2 . 1 3  07 

1 6 - 5  64 0 
0 . 5 8  17 ETA 2- 
19- 3 574 . FHP-- 

16 . 893  0 FH3 = 
18. 093 2 FG0= 

6 - 3 2 2 7  
1 1 .8 1 3 3  

16.  19 17 
P. 573 6 ETA2

38 - 4 67 6 
4 4 . 5 0 6 3  
8 7 .  1767

0 . 09 1 I*'

3 7 - 0 4 2  0 
4 3 - 8 3  04 
3 7 - 5 3  16

FH 1 = 1 9 . 5 1 5 9  FH 2=
F H 17- 459 5 FH3= 
FG1=- 1 3 . 5 2 2 3  FGP=
IMT VD= 6 . 7 6 1 3  
V 1M= 1 1 -5533
VCP) = 1 5 - 9 1 9 5
ETA !=• 0 - 5 7 5 3  ETA2:

3 6 . 3  114
45 -  4353  
3 7 .  5 063

__P.JH?27* 
35 - 9 569 

45* 798 1 
8 7 . 8  P44

P. PP30*

3 5 . 6  P33
46-  1575  
3 3 . P479

p . PP29*

0 .0 ^ 1 8 +

36 • 6 5 
44-  3554  
3 7.  3 4 5 n ,

P. 00 1 p-=t
36* 555 6

4 4 - 9  ' 8 I 
3 7 .2 5 0 *

F ig . 5 .6  Model p a ram ete r v a lu e s  a t  end o f each a d a p ta tio n  su b in te rv a l 
f o r  f  = 0 .  See F ig . 5 .7 -5 -1 2  f o r  f i r s t  and l a s t  s u b in te rv a l  
i d e n t i f i c a t i o n  dynamics*
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105
Time (S e c .)

5
1
i

1+0 '

20.

»8Uo
Time (S ec .)

.9^5

F ig . 5 .7  A dap tation  o f param eter h ^ .o f  saccad ic  g en era to r model 
f o r  f , =  0 . The co rresponding  d a ta  in te r v a l  i s  0 £ t  $ .105 
The f i r s t  and l a s t  su b in te rv a ls  o f  ad ap ta tio n  a r e  shown. 
(See F ig . 5 .6  f o r  i n i t i a l  and f i n a l  param eter va lues f o r  
each s u b in te rv a l)
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105

-25-

Time (S e c .)

i

-15

Time (S e c .)

F ig . 5 .8  A d ap ta tio n  o f pa ram ete r h„ o f  sac c ad ic  g e n e ra to r  model
f o r  f n -  0 .  The c o rre sp o n d in g .d a ta  i n t e r v a l  i s  O t t  5 .1 0 5 . 
The f i r s t  and l a s t  s u b in te rv a ls  o f  a d a p ta t io n  a r e  shown. 
(See F ig . 5*6 f o r  i n i t i a l  and f i n a l  param eter v a lu e s  fo r  
each  S u b in te rv a l)
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Time (S e c .)

Fig* 5*9 A d ap ta tio n  o f  pa ram ete r hg o f  sa c c a d ic  g e n e ra to r  model 
f o r  f-. = 0 . The co rre sp o n d in g  d a ta  i n t e r v a l  i s  0-51 $ .105 
The f i r s t  and l a s t  s u b in te rv a ls  o f  a d a p ta t io n  a re  shown. 
(See F ig . 5*6 f o r  i n i t i a l  and f i n a l  p a ram ete r v a lu e s  f o r  
each s u b in te rv a l)
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s

V

1050

Time (S e c .)

Time (S e c .)

F ig . 5 .10  A d ap ta tio n  o f  pa ram ete r h  o f  sa c c a d ic  g e n e ra to r  model 
f o r  f ,  =  0 . The co rre sp o n d in g  d a ta  i n t e r v a l  i s  0 3  t  3  .105 
The f i r s t  and l a s t  s u b in te rv a ls  o f  a d a p ta t io n  a re  shown. 
(See F ig .  5*6 f o r  i n i t i a l  and f i n a l  p a ram ete r v a lu e s  f o r  
each  s u b in te rv a l )
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80

1050

Time (S e c .)

Time (S e c .)

F ig .  5.11 A d ap ta tio n  o f  p a ram ete r gg o f  sac c ad ic  g e n e ra to r  model 
f o r  f ,  =!■ 0 . The co rre sp o n d in g  d a ta  I n te r v a l  i s  0 * t  -$.105 
The f i r s t  and l a s t  s u b in te rv a ls  o f  a d a p ta t io n  a r e  shown. 
(See F ig . 5 .6  f o r  i n i t i a l  and f i n a l  pa ram ete r v a lu e s  f o r  
each  s u b in te rv a l )
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•20

Time (S e c .)
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Time (S ec .)

F ig . 5.12 A d ap ta tio n  o f  p a ram ete r g1 of. saccad ic  g e n e ra to r  model 
f o r  f  -  0 . The co rresp o n d in g  d a ta  i n t e r v a l  i s  0-s t  5 .1 0 5  
The f i r s t  and l a s t  s u b in te rv a ls  o f  a d a p ta t io n  a re  shown. 
(See F ig . 5*6 f o r  i n i t i a l  and f i n a l  param eter v a lu e s  f o r  
each  s u b in te rv a l)
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*FH1 = -  7 3 . 9 3 5 3  FHP = 35 .  6000
FH0= 1 63« 0 0 1 P FH 3= 4 6 . 1 6 0 0
FG 1 =- 13 .5P30  FG0= 3 3 . 0 5 0 0
r MT VD= 6 2 3 . 9 7 5 P
V 1M= 8 17 - 6300
v c p i  = 9 1 1  . n e e ?
ETP1 p. 3 154 ETPP 0 . 2 5 1  1

* FH 1 = -  3 0 . 2 3 9 5  FH2= 35* 6000
FH 0= 155* 7 I IP FH 3= 4 6 - 1 6 0 0
FG 1 =-  13*5230 FGP= 3 8 . 0 5 0 0
I MT VD= 3 2 5 . 0 6 0 0
V 1M= 1 791 . 150P  
VC0)= 2 0 4 6 . 0 1 0 0
ET P 1 0 . 8 4 1 1  ETPP 0.  3076

* FH 1= -  4 6 . 7 3 9 7  FH2= 3 5 - 6 0 0 0
FH0= 1 5 8 . 2 7 7 0  FH3= 46 .  160P
FG1 = -  1 8 . 5 2 3 0  FG0= 8 3 .  0500
I MT VD= 44 0 . 2 6 4  0
V lMs 1 7 8 5 . 4 2 0 0  
V (  0)= 1 8 9 7 . 6 7 0 0
ETP1 0 .763  0 ETP2 0 . 3 3 3 0

* FH 1= -  4 0 . 5 1 3 0  FH2= 3 5 . 6 0 0 0
FH0= 1 5 7 . 3 1 0 0  FH3= 46.  1600
FG 1 = -  1 8 . 5 2 3 0  FG0= 3 3 .  0500
I NT VD= 3 7 3 . 7 4 7 0
V 1M= 1 7 5 1 . 5 6 0 0  
VC0)= 2 0 5 4 . 0 1 0 0
ETP1 0 .8  156 ETPP 0 . 3 0 4 9

* FH 1= -  4P.36P1 FHP= 3 5 * 6 0 0 0
F HP= 1 5 7 . 6 75 0  FH3= 46 .  1600
FG 1 =-  13 • 5P3 0 FG 0= 3 3 .  0500
I NT VD= 3 99 . 4 5 3  0
V 1M= 1 7 6 1 . 8 4 0 0  
V(0> = 1 3 5 3 .4 1 0 0
ETP1 0 . 7 3 5 1  ETPP 0. 3330
* FH 1= -  41*9793  FH?= 35.  6000
FH0= 1 5 7 . 5 3 3 0  FH3= 4 6 . 1 6 0 0
F G 1 = “ 1 3 . 5 2 3 0  FG P= 3 3 .  0500
I NT VD= 39 1- 304 0
M 1N = 1 7 5 7 . 1P00
V ( 01 = 1850*5400
ETP 1 0 . 7 3 3 5  ETPP 0.  339 0

F ig . 5 .13  Model param eter v a lu es  a t  end o f each a d a p ta t io n  s u b in te rv a l  
f o r  f-A  0 .  See F ig s . 5*14-5.15 f o r  f i r s t  and l a s t  Sub in te r v a l  
id e n t i f i c a t io n  dynam ics.
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20

053

Time (S e c .)

,318
-  U d ^

Time (S e c .)

P ig . 5*1^ A d ap ta tio n  o f  param eter h, o f  sa c c a d ic  g e n e ra to r  model
f o r  f j  0 . The co rresp o n d in g  d a ta  i n t e r v a l  I s  .105 S t  5 .158  
The f i r s t  and l a s t  s u b in te rv a ls  o f  a d a p ta tio n  a re  shown 
(See F ig . 5*13 f o r  i n i t i a l  and f i n a l  pa ram ete r v a lu e s  f o r  
each s u b in te rv a l)
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Time (S e c .)

F ig . 5 .15  A d ap ta tio n  o f p a ram ete r tu  o f  a ac c ad ic  g e n e ra to r  model
f o r  f- ,*  0 . The c o rre sp o n d in g  d a ta  i n t e r v a l  i s  ,105-S t  < .1 5 8  
The f i r s t  and l a s t  s u b in te rv a ls  o f  a d a p ta t io n  a r e  shown 
(See F ig . 5*13 f o r  i n i t i a l  and f i n a l  pa ram ete r v a lu e s  f t r  
each  s u b in te r v a l )
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F ig .  5.

Model G enerated Hor. Eye Pos.

\

260
130

Time (S e c .)

Model G enerated Hor. Eye P os.

120 . .

Time (S e c .)

16  Model g e n e ra te d  s t a t e  v a r ia b le s  f o r  a  q u ic k  p h ase  movement 
(The s i z e  o f  th e  movement was made t o  co rresp o n d  t o  a p p ra t  
12 d eg rees  a s  d e sc rib e d  on pages 157 and 158 )
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H O R I Z .  E Y E  
P O S I T I O N
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B

H O R I Z .  E Y E
P O S I T I O N
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I :
Oui i n i

(Hflf i f

i— — ---------- 1
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F ig . 5 .17  Model nystagm us g e n e ra tio n
A- C onstan t v e lo c i ty  nystagmus 
B- Pendu lar nystagm us
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P h y s io lo g ic a l v a r ia b le s Model v a r ia b le s

CJutn
'NinaZ

y  350

3
a

HORIZ

150 302

VERT

HORIZ

. *
150 302

VERT

HORIZ

V. * #

X .

\

H O R I Z  E Y E  P O S

X 2 V AR

H O R I Z  E Y E  P u g

X, VAR

H O R IZ  E Y E  P O S

TIME (msac )

TIME (m sec )

P ig . 5 .18  Comparison o f  p h y s io lo g ic a l  v a r ia b le s  (Frequency o f  
f i r i n g  o f  u n i t s )  w ith  s t a t e  v a r ia b le s  and v a r ia b le  
f 2 o f  th e  m odel. The s iz e  o f  th e  q u ick  phase eye 
movement i s  ap p ro x im ate ly  10-12  d e g re e s .
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5 .5  D iscussion  o f  R esu lts

The param eters  o f  th e  model have been adap ted  by th e  c o n t r o l le r  

t o  th e  fo llo w in g  v a lu es  f o r  f  =  0 :

hx = 19.5159 

hQ-  -17-4595 

h2 -  35.6033

h3 = 46.1575 

- 18.5228 

g0 = 88.0479

T h is  corresponds t o  th e  fo llo w in g  s t a t e  e q u a tio n  f o r  f ^ a  0

X1 ’-18.5228

*2 88.047917.4595 46.1575

The param eters  o f  th e  saccad ic  g e n e ra to r  model h^ , hQ ,  hg ,

h ,  g ,  and g a re  assumed to  determ ine th e  dynamic re sp o n se  o f  th e  
j  X ^

neurons found in  th e  PFRF, and some in te r e s t in g  o b se rv a tio n s  can  be 

made about th e  n a tu re  o f  th e  s ig n a l  p ro c e ss in g  in  th e  PPRF from  th e  

adap ted  param eter v a lu e s . F or th e  system  m a trix  H g iv en  b y :

- h i  h2

H 5
-h -h

0 3

The c h a r a c te r i s t i c  eq u a tio n  i s

d e t ( s i  -  H) -  0

o r

s2 + (h ^  h3)s + (l^ h3 + hg hQ) a 0
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where in  th is  case h1+ hg -  65.9075 and hQ hgi- h  ̂ h^= 279.1893379*

The damping coeffic ien t and natural o sc illa tio n  frequency is  found 

to  "be £ = 1.972 and vn  - 16.709 respectively . This implies that 

the system i s  overdamped in  i t s  in i t ia l  response.

An interesting point ar ises for these parameter values. Because 

hQ i s  negative (hQ< 0) the quantity h  ̂ hg + hQ hg may become 

negative i f  h  ̂ and hg take on values such that h  ̂ hg + hQ hg <. 0 . This 

would make the saccadic generator unstable and resu lt in spontaneous 

o sc illa tio n s . This type of phenomena is  observed in patients with 

lesion s in  the PFRF region.

It i s  also in teresting to  note that the parameters l /  h  ̂ and 

l /  h  ̂ represent the time constants o f the integrators in the model. 

These values are about 20 -  50 msec. This implies that the brain has 

different integration mechanisms to  perform different functions.

In the PFRF, where quick eye movements are processed, integrators 

with short time constants are a l l  that i s  necessary. The integrator 

mediating a c tiv ity  from the PFRF to  the motor nucleus has a long time 

constant since i t  i s  necessary that the eyes be held in  positions of 

fixa tion  for extended periods with l i t t l e  d r ift .

F igs. 5*19 -  5*21 summarize the model behavior by showing where 

in the model the various unit types appear during a quick phase move­

ment. The top two traces in  the upper le f t  hand corner represent the 

EOG and show the actual movement of the eye. This could be realized  

by putting output m of the model into an appropriate plant repre­

senting the eye muscles.*

* See Sobotk ln  ( 93) > Robinson (82) .
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CHAPTER 6 

SUMMARY AND CONCLUSIONS

6 i l  Summary

In  t h i s  d i s s e r t a t i o n  a  combined n eu ro p h y B io lo g ica l and system  

th e o r e t ic  te ch n iq u e  has been  u t i l i z e d  in  s tu d y in g  th e  b e h av io r o f  th e  

oculom otor system  and how i t  m ight r e l a t e  t o  n e u ra l  u h i t s  reco rded  in  

th e  PFRF. R a th er th a n  s tu d y  th e  o v e r a l l  system  from  an in p u t-o u tp u t 

p o in t o f  view an a ttem p t was made t o  e s t a b l i s h  a  t h e o r e t i c a l  b a s is  

f o r  e x p la in in g  oculom btor re sp o n se  in  te rm s o f  reco rd ed  u n i t  a c t i v i t y  

in  th e  b r a in  stem .

One o f th e  m ajor p o s tu la te s  o f  t h i s  d i s s e r t a t i o n  i s  t h a t  th e  

oculom otor system  i s  s t a t e  determ ined and th a t  th e r e  e x i s t s  c la s s e s  o f 

neurons in  th e  b r a in  whose freq u en cy  o f f i r i n g  as  a  fu n c tio n  o f  tim e  

can be co n sid e red  th e  s t a t e  v a r ia b le s  o f  th e  oculom otor system . I t  

was th e n  shown in  C hap ter ^  t h a t  by r e a l i z in g  a  second o rd e r  n o n - l in e a r  

system  in  a  p a r t i c u l a r  fa s h io n , based on p h y s io lo g ic a l argum ents, v a rio u s  

frequency  p a t te r n s  o f  u n i t s  found in  th e  b r a in  stem  cou ld  be s im u la ted .

In  o th e r  words i t  was dem onstrated  t h a t  th e r e  a re  s u f f i c i e n t  neurons 

in  th e  PFRF t o  r e a l i z e  a  p u ls e  g e n e ra to r  cap ab le  o f  p roducing  q u ick  

eye movements.

Once a  c o n c e p tu a lly  v ia b le  model had been dem o n stra ted , q u a n ta tiv e  

agreem ent betw een model s t a t e  v a r ia b le s  and n e u ra l a c t i v i t y  was o b ta in ­

ed . T h is  was accom plished u s in g  a  model re fe re n c e  a d ap tiv e  approach .

The c o n t r o l le r  which was used t o  ad ap t th e  p a ram ete rs  was designed 

u sin g  L iapunov 's  d i r e c t  m ethod. The a d a p tiv e  a lg o rith m s  f o r  th e  

param eter c o n t r o l l e r  to  id e n t i f y  th e  model were d e riv ed  f o r  two ty p e s
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o f re fe re n c e  system s in  S ecs. 3*3*2 and 3.3*3* In  Sec. 3*^ th e  a lg o rith m s  

were implemented by ad ap tin g  two r e a l iz a t io n s  o f a  model t o  a  known 

re fe re n c e  system . The re fe re n c e  system s fo r  i d e n t i f i c a t io n  used in  

th e  examples were assumed l i n e a r ,  c o n t r o l la b le ,  o b se rv ab le , and having 

c o n s ta n t p a ram e te rs . T h is tech n iq u e  i s  extended in  C hapter 5 t o  

p iecew ise  l i n e a r  re fe re n c e  system s when i t  i s  ap p lied  to  th e  i d e n t i ­

f i c a t i o n  o f  th e  saccad ic  g e n e ra to r . Under th e  in f lu e n c e  o f  th e  con­

t r o l l e r ,  th e  m odel’s p o s tu la te d  param eters a re  m odified in  a  manner 

such as  to  cause th e  model re fe re n c e  system  s t a t e  e r r o r  v e c to r  to  

approach zero  o r  to  rem ain  on a  su rfa ce  in  e r r o r  space ( s t a b i l i t y  

re g io n ) and th e  model param eter va lu es  t o  approach th o se  o f  th e  

re fe re n c e  system . The id e n t i f i c a t io n  c o n t r o l l e r 's  a d ap tiv e  a lg o rith m s 

were de riv ed  u s in g  L iapunov 's  D ire c t method.

The desig n  based on L iapunov 's  second method in s u re s  th e  

convergence o f  th e  ad ap tiv e  a lg o rith m  and fu rtherm ore  g u a ran tee s  t h a t  

f o r  in e x ac t m odeling th e  s t a t e  e r ro r  v e c to r  s ta y s  w ith in  some bound 

which can be  g iven  in  term s o f  th e  Liapunov fu n c tio n . In  C hapter 3 

a  c r i t e r i o n  has been e s ta b l is h e d  which g iv e s  e s tim a te s  on th e  "goodness" 

o f th e  a d a p ta tio n . Using t h i s  c r i t e r i o n ,  en g in ee rin g  judgment can th e n  

be e x e rc ise d  to  determ ine  w hether th e  m athem atical model s u i ta b ly  

approxim ates th e  p ro cess  under in v e s t ig a t io n .  T h is perform ance c r i t e r ­

io n  i s  p a r t i c u l a r ly  im portan t in  m odeling b io lo g ic a l  system s where th e  

c la s s  o f  in p u t fu n c tio n s  t o  th e  re fe re n c e  system  i s  l im ite d  and in  many 

cases  might have to  be in fe r r e d  from th e  observed re sp o n se . A lso th e  

use o f  L iapunov 's  second method in  d esig n in g  th e  a d ap tiv e  c o n t r o l le r  

le a d s  t o  a lg o rith m s  which do no t r e q u ire  la rg e  a r ra y s  o f  com puter space
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and can  be e a s i l y  programmed t o  run  on a  m inicom puter. T h is  I s  an 

ex trem ely  Im portan t p r a c t i c a l  c o n s id e ra t io n  in  e le c tro p h y B io lo g ic a l 

r e s e a rc h  s in c e  th e  m inicom puter has become an  e x te n s iv e ly  used t o o l  

f o r  d a ta  a n a ly s is .

The i d e n t i f i c a t i o n  c o n t r o l l e r  i s  d e riv ed  in  C hapter 3 where 

v a r io u s  examples w ere s im u la ted  t o  dem onstra te  th e  convergence p ro p e r ­

t i e s  o f  th e  a d a p tiv e  a lg o rith m s .

A phase v a r ia b le  form  and o b serv ab le  form  r e a l i z a t i o n  were s tu d ie d  

t o  g a in  in s ig h t  in to  th e  ty p e  o f  a d a p ta t io n  expected  f o r  d i f f e r e n t  

r e a l i z a t i o n s  f o r  a  g iv en  system . By in tro d u c in g  " leaky" in te g r a to r s  

in to  th e  q u ick  phase  g e n e ra to r  model r e a l i z a t i o n  a  more a p p ro p r ia te  

system  m a trix  was o b ta in e d . The o b se rv ab le  form  r e a l i z a t i o n  a ls o  

seems t o  have prom ise in  th e  i d e n t i f i c a t i o n  o f  system s where o n ly  a  

s in g le  s t a t e  v a r ia b le  i s  m easu reab le .

In  th e  exam ples in  Sec. 3«^ i t  was p o in ted  o u t t h a t  th e  e lem ents 

o f  th e  M, N, and Q m a tric e s  were im p o rtan t in  d e te rm in in g  th e  dynamic 

p r o p e r t i e s  o f  th e  c o n t r o l l e r .  However, th e  e lem ents o f  M, N, and Q, 

w ere dependent on th e  unknown re fe re n c e s  system  o r  on th e  tim e  v a ry in g  

system  p a ra m e te rs . In  o rd e r  t o  a l l e v i a t e  t h i s  d i f f i c u l t y  a  m odified  

m o d e l-re fe re n c e  approach  was used t o  d e r iv e  th e  a d a p tiv e  a lg o rith m s  

w hich en ab le  th e  d e f in in g  o f  a  "con fidence  c r i t e r io n "  in  S ec . 3 .5  t h a t  

e s t im a te s  th e  c o n t r o l l e r ’s  a d a p tiv e  p r o p e r t ie s .

In  Sec. k.3  th e  model f o r  th e  eye movment c o n tro l  system  sac c ad ic  

g e n e ra to r  i s  p re s e n te d . The co n cep tu a l v i a b i l i t y  i s  th e n  dem onstrated  

b y  in tro d u c in g  p u ls e ,  s t e p ,  and s in u s o id a l  In p u ts  in to  th e  system  w ith  

a p p ro p r ia te  slow phase  in fo rm a tio n  In tro d u ced  a t  th e  sw itch  s i t e .



183

I t  was a ls o  shown in  C hapter U t h a t  th e r e  e x i s t  neurons in  th e  b ra in  

stem  ( in  p a r t i c u l a r  th e  param edian zone o f  th e  p o n tin e  r e t i c u l a r  form a­

t io n )  whose freq u en cy  v s . tim e b eh av io r i s  v e ry  s im i la r  to  th e  tim e 

b eh av io r o f  th e  s t a t e  v a r ia b le s  o f  a  model f o r  th e  saccad ic  g e n e ra to r .

In  C hapter 5 minimum mean square  e r r o r  polynom ials were found 

which approxim ated th e  n e u ra l a c t i v i t y  o f  d i f f e r e n t  neuron ty p e s  

recorded  in  th e  PFRF. The param eter ad ap tiv e  tech n iq u e  developed in  

C hapter 3 was th e n  ap p lie d  by u s in g  th e s e  polynom ials in  id e n t i fy in g  

th e  saccad ic  g e n e ra to r  model p a ram ete rs .

The s t a t e  th e o r e t ic  approach in  view ing th e  Oculomotor system  i s  

c o n c e p tu a lly  p le a s in g  a s  i t  o f f e r s  a  t h e o r e t i c a l  b a s is  f o r  u n d ers tan d in g  

u n i t  b eh av io r and i t s  r e l a t i o n  t o  o v e r a l l  oculom otor re sp o n se . In 

p a r t i c u l a r ,  i t  was shown t h a t  th e  saccad ic  g e n e ra to r  can be looked a t  

a s  a  r e la x a t io n  o s c i l l a t o r  whose b eh av io r i s  determ ined by th e  ty p e  o f  

in p u t in tro d u ce d . When a  p u lse  i s  ap p lie d  to  th e  saccad ic  g e n e ra to r  

i t  e n te r s  in to  an a s ta b le  mode o f  b eh av io r and a  s te p  i s  produced which 

i s  s im i la r  t o  a  saccad e . When a  s te p  i s  in troduced  v ia  th e  slow phase 

g e n e ra to r , th e n  nystagmus r e s u l t s .  When a  s in u s o id a l  s tim u lu s  i s  used 

a s  an  in p u t to  th e  slow phase g e n e ra to r ,  th e n  p endu lar nystagmus i s  

produced a t  th e  o u tp u t. By in tro d u c in g  feedback  from  th e  n e u ra l  i n t e ­

g r a to r  s t a t e  to  th e  saccad ic  g e n e ra to r  th e  neuron ty p e  which r i s e s  

r a p id ly  and decays sh a rp ly  can be s im u la ted . T h is  neuron ty p e  i s  

assumed t o  d r iv e  th e  n e u ra l  in te g r a to r  a s  w e ll a s  fe e d in g  d i r e c t l y  onto  

th e  m otoneurons.

An in te r e s t in g  co n c lu sio n  o f  t h i s  re s e a rc h  i s  t h a t  i f  th e  PFRF 

i s  looked a t  a s  a  s t a t e  determ ined system , th e n  th e  q u ick  phases o f
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nystagmus and saccad ic  g e n e ra tio n  can be exp la ined  by th e  same saccad ic  

g e n e ra to r .
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6 .2  Recommendations f o r  F u tu re  R esearch

F u tu re  re s e a rc h  in  t h i s  a re a  could  he  approached on two le v e l s .

From th e  m athem atical p o in t  o f  v iew , th e  fo llo w in g  a re a s  o f  re s e a rc h  

a re  e x ten s io n s  o f t h i s  work:

1 . To develop  f u r th e r  c r i t e r i a  f o r  "model adequacy ."  The 

c r i t e r i a  developed in  t h i s  d i s s e r t a t i o n  could  be extended

by d e f in in g  v e c to r  valued d is ta n c e  fu n c tio n s  a s  has r e c e n t ly  

appeared in  th e  l i t e r a t u r e  ( 8l ) .

2 . Develop a  com plete approach to  n o n -p e rfe c t model m atching in  

term s o f th e s e  "model adequacy" c r i t e r i a .

3. In v e s t ig a te  new form s o f  Liapunov fu n c tio n s  from which new 

c o n t r o l le r s  may be d e sig n ed .

k. Examine c o n t r o l le r  d e s ig n  f o r  l a r g e r  c la s s e s  o f n o n lin e a r  system s.

From th e  a p p lic a t io n s  p o in t o f  view :

1 . Do more u n i t  re c o rd in g s  and e s t a b l i s h  th e  model f u r th e r  as 

w e ll a s  in d ic a te  m o d if ic a tio n s .

2 . Examine th e  body r e p a i r  mechanism in  term s o f a  c o n t r o l le r  

which e x i s t s  in  th e  b r a in  and u p d a tes  p a ram ete rs  ( r e p a i r s )  

based on a  norm al model copy which a ls o  re s id e s  in  th e  b ra in .

3 . Apply s im i la r  te ch n iq u es  t o  s tu d y  o th e r  p h y s io lo g ic a l system s.
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APPENDIX A

THEORY OF STABILITY IN THE SENSE OF LIAPUNOV (hU, 59, 60)

Liapunov In  1892 in tro d u ced  a  c r i t e r i o n  c a l le d  th e  d i r e c t  method 

f o r  s tu d y in g  th e  s t a b i l i t y  o f  th e  e q u ilib r iu m  s o lu t io n  o f  n o n lin e a r  

system s. T h is  c r i t e r i o n  g iv e s  in fo rm a tio n  abou t s t a b i l i t y  o r  in s ta b ­

i l i t y  by making use on ly  o f  th e  form  o f  th e  e q u a tio n s  d e s c r ib in g  th e  

system s b u t w ith o u t r e q u ir in g  th e  e x p l i c i t  knovledge o f  th e  s o lu t io n .  

The u n d e rly in g  id e a  o f  th e  d i r e c t  method o f Liapunov i s  based  on th e  

e x is te n c e  o f a  p o s i t iv e  d e f i n i t e  s c a la r  fu n c tio n  V(x) o f  th e  s t a t e  

v a r ia b le s  x  w ith  th e  fo llo w in g  p r o p e r t i e s :

a )  V(x) i s  con tin u o u s and has con tinuous f i r s t  p a r t i a l  

d e r iv a t iv e s  in  a  c e r t a i n  re g io n  R about th e  equilibrium  

p o in t  xsO, where th e  o r ig in  i s  chosen a s  th e  e q u ilib r iu m  

p o in t .

b ) V (0)=  0

c ) O u ts id e  th e  o r ig in  and alw ays in  re g io n  R, V(x) i s  

p o s i t iv e  and v a n ish e s  o n ly  a t  th e  o r ig in .  The o r ig in  i s  

an  i s o la te d  minimum o f  V (x).

S ince v (x )  has f i r s t  p a r t i a l  d e r iv a t iv e s  i t  has a  g ra d ie n t  VV, 

and one can  g e t  V(x) = ( W )  ' x a s  i t s  tim e  d e r iv a t iv e .  ( W ) '  i s  th e  

tra n s p o se  o f  V. I f  in  a d d i t io n  V(x) ^ 0  in  R, V(x) i s  c a l le d  a  L ia ­

punov fu n c t io n .  With th e s e  d e f in i t i o n s ,  L iapunov 's  s t a b i l i t y  th e o ry  

can  be summarized by th e  fo llo w in g  theorem sI



S t a b i l i t y  Theorem. I f  th e r e  e x i s t s  In  some neighborhood €  o f  th e  

o r ig in  a  Liapunov fu n c tio n  V(x) th e n  th e  o r ig in  I s  s t a b l e .  

A sym ptotic S t a b i l i t y  Theorem. I f ,  In  a d d i t io n  t o  th e  req u irem en ts  

o f  Theorem 1 , V(x) I s  n e g a tiv e  d e f in i t e  V (x )£  0 i n e t h e n  th e  

s t a b i l i t y  I s  a sy m p to tic .

I n s t a b i l i t y  Theorem. I f  V (x)ij 0 ,  V(o) a  0 and V(x) >  0 in  6  th e n  

th e  o r ig in  I s  u n s ta b le .

G lobal A sym ptotic S t a b i l i t y  Theorem. I f  th e  Liapunov fu n c tio n  V(x) 

s a t i s f i e s  f u r th e r  th e  c o n d it io n s :  (a )  V (x )—* a s  x —

and (b ) V(x) n o t id e n t i c a l l y  zero  a lo n g  a  s o lu t io n  of th e  system  

o th e r  th a n  th e  o r ig i n ,  th e  system  i s  g lo b a l ly  a s y m p to tic a l ly  s t a b l e .  

From th e  above theorem s i t  i s  seen  t h a t  s t a b i l i t y  In  th e  sen se  o f  

Liapunov r e s t s  upon th e  r e l a t i v e  s ig n  o f th e  fu n c tio n  V and I t s  

tim e d e r iv a t iv e  V.
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APPENDIX B 
WEIGHTED MINIMUM MEAN SQUARE ERROR

POLYNOMIAL APPROXIMATION TO DATA (ij-5)

T h is  appendix  d e sc r ib e s  th e  polynom ial cu rve  f i t t i n g  te ch n iq u e  

v h lc h  was used in  t h i s  d i s s e r t a t i o n .

Given M m easurements (o b se rv a tio n s )  (x ^  , y  ^ ) we wish t o

f i t  a  polynom ial o f  degree  N where N i s  much l e s s  th a n  M, t y p ic a l ly  

abou t 3 t o  10 tim es  s m a lle r  f o r  cu b ics  o r  h ig h e r-d e g re e  p o ly n o m ia ls . 

L e t th e  c a lc u la te d  d a ta  be g iv e n  by y (x ^  ) where

and th e  w eighted sum.-of th e  squ ares  o f  th e  d if f e r e n c e s  ( r e s id u a l s )  be 

g iv e n  by

o f  th e  polynom ial a t  x^ and y  i s  th e  v a lu e  o f  th e  a c tu a l  d a ta  a t  x̂  ̂ . 

W ith N 4-1 param eters  we have th e  N -f-1  p a r t i a l  d e r iv a t iv e s  t o  eq u a te  to  

ze ro

y (x ) = P0 + P-l x + P2 x2 * B . l

2
(y (x i ) -  y ±) s  F (a0 , a1 ,  a g ,  ajj) B .2

w here w i s  th e  w eight a ss ig n ed  t o  each d a ta  p o in t  y(x^ ) i s  th e  v a lue  
i  A

dF
d)P j = 2 B.3

o r

F or e a s e , in  n o ta t io n  we s e t n
B.5

1*1

4 pi  si  j "
and a re  c e l le d  th e  norm al e q u a tio n s .
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The norm al e q u a tio n s  a r e  N -l l i n e a r  e q u a tio n s  in  N -l unknowns

whose d e te rm in an t i s  shown n o t t o  be z e ro . C o n sid erin g  th e  

homogeneous e q u a tio n s

B .7

i t  i s  shown t h a t  th e y  have o n ly  th e  t r i v i a l  s o lu t io n  f o r  a l l  j

from  which i t  fo llo w s  th a t  th e  de tm inan t i s  n o t z e ro . M u ltip ly in g  

th e  .1t h  e a u a tlo n  by F and summing f o r  a l l  j

T h is  means t h a t  y (x )=  0 and Pj - 0 f o r  a l l  j .  We have th e r e f o r e  proved 

t h a t  th e  d e te rm in an t i s  n o t ze ro  and t h a t  th e  nonhomogeneous eq u a tio n s  

can  be so lv ed  f o r  th e  c o e f f ic ie n t s  o f  th e  le a s t - s q u a r e s  p o lynom ia l.

In  p r in c ip le  th e  problem  o f f in d in g  th e  l e a s t - s q u a r e s  polynom ial 

i s  so lv e d ; in  p r a c t ic e  i t  i s  no t v e ry  e a sy  t o  so lv e  th e  norm al 

eq u a tio n s  when N i s  v e ry  la r g e ,  say  g r e a te r  th a n  10 . To se e  why t h i s  

i s  so , suppose t h a t  th e  x^ a re  more o r  l e s s  u n ifo rm ly  d i s t r ib u te d  in  

th e  in t e r v a l  0 * x  < 1 . Then

The r e s u l t in g  d e te rm in an t (su p p re ss in g  th e  f a c to r s  M) i s  th e  w e l l -  

known H ilb e r t  de te rm in an t

j-o l=|
2Z. y2  ( x ^  = 0 B.8

1
J + k f l <),k= 0 ,1 ,  • * • N B .10
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The H ilb e r t  d e te rm in an t o f  o rd e r  N h as  th e  v a lu e

*N =  (2  B#11
[(IS 2 ! 3 i  (N -  l ) i ) 3

which approaches z e ro  v e ry  r a p id ly  and su g g es ts  t h a t  th e  system  o f

norm al e q u a tio n s  w i l l  be  d i f f i c u l t  t o  so lv e  when N i s  even  m oderate 

i n  s i s e .  For H = U, w hich i s  th e  maximum o rd e r  used in  t h i s  d i s s e r ­

t a t i o n  th e  H ilb e r t  d e te rm in an t i s  1 .7  X 1 0 “7 .

F o r th e  fo u r th  o rd e r  polynom ial approx im ation  th e  fo llo w in g  norm al 

e q u a tio n s  a re  o b ta in ed  f o r  th e  c o e f f ic ie n t s  o f  th e  polynom ial

S0 V  1̂ Bl + 2̂ *2* S3 P3* P4 = T0 B.12

:Sj_ PQt  S2 P1 f  S3 P2 + P3 * S5 P^ c Tx B.1 3

52 P0 + S3 Pl *  p2 *  s 5 p3 + S6 PU -  T2 B*ll+

53 1̂* Pl *  ^5 P2 + S6 P3 + ^7 P4 = ^3 B .15

^  V  s 5 V  S6 *2 +*7 p3 * s8 V  Tk  B*16
G au ss 's  e l im in a tio n  p ro c e ss  (I4-5 ) can be  used t o  so lv e  th e s e  e q u a tio n s  

f o r  th e  polynom ial c o e f f i c i e n t s .  The computer program t o  do t h i s  was 

w r i t t e n  f o r  a  EDP 8 / l2  u s in g  F o ca l and i s  shown in  F ig . B - l .
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p i . p i  ~

Pl.P? £ SP»SNSP>S3»S4>S5»S<;»S7fS-**TP»T]»TP»T3»T4
PI. IP S P1 = SP;S PP=S1?S £3=3?:*: £4 = S3:S £5=34
Pl-PP S E1 = S15S F?=SP;S B3=S3:S F4=S4:S F5=S5
P1.3P S Cl=s?;s CP=S3!S C1=S4;S C4=S5:S C5=S6
P1.4P S D1 = S3;S D2=S4: S D3=S5?S D4=Sf-:S D5=S7
P1.5P S EI=S4:S E?=S5;S E3 = se;s E4=S7;S £5 = 33
P 1 . 7 P  S T1  = T 1 - T P * P 1 / £ 1 ; S  T P = T 2 - T P * C l / £ 1 5 S T 3 = T 3 - T P +  D 1 / £  ]

PI. FP 5 F2=F2-£P*B1/£1» S B3=E3-£3*B1/£15S F4=P4-£4+ F 1 /£ 1
P1.9P S E5 = F5-£5+Fl/£ l; S ••p=C?-PP*C 1 /£ 15 S C3=C3-£3* C 1 /P 1

PP.IP S C4=C4-P4*Cl/Pi:S C5=C5-£5*C1/£1
P2.PP S D2=D?-£P*Dl/£ l;S D3=D3-£3* D 1 / £ 1J S D4=D4-£4* D 1 / P 1 
PP.3P S D5=D5-P5*Dl/Pi:S E2=FP-£P*F,1 / Pl;S E3=F3-£3* El/P 1 
PP.4P S E4 = E4-£4*El/£ l:S E5=E5-£5+E1/£15 S T 4 = T 4 - T r*El / P 1 
PP.5P S F 1= p: S Cl = p;s Dl = p:s E 1 = P
P2.6P S C3=C3-P3*CP/FPJ S C4=C4-P4* P/FP!S C5 = C 5 - F 5*CP/FP 
PP. 7 P S T2=TP-T 1+CP/FP; S D3 = D3-F3*DP/FP: S D4=D4-P4*DP/FP 
PP. 3 P S D5 = D5-*F5*DP/F2J S T3 = T3-T1*DP/FP; S F3=F3-F3*EP/FP 
PP.9 P S E4=E4-F4*EP/FP: S E5=E5-P5*EP/FP:S T4=T4-T 1*FP/FP

P3. IP S C2=P;S D2 = p;S EP- PS S D4=D4-C4*D3/C3? S D5= D5-C5* D3/C3 
P3.PP S E4=E4-C4*E3/C3?S E5=E5-C5+ 3/C3:S T3=T3-TP*D3/C3 
P3.3P S T4 = T4-TP*E3/C3;S D3=P;S E3=P:S E 5 = E 5 - D 5 E4/pz»
P3.4P S T4=T4-T3*E4/D4J S E4=p

P4.  IP S F4=T4/E5; S F3=CT3-D5*14 ) /D4; S FP=CTP-C5*F4-C4*F3>/C3  
P4.PP S F1=CT1-E5* F4-F4* F3-F3* F2) /  FP 
P 4 . 3 P  3 FP=CTP-P5*F4-P4*F3-P3*FP-PP*F1>/ P1
P4.  4 P T %, ! ,  ''FP=’’FP* ! ,  , ,P1 = , ’F 1, ! ,  ” FP=, ,F?  ̂ \> "F3=, ,F3,  !,  , ,F4 = , ,F4,  ! ! 
P 4 . 5 P  T "TYFE CD 5> FOF FOLV EXPMt P

P5.  IP P ,,TTME=,,T; i  C T) 4 .  5
P5 . PP S •ir=FP+FH‘T+FP*Tt P+F3*Tf 3+F4*Tf4:  T ” Ff T> = ” / . ! :  G 5* !

F ig . B - l  Computer Program f o r  O bta in ing  Polynom ial A pproxim ation 
To D ata
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APPENDIX C

COMPUTER PROGRAMS USED TO GENERATE CORRECTIVE DYNAMICS 

FOR EXAMPLES 321 SECTION 3.U

Example 1

P 1 . l r  f:
P 1. 15 C 4 1 P=99 : 4 P P = S P ;  M 1 1 = 3 f' :  '< 1 P=PO: '>ip?=3P: \J 11 = 1: '11 P = . 5 ;  4 P P =  1 
P l . P P  G "TT "ST FGP 4  1-4  p " 4  1» 4 P.  "X MPT "'>i ! > 4 3 .  M4. "4  X PT " 4  1. M 3 ,  4 4
P I . 3 P  S D=FDISC) ; S S 1 = M3/C M 1 * M i - v n k'J 31 ; S SP=M^/C 4 ] « 4 4 - 4  3* 4 33 
P 1 - 4 P  S F l = 1 4 4 / p ; 3  D T - . P P ] : S F 1 - 1 1 F  T = P » D T » F :D  ?
P l . C C ' T  "FT 44  J = "4  1 * 1» "F T 44  P 
P 1 • 7 P (■>

PS.  IP  S D=1; DI SC F l - « T - 9 4 . 4  1 > J S PP=P!T C - T > ? . ? : S  FP = 1/ D T
P P . P P  S 7:4 = -  1P1 + '7. 1 - PP* 7  p+ j c 5 7 * p ] 4 .  j pp* f < p ;  £  7 p - 7 p + nT* 7 /,; s  X 1 = * 1 *• DT* X P 
P P .  PP S X4 = -4P *X  1-4  1*XP+- 137*F 1* 1 PP*PP :  S X P=XP+ DT*X4 : S X 1 =X 1 DT*X P 
p s . g f  s  e i = x i - x i ; s  e p = x ? - x p
P P . O P  S ' H 4  = - 4 4 * S l kE l * X l - 4 4 * S P * X l * E P + 4  3»- X Pk Sl *E l  + 4 3*X P,£SP *F P 
P P .  9 5 S 4 3 = - 4 1* S 1 * E l * X P - 4 1 * SP^X P* EP+4 3* S 1 *X 1 X E 1 + 4 3 + SP*X J* F.P 
P P . 9 7  S HP='4P+DT+H4; S 4 1=4 1 + DT*43

Example 2

p l • 1 P E
P I .  11 C 4 1 P= P : 4 P P= P P P ; M 1 1 = 7 P P ; X 1P -  - P P P ! M P P - P 3 . 3  f
P I .  IS G "TT ME= "1 . "ST FTP 4 1-4 P" 4  1 .4  P.  "M M FT *'M 1. M3» ^ 4 ,  " 4  M G T " 4 1 » 4 3 » 4 4
p. l . P P  s  T 1= 1 0 3 / r :  ? n = F n r s o : s  r T = . P P i : F  t = p . d t . f : d  P 
P 1 . 4 P  T " H 4 4 1 -  "4  1 . ! . " r  T 4 4 P = " 4 P  
P 1 . 5 P P

PP.  IP  S 13= F DT SC F 1* T - 0  4 >4 1 3 ! S X 3 - - - PP * 7. 1 + X p + ] F P : S X 4 = -  1 P 1 * X 1 + 14 7
P P . P P  S X i =x 1 + L)T*X3; 5 X P=X P + D1 * X 4 : j f - T 3 ? . 4
P P .  3 P S P 1 = X i / m  : S GP = X ? / dt
p p .  4 P S X 3 = -4 1  + X 1 +XP+01 5S X4 = - - t r*X 1 + GPS S X 1 = * 1 + X 3* l)T
p p .  5 f  s  X ? = \P+ITT + X4 : S Kl = X l - X i : S  E P = X P - X P :S  4 3=-X 1 * 1 4 PP P* K 1 + X ] * P PPP* >• P 
p . p p  S 44 -X  1 k FPPP+ K 1-470  . t**X 1 *F.P: S 4 1 =4 1 + I3T*4 3: S 4 f - - 1 P + DT*4 4
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APPENDIX D
COMPUTER PROGRAMS USED TO GENERATE CORRECTIVE DYNAMICS 

FOR EXAMPLES IN SECTION 3*7
Example 1
0 1 . 1 0  E
0 1 . 2 0  P ,,7 IX E ,,P , , ,STPR FPH H 1 .H 0,  "M MPT"M 1 .M3,M 9,  "M MPT">J1,M3,M9
0 1 . 2 5  P •-< XPT*"-C 1 »X0, ” D MPT*’D 1/ D3» DP
0 1 . 2 8  S DM=M1*U9~U3»2;5 S1=CM9*M1-M3*M3>/DM;S S2=CM9*M3-M9*M3) /  DM
0 1 . 2 9  S S3=CM1*M3-M l*M3J/DM;S S9=C M 1 + M9-M3*N3>/DM
0 1 . 9 0  S F 1 = 1 5 5 / P ; S  D=FDISC);S DT=. 0 01 ;  F T= 0,  DT, f ; D 2
0 1 . 9 5  S VC0)=V2+V3
0 1 . 5 0  S ETC 1) = 1-VI /VC0>;S  E TC 2)= V 1/V 2 :  S ETC 3) =FSGTC ETC 1) t 2+ETC 2) r 2)
0 1 . 6 0  T "FH1= ”H 1, ! ,  "FH0=”H 0 ,  ! ,  " I  MT VD= "VI , ! ,  "V 1M= " V 2 ,  !
0 1 . 9 9  T "VC 0)="VC P ) ,  ! » ,*ETP1 = ,,ETC 1) ,  "  ETP2"ETC2 ) , "  ETP= "ETC 3)  ; Q

0 2*01 S VD=D1*E1* 2+D9*E2t 2;  S VI = VI + DT* VD
0 2 . 0 2  S V l = M l * E l» 2 + 2 * M 3 * E l* E 2 + M 9 * E 2 r2 ; i  C V 1 - V 2 ) 2 .  i ; S  V 2 = V U S  V3=VI
0 2 . 1 0  S D=FDISCF 1*T-99» H1) ;S  ^ 3 = - 2 2 * / .  l-t-’’. 2 + 1 0 2 ;  S E 9 = - 12 1*^ 1+15 7
0 2 . 2 0  S Z 1=? 1 + DT*T3JS X2=X2+DT*X9; I C - T J 2 . 9
0 2 . 3 0  s  g i = t : i / d t ; s  G0= t 2/ d t
0 2 . 9 0  S X3=-H I*T l+Kl*El«X2- t-Gi;S X9=-H0*X 1+K0* El  + GP; S X1=X1+X3*DT
0 2 . 5 0  S X2=X2+DT*X9; S E l = X l - X i ; S  E 2 = X 2 - X 2 ; S  t-f3=-T 1* S 1* E 1-X 1* S2* E2
0 2 . 6 0  S H 9 = - ?  l + S 3 * E i - S 9 * 5 1 * E 2 ; S  H 1=H 1+DT+H3; S H0=H0+DT*H9 
*

Example 2

0 1 . 1 0  E
0 1 . 2 0  P "TIMF."F, "STPF FPH H 1-H0,  G 1-GF"X l .  -TP. C-1. G0, "M MPT"M1,M3,M9
0 1 . 2 3  P MPT"cC I , K 0 , " D  MPT"D1, D3,  D9, ” M MPT"M 1,M3,M9» ” 0 MPT"P 1, 0 3 ,  P9
0 1 . 2 9  P "DT"DT
0 1 . 2 5  S DM=M 1*M9-M3t25 S S1=M3*M3/DM;S S2=M9*M 1 / I N ; S S3=M3*M3/DM
0 1 . 2 6  S S9=M9*M3/DMJS S5=M3*N9/DM; S S6=M9*M9/DM
0 1 . 2 8  S DG=2 1*G9 -e 3»2 ;S  S 7 = C Q 1 * M 3 - M H '0 3 ) /D 2 ;S  S3 = C G 1*M9-M3* P3> /DO
0 1 . 9 0  s  E = u s  f i = i 8 8 / f ; s  d = f d i s c > ; f  t = f . d t , f ; d  2
01.95 S VC0;=V2+V3;S V9 = 0 ; s  VI=VI+V9
0 1 . 5 0  S ETC 1)=1-VI /VC 0 ) J S  ETC2)=V1/VC 0) ; S ETC 3) = FSQTC ETC 1) r 2 + ETC 2) r 2)
0 1 . 6 0  T ! .  "FH 1= • • H I , "  FH0="H0,  ! ,  "FG I = "G 1,  "  FG0=" G0»  !» " I  NT V D = " V r , »
0 1 . 9 0  T "V1M=,,V2, !,"VC0>="VC 0 ) ,  ! ,  "ETP 1 = ’’ETC 1 > , "  ETP2*’ETC 2) ,  "  ETP="ETC3)
0 1 . 9 9  0

0 2 . 0 1  S VD=D1*E1T2+D9*E2»2; S VI=VI+DT*VD
0 2 . 0 2  S V1=M1*E1t 2+2*M3*E1,*E2+M9*E2t 2;  I C V1-V2) 2 .  l ;  S V 2 = V 1 ; S  V3=VI
0 2 . 1 0  S D=FDI SC P 1 * T -9 9 ,T 1 )  : S TDC 2)  = -  12 1*711-22*?2+ 18 7 * F ;  S ? 2=? 2 + DT*X DC 2)
0 2 . 2 0  S Z \-Z  1+DT*X2;S XTJC21=XP* El+K 1*E2-H0*X 1-H 1*X2+G0*R
0 2 . 9 0  S X2=X2+DT*XDC2};5 X 1=X 1+DT*XP: S E I = ^ 1 - X 1 ; S  E2 =X 2-X 2
0 2 . 5 0  S HDC 0> =- S5 *El* X ! -S 6*E 2* ?  1+ S 3 * E 2+ S9* E 2 + ? 2
0 2 . 6 0  S HDC 1 ) = -S  1*E1*X2-S2*E2*T 2+ S3*E 1*X 1+S9* E?*7. 2
0 2 . 7 0  S GDC 0) =R*S7*E1+F.«S8*E2; S H 0=H 0+HDC 0) * DT; S H 1=H 1+HDC 1)*DT 
0 2 - 8 0  S G0=G0+GDC 05+DT;S D=FDI SC P 1 * T - 9 9 . X 2 )
*
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Example 3

0 1 .  10  E
0 1 . 2 0  A " T I M E " ? .  "STAR PAE H 1 - H P .  G 1-G 0"H 1. H P.  G1. GP.  "M MAT"M 1 , M 3 .  M4
0 1 . 2 3  A "X MA T"X 1.K 0 .  "D MAT” D 1, D3,  DA, "M HAT"M1. M 3 ,  M 4.  " 2  MA T"0  1 > 0 3 .  04
0 1 . 2 5  S DM=M 1*M4-M3?2 ; S S l = OJ4*M I -M3* M3) /DM; S S 2 = (  M 4*M3-M4*M 3 ) /DM
0 1 . 2 6  S S3 = CM 1*M3-M 1*M3) /  DM; S S4=CM 1*M4-M3+M3>/DM
0 1 - 2 7  S D e = Q l * G 4 - C 3 t 2 5 S  S5=C C4*M 1 - 0 3 *  M3) /  D0;  S S6=C Q4+M3-M4* 0 3 ) /DO
0 1 . 2 8  S S 7= C C1 *M 3- M 1 * 0 3 ) / D O ; S  S8 = C 0 1*M4-M3* 0 3 ) /DQ
0 1 . 4 0  s  e = i ; s  F i = i 8 8 / p ; s  d = f d i s o ; a  " d t = " d t ; f  T « e .  d t .  f ;  d  2 
0 1 . 4 5  S V C 0 ) = V 2 + V 3 ; S  V4=P
0 1 . 5 0  S ETC 1) = 1-C VI + V4)/VC 0) ; S ETC 2 )  =V 1 /UC 0)
0  1 . 5 5  S ETC3)=FS0TCETC 1 ) t 2 + E T C 2 ) » 2 )
0 1 . 6 0  T "FH 1= " H I . "  FH0="H0#  ! . ” FG1 = " G 1 .  "  F G P = " G 0 .  ! .  " I  MT V D = " V I » f
0 1 . 9 0  T "V 1M="V2.  ! .  "UC 0)  = "VC 0) .  ! .  "ETA 1="ETC 1) > "  E T A 2 ” ETC 2)  ,  "  ETA="ETC 3)
0 1 . 9 9  0

0 2 . 0 1  S V D = D l * E l r 2 + D 4 * E 2 t 2 ;  S VI=V I  + DT*VD
0 2 . 0 2  S Vl  = M l * E l r 2 + 2 * M 3 * E l * E 2 + M 4 * E 2 r 2 ;  I C V 1 - V 2 ) 2 .  1 S S  V 2 = V 1 : S  V3=VI
0 2 . 1 0  S D=FDI S C P 1 * T - 9 4 . H 1 ) J S  Z  3 = - 2 2 * 7  \ + z  2+ 1 0 2 ;  S X 4 = -  12 1+X 1+ 18 7
0 2 . 2 0  S X1=X 1 + D T* X3 ;S  X2=?:2+DT*X4;  S XDC 1) = -H  1*X 1 + K 1* E 1+ X 2 + G  1*B
0 2 . 4 0  S XDC 2 ) = - H 0 * X  l + K 0 * E l  + GP*Fi; S X 1=X 1 + XDC 1) * DT; S X 2=X 2+ DT*X DC 2)
0 2 . 5 0  S E l = X l - X i ; S  E 2 = X 2 - X 2 ; S  HDC 1 ) = - Z 1 * S 1 * E 1 - X 1 * S 2 * E 2
0 2 . 6 0  S HDC 0 ) = - X l * S 3 * E l - S 4 * X  1 * E 2 ;  S H 1=H 1 + DT*HDC 1) ;  S H 0=H 0+ DT*HDC 0)
0 2 . 7 0  S GDC 1) = E * S 5 * E 1  + R* S6 *E 2>  S GDC 0) =R* S7*  E 1+ R* S 8 *  E2
0 2 . 8 0  S G1 = G1 + GDC 1)*DTJ  S G0=G0+GDC P) *DT
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