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BSTRACT

A NEW CLASS OF FORWARD ERROR CORRECTING CODES
FOR
BURST AND RANDOM ERRORS
by
David Manela

Adviser: Professor D.L. Schilling

A new class of error-correcting codes, with random and
burst error correcting capability is described, (we will
refer to it as the SM codes). A SM encoding method is
provided comprising the steps of storing a block of data-bit
in a memory, «calculating parity-check symbols from
parity-line symbols having p-bits per symbol along parity
lines, and setting the parity-check symbols equal to the
modulo p sum of the parity-line symbols. A SM decoding
method is provided comprising the steps of storing an
encoded data-bit sequence in memory. The encoded data-bit
sequence includes a parity-check-symbol sequence which is

stored in parity-memory cells, and data-bit sequence which

-1i4-
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is blocked and stored in information-memory cells. The
parity-check symbols and the parity-line symbols along the
parity lines in the information-memory cells are found. The
count of each composite cell on a composite-error graph
traversed by the path of each of the parity lines having an
error is incremented and the largest-number cell in the
composite-error graph having the largest number is
determined. The largest number is compared to a threshold,
and a new data symbol is chosen to minimize the count in the
largest-number cell and substituted into the stored data-bit
sequence.

The main features of this code are:

(1) Extreme simplicity of design of the decoder as well as
the encoder. For example, the decoding algorithm is of
significantly less complexity than that of the Viterbi
algorithm for the same error rate performance.

(2) The codec 1is less complex and provides a higher
throughput for the same error rate thakn other codes, such
as Chase's Code Combiner.

(3) The codec can be used for burst error correction and
in this operation operates at the theoretical maximum

efficiency as defined by the Rieger Bound.
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1. STATEMENT OF THE PROBLEM
1.1 INTRODUCTION

In recent years,there has been an increasing demand for
efficient and reliable digital data transmission and
storage systems. This demand has been accelerated by the
emergence of large-scale, high-speed data networks for the
exchange, processing, and storage of digital information in
commercial and military sectors. A merging of communication
and computer technology is required in the design of these
systems. A major concern of the designer is the control of
errors so that reliable reproduction of data can be

obtained.

In 1948, Shannon [1] demonstrated in a landmark paper
that, by proper encoding of information, errors induced by a
noisy channel or storage medium can be reduced to any
desired level without sacrificing the rate of information
transmission or storage. Since Shannon's work, a great deal
of effort has been expanded on the problem of devising
efficient encoding and decoding methods for error control in
a noisy environment. Recent developments have contributed

toward achieving the reliability required by today's
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high-speed digital systems, and the use of coding for error
control has become an integral part in the design of modern

communication systems and digital computers.
1.1.1 Coding Systems

The transmission of digital data and storage of digital
information have much in common. They both transfer data
from an information source to a destination (user). A block
diagram which describes the digital communication process

(or storage) system is shown in Fig. 1.1-1.

Analysis shows that communication channels (or storage
media) can theoretically operate at maximum bit rate called
the channel capacity for information transmission, so that,
if the rate of the source is less than this capacity ,it is
possible to choose a set of signals such that the
probability of erroneous decoding is arbitrarily small.
This theory does not indicate precisely how these signals
are to be constructed nor does it guarantee that such a

system can be built in the real world.

The use of error-correcting codes is an attempt to
circumvent these problems. A system that employs the type of

coding described, is shown in Fig. 1.1-1.
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Figure 1.}1 Block diagram of a typical data transmission or storage system.




Data (Information) source

The data source generates data in the form of symbols.
The symbols may be generated by a digital system (computer),
or by an analog to digital (A/D) conversion of a continuous
signal. The sequence of symbols is called the information

sequence u.

Channel Encoder

The channel encoder transforms the information sequence
u into a discrete encoded sequence v called a code word. In
most instances v is a binary sequence, although in some
applications nonbinary codes have been used. The design and
implementation of the channel encoders is to combat the
noisy environment in which the code words must be

transmitted or stored.

Modulator (writing unit)

Discrete symbols are not usually suitable for
transmission over a physical channel or for recording on a
digital storage medium. The modulator transforms each output
symbol of the channel encoder into a waveform of duration T

seconds which is suitable for transmission.
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Channel (Storage Medium)

The waveform channel consists of all hardware and
physical media that the waveform passes through in going
from the output of the modulator to the input of the
demodulator. s(t), of the channel is a scaled replica of the
input s(t), to which some random disturbance, n(t) has been
added. Much more general situations are possible. Distortion
may be present due heavy filtering or multiple signal
paths. The disturbance may cause signal suppression which
could in turn cause the amplitude of the received signal
to vary. The channel itself may be tire varying which again
could cause random amplitude and phase to occur. The
disturbance n(t) may be simple receiver noise which may be
modeled as an additive Gaussian process, it may be urban
noise of various kinds, or it may be intentional jamming by
an unfriendly party. Although much of the the existing work
in coding has been tailored to the simple case of additive
Gaussian noise, it is often in the more complicated
situations where coding concepts prove to be the most

effective.
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Demodulator (reading Unit)

The demodulator is a device which estimates which of
the possible symbols was transmitted based upon an
observation of the received signal s(t). The probability that
this estimate is correct depends upon the ratio cf the
signal power to the noise power in the data bandwidth, the
amount of signal distortion due to filtering and nonlinear
effects, and the detection scheme that is being used. In a
coded system the demodulator sometimes performs a second
function. That function is to supply information to the
decoder as to the reliabilty of each individual symbol

decision (soft decision).

This information may be obtained in a number of
different ways, and the approach utilized depends strongly
on the nature of the disturbance, n(t). One possibility
occurs when there is a known interference such as a jammer
or a radar signal whose presence can be determined
independently. The reliability information would then be a
single symbol that indicates whether the interference exists
or not. This information results in an "erasure", and the
channel decoder can wuse that information to improve

significantly the probability of error. Another possibility
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occurs when the detector is a sampled match filter, and n(t)
is additive Gaussian noise. In this case, the magnitude of
the sampled voltage relative to the decision threshold is a
strong indication of the reliability of the decision, and
that information can be furnished to the channel decoder to

decrese the probability of error.

Channel Decoder

The channel decoder is the device that inverts the
operation of the channel encoder. Because the sequence of
symbols r that are generated by the demodulator may contain
errors; the decoder must perform a significantly more
complex mapping than the encoder. Although this could in
principle be performed using an optimal techniques such as
maximum likelihood detection, this approach rapidly becomes
impractical as the size of the code grows. In practice, one
must often resort to a suboptimal technique. To make the
decoding operation feasible, one must devise computational
procedures for realizing this process. The decoding
algorithms can be categorized according whether the
techniques apply to block codes or tree codes. The use of
reliability information or so-called ("erasure" or "soft-de-

cision") is applicable to both block codes and tree codes.
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Destination

The destination accepts the sequence i from the channel
decoder. When the source is continuous, this involves an
additional digital to analog (D/A) conversion. In a
well-designed system, the estimate will be a faithful
reproduction of the source output except when the channel

(or storage medium) is very noisy.

The essence of this work is to suggest a unique channel
encoder/decoder pair such that information can be
transmitted (or recorded) in a noisy environment as fast as
possible, reliable reproduction of the information can be
obtained at the output of the channel decoder, and the cost
of the implementing the encoder and decoder falls within

acceptable limits.
1.2 TYPES OF CHANNELS (ERRORS)

From the view poiit of the encoder and decoder, the
segment of Fig. 1.1-1 enclosed in the dash lines is the most

important. The channel is characterized by a set of input

symbols, output symbols and, transition probabilities.
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In the simplest case the transition probabilities are
time invariant and independent from symbol to symbol. This
is the so called discrete memoryless channel (DMC). The most
commonly encounted case of the DMC is the so called bi‘nary
symmetric channel (BSC), whose transition diagram is shown
in Fig. 1.2-1. Each transmitted bit has a probability p of
being incorrect and a probability 1-p of being received
correctly, independent on the other bits. Hence transmission
errors occur randomly in the received sequence. Good
exanples of such channels are the deep-space channel and
many satellite channels, as well as many line of sight
transmission facilities. The codes advised for correcting

random errors are called random-error-correcting codes.

t-p
0 > 0
r
Input Qutput
14
1 v |
1-p

Figure 1.2-1 Binary symmetric channel.
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So far we have discussed examples in which symbol errors
are independent from one symbol to the next. Often in
practical structures this will not be true, and closely
spaced or "purst" errors may be more common than widely
spaced errors. This could be caused by an almost periodic
noise source such as a near by communication or radar system
or rotating machine or by fading in the communication link.
One can extend the modeling ideas discussed thus far by
making the transition probability depend upon previous
transmission or by making them a function of time. Typical
solutions for this type have included either burst-er-
ror-correcting codes which exhibit good word separation
properties based upon burst lengths rather then on the
number of random errors, or interleaving several code words
from random-error-correcting code.

Finaly, some channels contain a combination of both
random and burst errors. These are called compound channels,
and code devised for correcting errors of these channels are
called burst-and-random-error-correcting codes.

The code suggested in this work belongs to this group.
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1.3 THE CODING PROBLEM

For codes to be very effective they must be long, so as
to average the effect of the noise over a large number of
symbols. Such a code may have 10100 possible code words and
many times this number of possible received words. While the
code and decoding are still conceptually described by a
table,it becomes impossible to construct such a table, or
even to list all of the code words. A mathematical structure
can enable us to determine the important properties of such
codes.

Thus, there are three main aspects of the coding
problenms:

(1). To find codes that have the required error correcting
ability.

(2). To find a practical method of encoding of the code.
(3). To find a practical method of making the decision at
the receiver, that is, a method of error correcting.

The typical attack on the problem has been to find codes
that could be proven mathematically to satisfy the required
error-correcting ability. This mathematical structure is
then exploited to meet the other two requirements, ability

to encode and to decode.
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1.4 TYPES OF CODES

The channel encoder accepts at its input a continuous
sequence of information digits. At its output it produces
another sequence with somewhat more digits, which fed to the
modulator. Conversely, the decoder accepts a sequence of
channel symbols from the demodulator and translates it into
a somewhat shorter sequence of information digits. The
rules under which the encoder and the decoder operate are

specified by the particular code that is employed.

1.4.1 Block Ccdes

There are two fundamentally different types of codes,
block codes anc convolutional codes. The encoder for block
code breaks the continuous sequence of information digits
into k-symbol sections or blocks. It then operates on these
blocks independently according to the particular code to be
employed. With each possible information block is associated
an n-tuple of channel symbols, where n>k. The result, now
called a code word, is transmitted, corrupted by noise, and
decoded independently of all other code words. The quantity

n is referred to as the code length or block length.
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Let g denote the number of distinct symbol employed on
the channel; here g will be assumed as a power of a prime
number, the binary case (g=2) is the most used case. A block
code is a set of M sequences of channel symbols of length n.
These g-ary n-tuples are called the code words of the ccde.

The total number of code words is M=gK .
1.4.1-1 Properties of Block Codes

Block codes are characterized by their algorithm for

encoding and decoding and also by several other properties:

The code rate is the ratio of information data symbols
k, to the total number of symbols in a code word n, which is
the sum of information data symbols and the parity check
symbols r. Thus, the number of symbols in a codeword is

n=k+r and the code rate R=K/n.
Minimum Hamming Distance dpjin
This parameter determines the random-error-detecting and

random~error-correcting capabilities of the code. Let

v=(VQ,Vis+++,,Vn-1) be an n-tuple. The Hamming weight of v,
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denote by w(v), is defined as the number of nonzero
components of v. For example, the Hamming weight of
v=(0,1,0,0,1,1,0) is 3. Let v and u be two n-tuples. The
Hamming distance between u and v, denoted d(u,v), is defined
as the number of places where they differ. For example, the
Hamming distance between v=(0,1,0,0,1,1,0) and
u=(1,1,1,0,1,1,1) is d(u,v)=3. Hamming distance is a metric

function that satisfies the triangle inequality.

d(u,v)+d(u,w)2d(v,w) (1.4-1)

It follows from the definition of the Hamming distance and
the definition of the modulo-2 addition that the Hamming
distance between two n-tuples, v and u, is equal to the

Hamming weight of the sum of v and u,

d(u,v)=w(u+v) (1.4-2)

For example the Hamming distance between u and v as above

d(u,v)=3 and the weight of u+v=(1,0,1,0,0,0,1) w(u+v)=3.
Given a block code C, one can compute the Hamming

distance between any two distinct code words. The minimum

distance of C, denoted dpjp,is defined as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15

doin=min{d(u,v):u,veC,u#v} (1.4-3)

Tf C is a linear block code, the sum of every two code words
in c is another code word in C. Then because the all 0

n-tuple is a code word in C:

dpin =min{w(u+v):u,veC,u*v)
=min{w(X):XeC,X #0)
(1.4-4)

=w

Summarizing the above result, we have the following theorem
Theorem~ The minimum distance of a linear block code is

equal to the minimum weight of its nonzero code words.
1.4.2 Tree Codes

The other type of code, called a tree code or
convolutional code, operate on the information seguence
without breaking it up into independent blocks. Rather the
encoder for the tree code processes the information
continuously and associates each long (perhaps sem. -infi-
nite) information sequence with a code sequence containing
an increased number of digits. The encoder breaks its input

sequence into blocks, each of which contains k-symbols where
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k is usually a small number. Then, on the basis of this
k-tuple and the preceding m information symbols, the encoder
emits an n -symbol section of the code sequence. Hence the
encoder has a memory order of m. The set of encoded sequence
produced by the k-input,n-output encoder of memory order m

is called an (n,k,m) convolutional code.
1.4.2-1 Properties of Tree Codes

Tree codes are characterized by their algorithm of

encoding and decoding and also by several other properties:

Code rate R:

A convolutional encoder generates n encoded symbols for
each k information symvols and R=k/n is called the code
rate. Note, however, that for an information sequence of
finite length k-, (L-the number of blocks entered into the
encoder). The corresponding code word has length n(L+m),
where the final n'm outputs are generated after the last
nonzero information symbols has entered the encoder. In
other words, an information sequence is terminated with
all-zero block in order to allow the encoder memory to
clear. Viewing a convolutional code as a linear block code,

the block rate is given by KkL/n(L+m), the ratio of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17

number of information symbols to the length of the code
word. If L >> m, then L / (L+m)~ 1, and the block code rate
and tree code rate are approximately equal. On the other
hand if L is small then the effective rate of information
transmission. would be reduced below the code rate by a

fractional amount

k/n-kL/n(L+m)_ m

. 1.4-
k/n L+m ( R

called the fractional rate loss.

Memory order m:

A tree code encoder can be implemented by using shift
registers Fig. 1.4-1. The encoder may contain k shift
registers, not all of which must have the same length. If Kj
is the length of the ith shift register, then the encoder

memory order m is defined as

m=max K, (1.4-6)

1$isk
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A (4, 3, 2) binary convolutional encoder.

o
O
Figure 1 4-1
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Constraint length np:
The constraint length is defined as
ng=n(m+1) (1.4-7)

since each information symbol remains in the encoder for up
to m+l units, and during each time unit can affect any of
the n encoder outputs. np can be interpreted as the maximum
number of encoder outputs that can be affected by the single
a information symbol.

Distance Properties of Convolutional Codes:

The performance of a convolutional code depends on the
decoding algorithm employed and the distance properties of
the code. The most important distance measure for

convolutional codes is the minimum free distance dfree,

defined as

d e =Min{d(v 0" )i #u’") (1.4-8)

where v' and v'' are the code words corresponding to the
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information sequence u' and u'',respectively. Hence dfpee is
the minimum distance between any two words i the code. Since

a convolutional code is a linear code,

d g =min{d(v",v"")iu"#u""}

=min{w(v):u#0}) (1.4-9)
where v is the code word corresponding to the
iaformation sequence u. Hence, dfree is the minimum weight

code word of any length produced by a nonzero information

sequence.

Another important distance measure for tree codes is the

column distance function (CDF). Letting

[v], = (vevl..vdvivd vl ulel of) (1.4-10)

denote the ith truncation of the code word v, and

[u), = (upud..ub,ulul. ub,ulu?. uf) (1.4-11)
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denote the ith truncation of the information sequence u, the

column distance function of order i,dj, is defined as

d, =min{d({v ). [v7 ) )iu To# [u” o)

=min{w([v],:[u],# 0} (1.4-12)

where again v is the code word corresponding to the
information sequence u. Hence, dj is the minimum weight code
over the first (i=1) time units whose initial information

block is nonzero.

Two cases are of specific interest: i=m and i~«. For
i=m, dp is called the minimum distance of a convolutional
code and will also be denoted dpip, Much of early work has
treated dpjn as the distance parameter of most interest.
This was due to the fact that the principal decoding at that
time had a decoding memory equal to the constraint length.
More recently, as Viterbi decoding has become more
prominent, dfyee and CDF have replaced dpin as the distance

parameter of primary interest.
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For i+, lim..d, is the minimum-weight code word of any
length whose first information block is nonzero. It can be

shown that for noncatastrophic codes

limd,=d,,, (1.4-13)
e

Hence, dj eventually reaches dfree, and then increases no
more. This usually happens within three to four constraint

length.

The maximal achievable dgree for convolutional codes
with a given rate and encoder memory has not been determined
exactly. However, upper and lower bounds on dfyee have been

obtained using random coding approach.

1.5 SOME GENERAL REMARKS ON ERROR-DETECTING AND ERROR-COR~-

RECTING CODES

In an ideal system the symbol that comes out of the
channel-symbol-to-destination-symbol converter should match
the symbol that entered the source-symbol-to-channel-symbol
converter. In a practical system there are occasional
errors, and it is the purpose of codes to detect and perhaps
correct such errors. These codes cannot correct every

conceivable pattern of errors but rather must be designed to
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correct only the most likely patterns. Much of coding theory
has been based on the assumption that each symbol is
affected independently by the noise, so that the probabilty
of a given error pattern depends only on the number of
errors. Thus for example, codes have been developed that
correct any pattern of t or fewer errors in a block of n
symbols. While this may be an appropriate model for some
channels, on telephone lines and on magnetic-tape storage
systems error occur predominantly in bursts. Telephone-line
disturbances, such as lightning or switching transients,last
longer than the transmission time for one symbol. Symilary,
magnetic-tape defects are typically larger than the space
required to store one symbol. Consequently, codes for
correcting bursts of errors are required,and some remarkably
good codes have been developed for this purpose, including

the code of this work.

The communication channel shown in Fig. 1.1-1 is a one
way channel. Very frequently communication systems employ
two-way channels, a fact that should be considered in
designing codes. With the two way channel, for example, an
error detecting code can be used. When an error is detected
at one terminal, a request for a repeat can be given, and

thus errors can be effectively be corrected. This kind of
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system are called automatic repeat request (ARQ).

There are true examples of one way channels, in which
error probabilities can be reduced with error correcting
codes, but not by error detecting and retransmission. With a
magnetic tape storage system, for example, it is too late to
ask for a retransmission after the tape has been stored some
times,and errors are detected when the record is read.
Encoding for error-correcting and error detecting has the
same complexity, it is the decoding that is 1likely to
require complex equipment.

There are many gcod reasons for using error detection
and retransmission when possible. Error detection is by
nature a much simpler task than error correction and
requires much simpler decoding equipment. Also, error
detection with retransmission is adaptive - i.e. when errors
occur and are detected an increase in redundant information
is transmitted and received, making it possible to get
better performance with a system of this kind than is

theoretically possible on a one-way channel.

There is a definite limit to the efficiency of a system
that uses simple error detection alone. Short error
detecting codes cannot detect errors efficiently, while if

extremely long codes are used, retransmission must often be
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done. It can be shown that a combination of correction of
the most frequent error patterns and detection, coupled with
retransmission for less frequent patterns is not subject to
the limitation and, in fact, is often more efficient then
either error correction or error detection and retransmis-

sion alone.
1.6 CAPABILITIES of ERROR-DETECTING-CORRECTING CODES

1.6.1 Random Error-Detecting and Error-Correcting Capabili-

ties of Block Code

1.6.1-1 Capabilities of Error-Detecting Codes

When a code vector v is transmitted over a noisy
channel, an error having a pattern of ¢ errors will result
in a received vector r which differs from the transmitted
vector v in ¢ places. If the minimum distance of the block
code C, is dpjp, any two distinct code vectors of C differ
in at least dpjp places. For this code C, no error pattern
of dpin=1l or fewer errors can change one code vector into
another. Therefore, any error pattern of dpipn-l or fewer
errors will result in a received vector r that is not a code
word in C. When the receiver determines that the received

vector is not a code word of C, we say that the errors are
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detected. Hence, a block code with minimum distance dpjp is
capable of detecting all errors patterns of dpjpn-1 or fewer

errors.

Even though a block code with minimum distance dpjn
guarantees detecting all the error patterns of dpin-l or
fewer errors, it is also capable of detecting a large
fraction of error patterns with dpj, or more errors. In
fact, an (n,k) linear code is capable of detecting 2n-2k
error patterns of length n. This can be shown as follows:
Among the 20-1 possible nonzero error pattern, there are
2k-1 error pattern that are identical to 2K-1 code words. If
any of there 2XK-1 error patterns occur, it alters the
transmitted word v into another code word w. Thus ,w will be
considered as a correct word and results in an incorrect
decoding. Therefore, there are 2XK-1 undetectable error
patterns. Hence, there are exactly 2n-2K errors patterns
that are not identical to the code words of an (n,k) linear
code. These 20-2X error patterns are detectable error

patterns.

Let C be an (n,k) linear code. Let Aj be the number of
vectors of weight i in C.The numbers Ag,Ay,...An are called
the weight distribution of c. If C is used only for error

detection of a Binary Symetrical Channel (BSC), the
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probability that the decoder fails to detect the presence of
errors can be computed from the weight disribution of C. Let
Pu(E) denote the probability of an undetected error. Since
an undetected error occurs only when an error pattern is

identical to a nonzero code vector of C,
Pu(E)=) Ap'(1-p)" (1.6-1)
=1

where p is the transition probability of the BSC. If the

minimum distance of C is dpjn then A; to Agpin-1 are zero.

An interesting asymptotic result is the error detection
performance of an (n,k) code as p-1/2. In this case all
received words are equally likely with probability 2~N: Thus

the probability of undetected sequence error is

Pu(E)=(2*-1)27"<2 0 (1.6-2)

for n-k large. In addition, we see that

Pd(prob. of detecting an error)=]-27¢""% (1.6-3)

This means that while the throughput is very small, the
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undetected sequence error rate can be made as small as
desired by sufficiently increasing the number of redundant

symbols in each word.

Consider the (7,4) Hamming code. The code contain k=4
information bits and n=7 coded bits, it has 24=16 codewords
of a possible 27=128 words. It can be shown that the code
words in the code differs by 3 bits. Thus the minimum
distance dpjin=3. The weight distribution of this code [8] is
Ap=1, A3=A3=0, A3=A4=7, As=Ag=0, and Ay=1. The probability

of an undetected error is

Pu(E)=7p*(1-p)*+7p*(1-p)>+p’ (1.6-4)

If p=10—2, this probability is approximately 7x10*. In other
words, if 1 million code words are transmitted over a BSC
with probability p=10"2, there are on the average seven
erroneous code words passing through the decoder without

being detected.

1.6.1-2 Capability of Random Error-Correcting Codes

If a block code C with minimum distance dpjp is used for

random error correcting one would like to know how many
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errors the code is able to correct. The minimum distance
dpnin is either odd or even. Let t be a positive integer such

that

241 <dpy <2+ 2 (1.6-5)

Next, we show that the code C is capable of correcting
all the error patterns of t or fewer errors. Let v and r be
the transmitted code vector and received vector,respective-
ly. Let u be any other code vector in C. The Hamming

distances among v,r,and u satisfy the triangle inequality:

d(uv,r)+d(r,u)2d(u,v) (1.6-6)
Suppose that an error pattern of t' errors occurs during the
transmission of v. Then the received vector r differs from v
in t' places and therefore d(v,r)=t'. Since v and u are
coded vectors in C, we have

A(U,v)2d 2 2t+ 1 (1.6-7)

Combining the above and using the fact that d(v,r)=t', we

obtain the following inequality:
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d(u,ry>2t+1-t° (1.6-8)

If t' < t, then

d(u,ryzt (1.6-9)

The inequality above says that if an error pattern of fewer
errors occur, the received vector r is closer to the
transmitted code vector v then to any other code vector u in
C. For the BSC, these means that the conditional probability
p(r|v) is greater than the conditional probabilty p(r|u) for
u=v. Based on the maximum 1likelihood decoding scheme, r is

decoded into v, which is the actual transmitted code vector.

On the other hand, the code is not capable of correcting
all error patterns of ¢ errors with ¢>:, for there is at
least one case where an error pattern of ¢ errors results in
a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector. To show

this, let u and v be two code vector in C such that

d(u,v)=d ., (1.6-10)

Let e; and e, be two error patterns that satisfy the
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following conditions:

(i) ej+ep=utv

(ii) e; and e; do not have nonzero components in common
places.
Obviously, we have

Wie,)+W(e,)=W(u+v)=d(v.u)=d (1.6-11)

min

Now suppose that v is transmitted and is corrupted by the

error e;. Then the received vector is
r=uv+e, (1.6-12)
The Hamming distance between v and r is
d(v,r)=W(v+r)=1e,) (1.6-13)
The Hamming distance between u and r is
d(u,r)=Wu+r)=W(u+v+e,)=W(e,) (1.6-14)

Now suppose that the error pattern e; contains more then t

< 2t+2, it follows that

errors. Then since 2t+l < dpin
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W(e,)<t+1 (1.6-18)

Combining the above and using the fact that w(ej) >t and

w(ez) < t+l, we obtain the following inequality :

d(v,r)2d(u,r) (1.6-16)

This inequality says that there exists an error pattern of
1 (1 > t) errors which results in a received vector that is
closer to an incorrect code vector than to the transmitted

vector.

Summarizing the results above, a block code with minimum
distance dpjn guarantees correcting all errors of
t=[(dpin-1)/2] or fewer errors, where [(dpin=1)/2] denotes
the largest integer no greater than (dpjn-1)/2. The
parameter t=[(dpin-1)/2) is called the random-error-correct-
ing capability of the code. The code is referred as a
t-error-correcting code. For example the (7,4) Hamming code
has dpin=3 and thus t=1. It is capable of correcting any

error pattern of single error over a block of seven digits.

If a t-error-correcting block code is used strictly for
error correcting on a BSC channel (hard decision) with

transition probability p, the block error probability,
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Pplock 1S the probability that more then t errors occured.
since there are (i) different ways of having i errors in n

f

symbols, the block error probability is

n

Poo = Z‘(?)p‘(%p)"" (1.6-17)

The bit probabilty depends on the particular code and
decoder. The bit error probability for systematic codes can
be estimated by assuming that the error rate of the
corrected received sequence is equal to the error rate of
the encoder input information symbol sequence. Then the bit

error probability can be expressed [17] as

1 3 -
Pb=(5) Zﬁl(?)p‘(l—p)“' (1.6-18)

e

where i is the average number of symbol errors remaining in
the corrected received sequence given that the channel
caused i symbol errors. Of course g,=0forist. When i > t, 3B,
can be bounded by noting that when more than t errors occur
a decoder which can correct at most t errors would at best

correct t of the errors and at worse add t errors. So
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i~t<B Sivt , i>t (1.6-19)

The decoder performance can be slightly improved by
passing the received sequence unchanged when the corrected
received sequence is not a valid code word. In either case
for the majority of codes for which 5, has not been

determined, B,-i is a good approximation.

The block code error probability formulas presented thus
far have been for hard decision methods. Decoders capable of
using soft decision technique are possible, but they are
more difficult to implement. The simplest type of soft
decision is the erasure decoding. Forney [6] has shown how
to use the erasure information to improve the codes
performance. This type of decoding is called erasure-and-er-
rors decoding. The number of erasures that a code can

correct in a codeword is

min— 1 (1.6-20)

If errors and erasures can both occur in a codeword then a

code with dmin can correct a combination of:

E+2t<d,, (1.6-21)
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For example, if dmin=8,then the code will be able to correct
2 errors and 3 erasures. So if the probability of an erasure
is py and the probability of the channel error is Pe, then

the block error probability is

o o a ‘ .
Pooer= 3 3 (lni)lf.ni(l-px-p.)( ”le('.l)m[l—pl)"'

(<0 j=d-2i t

(1.6-22)

where

n n!
(&) mreer (emz

1.6.2 Random Error-Correcting Capabilities of Tree Codes

A Maximum-likelihood decoder (Viterbi decoder) is the
optimal decoding technigque available for convolutional
codes. To be able to evaluate convolutional random error
correcting capabilities we will analyze the performance of
the Viterbi algorithm for a BSC channel with transition

probability p.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

We say that the first event error made at arbitrary time
unit j is if the all-zero path (the correct path) is
eliminated for the first time unit j in favor of a
competitor path (the incorrect path). If the incorrect path

has weight d, a first event error is made with probabilty

i (d)p'(l—p)d" d odd

e=(dv1)s2\ €

l( d )Pdn(l-P)W2+ i (d)p%l-p)m' d even
2\drs2 e

o=(d72)"1

(1.6-24)

Since all incorrect paths of length j or less can cause an
error at time unit j, P(E) can be over bounded, using the
union bound, by the sum of the error probabilities of each

of this paths.

P(EY< Y A4Py (1.6-25)

ERENT

where P(E)is the event error probability at any time unit,

and Ag is the number of code words of weight d.
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The above bound can be simplified by noting that for d
odd,

d
ree 5 (Y-

a=(dv1)s2\ €

< i (d)pd/z(l_p)d/2

o=(dvi)/2\ 8

as2 an d

’
=p?(-p)*7 Y ( )
ax(dv)s2\ €

d/2 d/2 & d
<p*(1-p) Z( )
@0

e

dr2 /2
(

=24p?%(1-p)

(1.6-26)
For small p the bound is dominated by its first term
(i.e., the free distance term) and the event error

probability can be approximated as

P(EY= A4, (20pC1 )= A,,, 2" p"" (1.6-27)

The event error probability bound above can be modified
to provide a bound on the bit error probability, P, (E). Each
event error causes a number of information bit errors equal
to the number of nonzero information bits on the incorrect

path. Hence if each event error probability term Pg is
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weighted by the number of nonzero information bits on the
weight d path, or, if there is more than one weight d
path,by the total number of nonzero informationbits on all
weight d paths, a bound on the expected number of
information bit decoding errors made at time unit results.
This can then be divided by k, the number of information
bits per unit time, to obtain a bound on Pp(E). In other

word the bit error probability is bounded by

|-
Py(E)<z 3 ByPy (1.6-28)

tded .

where By is the total number of nonzero information bits on
all weight d paths. For small p we can assume only the first
term in the summation and the bit probability can be

bounded by

1 Qe 1 Gy dpart2
Po(E)=1 B4, (2(p(1=p)) ™~ By, 25 p" (1.6-29)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

1.7 CODING BOUNDS

1.7.1 Bounds on Random-Error Correcting Codes

1.7.1-1 General Comments on Bounds

There are essentially two kinds of coding bounds. These
are bounds on the minimum distance and bounds on the
performance. The bounds on the minimum distance are obtained
examining certain of the structural aspect of codes. The
principal useful bounds are the the Hamming or sphere bound,
the Plotkin bound, the Elias bound, the Gilbert-Varshamov
bound and the new, lowest upper bound by McElice . These
bounds indicate the maximum possible minimum distance for a
given code length and code rate. However, the Gilbert-Var-
shamov bound is an achievable bound and thus provides a
lower bound on the minimum distance of the best code. These
bounds on the minimum distance are often wused when
attempting to find new codes to indicate how close one is to
the best that is possible.

The bounds on performance are all based on random coding
arguments. They indicate that the average performance of all
block codes exhibits a probability of errors that decreases

exponentially with code length. This, of course,implies the
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existence of specific codes which are better than the
average. Although random coding bounds show that it is
possible to drive the error rate to zero in a manner that
decreases exponentially with n they do not provide useful
information in selecting such codes. Also, these bounds are
not very useful for estimating the absolute performance of a
code since good code exhibit a probability of error that is

considerably better than predicted by the bound.

Before proceeding, there is an interesting digression
that is of little practical importance but have frustrated
researchers in the coding area for many years. We would
assume that if one had a scheme for correcting a fixed
fraction, t/n, of erroneous symbols per block, then the
error rate could be made arbitrarily small by simply
choosing the block to be long enough. Unfortunately, this
turns out to be a very difficult task. Most constructive
procedures encounter the problem that they only maintain a
constant ratio t/n at the expense of an increasing
percentage of redundant symbols (or equivalently,
R-0 as n-=). Thus the loss of efficiency occurs because the
relative number of useful messages that these schemes convey
becomes vanishingly small for long block length. A partial

solution to this problem was given by Justesen [2] in 1972.
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Justesen has shown that it is possible to construct a class
of codes which is asymptotically good (in the sense
describe above) and for which decoding procedure can be

specified.

Now consider codes for a BSC channel. By Shannon's
fundamental theorem for the noisy channel, it is known that
for any rate R=k/n which is less than the channel capacity C
there exist codes for which the probability of error is
arbitrarily small. Yet only two nonrandom coding systems,
Elias's error-free coding and Forney's concatenated BCH
codes, are known to achieve an error probability which
approaches zero and also maintain a rate that does not

approach zero as the code length n is increased.

There is one additional noteworthy fact. The number of
errors occurring in a block of length n symbols in a BSC has
a binomial distribution with mean nP and variance nP(1-P).
The fraction of position in error then has mean P and
variance P(1-P)/n. As n approaches infinity the variance
approaches zero, and for a fixed value of Py>P, the
probability that Pgn or more errors will occur approaches
zero. On the other hand if Py < P, the probability that Pgn
or more errors will occur certainly does not approach zero.

A code that has minimum distance d, corrects all errors
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patterns of weight t=[(d-1)/2] or less and no others. If
t=nPy, the probability of error approaches =zero with
increasing n if and only if Py > P. The rate for such a
code is bounded by the Elias bound to a value below channel
capacity. In other words, a coding system which achieves
channel capacity must do so by correcting most error
patterns of weight somewhat greater than [(d-1)/2] even
though it is possible to correct all patterns up to the

weight [(d-1)/2].
1.7.1-2 Specific Bounds

The coding bound on the minimum distance of codes are
equally applied for block and convolutional codes [12]. The
only different is the way we measure the distances in the
codes. For block codes the distance is considered to be
dnin, for convolutional codes it is dfree, as ,defined

above.

Hamming Bound

For a fixed n the two upper bounds are the Hamming and
the Plotkin bound. For the Hamming bound it can be stated
that the maximum number of code words that can be provided

for a given n and t is:
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n—kZlogq‘:i(?)(q—l)'J (1.7-1)

=0
Plotkin Bound

The Plotkin bound is also an upper bound on the minimum

distance that can be achieved for a given n and k, and is:
-1
+1+10g d iy (1.7-2)

The Hamming bound tend to provide the tightest bound for
high rate codes R > 0.4, while the Plotkin bound is more
appropriate for low rate codes. See Fig 1.7-1 for the binary

case.
Gilbert-Varshamov Bound

The Gilbert-Varshamov bound states that it is always
possible to find an (n,k) code with minimum distance at

least equal to d where n,k, and d satisfy the inequality :
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da-2 n
q"t< (i)(q-t)’ (1.7-3)

=0
The asymptotic bounds for a BSC is shown in Fig 1.7-1. Note
that these coding bounds are for very long codes (n-+=). We
have shown the Golay code and an SM-2 and TASM-3 as
examples. Note that the Golay code, a perfect code., exceeded
the bounds. In this case, so did the SM codes since n is

small and not infinite.
1.7.1-3 Codes and Bounds.

Whenever a bound is obtained, it is natural to examine
the cases, if any, when the bound is tight.

Perfect codes- A perfect code is one for which there are

equal radius spheres about the codewords that are disjoint
and that completely fill the space. Codes which satisfy the
Hamming bound with equality were perfect codes. Example of
such codes are the binary repetition code of odd block
length n, the single Hamming error-correcting code, and the
(23,12) Golay code.

Perfect codes, when they exist, have nice properties and
are aesthetically pleasant,but they are rare.

Quasi-Perfect codes- A quasi-perfect code is one with

spheres of radius t about each codeword are disjoint and all
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words not in such a sphere are at a distance t+1 from at
least one codeword.
Quasi-perfect codes are more common than perfect codes. An
example of such codes are the double-error-corrective binary
BCH codes. It can be shown that very long codes cannot be
quasi-perfect unless they are very high rates.

The minimum distance of any linear (n,k)code satisfies

Singelton's bound :

dpn SR-K+1 (1.7-4)

Maximum distance separable codes- Any code that

satisfies Singelton's bound with equality is a maximum
distance separable code.
It can be shown that:

If d=n+1-k>2 then q2k-+1
and that

If d=n+1-k<n-1 then gq2n-k+1
According to the above equations no binary codes can be a
maximurm distance separable code unless k=1 (the binary
repetition code) or d=2 (the single parity check code).
Maximum distance separable codes exist over higher alphbets

and the Reed-Solomon is such a code.
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The minimum distance of any code which has X code-words
of block length n over the alphabet of g letters is bounded

by

(1.7-5)

In order for a code to satisfy the above equation with
equality, its minimum distance must equal its average
distance. that can happen only if the distance between every
pair of codewords is the same.

Equidistant codes- Codes that satisfies the above
equation with equality is a equidistant code.

A maximal-length shift register code is an equidistant

code.

1.7.2 Bounds for Burst-Error Correcting and Detecing Codes

A burst of length ¢ is defined as a vector whose only
nonzero components are among ¢ successive components, the
first and the last of which are nonzero. For example, the
error vector e=(0 001 00 1100100 0) is a burst of
length 8. A linear code that is capable of correcting all

burst errors of length ¢ or less but not all error burst of
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length ¢+! is called an ¢-burst -error-correcting-code.
It is clear that for a given code of length n and burst
error correcting capability of ¢, we desired to construct an

(n,k) code with as small a redundancy r=n-k as possible.

Theorem- (on the bound of burst error detecting
capability of a code). For detecting all burst errors of
length ¢ r less with a linear block code of length n, ¢

parity check symbols are necessary and sufficient.

Theorem-(Rieger 1960) [7]. In order to correct all burst
errors of length b or less, a linear block code must have at
least 2b parity check symbols. In order to correct all burst
of length b or less and simultaneously detect all burst of
length ¢2b or less, the code must have at least bv-¢ parity

check symbols.

Similary, every burst of length b+t or less can be
written as the difference of burst of length ¢ or less and a
burst of length b or less. if the code is simultaneously to
correct bursts of length b or less and to detect all bursts
of length ¢ or less, the number of parity check symbols of

the code must be at least b-¢.
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For the Theorem above it can be shown, that if erasure
information is known we can replace the detecting bound on

codes with erasure bounds on block codes.

For a given n,k code, Reiger's Bound implies that the
burst-error-correcting capability of an (n,k) code is at

most [(n-k)/2],that is,

(n=k) .
bSLTJ (1.7-6)

This is an upper bound on the burst-error-correcting
capability of an (n,k) code. Code that meets the Reiger

bound are said to be optimal.The ratio

z=2

s (1.7-7)

is used as a measure of the burst-error-correcting
efficiency of a code. An optimal code has burst-correcting

efficiency equal to 1.
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1.8 STATE OF THE ART ON CODES.

1.8.1 State-of-The-Art of Random Codes.

Performance of random-error-correcting codes are bounded
by the McEliece-Rodemich-Rumesey-Welch upper bound and by
the Gilbert-Varshamov lower bound. A list of the best block
codes known is given in Appendix A of MacWilliams and Sloane

[3]. The best convolutional codes based by rate, constraint

length and dfyee is given in Proakis [4].

The most often implemented families of block codes are

the:

1.8.1-1. The Hamming codes (n,Xk)

The Hamming codes have the following parameters:
n=(qM-1)/(q-1), k=(g™-1)/(q-1)-m
R=k/n=1-m/[ (q™-1)/(q-1)].
The Hamming is a single error-correcting code where the
symbols are been taken from GF(q), and m is any integer. The

symbol error probability is [17]:

Puyn=p~-p(l=-p)*! (1.8-1)
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1.8.1-2. The optimal Golay code (23,12) and the extended

Golay code (24,12).
The minimum distances of the codes are 7 and 8 respectively.

The code is capable of correcting every 3 errors in a block.

The bit error probability is :

1 & 24Y -0

~Z/f.( )p (1-p)* (1.8-2)
3

where B, is given in tables [12].
1.8.1-3. The binary BCH codes (n,k)
The binary BCH have the following parameters:
n=(2M-1),  k=(2M-1)-Em, and R=k/n=1-Em/(2P-1).
The BCH codes are multiple error correcting codes with the

capability to correct E errors. The bit error probability

is:
2 B(?)p'(lm)"" (1.8-3)
1

with g, equal approximately to i.
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1.8.1-4. The Reed-Solomon codes (n, k)

The Reed-Solomon code is a special nonbinary BCH code with
maximal separable distance properties. The code is an E
error correcting code with symbols taken from GF(q). It has

the following parameters:

The block length: n=g-1 and (g=2M)
Number of parity check symiols: n-k=2E
Minimum distance: dpin=2E+1

The symbol error probability is:

Poyn= ‘;li(?)p;(l-m)"” (1.8-4)

1
n

Pg is the channel symbol probability.

The bit error probability is:

om-l

P

sym
1

(1.8-5)

In addition to correcting random symbols, the R-S codes

can correct bursts of errors. Indeed, the R-S codes are
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usually exploited to correct such error bursts. The R-S
codes satisfies the Regier bound. Other burst codes are

presented in Sec. 1.8.2.

1.8.2 state of The Art of Burst Codes.

1.8.2-1 Fire Codes

The first class of known burst error correcting codes
are the Fire codes. The Fire codes are cyclic systematic

codes generated by a polynomial g(x)

g(x)=(x>""+1)P(x) (1.8-6)

where P(x) is an irreducible polynomial of degree m over
GF(2), and ¢ is a positive integer such that ¢ < m and 2¢-1
is not divisible by ». where p is the smallest integer such
that P(x) divides x’-1. The length n of this code is the

least common multiple of 2¢-1 and p. that is,

n=LCM(2¢-1,p) (1.8-7)

The number of parity check bits of this code is m+2¢-1 .
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The efficiency of a Fire code is :

2=2¢/(m+2¢-1) (1.8-8)

If ¢ is chosen to be equal m then z=2m/(3m-1). For large m,
z 1is approximately 2/3. Thus, Fire codes are not very

efficient with respect to the Reiger bound.

In addition to Fire codes, some very efficient cyclic
codes and shortened cyclic codes for correcting single
bursts have been found either analytically or by computer

search. A list of these codes is given in the [8]

1.8.2-2 Array Codes
In the November 1986 Issue of the Transactions on
Information theory [5), a paper on burst error correcting

codes introduced an array code, which is arranged as shown

in Fig. 1.8-1 with the following parameters:

n=(k,+1)-(k,+1) (1.8-9)

K=k, k, (1.8-10)

The code is capable of correcting a single burst of k;
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0 |17[14[ 11]p,
1[18)1s|h, k=3

8 2|00k k=d

12|19 |63 |h

16[13[10] 7 [n,

B v woy

Figure 1 8- (20,12), b = 3 array code. 16,13,10,11,15,19,3,7:

checks, readout order: 0 1 -2 43— ... 19.
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errors, Iff k, > 2(k1-1). The efficiency of this code is:

z=2k,/(k,*+k,+1) (1.8-11)

If k; is chosen to be equal to 2(k;-1) then the efficiency

of the code is:

z=2k,/2(k,~1)+k,+1=2k,/(3k,-1) (1.8-12)

For large k; z is approximately 2/3.

1.8.2-3 Interleaved Codes

A technique for generating burst error correcting codes
is the Interleaved code technique. Given an (n,k) code, it
is possible to construct a (in.ak) code (i.e.,a code i times
as long as with 1 times as many information digits) by
interleaving. This is done simply by arranging i code
vectors in the original code into A rows of a rectangular
array and then transmitting them column by column as in Fig.
1.8-2. This is called an interleaved code, and the parameter

A is referred to as the interleaving dgree.

Obviously, a pattern of errors can be corrected for the

whole array if and only if the pattern of errors in each row

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

<
2
4
E
“wv
5
=
< o0 | .
o -« $
< ee e « 8
2
ol 3
. . S
olo]e . §
g
el o] o . ~ a
]
| ] s
« e 0 0 ) g
B 00 0 4__“) 4
C‘ L) g
1P g
[ ] L[] [} ® k
oo e . <
o] e
(] . < f
d. cer e g
‘ &
< |- 000 B
< < >

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



58

is a correctable pattern for the original code. No matter
where it starts, a burst of length A will affect no more
than one digit in each row. Thus, if the original code
corrects single errors, the interleaved code will correct a
burst of length 1 or less. If the original code can correct
any single burst of length ¢ or less, then the interleaved
code will correct any burst of length i-¢ or less. If an
(n,k) code is a perfect burst error correcting code then an
interleaved code made of that code is also perfect. Thus, by
interleaving short codes with maximum possible burst error
correcting capability, it is possible to construct codes of
any length with maximum burst error correcting ability. This
technique reduces the need to search long efficient burst

error correcting codes.

The interleaving technique is effective not only for
deriving long powerful single-burst-error-correcting codes,
but also for deriving long powerful burst-and-random-er-

ror-correcting codes from short codes.

1.8.3 State-of-The-Art of Burst and Random Error Correcting

Codes

On many communication channels, errors occur neither

independently at random nor in a well defined single burst,
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but occur in a mixed manner. To combat these kind of errors,
the random error correcting codes or the single burst error
correcting codes will be either inefficient or inadequate.
Thus, it is desirable to design codes that are capable of
correcting random errors and/or single or multiple bursts.
There are several methods of constructing codes for those
purposes. The most effective method is the interleaving
technique described above. By interleaving a t error
correcting code to a degree (i, we obtain a in,ik) code which
is capable of correcting any cowmbination of t bursts of
length A or less. Other methods that handle the problem are

described below.

1.8.3-1 Product Codes

It is possible to combine the use of two or more codes
so as to obtain a more powerful code. Let C; be an (nj, k)
linear code and let Cp be an (np,k;) linear code. Then the
(ninz,kiky) linear code can be formed such that each code
word is a rectangular array of n; columns and np rows in
which every row is a code vector in C; and every column is a
code vector in Cp, as shown in Fig. 1.8-3. This two
dimensional code is called a product code of C; and Cy, The

check on check bits (r,-k,)x(r,-k,) sShown in Fig 1.8-3 can be
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Figure 1 8-3 (Code array for the product code Cy x C,.
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calculated either by using the parity check rules for C, on
columns or by using the parity check rules for c; on rows,
and it is possible to prove that either way will yield the
same result. Thus, it is possible to have all row code
vectors in C; and all column vectors in C, simultaneously.
Therefore, for encoding the product code C,xC,, we may first
encode the k; rows of the information array based on the
parity check rules for C; and then encode the nj resulting
colunns based on the rules for C;, or vice versa. Product
codes can also be generalized to three or higher dimensional

arrays.
Several observations can be made about the error

correcting ability of these codes:

Theorem (Elias).-The minimum weight for the product of two

codes is the product of the minimum weights for the codes.

Corollary -The minimum weight for the product of m codes is

the product of the minimum weights for the codes.
Theorem (Burton and Weldon).-The product of an (nj,k;) code

with error-correcting ability tj = [(d;~1)/2] and an (nj,k3)

code with t; = [(dp-1)/2] can correct all patterns of weight
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t = [(dydz-1)/2] or less and all bursts of length up to;

b=max(n,~t,,n2~l2) (1.8-13)

Corollary -If code C; has random-error-correcting capability
t; and burst-error-correcting capability b; and code C; has
random-error-correcting capability of t; and burst er-
ror-correcting capability bj. Then the burst-error-correct-
ing capability b of their product code C; and Cp is at least

equal to max(njtp+by,npty+by).

b2max(n ty+b,,nyt,+b,) (1.8-14)

The method of correcting one code and then the other,
will not achieve the random error correcting performance,
because of the limitation of each code. For example,
consider the product of two Hamming codes. The minimum
distance of each of them is 3, so the minimum distance of
their product is 9. A pattern of 4 errors at the corners of
the array, gives two errors in each of the two rows and the
two columns, and therefore this pattern will not be
corrected by simple correction on rows and columns.

Theorem-For a binary symmetric channel, if one code has
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probability of error f;(P) and another f,(P), their product
is capable of decoding with a probability of error no

greater than fy[£;(P)].

1.8.3-2 Concatenated Codes

Forney [5] (1966) devised a method of combining two
codes to form a larger code in a manner that resembles
product codes somewhat. Fig. 1.8-4 shows a general
concatenated coding system. One code called the inner code,
is an (n,k) code with symbols from GF(g). The other code,
called the outer code, is an (N,K) code with symbols from
GF(gX). Encoding is done as follow:

1. A block of kK information symbols is divided into K
"units" k-bits, symbols.

2. Each of the k-bits symbols is considered to be a symbol
in GF(gK). The K bit symbols are then encoded into an N
symbol code word in the outer code.

3. Each of the N, k-bits symbols is encoded as information
symbols into an n-symbol code word in the inner code.

The set of N code words of (n,k) inner code then is a code

word in the concatenated (Nn,KKk) code.

Decoding is accomplished in the obvious way: First,

decoding is done on the inner code. resulting in reducing N
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inner-code words to N, k-bits symbols. Then these N "units"
are decoded into K "units" by the decoding of the outer
code.

It can be shown that the minimum distance of the
concatenated code iS dmin=dmin1Xdma2, Where dpiny is the
minimum distance of the outer code, and dpjpz is the minimum
distance of the inner code. Further more the rate of the

concatenated code is R=Kk/Nn.

A Dbroader viewpoint of concatenated codes can be
achieved by considering the concatenation of block codes and
convolutional code or the concatenation of two convolution-

al codes.

As described above the outer code is usually chosen to
be a nonbinary with each symbol selected from an alphabet of
q=2k symbols. This code may be a block code, such as a
Reed-Solomon code, or a convolutional code, such as a dual-k
code. The inner code may be either binary or nonbinary and

either block or a convolutional code.
1.9 AUTOMATIC-REPEAT-REQUEST (ARQ)

As pointed out earlier, there are two categories of
techniques for controlling transmission errors in data

transmission systems: the forward-error control (FEC) scheme
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and automatic-repeat-request (ARQ) scheme. In the FEC
system, an error-correcting code is used. When the receiver
detects the presence of errors in a received vector, it
attempts to determine the error locations and then corrects
the errors. If the exact locations of errors are determined,
the received vector will be correctly decoded; if the
receiver fails to determine the exact locations of errors,
the received vector will be decoded incorrectly and
erroneous data will be delivered to the user. In an ARQ
system, a code with good error-detecting capabilty is used.
At the receiver, the syndrome of the received vector is
computed. If the syndrome is zero, the received vector is
assumed to be error-free and is accepted by the receiver. At
the same time the receiver notifies the transmitter, via a
return channel, that the transmitted vector has been
successfully received. If the syndrome is not zero, errors
are detected in the received vector. Then the transmitter is
instructed, through the return channel, to retransmit the
same code word. Retransmission continues until the code
vector is successfully received. With this system, erroneous
data is delivered to the data sink only if the receiver
fails to detect the presence of errors. Using a proper code,
the probability of an undetected error can be made as small

as possible.
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1.9.1 Basic ARQ Systems [15]

There are three basic types of ARQ schemes: the
stop-and-wait ARQ, the go-back-N ARQ, and the selec-
tive-repeat ARQ. In a stop-and-wait ARQ data transmission
system, the transmitter sends a code vector to the receiver
and waits for the acknowledgment from the receiver as shown
in Fig. 1.9-1. A positive acknowledgment (ACK) from the
receiver signals that the code vector has been successfully
received; and the transmitter sends the next code vector. A
negative acknowledgment (NAK) from the receiver indicates
that the received vector has been detected in error; the
transmitter resends the «code vector. Retransmissions
continue until an ACK is received by the transmitter. This
kind of system is simple and used ir many data communicatin
systems; IBM's widely used Binary Synchronous Communication
(BISYNC) protocol is an example. However, the stop-and-wait
ARQ scheme is inherently inefficient because of the idle
time spent waiting for an acknowledgment for each

transmitted code vector.

In a go-back-N ARQ system, code vectors are transmitted
continuously. The transmitter does not wait for the

acknowledgment after sending a code vector; as soon as he
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has completed sending one, it begins sending the next code
vector as shown in Fig. 1.9-2. The acknowledgment for a code
vector arrives after a round-trip delay. The round-trip
delay is defined as the time interval between the
transmission of a code vector and the receipt of an
acknowledgment for that code vector. During this time
interval, N-1 other code vectors have also been transmitted.
When a NAK is received, the transmitter backs up to the code
vector that is negatively acknowledged and resends that code
vector and N-1 succeeding code vectors were transmitted
during the round-trip delay. Of course, buffer must be
provided at the transmitter for these code vectors. At the
receiver, the N-1 received vectors erroneously received
vector are discarded regardless of wether they are error
free or not. Therefore the receiver needs to store only one
received vector at a time. Because of the continuous
transmission and retransmission of code vectors, the
go-back-N ARQ scheme is more effective than the
stope-and-wait ARQ. Communication protocols such as SDLC
(Synchronous Data Link Control) and others employ the
go-back-N ARQ scheme. The go-back-N ARQ scheme becomes
ineffective when the round-trip delay is large and data

transmission rate is high.
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In a selective-repeat ARQ system, code vectors are also
transmitted continuously. However, the transmitter only
resends those code vectors that are negatively acknowledged
as shown in Fig. 1.9-3. Since, ordinarily, code vectors must
be delivered to the user in correct order, a buffers must be
provided at the receiver to store the error-free received
vectors following a received vector detected in error. When
the first negatively acknowledged code vector is successful-
ly received, the receiver than releases the error-free
received vectors in consecutive order untill the next
erroneously received vector 1is encountered. Sufficient
receiver buffers must be provided; otherwise, buffer
overflow may occur and data may be lost. The selec-
tive-repeat ARQ is the most efficient one among the three

basic ARQ schemes described.

1.9.2 Performance of ARQ Schemes

In ARQ systems, the receiver commits a decoding error
whenever it accepts a received vector with undetected
errors. Such event is called an error event. Let P(E) denote
the probability of an error event. Clearly for an ARQ system
to be reliable, P(E) should be very small. Therefore, the

reliability of an ARQ system is measured by its probability
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P(E). Suppose that an (n,k) code C is used foe error
detection in an ARQ system. Let us define the following
probabilities:
Pc - probability that a received vector contains no
error;
Pq - probability that a received vector contains
a detectable error pattern;
Pe - probability that a received vector contains
an undetectable error pattern.
These probabilities add to 1. The probability P. depends on
the channel error statistics, the probabilities Py and Pg
depends on both the channel error statistics and the choice
of the (n,k) error detecting code C. The probability P(E)

that a receiver commits an error is given by

P(EY=P /(P +P,) (1.9-1)
The probabilty Pe can be made very small relative to Pc by
choosing the code C properly. Consequently, the error

probability P(E) can be made very small. For a BSC with

transition probability p, we have

P.=(1-p)" (1.9-2)
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In Section 1.6 we have shown that, for an average (n,k)

code,

P, <270 (1.9-3)

by choosing n and k we can obtain an upper bound on P(E).

Another measure of performance of an ARQ system is its
throughput efficiency. The throughput is defined as the
ratio of the average number of information digits
successfully accepted by the receiver per unit time tc the
total number of digits that could be transmitted per unit
time. All three basic ARQ schemes achieve the same
reliability; however they have different throughput
efficiencies. The throughput efficiency is based on the
following;

The probability that the received vector will be

accepted by the receiver is

P=P.+P, (1.9-4)

For the usual situation where P, << P, then P=pP.. The

probability that a code vector will be transmitted is simply
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Py=1-P=1-p, (1.9-5)

Thus, for stop-and-wait ARQ, the average number of digits
(including the idling effect) that the transmitter could

have transmitted is

T, =(n+DT)P+2(n+DT)P(1-P)+3(n+DT)P(1-P) +...

_n+Dt
P

(1.9-6)
Therefore, the throughput efficiency of the stop-and-wait

ARQ system is

k P [k
L S 9-7
Tsv =10 l*DT/n(n) a )

where D is the idle time from the end of the transmission of
one code word to the beginning of transmission of the next.
and r the signaling rate of the transmition in bits per

second.

In the go-back-N ARQ system, the average number of

retransmissions required is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



74

Teow =P+(N+1)P(1-P)+(2N+1)P(1-P)*+...+(IN+1)P(1-P)'+...

_LNa-p)

- (1.9-8)

Consequently, the throughput efficiency of the go-back-N ARQ

systen is

1 (k P k
r]”"_TCB,.,(r—I)_P%l*P)N('_l) (1929

For the selective-repeat ARQ system, the average number

of retransmission required is

Ter =P+2P(1=P)+3P(1-P)+. . +IP(1-P) '+

(1.9-10)

ol

Then the throughput of the selective-repeat ARQ system is

1 (k) (k
q5k=rn(ﬂ)=(;)l’ (1.9-11)

From the throughput performance just given, we see that
the selective-repeat ARQ system is the most efficient

scheme. The throughput of the selective-repeat ARQ does not
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depend on the round-trip delay. In communication systems
where the round-trip delay is large and data rate is high,
the parameter N for go-back-~N ARQ and the parameter Dt/n for
stop-and-wait ARQ becomes very large. In this case, the
throughput of the go-back-N ARQ drops rapidly as the channel
error rate increases, while the throughput of the

stop-and-wait ARQ becomes unacceptable.

1.9.3 Hybrid ARQ Schemes

Comparing the two error control schemes, we see that ARQ
is simple and provides high system reliability. However ARQ
systems have a severe drawback: their throughput fall
rapidly with increasing channel error rate. Systems using
FEC maintain constant throughput (equal to the code rate
R=k/n) regardless of the channel error rate. However, FEC
systems have two drawbacks: First, when a received vector is
detected in error, it must be decoded and the decoded
message must be delivered to the user regardless of whether
it is correct or incorrect. Since the probability of a
decoding error is much greater than the probability of an
undetected error, it is hard to achieve high systenm
reliability with FEC. Second, to obtain a high system

reliability, a long powerfull code must be used and a large
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collection of error patterns must be corrected. This makes
decoding hard to implement and expensive. For these reasons,
ARQ is often preferred over FEC for error control in data
communication systems, such as packet-switching data
networks and computer communication network. However, in
communication systems where returns channels are not
available or retransmission is not possible for some reason,

FEC is the only choice.

The drawbacks in both ARQ and FEC could be overcome if
two error control schemes are properly combined. Such a
combination of the two basic error control schemes is
referred to as hybrid ARQ. A hybrid ARQ consists of an FEC
subsystem contained in an ARQ system. The function of the
FEC portion is to reduce the frequency of retransmission by
correcting the error patterns that occur most frequently.
This idea increases the system throughput. When a less
frequent error pattern occurs and detected, the receiver
request a retransmission rather than passing the unreliably
decoded message to the user. This increases the system
reliability than an FEC system alone and a higher throughput

than an ARQ system alone.

A straightforward hybrid ARQ scheme is to use a code,

say, an (n,k) code, which is designed for simultaneous error
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correction and error detection. When a received vector is
detected in error, the receiver first attempts to locate and
correct the errors. If the number of errors is within the
codes capability, the errors will be corrected and the
message will be passed to the user. If an uncorrectable
error pattern is detected, the receiver rejects the received
message and request a retransmission. When the retransmitted
vector is received, the receiver again attempts to correct
the errors (if any). If the decoding is not successful, the
receiver again rejects the received vector and asks for
another retransmission. This process continues until the

vector is successfully received or decoded.

The hybrid ARQ scheme described above is referred to as
type I hybrid ARQ schemes. Since a code used in this scheme
must be able to correct a certain collection of errors and
simultaneously detect other error patterns, more pari-
ty-check bits are needed. This increases the overhead for
each transmission. As a result, when the channel error rate
is low, it has a lower throughput than its corresponding ARQ
scheme. However, when the channel error rate increases, the
throughput of the ARQ system drops rapidly and the

hybrid-ARQ cheme provides higher throughput. The type I
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hybrid ARQ scheme is capable of maintaining significant high
a over a wide range of channel error rates if the design of

the FEC is appropriate.
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2. DESCRIPTION OF CODES

2.1 INTRODUCTION

The object of the work is to provide a forward error
correction (FEC) and detection code (EDC) method.

Another object of the work is to provide an FEC and a
EDC method that is very efficient for burst and random
channels.

A further object of the work is to provide an FEC for
operating in an ARQ system using efficient "code combining"
method.

A still further object of the work is to provide an FEC
method and apparatus that easier to implement than many
prior art codes.

An additional object of the work is to provide an FEC
and detection code method and apparatus that is more

powerful and less complex than many prior art codes.

According to the present work, as embodied and broadly
described herein, a Schilling-Manela (SM) encoding method is
provided comprising the steps of storing a block of
data-symbol sequence in memory means having g rows by h

columns of information-memory cells, calculating pari-
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ty-check symbols from parity-line symbols having p-bits per
symbol, along at least a first and a second set of parity
lines. Each of the first set of parity lines can have a
straight diagonal path with first slope through the g rows
by h columns of the information-memory cells and each of the
second set of parity lines can have a straight diagonal path
with a slope through the g rows and h columns of the
information-memory cells. Alternatively, each of the first
and second set of parity lines can have curved paths through
the g rows and h columns of the information-memory cells.
The parity-check symbols are calculated by adding modulo p
the parity-line symbols along each of the parity lines,
respectively, and setting the parity-check symbol for each
parity line equal to the modulo p sum of the parity-line
symbols along each parity line. The parity-check symbols are
stored in w parity-memory cells of the memory means, and an
encoded-data-bit sequence is outputted comprising the

data-bit sequence and the parity-check symbols.

The present work also includes a SM decoding method
comprising the steps of storing an encoded data symbol
sequence in memory means having at least g rows by h columns
of information-memory cells and w parity-memory cells,

wherein the encoded-data-symbol sequence includes a
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parity-check-symbol sequence having w parity-check symbols
stored in the w parity-memory cells, and a data-symbol
sequence blocked and stored in the g rows by h columns of
information-memory cells. The parity-check symbols and the
parity-line symbols along the parity lines in the g rows by
h columns of information-memory cells, having an error, are
found. The count of each composite cell on a composite-error
graph traversed by the path of each of the parity 1lines
having an error is incremented and the largest-number cell
in the composite-error graph having the largest number is
determined. The largest number is compared to a threshold,
and provided the largest number exceeds the threshold, a new
data-symbol is determined for the memory cell in the
information memory cells corresponding to the largest number
cell in the composite-error graph having the largest number.
The new-data symbol is chosen to minimize the count in the
largest-number cell, and the new-data symbol is substituted

into the stored data-bit sequence.

Without departing from the spirit or scope of the
present work, the method of the present work may include the
data-symbol sequence blocked and stored in a i- dimensional
memory. In this more general case, there would be sufficient

rows and columns to correspond to the i- dimensional system.
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Further, parity-check symbols can be calculated from
parity-line symbols along parity lines having curved paths

passing through the i- dimensional system.

2.2 DETAILED DESCRIPTION OF THE SM CODE.

Reference will now be made to the present preferred
embodiments of the work, examples of which are illustrated

in the accompanying drawings.

2.2.1 Encoding of the SM Code.

Referring to Fig. 2.2-1, a preferred embodiment of the
SM error correcting and detecting code encoding method is
shown comprising the steps of entering and storing [110] a
block of data-bit sequence in memory means having g rows by
h columns of information-memory cells. The memory means may
be embodied as a memory including a random access memory, or
any other memory wherein data readily may be accessed. The
memory may include w parity-memory cells for storing w
parity symbols. The methods includes calculating ([112]
parity-check symbols from parity-line symbols having p-bits
per symbol. The plurality of parity-line symbols typically
are along a plurality of parity paths. The parity paths may

be parity lines, Lj, The parity check symbols S; are stored
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1o ENTER DATA
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114

STORE PARITY-CHECK
SYMBOLS , S

e
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OUTPUT
ENCODED DATA

FIGURE 2.2-1 A FLOW DIAGRAM OF THE SM ENCODING METHOD
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[114] in the w parity-memory cells. The method determines
[116] whether all the parity-check symbols, Ipay, have been
calculated, and outputs {120} an encoded-data-symbol
sequence comprising the data-symbol sequence and the
parity-check symbols. If all the parity-check symbols, Sj,
have not been calculated, then the process increments [118]
to the next parity line and calculates the next parity

symbol, Sj43.

In a first preferred embodiment of the encoding method
according to the present proposal, the parity-check symbols
may be parity-check bit, and the parity-line symbols may be
parity-line bits. In this first embodiment, the method may
comprise calculating parity-check bits from parity-line
bits, along a first and a second set of parity lines. Each
of the first set of the parity lines can have a straight
diagonal path with a first slope through the g rows by h
columns of information-memory cells. Each of the second set
of parity lines can have a straight diagonal path with a
second slope through g rows by h columns of informa-
tion-memory cells. Alternatively, each of the first and
second set of parity lines can have curved paths through g

rows by h columns of information-memory cells. The
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parity-check bits are calculated by adding modulo 2 the
parity-line bits along each of the parity lines, and setting
the parity check bit for each parity line equal to the
modulo 2 sum of the parity-line bits along each parity line,
respectively. Accordingly, the parity-check bits are stored

in the w parity-memory cells of the memory.

A second preferred embodiment of the SM error correcting
and detecting encoding method using the flow chart of Fig.
2.2-1, includes entering the data to form a g rows by h
columns data block in the information-memory cell. In an
optimal mode the parity-check bits are calculated by
starting with the parity lines having either all positive or
all negative slopes. The first parity lire starts with the
bit (1,1) and the last parity line includes bit (g,h). The
slope i is then incremented and the process is repeated. If
negative slope lines are used then the same'process is
employed to calculate all parity check bits of each line of
slope i. Now, however, the process starts with bit (1,h) and
ends with bit (g,1). When i=Ipsx the process is completed
and all data bits and all parity check bits are transmitted.
It is in the spirit of this work that each parity 1line
includes each bit (or symbol) and it is not imported which

order the parity lines are obtained.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



86

The information data bits are first collected by the
encoder from a g rows by h columns block of data in the
information memory cells, as shown in Fig. 2.2-2a and
2.2-2b. Note, that the data can be entered into the encoder
row-by-row, as illustrated in Fig. 2.2-2a or column-by-col-
umn, as illustrated in Fig. 2.2-2b. After the block of data
is entered into the encoder, parity-check bits are added. To
illustrate the algorithm for adding parity-check bits
consider that the first h parity-check bits are obtained by
the modulo 2 adding a column of data-bits and setting the
parity-check bit so that parity-check bit is equal to the
modulo 2 sum of the data bits. Thus, in Fig. 2.2-2b, for the

ith column, the ith parity-check bits is :

r- i a (2.2-1)

gy
j= lmodulo2
where i= 0, 1, 2,...,h=1,
Let us further assume that the second set of

paricy-check bits are formed by modulo 2 adding the data
bits along a 459 diagonal (slope=+1). Thus, in Fig. 2.2-2b,
re= i Qe e-0mn) (2.2-2)

=1 modulo?

where i=-g+1, ... 0, 1, 2, ...,h-1.
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FIGURE 2.2-2a R G*H BLOCK OF ORTA [N UHICH THE DATA
WRS ENTERED ROW BY ROM.
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FIGURE 2.2-2b R G*H BLOCK OF DATA IN HHICH THE DATA
HAS ENTERED COLUHN BY COLUMNN,
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According to the present proposal,parity-check bits can
be formed from different diagonals and the diagonals can
have a positive or a negative slope. The spirit of the work
is that any selection of data bits, be it on a straight
diagonal 1line or a curved line can be used to generate

parity-check bits. each such line is called a parity line.

Augmentation by Zeros

Referring to the above equation, there are values of
a(i+j)g-(3-1) which are non-existent . For example, consider
i=h-1 and j=2. In this case one has a(h+1)g-1- Since g-h is
the largest subscript possible, aA(h+l)g-1- is non-existent.
Whenever such a non-existent data bit is required, it is
assumed to be a zero-bit. Assuming such data bits to be a
1-bit does not alter the spirit of the work but merely its
implementation. Conceptually one can imagine that the data
block shown in Fig. 2.2-2a, and 2.2-2b has O-bits in all
columns to the left and to the right of the data block.
These 0-bits are not transmitted and therefore do not affect

the code rate.
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The rate of the SM error-correcting and detecting code
is a function of the number of rows g, columns h, and the
number and the slope of parity lines, i.e., different sloped
lines, r, used. The code rate R is approximately given (for

h>>g ) by :

rR=-9 (2.2-3)

2.2.2 Decoding Method of the SM Code.

according to the present proposal a SM decoding method
is provided, as illustrated in Fig. 2.2-3, includes the
steps of entering, blocking and storing [210] an
encoded-data~-symbol sequence in memory means having at least
g rows by h columns of information-memory cells, and w
parity-memory cells with r parity lines. The memory means
may be embodied as a memory including a random access
memory, or any other memory wherein data readily may be
accessed. The encoded-data-sombol sequence includes w
parity-check symbols stored in the w parity-memory cells,
and a data-symbol sequence blocked and stored in the g rows

by h columns of information-memory cells.
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The decoding method of the SM code, includes finding
[212] the parity-check symbol and the parity-line symbol
along the parity lines Lj in the g rows by h columns of
information-memory cells,having an error. At the same time,
the method uses a graph, and enters a 1-bit on each cell in
the graph traversed by the path of each parity 1line Lj
having an error. At the end of generating a graph for each
parity line Lj having an error, the graphs generated from
each parity 1line Lj are added together to make a
composite-error graph. Alternatively, the method can employ
a composite-error graph directly, and increment [214] the
count of each composite cell on the composite-error graph
traversed by the path of each of the parity lines having an

error.

The next step in the SM decoding method according to the
present work, determines [216] whether all the parity lines
having an error have been entered onto the composite-error
graph, and determines [218] the largest number cell in the
composite-error graph having the largest number. According-
ly, the largest number is compared [220] to a threshold and,
provided the largest number exceeds the threshold, a
new-data symbol for the memory cell in the informa-

tion-memory cells which corresponds to the largest number
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cell in the composite-error graph having the largest number,
is determined [222]. For optimum performance of burst error
correction, the threshold might be set to be greater than or
equal to 2. For optimum performance of random error
correction, the thresholds might be set to be equal to r/2+1
if r is even or t (r+l)/2 for r odd. The new- data symbol
is chosen so as to minimize the cell count in the largest
number cell on the composite-error graph. The new-data
symbol is substituted into the information-memory cells. In
the event the largest number does not exceed the threshold

then the SM decoding method outputs [226] the data.

A Random Erxror Correcting Example

To illustrate the SM decoding method, consider the
encoded data block as shown in Fig. 2.2-4a which may be
transmitted by row as shown in Fig. 2.2-4b. Note that the
code rate is:

18

=—————=-0.45 2~
18+6+8+8 (2.2-9

The received codeword with errors is shown in Fig. 2.2-4c.
In this particular embodiment of the SM decoding method, the
parity-check symbols are parity-check bits and the
parity-line symbols are parity-line bits. The modulo 2 sum

of each and every parity line is computed for each slope. In
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FIGURE 2. 2-4a EXAMPLE OF AN ENCODED DATA BLOCK 3 PARITY CHECK LINES
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1011014 011000 101111 011010 10101011 10100001

FIGURE 2.2-4b AN ILLUSTRATION OF TRANSMISSION BY ROWS
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this example, there are six vertical parity lines, eight
450 parity lines and eight -450 parity lines. If any parity
line is in error a 1-bit is entered in the cells traversed
by the path of the parity line, of a graph. If the parity
line is not in error a 0-bit is entered in the cells
traversed by the path of the parity line, of a graph. Fig.
2.2-4d shows the graphs after a vertical check, a +459 check
and a =450 check was taken. Note that the vertical check
"sees" an error in columns 3 and 5, and that 2 diagonals
indicate errors in the +450 diagonal check and that 2

diagonals indicate errors in the -450 diagonal check.

A composite-error graph, shown in Fig. 2.2-4e, is
formed. The graph includes composite cells showing the sum
of the errors. The maximum number in a composite cell is
equal to the number of parity check rows employed. A typical
threshold might be t-1, indicating that peak values of 2 or
3 are used as error indicators. To correct an error each
cell is searched to find the largest number on the composite
error graph. If only a single composite cell contains this
largest number, then the bit in that row and column is
inverted and the procedure is repeated. In Fig. 2.2-4e row
2, column 3, is selected and that bit, (2,3) is inverted.

The process is repeated using the partially decoded word
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FIGURE 2.2-4c ILLUSTRATION OF A RECEIVED CODEWORD WITH TWO ERRORS
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FIG. 22-4e ILLUSTRATION OF COMPUSITE-ERROR GRAPH
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shown in Fig. 2.2-5.

Proceeding as above the next composite map is as shown
in Fig. 2.2-6a and the next partial decoding is shown in
Fig. 2.2-6b. Figure 2.2-7 shows that all errors have been

corrected.

A Burst Error Correcting Example

To illustrate the burst error correction capability of
the SM code, consider the data block and parity-check bits
shown in Fig. 2.2-8a. Note that for optimal performance all
parity lines must be in the same direction and should be
interleaved with data rows. These bits are transmitted, row
by row as shown in Fig. 2.2-8b. Interleaving is not shown in
this example.

Figure 2.2-8c shows that the bits are received with row
one in error.

Figure 2.2-8d shows a composite-error graph indicating a
burst of errors. The procedure is to select the bit in row
1, column 1, for inversion when the parity 1line are
positive.

Figure 2.2-8e shows the partially decoded word and Fig.
2.2-8f shows the resulting error graph. Next invert the bit

adjacent to the 0 providing the threshold is exceeded. In

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



97

1 [¢] 1 1 [} | recled
bit

0 1 0 0 [}

1 0 1 1 1 1

1 (] 1 ] 0 0 0 1

FIGURER 22-S A PARTIALLY DECODED WORD

FICURE 2 2-€8 A RESULTING COMPOSITE-ERROR GRAPH

correcled
bit 1 0 1 [} 1

1 (] 1 [ | ] 1 1

1 0 1 ] 0 0 0 1

FIGURE 2 2-6b A RESULTING PARTIALLY DECODED WORD

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



98

0 1 ! ] o [
1 0 1 | | !
SLOPE=+1 PARITY LINE 1 0 1 0 1 o | 1
1 0 1 0 0 1 ! 1 | 1 SLOPE=+1/2 PARITY LINE

FIGURE 2 28a AN EXAMPLE OF AN ENCODED DATA BLOCK ( T'WO PARITY CHECK LINES)

ROW 1 ROW 2 ROW 3 ROW 4 ROW 5

101104 011000 101111 10101011 1010051111

FIGURE 22-8b AN ILLUSTRATION OF TRANSHITTED DATA BY ROW

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



99

BURST OF ERRORS IN FIRST ROW

o ! 0 o | 0
o | ! o o o
I 9 1 | 1
1 o ! o 1 o ! 1 SLOPE=+1
[ o o v 1 1 1 SLOPE=+1/2

FIGURE 2 2-8c AN ILLUSTATION OF A RECEIVED CODEWORD WITH BURST ERROR

INVERT BIT

N\,

AN

LN

FIGURE 2.2-8d AN ILLUSTRATION OF THE COMPOSIT -ERROR GRAPH

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

1 o 1 o Vo 1 1 SLOPE=+ 1

[ S T NP S S R S | SLOPE=+1/2

FIGURE 22-8e ANILLUSTATION OF A PARTIALLY CORRECTED BIT PATTERN

INVERT BIT

0\2)2222

FIGURE 22-8f AN ILLUSTRATION OF THE PARTIALLY CORRECTED ERROR GRAPH

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



101

o 1 o 1t o 1 1 SLOPE=+1

| o 1 0 0 1 1 1 1 t SLOPE=+1/2

FIGURE 22-Bg AN ILLUSTATION OF ADDITIANAL CORPECTION

INVERT BIT
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this case t=1. Figure 2.2-8g shows the partially decoded
word and Fig. 2.2-8h indicates the cell exceeding the
threshold adjacent to the 0. This procedure continues until
the maximum number in a cell in less than the threshold. For
this example the process continues until the number in the

cells decreases below 2.

2.2.3 An SM Convolutional Encoder Implementation.

In Fig. 2.2-9 a (4,2) systematic convolutional encoder
is shown. The encoder accept every unit T two bits of
information and encode them into four code bits. The rate of
the code R=1/2. The encoder described in Fig 2.2-9 is also
an SM code with two information lines and two parity check
lines, where the slopes of the parity check bits are 1 and
1/2. The encoding process is perform on the information
bits. It consists delaying the data using shift registers
and, moduloc 2 addition which is equivalent to a logic XOR
operation. Another example of an SM encoder of rate R=1/2
having 4 information bits and four parity check bits is
shown in Fig. 2,2-10. The slopes of this implementation are
®.1,1/2,1/3. In this example every unit T 4 bits are entered
into the encoder and 8 bits are delivered to the output.

Every encoding of an SM code can be done base on the
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FIGURE 2.2-10 RATE HALF ENCODEP 4 PARITY CHECK BITS (V, D1,D2,D3)
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convolutional encoding procedure. For a code with g data
lines and r parity check lines the convolutional encoder
will accept every unit time T g bits and will produce g+r
bits at the output. The cutput bits consist of the g input
bits and their corresponding r parity check bits calculated
by the encoder. The slopes of the code can be arbitrary, but
as described earlier we would choose the slopes with the
values of 1/(integer). This way of choosing the slopes
guarantees that every bit in the data is been checked
exactly r times, which create a symmetry configuration. The
shift registers length is a function of g, and the slopes.
The number of stages in each shift register can be

calculated by the following formula:

1
;k'(g—l)"l (2.2-95)

L=
where s, is the value of the slope of parity check row k.

The encoding process starts when the content of the
shift registers is "O". For a code of size h as in Fig.
2.2-2a the data is entered into the encoder h times to
produce the hx(g+r) encoded message. To complete the

encoding process "0" are entered to the delay lines and the
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parity check bits are augment to the encoded message. The
augmentation is performed 1, times. Where 1, is the number

of stages in the longest shift register.

2.3 PARTIAL AUTOCONCATENATION SM CODE (PASM)

By looking at the SM code it is clear that the most
vulnerable bits in the code are the parity check bits.
Special error constellations in the parity check bits may
generate errors in the information bits. Thus, a way to
improve the codes performance is to protect the parity check

bits as well as the information bits.

2.3.1 Encoding of the PASM Code.

The partially autoconcatenated SM code (PASM) is encoded
using the flow diagram shown in Fig. 2.3-1. The input data
is first stored in k rows, each row having M symbols, where

there are p bits per symbol, 100.

A parity check row is formed as in the basic SM code, by
adding symbols modulo 2P along a line of slope Sj, 300. The
result is a symbol in the parity check row. This procedure
is repeated using line Sj until every symbol stored in 200

is intersected by the line of slope Sj.
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The parity check row then formed is stored in row k=k+1,
400.

Slope Sj is now incremented to slope Sj;3, 500 and the
process is repeated until i=ip,4 . Thus, the number of
parity check rows formed is r=ip,y . The composite data
block consisting of data symbols and parity check symbols

are then transmitted at will.

Although any set of slopes Sj will result in
satisfactory performance, the node distance can be maximized
by using slopes Sj which do not yield multiple intersections
in the sense described below and illustrated in Fig. 2.3-2.

The selection of slopes S3 is optimized by maximizing
the minimum Hamming distance of the code. The slopes have
been selected correctly if the minimum Hamming distance of
the code is dpip = 2imax | yhere imax is the number of

parity check rows.

In Fig. 2.3-2 we see that slope S, less then S;. Also
slope S3 should be chosen so that it is less than the slope
of a line passing through cells A and B. Similarily for
slope S4 we guarantee our performance if slope S; is less

than the slope of a line passing through cells C and D, etc.
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It is readily seen that if only 3 parity rows are used
and the slopes S; , S; , S3 are chosen correctly, dpin = 23
= 8, which means that 8 errors must occur before the errors
are nondetectable. One correct choice is: 8 =1, 5; = 1/2,

S3 = 1/4.
2.3.2 Decoding of the PASM Code.

Decoding the PASM is similar to the decoding of the
basic SM code concept except that a variable threshold
exists for the parity check rows, according to what was
calculated in the SM code as a function of the number of

intersection of that row.

To explain, we see that all data bits are checked by r
rows of parity check bits so that the maximum intersections
is r. Thus, the threshold Tp is set at the value [r/2].
However, the bits in parity check row 1 are checked by r
parity rows and threfore the maximum number of intersections
possible are r. Hence the threshold Tpc) is the same as Tp,
Tpcy = [r/2). The bits in parity check row 2 are intersected
by r-1 parity check rows and therefore Tpcy = [(r-1)/2 ] .
Similarly Tpeci = [(r-i)/2 ). Note that errors in parity
check row r-1 can have two intersections and Tpc(r-1) = 1.

Thus, errors in this row can be corrected. Further, Errors
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in parity check row r can only detected, Tper = 0.

A Random Error Correcting Examples in PASM

Fig. 2.3-3 shows an example of 3 errors. Fig. 2.3-4a
shows the error graph . Since r=3 the data threshold and the
threshold of parity row 1 is T=1. We see one error in cell
(4,2) which is above threshold. Inverting the bit in this
cell yields an error graph Fig. 2.3-4b where cell (3,1)
shows two intersections. Inverting the bit in cell (3,1)
yield an error graph Fig. 2.3-4c where cell (5,5) shows two
intersections. Inverting the bit in cell (5,5) clears the
message from errors.

This three error pattern could not be corrected in the
basic SM code. Because its composite error graph shown in
Fig. 2.3-5 contains values of 1 at most. This kind of
composite error graph will not allow any correction, and
this lives the message with an uncorrectable error.

A general comment about the PASM code is, that the

correction is “weaker" as we approach parity check row r.
2.4 TOTAL AUTOCONCATENATION SM CODE (TASM)

The SM code suffered from the fact that the parity check

bits checked the data but did not check other parity check
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bits. The PASM partially corrected this deficiency since
parity check rows checked the data and the parity check rows
preceding it.

The TASM completely solves the problem by letting each
parity row check all data rows and all other parity check

rows.

2.4.1 Encoding of the TASM Code.

The total autoconcatenation SM code (TASM) is encoded using
the flow diagram shown in Fig 2.4-1.

The data is stored in K rows, each row having M symbols
and each symbol having p bits, [100]. Refer to column j.
Initially j=0, [200]. Starting with parity check row i=1 and
using slope S; we determine parity check cell i=1 and j=0.
We next determine parity check cell i=2, j=0 using slope Sj,
etc., [300] and [400). Any selection of slopes is
appropriate so long as Si+j > Si. When i=ipax Wwe increment j
from j=0 to j=1 and repeat, [500]. When j=jpax wWe store and
forward data and parity check cells for each parity check

row and each column.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



STORE DATAn K
ROWS,; EACH ROW

HAVING M SYMBOLS

116
100

- 200
SET COLUMN j
300
EVALUATE PC SYMBOL
PARITY CELL AT PC
ROW i and COLUMN j
using SLOFE S
STORE SYMBAL
a0
INCREMENT
NO /-1 son
G L T ~-
\\\. ‘,//
¢ 7ES
- 600
T 700
Ve T~
e
I VES
800

OUTPUT ENCODED
DATA

FIGURE 2.4-1 TASM ENCODER FLOW CHART

Reproduced with permission of the copyright owner. Further

reproduction prohibited without permission.



117

ALTERNATE ENCODING

Fig. 2.4-2 illustrates the TASM encoder for special case
of a (7,4) code. The figure also shows a method of
implementing the encoder. To begin, all of the registers are
cleared so that a 0 is in each cell. Data is inserted into
the four, data row registers d;, dz, dz and d4. In our
example, slopes of 1/4 for pcl, 1/2 for pc2 and 1 for pc3
are employed. The registers &are initially cleared so until
data or a pc bit reaches a given register, there is a 0
stored in it.

The first parity bit entered is

Sw= ) Su 2a-1)
Next we calculate S;q where

S= Y Sa (2.4-2)

and finally
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Sw= D Sa (2.4-3)

At each clock pulse four data bits, d1, d2, d3 and d4 are
entered into the register and 7 bits are shifted out: §31,
832, S33, s34, S35, S15 and S16. Transmission ends when the
last data bits clear the registers.

The decoding algorithm is the same as the PASM and the SM.

In general we can design using K data rows and R pc
rows. The first pc row uses the slope Sl=1/ml, the second
S2=1/m2, etc., where sl1<S2<...<SR. Typically SR=1 to insure
compactness, and S1, S2, ...,SR are chosen using the

construction described in the PASM.

PREFERRED ENCODING

Construction can be performed using shift registers or RAMS
or any other memory device. It is convenient to consider the
memory device to consist of K+R rows as shown if Fig. 2.4-3.
Initially each memory cell {column, row} is cleared, i.e., a
bit b(c,r)=0 is set to each cell. The data is entered into
the K data bits in column 0. Sj;p is first calculated, then

S30 is calculated and finally Spp is calculated. The entire
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contents of the register is now shifted to the left and a
second column of k data bits is entered. S;qg, Szg, ..., Sro

is again calculated and the process is repeated.

The equations used to calculate the parity check bits
S10/ S20, S30/ Ssao and an arbitrary parity check bit Spg
where 1 < P < R is given below. Here S;g is calculated for

the slope S; = 1/m; and Spg for the slope Sp = 1/mp.

K+R
Sio= . b{(r-1ym,.r) (2.4-5)
it
K+R
S ) blr=K=1m,+Km,.r) (2.4-6)
hea
KR
Ss= y b{(r-K=2)my+m,+Km,,r) (2.4-7)
roke3
K+R
Sy bl(r-K=-3)m,+my+m,~kKm,,r} (2.4-8)

rei
rekeq
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K+R
Z b((r—K~p+l)mp+mp4,+.,.+m2+l(m,.r>
rel

rekep.pe2,...R

(2.4-9)
(all additions above are modulo-2 addition)

The minimum length of each register depends on the R

slopes employed. For example for row 1, the register length

is
Ly =(2-K-RYm, +mg  +..+m,+Km, (2.4-10)

for row r the length is
Ly=(r-K=R+1)m, +m, +..+my+(K-r+1)m, (2.4-11)

where r = 1, 2, ..., K+R
2.4.2 Decoding of the TASM Code.

Decoding the TASM is similar to the decoding of the
basic SM code concept. Except that a constant threshold
exists for all the bits in the code. We first calculate the
composite graph of the received word. If there are cells in
the graph which have values above the threshold value their

corresponding bits are invereted. The decoding is terminated
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when there is no cells in the composite graph with a value
above the threshold. Because of the symmetry of the system

all bit are treated equally.

A Random Error Correcting Examples in TASM

Fig. 2.4-4 shows an example of 3 errors. Fig. 2.4-5a
shows the error graph of that message. From the composite
error graph we see 2 errors in cells (5,5) and (6,13) which
are above threshold. Inverting the bits in these cells
yields an error graph Fig. 2.4-5c where cell (3,1) shows 3
intersections. Inverting bit in cell (3,1) yields to a
corrected message.

This three error pattern could not be corrected in the
basic SM code, and the PASM code.

Fig. 2.4-6 and Fig. 2.4-7 shows the composite error
graphs of the basic SM code and the PASM code respectively.
In those figures we can observe that the highest values of
the cells in the graph is 1, which does not allow any
correction procedure. This lives the messages in both codes
with uncorrectable errors.

The TASM code is the most powerful code in the family of

SM codes.
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3. ANALYSIS AND RESULTS

3.1 ANALYSIS OF THE SM CODES

3.1.1 Minimum Hamming Distance of the SM Codes

The minimum Hamming distance is a parameter of block
codes as defined in Section 1.4. It determine the
random-error~-detecting and the random-error-correcting
capabilities of a code. The minimum distance of a linear
block code is equal to the minimum weight of its nonzero
code word. When a code is transmitted over a noisy channel,
and errors are induced, the performance of the code with
respect to the minimum distance are:

(i) a code with minimum Hamming distance dpjp will

guarantee detection of any constellation of
(dpin -1) errors.
(ii) If the decoding algorithm is optimal, than the code

is capable of correcting all t errors or less, where

2+ 1 <dpy, <2t+2 (3.1-1)

The above discussion emphasizes the importance of the
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minimum Hamming distance. In Section 1.7 we discussed coding
bounds, those bounds are calculated with the minimum Hamming
distance as a variable. So by being able to determine the
minimum distance of a code, it will give us a better

understanding and a way to compare the codes capabilities.

3.1.1-1 Minimum Hamming distance of the basic SM code.

In Fig. 3.1-4 a general construction of an SM code is
shown. If we assume that all the data is zero, we now induce
errors into the code in such a way that at the end we will
get an error constellation that will allow us to accept the
error message as a legitimate code word. The number of
errors induced which transfers one codeword into another

codeword is the minimum Hamming distance.

Figure 3.1-4 shows such a configuration which puts one
error in an information bit and one error along every one of
the slopes in the parity check area. In this case the error
in the information bit is not detected. In other words one
legitimate codeword has been converted into another
codeword. To do this conversion we need r+l errors. Thus,

the minimum Hamming distance is:
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dpn=r+1 (3.1-2)

Another way of solving the problem of determining the
minimum Hamming distance is, to look at the trellis of the
convolutional version of the code. Observing the trellis we
are looking for the number of ones in the path that merge
with the all zero path, after diverting from it. An example
of a (6,2) code is shown in Fig. 3.1-1. from the example and

the codes structure we can show that:

dyree=r+1 (3.1-3)

which is equal to the minimum Hamming distance found
earlier. When dealing with the convolutional configuration
of the code, it is interesting to try to calculate another
important parameter which is the constraint length of the SM
codes. It can be shown that the constraint length of the

basic SM code is given by the by:

K=(97/2)2+(r-1)(g-1) (3.1-4)
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if the slopes are chosen in the following order
@, 1,1/2,1/3,....1/(r=1).

where

g- number of information lines

r- number of parity check lines

3.1.1-2 Minimum Hamming Distance of the PASM Code

The PASM code was designed to overcome some of the
problems identified in the basic SM code. The main
advantage of the PASM code is the increase of the minimum
Hamming distance. By choosing the appropriate slopes as
shown in Fig. 2.3-2 we discover that in order to generate a
legitimate codeword by inducing errors into the all zero
codeword, we need that one error will be in the information
area and that every parity check line will have 2(i-1)
errors that checks the errors in all the upper lines
including the data line that is in error. calculating the

minimum Hamming distance using the above observation we get:

A= 2070 =2" (3.1-5)

=0
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The dpjn we got in the above calculation is a huge
improvement over the basic SM code, and it will be seen in

the error-correcting capability of the code.

3.1.1-3 Minimum Hamming Distance of the TASM Code

The TASM code was designed to improve the performance of
the basic SM and the PASM codes. The same observation that
was made to calculate dpjp of the PASM code can be done for
the TASM code. By the same arguments dpjp=2Y for the TASM
code.

Another interesting observation that allows us to
calculate the dpjn is shown in Fig. 3.1-2 a,b. In these
figures we show a two and a three parity check row codes. We
draw a set of minimum errors that will be considered by the
code as a legitimate codeword. Figure 3.1-2a shows a two
dimensicnal parallelogram. Figure 3.1-2b shows a projection
of a three dimensional cube. Continuing this method we can
see that for r parity check lines an r-dimensional hyper
cube is needed which has 2¥ points.

It is worthwhile to mention that what we have here is a

projection of an r-dimensional space code into the two
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dimension space. Another conclusion that comes up is that
the TASM code has the same performance as an r-dimensional

parity check product code.

3.1.2 Random Error Probability Calculation

To calculate the error probability of the SM codes, we
initially used the results of the previous section, in order
to evaluate what kind of errors can we expect to be
corrected and what kind of errors cannot be corrected.

The second step was to identify the error configurations
that cannot be corrected according to the initial step, and
the decoding algorithm. For those errors we tried to
calculate their probability of occurrence.

The third step was to try to identify error
configurations, that are not predicted by the minimum
Hamming distance. If those errors occur (as in the PASM
code) repeat the the second step.

Because of our threshold decoding algorithm, there are
special error configurations that generate errors into the
data area. These events, when they do occur, increase the

output error rate of the code.
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The event of error generation is a drawback to the codes
performances, and it enters into the probability of error
calculation a whole new dimension of complexity. The two
different events that leave the message with uncorrectable
errors, also effects the way we choose our threshold. By
searching for an optimal threshold we found that the two
events have opposite direction in determining the value of
the threshold. In order to increase information error
correction we would like to lower the threshold as much as
possible. On the other hand to reduce the error generation
process we have to increase the threshold value to the
maximum. These two contradictory routes le¢ to an optimum
threshold choice that will minimize the output probability
of error.

Another approach to the calculation was to find upper
and lower bounds for the probability of error. The results
we obtained were loose bounds and are not of significant
use. Indeed, a theoretical study to determine these bounds
represents future work.

This problem led us to calculate the codes performances,
by using computer calculations and computer simulation.

only for the basic SM code were we able to come out with
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a close analytical formula for the bound. This formula
allows us to calculate the codes probability of error. The

formula is described in the next section.

3.1.2-1 Basic SM Random Error Probability Calculation

To calculate the random error capability of the SM code,
consider the data block and the parity-check bits shown in
Fig. 3.1-3. The block has h data columns, g data lines and r
parity check 1lines. To calculate the exact bit error
probability of the decoded data, we should consider all
possible error patterns with their probability of
occurrence. To perform such calculation is of no theoretical
and practical uses. Instead a lower bound on the probability
of error is calculated, this calculation has general results

applied to all the SM code configurations.

The lower bound of the bit error probability is based on
the optimization of two error events. We will consider in
the calculation the error events with the highest
probability to occur. The two events are:

1. An error event that have errors in the data block that

can not be corrected (uncorrectable random error patterns).
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2. An error event that have errors only in the parity check
block and by the decoding method induced errors into the

data block (random error generation).

Uncorrectable Random Error Patterns

An error pattern that is uncorrectable is shown in Fig.
3.1-4. Let the decoding threshold be equal to T.

Then if there are r parity check lines and only T-1
lines intersect, we will not correct the data bit that is in
error. This requires r-(T-1) parity bits to be in error.
The number of ways to choose r-(T-1) errors that will cause

the error is:

[ r ) . -
\ro(ro1y)9 R (3.1-6)

first error can occur in h slots.
second error can occur in only g slots.
the rest of the errors must occur only in specific

slots.
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Thus, the event probability is :

Pou=g: h( . )p""'(l~p)"“"""p(1 -p)

r=(T-1)
=g'h(r—<;—1))p’_m“ T @17

where n-is the total number of bits in the block word.
The above event causes one data bit in error, out of g'n

data bits in the block. Thus the bit error probability is :

- r T2, n=(r-T+2) _
Py (r-a-]))" (1-p) (3.1-8)

Random Error Generation

To generate an error with a threshold T, T parity lines
must be in error, as shown in Fig. 3.1-5.
The number of ways of choosing T errors in r lines that will

intersect in the data block is:
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r
+h 3.1-9
(T)g ( )
Thus, the event probability is :
r a-
P.z=9-h(.r)p7(l-p) T (3.1-10)

The above event causes one data bit in error, out of g-x

data bits in the block. Thus the bit error probability is :

Pbg=(;)p’<1—p>“" (3.1-11)

Threshold Optimization

The above events place opposite demands on T. In order
to minimize the bit error probability, the above two events
must be eqgual. This will allow us to choose T so, that the

error correcting performance of the code are optimized.
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r T r r=T+2

~ 3.1-12

(T)p (r‘TH)p ( )

The solution of the above equation gives us a range for

choosing T:

r+1 r

<T<=+1 .1-13
> > (3.1 )
Thus,
r
§+ for r even
T= (3.1-14)
r+1
for r odd
2 /

Bit Error Probability

To calculate the bit error probability we have to
consider the above two events. These events are mutually
exclusive, which allow us to sum the two probabilities and
get a lower bound on the bit error probability.

With the optimization on T we get,

1. for the probability of not correcting an error:
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r ri2e
(r/Q)p r even

Py = r s (3.1-15)
r+1 |p?* rodd
2

2. for the probability of generating an error:

r rr2e1
(r/2¢l)p r even

" (3.1-16)
* rodd

Poy= r
r+1 |p

2
and the lower bound is given by:

Pl e re\'en\
r/2~lJ‘D

P> r (3.1-17)
r+1 {p? r odd
2

A correction factor F in the calculation has to be added
due the the following argument: in both error events we have

calculated the number of ways of choosing the error bit in
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the parity check lines as:

((r—é—l))‘”(;))g'“ (3.1-18)

The factor h in that multiplication corresponds to the
number of ways choosing the first slot, but because the
party check bits are calculated using diagonal modulo 2
summation, there are more then h parity check bits in every
parity check 1lines. Thus the multiplication ¢~ in the
equation should be the average length of a parity check
line. If the slopes of the diagonals are chosen to be (1/i)
where i= 1, 2, ..., r. Then the average length I of a parity

check line is:
(3.1-19)

and the correction factor F in the lower bound equation is:

Fo1a gm0

3.1-20
29 ( 20)
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Thus, the lower bound on the bit error probability is

r+l rr2e1
(r/2+l)p r even
r

-
r+1 {p? r odd
2

Pb>(l*(g-lxr*l))

39 (3.1-21)

We see that for the basic SM code the minimum Hamming
distance and the codes correction capabilities are equal.

From the minimum distance rule we predicted that

(3.1-22)

which is exactly what we get from the above calculation.

3.1.2-2 Computer simulation

One of the approaches employed to compare the analytical
calculations, was to perform a simulation of the performance
of the SM codes. The parameters in the simulation were as
follow:

i) Type of code (basic SM, PASM, TASM)
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ii) size and rate of the code
- Number of data lines
- Number of parity check lines
= Number of columns
iii) Seed for the random number generator

iiii) Input error rate.

The simulation process included the following steps:
i) Generate the codeword
ii) Use the uniform random number generator to induce
errors in the codeword, based on the input error
rate entered the the beginning
iii) Perform the decoding process on the "received" data
iiii) Count the number of errors left in the information
bits
iiiii) Add the number of errors found in (iiii) to the
total number of errors calculated in the previous
codewords.
iiiiii) When the number of errors exceeded 10 stop the
process. Calculate the average probability of error

of the simulation.
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The simulation was completed when 10 or more errors
were left uncorrected in the data. (The Chernoff bound
guarantees that with the above amount of errors detected,
the accuracy of the simulation is above 99%). This number is
sufficient enough for all purposes of data communications.

The results obtained were:

i) The actual rate of the code

ii) The output bit error rate
iii) The total number of runs.

The results obtained from the various simulations
required a significant amount of running time, particulary
at low error rates. Thus, to reduce the computer time, we
performed an alternate approach: to perform a computer
calculation for the above codes. This is described in the

next section.

3.1.2-3 Computer calculations

In order to overcome the complexity of the calculation
an analytical formula for the probability of error, we
performed a computer calculation using a VAX-780 computer.
The computer calculation involved the following steps:

i) Generate the codeword
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Induce all ¢ possible errors into the codeword.

-
-

iii) Performe a decoding process on the "received" data,
i.e.,the data with errors.
iiii) Count the number of errors left after the decoding
process is completed.
The following variables have been used in the calculation:
i) ¢ = number of errors induced
ii) tr- the threshold value
iii) code size
g - number of information lines
r - number of parity check lines
h - number of columns in the code
iiii) encoding slopes
We performed the calculation for 1 < g < 4 , 1 <r< 4 and

1 < h < 20. The calculation have been performed for each of
the SM codes. The results of the calculations is presented
in the next sections.

As a result of the calculations we performed we found
that the SM code could correct t=(r-1)/2 errors and the TASM
code could correct t=(2Y/2) -1 as expected from the formula
t=[d/2]~1. However, the PASM code could correct only t=r

errors which is less than what is predicted (2%/2) -1.
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In the computer calculation process we found that
because of the different number of intersections that every
parity check line has. We were unable achieve the above
prediction for the codes correction capability. This result
is a degradation in the codes performance. The explanation
of this result is that the decoding algorithm for the PASM
code is a suboptimal one, and that is the price for its
simplicity implementation. It is left for future research to

determine an optimum decoding procedure.

3.1.3 Burst Error Capability of the SM Codes

An example of the burst error capability of the SM code
was given in Chapter 2. That example was dealing with
correcting one line in error. In this section we will
explain the burst error capability of the codes capable of
correcting bursts having several lines in error. The burst
error capability of the code is based on the idea that the
transmitted bits are outputed line by line and that the
parity check lines are interleaved with the data lines. In

Fig. 3.1-6 we show a burst of errors with the length of two
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lines. If we assume that four parity check lines are used
then we see first that the upper left bit that is in error
is corrected. The second bit to be corrected is the one to
the right of the first one. The next step is correcting one
from the lower line and one from the upper line alternately.
Every correction at this stage is allowing another bit to
be corrected. The burst correction is a dependency
correction. If we use the composite-error graph decoding we
should set the threshold to be equal to 2. This value of the
threshold guarantees that the burst correction performance
are optimal. The same idea can be expanded into more parity
check lines. Thus, for every even number of parity check
lines (2k), the code is capable of correcting Xk lines that
are in error.

For the basic SM code in order to correct more than one
line in error we were required to set the threshold to the
value 2. This value of the threshold does not fit the
optimum value of (r/2)+1 found in the previous section. Thus
for a basic SM code to operate in the burst mode, we will
set the threshold to 2 and by doing it there will be a
degradation of the random error correcting capability of the

code.
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Next we will calculate the efficiency of the SM code
with respect to bursts of errors. For a code with 2k parity
check lines, and slopes of the value 1/i where (i= 1, 2,

«+«s 2k). The total number of parity check bits is equal to:

w=2kR+(g-1)(2k+ 1)k (3.1-23)

The efficiency of the code is:

2kh
z =220
w
2kh

T 2kh+(g-1)(2k+ D)k (3.1-24)

If the code is made longer, h increases and the efficiency

of the code is approaches 1. In the limit

limz=1lim

{ 2kn 1 (3.1-25)
haw haw

2kh+(g-1)(2k+ 1k

From the above we see that for a given number of parity

check lines the SM codes are asymptotically approaching the
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Reiger bound and they have efficiency 2z which approaches
unity. Thus, the SM codes are asymptotically optimum burst

error correcting code.
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3.2 RESULTS

This section summarizes the results obtained from the

calculations performed for the S codes family.

The following table presents upper bounds on the
probability of error obtained in the calculations based on m
columns as m becomes arbitrarily large. The probability of a

bit being in error p.

r=2
g sM PASM TASM
1 3p2 5p2 5p2
2 8p2 10p2 10p2
3 13p2 14p2 14p2
4 15p2 16p2 16p2

r=3
g SM PASM TASM
1 2p2 op3 220p4
2 3p2 25p3 1000p4
3 5p2 50p3 2000p4
4 6p2 100p3 3000p4
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r=4
g SM PASM
1 10p3 20p4
2 15p3 60p4
3 20p3 gop4
4 29p3 100p4

Figure 3.2-1 to 3.2-5 describe the codes relative
performances error rate.
Figure 3.2-1 shows the output error probability versus the
input error probability for one data line and several
different number of parity check lines 1 < r < 4.
Figure 3.2-2 shows the output error probability versus the
input error probability for two data lines and a different
number of parity check lines 1 < r < 4.
Figure 3.2-3 shows the output error probability versus the
input error probability for three data line and different
number of parity check lines 1 < r < 4.
Figure 3.2-4 shows the output error probability versus the
input error probability for four data line and different
number of parity check lines 1 < r < 4. The results are

compared to the (7,4) Hamming code. Such a code has a rate
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similar to the SM-3, PASM-3 or TASM-3. Note that the
performance of the SM-3 is similar to the Hamming code, but
the PASM-3 code results in an error reduction of more than
10. However, it was pointed out by Dr. R.L. Pickholtz that
it is not "fair" to compare a relatively short code such as
the Hamming or Golay (see Fig. 3.2-5) with the SM class of
codes which are convolutional codes and therefore are very
long codes.

From the above figures we can see that as r increases
the code is capable of handling higher a input probability
of error. Another observation is that the TASM code
outperforms the other two codes, and that the PASM is the
second in the SM family.

For r=2 all three codes perform almost equally, the
basic SM code have a slight advantage over the other two
codes. The reason for it is that the minimum Hamming
distance in all three codes guarantees only single error
correcting capability. The coefficient in the basic SM code
is lower than in the others code because of less bits are
been checked on every slope.

Another point is that for r an odd number for the basic

SM code there is not much of an improvement over the next
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lower integer. The reason for it is that for r odd the code
will still correct the same number of errors as the previous
r even. While using the PASM or the TASM we can see a
noticeable improvement, and that is because of the change
in the number of errors that can be corrected in those
codes.

Another interesting observation is that the PASM-i ( the
number of parity check 1lines) has almost the same
performance as an SM-(2i-2). The explanation is, that
because this two codes have the same number of error
correcting capabilities the difference 1lies in the
coefficient which is almost equal because of the same
structure of the code.

In Fig. 3.2-4 we draw the curve of the Hamming (7,4)
code, for comparison reasons. We can see that the Hamming
cede has almost the same performance as the SM-3 with 4 data
lines. (the two codes have also the same code rate).

Figure 3.2-5 presents the performances of different
codes with the same code rate r=1/2. From the figure we can
see that as r increases for all the SM family the codes
performances are improved. In this graph we added two very

useful codes, the "extended Golay" code, a convolutional
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code with R=1/2, and constraint length K=7 and maximum
likelihood decoding and a BCH(127,64) block code. From the
figure we can see that the PASM-3 and the SM-4 have almost
the same performances as the extended GOLAY code. The PASM-4
and the SM-6 have the same performances as the convolutional
code and BCH code. For larger r the SM family codes will
outperform those codes. As an example an SM-8 was added to
the figure to show that even the weakest code in the family
with r large enough will perform better than other fauous

codes.

It should be mentioned that the PASM-5 and the TASM-4
will each outperform the R=1/2 K=7 convolutional code and
BCH codes. In addition as mentioned earlier construction of
the PASM and TASM decoders is far less complex than the
Viterbi decoder. Further the BCH coder is not used due to

the complexity of the implementation.
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4. ARQ APPLICATION OF THE SM'S CODES

4.1 STATE OF THE ART ON ARQ SYSTEMS

As described in Section 1.9.3 the hybrid type I ARQ
system, consists of an FEC subsystem contained in an ARQ
system. The function of the FEC portion is to reduce the
frequency of retransmission by correcting the error patterns
that occur most frequently. The purpose of that system is to
provide higher reliability than an FEC system alone and a
higher throughput than a system with ARQ only. The
disadvantage of the type I ARQ systems is that it has
constant overhead that must be included in each transmission
and retransmission regardless of the channel error rate.
When the channel is quiet, this represents a waste, and the
throughput of type I hybrid ARQ systems is lower than the

corresponding ARQ scheme.

Various hybrid ARQ schemes have been proposed to remove
the disadvantage of the type I hydrid ARQ scheme by using

some adaptive ideas.
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4.1.1 Type II Hybrid ARQ Systems [8]

The type II hybrid ARQ system is based on the concept
that the parity-check bits for error correction are sent to
the receiver only when they are needed. Two linear codes are
used in this type of scheme; one is a high-rate (n,k) code
Cp, which is designed for error detection only, the other is
an invertible half-rate code (2k,k) code €3, which is
designed for simultaneous error correction and error
detection. A code is said to be invertible if, knowing only
the parity-check bits of a code vector, the corresponding
information bits can be uniquely determined by an inversion
process (providing, of course, that there are no errors in

the parity-check bits).

To explain the operation of this system, consider that a
message u contains k information digits is ready for
transmission. It is first encoded into a code vector v of n
digits based on the error-detecting code Co. The code vector
v is then transmitted. At the same time the transmitter
computes the k parity-check bits based on the message u and

the half-rate invertible code C;. The k parity bits of C3
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are not transmitter but stored in the retransmission buffer
of the transmitter for later use. At the receiver the first
n bits are received, the receiver computes the syndrome of
the vector based on Cp. If the syndrome is zero, it is
assumed that the data is error free and the message is
accepted. If the syndrome is not zero, errors are detected
in the message. The erroneous message is stored and a NAK is
sent to the transmitter. Upon receiving the NAK, the
transmitter encodes the X parity-check bits of C€; into n
bits based on Cg. Those n bits are now transmitted as vector
v'. At the receiver the syndrome of that vector is
calculated. If the syndrome is zero, the vector is assumed
to be error-free and the message u is recovered by the
inversion operation. If the syndrome is not zero, a decoding
process take place on the 2k bits that were received based
on the half-rate code Cy, i.e., k bits of data sent during
the first transmission and k bits of parity-check bits sent
during the retransmission. If the errors in the combined
message can be corrected the corrected message will be
accepted by the receiver. If the errors can't be corrected
but will be detected, a NAK will be sent to the transmitter

and the receiver will store the 1last k bits that were
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received, discarding the previous k bits. Upon receiving the
second NAK the transmitter will send the data u and the n-k
error-detection parity-check bits based on Cg. At the
receiver the process is repeated, and the result is an ACK
or a NAK message sent back to the transmitter. The
transmitter retransmits alternating repetitons of the parity
code vector v' and the and the information code vector v.
The receiver stores the received message u and the received
parity block alternately. The retransmissions continues
until u is finally recovered.

Figure 4.1-1 shows a qualitative comparison of the
throughput versus input error probability, for selec-
tive-repeat ARQ systems and type I selective repeat hybrid
ARQ system. Since in the hybrid I system a FEC code is used,
more parity check bits are needed. This increases the
overhead for each transmission and retransmission. As a
result, when the channel error rate is low, it has a lower
throughput than its corresponding ARQ scheme. However when
the channel error rate increases, the throughput of the ARQ
scheme drops rapidly and the hybrid-ARQ scheme is capable of
maintaining a significant high throughput over a wide range

of channel error rates if the design error-correcting
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capability of the code is sufficiently large.

The hybrid ARQ type II scheme has the advantages of the
two systems with respect to the throughput efficiency. At
low error rate the system operates in a selective-repeat ARQ
scheme, and at high error rate it operates in a hybrid type

I (8] selective-repeat ARQ scheme.

4.1.2 Code Combining [16]

Code Combining represents a technique for combining a
number of repeated packets encoded with a code of rate R to
obtain an effective 1lower rate code, and thus a more
powerful error-correcting code. The Code Combining technique
transmits the repeated vectors of the encoded word. In the
receiver a maximum likelihood decoding is accomplished by
generating a weighting value for each received symbol.

The Code Combining technique can be readily applied to
ARQ systems. Data is first transmitted in blocks. If the
received data is detected in error, a NAK is sent to the
transmitter. The transmitter repeats the message that was
NAK'd. At the receiver the messages are combined such that
they can be decoded using a maximum likelihood decoding

technique. If after the error correcting process the
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message is still in error, another NAK is sent to the
transmitter. At the transmitter the process is repeated,
i.e., the encoded message is repeated again. At the receiver
the retransmitted vector is combined to the older data and a
new decoding process occurs. At the end of this process an
ACK or NAK is sent back to the transmitter. The
retransmissions continue wuntil the message is finally
recovered.

One way of soft-decision Code Combining is to represent
the received voltage representing any bit by by Vi and the
retransmitted bj by Vi*. Then combining is merely the
average value (Vj+Vij*)/2. This average value is used in the
final convolutional decoder.

The Code Combining technique, is designed to work over
noisy channels, and thus, an arbitrary number of noisy
packets may be combined until the code rate is low enough to
allow correct decoding of the message. A graph that
describes code combining performance is given in Fig. 4.1-2,

for a rate 1/2 convolutional code.
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4.1.3 The SM ARQ System

Consider communication using the SM error correcting and
detecting code when a feedback channel is available as shown
in Fig. 4.1-3. If errors are detected and are too numerous
to be corrected, the feedback channel is used to notify the
encoder via a NAK. The encoder then sends one or more
additional rows of parity check bits which significantly
increases the power of the code.

Using this system, the average code rate remains high
and only those messages which were initially received
incorrectly, need have additional parity check bits sent.

This technique is more efficient than other ARQ systems
since only a new set of parity check bits are retransmitted,
while other techniques retransmit the entire data block.
Also the power of the code increases as the sum of the
parity 1lines received. Other codes do not have this
capability. If we try to compare the throughput of this
system with respect to the hybrid type II ARQ scheme (the
most efficient system described in the literature), we can
understand that at low error rate the two systems behave

equally, at high error rates the SM scheme will outperform
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the hybrid type II scheme, because of less redundancy of the
retransmissions and improvements of the codes correcting
capabilities.

EXAMPLE

To elaborate more on the significance of this system we
consider the following example:

A block of data D,-g-h bits is encoded with r parity
check lines. For example, let r=12. The block of data Dy is
transmitted with rj; < r parity check lines. For example,
let rj);=2. At the receiver, error correction occurs. If the
errors are all corrected, the data is outputted. If some
errors are not correctable, the received data block D; and
the associated rj; parity check lines are stored. A
retransmit request, i.e., a NAK, is returned to the sender.

Depending on the system delays when the data block Dj
(i>1) is transmitted, it contains r;j parity check lines and
ry1=4 parity check lines. The rj; parity check lines belongs
to block data D; and were stored in the transmitters memory
in the decoding process. At the receiver the FEC code
decodes data block D, and again decodes data block D now
using rjj+r; parity check lines. For example in the basic

SM code for the rj;j;=r;=4, then the probability of bit error
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in Dy after the first decoding is of the order of p.=p’.
while since rjj;+rz;=8, the probability of bit error in D3
after second decoding is pa=p®.

This technique can be applied to the basic SM code and
the PASM code, but not to the TASM code.

To calculate the throughput we will use the following

notation:

P - bit error probability in channel

Pp - bit error probability after SM correction

Ppi - probability of the ith message being corrected
nj - number of bits in message i

Tp - time period of a bit

h - number of columns in a codeword
Pn.=(1-P,) (4.1-1)
P,xp”*'  for basic SM code (4.1-2)
Pax(1-p Y =(1-pT2) (4.1-3)
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The message size for each transmission is:
ny=h-(k+r,)

na=h-r,

ny=h-ry

ny=h-r,

the average time of transmission is:

T

AT, =(k+r,)P,,,,¢(k¢r,+r2](l—Pm,)Pm2+.‘.

lkeryvrgrasr J(1-pP ) (1-2,,) (1 ~Pocey) P it (3.1-4)

for ri=ry=ry=..=r,=r

,
T TR P s (e 2r) (=P P e

+ + y - [ !
Geetr) =P ) (1= Poy)(1=P )P (4.1-5)
Assuming that P, =1

T
W S(k+r)P o+ (k+2r)(1-P, )+ ...

i) (1=Po (1P (1P ) (+.1-6)
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using the following approximation that

Max(1-P,)=x

’#S(Iz*rjl’m, +(k+2r)x+..+(k+lr)yx" "+, (4.1-7)
b

LEPYI PN L RN UL -
S TP x{]_x xr(l x)} Lk (ker)x) (4.1-8)

after some algebra we get

T (1-Pn)
AT, S TP Tg,_((" r)Pn+r) (4.1-9)

The last part of this equation is the added throughput to

the scheme and this term is neglible.

In the case of a very noisy channel, (channel error rate
is above .02) one often employs Code Combining. To compare
the performance of the basic SM code with the code combining
technique wusing, a convolutional rate half code with
constraint 7, with Viterbi Decoding algorithm (performance

shown in Fig. 4.1-2 ) was employed. In order to perform a
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comparison we found an SM code that matched the
convolutional code performance (note an SM code is readily
found which is superior to that of the rate 1/2
convolutional code). An SM code that satisfies those
requirements is an SM-(6,6) (6 data lines and 6 parity
check lines). For Pj= 2x10* the SM-(6,6) will deliver an
output bit probability of 2xi0® which is a factor of 2 worse
than the convolutional code. Using the Code Combining method
with two packet sent (R=1/4), to obtain an output of ix10~
the input error rate is 7x107? . For a rate 1/4 SM-(6,18) (6
data lines 18 parity lines) with Pj= 7x10” the output error
probability will be 2s5xi0* which outperforms the code
combining scheme. Another way of comparison using the
flexibility of the SM, ARQ scheme is to find an SM such code
that for Pj= 7x10 the output error probability will be 1x10™*
Such a code is an SM(6,16). The rate of this code is R=3/11
which is a factor of 1.1 more efficient than the code

combining scheme.

The advantage of the SM-ARQ technique over the Code
Combining scheme is in the flexibility of choosing the code
rate, the significant lack of complexity of the decoding

algorithm, and in the better handling of high error rates.
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In the SM code the code rate can be changed gradually until
the message is corrected, while the code combining scheme
requires quantum steps in processing from stage to stage,
which cause a very rapid decrease in code rate or equally

decreases efficiency of the system.
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5. CONCLUSION AND IDENTIFICATION OF FUTURE WORK

The research present herein was concerned with a new
class of error-correcting codes. The codes in this category
are capable of handling random and burst errors. There were
three subfamilies considered in our research; the basic sM,
the PASM and the TASM codes. The codes performances are
improved from one family to the next.

The encoding and the decoding of these codes are very
simple, which makes these codes very easy for implementa-
tion. The decoding can be made in two ways:

i) The block encoding method. In this method the data is
arranged in a rectangular block and the parity check bits
are arranged in lines. The generation is performed using
modulo 2 addition of the data bits and the parity check bits
along different slopes of the two dimensional space.

ii) The convolutional encoding technique. In this
implementation we use shift registers and modulo 2 adders
to calculate the parity check bits. An interesting point in
this implementation is that we essentially perform a time
domain filtering of the data. For the basic SM code the

encoding is done by an FIR (finite impulse response) filter.
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The encoding of the PASM and the TASM codes requires
feedback operation and it can be viewed as an IIR (infinite
impulse response) filtering. An important issue in this
implementation is to chose the slopes or feedback points
such that the encoding process will not oscillate .

The decoding technique used in this work is a threshold
decoding method. The first step is to generate a composite
error graph using modulo 2 addition along the encoding
slopes. After the graph generation is completed all bits
that corresponds to cells with values that exceeds the
threshold are inverted.

The codes described in this work can be considered as a
class of ‘'projection' codes. The projection is from an
n-dimensional product code into a two dimensional space. The
projection is performed by using different slopes for every
one of the dimensions. This perspective of the above codes
structure allows simple implementation of complex high
dimensional product codes.

Another unique feature of the codes is its flexibility
of construction. The parameters of the code that can be
easily manipulated are the rate, length and error-correcting

capabilities.
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The random error correcting performance of the code
exceeds some well known codes such as BCH codes and
convolutional codes. Moreover, our codes are very efficient
burst error correcting codes, and are asymptotically Reiger
bound optimal codes.

We have shown our code to possess higher throughput when
applied to an ARQ system compared with other techniques
such as the hybrid type TI ARQ system and code-combining
systems.

Our work thus far enables us to identify challenging
questions that need be answered. Among them are:
1) The utilization of higher alphabets in construction
of our code.
2) 2an investigation of our code in higher dimensions.
3) Use of other codes in the construction of a conceptually
related family of codes.
4) The application of soft decision in the decoding of our
code.

In summary, our work has presented and analyzed an
extremely efficient, simple and powerful family of codes.
More importantly, it provides us with many exciting new

areas of research and potential benefits.
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