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Abstract

Optimum unambiguous state discrimination and

its optical realization

by

Yuqing Sun

Adviser: Professor Janos A. Bergou

Discrimination of quantum states is a challenging problem i. quantum physics. If
the quantum states are nonorthogonal, they can not be discriminated with unit suc-
cess probability. Optimum unambiguous discrimination means to have the minimum
probability of getting inconclusive result. We study the general POVM formulism to
derive a necessary condition of optimum unambiguous discrimination. We also pro-
vide an optical implementation of any desired unambiguous discrimination. We show
that nonorthogonal quantum states, each realized as a photon split among several
modes, can be conditionally distinguished by means of a linear optical network. It
is discussed in detail on how to discriminate two and three nonorthogonal quantum
states. We have given explicit examples together with the optical networks, which
give the maximum success probabilities for several sets of states. We also consider the

problem of unambiguous discrimination between subsets. We consider the simplest
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instance of this problem, the situation in which we are trying to discriminate between
a set containing one quantum state and another containing two. A method for find-
ing the optimal strategy for discriminating between these two sets is presented, and
analytical solutions for particular cases are given. Finally, we also study the problem
of state comparison, and present the analytical solution of optimum unambiguous
comparison of two quantum systems, where each of them could be in one of the two

known quantum states.
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Chapter 1

Introduction

Quantum information theory is an emerging science, which combines two traditional
disciplines: quantum mechanics and classical information theory. This subject has
many fascinating potential applications for the transmission and processing of infor-
mation, and yields results that cannot be achieved by classical means. The possibility
of using non-orthogonal quantum states, which has no classical analogue, is especially
interesting for its potential applications such as quantum cryptography [1], quantum
cloning [2, 3], the purification of entanglements [4, 5], and quantum teleportation [6).

The problem of quantum states discrimination considers the following: a quantum
system is prepared in a member of a known, finite set of state, and we want to
know which one it is. According to the quantum theory of measurement, if the
quantum states are non-orthogonal, then it is impossible to discriminate them with
unit successful probability [7]. Hence different strategies exist. In minimum-error
discrimination, the aim is to guess which one with the minimum probability of error.
Error free discrimination is also possible, but then we must allow for the possibility

of obtaining inconclusive results.
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1 Introduction 2

1.1. Quantum states discrimination with minimum-error

In order to devise an optimum state-discrimination measurement, strategies have
been developed with respect to various criteria. The earliest strategy was first ad-
vanced by C. W. Helstrom [8], his attempt is to have the probability of getting a
wrong result be as small as possible, with no inconclusive result so that all states
are individually distinguished. This was known as quantum hypothesis testing. If
the states are not orthogonal, then there will be a non-zero probability of error, Pg,
optimum discrimination here means to keep Pg as minimum. Therefore, this strategy
is also known as minimum error strategy. A minimume-error strategy of this kind has
been developed by for the case when only two states are given (8], and for specific
N state problems [9-13], including N symmetric [11] and multiply symmetric [13]
states. Recently the optimum strategy has also been found for three states exhibiting *
a mirror-symmetry [14]). U. Herzog and J. Bergou solved the case for discrimination
between two subsets that involves N > 2 arbitrary linearly dependent quantum states
[15]. Using the polarization states of a single photon, minimum-error discrimination

has been experimentally realized for up to four symmetric non-orthogonal states [16].

1.2. Optimum unambiguous discrimination

Another state discrimination strategy is known as unambiguous discrimination.
This discrimination will always have a certain probability of failure, we can always tell
whether or not the desired operation has failed. When the attempt fails, we obtain an

inconclusive answer. When it succeeds, we discriminate the states with no error. This
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1 Introduction 3

allows us to achieve unambiguous discrimination. The optimum strategy problem
means that finding the optimum solution which minimizes the average probability of
failure.

This issue was first considered by Ivanovic {17], and then subsequently by Dieks [18]
and Peres [19] on the case of distinguishing two non-orthogonal states. These authors
found the optimal solution when the two states are being selected from ensemble in
which they are equally likely. The optimal solution for the situation in which the
states have different weights was found by Jaeger and Shimony [20]. Measurements
of this kind have been performed in laboratory, first by Huttner, et. al. [21] and, more
recently, by Clarke, et al. [22]. Both of these used the polarization states of photons
to represent qubits. The case of three states was examined by Peres and Terno [24].
The general N-state problem has recently been addressed. Chefles [25] found that n
non-orthogonal states can be probabilistic discriminated without error if and only if
they are linearly independent. Chefles and Barnett [26] solved the case in which the
probability of the procedure succeeding is the same for each of the states. Duan and
Guo [27] considered general unitary transformations and measurements on a Hilbert
space containing the states to be distinguished and an ancilla, which would allow
one to discriminate among N states, and derived matrix inequalities which must be
satisfied for the desired transformations to exist. In our paper [28], we presented the
necessary conditions of optimum unambiguous discrimination, which can be used to
derive optimum solution.

It is only recently the problem of generalization to mixed states has been consid-
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1 Introduction 4

ered. We were the first to solve the problem of optimal unambiguous discrimination
between a pure state and a mixed state of rank two {29, which has been generalized
for rank N [30]. Rudoph et al. solved other special cases, for example that of two
mixed states of rank (n—1) in a n dimensional subspace [31]. Necessary and sufficient
conditions for optimality and some numerical methods are discussed by Fiurasek and
Jezek [32] and by Eldar [33]. Finally, Raynal and Ltkenhaus derived theorems showed
that the problem of optimal unambiguous discrimination of two general density ma-
trices can be reduced to that of two density matrices that have the same rank n and

are described in a Hilbert space of dimension 2n [34].
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2 General method of optimal unambiguous discrimination 5

Chapter 2

General method of optimal unambiguous discrimination

2.1. Quantum measurements

The standard quantum measurement is a projective measurement, also called a
von Neumann measurement [35]. If we denote the Hilbert space of the quantum
system to be measured as H and the dimension of H as N, then such a measurement

can be described by a set of projective operators
P, = |wi)(wil, (2.1)

where {|w;)|i = 1,...,N} form an orthonormal basis of H. By this definition, F;

carry the features that

P} =P, (2.2)
N -

Y R=1 (2.3)
i=1

The set of {P;} represents the total possible results of the measurement. If the state

of the quantum system is |¢), the possibility of getting result P, is

P = (Y|Rly). (2.4)
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2 General method of optimal unambiguous discrimination 6

When we take the sum over p;, using Eq. (2.3), we have

N
dop=1, (2.5)
=1

which confirms the theory of probability requiring that the sum of the probabilities
of the possible events is 1.

Such a quantum measurement has several limitations. The first is that the eigen-
values of each P, are either 0 or 1, no other values allowed. The second is that the
number of P, is always N, so that the number of possible results is always the same
as the dimension of H. Naturally we would ask that since a probability is just a
positive number between 0 and 1, can we have a measurement represented by a set
of Hermitian operators {I1;}, so that each II; may have positive eigenvalues between
0 and 1, and the number of II; can be different than the dimension of H?

The above argument can be realized by a generalized measurement [36]. A gen-
eralized measurement can be described by a set of Hermitian operators {II;}, where
[1x can be written as

I, = AL Ay, (2.6)

and the number of IT; can be denoted as M (different than N), such that each Il

has positive eigenvalues between 0 and 1. The possibility of getting result I1; is

Pe = (YiL|y). (2.7)

Similar to Eq. (2.3), the theory of probability requires that

M Mo .
Yom=) AlA.=1i (2.8)
k=1 k=1
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2 General method of optimal unambiguous discrimination 7

Since I, are positive operators, this kind of measurement is also called a positive
operator-valued measurement, or POVM.

From the above notations, we see that generalized measurement is a much more
powerful tool in the sense that both the eigenvalues and the number of the mea-
surement operators are more flexible. The standard von Neumann measurement now
becomes a special case of a generalized measurement.

As to the implementation of a generalized measurement, there is an important
result, known as the Naimark theorem(37], which tells us that any generalized mea-
surement can be realized with an ancillary system, a unitary operation and a von
Neumann measurement. Specifically, if we wish to realism a generalized measure-
ment with K outcomes, we need a large ancillary system. The system of interest
is then made to interact unitarily with the ancilla. In general, this results in the
original system and the ancilla becoming entangled. Following this interaction, a von
Neumann measurement is performed on the ancilla. As a consequence of this entan-
glement, this measurement also transforms the state of our original system, and the
results of this measurement give rise to the desired generalized measurement. There-
fore, a generalized measurement, can be implemented by a unitary interaction with
an ancilla, followed by a measurement on the latter. We will see in section 2.4 that

it is the exact procedure that our optical realization scheme does.
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2 General method of optimal unambiguous discrimination 8

2.2. Optimal probabilities for unambiguous discrimination among

non-orthogonal quantum states

Suppose we are given a quantum system prepared in the state |¢), which is guar-
anteed to be a member of the set of non-orthogonal states {|i1), |2),--.,|¥n)}, but
we do not know which one. We want to find a procedure which will tell us which
member of the set we were given. The procedure may fail to give us any information
about the state, and if it fails, it must let us know that it has, but if it succeeds,
it should never give us a wrong answer. We shall refer to such a procedure as state
discrimination without error. Note that this procedure has n + 1 outcomes; it either
tells us which state we were given, or it tells us that it failed (inconclusive outcome).

In order to achieve error-free discrimination, Chefles has shown, in a very clear
analysis of the problem, that the set |¢;), |¢3),...,|¢¥n) must be linearly indepen-
dent [25]. If the states are not orthogonal (which we shall assume), they cannot be
discriminated perfectly. That means that if we are given |¢;), we will have some prob-
ability p; to distinguish it successfully and, correspondingly, some failure probability
¢ = 1 — p; to obtain an inconclusive answer. Denote by X the Hilbert space spanned
by the initial states {|¢1), [¥2),...,|¥n)}. Since there is a chance to get an inconclu-
sive answer, the number of outcomes of this process is larger than the dimension of

‘H, hence this process is a “generalized measurement” which can be represented by a
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2 General method of optimal unambiguous discrimination 9

set of operators which form a resolution of the identity [25],
Al +Y AlA =1, (2.9)

where A, is the operator that corresponds to the outcome |¢;), and A; is the operator
that corresponds to the inconclusive outcome. In more detail, if p is the density
matrix of our given state, then the probability of obtaining the kth outcome, where
kcanbel,...norl,is p = Tr(pA,',A,,) and if the outcome is k, then the resulting
density matrix is AkpAL /Px- The requirement that the discrimination be error free
implies that

(Wil ALA|wi) = pibix. (2.10)

From this, by an application of the Schwarz inequality, it follows that
(el Al Aily;) = pibjidin, (2.11)

If we denote by 7; the a priori probability that the system was prepared in the
state |i;), the average probabilities of success and of failure to distinguish the states

|4:) are, respectively,
P = npi,
[}
Q=2 ma (2.12)

Our objective is to find the set of {p;} that maximizes the probability of success, P,
and the set of operators A, that realize the corresponding generalized measurement.

Define the failure state, |¢;) as

|s) = Arlws). (2.13)
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2 General method of optimal unambiguous discrimination 10

This is the state of the system if the input state was |¢;) and the outcome was
inconclusive. Chefles [25] showed that the states {|¢;)} are linearly dependent when P
is a maximum. The interpretation of this result is the following. Because only linearly
independent states can be discriminated without error, the operator corresponding
to the inconclusive outcome maps the set of linearly dependent states {|v;)} onto a
linearly-dependent set, which then cannot be unambiguously discriminated by any
further process. As we shall see, however, this does not mean that some information
cannot be extracted from an inconclusive result.

Now consider the inner product (¢«|¢;), and define the matrix C by C;; = (¢x|®;).

Using equations (2.9), (2.13) and (2.11), we find
(Dcld5) = (Wkl¥;) — Pidik- (2.14)

The matrix C is positive-semidefinite. This can be seen by noting that for any n-

dimensional vector, whose components we shall denote by b;, wherei =1,...n,

n

b;Cisb; = 1 )_ bilea)I” 2 0. (2.15)
1

ij= i=1
When the p; are equal to their optimal values, i. e. the values which maximize P, the

linear dependence of the |¢;) implies that
det(C) = 0, (2.16)

so that C has at least one zero eigenvalue when P is a maximum.
In conclusion, the optimum probabilities p; can be found by maximizing P subject

to the following constraints:
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2 General method of optimal unambiguous discrimination 11

i) det(C) = 0,

ii) C is non-negative, or, equivalently, all of the principal minors of C are non-
negative.

When we consider the case of just two non-orthogonal states, the above result

immediately gives the following relationship between any two failure probabilities:

@ - @2 = [(¥lv) 2. (2.17)

In particular, when the two states have equal a priori probabilities, 7, = 7 = %, we

found the maximum probability of success to be,

P =1-|(¥lya)l. (2.18)
This is the well known Ivanovic-Dieks-Peres (IDP) limit [17}-[19].

2.3. Realization of generalized measurement

Once we know the set of optimum discrimination probabilities {p;}, we would
like to find a realizable experimental procedure to achieve it. We shall do this first
abstractly, and then show how it can be realized by linear optical elements. Let us first
summarize the procedure, and subsequently fill in the details. We begin with a total
Hilbert space K, which is the direct sum of two subspaces, X = H @ .A. The space H
is an n-dimensional space that contains the vectors |1;), and A is the space that will
contain the failure vectors |¢;). We shall denote the dimension of A by m. The input
state of the system is one of the vectors |y;), which is now a vector in the subspace

H of the total space K. A unitary transformation, U, which acts in the entire space
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2 General method of optimal unambiguous discrimination 12

K is now applied to the input vector, resulting in the state |)X)ou:. A measurement
is performed on the part of |/ ) in A, and, if the proper result is obtained, the
vector |Y°) . is projected onto the vector |e!), which lies in the subspace M. The
probability of this occuring is p;. The vectors {|e),i = 1,...n} are orthonormal
and can be distinguished perfectly. The effect of the unitary transformation on an
extended space and the measurement is to map a set of non-orthogonal vectors onto
a set of orthogonal ones.

We now need to specify U and the measurement, and let us discuss the latter first.
The measurement has two outcomes, one of them corresponding to the operator, Py,
which projects onto the subspace H, and the other to the operator P, = I — Py,
which projects onto the subspace A. The first outcome corresponds to the successful
transformation of | ). into |eM), and its probability of occurrence is p;. This
implies that

[ ) ot = Vpilel") + 161, (2.19)
where |¢7!) is a failure state, and we have added a superscript A to denote the fact that
it is in the subspace .A. The other outcome corresponds to obtaining an inconclusive
answer and transforms |°) . into |¢74).

Eq. (2.19) and the fact that U is unitary implies that
(¢t187) = Wi'¥]) = Pidse, (2:20)

which is just Eq. (2.14). If (and only if) the matrix C is non-negative, we can

always find vectors |¢) that satisfy this equation. This follows from the fact that
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2 General method of optimal unambiguous discrimination 13

a non-negative matrix can be written as the product of a matrix and its adjoint, in
particular, we can express C as

C = A4, (2.21)

for some matrix A. If we define |¢;) = A|j), where |j) is the vector whose jth
component is one and all of whose other components are zero, then we have that
Cix = (¢j|l#x) - Once we have found these vectors and specified the vectors |el),
then the operator U can be found by means of Eq. (2.19). These conditions may not
completely determine U; if they do not, then there is freedom in choosing it. This
will be the case if the dimension of A is greater than one. U maps vectors in A to
vectors in the subspace, S, of K that consists of the vectors that are orthogonal to all
of the vectors |*)n:. The dimension of S is m. The freedom in choosing U comes
from the fact that Eq. (2.19) does not specify how A is mapped into S. If both
are one-dimensional, then the mapping is determined (up to an overall phase), but if
their dimension is greater than two it is not.

Once the measurement and the operator U have been specified, our realization of
the generalized measurement is completely determined. The next task is to find a

physical system with which to implement it.

2.4. Optical realization of non-unitary transformation
We now want to propose an experimental procedure to achieve our non-unitary
transformation by using optical devices. We shall show how this can be accomplished

by using a single-photon representation of the states |¢;) and an optical multiport
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2 General method of optimal unambiguous discrimination 14

together with photodetectors at the output ports to carry out the desired non-unitary
transformation.

Our Hilbert space will consist of a single photon, which is divided among n + m
modes. The modes themselves could be distinguished by having different wave vectors
or they might be modes of different optical fibers. A basis for this space consists of
the single photon states {a}lO) |7 = 1,...n + m}, where |0) is the vacuum state and
a} is the creation operator for the jth mode. The states {a}lO) 7 =1,...n} form a
basis for the space H, and the states {a;‘-IO)Ij =n+1,...n+ m} form a basis for
the space A. The initial states |y;) can be represented as single photon states in M,
which can be written as

n n
i) =Y _dijlel) = diallo), (2.22)
j=1 j=1
where we have chosen the states |e}*) to be |eX) = a4}|0%).

An optical 2N-port is a lossless linear device with N input ports and N output
ports. Its action on the input states can be described by a unitary operator, Uy,
and physically it consists of an arrangement of beam splitters, phase shifters, and
mirrors. Choosing N = n + m, we send the single photon state |y;) into the first n
input ports, which correspond to H, and the vacuum into the remaining m input ports,
which correspond to A. Photodetectors are placed at the last m output ports (the
ones corresponding to .A), and if there is no photon detected, the desired non-unitary
iransformation will have been carried out. In particular, with | )ou = Usn|¥i),

where [X)ou is given by Eq. (2.19), the action of the measurement, if successful, is
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2 General method of optimal unambiguous discrimination 15

to project the output state onto |el*), and the probability to achieve this is p;.
If we denote the annihilation operators corresponding to the input modes of the
2N-port by ajin, j = 1,2,..., N, then the output operators are given by

N
Qjout = Uz-A}ajan2N = Z Mjkakiny (223)
k=1

where Mj, are the elements of an N x N unitary matrix M. In the Schrodinger

picture, the in and out states are related by

1Y) out = Usn |9 )in. (2.24)

In general, for an in state that contains a single photon

N
[ )n = D c;all0), (2.25)

J=l

where Zﬁ__, lc;|> = 1, the out state is given by

¥ Vout = Uan|¥ )in

N
= Uz Z ¢;alinUsn10)

i=1

N
= ) c;M%al,,10). (2.26)
Jhk=1

Note that we have made use of the fact that the vacuum is invariant under the
transformation, Usy. This implies that the matrix elements M is the same as the
matrix element of Uy between the single-particle states |i) = a};;|0) and |I) = a};,|0).
Choosing c¢; = éj; in the above equation and then taking the inner product of the

result with |i), we find that

(i|Uan|l) = Ma. (2.27)
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2 General method of optimal unambiguous discrimination 16

The desired matrix M can be found from Eq. (2.19), and our next task is to decom-
pose it in such a way that it corresponds to a linear optical network.

This problem has been solved by M. Reck et al. [38], and we shall summarize their
method. They gave an algorithmic procedure to factorize any N x N unitary matrix
into a product of two-dimensional U(2) transformations, and it is this procedure that
we shall adopt here to construct our 2N-port, which is characterized by the matrix
M of equation (2.23).

It is well known that a lossless beam splitter and a phase shifter with appropriate
parameters can implement any U(2) transformation; a beam splitter with a phase

shifter at one output port transforms the input operators into output operators as

a; e®sinw e*®cosw a,
= (2.28)

az i cosw —sinw az o
where a,, a; are the annihilation operators of modes 1 and 2 respectively. In their
paper, Reck, et al. considered the use of a Mach-Zehnder interferometer to simulate
the effect of a beam splitter that does not split the incoming beam equally, in which
case w describes the reflectivity and transmittance of the effective beam splitter with
VR = sinw, VT = cosw, and ¢ describes the effect of the phase shifter. If the
matrix describes an actual beam splitter, then vR = cosw, and VT = sinw. Any
N x N unitary matrix U(N) can be reduced to an (N — 1) x (N — 1) unitary matrix,

U(N - 1), by multiplying from the right by a succession of two-dimensional unitary
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2 General method of optimal unambiguous discrimination 17

matrices
el 0
U(N)-R(1) = . (2.29)
0 UN-1)
Here R(1) =T\ 2 T3 - Ti~, and T, , is defined as an N-dimensional identity matrix
with elements I, Ipq, I, Ioq replaced by the corresponding elements of a U(2)
matrix. It performs a unitary transformation on a two-dimensional subspace of the
full N dimensional space, and can be implemented by attaching a beam splitter and
a phase shifter to ports p and g.
We can repeat the above transformation, decreasing the dimension of the remaining

unitary matrix by one at each step. Applying this procedure to the matrix M of

equation (2.23), we have that

M . RQ)-R(2)---R(n+m)
(e“" 0 0 \

0 e
= . (2.30)
0O 0 "
\ 0 0  glanm )
Denoting by D(a,, a3 ...a,) the diagonal matrix
( e ' 0 \
e—ia

D= , (2.31)

\ erieen |
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2 General method of optimal unambiguous discrimination 18
C

FIG. 1: The implementation of an optical multiport that performs the unitary trans-
formation M(N) described in Eq. (2.33). The beams are straight lines, a suitable
beam splitter is at each crossing point of the beams, phase shifters are at one input
of each beam splitter and at the outputs of the multiport. Each diagonal line of the
multiport reduces the dimension of M(N) by one.

we have

M-R(1)-R@2)--Rn+m—-1)-D=1, (2.32)

ie.,

M=D"1' Rn+m-1)"'---R(1)". (2.33)

Since the product of matrices is equivalent to setting up experimental devices in
sequence, Eq. (2.33) implies that to get M, the actual experimental setup is made
of a series of U(2) blocks to achieve R(n + m)~!-.- R(1)"}, and n + m appropriate
phase shifters attached to the output ports to produce D~!. Figure 1 gives a picture
of the practical implementation of M.

It is possible to save some steps by modifying this procedure. As was mentioned
earlier, the matrix M is not always completely determined. In particular, there is
freedom in choosing the matrix elements Mj; for k > n. Let us now see what happens

if we apply the procedure of Reck, et al. to the transpose of M, M7, instead of M

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 General method of optimal unambiguous discrimination 19

itself. It is now the matrix elements (M7T);, for j > n that are not completely
determined, and we shall leave them that way for now. The matrixes making up
R(1) are chosen to make all of the elements, except the first, of the first row of
MTR(1) zero. In finding each of the matrixes T} ,, we only need to use the matrix
elements that are completely determined (this is not true if we start with M instead
of MT). Now if the first row of MT R(1) is zero except for the first element, then by
unitarity, the first column is also zero, except for its first element. Continuing in this

way we have that

MT - R(Q1)-R(2)---R(n)
(e“" 0 0 \

0 el
= , (2.34)
o 0 -~

\ 0 0 Mn
where M,, is an m x m unitary matrix that contains the information about the matrix
elements in M that are not completely specified. At this point, we can choose M,,

to be any unitary matrix, and the simplest choice is the m x m identity matrix, /n,.

Defining
(e“"‘ 0 0 \
0 etz
D = , (2.35)
0 o
\ 0 0 Inm )
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2 General method of optimal unambiguous discrimination 20

we have that

M = [R(1)R(2)--- R(n)D". (2.36)
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Chapter 3

Application to two states and examples

3.1. Dual-rail representation

Let a} and a} be creation operators corresponding to two different modes of the
electromagnetic field. We shall denote the two-mode vacuum state by |00). If we
consider only states in which the total number of photons in both modes is one, then

our Hilbert space is spanned by the states
10) = aljo0)  [01) = a}{00). (3.1)

We shall identify the state |10) with the qubit state |0), and the state |01) with the

qubit state [1). The general qubit state is then

al0) + B|1) = (aa! + Ba})|00)

= a|10) + B|01). (3.2)

Such a qubit state could be produced by sending a single photon into a beam splitter
with the proper transmission and reflection coefficients, where the modes 1 and 2
would correspond to the output modes of the beam splitter. This representation of

a qubit is the so-called dual-rail representation proposed by Milburn [39], and later
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3 Application to two states and examples 22

by Chuang and Yamamoto [40, 41]. It is a special case of the representation that we

proposed in Chapter 2.4. It is this representation we shall employ here.

3.2. Optimal discrimination between two non-orthogonal states

In this section we apply the above considerations to the problem of realizing op-
timal discrimination between two non-orthogonal but linearly-independent quantum
states (5, 42|.

From Eq. (2.12), the probability of failure is

Q =mq +me. (3.3)

The requirement of the linear dependence of the |¢;) vectors (i = 1,2) leads to the

constraint given by Eq. (2.16) as
A=qq-|0p?=0,

where O3 = (Y1 |¥n).

Employing the Lagrange multiplier method, we wish to minimize the quantity
Q =aq — |0 + A4, (3.5)

which immediately leads to the conditions

— == + A —3 0’

a9 T q2

a — —

—aqi =m+Aiqp =0, (3.6)

where A is a Lagrange multiplier.
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By using Eq. (3.4), (3.6) we can solve A, ¢; and gq, by keeping in mind that q; and

g2 must be between 0 and 1, we finally can get the following conclusion:

ey e (o] 2 1
(i) if —l—LMSn < < 1o then

Q= ‘/_771 |Ohal,
T
() ‘/ |Ohal

Q = 2ymm| O (3.7)
(i) if m < ‘J;Olé—’g-;, then

Q1= 1)

2= |012|2)

Q = m + m|Or*. (3.8)

This is a standard Von Neumann measurement with I, = 0, [I; = |¢i) (i, II; =

[¥1) (¥l

(iii) if m > 1By, then

Q1= |O12|2,
Q=1
Q = m +m|Owf*. (3.9)

This is a standard Von Neumann measurement with IT, = [¢3){y5|, I =0, II; =

|%2) (¥al-
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3 Application to two states and examples 24

Therefore, to unambiguously distinguish two non-orthogonal states, the optimal
measurement is a POVM bounded by standard Von Neumann measurement (See

Figure 2).

N -

Q=m+mA Q=m+mA

Q=2Vmma

L]

- - - - -

d
'
)
!
1
1
:
'
A

N -
+
>

1+ A

FIG. 2: Let A = |O)2/?, when ﬁ- <£m < 1—:—;, the optimal measurement is a
POVM. When n, is outside the boundaries, the optimal measurement is a standard
Von Neumann measurement. The failure probability of the POVM is always less than
the Von Neumann measurement, when i, = 2 = 1/2, the difference between the two

types of measurement is at the largest.

In particular, when the two states have equal a priori probabilities, 7y = 3 =

]

Nl

we found that
Q=g =Q=|0 (3.10)

This is the well known Ivanovic-Dieks-Peres (IDP) limit [17]-[19].
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Now let us consider two particular input states,

[v1)

cos 0]0) + sin8|1) = cosd|10);2 + sin |01),2

[2) = [0) = [10)12. (3.11)

The inner product of these two states is (¥;|¢q) = cosf, where 0 < 8 < /2.

We now want to use a six-port to perform nonunitary operations on a single qubit,
with a certain probability of success. We send our qubit, in the dual-rail representa-
tion, into inputs 1 and 2 of the six-port, and the vacuum into the third input. The
first two output ports are where we want the qubit to come out, and a detector is
placed at the third output port. We only accept the output in the first two output
ports if the detector does not fire.

The input state of the system can be written explicitly as

cos @ 1
W"l)in = sin @ ’ Id’?)in = 0 . (312)
0 0

When m; =, = §, from Eq. (3.10)
Q=q@= Q = cos#, (313)
which implies that |¢;) = (/g:) are

o0 = (voaes) . ten) = (Vep) (3.14)
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|¥s)oue can be chosen to be

V2sin § 0
|%1) out = 0 [¥2)ous = V2sin} | - (3.15)
cos @ cos

The unitary transformation, U, maps the input states onto the output states, i.e.
[¥i)oue = Ul¥i)in, for i = 1,2. In addition, it must map the vector that is orthogonal

to the two input vectors onto the vector that is orthogonal to the two output vectors,

cos(0)
;}lm(a) 0
F"“"’ =U : 3.16
1+con(8) 0 ( )
_ _Vsin($) 1
1+cos(6)

The action of U on these three vectors completely determines it, and we find that it
is given by the matrix M(3), which is
sec(%) cos (6
0 V2 Y} Tc-%
M@3) = | V2sin(8) —v2cot(8)sin(§) /28 |. (3.17)
Vcos(8) \/<os(9) tan($) _7_((%,

M(3) describes the action of a six-port which transforms the input states into output

states. Using the method described in Sec. 2.4, M(3) can be factorized as

M@) =Tz -Ths Taa, (3.18)
where
010
Tip=1100 |- (3.19)
001
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V1 —cos(8) 0 v/ cos(8)

Ta= 0 1 0 , (3.20)

veos() 0 —/1—cos()

1 0 0
Tia=|o0 =3 [=@ |- (3.21)
0 — You@e(t) -%(;g

Ty, simply means to switch mode 1 and mode 2, each of T\ 3 and T3 represents
the action of a beam splitter with the transmission coefficient given by the diagonal
matrix elements in the 2 x 2 submatrix, and the reflection coefficient given by the
positive off-diagonal matrix element in the same submatrix. This implies that the six-
port represented by M(3) can be constructed from the two beam splitters represented

by T:3, T23 and a mirror (see Fig. 1).

3.3. Entanglement Enhancement

Entanglement shared between two parties is resource which can be used both to
teleport a quantum state from one party to another or to enhance the rate at which
bits can be sent between them [4, 6]. Consequently, it is useful to find ways of
processing ensembles of two party states in order to concentrate the entanglement
they contain [43]. Here we shall explore several simple, if not particularly efficient,
ways of doing this. The first is the “Procrustean” method developed by Bennett, et.
al. [43]. In order to use this method one must know the initial state. The second is

similar in spirit to the “Procrustean” method. It has the advantage that the same
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transformation can be used for a wide class of states making it useful for both pure and
mixed ensembles, but the disadvantage that it does not produce maximally entangled
states. Finally, we shall show how the transformation which takes nonorthogonal to
orthogonal states can be used to increase entanglement.

In order to apply the “Procrustean” method one starts with the two-particle state,

where Alice has one particle and Bob the other,
|¥) = cos6|0)4|1) g + sinB|1) 4]0) 5, (3.22)

where we shall assume that § < 7/4. Alice now wants to send her particle through
a device which does nothing to particles in the |1) state, but transmits particles in
the |0) state with an amplitude of tané and absorbs them with an amplitude of
V1 —tan?8. The result, with probability tan?8, is the maximally entangled state
10)all) 5 + [1)4l0) 5.

If Alice’s and Bob's particles are photons in the dual-rail representation, then this
procedure is simple to carry out. Let Alice’s photon be in modes 1 and 2 and Bob’s
be in modes 3 and 4. Alice now inserts a beam splitter into mode 1 (a photon in mode
1 corresponds to the state |0)) which couples this mode to an auxiliary mode, mode
5. The beam splitter transmits an incoming photon in mode 1 with an amplitude of
tan 6 and reflects it with an amplitude of v1 = tan?6. A photon in mode 2 (state
[1)) is unaffected. If no photon is detected in mode 5, then the transformation has
succeeded, and Alice and Bob share a maximally entangled state.

We now consider a second method of entanglement enhancement which is based
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on the following transformation:

1

@l0) +51) — GF+ Ti6p)

7z(@l0) + VTA|1)). (3.23)

It is nonunitary and has the effect of increasing the |0) component of a qubit and
decreasing the |1) component. Note that the vectors |0) and |1) are left unchanged
by this transformation. This meaas that if we consider the two qubits |1) and a|0) +
B|1), then the above transformation will bring them closer to being orthogonal by
decreasing the [1) component of the second qubit.

The six port which realizes this transformation is quite simple (see Fig. 2). The
first input goes straight through and the second two are mixed by a beam splitter

with transmission coefficient T and reflection coefficient R (R + T = 1), giving the

transformation
1 0 0
M=|o VT VR |- (3.24)
0 -vVR VT

The state |in) is transformed by this six port into the state
|lout) = [aa} + B(VTa} — VRa})]|000). (3.25)

After measuring mode 3 and finding no photon present the output state becomes, up

to normalization

(aa} + BVTa})|000), (3.26)

and the probability that this transformation will fail is just

p=I6’R. (3.27)
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Clearly there is a trade off between how much the state is changed, in particular how
much its |1) component shrinks, and the likelihood of successfully accomplishing the
transformation; the bigger one is the smaller the other will be.

This transformation can be used to increase the amount of entanglement in certain

kinds of two-qubit states. Consider the state

1
¥ = Zaa e

where |¢) = a|0)+08|1). A transformation which would bring |¢) closer to |0) and leave

| (11)al®) 8 + |8)all) ), (3.28)

|1) unaffected would bring |®) closer to a maximally entangled state and, thereby,
increase the entanglement of the state. This is exactly the kind of transformation
which was discussed in the previous two paragraphs.

We now consider a six mode system where modes 1 and 2 constitute the first qubit,
modes 4 and 5 the second, and modes 3 and 6 are initially in their respective vacuum
states and are subsequently measured. We first perform the above procedure on the
first qubit (modes 1 and 2) with a probability of success (the probability of finding

no photon in mode 3) given by

_1+TIB° _R

g = = 2

We then apply the procedure to the second qubit where the success probability is

now
_ 2T|al® +4T7%|8)2
P = [CB(1+ T) + 4T\0" (3:30)
and the final state becomes (up to normalization)
[®7) = |1)al¢') 8 + |4') al1) 5, (3.31)
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where
|¢") = al0) + BVTI1). (3.32)

This is, in fact, the desired result, and the probability of successfully accomplishing
this transformation is p,;p,2-

Note that this procedure will increase the entanglement of a state of the form given
in Eq. (3.28) for any nonzero values of a and 3. This means that it can be used to
increase the amount of entanglement present in ensembles as well. If the ensemble is

described by the density matrix

p= Zp,-l%)(‘b,-l, (3.33)

where |®;) is a state of the form given in Eq. (3.28), and p; is the probability of
the occurrence of |®;), then the entanglement present in this can be increased by
performing the above nonunitary operations on its members.

Finally, let us show how the transformation discussed in section 3 can be used
to produce maximally entangled states. Suppose Alice and Bob share a supply of

particles in the state

1 1/2
0= (755ezms) (O40)a+ 10100 (334

where now

|#) = cos8]0) + sinb|1). (3.35)

Note that |I') is composed of the two nonorthogonal states considered in section 3.

Alice and Bob now send their respective photons through six ports represented by
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the matrix in Eq. (3.17) and accept the output only if they do not detect a photon
in the third output port. The probability that this procedure will succeed, p,, is the

product of Alice’s success probability and Bob's, and it is given by

(1 — cos 8)?
=4z (3.36)
The state which results is
1
') = E(I"')AI_)B +|-)al+)8), (3.37)

where |) = (£|0) + |1))/V2, and it is maximally entangled.
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Chapter 4

Application to three states and examples

In this section we first apply the above considerations to the problem of realizing op-
timal discrimination among three non-orthogonal but linearly-independent quantum
states, in general. Then we illustrate the method on specific examples. For simplicity,
we assume that the a priori probabilities are all equal, ; =2 =173 = 1/3.

From Eq. (2.12), the probability of failure is

3
Z gi. (4.1)
=1

The requirement of the linear dependence of the {¢;) vectors (i = 1,2, 3) leads to the

[P N

Q=

constraint given by Eq. (2.16). For the case of three vectors it can be written as

A = det(C)
= qiq2qs — q1|Oas|* — @2|Ows|* — g3|Onaf?
+0120230;3 + 0:2053013

=0, (4.2)

where Oij = <¢||w,>
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Employing the Lagrange multiplier method, we wish to minimize the quantity

Q= %Zq +34, (4.3)

which immediately leads to the conditions

o 1

a_(h = § + AA23 =0,

0Q 1

6_112 =3 + A3 =0,

o’ 1

Fo = 3 FMu=0, (4.4)

where A is a Lagrange multiplier, and A,2, A13, Qg3 are subdeterminants of C, Ay =

q1q2 — |O12/%, etc. Equation (4.4) implies that

1
Apu=A8p=A4n= TR (4.5)
This means that all three subdeterminants are equal. Let § = —-.}; denote this

common value and recall that all subdeterminants of C must be non-negative, so
that 4 > 0.

From Eq. (4.5) we can solve for the g;'s, yielding

o = ‘/(I012|’+6)(l0m|’+5)

' (I0nP +8)

o = 1/l +)(10xl +6)

(Ou+8)

_ [(Owl? +8)(|0x* + 6)
® = \/ Oul+8) (4.9

Finally, we can substitute Eq. (4.6) into Eq. (4.2) to solve for § and then use the

above equations to find the corresponding ¢; values. When we solve for 4, there are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 Application to three states and examples 35

often a number of different solutipns. However, we need only consider solutions that
are greater than or equal to zero, and which give values of ¢; that are between 0
and 1. If there are several solutions that satisfy these conditions, we must determine
which one gives the actual minimum. If there are none, then we must examine the
boundary of the allowed region to find the minimum. The point (qi, g3, ¢3) lies inside
or on the surface of a unit cube one whose vertices lie on the points (j, k,!), where
j,k,l = 0 or 1. If the Lagrange multiplier approach does not yield a valid solution the
minimum of Q subject to the constraint A = 0 must lie on the surface of the cube.

Note that if the overlaps are real and positive, a situation we shall consider shortly,
then & = 0 is always a solution of Eq. (4.2). In this case, if all the corresponding
gi for 6 = 0 are between 0 and 1, then this set of {g;} is a possible solution to our
problem, i.e. a minimum of Q that satisfies A = 0. If it is, in fact the solution, we
see that A3 = A3 = Ay = 0, which implies that each possible pair of the states
|¢:), i = 1,2,3 is linearly dependent, so that all three states ¢; are in a line, i.e. the
dimensionality of the auxiliary Hilbert space A is one. If the solution to the problem is
one for which § > 0, no pair of failure states is linearly dependent. However, the three
failure states together are linearly dependent, so that in this case the dimensionality
of the auxiliary Hilbert space A is two.

Next, we shall consider specific examples involving three non-orthogonal but lin-
early independent state vectors, to illustrate the general considerations of the previous
sections. In particular we want to determine explicitly the parameters and dimension-

ality for the special multiports that optimally discriminate among the three quantum
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states. For simplicity, we shall assume that the a priori probabilities are equal in all
of our examples.
Our first case is a simple one; the overlaps of the three states will be assumed to

be real and equal
(Walya) = (Y2ls) = (¥slth) = s, 4.7)

where 0 < s < 1. The constraint of equation (2.16) is, in this case,
019293 — 5° ZQ-‘ +28* =0, (4.8)
application of the Lagrangian multiplier method implies that q; = g2 = ¢3, and that
@ —3s%q; +25°=0. (4.9)

This equation has two solutions, ¢ = s, ~2s, of which only ¢; = s is valid. This
solution is a minimum and it implies that the optimal value of the total failure
probability is Q = s.

Our next step is to find the failure vectors. For any 3 x 3 positive matrix, L, we

find that we can express its matrix elements as L;; = (¢i|¢;) if

I¢l) = (V Lllvoao)

= (L [Au
|¢2) - (my L“’O)

Lis LysLn - Lyl [ &
viu' VIndan 'Van)’

where Ay2 = Ly1Laa — |L12)> and A = det L. Applying this to the matrix C, with

|¢3) = (4.10)

¢ = s,1= 1,23, we find that the three failure vectors are identical, they all have
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magnitude /s and point in the same direction. Therefore, our failure space, A, is
one dimensional, the full Hilbert space K = H & A is four dimensional, and we will
need an eight port to accomplish our unitary transformation.

In order to find the necessary unitary transformation, we must first specify our

input states. Let us choose our three states to be (in the full space, K = H & A)

(Vivi=s) =
¥ )in = ﬁfi o [ hin = ’% ,
N 0 ) \ 02 y
(=)
%5 )in = +“_: : (4.11)

where 1; are represented by single photon states. One can verify that (y,|yq) =

(Ya|¥3) = (¥a|yn) = s. The output states can be found from Eq. (2.19), and are
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explicitly given by
( v1- s\ ( 0 \

|¢f)¢m¢ = ’ Ing)out = y

%8 oue = : (4.12)

\ V5 )
The unitary transformation, U, maps the input states onto the output states, i.e.
[V = Ul)in, for i = 1,2,3. In addition, it must map the vector that is
orthogonal to the three input vectors onto the vector that is orthogonal to the three

output vectors,

'

3
1 Vs 0
v d I U | (4.13)

=) )

The action of U on these four vectors completely determines it, and we find that it
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TABLE 1: Arguments of T, for case 1. The range of arccos is the interval (0, 7].

w ¢

T2 arccos[—715] 0

- 1-s 1
M(4) = Ve 32+ V2 25+1 (4.14)
"715 _3(;7_517 ‘715 V a1
\ 0 V@ 0 -/
Using the method described in Sec. IV, M(4) can be factorized as
M) =Ty Tha -Taa- Tas, (4.15)

where the parameters that determine the matrixes T,, are given in table 1 (this
example is referred to as case 1). Note that because these matrixes are real, the
complex conjugate, which appears in Eq. (2.36) is unnecessary.

Now let us consider a more general case than the one we have been studying so

far. We shall assume that two of the overlaps are the same and the third is different,
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in particular that

(Vi) = (¥1lYs) = s

(alYs) = sz, (4.16)

where we shall assume, for simplicity, that s, and s, are real and between 0 and 1. For
a fixed value of s; there is a restriction on how large s; can be. The largest the angle
between vy, and 3 can be is twice the angle between ¥, and ¥, (this maximum is
achieved when the vectors are coplanar). This implies that s; > 2s? — 1. Application

of the Lagrange multiplier method to the minimization of Q’ gives us g, = ¢3 and

2, 2 _ g2
_tsi— s

- (4.17)

Q1

Substituting these results into the constraint equation and defining y = g¢2/s2 and
B = s1/82, we have

V¥ -2+8)¥ +28%y+1-48=0. (4.18)

The roots of this equation are y = 1, —1 £ 3, and two of them 1 and 3 — 1 yield
valid solutions, the latter if 3 > 1. Substitution of these results into Q shows that
if 8 < 2, then the solution y = 1 gives the minimum and if 3 > 2, then y =6 -1
gives the minimum. Summarizing, we find that if 3 < 2, the minimum value of Q is

[(s3/s2) + 2s2)/3 and (solution 1)

=35
Q= Sa
¢ = q3 = S2, (4.19)
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and if 8 > 2, then the minimum value of Q is 2(2s; — s2)/3 and (solution 2)

Q= 25

92 = q3 =S — S (4.20)

Clearly, for these solutions to be valid, all of the probabilities have to be between 0
and 1.

The next step is to find the failure vectors. If solution 1 is the valid one, we find
from Eq. (4.10) that the failure space is one dimensional, and if |u{') is the normalized

basis vector for this space, then

62) = %Iui‘,
log) = 1¢3") = VS2lui'). (4.21)

If solutions 2 is the valid one, then the failure space is two-dimensional. If |u;‘) where

J = 1,2 is an orthonormal basis for this space we find that

l6{) = V2siluf),

s s
68) = [ ZHut) + /3 - salup),
A S1, 4 81 A
l¢3) = '2_|“1 = ? - slug ) (4.22)

Let us look at an example of each solution. If we choose our three states to be
¥1 = (1,0,0), ¥ = J=(1,1,1) and ¢ = J5(1,1,-1), we find that s, = 1/v/3 and
s = 1/3, so that solution 1 is valid. The complete treatment of this case (case 2) is

given in Table 2. We see that we need an eight-port which can be built up by two
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U(2) blocks. Note that in order to achieve minimum failure probability Q, we need
to choose g; to be 1, which means that we sacrifice the possibility of distinguishing

state |¢1).
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TABLE 2: Summary of parameters and arguments of T}, for case 2.

case 2
( 1 \ ( 715 \ ( 13 \
0 1 1
Input states 1) = y ) = 1, |¥a) = V3
\?) . \ 0 )
Optimal failure probability Q=1 q= 31;, qQ3 = :l;
(o) (o) (o)
0 3 0
Output states [v]) = y |¥g) = AR
0 0 3

\!/

L
M 0 v B 0
1 1
0 v, B 0
\1 0 o0 o/
Factorization of M M=T, T3

Arguments of Ty ¢

Th4:w=0,¢6=0

Tp3:w=%0=0
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If we choose our states to be ¢y = (1,0,0), ¥ = §(1,2,2) and ¥ = §(1,2,-2),
then we find that solution 2 is valid with s; = 1/3 and s; = 1/9. In this case (case
3) we need a ten-port, and the complete results are given in Table 3. Note that if
the procedure fails, it is still possible to gain some information about the input state,
because the failure space is two-dimensional [24}. This is not possible if the failure
space has only one dimension.

One possibility is to attach to the failure-space outputs (outputs 4 and 5) a network
that transforms states |¢4') and |¢4') into orthogonal states, which it will do only with
a certain probability (5]. In particular, we can construct a network that implements

the transformation

M@3)= 715 715 , (4.23)
1

where the inputs to the first two ports of this network (we shall call these ports A and
B) are the outputs of ports 4 and 5 of the original network, and the input to the third
port (port C) is the vacuum. This network has been designed so that if no photon is
detected emerging from output C, then the input state |¢3') will be transformed into
a photon emerging from port A, and the input state |¢4') will be transformed into a
photon emerging from port B. If the input state is |¢7') and no photon is detected at
output C, the probabilities of a photon emerging from either port A or port B are the
same. Therefore, if the photon emerges from port A, we can conclude the input to the

entire network was either ¥, or 1, and if it emerges from port B, then the input was
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TABLE 3: Summary of parameters and arguments of T, , for case 3.

) (4] ()

0 3 §

Input states l)=109 |, I¥2) = % y |¥a) = _%

0 0 0
\9) \o) .

Optimal failure probability Q= %, ¢ = %, Q3 = %

0 A 0
Output states =1 o |[-2)=] o | Wa)=] o

1 1 7 \
(75 23 -y O
0o o F o

M 0o T _¥I _1 _1
r ry ] a
s 0 V& o

1 7

L0 0 5 0 -\ff
Factorization of M M=T4Ta3 - T24 T35

T1'4 : {u = arccos [ﬂ],¢ = 0}, Tg‘g N {u = -"[,¢ = 0}

Arguments of T, q Ty4 : {w = arccos [ — 5—‘75],¢ = 0},

T35 : {arccos [2-'175] ,¢ =0}
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either ¥, or ¥3. Summarizing, if one of the detectors in ports 1 through 3 clicks, we
know what the input state was. If the detector in either ports A or B clicks, then we
gain partial information about the input state; the number of possibilities has been
reduced from three to two. If the detector in port C clicks, then we have gained no
information about the input state, and this happens with a probability of 1/9 if the
inputs were ¥ or ¥3 and 4/9 if the input was ;. The addition of the second network
to the failure outputs of the first significantly improves the chances of gaining some

information about the input state.
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Chapter 5

Optimum unambiguous discrimination between |¢;) and

{|¢2>, |¢3>}

In this section, we consider a new variant of the problem. Instead of discriminating
among all states, we ask what happens if we just want to discriminate between subsets
of them. In particular, if there are three non-orthogonal states {|¥1), |¥2), [¥3)}, what
is the optimum strategy to distinguish |¢;) from the set {|y2),|%3)}? This problem
would occur if, among three states, |¢;) is the only interesting one, so that we just
want to distinguish it from the other two. We refer to this problem as quantum state

filtering. The analytical solution of this problem is derived in this paper.

5.1. Derivation of the optimal solution

Suppose we are given a quantum system prepared in the state |i), which is guar-
anteed to be a member of the set of three non-orthogonal states {|¥1), |[¥2), |¢3)}, but
we do not know which one. We want to find a procedure which will tell us that |¢)
was prepared in |y1), or will tell us that ) was prepared in one of {|i2), [¢3)}. That
is, the procedure can distinguish |y,) from {|¥2), |3)}. We also want this procedure

to be error-free, i. e. the procedure may fail to give us any information about the
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state, and if it fails, it must let us know that it has, but if it succeeds, it should never
give us a wrong answer. We shall refer to such a procedure as quantum state filtering
without error. We find that, in contrast to the unambiguous state discrimination
problem, this will be possible even if |¢;) is not linearly independent from the set
{I¥2), [¥3) }-

[f the states are not orthogonal then, they cannot be discriminated perfectly. For
convenience, we can rewrite Eq. (2.12), which give the average probabilities of success

and of failure to distinguish the states |¢;)

P = ZTI:'P",
Q= ZTI:'%

respectively. Our objective is to find the set of {p;} that maximizes the probability
of success, P.

To achieve the unambiguous optimal discrimination, The desired “generalized mea-
surement” can be described as follows. Let K denote a total Hilbert space, which is
the direct sum of two subspaces, X = H @& .A. The space H is a three-dimensional
space that contains the vectors [¢;), and A is an auxiliary space. The input state of
the system is one of the vectors |i;), which is now a vector in the subspace H of the
total space K, so that

W) in = [¥7). (5.1)

A unitary transformation, U, which acts in the entire space K is now applied to the
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input vector, resulting in the state [¢/X) ..., which is given by
¥ )oue = [91™) + 167) = Ul in, (5.2)

where, in our case, |¢]) can always be unambiguously distinguished from the set
{|¥4),1¥3)}. Then a measurement is performed on |}, that projects |1}, either
onto |¢]) or |¢:) (by construction, they are in orthogonal subspaces). If it projects
|¥X) e ONto |1!), the procedure succeeds, because |¢}) can always be distinguished

from {|¥3),|¥5)}. The probability to get this outcome, if the input state is [¢;), is
pi = (Y|¥)). (5.3)

If the measurement projects |¢/X) . onto |¢;), the procedure fails. The probability of
this outcome is
¢ =1—pi = (¢i|¢s). (5.4)
The nature of the problem we are trying to solve imposes a number of requirements
on the output vectors. The condition that [¢]) be distinguishable from [|¢5) and {y3)
requires that
(V1lve) = (¥ilvs) = 0. (5.5)

These lead to conditions on the failure vectors, |¢;). As described by Eq. (2.14),
taking the scalar product between |¢/) o and the other two output states and using

Eq. (5.5) and the fact that U is unitary leads to the conditions

(d1]@2) = (¥rl|va),
(D11@3) = (¥l|v¥a). (5.6)
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Our objective is to find the optimal |¢]) and |¢;) which satisfy Egs. (5.3)- (5.6) and
also give the maximum success probability P.

Let us now consider the failure vectors. If they were linearly independent, we
could apply a state discrimination procedure to them [25]. That means that if our
original procedure fails, and we end up in the failure space, A, then we still have
some chance of determining what our input state was. This clearly implies that
our original procedure, which led to the vectors |¢’), was not optimal, because that
process followed by another on the failure vectors would lead to a higher probability
of distinguishing |¢;) from |¢3) and |y3). Therefore, the optimal procedure should
lead to failure vectors to which we cannot successfully apply a state discrimination
procedure, implying that they are linearly dependent. In fact, we will now prove
that for optimal discrimination they must be collinear, by demonstrating that the
contrary leads to contradiction. To this end, we assume that we have achieved optimal
unambiguous discrimination of |i,) from |y,) and |y3) but the failure vectors are not
collinear. Then at least one of the two failure vectors, |¢2), |¢3), will have a component
in the direction that is perpendicular to |¢;). We can set up a detector projecting
onto this direction and a positive outcome of the measurement (a click of the detector)
will tell us that our input state was not |y;) but one of the other two states. Thus,
contrary to our assumption that our procedure has been optimal, further distinction
is possible. Hence, the failure vectors must be collinear for optimal discrimination.

We shall now explore the consequences of this conclusion. Since |¢;) (i =1,...,n)

are collinear, the failure space, A, is one dimensional. If |u) is the basis vector
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spanning this Hilbert space we can write the failure vectors as |¢:;) = /qiex'|u).

Substituting this representation of the failure vectors into Eq. (5.6), we find that

0192 [y lw) 2,

Qg3 = [(¥rlva)l2. (5.7)

These two conditions are a consequence of unitarity and imply that only one of the
three failure probabilities can be chosen independently. If we chose q; as the indepen-
dent one we can express the other two as g2 = |(¥)|¥2)|?/q1 and g3 = |[(¥1|vs3)|*/q1- If
we introduce the notation O;; = (¥;]y;) then, with the help of these two equations,

the average failure probability can be written explicitly as

Q= Z qi

= ma + 12|O12|* + 73| Oy ?

qQ

(5.8)

If we further introduce the notation A = 73|0;3|2+13]|0,3|? for the frequently occuring

average overlap then, from the condition

@ _
=0 (5.9)

we find the optimal value of ¢; to be

a = VA/m. (5.10)

This value, however, cannot always be realized. For it to be true, there must be

a unitary transformation, from Eq. (5.2), that takes |1;) to |¥;)oue Which, together
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with the one-dimensionality of the failure space yields

[¥5)oue = %)) + VG5l |u). (5.11)

Here we have that (yjju) = 0, (¥1|¢]) = 0 for j = 2,3, and the phase factors are

fixed by the requirement (cf. Eq. (5.6)) that

(Urly) = /qigze' s —xs) (5.12)

for j = 2,3. These equations imply that

(Wilvk) = (Wilve) = VGqee' X %), (5.13)

This set of equations can only be true if the matrix M, where

M = (Yjlve) =, , VGaee' %), (5.14)

is positive semidefinite, as discussed in detail in Section 2.2

Using again Oj;x = (¥;|¢¥x), M can be expressed as

l—ql 0 0
M= 0 l—lo—q‘l’-ﬁ Op — Qla |. (5.15)

— 921013 _ low?
0 Oxn a 1 7

Clearly, this matrix will be positive semidefinite if 0 < ¢; < 1, and if the 2 x 2
submatrix is also positive semidefinite. This will be true if both the trace and deter-
minant of the submatrix are greater than or equal to zero. Positivity requires that
the diagonal matrix elements of the submatrix be non-negative, so that it must be

true that ¢y > |O);| and q¢; > |O13] . Without loss of generality, we can assume
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that |Oy2] > |O1a| by simply arranging the states in set 2 in the order of decreasing
overlaps with |¢,). Doing so and imposing the condition that g, > |O,2| guarantees
that the condition ¢, > |O3] is also satisfied, and together they imply that the trace
is greater than or equal to zero.

The condition that the determinant be non-negative gives us a lower bound on q,,

o> |012]? +|013]* = (012023031 + 01303202;)

5.16
1 = |Oal? (5.16)

We want to interpret this inequality, in particular, we want to find what the right-
hand side is equal to. In order to do so, we shall find the projection operator, Pa3,
that projects onto the subspace spanned by ¥, and ¥3. One of the basis vectors in this
subspace can be chosen to be |y;) and, using the Gram-Schmidt orthogonalization

method, the other is defined as the (normalized) orthogonal component of |y13),

- 1
ly3) = T\/‘T—o";a_ﬁ(w”) - Oxl¥2)). (5.17)
This leads to
Pas = |y2) (¥ + [s) (s (5.18)

Let us represent the input state, |1,), as [¢,) = |¢f‘)+|1»’1l1|), where |¢i) = (1= Pa)|vr)
is the component of the input vector that is perpendicular to the subspace spanned
by ¥, and y; and |¢'1|) = Py3|¥) is the component in that subspace. Then, using

Eqgs. (5.17) and (5.18), the explicit expression for the parallel component is given by

Oy — OO0 Oy — 030
Iy — On 23031 31 32021
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Calculating the norm of this expression yields

_ [00f? + 1013 = (012023031 + 01303202

.,
(wl |wl> - 1- |023|2 ’ (5'20)

which is identical to the right-hand side of Eq. (5.16).

Thus, Eq. (5.16) tells us that the failure probability, ¢;, has a lower bound which is
given by the weight of |1,) in the other subspace, ||Past1||? = (¥1|Pas|¥1) = (w'l'lw','),
a result that is intuitively obvious. Clearly, this expression is larger than (or at most

equal to) |Oy2)2. This implies that, because ¢; = |0,2]%/q;, we have

|Os2/?

(Wil
|Or2|?

= = <
|O12|% + [{wal¥)|> ~

g2 <

1, (5.21)

and similarly for g3.

We can then distinguish three different regimes of the parameters. If the r.h.s. of
Eq. (5.10) is greater than 1 then ¢, = 1, if it is less than (w'l' |¢',') then ¢ = (¢'1'W1¥),
and in the intermediate range the optimum given by Eq. (5.10) is realized. This can
be summarized as follows.

(i) If mi(wilw)? < A < my, then
Q vVA/m,
Q2 = V'h/A|Om|2,
@ = Vm/A|Og|?, (5.22)

yielding the average failure probability

Q =2VmA. (5.23)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 Optimum unambiguous discrimination between |¢,) and {|y9), |¥3)} 55

(ii) If A > my, then

Q1 = 11
g = |Onl?,
g = |0l (5.24)

yielding the average failure probability

Q=m+A (5.25)
(iii) If A < m|(®![v!)]?, then
a = Wlwl),
q2 = ‘012|2
Wilwly’
|Oral?
@ = —2 5.26
P Wil (520

yielding the average failure probability

Q—mWW)+w@> (5.27)

Equations (5.22)-(5.27) summarize our main results. In the intermediate range
of the average overlap, A, the optimal failure probability, Eq. (5.23), is achieved
by a generalized measurement or POVM. Outside this region, for very large aver-
age overlap, A > n;, or very small average overlap, A < 771|(¢ |w )I"' the optimal
failure probabilities, Eqs. (5.25) and (5.27), are realized by standard von Neumann
measurements. For very large A the optimal von Neumann measurement consists of

projections onto [¢;) and two orthogonal directions whose directionality needs not be
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specified further. A click along |4,) corresponds to failure because it can have its ori-
gin in any of the two subsets and a click in the orthogonal directions uniquely assigns
the input state to the set {|1;),|¥3)}. For very small A the optimal von Neumann
measurement consists of projections onto |¢|1|) and two orthogonal directions that
are uniquely determined by the requirement that they correspond to two mutually
exclusive alternatives. One of them is onto |¢i) and the other onto the remaining
orthogonal direction in the subspace of {|y2),|¥s3)}. A click along |w',|) corresponds
to failure because it can originate from any of the input states while a click in any
of the alternative directions unambiguously assigns the input to one or the other of
the two mutually exclusive subsets. It is interesting to observe that the failure space
is one dimensional for each of the three different optimal measurements in the three
different regions. At the boundaries of their respective regions of validity, the optimal
measurements transform into one another continuously. Furthermore, each of the two
von Neumann expressions can be written as the arithmetic mean of two terms and
the POVM result as the geometric mean of the same two terms. Therefore, in its
range of validity the POVM performs better than any von Neumann measurement.
In closing this Section we want to point out an interesting feature of the solution.
The results hold true even when there is no perpendicular component of the first input
state, |¢i-) = 0, i.e. it lies entirely in the Hilbert space spanned by the other two
vectors or, in other words, the two sets are linearly dependent. In this case the two
von Neumann measurements coincide and the range of validity of the POVM solution

shrinks to zero. A click in the detector along the first input vector corresponds to
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failure - it might originate from either of the two subsets - and a click in the detector
along the single direction orthogonal to it unambiguously identifies the set of the

other two vectors.
5.2. Derivation of the optimal solution via the method of La-

grange multipliers

In this section, we shall show that by using the method of Lagrange multipliers,
we can derive the conclusions contained in Egs. (5.22)-(5.27) rigorously, starting from
the fact that for optimal discrimination, the vectors |¢;) must be linearly dependent.
To express this statement in a compact form we use the constraint given by Eq.
(2.16), which says that for the positive semidefinite matrix C, where Ci; = (¢:|®;), if
|¢:) (2 =1,...,n) are linearly dependent, the determinant of matrix C must vanish,
A = det(C) = 0. With the help of Egs. (5.4) and (5.6), we can eliminate two of the

three overlaps from the matrix C and obtain explicitly

@i Oz Ops

i0
12 G2 Te

-0
13 Te a3

= 4293 — 7*q1 — |O13|*q2 — |O12/*¢a

+2]O13]|Oh3]r cos(@ — a) = 0. (5.28)

Here O;; again denotes (y;|y;), re*® = (¢2|¢s) is the remaining overlap where r and
6 are to be determined from the conditions for optimum, and a = - arg(0,2013).

Since C is positive semidefinite. all the diagonal subdeterminants of & must be non-
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negative.
We now wish to minimize the average probability of failure Q, Eq. (5.1), subject

to the constraint in Eq. (5.28). This can be done by minimizing the quantity
) 3
Q= Z’h"h’ + A, (5.29)

where A is a Lagrange multiplier. The conditions for minimum with respect to r and

6, 3Q/0r = 0 and 3Q/88 = 0, lead immediately to
|O12||O13] cos(6 — a) — qur =0, (5.30)
r|0)2||Oha| sin(6 — a) = 0. (5.31)
The solutions of these equations, corresponding to the minimum of Q, are
0 =a, (5.32)

and

qir = |O12|Oal- (5.33)

Next, we perform the optimization with respect to the remaining variables. Notice
that the derivative of Q with respect to A returns Eq. (5.28). Therefore, we use the
optimal values of r and @ in Eq. (5.28) and in the conditions for minimum with

respect to the failure probabilities, Q/dg; = 0 for i = 1,2,3. After some algebra we
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obtain the following set of equations

@A = 813813 =0, (5.34)
qu—g = Mmq; + A(B124 3

+|012]*A13 + |013[*A 1) = 0, (5.35)

g% = Ty + Al13 =0, (5.36)

gq% = 3+ Ad;2 =0, (5.37)

where A2 and A3 are the diagonal subdeterminants of A,

Az = gz — |Ona|?, (5.38)

Az = qigs — |0t (5.39)

We now have four variables q;, g2, g3, and A, and four equations, Eqs. (5.34)-(4.6),

to find them. Eq. (5.34) tells us that at least one of the diagonal subdeterminants
vanishes. With no loss of generality we can assume this to be A1 = 0. Comparing
this to Eq. (4.6) we see that A must be singular. The singularity, however, is tractable
since the same equation tells us that the product AA,;; is finite. Then it follows from
the singular behavior of A and Eq. (4.5) that the other diagonal subdeterminant also
vanishes, A3 = 0, but the product AA,;; also remains finite. Using these finite values

from Egs. (5.36)-(5.37) in Eq. (5.35), we can summarize our findings as follows
Ap=A013=0, (5.40)
which is just equation (5.7), and

Mmai — ml0n|* — m|Ousl* + A2 124,53 = 0. (5.41)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 Optimum unambiguous discrimination between [y,) and {|y2), |¢a)} 60

Multiplying Eq. (4.5) by A2 (or Eq. (4.6) by A;3) and taking into account Eq.
(5.40) gives that the singularity in X is such that AA;;A13 = 0. Using this in Eq.

(5.41) we finally obtain
2 2 2 __
mq — m|Ow|” — m|Owi|” = 0. (5.42)

This is the solution found in Section II, Eq. (5.10), and the rest of Section II follows
from here and Eq. (5.40).

For the sake of completeness we also give the expression for 1/,

1 A28
1__ [Auds 5.43
X . (5.43)

which exhibits no singularity. In fact, 1/A = 0 when A;2 = A;3 = 0, as expected.
Finally, let us note that Eq. (5.40), which is identical to Eq. (5.7), implies that all
of the failure vectors, |¢;), are parallel to each other, i. e. they lie in a space, A, of

dimension one.

5.3. Comparison to the case when all states are discriminated

In this section we want to compare the average probability of failure Q of the
filtering problem to that of distinguishing all three states. Let @’ denote the average
probability of failure for distinguishing all the states {|y1),|¥2),|¢¥3)}. We can see
immediately, that the probability of failure to distinguish |¢,) from {Jy2), |¥3)}, Q,

should be no larger than @’. For the latter problem, the necessary condition for
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achieving optimal discrimination is
@1 O12 Ou3

O}, g2 Ox = 0. (5.44)

0;3 053 q3

When comparing this equation to Eq. (5.28), we see that, instead of a given constant
Oq3 that appears in Eq. (5.44), there are the variables r and 8 in Eq. (5.28). These
variables are chosen to minimize the average probability of failure Q. Therefore, Q
should be no larger than Q’, Q@ < Q'.

To illustrate this point, we use a simple symmetric case, where all of the overlaps

between the states are real and equal,

(Drlv2) = (ilys) = (Yalys) = s, (5.45)

with 0 < s < 1. We shall also assume that the a prior: probabilities are equal for
all the examples in this paper. From previous work we know that in this case, the
optimal values of the failure probabilities when we wish to distinguish among all of
the states {|¥1), |¥n), |¢s3)} are ¢; = s, which implies that Q' = s.

For the problem of distinguishing |yy) from {|2), [¥3)}, from the results of Egs.

(5.22) and (5.24), we have (i) if 0 < s < 5?—, then

QI = ﬁsv
V2
Q2 =q3= Ts»
Q= _2‘3/53. (5.46)
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So the average probability of failure Q is less than Q' = s. (ii) if lzé < s <1, then

q =1,
<12=43=82,
1 2,

These solutions are illustrated and compared to Q' in Figure 3. Note that in both

cases we have that Q@ < s = Q'.

y
1

0.5 .

5
0.5 I

FIG. 3: We compare Q and Q. For 0 < s < ¥ we have that Q' = s and Q = 2.
For 3? < s <1, we still have that @’ = s, but Q = 1 + 3s%. Note that Q is always
smaller than Q'

Now we shall compare filtering to the problem of distinguishing two states
{I#1),|¥2)}, when all the a priori probabilities are equal. If we denote by Q" the
average probability of failure when distinguishing between the two states {|y,) and

[¥2)}, we know that Q" = |O2| as indicated by Eq. (3.10). For the case we are

considering, |012| = |O13] = s, and we see that Q < Q"
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A second example is more illuminating. The overlaps are now given by

(Wilve) = (1lya) = a1,

(Ya|¥3) = sg, (5.48)
where, for simplicity, s; and s, are real, 0 < s;,s; < 1, and

V2
0<51<T, S$<82, ands;<2sz.

The probabilities of failure for discriminating |y,) from {|¢,),|¥a)} are

G = \/531,

V2
@ = g= 759, (5.50)

and the average failure probability is

The optimal probabilities of failure for discriminating among all three states

{l¥1), |%2), [¥3)} are given by

2
v _ 5
Q= =
§2

' ’
92 = 93 = 52

Q’ = %[(3?/82) + 232]. (552)

Q@ can be compared to Q' by examining the ratio

Q 2V2ss,
_— — <] .
Q st+2s3 ! (5:53)

From the above equation, we see that when s; is much smaller than s;, Q is much

smaller than Q’. For example, when s, = 3_,,@, s2 =3, Q/Q =047.
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5.4. Optical realization

Now we shall present a scheme for a possible experimental realization of the optimal
discrimination between |¢,) and {[¢2), |¢¥3)}. We can follow the method described by
Section 2.4. Recall that the dimension of the total Hilbert space is four, so we shall
require four modes, and the input states [¢;) will be represented by single photon
states as

4
i) = _ dijal|0), (5.54)
=1

where "1, |d;;|> = 1, and a! is the creation operator for the jth mode. We shall
require dyy = 0 for i = 1,2, 3, that is, the initial single photon state is sent to the first
three input ports, and the vacuum into the fourth input port. The first three modes
correspond to the space, H, containing the states to be distinguished and the fourth

mode to the failure space, A. Since the dimension of the input and output states is

four, here we shall use an eight-port (see Figure 4).

L ]

FIG. 4: An optical eight-port. The beams are straight lines, a suitable beam splitter
is placed at each point where two beams intersect, phase shifters are at one input of
each beam splitter and at each output.
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Now we rewrite Eq. (2.23) as

4
our = UT'a;U =) Misay, (5.55)
k=1

where M, are the elements of a 4 x 4 unitary matrix M(4). In the Schrédinger
picture, the in and out states are related by

[¥V)ous = UlY)in. (5.56)

It is shown in Section 2.4, Eq. (2.27), that when using single photon states represen-
tation, the matrix element M, is the same as the matrix element of U between the

single-particle states |¢) = a!|0) and |I) = a]|0), i.e.,
@U|l) = My. (5.57)
To design the desired eight-port, we first calculate the optimal value of ¢;. Then

from Eq. (5.4) and the fact that our failure space is one-dimensional, the vectors |¢;)
are given by
6:) = V&Il*) = Vgail0), (5.58)
where the state |14) denotes one photon state in the failure space, which is just one
photon in mode 4. Once the vectors |¢;) are determined, the inner products (¥;|y;)
(i,7 = 1,2,3) are given by
(Wilv;) = Wilw;)in — (Dil®;). (5.59)

We then have to find vectors |¢]) that satisfy this equation. The answer is not unique,

and one way of proceeding is the following. If we define the hermitian matrix L to be

Li; = (¥ilY;)in — (@il®;), (5.60)
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then we note from Eq. (5.6) that Lj; = L3 = 0. This implies that the simplest
choice for [¢]) is a vector with only one nonzero component. Then the vectors |y5)
and |y¢3) will have nonzero components in only their other two places. The obvious

choice is
(v )
0

1) = : (5.61)
0

\ 0 )

In this column vector, the first entry is the amplitude of the photon to be in mode

1, the second is the amplitude to be in mode 2, etc. Mode 4 corresponds to the
failure space, A. The vectors [5) and [¢3) will have nonzero components in only

their second and third places, and if their overlap is real, we can choose

/ 0 \ ( 0 \

6 6
wy=| P = | P (5.62)
VP2siné —/P3sinéd
\ 0 ) \ 0o )
where
_1 i _La
0= 5 Cos (\/pz_pa') . (5.63)

This simple choice works for the last example in this section (see Eq. (5.74), below).
For the first, somewhat more general, example we are forced to choose the second
component of |¢]) to be nonzero and then the first and third components of the

other two success vectors are different from zero. They can be obtained by simply
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interchanging the first and second components in the above expressions of the vectors
|!) (see Eq. (5.65), below).

Once we have the input and output vectors, the unitary transformation, U, which
maps the input states onto the output states then can be chosen, and this, as shown by
Eq. (5.57), gives the explicit form of M(4). Furthermore, as described by Eq. (2.36),
M(4) can be factorized as a product of two-dimensional U(2) transformations which
can be implemented by a lossless beam splitter and a phase shifter with appropriate
parameters. Therefore, we can use appropriate beam splitters, phase shifters and a
mirror to construct the desired eight-port.

Finally, photon detection is performed at the four output ports. We can design the
total transformation in such a way that if the photon is detected at the first output
port, we claim with certainty that the initial state was |1¢,), if the photon is detected
at the second or the third output port, we claim with certainty that the initial state
was either |1;) or |¥3), but we do not know which of these two states it was. If the
photon is detected at the fourth output port, we obtain no information about the
input state.

We shall now consider two examples. The first is more general than the second,
but the second has the advantage that it is simple and the eight-port that it requires
consists of only two 50 — 50 beam splitters. In the first example, all of the input
vectors have the same overlap, which is given by s, and we shall consider the case

0 < s < 1/v/2. The optimal failure probabilities for this case are given in Eq. (5.46).
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For the input vectors we shall take

( J(1+2s5)1/2 \

) Vi a2
1/in
0

o)

\
( -‘7‘-(1 + 2s)1/2 \

3
[W2)in = I :
J5(1 - )12
o)
( 25(1+2s)!/? \
[¥3)in = (- . (5.64)
—J5(l = s)1/?

N

The output vectors, |¥;)oue = |¥!) + |¢:), can be computed by the method outlined
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above. Doing so gives us

(o)
(1-V2s)'72
|wl)aut = ’
0
| Ve )
( (1 + s — sv2)/2)V/2 )
0
IwQ)aut = ,
((1-s)/2)!72
v
{ (1 +s—sV2)/2)/? \
0
[Y3)ou = : (5.65)
—((1 - s)/2)!/2

\ v

Our next step is to determine the transformation, U, that describes the eight-port,
or, more specifically, the matrix M(4) that describes its action in the one-photon
subspace. It must satisfy |9;)oue = U|¥)in, and, in addition, it must map the vector
that is orthogonal to all three input vectors, onto the vector that is orthogonal to all

three output vectors,

( _(sva)2B ) (o)
1 | —sv2)2C 0
a = M(4) , (5.66)
0 0
\ B ) \1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 Optimum unambiguous discrimination between |¢,) and {|q), |¥3)} 70
where

A = [(1-s)(1+28)"2,

B = (1 -sV2)/?,

C = (1+s-sV2)2 (5.67)
These equations determine M(4) and it is given by M(4) =

C v
[ Virfm  -oim 0 -BevD)
B 2_8B < 1/2
sEm Vi 0-56v2) 509

1

0 0
V2+1)(sv2D)3  (VZ-1)(sv32)}/? 0
\ ;73(1+2s) ;73(1—:)

0

BC

A

/

This matrix can be expressed as the product of three matrixes each of which corre-

sponds to a beam splitter. In particular, we have that

M(4) = T2,4T1.4T1,2

(5.69)

where the matrix T, , represents the action of a beam splitter that mixes only modes

p and ¢q. The 4 x 4 matrix for T,, can be obtained from that of a 4 x 4 identity

matrix, /, by replacing the matrix elements I, and /o by the transmissivity of the

beam splitter, t, replacing Ip; by the reflectivity, r, and replacing I, by —r. The

transmissivities and reflectivities for beam splitters in Eq. (5.69) are

]
v}

Tg'q ot

T1'4 : t

>0

r = —(sv2)1/2

r=—(sv2):8

Ty2: t= \/g?l r=— 142
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This constitutes a complete description of the optical network that optimally discrim-
inates between [¢1)in and {|¥2)in, |¥3)in}, where these input states are given in Eq.

(5.64), and it is shown schematically in Figure 5.

FIG. 5: The eight-port described by Eq. (5.68) can be constructed from three beam
splitters and a mirror.

An especially simple network will suffice for our second example. The input vectors

are

(Va7 ) (o ) (o0 )

0 1/vV3 -1/V3
I'wl)in = ’ |¢2>in = ' |¢3)m = . (571)
1/V3 2/3 V2/3

\ 0 ) \ 0 ) \ ©°

These input states have the property that

in(wl|¢2>in = in(wllwﬂ)in = "?‘1
1
in(V2|3)in = 3 (5.72)

The optimal failure probabilities are found to be ¢, = 2/3 and g2 = ¢3 = 1/3. Using
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Egs. (5.50) and (5.51) this gives

Q=r:, (5.73)

O

for the minimum average failure probability of this kind of generalized measurement.
This is to be compared to 5/9, the average failure probability of a von Neumann type
projective measurement.

The output vectors, [¥i)oue = |¥]) + |@:), can again be computed by the method

outlined previously. Doing so gives us

( l/\/§\ (o ) ( 0 \
0 1/V3 -1/V3
W) oue = » (V2 oue = » (93 oue = . (5.74)
0 1/V3 1/V3
\ V273 ) \ V3 \ (1/V3

The matrix M(4) can be chosen to be

/1/\/5 0 0 —1/\/5\
0 1 0 0
M(4) = : (5.75)
-1/2 0 1/v2 -1/2

\ 1/2 01/v2 1/2 )

and it can be expressed as

M(4) = Ta4Th 4. (5.76)

In this case, both T; 4 and T3 4 represent 50 — 50 beam splitters, and they are given
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explicitly by

T14 t=715 7‘=——1-§
1
T3’4 D t= 715 r= —-ﬁ. (577)

This last example constitutes what is probably the simplest choice of the set of pa-

rameters for a possible experimental realization.
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Chapter 6

Unambiguous quantum states comparison

6.1. Introduction

In this section we consider an interesting problem. Assume there are two similar
quantum systems A and B, each of which could be in either quantum state |¥,;) or
W), which, in general, are nonorthogonal. We want to determine whether the two
systems A and B are in the same states or different.

In classical physics, such a problem can be easily solved by measuring the two
systems separately and then comparing the results. In quantum physics, however,
since it is about to extract information regarding two nonorthogonal states |¥;) and
|¥2), the comparison is more subtle. Actually, such a problem can be treated as that

a composite system is known to be in one of the four composite states

[¥1) = [¥1)al¥2) B,
lv2) = |¥2)al¥1) B
|¥3) = |¥1)al¥1) B,

[¥a) = |W2) a|¥2) B, (6.1)

we want to determine whether the state of the composite system belongs to
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{l1), |¥2)} or {|¥s),|¥s)}. That is, we want to distinguish between two sets of
quantum states. Our aim is to derive the optimal result of this discrimination and
to show that it is always better than to distinguish all the four states, because it
requires less information. In section 3, it is found that to unambiguously distinguish
two nonorthogonal states |¥,) and |¥2), with 1, and 7, as the a priort probabilities,

the minimum probability of obtaining inclusive result is 5, 20]

Q = 2/l (V1| ¥2)|. (6.2)
Later, we will compare the result of states comparison to this.

6.2. Distinguish all the states

First we shall derive the optimal result to distinguish all the four states. To
optimally distinguish [1¢;), we shall use is a “generalized measurement”. [28] Let K
denote a total Hilbert space, which is the direct sum of two subspaces, K = H & A.
The space H is the space that contains the vectors |¢;), and A is an auxiliary space.
The input state of the system is one of the vectors |¢;), which is now a vector in the

subspace H of the total space K, so that
[ )in = [7). (6.3)

A unitary transformation, U, which acts in the entire space K is now applied to the

input vector, resulting in the state |1/°) ., which is given by

[ Youe = [917) + |68) = Ul )in, (6.4)
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where |y]) is the desired state, it always fulfill the condition imposed by the de-
sired unambiguous discrimination. Then a measurement is performed on [X) ., that
projects |°), either onto |¥!) or |¢;) (by construction, they are in orthogonal sub-
spaces). If it projects |[¥X)n,. onto |¢)), the procedure succeeds, the probability to

get this outcome, if the input state is |¢;), is
pi = (Yil¥)). (6.5)

If the measurement projects |1) . Onto |@;), the procedure fails. The probability of
this outcome is

¢ =1—pi = (¢ildi). (6.6)

The above procedure is a nonunitary transformation that transforms |y;) into

[¥}) with a certain probability of failure. The requirements that |y]) can always be

distinguishable implies that
Wilv) = 0. for i # j. (6.7)

These lead to conditions on the failure vectors, |¢;). Taking the scalar product be-
tween (Y°|¢)ow and using Eq. (6.7) and the fact that U is unitary leads to the
conditions

(Biés) =0 fori#]. (68)
Our objective is to find the optimum |¢!) and |¢;) which satisfy Egs. (6.5)- (6.8) and

also give the maximum success probability P.
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Starting from the fact that for optimum discrimination, the vectors |¢;) must be

linearly dependent [25], we have

(B1]@1) (D1ld2) (D1lds) (@1lds)
det(C) = (B2]@1) (d2ld2) (d21d3) (¢2ldda) o (6.9)
(paldn) (dald2) (dalds) (¢ald)
(Bal®1) (Dald2) (Dalds) (dalda)

Substituting Egs. (6.6) and (6.8) into Eq. (6.9), let S = (¥,|¥,), we obtain

@ ISP 8 S

ISI? @ S S
A = det(C) = =0, (6.10)
S S ¢ |SP?

S S ISP g
Since C is positive semidefinite, all the subdeterminants of A must be non-negative.

Denote the average probability of failure as

4
Q = Zn‘.qi, (611)
=1

where 7); are the a priori probabilities. Taking the constraint, Eq. (6.10), into account,

using Lagrangian multiplier method, we can rewrite Q as

Q= _ma+ A4, (6.12)

where ) is a Lagrangian multiplier.

We wish to minimize Q, this leads to the conditions

Roneafozo im0, (6.13)
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To simplify Eq. (6.13), we can use the following theorem on the derivative of a deter-

minant [44]
Theorem 1 Let a;; be differentiable functions of A(i,j =1,...,n). Then
A(A ZAk(,\) (6.14)

where A(A) = detla,;(\)], and where Ax(A) is the determinant formed by replacing

the kth row ax;(A) (5 = 1,...,n) by the row of derivatives aj;(A) ( =1,...,n).
Using the above theorem, Eq. (6.13) leads to
7+ AAu(3) =0, 1= {1...4}, (6.15)

where A;;(3) is the 3 x 3 determinant formed by eliminating row and column i from
A.

Eq. (6.10) can be rewritten explicitly as
(@192 — |S1*)(gaqs — ISI*) = IS1*(qr + g2 — 2151?)(gs + 44 — 2ISI*). (6.16)

Eq. (6.15) can be rewritten explicitly as

%(g0s = S1*) — ISP(qa + g0 — 21S) = -3, (6.17)
a1(gsas — 1SI*) - 1S%(s + @4 - 2S") = -, (6.18)
u(@ig: = ISI) - 1SP(q: + @ — 2S1) = - %, (6.19)
s(@a - IS1) - ISP(@ + @ - 257 = - 2. (6:20)
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Let Eq. (6.17), Eq. (6.18) multiply by (¢1¢2 — |S|*), and Eq. (6.19), Eq. (6.20)

multiply by (gsgs — |S|*), taking Eq. (6.16) into account, we have that

1S1%(as + a4 = 2IS)(@2 ~ IS1)? = —Z@aa ~ ISI*),
151%(gs + g4 - 21S) (@ ~ IS = - E (12 — IS14),
IS1(a1 + a2 = 2IS1%)(as = 1S*)? = =R (qaqu — ISI*),

IS1(as + a2 = 21S1P)(ga ~ ISI*)? = =2 (sa4 — ISI*),
which implies that

miq — 1SP?)? = m(q2 - |SP*)?,

m(ga — ISI*)? = na(qe — |S1%)%.
The constraint that matrix C is positive semidefinite requires that
g > |SI?,
which leads to

Vi@ = 181°) = V(e - IS),
V(g = IS1*) = (g = 1S1?).

(6.21)
(6.22)
(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

Using the relations given by Eq. (6.28), (6.29), we can solve the equations and find

the solutions for ¢;, among which only one satisfies the condition given by Eq. (6.27),
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it is

o = (VB + viIS| - RIS
vm '

o = (Vs + vMa)IS| - \/771|'5'|2
'—-m A

o = W+ VRIS| - IS
'—-—7b 1

g = (v + vR)IS| - iBlSI?
v '

Correspondingly, the probabilities of failure and success are

(6.30)

Q =2(vm + vm)(Vis + vmi)|S]|
- 2(VmVTR + ViEVT)ISI?,
P=1-2(ym + viR)(Vih + v1)lS|
+2(Vmvm + VisVaSI. (6:31)
If we denote {a;, ay} the a priori probabilities that system A was in the state {y, %2},

and {53, 3;} the a prior: probabilities that system B was in the state {¥, 3}, ob-

serving that

m = oy,
N = af,
M = by,
Na = a2/, (6.32)

the probability of success can be written as

P = (1 - 2|S|varaz)(1 - 2|S|VB (). (6.33)
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From Eq. (6.2) we see that P is a product of two optimal successful probabilities
corresponding to two states discrimination in system A and B. This implies that the
optimal discrimination of the four states can be achieved by doing optimal discrimi-

nation in the two system A and B separately.

6.3. States Comparison

In this section we shall derive the optimal solution to unambiguously distinguish

{l%1),[¥2)} and {|¥a), |%4)}. This imposes that

(ilys) = (¥il¥e) =0,

(Yalwa) = (valvs) = 0. (6.34)
Correspondingly, for optimum discrimination, Eq. (6.10) shall be modified to be

q z S$*S
¢ S* S
C= =0, (6.35)
S S gy

So So yo q4

where z = 7€ and y = r e'% are parameters needed to be determined.
We can write the Lagrangian multiplier equation on the average probability of
failure Q as

Q=) ma+AC, (6.36)
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and get the following equations to minimize Q,
g—§=0, i={1...4}, (6.37)
grQ: = gT—C; =0, (6.38)
2 _oc_, 659
%Qv = %Cy'- =0, (6.40)
STQ - g_g =0 (6.41)

Let us denote A, the 3 x 3 determinant formed by eliminating row [ and column

m from C. Using Theorem 1, Eq. (6.38), (6.39) lead to

e“"Alg + e-w’Azl =0,

ire%: Ay —ir.e % Ay =0,
which implies that when r; # 0,

Ay =09 =0.

By observing &im = A, Eq. (6.44) is actually one independent equation.

Similarly, from Eq. (6.40), (6.41), we can get

A34=A43=0.

Again, Eq. (6.45) is just one independent equation.

Now we shall use the following theorem on determinant
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Theorem 2 For a n x n determinant A(n) and a (n — 1) x (n — 1) determinant

A(n = 1)im, where A(n — 1), is formed by eliminating row | and column m from A,

if given

A(n) =0,

A(n - l)gm =0.

Then, fork=1,...,n,

either An—1)g =0,

or A(n - 1)im =0.

To prove the theorem, we can write Eq. (6.46) explicitly as

a

Qnn

Define vectors

(a1

Az

(oo
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and

(au\

A=lau]|  G=1...n) (6.52)

TAST

\ )

that is, 7} is formed by the ith column of A(n), and 77’ is formed by the ith column
of A(n) without its [th row element.

Eq. (6.46) implies that for some constants y;

> =0, (not all u; = 0). (6.53)
=1

So that
> ui =0, (not all u; = 0). (6.54)
1=1

Eq. (6.47) implies that for some constants uy, k # m,

S kA =0,  (notall g =0). (6.55)
k=1
For arbitrary k, if 4} = 0, then from Eq. (6.55) we can get that 7', ..., rly/,

Tit1r - -Tn are linearly dependent. Therefore,
A(n — 1)u = 0. (6.56)

If u; # 0, we can rewrite Eq. (6.55) as

’ ’ ’ ’
—f I‘l ) “m—l - 7 “m+l - 7 I-‘n -
"= —(2+ .+ el + Tm+l + —T 6.57
I-‘,k #,k m Flk m+ /“"k n) ( )
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and substitute it into Eq. (6.54) to get

Nry + .o veoimioy + Vkatiel + oo+ Vet T’
+ fmTm + Vms1Tmal + ...+ UnTn =0, (6.58)
where v; = (1 — pepi/ i)
If um # 0, Eq. (6.58) implies that 7', ..., ro2y’, ra31’,. . .7’ are linearly dependent,

which leads to the same as Eq. (6.56).
If um = 0, then Eq. (6.53) becomes for u; # m
S uFi=0,  (notall g =0), (6.59)
=1
which leadsto forall k=1,...,n

A(n = 1)im = 0. (6.60)

Eq. (6.56) and Eq. (6.60) complete the proof.

In our case, using theorem 2 and the fact that A;; = Aj;, combining Eq. (6.35)

with Eq. (6.44) leads to either
An=0812=A13=0814=0, (6.61)

or

Am = Azg = Aga = Au =0. (6.62)

Combining Eq. (6.35) with Eq. (6.45) leads to either

A:n = A:n = A:n = A:u = 0, (663)
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or

Aql = A42 = A43 = A“ = 0 (664)

Both Eq. (6.61) and Eq. (6.62) impose that row 3 of A is proportional to row 4 by

a factor of e~% where § = arg (S). This leads to

g = q = |yl, (6.65)

arg (y) = 26. (6.66)

Similarly, both Eq. (6.63) and Eq. (6.64) impose that row 1 of A is identical to row

2. This leads to
n=q=z=|z| (6.67)
Hence, the average probability of failure is
Q = (m +m)lzl + (s + n4)lyl- (6.68)

The constraint that C is positive semidefinite, which means all the subdeterminants

of A must be non-negative, implies that to get the minimum Q,

g2 S° |z| S*
= =0. (6.69)
S g Syl
So that
|zllyl = ISP (6.70)
Substitute Eq. (6.70) into Eq. (6.68), we get
S|?
Q = (m + mlal + (m + na) - 6.71)
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To get the minimum Q, let dQ/d|z| = 0, and we get the optimum solution of ¢; as

N3 + 14
=qo = /| 2—23|5],
Q= q - TI2| |
m+ 7
=qq = /] —|S]. 6.72
B =q4 —— 774‘ | ( )
Correspondingly, the average probability of failure is
4
Q=)_ma =2V(m +m)(m +m)lS|. (6.73)
i=1

An interesting point is that if we note that 7, + 72 is the a priori probability that the
two systems are in different states, and 73 + 74 is the a priori probability that the
two systems are in the same states, then the above result reduces to Eq. (6.2).

Now we shall show that the average probability of failure of Eq. (6.73) is always
smaller than that of to distinguish all the states. That is, using Eq. (6.31) and Eq.

(6.73), we shall prove that

[2(vm + V) (VB + via) = V(m + m)(m + m)]IS]

— 2TV + VTVR)ISI > 0. (6.74)
Since
1S] > |S|?, (6.75)

all we need to show is that

(VM + viR) (VB + vIa) = vV (m + h) (13 + n4)
- (Vv + ymym) > 0. (6.76)
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To prove the above inequality, actually we show that

Diff =[(vm + vR)(V® + V) = (VIiViR + VBY)*

= (m +m)(na+mn4) > 0. (6.77)

Using the notation from Eq. (6.32), let

a; = sinw;,
_ 2

Qg = COSs” wq,

Bl = SiIIQUJQ,

B2 = cos® ws, (6.78)
where w; 2 € {0, 7/2], and substitute this into Eq. (6.77), we can get
Diff = %sin 2w, sin 2w, (1 — sin 2w;)(1 — sin 2ws). (6.79)

So Dif f is always positive.

We have considered the problem to unambiguously compare two quantum systems,
each of which could be in one of two nonorthogonal quantum states. We have derived
the optimal analytical solution of this problem. In our case, there is no entanglement
between the two systems, so the composite states are pure product states. An in-
teresting extension is when there is entanglement between the systems, this deserves

further investigation.
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Chapter 7

Conclusions

Discrimination of quantum states is a fundamental problem in quantum physics.
If the quantum states are nonorthogonal, they can not be discriminated with unit
success probability. Two different strategies exist: minimum-error discrimination
and unambiguous discrimination. The later one is error-free, but inconclusive result
is inevitable. Optimum unambiguous discrimination means to have the minimum
probability of getting inconclusive result.

In order to achieve optimum unambiguous discrimination, we need to use gener-
alized measurement, which can be described by POVM. We have shown the general
POVM formulism to derive optimum unambiguous discrimination. A necessary con-
dition is given. It can be used as a constraint to derive the minimum probability of
getting inconclusive result. We have also provided an optical impiementation of any
desired unambiguous discrimination. We have shown that nonorthogonal quantum
states, each realized as a photon split among several modes, can be conditionally
distinguished by means of a linear optical network.

We have discussed in detail on how to discriminate two and three nonorthogonal

quantum states. We have given explicit examples together with the optical networks,
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which give the maximum success probabilities for several sets of states. An application
of unambiguous discrimination, quantum entanglement enhancement, was discussed.
In addition, it was shown that the addition of a second network to the outputs cor-
responding to a failure of the initial network to distinguish the states, can sometimes
provide partial information about the input state.

We have also considered the problem of unambiguous discrimination between sub-
sets. The set of possible states is divided into two subsets, and we only want to know
to which subset the quantum state of our given system belongs. As this is a less
ambitious task than actually identifying the state, we expect that our probability to
be successful will be greater for attaining this more limited goal.

We considered the simplest instance of this problem, the situation in which we
are trying to discriminate between a set containing one quantum state and another
containing two. A method for finding the optimal strategy for discriminating between
these two sets was presented, and analytical solutions for particular cases were given.
In addition, we have shown that if the quantum states are single-photon states, where
the photon can be split among several modes, the optimal discrimination strategy can
be implemented by using a linear optical network.

The above problem is a perfect example of unambiguous discrimination between
two mixed states. Another case: state comparison has also been studied. We have
presented the optimum solution and showed its relation to the IDP solution.

There are still many interesting problems in this field, such as optimum unambigu-

ous discrimination between mixed states, the applications of mixed states discrimi-
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nation. More detailed consideration of these problems remains for future research.
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