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Abstract

INFRARED DIVERGENCES IN THE S-MATRIX 
THEORY OF ELECTROMAONBTIC INTERACTIONS

by
Spyros Efthimiades 

Adviser: Professor Victor Chung

A method to calculate all the infrared divergent terms in 
any order, in the framework of the S-matrix theory of 
electromagnetic interactions, has been devised. Next, the 
infrared divergent contributions are summed up as an 
exponential factor that multiplies the non divergent part 
of the amplitude. Choosing coherent states to represent 
the incoming and outgoing soft photons the infrared 
divergences cancel out. The exponential factor obtained 
is identical to the results given by Field Theory or by a 
semiclassical treatment of the problem. The solution to 
the infrared divergent problem presented here renders the 
S-matrix theory a complete method to calculate electro­
magnetic scattering amplitudes.
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I. INTRODUCTION

The results obtained in Quantum Electrodynamics by 
perturbation expansion in Field Theory agree in a very high 
degree with the experimental measurements. The origin and 
cancellation of the I.It. (Infrared Divergent) terms was 
understood and dealt with very early by the work of Block and 
Nordsiek (l). Using the coherent states studied by Glauber (2),
V. Chung (3) and subsequently, T.W.B. Kibble (4), D. Zwanzinger (5), 
and others (6) obtained scattering amplitudes free from I.R. 
terms and the treatment of this problem became more satisfactory.
Bo it can be assumed that Field Theory is a reliable method to do 
calculations in Q.J3.D. and indeed it is.

Field Theory, though, involves certain assumptions and 
meets with difficulties that render its physical basis somewhat 
unsatisfactory. The main points that have been the focus of 
criticism are:

(a) All particles are described in terms of quantized 
fields, but only the electromagnetic (photon) field 
is directly observable.

(b) The Renormalization program deals with the accomodation 
of infinite quantities.

(c) The picture of the interaction processes is somewhat 
blurry because of Renormalization.

An B-matrix approach to deal with the electromagnetic 
interactions would certainly not meet with such difficulties.



- 2 -

So T.-T. chou and M. Presden (7) and, In an equivalent but not 
as precise way, A.O. Barut and R.A. Blade (8), also A.O. Barut (9)» 
constructed an S-matrix dispersion relation method and its 
application was considerably successful.

Their approach is free from the particle-field assumption, 
and ultraviolet divergences do not appear. Most calculations are 
easier to perform in this fashion. But, several of the calculated 
amplitudes contain I.R. terms. These results, then, violate the 
spirit of the 3-matrix Theory that the obtained matrix elements 
should be quantities directly related to experiment.

The present work will show that physical amplitudes free 
from Infrared Divergences can be obtained in the S-matrix Theory. 
There are two main aspects that must be considered in order to 
deal with this problem.

(a) Due to the vanishing photon mass and the nature of the 
electromagnetic coupling, any interaction of charged particles 
also involves the scattering of an undetermined, even infinite, 
number of low energy photons that, in general, are not observable. 
It is crucial, though, that a theoretical method dealing with the 
calculation of electromagnetic interaction amplitudes must 
explicitly take into consideration the presence of these low 
energy photons; their couplings contribute I.R. terms that cannot 
be neglected in any order.

(b) A separate set of I.R. terms arises from the 
intermediate low energy photon states. The problem to calculate
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these terms has been solved in Field Theory see D.R. Yennie,
S.G. Frautschi and H. Suuva (10) . But in trying to tackle it in 
the S-matrix theory framework, special difficulties arise. In 
particular there is no way to obtain expressions for higher order 
amplitudes in such a form that the I.R. terms can be readily 
extracted. And certainly it is impossible to evaluate the S-matrix 
amplitudes in all orders. In Field Theory one can always write 
down the expressions corresponding to a set of diagrams in an 
integral form and so cancellations and approximations in the 
integrands can be considered without any difficulty .

It is the purpose of this paper to develop a method for 
the calculation of all the I.R. terms in the 3-matrix elements. 
Dealing with the contributions of the very low energy photons, 
suitable approximations will be applied and the conditions of 
Charge Renormalisation, Lorentz invariance and gauge invariance 
will be used. Finally all the I.R. terms can be extracted and 
summed up and so physical results are obtained.

Cur treatment has its basis on the perturbation expansion 
of the unitarity relation, explicitly formulated in Ref. 7. A 
paper, by Storrow (11), dealing with the I.R. contributions in 
3-matrix uses solutions obtained through Field Theory and so does 
not constitute a consistent treatment of the problem in S-raatrix 
Theory.

By extracting the I.R. contributions and summing them as 
an exponential non-diverging factor multiplying the rest of the
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amplitude, we have rendered the S-matrix theory a complete 
scheme for the calculation of electromagnetic amplitudes. Then 
one can take advantage of the directness and simplicity of this 
scheme to carry out calculations as in Ref (7).

In Chapter II a brief review of the general principles of 
the S-matrix theory will be given. The framework to apply the 
S-matrix method in Q.E.D. and the expansion of the unitarity 
relation to obtain a perturbation series in powers of the coupling 
constant will be presented in Chapter III.

In Chapter IV the main characteristics of the coherent 
soft photon states will be discussed since the representation of 
the external low energy photons by such states provides the best 
physical description and yields non infrared divergent amplitudes.

A simple and intuitive approach to solve the I.R. problem 
in S-matrix theory is presented in Chapter V, by treating the 
scattering of the low energy photons in a semiclassical manner. 
Subsequently the scattering amplitudes are constructed from I.R.- 
free building blocks that will be called Dressed Vertices, later 
in Chapter VIII it is shown that this approach is justified by 
the detailed analysis presented there and it yields the same 
results.

Second order scattering amplitudes with the inclusion of 
the I.R. terms of all orders are calculated in Chapter VI using 
the Dressed Vertices construction.



Chapter VII along with Chapter VIII consist the raain 
contribution of this paper. Ihe general discussion of the I.R. 
problem in the d-matrix theory is presented in Chapter VII and 
the approximation schemes are introduced and justified. Using 
these approximations the I.R. parts of some types of amplitudes 
are calculated.

In Chapter VIII, a systematic extraction of all the I.R. 
terms, contributing in a certain scattering process, is presented 
and these terms are summed up as an exponential factor that 
multiplies the non-infrared divergent part of the amplitude of 
any order. We also discuss the equivalence of the perturbation 
calculation of the I.R. contributions and the Dressed vertices 
formalism.

An explicit calculation, of a fourth order Compton 
scattering amplitude, and the extraction of the I.R. terra 
involved is shown in Chapter II.

Finally, Chapter X discusses the cancellation of the I.R. 
terms in the exponential factor.
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ll. REVIEW OF TEE S-MATItlX THEORY

The 3-rnatrix was introduced by W. Heisenberg in order to 
construct a theory of elementary particles in terms of observable 
quantities only. These observable quantities should be the 
energies of the stationary states of physical systems and the 
asymptotic parameters in scattering experiments (rest mass, spin, 
charge, energies, momenta). On the other hand, 3-matrix has also 
its origin in Field Theory of Quantum-Electrodynamics. There, from 
the known dynamics of the interaction, its explicit form can be 
derived. The 3-matrix in Q.H.D. is unitary and relativistically 
invariant.

Subsequently a pure S-matrix Theory was developed. The 
properties of Unitarity and Re.Tativist.ic Invariance are imposed 
by physical arguments to be the Principles of the Theory that help 
to determine the 3-matrix elements. do in this chapter, following 
T.T. Chow and IT, Dresden, v/e discuss briefly the way we can use 
these Principles to deduce the explicit form of the 3-matrix.
For a more extensive exposition see Ref (7, 8). The application 
for the case of strong interaction is mentioned. In the next 
chapter the approach for an 3-matrix theory for Quantum Electro­
dynamics v/ill be considered.

THE PRINCIPLED OF THE 3-MATRIX
1. Symmetry Properties.

Relativistic Invariance: A general 3-matrix element
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representing the transition from an initial state i to a final 
state f can be written as

(2.1.1) C4IS |i> = $5 ; + 7 (2n? <i)T\0

with being referred to as the T-matrix element or the
scattering amplitude.

States of spin zero particles will be considered first and 
in a later section a generalization to include non vanishing spin 
and isospin states will be discussed.

helativistic invariance requires that j / 5 should
be invariant and consequently I N I T I O / 2 should be invariant too.
Thus the scattering amplitude must be a function only of the
invariants formed by the four momenta of the incoming and outgoing
particles. It is well known that for a process which involves n
particles the number of the independent invariants is 3n - 10.
For the two-in, two-out case p-̂ + -- >  Vj + n. = 4 and
the number of the independent invariants is 2. Usually they are 
defined as follows

(2.1.2) S= (ptf,)1

-t- cr.-rp^

and they are related by

S i  I  •+ u  - Z
i=-l

Discrete Transformations. Invariance under P, C and T transformations 
impose restrictions on the amplitudes. These restrictions are
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expressed as the absence of certain invariant scattering 
amplitudes which possess particular spin or isospin transformation 
properties. The explicit meaning of these restriction will become 
obvious when the formalism that exhibits the spin and isospin
character of the amplitudes is discussed.

The requirement of CPi invariance, though, is an important 
symmetry with dynamical implications that help to put the unitarity 
condition in a form that one can use to carry out dispersion 
relation calculations.

Crossiny Svrnmetry. The substitution law, first explicitly 
formulated in Quantum Electrodynamics, states that certain relations 
exist between the scattering amplitudes of various processes.

This idea emerges naturally in the G-matrix theory through 
the requirement of analyticity. for example, the following throe 
processes will be related, in the cense that they arc each other's
analytic continuation. The three amplitudes corresponding to the
three channels of any two-in, two-out reaction

fl + F 1 — » T V  Pi 
K  ♦ (-?■>)— *f-R)+ Pi
r ,+  e w —

are to be considered as the boundary values of one and the same 
function.

2. Unitarity
The unitarity condition is the fundamental dynamical
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principle of the 3-matrix. This combined with the principle 
of Analyticity yield the central part of the theory.

3ince the square of every 3-matrix element represents 
the probability for a certain transition, the sum of all these 
probabilities must always be one. From this physical requirement 
one can easily show (see Ref. (9)) that the 3-matrix must be 
unitary.

That is,
(2.2.1) 3 %  3 = 1
and by substitution of (2.1.1) we obtain
(2.2.2) <+1TIi>- <||T+ k > = j r < £ | -j- .*,><v,j T /;> s “V  -$ )

T

Row, using TF invariance (which asserts that
), one can put the unitarity condition in the following

form

(2.2.3) I*, Cf!TH> = £ s f  2  <tflT+h > O l ] T l i >
2 *1

Independently of TP invariance and as a consequence of 
the CPT theorem in the context of Field Theory, Olive (12) has 
shown that if j T 15̂  is the boundary value of an
analytic function of complex invariants, putting + ̂ as the

{ — ) *'limit from above the real axis, Tx 1 - will be the limit
from below the real axis. Then, the unitarity condition (2.2.2) 
for the scattering amplitudes can be put in the form

(2.2.4) discontinuity of T f , =  i c w > *  z rf\  t * r ’( V h )
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In the d-matrix theory the form (2.2.4) of the unitary 
condition is taken as an independent principle which yields the 
imaginary part of the amplitude in terms of the product of 
scattering amplitudes of other processes.

The unitarity relation (2.2,4) holds for all f and i 
states and yields an infinite set of conditions. The non- 
linearity of this infinite system of equations renders the exact 
solution impossible; however, approximate and perturbation 
solutions can be found.

3. Analyticity
Cnee the imaginary part of a certain amplitude is known 

from the unitarity condition as expressed by (2.2.4), some other 
principle is needed to evaluate the full amplitude.

In the "imre" 2-matrix theory the analytic properties of 
the amplitude are postulated. In Field Theory one can establish 
certain domains of analyticity . One way to do it is by the 
introduction of the principle of maximal analyticity which states 
that the scattering amplitude can have only those singularities 
imposed on it by unitarity.

This is the way the unitarity condition can be used in 
strong interactions. The location of the singularities in the 
amplitudes is determined by the total "masses" of the intermediate 
states. Of course the infinite sum in (2.2.4) has to be 
approximated by a finite number of terms that come from the
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intermediate states that contribute most in the amplitude at 
hand, mainly "near by" singularities. Farther away singularities 
are approximated by empirical constants.

In electromagnetic interactions, though, this procedure
cannot be followed for reasons that will be explained later. 
Instead, a perturbation method will be devised. Analyticity 
requirements sufficient to allow the Mandelstam representation 
(that is both single and double dispersion relations) will just 
be assumed.

Then with the assumption that the amplitude is an analytic
function, the real part of it can be obtained from the 
imaginary part through Cauchy's formula, which is usually 
referred to as a dispersion relation.

4. Generalization to include Charge and Gain
When we deal with Interacting particles with spin and

charge (isospin), the scattering process can no longer be
represented by just a single invariant amplitude; rather it
must be represented by a linear combination of a set of
invariant operator functions T. which can be formed from theJ
four momenta , polarization vectors, fermian spinors,
matrices etc. The functions f. can also contain spin andJ
isospin operators

do a general scattering amplitude T can then be 
represented as

(2.4.1)



- 12 -

where the A.'s are scalar amplitudes formed by Lorentz scalars,J
e.g. the Mandelstam variables s, t, u. We further require that
A. be free from kinermatical singularities.J

A systematic method of producing invariants for any
scattering process, such that the associated amplitudes are free
from kinematical singularities, was given by Hearn (15).

Thus the unitarity condition yields the imaginary part
of the scalar amplitudes A . across the cut in the complex energyJ
plane. Then by applying dispersion relations the full scalar 
amplitudes are obtained.
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III. S-MATRIX THEC-RY FOR QUANTUM ELECTRCDYNAIIICS

The problem of adapting the principles of the S-matrix 
theory to Quantum Electrodynamics is considered in this chapter.

Chou and dresden (7) have presented the framework of all 
the assumptions that are needed and they have introduced a 
perturbation expansion of the S-matrix in terms of the unit 
charge e. The same method will be maintained here too.

But although the basis for every calculation remains the 
same, in later chapters we will introduce approximations and we 
will find ways to calculate all the infrared divergent terras 
that arise in scattering amplitudes that in addition can have 
any number of very low energy photons in the initial and final 
states. Subsequently, we will show that all the I.R. contributions 
can be summed as an exponential factor that multiplies the non- 
inf rared divergent part of the amplitude.

Ye present below a brief exposition of the principles of 
the C-matrix theory for Quantum Electrodynamics as formulated 
by Chou and Dresden (7).

1. Ye are dealing with two types of particles, electrons 
(e+ and e") and photons. Observations can be made on these 
free particles only. The totality of these free-particle 
observations can be described by the free Dirac and free Kaxwell 
equations. The characterization of states is always in terms
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of free-particle wave functions, such as the spinors u, v 
and plane waves for photons.

2. The interactions between the electrons and photons are 
described by the transition amplitudes<b| 8| a>, where lb> and (a} 
are arbitrary complicated free-particle states. The purpose
of the rest of postulates is to provide the means of determining 
<b|T|a> .

Assumption (l) is peculiar to Quantum Electrodynamics, 
while (2) just expresses a typical 3-matrix idea.

3. lorentz and Discrete Invariance.
We require the scattering amplitudes to be Lorentz

invariant and invariant under G, P, T transformations.
dince we are dealing with spinor and vector particles

the scattering amplitude can be expressed as a linear combination
of invariant operator functions T.. The possible independentI
forms of the invariant operator functions are limited by the 
requirements of the discrete symmetry transformations.

Dealing with electromagnetic interactions we are interested 
in obtaining scattering amplitudes between states containing an 
indefinite (and infinite) number of photons with energy below 
the limit of detectability of the measuring apparatuses, later, 
we will choose to describe these low energy photons in a 
collective way through coherent soft photon states.
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It must be understood that the choice of a cutoff energy 
to separate, in a certain system of reference, the soft from 
the hard photons in no way affects the requirement of the 
relativistic invariance of the theory. We are just interested 
in the scattering of a certain set of external photon states 
that seem relevant to the experiment.

We also note that the experimental measurement of an 
electromagnetic scattering process is not a Lorentz invariant 
operation. For example, using the same kind of instruments, 
a certain event that rnay look like a Compton scattering process 
involving only two photons in one system of reference, may 
appear to be a multiple photon production in another system (if 
some of the soft photons in the first system are in the hard 
region of the second one).

4 . The Elementary Interaction in Electrodynamics
We assume that the elementary interaction in Quantum 

Electrodynamics involves three particles only. In principle, 
elementary interactions involving more particles could exist, 
but it is explicitly assumed that they do not.

From the well known arguments see hef. 7 , of Lorentz 
invariance and F, C, f symmetry with the inclusion of the 
principle of minimal electromagnetic interaction, we determine 
that the elementary interaction vertex e+(p2 ) + e”( n-̂ )— ^ j'Oc), 

shown in Figure 3.1, corresponds to
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(3.4.1) < yOOlTM |el5l,ettf> = ̂  / ^ / S .  O tft) C ^ j )  Wffi)

where the numerical factors come from normalization of the 
wave functions.

We note here that there is a sign difference in formula (3.4.1) 
and the analogous one given in Ref. 7. We have chosen the 
present convention as more appropriate, since the expression for 
tree diagrams of any order have the same (minus) sign in front.

■i

Figure 3.1. The elementary interaction vertex.

The numerical coupling constant e in (3.4.1) is 
determined by considering in lowest order the scattering of 
charged particles when the energies of the exchanged photons 
are very small (referring to Figure 3.1» as K —*0). For a 
complete discussion of this topic, in the 3-matrix theory, see 
the paper by 3. Weinberg (16).

Later, in chapter 7, we will make use of such a 
determination for e to require that all higher order contributions 
of the vertex Ij + k -> pg must be zero as k —* 0.
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5. Crossing Symmetry.
If, in a reaction, certain particles participate and in 

another reaction the same particles or anti-particles participate, 
crossing symmetry establishes a relation between the amplitudes 
for these reactions. The only new feature added in Q.ii.D. is 
that, to relate incoming and outgoing electrons and photons, 
one has to make the following replacements.

oui -fc £Ck')<-*£Oc)
f>'oui *U(fO*-*VCg)

^  cuA pin ' $  ~ p u ty) ̂

with this rule, all elementary interactions are defined; for 
example for e”(P]_) + — ^e^Cpp) we have

(3.5.1) <e"l T w lejjf> =  = ^ S I / 5 r _ L  v-ifi)
i2n )  z i * *  * 1 v r

of course the rule is more general than that.

6. Gauge Invariance
In C-matrix theory the amplitude is expressed in the

form T = 2T A.T.. When dealing with processes where there are 0 J
external photons, the invariant operator function T. will always

J

contain the photon polarization vectors £hCK,A) so that T. = Ey> M
JUHow gauge invariance means K|* Mj = 0, where is the

momentum of the physical photon. This expresses gauge invariance 
directly in terms of the amplitudes. The elementary interaction 
is trivially gauge invariant.
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According to D. Zwanzinger (14), the principle of gauge 
invariance does not impose new restrictions in the construction 
of the amplitudes and the reduction of the number of 
invariants. Thus, for the construction of amplitudes, Lorentz 
invariance alone can be shown to be equivalent to the usual 
prescription which includes both gauge invariance and relativistic 
invariance.

7. Unitarity, Analyticity and the Approximatioii bcheme.
The general requirement of Unitarity and Analyticity of 

the S-matrix elements applies in the S-matrix theory of 
electromagnetic interactions without any change. So the 
unitarity condition can be written here, in the form that has 
been established before.

(3.7.D jisc. Tf i -  i C2,)v r t/" t£
where h> denotes the set of on-the-mass-shell intermediate 
states that conserve energy, momentum, spin and charge, etc.

bince the amplitudes involved in (3.7.1) describe 
scattering of particle states with spin, they have the form

Thus a general scattering amplitude T  ̂will be written as a
linear combination of a set of invariant operator functions T.J
and the unitarity condition gives the imaginary part of the
scalar amplitudes A. across the cut in the complex energy plane.J
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The approximation scheme used in strong interactions 
cannot be applied here. The reason is that the mass of the 
photon is aero. In strong interactions the sum in (3.7*1) is 
replaced by a few terms only, corresponding to the lower mass 
intermediate states. Since strong interactions are of short 
range and mediated by quanta of finite mass this makes sense.
In electrodynamics, the forces between charged particles are 
produced by zero mass quanta and its range is infinite. Thus 
the analytic structure of the right hand side in (3.7.1) is a 
pole located in the beginning of infinately many cuts super­
imposed on one another. The treatment of these infinitely 
many cuts at the same time seems to be impossible. do some 
other kind of approximation scheme must be introduced in order 
to deal with photons and electrons.

In the usual Quantum Electrodynamics the amplitude for
a general process is given as a series expansion in powers of

e Z ,e or rather in d  = -2—  (the fine structure constant;, dinee
Mn

o( = l ss l, the perturbation series converges very rapidly. 
137

The same technique can be applied in the S-matrix theory by 
expanding both sides of the unitarity relation in powers of e. 
bo the d-matrix is written as a sum of terms in the following 
form

(3.7.3) S - i + e T " , + e1T B  + «! T r t 4 - - '
tlxdubstituting in (3*7.1), the unitarity condition for the j order
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amplitude becomes
9

(■*, n t -**0) ^  J-r -rfrKO r«O'-«> ?<*>,- « >(3.7.4; Xfi “  i(2rt) **>» * (X\c%i)

Then, after knowing the scattering amplitude to a certain 
order, apply this perturbation scheme to obtain the discontinuit 
of the scattering amplitude across the cut in a higher order.

Next, the necessary analytical conditions to allow single 
and double dispersion relations for the scattering amplitudes 
will be assumed. By using this assumption the complete invariant 
amplitude can be calculated through a dispersion relation.

It is true that dispersion relations for processes that 
contain more than two-in, two-out particles are very hard to 
write. This is not a serious limitation here, since such a 
process would be of a higher than fourth order in the coupling 
constant and so its contribution is too small (aside from 
infrared factors) to be observed experimentally. On the other 
hand the infrared divergent terms can be large in any order, 
but fortunately, their diverging part is a scalar factor which 
we will calculate, extract, sum up, and cancel.

8. Perturbation Expansion and Infrared Divergences.
Our main effort in this paper will be to find and extract 

all the I.Ii. terms that occur in an amplitude of any order. The 
reason that we pursue this goal is the following.

Through an approximation scheme that we will be able to 
justify and apply, the I.R. terms in a scattering amplitude of
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order can be written as follows.

(3.8.1) I.R.TW ! + X  C«ZS)2 T'M"t .. • t d 6*/T f,'*t
2.' pf

where 3 contains all the I.R. contributions and the dashes 
above e-j;Ci are there to indicate that these parts
do not contain any Infrared divergences, 

hext we write

or ’ • J

(3.3.2) T 00 = T  M  + £ 6 ^ )  f  <H'lt  ̂  (e*d*Tf • •+r  (e7sffl"f. ■

where

(3.8.3) f  ̂  T cW)~  £ (e*s)T^-t feV)V6v"^ • • ■+ ̂  T ft'
( 11)In the bracket we have all the I.R. terms that contains,

so does not have any I.R. terms at all.
Now consider the amplitude t ^ +^ .  The I.R. part of it 

can be written according to (3.8.2) as

2 . R . T tVl>= ' T t,,tat J f e» s ) f w > + J ? t«ls ) V * H 'V. ■ • ]
Then, taking all the higher order amplitudes 'd*t+n  , I .,,
summing them together and assembling all the terms that contain 

T Cv'l , we will get (focusing our attention to the term

onl:/) Trt+ t“,).••• + r l% -  ~
* * *

= $ . . -J t e‘‘S) T W
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Of course is just a general term. So we can
write any order term in the same fashion. Thus we have

T  = {  T £ fl+ ]  =  e C' * ‘ )T " ?+  ... * . . .

= T CX  ■ ■ ■ r T ' l -

where have been defined above in (3.3.3).
So we are able to factor out all the Infrared Divergences 

and write them as an exponential factor that multiplies the 
rest of the amplitude from which all the I.K. terms have been 
subtracted in every order.

how we have concluded the exposition of the formal 
aspects of the 3-matrix method. Before we attempt to show how 
calculations can be carried out, though, we need some 
preparation in order to be able to construct physical 
electromagnetic interaction amplitudes containing soft photons 
and thus to deal successfully with the I.R. problem.
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IV. HARD AllD SOFT PHOTONS. COHERENT STATES.

In an arbitrary system of reference, photons can be 
separated in two categories: "Hard" photons and "Soft" photons.

"Hard" are the photons with energy above the limit of 
detectability of the experimental aparatuses in that system.
This limit will Toe referred to as 3- an  ̂ it will be taken to 
be small;

On the other hand, photons with energy less than (fc 
cannot he detected and they will be called "Soft". Yet, we 
know that soft photons are always present and involved in every 
electromagnetic interaction process, since by getting equipment 
with a lower or higher resolution the experimental observations 
change accordingly.

In order to match the characteristics of the experiment 
we must consider an infinite number of soft photons present 
in the initial and final states of the scattering process, as 
can be shown from a serniclassical treatment of this problem 
i.e. see Kef. (15) .

Hard photons will be considered as particle states that 
belong to the ordinary Fock space. On the other hand, the 
number of soft photons involved in a certain interaction process 
is undetermined and cannot be represented by states in the 
ordinary Fock space.

The kind of the soft photon states we must employ is 
determined by the requirements that the calculated scattering
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amplitudes must be finite (since we do measure finite cross 
sections) and that they exhibit the physical aspects of the 
soft photon scattering. Here, anticipating the results of the 
calculations that will be done later, we choose to describe 
the incoming and outgoing sets of soft photons by coherent 
states (G-lauber (2)) a choice that yields physically satisfying 
results .

The coherent soft photon states were introduced in Field 
Theory by V. Chung (3) in order to obtain scattering amplitudes 
free from Infrared Divergences, and have been further studied 
by several other authors see T.W.B. Kibble (4) . Below, we 
mention what will mainly be of use in this paper.

duppose that we represent a set of soft photons by the 
coherent state Then, we define the operator 'u i> as follows.
(4.1.1) 'U.(g)l»> s. i p

ieVj,where Q, a is an arbitrary phase factor.
In the above formula a small term has been

introduced as a cutoff needed for the kind of explicit wave 
functions we will consider for the coherent states. The form 
of this cutoff has been chosen to match the corresponding 
expressions arising from internal soft photon couplings. There, 
in order to deal with well defined I.R. terms we introduce a
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small but finite mass A for the internal photons. However, 
in (4 .1 .2 ), A  is not related to the external photon mass 
which is zero. V/hen all the I.II. terms will be assembled we 
will put ^  = 0 .

?he expectation value of the electromagnetic field 
represented by the coherent state i3

(4.1.3) <fl a. fx) lf> - < 0 / Oc)

where we have used the identity
erte'*= A +  ct,*l -fOY rP/^3 <-*- £' vjK'Uih&Y"

and

( z« r t J{zKo x r  r

with fc-X = &>Xd- ?*X
fax^)ya4C^')T = S'Cyc-icO
£>fCO, Ot+f)c) 1  = IclC*)jdtvT] = O
According to (4.1.3) is a wave function

representing an electromagnetic field, so it must satisfy the 
condition

(4.1.4) ?,ft) f  - o
Let us define that in a certain gauge

(4.1.5) £  CpC*,!) e'Ĉ A) - - f a  oo

In the Lorentz gauge when we deal with conserved currents
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and in the radiation (physical) gauge

Now using the identities

valid when [A.BJ is a c-number, we derive the following scalar 
product for the coherent states

where we have introduced the following notation, that will 
be maintained throughout this paper (unless otherwise indicated)

Notice, that according to (4.1.6) and (4.1.7), the exponential 
in (4 .1 .8 ) has the same sign in front of the integral when we 
express it in the Lorentz gauge, while it develops a minus sign 
in the radiation gauge.

Also in (4*1.8) the limits 0 and ^  have not been 
inserted in the integral sign. For the sake of convenience, 
these limits will be usually omitted in such and analogous 
expressions throughout this paper, trusting that no confusion 
will arise.

(4 .1 .8 ) < jftg> s

(4.1.9) eic.

The completeness relation is of importance to us.
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Formally 5" — 4-
F

(4.1.10)
Oo
(4.1.11) ? < f l F X F l j >  = < f i g >

This result, for the summation over F, can he accomplished 
by functional integration in the radiation (physical) gauge 
as 3hown below. Putting ĉ 0

(4.1.12) ycfir>cFi}>= r

^ t+F- ̂ F+ 2 F - ^ ]  

= r  e 2 f z--2 (r« f HAj) -

> ?  « S < & J £  f t « -  a j " : * '  e * - f  - < j

= f  i .V p j'ft)  J £ t  r l f S! - 2f * 3 l (  -

Now going to the radiation gauge, where f ) are
the independent components of point £ =.
(actually two for an electromagnetic field) and putting
A 7 r g* we define the sum over F as follows

feif)’  Zfj

(where constant factors have been inserted appropriately).
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(4.1.13) = n  ]■■■]

Therefore we have

(4.1.14) f f ”}= f j l t f  d fjf£ J^~F(p)J *

x [ - /r [Re f’- p ’ rx„FU j M ’j'f

-i.

according to the formula

Substituting (4 .1 .1 4 ) in (4 .1 .1 2 ) we see that functional 
integration over F yeilds

(4.1.15) f t l H f -  2f*.glj =

For expression of the form

( 4 ‘ 1 ' 1 6 )  F  { %  j <*'r* f ,8’>
we can still perform the functional integration, rutting

F = F, X-.F = H  / ffys I , i U*-f) and supressing
the constant factors we have to do the integrations.
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So while the exponential factor assumes the same form 
as in (4.1.15) the following substitutions occur for the 
nonexponential terms of P
(4.1.13)

*  f 7 2£ =: “
1

F* f  - ’ t  = H 1  * 4 *

In the rest of the paper we will meet summations over 
P of the form 

(4.1.19)

* 2  F Z/. F - + 2Fji - 21*  j,]

= '* ^ - 0 .0 .) - zf-()A)-(hn)l}x

' ? * * { & ?  I $  j

S -  f f f f - O t H l - z ^ C h + V ^ V i r t }

X i

while the nonexponential terms of P will be substituted, in 
complete analogy with (4.1.17) and (4.1.18), by

rf *jif

Fr
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V. DRESSED YL’RTICLS AND CONSTRUCTION OP PHYSICAL AMPLITUDES

In the present chapter we will introduce an intuitive 
scheme to deal with the I.R. contributions in all orders.
Although our construction, at this point, does not come from a 
rigorous application of the perturbation expansion of section 3 .7 , 
it is presented here because of its clarity and simplicity. In 
a later chapter, where we make a detailed analysis of the problem 
according to the 3-matrix method, it will be seen that the 
present approach is relevant and yields the same results.

1. Construction of Physical Amplitudes.
In every scattering of charged particles an indefinite 

and infinite number of soft photons participate. So if we use 
as building blocks vertices that contain coherent soft photon 
states, 'then, every term that evolves from the unitarity relation 
will represent a scattering amplitude with any number of soft 
photons iii the initial and final states.

For this purpose we introduce the "Dressed Vertices" 
corresponding to the amplitudes

e + » e + f  J ; e -tc.
shown in Figure 5.1, where g and f denote coherent soft photon 
states.

Of course, it would be impossible to know the exact 
expression for these vertices that contain terms in all orders. 
Fortunately, we are interested only in the I.R, terms, which
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are possible to calculate completely.

(a) Ci>)

Figure 5.1. Dressed Vertices. Wav;’’ lines represent coherent 
soft photon states.

The I.R. contributions are generated by the couplings 
of the very low energy photons (external or intermediate) and 
significant approximations are applicable for their calculation. 
Here we will trust a semiclassical treatment which will be 
presented in the following section.

Then we get expressions that are first order in the 
basic process

} <s" + e i'-^y' } e A c  J

but contain in all orders the I.R. contributions due to the 
couplings of the initial g and final f coherent states and of 
the intermediate soft photons. The sum of these contributions 
has the form of an exponential factor that multiplies the 
amplitude of the basic process. So the expression for a Dressed 
Vertex has the following form

(5.1.1) =  PCfefVfj) ,e*c.
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where l(p2 > p^» f , g) stands for the exponential factor.
Now if we insert the above expressions in the unitarity 

relation, progressively, we get in any order

(5.1.2) =

In the above sum we have disregarded the non I.H. contributions 
of f, g, and F states and we also put the energies of these 
states equal to zero inside the energy-moinentum conserving 
- functions. There is no error involved, though, since the

I. A. terms in the exponent have been added and must also be 
subtracted from the complete amplitude.

As we will see, the summation over the intermediate 
coherent states yields an exponential factor that does not 
involve any intermediate momenta. Then we can write

(5.1.3) !», +  =

a D  ? < M i t % , } > cfaj/Ti jKp
Now the particular expressions for D(p^, p^, f, g) that we 
obtain can be taken to be real since we can always choose the 
arbitrary phases .ipg and ipf to cancel out any other phase. 
Therefore we can write

(5.1.4) I., /tI?alp =  vCfiftjj) * in, c p p i T i f ^ p
substituting (5 .1 .4 ) in (5 -1 .3 ) and extracting D( p̂ , , f, g)
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as a common factor from both sides we get

(5.1.5)

The above relation can be expanded in a perturbation 
series as usual.

Now the important point is that from the unitarity sum 
in (5.1.5) we must subtract all the I.R. terms already included, 
in the exponential factor. So the amplitude
will not contain any I.R. term while the complete amplitude is 
represented by

2. Semiclassical Calculation of the Dressed Vertices.
We can derive the I.R. part of the Dressed Vertices 

through a semiclassical treatment of the problem (quantization 
of the e.m. field only, interacting with a classical electric 
current). This is a justifiable approach, since the scattering 
of the long wavelength photons depends only on the gross 
(asymptotic) features of the interaction.

(5.1.6)

The equation of motion for the e.m. field is

( 5 . 2 . 1 ) -  d ^ A h M  = e T/kC*)
where is a c-number and

'dw T*oo =- o
We define the Fourier transform of the current to be
(5.2.2)
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Then, we want to calculate the matrix element

(5.2.3) < w l j ; i > T = < H ? l \ l s c T ) i 2 { t } >

Cne can calculate the above amplitude in several ways. The 
simplest, presented also in Ref. 41, is to use the variational 
derivative technique developed by Schwinger (16). The 
variational derivative with respect to the external current is 
given by

(5.2.4) % ̂  1

The solution of (5.2.1) with the appropriate boundary
conditions is

(5.2.5) A^C*) =  c>) * Ap*ci »  -f e Tciy Dpv (x-̂ ) Xfy)

■ fr#)

where we have inserted as a small cutoff term. Now the
boundary conditions are 

I* H '

Inserting (5.2.5) in (5.2.4) and integrating we obtain
(5.2.6) 1^ I^ X



- 35 -

and so

The classical current T  C>0 i £
T  o O  =  £  £ k  tjj f  S ^ c x ' A z ^ J r  + i r - p r f  d r

* |e t>J 7

rfo) r £ . £ 1 ? f/. _ iJsT
1 f I®/ fHf/* » W

bext by putting
ite ?  .at , iro)= r-si. 2 l_Jfv ^ |ei ) J1 i lcf fr̂ -t

we can write 

e
J xfo

write

%  J #  ’ t ^ c j )  / - §  2 >  fp r m *

; r W ? ;  * w  c h - t r  

0 ? u  r r ^ m = f e r  j J - j m - i l

The last terra in the above expression is purely imaginary.
The prime on the integral sign means that the terras having the 
same momentum in the products and must be
dropped; for these terms the q° integral does not exist even 
for 1*1 * 0  , because the contour is pinched between a
coincident pair of poles. Later, when we deal with the I.R. 
problem in the d-matrix framework, we will see that the terras 
we have dropped here do not occur at all .
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Notice that the terms

do not yield an imaginary part "because they have the form

and so, when we integrate over gQ we can pass the contour below 
or above the real axis to avoid both the (p̂ . • qjijg ) 
and ( *  q ± ie ) poles. This cannot happen for the j| • 
and terms because the poles lie on opposite sides of
the real axis, do for every pair of charged particles in the 
incoming or outgoing states the exponential factor contains 
a corresponding imaginary term.

3. Dressed Vertices (Results).
According to the solution for the I.R. factor obtained 

in the previous section, the expression for the vertex shown

Thus, the final result is

wnerewnere
u  - fy+y-

The result for has been obtained in (4 .1 .8 ).
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in Figure 5*1 (a) is

(5.5.1) <fl,flT/fiJ|c;?> =

= e* lp> J J &  cr+j1* 2 * V W - j b  -zf-Ch-i)]]

* 0 r H l ¥ j W m r * (M r £Ck)ucfi)

where ^  • ff , = _k L
' Tvy+;«

For the vertex of Figure 5.1 (b) we have

(5.3.2) Cf,|el = <-ff !Ch-j,)lg> * C Kl T M ) f.,A>

s e

V C ^ C p , )
where

j,v = -1 *1 -  , j,r = H t - ) _ i :  = _ s l_

since j£ changes sign twice as e~(p£) - > e+(-P2 ). In (5.3-2) 
we have an additional phase term

(” ‘5) i £ V  =

4. Summation over Intermediate coherent Soft Photon States.
In the next chapter, where explicit calculations of 

electromagnetic amplitudes will be carried out, we will have to 
sum over intermediate coherent states. Such summations have
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the following form

(5.4.1) f

= <- f m  I s [ cj,-u) f  r -u) JI {f;-/ p

The above result can. be obtained by functional integration 
over the P states as shown in section 4.1. The phase term ie 6 

cannot be obtained correctly by functional integration but this 
is not an important difficulty though, since we have arbitrary 
phase terms in the exponent anyway.

It is easier to see that (5.4.1) is correct (including 
the right phase term ie<?) if one considers that the semiclassical 
solution that has been obtained is quite general, and the result 
depends exclusively on the momenta of the external charged 
particles only. The external current in this case is
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VI. CALCULATION OF SCATTERING AMPLITUDES IN SECOND ORDER.

In this chapter we apply the 3-matrix method in Q.E.D. 
hy also using the formulation of the Dressed Vertices that we 
have presented already. The obtained results are second order 
in terms of the basic process but contain in all orders the 
Infrared Divergent parts that arise from the coupling of the 
coherent soft photon states and the internal infrared contributions.

1. Compton Scattering
The diagram for second order Compton Scattering is shown 

in Figure 6.1. Following the general method given by Hearn (13), 
one can show that there are six independent invariant operator 
functions for the Compton scattering process of any order, but 
as we will see, diagram 6 .1 . will yield only one of them.

Figure 6.1. Compton Scattering in Cecond Order.
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The dispersion calculation and the perturbation expansion 
of the unitarity condition are not affected by the presence of 
the I.R. contributions. The I.R. terras are scalar, and, after 
summation over F, yield an exponential factor that can be 
extracted since it depends on external momentum variables only. 

From the unitarity condition we have
(6.1.1) dire.

 ̂i CM? s I T +Cl1| mXSI T m£,)I e,-,W> Zfc-frK)
where for convenience t h roughout this chapter, when we indicate 
the ‘'order" of an amplitude, we mean the order of the basic 
process only.

Cn the right hand side of (6 .1 .1 ) the only intermediate 
states that contribute to the sum, according to the Dressed 
Vertices introduced in Chapter 5, are the ones containing one 
electron and soft photons. do 1 ̂  =

The energy of the I’ states is taken to be aero inside 
the energy-momentum <§* -function. We are allowed to do so 
because the I.R. contributions we get are added and must also 
be subtracted from the total amplitude; so the approximations
we make do not introduce any errors. Therefore we put in (6.1.1)

2 2 2The above -function cannot be satisfied if P2 ~ P-̂ = m and
2 = 0. We assume, then, that the intermediate fermian state

2 i ? 2is a "heavy" electron with P2 = y*l > hi . Thus this could be 
a possible physical process with a corresponding T-matrix element.
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Later, the derived unitarity condition will be 
considered as a function of m' and it will be analytically 
continued from *fco • In this process the
intermediate state is not a physically possible state any more. 
But we assume that this analytically continued unitarity 
condition is still valid. This is what is usually referred 
to as the "generalized unitarity condition". Whenever a one- 
state particle intermediate state is involved, it is always 
necessary to carry this continuation out in order to construct 
the amplitude.

So, with the understanding of the above discussion, 
and using the expressions for the Dressed Amplitudes of 
section 5 . 3 we write:

(6.1.2) T CI)I?„ K T W > t, F ^ R l

=  J t £

* s V p , - k<) F  ^  ? o w * > i f x n t c k - t i i p

Now as discussed in section 5-4.

(s.1.3) z <ti r cj7-i2; i f x f i  sch-],)ip̂  <si rci7d ) ^ >

Then the exponential factor depends on external variables 
only, and so we can put
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Considering (6.1.5) and (6.1.4) we can write (6.1.2) 
as (after we have dropped the same exponential factor from 
both sides)

(6.1.5) cl-,jc .Cf,/lc?|Trt)|fwlcl>a is! SCtf-u/1] O C 0 K

* ^  W  C ?  ^  **&*<*)

(2flf

As we mentioned above we analytically continue 
expression (6 .1 .4 ) from m* to m.

Putting

(6.1.6) I*, p„K,> = _ L  Arc. <rf’7,|c1I T c*>lp0 ft>
^  I

we get

(6.1.7) J h  <fi>»53lTG)lfl̂ ,> =

= frh Cf-Cfrt,)+*]y**'k($)
ZlZtrF nfyfi zft&jM,

where
This last formula suggests that one of the six invariant 

operator functions is

(6.1.8) t, = m._. d. tsu

where for convenience we have also included the normalization 
constants.
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Then the Compton scattering amplitude in second order 
can he written as

(6 .1 .S) T " 1 -  T , A, + £ TjAjls.t,*)
J ”  2<

where t ,  Cf.+ K,)1
i =.
V  = f fi -

Combining (6,1.7) and (6.1.8), and the linear independence of 
Th' s we get
(6.1.10) =

ZUrr)*

Now we can get A^(s, t, u) by applying a dispersion 
relat ion

(6.1.11) A|C^,u)s _L j../ ^ 4 .
tt J

This constitutes the calculation of the first term of (6,1.9). 
Actually this term alone does not possess crossing symmetry. 
The \t-channel contribution must be added to the above result 
to obtain a crossing symmetric expression. This contribution 
will be of the form
(6.1.12) Ti
where can be obtained from T^ by the substitution

(6.1.13) fc,
£Ce,) <e-» £C*i)

S  € — >  % L  u > i M  £  -  ot'V)
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and A 2 Cs/fc,iO =

So
(6.1.14)

Thus finally we have the following expression for the 
second order Compton scattering amplitude

Since the lowest order contribution in the t-channel
is a fourth order one, the above expression is the complete 
second order amplitude. This result is similar to the one 
obtained by Field Theory.

usual expression, contains all the I.R. terms to all orders 
associated with the Compton Scattering as well as the l.R. 
contributions arising from the simultaneous scattering of 
the coherent soft photon states (f) and (g). The wave 
functions f and g must have such a form that the whole 
exponent would be non diverging in order to have a physical

where

with

The factor , that multiplies the
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result. The condition for such a cancellation of the I.R. 
terms is

(6.1.16) f - j  =
where is any function for which the integral

i9 tV lz =

does not diverge.
In addition we choose the arbitrary phases p^ and 

so that they cancel out any other phase term in the exponent.
Since all the I.R. contributions we have added in 

the exponent correspond to fourth or greater order terms we 
do not have to subtract any I.R. term from the second order 
amplitude.

2. Pair Annihilation and Pair Production.
The scattering amplitudes for the two photon (free) 

pair-annihilation process and the two photon pair-production 
process, in second order, can be obtained by applying crossing 
symmetry to the expression for the Compton scattering amplitude 
derived in the previous section. One has to do the necessary 
substitutions as shown in section 3 .5 . For example, the 
pair-annihilation amplitude can be gotten from (6.1.15) if 
we substitute _

fc, -k<
« uiVe note that JPt) in the exponential factor does 

not change. The reason is that when is taken



- 46 -

to the incoming state as then the sign of
has to change twice and so the expression remains the same.
We must add, though, an extra phase term equal to

.  i g .  c );■!,. V f ]

■
whe re , f*?

^ ) J* ~ jjy-ifr
So we have

(6 .2 .2 ) C4, Jc, 1 T tl) I e'Cfi), e~£f>)jg>

= Ĉ )X- 2* * - y t y Q W > - & Q r i f y

X  " » ( &  v .£ ,  4  y - f ,  £ £ ^ ^ 1  y .£ 7 ]

and

(6.2.3) <S, e~cr,); e'er.) I t u) I H  K P  =

" *  f r/v>v  - # *  «,-$]•

^  j r  J16 +r-* r£’ / u£f,)

3. Holler Scattering and Bhabha Scattering.
The same method that was applied for Compton Scattering

can he followed for Miller Scattering as well. For the
present case, though, the scattering amplitude in second
order has a photon pole in both t and u channels. Here 
again the generalized unitarity condition has to be used.
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Thus the intermediate photon is considered to be a massive 
vector meson and its mass is taken to be zero at the end 
of the calculation.

Me also note that when we combine the subamplitudes 
of the t- and u-channel, they must be added with opposite 
signs so that the total amplitude would exhibit the Fermi- 
Uirac statistics.

The Miller Scattering amplitude shown in Figure 6.2 is

Figure 6.2. Waller Scattering Amplitudes 

(6.3.1) T t0 r e~Cf.)+ — > e~(fj) + e-(fe)trf7-

= <*1{Ch tj,-),-j,) I9> x
J6,E,EtF, 

y f Z-CMtuVMZxfi,)Xh‘uctil _

I (Pi-R)'- Ift-fi)1
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where

(6 .3 .2 )

‘ f *'*?* OVij-Jz'i, ?- 2 f*s

with

■ieV = -i ® L  P  fA'll' f i>‘ i * i »** •* • j. *
2 (*")'* “ ̂ f j'l'jl J,i' J

* ~ M * «  5 ■'t= -> J '~ ^ 7 7

The Bhabha Scattering amplitude, Figure 6.3, can be 
obtained from the above formula by making the appropriate 
substitutions required by crossing symmetry. For example, 
by changing

u ( p z) _ *  UCh)
a  v.) — * o (fo 

Pi ^  " f t

and then renaming the variables -p̂ —* pz and p^ ^
we get

(6.3.3) T tt) t e'Cfo + efcfa + p — * e"Cfi)+e*(ft)t./7 =
_ -e£ *m1

fit*)* i

[ (f, -fi)! <.R*R>1 J
where <-f I 5 Cfo+jj is the same as in (6 .3 -2 ).



4

Figure 6.3. Bhabha scattering amplitude (s-channel).
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VII. INFRARED DIVERGENT TERMS OF THE 
SCATTERING AMPLITUDES IN THE 3-MATRIX THEORY

The second order calculations, carried out in Chapter 6, 
were necessary to demonstrate the dispersion relation approach. 
Although, through a semi-classical treatment, we were able 
to include all the Infrared Divergences we cannot consider 
that we have a valid solution to the I.R. problem. In 
chapters 7 and 8 we will try to obtain all the I.R. terms 
of a general scattering amplitude by working in the S-matrix 
theory framework.

In the present chapter we first analyze the problem 
of dealing with Infrared Divergences in the S'-matrix theory.
The usual approximation method, that is, the extraction of 
the I.R. terms from the complete expression for an amplitude, 
is not possible here. Nevertheless, we will be able to 
build up a scheme that leads to the calculation of all the 
I.R. terms for any order amplitude.

In looking for the I.R. contributions only, convenient 
approximations can be done, and the I.R. part of the <filTL̂| f̂ lO 

vertex function will be obtained. The condition of Charge 
Renormalization will be also used in order to get this 
contribution.

It is remarkable that this is the only calculation 
we will have to carry out explicitly. All the other I.R. 
terms, of any order, can be extracted or cancelled before 
we apply a dispersion relation.
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Having obtained the I.R. <Ti) and 1-1?'
we subsequently show the calculation of the I.R. terms 
for the fourth order Compton, Holler, and Bhabha scattering 
amplitudes. The mechanism we use to extract these terms 
is very important to understand our general method. The 
same method is used appropriately in the next chapter where 
the extraction of the I.R. terms from an arbitrary order 
amplitude is dealt with.

Next, we show that the I.R. part of can
also be calculated in a manner similar to the one used for 
the third order case.

Throughout this chapter and the next one, we deal with 
the Infrared divergences as follows: we consider that the
photon mass is % , and keeping ^ small but finite no
terms diverge. When all the I.it. terms have been assembled, 
we will let 0 .

7.1. Analysis of the Problem.
The method to calculate electromagnetic scattering 

amplitudes in S-matrix theory has the following two steps.
Starting from the unitarity relation we get the 

imaginary part of a higher order amplitude in terms of the 
lower order ones. At this point we have to perform the 
momentum integrations over the intermediate particle states 
and express the result in terms of the relativistic invariants



of the scattering process. The momentum integrations are 
already difficult in fourth order (two-particle intermediate 
states) and they become in practice impossible for higher 
order processes. But this is not the end. Now, having 
obtained the imaginary part of the amplitude, we must write 
a dispersion relation to get the scattering amplitude and 
this second step requires the explicit completion of the 
first one. Moreover dispersion relations for many particle 
states are, even in principle, unknown.

oo the usual way to do approximations, that is, to 
extract the terms we want to consider from the complete 
expression of a certain quantity, cannot be applied here 
since we do not have a way to write down this complete 
expression in any explicit, reducible form.

For example, in Field Theory, it is possible to 
extract unambiguously the Infrared Divergent terms, 
because we can always write down the expressions of the 
Feynman diagrams in integral form, and so, we can make 
app oximations and consider cancellations in the integration. 
In this method to do approximations is not possible in 
the 3-matrix as was explained above.

Yet, in order to render the 3-matrix a complete 
method to calculate electromagnetic scattering amplitudes, 
we must give a satisfactory solution to the Infrared



Divergence problem. In particular
(a) We must obtain the I.R. contributions that the coupling 
of the external soft photon states generate.
(b) We must find a way to explicitly obtain every other
I.R. term, i.e., the ones that are produced by the intermediate 
photon states at the limit when their energies go to zero.

Such a program would have certainly been impossible 
if we were dealing with an b-matrix method like the one 
employed for the strong interactions. But in our case 
there are some special features in the problem that we 
should try to take full advantage of.

First, we deal here with a perturbation expansion. 
Secondly, we have defined the elementary interaction vertex 
which gives us a physical insight about the character and 
meaning of every amplitude and its correspondence to a 
specific diagram which describes the physical process that 
takes place. The diagrams can guide us as to where we 
should search for the I.R. contributions. Thirdly, the I.R. 
terms arise from the couplings of the very low energy photons. 
For example, if we put a low energy cutoff limit to the 
external and intermediate photon states, we never get any 
I.R. term. Therefore, even before we carry out the momentum 
integrations and write the dispersion relation, we can tell 
if a term will be Infrared Divergent or not by its singular 
appearance in the photon momentum variables.
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The above remarks form a good basis to search for 
a method that will lead us to the extraction of the I.R. 
terms due to the interactions of photons which contribute 
negligibly to the energy and momentum of the external and 
intermediate states.

In fact we will not try to get explicit expressions 
for the scattering amplitudes, since this would be impossible 
to do in higher orders. But the I.R. contributions are 
obtained as independent factors multiplying a non diverging 
amplitude part. The form of the I.R. terms is like the 
one discussed in section 3.8. Thus, we end up with Infrared 
Divergence-free scattering amplitudes multiplied by an 
exponential factor, which contains all the I.R. contributions, 
as shown in that section.

7.2. Assumptions of the Hethod to Rxtract the I.R. Terms.
Although in the previous section we based our 

discussion on general remarks concerning the origin and 
nature of the Infrared divergences, in fact by staying 
within the limits of the S-matrix theory we do not know 
as much.

The following two assumptions will be used to 
extract the I.R. contributions from the scattering amplitudes.
A) The I.R. terms are due to the coupling of the very low 
energy photons with the charged particles, do, in order
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to find out these terms, we have to examine the expressions 
that the soft photons contribute.
B) The I.R. terms arise from expressions that are singular 
in the photon momenta variables as these momenta go to zero. 
Consequently, we can distinguish the terms that will yield 
I.R. contributions by their singular appearance, even before 
the momentum integrations have been carried out or the 
dispersion relation has been written down. The last remark 
is very important because in higher orders we do not even 
know what dispersion relations to write.

The above two assumptions may look quite unnecessary 
since they coincide with the essence of what we mean by 
Infrared Divergences.

Yet, in order to be rigorous, these two propositions 
must be considered as assumptions in our effort to solve 
the I.R. problem in the D-matrix theory framework. The 
reason is that we do not know, and there is no hope to ever 
see, the exact expressions for the higher order amplitudes, 
Do we have to assume that these higher order contributions 
involve I.R. terms of a similar kind as the 1ow order ones 
fourth and sixth order (7) . This assumption is quite 
justified since we use the same building blocks (elementary 
vertices and low order amplitudes) to construct higher order 
amplitudes. One does not expect a change in the qualitative 
aspects for higher order processes.
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7.3. The Interaction of External Goft Photons with 
Charged Particles.

Focusing our attention to the I.R. contributions 
that the external low energy photons produce, we make the 
f oil owing remarks.
(a) V/e start by noting that the most important part of the 
interaction of a low energy photon with a charged particle 
cones from the first order coupling.

(•o O )

Figure 7.1

fc ■> G O

This steins from the definition of the electric charge e 
as the coupling constant of the vertex p + q — » p' { or p + pr. 
as q —> 0. Higher order contributions to this vertex should 
go to aero at this limit. For example, in third order the 
amplitude of the diagram (c) in Figure 7.1 gives a zero 
contribution as q —> 0. On the other hand the amplitude 
of Figure 7.1 (d) does not contribute for small q, (q < 2m),
being below the threshold of pair production. Go the 
general vertex of Figure 7.1 (b) can be substituted by its

l)



first order part only, shown, in diagram 7.1 (a), when we 
are looking for the 1.1. factor resulting from the coupling 
of soft q.
(b) Soft photons contribute negligibly to the energy and 
momentum of an interaction process. So a process 
can occur with or without the absorption, say, of a soft 
photon q-̂.

Therefore we expect that the h-matrix will have a 
pole due to the coupling of the soft photon with the incoming 
or outgoing charged particles. Those poles will yield I.R. 
contributions as follows. lor a complete treatment of 
the problems discussed in the present section, given in 
the framework of S-matrix Theory, see the paper by C. Veinber 

in P.R 135 B1049, 1964 .
Consider, for example, the Figure 7.2 (a) representing 

the amplitude of the scattering process
The same scattering process can take place if a very low 
energy photon will be absorbed by the electron e~(p^), as
in Figure 7.2 (b).

q ,) Figure 7 .2
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Nov; keeping only the I.R. terra for the amplitude 
of diagram 7.2 (b) we have

The above result was obtained by the assumption 
that the b-matrix has a pole in Ctft+%)1- **0 • ^ e
calculation is analogous to the one we did for the second 
order Compton amplitude.

If we have more than one soft photon, as in Figure
7.2 (c) where we have two (q-̂  and q£), the I.R. term will be

l T d i  f t  *

and for diagram 7.2 (d) where q^ and ^  are coupled with 
p^ in the opposite order

~ - ^ v l74=r M l . J - I  y Mfi
& n ) K - 4 Z f 0f TV?, C?*)^ J I f a

liow by adding Tc and Td it is easy to see that we get

^ { f t !  i T c i T j  V - J L - '  J i l S ,  y e  l t c R y M f ,
T,1 , Jiff. r, ?.

The same procedure can be followed with any number 
of photons and for all the other incoming charged particles.

Now, if q^, <±2 •••are incoming soft photons their 
coupling to the outgoing electrons fftj yield a similar 
I.R. factor, but with a minus sign.

Finally, if the soft photons q-̂ , ^  ••• are outgoing,
then the above derived terms have opposite signs.
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oo in general, the external soft photon states i
when participating in a scattering process 
will yield the following I.E. contributions

(7.3.1) V  h  A- -===-(? St . Z  ei SASH) \ I x /Vr,
' * If je, ff.jij f i e T  n fj Jj *

where we have ( + ) for the case that the photon is outgoing 
and (-) when it is incoming. represents the amplitude
of the basic scattering process.

When we consider the interaction of the external 
coherent soft photon states g and f , we can use the 
above formula by substituting

"  »'■'<> "  a * f m  ^

In case we have more than one soft photon, say their
number is s, we must multiply by the factor 1 coming from

s!
the expansion of the exponential form that the coherent 
states have.

Therefore s incoming coherent soft photons (g) will 
yield the I.E. term _
(7.3.2) __ __

-  1 - - 1 -;fi

and s outgoing coherent soft photons (f) yield the 1.11. term

(7.3.3) _l r «L r*Al (-)*?. fr et Vt _ r e !  r;\nK
f! L iptpj Zf0 U  As/ Tt'l ■* /€/ 7i‘f / J

~ +1 $oy e~ 

iel = ^ = I -i .fW e*
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4. Third Order Calculation of I.R, <P*lT I P.K>.
The third order amplitude for the vertex function 

is shown in Figure 7.3.

\

Figure 7.3 Third Order Vertex Amplitude

First we notice that if < fz\ T ^ l  f, is to be
different from zero, energy-momentum conservation requires 
that we assign a mass n' ^  m to the electron e^Pj).

Of course, the exact result for this diagram can 
be calculated. But, here we are interested in the I.E. 
part and an approximate calculation is possible and sufficient. 

The I.E. contribution of diagram 7.3 has the form
e7 y C Cpi,pt)

where C(p2 » p^) is scalar, since the I.R. factors are
2scalar. This contribution must go to zero at s = m ,

2 2 2where s = (p-̂  + k) = P2 = m1 , so that the coupling coustom 
is uniquely defined in the elementary vertex amplitude
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This requirement corresponds to what was referred 
to as the Charge denormalization condition when the above 
diagram is considered in the channel + p£ *-•
knowledge that F(s = m ) = 0  will guide us in obtaining 
the complete I.P.. expression for this diagram, as it is 
used in the exact calculation to write a subtracted dispersion 
relation see Pef. 7 .

The unitarity condition yields

(7.4.1) I*, = 2
where the lower part of the integral is a second order 
Compton scattering. Keeping only the I.R. contribution of 
this part we get
(7.4.2) Iv, T<V>= ^  x
x ±1 SCft-P-?/) (ft) 'Uc#>) x Qce) y*tcP'Ufp y,-tt

E - R %

2: (Ml? zsl f j s ,  sfctrtf-*}} 2 r  MiMt x.Mo 
2 (Zn)60J Z% %

=: X vh 4ft) *

where ^

= j s L  S 2  ?  M M i
SftrtfJ Zf„ Trl,

_.Po
Tui J.R.AcO



Next we write

(7 .4.3 ) J/" &  _ fhll* f%t Z ft* Ij-Si.
SLCuti1' ( L 'o J  o J 2 fa  J  o J 'Z fo i J ? ,%

- f jSl s~[ eft-?,I1-"] 2

where we have kept only the term that will yield an l.N. 
contribution. We have inserted an arbitrary energy cutoff 
K «  which, for convenience, we choose to be the same
as the limit that separates the hard and soft photon region; 
in general, we do not have to make this choice.

Next we examine the above expression in the c.m. 
frame of reference, where p, ="^ — 0

J*|ia

Now we can apply a dispersion relation to obtain 
the term I.k. A(s). Remembering that s = P2  ̂and = 0, 
we can write the dispersion integral as follows.

ft ^
(7.4.5) T.K. = _L / J.1L /Iff)

= a. X - * L
i J  TiJ-lt+i*
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where the interchange of the two integrals is possible 
since by keeping the mass of photon finite the integral 
over a is not divergent.

i'he ^ -function makes the restriction

= %« * -  ?/.±vi
and keeping only the positive value f/o ~ & we

90(7.4.6) J.R./JG) =r_ei f Jfy fS&J&lu

^  S L  i  2  T
( M \ J  n .  0*^,/ - ^

where Ktui io obtained from Ji by Lcrentz
transformation to the c.m. system.

The mass tern (ra) in the above integral is the mass 
of the intermediate electron state e( p). Thus n; — > m ' ac 
q — ► 0. Therefore, it is natural to analytically continue 
the above expression from in —-> m' . Then we have

(7.4.7) l.g. Aft) = fjiZSt — _̂_____ 2 r 'ft°r ,  ti  -

- g I fP">'i J *»,« M
boosting back in the original frame oi reference vie

write

(7.4.1) XB. A t S) ==
(P

—  r j* ?vS> r,-fi
<?n)V  B U i

PrCt T.-fr
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2Now we see that the obtained result does not vanish at s = in 
as we have required.

Actually, in the exact calculation a subtraction 
dispersion relation of the following form must be applied 
to calculate this invariant amplitude. (dee lief. 7 .)

(7.4.9) Rest = _L fdsT-4 i-I Iv,/krt +n_") L s'-5 s-^J
with A(m^) = 0.

The subtracted term yields the value of I.it. A(s),
2we obtained in (7.4.S), at the point s = m . But at this

2 2 2point we have s = (p^ + k) = pg = m an4 so vie can take
k = 0, r>2 - Pj* ihus we can derive the subtracted terra,

2at s = m , from the 1.1:. contribution we have already 
calculated in (7.4.0) by substituting = p^ anc* changing 
its sign.

do the total I. P. part of the amplitude with the 
inclusion of the subtraction tern is
(7.4.10) T n)(PfK> =

= ~e* f iii. F ^ iM l - _L fr&fck 1xA(.

vihere we have substituted = p-̂ and an a symmetric
way.

The summation over polarisation states for a spin 
one boson with mass A  yields

(7.4.U) j  = - f '  + y t -
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Using (7.4.11) in (7.4.10) -we get 
in a t  o so. i -r

t i iZwhere frR = p*. p|0
V/e notice that all the contributions due to the 

second term in the r.h.s. of (7.4.33) are cancelled out.
This cancellation happens in general since the sum of the 
1.R, factors in any order always yield a gauge invariant 
expression, analogous to the one obtained above. Thus, for 
the sake of convenience and anticipating the gauge invariant 
form of the sum, we will put 

(7.4.13) r  UvCI,a,) =
even at the stages before we have assembled all the I.R. 
terras.

doing back to (7.4.12) we observe that the first two 
(subtraction) terms in the bracket are constant, independent 
of i~>2 or p^ (after integration). This must be expected 
since at s = there is only one momentum variable available 
(p = p̂ ) and thus a scalar term will be a constant one.

5. Third Order Calculation of I.R.
In this section, crossing symmetry will be applied 

to obtain I.R. fr0In T*R* I V, * >
In general we assume that there is one vertex function,

a M e
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representing both diagrams of Figure 7.3 and Figure 7.4, 
whose boundary values are the amplitudes < £ \ I 
and CfjT^lT.tO V,re argue that, although crossing
symmetry refers to the total amplitude, the I.R. terms are 
separately crossing symmetric counterparts. From (7.4.2) 
we have that I.R. As we take
yj —♦ €> all the non I.R. terms are finite and change very 
little, while the I.R. term diverges. Therefore its crossed 
counterpart cannot be but an I.R. term also iiroportional 
to logX • 1Je can obtain !.(?. from
I.R. <fil T^lf, |t> by substituting vCft) and
k —1c,

Careful consideration is needed next. The result 
in (7.4.2) has been obtained by an analytic continuation 
in the intermediate mass variables and, as it stands, is 
purely real, although it has been derived from its nonzero 
imaginary part. The same thing happens for the second order 
Compton, Holler and Bhabha scattering amplitudes. Bo even 
though, we can get the real part of I.R. I pj^R> from
I.R. 4 Ptl T  c,) I f, lO by crossing, we must examine if there is
an imaginary part that might also be present in the
channel.

\!q write the lower part of Figure 7.4, which is a 
Bhabha scattering amplitude of second order (section 6.3) as
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I K
I
I

i'î uro 7.4. Third Order Vertex inunction p^ + P^ — ♦ ^

(7.5.x ) <fl,m t w i v ( t y * * y !'e& Vr,* # V  S ( r v & - j w , )

Usin^ This form and dropping non I.o. terms we have
(7.5.2) I^<l«IT™|Rp7 = £ M ‘,r < W T t''|ftft><(Ij W T ro|ft?,> ytft+fi-t-RJ

^  t®n)*' .z£i z *  j l . fii »
s &.»)< 1 E? ^

Z J2_  _ L  f S [  <*,-?, ) W ]  SV(fcffj7- V] -

xw^)j',Tj-.(fttv)-7I r-£̂ ) r^nR-?)fVJ^ncj>,)

i« i.e . <xiT"\F,.r,5 = .si. S’(f,i) S'(pr<j) (-) pr p, x K
ZtSnr0J f~Ax

where

Mo S < 11 T 0'1/ f j-p ,}  = = *  Z 2 -  _L  uLfiM -M U tt,)
bny4{efr {$7j
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By crossing we get the real part of I.R. <KI 
from (7.4.12).
(7.5.3) Re .si

cm i

The imaginary part, as it has obtained above, is

2LU1)

Cne can combine (7.5*3) and (7.5.4) in one formula by 
wri Ling

£
(7.5.5)XR.<K|T®’| | =  (Jh_ f  [ A .  Ixrf.

2 U n p J f r i He U r t p  w  [rri*itjbr^ ‘

The above result is the general expression that
contains both I.h. 1 ~T^I and I.R. ,
since by changing p0— ► -pQ both polos in (7 .5 .5 ) are on
the same side of the real axis and so they can be avoided.
Then, only a real term emerges, formula (7.4.12), coming

2from the pole at q + i€ = 0 .

7.6 fourth Order Calculations. Compton Scattering
The fourth order Compton Scattering diagrams are 

shown in figure 7 . 5 (s-channel only).
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N

Ki

Figure 7.5. Fourth Order Compton Scattering diagrams.

Je are going to use the I.A. contribution of the 
vertex — * Pg shown in Figure 7.6.
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we have found it to be

-fii f * i \  f-L 1 1 1 ?  * X ( 2 l f _ T, T, -i x
e*)V «1. <-z W  m n i  J

where we will use the notation

(7.6.1) Al, = z l E  G L  U -  ilcpoZ-Uto) 1tCfV) c.-MC?/r) ft v Vew( ^
(7.6.2)

(2*)*V c-i J tl

how consider diagrams 7.5. (b) and (c). The 
unitarity condition for diagram (b) yields (keeping only 
the I.d. terms)

x .  ^ i r n f . K U  =
Ilext consider diagram (c). The I .It. part of the amplitude 
above the cut is (omitting unnecessary constant factors)

Ml /v oicft) y.KP,) V(f*3+K?- f/-l)

= ^P*) ^ ^ft+^r Pi"?) "Pt* y
+ ut(V) y-fo^ veil) ^  tft* *7- Pi1)

The first term in the r.h.s. of the above relation 
v/ill not yield an I.d. term if it would be inserted in the 
unitarity condition, because the bracket goes to zero as 

— * 0. In the second term we put p^ = - P^ + ^3 * '^e
S -function docs not involve n so this term can be written

as
c __L 1z- ttj) *j

pf ?
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In the sane manner, the lower part of diagram (c) 
yields an I.R. term of the form

« j k -  tl-ttD n,
-p, y

do the unitarity sum for diagram (c) will contain the 
following I.R. term

x-R- <m^i'reiRK.> = eaLv Z-si f i S  -&£-
a (2n)V MP.'I

how adding the I.R. parts of I, and T we get

I*, I/R.CftM =

• < v  z & j \  f i Q i t ' M t J - m - ,  <■ » . i

the last x1 esu.lt is obtained because the factor

(err)
1 { * £ t j . (Ji.f

is constant and independent of p^, so it can be taken 
outside the summation sign.

In addition it is important to realize that the 
two other terms involving in the bracket above cancel 
each other out because the state in 1’̂  is identical in 
mass, energy and momentum with the one in !rt. All the1 ■ ■1 v

above operations have been performed before the analytic 
continuation in the intermediate masses.

finally we can see that the unitarity condition 
yields a second order amplitude which in multiplied by an



- 72 -

independent I.R. factor.
The sane technique can be followed with all the 

diagrams of Figure 7.5 and it is easy to see that the I.R. 
terns that they yield are

I- T- = V ’ 2 * ?  J # .

■ ‘f  *  t a l Q l i - d S ' i W ' - l f f l  * v ' ‘

Tc = f jJ  r fiTt J  Af7x^z (zy)1 j t ?i.y J
Iv* Ta = fJi p/J l f + O V J E f e f -  M i " ]  A v * .

2 J  2 ^ 0  I I  ^ ? r V  i  Wt V

■2. J ? ?«. I <}& J
i~, I# = s *3**.

2 (2«P J Z*?o I TMfVj J
where (|p ■=

Jumming up we get
Xu*T ■=■ Ivh Tcut 7y t Tc + "Q + +

A*.= J8* f i j  p .  y i f + X / J L j 1- X  &?LV £  A b *
(2np J  2f U V ? /  2 U-1 } fti fri J z

where we were able to factor out the I.R. contributions 
since they do not contain any intermediate electron momenta 
and the S  -functions of and I-Î do not involve q.

Row the calculation to be done is actually a second 
order one which yields
x.r.t'"1 - _ R _  f1 f  (Si.)\ ( jd 1- 2 i L ] «  <T,if7lT<!)irii£i> 

2u*)\) z<t° L W  n-i r.-i J
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For the sake of completeness, we consider also the 
I.-I, contributions of the same order that arise from the 
scattering of the external coherent soft photon states of 
and g, as shown in Figure 7.7. These I.R. terms are

comes from diagram 7.7 (e) £see ch. 3 •]

Cot) G,) CO C<0 te)

Figure 7.7. Only the s-chanrel is displayed

Thus, altogether, the I.R. contributions involved 
in a fourth order Compton scattering amplitude are

T . R .  CT,K-,1 T w l s
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7.7. Extraction of the I.R. terms from Fourth Order Holler 
and Bhabha Scattering Amplitudes.

The fourth order Bhabha scattering 
and (at the same time in the t-chanuel) Holler scattering 
amplitudes are shown in Figure 7.8.

h

<e)

Figure 7.8. Fourth order Bhabha scattering amplitudes.
The wavy lines represent photon q whose energy is taken to 
the I.R. region.
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First we examine diagram 7.3 (a), which is shown 
again in Figure 7.9.

Figure 7.9

The 1.1:, contribution of diagram 7.9 (b) is zero 
because the I.k. term of the lower part is a. third order 
vertex of the form
(7.7.1) v(ft) y-£Crt x

and by requiring that the elementary vertex is uniquely 
defined Charge kenormalization , it becomes identically 
zero as the mass of the intermediate photon is taken to 
its physical value, moreover to calculate that lower part, 
see lief. (7), a subtracted dispersion relation must be 
applied with the subtraction at s = 0 and putting A (s=0) = 0. 
Therefore when the intermediate photon mass, which is equal 
to s, is taken to aero the lower part will vanish.



Then we are left with diagram 7.9 (a) only. The 
calculation of the I. a. part of this diagram is equivalent 
to the calculation for 1,1. 1 | ptj?t) the difference
being just a multiplying factor, as we will see below.

Let us write
(7.7.2) x .R-<;k !T0)!7i,P,> = tv, X.K. Atrt * Mi

To calculate A(s) a subtraction relation is needed £ see 
also hef. 7 .]] To we write
(7.7.3) ACS) r J. JL f  d? f j -------m  Acs)

V So J L S-Sfi s J

and the result has been obtained in section 7.5.
Cn the other hand the unitarity condition for 

diagram of Tig. 7.9 (a) yields

(7.7.4) Tw, X*. ~

CPq+Ti)1 (fr-p(')̂

= -  *• -r UCpr)^K^(p,) X X v i A L$)
CMP?) '

•= v(fr) fyUtp.W Aft)

2 Pwhere s =(p. + o7) = (p + in)" and it is easv to see that' j - . 0 c . - L
X\*i Aft) is the sane as in (7.7.2).

’iriting a dispersion relation for the invariant 
amplitude in (7.7.4) we have
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where s^ = (p^ + .
Ue see that (7.7.5) and (7.7.5) are identical and so 1(b ) 
1g the Game as the one calculated in section 7.5. Thus 
the final result is ^

(y.7.6) j.r. *(&)'- T a)

where
Cl) lm1

&*)* { w h i &

d orl-cing in the way we did in section 7.6 for the
Compton scattering diagrams we can see that for the diagram
of figure 7.8 (c) we get -t

-*2 f
(7.7.7) 1.1•R- Tcw \hy,> * -£j7 fjh [- 1 M . 1

SUn)0 J  * 1* L

— a) 
X /

Again we have to bo careful if we want to obtain 
the 1.1. part of the t-channel amplitude, because the above 
expression is purely real, and an imaginary part may be 
present in the crossed channel.

figure 7.10



- 78 -

For this reason, consider the diagram of Figure 7.10 
which is crossing symmetric to diagram Figure 7.8 (c). From 
the unitarity relation we have

(7.7.8) I M <f,pl I T “>lfJri>= I C f y R I T o>+|fc&>0’f. 1 | | T " W . >

ilow wo follow the technique used in section 7.5, for the 
evaluation of X** , and we can easily get
(7.7.9) X.R. =

= jL , (*j3i x
2 t̂-4l
bext, we can combine the above imaginary part with

 . (ijj
a real part we get from I.R. < m \  T c ]&?,> by crossing, 
and we write

(7.7.10) i.r. ̂ f,rl | T O0ipIp,> =  i £ L  ( % . ,(~ ) ?1~y'-----   x <rr.?iiTt0ir?fi>

where

In combining the real and imaginary T.F. parts, as 
we did above, we do not claim that the 1.1. part of diagram 
Figure 7.0 (c) is the crossed counterpart of diagram Figure 
7.10 (which, nevertheless, seems to be the case). Grossing 
symmetry refers to the entire amplitude. It is just a matter 
of convenience to write these two terms as one.

In a similar fashion we can evaluate the diagrams 
of Figure 7*3 (d), (e), and (f). diagram Figure 7.0 (g) 
does not contain a soft photon since the intermediate photons 
must have enough energy to produce (or to be produced by)
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an electron-positron pair. The result of the exact calculation 
in Ref. (7) does not contain any I.R. term.

So, finally, the I.R. terms of the fourth order

outgoing the (i«) will have oi)posite signs in the denominator 
inside the bracket.

By crossing we obtain an analogous I.R. contribution

7.3 Fifth Order Calculation of I.R.
A general remark we can make in the process to

any other higher order contributions of this vertex, is 
that we need consider only one cut of the unitarity sum. In 
particular this cut is the one that bisects all the internal 
photon lines in that order.

The reason is the following. Take for example the 
diagram shown in Figure 7.11 (a) with the unitarity cut

amplitude (Bhabha scattering) can be
written as
(7.7.11) I.R.

X  *'Ti

where whenever p^ and p̂  are both either incoming or

calculate the I. and which is also true for
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passing through only one photon state. Then as q_2"—  ̂ 0 
the lower part of the diagram contains a factor that is 
the third order vertex function of p-̂ + k — >p 2 * de can
choose to take 1.11. <pl T ° ’|P.*> = 0 by analytically

. . * 2 2 continuing p — ► ra .
The only unitarity cut for which the above case

does not apply is the one that passes through all the
intermediate photon lines, as for example in Figure 7.11 (b).

Figure 7.11

ilext we consider the diagrams of Figure 7.12. As 
we will show these are the only diagrams we need to 
calculate to get I.R. . But, as one can
notice, twice as many diagrams have been written down by 
treating oL-̂ and q_2 as ^wo distinguishable photon states.
In order not to overcount we will divide the final result 
by 2!. This procedure yields an expression that is symmetrical 
in the and variables.
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In general, if we have n soft photons in the 
intermediate state we treat them all as distinguishable 
states and so, we take all the possible combinations of 
them. Thus we must divide the final result by n!.

(a)

N 
K ' K

CM
Figure 7.12

Cc) W )

V/e can proceed to the calculation of the diagrams 
7.12 (a), (b), (c) and (d) in the same way as we did for
the case of I.LI. <pi!TĈ lp,fc^ in section 7.4.

To demonstrate the procedure we first consider 
diagrams 7.12 (a) and 7.12 (b). '.7e start by adding the
lower parts of these two diagrams to get, as in section 7.3 

I.u. C P M , |  TanJfilO

(infi {Ufa p, *?i Mi. F J r»
The upper part is the same for both diagrams, and

its 1.1. contribution can be written as

I.R. <R| T U>1 P U >  = p4- / L 5 &  *tf)— i—
fVf. S W  Ft J £■ o 7?;
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Uniting the two parts we can get (after spin ancl 
polarization summations and integration over the intermediate 
electron momentum)
I», T.C. <f,| T & l f,K>~

z ■£- ( i i t  w  r, f, t j L ( £ L  t lM .  i n ‘S I x Mo
%ny J 2?,o T.ii

where Mo = r® E  E T  » oi. (ft) 
tt vf

how, the same method used in section 7.4 can be 
applied. Going to tho c.m. frame of reference we can write 
the dispersion integral as

AW ̂  J- ( j L * 1*1 A (fti) ê c .
The integration over p̂0 has the net effect of replacing 
(see section 7.4. )

2tt S b y  -- ^—

and so we get

fji- Z > M - * jd. * M «
<&>U zfa w w i

In the same wag we get for diagrams 7.12 (c) and 7.12 (a)
£ £- 

X8. < Pz.1 tS  |f,K) = .s i  f _ A  x _ef_ c-?fia£ > A/*,
J Zfzo M t M *  & n)V  z1" R-ftWli

By adding the two above expressions we have

x .t.  <fti rV ^ c td l  p,k> = -e 3  a g ,  ±>a ± -  x -s i r f t t i a J L  „ ^
fe»)U 5f,. IV?,H,



-  33 -

he notice that the symnetrization procedure we have 
followed has produced two factors, each one corresponding 
to an I.It, term of a third order vertex.

By "filling in" the subtraction constant terms and 
dividing by 2! we get

so they are not included, for example, consider the 
diagrams (a) and (b) of figure 7.13

from the analysis of the fourth order Compton 
scattering one can see that the part under the cut does 
not contain any I.f. divergence in the photon variable 
represented by the dotted line, do the l.h. contribution 
of these diagrams is not a leading one. By symmetry the 
same holds for the rest of the diagrams in figure 7.13.

In addition, diagrams containing photons that have

*/*fo

he must note that the other terms of the vertex
do not yield a leading l.h. contribution and

O)

\ \
i c \

\
\ \

Cot) L c ) GO
figure 7.13



both ends attached on the same electron line are expected 
to contribute constant factors of the form

But such terms have been included as a requirement of the
Ocondition A (s = m^) = 0, and so, it is not necessary to 

consider them separately.
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7.9 Infrared divergent Contribution of <  ft) T  ̂  I PiJO

The method applied in the previous section for the 
calculation of I.R. can be generalised to obtain
I.R. <PilTlP,K> in any order.

The unsubtracted dispersion relation yields the 
following I.R. term.^

1 T  - e2_  [  f -  - 2fvF— 1 x C*Pi| T ° 'l1=' 2(.z*PoJ IV>O L fHi’IVfi* J
Dow the subtraction terms are inserted to get

(7.9.1) z.?. <ftl p,)c> -

• i. i  i s r j f e  t f e f -  ( * ) ' -  • « & ] ■  « | T '"“ I°

The choice of the subtraction terms above is justified 
as follows (besides their symmetric form)

Consider that in Figure 7.14, Is a soft photon.

?

/

s s

Figure 7.14
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Then we expect that this amplitude has a pole in 
As k^ — > 0 we can put - p-̂ and we have

(7.9.2) x R . ^ I T ^ I p , ^  s  « M l  ,

= -£_ M l * -L V  -si-, /^1l f  f j j ) \  ev’ f' . lxcr}iTt,) r,ic>
(z'tf* ty** ™  iw > l J  sfi<r L VM7 U-V Mid-id

Cn the other hand we must get the same answer if we 
follow the unitarity-analyticity scheme. In the next chapter
we see that, when (7.9.1) is used in the unitarity condition, 
the I.it. terms in any order have the form that (7.9.2) exhibits.
This consistency of the results justifies the choice of the 
subtraction terms in (7.9.1).

kext, the real part of I.k. <Kl can be
obtained from (7*9.1) by crossing £ -f* xuft)-> u(d) f K  J

It will be shown, in section 8.2 of the next chapter, that 
the imaginary part can be obtained in any order too. The 
result is

(7.9.3) X.K, <K|

= JL I j L  f y i
I & f 9 L  w i /  U  ? J  m  P.-1 J j

+ i  {  —  f ^ A H l  n  4 ft-?t S’ Cfo-?)2- ^  S l e w ? - ' * ? !  py  < w t£,)iM >
l 2 C i n ) l0 J  J

z J L f J s L  f j x  r p J l V A l T  j } > <)<]T"'lkf,>
'i; 1 Z(Z«)\J  ? -s+;e 1 s t ;  ( m J
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VIII. EXTRACTION OF THE I.R. TERMS FROM SCATTERING .AMPLITUDES 
OF ANY ORDER

In this chapter we will show how all the I.E. terms, 
of any order, can be extracted and summed up, in such a wa.y 
that they appear as an exponential factor multiplying the 
rest of the amplitude which does not contain any Infrared 

Divergences.
First we deal with the extraction of the I.R. terms 

(real and imaginary) generated by the couplings of the 
intermediate soft photons and, after that, with the ones 
that the external soft photon states f and g produce.

8.1 Real I.R. Terms of the Intermediate Photon States
Duppose we want to obtain the electromagnetic 

scattering amplitude for the process

{f,-| t fK , ]  +% — > { f t j + j h j  + l
where g and f are coherent soft photon states.

In the analysis that follows we discuss various 
amplitudes in terms of the corresponding diagrams. Moreover, 
we consider all the diagrams that are obtained if the 
intermediate photons are labeled as if they were distinguishable 
and therefore connected in all possible ways.

From the unitarity condition we have
(8.1.1)
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Now suppose that in (8.1.1) the intermediate state lplO 
contains hard photons and n soft photons.

IP*> = i P j k * } ,  |e, •• • |cv,>

For the amplitudes £ Pf lCf f I *T I and
|̂Ci, - * • Km} are external soft photons, and so, they contribute 
the following I.R. terms (see section 7.3)

l*'1 ! 1 3  S t  & .  f E ? g  n >

Substituting these two I.R. parts in the unitarity relation 
we get the following I.R. term 

(a.1.3) I*,

<  f f K f r f | T +(M,”€' M,| (, K h > < F J C A (T <Cr'° lp iK . '^ >  -Zfi-Zli)

- 1 4 i  t  f e y j f e  fl­
it Gal? c Kf n  f , f kh> <rh, p i r. * p  f(rp+ £&,+*, • • • *. ■-rp,-rw)

where fco-J =
The factor l/n! appears in front of the above formula to 
compensate for the over counting that occured, since, in 
order to get (8.1.2), have been treated as
distinguishable states and we have summed over all the possible 
ways that they couple (n! too many).
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Moreover, in (8.1.5), we can put k1 = = 0

in + +*, + •• -Ki, -rpj-2TK*. ) because we can write,
for example
S (Z"f-t-ZTKh + k»+- *• - 2pj -2n0=: S C S ^ T l t ^ ^  r•* -krM-i -Jf^-rici)

The term in the bracket is zero as k. “ 0 and it does 
not contribute an I.R. tern in the k^ variable as it can be 
seen from (8.1.5)• Repeating this procedure for all the other 
intermediate soft photons, and discarding the non-l.k. terms, 
we can do the following substitution in (3.1.3).

S + > e)7 (ZP+Zkj, — T f ) ~ S f c )

to get

(3.1.4) X*, XR.C T cw)] ^

- l  i  t e j t e  * *

hext we show that all the terms that contain 
intermediate electron momenta in the bracket of (8.1,4)
(that is, the second, third, and fourth) will be cancelled out.

The I.it. contribution of the amplitude below the cut is

(8.1.5) I . E .  < * * r \ T l€'W>\(ljKig>  ~

~ < F - L r _ g *  fJifc J. f l  Jt£
x / /  L&afleJ 'ZKb 2  I  p.|c I-..IC j j  d
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where the last factor does not contain any infrared divergence. 
The form of (8.1.5) is justified as follows. In chapter 7 we 
have shown that the I.it. contributions of the vertex e(o^ 
have the form

Using this result and following the procedure we will discuss 
below, one can obtain expressions like (8.1.5) for the I. it. terms 
of the Compton and holier scattering amplitudes in any order 
and subsequently of any other kind of amplitude.

By the same argument the 1.1. contribution of the 
amplitude above the cut has the form
(8.1.6)

where the last factor- in (8.1.6) lias no I.n. part.

Substituting (3.1.5) and (8.1.6) in (8.1.4) we get

(8.1.7) Iw, T.R. 8>

t  j . / j . s ’j.y
C y , *  f/ V /  ' r j  9

lf)th>C*hP\T

where r + n + s is the number of all the intermediate soft 
photons in a diagram and where the following notation has 
been introduced
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(8.1.8) *=-*1, j , t r i e *  „ ? % L ?* 
(ZnPj 2Ko 1 I * " # *  f-* 1

' ' ‘ i & . f y . - i i m - t & f

butting 2s +2xi + 2r = 2t we can write
-Oh )(a.1.9) I*,

f,V y/ \ l r YV 0

* g i f  f  * (f h + 1 f ' ^ 11 rb, > s *k ri t Cf7i f; ̂  >

l’he I.ii. contributions alwa;/s come from soft photons 
that are coupled, to the external electron states of an;/ amplitude, 
as can be seen from (3.1.2) and (8.1.3), (8.1.3), and (3.1.6).
Jo in summing over r, n, s we obtain all the terras with 
uni tar it.”' cuts that separate a certain diagram in different 
parts in terms of the soft photons involved but with no 
difference in the non-divergent parts below and above the cuts.

how we perform the summation over r, n and s bp using 
the following formula, which is a generalization of the 
binomial expansion

(3'1'10) r f ,  -T T T  -L (« tt * r f
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for t = r + s + n
According to the definition of (X , , %  in (8.1.8) we have
(0.1.11) v+i+yss-fii f 5-^t _ 5 J £  ?T

& t r P 0 J  2ko 2 / ft'KJ
We notice that the above I.A. factor d;cs not contain any 
intermediate electron momentum and therefore can be extracted 
from the unitarity sum in (8.1,9) to get

(8.1.12) x ,  is. <e tKffiTCu,>iprti$> =

= 2 1  P j l a  -i j't J < ^ n r M M ''Wp<^rtTKV t f >i ^ 2 ^  2 l  ft* frfc-J *

where h + 2t = m and the unitarity sum multiplying the I.a . 
factor does not contain any infrared divergence due bo 
intermediate soft photons. Then according to (8.1.12) we 
can write
(8.1.13) I.R.

=  I ir C $ j \ f c  IT *
8.2. real and Imaginary J.A. Contributions of the intermediate 

Photon States
In Chapter 7 we obtained imaginary I.A. terms too. In 

general the soft photons we examined in the previous section yield 
imaginary I.h. terms also,if we consider the same amplitude in a 
Classed channel.

To calculate these imaginary terms we proceed as 
follows. According to the discussion presented in the beginning 
of section 7.5 for the vertex and which is applicable
to any amplitude in general, we expect that the I.d. 
terms of an amplitude considered in
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two different channels are separately crossing symmetric 
counterparts. Therefore, through crossing, we know the 
real I.R. contributions in the channel, say, 
by doing the appropriate substitutions in (3.1.13)* hut 
then we obtain only the real I.R. terms.

To demonstrate the method we employ to obtain the 
imaginary I.R. terms, a characteristic example will be shown. 
Consider the diagrams of Figure 8.1, where p^ has one or 
both ends connected higher than the coupling points of q̂ .

The diagram below the cut in Figure 8.1 (a) has been 
calculated in section 7.7. The l.It. factors that q_2 
contributes (we keep q^ finite at this stage) will be 
cancelled as we sum over the various unitarity cuts. The 
mechanism of cancellation has been studied in the previous 
section. In particular the real I.R. terns produced by 
when it is completely below or above the cut' fas in diagrams
(a), (c), (e)J are equal and opposite to the ones occuring 
when the unitarity cut bisects the photon lino fas in 
diagrams (b), (d), (f) J
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LC)I b)

Ce)
I'ln-ure 0 ^

As we have seen in section 7.7 the lower part of 
diagrams 8.1(a) and the upper nart of ;'3.1 (c) contain an 
imaginary 1.1:, term too. these I,:.., terns have the fern.

(3.2,1) iXut <tr fe I = •>«*«■ X <frP< I

i I x  I =. W  * <
gwhere ieV - 111 f J />,-« f-».*] g  [  Ctr+tf-'*V\ ̂  ffTr

2 M ' J  ?*_,)*•

when these contributions are inserted in the unitarity 
sum yield equal and opposite terms that cancel out as

(3.2.3) r ^ i n r 0 1rr p,VT>< ’ e*« < & R l T a>iKe,’>* 

+ [ ie'e <frl T 0*"*!trf(>T* Cfc<Vj T w | ftP(>= o
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The situation is different if we consider the 
diagram of Figure 8.2, where q_2 i3 coupled to the external
electron states only

Figure 3.2
From section 7.7 we know that tho I .It. contribution 

due to q,, in the lower nart of diagram 3.2 (a) isL_
(a.2.4) I.e. <prpt =

- ii-------- f t=iEi--"I*
The above I.K. factor depends exclusively on external 
momenta, therefore, can be extracted as an independent 
factor fron the amplitude wo are trying to calculate.
Thus we write

(3.2.5) I.p. <ipf)(V| T « l,) I jy>,> =

= - h _  n — ) + -  2  r - s — jih-j. 1 < psS i -fVzto
icwyj [ ' ■ w  vm«/ in-f-ifr/M-i* J



Subsequently the unitarity relation yields the 
imaginary part of the I.K. K$l due to the
photon. That combined with the real I.R. term obtained 
from a crossed channel yields a factor similar to the one 
we established above for the ^  photon, The calculation 
is analogous to the fourth order one discussed in section 7.7.

dp to now we have treated and tu, as two 
distinguishable states, and so, to avoid overcounting, we 
must multiply the I.K. factors obtained by 1/2!. The same 
coefficient appears for the real terms as well. Iteration 
of the above procedure for n photons will yield an l/n! 
coefficient.

It is easy to see that the cancellation shown in
(3.2.5) would occur with any number of soft photons coupled 
to the intermediate electron states. i'he form of the 
imaginary terms is analogous to the real cnos studied in 
the previous section, That is, they are equal with opposite 
signs when they belong above or below the unitarity cut 
and they have the came factorial denominator. Therefore, 
only imaginary terms depending on external momenta will 
remain since, summing over the various unitarity cuts, all 
other imaginary terms will be cancelled.

Finally, combining the results of the present discussion 
with formula (8.1.13) we sum the I.K. terms in the form
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(8.2.6) IS, <ff fy + l Ttta°|rttt£> s

V. f e / - ^  U

* » & . / ( t + V & (-*)i W ) - v h $ t r i+) S ( e * ' k ) p  

X <frfcf-flTt“‘'z*ViKi|y'>
= ?  + r f K i  f r ^ -  f-L^T-Et)VJ-Z(K f+ Z LftnPi Y bt?* \1* 

t it L (2I) oJ&-Alt;* 11 f- h i  2 ? (ft-7 2 fftrMivJ

* <ft M 1/

where the ( + ) si.yns in the bracket refer to outyoinp; and 
the (-) siyns to incoming electron states, notice that 
inavinarv terns occur onlv when n. and p. are both either* j a
incoming or outyoiny. Ctherwise both coles in the bracket 
are above or below the real axis and can be avoided, i’he 
dash above denotes that there
are no infrared divergences due to intermediate photons 
in that 'part of the amplitude.

8.3 Summation of all I.k. berms
In the previous sections we summed all the I.k. 

contributions of any amplitude due to intermediate photon 
states, bile I.k. terms due to the external soft photons, 
which we choose to represent by coherent states, have been
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discussed, and obtained in section 7.3. The following 
I,It. factors arise from the couplings or the coherent states 

IP  and to the external electrons

< M -S) i A & f e w i * #  - ^ ) ! " *  1 1 * " 1"

In addition we get the following factors when there is no 
scattering of the coherent states

(8-3l3) <f9 >a d V - ^ s i  +

So the I.It. contributions due to IP and coherent
soft photon states are

( 5 4p. if/ ŝ r
where s = s., + s,, + s.,1 2 P

Next, considering also (0.2.6), we write

(3.3.5) I.R. <frKf T t w |p j:/̂ > -

ti Ziityi'i ii { W h r i f *

where *>l - 2 s. t2fx+2f*j + 2i^. r
Now for every r we can sum over s-̂, s2 , s^, t, using the 
generalised binomial expansion formula (8.1.10), to get
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(8.3.6) I.R . < f t | e ^ | T “ °lf|lciJ>

= f  ^  f « ,  s,fr,f.-7 + S(ft«r)Px < u  Kf41 T  | pyc; |>

= T-lf £ ’*
^ *

where, combining (S.3.1), (3.3*2) and (3.2.6), we have

(0.3.7) {e* s] =. [ez sobf.fyfill - [ '

With ;eU  = _i*i fill ( Z + r ) . Z  S'((?• <j) ZCfrtf
Z C Z f f ) \ J  f - A 1 +  • 2 J J

,,re see froni (3.3.6) that the I.h. terras occur.in;’; in 
any amplitude have the form

!«.3.o) x.R.Tw =  {e‘f{ T M t JL [eHf'f (“'“° + • ■ -
^ *

This is exactly the form we have discussed in section 3.3 
where we have shown that summation over all orders leads to 
the following result

(g.3.9) < « f ^ l  Tlf.-Kip = eiê <ft^lT\f;\c;p

The last factor in the above formula can be written as 
the sun

(3.3.10) <«fi^f|TlftKij>= S' < f t ^ + I T M K>rk^>
with

(3.3.11) T tu° =  T Ĉ -  £  te7; ) T 6M"i)+ • • * te*S)f T
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In the bracket we have all the I.K. terms that occur in
m(ni) „  7p(m)

J and consequently 1 T  | ft |c; ̂  In (8.3.10)
and (0.3.9) do not have any I.K. terms at all.

the results obtained above can be stated in the
fora of the following prescription: To calculate a certain
amplitude in a given order in, but including the I.K. terms 
of all orders (a) Introduce a small but finite photon mass %
(b) Calculate the amplitude T ^  through the unitarity- 
anr.lytic.ity scheme but subtract the term

+ j , '“-"K- • •
(c) multiply the result obtained in (b) by the exponential
factor ete** = e*,p£

- £r+n  jw e iL fia ilfr ^  (JL + ±)

and p r„, p^ are arbitrary numbers or functions.

8.4. dressed Vertices Construction and Infrared divergences 
in the .j-katrix
It is easy to see that the dressed Vertices construction 

we presented in Chapter 5, based on a semiclassical 
calculation of the I.K. terns and used for explicit 
calculations in Chanter G, yields results .identical with
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the ones obtained through the detailed analysis of the 
problem in the b-matrix framework. I loreover, the Dressed 
Yerbices is a successful intuitive scheme since at every 
point of the calculation v/e deal with amplitudes that have 
all the I.k. contributions summed in an exponential factor, 
.'.lien these amplitudes are substituted in the unitarity 
relation, summation over the intermediate coherent soft 
photon states have the effect of cancelling all the I.k. 
factors that involve intermediate electron momenta. The 
same characteristic cancellation was exhibited in section
8.1 of the present chanter.

Therefore, once justified and proven to yield 
equivalent results with the ones obtained in the previous 
section, one can choose to deal with the I.k. problem in 
the b-rnatrix through the simole formalism of the Dressed 
/crtices.
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IX A FOURTH ORDER CALCULATION AND EXTRACTION OF THE I.R. TERM

Applying the E-natrix method one can calculate the 
fourth order contributions to the electromagnetic amplitudes 
of any process. Chou and Dresden (7) have systematically 
carried out such calculations, where the advantage of the 
d-matrix method over the Field Theory is evident. The 
results obtained are identical in both cases. On the othei’ 
hand, one can prove in principle see kef (8) that at 
least in fourth order the two methods must yield the same 
answer.

In the present chapter we will repeat a calculation 
done in Ref (7) in order to correct an overall sign, which 
is quite important, and also to exhibit the extraction of 
the I.E. term.

Fourth order Compton scattering gives rise to six 
diagrams in the s-channel see Figure 7.5 . He will 
consider one of these possible amplitudes, shown again in 
Figure 9.1, which usually is referred to as the electron 
self energy diagram.

The discontinuity of this particular diagram is 
given by the unitarity condition to be
(g i i i i. _ t* Wi)•l«l) disc. ToJ*

The two second order parts, appearing in the above relation, 
are known since they both represent Compton scattering 
amplitudes ^section 6.1 J
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X K,

figure 9.1. Ulectron Oelf-lnercy Jiayram of decond Order, 

dubatitutlug vre have

(9.1.2) i f t D - j j l kjS— r -  S ( t + i - t r * > )

* *  (ft)y*1 t*3 y.£ft) U6p> w )  y-£6f) y.gCK,)^6f,)
W 11'1 Cf,+»£,)l - v u i  9 ^

^ # 7 h f e  J J V d V y  *

jr-rw •*■ [f^z- <*+*yc&^z£l]r-(fi*Ki)]y>efa]<ue$)

where the sums over spin and polarisation states have 
been carried out by usiny

f  ntBf) utf.c) •= J ' l y

Jf'-£Cf,j) • •* y-£C%i) • • • = - •• • jTj, - •• jrr’---
and 3 is defined to be

S = CfUKtf
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The phase space integral yields

(9.1.3) 0t<j.) fffM-f.-k)

r  (-1 i  6 Cf~ OHfA)']z s
The result in (9.1.3), which is discussed in Appendix A, 
differs by a minus sign from that of Chou and Dresden (7) 
and Barut (lief 9 pp. 45" ) (that are in error).

IText, we put (9.1.2) in the following form

(9.1.4) tm  T«6>= -jsZ  B,u) + ZPo]r-t,1t<f0

where f
e.to - . pv.*_ -tvVj ,{£s~ rc^-jg]j * e

Z,«) = - | * V )  - *, [(*- j j ^

— « )  .IclA*) can be written as a linear combination
of invariant amplitudes in the form 

CM)

(9.1.9) To. = Bf?) * ail- _ i ^ x * WJr.£7 rjr.(RtK)+“.l)->sn^,)

+ ?«) x f-t.'utfl)
Mcj Vi

Comparing (9.1.5) with (9.1.4) we have
(9 .1 .6 ) Jvm ga) - j g ^  ^

(9.1.7) Zc%) = -5^ JL 0(Z,te)
fert)6 H



- 105 -

Under the assumption, that B(s) and Z* (s) satisfy 
a disnersion relation they ean be calculated as

Pc$> =  J- / ' j r v & f c O  j  s'
Zcil = -L fIT J c'_ <

The results of these integrations are 
(9.1.8) ?C()r n i l ZiL Jt  S L- lO’L&fp'l(2n)< in nd-p) i i-p " J
(9-1 -9) 6c5) = 7 T f c y j  { i f a f r - r *

where r ^ ~  e

f)«.~ . ,-p

2
yiT

In the above expression for B(s) we subtract and add 
the following torin (which is the I.h, contribution of this 
amplitude obtained through our apnroxinative scheme in 
section 7.6)

_ei I „ e* f &  - _gi J+ 2i 1
( Z v ) s  «-»»l ( f - ’j ) ' 1  ( S n ) 6  4ir v “ f '  L  &  -J

to get
Etf(S> =. BCs) - _el _J_ x_el /j2i m TI , e' I e2 fjh 

&»)« f'"1 e r t y a j ^ t  (p.,,1-

=  ̂  z l  ( » i )  / _ A -  T 2 -P+ ^ V - V .,rl ti + n/r a t  7
fen)‘ <w I * V V  wo-p)L l-p  t*1 J

+  -£i _ U  - e* ( * £ l  Siif
&0* f-'*1 (in)’ <F1)1



do finally we have 

(9.1.10) Tc?}d) = -i - Z

+
5 *  # r  d b ,  *

= £  -a- -i=. *■•«*.) “ W.) ,_sL w f
( w  4?^, s </£?-. &*rp0J 29* (y y'-

where SfCfW) stands for

In (9.1.10) we have extracted the I.R. term which is

I . R . C f t ^ l T a ’lfik^ = j £  <jf,u,|T«.a)I^U.>
£ n ) V  Zfofrlr

and we have written the amplitude in the following form
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a . CA1TCELLATI0II OF TH3? IbFhAAbd DIVERGENT TFItfiS

i’he result obtained in Chapter 3 is that every 
electromagnetic atnplitude can be written in the following 
form

(1 0 .1 .1 ) < PfKf f I TlfiKj f> = e  Z  I T ^ b  tv;

where there is no infrared divergence in 
All the I.A. contributions have been summed up in the 
exponential factor
(10.1.2)
XeH]e -

where

do.1.3) i. ( J + f ^ a ’VJ-'UfcSru-fl

do.i.4) yt^) =. z %!&. - s m l . u - W e  * sr t i * ”r *
* ft*9 “  frf L I - i -t*v « +

and jp̂  can be arbitrary numbers or functions.
We see, then, that the amplitude is different from

zero (no divergence in the exponent) when

(10.1.5) j-9 = j<H) + lfCl'> - J  -Z2i£i +  &(»)
/ * M  i fi-1

where t>

O

are fixed to cancel the diverging phase terms.
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is non diverging even if we take ^ = 0.
dote that for g(«f) = 0 and = ° (10.1.5)

(10.1.6) = - z . $

which is exactly the radiation field expected in the 
classical scattering

S T e i Q 0  — >
We can see the cancellation of the I.It. factors from 

a different point of view, the soft photon states are not 
observable and therefore we must sum over all possible 14> 
states, the cross section is proportional to the square of 
the amplitude, so we have

(10.1.7) o-~ |  KfrKfflTlPjKi^lt

. f - f t

bow summing ever all f (in the way we have shown in Chapter 5) 
the exponential factor gives 1, while in the rest of the 
amplitude we must substitute

ao.1.8) ^ ?+J- 3 r - » / + j*
bo, we get

(10.1.5) g  ^  I Kf 0+?) I T  I ff

which is a non-diverging result.
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XI. COllCLUSICh

In the preceding chapters we were able to extract 
all I.h. terms that occur in an amplitude in the 3-matrix 
theory of electromagnetic interactions.

It was important that we could extract the 1.1. 
contributions before we had to do the dispersion calculations. 
Finally, the I.h. parts were summed as an exponential factor 
that multiplies the non diverging part of the amplitude.
The exponential l.h. factor is identical to the one obtained 
by the semiclacsical treatment (Ch. 5) and Field Theory 
(hef. 4 IV).

The solution of the I.d. problem, that we have 
presented, helps to render C-rnatrix theory a self-consistent 
dynamical method one can use to calculate electromaypiotic 
sca1t cring a:.r)1 itude s.

T.-f. Chou and II. Dresden (7) have explicitly carried 
out fourth order dispersion calculations and the results 
obtained agree with the ones given by Field Theory. In 
most cases the 3-matrix method is more direct and easier 
to apply than the Field Theory one. The greatest advantage 
is that in 3-rnatrix calculations no ultraviolet divergences 
appear, and therefore, no renormalization program is needed 
as in the case of Field Theory.

To calculate higher than fourth order scattering 
amplitudes (the non-I.h, part) seems to be almost impossible
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in the 0-matrix theory framework. These higher contributions, 
though, are extremely small and so not represent measurable 
quantities.
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APPi^Di;; a

In chapter 9, it was mentioned that an error appeared 
in hef (7) and (9). Below, we carry out explicitly the 
calculation for the phase space integral involved. Cur 
result differs by an overall minus sign. The value of the 
photon mass X  is irrelevant to this overall sign and 
for simplicity we put X = 0 
Then putting also

2 =. fit* / I'1 = C s
we have

/  J 2 i  S ’f  c « + k - f )-1-— s [
o * 2k* 0 J  2u»

-  C j t> £!*-<■?--21.u>+ 2

r | b  f r  u>l» J U i e  $ [  X*-■ (f\ c * 6 ) l

- it r ‘* r  ui jt co^e — i.  g1 r i1- ̂ _____
o 1 2 (lo-III al») L 2(j.-|?|»ie) J

; 5. f Afie- C1-w* -n
4 J  (2o-l?l»}s)1 4 I P| ,J (lllw /ff-Iol

7 i j r r ?  I" *  _ *  , . 1 -  3L P - n !
*  i? i H f c - i .  i f i - io  J 4 ~ 7 ? i 2 a

>?_ „A 
2 p T

I = - l  - - jl r-A
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APPENDIX B

We present below some remarks concerning the 
imaginary part of the I.E. terms, discussed in section
8.2. There, we had shown, for a specific example, that 
the imaginary terms that depend on intermediate momenta 
cancel out. We can also see that this cancellation occurs 
in general by inspecting the unitarity condition

*><*]T u )

The l.h.s. is real, therefore, the r.h.s. must be a real 
number too. So we see that by summing over all unitarity 
cuts the imaginary terms depending on the intermediate 
momentum states are cancelled out.

The process to get the real and imaginary terms, 
when several soft photons are coupled to the external lines, 
is to consider the energy of one of them as non vanishing. 
Then, we calculate the I.R. factors due to the other soft 
photons and last we obtain the I.R. contribution of the 
photon we separated initially. The I.R. factors that depend 
on external momenta can be extracted from the unitarity 
condition and thus, starting from the lowest orders we 
build up (by Iteration) higher order I.R. contributions which 
have the form of (8.2.6).
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