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Abstract

INFRARED DIVERGENCES IN THE S-MATRIX
THEORY OF ELECTROMAGNETIC INTERACTIONS

by
Spyros Efthimiades

Adviger: Professor Victor Chung

A method to calculate all the infrared divergent terms in
any order, in the framework of the S-matrix theory of
electromagnetic interactions, has been devised. Next, the
infrared divergent contributions are summed up as an
exponential factor that multiplies the non divergent part
of the emplitude. Choosing coherent states to represent
the incoming and outgoing soft photons the infrared
divergences cancel out. The exponential factor obtained
is identical to the results given by Field Theory or by a
semiclassical treatment of the problem. The solution to
the infrared divergent problem presented here renders the
S-matrix theory a complete method to calculate electro-
magnetic scattering amplitudes.
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I. INTRCDUCTION

The results obtained in Quantum Electrodynamics by
perturbation expansion in Field Theorv agree in a very high
degree with the experimental measurements. The origin and
cancellation of the I.it. (Infrared Divergent) terms was
understood and dealt with very early by the work of Block and
Nordsiek (1). Using the coherent states studied by Glauber (2},
V. Chung (3) and subsequently, T.W.B. Kibble (4), D. Zwanzinger (5),
and others (6) obtained scattering amplitudes free from I.R.
terms and the treatment of this problem became more satisfactory.
S0 it can be assumed that Field Theory is a reliable method to do
calculations in Q.E.D, and indeed it is.,

Field Theory, though, invelves certain assumptions and
meets with difficulties that render its physical basis somewhat
unsatisfactory. The main points that have been the focus of
criticism are:

(a) A1l particles are described in terms of quantized

fields, but only the electromagnetic (photon) field
is directly observable.

{b) The Renormalization program deals with the accomodation

of infinite quantities.

(c) The picture of the interaction processes is somewhat

blurry because of Renormalization.

An S-matrix approach to deal with the electromagnetic

interactions would certainly not meet with such difficulties.




So T.-T. chou and M. Presden (7) and, in an equivalent but not

as precise way, A.O. Barut and R.A. Blade (8), also A.C. Barut (9),
constructed an S-matrix dispersion relation method and its
application was considerably successful.

Their approach is free from the particle-field assumption,
and ultraviolet divergences do not appear. Most calculations are
easier to perform in this fashion. But, several of the calculated
amplitudes contain I1.R. terms. These results, then, violate the
spirit of the 3-matrix Theory that the obtained matrixz elements
should be gquantities directly related to experiment.

The present work will show that physical amplitudes free
from Infrared Divergences can be obtained in the S-matrix Theory.
There are two main aspects that must he considered in order to
deal with this problem.

(a) Due to the vanishing photon mass and the nature of the
electromagnetic coupling, any interaction of charged particles
also involves the scattering of an undetermined, even infinite,
number of low energy photons that, in general, are not observable.
It is ecrucial, though, that a theoretical method dealing with the
calculation of electromagnetic interaction amplitudes must
explicitly take into consideration the presence of these low
energy photong; their couplings contribute I.R. terms that cannot
be neglected in any order.

(b) A separate set of I.R. terms arises from the

intermediate low energy photon states. The problem to calculate
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these terms has been solved in Field Theory see D.R. Yennie,

S.C. Trautschi and H. Suuva (10) . But in trying to tackle it in
the S-matrix theory framework, special difficulties arise. In
particular there is no way to obtain expressions for higher order
amplitudes in such a form that the I.R. terms can be readily
extracted. And certainly it is impossible to evaluate the S-matrix
amplitudes in all orders. In Field Theory one can always write
down the expressions corresponding to a set of diagrams in an
integral form and so cancellations and approximations in the
integrands can be considered without any difficulty .

It is the purpose of this paper to develcp a method for
the calculation of all the I1.R. terms in the S-matrix elements.
Dealing with the contributions of the very low energy photons,
suitable approximations will be applied and the conditions of
Charge Itenormalization, Lorentz invariance and gauge invariance
will be uged., 1iinally all the I.ii. terms can be extracted and
summed up and so physical results are obtained,

Cur treatment has its basis on the perturbation expansion
of the unitarity relation, explicitly formulated in Ref, 7. A
paper, by Storrow (1l), dealing with the I.R. contributions in
J=matrix uses solutions obtained through Field Theory and so dces
not constitute a consistent treatment of the problem in S-matrix
Theory.

By extracting the I.R. contributions and summing them as

an exponential non-diverging factor multiplying the rest of the




amplitude, we have rendered the S-matrix theory a complete
scheme for the calculation of electromagnetic amplitudes. Then
one can take advantage of the directness and simplicity of this

scheme to carry out calculations as in Ref (7).

In Chapter II a brief review of the general principles of
the S-matrix theory will be given. The framework to apply the
S-matrix methed in Q.5.D. and the expansion of the unitarity
relation to obtain a perturbation series in powers of the coupling
ronstant will be presented in Chapter III.

In Chapter IV the main characteristics of the coherent
soft photon states will be discussed since the representation of
the external low energy photons by such states provides the best
physical description and yields non infrared divergent amplitudes.

A simple and intuitive approach to solve the 1.RR. problem
in S-matrix theory is prescented in Chapter V, by treating the
scattering of the low energy photons in a semiclassical manner,
Subsequently the scattering amplitudes are constructed from I.R.-
free building blocks that will be called Dressed Vertices. Later
in Chapter VIII it is shown that this approach is justified by
the detailed analysis presented there and it yields the sanme
results.

Second order scatiering amplitudes with the inclusion of
the I.D. terms of all orders are calculated in Chapter VI using

the Dressed Vertices construction.




Chapter VII along with Chapter VIII consist the main
contribution of this paper. The general discussion of the I.I,
problem in the S-matrix theory is presented in Chapter VII and
the approximation schemes are introduced and justified. Using
these approximations the I.R. parts of some types of amplitudes
are calculated.

In Chapter VIII, a syslematic extraction of all the I.R.
terms, contribuling in a certain scattering process, is presented
and these terms are summed up as an exponential factor that
multiplies the non-infrared divergent part of the amplitude of
any crder. We also discuss the equivalence of the perturbation
calculation of the l.i. contributions and the Jressed vertices
formalism.

An explicit caleculation, of a fourth order Compton
scottering amplitude, and the extraction of the I..L, term
involved ig shown in Chapter IX,

Finally, Chapter X discusses the cancellation of the I.x.

terms in the exponential factor.




II. RIVIEW OF THE S-MATRIX THRORY

The U=matrix was introduced by W. Heisenberg in order to
construct a theory of elementary particles in terms of observable
guantities only. These observable quantities should be the
energies of the stationary states of physical systems and the
asymptotic parameters in scattering experiments (rest mass, spin,
charge, cnergies, momenta). On the other hand, S-matrix has also
its origin in rield Theory of Quantum—.lectrodynamics. There, from
the known dynamics of the interaction, its explicit form can be
derived. The U-matrix in (.<.D. ig unitary and relativistically
invariant.

Subsequently a pure S-matrix Theory was developed. The
sroperties of Unitarity and Relativistic Invariance are imposed
b physical arsuaents to be the Princinles of the Theory that help
to determine the J-natrix elements. o in this chapter, following
T.%. Chow and [l, bresden, we discuss briefly the way we can use
these Principles to deduce the explicit form of the S-matrix.

For a more cxtensive exposition see Ref {7, 8). The application
for the case of sirong interaction is mentioned. In the next
chapter the approach for an S-matrix theory for Quantum Electro-

dynamics will be considered.

PHS PRINCIPLLS OF THE S-MATRIX
1. Syunetry Properties.

Relativistic Invariance: A general 3-matrix element




representing the transition from an initial state i to a final
state £ can be written as

(2.1.1) <H1S 137 = 8 + 4 Com* SR <4) T
with ¢:§,111> being referred to as the T-matrix element cor the
scattering amplitude.

States of spin zero particles will be considered first and
in a later section a generalization to include non vanishing spin
and isospin states will be discussed.

Relativistic invariance requires that ]c{lSli}'z should
be invariant and consequently |¢4rT|i>]2 should be invariant too.
Thus the scattering amplitude must be a function only of the
invariants formed by the four momenta of the incoming and outgoing
particles. It is well known that for a process which involves n
particles the number of the independent invariants is %n - 10.

For the two-in, two-out case Py + Dy —> Pz + Dye RS 4 and
the number of the independent invariants is 2. Usually they are

defined as follows

(2.1.2) S= (B*PZ)l
t= (ﬂ"f%)z
u= (ﬂ"fﬁ)z

and they are related by

Yy
s+t +u = 1__2' w]

Discrete Transformations. Invariance under P, C and T transformations

impose restrictions on the amplitudes. These restrictions are




expressed as the absence of certain invariant scattering
amplitudes which possess particular spin or isospin transformation
properties. The explicit meaning of these restriction will become
cbvious when the formalism that exhibits the spin and isospin
character of the anplitudes is discussed.

The requirement of CI' invariance, though, is an .mportant
symme tr;s with dynanical implications that help to put the unitarity
condivion in a form that one can use to carry out dispersion

relation calculations.

Crossine Syrmetry. The substitution law, first explicitly

formalated in ‘jantum [lectrodymomics, states that certain relations
exist beiwecen the scattering amplitudes of various processes.

“his idea emerges naturally in the D-matrix theory throush
the requirecment of analyticit;y. TFor examnle, the following three
nrocesses will be related, in 1lhe sense that they arc each other's
onelytic continuation. The three amplitudes corresponding to the
three channels of any two-in, two-out reaction

ﬂ + Pz -— P7+ P‘(
R+ CHB)—CR) Py
Pt (PO B+ (-R)
are to be considered as the boundary values of one and the same

function.

2. Unitarity

The unitarity condition is the fundamental dynam ical




princivle of the S-matrix. This combined with the principle
of Analyticity yield the central part of the theory.

Since the square of every S-matrix element represents
the probability for a certain transition, the sum of all these
probabilities must always be one. From this physical requirement
one can easily show (sce Ref. (9)) that the S-matrix must be
unitary.

That is,

o+
o]

(2.2.1) ® 3 =1

and by substitution of (2.1.1) we obtain
(2.2.2) <HTl>- <F1 THid>=1 (2m)" ZHIT N> <) TH> $“te,-B;)

ilow, using 1P invariance (which asserts that <ilT|$)=
ZEITI> ), one can put the unitarity condition in the following

form

(2.2.3) Ty <FIT)3D = 2;)" ﬂZ 1T o< T 1> 5“)(35,-2;)

Independently of TP invariance and as a consequence of
the CPT theorem in the context of Field Theory, Olive (12) has
shown that if = 4HTH> is the boundary value of an
(+)

analytic function of complex invariants, putting Tfi as the
limit from above the real axis, T07) = 0, Will be the limit
from below the real axis. "Then, the unitarity condition (2.2.2)

for the scattering amplitudes can be put in the form

(2.2.4) discontinuity of g = 4 (2m)* § ']"‘ff""‘1 Tfr' S“‘)(P\'-I\)
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In the S-matrix theory the form (2.2.4) of the unitary
condition is taken as an independent principle which yields the
imaginary part of the amplitude in terms of the product of
scattering amplitudes of other processes.

The unitarity relation (2.2.4) holds for all f and i
states and yields an infinite set of conditions. The non-
linearity of this infinite systemn of equations renders the exact
solution impossible; however, approximate and perturbation

solutions can be found.

%e Analyticity

{nce the imaginary part of a certain amplitude is known
from the unitarity condition as expressed by (2.2.4), some other
principle is needed to evaluate thz full amplitude.

In the "pure" Z-matrix theory the analytic properties of
the amplitude are postulated. In ield “heory one can establish
certain domains of analyticity . C(ne way to do it is by the
introduction of the principle of maximal analyticity which states
that the scattering amplitude can have only those singularities
imposed on it by unitarity.

This is the way the unitarity condition can be used in
strong interactions, The location of the singularities in the
amplitudes is determined by the total "masses" of the intermediate
states. Uf course the infinite sum in (2.2.4) has to be

approximated by a finite number of terms that come from the




intermediate states that contribute most in the amplitude at
hand, mainly "near by" singularities, Tarther away singularities
are apyroximated by empirical constanis.

Tn electromagnetic interactions, though, this procedure
cannot be followed for reasons that will be explained later,
Instead, a perturbation method will be devised., Analyticity
requirements sufficient to allow the Mandelstarn representation
(that is boih single and double dispersion relations) will just
be assumed,

Then wilh the assumption that the amplitude is an analytic
function, the real vart of it can be obtained from the
imaginary vart through Cauchy's formula, which is usually

referved to as a dispersion relation.

4. Generelization to include Charge and 5pin

u

vhen we deal with interacting particles with spin and

charge (isospin), the scattering process can no longer be
represented by just a single invariant amplitude; rather it
nust be represented by & linear combination of a set of
invariant operatoer functions Tj which can be formed from the
four ucmenta Dy polarization vectors, fermian spinors,
matrices ete. The functions Tj can also contain spin and
isospin operators .

s0 a general scattering amplitude T can then be

represented as

(2.4.1) T(s;’ﬁ)pi):}% AJ(S‘-;) TJ (ﬂ,?.‘)




where the Aj's are scalar amplitudes formed by Lorentz scalars,
e.g. the Mandelstarn variables s, t, u. We further require that
Aj be free from kinermatical singularities.

A systematic method of preducing invariants for any
scattering process, such that the associated amplitudes are free
from kinenatical singularities, was given by Hearn (13).

Thus the unitarity condition yields the imaginary part
¢f the scalar amplitudes Aj acrosgs the cut in the complex energy
vlane. Then by applying dispersion relations the full scalar

amplitudes are obtained.
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III. S-MATRIX THECRY FOR QUANTUM LLIECTRCDYNAMICS

The problem of adapting the principles of the S~matrix
theory to Juantum Zlectrodynamics is considered in this chapter.

Chou and uvresden (7) have presented the framework of all
the assunptions that are needed and they have introduced a
nerturbation expansion of the S-matrix in terms of the unit
charge e. The same method will be maintained here too.

But although the basis for every calculation remains the
same, in later chapters we will introduce approximations and we
will find ways to calculate all the infrared divergent terms
that arise in scattering amplitudes that in addition can have
any number of very low energy photons in the initial and final
states, ubsequently, we will show that all the I.R. contributicns
can be summed as an exponential factor that multiplies the non-
infrared divergent pact of the amplitude.

Ye present below a brief cxposition of the principles of
the S-matrix theory for Quantum clectrodynamics as formulated

by Chou and Dresden (7).

1. WYe are dealing with two types of particles, electrons

(et and ) and photons. Cbservations can be made on these

frece vnarticles only. The totality of these free-particle
observations can be described by the free virac and free MNaxwell

gquations, The characterization of states is always in terms
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of free-particle wave functions, such as the spinors wu, v

and plane waves for photons.

2. The interactions between the electrons and vhotons are
described by the transition amplitudes¢blisia¥, where \by and {ad
are arbitrary complicated free-particle states. The purpose
of the rest of postulates is to provide the means of determining
¢bllay .

Assumption (1) is peculiar to antum Blectrodynamics,

while (2) just expresses a typical S-matrix idea.

3. Lorentz and Discrete Invariance.

We require the scattering amplitudes to be Lorentz
invariant and invariant under G, P, T transformations.

nince we are dealing with spinor and vector particles
the scattering amplitude can be expressed as a linear combination
of invariant operator functions Tj. The possible independent
forms of the invariant operator functions are limited by the
requirements of the discrete symmetry transformations.

Dealing with electromagnetic interactions we are interested
in obtaining scattering amplitudes between states containing an
indefinite (and infinite) number of photons with energy below
the limit of detectability of the measuring apparatuses. Ilater,
we will choose to describe these low energy photons in a

collective way through coherent soft photon states.




It must be understood that the choice of a cutoff energy
to separate, in a certain system of reference, the soft from
the hard photons in no way affects the requirement of the
relativistic invariance of the theorv. We are just interested
in the scattering of a certain set of external photon states
that seem relevant to the experiment.

We also note that the experimental measurement of an
electromagnetic scattering process ig not a Lorentz invariant
operation. For example, using the same kind of instruments,

a certain event that may look like a Comnton scattering process
involving only two photons in one system of reference, may
appear to be a multiple photon production in another system (if
some of the soft photons in the first svstem are in the hard

region of the second one).

4, The BTlementary Interaction in wlectrodrmnamics

We assume that the elementary interaction in Yuantum
Blectrodynamics invoelves three particles only. In principle,
elementary interactions involving more particles could exist,
but it is explicitly assumed that they do not.

From the well known arguments see utef. 7 , of Lorentz
invariance and P, C, T symmetry with the inclusion of the
principle of minimal electromagnetic interaction, we determine

. : . -+ -
that the elementary interaction vertex e (p2) + e (Pl)’ﬁ’B’“C),

shown in Figure 3.1, corresponds to
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) ¥
(3.4.1) <yt T |e(ra,ecv.)>-—m [ 2 5t . €70na> wepd

where the numerical factors come from normalization of the
wave functions,

We note here that there is a sign difference in formula (%.4.1)
and the analogous one given in Ref. 7. We have chosen the

present convention as more appropriate, since the expression for

tree diagrams of any order have the same (minus) sign in front.

§AK

Pigure 3.1. The elementary interaction vertex.

The numerical coupling constant e in (3.4.1) is
determined by considering in lowest order the scattering of
charged particles when the energies of the exchanged photons
are very small (referring to Fizure 3.1, as K—=>»0). Tor a
complete discussion of this topic, in the S-matrix theory, see
the paper by 3. Weinberg (16).

Later, in chapter 7, we will make use of such a
determination for e to require that all higher order contributions

of the vertex K + k —» Py must be zero as k =¥ 0.
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5. Crossing Symmetry.

If, in a reaction, certain particles participate and in
another reaction the same particles or anti-particles participate,
crossing symmetry establishes a relation between the amplitudes
for these reactions. The only new feature added in Q.E.D. is
that, to relate incoming and outgoing electrons and photons,

one has to make the following replacements.

Kout > kiy : KFe= -k £k > £CK)
plout e giv \ ple>-9g u(p) &> v(g)
?’row+ &~ piv %’H-—F UC%!)H u(_?)

with this rule, all elementary interactions are defined; for
example for e_(pl) + a’(k) —ﬁbe-(pz) we have

(3.5.1) <e | T®e"y> ==€, [™ | A k
€342 = G| B2 3 2L = e £10s0 wep)

of course the rule is more general than that.

6. Gauge Invariance

In s-matrix theory the amplitude is expressed in the
form 1 = & AjTj. When dealing with processes where there are
external photons, the invariant operator function Tj will always
contain the photon polarization vectors €%kd) so that ¥, = gmt
Now gauge invariance means Kmn M? = 0, where X), is the
momentum of the physical photon. This expresses gauge invariance
directly in terms of the amplitudes. The elementary interaction

is trivially gauge invariant.
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According to D. Zwanzinger (14), the principle of gauge
invariance does not impose new restrictions in the construction
of the amplitudes and the reduction of the number of
invariants. Thus, for the construction of amplitudes, Lorentz
invariance alone can be shown to be equivalent to the usual
prescription which includes both gauge invariance and relativistic

invariance.

7. Unitarity, Analyticity and the Approximation icheme.

The general requirement of Unitarity and Analyticity Qf
the S-matrix elements applies in the S-matrix theory of
electromagnetic interactions without any change. So the
unitarity condition can be written here, in the form that has

been established before.

)
(3.7.1)  dise. Tpi = i (em¥ & Tﬁ: Tos $7C20-23)

where lw) denotes the set of on-the-mass-shell intermediate
states that consgerve energy, womentum, spin and charge, etc.
since the amplitudes involved in (3.7.1) describe

scattering of particle states with spin, they have the form

(3.7.2) T=F AT,

Thus a general scattering amplitude Tab will be written as a
linear combination of a set of invariant operator functions Tj
and the unitarity condition gives the imaginary part of the

scalar amplitudes Aj across the cut in the complex energy plane.
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The approximation scheme used in strong interactions
cannot be applied here. The reason is that the mass of the
photon is zero. In strong interactions the sum in (3.7.1) is
replaced by a few terms only, corresponding to the lower mass
intermediate states., Since strong interactions are of short
range and mediated by quanta of finite mass this makes sense.
In electrodynamics, the forces between charged particles are
nroduced by zero mass quanta and its range is infinite. Thus
the analytic structure of the right hand side in (3.7.1) is a
pole located in the beginning of infinately many cuts super-
imposed on one another. The treatment of these infinitely
many cuts at the same time seems to be impossible. S0 some
other kind of appreoximation scheme must be introduced in order
to deal with photons and electrons.

In the usual {uantum ilectrodynanics the amplitude for

a general process is given as a series expansion in powers of

r4
e or rather in o = j%f (the fine structure constant). Jince
X = _1_¢¢ 1, the perturbation series converges very rapidly.
1357

The same technique can be applied in the S-matrix theory by
expanding both sides of the unitarity relation in powers of e.

50 the U-matrix is written as a sum of terms in the following

form
(3.7.3) S=d+eT+ T2+ T, ..
Substituting in (3.7.1), the unitarity condition for the jth order
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amplitude becomes

3-1 :
(3.7.4) dige. T_‘(ij) = ‘i(2n)q¢_z" Tf:‘(a 1':1(:'-)0 e) Sm(fu—fi)

Then, after knowing the scattering amplitude to a certain
order, apply this perturbation scheme to obtain the discontinuity
of the scattering amplitude across the cut in a higher order.

Next, the necessary analytical conditions to allow single
and double dispersion relations for the scattering amplitudes
will be assumed. By using this assumption the complete invariant
amplitude can be calculated through a dispersion relation.

It is true that dispersion relations for processes that
contain more than two-in, two-out particles are very hard to
write, This is not a serious limitation here, since such a
process would be of a higher than fourth order in the coupling
constant and so its contribution is too small (aside from
infrared factors) to be observed experimentally. (n the other
hand the infrared divergent terms can be large in any order,
but fortunately, their diverging part is a scalar factor which

we will calculate, extract, sum up, and cancel.

8. Perturbation ixpansion and Infrared Divergences.

Our main effort in this paper will be %o find and extract
all the I.R. terms that occur in an amplitude of any order. The
reason that we pursue this goal is the following.

Through an approximation scheme that we will be able to

justify and apply, the I.R. terms in a scattering amplitude of
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order " can be written as follows.

(3.8.1) T.R. Tz (e25) TCn-D +§1; (e25): T, ... +_4.T(J§)P Faa...
b e

where S containg all the I.R. contributions and the dashes

above TM-2) 0. are there to indicate that these parts
do not contain any Infrared vivergences.

Next we write

I 2 — o
Tvn)____ T fcewg)-rcw 2)+§§_ (€%5) F9, ..-+_P;?(ez§)‘°7'"‘ 2"_),, }

+ {(e‘fﬁo‘“z’ + 47 (e3)° T, o (czs)f’ff“‘z*’l.--f.

or

(3.3.2) T2 T4 § @) Ty (29T v 4y (TR
where

= LV “ -— — —
(3.8.3) TFT™_ ¢ )“{(BIS)TN—I’*’Q"{ (e’S)zT(“""'L--'+-}—’(32§)PT&'?2-':} |

In the bracket we have all the I.1. terms that T(n) contairs,
T

80 does not have any 1.8, terms at all.
Now congider the amplitude T(“ﬁ2). The T... vart of it

can be written according %o (3.8.2) as

I.R.Tc"n’: = ) { (€5) 7:1~:)+§,_,_ (_e‘S)z‘rc""")f- . f
' p(qr4) - p(+6)

Then, taking all the higher order amplitudes

lll’
summing them together and assembling all the terms that contain
?(v\) , we will get (focusing our attention to the ?t“‘) tern

1 ) 2 e
only) T T o T ) — ;]-r fif(ésltz..‘/-[e S')zr---'é?(e‘Fﬁ"JTm)

-

l —
é?’S).7-CM7

"
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Of course T(‘) is just a general term. Bo we can

write any corder term in the same fashion. Thus we have

te¥) - Te),.
T= f T T, - } =e )Tm-r ecezs)Tc.,)+ coob @,

(e®) —- —
z e ETm+ T o T, ]
=)

where T have been defined above in (3.8.3).

So we are able to factor out all the Infrared Divergences
and write them as an exponential factor that multiplies the
rest of the amplitude from which all the I.ll. terms have been
subtracted in every order.

Jow we have concluded the exposition of the formal
aspects of the S-matrix method. DBefeore we attempt to show how
calculations can be carried out, though, we need some
preparation in order to be able to construct physical

electromagnetic interaction amplitudes containing soft photons

and thus to deal successfully with the T.R. problen.




IV, HARD AND SOFT PHCTONS. COHERBNT STATES.

In an arbitrary system of reference, photons can be
separated in two categories: "Hard" photons and "USoft" photons.,

"Hard" are the photons with energy above the limit of
detectability of the experimental aparatuses in that system.
This limit will be referred to as E and it will be taken 1o
e small; KE< Wee .

Cn the other hand, photons with energy less than k
cannot be detected and they will be called "Soft". Yet, we
know that soft photons are always present and involved in every
electromagnetic interaction process, since by getiing equipment
witli 2 lower or higher resolution the experimental observations
change accordingly.

In order to match the characteristics of the experiment
we must consider an infinite number of soft photons present
in the dinitial and final states of the scattering process, as
can be shown from a semiclassical treatment of this problem

i.e. see kef. (15) .

Hard photons will be considered as particle states that
belong to the ordinary Fock space. O(n the other hand, the
number of soft photons inveclved in a certain interaction process
is undetermined and cannct be represented by states in the
ordinary Foclt space.

The kind of the soft photon states we must employ is

determined by the requirements that the calculated scattering
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amplitudes must be finite (since we do measure finite cross
sections) and that they exhibit the physical aspects of the
soft vhoton scattering. Here, anticipating the results of the
calculations that will be done later, we choose to describe
the incoming and outgoing sets of soft photons by cocherent
states (Glauber (2)) a choice that yields physically satisfying
results .

The coherent soft photon states were introduced in Field
Theory by V. Chung (3) in order to cobtain scattering amplitudes
free from Infrared Divergences, and have been further studied
by several other authors see T.¥W.B. Kibble (4) . Below, we
mention what will mainly be of use in this paper.

supncse that we represent a set of soft photons by the
ccherent state ,37 . Then, we define the orerator u(ﬂ) as follows,
(4.1.1) W@ le> =]9>

T3
(4.1.2)  UCE) =e Psqp e (L% 3 chen[e.as)-559) atq,n]
2%, l’—z}% SEQD(GpNa(ga)-5u () AC9)

%= ﬁ""A

is an arbitrary phase factor,

where e.l e‘P 3
In the above formula a small term Jf‘ has been
introduced as 2 cutoff needed for the kind of explicit wave
functions we will consider for the coherent states. The form
of this cutoff has been chosen to match the corresponding

expressions arising from internal goft vhoton couplings. There,

in order to deal with well defined I.R. terms we introduce a
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small but finite mass A for the internal photons. IlHowever,
in (4.1.2), A is not related to the external photon mass
which is zero. \hen all the I.R. terms will be assembled we
will put A = O.

The expectation value of the electromagnetic field

represented by the coherent state [3) is

(4.1.3) <gl Avex) 9 = <ol ') Ay 1) W) 10>

- e 5 ~IQ X R X
—@‘Jz?%f[jf(?)e + g e’

where we have used the identity

ehaet= p+ C8A] fov [BA) e c- yumber
and cl" Eox 1
Ay = I K eutx ) [ateene™ ™ ap €’
' LG) o Z ) [ eten, @cxid)

with ko= {TRaab kX = KoXo— B

[ackn),atcka)] = § (e-k) 30/

[af(r-)} atcY) T = [a(\:))aCk')—J =0

According to (4.1.3) ;vq) is a wave function
representing an electromagnetic field, so it must satisfy the
condition

(4.1.4) 9,(9) 9" =

Let us define that in a certain gauge

(4.2.5)  Z ECRDEGA) = = Yo (%)

In the Lorentz pauge when we deal with conserved currents

(4.1.6) rv(K) j""’




and in the radiation (physical) gauge

(4.1.7) YroU)= 0 pyyi () = (S;j - %‘E’L) 1,)=423

How using the identities
~£CA,E]
eA-t’_ A Bez ’

valid when [A,B] is a c-number, we derive the following scalar
product for the coherent states

(4.1.8) <£1g> = <olw &)ULH)Io>

= eiez(&-mur{“_;%f% [£f+5°9- 2’“‘5]{

where we have introduced the following notation, that will

be maintained throughout this paper (unless otherwise indicated)
(4.1.9) £ 2f% = £1= £700 )"0 £t0) ete.

ilotice, that according to (4.1.6) and (4.1.7), the exponential
in (4.1.8) has the same sign in front of the integral when we
express it in the Lorentz gauge, while it develops a minus sign
in the radiation gauge.

Also in (4.1.8) the limits O and E  have not been
inserted in the integral sign. For the sake of convenience,
these limits will be usually omitted in such and analogous
expressions throughout this paper, trusting that no confusion
will arise.

The completeness relation is of importance to us.
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Formally .g' |[F><F| =
(4.1.10)
Lo

(4.1.11) §<H F><Fl5> = <£19?

This result, for the summation over I, can be accomplished
by functiocnal integration in the radiation (physical)} gauge
as shown below. Putting 9,-.:\[1:;2 ) )
(4.1.12) T AIF>CFIgH =T e “’C"VPF*""‘ e

F
xexpd o j igo [ﬁr 24%F+ T34t 27%g] }

=7 eie Cpyfe) { et

TF

PRS-

2zn)’ 290
Ez(zn)"J‘ﬂ” [+ +32_ @f * QMZ]]X
e’”’{( m? [[R“F (_:ﬂ)] [I'"F -1 & 2 )J’] }

_ %e‘(p,-ﬁﬂ

:yxp{ (93-104_)-1- J__l' [+ +37' 2f 3_1}
fg; ([EeF—C-tz)] *[—I F- o'é‘_)] ]}

T
2 exe {..L-
o= (2n)3
-—
How goingz to the radiation gauge, where F(B') are
the independent components of Fra,-) at the point 1:—.7,"

(actually two for an electromagnetic field) and putting

A= et J3g we define the sum over F as follows
@m? zgi

(where constant factors have been inserted avpropriately).




[

(4.1.13) g{] = Tr J{@Ee?cf")}d{@.fm?(zl)} f}

Therefore we have
1.1 = T[S [ oo Foel L T (o
(4.1.14) 23}z {Ja{gemy')fd{jjﬁf I«‘F'(g)}x
™ BEPYSe I) T
xenp {-A'[ReF- ST [ exp {-ﬂ’[IuF’—r(f*-g!]f
T
=4
according to the formula g
o -Ax
j d (Ex e = i
Substiiluting (4.1.14) in (4.1.12) we see that functional

integration over I yeilds

-Gt
(4.1.15) T HIPCRID = ‘qp{ﬁjg% [#+g-28%81] = <#ipd

For expression of the form

Fye —
(4.2..16) 2 {F“ } <HI FIGI g

P

we can still perform the Tunctional integration. Putting

*‘ - - . .
ReF=F, , IwF =¥, § re=« i (-f“-—y) =i f and supressing
the constant factors we have tc do the integrations.

- -
) (SRR TR SO S(mmie?

a (F';—-;_-{)-l-{ — 2 —2, 2
-(F-%) -(F,~2F
:C”')j/.inJja g. e * 4 (R ¢ )
Py (F-g"liﬁ‘)'l'.i:"g

iR

= ("') 2[ { x A_
£
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So while the exponential factor assumes the same form

as in (4.1.15) the following substitutions occur for the

nonexponential terms of P

(4.1.18) .
' rp—:‘-i‘! +73_-ZE = 1—;:?
Fr—> % -iif :gzcﬁ.-.,r*

In the rest of the paper we will meet summations over

¥ of the form
e 6o 4o o
(4.1.19) F <41 5Cj) IFSCRISGlgy = &0 187 TR IETE o)

sowf [Fr 9% 200,42, + J24ils 2P e =279+ 2Rjo-26%) ]
sl (gt +érty)

] A {5 [ L[4~ 259 v2-Get ) - 20ii + Gir T

ng {(zrm JJZ[[:-. f2-[;+J,2j+[r —-1.&&1.:&12']]}

i (py f's‘.H-,_“('.’f)

- e zcz J jﬂz ['_sz—; 2{";7 1"? ()t jy) -2-_("'()1+J,)+ (Jz*'),)z]}
x4

while the nonexponential terms of F will be substituted, in

complete analogy with (4.1.17) and (4.1.18), by

rf“ —9%" *-}IP

* X s
Fpo — = ok
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V. DRASSED VERTICLES AND CCNSTRUCTICH CF PHYSICAL AMPLITUDES

In the present chapter we will introduce an intuitive
scheme to deal with the I.i. contributions in all orders.
Although our construction, at this noint, does not come from a
rigorous application of the perturbation expansion of section 3.7,
it is presented here because of its clarity and simplicity. In
a latcer chapter, where we malke a detailed analysis of the problem
according to the S-matrix method, it will be seen that the

present approach ig relevant and yields the same results,

l. Construction of rhysical Amplitudes.

In every scattering of charged particles an indefinite
and infinite number of soft photons participate. Do if we use
as building blocks vertices that contain coherent soft photon
states, then, every term that eveolves from the unitarity relation
will renresent a scattering amplitude with any number of soft
photons in the initial and final states.

For this purpose we introduce the "Dressed Vertices"
corresponding to the amplitudes

e+y+;—ae+{ , ete’+rg =y if , ete.

shown in Figure 5.1, where g and f denote coherent soft photon

((f course, it would be impossible toc know the exact
expression for these vertices that contain terms in all orders.

Fortunately, we are interested only in the I.i, terms, which
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are possible to calculate completely.

y'x
v
|
€ 13
T et
3
Cb)

Figure 5.1. Dressed Vertices. Wavy lines represent coherent
soft photon states.

The 1.H. contributions are generated by the couplings
of the very low energy photons (external or intermediate) and
sipnificant approximations are applicable for their calculation.
Here we will trust a semiclassical treatment which will be
presented in the following section.

Then we get expressions that are first order in the
basic process

exy>e | e tet=y | eic)

but contain in all orders the I.R. contributions due to the
couplings of the initial g and final f coherent states and of
the intermediate soft photons. ©The sum of these contributions
has the form of an exponential factor that mulfiplies the
amplitude of the basic process. Sc the expression for a Uressed

Vertex has the following form

(520 <RAITIR .S = Dt ) <PITIRE> ehe
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where D(pz, pys £, g) stands for the exponential factor.
Now if we insert the above expressions in the unitarity
relation, progressivelv, we get in any order

(5.1.2) T <T0]F1 THRLP = B T 2 <56141T W jeOG 10117 ggp
=017 Dl 5,7 Dlewp, Fig) * 2 CEO1 VT Ol <IRGIT 1037

In the above sum we have disregarded the non I.R. contributions
of £, g, and I states and we also put the energies of these
states equal to zero inside the energy-momentum conserving
- functions. There is no error involved, though, since the

I.1. terms in the exponent have been added and must also be
subtracted from the complete anmplitude.

As we will sce, the summation over the intermediate
coherent states yields an exvonential factor that does not

involve any intermediate momerntta. Then we can write

(5.1.3) T <{O#} 41T 1{6:},87 =
=D (6,04, 8) < £21 T <{ufI TUe}> CnfIT) 153>

llow the particular expressions for D(pe, p;, T, &) that we
cbtain can be taken to be real since we can always choose the
arbitrary phases ipg and ipf to cancel out any other phase.

Therefore we can write
(5:1-4) Tw <IBLHITITRLES = D (BR49) * Ter {PIT 17>

subgtituting (5.1.4) in (5.1.3) and extracting D(pf, D

i £y 8)
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as a common factor from both sides we get
(5:19) Tu cOHT\0]> = 0 Z <5011T > <ipad I T 11075

The above relation can be expanded in a perturbation
series as usual.

Now the important point is that from the unitarity sum
in (5.1.5) we must subtract all the I.R. terms already included
in the exponential factor. So the amplitude <{f;“"}_'j{‘ﬂ}>
will not contain any I.R. term while the complete amplitude is

represented by

(5.1.6) D (05,0 ,£98) x <$&f 1T Ispp>

2. SJemiclassical Calculation of the Dressed Vertices.

ve can derive the I.R. part of the Dressed Vertices
throush a semiclassical treatment of the problem (quantization
of the e.m. field only, interacting with a classical electric
current). This is a justifiable approach, since the scattering
of the long wavelength photons depends only on the gross

{asymptotic) features of the interaction,

Tha oaniiatinn 'P matinn fnr tha e m. Fiald g

(5.2.1) aA,Acy) = 0pAp ) = e T
(S'Where I}(x) is a c-number and

h
e 'Br ._T"Oﬂ) = 0
'ar J TR =

We define the Fourier transform of the current to be

(5.2.2) T*00 =qu" Shis L®
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Then, we want to calculate the matrix element

(5.2.3) <foutlgindy = <H{50 ] sCT) 191580

Cne can calculate the above amplitude in several ways. The
simplest, presented also in Ref. 41, is to use the variational
derivative technigue developed by Schwinger (16). The
variational derivative with respect tc the external current is

given by

(5.2.4) §§T_ <foutlgimdy = i fout [Apod|gindp

The solution of (5.2.1) with the appropriate boundary
conditions is
Yo

(5.2.5)  An0d = ALC0 + AT Oy | CIJ:‘” Dy tx-9) T )
with .

D -y} = L fd"k ) &

oy (em)Y Tpr K- AT HiE

where we have inserted Qv as a small cutoff term. How the

boundary conditions are

| =) =)
" e, /IL e = 6o

= 4 - ’?"‘ = w
-2 fpe =

Inserting (5.2.5) in (5.2.4) and integrating we obtain

(5.2.6) <foutlging = <foutlgind, x

Aud’a)

Xexp { [d% ie fg G570 + f“’ Y ie T Fitn) 4 5ezfg&4}Tﬂig,u~y)Tfy)f

=i oxp J55 [ 2 [ Vepgay i T AT 4 [3% St

,.]hé
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The classical current T%x) i<
Po o
T = Z e+ d’f 5")(;(—(';':)41: + ,EE.LJ Sw)(x—ﬂt)dt
£ e 3 lel
and so i

v R
) = ? f - ¢ 1%
T) f le] ﬁ'qﬂé 12 lel pq-€

Hext by putting

“\
e e Py = &€ O
i ggrie 0 )i D=Fa fame

we can write
T4 . b — 1IN L
w2 8§ TN pe®) = 25 [ 990 [ -]

|y z J4? g * ok
= f_} BUOFNVES fm,f_é_f_% > 2 $59) Cig-Ji]

1 ier (d* Feq)Tui) = et
-4 (z:)qfﬁ%ur (N = ok et ﬁ e H !

d 7e
ztzw)"fez EM J++Ja Ji - 2],& J ;- %&ﬂ)qfffﬂi [_)} Jf-:-j,. j,]

The last term in the above expression is purely imaginary.

The prime on the integral sign means that the terms having the
same momentum in the products j% . jf and j; . ji must be
dropped; for these terms the qo integral does not exist even
for (3[;&0 , because the contour is pinched between a
coincident nair of poles. Later, when we deal with the I.R.
problem in the S-matrix framework, we will see that the terms

we have dronped here do not occur at all .




Hotice that the fterms

?(z::)if‘fli [-’* ‘Ji +)ydi]

do not yield an 1maglnarv part because they have the form

=y L. d'¢ Ps P
2 Enl' PLUHE Tpg £i6  Pgrie
and so, when we integrate over 8, We can pass the contour below

or above the real axis to avoid beth the (pf s qQrie )
and (pi + g i€ ) poles. UThis cannot happen for the j¥ * j.
and j; . ji terms bvecause the poles lie on opposite sides of
the real axis. 3o for every pair of charged particles in the
incoming or outgoing states the exponential factor contains
a corresponding imaginary term.

Thus, the final result is

Louk| §ind = ‘{c' SCig-)idIg =

= o < egre-en 2 . .
RO {2;”’0 52 [+ '+ Gyl = 5 3+ 29-CF=I) - 2%

g, = JQ’,’ML

!/
iel = * eZ 7 on.. .”_".
6= 1 ey Tf-‘,-{z%fu G+ 5T

wnere

= set 22—41 & freg) 2 ¢, B Lei41 olpeg]

Gzl
The result for C{Vj)b has been obtained in (4.1.8).

3. Dregsed Vertices (itesults).
According to the soclution for the I.R. factor obtained

in the nrevious section, the expression for the vertex shown




in Figure 5.1 (a) is

(5.3.1) <OEITIp,Kkg> = <A1 SGidI % <R ITOYp, 1

ic‘(P,"' ) % 3 s 3 4 » [T ¥, .
e fr WF{;&;,}:%’% E-f"-l' ﬂt* Gpmi) - 2 '3""23'£h".lf) "‘?'I"(Jz".’:)]} X
e[ R B TR e )
where  j%,y —- PV Ra *
@) = = ._?l—__..
)l q f‘-,-;é 7 )l (y) ?1'9+;e

For the vertex of IMigure 5.1 (b) we have

(5.3.2) <LEITIORY = <Hl SGJ) (97 » <1 TV p,R>

1e%( +6-P-f-)
=€ K uznﬁf [+ *49 + GphT- 26 ‘d +2§ (pedr) =24 (Jﬁ‘ﬂ}
c{ﬁ"é [ | J-,l= V) Y E00) ulp)
where
L e 3
. ) &9.-16

since j2 changes sign twice as e—(pz)._%,e+(—p2). In (5.%.2)

we have an additional phase term

(5-3.3) 'i,ezfz -EL te—?‘ P .._L[Jz J,+_’ jz]-. 182-[30& KP.SEK?]S[f,?]

(_Qﬂ)q !143_ ot )2 L2

4, Summation over Intermediate coherent Scoft Photon Ztates.

In the next chanter, where explicit calculations of
electromagnetic amplitudes will he carried out, we will have to

sum cover intermediate coherent states. Such summations have



- 38 -

the following form

(5.4.1) & <EiGEIS Cigp-jd ftf PP FIUREISCG )15} 9

<HIB1 S [ eymiv) + Gm=ji) ]| {9
= <ifgf 15 Cy-ji)l {eif 9>

The above result can be obtained by functional integraticn
over the F states as shown in section 4.1. The phase tern i626
cannot be obtained correctly by functional integration but this
is not an important difficulty though, since we have arbitrary
phase terms in the exponent anyway.

1t is easier to see that (5.4.1) is correct (including
the right phase term ie&) if one considers that the semiclassical
solution that has been obtained is quite general, and the result
depends exclusively on the momenta of the exiernal charged

particles only. The external current in this case is

T= gl + Gu-jd = Ugs)




VI. CALCULATION OF SCATTERING AMPLITUDES IN SECOND ORDER.

In this chapter we apply the S-matrix method in Q.E.D.
Dy also using the formulation of the Dressed Vertices that we
have nresented already. The obtained results are second order
in terms of the basic process but contain in all orders the
Infrared Divergent parts that arise from the coupling of the

coherent soft photon states and the internal infrared contributions.

1l. Compton Scattering

The diagram for second order Compton Scatitering is shown
in Fieure 6.1. Following the general method given by learn (13),
one can show that there are six independent invariant operator
functiocns for the Comptorn scattering process of any order, but

as we will see, diagram 6.1. will yield only one of themn,

Figure 6.1, Compton Scattering in Uecond Crder.




- 40 -

The dispersion calculation and the perturbation expansion
of the unitarity condition are not affecied by the presence of
the I.R. contributions, The I.R. terms are scalar, and, after
summation over ¥, vield an exponential factor that can be
extracted since it denends on external momentum variables only.

From the unitarity condition we have

(6.1.1) dise. <ef, gy F1 T e, 5,8 =
=i 02m' 2 5 gul TN M 7OV 6 y,95 8 (fu-rrK)

where for convenience throughout this chapter, when we indicate
the "order" of an amnlitude, we mean the order of the basic
process only.

{n the rizht hand side of (6.1.1) the only intermediate
states that contribute to the sum, according to the Dressed
Vertices introduced in Chanter 5, are the ones containing one
electron and soft ohotons. so 1> = IR,F2.

The energy of the I states is taken 1o be zero ingide
the energy-momentum S-fmction. We are allowed to do so
because the I.1. contributions we get are added and must also
be subtracted from the total amplitude; so the approximations

we make do not introduce any errors. Therefore we put in (6.1.1)

SC(’\,"F'-K) = % (?L'"ﬁ"kl)

The above ~function cannot be satisfied if pg = pi = m2 and
ki = 0, Ve assume, then, that the intermediate fermian state

is a "heavy" electron with pg = 'm'z> m2. Thus this could be

a possible phvsical nrocess with a corresponding T-matrix element.
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Later, the derived unitarity condition will be
considered as a function of m' and it will be analytically
continued from m 2w 'Eo w =w . In this process the
intermediate state is not a physically possible state any more.
But we assume that this analytically continued unitarity
condition is still wvalid. This is what is usually referred
to as the "generalized unitarity condition". VWhenever a one-
state particle intermediate state is involved, it is always
necessary to carry this continuation out in order to construct
the amplitude.

So, with the understanding of the above discussion,
and using the expressions for the Jressed Amplitudes of

section 5.3 we write:

. ) s
(6.1.2) dise. <f, gy, K3 | TPUp, Ky 9> = 32n*2 <t 1yl T I DB RITYg K =

- i(am¥ @2 ! &’ w3 7
§ (2n1) Eﬁﬁ E_:__-%__. = [ _&{_ W TURYY-E2 U lR) Job ULp) x

x S‘(h-— P-K() ? <FI S C3-h) IF2CFIS(),-j)) }£>

How as discussed in section 5.4.
(6130 2 <Al S i) IFOSFISCamj 1 g2= <1 S (lymj) 19D

Then the exponential factor depends on external variables

only, and so we can put

(6.1.4) <P3,¥3,H'rm'ﬂ; K,§7 = <ﬂf(j.,,—j,)lg>x cpg,kng”’m,k)
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Considering (6.1.3) and (6.1.4) we can write (6.1.2)
as (after we have dropped the same exponential factor from

both sides)

(6.1.5) digc.¢t, k| TP K> = €2 1
™ pl anﬂ?ﬁfiféﬁ:;;

x -k R Y& [y put M1 yEeucp)

Icw,_ SCe-wi] 6(6) x

_‘.‘_“_.. ‘%: Tigy) rer [yqueen +- 1 wip) O panit- ]

As we mentioned above we analytically continue
expression (6.1.4) from m' +to m.

futting
(6.1.6)  Tau 41’1,I:-,IT“)I g, k> :i—:— dise. <Paks) T, k,>
we get

(6.1.7) Tw <kl 'T@lﬂ,“'> =

et M L S(s-w® xa 53 [ r-Chri) . .
eten B, 2l R 05 L s Tyt

where s= (f+x)*
This last formula suggests that one of the six invariant

operator functions is

(6.1.8) T, = W 4 MURY Y €5 LY (ptk)+ ™ aulp)
B it B) 56 Ly (ptk)+™1y-su

where for convenience we have also included the normalization

constants.
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Then the Compton scattering amplitude in second order

can be written as

(6.1.9) TP - T A, Cs,4,) +3_§;_ Tj Aj (5,¢,0)

Wwnere ¢ = (fﬂ’h)‘l
t = (f., "'h)z
w = (f-Kg)°

Combining (6.1.7) and (6.1.8), and the linear independence of
“j's ve get

(6.1.10)  Tam ACSHEW = €L § (i)
2 (am*¥

Now we can get Al(s, t, u) by applying a dispersion

relation

(6.1.11) Fl.(s,é,'u):_!J~Iw4fi';f,%)c191 - —el 4

m g'—g (21)é s-wl

"his constitutes the calculation of the first term of (6.1.9).
Actually this term alone does not possess crossing symmetry.
The WM~channel contribution must be added to the above result
to obtain a crossing symmetric expression. This contributiocon

will be of the form

(6,1.12) R‘LCQ'&,%) T7_
where T2 can be cbtained from Tl by the substitution
(6.1.13) K, €>-kq

£Cr) «> £(K3)
S e W with - fw\v]c_Aaﬂq;tl(
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and A, Cs,t,0) = A.(fu,-é,s)

So

(6.1.14) A, (5,4,%) = - _4
2 (5%, @n)¢ U-w

Thus finally we have the following expression for the

second order Compton scattering amplitude

[2)) -~

(6.1.15) <%, 0,51 T lg, K, 97 @:)‘ ;E' zr;: CH S (g=))) 192 >

{T cﬂm)"—w 4 Cf -kp)t -t yoEa i)
where

. elyf)
C;jﬂg?jb]3>:: e f{i__n§' JELE;+’2+(J7J) Qfﬁ¥+%}Cb'J?ﬁaﬂbij}
with i, = __t'}____ { - R
B =gewe 0 07 agn

Since the lowest order contribution in the t-channel
is a fourth order one, the above expression 1s the complete
second order amplitude. This result is similar to the one
obtained by Field Theory.

The factor <&fI S(}.,—j')bg) , that multiplies the
usual erpression, contains all the I.R. terms to all orders
associated with the Compton Scattering as well as the 1.KH.
contributions arising from the simultaneous scattering of
the coherent soft photon states (f) and (g). The wave
functions £ and g must have such a form that the whole

exponent would be non diverging in order %o have a physical
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result., The condition for such a cancellation of the I.R.
terms is

(6.1.16) )C—g = jo=J, + §C9)

where ?Ci) is any function for which the integral
E 2
Jihé { )' w = |9/
does not diverge.
In addition we choosgse the arbitrary phases pg and Pr
so that they cancel out any other phase term in the exponent.
Since all the I.R. contributions we have added in
the exponent correspond to fourth or greater order terms we
do not have to subtract any I.R. term from the second order

amplitude.

2. Pair Annihilation and Pair Production.

The scattering amplitudes for the two photon (free)
pair-annihilation process and the two photon pair-production
process, in second order, can be obtained by applying crossing
symmetry to the expression for the Compton scattering amplitude
derived in the previous section. Cne has to do the necessary
substitutions as shown in section %.5. For example, the
pair-annihilation amplitude can be gotten from (6.1.15) if

we substitute

wlfy) — U (R)
K| — ""k|

de note that j;Yq) in the exponential factor does

not change. The reason is that when e (p) is taken
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to the incoming state as @%(f@) then the sign of I
has to change twice and so the expression remains the same.

We must add, though, an extra phase term equal to

(6.2.1) it = iet P atg
© 2e2niN Y gra® =L [ 3y + )yt
el 1’ 2 BB k2
C (6 - wi " b (;)z +4
whe re . P .
N= e ) N = Rg-ie

50 we have

(6.2.2) ¢k kqk,) TP, eCh) >

1e? (P,+ £~ ﬂf-)

ze z{z f Z"t [£%8% (jrmji)'- 2-}'*5 +2g- ';'J")'Z#C]?'J;D}x
5 o Bt el s
and

(6.2.3) <f,e7(l) etp) | T ) ¥y kb, 80 =

i e (pgt6 ~) ‘ '
=€ exy { Sten?, f -“-’i [£42% (jy-j) - 2§59 +29-(" j*) - 24* Ci,—j,ﬂ}x

o &"‘D K)+ ] - "™
x W) § Y £+ s ";7_ Y-E )6 %Lﬁi’r:})j 7 fu(.i’.)

3. Ilgller Scattering and Bhabha Scattering.

The same method that was applied for Compton Scattering
can be followed for Mgller Scattering as well. For the
present case, though, the scattering amplitude in second

order has a photon pole in both t and u channels. Here

again the generalized unitarity condition has to be used.
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Thus the intermediate photon is considered to be a massive
vector meson and its mass is taken to be zero at the end
of the calculation.

We alsc note that when we combine the subamplitudes
of the t- and u-channel, they must be added with opposite
signs so that the total amplitude would exhibit the Fermi-

Virac statistics.

The ilfller Scattering amplitude shown in Figure 6.2 is

Figure 6.2, tGfller Scattering Amplitudes
(6.3.1) T Letpte’ta)rg—> ey re=p)+F]=

—et A b

(2")‘ J S‘ EgEnlEl

<£ S Gy tjg=9,-3,) I;) x

% i(fmhum’d(&n‘"«cgz _ Rt yun) wond Yuep) }
(B -7 )t (=R
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where
18 -
(6.3.2) <ﬂ§(j'¢"’)3"j-¢’j;)l2> _e et(pgté P-;);
et E,y 2 ,. .. . 2 R e
R ) aq [ 187 Uty durdd =28 029 (el -2f Gt i
with
1e%6 = 1 _et d" “y .. cx o
T gy E g’*_wi; L3 Jat JodF e jidi + Jai)
- E o - P ' - 7 - 7
Pgtie ) Trytie ) I Prg-i€ ) Pre-ie

The Bhabha Scattering amplitude, Figure 6.3, can be
obtained from the above formula by making the appropriate
substitutions regquired by crossing symmetry. For example,
by changing

uffz) —ly U(fz,)

&L (uy — U (o)
Py <> =y
p, <> -h

and then renaming the variables Py P2 and Pz"""Pq
we get
- ) -
(6.3.3) TULetrep)+g —> e p)+e’(prf] =
- T bt
= £8 E S Cytfy=damid 1 82 x

" @) E6EE,
x ) DO V@AY UL | T vig) o Y U (B
(g - LR+RN

where (.flsq,'”'? -jz.j")ly) is the same as in (6.3.2).




Figure 6.3%. Bhabha scattering amplitude (s-channel).
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VII. INFRARED DIVERGENT TERM5 OF THE
SCATTERING AMPLITUDES IN THE S-MATRIX THEORY

The second order calculations, carried out in Chapter 6,
were necessary to demonstrate the dispersion relation approach.
Although, through a semi-classical treatment, we were able
to include all the Infrared vivergences we cannot consider
that we have a valid solution to the 1.xA. problem. In
chapters 7 and 8 we will try to obtain all the 1.R., terms
of a general scattering amplitude by working in the J-matrix
theory framework.

In the present chapter we first analyze the nroblem
of dealing with Infrared vivergences in the S-matrix theory.
The usual approximation method, that is, the extraction of
the I.R. terms from the complete expression for an amplitude,
is not possible here. UNevertheless, we will be able to
build up a scheme that leads to the calculation of all the
I.k., terms for any order amplitude.

In looking for the I.X. contributions only, convenient
approximations can be done, and the I.R. part of the <f,_|Tm, fu">
vertex function will be obtained. The condition of Charge
Renormalization will be also used in order to get this
contribution.

It is remarkable that this is the only calculation
we will have to carry out explicitly. All the other I.R.
terms, of any order, can be extracted or cancelled before

we apply a dispersion relation,
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Having obtained the I.R. <f) T
we subsequently show the calculation of the IT.R. terms
for the fourth order Compton, [Mgller, and Bhabha scattering
ampnlitudes. The mechanism we use to extract these terms
is very important to understand our general method. The
same method is used appropriately in the next chapter where
the extraction of the I.R. terms from an arbitrary order
amplitude is dealt with.

Wext, we show that the I.R. part of <Yzl'l"°°lﬁl<5 can
also be calculated in a manner similar to the one used for
the third order case.

Throughout this chapter and the next one, we deal with
the Infrared Divergences as follows: we consider that the
photon mass is A , and keeping A small but finite no
terms diverge., VWhen all the I.R. terms have been assembled,

we will let A-20.

7.1. Analysis of the Problem,
The method to calculate electromagnetic scattering
amplitudes in S-matrix theory has the following two steps.
Starting from the unitarity relation we get the
imaginary part of a higher order amplitude in terms of the
lower order ones., At this point we have to perform the
momentum integrations over the intermediate particle states

and express the result in terms of the relativistic invariants



of the scattering process. The momentum integrations are
already difficult in fourth order (two-particle intermediate
states) and they become in vpractice impossible for higher
order processes, But this is not the end. Now, having
obtained the imaginary part of the amplitude, we must write
a dispersion relation to get the scattering amplitude and
this second step requires the explicit completion of the
first one. Moreover dispersion relations for many particle
states are, even in principle, unknown,

30 the usual way to do approximations, that is, to
extract the terms we want to consider from the complete
expression of a certain quantity, cannot be applied here
since we do not have a way to write down this complete
expression in any explicit, reducible form.

for examnle, in Field Theory, it is possible to
extract unambiguously the Infrared bLivergent terms,
because we can always write down the expressions of the
feynman diagrams in integral form, and so, we can make
app oximations and consider cancellations in the integration.
In this method to do approximations is not nossible in
the S-matrix as was explained above.

Yet, in order to render the S-matrix a complete
method to calculate electromagnetic scattering amplitudes,

we must give a satisfactory solution to the Infrared
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Divergence problem. In particular

(a) We must obtain the I.8. contributions that the coupling

of the external soft photon states generate.

(b) Ye must find a way to explicitly obtain every other

I.R. term, i.e., the ones that are produced by the intermediate
photon states at the limit when their energies go to zero.

Juch a program would have certainly been impossible
if we were dealing with an U-matrix method like the one
employed for the strong interactions. DBut in our case
there are some special features in the problem that we
should try to take full advantage of.

First, we deal here with a perturbation exnansion.
Gecondly, we have defined the elementary interaction vertex
which gives us a physical insight about the character and
meaning of every amplitude and its corresnondence to a
gpecific diagran which describes the phvsical process that
takes nlace. The diagrams can guide us as to where we
should search for the I.it. contributions. Thirdly, the I.R.
terms arise from the couplings of the very low energy photons.
For exanmple, if we put a low energy cutoff limit tc the
external and intermediate photon states, we never get any
I.R. term. Therefore, even before we carry out the momentum
integrations and write the dispersion relation, we can tell
if a term will be Infrared Divergent or not by its singular

appearance in the photon momentum variables.
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The above remarks form a good basis to search for
a method that will lead us to the extraction of the I.R.
terms due to the interactions of photons which contribute
negligibly to the energy and momentum of the extemal and
intermediate states.

In fact we will not try to get explicit expressions
for the scattering amplitudes, since this would be impossible
to do in higher orders. But the I.Rk. contributions are
obtained as independent factors multiplying a non diverging
amplitude nart. The form of the I.2R. terms is like the
one discussed in section 3.8. Thus, we end up with Infrared
Jivergence-free scattering amplitudes multiplied by an
exponential factor, which contains all the I.R. contributions,

as shown in that section.

7.2, Assumptions of the lletnod to sxtract the I.k. Terms.
Although in the previous section we based our
discussion on general remarks concerning the origin and
nature of the Infrared vivergences, in fact by staying
within the limits of the S-matrix theory we do not know
as much.
The following two assumptions will be used to
extract the I.R. contributions from the scattering amplitudes.
i) The I.R. terms are due to the coupling of the very low

energy photons with the charged particles. 3o, in order
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to find out these terms, we have to examine the expressions
that the soft photons contribute.

B) ‘The I.R. terms arise from expressions that are singular
in the photon momenta variables as these momenta go to zero.
Consequently, we can distinguish the terms that will yield
I.R. contributions by their singular appearance, even before
the momentum integrations have been carried out or the
dispersion relation has been written down. The last remark
is very important because in higher orders we do not even
Iknow what dispersion relations to write.

The above two assumptions may look quite unnecessary
since they coincide with the essence of what we mean by
Infrared vivergences,

Yet, in order to be rigorous, these two propositions
must be considered as assumptions in our effort to solve
the 1.it. problem in the J-matrix theory framework. The
reason is that we do not know, and there is no hope to ewver
see, the exact expressions for the higher order amplitudes.
>0 we have to agsume that these higher order contributions
involve I.R., terms of a similar kind as the low order ones

fourth and sixth order (7) . This assumption is quite
justified since we use the same building blocks (elementary
vertices and low order amplitudes) to construct higher order
amplitudes. O(ne does not expect a change in the qualitative

aspects for higher order processes.




7.3, The Interaction of Ixternal Soft Photons with
Charoed rfarticles.

Pocusing cur attention to the I.R. contributions
that {he exttermnal low energy pvhotons produce, we make the
folloving renarks.

(a) Ve start by noting that the most imporiant part of the
interaction of a low energy photon with a charged particle

cones fron the first order coupling.

ZARA

(@) (b) ) @)

Piare 7.1

This stems from the definition of the electric charge e

as the counling constant of the vertex p + q=—» n' {or p + p'acy q)
8 o =—» 0. Higher order contributions to this vertex should

70 Lo mero at this limit., Tor example, in third order the
amnlitude of the diagram (¢) in iFigure 7.1 gives a zero
comtribution 2s g =% 0., (n the other hand the amplitude

of I"igure 7.1 (d) dces not contribute for small q, (g €< 2m),
being below the threshold of nair production. Jo the

~eneral vertex of Figure 7.1 () can be substituted by its




first order part only, shown in diagram 7.1 (a), when we
are locking for the I.R, factor resulting from the coupling
of soft q.
(b) Soft photons contribute negligibly 1o the energy and
momentum of an interaction process. 30 a process
can occur with or without the absornticn, say, of a soft
photon qq -

Therefore we expect that the S-matrix will have a
pole due to the coupling of the soft photon with the incoming
or outgoing charged particles. Those poles will yield I.K.
contributions as follows. 'or a complete ireatment of
the nroblems discussed in the present section, given in
the framework of S-matrix Theory, see the maper by 5. Veinberg
in r.2 1%5 Bl0O49, 1964 .

Consider, for examnle, the Figure 7.2 (a) representing
the amplitude “fi of the scattering process .
The same scattering process can take nlace if a very low
energy photon will be absorbed by the electron e_(pl), as

in Figure 7.2 (b).

Pigure 7.2
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Now keeping only the I1.R. term for the amplitude

of diagram 7.2 (b) we have

<Tupl Tulifl,02 » ‘ﬁ%ﬁ LD F:.;;E- x My

The above result was obtained by the assumption
that the S-matrix has a pole in [ (#+§)- w3 . fThe
calculation is analogous to the one we did for the second
order Compton amplitude.

If we have more than one soft photon, as in Figure
7.2 (c) where we have two (ql and q,), the I.i. term will be

. sy~ e A @& e 1 TE .
<{&i | Tel f f'}) 21)22 (2;;)’4- J-Z:‘T::_ F.° 9~ g (?a")"ﬁ’l‘(fzﬂ')x i

and for diagram 7.2 (d) where q, and g, are counled with

p, in the opposite order

1

<tudl Talie N Pty e ) Bl sy
e *H”iv?'> _‘"‘4(2—%‘,’ 79, (2:r)"éJ.'g'§:z ﬂ(%q.*MF

liow by adding Tc and Td it is easy to sec that we get

<Eul 1 TetTa ) §p1, 9,8 v - By ey o Bh oy
6] | TetTal §pi, 9,9 (m,]e=7.- e "mrz'}; (o) x Mg

The same procedure can be followed with any number

of photons and for all the other incoming charged particles.
Now, 1if dyy Qp «s.2re incoming soft photons their
coupling to the outgoing electrons {6&} vield a similar
I.i. factor, but with a minus sign.
Finally, if the soft photons 939 Qo «.. are outgoing,

then the above derived terms have opposite signs.




3o in general, the external soft photon states {f;} ’
when participating in a scattering process Ze(p) = e »
will yield the following L.}, contributions

(7.3.1) T 4 f £G) ; G-£6) .
} { (2")’4 {24,; (Z% 79 -;ZE%T fi- g )}x "

where we have (+) for the case that the photon is outgoing

and (-) when it is incoming. Mfi represents the amplitude
of the basic scattering process.

when we consider the interaction of the external
coherent soft photon states g and f y We can use the

above formula by substituting

1 »
E" - z:}‘sl.,_f Ji' 3"'(2) oV &n)"'f fﬁ—: 'fr‘ (2)

In case we have more than one soft nhoton, say their

number is s, we must multiply by the factor l' coming from
the expansion of the exnonential form that Lie cocherent
states have.

Therefore s incoming coherent soft photons (g) will

yield the 1.{. term

(7.3.2) _5;7 _e? fa"t 9 - ( et P Z 6 )]fov

@n'o tel -9 a Tel

and s outgoing coherent soft photons (f) yield the I.RR. term

(7.3.3) _lc__ z&_‘?}_ _sei T )l"‘ s .
f' LG)’fzy. ) Fe- £ € 79 aﬁ?ﬁ-’?" ])(M’C'

__9__-—11-[+L for €7

lel ~ B -4 fov et
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4. Third Grder Calculation of I.R. <PV TIAKD>.
The third order amplitude for the vertex function

is shown in Figure 7.3,

Figure 7.3 Third Crder Vertex Amplitude

First we notice that if <Rl Tmlﬂ\C> is to be
different from zero, energy-momentum conservation requires
that we assign a mass n' > m to the electron e(pg).

Uf course, the exact result for this diagram can
be calculated. But, here we are interested in the I.R.
rart and an approximate calculation is possible and sufficient.

the I.1. contribution of diagram 7.3 has the form

€’ W) £ WP x C Ch,p)
where C(pz, pl) is scalar, since the T.nx. factors are
gcalar. This contribution must go to zero at s = m2,

2 2
) 2

where s = (pl + k = Py = m'~, so that the coupling coustom

is uniquely defined in the elementary vertex amplitude

)

ARl T lp k>~ e W(R) y-£CDWP)
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This requirement corresponds to what was referred
to as the Charge wenormalization condition when the above
diagram is considered in the channel P+ 52-+ . The
knowledge that ¥(s = m2) = 0 will fuide us in obtaining
the comnlete T1.7. expression for this diagram, as it is
used in the exact calculation to write a subtracled dispersicn
relation see tef. T .

The unitarity condition yields

(7.4.1) Tu e TPN0> = Zg“ T <ol T ¢gpl TP)ge>

where the lower nart of the integral is a sccond order
Compton scattering. Keeping only the I.R. contribution of

this part we get
7
4.2) Tm QI TPpp = (20 =2 ~S, [l [“‘
(7 4 ) ! F" ,F (—'Z?LCRIIJ‘ -;'-)-,A =

xd‘f.“_éi SCR-P-9) TR y-5. WP x WLP) £ W(R _z?_z:?
- !

R

“ ‘e?‘fd’, C&-?,)—\u] 25 Btrg M
2 @ﬂ’ o 29,, [ - 09 x e

Tw I.R.Ae) x M,

where %’ - lq: 452

Mo = =€ [wlf ™ | 4 .
@7)7&,5: ==L d e

Tu T.RAC) = z ST Rr9)~wt] 25 Rt Rk
QfﬂﬂF 2%, [Gi?ﬂ _fii#_
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Hext we write

2(2n)*

(7.4.3) T I.R-Ats)=__c_"-_{ 2 fﬁ’l f‘;_‘}S[(ﬁ-ﬂa‘z L wf]2 & Rb RS
1-; o Che

20

v_e T s[te-ar--] 2 ¥ BARE
202V ) 29, P9

where we have kept only the term that will yield an 1.3,
contribution. Ve have inserted an arbitrary energy cutoff
K<sm which, for convenience, we choose to be the same
as the limit that senarates the hard and soft photon region;
in general, we do not have to make this choice.

Jext we examine the above expression in the c.m.

frame of reference, where P z; =_$7_=0

(2.4.4) Tw T.R.ACG 41 _ 2] 95 BLiN
) )= 2(2'r)o ??,‘S[P” %ot~ x?

sow we can apply a dispersion relation to obtain
- . 2
the term I.lk. A(s). Lemembering that s = p,” and iz = 0,
we can write the dispergion integral as follows,

(7.4.5) T.R.AG) = AR T TR A
Vi"zhé

P9

=L .__._.__.%Jﬁfo szca £ j o S - 2¢.9,+9-w]25 HhaEé
"

fm 77.0 ?:n'“" 290 L

< el -l’f' /é_l’m_le_ S[pz, 25.7,o+g —u.]zz Rt T b
(2")‘5 afw P.:;' - ?:', ¥i€ P9,




where the interchange of the two integrals is possitle
gsince by keeping the mass of photon finite the integral
over g is not divergent.

The S ~function makes the restriction

'
E?‘ = ?'o * ila-u"'- N ?’01141

and keeping only the pesitive value fg’o= Dot tHe we
cet
(7.4.6) TRAG) =_€* a?z 9}’ 28edRe 'L e S} -g0m wie] 22 BELE
&n)?, 27,., T ¢ B9,
v et a”q, PR gi=tian
(2”)10 %o ("‘*900) -~ Teo %9,
where Kew is obtained from FE by Lorentz

transformation to the c.m. syvstem.

The masge term (m) in the above integral is the mass
of the intermediante clectron state e(n). Yhus n—»n' oo
q =¥ (), Therefore, it is natural to analyticully continue

the above expression from i - ', Then we have

¥
(7.4.7) TRAG) = =% (ddg, 4 5 e gl Pt
(2"J 2,,» "ﬁf?‘ff‘-ﬂ fw‘f‘elo T‘:r.o 'Pn'q,

2 ke,
~ e fcrsq & Bt R
@n)’, 290 Fo*9i0 B9,

Boostinge back in the original frame of reference we
[ é)
vurite

E
(7.4.3) T.R.AL) = _e°. A’q, 5 PERE
@"Y‘ 290 Pl B4
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llow we see that the obtained result does not vanish at s =
as We have required.

Actually, in the exact calculation a subtraction
dispersion relation of the following form must be anplied

to calculate this invariant amplitude. (Uee Ref. 7 .)

QO - » ! 4 P '
(7.4.9) A€ = _ﬁl_-”jds [-'5—%5— - ?-:F'] T, ACsD + A(WD

with A(m°) = 0,

The gubtracted term yields the value of I.:. A(s),

we obtained in (7.4.8), at the noint s = m2. But at this

voint we have s = (pl + k)2 = p22 = m"~ and so we can take

[N

=0, Do = Dy Thus we can derive the subtracted tern,
o
<

at s =m-, from the I.Z., contribution we have already
calculated in (7.4.3) by substituting Dy = Dy and chansing
ile sign.

So the toval 1.1, oart of the annlitude with the
inclusion of the subtraction term is
(7.4.20) T.R.EPITPIAK> =

k
= =€ f 3%, STRbkb ) BERE _ _:__n.-gr;-&._.]xM..
2(2!1)‘0 29,0 A LB 7.6, 2 B9, %9 2 B9r9

1';’12

where we have substituted p, = P and Py = Do in a syrmetric

5 =
ways,

The summation over polarization states for a spin
one bogon with mass A viclds

. v MoV
1ean) F ek ) £ = - gt e B




Using (7.4.11) in (7.4.10) we get

E 1
(7.4.12) TRCBITPIp>= €2 (Y [(R V. (5 )_ 2%:P TxM
U ateo® 21,:, [ (a-v.} ! (r.-'l. ) m.] °

where  ReB = Ps Po = E_'ﬁ , Pz!= Plz'_'éz , ﬁz-'-'ﬂ% _'ﬁz

vWe notice that all the contributions due to the
second term in the r.h.s. of (7.4.11) are cancelled out.
‘'his cancellation happens in general since the sum of the
l.it, factors in any order always yileld a gauge invariant
expression, analogous to the one obtained above, Thus, for
the salke of convenience and anticipating the gauge invariant
forn of the sum, we will »ut

(7.4.1%) f-" £p(9,4) €408, = -—;,,.,

even al the stages before we have assembled all the I..t.
termg.

Goins baclk to (7.4.12) we cbeerve that the firsit two
(subtraction) terms in the bracket are constant, independent
of p, or vy (after integration). This nust be expected
since at s = m2 there is only one momentum variable available

(p2 = pl) and thus a scalar term will be a constani one.

5. Third (rder Caleculation of I.it. <¥ITIT,RY.
In this gection, crossing symmetry will be applied
to obtain I.:. <K T“)lﬁ,?,) from I.R. £<R) Tq)l P> .

in general we assume that there ig one vertex function
|  J
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representing both diagrams of Figure 7.% and Figure 7.4,
whose boundary values are the amplitudes <|=\T“)I7-;,?a>
and <RIT®IRKD . ile arsue that, although crossing
symmetry refers to the total amplitude, the I.R. terms are
separately crossing symmetric counterparts. From (7.4.2)
we have that T.x. <plT™ip K> ~ £,y . is ve take
A=—»0 2all the non I.K, termc are finite and change very
little, while the 1.lt. term diverges. Therefore its crossed
counterpart cannot be but an I.R. term alsc nroportional
to log A . Jo we can obtain T.R.Lk| Tmlﬁf’.) from
Loite <l TPIpK> by substituting p--f, W) —> UeR) and
k —» =l,

Careful consideration is neceded next. The result
in (7.4.2) has been obtained by an analytic continuation
in the intermedinte mass variliables and, as it stands, is
nuiely real, 2lthourh it has been derived from its nonzero
imaginary part, The same thing hapnens for the second order
Compton, Hgller and DRhabha scattering amplitudes. So even
thoush, we can get the real part of I.k. <Kl TC”'?:;PI) from
Laits Cl’le"”lﬂl‘) by crossing, we must examine if there is
an inaginary part that migcht also be nresent in the
channel.

‘le write the lower nart of fipure 7.4, which is a

Bhabha scaitering amplitude of second order (section 6.3%) as



FPipgure 7.4, Third (rder Vertex function pp + 52-—p i

(7.5.1) <Rerl TOIRW S AR) = 25, 0 BOQIMRIENVVR) §ip4p 5 )
(2m® EEth  (B-A)-A°

-
-
-

< wm (49 S )0 (F3-7+9) P
_.1@ g (p-9-P 7 = ucr,xy,.ucr)wmz' U (f4)

Jsing this form and dropving non I.... Lerus we have

(7.5.2) Twm <kl TR = %ri" 5 CRlT P <Pl TR 8 (fut =R P)

= (20 -ef -e 49 §p-9-R) S(f ) d7p e d L
2 @’ @nh r“jqilm‘ §-R) 0 (F3~ 5

x Z W) Y E0) ML) xWLpy) Y utp) VR y gl

e e )i ud] S (ot =
" 2l @n'h {E?ETV'—I 5[ (p-9) ] [ (e

x i) ¥ [y trerg)-wl 760 Ty (7-9)+wd e

Twm LE <KITPWHpD = 3-— 44 5 (59) 5 (pq) ©) Bop X Mo

gt

where

Mo = <k TG P = @—")e% é {Q_"_,J UCR) J-EO UEP)



(%), ~
By crossing we get the real part of I.k, <xIT ”'ﬁ;ﬂ)
from (7.4.12),

(7.5.3) Re TR.<KIT®IE, 7> = .g_ J [ () oL %Y. RE 'JxM.
29 Yr‘l 79/ %974

The imaginary part, as 1t has obtained above, is

o)
(7.5.4) Tw TR <Kl TR0 = ”, J'.;'EL. (9 -2 18 el ] Beomy x Mo

q;r*
et ( Mo
= f__:ﬁ s (p9) S(pq) By %

(ne can combine (7.5.3%) and (7.5.4) in one formula by

vriting

o)ncrlT"’l?uw"’ezuf (&) (L) 22T e
2(2nm) ,11+;e ﬁ_‘i %Y Iretie][ng-ie

The above result is lhe general expression thot
cortaing both 1..:. €K l'Tm,ﬁv_,?D and 1.4, CleTmlﬁk-> y
since by changhugrkr_p—pz both noles in (7.5.5) are on
the came side of the renl Uy axis and o thery can be avolded.
ihen, only a real term emcrses, formula (7.4.12), conming

2 .
from the nole at ¢~ + 1€ = O,

7.6 rourin Crder lalculations., Comnton Scattering
‘The fourth order Coupton Lecattering diagrams are

shown in Fipure 7.5 (s-channel only).
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Pigure 7.5. Fourth Crder Compton Scattering oviagrams.

Je are going to use the I,2. contribution of the

vertex pp ll — D5 shown in rigure 7.6.

L

Figure 7.6
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we have found it to be
%

2 1 c\
o 4 (40 G- 3

where we will use the notation

(7.6.1) M, = ::",xl = B o= R yEe) we) S(-fk)

(7.6.2) Ma = ""‘!1; = r _ u(ﬁ)yscm WULR) S'(r:,#y -P)
1

How consider diagrams 7.5. (b) and (e¢). The
unitarity condition for diagram (b) yields (keening only
the T.:it, termas) E
Tw <HEIT S = _L?z+.L ) ]Mx”:
w <HhE &'Fak! CZ-ZE’ ZW [ ( ) (qu qun )
lext consider diagram {(e¢). fhe I.H. puru of uhC annlitude

above the cut is (omitting unnecessary constant factors)
My ~ W) ye0r) UCH) ___fg) S (tgtia-Pi-9)
= Wepp 7Etk) WP) ‘_’__,_f_‘l’ § SUptrz-B-g) - 8 ( fpHks- T’z)}
+ W) y-E0a) wig) .fgﬁﬂ P (ptkr—R)

The first term in the r.h.s. of the above relation
will not yield an f.i. term if it would be inserted in the
unitarity condition, because the bracket goes to zero as
g —» U, In the second term we »nut p% = Py = pB + k3. 'The

S ~function does not involve a o this term can be written

ag
e _I 1ni M
{_.E;?A J 2 ?o ?l-' 7 i
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In the same manner, the lower part of diagram (c)
vields an I.il. term of the form

e 4" ?.‘iC” M
@% Vag, -09

o the uwnitarity sum for diagram (c) will contain the

following I.R. term

Tw IR SHKITARKD = (?:ﬂ— 2 -8 e? Eﬂ AP MaxM,
27 T@nt,) 2% minY

Jdow adding the f.x. parts of Tb and 10 we get

Tw IR. < F)K"l Tb-ch, 1d B =

'Zﬂ)w ezf P YO P '}_.— o
Z(‘"” 77‘ (f‘?) *?L(?F'? mafd ’ mv. ‘J MarM,
° t LY. 4
S YANENREN Py L)

he lagt result is oblained because the factor

/' Fay o (.I&.)

(er)’ Q% 2 ‘R

ig constant and independent of Dyy 80 it can be talkon
outside lhe suwmnation sign.

In addition it is important tn realize that the
two other terms involving Dy in the bracket above cancel
cach other out becausc the state b, in Tb is identical in
uass, energy and momentun with the one in TC. A1l the
above onerations have been performed before the analytic
continuation in the intermecdiate masses.

finally we can see that the unitarity condition

yields a second order amplitude which is multiplied by an
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indenendent I.R. factor.
The sane technique can be followed with all the
diagrans of ¥igure 7.5 and it is easy to see that the I.R.

terms that they yield are

ITw Ta = " (_Zr)" j“z'o [-— (%é.)l] Ma x M

7
Tw T, = m)f 4 LfnY - BB f MM,
e '('Ll Z mo ('zn)"' zq.,[ (-q +‘2(."i) g9 -]
Twm T = (2___)_11 > e dY [ _Bh_ | MaxM,
(2’,) 2’9 P1.9ﬂ'
T w Td = Zﬂ)q 41'0 .L_ + .1 - T2t} MaxM,
Z(Lﬂf’ 2% Fg?) (Yt ) PSRY 7
- 2”)" el Mo ¥ M
Fw Te .L_ f@")quqo[ _&9 ] 7 My
Tw T2 = zv“ e’ Bt MM,
w f 2—(2",’., 2% [(. )Pt'? ?1"]-]

where 9, = ot

suarnming u» we get

TuT = Tw (Tour'r;,-rTc*Td-*Te"'-’:})

(znﬁ f‘?[ (a? na 1:1';: Tx@‘jzﬂhx”'

where we were able to factor out the I.:il. contributions

gince they do not contain any intermediate electron momenta
and the S ~functions of I-1.5 and IfIl do not involve q.
Ziow the calculation to be done is actually a second

order onc which yields

RTC‘" P —B-,__ __.1___- <k 2) K
N
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For the sake of completeness, we consider also the
T..20. contributions of the same order that arise from the
scattering of the external coherent soft vhoton states of
and g,g?ﬂ shown in Ficure 7.7. These I.1. terms are
2 ) 2 * v
2-5;;,]4 [W+1gV -2 v2g- (B By - 2% (n Ty % T
vhere the term

i f iif#"”ﬂ 24“3]x TS = < % T

comes fron dlaﬂyam 7.7 (e) [uce che 3 ]

[
NP AN e N
Vs Vs ” v 7
r ¢ ¢ ¢ Y

'F*

N | . L
AN ///‘\\ ///\\ S /// Y
N e 7P a~ 7T NI ]

(1 4 Ko \ A
(o) &) ) (d) e)

Figure 7.7. (nly the s-channel is displayed

Thus, altosether, the 1.R. contributions involved

in a fourth order Compton scatiering amplitude are

T.R <Kl T ok > =

zc'zw) ?%[m.”g'-z‘FJ (%'%)123("& ﬂ) ?'#(p?q ?.ﬁ)]

X CP—;\G'T&)”:F') .
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7.7. uwxtraction of the I.R. terms from Fourth Order lloller

and Bhabha Scatlering Amplitudes.

“he fourth order Bhabha scattering
and (at the same time in the t-channel) fller scaltering

amplitudes are shown in Fipure 7.8.

(e) (f) (g)

rigure 7.8. TIourth order Bhabha scattering amplitudes.
the wavy lines represent photon q whose cnergy is taken to

the T.R. resion.,
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Pirst we examine diagram 7.8 (2), which is shown

again in Picure 7.9,

P? ‘ &\/ﬁ'
Ik

-7

-— ey e
¢

q \-ﬁz ?1 9
b)

1"‘_1_;31.1"1‘8 7. ()

The T.h. contribution of diagram 7.9 (b) is zero
hecouse the L.l ternn of the lower port is o third order
verte:r of the form

(7.7.2) (k) y-£Wuwep) x C(py,p)

nd by requiring that the elementar; vertex is uniguely
defined Charpge ilenormalization , it becomes identically
zero ags the mass of the internediate nhoten ig taken to
its vhysical value. iloreover to calculote that lower part,
see Hef. (7), a subiracted dispersicn relation must be

applied with the subiraction at s = 0 and nutting A (s=0)

1l

Q.
Therefore when ithe intermedizcte »heton mass, which is equal

to g, is talten to zero the lower nart will vanish,
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Then we are left with diagram 7.9 (a) only. “he
calculation of the I.:, part of this diagram is equivalent
to the caleulation for I.1. ki TD 1'%, PO the difference
being just a nultinlying factor, as we will seec oelow,

Let us urite

(7.7.2) Teu LR EKITVR, P> = Tuy TR A v Mo

vo caleulate i(s) a subtraction relation is needed [see
also Jef. 7 .] 50 we write

(7.7.3) ACS) = ..L.fcls' ]ImACS')

i‘-fa
and the reoull has been obtainea in section 7.5.

Cnn the other hond the unitarity conditicn for
diasran of Fis, 7.9 (2) vields

(7.7.4)  Tuy T.R. <v..,9,|Ta"’lF,_,?.> ~

= Uege) yp (@) Uig) y Pty . VRN )

()]

~ 2wl v
Byt (rmﬂ

= ) )’"ucp.,) utp.,);"..fu.(ﬂ) x Tam ACS)

F’l"

= R Y vgo VR 7w x "s'!" Tw ACS)

2 , 2 CL
where s :(pﬁ + 93) = (p, + pl) and it ic easy to sce that
t [
Tw AG) is the ganc agc in (7.7.2).
Jriting a disrpersion relation for the invariant

anplitude in (7.7.4) we have

. Tw At
(7.7.5) A€ = _;g_g_o__ua_) ,,f;?rljds[r_h _%_]Iwﬂ(s)
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2
where SO = (Pl + Dg) .

ile see that (7.7.5) and (7.7.3) are identical and so A(s)

igs the same as the one calculated in seection 7.5. “Yhus

the final result is 3
(7.7.6) T.B-<TuPol T Tp> = 18 [;!13_. [(_!L)'ﬂ P )‘- Po? —'—]me
T ) ? 2em¥, ] glatpie L \%y 9/ (pgeie)lpg-1€)
where
(2) ) PV () VIR Jp U h)

Q. Bl T IR = £ e
T fils Feti (-2%)-7 fEVEsEF (AAY

Worliing in the warr we did in section 7.6 for the
Compton scattering diagrans we can see that for the diagranm
of Fipure 7.8 (c¢) we pet

- 2
10T TR <Rl Ty = g [ [ 2B ]
2,/ 29, L B984

Azain we nave to be careful if we want to obtain
the 1.3, nort of the S-channel amplitude, becouse the above
exvression is  urely real, and an imasinary part mway be

present in the crossed channel,

™ Py

fMimure 7.10
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For this reason, congider the diagram of Figure 7.10
which is crossing symmetric to diagram Figure 7.8 (ec¢). Fronm
the unitarity relation we have

(7.7.8) Tm <P Rl TVl = %rl'.’ T PPl TN BOCR B T Pl pep

[low we follow the techniogue used in section 7.5, for the
evaluation of Tw <K|Tmlﬁﬂ) , and we can easily get

(7.7.9) Tw TR PP TR =

) g—‘!—:’% S [o-g-vd S [tpt D=2 & Gpep, x <RnI TR
o/ q-a

wext, we can combine the above imaginary part with
= ) X
a real nart ve get from TR <SRBI Te IRP?> by crossing,
and we write

(7.7.10) T.R. <pypl T®lgpy = et i‘i &) Py P x <y Pl TOARRD
| @)t ) 90t (epyriedgg-e) o "

vhere <pufel Ta)[ RP> ~ ULl) am&(ﬁ)ﬁc&) Yl R)

(f-P )

in corbinings the real and imacinar: 1.:i. »arts, as
(o e . i H

we did above, we do not claim that the I.X., part of diagram
Fisure 7.8 (e¢) is the crossed counterpari of diagran figure
7.10 (which, nevertheless, secems to be the case). Crossing
symmetry refers to the entire amplitude. It is just a matter
of convenience to write these twe terms as one.

In a2 gimilar fashion we can cevaluate the diagrams
of Figure 7.3 (d), (e), and (f). Diagram Figure 7.8 (g)
does not contain a soft photon since the intermediate photons

mast have enough energy to produce (or to be produced by)
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an electron-positron pair, 7The result of the exact calculation
in Ref. (7) does not contain any I.Z. term.

S0, finally, the I..l. terms of the fourth order
anplitude <?q ?nga')l?,_P,) (Bhabha scattering) can be
written as

(7.7.11) T.R. <PuPl TNITep) =
k [
- et (4% [z(_t_) S Rl )] <Fepl T PIER

zcgn)?o qiatee L1=\Fid e (pq2ie) (e tie
where whenever Py and pj are both either incoming or

outmoing the (ie) will have opnosite signs in the dencminator
ingide the bracket.

By ecrossing we obtain an analogous .. contribution
feor CPyPe | T“") ARy (Feller scattering).
(7.7.12) I-R- <R T""lr-_.n> =

(3

o el [ _?_._4_.————]x<m,_ T892,
z(zvr)" 9 ,ﬁm Pf '#)-: (fqxie)(p;-9Li€)

7.3 ©ifth Urder Calculation of 1.1,

A general remarl we can noke in the nrocess to
calculate the I.R. <1aj'r“7yﬁk>, and which is also true for
any other higher order contributions of this vertex, is
that ve need consider only one cut of the unitarity sum. In
varticular this cut is the one that bisects all the internal
photon lines in that order.

“he reason is the following., Take for example the

diagram shown in figure 7.1l (a) with the unitarit:r cut
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nassing throush only one photon state. Then as g 0
the lower nart of the dingram contains a factor that is
the third order vertex function of I k-—éjpz. Ve can
choose to take I.il, <pl T“’]P,l:) = 0 by analytically

N 2
continuing n2-> m.

“he only unitvaritr cut for which the above case
does not anply is the one that passes through all the

intermediate nhoton lines, as for exanple in Firure 7.11 (b).
Pt ] A [

Pisure T.11

ilext we consider the diagrams of PFigure 7.12. As
we will schow these are the only diagrams we need to
calculate to gset I.H. (?;lelPJQ . ©but, as one can
notice, twice as many diagrams have been written down by
treating aq and q, as two distinguishable photon states.
In order not to overcount we will divide the final result
by 2!, Thig procedure yields an expression that is symmetrical

in the 97 and 4 variables.
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In general, 1f we have n soft photons in the
internediate state we treat them all as distinguishable
states and so, we take all the nossible combinations of

them. Thus we must divide the final result by nt.

) 2% R

Mipure 7.12

e can »roceed to the calculation of the diasrams
7.12 {2), (b)), (¢) and (d) in the same way ag we did for
the cagse of I.01. (MT“HP,K) in section 7.4.

"o demonstrate the nrocedure we first consider
diagrans 7.12 (a) and 7.12 (b). Je start by adding the
lovier narts of these two diagrams to get, os in section 7.3
Lot €P99, 1 Tarel Bk

- =€ d. rEH e 1 Fé&
(P} X ELR)ULP,
(zrr)‘ilf{' e (2_:?"‘{5,7,, P9, (2nl’ér € J Mr yrewp)

The unver part is the same for both diagrams, and

ite I.2, contribution can be written as

IR <RI T peq>=2¢ 4 hé, -e 1"‘!‘—‘
2 % Y ) (—--,-2”) = u(ﬁ)rz(f,) ucp)_L.
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Uniting the two nartis we can get (after snin and
nolarization summations and integration cver the intermediate
electron momentun)

Iu« LR <nl Topl k> =

___ﬁesrr & (d8 QR 20 T tp,- P-ut] x Mo
@ﬂ) 2¢r0 ﬁf,;',-q‘, @an? fgle P92 [ flite

where 1 £CK) ulp)
(z::) j;': r o) ¢

fow, the some method used in section 7.4 can be

applied. Going to the c.ni. frame of reference we can write

the dispersion integral ac

¥
A = L (S0, Tw A (8 ehe.
T‘_“ o"'r'lo
The intesrotion over E; has the net effect of renlacing

(sec scetion T.4. )

20 & [(fz“?r"h)z"“:z] by 7 :L«Mq)
3’ i

and so we get

;3
TRLRl TSWip K = et (48 «nh 2 [éﬁzc-)fz-?, < Mo
@) Qo A7 @) e, wErET

In the same war we get for diagrams 7.12 (¢) and 7.12 (d)

IR <nl 'rc‘f} 1O =

E, E
d% R et ]J’?r BB x My
(rr 2020 Bfefida €%) 290 Rlfe)Re,

By adding the two above cxpressions we have

I.R. <Pl T(ﬂwcwlﬂk> =_e ez Iel?z ) LU 1] Pl YTl
2%, Bald @-") s 1) ?:1:“9;
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ile notice that the symmetrization procedure we have
followed has produced two factors, each one corresponding
to an 1,1, term of a third order vertiex.

B "Tilling in' the subtraction constant terms and

dividing by 2! we get

I.R.<f) T 6> = 'lT e ,f 14 )‘_ 2h-P ]x Mo
2 = ean), ) Zq Pﬁ- \7es R Pl

We must note that the other terms of the vertex
<f5)1i”]ﬁk> do not yield a leading 1.3, contribution and
s0 they are not included. ror example, consider the

diagrams (a) and (b) of Figure 7.13

¢

’ iﬁ E? ?
[}
K\\ ? K"\ '

13

Figure 7.1%

from the analysis of the fourth order Compton
scattering one can see that the part under the cut does
not contain any I.un. divergence in the nhoton variable
represented by the dotted line. Oo the I.X. contribution
of these diagrame is not a leading one. By symmetry the
same holds for the rest of the diagrams in Figure 7.13%.

In addition, diagrams containing nhotons that have
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both ends atlached on the same elecliron line are expected
to contribute constant factors of the form
32 z !i 1

J I.( P‘-)%{.n.} or J i.(]?')x{...}

290 \ P9 29i0 \R-§y
But such terms have been included as a requirement of the

9]

condition A (8 = m") = 0, and so, it is not necessary to

congider themn separately.
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7.9 Infrared Divergent Contribution of <F,_IT(")IP.K>

The method applied in the previous section for the
calculation of I.R. (leTmlp,p can be generalized to obtain
I.2. <RITIARKY> in any order.

The unsubtracted disversion relation yields the

following I.Rk. term,

h]
N _et [ [_ _%1’3_.‘3_] x <p| TOIRO
1= 2] 29io f-§;*0-%1

Now the subtraction terms are inserted to get

(7.9.1) TR <fl T oo =

k
(A 0 - 1 T
w1 = 2zmd, ) 2950 L \Teti (P.-h') o) © CRIT IR

'he choice of the subtraction terms above is jJjustified
as follows (besides their symmetric form)

Consider that in Figure 7.14, kj is a soft photon.

P; //\C.,

{1 \\\k

Figure 7.14
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Then we expect that this amplitude has a pole in [}fﬁ«,f—»#]

As k3-—* 0 we can put by = Py and we have

(7.9.2) TR.LHKyl T ﬂ[p.l:) & _,k Pefs o <) T 0

Pr-K3
- Bf_ 4 'IT et [ % )1_33;&] el TIp D>
@M% Pyks X vl iz ztanl" 1’90 F)'?. (?, 9%/ B§ 69 i e

Cn the other hand we must get the same answer if we
follow the unitarity-analyticity scheme. In the next chapter
we sec that, when (7.9.1) is used in the unitarity condition,
the I.i. terms in any order have the form that (7.9.2) exhibits.
This consgistency of the results justifies the choice of the
subtraction terms in (7.9.1).

ext, the real part of T.R&, <K TR can be
obtained from (7.9.1) by crossing [ p-> -f2, iuq)—)i?(a)} 14—9-36]
14 will be shown, in section 8.2 of the next chanter, that
the imaginary nart can be obtained in any order too. ‘the
result is

(7.9.3) T.R. &k TH5 o

- _fl_—__ 1 ZRP 1 T(l) -
T 301’”’] 29, [ f’: (4 ) Af F-q ]} * <Kl Lo
..]l

y L § el

IR P 3 1 ¢ 57, § [ ea-g’-'1 5 [earo’™ "ﬂ} w <kIT), B>

i

__L { 181' [67‘1;; )Z- 2h-P ]}1‘; <kl Tmﬁ;yr;>
M 2z, -,H--c— (@-9+:6) (p, 418
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VIII. “SLTRACYTICH OF THE I.R. TERMS FRGM SCATTERING AMPLITUDSS

CI' ANY CRDsR

In this chapter we will show how all the 1.:d. terms,
of any order, can be extracted and summed up, in such a way
that they appear as an exvonential factor multiplying the
rest of the amplitude which does not ceontain any Infrared
Jivergences.

Mirst we deal with the extraction of the T.id. terms
(real and imaginary) generated by the couplings of the
intermediate soft nhotons and, after that, with the ones

that the external soft photon states f and g nroduce.

8.1 iteal l.it, Terms of the Intermediate ‘hoton Gtates

suppose we want to obtain the electromagnetic
scattering amnlitude for the process

fei} + Jiif +g — 8] +{Kf+ 1

where g and f are ccherent soft photon states.

In the analysis that follows we discuss various
amnlitudes in terms of the corresponding diagrams. liloreover,
we consider all the diagrams that are obtained if the
intermediate photons are labeled as if they were distinguishable
and therefore connected in all possible wavys.

From the unitarity condition we have

(B.1.1) Tw <lipdl T Ipkigy = L_zfﬂ! Z <t kel T 05 Cxpl T‘e’mmg) x
S (EptZk - Zpi -TKi)
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How suppose that in (8.1.1) the intermediate state [Pk
contains fkhi hard photons and n soft photons.
\PK> = 1P {kaf, koo kw2
For the amplitudes ¢ |"|'"'t“‘"¢)[\9lc> and ¢ Pk T‘”{ Q>
P-F,K‘F,‘;‘ 43! ﬁrlg ’
ih,-°-kq} are external soft photons, and so, they contribute

the following I.R. terms (see section 7.3)
(8.1.2) Tt ere £ln) Hang-C-)

1= @m% Joke Zﬁ; L2 Z%lﬂ- x <o kel T [ kn?

U')e- (:,) l— (€-w) i tove”
NG e

iz l(g )"4. V2kio g f.Ki Z, }x Plal T ’mk"j> w‘”“l{-g_{wd
Substituting these two I.R. parts in the unitarity relation
we get the following I.1t. term
(8.1. 3) T I.R. <(’4k;-HT‘-“"’|p.|c,3>~

‘111*" [(m ;’::; {Z'g{f ZJ-} {z;& z;:lg

x @:1—,1" <ok T oY Al T &gk 85 §(EP+3E ~2 pinER)

=Z L 4"" SAG SAR . 5k s np
hr 2 I ""{ P4=~K.£ﬂ Fn+z-l’;~hz?n "'E"‘.LET A7 'F:‘ q }]
Y -
*Q"z-l- c#lf-Hll'i“"' “ 1 pknd Chp TE r;k:;>§(£p+zgh+k,...k.,_;_—n,_g,q)
where Kot = J\:Z+ At

The factor 1/n! apvears in front of the above formula to
compensate for the over counting that occured, since, in

order to get (8.1.2), §¥, k4. - .k..,} have been treated as
distinguishable states and we have summed over all the possible

ways that they couple (n! too many).
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Moreover, in (8.1.3), we can put Ky =k, = kK = O
in S(Z'vq»fkh thi+--Ky -TP;-Z'KI) because we can write,

for example

S (ZPfZKh + tﬂ'- --K"\" Z-]’i "ZK'I)= S(if-rfkhq-kl oo .k“_, —E-P.,--’:kn')
"'[S(ZHZKmhr-"F.,-Ep;-fg;)__ S(LorErgticnt  Ku-i "ZPS-Zk;)}

The term in the bracket is zero as kn-—) QO and it does

not coentribute an 1.X. teru in the Kn variable as it can be
seen from (8.1.%). =xzepeating this procedure for all the other
intermediate soft photons, and discarding the non-1.i. terms,

we can do the following substitution in (3.1.3%).

S(LptZiptkie - +km-Spi-2Ki) —> S (EP+Zkh -Zp;~5ki)

to get

(5.1.4) Tw LR GKF) T fikig> ~

oS4 __g__,fd"\’- z 4 s SYP ue k
K ! Ly ) 2. -f.;.i_lfi ?szgn Kz""" %Z%Hx

(-

=)
x @g"a,cmw““ “IF"-‘D‘MH T 1 g2 S'(szt., Ze-EK)

llext we show that all the terms that contain
intermediate electron momenta in the bracket of (8.1.4)
(that is, the second, third, and fourth) will be cancelled out.

The I.it. contribution of the amplitude below the cut is

(8.1.5) I.R. <k4rl’r‘€'")lr:,k.'5> ~

v
~ ___|_ 47k _SYP (6-m-2v) '
i f,m_L{z:nﬁ _;_,_L}]XCKAP’T | fikigd
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where the last factor does not contain anv infrared divergence.
The form of (8.1.5) is justified as follows. In chapter 7 we
have shown that the I.3. contributions of the vertex e(ol)+JCk)—)e(_f,_)
have the form
Using this result and follow1ng the procedure we will discuss
below, one can obtain expressions like (8.1.5) for the I1.d.terms
of the Compton and igller scatterinsz amplitudes in any order
and subsequently of any other kind of amplitude.
Bv the same argument the l.., contribution of tue
amnlitude above the cut has the form

(8.1.6) T.B. <€;.lt,cH T (-€-6) ) o o

N 3 75 # (W-€-y-23)
P L B g -2 T o T e

where the last factor in (2.1.6, has no l.... »art.
Bubstituting (8.1.5) and (8.1.6) in (8.1.4) we get
(8.1.7) Ty :r.rz.<o>,ck;.+l‘r““7mlc;3>
£
= 2 Lo« L y

vuse ! Y. '

x ) <o flT
2

&)(q-e-ﬂ—Zﬂ

1Pk C kil T2 g, g

where r + n + & is the number of 2ll the internediate soft
photons in a diagram and where the following notation has

heen introduced




(8.1.8) &= & fi"‘ P4 L1
(2m3,) 2ko f ’L Zf’-k}

£
=_e% (3% (_sv& sy  sab s p P
b @’ f 2Ko { Zp; K Zn K er-k p-x *Z??.Elfil‘g - i;’?{f%f]

E ]
2 3 .
et ["dic | { _ 7
r= @mn?, 21<o 2 ZF 2 Z:%Tc"}
Jutting 28 +20a + 2r = 2t we can write

(8.1.9) Tw LRLGKFI T )pKig> =

=5 Lx°

L8 v
s s/ LR

@ £ <prpsl £ k5 ot T ki g>

“"he T.... coantributions always ceme from sof't nhotens
thnat are counled to the external. electiron sietes of an armnlitude,
a5 can be seen from (3.1.2) and (2.1.3), (5.1.9), and (3.1.6).
SO in swmming over v, n, 5 we obtain all the terms with
wiitarity cuts thatl senarate a certain diagram in different
parts in terms of the soft photons involved but with no
difference in the non-diversent paris below and z2bove the cuts.
how we serform tne swmnation over r, n and s by using
the following formula, which is a generalization of the

binomial expansion

(8.1.10) & _4 gy f_ | ¢
58 ol gl f7 = 3 (2 tf+y)
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for t =r + 8 +n

According to the deflnltlon of o, P 4 in (8.1.8) we have

1 1
8.1.11) «
( Py = (zur)‘ 2\:., { 7 'K}

We notice that the above T.4. factor d:es not contain any
intermediate electron momentum and therefore can be extracted

from the unitarity sum in (8.1.9) to get

(8.1.12) Tow LR <K T lgrigd =

E et A
= Z _L 3 v _ 5yl @ th-0)
t @w’ 2 ko 41 %r B -2 ,..,L} "gfﬂ‘m” “levotanT® lere:g>

where h + 2t = m and the uwaitarity sum wultiplyring the I.:,
factor deoes not contain any infrared divergence due bto
intermediate soft photons. "hen according to (8.1.12) we
can write

(2.1.13) I.R.<P+|q_fl‘r‘”)lf’;k'.;>
E — (g
T4 [ 46 £ {238 -2 ] T i Tk p

£.2. cteal and Inaginary .. Contributions cof tne ntermwmediate
hoton States

Jn Chapter 7 we obtained inmaginary Il... terms too. In
general the soft photons we examined in the previous section yield
irmaginary T.l. terus also,if we consider the same amplitude in a
cressed channel.,

To calculate these imaginary terms we proceed as
follows. According to the discussion presented in the beginning
of section 7.% for the vertex <KlTw|-P;?,), and which is anplicable
to any amplitude in general, we expect that the I.u.

terms of an anplitude considered in
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two different channels are separately crossing symmetric
counterparts, Therefore, through crossing, vwe know the
real I.1, contributions in the channel, sav,

by doing the appronriate substitutions in (8.1.13). But
then we obtain only the real I.k. terms,

To demonstrate the method we employ to obtain the
imaginary 1.4. terms, a characteristic example will be shown.
Consider the diagrams of IMigure 8.1, where P, has one or
both ends connected higher than the coupling points of qq -

"The diagram below the cut in Fipgure 8.1 (a) has been
calculated in section 7.7. The 1.k, factors that e
contributes (we keev 4y finite at this stage) will bhe
cancelled as we swun over the various unitaritr cuts. "'he
mechanisnn of concellation hag been studied in the previous
section. In »narticular the real [.N. ternc »roduced by P
when it is comnletely welou or above the cut [as in discrons
(a), (c), (e)] are ecual and onwosite to the ones ccecuring
when the uniiarity cut bicects the 4o nhoton line [as in

diagrans (b), (d), (£) J



(o)

Mimure 3.1

As we have seen in sectien 7.7 Lhe lower nart of
diosrans 2.1(a) and the unover »art of 2.1 {¢) contain an
imacinary ... lterm toc., ‘“These T.i... terims have the form

£ . -~ c . —
(8.2.1) 2 Tw <P b | Tq_.o,ﬁ_ﬂ> = 1e*¢ x <f;-f’¢ch’lez.P:>
L4 (“l"'l) -| c v~ -
2w <Pl TVl 0= 6 x <Pl T 7
- 2, . 1el E 2 .2
mese 46 = et [l 5 gfut] 5T (i OB T

20m?, ) ¢Lar

vhen these contributions are incerted in the wnitarity

sum yield cqgual and opposite terms thut cancel ocut as

(3.2.3) [cm) TE ”‘.?})]*x 18% <h 1 TR0 +

s [iete el T Uebe>] > <Ot TDl0P>=0
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The situation is differcnt if we consider the

diacrem of Iigure 8.2, where qp is counled to the external

eleclron states only.

Fizure 8.2

rom section 7.7 we inow tiint the 1., contribution
due 1o ¢., in the lower nuri of diagraw 3,2 (a) is
[ 9

(8.2.4) TRy <GP | Ta (Fp) =
E _
- 10— J"fz L__ P_‘!.._'_Pl___
(ff)" -2 e (- W (G-9, - 1€)

The avove 1.1,

—l x <@l TR

factor devends exclusively on external
necmenta, therefore, can be extracted as an independent
factior from the amplitude we are trring to calculate.
thus we write

(8.2.5) T.R<C, 0l Ta 'fyﬁ

¥ ) )
= 28 i P2 (_____v. _2( h ]<r | TP
2(2"):/72_A1 *;‘— I(&-? ¥ ﬂ.qz) ﬁ?'lé P. ? “_ SFJ 'LP
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vubsequently the unitarity relation yields the
inaginary part of the T.x., < Kgl Tm“ﬁlﬁﬁ) due to the g;
photon. Lhat combined with the real [.2. term obtained
from a erossed channel yields a factor sinilar to the one
we established above for the Ay photon. ‘'he calculation
is analogous to the fourth order one discussed in section T.7.

Jn to now we nave treated ay and Uy as twe
distinsuishable states, and so, to avoid overcounting, we
rust multinly the I.:. factors obtained by 1/2!. The saume
coefficient appears for the real terms as well, Iteration
of the above nrocedure for n photons will yield an 1/n!
cocfficient.

It ig easy to see that the cancellation showmn in
(2,2.%) would ocecur with any nwsber of coft ohotons counled
te the intermediate electron states. ‘he form of the
imaginary teras is cnalosous to the real cones stiudied in
the nrevious section. Uhat is, they are equal with opposite
gimms when thev belons above or below the unitarity cut
and lney have lhe same factorial denominator. Therefore,
only imaginary terms depending on external momenta will
remain since, swnming over the various unitarity cuis, all
cther imaginary terms will be cancelled,

¥inally, combining the results of the »nresent discussion

with formule (8.1.13) we sum the I.3%. terms in the form



(8.2.6) T.R. <l k4l T lakigd =

=t2.1'7[tze:; fzro{ z(ﬁ) ?(f’i: it *F"ﬁ,-r.)' ;l::)

+ _ie? f‘:li:t (3+8) zcn—rm e 8 (k) S Coye k)]

2(2n)?
X <BIefLT 101095
=z 4 _I.ci.'i's.._l.z_&ii Ve & L fenb \hnPe :
€ tl @u), Ptip € {z f (ef.k)+z ,Z(ﬁ-.z) it bk T ﬁ-k:hé) -‘;:;;;76)]”
x <t kgl T 2”!(.-1&:7

vhere tne (+) sirme in the bracket refer to outpoing and
the (=) sirms to incoming electron states. liotice that
inaginar: verns occur only when pj and N, are both ecither
incoming or outsoing, (therwise both »noles in Lhe oracket
are above or velow lhe renl axis and can be avoided. the
dash above < pg K¢ .ﬂ?(““z“{ﬂk;;) denotes that there

are no infrared divergences due to intermediate photons

in that nart of the amplitude.

3.%  Dumnation of all T.:i. Jerms

In the nrevious sections we summed all the Ll.i.
contributicng of any amplitude due to intermediate photon
states. Yhe I.il. terms due tc the cxternal soft photons,

vhich we choose to renresent by coherent states, have been
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discussed and obtained in section 7.3. The following
I.lt. factors arise from the couvnlings or the ccherent states
1> and 13) to the external electrons

(3,%3.1) _1

5 c
b 4 2 (208 - T8 ) ) = i g, m0)

(8.3.2) L, 2(2 )J.ﬁuz-f* Spk -2'%:%)} 24 {$,6,1"

In addition we get the following factors when there is no

scattering of the coherent states

(8.3.3) <$1g) = 1 zmﬂ f __"’.‘L CFrg?- 28797 + ie(pg-g) } =1 39 K

Sy!
So the I.:. contributions due tc |4 and l$> coherent

soft nhoton staves are

e )ﬂ,szz,s, 9,’{3"9"“} &1 f“’“’f i 1997 x <6kl TP g

2 + 53

Jext, considering alse (8.2.6), we write

(8:35) IR CHKEI T kig> =

vnere s = Sl + 8

L, & I8 il A 91E & [saaf
x Z<ukF 1T 0, 6,9

where M= 25+ 2t 25+2t+ v
Now for every r we can sur OVer Sy, S,, 53 t, using the

ceneralized binomial expansion formula (8.1.10), to get
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(8.3.6) T.R <5 kst | TM'“"‘P

L}

T L 003,0,07 +S@ME uket) T g >

- 12‘-;1_']‘ S_ elg(,flg)&)ﬂ-)} "x <f¢ K.F‘.F’ T (w-Zle fi Kij)

where, combining (8.3.1), (3.3.2) and (8.2.6), we have

{ers}= {e?sthetprf = § thy,p 1 + St A =

T
={ ie'tegre-pi e 2%, f 8 [f4g'-oFlgr (220 S 20)
+25-(z:t_& ..zm)_ u*-(z;;&-zm)}

with jelg = e j‘cl"? Z __j_@.)q NP S( S'(
22mt, /) §%-a? ( +F % 7 7 L9
Jo see from (3,%.6) that the 7,2, terms occuring in

anyy anolitude have the forn
ey ey “{2 T
(6.5.0) LR TM = feist T, L {erst

This iz exactly the form we have discussed in gsecticn 3.3
wvhere we have shewn thot summation over all orders leads to

the followinm result
o {e¥ _

“he lact facteor in the above formula can be written as
the sun

o L — —_ = (W)
(6.3.10) <epie 41T lpkig>= 2 <BYH T IHKig>
with

(£.3.11) T T {ce’s):r"‘“'%-- 4-%, (ezr)"i"‘“""%...}
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In the bhracket we have all the IT.L. terms that occur in

T(m), S0 T(m)

and congsequently <fe¥ed | T ¢: |‘i$3 in (8.3.10)
end (8.%.9) do not have any I..:x, terms at all.

“he resultls coblained above can be gstated in the
forn of the followins nrescrintion: %Yo calculate a certain
amnlitude in o given order m, but including the I.X, terms
of all orders {(a) Introduce a small but finite photon nuss A
(b) Joleulate the amnlitude T<m) throush the unitarityr-
ancl-riicity schene but subtract the term

5 7 4 g s T

(¢) imltivly the result obtained in (b) by the exnenential

' = exp et (ogre-py)
et (5 * ~Tuk W Lg% z
"o, f d [I"‘@ﬁ) + (Tug- ) "?Zf Uy wn) f [4“5'@1‘% .Z%f)]

where 91e%6 = 2czun= ﬁ._ L { + f J- Onf e © ['e’j-ﬂ oler9]

el ] rrn,?,'u’ 2
= (F+7) & - «w]h (—%—1%1)

and P Pe are arbitrar;: numbers or functions.
2

factor

3.4, Dressed Vertices Consiruclion and Infrared Jivergenceco
in che o-watirix
I+ 1 cusy to sce that the Jressed Vertices construction
ve »resented in Chanter 5, based on 2 semiclassical
calculation of She f.i, terns and used for cxnlicit

caleculations in Chavter 6, rields results identical with
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the ones obtained throush the detvailed analysis of the
aroblem in the s-matrix frameworis, Illoreover, the Dressed
Vertices is a successful intuitive scheme since atl every
noint of the calculation we deal with amplitudes thatl have
211 the l.%. contributions summed in an exponential factor.
Jhen these amplitudes are substituted in the unitarity
velation, summation over the intermediate ccherent soft
vhoton states have the effect of cancelling all the I.:.
foctors thot involve intermediate electron momenia, The
same characterigstic cancellation wag exhibited in section
5.1 of the nresent chanter,

Therefore, once justified and wroven to yield
couivalent recults with the ones obtained in the nrevious
gecvion, one can choose to deal with the [.:1, nroblen in
the s=matriz throusn the simmle fornalism of the dressed

Jcriices.
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IX A PCURTH ORDER CALCULATICH AUD SXTRACTICH OF THY T.R. ToIU

Applying the S-matrix method cne can calculate the
Tourth order contribvutions 1o the electromagnetic amnlitudes
of anr process. Chou and Dresden (7) have systematically
carried oul such calculations, where the advantage of the
J=matrix method over the Iield Theory is evident. The
results obtained are identical in both cases. (n the other
hand, one can »nrove in princinle see ilef (8) that at
least in fourth order the {two methods must yield the same
ansvier.

In the present chapter we will reneat a calculation
done in ef (7) in order to correct an overall sign, which
is quite important, and also to exhibit the extiraction of
the I.:il. tern.

fourth order Cornlon scattering gives rise to six
diacrams in the s~channel gee Figure 7.5 . Ve will
consider one of these nossible amplitudes, shown again in
PMigure 9.1, which usually is referred to as the electron
self energy diagran.

The discontinuity of this particular diagram is

given by the unitarit: condition to be
. )
(9:2.1) dise. Ta” [ptk,> ko) = 3a)? Z<pobal T pg> ¢ 941 TPipe05ipy-104

The two second order parts, apnearing in the above relation,
are knovn since thewv both represent Compton scattering

amplitudes [section 6.1 J



Figuare 9.1, Blectiron welf-lnergy Jiagram of decond (rder.

subgtituting we have

(9.1.2) dise. Tal= ian)? € w_ 4 1 d% e
‘ “ Czﬂ)"' €5, 2“"1“’1 —E-LJ ¢ S‘(P+q fi Kl)

2T
X W (@) xo£o [Ptk bwd o RLP) X [20htE) +m] o
G 5" O r-£69) wep) ucp)ﬁmm-y gaayuey)

- -5ez W 4

TR EE 2fem, qu"""f SU*-w?) 00 () 00) x

x (@) - E0¥7) E‘—i—w { 2w (sendt ) + [ o csw)c:m*-gz)]y. t ﬂgg},.m,,, U(R)

vhere the sums over opin and polarization states have

been carried out by using

wps) Ueps) = :L%i“‘_“'l.

S
()
F'"X'EC’"') ‘e 6-.5(,')).. c e rr‘ s rf‘

and 5 1s defined to be

$ = (fl‘l'h)?-
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The nhase space integral yields

(9.1.3) jJ"pJ"? sLi-w2) o) §@-1) 66 §(prq-a-k)

/-
= =) l{. ic:-cm.n‘g [rg-(w-a)’]}’f O Cs- (wt))']

The result in (9.1.3), which is discussed in Appendix A,
differs by a minus sign from that of Chou and Dresden (7)
and Barut (Xef 9 pn. 45 ) (that are in error).

Next, we put (9.1.2) in the following form

w oy —
(9.1.4) T Ta®= et "E,EE," ﬁ:. u(mr.s.,[ B,) [rmw.)mj:fz;cs)]y.s.u(y.)

where
)
B = . r_ esputd(sug=at)] § Cs= Cutd ¥ [c - (wa-a)] Ja
'« [g.,.. S ] S (s-wt)t 6 [¢- cmniy]

!
7 ) = - wle12) T (spud)(s+ 9oy )T ) Ts-tartt ] T €-sm-2)i] 2
’ {2‘“ (4] M[{w s ] } i Mscﬁsm:)' ﬂj&f‘*”“ﬂ

()
.TAﬁs) con be written as 2 linear combination

of invariant amnlitudes in the form

(9.1.5)  Ta'z Besyx WM. 4 weorre, Ty
o o e Ly-(ati) 4w yog uip,)

+ T« ™Mt Sy €,
&e s, BE 7D

Comparing (9.1.5) with (9.1.4) we have

; ) — (A
(5.2.6) I\M BG).— @%‘ -a'_ X 'B'(;)

(0.1.7) IwmZe) = % 1 (
oyt T X2
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Under the assumntion that B(s) and Z (s) satisfy

a disversion relation they can be calculated as

)= .1 I\M'B(S')
Bes "_wf o ds'

Z'cs).._!.f..’i.“:_?..‘_‘_)_gg
sl-g

The results of these integrations are

(9.1.2) Ze)z =t =« & {4_-%}%‘1&‘,}

(zrn‘ qm wm(1~p)

1.9 - _e? - -2
01:9) Be) = e S () [ g e+ B Aot e 242 ]

X = e?

—

vhere - 4 - =,
F i wt / Yo
In the above exnression for B(s) we subtract and add
the following term (which is the I.il, centribution of this

anplitude obtained throush our aprroxinalive scheme in

section 7.6)

k
T |, e g% of - e? = (=2 2)u [+ 22 23]
Gm® S-F @aVo)afmg: @D Gn) an P
tq get
Bes) = Bos) - 2 1 ___i P, e? 4y ©2P%
em)6 s—wmr ™ (?-ﬂ) 2{Ge P C’-”)‘ ;—ut (z:r)'! (@7)1_
=€ X (-2){ 4 [g-py LY 2k
@n)é an '«*e){zo-e)[g e I-p a""]+i+9&"ﬂ'}
k 2
et | 2 fﬂa—)?
— . XL .
@mé f—m‘x@")'!o 2Jep ()
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3o finally we have

(9.1.10) T2%ks) = =€ _t.«._ 1 e yetea) Zp (pe) YECR)ULR) +

—et m ;Icmm-rwt [ E, 2
+ UR) - £0%3) 7 EUe) UL x et d’q )P
m@, Qr— y (ﬂf‘;l) - @,n’! 29 U)q)'l_

where Eg(f.i-m stands for

S Fo = 22 [ (4- )

" P 2(w-p)

[ o )5 )

In (9.1.10) we have extracted the I.:. term which is

E
TRARK: | TE G KD = @i§1J;ng;1 x <kl Ta ol p k>

and we have writiten the amvlitude in the following form

¥
@17,J) 290 (p.q)
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KXo CAUCELLATION CF THI INFRARDED DIVIRGENT TiRE

The result ovtained in Chaptler 3 is that evexry
electiromagnetic amplitude can be written in the following
form

ie
(10.3.1) <k f I Tharki 92 = € ?Z <GKRsE1 T pkigd

. . A . . == (W)
where there is no infrared divergence in < @ ke$| T lﬁk:g)
All the I..i. contributions have been summed up in the
exponential factor

(16.1.2)

{ex}

e -e)xr{aez((’,ﬂ ) + i j.ﬁ ['1«1¥J+(Imf-1~tﬂl]* ‘ZJ—i DP—;-J] }

whereo

. — [ > '_k
10-2.9) ie = det, [SL (F+F)Z Lk S L9 STaeq]
=(F+f)Z cirngnk g (K

g: BREL Cig;-00- - ““q]'{’&l ( +i)

(1001-4) - FOV‘ e
( 2‘ %P ] ti
1(%) ﬂi_i Z'ﬁ"#— where 9 {' Lt o

and P Py can be arbltxarJ numbers oxr functions.
)

Wle see, then, that the amplitude is different from
zero (no divergence in the exnponent) when

(10.1.5)  §-¢ = j@)+&Q) = Z:LL ,Z%_,p + ¢09)
where

k
f_éif; L)
o/ 29°

(f g’ f 13.) are fixed to cancel the diverging phase terms.
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is non diverging even if we take J = O.
Hote that for g(q) = O and  @lg) =0  in (10.1.5)

- W ) iP
(10.1.6)  fog) = jog) = Z ¥ - Z S

which is exactly the radiation field expected in the
clasgsical scatvering
Zeits) — Zeg(p)

ile can see the cancellation of the I1.it, factors from
a different point of view. 7The soft photon states are not
observable and therefore we must sum over all possible |47
cstates. "The cross section is proportional to the square of
the amplitude, 3¢ we have

(10.1.7) @~ E I<f+r;§lTIPsK;57|z':

Fenriss f LT 5] {x l<t st I T Iorii o1

wow sumning cver all T (in the wa; we have showwn in Chanter 3)
the exponential fTactor gives 1, wnile in the resgt of tlhe
anplitude we rmust substitute

(10.1.8) _f._yy.{.j . _f*_; §*+j*

So, we get
O T l
(10.1.9) & ~ | <& ks (j+9) ITW"KWM

which is a non-divergine result.
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#xI. COCHCLUSICEH

In the preceding chapters we were avble Lo extract
2ll 1.2, terms that occur in an amplitude in the J-matrix
theory of electromagnetic interactions.

It was important that we could extract the 1.:x.
contrivutions before we had to do the disnersion calculations.
finally, the T..1. parts vwere sumned as an exnonential factor
that mulitinlies the non diversing nart of the amnlitude.

The exponential 1.... Tactor is identical to the one obtained
by the semiclacsical treatment (Ch. 5) and Field “heory
(lef. 4 I7).

“he golution of the T..l, proovlem, that we have
nregented, nelns Lo reuder D-natrix theory a self—consistgnt
drnamical method one can use Lo calculate elecuromnarnceiic
scatioring anplitudes,

©,=7. Chou and li. Oresden (7) have explicitly carried
out fourth order dispersion caleculations and the results
obtained ayrece with the ones given by field Theory, In
mosl cases the S-matrixz method is nmore direct and easier
to apply than the IMield Theory cne. The greatlest advantase
is that in S-matrix calculations no ultiravielet divergences
avpear, and therefore, no renormalization prosram 1s needed
as in the case of Field Theory.

To calculate higher than fourth order scattering

anplitudes (the non=I..l. part) seems to be almost impossidvle
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in the Z=-mairix theory framework. These higher contributions,
though, are cxtremely small and so not renresent measurable

quantities.




- 111 -

APPSITDTL A

In chapter ¢, it was mentioned that an error apneared
in 2ef (7) and (9). Below, we carry out explicitly the
calculation for the phase space integral involved. (ur
result differs by an overall minus sign. The value of the
photon nass A ig irrelcvant to this overall sign and
for simplicity we nut A =0

Then onutting also
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APPENDIX B

We present below some remarks concerning the
imaginary part of the I.R. terms, discussed in section
8.2. There, we had shown, for a specific example, that
the imaginary terms that depend on intermediate momenta
cancel out. We can also see that this cancellation occurs

in general by inspecting the unitarity condition
Imcs T =00 2 51TV > enl T4 3

The l.h.s8. is real, therefore, the r.h.s. must be a real
number too. So we see that by summing over all unitarity
cuts the imaginary terms depending on the intermediate
momentum states are cancelled out.

The process to get the real and imaginary terms,
when several soft photons are coupled to the external lines,
is to consider the energy of one of them as non vanishing.
Then, we calculate the I.R. factors due to the other soft
photons and last we obtain the I.R. contribution of the
photon we separated initially. The I.R. factors that depend
on external momenta can be extracted from the unitarity
condition and thus, starting from the lowest orders we
build up (by iteration) higher order I.R. contributions which
have the form of (8.2.6).
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