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Abstract

TH E STRUCTURE OF AUTOMORPHIC CONJUGACY 

IN TH E FREE GROUP OF R A N K  TW O

by

B ILA L  KHAN 

Adviser: Professor Alexei Myasnikov

In the study of the automorphism group of a free group 

F  =  F (X )  on a set A'", J. H. C. Whitehead introduced a 

graph whose vertices are elements of F , where two vertices 

are connected i f  and only i f  the corresponding elements of F  

are related by one of a specially chosen set of generators of 

A u t(F ). Here we give a structural description of Whitehead’s 

graph for the case where F  =  F2 is the free group of rank 

two. This description allows us to quantify relationships be­

tween the natural length function | | of F 2: and the action of 

A u t(F 2) on F2. A s an application, we devise the first known 

quadratic-time algorithm for testing automorphic conjugacy 

in F2.
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PREFACE

In the study of the automorphism group of a free group F  =  F (X )  on a set X , 

J. H. C. Whitehead introduced a graph whose vertices are elements of F , where two 

vertices are connected i f  and only i f  the corresponding elements of F  are related by 

the action of one of a specially chosen set of generators of A u t(F ). These specially 

chosen automorphisms have since come to be known as Whitehead automorphisms.

This work concern the structure of Whitehead’s graph, w ith  the aim to give more 

precise description of the relationship between the natural length function | | on F2, 

and the action of A u t(F 2 ) on F2. Specifically, we w ill resolve some open problems 

introduced by Alexei Myasnikov and V lad im ir Shpilrain [17]. Some of these prob­

lems are listed under item F 25 in the “ Open Problems” on “Free Groups” section 

of h ttp ://w w w .g ro u p th e o ry .o rg . A  precise description of WTdtehead’s graph for 

F2 has many noteworthy consequences: in particular, i t  w ill enable us to architect 

provably fast algorithms for testing the automorphic conjugacy of elements of F2.

To start, in C h a p te r 1, the automorphism graph of F2 is defined, and its vertices 

are partitioned into levels based on the lengths of elements and the action o f A ut(F2). 

On the basis of these definitions, several interesting and well-known open problems 

are formulated, together w ith  a non-technical exposition of how they are going to be 

resolved in subsequent chapters.
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In C h a p te r 2, the triv ia l symmetries of the automorphism graph are quantified, 

so that Whitehead’s graph graph may be “reduced” modulo these symmetries. A gen­

eral combinatorial framework is established to facilitate investigation of the graph’s 

structure.

Then in C h ap te r 3, the aforementioned combinatorial framework is employed 

to re-interpret substructures in the automorphism graph in terms of combinatorial 

constraints on conjugacy classes of F2. This permits us to quantify constraints on the 

mtra-level structure of the automorphism graph: By proving tha t a particular set of 

subgraphs are forbidden, and showing that a “ large” connected graph which avoids 

these forbidden subgraphs must necessarily have a very particular form.

The results of Chapter 3 are harnessed in C h a p te r 4, where a provably fast 

algorithm for testing automorphic conjugacy in F2 is presented. The performance of 

this algorithm is compared w ith the theoretical complexity of the classical algorithm 

for automorphic conjugacy due to Whitehead.

Much of the in tu ition about the structure of the automorphism graph was devel­

oped using computational experiments. These tools and experiments are described 

in C h ap te r 5.

Finally, C h ap te r 6 provides a synopsis of the results, and presents some questions 

that could provide fru itfu l directions for future research.
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1

CHAPTER 1 

THE AUTOMORPHISM GRAPH OF F2

To start, let A' denote a base set of elements {a ,b , . . . } ,  and let A' -1 =  {-4 ,23 ,...} 

be the set consisting of the corresponding formal inverses of elements from A . We 

call the elements of A' U A' -1 le tte rs , and denote the free g roup  on the set A' as 

F (  A ) .

The elements of the free group can be taken as the set of freely reduced words of 

fin ite length over the alphabet A  U -A-1 , where by fre e ly  reduced we mean words 

which contain no subword of the form xx~ l or xx~ l for any x E X .  M ultip lication 

o f elements o f F (X )  is simply concatenation of words, followed by free reduc tio n , 

which is to say repeated cancellation of all subwords of the form xx~ l or xx~ l for 

i e A .  The unique empty word of length 0 plays the role o f the identity element. I t  

is well-known tha t given two sets A  and Y  the free group F {X )  =  F (Y )  i f  and only i f  

|A"| =  \Y\. This justifies denoting such a free group as F|A'|, since upto isomorphism 

the group depends only on the cardinality of the base set. The group F\X\ is called 

the free group of ra n k  |A'|. This work considers F2, the free group of rank two on 

the set X  =  {a, b}.

Recall that for any group G, the set of automorphisms of G again forms a group, 

denoted Aut(G ), in which composition of automorphisms plays the role of m u ltip li­
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cation. This work concerns the properties of A u t(F 2 ), the group of automorphisms 

of Fo.

Given a group G, two elements g,h E G are said to be a u to m o rp h ic  conjugates 

i f  there exists an automorphism 0 G Aut(G ) for which 0(g) =  h.

I t  is perhaps illustrative to first consider automorphic conjugacy in a well-studied 

structure. In the additive group Rn, for example, every two non-zero elements g,h  

are automorphic conjugates, since there is always an automorphism 0 G -4uf(Rn), 

i.e. a m atrix in 0 G G Ln(R), such that 0(g) =  h. This is a particularly simple 

situation in which the action of automorphisms produces precisely one non-trivial 

orb it in an algebraic structure. Elucidating the structure of this orbit is the principal 

focus o f Linear Algebra. In contrast to Rn, the action of A u t(Fn) on Fn yields infin ite ly 

many orbits w ith  an intricate combinatorial structure. Elucidating the structure of 

these orbits is the principal focus of this work.

A structural description of the orbits of Fn under the action of A u t(F n) w ill have 

several applications. The principal algorithmic application we w ill consider pertains 

to the problem of testing automorphic conjugacy:

D e fin it io n  1 .1 . For each n G N. let A U T -C O N J n(u, v) be the following decision

problem:

IN P U T: u , v e F n

1 i f  u and v are automorphic conjugates in  Fn.
O U TPU T: {

0 otherwise.
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3

Note that A U T -C O N J  is different from the much simpler problem of testing 

(ordinary) conjugacy:

D e fin it io n  1.2. For each n € N, let C O N J n(u, v) be the following decision problem:

IN PU T: u , v e F n

{
1 ifH w E  Fn s.t. w~l uw =  v.

0 otherwise.

Following the standard conventions from group theory, throughout this exposition 

we shall denote the product w~l uw as uw.

To hilight the difference between C O N J „ and A U T -C O N J n, note that i f  u, v are 

conjugates in the ordinary sense, then certainly they are automorphic conjugates— 

since conjugation is an inner automorphism. On the other hand not every automor­

phism of Fn is inner, so i t  is possible for u and v to be automorphic conjugates but 

not be conjugates in the ordinary sense.

The result that C O N J n is decidable is folklore. The algorithm attributed to 

Greendlinger is as follows: Take two cycle graphs of lengths |u| and |u| respectively. 

Write u clockwise on the edges of the first, and v along the second— these labelled 

graphs are called “circular words” . Now perform cyc lic  free re d u c tio n  on these 

circular words, which is to say repeatedly contract all pairs of consecutive edges 

w ith labels x ,x _1 or x, x~ l (for x E X ). This reduction process terminates since 

the original words are of finite length, and their length stric tly  decreases at each 

reduction step. Upon termination of cyclic free reduction, check to see i f  the two 

circles are equal graphs, as drawn. I f  so, output 1. Otherwise output 0. I t  is not 

difficult to show that this procedure is correct, and can be implemented to operate in 

0 (m in (|ii|2, |u|2)logn ) time. This w ill be revisited in Chapter 4, where algorithmic
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issues are addressed.

In 1936, J. H. C. Whitehead proved [27, 28] that A U T -C O N J „  is also decidable. 

His argument, which w ill be outlined in Chapter 4, provided a bound of 0 (2 n2i“ l+lul). 

Until the recent work of A. Miasnikov and V. Shpilrain [17], this was the best known 

algorithm. In their paper (to appear), using techniques are quite different from what 

is carried out here, Miasnikov and Shpilrain obtained the first polynomial-time algo­

rithm  for C O N J 2. Their analysis showed that in F2 Whitehead’s algorithm always 

terminates in time 0 (m in (|u |, |u|)4). In this work, we w ill provide a structural de­

scription of the orbits of F2, making it  possible to construct better algorithms for 

A U T -C O N J 2. We w ill show that Whitehead’s algorithm always terminates in time 

0 (m in (|u |, |u|)2). This w ill bring the upper-bound complexity of best known algorithm 

fo r  A U T -C O N J 2 in line with the upper-bound complexity of the best known algorithm 

fo r  C O N J 2.

1.1 W hitehead’s Graph

I t  is well-known [13, pp. 31] that the automorphism group of Fn is generated by the 

set of elementary Whitehead automorphisms, which we w ill denote as Wn. A t the 

end of this section, we w ill present the Whitehead automorphisms W2 which generate 

A u t(F2). First, let us see how they w ill be used.

D e fin it io n  1.3. The W h ite h e a d  G ra p h  of Fn is the labelled directed graph

r„ =  (Fn, E n)
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where (u .v) E E n i f  there is some <p E Wn satisfying <p{u) =  v. The directed edges of 

r „  are equipped with a labelling L n : En —> 2Wn which satisfies <j> E L n(u ,v) 4>u =  v.

Since the automorphisms Wn generate all of A u t(F n) [27, 28], i t  follows that two 

vertices Ui, U2 are connected by a path in Tn i f  and only i f  they are conjugate via an 

automorphism of Fn. This is proved formally in the next proposition, which serves 

the starting point of this work.

P ro p o s it io n  1.4. A U T -C O N J n(u i, uf) is equivalent to determining whether u\ and 

u2 lie in  the same connected component of Whitehead’s Graph r n.

Proof. I f  U\ and u2 are automorphic conjugates, then there exists some <j) in A u t(F n)

such that d>(ux) =  u2. Since Wn generates A u t(F n), we can find ^ i , . . . ,  ^  in Wn\

i p k - "  i>\ = F n &

I t  follows from the definition of T „ that the sequence of vertices

defines a path connecting U\ to u2 in r n. Conversely, suppose that

=  Vi, v2, . . . ,  nfc+i =  u2

are a sequence of vertices which determine a path connecting U\ to u2 in Tn. Take ifii 

to be any label on the edge from Vi to Vi+ i, and consider the composite automorphism
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6 =  xjjk • ■ • V \■ Since 4>(u\) =  u2, it  follows that uj and u2 are automorphic conjugates

The previous proposition suggests that a good understanding of the structure of 

Tn m ight be used to devise efficient algorithms for testing automorphic conjugacy in 

Fn. This is precisely what we aim to accomplish in the subsequent chapters, for the 

special case when n =  2.

N o ta t io n  1.5. Since hereafter we shall be considering F 2 and A u t(F 2 ) almost to the 

exclusion of free groups o f rank n > 2, we adopt the following simplifying notation:

r = r2, IT =  W2.

We w ill now describe the automorphisms W  precisely. In this exposition, we 

partition  W  into three subsets: the 8 length-preserving automorphisms II, the 8 

basic shifts ’I', and the 4 conjugations 0 .

An automorphism f> in A u t(F 2) is called a le ng th -p re se rv in g  or p e rm u ta tio n  

automorphism i f  |u| =  |<?!>(u)| for all u in F2. I t  is easy to see that there are 8 length- 

preserving automorphisms, which together form an 8 element subgroup of Auf (F2) of 

isomorphism type D 4. For convenience, we shall take the following 3 automorphisms 

as a (non-minimal) set of generators for this subgroup:

in Fn. □

1-4  B

^  a

For x  e X  U X  \  we shall hereafter abbreviate tt( x )  as x
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We denote the 8 element group generated by { 7ra, 7Tb, 7r }  as

IT — {T  TTa: 7q>7r, 7T(2 7r̂ 7r|'.

One can verify that

(7T67T, 7T6 | ( 7 r f , 7 r ) 4 =  (7Tb ) 2 =  • 7 T f ,7 r)2 =  1 )

is a presentation of II. Notice that this presentation has the form of the standard 

2-generator 3-relator presentation of the dihedral group £>4, and hence I I  =  D4. We 

remark, however, that { 7rQ, 7T(,, 7r}  is not a m inimal generating set for II, since

The 8 basic s h ift  au tom orph ism s in $  are obtained by taking the following 

two automorphisms for each x G X s, where <5 =  ±1:

The following informal statement may assist the reader in keeping track of the 

subscript notation for basic shifts:

û x extends x on the right by x5, for each x  G X 5, S =  ±1. 

xib extends x on the left by x s, for each x G X s, 5 =  ±1.”

For completeness, the basic shifts are listed explicitly on the subsequent page.

_    _ 7T
•
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i—> ba 

>-4 b

i-> a 

1-4 ab

(-4 aB  

(-4 b

i-4 a 

1-4 bA

it

( t ^ r r )  - —'i*2

/o r each x € A ^ 1.

The following informal statement may assist the reader in keeping track of the 

subscript notation for inverses of basic shifts in A u t(F 2 )

“To invert a basic shift, flip  the position and the 

sign of the subscript.”

a 1-4 GO

il>b ■
a h4 a 

b i-4 ba

a i-4 Ba  I a
ibA ■ { Aib : <

b ^  b ft

a i-4 a | a
V’s : {  Bt/; :

b t-4 Ab I 6

R e m a rk  1.6. I t  is easy to check from  these definitions tha

The co n ju g a tio n  au tom orph ism s 0  are obtained by considering the following 

automorphism for each x & X 5, where 6 =  ±1:

x 14 x
9,JX

X H4 X 1XX
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Clearly, the conjugation automorphisms 0  can be obtained by composing appro­

priate elements \I/. Nevertheless, the maps in © are typically included explicitly in 

the set of Whitehead automorphisms, because this was needed in the proof of the 

so-called Peak Reduction Lemma [27, 28] in which they were first introduced.

E xa m p le  1.7. .4s a concrete example then, in Whitehead’s graph, the elements 

a,ab,a2,b~1a2b are represented by four distinct vertices, since these are four distinct 

elements of F2. The pairs of elements (a,ab), (a2,b~l a2b) are connected by directed 

edges, labelled by ipa and 9b respectively. These edges are present precisely because 

ipa(a) — ab a,nd 9b(a2) =  b~l a2b. Figure 1.1 shows the corresponding part of White­

head’s graph.

ab

Figure 1.1: A small part of Whitehead’s graph.

O bse rva tion  1.8. We have noted thatTia =  ttJ implies that W  is a non-minimal gen­

erating set fo r  .4uf(F2). Using a smaller generating set reduces the number of edges 

in the resulting graph without changing the fundamental equivalence of the problems 

of automorphic conjugacy and determining whether two vertices lie in the same con­

nected component o fT  (see Proposition l . f ,  pp. 5).

As an application of the previous observation, we m ight restrict our considera­

tion to the smaller (yet s till non-minimal) generating set (IT U 4') C W . Then, since
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the conjugation automorphisms 0  can be obtained by composing appropriate ele­

ments from 'L, excluding 0-edges w ill not alter the partitioning of T into connected 

components.

1.2 Symmetries in W hitehead’s Graph

To sim plify the task of describing the structure of T, we begin by noting certain “ob­

vious” combinatorial symmetries in the graph’s structure. These symmetries w ill be 

described in terms of equivalence relations on the vertices and edges of T. Rather than 

exploring the structure of T, we shall consider the terser objects obtained by taking 

quotients of T modulo these equivalence relations. The quotients so constructed w ill 

respect vertex connectivity in T, which is to say that two vertices w ill be connected 

in T i f  and only i f  they are connected in the quotient. We w ill argue that these quo­

tient objects, in some sense, capture the essential difficulty w ith  respect to testing 

automorphic conjugacy. Once the structure of these quotients has been described, we 

w ill “pull back” the information to yield conclusions about the structure of T itself.

In the two subsections that follow, we w ill consider two symmetries, which give 

rise to con jugacy and p e rm u ta tio n  equivalence relations, respectively.

1.2.1 Conjugacy Equivalence

As noted in the paragraphs following Definition 1.2 (pp. 3), i t  is easy to test whether 

two elements of F-2 are conjugates (in the ordinary sense). This suggests that we 

somehow “eliminate” ordinary conjugacy from T. Let us do this now, formally.
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D e fin it io n  1.9. The con jugacy equ ivalence re la tio n  J  on F2 is defined by mak­

ing g g' i f f  gw =  g' fo r  some w in  F 2 . Clearly J  is an equivalence relation since 

(i) gl  =  g, and ( ii)  gw =  g' implies (g')w =  g, and (Hi) gWl =  g ', (g')w2 =  g" implies 

gwiw2 _  gii ty/-£ denote the equivalence classes in  F2 modulo J  as F2 =  F2/ J ,  and 

the elements o f F2 are referred to as conjugacy classes of F2.

N o ta tio n  1.10. For any concrete element in F2 (e.g. abbAB) we w ill denote its con­

jugacy class by enclosing the element in  [,] (e.g. [abbAB]). For a variable representing 

an element of F2 (e.g. g) we denote its conjugacy class by a~ symbol (e.g. g). For a 

conjugacy class g £ F2 we define |p| to be the length of g after cyclic free reduction. 

We shall often consider an element g £ F  to be a cycle graph Og of length \g\, whose 

edges are labelled clockwise by successive letters in  the cyclically reduced from of g.

R e m a rk  1.11. In  this work, we adhere to several conventions regarding depictions 

of cyclic words as cycle graphs (see Figure 1.2). First, there is no distinguished 

vertex in  the cycle graph-that is to say that one can read the cyclic word off from  

the cycle graph by beginning at any vertex. Second, the graphs have a distinguished 

orientation; we w ill assume that diagrams of cyclic words w ill always be read clockwise. 

Clearly, a directed edge labelled by x presents the same information as the reverse edge 

labelled by rr-1 (where x  is in {a ,b ,A ,B }) .  Our fina l notational convention seeks to 

circumvent this ambiguity: edges are never labelled by negated generators {A ,B } ) .  

When reading the cyclic word off from the cycle graph, it is im plic itly assumed that 

the reader w ill invert the labels of all edges that are traversed in  the direction opposite 

to their depicted orientation.
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E xa m p le  1.12. For example, aBBa and BaaB are related via J , since they are con­

jugate a.BBaAb =  BaaB. Similarly, aBBa and AbaBBaBa are related via J ,  since 

they are conjugate aB B aBa =  AbaBBaBa. The words aBBa, BaaB  and AbaBBaBa  

are all represented by the same cyclically reduced word, which is depicted as in Fig­

ure 1.2.

Figure 1.2: The cycle graph representing the conjugacy class of the words aBBa, 
BaaB  and AbaBBaBa.

N o ta t io n  1.13. Given an element w in  F  =  F (X )  and an automorphism (j) : F  —» F, 

we define fi(w ) to be the freely reduced form  of the image of w under fi. We define 

<p\w] to be the unreduced word obtained by replacing every occurrence of x in  w with 

<j>(x), where x  € A^± . Figure 1.3 presents an illustration of this notation.

graph ica l replacement 

a —  ab

Vafwl

free reduction

11

Va(w) »  a>» i 9  b o 

Figure 1.3: q>a(aaB B ) versus 4>a\aaBB }.
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O bserva tion  1.14. Given an automorphism 6 of F  =  F (X )  and two elements u, 

v in F  that are conjugate via w. Then uw =  v implies that d(uw) =  <j)(v), i.e. that 

(j)^<t>(w) — which is to say that d>(u) and f>(v) are conjugate via <p{w). In  short, 

every automorphism tp induces well-defined map of conjugacy classes <j>: F  —> F .

N o ta t io n  1.15. Analogously, given a conjugacy class ui in  F  and map of conjugacy 

classes <p, we denote <p(w) to be the cyclically reduced form  of the image of w under 

6. We denote (j)\w'\ to be the cyclic word obtained after replacing every occurrence of 

x in w with <j>(x) but p rio r to performing free/cyclic reduction. Figure 1.4 presents 

an illustration of this notation.

graphical replacem ent 

~  a  ^  ab cy c lic  free reduction

b

Figure 1.4: <f)a([aaBB ]) versus f a\[aaBB ]].
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The following sets of maps of conjugacy classes w ill be of central importance in 

what follows:

Definition 1.16. Let the set of permutation maps be defined as

n = { j t ! 7T e n}

and take the set of basic shift maps as

$  =  {fjj | t/j e $ } .

Definition 1.17. The permutation equivalence relation ~n on F 2 is defined so 

that fo r  any two elements u .v  € F2, u ~n  v holds precisely when there is some n E II 

fo r which iru =  v. The fact that this gives an equivalence relation is obvious, since 

the permutation automorphisms include the identity and are closed under composition 

and inversion.

Definition 1.18. The shift relation is defined so that fo r u ,v  € F2, u v 

holds precisely when there is some if  £ VH fo r which ipu =  v. The shift, relation is not 

an equivalence relation, since in general, the composition of two basic shifts is not a 

basic shift.

Since the elements of I I  and ^  are automorphisms, Observation 1.14 (pp. 13) 

applies, and the corresponding relations ~n and factor through the relation J  

(See Definition 1.9) in the obvious way to give the equivalence relation and relation 

on F2.
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Specifically, we obtain:

D e fin it io n  1.19. The p e rm u ta tio n  equivalence re la t io n  «n  on F2 is defined so 

that fo r  any two elements u ,v  E F2, u ~ n  v holds precisely when there is some 7r E I I  

fo r  which itu  =  v.

D e fin it io n  1.20. The s h ift  re la tio n  on F2 is defined so that fo r  u ,v  E F2, 

u v holds precisely when there is some tp E \f/ fo r which ipu — v.

R e m a rk  1.21. Since automorphisms xib and ibx differ only by a conjugation, it  is 

straightforward to verify that fo r  every x E X  U X -1,

x f t  =F2 ^X. 

are identical maps of conjugacy classes.

I t  follows from Remark 1.21 (pp. 15) that =  { f ia, ipb, 4>a , i>B, ai>: bi1, A'fi, B'fi} 

has only 4 distinct members (while in contrast, |^ | =  8). For concreteness, we take

^ { ^ U e i u r 1}, ( l . i )

and to avoid confusion, in what follows we w ill never use the names xip (i.e. left 

subscripts) to identify the elements of 'F. Combining the above equality w ith  Re­

mark 1.6 (pp. 8), we see that

r x l = h  # - i

for all i  E Z and x  in X  U X -1 .
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The following informal statement may assist the reader in keeping track of the 

subscript notation for inverses of basic shifts maps.

“To invert a basic shift map, invert the subscript.”

In subsequent sections, we shall investigate the structure of Whitehead’s Graph 

T modulo J , which we name in the next definition:

D e fin it io n  1.22. The A u to m o rp h is m  G rap h

D — (To , ~ n  G

is the combinatorial object whose vertices are conjugacy classes of F 2 , where every

pair of vertices u ,v  E F2 is connected by a directed edge i f  and only i f  u and v are

related by ~ n  or . The directed edges of f I are equipped by a labelling

£ : F 2 x F 2 ^

which satisfies 0  E £(u, v) (j>u =  v.

The Automorphism Graph Q is simply T / J , i.e. the graph obtained by taking 

F and identifying all vertices that are related by the conjugacy equivalence relation 

on F2 (See Definition 1.9). Moreover, observe that i f  u, v G F2 and u v, then for 

any (p G A u t(F 2). <f>(u) <f>(v). This is simply because In n (F 2) <\Aut{F2). In the

case where <p G ($  U 'k) this means that we (i) identify vertices u and v (ii) identify 

vertices 4>{u) and 4>{v), and (iii) the edges (u,<p(u)) w ith  (n, 6{v)) —  both of which
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are labelled by <j>. In the quotient graph Fl, the vertex u j  =  v j  is connected to the 

vertex 4>(u)J =  4>(v)J by an edge labelled w ith  the map of conjugacy classes <j>.

Since every conjugation is an automorphism, it  follows from Proposition 1.4 (pp. 5) 

that u and v are in the same connected component of T i f  and only i f  u j  and v j  

are in the same connected component of =  T /J .  We shall hereafter focus on 

elucidating the structure of fh

R e m a rk  1.23. In  this work, we adhere to several conventions regarding depictions 

of the automorphism graph Fl (see Figure 1.5). First, vertices of Fl are always la­

belled by (an arbitrary) minimal-length representative of the corresponding conjugacy 

class. A directed edge labelled by ij)x presents the same inform ation as the reverse 

edge labelled by i f x- i  (where x is in {a, b, A, B ) ). Our second convention seeks to c ir­

cumvent this ambiguity: edges are never labelled by ipx when x is a negated generator 

(i.e. A  or B ). When reading a composite automorphism (along some path in Ft) it  is 

im plic itly assumed that the reader w ill invert the automorphisms along any edges that 

are traversed in  the direction opposite to their depicted orientation. Finally, in  light 

of equation (1-1), there is a natural bijection between ^  and X  U X -1 . For brevity, 

whenever an edge e is assigned a label 1(e) =  ipx € fo r  some x G X  U X -1, we shall 

simply label e by the letter x in  any figure in  which it  appears.

•  ab

Figure 1.5: A small part of the automorphism graph Q.
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Example 1.24. j4s a concrete example then, in  the automorphism graph ft, the 

conjugacy classes of a,ab,a2, A2 are represented by fou r distinct vertices. The pairs 

of elements (a,ab) and (a2, A 2) are connected by directed edges, labelled by a and 

7ra. These edges are present precisely because i ’a{[o]) =  [a6] and 7Ta([a2]) =  [A2]. 

Figure 1.5 shows the corresponding region of the Automorphism Graph ft.

1.2.2 Permutation Equivalence 

We w ill also consider the quotient graph

ft* =  (F2/ k n , « * ) .

which is obtained by collapsing all vertices in ft that are related by «n> and identifying 

any resulting parallel edges.

Since every permutation automorphism is in fact an automorphism, it  follows from 

Proposition 1.4 (pp. 5) that u and v are in the same connected component of ft if  

and only if  and v ^ u  are in the same connected component of ft* =  f t /« n -  In 

what follows we w ill consider the structure of ft* as well as ft.
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1.3 Shelling Orbits in Q and Q*
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D e fin it io n  1.25. For each conjugacy class u in  F2, let O rb{u) denote the o rb it  of 

u under the action of ip where 4> G A u t(F2):

O r b ( u ) =  { i p (u)  | ip G A u t ( F 2) } .

Clearly, F2 is partitioned into such orbits. We denote by O rb*(u ) the image of Orb{u) 

under the projection map induced by ~n-

D e fin it io n  1.26. Given a conjugacy class u in F2 we define the set of its m in im a l 

represen ta tives as

M in (u ) =  {w  G Orb(u) | 'iv  G Orb{u), |u>| ^  |v | } .

Every linear order on X  extends to a linear lexicographic order on F (X ) .  Here we 

w ill take B  < A < a < b and shall denote the lexicogaphically smallest element of 

M in (u ) as u.

D e fin it io n  1.27. A conjugacy class u in  F2 is called m in im a l (in its orbit) i f  u is 

in  M in (u ).

D e fin it io n  1.28. Let u be a conjugacy class in  F2. The leve l section o f u, denoted 

A(u), is the set of elements in Orb(u) which have the same length as u:

A { u )  =  { « G  O r b ( u )  | |u | =  \u\ , ip  G A u t ( F 2) } .

The image of A(u) under the projection map induced by ~ n  is denoted as A*(u).
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D e fin it io n  1.29. For each n G N, we define the leve l n section  of Cl (resp. Cl*) 

to be the subgraph induced by vertices representing conjugacy classes of length n. We 

denote this subgraph as Cln (resp. CTn). A subgraph G of Cl is called a leve l subgraph 

i f  G is a subgraph of Cln fo r some natural number n.

D e fin it io n  1.30. Let u be a conjugacy class in F2■ We denote the subgraph of Cl

induced by vertices o f A(u) as Clu. The leve l ne ighb o rh ood  o f u, denoted B(u),

is the connected component ofClu which contains vertex u. The image of B (u) under

the projection map induced by ~ n  is denoted as B*(u).

Figure 1.6 (on the subsequent page) metaphorically depicts the relationship be­

tween u, and the sets B(u), A(u), Orb(u), Cln. when |u| =  n.

Orb(u)

A(u)

Minfn)

u G

lul = n B<u>
v G

Iv l = n

Figure 1.6: How u, B (u ), A(u), M in (u ), Orb(u) and lie inside the Automorphism 
Graph Cl.

While, in general, f2u need not be a connected graph, we have:

T he o re m  1.31 (W h ite h e a d ). For any conjugacy class in u in F2, i f  u is m inimal 

then A(u) =  B (u).
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This is the content of Whitehead’s theorem [27, 28], and is perhaps most easily 

understood in terms of the Diamond Property, given that the Whitehead automor­

phisms form a confluent rewriting system for automorphically conjugate elements of 

a free group.

1.4 Overview of the Result

The main result of this thesis can be stated now:

T he o re m  1.32 (M a in  T heo rem ). There are uniform constants C ,N  such that fo r  

any u in F2 i f  |u| >  N  and |5 (u )| > C, then |5 (u)| is at most 8|u| — 40.

A more precise statement and proof of this theorem appears on page 180 of this 

manuscript. When this theorem is combined w ith Theorem 1.31 (pp. 20), i t  follows 

that i f  u is m inimal, then |A(u)| is bounded by 8|u| — 40. This gives an affirmative 

answers to the conjecture of Miasnikov and Shpilrain in [17].

We w ill see that the bound of the previous theorem is tight, in the sense that 

for all integers n sufficiently large, there exists an element un such that \B(un)\ is 

precisely 8|un| — 40.

In addition, along the way, we w ill obtain considerable information about the 

combinatorial structure of the graphs induced by B(u) and Orb(u), for an arbitrary 

conjugacy class u in  F2. This information w ill be crucial to devising efficient algo­

rithms for testing automorphic conjugacy in F2.
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The proof of Theorem 1.32 is carried out in the following manner. We w ill begin by 

characterizing particular graphs which cannot occur in f l* .  Once a sufficiently rich 

collection of these graphs has been proven to be fo rb id d e n , they w ill act as struc­

tura l obstructions to the growth of spanning trees inside any connected component 

o fQ ;.

We w ill then give a description of maximal trees which do not contain any of the 

forbidden graphs. For n sufficiently large (bigger than some uniform constant N ), it 

w ill be shown that m a x im a l legal trees which avoid the forbidden graphs must fall 

into one of two categories:

(i) Trees that are chains having fewer than n — 5 vertices (w ith a very particular 

simple and predictable edge label structure).

(ii) Trees tha t have a small number of vertices (fewer than some uniform constant 

C ).

We w ill conclude that any spanning tree of a connected component of fl*  must be 

a subtree of one of the afforementioned maximal trees. I t  follows that for an arbitrary 

conjugacy class u in f ) ,  B(u) must have a spanning tree that is a subgraph of one 

of the above maximal legal trees. Thus, corresponding to each of the above cases, 

B(u) either has (i) very simple chain-like structure or (ii) is very small. Finally, we 

w ill “pull back” the structural characterization of f l*  to obtain information about f l„ ,  

and then ultimately, about F.
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The remainder of this document is organized as follows: In Chapter 2, a general 

combinatorial framework is established that is required to carry out proofs about 

forbidden graphs in Q. Then in Chapter 3, this framework is employed to interpret 

candidate subgraphs in the automorphism graph as combinatorial constraints on con­

jugacy classes of F2. Showing a subgraph is forbidden then amounts to showing that 

the corresponding system of combinatorial constraints is infeasible. In Chapter 4, al­

gorithmic issues are discussed and the analysis of Whitehead’s algorithm is tightened 

using the results of the prior chapters.
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CHAPTER 2 

COMBINATORIAL GROUNDWORK

As noted, our first goal is to characterize particular graphs tha t are forbidden in f t * . 

We begin by defining the universe of graphs which may or may not occur.

2.1 Hypothetical Subgraphs

D e fin it io n  2 .1. A h y p o th e tic a l subgraph (of £1) is a directed graph G (i)  w ithout 

vertex labels, ( ii)  whose edges are labelled, by subsets o fT LU 'i, where (Hi) each vertex 

of G has the property that every element o f t lU ^ f  appears in  the label of at most one 

of its incident outgoing edges.

D e fin it io n  2.2. We say that a hypothetical subgraph G of f t  is rea lized  (by a sub­

graph G' of Q) i f  there exists an directed graph isomorphism of a : G G1 which is 

an edge-labe l em bedd ing , i.e. fo r which i(e) C d(cr(e)) fo r  a ll e € E[G].

D e fin it io n  2.3. A hypothetical subgraph G of ft is rea lized  as a leve l subgraph

of ft i f  it  is realized by by a subgraph G' of f t „  fo r  some n.

E xa m p le  2.4. Figure 2.1 shows a hypothetical graph G that is a chain of three vertices 

connected by edges labelled f>a (Note that in  the illustration we follow the conventions 

outlined in  Remark 1.23, and label the edges simply by a). Then G is realized in  ft.
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In  particular, we show two (o f the many) realizations of G: the one on the left is a 

realization of G as a level subgraph, while the one on the right is not.

\
hypothetical graph G

G realized as a level subgraph in fl G realized as a (not level) subgraph in fl

aaB 9 aba

aBaBB

abaB 9

aaBB

9 abba

Figure 2.1: An example of how a hypothetical graph G m ight be realized in f l

D e fin it io n  2.5. A h y p o th e tic a l subgraph (o f f l* )  is a directed graph G* without 

vertex labels whose edges are labelled by subsets o /'J .

D e fin it io n  2.6. We say that a hypothetical subgraph G* of fl*  is rea lized  in  fI* i f

( i)  G* is realized by some subgraph G' of f l, where additionally

( ii)  no pair of vertices of G' are related by «n-

In  this event, we say that G* is realized by the subgraph G' /  ~n  o ff l* .

D e fin it io n  2.7. A hypothetical subgraph G* o ff l*  is rea lized in  a leve l subgraph

of f l*  i f  it  is realized by a subgraph G' /  ~ n  of fl*  fo r  some n.
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E xam p le  2.8. Returning to Example 2-4, we see that although the conjugacy classes 

aaBB, abaB, abba realize G in  f l,  they do not realize G in  fl* , since two of the 

conjugacy classes are related by «n - Specifically, since aaBB  ~ n  abba, this violates 

condition ( ii)  of Definition 2.6. Figure 2.2 shows that G is s till realized as a level 

subgraph o / f l* ,  albeit in  fl*6, by the conjugacy classes aaB B B B , abaBBB, abbaBB. 

I t  is a straightforward exercise to verify that no two of these conjugacy length 6 classes 

is related by «n-

\
hypothetical graph G

♦  abbaBBabaBBB 9 ;

aaBBBB

G realized as a level subgraph in f l

Figure 2.2: An example of how a hypothetical graph G might be realized as a level 
subgraph of in f l* .

R e m a rk  2.9. I t  follows immediately from the previous definitions that i f  G* is not 

realized in  f l,  then G* is not realized in f l * . However, i f  G* is realized in  f l,  this 

does not necessarily imply that G* is realized in  fl* . as the form er is a p rio ri a weaker 

condition. We w ill see an example of such a graph G* later in  Proposition 3.9 (pp. 71).
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2.2 Combinatorial Equations

Given a hypothetical subgraph G (of Q), the assertion tha t “G is realized as a level 

subgraph in  Qn for some n” entails strong constraints on the conjugacy classes that

may appear as its vertices in any realization of G.

In what follows, corresponding to particular hypothetical subgraphs G (of Q) and 

vertex w € V'fG], we w ill derive a system  o f  c o m b in a to r ia l co n s tra in ts  on Ow, 

which we w ill denote as A a,w- The constraints A c,w w ill be constructed so as to have 

the following property:

I f  graph G' is any level subgraph of Q tha t is isomorphic

to G via a edge-label embedding a : G —)■ G', then the

conjugacy class a(w) satisfies A g,w-

N o te  2.10. The system Ag,w w ill not in  general be a sufficient set of constraints- 

that is, i f  a conjugacy class wq satisfies A g,w this w ill not imply that some level 

neighborhood H  of Wo in  f2 is isomorphic to G. Finding a necessary and sufficient 

system of constraints might be too difficult in  general; fortunately fo r  our objectives it 

is enough to find  jus t a necessary set of constraints. Our strategy is then as follows: 

show that Ag,w is infeasible, and thus conclude that no level subgraph H  of Q is 

isomorphic to G, i.e. that G is not realized as a level subgraph of f l.

To give a formal definition o f the combinatorial constraints which constitute Aq.w, 

we need to introduce the next two functions.
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D e fin it io n  2.11. The co u n tin g  fu n c tio n

3 : F2 x F2 -> N

is defined so that %(g,w) is the number of distinct (possibly overlapping) subsegments 

that are found to be labelled by g within the cycle graph O*  in  a clockwise reading.1 

For succinctness, we w ill frequently use the sym m e trize d  co u n tin g  fu n c tio n

(£) : î 2 *  F'2 —> N

whose values are defined by

{g(,w).
e=±l

E xa m p le  2.12. Let w be the conjugacy class of babAABBaaB, whose cycle graph is 

shown in  the figure below.

1 The reader is advised th at th is is not  the sam e as the number o f cyclically reduced words w' £ Fi  
w hose conjugacy class is w and th at begin w ith subword g. T his is m ost easily  seen in the case when 
w is a proper power of a cyclically  reduced word g.
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Let g =  aa. Then

|\(g,w) =  t!(oa, [babAABBaaB]) =  2, and 

© (g ,w ) =  © {aa , [babAABBaaB]) =  3.

This can be seen by considering the cycle graph in Figure 2.12 and noting that it  

contains precisely two distinct occurrences of aa and one occurrence of AA. Note that 

in  computing l{g, ui) and ©)(g, w), the cycle graph 0$  is always constructed using the 

cyclically reduced form  of the word w.

Using ji and (J), a system of combinatorial equations Ag,w w ill be constructed 

relative to a distinguished vertex w of G. Specifically, Ag,w w ill be a system of 

equations in one variable w,

X\{w) =  0

A2(ru) =  0

Xk{w) =  0

w ith each combinatorial equation Xj(w) ( j  =  1 .... ,k ) having the form

771 {

Y ^ r i j  ■ j\{guw)
i = 0

where n ij  € N, n* € Z, gi € F2 are constants depending on G. A  s o lu tio n  of A c t, 

is a conjugacy class w0 E F2 such that Xj(wo) =  0 for every j  — 1 ,.. .  ,k.
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In the next chapter (Sections 3.2 and 3.4) we w ill construct for very par­

ticular classes of graphs and show that these systems of combinatorial equations are 

infeasible, hence proving that the corresponding graphs are not realized as level sub­

graphs of f l  F irst, however, we need to develop some combinatorial groundwork 

describing the structure of conjugacy classes (viewed as cycle graphs), and quantify­

ing how the function j! behaves when composed w ith  powers of a basic shift i Ijx  G T. 

The remainder of this chapter is devoted to these objectives.

2.3 Basic Properties of jj

We seek to quantify how {j behaves when composed w ith powers of a basic shift 

ipx G T. To start, we show tha t applying ibx to a conjugacy class w cannot alter the 

number of occurrences of x or x~ l in w.

Lem m a 2.13 (S ta b il ity  Lem m a). For a llw  £ F , x  £ X  U l ' 1, e G { — 1, - f l }  and 

t G Z,

H.Xe,7plxw) =  i { x \w )

Proof. Base case when i  =  1: Starting w ith  the cycle graph Ow, we apply d)x graphi­

cally (i.e. w ithout performing cyclic free reduction), and refer to the resulting cycle 

graph as i>x(Ow). Clearly, when read clockwise, the number of edges that are la­

belled i ie in i i x (Ow) is the same as the number in Ow, namely jj(x±e, w). Suppose, 

towards contradiction, that §{x£, ipxw) <  %(xe,w). Then in any cancellation diagram 

that describes the transformation of ipx(Ow) into the cycle graph 0 ^ xW there must be 

some occurrence of x £ and x~€ w'hich mutually cancel. We fix a cancellation diagram
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and use this to select the m utually cancelling occurrences of x e, x~e that are closest 

together in the graph -ifx(Ow). I t  follows that i>x{Ow) is a cycle graph labelled by a 

word x e ■ u ■ x~e ■ v wThere either u or v:

(i) Consists entirely of edges labelled by x, x _1, and

(ii) Freely reduces to  the tr iv ia l word.

Suppose u satisfies (i) and (ii). Then ipx(Ow) contains x e ■ u • x _e as a subsegment 

which freely reduces to 1, and the graphic pre-image of this segment is a subsegment 

of Ow whose length is at least 2 and yet freely reduces to 1. This contradicts the fact 

that cycle graph Ow was labelled by the cyclically reduced word w. The situation 

when v satisfies (i) and (ii) is completely analogous.

Inductive step: Suppose Jt(xe,'ipt~1wl) =  %(xe,w ') for all w' € F2. Then taking 

w =  and appealing to the previous argument, we conclude that

tt(ze»v£y) = U x ^ f t - ' w 1),

where by inductive hypothesis, the right-hand side is ij(x£, w'). By induction on i, the 

lemma is proved for i  ^  0.

By Remark 1.6 (pp. 8), Vt * =  : so applying the previous argument to tfc -i,

the lemma is proved for i  ^  0. □

O bse rva tion  2.14. Take the basic shift automorphism ipa and let w be an arbitrary 

conjugacy class in  F2. An occurrence oftb~xa =  aB might arise in  iba(w) in one of two
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ways: to see this, consider a cancellation diagram that describes the transformation 

of i>a(Ow) into the cycle graph 0 ^ aW. Then aB can arise in  0 ^ aW because of either

1. an occurrence of aB B  in Ow, or

2. an occurrence of aB A  in Ow. Note that aBA is stable under tpa and so w ill 

always gives rise to an occurrence of aB under xpa.

In  other words, i f f 1 a arises in  ipa{w) either because of an occurrence of aB B  =  xp~2a

in w, or because of an occurrence of aBA =  (xpf1a)a~1 in w.

The prior observation is merely an illustration of the following general result:

Lem m a 2.15. Let w in  F2 be a conjugacy class, and xpx a basic shift. Comparing the 

structure of conjugacy classes w and ibx (w) we find that every occurrence ofip~kxt in 

ipx(w) arises in  one of two ways.

1. an occurrence of x c in w, or

2. an occurrence of [(1p~kx)x~ 1]£ in w.

Proof. Let x  E X s, 6 E { + 1 , - 1 } .  Consider the case when e =  +1; then xp~kx =

xx~5k. The subsequent argument is illustrated in Figure 2.3.

As described in Definitions 1.13 (pp. 12) and 1.15 (pp. 13), we denote the word 

obtained by graphically applying xpx to w without performing any reduction as xpx \w]. 

In other words, xpx \w ] is the word obtained by replacing every occurrence of 2; in u; 

by xxs. Denote the freely reduced form of xpx \w] as xfx (w).
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By hypothesis, 4>x{w) contains xx~5k. F ix any such occurrence a 2. Since ^ ( w )  

was obtained from tpx \w ] by free reduction, a2 has a preimage ari in [ i/ / |. Since 

^ x \iv] was obtained by graphically applying ibx to w, cti has a preimage a 0 in w.

By Lemma 2.13 (pp. 30), cro, ol\ and a2 all begin w ith  x. Since 4>x maps x i-» xx5, 

i t  follows that ipx \w} must be xx<5i _<5ifc+1\  From this, we get that a0 =  ro a [), where 

tpx maps a'0 to a word beginning w ith  x~ŝ k+1K I t  follows tha t is either f - ,5(fc+1) 

or Hence ao is either xx~s(k+1'> or x x ^ x -1. The former is ipx^k~r^ x e, while

the latter is (ip~kx )x~ 1. This proves the case wdren e =  T l .  The case when e =  —1 

is completely analogous, and can be carried out using the same figure reflected along 

the vertical axis. □

(g ra p h ic a lly )

a0

y [w ]

VI
(g ra p h ic a lly )

fS-
Qk5

0 8  \  0 k 5
x x----

a.

0 k 5 a0

a0

Figure 2.3: Ways in which ij)x kx  may arise in ibx{w).
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The previous lemma suggests the next three definitions:

D e fin it io n  2.16. For each x £ X  U A --1, e £ {+ 1 , —1}, and k £ N, k ^  1, the two 

words

Sx,k<(. =  [ ( ^ a O a T 1]6

e =  ±1 are called ^ - s ta b le  w ords o f w e igh t k. Note that ipxSx,k,e =  SXtk,f -

The table below lists ^ -s ta b le  words of weight k, for x £ X  U A '-1 , e £ {+ 1 , —1}.

X e =  +1 e =  -1

a aB kA abkA

b bAkB bakB

A A B ka Abka

B B A kb B akb

D e fin it io n  2.17. Given any w £ F2, x £ X  U A' 1 and k £ TL, define

(  t{(fi>x hx)x~ l ,w) +  $(x(4)-kx~ l ),w ) i f k ^ l  
s(w,x,k)  =  <

0 otherwise.

The quantity s(w,x,k)  counts the total number of occurrences of it>fkx and ib fkx~ l 

in ^ ( w )  that arise because of some ipx-stable subword (of weight k ) inside w. Note 

that fo r  a fixed natural number k, the quantity s(w,x.k)  is expressible as a fin ite  

expression in terms of the function  Jj.
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The following derived expression w ill also be useful.

D e fin it io n  2.18. Given any w E F2, x E X  U X  1 and i , j E Z  define

i + j - l

s ( w , x , i , j ) — ^  s ( w, x . k )

The quantity s ( w , x , i , j )  counts the total number of i f  x-stable words of weight k, where 

i  ^  k <  i  +  j .  Note that fo r a fixed natural numbers i  and j ,  the quantity s (w , x , i , j )  

is expressible as a fin ite  expression in terms of the function  jj.

The next lemma formalizes a combinatorial fact about basic shift automorphisms, 

which w ill be used many times as the foundation for inductive arguments involving 

the |  function.

Lem m a 2.19 (E xp o n e n t T ransfe r Lem m a). For all iv E F2, x E X  U A '-1 and

Proof. For each r e l * ,  e . k  { + 1 , - 1 } ,  the definition of ipx E '3/ implies that

© ( ip ^ x ^ ' lw )  =  s(w,x, i ,  j )  +  © ( f /T 1 3x,w)

^ x £ =  O r i- i<5)£

and tha t for all j  ^  0
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I t  follows from Lemma 2.15 (pp. 32) that every occurrence of (a;i-I(5)£ in Tp{w corre­

sponds either to:

1. an occurrence of ( x x ^ ^ Y  in w,,or

2. an occurrence of [(ip~kx)x~1Y in w, for some k =  i , . . . ,  i  +  j  — 1.

But is the same as ip ^ ^ x * ,  so the number of occurrences of type (1) is

Y  ^ x r~lx€M -  
£=±1

On the other hand, the number of occurrences of type (2) is

i - r j - 1

Y  s(w,x,k) ,
k = i

which by definition equals s (w,x , i , j ) .  The lemma is proved. □

Since we are interested in the interplay between the action of A u t(F ) on F  and 

the length function on F , i t  is natural to ask about the “rate of change of length” of 

a conjugacy class w, under powers of a basic shift ij)x. The last two lemmas of the 

previous section can be used to determine a closed form expression for this quantity.

Lemma 2.20 (Rate of Change of Length Lemma). For every w G F2, x e

X  U A '-1 , f  and i  ^  1,

\ftxw\ -  =  (DO^w) -  2[s{w,x, M  -  1) +  ®( ip~lx,w)}.
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Proof. Let w' =  Then \ipxw\ -  \iplx =  \i>x(w')\ -  |u/|. Now for any w' e F2

i t  is straightforward to verify that

| 4 v i  =  ${x,w') +  £(x~1,wl)

+2[ l (x ,w' )  +  ' j i x '1 ,w ')\

w') +  |K ^ x - f w ' ) }

\w'| =  l { x ,w' )  +  ${x ,u> ')+  J j(:r,u /)+  #(£ ,w' ).

So it  follows that

l ^ i o l  -  \^ l~l w\ =  {t(z, ,ib1xl w)  +

-2[i(^* 1x, ̂ x~lw) + l f b f l x~l , ^ w ) ]

Since i  ^  1, the Stability Lemma 2.13 (pp. 30) yields

# { x f ^ w )  =  $(x \ w )

(2.1)

for e =  ±1, while the Rate of Change of Length Lemma 2.19 (pp. 35) yields

=  s { w , x , l , i -  1) +  ^  i { ip~lxe,w).
£=±1  £=±1

Substituting into equation (2.1) above, the proof follows. □

In the case where i  — 1, the previous proposition takes a particularly simple form:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C o ro lla ry  2.21. For all w G F2 and i 6 l U  A” 1

38

1̂ * 101 -  1101 =  ® { x , w )  -  2Q)('ip~1x ,w )

Proof. By Lemma 2.20 (pp. 36), we know that for all w G F2, ipx G 'L and i  ^  1

=  ( S ) ( a : ,w ) - 2 [s ( u ; , x , l , i - l )  +  CD(^J,a:,«;)].

But when i  — 1, s(w,x,  1,0) =  0, and so the corollary follows. □

2.4 Eliminating ^ -S tab le Subwords

Notice that i f  i f  =  tpx is a basic shift automorphism, then subwords of a conjugacy 

class w that are 0 x-stable do not influence whether \ipw\ =  |io|. On the other hand, 

^ i-s tab le  words are being counted by the s term in the statement o f the Rate of 

Change of Length Lemma 2.20 (pp. 36):

I 0 > |  -  =  (D(x,to) -  2[s(w,x,  1, 1 -  1) +  @ ( i f f lx,w)] .

Inform ally speaking, what we are about to do is elim inate the ^ -s ta b le  words 

from w (since they are not relevant to the question of whether \ipw\ =  |iw|) and then 

simplify the expression of the Rate of Change of Length Lemma 2.20 (pp. 36). Let 

us proceed to do this now, formally.
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Definition 2.22. For each x £ X  U A -1 , let us take

z x =f  {zxjk | k e N}

to be a new set of letters. Let Z  =  ZaU Z^U ZaU  Zb- Put F + d== F2 * F { Z)  to be the

free product of F( {a ,b } )  and F(Z) .

To start, a close inspection of the table of ^ -s ta b le  words (pp. 34) reveals 

Observation 2.23. For any fixed x  G X  U Ar_1

(a) One il>x-stable word cannot be a proper subword o f another 4>x-stable word.

(b) Two distinct ipx-stable words cannot overlap inside w.

These two observations make the maps kx below well-defined.

Definition 2.24. For each x  G X  U A -1 , we define a map kx : Sx>k<t , where

Sx,k,e is one of the ipx-stable words of weight k in  Definition 2.16 (pp. 34).

'•U

' /

k (w )w

Figure 2.4: How kx acts on a conjugacy class w.
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The map kx replaces the two ^ x-stable words of weight k by new letters z f \  (see 

Figure 2.4). It follows that k x  is a map from the conjugacv classes of F2 to the 

conjugacy classes of F2 * F {Z X) C F +. I t  w ill turn out that kx has several useful 

properties which w ill make it  beneficial to consider k x ( w ) in place of w  at various 

points in our investigation of the structure of level neighborhoods in fi.

To express these properties formally, we shall first extend the Ji function in the 

obvious way to all of F + x F +. As in Definition 2.11 (pp. 27), for any g € F + 

and w £ F +, we define §{g,w) to be the number of distinct (possibly overlapping) 

subsegments that are found to be labelled by g w ith in  the cycle graph 0& in a 

clockwise reading.

Next, we extend s ( w ,x , i , j )  to all w £ F + , x 6 X  U l ' 1, i , j  £ N. The definition 

of s (w ,x , i , j )  is as in Definition 2.18 (pp. 35) except that we use the extended J) 

function defined above.

Finally, we extend the basic shifts ipx (pp. 7) to all of F + by making them act 

identically on the free factor F (Z ) .

Lem m a 2.25. For each w € F2, x € X  U X ~ l , and j  € N

s{nx{ w ) , x , l , j )  =  0.

Proof. In k x ( w ) ,  all ^ -s tab le  subwords of weight k have been replaced by By def­

in ition, s ( k x ( w ) , x , 1, j )  is the sum of s ( k x ( w ) ,  x , k) for k =  1 ,.. .  , j .  But s ( k x ( w ) , x , k ) 

counts ipx-stable subwords of kx(ui) having weight k, and so is 0. The lemma is 

proved. □
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Lem m a 2.26. For each w £ F2 and x  £ X  U A" 1

\lpxKx{w)\ ~  |Kx(?D)| =  |^ x ^ | -  M

Proof. I f  u is a ^ -s ta b le  word, then ipx(u) — u. Moreover, u begins w ith x and ends 

w ith x~ l . Combining this w ith  Lemma 2.13 (pp. 30), we see that L>x-stable subwords 

in w remain unaffected by application of ipx. Similarly, because ipx was extended 

to act identically on the free factor F ( Z ) of F +, all occurrences of z * l  also remain 

unaffected by application of i fx.

Since kx replaced L>x-stable words of weight k by new letters z^k, i t  follows that 

^ -s ta b le  subwords in w partition the cycle graph 0 *  in precisely the same way that 

occurrences of z * \  partition the cycle graph 0 Kx(u,)- Since kx does not alter anything 

other than -stable words-of w. i t  follows that i fxKx{w) is the same as Kxtpx (w). The 

assertion is proved. □

The next proposition is the “simplified” version of Lemma 2.20 (pp. 36), where 

Wj-stable words of weight k have been replaced by new free variables z^k.

P ro p o s it io n  2.27. For each w £ F2, i  £ N and r e l U  2sf_1,

=  ( D ( x >  K x ( w ) )  -  2 < 3 ) ( ^ » “ * a ; ,  Kx{w))

The reader may wish to compare it  w ith the statement of Corollary 2.21 (pp. 37) 

which asserted that: For all w E F2 and x £ X  U X -1

\tpxw \ - \ w \  =  ® {x ,w )  -  2 ® ( ip f1x,w )
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Proof. (Proposition 2.27) By Lemma 2.26 (pp. 40)

Wx™\ -  l ^ - ^ l  =  Wx^xiw)  I -  \ $ l~ l Kx{w)\

Applying Lemma 2.20 (pp. 36) to k x ( w ) we get

\4>lxKx (w) \  -  lip1- 1 Kx (w)\  =  ® ( x , K x (w ))  - 2 [ s ( K x( w ) , x , l , i -  1 ) +  ®(rj>~ix , K x {w))]. 

By Lemma 2.25 (pp. 40) 

s{k,x ( w ) , x ,  l , i  -  1 ) =  0 .

This completes the proof. □

Frequently, we w ill translate a hypothetical subgraph G (and a vertex w  €  V [G ]) 

into constraints on k x ( w ) for some x  G X ± (rather than constraints on w  itself). In 

other words, we shall be constructing systems of combinatorial equations w w ith 

the property that

I f  graph G' is any level subgraph of f2 that is 

isomorphic to G via an edge-label embedding 

a  : G —> G', then the conjugacy class k x ( g ( w )) 

satisfies Aq w.

Our strategy w ill remain the same: to show that A£ w is infeasible, and hence conclude 

that G is not realized as level subgraphs o f Q.
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O bserva tion  2.28. The following facts will be used later, and can be immediately 

verified by inspecting the table of ipx stable subwords on pp. 34■ For any fixed x in 

X u X ~ l :

(i) Every wx-stable word has length at least 3.

( ii)  A xfx-stable word and a i fx-i-stable word can overlap in 0 or 1 letters.

(Hi) A ipx-stable word and a ipx- i  -stable word can overlap in  0 or 2 letters.

(iv) A ibx-stable word and a ipx-stable word can overlap in  0 or 2 letters.

2.5 ^-Decompositions

To be able to carry out arguments about whether or not a conjugacy w in F2 class 

can satisfy a given system of combinatorial equations, we w ill need some machinery 

to describe the internal stucture of w, or more honestly, the structure of the cycle 

graph Ow. In this section, we introduce the x-decomposition of a conjugacy class 

w £ F2, for each r e l U  A"-1 .

D e fin it io n  2.29. Given a conjugacy class w G F2 and a letter x  € X  U A -1 the 

x -d e co m p o s itio n  of w is a decomposition of the cycle graph Ow in which all if’x- 

stable words are distinguished. Each occurrence of a ipx-stable word is referred to as 

an x -b locke r. More specifically, an occurrence of Sx,k,+1 is referred to as a pos itive  

x -b lo cke r o f  w e igh t k  and an occurrence of SXtk,~i is called a negative  x-b locke r 

o f  w e igh t k. The number of x-blockers in w is denoted Nx =  N x(w), and their 

weights will be denoted b l (w ) , . . .  ,b%,x_1(w) respectively. Abusing the notation, we
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x-segments

x-blockers

Figure 2.5: An x-decomposition of w.

will also refer to the ith  blocker (considered as a subgraph of Ow)  as bf. When x is 

clearly understood from the context, we will omit the superscript x and simply refer 

to the blockers and their weights as bo(w) , . . . ,  b^x-i{u>). We denote the number of 

x-blockers in w having weight k, as N*  =  Nx (w). So N x (w ) =  Ylk> 1 Nx (w), where

Nx(w) =  © (x x fcx - 1,m), and

Maximal sequences of edges in Ow which lie entirely between two consecutive x-blockers 

will be called x-segm ents. The x-segment between x-blocker i  and x-blocker (i  +  1) 

mod N x will be referred to as the ith  x-segment, and will be denoted sf. When x is 

clearly understood from the context, we will omit the superscript x and simply refer 

to the segments as s q ( w ) , . . . , S k x - i ( w ) .  Figure 2.5 illustrates an x-decomposition of 

a conjugacy class w. Note that items (a) and (b) in Observation 2.23 (pp. 39) make 

the notion of an x -decom pos ition  well-defined.
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The proof of the following lemma is immediate, since every x-blocker contains 

precisely one occurrence of ifix- i x e and precisely two occurrences of x± .

Lem m a 2.30 (kx Lem m a).

® (ipx- ix ,w )  =  Nx(w) +  ® { l p x- i X , K x ( w ) )

(5){x ,w )  =  2 N x(w) +  ® ( x ,K x(w))

Lem m a 2.31 (D e m a rca to r S tru c tu re  Lem m a). Given a conjugacy class w e F2 , 

f ix  any x E X  U A7'-1 . In  an x-decomposition of w, consider two adjacent x-blockers 

bi, bi+i witnessed in some fixed clockwise reading of the cycle graph Ow. Then, within 

the intervening segment Si, all occurrences of x~l must precede any occurrences of x.

Proof. Suppose the lemma is false, towards contradiction. Then in s* there is at least 

one occurrence of x  which precedes some occurrence of x -1 . Consider the occurences 

of x and x -1 having this property that are closest together inside S{. Then these 

delineate a x-blocker inside Sj. But this contradicts the definition of b1+i as the next 

blocker after bi in the x-decomposition of w. □

The previous Lemma 2.31 indicates that the structure of an x-segment must nec­

essarily be as shown below in Figure 2.6.

Figure 2.6: Demarcator between two x-blockers in the x-decomposition of w.
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This leads us to the next definition.

D e fin it io n  2.32. Fix an x-decomposition of a conjugacy class w. Consider the last 

occurence of x~x in  s2- and the first occurrence of x  in  Sj. Then non-cancellation 

between these two letters implies that there must be at least one occurrence of x or 

x~x between them. The subsequence xdi or (x~x)di between the last occurence of x~x 

in Si and the first occurrence of x in Si is called the ith  x -d e m a rca to r and is said 

to have weight d{. Abusing the notation, we will also refer to the ith x-demarcator 

(considered as a subgraph of Ow) as di.

b

x-demarcators

x-segments

x-blockers

Figure 2.7: Demarcators between blockers in an x-decomposition of w.

The previous definition immediately provides the following useful lemmas:

Lem m a 2.33 (P lus-1  Lem m a). Given a conjugacy class w € Fi, and fixed x in 

T U T " 1,.

S '  Z S F f r  +  t )  S '  m a x  ( D j S W t & j  + 1 ) ,  E £ , M ( 4  +  1 ) )
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Proof. I f  Nx(w ) is 0 the statement is triv ia l. Otherwise, between every consecutive^ 

pair of x-blockers bj and bf+1 the intervening x-segment sf contains an x-demarcator 

of length df. Since bf,d f ^  1, the lemma follows. □

Lemma 2.34 (Demarcator Lemma). Given a conjugacy class w € F2, and fixed 

x e X u X ' 1,

s  E 2 r 3(‘ + i j . - v j h

Proof. By Lemma 2.33 (pp. 46), ® (x ,  w) ^  +  U- Regrouping this summa-

tion according to blocker weight k yields the summation YhkLift +  Since

all blockers have weight at most |u)| — 3, the summation has finite support bounded 

by k <  \w\ — 3. □

For each positive k0 € N, we have 

Lemma 2.35 (Tail Lemma at k0). Given a conjugacy class w 6 F2, and fixed

x e x u x ~ \

®{x,w)  ^  k0©(xkox - \ w )  + Ŷ k0=i1(k + 1)NH w)

Proof. We associate w ith each occurrence of x± in w the maximal segment of the form 

x±k in which it  lies. I f  we consider just occurrences of x ± which lie inside x-blockers of 

weight k <  k0 and the corresponding x-demarcators, then by the Demarcator Lemma

2.34 (pp. 47) we have that

ka — 1
® {x ,w )  ^  J 2 { k  +  l)N ^ {w )  (2 .2 )

fc=i
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This counting however, does not consider occurrences of a— which lie inside max­

imal segments of the form x ±k for k ^  k0. O f these, consider occurrences of x which 

lie inside x kx _1 and occurrences of x~ l which lie inside xx~k. Since k ^  k0, xx~k and 

x kx~1 cannot overlap w ith  an f-blocker of weight k <  fc0. By Lemma 2.31 (pp. 45), 

xx~k and x kx~l cannot overlap w ith  any f-demarcators. Each occurrence of xx~k 

and xkx~ l thus contributes at least k0 occurrences of x± tha t were not counted in 

expression (2.2). This completes the proof. □

Lemma 2.36 (Subword Lemma). Given a conjugacy class w E F 2 , and fixed words 

g , h in F2 . I f  g is a graphic subword of h then

® {g ,w )  ^  ® (h ,w )

Proof. Every occurrence of / i*  contains an occurrence of g± . □

Lemma 2.37 (Squeeze Lemma). Given a conjugacy class w € F2, and fixed words 

g,h in  f 2- I f  9 is a graphic subword of h satisfying

i = 1

® {h ,w )  ^  ® (g ,w )  +  ]P(D(/i, w) 

fo r  some elements / 1, . . . ,  A  in F 2 , then

Q)(f i ,w) = 0

fo r  i =  1, . . . ,  k.
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Proof. By hypothesis, ® (h ,w )  ^  ® {g ,w ) .  So by the Subword Lemma 2.36 (pp. 48), 

® (h ,w )  =  ® (g ,w ) .  Since ® { f i , w )  ^  0 for i  =  l , . . . , k ,  i t  follows that (£ )(/,,w) 

must all be identically 0. □

The next two definitions are required in order to be able to express further in­

equalities satisfied by (g).

Definition 2.38. Given two words g .h  in Fo we say that g and h overlap i f

•  There is a word f  in F2, with \ f \  <  |p| +  |/i|, such that bothh and g are subwords

o f f -

We say that g and h overlap properly i f  in addition

•  g is not a subword of h, and

•  h is not a subword of g,

Definition 2.39. Given a fixed word g in F2 and x E X  U  A'-1, we say that g is

x-blocker-immune i f  neither g nor g~l can properly overlap with an x-blocker. The

word g is called x-demarcator-immune i f  neither g nor g_1 can properly overlap 

with an x-demarcator. Finally, the word g is called self-immune i f  both g and g~l 

both cannot properly overlap with both g and g~l .

Lemma 2.40 (Immunity Lemma). Given a conjugacy class w E F2, x E A u A -1 , 

and a fixed word g in F2 that is self-immune and x-demarcator-immune. Then

H - 3

® (z ,w )  ^  ^ ( f c  +  l)A r£ M  +  [® ( :r ,0 ) -® (s ,K i(w ) ) ] -
fc=i
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Proof. The number of occurrences of x ± which occur either inside an x-blocker or 

inside an x-demarcator is X^=]~3(fc +  ^ ) ^ ± iw )- O f the remaining occurrences of x * , 

some number occur inside words of the form g± . The to ta l number of occurrences 

of g in w is ©(<7, w), but of these we consider only a subset, namely the ® (g ,K xw) 

occurrences which do not overlap w ith  any x-blockers. Since g is x-demarcator- 

immune, no occurences of g from this subset can overlap w ith  any x-demarcator. 

We have shown tha t there are © ( 5 , nxw) occurrences of g which do not overlap 

w ith  a x-blocker or x-demarcator. Since g is self-immune, each occurrence of g± 

contributes © (x , g) distinct occurrences of x ± . This introduces an additional © (x , g)- 

© ( 5 , k x ( w ) )  ocurrences of x± , yielding the expression in the statement of the lemma.

□

Lem m a 2.41. Given any conjugacy class w £ Fo, and x  £ X  U A '-1 ,

© (V © 1 ix ,w )  ^  N x(w)

Proof. F ix  any x-demarcator di. Now consider the following two boundaries:

i. the boundary of di w ith  the last occurence of x -1 in s* (or the boundary of di 

w ith  bi+i i f  there are no occurences of x -1 in s2).

ii. the boundary of dj w ith the first occurrence of x in s* (or the boundary of di 

w ith  bi i f  there are no occurences of x in sf).

Then either [i] or [ii] must lie inside a word ^~_iXe. □
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The truncation and extension functions introduced next w ill perm it us to express 

more inequalities satisfied by (g).

Definition 2.42. The truncation functions t i , t T : F2 —> {a ,b ,A ,B }  as follows:

tf iw ) =  the f irst symbol in w, 

t r (w) =  the last symbol in w.

where w is assumed to be written in freely reduced form.

Definition 2.43. The extension functions et,eT : F2 —> (F2)3 are defined as:

efiw)  =  {con ; | c £  X  U Ar - 1\ { f /(u ;) -1 } } ,  

er (w)  =  { w  o c | c e A' U A’’“ 1\ { t r (u;)-1}} ,

where, fo r  concreteness, the sets are ordered lexicographically.

Lemma 2.44 (Extension Lemma). Given a conjugacy class w G F2, x e X U A '-1; 

and a fixed word g in F2 fo r  which |w| >  |p|,

U 9 , w )  =  J 2 p e e T( g ) K P - W )  =  E  qe e : ( g ) $ ( < h W )

Proof. Since |u;| >  |^|, any occurrence of g in w occurs as a proper prefix of some 

word in er (g) and as a suffix of some word in efig). The lemma is proved. □
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Lemma 2.45 (Symmetry Lemma). Given a conjugacy class w £ F 2 , x £ X U X  1. 

Suppose that every occurrence of x± occurs inside an x-blocker. Then

i. Every occurrence of x ± occurs inside an x~1 -blocker.

ii. Every occurrence of occurs inside an x-blocker or an x-demarcator.

Proof. I f  every occurrence of x± occurs inside an x-blocker, then w is of the form

w — (xx fclx - 1)xdl • • • (xx6ix _1)xdi • • • (xx6nx _1)x rfn

So every occurrence of x *  occurs inside an x-blocker or an x-demarcator. Moreover, 

we can rearrange the parenthesization to emphasize that

w =  (x~l x dlx) • ■ ■ x~ l x d'~l x )xbi(x~1x dix) ■ • ■ x bn (x~l x dnx )x bi,

which shows tha t in the x _1-decomposition ôr every occurrence of x ± occurs inside 

an x _1-bbcker. □

2.6 Asymptotic Behavior of Basic Shifts

The next proposition can be interpreted as stating that for any basic shift ipx and 

conjugacy class w, the length of f)rxw (as a function of i) has, in some sense, a first 

derivative which is non-decreasing:
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P ro p o s it io n  2.46 (N on-D ecreas ing  F irs t  D e riv a tiv e ) . For all w G F2 ip £ 'f ,

and i ^ j > 0

l^ w ]  — \ & - l w\ ^  \ ^ w \  — \,ip:’ ~l w\

Proof. Suppose ^  =  i/ix , for some x € X  U X -1 . By Lemma 2.20 (pp. 36)

W x w \ -  W x l w

\ipi'w\ — \'ii)Jx~1w

Now by hypothesis j  ^  i. Then, since is a subword of ip f*xc (for e =  ± 1),

l{ip~xx \ w )  ^  {!( tp ^ x ^ w )

=  l(x ,w )  +  i(x ~ l ,w)

-2 [s(w , x, 1, i  -  1) +  E £=± i lx €, ™)] 

=  ii (x ,w ) +  i (x ~ 1,w)

-2 [s(w , X, 1, j  -  1) +  £ e = ± l iK^/Vj Xc, w)]

(2.3)

Consider the set of ty>x-stable subwords of w having weight k, 1 ^  j  — 1. I t  follows 

from Definition 2.18 (pp. 35) that this is a subset of the set of i/^-stable subwords of 

w having weight k \  1 ^  k' ^  i — 1. I t  follows immediately that

s(w,x, l , i  -  1) ^  s(w,x, 1, j  — 1).

I t  is straightforward to verify tha t E E i i  §(ip~ix€, w) — %(ipfzx e, w) equals

E fc= j i(™ , {i>Zkx)x~ l ) +  |  {w, x ( ib fkx~ l )) +
(2.4)

}t(w , (ipx kx)x)  +  $(w,X 1{lpx kX x)) .
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Using Definition 2.18 (pp. 35) we compute s(w,x, 1, 2 — 1) — s(w, x, 1 , j  -  1) to be

i - i
^ 2  ( C ^ ) ^ -1 ) +  8K  x i ^ x - 1)), (2.5)
k = j

I t  follows immediately from expressions (2.4) and (2.5) above that

^ ; Jx e,w) -  i t y - ' x ^ w )  ^  s(w,X, 1,2 — 1) — s(w,x,  1, J — 1).
e = ± l

Finally, combining this inequality w ith  expression (2.3), the proposition follows. □

Having shown that |i/5lu;| is a function w ith  a non-decreasing first derivative, we

would like next to show that for i  sufficiently small this derivative is non-positive, 

while for i  sufficiently large, it  is non-negative—this would perm it us to conclude that 

\^ lw\ has a unique minimum value. Towards this end, we introduce

Definition 2.47. For each i f l U  X ~ x, define px : F^ —* 2N, so that

px(w) =  { i ^ 0 \  ^ ; lx ,w )  +  iK C 'z -1 , w) +  s{w,x , i - l ) ? 0 }

fo r  each w e F2. Since \ifx lx\ =  i  +  1 and all ijjx-stable words having weight i  — 1 are 

of length 2-1-1 , i t  follows that px(w) C {0 ,1 , . . . ,  |iu| — 1}.

The next lemma implies that the derivative of \ if lw\ has a zero, and hence that 

\fi)lw\ attains a unique minimum value.
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Lemma 2.48 (Asymptote Lemma). F o r  all w G F 2, and x  G A' U  A '-1 , there 

exists a constant c =  cx (w)  no greater than |tu|, such that f o r  all  i G Z

[Px{w) =  0 V i > m axp^u;)] -  \ifl~'l w\ =  c

[pI -i(u j) =  0 V j  <  — m axpj;-i(u;)] =>■ — |^ io |  =  —c

Proo/. For ic =  1, the lemma is triv ia lly  true, w ith c = 0. So assume |w| ^  1. We

begin by proving the first implication. By Lemma 2.20 (pp. 36),

\tP].w\ — =  l {x.  w)  +  ji(x-1, w)

- 2 [ s ( w , x , l , i - l ) +  Y  $ {^ x lx ^ w )}-
e = ± l

When i  >  max p x (w) ,  the definition of px implies that i ( ,tp~1x ±1, w)  =  0, and hence 

\&xw\ -  =  Jj(a:, to) +  ^ ( x ^ .  w)  -  2s (w , x ,  l , i  -  1 ) d=  cx (w).  (2 .6)

Now, by definition

i—i
s(w, x, 1 , i  -  1 ) =  s(w, x, k )

k = 1

and since i  >  max p x(w),  i t  follows from the definition of px that s ( w , x , k )  =  0 for 

all k >  max p x(w) .  Thus

maxpi(ui) M - l

s(w, x,  1 , i  — 1 ) =  Y ,  s ( w . x , k ) =  Y 1 s (w , x ,  k)
k = 1 k = 1

We have shown that i f  i > max p x (w),  then in fact cx (w)  as defined in (2.6) above, 

depends only on w  and is independent of i. This proves the first implication.
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To prove the second implication, we apply the previous argument to ipx- i ,  and 

conclude that i f  j 1 >  maxpx-i(w ) then ji(p~J1x €,w) =  0, and hence

l ^ - i H  -  W x-iw \  =  j|(x_1,iw) +  i (x ,w )  -  2 s ( w ,x , l , j '  -  1) =  cx(w).

By an analogous argument to the one above one sees that s ( w , x , l , j '  — 1) is inde­

pendent of j ' ,  provided j 1 >  maxpx-i(w ).  By Remark 1.6 (pp. 1.6), , so

substituting j  =  —j' ,  we conclude that when j  <  — max px- i(w ) ,

|i>l+1w\ -  \’i xw \ =  - c x{w) 

which proves the second implication of the lemma. □

The previous lemmas show that derivative of \^ lxw\ is non-decreasing, and its value 

becomes a non-positive constant for i  sufficiently small and a non-negative constant 

for i  sufficiently large; hence \rplxw\ has a unique minimum value. These conclusions 

are summarized visually by Figure (2.8), and were already reported, in some form, 

by Whitehead in [27, 28]. We now continue the analysis further.

Figure 2.8: How \iblxw\ changes w ith i.
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CHAPTER 3

THE STRUCTURE W ITHIN LEVELS

In subsequent sections of this chapter, we w ill investigate the structure of level neigh­

borhoods B(u)  (resp. B*(u))  in 0. (resp. fP ). Most of our results w ill be bu ilt from 

Lemma 2.20 (pp. 36) and Proposition 2.46 (pp. 53). We w ill describe the combina­

to ria l conditions on a conjugacy class w under are necessary in order for \ipw\ =  |t5| 

for special classes of automorphisms ip.

3.1 Level tcfc-Chains

In  the previous chapter’s Lemma 2.48 (pp. 55), we showed that \iplw\ attains a unique 

m inimum value as i is varied. However, this m inimum value need not be attained at a 

unique value of z; rather, the minimum value may be achieved over a long contiguous 

segment of integer values. This leads us to

D e fin it io n  3.1. For each r e l U  V -1 , k £ N, I f  a conjugacy class w € F2 satisfies

V i , j  E { 0 , 1 ,  k} distinct, iplxw ^  iplw 

Vz G {0 ,1 , . . . ,  k), \iplw\ =  \w\

Then w is called a leve l x k-chain. The set of all x k-chains in F2 as Cxk.
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A level oA-chain is thus a conjugacy class which lies at the start of a (non self- 

intersecting) path of length k in the graph Q, whose vertices are distinct conjugacy 

classes that are all of the same length, and that can be traversed by k applications of 

tl>x (see Figure 3.1).

GO

Figure 3.1: A  level x^-chain, w

E xam p le  3.2. Recalling Example 2.4 (pp. 24), we note that the conjugacy class 

w =  [aaBB] is a level ar-chain, since ipa{w) =  abaB and tpl(w) =  abba are all of 

length 4 and are distinct conjugacy classes.

Note that the previous definition does not preclude the possibility that a level 

x fc-chain may pass through distinct elements of F 2 that are related by permutation 

maps. Thus while a level x*-chain is guaranteed to not self-intersect in the graph S7, 

it  may induce a self-intersecting tra il in quotient Q.*. This leads us to

D e fin it io n  3.3. A level xk-chain w is called s im p le  i f  i t  additionally satisfies

Vz, j  e { 0, . . .  , k ]  distinct, Tplxw fy-w 

We denote the set of all simple xk-chains in F2 as S x k C Cx k.
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A simple level x fc-chain is thus an rr^-chain which remains non-self intersecting 

when i t  is projected into Q* via « n  (see Figure 3.2).

_____A .
---- -----------J  . m- - -  •

— - J  ’•
. j y  qb

,» / •  ¥ V ¥ „  /V  ¥ "*

1 mod 1

n

------- a'.

0*

Figure 3.2: Two level z fc-chains: w is simple, while u is not.

E xam p le  3.4. Recalling Example 2.8 (pp. 26), we note that the conjugacy class 

w =  [aaBB] is not a level simple a2-chain, since 4>l(w) — abba is permutation- 

equivalent to the conjugacy class w. However, w\ =  [aaBBBB] is a level simple 

a2-chain, since ipa{w i)  =  abaBBB and xpl(wi)'= abbaBB are all of length 6 and are 

distinct conjugacy classes, no two of which are related by a permutation map.

3.2 Large-scale Obstructions

In this section we begin by describing a system of combinatorial equations which 

captures the constraints on the internal structure of conjugacy classes that are level 

x fc-chains—recall that we view a conjugacy class w in terms of the corresponding 

cycle graph Ow.
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L e m m a  3 . 5 .  Given any w  G F%, i £ l l l  A ’ 1, ipx G 'L, a n d  k  G N .

iaG C xk <F> i(D (z,K x(w )) =

® { ' i p ~ l x , K x ( w ) )  =  

® ( i p ; kx , K x (w ) )

Proof. By Proposition 2.46 (pp. 53) we know that

(Vi =  1 , . . . ,  k) |iplxw\  — |u>| <=>■ \i)xw\ — |id| =  0 and \ij^.w\ — | ^ _1za| =  0 

By Lemma 2.20 (pp. 36)

\ipxw\ -  \w\ =  0 Q)(x ,  Kx (w ))  -  2 ® { i p f l x , K x ( w ) )  =  0

\ ^ kx w \ -  I ^ T ^ I  =  0 (D O f « x M )  -  2 (g )('0 “ fca;, k x { w ) )  =  0.

Combining the previous two equations completes the proof of the lemma, □

The previous lemma describes the combinatorial equations A q̂ w which must be 

satisfied by k x ( w ) i f  w  is indeed an aA-chain. The results of the lemma are leveraged 

in the subsequent theorem to obtain an upper bound on the length of (both simple 

and non-simple) level x fc-chains that may occur in Q.

In essence then, the Theorems 3.6 (pp. 61) and 3.8 (pp. 63) below gives a 

characterization of certain forbidden graphs which are never realized in Qn and f l* .  

Figure (3.3) depicts these forbidden graphs. Because the sizes of these graphs is a 

not constant w ith  respect to n, we refer to them as large-scale obstructions.
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Figure 3.3: Large-scale obstructions: two graphs that cannot be realized in (left), 
and two graphs that cannot be realized in Q* (right).

Theorem 3.6. For any w £ A  and x £  X s, 5 £  {—1, +1}

(I) |in| ^  2, and w £ Cxk =f> k ^  |«x(u;)| — 2

Proof. Part (I). By Lemma 3.5 (pp. 59), we know that

(V i =  1 , . . .  ,fc) \4>’xw\ =  \w\ <£> k x (w ) )  =

<J)('iff1x , K x (w ) )  =  (3-1)

k x { w ) )

I f  k =  0, then the lemma is tr iv ia lly  true since |iu| ^  2. I f  k >  0, then w £ Cxk implies 

ipxw  ^  w,  and hence © (x , kx(w )) ^  0. From this integer inequality it  follows that

® { x , k x ( w ) )  ^  2

and thus, by appealing to (3.1), we conclude that

7 d— ^  1.

We have shown that the tota l number of x, x ~ l in w  is 2 j .  Of these, the number of

x, x ~ l which fall inside a subword of the form ip~kx  or ip fkx ~ 1 can be no more than
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7, since

jj(x, ipx kx)  — jj(x - 1 ,i/S“ fe£ -1 ) =  1 

=  i K x . ^ a r 1) =  °-

Then, since \ip~kx\ =  \ i j )fkx ~ l \ =  k +  1, it  follows that

| ^ i ( ^ ) |  ^  l ( k  +  1) +  7  =  7 (k  +  2) (3.2)

Suppose (toward contradiction) that /c > |kx(io)| — 2, then (3.2) would imply 7  < 1. 

Then it  must be that 7  =  0, and hence ^[(D(a:, k x ( w ) )  =  7  =  0. But then ibx w =  w, 

which is a contradiction. So it  must be that k ^  |kx(u;)| — 2. We have shown that 

w G Cxk => k ^  |/cz (iu)| — 2. □

The following classification of edge pairs in O w w ill be used later.

Definition 3.7. Given a conjugacy class w  G F 2 and two distinct edges e\ and e2 

of O w that do not lie inside any x-blocker. Then e\ and e2 are precisely one of  the 

fol lowing relationships (see Figure 3-4)■

1. UCX (Unified Circular with respect to x )  i f  N x(w) =  0.

2. U L X (Unified Linear with respect to x )  i f  N x(w) >  0 and both ei, e2 lie in some 

x-segment S{.

3. D L X (Disjoint Linear with respect to x ) i f  Nx(w) >  0 and both ei,e2 lie in 

distinct x-segments Si, Sj, i 7̂  j .
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DLUL

UC

Figure 3.4: Edges e\ and e2 in U Lx (wi), in D L x{w\), and UCx(wf) relationships, 
respectively.

Theorem 3.8. For any w  £  F2 and x  G X 5, 5 G {—1, +1}

(I*)  |it;| ^  2, and w G Cxk =>• k ^  |io| — 2

(II*)  |u;| ^  10, and w G S xk =>■ k <  jit; | — 6

Proof. Part (I*). By Theorem 3.6 (pp. 61), we know that k ^  |/Ci(ui)| — 2. Since 

|«x(^)| ^  the assertion follows.

Part (II*). Since S xk C S x k+1 i t  suffices to show that w G <Sxm-5 and |u;| ^  10 

leads to a contradiction.

I f  k =  |u;| — 5 and jit; | ^  10, then equation (3.2) im ples

|/c,(u;)| M  10
7  ^  r r - ^  ** r i 4  ^  t < 2 -p i  — 3 p |  — 3 t

So 7 G {0 ,1 }. B y the previous argum ent, 7 cannot be 0.
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In the case 7 =  1. we know the following about the structure of w :

(A) There are 27 =  2 occurrences of x, x ~ l in kx(ic).

Now there are three possible configurations in which these occurrences of x± can 

occur inside k x ( w ) ,  as per Definition 3.7 (pp. 62). Each of these configurations are 

treated in turn; the Unified Circular case starting at pp. 64, the Unified Linear case 

starting at pp. 68, and the Disjoint Linear case starting at pp. 70.

The Unified Circular Case:

In this case, since there are no x-blockers in w ,  k x ( w ) =  w .  Now since 7  =  1, we 

note that

(A*) Now i f  there is one occurrence of x  and one occurrence of aT1 then there is an 

rr-blocker, a contradiction. So we know that either there are two occurrences of 

x,  or there are two occurrences of £ -1 in k x ( w ).

(B) There are 7 =  1 occurrences of ip~kx e, and 7 = 1  occurrences of 'ip~1x e, for some 

x  G X s and e, 5 G {+ 1 , —1}. Since is a subword of ifi~kx £, there are no 

occurrences of ip~1x t except the one that occurs as a subword of the occurrence 

of xl)~kxe =  (X X ~ kSy .
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The facts (A) and (B) force the cyclic word w be of one of the following types:

Type 1 : x  £ X  w =  x x ~ k • x~p ■ x  ■ x q

Type 2 : x E X ~ l w =  x x k ■ x p ■ x  ■ x ~ q

Type 3 : x E X  w =  x kx ~ l ■ x ~ q ■ x - 1  • xp

Type 4 : i £  X ~ l w =  x ~ kx ~ l ■ x q • x _1  • x~ p

where p, q E N satisfy

(/c +  l ) + p + l  +  9 =  |tr,|- (3-3)

Note tha t since k =  \w\ — 5, equation (3.3) implies tha t p +  q =  3.

Let us define

/

i f  2 | { k + p - q )  

otherwise.

* ± P  +  1 i i  2\  ( k + p - q )  

[ otherwise.

Clearly i  and j  are distinct. To show that i  and j  in { 0 , . . . ,  k}  we note that since

p +  q =  3 , i t  follows that — 3 ̂  p — q ^  3. From this we may conclude

* ± p _ i  ^ ^ 3 _ i  = h i _ 5 ^ o

M p  + i ^ *±3 + i = H  ^  k ,

where the last two inequalities follow from our assumption that k +  5 — |iu| ^  10. We 

w ill now show that i and j  satisfy iplxw ~ n  fyu), thereby contradicting the fact that
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w e Sxk.

We begin by considering the case when w is Type (1). I f  2 | (k 4- p — q) then

4-'xW =  XX k p~rlxxq+l

=  xx~{k+p- h±15lR+l)x x {q+h±̂ ~ l)

. ( k+p+q , ,■> . ( k+p+q . ,
=  XX K 2 ' ' x x y 2 '

ipJxw  =  x x  k p^qx x q+i

=  x x - ^ - ^ - ^ x x ^ ^ ^

( k + p + q  1 \  . ( k + p + q  . 1 \

=  XX { 2 }x x y 2 }.

Otherwise, 2 J( (k +  p — q) and

iplw =  xx k p+1x x q+1

=  xx  < * + . - l i ± F 2 J ) I j M s±F a J>

/ k + p + q  I 1 \  . / k + p + q  1 \

XX  V 2 2 2̂

Tp3xVJ =  XX( * P+iXXq+̂

, / k+p+q 1 ' . r k+p+q . 1 \
=  XX K * 2>XX^ 2 + 2\

In both these situations, the length-preserving automorphism 7r^ G II  satisfies

\

TrW’»  =

so ipxw ~n i>3xw, and hence w #  5j.iu.i-s, a contradiction. Thus, for words of Type (1)
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of length ^  10, w G Sxk implies k ^  |n;| -  6.

The proofs for words of Type (2), (3) and (4) are analogous, using the same 

definitions for i  and j .  They are included here for the sake of completeness.

Next we consider the case when w is Type (2). I f  2 | (k +  p — q) then

iplxw

fy-w

Otherwise, 2 J( (k +  p — q) and

4>lw =  x x k+p~lx x ~ Q~l

. fc - fp + q  | 1 .  /  fc-j-P+O  1 \

=  X X  2 2 X X  v 2 2 i

î xw  =  x x k+p~‘  xx~ q~:l

=  r ^ i )

„ fc - fp + g  1 ~ fc -f p - fg  , 1 \
=  X X  2 2 X X  1 2 "r 2 ; .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.

x x k+p- lxx~Q- i

x i  k + P ~  i± p +1 x£_(,+ i±f=a-l)

, t + £ + £ , ,  .  f  k + p + q  . . .

=  X X  2 1 2 '

x x k+p Jxx q i

x i k+P- i ± ^ - ^ . - ( , +  *±§=£+1)

„k+£+2_1 „_(*+E±£ + 1\
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In both these situations, the length-preserving automorphism 7r* G n  satisfies

7T i ( ^ »  =  i ' { w

so ipl.w and hence w 0  a contradiction. Thus, for words o f Type (2)

of length ^  10, w € Sxk implies k ^  |u;| — 6 .

In the case when w is Type (3),

f e w  =

and the subsequent analysis is identical to that when w is Type (2).

In the case when w is Type (4),

and the subsequent analysis is identical to that when w is Type (1).

Thus i f  w e F2 is of length ^  10 and w G Sxk, then k ^  |tc| — 6 .

The Unified Linear Case:

In the unified linear case, the 2y =  2 occurrences of x 61 occur inside the same 

x-segment. For concreteness, suppose they lie in the ith  z-segment, i.e. between 

x-blockers bi(w) and bi+^(w).

_  ~—k+i —l~q+i —l~ —p
“ ■ X  JU JU %JU Ju

=  x - l x - k-?+1x - l x q+\

l ~ ,  1 Z, Q 1 /y,  ̂ry'V
J l> Ju  J u  J u  JU
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I t  follows then from the Demarcator Structure Lemma 2.31 (pp. 45). that either

aj Two occurrences of x lie on the same side of the x-demarcator w ith in the x- 

segment.

ai Two occurrences of x _1 lie on the same side of the x-demarcator w ith in the 

x-segment.

b. One occurrence of x -1 and one occurrence of x lie on opposite sides of the 

x-demarcator w ith in  the x-segment.

The possible configurations (ai), (a2) and (b) are shown in Figure 3.2.

Adi
X

Figure 3.5: The unified linear case: Configurations ai, ai, and b.

Consider configuration (ai). Then two occurrences of x must occur in a subword 

of the segment of the form xx_Alx x _A2 where j A2I is maximal. First, note that \y, A2 

must be non-negative, since otherwise \ij)xw\ >  |re|. Now |io| ^  2 + A i+ A 2 +  (&,-l-2)+di,
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and 6j, dj >  1. I t  follows that Aj +  A2 ^  \w\ — 6. Hence A2 and A2 are each ^  \w\ — 6 . 

I t  follows that >  |tc|. In other words, w 0  Cxm -5, and hence w £  *Sxi^i- 5 .

Consider configuration (a2). Then twro occurrences of x -1 must occur in a subword 

of the segment of the form x Alx _1x A2x -1 where |Ai| is maximal. First, note that Aj, A2 

must be non-negative, since otherwise \'ipxw\ >  |u;|. Now |w| ^  2+A 1-|-A2-t-(6j+2)-|-d;, 

and d; ^  1. I t  follows that Ai +  A2 ^  |u j | — 6. Hence Ax and A2 are each ^  |u>| — 6. 

I t  follows that | ^ r h5w| > |w|. In other words, w g  Cx\w\s ,  and hence w £  Sxm - s.

Consider configuration (b). Then the Demarcator Structure Lemma 2.31 (pp. 45) 

implies that the occurrence of x~l precedes the demarcator and the occurrence of x 

succeeds the demarcator. I t  follows that x -1 must occur in a subword of the segment 

having the form x Alx -1 and x must occur in a subword of the segment having the form 

x x _A2, where |A21 and |A2| are maximal. First, note that A1; A2 must be non-negative, 

since otherwise \ijjxw\ >  |iu|. Now |w| ^  2■ +  Ai +  A2 +  (6j +  2) 4 - d{, and d,- ^  1. I t  

follows that Ai +  A2 ^  |u>| — 6. Hence Ai and A2 are each ^  |u>| — 6. I t  follows that 

\$x^~aw\ >  |u>|. In other words, w £ Cxm -5, and hence w £ Sx\w\-s.

The Disjoint Linear Case:

In the disjoint linear case, the 27 =  2 occurrences of x *  occur inside the different 

x-segments. For concreteness, suppose one lies in the *th x-segment, i.e. between 

x-blockers bi(w) and bi+i(w),  while the second lies in the j t h  x-segment, i.e. between 

x-blockers bj(w) and bj+\{w).  The occurrences of x± must be opposed by x Al and 

x A2, where |Ai ], |A2| are maximal. Now |w| ^  2 +  Ai +  A2 4- (6j +  2) -t- dj -)- (bj +  2) +  dj, 

and bi,di ,bj ,dj  ^  1. I t  follows that Ai +  A2 ^  |it;| — 10. Hence Ai and A2 are each 

^  |iu| — 10. I t  follows that >  |io|. But i f  w & Cxm-s, then w 0  Sj.m-5.
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Having considered the Unified Circular case the Unified Linear case, and the 

Disjoint Linear case, we conclude that always \w\ ^  10 implies w #  □

To see tha t the bound on the length of (not necessarily simple) x fe-chains given in 

Part (I) of Theorem 3.8 (pp. 63) cannot be improved, consider the conjugacy class 

w of the word a2B k in F ,  and take ip =  p̂a. Then iplavj — a2+1B k~% are distinct for 

all i  =  1, , k  and have the same length as w. The next proposition shows that the 

bound on the length of simple x fc-chains given in Part (II) o f Theorem 3.8 (pp. 63) 

also cannot be improved.

Proposition 3.9. F o r  a l l  k ^ 10 and i 6 l U  X -1

S xk- 6 ^  0

Proof. Let w =  aPbABAbb E F 2 , w ith  n =  k — 6. We show tha t w E SBk-6.

Clearly, iplBw = an~l b A B A l+ lbb. So for i  = 0 , . . . ,  |w| — 5, the elements iplBw are 

all distinct, having length equal to |io|.

Suppose (towards contradiction) that there are distinct i , j  E {0 ,1 , . . . ,  |u;| — 5} 

such that iran~'lbABA1+lbb =  an~^bABA1+̂ bb for some 7r E II. Since i  ^  j ,  tt is 

non-trivial. Since n  ^  4, for any i  either an_I or ,41+I (or both) is of length >  2. Since 

an~j  and A 1+i  are the only two uniform ly labelled subsegments whose length can 

exceed 2, i t  follows that 7r : a h i .4. But then, since Jt(6, w) #  §(B, w), i t  follows that 

7r : 6 6 and 7r : B  i-> B.  Hence, tt =  7Ta. But ■Ka(an~1bABA l+lbb) =  A n~lbaBa1+1bb

is not conjugate to an~^bABAl+^bb, since the latter contains a subword A B A  while 

the former does not. We have arrived at a contradiction.
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Thus, conjugacy class w =  anbABAbb (n ^  4) is a witness to the existence 

of B fc-chains that precisely meet the bound of Theorem 3.8 (pp. 63). We remark 

that examples of such maximal-length x fc-chains can be easily constructed for all

r e i u r 1 .  □

3.3 Level cr-Chains

In Section 3.1, we considered basic shift maps ipx for x E X  \J X ~ l . These gave rise 

to the notion of level rr^-chains and simple level x fc-chains in fh Now, to deal with 

small-scale obstructions (i.e. obstruction whose size is a constant independent of n ) 

in a sim ilar manner, we generalize x^'-chains as follows.

Definition 3.10. Let a G F2 be a freely reduced word, where a =  aio.icrio.i_x • • -a2a i, 

a, € A  U A -1 fo r  i  =  1, , n.  The composite shift automorphism ipa is defined as

(t&f
Va =  $ r k | ’ ' ‘ ' F 2 - > F 2

As usual, is defined to be the induced map on the conjugacy classes F2.

Definition 3.11. Let a  € F2 be a freely reduced word. A level a-chain is a conjugacy 

class w £ F2 satisfying

V i, j  £ { l , . . . , | a j }  distinct, %pai...aiw ^  ^  w

V ie  { 0 ,1 , . . . , fc}, \ipai...aiw\ =  \w\

We denote the set of all a-chains in F2 as Ca.
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Definition 3.12. A a-chain is called simple i f  i t  additionally satisfies 

\ f i , j  £ { l , . . . , f c }  distinct, f in  f in  w

and the set of all simple a-chains in F2 is denoted Sa.

Definition 3.13. Let a  £ F2 be a freely reduced word. We say that a is realized as 

a simple level chain in Ll* i f  there exists a conjugacy class w £ S^.

Let a £ F2 be a freely reduced word. We say that a is realized as a proper simple 

level chain in Ll* i f  there exists word a' £ F2 which properly contains a as a subword 

and a conjugacy class w £ Sai .

Lemma 3.14 (Chain Inversion Lemma). Let a £ F2 be a freely reduced word.

<So- =  0 <$=7- Sa- 1 =  0.

Proof. Suppose w £ Sa. Then let w'  =  ipaw. Then w' £ Sa- i .  The argument for the 

reverse implication is identical since inversion is idempotent. □

Lemma 3.15 (Alphabet Symmetry Lemma). Let a £ F2 be a freely reduced 

word.

5^ =  0 ^  5o =  0.

Proof. F ix P  to be a proof that w £ Sa. Let P, the formal object obtained from P  by 

changing all a symbols to b, all b symbols to a, all A  symbols to B,  and all B  symbols 

to A. The P  is a proof that w £ S&. The argument for the reverse implication is 

identical since 7r is idempotent. □
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In contrast to Theorem 3.8 (pp. 63) of the previous section, here we describe forbidden 

subgraphs of whose size is constant (independent of n). We refer to such subgraphs 

as sm all-scale o b s truc tions . Specifically, we prove that each of the graphs depicted 

in Figure 3.6 can not be realized in f i * . Proving that each of these graphs is forbidden 

w ill once again involve (i) translating the structure of the graph into a system of 

combinatorial equations that are necessarily satisfied by one of its conjugacy classes 

w, and (ii) proving that this set of combinatorial equations is infeasible. Each of these 

small-scale obstructions is dealt w ith  in turn.

( l > T aaaB ® -

(31 *AAAb

(8) T,«

(91 J

a______ a . a

(41 T .

a _  a •m

(10) T
AAAb b

(II) T aBAb b

(5) L

(W T

(7) T

°I)AB b|^ J b

ABab b

(13) X .

m-

Figure 3.6: A  menagerie of forbidden subgraphs, none of which can be realized in f2*.
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3.4-1 Obstruction 1: The Forbidden Graph T a a a B

The cr-chains of Obstruction TaaaB are {aaaB}.  The vertices of Obstruction TaaaB 

are named:

V\ =  ^a(Uo)

Vo =  <j)a {v  l )

V3 =

VA =  (j>B {v3,).

The graph Taaas is depicted in figure 3.7.

Figure 3.7: The Forbidden Graph TaaaB.

We shall now deduce a set of constraints on the structure of the vertex t?0.

3 . 4 . 1 . 1  C o n s t r a i n t s  f r o m  Vi

Since |uq| =  |d>a(^o)| =  l^ i| , i t  follows from Corollary 2.21 (pp. 37) that

(2)(a,uo) =  2 (D (aS ,u0)- (3.4)
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3 . 4 . 1 . 2  C o n s t r a i n t s  f r o m  V2

Since |g i| =  |e>a(^ i)l =  1̂ 21, it  follows from Corollary 2.21 (pp. 37) that

( D ( a , i > i )  =  2 © { a B , v 1).

We w ill now compute (J)(a, gi) and 2(g)(aB,vi),  respectively. First, let us consider 

(D(a, G]). Since i>i is (f)a(vo), it  follows that

(D(a,wi) =  (D(a, G0).

Now let us consider 2® (aB ,v \ ) .  Since v\ is <f>a(v0), i t  follows that

2($){aB,v1) =  2 © (a B A ,v 0) +  2(§)(aB2,v0).

Thus |g i|  =  \(j>a(vi)\ =  |g 2 | implies the following constraint on g 0:

(3.5)( D ( g ,  g 0) =  2 @ ( a B , v 0) +  2(^ (aBA ,vQ).
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3 . 4 . 1 . 3  C o n s t r a i n t s  f r o m  v3

Since |i?21 =  \<pa{v2 )\ — l^ l -  i t  follows from Corollary 2.21 (pp. 37) that

(D(a,n2) =  2 (D (a5 ,u2).

We w ill now compute © (a , u2) and 2 © (a # , u2), respectively. First, let us consider 

© (a , w2). Since v2 is <?Q(ui), i t  follows that

@{a,v  2) =  © (a ,u i) .

Since Ui is 0a(uo), i t  follows that

(2)(aWi) =  @(aWo)- 

To summarize, we have shown that

® ( a , u 2 ) =  ( D ( a , u o ) -

Now let us consider 2®(a.B, u2). Since v2 is <j>a{vi), i t  follows that 

2©(a23, v2) =  2 © (a B A ,v i )  +  2 © (a B 2,Vi).
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Since v\ is <j>a(vo), it follows th a t

2 ® ( a B A , v i )  =  2Q)(aBA,v0)

2Q)(aB2,v 1) =  2 © (a £ 3,u0) +  2 ® {a B 2A ,v 0).

To summarize, we have shown that

D . [ 2 ® (a B z, Vo) +  2 ® ( a B 2A, vq)
2 (D (aB ,u2) =

+  2®(aBA,  vq) ]

Thus \v2\ =  |d>Q(w2)| =  |u3| implies the following constraint on vq:

[ 2@ (aB3, vq) +  2(§)(aB2A, v0)
© (a , w0) =  • (3.6)

+  2Q)(aBA,  Uq) ]

3 . 4 . 1 . 4  C o n s t r a i n t s  f r o m

Since |u3| =  |0b (w3)| =  |w4|, i t  follows from Corollary 2.21 (pp. 37) that

® { B , v3) =  2 ® ( B A , v3).

We w ill now compute © (B , u3) and 2Q)(BA,v3), respectively. First, let us consider 

(D (B, v q ) .  Since v q  is <f>a(v2), i t  follows that

© ( 5 , vq) =  ( D ( o , u 2) -  2 ( D ( a £ , u 2 ) +  © ( ^ 2 )-
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Since v2 is (pa{v i), it follows that

© ( M  2) =  -2 (J)(aB ,U i) +  (D (a,u i) +  ©(M i) 

© (a .u 2) =  (D (a,u i)

- 2 ® ( a B ,v 2) =  - 2 © ( a B A , v x) -  2 © { a B 2,v1).

Since is <fia{vo), i t  follows that

©(&, «i) =  ® (M o )  +  ® (a ,« o )-2 © (a .B ,u o ) 

2© (a,z)i) =  2 ©  (a, w0)

- 2 © ( a 5 2,u i) =  - 2 © ( a 5 3,u0) -  2 © (a B 2J4,u0) 

-2 © (a £ , i> i)  =  - 2 ® { a B A , v 0) -  2 © ( a B 2,v0) 

-2 © (a S .4 ,^ )  =  -2 © (a B A ,u 0).

To summarize, we have shown that

[ 3 © (a, vq) - 2 © { a B 2A ,v 0)

-  2 © {a B ,v 0) -  2 © (a B 2,v0)
W { B , v 3 )  =

-  2 ® (a B 3,v0) +  ©(Mo)

-  4© (aBA,  v q) }

The contraints deduced at vertex v3 can now be used to simply this expression. 

Specifically, since

[ 2 © (a 5 3, u0) +  2© (a i?2.4, u0)
© { a , v 0) =

+  2©(aBA,  Vq) ]
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it follows tha t

[ 3(D(a, u0) -  2(g)(aB2A, v0)
[ - 2 ©(aBA,Va) - 2 © ( a B 2,v0)

-  2 ® ( a B : v0) -  2 © (a B 2,v0)
— +  2(D (a, V q )  +  ©(&, Vo)

-  2(D (a53,u0) + ©(Mo)
-  2(D(aS, v0) ]

-  4(§)(aBA,v0) ]

The contraints deduced at vertex i >2 can now be used to simply this expression. 

Specifically, since

© (a , u0) =  2©(a-B2, v0) +  2Q)(aBA, v0),

it  follows that

[ - 2 © ( a B A ,v o ) - 2 ® ( a B 2,vo)

+  2 ©  (a ,  Vo) +  © ( 6, i?o) =  © ( ® >  ^o) T  © ( ^ >  ^o) —■ 2 © ( g 5 ,  Vq).

-  2® (a B ,v 0) ]

The contraints deduced at vertex v\ can now be used to simply this expression. 

Specifically, since

© (a , u0) =  2 ® (a 5 ,u 0),

it follows that

© (a , wo) +  ©(&> vo) ~  2 © (a 5 , d0) =  ® (M o )-
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So, we see that

( D ( £ , u 3) =  ( D ( M o ) -

Now let us consider 2 ® ( B A , v 3). Since v3 is <j>a{v2), i t  follows that

2 © ( B A , v3) =  2 ® ( A 2,v2) +  2 © ( B A , v 2).

Since v2 is 4>a(vi) , i t  follows that

2 ® ( B A , v2) =  2 © ( B A , v1) +  2 ® ( A 2, v1)

2 (D 042, u2) =  2® (A bA ,Vl).

Since v\ is <j>a{vo), i t  follows that

2 ® ( B A , v 1) =  2 © {A 2,v0) +  2Q)(BA,v0) 

2 ® ( A 2, Vi) =  2©(AbA,v0) 

2 ® {A b A ,Vl) =  2®(Ab2A ,v 0).

To summarize, we have shown that

orN, D , , [ 2 © ( B A , v 0) +  2® (AbA,v0)
2 © ( B A , v 3 ) =

+  2®(Ab2A ,vQ) + 2 © ( A 2,v0) ]
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Thus |^31 =  \4>b{v3 ) \ =  |ui| implies the following constraint on vq:

® (M  o) =
2 ®  (BA, Vo) +  2© (A5A, vo)

+  2©  (Ah2 A, Vq) +  2 ®  (A2, vq)
(3.7)

Having determined the constrains on vq entailed by each of the vertices in T aaaB , 

we are now ready to prove the following proposition.

P ro p o s it io n  3.16. The graph T aaaB cannot be realized as subgraph o / f i*  fo r  n ^  4.

Proof. Suppose, towards contradiction that T aaaB is realized. Then there exists a 

conjugacy class w  € S aaaB-

By the constraints (3.7) deduced at vertex V4

[ 2 ®  (BA,  w0) +  2© (A6A, vQ)
W ( b , v  0 ) =

+  2®  (Ab2A, Vq) +  2 ®  (A 2, Vo) ]

By appealing to the Extension Lemma 2.44 (pp. 51), i f  |n0| ^  2

® (£ A ,n 0) +  © (A 2, vo) =  ® (a ,u 0) -  ® (a B ,u 0).

I t  follows that

(D (M o) =  2© (a ,n 0) -I- 2[ -® (a B ,n 0) +  ® ( a B a ,v 0) +  ® (a B 2a, t>0)] • (3.8)
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By the constraints (3.6) deduced at vertex y3

(D(a> vo) =  [ 2 ® (a B z,v0) +  2 © ( a B 2A ,v 0) +  2 © (a B A ,v 0)

By appealing to the Extension Lemma 2.44 (pp. 51), i f  |t>0| ^  4

® (a B 3,u0) -1- ® { a B 2A, v0) =  ® ( a B 2,v0) -  ® ( a B 2a,v0)

so

© M o )  =  [ 2 © { a B 2,v0) - 2 © { a B 2a,vQ) +  2 ® {a B A ,v 0) ]

Appealing again to the Extension Lemma 2.44 (pp. 51), i f  |u0| ^  3 

Q)(aB2,vQ) +  ® ( a B A , v 0) =  © (a B ,n 0) -  ® (a B a ,v 0)

so

© (a ,u 0) — [ 2(§)(aB,v0) -  2 © (aB a ,v0) -  2© (a B 2a,zj0)

Combining equations (3.9) and (3.9), we see that

© ( M o )  =  © M o )
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Now, by the Tail Lemma at ko =  3, we know that

@(b,v  o) ^  3 © (a B 3, vq) +  3 © (a B 2A, vq) +  2®  (aBA,  uo). (3-11)

On the other hand, the constraints (3.6) deduced at vertex v3 together w ith (3.10) 

te ll us that

< D (M 0) =  [ 2 © ( a B 3,v0) +  2 © (a B 2A ,v 0) +  2 © (a B A ,v 0) }  • (3-12)

Combining equations (3.11) and (3.12), we see that

0 ^  © ( a B 3, u0) +  © ( a B 2 A, v q ) .

and hence that © ( a B 3, v0) =  © (a B 2A, v0) =  0.

The constraints (3.6) then reduce to stating that

( D ( a ,  w0) =  2 ©  ( a B A ,  v 0 ) .

I t  follows that every occurrence of a± occurs inside an a-blocker. This implies 

that <f>a(w) =  w, and hence that Vo and v\ coincide. Thus w £ SaaaB- d

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), we obtain the following immediate corollary.

C o ro lla ry  3.17 (O b s tru c tio n  1). The s e t s S a a a B ,  S^aaa, SbbbA, o . n d S a B B B  contain 

no conjugacy classes of length ^  4.
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3-4-2 Obstruction 2: The Forbidden Graph TAAAb

The cr-chains of Obstruction TAAAb are {.4.4.46}. The vertices of Obstruction TAAAb 

are named:

V\ =  <!>a ( vo )

v 2 =  <Pa { v  i )

V i =  <Pa { v 2 )

VA =  <t>b(v3).

The graph T.4.4.4b is depicted in figure 3.8.

TAAAb
'0

’ 3 v2 V1 w

Figure 3.8: The Forbidden Graph TAAAb.

We shall now deduce a set of constraints on the structure of the vertex v q .

3 . 4 . 2 . 1  C o n s t r a i n t s  f r o m  v\

Since \v0\ =  |<p.4(u0)| =  i t  follows that

©(•4)^0) — 2®(.4B,uo). (3.13)
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3 . 4 . 2 . 2  C o n s t r a i n t s  f r o m

Since |ui| =  |<̂.4(^1) I =  1̂ 2 |i i t  follows that

® ( A , Vl) =  2 (D (A B ,Wl).

We w ill now compute © ( A u j)  and 2® (A B ,V i ) ,  respectively. F irst, let us consider 

(D (A u i) .  Since v\ is 0^(uo), i t  follows that

@ ( A u i )  =  © ( . 4 , u 0).

Now let us consider 2 © (A B ,u i) .  Since v\ is 4>a (vq), it  follows that

2 ® ( A B , v  1) =  2 © (A B “ , vq) +  2© (A B a , vq).

Thus |ui| =  |d>4 (ui)| =  |u2| implies the following constraint on w0:

(3.14)© (-4 Wo) — 2 © (AB , Vq) 4- 2© (A B a , v q ) .
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3 . 4 . 2 . 3  C o n s t r a i n t s  f r o m  v3 

Since |u2| =  \(Pa{v2 )\ =  l^ l ,  i t  follows that

© (A , v2) =  2® (A .B ,u2).

We w ill now compute © ( A  v2) and 2 © (A B , u2), respectively. First, let us consider 

(©(A, v2). Since v2 is ^ ( u i ) ,  i t  follows that

© (A ,u 2) =  © (A , Vi).

Since is 4>a (vo), i t  follows that

© (A , V i )  =  © (A , V q ) .

To summarize, we have shown that

© (A , u2) =  ® (A ,u 0).

Now let us consider 2® ( A B , v 2). Since v2 is 1), i t  follows that 

2®  (AB, v2) =  2 © {A B a ,v l ) +  2 © { A B 2,v l ).
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Since v\ is 4>a {vo)̂  it follows tha t

2®(ABa,V i )  =  2 ® (A B a ,v Q)

2 ® { A B \ v { )  =  2 © ( A B 2a,v0) +  2($)(AB3,v0).

To summarize, we have shown that

[2® (.4 I?2a. vq) + 2 ® ( A B a ,  v0)
2 © { A B , v 2) =

+  2(D(.4S3, wo) ]

Thus \v21 =  14*a (^2) I =  !^31 implies the following constraint on vQ:

[ 2 © { A B 2a,v0) 4- 2 ® (A B a ,v 0)
A ,v0) =  . (3.15)

+  2 ® ( A B \ v 0) ]

3 . 4 . 2 . 4  C o n s t r a i n t s  f r o m  ^ 4  

Since |u3| =  |0ft(u3)| =  |u4|, i t  follows that

(D (M 3) =  2(D(6A,u3).

We w ill now compute 0 (6 , u3) and 2 ®  (6.4, i>3), respectively. First, let us consider 

0 (6 , vs). Since t>3 is <̂.4(^2), it  follows that

<D(6, V3) =  0 ( A ,u 2) +  ® ( B , v 2) -  2 © (A B ,V 2).
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Since v2 is (Pa {vi)> it follows tha t

® { B , v 2) =  (D O M i)  -  2 ® (A B ,v i )  +  (D (£ ,t; i)

® ( A , v2) =  © (A jU i)

- 2 © ( A B , v 2) =  - 2 ® ( A B 2, v i ) -  2 ® (A B a ,v i ) .

Since i>i is 4>a (vo), it  follows that

- 2 ® ( A B , Vl) =  -2 ® ( -4 B 2,u0)-2 ( I) ( ,4 £ a ,u o )

-2 © (.4 S a ,V !) =  -2 © ( .4 5 a ,u 0)

(D (S ,u i) =  (D (A ,u0) -  2 ® ( A B , v 0) +  (D (£ ,u 0)

2(D(A, Vl) =  2 (D (A Wo)

- 2  m A B 2,v,)  =  -2 ($ ) {AB3,v0) - 2 ( § ) { A B 2a,v0).

To summarize, we have shown that

[ -4 (D (A B a , v0) -  2© ( A B ,v0)

+  ® { B ,  vq) +  3 © ( 4 . ,  Vo)
( D ( M 3 )  =

- 2 ® { A B 3,v0) - 2 Q ) ( A B 2,v0)

-  2© (^4B2a., u0) ]

The contraints deduced at vertex V3 can now be used to simply this expression. 

Specifically, since

[ 2d )(A B 2a,vo) -h 2(jj)(ABa, Vo)
(D (4 ,u0) =

+  2© (^4B3, Vq) ]
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it follows th a t

[ - 4 ® ( A B a , v 0) - 2 ® ( A B , v 0)
[ —2(D(-4Ba, V q ) +  2@(.4, «o)

+  (D(-B) wo) +  3 ©  (.-4, Do)
=  — 2(§)(A£?, u0) +  ® ( B ,  V q )

- 2 ® ( A B \ v o ) - 2 ® ( A B \ v 0)
- 2 ® ( A B 2,v0) }

- 2  ® ( A B 2a,v0)}

The contraints deduced at vertex v2 can now be used to simply this expression. 

Specifically, since

(D(-4,t;o) =  2© (.4B 2, v0) +  2© (A Ba,  v0),

i t  follows that

[ -2(g) (ABa, v0) +  2©)(.4,u0)

-2 (g ) (A B ,v 0) +  (g)(B,vo) =  (g)(B, v0) +  (g)(A, v0) -2 (g )(A B ,v 0).

- 2(g)(AB2,v0) ]

The contraints deduced at vertex vx can now be used to simply this expression. 

Specifically, since

CD (A, v0) =  2(§)(AB, vq),

i t  follows that

(g ) (B ,v 0) + ($ (A ,v o )  -  2 (g)(AB , v0) =  (g ) (B ,v 0).
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So, we see that

0 ( M  3 )  =  @ {B ,v  0).

Now let us consider 20(6.4, v3). Since v3 is <̂.4(^2), i t  follows that

20(6.4, v3) =  2 0  (.42, u2) +  20(6.4 , r^).

Since v2 is 4>a (v i ), i t  follows that

2 ® ( A 2,v2) =  2 ® ( A B A , Vl)

2 0 (6 .4 ,r;2) =  2® (bA ,v1) + 2 ® ( A 2,v l ).

Since v\ is ({>a(vo)> i t  follows that

20(6.4, u i) =  20(6.4, Vo) +  2 0  (.42, vq) 

2 0  (-42, v\) =  2 ®  (ABA, v0) 

2 ® ( A B A , v 1) =  2 © ( A B 2A , v0).

To summarize, we have shown that

X [2®(bA,vo)  +  2 m A B 2A,vo] 
20(6.4, ^3) =

+  2 0  (.42, V q )  +  2 0 (A E M , V q )
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Thus |u3| =  \<pb(v3 )\ — 1̂ 4i implies the following constraint on vq:

l 2(p(b.4,vo) +  2 © (A B 2A ,v0)
W (B ,V o )  =

+  2 ® ( A 2,v0) +  2 ® ( A B A , v „ ) }
(3.16)

Having determined the constrains on vq entailed by each of the vertices in TAAAb, 

we are now ready to prove the following proposition.

P ro p o s it io n  3.18. The graph TAAAb cannot be realized as a subgraph ofVt*n f o r n  ^  4.

Proof. Suppose, towards contradiction that TAAAb is realized. Then there exists a 

conjugacy class w e <S/u.4f>-

By the constraints (3.16) deduced at vertex u4

[2(D(aB,u0) + 2(D(a6o,uo)
© (M o )  =

+  2©(a&2a, u0) +  2© (a 2, u0) ]

By appealing to the Extension Lemma 2.44 (pp. 51), i f  |r>o| ^  2,

© {aB ,  v0) +  © (a 2, t>„) =  © (a , t>o) -  ©(a&, v0).

I t  follows that

© (M o )  =  2©(a, V o )  -  2©(ab, v0) +  2®(aba,v0) +  2©(ab2a,v0)] • (3-17)
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By the constraints (3.15) deduced at vertex v3

® { a , v o) =  [ 2 ® { A B 3, v0) +  2(D(.4B2a,u0) 4- 2 ® (A B a ,v 0)

By appealing to the Extension Lemma 2.44 (pp. 51), i f  |vo| ^  4,

® ( A B \ v 0) +  © ( A B 2a,v0) =  ® ( A B 2,v0) -  ® ( A B 2A ,v 0)

so

( D M o )  =  [2Q){AB2,v0) - 2 ( $ ) ( A B 2A ,v 0) +  2®{ABa,Vo)

Appealing again to the Extension Lemma 2.44 (pp. 51), i f  |i>o| ^  3, 

® ( A B 2,v0) +  (§){ABa,v0) =  d )(A B ,u 0) -  ® ( A B A , v 0)

so

( D ( a , u 0 )  =  [ 2 ® { A B , v 0) -  2@ (A B A ,v 0) -  2 ® ( A B 2A ,v 0) } • (3-18)

Equation (3.18) implies that

( D ( M o )  -  2© (a ,u 0) +  2(g) (aft, u0) =  2(g) (a&a, v0) +  2(g) (a&2a, v0) 

while equation (3.19) implies that

- (D (a ,u 0) +  2©(ba,v0) =  2(§){aba,v0) +  2®(ab2a,v0).
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Combining these expressions we see that

© (b , v 0) - 2 © ( b a , v o )  =  ©(a ,  vQ) -  2©(ab,v0) (3.19)

Appealing to the Extension Lemma 2.44 (pp. 51), we know tha t i f  |v0| ^  2,

( D ( M o ) - C D ( & a » u o )  =  ©{bb,v0) +  © (b A ,v 0)

© (a ,  v0) - © ( a b , v 0) =  ©(aa, v0) +  © ( a B ,  v0),

Where by definition © (b A ,v 0) =  © ( a B , v 0). We can simplify (3.19) to

©{bb,v0) +  ©{ab ,vQ) =  ® {a a ,v 0) +  ©(ba ,v0).

Appealing again to the Extension Lemma 2.44 (pp. 51), this tells us that i f  |no| ^  2,

(D (M o) +  © { A b ,v 0) =  © { a , v 0) + © { B a , v 0).

I t  follows that

( D ( M o )  =  ( D ( o , u 0 )-

Now, by the Tail Lemma at ko =  3, we know that

©(b,vo)  ^  3 © ( A B 3, v0) +  3 © { A B 2a,v0) +  2 © (A B a ,v 0). (3.20)
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Combining (3.20) w ith  the constraints (3.15)

( D ( M o )  -  ( D ( a , u o )  ^  ® ( A B 2a, v0) +  ® ( A B 3, t>0 )

Since (©(6. t>o) =  (S)(G>uo)) we see that

Q)(AB2a,v0) =  © ( A B 3, v0) =  0

Constraints (3.15) then reduce to stating that

© (a , vQ) =  2 ® ( a B A , v 0).

I t  follows that every occurrence of a± occurs inside an a-blocker. This implies 

that <j>a{w) =  w, and hence that w0 and i>i coincide. Thus w 0  SAAAb■ □

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

C o ro lla ry  3.19 (O b s tru c tio n  2). The sets SAAAb, Ssaaa, Sbbbo., SAbbb contain no 

conjugacy classes of length ^  4.
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3-4-3 Obstruction 3: The Forbidden Graph Taab

The cr-chains of Obstruction T aab are {aab}. The vertices of Obstruction Taab are 

named:

V i =  <i>a{v o)

v2 =

Vz =  M v2)-

The graph Taab is depicted in figure 3.9.

♦ v3

Figure 3.9: The Forbidden Graph Taa&.

We shall now deduce a set of constraints on the structure of the vertex n0.

3 . 4 . 3 . 1  C o n s t r a i n t s  f r o m  v\

Since |n0| =  |^a(uo)| =  K!> it  follows that

@ ( a , u 0 )  =  2 ( D ( a B , u 0 ) . (3.21)
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3 . 4 . 3 . 2  C o n s t r a i n t s  f r o m  V2 

Since |i>i| =  |<pa(ui)| =  |u2|, i t  follows that

(D(a,v i)  =  2(D(aB,Ui).

We w ill now compute ® ( a , v i) and 2© ( a B ,v i ) ,  respectively. First, let us consider 

(D (a,u i). Since v\ is (f>a(v0), i t  follows that

(D(aW i) =  (§){a,v 0).

Now let us consider 2 © ( a B , V \ ) .  Since v\ is <pa(v0), i t  follows that

2® (a B ,V i )  =  2 © (a B A ,v 0) +  2 © ( a B 2, v0).

Thus |ui| =  \(j)a(vi)\ =  |w| implies the following constraint on v0:

© { a , v 0) =  2 © {a B 2,v0) +  2 © (a B A ,v 0). (3.22)
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Since \v2\ =  |<Mw)| =  1̂ 31, i t  follows that

® {b ,v 2) =  2 ® { b A ,v 2).

We w ill now' compute ® (b ,v 2) and 2® (b A ,v 2), respectively. First, let us consider 

®(b, v2). Since v2 is 6a(vi), i t  follows that

(D(M2) = (D(Mi) + ©(awx) -  2©(a5,ui).

Since is 0Q(uo), i t  follows that

(D(M 1) = (D(owo) -  2©(a5,u0) + (D(Mo)

-2(D(aS,u1) =  - 2 © { a B A , v 0) - 2 ® ( a B 2,v0)

( 2 ) ( a W i )  =  ® ( a , u 0 ) .

To summarize, we have shown that

[ ®{b, v0) -  2 ® (a B ,v 0)

® {b ,v 2) =  + 2 ® ( a , v 0) - 2 ® { a B \ v 0) ■

-  2 ® (a B A ,v 0) ]
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The contraints deduced at vertex v2 can now be used to simply this expression. 

Specifically, since

© (a , v0) =  2 © (a B 2, v0) +  2© (a£ .4 , v0),

i t  follows that

[ (D(6, uo) -  2® { a B , v 0)

+  2© (a , v q )  — 2©(aJ52, v0) =  -2 © (a B , v0) +  © (a , v0) +  © (6, v0).

-  2(f)(aBA, v0) }

The contraints deduced at vertex v\ can now be used to simply this expression. 

Specifically, since

© (a , u0) =  2© (a B , v0),

it  follows that

- 2 © (a S ,v 0) +  (D(a,vo) +  ®(6,vo) =  ® (6 ,v 0).

So, we see that

($){b,v 2) =  © (6, v0).

Now let us consider 2 © (6 A v 2). Since v2 is <pa{vi), it  follows that 

2® (b A ,v 2) =  2Q)(b2 A, vi) +  2 © (a M , Vi).
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Since v\ is d>a(vo), it follows tha t

2©(b2A ,v 1) =  2©(ab2A ,v 0) +  2® (b3A ,v 0) 

2®(abA,Vi)  =  2®(abA,v0).

To summarize, we have shown that

O rstuA \ [ 2© ( ab7A ,v0) +  2(g){abA,V0)
2® (bA ,v2) =

+  2© (63.4, uo) ]

Thus |u2| =  106 (^2) | =  N l  implies the following constraint on u0:

[ 2©(ab2A ,v 0) +2Q){abA, u0)
® ( M  0) =  

+  2(D(63A u 0) ]
(3.23)

Having determined the constrains on v0 entailed by each of the vertices in Taab, 

we are now ready to prove the following proposition.

P ro p o s it io n  3.20. The graph Taab cannot be realized as a level subgraph o f t i * .

Proof. Suppose, towards contradiction that Taab is realized. Then there exists a con- 

jugacy class w e Saab.

Note that b3A  is both a-demarcator-immune and self-immune. So by the Immunity 

Lemma 2.40 (pp. 49),

©(Mo) ^  2©(a6H, uq) +  3©(a62H, uq) +  3© (63.4, uq)- (3.24)
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The constraints (3.23) deduced at vertex v3 dictate

® (b ,v  o) =  2©{ab2A ,v 0) +  2©(abA,v0) +  2© (b3A ,v 0). (3.25)

Combining (3.24) and (3.25), i t  follows that

0 ^  ®{ab2A ,v 0) +  © (5 3A ,v0), 

and hence tha t © (a62A, x>o) =  (D(63A, u0) =  0. We have shown that

By the Demarcator Lemma 2.34 (pp. 47), we know that

| u ) | - 3

®{b, V q )  =  2Q)(abA, up) +  (fe +  1 )® (abkA, V q ) .  (3.27)
k=3

Combining (3.26) and (3.27), we see that Q)(abkA ,v 0) =  0, for all k ^  2. In other 

words, all a-blockers must have weight 1.

The constraints (3.22) deduced at vertex V2 dictate

Since aB2 is a-demarcator-immune and self-immune, and all a-blockers are of
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weight 1, the Im m unity Lemma 2.40 (pp. 49) gives us that

® (b ,v  0) ^  2©(abA,v0) +  2 © {a B 2,Ka(v0)). (3.29)

But since all a-blockers have weight 1, all occurrences of aB2 in vq must occur inside 

Ka(vo). Thus, we have

(D (M o) £  2©(abA,v0) +  2 © ( a B 2,v0). (3.30)

Combining this w ith  (3.26), we can conclude that © { a B 2,v0) =  0. Applying this in 

turn to (3.28), we see that

(D(a,u0) =  2©{abA,  v0). (3.31)

I t  follows that every occurrence of a± occurs inside an a-blocker. This implies 

that (pa(w) =  w, and hence that v0 and Vi coincide. Thus w £ Saab. □

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

C o ro lla ry  3.21 (O b s tru c tio n  3). The sets S aab, S b a a , Sbba, and, S a b b  are empty.
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3-4-4  O b s t r u c t io n  4'- T h e  F o rb id d e n  G ra p h  T a a b

The cr-chains of Obstruction Taab are {.4^41?}. The vertices of Obstruction Taab are 

named:

Vi =  (j>A{v0)

V2 =  <Pa { v i )  

v3 =  0b(^2)-

The graph T a a b  is depicted in figure 3.10.

v 2 V1 V0 
a -  ar1 w

(4) ^AAB b

3

Figure 3.10: The Forbidden Graph T a a b - 

We shall now deduce a set of constraints on the structure of the vertex u0.

3 . 4 . 4 . 1  C o n s t r a i n t s  f r o m  v\

Since |u0| =  jc^uo)! =  |wi|, it  follows that

© {A ,  v0) =  2 © {A B ,v 0). (3.32)
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3 . 4 . 4 . 2  C o n s t r a i n t s  f r o m  vo 

Since |i>i| =  |<^(y i)| =  |u2|, it  follows that

(D(-4, Vi) =  2 ® (A B ,  t/'i).

We w ill now compute ® { A ,v { )  and 2 © (A B ,  Vi), respectively. First, let us consider 

© ( A , v \ ) .  Since Vi is o), it follows that

( D O M i )  =  ( D ( - 'M o ) .

Now let us consider 2 © (A B ,v i ) .  Since uj is <?a (vo) ,  it  follows that 

2 (D (A B ,u1) =  2 ® ( A B 2,v0) +  2 ® {A B a ,v Q).

Thus |ui| =  \<I>a (v -i)\ =  |u2| implies the following constraint on v0:

(D(.4,u0) =  2 ® (A B a ,v 0) +  2 © ( A B 2,v0). (3.33)
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Since \v2\ =  |0b(^2)| =  W ,  it  follows that

® ( B , v  2) =  2 ® { B A , v 2).

We w ill now compute (±)(B. v2) and 2Q)(BA, v2), respectively. F irst, let us consider 

® ( B , v2).  Since v2 is 4>a {v 1), i t  follows that

® { B , v2) =  (S)(B,ui) -  2(§){AB,vi)  +  (D (i4 ,u i).

Since v\ is 4>a (v0)1 i t  follows that

-2 (D (A B , vi) =  - 2 ® {A B a ,v 0) - 2 ® ( A B 2,v0)

® { A , v  1) =  (D (4, vq)

® { B , V  1) =  — 2®  ( A B ,  Uq) +  (f) (4 , V q )  +  (D(-B, V o ) .

To summarize, we have shown that

[ ® ( B , v  0) -  2 ® (A B a ,  v0)

(2) { B , v 2 )  =  - 2 © ( A B , v o )  +  2 © ( A ,v 0)

- 2 ® ( A B 2,v0) ]
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The contraints deduced at vertex v2 can now be used to simply this expression. 

Specifically, since

® ( A , v 0) =  2 ® (A B a ,v 0) +  2 © ( A B 2,v0),

i t  follows that

[ © ( B , v o) -  2 ® (A B a ,v 0)

- 2 © ( A B , v o )  +  2 © { A ,v 0) =  © { B , v 0) - 2 © ( A B , v 0) +  © { A , v 0).

- 2 ® ( A B * , v 0) ]

The contraints deduced at vertex v\ can now be used to simply this expression. 

Specifically, since

© (.4 ,u 0) =  2 ® { A B , v 0),

i t  follows tha t

® ( B , v 0) - 2 ® ( A B , v 0) +  © ( A , v 0) =

So, we see that

® { B , v2) =  © { B , v  o).

Now let us consider 2 ® (B A ,  v2). Since v2 is 4>a (vi) , it  follows that 

2 ® { B A , v2) =  2 © (a B A ,v 1) +  2 © { B 2A , v 1).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



107

Since v\ is </>a {vq), it follows tha t

2 ® ( B 2A :Vl) =  2 ® ( B 3A ,v 0) +  2 ® (a B 2A ,v 0) 

2Q)(aBA,vi)  =  2Q)(aBA,v0).

To summarize, we have shown that

o \ f 2 © {a B A ,v 0) +  2 ® {a B 2A ,v 0)
2 ® { B A , v 2) =

+ 2®(B3A, t>o) ]

Thus \v2\ =  |$b(u2)| =  |^31 implies the following constraint on v0:

. [ 2 © ( a B A : v0) +  2($)(aB2A ,v 0)
( D ( B , u 0 ) =

+  2 ® ( B 3A ,v 0)}
(3.34)

Having determined the constrains on v0 entailed by each of the vertices in T a a b , 

we are now ready to prove the following proposition.

P ro p o s it io n  3.22. The graph T a a b  cannot be realized as a level subgraph of Tt*.

Proof. Suppose, towards contradiction that T a a b  is realized. Then there exists a 

conjugacy class w e S a a b -

Note that B 3A  is both a-demarcator-immune and self-immune. So by the Immu­

n ity  Lemma 2.40 (pp. 49),

(D(b,v o) ^  2® {a B A ,v 0) +  3 © {a B 2A , Vo) +  3©(b3A , Vo). (3.35)
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The constraints (3.34) deduced at vertex v3 dictate

© (5 , w o) =  2©(a62.4, uo) +  2©(a6.4, uo) +  2© (63.4, u0). (3.36)

Combining (3.35) and (3.36). i t  follows that

0 ^  ® ( a B 2A, Vq) +  (D (5 3.4, i>o), 

and hence that © (a B 2.4,u0) =  © (-B 3T ,u 0) =  0. We have shown that

© (M o )  =  2©(a£L4, vo) (3.37)

By the Demarcator Lemma 2.34 (pp. 47), we know that

M - 3

® (M o )  =  2® {a B A ,v 0) +  ^  (A; +  l ) © ( a B fc-4, u0). (3.38)
k = 3

Combining (3.37) and (3.38), we see that @ (aBkA,vo) =  0, for all k ^  2. In other 

words, all a-blockers have weight 1.

The constraints (3.33) deduced at vertex v2 dictate

© (a , u0) =  2 © (a B A ,v 0) +  2 © (A B 2, u0) (3.39)

The Tail Lemma 2.35 (pp. 47) at k0 =  2 tells us that

® (6 ,u 0) >  2©(ABa,t>0) +  2 © (A B 2, v0). (3.40)
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Combining (3.39) and (3.40). we see that ® (6 , v0) ^  © (a . i>o)- On the other hand, 

(D(a5̂ o) ^  2(§)(aBA, Vo). But Q)(aBA,vo) =  Q){b,vo). Thus, we conclude that 

( D ( M  o) =  ® { a , v  0).

Appealing to (3.37), we see that

(D(a,u0) =  2 ® ( a B A , v 0)

I t  follows that every occurrence of a± occurs inside an a-blocker. This implies, 

by the Symmetry Lemma 2.45 (pp. 52) that every occurrence of a± occurs inside 

an A-blocker. But then, <}>a {w ) =  w, and hence that v0 and v\ coincide. Thus 

w  S a a b ■ □

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

C o ro lla ry  3.23 (O b s tru c tio n  4). The sets S Aa b , S baa, S Bb a , andSabb are empty.
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3.5 Obstruction Rewriting Rules, Part I

We w ill use the following lemma to devise a graph rewriting rule that can be used to 

generate newr forbidden graphs from the ones we have found so far.

Lem m a 3.24 (T he  x x _1x R e la tio n  Lem m a). For all x  £ X  U Ar_1 and w £ F2,

d'xx~^x(^ )  ~n  ^ ‘

Proof. When 5 =  +1. the composite map ipxx- ix takes

x  i-> x x x -1 

x x ~ \

Taking tt0 £ I I  to be the map

x x ' 1

x x,

we see tha t tto'1Pxx-'1x(w ) — w and hence that i>xx-^x{w ) ~ n  w.

When 5 =  — 1, the composite map ^ xx- i x takes

x H4 x~l 

x h4 xxxT1.
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Taking tti G I I  to be the map

x (-»• x 

x x -1 ,

we see that niipx i - \ x (w) =  w and hence that tpxx- i x(w) ~ n  w.

This completes the proof of the lemma. □

The x x _1x-Relation Lemma 3.24 (pp. 110) proved above can be leveraged to 

provide a graph-rewriting rule for obstructions. A graph-rewriting rule r  is a deter­

ministic procedure which produces a new hypothetical graphs from old hypothetical 

graphs.

D e fin it io n  3.25. A graph-rewriting rule r  is conservative i f  fo r  every hypothetical 

subgraph T  of Q*, T  cannot be realized as a level subgraph of Q* i f  and only i f  tT  

cannot be realized as a level subgraph of Q*.

Conservative graph-rewriting rules allow us to enlarge the set of forbidden graphs 

from ones already known.

We define graph-rewriting schema rx (x G A'’UAr_1) which act on the hypothetical 

subgraphs of f2*. Before rx can be made to act on a hypothetical graph T, it  must 

be parametrized by a suitable trip le of vertices p, v, q G V[T).

D e fin it io n  3.26. Given a hypothetical subgraph T  of Ct*, f ix x  G AT*, and let v,p,q 

be three distinct vertices in V\T\. I f v , p ,q  satisfy the following conditions:
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•  v,p,q are all distinct,

•  i fx{p) =  v,

•  ^ i(p )  =  Q,

•  0 E[T\,

•  (q, r )  e E[T) => r  — p;

then we say that the triple (v ,p,q ) are a rx-pivot in T.

The graph-rewriting transformation rx^ v^  acts on T  as follows:

Definition 3.27. Given a hypothetical subgraph T  of Cl*, f ix  x  G A'"± ) and (v.p ,q ) a 

triple of vertices f rom V[T}. We define the graph rx[ViPtq](T) as follows: I f  (v,p ,q ) are 

not a rx-pivot, put t x\v^ ^ { T )  — T. Otherwise, let Tx\v,p.q] (T ) be given by:

» 'F W r )) = V[T]u{u}\{s}

where u is a new vertex representing fijx- i {v ) ,  and take

E [tx[V:PM{T)} =  E[T]  U (u, v) \(p,  q), 

where the new edge (u,v) is labelled by £ _1 (thereby signifying that u —

The operation of r a[p)Uig] and r b[VtP:q] on T  is depicted in Figure 3.11. In the figure, 

boxed/outline edges are used to depict where edges are required to not be present.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

R e m a rk  3.28. Given a hypothetical subgraph T  of Cl*, a fixed x  £ X s (5 =  ±1 ), and 

three vertices v,p,q from V [T ], i t is easy to verify f rom Figure 3.11 that the action 

of rx is invertible. Specifically, for  every x £ X ± we have t ~ ^ v ^  =  t x .  ^ v ) ] -

J X B[v,p,u]

Figure 3.11: Graph rewriting rules t x ( x  £ X  U Ar_1).

The next proposition shows that the previously defined graph rewriting rules rx 

(x G X  UAM ) are conservative.

P ro p o s it io n  3.29 (O b s tru c tio n  R e w r it in g  R u le  1). Given a connected tree T  — 

(V, E ) and p, v, q G V, x G X ± , the tree T  is forbidden in f i*  i f  and only i f  r xfaViq](T) 

is forbidden in £1*.

Proof. I f  TxtytVtg](T) =  T  the statement is triv ia l. Otherwise, suppose that T  is not 

forbidden in f i* . Let ClT be a minimal induced subgraph of £1* which contains an 

isomorphic copy of T. W ithout loss of generality, we may take ClT to be the graph 

induced by the isomorphic copy of T. Moreover, we identify T  w ith  the isomorphic 

spanning tree of CLt -
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Now. since q =  'ibXx- lx{u) , by Lemma 3.24 (pp. 110). we know that, q «n  u- I t  

follows that vertices v and q coincide in f It - Since (it, v) is not in QT and (p, q) is not 

a cut edge of T, the operation of adding (it, v) and removing (p, q) gives rise to just 

a different spanning tree of QT- I t  follows that tx^ v̂ ( T )  is a subgraph of f i r ,  and 

hence a subgraph of Q*.

To see the reverse, take T ' =  tx^,iV̂ ( T ) .  I f  V  occurs in Q* then by the previous 

argument, so must t ‘i - i[ „ )PiU](T /). But by Remark 3.28,

Tx - l [v,p,v] — Tx

So it  follows that T  occurs in Q*. □
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3.6 More Small-Scale Obstructions

We w ill make use of the graph-rewriting rules introduced in the previous section to 

demonstrate another forbidden graph.

3.6.1 Obstruction 5: The Forbidden Graph Tai,a

The cr-chains of Obstruction Ta&a are {a&a}. The vertices of Obstruction Taja are 

named:

V\ =  6a{v0)

V2 =  <Pb{v l)

V3 =  <j>a(v2)-

The graph Taba is depicted in figure 3.12.

0
m  -a- 4
W v

Figure 3.12: The Forbidden Graph Tat,a.

We shall now deduce a set of constraints on the structure of the vertex v0.
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3 . 6 . 1 . 1  C o n s t r a i n t s  f r o m  v\

Since |i>o| =  |<Pa(vo)| =  |ui|, i t  follows that

CD (a, wo) =  2($){aB,v0). (3.41)

3 . 6 . 1 . 2  C o n s t r a i n t s  f r o m  V2 

Since |ui| =  | |  =  \v2 \, i t  follows that

®{b,V i )  =  2 (D (6^,n1).

We w ill now compute ©(&, v i) and 2(§)(bA,vi), respectively. F irst, let us consider

(D(6, vi). Since v\ is d>a(v0), i t  follows that

QD(Mi) =  ® (a ,v0) -  2©(mB,n0) +  ©(M o)-

The contraints deduced at vertex vi can now be used to simply this expression.

Specifically, since

© (a , v0) =  2 (D(aB, i>0),
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it follows th a t

- 2 ® { a B , v 0) +  (D (M o )  +  CD (a. w0) =  ( S ) ( M  0).

So, we see that

( D ( M i )  =  ( D ( M  o).

Now let us consider 2®(bA,Vi) .  Since v\ is <pa(v0), i t  follows that 

2(D(6.4,Ui) =  2®(abA,vo) +  2©(b2 A,Vq). 

Thus |ui| =  |^ (u i) |  =  |v2| implies the following constraint on v0:

(D(6,u0) =  2© (62.4, v0) +  2©(abA, v0).

3 . 6 . 1 . 3  C o n s t r a i n t s  f r o m

Since |u2| =  |0a(^2)| =  1̂ 31, i t  follows that

@(a,v2) =  2 © (a B ,u 2).
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We w ill now compute © (a , v2) and 2 © (a 5 ,v 2), respectively. First, let us consider 

® (a , v2). Since v2 is cpb{v 1). i t  follows that

® { a , v 2) =  © (6 ,vi) +  ® (a ,v i )  -  2 ® (M ,v ®

Since vi is (pa{vo), i t  follows that

© (a ,v  1) =  © (a , v0)

- 2 © ( M ,u 1) =  -2© (a6.4 , v0) -  2© (h2.4, v0)

© (M i)  =  ® (a ,v 0) +  © (M o) -  2 © (a B ,v 0).

To summarize, we have shown that

[2 © (a ,v 0) +  © (6, v0)

® (a ,v 2) =  — 2© (62,4,v0) — 2 © (a 5 ,v 0) ■

-  2®(a6T, v0) ]

The contraints deduced at vertex v2 can now be used to simply this expression. 

Specifically, since

®  (&) vo) =  2®  (b2A, Vo) +  2© (aL4, Vo),

it  follows that

[ 2 © (a ,v0) +  ©(6, v0)

- 2 ® ( 6 2A >v o ) -2 ® (a B ,v 0) =  - 2 ® (a £ ,  v0) +  2®  (a, v0).

-  2 ® (a M ,v 0) ]
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The contraints deduced at vertex i>i can now be used to simply this expression. 

Specifically, since

© (a ,n 0) =  2(D(aB,u0),

i t  follows that

- 2 ( D ( o B ,  v 0)  +  2 © ( g .  v 0)  =  ® ( a , v 0).

So, we see that

© (a ,n 2) =  (D(a,u0).

Now let us consider 2($)(aB, u2). Since v2 is 4>b{v\), i t  follows that 

2 (§ )(aB ,v2) =  2 © (a2jB ,U i)+  2© (6aB ,tii). 

Since uj is 0a(^o)5 it  follows that

[2(D(&aB2,r;o) + 2(D(6aBA,'f;o)
2© (6aB ,n i) =

+  2(D(a2BA , Vo) +  2(|)(a2B 2. Vo) ] 

2 ® ( a 2B , v 1) =  [ 2© (aB aB A , n0) +  2 ® ( a B a B 2, vq)
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To summarize, we have shown that

[ 2 © ( a 2B A , v 0) +  2©(baBA, v0) 

2 © ( a B ,v 2) =  + 2 © { a 2B 2,v0) +  2Q)(baB2,vQ)

+  2© ( a B a B 2, v0) +  2® {aBaB A,  v0) ]

Thus |u2| =  \<{>a(y2)1 =  1̂ 31 implies the following constraint on v0:

[ 2 ®  (a2BA, v0) +  2®  (baBA, v0) 

® (a ,u 0) =  +  2®  (a2j32, v0) +  2® (6aS 2, u0)

+  2®  (aBaB2, v0) +  2© (aB aBA ,  v0) ]

(3.43)

Our goal is to show that Taba cannot be realized as a level subgraph of Q,*, i.e. 

tha t Saba =  0- We w ill show something slightly weaker, namely that i f  a e F2 is a 

word which contains aba as a proper subword, then Sa contains no conjugacy class of 

length ^  5. To do this, we w ill need the following lemma.

L em m a 3.30. I f  a conjugacy class w of length ^  5 is in Saba, then

© (a B a ,w )  =  © ( B a B , w ) =  0

Proof. The constraints (3.23) deduced at vertex dictate

[ 2®  (a2BA, v0) +  2®  {baBA, v0)

© (a ,  v0) =  +  2© (a2B 2,v0) +  2©{baB2,v0) • (3.44)

+  2 © (a B a B 2,vo) +  2©(aBaBA,vo)  ]
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Appealing to the Extension Lemma 2.44 (pp. 51), i f  |u0| ^  5,

© (baB A ,v0) +  © (b a B 2,v0) =  © (b a B ,v 0) -  ©(baBa,v0), 

© ( a 2B A ,v 0) +  © ( a 2B 2,v0) =  © ( a 2B ,v 0) -  © ( a 2Ba ,v0) 

© ( a B a B 2,v0) +  © ( a B a B A ,v 0) =  © ( a B a B , v 0) -  © (aB aBa,  v0).

Substituting into (3.44), we see that

[ 2©(baB,  v0) -  2©(ba,Ba, v0)

© (a ,v 0) =  +  2 © (a 2B ,v 0) — 2 © (a 2Ba, v0) ■ (3-45)

+  2©(aBaB,  v0) -  2©(aBaBa,  v0) }

Appealing to the Extension Lemma 2.44 (pp. 51), i f  |i>o| ^  3,

©(baB,  u0) +  © ( a2B , v0) =  © ( a B ,  v0) -  © ( B a B ,  v0).

Substituting into (3.45), we see that

[ 2© ( a B ,  v0) -  2© ( B a B ,  v0)

©(a ,  Vo) =  + 2 © ( b a B a , v o ) - 2 © ( a 2B a ,v 0) • (3-46)

+  2©(aBaB,vo)  ~  2©(aBaBa,Vo) )

Appealing to the Extension Lemma 2.44 (pp. 51) slightly differently, i f  |u0| ^  5,

© ( a 2B 2,v0) +  © (baB 2,v0) =  © ( a B 2, v0) -  (D (BaB2, v0), 

© ( a 2B A ,v 0) +  © (baB A ,v0) =  © ( a B A , v 0) -  © ( B a B A , v 0) 

© ( a B a B 2, v0) +  © (a B a B A ,  v0) =  © (a B a B ,  v0) -  © ( aBaBa, u0).
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Substituting into (3.44), we see that

[ 2 © (a B 2,v0) - 2 © ( B a B 2,v0)

(D(o, Vo) — +  2©(aBA,vo)  — 2 © (B a B A ,  Vo)

+  2© (aB aB ,  v0) — 2©(aBaBa,  v0) ]

The constraints (3.21) deduced at vertex vi dictate

(D(a,t>0) =  2 © (a B ,v 0).

Using this to simplify (3.46) and (3.47), we get

© ( a B a B , v 0) =  2© (B aB ,  v0) +  2©(baBa,  v0)+

2© ( a 2Ba,  Uo) +  2©(aBaBa,  v q ) 

<©(aBaB,v0) =  2© (aB a ,v0) +  2 © ( B a B 2,v0)+  

2© (B aB A ,  vq) +  2 ©  (aBaB a, uo)

By the Subword Lemma 2.36 (pp. 48), we know that

® (a B a B ,v 0) ^  2 ©  (BaB, v0)

© (aB aB ,  v0) ^  2© (aB a ,v0).

Combining w ith (3.48) we see that

2©(baBa,v0) +  2©(a2Ba ,v0) +  2© (aB aB a ,v0) =  0, 

2 © ( B a B 2,v0) + 2 © (B a B A ,v o )  +  2©(aBaBa,vo) — 0.

(3.47)

(3.48)

(3.49)
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Thus (3.48) reduces to

©  (aBa,v0) =  © ( a B a B , v 0) =  © ( B a B ,v 0) (3.50)

Suppose, towards contradiction, that © (aBa ,  w) >  0. Then fix some occurrence 

of aBa  in w. Since © ( a B a ,v o) =  © (a B a B ,  Uo), i t  follows tha t this occurrence must 

be part of an occurrence of aBaB  in w. Now, the next symbol (after this occurrence of 

aBaB)  cannot be A  or B , since (3.49) tells us that © ( B a B 2, vQ) =  © ( B a B A ,  vq) =  0. 

I t  follows that the next symbol must be a-i.e., this occurrence of aBaB  lies inside an 

occurrence of aBaBa.  Repeating the argument inductively, for the second occurrence 

of aBa  inside aBaBa , we conclude that w is of the form (aB)k for some k 6 N. 

But then, i f  k >  0 \ipa(w)\ < M ,  contradicting tha t |ui| =  |u0|. I f  k =  0, then 

ipa(w) =  w, contradicting that v\ and v0 are distinct vertices. We have shown that 

©(aB a ,  w) =  0.

A symmetric argument to the one given in the previous paragraph can be used to 

show that ©(bAb, w) =  0. □

Having determined the constrains on v0 entailed by each of the vertices in TAAAb-. 

and that ©(aBa ,  w) =  © ( B a B ,  w) =  0, we make the following assertion.

Lemma 3.31. I f  a conjugacy class w of length ^ 5 is in Saba, then

© (a ,w )  =  ©(b,w) .

Proof. Using the Extension Lemma to expand the constraints (3.21) deduced at vertex
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vi,  we see th a t if |vo| ^  3,

(D(a> vo) =  2© (baB ,v0) +  2 © (aa B ,v0) +  2 © (B a B ,v 0).

Using the Extension Lemma on the other side, we get that i f  |t>o| ^  3,

(D(a, u0) =  2 © (a B A ,v 0) +  2 ® (a B B ,v 0) +  2 © (a B a ,v0).

By Lemma 3.30 (pp. 120), © (a B a ,v 0) =  0, so

(D(a,u0) =  2 © (a B A ,v 0) +  2 © (a B B ,v 0)

which is, by the constraints (3.22) deduced at vertex v2, equal to ® {b ,v 0). Thus 

® {a ,w )  =  (D(&,te). □

Having shown that © (aB a, w) =  © (B a B ,w )  =  0 and ® (a ,w )  =  ® ( b,w), we 

are now ready to prove the following proposition. (The definition of “being realized 

as a proper a-chain” , which was given in Definition 3.13 on pp. 73).

P ro p o s it io n  3.32. The graph Taba cannot be realized as a proper simple chain in a 

level subgraph o/57* i f n ^ -  5.

Proof. To prove this, we w ill consider the ways in which Taba might appear as a proper 

simple chain in an level subgraph of f 2*. There are six ways:

L I.  I t  occurs as a tra iling subgraph of Taaba.
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L2. I t  occurs as a tra iling subgraph of Tgaba- 

L3. I t  occurs as a tra iling  subgraph of Tbaba. 

R l. I t  occurs as an leading subgraph of Tabaa. 

R2. I t  occurs as an leading subgraph of TabaB. 

R3. I t  occurs as an leading subgraph of Tabab.

Each of these possibilities is depicted in Figure 3.13.

Ll

2 _ a _ _v„ 
 ► # • 3 -

Rl

——►#V3

•o b i
R2

L3

0

a
R3

Figure 3.13: The six ways Taba might appear as a proper simple chain.

The impossibility of each of these configurations w ill now be proven, in turn. The 

cases L l,  L2, R l, and R2 w ill be shown to be impossible using the Obstruction Rewrit­

ing Rule 1 presented in Proposition 3.29 (pp. 113) and by appealing to already-known 

forbidden graphs. The remaining cases L3 and R3 w ill be proved separately using 

a combinatorial argument similar to the ones seen so far for showing the particular 

graphs are forbidden.
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Case L l :  The tree Taaba contains the tree T aab as a subgraph. Hence, Taaba cannot 

be realized, since Taab was shown to be forbidden in Corollary 3.21 (pp. 102). The 

argument is illustrated in Figure 3.14.

a rl
L l

,  i f
^ a  a J .

is forbidden

Figure 3.14: Using graph rewriting to show case L l  is forbidden.

Case L2: The tree TBaba cannot be realized, since applying a graph rewriting 

rule transforms it  into a graph which contains Tbba- The la tte r graph is forbidden, as 

a consequence of of Corollary 3.23 (pp. 109). The argument is illustrated in Figure 

3.15.

2 ~ -— *V'3

w

u

Tbba *s forbidden

Figure 3.15: Using graph rewriting to show case L2 is forbidden.

Case R l :  The tree Tabaa contains the tree Tbaa as a subgraph. Hence, Taaba cannot 

be realized, since Tbaa was shown to be forbidden as a consequence of Corollary 3.23 

(pp. 109). The argument is illustrated in Figure 3.16.

R1

Tfaajj is forbidden

Figure 3.16: Using graph rewriting to show case R l is forbidden.
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Case R 2: The tree TabaB cannot be realized, since applying a graph rewriting 

rule transforms it  into a graph which contains Tabb- The la tte r graph is forbidden, as 

a consequence of of Corollary 3.23 (pp. 109). The argument is illustrated in Figure 

3.17.

T abb ls forbidden

Figure 3.17: Using graph rewriting to show case R2 is forbidden.

I t  remains to consider the cases L3 and R3. These are symmetric, so we shall 

consider only the case R3. We shall show that the graph Tabab cannot arise as a level 

subgraph in Q*. We begin by deriving combinatorial conditions from the graph, in a 

manner sim ilar to the analyses conducted earlier.

3 . 6 . 1 . 4  S u b c a s e :  T h e  F o r b i d d e n  G r a p h  Tabab

The e-chains o f Obstruction Tabab are {abab}. The vertices of Obstruction Tabab are 

named:

=  M vo)

Vo =  <t>b{vi)

v3 =  <t>a{v2)

v4 =  <t>b{vi)
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We shall now deduce a set of constraints on the structure of the vertex u0.

3 . 6 . 1 . 5  C o n s t r a i n t s  f r o m  v\

Since |u0| =  |0o(^o)| =  |vi|, i t  follows that

(3.51)(2) (a> v0) =  2(D(aB,v0).

3 . 6 . 1 . 6  C o n s t r a i n t s  f r o m  V2 

Since |ui| =  \4>b{vi)\ =  \v2\, i t  follows that

( D ( M i )  = 2(g) (5.4, ui).

We w ill now compute (g)(6, ?h) and 2(g) (L4, i>i), respectively. F irst, let us consider

® (5 ,u i). Since v\ is <j)a(vo), i t  follows that

( D ( M  i)  =  <D(a, vQ) +  (D(£>,u0) — 2 ( | ) ( o j B , u o ) .

The contraints deduced at vertex v\ can now be used to simply this expression.

Specifically, since

(D (a ,vo ) =  2 (§)(aB,v0),
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it follows tha t

( ID (M o ) +  dD(a,w0) ~2(§)(aB ,v0) =  (§)(b,v0).

So, we see that

( D ( M i )  =  ( D ( M  o).

Now let us consider 2(D(6A,ui). Since v\ is (j)a(v0), i t  follows that 

2(§)(bA,vi) =  2(D(62A, u o )  +  2(§)(abA, v q ) .  

Thus \vi\ =  |0fc(ui)| =  |u2| implies the following constraint on v0:

(D (M o) =  2 ® (a M ,u 0) +  2(D(6N4,u0).

3 . 6 . 1 . 7  C o n s t r a i n t s  f r o m  ^ 3  

Since (^2 j =  I ̂ 0(^2)! =  |^31, it  follows that

(D(a,u2) =  2(D(aB,u2).
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We w ill now compute ® (a , u2) and 20 ( a 5 ,u 2), respectively. First, let us consider 

© (a , V2 ). Since v2 is (j>t(v 1), i t  follows that

(D(°, v2) =  - 2 ( l ) ( M , t ; i ) +  (D(a,u1) +  d )(6 ,u i).

Since vi is 4>a(v0), i t  follows that

© ( M i )  =  © (6, v0) +  © (a , v0) -  2© (a i? , v0)

® (a ,v  1) =  ® (a ,v 0)

- 2 ®  (6.4, i>i) =  -2 (D (b2A ,v 0) -  2Q){abA,v0).

To summarize, we have shown that

[ ( D ( M o )  ~  2Q)(aB,v0)

© (a , v2) =  +  2© (a, vo) -  2(jD(abA, v0) ■

- 2 ® ( b 2A ,v 0) ]

The contraints deduced at vertex v2 can now be used to simply this expression. 

Specifically, since

© (6, v0) =  2©(abA,v0) +  2Q)(b2A ,v 0),

it  follows that

[® (6 , v0) -  2(D(aB,w0)

+  2® (a ,u 0) -  2(D(a6.4,u0) =  2© (a, v0) -  2®  (aB, v0).

-  2® (62.4, v q )  ]
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The contraints deduced a t vertex can now be used to simply this expression.

Specifically, since

© (a , w0) =  2 © (a B ,v 0),

i t  follows that

2 Q (a ,v0) -  2(S)(aB,vo) =  ® ( a ,v 0).

So. we see that

(D(a,v2) = ©(a, v0).

Now let us consider 2© (aB ,^2). Since i >2 is (j>b(v\), i t  follows that 

2 © (a B , n2) =  2 ® (baB ,v1) +  2 © (a 2B, uj). 

Since v-i is 0a(vo), i t  follows that

[ 2 ®  {baB2, v0) +  2 © (baBA, v0)
2(g)(baB,v1) =

+  2®  (a2B 2, v0) +  2 ©  (a2BA, v0) ] 

2 © (a 2B ,v l ) =  [2($)(aBaBA,vo) +  2 © (a B a B 2,vo)
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To summarize, we have shown tha t

[ 2 ® (a 2B A ,v 0) +  2® (baB 2,v0)

2 ® { a B ,v 2) =  +  2 © {a 2B 2,v0) +  2 ® {a B a B A ,v 0)

+  2(g) (baBA, vo) +  2 © (a B a B 2, v0) ]

Thus |v2| =  \<j)a{v2 ) \ =  |v31 implies the following constraint on vq:

[ 2 ® (a 2B A ,v 0) +  2®(baB2,v0)

© (a ,  v0) =  +  2(§){a2B 2,vo) +  2Q)(aBaBA,v0)

+  2 ®  (baB A , i;0) +  2(g)(aBaB2, v0) }

(3.53)

3 . 6 . 1 . 8  C o n s t r a i n t s  f r o m  v4  

Since |v3| =  |0f,(v3)| =  |v4|, i t  follows that

© ( M 3) =  2 © (M ,v 3).

We w ill now compute © ( M 3) and 2©(6,4,v3), respectively. F irst, let us consider 

(D (M ’s). Since v3 is <pa(u2): it  follows that

© ( M 3 )  =  0 (6 , v2) +  © ( 0 ,^ 2) -  2@ (aB ,v2).
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Since v2 is <j>b{vi), it follows that

(D (M  2) =  d D (M i)

-2 ® (a J3 ,u 2) =  -2 ® (b a B ,V i)  -  2 ® (a 2B ,v 1) 

® { a ,v 2) =  (D (a.u i) +  ( D (M i)  -  2(D(6A,ui).

Since vi is (j>a(vo), it  follows that

N [ - 2 ®  {baBA, v0) -  2 © (a 2B A ,v 0)
—2(D(oaJ3. =

- 2 © ( b a B 2,v0) - 2 © ( a 2B 2,v0)}  

-2 © (b A ,V i)  =  - 2 © ( b 2A ,v0) -  2(§){abA,v0)

- 2 ® ( a 2B ,u i)  =  [ _ 2® {a B a B 2,v0) - 2 © ( a B a B A , v 0)

2®  ( M i )  =  2®  (M o ) -  4(D(aB,u0) +  2® (a,'u0)

( D ( a , ^ i )  =  ( D ( a , u o ) -

To summarize, we have shown that

[ - 2 ® ( a 2B 2, u0) - 2 ® (abA ,v0)

+  2®  (b, Vo) — 2 ®  (baBA, Vq)

-  2 ® (a 2B A ,v 0) -  4® (a£ ,vo )
© ( M s )  =

-  2<$)(aBaBA,v0) -  2(§)(b2A ,v 0)

-  2®(ba.BM o) -  2(§)(aBaB2,vQ)

+  3 ®  (a, Vq) ]

II
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The contraints deduced a t vertex u3 can now be used to simply this expression.

Specifically, since

[2 © {a 2BA,vo) +  2® (baB2,vQ)

( D M o ) =  +  2© (a2B 2,vo) +  2 ® (a B a B A ,v 0) ,

+  2©(baBA, vq) +  2(§)(aBaB2, v0) ]

it  follows that

[ - 2 ® ( a 2B 2,v0) -  2Q)(abA,v0)

+  2 ®  (ft, v0) -  2(§)(baBA, v0)

-  2(g) (a2 .EM, vq) -  4©(aB,vo)

-  2© (aB aBA ,vo ) -  2©(b2A ,v 0)

-  2® (baB2, vo) -  2 © (a B a B 2,v0)

T- 3(g) (a, Vq) ]

The contraints deduced at vertex can now be used to simply this expression. 

Specifically, since

(D(&, vo) =  2Q)(abA, Vo) +  2(^)(b2A, Vo),

it  follows that

[ —2 (D(62A, v0) +  2(D(6, v0)

- 4 © { a B , v 0) - 2 © ( a b A , v 0) =  (D(&, v0) -  4® {aB ,  v0) +  2(D(a, v0).

+  2®  (a, vo) ]

[ - 2 ® ( b 2A,vo) +  2® (b ,v0)

=  -  4 ©  (aB, v0) -  2 ©  (abA, v0)

+  2© (a , v0) ]
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The contraints deduced a t vertex V\ can now be used to simply this expression.

Specifically, since

(D(a,u0) =  2(f) (aiJ, v0).

i t  follows that

(D (M o ) -  4(D (fl5 , v0) +  2® (g , V q )  =  -2Q )(aB , V o )  +  ®(b, v0) +  © (a ,  v0).

The contraints deduced at vertex v\ can now be used to simply this expression. 

Specifically, since

( D ( o , t >  o)  =  2 © ( a B , u 0 ) ,

it  follows that

—2® {aB ,  v q )  +  (D(6, v o )  +  © (a , V q )  =  ® (b ,v 0).

So, we see that

( D ( & > « 3 ) =  ( D ( M o ) -

Now let us consider 2®(&j4,u3). Since v3 is (j>a(v2), i t  follows that 

2(g)(&A, u3) =  2(D(oM, u2) +  2© (62v4, u2).
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Since v2 is 4>b{v\), it follows tha t

[2 ® (b 2A B ,v 1) +  2©(b2A 2: vl )
2@(abA,v2) =

+  2(§)(a.6A2, v\) -f 2© (a6AB, v\) ]

2® {b 2A ,v 2) =  [2 ® (b A b A B ,v l ) +  2®{bAbA2,v 1) }  ■

Since ui is <fia(vo), i t  follows that

2 (J)(abA2,v i)  =  2@(abAbA,v0)

2® (b2A 2,v 1) =  [2d)(b3AbA,v0) +  2Q){ab2AbA,v0)}

[ 2©(a62A 2,v0) + 2 © (a b 2A B ,v 0)
2© (b2A B : v1) =

+  2©(bsA 2,v0) +  2©(b3A B : v0)}

2® {abAB ,V i)  =  2($)(abAB, v0) A  2© (a6A2, v0)

2© ( M M 2, Vl) =  [ 2(§)(abAb2AbA, v0) +  2® {b 2Ab2AbA, v0) '

o m u a u m ,   ̂ [ m b 2A b 2A B ,  v0) +  2 ®  (aM h2A 2, vo)
2(§)(bAbAB,v1) =

+  2(H)(abAb2AB , v0) +  2 ®  {b2Ab2A 2, v0)
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To summarize, we have shown th a t

[ 2©(abAb2A 2, v0) +  2®(abAbA, v0)

+  2(D(b3AB, Vq) T  2Q)(abAB, vq)

+  2(2)(abA2,v0) +  2©(b2Ab2A 2,v0)

nmruA \ + 2 ® (a b 2A B ,v 0) +  2® (b3A 2,v0)
2© {bA ,v3) =

+  2Q)(b2Ab2AB, v0) +  2®{abAb2AbA, v0) 

+  2®(ab2AbA, v0) +  2(D(b2Ab2AbA , v0)

+  2(§)(abAb2A B ) Vq) +  2(§)(b2AbA, v3)

+  2Q){ab2A 2,v0) }

Thus |u3| =  106(^3)| =  11?41 implies the following constraint on v0:

[ 2(§)(abAb2A 2, v0) +  2®(abAbA, v0)

+  2®  (b3AB,  no) +  2 ®  (abAB, vo)

+  2®  (abA2, vo) +  2 ®  (b2Ab2A 2, v0)

^  x + 2 ® (a b 2AB,vo) +  2®(b3A 2.v0)
( D ( M  0 )  =

+  2($)(b2Ab2A B ,v 0) +  2®{abAb2 AbA, v0) 

+  2®  (ab2 AbA, v0) +  2Q)(b2Ab2AbA,v0)

+  2®  (abAb2AB, v q )  +  2®(tPAbA, v0)

+  2 ® ( a b 2A 2, v 0) |

(3.54)
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Appealing to  the Extension Lemma 2.44 (pp. 51), we know th a t if |i?o| ^  5,

© (b 3 A B ,v 0) +  © (b 3 A 2 , V q) =  © (b 3 A, dq) — © (b 3 Ab, v q )

©  (abA2, v 0) +  © (abA B , v0) =  ©{abA, v0) -  © { abAb, v0) 

© (ab2A B ,v 0) +  © (ab2A 2,v0) =  © (ab2A ,v 0) - © ( a b 2Ab,v0)

Substituting into (3.54) and using the Extension Lemma, we see that i f  |t>0j ^  5, 

2.44 (pp. 51) repeatedly, we get that

© {b ,v  0) =  2©(b3A ,v 0) +  2© (abA ,v0) (3.55)

Since b3A  is a-demarcator-immune, the Im m unity Lemma 2.40 (pp. 49) tells us 

that

(D (M o) ^  3© (b3A ,v 0) +  2© {abA ,v0) (3.56)

Combining (3.55) and (3.56), we see that © { b3A ,v 0) =  0. Thus,

<D(Mo) =  2© (abA ,v0). (3.57)

Now appealing to Lemma 3.31 (pp. 123), we know that

© {a , v0) =  2©(abA, v0). (3.58)
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I t  follows that every occurrence of a± occurs inside an a-blocker. This implies 

that 4>a{vj) =  w, and hence that vo and v\ coincide. Thus w 0  Sabab-

This completes the case R3. The case L3 is completely symmetric and is omitted. 

Since each of the cases L1-L3 and R1-R3 were handled, and the corresponding graphs 

shown to be forbidden, we can conclude that Taba cannot be realized as a proper 

simple chain in a level subgraph of Q* by any conjugacy class w ith  length ^  5.

Proposition 3.32 is proved. □

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

C o ro lla ry  3.33 (O b s tru c tio n  5). The sets Saba, S ABa , Sbab and S Ba b  contain no 

conjugacy class ivith length ^  5.
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3.7 Obstruction Rewriting Rules, Part II

To find more forbidden subgraphs, we need some more sophisticated conservative 

graph rewriting rules that extend the rewriting rules presented in Definition 3.27 

(pp. 112). We w ill use the following lemma as the foundation of these new extended 

rewriting rules.

Lem m a 3.34 (T h e  x 2x~ l x x _1 R e la tio n  Lem m a). For all x £ X  and w £ F^,

But a: 1x x ~ J x and x l x l x l xx  x b I t  follows that ^ x - lxx-lx2{w) ~n  w. 

For the second assertion, note that by definition,

l^xxx-1x2(^ ) ~ n  'w • 

tyx2x~ 1x i(^ )  ~n

Proof. By definition,

Ip x  0  i f x  °  1 0 V’x °  tp x -

Thus,

^ x - i x x  =  Ip x  0  Ip x  0  0  Ip x  0  ’0X-
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Thus,

(
X !->• X

X !->• X ~l x~ l x~ l xx  

But x~ l x~ l x~ l xx  x -1 . I t  follows that ijjx2x- i xx- i(w )  ~ n  w.

This completes the proof of the lemma. □

We define graph-rewriting schema px (x £ X  UA''-1 ) which act on the hypothetical 

subgraphs of f i* . The schema px generalizes the previously defined schema tx . A s  

before, for px to act on a hypothetical graph T, it  must be suitably parametrized by 

a 3-tuple of vertices p, v, q £ V[T].

D e fin it io n  3.35. Given a hypothetical subgraph T  o /Q *, f ix  x  £ Ar± ), and let v,p,q  

be three distinct vertices in V[T]. I f  v,p,q satisfy the following conditions:

•  v,p ,q  are all distinct,

•  A t? )  =  v,

•  ^*(p ) =  Q,

•  $  E [ T \ ,

.  M x- i { v ) ) ) t E [ T \ .

then we say that the triple (v,p ,q ) are a px-p iv o t in T.
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D e fin it io n  3.36. Given a hypothetical subgraph T  of LT, f ix  x  € X & (5 =  ±1 ). and 

v,p,q a px-pivot in T. Define M X,M X be edge sets of cardinality ^  1 as

, {(<!■■ Tpx{q)) labelled by x  }  i f  (q, ipx(q)) <E E[T]
m x =  ;

otherwise.

_  , {(q,if>x{q)) labelled by x }  i f  {q,ipx(q)) e E[T]
d\J-X --

otherwise.

Let u be a new vertex representing ipx- i{v ) ,  and hence not present in T. Define edge 

sets

{(u , ipx- i  (u)) labelled by x~ l } i f S x ^ ty
P ( M X) '

0 otherwise.

{(u,%px- i(u ))  labelled by x _1 }  i f  Sx ^  0
p (M i)  =  [

otherwise.

Let M (v ,p ,q )  =  M x U  M x and define p M (v ,p ,q ) =  p{M x) U  p(M x).

The graph-rewriting transformation px\p,v,q] acts on T  as follows:

D e fin it io n  3.37. Given a hypothetical subgraph T  ofQ*, f ix  x  G X ± , and (v,p ,q ) a 

triple of vertices from V[T). We define the graph px[v,Piq]{T) as follows: I f  (v, p, q) are 

not a px-pivvt, put px[v<m](T) =  T.

Otherwise, let p x [ v , p , q ] ( T )  be given by:

''IaW 1')! = Fpl u M \{ 9}
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where u is a new vertex representing xpx- i(v ) ,  and take

E[px{v,p,q]{T)] =  E [T ]U p M (v ,p ,q ) \M (v ,p ,q ) .

The operation of p a \p,v,g] and Pb\p,v,q] on T  (in is depicted in Figure 3.18. In the 

figure, boxed/outline edges are used to depict where edges are required to not be 

present.

y*
?

b l-------------- a _  _

b

P alp.v .q) p a J  v

v tk  » 4p n a I

'  bj
P a [ v ,p,u] a  z

P B [v ,p ,u ]

Figure 3.18: Extended graph rewriting rules px ( r G l U l ' 1).

R e m a rk  3.38. I t  is straightforward to verify from Figure 3.18 that each of the oper­

ations is invertible. Specifically

Pa\p.v,q] =  PA\y,P,u]

Pb\p,v,q] ~  PB[v,p,u] ■

The next proposition shows tha t the previously defined graph rewriting rules px 

(.x 6 X  U l -1) are conservative.
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P ro p o s it io n  3.39 (O b s tru c tio n  R e w r it in g  R u le  2). Given a tree T  =  (V,E) 

and v,p,q  € V, x e X  D X -1 , the tree T  is forbidden in  Q* i f  and only i f  p x [ v , p , q } ( T )  

is forbidden in f2*.

Proof. I f  p x \ p , v , q ] { T )  =  T  the statement is triv ia l. Otherwise, suppose that T  is not 

forbidden in Q*. Let Qt  be a m inimal induced subgraph of fl*  which contains an 

isomorphic copy of T. W ithout loss of generality, we may take f It  to be the graph 

induced by the isomorphic copy of T. Moreover, we identify T  w ith  the isomorphic 

spanning tree of f2 j\

I f  ipx(q) G V[T] let us call this vertex z*. I f  tf>x(q) € V[T] let us call this vertex 

y*. I f  ^ x- i{u )  € V[px\ptVj](T ) ]  let us call this vertex y. I f  ipx-\(u )  € V[px^ v^ {T ) \  let 

us call this vertex z. In other words, i f  these vertices are present they satisfy:

2 * =  4;x (q )

y* =  i ’xiq)

y =  ij)x- i(u )  

z =

Now, since q =  ipXx- l x{u )i

y  tpx2x~i xx{y' )

Z  — 1 p x x x ~ ^ x 2 (*^)*
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By Lemmas 3.24 (pp. 110) and 3.34 (pp. 140), we know th a t

q « n  u 

V « n  V* 

z « n

I t  follows tha t three pairs of vertices v and q, y and y*, z and z* actually coincide in 

fly .

Thus, adding edges pM (v,p ,q)  and removing edges M (v ,p ,q ) merely gives rise to 

a different spanning tree of f2T. I t  follows that p x \p , v ,q ] { T )  is a subgraph of Q T , and 

hence a subgraph of 12*.

To see the reverse, take T '  =  p x \p , v ,q ] { T ) -  I f  T '  occurs in Q* then by the previous 

argument, so must p x - ' [ v , P , u } { T ' ) -  But by Remark 3.38 (pp. 143),

P x ~ l {v,p,u} — P x \p,v,q}-

So it  follows that T  occurs in 12*. □
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3.8 Still More Small-Scale Obstructions

We w ill make use o f the graph-rewriting rules introduced in the previous sections to 

demonstrate more forbidden graphs.

3.8.1 Obstruction 6: The Forbidden Graph T abAB

The cr-chains of Obstruction TabAB are {abAB}.  The vertices of Obstruction TabAB 

are named:

V i =  l> a (V o )

V2 =  <t>b{v i )

V3 =  <Pa ( v  2 )

V i 1 - (j>B {v  3 )

The graph TabAB is depicted in  figure 3.19.

(6) T
abAB

v4 #  '0 d

Figure 3.19: The Forbidden Graph T abAB-

We are now ready to prove the following proposition.

P ro p o s it io n  3.40. The graph TabAB cannot be realized as a proper simple chain 

inside 0* i f  n ^  5.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



147

Proof. To prove this, we w ill consider the ways in which TabAB m ight appear as a 

proper simple chain in an level subgraph of fi* . There are six ways:

L I. I t  occurs as an tra iling subgraph of TaabAB. 

L2. I t  occurs as an tra iling  subgraph of TbabAB. 

L3. I t  occurs as an tra iling subgraph of TBabAB. 

R l. I t  occurs as a leading subgraph of TabABA- 

R2. I t  occurs as a leading subgraph of TabABB. 

R3. I t  occurs as a leading subgraph of TabABa.

Each of these possibilities is depicted in Figure 3.20.

0-1) T
aabAB [,

v4 #  '0
•  „

(Rl) T
3t - *

abABA b
0
a V1

(L2) T
babAB 5rv4 *  V0

(R2) T
abABB b

v4 #  '0
( f i t — * 4  I

w a

(L3) TBabAB

m a h i » a » «< f -------^

, 4 . '

9 “

b
(R3) abABa

h * ,

• ' T *1 V

Figure 3.20: The six ways T abAB might appear as a proper simple chain.
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The impossibility of each of these configurations w ill now be proven, in turn. 

The cases L l,  L2, R l, and R2 w ill be shown to be impossible using the Obstruction 

Rewriting Rule 1 presented in Proposition 3.29 (pp. 113) and by appealing to already- 

known forbidden graphs. The remaining cases L3 and R3 w ill be proved using the 

Obstruction Rewriting Rule 2 3.39 (pp. 144) .

Case L l :  The tree T aabA B  contains the tree T aab as a subgraph. But T aab cannot 

be realized, because of Corollary 3.21 (pp. 102). Hence, T aabA B  cannot be realized. 

The argument is illustrated in Figure 3.21.

,  j  o : Y

W  1

Figure 3.21: Why the L l  case (TaabAB) is forbidden.

(

(L i) T
aabAB j,

Case L2: The tree TbabAB contains the tree T(,af) as a proper simple subchain. But 

T bab cannot be realized, because of Corollary 3.33 (pp. 139). Hence, T babAB cannot 

be realized. The argument is illustrated in Figure 3.22.

(L2)
babAB

0
Vi

b

$

Figure 3.22: Why the L2 case (T babAB) is forbidden.

Case R l :  The tree T abABA contains the tree T Ab a  as a subgraph. But T Ab a  

cannot be realized, because of Corollary 3.33 (pp. 139). Hence, T abABA cannot be
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realized. The argument is illustrated in Figure 3.23.

abABA

Figure 3.23: Why the R l case (T abABA) is forbidden.

Case R 2: The tree T0m bs contains the tree T Bb a  as a subgraph. But T b b a  

cannot be realized, because of Corollary 3.23 (pp. 109). Ftence, T abABB cannot be 

realized. The argument is illustrated in Figure 3.24.

I t  remains to consider the L3 and R3 cases. To show tha t T abABa and T BabAB~ we 

w ill use the extended graph rewriting rules t x and px described in Definitions 3.27 

(pp. 112) and 3.37 (pp. 142) respectively.

Case L3: The tree TabABA can be rewritten using two appliations of r  and one 

application of p to produce a graph which contains the tree Tbaa as a subgraph. But 

Tbaa cannot be realized, because of Corollary 3.23 (pp. 109). Hence, T ^ aba cannot 

be realized. The argument is illustrated in Figure 3.25.

Case R.3: The tree TabABA can be rewritten using two appliations of r  and one 

application of p to produce a graph which contains the tree Tabb as a subgraph. But

V

abABB

Figure 3.24: Why the R2 case (T abABA) is forbidden.
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Tabb cannot be realized, because of Corollary 3.23 (pp. 109). Hence, TabABA cannot 

be realized. The argument is illustrated in Figure 3.26.

Since each of the cases L1-L3 and R1-R3 were handled, and the corresponding 

graphs shown to be forbidden, we can conclude that TabAB cannot be realized as a 

proper simple chain in a level n ^  5 subgraph of Q*.

Proposition 3.40 is proved. □

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

C o ro lla ry  3.41 (O b s tru c tio n  6). The sets SabAB and SbaBA contain no conjugacy 

classes of length ^  5.
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<L3)
BabAB a[v0.V  ̂]

a

Blv, ■ 5 -a !

;rrb

V ill •
b

Figure 3.25: Why the L3 case {TabABA) is forbidden.

a  v2

(R3) T
abABa

*  a a •  ►« 2

V 4.v ! i

w ^ T * * v,
0

T f

V4# v 1

• v * ’ .

>9

r2 - b vs: 
9 * * 9 -*9

3#

 ̂-i -J l

a 3 _  a
♦  2

Figure 3.26: Why the R3 case {TbabAB) is forbidden.
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3.8.2 Obstruction 7: The Forbidden Graph TABab

The cr-chains of Obstruction TABab are {ABab}. The vertices of Obstruction TABab 

are named:

Figure 3.27: The Forbidden Graph TABab.

We are now ready to prove the following proposition.

P ro p o s it io n  3.42. The graph TABab cannot be realized as a proper simple chain as 

a level subgraph in  fi*  fo r n ^  5.

Proof. To prove this, we w ill consider the ways in which TABab m ight appear as a 

proper simple chain in an level subgraph of fl* . There are six ways:

L l.  I t  occurs as an tra iling  subgraph of TaABab.

L2. I t  occurs as an tra iling subgraph of TbABab.

Vi =  <f>A { v 0) 

v 2 =  <pB { v  i )

Vs =  <t>a{v2) 

Vi =  <t>b{vz).

The graph TABab is depicted in figure 3.27.

(7) T
ABab

2 a v
3
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L3. I t  occurs as an tra iling  subgraph of TBABab.

R l. I t  occurs as a leading subgraph of TABabA

R2. I t  occurs as a leading subgraph of TABabB.

R3. I t  occurs as a leading subgraph of TABaba.

Each of these possibilities is depicted in Figure 3.28.

V o  V

(L l) T,
A ABab b I0 J 4

lb

2  a v.

(R l) T
ABabb

(L2) T
BABab

f v f

1 b v • ------ *4)
2  a v

(R2) T
ABaba

2 a v

(L3) T

V *. wpt •-* •
bABab u | » Ij, 

»
2  a v

(R3) T
ABabA b

2 a v ,

Figure 3.28: The six ways TABab m ight appear as a proper simple chain.

The im possibility o f each of these configurations w ill now be proven, in turn. 

The cases L l ,  L2, R l,  and R2 w ill be shown to be impossible using the Obstruction 

Rewriting Rule 1 presented in  3.29 (pp. 113) and by appealing to already-known for­

bidden graphs. The remaining cases L3 and R3 w ill be proved using the Obstruction 

Rewriting Rule 2 3.39 (pp. 144) .

Case L l :  The tree TaABab contains the tree Taab as a subgraph. Bu t Taab cannot
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be realized, because of Corollary 3.21 (pp. 102). Hence, TaABab cannot be realized. 

The argument is illustrated in Figure 3.29.

ifi vo t v4

l l  b
•- Ml

w .

(L l) T
A ABab b

T "  a v5

Figure 3.29: Why the L l  case (TaABab) is forbidden.

Case L2: The tree TbABab contains the tree Tbab as a proper simple subchain. But 

Tbab cannot be realized, because of Corollary 3.33 (pp. 139). Hence, TbABab cannot 

be realized. The argument is illustrated in Figure 3.30.

(L2) T i
BABab P

1.:

v „ # v . 0 if  4

a

Figure 3.30: Why the L2 case (TbABab) is forbidden.

Case Rl: The tree T A B a b A  contains the tree T a b  a  as a subgraph. But T A B a  

cannot be realized, because of Corollary 3.33 (pp. 139). Hence, T A B a b A  cannot be 

realized. The argument is illustrated in Figure 3.31.

(Rl) T
ABabb b

I
v iw  2 — 'S ------

Figure 3.31: Why the R l case (T A B a b A ) is forbidden.
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Case R 2: The tree TABabB contains the tree T'b b a  as a subgraph. But T Bb a  

cannot be realized, because of Corollary 3.23 (pp. 109). Hence, TABabB cannot be 

realized. The argument is illustrated in Figure 3.32.

(R2) T
ABaba

* # -----
Y ' f V

Figure 3.32: Why the R2 case (T'ABabA) is forbidden.

I t  remains to consider the L3 and R3 cases. To show that TABaba and TBABab, we 

w ill use the extended graph rewriting rules tx and px described in Definitions 3.27 

(pp. 112) and 3.37 (pp. 142) respectively.

Case L3: The tree TABabA can be rewritten using two appliations of r  and one 

application of p to produce a graph which contains the tree Tbaa as a subgraph. But 

Tbaa cannot be realized, because of Corollary 3.23 (pp. 109). Hence, TABabA cannot 

be realized. The argument is illustrated in Figure 3.33.

Case R 3: The tree TABabA can be rewritten using two appliations of r  and one 

application of p to produce a graph which contains the tree Tabb as a subgraph. But 

T abb cannot be realized, because of Corollary 3.23 (pp. 109). Hence, TABabA cannot 

be realized. The argument is illustrated in Figure 3.34. Since each of the cases L1-L3 

and R1-R3 were handled, and the corresponding graphs shown to be forbidden, we 

can conclude that TABab cannot be realized as a proper simple chain in a level n ^  5 

subgraph of Q*.

Proposition 3.42 is proved. □
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(L3)
bABab i  ;5J 

• •« Af 'b- f  - f  i «v
0 " 4

Tb[vl * A • ]

Figure 3.33: Why the L3 case (TABabA) is forbidden.

(R3) T
ABabA b

W V

- 5 - * ®  0
•  »0v

2 a v.

V a w v
I f  a 0 

t V4

2 a
* • -----

V3 a

a,v3- -̂41

2 a

v a W v
* f  0

V • -----------------------  •
2 a v_ a

}
Figure 3.34: Why the R3 case {TbABab) is forbidden.
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Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

m etry Lemma 3.15 (pp. 73), the following is an im mediate corollary of the previous

proposition.

C o ro lla ry  3.43 (O b s tru c tio n  7). The sets SABab andSsAba contain no conjugacy 

classes of length ^  5.
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3.8.3 Obstruction 8: The Forbidden Graph TaBa

The cr-chains of Obstruction TaBa are {aB a }. The vertices of Obstruction TaBa are:

v i =  ®a(vo) 

v 2 =  4>b{v l)

^3 =  4>a(v 2).

The graph Tas a is depicted in Figure 3.35.

Figure 3.35: The Forbidden Graph TaBa-

We are now ready to prove the following proposition.

Proposition 3.44. The graph TaBa cannot be realized as a level subgraph of Cl*.

Proof. Suppose Tasa occurs as depicted in Figure 3.35. Then, by Lemma 3.24 (pp. 

110), u0 « n ^3- I t  follows tha t in Cl* are the same vertex. Hence the subgraph TaBa 

cannot occur be realized in f i*  (at all), and hence certainly cannot be realized as a 

level subgraph of Cl*. □

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

Corollary 3.45 (Obstruction 8). SaBa =  <SAbA =  SbAb =  SBo.b =  0-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



159

3.8.4 Obstruction 9: The Forbidden Graph TaaBA

The cr-chains of Obstruction T aaBA are {aaB A }. The vertices of Obstruction T aaBA 

are named:

Vi =  M v o )

Vo =  <t>a{v l )

=  2 )

V4 =  <Pa {v z )

The graph TaaBA is depicted in Figure 3.36.

a
V „  V V

, 1 „ 2

(9) X
aaBA

w -
w

4 3

Figure 3.36: The Forbidden Graph T aaBA-

We are now ready to prove the following proposition.

P ro p o s it io n  3.46. The graph TaaBA cannot be realized as a level subgraph of Cl*

Proof. Suppose TaaBA occurs as depicted in Figure 3.36. By applying the p graph 

rewriting rule once (see Figure 3.37), we can produce a graph which contains Tabb, 

which by Corollary 3.23 (pp. 109), cannot be realized as a level subgraph of Cl*. Since 

p is a conservative rewrite rule, we know that TaaBA also cannot be realized as a level 

subgraph of fi* . □
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Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an im mediate corollary of the previous

proposition.

Corollary 3.47 (Obstruction 9). SaaBA =  SabAA =  SbbAB =  SbaBB = 0 -

T w
a a B A

w

Figure 3.37: Rewriting TaaBA using p to get a graph which is forbidden.
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3.8.5 Obstruction 10: The Forbidden Graph TAAba

The cr-chains of Obstruction TAAba are {AAba}. The vertices of Obstruction TAAba 

are named:

Vi =  <j>A{v0) 

v2 =  4>a (v i )  

v3 =  M v 2) 

v4 =  M vz)-

The graph TAAba is depicted in Figure 3.38.

V
V, a 4

(10) T
AAAb bI w

— M §)
V2 V1 v0 

Figure 3.38: The Forbidden Graph TAAba.

We are now ready to  prove the following proposition.

P ro p o s it io n  3.48. The graph TAAba cannot be realized as a level subgraph of f2*.

Proof. Suppose TAAba occurs as depicted in Figure 3.38. By applying the p graph 

rewriting rule once (see Figure 3.39), we can produce a graph which contains T ba a , 

which by Corollary 3.23 (pp. 109), cannot be realized as a level subgraph of Q*. Since 

p is a conservative rewrite rule, we know that TAAba also cannot be realized as a level 

subgraph of Q*. □
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Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73). the following is an immediate corollary of the previous

proposition.

C o ro lla ry  3.49 (O b s tru c tio n  10). SAAba =  SABaa =  SBBab =  SBAbb =  0.

T
AAba 5

bIv2‘Vvi 1

►ft

Figure 3.39: Rewriting TAAba using p to get a graph which is forbidden.
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3.8.6 Obstruction 11: The Forbidden Graph TaBAb

The <7-chains of Obstruction T a B Ab  are {aBAb}. The vertices o f Obstruction T a B A b 

are named:

Vi =  M v  o)

V2 =  6 b {v l )

vs =  6 A {V2)

V4 =  M v s)-

The graph T a B A b is depicted in figure 3.40.

v4®
(ID T

aBAb b

l a *,Q
3 3 2

Figure 3.40: The Forbidden Graph T a B A b-

We are now ready to prove the following proposition.

P ro p o s it io n  3.50. The graph TaBAb cannot be realized as a proper simple chain as 

a level subgraph in  f l*  fo r n  ^  5.

Proof. To prove this, we w ill consider the ways in which TaBAb might appear as a 

proper simple chain in an level subgraph of Q*. There are six ways:

L I. I t  occurs as an tra iling subgraph of T aaBAb- 

L2. I t  occurs as an tra iling subgraph of T BaBAb-
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L3. I t  occurs as an tra iling  subgraph of TbaBAb.

R l. I t  occurs as a leading subgraph of TaBAbA.

R2. I t  occurs as a leading subgraph of TaBAba.

R3. I t  occurs as a leading subgraph of TaBAbb.

Each of these possibilities is depicted in Figure 3.41.

(Ll) T
aaBAb

4 ?  0 

b
a v„

(L2) T
BaBAb

b 
w, 

v.
4 i r  o 
b

a - T
(R2)

w

aBAbA

'aBAba

(L3) T
baBAb Im. 

• ------ * •

(R3) T
aBAbb b

v >

,e>

3
3 a v2 3 2

Figure 3.41: The six ways TaBAb might appear as a proper simple chain.

The impossibility of each of these configurations wall now be proven, in turn, using 

the Obstruction Rewriting Rules 1 and 2 presented in Propositions 3.29 (pp. 113) 

and 3.39 (pp. 144), and by appealing to already-known forbidden graphs.

Case L l :  Suppose the tree TaaBAb is realized. Now TaaBAb can be rewritten using 

a p  transformation to yield a graph which contains the tree Taab as a subgraph. But
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Taab cannot be realized, because of Corollary 3.21 (pp. 102). Hence, TaaBAb also 

cannot be realized. The argument is illustrated in Figure 3.42.

(L l)  T
aaBAb

V4»^0

b

a v.

81 Y U 1

b

------

Figure 3.42: W hy the L l  case (TaaBAb) is forbidden.

Case L2: The tree TBaBAb contains the tree TBaB as a proper simple subchain. 

But TBaB cannot be realized, because of Corollary 3.45 (pp. 158). Hence, TBaBAb 

cannot be realized. The argument is illustrated in Figure 3.43.

(L2) T
BaBAb

b '■

v4f n t !  
b :\i

v  • --------------a '--v.

Figure 3.43: Why the L2 case (TbaBAb) is forbidden.

Case L3: Suppose the tree TbaBAb is realized. Now TbaBAb can be rewritten using 

a p transformation to yield a graph which contains the tree Tbaa as a subgraph. But 

Tbaa cannot be realized, because of Corollary 3.23 (pp. 109). Hence, TbaBAb also 

cannot be realized. The argument is illustrated in Figure 3.44.
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(L3) T
baBAb

w

a v.

w

't*|vyv: '41 . b lb °

B|vl A -ft 1

Figure 3.44: Why the L3 case (T a B A b A ) is forbidden.

Case R l :  The tree TaBAbA contains the tree TaBa as a subgraph. But TaBa 

cannot be realized, because of Corollary 3.45 (pp. 158). Hence, TaBAbA also cannot 

be realized. The argument is illustrated in Figure 3.45.

i

b

a ”  v.

Figure 3.45: Why the R l case ('T a B A b A ) is forbidden.

Case R 2: The tree T a B Aba contains the tree T B Aba  as a subgraph. But T B A ba 

cannot be realized, because of Corollary 3.43 (pp. 157). Hence, T a B Aba also cannot 

be realized. The argument is illustrated in Figure 3.46.

Case R 3: Suppose the tree TaBAbb is realized. Now TaBAbb can be rewritten using 

a p transformation to yield a graph which contains the tree Tabb as a subgraph. But 

Tabb cannot be realized, because of Corollary 3.23 (pp. 109). Hence, TaBAbb also

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



167

(R2) T , m *DaBAba Jj| ; ; | b

V-3......

Figure 3.46: W hy the R2 case (TaBAbA) is forbidden.

cannot be realized. The argument is illustrated in Figure 3.47.

w

(R3) T
aBAbb

a v
i

Palv3 - V V

Figure 3.47: Why the R3 case (TbaBAb) is forbidden.

Since each of the cases L1-L3 and R1-R3 were handled, and the corresponding 

graphs shown to be forbidden, we can conclude that TaBAb cannot be realized as a 

proper simple chain in a level subgraph of f l*  for n  ^  5.

Proposition 3.50 is proved. □

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

C o ro lla ry  3.51 (O b s tru c tio n  11). The sets SaBAb, SBabA, SbABa andSAbaB contain 

no conjugacy classes of length ^  5.
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3.8.7 Obstruction 12: The Forbidden Graph TaBBaa 

The cr-chains of Obstruction TaBBaa are {aB B aa}, and its vertices denoted:

Vi =  $a{Vo)

v2 =  4>b (v l)

V3 =  <M^2)

Vi =  4>a(v3)

Vb =  (paiVi).

The graph TaBAb is depicted in figure 3.48.

0 v ,
a  a

W

(12) TaBBaa * V2

V3 V4 V5

Figure 3.48: The Forbidden Graph TaBBaa-

We are now ready to prove the following proposition.

P ro p o s it io n  3.52. The graph TaBBaa cannot be realized in  a level subgraph of Q,*

Proof. By applying a r  rewrite operation and then a p rewrite operation, we can 

transform TaBBaa into a graph which contains Tbba as a subgraph. But Tbba is forbid­

den, by Corollary 3.21 (pp. 102). Thus, TaBBaa is also forbidden. The argument is 

depicted in Figure 3.49. □
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aBBaa

V53 4

Bf., X l

Figure 3.49: Why T aBBaa is forbidden.

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

Corollary 3.53 (Obstruction 12). S aB B aa =  <SbAAbb =  S AAbbA =  S BBaaB  = 0.
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3.8.8 Obstruction 13: The Forbidden Graph TaaBBa 

The cr-chains of Obstruction TaaBBa axe {aaB B a}, and its vertices are denoted:

Vl =  <J>a(v0)

V2 =  <I>b { v  l )

V3 =

VA =  <l>a{v 3 )

Vs =  4>a(v4).

The graph TaBAb is depicted in figure 3.50.

W

# -

(13) T
aaBBa

V4 *

Figure 3.50: The Forbidden Graph T aaBBa-

We are now ready to prove the following proposition.

P ro p o s it io n  3.54. The graph T aaBBa cannot be realized in  a level subgraph of Q.*

Proof. By applying a r  rewrite operation and then a p rewrite operation, we can 

transform TaaBBa into a graph w'hich contains Tâ  as a subgraph. But Tm  is forbid­

den, by Corollary 3.23 (pp. 109). Thus, TaaBBa is also forbidden. The argument is 

depicted in Figure 3.51. □
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"it
b

Figure 3.51: Why TaaBBa. is forbidden.

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym­

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous 

proposition.

Corollary 3.55 (Obstruction 13). SaaBBa = SbbAAb = S A b b A A  =  S B a a B B  =  0.
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3.9 Bounding the Size of Level Neighborhoods

In this section we put together all the information concerning small and large scale 

obstructions, and use this to control the structure of level neighborhoods in Q.*. To 

start, the next theorem summarizes all the information about small-scale obstructions.

T h e o re m  3.56 (F o rb idd en  a-C ha ins Theo rem ). Fix n  ^  5.

•  For any a in

{ aaaB, bbbA, bAAA, a B B B , AAAb, B B B a , Baaa, Abbb, aab, 

bba, B A A , A B B , A A B , B B A , baa, abb, aBa, bAb, AbA,

BaB, aaBA, bbAB, abAA, baBB, AAba, BBab, ABaa, BAbb, 

aBBaa, bAAbb, AAbbA, BBaaB, aaBBa, bbAAb, AbbAA, B a aB B }

fl*  does not contain any simple a-chain w of length ^  5.

•  For any a in

{aba, bab, A B A , B A B , abAB, baBA,

ABab, BAba, aBAb, bABa, AbaB, BabA}

does not contain a proper simple a-chain w of length ^  5.

Proof. The proof is a culmination of the many Propositions and their Corollaries 

derived in previous sections. These are summarized on the next page. □
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G Forbidden by a Forbidden by

aaaB

bbbA

bA AA

aBBB

Corollary 3.17. pp. 84

33

11

aBa

bAb

AbA

BaB

Corollary 3.45, pp. 158

33

33

33

AA Ab

BBBa

Baaa

Abbb

Corollary 3.19, pp. 95

33

5?

11

aaBA

bbAB

abAA

baBB

Corollary 3.47, pp. 160

33

33

33

aab

bba

BAA

ABB

Corollary 3.21, pp. 102

33

33

11

AAba

BBab

ABaa

BAbb

Corollary 3.49, pp. 162

33

33

33

AAB

BBA

baa

abb

Corollary 3.23, pp. 109

11

11

aBBaa

bAAbb

AAbbA

BBaaB

Corollary 3.53, pp. 169

33

33

33

aaBBa

bbAAb

AbbAA

BaaBB

Corollary 3.55, pp. 171

33

33

33

abAB

baBA

Corollary 3.41, pp. 150

33

ABab

BAba

Corollary 3.43, pp. 157

33

aba

bab

ABA

BAB

Corollary 3.33, pp. 139

33

33

33

aBAb

bABa

AbaB

BabA

Corollary 3.51, pp. 167

33

33

33
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The next theorem shows that is a sufficiently long conjugacy class w, i f  w is a 

a-chain for a sufficiently long a , then a must be of the form x k for some x G X  U X ~ l .

T he ore m  3.57 (L e n g th  5 Chains T he o re m ). Suppose w G F2 has length ^  5 

and w is a a-chain fo r some word a G F2 where |cr| =  5. Then a must be one o f the 

following:

{ aaaaa, bbbbb, AA AA A, B B B B B }

Proof. Let <t0 be the in itia l prefix of a, w ith  |cr01 =  4. We start by the determining 

possible values of <x0.

To do this, let us enumerate all possible a0 G F2 wdiere |a0| =  4.

I f  w G F2 is a cr-chain, then w is certainly also a 00-chain. The table below sum­

marizes the possible and forbidden values for a0, and provides documentary evidence 

(Corollary number) to substantiate why particular values for oo is disallowed.

Note: The values of a0 are organized into 4 tables, based on the first letter of a0■ 

W ith in  each table, the values of ao are organized based on the 3-letter “base” prefix 

of a0.
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len. 3 
base

co Forbidden by 
Corollary #

co Forbidden by 
Corollary #

co Forbidden by 
Corollary #

aaa aaaa PO SSIBLE aaab 3.21, p.102 aaaB 3.17, p.84

aab aaba 3.21, p.102 aabb 3.21, p.102 aabA 3.21, p.102

aaB aaBa 3.45, p.158 aaBA 3.47, p.160 aaBB PO SSIBLE

aba abaa 3.33, p.139 abab 3.33, p.139 abaB 3.33, p.139

abb abba 3.23, p.109 abbb 3.23, p.109 abbA 3.23, p.109

abA abAb 3.45, p.158 abAA 3.47, p.160 abAB 3.41, p.150

aBa aBaa 3.45, p.158 aBab 3.45, p.158 aBaB 3.45, p.158

aBA aBAb 3.51, p.167 aBAA 3.21, p. 102 aBAB 3.33, p.139

aBB aBB a PO SSIBLE aBB A 3.23, p.109 aBBB 3.17, p.84

len. 3
base

co Forbidden by 
Corollary #

co Forbidden by 
Corollary #

co Forbidden by 
Corollary #

baa baaa 3.23, p.109 baab 3.23, p.109 baaB 3.23, p.109

bab baba 3.33, p.139 babA 3.33, p.139 babb 3.33, p.139

baB baBa 3.45, p.158 baBA 3.41, p.150 baBB 3.47, p.160

bba bbaa 3.21, p.102 bbab 3.21, p.102 bbaB 3.21, p.102

bbb bbba 3.21, p.102 bbbA 3.17, p.84 bbbb PO SSIBLE

bbA bbAA PO SSIBLE bbAb 3.45, p.158 bbAB 3.47, p.160

bAb bAba 3.45, p.158 bAbA 3.45, p.158 bAbb 3.45, p.158

bAA bAAA 3.17, p.84 bAAb PO SSIBLE bAAB 3.23, p.109

bAB bABa 3.51, p.167 bABA 3.33, p.139 bABB 3.21, p.102
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len. 3 
base

<7o Forbidden by 
Corollary #

<70 Forbidden by 
Corollary #

<70 Forbidden by 
Corollary #

Aba Abaa 3.23, p.109 Abab 3.33, p.139 AbaB 3.51, p.167

Abb Abba 3.21, p.102 AbbA PO SSIBLE Abbb 3.17, p.84

AbA AbAA 3.45, p.158 AbAb 3.45, p.158 AbAB 3.45, p.158

AAb AAba 3.49, p.162 AAbA 3.45, p.158 AAbb POSSIBLE

AAA AAAA POSSIBLE AAAb 3.19, p.95 AAAB 3.23, p.109

AAB AABa 3.23, p.109 AABA 3.23, p.109 A A BB 3.23, p.109

ABa ABaa 3.49, p.162 ABab 3.43, p.157 ABaB 3.45, p.158

ABA ABAA 3.33, p.139 ABAb 3.33, p.139 ABAB 3.33, p.139

AB B ABBa 3.21, p.102 ABBA 3.21, p.102 A B B B 3.21, p.102

len. 3 
base

<70 Forbidden by 
Corollary #

<70 Forbidden by 
Corollary #

<70 Forbidden by 
Corollary #

Baa Baaa 3.19, p.95 Baab 3.21, p.102 BaaB POSSIBLE

Bab Baba 3.33, p.139 Bab A 3.51, p.167 Babb 3.23, p.109

BaB BaBa 3.45, p.158 BaBA 3.45, p.158 BaBB 3.45, p.158

Bab Baba 3.33, p.139 BabA 3.51, p.167 Babb 3.23, p.109

BAA BAAA 3.21, p.102 BAAb 3.21, p.102 BAAB 3.21, p.102

BAB BABa 3.33, p.139 BABA 3.33, p.139 B A B B 3.33, p.139

BBa BBaa POSSIBLE BBab 3.49, p.162 BBaB 3.45, p.158

BB A BBAA 3.23, p.109 BBAb 3.23, p.109 B B A B 3.23, p.109

B B B BBBa 3.19, p.95 BBBA 3.23, p.109 B B B B POSSIBLE
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By examining the tables on the previous two pages, one may verify that a0 must 

be one of the following:

{aaaa, bbbb, AA AA, B B B B , aaB B , bbAA,

AAbb, BBaa, aBBa, bAAb, AbbA, B aaB }

Now we extend each of the above possible choices for ct0 by one symbol to obtain 

possible choices for a. Again, many of the possible choices are disallowed because 

they result in the presence of chains that we have already proved are not realize. The 

table below summarizes the possible choices that are allowed and forbidden for a, and 

documents the evidence (Corollary number) to substantiate why particular values for 

a  are disallowed.

co base a Forbidden by

CLCLCLCL —y

aaaaa POSSIBLE 

aaaab Cor. 3.21, p.102 

aaaaB Cor. 3.17, p.84

bbbb^

bbbba Cor. 3.21, p.102 

bbbbA Cor. 3.17, p.84 

bbbbb POSSIBLE

AAAA

AAAAA  POSSIBLE 

AAAAb Cor. 3.19, p.95 

AAAAB  Cor. 3.23, p.109

B B B B -*

BBBBa  Cor. 3.19, p.95 

B B B B A  Cor. 3.23, p.109 

B B B B B  POSSIBLE
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<7q base a Forbidden by

aaBB —>

aaBBa Cor. 3.55, p.171 

aaBBA Cor. 3.23, p.109 

aaBBB  Cor. 3.17, p.84

AAbb

AAbba Cor. 3.21, p.102 

AAbbA Cor. 3.53, p.169 

AAbbb Cor. 3.19, p.95

BBaa —>

BBaaa Cor. 3.19, p.95 

BBaab Cor. 3.21, p.102 

BBaaB  Cor. 3.53, p.169

a B B a —t

aBBaa Cor. 3.53, p.169 

aBBab Cor. 3.49, p.162 

aBBaB  Cor. 3.45, p.158

bAAb ->

bAAba Cor. 3.49, p. 162 

bAAbA Cor. 3.45, p.158 

bAAbb Cor. 3.53, p.169

A b bA ^

AbbAA Cor. 3.55, p. 171 

AbbAb Cor. 3.45, p.158 

AbbAB Cor. 3.47, p.160

BaaB —»

BaaBa Cor. 3.45, p.158 

BaaBA Cor. 3.47, p.160 

BaaBB  Cor. 3.55, p.171

Examination of the previous tables shows that a must be one of the following 

either aaaaa, or bbbbb, or AAAAA, or B B B B B .  This completes the proof of the 

theorem. □
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T h e o re m  3.58 (Leve l S tru c tu re  T h e o re m ). For any u in  Fo, i f  M  ^  10 and

|J5*(ii)| >  382, then B *{u ) is an x k-chain having at most |u| — 5 vertices.

Proof. Denote the graph B *(u ) as G. I f  G is an x fc-chain then the theorem follows 

immediately from Part ( II) of Theorem 3.8 (pp. 63).

I t  remains to consider the case when G is not an £*-chain. Every vertex in G has 

degree at most 3. I t  follows that the ball o f radius 7 around a vertex contains at most 

1 +  3 +  6 +  12 +  24 +  48 +  96 +  192 =  382 distinct vertices. This means that a graph 

G w ith  383 or more vertices is not contained in the ball of radius 7 about any vertex. 

Hence there must be two vertices u, v in G for which the shortest path between them 

in G has length ^  8. Let us take u and v to be the vertices tha t are farthest apart 

in G. and denote the path between them as p. Then the presence of p tells us that 

u  is a cr-chain for some a of length \p\ ^  8 ^  5. By Theorem 3.57 (pp. 174), u is an 

-chain for some x 0 G X ± .

Let p be the maximal rro-chain in G which contains p. Note that p  is uniquely 

defined. Let u, v be the start and end vertices of p.

Suppose that there is a vertex w that is not on the path p. Since G is connected, 

there is a shortest path q connecting w to p. Suppose that q hits p at vertex z. We 

divide p  in to two parts: pu connects z to u by going along p, and connects z to v 

by going along p.

We connect w w ith  u via a path pwA — q • pu. We connect w w ith  v via a path 

Pw,o — ?-■ Pa- Then either pwS or pwfi must have length ^  1 +  (|p|/2) ^  5. I f  

bui.ul ^  5, then by Theorem 3.57 (pp. 174) it  follows that the labels on q are the
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same as the labels on But then w lies on p, a contradiction. Likewise, i f  |p„,)r,| ^  5, 

i t  follows tha t the labels on q are the same as the labels on But then w lies on p, 

a contradiction. Thus, we conclude that there is no vertex w that is not on the path 

V-

I t  follows that G is a chain graph labelled by x0, and that u is a rcg-chain for some 

x 0 6 X ± and k € N.

Part ( II)  of Theorem 3.8 (pp. 63) states that if  |it| ^  10 and u is an aF-chain then 

k is at most |u| — 5. This completes the proof of the theorem. □

3.9.1 Pulling Back to Q

M a in  T h e o re m  (Theorem 1.32) For any u in F2, i f  |u| ^  10 and |B(u)| >  3056, 

then B (u) is cylinder of length at most |u| — 5 and having at most 8|u| — 40 vertices.

Proof. For any u in F2, |-B(u)| ^  8|B*(u)|, since identifies at most 8 conjugacy 

classes to  a single vertex in Q*. B, i f  |£*(« )| >  382 then B*(u) is an aF-chain having 

at most \u\ — 5 vertices. I f  |-B(ii)| >  3056 then |F*(u)| >  382 and by Theorem 3.58 

(pp. 179) B*(u) is an x fc-chain having at most |u| — 5 vertices. But then B(u) is 

cylinder of length at most |u| — 5, and so has at most 8|it| — 40 vertices. □
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3.9.2 Pulling Back to T

The previous theroem can now be leveraged to give us information about Whitehead’s 

graph T.

T heo rem  3.59 (Leve l N e ighborhoods in  T). For any cyclically reduced word u 

in  F2, i f  |it| >  387 then the connected level component of u in T has no more than 

8|it|2 — 40jiij vertices.

Proof. Suppose, towards contradiction, that the connected level component of u in T 

has no more than 8|it|2 — 40|it| vertices. Since |n| ^  387, it  follows that 8|u|2 — 40|it| 

exceeds 3056|u|. So the connected level component of u in T has more than 3056|it| 

vertices. But the map from T —» 91 collapses at most |u| vertices of T to a single 

conjugacy class in 91, so it  follows that the size of B(u) in 91 exceeds 3056. By 

Theorem 3.9.1 then B  (u) is cylinder of length at most | it | — 5 and has at most 81 u | — 40 

vertices. Consider the pre-image of B(u) in T, restricted to vertices of length |u|. This 

subgraph of T is again just the connected level component of it in T. Since the map 

from T —¥ collapses at most |it| vertices of T to a single conjugacy class in 91, the 

connected level component of it in T must have at most 8|it|2 — 40|u| vertices. This 

is a contradiction. □
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CHAPTER 4 

ALGORITHMIC APPLICATIONS

In this chapter we explore the algorithmic applications of the the previously derived 

mathematical results. We begin w ith an overview of known algorithms for CONJn 

and AUT-CONJ„.

4.1 Algorithms for (Standard) Conjugacy

Recalling Definition 1.2 (pp. 3) where the decision problem CONJn(u, v) was first 

introduced. This involves taking as input an arbitrary pair u ,v  E Fn and determining 

i f  3w E Fn s.t. w~l uw =  v. The result that CONJn is decidable is, by now, folklore. 

The algorithm attributed to Greendlinger is as follows.

ALG O RITHM  A c o n j - Given u ,ti in a free group F  =  F (X ) ,  |A'| =  n:

1. Construct two cycle graphs Ou and Ov having lengths |u| and |u| respectively. 

W rite u clockwise on the edges of the first, and v along the second—these 

labelled graphs are called “circular words” .

2. Now perform cyclic free reduction on these circular words, i.e. repeatedly con­

tract all pairs of consecutive edges w ith  labels x ,  x ' 1 or (for x  E  X ).
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3. Upon term ination of cyclic free reduction, check to see i f  the two circles graphs 

are equal graphs, as drawn.

•  I f  so, output 1. Halt.

•  Otherwise, output 0. Halt.

The next proposition shows that the above algorithm is correct:

P ro p o s it io n  4.1. (Folklore) A Conj is a correct algorithm fo r  C O N J n(u,u).

Proof. Suppose u and v are conjugates. Then there is some w in Fn for which uw =  v. 

Let v be the cyclically reduced form of v. Then v =  (v)g for some q in Fn, where 

q is the maximal prefix of v that is cancelled w ith a suffix of v during its cyclic free 

reduction. So then u =  vw 1 =  (v)gw~l . I t  follows that v is also the cyclically reduced 

form of u. Thus, when the algorithm reaches stage 3, the two circle graphs w ill indeed 

be equal as graphs, and the algorithm w ill output 1.

Suppose the algorithm outputs 1. Denoting the cyclically reduced form of u as u 

and the cyclically reduced form of v as v we see that u =  (u)p and v =  (v )g. Here p is 

the maximal prefix of u that is cancelled w ith  a suffix of u during cyclic free reduction 

of u, and q is the maximal prefix of v tha t is cancelled w ith  a suffix of v during cyclic 

free reduction of v. Since the algorithm has output 1, the graphs at stage 3 were 

equal, i.e. the cyclically reduced form of u is a conjugate of the cyclically reduced 

form of v. In other words, u =  (v)z for some z in Fn. So u — (u)p =  (v)zp =  (v)g~lzp. 

Hence u and v are conjugate via w =  q~l zp. □

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4-1.1 Computational Complexity

184

Let us consider the time complexity of the algorithm A q o n j  for standard conjugacy 

that was described in the previous section:

1. The construction of the cycle graphs can be done in  time 0 (|u | logn +  \v\ logn).

2. This reduction process terminates since the original words are of finite length, 

and their length stric tly  decreases at each reduction step. Cyclic free reduction

u and v v can be achieved in time 0 (|n | logn +  |u| logn).

3. To check to see i f  u and v are equal as graphs first check that |u| =  |u|. I f  so, then 

fix a starting vertex p on On and vary the start vertex q on 0$. Determine if  the 

word read clockwise in starting from p is the same as the word read clockwise 

in Oy from q. This can be done in time 0(|u ||u | logn). Since |{i| ^  |u| and 

|u| ^  |v| and |u| =  |u| i t  follows that |it| and |n| are both less than min(|u|, |u|). 

So this stage of the algorithm works in time 0 (m in (jn |2, |u|2) logn).

The above analysis yields:

Theorem  4.2. A c o n j  decides C O N J „ in time 0 (m in (|n |2, |u|2)logn ) time. 

C o ro lla ry  4.3. A q o n j  decides C O N J 2 in time 0 (m in (|u |2, |u|2)) time.

4.2 Algorithms for Automorphic Conjugacy

In the previous section, we considered algorithms for (standard) conjugacy. In con­

trast, here we consider A U T -C O N J n(n, v), the decision problem for automorphic
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conjugacy that was introduced in Definition 1.1 (pp. 2). In this problem, we are 

given u ,v  G Fn and are to detemine i f  there is an automorphism 0 in A ut(Fn) for 

which <j>{u) =  v.

4-2.1 Whitehead’s Algorithm

In 1936, J. H. C. Whitehead proved [27, 28] that AUT-CONJn is decidable. We 

describe the algorithm below following the illustration in Figure 4.1.

c
05aoUrno

Figure 4.1: The operation of Whitehead’s Algorithm .
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ALG O R ITH M  A a u t - c o n j '- Given u,v  in a free group F  =  F (X ) ,  |A'| =  n:

1. Compute u and v and represent them as cyclic words.

2. Apply Whitehead automorphisms greedily to reduce the lengths of u and v until 

no further reduction in length is possible. Denote the m inimal length forms as 

u and v.

3. Check i f  |uj =  |v|.

3A. I f  not, output 0. Halt.

3B. Otherwise, let n =  |u| =  |u|. Determine i f  u ,v  are in the same connected 

component of T, as follows.

3B-1. Construct via breadth-first search Tfi, the connected component of T 

which contains u in which all vertices have length \u\.

3B-2. Test whether v is in Tfi.

•  I f  so, output 1. Halt.

•  Otherwise, output 0. Halt.

The proof that Whitehead’s A lgorithm  is correct is fa irly  lengthy and involved. 

For details, the reader is referred to the original papers of Whitehead [27, 28]m the 

classical texts of Magnus, Karrass and Solitar [14] and Lyndon and Schupp [13]. 

Another approach for correctness is show that the Whitehead automorphisms form 

a confluent rewriting system for automorphically conjugate elements of a free group, 

and then to appeal to the Diamond Property.

Here we w ill only address the time complexity of the original Whitehead’s A l­

gorithm. We w ill briefly consider improvements in Whitehead’s A lgorithm  due M i-
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asnikov and Shpilrain, and explore new improvements based on the mathematical 

results of previous chapters.

4-2.2 Computational Complexity

Let us consider the time complexity of the algorithm A a u t - c o n j  for automorphic 

conjugacy that was described in the previous section:

1. The task of computing the cyclically reduced forms of u and v (i.e. u and 

v respectively) and representing them as cyclic words can be done in time 

0(|w | logn +  |u| logn).

2. There are \Wn\ =  2n Whitehead automorphisms to consider when greedily re­

ducing the lengths o f u and v to find minimal length representatives u and 

v. Consider the process applied to u: Then, each application of a Whitehead 

automorphism takes time 0 (|u |lo g n ). Each application o f a Whitehead auto­

morphism is amortized against a non-trivia l reduction in the length of u. I t  

follows at most |u| reductions can take place, and hence that it  takes at most 

0 (2 n|u|2logn) time to compute u. Thus, this step of the procedure takes at 

most 0 (2 n|u|2logn +  2n|u|2logn) time.

3. Checking i f  |n| =  \v\ takes time 0(\u \ -I- |i>|).

3B. Let n =  |u| =  |£>|. We must determine i f  u,v  are in the same connected 

component of f l n.

3B-1. Next, we construct via breadth-first search the connected subgraph of 

the Whitehead graph induced by the vertices of the same length as
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|it|. From elementary combinatorics, this graph has at most O (n ^ ) 

vertices (since this is an upper bound on the number of elements in 

Fn having length equal to \u\. The edge density in this component 

is 0 ( 2n), since every vertex has at most \Wn\ =  2" edges incident 

to it. Since |u| ^  |u| and |£| ^  |u|, i t  follows that this stage of the 

computation takes time at most 0 (2 nnmm(l'ul’lv!)).

3B-2. Test whether v is in IV  This amounts to testing i f  v coincides with 

any of the vertices discovered in step 3B-1, and hence can be done in 

time O(nF').

Since n  ^  2, the term (nminfl“ bl^D) dominates (|u|2logn +  |u|2logn) and we get: 

The above analysis yields:

Theorem 4.4. Aa u t - c o n j  d e c id e s  AUT-CONJ^ i n  t i m e  t im e .

Corollary 4.5. A a u t - c o n j  de c id e s  AUT-CONJ2 i n  t i m e  O  ( 2m i n ^ ' u b l u l ) )  t im e .

4-2.3 Improving Whitehead’s Algorithm

In  the previous section we saw that Whitehead’s A lgorithm , in the classical analysis, 

runs in exponential time. Computational experiments by C. Sims and A. D. Mias- 

nikov have long indicated that in practice, however, Whitehead’s Algorithm  runs in 

polynomial time. U ntil recently there was no formal analytic argument to explain 

this empirical fact. Then, in 1999 (to appear) Miasnikov and Shpilrain [17] obtained 

a polynomial bound for the running time of Whitehead’s Algorithm  in the case of F2, 

and they hypothesized that Whitehead’s A lgorithm  is polynomial for free groups of 

all ranks.
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Although the techniques of Miasnikov and Shpilrain are quite different from what 

is carried out here, the underlying approach is the same: I f  one can obtain a subex­

ponential bound f ( m )  on the size of the biggest level connected component in Tm, 

then the running time of step 3B-1 w ill become 0 (2 n/(m in  |ii|, M )). Miasnikov and 

Shpilrain determined a bounding function f ( m )  =  m A f o r  t h e  case w h e n  n  =  2.

I t  follows from our Theorem 3.59 (pp. 181) that one actually has a quadratic 

bounding function on the size of the biggest level connected component at level m in 

T. This proves

T he o re m  4.6. A  a u t - c o n j  d e c id e s  A U T -C O N J 2 i n  t i m e  0 (m in (|ti|2, |r>|2)) t im e .

Note that we have showm that A  a u t - c o n j  decides A U T -C O N J 2 in the same 

time complexity as A c o n j  decides C O N J 2 (see Corollary 4.3 pp. 184). Since any 

algorithm for A U T -C O N J 2 is also an algorithm for C O N J 2, i t  is improbable that 

■we w ill be able to find a faster algorithm to test automorphic conjugacy in F2 w ithout 

new insights into faster algorithms for standard conjugacy in F2.

We also describe a R evised W h ite h e a d ’s A lg o r ith m  tha t makes use of the 

structural description of the orbits of F2 derived in previous chapters. We denote this 

algorithm as A ’a u t - c o n j ■ While the classical Whitehead’s A lgorithm  operates inside 

T, the Revised Whitehead’s Algorithm  operates inside Q.

ALG O RITHM  A *A u t - c o n j '■ Given u ,  v  m & free group F  =  F (X ) ,  |JAT| =  n:

I f  max(|u|, |n|) < 10 then, proceed according to A a u t - c o n j > the classical algo­

rithm . Otherwise, operate according to the following modification:
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3B. Let n =  |u| =  |u|. Determine i f  u ,v  are in the same connected component of 

Cln, as follows. Test i f  n ^  5:

(a) No: Perform exhaustive search the connected component of u, which has 

size at most 36. This case takes 0 (1 ) time.

(b) Yes: I f  n ^  5, construct the connected component of u via breadth-first 

search inside un til either v is found, or >  3056 vertices have been dis­

covered. I f  more than 3056 vertices are found before v has been found, 

then conclude that the component of u is an x*-chain. Determine x.

Now apply powers of vjlx to u and €>.

•  Let i f  be the largest non-negative power for which (u)| =  |i2j.

•  Let i ~  be the smallest non-positive power for which if)1/  (ii)| =  |ti|.

•  Let i f  be the largest non-negative power for which | ^ ( u ) |  =  |u|.

•  Let i ~  be the smallest non-positive power for which \fpl/  (u)| =  |u|. 

Determine i f  ip1/  (u) w n ip f (^)- I f  so, output “ 1” , otherwise output “0” . 

Computing each successive power o f takes time 0 (|u |) and 0(|u |). 

W hile \i* \ and |i* | are bounded by \u\ — h =  0 (\u \)  and |u| — 5 =  0 (|u |) 

respectively. Naively, we can consider each of these powers and so find 

and i f  in tim e 0 ( |u |2) and 0(|w |2).

A lternately (though it  w ill not impact the net complexity) we can make 

use of the following structural information: u and v lie on some x-chain. 

So, we can search for i f  and i f  using iterated doubling starting at ±1. 

In this way, we can find the values of i f  and i f  using just 0 ( log |it|) and 

0 (log  | u j )  applications of some power of |ipx. Using this approach we would 

find i f  and i f  in time 0{\u \ log |f2|) and 0{\v \ log |u|).
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There are at most 8 conjugacy classes permutation equivalent to t/£“ (£t), 

8 conjugacy classes permutation equivalent to vf* (u), 8 conjugacy classes 

permutation equivalent to and 8 conjugacy classes permutation

equivalent to  ip 1* ( v ) .

Testing i f  ip 1* ( u )  « n t p f  ( v )  amounts to testing whether the set of 16 

conjugacy classes

(u) u (s)

intersects non-triv ia lly w ith  the set of 16 conjugacy classes

ip f { v )  U $ . ” (v).

This amounts to making 256 =  0 (1 ) tests of the equality of conjugacy 

classes. Testing i f  two conjugacy classes u 0 , v 0 are the same takes time 

O(|uo||uoj). So testing i f  ip 1* ( u )  « n  i p f  { v )  takes time 0(|u||S|).

Since |«| and |u| are less than m in(|u|, \ v \ )  the previous analysis proves 

T he o re m  4.7. A  a u t - c o n j  d e c id e s  A U T -C O N J t i n  t i m e  0 (m in (|u |2, |u|2)) t im e .
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CHAPTER 5 

COMPUTATIONAL TOOLS

“Graphs are ubiquitous, finding applications in domains ranging from 

software engineering to computational biology. W hile graph theory and 

graph algorithms are some of the oldest, most studied fields of computer 

science, the problem of visualizing graphs is comparatively young. This 

problem, known as “graph drawing,” is that of transforming combinatorial 

graphs into geometric drawings for the purpose of visualization.” [26]

As an area of current research in computer science, for example in its application 

to research in networking and in information technology, graph drawing is a relatively 

new area. However, drawings of graphs have had wide application in science and en­

gineering for a long time. Chemists use graphs to represent atoms and the bonds 

between them. Electrical engineers draw graphs to represent circuits. The larger the 

object being modelled by a graph, the more benefit can potentia lly be derived from 

a visualization of the object via a graph drawing. One only need th ink  of the double 

helix structure of DNA to understand how important in can be to have an accurate 

picture of the object being studied. And what about vast telecommunications net­

works and other large, complex physical or abstract systems which defy description 

in words? Though a graph could precisely describe such an object as a list of ver­
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tices and a set of pairs of related vertices (edges), such sets w ill likely provide no 

information about the “nature” of the object.

5.0.4 JIGGLE

The 1999 dissertation, “A  Numerical Optim ization Approach to General Graph Draw­

ing” of Daniel Tunkelang (Carnegie Mellon University) [26] provides an excellent 

overview of graph drawing, an explanation and implementation of new methods to 

solve the general graph drawing problem. This implementation was extended by the 

author (as described later) to generate a visualization of the structure o f A u t(F 2).

Whereas most prior research considered only special types of graphs, Tunkelang’s 

methods address the general graph drawing problem. In addition to its generality, the 

approach presented in the dissertation improved on several aspects of graph drawing, 

including an improvement in performance over prior algorithms and an improvement 

in the quality of the resulting drawings. Tunkelang considers three basic aspects of 

graph drawing: drawing conventions, constraints, and aesthetics. Drawing conven­

tions are basic specifications such as what space is being used for the drawing area 

(usually the plane R2) or what type of lines are being used between vertices.

JIGGLE constructs a physical model of a graph by considering vertices as mas­

sive positively charged spheres and reifying edge relationships as physical springs. 

The evolution of the system is then simulated under the influence of Hooke’s Law, 

Coulomb’s Law and Newton’s Law (as well as other variants, See Figure 5.1). Tunke­

lang’s principal contribution involves novel techniques for computing efficient approx­

imations of the simulation, w ithout which the approach would be computationally
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spring

H ooke's Law 
edge contraction

charge

Coulomb's Law 
vertex repulsion

thaigj

Newton's Law 
dimensional squashing

massive body

Figure 5.1: The three forces which act during JIGGLE graph layout.
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infeasible for all but the smallest graphs.

To avoid local m inima in the energy surface, Tunkeland starts off by placing the 

vertices in a high-dimensional space, and the dimensions are gradually “squashed 

out” , by applying gravity laterally along successive dimensions. Once the layout 

becomes e th in  in dimension k , the simulation projects its state into k — 1 dimensional 

Eucliean space, and proceeds to apply gravity along dimension k — 1. The process 

continues in this manner un til a 2D layout is attained. The reader is referred to [25] 

for further details.

5.0.5 Extended Implementation fo r  A u t{F2)

Much of the in tu ition  behind this mathematical research was derived by playing w ith 

JIGGLE. The author has developed a set of tools for exploring the structure of A u t(F ) 

and other combinatorial objects related to free groups. This software is structured in 

three “modules” :

•  Combinatorial “back end” , responsible for enumerating connected components 

and level neighborhoods in T, D and f2* (see Figure 5.2).

•  Visualization “ front end” , responsible for manipulating JIGGLE parameters 

and displaying the resulting drawings (see Figure 5.3).

•  Statistical “analyzer” , responsible for detecting statistical patterns in terms of 

subgraph frequencies, symmetries and structure. This module operates both on 

the combinatorial graphs and on their drawings (see Figure 5.4).
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The role of this software as part of the mathematical laboratory cannot be over­

emphasized. The visualization front end was used to firstexamine long x k chains 

and surrounding structures. The statistical analyzer was used to determine candi­

dates for forbidden subgraphs (and to search for occurrences of counterexamples to 

hypothesized forbidden graphs).

And while these tools did not provide much information about how to prove the 

results o f the previous chapters, they served as a computational laboratory in which 

to make systematic observations and experiment upon the naturally occurring objects 

of interest: T, f 2 and Cl*.

More details of this software w ill be made available in a separate publication.
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p o sitiv e  in teg ers  n . D

Enumerate cyc lica lly  reduced elements w  in f  F  having length n

Perform breadth-firs t search starting at w 
by applying W hitehead automorphisms

tne out new ly discovered elements o f  length <  n 
me out new ly discovered elements o f  length >  n

Identify vertice m odulo 

'conjugacy and pcrm ulaion equivalence

Execute breadth-firs t search to depth D

Output com binatoria l graphs F"w p

Figure 5.2: Combinatorial “back end’’

Com binatoria l graphs F w q  

1 _

Construct trifo rcc model

imulatc trifo rcc

Hooke s Law  

Coulom b’ s Law 
Newton’ s Law

until converged

v

O utput images

Figure 5.3: Visualization “ front end” .

C ombinatorial graphs F w  p  
and the ir drawings

Collect statistical data on 
symmetries 

vertex densities 
substructures

Output candidate forbidden graphs

Figure 5.4: Statistical “analyzer” .
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CHAPTER 6 

CONCLUSIONS AND FUTURE WORK

This work considered the structure of Whitehead’s Graph T, introduced in 1936 by 

J. H. C. Whitehead as away to quantify relationships between the natural length 

function | | of F2, and the action of Aut(Fo) on F2.

Specifically, we provided a structural description of the level sections in T, by 

studying two natural quotients, f i  and fl* . These quotients required us to shift from 

the study of F2 to the study of conjugacy classes in F2. To facilitate the investi­

gation, we introduced the notion of combinatorial equations on conjugacy classes. 

We provided techniques for mapping hypothesized subgraphs of Q into systems of 

combinatorial equations— this mapping process produced systems of constraints w ith 

property that the infeasibility of the constraints implies non-occurrence of the sub­

graphs. By proving that there is a set of such forbidden subgraphs (and enlarging 

this set using rewriting rules) we were able to show tha t all sufficiently large level sec­

tions in f2* must be chains. Finally, we applied these results to improve the analysis 

of the classical Whitehead’s A lgorithm , and devised the first known quadratic-time 

algorithm for testing automorphic conjugacy in F2.
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Below we list some questions that are presently under investigation, and are nat­

ural extensions of this work:

1. Find non-trivial lower bounds on the time complexity of testing au­

tomorphic conjugacy in F n , n  ^ 2

2. Is there a finite set of “obstruction” for level neighborhoods of the 

automorphism graph of F n, n  ^ 3

3. Is there a recursive procedure to find “obstructions” for level neigh­

borhoods of the automorphism graph of F n, n  ^ 3 ?

4. Is there a recursive procedure to transform an “obstruction” graph 

into a system of combinatorial equations?

5. Is there a recursive procedure to determine if a system of combina­

torial equations has a solution? Describe the solution sets of combi­

natorial equations.

6. Describe the inter-level structure of Q for F n, n  ^ 2. Is f t  hyperbolic?
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