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Abstract

THE STRUCTURE OF AUTOMORPHIC CONJUGACY
IN THE FREE GROUP OF RANK TWO

by

BILAL KHAN

Adviser: Professor Alexei Mvasnikov

In the study of the automorphism group of a free group
F = F(X) on a set X, J. H. C. Whitehead introduced a
graph whose vertices are elements of F', where two vertices
are connected if and only if the corresponding elements of F'
are related by one of a specially chosen set of generators of
Aut(F). Here we give a structural description of Whitehead’s
graph for the case where F' = F; is the free group of rank
two. This description allows us to quantify relationships be-
tween the natural length function | | of F,, and the action of
Aut(Fy) on F,. As an application, we devise the first known

quadratic-time algorithm for testing automorphic conjugacy

in FQ.
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PREFACE

In the study of the automorphism group of a free group F' = F(X) on a set X,
J. H. C. Whitehead introduced a graph whose vertices are elements of F', where two
vertices are connected if and only if the corresponding elements of F' are related by
the action of one of a specially chosen set of generators of Aut(F). These specially

chosen automorphisms have since come to be known as Whitehead automorphisms.

This work concern the structure of Whitehead’s graph, with the aim to give more
precise description of the relationship between the natural length function | | on F,
and the action of Aut(F») on F. Specifically, we will resolve some open problems
introduced by Alexei Myasnikov and Vladimir Shpilrain [17]. Some of these prob-
lems are listed under item F'25 in the “Open Problems” on “Free Groups” section
of http://www.grouptheory.org. A precise description of Whitehead’s graph for
F5 has many noteworthy consequences: in particular, it will enable us to architect

provably fast algorithms for testing the automorphic conjugacy of elements of F5.

To start, in Chapter 1, the automorphism graph of F; is defined, and its vertices
are partitioned into levels based on the lengths of elements and the action of Aut(F3).
On the basis of these definitions, several interesting and well-known open problems
are formulated, together with a non-technical exposition of how they are going to be

resolved in subsequent chapters.
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In Chapter 2, the trivial symmetries of the automorphism graph are quantified,
so that Whitehead’s graph graph may be “reduced” modulo these symmetries. A gen-
eral combinatorial framework is established to facilitate investigation of the graph’s

structure.

Then in Chapter 3, the afforementioned combinatorial framework is employed
to re-interpret substructures in the automorphism graph in terms of combinatorial
constraints on conjugacy classes of F». This permits us to quantify constraints on the
intro-level structure of the automorphism graph: By proving that a particular set of
subgraphs are forbidden, and showing that a “large” connected graph which avoids

these forbidden subgraphs must necessarily have a very particular form.

The results of Chapter 3 are harnessed in Chapter 4, where a provably fast
algorithm for testing automorphic conjugacy in Fj is presented. The performance of
this algorithm is compared with the theoretical complexity of the classical algorithm

for automorphic conjugacy due to Whitehead.

Much of the intuition about the structure of the automorphism graph was devel-
oped using computational experiments. These tools and experiments are described

in Chapter 5.

Finally, Chapter 6 provides a synopsis of the results, and presents some questions

that could provide fruitful directions for future research.
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CHAPTER 1

THE AUTOMORPHISM GRAPH OF F,

To start, let X denote a base set of elements {a,b,...}, and let X~! = {4,B,...}
be the set consisting of the corresponding formal inverses of elements from X. We

call the elements of X U X! letters, and denote the free group on the set X as

F(X).

The elements of the free group can be taken as the set of freely reduced words of
finite length over the alphabet X U X ™!, where by freely reduced we mean words
which contain no subword of the form zz=! or zz~! for any z € X. Multiplication
of elements of F(X) is simply concatenation of words, followed by free reduction,
which is to say repeated cancellation of all subwords of the form zz~! or zz~! for
z € X. The unique empty word of length 0 plays the role of the identity element. It
is well-known that given two sets X" and Y the free group F(X) = F(Y) if and only if
X

= |Y'|. This justifies denoting such a free group as Fx, since upto isomorphism
the group depends only on the cardinality of the base set. The group Fjx, is called
the free group of rank |X|. This work considers F, the free group of rank two on

the set X' = {a, b}.

Recall that for any group G, the set of automorphisms of G again forms a group,

denoted Aut(G), in which composition of automorphisms plays the role of multipli-
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cation. This work concerns the properties of Aut(F3), the group of automorphisms

of FQ.

Given a group G, two elements g, h € G are said to be automorphic conjugates

if there exists an automorphism ¢ € Aut(G) for which ¢(g) = h.

It is perhaps illustrative to first consider automorphic conjugacy in a well-studied
structure. In the additive group R", for example, every two non-zero elements g, h
are automorphic conjugates, since there is always an automorphism ¢ € Aut(R"),
i.e. a matrix in ¢ € GL,(R), such that ¢(g) = h. This is a particularly simple
situation in which the action of automorphisms produces precisely one non-trivial
orbit in an algebraic structure. Elucidating the structure of this orbit is the principal
focus of Linear Algebra. In contrast to R, the action of Aut(F},) on F,, yields infinitely
many orbits with an intricate combinatorial structure. FElucidating the structure of

these orbits is the principal focus of this work.

A structural description of the orbits of F;, under the action of Aut(F;,) will have
several applications. The principal algorithmic application we will consider pertains

to the problem of testing automorphic conjugacy:

Definition 1.1. For each n € N, let AUT-CONJ,(u,v) be the following decision

problem:
INPUT: w,v e F,

1 ifu and v are automorphic conjugates in F,.
OUTPUT: / P i "

0 otherwise.
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Note that AUT-CONJ is different from the much simpler problem of testing
(ordinary) conjugacy:
Definition 1.2. For each n € N, let CONJ, (u, v) be the following decision problem:
INPUT: wu,v € F,
1 if3weF, st wluw=wv.
OUTPUT:
0 otherwise.
Following the standard conventions from group theory, throughout this exposition

we shall denote the product w™luw as u®.

To hilight the difference between CONJ,, and AUT-CONJ,,, note that if u, v are
conjugates in the ordinary sense, then certainly they are automorphic conjugates—
since conjugation is an inner automorphism. On the other hand not every automor-
phism of F, is inner, so it is possible for v and v to be automorphic conjugates but

not be conjugates in the ordinary sense.

The result that CONJ, is decidable is folklore. The algorithm attributed to
Greendlinger is as follows: Take two cycle graphs of lengths |u| and |v| respectively.
Write u clockwise on the edges of the first, and v along the second—these labelled
graphs are called “circular words”. Now perform cyclic free reduction on these
circular words, which is to say repeatedly contract all pairs of consecutive edges
with labels z,27! or z,z7? (for z € X). This reduction process terminates since
the original words are of finite length, and their length strictly decreases at each
reduction step. Upon termination of cyclic free reduction, check to see if the two
circles are equal graphs, as drawn. If so, output 1. Otherwise output 0. It is not
difficult to show that this procedure is correct, and can be implemented to operate in

O(min(juf? |v]?) logn) time. This will be revisited in Chapter 4, where algorithmic
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issues are addressed.

In 1936, J. H. C. Whitehead proved [27, 28] that AUT-CONJ,, is also decidable.
His argument, which will be outlined in Chapter 4, provided a bound of O(2m2/I+ll).
Until the recent work of A. Miasnikov and V. Shpilrain [17], this was the best known
algorithm. In their paper (to appear), using techniques are quite different from what
is carried out here, Miasnikov and Shpilrain obtained the first polynomial-time algo-
rithm for CONJ,. Their analysis showed that in F; Whitehead’s algorithm always
terminates in time O(min(jul,|v])*). In this work, we will provide a structural de-
scription of the orbits of F,, making it possible to construct better algorithms for
AUT-CONJ,. We will show that Whitehead’s algorithm always terminates in time
O(min(|ul, |v])?). This will bring the upper-bound complezity of best known algorithm
for AUT-CONJ, in line with the upper-bound complezity of the best known algorithm
for CONJ,.

1.1 Whitehead’s Graph

It is well-known [13, pp. 31] that the automorphism group of F, is generated by the
set of elementary Whitehead automorphisms, which we will denote as W,,. At the
end of this section, we will present the Whitehead automorphisms W5 which generate

Aut(Fy). First, let us see how they will be used.

Definition 1.3. The Whitehead Graph of F,, is the labelled directed graph

Fn = (Fna En)
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where (u,v) € E, if there is some ¢ € W, satisfying ¢(u) = v. The directed edges of

T, are equipped with a labelling L,, : E, — 2% which satisfies ¢ € L,(u,v) & du = v.

Since the automorphisms W, generate all of Aut(F,) [27, 28], it follows that two
vertices ui, uo are connected by a path in I', if and only if they are conjugate via an
automorphism of F;,. This is proved formally in the next proposition, which serves

the starting point of this work.

Proposition 1.4. AUT-CONUJ, (u;, ug) is equivalent to determining whether v, and

ug lie in the same connected component of Whitehead’s Graph T,.

Proof. If u; and u, are automorphic conjugates, then there exists some ¢ in Aut(Fy,)

such that ¢(u,) = us. Since W, generates Aut(F,), we can find ¢4, ..., ¢ in Wy,:
Vgt =5, 6
It follows from the definition of I, that the sequence of vertices
uy, Y1(u1), Vot (wa), -y Vi Pt (wa)
defines a path connecting u; to us in I',. Conversely, suppose that
Uy =V, U2y vnny Uptl = Ug

are a sequence of vertices which determine a path connecting u; to us in I'y. Take 9

to be any label on the edge from v; to v;4;, and consider the composite automorphism
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¢ =y -+ -1 Since @(uy) = uy, it follows that u; and u; are automorphic conjugates

in F,. O

The previous proposition suggests that a good understanding of the structure of
', might be used to devise efficient algorithms for testing automorphic conjugacy in
F,. This is precisely what we aim to accomplish in the subsequent chapters, for the

special case when n = 2.

Notation 1.5. Since hereafter we shall be considering Fy and Aut(F3) almost to the

ezclusion of free groups of rank n > 2, we adopt the following simplifying notation:

L'=Ty, W=W,.

We will now describe the automorphisms W precisely. In this exposition, we
partition W into three subsets: the 8 length-preserving automorphisms II, the 8

basic shifts ¥, and the 4 conjugations ©.

An automorphism ¢ in Aut(F3) is called a length-preserving or permutation
automorphism if |u| = |¢(u)| for all u in Fy. It is easy to see that there are 8 length-
preserving automorphisms, which together form an 8 element subgroup of Aut(F3) of
isomorphism type Dy. For convenience, we shall take the following 3 automorphisms

as a (non-minimal) set of generators for this subgroup:

a — A a — a a — b
g Ty T
b —» b b — B b — a

For z € X U X!, we shall hereafter abbreviate #(z) as .
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We denote the 8 element group generated by {m,, 7, 7} as

I= {17 Mg, T, 7’%, TaTh, Waﬁy 7Tb'/:r, 7-‘-a.ﬂ'b’ﬁ}-

One can verify that
(mpfr,mp | (mp7)* = (mp)? = (mp - mpt)? = 1)

is a presentation of II. Notice that this presentation has the form of the standard
2-generator 3-relator presentation of the dihedral group Dy, and hence IT = D,;. We

remark, however, that {7,, 7,7} is not a minimal generating set for II, since

Tg = Tp-

The 8 basic shift automorphisms in ¥ are obtained by taking the following

two automorphisms for each z € X¢, where ¢ = £1:

z — it z = 2z
Y z"/J
I = I T = I

The following informal statement may assist the reader in keeping track of the

subscript notation for basic shifts:

“. extends z on the right by 2%, for each z € X?¢, § = £1.
g

:¥ extends z on the left by &%, for each z € X%, § = +1.”

For completeness, the basic shifts are listed explicitly on the subsequent page.
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Remark 1.6. It is easy to

for each v € X*L.

¥

b

AY

BY

\

a

b

I

|__)

—

check from these definitions that

(wz)—_l =r r‘lzr/"

ba

ab

aB

bA

The following informal statement may assist the reader in keeping track of the

subscript notation for inverses of basic shifts in Aut(F3)

“To invert a basic shift, flip the position and the

sign of the subscript.”

The conjugation automorphisms © are obtained by considering the following

automorphism for each z € X°, where § = +1:

r = Z

z — z7l'iz

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Clearly, the conjugation automorphisms © can be obtained by composing appro-
priate elements . Nevertheless, the maps in © are typically included explicitly in
the set of Whitehead automorphisms, because this was needed in the proof of the

so-called Peak Reduction Lemma [27, 28] in which they were first introduced.

Example 1.7. As a concrete ezample then, in Whitehead’s graph, the elements
a,ab,a?,b"*a%b are represented by four distinct vertices, since these are four distinct
elements of Fy. The pairs of elements (a,ab), (a%,b*ab) are connected by directed
edges, labelled by ¥, and 8, respectively. These edges are present precisely because
¥o(a) = ab and 6,(a®) = b~'ab. Figure 1.1 shows the corresponding part of White-

head’s graph.

Figure 1.1: A small part of Whitehead’s graph.

Observation 1.8. We have noted thatr, = 7 implies that W is a non-minimal gen-
erating set for Aut(Fy). Using a smaller generating set reduces the number of edges
in the resulting graph without changing the fundamental equivalence of the problems
of automorphic conjugacy and determining whether two vertices lie in the same con-

nected component of I' (see Proposition 1.4, pp. 5).

As an application of the previous observation, we might restrict our considera-

tion to the smaller (yet still non-minimal) generating set (II U ¥) C W. Then, since
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the conjugation automorphisms © can be obtained by composing appropriate ele-
ments from ¥, excluding ©-edges will not alter the partitioning of I" into connected

components.

1.2 Symmetries in Whitehead’s Graph

To simplify the task of describing the structure of I, we begin by noting certain “ob-
vious” combinatorial symmetries in the graph’s structure. These symmetries will be
described in terms of equivalence relations on the vertices and edges of I'. Rather than
exploring the structure of I', we shall consider the terser objects obtained by taking
quotients of I modulo these equivalence relations. The quotients so constructed will
respect vertex connectivity in I', which is to say that two vertices will be connected
in I' if and only if they are connected in the quotient. We will argue that these quo-
tient objects, in some sense, capture the essential difficulty with respect to testing
automorphic conjugacy. Once the structure of these quotients has been described, we

will “pull back” the information to vield conclusions about the structure of I itself.

In the two subsections that follow, we will consider two symmetries, which give

rise to conjugacy and permutation equivalence relations, respectively.

1.2.1 Conjugacy Equivalence

As noted in the paragraphs following Definition 1.2 (pp. 3), it is easy to test whether
two elements of F, are conjugates (in the ordinary sense). This suggests that we

somehow “elirninate” ordinary conjugacy from I'. Let us do this now, formally.
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Definition 1.9. The conjugacy equivalence relation J on F; is defined by mak-
ingg~gg iff g¥ =g for somew in Fy. Clearly J is an equivalence relation since
(i) g' = g, and (i) g* = ¢’ implies (g’)w*1 =g, and (i) g** = ¢', (') = ¢" implies
g2 = ¢". We denote the equivalence classes in Fy modulo J as E = /T, and

the elements of Fy are referred to as conjugacy classes of Fy.

Notation 1.10. For any concrete element in Fy (e.g. abbAB) we will denote its con-
jugacy class by enclosing the element in [,] (e.g. [abbAB]). For a variable representing
an element of Fy (e.g. g) we denote its conjugacy class by a~ symbol (e.g. §). For a
conjugacy class § € Fy» we define |g| to be the length of g after cyclic free reduction.
We shall often consider an element § € F to be a cycle graph O; of length ||, whose

edges are labelled clockwise by successive letters in the cyclically reduced from of g.

Remark 1.11. In this work, we adhere to several conventions regarding depictions
of cyclic words as cycle graphs (see Figure 1.2).  First, there is no distinguished
vertez in the cycle graph-that is to say that one can read the cyclic word off from
the cycle graph by beginning at any vertez. Second, the graphs have a distinguished
orientation; we will assume that diagrams of cyclic words will always be read clockwise.
Clearly, a directed edge labelled by x presents the same information as the reverse edge
labelled by z~* (where z is in {a,b, A, B}). Our final notational convention seeks to
circumvent this ambiguity: edges are never labelled by negated generators {A, B}).
When reading the cyclic word off from the cycle graph, it is implicitly essumed that
the reader will invert the labels of all edges that are traversed in the direction opposite

to their depicted orientation.
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Example 1.12. For ezample, aBBa and BaaB are related via J, since they are con-
jugate aBBa*® = BaaB. Similarly, aBBa and AbaBBaBa are related via J, since
they are conjugate aBBa?* = AbaBBaBa. The words aBBa, BaaB and AbaBBaBa

are all represented by the same cyclically reduced word, which is depicted as in Fig-

ure 1.2.

Figure 1.2: The cycle graph representing the conjugacy class of the words aBBa,
BaaB and AbaBBaBa.

Notation 1.13. Given an element w in F = F(X) and an automorphism ¢ : F — F,
we define ¢(w) to be the freely reduced form of the image of w under ¢. We define
@d[w] to be the unreduced word obtained by replacing every occurrence of z in w with

o(z), where T € X*. Figure 1.8 presents an illustration of this notation.

graphical replacement

—
v, a ab

b—>b

war\;' aB a_b blbl

free reduction

Vv o—tee— e—e<_@

Figure 1.3: ¢,(aaBB) versus ¢,[aaBB].
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Observation 1.14. Given an automorphism ¢ of F = F(X) and two elements u,
v in F that are conjugate via w. Then u¥ = v implies that ¢(u”) = ¢(v), i.e. that
o(u)?™) = @(v), which is to say that é(v) and ¢(v) are conjugate via ¢(w). In short,

every automorphism ¢ induces well-defined map of conjugacy classes ¢ : F — F.

Notation 1.15. Analogously, given a conjugacy class W in F' and map of conjugacy
classes ¢, we denote (D( ) to be the cyclically reduced form of the image of W under
6. We denote c?)[’cb-[ to be the cyclic word obtained after replacing every occurrence of
T i w with qﬁ(m) but prior to performing free/cyclic reduction. Figure 1./ presents

an illustration of this notation.

graphical replacement

-~ a—>ab

v cyclic free reduction
a

b—‘>b

Figure 1.4: ¢,([aaBB]) versus ¢,[[aaBB]].
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The following sets of maps of conjugacy classes will be of central importance in

what follows:

Definition 1.16. Let the set of permutation maps be defined as

=
il
—~
M
=
m
=
—~—

and take the set of basic shift maps as

U={¢|ved}

Definition 1.17. The permutation equivalence relation ~p on F; is defined so
that for any two elements u,v € Fy, u ~q v holds precisely when there is some 7 € 11
for which mu = v. The fact that this gives an equivalence relation is obvious, since
the permutation automorphisms include the identity and are closed under composition

and tnversion.

Definition 1.18. The shift relation ~y is defined so that for u,v € Fy, u ~y v
holds precisely when there is some ¢ € ¥ for which Yvu = v. The shift relation is not

an equivalence relation, since in general, the composition of two basic shifts is not a

basic shift.

Since the elements of II and ¥ are automorphisms, Observation 1.14 (pp. 13)
applies, and the corresponding relations ~y and ~y factor through the relation J
(See Definition 1.9) in the obvious way to give the equivalence relation ~p and relation

~y On Fg.
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Specifically, we obtain:

Definition 1.19. The permutation equivalence relation =~y on F, is defined so
that for any two elements u,v € Fy, u =y v holds precisely when there is some & € I

for which tu = v.

Definition 1.20. The shift relation =~y on F s defined so that for u,v € 2y

u ~y v holds precisely when there is some 1 € U for which Yu = v.

Remark 1.21. Since automorphisms ;1 and ¢, differ only by a conjugation, it is

straightforward to verify that for everyz € X UX ™!,
I"«;i E[-"2 ~:ic)
are identical maps of conjugacy classes.

It follows from Remark 1.21 (pp. 15) that U = {1/30,1,56, Va, VB, o, 40, 4, 31/;}

has only 4 distinct members (while in contrast, || = 8). For concreteness, we take
U={d|zeXUXT}, (1.1)

and to avoid confusion, in what follows we will never use the names ;% (i.e. left
subscripts) to identify the elements of 0. Combining the above equality with Re-
mark 1.6 (pp. 8), we see that

Ut o= v])i

2 z~!

foralli€ Z and z in X UX L.
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The following informal statement may assist the reader in keeping track of the

subscript notation for inverses of basic shifts maps.

“To invert a basic shift map, invert the subscript.”

In subsequent sections, we shall investigate the structure of Whitehead’s Graph

I' modulo 7, which we name in the next definition:

Definition 1.22. The Automorphism Graph

Q.Z(Fr;, %nU%ql)

is the combinatorial object whose vertices are conjugacy classes of Fy, where every
pair of vertices u,v € F» is connected by a directed edge if and only if v and v are

related by =q or =y. The directed edges of Q1 are equipped by a labelling
{: FQ X Fg — 2f1u\f/
which satisfies ¢ € £(u,v) & ou = v.

The Automorphism Graph 2 is simply I'/7, i.e. the graph obtained by taking
I' and identifying all vertices that are related by the conjugacy equivalence relation
on Fy (See Definition 1.9). Moreover, observe that if u,v € Fy and u ~ 7 v, then for
any ¢ € Aut(Fy), é(u) ~7 @(v). This is simply because Inn(Fy) 1 Aut(F,). In the
case where ¢ € (® U V) this means that we (i) identify vertices u and v (ii) identify

vertices ¢(u) and ¢(v), and (iii) the edges (u, d(u)) with (v, #(v)) — both of which
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are labelled by ¢. In the quotient graph (2, the vertex uJ = v.J is connected to the

vertex ¢(u)J = ¢(v).J by an edge labelled with the map of conjugacy classes ¢.

Since every conjugation is an automorphism, it follows from Proposition 1.4 (pp. 5)
that 4 and v are in the same connected component of I' if and only if vJ and vJ
are in the same connected component of @ = I'/J. We shall hereafter focus on

elucidating the structure of Q.

Remark 1.23. In this work, we adhere to several conventions regarding depictions
of the automorphism graph Q (see Figure 1.5). First, vertices of Q are always la-
belled by (an arbitrary) minimal-length representative of the corresponding conjugacy
class. A directed edge labelled by U, presents the same information as the reverse
edge labelled by P -1 (where = s in {a,b, A, B} ). Our second convention secks to cir-
cumuent this ambiguity: edges are never labelled by v, when z is a negated generator
(i.e. A or B). When reading a composite automorphism (along some path in Q) it is
implicitly assumed that the reader will invert the automorphisms along any edges that
are traversed in the direction opposite to their depicted orientation. Finally, in light
of equation (1.1), there is a natural bijection between U and X U X~1. For brevity,
whenever an edge e is assigned a label £(e) = 1, € U for some z € X UX ™1, we shall

simply label e by the letter x in any figure in which it appears.

Figure 1.5: A small part of the automorphism graph 2.
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Example 1.24. As a concrete example then, in the automorphism graph 2, the
conjugacy classes of a,ab,a?, A2 are represented by four distinct vertices. The pairs
of elements (a,ab) and (a®, A?) are connected by directed edges, labelled by a and
#.. These edges are present precisely because Uo([a]) = [ab] and 7,([a?)) = [47.

Figure 1.5 shows the corresponding region of the Automorphism Graph ).

1.2.2  Permutation Equivalence

We will also consider the quotient graph

O = (Fy/~n, =)

which is obtained by collapsing all vertices in {2 that are related by ~y, and identifying

any resulting parallel edges.

Since every permutation automorphism is in fact an automorphism, it follows from
Proposition 1.4 (pp. 5) that v and v are in the same connected component of € if
and only if uxy and vy are in the same connected component of O* = Q/~p. In

what follows we will consider the structure of 2* as well as Q.
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1.3 Shelling Orbits in {2 and Q*

Definition 1.25. For each conjugacy class u in Fy, let Orb(u) denote the orbit of

u under the action of v where ¥ € Aut(Fy):
Orb(u) = {B(w) | ¥ € Aut(Fy)}.
Clearly, Fy is partitioned into such orbits. We denote by Orb*(u) the image of Orb(u)

under the projection map induced by ~q.

Definition 1.26. Given a conjugacy class u in Fy we define the set of its minimal

representatives as

Min(u) = {w € Orb(u) | Vv € Orb(u), |w| < |v}.

Every linear order on X extends to a linear lexicographic order on F(X). Here we
will take B < A < a < b and shall denote the lezicogaphically smallest element of

Min(u) as a.

Definition 1.27. 4 conjugacy class u in Fy is called minimal (in its orbit) if u is

in Min(u).

Definition 1.28. Let u be a conjugacy class in Fy. The level section of u, denoted

A(u), is the set of elements in Orb(u) which have the same length as u:

A(u) = {v € Orb(w) | |v] = |ul, % € Aut(Fy)}.

The image of A(u) under the projection map induced by ~p is denoted as A*(u).
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Definition 1.29. For each n € N, we define the level n section of Q (resp. *)
to be the subgraph induced by vertices representing conjugacy classes of length n. We
denote this subgraph as §, (resp. Q). A subgraph G of Q is called a level subgraph

if G is a subgraph of 2, for some natural number n.

Definition 1.30. Let u be a conjugacy class in Fy. We denote the subgraph of Q
induced by vertices of A(u) as Q,. The level neighborhood of u, denoted B(u),
is the connected component of Q, which contains vertez u. The image of B(u) under

the projection map induced by ~q is denoted as B*(u).

Figure 1.6 (on the subsequent page) metaphorically depicts the relationship be-

tween u, and the sets B(u), A(u), Orb(u), Q,, when |u| = n.

Orb(u)
=
=
2
=y A(u)
3] u® B v®
£ lul=n (U) Ivi=n
fe =
e 2
© \/
oy
5
2
=
3 Q

Figure 1.6: How u, B(u), A(u), Min(u), Orb(u) and Q, lie inside the Automorphism
Graph Q.

While, in general, §2, need not be a connected graph, we have:

Theorem 1.31 (Whitehead). For any conjugacy class in u in Fy, if u is minimal

then A{u) = B(u).
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This is the content of Whitehead’s theorem [27, 28], and is perhaps most easily
understood in terms of the Diamond Property, given that the Whitehead automor-
phisms form a confluent rewriting system for automorphically conjugate elements of

a free group.

1.4 Overview of the Result

The main result of this thesis can be stated now:

Theorem 1.32 (Main Theorem). There are uniform constants C, N such that for

any u in Fy if [u| > N and |B(u)| > C, then |B(w)) is at most 8|u| — 40.

A more precise statement and proof of this theorem appears on page 180 of this
manuscript. When this theorem is combined with Theorem 1.31 (pp. 20), it follows

that if v is minimal, then

A(u)| is bounded by 8|u| — 40. This gives an affirmative

answers to the conjecture of Miasnikov and Shpilrain in [17].

We will see that the bound of the previous theorem is tight, in the sense that
for all integers n sufficiently large, there exists an element u, such that |B(u,)| is

precisely 8|u,| — 40.

In addition, along the way, we will obtain considerable information about the
combinatorial structure of the graphs induced by B(u) and Orb(u), for an arbitrary
conjugacy class u in F,. This information will be crucial to devising efficient algo-

rithms for testing automorphic conjugacy in Fj.
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1.4.1 OQwutline of the Approach

The proof of Theorem 1.32 is carried out in the following manner. We will begin by
characterizing particular graphs which cannot occur in ;. Once a sufficiently rich
collection of these graphs has been proven to be forbidden, they will act as struc-

tural obstructions to the growth of spanning trees inside any connected component

of €2.

We will then give a description of maximal trees which do not contain any of the
forbidden graphs. For n sufficiently large (bigger than some uniform constant N), it
will be shown that maximal legal trees which avoid the forbidden graphs must fall

into one of two categories:

(i) Trees that are chains having fewer than n — 5 vertices (with a very particular

simple and predictable edge label structure).

(ii) Trees that have a small number of vertices (fewer than some uniform constant

o).

We will conclude that any spanning tree of a connected component of (2} must be
a subtree of one of the afforementioned maximal trees. It follows that for an arbitrary
conjugacy class u in Fy, B(u) must have a spanning tree that is a subgraph of one
of the above maximal legal trees. Thus, corresponding to each of the above cases,
B(u) either has (i) very simple chain-like structure or (ii) is very small. Finally, we
will “pull back” the structural characterization of (2} to obtain information about §,,

and then ultimately, about T'.
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The remainder of this document is organized as follows: In Chapter 2, a general
combinatorial framework is established that is required to carry out proofs about
forbidden graphs in 2. Then in Chapter 3, this framework is employed to interpret
candidate subgraphs in the automorphism graph as combinatorial constraints on con-
jugacy classes of F,. Showing a subgraph is forbidden then amounts to sho;x'ing that
the corresponding system of combinatorial constraints is infeasible. In Chapter 4, al-
gorithmic issues are discussed and the analysis of Whitehead’s algorithm is tightened

using the results of the prior chapters.
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CHAPTER 2

COMBINATORIAL GROUNDWORK

As noted, our first goal is to characterize particular graphs that are forbidden in ;.

We begin by defining the universe of graphs which may or may not occur.

2.1 Hypothetical Subgraphs

Definition 2.1. 4 hypothetical subgraph (of Q) is a directed graph G (i) without
vertex labels, (ii) whose edges are labelled by subsets of TIU W, where (i) each vertez
of G has the property that every element of U appears in the label of at most one

of its incident outgoing edges.

Definition 2.2. We say that a hypothetical subgraph G of Q is realized (by a sub-
graph G' of Q) if there erists an directed graph isomorphism of 0 : G — G' which is
an edge-label embedding, i.e. for which {(e) C £(o(e)) for all e € E[G].

Definition 2.3. A hypothetical subgraph G of €1 is realized as a level subgraph

of Q if it is realized by by a subgraph G' of Q, for some n.

Example 2.4. Figure 2.1 shows a hypothetical graph G that is a chain of three vertices
connected by edges labelled ¢, (Note that in the illustration we follow the conventions

outlined in Remark 1.28, and label the edges simply by a). Then G is realized in Q.
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In particular, we show two (of the many) realizations of G: the one on the left is a

realization of G as a level subgraph, while the one on the right is not.

a
abaB @—>@ abba

conjugacy ¢lassds ofincrcaslingl ngth

a Q 4 a
aaBB
a
Q3 aaB @———@ 2b2
G realized as a level subgraphin  Q G realized as a (not level) subgraphin = Q

Figure 2.1: An example of how a hypothetical graph G might be realized in Q.

Definition 2.5. A hypothetical subgraph (of Q*) is a directed graph G* without

vertex labels whose edges are labelled by subsets of 0.

Definition 2.6. We say that a hypothetical subgraph G* of Q* is realized in Q* if

(i) G* is realized by some subgraph G' of Q, where additionally

(i1) no pair of vertices of G' are related by .

In this event, we say that G* is realized by the subgraph G'/ ~g of Q*.

Definition 2.7. A hypothetical subgraph G* of Q* is realized in a level subgraph

of Q* if it is realized by a subgraph G'/ =n of Q for some n.
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Example 2.8. Returning to Ezample 2.4, we see that although the conjugacy classes
caBB, abaB, abba realize G in €0, they do not realize G in Q*, since two of the
conjugacy classes are related by ~y. Specifically, since aaBB =y abba, this violates
condition (1) of Definition 2.6. Figure 2.2 shows that G is still realized as a level
subgraph of Q*, albeit in Q%g, by the conjugacy classes aaBBBB, abaBBB,, abbaBB.
It is a straightforward exercise to verify that no two of these conjugacy length 6 classes

is related by ~q1.

a

o—0

N

hypothetical graph G

a
abaBBB @————=@ abbaBB

*
:\. Q 6
aaBBBB

G realized as a level subgraphin Q"

conjugacy cIasst of incrcas’ing length

Figure 2.2: An example of how a hypothetical graph G might be realized as a level
subgraph of in Q*.

Remark 2.9. It follows immediately from the previous definitions that if G* is not
realized in Q, then G* is not realized in Q*. However, if G* is realized in §2, this
does not necessarily imply that G* is realized in Q*, as the former is a priori a weaker

condition. We will see an example of such a graph G* later in Proposition 3.9 (pp. 71).
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2.2 Combinatorial Equations

Given a hypothetical subgraph G (of Q), the assertion that “G is realized as a level
subgraph in €2, for some n” entails strong constraints on the conjugacy classes that

may appear as its vertices in any realization of G.

In what follows, corresponding to particular hypothetical subgraphs G (of Q) and
vertex w € V[G], we will derive a system of combinatorial constraints on O,,
which we will denote as Ag,. The constraints Ag, will be constructed so as to have

the following property:

If graph G' is any level subgraph of Q that is isomorphic
to G via a edge-label embedding o : G — G, then the

conjugacy class o(w) satisfies Ag .

Note 2.10. The system Ag. will not in general be a sufficient set of constraints-
that is, if a conjugacy class wy satisfies Ag, this will not imply that some level
neighborhood H of wgy in Q is isomorphic to G. Finding a necessary and sufficient
system of constraints might be too difficult in general; fortunately for our objectives it
is enough to find just a necessary set of constraints. Our strategy is then as follows:
show that A, is infeasible, and thus conclude that no level subgraph H of Q 1s

isomorphic to G, i.e. that G is not realized as a level subgraph of Q.

To give a formal definition of the combinatorial constraints which constitute Ag .,

we need to introduce the next two functions.
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Definition 2.11. The counting function

§ZF2XF2‘—)N

is defined so that §(g,w) is the number of distinct (possibly overlapping) subsegments
that are found to be labelled by g within the cycle graph Oy in a clockwise reading.’

For succinciness, we will frequently use the symmetrized counting function

®:FBxEFE-oN

whose values are defined by

Example 2.12. Let w be the conjugacy class of babAABBaaB, whose cycle graph is

shown in the figure below.

1The reader is advised that this is not the same as the number of cyclically reduced words w' € Fy
whose conjugacy class is @ and that begin with subword g. This is most easily seen in the case when
w is a proper power of a cyclically reduced word g.
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Let g = aa. Then

8(9,w) = ft(aa,[babAABBaaB)) =2, and

®(g,w) = @(aa,[babAABBaaB]) = 3.

This can be seen by considering the cycle graph in Figure 2.12 and noting that it
contains precisely two distinct occurrences of aa and one occurrence of AA. Note that
in computing £(g,w) and & (g, W), the cycle graph Oy is always constructed using the

cyclically reduced form of the word w.

Using § and (®, a system of combinatorial equations Ag, will be constructed
relative to a distinguished vertex w of G. Specifically, Ag,, will be a system of

equations in one variable w,

/\1(’UJ) =0
/\2(11)) =0
)\k(w) = 0
with each combinatorial equation Aj(w) (j = 1,..., k) having the form

Zlnj ' .ﬁ(giv ’I_U)

=0

where m; € N, n; € Z, g; € F; are constants depending on G. A solution of Ag,,

is a conjugacy class wy € Fy such that A;(wy) = 0 for every j =1,...,k.
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In the next chapter (Sections 3.2 and 3.4) we will construct Ag,, for very par-
ticular classes of graphs and show that these systems of combinatorial equations are
infeasible, hence proving that the corresponding graphs are not realized as level sub-
graphs of Q. First, however, we need to develop some combinatorial groundwork
describing the structure of conjugacy classes (viewed as cycle graphs), and‘quantify-
ing how the function ¢ behaves when composed with powers of a basic shift ¥, € 0.

The remainder of this chapter is devoted to these objectives.

2.3 Basic Properties of

We seek to quantify how # behaves when composed with powers of a basic shift
1, € 0. To start, we show that applying ¥, to a conjugacy class w cannot alter the
1

number of occurrences of z or z7! in w.

Lemma 2.13 (Stability Lemma). Forallw € F,z € XUX™!, e € {-1,+1} and

1 € Z,
1z, Piw) = #(z%w)

Proof. Base case when ¢ = 1: Starting with the cycle graph O, we apply Uy graphi-
cally (i.e. without performing cyclic free reduction), and refer to the resulting cycle
graph as z/:',(Ow). Clearly, when read clockwise, the number of edges that are la-
belled z* in ¥, (0,,) is the same as the number in O,, namely #(z*,w). Suppose,
towards contradiction, that #(z€, ¥,w) < (zf,w). Then in any cancellation diagram

that describes the transformation of 4,(O,,) into the cycle graph O;. ., there must be

some occurrence of z¢ and z~¢ which mutually cancel. We fix a cancellation diagram
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and use this to select the mutually cancelling occurrences of z¢, 7¢ that are closest
together in the graph ¥;(0,). It follows that 1, (O,) is a cycle graph labelled by a
word z¢ - u - 7€ - v where either u or v:

1

(i) Consists entirely of edges labelled by 2, £7°, and

(ii) Freely reduces to the trivial word.

Suppose u satisfies (i) and (ii). Then 1.(O,) contains z¢ - u - z™¢ as a subsegment
which freely reduces to 1, and the graphic pre-image of this segment is a subsegment
of O, whose length is at least 2 and yet freely reduces to 1. This contradicts the fact
that cycle graph O, was labelled by the cyclically reduced word w. The situation

when v satisfies (i) and (ii) is completely analogous.

Inductive step: Suppose f(z¢, 9 'w') = §(z,w') for all w' € F,. Then taking

w= 1,5;“111)’ and appealing to the previous argument, we conclude that
fz, Piw’) = #(a, 9,

where by inductive hypothesis, the right-hand side is §(z¢, w'). By induction on i, the

lemma is proved for ¢ 2> 0.

By Remark 1.6 (pp. 8), ¢7% = % _,, so applying the previous argument to Vet

the lemma is proved for ¢ < 0. O

Observation 2.14. Take the basic shift automorphism ¥, and let w be an arbitrary

conjugacy class in Fy. An occurrence of Y7 'a = aB might arise in ¥, (w) in one of two
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ways: to see this, consider a cancellation diagram that describes the transformation

of he(Oy) into the cycle graph Oj,w- Then aB can arise in Oy, because of either

1. an occurrence of aBB in Oy, or

2. an occurrence of aBA in O,. Note that aBA is stable under ¥, and so will

always gives rise to an occurrence of aB under v,.

In other words, Y7 'a arises in ¥y (w) either because of an occurrence of aBB = 7 %a

-1
a

-1

in w, or because of an occurrence of aBA = (¢¥;'a)a™! in w.

The prior observation is merely an illustration of the following general result:

Lemma 2.15. Let w in Fy be a conjugacy class, and v, a basic shift. Comparing the
structure of conjugacy classes w and @I(w) we find that every occurrence of Y7*z¢ in

Up(w) arises in one of two ways.

(k+1)

1. an occurrence of ¥z z€ in w, or

2. an occurrence of [(V7¥z)z7¢ in w.

Proof. Let € X%, § € {+1,—1}. Consider the case when ¢ = +1; then ¥ *z =

r27%. The subsequent argument is illustrated in Figure 2.3.

As described in Definitions 1.13 (pp. 12) and 1.15 (pp. 13), we denote the word
obtained by graphically applying %, to w without performing any reduction as v, [w].
In other words, ¥, [w] is the word obtained by replacing every occurrence of z in w

by z%. Denote the freely reduced form of ¥, [w] as v, (w).
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By hvpothesis, ¥, (w) contains z2~%. Fix any such occurrence as. Since ¥, (w)
was obtained from . [w] by free reduction, a, has a preimage a; in ¥, [w]. Since

¥, [w] was obtained by graphically applying ¢, to w, a; has a preimage ap in w.

By Lemma 2.13 (pp. 30), ag, a; and dg all begin with z. Since ¢, maps z — zi?,
it follows that 1, [w] must be z£°27%*+1), From this, we get that g = x 0 &), where
W, maps aj to a word beginning with £+ Tt follows that o is either £=9(+1)
or 2-%z-1. Hence ag is either z3-9*+1 or 22-% =1 The former is 5 " z¢, while
the latter is (v7*z)z~!. This proves the case when ¢ = +1. The case when ¢ = —1

is completely analogous, and can be carried out using the same figure reflected along

the vertical axis. 0
AKkd
- Ww —x—l> X 0.2
g ; .
'c 1 1 \\ \\
e ! ; . .
8 : 128 NS IV IR
Syl e , a

{graphigally)

rAg I\ks ¢
X X X '
W - ap
o
Akd
= Yw I-—x—i>‘\ X . L)
2 RN .
‘:’ ' [ AN N
3 ) X . N,
' 188 . 2k LN
e vX_ 11X ~ X x99 x
= oyiw] ; ; <+ o
. /! ./ P
v : g g v
(graphicdlly) /’ . /; -
vx S Xk Loxo a
w — <— 0
i

Figure 2.3: Ways in which ¢ *z may arise in ¥, (w).
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The previous lemma suggests the next three definitions:

Definition 2.16. For eachz € X UX™! e € {+1,—1}, and k € N, k > 1, the two

words

e = £1 are called Yx-stable words of weight k. Note that ¥;Sz ke = Sz e

The table below lists v,-stable words of weight k, forz € X UX ™!, e € {+1,-1}.

T lle=4+1e=-1

a | aB¥A | ab*A
b || bA*B | ba*B
Al AB*a | Ab*a
B | BA*» | Bafb

Definition 2.17. Given anyw € F>, z € X UX ™! and k € Z, define

i((YrFz)z~t w) + Bz (v k), w) ifk > 1

0 otherwise.

s(w,z,k) =

The quantity s(w,z,k) counts the total number of occurrences of ¥;*z and ¢ %z}
in Uy (w) that arise because of some -stable subword (of weight k) inside w. Note
that for a fized natural number k, the quantity s(w,z,k) is ezpressible as a finite

expression in terms of the function .
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The following derived expression will also be useful.

Definition 2.18. Given anyw € Fy, t € XU X! and i,j € Z define

i+j-1
s(w,z,1,5) = Es(w,x,k)

k=1

The quantity s(w, z,1,j) counts the total number of 1, -stable words of weight k, where
i < k <1i+ 7. Note that for a fized natural numbers i and j, the quantity s(w,z,1, j)

is expressible as a finite expression in terms of the function i.

The next lemma formalizes a combinatorial fact about basic shift automorphisms,
which will be used many times as the foundation for inductive arguments involving

the § function.

Lemma 2.19 (Exponent Transfer Lemma). For all w € Fp, z € X U X! and

.7 20,
@'z, vlw) = s(w.z,4,5) + Oz, w)
Proof. For each z € X?, ¢,6 € {+1,—1}, the definition of 1, € ¥ implies that
Woizt = (z379),

and that for all 7 > 0
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It follows from Lemma 2.15 (pp. 32) that every occurrence of (z#~%)¢ in 1iw corre-

sponds either to:

1. an occurrence of (zz(~*~9%)¢ in w, or

2. an occurrence of [(¢¥;*z)z~!]¢ in w, for some k =14,...,1+j — 1.

But (z£(~*79))¢ is the same as 17 "7z%, so the number of occurrences of type (1) is

Y W w).

e==1

On the other hand, the number of occurrences of type (2) is

which by definition equals s(w, z, 1, 7). The lemma is proved. d

Since we are interested in the interplay between the action of Aut(F) on F and
the length function on F, it is natural to ask about the “rate of change of length” of
a conjugacy class w, under powers of a basic shift ¥,. The last two lemmas of the

previous section can be used to determine a closed form expression for this quantity.

Lemma 2.20 (Rate of Change of Length Lemma). For every w € Bz €

XUX YL Y,ePandi>l,

l&;wl - lz.l‘i—lwl = @(.’E,'UJ) - 2[3('&],(1}, lyi - 1) + @(Zﬁ;lm,w)]
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Proof. Let w' = ¢i~lw. Then |[¢iw| — |95 w| = |¢b. (w')| = |w'|. Now for any w' € Fj

it is straightforward to verify that

l.w'| = $(2w) +EE, W)
+2[i(z,w') + §(z™, w')]
—2l(y ez, w') + E(vs s w')

W'l = #(z,w) + i v') +4(2,v') + §(E7, w').
So it follows that

Gl - [0l = b g ) + 1 g )

i ) (2.1)
28w e, Ui tw) + (e, P lw))

Since ¢ > 1, the Stability Lemma 2.13 (pp. 30) yields

ba 9l w) = (% w)

for e = &1, while the Rate of Change of Length Lemma 2.19 (pp. 35) yields

3 ar e w) = s(we Li— 1)+ ) #(4r s, w).

e==1 e==+1

Substituting into equation (2.1) above, the proof follows. U

In the case where 7 = 1, the previous proposition takes a particularly simple form:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

Corollary 2.21. Forallw € Fh andz € X U X!

ew] = u| = ®z,w) - 207 z,w)

Proof. By Lemma 2.20 (pp. 36), we know that for all w € £, Y, e ¥andi>1

Wiw| — [ vl = @(z,w) - 2As(w, 2, 1,1~ 1) + Wz, w)].

But when 7 =1, s{w,z,1,0) = 0, and so the corollary follows. O

2.4 Eliminating 1¢.-Stable Subwords

Notice that if ¢y = %, is a basic shift automorphism, then subwords of a conjugacy
class w that are 1,-stable do not influence whether |Yw| = jw|. On the other hand,
w,-stable words are being counted by the s term in the statement of the Rate of

Change of Length Lemma 2.20 (pp. 36):

Wiw| - [05 ] = @z,w) - 2[s(w,z,1,i - 1) + @Y7'z, w)).

Informally speaking, what we are about to do is eliminate the ,-stable words
from w (since they are not relevant to the question of whether |w| = |w|) and then
simplify the expression of the Rate of Change of Length Lemma 2.20 (pp. 36). Let

us proceed to do this now, formally.
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Definition 2.22. For each 1 € X U X ™, let us take
Z, Y {0 | k €N}

to be a new set of letters. Let Z = Z,UZ,UZ,UZg. Put F* def FoxF(Z) to be the
free product of F({a,b}) and F(Z).

To start, a close inspection of the table of 1,-stable words (pp. 34) reveals

Observation 2.23. For any fitedz € X U X!

(a) One ,-stable word ecannot be a proper subword of another Y -stable word.

(b) Two distinct v,-stable words cannot overlap inside w.

These two observations make the maps k; below well-defined.

Definition 2.24. For each z € X U X!, we define a map kg : Sppe — z; x » Where

Se ke 18 one of the Y, -stable words of weight k in Definition 2.16 (pp. 34).

Figure 2.4: How &k, acts on a conjugacy class w.
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The map «, replaces the two 1,-stable words of weight k& by new letters :fi (see
Figure 2.4). It follows that s, is a map from the conjugacy classes of F> to the
conjugacy classes of Fy * F(Z;) € F*. It will turn out that x; has several useful
properties which will make it beneficial to consider x,(w) in place of @ at various

points in our investigation of the structure of level neighborhoods in .

To express these properties formally, we shall first extend the § function in the
obvious way to all of F* x F*. As in Definition 2.11 (pp. 27), for any g € F*
and W € F*, we define #(g, @) to be the number of distinct (possibly overlapping)
subsegments that are found to be labelled by ¢ within the cycle graph Oy in a

clockwise reading.

Next, we extend s(w,,%,7) toallw € F*,z € X UX™1, 7,5 € N. The definition
of s(w,z,1,7) is as in Definition 2.18 (pp. 35) except that we use the extended §

function defined above.

Finally, we extend the basic shifts ¥, (pp. 7) to all of F* by making them act

identically on the free factor F|(Z).

Lemma 2.25. Foreachw € Fy, 1€ XUX !, andj €N

s(ke(W),z,1,5) = 0.

Proof. In k,(w), all 1,-stable subwords of weight & have been replaced by z7;. By def-
inition, s(kz(@), z,1, 7) is the sum of s(k.(w), z,k) for k = 1,..., . But s(x; (), z, k)
counts 1p;-stable subwords of k.(w) having weight k&, and so is 0. The lemma is

proved. a
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Lemma 2.26. Foreachw € F andz € XU X!

11‘/):19/{1‘(’&})' -

’{x(ﬁ))I = W’zwl—"‘bl

Proof. If u is a ¥,-stable word, then v, (u) = u. Moreover, u begins with z and ends

with z7!. Combining this with Lemma 2.13 (pp. 30), we see that 1,-stable subwords

in w remain unaffected by application of .. Similarly, because 1, was extended
£1

to act identically on the free factor F(Z) of F'*, all occurrences of 27 also remain

unaffected by application of ;.

Since k. replaced v,-stable words of weight k& by new letters zf’}c, it follows that
h.-stable subwords in 1 partition the cycle graph Oy in precisely the same way that
occurrences of z;; partition the cycle graph O,_(z). Since k; does not alter anything
other than v,-stable words. of , it follows that 1, k(W) is the same as k;¥,(w). The

assertion is proved. O

The next proposition is the “simplified” version of Lemma 2.20 (pp. 36), where

1,-stable words of weight & have been replaced by new free variables 2.

Proposition 2.27. Foreachw € F5,i € Nandz € X UX™!,

l /}rwl - lez—lﬂ)l = @(I) /{,z('lI])) - 2@(’&;11"7 K’m(w))

The reader may wish to compare it with the statement of Corollary 2.21 (pp. 37)

which asserted that: For allw € Fg endz e XUX™!

o] = lwl = @z w) - 20; z,w)
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Proof. (Proposition 2.27) By Lemma 2.26 (pp. 40)
[Brd] — ] = ()] = | k(@)
Applying Lemma 2.20 (pp. 36) to x.(w) we get
[U2k2(@)] = [0 2 (@) = @z, 5a(B)) = 2s(ka(B), 7, 1,8 = 1) + @ (95, 52 (1D))]
By Lemma 2.25 (pp. 40)

),z,1,i—1) = 0.

&

sk (

This completes the proof. O

Frequently, we will translate a hypothetical subgraph G (and a vertex w € VI[G))
into constraints on k,(w) for some z € X* (rather than constraints on w itself). In
other words, we shall be constructing systems of combinatorial equations Ag ,, with

the property that

If graph G' is any level subgraph of € that is
isomorphic to G via an edge-label embedding
o : G — G', then the conjugacy class x.(o(w))

3 z
satisfies AL .

Our strategy will remain the same: to show that A% , is infeasible, and hence conclude

that G is not realized as level subgraphs of (2.
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Observation 2.28. The following facts will be used later, and can be immediately
verified by inspecting the table of 1, stable subwords on pp. 84. For any fized z in
Xux-t:

(i) Every v,-stable word has length at least 3.
(11) A 1,-stable word and a ,-1-stable word can overlap in O or 1 letters.
(iii) A ,-stable word and a z-1-stable word can overlap in 0 or 2 letters.

(tv) A 1,-stable word and a vz-stable word can overlap in O or 2 letters.

2.5 z-Decompositions

To be able to carry out arguments about whether or not a conjugacy w in F class
can satisfy a given system of combinatorial equations, we will need some machinery
to describe the internal stucture of w, or more honestly, the structure of the cycle
graph O,. In this section, we introduce the z-decomposition of a conjugacy class

w € Fy, foreach z € X UX™L.

Definition 2.29. Given a conjugacy class w € Fy and a letter z € X U X! the
x-decomposition of w is a decomposition of the cycle graph O, in which all V-
stable words are distinguished. Each occurrence of a v,-stable word is referred to as
an x-blocker. More specifically, an occurrence of Sg i +1 @8 referred to as a positive
x-blocker of weight k and an occurrence of Sz x 1 is called a negative x-blocker
of weight k. The number of z-blockers in w is denoted N, = N, (w), and their

weights will be denoted bf(w),...,b% _;(w) respectively. Abusing the notation, we
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X—segments

x—blockers

\

bi
Figure 2.5: An z-decomposition of w.

will also refer to the ith blocker (considered as a subgraph of Oy) as bf. When z is
clearly understood from the context, we will omit the superscript x and simply refer
to the blockers and their weights as bo(w),...,bn,~1(w). We denote the number of

x-blockers in w having weight k, as Nf = Nf(w). So Ny(w) = 3", Nj(w), where
NEw) = @(zi*z7%,w), and

Mazimal sequences of edges in O, which lie entirely between two consecutive x-blockers
will be called x-segments. The z-segment between z-blocker i and z-blocker (i + 1)
mod N, will be referred to as the ith z-segment, and will be denoted s7. When z is
clearly understood from the context, we will omit the superscript x and simply refer
to the segments as so(w),. .., Sn,—1(w). Figure 2.5 illustrates an x-decomposition of
a conjugacy class w. Note that items (a) and (b) in Observation 2.23 (pp. 39) make

the notion of an x-decomposition well-defined.
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The proof of the following lemma is immediate, since every z-blocker contains

precisely one occurrence of 1,-:z¢ and precisely two occurrences of z¥.

Lemma 2.30 (k, Lemma).

Oz ) = Nolw) + D (Wemrz, a(w))
@(wi) = 2Nx(w)+®(xeﬂz(w))

Lemma 2.31 (Demarcator Structure Lemma). Given a conjugacy class w € B,
fir any z € X UX~Y. In an z-decomposition of w, consider two adjacent z-blockers
b, bir1 witnessed in some fized clockwise reading of the cycle graph O,,. Then, within

the intervening segment s;, ‘all occurrences of z*

must precede any occurrences of x.
Proof. Suppose the lemma is false, towards contradiction. Then in s; there is at least
one occurrence of £ which precedes some occurrence of z!. Consider the occurences
of z and ™! having this property that are closest together inside s;. Then these
delineate a z-blocker inside s;. But this contradicts the definition of b;4, as the next

blocker after b; in the z-decomposition of w. O

The previous Lemma 2.31 indicates that the structure of an z-segment must nec-

essarily be as shown below in Figure 2.6.

Figure 2.6: Demarcator between two z-blockers in the z-decomposition of w.
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This leads us to the next definition.

Definition 2.32. Fiz an z-decomposition of a conjugacy class w. Consider the last

! in s; and the first occurrence of x in s;. Then non-cancellation

occurence of z~
between these two letters implies that there must be at least one occurrence of T or
27! between them. The subsequence i% or (271)% between the last occurence of x7}
in s; and the first occurrence of x in s; is called the ith x-demarcator and is said

to have weight d;. Abusing the notation, we will also refer to the ith xz-demarcator

(considered as a subgraph of O, ) as d;.

x—demarcators

x—segmems /

x—blockers

Figure 2.7: Demarcators between blockers in an z-decomposition of w.

The previous definition immediately provides the following useful lemmas:

Lemma 2.33 (Plus-1 Lemma). Given a conjugacy class w € Fy, and fized © in

XuX-

®@w) > TEMG+d) > max(TEVEF+1), DEVE@ +1)
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Proof. If Nz(w) is O the statement is trivial. Otherwise, between every consecutive

pair of £-blockers b% and b%,, the intervening Z-segment s? contains an Z-demarcator

of length d?. Since b%,d% > 1, the lemma follows. O

1

Lemma 2.34 (Demarcator Lemma). Given a conjugacy class w € Fs, and fized

zeXUX,
®(z,w) = Tk +1)NE(w)

Proof. By Lemma 2.33 (pp. 46), ®(z,w) > vafl(w)(bi +1). Regrouping this summa-
tion according to blocker weight & yields the summation Y2 (k + 1)NE(w). Since
all blockers have weight at most |w| — 3, the summation has finite support bounded

by k < |w| - 3. O

For each positive kg € N, we have

Lemma 2.35 (Tail Lemma at k). Given a conjugacy class w € F,, and fized

re XUXT
®(z,w) > ko® (@3 w) + 527 (k + 1)NE(w)

Proof. We associate with each occurrence of z¥ in w the maximal segment of the form

+

r** in which it lies. If we consider just occurrences of ¥ which lie inside Z-blockers of

weight k£ < kg and the corresponding Z-demarcators, then by the Demarcator Lemma

2.34 (pp. 47) we have that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

This counting however, does not consider occurrences of z* which lie inside max-

imal segments of the form xE* for k > ky. Of these, consider occurrences of z which

1 k

lie inside z¥£~! and occurrences of z~! which lie inside Zz7*. Since k > kg, 2z7% and

zF2~! cannot overlap with an Z-blocker of weight k£ < k;. By Lemma 2.31 (pp. 45),

k

Zz~*% and zFz™! k

cannot overlap with any Z-demarcators. Each occurrence of Tz~
and z*Z~! thus contributes at least ky occurrences of 2% that were not counted in

expression (2.2). This completes the proof. O

Lemma 2.36 (Subword Lemma). Given a conjugacy class w € F», and fized words

g, hin Fy. If g is a graphic subword of h then
®lgw) > Ohw)

Proof. Every occurrence of h* contains an occurrence of g=. O

Lemma 2.37 (Squeeze Lemma). Given a conjugacy class w € F,, and fized words

g,h in Fy. If g is a graphic subword of h satisfying

k

®hw) > @lgw)+ Y ®fiw)

i=1

for some elements f1,..., fx in Fy, then

@(fuw) = 0

fori=1,...,k.
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Proof. By hypothesis, ®(h,w) = ®(g,w). So by the Subword Lemma 2.36 (pp. 48),
®(h,w) = ®(g,w). Since @(fi,w) = 0 for i = 1,...,k, it follows that @ (f;,w)

must all be identically 0. O

The next two definitions are required in order to be able to express further in-

equalities satisfied by (@).

Definition 2.38. Given two words g. h in F5 we say that g and h overlap if

e There is a word f in Fy, with |f| < |g|+|h|, such that both h and g are subwords
of f.

We say that g and h overlap properly if, in addition

e g is not a subword of h, and
e h is not a subword of g,

Definition 2.39. Given a fized word g in F; and z € X U X™}, we say that g is

x-blocker-immune if neither g nor g~}

can properly overlap with an x-blocker. The
word g is called x-demarcator-immune if neither g nor g=* can properly overlap
with an x-demarcator. Finally, the word g is called self-immune if both g and j‘l

both cannot properly overlap with both g and g~*.

Lemma 2.40 (Immunity Lemma). Given o conjugacy class w € Fy, z € XUX ™,
and a fized word g in Fy that is self-immune and T-demarcator-immune. Then
jw|-3

@@,w) = Y (k+1)Niw)+[®(z,9) ®(g, ke(w))].

k=1
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Proof. The number of occurrences of z¥ which occur either inside an Z-blocker or
inside an Z-demarcator is Y17 (k + 1)N(w). Of the remaining occurrences of z*,
some number occur inside words of the form g=. The total number of occurrences
of g in w is ®(g,w), but of these we consider only a subset, namely the @ (g, kK:w)
occurrences which do not overlap with any Z-blockers. Since ¢ is Z-demarcator-
immune, no occurences of g from this subset can overlap with any Z-demarcator.
We have shown that there are (g, xzw) occurrences of g which do not overlap
with a Z-blocker or Z-demarcator. Since g is self-immune, each occurrence of g*
contributes (®(z, g) distinct occurrences of =. This introduces an additional @) (z, g)-
® (g, ks (w)) ocurrences of z*, yielding the expression in the statement of the lemma.

O

Lemma 2.41. Given any conjugacy class w € F», and z € X U X,

@iz, w) = Ny(w)

Proof. Fix any z-demarcator d;. Now consider the following two boundaries:

1

i. the boundary of d; with the last occurence of z7* in s; (or the boundary of d;

with b;4, if there are no occurences of 7! in ;).

ii. the boundary of d; with the first occurrence of z in s; (or the boundary of d;

with b; if there are no occurences of z in s;).

Then either [i] or [ii] must lie inside a word ¢, z¢. 0
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The truncation and extension functions introduced next will permit us to express

more inequalities satisfied by (®).

Definition 2.42. The truncation functions t,t, : F» — {a,b, 4, B} as follows:

ti(w) = the first symbol in w,

t.(w) = the last symbol in w.

where w 1s assumed to be written in freely reduced form.

Definition 2.43. The extension functions e, e, : F; — (F3)? are defined as:

e(v) = {cow|ce XUX\{t(w)}},

er(w) = {woc|ce XUX\{t,(w)?}},

where, for concreteness, the sets are ordered lezicographically.

Lemma 2.44 (Extension Lemma). Given a conjugacy classw € Fy, z € XUX ™!,

and a fized word g in Fy for which |w| > |g|,

ﬁ(g,w) = Zpee,(g)ﬁ(paw) = quel(g) ﬁ(q3w)

Proof. Since |w| > |g|, any occurrence of g in w occurs as a proper prefix of some

word in e.(g) and as a suffix of some word in ¢;(g). The lemma is proved. O
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Lemma 2.45 (Symmetry Lemma). Given a conjugacy classw € F, € XUX 1.

Suppose that every occurrence of = occurs inside an z-blocker. Then

i. Every occurrence of z% occurs inside an z~'-blocker.

i. Every occurrence of 2% occurs inside an z-blocker or an z-demarcator.

Proof. If every occurrence of ¥ occurs inside an z-blocker, then w is of the form
w = (zzbz~hHz% .. (zgbiz g% . (23t g0

So every occurrence of £¥ occurs inside an z-blocker or an z-demarcator. Moreover,

we can rearrange the parenthesization to emphasize that
w = (z7'3%x) .- z7g%g)g% (g7 %) - - g0 (27 8% )3

which shows that in the z~'-decomposition for w, every occurrence of z* occurs inside

an x~!-blocker. O

2.6 Asymptotic Behavior of Basic Shifts

The next proposition can be interpreted as stating that for any basic shift ¢, and
conjugacy class w, the length of ¥w (as a function of ) has, in some sense, a first

derivative which is non-decreasing:
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Proposition 2.46 (Non-Decreasing First Derivative). For all w € Evyed,

andi 237 >0

] = [ ] > [Pw] - [ wl

Proof. Suppose ¥ = 1, for some z € X UX~!. By Lemma 2.20 (pp. 36)

[iw] = [ w| = o, w) + i w)
~ ~ =2s(w,z, 1,0 = 1)+ > g f(¥5a, w)] 23)
[Wiw| - Wi w| = #(z,w)+ iz w)

Now by hypothesis j < 4. Then, since ¥;7z¢ is a subword of ¥ z¢ (for € = +1),
HWr'afw) < (YT w)

Consider the set of 1,-stable subwords of w having weight k, 1 < k£ < j—1. It follows
from Definition 2.18 (pp. 35) that this is a subset of the set of v,-stable subwords of

w having weight &', 1 < k' <1 — 1. It follows immediately that
s(w,z,1,i-1) > s(w,z,1,j—1).
It is straightforward to verify that > __., #(¥;7z¢, w) — #(¢;"z¢, w) equals

L b, (W7k0)zY) + Hw, o(vrFe )+

(2.4)
$w, (Y7Fz)z) + §(w, 271 (Y7 Fz™)).
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Using Definition 2.18 (pp. 35) we compute s(w,z,1,i— 1) — s(w,z,1,j — 1) to be
Y tw, @ e)z ™) + fw, z(¥5 ), (2.5)
It follows immediately from expressions (2.4) and (2.5) above that

Zﬁ ]33 w —ﬁ(i/)_z ‘ ) 2 S('H),.’L‘,l,i"‘1)—3(w,x71>j—1)'

e=z1

Finally, combining this inequality with expression (2.3), the proposition follows. [

Having shown that |¢/'w]| is a function with a non-decreasing first derivative, we
would like next to show that for ¢ sufficiently small this derivative is non-positive,
while for i sufficiently large, it is non-negative—this would permit us to conclude that

|*w| has a unique minimum value. Towards this end, we introduce

Definition 2.47. For each x € X U X ™1, define p; : Fy = 2N 50 that

pr(w) = {i20[4(¥7 'z, w) + {7z w) + s(w,z,i - 1) # 0}

for each w € Fy. Since |47 x| = i+ 1 and all 1,-stable words having weight i — 1 are
of length i + 1, it follows that p.(w) C {0,1,...,|w| - 1}.

The next lemma implies that the derivative of |1Z’iw] has a zero, and hence that

|v'w]| attains a unique minimum value.
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Lemma 2.48 (Asymptote Lemma). For all w € Fo, and z € X UX™Y, there

ezists a constant ¢ = cg(w) no greater than |w|, such that for alli € Z

[pz(w) =0 Vv i>maxp(w)] = l?z);w[ - 7i—1w| =c

T

[po-1(w) =0 Vv j<-maxp1(w)] = [$I7w| - |[Ylw| = —c

Proof. For w = 1, the lemma is trivially true, with ¢ = 0. So assume |w| > 1. We

begin by proving the first implication. By Lemma 2.20 (pp. 36),

Giw| — [ w| = Hz,w) + Hz7w)

—2s(w,z,1,i— 1)+ Y f(u;'st, w)).

e==x1

When i > max p,(w), the definition of p, implies that #(tz*!, w) = 0, and hence
lWiw| - [¢5 w| = t(z, w) + §(z 7 w) — 2s(w, 2, 1,i = 1) = e (w). (2.6)

Now, by definition

i-1
s(wyz,1,1—=1) =) s(w,z,k)
1

x
1l

and since 7 > max p,(w), it follows from the definition of p, that s(w,z,k) = 0 for

all £ > max p,(w). Thus

max pz (w) lw|-1
s(w,z,1,i—1) = Z s(w,z,k) = Z s(w,z, k)
k=1 k=1

We have shown that if ¢ > max p,(w), then in fact ¢;(w) as defined in (2.6) above,

depends only on w and is independent of i. This proves the first implication.
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To prove the second implication, we apply the previous argument to Ye-1, and

conclude that if j' > max p.-1(w) then ﬁ(wz_f;x‘,w) = 0, and hence

-1 u

107 w| = |97 5w =tz w) + iz, w) — 25(w, 7, 1,5 = 1) = ez (w).

By an analogous argument to the one above one sees that s(w,z,1,j' — 1) is inde-

pendent of 5/, provided j' > max p,-1(w). By Remark 1.6 (pp. 1.6), z/]il_l =7, s0

substituting j = —j', we conclude that when j < — max p;-1(w),
93 w] ~ [dw| = -z (w)
which proves the second implication of the lemma. U

The previous lemmas show that derivative of |i):w| is non-decreasing, and its value
becomes a non-positive constant for 7 sufficiently small and a non-negative constant
for i sufficiently large; hence |1)iw| has a unique minimum value. These conclusions
are summarized visually by Figure (2.8), and were already reported, in some form,

by Whitehead in [27, 28]. We now continue the analysis further.

“paw) ! RW) i

Figure 2.8: How |¢lw]| changes with 1.
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CHAPTER 3

THE STRUCTURE WITHIN LEVELS

In subsequent sections of this chapter, we will investigate the structure of level neigh-
borhoods B(u) (resp. B*(u)) in € (resp. Q2*). Most of our results will be built from
Lemma 2.20 (pp. 36) and Proposition 2.46 (pp. 53). We will describe the combina-
torial conditions on a conjugacy class @ under are necessary in order for || = ||

for special classes of automorphisms ).

3.1 Level z¥-Chains

In the previous chapter’s Lemma 2.48 (pp. 55), we showed that [¢*w| attains a unique
minimum value as i is varied. However, this minimum value need not be attained at a
unique value of i; rather, the minimum value may be achieved over a long contiguous

segment of integer values. This leads us to

Definition 3.1. For eachz € X UX ™1, k € N, If a conjugacy class w € Fy satisfies

Vi,j € {0,1,...,k} distinct, Yiw # Plw

Vi€ {0,1,...,k}, [diw|=|w]|

Then w is called a level x*-chain. The set of all z*-chains in Fy as Cye.
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A level z*-chain is thus a conjugacy class which lies at the start of a (non self-
intersecting) path of length k in the graph 2, whose vertices are distinct conjugacy
classes that are all of the same length, and that can be traversed by k applications of

¥, (see Figure 3.1).

increasing length
T
.
L ]
L]
O
=

Figure 3.1: A level z*-chain, w

Example 3.2. Recalling Ezample 2.4 (pp. 2{), we note that the conjugacy class
w = [aaBB] is a level a*-chain, since ¥,(w) = abaB and ¥?(w) = abba are all of

length 4 and are distinct conjugacy classes.

Note that the previous definition does not preclude the possibility that a level
z*-chain may pass through distinct elements of F, that are related by permutation
maps. Thus while a level z*-chain is guaranteed to not self-intersect in the graph Q,

it may induce a self-intersecting trail in quotient 2*. This leads us to

Definition 3.3. A level z*-chain w is called simple if it additionally satisfies
Vi, j € {0,...,k} distinct, iw stp Plw

We denote the set of all simple z*-chains in F» as Sy C Cyk.
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A simple level z*-chain is thus an z*-chain which remains non-self intersecting

when it is projected into Q* via =y (see Figure 3.2).

w

[ /s
oo o es —oJ [ e 1, ]

~ vV v /v v
v/ ' rVARR *
L 3 [

( e i - u//‘}s...- By

a

increating length

inctcasing length

Figure 3.2: Two level z*-chains: w is simple, while u is not.

Example 3.4. Recalling Ezample 2.8 (pp. 26), we note that the conjugacy class
w = [0aBB] is not a level simple a®-chain, since P2(w) = abba is permutation-
equivalent to the conjugacy class w. However, w, = [aaBBBB] is a level simple
a2-chain, since Yo(w,) = abaBBB and ¥2(w;) = abbaBB are all of length 6 and are

distinct conjugacy classes, no two of which are related by a permutation map.

3.2 Large-scale Obstructions

In this section we begin by describing a system of combinatorial equations which
captures the constraints on the internal structure of conjugacy classes that are level

z¥-chains—recall that we view a conjugacy class w in terms of the corresponding

cycle graph O,,.
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Lemma 3.5. Given anyw € Fy, z€ XUX™}, v, € ¥, and k € N,

weln & 1O kw) =
® (W7 'z, ko (w)) =
®(¢;k$75z(w))

Proof. By Proposition 2.46 (pp. 53) we know that
(V=10 k) [l = o] & || |u] =0 and [FFu] - |35 w] = 0
By Lemma 2.20 (pp. 36)

[Gow| = lw| =0 & @, k(w)) - 20 (Y7 'z, kz(w)) = 0

[Wwl = [l =0 & @z, ka(w) - 20 (45 s, ke (w)) = 0.

Combining the previous two equations completes the proof of the lemma. 0

The previous lemma describes the combinatorial equations A%, which must be
satisfied by k. (w) if w is indeed an z*-chain. The results of the lemma are leveraged
in the subsequent theorem to obtain an upper bound on the length of (both simple

and non-simple) level z*-chains that may occur in Q.

In essence then, the Theorems 3.6 (pp. 61) and 3.8 (pp. 63) below gives a
characterization of certain forbidden graphs which are never realized in Q, and Q.
Figure (3.3) depicts these forbidden graphs. Because the sizes of these graphs is a

not constant with respect to n, we refer to them as large-scale obstructions.
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n-| n-5

b b

b b

b b

. 0t 2 n-1 . 0 1 2 n-

L sae . - L

. a a a a a a a a a a a a
b 5 bl 5

by ) by

bi{) big

Figure 3.3: Large-scale obstructions: two graphs that cannot be realized in §,, (left),
and two graphs that cannot be realized in Q; (right).

Theorem 3.6. For anyw € F, andz € X%, 6 € {-1,+1}

(I) w22 andw € Cp = k< |r(w)] -2

Proof. Part (I). By Lemma 3.5 (pp. 59), we know that

Vi=1,...,k) [w|=|w] & 1@z k(w))=
® W lz, ke (w)) = (3.1)
@(d’;kxa Kz (w))

If k£ = 0, then the lemma is trivially true since jw| > 2. If £ > 0, then w € C, implies

Y,w # w, and hence @) (z, k-(w)) # 0. From this integer inequality it follows that

O (2, ke (w)) > 2

and thus, by appealing to (3.1), we conclude that

v & @, r(w) > 1.

We have shown that the total number of z, z7} in w is 2. Of these, the number of

z, ! which fall inside a subword of the form ¥ *z or ¥;*z~! can be no more than
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Then, since |¢7%z| = | Fz71| = k + 1, it follows that
ez (w)| 2 vk +1) +7 =7k +2) (3.2)

Suppose (toward contradiction) that & > |k;(w)| — 2, then (3.2) would imply v < 1.
Then it must be that v = 0, and hence %[@ (z,kz(w)) == 0. But then ¥, w = w,
which is a contradiction. So it must be that £ < |sz(w)| — 2. We have shown that

w € Cp = k < |rz(w)| -2 O

The following classification of edge pairs in O, will be used later.

Definition 3.7. Given a conjugacy class w € Fy and two distinct edges e, and ey
of Oy that do not lie inside any x-blocker. Then e, and ey are precisely one of the

following relationships (see Figure 3.4).

1. UC,; (Unified Circular with respect to z) if N (w) = 0.

2. UL, (Unified Linear with respect to =) if N.(w) > 0 and both ey, e; lie in some

T-segment ;.

3. DL, (Disjoint Linear with respect to z) if Ny(w) > 0 and both e,,es lie in

distinct T-segments s;, S, 1 F J.
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Figure 3.4: Edges e; and e, in UL (w), in DL, (w;), and UC,(ws) relationships,
respectively.

Theorem 3.8. For any w € Fy and z € X°, 6 € {-1,+1}

(F) |wl 22 andwéCu = k< |lwl -2

(IrF)  |w|>10, andw € Spx = k< |w|—6

Proof. Part (I*). By Theorem 3.6 (pp. 61), we know that k& < |kz(w)| — 2. Since

|kz(w)] < |wl|, the assertion follows.

Part (I1I*). Since S;x C Sy it suffices to show that w € S;iwi-s and |w| > 10

leads to a contradiction.
If k = |w| — 5 and |w| > 10, then equation (3.2) imples

< Jre)l w10
lw|-3 " jJw|-3 " 7

So v € {0,1}. By the previous argument, y cannot be 0.
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In the case v = 1, we know the following about the structure of w:

(A) There are 2 = 2 occurrences of z, z7! in k. (w).
Now there are three possible configurations in which these occurrences of z* can
occur inside k. (w), as per Definition 3.7 (pp. 62). Each of these configurations are

treated in turn; the Unified Circular case starting at pp. 64, the Unified Linear case

starting at pp. 68, and the Disjoint Linear case starting at pp. 70.
The Unified Circular Case:

In this case, since there are no z-blockers in w, £, (w) = w. Now since v =1, we

note that

(A*) Now if there is one occurrence of z and one occurrence of ™! then there is an
z-blocker, a contradiction. So we know that either there are two occurrences of

1

x, or there are two occurrences of z7! in x,(w).

(B) There are v = 1 occurrences of ¥ *z¢, and v = 1 occurrences of ¥ z¢, for some
z € X° and ¢,6 € {+1,—1}. Since ¢7 'z is a subword of 7 *z¢, there are no
occurrences of 17 z¢ except the one that occurs as a subword of the occurrence

of Ykae = (z740)e.
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The facts (A) and (B) force the cyclic word w be of one of the following types:

Typel: z€6X w = z37%.327P.2.39
Type2: z€ X' w = ziF-3P.z.279
Typed: z€X w = gz l.379.z71. 3P
Typed: z€ X1 w = g7Fg7l.39.271. 377
where p, g € N satisfy
k+1)+p+1+g=luw. (3.3)

Note that since k = |w| — 5, equation (3.3) implies that p+ g = 3.

Let us define

4
. B9 1 2| (k+p~gq)
[EQE—‘ZJ otherwise.
\
P Bpa i1 if2|(k+p-q)
[k—t:;t—g] otherwise.
\

Clearly 7 and j are distinct. To show that ¢ and j in {0,...,k} we note that since

p+ q = 3, it follows that —3 < p — ¢ < 3. From this we may conclude

Mpg ) > 81 = B35 > ¢
Mrggy ¢ Byl = B g,

where the last two inequalities follow from our assumption that £+ 5 = |w| > 10. We

will now show that ¢ and j satisfy zﬁgw ~n @w, thereby contradicting the fact that
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w € Sk

We begin by considering the case when w is Type (1). If 2| (k + p — ¢) then

Piw = giTRPriggett

n—(ktp— Etp—g N ktp—g
= rII (k"'p 9 +1)xx(Q+ ] 1)

k= k<
g (FFH AN (-

= T

Ww = gzTFPHggets
. _k+p-g (g EER—9
4 (k+p z 1):E.73(Q+ F=2+1)

_(ktptq
= gz~ (5T g

j( k+121+q+1)

Otherwise, 2 f(k+p—g) and

lw = gpiThoPtigget

~€\;

L e Sl VN CAR R S D

" Eizziﬂ;.l) A(k_tﬁl_l
= T 2 Talpp\T2 2

Yiw p3{k-PHigzets

= gz~ (ktp- [ﬁétg-l )pzlat |'k_+£t2])

k+p+ 1 k+p+ 1
= i~ FFE-2) (5 +e),

In both these situations, the length-preserving automorphism 7; € II satisfies

SO d;w ~n i}iw, and hence w € S,wi-s, a contradiction. Thus, for words of Type (1)
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of length > 10, w € S;« implies k¥ < |w| — 6.

The proofs for words of Type (2), (3) and (4) are analogous, using the same

definitions for < and j. They are included here for the sake of completeness.

Next we consider the case when w is Type (2). If 2 | (k + p — g) then

iw = gzFtPripgmet
A fbp~ kD=4 n—(g+EEP=a
— I.’L‘k*p 5 +1$.’E (g+=% 1)
. ktptag o (ktptg
= g3 2 Tizzg~(Cz U
Yw = gi*tPIpz=9i
A ~ktpmg | _oakipzg
— :C:L‘k+p 5 1zx (g+~5—=2+1)

ktptq - (ktptq
= g7 lggm(5EAD

Pw = mik+p~zzi—q—z

—  paktr=|BE (e HE))

S Eiphg 1L (kiphg 1
= I 2 2T 2 2

Yw = giftPigg=ey

~k-+p~ I-k_‘*'L—_‘l]

= I 2 “_(q'*'l-ﬁmD

Ir 2

1 ktptg . 1
= zi @ Trpgm (5,
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In both these situations, the length-preserving automorphism 7; € 1T satisfies

so Yiw =~y ¥Jw, and hence w ¢ S,jui-s, a contradiction. Thus, for words of Type (2)

of length > 10, w € S« implies & < |w| — 6.
In the case when w is Type (3),

ok

w’w — I-—zz-—l

Lo 4

= x—ljk-{-p—tx—lj;—q—z’

and the subsequent analysis is identical to that when w is Type (2).

In the case when w is Type (4),

'l;Biw — fi'-k+i.’13-1.'i'q+i.’1,‘—l.i‘—p

T

= golph-ptig-lsg+i

and the subsequent analysis is identical to that when w is Type (1).
Thus if w € F is of length > 10 and w € S, then k < |w| — 6.

The Unified Linear Case:

In the unified linear case, the 2y = 2 occurrences of z¥ occur inside the same
z-segment. For concreteness, suppose they lie in the ith z-segment, i.e. between

z-blockers b;(w) and b; 41 (w).
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It follows then from the Demarcator Structure Lemma 2.31 (pp. 45), that either

a; Two occurrences of z lie on the same side of the z-demarcator within the z-

segment.

a; Two occurrences of ! lie on the same side of the z-demarcator within the

z-segment.

1

b. One occurrence of = and one occurrence of z lie on opposite sides of the

z-demarcator within the z-segment.

The possible configurations (a,;), (as) and (b) are shown in Figure 3.2.

Figure 3.5: The unified linear case: Configurations a;, a;, and b.

Consider configuration (a;). Then two occurrences of z must occur in a subword
of the segment of the form 2~ z27*? where |Ao| is maximal. First, note that A;, A

must be non-negative, since otherwise |th,w| > |w|. Now |w| = 24+ A, + Ao+ (b;+2) +d;,
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and b;,d; > 1. It follows that A; + Ay < |w| — 6. Hence A; and A, are each < |w|— 8.

7lwi~5

It follows that |¢z ' w| > |w]|. In other words, w & C -5, and hence w & S pui-s.

~! must occur in a subword

Consider configuration (a;). Then two occurrences of z
of the segment of the form 2 z7!2*2z~1 where |),| is maximal. First, note that A;, A

. Now

must be non-negative, since otherwise ilﬁxw| > |w w| 2 24+ A1+ Ao+ (b +2)+d;,

and b;,d; 2 1. It follows that A; + Ay < |w| — 6. Hence A; and A, are each < |w| —6.

It follows that I?,/;Lw|~5w] > |w|. In other words, w & C -5, and hence w & S, jui-s.

Consider configuration (b). Then the Demarcator Structure Lemma 2.31 (pp. 45)
implies that the occurrence of =} precedes the demarcator and the occurrence of z
succeeds the demarcator. It follows that z=! must occur in a subword of the segment

M1z~1 and z must occur in a subword of the segment having the form

having the form
37?2, where |);| and |);| are maximal. First, note that A;, A, must be non-negative,
since otherwise |[Yh;w| > |w|. Now |w| > 24+ A\ + Ao+ (b +2) + d;, and b;,d; > 1. It
follows that A; + Ay < |w| — 6. Hence ), and A, are each < |w| — 6. It follows that

lzﬁlzw]_swl > |wl|. In other words, w & Cpi-s, and hence w & Sjui-s-
The Disjoint Linear Case:

In the disjoint linear case, the 2 = 2 occurrences of % occur inside the different
z-segments. For concreteness, suppose one lies in the ith z-segment, i.e. between
z-blockers b;(w) and b;.1(w), while the second lies in the jth z-segment, i.e. between
z-blockers b;(w) and bj4;(w). The occurrences of z= must be opposed by #*' and
#*2, where ||, |Ao| are maximal. Now |w| = 2+ A + Ao + (b; + 2) + d; + (b; +2) + d;,
and b;,d;, b;,d; > 1. It follows that A\, + A2 < |w| — 10. Hence A; and X, are each

< Jw| = 10. It follows that |1J~)|Iw|—5w| > |w|. But if w & Cpjui-s, then w & Spjui-s.
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Having considered the Unified Circular case the Unified Linear case, and the

Disjoint Linear case, we conclude that always |w| > 10 implies w & Sjui-s. O

To see that the bound on the length of (not necessarily simple) z*-chains given in
Part (I) of Theorem 3.8 (pp. 63) cannot be improved, consider the conjugacy class
w of the word a2B* in F, and take ¢ = 1,. Then ¢iw = a?**B*~ are distinct for
all =1,...,k and have the same length as w. The next proposition shows that the
bound on the length of simple z*-chains given in Part (II) of Theorem 3.8 (pp. 63)

also cannot be improved.

Proposition 3.9. Forallk > 10 andz € X U X!
Spe-6 £ 0

Proof. Let w = a™bABAbb € Fy, with n = k — 6. We show that w € Sgk-s.

Clearly, ¥5w = ™ *bABA™bb. So fori = 0,...,|w| — 5, the elements 5w are

all distinct, having length equal to |w|.

Suppose (towards contradiction) that there are distinct 4,5 € {0,1,...,|w| — 5}
such that ma® *bABA™*bb = o™ bABAM b for some 7 € II. Since ¢ # j, 7 is
non-trivial. Since n > 4, for any i either a®* or A'** (or both) is of length > 2. Since
a"7 and A7 are the only two uniformly labelled subsegments whose length can
exceed 2, it follows that 7 : a — A. But then, since §(b, w) # (B, w), it follows that
7m:b+ band 7: B+~ B. Hence, 7 = m,. But m,(a"*bABAbb) = A" *baBa'*bb
is not conjugate to a™ JbABA'Ibb, since the latter contains a subword ABA while

the former does not. We have arrived at a contradiction.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



72

Thus, conjugacy class w = a"bABAbb (n > 4) is a witness to the existence
of B¥-chains that precisely meet the bound of Theorem 3.8 (pp. 63). We remark
that examples of such maximal-length z*-chains can be easily constructed for all

ze XUXL ‘ O

3.3 Level o-Chains

In Section 3.1, we considered basic shift maps 1[)1. for z € X U X! These gave rise
to the notion of level z*-chains and simple level z*-chains in Q. Now, to deal with
small-scale obstructions (i.e. obstruction whose size is a constant independent of n)

in a similar manner, we generalize z*-chains as follows.

Definition 3.10. Let g € F; be a freely reduced word, where 0 = 05|0|-1 - - - 02071,

o, € XUX™! fori=1,...,n. The composite shift automorphism v, is defined as

, def
Yo = "f/)a'|,|"'¢azwa1 t k= By

As usual, ¥, is defined to be the induced map on the conjugacy classes Fy.

Definition 3.11. Let 0 € F; be a freely reduced word. A level o-chain is a conjugacy

class w € Fy satisfying

Vi,j € {1,...,|ol} distinct, ¥g,..qw # iaj...,,lw # w

Vie {0,1,...,k}, |[¥scw| = |w]

We denote the set of all o-chains in Fy as C,.
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Definition 3.12. A o-chain is called simple if it additionally satisfies
Vi,j € {1,...,k} distinct, v]),,i...glw %n @ng,..olw %n w

and the set of all simple o-chains in Fy is denoted S,.

Definition 3.13. Let o € F; be a freely reduced word. We say that o is realized as

a simple level chain in Q* if there exists a conjugacy class w € S,.

Let o € Fy be a freely reduced word. We say that ¢ is realized as a proper simple
level chain in Q* if there exists word o' € Fy which properly contains o as a subword

and a conjugacy class w € Sy:.

Lemma 3.14 (Chain Inversion Lemma). Let 0 € F; be a freely reduced word.
Sa=@ & 80—1=®.

Proof. Suppose w € S,. Then let w' = ¢,w. Then w' € S,-1. The argument for the

reverse implication is identical since inversion is idempotent. O

Lemma 3.15 (Alphabet Symmetry Lemma). Let ¢ € F, be a freely reduced

word.
S, =0 & S;=0.

Proof. Fix P to be a proof that w € S,. Let P, the formal object obtained from P by
changing all a symbols to b, all b symbols to a, all A symbols to B, and all B symbols
to 4. The P is a proof that @ € S;. The argument for the reverse implication is

identical since 7 is idempotent. 0O
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3.4 Small-scale Obstructions

In contrast to Theorem 3.8 (pp. 63) of the previous section, here we describe forbidden
subgraphs of 0 whose size is constant (independent of n). We refer to such subgraphs
as small-scale obstructions. Specifically, we prove that each of the graphs depicted
in Figure 3.6 can not be realized in 2. Proving that each of these graphs is forbidden
will once again involve (i) translating the structure of the graph into a system of
combinatorial equations that are necessarily satisfied by one of its conjugacy classes
w, and (ii) proving that this set of combinatorial equations is infeasible. Each of these

small-scale obstructions is dealt with in turn.

Q‘\ 3
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o T © ’
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a a a a
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Figure 3.6: A menagerie of forbidden subgraphs, none of which can be realized in ;.
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3.4.1 Obstruction 1: The Forbidden Graph T,..p

The o-chains of Obstruction T,.p are {aaaB}. The vertices of Obstruction Tyeep

are named:

v = ¢a(v0)
V2 = dalt1)
v3 = ¢a(v2)
v = ¢p(v3).

The graph Ty..p is depicted in figure 3.7.

Figure 3.7: The Forbidden Graph T,4,5.

We shall now deduce a set of constraints on the structure of the vertex wvy.

3.4.1.1 Constraints from v;

Since |vo| = |@u(vo)| = |v1], it follows from Corollary 2.21 (pp. 37) that

®@(a,v) = 2@(aB, ). (3.4)
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3.4.1.2 Constraints from v,

Since |v;| = |, (v1)] = |va], it follows from Corollary 2.21 (pp. 37) that

Ofa,v1) = 20(aB,v).

We will now compute @(a,v:) and 2 (aB, vy), respectively. First, let us consider

®(a,v1). Since v; is ¢,(vg), it follows that

@(a: Ul) = @(a’ 1‘0)

Now let us consider 2¢)(aB, v;). Since v; is @,(vg), it follows that

2@ (aB,v;) = 2@ (aBA,vy) + 2@ (aB? vq).

Thus |v;| = |¢e(v1)| = |ve| implies the following constraint on vy:

@(Q:UO) = 2®(aB2aU0)+2®(aBAaUO)' (35)
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3.4.1.3 Constraints from vs

Since |va| = |@o(v2)] = |vs], it follows from Corollary 2.21 (pp. 37) that

®(a,v2) = 2@(aB,vq).

We will now compute @ (a,v7) and 2@ (aB, v), respectively. First, let us consider

®(a,vq). Since vy is ¢4(v1), it follows that

@(CL, UQ) = @(aa Ul)'

Since v; is @q(vo), it foltows that

®(a,v1) = @(a,v).

To summarize, we have shown that

®(a,v2) = Ola, o).

Now let us consider 2(F)(aB, v7). Since vq is ¢4(v1), it follows that

2@ (aB,v2) = 2®(aBA,v1) +2®(aB? v,).
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Since vy is ¢q(vp), it follows that

2®(aBA,v1) = 20Q)(aBA,w)

2®(aB%v) = 20(aB? vw) + 20 (aB%4, v).

To summarize, we have shown that

[2®(aB?, vo) + 2(® (aB*A, vp)
+ 2@ (CLBA, UO) ]

2@ (aB,v9) =

Thus |vg| = |@e(v2)| = |vs| implies the following constraint on vg:

(a’ UO) _ [ 2@(0,3 ,’UQ) + 2@((13 A, ’U()) . (36)
+2®(aBA,v) ]

3.4.1.4 Constraints from vy

Since |v3| = |¢5(vs)| = |uvyl, it follows from Corollary 2.21 (pp. 37) that

@(B’ 1)3) = 2@ (BA, US)'

We will now compute () (B, vs) and 2(®)(BA, v3), respectively. First, let us consider

® (B, v3). Since v3 is @, (v2), it follows that

@(B,’Ug) = @(a7v2)‘2@((137“2)-*_@(1)’7}2)'
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Since vy is @,(v1), it follows that

@(b=v2) = —'2@(GB’UI)+@(G”UI)+®(brvl)
@(a,v2) = ®fa, 1)

—2®(aB, 1) = —2@(aBA,v) - 2®(aB?,v).

Since vy is @, (vg), it follows that

®@(b,v)) = @b v) +O(a,v) — 2@ (aB, v)
2@(&,’01) = 2@((1,’00)

-2@®(aB%v) = —20(aB3 v) — 2@ (aB%A, )
-2®(aB,v;) = —2@(aBA,v) — 2@ (aB? v)
2@ (aBA,v1) = —2@(aBA,uvy).

To summarize, we have shown that

[3®(a,v) — 2@ (aB?A, vg)
—2®(aB,v) — 2@ (aB?, vp)
- 2®(aB?, v0) + ® (b, o)
~ 4®(aBA, vo)

(B,’Ug) =

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

[2®(aB®,v) + 2®(aB%A, vo)
®(a,v) = )
-+ 2®(CLBA, ’Uo) ]
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it follows that

[3®(a,v) — 20 (aB%A, v

) [ —2®(aBA,vp) — 2® (aB?, v)
- 2®(aB,v) — 2®(aB?,v)

)

)

+ 2@(0'7 UO) + @(b’ UO)
- 2®(aB, vo) |

— 2@ (aB?,v) + ® (b, v
- 4@(0‘3-’47 Yo ]

The contraints deduced at vertex v, can now be used to simply this expression.

Specifically, since

@((I, UO) = 2((132, UO) + 2©(QBA> 'UO)a

it follows that

[ —2@(aBA, v) — 20 (aB?, 1)
+2@(a,v0) + ®(b,vg) = @(a,v0) + @, v0) = 2@ (aB, vg).
- 2®(an UO) ]

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

@(CL, 'UO) = 2@(&3, UO),

it follows that

®(a.w) + ®(b,v0) —2@(aB,v) = ®(b,v).
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So, we see that

@(B7v3) = @(b’ UO)'
Now let us consider 2@)(BA, v3). Since v3 is @, (ve), it follows that
2@(3‘47 U3) = 2@ (‘42> U?) + 2@(BA’ UQ)'

Since vy is @,4(v1), it follows that

2@(BA,v2) = 20(BA,v1) +2®(4% )
2B (A% 1) = 20@(AbA,n).

Since v; is @,(vg), it follows that

2@(314’ Ul) = 2®(A21U0) + 2®(BA"UO)
20(4%v1) = 20(AbA,v)
20 (AbA, 1)) = 20 (4b%A4,v0).

To summarize, we have shown that

[2®)(BA, vo) + 2B (AbA, vo)
+ 2@ (A% 4, vo) + 2B (42, v0) |

2@ (BA, ’03) =
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Thus |vs| = |@g(vs)| = |vs| implies the following constraint on vg:

20 (BA,vy) + 20 (AbA, v
Ob.uw) = [ 20)( ) + 20( 0) | 57)
+ 2@ ('4b2A7 UO) + 2@(‘42> UO) ]

Having determined the constrains on vy entailed by each of the vertices in Tyuq5,

we are now ready to prove the following proposition.
Proposition 3.16. The graph T,..p cannot be realized as subgraph of S, forn > 4.

Proof. Suppose, towards contradiction that 7,,,5 is realized. Then there exists a

conjugacy class w € Sya4B-

By the constraints (3.7) deduced at vertex v,

[20®(BA,v) + 2@ (AbA, vg)

(b> UO) = .
+ 2@(Ab2A7 UO) + 2@(A2 UO) ]

By appealing to the Extension Lemma 2.44 (pp. 51), if |vg| > 2

@(BA, UO) =+ @(A2 UO) = @(a7 UU) - @(GB> UO)'

It follows that

®G.v) = 20(a,m)+2[~®(aB,v) + ®(aBa,vg) + @ (aB?a,vp)] - (3.8)
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By the constraints (3.6) deduced at vertex vs

®(a,v) = [20(aB3 ) + 20 (aB%4,v) + 2@ (aBA, v) ] -

By appealing to the Extension Lemma 2.44 (pp. 51), if |vp| > 4

®(aB?,v) + ®(aB?A, v) = ®(aB?,v) — @ (aB%a, vy)

SO

®@(a,m) = [20(aB? v) — 2@ (aB%,vo) + 2@ (aBA,vp) ] -

Appealing again to the Extension Lemma 2.44 (pp. 51), if |vg] 2> 3

®(aB? v) + ®(aBA,v) = ®(aB,v) — ®(aBa, n)

SO

®(a,v) = [2@(aB,v) — 2®(aBa,vo) — 20 (aB%a, o) ]- (3.9)

Combining equations (3.9) and (3.9), we see that

®@b,v) = Ola,w) (3.10)
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Now, by the Tail Lemma at kg = 3, we know that

@b, v) = 3®(aB3 ) + 3@ (aB*4,v) + 2@ (aBA, vo). (3.11)

On the other hand, the constraints (3.6) deduced at vertex w3 together with (3.10)

tell us that

@b, m) = [20(aB? w)+ 20 (aB%A, 1) + 2@ (aBA,vw) ] - (312)

Combining equations (3.11) and (3.12), we see that
0 > @(G’BSa UO) + @(GBZ‘47 UO)'
and hence that @ (aB3,v) = @ (aB?4,vy) = 0.

The constraints (3.6) then reduce to stating that

®(a,v) = 2@(aBA,vy).

It follows that every occurrence of a® occurs inside an a-blocker. This implies

that ¢,(w) = w, and hence that vy and v; coincide. Thus w & SzpeB- O

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-

metry Lemma 3.15 (pp. 73), we obtain the following immediate corollary.

Corollary 3.17 (Obstruction 1). The sets SyaaB, Svass, Swwva, and Seppp contain

no conjugacy classes of length > 4.
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3.4.2 Obstruction 2: The Forbidden Graph T's44p

The o-chains of Obstruction Tas are {AAAb}. The vertices of Obstruction T 444

are named:

v = @alvo)
v2 = dalv1)
v3 = Ga(va)
vy = op(v3).

The graph T 4445 is depicted in figure 3.8.

Figure 3.8: The Forbidden Graph T4 44p.

We shall now deduce a set of constraints on the structure of the vertex vy.

3.4.2.1 Constraints from v;

Since |vo| = |@a(vo)| = |v1], it follows that

®@(4,v) = 20(AB, ). (3.13)
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3.4.2.2 Constraints from vy

Since |v1] = |¢a(v1)| = |va], it follows that

®(4,u1) = 2@ (AB,v).

We will now compute @)(A4,v1) and 2@)(AB, v;), respectively. First, let us consider

® (A, v1). Since v; is ¢4(vp), it follows that

@An) = B4, ).

Now let us consider 2@ (AB, v1). Since v; is ¢ 4(vp), it follows that

2®(AB,v1) = 20(AB% w) + 2@ (ABa, ).

Thus |v1| = |¢a(v1)| = |v2| implies the following constraint on vy:

®(4,v) = 20(4B% )+ 2®(ABa, v). (3.14)
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3.4.2.3 Constraints from v3

Since |va| = |@a(v2)| = |vs], it follows that

®(A,v2) = 2@(A4AB,vs).

We will now compute & (A4,v2) and 2@ (AB, v2), respectively. First, let us consider

®(A,v7). Since vq is ¢ 4(vy), it follows that

@A) = OAw)

Since v, is ¢4(vg), it follows that

@(A’Ul) = @(-4,110)-

To summarize, we have shown that

®A,v2) = @A, v).

Now let us consider 2(B)(AB, v3). Since vq is @ 4(vy), it follows that

20 (AB,v;) = 2@ (ABa,v)) + 20 (AB%,v,).
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Since vy is ¢4(vp), it follows that

2@ (ABa,v;) = 2@(ABa,v)

2D(AB%v) = 2@(AB2a,v) + 2®(ABE, v)).

To summarize, we have shown that

YD(AB,v) = [2®(AB%a, v) + 2@ (ABa, vo)
+ 2@(‘4831 UO) ]

Thus |ve| = |@4(v2)| = |vs| implies the following constraint on vy:

B ) = [2®(AB%a,v) + 2@ (ABa, o) | (3.15)
-+ 2@(.433,’00) ]

3.4.2.4 Constraints from vy

Since |vs| = |@p(v3)| = |va], it follows that

®,v5) = 2@ (bA,vs).

We will now compute @) (b, vs3) and 2@)(bA, v3), respectively. First, let us consider

® (b, vs). Since vs is ¢ a(v), it follows that

@(b,'vg) = @(A,Ug)+®(B,U2)—2@(AB,UQ).
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Since vq is ¢ 4(vy), it follows that

@(BvUZ) = @(Avvl) —2©(Aval) +®(B,’U1)
@(Aa 'UZ) = @(A: vl)
-2@®(AB,v;) = —20(AB%,v) - 2®(ABa,v,).

Since v, is ¢4(vg), it follows that

—2®(AB,v;) = —2®(AB% ) — 2®(ABa, v)
~2@(4Ba,v,) = —2®(ABa,v)
®(B,v1) = O(A w)—-20(4B,v) + ®(B,vo)
20(4,1m) = 20®(4,w)
—2@(AB%v) = —2@(AB® vy) ~ 2 (AB%a, vp).

To summarize, we have shown that

[ —4®(ABa,v) — 2 (AB, v)
+ ®(B,v) + 3@ (A, vo)
— 20 (AB3,vg) — 20 (AB?, vp)
- 2® (AB%a,v) ]

@ (b7 'U3) =

The contraints deduced at vertex vs can now be used to simply this expression.
Specifically, since
[2®(AB%a,v) + 2@ (ABa,vo)

@(A) UO) = 3
+ 2@ (ABB, ’Uo) ]
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it follows that

[ —4®(ABa, vo) — 2@ (AB, vo

) [ —2®(ABa,v) + 2@ (A, vo)
+ ®(B,v) + 3® (4, vo)

)

)

- 2@(.443, ’UQ) + @(B,Uo)
- 2®(AB2,U0)]

- 2@(‘4337 rUO) - 2@(‘4827 Vo
~ 20 (AB%a,vp) |

The contraints deduced at vertex vo can now be used to simply this expression.

Specifically, since

®(4,v) = 20 (AB?, vp) + 2®(ABa, v),

it follows that

[ —2®(ABa, vo) + 23 (A, v0)
- 2®(AB, ’Uo) + @(B, 'Uo) = @(B, UO) + @(Av UO) - 2@(‘483 UO)'
- 2@ (AB?,vg) |

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

®(A,v0) = 2@ (AB, v),

it follows that

@(vaﬂ) + @(‘47 UO) - 2@(AB7U0) = @(Bv UO)‘
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So, we see that

®b,v3) = O(B,v).

Now let us consider 2(B)(bA, v3). Since vs is ¢ 4(vs), it follows that

20 (b4,v3) = 20(A4% ) + 20 (b4, vy).

Since vy is ¢ 4(v1), it follows that

2®(4% 1) = 20(ABA,w)

20 (bA4,v5) = 20®(bA4,v1) + 2@ (A% vy).

Since v; is ¢ (vp), it follows that

20 (A, 1) = 2@ (b4, v) + 2@ (A%, vo)
20(4%n) = 20(ABA,w)

2®(ABA,v;) = 20(AB2A,vp).

To summarize, we have shown that

[2®)(bA, v0) + 2B (AB?A, v)

2@(b'4) 7)3) = .
+ 2@ (4%, v0) + 2@ (ABA, v) |
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Thus |vs] = |¢s(vs3)| = |vg| implies the following constraint on vy:

) 2 2,
®B.uw) = [20)(bA, v) + 20 (AB*A, v) | (3.16)
+ 2@(‘42, 'Uo) + 2@ (.4BA, ’Uo) ]

Having determined the constrains on vy entailed by each of the vertices in T4 4.4p,

we are now ready to prove the following proposition.
Proposition 3.18. The graph T4 45 cannot be realized as a subgraph of 2}, forn > 4.

Proof. Suppose, towards contradiction that T444, is realized. Then there exists a

conjugacy class w € Sa.44s-

By the constraints (3.16) deduced at vertex v,

[2®(aB, vo) + 2@ (aba, vp)

@(ba UO) = ’
+ 2®(ab’a, vo) + 2 (a?, vo) ]

By appealing to the Extension Lemma 2.44 (pp. 51), if |vg] > 2,

@(aBa UO) + @(GQ’ UO) = @(a’ UO) - @(abv UO)'

It follows that

O, w) = 20(a,vo) — 2 (ab,v) + 2B (aba,v;) + 2@ (aba, vp)] - (3.17)
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By the constraints (3.15) deduced at vertex vs
®la,v0) = [20(AB?, v) + 2®(AB%a,vo) + 2®(4Ba,vo) | -
By appealing to the Extension Lemma 2.44 (pp. 51), if |vg| 2 4,
®(AB3,vp) + ®(AB%a,v) = D(AB?, vg) — D(AB*A, vp)
SO
®(a,m) = [20(AB? v) - 2®(AB%A,vy) + 2®(ABa,v) ] -
Appealing again to the Extension Lemma 2.44 (pp. 51), if |vo| 2 3,
®(AB? v) + ®(ABa,v) = ®(AB,vw) — ®(ABA, vo)
S0

®(a, %) = [20(AB,vp) — 2D (ABA,vw) — 2®(AB%A,vp) ] - (3.18)

Equation (3.18) implies that

@ (b, v0) — 2@ (a,v0) + 2@ (ab,v5) = 2@ (aba,vo) + 2@ (ab’a,vo)

while equation (3.19) implies that

~®(a,v) + 2@ (ba,vs) = 2®(aba,v) + 2@ (ab’a,vp).
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Combining these expressions we see that
® 0, v) —2®(ba,v0) = ®(a,vo) — 2B (ab, vy) (3.19)
Appealing to the Extension Lemma 2.44 (pp. 51), we know that if |v| > 2,

@b, v0) = ®(ba,vo) = @(bd, vo) + B (bA, vo)
®(a,v) - @(abw) = Blaa,v0) + D(aB, vo),

Where by definition @(bA, v5) = ®(aB, vs). We can simplify (3.19) to
®(bb,v0) + ®(ab,ve) = @(aa,vp) + ®(ba,vy).

Appealing again to the Extension Lemma 2.44 (pp. 51), this tells us that if |vp| > 2,
®(b,v0) + D(A4b,v0) = ®(a,v) + D (Ba, ).

It follows that

®b,v) = ®la,v0).

Now, by the Tail Lemma at ky = 3, we know that

®B,w) = 3®(AB3 ) + 3®(AB%a, vy) + 2@ (ABa, ). (3.20)
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Combining (3.20) with the constraints (3.15)
@(ba UO) - @(a‘v UO) > @(‘43207 UO) + @(‘4-83: UO)
Since @ (b, v) = @ (a,vo), we see that

@(AB2CL,U()):@(AB3,U0) =0

Constraints (3.15) then reduce to stating that

®(a,v0) = 2@ (aBA,v).

It follows that every occurrence of a® occurs inside an a-blocker. This implies

that ¢,(w) = w, and hence that v, and v, coincide. Thus w & Sas4p- O

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.19 (Obstruction 2). The sets Saaas, SBaga, SBBBa> Saws CONtaIn no

conjugacy classes of length > 4.
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3.4.8 Obstruction 8: The Forbidden Graph T

The o-chains of Obstruction Ty, are {aab}. The vertices of Obstruction T,ep are

named:

N = ¢a(v0)
vy = @o(v1)
v3 = ¢p(va).

The graph Tou is depicted in figure 3.9.

Figure 3.9: The Forbidden Graph Ty

We shall now deduce a set of constraints on the structure of the vertex vy.

3.4.3.1 Constraints from v,

Since |vg] = |@a{vo)| = |v1], it follows that

®(a,v0) = 2@(aB,w). (3.21)
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3.4.3.2 Constraints from vy

Since |v1| = |@a(v1)] = |vo|, it follows that

®(a,v1) = 2@(aB,v1).

We will now compute & (a,v;) and 2@ (aB,v;), respectively. First, let us consider

®(a,vy). Since vy is @,(vg), it follows that

@(aa Ul) = @(a, Uo).

Now let us consider 2@)(aB,v1). Since v; is ¢4(vp), it follows that

20 (aB,v)) = 2@(aBA,v) + 20 (aB?, ).

Thus |v;| = |@e(v1)| = |v2| implies the following constraint on vy:

@(a3v0) = 2®(GB2:U0)+2®(O’BA”UO)' (322)
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3.4.3.3 Constraints from v3

Since |vp| = |¢p(va)| = |us], it follows that

@(b,vg) = 2@(b.4.,U2).

We will now compute @) (b, v2) and 2@)(bA, va), respectively. First, let us consider

® (b, vq). Since vy is ¢4(v1), it follows that

®0,v2) = @b,vn)+O(a,v1) - 20 (aB,v,).

Since v; is ¢, (vg), it follows that

@(bv vl) = @(a’ UO) - 2®(QB,’U0) + @(b, UO)
-2®(aB,v1) = —2@(aBA,v) — 2®(aB?, v)

@((1,’01) = @(a’)UO)‘
To summarize, we have shown that

[ @(bv vU) - 2@(0'37 UO)
®Mv2) = +2@(a,v) - 20 (aB2, vp)
—2®(aBA,v) |
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The contraints deduced at vertex v, can now be used to simply this expression.

Specifically, since

®(a,w) = 2@ (aB? v) + 2@ (aBA, v),

it follows that

[ @(b UO) - 2®(CLB, UO)
+2®(a,v0) — 2@ @B%v) = —20(aB,v) + ®(a,v0) + (b, vo).
—2®(aBA,v) |

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

@(a7 UO) = 2®(QB7 UO))

it follows that

—-2®(aB,vo) + ®(a,v) + ®(b,ve) = @(b,vg).

So, we see that

®B,v2) = @(b,vo).

Now let us consider 2@ (bA, v2). Since vy is ¢, (v;), it follows that

20(bA,v) = 2@ (B*A,v1) + 20 (abA4, vy).
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Since vy is @4(vp), it follows that

20 (b°A,v1) = 2@ (ab®A,vp) + 2@ (b2 4, v)

2®(abA,v;) = 2@ (adbA, ).

To summarize, we have shown that

[ 2(0,1)2‘4, ’Uo) + 2@((1[)44, ’Uo)
+ 2@ (bSA, ’Uo) ]

20 (b4, v;) =

Thus |ve| = |@s(vs)| = |vs] implies the following constraint on vy:

Obv) = [ 2@ (ab® A, vg) + 2@ (abA, vg) | (3.23)
+ 2®(b314 Uo) ]

Having determined the constrains on vy entailed by each of the vertices in Ty,

we are now ready to prove the following proposition.

Proposition 3.20. The graph T,4 cannot be realized as a level subgraph of Q*.

Proof. Suppose, towards contradiction that T,,; is realized. Then there exists a con-

jugacy class w € Sygp.

Note that b3A is both a-demarcator-immune and self-immune. So by the Immunity

Lemma 2.40 (pp. 49),

®b,v) = 2@ (abA,vp) + 3@ (ab®4, o) + 3@ (B* A, vo). (3.24)
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The constraints (3.23) deduced at vertex vz dictate

®b,ve) = 20(ab®4, vo) + 2 (abA, vo) + 2B (b°A, o). (3.25)

Combining (3.24) and (3.25), it follows that
0 > O(ab’4,v) + @(B°A, v),
and hence that @ (ab®4,v9) = @ (634, vy) = 0. We have shown that

®b,v) = 2@ (adbA, ) (3.26)

By the Demarcator Lemma 2.34 (pp. 47), we know that

lw]—-3

®®,v0) = 2@(abA,vo) + Y (k+ 1) (ab* 4, vp). (3.27)

k=3

Combining (3.26) and (3.27), we see that @) (ab*4,vy) = 0, for all k£ > 2. In other

words, all a-blockers must have weight 1.

The constraints (3.22) deduced at vertex v, dictate

®(a,v) = 2®(abA,v) + 2@ (aB?, vp) (3.28)

Since aB? is a-demarcator-immune and self-immune, and all a-blockers are of
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weight 1, the Immunity Lemma 2.40 (pp. 49) gives us that

@(b,v) = 2@(abA, vg) + 2@ (aB?, ka(vo))- (3.29)

But since all a-blockers have weight 1, all occurrences of aB? in vy must occur inside

ka(v0). Thus, we have
@) > 20(abA, o) + 20 (2B 1), (3.30)

Combining this with (3.26), we can conclude that (})(aB?,vy) = 0. Applying this in

turn to (3.28), we see that

®(a,v0) = 2@ (abA,vp). (3.31)

It follows that every occurrence of a* occurs inside an a-blocker. This implies

that ¢,(w) = w, and hence that vy and v; coincide. Thus w & Sggs. ]

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.21 (Obstruction 3). The sets Sy, Spaa, Swa, and Sapp are empty.
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3.4.4 Obstruction 4: The Forbidden Graph Tssp

The o-chains of Obstruction 7445 are {AAB}. The vertices of Obstruction T445 are

named:

v1 = ¢alvo)
Ve = @4 (U1)
vs = ¢p(vs).

The graph T44p is depicted in figure 3.10.

Figure 3.10: The Forbidden Graph T445.

We shall now deduce a set of constraints on the structure of the vertex vg.

3.4.4.1 Constraints from v;

Since |vg| = |¢a(vo)| = |v1], it follows that

@A, vw) = 20(AB,v). (3.32)
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3.4.4.2 Constraints from vs

Since |v] = |@a(v1)| = |va], it follows that

O4,un) = 20(4AB,v).

We will now compute (A, v;) and 2()(AB, 1), respectively. First, let us consider

@ (A, v). Since vy is @a(vg), it follows that

(A v) = OA ).

Now let us consider 2¢)(AB, v;). Since v; is ¢4(vo), it follows that

2®(AB,v) = 20(AB* v) + 2@ (ABa, v).

Thus |v1| = |¢4(v1)| = |ve| implies the following constraint on vg:

@(‘47 UO) = 2@ (ABG” UO) + 2@(‘482’ vO)' (333)
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3.4.4.3 Constraints from v3

Since |va| = |@p(va)| = |vs], it follows that

®(B,v2) = 20@(BA,vy).

We will now compute @) (B, vq) and 2@)(BA, vp), respectively. First, let us consider

®(B, v2). Since vy is ¢4(vy), it follows that

®(B,va) = ®(B,w1) —20(4B,n) + ®(4,vn).
Since vy is @ 4(vy), it follows that

—2®(AB,v;) = —20@(ABa,v) - 2®(AB?, )
@(Av 1)1) = @(Aa UO)
@(B,u) = —20(AB,v) + ®(A4,v0) + O(B,v).

To summarize, we have shown that

[®(B,vw) — 20 (ABa, v)
®@(B,v2) = —20(4AB,w) + 20(4, v)
- 2@(1432, Uo) ]
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The contraints deduced at vertex v, can now be used to simply this expression.

Specifically, since

®(4,v) = 20 (ABa,v) + 20 (AB? v),

it follows that

[ @(Ba UO) - 2®(ABCE, ’Uo)
- 2(143, ’Uo) -+ 2(14, ’Uo) = @(B, ’Uo) - 2©(AB, ’Uo) + @(A, Uo).
— 2@(.432,’00) ]

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

@(‘4, ’Uo) = 2®(AB, 'Uo),

it follows that

@(B,UQ)—2@(.43,1)0)'*'@(:4,'00) = @(B,’Uo).

So, we see that

®(B,vw) = O(B;w).

Now let us consider 2@)(BA, vp). Since vy is ¢4(vy), it follows that

2®(BA,v) = 20@(aBA,v) +2®(B%4,v).
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Since v1 is ¢4(vp), it follows that

20(B%*A,v;) = 2®(B%A,v) + 20 (aB%A, vy)

2@ (aBA,v1) = 2@ (aBA,v).

To summarize, we have shown that

[2®(aBA,v) + 2@ (aB?A, vp)
+ 2®(BBA, 'Uo) ]

2@(BA: UQ) =

Thus |va| = |¢s(ve)| = |vs| implies the following constraint on wy:

®B.vw) = [2®(aBA, ) + 2@ (aB%A4, 1) | (334)
+20)(B3A, ) ]

Having determined the constrains on v, entailed by each of the vertices in Tyap,

we are now ready to prove the following proposition.

Proposition 3.22. The graph Tsap cannot be realized as a level subgraph of .

Proof. Suppose, towards contradiction that T4p is realized. Then there exists a

conjugacy class w € S4ap.

Note that B3A is both a-demarcator-immune and self-immune. So by the Immu-

nity Lemma 2.40 (pp. 49),

®(b,vo) = 2®(aBA,v) +3®(aB?A4,v5) + 3B (A, vp). (3.35)
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The constraints (3.34) deduced at vertex vz dictate

®b,v) = 2@(ab*4,v0) + 20 (abA, vo) + 20 (b° A4, vo). (3.36)

Combining (3.33) and (3.36), it follows that
0 > ®(aB’4,v)+ ®(B*4,),
and hence that @) (aB%4, 1) = @ (B34, vg) = 0. We have shown that

®@(b,v) = 20 (aBA,v) (3.37)

By the Demarcator Lemma 2.34 (pp. 47), we know that

jw|—3

@(bv) = 20@BA,w)+ Y _ (k+1)®(aB*A, v). (3.38)

k=3

Combining (3.37) and (3.38), we see that @) (aB*A,v) = 0, for all £ > 2. In other

words, all a-blockers have weight 1.

The constraints (3.33) deduced at vertex v, dictate

®(a,v) = 2@(aBA,v) + 20 (AB?, v) (3.39)

The Tail Lemma 2.35 (pp. 47) at kg = 2 tells us that

®(b,v) = 2@(ABa,vy) + 20 (AB?, vp). (3.40)
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Combining (3.39) and (3.40), we see that @ (b,ve) 2 @ (a,v9). On the other hand,
®@(a,v0) = 2®(aBA,v). But ®(aBA,v) = ®@(b,vp). Thus, we conclude that

@ (b, v0) = ®(a, vo).

Appealing to (3.37), we see that

@(aaUO) = 2®(CLB‘47UO)

It follows that every occurrence of a* occurs inside an a-blocker. This implies,
by the Symmetry Lemma 2.45 (pp. 52) that every occurrence of a* occurs inside
an A-blocker. But then, ¢4(w) = w, and hence that vy and v, coincide. Thus

w & Saap. O

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.23 (Obstruction 4). The sets Saap, Staa, Sppa, and Sy are empty.
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3.5 Obstruction Rewriting Rules, Part I

We will use the following lemma to devise a graph rewriting rule that can be used to

generate new forbidden graphs from the ones we have found so far.

Lemma 3.24 (The zi !z Relation Lemma). For allz € X UX™! and w € F,

¢z:‘r"1z (’U}) ~n w.

Proof. When ¢ = +1, the composite map ¥,;-1, takes

Taking 7y € II to be the map

we see that mo¥rz-1,(w) = w and hence that ;-1 (w) ~q w.

When § = —1, the composite map ¢;;-1, takes
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Taking 7, € II to be the map

we see that m¢¥,;;-1,(w) = w and hence that ¥ ;-1,(w) =g w.

This completes the proof of the lemma. O

The zi~'z-Relation Lemma 3.24 (pp. 110) proved above can be leveraged to
provide a graph-rewriting rule for obstructions. A graph-rewriting rule 7 is a deter-
ministic procedure which produces a new hypothetical graphs from old hypothetical

graphs.

Definition 3.25. A graph-rewriting rule T is conservative if for every hypothetical
subgraph T of 2*, T cannot be realized as a level subgraph of Q* if and only if T

cannot be realized as a level subgraph of Q.

Conservative graph-rewriting rules allow us to enlarge the set of forbidden graphs

from ones already known.

We define graph-rewriting schema 7, (z € XUX™!) which act on the hypothetical
subgraphs of Q*. Before 7, can be made to act on a hypothetical graph T, it must

be parametrized by a suitable triple of vertices p,v,q € VI[T).

Definition 3.26. Given a hypothetical subgraph T of Q*, fizx x € X%, and let v,p, q

be three distinct vertices in V[T). If v,p,q satisfy the following conditions:
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v, P, q are all distinct,

o U, (p) =v,

o ¥:(p) =g,

(v, 95-1(v)) & E[T,

(¢,7) € E[l|=r=0p;

then we say that the triple (v.p,q) are a T,-pivot in T.

The graph-rewriting transformation 7, 4 acts on 1" as follows:

Definition 3.27. Given a hypothetical subgraph T of Q*, fiz x € X*, and (v,p,q) a
triple of vertices from V[T]. We define the graph Top.q(T) as follows: If (v,p,q) are

not a Tp-pivot, put Trupq(T) = T. Otherwise, let oy p.q(T) be given by:

Viteppg (D) = VITIU {u}\{q}

where u is a new verter representing Y;-1(v), and take

E{Tz[v,p,q](T)] = E[T] U (u7 ’U)\(p, Q)7

where the new edge (u,v) is labelled by ™! (thereby signifying that u = ¥z-1(v)).

The operation of 7,p4,q) and Tefyp,q On T is depicted in Figure 3.11. In the figure,

boxed/outline edges are used to depict where edges are required to not be present.
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Remark 3.28. Given a hypothetical subgraph T of 0, a fired z € X° (6 = £1), and
three vertices v,p,q from V[T, i is easy to verify from Figure 3.11 that the action

of 7, s invertible. Specifically, for every T € X* we have T;[;‘v’q] = T o1 (v)]-

T b{p.v,q}

p- a Uq
TB[\xp,u]

Figure 3.11: Graph rewriting rules 7, (z € X U X~1).

The next proposition shows that the previously defined graph rewriting rules 7,

(x € X UX™!) are conservative.

Proposition 3.29 (Obstruction Rewriting Rule 1). Given a connected tree T =
(V,E) and p,v,q € V, z € X*, the tree T is forbidden in Q0 if and only if Talpwig)(T)
1s forbidden in (2.

Proof. If Typ,q(T) = T the statement is trivial. Otherwise, suppose that T is not
forbidden in €. Let 27 be a minimal induced subgraph of € which contains an
isomorphic copy of T'. Without loss of generality, we may take Q7 to be the graph
induced by the isomorphic copy of T. Moreover, we identify 7" with the isomorphic

spanning tree of Q.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



114

Now, since ¢ = ¥3,-12(u), by Lemma 3.24 (pp. 110), we know that g ~p u. It
follows that vertices v and g coincide in Qr. Since (u,v) is not in Q7 and (p, g) is not
a cut edge of T, the operation of adding (u,v) and removing (p, g) gives rise to just

a different spanning tree of (. It follows that 7, (T) is a subgraph of Qr, and

hence a subgraph of ;.

To see the reverse, take T' = Ty 4,q)(T). If T" occurs in €2, then by the previous

argument, so must Ty-1p, 5,](7"). But by Remark 3.28,

_ -1
TI_I [v,p,u] - Tz[p,v,q} :

So it follows that T occurs in Q). O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.6 More Small-Scale Obstructions

We will make use of the graph-rewriting rules introduced in the previous section to

demonstrate another forbidden graph.

8.6.1 Obstruction 5: The Forbidden Graph Ty,

The o-chains of Obstruction Ty, are {aba}. The vertices of Obstruction T, are

named:

v = d’a (’UO)
v, = @p(r1)
vs = ¢a (U2)-

The graph Ty, is depicted in figure 3.12.

(5) T

aba

Figure 3.12: The Forbidden Graph Tg,.

We shall now deduce a set of constraints on the structure of the vertex vp.
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3.6.1.1 Constraints from v;

Since |vg| = |@a(v0)| = |v1], it follows that

®@(a,v) = 2@(aB, ). (3.41)

3.6.1.2 Constraints from v

Since |v1] = |@p(v1)] = |vq), it follows that

®b,v) = 20(4,v)).

We will now compute &) (b, v1) and 2@ (bA, v1), respectively. First, let us consider
@ (b,v;). Since vy is ¢,(vp), it follows that

@(b)vl) = @(G':UO)_2®(GB’U0)+@(b"UO)'

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

@(a’7 UO) = 2@((18) UO)a
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it follows that

—2@((1B, UO) + @(b7 UO) + @(aa UO) = @(bv UO)'

So, we see that

®B,vm) = @b, v).

Now let us consider 2@)(bA, v;). Since v; is ¢,(vy), it follows that

2@ (bA,v1) = 2@ (abA,vo) + 2B (b*A4, vp).

Thus |v1] = |¢y(v1)| = |ve| implies the following constraint on vy:

@ (bv UO) = 2@(1)2‘47 UO) + 2 (abA, UO)' (342)

3.6.1.3 Constraints from wvs

Since |v| = |@q(v2)| = |va, it follows that

@(aa U?) = Q(GB, UZ)'
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We will now compute &) (a,v2) and 2®(aB, v;), respectively. First, let us consider

®(a, v). Since vy is @y(vy), it follows that

@(a,v2) = @(bavl)+®(a7vl)_2@(bA7Ul)'

Since vy i8 @4(vp), it follows that

®la,v1) = ®(a,vo)
2@ (b4, v1) = —2®(abA, vo) — 2B (b*A, vg)

®0,v) = @a,v)+ @b v) - 20 (aB, v).
To summarize, we have shown that

[ 2@(0'7 UO) + @(bs UO)
®la, ) = - 2054, v0) — 2B (aB, vo)

— 2®(abA, vg) ]

The contraints deduced at vertex v, can now be used to simply this expression.

Specifically, since

® (b, vo) = 2D (b*A, o) + 2@ (adA, vp),
it foliows that

[ 2@((1, 1)0) + (b’ UO)
- 200’4, v) — 2@(aB,v) = —2@(aB,v0) + 2@ (a, vo).
—2®(abA, vg) ]
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The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

®(a,v) = 2@ (aB,vy),

it follows that

=20 (aB,w) +2®(a,vs) = &(a,vo)-

So, we see that

®(a,v2) = @la,v).

Now let us consider 2()(aB, vq). Since vy is ¢,(v1), it follows that

2@(0,3, '1)2) = 2@(@2B, Ul) + 2@(1)&3, ’Ul).

Since vy is @q(vp), it follows that

[2® (baB?, v) + 2@ (baBA, vy)
+2®(a®BA, v) + 2@ (a*B?, vy) |

2®(bCLB, Ul) =

20(a’B,n1) = [2®(aBaBA,v)+2®(aBaB? )] -
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To summarize, we have shown that

[2®(a®BA, v) + 2@ (baBA, o)
2@(aB,v2) =  +20®(a?B? vy) + 20 (baB?, vp)
+ 2(®(aBaB?,vp) + 2(®)(aBaBA, vy) |

Thus |vg| = |@a(v2)| = |vs| implies the following constraint on w:

[2®(a®BA,v) + 20 (baB A, vp)
®@(a,m) = +20@(a*B% ) + 20 (baB?, v) : (3.43)
+ 2®(aBaB?,v) + 2@ (aBaBA, vp) |

Our goal is to show that T, cannot be realized as a level subgraph of Q*, i.e.
that Sy = 0. We will show something slightly weaker, namely that if 0 € F, is a
word which contains aba as a proper subword, then &, contains no conjugacy class of

length > 5. To do this, we will need the following lemma.

Lemma 3.30. If a conjugacy class w of length > 5 is in Sgpa, then
®(aBa,w) = @(BaB,w) =0

Proof. The constraints (3.23) deduced at vertex vs dictate

[2D(a®*BA, 1) + 2@ (baBA, vy)
®(a,v0) = +20@(a®B2 ) + 20 (baB?, vg) . (3.44)
+ 2@ (aBaB? v) + 2@ (aBaBA, ) |
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Appealing to the Extension Lemma 2.44 (pp. 51), if |vg] > 3,

@(baBA:UO) + @(bG‘BQ’ UO) = @(baBa ’Uo) - @(baBav ’Uo),
®(a*BA,v) + ®(a*B%vw) = ®(a®B,v) — ®(a®Ba,v)

®(aBaB? v) + ®(aBaBA,v) = ®(aBaB,v) - ®(aBaBa,v).
Substituting into (3.44), we see that

[2®(baB, vy) — 2B (baBa, vp)
®(a,vw) = +20(a®B,v) — 20 (a?Ba, v) : (3.45)
+ 2(®(aBaB, vy) — 2@ (aBaBa, vy) ]

Appealing to the Extension Lemma 2.44 (pp. 51), if |vp| > 3,
®(baB, ) + ®(a’ B, vo) = ®(aB,ve) — ®(BaB, v).
Substituting into (3.45), we see that

[2®(aB, v) — 2®)(BaB, v)
@@, ) =  +20@(baBa,v) - 2®(a®Ba,vg) - (3.46)
+ 2®(aBaB,v) — 2@ (aBaBa, vy) |

Appealing to the Extension Lemma 2.44 (pp. 51) slightly differently, if |vg| > 5,

®(a®B2,v) + @ (baB%,vp) = ®(aB? ) — ®(BaB?, ),
@(G?BA, ’Uo) + @(baBA, ’U()) = @(GBA, Uo) — @(BG,BA,’UQ)

®(aBaB? v) + ®(aBaBA,v) = @(aBaB,v) — @ (aBaBa,v).
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Substituting into (3.44), we see that

[ 2@ (aB?, v) — 2 (BaB?, v)
®(a,vw) =  +20(aBA,vw) - 20 (BaBA,vw) - (3.47)
+2®(aBaB,v) — 2@ (aBaBa, vp) ]

The constraints (3.21) deduced at vertex v; dictate

®(a,v0) = 2@®(aB,w).

Using this to simplify (3.46) and (3.47), we get

®(aBaB,vy) = 2@(BaB,uv) + 23 (baBa,vy)+
2®(a?Ba, v) + 2®(aBaBa, vo)

®(aBaB,vw) = 2®(aBa,v) + 2@ (BaB?, v)+
2®(BaBA,v) + 2@ (aBaBa, v)

(3.48)

By the Subword Lemma 2.36 (pp. 48), we know that

®(aBaB,v) < 2®(BaB,vp)

®(aBaB,v) < 2®(aBa,vp).

Combining with (3.48) we see that

2® (baBa,vy) + 2@ (a’Ba, vy) + 2@ (aBaBa,v) = 0
2®(BaB?,v) + 2@ (BaBA, ) + 2@ (aBaBa,v) = 0.

(3.49)
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Thus (3.48) reduces to

®(aBa,v) = @(aBaB, ) = @ (BaB,v) (3.50)

Suppose, towards contradiction, that (8)(aBa,w) > 0. Then fix some occurrence
of aBa in w. Since @ (aBa,vy) = @ (aBaB,vy), it follows that this occurrence must
be part of an occurrence of aBaB in w. Now, the next symbol (after this occurrence of
aBaB) cannot be A or B, since (3.49) tells us that &) (BaB?,v) = @(BaBA, vg) = 0.
It follows that the next symbol must be a-i.e., this occurrence of aBaB lies inside an
occurrence of aBaBa. Repeating the argument inductively, for the second occurrence
of aBa inside aBaBa, we conclude that w is of the form (aB)* for some k € N.
But then, if & > 0 |[¥s(w)] < |w|, contradicting that |v;| = |vg|. If k& = 0, then
¥e(w) = w, contradicting that v; and vy are distinct vertices. We have shown that

®(aBa,w) =0.

A symmetric argument to the one given in the previous paragraph can be used to

show that & (bAb, w) = 0. O

Having determined the constrains on vy entailed by each of the vertices in T4 44p,

and that @& (aBa,w) = ®(BaB,w) = 0, we make the following assertion.

Lemma 3.31. If a conjugacy class w of length > 5 is in Sgpe, then

®(a,w) = B, w).

Proof. Using the Extension Lemma to expand the constraints (3.21) deduced at vertex
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vy, we see that if |vg]| 2 3,

®(a,v0) = 2@ (baB,v) + 2@ (aaB,vg) + 2@ (BaB, vp).

Using the Extension Lemma on the other side, we get that if |up| > 3,

®(a,v0) = 2@(aBA,v) + 2@ (aBB,v) + 2@ (aBa, vp).

By Lemma 3.30 (pp. 120), ®(aBa,v) =0, so

@(a,v0) = 20(aBA,vo) + 2@ (aBB, vo)

which is, by the constraints (3.22) deduced at vertex vy, equal to @®(b,vy). Thus

®(a,w) = ®(b,w). O

Having shown that ®(aBa,w) = @(BaB,w) = 0 and @ (e, w) = @(b,w), we
are now ready to prove the following proposition. (The definition of “being realized

as a proper o-chain”, which was given in Definition 3.13 on pp. 73).

Proposition 3.32. The graph T4, cannot be realized as a proper simple chain in a

level subgraph of 0 if n 2 5.

Proof. To prove this, we will consider the ways in which T,,, might appear as a proper

simple chain in an level subgraph of 2*. There are six ways:

L1. It occurs as a trailing subgraph of Ty4p,.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L2. It occurs as a trailing subgraph of Tgapq.
L3. It occurs as a trailing subgraph of Tygp,-
R1. It occurs as an leading subgraph of Typsq-
R2. It occurs as an leading subgraph of Ty, 5.

R3. It occurs as an leading subgraph of Tie.

Each of these possibilities is depicted in Figure 3.13.

2 a V3 2 2 V3 ---- -
L1
VO b \’0 b R1i
........ 5. a a
w v, w v,
Y2 a V "2 8 *3
i 3
) R2
L2 V:O b Yo b
a a
W v w v

e

3 R3

Figure 3.13: The six ways T,;, might appear as a proper simple chain.

The impossibility of each of these configurations will now be proven, in turn. The
cases L1, L2, R1, and R2 will be shown to be impossible using the Obstruction Rewrit-
ing Rule 1 presented in Proposition 3.29 (pp. 113) and by appealing to already-known
forbidden graphs. The remaining cases L3 and R3 will be proved separately using
a combinatorial argument similar to the ones seen so far for showing the particular

graphs are forbidden.
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Case L1: The tree Ty, contains the tree T,,5 as a subgraph. Hence, 7,4, cannot
be realized, since T,,, was shown to be forbidden in Corollary 3.21 (pp. 102). The

argument is illustrated in Figure 3.14.

T,ap s forbidden

Figure 3.14: Using graph rewriting to show case L1 is forbidden.

Case L2: The tree Tpu, cannot be realized, since applying a graph rewriting
rule transforms it into a graph which contains Ty,. The latter graph is forbidden, as
a consequence of of Corollary 3.23 (pp. 109). The argument is illustrated in Figure

3.15.

Tppa is forbidden

Figure 3.15: Using graph rewriting to show case L2 is forbidden.

Case R1: The tree T;,, contains the tree T},, as a subgraph. Hence, T4, cannot
be realized, since T},, was shown to be forbidden as a consequence of Corollary 3.23

(pp. 109). The argument is illustrated in Figure 3.16.

R}

Tb aa is forbidden

Figure 3.16: Using graph rewriting to show case R1 is forbidden.
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Case R2: The tree Ty,p cannot be realized, since applying a graph rewriting
rule transforms it into a graph which contains T,;,. The latter graph is forbidden, as
a consequence of of Corollary 3.23 (pp. 109). The argument is illustrated in Figure

3.17.

T,pp is forbidden

Figure 3.17: Using graph rewriting to show case R2 is forbidden.

It remains to consider the cases L3 and R3. These are symmetric, so we shall
consider only the case R3. We shall show that the graph T,;,;, cannot arise as a level
subgraph in Q*. We begin by deriving combinatorial conditions from the graph, in a

manner similar to the analyses conducted earlier.

3.6.1.4 Subcase: The Forbidden Graph T pq

The o-chains of Obstruction Tgpe are {abab}. The vertices of Obstruction Tgp, are

named:

v = ¢a(v)
vz = ¢(v1)
vs = @a(v2)
vy = ¢p(vs).
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We shall now deduce a set of constraints on the structure of the vertex vg.

3.6.1.5 Constraints from v;

Since |vg| = |@a(vo)| = |v1], it follows that

®(a, ) = 20(aB,v). (3.51)

3.6.1.6 Constraints from vo

Since |v1| = |@p(v1)] = |ve], it follows that

®b,v) = 204, ).

We will now compute @ (b,v;) and 2@ (bA,v,), respectively. First, let us consider

®(b,v1). Since vy is Pg(vg), it follows that

®B,v) = ®la,v)+®(b,v0) - 20(eB, vo).

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

®(a, ) = 2@ (aB, ),
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it follows that

@(b’ UO) + @(avvﬂ) - 2@((1B,'Uo) = @(b’ UO)'

So, we see that

@(b7 Ul) = @(b, UO)'

Now let us consider 2@ (bA, v;). Since vy is ¢,(vg), it follows that

2@([)‘4’ Ul) = 2@(b2‘4a 'UO) + 2®(ab‘47 'UO)'

Thus |v1] = |¢s(v1)| = |va2] implies the following constraint on vy:

®(b,ve) = 2@ (abA,vo) + 2@ (b*4, ). (3.52)

3.6.1.7 Constraints from v3

Since |vo| = |@a(v2)| = |vs], it follows that

®(a,v2) = 2@ (aB,vs).
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We will now compute @) (a,v7) and 2®(aB, v2), respectively. First, let us consider

®(a, vp). Since vy is @y(v1), it follows that

®fa,v2) = —20(04,v1) + @(a,v1) + O(b,v1).

Since vy is @,(vo), it follows that

@(bv ’1)1) = @(b7 UC) +@(ar UO) - 2@(an UO)
@(a7 vl) = @(aa UO)
=20 0A,vm) = =20(°4,v) — 20)(abA, vp).

To summarize, we have shown that

[ ® (b, v0) — 2 (aB, vo)
®(a,v2) = +2®(a,v) — 2@ (abA, vp)

— 2@ (bQA, ’Uo) ]

The contraints deduced at vertex v, can now be used to simply this expression.

Specifically, since

@ (b ’U()) = 2@ (abA, ’Uo) -+ 2@ (bQA, 'l)o),
it follows that

[®(b,v0) — 2@ (aB, v)
+2@(a,v0) - 2@ (abA4,v) = 2@(a,v) — 2@ (aB, vo).
- 2@(1)2_4, ’Uo) ]
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The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since
®(a, vo) = 2@ (aB, n),
it follows that
20(a,v) — 20(aB,v) = @l(a, o).
So, we see that
@(a,v2) = @a,v0)-
Now let us consider 2@)(aB, vp). Since v, is ¢y(v1), it follows that
2@(a3,v2) = 2®(baB,v;) + 20 (a®B, ;).
Since v, is ¢,(v), it follows that

[ 2® (baB?,vp) + 2 (baBA, v)
+ 2@ (a®B?, vp) + 2@ (a’BA, vg) |

2@ (baB,v1)

2@(a’B,v1) = [2@(aBaBA,v)+ 2®(aBaB2,v)] -
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To summarize, we have shown that

[2®(a?BA,v) + 20 (baB?, 1)
2@(aB,v2) =  +20(a®B? w) + 20 (aBaBA, v)
+ 2@ (baBA, ’Uo) + 2@(&BGB2, ’Uo) ]

Thus |va| = |@a(v2)| = |vs| implies the following constraint on vy:

[ 2®(a’BA, v) + 2@ (baB?, vp)
®(a,w) = + 2@ (a®B?,vy) + 2@ (aBaBA,vy) - (3.53)
+ 2®(baBA, v) + 2@ (aBaB?, vp) |

3.6.1.8 Constraints from vy

Since |vs| = |@p(vs)| = |val, it follows that

@(ba US) = 2@ (bA, ’U3).

We will now compute @ (b, v3) and 2@)(bA, v3), respectively. First, let us consider

® (b, v3). Since vy is @,(ve), it follows that

@(b,v3) = @(ba02)+®(a’71)2)_2@(GBaU2)'
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Since vy is ¢p(vy), it follows that

® (b, v2)
-—2@ (aB, 'UQ)

@(a’ UQ)

= @(b, 'Ul)
= -2®(baB,v;) — 2B (a®B,v,)

= @a,un)+ OO0 v) - 2064, v).

Since v; is ¢4(vp), it follows that

_2®(baB= 'Ul} =

—2®(b4,v) =
-2®(a*B,v;) =
20 0,v) =
®a,v) =

[ —2® (baBA, vo) — 20 (a®?BA, vp)

- 2@(bCLB2,’U0) - 2@(&232, UO) ]
—2@(b2A, ’Uo) - 2@ (abA, ’Uo)

[ —2®(aBaB?,vy) — 2@ (aBaBA,vy) ]
2® (b, v0) — 4B (aB, vp) + 2@ (a, vo)
®(a, vo).

To summarize, we have shown that

@ (b7 U3) =
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[ —2®(a®B?, vy) — 20 (abA, vy)
+2® (b, v0) — 2@ (baBA, vo)
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The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

[ 20 (a*BA, vo) + 2@ (baB?, )
®(a,v) = +2@(a2B?,v) + 2@ (aBaBA,v) >
+ 2@ (baBA, v) + 2(®(aBaB?, vy) ]

it follows that

[ =20 (a?B2,v0) — 2 (abA, vo)
+2@(b, vp) — 2@ (baB A, vo)

— 2®)(aBA, v) — 4®(aB, vo)

— 2(®)(aBaBA, v) — 20 (1A, vo)
— 2@)(baB?,vo) — 2@ (aBaB2, v,)
)

+3®(a,vp) |

[ —2®(b2.4, ’Uo) -+ 2@(b, ’Uo)
= —4®(aB, v) — 2®(abA, o)

=+ 2@(0'7 UO) ]

The contraints deduced at vertex w, can now be used to simply this expression.

Specifically, since

® (b, v0) = 2@ (abA, vo) + 2@ (6*A, vg),

it follows that

[ 2@ (5 A, vo) + 2G)(b, vo)
— 4@ (aB,v) — 2®(ab4,v0) = @b, w) - 4®(aB,v) + 2@ (a, vo).
+ 2@(0’7 UO) ]
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The contraints deduced at vertex v, can now be used to simply this expression.

Specifically, since

@(aa UO) = 2@(0‘33 UO)e

it follows that

@(b> UO) - 4@(&3, UO) + 2@(&, UO) = _2@((13, UO) + @(ba vO) + @(a’ UO)'

The contraints deduced at vertex v; can now be used to simply this expression.

Specifically, since

®(a,v0) = 2@ (aB, vy),

it follows that

—2@(aB,v) + ®(b,v) + ®la,v0) = @b, o).

So, we see that

@(b U3) = @(67 UO)'

Now let us consider 2@ (bA,v3). Since v3 is ¢,(vq), it follows that

20(04,v3) = 20 (abA,vs) + 2@ (H*A4, v).
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Since vq is ¢y(v1), it follows that

20 (abA,vy) = [2®(b24B, v;) + 20 (42, vy)
+2®(abA%,v1) + 2@ (abAB,v) |

2B (B4, v0) = [2@(bADAB,v;) + 20 (bAbA%, 1) | -
Since vy is @q(vo), it follows that

2®(abA2,v) = 20)(abAbA, v)
2D A% v1) = [20) (82 AbA, vo) + 20 (ab®AbA, vg) |

[ 2 (ab® A%, v) + 2@ (ab®*AB, vp)
+ 20 (B3 4%, v) + 2@ (B AB, o) ]
2@ (abAB,v;) = 2@(abAB,vp) + 2®)(abA?, vp)

2@([)2443, ’U]) =

2@ (bAbA%, v1) = [ 2(B)(abAb2AbA, vo) + 2B (b2 AB2AbA, vp) |

20) (12 AB2AB, vo) + 2B (abAB2 A2,
2@ (bAVAB, v;) = [20( vo) + 2@ (a Vo)

+20) (abABAB, vg) + 2B (FPAV A%, v5) |
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To summarize, we have shown that

[ 2® (abAb? A%, vy) + 2() (abAbA, vy)
+ 2@ (b*AB, ) + 2@ (abAB, vp)
+ 2@ (abA?%, vy) + 2 (b2 AB2 A%, vp)
DA 1) = + 2@ (ab*AB, vp) + 2@ (b A%, v)
+ 2@ (b* Ab*AB, ug) + 2 (abAb* AbA, vo)
+ 2B (ab? AbA, vo) + 2B (b2 Ab? AbA, vp)
+ 20 (abAb? AB, u) + 2(B)(b° AbA, vo)
(

+ 2@ (ab® A2, vp) ]

Thus |vs]| = |@s(v3)| = |vs4| implies the following constraint on vy:

[ 2 (abAb* A%, vg) + 2(®) (abAbA, vp)

+ 2@ (B AB, ug) + 2 (abAB, o)
+ 20 (abA2, vo) + 2 (b2 AB A2, up)
®b.) = + 2® (ab®AB, vy) + 2@ (b A%, vy) | (3.54)
+ 2B (B AR AB, v) + 2 (abAB2AA, vo)

+ 2@ (ab? AbA, v) + 2B (B2 ABAbA, vo)
+ 20 (abAP AB, vo) + 2@ (b* AbA, vo)
(

+ 2@ ab2A2,’Uo) ]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



138

Appealing to the Extension Lemma 2.44 (pp. 51), we know that if |vg| > 5,

@B AB,vo) + ®(B* A% v0) = @ (H*4,v0) — @ (6°Ab, vo)
® (abA?,vp) + ®(abAB,v) = @(abA,vy) — @ (abAb, vo)
®(ab’AB, vo) + ®(ab® 4%, 1)) = @(ab®A,vg) — @ (ab®Ab,vp)

Substituting into (3.54) and using the Extension Lemma, we see that if |vy] > 3,

2.44 (pp. 51) repeatedly, we get that

A, v) = 2®(%A, vo) + 20 (abA, vy) (3.55)

Since 34 is a-demarcator-immune, the Immunity Lemma 2.40 (pp. 49) tells us

that

®(,v) = 3@ (%4, v) + 20 (abA, v) (3.56)

Combining (3.55) and (3.56), we see that @ (b34,v) = 0. Thus,

@b, ) = 20(abA,v,). (3.57)

Now appealing to Lemma 3.31 (pp. 123), we know that

®(a,v) = 2@(abA,vy). (3.58)
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It follows that every occurrence of a* occurs inside an a-blocker. This implies

that ¢,(w) = w, and hence that vy and v; coincide. Thus w & Sgpas-

This completes the case R3. The case L3 is completely symmetric and is omitted.
Since each of the cases L1-L3 and R1-R3 were handled, and the corresponding graphs
shown to be forbidden, we can conclude that Tg,, cannot be realized as a proper

simple chain in a level subgraph of Q* by any conjugacy class with length > 5.

Proposition 3.32 is proved. O

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.33 (Obstruction 5). The sets Sy, Sapa, Spap and Spap contain no

conjugacy class with length > 5.
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3.7 Obstruction Rewriting Rules, Part 11

To find more forbidden subgraphs, we need some more sophisticated conservative
graph rewriting rules that extend the rewriting rules presented in Definition 3.27
(pp. 112). We will use the following lemma as the foundation of these new extended

rewriting rules.

Lemma 3.34 (The 22:~'z7~! Relation Lemma). For allz € X and w € F3,

’Q/)jzj—lzz (’LU) ~n w.

Ul}zzi‘lxi(w) ~p w.

Proof. By definition,

wixi'lzz = %0%01/);101//‘:0%-

Thus,

z = z iz

Vsgi-1z2 =
z = z7lz 1z 1z

But 2714z ~7 £ and £7'27 273z ~ 7 1. Tt follows that ¥z-15-152 (w) ~p w.

For the second assertion, note that by definition,

1/):.-25-1;:5 = "r/):c o wz o 1!);1 o % ° wx
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- Thus,

I =
1!’1%"%5: =

— 271371z zn

>

But 271z 'z 2z ~7 271, It follows that ¥2:-1.5-1 (w) = w.

This completes the proof of the lemma. a

We define graph-rewriting schema p, (z € XUX™!) which act on the hypothetical
subgraphs of 2*. The schema p, generalizes the previously defined schema 7,. As
before, for p, to act on a hypothetical graph T', it must be suitably parametrized by

a 3-tuple of vertices p,v,q € V[T].

Definition 3.35. Given a hypothetical subgraph T of Q*, fir z € X*), and let v,p, q

be three distinct vertices in V[T|. If v, p,q satisfy the following conditions:

v,p,q are all distinct,

7]}1(1)) = UJ

'd;i (p) =g,

(v, 95-1(v)) & EIT],

(g, %1 (v))) & EIT).

then we say that the triple (v,p,q) are a p,~-pivot in T.
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Definition 3.36. Given a hypothetical subgraph T of Q*, fizr z € X° (§ = £1), and

v,D,q a pg-piwot in T. Define M., M; be edge sets of cardinality < 1 as

M = {(g.9=(q)) labelled by =} 4f (¢, 9:(q)) € BIT]
I L 0 otherwise.

o = ) {@sl0) labelled by &} i (g,v2(a)) € EIT]
t 0 otherwise.

\

Let u be a new vertex representing Wz-1(v), and hence not present in T. Define edge

sets

{(u, 31 (u)) labelled by 3~} ifS; #0
P(MI) = 9 }

0 otherwise.

,

{(u, %51 (u)) labelled by z'}  if Sz #0
p(Mz) =

0 otherwise.

Let M(v,p,q) = M, U M; and define pM(v,p, q) = p(M.) U p(M3z).

The graph-rewriting transformation pzp,q acts on T' as follows:

Definition 3.37. Given a hypothetical subgraph T of Q*, fizr x € X*, and (v,p,q) a
triple of vertices from V[T]. We define the graph p,,5,q(T) as follows: If (v,p, q) are

not a pg-pivot, put Pafypg(T) =T.

Otherwise, let pajy p.g(T) be given by:

Vipeop(T)] = VITIU{u}\{q}
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where u is a new vertex representing ¥;-1(v), and take

Elpsupq(T)] = E[TIUpM(v,p,9)\M (v, p,q).

The operation of pgjpuq and pypu,g on T (in is depicted in Figure 3.18. In the
figure, boxed/outline edges are used to depict where edges are required to not be

present.

P2 _ Papvay 1
u .—‘F&:

pA[v p,u)

Poip.vg)

pB[v.p,u]

Figure 3.18: Extended graph rewriting rules p, (z € X UX™1).

Remark 3.38. Ii is straightforward to verify from Figure 8.18 that each of the oper-

ations 1s invertible. Specifically

Papug) = Palvpa]

pb[p’v,q] = pB[’U,p,'U-] .

The next proposition shows that the previously defined graph rewriting rules p,

(z € X U X™1) are conservative.
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Proposition 3.39 (Obstruction Rewriting Rule 2). Given a tree T = (V, E)
and v,p,q €V, z € X N X1, the tree T is forbidden in Q, if and only if pajyp.q(T)

is forbidden in €2,

Proof. If pgipsq(T) = T the statement is trivial. Otherwise, suppose that T is not
forbidden in €2}. Let Qr be a minimal induced subgraph of 2} which contains an
isomorphic copy of T. Without loss of generality, we may take {21 to be the graph
induced by the isomorphic copy of T. Moreover, we identify T with the isomorphic

spanning tree of Q7.

If 1,(g) € V[T] let us call this vertex z*. If ¢;(q) € V[T)] let us call this vertex
y*. If -1 (1) € V{pappwg(T)] let us call this vertex y. If -1 (u) € V0bzipw.q(T)] let

us call this vertex z. In other words, if these vertices are present they satisfy:

= ¢alg)
¥ = vs(q)
y = &z‘l(u)
Z = in-l(u).
Now, since ¢ = Yz,-1z(u),
y* = "r/":izr‘liz(y)

2" = Upag-132(2).
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By Lemmas 3.24 (pp. 110) and 3.34 (pp. 140), we know that

™

X
=

™

It follows that three pairs of vertices v and ¢, y and y*, z and z* actually coincide in

Qr.

Thus, adding edges pM (v, p, q) and removing edges M (v, p, q) merely gives rise to
a different spanning tree of (7. It follows that ps,,q(T) is a subgraph of Qr, and

hence a subgraph of 1;.

To see the reverse, take T' = prpp.q(T). If T' occurs in Q, then by the previous

argument, SO mMust pz-1p, 54 (7"). But by Remark 3.38 (pp. 143),

-1
pz‘l [v,p,u] = pz[p,v,q] '

So it follows that T occurs in Q. d
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3.8 Still More Small-Scale Obstructions

We will make use of the graph-rewriting rules introduced in the previous sections to

demonstrate more forbidden graphs.

3.8.1 Obstruction 6: The Forbidden Graph Tyysp

The o-chains of Obstruction T4 are {abAB}. The vertices of Obstruction Toyap

are named:

v = ga(vo)
v2 = (1)
vs = ¢a(ve)
vs = ¢p(vs).

The graph T,45 is depicted in figure 3.19.

©) TabAB b

Figure 3.19: The Forbidden Graph T,,45.

We are now ready to prove the following proposition.

Proposition 3.40. The graph Taap cannot be realized as a proper simple chain

inside O if n > 5.
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Proof. To prove this, we will consider the ways in which T,;45 might appear as a

proper simple chain in an level subgraph of 2*. There are six ways:

L1. It occurs as an trailing subgraph of Ty p45.
L2. It occurs as an trailing subgraph of Tyap45-
L3. It occurs as an trailing subgraph of Tgap45-
R1. Tt occurs as a leading subgraph of Typap4.
R2. It occurs as a leading subgraph of Ty, 455.

R3. It occurs as a leading subgraph of Ty, 4p5,.

Each of these possibilities is depicted in Figure 3.20.

R1)

(L2) R2)
v
v 3 a v, 3 a v 2
(R3)
) TBabAB b TabABa b
v b v a b
4 ) 4
v w v
w4 1 Yo a 1

Figure 3.20: The six ways T,4p might appear as a proper simple chain.
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The impossibility of each of these configurations will now be proven, in turn.
The cases L1, L2, R1, and R2 will be shown to be impossible using the Obstruction
Rewriting Rule 1 presented in Proposition 3.29 (pp. 113) and by appealing to already-
known forbidden graphs. The remaining cases L3 and R3 will be proved using the

Obstruction Rewriting Rule 2 3.39 (pp. 144) .

Case L1: The tree Tyu4p contains the tree Tp,p as a subgraph. But Ty, cannot
be realized, because of Corollary 3.21 (pp. 102). Hence, T,a4p cannot be realized.

The argument is illustrated in Figure 3.21.

Figure 3.21: Why the L1 case (T,445) is forbidden.

Case L2: The tree Ty,p45 contains the tree Ty, as a proper simple subchain. But
Thay cannot be realized, because of Corollary 3.33 (pp. 139). Hence, Typap cannot

be realized. The argument is illustrated in Figure 3.22.

Figure 3.22: Why the L2 case (T}epap) is forbidden.

Case R1: The tree Tyy484 contains the tree T4p4 as a subgraph. But Typ4

cannot be realized, because of Corollary 3.33 (pp. 139). Hence, T 5454 cannot be
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realized. The argument is illustrated in Figure 3.23.

Figure 3.23: Why the R1 case (Typ4p4) is forbidden.

Case R2: The tree 1,455 contains the tree Tgp4 as a subgraph. But Tgp4
cannot be realized, because of Corollary 3.23 (pp. 109). Hence, Typ45p cannot be

realized. The argument is illustrated in Figure 3.24.

Figure 3.24: Why the R2 case (Typ4p4) is forbidden.

It remains to consider the L3 and R3 cases. To show that Tpp45, and Tepan. we
will use the extended graph rewriting rules 7, and p, described in Definitions 3.27

(pp. 112) and 3.37 (pp. 142) respectively.

Case L3: The tree T,,4p4 can be rewritten using two appliations of 7 and one
application of p to produce a graph which contains the tree Ty, as a subgraph. But
Thee cannot be realized, because of Corollary 3.23 (pp. 109). Hence, Typ4p4 cannot

be realized. The argument is illustrated in Figure 3.25.

Case R3: The tree Ty 454 can be rewritten using two appliations of 7 and one

application of p to produce a graph which contains the tree Ty, as a subgraph. But
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Toe cannot be realized, because of Corollary 3.23 (pp. 109). Hence, T 5454 cannot

be realized. The argument is illustrated in Figure 3.26.

Since each of the cases L1-L3 and R1-R3 were handled, and the corresponding
graphs shown to be forbidden, we can conclude that 7,45 cannot be realized as a

proper simple chain in a level n > 5 subgraph of Q*.

Proposition 3.40 is proved. O

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.41 (Obstruction 6). The sets Syap and Syepa contain no conjugacy

classes of length > 5.
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Figure 3.26: Why the R3 case (Tyqp45) is forbidden.
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3.8.2 Obstruction 7: The Forbidden Graph Tagap

The o-chains of Obstruction T4p,, are {ABab}. The vertices of Obstruction T4pas

are named:

v = ¢a(wv)
v2 = ¢p(v1)
v3 = $a(v2)
vg = ¢p(vs).

The graph T4p, is depicted in figure 3.27.

™ TABab b

Figure 3.27: The Forbidden Graph Tsges.

We are now ready to prove the following proposition.

Proposition 3.42. The graph Tapq cannot be realized as a proper simple chain as

a level subgraph in S, for n 2 5.

Proof. To prove this, we will consider the ways in which Tp,, might appear as a

proper simple chain in an level subgraph of £2*. There are six ways:

L1. It occurs as an trailing subgraph of g 154.

L2. It occurs as an trailing subgraph of T} sp4s.
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L3. It occurs as an trailing subgraph of T54p4s-
R1. It occurs as a leading subgraph of Taggp4.-
R2. It occurs as a leading subgraph of T4p.s5.

R3. It occurs as a leading subgraph of T4pgp,-

Each of these possibilities is depicted in Figure 3.28.

AABab
,
@2 Tgapa
vl a vl a_ s v0
w T o1 ®3) T b “
Y Toamw b b ABzbA b
v
v, a g 2 a Vs

Figure 3.28: The six ways T 4p,s might appear as a proper simple chain.

The impossibility of each of these configurations will now be proven, in turn.
The cases L1, L2, R1, and R2 will be shown to be impossible using the Obstruction
Rewriting Rule 1 presented in 3.29 (pp. 113) and by appealing to already-known for-
bidden graphs. The remaining cases L3 and R3 will be proved using the Obstruction
Rewriting Rule 2 3.39 (pp. 144) .

Case L1: The tree T,4pqb contains the tree T,,, as a subgraph. But T,,; cannot
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be realized, because of Corollary 3.21 (pp. 102). Hence, T,apq. cannot be realized.

The argument is illustrated in Figure 3.29.

Figure 3.29: Why the L1 case (T, 4pq) is forbidden.

Case L2: The tree Ty 454, contains the tree Ty, as a proper simple subchain. But
Thay cannot be realized, because of Corollary 3.33 (pp. 139). Hence, Ty484 cannot

be realized. The argument is illustrated in Figure 3.30.

Figure 3.30: Why the L2 case (T;4545) is forbidden.

Case R1: The tree Typu4 contains the tree Tspa as a subgraph. But Tupy
cannot be realized, because of Corollary 3.33 (pp. 139). Hence, T4papa cannot be

realized. The argument is illustrated in Figure 3.31.

:V

P4
RI Y
®D Tapapy b b
B amm—_

2 a V3

Figure 3.31: Why the R1 case (Tapqpa) is forbidden.
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Case R2: The tree T4pqp contains the tree Tppy as a subgraph. But Tgga
cannot be realized, because of Corollary 3.23 (pp. 109). Hence, Tapqp cannot be

realized. The argument is illustrated in Figure 3.32.

Figure 3.32: Why the R2 case (Tapasa) is forbidden.

It remains to consider the L3 and R3 cases. To show that T4gae and Tgage, we
will use the extended graph rewriting rules 7, and p, described in Definitions 3.27

(pp. 112) and 3.37 (pp. 142) respectively.

Case L3: The tree T4pa4 can be rewritten using two appliations of 7 and one
application of p to produce a graph which contains the tree Tj,, as a subgraph. But
Thea cannot be realized, because of Corollary 3.23 (pp. 109). Hence, Tspm4 cannot

be realized. The argument is illustrated in Figure 3.33.

Case R3: The tree Typaa can be rewritten using two appliations of 7 and one
application of p to produce a graph which contains the tree T,y as a subgraph. But
Tap cannot be realized, because of Corollary 3.23 (pp. 109). Hence, Tapasa cannot
be realized. The argument is illustrated in Figure 3.34. Since each of the cases L1-L3
and R1-R3 were handled, and the corresponding graphs shown to be forbidden, we
can conclude that T4 e cannot be realized as a proper simple chain in a level n > 5

subgraph of {2*.

Proposition 3.42 is proved. u
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(L3) Tatgey 7]
b[vl’l."b ]
b[\ v v] a
@g}b b
Y]
b b b
v, ® Va a v
Figure 3.33: Why the L3 case (Tapgp4) is forbidden.
(R3)

Figure 3.34: Why the R3 case (T,4p45) is forbidden.
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Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

- proposition.

Corollary 3.43 (Obstruction 7). The sets Sapa and Spae contain no conjugacy

classes of length > 5.
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3.8.8 Obstruction 8: The Forbidden Graph T,p,

The o-chains of Obstruction T,p, are {aBa}. The vertices of Obstruction T,p, are:

v = ¢a('UO)
va = ¢p(v1)
vy = ¢a(U2)-

The graph T,p, is depicted in Figure 3.35.

(8) T

Figure 3.35: The Forbidden Graph T,z,.

We are now ready to prove the following proposition.

Proposition 3.44. The graph T,p, cannot be realized as a level subgraph of ).

Proof. Suppose Tgp, occurs as depicted in Figure 3.35. Then, by Lemma 3.24 (pp.
110), vp ~p vs. It follows that in ©* are the same vertex. Hence the subgraph T35,
cannot occur be realized in Q* (at all), and hence certainly cannot be realized as a

level subgraph of Q2*. d

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.45 (Obstruction 8). SeBe = SAbA = 'SbAb = SBaB ={.
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3.8.4 Obstruction 9: The Forbidden Graph T,,p4

The o-chains of Obstruction T,,54 are {aaBA}. The vertices of Obstruction Ty,p4

are named:

v = @alvo)
v2 = @e(v1)
v3 = ¢p(va)
ve = ¢a(vs).

The graph T,,5.4 is depicted in Figure 3.36.

)]
TaaBA

Figure 3.36: The Forbidden Graph Tp.p4.

We are now ready to prove the following proposition.

Proposition 3.46. The graph Ty,p4 cannot be realized as a level subgraph of §2*.

Proof. Suppose T,,p4 occurs as depicted in Figure 3.36. By applying the p graph
rewriting rule once (see Figure 3.37), we can produce a graph which contains T,
which by Corollary 3.23 (pp. 109), cannot be realized as a level subgraph of Q*. Since
p is a conservative rewrite rule, we know that T,,p4 also cannot be realized as a level

subgraph of Q*. d
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Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.47 (ObStI‘llCtiOIl 9). SaaBA = Sa.bAA = SbbAB = Sba.BB = @

TaaBA

Figure 3.37: Rewriting Ty,p4 using p to get a graph which is forbidden.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



161

3.8.5 Obstruction 10: The Forbidden Graph T44pa

The o-chains of Obstruction T4, are {AAba}. The vertices of Obstruction Ts4s4

are named:

v = da(vo)
vz = da(v1)
v3 = ¢p(vn)
vs = Pa(vs).

The graph T's 4, is depicted in Figure 3.38.

Figure 3.38: The Forbidden Graph T4 spq.

We are now ready to prove the following proposition.

Proposition 3.48. The graph Taap. cannot be realized as a level subgraph of Q*.

Proof. Suppose T44p, occurs as depicted in Figure 3.38. By applying the p graph
rewriting rule once (see Figure 3.39), we can produce a graph which contains T},q,
which by Corollary 3.23 (pp. 109), cannot be realized as a level subgraph of Q*. Since
p is a conservative rewrite rule, we know that 74 44, also cannot be realized as a level

subgraph of Q*. g

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



162

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.49 (Obstruction 10). SAAba = SABaa = ’SBBab = SBAbb = @

Figure 3.39: Rewriting T4 45, using p to get a graph which is forbidden.
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3.8.6 Obstruction 11: The Forbidden Graph T,p 4

The o-chains of Obstruction T,54; are {aBAb}. The vertices of Obstruction T,p.4s

are named:

Ui = ¢a(v0)
v = ¢p(v)
vs = ¢a(v)
va = &p(v3).

The graph T,p45 is depicted in figure 3.40.

w a Y 1
v
4 Y
11 0
(ah TaBAb b b
v a
3 V2

Figure 3.40: The Forbidden Graph T} p.4s.

We are now ready to prove the following proposition.

Proposition 3.50. The graph T,pa, cannot be realized as a proper simple chain as

a level subgraph in Q;, forn > 5.

Proof. To prove this, we will consider the ways in which 7,54, might appear as a

proper simple chain in an level subgraph of 2*. There are six ways:

L1. It occurs as an trailing subgraph of T, ,p4s.

L2. It occurs as an trailing subgraph of Tg,p4s.
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L3. It occurs as an trailing subgraph of Ty, p 4p-
R1. It occurs as a leading subgraph of Typ 4.
R2. It occurs as a leading subgraph of 7,54p,-

R3. It occurs as a leading subgraph of Ty p s

Each of these possibilities is depicted in Figure 3.41.

1A (R1)
b
wha oY PN
v
v v 4 a
R2
@2 TBaBAb 4b 0 b ®2) TaBAba b b
v
v3 a V2 3 a v2
w a v]
w T Y4 gV
0 (R3)
baBAb bf b b
V3 a v

2

Figure 3.41: The six ways 7,54, might appear as a proper simple chain.

The impossibility of each of these configurations will now be proven, in turn, using
the Obstruction Rewriting Rules 1 and 2 presented in Propositions 3.29 (pp. 113)

and 3.39 (pp. 144), and by appealing to already-known forbidden graphs.

Case L1: Suppose the tree T,,p54p is realized. Now T,,p45 can be rewritten using

a p transformation to yield a graph which contains the tree T,,, as a subgraph. But
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Taas cannot be realized, because of Corollary 3.21 (pp. 102). Hence, T up.45 also

cannot be realized. The argument is illustrated in Figure 3.42.

Figure 3.42: Why the L1 case (T up4s) is forbidden.

Case L2: The tree Tg,p4, contains the tree Tg,p as a proper simple subchain.
But Tg,p cannot be realized, because of Corollary 3.45 (pp. 158). Hence, Tg.p4s

cannot be realized. The argument is illustrated in Figure 3.43.

Figure 3.43: Why the L2 case (Tyap4s) is forbidden.

Case L3: Suppose the tree Ty,p4p is realized. Now Tp,p45 can be rewritten using
a p transformation to yield a graph which contains the tree Ty,, as a subgraph. But
Thao cannot be realized, because of Corollary 3.23 (pp. 109). Hence, Tyo54p also

cannot be realized. The argument is illustrated in Figure 3.44.
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w
W o3 vI a Vl
v Vv
w T 4% T 0
baBAb bl b b dgnyl p b b
V3 a v2 V3 a V?_
b

Figure 3.44: Why the L3 case (T,pap4) is forbidden.

Case R1: The tree T,papa contains the tree T,p, as a subgraph. But T,z,
cannot be realized, because of Corollary 3.45 (pp. 158). Hence, T,pa54 also cannot,

be realized. The argument is illustrated in Figure 3.45.

Figure 3.45: Why the R1 case (T,p4p4) is forbidden.

Case R2: The tree T,p4p, contains the tree Tp4p, as a subgraph. But Tgap,
cannot be realized, because of Corollary 3.43 (pp. 157). Hence, T,54p. also cannot

be realized. The argument is illustrated in Figure 3.46.

Case R3: Suppose the tree T, paps is realized. Now T, 45 can be rewritten using
a p transformation to yield a graph which contains the tree Ty, as a subgraph. But

Tue cannot be realized, because of Corollary 3.23 (pp. 109). Hence, T,pas also
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Figure 3.46: Why the R2 case (T,54p4) is forbidden.

cannot be realized. The argument is illustrated in Figure 3.47.

b w a V]
Vi@ v 0
R 0 alv,y, Y, 1
(R3) TaBAbb ) b Y
V3 a V2

Figure 3.47: Why the R3 case (Tyop4s) is forbidden.

Since each of the cases L1-L3 and R1-R3 were handled, and the corresponding
graphs shown to be forbidden, we can conclude that T,p4; cannot be realized as a

proper simple chain in a level subgraph of 2} for n > 5.

Proposition 3.50 is proved. a

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.51 (Obstruction 11). The sets Supab, SBasa, SvaBa and Sasen contain

no conjugacy classes of length > 5.
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3.8.7 Obstruction 12: The Forbidden Graph T,BBaa

The o-chains of Obstruction T,pp,, are {aBBaa}, and its vertices denoted:

v = 6a(v)
v = ¢p(v1)
v3 = 0p(vs)
vs = Ga(vs)
vs = @a(vs).

The graph T,p4s is depicted in figure 3.48.

Figure 3.48: The Forbidden Graph T,5p4,-

We are now ready to prove the following proposition.

Proposition 3.52. The graph Typp., cannot be realized in a level subgraph of Q*.
Proof. By applying a 7 rewrite operation and then a p rewrite operation, we can
transform 7, gpe, into a graph which contains T, as a subgraph. But T}, is forbid-

den, by Corollary 3.21 (pp. 102). Thus, T,pp.. is also forbidden. The argument is
depicted in Figure 3.49. 0
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Figure 3.49: Why T,pgq. is forbidden.

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-
metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.53 (Obstruction 12). S;ppes = Spasee = Saamwa = SBBaan = 0.
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3.8.8 Obstruction 13: The Forbidden Graph T,,5p,

The o-chains of Obstruction T,,pp5, are {aaBBa}, and its vertices are denoted:

v = (o)
v = ép(u)
v3 = 0p(vs)
vs = @a(vs)
vs = ¢a(va).

(13) TaaBBa

Figure 3.50: The Forbidden Graph T,;p5,.

|
\
E We are now ready to prove the following proposition.

Proposition 3.54. The graph T,,5p, cannot be realized in a level subgraph of Q*.

Proof. By applying a 7 rewrite operation and then a p rewrite operation, we can
transform 7,55, into a graph which contains Ty, as a subgraph. But Ty, is forbid-
den, by Corollary 3.23 (pp. 109). Thus, Tu.pp, is also forbidden. The argument is
depicted in Figure 3.51. O
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w 2 v 2
© a Vl 2 ) EQ—-.—N o ]
Yo 1 'b{v‘.v__‘ % ] 0 b
b ——e
b
b 3
Tanea ) ¢ ’, a4
b b
A J
L e—e's 4

Figure 3.51: Why T,.5B. is forbidden.

Appealing to the Chain Inversion Lemma 3.14 (pp. 73) and the Alphabet Sym-

metry Lemma 3.15 (pp. 73), the following is an immediate corollary of the previous

proposition.

Corollary 3.55 (Obstruction 13). SwuBBa = Sphasr = Savwas = SpaeBB = 0.
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3.9 Bounding the Size of Level Neighborhoods

In this section we put together all the information concerning small and large scale
obstructions, and use this to control the structure of level neighborhoods in 2*. To

start, the next theorem summarizes all the information about small-scale obstructions.

Theorem 3.56 (Forbidden o-Chains Theorem). Fizn > 5.

e For any o in

{aaaB,bbbA,bAAA,aBBB, AAAb, BBBa, Baaa, Abbb, aab,
bba, BAA, ABB, AAB, BBA, baa, abb,aBa, bAb, AbA,
BaB,aaBA,bbAB,abAA,baBB, AAba, BBab, ABaa, BAbb,

aBBaa,bAAbb, AADDA, BBaaB, aaBBa,bbAAb, AbbAA, Baa BB}

Q;‘,A does not contain any simple o-chain w of length > 5.

o For any o in

{aba,bab, ABA, BAB, abAB, baBA,

ABab, BAba,aBAb,bABa, AbaB, BabA}

(2> does not contain a proper simple o-chain w of length > 5.

Proof. The proof is a culmination of the many Propositions and their Corollaries

derived in previous sections. These are summarized on the next page. d
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o Forbidden by o Forbidden by
aaaB | Corollary 3.17, pp. 84 aBa | Corollary 3.45, pp. 158
bbbA bAb "
bAAA ” AbA "
aBBB K BaB "

AAAb | Corollary 3.19, pp. 95 aaBA | Corollary 3.47, pp. 160
BBBa K bbAB "
Baaa " abAA "
Abbb " baBB "
aab Corollary 3.21, pp. 102 || AAba | Corollary 3.49, pp. 162
bba ? BBab 7
BAA K ABaa K
ABB ” BAbb K
AAB | Corollary 3.23, pp. 109 || aBBaa | Corollary 3.53, pp. 169
BBA ”? bAAbb "
baa " AADbA K
abb " BBaaB K
aaBBa | Corollary 3.55, pp. 171 || abAB | Corollary 3.41, pp. 150
bbAAb » baBA "
AbbAA 7 ABab | Corollary 3.43, pp. 157
BaaBB 7 BAba "
aba Corollary 3.33, pp. 139 || aBAb | Corollary 3.51, pp. 167
bab K bABa "
" ABA K AbaB K
BAB " BabA "
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The next theorem shows that is a sufficiently long conjugacy class w, if w is a

o-chain for a sufficiently long o, then ¢ must be of the form z* for some z € X UX L.

Theorem 3.57 (Length 5 Chains Theorem). Suppose w € F, has length > 5
and w is a o-chain for some word ¢ € Fy where |o| = 5. Then o must be one of the

following:

{aaaaa, bbbbb, AAAAA, BBBBB}

Proof. Let oy be the initial prefix of o, with |op| = 4. We start by the determining

possible values of op.
To do this, let us enumerate all possible g € F, where |op| = 4.

If w € Fy is a o-chain, then w is certainly also a og-chain. The table below sum-
marizes the possible and forbidden values for og, and provides documentary evidence

(Corollary number) to substantiate why particular values for oy is disallowed.

Note: The values of oy are organized into 4 tables, based on the first letter of aq.
Within each table, the values of oy are organized based on the 3-letter “base” prefix

of 0g.
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len. 3 oo Forbidden by oo Forbidden by oo Forbidden by
base Corollary # Corollary # Corollary #
aaa aaaa | POSSIBLE aaab | 3.21, p.102 aaaB | 3.17, p.84
aab aaba | 3.21, p.102 aabb | 3.21, p.102 aabA | 3.21, p.102
aaB eaBa | 3.45, p.158 aaBA | 347, p.160 eaBB | POSSIBLE
aba abaa | 3.33, p.139 abab | 3.33, p.139 abaB | 3.33, p.139
abb abba | 3.23, p.109 abbb | 3.23, p.109 abbA | 3.23, p.109
abA abAb | 3.45, p.1538 abAA | 3.47, p.160 abAB | 3.41, p.150
aBa aBaa | 3.45, p.158 aBab | 3.45, p.158 aBaB | 3.45, p.158
aBA || aBAb | 3.51, p.167 aBAA | 3.21, p.102 aBAB | 3.33, p.139
BB || aBBa | POSSIBLE | aBBA | 3.23, p.109 aBBB | 3.17, p.84
len. 3 09 Forbidden by o) Forbidden by o) Forbidden by
base Corollary # Corollary # Corollary #
baa baaa | 3.23, p.109 baab | 3.23, p.109 baaB | 3.23, p.109
bab baba | 3.33, p.139 babA | 3.33, p.139 babb | 3.33, p.139
baB baBa | 3.45, p.158 baBA | 3.41, p.150 baBB | 3.47, p.160
bba bbaa | 3.21, p.102 bbab | 3.21, p.102 bbaB | 3.21, p.102
bbb bbba | 3.21, p.102 bbbA | 3.17, p.84 bbbb | POSSIBLE
bbA bbAA | POSSIBLE | bbAb | 3.45, p.158 bbAB | 3.47, p.160
bAb bAba | 3.45, p.158 bAbA | 3.45, p.158 bAbb | 3.45, p.158
bAA || bAAA | 3.17, p.84 bAAb | POSSIBLE | bAAB | 3.23, p.109
bAB | bABa | 3.51, p.167 bABA | 3.33, p.139 bABB | 3.21, p.102
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len. 3 oo Forbidden by 09 Forbidden by o Forbidden by
base Corollary # Corollary # Corollary #
Aba Abaa | 3.23, p.109 Abab | 3.33, p.139 AbaB | 3.51, p.167
Abb Abba | 3.21, p.102 AbbA | POSSIBLE || Abbb | 3.17, p.84
AbA AbAA | 3.45, p.158 AbAb | 3.45, p.158 AbAB | 3.45, p.158
AAb AAba | 3.49, p.162 AAbA | 3.45, p.158 AAbb | POSSIBLE
AAA | AAAA | POSSIBLE || AAAb | 3.19, p.95 AAAB | 3.23, p.109
AAB || AABa | 3.23, p.109 AABA | 3.23, p.109 AABB | 3.23, p.109
ABa ABaa | 3.49, p.162 ABab | 3.43, p.157 ABaB | 3.45, p.158
ABA || ABAA | 3.33, p.139 ABAb | 3.33, p.139 ABAB | 3.33, p.139
ABB || ABBa | 3.21, p.102 ABBA | 3.21, p.102 ABBB | 3.21, p.102
len. 3 oh Forbidden by o) Forbidden by oo Forbidden by
base Corollary # Corollary # Corollary #
Baa Baaa | 3.19, p.95 Baab | 3.21, p.102 BaaB | POSSIBLE
Bab Baba | 3.33, p.139 BabA | 3.51, p.167 Babb | 3.23, p.109
BaB | BaBa | 3.45, p.158 BaBA | 3.45, p.158 BaBB | 3.45, p.158
Bab Baba | 3.33, p.139 BabA | 3.51, p.167 Babb | 3.23, p.109
BAA || BAAA | 3.21, p.102 BAAb | 3.21, p.102 BAAB | 3.21, p.102
BAB || BABa | 3.33, p.139 BABA | 3.33, p.139 BABB | 3.33, p.139
BBa || BBaa | POSSIBLE || BBab | 3.49, p.162 BBaB | 3.45, p.158
BBA || BBAA | 3.23, p.109 BBAb | 3.23, p.109 BBAB | 3.23, p.109
BBB || BBBa | 3.19, p.95 BBBA | 3.23, p.109 BBBB | POSSIBLE
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By examining the tables on the previous two pages, one may verify that oy must

be one of the following:

{aaaa,bbbb, AAAA, BBBB,aaBB,bbAA,

AAbb, BBaa,aBBa, bAAb, AbbA, BaaB}

Now we extend each of the above possible choices for gy by one symbol to obtain

possible choices for 0. Again, many of the possible choices are disallowed because

they result in the presence of chains that we have already proved are not realize. The

table below summarizes the possible choices that are allowed and forbidden for o, and

documents the evidence (Corollary number) to substantiate why particular values for

o are disallowed.

og base o Forbidden by
0aaaa POSSIBLE
aaaa — aacab Cor. 3.21, p.102
aeaaBB Cor. 3.17, p.84
bbbba Cor. 3.21, p.102
bbbb — bbbbA Cor. 3.17, p.84
bbbbb POSSIBLE
AAAAA POSSIBLE
AAAA = | AAAAD Cor. 3.19, p.95
AAAAB Cor. 3.23, p.109
BBBBa Cor. 3.19, p.95
BBBB ~ | BBBBA Cor. 3.23, p.109
BBBBB POSSIBLE
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og base o Forbidden by
aaBBa Cor. 3.55, p.171
aaBB = | @aBBA  Cor. 3.23, p.109
aa BBB Cor. 3.17, p.84
AAbba Cor. 3.21, p.102
AAbb — AALBA Cor. 3.53, p.169
AAbbb Cor. 3.19, p.95
BBaaa Cor. 3.19, p.95
BBaa = | BBaab Cor. 3.21, p.102
BBaaB Cor. 3.53, p.169
aBBaa Cor. 3.53, p.169
aBBa— | aBBab Cor. 3.49, p.162
aBBaB Cor. 3.45, p.158
bAAba Cor. 3.49, p.162
bAAb — bAAbA Cor. 3.45, p.158
bAAbD Cor. 3.53, p.169
AbbAA Cor. 3.55, p.171
AbbA — | AbbAb Cor. 3.45, p.158
AbbAB Cor. 3.47, p.160
BaaBa Cor. 3.45, p.158
BaaB = | BaaBA Cor. 3.47, p.160
BaaBB Cor. 3.55, p.171

178

Examination of the previous tables shows that ¢ must be one of the following

either aaaaa, or bbbbb, or AAAAA, or BBBBB. This completes the proof of the

theorem.
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Theorem 3.58 (Level Structure Theorem). For any v in F», if |u| > 10 and

|B*(u)| > 382, then B*(u) is an z*-chain having at most |u| — 5 vertices.

Proof. Denote the graph B*(u) as G. If G is an z*-chain then the theorem follows

immediately from Part (I1I) of Theorem 3.8 (pp. 63).

It remains to consider the case when G is not an z*-chain. Every vertex in G has
degree at most 3. It follows that the ball of radius 7 around a vertex contains at most
14+3+6+12424448 496 + 192 = 382 distinct vertices. This means that a graph
G with 383 or more vertices is not contained in the ball of radius 7 about any vertex.
Hence there must be two vertices u, v in G for which the shortest path between them
in G has length > 8. Let us take u and v to be the vertices that are farthest apart
in G, and denote the path between them as p. Then the presence of p tells us that
u is a o-chain for some o of length |p| > 8 > 5. By Theorem 3.57 (pp. 174), u is an

zP\_chain for some zo € X*.

Let 5 be the maximal zo-chain in G which contains p. Note that p is uniquely

defined. Let @, ¥ be the start and end vertices of p.

Suppose that there is a vertex w that is not on the path p. Since G is connected,
there is a shortest path g connecting w to p. Suppose that ¢ hits p at vertex z. We
divide p into two parts: p; connects z to @ by going along p, and py connects z to ©

by going along 7.

We connect w with @ via a path py s = ¢ pz. We connect w with ¢ via a path
Pws = G- Ps- Then either p,; or p, s must have length > 1+ (|p|/2) > 5. If

|pwal = 5, then by Theorem 3.57 (pp. 174) it follows that the labels on g are the
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same as the labels on p;. But then w lies on p, a contradiction. Likewise, if |p, 5| 2 5,
it follows that the labels on ¢ are the same as the labels on ¢;. But then w lies on p,

a contradiction. Thus, we conclude that there is no vertex w that is not on the path

p.

It follows that G is a chain graph labelled by zy, and that @ is a z&-chain for some

o€ X*Tand ke N

Part (I1I) of Theorem 3.8 (pp. 63) states that if |u| > 10 and u is an z*-chain then

k is at most |u| — 5. This completes the proof of the theorem. O

3.9.1 Pulling Back to €2

Main Theorem (Theorem 1.32) For any » in Fj, if ju| > 10 and |B(u)| > 3056,

then B(u) is cylinder of length at most |u| — 5 and having at most 8|u| — 40 vertices.

Proof. For any u in Fy, |B(u)| < 8|B*(u)|, since ~p identifies at most 8 conjugacy
classes to a single vertex in Q*. B, if |B*(u)| > 382 then B*(u) is an z*-chain having
at most |u| — 5 vertices. If |B(u)| > 3056 then |B*(u)| > 382 and by Theorem 3.58
(pp. 179) B*(u) is an z*-chain having at most |u| — 5 vertices. But then B(u) is

cylinder of length at most |u| — 5, and so has at most 8|u| — 40 vertices. O
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3.9.2 Pulling Back to T’

The previous theroem can now be leveraged to give us information about Whitehead’s

graph T'.

Theorem 3.59 (Level Neighborhoods in I'). For any cyclically reduced word u
in Fy, if |u| > 387 then the connected level component of u in I' has no more than

8Jul? — 40|u| vertices.

Proof. Suppose, towards contradiction, that the connected level component of v in '
has no more than 8|u|? — 40|u| vertices. Since |u| > 387, it follows that 8|u|? — 40|u|
exceeds 3056[u|. So the connected level component of u in I" has more than 3056|ul
vertices. But the map from I' — Q collapses at most |u| vertices of T to a single
conjugacy class in 2, so it follows that the size of B(@) in  exceeds 3056. By
Theorem 3.9.1 then B(@) is cylinder of length at most |[u|—5 and has at most 8|u|—40
vertices. Consider the pre-image of B(@) in I', restricted to vertices of length |u|. This
subgraph of I is again just the connected level component of v in I'. Since the map
from I' = Q collapses at most |u| vertices of I to a single conjugacy class in €, the
connected level component of u in T’ must have at most 8|u|? — 40|u| vertices. This

is a contradiction. O
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CHAPTER 4

ALGORITHMIC APPLICATIONS

In this chapter we explore the algorithmic applications of the the previously derived
mathematical results. We begin with an overview of known algorithms for CONJ,

and AUT-CONJ,.

4.1 Algorithms for (Standard) Conjugacy

Recalling Definition 1.2 (pp. 3) where the decision problem CONJ, (u,v) was first
introduced. This involves taking as input an arbitrary pair u, v € F;, and determining
if 3w € F, s.t. w™luw = v. The result that CONJ,, is decidable is, by now, folklore.

The algorithm attributed to Greendlinger is as follows.

ALGORITHM Acony: Given u,v in a free group F = F(X), | X|=n:

1. Construct two cycle graphs O, and O, having lengths |u| and |v| respectively.
Write u clockwise on the edges of the first, and v along the second—these

labelled graphs are called “circular words”.

2. Now perform cyclic free reduction on these circular words, i.e. repeatedly con-

tract all pairs of consecutive edges with labels z,z7! or z,z7! (for z € X).
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3. Upon termination of cyclic free reduction, check to see if the two circles graphs

are equal graphs, as drawn.

e If so, output 1. Halt.

e Otherwise, output 0. Halt.

The next proposition shows that the above algorithm is correct:

Proposition 4.1. (Folklore) Acony is a correct algorithm for CONJ,, (u, v).

Proof. Suppose u and v are conjugates. Then there is some w in F;, for which u¥ = v.
Let © be the cyclically reduced form of v. Then v = (7)? for some ¢ in F,, where
g is the maximal prefix of v that is cancelled with a suffix of v during its cyclic free
reduction. So then u = v¥™" = (§)®". It follows that ¥ is also the cyclically reduced
form of u. Thus, when the algorithm reaches stage 3, the two circle graphs will indeed

be equal as graphs, and the algorithm will output 1.

Suppose the algorithm outputs 1. Denoting the cyclically reduced form of u as @
and the cyclically reduced form of v as ¥ we see that u = (@)? and v = (7)?. Here p is
the maximal prefix of v that is cancelled with a suffix of u during cyclic free reduction
of u, and ¢ is the maximal prefix of v that is cancelled with a suffix of v during cyclic
free reduction of v. Since the algorithm has output 1, the graphs at stage 3 were
equal, i.e. the cyclically reduced form of u is a conjugate of the cyclically reduced
form of v. In other words, % = (%) for some z in F,. So u = (&) = ()% = (v)9 '

Hence u and v are conjugate via w = ¢~ '2p. O
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4.1.1  Computational Complexity

Let us consider the time complexity of the algorithm Acon, for standard conjugacy

that was described in the previous section:

1. The construction of the cycle graphs can be done in time O(|u|logn + |v|logn).

2. This reduction process terminates since the original words are of finite length,
and their length strictly decreases at each reduction step. Cyclic free reduction

u ~ 4 and v ~ ¥ can be achieved in time O(|u|logn + |v|logn).

3. To check to see if & and ¥ are equal as graphs first check that |4| = |o]. If so, then
fix a starting vertex p on Oy and vary the start vertex g on Oz. Determine if the
word read clockwise in Oy starting from p is the same as the word read clockwise
in Oy from ¢. This can be done in time O(|4||7]|logn). Since |a] < |u| and
|| < |v|and |@] = |9] it follows that |&| and |0 are both less than min(|ul, |v]).

So this stage of the algorithm works in time O(min(|u|?, |v|?) logn).

The above analysis yields:
Theorem 4.2. Acony decides CONJ,, in time O(min(|ul?, |v|?) logn) time.

Corollary 4.3. Acons decides CONJ, in time O(min(|ul?, |v[?)) time.

4.2 Algorithms for Automorphic Conjugacy

In the previous section, we considered algorithms for (standard) conjugacy. In con-

trast, here we consider AUT-CONJ,(u,v), the decision problem for automorphic
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conjugacy that was introduced in Definition 1.1 (pp. 2). In this problem, we are

given u,v € F, and are to detemine if there is an automorphism ¢ in Aut(F,) for

which ¢(u) =

4.2.1 Whitehead’s Algorithm

In 1936, J. H. C. Whitehead proved [27, 28] that AUT-CONJ, is decidable. We

describe the algorithm below following the illustration in Figure 4.1.

LY

¢
\e /
N/
R

clements of increasing length

[~

Figure 4.1: The operation of Whitehead’s Algorithm.
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ALGORITHM A 4yr-cons: Given u,v in a free group F = F(X), |X

= n:

1. Compute % and v and represent them as cyclic words.

()

Apply Whitehead automorphisms greedily to reduce the lengths of @ and 7 until
no further reduction in length is possible. Denote the minimal length forms as
% and 7.

3. Check if || = |7].

3A. If not, output 0. Halt.

3B. Otherwise, let n = |4| = |7|. Determine if @, 7 are in the same connected

component of I, as follows.
3B-1. Construct via breadth-first search I'z, the connected component of T
which contains u in which all vertices have length |a|.
3B-2. Test whether ¥ is in I';.
e If so, output 1. Halt.

e Otherwise, output 0. Halt.

The proof that Whitehead’s Algorithm is correct is fairly lengthy and involved.
For details, the reader is referred to the original papers of Whitehead [27, 28]m the
classical texts of Magnus, Karrass and Solitar [14] and Lyndon and Schupp [13].
Another approach for correctness is show that the Whitehead automorphisms form
a confluent rewriting system for automorphically conjugate elements of a free group,

and then to appeal to the Diamond Property.

Here we will only address the time complexity of the original Whitehead’s Al-

gorithm. We will briefly consider improvements in Whitehead’s Algorithm due Mi-
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asnikov and Shpilrain, and explore new improvements based on the mathematical

results of previous chapters.

4.2.2  Computational Complezity

Let us consider the time complexity of the algorithm A 4p7r-cons for automorphic

conjugacy that was described in the previous section:

1. The task of computing the cyclically reduced forms of u and v (i.e. % and
¥ respectively) and representing them as cyclic words can be done in time

O(|ullogn + |v] logn).

2. There are |W;| = 2" Whitehead automorphisms to consider ;zvhen greedily re-
ducing the lengths of @ and ¥ to find minimal length representatives @ and
©. Consider the process applied to u: Then, each application of a Whitehead
automorphism takes time O(|u|logn). Each application of a Whitehead auto-
morphism is amortized against a non-trivial reduction in the length of u. It
follows at most |u| reductions can take place, and hence that it takes at most
O(2™u|?logn) time to compute #. Thus, this step of the procedure takes at

most O(2"|ul?logn + 2™[v|?logn) time.
3. Checking if |G| = |0| takes time O(|u| + |v]).

3B. Let n = |z| = |0|. We must determine if 4,7 are in the same connected

component of {2,.

3B-1. Next, we construct via breadth-first search the connected subgraph of

the Whitehead graph induced by the vertices of the same length as
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|Z|. From elementary combinatorics, this graph has at most O(nl®)
vertices (since this is an upper bound on the number of elements in
F, having length equal to |Z|. The edge density in this component

is O(2"), since every vertex has at most |W,| = 2" edges incident

7| < |v|, it follows that this stage of the

a
v

to it. Since || < |u| and
computation takes time at most O(2rnmin(lubiv)y,

3B-2. Test whether ¥ is in I'. This amounts to testing if © coincides with
any of the vertices discovered in step 3B-1, and hence can be done in

time O(nl*).

Since n > 2, the term (n™"(#D) dominates (Ju|?logn + |v|*>logn) and we get:

The above analysis yields:
Theorem 4.4. A syr_cons decides AUT-CONJ,, in time O(2"n™in(ublvD) time.

Corollary 4.5. A syr_cony decides AUT-CONJ, in time O(2™n(ebivD) time,

4.2.8 Improving Whitehead’s Algorithm

In the previous section we saw that Whitehead’s Algorithm, in the classical analysis,
runs in exponential time. Computational experiments by C. Sims and A. D. Mias-
nikov have long indicated that in practice, however, Whitehead’s Algorithm runs in
polynomial time. Until recently there was no formal analytic argument to explain
this empirical fact. Then, in 1999 (to appear) Miasnikov and Shpilrain [17] obtained
a polynomial bound for the running time of Whitehead’s Algorithm in the case of F3,
and they hypothesized that Whitehead’s Algorithm is polynomial for free groups of

all ranks.
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Although the techniques of Miasnikov and Shpilrain are quite different from what
is carried out here, the underlying approach is the same: If one can obtain a subex-
ponential bound f(m) on the size of the biggest level connected component in I'y,,
then the running time of step 3B-1 will become O(2" f(min |ul, |v|)). Miasnikov and

Shpilrain determined a bounding function f(m) = m* for the case when n = 2.

It follows from our Theorem 3.59 (pp. 181) that one actually has a quadratic
bounding function on the size of the biggest level connected component at level m in

I". This proves

Theorem 4.6. A yr_cons decides AUT-CONJ, in time O(min(|uf?, [v]?)) time.

Note that we have shown that A pyr_cons decides AUT-CONJ, in the same
time complexity as Acons decides CONJ, (see Corollary 4.3 pp. 184). Since any
algorithm for AUT-CONJ; is also an algorithm for CONJ,, it is improbable that
-we will be able to find a faster algorithm to test automorphic conjugacy in F;, without

new insights into faster algorithms for standard conjugacy in Fs.

We also describe a Revised Whitehead’s Algorithm that makes use of the
structural description of the orbits of F3 derived in previous chapters. We denote this
algorithm as A% ;r_cony- While the classical Whitehead’s Algorithm operates inside

I', the Revised Whitehead’s Algorithm operates inside 2.
ALGORITHM A%yr_cony: Given u,v in a free group F = F(X), |X|=mn:

If max(|ul, |v]) < 10 then, proceed according to Aayr—cony, the classical algo-

rithm. Otherwise, operate according to the following modification:
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3B. Let n = |@| = |0|. Determine if 4,0 are in the same connected component of

Q,, as follows. Test if n > 5:

(a) No: Perform exhaustive search the connected component of @, which has

size at most 36. This case takes O(1) time.

(b) Yes: If n > 5, construct the connected component of @ via breadth-first
search inside €2 until either ¥ is found, or > 3056 vertices have been dis-
covered. If more than 3056 vertices are found before ¥ has been found,
then conclude that the component of @ is an z*-chain. Determine z.

Now apply powers of 9. to @ and 9.
e Let i} be the largest non-negative power for which | ()] = |a|.
e Let i7 be the smallest non-positive power for which | (@)| = |al.
e Let i} be the largest non-negative power for which | (7)| = |5,
e Let i7 be the smallest non-positive power for which | (7)| = [9].
Determine if 9/ (i) & 927 (7). If so, output “1”, otherwise output “0”.
Computing each successive power of ¢i takes time O(|z|) and O(|3]).
While |i£| and |:Z| are bounded by |u| — 5 = O(|u]) and |v| — 5 = O(|v})
respectively. Naively, we can consider each of these powers and so find 7=
and 1= in time O(|@/?) and O(|5]?).
Alternately (though it will not impact the net complexity) we can make
use of the following structural information: v and v lie on some z-chain.
So, we can search for i¥ and i using iterated doubling starting at %1.
In this way, we can find the values of i¥ and > using just O(log|u|) and
O(log |v]) applications of some power of |¢;. Using this approach we would

find i< and ¢ in time O(|a|log||) and O(|5]log|7]).
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There are at most 8 conjugacy classes permutation equivalent to uﬁt(a),
8 conjugacy classes permutation equivalent to u;;; (@), 8 conjugacy classes
permutation equivalent to 75‘ (7), and 8 conjugacy classes permutation
equivalent to ¥ (7).

Testing if zz);"i(ﬂ) ~p U9 () amounts to testing whether the set of 16

T

conjugacy classes
¥ (1) U §F (1)

intersects non-trivially with the set of 16 conjugacy classes

This amounts to making 256 = O(1) tests of the equality of conjugacy
classes. Testing if two conjugacy classes ug, vg are the same takes time

O(Jug||v]). So testing if P (@) &y % (9) takes time O(|@||7)).

Since |@| and || are less than min(|u|, |v|) the previous analysis proves

Theorem 4.7. A’y _cons decides AUT-CONJ, in time O(min(|ul?, [v]?)) time.
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CHAPTER 5

COMPUTATIONAL TOOLS

“Graphs are ubiquitous, finding applications in domains ranging from
software engineering to computational biology. While graph theory and
graph algorithms are some of the oldest, most studied fields of computer
science, the problem of visualizing graphs is comparatively young. This
problem, known as “graph drawing,” is that of transforming combinatorial

graphs into geometric drawings for the purpose of visualization.” [26]

As an area of current research in computer science, for example in its application
to research in networking and in information technology, graph drawing is a relatively
new area. However, drawings of graphs have had wide application in science and en-
gineering for a long time. Chemists use graphs to represent atoms and the bonds
between them. Electrical engineers draw graphs to represent circuits. The larger the
object being modelled by a graph, the more benefit can potentially be derived from
a visualization of the object via a graph drawing. One only need think of the double
helix structure of DNA to understand how important in can be to have an accurate
picture of the object being studied. And what about vast telecommunications net-
works and other large, complex physical or abstract systems which defy description

in words? Though a graph could precisely describe such an object as a list of ver-
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tices and a set of pairs of related vertices (edges), such sets will likely provide no

information about the “nature” of the object.

5.0.4 JIGGLE

The 1999 dissertation, “A Numerical Optimization Approach to General Graph Draw-
ing” of Daniel Tunkelang (Carnegie Mellon University) [26] provides an excellent
overview of graph drawing, an explanation and implementation of new methods to
solve the general graph drawing problem. This implementation was extended by the

author (as described later) to generate a visualization of the structure of Aut(F2).

Whereas most prior research considered only special types of graphs, Tunkelang’s
methods address the general graph drawing problem. In addition to its generality, the
approach presented in the dissertation improved on several aspects of graph drawing,
including an improvement in performance over prior algorithms and an improvement
in the quality of the resulting drawings. Tunkelang considers three basic aspects of
graph drawing: drawing conventions, constraints, and aesthetics. Drawing conven-
tions are basic specifications such as what space is being used for the drawing area

(usually the plane R?) or what type of lines are being used between vertices.

JIGGLE constructs a physical model of a graph by considering vertices as mas-
sive positively charged spheres and reifying edge relationships as physical springs.
The evolution of the system is then simulated under the influence of Hooke’s Law,
Coulomb’s Law and Newton’s Law (as well as other variants, See Figure 5.1). Tunke-
lang’s principal contribution involves novel techniques for computing efficient approx-

imations of the simulation, without which the approach would be computationally
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Figure 5.1: The three forces which act during JIGGLE graph layout.
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infeasible for all but the smallest graphs.

To avoid local minima in the energy surface, Tunkeland starts off by placing the
vertices in a high-dimensional space, and the dimensions are gradually “squashed
out”, by applying gravity laterally along successive dimensions. Once the layout
becomes € thin in dimension k, the simulation projects its state into & — 1 dimensional
Eucliean space, and proceeds to apply gravity along dimension k¥ — 1. The process
continues in this manner until a 2D layout is attained. The reader is referred to [25]

for further details.

5.0.5 Eztended Implementation for Aut(F2)

Much of the intuition behind this mathematical research was derived by playing with
JIGGLE. The author has developed a set of tools for exploring the structure of Aut(F)
and other combinatorial objects related to free groups. This software is structured in

three “modules”:

e Combinatorial “back end”, responsible for enumerating connected components

and level neighborhoods in T, 2 and Q* (see Figure 5.2).

e Visualization “front end”, responsible for manipulating JIGGLE parameters

and displaying the resulting drawings (see Figure 5.3).

e Statistical “analyzer”, responsible for detecting statistical patterns in terms of
subgraph frequencies, symmetries and structure. This module operates both on

the combinatorial graphs and on their drawings (see Figure 5.4).
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The role of this software as part of the mathematical laboratory cannot be over-
emphasized. The visualization front end was used to firstexamine long z* chains
and surrounding structures. The statistical analyzer was used to determine candi-
dates for forbidden subgraphs (and to search for occurrences of counterexamples to

hypothesized forbidden graphs).

And while these tools did not provide much information about how to prove the
results of the previous chapters, they served as a computational laboratory in which
to make systematic observations and experiment upon the naturally occurring objects

of interest: T',  and Q*.

More details of this software will be made available in a separate publication.
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positive intcgers n, D

l

Enumerate cyclically reduced clements w inf F Bavinglength o

L

w

Perform breadth-first search starting at w
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ne out newly discovered elements of length<n
ne out newly discovered clements of length > n

Identify vertice modulo
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Output combinatorial graphs Fw D

Figure 5.2: Combinatorial “back end”.
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Figure 5.3: Visualization “front end”.
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Figure 5.4: Statistical “analyzer”.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

This work considered the structure of Whitehead’s Graph T, introduced in 1936 by
J. H. C. Whitehead as away to quantify relationships between the natural length

function | | of F3, and the action of Aut(F,) on F.

Specifically, we provided a structural description of the level sections in I', by
studying two natural quotients, {2 and §2*. These quotients required us to shift from
the study of F, to the study of conjugacy classes in F5. To facilitate the investi-
gation, we introduced the notion of combinatorial equations on conjugacy classes.
We provided techniques for mapping hypothesized subgraphs of {2 into systems of
combinatorial equations—this mapping process produced systems of constraints with
property that the infeasibility of the constraints implies non-occurrence of the sub-
graphs. By proving that there is a set of such forbidden subgraphs (and enlarging
this set using rewriting rules) we were able to show that all sufficiently large level sec-
tions in * must be chains. Finally, we applied these results to improve the analysis
of the classical Whitehead’s Algorithm, and devised the first known quadratic-time

algorithm for testing automorphic conjugacy in Fj.
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Below we list some questions that are presently under investigation, and are nat-

ural extensions of this work:

1. Find non-trivial lower bounds on the time complexity of testing au-

tomorphic conjugacy in F,, n > 2

(V]

. Is there a finite set of “obstruction” for level neighborhoods of the

automorphism graph of F,, n > 3

3. Is there a recursive procedure to find “obstructions” for level neigh-

borhoods of the automorphism graph of F,, n >3 ?

4. Is there a recursive procedure to transform an “obstruction” graph

into a system of combinatorial equations?

5. Is there a recursive procedure to determine if a system of combina-
torial equations has a solution? Describe the solution sets of combi-

natorial equations.

6. Describe the inter-level structure of Q for F,,, n > 2. Is Q hyperbolic?
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