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Abstract

Solving Large Pull Sets of Linear Equations 
on a Microcomputer

by
Joseph Thurm 

Adviser: Professor Pat Sterbenz

The solution of Ax-b, where the entire matrix A cannot 
fit into RAM, is examined. Various methods are presented for 
partitioning A into submatrices, which are then stored on 
disk until needed. Based on the partitioning scheme, 
algorithms decomposing A into LU factors are developed and 
analyzed. Since these algorithms do explicit disk reads and 
writes for the submatrices of A, the selection of the 
algorithm which does the least amount of I/O is of paramount 
importance.

The row storage method stores several complete rows 
together in a submatrix, so the original matrix A is viewed 
as an array of blocks. The maximum size of each block is 
approximately one-half of available memory. Since all the 
decomposition algorithms for this storage method require two 
blocks to be in memory at once, the row storage method 
assumes that at least two complete rows will fit into memory 
at once.

iii



The column storage method stores several complete 
columns together in a submatrix, so the matrix A is viewed 
as a vector of blocks. Again, the maximum size of each block 
is approximately one-half of available memory, and all the 
decomposition algorithms for this storage method require 
that at least two complete columns will fit into memory at 
once.

The submatrix storage method divides A into a matrix of 
square blocks. This storage method does not require two 
complete rows or columns to fit into memory at once. Some 
of the decomposition algorithms require that three blocks be 
in memory at once, limiting the size of a block to one- 
third of memory. Other decomposition algorithms only require 
two blocks to be in memory at once, allowing the blocks to 
grow to one-half of memory.

Based on the amount of memory available and the 
dimensions of A, the storage method and associated 
decomposition algorithm which do the least amount of I/O are 
determined from the results presented.
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Chapter 1 

Overview of the Frobleu

The solution of slaultaneous linear equations Is of 

oractlcal laportance In aany diverse fields.

Solving large sets of slaultaneous equations by hand 1s 

tedious and t1ae consualng. One of the first application 

prograas written for the coaputer was the solution of Axsb. 

Von Neuaann and 6oldst1ne <1949# 1953)* and Forsythe (1953) 

are the earliest discussions of the coaputer solution of 

slaultaneous linear equations. In these papers# coaputer 

aeaory size was the only Halting factor. Jsually# the 

entire aatrlx had to fit Into aeaory.

Bound by this constraint# auch research was done 1n 

utilizing any special properties the aatrls had to reduce 

the aaount of storage needed. Since auxiliary storage was 

slow and expensive# there was ainlaal research done on using 

auxiliary storage. Barron and Sw1nnerton«0yer (I960) Is one 

of the few papers that deals with auxiliary tape storage 

solutions of Ax*b for full aatrlces.



those arising frea partial d1fforeat1al aquations# did use 

auxiliary storage. A survey of the storage aethods and 

associated solution algorlthas for sparse aatrlces Is 

presented 1a one of the appendices.

Bunch and Parlett (1971) present a variety of direct 

solutions for large syaaetrlc Indefinite aatrlces. Most of 

the aethods Involve storing the n by n aatris as a vector 

of length n*(nel)/2 where the eloaent <1#j> can be found as 

the eleaent k of the vector# where k * (1*(1-l>/2> ♦ j for 

1>«j. For K j #  the eleaent (1#j> 1s Identical to the 

eleaent (J#1). Storing a aatris in this aannor effects a 

savings of n*(n-l>/2 aeaory locations.

All of these aethods assuaed the reduced aatris would 

fit Into storage. Therefore# storage was still a large 

Halting factor.

Large dense aatrlces with no aeaory saving 

characteristics reaained a largely unsolved problea. The



Riaorlti beciae coaaon. Whan large dens* aatrlces wart 

actually solved on paged aeaory aacMnat# a traaandous 

aaount of paging occurrad. Much research was dona on 

reducing tha nuabar of paga faults. Tha research cantered 

on organising tha loops In tha algorltha to confora to page 

boundaries.

McKellar and Coffaan <1969) present an algorltha based 

on several coaplete rows of the aatris per page. Holer 

<1972) presents an algorltha based on FORTRAN'S coluan

storage of aatrlces. Nugent and DuCroz <1981b) present an

algorltha based on several coaplete coluans of tha aatris 

per page.

In the research done on page fault reduction* very 

little attention was given to the rewriting of updated 

pages. It was taken for granted that the ooeratlng systea

would rewrite updated pages as needed. Little thought was

given to organising the algorltha to alnlalze tha nuabar of 

rewrites needed.
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Today a* alcrocoaputars bccoaa ever aora coaaon# 

anotHar look at tha prablaa of large aatrix aanipulatlon 1s 

warranted. Moat alcrocoaputer operating systeas do not have 

virtual aaaory. Since tha aeaory on aost alcrocoaputars 1s 

relatively saall# aany danse aatrlces do not fit Into 

storage. Evan though alcrocoaputars are relatively slow In 

coaparlson to today's aalnfraaes# and the solution of 

slaultaneous equations on aalnfraaas does take a 

considerable aaount of tine# analysis of large aatrix 

aanlpulatlon algorlthas on a1crocoaputars does aerlt soaa 

attention. Typically# tha slow coaputatlonal probleas are 

left for overnight processing# while alcrocoaputars are used

This dissertation will exaalne algorlthas to solve 

larga dense aatrlces on unpaged 11alted-aeaory coaputars 

using randoa access auxiliary storage. We shall also

exaalne algorlthas which alnlalie the aaount of I/O needed

to solve large dense aatrlces. Even those using coaputers 

with lots of aeaory and virtual storage will find these

algorlthas valuable.

In addition# soaa of the algorlthas exaalnad have 

practical application In the field of parallel processing. 

The partitioning of the aatrix and the looping patterns are 

crucial Issues when wore than one processing unit Is 

nanlpulatlng the aatrix.
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Chapter 2 

Basic Storage Methods

As stated previously# we shall consider the case where 

•atrls A does not fit Into oaln oesory. Therefare# we oust 

partition aatrix A Into blocks. These blocks are stored on 

disk and are brought Into aeaory as needed. If a alock Is 

updated while 1n aeaory# the block aust be rewritten to 

disk.

There are three basic ways to divide the aatrix A.
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Row Storage 

Sever*

♦ - - -    ♦

dlagraa 1.

This storage aethod assuaes that at least one coaplete 

row will fit Into aeaory at once.

Moreover* since soae aatrix decoaposltIon algorlthas 

Involve two rows slaultaneously* this aethod aay only be 

viable when two coaplete rows fit Into aeaory.

As can be seen froa the dlagraa* the row storage aethod 

divides the aatrix Into a vector of blocks. Most of the 

algorlthas presented for this storage aethod view the aatrix 

A as an array of blocks* rather than as a aatrix of 

Individual eleaents.

The saallest possible block contains one coaplete row. 

The largest possible block contains half the aatrix.
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Coluan Storage 
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dlagraa 2.

This storage aethod also assuaes that at least one 

coaplete coluan will fit Into aeaory at once.

Just as 1n the row storage aethood# soae aatrix 

decoaposlt1on algorlthas Involve two coluans slaultaneously. 

Therefore# this aethod aay only be viable when two coaplete 

coluans fit Into aeaory.

Continuing the analogy# the coluan storage aethod also 

divides the aatrix into a vector of blocks. Most of the 

algorlthas presented for this storage aethod view the aatrix 

A as an array of blocks# rather than as a aatrix of 

Individual eleaents.

The saallest possible block contains one coaplete coluan. 

The largest possible block contains half the aatrix.
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Subaitrli Storage

dlograo 3.

or coloon will fit Into aeaory at onc<

However# since aost decoapoaltlon algorlthas contain 

stateaents likes

A (1#j> > A <1#J> - ( A <1#k> * A Ck#j> ) 

where (1#j># <1#k># and (k#j> aay be In three different 

blocks# this storage aethod appears to be viable only when 

three coaplete blocks fit into aeaory at once.
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In eii«nc«» the mbaatrli storage aethod divides the 

aatris Into another aatris. The original aatris consisted 

of roas and coluans of eloaents. The suboatrls storage 

aethod creates a aatris consisting of rows and coluans of 

blocks. In fact# aost of the algorlthas presented will view 

the aatris as a aatris of blocks and not of Individual 

eleaents.

As has been noted# the row and coluan storage scheaes 

require two full rows or coluans to fit Into aeaory at once.

Since the dlaenslons of A are given and are often quite 

large# there are aatrlces that cannot be solved on certain 

l1a1ted*aeaory coapwters.

As has been noted# the suboatrls scheae requires three 

coaplete blocks to fit Into aeaory at once.

On the other hand# the suboatrls scheao will solve all 

aatrlces on any aachlne. The size of each block can be 

tailored to fit the given coaputer.
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Chapter 3 

Glossary of Variables To Be Used 

Coaaon Variables

For each of the three storage aethods presented above 

and Its associated aatrix aanlpulatlon algorlthas# there are 

several coaaon variables. Before presenting any algorlthas# 

the declarations and value asslgnaents of these variables 

should be described.

Here are the coaaon variables and their PL/I 

declarations. The naaes of the variables have been chosen 

to be descriptive of the values they will contain.
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Row Storage

For the row storage aethod# the nuaber of eleaents in a 

row of a subaatrlx 1s equal to the nuaber of eleaents in a 

row of the original aatrix. Therefore# the nuaber of 

coaplete rows contained In a block will be dependent on the 

aaount of aeaory available. Since at least two blocks aust

be able to reside 1n aeaory# the nuaber of rows contained 1n

a block Is deteralned by the nuaber of coaplete rows that

fit Into half of aeaory.

After coaputlng the dlaensions of each block# the

nuaber of these blocks can be easily deteralned.
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Her* ar* th* PL/I statements that reflect the 

discussion above.

TEMPI > FLOOR <FL0ATCMEM0RY_SIZE.1M.ELEM> / 2.>;
TEMP2 » FLOOR CFLOAT(TEMPI) /

FLOAT <NJM.ELEM_PER.ROM_OF.MATRIX))•

MUM.ELEM.PER.ROM.OF.SUBNATRIX » NUM_ELEM_PER_ROM_OF_NATRIX; 
NUM.ELEM.PER.COL.OF.SUBMATRIX * TEMP2.*

NUM_SUBMAT.PER.COL « CEIL
<FLOATCMUM.ELEM_PER.COL.O F .MATRIX) / 
FLOAT<NUM_ELEM_PER_COL_Op_SUiMATRIX)>;

NUM.SU5MAT_PER.R0M * CEIL
(FLOAT<NUM.ELEM_PER.ROM_OF_MArRIX) / 
FLOAT<MUM_ELEM_PER_ROM.OF_SU3MATRIX));

ALLOCATE BL0CK1)
ALLOCATE BL0CK2*

Cl early* NUM_SUBMAT.PER.ROM 1s W  since

NUM.ELEM.P6R.R0M.0F.SUBMATRIX was set to

NUM.ELEM.PER.ROM.OF.MATRIX.
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Coiuan Storage

For tha coiuan storage aethod# the nueber of eleaents 

1n a coiuan of a subaatrls 1s equal to the nueber of 

eleaents 1n a coiuan of the original aatrlx. Therefore# the 

nuaber of coaplete coluans contained In a block will be 

dependent on the aaount of aeaory available. Since at least 

two blocks aust fit 1n aeaory# the nuaber of coluans 

contained 1n a block Is deteralned by the nuaber of coaplete 

coluans that fit Into half of aeaory.

After coaputlng the dlaenslons of each block# the 

nuaber of these blocks can be easily coaputed.



Here are the PL/I stitcuntt that reflect the 

discussion above.

TEMPI « FLOOR (FLOAT(MEMORf_SUE_IM_ELEM> / 2.);

TEMP2 * FLOOR (FLOAT(TEMPI) /
FLOAT(NUM_ELEM_PER_COL_OF_MATRIX>>;

MUM ELEM.PER.COL.OF.SUBMATRIX * NUM.ELEM.PER.COL.OF.MATRIXJ 
NUM.ELEM.PER.ROM.OF.SUBMATRIX * TE1P2»

MUM_SUBMAT.PER.COL « CEIL
CFLOATCMUM_ELEM.PER_COL.Or_MATRIX> / 
FLOAT (NUM.ELEM_PER_COL_Or_SU)MATRIX)I

MUM SUBMAT.PER.ROM « CEIL
(FLOAT(MUM_ELEM_PER_ROW.OF_1ArRIX> / 
FLOAT (NUM_ELEM_PER_R9W_Ofr_SUi MATRIX) )

ALLOCATE BL0CK1S 
ALLOCATE BLOCK2*

Clearly* NUM.SU9MAT_PER.C0L 1s I* since

MUM.ELEM.PER.COL.OF.SUBMATRIX was set to

MUM.ELEM.PER.COL.OF.NATRIX.
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Subaatrlx Storage

For the subaatrlx storage aethod# we shall begin by 

considering the case where all the subaatrlces are square. 

Since at least three blocks aust reside In aeaory at once# 

the nuaber of eleaents In a block depends on the nuaber of 

eleaents that fit Into one-third of aeaory. Thus the 

aaxlaua dlaenslon of a block 1s the square root of one-third 

of aeaory.

After deteralnlng the dlaensions of each block# the 

nuaber of these blocks can be easily deteralned.

Here are the PL/I stateaents for square blocks.

TEMPI « FLOOR(MEMORY_SIZE_IN_ELEM / 3);
TEMP2 ■ FLOORlStRT (TEMPI));

MUM_ELEM_PER_RO«_OF_SUBMATRIX * TEMP2; 
NUM_ELEM_PER_COL.OF_SUBMATRIX « TEMP2;

NUM_SU9MAT_PER_C0L » CEIL
(FLOAT(NUM_ELEM_PER_COL_Or.MATRIX) / 
FLOAT CNUM_ELEM_PER_COL_Or_SUJMATRIX));

MUM_SUBMAT_PER_ROU » CEIL
(FLOAT(MUM_ELEM_PER.ROW.Or.MATRIX) ✓ 
FLOAT(NUM_ELEM_PER_ROW_OF_SUiMATRIX));

ALLOCATE BLOCKl; 
ALLOCATE BLOCK2; 
ALLOCATE BLOCK3;
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Chapter 4

Decomposition Algorithms Without Interchanges

The Initial analysis «1ll focus on decoaposing the 

matrix A Into LU factors without Interchanges. In the 

following sections# algorithms are presented to decoapose A 

Into LU factors. A brief table outlining the numbering of

algorithm

ROWil 

ROW# 2 

ROW# 3

COLil

THREFSJBil

THREESJB82

THREESJB#3

THREESJB#4

THREESJB#5

THREESUB#6

THREESJB#7

THREESJB#8

THREESJB89

THREESJBUO

full row 

full row 

full row

full column

submatrix

submatrix

submatrix

submatrix 

submatrix 

submatrix 

submatr1x 

submatrix 

submetrlx 

submatrix

McKellar and Coffaan (1969). 

a modification of ROWfl. 

a modification of R9V#2.

Nugent and DuCroz (1981b).

McKellar and Coffsan (1969).

a modification of TMREESUBfl.

McKellar and Coffaan (1969). 
a modification of TNREESUB#1.

original work.

a modification of TMREESUBiA 

original work.

a modification of TdR£ESUB#6 

original work.

a modification of THREESUB#8 

a modification of TrtREESUB#9
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Algorltha ROUfl

Conceptually# the first algorltha to bo presented 

should be McKellar and Coffaan (1969). McKellar presented 

this algorltha In a discussion regarding the reduction of 

page faults In aatrls operations. The algorltha has been 

rewritten to do explicit reads and writes using the row 

storage aethod described In dfagraa 1. It can be eodlfled 

to use the coiuan storage aethod by changing the loop 

tlalts.

Assuae there are a coaplete rows per block and n blocks 

per aatrlx so the aatrlx has (a * n) variables In (a * n) 

equations. The first step of the first pass perforas 

forward ellalnatlon of the rows of block fl for variables 1 

thru a. The second step of the first pass Involves the 

ellalnatlon of the first a variables froa the resaintng n-1 

blocks. The first step of the second pass perforas forward 

ellalnatlon for variables a+1 thru 2a. The second step of 

the second pass ellalnates the second a variables froa the 

reaalnlng n-2 blocks. The n th pass ellalnates the last a 

variables froa the n th block. There are n passes# each 

pass ellafnatlng a variables.



00 I « 1 TO NUH.SUBMAT_PER.C0L5

CALL READ.BLOCK (I.BLOCKl);
CALL SELF.REOUCE (BL0«1 >;
CALL WRITE.BLOCK (I.BLOCKl);

DO J ■ 1*1 TO num.subhat_per.col;

CALL READ.BLOCK CJ,BL0CK2>;
CALL DUAL.REDUCE <BL0CK2#BL0CK1> .*
CALL WRITE.BLOCK CJ,BL0CK2)J

ENOS 

E NO.-

READ. BLOCK (IsBLOCK) 1s « subroutine which does the 

actual read of block I froa the disk Into a aaaory block. 

WRITE.BLOCK (I.BLOCK> 1s a subroutine uhlch does the actual 

rewrite of block I to disk froa aeaory.

SELF.REOUCE (BLOCK) Is a subroutine which ellalnates a 

variables froa a block. DUAL.REDUCE CBL0CK2,iLOCC1) Is a 

subroutine which ellalnates a variables froa B.0CK2 using 

the values In BL0CK1. The variables ellalnated 1n both 

subroutines are (<<I-1> • a) ♦ 1) thru (I * a).
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In analyzing Algorltha ROWfl# It Is clear that after 

reducing the first block# the reaalnlng CN-1) blocks are 

reduced using the values In the first block. After reducing 

the second block# blocks 3 thru N are reduced using the 

values 1n block 2. After reducing block <N-1># only block N 

Is reduced using the values 1n block (N-l). After reducing 

block N« no other blocks reaaln to be reduced. Therefore# 

1n the Nth pass# only one block 1s read and reurltten. In 

the IN-I>th pass# only two blocks (N and (N-l)) are read and 

rewritten. In the first pass# N blocks are read and

Hence# the nuaber of blocks read 1n and rewritten by 

Algorltha ROWil Is:

N
**********
*
♦
0
* I

a
*

0
**********
1 « l

where H ■ NUH_SUBHAT_PER_COL.

N **■ 2 ♦ N

2
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Algorltha R0Wf2

Aftor exaalnlng th* data flow (1.«.r th* pattern of 

reads and writes) of Algorltha ROWfl# It It clear that 

reversing the Inner loop to proceed froa NUM.SUIMAT.PER.ROW 

to 1+1 Instead of proceeding froa 1+1 to NUM_SU3NAT.PER.R0W 

will result 1n the next block to be reduced being In aeaory 

when the outer loop begins. This will result in a savings 

of NUM.SU8MAT_PER.R0W - 1 reads. This Insight 1s aentloned 

In McKellar and Coffaan (1969). The PL/I prograa for this 

algorltha Is presented below.

CALL READ.BLOCK <1#BL0CK1>;

00 I - 1 TO NJM.SUBMAT_PER.R0WJ

CALL SELF.REDUCE (BLOCKl)J
CALL WRITE.BLOCK (I#3L0CK1)J

DO J > NUM.SUBMAT_PER.ROW TO I»1 8T -IS

CALL READ.BLOCK (J#BL0CK2K 
CALL DUAL.REDUCE <BL0CK2#BL0CK1)J 
CALL WRITE.BLOCK (J#BL0CK?)J

e n d ;

e n d ;

Th* sane READ.BLOCK# WRITE.BLOCK# SELF.REDUCE and 

DUAL.REDUCE subroutines used 1n Algorltha ROWfl are used 1n 

Algorltha R0Wf2.
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ROWfl which was:

H ** 2 ♦ N

2

where M ■ NUM.SUBMAT J>ER_COL.

However* there ere (M-l) less reeds being done by 

Algorltha R0W#2 so the nuaber of reads becoaes

N ** 2 ♦ N
 ----------- - CN - 1>

2

which Is equal to

N ** 2 - N ♦ 2

2

where H • NUM_SlBMAT.PER.COL.
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Algorltha R0W#3

Let us now try to laprove upon Algorltha R0W#2 by 

exaalnlng the pattern of reads and writes. Assuae 

NUX_SUBMAT_PER_ROW 1s equal to A. When I»l# then the Inner 

loop warles J froa A to 2 by >1. In the Inner looo# BLOCK 

f2 1s reduced by BLOCK fl and rewritten to disk, 

laaadlately thereafter In the outer loop# 3L0CK #2 1s 

reduced by Itself and rewritten to disk. Clearly# the last 

write of BLOCK #2 to disk In the Inner loop serves no 

purpose.

We can aodlfy Algorltha R0W#2 and el1e1nate the 

extraneous writes froa the inner loop. The extraneous write 

occurs when the Inner loop Is exited while the next block to 

be self reduced 1s in aeaory. So we aust terelnate the 

Inner loop one pass earlier and handle as a special case the 

block to be saved for the next Iteration of the outer loop. 

By doing so# the nuaber of writes can be aade to equal the 

nuaber of reads.



2*

CALL READ.BLOCK <l,BLOCKl>;

DO ! ■ 1 TO NUH.SUBMAT.PER.ROW - IS

CALL SELF.REDUCE CBLOCK1);
CALL WRITE.BLOCK <I,BLDCK1>;

DO J > NUH.SUBMAT.PER_ROW TO 1+2 BT -15

CALL READ.BLOCK <J,BLOCK2>;
CALL DUAL.REDUCE <BL0CK2,BL0CK1);
CALL WRITE.BLOCK <J,BL0CK2>;

e n d ;

CALL READ.BLOCK U,BLOCK2>;
CALL DUAL.REDUCE (BL0CK2,BL0CK1>.*

e n d ;

CALL SELF.REDUCE (BL0CK2);
CALL WRITE.BLOCK U,BLOCK2>;

TH* saa* READ.BLOCK, WRITE.BLOCK# SELF.REDUCE and

OUAL.REDUCE subroutines used In Algorltha ROWfl are used 1n 

Algorltha ROW«3.

The nuaber of writes Is equal to th* nuaber of reads, 

which Is

N ** 2 - N ♦ 2

2

where N » NUH.SUBNAT_PER.COL.

As aentloned previously, algorlthas R0W91 thru R0WC3 

can be aodfftcd for the coiuan storage aethod. The only

changes will be In the loop paraaeters In th* aatn routine

and In th* subroutines SELF.REDUCE and DUAL.REDUCE.
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Algorltha COLil

Tho data flow for algorlthas ROWfl# R0Wf2# and R0W«3 

can bo suaaarlzed as:

roduco block I

reduce tbo reaalnlng blocks using tho values In block I

Nugont and DuCroz <1981b># 1n a paper on the reduction 

of page faults In a virtual aeaory coaputer# suggest a 

different approach. For each block# apply tho reductions 

froa the previous blocks and then reduce that block. 

Following this Idea# after reducing a block by Itself# tho 

algorltha does not have to reduce the rest of the aatrlx. 

This saves the coaplete rewriting of the reaalnlng aatrlx 1n 

each pass which Is done 1n algorlthas ROWfl# R0W#2 and 

ROWf3.

This aeans that a block Is rewritten to disk only 1f 1t 

has been coapletely reduced. A block will be read in aany 

tines. Before reducing block I# reductions froo slocks 1 

thru (1*1) aust be applied. This aay necessitate (1-1) disk 

reads.

Of course# provisions are aade for the first block# 

since there are no reductions froa previous blocks.



26

TH* PL/I prograa for this algorltha 1a presented below 

using th* full coiuan storage aethod.

00 I * 1 TO n o m .s u b h a t _p e r . c o l ;

CALL READ.BLOCK (IrBLOCKlK

DO J » 1 TO i-i;

CALL READ.BLOCK CJ,BL0CK2>;
CALL DUAL.REDUCE <BLOCKl#BLOCK2>;

e n d ;

CALL SELF.REDUCE (BL0CK1);
CALL WRITE.BLOCK <I*BL0CK1>;

e n d ;

READ.BLOCK <I*BLOCK) 1s a subroutine which does the 

actual read of block I froa the disk Into a aeaory block. 

WRITE.BLOCK (IsBLOCK) Is a subroutine which does th* actual 

rewrite of block I to disk froa aeaory.

SELF.REDUCE (BLOCK) 1s a subroutine which ellalnates a 

variables froa a block. DUAL.REDUCE (BL0CK1,)L0CK2> Is a 

subroutine which ellalnates a variables froa BLOCKL using 

the values 1n BLOCK?. Th* variables ellalnated In both 

subroutines are (((1-1) * a)* 1) thru (I * a).
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Th* nuaber of writes 1s slaply the nuaber of blocks or 

the vslue 1n NUM_SUBMAT.PER.COL. Each block Is arltten only 

once.

Block 1 Is read once# block 2 Is read twice# block 3 1s

read thrice# so the nuaber of reads 1s the sun of I froa 1

to the nuaber of blocks or

N ** 2 ♦ N

2

where H « MUM.SUBHAT_PER.COL-

The algorltha above can be aodlfled for th* row storage 

aethod. Th* only changes will be 1n th* loop paraaeters of

the aaln routine and In subroutines SELF.REDJCE and

DUAL.REDUCE.
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Comparing Algorltha* COLfl and R0hf3

In algorltha R0Wf3# th* nuabar of write* 1s equal to

the nuaber of reads# which 1s 

N ** 2 - N ♦ 2

2

where M » NUM_SUBMAT.PER.COL.

So# th* total nuaber of disk I/Os done by algorltha

ROWfl 1s

N O* 2 - N ♦ 2

In algorltha COLfl# the nuaber of writes Is N and the

nuaber of reads Is

N 00 2 ♦ M

2

So# the total nuaber of disk I/Os done by algorltha

COLfl Is

M *0 2 ♦ N
.....— --- ♦ N
2

Clearly as the nuaber of blocks Increases# algorltha 

COLfl 1s cheaper. Although there are IN - 1) ware reads In 

algorltha COLfl than 1n R0Wf3# algorltha COLfl does only N 

writes while algorltha R0Wf3 does approxlaately (M 00 2)/2 

writes.
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Algorltha THREESUBf1

HcKellar and Coffaan C1969) present an algorltha which 

reduces the nuaber of page faults 1n a virtual aeaory 

aachlne assualag that the original aatrlx A 1s partitioned 

Into subaatrlx blocks.

Assuae A Is partitioned Into an a by a aatrlx of 

blocks. The algorltha reduces BLOCK (I#I># then reduces the 

reaalnfng blocks In the Ith coiuan and 1n the Ith row# and 

finally 1t reduces the blocks In the subaatrlx bounded by 

row 1*1 and coiuan 1*1.

Rewriting McKellar's algorltha to use explicit reads 

and writes# the PL/I aeln routine 1st
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00 I * 1 TO n u n . s u b n a t .p e r .c o l ;

CALL READ.BLOCK CI*I#BL0CK1>!
CALL AUTO.REDJCE (BL0CK1);
CALL WRITE.BLOCK <1,I,BL0CK1>;

DO J - 1*1 TO NUM.SUBHAT.PER.ROW;

CALL READ.BLOCK <J,I,BL0CK2>I 
CALL VERT.REDUCE (BL0CK2,8L0CK1>; 
CALL WRITE.BLOCK CJ,I*BL0CK2>;

CALL READ.BLOCK C U  J,BL0CK2> .* 
CALL HORIZ_REDUCE(BLOCK2#BL0CK1); 
CALL WRITE.BLOCK (I,J#BL0CK2>;

e n d ;

DO J ■ 1*1 TO nuh.subnat.per.col;

CALL READ.BLOCK < I, J, BL0CK1) .*

DO K * I«-l TO n u n . s u b m a t .p e r .r o w ;

CALL READ.BLOCK (K,J,BL0CK3>;
CALL READ.BLOCK (K*I#BL0CK2>;
CALL TRI.REDUCE <BL0CK3,BL0CK2#BLOCKl); 
CALL WRITE.BLOCK (K#J*BL0CK3);

e n d ;

e n d ;

e n d ;
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READ.BLOCK <I#J#BLOCK) Is a subroutine uhlch dots the 

actual raad of BLOCK <I#J) froa the disk to aeaory. 

WRITE.BLOCK <I,J,BLOCK) 1s a subroutine uhleh does the 

actual urlte of BLOCK (I#J) froa aeaory to disk.

Assuae SL0CK2 Is the block In aeaory uhlcb contains the 

values of the (J#I)th block <J>I) of the aatrlx and BLOCKl 

1s the block In aeaory uhlch contains the values of the 

(I# I)th block of the aatrlx. VERT.REDUCE C3L0CK2# BLOCKl) 

1s a subroutine uhlch reduces BL0CK2 using the values 1n 

BLOCKl. BLOCK <I#I) Is already 1n LU foraat. 3L3CI <J#I)

will be transforaed Into a coaplete block of L factors# 

since (J#I> Is belou the diagonal block (I#l).

Assuae BL0CK2 1s the block 1n aeaory uhlch contains the 

values of the <I#J)th block (J>I) of the aatrlx and BLOCKl 

1s the block 1n aeaory uhlch contains the values of the 

(I# l)th block of the aatrlx. H0RI2.REDUCE (BL0CK2# BLOCKl) 

Is a subroutine uhlch reduces BL0CK2 using the values In 

BLOCKl. BLOCK CI#I) 1s already In LU foraat. BLOCK <I#J)

ulll be transforaed Into a coaplete block of J factors# 

since (I#J) 1s to the right of the diagonal block (I# I).

TRI.REDUCE (BLOCK3#SLOCK2#BLOCKl) Is a subroutine uhlch 

reduces disk BLOCK (K#J> using the L values stored 1n BLOCK 

(K#I) and the U values contained 1n BLOCK (I#J). TRl.REDUCE 

assuaes that block <K#J) of the aatrlx A has been read Into 

aeaory BL0CK3# block <K#I> of the aatrlx A has seen read

Into 3L0CK2# and block <I#J) of the aatrlx A has been read

Into BLOCKl.
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Basically' tha algorltha can ba analyzed by exaalning

tba Ith oast of tba algorltha as follows:

Reduca block (1*1). Hence* aach block on tha 
diagonal 1s read and rewritten at tha start of tha 
Ith pass.

Reduca tha reaalnlng blocks on tha Ith row. They 
ara tha blocks (1*1*1) thru (I*N). Therefore*
these blocks ara read and rewritten In order to ba 
reduced In tha Ith pass. Those blocks will also
ba read once 1n order to reduce other blocks
beneath then during the Ith pass. As an exaaple* 
block (1*3) is read when it Is reduced by block 
(1*1) and again when it 1s used to reduce blocks 
(2*3)* (3*3)* and U*3) thru (N*3).

Reduce the reaalnlng blocks 1n the Ith coiuan.
They are blocks (1+1*1) thru <N*I). Therefore* 
these blocks are read and rewritten 1n order to be 
reduced 1n the Ith pass. These blocks will also
be read several tines later 1n this pass In order
to reduce other blocks residing on the sane row.

Reduce the reaalnlng subaatrlx bounded oy the 
(I+l)th row and coiuan. These are the blocks 
(I+1*I+1> thru (I+1*N>* (I+1*I+1) thru (1*I+1>*
(I+1*N) thru (N*N) and (N*I+1) thru (1*1). 
Therefore* these blocks will be read and rewritten 
during the Ith pass. As noted previously* In
order to reduce these blocks* blocks froa the Ith 
row and Ith coiuan aust be read Into aeaory. The 
algorltha above reads In a block froa the Ith row 
and Jth coiuan and then proceeds to reduce the
blocks 1n the Jth coiuan froa row I+l thru row N 
using values read 1n froa the Ith coiuan.

Hence* the above~d1agonal blocks 1n the Ith row are 

read twice (once directly and once for the reaalning 

subaatrix); while* the blocks below the diagonal In the Ith 

coiuan are read (N-I) tloes for the reaalning suoaatrix and 

once directly.
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Th«r*f»r«# for N passes we have:

Upper Triangle: Any given (I#J> 1s read and
rewritten once In passes 1# 2# 3 thru I-l. During 
the Ith pass# this block Is read twice and
rewritten once. Thus# each of these blacks 1s 
read 1*1 tines and rewritten I tines.

Diagonal: Any given <!#I) 1s read and rewritten
once during passes 1 thru I-1 and once durlsg pass 
I# for a total of I reads and writes.

Lower Triangle: Any given <I#J) Is read and
rewritten once for passes 1 thru J-l. During pass 
J# <I#J) Is read and rewritten after being reiuced 
by the diagonal block. So block (I#J) Is written 
J tines. Block <I#J> Is also read N-I tlaes to 
help reduce the reaalnlng subnatrlx. In total# 
block (I#J) Is read CI-1) ♦ 1 ♦ (N-I) tines# or N 
tines.

Using the general Idea of the algorltha# we can derive 

a fornula for the nuaber of writes.

In the first pass# block (1#1) 1s used to reduce the 

entire first row and first coiuan of the aatrlx. Then# the 

reaalnlng blocks are reduced using the values In the first 

row and first coiuan of blocks. Therefore# in the first 

pass the entire N by N aatrlx Is rewritten. Row 1 and 

coiuan 1 are never again used.
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In the second p«ii/ block <2#2> is used to reduce the 

reaa1nia9 N-l blocks of the second row end the renaining N-l 

blocks of the second coiuan. Using the values of the second 

rou and colunn# the renaining CN-2)*<N-2) blocks of the 

aatris are reduced and rewritten. Therefore# in the second 

pass blocks are rewritten.

In the Ith pass# each block <K#L) with 0 * 1  and L>*I is 

written once# so the Ith pass does (M*1-I)*S2 writes.

Therefore# the forajla for the nunber of writes is:

N N
*********** ***********
* ♦
* *
* CN*1-I) ♦* 2 * * I ** 2

* *
* *

1 * 1  1 * 1

which is equal to

2 * N * * 3  ♦ 3 * N *♦ 2 * N

6



foraula for tho nu

Uopor Triangle: Since oach block (I#J) above the
diagonal 1n tho Ith row 1s read once for passes 1 
thru 1-1 and twice In pass I* It Is road 1*1 
tlaes. Noting that there are (H-I) blocks above 
tho diagonal In the Ith row* wo have

(N-l)
eaeeeeeeeee
♦
a

a d e l )  a (N-I)
a

a 
aaaaaaaaaaa

1*1

Diagonal: Since the diagonal contains N blocks
and oach block (I#I) 1s road I tlaes# wo have

N
aaaaaaaaaaa  
a 

a
a I

a 
a

1*1

Lower Triangle: Since each block (I#J) 1s read N
tlaes and thoro aro ( N a ( N - l ) ) / 2  blocks below the 
diagonal# wo do

N a (N - l )  N aa 3 -  N aa 2
N a ------    » ---------------------------------

2 2

reads.

After coablnlng tho suaaatlons and slapllfylng# we have

4 e N a e 3  ♦ 3 a N aa  2 -  n

6
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To Illustrate the counts presented above# we consider a 

matrix which has been divided In a 10 by 10 matrix of 

blocks. The read and write counts by block for Its 

reduction Into LU format are presented below.

WRITE COUNTS BY BLOCK READ COUNTS BY 3L0CK

1 1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2
1 2 2 2 2 2 2 2 2 2 10 2 3 3 3 3 3 3 3 3
1 2 3 3 3 3 3 3 3 3 10 10 3 4 4 4 4 4 4 4
1 2 3 4 4 4 4 4 4 4 10 10 10 4 5 S 5 5 5 5
1 2 3 6 5 5 5 5 5 5 10 10 10 10 5 s 6 6 6 6
1 2 3 4 5 6 6 6 6 6 10 10 10 10 10 i 7 7 7 7
1 2 3 4 S 6 7 7 7 7 10 10 10 10 10 10 7 8 8 8
1 2 3 4 5 6 7 8 8 8 10 10 10 10 10 19 10 8 9 9
1 2 3 4 5 6 7 8 9 9 10 10 10 10 10 10 10 10 9 10
1 2 3 4 5 6 7 8 9 10 10 10 10 10 10 10 10 10 10 10
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Algorltha THREESUBf?

Aftor exaalntng tho data flow (I.e.# tho pattorn of

road* and writes) of Algorltha THREESUBfl* It 1s cltar that 

this algorithm has thro* parts. First* reduce block (1*1). 

Then* roduco th* blocks on row I and coiuan I using block 

(1*1). Thon* roduco tho reaalnlng blocks using the blocks 

1n tho Ith row and colwan* Algorltha THREESUBil rodjcos the

roaainlag blocks by having tho 1nn*r loops proceed froa 1+1

to N.

Reversing th* 1nn*r loops to orocood froa N to I>1 will 

rosult 1n tho next diagonal block to b* reduced being In 

aeaory when th* outor loop begins. This will result In a 

savings of N-l reads. Also* we can save the rewrite of the 

diagonal block In the Inner loop since It will be reduced 

and rewritten at the beginning of the next pass. Thus* we

save N-l writes.
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Th* PL/I aafn routine Is:

CALL READ.BLOCK Cl, 1,BLOCKl) .* 
CALL AUT0.REDUCE (3L0CK1);
CALL WRITE.BLOCK <1,1,BLOCKl) .*

DO I ■ 1 TO NUN.SUBMAT.PER.COL-i;

00 J ■ 1^1 TO NUH_SUBMAT.PER.ROW;
CALL READ.BLOCK CJ#I«3LOCK2>S 
CALL VERT.REDUCE <BL0CK2,BLOCKl); 
CALL WRITE.BLOCK (J,I,SL0CK2>;
CALL READ.BLOCK <I#J#3L0CK2); 
CALL HORIZ.REDUCE(BL0CK2,BLOCKl); 
CALL WRITE.BLOCK CI,J,3L0CK2)i

END!

DO J » NUM_SUBMAT.PER.COL TO 1*1 BY -i;

CALL READ.BLOCK CI#J,BL0CK2>;

DO K - NUM.SUBMAT.PER.ROW TO 1*1 BY -i;

CALL READ.BLOCK <K,J,BLOCKl);
CALL READ.BLOCK (K,I*BL0CK3);
CALL TRI.REDUCE <BL0CKl,BL0CK3rB.0CK2); 
IF * <K « 1*1 C J « 1*1)

THEN CALL WRITE.BLOCK <K,J,BLOCKl);

e n d ;

e n d ;

CALL AUTO.REOUCE (BLOCKl):
CALL WRITE.BLOCK < I«-l, I ♦!,BLOCKl) ;

END;
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RFAD_BLOCK# VERT.REDUCE# HORIZ.REDUCE# WRITE_3L3CK* and 

TRI_R£OUCE ara the saae subprograas as In algorltha 

THREESJBfl.

Therefore# tha raad foraula far algorltha TdREESUB#2 Is 

derived by subtracting N-l froa algorltha THREESJBf1*s raad 

foraula. This yields

4 * N ♦* 3 ♦ 3 ♦ f •* 2 - N
-----------------------------------------------  - C N-l)

6
which 1s equal to

4 * N ♦♦ 3 ♦ 3 * M ♦* 2 - 7 * N ♦ 6

6

Slalllarly# tha write foraula for algorltha TH3EESUB*2 

Is derived by subtracting N-l froa algorltha TH3EESUB#l's 

write foraula. This yields

2 ♦ N *• 3 ♦ 3 ♦ N ** 2 ♦ N
  _ cit-i)

6
which 1s equal to

2 # N *• 3 ♦ 3 * * *♦ 2 - 5 v N ♦ 6

6
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By coaparlng tha raad/vrlte counts of THREESJB#2 vlth 

tha counts from THREESUBfl# ua can 1auad1ataly sae tha 

savings along tha diagonal of N-l raads and 1-1 arltas.

ALGORITHM THREESUBf2 
WRITE COUNTS BY BLOCK

ALGORITHM THREESU302 
READ COUNTS BY 3L0CK

1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2
1 1 2 2 2 2 2 2 2 10 1 3 3 3 3 3 3 3
1 2 2 3 3 3 3 3 3 10 10 2 4 4 4 4 4 4
1 2 3 3 4 4 4 4 4 10 10 10 3 5 5 5 5 5
1 2 3 4 4 5 5 5 5 10 10 10 10 4 & 6 6 6
1 2 3 4 5 3 6 6 6 10 10 10 10 10 3 7 7 7
1 2 3 4 5 6 6 7 7 10 10 10 10 10 10 6 8 8
1 2 3 4 5 6 7 7 8 10 10 10 10 10 10 10 7 9
1 2 3 4 5 6 7 8 9 10 10 10 10 10 10 10 10 8
1 2 3 4 5 6 7 8 9 10 10 10 10 10 10 10 10 10

2
3
4
5
6
7
8 
9

8 10 
9

ALGORITHM THREESUBil 
WRITE COUNTS BY BLOCK

ALGORITHM THREESU301 
REAO COUNTS BY SLOCK

1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2
1 2 2 2 2 2 2 2 2 10 2 3 3 3 3 3 3 3 3
1 2 3 3 3 3 3 3 3 10 10 3 4 4 4 4 4 4 4
1 2 3 4 4 4 4 4 4 10 10 10 4 5 5 5 5 5 5
1 2 3 5 5 5 5 5 5 10 10 10 10 5 6 6 6 6 6
1 2 3 5 6 6 6 6 6 10 10 10 10 10 6 7 7 7 7
1 2 3 5 6 7 7 7 7 10 10 10 10 10 10 7 8 8 8
1 2 3 5 6 7 8 8 8 10 10 10 10 10 10 10 8 9 9
1 2 3 5 6 7 8 9 9 10 10 10 10 10 10 10 10 9 10
1 2 3 5 6 7 8 9 10 10 10 10 10 10 10 10 10 10 10
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Algorltha THREESUB#3

After analyzing algorltha THREESUBfl# McKellar and 

Coffaan (1969) suggest several revisions. Even though soae 

of their suggestions deal ulth an optlaal deaand paging 

scheae ulth foreknouledge of future reads preventing certain 

key blocks froa being swapped out# algorltha THR£ESU3#1 can 

be laproved by using soae of this foreknouledge t»y the loops 

and loop paraaeters.

Reviewing algorltha THREESUBfl# ue observe the first 

Inner loop reduces row I and coluan I. At the end of the 

loop# blocks (I#N> and <M#I> are 1n aeaory (where M i s  equal 

to NUM_SUBMAT_PER_R0tf). The reduction of block (N#N> could 

be done at this point. By reading block (N~1#I># we can 
reduce block (N-1#N) since block <I#N) Is already In aeaory. 

Tn fact# we can reduce the Nth coluan froa N to 1+1 ay just

reeding the factors stored In the blocks of the Ith coluan.

At this point# blocks(I*l#I) and (I#N) are in aeoory. By 

reading In block (I#N*1># block <I-»1#N-1) can be reduced.

Tn fact# the (N-l)th coluan can be reduced by proceeding

froa (el to N. The <N-2)th coluan 1s reduced fraa N to I+l. 

The (M«3)th colaan is reduced froa 1*1 to N. This first 

pass teralnetes when all coluans I# where I > 1# have been 

reduced.



retaining subaatrlx 1s «v«n# block (lel#I*l) 1s In aeaory at 

the start of tha <I*l)st pass. Since block (lel#I*l> Is the

When the nuaber of rows and coluans of the reaalnlng 

subaatrlx 1s odd# reducing the blocks In a slightly 

different pattern assures block (I«-l#lel) being 1n aeaory at 

the start of the (I*l)st pass. The Ith row 1s reduced froa 

coluan d e l )  thru coluan N. Then# the Ith coluan Is reduced 

froa row N thru row (1+1). At this tlae# blocks (I#N) and 

(I+1#I) are In aeaory# so block (I*1#N) can be reduced. 

Coluan H 1s then reduced frow row 1*1 thru row 1. Coluan 

N-l 1s reduced froa row M to row 1+1. The next coluan Is 

reduced froa row 1*1 thru row N. The following coluan 1s 

reduced froa row N thru row 1*1. Following this alternating 

pattern# coluan <I*1) Is reduced froa row N thru <I+1).

of pass I+l. This saves one read and write.

Hence# algorltha THREESUBfJ 1s really coaposed of two 

distinct looping patterns. At the beginning of each pass# 

the algorlta exaalnes tha dlaenslons of the reaalnlng 

subaatrlx. If the dlaenslons are even# the algorltha 

follows a certain looping pattern. Otherwise# the algorltha 

follows a different looping pattern.
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In order to Illustrate the above loop patterns# anuae 

the division of aatrlx A Into a six by six subaatrlx of 

blocks. Pass 1 of the algorltha ulll proceed as Indicated 

In dlagraa 4. Pass I of the algorltha will proceed as 

Indicated In dlagraa 5 on the reaalnlng five oy five

subaatrlx. Passes 3# 4# 3# and 6 are Illustrated In

dlagraas 6# 7# 8# and 9# respectively. The nuaber Inside

each block represents the sequence of block reductions.
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Modifying algorltha THREESUBfl to rofloct those Ideas#

we haves

CALL REAO.BLOCK (1#1»3L0CK1>;

DO I > 1 TO HUM.SUBMAT_PER.COL - IS

CALL AUTO.REDUCE (3L0CK1);
CALL HRITE.BLOCK <I#I#BL0CK1>;

FL0AT1 » HUM.SUBMAT_PER.COL - I;
FL0AT2 - FL00RCFL0AT1 / 2.).*
FL0AT3 » FLQAT2 * 2J

IF FL0AT1 ** FL0AT3 
THEN 00;

00 J * 1*1 TO NUM.SU3MAT_PER.R0W;

CALL REAO.BLOCK < J* I *BLOCK2> ;
CALL VERT.REDUCE (BL0CK2*BL0CK1>; 
CALL HRITE.3L0CK (J#I#BL0CK2)J

CALL REAO.BLOCK (I # J*BLOCK3> ;
CALL HORIZ.REOUCE <8L0CK3#BL0CKL>; 
CALL HRITE.BLOCK < I BLOCKS > .*

e n d ;

l » n u m _ s u b m a t .p e r .c o l ;

DO WHILE (L > I) ;

DO K ■ NUM_SUBNAT.PER.COL TO 1*2 BY -l;

CALL REAO.BLOCK <K*L#BL0CK1>;
CALL TRI.REDUCE (BL0CK1#BL0C(2*B.0CK3>; 
CALL HRITE.BLOCK <K#L#BL0CK1>;

CALL REAO.BLOCK CK-1#I#BL0CK2);

e n d ;

CALL REAO.BLOCK <K*L#BL0CK1>i
CALL TRI.REDUCE CBL0CK1#BL0CK2#3L0CK3>;
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l « L - 1; 
IF L > I 

THEN
d o ;

CALL WRITE_BLOCK<K,L*1,BlOCK1>;
CALL READ.8L0CK (I#L#BL0CK3>;

DO K > 1*1 TO NUH_SU3MAT.PER_C0L-i;

CALL REAO.BLOCK <K*L*3L0CK1>; 
CALL TRI.REOUCE

<BLOCKl#BLOCK2#B_OCK3>;
CALL WRITE.BLOCK(K#L*3LOC(l)»

CALL R£AD.BLOCKCK«-l,I,BLOCK2>;

e n d ;
CALL READ.8L0CK <K,L#BLOCKl>;
CALL TRI.REOUCE

<BLOCK1*BLOCK2,BLOC(3>;

l * l -  l ;
IF L > I 

THEN 00;
CALL WRITE.BLOCK

(K#L+1»3L3CK1);
CALL REAO.BLOCK

<I*L«3L0C<3>;
e n d ;

end;
e n o ;

e n d ;



*9

ELSE 00J
DO J « I«-l TO NUN.SUBNAT.PER.ROW;

CALL REAO.BLOCK (I *J#BL0CK3) '•
CALL H0RIZ.REDUCE(BL0CK3,BL0CK1>;
CALL WRITE.SLOCK < I,J,BL0CK3>;

e n d ;

DO J * NUN.SUBNAT.PER.ROW TO 1*1 Bf -IS

CALL REAO.BLOCK <J,I#BL0CK2>;
CALL VERT.REOUCE <BL0CK2#BL0CK1>;
CALL WRITE.BLOCK CJ*I*BL0CK2>;

e n d ;

l * n u n . s u b h a t .p e r .c o l ;

DO WHILE (L > I) ;

DO K « 1*1 TO n u n .s u b m a t _p e r. c o _-i ;

CALL REAO.BLOCK <K#L#BL0CK1>;
CALL TRI.REOUCE(BLOCK1#Bl OCK2,BLOCK3>; 
CALL WRITE.BLOCK(K#L#BL0CK1>;

CALL REAO.BLOCK(K+l#I*BL0CK2);

e n d ;

CALL READ.BLOCK <K»L#BL0CK1);
CALL TRI.REDUCE CBL0CK1,BL0CK2*3L0CK3>;
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L « l - i;
IF L > I 

THEN
do;

CALL REAO.BLOCK <I,L,BLOCKS>;
CALL WRITE.BL0CK(K,L*1,BL0CK1>;

)0 K > NUM_SUBHAT.PER.CO.
TO 1*1 BY -1;

CALL REAO.BLOCK <K#L,BLOCK1);
CALL TRI.REOUCE

(BL0CK1#BL0CK2,BL0CK3 >#
CALL WRITE.BLOCK (K,L#BL0CK1>;

CALL READ.BLOCK <K-1,I,BL0CK2> ;

end;

CALL READ.BLOCK (K,L,BLOCKl>;
CALL TRI.REOUCE

(BLOCK1,BL0CK2,BLOCK3) ;

l * l -  i ;
IF L > I 

THEN 00;

CALL WRITE.BLOCK
(K,L+l,BL3CKl> .*

CALL REAO.BLOCK
(I#L,BLOCKS);

end;

end;
e n d ;

e n d ;

e n d ;

CALL AUTO.REOUCE (BL0CK1);
CALL WRITE.BLOCK (I,I,BLOCKL>;

READ.BLOCK, VERT.REDUCE, HORIZ.REDUCE, WRITE.BLOCK, and 

TRT.REDUCE are tha saae subprograas as 1n algorltha

THREESUBfl.



51

A foraula for tht nuabar of urftaa can be deteralned 

froa the algorltha. Each non-diagonal block on coluan I and 

row I Is written I tlaes. A block 1s rewritten 1*1 tines

after being reduced 1n passes 1 thru I-1 and after Its final

reduction In pass I. After pass I* a block above the

present diagonal block Is never reduced again. The diagonal 

blocks are rewritten one less tlae. That Is# block (I#I) 1s 

rewritten 1-1 tines (except for block (1#1)). This Is 

understandable since the algorltha 1s designed to finish a 

pass at the proper diagonal block and not rewrite It. There 

Is no purpose In rewriting block (1*1) at the end of pass 

1-1* since block (1*1) will be the very next block reduced 

and rewritten In pass I. Since BLOCK (1*1) was not 

rewritten after being reduced 1n the previous pass* this 

algorltha saves N-l writes over algorltha THREESUBfl.

Hence* the write count 1s N-l less than that for

algorltha THREESUBfl* so we have

2 ♦ N 3 ♦ 3 * N ♦* 2 ♦ N
- (N-l)

6
which nay be rewritten as

2 * N 3 ♦ 3 * N ♦♦ 2 - 5 * N ♦ 6

6
where N * NUM.SUBMAT_PER.ROW.

NOTE: AlgoHthas THREESUBf3 and THREESUBf2 use the
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The purpose of the algorltha Is basically to save one 

read per coluan and to have the block needed for the neat 

pass in aeaory at the end of the previous pass.

The foraula for the nuaber of reads can be deteralned 

by counting the nuaber of reads 1n algorltha THREESUdtl that 

will be saved by algorltha THREESUBf}. After each pass# the 

nest diagonal block Is In aeaory. This saves one read per 

pass# for a total of N-l reads. During each pass# algorltha 

THREESUBfl did two reads In order to reduce each block 1n 

the reaalnlng subaatrlx bounded by row 1*1 and coluan I*l. 

Algorltha THREESUBf} saves one read per coluan of the 

reaalnlng subaatrlx by the alternating coluan sweeps. 

Therefore# algorltha THREESUBf3 saves N-l reads in pass 1# 

N-? reads 1n pass 2# and 1 read 1n pass N-l# for a total of 

N-l

♦ N • <N - 1>
* I ■ -------------------• 2
I « 1
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This algorltha also saves one additional road par pass

sinco tho roduction of the first block in the raaaining

subaatrlx (either block (N#N) or (I*1#N)) does not require

any reads. Thus# it saves another N-l reads. This fact is

graphically displayed by exaaining the subdiagonal and the

last rou of the read count table presented below. As you

can see# the counts are approxiaately one-half the counts

froa algoritha THREESUBfl.

Thus# algoritha THREESUB93 saves

N O  ( N - l )
2 * (N - 1) ♦  —

2

of the reads used by algoritha THREESU891# so the nuaber of 

reads is

A * N**3 ♦ 3 ♦ N**2 - N N * (N-l)

6 2

which can be rewritten as

4 • N 3 - 10 * M ♦ 12

6

uhere N * NUH.SUBHAT_PER.ROM.
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In order to understand the differences between 

THREESUBfl and THREESU303# a coaparlson ef the read and 

write counts Is 1n order. As an exaaple* the oetrlx A has 

been divided In a 10 bjr 10 watrlx of blocks. The read and 

write counts are presented below.

a l g o r i t h m THREESUB»3 ALGORITHM THREESUBf3
WRITE COUNTS BY BLOCK READ COUNTS BY B.OCK

1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2
1 1 2 2 2 2 2 2 4 1 3 3 3 3 3 3 3
1 2 2 3 3 3 3 3 10 6 2 4 4 4 4 4 4
1 2 3 4 4 4 4 4 10 10 7 3 5 5 5 5 5
1 2 3 4 5 5 5 5 10 10 10 7 4 6 4 4 4
1 2 3 5 5 6 4 4 10 10 10 10 8 S 7 7 7
1 2 3 S 6 6 7 7 10 10 10 10 10 8 6 8 8
1 2 3 5 6 7 7 8 10 10 10 10 10 10 9 7 9
1 2 3 5 6 7 8 9 10 10 10 10 10 10 10 9 8
1 2 3 5 6 7 8 9 5 6 4 7 7 8 8 9 9

ALGORITHM THREESUBfl ALGORITHM THREESUBfl
WRITE COUNTS BY BLOCK READ COUNTS BY 3L3CK

1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2
1 2 2 2 2 2 2 2 10 2 3 3 3 3 3 3 3 3
1 2 3 3 3 3 3 3 10 10 3 4 4 4 4 4 4 4
1 2 3 4 4 4 4 4 10 10 10 4 5 5 5 5 5 5
1 2 3 5 5 5 5 5 10 10 10 10 5 4 4 6 4 4
1 2 3 5 6 4 4 4 10 10 10 10 10 4 7 7 7 7
1 2 3 5 4 7 7 7 10 10 10 10 10 10 7 8 8 8
1 2 3 5 6 7 8 8 10 10 10 10 10 10 10 8 9 9
1 2 3 5 4 7 8 9 10 10 10 10 10 10 10 10 9 10
1 2 3 S 4 7 8 10 10 10 10 10 10 10 10 10 10 10



savings of N-l vrltas along the diagonal. This Is directly 

attributable to looping patterns of algorltha THR£ESUB*3# 

which are designed to finish a pass at the proper diagonal 

block and not rewrite It.

Froa the reads counts# we see the savings of N-l reads 

along the diagonal.

We also note the read counts along the bottoa row and 

the subdlagonal are one-half those of THREESJBil.
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Alqoritha THREESUBfl

Algorithas THREESUBfl# THREESUBf2# and THREESUBf3 

reduced BLOCK (I#I) and then reduced the regaining blocks 

using the factors froa BLOCK (I#I>. Algorltha THREESUBfl 

will exaalne the Idea of only reducing a colusn of blocks 

when one of Its aeabers 1s to be reduced.

After reducing BLOCK Cl#l># 3L0CKS (2#1) thru BLOCK 

(N#l) are reduced using the factors in 8L0CK (1#1>. This is 

the entire first pass.

Before reducing BLOCK <2#2># the factors stored in the 

blocks of coluan 1 oust be aoplied. So 3L3CK (1#2> is 

affected by BLOCK (1#1># BLOCK (2#2> by BLOCK <2#1># BLOCK 

(3#2> by BLOCK <3#1># BLOCK (4#2> by BLOCK (4#1># and BLOCK 

(N#2) Is affected by BLOCK (N#l). Only then is 3L0CK (2#2> 

reduced. Then# the reaalnlng Slocks in coluan 2 (BLOCKS 

(3#2># (4#2># thru (N#2>) are reduced using the factors in 

BLOCK (2#2>.

Pass 3 begins with application of the L factors froa 

the blocks 1n coluan 1 to the blocks in coluan 3 froa rows 1 

thru M. Then the L factors froa coluan 2 are applied to 

coluan 3 (notes only rows 2 thru N need be applied). 

Finally# block (3#3) is reduced and blocks (4#3> thru (N#3)
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The Nth coluan of blocks Is untouched until the Nth 

pess where the factors froa coluens 1 thru N-l are applied 

before the reduction of SLOCK (N#N>.

Contrasting algorithas THREESJB#4 and THREESUBf1# the 

following Ideas are apparent. Pass I of algorltha 

THREESUBfl passes thru the aost blocks# while pass 1 of 

algorltha THREESUB94 passes thru the least blocks. Pass N 

of algorltha THREESUBfl passes thru the least blocks# while 

pass N of algorltha THREESUBf4 passes thru the aost blocks.

One would assuae that the two algorithas should require 

the saae aaount of I/O. This 1s 1n fact the case.

Here 1s the PL/I aaln routine for algorltha TdREESUBf4.
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00 I « 1 TO n u n . s u b m a t .p e r .c o l ;

DO J * 1 to i-i;

CALL REAO.BLOCK <J#J#8L0CK2>;
CALL REAO.BLOCK <J#I#BL0CK1>;
CALL HORIZ.REDUCE (BLOCK1,BL0CC2);
CALL WRITE.BLOCK <J#I#BL0CK1>;

00 K ■ J*1 TO NUN.SUBMAT.PER.ROW*

CALL REAO.BLOCK <K#I#BL0CK3>!
CALL READ.BLOCK <K# J#BL0CK2);
CALL TRI.REOUCE <BLOCK3#BLOCK2#3LOCtl>; 
CALL WRITE.BLOCK <K#I#BL0CK3>;

e n d ;

e n d ;

CALL READ.BLOCK <I#I#BL0CK1>;
CALL AUTO.REDJCE (BLOCKIK 
CALL WRITE.BLOCK (I#I#BL0CK1);

DO J » 1*1 TO NUM.SUBHAT_PER.ROW;

CALL REAO.BLOCK <J#I#BL0CK2>;
CALL VERT.REDUCE <BL0CK2#BL0CK1>;
CALL WRITE.BLOCK <J#I#BL0CK2>;

e n d ;

e n o ;

READ.BLOCK# VERT.REDUCE# HORIZ.REDUCE# WRITE.BLOCK# and 

TRI.REOUCE are tha saae subprograms as In algorithm 

THREESUBfl.
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To d a

block (1#J) above the diagonal CKJ) 1a raad and written

once In eacb pats# 1# 2# 3* thru 1/ for a total of I reads

and writes. This yields a total of

J - 1 ********
• J * (J - 1)
* K

* 2
********

K * 1

coluan

H
****
*
*
*

J * <J-1> N *♦ 3 N

2 6
*

*****
J * 1
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Each block (I#J> on or bolow the diagonal (I >* J) Is 

raad and wrlttan J tloas 1n tha Jth pass# and raad once 1n 

passas J*l# Jo?# thru N. Thus# It 1s urltten J tlaas and 

raad N tloas. So for tha blocks on or balow the diagonal# 

there are

N
OOOOOOOO
* *  N * 0 ?  *  ( N  o  1 )

M O  * J ■  — ---------- —
0 2

o
00000000

J * 1

reads and

N
*0*000000
o
0 N 0 (N ♦ 1> * <N ♦ 2)
* J 0 CM ♦ 1 - J) - --------------------------

O 6
*

J * 1
wr1tas.
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The nuaber of reads 1s

N •* 3 - N N •• 3 ♦ N ♦* 2

6 2
which 1s equal to

4 * N ** 3 ♦ 3 * H ♦* 2 - N

6
The nuaber of writes 1s

N *♦ 3 • N N a * 3 e 3 * N * * 2 « - 2 * N

6 6 
which Is equal to

4 * N •* 3 ♦ 6 * N ** 2 ♦ 2 * N

12

where N ■ NUH_SliBMAT.PER.COL.

The read and write counts for algorltha TH3EESJ8f4 are 

the saae as those derive* for algorltha THREESUBfl.
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Conf1ra1ng our hypothesis regarding the equivalence of 

algorltha THREESUBf* and algorithm THREESUBfl# the read and

write counts by block for a 

Identical to those presented 

THREESUBfl.

WRITE COUNTS BY BLOCK

1 1 1 1 1 1 1 1 1 1  
1 2 2 2 2 2 2 2 2  2 
1 2 3 3 3 3 3 3 1 3  
1 2 3 4 4 * 4 4 4 4  
1 2 3 4 5 5 5 5 5 5  
1 2 3 4 5 6 6 6 6 6  
1 2 3 4 5 6 2 7 7 7  
1 2 3 4 5 6 7 8 8 8  
1 2 3 4 5 6 7 8 9 9  
1 2 3 4 5 6 7 8 9  10

ten by ten suaaatrlx are 

n the discussion of algorltha

READ COUNTS BY SLOCK

10 1 1 1 1 1 1 1 1 1
10 10 2 2 2 2 2 2 2 2
10 10 10 3 3 3 3 3 3 3
10 10 10 10 4 4 4 4 4 4
10 10 10 10 19 5 5 5 5 5
10 10 10 10 10 10 6 6 6 6
10 10 10 10 10 10 10 7 7 7
10 10 10 10 10 10 10 10 8 8
10 10 10 10 10 10 10 10 10 9
10 10 10 10 10 10 10 10 10 10
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Algorltha THREESUBf5

THREESUBfl ean be

BLOCK (1*4) 1s reduced by BLOCK <1*1) end then 
BLOCK (1*4) 1s retained In aeaory and used to 
reduce BLOCK <2*4>* BLOCK <3*4)* thru BLOCK <M*4).

BLOCK <2*4) Is reduced by BLOCK (2*2) and then 
BLOCK (2*4) 1s retained 1n aeaory and used In the 
reduction of 9L0CK<3*4)* BLOCK (4*4)* BwOCK (5*4)* 
thru BLOCK (N*4).

BLOCK (3*4) 1s reduced by BLOCK <3*3) and BLOCK 
(3*4) 1s used to reduce BLOCK (4*4)* BLOCK (5*4)* 
thru BLOCK <N*4).

BLOCK (4*4) 1s reduced by Itself and 1s used to 
reduce BLOCK <5*4>* BLOCK (6*4)* thru BLOCK <N*4).

After exaalnlng the data flou (I.e.* the pattern of 

reads and urltes) of algorltha THREESU8f4* It Is clear that 

reversing the Inneraost loop to proceed froa N to 1+1 u1tl 

result In soae substantial savings.
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By reverting the direction of one loop* the following

date flow cen be achieved:

BLOCK (1*4) Is reduced by BLOCK (1*1) and then
BLOCK (1*4) It retained In eeeory and used to 
reduce BLOCK (N*4)* BLOCK (N-l*4)* BLOCK (H-2*4>* 
thru BLOCK (2*4).

BLOCK (2*4) 1s reduced by BLOCK (2*2) and then
BLOCK (2*4) Is retained 1n eeeory end used In the 
reduction of BLOCK (N*4)* BLOCK (N-l*4)* BLOCK 
(N-2*4)* thru BLOCK (3*4).

BLOCK (3*4) Is reduced by BLOCK (3*3) and BLOCK
(3*4) Is used to reduce BLOCK (N*4)* BLOCK
(N-l*4)* BLOCK (N-2* 4)* thru BLOCK (4*4).

BLOCK (4*4) 1s reduced by Itself and 1s used to
reduce BLOCK (5*4)* BLOCK (6*4)* thru BLOCK (N*4).

Note that after applying all the reductions froe coluen

1 to the 4th coluen* BLOCK (2*4) Is In eeeory and does not 

have to be written to disk and reread. After applying all 

the reductions froe coluen 2 to the 4th coluen* BLOCK (3*4) 

1s 1n eeeory and does not have to be written and reread 

again. BLOCK (4*4) Is 1n eeeory at the end of the Innereost 

loop and does not have to read again to coeaence the 

self-reduction loop. Hence* In the fourth pass* algorlthe 

THREESIIB#5 has saved 3 reads and 3 writes. In general* the 

Kth pass of algorlthe THREESUBfS does (K-l) less reads and 

(K-l) less writes than algorlthe THRE£SLB#4.
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Horo 1s the PL/I ealn routine for algorithm THREESUB#5.

oo i « i to n u h .s u b n a t .p e r. c o l ;

CALL REAO.BLOCK U*I#BL0CK1)S

DO J - 1 TO 1-15

CALL REAO.BLOCK CJ#J*BL0CK2>;

CALL HORIZ_REDUCE <J*I*3L0CK1,J,J,BL0CK2>;

CALL WRITE.BLOCK (J , I#8L0CK1>;

00 K > NUH.SU3HAT_PER.R0W TO J * l BY -IS
CALL REAO.BLOCK <K, I, BLOCKS) .*
CALL REAO.BLOCK (K,J*BL0CK2>;

CALL TRI.REOUCE
CK,I,dL0CK3,K,J,BL0CK2,J,I,3L3CK1>S

IF K “■ J«-l
THEN CALL WRITE.BLOCK <K#I#3L0CK3)#

e n d ;

BL0CK1 « b l o c k s ; 

e n d ;

CALL AUTO.REDUCE (I»I#BL0CK1):
CALL WRITE.BLOCK (I#I#BL0CK1>;

00 J > i n  TO NUH.SUBNAT.PER.ROW;

CALL REAO.BLOCK CJ#I,BLDCK2>;
CALL VERT.REOJCE CJ , I,BL0CK2,I#I,3L0CK1>S 
CALL WRITE.BLOCK (J#I#BL0CK2);

e n d ;

ENOS
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Since algorltha THREESUB#5 It tfrtly an laprovcncnt 

over algorltka THREESUBfA# wa can derive the read and write 

equation* for algorltha THREESUBfS by subtracting the 

sawings for algorltho THREESUBfS froa the equations derived 

for algorithm THREESUBf*.

As wa have seen# algorltha THREESUBfS saves K-l reads 

and writes In the Kth coluan froa coluan 2 thru S. Thus# It 

saves a total of

N
*0000*0 
*
o (1-1)

o
000*00*
K ■ 2

Hence# the read count Is

4 * * 0 *  3 ♦ 3 * N O* 2 - N M * <N - 1)

6 2

4 O N 00 3 * 2 * N

N-l

* N ♦ (N - 1)
O K  * ____________

o
00000*0* 2
K « 1

6



The write count Is

* * f l  * * 3  ♦ 6 • N 2 ♦ 2 ♦ N N * <1 - 1)

12 2

which reduces to
4 * N * * 3  ♦ 8 * N

12

where H » NUM.SUBMAT.PER.COL.
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By comparing the read and write counts of THREESUBf5 

with those generated by THREESUBfi# we can see that 

THREESlIB#5 saves 1 read and 1 write per block in the upper 

triangle (except for row 1).

ALGORITHM THREESUBfS ALGORITHM THREESJBfS
WRITE COUNTS BY SLOCK REAO COUNTS 9Y Bt OCK

1 1 1 1 1 1 1 1 10 1 1 1 1 1 1
1 1 1 1 1 1 1 1 10 9 1 1 1 1 1
1 2 2 2 2 2 2 2 10 10 9 2 2 2 2
1 2 3 3 3 3 3 3 10 10 10 9 3 3 3
1 2 3 4 4 4 4 4 10 10 10 10 9 4 4
1 2 3 4 5 5 5 5 10 10 10 10 10 9 5
I  2 3 4 6 6 6 6 10 10 10 10 10 10 9
1 2 3 4 6 7 7 7 10 10 10 10 10 10 10
1 2 3 4 6 7 8 8 10 10 10 10 10 10 10
1 2 3 4 6 7 8 9 10 10 10 10 10 10 10

ALGORITHM THREESUB84 
WRITE COUNTS BY BLOCK

ALGORITHM THREESJBf4 
READ COUNTS 9Y BwOCK

1 1 1 1 1 1 1 1 1 1 10 1 1 1 1 1 1 1 1
1 2 2 2 2 2 2 2 2 2 10 10 2 2 2 2 2 2 2
1 2 3 3 3 3 3 3 3 3 10 10 10 3 3 3 3 3 3
1 2 3 4 4 4 4 4 4 4 10 10 10 10 4 4 4 4 4
1 2 3 4 5 5 5 5 5 5 10 10 10 10 10 5 3 5 5
1 2 3 4 5 6 6 6 6 6 10 10 10 10 10 10 & 6 6
1 2 3 4 5 6 7 7 7 7 10 10 10 10 10 10 10 7 7
1 2 3 4 S 6 7 8 8 8 10 10 10 10 10 10 10 10 8 8
1 2 3 4 5 6 7 8 9 9 10 10 10 10 10 10 10 10 10 9
1 2 3 4 S 6 7 8 9 10 10 10 10 10 10 10 10 10 10 10
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Algorltha THREESUB#6

Algor 1thas THREESJBf* and THREESUBf5 haw* two distinct 

phases;

tha application to coluan L of tha reductions aide
to coluans 1# 2# ...# L-l

tha reduction of coluan L

Whan algorltha THREESUBfA raducad block (3#4># block 

(3/1) was rawrlttan after being raducad by block (3/1)/ was 

again rawrlttan after the reduction by block (3/2) and was 

finally rewritten after being reduced by block (3/3). If a 

block ware only rewritten to disk after being totally 

raducad# this could lead to treaendous savings In total I/O. 

Algorltha THREESUB#6 1s designed to reduce the nuaber of 

writes after partial reduction.

Algorltha THREESU3f6 Is slallar to algorltha 

THREESUBf*. No block In coluan L 1s touched until the Lth 

pass. However# algorltha THREESUBf6 will reduce BLOCK (K#L) 

by blocks (K#l># <K#2)# <K#3)#...# <K#L-1> before rearitting 

block (K#L) to disk. After the factors froa the preceding 

coluans of blocks have been applied to the Lth coluan# BLOCK 

(L#L) 1s reduced and the reaalnlng blocks In the Lth coluan 

(blocks (K+1#L)# <K*2#L)#...# <N#L>> are reduced using BLOCK 

<L#L).
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Her* Is the PL/I u l n  routines

CALL REAO.BLOCK <1,1,BL0CK1>; 
CALL AUTO.REDUCE (BL0CK1);
CALL WRITE.BLOCK <1,1,BL0CK1>J

00 J ■ 2 TO NUH.SUBMAT_PER.ROW;

CALL REAO.BLOCK (J# 1# BL0CK2);
CALL VERT.REDUCE (BLOCK2*BL0CK1)S 
CALL WRITE.BLOCK (BL0CK2)*

e n d ;

DO I « 2 to num.subhat_per.col; 

oo j « i to 1-1;
CALL REAO.BLOCK CJ , IrBLOCKl);

DO K » 1 TO J-i;

CALL REAO.BLOCK ( J#K#BL0CK2>;
CALL REAO.BLOCK <K,I,BLOCKJ>;
CALL TRI.REOUCE (BLOCK1,BL0CK2,B_0CK3);

e n o ;

CALL READ.BLOCK <J#J*3LOCK2>;
CALL HORIZ.REDUCE (BL0CK1,BL0CK2); 
CALL WRITE.BLOCK < J, I,BL0CK1) .*

e n d ;
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00 J * I TO NUH.SUBMAT.PER.ROW;

CALL REAO.BLOCK < J, I#3L0CK1> .*

DO K - 1 TO I-1S

CALL REAO.BLOCK (J,K,BL0CK2>;
CALL REAO.BLOCK <K, I*BL0CK3>;
CALL TRI.REDUCE <eLOCKl*BLOCK2#B..OCK5 )

e n d ;

CALL WRITE.BLOCK ( J, I,BL0CK1) .*

e n d ;

CALL READ.BLOCK (I,I#BL0CK1>; 
CALL AUTO.REDUCE (BL0CK1);
CALL WRITE.BLOCK (I#I»BL0CK1>;

00 J * 1*1 TO WUH.SUBMAT.PER.ROW;

CALL READ.BLOCK <J,I#3L0CK2>;
CALL VERT.REOUCE (BL0CK2#BL0CK1) .* 
CALL WRITE.BLOCK <J,I,BL0CK2);

ENOS

e n d ;
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The write count 1s slaply H ** 2 plus the nueber of 

blocks that are written twice. For coluan J > I# there are 

CN*1-J) blocks (those on or below the diagonal) that are 

rewritten twice# so the nuaber of writes 1s

N N - 1
******** ********
* *

N ** 2 ♦ ♦ <N ♦ 1 - J) » N ♦* 2 ♦ * K
« ♦

******** ********
J » 2 K » i

which 1s

N * (N -1)
N •* 2 ♦ ----

2

Notes We have ellalnated the N**3 tera froa the 

foraula. This Is truly an 1apress1ve savings.

write
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Consider the reeds for blocks above the diagonal. A

block (J#I> above the diagonal 1s read when It 1s reduced#

and then reread when each block below It in coluan I Is

reduced# so 1t 1s read tiaes. Since each block above

the diagonal 1n row J 1s read N*l-J tiaes# and there are N-J 

blocks above the diagonal In row J# there are (1-J)#(N-J*1)

reads for blocks above the diagonal 1n row J. This yields a

total of

N - l  N - l
* * N OS 3 - N

0  ( N - J ) * ( N - J * l ) -  O K S  C K + 1 ) ■  - - - - - - - - - - - -
O S  3
soooooso oooooooo

J » I K • 1

reads for blocks above the diagonal.

A block <J#I> on or below the diagonal Is read once 

when L factors to Its left are used# and again when coluan I 

1s reduced by block <I#I)# and once for each of the (N-I) 

blocks to Its right In the Jth row# for a total of (N-l+2) 

reads. (An exception 1s the first coluan# which 1s not 

reduced by any coluans to Its left# so each block is read 

N-1>1# or M tiaes.) Thus# for the first colusn there are 

No*2 reads. For blocks on or below the diagonal In coluans 

? thru N# there are <M-I*2) reads for each of the (M*I-1) 

blocks for a total of < N - l e 2 ) r e a d s .
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Tht total nuobar of 

diagonal 1a

N 

a
H aa 2 ♦ 0 <N-I*1>*(N-I*2>•

aaaaaa
1-2

which Is

N *•  3 -  N

*-1
aaaaaa* 
a

.  Naa2 ♦ a KUe l )  
a

aaaaaa
1-1

n aa 2 ♦

Thus# the total nuaber of reads 1s

2 a (N aa 3 • N)
N aa 2 ♦ -------------------

3

which 1s

4 a N a a S  ♦ 6 a N a a 2 4 a n

6
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As can be seen froa tho following road and write counts 

generated by THREESUB06# the only blocks that art rewritten 

twice are 1n the lower triangle (excluding colean 1). All 

other blocks are only written once.

WRITE COUNTS BY BLOCK READ COUNTS BY B.OCK

1 1 1 1 1 1 1 1 1 10 10 10 10 10 10 10 10 10 10
1 2 1 1 1 1 1 1 1 10 10 9 9 9 ? 9 9 9 9
1 2 2 1 1 1 1 1 1 10 10 9 8 8 3 8 8 8 8
1 2 2 2 1 1 1 1 1 10 10 9 8 7 7 7 7 7 7
1 2 2 2 2 1 1 1 1 10 10 9 8 7 5 6 6 6 6
1 2 2 2 2 2 1 1 1 10 10 9 8 7 & 5 5 5 5
1 2 2 2 2 2 2 10 10 9 8 7 & 5 4 4 4
1 2 2 2 2 2 2 1 1 10 10 9 8 7 5 5 4 3 3
1 2 2 2 2 2 2 2 1 10 10 9 8 7 6 5 4 3 2
1 2 2 2 2 2 2 2 2 10 10 9 8 7 & 5 4 3 2
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Algorltha THREESUBf7

Aftor analyzing algorltha THREESUB*6* wa can tivt N-l 

raada and N-l wrltas of the diagonal block* (except for 

(1*1)) by reversing the direction of one of the inner loops. 

Her* 1s the PL/I routine:

CALL READ.BLOCK (1#1#BL0CK1)I 
CALL AUTO.REDUCE <1*1*B_0CK1 >.*
CALL WRITE.BLOCK (1*1*BlOCK1)•

DO J « 2 TO NUM.SUBMAT_PER.ROW;

CALL READ.BLOCK (J* 1* BL0CK2).
CALL VERT.REDUCE (J*1#BL0CK2*1*1*BL0CK1);
CALL WRITE.BLOCK (J#1*BL0CK2>I

e n d ;
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DO I « 2 TO n u h . s u b h a t . p e r . c o l ;

DO J - 1 TO 1-15

CALL REAO.BLOCK (J , I,BLOCKl>;

d o  k » i to j -i ;
CALL READ.BLOCK <J#K#8L0CK2);
CALL READ.BLOCK <K#I*BLOCK3>;
CALL TRI.REDUCE (J,I»BLOCKl#J#K#BLOCK2,K#I,BLOCK3);

e n o ;

CALL READ.BLOCK (J,J#BLOCK2>;
CALL HORIZ.REDUCE <J#I«BLOCKl*J#J*BLOCK2);
CALL WRITE.BLOCK <J*I,BL0CK1>;

e n d ;

00 J * NUH.SUBHAT_PER.ROW TO I BY -15

CALL READ.BLOCK <J#I*BL0CK1)S

DO K * 1 TO 1-1;
CALL READ.BLOCK <J,K,BL0CK2>5 
CALL READ.BLOCK <K,I,BLOCK3> ;
CALL TRI.REDUCE <J#IsBLOCKl#J#K#BL0CK2»K*I#BL0CK3)i

e n d ;

IF J *« I
THEN CALL WRITE.BLOCK <J#IsBLOCKl);

e n d ;

CALL AUTO.REDUCE <I#I«BL0CK1>;
CALL WRITE.BLOCK <I#I#BL0CK1>;

DO J > m  TO NUM_SU8MAT.PER.R0W;
CALL REAO.BLOCK <J ,I»BL0CK2>;
CALL VERT.REDUCE C J#I#BL0CK2*I# I*BL0CK1> ;
CALL WRITE.BLOCK CJ,I,BL0CK2);

e n d ;

e n d ;
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can be derived by subtracting M-l froa 

THREESUBf6* which gives us:

N * CN -1)
N a* 2 ♦   - (N-l)

2

which Is equal to

3 0 N 00 2 - 3 e N ♦ 2

2

The read count foraula 1s also derived by subtracting 

N-l froa the read foraula for THREESUB#6# giving us:

4 • N 00 3 ♦ 6 O N 00 2 - 4 * N      -  ( N - l )
6

which 1s equal to

4 O N 00 3 ♦ 6 * N ** 2 - 1 0  O N  ♦ &

6
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Her* are tha raad and write counts by block for a 

matrix divided Into a tan by tan subaatrlx of blacks:

ALGORITHM THREESUB#7
WRITE COUNTS BY BLOCK

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1
2 2 1 1 1 1 1 1
2 2 2 1 1 1 1 1
2 2 2 2 1 1 1 1
2 2 2 2 2 1 1 1
2 2 2 2 2 2 1 1
2 2 2 2 2 2 2 1
2 2 2 2 2 2 2 2

ALGORITHM TrtREESUBf 7 
READ COUNTS BT iLOCK

10 10 10 10 10 10 10 10 10 10
10 9 9 9 9 9 9 9 9 9
10 10 8 8 8 8 8 8 8 8
10 10 9 7 7 7 7 7 7
10 10 9 8 6 4 6 6 6
10 10 9 8 7 5 5 5 5
10 10 9 8 7 4 A 4 4
10 10 9 8 7 4 5 3 3
10 10 9 8 7 0 5 4 2
10 10 9 8 7 0 5 4 3

AL60RITHM THREESUB06 ALGORITHM THREESJB96
WRITE COUNTS BY BLOCK REAO COUNTS BY BLOCK

1 1 1 1 1 1 1 1 1 10 10 10 10 10 10 10 10 10 10
2 1 1 1 1 1 1 1 1 10 10 9 9 9 9 9 9 9 9
2 2 1 1 1 1 1 1 1 10 10 9 8 8 3 8 8 8 8
2 2 2 1 1 1 1 1 1 10 10 9 8 7 7 7 7 7 7
2 2 2 2 1 1 1 1 1 10 10 9 8 7 4 6 6 6 6
2 2 2 2 2 1 1 1 1 10 10 9 8 7 6 5 5 5 5
2 2 2 2 2 2 1 1 1 10 10 9 8 7 6 5 4 4 4
2 2 2 2 2 2 2 1 1 10 10 9 8 7 4 5 4 3 3
2 2 2 2 2 2 2 2 1 10 10 9 8 7 4 5 4 3 2
2 2 2 2 2 2 2 2 2 10 10 9 8 7 4 5 4 3 2

By comparing thasa counts# wa saa that 1nd*ad the 

diagonal blocks Cexcept (1#1)) are raad and written one tlae 

lass In this algorltha. Therefore# algorltha TH1EESUB07 

saves 1-1 reads and N-l writes.
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Algorltha THREESUB#8

Algorltha THREESUB#8 ulll only writ* each block once. 

Algorltha* THREESUBf6 and THREESUB#7 had two distinct parts. 

They first reduced a coluan by the previous coluans and then 

reduced the coluan by Itself. Algorltha THR£ESUd#8 will 

divide a coluan of blocks Into three parts. The first part 

will be for all the blocks 1n a celuan above the diagonal. 

These blocks aust be reduced by the previous factors. 

However# these blocks are already 1n final fora and are not 

affected by the reduction of the diagonal block 1n this 

coluan. Then# the diagonal block <I#I> 1s reduced by all 

the previous blocks 1n the lth row (I.e.# blocks (I#() where 

K<I># and then block <I#I) Is self-reduced. After the 

diagonal has been reduced# all the blocks below the diagonal 

are processed. These blocks are reduced by the blocks 1n 

the previous coluans and then by the diagonal block.

Here 1s the PL/I routine for this algorltha:

CALL REAO.BLOCK C1#1#BL0CK1>;
CALL AUTO.REDUCE <1#1#BL0CK1>;
CALL WRITE.BLOCK (1#1#BL0CK1)J

oo j - 2 to nuh.subhat_per.col;
CALL REAO.BLOCK CJ#1#8L0CK2>;
CALL VERT_REDUCE<J#1#BL0CK2#1#1#BL0CK1>;
CALL MRITE.BLOCKCJ#1#BL0CK2>;

e n d ;
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00 I ■ 2 TO NUN.SUBNAT.PER.COL;

00 J - 1 TO i-i;
CALL READ.BLOCK <J,I#BL0CK1>;
00 K * 1 TO J-1S

CALL READ.BLOCK <J,K,BL0CK2>;
CALL READ.BLOCK <K, I ,BL0CK3 > .*
CALL TRI.REDUCE

<J*I#BLOCK1,J,K,8LOCK2#K,I,3LOCK3>;
e n d ;
CALL READ.BLOCK CJ#J,BL0CK2>;
CALL HORIZ.REDUCE <J#I*BL0CK1#J*U*BL0CK2>;
CALL WRITE.BLOCK (J#IsBLOCKl)•

e n d ;

CALL READ.BLOCK <1,I#BL0CK1>;

00 K - 1 TO i-i;
CALL READ.BLOCK (K#I#BL0CK3)•
CALL READ.BLOCK (I*K,BL0CK2>;
CALL TRI.REDUCE CI,I*BLOCK1*I#K,BLOCK2*K*I»3LOCK3>;

e n d ;

CALL AUTO.REDUCE <I,I*BL0CK1) .*
CALL WRITE.BLOCK <WI,BL0CK1>;

00 J » 1*1 TO NUM_SUBHAT.PER.ROW;

CALL READ.BLOCK (J,I,BLOCK1);

DO K * 1 TO 1-1;
CALL READ.BLOCK CJ,K#8L0CK2>J 
CALL READ.BLOCK <K,I*BL0CK3>;
CALL TRI.REDJCE

<J,I,9LOCK1,J,K,Bl OCK2,K,I,9LOCO> ;
e n d ;

CALL READ.BLOCK (I#I#BL0CK2)«
CALL VERT.REDUCE <J#IrBLOCKl#I#I»BL0CK2)I 
CALL WRITE.BLOCK (J#I#BL0CK1);

e n d ;
e n d ;
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TN« goat of tlia algorltha 1a to rewrite each suboatrls 

once. In fact# tha nuaber of wrltas 1a axactly 1**2.

In algorltha THREESUBf7# thara were two distinct phaaaa 

to the algorltha. In tha flrat phaaa of tha lth pass# tha 

factora froa coluana 1 thru I-1 wara applied. In the aacond 

phaaa# tha diagonal block (I#I) waa raducad and each block 

beneath <I#I> In that coluan (BL0CK11*1#I># B_OCK(1*2#I)# 

thru BLOCK(N#I)> waa reduced ualng the valuea stored In tha 

diagonal block# BLOCK <I#I).

Reviewing tha lth pass of algorltha THREESUBf7# wa see 

that each block beneath tha diagonal 1a raad once 1n the 

flrat phaaa and onca In tha second phase. However# the 

diagonal BLOCK <I#I) la only raad onca In tha lth pasa.

Therefore# a block In the lower triangle was raad twice 

In pasa I and onca 1n tha each of tha regaining passes 1*1/ 

1*2, thru N-l# and N. The diagonal block Is raad onca 1n 

pass I and onca In each of tha reaalnlng passes.



of writes to He*2# algorltha THREESUBfS coablned phases 1 

and 2. Hence# after applying the factors fraa previous 

coluans to a lower triangle block# this block is reduced by

the diagonal block above It. This saves one read for each

block below the diagonal. However# this requires that the 

diagonal black be reread for each block beneath 1t. The 

diagonal block cannot be retained 1n aeaory# since we oust 

apply the reductions froa the previous coluans tp the nest 

block and only three blocks can be In aeaory at ance.

Therefore# pass I does one less read for the H-l blocks 

beneath the diagonal# but It reads 1n the diagonal an extra 

N-I tiaes. Thus# It perforas exactly the saae nuaber of 

reads as algorltha THREESUB*7# which 1s

4 * H **3 * 6 * N ** 2 • 1( M  M

6
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f • satrls bear out the analysis presented above:

RITE COUNTS BY BLOCK READ COUNTS BY SLOCK

1 1 1 1 1 1 1 I 1 10 10 10 10 1 10 10 10 10 10
1 1 1 1 1 1 1 1 1 10 17 9 9 9 9 9 9 9
1 1 1 1 1 1 1 1 1 10 9 IS 8 S 8 8 8 8
1 1 1 1 1 1 1 1 1 10 9 8 1J 7 7 7 7 7
1 i 1 1 1 1 1 1 1 10 9 8 7 1 & 6 6 6 6
1 1 1 1 1 1 1 1 1 10 9 8 7 9 5 5 5 5
1 1 1 1 1 1 1 1 1 10 9 8 7 S 7 4 4 4
1 1 1 1 1 1 1 1 1 10 9 8 7 S 4 5 3 3
1 1 1 1 1 1 1 1 1 10 9 8 7 s 4 3 3 2
1 1 1 1 1 1 1 1 1 10 9 8 7 s 4 3 2 1

It 1s easy to see that the algorltha writes each block 

only once* so the total nuaber of writes Is N ** 2.

As we can see by coaparlng the read table for 

THREESUBfS with that for THREESUB87* a given diagonal 

eleaent Is read N-I tiaes aore often In THREESJB08 than In 

TMREESUB#7. Also# notice that each eleaent 1n the lower 

triangle Is read one less t1ae In THREESU308 than 1n 

THREESUB07.

THREESUBf7
READ COUNTS BY BLOCK

10 10 10 10 10 1 10 10 10 10
10 9 9 9 9 9 9 9 9
10 10 8 8 8 8 8 8 8
10 10 9 7 7 7 7 7 7
10 10 9 8 6 6 6 6 6
10 10 9 8 7 5 5 5 5
10 10 9 8 7 4 4 4 4
10 10 9 8 7 5 3 3 3
10 10 9 8 7 5 4 2 2
10 10 9 8 7 5 4 3 1



possible.

A block CJ*I) above the diagonal 1* read once when It 

1a reduced* and again for each block below it* so It 1s read 

N-J*l tines. Since there are (N-I> blocks above the 

diagonal 1n row J* there are (M-J)*(N-J*1) reads for the 

blocks above the diagonal 1n row J. This yields a total of

N - l  N - l
eoooeoo 0000000
* * N 00 3 - N
* IN-J)CM-Jel) « * <<*♦!> « -------------- -

♦ * 3
oooooo oooooo
J - 1 K ■ 1

Each block below tha diagonal Is read once when It I s  

reduced by both the L factors to Its left and by the 

diagonal block above It 1n the saaa colunn. Each block Is 

also read once to reduce each of the blocks to its right. 

Block CJ*I> where J<I 1s read N-I+l tines* so the total 

reads for the N-I blocks below the diagonal In colunn I 1s 

(N-IHN-I+l). Thus* the nunber of reads for all blocks 

below the diagonal 1s

N - l  N - l
0000*00 ooooooo
O O N 00 5 - N
♦ CN-J)(N-Jel) « 0 KCK*1> - ---------------

* * 3
0 0 0 0 0 0 0 0 0 0 0 0
J « 1 K • 1
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Finally# consider the diagonal block <I#I). Block

<1#1) 1s road one# to roduco itself and the rest of the 

first colunn. Block ll#l) Is read again for each of the N-l 
blocks to the right of 1t In the first row# so olock (1#1) 

1s read N tiaes. Any other diagonal block <I#I> 1s read 

once when It Is reduced, then# It Is read again for each of 

the N-I blocks below It and once for each of the N-I blocks

to the right of 1t# for a total of 2*<N-I)+1 tines. Thus#

the nuober of reads for the diagonal 1s

N N - l
* e

N * *  C2*CN-I>*1> * N e e  C2eK ♦ 1)
e *
eeeeeee eeeeeee
1 * 2  K * 1

which Is

N ee 2 - N ♦ 1.

N ee 3 - N N M  3 - N
............. + — ---  ♦ N ee 2 - N «• 1

3 3

which 1s

4 e N ee3 ♦ 6 e N ee 2 - 10 * N «• 6
6

which Is the sane as the read count fornula derived for 

algorlthe THREESUB87.
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Algorltha THREESUBf?

Aftor analyzing tha data flow froa algorltha 

THREESUBfB* It can ba satn that BLOCK (1*1) la raad twice In 

tha Initial phaaas of tha algorltha* onca whan It raducad 

and onca to raduce BLOCK (1*7). Alao* BLOCK (1*7) la read N 

tlaea in tha aacond paaa* onca whan It 1a raducad and onca 

whan It 1a uaad to raduca blocka benaath it. Thla 1a dua to 

tha loopa necessary for aaaaaa 3 thru N. Hanca* by ranovlng 

paaa 2 froa tha aaln loop and having a aaparata loop for the 

second coluan of blocks at tha start of tha aaln prograa* we 

can save N reads.
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Hi

CALL REAO.BLOCK <l#l#BLOCKl>i 
CALL AUTO.REOUCE <l#l#BLOCKl>;
CALL WRITE.BLOCK Cl#l#BLOCKl>;

DO J - 2 TO n u h _s u b m a t . p e r.c o l ;

CALL READ.BLOCK <J#1#BL0CK2>;
CALL VERT.REDUCECJ#1#BL0CK2#1#1#BL0CK1)• 
CALL WRITE.BLOCKCJ#1#BL0CK2);

e n d :

CALL READ.BLOCK <1#2#BL0CK2);
CALL HORIZ.REDUCE Cl#2#BLOCK2#l#1#BL0CK1>;
CALL WRITE.BLOCK C1#2#BL0CK2);

CALL REAO.BLOCK C2#1#3L0CK1>;
CALL READ.BLOCK C2#2#BLOCK3);
CALL TRI.REDUCE <2#2#3L0CK3#2#1#BL0CK1#1#2#3L3CK2>; 
CALL AUTO.REDUCE <2#2#SL0CK3>;
CALL WRITE.BLOCK C2#2#BL0CK3>;

DO J » 3 TO n u h.s u b m a t . p e r.c o l ;

CALL READ.BLOCK CJ#1#BL0CK1);
CALL READ.BLOCK (J#2#BL0CK3>;
CALL TRI.REDUCE <J#2#BL0CK3#J#1#BL0CK1#1#2#BL0CK2>; 
CALL READ.BLOCK C2#2#BL0CK1>;
CALL VERT.REDUCE (J#2#BL0CK3#2#2#BL0CK1>;
CALL WRITE.BLOCK <J#2#BLOCK3>;

e n d ;



/** NAIN LOOP PASSES 3 THRU N **/

DO I » 3 TO n u m _s u b h a t .p e r .c o l :

DO J > 1 TO I-l;

CALL REAO.BLOCK <J*I,BL0CK1>;

DO K ■ 1 TO J-i;
CALL REAO.BLOCK tJ#K,BL0CK2>J 
CALL REAO.BLOCK (K*I#BL0CK3>:
CALL TRI.REDJCE

(J#I*BL0CK1#J* K*BL0CK2#K#I*BLOC(3):
e n d :

CALL REAO.BLOCK <J#JrBLOCK 2)#
CALL HORIZ.REDUCE CJ,I,BL0CK1#J*J#BL0CK2>.‘ 
CALL URITE.BLOCK C J, WBLOCKl) ;

e n d :

CALL REAO.BLOCK <1»IsBLOCKl):

DO K « 1 TO I-l;
CALL READ.BLOCK <K,I#BL0CK3>;
CALL READ.BLOCK CI,K,BL0CK2>;
CALL TRI.REDUCE

(I#I»BL0CK1#I#K#BL0CK2#K*I*BL0CK3);
e n d :

CALL AUTO.REDUCE (I#IsBLOCKl):
CALL URITE.BLOCK (I#I,3L0CK1>;

90 J » 1*1 TO NUH.SUBNAT.PER.RON:

CALL READ.BLOCK CJ,I,BL0CK1>:

DO K - 1 TO i-i;
CALL READ.BLOCK <J,K*BL0CK2>;
CALL READ.BLOCK <K,I,BL0CK3>;
CALL TRI.REDJCE

CJ*I#BLOCK1,J,K*BLOCK2*K,I,BLOCKS);
e n d :

CALL READ.BLOCK (I#I#BL0CK2>;
CALL VERT.REDUCE CJ, I*BL0CK1,I,I,BL0CK2> ; 
CALL URITE.BLOCK <J,I,BL0CK1>;

e n d ;

e n d :
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By Modifying th« looping patterns# algorltha TH^EESUBfl 

saves on* road of BLOCK (1*1) and N-l raads of 3L0CK <1.2) 

In passes 1 and 2. Hence# the read foroula for algorithm 

THREESUB#9 Is the read foroula for algorltho IHTEESUBOS 

nlnus N. So# ue have

N

which 1s

4 O N 0*3 ♦ 6 O N 00 2 - 16 * N + 6

6

By coopering the read counts frou algorltho THREESUBfS 

with those froo algorltho THREESUB09# we conflro that

algorltho THREESU8#9 only reads BLOCK CL#2) once while

algorltho THREESUB08 does N reads. Also# THRE£SU3#9 reads

BLOCK (1#1> only N-l tines while THREESJBfS reads BLOCK 

<1#1) N tines.

ALGORITHM THREESUB#8 ALGORITHM THREESJB#9
READ COUNTS BY BLOCK REAO COUNTS BY BLOCK

10 10 10 10 10 10 10 10 10 10 9 1 10 10 10 10 10 L0 10 10
10 17 9 9 9 9 9 9 9 9 10 17 9 9 9 9 9 9 9 9
10 9 15 8 8 8 8 8 8 8 10 9 15 8 8 8 8 8 8 8
10 9 8 13 7 7 7 7 7 7 10 9 8 13 7 7 7 7 7 7
10 9 8 7 11 6 6 6 6 6 10 9 8 7 11 6 6 6 6 6
10 9 8 7 6 9 5 5 5 5 10 9 8 7 6 9 5 5 5 5
10 9 8 7 6 5 7 4 4 4 10 9 8 7 & 5 7 4 4 4
10 9 8 7 6 5 4 5 3 3 10 9 8 7 6 5 4 5 3 3
10 9 8 7 6 5 4 3 3 2 10 9 8 7 6 5 4 3 3 2
10 9 8 7 6 5 4 3 2 1 10 9 8 7 6 5 4 3 2 1
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Algorltha THREESUBflO

After analyzing the data floe of passes 3 thru N of 

algorltha THREE SUB# 9, wo can achieve a further sawings of 

N-? reads.

In pass K of algorltha THREESDB#9* BLOCK (1*K) 1s read 

and reduced by BLOCK (1>1). Then* BLOCKs (L*K)* (2*1)* and 

(2*K) are read. BLOCK (2*K) Is reduced by the product of 

BLOCKs (2*1) and <1*K). Then* BLOCK (2*2) 1s read and used 

to reduce BLOCK (2*K). There 1s no need to reread BLOCK 

(1*K) In order to reduce BLOCK (2*K). Algorltha THR£ESUB«10 

will save this unnecessary read of BLOCK (1*K). Since this 

savings will occur only 1n passes 3 thru N* algorltha 

THREEStlBflO saves N-2 reads.

Please note that BLOCK (1*K) cannot be saved 1n aeaory 

when reducing BLOCKs (3*K)* (4*K)* ...* (N*K)* since we can 

only have three blocks In aeaory at once and any block below 

the second row aust be reduced by the product of BlOCK (2*K) 

and (3*2) as well as the product of BLOCK (1*K> and (3*1).
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Her* 1s tli* PL/I routi**:

CALL REAO.BLOCK <l,l,BLOCKl>;
CALL AUTO.REDUCE (1,1,BL0CK1>;
CALL URITE.BLOCK (l#l#BLOCKl>;

DO J - 2 TO num.submat.per.col;
CALL READ.BLOCK (J#1»BL0CK2)«
CALL VERT_REOUCE(J#l«BLOCK2#L#l#BLOCKl) ; 
CALL WRITE.BL0CK<J,1*BL0CK2>;

e n d ;

IF NUN.SUBMAT.PER.COL > 1 
THEN DO!

CALL READ.BLOCK (l*2#3LOCK2>;
CALL HORIZ.REDUCE C1*2*BL0CK2,1,1,B;_0CK1); 
CALL URITE.BLOCK (1*2, BLOCK2J .*

CALL READ.BLOCK (2,1,3L0CK1>
CALL READ.BLOCK C2*2#3LOCK3>;
CALL TRI.REOUCE

<2#2*BLOCK3#2#l»3LOCKlsl*2#BLOCK2>; 
CALL AUTO.REDUCE <2*2*BL0CK3);
CALL URITE.BLOCK C2,2*BLOCK3>;

e n d ;

DO J * 3 TO n u m _s u b m a t . p e r. c o l ;

CALL READ.BLOCK <J,1,BL0CK1>;
CALL READ.BLOCK (J# 2#BLOCK3K
CALL TRI.REDUCE <J*2sBLOCK3,J,l,BLOCKl#l,2»BlOCK2); 
CALL READ.BLOCK (2,2,BL0CK1>;
CALL VERT.REDUCE <J,2*3L0CK3*2,2*BL0CKl>;
CALL URITE.BLOCK CJ,2#BL0CK3>I

e n d ;
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DO I » 3 TO h u h _s u b h a t .p e r.c o l ;

CALL REAO.BLOCK Cl#I#BL0CK1>;
CALL REAO.BLOCK <1#1#BL0CK2>;
CALL HORIZ.REDUCE <1#I#BL0CK1#1#1#BL0CK2>;
CALL URITE.BLOCK Cl#I#BL0CK1>;
CALL REAO.BLOCK (2#I#BL0CK3>;
CALL READ.BLOCK <2#1#BL0CK2>;
CALL TRI.REOUCE <2#I#BLOCK3#2#l#BLOCK2#1#I#BL0CK1>; 
CALL REAO.BLOCK (2#2#BL0CK2>;
CALL HORIZ.REDUCE C2#I#BLOCKJ#2#2#BLOCK2>;
CALL URITE.BLOCK <2#I#BL0CK3>;

00 J « 3 TO I-l;
CALL READ.BLOCK <J#I#BL0CK1> *
00 K * 1 TO J-l;

CALL READ.BLOCK CJ#K#BL0CK2>:
CALL READ.BLOCK <K#I#BL0CK3>;
CALL TRI.REDJCE

<J#I#BL0CK1#J#K#BL0CK2#K#I#3L0C<3>;
e h o ;
CALL READ.BLOCK (J#J#BL0CK2);
CALL HORIZ.REDUCE <J#I#BL0CK1#J#J#BL0CK2>;
CALL URITE.BLOCK (J#I#BL0CK1)•

e n d ;

CALL READ.BLOCK (I#I#BL0CK1»;

DO K > 1 TO i-i;
CALL READ.BLOCK (K#I#BL0CK3>;
CALL READ.BLOCK (I#K#BL0CK2>;
CALL TRI.REOUCE <I#I#BLOCKl#I#K#BLOCK2#K#I#iLOCK3>;

e n d ;

CALL AUTO.REDUCE (I#I#BL0CK1>;
CALL URITE.BLOCK (I#I#BL0CK1);

00 J ■ 1*1 TO NUH.SUBHAT_PER.ROU;
CALL READ.BLOCK (J#I#BL0CK1);
DO K * 1 TO I-l;

CALL READ.BLOCK <J#K#BL0CK2>;
CALL READ.BLOCK (K#I#BL0CK3);
CALL TRI.REDJCE

C J# I#BL0CK1# J#K#BL0CK2#K# I#3L0CK3> .*
e n d ;
CALL READ.BLOCK (I#I#BL0CK2>;
CALL VERT.REDJCE <J#I#BL0CK1#I#I#BL0CK2>;
CALL URITE.BLOCK (J#I#BL0CK1>;

e n d ;

e n d ;



94

Sine* algorltha TMREESUBflO dots N-2 reads less than

algorltha TMREESUB09# we can derive the read foraula for

THREESJBflO froa that of THREESUBf9. So we have#

4 t N **3 ♦ 6 * N *t 2 - 16 * N ♦ 6

6
which 1s

4 * N **3 ♦ 6 * N ** 2 - 22 • N ♦ 18

6

- <N-2)

By coaparlng read counts for THREESJBflO with the 

counts froa THREESUB09# we can conflra the blocks 1n the 

first row froa coluans 3 thru N are read one less tlae. 

Thus# we save N-2 reads.

ALGORITHM THREESUB#9 ALGORITHM THREESJBflO
REAO COUNTS BY BLOCK READ COUNTS 9Y Bl o c k

9 1 10 10 10 10 10 10 10 10 9 1 9 9 9 9 9 9 9
10 17 9 9 9 9 9 9 9 9 10 17 9 9 9 9 9 9 9
10 9 15 8 8 8 8 8 8 8 10 9 15 8 8 8 8 8 8
10 9 8 13 7 7 7 7 7 7 10 9 8 13 7 7 7 7 7
10 9 8 7 11 6 6 6 6 6 10 9 8 7 11 6 6 6 6
10 9 8 7 6 9 5 5 5 5 10 9 8 7 6 9 5 5 5
10 9 8 7 6 5 7 4 4 4 10 9 8 7 6 5 7 4 4
10 9 8 7 6 5 4 5 3 3 10 9 8 7 6 5 4 3 3
10 9 8 7 6 5 4 3 3 2 10 9 8 7 6 5 4 3 2
10 9 8 7 6 5 4 3 2 1 10 9 8 7 6 5 4 2 1
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Coaparlson of Algorlthas THREESUBfl thru THREESUBflO

It Is tlae to stop and coapara thoso algorltha*.

Algorlthas THREESUBfl thru THREESUBflO use the 

subaatrlx storage aethod. This aethod requires that at 

least three blocks aust be able to fit In aeaory at once. 

In fact* the size of the blocks 1s chosen with aeaory 1n 

alndr so that exactly 3 blocks fill fit Into aeaory. Let us 

coapare these algorlthas.

Even though the read and write count equations are 

given 1n the sections describing each algorltha* they are 

repeated here for coaoarlson purposes (using the sane 

denoalnator).



Alqorltba Nuaber of Road* Nuabor of frit**

THREESUBfl 

THREESUBf2 

THREESUBf3 

THREESUBfA 

THREESUBf5 

THREESUBf6 

THREESUBf7 

THREESUBf8 

THREESUBf9 

THREESUBflO

8*N**3+6*N**2-2*M

12
8*N**3*6*N**2-14*H+12

12

8*N**3-20*N*24

12

8*N*43«,64N*42-2aM

12
8*N**3*4*N

12
84H*43*12*M*42“8*N

12
8*Nfb3ol2*M**2-20*H*12

12

8*N**3*12*N**2-20*N+12

12
8*M4a3*12*M*42“32aNol2

12
8*N**3*12*N**2«44*No 36

4*H9*3*6bNaa2*2 *H
12

4*N*«3»6*N**2-10*N*12

12
4*N**3«’6*H**2-i 0*Nol2

12

4*N**3«-6*N**2*2*N

12
4*N**3*3#N

12
18*N**2-64M

12
18*N**2-18*N+12

12
12*N**2

12
12*N**2

12
12*N**2
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As can ba saan froa the foraulas above* algorlthas 

THREESUBf8* THREESUBf9* and THREESUBflO do the least nuaber 

of writes. Even though these algorlthas do aore reads than 

several of the other algorlthas* their total I/O count Is 

less than all the others due to their large write count 

advantage. Since* algorltha THREESUBflO does the least 

nuaber of reads froa this group* algorltha THREESUSflO Is
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A table showing tho coablned read and write counts 1s 

presented below:

AlgoHthn Total I/O Count

THREESUBfl 6*N**3 ♦ 6*N**2

THREESUBfZ 6*N**3 ♦ 6*N**2 - 12*N ♦ 12

THREESUBf3 6*N**3 3*N**2 - 159N ♦ 18

THREESUBfA 6*N**3 6*M**2

THREESUBfS 6*N**3 69 M

THREESUBfb 4«N**3 15*N**2 - 7*N

THREESUBf7 4*N**3 15*N**2 - 199N ♦ 12

THREESUBfS 4*N**3 129N992 - 1Q*N ♦ 6

THREESIIB#9 A*N**3 ♦ 12*N**2 - 16*N ♦ 6

6

THREESUBflO 4*N**3 * 12*N**2 - 22*N ♦ 18



THREESJBflO It the best algorltha for this storage act hod. 

The only exceptions are the cases In which N«2 or N*3. For 

N«2# THREESUBf3 requires 8 I/O operations# while THREESUBflO 

requires 9 I/O operations. For N*3# THREESJBf3 requires 27 

I/O operations# while THREESUSflO requires 28 I/O 

operations.
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A table listing the read and write counts for each 

algerlthn for three sanple aatrlces will reconflrn the 

advantages of algorltha THREESUBflO.

a natrlx oat rlx aatri x
I divided divided divided
9 Into Into Into
o 5 b y 5 10 by 10 20 by 20
r subnatrlces subnatrlces subaatrlc ea
1A

•aisaasst assitfltsi taantaai
t
h read write total read write total read write total
n —-—- ———- — — -—-- — - ——— - — - - - --- - --——

SUBfl 95 55 150 715 385 1100 5530 2870 8400
SUB #2 91 51 142 706 376 1082 5511 2851 8372
SUB#3 77 51 126 652 376 1028 5302 2851 8153
SUB# A 95 55 150 715 385 1100 55 30 2870 8400
SUB #5 85 45 140 670 340 1010 5340 2680 8020
SUB#6 105 35 140 760 145 905 5720 590 6310
SUB#7 101 31 132 751 136 887 5701 571 6272
SUB #8 101 25 126 751 100 851 5701 400 6101
SUB #9 96 25 121 741 100 841 5681 409 6081
SUBflO 93 25 118 733 100 833 5663 400 6063
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Algorlthas THREESUBf 1# THREESU8f2# and THREESUBf3 

reflect the n a t  basic Ideas reduce BLOCK <I#I> and then 

reduce the rest of the blocks.

Algorlthas THREESUBfA thru THREESUBflO also have a 

coaaon theae: reduce a block only when Its coljan Is being

processed.

Algorlthas THREESUBf6 thru THREESUBflO succeed 1n 

producing a savings by reducing the nuaber of writes. 

Algorlthas THREESUBf8 thru THREESUBflO write each block only 

once.

Froa the N**2 write algorlthas# algorltha THREESUBflO 

does the least nuaber of reads.

Algorltha THREESUBflO does do aore reads than 

algorlthas THREESUBfl thru THREESUBf*. However# the read 

advantage 1s saall 1n coaparlson to the write advantage 

enjoyed by algorltha THREESUBflO.

Hence# algorltha THREESUBflO Is the *best* sjbaatrlx 

decoaposlt1on without Interchanges algorltha# except for the 

special cases# N*2 and N*3.
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Comparison of Algorlthas COLil and THREESUBflO

It 1s not as easy to coapara algorlthas COLil and 

THREESUBflO as It was to coapara THREESUBf1 thru THREESUBflO 

or ROWfl thru R0W03 or R0Wf3 vtrsus COLfl. Algorltha 

THREESUBflO uses subaatrlx storage and requirts tha blocks 

to be saall enough to enable three blocks 1n aeaory at once. 

Algorltha COLfl uses coluan storage and requires the blocks 

to contain coaplete coluans and be snail enough to allow two 

blocks In aeaory at once.

In order to coapare these algorlthas# solution of an 

actual aatrlx by each aethod aust be contrasted using 

different aeaory sixes. As an exaeple# we will look at a 

1000 by 1000 aatrlx. Each eleaent uses four bytes. We have 

selected aeaory sixes of 48000# 64000# 96000# 128000# and 

256000 bytes available for data. The results art suaaarlxed 

In the table below.
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48000 64000 96000 128900 256000

algorltha COLil

nu«b*r of subaitrlcti 167 125 84 63 32

tilt of oacli block 1000x6 1000x8 1000x12 1000x16 1000x3

nuaber of roods 14028 7875 3570 2016 528

nuabor of writes 167 125 84 63 32

total I/O 14195 8000 3654 2077 560

algorltha THREESUBflO

16x16 14x14 12x12 10x10 7x7

size of eacb block 63x63 73x73 89x89 103x103 146x146

nuaber of reads 2391 1977 1255 733 255

nuaber of writes 256 196 144 100 49

total I/O 2647 2173 1399 833 304
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At can be teen# algorltha THREESUBflO doet auch better 

than algorltha COLil with a aaall aeaory. At ataory gets 

bigger# algorltha COLfl catchet up. In the following table# 

512000# 768000# and 1024000 bytea are contraated.

S12000 768000 1024000

algorltha COLfl

reada 136 66 36

arltea 16 11 8

total 1S2 77 54

algorltha THREESUBflO

reada 93 53 53

wrftea 25 16 16

total 118 69 69

Algorltha COLfl 1a better than algorltha THREESJBflO 1n 

aeaorlea groater than 768000 bytes.

The poor perforaance of Algorltha COLfl with a aaall 

aeaory alze can be explained eaally. Before reducing block 

N# the factora froa the previous blocks were applied. Host 

of the eleaenta 1n block N-l were U factora# which were not 

needed. On the other hand# algorltha THREESUBflO did not 

bring Into aeaory at aany unneeded values.



derived aatheaatlcally using the following arguaent:

Assuae the matrix has n eleaents per row and n 
eleaents per coluan.

once.

Since algorltha THREESUBflO uses the subaatrlx storage

scheae* the following stateaents follow:

The a eleaents of aeaory aust be divided Into 
three* since this scheae requires the presence In 
aeaory of three suoblocks simultaneously. Each 
subaatrlx Is square* having x eleaents per 
subaatrlx row and x eleaents per subaatrlx coluan. 
Hence* x Is approxlaately the square root of 
(a/3>. So* aeaory can hold three subblocks at 
once or 3*x**2 eleaents.

Since a subblock contains x eleaents per suoaatrlx 
row* 0 subblocks will be needed to cover a aatrlx 
row twhere 0 * n/x). Hence* the aatrlx can be
viewed as being an 0 by 0 aatrlx of subalocks. 
Furthermore* the aatrlx can also be regarded as an 
0x by 0x aatrlx of eleaents.

aeaory * 3 * x ** 2 
matrix * 9x by 0x

eleaent s 
eleaents
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Slnet algorltha COLil uses th* coluan storage sc

the following statements follow:

The ■ eleaents of aeaory aust be divided Into two# 
since this scheae requires the presence In aeaory 
of two subblocks simultaneously. Each suoaatrlx
1s rectangular# having y eleeents per suoaatrlx
row and n eleaents per subaatrlx coluan. Hence# y 
Is approxlaately the quotient of (m/2) divided by 
n. So# aeaory can hold two subblocks at once or 
2*y*n eleaents.

Since a subblock contains y eleaents per suoaatrlx 
row# T subblocks will be needed to cover a aatrlx 
row (where T * n/y). Hence# the matrix can be
viewed as consisting of T blocks each y oy n
eleaents big. Furthermore# the aatrlx can also be 
regarded as a T * y * n aatrlx of eleaents.

aeaory ■ 2 ♦ y * n eleaents
aatrlx « n by T * y eleaents
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THREESUBflO Algorltha COLfl

aeaory ■ 3 * * 2 aeaory ■ 2 * y * n
aatrlx » fx • tx aatrlx ■ T * y • n

Stnee the aatrlx 1s n by n# and tx Is approxlaately ni 

we derive the following relationships between the different 

storage scheaa:

Algorltha THREESUBflO Algorltha COLfl

aeaory * 3 * x •* 2 aeaory « 2 * y * ® * x
aatrlx ■ Ox ♦ Ox aatrlx » T * y * ® * x

Using aeaory as the coaaon Halting feature# we have: 

3 * x ** 2 * 2 * y ♦ 0 * x

3 * x * y
2 * 0
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0 * 1 T • y

0 * x
3 * x

T * -----
2 * 0

2 • 0 * 0 * x * T * 3 * x

2 * 0 * 8 « T

3

Now# T Is the saae as the N us*d for the nuaber of

subblocks usad 1n tha algorltha COLfl read and write count

foraula*.

Also* 0 4s tha saae as tha N usad for tha nuaber of

subblocks used 4n tha algorltha THREESUBflO read and write

count foraulas.

COLfl In taras of 0 and T# we have:

THREESJBflO and

algorltha nuaber of reads nuaber of writes

COLfl T * IT ♦ 1)

2

THREESUBflO 4 * 0**3 ♦ 6 * 0**2 - 22 * 0 ♦ 18 0 ♦* 2

6



Converting the foreuta(e) for algorltha COLfl Into 

terns of 0# we have:

algorltha nuaber of reads nuaber of vrftes

COLfl 4 * 0  * * 4 * 6 * 0  * * 2  2 * 0  ** 2

18 3

THREESJBflO 4 0 0**3 ♦ 6 * 0*02 - 22 * 0 ♦ 18 0 ** 2

6

The total I/O foraula for each algorltha 1s: 

algorltha COLfl 4 * 0 ** 4 ♦ 18 * 0 ** 2

18

algorltha 12 * 0 ** 3 ♦ 36 * 0 ** 2 - 66 * 0 ♦ 54
THREESJBflO   — -----------------------------------

18

It 1s laaedlately apparent that the 0 ♦* 4 tera in 

the foraula for algorltha COLfl u1ll doalnate.
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A table comparing the above forawlae 1a presented
>v:

COLfl THREESUBflO
0 1/0 1/0

VALUE COUNT COUNT
m a t aiasa Biiaaaaaaa

1.00 1.22 2.00
2.00 7.56 9.00
3.00 27.00 28.00
4.00 72.89 63.00
5.00 163.89 118.00
6.00 324.00 197.00
7.00 582.56 304.00
8.00 974.22 443.00
9.00 1539.00 618.00

10.00 2322.22 833.00

In this table# the last coluan (labeled THIEESUBilO) 

gives the total I/O count for algorltha THREESU3010 for the 

corresponding value of 0. For exaeple# If 0 * 1# the entire 

aatrlx fits Into aeaory# so the I/O count Is 2# one read and 

one write.

The second coluan Is not exactly the I/O count for 

algorltha COLfl. Instead It Is the value of the foraula 

above# which was based on the assuaptlon that T * <2./3.) a 

•♦*2. Clearly# the I/O count for I ■ 1 Is 2# one read and 

one write. In general# It depends on the aaount of rounding 

Involved In coapwtfng T. For large values of A# the effect 

of rounding Is not as laportant# and THREESU3flO Is 

significantly better better than COLfl.
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To too what happens for saall 9# wo first consider 9*2. 

This aeons that there are 1 blocks# so aeaory Is large 

enough to hold 3/4 of the aatrlx# but not the entire aatrlx. 

Since COLfl requires 2 blocks In aeaory# T awst be 3. (T*2

1s never used# because In that case the entire aatrlx fits 

Into aeaory at once and T * 1.) With T«3# only 2/3 of the 

aatrlx need be 1n aeaory# and this will certainly fit# since 

aeaory can hold 3/4 of the aatrlx. With T*3# CO.fi yields 6 

reads and 3 writes for a total I/O count of 9. Thus# 

THREESJBflO and COLfl do the saae aaount of I/O when 9*1 or 

9*?. <But THR£ESUBf3 uses only 8 I/O operations In this 

case. )

Now suppose 6 * 3# so THREESJBflO splits the aatrlx 

Into 9**2 or 9 blocks. Since three blocks aust be 1n 

aeaory# aeaory will hold 1/3 of the aatrlx# but not 3/4 of 

the aatrlx. Then# depending on the size of aeaory# f can be 

anywhere froa 3 (If aeaory will hold 2/3 of the aatrlx) up 

to 6 C1f aeaory holds only 1/3 of the aatrlx). The 

corresoondlng I/O counts for COLfl vary froa 9 for T*3 to 27 

for T*6. Thus# COLfl 1s better than THREESUBflO for 9*3.
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We obtain the following table for snail t.

fraction of aatrlx 
in aeaory total I/O

total I/O lower upper T values COLil
>alue for SUBflO bound bound froa to froa to

1 2 1 to 1 1 1 2 to 2
2 9 3/4 to 1 3 3 9 to 9
3 28 1/3 to 3/4 3 6 9 to 27
4 63 3/16 to 1/3 7 11 35 to 77
5 118 3/25 to 3/16 11 17 77 to 190
6 197 3/36 to 3/25 17 24 190 to 325
7 304 3/49 to 3/36 24 33 325 to 594

Indeed for i >■ 7* THREESUBflO 1s always setter than 

COLil.

To obtain a bound for the I/O count of COLil# we 

consider the case In which THREESUBflO uses 1 blocks per 

row# but aeaory Is alaost large enough to allow It to use 

(1-1) blocks per row. Then#

2 * <a-i> ** 2
T <■ ---------------

3

so we use T » CEIL <<2*<Q-l>**2>/3> and coapare the I/O 

counts for COLil using this T with those froa TdREESUBflO 

using 1 blocks per row. The results are given I n  the table 

below.
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COLfl THREESUBflO
0 T TOTAL 1/0 TOTAL I/O

VALUE VALUE COUNT COUNT

3 3 9.000900E*00 2.8000006*01
4 6 2.700000E*01 6.3000006*0 1
5 11 7.7000006*01 1.1800006*0 2
6 17 1.700000E*02 1.970000E*0 2
7 24 3.2400006*02 3.040000E*0 2
8 33 5.9400006*02 4.4300006*02
9 43 9.8900006*02 6.180000E*02

10 54 1.5390006*03 8.3300006*02
25 384 7.430400E+04 1.1578006*04
50 1601 1.2840026*06 8.8153006*04
75 3651 6.670377E*06 2.9222306*0 5

100 6534 2.1356386*07 6.8630306*05
150 14801 1.0955706*08 2.2944536*06
200 26401 3.485460E*08 5.4126036*06
250 41334 8.5431186*08 1.0540756*07
300 59601 1.7762296*09 1.817890E*07
400 106134 5.6323726*09 4.2985206*0 7
500 166001 1.3778426*10 8.3831506*07

1000 665334 2.213357E*11 6.6866306*08
1500 1498001 1.122006E*12 2.2544956*09
2000 2664001 3.5484556*12 5.3413266*09
2500 4163334 8.6666816*12 1.0429166*10

This table reinforces our findings that for very large 

0» THREESUBflO Is orders of aagnltude better than COLfl.
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A Point Worth Reiterating

There 1s another advantage In using suboatrlx storage 

over row or coloon storage. If aatrlx A Is very large 1n 

relation to nenory* It 1s quite possible that tvo cooplete 

rows or coluans cannot reside In aeaory simultaneously. Rov
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Chapter 5

A Variation for the Subaatrlx Storage Method

Let us consider the Initial presentation of the 

subaatrlx storage aethod. Most decoaposltIon algorlthas 

contain a stateaent like:

A <1#J> - A C1#J> - ( A «1#k> * A Ck#j> >

where <i#j># (1#k># and <k#j) aay be In three different

blocks- Therefore# it was natural to consider algorlthas 

that hold three blocks 1n aeaory at once where the equation 

above can be processed 1n one logical step.

However# ve now turn our attention to algorlthas 

requiring only two blocks in ntmory at once. This subaatrlx 

storage aethod Is only viable when at least two coaplete

blocks fit Into aeaory at once. Without two blocks In

aeaory at once# the ault1pl1cat1on between block <1#k) and 

block <k#j) cannot be perforaed. If we have two blocks In 

aeaory slaultaneously# we can fora a product block# then add 

1t to the target block.

This storage aethod does not assuae that a coaplete row 

or coluan will fit Into aeaory at once.

The TWOSUB class of algorlthas which will be presented 

below holds two subaatrlces 1n aeaory at once. The TWOSUB 

subaatrlx 1s larger than the THREESUB subaatrlx Hscussed In 

the previous section.



Sine* we are considering algorlthas whara the 

subaatrlcas ara square and two blocks will resUe 1n aeaory 

at once# it would be expected that the nuaber of elesents In 

a block depends on the nuaber of eleaents that fit Into 

approxlaately one-half of aeaory. Thus# the nuaber of 

eleaents In a row of a block 1s the square root of one-half 

of aeaory. Since each block Is square# the nuaber of 

eleaents per row of a block equals the nuaber of eleaents 

per cotuan of a block.

The above stateaents are ALMOST true.
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C

30 31 32
33 34 35
36 37 38

10 11 12 20 21 22
13 14 15 23 24 25
16 17 18 26 27 28

Her* ar* three blocks# where each block contains 9 
eleaents arranged 1 is 3 by 3 subaatrlx.

20-10
23-13
26-16

all the block containing the nuobers 30 thru 38 
(K/J). Assune A(K#J) contains U values.

all the block containing the nuobers 10 tnru 18 
(I#K>. Assune A(I*K) contains L values.

all the block containing the nuobers 20 thru 28

ssune the operation to be perforned Is the 
ppllcatlon of the L values stored 1n A(I#K> to 
(I#J) using the U values In A(K#J>.

f all three blocks are In nenory at once# the 
peratlon can be perforned easily. The new 
erslon of A(I#J) will be:

30-11*33-12*36 21-10*31-11*34-12*37 22-10*52-11*35-12*36 
30-14*33-13*36 24-13*31-14*34-15*37 25-13*32-14*35-15*36 
30-17*33-18*36 27-16*31-17*34-18*37 28-16*52-17*35-18*36
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However# if only two blocks ere to be in ■••ory «t

once# this operation becoaes soaawhat lora difficult.

Assuae we read A(K#J> into BL0CK1. Than# we read A(I#K)

into BLOCK?. We oust convert A(K#J) into:

•10*30-11*33-12*36 -10*31-11*36-12*37 -10*32-11*33-12*36
-13*30-16*33-15*36 -13*31-16*36-15*37 -13*32-16*35-15*36
-16*30-17*33-18*36 -16*31-17*36-18*37 -16*32-17*35-18*36

After we have done the above transforaation# we can 

then read A(l#J) into BL0CK2# add BL0CK1 to BL0CK2# and 

rewrite BLOCK2 to disk.

Since we are not using an array processor# the 

transforaation of A(K#J) is iapossible without the use of an 

auxiliary vector of size 3 holding a coluan of A(K#J) while 

transforaing that coluan into the coluan of products.

For exaaple# we aust store coluan 1 of AIK#J) in this

vector. So# this vector will contain 30 33 36. Then# we

replace coluan 1 of A(K#J> with

-10*30-11*33-12*36
-13*30-16*33-15*36
-16*30-17*33-18*36

Therefore# aeaory aust be large enough to hold two 

subaatrices of size n by n and a vector of size n.

Since the size of each subaatrlx is governed by the 

aaount of available aeaory# we aust allow for this hidden 

vector.
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Using the results of the previous sectlo 

PL/I statements needed for two square blocks.

6FT LIST (NUM.ELTS.PER.ROW.OF.MATRIX,
HEMORY.SIZE.IN.BYTES#
BVTES.PER.ELEMENT);

MFMORY.SIZE.IN.ELTS « FLOOR (MEMORY.SIZE.IN.BYTES /
BYTES.PER.ELEMENT);

NUM.ELTS.PER.COL.OF.MATRIX « NUM.ELTS.PER.ROM.OF.MATRIX; 
NUM.ELTS.IN.MATRIX » NUM.ELTS.PER.ROW.OF.MATRIX *

NUM.ELTS.PER.COL.OF.MATRIX;

TEMPI ■ FLOOR(MEMORY_SIZ£_IN_ELTS / 2);
TEMP2 * FL00R(SORT (TEMPI));

00 WHILE (CTEMP2 ♦ 2*(TEMP2*TEMP2)) > MEMORY.SIZE.IN.ELTS); 
TEMP2 ■ TEMP2 - l;

e n d ;

NUM.ELTS.PER.ROW.OF.SUBMATRIX « TEMP2# 
NUN.ELTS.PER.COL.OF.SUBNATRIX * TEMP2;

NUM.ELTS.IN.SUBMATRIX » TEMP2 * TEMP2;

NUM.SUBMATRIX.PER.MATRI ■ CEIL
(FLOATCNUM.ELTS.IN.MATRIX ) / 
FLCATlNUM.ELTS.IN.SUBMATRIX ));

NUM.SU8MAT_PER.C0L - CEIL
(FLOAT(NUM_E»TS_PER_COL OF.MATRIX) / 
FLOAT(NUM.EuTS_PER.COL_OF.SJBNATRIX));

NUM.SUBMAT.PER.ROW » CEIL
(FLOAT(NUM.ELTS_PER_ROd_OF.MATRIX) / 
FL0AT(NUM_EuTS.PER_R0d_0F.SJ8M ATRIX))•

ALLOCATE BL0CK1?
ALLOCATE BLOCK2*
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Not* that BLOCKS vas not allocated and doaa not occupy 

storage.

Also# not* that the purpose of the 00 WHILE loot* Is to 

aake sure that there 1s enough aeaory available for the 

hidden vector after coaputlng TEHP2. If there 1s not enough 

room for the hidden vector# ve keep decreasing the 

dlaensfons of each subaatrlx by 1 until both subaatrlces and 

the hidden vector fit Into aeaory.
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Algorltha TUOSUBil

A i i « M  A It partitioned Into an a by ■ aatrix of 

blocks. The algorltha reduces BLOCK (I«I)/ then reduces the 

regaining blocks 1n the I th coluan and 1n the I th rou> and 

then the subaatrlx bounded by row 1*1 and coluan This

algorltha is analogous to algorltha THREESUBfl.

The PL/I aaln routine Is:

DO I - 1 TO n u m .s u b n a t .p e r .c o l ;

CALL READ.BLOCK <I#I,BL0CK1>; 
CALL AUTO.REDUCE (IrIsBLOCKl); 
CALL WRITE.BLOCK <I,I#BL0CK1>;

00 J > m  TO NUN.SUBMAT.PER.ROW;

CALL READ.BLOCK CJ#I,BL0CK2>;
CALL VERT.REDJCElJ#I«BL0CK2#I,IsBLOCKl>; 
CALL WRITE.BL0CK(J,I,BL0CK2>;

CALL READ.BLOCK CI#J,BL0CK2>;);
CALL HORIZ.REDUCEd* J#BL0CK2#I# I#3L0Cd) 7 
CALL WRITE.BLOCK (I,J,BL0CK2>;

e n d ;

DO J » 1*1 TO NUN_SUBMAT.PER.COL;

DO K * H-l TO NUM_SUBNAT.PER.ROU;
CALL READ.BLOCK d»K#BLOCKl>;
CALL READ.BLOCK <J*I*BL0CK2>;
CALL MULTIPLY (J#IrBL0CK2#I*K#3L0C(1>; 
CALL READ.BLOCK CJ#K,BL0CK1>;
CALL TRI.REDUCE <J#K,BL0CK1,J,K,BL0CK2>; 
CALL WRITE.BLOCK <J#K,BL0CK1>;

e n d ;

e n d ;

e n d ;



122

READ.BLOCK (I,J,BLOCK) 1s a subroutine u M c d  does the 

actual read of BLOCK (I,J) froa the disk to aeaory.

WRITE.BLOCK (I,J,BLOCK) 1s a subroutine uhlch does the 

actual write of BLOCK (l,J> froa aeaory to disk.

VERT.REDUCE (BLOCK?,BLOCKl> 1s a subroutine that

reduces BL0CK2 (which contains the values of the (J,I)th 

block of the aatrls A# where J > I) using the values 1n 

BL0CK1 (which contains the reduced values of block (1,1) 

froa the aatrls A). BLOCK (1,1) will already be 1n LU 

foraat. BLOCK (J,I) will be transforaed Into a coaplete 

block of L, since (J,I) 1s vertically below (1,1).

HORIZ.REDUCE (BLOCK?,BL0CK1) Is a subroutine that

reduces BL0CK2 (which contains the block (I,J> of the aatrls 

A, where J>I> using the factors stored 1n B.OCKL (which 

contains block (I,I) of the aatrls A). BLOCK (1,1) will 

already be 1n LU foraat. BLOCK (I,J) will be transforaed 

Into a coaplete block of U, since (I,J) 1s horizontally to 

the right of (1,1).

Ml)LTIPLY(BL0CKl,BL0CK2> 1s a subroutine which produces 

a product block froa the contents of BL0CK1 and 0L0CK2. 

BL0CK1 will contain the product block.

TRI.REOUCE (BL0CK2,BL0CK1) Is a subroutine which 

reduces BL0CK2 by adding the product block BL0CK1 to BL0CK2.



Reduce block <!#!>. Hence# tbo block an tho 
diagonal Is rood and rewritten at the start of the 
Ith pass.

Reduce the retaining blocks on the Ith row. They 
are the blocks <I#I+1> thru (I#N). Therefore# 
these blocks are read and rewritten In order to be 
reduced In the Ith pass. These blocks will also 
be read once for each block beneath thee In order 
to reduce the blocks beneath thee during the Ith 
pass. As an exaaple# block (1#3) Is read when It 
Is reduced by block <l#l> and again when It Is 
used to reduce blocks <2#3># and read again to 
reduce <3#3)# and read again to reduce <4#3>#...# 
and read again to reduce <N#3>.

Reduce the reealntng blocks on the Ith coluan. 
They are blocks <1+1,I) thru <N#I). Therefore# 
these blocks are read and rewritten In order to be 
reduced In the Ith pass. These blocks will also 
be read several tines later In this pass In order 
to reduce other blocks on the sane row.

Reduce the regaining subaatrlx bounded oy the 
<!+l)th row and coluan. These are the blocks 
<I+1#I+1> thru <I+1#N># <I+1#I+1> thru <t#I+l>#
<I+1#N) thru CN#N> and <N#I+1> thru <M#H>. 
Therefore# these blocks will be read and rewritten 
during the Ith pass. As noted previously# In 
order to reduce these blocks# blocks froa the Ith 
row and Ith coluan aust be read Into aeaory. The 
algorltha above reads In a block froa the Ith row 
and Jth coluan and then proceeds to reduce the 
blocks In the Jth coluan froa row 1+1 thru row N 
using values read froa the Ith coluan.



at one*# wa Initially raad two blocks* A(I*K) and A(K*J). 

One of those blocks becoaos a product block. After the 

product block has been produced* we read 1n A(I*J)* the 

block to be reduced* replacing the non-product block In 

oeoory. Then* block A(I*J> 1s reduced by the product block. 

This product block Is specific to the particular block 

A(1*J). Therefore* we cannot use this product block for 

another block 1n that coluon. Thus* 1n order to reduce

another block In that saae coluon* we oust read two olocks.

Hence* each of the non-diagonal blocks Is read (N-l) 

tines for the reaalnlng subaatrlx and once for Itself. Each 

diagonal block <J*J) 1s read and rewritten J tines.



In the first pass* block (1/1) is used to reduce the 

entire first row and first coluan of the aatrix. Then# the 

reaaining blocks are reduced using the values in the first 

row and coluan of blocks. Therefore# in the first oass the 

entire N by N aatrix is rewritten. Row 1 and coluan 1 are 

never again rewritten.

In the second pass# block C2#2> reduced the reaaining 

R-l blocks of the second row and the reaaining N*1 blocks of 

the second coluan. Using the values of the second row and 

coluan# the reaaining CN-2)*(M-2> blocks of the aatrix are 

reduced and rewritten. Therefore# in the second pass 

(N-l)a(N-l) blocks are rewritten.
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In the Ith pass* each block <K*L) with 0 * 1  and L>*I Is 

written once* so the Ith pass does (M*l-I)*c2 writes. 

Therefore* the foraula for the nuaber of writes Is:

N M
♦eeeeeeeeee * * * * * * * * * * *
* *
* *
• CMel-I) * * 2  * ♦ I ** 2

e *
* *

I - 1 1 * 1

After slapHfylng the suaaatlon* we have

2 * N ** 3 ♦ 3 * N *• 2 ♦ N

6
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By using th* above analysis# wa can darlva a foraula 

for tha nuabar of reads*

Diagonal: Since tba diagonal contains N blocks
and sack block (1*1) Is read I tlaes* va have

N

♦
a
♦ i

a
a

Non-01agonaI: Since each block (I#J) 1s read N
tlaes and there are <(Nee2) - N) nan-diagonal
blocks# we have

M a c  Naa2 - N > » N aa s - N aa 2

After slapHfylng and coablnlng the suaaatlons# we have

2 a N aa 3 - N ** 2 ♦ N

2
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Th« writ* and read counts presented below by block 

verify the above analysis.

A aatrls A has been divided 1n a 10 by 10 aatrls of 

blocks. The read and write counts by block for its 

reduction Into LU foraat ere presented below.

WRITE COUNTS BY BLOCK REAO COUNTS BY BLOCK

1 1 1 1 1 1 1 1 1 1 1 10 10 10 10 10 10 10 10 10
1 2 2 2 2 2 2 2 2 2 10 2 10 10 10 10 10 10 10 10
1 2 3 3 3 3 3 3 3 3 10 10 3 10 10 10 10 10 10 10
1 2 3 4 4 4 4 4 4 4 10 10 10 4 10 10 10 10 10 10
1 2 3 4 5 5 5 5 5 5 10 10 10 10 5 10 10 10 10 10
1 2  3 4 5 6 6 6 6 6 10 10 10 10 10 6 10 10 10 10
1 2 3 4 5 6 7 7 7 7 10 10 10 10 10 10 7 10 10 10
1 2 3 4 5 6 7 8 8 8 10 10 10 10 10 10 10 8 10 10
1 2 3 4 5 6 7 8 9 9 10 10 10 10 10 10 10 10 9 10
1 2 3 4 5 6 7 8 9 10 10 10 10 10 10 10 10 10 10 10
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Algorltha TW0SUB#2

After exaalnlng the data flow (I.e.# the pattern of 

reads and writes) of Algorltha TWOSUBfl# It Is clear that 

this algorltha has three parts. First# reduce block <I#I). 

Then# reduce the blocks on row I and coluan I using block 

<I#I>. Then# reduce the reaaining blocks using the blocks 

1n the Ith row and coluan. Algorltha TWOSUBfl reduces the 

reaaining blocks by having the Inner loops proceed froa 1*1 

to N.

Reversing the Inner loops to proceed froa N to i n  will 

result 1n the next diagonal block to be reduced being 1n 

aeaory when the outer loop begins. This will result In a 

savings of N-l reads. Also# we can save the rewrite of the 

diagonal block 1n the Inner loop since 1t will be reduced 

and rewritten at the beginning of the next pass. Thus# we 

save N-l writes.



CALL READ.BLOCK Cl*l*BLOCKl>;

DO I * 1 TO n u m . s u b m a t .p e r .c o l ;

CALL AUTO.REDUCE <I*I*BLOCKl>; 
CALL WRITE.BLOCK (I*I*BLOCKl);

DO J ■ 141 TO NUM_SUBMAT.PER.ROW;

CALL READ.BLOCK <J*I*dL0CK2>;
CALL VERT.REDUCE(J#I*BL0CK2*I*I*BLOCKl)7 
CALL WRITE.BLOCK(J#I#BLOCK?);

CALL READ.BLOCK (I*J*BL0CK2>; >•
CALL HORIZ.REDUCECI*J*BLOCK2*I*I*BLOCKL>; 
CALL WRITE.BLOCK <I*J*BL0CK2>I

e n d ;

DO J - NUM.SUBMAT_PER.COL TO lei BY -IS 

DO K « NUM.SUBMAT.PER.ROW TO !♦! BY -l;

LL READ.BLOCK (I*K*BL0CK1);
LL READ.BLOCK CJ* I*3L0CK2>;
LL MULTIPLY <J*I*BLOCK2*I*K*BlOCK1>; 
LL READ.BLOCK CJ#K*BL0CK1);
LL TRI.REOUCE CJ*K*BLOCK1*J*K*BLOCK2>; 
J •- l«-l I K ** 141 
THEN CALL WRITE.BLOCK <J*K*8L0CK1>;

END;

e n d ;

e n d ;

READ.BLOCK* VERT.REDUCE* HORIZ.REDUCE* MJLTIPLV 

WRITE.BLOCK* and TRI.REDUCE are the >aa« subprjgraas at 1 

algorithm TWOSUBfl.
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Tk<r«for<» th* r*ad foraula for algorltha fU0SJB#2 la 

derived by subtracting N-l froa algorltha TtfOSUBfl's r*ad 

foraula.

2 * N ** 3 - N ** 2 * N
----------------------------------------  - CN-1>

2

which 1s

? O N «♦ 3 - N ** 2 - N ♦ 2

2

SlaHlarly# th* writ* foraula for algorltha TdOSUBf2 1s 

derived by subtracting N-l fro* algorltha TtfOSUifl's write 

foraula.

2 * N *♦ 3 ♦ 3 * M ** 2 ♦ N
      - <1-1 )

6
which Is

2 • N ** 3 * 3 ♦ N *♦ 2 - 5 ♦ N ♦ 6

6
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By caaparlng the read and write counts of algorltha 

TW0SUB#2 with the counts froa algorltha TWOSUBflr we see the 

savings of N-l reads and write of the diagonal blocks.

AL60RITHH TW0SUB92 
WRITE COUNTS BY BLOCK

1 1 1 1 1 1 1 1 1 1
1 1 2 2 2 2 2 2 2 2
1 2 2 3 3 3 3 3 3 3
1 2 3 3 4 4 4 4 4 4
1 2 3 4 4 5 5 5 5 5
1 2 3 4 5 5 6 6 6 6
1 2 3 4 5 6 6 7 7 7
1 2 3 4 5 6 7 7 8 8
1 2 3 4 3 6 7 8 8 9
1 2 3 4 5 6 7 8 9 9

ALGORITHM TW0SJB#2 
READ COUNTS BY BLOCK

1 10 10 10 10 19 10 10 10 10
10 1 10 10 10 10 10 10 10 10
10 10 2 10 10 10 10 10 10 10
10 10 10 3 10 10 10 10 10 10
10 10 10 10 4 10 10 10 10 10
10 10 10 10 10 s 10 10 10 10
10 10 10 10 10 10 6 10 10 10
10 10 10 10 10 10 10 7 10 10
10 10 10 10 10 10 10 10 8 10
10 10 10 10 10 10 10 10 10 9

AL60RITHM TWOSUBfl 
WRITE COUNTS BY BLOCK

ALGORITHM TWOSUBfl 
READ COUNTS BY B-OCK

1 1 1 1 1 1 1 1 1 1 10 10 10 10 10 10 10 10 10
I 2 2 2 2 2 2 2 2 10 2 10 10 10 10 10 10 10 10
1 2 3 3 3 3 3 3 3 10 10 3 10 10 10 10 10 10 10
1 2 3 4 4 4 4 4 4 10 10 10 4 10 10 10 10 10 10
1 2 3 4 5 5 5 5 5 10 10 10 10 3 10 10 10 10 10
1 2 3 4 5 6 6 6 6 10 10 10 10 10 6 10 10 10 10
1 2 3 4 5 7 7 7 7 10 10 10 10 10 10 7 10 10 10
1 2 3 4 5 7 8 8 8 10 10 10 10 10 10 10 8 10 10
1 2 3 4 5 7 8 9 9 10 10 10 10 10 10 10 10 9 10
1 2 3 4 5 7 8 9 10 10 10 10 10 10 10 10 10 10 10
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Algorltha TW0SUBf3

Algorlthas TWOSUBfl and TW0SUB#2 reduced 3L9CK (hi) 

and than raducad tha reaaining blocks using tha factors froa 

BLOCK <I,I). Algorltha TWOSUBIS will axaalna tha Idea of 

only reducing a coluan of blocks whan one of Its aaooars Is 

to be raducad.

After reducing BLOCK <1,1), SLOCKS <2,1) thru BLOCK 

(N,l) are raducad using tha factors In BLOCK (hi). This 1s 

the entire first pass.

Before reducing BLOCK (2/2)/ tha factors stored In tha 

blocks of coluan 1 aust be applied. So BL3CK (1/2) 1s 

affected by BLOCK (1,1), BLOCK (2,2) by BLOCK <2,I), BLOCK

(3.2) by BLOCK (3,1), BLOCK <4,2) by BLOCK (4,1), and BLOCK 

(N,2) Is affected by BLOCK <N,1). Only than 1s 3L3CK <2,2) 

raducad. Than, the reaaining blocks In coluan 2 (BLOCKS

(3.2), (4,2), thru <N,2)) are raducad using tha factors 1n 

BLOCK (2,2).
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Pass 3 begins m U H  application of tha L factors froa 

the blocks In coluan 1 to the blocks 1n coluan 3 froa rows 1

thru N. Than tha L factors froa coluan 2 art applied to

coluan 3 Inote that only rows 2 thru N need be applied).

Finally# block (3#3> Is raducad and blocks <4#3> thru (N#3) 

are reduced using tha values In block (3#3>.

Tha Nth coluan of blocks 1s untouched until the Nth 

pass whore the factors froa coluans 1 thru N-l are applied 

before the reduction of 3L0CK (N#N).

Contrasting algorlthas TWOSUBfl and TWOSUBfl# the 

following Ideas are apparent. Pass 1 of algorltha TWOSUBfl 

passes thru the aost blacks# while pass 1 of algorltha

TWOSUBfl passes thru the least blocks. Pass N of algorltha 

TWOSUBfl passes thru the least blocks# while pass N of 

algorltha TW0SUBf3 passes thru the aost blocks.
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One Mould assuae that tho two algorlthas should require 

tho saoo aoount of I/O. However# thor* 1s a slight 

d1fforanco.

In TWOSUBfl# tha Ith diagonal block was raad once In 

tha Ith poss and usad to raduca all tha blocks In tha Ith 

row and In tha Ith coluon WITHOUT having to ba re-read. In 

tha (I+l)th poss# BLOCK <I#I> Is no longar referenced.

Howover# TW0SUB#3 oust reference BLOCK <I#I> In passes 

dal) thru N. Hence# TW0SUBf3 aust read each diagonal block 

N tines.

Tha writes are tha sane# since each block Is rewritten 

after It 1s reduced. Therefore# the nuaber of writes Is

2 0 N 00 3 ♦ 3 O N oo 2 ♦ N

6

Again# each non-diagonal block 1s read N tlaes# once

each tlae 1t 1s reduced and once each t1ae It Is used to

reduce. But the diagonal eleaents are treated differently# 

Thus# each oleaent Is read N tlaes# for a total of N 00 3 

reads.



H OSJBf3

OO I - 1 TO NUM.SUBRAT.PER.COLJ

OO J - 1 TO I-i;

CALL READ.BLOCK <J,J,BL0CK1>;
CALL READ.BLOCK <J#I»BL0CK2)•
CALL HORIZ.REDUCE (J#I#BLOCK2#J#J«BLOCKl); 
CALL WRITE.BLOCK CJ,I»BLOCK?>;

DO K * J*1 TO NUM.SUBMAT_PER.ROW;

CALL READ.BLOCK U ,  I#BLOCKl> J
CALL READ.BLOCK (K#J,BLOCK2>J
CALL MULTIPLY (K» J#B10CK2» J# WBLOCK1) •
CALL READ.BLOCK <K*I#BLOCKl>i
CALL TRI.REDUCE <K*I*BLOCKl,K*I,BL0CK2>
CALL WRITE.BLOCK <K#I,BLOCKl>;

e n d ;

e n d ;

CALL READ.BLOCK UrlrBLOCKl); 
CALL AUTO.REDUCE C I# I,BLOCH) .* 
CALL WRITE.BLOCK (IrI#BLOCKl)I

DO J * 1*1 TO NU1.SUBMAT_PER.ROW;

CALL READ.BLOCK CJ,I,BLOCK2>;
CALL VERT.REDJCECJ*I#BLOCK2#IsI#BLOCKl>« 
CALL WRITE.BLOCK CJ*I#BLOCK2>;
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Cenflralng our bypotheilt thot TtfOSJB#3 Is only 

different froa TWOSUBfl In its road counts for tho diagonal# 

wo find that tha road and urlta counts by block for a tan by 

tan subaatrlx ara Identical to thosa presented in the 

discussion of algoritha TWOSUBfl# except for the diagonal.

WRITE COUNTS BY BLOCK REAO COUNTS BY SLOCK

1 1 1 1 1 1 1 1 1 1 10 10 10 10 10 10 10 10 10 10
1 2 2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 10 10
1 2 3 3 3 3 3 3 3 3 10 10 10 10 10 10 10 10 10 10
1 2 3 4 4 4 4 4 4 4 10 10 10 10 10 10 10 10 10 10
1 2 3 4 3 3 3 5 3 5 10 10 10 10 10 10 10 10 10 10
1 2 3 4 5 6 6 6 6 6 10 10 10 10 10 10 10 10 10 10
1 2 3 4 3 6 1 7 7 7 10 10 10 10 10 10 10 10 10 10
1 2 3 4 3 6 7 8 8 8 10 10 10 10 10 10 10 10 10 10
1 2 3 4 3 6 7 8 9 9 10 10 10 10 10 10 10 10 10 10
1 2 3 4 3 6 7 8 9 10 10 10 10 10 10 10 10 10 10 10

Henee# the read count is N oo 3.

The write count Is the saae as TWOSUBfl which ist 

2 O N OO 3 ♦ 3 0 N 00 2 ♦ N

6

where N » NUH.SUBMAT_PER.COL.
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0SUB84

The fourth p u t  of algorltha TWOSU0#3 can be suaaarlzed 

as follows:

BLOCK (1#4) Is raducad by BLOCK (1/1) and than 
BLOCK (1*4) Is transforaad Into a product block
(froa BLOCK (2/1)) and than usad to raduca SLOCK 
(2/4). 8L0CK(l/4) 1s re-read and transforaed Into
a product block (froa BLOCK (3/1)) and used to
raduca BLOCK (3/4). ate. BLOCK (1*4) Is re-read 
and transforaad Into a product block (froa
BL0CK(N/1)) and usad to raduca BLOCK (N/4>.

BLOCK (2/4) Is raducad by BLOCK (2,2) and than 
BLOCK (2/4) 1s transforaad Into a product block
(froa BLOCK (3/2)) and than usad to raduca SLOCK 
(3/4). BL0CK(2/4) Is re-read and transforaed Into
a product block (froa BLOCK (4/2)) and usad to
reduca BLOCK (4/4). ate. BLOCK (2/4) Is re-read 
and transforaad into a product block (froa
BL0CK(N/2)) and used to reduca BLOCK (N/4).

BLOCK (3/4) Is raducad by BLOCK (3/3) and than 
BLOCK (3/4) 1s transforaad Into a product block
(froa BLOCK (4/3)) and than usad to raduca SLOCK 
(4/4). BL0CK(3/4) 1s ra-raad and transforaed Into
a product block (froa BLOCK (5/3)) and usad to
raduca BLOCK (5/4)/ ate. BLOCK (3/4) 1s ra-raad 
and transforaad Into a product block (froa
8L0CK(N/3)) and usad to reduce BLOCK (N/4).

BLOCK (4/4) 1s reduced by Itself and 1s used to 
reduce BLOCK (5/4)/ BLOCK (6/4)/ thru BLOCK (N/4).

After essoining tha data flow (I.e./ tha pattern of 

reads and writes) of algorltha TW0SUBf3/ It Is clear that 

reversing tha Inneraost loop to proceed froa N to 1*1 will 

result In soaa substantial savings.
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By r«««ri1ng the direction of one loop* the following 

data flow can be achieved:

BLOCK <1*0 1s reduced by BLOCK (1*1) and then 
BLOCK (1*4) 1s transforned Into a product block
(from BLOCK (N»l>> and then used to reduce SLOCK 
(11*4). BL0CK(1»4) 1s re-read and transforoed Into
a product block (froo BLOCK (N*l*l)) and used to 
reduce BLOCK (N-l,4>* etc. BLOCK <1,4> Is re-read 
and transforoed Into a product block (froo 
BLOCKC2#l>) and used to reduce BLOCK (2,4).

BLOCK (2#4> Is reduced by BLOCK (2*2) and then 
BLOCK (2*4) 1s transforoed Into a product block
(froo BLOCK (N*2)) and then used to reduce BLOCK 
(tt*4). BL0CK(2*4) Is re-read and transforned Into
a product block (froo BLOCK <N-1#2>) and used to 
reduce BLOCK <N-1,4>, etc. BLOCK (2*4) 1s re-read 
and transforoed Into a product block (froo 
BLOCK(3#2)) and used to reduce BLOCK (3*4).

BLOCK (3#4) 1s reduced by BLOCK (3#3> and then 
BLOCK (3*4) Is transforned Into a product block
(froo BLOCK (N*3)) and then used to reduce BLOCK 
(N*4). BL0CK(3*4) Is re-read and transforoed Into
a product block (from BLOCK (N-l#3>) and used to 
reduce BLOCK (N-l,4>* etc. BLOCK (3,4> Is re-read 
and transforoed Into a product block (froo 
BL0CK(4*3>> and used to reduce BLOCK (4*4).

BLOCK (4#4) 1s reduced by Itself and Is used to 
reduce BLOCK C5»4>* BLOCK (6*4>* thru BLOCK (N»4>.
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Please not* that after applying all the reductions froa 

cotuan 1 to the 4th coluen# BLOCK <2#4> Is 1n aeaory and 

does not have to be written to disk and re-read. After 

applying all the reductions froa coluan 2 to the 4th cotuan# 

BLOCK <3#4> 1s In aeaory and does not have to be written and 

re-read again. BLOCK <4#4) Is In aeaory at the end of the 

Inneraost loop and does not have to read again to coaaence 

the self reduction loop. Hence# 1n the fourth pass# 

algorttha TW0SUBf4 has saved 3 reads and 3 writes. In 

general# the kth pass of algorltha TW0SUBI4 does (k-1) less 

reads and (k-1) less writes than algorltha Td0SU3#3.
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Her* 4* the PL/I aa1n routine for algorltha TW0SUB#4.

00 I ■ 1 TO n u n .s u b m a t .p e r .c o l ;

CALL READ.BLOCK U,1,BL0CK2>;

DO J * 1 TO i-i;

CALL READ.BLOCK <J,I,BL0CK1>;
CALL HORIZ.REDJCE <J*I#BL0CK1»J,J#BL0CK2>; 
CALL URITE.BLOCK <J*I#BLOCtl>;

DO I * NUM.SJBNAT.PER.ROU TO J*1 BY -l;

CALL READ.BLOCK <K#J#BL0CK2);
CALL MULTIPLY (K# J»BL0Clt2# J*I#BLOCKl>; 
CALL READ.BLOCK CK#I,BL0CK1>;
CALL TRI.REDUCE (K#I#BL0CK1#K#I#BL0CK2); 
IF K J*1 

THEN DOT
CALl URITE.BLOCK <k,i,biocki>; 
CALL READ.BLOCK CJ,I,BL0CK1>i

e n d ;

e n d ;

CALL READ.BLOCK CJel,J*1#BL0CK2);

e n d ;

CALL AUTO.REDUCE <1, I#BL0CK2K 
CALL URITE.BLOCK (I*I#BL0CK2>;

DO J » lei TO NUM.SUBNAT.PER.ROH;

CALL READ.BLOCK CJ#I#8L0CKl>;
CALL VERT.REDUCE!J#I^BLOCKl#I#I#BL0CK2); 
CALL URITE.BLOCK!J#I»BLOCKl)«

e n d ;

e n d ;
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Since algorltha TWOSUBfi Is aerely an 1ipro»*««it over 

algorltha TV0SUB83# we can derive the read and write 

equations for algorltha TW0SU9I4 by subtracting the savings 

for algorltha TW0SUBf4 froa the equations for algorltha 

TWOSUBfS. We save

N K-1
****** *******
* * N * (N-l)
* CI-1) - * K * ----------

* * 2 ****** *******
1 - 2  K - 1

Hence# the read count 1s

N ** 2 - H
N ** 3 - ---------------

2

which reduces to

2 * N ** 3 - N ** 2 ♦ N

2

The write count U  

4 * N * * 3  ♦ 6 * M ** 2 ♦ 2 * N N ** 2 - N

12 2

which reduces to

4 * N ** 3 ♦ 8 * N

12

where N - NUM_SUBMAT_PER_COL.
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Confirming our assumption that TW0SUB04 saves ona read 

and ona write par block 1n the upper triangle over TdOSUB#3» 

va present the following read and write counts:

ALGORITHM TW0SUB04 ALGORITHM TW0SU3#4
WRITE COUNTS BY BLOCK READ COUNTS BY BLOCK

1 1 1 1 1 1 1 1 1 10 9 9 9 9 9 9 9 9 9
1 1 1 1 1 1 1 1 1 10 10 9 9 9 9 9 9 9 9
1 2 2 2 2 2 2 2 2 10 10 10 9 9 9 9 9 9 9
1 2 3 3 3 3 3 3 3 10 10 10 10 9 9 9 9 9 9
1 2 3 4 4 4 4 4 4 10 10 10 10 10 9 9 9 9 9
1 2 3 4 5 5 S 5 5 10 10 10 10 10 10 9 9
1 2 3 4 5 6 6 6 6 10 10 10 10 10 10 10 9 9 9
1 2 3 4 5 6 7 7 7 10 10 10 10 10 10 10 10 9 9
1 2 3 4 5 6 7 8 8 10 10 10 10 10 10 10 10 10 9
1 2 3 4 5 6 7 8 9 10 10 10 10 10 10 10 10 10 10

ALGORITHM TWOSU6#3 ALGORITHM TW0SU303
WRITE COUNTS BY BLOCK READ COUNTS BY B lOCK

1 1 1 1 1 1 1 1 1 10 10 10 10 10 10 10 10 10 10
1 2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 10 10
1 2 3 3 3 3 3 3 3 10 10 10 10 10 10 10 10 10 10
1 2 3 4 4 4 4 4 4 10 10 10 10 10 LO 10 10 10 10
1 2 3 4 5 5 5 5 5 10 10 10 10 10 10 10 10 10 10
1 2 3 4 5 6 6 6 6 10 10 10 10 10 10 10 10 10 10
1 2 3 4 5 6 7 7 7 10 10 10 10 10 10 10 10 10 10
1 2 3 4 5 6 7 8 8 10 10 10 10 10 10 10 10 10 10
1 2 3 4 5 6 7 8 9 10 10 10 10 10 10 10 10 10 10
I 2 3 4 5 6 7 8 10 10 10 10 10 10 10 10 10 10 10
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Algorltha TWOSUBfS

AtgorIthas TWOSUBfS and TWOSUBf4 have two distinct 

phases:

the application to coluan L of the reductions aade
to coluans 1# 2* •••/ L-l

the reduction of coluan I

When algorltha TW0SUB#3 reduced block (3rl)» block 

(3*4) uas rewritten after being reduced by block <3*1>* uas 

again rewritten after the reduction by block (3*2)* and was 

finally rewritten after being reduced by block (3*3). If • 

block were only rewritten to disk after being totally 

reduced* this would lead to treaendous savings 1n total I/O.

In the discussion of three square blocks* algorlthas 

THREESUB#4 and THREESU3*5 were slalllar 1n strategy to 

TW0SUB«3 and TW0SUBf4. Algorltha THR£ESJB«6 was then 

developed to reduce the nuaber of writes* by doing all the 

reductions froa coluans 1 thru L-l 1n one pass. Therefore* 

BLOCK <3*4) was written once after being reduced by BLOCKs 

<3*1) and (3*2) and rewrltten again after being reduced by 

BLOCK (3*3). By using this strategy* algorltha TH3EESUBI6 

ellalnated the N**3 tera froa Its write foraula* an 

lapresslve savings.
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However# this savings 1s NOT realised under the two

square block scheae. h  essence# algorltha THR£ESUd#6 held

BLOCK C3#4> In aeaury while applying BL0CK(3#l)PdL3CK(l#4)

and BL0CK(3#2>*BL0CK(2#4). With the two square block

scheae# we cannot hold BLOCK (3#4) In aeaory since we need

two blocks 1n order to fora the product block.

Algorltha TW0SUB*5 Is a blend of Ideas developed 1n

alqoHthas THREESUB#6 thru THREESUSf10. It Is aost s1a1l1ar

to algorlthas THREESUB*6 and THREESUBilO# with the following

laportant differences.

In order to save unneceesary reads and writes In
coluan 2# a separate loop 1s used for coluan 2 
(slal liar to THREESl!8#9) .

In order to save unnecessary reads of BLOCK <1#1>#
BLOCKS <1#N># <1#N“1># <l#N-2># thru Cl#2> are
reduced outside of the aaln loop while 3L0CK <1#1>
1s 1n aeaory Calthough this violates the Idea that 
coluan L 1s untouched until pass L).



146

Her* 1s the PL/I routine:

/* coluan 1 */

CALL READ.BLOCK C1#1#BL0CK1>I 
CALL AUTO.REDUCE <1#1#BL0CK1>;
CALL URITE.BLOCK C1#1#BL0CK1>;

DO J » 2 TO NUM.SUBMAT.PER.ROU;

CALL REAO.BLOCK (J#l#BLOCK2>;
CALL VFRT.REDUCECJ#l#BLOCK2#l#l#BLOCKl>; 
CALL WRITE_BLOCKCJ#l#BLOCK2>;

e n d ;

/* coluen 2 and row 1 ♦ /

IF NUM.SUBHAT_PER.ROU > 1 
THEN DO;

DO J > NUM.SUBMAT_PER.ROW TO 2 BY -l;

CALL READ.BLOCK C1#J#BL0CK2> .*
CALL HORIZ.REDUCE Cl#J#BLOCK2#1#1#3LOCK1> ; 
CALL URITE.BLOCK Cl#J#3LOCK2);

e n o ;

DO J » 2 TO n u m .s u b m a t .p e r .c o l ;

CALL READ.BLOCK CJ#1#BL0CK1>;
CALL MULTIPLY CJ#1#BL0CK1#1#2#BL0CK2>;
CALL READ.BLOCK CJ#2#BL0CK2»;
CALL TRI.REDJCE CJ#2#BL0CK2#J#2#3L0C(1>; 
CALL URITE.BLOCK CJ#2#3L0CK2):
IF J NUN.SUBMAT.PER.COL

THEN CALL READ.BLOCK C1#2#BL0CK2>;

e n o ;

e n d ;
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/• coluans 1 thru N starting 1n rou 2 */
/* (since rou 1 uas dona above) */

00 I » 3 TO NUM.SUBMAT.PER.ROU;
00 J « 2 TO i-i;

DO K » 1 TO J-l;
CALL READ.BLOCK (K,I,BL0CK1>;
CALL READ.BLOCK <J,K,BLOCK? > .*
CALL MULTIPLY (J#K#BL0CK2#K,I#BL0CK1>.*
CALL READ.BLOCK CJ,I,BL0CKl>i 
CALL TRI.REOUCE (J#I#BL0CK1#J#I#BL0CK2>I 
IF K **■ J-l

THEN CALL URITE.BLOCK <J*I*BL0CK1> ;
e n d :
CALL REAO.BLOCK CJ,J,BL0CK2>)
CALL HORIZ.REDUCECJ#I#BLOCKl#JrJ#BL0CK2)• 
CALL URITE.BLOCK CJ#I#BL0CK1>;

END.*

00 J * 1 TO 1-2;
CALL REAO.BLOCK <I#J#BL0CK1)•
CALL READ.BLOCK <J,I,BL0CK2);
CALL MULTIPLY CI,J*BL0CK1,J,I,BL0CK2>;
CALL READ.BLOCK (I,l,BL0CK2>;
CALL TRI.REOUCE CI*I*BL0CK2,I*IsBLOCKlK 
CALL URITE.BLOCK <I#I#BL0CK2>;

END;
CALL READ.BLOCK < I, J,BL0CK1 > .*
CALL READ.BLOCK (J*I,8L0CK2>;
CALL MULTIPLY (I#J*BL0CK1,J*I*BL0CK2);
CALL READ.BLOCK <I,I,BLOCK?>;
CALL TRI.REOUCE <I,I*Bl OCK2,I#I,3LOCK1>;
CALL AUT0_REDUCE(I#I#BL0CK2);
CALL URITE.BLOCK!I«IsBL0CK2);

DO J a I»1 TO m u m .s u b m a t .p e r .r o u ;
00 K * 1 to i-i;

CALL READ.BLOCK CJ#K#BLOCKl>i 
CALL REAO.BLOCK (K#I*BL0CK2>;
CALL MULTIPLY CJ,K,BL0CK1#K,I#BL0CK2);
CALL READ.BLOCK CJ,I*BL0CK2>;
CALL TRI.REOUCE CJ#IrBL0CK2,J , I»BL0CK1>; 
IF K ** 1-1

THEN CALL URITE.BLOCK (J# I,BLOCK?);
e n d ;
CALL REAO.BLOCK CI,I,BL0CK1>;
CALL VERT.REOUCE < J, I ,BL0CK2#I * I#BL0CK1> ; 
CALL URITE.BLOCK (J,I,8L0CK?>:

END;
e n o ;
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By looking at the looping patterns of algorltha 

TW0SUB93# we can derive the read foroula In tse following 

wanner:

Initially# BLOCK <1#1> 1s read and 1s used to reduce 

ROVfl and COLfl. Hence# 1t Is read once.

Each of the blocks In ROWfl Is read once when being 

reduced by BLOCK <1#1) and once again to reduce each of the 

N-l blocks beneath It. BLOCK <1#2> 1s the only exception# 

since It Is 1n aeaory after being reduced by (1#1> and Is 

available to help reduce (2#?) without being reread. Hence# 

BLOCK (1#2) 1s read N-l tlaes# while each one of blocks 

(1#3># (1#4)# <1#S># thru (1#N) Is read N tlaes. So we have 

(N-2) blocks being read N tlaes# and one block being read 

(N-l) tlaes.

Each of the blocks In COLfl (except for <1#1>) 1s read 

N tlaes# once when 1t 1s reduced by <1#1) and once for each 

of the blocks 1n Its row. That Is# BLOCK <S#1) Is read once 

when It Is reduced by <1#1). BLOCK <5#1) 1s read to help 

reduce <S#2># read again to help reduce (5#3)# read again 

for (5#4)# ...# C5#N>. So# BLOCK <5#1> 1s reai N tlaes.
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So# for COLfl and ROWfl# we have

BLOCK (1#1)
BLOCK Cl#2)
BLOCKS(1#3) thru <1#N) 
BLOCKsC2#1> thru CN#1)

1 road
N - 1 roads

H ♦ (N - 2> roads
N e (N - 1) roads

which Is a total of

2 * N *• 2 • 2 * N  roads

Inin? N-l blocks of C0Lf2# wo see oach

block being road once when It Is reduced by the factors 

stored In COLfl and once to help reduce oach block to the 

right of It In the aatrix (I.e.# <K#3># (K#4># thru CK#N>>. 

So each of those (N-l) blocks Is read (N-l) tlaes.

For tho roaalnlng N-2 blocks of R0Wf2# wo see each 

block being read once when It Is reduced and being read once 

to help reduce each of the N-2 blocks beneath It. That Is# 

BLOCK (2#S) Is read once when 1t Is reduced by tho product 

of blocks (2#1) and (1#5> and then by C2#2>. Then BLOCK 

(2#5> 1s read once to reduce (3#5># once for (4#S># once for

(5#5># <6#5># thru (N#3). So# oach of tho roaalnlng N-2

blocks 1n R0Wf2 1s road N-l tlaes.

For COLf2 and R0Wf2# wo have

COLf? CN - 1) * C N - 1) reads
ROWf2 CN - 1> * C N - 2) reads

which 1s a total of

? O N SO 2 - 5 O N ♦ 3 reads.
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For tho tltMnts on the diagonal froa coluans 3 thru N#

we can see that BLOCK (J#J) Is read J-1 tlaes when it is

reduced# once when it is used to reduce each block beneath

it# and once to reduce each block to the right of it.

For exaaple (assuaing N*10># BLOCK <5#5) is read 
four tlaes when it is being reduced. Initially 
<5#S) is read when the product of (5#1> and (I#3) 
is applied to it. Then it is read again when the 
product of (5#2> and C2#5) is applied. It is raad 
again when the product of (5#3) and <3#5) is 
applied. (5#5> is read again when the product of 
(5#4> and (4#S) is applied. It reaains in aeaory 
(and is not reread) when it is reduced. So# block 
(5#5) was read 4 tiaes in the process of reducing 
it.

In pass 5# BLOCK <S#S) is read once to reduce 
C6#3># again for (7#S># again for (8#S># again for 
(9#5># and again for (10#S>. So in pass 5# BLOCK 
(5#5> is read S tiaes.

In passes 6 thru N# BLOCK <S#S) is read once for 
(S#6># once for <S#7)# once for (S#8># once for 
(S#9># and once for (S#10). So in each of passes 
6 thru N# BLOCK (5#5) is read once for a total of 
S tiaes.
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In general# BLOCK <I#IJ (3 <« 1 <» N> la read I-1 tlaes 

when It 1s being reduced. In pass I# It 1s read M-I tlaes 

for eacli of the blocks beneath 1t In the Ith coluan. In 

passes 1*1 thru N# It 1s read once for each block to the 

right of 1t 1n the aatrta for a total of N-I tlaes. So# we 

have

N
*******
*
* ccm-i) ♦ cn-i) ♦ u - m

*
*******
I « 3

which 1s

? * N * * 2 - S * N * 3
N ** 2 ♦ N - 6

2
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and 2 and coluans 1 and 2# wa can saa each block being read 

N-l tlaes. Exaalnlng BLOCK (I,J), wa saa (I,J) being read 

1-1 tlaes whan It Is being reduced and N-I tlass to reduce 

blocks 1n the Jth coluan beneath (I,J).

For exaaple (assualng N«10), BLOCK (6,10) 1s read 
5 tlaes whan It Is being reduced and 4 tiaes to 
reduce blocks (7,10), <8,10), (9,10), and (10,19). 
Initially, BLOCK (6,10) Is read whan the oroduct 
of (6,1) and (1,10) id applied to It. It is read 
again for (6,2)0(2,10). It is read again for
(6,3)0(3,10). It Is read again for (6,4)0(4,10). 
It 1s read again for (6,5)0(5,10) and held In 
aeaory when (6,6) Is applied to It (without having 
to be reread). So, BLOCK (6,10) 1s read 5 tlaes.

After BLOCK (6,10) has been fully reduced. It Is 
read once to reduce (7,10), once for (8,10), once 
for (9,10), and once for (10,10). So, BLOCK 
(6,10) Is read 4 tlaes.

So, ue have (N-I) ♦ (1-1) reads for etch non-diagonal 

block (excluding coluans 1 and 2 and rows 1 and 2). Since,

(N-I) ♦ (1-1) * N-l, we can rephrase the above stateaent.

Each block (I,J), I *■ J, I ) 2, J > 2, 1s read N-l tlaes.

Since, there are N-3 blocks In each of coluans 2 thru N

satisfying I ** J, I > 2, J > 2, each being read N-l tlaes, 

we have (N-3)0(N-2)0(N-1) reads which is 

N •* 3 - 6 ♦ N ** 2 + 1 1 6 N - 6  reads.

Coabinlng the read foraulae derived, we 

2 ♦ N 3 - N O *  2 - 3 * N ♦ 4

2
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Tli* derivation of tho write foraula la done in a 

sialliar aannor.

Each of the blocks in coluan 1 is fully reduced in one

pass and is written once. So# we have N writes.

Each of the blocks in row 1 (except (1#1) which was 

done in the first loop) is also fully reduced in the second 

loop and is written once. So# we have N-l writes.

Each of the blocks in coluan 2 is also fully reduced

in the second pass (except for (1#2) which was done together 

with the rest of row 1) and is written once. So# we have 

N-l writes.

Each block (I#J> above the diagonal (I>1# J>2# K J )  is 

written 1-1 tiaes.

For exaaple# exaaine block (4#6). (4#6> aust be
written after (4#1)4(1#6) is applied to it. (4#6) 
aust be written again after the application of 
(4#2)*(2#6>. Finally# (4#6) is reduced by 
(4#3)*(3#6># roaalnlng in aeaory while being 
reduced by (4#4)# and is then rewritten for the 
last tiae. So# (4#6> is written 3 tiaes.
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So# ut have

********
*
*
*

*
*

*******
J » 5

J-l
*******
*
*
♦ CI-1)

*
*

*******
I « 2

N
********
*
*
*

*
*

*******
J « 3

J-2
*******
*
*
* K

*
*******
K » 1

which It

N •* 3 - 3 * N ** 2 ♦ 2 * N

Each block on tha diagonal <I#I># starting froa <3#3> 

thru <M#N># 1t written 1-1 tlaes.

For tiaapli# exaalne (5#5). It It written after 
th* application of (S/l)*(l/S). It 1t written 
again after the application of <5#2)*(2#S>. It It 
written again after C5#3>*(3#5>. However# It Is 
NOT rewritten after the appllcatlan of 
(5#4)*C4#5>. C5#5> 1s held 1n aeaory while It It
being reduced. Then# It Is written. So# we have 
4 writes.

So# we have

N N-l
******* *******
* * N * * 2 - N - 2
* CI-1) ■ * K ■ ----------------

* * 2
******* *******

1-3 (-2
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For tho blocks <I#J> benooth tho diagonal# II>1# J>2#
I>J># oach block 1s written J-l tlaes. BL3C< (I#J> 1s 
written onco when oach factor froa coluans 1 turu J-2 Is 
applied to 1t. CI#J> reaalns 1n aeaory after the factor 
froa coluan J-l 1s applied to It. Thon CJ#J> Is applied to 
(I#J). Thon <I#J) Is written. So# <I#J> Is written J-l 
tlaes.

N
*******
*
*

*
*******

1*3

1-1
********
*
* <J-1>

********
J-3

N
*******
*
*

*
*******

1-3

1-2
********
*
* K.

*
********
K«2

which Is

N * * 3 - 3 * N * * 2 - 4 * N * 1 2

6

NOTEs If I > J and J > 2# then I > 2. Hence# the
lower bound of the outer sua Is 3.

C

2 * N ** 3 - 3 * N ** 2 ♦ 13 * N - 6

6
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Conflralng our analysis above# hare are the read and 

write counts by block for a aatrlx divided Into a ten by ten 

subaatrls of blocks:

WRITE COUNTS BY BLOCK READ COUNTS BY BwOCK

1 1 1 1 1 1 1 1  1 9 10 10 10 10 10 10 10 10
I 1 1 1 1 1 1 1  10 9 9 9 9 9 9 9 9 9
1 2 2 2 2 2 2 2 10 9 16 9 9 9 9 9 9 9
1 2 3 3 3 3 3 3 10 9 9 15 9 9 9 9 9 9
1 2 3 4 A 4 4 4 10 9 9 14 9 9 9 9 9
1 2 3 4 5 5 5 5 10 9 9 9 9 13 9 9 9 9
1 2 3 4 5 6 6 6 10 9 9 9 9 9 12 9 9 9
1 2 3 4 5 7 7 7 10 9 9 9 9 9 9 11 9 9
1 2 3 4 5 7 8 8 10 9 9 9 9 9 9 9 10 9
1 2 3 4 5 7 8 9 10 9 9 9 9 9 9 9 9 9
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Comparison of Algorlthas TWOSUBfl thru TU0SU9I5

Algorithms TWOSUBfl thru TWOSUBfS use th» subaatrlx 

storage method. This aethod requires that two blocks oust 

be able to fit 1n aeaory at once. In fact/ the size of a 

block 1s chosen with aeaory In alnd. Let us coapare these 

algorlthas.

Even though the read and write count equations are 
given In the sections describing each algorltha* they are
repeated here for comparison purposes using the saae
denominator.

Algorltha Muaber of Reads Number of Writes

TWOSUBfl 6*N**3 - 3*N**2 ♦ 3«N 2*NO*3 ♦ 3*1**2 ♦ N

6 6

TWOSUBf2 6*N**3 - 3*N**2 - 3*N ♦ 6 2*N**3 * 3*1**2 - 5*N ♦ 6

6 6
TWOSUBf3 6*NO*3 2*N**3 ♦ 3*1**2 ♦ N

6 6 

TWOSUBf♦ 6*N**3 - 3*N**2 ♦ 3*N 2*N**3 ♦ 4*N

6 6
TWOSUBf5 64>NO*3 - 3*N**2 - 9«N ♦ 12 2*h**3 - 3*1**2 *13*N - 6

6 6
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A table showing total I/O operations Is presented below:

algorltha total I/O operations

TWOSUBfl

TWOSUBf2

TWOSUBf3

TWOSUBf4

TWOSUBf5

8*N**3 ♦ 4ON

6
80N003 - 9ON ♦ 12 

6
80N003 ♦ 30N002 ♦ N

&
80N003 - 30N002 ♦ 70N 

6
80N003 - 60N002 ♦ 40N ♦ 6

6

As can be seen froa the foraulas above# algorltha 

TWOSUBfS does the least nuaber of I/O operations.
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A table Hating the read and write count* for each 

algorltha for three aaaple Matrices will reconflra the

advantages of algorltha TWOSUBfS.

a aatrlx aatrlx aatri x
I divided divided divided
9 Into Into Into
o 5 by 5 10 by 10 20 by 2 0
r subaatrIces subaatrlces suoaatrIces
1 aitatiBis tsisau mm
t
h
a

TWOSUBfl 115 55 170 955 385 1340 7810 2870 10680
TWOSUBf? 111 51 162 946 376 1322 7791 2851 10642
TWOSUBfS 125 55 180 1000 385 1385 8000 2870 10870
TWOSUBfA 115 45 160 955 340 1295 7810 24 80 10490
TWOSUBfS 107 39 146 937 304 1241 7772 2509 10281

As can be seen* algorltha TWOSUBfS Is the 'best*

subaatrlx decoaposltlon without Interchanges algorltha that 
uses two blocks 1n aeaory at once.
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Coaparlson of Algorlthas TVOSUBf) and THREESUBflO

It Is not as easy to coapare algorltha TW3SJB#5 with 

algorltha THREESUBflO as It was to coapare TUOSUBfl thru 

TWOSUBfS. Algorltha THREESUBflO uses subaatrlx storage that 

requires the blocks to be saall enough to eiable three 

blocks to be In aeaory at once. Although TW0SUBI5 also uses 

subaatrlx storage# Its blocks are larger since this aethod 

only requires that two blocks be In aeaory at once.
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We can coapare the two algorlthas oatheaatlcally using 

the following arguaent:

Assuae the aatrlx has n eleaents per row and n 
eleaonts per coluan.

Assuae aeaory can hold a eleaents of the aatrlx at 
once.

If we adopt the version of the subaatrlx storage scheae 

used In algorltha THREESUBflO# the following stateaents 

fotlow:

The a eleaents of aeaory aust be divided Into 
three# since this scheae requires the presence In 
aeaory of three subblocks slaultaneously. Each 
subaatrlx Is square# having x eleaents per 
subaatrlx row and x eleaents per subaatrlx coluan. 
Hence# x Is approxlaately the square root of 
(a/3). So# aeaory can hold three subblocks at 
once or 3*x**2 eleaents.

Since a subblock contains x eleaents per subaatrlx 
row# • subblocks will be needed to cover a aatrlx 
row. Hence# the aatrlx can be viewed as being a 0 
by 0 aatrlx of subblocks. Furtheraore# the aatrlx 
can also be regarded as a 8x by 8x aatrlx of 
eleaents.

aeaory » 3 * x •* 2 eleaents
aatrlx » 8x by 8x eleaents
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If we adopt the version of the subaatrlx storage scheae

used In algorltha TWOSUBfS* the following stateaents follow:

The a eleaents of aeaory aust be divided Into two* 
since this scheae requires the presence 1n aeaory 
of two subblacks slaultaneously. Each suoaatrlx 
Is square* having y eleaents per subaatrlx row and 
y eleaents per subaatrlx coluan. Hence* y 1s 
approxlaately the square root of (a/2). So* 
aeaory can hold two subblocks at once or 2*y**2 
eleaents.

Since a subblock contains y eleaents per suoaatrlx 
row* T subblocks will be needed to cover a aatrlx 
row. Hence* the aatrlx can be viewed as being a T 
by T isatrlx of subblocks. Furtheraore* the aatrlx 
can also be regarded as a Ty by Ty aatrlx of 
eleaents.

aeaory « 2 • y ** 2
aatrlx « Ty by Ty

eleaent s 
eleaent s
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THREESUBflO Algorltha TWOSUBfS

aeaory • 3 * x *♦ 2 aeaory * 2 * y ** 2
« Ox ♦ Ox aatrlx * Ty * Ty

We not* that: 3 * x O # 2 » 2 o y * * 2

Solving for x: x * SORT (2./3.) * y

Approxlasting SORT <2./3.) by .815# ve havo

x « .815 ♦ y

We also note that: Ox » Ty

Substituting for x: O f  .815 * y

Dividing by y: 0 • .815 * T

Now# T la the aaae as the N used for the 

subblocks In the read and write foraulas far 

TWOSUBf5.

nueber of 

algorltha

Now# 0 la the aaae as the N used for the nuaber of 

subblocks In the read and write foraulas far algorltha 

THREESUBflO.
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Rewriting the foraulas for algorithms FHREESUB#10 and 

TWOSUBiS In teras of t and T# we have:

THREESUBilO 4 * 8 ** 3 ♦ 12 * B ** 2 - 22 * B ♦ 18

6
TWOSUBiS 8 * T ** 3 - 6 * T ** 2 ♦ 4 * T ♦ 6

6

Converting the TWOSUBiS foraula Into teras of 8* we have:

8*< .815*8) ** 3 - 6*(.815*8) ** 2 ♦ 4*(.81S*B> ♦ 6

6
which Is

4.328 * B ** 3 - 3.984 * B ** 2 ♦ 3.260 * B ♦ 6
6
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Assyaptotically# THREESUBilO Is better# aeceuse the 

coefficient of 0*63 is slightly saaller# but far saall (or 

even aost reasonable) values of 0# the coaparison uill 

depend on hou veil the algorithas use the available neaory.

For 0*1# the entire aatrix fits into aeaory at once# 

and both aethods use 2 1/0 operations# 1 read and 1 write.

If !•?» the entire aatrix vill not fit into aeaory# so 

T is also 2. Then THREESUBilO uses 9 I/O operations and so 

does TW0SUBi5.

Nov suppose 0 * 3# so THREESUBilO splits the aatrix 

into 9 blocks. Since 3 blocks aust be In aeaory at once# 

aeaory vill hold 1/3 of the aatrix but not 3/4 of the 

aatrix. Then# depending on the size of aeaory# T can either 

be 2 or 3. If aeaory vill hold 1/2 of the aatrix# T is 2# 

and TWOSUBiS does 9 I/O operations. If aeaory does not hold 

1/2 of the aatrix# T is 3# and TWOSUBiS does 30 1/0

operations.

We obtain the following table for saall 9:



fraction of aatrix
total I/O 1n aeaory total I/O

• for lower upper T values TWOSUBiS
'at ue THREESUBflO bound bound froa to froa to

1 2 1 to 1 1 1 2 to 2
2 0 3/4 to 1 2 2 9 to 9
3 28 1/3 to 3/4 2 3 9 to 30
4 63 3/16 to 1/3 3 4 30 to 73
5 118 3/25 to 3/16 4 5 73 to 146
6 197 3/36 to 3/25 5 5 146 to 146
7 304 3/49 to 3/36 5 6 146 to 257

At can be seen* even for saall •* THREESUBflO can do 

less T/0 than TW0SUB05. The degree to which tach storage 

nethod utilizes the available aeaory Is the deciding factor.

To obtain a better coaparlson of the I/O count for 

TWOSUBiS with that of THREESUBflO* we note that for a given 

value of I In THREESUBflO# the corresponding value of T for 

TWOSUBiS lies between

CEIL (.815 * (0-1)) and CEIL (.815 * fi>.



ru 
r\j no 

<m

THREESUBilO
T VALUES TWOSUBiS I/O COUNT

IE I/O COUNTS FROM TO FROM TO
. . . -  — — — —— •••••••

28 2 3 9 30
63 3 4 30 73

118 4 5 73 146
197 5 5 146 146
304 5 6 146 257
443 6 7 257 414
618 7 8 414 625
833 8 9 625 898

1092 9 9 898 898
1399 9 10 898 1241
1758 10 11 1241 1662
2173 11 12 1662 2169
2648 12 13 2169 2770
3187 13 14 2770 3473
3794 14 14 3473 3473
4473 14 IS 3473 4286
5228 15 16 4286 5217
6063 16 17 5217 62 74
6982 17 18 6274 7465
7989 18 18 7465 7465
9088 18 19 7465 8798

10283 19 20 8798 10281
11578 20 21 10281 11922
12977 21 22 1192 2 13729
14484 22 23 13729 15710
16103 23 23 15710 15710
17838 23 24 15710 17873
19693 24 25 17873 20226
21672 25 26 20226 22777
23779 26 27 22777 25534
26018 27 27 25534 25534
28393 27 28 25534 28505
30908 28 29 28505 31698
33567 29 30 31698 35121
36374 30 31 35121 38782
39333 31 31 38782 38782
42448 31 32 38782 42689
45723 32 33 42689 46850
49162 33 34 46850 51273
52769 34 35 51273 55966
56548 35 36 55966 60937
60503 36 36 60937 60937
64638 36 37 60937 66194
68957 37 38 66194 71745
73464 38 39 71745 77598

8 78163 39 40 77598 83761



T VALUES TWOSUBiS I/O COUNTS
• THREESUBilO -------------  ---------------------

VALUE I/O COUNTS FROM TO FROM TO

SI 93452 41 42 90242 97049
52 98959 42 43 97049 104190
53 104678 43 44 104190 111673
SA 110613 44 45 111673 119506
55 116768 45 45 119506 119506
56 123147 45 46 119506 127697
57 129754 46 47 127697 136254
58 136593 47 48 136254 145185
59 143668 48 49 145185 154498
60 150983 49 49 154498 154498
61 158542 49 50 154498 164201
62 166349 50 51 164201 174302
65 174408 51 52 174302 184809
64 182723 52 53 184809 195730
65 191298 53 53 195730 195730

200137 53 54 195730 207073
67 209244 54 55 207073 218846

218623 55 56 218846 231057
69 228278 56 57 231057 243714
70 238213 57 58 243714 256825
71 248432 58 58 256825 2 56825
72 258939 58 59 256825 270398
75 269738 59 60 270398 2 84441
74 280833 60 61 284441 2 98962
75 292228 61 62 298962 313969
76 303927 62 62 313969 513969
77 315934 62 63 313969 329470

328253 63 64 329470 345473
79 340888 64 65 345473 361986
80 353843 65 66 361986 3 79017
81 367122 66 67 379017 396574
82 380729 67 67 396574 396574
85 394668 67 68 396574 414665
84 408943 68 69 41466 5 433298
85 423558 69 70 433298 452481
86 438517 70 71 452481 472222
87 453824 71 71 472222 472222
88 469483 71 72 472222 492529
89 485498 72 73 492529 513410
90 501873 73 74 513410 534873
91 518612 74 75 534873 5 56926
92 535719 75 75 556926 556926
95 553198 75 76 556926 579577
94 571053 76 77 579577 602834
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T VALUES TWOSUBiS I/O COUNTS
0 THREESUBilO — ...---- ...................

VALUE I/O COUNTS FROM TO FROM T3

100 6.863030E+05 81 82 7.020820E+05 7.4890E405
?00 5.412603E+06 163 163 5.747870E406 5.7370E406
300 1.817890EO7 244 245 1.930967E+07 1.4831E407
A00 4.298S20E+07 326 326 4.608858E407 4.8358E407
500 8.383150E«07 407 408 8.972681E407 9.9023E407

1000 6.686630E«08 815 815 7.211275E+08 7.12 7SE + 08
1500 2.?54495Ea09 12 22 1223 2.43156SE+09 2.7541E409
2000 S.341326E409 1630 1630 5.771674£a09 5.1674E409
2S00 1.042916E«10 2037 2038 1.126554E+10 1.8214E+10

8r 4nspaet4n* tha tabla* wa f4nd that far all 0 >* 78

THREESUBilO doas less I/O than TWOSUBiS. ?or 0 <*77,

io*etlMs THREESUBilO 4* batter* soaat4aes TWOSJBiS 4s 

batter.
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To prow that THREESUBilO 1a always batter than

TWOSUBiS for values >* 78# we Ignore the use of the celling 

function 1n the lower bound for T# so we use 

T » .815 * <• - 1)

Then# a lower bound for the I/O count for TW0SU3i5 is

4.328 * (0-1) ♦♦ 3 - 3.984 e (0-1) ** 2 ♦ 3.260 ♦ (8-1) ♦ 6

6

Uoon comparing the I/O foroula for THREESUBilO with 

this foroula# we find that for 0 >* 87# THREESUBilO does

less I/O than the lower bound on what TWOSU3i5 does.

Therefore# we know that THREESUBilO 1s better for 8 >* 87#

so we don't have to consider 0 greater than 100# which are 

not shown 1n this table. Then this table# which takes the 

celling Into account# shows that THREESUBilO Is better for 

alt 0 >■ 78.
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Comparison of Algorithms COLfl and TW0SU8f5

It Is not as easy to compare algorithms C0l #1 and 

TWOSUBiS as It was to coapare TWOSUBil thru TWOSUBiS or 

ROWfl thru ROW#3 or R0Wf3 versus COLfl. Algorithm TWOSUBiS 

uses subaatrlx storage and requires the blocks to oe saall 

enough to enable two blocks 1n memory at once. Algorithm 

COLfl uses coluan storage and requires the blocks to contain 

complete coluans and be saall enough to allow two blocks 1n 

memory at once.

We can use the following aatheaatlcal arguments:

Assuae the aatrix has n elements per row and n 
eleaents per coluan.

Assuae aeaory can hold a eleaents of the aatrix at 
once.

Since both TWOSUBiS and COLfl require two blocks 
to be In aeaory* In each case the block contains 
about a/2 eleaents. That 1s* the blocks are 
approximately the saae size. Since TWOSUBiS uses 
00*2 blocks* while COLfl uses T blocks* we see 
that

Q ** 2 « T
If we Ignore the fact that Q and T must be 
Integers.



subblock* utod 1n the algorltha COLfl road and write count 

fornulas.

Now# 9 1s tko sane as th* N used for th* nuaber of 

subblocks used In th* algorithm TWOSUBfS read and write 

count foraulas.

R*wr1t1ng the total I/O fornulas for algorlthns 

TW0SUBf5 and COLfl 1n terns of 9 and T* w* have:

COLfl T ** 2 ♦ 3 * T

2

TVOSUBf3 8 * 9  S>* 3 - 6 * 9  *• 2 ♦ 4 * 4  ♦ 6

6

Converting th* fornulas for algorltha COLfl Into teras of 9# 

w* have:

COLfl 9 * * 4  ♦ 3 * 9  * * 2

2

It 1s Inaedlately apparent that the 9 ** 4 tern 1n

In the foraula for algorltha COLfl will doalnate.
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Uhtn M l #  the entire aatrix fits Into aeaory# so both 

COLfl and TWOSUBiS do one read and one write.

When M 2 #  the entire aatrix does not fit Into aeaory. 

When •■?# there are 4 blocks# where two blocks fit Into 

aeaory at once. So# aeaory Is large enough to fit 1/2 of 

the aatrix# but not the entire aatrix. Therefore# T aay be 

3 or 4 (T cannot be 2# because If T»2# then the entire 

aatrix would fit Into aeaory). If aeaory can hold 2/3 of 

the aatrix# then T « 3 and COLfl does 6 I/O operations. If 

aeaory holds less than 2/3 of the aatrix# then T»4 and COLfl 

does 14 I/O operations.

Now suppose 9*3; then there are 9 blocks. Since# two 

blocks are In aeaory at once# aeaory aust be large enough to 

contain 2/9 of the aatrix# but not big enough to contain 1/2 

the aatrix. Therefore# T ranges froa 4 to 9. If f*4» COLfl 

does 14 I/O operations. If T«9# COLfl does 54 I/O 

operations.



e
value

total I/O 
for 

TtfOSUBf 5

fraction of aatrix 
In aeaory 
lower upper
bound bound

T values 
froa to

total I/O 
for COLfl 
froa to

1 2 1 to 1 1 1 2 to 2
2 9 1/2 to 1 3 4 9 to 14
3 30 2/9 to 1/2 4 9 14 to 54
4 73 2/16 to 2/9 9 16 54 to 152
5 146 2/25 to 2/16 16 25 152 to 350
6 257 2/36 to 2/25 25 36 350 to 702

As can be seen froa the table above* if • >« 5* then

TW0SU8f5 Is always the better algorltha. In the cases where 

• < 5# It depends on the nuabar of blocks COLfl will need. 

At these saall values of 1/ aeaory utilization olays the

deciding role.
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Until this point# 

decomposition of • matrix 

part of the solution of Ax«b. 

factors oust ba applied to 

values (known as b). Then# we 

factors and b.

Applying the Factors to b

The arithmetic operations 

factors to b can be summarlaed

have analyxed only the 

Into LU factors. This Is only 

After decomposing A# the L 

any given right hand side of 

solve for s using the U

Involved 1n applying the

Chapter 6

Solving for x

we 

A

b(j) > b< j ) - m(j #k) * b(k)

for k ■ 1#2#3#...#(J-l)
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Solving for * using tho U Factors and b

Th* arithmetic operations Involved In solving for i 

using tho U factors can ba suooarlzed as:

n

*
k (J > > b(J) - 0 a(j/k) * x(k)

*
000000*60

k ■ J*1

for i * n# n-1# n-2# ...# 3r 2# 1
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Row Storage

For tho row storage Method# this phase Is qaite siaple. 

Tn the row storage aethod# several coeplete rows are stored 

together. Hence# each block of A will contain at least one 

row. Since the slae of each block was deterelned to allow 

two blocks In aeaory at once# there Is enough roan In aeaory

for one block of A and the entire set of b. Since bin) Is

affected by bill# it aakes sense to store all the b*s

together and keep the b*s in aeaory for the duration of this

phase. Also# alt the factors for a given b(k> are in one

block of A. Therefore# if each block of A contains a

coaplete rows# then block Ck> will have all the factors

necessary for b((k*>l)Oaal) thru bCkta).

Note that we aust apply the L factors to b(l># then
b<?># thru b(n).

After applying the l factors# we reverse the process 

and solve for n<n># x<n-l># x<n-2># thru x<l) using the U 

values.
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Here 1i the algorltha:

Read In the b vector

DO I > 1 TO n u n .s u b m a t _p e r .c o l ;
CALL READ.BLOCK <I#BLOCKU;
CALL APPLV.NULT (I#BL0CKl>;

e n d ;

CALL SOLVE.X CN#BlOCK1>;

DO I » N-l TO 1 BT -15
CALL READ.BLOCK fI#BLOCICl>;
CALL SOLVE.X CI#BL0CK1>;

e n o ;

Write out the b vector

There are only 2*1-1 reads of the aatrix ani one read 

and write for the vector b.

Note: We road aost of the aatrix In twice. In the

aultlpller loop# aany U values were read In. In the 

solution phase# aany L values were read In. Only 3L9CK <N) 

was not road twice# since 1t Is in aeaory at the end of the 

aultlpHer loop and need not be reread for the solution 

loop.

Note: This storage aethod 1s only viable 1f two

eoaplete rows fit Into aeaory.
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Coluan Storage

For the coluan storage aethod* this phase 1s not quite 

as slapte. In the coluan storage aethod* several coaplete 

coluans are stored together. Hence* each block will contain 

at least one coluan. Since the size of each block was 

deteralned to allow tuo blocks In aeaory at once* there 1s 

enough rooa 1n aeaory for one block and the entire set of b. 

Since b(n> 1s affected by b<l>* It aakes sense to store all 

the b's together and keep the b's In aeaory for the duration 

of this phase.

At this point* the slalllarlty to the row aethod stops. 

In the rou aethod* b<j> was aodlfled by the contents of row 

5 In one pass. In the coluan aethod* only part of row J 1s 

1n aeaory at once. Therefore* b(j) Is only partially 

transforaed 1n a single pass.

Although the aaln prograa below appears to oe the saae* 

the logic of APPLV.MULT and SOLVE.X 1s very different.



Read 1n th* b vector

00 I * 1 TO n u h _s u b h a t . p e r.c o l ;
CALL READ.BLOCK <I#BL0CK1>;
CALL APPLV.MULT (I,BLOCK!).*

e n d :

CALL SOLVE.X CN#BL0CK1>;

DO I ■ N-l TO I BY -IS
CALL READ.BLOCK <I#BL0CK1)S 
CALL SOLVE.X (I#BL0CK1>S

e n o ;

Writ* out th* b vector

Th*r* arc only 2*11-1 reads of th* aatrix and on* 

and writ* for th* vector b.

Notes V* read aost of th* aatrix 1n talc*. In 

ault1pl1*r loop# aany U values w*rc read in. In 

solution phase# aany L values were read 1n. Only 3L3CK 

uas not read twice# since it 1s 1n aeaory at the end of

loop.

Notes This storage aethod Is only viable if 

coaptete coluans fit Into aeaory.

read

the

the

(N)

the

two
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Three Square Block*

For the three square storage aethod# If the entire 

vector b fits Into 2/3 of aeaory# then our algorltha Is 

quite staple.

be first read 1n the louer triangular blocks (those 

containing the L values) and apply then to b. Then# ve read 

In the upper triangular blocks and apply the J values to b. 

Hence# we read and write b only once.

Here Is the algorltha:

read 1n the b vector

00 I « 1 TO n u m _s u b m a t _p e r_c o l ; 

do j - i t o i-i;
CALL READ.BLOCK (I#J#BL0CK1):
CALL FULL.BLOCK.MULT (!#J#BL0CKI>;

e n d ;

CALL READ.BLOCK (I#I#BL0CK1)I 
CALL HALF.BLOCK.HULT (I#I#BL0CK1);

ENO:

CALL HALF.BLOCK.BACKSUB
(NUN.SUBMAT.PER.COL# NUM.SUB MAT.PER.CO.# 3L0 CK1);

00 I ■ NUM.SUBMAT.PER.COL - 1 TO 1 3Y -15

DO J « NUH.SUBMAT_PER.COL TO I+l BT -15 
CALL READ.BLOCK (I#J#SL0CK1>;
CALL FULL.BLOCK.BACKSUB CI#J#BL0CK1>;

e n d :

CALL READ.BLOCK (I#I#BL0CK1)I
CALL HALF.BLOCK.BACKSUB (I#I#BL0CK1):

e n d :

write the b vector



1. The block contains only L values or (J values. 
Hanes# tho subroutine FULL.BLOCK.MULT applies all 
the values In the block to b as oultlpllers. The 
subroutine FULL.BLOCK.BACKSUB uses all the values 
In the block to solve for i.

2. The block Is on the diagonal and contains both 
L and U values. Therefore# HALF.BLOCK.HULT will 
only apply the L values of the block to b# vhlle 
HALF.BLOCK.BACKSUB will use the reoalnlng values 
of the block (the U factors) to solve for x.

This algorltha does one read and one urlte for the 

vector b.

In the oultlply phase# each block In the lover triangle 

(Including the diagonal) Is read once and applied to an 

appropriate b block. Mo aatrix block needs to be written. 

Since there are (N 0 (N«-l>) / 2 blocks In the lower

N *♦ 2 ♦ N

2
reads.



1s r«id one*. This Includes th* diagonal# ascapt for <N#N). 

So# we hava anothar

N ** ? ♦ N
  -  1

?

raads.

So coablnlng tha aatrix raads# wa hava M *♦ 2 ♦ N - 1

raads of aatrix blocks. In addition# b is raad and written# 

given a total of N**2 ♦ N ♦ 1 I/O operations.

Note: In this aethod# wa hava raad tha aatrix a little

bit aora than once. This Is slgnificantly batter than tha

row or coluan algorithas# which raad tha aatrix twice.

Note: Since tha diagonal blocks contain both L and U

factors# they are raad twice. Hence# wa hava 1**2 ♦ N-l 

(the N-l being tha extra raads for tha diagonal)# rather 

than just N a* 2.

Notes This entire algorltha Is based upon tha vector b 

fitting In 2/3 of aeaory.
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For tho three square storage aethod# If b does not fit 

into 2/3 of aeaory# then our algorltha is auch aore coaplex. 

In this storage aethod# an entire coluan need not fit into 

aeaory at once* Hence# ue aust divide the b values into 

subblocks*

In the aultiplier phase# if a given subblock of aatrix

A contains the eleaent A(k#l># ue aust have b(l) in aeaory

In order to apply A(k#l> to b(k).

In the solution phase# if a given subblock of aatrix A

contains the eleaent A(l#k># we aust have x(k> in aeaory in

order to apply A(l#k> to b(l>.

Hence# we shall need one block of A (containing the L 

factors) in aeaory along with two blocks of b values.

In this storage aethod# aeaory is divided into three 

blocks. Each block of the aatrix A contains x ** 2 

eleaents# where x ** 2 is approxiaately one-third of aeaory. 

Each row of the subaatrix contains x eleaents. Therefore# 

the noaber of subaatrices is (n/x). Since there are only n 

eleaents of b# the nuaber of blocks needed to contain b is 

n/<x**?>. Hence# there are x aatrix blocks for each b 

block.



1. Th* entire block contains L values or U 
values. This block can bo coablned with a a block 
directly. As an exaaple* th* b block contains the 
values 1 thru lx**2>. The aatrix block contains 
the rows k thru k ♦ x. Hence* w* can apply all 
th* values 1n th* oatrlx to b using only the 
values 1n this b block. Th* routines 
FULL. BLOC It. MULT and FULL.BLOCK.BACKSUB handle 
these blocks.

2. Th* entire block contains L values or U 
values. This block needs another b block In order 
to transform a given b block. As an exaaple* the 
b block contains the values 1x0*2 ♦ 1> thru
(2*x**2). Th* oatrlx block contains the rows 
<x**2*l) thru <x**2+x) and the coluans 1 thru x. 
In order to apply th* aatrix block to th* b block* 
we also need the o block containing th* values 1 
thru x**2. Th* routines TRI.BLOCK.MULT and 
TRI.BLOCK.BACKSUB handle these blocks.

3. The block 1s on the diagonal. Half the block 
contains L values. Half the block contains U 
values. This block can be directly appled to the 
a block without using any other b block. The 
routines HALF.BLOCC.MULT and HALF.BLOCK.3ACKSUB 
will handle these blocks.

In following algorltha* the nuaber of blocks used to 

store the b vector Is NJH.BLOCKS.OF.RHS* which 1s n/(x**2). 

Each block of b values contains x**2 eleaents. Since each 

block of A values has x eleaents per coluan* there are x 

aatrix blocks for each b block. Hence*

RATI0_A_BL0CKS.T0_RHS_BLOCKS ■ x.
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/* applying tha aultlpliars •/

DO I - 1 TO NUM.BLOCKS_OF.RHS;

A ■ fl-l) * RATI0_A_3L0CKS.T0.RHS.BLOCKS ♦ l;
B » I • RATI0.A.BL0CKS.T0.RHS.3L0CKS;

IF B > NUM.SUBMAT_PER.COL
THEN B ■ NUM.SUBMAT_PER.C0L;

CALL RFAD.VALUE U N V A L U E D ;

DO J ■ 1 TO i-i:

CALL REAO.VALUE <J,VALUE2>;

x - <j-ii • r a t i o .a .b l o c k s . t o .r h s .b l o c k s  ♦ i;
Y » J * r a t i o .a.b l o c k s . t o .r h s .b l o c k s ;

IF V > NUM_SUBMAT.PER.COL
t h e n y ■ n u m .s u b m a t . p e r .c o l ;

DO L * a TO B;
DO K « X t o  y ;

CALL READ.BLOCK <L,K,3L0CK);
CALL TRI.BLOCK.MULT <VALUE1#VALJE2*3L0CK);

e n d ;
e n d ;

e n d ;

DO L ■ A TO B;
DO K « A TO L-i;

CALL READ.BLOCK <L#K*BLOCK>;
CALL FULL.BLOCK.MULT CVALUE1,BLOCK);

e n d ;

CALL REAO.BLOCK ( .,L, BLOCK > .*
CALL HALF.BLOCK.MULT CVALUE1,BLOCK);

END;

CALL URITE.VALUE (I # VALUED »

e n d ;
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DO I » NUN_BLOCKS_OF_RHS TO 1 BY - U

A « <1-11 * RATIO.A.BLOCKS.TO.RHS.BLOCKS ♦ IS
B ■ I ♦ r a t i o .a .b l o c k s .t o .r h s . b l o c k s ;

IF B > NUM. SUBMAT. PER. COL
THEN B « NUN.SUBMAT.PER.COL;

CALL READ.VALUE <I#VALUE1>;

DO J > NUM_BLOCKS.OF.RHS TO I+l BY -IS

CALL READ.VALUE CJ#VALUE2>S

X - <J-1> * RATIO.A.BLOCKS.TO.RHS.BLOCKS ♦ IS 
Y ■ J * RATIO.A.BLOCKS.TO.RHS.BLOCKS;

IF Y > NUH_SUBHAT.PER.COL
THEN Y » NUM.SUBHAT.PER.COL;

DO L * B TO A BY -l;
DO K » Y TO X BY -i;

CALL READ.BLOCK <L*K,BLOCK>;
CALL TRI.BLOCK.BACKSUB <VALUEDVALUE2#BuOCK>; 

END;
e n d ;

END;

DO L « B TO A BY -1.*

DO K ■ B TO L*l BY -IS
CALL READ.BLOCK <L,K,BLOCK>;
CALL FULL.BLOCK.BACKSUB «VALUEDBLOCKU

e n d ;

CALL READ.BLOCK CL#L#BL0CK>;
CALL HALF.BLOCK.BACKSUB <VALUE1#BL0CK>;

e n d ;

CALL WRITE.VALUE (I#VALUED;

e n d ;
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By analyzing tha algorlthns# wa saa that aach b block 

la written twice (once 1n tha L phaaa and once in tha U 

phase). There are Z blocks of b values* where Z * (1/x).

In tha L phase# b block(l) 1s raad Z tlaes* b olock(2) 

Is raad Z-l tines# b block(3) Is read Z-2 tines# ...# b 

block (Z) 1s raad once. Hence# the nunber of b block reads 

1s

Z*******
*
* <Z-I*1>

*
*******
I * 1

In tha U phase# b block(l) Is raad once# b block (2) 1s 

read 2 tines# b block<3) Is raad 3 tines# ...# b block (Z) 

Is raad Z tines. Hence# the nunber of b block raads Is

I
*******
*
* I

*
*******
I « 1

Z ** 2 ♦ Z

2

So# the total nunber of b block I/O operations Is Z**2 ♦ 3*Z.
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As In the previous algorithm# there are 99*2 ♦ N

suboatrl* reads and no suboatrli writes. This al9or1tho did 

not save the read of block (N#N)» hence Its total I/O count 

Is N ** 2 ♦ N rather than N ** 2 ♦ N - 1.

Therefore# the total nuaber of I/O operations Is 

N**2 ♦ N ♦ Z**2 ♦ 3*2.
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Two Square Storage

In this storage aethod# the aatrlx A was divided Into 

subblocks# where two subblocks fit Into aesory at once.

If the b vector fits Into 1/2 of aeaory# then we can 

use the algorltha presented 1n the previous section for the 

three square aethod# when b fit Into 2/3 of aesory. That 

algorltha read and wrote b once/ and did N a* 2 ♦ N - 1 

reads of the aatrlx A# where N * NUM_SU0MAT_»ER_COL.

In case b does not fit Into 1/2 of aeaory# then we aust

partition the vector b into subblocks# where each b block 

uses approxlaately one-fourth of aeaory. Hence# two b 

blocks and one A subblock fit Into aesory at once.

Therefore# the second algorltha used for the three square 

aethod Is applicable. Using that algorltha# we did 1**2 ♦ N 

reads of the aatrix A# where N was equal to (n/x> where i**2 

* (a/2). Me also did 2**2*3*Z reads and writes# where Z 1s 

the nuaber of b blocks. Using two b blocks In aeaory at 

once# each b block has <a/4) eleaents. Since there are n 

eleaents 1n b# I ■ n/Ca/4).

Notes If we aust partition b# then the two square

storage aethod has aore b blocks than the corresponding 

three square aethod. Also note that there are less A blocks
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Final Discussion

After hawing done all this analysis on the warlaus stors 

methods# we can present the following decision algorithm:

A

Coapute the nuaber of blocks (I.e.# 6 *♦ 2) that the 
three-square storage aethod would need. Call this 
value S83. Using S83 and the forajlae for 
THREESUBflO# coapute the nuaber of I/O operations 
needed. Call this value S83I/0.

If 9 >« 78# we will use the three-square storage 
aethod and algorltha THREESUBflO.

If I <■ 77# we continue the decision asking process.

Coapute the nuaber of blocks (I.e.# • ♦* 2) that the 
two-square storage aethod would need. Call this 
value S82. Using S82 and the foraulae for TtfOSUBfS# 
coapute the nuaber of I/O operations needed. Call 
this value S92I/0.

If I >■ 7# coapare SB3I/0 with S92I/0 and use the 
storage aethod and related algorltha yielding the 
least amount of I/O.

If 0 < 7# we continue the decision asking process.

Coapute the nuaber of blocks that the column storage 
aethod would need. Call this value COL. Using COL 
and the foraulae for COLfl# coapute the nuaoer of I/O 
operations needed. Call this value COLI/0.

Coapare COLI/O# S83I/0 and S92I/0. Choose the aethod 
yielding the least amount of I/O.

Finally# If 8 « 2# use THREESJBfS.
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In general# we can conclude that the three-square

aethod Is best only for extreaely large aatrlces or cases

where aeaory 1s severely Halted.

More typically# the choice will be between the coluan 

aethod and the two-square aethod. If SQ2 (the nuaber of

blocks needed for the two-square aethod) 1s greater than 25

(6 * S># then TW0SUBf5 Is the preferred aethod. If S92 Is

less than 25# the choice depends on the aeaory uti11 cat 1 on. 

Soaetlaes# coluan storage using COLil will do less I/O 

operations. Other tlaes# two-square storage using rW0SUB#5 

will do less I/O operations.



193

Note: The analysis has Ignored:

Size of Prograa

Clearly* a larger prograa will reduce the aaount of 

aeaory available for the storage of aatrlx eleaents.

Teaporary Variables

Clearly* different prograas will use different nuabers 

and types of teaporarles* thereby affecting the aaount of 

aeaory available for the storage of aatrlx eleaents.

Hidden Vectors

The two-square storage aethod requires a vector that 

can hold one coluan of a subblock. This vector Is used 1n 

the decoaposltIon of A* the application of L to b* and In 

the solution of x using J. Clearly* this reduces the aaount 

of aeaory available for the aatrlx A and reduces the size of 

each subblock.
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Integer Nuaber of Blocks When coaputlng the nuaber of 

blocks# certain divisions and sguare roots aust be taken. 

These arlthaetlc operations do not always r 1 e U  Integers. 

Hence# values are either rounded or truncated. Therefore# 

aeaory can soaetlaes accoaodate aore eleaents than the 

storage aethod vlll use. This Is unavoidable# since the 

aaount of aeaory left Is usually not enough to Increase the 

sice of each subblock.

Sp1Ilage

As an exaaple# assuae that a 100 by 100 aatrlx I s  

presented to the tvo~square aethod# and aeaory can contain 

two 6 by 6 subblocks; the two-square aethod yields a 17 by 

17 aatrlx of subblocks. This Is enough to handle a 102 by 

10? aatrlx. Although our storage aethod and algorltha vlll 

handle a soaeuhat larger aatrlx# ve cannot * shave* the last 

row and coluan of blocks and achieve any savings.

Transa1ss1on Tlae

Throughout the analysis# the concern has been to reduce 

the nuaber of I/O operations# Ignoring the fact that blocks 

of different sizes have different transalsslon tints. The 

assuaptlon has been that transalsslon tlae Is Inslgn1f1 cant 

when coapared to seek tlae.
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Language# Coaputer# Operating Systea

By Ignoring those factors# one avoids the discussion 

about which storage aethods and algorlthas will do best In a 

given envlronaent. Although our analysis 1s true 1n 

general# there aay be a given language# coapwter# and 

operating systea coablnatlon that aay not agree with the 

results achieved In this paper.

H

Stack coapaters aay not have the problea of 
teaporarlas.

Different languages aay use different nuabers of 
teaporarles.

Different operating systeas will use different 
buffering scheaes and I/O algorlthas for randoa 
access file operations.

Certain operating systeas aay ellalnate large 
aeounts of seek tlae using cache aeaory# hence 
Increasing the significance of the transaission 
tlae.

The usage of cache aeaory aay introduce the need 
to weigh the site of the subblock with its effect 
on the utilization of the cache.

Operating systeas that use segaentatlon or paging 
aay require different algorlthas having loops that 
are wholly contained within segaents or pages.

Operating systeas having *look ahead* paging aay 
use different algorlthas that utilize these 
features.

Certain languages are not efficient on certain 
coaputers under certain operating systeas.

Coaputers with array processors aay avoid the 
problea of the 'hidden vector*# since they aay 
process the various rows and coluans in parallel.



196

Notts Tht analysts lias focustd upon tht nuabtr of I/O 

operations parforoad during the decomposition of A Into LU 

factors. Ourlng tha application of tha L factors to b# I/O 

operations ware dona. Ourlng the solving for x using tha U 

factors# I/O operations ware also dona. For the row and 

coluan storage methods# tha number of I/O operations done 

was approximately 2*N. For tha subaatrlx methods# tha 

number of I/O operations was approximately (1/2) * N 0*2. 

These terms are Insignificant In comparison with the N**3 

and N**4 counts generated during the decoapositlon phase. 

Hence# these small counts have not been Included In the 

cooparlson s.
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Chapter 8

Future Research

Rectangular Storage Methods

In tl 

They were:

row coluan square block

I

i

I
J

»♦
::

»♦

In future research* we expect to study two hybrid 

methods* which are:

horizontal
rectangular

vert ical 
rectangular

I 1 : : * i : i t
i i i : i : I

I : i t i i j i j
♦ -

t : i i t i i •• i
i •• i : : i i

I •• : i i i i :
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These two Methods partition A Into non-square 

subaatrlces. One aethad has aore eleaents per row of the 

subaatrlx# while the other has aore eleaents 1n the coluan 

of the subaatrlx. Therefore# the nuaber of subaatrlces 

coaprfslng a row of the original aatrlx Is different than 

the nuaber of subaatrlces needed to coaprlse a coluan of the 

original aatrlx.

We conjecture that the horizontal rectangle scheae 

aethod lies between the square subaatrlx and the row storage 

scheae. It would be satisfying to develop decoaoosltIon 

algorlthas for this storage scheae whose foraulae would H e  

1n between those of the square and row. What we would like 

to find Is the following: the squarer the block# the closer

to the square I/O counts; the aore rectangular# the closer 

to the row I/O counts. This aethod aay be apoeallng In 

cases where the row aethod Is desired# but two coaplete rows 

cannot fit Into aeaory at once.

Slalllarly# the vertical rectangular scheae should H e  

1n between the square subaatrlx and the coluan storage 

scheae.
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DecoaposltIon Algorltha* With Interchanges

In principle# all the decoaposltlon algorlthas 

developed for the coluan storage aethod are easily aodlfled 

to accoaodate pivoting. A vector of site n aust be jsed In 

order to record the swaps. The addition of this vector will 

probably reduce the nuaber of coluans fitting Into a block# 

hence Increasing the nuaber of blocks needed to store the 

aatrlx and the algorlthas will do aore I/O. However# If 

aeaory can only accoaodate two full coluans# then the swap 

vector will preclude the usage of any of our previously 

developed coluan algorlthas.

In order to lapleaent pivoting for the row and the 

subaatrlx scheaes in an efficient aanner# one should avoid 

sweeping the reaaining aatrix looking for the aaxlaal 

eleaent. The paper by darron and Sw1nnerton~3yer (1960) 

speculates about a new pivoting strategy that addresses this 

problea. This strategy uses the largest eleaent uncovered 

so far In choosing the pivot. More analysis is needed to 

deteraine the nuaerical accuracy of this strategy.



200

Introduces coapllcatlons that sake the square 

blocks aethods unattractive. The slaplest approaches 

require so auch additional I/O that they are not attractive. 

Although the technique adopted by Barron and Swlinerton-Dyer 

(I960) could be applied to square blocks# 1t would be 

attractive only 1f we used a scheae analogous to the row 

scheae# end this would aean we could not achieve the savings 

of THREESUBflO or TW0SJBI5. In general# If olvoting Is 

required# further research 1s needed to deterelne an 

efficient square block algorltha. The papers discussing the 

square block aethod (McKellar and Coffaan (1969)# Nugent and 

Du Croz (1981)) have also Ignored the cases where pivoting 

Is required.
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