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Abstract

Solving Large Full Sets of Linear Equations
on a Microcomputer

by
Joseph Thurm

Adviser: Professor Pat Sterbenz

The solution of Ax=b, where the entire matrix A cannot
fit into RAM, is examined. Various methods are presented for
partitioning A into submatrices, which are then stored on
disk until needed. Based on the partitioning scheme,
algorithms decomposing A into LU factors are developed and
analyzed. Since these aulgorithms do explicit disk reads and
writes for the submatrices of A, the selection of the
algorithm which does the least amount of I/0 is of paramount
importance.

The row storage method stores several complete rows
together in a submatrix, 8o the original matrix A is viewed
as an array of blocks. The maximum size of each block is
approximately one-half of available memory. Since all the
decomposition algorithms for this storage method require two
blocks to be in memory at once, the row storage method
assumes that at least two complete rows will fit into memory

at once.
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The column storage method stores several complete
columns together in a submatrix, so the matrix A is viewed
as a vector of blocks. Again, the maximum size of each block
is approximately one-half of available memory, and all the
decomposition algorithms for this storage method require
that at least two complete columns will fit into memory at
once.

The submatrix storage method divides A into a matrix of
square blocks. This storage method does not require two
complete rows or columns to fit into memory at once. Some
of the decomposition algorithms require that three blocks be
in memory at once, 1limiting the size of a block to one-
third of memory. Other decomposition algorithms only require
two blocks to be in memory at once, allowing the blocks to
grow to one-half of memory.

Based on the amount of memory available and the
dimensions of A, the storage method and associated
decomposition algorithm which do the least amount of 1I/0 are

determined from the results presented.
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Chapter 1

Overvieuw of the Problen

The sotution of sisultaneous Linear equations s of
oracticatl {mportance in many diverse fields.

Solving Large sets of sisultaneous equations by hand {s
tedious and tise consuming. One of the first application
programs written for the computer was the solution of Axsb,
Von Neumann and Goldstine (1949, 1953), and Forsythe (1933)
are the earliest discussions of the computer solution of
simultaneous Llinear equations. In these papers, computer
memory size was the only Lliaiting factor. Jsually, the
entire matrix had to fit into memory.

Bound by this constraint, such research was done in
utilizing any speclasl properties the matrix had to reduce
the amount of storage needed. Since auxiliary storage was
slow and expensfive, there wvas minimal research done on using
auxiliary storage. Barron and Swvinnerton-Dyer (1960) is one
of the few papers that deals with auxiliary tape storage

solutfions of Ax=b for full matrices.
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However., probleas involving sparse matrices, especially
those arising from partial differeatial equationss did wuse
auxnilisry storage. A survey of the storage methods and
sssocisted solution algorithms for sparse matrices is
presented in one of the appendices.

Bunch and Parlett (1971) present a3 variety of direct
selutions for Llarge symmetric indefinite matrices. Most of
the methods fnvolve storing the n by n msatrix as a vector
of Qlength n®(nel)/2 where the elesent (i.,j) can be found as
the element k of the vector, vhere k = ({%(i-1)/2) ¢« § for
1)=§, For 1{j, the element (1,]) 1{s {dentical to the
element (J,9). Storing » wmatrix in this wesanner effects a
savings of n&(n=1)/2 memsry locations.

ALl of these methods assumed the reduced wmatrix would
f1it 1into storage. Therefore, storage was still a large
limiting factor.

Large dense matrices with no mesory saving
characteristics rematned ; targely unsolved problem. The

only solution appeared to be more semory.




As s wvell ©knoun, as computer technolojy advanced
Larger nmemories became wnore readily available and virtuatl
memories became common. When Llarge dense matrices were
actuslily solved on pajed wmemory asachines, a tremendous
smount of paging occurred. Much research was done on
reducing the number of page faults. The research centered
on organizing the Loops in the algoritha to confars to page
boundaries.

McKetlar and Coffman (1969) present an algorithm based
on several complete rows of the satrix per page. Moler
(1972) presents an aljorithm based on FORTRAN's column
storage of matrices. Nugent and DuCroz (1981b) present an
algorithe based on several complete columns of the matrix
per page.

In the research done on page fault reduction, very
little attentfon was given to the rewriting of updated
pages. It was taken for granted that the onerating system
would reuwrite updated pages as needed. Little thought was
given to organizing the algorithm to minimize the number of

reurites needed.

— - —— - -




Todey as aicrocomputers become ever more coamon,
snother (ook at the preblem of large matrix manipulation {s
varranted. Most microcomputer operating systess do ot have
virtual memory. Since the memory on sost microcomputers {s
relatively saall, sany dense wmatrices do not fit {nto
storage. Even though microcomputers are relatively slov in
comparfison to today's wmainframes, and the solution of
stmultaneous equations on sainfranes does take ?
considerable amount of time, analysis of Qlarge wmatrinx
manipulation algorithes on wmicrocomputers does merit some
attentien. Vyplically, the slow computational problems are
left for overnight processing, while microcosputers are used
for fast computations during working hours.

This dissertation will examine aslgorithas to solve
large dense wmatrices on unpaged limited=-memory computers
using randoms access auxiliary storage. e shall also
examine slgorithms which minfmfze the amount of 1/0 needed
to solve Llarge dense matrices. Even those using computers
with lots of mesory and virtual storage will find these
algorithas valuable.

In addition, some of the algorithms examined have
practical application in the field of parallel processing.
The partitioning of the matrix and the looping patterns are
crucial {ssues when more than one processing unit {s

manfpulating the matrix.




Chapter 2

Basic Storage Methods

As stated previously., we shall consider the case where
mateix A does not fit into main semory. Therefore, we must
partition matrix A into blocks. These blocks are stored on
disk and are brought into memory as needed. 1If a >lock s
updated while in memory., the block wust be rewritten to
disk.

There are three basic ways to divide the matrix A.




Row Storage

Several coaplete consecutive rows are grouped together.
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diagram 1.

This storage method assumes that at least one complete
rovw will fit into memory at once.

Moreover., since some wmatrix decosposition algorithms
involve tuwo rows silult;neouslyo this method may only be
visble when tuo complete rows fit into asemory.

As can be seen from the diagram, the row storage method
divides the matrix into a vector of blocks. Most of the
algorithes presented for this storage method view the matrix
A as an array of blockss, rather than as a matrix of
individual elements.

The smallest possible block contains one coaplete row.

The largest possible block contains half the matrix.

— -l ———h . e e— - -



Column Storage

Several complete consecutive coluans are grouped together.
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diagram 2.

This storage method also assumes that at [east one
complete colunsn will fit into memory at once.

Just as {n the row storage methood, some wmatrix
decomposition algorithas 1nvolve two cotumns simsltaneocusly.
Therefore, this method may only be viable when two complete
columns fit into memory.

Continuing the analogy, the column storage sethod also
divides the wmatrix 1{nto a vector of blocks. Most of the
algorithas presented for this storage method view the matrix
A as an array of blocks, rather than as a satrix of
individual elements.

The smallest possible bleck contatins one coesplete column.

The largest possible block contains half the matrix.




Submatrix Storage

Several vertical rov segments are grouped together,
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disgras 3.

This storage method does not assume that a cosplete row
or columan will fit into semory at once.
However, since most decomposition algorithms contain
statements Llike:
‘ ACis5) = A (16§) = C A C(iok) = A (k/)) )
where ({,§)s C(4,k), and C(koj) may .bc in three different
blockss this storage method appesrs to be viable only when

three complete blocks fit into memory at once.
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In essence, the submatrix storage method divides the
matrix {nto another matrizx. The original matrin consisted
of rous and columns of elements. The subwmatrix storage
method creates a wmatrix consisting of rows and colusns of
blocks. In fact, most of the algorithms presented will view
the matrix as » matrix of blocks and not of d{ndividual
elements,

As has been noted, the row and column storage schemes
require two full rows or columns to fit into memory at once.

Since the dimensions of A are given and are often quite
large, there are matrices that cannot be solved on certain
(imited-mewory computers.

As has been noted, the subsatrix scheme requires three
complete blocks to fit into memory at once.

On the other hand, the submatrix scheme will solve all
matrices on any machine. The sfize of each block can be

taflored to fit the given computer.

e — . — -




Chepter 3
Glossary of Vartables To Be Used
Conmon Variables

For each of the three storage methods presented above
and 1ts associated matrix manipulation atgorithmes, there are
several comsmon variables. Before presenting any algorithms.,
the declarations and value assignments of these variables
should be described.

Here are the coascn variables and their PLZI
declarations. The names of the variables have been chosen

to be descriptive of the values they will contain,
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Row Storage

For the rou storage method, the number of elewents in a
row of a submatrix is equal to the number of elesents in a
row of the originat aatrix. Therefores, the nuaber of
complete rous contained In a block will be dependent on the
ssount of memory avatlable. Since at Lleast two blocks must
be able to reside in memory, the number of rows contained in
a block s determined by the number of cosplete rows that
fit dnto halt of memory.

After computing the dimensions of each block, the

number of these blocks can be ecasily determined.

12



Here are the PL/1 statements that reflect the
discussion above.
TEMPL = FLOOR C(FLOAT(MEMORY_SIZE_IN_ELENM) 7 2.):
TEMP2 = FLOOR C(FLOAT(CTEMP1) /
FLOATC(NUM_ELEM_PER_ROW_OF_MATRIX)):?

NUM_ELEM_PER_ROW_OF _SUBMATRIX = NUM_ELEM_PER_ROW_OF _MATRIX:
NUM_ELEM_PER_COL _OF _SUBMATRIX = TEMP2:

NUM_SUBMAT_PER_COL = CEIL
CFLOATCNUM_ELEM_PER_COL _OF _MATRIX) /
FLOAT (NUM_CSLEM_PER_COL_OF_SU3IMATRIX));
NUM_SUBMAT_PER_ROW = CEIL
CFLOAT(NUM_ELEM_PER_ROW_OF_MATRIX) /
FLOATC(NUM_ELEM_PER_ROW_OF_SU3IMATRIX)),
ALLOCATE BLOCK1:
ALLOCAYE BLOCK2:
Cleartly, NUM_SUBMAT_PER_ROW is 1, since

NUM_ELEM_PER_ROW_OF _SUBMATRIX was set to
NUM_ELEM_PER_ROM_OF _MATRIX.

PR —— - -
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Column Storage

For the column storage sethod, the number 5f elements
in a colusn of a sudbmatrix s equal to the number of
elements in a column of the original matrinx. Therefore., the
number of cosplete columns contained 1n a block will be
dependent on the smount of memory available. Since at least
two blocks aust fit {in wsemoryr the number of columns
contained in & block is determined by the nusber of complete
cotumns that fit into half of memory.

After computing the dimensfons of each block, the

number of these blocks can be easily computed.

14



Here asre the PL/]I statements that reflect the

discussion abeve.

TEMPL = FLOOR (FLOAT(MEMORY_SIZE_IN_ELEM) /7 2.)3
TEMP2 = FLOOR (FLOAT(TEMPL1) /
FLOAT(NUM_ELEM_PER_COL_OF_MATRIX)):
NUM_ELEM_PER_COL _OF _SUBMATRIX = NUM_ELEM_PER_COL_OF _MATRIX:
NUM_ELEM_PER_ROW_OF _SUBMATRIX = TEYP2:
NUM_SUBMAT_PER_COL = CEIL
CFLOAT C(NUM_ZLEM_PER_COL_O-_MATRIX) /
FLOAY (NUM_ELEM_PER_COL _O7 _SU3IMATRIX)):
NUM_SUBMAT_PER_ROW = CEIL

(FLOAT (NUM_ELEM_PER_ROW_OF _MATRIX) /
FLOAT (NUM_ELEM_PER_ROW_OF _SU3MATRIX)):

ALLOCATE BLOCK1:
ALLOCATE BLOCK2:

Clearly, NUM_SUBMAT_PER_COL is ) sfince
NUM_ELEM_PER_COL_OF _SUBMATRIX was set to
NUM_ELEM_PER_COL_OF _MATRIX.

——y ¥ - a— - -
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Submatrix Storage

For the subamatrix storage aethods, we shall begin by
considering the case where all the submatrices are square.
Since at Least three blogks sust reside in memory at once.
the nuaber of elements in 3 block depends on the number of
elements that fit 4nto one~third of memory. Thus the
waxi{mun dimension of a block 1s the square root of one-third
of memory.

After determining the dimensions of each block, the

nusber of these blocks can be easily determined.
Here asre the PL/I statements for square blocks.
TEMPL = FLOORCMEMORY_SIZE_IN_ELEM 7 3);

TEMP2 = FLOOR(SERT (VEMP1)):

NUM_ELEM_PER_ROW_OF _SUBMATRIX = TEMP2:
NUM_ELEM_PER_COL _OF _SUBMATRIX = TEMP2;

NUM_SUBMAT_PER_COL = CEIL
CFLOAT(NUM_ELEM_PER_COL _OF _MATRIX) /

FLOAT(NUM_ELEM_PER_COL_O7_SU3IMATRIX)):

NUM_SUBMAY_PER_ROW = CEIL
CFLOAY (NUM_ELEM_PER_ROW_OF _MATRIX) /

FLOAT(NUM_ELEM_PER_ROW_OF_SU3MATRIX)):

ALLOCATE BLOCKYL:
ALLOCATE BLOCK2;
ALLOCATE BLOCK3:

16



Chapter &

Decoaposition Algorithes Without Interchanges

The inttial analysis will focus on decoaposing the
matrix A dnto LU faectors without interchanjes. In the
following sections, atlgorithes are presented to Jecompose A
into LU factors. A brief table outlining the nusbering of

the algorithms {s presented belows

algorithm storage method comments

ROV#1 full row McKellar and Coffean (1969).

ROV#2 full row a modification of ROWE1.

ROVS3 fult row d modification of ROWS2.

coL#t full coluan Nugent and DuCroz (1931b),

THREESUB#1 submatrix McKellar and Coffsan (1969).

THREESUB#2 submatrix a modification of THREESUB#1.

VTHREESUB#3 submatrix McKellar and Coffaan (1969).
& modification of THRZESUB#1.

THREESUB#4 submatrix orfiginatl work.

THREESUBSS submatrix a modification of THRIESUBS4

THREESUB#6 submatrix orfginatl work,

THREESUB#7 submatrix a modification of THREESUB®#6

THREESUB#S submatrix orfginal work.

THREESUB#9 submetrix s modification of THRZESUB#8

THREESUB#10 submatrix a modification of THRZESUB#9

17



Algorithe ROWSL

Conceptually, the first algoritha to be presented
should be McKellar and Coffman (1969). McKellar opresented
this algoritha {n o discussion regarding the reduction of
page faults in satrix operations. The algoritha has been
rewritten to do explicit reads and writes using the row
storage method described in diagram 1. It can be eodifled
to use the coluan storage aethod by changing the Lloop
timits,

Assume there are a complete rows per block and n blocks
per natrix so the matrix has (@ % n) varfables in (o = n)
equations. The first step of the first pass performs
forward elimination of the rous of block #1 for variables 1
thru =, The second step of the first pass involves the

etinination of the first » veriables from the resaining n-}

blocks. The first step of the second pass perforas foruard.

elimination for varfables a+l thru 2m. The second step of
the second pass elisinates the second m varfables from the
remaining n=2 blocks. The n th pass eliminates the Llast »
varisbles from the n th block. There are n passes, each

pass eliminating m varisbdles.

— v e - -
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The PL/I main routine for this algoritha {s:

DO I = 1 VO NUM_SUBMAT_PER_COL:

CALL READ_BLOCK (I.BLOCK1):

CALL SELF_REDUCE (BLOCK1):

CALL WRITE_BLOCK (1.,BLOCK1):

DO J = Ie¢1 TO NUM_SUBMAT_PER_COL:
CALL READ_BLOCK (J,BLOCK2):
CALL DUAL _REDUCE (BLOCKZ2,BLOCK1):
CALL WRITE_BLOCK (J,BLOCK2):

END:

END;

READ_BLOCK (1,BLOCK) is a subroutine which does the
actual read of block I from the disk into a memory block.
WRITE_BALOCK (1.,B8LOCK) s a subroutine which does the actual

rewrite of block I to disk froms memory.

SELF_REDUCE (BLOCK) 1s a subroutine which eliainates =n
variables from a block. DUAL_REDUCE (BLOTK2,3L0CK1) 1s o
subroutine which esliminates m variables fros B8_.0(lK2 wusing
the values n B8LOCKL. The variables elisinated in both

subrout ines are ((C(I-1) ¢ a) ¢ 1) thru (I %= &),

19



In analyzing Algorithm ROWE1, it is clear that after
reducing the first blocks, the remaining (N-1) blocks are
reduced using the values in the first block. After reducing
the second block, blocks 3 thru N oare reduced using the
vetues in block 2. After reducing block (N-1), o>nly block N
is reduced using the values in block (N-1)., After reducing
btock No no other blocks remain to be reduced. Therefore,
in the Nth pass, only one block §s read and reuritten. In
the (N-1)th pass, only two blocks (N and (N-1)) are read and
revritten. In the first pass, N blocks are read and
rewritten.

Hences the number of blocks read In and reuritten by
Algorithe ROWS1 {s:

N
REEEE L EER

€ N s 2 ¢ N

‘ l = oeoooceoowecaane

* 2

EEEE ERBR R
1 =1

vhere N = NUM_SUBMAT_PER_COL.

20



Algorithe ROVWS2

After examining the data flow ({.e.r the pattern of
reads and writes) of Algorithe ROMEl, 1t is clear theat
reversing the inner loop to proceed from NUM_SUIMAT_PER_ROW
to 1¢1 instead of proceeding from 1¢1 to NUM_SU3IMAT_PER_ROW
witll result ¥n the next block to be reduced beiny in mewory
when the outer Lloop begins. This will result in a2 savings
of NUM_SUBMAT_PER_ROW - 1 reads. This insight is wmentioned
in McKellar and Coffman (1969). The PL/I program for this

algorithe 1s presented below.

CALL READ_BLOCK (1.,8L0CK1):
00 I = 1 TO NUM_SUBMAT_PER_ROW:

CALL SELF_REODUCE (BLOCK1):
CALL WRIVE_BLOCK (I.3LO0CK1):

DO J = NUM_SUBMAY_PER_ROVW TO Ie¢1 8Y -1
CALL READ_BLOCK (J.BLOCK2):
CALL DUAL_REDUCE (B8LOCKZ2,BLOCK1):
CALL WRITE_BLOCK (J,BLOCK2):

END:

END:

The same READ_BLOCK, WRITE_BLOCK, SELF_REDULE and
ODUAL_REDUCE subroutines used fn Algorithm ROW#1 are used in

Algorithm ROVWS2.

— o —— - -
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The nuaber of writes remains the same as 1in

ROWERL which was:

N %% 2 + N

2
wvhere N = NUM_SUBMAT_PER_COL.

However, there are (N-1) (ess reads being

Algoritha ROW#2 so the nusber of reads beconmes

N s 2 ¢+ N

2
which s equal to

Nse 2 - N ¢ 2

2

vhere N = NUM_SUBMAT_PER_COL.

Al gorithm

done

by
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Algorithme ROVE3

Let us now try to IJsprove upon Algoriths ROWEZ2 Dby
exsaining the patteen of reads and writes. Assume
NUM_SUBMAT_PER_ROW 1s equal to 4. When [I=1, then the {nner
loop varies J from 4 to 2 by ~1. In the {nner looo, BLOCK
€2 4s reduced by BLOCK #1 and reuritten to disk.
Tumediately thereafter {imn the outer Lloop, 3L0CK #2 is
reduced by ftself and revritten to disk. Clearly, the Llast
wreite of BLOCK #2 to disk 1{in the inner loop serves no
purpose.

We can wmodify Algorithm ROW#2 and elisinate the
extraneous writes from the inner loop. The extraneous write
occurs when the inner loop is exited while the next bdlock to
be self reduced 1s in wmemory. So we must terminate the
inner loop one pass ecarlier and handle as a special case the
block to be saved for the next iteration of the cuter Lloop.
By doing so, the number of writes can be made to equal the
number of reads.

The improved algorithe {s presented below:
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CALL READ_BLOCK (1.,BLOCK1):
DO I = 1 TO NUM_SUBMAT_PER_ROV - 1:

CALL SELF_REDUCE (BLOCK1):
CALL WRITE_BLOCK (I.BLICK1):

DO J = NUM_SUBMAT_PER_ROW T0 12 BY -1;
CALL READ_BLOCK (J,BLOCK2);
CALL DUAL _REDUCE (BLOCK2,BLOCK1);
CALL WRITE_BLOCK (J,BLOCK2):

END:

CALL READ_BLOCK (J,BLOCK2):
CALL DUAL_REDUCE (BLOCK2,BLOCK1):

END:

CALL SELF_REDUC:Z (BLOCK2):
CALL WRITE_BLOCK (I1,BLOCK2);

The same READ_BLOCK, WRITE_BLOCK, SELF_REDUCE and
ODUAL_REDUCE subroutines used in Algorithm ROW#1 are used {n

Algorithm ROVE3.

The number of writes is egqual to the nusber of reads.,
which s
N s 2 - N ¢ 2

2
where N = NUM_SUBMAT_PER_COL.

As mentioned previously, algorithes ROWE1L thru ROWS3
can be modified for the column storage method. [The only
changes vwill be in the Lloop parameters in the main routine

and in the subroutines SELF_REDUCE and DUAL_REDUCE,
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Algorithe COLS1

The data flow for algorithmes ROWSLl, ROWS2, and ROWS3

can be summarized as:

reduce block 1

reduce the remaining blocks using the values in block I

Nugent and DuCroz (1981b), in a paper on the reduction
of page faults in a virtual semory computer, suggest »
different approach. For each blocks, apply the reductions
from the previous blocks and then reduce that block.
Following this 4dea, after reducing a block by itself, the
slgorithe does not have to reduce the rest of the matrix,
This saves the complete rewriting of the remaining matrix in
eacth pass which s done 1{4n algorithas ROWAL, ROW#2 and
ROVWS3.

This wmeans that 8 block is rewritten to disk anly {¢f {t
has been completely reduced. A block will be read in wmany
times. Before reduciny block I, reductions froms dlocks 1
thru (T-1) msust be applied. This may necessitate (I-1) disk
reads.

0f course, provisions are made for the first block,

since there are no reductions froms previous blocks.
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The PL/T program for this algorithe 1s presented below

using the full column storage method.

00 I = 1 TO NUM_SUBMAY_PER_COL:?
CALL READ_BLOCK (I.8LOCK1):
00 J =170 I-1;

CALL READ_BLOCK (J,BLOCK2):
CALL DUAL _REDUCE (BLOCK1.,BLOCK2):

END:

CALL SELF_REDUCE (BLOCK1):
CALL WRITE_BLOCK (1.,BLOCK1):

ENDS

READ_BLOCK (I,BLOCK) i3 a subroutine which does the
sctual read of block I from the disk iInto & memory block.
WRITE_BLOCK (I,B8LOCK) is a subroutine which does the actual
reurite of block I to disk from memory.

SELF_REDUCE (BLOCK) s a subroutine which elininates =
varfasbles from a block. DUAL_REDUCE (BLOTKL,3L0CK2) is a
subroutine which eliminates » variables fros BLOCKL wusing
the values 4n BLOCKZ. The varfables eliminated in both

subroutines are (((4-1) « m)¢ 1) thru (I = m),
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The number of writes is sisply the number of blocks or
the value fn NUM_SUBMAT_PER_COL. Each block is sritten only
once.

Block 1 §s read once, block 2 is read tuice, dlock 3 {s
read thrice, 30 the nuasber of reads is the sumof [ from 1

to the number of blocks or

N s 2 ¢ N

2
where N = NUM_SUBMAT_PER_COL.

The algoritha above can be modified for the row storage
method. The only changes will be in the loop paraseters of
the main routine and in subroutines SELF_REDJCE and

DUAL _REDUCE.
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Comparing Algorithas COL#1 and ROWE3

In algorithe ROWE3, the nuamber of writes 1{s egual to
the nusber of reads, which is
N s 2 - N ¢ 2
------..--;------------
vhere N = NUM_SUBMAT_PER_COL.
Sos, the total number of disk 1/0s done by algorithm
ROVWSS {3

Ness 2 = N ¢ 2

In algorithe COL#1, the number of writes is N and the
number of reads t{s
Ne&s 2 + N
-----;--------
So, the total number of disk [/0s done by algorithm
coL#1 s
N =% 2 * N

L T L X L T X 1 XX J * N

2

Clearly as the number of blocks increases, algorithms
COL#L {3 cheaper. Although there are (N = 1) mare reads in
algorithme COL#1 than in ROW#3, algorithme COL#]1 does only N
writes while algoritha ROWE#3 does approximately (N =% 2)/2

writes.

—y v - —— - -
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Algqorithm THREESUBS}

McKetllar and Coffman (1969) present an algorithe wvhich
reduces the number of page faults n a virtual sewmory
machine assumsing that the orfginal satrix A {s partitioned
into submatrin blocks.

Assume A is partitioned 4dnto an = by m weatrix of
blocks. The algorithe reduces BLOCK (I.I), then reduces the
remaining blocks {in the Ith column and in the Ith row, and
finally 1t reduces the blocks in the submatrix bdounded by
row I1¢1 and column [+1.

Rewriting McKellar®s algorithm to wuse explicit reads

and writess, the PL/] mein routine {s:

— e ——— - -
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DO I = 1 TO NUM_SUBMAT_PER_COL?

CALL READ_BLOCK (I1,1.,BLOCK1):
CALL AUTO_REDUCE (BLOCK1):
CALL WRITVE_BLOCK (I,I,BLOCK1)S

DO J = ¢l TO NUM_SUBMAT_PER_ROWS

CALL
CALL
CALL

CALL
CALL
CALL

END:

READ_BLOCK (J,I,BLOCK2):
VERT_REDUCE (BLOCK2,BLOCK1):
WRITE_BLOCK (J,1,BLOCK2):

READ_BLOCK (I.,J,BLOCK2):
HORIZ_REDUCE(BLOCK2.BLOCK1):
WRITE_BLOCK (1,J,BLOCK2):

DO J = ¢l TO NUM_SUBMAT_PER_COL:

CALL
00 X

READ_BLOCK (1.J,8LOCK1):
= Jel TO NUM_SU3MAT _PER_ROW:

CALL READ_BLOCK (K,J,BLOCK3);
CALL READ_BLOCK (K,I,.BLOCK2):
CALL TRI_REDUCE (BLOCK3,BLOCK2,BLOCK1):
CALL WRITE_BLOCK (K.J.BLOCK3);

END?
END?

END;

ey a  — -



READ_BLOCK (I1,J,BLOCK) 1s a subroutine which does the
sctual read of BLOCK (I.J) from the disk to wmemory.
VRITE_BLOCK (1,J.,BLO0CK) 14s a subroutine wvhich Joes the
actusl write of BLOCK (I.,J) from memory to disk.

Assuse BLOCKZ 1s the block in memory which contains the
values of the (J,I)th block (JD]I) of the matrix and BLOCK]L
1s the oblock 1n memory which contains the values of the
(I1.1)th block of the matrix. VERV_REDUCE (3L0CK2, BLOCK1)
is @8 subroutine which reduces BLOCK2 using the values in
BLOCK1. BLOCK (I,I) is already in LU format. LICK I 1)
will be transformed 1into a complete block of L factors,
since (J,1) 43 below the diagonal block (I,.I).

Assuase BLOCK2 1s the block in memory which contains the
vatues of the (1,J)th block (J>]) of the matrix and BLOCK]
fs the bleck In memory which contains the values of the
(I,1)th block of the matrix. HORIZ_REDUCE (BLOCK2, BLOCK1)
is a subroutine which reduces BLOCK2 using the values iIn
BLOCKLI. BLOCK (I,1I) {s already fn LU format. aLoCk (I.J)
witt be transformed 1into & cosplete block of U factors,
since (1,J) s to the right of the diagonal block (1,1).

TRI_REDUCE (BLOCK3,3LO0CK2,BLOCK1) s a subriutine which
reduces disk BLOCK (KosJ) using the L values stored 1n BLOCK
(Xs1) and the U values contatned in BLOCK (1,J). TRI_REDUCE
assumes that block (KsJ) of the matrix A has been read {into
mewory BLOCK3, block (K,I) of the matrix A has oeen read
into BLOCK2, and block (1.J) of the matrix A has been read

into 8LOCKI1.
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Basfically, the algoritha can be analyzed by exasining

the Ith pass of the algorithe as follous:

read

submatrix):

Reduce block (1.,1). Hence, each block 3n the
diagenal {s read and revritten st the start of the
Ith pass.

Reduce the remaining blocks on the Ith rovw. They
are the blecks (I,1+¢1) threu CI,N). Therefore.,
these blocks are read and reuritten {in order to be
reduced in the Ith pass. These blocks will also
be read once 1n order to reduce other blocks
beneath thes during the Ith pass. As an exasple.,
btock (1,3) 1s read when {t is reduced by block
(1,1) and asgain when It {s used to reduce blocks
€2+3)s (3+,3)s and (4.,3) theru (N,3).

Reduce the remaining blocks Iin the Ith colusn.
They are blocks (1¢1,1) thru (Ns1I). Therefore.,
these blocks are resd and reuritten ¢n order to be
reduced in the Ith pass. These blocks will also
be read several times later in this pass in order
to reduce other blocks residing on the same row.

Reduce the remaining subsatrix bounded 3y the
(I+1)th row and column. These are the blocks
(1¢1,141) thru (I1¢1,N), (1¢1,1¢1) ¢thru (N,l¢l),
(1¢1.,N) thru (NsN) and (N,I*1) thru (N,V).
Thereforer these bDlocks will be read and revritten
during the Ith pass. As noted previously, 1in
order to reduce these blocks, blocks from the Ith
row and Ith column msust be read into memory. The
algoritha above reads in a block from the Ith row
and Jth column and then proceeds to reduce the
blocks 1in the Jth coluen from row (¢l thru row N
using values read in from the Ith columsn.

Hencer, the above=diasgonal blocks in the Ith row

are

tudce (once directly and once for the remaining

cotumn are read (N~-1I) tives for the remaining suomatrix

once

di chtlY.

while, the blocks below the diagonal in the Ith

and
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Therefore, for N passes vwe have:

Upper Triangle: Any gliven (I.,J) {s read and
reuritten once in passes 1, 2, 3 thru I-1., Ouring
the Ith pass, this block i{s read twice and
reuyrftten once, Thuss, each of these blaocks {s
read (¢l times and revwritten I times.

Diagonal: Any given (1,]1) {is read and rewritten

once during passes 1 thru I-1 and once duriag pass

I, for a total of | reads and writes.

Lover Triangle:s Any given (I.,J) 1{s read and

reuritton once for passes 1 thru J-1. During pass

Je (1,J) 13 read and rewritten after being reduced

by the diagonal blocke S0 block (I,J) 1s weritten

J times. Bleck (1,J) is also read N-I times to

help reduce the remaining submatrix. In total.,

block (1,J) s read (I=1) ¢ 1 ¢ (N-]) times, or N

times.

Using the general {des of the algorithe, ve can derive
a formula for the number of writes.

In the first pass, block (1,1) s used to reduce the
entire first rovw and first column of the matrix. Thens, the
remaining blocks are reduced using the values fn the first
rovw and first column of blocks. Therefore, in the first
pass the entire N by N weatrix 1{1s revwritten, Row 1 and

column 1 sre never again used.
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In the second pass, block (2,2) s used to reduce the
remaining N-1 blocks of the second row and the remaining N-1
blocks of the second column. Using the values of the second
row and coluan, the remaining (N-2)%(N-2) blocks of the
natrix are reduced and reuritten. Therefore, in the second
pass (N-1)%¢N-1) blocks are rewritten.

In the Ith pass, each block (K,L) with K>=I and L>=I {s
written oncer 30 the Ith pass does (Nel-[)esx2 yrites.

Therefore, the formsla for the number of writes 1s:

SRR ESE LR IS SREERR LS SRS
x ]
* .
] (Nel-1) s 2 = . [ «& 2
* *
* s
SEREEEE LB SR SEEERBEEERE
I =1 I =1

which {s equal to

2 % N =% 3 ¢ 3 % N s 2 * N

6
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Agains by using the above analysis, we can derive
formula for the nuaber of reads:

Upper Triangle: Since each block (1.,J) above the
disgonal {n the Ith rowvw is read once for passes 1
theu I=1 and tuice in pass 1, it {is read 1[+¢1
times. Noting that there are (N-I) blocks asbove
the dfagonal in the Ith row, we have

(N-1)
S SRS RAE
*
®

* (1+1) & (N-D)

*
s
B ESRRR R KRS

I=1

Diagonal: Since the diagonal contains N blocks
snd each block (I,1) s read I timess, we have

N

28 SRS K& E
&

*

* 1

*

R kR bk E
I=]1

Lover Triangle: Since ecach block (1.,J) §s read N
tises and there are (N®(N-1))/2 blocks below the
dfagonal, we do

N & (N=1) N$ 3 - N=& 2

N . X L L X T L T ¥ ¥ ¥ J = L E L L T XL XY ¥ X L X T 2 )

2 2

reads.

After conbining the susmations and simptifying, we have

4 s N % 3 ¢ 3 & N %x 2 - N

6

e — - -
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To 4llustrate the counts presented above, we consider a
matrix which has been divided In & 10 by 10 wmatrix of
blocks. The read and write counts by block for {ts

reduction into LU format are presented below.

WRITE COUNYS BY BLOCK READ COUNTS BY 3L0CK

1t 121 11 11111 1 2 2 2 2 2 2 2 2 2
1 2 2 2 2 2 2 2 2 2 10 2 3 3 3 3 3 3 3 3
1 2 3 3 33 3 3 3 3 1010 3 4 & & & & & &
1 2 3 4 & & & & & & 101010 4 5 5 S 5 S5 S
1 2 3 4 % 5 5 5 5 5 10 10 1010 5 5 6 6 6 o6
1 2 3 4 5 6 6 6 6 6 10 10 10 1010 5 7 7 7 7
1 2 % 4 %5 6 7 7 7 7 10 10 10 1010 10 7 8 8 8
1 2 3 4 S 6 7 8 8 8 10 10 10 10 10 20 10 8 9 9
1 2 3 4 5 6 7 8 9 9 10 10 10 10 10 10 10 10 9 10
1 2 3 4 5 6 7 8 9 10 10 10 10 10 10 10 10 10 10 10




Algoritha THREESUBS#2

After exanining the data flow ({.e., the pattern of
rca&s and writes) of Algorithm THREESUB#1, it is clear that
this algorithm has three parts. First, reduce block (I.1).
Then, reduce the blocks on row I and coluan [ using block
(1,1). Then, reduce the rematning blocks using the blocks
in the Ith row end column. Algoriths THREESUB#1 reduces the
remaining blocks by having the inner Lloops proceed from I+1
to N.

Reversing the inner loops to proceed from N to I+1 will
result in the next diagonal block to be reduced being in
memory wvhen the outer loop begins. This will result in o
savings of N-1 reads. Alsos, we can save the rewrite of the
diagonal block 1n the inner Lloop since it will be reduced
and rewritten at the beginning of the next pass. Thuss, we

save N=1 urites.

[ —— - —— v —— - -
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The PL/I mafin routine is:

CALL READ_BLOCK (1.,1.BLO0CK1);
CALL AUTO_REDUCE (3L0CK1):

CALL WRITE_

BLOCK (1,1.BLO0CK1):

DO I = 1 TO NUM_SUBMAT_PER_COL-1:

00 J = [+1 TO NUM_SUBMAT_PER_ROW;

CALL
CALL
CALL

CALL
CALL
CALL

ENDZ

READ_BLOCK (J,I.BLOCK2):
VERV_REDUCE (BLOCK2.,BLOCK1);
WRITE_BLOCK (J,1,3L0CK2);

READ_BLOCK (I,J,BL0CK2);
HORIZ_REDUCE (BLOCK2.8LOCK1);
WRITE _BLOCK (I.J,3LO0CK2);

DO J = NUM_SUBMAT_PER_COL TO I+l BY ~-17

CALL
00 K

READ_BLOCK (1,J.,BL0CK2);
= NUM_SUBMAT_PER_OW TO I+1 BY -1

CALL READ_BLOCK (K,J,BLOCK1):

CALL READ_BLOCK (K-1.BLOCK3):

CALL TRI_REDUCE (BLOCK1,BLOCK3.8.0CK2):
IF = (K = Je1 & J = [¢1)

ENOD:
END;

THEN CALL WRITE_BLOCK (K,J,BLOCK1):

CALL AUTO_REDUCE (BLOCK1):
CALL WRITE_BLOCK (I+¢1,1+1,8L0CK1):

END;
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RFAD_BLOCK, VERT_REDUCE., HORIZ_REDUCE, WRITE_3LICK., and
TRI_REDUCE asre the same subprograms as in slgorithm

THREESUB®L.

Therefore, the read formulas for algorithe TAREESUB#2 s
derived by subtracting N-1 from algorithm THREESJUB#1's read
formula. This ylelds

4 5 N % 3 *+ 3 & N &% 2 - N
6
which §s equal to
4 # N % 3 ¢ 3 & N & 2 - 7 =N . 6

6

Siafliarly, the write fornula for algorithm THREESUBS#2
s derived by subtracting N-1 from algoritha THREZSUB#1's
write formula. This yfelds
2 35 N %% 3 + 3 & N & 2 * N

- D D D D D DD W W D W D D - (N-t ,

6

vwhich is equatl to

2 N %2 3 ¢ 3 5 N 5% 2 - SN ¢+ 6

6



By comparing the read/write counts of THRE:SUB#2

the counts from THREESUBe#1,

with

we can {immediately see the

savings along the diagonsl of N-1 reads and N-1 wvrites.

ALGORITHM THREESUBS#2
WRITE COUNTS BY BLOCK

b b pub b (b b b (b b b
NN RN RN NN N R
W N e
VW N PR Ny
VAV S >N
OO VAEWNM
NNNCOWVEWNP
00O NNO VS N

ALGORITHM THREESUB#1
WRITE COUNTYS BY BLOCK

. e i b pb b b put
NANNNNN NN
[V RV RV RV RV RV RV RV RSN
PO LS LSPUNK
VAWMV S N
COCROUMEWNM
NNNNOWVEUWN
DO NOVEWNM

PV NOWVESWNPG
OCOBNOWVNS,WNM

O OBNOWVISTWNP
©OVXNOWVSIWNM

-

ALGORITHM THREESU3M®?2
READ COUNTS B8Y 3L0CK

1 2 2 2
10 &1 3 3
10 10 2 &
10 10 10 3
10 10 10 10
10 10 10 10 10
10 10 10 10 10 10
10 10 10 10 10 10 10
10 10 10 10 10 10 10 10
10 10 10 10 10 1) 10 10

SN, AN
VOV NN
PN APUWUN
NOONOWVMEWN

ALGORITHM THREESU3I®L
READ COUNTS BY 3L0CK

1 2 2 2 2 2 2 2
10 2 3 3 3 3 3 3
10 10 3 & & 4 4 4
10 10 10 & 5 5 S5 5
10 10 10 10 5 6 6 6
10 10 101010 6 7 7
10 10 10 10 10 10 7 8
10 10 10 10 10 10 10 8
10 10 10 10 10 19 10 10
10 10 10 10 10

[

[9Y
VO ORBNONSPWN

OO NOWVEIWN

VO NOWVIWN
OCONOWVWEIWUN

9 10

10 10 10 10 10



Algorithe THREESUBS#3

After analyzing algorithe THREESUB#1, McKellar and
Cotfman (1969) suggest several revisfons. Even though soame
of their suggestions deal with an optimal demand paging
schene with foreknowledge of future reads preventing certain
key blocks from being svapped out, algoritha THRZESU3I®#1 can
be improved by using some of this foreknowledge by the toops
snd loop parameters.

Reviewing algorithe THREESUB#Ll, we observe the first
inner loop reduces row [ and column 1. At ths en3d of the
Loop, bDlocks (I.N) and (N,I) are in memory (where N is equal
to NUM_SUBMAT_PER_ROW). The reduction of block (N.,N) could
be done at this point. By reading block (N=-1,1), we can
reduce block (N-1,N) since block (I,N) is already in amemory.
fn fact, we can reduce the Nth coluan fros N to I+l oy just
reading the factors stored in the blocks of the Ith coluan.
At this point, blocks(I+1,1) and (I,N) are {n wesmory. 8y
reading {n block (I,N-1), block (I¢1,N-1) cen be reduced.
In fact, the (N-1)th column can be reduced by proceeding
from I+l to No. The (N=2)th column s reduced from N to [+¢1.
The (N=3)th colusn s reduced from I¢l to N. This first
pass terminates when all coluans L, where t > 1, have been

reduced.
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In general, wvhen the number of rows and columns of the
remaining submatrix {s even, block (I¢1,]1¢1) is in memory at
the start of the (I¢1)st pass. Since block (1¢1,1¢1) s the
next diagonal blocks this saves one read and write per pass.

When the numsber of rows and coluans of the remaining
submatrix is odde reducing the blocks in a slighttiy
different pattern assures block (I¢1,]1¢1) being in memory at
the start of the (I¢1)st pass. The Ith row §s reduced from
column (I+1) thru column N. Thens the Ith columsys {s reduced
from row N thru row (I¢1)., At this time, blocks (I.,N) and
(I+1,1) are in memorys, 30 block (I¢1,N) can DdDe reduced.
Column N is then reduced frow row I¢1 thru rove N. Column
N-1 43 reduced from row N to row I¢l. The next column {s
reduced from row [¢+1 thru row No. The following column s
reduced froms row N thru row [+1l. Following this alternating
pattern, column (I¢1) {s reduced from row N thru (I+l).
This results in block (I¢1,1¢1) being in memory at the start
of pass I¢1l. This saves one read and write.

Hence., algoritha THREESUB#3 4s really composed of two
distinct Llooping patterns. At the beginning of each pass,
the algorite examines the dimensions of the resaining
submatrix. If the dimensions are evens, the algoritha
follous a certain looping pattern., Otherwise, the algoriths

follous a different looping pattern.
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In order to illustrate the above loop patterns, assuse
the division of wmatrix A {nto a six by six submatrix of
blocks. Pass 1 of the algorithes uill proceed as 1indicated
in diagras &, Pass 2 of the algorithe witll praoceed as
indicated In diagram S on the remaining five oy flve
submatrix, Passes 3, &, S, and 6 are {llustrated in
diagraass 6, 7, 8, and 9, respectively. The nusber 1{nside

each block represents the sequence of block reductions,
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H H ] H H H 1
] ] ] H H H H
ke TP S P Y YT Y Y
H H ] H H H H
] ! H H ! H H
L T T SR Y T Y
1 H H H H H H
| 1 $ 11 21 4% 6%
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temcnfrocctccnatacnctccccbacany
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! 1 ! L 1 H $
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diagrae 8.
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L ! $ : i : i
! L : : H : $
! $ $ ! H $ :
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] ! ] : : 3 H
L] L t H $ : H
bomve poovodpovcon peveaPprocvhocaad
! H : $ ! ! :
1 L] : : ! ! H
oome pomnonpoecn pocsvaPdgoovedbeocsaad
H H : ! H : :
H ! : : : ¢ 1

oo jocnaPpoconpoconfjmavadpocand

diagras 9.
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Modifying algoritha THREESUBZ21 to reflect these 1ideas.

we have:

CALL READ_BLOCK (1.,1,8L0CK1)¢

00 I = 1 VO NUM_SUBMAT_PER_COL - 13

CALL AUTO_REDUCE (BLOCK1):
CALL WRIVE_BLOCK (I.,I.,BLOCK1):

FLOAT1 = NUM_SUBMAT_PER_COL - I:
FLOAT2 = FLOORCFLOATL 7/ 2.):

FLOAY3 = FLOAT2 =

2:

IF FLOAT1 “= FLOATY3

THEN 00:

DO J = J¢1 TO NUM_SU3MAT_PER_ROVW:

CALL
CALL
CALL

CALL
CALL
CALL

END:

L = NUM_

READ_BLOCK (J,1,B8LO0CK2):
VERT_REDUCE (BLOCKZ2,BLOCK1)?
WRITE_BLOCK (J,1.,BLOCK2)?

READ_BLOCK (I,J,BLOCK3);
HORIZ_REDUCE (BLOCK3,BLOCKL1):
WRITE_BLOCK (1,J.BLOCK3):

SUBMAT_PER_COL:

DO WHILE (L > I) ¢

00 K

= NUM_SUBMAT_PER_COL TO0 I+2 BY =-1;

CALL READ_BLOCK (K,L.,BLOCK1):
CALL TRI_REDUCE (BLOCK1,BLO0CK2,8_0CK3):
CALL WRITE_BLOCK (K,L.,BLOCK1):

CALL READ_BLOCK (K~-1,1,B8_0CK2);

END:

CALL
CALL

READ_BLOCK (K,L.,B8LOCK1):
TRI_REDUCE (BLOCK1,BLOCK2,3L0CK3):
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L =L ~-1:
IFL)>I
THEN
bV H

END;

ENOD:

CALL WRITVE_BLOCK(K.,L+1,B_0CK1);
CALL READ_BLOCK (I.,L,BLOCKS);

DO K = [+1 TO NUM_SU3MAT_PER_COL=-17¢

CALL READ_BLOCK (K,L.3L0CK1):

CALL TRI_REOUCE
(BLOCK1,B8L0CK2,B_0CK3) .

CALL WRITE_BLOCK(K,L,3L0CK1);

CALL ReEAD_BLOCK(K+1,I,8BLO0CK2):
END:

CALL READ_BLOCK (K.L.,BLOCK1):
CALL TRI_REDUCE
(BLOCK1,B8L0CK2,BLOCK3);

L =L =15
IFLD>1I
THEN DO:
CALL WRITE_BLOCK
(K,L*1,3L0CK1) ¢
CALL READ_BLOCK
(1,L,8L0CK3):
ENDS

END;S
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ELSE DO:

DO J = I¢1 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (I,J.,8LOCK3):
CALL HORIZ_REDUCE(BLOCK3,BLOCK1):
CALL WRITE_BLOCK (1,J.,BLOCK3)?

END:

D0 J = NUM_SUBMAT_PER_ROW TO I+l BY ~-1;
CALL READ_BLOCK (J,1,8L0CK2):
CALL VERT_REDUCE (BLOCK2,BLOCK1):
CALL WRITE_BLOCK (J,I.BLOCK2):

END;

L = NUM_SUBMAT_PER_COL:
DO WHILE ¢L > 1) ¢
DO K = [+1 TO NUM_SUBMAT_PER_CO.-1¢
CALL READ_BLOCK (K.,L.BLOCK1l):
CALL TRI_REDUCE(BLOCK1.,BLOCK2,8LICK3);
CALL WRITE_BLOCK(K.,L.,BLOCK1):
CALL READ_BLOCK(K#+1,1,8L0CK2);
END <

CALL READ_BLOCK (X,L,BLOCK1):
CALL TRI_REDUCE (BLOCK1,BLOCK2,3L0CK3):

— . — -
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L=L -1¢
IFL)>I
THEN
DO:

CALL READ_BLOCK (I,L.BLOCK3);
CALL WRITE_BLOCK(K.L+1,BL0CK1):

D0 K = NUM_SUBMAT_PER_CO.
TO 1e2 BY =1

CALL READ_BLOCK (K,L,3L0CK1):
CALL TRI_REDUCE
(BLOCK1,8LOCK2,BLOCK3):
CALL WRITE_BLOCK (K.L.BLOCK1):
CALL READ_BLOCK (K-1,1,3L2CK2);
END:
CALL READ_BLOCK (K,.L,BLOCK1):
CALL TRI_REDUCE
(BLOCK1.8L0CK2,BLOCK3);
L=L - 1;
IFL >
THEN 00:
CALL WRITE_BLOCIK
(KeL*1,BLICKY) S
CALL READ_3LOCK
(1.L,3L0CK3):
ENDS

END:
END:

END:
END:

CALL AUTO_REDUCE (BLOCK1):
CALL WRITE_BLOCK (I,I,BLOCK1):

READ_BLOCK, VERT_REDUCE, HORIZ_REDUCE., WRITE_BLICK, and

TRI_REDUCE are the same subprograms as in algorithm
THREESUB#L. '

e 4 e ——— - — - e—— -
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A formula for the number of writes can be determined
from the algorithm. Each non-dtagonal block on coluan I and
rov I s written [ times. A block s rewritten I-1 times
after being reduced in passes 1 thru [~-1 and after its final
reduction in pass I. After pass I, a block above the
present dfagonal block is never reduced again. The diagonal
blocks are reuritten one less time. That s, block (I,I) is
reveitten 1-1 times (except for block (1,1)). This {s
understandable since the algorithe is designed to finish a
pass at the proper dfagonal block and not revwrite it. There
is no purpose in rewriting block (I.1) at the end of pass
I-1, since block (I,I) wiltl be the very next block reduced
and rewritten in pass I. Since BLOCK (l.,I) was not
revritten after being reduced 1in the previous pass, this
stgorithme saves N-1 writes over algorithm THREESUB#1.

Hence., the write count 1{s N-1 Lless than that for
atgorithe THREESUB#1, so we have

2 % N s 3 ¢+ 3 & N*s 2 * N

meeeccmcccccccecccccacaccccecacncaceaae - (N-1)

6

vhich may be rewritten as
2 & N % 3 4 3 &N %% 2 - S = N * 6
-------------------------;----------------------------
vhere N = NUM_SUBMAT_PER_ROVW.
NOTE: Algorithms THREESUB#3 and THREESUB#¥2 use the

same nuaber of writes.

e ——— . ———— . —— =~ e ——— -

51



The purpoese of the algorithe s basically to save one
read per coluan and to have the dlock needed for the next
pass in wmemory at the end of the previous pass.

The forsulas for the number of reads can be determined
by counting the nuaber of reads in algoritha THRIESU3I#1 that
witl be saved by algoritha THREESUB#3. After each passs the
next disgonal block is in memory. This saves 2ne read per
pass, for a total of N-1 reads. During each pass., algoriths
THREESUB®#1 di¥d two reads im order to reduce each block {n
the remafining submatrix bounded by row I¢+1l and column [¢1.
Algorithe THREESUB#3 saves one read per column of the
remaining subsatrix by the oalternating column swveeps.
Therefore, algoritha THREESUB#3 saves N-1 reads in oass 1,
N=2 reads in pass 2, and 1 read in pass N-1, for a total of

N-1

12121212 L
* N & (N - 1)
| ) { = P Ty Yy
. 2
s EE st
1 =1
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This algoritha also saves one additional read per pass
since the reduction of the first block in the remaining
subastrix (efther block (N,N) or (I¢+1,N)) does not require
any reads. Thus, it seves another N-1 reads. This fact is
grephically displayed by examining the subdifagonal and the
tast row of the read count table presented below. As you
can see, the counts are approximsately one-half the counts
from algorithe THREESUBSL.

Thus, algoritha THRCESUB#3 saves

Ns (N-1)
22 (N=1) ¢ ccoccencace.
2
of the reads used by algorithe THREESUB#1, so the nusber of
reads s
& % N#%3 ¢ 3 & N2 - N N = (N-1)

] 2

which can be revritten as

& N 3 - 10 = N + 12

6

where N = NUM_SUBMAT_PER_ROVW.
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In order to understand
THREESUB®L and THREESU3®3,
write counts is in order.

been divided in a 10 by 10 materix of blocks.

the differences

comparison eof the read and

As an example, the saterinx

write counts are presented below.

ALGORITHM THREESUBS3
WRITE COUNTS BY BLOCK

t 11 1 1111
1 1 2 2 2 2 2 2
1 2 2 3 3 3 3 3
1 2 3 3 4 4 & &
1 2 3 4 & 5 S5 5
1 2 3 4 5 5 6 6
1 2 3 4 5 6 6 7
1 2 3% &4 S 6 7 7
1 2 3% &4 5 6 7 &8
1 2 3% 4 S 6 7 8
ALGORITHM THREESUB#1
WRITE COUNTS BY 8LOCK
1t 11111 11
1 2 2 2 2 2 2 2
1 2 3 3 3 3 3 3
1 2 3 & 4 & & &
1 2 3 4 5 5 5 5
1 2 3 4 3 6 6 6
1 2 3 4 S 6 7 7
1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8
1 2 3 &4 S5 6 7 8

OBPBPNOWVI WN -
OOWMNOWVE UWNM

QORDNOVESWN -
OOV NOWVWIUWNG

[

ALGORITHM THMREESUBSS3
READ COUNTS BY B_OCK

1 2 2 2 2 2 2
6 1 3 3 3 3 3
10 6 2 & 4 & &
1010 7 3 S5 5 S
10 10 10 7 & 6 6
10 10 10 10 8 5 7
10 10 10 1010 8 6
10 10 10 10 10 10 9

S 6 6 7 7 8 8

ALGORITHM THREESU3#L
READ COUNTS BY 3LI0CK

1 2 2 2 2
10 2 3 3 3
10 10 3 4 &
10 10 10 4 5
10 10 10 10 5
10 10 10 10 10
10 10 10 10 10 10
10 10 10 10 10 10 10

PO VS wN
NNOWVEOWN

10 10 10 10 10 10 10 10
10 10 10 10 10 1) 10 10 1

— o m——— -

The read

OV ONBNOWVNIWUN
OPOWBNOWVIUAN
COB®NOWNES WA

WO NOWVEIEWN
COOVB®NOWVEIPWN

-



As one can see from the write counts, there {3 o
savings of N=1 writes along the disgonal. This is directly
sttributable to looping patterns of algorithe THRZIESUB#3.
which are designed to finish a pass at the proper dtfagonal
block and net rewrite f{t.

From the reads counts, we see the savings of N=1 reads
atong the diagonal.

We also note the read counts along the bottom row and

the subdfagonal are one-half those of THREESJB#1.
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Algorithme THREESUB#4

Atgorithas THREESUB®#1, THREESUB#2., and THREESUBS3
reduced BLOCK (I,1) and then reduced the remaining blocks
using the factors from BLOCK (I.0). Algorithm THREESUBSS
will examine the 1{dea of only reducing s colusn of blocks
when one of its members s to be reduced.

After reducing BLOCK (1,1), 3LOCKS (2,1) thru BLOCK
(N,1) are reduced using the factors in B8LOCK (1,1). This is
the entire first pass.

Before reducing BLOCK (2,2), the factors stored in the
blocks of column 1 wmust be aoplied. So BLICK (1,2) is
affected by BLOCK (1.,1), BLOCK (2,2) by BLOCK (2,1), BLOCK
(3,2) by BLOCK (3,1), BLOCK (4,2) by BLOCK (4.,1), and BLOCK
(Ns,2) is affected by BLOCK (N,1). Only then is 3LOCK (2,2)
reduced. Thens, the remaining bdlocks in column 2 (BLOCKS
(3,2%¢ (4,2), thru (N,2)) are reduced using the factors 1in
BLOCK (2,2).

Pass 3 begins with application of the L factors from
the blocks in column 1 to the blocks in coluan 3 from rows 1
thru N, Then the L factors from column 2 are applied to
cotumn 3 (note: only rous 2 thru N need be aoplied).
Finally, block (3,3) is reduced and blocks (4,3) thru (N.3)

are reduced using the values In block (3.3).
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The Nth columsn of blocks is untouched until the Nth
pass where the factors from coluans 1 thru N-1 are applied
before the reduction of BLOCK (N,N).

Contrasting algorithas THREESUB#4 and THREZSUB21l, the
following {deas are apparent. Pass 1 of algorithm
THREESUB#1 passes thru the most blocks, while pass 1 of
algorithe THREESUB#4 passes thru the Lleast blocks. Pass N
of algoritha THREESUB#1 passes thru the Lleast btockss white
pass N of algorithm THREESUB#4 passes thru the mdst blocks,

One would assume that the two algorithas should require
the same amount of 1/70. This 1is in fact the case.

Here 13 the PL/] main routine for algoritha THRZESUBS¢.
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DO I = 1 TO NUM_SUBMAT_PER_COL:
00 J =170 I-1:

CALL READ_BLOCK (J,J,BLOCK2);

CALL READ_BLOCK (J,1.,BLOCK1):

CALL HORIZ_REDUCE (BLOCK1.,8LO0CK2);

CALL WRITE_BLOCK (J,I.BLOCK1):

DO K = J¢1 TO NUM_SUBMAT_PER_ROW;
CALL READ_BLOCK (K,I,BLOCKS):
CALL READ_BLOCK (K.,J,BLOCK2):
CALL TRI_REDUCE (BLOCK3,BLOCK2,3L0CK1):
CALL WRITE_BLOCK (K,I.,BLOCK3):

END:

END:

CALL READ_BLOCK (1.1.,BLOCK1):

CALL AUTO_REDJCE (BLOCK1)?

CALL WRITE_BLOCK (1,1.BLOCK1):

DO J = I¢1 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (J,1.,BLOCK2);
CALL VERTVT_REDUCE (BLOCK2,BLOCK1):
CALL WRITE_BLOCK (J.1.BLOCK2);

END?

ENOD:

READ_SLOCK, VERT_REDUCE, HORIZ_REDUCE, WRITZ_3LJ3CK, and
YRI_REDUCE are the same subprograms as in atgorithm
THREESUB#1.
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To derive the formula for the counts, we ndote that a
block (1,J) above the diagonal (I<J) {s read and written
once in each pass, 1, 2, 3, thru 1, for a total of [ reads

and writes. This yields a total of

J -1
et
. J & (J - 1)
- K = esscsessscecsan
* 2
L 22 22 R L]
K =1

reads and writes for the Jth column.

For the elements above the diagonal, we have

N
L2212 EE L]
*
L J & (J=-1) Né¢x 3 - N
[ ] cocevececoae = ceocscosscoescane s
2 (]
*
b2 i3 1] L]
Js1

reads and vwrites.




Esch block (1,J) on or below the diagonal (I >= J) {s
resd asnd written J times in the Jth pass., and read once in
passes Jel, Je2, thru N. Thus, it 1s written J tises and
read N times. So for the blocks on or below the difagonal,

there are

N
252 ER 0k

* N s 2 = (N+ 1)

" 3 ‘ J = L X T T2 L T X T T X 2 L L X ¥ J

* 2

SRR ERR
J =1

reads and

N
e KR ER %

E 3
* N 2 (N ¢ 1) 2 (N ¢ 2)

* J s (Ne+t ~-)) = ceccmccmscecmcnnsc s ncccnna
. 6

*

L Lo Lt L
J=1

vrites.
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The number of reads is

N s¢ 3 - N N &8 3 * N »¢ 2

L T LY 1T R T 2 L T X 2 J L3 X L L L DY R X X XY ¥ ¥ J

6 2
vhich 1s equal to
& S N *% 3 ¢ 3 ¢ N ¢ 2 - N

6

The nusber of writes {s

N &% 3 - N N *%x3 + 3 % N=*2 + 2 2N

L I 2 K ¥ X XK I X L X X X J ’ L X L X - X X X ¥ §F ¥ ¥ T %X F ¥ ¥ ¥ ¥ X X N N T W X X X ¥ T J
6 é
which ¥s equal to
& &2 N =2 3 * 5 &« N &8 2 + 2 %N

12

where N = NUM_SUBMAT_PER_COL.

The read and write counts for algorithm THREESJUB#&L are

the same as those derived for algorithm THREESUBS#1,




Confiraing our hypothesis regarding the equivalence of
slgorithm THREESUB#4 and algorithe THREESUB#1., the read ond
write counts by block for a ten by ten suomatrix are
fdentical to those presented fn the discussion of algorithe

THREESUB#L.

WRITE COUNTS BY BLOCK READ COUNTS BY 3L0CK

10 1 1 1 1
1010 2 2 2
10 10 10 3 3
10 10 10 10 4
10 10 10 10 19
10 10 10 10
10 10 10 10 10 10 10
10 10 10 10 10 10 10 10
10 10 10 10 10 10 10 10 10

10 10 10 10 10 10 10 10 10 1

N N
NNANNNNNNN P
e N e
VN Y N Y SY )
VANV WNE WN
COCOOOWVEWNM
NNNNOGOVS WA
MO NS NN
COONAWVSWN
”
COWNGCWVEWN P
=3
o
-
o
OWNS W
NOWVE WN
ONOWVE WN -

1
2
3
4
5
6
7
8
9
0
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Algor

reads
rever

resul

fthe THREESUB#S

The fourth pass of algorithm THREESUB#¢ can

rfzed as follows:

BLOCK (1,4) 4s reduced by BLOCK (1,1) end then
BLOCK (1,4) 1s retained 1n memory and used to
reduce BLOCK (2,4), BLOCK (3,64), thru BLOCK (N,%).

BLOCK (2,4) 1s reduced by BLICK (2,2) and then
BLOCK (2+,4) is retained in wemory and used in the
reduction of SLOCK(3,4), BLOCK (4,4), B_OCK (5,6),
thru BLOCK (N,4).

BLOCK (3,4) is reduced by BLOCK (3,3) and 3LJCK
(3,4) {s used to reduce BLOCK (4,4), BLOCK (5,4),
thru ALOCK (Ns4).,

BLOCK (4,4) is reduced by ftself and {is wused to
reduce BLOCK (5,4), BLOCK (6,4), thru BLOCK (N,&).

After examining the data flow ({.e., the pattern

and writes) of algorithm THREESUB#4, it s clear
sing the {fnnermost Lloop to proceed from N to 1Ie¢1

t in some substantial savings.

e e e v —————— e it — o ——— - -

be

of

that
wiltl
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datas

1 to
have
the

is
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By reversing the direction of one loop, the following
flow can be achieved:

BLOCK (1,4) 13 reduced by BLOCK (1.1) and then
BLOCK (1,4) {48 retained {n weesmory and used to
reduce BLOCK (N,4), BLOCK (N-1,4), BLOCK (N=2,4),
thru BLOCK (2,4).

BLOCK (2,4) {is reduced by BLOCK (2,2) and then
BLOCK (2+4) is retained in memory and used 4n the
reduction of BLOCK (N,4), BLOCK (N-1,4), BLOCK
(N=2,4), thru BLOCK (3,4).
BLOCK (3,4) {is reduced by BLOCK (3.,3) and 3LICK
(3,4) is wused to reduce BLOCK (N,4), BLICK
(N=1,4), BLOCK (N=2,4), thru 3LOCK (4,4).
BLOCK (4,4) is reduced by itself and {s wused to
reduce BLOCK (5.4), BLOCK (6,8), thru 3LOCK (N,6).
Note that after applying all the reductions fros cotuan
the 4th column, BLOCK (2,4) s in memory and does not
to be written to disk and reread. After applying all
reductions from coluan 2 to the &4th column, BLOCK (3,4)

in wmemory and does not have to be written and reread

agatn. BLOCK (4,4) is in memory at the end of the innermost

toop

and does not have to read again to commence the

self-reduction (oop. Hences in the fourth pass, algorithe

THREESUB#S has saved 3 reads and 3 writes. In general, the

Kth

pass of algorithe THREESUB#S5 does (K-1) less reads and

(K-1) less urites than algorithes THREESLB#4.
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Here 43 the PL/I main routine for algorithm THRZESUBSS.

00 1 = 1 TO NUM_SUBMAT_PER_COL:
CALL READ_BLOCK (1,1,8BLOCK1):
00 J =170 I-1:
CALL READ_BLOCK (J.,J,BLOCK2):
CALL HORIZ_REDUCE (J,1.8LO0CK1,J,J,BLOCK2);
CALL WRITE_BLOCK (J,I,BLOCK1):
00 K = NUM_SU3MAT_PER_ROW TO Jel BY =-1:

CALL READ_BLOCK (K,I.,BLOCK3):
CALL READ_BLOCK (K.,J,BLOCK2):

CALL TRI_REDUCE
(K, 1,3LO0CK3,K,JoBLOCK2,J,1.BLOCKL) ¢

IF K %= Je}
THEN CALL WRITE_BLOCK (K,1.,3L0CK3)?

ENOD:
B8LOCK1 = BLOCK3:

END?

CALL AUTO_REDUCE (I.1.BLOCK1):

CALL WRITE_BLOCK (I,I1,BLOCK1);

D0 J = [#]1 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (J,I1.,BLOCK2):
CALL VERT_REDJCE (J,I,BLOCKR2,1,1,3L0CK1):
CALL WRITE_BLOCK (J,1.8LOCK2):

END:

END:



Stnce algorithe THREESUBS#S 1{s wmerely an f{sprovesment
over algoritha THREESUB#4, ve can derive the read and write
equations for aeslgorithe THREESUBSS by subtracting the
savings for algorfithe THREESUB#AS5 from the equations derived

for algorithm THREESUB#4.

As ve have seen, algorithas THREESUBSS saves K-1 reads
and writes in the Kth column from column 2 thru N. Thus, it

saves a total of

N N-1
sEeReNR sEES s eR
* * N s (N -1)
* (K-1) = * K E  eeccce———-
* *
584 % S EReE 2
K =2 K =1

reads and writes.

Hence, the read count {s

4 = N %8 3 . 3 &N ss 2 - N N € (N -1

6 2
which reduces to
& % N % 3 2 2 & N

é

-y o - -



The uwrite count s
4 s N 2 3 . 6 & N % 2 ¢+ 2 &« N

12

which reduces to

& % N *% 3 . 8§ « N

12

where N = NUM_SUBMAT_PER_COL.

N = (N -1)

2
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B8y comparing the read and urite

with those generated by THREESUB#S,

counts

we

of

can

THREESUB#S saves 1 read and 1 write per block in

trfangle (except for row 1).

ALGORITHM THREESUB#S
WRITE COUNTS 8Y BLOCK

1 11 1 1 11111
1 11 1111111
1 2 2 2 2 2 2 2 2 2
1 2 % 3 3 3 3 3 3 3
1 2 3 &4 4 & & & & &
1T 2 % 4 5 5 S5 S5 5 5
1 2 3 &4 5 6 6 6 6 6
1 2 3 4 5 6 7 7 1 7
1 2 3 4 5 6 7 8 8 8
1 2 3% 4 5 6 7 8 9 9
ALGORITHM THREESUBS4

WRITE COUNYS BY BLOCK

1 11 11 1 11 11
1T 2 2 2 2 2 2 2 2 2
1t 2 3 3.3 3 3 3 3 3
1 2 3 4 & & & & 4 &
1 2 %3 4 5 5 5 5 5 5
1 2 3 4 5 6 6 6 6 6
1 2 3% &4 S 6 7 7 1 7
1 2 3 4 5 6 7 8 8 &8
1 2 3 &4 S5 6 7 8 9 9
1 2 3 4 5 6 7 8 910

THREESUBSS
see that

the wupper

ALGORITHM THREESJB#S
READ COUNTS 3Y B.0CK

10
10
10
10
10
10
10
10
10
10

1

1

1

9 1 1

10

9
10
10
10
10
10
10
10

2

9
10
10
10
10
10
10

1

3

9
10
10
10
10
10

O & GNP

10
10
10
10

ALGORITHM THREESUBS#4
READ COUNTS BY B.0CK

1
10
10
10
10
10
10
10
10
10

10
10
10

i1 1 1 1
1 1 1 1
2 2 2 2
3 3 3 3
& & 4 &
5 5 5 5
9 6 6 6
10 9 7 7
1010 9 8
10 10 10 9
1 1 1 1
2 2 2 2
53 3 3 3
6 & & &
5 5 5 5
6 6 6 6
10 7 7 7
10 10 8 8
10 10 10 9
10 10 10 10
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Algorithe THREESUB#6

Algorithes THREESUB#4 and THREESUBSS5 have two distinct

phases?

the application to columsn L of the reductions made
to col“.n' 10 2' csee?® L-l

the reduction of column L

When algoritha THREESUB#4 reduced block (3,4), block
(3,4) wvas revwritten after being reduced by bdBlock (3,1), was
again revwritten after the reduction by block (3,2) and was
finatly rewritten 2fter being reduced by biock (3,3). If a
block were only rewritten to disk after being totally
reduced, this could lead to tremendous savings ia total 1/0.
Algoritha THREESUB#6 {1s designed to reduce the nusber of
writes after partial reduction.

Algorithem THREESUB#6 is simflar to algorithm
THREESUB#4. No block in column | s touched until the Lth
pass. However, algoritha THREESUB#6 will reduce BLOTK (K.,L)
by blocks (K,1)»s (Ke2)s (Ksr3)seeer (KoL=1) before revritting
block (K,L) to disk. After the factors from the preceding
columns of btocks have been applied to the Lth columns, BLOCK
(LoL)Y {3 reduced and the remaining blocks in the Lth column
(blocks (K*1,L)s (K®2,0L)rceer (NoL)) are reduced using BLOCK
(.L.
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Here is the PL/I main routines

CALL READ_BLOCK (1,1,8L0CK1);

CALL AUTQO_REDUCE (BLOCK1l):

CALL WRITE_BLOCK (1,1.BLOCK1)?

00 J = 2 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK ¢J., 1., BLOCK2):

CALL VERT_REDUCE (BLOCKZ2,BLOCK1)?
CALL WRITE_BLOCK (BLOCKZ2):

DO T = 2 TO NUM_SUBMAT_PER_COL;
00 J =170 I-1:

CALL READ_BLOCK (J,1.,3LO0CK1);
DO K =1 7O J=-1;
CALL READ_BLOCK (J,K,BLOCK2):
CALL READ_BLOCK (K,I1,BLOCK3);
CALL TRI_REDUCE (BLOCK1,BLOCK2,8.0CK3):
ENDs
CALL READ_BLOCK (J,J.BLOCK2):

CALL HORIZ_REDUCE (BLOCK1,BLOCK2);
CALL WRITE_BLOCK (J,1,BLOCK1):

END:
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DO J = I TO NUM_SUBMAT_PER_ROVW:
CALL READ_B.OCK (J,1.,3L0CK1)S
00 K = 1 70 I-1:
CALL READ_BLOCK (J.,K.BLOCK2):

CALL READ_BLOCK (K,1.,BLOCK3);
CALL TRI_REDUCE (BLOCK1.,BLOCK2,B.0CK3);

END;
CALL WRITE_3LOCK (J,1,BLOCK1):

END?

CALL READ_BLOCK (I,I,BLOCK1):
CALL AUTO_REDUCE (BLOCK1):
CALL WRITE_BLOCK (I.I,BLOCK1):

00 J = I+1 TO NUM_SUBMAY_PER_ROW:
CALL READ_BLOCK (J,1.,BLOCK2);
CALL VERT_REDUCE (BLOCK2,8LO0CK1):
CALL WRITE_SLOCK (J,1,BLOCK2);

END:

END?

- e T L P —— -




The uwrite count s siaply N «% 2 plus the nusber of
blocks that are written twice. For column J > 1, there are
(Ne1~-J) blocks (those on or below the diagonal) that are

revritten tufce, so the nunbef of writes s

322 113 L 232 333
* *
N =2 2 o $ (N +1 -)) = N ¢ 2 ¢ s K
. *
L 21t 111 sheskeEy
J = 2 K =1
which s
N & (N =1)
2

Notez: Ve have eliminated the Ne%3 term froa the write

formula. This {s truly an impressive savings.
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Consider the reads for blocks above the diasgonal. A
block (J,1) above the diagonal {s read when {t is reduced,
and then reread wvhen each block belov it in coluen [ s
reduced, so it s read N¢1-) times. Since each block above
the diagonal in row J is read N¢l-J) times, and there are N-J
btocks above the diagonal in row J, there are (N=J)&(N=J+}])

reads for blocks above the diasgonal in row J. This yields a

totatl of
N=1 N-1
p 2 125 P 2] EEEERREE
» * N=z¢3 - N
% (N=JYS(N=J¢+]) s & K % (Kel) = cccecccnanne
&® 3
SRS RE RS SSKESES S
J=1 K =1

reads for blocks above the diagonal.

A block (J,I) on or below the dfagonal is read once
when L factors to its left are used, and agein uwhen column |
is reduced by block (I,I), and once for each of the (N-1)
blocks to 1ts right in the Jth row, for a total of (N=-]+2)
reads. (An exception 1is the first columan, 4hich {s not
reduced by any columns to fts left, so each block is read
N=-1+1, or N times.) Thus, for the first coluan there are
Ns¢2 reads. For blocks on or below the diagonal in columns
2 thru Ns there are (N-[¢2) reads for each of the (Ne¢I-1)

blocks for a total of (N-1€¢2)%(N¢[-1) reads.
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The total number of reads for blocks on or below the

diagonal s

N N~}
SESERE R ESRRRRE
] *
N #% 2 ¢ =% (N=J¢1)e(N~-1¢2) = Ne%x2 ¢ & K(K+1)
* &
PPt S 13 SREERR
=2 I=1

which s

Ns« 3 - N
N .. z L ) AP A U S GD GG Wb B W @ W -

3

Thus, the total number of reads {s

2 ¢ (N s 3 - N)

3

which s
4 s N 8 3 * 6 &« N 3% 2 - 4 & N

6



As can be seen from the following read and urite counts
generated by THREESUBS6, the only blocks that are rewritten
twice are {n the Lower triangle (excluding column 1). AlL

other blocks are only written once.

WRITE COUNTS BY BLOCK READ COUNTS BY B_OCK

1 1 1 1 1 1 11 1 1 10 10 10 10 10 1) 10 10 10 1
1t 211111111 1010 9 9 9 % 9 9 9
t 2 2 1111111 1010 9 8 8 8 8 8 8
1 2 2 2 1 1 1111 1010 9 8 7?2 7 v 71 7
1 2 2 2 2 11111 1010 9 8 7 5 6 6 6
1 2 2 2 2 2 1111 1010 9 8 7 6 S 5 5
1T 2 2 2 2 2 2 11 1. 1010 9 8 7 5 5 & 4
1 2 2 2 2 2 2 2 1 1 1010 9 8 7 5 5 & 3
1 2 2 2 2 2 2 2 2 1 10 10 9 8 7 5 S 4 3
1 2 2 2 2 2 2 2 2 2 1010 9 8 7 5 S & 3
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Algoritha THREESUB#Y

After snalyzing algorithe THREESUB#6, we can save N-1
reads and N-1 writes of the diagonal blocks (except for
(1,1)) by reversing the direction of one of the inner loops.

Here is the PL/I routine:

CALL READ_BLOCK (1.,1.8L0CK1)¢
CALL AUTO_REDUCE (1.1,.B.0CK1);
CALL WRITE_BLOCK (1.,1,8.0CK1):

DO J = 2 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (J, 1., BLOCK2):
CALL VFRY_REODUCE (J,1,BL0CK2,1,1.,BLOCK1):
CALL WRITE_BLOCK (J,1.BLOCK2):

END?




DO T = 2 TO NUM_SUBMAT_PER_COL:
00 J =170 I-1:
CALL READ_BLOCK (J,I,BLOCK1):

DO K =1 T0 J-1:

CALL READ_BLOCK (J,K.BLOCK2):

CALL READ_BLOCK (K,1.BLOCK3):

CALL TRI_REDUCE (J,1.8LOCK1,J,K,BLOCK2,Ks1,BLOCK3):
END?

CALL READ_BLOCK (J,J.BLOCK2):
CALL HORIZ_REDUCE (J,1.,.BLOCK1,J,J.,BLOCK2):
CALL WRITE_BLOCK (J,I.BLOCK1);

ENDS
D0 J = NUM_SUBMAT_PER_ROVW YO0 I BY -1:
CALL READ_BLOCK (J,I,BLOCK1):

00 K = 1 7O [-1;
CALL READ_BLOCK (J,K,BLOCK2):
CALL RFAD_BLOCK (K.,I.BLOCK3):
E”DCALL TRI_REDUCE (¢J,1.8LOCK1,J,K,BLOCK2,K,1,BLOCK3):

IF J *= [
THEN CALL WRIVE_BLOCK (J,1.BLOCK1);

END;

CALL AUTO_REDUCE (I.1.BLOCK1);
CALL WRITVE_BLOCK (I.I.BLOCK1);

DO J = J¢1 TO NUM_SUBMAT_PER_ROV;
CALL READ_BLOCK (J,1.8L0CK2);
CALL VERV_REDUCE (J,1.,BLOCK2,1.1.,BLOCK1):
CALL WRITE_BLOCK (J,I.,BLOCK2);

END:

END?

144



The uwrite counts can be derived by subtracting \=-1 from
the write formula for THREESUB#6, which gives us:
N &« (N -1)

N S 2 < coccscocevewas - (N-l,
2

which §s equal to

3*#Ne*ss2 - 3 &N ¢ 2

2

The read count formula is also derived by subtracting
N-1 from the read forasula for THREESUB#26, giving us:
& & N 28 3 * 6 $ N s¢ 2 - & & N

é

which is equal to

& ¢« N o3 ¢+ 635N s¢?2 - 10« N L4 6

6
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Here are the read and write counts by block for a

matrix divided into a ten by ten submatrix of blocks:

ALGORITHM THREESUB#7
WRITE COUNTS BY B8LOCK

NN NN RN P s s e
NN NN N o b b et Pt
NN N A bt pt b pub et s
NN N b pb b b b (b s
N A (b gt et b (b fud b b
N
P oo (et (et (ot o (b et et b

P b b it b b pub b pet b
NNANNNNNN R
NN NN N NN o e b

ALGORITHM THREESUB#6
WRITE COUNTS B8Y 8LOCK

1

NN NN N NN N e
NNV NN -
NN NN N N s s e
NN NN b b et et b s
NN A s et st et et
Y T e T
N o b b b (s b i ot P

Ph b b (b b b b peb b
NNNNNNN NN
NN NN N b et b b

B8y comparing these counts,

ALGORITHM THREESUBS7
READ COUNTYS BY 3LOCK

10 10 10 10 10 10 10 10 10 10
9

10 9 9 9 9 % 9 9 9
1010 8 8 8 8 8 8 8 8
1010 9 72 7 ¢ v 7 717
10 10 9 8 6 6 6 6 6 6
1010 9 8 7 5 S S5 S5 S5
1010 9 8 7 6 & 4 4 &4
1010 9 8 7 5 S 3 3 3
9 8 7 6 S & 2 2
9 8 7 5 5 4 3 1

ALGORITHM THREEZSUB#6
READ COUNTS BY BLOCK

[

WHWIr NN OO

10 10 10 10 10 10 10 10
10 10
10 10
10 10
10 10
10 10

10 10
10 10
10 10

LA R -E-E-N-E-N-X -
00 Q0 G0 09 OO 08 00 00 ©
NNNSNSNNN®O
OV NWO
VVAWVWAWWMO N O
S SLNON®DO
NNHNPIPNANON®D OO

ve see that indeed the

diagonal blocks (except (1-,1)) are read and written one time

less in this algoriths, Therefore, atgoriths THREESUB#?

saves N-1 reads and N-l1 writes.
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Algorithe THREESUBSS

Algorithe THREESUB#S will only write each block once.
Algorithes THREESUB#6 and THREESUBR#7 had two distinct parts.
They first reduced a column by the previous colusns and then
reduced the column by {tself, Algorithm THRCESU3#8 will
divide a column of blocks into three parts. The first poart
witl bde for all the blocks in &8 celumn above the diagonal.
These blocks wmust be reduced by the previous factors.
However, these blocks are already in final form and are not
affected by the reduction of the diagonal block in this
column, Then, the diagonal block (I.,I) is rejuced by all
the previous blocks in the Ith row ({i.e., blocks (I,K) where
K<1), and then block (I,I) {s self-reduced. After the
diagonal has been reduced, all the blocks below the diagonal
sre processed. These blocks are reduced by the btocks in
the previous cotumans and then by the diagonal block.

Here is the PL/I routine for this algoritha:

CALL READ_BLOCK (1,1.BLOCK1):
CALL AUTO_REDUCE (1,1,8L0CK1):
CALL WRITE_BLOCK (1.1,.BLOCK1):
D0 J = 2 TO NUM_SUBMAT_PER_COL:
CALL READ_BLOCK (J,1.,8BLOCK2):S
CALL VERT_REDUCE(J,1.BLO0CK2,1,1,BLOCK1):

CALL WRITE_BLOCK(J,1,BLOCK2):
END?
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00 I = 2 TO NUM_SUBMAT_PER_COL:

DO 4 =1 T0 I-1¢

CALL READ_BLOCK (J,1.BLOCK1):
DO K =1 70 J-1;

CALL READ_BLOCK (J.,K,BLOCK2)?

CALL READ_BLICK (K,1,BLOCK3):

CALL TRI_REDUCE

(Jo1,BLOCK1,J,K,BLOCK2,K,1,3L0CK3)?

END:
CALL READ_BLOCK (J,J,BLOCK2);
CALL HORIZ_REDUCE (J,1.BLOCK1.,J,J,BLOCK2):
CALL WRITE_BLOCK (J-1.8BLOCK1):

END:

CALL READ_BLOCK (I,I.BLOCK1):

DO K =1 70 I~-1;

CALL READ_BLOCK (K,I.,BLOCK3):
CALL READ_BLOCK (I.K.BLOCK2):
CALL TRI_REDUCE (1.1.BLOCK1,1.,K,BLOCK2,C/,1+,3L0CK3):

ENDS

CALL AUTO_REDUCE (I,1.BLOCK1):
CALL VWRITVE_BLOCK (I,I.BLOCK1):

DO J = J+1 TO NUM_SUBMAT_PER_ROW:

CALL READ_BLOCK (J.,I.,BLOCK1):

DOK =170 I-1;
CALL READ_BLOCK (J,K,BLOCK2):
CALL READ_BLOCK (K.I,BLOCK3)?
CALL TRI_REDJCE
(J,1,8LO0CKL,J-K,BLOCK2,K,1,BLOCL3);
END:

CALL READ_BLOCK (I,I,BLOCK2);
CALL VERT_REDUCE (J,I,BLOCK1,I.I.,BLOCK2):
CALL WRITE_BLOCK (J,I,BLOCK1):

END:

END?



The goal of the algorithe 1s to rewrite cach subsatrix
once. In fact, the number of writes is exactly N®%2,

In atgorithe THREESUB#7, there vere two distinct phases
to the algorithe. In the first phase of the Ith pass, the
factors from coluans 1 taru I=-1 were applied. In the second
phase, the dfagonal block (I,I) was reduced ani ecach block
beneath (I,I) in that coluen (BLOCK(I+®1,I), B_OCK(I+2,1).
thru BLOCK(N,I)) was reduced using the values stored in the
diagonal block, BLOCK (I.1).

Revieuwing the Ith pass of atgorithe THRZESU3I#7, we see
that each block benesth the disgonal {s read once in the
first phase and once in the second phase. Howevers, the
diagonal BLOCK (I,1) is only resad once in the Ith pass.

Therefore, & block in the lower triangle was read twice
in pass 1 and once in the each of the remaining passes [+,
1¢2, thery N=1, and N. The diagonal block s read once in

pass | and once in each of the remaining passes.

o e e nm - e —— -
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In order to accomplish the goal of reducing the number
of writes to Ns%2, algoritha THREESUB#8 combined phases 1
and 2. Hence, after apolying the factors from previous
coluens to » lower trisngle block, this block s reduced by
the disgonel bleck above {t. This saves one read for each
bleck below the disgonal. However, this requires that the
diagonal bleck be reread for each block beneath f{t. The
diagonal bleck cannot be retained {n memory, since ve must
apply the reductions fros the previous columns to> the next
block and only three blocks can be 1in semory at once.

Therefore, pass 1 does one less read for the N-[ blocks
beneath the diagonal, but it reads in the diagonsal an extra
N~ times. Thus, it performs exactly the sase number of

reads as algoritha THREESUB#27, which {3

4 S N %53 ¢ 6 % N 3 2 =10 ¢« N ¢ §

6
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The read and write counts for a ten by ten subdivision

of a matrix bear out the analysis presented above:

WRITE COUNTS 8Y BLOCK READ COUNTS BY 3L0CK

1 11 11 111 11 10 10 10 10 10 10 10 10 10 10
1 1111111 11 1017 9 9 9 9 9 9 9 9
f 11 11 11111 10 915 8 8 8 8 8 8 8
1 11 11 111 11 10 9 813 7 7 7 7 7 7
1t 111111111 10 9 8 711 6 6 6 6 6
1t 11 1111111 10 9 8 7 6 ? 5 S5 S5 S
1 121 1111 111 10 9 8 7 6 5 7 & 4 &
1 11 1111111 10 9 8 7 6 5 4 S5 3 3
1 11 11111 11 10 9 8 7 6 5 & 3 3 2
1 11 1 1 111 11 10 9 8 7 6 5 4 3 2 1

It §{s easy to see that the algorithm writes each block
only onces so the total number of writes is N =x¢ 2,

AS we can see by comparing the read table for
THREESUB#8 with that for THREESUB#7, a given diasgonal
element s read N-I times more often in THREESJB#8 than in
THREESUB#7. Also., notice that each element in the lower
triangle 1{s read one less time in THREESU3#8 than in
THREESUB®7.

TMREESUB#7

READ COUNTS BY BLOCK
10 1: 10 10 10 10 10 10 10 10

[

[ J

[y

(-]
VOO OVOOOVXO
39 G0 00 00 OB 00 ~N 00 ©
NNNVNNONOO
OO VON®Y
VMWV EVO~N®O
PP WSIrLNVOND O
WANUWSIPVWVOERNE O
PNWUENON®D O
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A direct derivation for the read count formala is also
possible.

A bleck (J,1) sbove the disgonal 1s read once when {t
1s reduced, and agein for each block below it, so it is read
N=J¢1l times. Since there are (N-I) blocks above the
difagonal 1in row Js there are (N=J)&(N=J¢l) reads for the

blocks above the dfagonal in row J. This yields 2 total of

N=-1 N -1
shegee® eSS E R
E * N % 3 - N
* (N-J)(*J’l) = L K(Kel) = covcwcsscswes cee
* *« 3
L2 1212 SEEESE
J=1 K= 1

Each block below the diagonal §s read once when it is
reduced by both the | factors to d{ts Lleft and by the
ditagonal block above it in the same column. Each block s
slso read once to reduce each of the blocks to its right.
Block (Jesl) where JCI is read N-]¢1 times, so the total
reads for the N-I blocks below the dfagonal in coluen I s
(N=I)(N=-I+1). Thuss, the number of reads for all blocks

betlow the dfagonal is

N-1 N-1
xsheh g P 1137
& N*s 3 - N
® (N=J)(N=-Je*]1) = K(Kel) = easesecseccsvessn
* & 3
b 2 22 23] P 3 TTIT ]

J=1 K=1
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Finally, consider the diagonal block (I.D). Block
(1,1) {s read once to reduce itself and the rest of the
first coluan. Block (1,1) is read again for each of the N-1
blocks to the right of it in the first rows, so odlock (1.1)
is read N tinmes. Any other diagonal block (I,I) is read
once when it s reduced. then, it is read again for each of
the N-1 blocks below it and once for each of the N-I blocks
to the right of it, for a total of 2%(N-1)¢]1 times. Thus,

the number of reads for the diagonal {s

N N =1
(222 R 2 2 *esk 2
» .
N ¢ * (2%(N=I)e1) = N ¢ & (2% ¢ 1)
* «
SR SRS 58686
I =2 K =1
which s

N %% 2 = N ¢ 1,

Thus, the total number of reads {s
N s 3 - N N *¢ 3 « N

Y e LY L T & cescocovveccnane & N s 2 « N ¢ 1

3 3
vhich {s
& $ Nes3 ¢+ 6 * Ns¢e 2 =~ 10 ¢« N ¢ §
6

wvhich §s the sase as the read count foraula derived for

algorithe THREESUB®#7.
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Algorithm THREESUB®Y

After oanalyzing the data flow froa algoritha
THREESUB#8, it can be seen that BLOCK (1,1) is read tuice in
the dnitial phases of the algorithm, once vher it reduced
and once to reduce BLOCK (1,2). Also, BLOCK (1,2) is read N
times in the second pass, once when it {s reduced and once
vhen it 4s used to reduce blocks beneath it. This {s due to
the loops necessary for passes 3 thru N. Hencer by removing
pass 2 from the main Loop and having a separate loop for the
second cotuan of blocks at the start of the main program, we

can save N reads.
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Here 1s the PL/I routine:

CALL READ_BLOCK (1.1,.BLO0CK1):
CALL AUTO_REOUCE (1,1.BLOCK1):
CALL WRITE_BLOCK (1.,1.BLO0CK1):

DO J = 2 TO NUM_SUBMAT_PER_COL:

CALL READ_BLOCK (J,1.8L0CK2):
CALL VERY_REODUCE(J,1.BLOCK2,1,1.,BLOCK1):
CALL MRITE_BLOCK(J,1,8LOCK2):

END:

CALL READ_BLOCK (1,2,BLO0CK2);
CALL HORIZ_REDUCE (1.,2,8L0CK2,1,1,BL0CK1);
CALL WRITE_BLOCK (1.,2,8L0CK2):

CALL READ_BLOCK (2.,1,BL0CK1):

CALL READ_BLOCK (2,2.BLOCK3).

CALL TRI_REDUCE (2,2,B8L0CK3,2,1,8L0CK1,1,2.,8L9CK2):
CALL AUTO_REDUCE (2,2,8LOCK3);

CALL WRITE_BLOCK (2,2.8LO0CK3):

DO J = 3 TO NUM_SUBMAT_PER_COL:

caLL
CALL
CALL
CAaLL
CALL
CALL

END?

READ_BLOCK (J,1.BLOCK1):

READ_BLOCK (J,2,BLOCK3)?

TRI_REDUCE (J.,2.BLOCK3,J,1,BL0CK1,1,2,BL0CK2):
READ_BLOCK (2,2.BLOCK1):

VERT_REDUCE (J,2,BLO0CK3,2,2,BLOCK1);
WRITE_BLOCK (J,2,BLOCK3):




/%% MAIN LOOP PASSES 3 THRU N »%/

DO I = 3 VO NUM_SUBMAT_PER_COL:

DO

J =170 I-1;
CALL READ_BLOCK (J,1,BLO0CK1);

DOK =170 J-1:
CALL READ_BLOCK C(J,K,BLOCK2):
CALL READ_BLOCK (K,1,.BLOCK3):
CALL TRI_REDJCE
(Jo1,BLOCKL,J,K,BLOCK2,K,1,8L0CC3)?
END?Z

CALL READ_BLOCK (J,J.,BLOCK2):
CALL HORIZ_REDUCE (J,1.,8L0CK1,J,J.,BLOCK2);
CALL WRITE_BLOCK (J,I,.BLOCK1):

ENDS

CALL READ_BLOCK (I.I.BLOCK1):

DO K =1 10 [-1;

END

CALL READ_BLOCK (K,1,BLOCK3):

CALL READ_BLOCK (I.,K.BLOCK2):

CALL TRI_REDUCE
(1,1,8LOCK1,I,K,BLOCK2,K,1,BLOCK3);

CALL AUTO_REDUCE (I.1,BLOCK1):
CALL WRITE_BLOCK (I.1,8L0CK1);

D0 J = J+1 TO NUM_SUBMAT_PER_ROW:

CALL READ_BLOCK (J,I.BLOCK1):

DO K =17T0 [~-1;
CALL READ_BLOCK (J,K.,BLOCKZ2):
CALL READ_BLOCK (K.,1,BLOCK3):
CALL TRI_REDJCE
(Jr1,BLOCK1,J,K,BLOCK2,K,I,3LOCK3)?
END;

CALL READ_BLOCK (1,1.8L0CK2):
CALL VERT_REDUCE (J,1.8LOCK1,I,1,BLOCK2):
CALL WRITE_BLOCK (€J.,1,8LOCK1);

END;

END:
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By modifying the looping patterns, algoriths THREESUBS9
saves one read of BLOCK (1,1) and N-1 reads of 3L0CK (1,2)
in passes 1 and 2. Hence, the read foramula for atgorithe
THREESUBSY {s the read forauls for algorithe THREESUBSS

minus N. Sor, we have

4 ¢ N33 ¢ 6 % N &2 - 10 « N ¢+ 6
---------------------;------------------ - N
which {s
& % N 8%3 ¢ 6 s N 2% 2 =~ 16 & N ¢+ 6

6

By comparing the read counts from algorithm THREESUB#S
with those from algorithem THREESUB#9, we confirm that
algorithm THREESUBE#9 only reads BLOCK (1,2) once while
algorithm THREESUB#8 does N reads. Also, THREESU3#9 reads
BLOCK (1,1) only N-1 times while THREESUB#8 reads BLOCK
(1,1 N times.

ALGORITHM THREESUB#S ALGORITHM THREESJB#9

READ COUNTS BY BLOCK READ COUNTS 8Y BLOCK

10 10 10 10 10 10 10 10 10 10 9 110 10 10 10 10 L0 10 10
1017 9 9 9 9 9 9 9 9 1017 9 9 9 9 9 9 9 9
10 915 8 8 8 8 8 8 8 10 915 8 8 8 8 8 8 &8
10 9 813 7 72 72 r 7 7 10 9 813 7 ¢ 7 7 v 7
10 9 8 711 6 6 6 6 6 10 9 8 711 6 6 6 6 6
10 9 8 7 6 9 5 5 5 5 10 9 8 7 6 9 5 S S5 S
10 9 8 7 6 5 7 4 4 & 10 9 8 7 6 S5 7 & & &
10 9 8 72 6 5 4 5 3 3 10 9 8 7 6 5 & S5 3 3
10 9 8 7 6 5 4 3 3 2 10 9 8 7 6 S & 3 3 2
10 9 8 7 6 5 4 3 2 1 10 9 8 7 6 S 4 3 2 1
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Algorithm THREESUBS10

After analyzing the data flov of passes 3 theu N of
slaorithe THREESUB#9, we can achieve a further savings of

N=?2 reasds.

In pass K of algorithe THREESUB#9, BLOCK (1,K) is read
and reduced by BLOCK (1,1). Then, BLOCKs (1.K), (2,1), and
(2,K) are read. BLOCK (2,K) is reduced by the product of
BLOCKs (2.1) and (1,K). Then, BLOCK (2,2) is read and used
to reduce BLOCK (2,K). There is no need to reresd BLOCK
(1,K) in order to reduce BLOCK (2,K). Algorithe THREESUB#10
will save this unnecessary read of BLOCK (1,K)., Since this
savings wilt occur only in passes 3 thru N, algoriths

THREESUB#10 saves N-2 reads.

Please note that BLOCK (1,.K) cannot be savel in memory
when reducing BLOCKsS (3,K)s (4.,K)s ceer (NoK), since we can
only have three blocks in memory st once and any block below
the second row sust be reduced by the product of B_OCK (2,K)

and (3,2) as well as the product of BLOCK (1.K) and (3.1).
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Here is the PL/I routine:

CALL READ_BLOCK (1.1.BLOCK1);
CALL AUTO_REDUCE (1.1.BLOCK1):
CALL WRITE_BLOCK (1.1,8L0CK1)?

DO J = 2 TO NUM_SUBMAT_PER_COL:

CALL

CALL

CALL
END?

READ_BLOCK (J,1.BL0CK2);
VERV_REDUCE(J,1.,8L0CK2,1,1,BLOCK1):
WRITE_BLOCK(J,1,8L0CK2);

IF NUM_SUBMAT_PER_COL > 1

THEN

00:

CALL READ_BLOCK (1,2,3L0CK2):
CALL HORIZ_REDUCE (1,2.BLO0CK2,1,1,B_0CK1):
CALL WRITVE_BLOCK (1.,2,BLOCK2):

CALL READ_BLOCK (2,1.3L0CK1):

CALL READ_BLOCK (2,2,3L0CK3):

CALL TRI_REDUCE
(2,2,8L0CK3,2,1,3L0CK1,1,2,BL0CK2);

CALL AUTO_REDUCE (2,2,BLOCK3):

CALL VRITE_BLOCK (2,2,.BLOCK3);

END:

00 J = 3 TO NUM_SUBMAT_PER_COL:

CALL
CALL
CALL
CALL
CALL
CALL

END?

READ_BLOCK (J,1,BLOCKL):

READ_BLOCK (J,2,BLOCK3):

TRI_REDUCE (J,2.BLOCK3,J,1,BLO0CK1,1,2,BLO0CK2):
READ_BLOCK (2,2.BLOCK1):

VERT_REDUCE (J,2,BLOCK3,2,2.8LO0CK1):
WRITE_BLOCK (J,2,BLOCK3):
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DO I = 3 TO NUM_SUBMAT_PER_COL:

CALL READ_BLOCK (1.1.,BLOCK1):

CALL READ_BLOCK (1,1.,8LO0CK2):

CALL HORIZ_REDUCE (1,1,8L0CK1.,1,1,BLO0CK2):

CALL VWRITE_BLOCK (1,1,.BLOCK1):

CALL READ_BLOCK (2,1.,BLOCK3);

CALL READ_BLOCK (2,1.BLO0CK2);

CALL TRI_REODUCE (2,1.,8L0CK3,2,1.8L0CK2,1,1,BLICK1):
CALL READ_BLOCK (2,2.BLOCK2):

CALL HORIZ_REDUCE (2,1,BLOCK3,2,2,BLOCK2)?

CALL WRITE_BLOCK (2.1.BLOCK3):

00 J =3 70 I-1;
CALL READ_BLOCK (¢J,1,B8LO0CK1)¢
DO K =1 T0 J-1:
CALL READ_BLOCK (J,K,BLOCK2):
CALL READ_BLOCK (K,I.,BLOCK3):
CALL TRI_REDUCE
(J,1,BLOCKL1,J,K,BLOCK2,K,1,3L2CK3):
END;
CALL READ_BLOCK (J,J,BLOCK2):
CALL HORIZ_REDUCE (J,1.BLOCK1,J,J,BLOCK2);
ENDCALL WRITE_BLOCK (J,I.,BLOCK1):
[

CALL READ_BLOCK (1.1.BLOCK1):

DO K =1 T0 I-15

CALL READ_BLOCK (K,I,BLOCK3);

CALL READ_BLOCK (I.K,BLOCK2):

CALL TRI_REDUCE (I,I.BLOCK1,I,K,BLOCK2,£,1,3L0CK3);
END3S

CALL AUTO_REDUCE (I,I1.BLOCK1):
CALL WRITE_BLOCK (I.,1.BLOCK1);

DO J = 1¢1 TO NUM_SUBMATY_PER_ROW:
CALL READ_BLOCK (J.,I.,BLOCK1):
00 K =1 70 I-1;
CALL READ_BLOCK (J,K.,BLOCK2):
CALL READ_BLOCK (K,I.BLOCK3):
CALL TRI_REDUCE
(Je1,BLOCK1,J,K,BLOCK2,K,1,3L0CK3) S
END:
CALL READ_BLOCK (I.1.8LO0CK2):
CALL VERT_REDUCE (J,1,BLOCK1,1,1,BLOCK2);
CALL WRITE_BLOCK (J.I.BLOCK1):
END:

END:




Since algorithe THREESUB#10 does N-2 reads Lless than
slgorithe THREESUB#9, we can derive the read foraula for
YHREESUB#10 from that of THREESUB#9. So we have.

4 ¢ N 283 ¢ 6 s N %62 =~ 16 « N+ 6

6

which 1s
& s N %3 ¢ 6 ¥ N & 2 =~ 22 & N ¢ 18

6

By comparing read counts for THREESURE1D with the
counts from THREESUBE9, we can confirm the blocks in the
first row from columns 3 thru N are read one Lless time.

Thus, ve save N-2 reads.

ALGORITHM THREESUB#9 ALGORITHM THREESJB#10

READ COUNTS By 8LOCK READ COUNTS 3Y 8.0CK

9 110 10 10 10 10 10 10 10 9 1 9 9 9 9 9 9 9 9
1017 9 9 9 9 9 9 9 .9 1017 9 9 9 9 9 9 9 9
10 915 8 8 8 8 8 8 8 10 915 8 8 8 8 8 8 8
10 9 813 7?7 7?2 7 7 7 7 10 9 813 72 7 v v v 7
10 9 8 711 6 6 6 6 6 10 9 8 711 6 6 6 6 6
10 9 8 7 6 9 5 S S5 5 10 9 8 7 6 9 5 S5 5 5
10 9 8 7 6 S5 7 & & & 10 9 8 7 6 S 7 & & &
10 9 8 7 6 5 & S5 3 3 10 9 8 7 6 5 &4 5 3 3
10 9 8 7 6 S & 3 3 2 10 9 8 7 6 S & 3 3 2
10 9 8 7 6 5 & 3 2 1 10 9 8 7 6 5 & 3 2 1
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Comparison of Algorithas THREESUB#1 thru THREESU3#L10

It is tiee to stop and compare these algorithes.

Algorithes THREESUB#1 thru THREESUB#10 use the
submatrix storage method. This wethod requires that at
least three blocks must be able to fit in wmemory at once.
In fact, the sfize of the blocks {s chosen with memory in
minds so that exactly 3 blocks fitl fit into memory. Let us
compare these algorithas.

Even though the read and write count equations are
given 1in the sectfons describing each algoritha, they are
repeated here for comparison purposes (usiny the same

denoainator).
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Algorithe

Number of Reads

96

Numsber of Writes

THREESUBAL

THREESUB#2

THREESUBS]

THREESUBRS

THREESUB#S

THREESUB#6

THREESUBS?

THREESUB#S

THREESUB#9

THREESUB#10

BENSS3+6ENER2 = 28N

12

BENSS3+SENER2=-14¢N+12

12

8ENS%3=20%N+24

12
S8EN223+6ENE%2~2%N

12

SENSS3e 4N

12
BENS83+12N&&2-8¢N

12
SENS$3¢128N2€2=-208N+12

12

BENS%3¢122NE&2-208N+12

12
8ENS83+]128N%&2~-328N+12

12

S8ENSS3+12¢NS&2-44L%N* 36

12

LENS23I+ L eNES2 02 &N

12

L2NES3464NES2 -] 0&N¢12

12

L4ENSS3+62NES2~]1 06Ne 12

12

LBNE 23+ 6RNER2 42 2N

12

LeNxE3+8&N

12

18sNs22-62N

12
182Ns22~18¢Ne12

12
12%N%%?2

12
12%Ns82.

12

12%N%%2

12



As can be seen from the formulas above, aljorithms
THREESUB#8, THREESUB#9, and THREESUB#10 do the least number
of urites. Even though these algorithms do msore reaids than
several of the other algorithes, their total I/0 count {s
less than atl the others due to their Llarge usrite count
advantage. Since, algorithm TYHREESUB#10 does the least
number of reads froms this group, aslgorithas THRCZESU3I#10 s

the °best® three square Jecomposition method.

9?7



A table showing the coabined read and write counts {s

presented below:

Algorithm Total 170 Count

THREESUB#1 65Ne%3 ¢ 68Nse2
-------;-------

THREESUB #2 6%NE23 ¢ 68N#%2 - 12¢N ¢ 12
-------;-------------------

THREESUB#3 6ENs%3 ¢ 3eNs%2 - 158N + 18
-------;-------------------

YHREESUB#4 6%NE%3 ¢ 6ENBE2
-------;-------

THREESUB#S 6&NS%3 ¢ 6N
-------;----

THREESUB®6 4ENS%3 ¢+ 15¢N®%2 - 78N
-------;--------------

THREESUB®#? 4ENES3 ¢ 15¢N%%2 - 198N ¢ 12
-------;--------------------

THREESUB#S LENSE3 ¢ 12¢N®22 - 108N ¢ §
-------;-------------------

THREESUB#9 LENSES ¢ 126N%#2 = 168N ¢ §
-------;-------------------

THREESUB#10 LENEE3 ¢ 12&N%82 - 22%N ¢+ 18

6
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After exenining the table above, we can conclude that
THREESUB#10 1s the best algoriths for this storage aethod.
The only exceptions are the cases in which N=2 or N=3, For
N=2, THREESUB#3 requires 8 170 operations, while THRZESUB#10
requires 9 1/0 operations. For N=3, THREESUB#3 requires 27
1/0 operations., while THREESU3#10 requires 28 170

operations.

— o — -
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algoritha for

A table Listing the read and

three

sample

write

asatrices

advantages of algorithe THREESUB®#10.

B P as3500 0

Suss1
SuR#2
sus#s3
SuB#4
susss
SuBs#é
suBe?
susss
Suss9

watrix
divided
into

S by S
submatrices
t ¢+ * + 3 2 2 ¢ &

read write total

natrix
divided
into

10 by 10
submatrices
t : ¢+ £ 2 2 £ £ 4

read write total

95 55 150
91 51 142
144 51 126
95 55 150
85 43 140
105 35 140
101 31 132
101 25 126
96 25 121

sus#to 93 25 118

715 385 1100
706 376 1082
652 376 1028
715 385 1100
670 340 1010

760 145 905
751 136 887
751 100 851
741 100 841
733 100 833

will

counts far, each

reconfirm the

snatrix
divided
into

20 by 20
subsatrices
SBO2ESSIES

read urite total

5530 2870 8400
5511 2851 8372
5302 2351 8153
5530 2870 8400
5340 2580 8020
5720 590 6310
5701 571 6272
5701 600 6101
5681 400 6081
5663 400 6063
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Algorithes THREESUB#1., THREESUB#2, and THREESUB#3
reflect the same basic idea: reduce BLOCK (I.]) and then
reduce the rest of the blocks.

Algorithas THREESUBS#& thruy THREESUB#L0 also have 2
common theme: reduce a block only when its column s being
processed.

Algorfithas THREESUB#6 thru THREESUB#L10 succeed in
producing a savings by reducing the nusber of urites.
Algorithes THREESUB#8 thru THREESUB#10 write each block only

once.

From the N3%2 write algorithes, algorithm THRCESUB#10
does the least number of reads.

Algorithe THREESUB#10 does do aore reads than
algorithas THREESUB#1 thru THREESUB#4. However, the read
advantage {is small 4n comparison to the write advantage
enjoyed by algorithm THREESUB#10.

Hence, algorithe THREESUB#10 is the ‘*best® submatrix
decoaposition without interchanges algoritha, except for the

special cases, N=2 and N=3,
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Comparison of Algorithms COLP#1 and THREESUB#L0

It {s not as easy to cowmpare algorithas (COL#1 and
THREESUB#10 as it was to compare THREESUB#1 thru THRCESUB#10
or ROW#1 thru ROVWS3 or ROWS3 wversus COL#1. Algoritha
THREESUB#10 uses submatrix storage and requires the blocks
to be snall enough to ensble three blocks in memory at once.
Algorithm COL#1 uses column storage and requires the blocks
to contain complete colusns and be small enough to allow two
blocks in mewmory at once.

In order to compare these algorithes, solution of an
actusl wmatrix by each wmethod aust be contrasted using
different nemory sizes. As an example, we will Llook st o
1000 by 1000 matrix. Each element uses four bytes. Ve have
selected memory sfizes of 48000, 64000, 96000, 128000, and
256000 bytes avatlable for data. The results are susmerized

in the table below.
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algorithe COLSL

48000

nunber of subdbsatrices 167

size of each bleck
number of reads
nusber of writes

total 1/0

64000 96000

125 84

1000x6 1000x8 1000x12

14028

167
14195

algorithe THREESUB#10

submatrix=shape
size of each block
numsber of reads
nuaber of writes

total 1/0

16x156
63x63
2391
256
2647

7875 3570
125 84
8000 3654

14x14 12x12
T3x73 89x89
1977 1255

196 144
2173 1399

103

128200 256000

63 32
1000x16 1000x32

2016 528
63 32

207y 560

10x10 Tx?

103x103 146x146

733 255
100 49
833 304



As can be seen, algorithme THREESUB#10 does auch better
than algorithe COL#1 with a small memory. As memory gets
bigger, algorithm COL#1 catches up. In the followiny table.,

512000, 762000, and 1024000 bytes are contrasted.

512000 768000 1024000

algorithe COL#1
reads 136 66 36
writes 16 11 8
total 152 7 54

algorithe THREESUB#10

reads 93 $3 53
writes 25 16 16
total 118 69 69

Algorithm COL#1 4s better than algorithe THREESUB#10 in
memories greater than 768000 bytes.

The poor performance of Algorithm COL#1 with a seall
memory size can be explained easily. Before rejucing block
Ns the factors from the previous blocks were applied. Most
of the elements In block N-1 were U factors, which vere not
needed. On the other hand, algorithe THREESUB#10 did not

bring Into memory as many unneeded values.
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The conclusfions dravn from the experiments can also be
derived mathematically using the following argument:

Assume the matrix has n elements per row and n
elements per coluan.

Assume memory can hold » elements of the metrix at
once.

Since algorithas THREESUB#10 uses the submatrix storage
schewme, the following statements follow:

The m elements of eemory wsust be divided 1{nto
threer since this scheme requires the presence in
memory of three subblocks simultaneously. Each
submateinx is squarers having x elements oper
submatrix rov and x elements per submatrix column.
Hences, x {3 approximately the square raot of
(n/3). Sos, meamory can hold three subblocks at
once or ltxss2 elements.

Since a subblock contains x elements per suomatrix
rovwe @ subblocks will be needed to cover a2 wmatrix
row ¢Cwhere @ = n/x). Hence, the satrix can be
viewed as being an @ by @ wmatrix of subdlocks.
Furthermore, the matrin can also be regarded as an
@x by @x matrix of elements.

semory = 3 & x s¢& 2 elenents
matrix = @x by Qx elements
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Since algorithe COLFL uses the column storage scheme,
the follouing statements follow:

The m elements of memory must be divided into two.,
since this scheme requires the presence in wmemory
of two subblocks simultaneocusly. Each suamatrix
is rectangular, having v elesents per suomatrix
row and n elements per submatrix column. Hence, y
4s approximastely the quotient of (m/2) divided by
Ne So., memory can hold two subblocks at once or
2¢ytn elements.

Since a subblock contains y elements per susdmatrix
rows T subblocks will be needed to cover a2 matrix
row fCwhere T = n/y). Hence, the matrix can be
viewed as consisting of T blocks each y by n
elements big. Furthermore, the matrix can also be
regarded as a T 2 y * n matrix of elements.

memory = 2 2y % n eleaments
matrix = noby T =y elements




Algoritha THREESUB#10 Algoritha COLS#1
memory = 3 & x 8% ? mesory = 2 % y & n
matrix = @x = @x satrix = T. % y ¢ n

Since the matrix is n by n, and @x s approxisately n;
we derive the following relationships between the different

storage schema:

Algorithe THREESUBR1L10 Algorithe COL#1
memory = 3 & x &% 2 memory = 2 % y ¢ @ € x
mateix = Qx * @nx matrix = T sy € Q@ ¢ x

Using memory as the comeon limiting feature, we have:

3 8 x %% 2 = 2 5y & Q % x

3 % x = y
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Now, using saterix row sfize as the common feature, we have:

Q & x = T ¢y
3 & x
Q@ * x = T &8 weccae
2 = @
2 Q ¢ Q@ s x = T &« 3 & x
2 Q%49 = T
3

Nows T §s the same as the N used for the nuasber of
subblocks wused 4in the algorithe COL#1 read and write count
foraulas.

Also, @ is the same as the N used for the nuaber of
subblocks wused in the algorithe THREESUB#10 read and write

count formulas.,

Rewriting the forasulas for algorithms THREZSUB210 and

COL#L in terms of @ ond T, we have:

algoritha nusber of reads nuaber of writes
coL# T (7 ¢ 1) T
2

THREESUB#10 4 % Q%3 ¢ 6 &« Q%2 ~ 22 % @ ¢+ 18 Q@ *x 2

L T X T Y ¥ Y Y Y L 2 Xt 0 ¥ ¥

6




Converting the formutale) for atgoriths COL#1 dnto

terms of 0, we have:

algorithe nusber of reads nuaber of writes
coLs L& S Q &2 4 * 6 & @ 8% 2 2 % @ && 2
18 3

THREESUB#10 & * Q¢e3 ¢ 6 * Q%22 - 22 & @ ¢ 18 Q *¢ 2

6

The total 170 formula for each algorithma fs:

algoritha COL#1 6 ¢ Q ¢85 4 ¢ 18 ¢ @ 0 2
18
slgorithm 12 & @ %% 3 ¢ 36 = Q #% 2 - 66 * @ ¢+ 54
18

It 4s {amediately apparent that the @ %% & ters 4n

the formula for algorithe COL#1 will domsinate.
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A table comparing the above formulae {3 presented
below:

coLe THREESUB#10

e 170 170
VALUE COUNT COUNT
AREWE BSER3 REEEETSESERESSE

1.00 1.22 2.00
2.00 7.56 9.00
3.00 27.00 28.00
4.00 72.89 63.00

5.00 163.39 118.00

6.00 324.00 197.00

7.00 582.56 304.00

8.00 974,22 443.00

9.00 1539.00 618.00

10.00 2322.22 833.00

In this table, the Last colusn (labeled THREESUB#10)
gives the total 170 count for algorithes THREESU3I#10 for the
corresponding value of @. For exasmple, 1f @ = 1, the entire
matrix fits into memory, so the 170 count is 2, one read and
one write,

The second column is not exactly the 170 count for
algorithm COLSf1. Instead 1t s the value of the foraula
above, wuhich was based on the assumption that T = (2./3.) =
ex2, Clearlys, the 170 count for @ = 1 {s 2, one read and
one write. 1In general, it depends on the amount of rounding
fnvolved in computing T. For lLarge values of @, the effect

of rounding 1{s not as i{important, and THRZESU3I#10 s

significantly better better than COL#1.



To see what happens for small @, ve first consider @=2.
This means that there are & blocks, so memory 4{s Llarge
enough to hold 374 of the matrixs, but not the entire matrix.
Since COL#1 requires 2 blocks in memory, T must be 3. (T=2
is never used, because in that case the entire vatrix fits
into wmemory at once and T = 1,) With T=3, only 2/3 of the
matrix need be In memory., and this will certainly fit, since
memory can hold 3/4 of the moatrix. With I=3, CO.#1 ylelds 6
reads and 3 writes for a total 11/0 count of 9. Thus.
THREESUB#10 and COL#1 do the same amount of 1/0 when @=1 or
Q@=2, (But THREESUB#3 uses only 8 170 operations in this
case,)

Now suppose @ = 3, so THREESUB#10 splits the matrix
into 8%%2 or 9 blocks. Since three blocks must be in
memory, memory uill hold 1/3 of the matrix, but not 374 of
the matrix. Then, depending on the size of memory, T can be
anyvhere from 3 ({f memory will hold 2/3 of the satrix) up
to 6 (41f amemory holds only 1/3 of the matrix). The
corresoonding 1/0 counts for COL#1 vary from 9 for 723 to 27

for T=6. Thus, COL#21 {s better than THREESU3#10 for @=3.
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We obtain the following table for small Q.

fraction of matrinx

in memory total 1/0
] total 1/0 lower upper T values CoL#1
value for SUB#10 bound bound from to froam to
1 2 1 to 1 1 1 2 to 2
2 9 374 to 1 3 3 9 to 9
3 28 173 to 374 3 6 9 to 27
4 63 3716 to 173 7 11 35S to 77
5 118 3725 to 3716 11 17 77 to 190
6 197 3736 to 3725 17 24 190 to 325
7 304 3749 to 3736 24 33 325 to 594
Indeed for @ >= 7, THREESUB#10 1is always osetter than
coLel.

To obtain a bound for the [/70 count of COL®#l, we
consider the case n wuwhich THREESUB#10 uses @ blocks per
rovs, but mesory is almost Llarge enough to allow {t to wuse

(@-1) blocks per row. Then,

2 & (Q=1) 3% 2
T (‘ 2y Yy rr X 1 1 ¥ 3
3
so we use T = CEIL ((2%(Q-1)%%2)/3) and compare the 170
counts for COL#1 using this T with those from THRCZESUB#10

using @ blocks per row. The results are given in the table

betow.

112



] T
VALUE VALUE
3 3
4 )
5 11
6 17
L4 24
8 33
9 43
10 54
25 384
50 1601
75 3651
100 6534
150 14801
200 26401
250 41334
300 59601
400 106134
500 166001
1000 665334

1500 1498001
2000 2664001
2500 4163334

coLes
TOTAL 1/0
COUNT

9.000000E+00
2.700000E*01
7.700000E+01
1.700000€¢02
3.240000E+02
5.9640000€E+02
9.890000E+02
1.539000E+03
7.430400E¢04
1.284002E+06
6.670377E+06
2.135638E+07
1.095570€+08
3.485460E+08
8.543118E+08
1.776229E4+09
5.632372E+09
1.377842E+10
2.213357E+11
1.122006E+12
3.548455E¢12
8.666681E+12

THREESUDB#10
TOTAL 170
COUNT

2.800000E¢01
6.300000E+01
1.180000z+02
1.970000E02
3.040000E+02
4.630000E+02
6.180000E+02
8.330000c¢02
1.157800E+04
8.815300E¢04
2.922230E+05
6.863030E+05
2.294453E406
5.412603E+06
1.0540752+07
1.817890E+07
4.298520z¢07
8.333150E¢07
6.686630E+08
22544958409
S<341326E+09
1.042916E+10

This table reinforces our findings that for very

large

@, THREESUB#10 {s orders of magnitude better than COL#1.
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A Point VWorth Reiterating

There s another advantage in using submatrix storage
over row or colusn storage. If matrix A is very Large in
relation to memory, it is quite possible that ¢two complete
rows or coluans cannot reside in mesory simultaneously. Row

and column storage cannot be used for these satrices.
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Chapter S

A Vartation for the Submatrix Storage Method

Let us consfder the 1{nitial presentation of the
submatrix storage wmethod. Most decomposition algorithes
contain s statement like:

A (1,5) = A (1+§) = C A Ci,k) = A (koj) )
where Ci,§0, C1,k), and (k,j) may be 1in three different
blocks. Therefore, it was natural to consider algorithas
that hold three blocks in memory at once where the equation
above can be processed in one logical step.

However, we now turn our attention to algorithms
requiring only two blocks in memory at once. This submatrix
storage method 1s only viable when at least twuo complete
btocks fit {nto memory at once. Without twvo blocks in
memory at oncer, the multiplication betuween block (i.k) and
block (kojJ) cannot be performed. If we have two blocks in
memory sfaultaneocusly, we can fors a product block, then add
it to the target block.

This storage method does not assume that a coasplete row
or coluan uwill fit into semory at once.

The TWOSUB class of algorithms which will be presented
below holds two subsatrices in memory at once. The TWOSUB
submatrin s Larger than the THREESUB submatrix jiscussed in

the previous section.
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The Hidden VYector

Since wve are considering algorithes where the
submatrices are square and two blocks will reside in memory
at once, #t would be expected that the number of elesents in
s block depends on the number of elements that fit 4{nto
approximately one-halt of mewmory. Thus, the nuamber of
elements in a row of a block is the square root of one-half
of mesory. Since each block {s square, the nusber of
etlements per row of a block equals the number >f elements
per column of a block.

The above statements are ALMOST true.
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Constder the followimg example:

30 31 32
33 34 35
36 37 38
10 11 12 20 21 22
13 14 13 23 24 25
16 17 18 26 27 28

Here are three blocks, where each block contains 9
el ements arranged in 3 by 3 subsatrix.

Call the block containing the numbers 30 thru 38
ACK,JY. Assume A(K,J) contains U values,

Call the block containing the numbers 10 taru 18
ACI+K). Assume A(I.,K) contains L values.

Call the block containing the nuabers 20 thru 28
ACl,)).

Assume the operation to be performed s the
application of the L values stored 1{in A(I.K) ¢to
ACI,J) using the U values in A(K,J).

If all three blocks are in wmewmory at onces the

operation can be performed easily. The new
version of A(l.J) will be:

20-10%30~-11%33~-12%36 21-10%31~-11%34~12%37 22-10%32-11%35-12¢36
23-13%30-14233-15836 24-13%31-14%34-158%37 25-13%32-146%35-15¢36
26-16%30-17#33=18%36 27-16%31~17%34~18%37 23-16%32-17%35-18%36

-~ e ————— -



However, 1f only two blocks sre to be {in nmesory ot
oncer this operation becomes somewvhat sore difficult.
Assume we read A(K.J) into BLOCK1. Then, wve read A(I.K)
into BLOCK2., W¥e must convert A(K,J) into:
~10230-11833-12436 <~10%31-11%34~12#37 ~10%32-11¢35-12%36
=13#30-14#33-15936 <~13%31-14%34~-15%37 -13832-14%35-15%36
«16330-17433-18436 <~16%31-17%34~18%37 ~16%32-17%35-18¢36

After we have done the above transformation, we con
then read A(l,J) into BLOCK2, add BLOCK1 to BLOCK2, and
revrite BLOCK2 to disk.

Since we are not using an arrasy processor., the
transformation of A(K,J) {s fspossible without the use of an
auxilisry vector of sfze 3 holding a column of A(K,J)) while
transforming that coluan into the column of products.

For example, we must store column 1 of A(K,J) in this
vector. Sor, this wvector will contain 30 33 36, Then, we
replace column 1 of A(K,J) with

~10%30-11%33-12%36
«13¢30-14%33-15¢36
~16¢30~-17%33-18%36

Therefore, memory must be Llarge enough to hoild two
submatrices of size n by n and a vector of size n.

Since the size of each submatrix s governed by the
amount of available memorys, ve must allow for this hidden

vector.

118



119

Common Varfiables

Using the results of the previous section, here are the

PL/] statements needed for two square blocks.

6ET LIST (NUM_ELTS_PER_ROVW_OF_MATRIX.,
MEMORY_SIZE_IN_BYTES,
BYTES_PER_ELEMENT):

MEMORY_SIZE_IN_ELTS = FLOOR (MEMORY_SIZE_IN_BYTES 7/
BYTES_PER_ELEMENT);

NUM_ELTS_PER_COL_OF_MATRIX = NUM_ELTS_PER_ROW_OF_MATRIX;
NUM_ELTS_IN_MATRIX = NUM_ELTS_PER_ROW_OF _MATRIX =
NUM_ELTS_PER_COL_JF_MATRIX:

TEMP1 = FLOOR(MEMORY_SIZE_IN_ELTS 7 2):
TEMP2 = FLOOR(SORT (TEM?1)):

DO WHILE ((TEMP2 ¢ 2%(TEMP2¢TEMP2)) > MEMORY_SIZE_IN_ELTS);
TEMP2 = TEMP2 - 1.
END?

NUM_ELTS_PER_ROW_OF __SUBMATRIX = TEMP2:
NUM_ELTS_PER_COL_OF _SUBMATRIX = TEMP2:

NUM_ELTS_IN_SUBMATRIX = TEMP2 * TEMP2:

NUM_SUBMATRIX_PER_MATRI = CEIL
(FLOATONUM_ELTS_IN_MATRIX ) /
FLCAT(NUM_ELTS_IN_SUBMATRIX ));

NUM_SUBMAT_PER_COL = CEIL
(FLOAT(NUM_E_TS_PER_COL_OF_MATRIX) /
FLOAT(NUM_ELTS_PER_COL_OF _SUBMATRIX)):

NUM_SUBMAT_PER_ROW = CEIL
(FLOAT(NUM_ELTS_PER_ROW_OF _MATRIX) /
FLOAT(NUM_ELTS_PER_ROW_OF _SJUBMATRIX)):

ALLOCATE B8LOCK1:
ALLOCATE 8LOCK2:



Note that BLOCK3 was not allocated and does not occupy
storage.

Alsor, note that the purpose of the DO WHILE loop 1s to
make sure that there 1{s enough memory available for the
hidden vector after computing TEMP2. 1If there 1s not enough
room for the hidden vector, wve keep decreasing the
dimensfons of each submaterix by 1 until both submatrices and

the hidden vector fit into menmory.
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Algorithe TWOSUB#L

Assume A 13 partitioned into an m by = satrix of
blocks. The algorithe reduces BLOCK (1.1), then reduces the
remaining blocks in the I th colusn and in the I th rows and
then the subsatrix bounded by row I¢1 and coluen [¢i. This
stlgorithm s analogous to algoritha THREESUBSHIL.

The PL/Y main routine is:

DO I = 1 TO NUM_SUBMATY_PER_COL:

CALL READ_BLOCK (I.I.BLOCK1):
CALL AUTO_REDUCE (I.I.BLOCK1):
CALL WRITE_BLOCK (I1.,1.,8L0CK1):

D0 J = I¢1 TO NUM_SUBMAT_PER_ROVW:

CALL READ_BLOCK (J.,I.,BLOCK2);
CALL VERV_REDUCE(J,1,BLOCK2,1,1,BLOCKL);
CALL WRITE_BLOCK(J.,I.BLOCK2);

CALL READ_BLOCK (I1,J,BLOCK2):):
CALL HORIZ_REDUCE(I,J,BLOCK2,1,1.3L0CK1):
CALL WRITE_BLOCK (1,J,BLO0CK2):

END:
DO J = I¢1 TO NUM_SUBMAT_PER_COL:?

DO K = [+1 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (I.,K,BLOCK1):
CALL READ_BLOCK (J.,1.,BLOCK2):
CALL MULTIPLY (J,I1,BLOCK2,1I,K,3L0CK1)7
CALL READ_BLOCK (J,K,BLOCK1):
CALL TRI_REDUCE (J.,K,BLOCK1,J.K,BLICK2)?
CALL MWRITE_BLOCK (J.K.,BLOCK1);

END;

END;
END?

- e a— - -
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READ_BLOCK (1,J,8L0CK) is a subroutine which does the
sctual read of BLOCK (I,J) from the disk to namemory.
WRITE_BLOCK (1,J,B8LO0CK) s a subroutine wuhich does the
actual write of BLOCK (I,J) from mesmory to disk.

VERT_REDUCE <(BLOCK2,BLOCK1) s a subroutine that
reduces BLOCK2 (which contains the values of the (J,I)th
block of the matrin A, where J > 1) wusing the values in
BLOCK1 (which contains the reduced values of block (I,I)
from the matrin A). BLOCK (I,I) will atlready be {n LU
format. BLOCK (Jr,I) willt b§ transformed into a complete
block of L, since (J,1) is vertically below (1.D).

HORIZ _REDUCE (BLOCK2,BLOCKL) s & subroutine that
reduces BLOCK2 (which contains the block (I.,J) of the matrix
Ar vhere JDI) wusing the factors stored In B_OCKL (which
contains block (I.1) of the materix A). BLOCK (I.1) will
already be in LU foramat. BLOCK (1,J) will be transformed
into » complete block of Us since (1,J) 1s horizontally to
the right of (I.1).

MULTIPLY(BLOCK1,BLOCK2) 4s a subroutine which produces
8 product block from the contents of BLOCK1 and BLOCKZ.
BLOCK1 will contain the product block.

TRI_REDUCE (BLOCKZ2.,BLOCK1) s a subrout ine which

reduces BLOCKZ by adding the product block B8LOCK1 to BLOCKZ.
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Basfcally, the algorithm can be susmarized and analyzed

by exanmining the Ith pass of the algorithm as follows:

Reduce block (1.1). Hences the bDlock on the
diagonal {s read and revritten at the start of the
Ith pass.

Reduce the remaining blocks on the Ith row. They
are the blocks (I,1I¢1) thru (I,N). Therefore.,
these blocks are read and revwritten in order to be
reduced {n the Ith pass. These blocks will also
be read once for each block beneath thee in order
to reduce the blocks beneath them during the [Ith
pass. As an example, block (1.3) is read vhen it
4s reduced by block (1,1) and again wvhen it {s
used to reduce blocks (2,3), and read ajain to
reduce (3,3), and read asgein to reduce (4,3)vccer
and read again to reduce (N,3),

Reduce the rematning blocks on the Ith colusn.
They are blocks (I¢1,]1) thru (N,I). Therefore.,
these blocks are read and revuritten in order to be
reduced in the Ith pass. These blocks will also
be vead several times Later in this pass in order
to reduce other blocks on the same row.

Reduce the remaining subsatrix bounded by the
(1+1)th row and coluan. These are the blocks
(1+1,1¢1) thru (I¢1,N), (1e1,1¢}1) thru (NoIel1),
(1¢1.,N) theu (N.N) and (N,1#1) thru (N,N).
Therefore, these blocks will be read and reqsritten
during the Ith pass. As noted previously, n
order to reduce these blocks, blocks from the I th
row and Ith coluan must be read into meaory. The
algorithe above reads in a block from the [th row
and Jth columsn and then proceeds to reduce the
blocks In the Jth coluan fros row I+1 thru row N
using values read from the Ith column,




Since we are only allowing two square blocks in aemory
at once, we {initially read tvo blocks, A(I.,K) and A(K,J).
One of these blocks becomes a product bleck, After the
product block has been produced, wve read in A(I,J), the
block to be reduceds replacing the non-product block {in
mnesory. Then, block ACI+,J) is reduced by the praduct block.
This oroduct block {s specific to the particular block
AC1,J). Therefore., we cannot use this product block for
another block {n that column. Thus, in order to reduce
another block in that same column, we must read tvo olocks.

Hence, each of the non-dfagonal blocks 1is read (N-1)
times for the remaining submatrix and once for {tself. Each

dfagonal block (J,J) is read and revwritten J times.
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Using the general idea of the algorifh-o we can derive
a formula for the number of writes.

In the first pass, block (1,1) is used to reduce the
entire first row and first coluan of the matrix. Then, the
remaining blocks are reduced using the values iIn the first
row and column of blocks. Therefore, in the first pass the
entire N by N matrix {is rewritten. Row 1 and column 1 are
never again rewritten.

In the second passs, block (2,2) reduced the remaining
N~=1 blocks of the second row and the remaining N-1 blocks of
the second column. Using the values of the second row and
column, the resaining (N-2)%(N-2) blocks of the wmatrix are
reduced and rewritten. Theretfore, 1in the second pass

(N=1)2(N=1) blocks are revritten.
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In the Ith pass, each block (K,L) with K>=[ and L>=[ is
written oncer 30 the Ith pass does (Nel-])es2 writes.

Therefore, the formula for the number of writes is:

N N

*ESEEE 20N 0SS EEEE K
* t

* *

L (Nel1=1) ¢ 2 = « I ¢ 2

* *
* *
2R ERRE 2R S xR EEEEE &

I =1 I =1

After simplifyfng the suamation, we have

2 5 N % 3 ¢ 3 2N *%2 * N

6
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By using the asbove analysis, ve can derive a foraula

for the nueber of reads:

Diagonal: Since the disagonal contains N blocks
and each block (I,]) 1s read [ times, we have

N
SR REEEER R &
*
b J
* 1
L
*
sk Ee &R &
I=1

Non-Diagonals Since each block (1.,J) {s read N
tises and there are ((N3%2) -~ N) non-diagonal
blocks, we have

N & ( N»%2 = N) = N %% 3 =« N &% 2

After simplifying and cosbining the sumsations, wve have

2 N %% 3 - N *% 2 + N

2



The write and read counts presented belosw by block
verify the asbove analysis.

A matrix A has been divided in 2 10 by 10 weatrix of
btocks. The read and write counts by block for its

reduction Into LU format are presented below.

WRITE COUNTS BY BLOCK READ COUNTS B8Y B_OCK

110 10 10 10 10 10 10 10 10
10 2 10 10 10 10 10 10 10 10
10 10 3 10 10 10 10 10 10 10
10 10 10 4 10 10 10 10 10 10
10 10 10 10 5 10 10 10 10 10
10 10 10 10 10 6 10 10 10 10
10 10 10 10 10 10 7 10 10 10
10 10 10 10 10 10 10 8 10 10
10 10 10 10 10 10 10 10 9 10
10 10 10 10 10 10 10 10 10 10

o b (b ot pd b (b pd (et pd
NANNNNONNRN N -
W N e
SO LSS IrLrUNR
VAR AWVVES N
OO VS WNM
NNNYNNO NS W
DOWBDNOVNSWWNG
COWNGOVEWN
© OO NOWVPIP LN

[
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Algorithe TWOSUBS2

After oxanining the datas flow (f.e.r the pattern of
reads and writes) of Algorithm TWOSUB#1, it (s clear that
this atgorithes has three parts. First, reduce block (I.,I).
Then, reduce the blocks on row [ and coluen [ using block
(1,1).. Thens, reduce the remaining blocks using the blocks
in the 1Ith row and column. Algorithe TWOSUB#1l reduces the
renaining blocks by having the {inner loops proceed from 1+}
to N.

Reversing the {nner loops to proceed from N to [+1 will
result ¥n the next diagonal block to be reduced being in
memory when the outer loop begins. This will resalt in @
savings of N-1 reads. Also, we can save the reurite of the
diagonal block 1in the inner loop since it will be reduced
and revritten at the beginning of the next pass. Thus, we

save N-1 writes.
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The PL/I oain routine is:

CALL READ_BLOCK (1.1,BL0CK1);
DO I = 1 TO NUM_SUBMAT_PER_COL:
CALL AUTO_REDUCE (I.1.BLOCK1)?
CALL WRITE_BLOCK (I.,1.BLOCK1):
D0 J = J¢1 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (J,1,3LOCK2):
CALL VERVT_REDUCE(J,1.,BLOCK2,1,1,BLOCK1):
CALL WRIVE_BLOCK(J,1.,BLOCK2):
CALL READ_BLOCK (I.,J,BLOCK2):):
CALL HORIZ_REDUCE(1,J,BLOCKZ2,1,1,BLOCKL):
CALL WRITE_BLOCK (1.J,BLOCK2):

END:

DO J = NUM_SUBMAT _PER_COL TO [e¢1 BY -1.

DO K = NUM_SUBMAT_PER_ROVY TO Ie1 BY -1;
CALL READ_BLOCK (1,K.BLOCK1):
CALL READ_BLOCK (J,1.3L0CK2);
CALL MULTIPLY (J,1.,BLICK2,1,K,BLOCKL)?
CALL READ_BLOCK (J,K.BLOCK1):
CALL TRI_REDUCE (J,K,BLOCK1,J,K,BLOCK2):
IF J “= Jel § K "= Jei

THEN CALL WRITE_BLOCK (J,K.BLOCK1l);
END;

END:

ENDS

READ_SLOCK, VERT_REDUCE. HORIZ_REDUCE. MJLTIPLY,

WRITE_BLOCK, and TRI_REDUCE sre the same subpragrams as in

algorithe TWOSUB#L.



Theretfore, the read formulas for atlgorithe TWOSUBS2 {s
derived by subtracting N-1 froe algoritha TWOSU3#L's read
forsula.

2 E N 3 - N %82 . N
2
which {s
2 € N 2% 3 - N ¢x 2 - N * 2

2

Similiarly, the write formula for algoritha TWOSUBE2 is

derfved by subtracting N-1 from algorithm TWOSU3IPL’s write

formula.
2 * N =% 3 ¢ 3 & N &k 2 . N
(3
which {s

2 N % 3 ¢ 3 *N=*2 =5%N ¢ 6§

6
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By comparing the read and vwrite counts of algorithms
THOSUB#2 with the counts from algorithm TWOSUBS1, we see the

savings of N-1 reads and write of the dfagonal blocks.

ALGORITHM TwOoSuB#2 ALGORITHM TWOSJUB#R2

WRITE COUNTS BY 8LOCK READ COUNTS BY BLOCK

1 11 1111111 110 10 10 10 10 10 10 10 10
1 1 2 2 2 2 2 2 2 2 10 1 1010 10 10 10 10 10 10
1 2 2 3 3 3 3 3 3 3 10 10 2 10 10 10 10 10 10 10
1 2 3 3 & 4 & & & & 10 10 10 3 10 10 10 10 10 10
1 2 3% 4 &4 5 5 5 5 5 10 10 10 10 4 10 10 10 10 10
1T 2 % 4 5 5 6 6 6 6 10 10 10 10 10 5 10 10 10 10
1 2 3 4 35 6 6 7 1 7 10 10 10 10 10 10 6 10 10 10
1 2 3% 4 5 6 7 7 8 8 10 10 10 10 10 10 10 7 10 10
1 2 3 4 35 6 7 8 8 9 10 10 10 10 10 10 10 10 8 10
1 2 3 4 S 6 7 8 9 9 10 10 10 10 10 10 10 10 10 9
ALGORITHM TWOSUB#1 ALGORITHM TwOSUBP1

WRITE COUNYS BY BLOCK READ COUNTS B8Y 8.0CK

1 11 1 111111 110 10 10 10 10 10 10 10 10

1 2 2 2 2 2 2 2 2 2 10 2 10 10 10 10 10 10 10 10

1 2 3 3 3 3 3 3 3 3 10 10 3 10 10 10 10 10 10 10

1 2 3 & & & & & & & 10 10 10 4 10 10 10 10 10 10

1 2 %3 4 5 5 5 5 5 5 10 10 10 10 5 10 10 10 10 10

1 2 3 &4 S5 6 6 6 6 6 10 10 10 10 10 6 10 10 10 10

1 2 3 4 S5 6 7 7 7 7 10 10 10 10 10 10 7 10 10 10

1 2 3% 4 5 6 7 8 8 8 10 10 10 10 10 10 10 8 10 10

1 2 3 4 5 6 7 8 9 9 10 10 10 10 10 10 10 10 9 10

1 2 3 4 S 6 7 8 910 10 10 10 10 10 10 10 10 10 10

e o e e e —— IR S —— -



Algorithe TWOSUB#S

Algor ithes TVWOSUBRL and TWOSUB#2 reduced 3LOCK (I,I)
and then reduced the remaining blocks using the factors fros
BLOCK (I,1). Algorithae TWOSUBES will examine the {dea of
only reducing & column of blocks when one of its wempers s
to be reduced.

After reducing BLOCK (1.,1), BLOCKS (2,1) ¢thru BLOCK
(N,1) are reduced using the factors in BLOCK (1l.1). This is
the entire first pass.

Before reducing BLOCK (2.,2), the factors stored in the
blocks of colusn 1 wsust be applied.e So BLICK (1,2) {s
affected by BLOCK (1,1), BLOCK (2,2) by BLOCK (2.,1), BLOCK
(3,2) by 8LOCK (3,1), BLOCK (4,2) by BLOCK (4,1)., and BLOCK
(N,2) s affected by BLOCK (N,1). Only then is 3LICK (2.,2)
reduced. Then, the resmaining Dbdlocks in coluan 2 (BLOCKS
(3,2), €(4,2)s thru (N,2)) are reduced using the factors in

BLOCK (2,2).
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Pass 3 begins with application of the L factors from
the blocks {n column 1 to the blocks in column 3 froe rews 1
thru N, Then the L factors from colusn 2 are applied to
column 3 (note that only rows 2 thru N need be applied).
Finaltly, block (3,3) {s reduced and blocks (4,3) thru (N.3)
sre reduced using the values in block (3,3).

The Nth coluan of blocks s untouched until the Nth
pass wvhere the factors fros coluans 1 thru N-1 are applied
before the reduction of BLOCK (N.,N).

Contrasting algorithes TWOSUB#3 and TWOSUBSL., the
following {dess are apparent. Pass 1 of algorithes TWOSUBSL
passes thru the most blocks, while pass 1 of algoritha
TWOSUBE3 passes thru the Least blocks. Pass N of algorithm
TWOSUB#1 passes thru the Lleast blockss while pass N of

algorithm TWOSUB#S passes thru the most blocks.
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One would assume that the two aslgorithas should require
the seme amount of 1/0, Hovever, there 1s a slight
difterence.

In THOSUBS#1, the [th diagonal block was read once 1in
the Ith pass and used to reduce all the blocks in the Ith
rov and in the Ith cotuen WITHOUY having to be re-read. In
the (I+1)th pass, BLOCK (I,1) §s no longer referenced.

However, TWOSUB#3 must reference BLOCK (I.I) in passes
(I+1) thru N. Hence, TWOSUB#3 msust read each diagonal block
N times.

The writes are the same, since each block s rewritten
after it is reduced. Therefore, the nuaber of urites f{s

2 N33 ¢ 3 & N&x2 ¢ N

Agatin, each non=diagonal block 1s read N times, once
each time {t {s reduced and once each time it is used to
reduce. But the diagonal elements are treated differently,
Thus, each etleaent 1{s read N times, for a total of N &= 3

reads.

135



136

Here {s the PL/I wmain routine for algorithm THWOSUBSI.

DO I = 1 TO NUM_SUBMAT_PER_COLS
00 J =170 I-1:

CALL READ_BLOCK (J.,J,BLOCK1):

CALL READ_BLOCK (J,1.,BLOCK2):

CALL HORIZ_REDUCE (J,1.3L0CK2,J,J,BLOCKL);
CALL WRITE_BLOCK (J,I.,BLOCK2):

00 K = Jel TO NUM_SUBMAT_PER_ROVWS
CALL READ_BLOCK (J,1.B8LOCK1):
CALL READ_BLOCK (K,J,BLOCK2):
CALL MULTIPLY (K,J,BLOCK2,J,1,3L0CK1);
CALL READ_BLOCK (K,I.BLOCK1):
CALL TRI_REDUCE (K,1.BLOCK1,K,1,BLICK2);
CALL WRITE_BLOCK (K,I.BLOCK1):
END:
END;
CALL READ_BLOCK (I.,1.8LOCK1);
CALL AUTO_REDUCE (I.,1.BLOCK1):
CALL WRITE_BLOCK (I.I.BLOCK1):
00 J = [¢1 TO NUM_SUBMAT_PER_ROV;
CALL READ_BLOCK (J,I.,B8L0CK2):
CALL VERV_REDUCE(J,1,BLOCK2,1,1,BLOCKL);
CALL WRITE_BLOCK (J,1.BLOCK2):
END;

END:




Confiraing our hypothestis that TWOSUBES

is

only

different from TWOSUB#L in its read counts for the diasgonal.

ve find that the read and write counts by block for a ten by

ten submatrix are 1{dentical to those presented

in the

discussion of algorithe TWOSUBS1, except for the diagonal.

VRITE COUNTS B8Y 8LOCK READ COUNTS BY 3L0CK
1 11 1 1 1 1 1 1 1 10 10 10 10 10 10 10
1 2 2 2 2 2 2 2 2 2 10 10 10 10 10 1) 10
1 2 3 3 3 3 3 3 3 3 10 10 10 10 10 10 10
1 2 3 & & 4 4 & 4 & 10 10 10 10 10 10 10
1 2 3 4 5 5 5 5 5 5 10 10 10 10 10 10 10
1 2 3 4 5 6 6 6 6 6 10 10 10 10 10 10 10
1 2 3% 4 5 6 7 7 7 7 10 10 10 10 10 10 10
1 2 3% 4 5 6 7 8 8 8 10 10 10 10 10 10 10
1 2 3 4 5 6 7 8 9 9 10 10 10 10 10 10 10
1 2 3 4 5 6 7 8 910 10 10 10 10 10 10 10

Hence, the read count s N =% 3,

The uwrite count s the same as TWOSUB#1 which {1st

2 N s 3 ¢ 3 & N & 2 *

L L L L B 2 L L LYY L LA EY Y L ¥ ¥ 2 P X1 Y Xy ¥y

6

vhere N = NUM_SUBMAT_PER_COL.

B T -
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Algorithm TWOSUBSS

The fourth pass of algorithe TWOSUB#23 can be susmarized

as follows:

reads

BLOCK (1,4) §s reduced by BLOCK <(1,1) and then
BLOCK (1.,4) s transforsed into » product block
(from BLOCK (2,1)) and then used to reduce 3LICK
(2,4). BLOCK(1,4) i3 re-read and transformed into
a product btock (from BLOCK (3,1)) and used to
reduce BLOCK (3,4). etc. BLOCK (1,4) is re-read
and transformed into 8 product block (from
BLOCKC(N,1)) and used to reduce BLOCK (N,4).

BLOCK (2,4) s reduced by BLOCK (2,2) an3 then
BLOCK (2,4) 1is transformed into a product block
(from BLOCK (3,2)) and then used to reduce B8LOCK
(3,4). BLOCK(2,4) {is re-read and transformed into
a product block (from BLOCK (4,2)) and used to
reduce BLOCK (4,4). etc. BLOCK (2+4) is re~read
and transformed into a product block (from
BLOCK(N,2)) and used to reduce BLOCK (N,4).

BLOCK (3,4) s reduced by BLOCK (3,3) and then
BLOCK (3,4) §s transformed into a product block
(from BLOCK (4,3)) and then used to reduce B3LICK
(,4). BLOCKC(3,4) is re~read and transforesed into
a product block (from BLOCK (5,3)) and used to
reduce BLOCK (S5,4), etc. BLOCK (3,4) is re-read
and transforaed into a product block (from
BLOCK(N,3)) and used to reduce BLOCK (N,4),

BLOCK (4,4) s reduced by itself and 4s wused to
reduce BLOCK (5,4), BLOCK (6,40, thru BLOCK (N.&).
After exsmining the dats flow (i.e., the pattern

and writes) of algorithe TWOSUB#3, it is clear

reversing the innermost loop to proceed from N to [e¢1

resul

t in some substantial savings.

of

that

wiltl

138



139

8y reversing the direction of one loopsr the following

data flow can be achieved:

BLOCK (1,4) {s reduced by BLOCK (1,1) and then
BLOCK (1,4) +{s ¢transformed into a product block
(from BLOCK (N.,1)) and then used to reduce 3LICK
(Ns4). BLOCK(1,4) {s re-read and transformed {ato
a product block (from BLOCK (N-1,1)) and used to
reduce BLOCK (N=-1,4), etc. BLOCK (1,4) s re-reoad
and transformed 1nto a product block (from
BLOCK(2,1)) and used to reduce B8LOCK (2,4).

BLOCK (2,4) {s reduced by BLOCK (2,2) and then
BLOCK (2.,4) 1{s transforased into a product block
(from BLOCK (N,2)) and then used to reduce 3LICK
(N,4). BLOCK(2,4) §s re-read and transformed into
a product block (from BLOCK (N-=1,2)) and used to
reduce BLOCK (N=1,4), etc. BLOCK (2,4) is re-read
and transformed 1{4nto a product black (from
BLOCK(3,2)) and used to reduce BLOCK (3.,4).

BLOCK (3,4) s reduced by BLOCK (3,3) and then
BLOCK (3,4) 4s transformed into a product block
(froem BLOCK (Ns3)) and then used to reduce BLICK
(N,4). BLOCK(3,4) s re-read and transforasd ¥nto
a product bleck (from BLOCK (N-=1,3)) and used to
reduce BLOCK (N-1,4), etc. BLOCK (3,4) is re-read
and transformed 1into @ product block (froas
BLOCK(4,3)) and used to reduce BLOCK (4,4).

BLOCK (4,4) {s reduced by itself and {s wused to
reduce BLOCK (5,4), BLOCK (6,4), thru BLOCK (Ns4).




Please note that after applying all the reductions from
column 1 to the 4th colusn, BLOCK (2,4) {s {in wemory and
does not have to be written to disk and re-read. After
applying all the reductions from column 2 to the 4th coluan,
BLOCK (3,4) {s in memory and does not have to> be written and
re-read again. BLOCK (4.,4) i3 in memory at the end of the
innermost (oop and does not have to read again to commence
the self reduction Lloop. Hencer, 1in the fourth pass,
algorithe TWOSUB#4 has saved 3 reads and 3 writes. In
general, the kth pass of aslgoriths TWOSUB#4 does (k-1) Lless

reads and (k=1) less writes than algorithe TYOSU3S3.
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Here $3s the PL/I main routine for algorithm TWOSUBS4L.,
DO I = 1 TO NUM_SUBMAT_PER_COL:
CALL READ_BLOCK (1-,1.,BL0CK2):

00 J =170 I-1;

CALL READ_BLOCK (J,I.8LOCK1):
CALL HORIZ_REDUCE ¢J,I1.BLOCK1,J,J,BLOCK2)]
CALL WRITE_BLOCK (J,1.,BLO0CK1):

D0 K = NUM_SUBMAT_PER_ROVW T0 Je¢1 BY -1;

CALL READ_BLOCK (K,J,BLOCK2):
CALL MULTIPLY (K,J,BLO0CK2,J,1,BLOCKL);
CALL READ_BLOCK (K,1,BLOCK1):
CALL TRI_REDUCE (K,I,BLOCK1.,K,I,BLOCK2):
IF K “= Je}
THEN DO:
CALL WRITE_BLOCK (K,I.,BLOCK1):
CALL READ_BLOCK (J,1,.BLO0CK1):
ENDs

ENODS
CALL READ_BLOCK (J+1,J+1,8BL0CK2);
ENDS
CALL AUTO_REDUCE (I.I.,BLOCK2)?
CALL WRITE_BLOCK (I,I.BLOCK2):
D0 J = 1e1 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (J,I.BLOCK1);
CALL VERV_REDUCE(J,1,BLOCKL1,1,1,BLOCK2):
CALL VWRITVE_BLOCK(J,I,BLOCKL):
END:

END:
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Since algorithe TWOSUBSS {3 merely an {sprovesent
algorithe TWOSUBS#3, we can derive the
equations for algorithas TWOSU384 by subtracting the savings

for algorithm THWOSUBSL from the equations

TWOSUB#3., Ve save

N K=1
shkgts et &R
* * N & (N-1)
« ([~1) = ® K = cececscecccee
. . 2
SRS sk EER e
I =2 K =1

reads and writes.
Hence, the read count is
N »®2 - N

2

which reduces to
2 8 N 22 3 - N % 2 * N

2

The write count 1%

4 & N s 3 o 6 5 N 2 ¢ 2 s N

12

which reduces to
& 8 N ¢ 3 . 8 & N

12

vhere N = NUM_SUBMAT_PER_COL.

read and write

for algorithe

N ¢« 2 - N

2

over
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Confirming our assusption that TWOSUBS4 saves one read
and one urite per block in the upper triangle over TWOSUB#3,

we present the following read and write counts:

ALGORITHM TWOSUB#4 ALGORITHM TWOSU3#¢

WRITE COUNTS 8Y BLOCK READ COUNTS BY BLICK

1 11 1111111 10 9 9 9 9 9 9 9 9 9
1 11 1 1 311111 10 10 9 9 9 9 3 9 9 9
T 2 2 2 2 2 2 2 2 2 10 10 10 9 9 9 9 9 9 9
1 2 %3 3 3 3 3 3 3 3 10 10 1010 9 9 9 9 9 9
1 2 3 & & 4 & 4 4 4 10 10 10 21010 9 > 9 9 9
1 2 3 4 5 5 5 5 5 5 10 10 10 10 1010 9 9 9 9
T 2 3 4 S 6 6 6 6 6 10 10 10 10 10 10 10 9 9 9
1 2 3 4 5 6 7 7 1 7 10 10 10 10 10 10 10 10 9 9
1 2 3 4 5 6 7 8 8 8 10 10 10 10 10 10 10 10 10 9
1 2 3 4 S 6 7 8 9 9 10 10 10 10 10 10 10 10 10 10

ALGORITHM TWOSUB#3 ALGORITHM TWOS5U3#3

WRITE COUNTS BY BLOCK READ COUNTS BY BLOCK

1 11 1 1 111 11 10 10 10 10 10 10 10 10 10 10
1 2 2 2 2 2 2 2 2 2 10 10 10 10 10 10 10 10 10 10
1T 2 3 3 33 3 3 3 3 10 10 10 10 10 10 10 10 10 10
1 2 3 & & & & & & & 10 10 10 10 10 10 10 10 10 10
1 2 3 4 5 S5 S5 S5 5 5 10 10 10 10 10 10 10 10 10 10
1 2 % 4 5 6 6 6 6 6 10 10 10 10 10 10 10 10 10 10
1 2 3 4 S 6.7 17 17 7 10 10 10 10 10 10 10 10 10 10
1 2 3% 4 5 6 7 8 8 8 10 10 10 10 10 10 19 10 10 10
1 2 3 &4 S &6 7 8 9 9 10 10 10 10 10 10 10 10 10 10
1 2 3 4 S 6 7 8 910 10 10 10 10 10 10 19 10 10 10




Algorithe TWOSUBSS

Atgorithms TWOSUBS3 and TWOSUBS4 have teo distinct

phases:

the application to column L of the reductions made
to columns 1, 2/ ceer L-1

the reduction of column L

When algorithm TWOSUB#3 reduced block (3.,4), Dblock
(3,4) was rewritten after being reduced by block (3.1), was
again revritten after the reduction by block (3,2), and was
finally reuwritten after being reduced by block (3,3). 1If a
block were only reuwritten to disk after being totally
reduced, this would Llead to tremendous savings in total [/0.

In the discussion of three square blocks, algorithas
THREESUB#4 and THREESU3#5 were similiar in strategy to
TWOSUB#3S and TUOSUBSS. Algorithae THREESUB#6 was then
developed to reduce the number of writes, by doing all the
reductions from columns 1 thru L=1 {in one pass. Therefore.
BLOCK (3,4) was uritten once after being reduced by BLOCKS
€(3,1) and (3,2) and reuritten again after being reduced by
BLOCK (3.3). By using this strategy., algoritha THIEESUB#S
elfminated the Ns&3 term from 1{ts write foraula, an

impressive savings.

e e — g — —— o ———— -
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However, this savings 4s NOT realized under the two
square block scheme. In essence, algoritha THRZESU3 #6 held
BLOCK (3,4) in memory while applying BLOCK(3,1)#3LICK(1,4)
and BLOCK(3,2)#BLOCK(2,4). Mith the two square block
scheme, ve cannot hold BLOCK (3,4) in memory since we need
tvo blocks in order to form the product block.

Algorithe TWOSUBSES s a2 blend of 1{deas developed {n
algorithes THREESUB#S6 thruw THREESU3#10. It is wsost similiar
to algorithes THREESUB#26 and THREESUB#10., with the following
faportant differences.

In order to save unneceesary reads and writes in

coluan 2, a separate Lloop is used for column 2

(simitiar to THREESUB#9).

In order to save unnecessary reads of BLOCK (L.1).

BLOCKs (1,N), (1,N=1), (1,N=2), thru (1,2) are

reduced outside of the nain loop while 3LOCK (1.1)
is in memory C(although this violates the idea that

coluan L 1s untouched until pass L).

143



146

Here s the PL/I routine:

/% coluen 1 »/

CALL READ_BLOCK (1,1.BLOCK1):

CALL AUTO_REDUCE (1,1.8LO0CK1):

CALL WRITE_BLOCK (1.,1.BLOCK1)?

DO J = 2 TO NUM_SUBMAT_PER_ROW:
CALL READ_BLOCK (J,1,BLOCK2):
CALL VERT_REDUCE(J,1,BL0CK2,1,1,8LO0CK1);
CALL WRITVE_BLOCK(J,1,BLO0CK2):

END?

/% cotuen 2 and row 1 &/

IF NUM_SUBMAT_PER_ROW > 1
THEN DO;

DO J = NUM_SUBMAT_PER_ROW TO 2 BY ~1;

CALL READ_BLOCK (1.J.BLOCK2):
CALL HORIZ_REDUCE (1,J,BLOCK2,1,1,BL0CK1):
CALL WRITE_BLOCK (1,J,3L0CK2):

END:S
D0 J = 2 TO NUM_SUBMAY_PER_COL:

CALL READ_BLOCK (J,1,BLO0CK1):
CALL MULTIPLY (J,1,BLOCK1,1,2,BLOCK2):
CALL READ_BLOCK (J,2,BL0CK2):
CALL TRI_REDUCE (J,2,.BLOCK2,J,2,3L0CC1):
CALL WRITE_BLOCK (J,2,3L0CK2)¢
IF J %= NUM_SUBMAT_PER_COL

THEN CALL READ_BLOCK (1,2.BLOCK2):

END:
ENDS
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/% coluans 3 thru N starting in row 2 »/
/% (since row 1 was done above) ®/

00 I = 3 TO NUM_SUBMAT_PER_ROVW:
00 J=2 70 1I-1¢
00 K = 1 TO J-1:
CALL READ_BLOCK (K,I,BLOCK1):
CALL READ_BLOCK (J,K,BLOCK2):
CALL MULTIPLY (J,K,BLOCK2,K,1,BLOCK1):
CALL READ_BLOCK (J.I,BLOCKL):
CALL TRI_REDUCE (J,1.,BLOCK1,J,1,BLOCK2):
IF K ~= J=1
THEN CALL WRITE_BLOCK (J.I,BLOCK1):
END?
CALL READ_BLOCK (Jr,J.BLOCK2);
CALL HORIZ_REDUCE(J,1,BLOCK1,J,J,BLOCK2):
CALL WRITE_BLOCK (J,I.BLOCK1):
END;

00 J =170 1-2;
CALL READ_BLOCK (1,J,BLO0CK1);
CALL READ_BLOCK (J,I,BLOCK2):
CALL MULTIPLY (1,J,BLOCK1,J,1,BLOCK2):
CALL READ_OLOCK (I.,I.,BLOCK2):
CALL TRI_REDUCE (1.,1,BLO0CK2,1,1.,BLOCK1):
CALL WRITE_BLOCK (I.1.BLOCK2);

END:

CALL RFAD_BLOCK (I1.,J,BLOCK1):

CALL READ_BLOCK (J,1,8BLOCKR2):

CALL MULTIPLY (1,J,BLOCK1,J,1.BLOCK2):
CALL READ_BLOCK (I.,I1.,BLOCK2):

CALL TR]_REDUCE (I.,1.BLOCK2,1,1.,8LO0CK1);
CALL AUTO_REDUCE(I.I.BLOCK2):

CALL WRITE_BLOCK(I,I.,BLOCK2):

DO J = 1¢1 TO NUM_SUBMAT_PER_ROW:
D0 K =1 70 I-1;
CALL READ_BLOCK (J,K,BLOCKL):
CALL READ_BLOCK (K.,I,BLOCK2):
CALL MULTIPLY (J,K,BLOCKL1,K,I,BLOCK2):
CALL READ_BLOCK (J,I,BLOCK2);
CALL TRI_REDUCE (J,I.BLOCK2,J,1.BLOCK1):
IF K *= J-}
THEN CALL WRITE_BLOCK(J,1,8LOCK2);
END?
CALL READ_BLOCK (I.I.BLOCK1):
CALL VERT_REDUCE (J,I.8LOCK2,1,1,BLOCK1);
CALL WRITE_BLOCK (J,1.BLOCK2)S
END;
ENDS




8y {looking at the looping patterns of algorithm
THOSUB®S, we can derive the read formula in thve fotlowving
manner:

Inftially, BLOCK €1.,1) i3 read and §s used to reduce
ROVE1 and COL#1. Hencer it {s read once.

Eoch of the blocks in ROWELl is read once when being
reduced by BLOCK (1,1) and once again to reduce each of the
N-1 blocks beneath it. 3LOCK (1,2) {s the only exception,
since it s 1n memory after being reduced by (1,1) and is
available to help reduce (2,2) without being rercad. Hence,
BLOCK (1,2) is read N-1 times, uwhile each one of blocks
(1,3, (1,48), (1,5)¢s thru (1,N) s read N tises. 5o we have
(N=2) blocks being read N times, and one block being read
(N=1) times.

Each of the blocks in COL#1 (except for (1.,1)) is read
N times, once uhen it s reduced by (1,1) snd once for ecach
of the blocks in its row. That is, BLOCK (5,1) §is reead once
when it §s reduced by (1-1). BLOCK (5,1) ¥s read to help
reduce (S5,2), read again to help reduce (5,3), read again
for (5+4)0s ceer (5,N). Sor BLOCK (5,1) {s read N tiwmes.

Therefore, we have (N-=1) blocks being read N times.
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Sos for COL#1 and ROVWE#L, we have

BLOCK (1.,1) 1 read
BLOCK (1.,2) N-1 reads
BLOCKs(1,3) thru (1,N) N & (N - 2) reads
BLOCKS(2+,1) thru (N,1) N & (N~-1) reads

which is a total of

28 N s 2 -2 & N reads

For the resaining N-1 blocks of COL#2, we see each
block being read once when 1t 1s reduced by the factors
stored in COL#1 and once to help reduce each block to the
right of ft in the matrix (l.e.., (K,3)s (Kob)es thru (KeN)).
So each of these (N=1) blocks is read (N-1) times.

For the resaining N-2 blocks of ROWS2, we sece each
block being read once when it s reduced and being read once
to help reduce each of the N=2 blocks beneath ft. That {s,
BLOCK (2,5) is read once when it §s reduced by the product
of blocks (2-,1) and (1,5) and then by (2,2). Then BLOCK
(2,5) s read once to reduce (3,5), once for (4,5), once for
(5,5), (6,5)s thru (N,5). So., each of the remaining N-2
blocks in ROWE2 {s read N-1 times.

For COL#2 and ROWS2, wve have
COL#2 (N~-1) ¢« (N ~-1) reads
ROVS?2 (N =-1) ¢« (N - 2) reads
which is a total of

2« N2 = SN ¢ 3 reads,
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For the elements on the diagonal from colusns 3 thru N,
we can see that BLOCK (J,J) s read J-1 times when 1t s
reduced, once wvhen it §s used to reduce each block beneath
it, and once to reduce each block to the right of it.

For example (assuming N=10), BLOCK (5,5) 43 read
four times uvhen 1§t is being reduced. Initially
(5+5) is read vhen the product of (5.,1) and (1.,5)
is aepplied to 1t. Then it 1s read again when the
product of (5,2) and (2,5) is applied. It is read
again when the product of (5,.3) and (3,5) is
applied. (5,5) 1s read again when the product of
(5+,4) and (4,5) {is applied. It remains in wemary
(and {s not reread) wvhen it {is reduced. So, dlock
€5+%5) wvas read 4 times in the process of reducing
it.

In pass S, BLOCK (5.,5) 1{1s read once to reduce
€6,5), again for (7,5), again for (8,5), again for
(9,5), oand again for (10,5). So in pass S5, 3LICK
(5,5) {s read S times.

In passes 6 thru No BLOCK (5.,5) is read once for
€(5+,6), once for (5,7), once for (5,8), once for
(5,9), and once for (5,10). So in each of passes
6 theu No BLOCK (5.5) §s read once for a total of
S times.,



In generals, BLOCK (I,1I) (3 (=] (= N) 43 read I-1 times
vhen 4t is being reduced. In pass I, it is read N=I times
for each of the blocks beneath it in the Ith colusn. In
passes I¢1l thru N, it is read once for each black to the
right of it in the matrix for o total of N-] tises. So., we
have

N
SEEREeE
*
% ((N=1) & (N-]I) ¢ (I-1))

*
b2 it 4 d ]

1 =3

which 1s

Nes 2 ¢N=6
25 N#s 2 =5 8N®¢3 = cecccccencccccccce--=
2
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For.each of the non-dfagonal bdlocks, excluding rows 1
and 2 and coluans 1 and 2, ve coan see each block being read
N-1 times. Examining BLOCK (1,J), ve see (I,J) being read
I=1 times wvhen it §s being reduced and N-I times to reduce
blocks In the Jth columsn beneath (1,J).

For example (assuming N=10), BLOCK (6.,10) {s reoad

S times uwhen it is being reduced and 4 times to

reduce blocks (7,10), (8,10), (9,10), and (10,10).

Inittally, BLOCK (6,10) 43 read when the odroduct

of (6,1) and (1,10) id applied to 1t. It {s read

agaim for (6,2)8(2,10). It {s read again for

(6,3)%(3,10). It {s read agatn for (6,4)%(4,10).

It 4s read agein for (6,5)2(5,10) and held 1{n

memory when (6,6) {is applied to it (without having

to be reread). S50, BLOCK (6,10) i3 read 5 times.

After BLOCK (6,10) has been fully reduced, 1t s

read once to reduce (7.,10), once for (8,10), once

for (9,10), and once for (10,10). Sor, 3LOCK

(6,10) 1s read & tines.

So, we have (N=I) ¢ (I-1) reads for eych non-ifiagonal
bltock (excluding cotumns 1 and 2 and rows 1 and 2). Since.,
(N=]1) ¢ (I~-1) = N-1, we can rephrase the above statement.
Each block (led)r I *= J, 1 > 2, J > 2, is read N-1 times.
Since, there are N-3 blocks in each of columns 2 thru N
satisfying [ = J, I > 2, J > 2, each being read N-1 times,
we have (N=3)8(N=2)%(N-~1) reads which is

N %% 3 = 6 a N 3% 2 ¢+ 11 # N - § reads.

Combining the read formulae derfved, we have

2 *Ns$ss 3 -« N#%x2 - J s N ¢ &

2
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The derfvation of the write forsula {s done {in a
siaitliar manner.

Each of the blocks in columsn 1 s fully reduced in one
pass and {3 uwritten once. So., we have N writes.

Eoch of the blocks in row 1 (except (l.,1) which wvas
done in the first loop) 1s also fully reduced in the second
Loop and {is written once. So, we have N-1 writes.

Esch of the blocks in column 2 s also fully reduced
in the second pass (except for (1,2) which was done together
with the rest of row 1) and is uritten once. Sor, we have
N-1 writes.

Each block (1.,J) above the diagonal (Id1, W2, I1<J) {3
written I-1 times.

For example, exanine block (4,6). (4,6) wust be

written after (4,1)¢(1,6) 1s applied to it. (4,6)

sust be written again after the application of

(4,2)%(2,6). Finally, (4,6) is reduced by

C4,3)%(3,6), renaining 1in memory while being

reduced by (4,4), and is then rewritten for the
Last time. S0, (4,6) is written 3 times.

e - v o ——— -
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Sos we have

N J=1 N J=2
SRSV RQ R SEELBE R *EER AR S 2T 1T
* ] * »
L » .
* * (I-1) = L ] K
* * . *

* * *
SESRRER SERB Rk e 23 233t SNEEE K
J =3 I = 2 J =3 K =1

which §s

N & 3 <« 3 8Nssk?2 ¢ 2 s N

thru

)

Each block on the diagonal (1,.1), starting froa

(NoN), s written I-1 tiames.

For exanple, exasmine (5,.5). It is weritten after
the application of (5.,1)%&(1,5). It is eritten
again after the application of (5,2)%(2,5). It is
written agefin after (5,3)%(3,5). However, 1t s
NOT revritten after the application of
(5,8)%(4,5). (5,5) is held in memory while it s
being reduced. Then, 1t is written. So, eve have
4 urites.

Sor, we have

N N-1
b2 32 R 13 13133 1]
*® * N % 2 -« N - 2
* (1-1) = ¢ K 2 cccccmccccscancs
* * 2
e 2 212 2 2] i 222 £ 1§
I=3 K=2
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For the blocks (1,J) beneath the diagomal, (I>1, D2,
1>J), each bDlock s wuritten J-1 times. BLICC (1,J) s
written once when each factor from columans 1 taru J=2 s
spplied to 1it. (1+J) remains {n menory after the factor
from colusn J=-1 is applied to 1t. Then (J,J) i3 aoplied ¢to
(1,.J). Then (1,J) §s written. Sos, (1,J) is written J-1
times.

Sor» ve have

N I=-1 N [=2

23t 1] Lt 2 -1 2R 12 11132 R SSeeEt e
* % %*

* s (J=1) = & & [ ¢
* . * *
t 2 2 3 0 12 L2 223Xt t 2 1 23t R L2 IR R 2§ 3

I=3 J=3 I=3 K=2

which s

N % 3 « 3 N 82 -~ &4 & N ¢ 12

6

NOYEz: I€ 1 > J end J D> 2, then [ > 2. Hences the
tover bound of the outer sum s 3.

Combining the uwrite subformulae derived, we have

2% N$s 3 = 3 N2 ¢ 13N - 6

6
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Confirming our analysis abover here are the read and
write counts by block for a matrix divided into a ten by ten

submatrix of blocks:

WRITE COUNTS BY BLOCK READ COUNTS B8Y B.0CK

1 11 1 1 11111 1 910 10 10 10 10 10 10 10
1t 11 1 1 11 111 10 9 9 9 9 9 9 9 9 9
1 1 2 2 2 2 2 2 2 2 10 916 9 9 9 9 9 9 9
1 12 3 3 33 3 3 3 10 9 915 9 9 9 9 9 9
1 1 2 3 & & & & & & 10 9 9 916 9 9 9 9 9
1 1 2 3 4 5 5 S S S 10 9 9 9 913 9 9 9 9
1 1 2 3 4 5 6 6 6 6 10 9 9 9 9 912 9 9 9
1 1 2 3 4 5 6 7 7 7 10 9 9 9 9 9 92911 9 9
1 1 2 3 4 5 6 7 8 8 10 9 9 9 9 9 9 910 9
1 1. 2 3 4 S 6 7 8 9 10 9 9 9 9 9 9 9 9 9
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Comparison of Algorithes TWOSUBSL thru TWOSUBSS

It s time to stop and compare these algorithas.

Algorithaes TWOSUB#L1 thru

storage

be able to fit 1n memory at once.

block

method.

is

chosen with memory in mind.

algorithes.

Even though the read

and

Twosus#s

In facts, the

write

use the submatrinx

This method requires that two blocks must

size of a

Let us compare these
equations

count are

given {n the sections describing each algorithm, they are
repeated here for comparison purposes using the same
denoainator,

Algorithm Number of Reads Number of VWrites

B S e B E A T I R R SN S S S E A E N E S I EE T R EE I ESESIREREEENESEESER

TWOSUBSRL 68Nes3 - 3sN&%2 ¢ 3N 2ENTE3 ¢ 3aN%e2 ¢+ N
--------;------------ --------;----------
THOSUB#2 68N#%3 -~ 3aNek2 =~ 32N ¢+ 6 2%N&23 ¢ 3%N%62 =~ SN ¢ 6
-----.--;---------------- -----..-;--.-------------
TUOSUBSE3 6%N&s3 2ENSE3 ¢ 3JN%E2 o N
--;--- --------;--.----------
THOSUBR4 6&N=%3 -~ 3JeNs%?2 ¢ 33N 2ENER] ¢ 4%N
--..----;------------ --------;------------
TWOSUB®ES O#Ns%3 ~ I&N&s2 = 98N ¢ 12 2%N*%3 - 3J#N%&?2 +13%N - 6

6

6

157



158

A table showing totel 1/0 operations {s presented below:

slgorithm total 170 operations
TWOoSUB#1 BEN&%3 ¢+ 4N
-..--;------
THoSUBe2 82N%%3 -~ 98N ¢ 12
-----;-----------
Twosuvs#s B&N&%3 ¢ 3JsN&s2 ¢ N
----..;------------
TWOSUB#4 8#N%%3 ~ 3J&N&#2 + 7%N
------;--------------
TWOSUB#S 8ENES3 = GENES2 ¢ 4N ¢+ 6
------;------------------

As can be seen from the formulas above, algoritha

TWOSUB#S does the least numsber of 170 operations.



A table tisting the read an

algorit

he

for

three sample wmatrices

sdvantages of algorithas THWOSUBSS.

B X0 =~

d

write

astrix satrix
divided divided
into into

S by S 10 by 10
submatrices submatrices
RNBEBESEEN SEEESIEEESSE

read vwrite total

read write total

159

counts for each

will reconfirm the

satrin
divided
into

20 by 20

submatr ices
EBESIBEES

read write total

TWOSUB#L
TWOSuUB#?2
TWOSUB#3
TWOSuUB#S4
TYOSUB#S

As

submatr

115
111
125
115
107

ix

55
51
35
435
39

be

170 955
162 946
180 1000
160 955
146 937

seens, algorithm

385 1340
376 1322
383 1385
340 1295
304 1241
TYVOoSuB#s

7810 2870 10680
7791 2351 10642
8000 2870 10870
7810 2680 10490
7772 2509 10281

is the ‘best’®

decoaposition without interchanges aljorithme that

uses two blocks n memory at once.



Comparison of Algorithms TWOSUASS and THREESUB#10O

It s not as easy to compare algorithm TWISUB#S with
algorithe THREESUB#10 as 1t wvas to compare TWOSU3#1 thru
TWOSUB#2S. Algoritha THREESUB#10 uses submatrix storage that
requires the blocks to be small enough to enable three
blocks to be In memory at once. Although TWOSUBES al so uses
subsatrix storager 1its blocks are larger since this method

only requires that two blocks be in memory at once,
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Ve can compare the two algorithms mathesatically wusing

the following argument:

;Jssume the matrix has n elements per row and n
elements per coluan.

Assume memory can hold » elements of the matrix at
once,

I1f vwe adopt the version of the submatrix storage scheame
used in algorithe THREESUB#10, the following statements

follow:

The o elements of semory sust be divided 1into
three, since this scheme requires the presence in
aemory of three subblocks stsultaneously. Each
submatrix is square, having x elements per
submatrix rov and x elements per subsatrix colusn.
Hences x s approximately the square root of
(e/3). Sor, wsemory can hold three subdlocks at
once or 3exss? elements.

Since a subblock contains x elements per subdbmatrix
rows @ subblocks will be needed to cover a wmatrix
row. Hencer, the matrix can be viewed as being 2 @
by @ matrix of subblocks. Furthermore, the matrix
can also be regarded as a2 €@x by @x matrix of
elements.

memory = 3 % x 3¢ 2 elements
matrix = @x by Ox elements
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I1¢ we adopt the version of the submatrix storage scheme
used in algorithm TWOSUB#S, the follouwing statements follow:

The n elements of memory must be divided into tuo,
since this scheme requires the presence in wmemory
of two subblecks simultaneocusly. Each suomatrix
4s square., having y elements per submatrix row and
y elements per subsatrix colusn. Hencer, y s
approximately the square root of (a/s2). Sos
menory can hold two subblocks at once or 2«y&«s?
elements.

Since a subblock contains y elements per sudmatrix
rows T subblocks will be needed to cover a wmatrix
rov. Hence, the matrix csn be viewved as being a 7
by T wmatrix of subblocks. Furthermores, the matrix
can also be regarded as a Ty by Ty mateix of
elements.

menmory = 2 % y &% 2 elements
satrix = Ty by Ty elements
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Algorithe THREESUB#210 Algorithae TWOSUBSS
memory = 3 & x %% 2 memory = 2 & y %% 2
matrix = @x & @x matrix = Ty * Ty

We note that: 3 ¢ x %8 2 = 2 & y & 2
Solving for x: x = SERT (2./3.) ¢ y

Approximating SQRT (2./3.) by .815, we have

x = 815 % y

We also note that: @x = Ty
Substituting for x: s 815 2y =T sy
Dividing by y: Q@ * 815 =7

Now, T is the same 23 the N used for the numsber of
subblocks {i1n the read and write formulas for algoritha

TWoSsuBeS.

Nous, @ 13 the same as the N used for the nuaber of
subblocks in the read and write formulas for algorithe

THREESUB#10.



Reuriting the formulas for algorithas THREZSUB210 and

YWOSUB#S in terss of @ and T, ve have:

THREESUB#10 4 @ &3 ¢ 12 ¢ Q@ ¢x 2 - 22 ¢ @ ¢+ 18

é

TVOosSuass 8 ¢V 523 -~ 6T &% 2 ¢ & s T ¢ 6

L L L L LR XL L X X L X 0 L X L L X 1T X2 ¥ %)

)

Converting the TWOSUB#5 formula into terms of @, we have:

82(.815%2Q) s& 3 - 6%(.8152Q) %% 2 ¢ 4%(.815%Q) ¢ 6

6
which s
£.328 # @ 3% 3 - 3,984 % @ %% 2 ¢ 3.260 % Q@ ¢ 6

6
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Assymptotically., THREESUB#10 +{s better, DdDecause the
coefficient of @s¢3 is slightly smaller, but for ssall (or
even sost ressonable) values of @, the comparison will
depend on how vell the algorithas use the avaitladle semory.

For @=1, the entire matrix fits into memory at once,
and both methods use 2 1/0 operations, 1 read and 1 write.

If @=22, the entire satrix will not fit into memory, so
T 18 atso 2. TVThen THREESUB#10 uses 9 1/0 operations and so
does TWOSUB#S.

Now suppose Q@ = 3, so THREESUB#10 splits the wmatrix
into 9 blocks. Since 3 blocks must be in memory at once.,
memory uwill hold 1/3 of the matrix but not 376 of the
matrix. Then, depending on the size of memory, T can efther
be 2 or 3. If memory will hold 1/2 of the matrix., T 1s 2,
and TWOSUB#5 does 9 1/0 operations. If memory does not hold
172 of the wsatrix, T 4{s 3, and TWOSUBES does 30 1[/0

operations.

Ve obtain the following table for small Q:
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fraction of matrinx
total /0 in memory total 1/0
Q for lower upper T values TWO3UB#S
value THREESUBE10 bound bound from to fros to

| 2 1 to 1 1 1 2 to 2

2 9 374 to 1 2 2 ? to 9

3 28 173 to 374 2 3 ? to 30
4 63 3716 to 173 3 4 30 to 73
5 118 3725 to 3716 4 S 73 to 146
6 197 3736 to 3725 5 S 146 to 146
4 304 3749 to 3736 5 6 146 to 257

As can be seen., even for seall @, THREESUB#10 cen do
less /70 than TWOSUBSES. The degree to which sach storage
method utilizes the available memory is the dectiing factor.

To obtain a better comparison of the [1/0 count for
TWOSUB#S with that of THREESUB#10, we note that for a given
value of @ in THREESUB#10, the corresponding valse of T for
TWOSUB#S Lies betueen

CEIL (.815 & (@-1)) and CEIL (.815 = Q).

This gives us the follovwing table of values:
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T VALUES TWOSUB#S 1/0 COUNTS
[ THREESUB#LO0  ===-cccemces  cccececcccmeccccc-a-
VALUE 170 COUNTS FROM 10 FROM 0
3 28 2 3 9 30
4 63 3 ‘ 30 73
s 118 ‘ s 73 146
6 197 s s 146 146
7 304 s 6 146 257
8 443 6 7 257 414
9 618 7 8 414 625
10 833 8 9 625 898
11 1092 9 9 898 898
12 1399 9 10 898 1241
13 1758 10 11 1241 1662
14 2173 11 12 1662 2169
13 2648 12 13 2169 2170
16 3187 13 14 2770 3473
17 3794 14 14 3473 3473
18 4473 14 15 3473 4286
19 s228 15 16 4286 5217
20 6063 16 17 5217 6274
21 6982 17 18 6274 7465
22 7989 18 18 7485 7465
23 9088 18 19 7485 8798
26 10283 19 20 8798 10281
25 11578 20 21 10281 11922
26 12977 21 22 11922 13729
27 14484 22 23 13729 15710
28 16103 23 23 15710 15710
29 17838 23 24 15710 17873
30 19693 24 25 17873 20226
31 21672 25 26 20226 22777
32 23779 26 27 22177 25534
33 26018 27 27 25534 25534
34 28393 27 28 25534 28505
35 30908 28 29 28505 31698
36 33567 29 30 31698 35121
37 36374 30 31 35121 38782
38 39333 31 31 38782 38782
39 42448 31 32 38782 42689
40 45723 32 33 42689 46850
41 49162 33 36 46850 51273
62 52769 34 35 51273 55966
43 56548 35 36 55966 60937
Pt 60503 36 36 60937 60937
4S 64638 36 37 60937 66194
46 68957 37 38 66194 71745
47 73464 38 39 71745 77598

48 78163 39 40 77598 83761
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T VALUES THOSUB#3 170 COUNTS
e THREESUB#LO cesscecacnce ceesscssccccsnccana
VALUE 170 COUNTS FROM T0 FROM T0
51 93452 41 42 90242 97049
52 98959 42 43 97049 104190
53 104678 43 (1} 1046190 111673
54 110613 &4 45 111673 119506
5S 116768 45 45 119506 119506
56 123147 45 46 119506 127697
57 129754 46 &7 127697 136254
S8 136593 47 48 136254 145185
59 143668 48 49 1645185 156498
60 150983 49 49 154498 154498
61 158542 49 50 154498 164201
62 166349 50 51 164201 1746302
63 174408 51 52 174302 L84809
64 182723 52 53 184809 195730
63 191298 53 53 195730 195730
66 200137 53 54 195730 207073
67 209244 54 55 207073 218846
68 218623 55 56 213846 231057
69 228278 56 57 231057 243714
70 238213 57 58 2463714 256825
”n 248432 58 58 256825 256825
2 258939 58 59 256825 270398
73 269738 59 60 270398 284441
74 280833 60 61 284441 298962
75 292228 61 62 298962 313969
76 303927 62 62 313969 513969
[44 315934 62 63 313969 329470
78 328253 63 (.13 329470 3645473
79 340888 64 65 345473 361986
80 353843 63 66 361986 379017
81 367122 66 67 379017 396574
82 3380729 67 67 396574 396574
83 394668 67 68 396574 614665
84 408943 68 69 414665 $33298
83 423538 69 70 433298 652481
86 638517 70 71 452481 k72222
87 453824 71 71 472222 672222
88 469483 71 72 472222 692529
89 485498 72 73 492529 513410
90 501873 73 74 513410 534873
91 518612 T4 75 534873 556926
92 535719 75 75 556926 556926
93 553198 75 76 556926 579577

94 571053 76 7 579577 502834



Q
VALUE

100
200
300
400
500
1000
1500
2000
2500

B8y Ynspecting the table, we

THREESUB#10
170 COUNTS

6.863030E¢05
5.412603€E+06
1.817890E+07
6.298520E+07
8.383150E¢07
6.686630E08
2.254495E+09
S.341326E+09
1.042916E+10

THREESUB#10 does

sometimes

better.

81
163
264
326
407
815

1222
1630
2037

less

THREESUB#10

T VALUES

FROM

1
1
2

170
is

T0

82
163
245
326
408
815
223
630
038

than

better,

TWOSUB#5 170 COUNTS

FROM

7.020820€+05
5.747870E+06
1.930967t+07
4.608858E+07
8.972681€+07
7.211273E+08
2.431565E+09
S.771674E+09
1.126554E+10

find that for all @ )=

TWOoSuaes.

somet imes

Td

7.4890E+05
5.7370E+06
1.4831E¢07
4.8358E+07
9.9023E+07
7T.1275€+08
2.7541E+09
5.1674E¢09
1.8214E+10

78,
Tor @

=77,

TWoSJB85 s
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To prove that THREESUB#10 1{s always better than
TWOSUBRS for values >= 78, we {ignore the use of the cetling
function in the lower bound for T, so ve use
T = .815 * (@ - 1)

Then, a lower bound for the 170 count for TWOSU3®8S is
4.328 * (0-1) 3% 3 - 3,984 * (Q-1) %% 2 + 3,260 * (A-1) ¢+ 6

6

Uoon comparing the 170 formula for THREESU3#10 with
this foraula, wve find that for @ >= 87, THREZSUBS10 does
less 170 than the lower bound on what TWOSUB#5 does.
Therefore, we know that THREESUB#10 is better for i >= 87,
so we don't have to consider Q@ greater than 100, which oare
not shown n this table., Then this table, which takes the
cefling Into account, shous that THREESUB#10 is better for

alt @ >= 73,
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Comparison of Algorithes COL#Y and TWOSUBSS

It s not as easy to compare algorithms (OL#1 ond
TWOSUB#S as it wvas to compare TWOSUB#L thru TWOSUBES or
ROVEY thru ROWF3 or ROWS3 versus COL#1. Algorithe TWOSUBSS
uses subsatrix storage and requires the blocks to be samall
enough to enable two blocks in memory at once. At gorithm
COL#1 uses column storage and requires the blocks to contafin
complete columns and be small enough to allow two blocks In

memory at once.

We can use the following mathematical arguments:

Assume the matrix has n elements per row and n
elements per column.

Assuse memory can hold s elements of the matrix at
once.

Since both TWOSUB#S and COL#Y require two blocks
to be {n memory., in each case the block contains
about a/2 elements. That iss the blocks are
approximately the same size. Since TWOSUBHES uses
0%¢2 blocks, while COL#L uses T blocks, we see
that

Q@ se 2 =7

if we {ignore the fact that Q and T wsust be
integers.

e - - v e m——— -
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Now, T {s the same as the N used for the nuaber of
subblocks wused n the algorithm COL#1 read and write count
formutss.

Now, @ 13 the same as the N used for the nusber of
subblocks wused 1{in the algorithe TWOSUBSS read and urite

count foraulas.

Rewrfiting the total 170 formulas for aljorithas

TUWOSUBSS and COL#L1 ¥n terwms of @ and T, we have:

coLs T2 ¢ 3 &7

2

TWOSUR#S 8$ ¢ Q@ s 3 - 6% Q%2 ¢ &L xa *+ 6

6

Converting the formulas for algorithe COL#1 into terss of @,

ve have:

coL# Qs 4 ¢ 3 & @ &% 2

2

It §s immediately apparent that the @ =2 & term in

in the formula for algorithm COL#1 will dominate.




When @=1, the entire matrix fits into memory, so both
COL#1 and TWOSUB#S do one read and one write.

When @=2, the entire matrix does not fit {ato wmemory.
When @=22, there are & blocks, where tvo blocks fit into
memory at once. S50, memory is lLarge enough to fit 172 of
the watrix, but not the entire matrix. Therefore, I may be
3 or 4 (7 cannot be 2, because {f T=2, then the entire
matrix would fit {nto eemory). If memory can hold 2/3 of
the nmatrix, then T = 3 and COL#1 does 6 [/0 operations. If
memory holds less than 273 of the aatrix, then T=4 and COL#L
does 14 170 operations.

Now suppose @=3; then there are 9 blocks. Since, two
blocks are in memory at once., semory aust be Larje enough to
contain 2/9 of the matrixs but not big enough to contain 1/2
the matrin. Therefore, T ranges from 4 to 9. If T=4, COLS)
does 14 170 operations. If T=9, COL#L does S4& 1/0

operations.

e s ——— — — = ——— -
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We obtain the following teble for smatl Q.

fraction of matrinx

total 1/0 in mewory total 170
Q for Llover upper T values for COLP1
value TWOSUB#S bound bound froe to from to
1 4 1 to 1 1 1 2 to 2
2 9 172 to 1 3 4 9 to 14
3 30 279 to 172 4 9 16 to 54
4 73 2716 to 2/9 9 16 S¢ to 152
S 146 2725 to 2716 16 25 L52 to 350
6 257 2736 to 27258 25 36 350 to 702

As can be seen from the table above, it @ )>= 5, then
THWOSUBSRS5 {3 always the better algorithea. In the cases where
@ < S, it depends on the number of blocks COL#L «ill need.
At these small values of @, memory utilization olays the

deciding rote.




Chapter 6
Solving for «x

Until ¢this point, we have analyzed only the
decomposition of a matrix A into LU factors. This is only
part of the sotlution of Ax=b., After decomposing A, the L
factors aust be applied to any given right hand side of
values (known as b). Then, we solve for x wusing the U

factors and b.

Applying the Factors teo b

The srithmetic operations 1{nvolved {n applying the

factors to b cen be summartized as:

b(j) = b(j) - m(j,k) =% b(k)
for k = 192030.-.0("1)
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Solving for x using the U Factors and b

The arithmetic operations involved 1ma solving for «x

using the U factors can be summarized as:

n
(23t 1332 ]
 J
(i) = b(P) -  J aljrk) & x(k)
*
e & EES
k = jeol

wl(i.j)

for ‘ = ne N=1s A=2/ caer 3, 2, 1

e = e —— i ———————— ———— ) -



Row Storage

For the row storage method, this phase is qiite simple.
In the row storage sethod, several cosplete rows are stored
together. Hence, each block of A will contain at least one
rov. Since the size of each block was detersined to allow
two blocks in memory at once, there 1s enough room in wmemory
for one block of A and the entire set of b, Simce b(n) {s
affected by b(1), it wmakes sense to store all ¢the b°s
together and keep the b’s in memory for the duration of this
phase., Also, all the factors for a given b(k) are in one
block of A. Therefore, {f each block of A contains =»
complete rows, then block (k) will have all the factors
necessary for b((k=1)#m¢l) thru blksm).

Note that we nsust apply the L factors to b(1), then
b(2), thru b(nd.

After applying the . factors, we reverse the Dprocess
and solve for x(n)s x(n=1), x(n=2), thru x(1) using the U

values.
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Here §s the algorithm:

Read in the b vector

DO I = 1 TO NUM_SUBMATY_PER_COL:
CALL READ_BLOCK (I,BLOCK1):
CALL APPLY_MULT (I,BLOCK1).

END:

CALL SOLVE_X (N,BLOCK1):

DO I = N=-1 TO 1 BY -1;
CALL READ_BLOCK (I.BLOCK1):
CALL SOLVE_X (1.8L0CK1):

END;

Write out the b vector

There are only 2%N-1 reads of the matrix ani one read
and write for the vector b,

Note: VWe read sost of the matrix fn tuice. In the
multiplier Ltoops, many U values were read in. In the
solution phaser many L values vere read in. Only 3LICK (N)
vas not read tuice, since it is in memory at the end of the
muttiplier toop and need not be reread for the solution
toop. |

Note: This storage method {s only viadle {f two

complete rows fit into memory.
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Column Storage

For the column storage methods, this phase {is not quite
as sieptle. In the column storage method, several complete
cotumns are stored together. Hence, each block will contain
st Lleast one column. Since the size of each block was
deterained to allow two blocks in memory at once, there s
enocugh room {n memory for one block and the entire set of b.
Since b(n) {is affected by b(l), it makes sense to store all
the b's together and keep the b°s {n memory for the duration
of this phase.

At this point, the sisitiarity to the row method stops.
In the row methed, b(j) vas sodified by the contents of row
§ 1n one pass. In the column methed, only part of row J s
in memory at once. Therefore, b(j) {3 only partially
transformed in a single pass.

Although the main program below appears to de the sane,

the logic of APPLY_MULT and SOLVE_X is very different.
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The algorithas for coluan storage {s:

Read in the b vector

00 T = 1 TO NUM_SUBMAT_PER_COL:
CALL READ_BLOCK (1,8LO0CK1):
CALL APPLY_MULT (I.BLOCK1):

END?

CALL SOLVE_X (N.,BLOCK1):

DO I = N-1 TO 1 BY =-%:
CALL READ_BLOCK (1,8L0CK1):
CALL SOLVE_X (I.BLOCK1):

END;

Write out the b vector

There are only 2#N-1 reads of the matrix and one read
and write for the vector b.

Note: Ve read most of the matrix 1n tuice. In the
wultiplier Lloop, wmany U values wvere read in. In the
solution phase, many L values vere read in. Only 3LICK (N)
wass not read tuice, since it is in memory at the end of the
sultiplier Loop and need not be reread fer the solution

loop.

Note: This storage wmethod 1{s only viasdble $f two

complete columns fit into memory.
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Three Square Blocks

For the three square storage wmethod, {f the entire
vector b fits 1nto 2/3 of memory., then our algoritha is
quite simple.

We first read in the lower trtangular blocks (those
containing the L values) and apply them to b. Then, we read
in the upper triangular blocks and apply the U values to b,

Hence, we read and wurite b only once.
Here s the atlgorithm:

read in the b vector

DO I = 1 TO NUM_SUBMAT_PER_COL:
00 J =170 I-1;
CALL READ_BLOCK (I.,J,3L0CK1):
CALL FULL_BLOCK_MULY (1,J,BLOCK1)S
END:

CALL READ_BLOCK (I.I.BLOCK1):
CALL HALF_BLOCK_MULT (I.I,BLOCK1):

END:

CALL HALF_BLOCK_BACKSUSB
(NUM_SUBMAT_PER_COL »NUM_SUBMAT_PER_CO..B8LOCK1):

DO 1 = NUM_SUBMAT_PER_COL - 1 TO 1 B3Y =15
DO J = NUM_SUBMAT_PER_COL TO I+1 BY ~-1:
CALL READ_BLOCK (I.,J4,83L0CK1);
CALL FULL_BLOCK_BACKSUB (1.J,BLOCK1):
END;

CALL READ_BLOCK (I,I.BLOCK1):
CALL HALF_BLOCK_BACKSUB (I.,I1.,8BLOCK1):

END?

write the b vector
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When applying the factors to b, we have tuo distinct
cases:

1. The block contains only L values or U values.

Hence, the subroutine FULL_BLOCK_MULT spplies atll

the values in the block to b as sultipliers. The

subroutine FULL_BLOCK_BACKSUB uses all the vatues

in the block to solve for x.

2 The block 1s on the dfagonal and contains both

L and U values. Therefore, HALF_BLOCK_MULT wildll

only apply the L values of the block to b, while

HALF_BLOCK_BACKSUB will use the remaining valayes

of the block (the U factors) to solve for x.

This algorithe does one read and one wurite for the
vector b.

In the multiply phase., each block in the lower trisngle
Cincluding the diagonal) is read once oand applied to an
appropriate b block.e No matrix block needs to be written,
Since there are (N 3 (Nel)) 7 2 bolocks {in the Llowver
triangle, we have

N2« 2 ¢+ N

2

reads.
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In the solution phase, ecach block in the upaer triangle
i{s read once. This includes the diagonal, except for (N,N).

So, we have another

N ?2 <+ N

CL XL X L X Y X 1 ¥ ) - 1

2

reasds.

So combining the matrix reads, we have N 3 2 ¢+ N - |
reads of watrix blocks. In addition, b is read and written,
given a total of Ns¢2 ¢ N ¢ 1 1/0 operations.

Note: In this method, we have read the matrix a little
bit more than once. This {s significantly better than the
row or coluan algorithas, which read the matrix tuice,

Note: Since the diagonal blocks contain both L and U
factors, they oere read tuice. Hence, we have Nx&2 ¢ N-}
(the N-1 being the extra reads for the diagonal), rather
than just N &2 2,

Note: This entire algorithm §s based upon the vector b

fittding 4n 273 of menory.
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For the three square storage aethod, 1t b does not fit
into 273 of memory., then our algorithe is such more complex.
In ¢this storage method, an entire column need not fit into
memory at once. Hence, we must divide the b values 1{nto
subblocks.

In the multiplier phase, {f o given subdlock of wmatrix
A contains the element A(k,1), we must have b(l) i1 memory
in order to apply ACks1) to b(k).

In the sotution phase, {f a given subblock of matrix A
contains the element A(l,k), we must have x(k) in memory in
order to apply A(l,k) to b(l).

Hence, we shall need one block of A (containing the L

factors) in memory along with two blocks of b values.

In this storage method, memory is divided dnto three
blocks. Each block of the wmatrix A contains x &% 2
elements, where x % 2 i3 approximately one=third of memory.
Each row of the submatrix confalns x elements, Therefore.,
the nuaber of sudbmatrices is (n/x). Since there are only n
elements of b, the number of blocks needed to contain b s
n/{x*%2), Hence, there are x wmatrix blocks for easch b

btock.
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When applying the factors to b, we have three cases:

1. The entire block contains L values or U
values. This block can be cosbined with a > block
directly. As an example, the b block contains the
values 1 thru (x¢%2), The matrix block contains
the rous k thru &k ¢ x, Hence, we can apply all
the values 1n the wsatrix to b using only the
values in this b block. The routines
FULL_BLOCK_MULT and FULL_BLOCK_BACKSUB handle
these blocks.

2. The entire block contatns L values or U
values., This block needs another b block in order
to transfore & given b block. As an example, the
b block contains the values (x*%2 ¢ 1) ¢thru
(2ex%%2), The wmatrix block contafins the rows
(x®%241) thru (x%xe2¢x) and the columns 1 thru x.
In order to apply the matrix block to the b block,
we oalso need the b block containing the values 1
thru x%*%2, The routines TRI_BLOCK_MULT and
TRI_BLOCK_BACKSUB handle these blocks.

3. The block is on the diagonal. Half the bdlock
contains L velues. Halt the block contains U
values., This bleck can be directly appied to the
a block without wusing any other b block. The
routines HALF_BLOCK_MULT and HALF_B8LOCK_3AlKSUB
will handle these blocks.

In follouwing algorithas the number of Dbdlocks used to

the b vector 1s NUM_BLOCKS_OF_RHS, which is n/ (xs%2),

Fach block of b values contains x#&2 elements. Since each

block

of A values has x elements per column, there are x

matrinx blocks for each b blocke. Hence,

RATIO_A_BLOCKS_TO_RHS_BLOCKS = x.

- v ——— -
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/¢ spplying the sultipliers &/
D0 I = 1 TO NUM_BLOCKS_OF_RHS:

A= (I-1) * RATVIO_A_3LOCKS_VO_RHS_BLOCKS ¢+ 1;
B =1 & RATIO_A_BLOCKS_TO_RHS_B3LOCKS?

IF 8 > NUM_SUBMAT_PER_COL
THEN B = NUM_SUBMAT_PER_COL:

CALL READ_VALUE (I,VALUELl):
D0 J =170 I-1:
CALL READ_VALUE (J.,VALUE2):

X = (J=1) & RATIO_A_BLOCKS_TO_RHS_BLOCKS ¢ 1§
Y = J % RATIO_A_BLOCKS_TO_RHS_BLOCKS:

IF ¥ > NUM_SUBMAT_PER_COL
THEN Y = NUM_SUBMAT_PER_COL:

0O L = A TO B;
00 K = X TO Y;
CALL READ_BLOCK (L,K,3LOCK)?
CALL TRI_BLOCK_MULT (VALUE1,VALUE2,3L0CK);
ENDS
END?

END;
DO L = A TO 8;
00 K = A T0 L-1;
CALL READ_BLOCK (L.,K.BLOCK):
CALL FULL_BLOCK_MULY (VALUE1.8LO0CK);
END?

CALL READ_BLOCK (..,L,BLOCK)?
CALL HALF_BLOCK_MULT (YALUEL1,BLOCK)?

END:S
CALL WRITE_VALUE (I.VALUEL);
END;S
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/% back substitution =-- solving for x =/

DO I = NUM_BLOCKS_OF_RHS 70 1 8Y -1

A= (I-1) & RATIO_A_BLOCKS_TO_RHS_BLOCKS ¢ 1:
B =1 & RATIO_A_BLOCKS_TO_RHS_BLOCKS:

IF B > NUM_SUBMAT_PER_COL
THEN B = NUM_SUBMAT_PER_COL:

CALL READ_VALUE (I,VALUEL):
DO J = NUM_BLOCKS_OF _RHS 70O I+1 BY -1;
CALL READ_VALUE (J.,VALUEZ2):

X = (J=1) = RATIO_A_BLOCKS_TO_RHS_BLOCKS ¢ 1;
Y = J) % RATIO_A_BLOCKS_VO_RHS_BLOCKS:

IF Y > NUM_SUBMAY_PER_COL
THEN Y = NUM_SUBMAT_PER_COL:

00 L =8 TO A BY -1:
DO K =Y YO0 X BY -1
CALL READ_BLOCK (L.,K,BLOCK):
CALL TRI_BLOCK_BACKSUB (VALUEL1l,VALUE2.B_.0CK):
END;
END?

ENDS
DO L =8 T0O A BY =1;
00 K =8 TO Le1 BY -1;
CALL READ_BLOCK (L.K,BLOCK):
CALL FULL_BLOCK_BACKSUB (VALUE1l,BLOCK):
END;

CALL READ_BLOCK (L.L.BLOCK)?
CALL MNALF_BLOCK_BACKSUB (VALUE1,B8LOCK):

END:
CALL WRITE_VALUE (I.,VALUE1):
END:




By snalyzing the algorithas, ve see that each b block
1s written tuwice (once 1n the L phase and once in the U
phase). There are Z blocks of b values, vhere Z = (N/x).

In the L phases, b block(1l) is read Z times, b olock(2)
fs read 1I-1 times, b block(3) {s read 2-2 timess, ...r b

block (Z) is read once. Hence, the nusber of b block reads

is
) 4

*ERBER S

* 1 %€« 2 ¢

® (I=1¢}1) = ceccvmere-
* 2
*eRkEES R

I =1

In the U phase, b block(l) is read oncer b dDlock (2) s

read 2 times, b block(3) {s read 3 timess cccr b Dlock (2)

1s read 1 times. Hence, the number of b block reads {s

r 4
e Egee e
. 1 %6 2 ¢ 7
‘ l = oeocsacaesaae
* 2
b2 32 3] ]
I =1

Sos, the total number of b block 170 operations 1is 2%&2 ¢ 3%7,
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As In the previous algoritha, there are N&&2 ¢+ N
submatrin reads and no submatrix writes. This algorithe did
not save the read of block (N,N), hence its total 170 count

s N s 2 ¢+ N rather than N ¢ 2 ¢+ N - 1,

Therefore, the total nusber of 170 operatioas s

Ne&x2 + N ¢ 1852 ¢+ 3%1.

- —— o —— -
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Tuo Square Storage

In this storage method, the matrix A was divided {nto
subblockss where two subblocks fit into mewmory at once.

If the b vector fits into 1/2 of memory, then we can
use the algoritha presented in the previous section for the
three square method, when b fit into 2/73 of meaory. That
atlgorithe read and uwrote b once, and did N &% 2 ¢ N - 1

reads of the matrinx A, vhere N = NUM_SUBMAT_”ER_COL.

In case b does not fit into 1/2 of memory, then we must
partition the vector b into subblocks, where each b block
uses approximately one-fourth of mwmemory. Hencer, two b
blocks and one A subblock fit 1into wmesmory at once.
Therefore, the second algorithm used for the three square
method s applicable. Using that algoriths, we 31d Nss2 & N
reads of the matrix A, where N was equal to (n/x) where x*%2
= (n/2). Ve a(so did I%6243%7 reads and urites, vhere Z {3
the nuaber of b blocks. Using two b blocks in mewmory at
once, cach b block has (n/4) elements. Since there are n
elements in bs I = n/(a/b).

Note: 1[If we must partition b, then the two square
storagce method has wore b blocks than the caorresponding
three square method. Also note that there are Less A blocks

than in the three square storage method.
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Chapter 7

Final Discussion

After having done all this analysis on the various storage

methods, we can present the following decision algori the:

Assume we are gliven an n by n matrix A.
Assume ve can store ma elements in memory at once.

Compute the number of blocks (i1.e., Q@ *% 2) that the
three~square storage method would need. Call this
value S@3. Using SA&3 and the formilae for
THREESUBS10, compute the number of [/70 operations
needed. Call this value SQ31/0.

If @ >= 78, we will wvse the three-square storage
method and algorithas THREESUB#10.

I1f @ (= 77, vwe continue the decision saking process.

Compute the nuaber of blocks (f.e.., @ %8 2) that the
two~square storage method would need. Call this
value S@2. Using S22 and the formulae for TWOSUB#S,
coapute the number of [/0 operations needed. Call
this value $Q21/0.

1f @ >= 7, compare S@31/70 with S@21/70 and use the
storage method and related algorithe yielding the
Lleast amount of 1/0.

I1f @ € 7, we continue the decision making process.
Compute the number of blocks that the column storage
method would need. Call this vatue COL. Using COL
and the forsulae for COL#1, compute the numder of 1/0
operations needed. Call this value COLI/O.

Compare COLI/0, S@3170 and SG21/70. Choose the method
yielding the least amount of 170,

Finally, 1t @ = 2, use THREESUB#3.

s ——— - ——— . — -




In general, we can conclude that the three-square
sethod 1{s best only for extremely large matrices or cases

where nemory is severely limited.

More typically., the choice will be between the colusn
method ond the two-square method. If S@2 (the number of
blocks needed for the two-square method) 1s greater than 25
(@ = S5), then TWOSUB#S {is the preferred method. If SQ2 is
tess than 25, the choice depends on the memory utilization.
Sometises, column storage wusing COL#1 will do Less 1/0
operations. Other times, two-square storage using T WOSUB#S

will do less 170 operations.
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Note: The analysis has {gnored:

Size of Progras
Clesrtly, o larger progree will reduce the amount of

memory available for the storasge of matrix elements.

Yemporary Varisbles
Clearly, different programs uill use different nusbers
and types of temporaries., thereby affecting the amount of

memory avatflable for the storage of matrix elements.

Hidden Vectors

The two=square storsge method requires a vector that
can hold one columsn of a subblock. This vector is used in
the decomposition of A, the application of L to b, and in
the solution of x using U. Clearly, this reduces the amount
ot memory available for the matrix A and reduces the size of

each subblock.
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Integer Nusber of Blocks When computing the numsber of
blocks, certain divisions and square roots must be taken.
These arftheetic operations do not always yield d{ntegers.
Hence, values oare either rounded or truncated. Therefore,
memory can sometimes accomodate wore elements than the
storsge wmethod will wuse. This is unavoidables, since the
amount of memory left is usually not enough to {ncrease the

stze of each subblock,

Spillage

As an example, assume that s 100 by 100 weatrix s
presented to the tuwo-square method, and memory can contain
tuwo 6 by 6 subblocks; the two-square method yields a 17 by
17 matrix of subblocks. This 1s enough to handle a2 102 by
102 wmatrix. Although our storage method and algorithm will
handle o someuhat Larger matrixs, we cannot *shave’ the last

row and column of blocks and achieve any savings.

Transaission Tiee

Throughout the analysis, the concern has been to reduce
the numsber of [/0 operations, ignoring the fact that blocks
of different sfizes have different transmission times. The
assumption has been that transmission time is {asignificant

when compared to seek tise.
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Language, Computer, Operating Systea

8y dgnoring these factors, one avoids the discussion
about uhich storage methods and algorithas uill 40 best in a
given environament. Although our analysis is true fin
general, there may be a given Llanguagers computer, and
operating system combination that wmay not agree with the

results achieved in this paper.
Here are some examples of possible brobte-s:

Stack computers wmay not have the probles of
tesporaries.

Different Llanguages may use dffferent numbers of
temporaries.

Different operating systeams will wuse different
buffering schemes and 170 algorithmes for randos
access file operations.

Certain operating systems may elisinate Llarge
amounts of seek time using cache memory, hence
increasing the significance of the transsission
time.

The usage of cache semory wmay introduce the need
to weigh the size of the subblock with its effect
on the utftization of the cache.

Operating systems that use segmentation or paging
may require different algorithas having loops that
sre wholly contained within segments or pages.

Operating systems having °look ahead® pagiag weay
use different algorithas that utilize these
features.

Certain Languages are not efficient on certain
computers under certain operating systess.

Computers with array processors may avoid the
problem of the *hidden vector®, since they may
process the various rows and ctolumns in parallel.
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Note: The analysts has focused upon the nusber of [/0
operations performed during the decomposition of A into LU
factors. During the application of the L factors to b, 1/0
operations were done. During the solving for x using the U
factors, 170 operations were also done. For the row and
column storage wmethodss, the number of 170 operations done
was approxisately 2#N. For the submatrix wsesthods, the
number of 11/0 operations was approximately (1/72) * N s=x2,
These teras are insignificant in comparison with the Nes3
and N¢24& counts generated during the decomposition phase.
Hence, these small counts have not been {included 1{in the

comparisons.
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Chapter 8

Future Research

Rectangular Storage Methods

In this thesis, we have examined three storage schemes.

They were:
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These two methods partition A into non-square
submatrices. One wmethod Mhas more elements per row of the
submatrix, while the other has more elements in the column
of the submatrix. Therefore, the nuasber of subsatrices
comprising a row of the original matrix is different than
the nusber of submatrices needed to comprise a co>lumn of the

original wmatrix.

We conjecture that the horfzontal rectangle scheme
method Lies betueen the square submatrix and the row storage
scheme. It would be satisfying to develop decomdosition
algorithes for this storage scheme whose formulae would Lie
in betueen those of the square and row. What we would Like
to find is the following: the squarer the block, the closer
to the square [/0 counts: the more rectangular, the closer
to the row 1I/0 counts. This method may be apdealing in
cases vhere the row method is desired, but two complete rows
cannot fit into memory at once.

Similiarly, the vertical rectangular scheme should Lie
in between the square subeatrix and the coluan storage

schene.
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Decomposition Algorithms With Interchanges

In principle, all the decomposition algorithms
develoned for the coluan storage method are easily vodified
to accomodate pivoting. A vector of size n must be used in
order to record the swaps. The addition of this vector will
probably reduce the number of coluans fitting 1ato a block,
hence increasing the number of blocks needed to store the
matrix and the oalgorithas will do more 1/0. However, {f
memory cen only accomodate tvo full columns., then the svap
vector will preclude the usage of any of our previously

developed coluan algorithms.

In order to inplement pivoting for the row and the
submatrix schemes in an efficient manner, one should avoid
sueeping the remaining matrix Looking for the wmaximal
element. The paper by Barron and Swinnerton=-dyer (1960)
speculates about a new pivoting strategy that addresses this
probles. This strategy uses the largest element uncovered
so far in choosing the pivot. More anaslysis {s nez2ded to

deternine the numerical accuracy of this strategy.
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Piveting introduces complications that sake the square
blocks methods unattractive. The simplest aporoaches
require so much additionsal 170 that they are not attractive.
Although the technique adopted by Barron and Suisnerton-Dyer
(1960) could be applied to square blocks, it would be
sttractive only ¥ we wused a scheme analogous to the row
scheme, and this would mean we could not achieve the savings
of THREESUB#10 or TWOSUBES. In general, if oivoting s
required, further research {s needed to deternine an
efficient square block algoritha. The papers discussing the
square block method (McKellar and Coffwan (1969), Nujzent and
Du Croz (1981)) have also {gnored the cases where »pivoting

1s required.
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