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INTRODUCT ION

In the early 1960's attempts were made to generalize the classical
results of 2-valued logics (Compactness Theorem, Skolem~-Iowenhein
Theorems, ultraproduct results and syntatic characterization of model
classes) to logics where sentences may take values in an arbitrary set,
V . An example of such a logic is, let V = [0,1] < reals and assign
each sentence the probability of its truth.

These attempts were successful and culminated in the work of Chang
and Keisler [ 4 ], where the classical theorems are proven under the as-
sumption that the value space, V, is a compact Hausdorf space and that
the logical symbols represent continuous functions. The use of ultra-
products and method of diagrams is the main tool.

In their ﬁork, Chang=-Keisler generalized the semantic notions of
2-valued logic (valuation of a sentence, satisfiable sentence, valid
sentence and model), but no light was shed on deductive notions of proof
and deducibility. Thus we had a situation where one could say a sent-
ence is valid but no systematic method existed for verifying (proving)
that it is valid.

This paper intends to f£ill this gap. We intend to provide a de-
ductive system suitable for the continuous logics of Chang-Keisler,
Basic to our results is the formulation of a "logical framework” (in
the sense of Smullyan [13]) for continuous logics. (2-valued logic,
infinitary logic and intuitionistic logic all have logical frameworks).

A logical framework is essentially an analysis of sentences into
simpler parts. Specifically, a framework consists of

i) a partition of the set of signed sentences into 5 sets, A,C,D,U,E.

v



vi
ii) an assignment to each signed sentence a set of signed sentences

called its subsentences.

Remarks: 1) elements of A are called atomic
elements of C are called conjunctive
elements of D are called disjunctive
elements of U are called universal
elements of E are called existential,
2) The set of subsentences is sometimes arranged in an ordinal sequence.
3) The framework is called logical if certain relations (to be speci-
fied later) between the partition and subsentence assignment is obeyed.
I would now like to consider a specific logic. A fragment of 2~
valued propositional logic., It has 2 atomic sentences p,q and 2 con-
nectives A,V , (A denotes conjunction, V disjunction, S A T reads
S and T). The sentences:of prpposifional logic.are given by
i) p 1is a sentence
ii) q 1is a sentence
iii) if S,T are sentences so are S AT and S VT,
(Each sentence is either atomic or of the form S AT or S VT).
By a signed sentence we mean a sentence preceded by either the symbol
T or F , For example, T pV(q A p) 1s a signed sentence and so is
F pV(q A p) .
TX 4is supposed to mean X is true;
FX is supposed to mean X 1is false,

For our framework we take the following

1) A= {p,ql}
_ _" n _m ",
c={s|s="T 8, A8, or §="F8§ v8,"; 8,8, sentences }
- R 1) " _m ",
p={sls="Ts V s," or 8="FS AB); 5,8, sentences]
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E=V=ﬂ.
ii) Sentences of the form

a) TS, AS, are assigned ({T 5,,T 82}

1 2
b) FS, VS, are assigned {F 8,,F sz}
¢) T8, VS, are assigned {T S;,T sz}
d) F 8, AS, are assigned {F S, ,F sz] .

We note that our framework obeys the following
i) if X 1is a subsentence of Y then X is simpler than ¥ in the
sense of having fewer logical symbols (A,V) .
ii) there is Eg.infinite sequence of signed sentences {Xn] such that

X is a subsentence of X .
n+l n

iii) a signed sentence X is conjunctive then X holds in a model if
and only if all of its subsentences do.

iv) a signed sentence X is disjunctive then X holds in a model if
and only if one of its subsentences does,

v) a sentence is disjunctive it has a finite number of subsentences

(in general, conjunctive sentences may have an infinite number of sub-

sentences). A framework obeying 1)-v) is called a logical framework.
Before sketching logical frameworks‘tor continuousrlogics, I would
like to illustrate how fremeworks yield an algorithm for showing sent-
ences unsatisfiable.
Consider T p A (q Vp) . For some assignments of true or false

to p and q, p A (g Vp) 1is true, for others false. Specifically

it is true for either

Case 1 Case 11
P tnw] or p true ]
q true q false
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and false for either

Case III Cage IV
P false] or P false]
q true q false .

Thus T p A (g Vp) holds in a model is equivalent to saying our model

is an instance of Case I or Case II, but not an instance of Case III or

Case IV, Let us now consider replacing {Tp A (q Vp)} by /Tp A (qV

Tp
T(q V p)

Certainly, if all the sentences of the first set hold in a model all
the elements of the second hold in that model. More importantly our
second set explicitly excludes certain cases (namely, Cases III and 1IV).
Thus the process of replacement can be viewed as making explicit what
was implicit in our original set.

With the above in mind, it becomes reasonable to assume that if a
sentence is not satisfiable then by replacements similar to the above,
we can explicitly rule out all possible cases, Furthermore, since our
cases comprise all possible valuations it appears the only way all cases
can be excluded is to end with a set containing both Tp and F p
for some p .

For a set with a disjunctive sentence, for example {T p Vv q], we
branch to a finite number of sets ({T p},{T q} in our example). And
if our original set is unsatisfiable, we can expect to be able to show
all the sets we branched to are unsatisfiable.

The mechanism by which we perform replacements is called the
method of Tableaux and consists of the following. First some defini-
tions are in order,

By a Tree we mean a partially ordered set (its elements are called

1
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points) such that each point has a unique predecessor,
By a Branch of a tree we mean a subitree which is linearly ordered.
By a Branch ggigz_of a tree we mean a point which is the unique
predecessor of more than one point.
Trees can be represented graphically by letting vertices represent
points and drawing lines between two vertices if the first is a unique

predecessor of the second. For example,

¥

‘We will be interested in finite trees (shrubs). (Order of tree is
written <), A Tableaux is a finite tree, J, whose points are signed
sentences such that N
0) there i3 a set of spegial points such that no ordinary point is
greater than a special point,
i) There exists a unigue maximal point.
ii) If 8 € J then either a) or b) or c)
a) S 1is a special point,
b) ¥ 8’, 8’ >8, 8’ conjunctive and S is a subsentence of 5’ .
c) ¥ s8’,8'>8, 8/ disjunctive and 8 is a subsentence of S8’ .

And the predecessor of S is the predecessor of any other subsentence

of 8’ .



Examples:
1)
TpAaq
Tp
T q
3)
?AQ){
TpAgq Tp
Tp
Tgq

2)

Tp Vg

Tp q

We say a branch of a tableaux closes if it contains both T 8 and F 8

for some S . We say a tableaux closes if every maximal branch closes,

The Completeness Theorem for tableaux states:

A set of signed sentences

is unsatisfiable if and only if there exists a closed tableaux whose

only special points belong to that set.

To illustrate we construct a closed tableaux for {F(p VvV q)

{Tékp A @ g



closes

=08

1) F(p Vg special
2) TP A qQ) special
F F
from 1 from 1
Tp flom 2 Tp from 2

closes

=1



SECTION I. LOGICAL PRELIMINARIES

Classical two valued logics are characterized by the fact that

each sentence is meant to have a value of either true or false. As

a consequence of this we get that the connective "and" denotes a

function from the set [T,F}'X {T,F] to the set {T,F} and in gen-

eral an n-ary sentence connective denotes a function from {T,F]n to

{T,F} . In a similar vein the quantifier, "there exists", is best

viewed as a function from the set of all subsets of {T,F} to [T,F}.

Logics where sentences take values in a set, V, which is different

from {T,F} have become increasingly common and useful in mathematics.

As examples we name the N-valued logics of Rosser-Turquette [10],

LuKasiewicz' real-valued logic [6], the continuous logics of Chang-

Keisler [4], and the boolean-valued logics of Scott [11].

All the above logics have the following data in common.

1)
(i1)
(iii)

a specified set, V, called the value space.
a set of functions from V© to V called n-ary connectives,
a set of functions from P(V), the set of all non-empty sub-

sets of V, to V called quantifiers.

Likewise the syntax of V-logics is similar to that of our usual

logics, expressions look alike and are defined in a similar recursive

nanner,

Motivated by the above we define a V-logic as follows.

Definition 1.1: Given a specific set V by a logic, £V’ for V we

mean.

(1)

For each integer, n, a set, C", of functions from vV to

V . A set of ordinal indexed symbols, {f:li € an}' A 1-1 onto map,

n , from {f:li € an} to C" .
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Elements of both Cn, and {f:|i € an} are called n-ary connectives.

The image of the symbol £; under ~  will be written £ .
(1i) A set, 2, of maps from P(V) (the set of all non-empty sub-
sets of V) to V . An ordinal indexed set of symbols,
{qili € o}, A 1-1 onto map, , from [qili €a} to 2.,
Elements of both 2 and {qi|1 € o} are called quantifiers. The

image of q, under the map, , is written E; .

(1ii) An ordinal indexed set of symbols, {pili € 6}, An ordinal
indexed set of symbols, {vi|i € AL,

Elements of [pili € 8] are called parameters and elements of

{vili € A} are called variables.

(iv) For each integer, n, an ordinal indexed set (possibly null)
of symbols {Pgli € un] . Elements of {P?Ii € an are
called n-ary predicates.

(v) The purely grammatical symbols
")}" called right parenthesis
"(" called left parenthesis

""" called comma.

Remarks: (a) Unless otherwise stated our ordinal index sets are assumed
to be less than or equal to w (the first countable ordinal). The
index set of parameters is assumed to be equal to @, Thus

{Pili €68} = [pl,pz,...}.

(b) Our index sets are relatively unimportant, their existence is all
we need.- Therefore whenever possible we will suppress both the index

and the arity of symbols. Thus f: will sometimes be written £ or
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n

1 will be written P" or even P R

even f . Likewise the predicate P
ete.
(c) The image of £ under " will be written ;ﬁ and the image
of q, under ~  will be written E; and in general, passage from
symbol to reality (under the appropriate canonical map) will be indicated
by placing a "—" over the symbol.

Now that we have specified the symbols of our logic (the alphabet

metaphorically speaking) we define the notion of meaningful expression.

Definition 1.2: By the set of well formed formulas (abbreviated wffs),
we mean the least set, ws, such that
upll "
(1) P (t,tn) € u:s
Where P" is an n-ary predicate symbol and each t1 (L=1,...,n) 1is
-either a parameter or variable.
nell "
(ii) f (Wl,...,wn) E ms
Where £° is an n-ary connective (symbol) and each Wi € w& ces
(i = 1,000,“)-
" . "
(1iii) qiij € ws
Where 4 is a quantifier (symbol) vj i3 a variable (symbol) and

WE Wb .

Remarks: (a) By "Pn(tl,...,tn)" € Ws we mean the finite sequence of
symbola, consisting of the symbol "Pn", the symbol " (", the symbol
"ti", etc, belongs to WS . Hence w& is a set of sequences of
symbols.
(b) WEEs of type (1) are called elementary.

Wifs of type (ii) are called boolean.

Wffs of type (iii) are called quantified.
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As 1s well-known the above classification is well defined, exhaustive,
and mutually exclusive, i.e., if X € @s then X must be either

elementary, boolean or quantified and uniquely so.



SECTION 2. MODEL THEORETIC PRELIMINARIES

As we have seen the language of V-logics is similar to that of
classical logic. The same is true of the notion of astructure, 1if we
view it correctly. In classical two valued logic an n-ary relation,
R, on a universe, U, is a subset of " , L.es, R& vt . However, R
can also be viewed as a function from U" to the set {€,£}. Equi-
valently R can be viewed as a function from " to the set [T,F].
For V-logics we generalize the notion of relation. An n-ary V re-
lation is defined as a function from U" to the set V . Thus, in

analogy to the classical case we define a V- structure as follows.

Definition 2.1t By a V -structure, Sv, we mean
(1) A non-empty set, U .

(i1) For each n, a set (possibly null) of n-ary V relations,
n

‘ R

{ry 0" ~ vy,

V - structures are written SV = (U, {Ri}, {Ri} ens)e

It should be noticed that V structures were defined without

reference to any V-logic. Of course, there is a conmnection between
the two notions. Namely, a V-logic is meant to talk about V-structures.
In particular n-ary predicate symbols, P?, are meant to denote n-ary
V-relations. Thus we would like to consider a V-logic and a V-
structure which are connected by assigning to each n-ary predicate an
n-ary relation. Therefore, we define the notion of a V-interpretation,

42 , for a V-logic as

v

Definition 2,2: Let SV be a V-logic. By a Sv interpretation, dg ,
v

we mean



(1) a V-structure, Sv = (U,{Ri} cee) o
(i1) for each integer n an onto map ~" from the set of n-ary
predicate symbols of & v [Pnli € u } to the set of n-ary

relations of 8 {R ] i.e., ~ |{Pn|1 € u } oato ., [R ]

(i1i) a map, ~, from the parameters of Sv, [pi|i € w}, into the

set of elements of Sv, u, 1-e-sf“L&P1|1 Ew} —>1u .

Remarks: (a) ~" tells which relation the n-ary predicate symbol
represents under the interpretation, ~ tells which object the para-
meter Pi represents (denotes) under the interpretation.

(b) &, interpretations are written I, = (£, SV,‘”p} ~) .

{c) Consistent with our previously stated convention of indicating
nw__n

passage from symbol to reality by « We make the convention of
writing the image of P: under the function ~" as P? and likewise

write the image of the parameter, p, under the function ~ as Er.

We can now formalize the manner in which a logic, £, speaks about
an interpretation. What we want to do is assign each wff with no
free variables a value in V . The value is said to be the‘value of
the wff under the interpretation. This is analgous to saying that
a sentence is true (or false) under a given interpretation.

We want to define a function, v, from ms (the set of wffs of &)
to V . This is most easily accomplished if we extend our language
symbols by adding parameter symbols, “ui“, one symbol for each element

of U . Since most of our symbols represent functions, our definition

will be evaluate these functions.



Notation conventions:

(a) We will write the actual element of U denoted by u as u .

(b) It will be helpful to recall our convention of passing from
symbol to reality (under the appropriate map) by putting a ~  above
the symbol.

(¢c) We introduce the notation W:i (where W 1is a string of

symbols which is a wff and v, 1s a variable symbol and u 1is a

i
v
symbol introduced to denote an element of U), By Wui we mean the
resulting string of symbols gotten by replacing each free occurrence

of v, in W by the symbol u .

i
Definition 2,.3. We define the map vlws —> V recursively as follows.

(1) v(P:(tl,...,tn)) = ;E(QI""’Qn) where

" pj if ti = pj

t>

A -
ti = u if ti =u .

n P
(11) v(fi(wl'“"wn) = fi(v(wl)""’v(wn)) .

v
(111) vig v, W = v Hle e vh .

Remarks: (a) In the above we assume

n
i

pj a parameter.

P, 1is a predicate.

u a symbol such that u € U .

f? a connective,

q @ quantifier.

(b) We explain (i) in detail. P? denotes (under ~) a map from g

to V . Each symbol t, denotes (under the appropriate map) an element

i



of

HFQ'

U . Thus for the value of P:(tl,...,tn) we take the function

. A
evaluated at the n-tuple (%1""’tn) .



SECTION 3. SIGNED FORMULAS

Now that we have defined V-logics it behooves us to state what we
are interested in saying about them. We wish to talk about the'possible
values a wff may take under some interpretations. It has been most
usual to consider a specific element of V, v, and ask if there exists
some interpretation, &, such that the wff, W, has the value v under
d . Instead we wish to ask the following question. Given a specific
subset of V, C (C < V), does there exist an interpretation, J, such

_that the value of the wff, W, belongs to C (v(W) € C)? (It should
be noticed that the usual question is a special case of our question.
Take C = {v]).

In order to treat questions like the above formally, we introduce
some new symbols. Specifically "E", "C" . We then form sentences of
the form WEC (W a wff), which is meant to denote the fact that
the value of W belongs to C . (Sentences of this kind are called
signed or signed wffs., They are meant to have a value of true or
false in a given interpretation).

In addition it i{s convenient to have some other symbols &,V,A,V,
where we wish
i) A v, S (S5 a signed wff) to represent the fact that there exists
an element such that S 18 true.

il) Vv v, 8 (S a signed wff) to represent the fact that all elements
make S true,
iii) S

A 8, (SI,S signed wffs) to represent the fact that both 51

1

and 32 are true.

2
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iv) sV 82 (Sl,S signed wffs) to represent the fact that either

1 2
S1 or 82 is true.
We now formalize the adjunction of the new symbols.
Assume a given V-logic, SV’ and assume a countable sequence

EI, E;,... of subsets of V . We adjoin the following symbols to our

language
E’ H’ v’ AJ V! Cl’ CZ’ Ca, e
(one for each E; . The set corresponding to Ci is written E;).

Definition 3.1. We now recursively define the notion of closed well-
formed formulas (cwffs) as the least set of strings of symbols, C,
such that
i) the string '"W E Ci" €C (b a wff),
ii) the string "d vi(S)" EC (vi a variable, S € C).
iii) the string "V vi(s)" €EC (vi a variable, § € C).
iv) the string "S1 A Sz" eC (Sl,S2 €EC).

] "
v) the string 'S1 v 52 €C (SI,S2 €C),

We now formalize the intended meanings of cwffs by an extension
of our valuation notion, Vv .
Let £v be a specific V-logic.

Let Jv = <(U’R1)’ SV,-v,vqu be an £v interpretation.

A
We define a map v from C, the set of cwffs, to {T,F}. (0 in-

duced by Jv).

A A
Definition 3.2. We define V recursively, vlc-—4> {T,F} as follows:

i) 0 (WE Ci) =T if and only if v(W) € E; .

v

0 (4 vi(S)) = T if and only if G(Sui) =T for some u, u€ U,

i1)
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Vi
) =T for all u,
u

A A
iii) v(v vi(S)) = T if and only 1if V(S
TEU.
A A A
iv) v(s1 A Sz) T if and only if v(sl) =T and v(Sz) =T,

A A A
v) v(51 v Sz) =T 1if and only if v(Sl) =T or v(Sz) =T,

Assume now two sequences of subsets of V,

¢.,C.,C

1 2 3’ LI IR I

We now have two notions of cwff (and their corresponding valuation
map, v).

Consider the case where 51 =V~ Ci . We will abuse terminology
and call the second notion of cwff, the notion of open well-formed
formula (abbreviated owff), the collection of owffs will be written

as ©® . It should be noticed that a cwff, W E C,, holds in an inter-

1’

pretation (\}(W E Ci) =T 4f and only if the owff, W E O,, does not

1’
hold in the interpretation (v\(w E 01) = F), In fact we can assign to
each cwff, S, an owff, S', such that for any interpretation, S

holds in the interpretation if and only if S’ does not hold in that

interpretation,

Definition 3.3. We now define a 1-1 onto map, ', called negation from
the set of cwffs, C, to the set of owffs, © . We define " re-
cursively as

' ' —= -_
i) (WECi) is WEOi W a wif and 01 v Ci).

ii) (avicsn’ is vVi((s)') (8 a cwff).

iii) (vvi(s))' is Evi((s)') (S a cwff).
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iv) (slAsz)’ is s! v s! (31,52 are cwffs).

1 2
' / s
v) (S1 A Sz) is S1 A S2 (Sl,s2 are cwffs).

It is easily seen that the image under ' of a cwff 1is a owff

’

and that is a 1-1 and onto map. It i8 also clear that for a cwff,
S, § holds in an interpretation if and only if S’ doesn't. We will
write the inverse image of ’, a map from the set of owffs, ®, to the
set of cwffs as ' (we abuse notation). It is clear that an owff,
S, holds in an interpretation if and only if S’ doesn't, Note also
that §" = § (as a sequence of symbols, not only as equivalent state-

ments). The ' map is meant to formalize our intuitive notion of

negation.

Remarks: (a) We will mainly be'concerned with cwffs. Results on
owffs will be deduced from the above correspondence, "’'" . We will

prove that for special choices of V and C, the formulas that are

i
never true (G(S) = F all interpretations) are recursively enumerable.
It is for this reason we avoid allowing a negation of a cwff to be a
cwif (it is an owff). If we allow negation, the set of cwffs which
are never true is not recursively enumerable. (We describe a col-
lection of counter examples later).
(b) If for an interpretation, J, O(S) =T we say S 1is true in J ,
(Also S5 holds in J).
(c) cwffs of typei (W E Ci) are called

atomic if W 1is elementary

boolean if W 1is boolean

quantified 1if W 1is quantified .
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cwffs of type 1i) (@ vy 8) are called existential.
cwffs of type 1ii) (V¥ N S) are called universal.
cwffs of type iv) (S1 A Sz) are called conjunctive.

cwffs of type v) (S1 v Sz) are called disjunctive.

It is to be noted that each cwff 1s either atomic, boolean,
quantified, existential, universal, conjunctive or disjunctive, (and
uniquely s0).

(d) We ask the generalized question: Does V(W) € C rather than the
usual one, partly because it is more suitable for our results, but it is
of independent interest. The results of Chang-Keisler (4] would be
considerably simplified if stated in the language of signed formulas.
(¢) The notion of signed formulas was suégested by Smullyan [12].

Where use is made of putting a T or F before sentences.



SECTION 4. LOGICAL FRAMEWORKS

Given a logic, £, and its associated set of signed formulas, we
may ask several questions.

{(a) Can a computer be programmed to decide whether a formula is
valid (always true)?

{b) Can a computer be programmed to decide whether a formula is
unsatisfiable (never true)?

(e) Can a computer be programmed to list all valid formulas?

(d) Can a computer be programmed to list all unsatisfiable formulas?

For non-trivial 2-valued logics no program exist for (a) and (b).
There does, however, exist programs for (c) and (d) (for 2-valued
logics the questions are equivalent). For the case of the continuous
logics of Chang-Keisler, we show (by actually constructing the program)
that question (d) is answered in the affirmative if we mean by formula
cwff. It follows from this, that question (c) is answered in the af-
firmative, if by formula we mean owff,

We further show that except for trivial logics, question (c) for
cwifs and question (d) for owffs have answers in the negative, i.e.,
the set of valid cwffs 1is not recursively enumerable. |

Our results are best organized using the notion of logical frame-
work, first used by Smullyan [12] to investigate 2-valued logic. We
use a semantic version of Smullyan's abstract framework (Smullyan [13]).

We proceed to define our version of logical framework.

Definition 4.1. Given a logic, Sv, and subsets of V, Cl, 02,...,

and the associated notion of cwff, C .

14
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By a logical framework for C we mean

(1) A partition of the elements of C into five pairwise disjoint

subsets, A,d,B,Y,6,

Elements of A are called atomic.

Elements of @ are called conjunctive.

Elements of

™

are called disjunctive,

Elements of Y are called universal.

Elements of 0§ are called existential.

(11) An assignment to each non-atomic formula, F, a countable (pos-

sibly finite) sequence of formulas, S_ = <F_,F F3,...> .

Elements of S

F 1°72°

F are called subformulas of F .

The above is such that

1)

(2)
(3)

there does not exist an infinite sequence of formulas
<F1,F2,F3,...> such that Fi+1 is a subformula of Fi
i=1,2,...) .

If F is disjunctive then SF is finite.

A set of atomic formulas is simultaneously satisfiable in a
domain of parameters if every finite subset is simultaneously

satisfiable in a domain of parameters.

Definition 4.2. A set, 8, of formulas is said to be simultaneously

satisfiable in a domain of parameters if there exists an interpretationm,

d, where the map ~ from {pilpi a parameter} to the universe, U, is

onto. And where all formulas of the set, $, hold (are true), in the

interpretation, J .
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(4) (i) If F is conjunctive and every subformula of F is satis-
fied in an interpretation then F 1is satisfied in that interpretation.
(i1) If F 1is disjunctive and some subformula of F 1is satis-
fied in an interpretation then F 1is satisfied in that inte;pretation.
(5) (1) P is universal if and only 1f F =V vy F’' (where F’ 1is
a cwff and equality means the exact same string of symbols).
If F=Y v, F’ then

LW
= {F? *p

Sf pj f a parameter symbol} .

(ii) F 1is existential if and only if F =d vy F .

v
If F=1 v, ¥’ then SF = {F; i'P a Parameter] .

v
(By F; i we mean the string of formal symbols obtained by replacing

every free occurrence of the symbol vy in the string of symbols F',

by the symbol pj.)

(6) (1) If F is conjunctive and if F is true in the interpreta-
tion, ¢, then for any subformula of F, F', there exists an interpreta-
tion, &', such that every formula true in J d1s true in J‘ and ¥’
is true in &/ .

(i11) If F is disjunctive and if F 1is true in the interpreta-
tion, J, then some subformula of F, F/, is true in J .

(111) If F 1is universal and F 1is true in the interpretation,
Jd, then every subformula of F is true in J .,

(iv) For any given interpretation, &, the truth or falsity of a
formula depends only on the parameters occurring in the formula (the

parameter symbols occurring in the sequence of symbols which is the

formula) .



SECTION 5. TREE PRELIMINARIES

Since our main results make use of trees, I would like to intro-
duce some definitions. (We later prove that a c¢wff 1s unsatisfiable

if and only if there exists a certain kind of tree).

Definition 5.1. By a tree, 3, we mean

(1) A set, S, whose elements are called points.

(11) A binary relation, P, on the set of points. (xPy 1is read
x 1is the predecessor of y).

The above obeys
(a) There existg a unique point which has no predecessor, called the
origin of the tree.
(b) Every point except the origin has a unique predecessor.

Trees can be represented by a diagram in the following manner.
For each point of a tree we designate a point in the plane and if xPy
we draw an arrow from the point representing x to the point represent-
ing y .

Thus the tree

[a,b,c,d,e,f,g,h} ’

NoooD Lo
- - B - B
o D OO

is represented

17
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Definition 5.2. A point which is the predecessor of exactly one point

is called a simple point. (The point b in Figure 1 is simple).

Definition 5.3. A point which is the predecessor of more than one
point is called a junction point. (Points a and ¢ of Figure 1

are junction points).

Definition 5.4. A point which is not the predecessor of any point is
called an end point. (Points d,e,f,g and h of Figure 1 are end

points).

Definition 5.5. By a path of a tree we mean a sequence of points
(possibly infinite) such that each term of the sequence is the pre-
decessor of the next term. (In Figure 1, ab 1is a path. abe and

acg are also paths).

Definition 5.6. By a branch of a tree we mean a maximal path. (abe
is a branch and so is acg).
On occasion we would like to add more points to a tree. This is

called expanding a tree. Formally

Definition 5.7. Given a tree, d, we may define a new tree, ', as
follows. -

The points of &I’ are the points of J plus a finite number of
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additional points, X,,...,X . The predecessor relation holds in g’

if it holds in 7 , and in addition for each x_, there exists a unique

i

end point of J, tys such that t, is the predecessor of x; (In T%).

i
3’ is called an expansion of J . It is clear that an expansion
of a tree is a tree. It should be noted that the points added

KyseeesX ~are end points of 5!,



SECTION 6. TABLEAUX PRELIMINARIES

We will now discuss trees whose points are sets of cwffs.

Assume a given V-logic, Sv, and a logical framework for SV .

Definition 6.1. By a tableaux we mean a finite tree, J, whose points

are finite sets of cwffs, which obeys the following.

If S is a point of J§ and T (a point of &) is the predeces-
sor of S then T 4is a subset of S (TS 8) and T - 8 = {X},
i.e., 8§ 1is the set T plus one additional cwff, X .

Where one of the following four cases hold:
(1) X is a subformula of a conjunctive formula which is a member of T.
(2) X 1is a subformula of a disjunctive formula, Y, where Y 1is a
member of T, And if Yl""’Yn are the subformulas of Y then
TU {Yi} is a point of J§ and T is the predecessor of each
TU {y,].
(3) X 1is a subformula of a universal formula which is a member of T.

(4) X 1is a subformula of an existential formula & \A F and

v
X = Fp1 where the parameter symbol, Pj’ does not occur in any formula

b
which is a member of T.

There is another way of looking at tableaux and this 1s to define

tableaux recursively as follows.

Definition 6.1’. (1) Any tree having just ome point which is a finite
set of formulas is a tableaux.
(2) Given any tableaux, §, we may define a new tableaux, 3, by ex-

panding the tree corresponding to § by any of the following four rules.

20
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Let T be an end point of & .

@ If YET and Y 1s conjunctive and Y’ is a subformula
of Y we may expand 3 by adding the point T U {Y’} and the fact
that T 4is the predecessor of T U {Y’'} .

(B) If YE€T and Y is disjunctive and Yl""’Yn are all
the subformulas of ¥, then we expand d by adding the points
T U {Yi}’ i=1,...,n and we add the fact that T is the predecessor
of each TU {Yi} .

() If YET and Y is universal and Y’ 1is a subformula of
Y, then we expand & by adding the point T U {Y’] and the fact that
T is the predecessor of T U {¥’}.

(6) If YET and Y 1is existential and Y =% v, § and the

i
symbol p appears in no formula which is a member of T then add

v

the point T U {Spi} and the relation that T 1is the predecessor
vy

of T“U {SP ] .

Definition 6.2. We say a set of cwffs, S, 1s satisfiable if there

exists an interpretation where all members of S are true.

Definition 6.3. We say a tableaux is satisfiable if some end point

(which is a set of cwffs) is satisfiable.

We now prove the following

Lemma 1. If a tableaux is satisfiable then any expansion of the tableaux

by a rule o,B,Y, or 6§ is satisfiable.

Proof: It is clear we need only consider the case where in the ex-
pansion from 3 to 3§’ (by one of the rules) the crucial end point,

T, is the only satisfiable end point of & (otherwise if some other end
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point is satisfiable it remains an end point of J7).
Case @: Consider now an expansion by rule ¢, There exists an X € T,
X 1s conjunctive and the new point added is the set T U {X'} where
X’ 1s a subformula of X . By hypothesis we may assume that T is
satisfiable, i.e., there exists a strong interpretation, J, where all
cwffs of T are true. By condition (61) for logical frameworks
(Definition 4.1) there exists an interpretation, 4’, such that every
formula true in & is true in &’ (in particular, the elements of T)
and in addition X’ 1is true in & .

Thus T U {X’'} 1s satisfiable.
Case B: Consider an expansion by rule B. There exists an X € T,
X disjunctive and we have added the points T U {Xi] (where the X:L
range over the finite number of subformulas of X). By hypothesis we
may assume that T 4is satisfiable. Hence, there exists an interpre-
tation, J, where all formulas of T are true. Hence X 1is true in
J . Therefore by condition (6ii) for logical frameworks, one of the

X, is true in 4 . Let X' be that X TU {x’} is satisfiable.

i
Case Y: Consider an expansion by rule Y. There exists an X € T,
X universal. We have added the point T U {X'} where X' 1is a
subformula of X . By hypothesis we may assume that T is satisfiable.
Hence there exists an interpretation, J, for which all formulas of T
are true, By condition (6iii) of logical frameworks, X' is also true
in . Hence TU {X'} is satisfiable.
Case §: Consider an expansion by rule 6., There exists an X € T,

v

i
X existential. We have added the point T U {x’} where X' = F

Py

x=41 vy F) where the symbol pj does not appear in any formula of T.
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By hypothesis T 1is satisfiable. Hence there exists an interpretation,
J, for which all cwffs of T are true. (Of particular importance.
in this case is the part of J which is a map #, from the parameter
1 F is true in J .
Hence there exists an element of U, u, such that F:i is true. (u

symbols to the universe U .) Hence X = v

is the symbol which denotes u ).
Consider bl{pi] —> U . We define a new map ﬂflfpi} — U

as follows.
! =
/] (pi) = ﬁ(pi) if  py ¥ Py

, —
o (pi) =u if p, = Py

Define I’ as the interpretation J with the map P’ replacing @.
v v

Since Fui is true in <J,8> , Fui

v

the fact that Fu

is true in <J,/> =J’ . From

1 is true in &’ it follows from the definition of

v

the value of cwff that FPi

3

Also by condition (6iv) for frameworks and the fact that each

is true in o' ,

cwff does not contain the symbol, pj, it follows that all cwffs of
T are true in Jd’ (since they are true in J). Hence T U {x'} 1s

satisfiable (in Jd').

Definition 6.4. A tableaux whose origin is the set of cwffs, 5, is

called a tableaux for § .

Lemma 2. If S, a set of cwffs, is satisfiable then every tableaux

for S - is satisfiable.

Proof: By the recursive definition of tableaux, it follows that for
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any set, S, and tableaux for S, 35, there exists a finite sequence of
tableaux for 8, 30’31"'°’3n’ such that

(¢9) 30 = the tableaux with one point, S .

(2) Kn = Es
(3) 31+1 is an expansion of 81 by an application of either an

«@,B,Y, or § rule.
Hence our result follows inductively by Lemma 1.

Definition 6.5. A set of cwffs, S, is saild to close, if it has a

finite subset of atomic cwffs, S_r , such that S_.; 1s unsatisfiable.

F F
(Atomic refers to the partition given in logical framework).

Definition 6.6. A tableaux is said to close if each of its end points

close.
lemma 3, If a set of cwffs closes, it is unsatisfiable.
Lemma 4. If a tableaux closes, it is unsatisfiable.

Theorem 1. If a set of cwffs, S, is satisfiable then no tableaux for
S closes.
The proof is immediate by Lemmas 2 and 4,

We now wish to prove the converse of Theorem 1, namely

Theorem 2. If a finite set (of cwffs), S, is not satisfiable then
there exists a tableaux for S which closes. Theorems 1 and 2 immedi-

ately give

Theorem 3. A finite set (of cwffs), S, is unsatisfiable if and only

if there exists a tableaux for S which closes.
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SECTION 7. THE SYSTEMATIC TREE

In order to prove Theorem 2 we define a rule (program) for con-

structing forhassét,S, a tree, J_, . We describe 33 by describing

8

a sequence of finite trees, 32, 3;,... such that pioyoriics of sysie-

tPopertkes 'of Systematic Tree:

i) Ui is a subtree of

i+l
S 38

ii) Each point of 3; is a set of cwiffs.

iii) For each 3; there 1s a tableaux for S with exactly the

same end points as 3; .

We shall take US to be the directed union of all the 3; . The

tree 33 is called the systematic tree for S .

Definition 7.1. We now recursively define the sequence of trees.

Case 0: 32 = {s} , i.e., the tree with the one point S . K;+1 will

be the tree 3; with certain points added. There are four cases.

Cagse I: 3:“+1

will be the tree Egn with certain points added.
Namely, assume Sgn has r endpoints, of which m do not close.
Let tl,...,tm be the end points which do not close. We add the points

XyseonsXy and make t, the predecessor of x, (j =1,...,m). Where

3 k|

x, 1is the set of elements of tj plus the first n subformulas of

3

each conjunctive formula which belongs to l:j .

Case II: 3gn+2 will be the tree 3:“+1 with certain points added.
Namely, assume 3gn+1 has r end points, of which m do not close.

Let tl,...,tm be the end points which do not close. We add the points

XyaeeesXp and make tj the predecessor of xj (j =1,...,m). Where

25
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3

each universal formula which belongs to t

x, 18 the set of elements of tj plus the first n subformulas of

j L]
Case III: 3gn+3 will be the tree 3:“+2 with certain points added.
Namely, assume 3gn+2 has r end points of which m do not close.

Let tl,...,tm be those end points which do not close. We add the

points XyseeasX and make tj the predecessor of xj (g=1,...,m.
Vi Vi

Where xj is tj plus formulas Sp (one formula Sp for each exist-

ential member of tj , g v, S) where the parameter symbol p (appearing

v

in Spi) occurs in no other cwff of x (We assume here that S

j .
is a finite set and hence there are an infinite number of parameter
symbols at our disposal).

4(n+1)
as

Case IV: Jgn+3

will be the tree with certain points added.

Namely, assume

32“*3 has r end points of which m do not close.

Let tl""’tm be the end points which do not close. Consider ti

(1=1,...,m). Assume t, has r disjunctive cwffs as members,
dl""’dr . Let BseeesB, be subformulas of dl,...,dr respectively.
We adjoin the point t1 U {sl,...,sr} and extend the predecessor re-

lation by saying t, 1is the predecessor of ti U {51,...,sr} « (The

i
points added range over all possibilities). The idea is just as in a
tableaux; we extend a tree by branching a disjunctive formula to all
its subformulas, we here branch a set of disjunctive formulas to all
combinations of subformulas.

It is clear that the sequence of trees have the desired properties,

i-1ii. We will however, illustrate property iii) by an example. Let

AANSB
us start with the tree {C A D] .
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Congider the tree

oW
—

oy
vawr >> < >>

(=N~}

A
There is a tableaux for {g A g} with the same end point as our tree.

Namely

——
a»

WP > P> >>

(e

dow® > > e -

Figure Bi.

The idea is that the trees used to define the systematic tree need

only have certain points interpolated to make them a tableaux.

e
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There are two other properties of the systematic tree and its sub-

trees that should be mentioned.

Properties of the systematic tree (continued):
_ i+l
ES

iv) 1If all end points of 3; close then 3;

If all end points do not close then 3;+1

i
S -
In particular, if for all 1 some end point of 3; doesn't close,

is a proper extension of

J

then the tree Ss has an infinite number of points.

"It should be remarked that we c;nfuse notation slightly and that
the same set may count as different points. We really mean by a point
not only a set but the occurrence of that set. For example, the syste-

matic tree for the set {A], where A is an atomic cwff, is

fal
{

{a)
!

{a}

Figure 3, .

L]

v) When we go from the tree, 3; s, to the tree, 3;+1, we replace the
end points of 3; which do not close by new end points of 3;+1 .
Consider a sequence of sets gotten by successive replacements (a branch
of the systematic tree), Sl,Sz,... (Si = St+1) . If none of the Si
close then

a) 1if X € Si and X is conjunctive then each subformula of

X occurs in some §

i



b) if X € S1 and X 1is disjunctive then some subformula of X
occurs in some Sj .
c) if X 18 a universal cwff and X € Si then each subformula
of X occurs in some SJ .

d) if X 1is an existential cwff, § v, §, and X € 8, then for

i
some parameter, p, the subformula of X, 8;1 , occurs in some S

j *

The above is better stated as: Let S = g [ then

1 3

Definition 7.2. By S 18 a Hintikka set we mean

a’) If X is conjunctive and X € S then each subformula of X
belongs to § .

b’) If X is disjunctive and X € S then some subformula of X
belongs to S ,

¢’y If X 1is a universal (cwff) and X €S (X =V vy 8) then

v
each subformula,fspi, of X belongsd to S ..

d’) If X 1is an existential cwff (X = & v, §) and X € 8 then
for some parameter, p, the subformula of X, Sii » belongs to S .

It should also be noticed that

e’) Every finite subset of S which consists of just atomic '
cwffs is simultaneously satisfiable.

e') holds because every finite subset of S 1is contained in some

i i

We now wish to prove
Lemma 7.1. (Hintikka Lemma). A Hintikka set, H, is satisfiable in a
universe of parameters.

To do this we need the following.

R

29

S, . By hypothesis S, does not close. Which by definition gives e').
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Definition 7.3. Given a set, S, and a binary relation xRy on 8§ .
a) By R is well-foundeé we mean there exists no infinite
sequence X, ,X,.¥, such that xi+1R Xy o

b) By x is atomlc (x € S) we mean for no y € 8 does yRx

hold,

Lemma 7.2. (Induction Lemma). Given a set, S, and a well-founded bi-
nary relation on S, xRy . For any property, P (x € S has the prop-
erty, P, is written P(x)).

i) P(x) i’ for all atomic x ,

ii) P(y) for all y such that yRx implies P(x), —

then P(x) holds for all x € S .

We shall apply the induction lemma to the set of cwffs and the

relation "x 1is a subformula of y" (which is well-founded by condition

1, for logical frameworks). We get

Lemma 7.3. (Subformula Lemma). Given a property of cwffas, P ., If

i) P(x) for all atomic cwffs, x ,

i1) P(y) for all subformulas, y, of x implies P(x), then

P(x) for all cwffs, % .

We now prove the Hintikka lemma (Lemma 7.1). Let H be a Hintikka
set. Let H' be the set of all atomic cwffs which belong to H . By
e') for Hintikka sets and condition 3 for logical frameworks, (Defini-
tion 4.1), B is simultaneously satisfiable in a universe of para-
metexs.

Let J be the interpretation where H' 1is simultaneously satisfi-
able, We show that H is simultaneously satisfied in J by the sub-

formula lemma. Let P(x) be the property that either x 1is satisfied
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in 4 or x does not belong to H . Since H is gimultaneously
satisfied in J, P(x) holds for all atomic cwffs. Hence, condition
i) of the subformula lemma is satisfied. We now consider ii).

We now wish to show that if P(y) for all subformulas, y, of x
then P(x) . We may assume that X belongs to H . There are four

cases?:

Cage I: X 1is conjunctive. By a’) for Hintikka sets, every subformula
of x,y, belongs to H . (Since x belongs to H). By induction
hypothesis P(y) . Hence, y each subformula, y, is satisfied in J .

Thus by condition 41) for logical frameworks, x 1is satisfied in ¢ .

Case II: % 1is disjunctive. By b') for Hintikka sets, some subformula
of x, y, belongs to H . By induction hypothesis P(y) . Hence, this
subformula y 1is satisfied in J . Thus by condition 4ii) for logical
frameworks, x 1is satisfied in J .

Case III: % 1s universal (k=Y 2 S) . By c') for Hintikka sets,

Vi

for each parameter p, Sp "belongs to H . By induction hypothesis

v
P(Spi) . Hence, each s:i is satisfied in & . Now by the definition
of the value of a cwff (the valuation, v) V vy S 1is true if for all

vy

u€Evu ’ Su is true. Since our universe is the parameters, V vi S
Vi Vi
is satisfied if Sp is true for each parameter, p . Sp is true

v
(for each p) since Spi was shown to hold in & .

Case IV: % 1s existential (¥ = & \ S) . By d’) for Hintikka sets

v
for some parameter p, Spi belongs to H . By induction hypothesis,

v v
p(spi) . Hence, sp1 is satisfied in J . Now by the definition of
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the valuation, v, & vy S 1is satisfied in & if for some u € U .

Vi
1u

S is satisfied in &I . Since the universe is the parameters take

us=p,
Basic Theorem: We can now prove Theorem 2.

Theorem 2. If a finite set (of cwffs), S, is not satisfiable then
there exists a tableaux for § which closes.

We prove the contrapositive

Theorem 2‘. If no tableaux for a finite set of cwffs, S, closes then

S8 1s satisfiable.

Proof: We use properties iii)-v) of the systematic tree for 8,

Konigs Lemma (stated below), and the Hintikka Lemma.

Lemma 7.4. (Konig's Lemma). An infinite, finitely generated tree has

an infinite branch.

Remarks: 5) By an infinite tree we mean a tree with an infinite number
of points.
b) By an infinite branch we mean a branch having an infinite number of
points.
c) By finitely generated we mean, each point of the tree is the pre-
decessor of only a finite number of points.

The tree in Figure 4 is not finitely generated and Konig's Lemma

fails for 1it.
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Both tableaux and the systematic tree are finitely generated.
(This is insured by the fact that the original set S is finite and
the fact that disjunctive cwffs have only a finite number of subformula).

We proceed to prove Theorem 2’. If no tableaux for a set of cwffs
closes then by property iii) of the systematic tree each subtree, 3; R
of the systematic tree for § has an end point which does not close.
Hence, by property iv) of systematic trees, the systematic tree is
infinite. Thus by Konig's Lemma there exists an infinite branch of
the systematic tree for S, 81,32,... .

Let B = q Si . As discussed in property v) for the systematic
tree, B is a Hintikka set. Now by the Hintikka Lemma, B is simult-
aneously satisfied in the universe of parameters for some interpreta-

tion, § ., Since S S B, S is simultaneously satisfied in J .

It should be remarked that as a corollary of 2’ we get

Corollary 2% 1. 1If no tableaux for S closes then S is simultane-

ously satisfiable in the universe of parameters.

Corollary 2'.2. If no tableaux for S closes then S is simultane~
ously satisfiable in a countable domain. Corollary 2’.2 follows from
the fact that the set of parameters is countable.

It should also be remarked that since a conjunctive element may
have an infinite number of subformulas, we have a weak version of the

compactness theorem. Namely,

Corollary 2.3, Let X bea conjunctive formula, and xl,xz,... be
the sequence of subformulas of X . If {x] is unsatisfiable then
there exists a finite set, {xl,...,xnlxi subformula of X], which is

simultaneously unsatisfiable.
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Proof: If (X} is unsatisfiable then there exists a tableaux for
{X}, 3, which closes. Now each end point of the tableaux closes be-

cause of atomic cwffs which ultimately derive from the X Since

i L]
each tableaux has only a finite number of points, the atomic cwffs

derive from a finite number of the xi « Hence, the set

[xilxi a subformula of X, and X, appears in an end point of 3}

has a closed tableaux (a slight variant of J) and by Theorem 1 is
unsatisfiable.

The observation Corollary 2’.3 leads to a compéctness theorem
if for any set of cwffs, S = {Fl,Fz,FyL.}vm introduce a new symbol,
@ , We extend out language.by the addition of the new symbol, = .,

We extend our notion of cwff by adding the symbol, @, as a cwff.
We extend our valuation, 0, by COD) = T 4if and only if O(Fi) =T
for all 1 . We extend the logical framework by classifying = as
a conjunctive cwff with the sequence of subformulas Sl,Sz,... .

{A note of caution for technical reasons in the construction of
the systematic tableaux, there must be an infinite number of parameters

not appearing in any of the Si )

We then get

Corollary 2’ 4. If {=} is unsatisfiable then there exists a finite
set, {Fl,...,Fn}, which is simultaneously unsatisfiable.

7

Corollary 2 .5. If {Fl,Fz,...} is simultaneously unsatisfiable then
there exists a finite subset, {Fl,...,Fn}, which is simultaneously un-
satisfiable.

The contrapositive of Corollary 2’.5 yields the analog of the
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classical compactness theorem.

Corollary 2.6, (CompactnesaATheoremD. If the set {FI’FZ"'°] is
such £hat every finite subset, {Fl,...,Fn] is simultaneously satisfi-
able then {Fl,Fz,...} itself is simultaneously satisfiable.

The observation that under the hypothesis of Corollary 2’.6
{Fl,Fz,...] is satigfiable in the universe of parameters yields

Corollary 2.7. If the set {Fl,Fz,...} is such that every finite

subset, {Fl""’Fn]’ is simultaneously satisfiable then {FI’FZ”"}
is simultaneously satisfiable in a countable universe. (Corollary 2'.7

is a strong version of the classical Skolem-Lowenheim Theorem).

Corollary 2’.8. (Skolem-Lowenheim). If a set of cwffs, [Fl,Fz,...}

is satisfiable then it is satisfiable in a countable domzin.

Remark: The above corollaries make use of the fact that there are only
a countable number of predicate and parameter symbols (which is stated

in the logical preliminaries).



SECTION 7. (continued) EFFECTIVE FRAMEWORKS

As previously remarked, Theorem 1 and Theorem 2 immediately yields

Theorem 3. A finite set of cwffs, S, is unsatisfiable if and only if

there exists a closed tableaux for S . More accurate would be

Theorem 3’. A finite set of cwiffs, S, 18 unsatisfiable 1f and only if

one of the canonical subtrees (a 3;) closes.

Definition 7.4. We call a procedure effective if a computer can be
programmed to do it.

Assume an effective listing of all the 3; (in order). We can
then effectively list all the unsatisfiable cwffs as follows.

Since our logical symbols (connectives, quantifiers, predicates,
etc.) are all indexed by ordinals less than w , the cwffs can be ef-
fectively listed in a natural order. We can then effectively list éhe
unsatisfiable cwffs by testing the first cwffs by 3;, the first two
cwffs by 3; and 3: etc, Whenever a cwff is shown to be unsatisfi-
able it is written down (duplications may be erased). Thus all unsat-
isfiable cwffs will by Theorem 3’ be listed.

It now behooves us to investigate for which logical frameworks the
3; can be effectively listed. Such frameworks will be called effective
frameworks. The following three conditions are sufficient for a frame-
work to be an effective framework. The conditions are so natural that
we abuse terminology and define

Definition 7.5. An effective framework is a logical framework such

that 1) There is an effective test which tells whether a cwff is
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atomic, conjunctive, disjunctive, universal, or existential.
11) There is an effective test which tells whether a finite set of
atomic cwffs is satisfiable or not.
iii) There is an effective function of two variables which assigns to
each pair, <n,%> (n an integer, S a cwff), a cwif, S', such that 8’

is the nth subformula of S .

Remarks: a) It does not suffice to replace condition iii) by

iii') For each S there exists a function, fs, (fs a function from
the integers, [1,2,3,...}, to the set of cwffs, C) such that fs(n) is
the nth subformula of § .

b) Condition (i) is trivially satisfied by just syntactic decomposition.
Condition (ii) is usually satisfied in practice. It boils down to a

. n
test for determining when N Cy
i=]

@ . Condition (iii) is the main

condition. When Condition (iii) is satisfied, it is because Condition
(1ii’) 1is satisfied and we have only a finite number of logical symbols.

From the previous discussion we get

Theorem 4. For those logics which have effective frameworks, the set
of unsatisfiable cwffs 1is recursively enumerable.
Since a cwff, S, is unsatisfiable if and only if the owff, S', is

valid (always satisfied) we get

Theorem 5. For those logics which have effective frameworks, the set

of valid owffs is recursively enumerable.



SECTION 8. TOPOLOGICAL PREL IMINARIES

Let V denote a topological space.

Definition 8.1. By V" we mean the n-fold product of V with itself

with the usual product topology.

Definition 8.2. By P(V) we mean the set of all non-empty subsets of
V, with the least topology such that if 0 < V 1is open (in V) then
i) {xlx € P(V), closure (X) <0} is open in P(V).
11) {x|x € P(v), XN 0 % p} 1s open in P(V) .

The topology on P(V) 1is introduced so that certain standard
operations are continuous. Specifically, let V = [0,1] (the unit in-
terval). Consider sup|P(V) - V (each set is assigned its supremum).

Sup is continuous. Indeed,
sup *(a,b) = {X|closure X € [0,b)}N {x|x N (a,1] # 9} .

Definition 8.3, By subbasis we mean a closed subbasis, i.e., every

n
closed set, C, can be written C =0 U I ¢

] o1 13 where each Ci

belongs
3 g

to the subbasis and each nj is finite.

Fact 8.1: If & 1is a subbasis for V, then

i) a subbasis for V" is
{n
N 8
g=1 1

11) If V 1is compact then a subbasis for P(V) 1is

for at most one i, §
for that 1, S1 €6,

1 ¥V and}

. m
{xlx € () ana xc U ¢ Heach ¢, € 6]- u
1=1

. m
{{xlx € P(V) and (closure X) N kﬂ Ci)ﬁggleach ¢, € 5} ;
i=1

38
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i.e., each subbasic closed set is either of the form

m
a) {X|x€P(V) and XS U c,} where C €5 .
1=1 i

m
b) {xlx € P(V) and (closure X) N (N Ci) + P} where Gi €6,
i=1

Note: If & 1is a countable subbasis so are the above subbasis for

v? and P(V) .
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SECTION 8., (continued) CONTINUOUS LOGICS =~‘-._..\

We now consider for which logics a logical framework exists. We
are able to prove that logical frameworks exist for those continuous
logics of Chang-Keisler [4] which have a slight amount of structure

added (namely, a countable subbasis, 6).

Definition 8.4. A continuous logic is an ordinary V-logic with the

added conditions;

i) The value space, V, is a compact Hausdorf: topoclogical space.

ii) Each n~ary connective, fg , 18 a continuous function from vt

to V.

iii) Each quantifier, EI , 18 a continuous function from P(V) to V.,
iv) There is a countable (closed) subbasis, 8, for the topological

space, V . And when we define cwffs for each symbol, Ci’ the subset

of V, C; is a member of 8 . We further require that & = {E;li € wl,

Remarks: a) It follows from iv) that each Ci is a closed subset
of V.

b)_‘It should be noted that the notion of V-relation remains the same.
Specifically for the relation R:

continuity. (We do not even assume U and " to be topological

1" = V there are no questions of

spaces).



We now state our main theorem.
Theorem 6. Every continuous logic has a logical framework.

Discussion: Essentially our framework is based on the observation that
the cwff, f(xl,...,xn) E C , is equivalent to the truth of an infinite

number of simpler statements. Namely, let

- n
T @)=10 Uiau.
{=1  j=l1

A, .= S1 X S2 X oae Sn where at most one S1 ¥ V and for that 1i ,
—-1 -———
8, €6, (It follows from our topological preliminaries that f (C )

can be written in this form). Now ?'(xl,...,xn) €C is equivalent to

<K .00 )X > € £1(C). Which is equivalent to, for all i ,

n
<X.,...,X>€ U' A . Which is equivalent to
1 n j=1 i)
< e e” .

Now by the form of A, ,, <X;,...,X > €A, . 1is equivalent to X €D

ij? ij
where D € § . Hence E'(xl,...,xn) E C is equivalent to a conjunction

(possibly infinite) of statements of the form, [S1 or S2 ces OF Sn]’
where each Si has the form X € D . Each conjunct has a cwff of our

language which represents it.

Likewise the sentence, dy vj WEC 1is equivalent to {W j|u € U} €

q (c ) . Now by our topological preliminaries qi (C ) 1is of the

%

form N U
v ¥F

1 AjL where each AjL is elither of the form

41
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P
a) (x|x€Pp) and Xc U c,}
i=1

b) [X|Xx € P(V) and (closure X) N (0 cj) * 9} .
i=1

v )
Form a) is equivalent to {Wuilu €Evujcs U Ci which is represent-
i=1l :

ed in our language by v"wj[w EC, or WEC, or ... or WE Cp] .

v, P
Form b) is equivalent to closure ({Wu |u eEuh N k n Ci) 9.
i=1

We show that by use of the ultrapower construction of Chang-Keisler [4],

v ———
the above can be replaced by [Wujlu € uln ( 8 Ci) ¥ § which is re-
i=1

presented in our language by & vj[W E ¢, and WEGC, and ... WE Cp].

We now proceed to construct our framework formally.

For each cwff we must specify whether it isuto be considered atomic,
conjunctive, disjunctive, universal or existential. We must further
specify its sequence of subformulas. Let us recall that the set of

cwffs are partitioned into seven types -

cwffs of form type
(a) WEGC (W elementary) atomic type
(b) WEGC (W boolean) boolean type
(c) WEGC (W quantified) quantified type
(d) avis (8 a cwff) existential type
(e) VviS (S a cwff) universal type
(£) S1 A S2 (Sl,S2 awffs) conjunctive type

(g) S, Vs (51,82 cwifs) disjunctive type



43

We define our framework as

Definition 9.1. a) Cwffs of atomic type are classified as atomic.
Atomic cwffs have no subformulas.

b) Cwifs ofjboolean type are classified as conjunctive,
We now specify the sequence of subformulas. Let S be a cwff of

boolean type. It has the form, f“(wl,...,wn) E C , where f* is a
n-ary connective, and wl""’wn are wifs. Thus f£" is a continuous
) _— =1

wap, V' 2V, and C is a closed set of V . Hence f& () 1is a

closed subset of V" and by cur topological preliminaries

f C = X s L]
«  qep ik 7 ik ik

Where k =1,2,3,..., and for a fixed i,k at most one sik * V and

- h|

that Sii €6 . For a fixed i,k consider that Siik which is not
equal to V . §;k € § and hence is one of our E; . Denote that E;

o " " 1 ]
by Cik . By Cik we will mean the symbol Ci . By lwik we will
mean the cwif Wj . We define the kth subformula of our boolean cwff

ik

] 1" n " ¥ " " " V L ] ” 1" " .

as 'wlk E "Cpq v 'WZk E cZk . 'wn.kk E ank

c) wafs of quantified type are classified as conjunctive.

We now specify the sequence of subformulas. Let S be a cwif of
boolean type. It has the form 8 = ¢ vy M EC where q 1s a quanti-
fier, M a wff, Since q is a continuous map P(V) “V and T 1is a
closed subset of V, ‘E"I(EF) is a closed subset of P(V) . By our

topological preliminaries we may write
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where either

n
H F,= {x|]xsv, x:LLil G}

i) T, - {x|x € v, (closure X) N (4,21 cL) £ p} .

h

We take the kt subformula tobe T, VT, ... VT where

1 2

, v v —
1) Tj is ¥ vi(M E C1 ME 02 esse VME Cn) if Sjk is of type 1).

i) T, is Hvi(MEC AMEC, ... AMEC) if S, is of type ii).

| 1 2 jk

d) Cwifs of existential type are classified as existential.-

v v v
W ois wi wd yt
p’P

The sequence of subformulas of & v p.?
2 3

i

e) Cwffs of universal type are classified as universal.

Vi V1 Vi
The sequence of subformulas of Vv, W is W ", W ", W™, ... .
1 1 P2 P3

f) Cwffs of conjunctive type (S1 A Sz) are classified as conjunctive.
Given a conjunctive cwff, S1 A S2 . The sequence of subformulas

is taken as 81,32 .

g) Cwffs of disjunctive type are classified as disjunctive.

The sequence of subformulas of the cwff, S1 v 82 is taken as

Sl,S2 .

We now show the above satisfies the condition for a framework.
Condition 1: no infinite descending chain of subformulas.

Essentially this is true since the number of symbols appearing in
a cwff decreases when we go to its subformulas. There is one exception,

the quantified cwff. In this case qivj M E C goes to subformulas of
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2
of symbols actually increase.

type & VJGM EC VMEC, ... ) or ... or (V v, ME 01) the number
No infinite descending chain exists, however. To see this, each
cwff, S, is assigned a two tuple of integers, <m,n>, where m is the
number of quantifier symbols appearing in 8 and n 1is the total
number of symbols appearing in S . 'There is a natural order on the
set of two tuples. The lexigraphic order, <m,n> = <m',n'> if and only
if either
a) m=n
b) m<m’ and n=n' .
It is well~known that this order on two tuples is a well ordering.
It is easily checked that the two tuple assigned a subformula is strict-
ly less than the two tuple assigned the original cwff. Thus, if an in-
finite sequence of subformulas existed, an infinite descending chain of
two tuples would exist. This is impossible by the definition of well-

ordering.

Condition 2: If F 1is disjunctive it has only a finite number of sub-
formulas, Trivial our only disjunctive cwffs are S1 v 32 which has

two subformulas.

Condition 3: A set of atomic c¢cwffs is simultaneously satisfiable in

the domain of parameters if and only if every finite subset of cwffs is.

Remark: Recall that an atomic cwff is of the form W E Ci where W
is an elementary wff. Recall that an elementary wff, W, is of the form
P:(pl,...,pn) where P: is an n-ary predicate symbol and Pys-eesPy

are parameter symbols.
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Proof: Consider a set of atomic cﬁffs, 8, which has the property that
every finite subset of cwffs is simultaneously satisfiable.
For each elementary wff, P:(pl""’Pn) form the set of E; such

that P:(pl""’Pn) EC, is a cwff of 8 . We consider

i

{E;l"P:(pl,...,pn) EC"E€ 8} . We prove this set has the finite inter-

section property ( n E; ¥ Q) . Let e;,...,c be elements of
1=1 ]

{EZI"P:(PI,---,Pn) E Ci" €8} . The sentences
n n n
Pi(pl,...,pn) E 4 » Pi(pl""’pn) E Cp oee Pi(pl,...,pn) E cj

are by hypothesis simultaneously satisfiable in some interpretation, J.

Thus V(PY(PyseresPy)) € & » VBT(R seeesP) € Gy oen VBI(Ry,00usp) € Gy

I ] _ :
Thus V(P,(Pis.-.,P. ) € N €, and N e, ¥ . Now by the com-
1'P1 o? 5% =1 1

pactness of V and since all the 51 are closed sets,

n ¢ £ .
{c; "2 pys.ensp )" € 81

Note: if fora W no "W E Ci" €8 then the above N =V ,

Thus for each elementary wff, W, we may choose an element of V, v,

such that if "W E CifE S then € E; . We use the axiom of choice

Vu
and assume we have simultaneously assigned each elementary wff, W, an

element of V, , which has the above properties.

Yw

We now construct an interpretation where all cwffs of & are
simultaneously satisfied. We take our universe, U, to be a countable
set, {51} with the obvious map from parameters to the universe

Py *'E; . We assign each predicate symbol, P: , an n-ary relation
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on U, P: , as follows,

To find the value of P:(El,...,ﬁﬁ , we consider P?(pl,...,pn) .

It 1s an elementary wff. Hence there is a value assigned to it by our

simultaneous choice v . We assign P?(El,...,in) the
Pi(Pl’ ese :Pn)
value, v a . It is clear from the definition of v a
Pi(plD"')pn) P’.(pl’."’pn)

that our interpretation is such that all cwffs of 8 are simultaneously

satisfied,

Condition 4: If F 1is conjunctive and every subformula of F is
satisfied in an interpretation, J, then ¥ is satisfied in I .
There are 3 cases:

Case (a)- F = S1 A S2 is trivial.

Case (b)- F = f“(wl,...,wn) EC.
In the interpretation, #, the fact that each subformula holds,

means that <v(W1),...,V(Wn)> € f* (C) . Thus fn(\’(Wls---,\’(Wn)) €C

A
and hence by the definition of v F holds.

-1 n
Case (c)- F =q,v,(S) EC . Recall that q, (C) =N U 3 g . where
S 94y i 3 am M
m—
either T, ={X|x€PW), XxXs U T} or
13 e

., m
1, = (xlx € P, (closure 1) N (;11‘6;) + 9} .

The jth subformula of F 1is “le" v "sz" V... "Tn j" where
h
" " oo v v R
'1‘ij ¥ vk(S E ey S E €y oo S E cm) if Tij is of the first type
n ] - A A d t .
Tij g vk(S E c, S E Sy e S E cm? if Tij is of the second type
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Now if the jth subformula is true then one of the "Tij" must hold.

Assume it is V vk(S E ¢, VSE €y oee VSE cm) . Then by the

definition of v ,

Vk m

i=]1
hence
Yk
hence

Vk nj
[v(sp Y} € ui=1 Tij .

If this holds for all j (the other case is handled similarly) then

vk, . —"1 _
{v(s_ )} €q (C) and hence q,v, S E C holds by the definition

1V

<> o

of .
Condition (4ii) is trivial.

Conditions (5i) and (5ii) are trivial.

Condition 6i: If a conjunctive cwff, S, is satisfied in an interpreta-
tion, 4, then for each subformula of S, S', there exists an interpreta-
tion, J, such that every cwff true in I is true in 4’ . In addition

L

] is true in I ,

Case I: § = 81 A S2 .
- A A
Take d' =4 . By the definition of Vv , V(S) = T only if

$s) =7 ana V(s = 1.

Case II: 8 = £ (4 ,...,W ) EC .
Take J' =d . Consider for a fixed j , the jth subformula of 8§,

Sj . S 1is true in JCO(S) =T) . This implies <vOW1),..,,v(Wn)> €

_n-l - _;1-1 = myol 2 n
£' (C) where £ (C) =N U (Tij X Tij P 3 Tij) and for a
j 1=l
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fixed <i,j> all but one T equals V ., For our fixed j we get

ij
1 2 n
that for some 1 , <v(W1),...,\J(Wn)>€ (Ti.‘l X Tij cee X Tij) . Let k
k k A k
be such that Ti.‘l V. v(Wk) € T:lj . Hence V(Wk E Tij) T . But

the 1" subformula of §, S;o 18 8,= ( )V .. (I E T:j) Voo V().

h|
A
Hence /\}(Sj) = T because \J(Wk E T:j) =T,

Case III: S = quj(S) EC.

A
Assume V(S) = T in an interpretation, J . We will specify I’

later.
-u--]. — -_-1 — n
v luevleq (@) where 3, () =n U Ty
J 3 i=1
and either
m —
1 T, = {xjxerpwmy, xs U T},
] k=l ©
m
@ 1, = (X|Xx € 2(V), (closure ) N (N T) + 0} .
t k=1
th 1] " 1] " V 1" 1"
Now the j  subformula of S: Sj is le v sz ces Tnjj where
. M " - v vV
for (1): Tij Y vk(s E ¢, S E Cy ere S E cm> and
. = A
for (2): "Tij" d vk(S E ¢y ASE Cy one S E cm),

depending on whether Ti j is of the first or second kind. Now for a

u nj
fixed j , {v(s) luevule ud T Hence for some 1 ,

3 =1 4
m —
{v(s:j)lu € ul € T,y - I Ty, is of type (1), {x]lx€epW), X< 2 c.}
then /\}(V vk(S E ¢ VSE Cp oes VSE cm)) = T and hence
A 1n = 11] " V ”" n V " 1]
VTV T Y "Tnjj )=T. Bur "Iy, Tyy" oo Tnjj is

A
the jth subformula of § by definition. Hence v(Sj) =T in J and

we fulfill Case III by choosing J' =& . If Tij is of type (2),
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m .
{xlx € P(V), (closure X) N k n Cm) # )} we get that
i=1 '

- M
[v(s: Yu € u} € {x]x € P(V), (closure*X) N (n c':;) £ 9} .
i=1

J

We would like to say that 0(5 vj(s E c ASE cy .ee NS E cm) =T,

A
We could then proceed as before and show that v(sj) =T , But we

A =
1 S E Cy een ASE cm) T does

‘m
follow from the fact that {v(s“ )|u € U} € {x|x € B(V),x N (n c) + @).
vy 1=1

cannot. We say that OGE vj(S Ec

Hence we prove

Lemma 9.1, If for an interpretation, J,

. m \
{vw(s;' )lu € ugl € {x|x € P(V), (closure ) N (121 G) * 0},

]
then there exists an interpretation, J', such that
(1) every cwff true in J is true in I’ ,
u ,mo
() vt ) ju € Ugr} € fxlxepem, xn (n c‘) 9} .
Y3 i=1

Proof: (The below is done in more detail in Chang-Keisler [4]).

Assume a given compact Hausdorf space, V, and a given set, I,

Definition 9.2. By an I-sequence in V, we mean a function, £, from
I to V, f.e., an assignment to each 1 € I an element of v of V.

£(i) 1is written vy and an I-sequence, £, is written (vi)iEI .

Definition 9.3. By an ultrafilter, over I, U, we will mean a subset
of P(I), the set of non-empty subsets of I such that

(1) 1if A€U and ASB then BEU ,
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(i1) if A €U and BE€U then ANBEU,

Lemma 9.2. Given an I-sequence, (vi)iGI » and an ultrafilter over I,

U, then there exists a unique point of V, v, such that

(i) each neighborhood of v (open set containing v), N, is such
that {1lv, € NIEu.

Definition 9.4. The unique point of Lemma 9.2 is called the U-limit
of (vi) ieI .

Fact 9.1. Given an I-sequence, (vi)iGI’ and an ultrafilter over I, 4,

form {vi|1 € I} . The U-limit of (vi)
{vili €1} .

1€ belongs to the closure of

Fact 9.2. Giveun a subset of V, W, and an element of the closure of
W, w . There exists a set, I, an I-sequence, Gwi)iel ,» (each wy €W

and an ultrafilter over I, U, such that the U-limit of (Wi) equals

i€I
W .

Given a V-logic, £, an interpretation, J = <<U {Ri}...>,'~n,f4>;
a set, I , and an ultrafilter over I, U , We can define a new inter-

pretation, JI/u .

Definition 9.5. By JI/u we mean the interpretation

i) Consider the set of all I-sequences of the original universe U,
.i.e., objects of the form (G;)iGI (G; € U) . We consider two I-
sequences, (G;_),(‘E;) , equivalent 1f {1]3; =Tr;} €U . The equi-
valence classes of (ui) is written (ﬁ;)/u . We occasionally shall

abuse notation and write (G;)/u as (G;) . We take for our universe

{(I..‘l_i:)ml(u—i) a U-valued I-sequencel .
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il) We must now define the relation R: on our universe. We give
the definition for a unary relation, R1 . (The general case is easily

seen).

-1 1
R (@A) = u-limit of (F (G, -

(Our definition is well-defined. It does not matter which of equivalent

I-sequences we choose).

iii) We define the map ~ from parameters to the universe ~(p) =

~~P) (the constant I-sequence). It should be noted that our original

1€1
universe, U, imbeds canonically in our new universe UIIU . Namely,
u € U corresponds to the constant sequence (G-)iEI .

As you may recall in defining the maps, v and 0, it was useful
to add parameters for each element of our universe., We will write the
parameter corresponding to (E;) € UI/h as (ui) . Given any wff, W,
involving (ui) (more than one parameter may be involved) we define
W, to be the wff for the interpretation, J, gotten by replacing (ui)

i
i ly we define § s L
by uy (Wi = (ui.)) . Similarly we define S, as (ui) .

Fact 9.3. For any wff of JIIU s W .

v - (W) = U-1limit VJ(Wi) .

&
Theorem 7. For any cwff (of JI/U), s, if [1|Si holds in J3} €U

then S holds in JI/u .

Proof: We induct on the number of steps in the formation of S .

Case I: S ="WEC",
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The proof is immediate since C is closed and Facts 9.1 and 9.3.

. = M "
Case II: S S1 A 52 .

Assume {i‘(sl A Sz)1 holds in J} €U . This implies that
[1|si holds in J} €U and {1Isi holds in 3} €U . Hence by in-

duction hypothesis st holds in JI/u and 5% holds in JI/B . Hence

1 2

" A 8% holds in JI/U .

Cage III: 8 = "S1 A 32" .

Assume {1‘(81 \) Sz)i hold in S} €U . Since U is an ultra-
filter either [i|81 holds in J4} €U or {1|s§ holds in J} EU .

Assume the first alternative holds (the second is treated similarly).

1 2

By induction hypothesis S1 holds in JI/u . Hence S8 V 8% holds

in JI/u .

Case IV: S ="'V Vi T

To show S holds in JI/u we must show that for each (ui)

(u,)

T i
v

holds in &I/u . Assume now {1|Si holds in J} €U . For
k

u

i

each such &, V vy Ti holds in J . Consider a (uj) . Tiv
(u,)

in &4 . Hence by induction hypothesis Tv

holds
k

holds 1in JI/u . Hence
k

(since u, was arbitrary) V Vi T holds in JI/u .

b

Cage V: S =" vy T",

k
Assume {iISi holds in Jd} € U . For each such 1 we can choose

a u€U sguch that T: holds in J . Write that u as u . For

the other i choose u arbitrarily. Consider (ui) . By induction

u

(u
hypothesis Tv i) holds in 3I/h . (8ince Tii holds for a set of
k k

-
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i which belongs to U). Hence & v, T holds in &I/u .

k
Corollary 7.1, For a cwff, S, involving no parameters of the universe,
1f S holds in & it holds in JT/u .

We can now prove Lemma 9.1. Assume for the wff, S, and the inter-

pretation, &, we have

;M
{v‘g(s:’1 ) u € ugl€ {x|x € P(V), (closure X) N (n c“) £ 9} .
k) i=1

m
This means there is a point v of V , vE€ N 51
i=1

and v € closure

{v,(s" )Iu €u,}. By Fact 9.2 there exists an I, (u,), U such that
J vj J i
u
U=-1limit (v ,(S i')) =y , Choose &' = &I/u . Condition (i) on 5’
J v-1 i€1

is satisfied., Corollary 7.1 insures that Condition (ii) is satisfied.

(uy)
Choose the element of UIIU , (ui) . PFact 3 says that v(Sv 1 Y =v .
k
m —
But v € N Ci . Hence Condition (ii) is satisfied.
i=1
Q.E.D,



SECTION 10. APPLICATIONS

We will restrict ourselves to the comstruction of effective frame-
works for some classical logics.
(1) Two valued logic: We assume the set, {T,F} is endowed with the
discrete topology (every set is closed). For our basis, &, we choose
{9,{1},{r},{T,F}} . For our connectives, we choose "and"written & and
"not” written ~ . For quantifiers, we choose ''there exists" written
U and"for all"writtem (1 . We choose a language with one binary pre-
dicate, B(x,y) .

We describe our framework. (Wl,WZ,W are assumed to stand for
arbitrary wffs). The cwffs below are all conjunctive; we supply only
the sequence of subformulas, I' .

1) WI&WZE{T]:I‘=[W1E{T],W2E[T}}

1) W &W,E{Fl:T ={o E{FD Vv (, E {FDH]
1ii) ~w E{r} :T ={wE {r}}

vy wEe{r} :r={werh

v Uv®Ee[Th :T={E v wET]

vi) N v O E{1}h :P={¥vy WET}, ete

Remarks: {a) The above framework is a variation of Smullyan's treat-
ment of two valued logic in Smullyan [12].
(v) It is easy to see that a similar treatment will work for the many-

valued logics of Rosser-Turquette [10].
(2) Lukasiewicz' real-valued logic: We let V be the unit interval

[0,1] endowed with the usual interval topology. For subbasis, b, we
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choose the set of all intervals of the form {x|x < r} or the form
{xlx 2 r} where r 1is rational. For our connectives, we choose the
continuous functions 1 - x written ~ and min(l,xty) written xty.
For our quantifiers, we choose the functions infimum written M and
supremum written U . We choose a language with one binary predicate,
B(x,y) . We furthermore adopt the convention of writing the cwff,

WE {xlx 2r},as W2r,
We describe our framework. (wl,wz,w are assumed to stand for
arbitrary wffs). The cwffs below are all conjunctive. We supply only

the sequence of subformulas, I' .

1) ~Wz2rep r={ws(-nx)}

i1) ~Wsr : I'=s{wzQ@-n1l

+ W, r we describe the nth subformula as

i11) Wl 2

[K%SWIS%)AWZ("?))JV[\'}TS%S%}A(%Z“%\)JV-'-

[k ey <) 0 (= )] v [ w vy <) = - 5

Notes: r - ﬁ should be read as 0 1if % 2 r , The subformulas above

correspond to the approximation of {<x,y> | xty 2 r} from above by

equally spaced rectangles.

f0,1)

(0, r)

1N
I \(1.0>

X+y =
Figure 5. y=rx
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iv) x+y=r use the same method as iil).

v Uv Wwsr 1"={Vvk(w5r)].
vi) U vy wWzr I ={Z Yy W2},
vit) N Vi Wsr : r={% v Wsol}.
Vi) N v W2r r={ka(wzr)}.

The above effective framework for Lukasiewicz' logic yields that
the unsatisfiable cwffs are recursively enumerable. This is the main
result of Belluce and Chang [2]; Chang [3] and Hay [5].

We would now like to discuss the results of Mostowski [7], [8].

His results can be strengthened to yield our Theorem 4.

Theorem 4. For continuous logics with effective frameworks, the set of
unsatisfiable cwffs is recursively enumerable.

Our results are superior to that of Mostowski in two ways. Firstly,
Mostowski gives a pure existence theorem while we explicitly exhibit
the enumerating function. Secondly, Mostowski shows that each logic
has an enumerating function, while we show the enumerating function
has the same structure for all logics. In fact, our enumerating function
reduces to a standard Gentzen type system for the classical two valued
case.

Lastly, we would like to mention a result of Chang; that for a
suitable version of Lukasiewicz' real valued logic the set of valid
cwifs is not recursively enumerable (see Belluce [1]), Thus in a sense

our results are the best possible.
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