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INTRODUCTION

In  th e  e a r ly  1 9 6 0 's  a tte m p ts  w ere made to  g e n e r a l iz e  th e  c l a s s i c a l  

r e s u l t s  o f  2 -v a lu e d  lo g ic s  (Com pactness Theorem , Skolem -Lowenhein 

Theorem s, u l t r a p r o d u c t  r e s u l t s  and s y n t a t l c  c h a r a c t e r i z a t i o n  o f  model 

c la s s e s )  to  lo g ic s  where s e n te n c e s  may ta k e  v a lu e s  In  an a r b i t r a r y  s e t ,

V . An exam ple o f  such  a  lo g ic  I s ,  l e t  V = [ 0 ,1 ]  c  r e a l s  and a s s ig n

each  se n te n c e  th e  p r o b a b i l i t y  o f  i t s  t r u t h .

These a t te m p ts  w ere s u c c e s s fu l  and cu lm in a ted  in  th e  work o f  Chang 

and K a l s l e r  [ 4  ] ,  where th e  c l a s s i c a l  theo rem s a re  p ro v en  u n d e r th e  a s ­

sum ption  t h a t  th e  v a lu e  sp a c e , V, i s  a compact H ausdorf sp ace  and t h a t  

th e  l o g i c a l  sym bols r e p re s e n t  co n tin u o u s  f u n c t io n s .  The u se  o f  u l t r a ­

p ro d u c ts  and method o f  d iag ram s i s  th e  main t o o l .

In  t h e i r  w ork, C h an g -K a ls le r g e n e r a l iz e d  th e  sem an tic  n o t io n s  o f  

2 -v a lu e d  lo g ic  ( v a lu a t io n  o f  a s e n te n c e , s a t i s f i a b l e  s e n te n c e , v a l id  

s e n te n c e  and m o d e l) , b u t no l i g h t  was shed on d e d u c tiv e  n o t io n s  o f  p ro o f  

and d e d u c i b i l i t y .  Thus we had a s i t u a t i o n  w here one cou ld  say  a s e n t ­

ence  i s  v a l id  b u t no s y s te m a tic  method e x is te d  f o r  v e r i f y in g  (p ro v in g )

t h a t  i t  i s  v a l i d .

T h is  p a p e r  in te n d s  to  f i l l  t h i s  g ap . We in te n d  to  p ro v id e  a d e ­

d u c t iv e  system  s u i t a b l e  f o r  th e  c o n tin u o u s  lo g ic s  o f  C h a n g -K e is le r .

B a s ic  to  o u r  r e s u l t s  i s  th e  fo rm u la t io n  o f  a " lo g i c a l  fram ework” ( i n  

th e  sen se  o f  Smul^yan [1 3 ] )  f o r  c o n tin u o u s  l o g i c s .  (2 -v a lu e d  lo g i c ,  

i n f i n i t a r y  lo g ic  and i n t u i t i o n i s t i c  lo g ic  a l l  have lo g i c a l  fram ew o rk s).

A lo g i c a l  fram ework i s  e s s e n t i a l l y  an a n a ly s i s  o f  s e n te n c e s  in to  

s im p le r  p a r t s .  S p e c i f i c a l l y ,  a fram ework c o n s i s t s  o f

i )  a p a r t i t i o n  o f  th e  s e t  o f  s ig n ed  s e n te n c e s  in to  5 s e t s ,  A ,C ,D ,U ,E ,

v



Vi

i i )  an  ass ig n m en t t o  each  s ig n ed  s e n te n c e  a s e t  o f  s ig n ed  s e n te n c e s  

c a l l e d  I t s  s u b s e n te n c e s .

Remarks: 1) e lem en ts o f A a re c a l l e d atom ic

e lem en ts o f C a re c a l l e d c o n ju n c t iv e

e lem en ts o f D a re c a l l e d  d i s ju n c t iv e

e lem en ts o f U a re c a l l e d u n iv e r s a l

e lem en ts o f E a re c a l l e d e x i s t e n t i a l

2) The s e t  o f  su b se n te n c e s  i s  som etim es a rra n g ed  in  an  o r d in a l  seq u en ce .

3) The fram ework i s  c a l l e d  l o g i c a l  i f  c e r t a i n  r e l a t i o n s  ( to  be s p e c i ­

f i e d  l a t e r )  betw een th e  p a r t i t i o n  and su b se n te n c e  ass ig n m en t i s  obeyed .

I  would now l i k e  t o  c o n s id e r  a s p e c i f i c  l o g i c .  A frag m en t o f  2~ 

v a lu ed  p r e p o s i t io n a l  l o g i c .  I t  has 2 a to m ic  s e n te n c e s  p ,q  and 2 con­

n e c t iv e s  A , V  .  ( A d e n o te s  c o n ju n c tio n !  V d is ju n c t io n !  S A T  re a d s

S and T) .  The sentence s o  o f  i > pxjopo8i.tii@b£l ■ lo g ic vS#e given by

i )  p i s  a s e n te n c e

i l )  q i s  a s e n te n c e

i i i )  i f  S ,T  a re  s e n te n c e s  so  a re  S A T  and S V T .

(Each s e n te n c e  i s  e i t h e r  a tom ic  o r  o f  th e  form S A T  o r  S V T) .

By a s ig n ed  s e n te n c e  we mean a s e n te n c e  p reced ed  by e i t h e r  th e  symbol 

T o r  F . F o r exam ple, T pV(q A p) i s  a s ig n e d  s e n te n c e  and so  i s  

F pV(q A p) .

TX i s  supposed  t o  mean X i s  t r u e ;

FX i s  supposed  t o  mean X i s  f a l s e .

F o r o u r  fram ework we ta k e  th e  fo llo w in g

i )  A = {p,q}

C = {S |s = ” T S1 A S2" o r  S = "F  Sx V Sg"; S ^ S g  se n te n c e s}

D = {S |s = "T  Sĵ  V Sg" o r  S = "F Sj  ̂ A S g "; S ^ S g  s e n te n c e s}
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E = V = 0  .

i i )  S e n te n ce s  o f  th e  form

a) T A S 2 a re  a ss ig n e d {T SX,T S2 }

b) F Sx V S 2 a re  a ss ig n e d £f  s x , f  s 2 }

c) T V S 2 a re  a ss ig n e d £t  s 1 , t  Sg}

d) F S i A S 2 a re  a ss ig n e d £ f s v f  s 2 }

We n o te  t h a t  o u r  fram ew ork obeys th e  fo llo w in g

i )  i f  X i s  a su b se n te n c e  o f  Y th e n  X i s  s im p le r  th a n  Y i n  th e  

sen se  o f  h av in g  few er l o g i c a l  sym bols (A, V) .

i i )  th e r e  i s  no i n f i n i t e  sequence  o f  s ig n e d  s e n te n c e s  {Xn J such  t h a t

X , i s  a su b se n te n c e  o f  X . n+1 n

i i i )  a s ig n ed  s e n te n c e  X i s  c o n ju n c t iv e  th e n  X h o ld s  in  a model i f

and o n ly  i f  a l l  o f  i t s  su b se n te n c e s  do .

iv )  a s ig n e d  s e n te n c e  X i s  d i s ju n c t iv e  th e n  X h o ld s  i n  a model i f

and o n ly  i f  one o f  i t s  su b se n te n c e s  d o es .

v) a se n te n c e  i s  d i s ju n c t iv e  i t  h a s  a f i n i t e  number o f  su b se n te n c e s  

( in  g e n e r a l ,  c o n ju n c t iv e  s e n te n c e s  may have an i n f i n i t e  number o f  su b ­

se n te n c e s )  . A fram ew ork o b ey in g  i ) - v )  i s  c a l l e d  a l o g i c a l  fram ew ork.

B efo re  s k e tc h in g  l o g i c a l  fram ew orks f o r  c o n tin u o u s  l o g i c s ,  1 would 

l i k e  to  i l l u s t r a t e  how fram ew orks y ie ld  an a lg o r ith m  f o r  showing s e n t ­

en ces  u n s a t i s f i a b l e .

C o n sid e r T p A (q V p) . F o r some a ss ig n m e n ts  o f  t r u e  o r  f a l s e

to  p and q , p A (q  V p) i s  t r u e ,  f o r  o th e r s  f a l s e .  S p e c i f i c a l l y

i t  i s  t r u e  f o r  e i t h e r

Case 1 Case I I

tp t r u e l  ["p t r u e  "1
q t r u e j  ° r  Lq f a l s e j



v i i i

and f a l s e  f o r  e i t h e r

0
Case I I I

p f a l s e  
.q t r u e ] o r D

Case IV

p f a l s e  
.q f a l s e ] .

Thus T p A (q  V p ) h o ld s  in  a  model I s  e q u iv a le n t  to  sa y in g  o u r  model 

i s  an in s ta n c e  o f  C ase 1 o r  Case I I ,  b u t n o t an  in s ta n c e  o f  Case I I I  o r

C e r ta in ly ,  i f  a l l  th e  s e n te n c e s  o f  th e  f i r s t  s e t  ho ld  in  a  model a l l  

th e  e lem en ts  o f  th e  second h o ld  in  t h a t  m odel. Uore im p o r ta n tly  o u r 

second s e t  e x p l i c i t l y  e x c lu d e s  c e r t a i n  c a se s  (nam ely, C ases I I I  and IV ) . 

Thus th e  p ro c e s s  o f  re p la ce m e n t can  be viewed as  m aking e x p l i c i t  what 

was I m p l ic i t  in  o u r o r i g i n a l  s e t .

W ith th e  above i n  m ind, i t  becomes re a s o n a b le  to  assume t h a t  i f  a 

s e n te n c e  i s  n o t s a t i s f i a b l e  th e n  by re p la ce m e n ts  s im i l a r  t o  th e  above, 

we can e x p l i c i t l y  r u le  o u t a l l  p o s s ib le  c a s e s .  F u rth e rm o re , s in c e  o u r  

c a s e s  com prise  a l l  p o s s ib le  v a lu a t io n s  i t  a p p ea rs  th e  o n ly  way a l l  c a s e s  

can  be ex c lu d ed  i s  to  end w ith  a s e t  c o n ta in in g  b o th  T p and F p 

f o r  some p .

F o r a s e t  w ith  a d i s ju n c t iv e  s e n te n c e ,  f o r  exam ple {T p V q ] ,  we 

b ran ch  to  a f i n i t e  number o f  s e t s  ({T p ) ,{ T  q ]  i n  o u r  ex am p le). And 

i f  o u r  o r i g i n a l  s e t  i s  u n s a t i s f l a b l e ,  we can  e x p e c t t o  be a b le  t o  show 

a l l  th e  s e t s  we b ranched  to  a r e  u n s a t i s f i a b l e .

The mechanism by w hich we p erfo rm  re p la ce m e n ts  i s  c a l le d  th e  

m ethod o f  T ab leaux  and c o n s i s t s  o f  th e  fo llo w in g . F i r s t  some d e f i n i ­

t i o n s  a r e  i n  o r d e r .

By a T ree  we mean a p a r t i a l l y  o rd e re d  s e t  ( i t s  e le m e n ts  a re  c a l l e d

Case IV. L e t u s  now c o n s id e r  r e p la c in g  [T  p A (q  V p ) }
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p o in t s )  su ch  t h a t  e ach  p o in t  h a s  a u n iq u e  p re d e c e s s o r .

By a B ranch o f  a t r e e  we mean a s u b tr e e  w hich i s  l i n e a r l y  o rd e re d .  

By a B ranch  p o in t  o f  a t r e e  we mean a p o in t  w hich i s  th e  u n iq u e  

p re d e c e s s o r  o f  more th a n  one p o i n t .

T re e s  can  be r e p re s e n te d  g r a p h ic a l ly  by l e t t i n g  v e r t i c e s  r e p re s e n t  

p o in t s  and draw ing  l i n e s  betw een  two v e r t i c e s  i f  th e  f i r s t  i s  a u n iq u e  

p re d e c e s s o r  o f  th e  seco n d . F o r exam ple,

We w i l l  be  i n t e r e s t e d  i n  f i n i t e  t r e e s  ( s h r u b s ) . (O rd e r o f  t r e e  i s  

w r i t t e n  < ) .  A T ab leau x  i s  a f i n i t e  t r e e ,  J ,  whose p o in t s  a re  s ig n e d  

s e n te n c e s  su ch  t h a t

0 ) th e r e  i s  a s e t  o f  s p e c i a l  p o in t s  such  t h a t  no o rd in a ry  p o in t  i s  

g r e a t e r  th a n  a s p e c ia l  p o in t .

1) T here  e x i s t s  a u n iq u e  maximal p o in t .

i i )  I f  S € J  th e n  e i t h e r  a) o r  b) o r  c)

a) S i s  a s p e c ia l  p o i n t ,

b) 3  S / , S / > S ,  s '  c o n ju n c t iv e  and S i s  a su b se n te n c e  o f  s '  .

c) 3 s ' ,  s '  >  S, S '  d i s ju n c t iv e  and S i s  a su b se n te n c e  o f  s '  .

And th e  p re d e c e s s o r  o f  S i s  th e  p re d e c e s s o r  o f  any o th e r  su b se n te n c e

o f  S '  .



Exam ples:

1)

T p  A q

I

T p

I
T q

q )  V p

\
T p

We say  a b ran ch  o f  a ta b le a u x  c lo s e s  i f  i t  c o n ta in s  b o th  T S and F S 

f o r  some S . We say  a ta b le a u x  c lo s e s  i f  e v e ry  maximal b ran ch  c lo s e s .  

The C om pleteness Theorem f o r  ta b le a u x  s t a t e s :  A s e t  o f  s ig n e d  s e n te n c e s  

i s  u n s a t i s f i a b l e  i f  and o n ly  i f  th e r e  e x i s t s  a c lo se d  ta b le a u x  whose 

o n ly  s p e c ia l  p o in ts  b e lo n g  t o  t h a t  s e t .

To i l l u s t r a t e  we c o n s tr u c t  a c lo se d  ta b le a u x  f o r  {F(p V q ) }
{T(p A q) }

3)

T (p  A

T p A q

I
T p



1)

2)

F (p  V q)

I

T(p A q)

s p e c ia l

s p e c ia l

c lo s e s

Ej l
from  1

T p from  2

! _ a
from  1

T p from  2

I
T q from  2

c lo s e s



SECTION I .  LOGICAL PRELIMINARIES

C la s s ic a l  two v a lu ed  lo g ic s  a r e  c h a r a c te r iz e d  by th e  f a c t  t h a t  

each  se n te n c e  i s  m eant to  have a  v a lu e  o f  e i t h e r  t r u e  o r  f a l s e .  As 

a  consequence o f  t h i s  we g e t  t h a t  th e  c o n n e c tiv e  "an d "  d e n o te s  a 

fu n c t io n  from  th e  s e t  C t , f }  X { t , f }  to  th e  s e t  { t , f }  and i n  gen­

e r a l  an  n -a ry  s e n te n c e  c o n n e c tiv e  d e n o te s  a  fu n c t io n  from  {T ,F}n  to  
*

{T,F} . In  a  s im i la r  v e in  th e  q u a n t i f i e r ,  " th e r e  e x i s t s " ,  i s  b e s t  

view ed a s  a  f u n c t io n  from  th e  s e t  o f  a l l  s u b s e ts  o f  {t , f } t o  {t , f }.

L o g ics  w here s e n te n c e s  ta k e  v a lu e s  in  a  s e t ,  V, w hich  i s  d i f f e r e n t  

from  ( t , f ) have become in c r e a s in g ly  common and u s e f u l  in  m a th e m a tic s . 

As exam ples we name th e  N -v a lu ed  lo g ic s  o f  R o s s e r -T u rq u e tte  [1 0 ] ,  

L u k a s ie w ic z 1 r e a l - v a lu e d  lo g ic  [ 6 ] ,  th e  c o n tin u o u s  lo g ic s  o f  Chang- 

K e is le r  [ 4 ] ,  and th e  b o o le a n -v a lu e d  lo g ic s  o f  S c o t t  [1 1 ] .

A ll  th e  above lo g ic s  have th e  fo llo w in g  d a ta  in  common.

( i )  a  s p e c i f ie d  s e t ,  V, c a l l e d  th e  v a lu e  sp a c e .

( i i )  a  s e t  o f  fu n c tio n s  from  Vn  to  V c a l l e d  n -a ry  c o n n e c t iv e s . 

( i l l )  a s e t  o f  fu n c t io n s  from  P (V ), th e  s e t  o f  a l l  non-em pty su b ­

s e t s  o f  V, to  V c a l l e d  q u a n t i f i e r s .

L ik ew ise  th e  s y n ta x  o f  V - lo g lc s  i s  s i m i l a r  to  t h a t  o f  o u r  u su a l 

l o g i c s ,  e x p re s s io n s  lo o k  a l i k e  and a r e  d e f in e d  in  a  s im i la r  r e c u r s iv e  

m anner. M o tiv a ted  by th e  above we d e f in e  a  V - lo g ic  a s  fo l lo w s .

D e f in i t io n  1 .1 ; G iven a  s p e c i f i c  s e t  V by a  l o g i c ,  f o r  V we 

mean.

( i )  For each  i n t e g e r ,  n ,  a  s e t ,  Cn , o f  f u n c t io n s  from Vn to  

V . A s e t  o f  o rd in a l  indexed  sym bo ls, { f ^ | i  € a n )» A 1-1  o n to  map,

n  , from  [ f ^ j i  € a^}  to  Cn .



E lem ents o f  b o th  Cn , and { f” | i  € 0^3 a re  c a l l e d  n -a ry  c o n n e c tiv e s . 

The Image o f  th e  symbol f ^  under ”” n w i l l  be w r i t t e n  f ^  .

(11) A s e t ,  3 ,  o f  maps from  P(V) ( th e  s e t  o f  a l l  non-em pty su b ­

s e t s  o f  V) to  V . An o r d in a l  Indexed s e t  o f  sym bols,

{ q j i  € a } .  A 1 -1  o n to  map, , from  C q^Ji € a )  to  3  ,

E lem ents o f  b o th  3  and C q ^ |i  € a ]  a r e  c a l l e d  q u a n t i f i e r s .  The 

image o f  q^ un d er th e  map, , i s  w r i t t e n  q^ .

( i i i )  An o r d in a l  indexed  s e t  o f  sym bo ls, C p jJ i  € &}. An o r d in a l  

in dexed  s e t  o f  sym bo ls, C v ^ |i  € X}.

E lem ents o f  C p ^ |i  € 6 ]  a r e  c a l l e d  p a ra m e te rs  and e lem en ts  o f  

C v jJ i  € X} a re  c a l l e d  v a r i a b l e s .

( iv )  F or each  i n t e g e r ,  n ,  an  o r d in a l  indexed  s e t  (p o s s ib ly  n u l l )  

o f  sym bols £p^ | i  €  p«n } . E lem ents o f  { P ^ |i  6 a re  

c a l l e d  n -a ry  p r e d ic a te s .

(v) The p u re ly  g ram m atica l sym bols 

" ) "  c a l l e d  r i g h t  p a r e n th e s is  

" ( "  c a l l e d  l e f t  p a r e n th e s is

c a l l e d  comma.

Rem arks: (a ) U nless o th e rw ise  s t a t e d  o u r o r d in a l  in d ex  s e t s  a r e  assumed 

to  be l e s s  th a n  o r  e q u a l to  u> ( th e  f i r s t  c o u n ta b le  o r d i n a l ) . The 

in d ex  s e t  o f  p a ra m e te rs  i s  assumed to  be e q u a l to  Thus

{pt U  € 6} = Cp 1 , p 2 , . . . } .

(b ) Our index  s e t s  a r e  r e l a t i v e l y  u n im p o r ta n t, t h e i r  e x is te n c e  i s  a l l  

we n e e d . T h e re fo re  w henever p o s s ib le  we w i l l  su p p re ss  b o th  th e  index  

and th e  a r i t y  o f  sym bols. Thus f^  w i l l  som etim es be w r i t t e n  f n  o r



even  £ . L ik ew ise  th e  p r e d ic a te  p ”  w i l l  be w r i t t e n  Pn  o r  even  P , 

e t c .

(c )  The image o f  f n u n d er n  w i l l  be w r i t t e n  f n  and th e  image 

o f  u n d er w i l l  be w r i t t e n  and in  g e n e r a l ,  p a ssa g e  from

symbol to  r e a l i t y  (under th e  a p p r o p r ia te  c a n o n ic a l  map) w i l l  be in d ic a te d  

by p la c in g  a  " o v e r th e  sym bol.

Now t h a t  we have s p e c i f ie d  th e  sym bols o f  ou r lo g ic  ( th e  a lp h a b e t  

m e ta p h o r ic a l ly  sp ea k in g ) we d e f in e  th e  n o t io n  o f  m ean in g fu l e x p re s s io n .

D e f in i t io n  1 .2 ; By th e  s e t  o f  w e l l  form ed fo rm u las  ( a b b re v ia te d  w f f s ) , 

we mean th e  l e a s t  s e t ,  tog, su ch  th a t

(i) "Pn(t,tn)" € U>x
Where Pn  i s  an  n -a ry  p r e d ic a te  symbol and e a c h  t ^  (1 = l , . . . , n )  i s  

e i t h e r  a  p a ra m e te r  o r  v a r i a b l e .

( i i )  " f 11̂ , . . . ^ ) "  € tog

Where f n  i s  an  n -a ry  c o n n e c tiv e  (sym bol) and each  W  ̂ € tog . . .

( i  “  1 , . . . , n ) •

( i i i )  "qjVjW" € tog

Where q^ i s  a  q u a n t i f i e r  (sym bol) v^ i s  a  v a r i a b le  (sym bol) and

W € tog .

Rem arks: (a ) Bv "Pn ( t  t  ) "  € to„ we mean th e  f i n i t e  sequence  o fi n *

sym bols, c o n s i s t in g  o f th e  symbol "P11" ,  th e  symbol " ( " ,  th e  symbol 

" t ^ " ,  e t c ,  b e lo n g s  to  tog . Hence tog i s  a  s e t  o f  seq u en ces  o f  

sym bols.

(b ) W ffs o f  ty p e  ( i )  a re  c a l l e d  e le m e n ta ry .

W ffs o f  ty p e  (11) a r e  c a l l e d  b o o le a n .

W ffs o f  ty p e  (111) a r e  c a l l e d  q u a n t i f i e d .



As I s  w ell-know n th e  above c l a s s i f i c a t i o n  i s  w e ll  d e f in e d ,  e x h a u s t iv e ,  

and m u tu a lly  e x c lu s iv e ,  i . e . ,  i f  X € Iti  ̂ th e n  X m ust be e i t h e r  

e le m e n ta ry , b o o lean  o r  q u a n t i f i e d  and u n iq u e ly  s o .



SECTION 2 . MODEL THEORETIC PRELIMINARIES

As we have se e n  th e  lan g u ag e  o f  V - lo g lc s  i s  s im i la r  to  t h a t  o f 

c l a s s i c a l  l o g i c .  The same i s  t r u e  o f  th e  n o t io n  o f s t r u c t u r e ,  i f  we 

v iew  i t  c o r r e c t l y .  In  c l a s s i c a l  two v a lu e d  lo g ic  a n  n -a ry  r e l a t i o n ,

R, on a  u n iv e r s e ,  U, i s  a  s u b s e t  o f  U® ,  i . e . ,  R c  i f 1 . However, R 

can  a l s o  be view ed a s  a  f u n c t io n  from  U11 to  th e  s e t  { € ,£ } . E qui­

v a l e n t ly  R can  be view ed a s  a  f u n c t io n  from  U11 t o  th e  s e t  { t ,F } .

F o r V -lo g ic s  we g e n e r a l iz e  th e  n o t io n  o f  r e l a t i o n .  An n - a r y  V r e ­

l a t i o n  i s  d e f in e d  a s  a  f u n c t io n  from  U11 to  th e  s e t  V . T hu s, in

an a lo g y  to  th e  c l a s s i c a l  c a se  we d e f in e  a  V - s t r u c t u r e  a s  fo l lo w s .

D e f in i t io n  2 .1 : By a  V - s t r u c t u r e ,  we mean

( i )  A non-em pty s e t ,  U .

(11) For each  n ,  a  s e t  (p o s s ib ly  n u l l )  o f  n -a ry  V r e l a t i o n s ,
>
CrJIu11 —i->  v} ,

1 2V -  s t r u c t u r e s  a r e  w r i t t e n  = (U, { R ^ { R ^ }  . . . ) .

I t  sho u ld  be n o t ic e d  t h a t  V s t r u c t u r e s  w ere d e f in e d  w ith o u t

r e f e r e n c e  to  any V - lo g ic .  Of c o u r s e ,  th e r e  i s  a  c o n n e c tio n  betw een

th e  two n o t io n s .  Namely, a  V -lo g ic  i s  m eant to  t a l k  ab o u t V - s t r u c tu r e s .

In  p a r t i c u l a r  n -a ry  p r e d ic a te  sym bols, P ^ , a r e  m eant to  d en o te  n -a ry

V - r e la t io n s .  Thus we would l i k e  to  c o n s id e r  a V -lo g ic  and a  V-

s t r u c t u r e  w hich  a re  co n n ec ted  by a s s ig n in g  to  each  n - a r y  p r e d ic a te  a n

n -a ry  r e l a t i o n .  T h e re fo re , we d e f in e  th e  n o t io n  o f  a  V - in t e r p r e t a t i o n ,

cSL , f o r  a  V -lo g ic  a s  
XV

D e f in i t io n  2 .2 ; L e t  be a  V - lo g ic . By a  I n t e r p r e t a t i o n ,  ,

we mean
5
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( i )

( i i )

( i i i )

Remarks t

r e p r e s e n ts  u n d e r th e  i n t e r p r e t a t i o n ,  ~  t e l l s  w hich  o b je c t  th e  p a ra ­

m e te r  r e p r e s e n ts  (d e n o te s )  u n d er th e  i n t e r p r e t a t i o n .

(b ) i n t e r p r e t a t i o n s  a r e  w r i t t e n  c9v  » (<Z ^ t S ^ ,  ~ n , ~ )  .

(c ) C o n s is te n t  w ith  o u r p re v io u s ly  s t a t e d  c o n v e n tio n  o f  in d ic a t in g
I I  I t

p a ssa g e  from  symbol to  r e a l i t y  by . We make th e  c o n v e n tio n  o f

w r i t i n g  th e  image o f  p”  u n d er th e  fu n c t io n  ~ n a s  p ”  and l ik e w is e  

w r i t e  th e  image o f  th e  p a ra m e te r , p , u n d e r th e  fu n c t io n  ~  as  p .

We can  now fo rm a liz e  th e  manner in  w hich  a  l o g i c ,  £ ,  sp eak s  ab o u t 

an  i n t e r p r e t a t i o n .  What we w ant to  do i s  a s s ig n  e ac h  w ff w ith  no 

f r e e  v a r i a b le s  a  v a lu e  in  V . The v a lu e  i s  s a id  to  be th e  v a lu e  o f  

th e  w ff u n d er th e  i n t e r p r e t a t i o n .  T h is  i s  an a lg o u s  to  sa y in g  th a t  

a  s e n te n c e  i s  t r u e  (o r  f a l s e )  under a  g iv e n  i n t e r p r e t a t i o n .

We w ant t o  d e f in e  a  f u n c t io n ,  v ,  from  Ibjj, ( th e  s e t  o f  w ffs  o f  £ )

to  V . T h is  i s  m ost e a s i l y  acco m p lish ed  i f  we ex ten d  o u r  language  

sym bols by a d d in g  p a ra m e te r sym bo ls, "u ^ " , one symbol f o r  each  e lem en t 

o f  U . S in ce  m ost o f  o u r sym bols r e p r e s e n t  f u n c t io n s ,  o u r d e f i n i t i o n  

w i l l  be e v a lu a te  th e s e  f u n c t io n s .

a  V - s t r u c tu r e ,  -  (U ,{r *3 . . . )  .

f o r  e a c h  I n te g e r  n  an  o n to  map ~ n  from  th e  s e t  o f  n -a ry

p r e d ic a te  sym bols o f  £ ^ ,  ( P ° | i  € M'n )> bo th e  s e t  o f  n -a ry

r e l a t i o n s  o f  S „ ,  C r?} , i . e . ,  ~ n  |{ P ? | i  € p. 3 o n t°  >  {R?3 v l  i n  1

a  map, ~ ,  from  th e  p a ra m e te rs  o f  £ y , { p ^ | i  €  iu}, in to  th e

s e t  o f  e lem en ts  o f  8 ^ ,  U, i . e . ,  ~ l^ * > ^ |i € u>)----->  U .

(a ) ~ n  t e l l s  w hich  r e l a t i o n  th e  n -a ry  p r e d ic a te  symbol



N o ta tio n  c o n v e n tio n s :

(a )  We w i l l  w r i te  th e  a c tu a l  e lem en t o f  U d en o ted  by u a s  u ,

(b ) I t  w i l l  be h e lp f u l  to  r e c a l l  o u r c o n v e n tio n  o f  p a s s in g  from

symbol to  r e a l i t y  (under th e  a p p r o p r ia te  map) by p u t t in g  a  above

th e  syn& ol.
v i

(c )  We in tro d u c e  th e  n o t a t io n  W  ̂ (w here W i s  a  s t r i n g  o f

sym bols w hich  i s  a  w ff and v^ i s  a v a r ia b le  symbol and u i s  a
v i

symbol in tro d u c e d  to  d e n o te  a n  e lem en t o f  U ), By W  ̂ we mean th e  

r e s u l t i n g  s t r i n g  o f  sym bols g o t te n  by r e p la c in g  each  f r e e  o c c u rre n c e  

o f  v^ in  W by th e  symbol u .

D e f in i t io n  2 . 3 . We d e f in e  th e  map v jlbj, ---->  V r e c u r s iv e ly  a s  fo llow s*

(1 ) . • • , t n ) )  * . . .  , t n ) w here

I f  t j - p j

t ^  ■ u i f  t ^  =* u  .

( i i )  v ( f “ (Wx  Wu ) = f ^ v f f j ) . . . . ^ ^ ) )
v

( i i i )  v (q k v t  W) * ^ ( { v O ^ 1) |u  6 u3) .

R em arks; (a ) In  th e  above we assum e

i s  a  p r e d ic a te .

P j a  p a ra m e te r , 

u a symbol su ch  t h a t  u € U . 

f ”  a  c o n n e c tiv e . 

qk  a  q u a n t i f i e r .

(b ) We e x p la in  ( i )  i n  d e t a i l .  P^ d e n o te s  (u n d er ~ )  a map from  u” 

to  V . Each symbol t ^  d e n o te s  (u n d er th e  a p p ro p r ia te  map) an  e lem en t
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o f  U . Thus f o r  th e  v a lu e  o f  P ? ( t ,  t  ) we ta k e  th e  f u n c t io n1 1  n

P® e v a lu a te d  a t  th e  n - tu p l e  ( t ^ , . . . , ^ )  .



SECTION 3 . SIGNED FORMULAS

Now t h a t  we have d e f in e d  V - lo g ic s  I t  behooves us to  s t a t e  w hat we 

a re  I n t e r e s t e d  in  s a y in g  a b o u t them . We w ish  to  t a l k  a b o u t th e  p o s s ib le  

v a lu e s  a  w ff  may ta k e  u n d er some i n t e r p r e t a t i o n s .  I t  has been  m ost 

u s u a l to  c o n s id e r  a  s p e c i f i c  e lem en t o f  V, v ,  and a s k  i f  th e r e  e x i s t s

some i n t e r p r e t a t i o n ,  *9, su ch  t h a t  th e  w f f ,  W, has th e  v a lu e  v under

«9 . In s te a d  we w ish  to  a s k  th e  fo llo w in g  q u e s t io n .  G iven a  s p e c i f i c  

s u b s e t  o f  V, C (C c  V ), does th e r e  e x i s t  an  i n t e r p r e t a t i o n ,  *9, su ch  

th a t  th e  v a lu e  o f  th e  w f f ,  U), b e lo n g s  to  C (v(lfl) € C)? ( I t  shou ld  

be n o t ic e d  t h a t  th e  u s u a l q u e s t io n  i s  a  s p e c ia l  c a se  o f  o u r q u e s t io n .  

Take C = {v}).

In  o rd e r  to  t r e a t  q u e s t io n s  l i k e  th e  above fo rm a lly ,  we in tro d u c e  

some new sym bo ls. S p e c i f i c a l l y  "E ", "C" . We th e n  form  se n te n c e s  o f  

th e  form  W E C (W a w f f ) ,  w hich  i s  m eant to  d e n o te  th e  f a c t  t h a t  

th e  v a lu e  o f  W b e lo n g s  to  C . (S en ten ces  o f  t h i s  k in d  a r e  c a l l e d  

s ig n ed  o r  s ig n ed  w f f s .  They a r e  m eant to  have a  v a lu e  o f  t r u e  o r  

f a l s e  in  a g iv e n  i n t e r p r e t a t i o n ) .

In  a d d i t io n  i t  i s  c o n v e n ie n t to  have some o th e r  sym bols 3 ,V ,A ,V , 

where we w ish

i )  3 v^ S (S a  s ig n e d  w ff) to  r e p r e s e n t  th e  f a c t  t h a t  th e r e  e x i s t s

an e lem en t su ch  t h a t  S i s  t r u e .

i i )  V v ± S (S a  s ig n e d  w ff)  to  r e p r e s e n t  th e  f a c t  t h a t  a l l  e lem en ts

make S t r u e .

i i i )  A s ig n e d  w ffs )  to  r e p r e s e n t  th e  f a c t  t h a t  b o th  S^ 

and Sg a r e  t r u e .

9
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Iv )  V Sg (s i >S 2  s ig n e d  w ffs )  to  r e p r e s e n t  th e  f a c t  t h a t  e i t h e r

o r  Sg i s  t r u e .

We now fo rm a liz e  th e  a d ju n c t io n  o f  th e  new sym bols.

Assume a  g iv e n  V - lo g ic , £ ^ ,  and assume a  c o u n ta b le  sequence 

^1* ^ 2 ’ * '* su b 8 e ts  ° i  v  • We a d jo in  th e  fo llo w in g  sym bols to  our 

language

(one f o r  each  . The s e t  c o rre sp o n d in g  to  i s  w r i t t e n  C ^).

D e f in i t io n  3 .1 . We now r e c u r s iv e ly  d e f in e  th e  n o t io n  o f  c lo se d  w e l l -  

form ed fo rm u las  (c w ffs )  a s  th e  l e a s t  s e t  o f  s t r i n g s  o f  sym bols, C , 

su ch  t h a t

i )  th e  s t r i n g  'I t  E C ^ ' 6 C (lb a  w f f ) .

i i )  th e  s t r i n g  '0  v ^ (S )"  € C (v^ a  v a r i a b l e ,  S € C ) .

i i i )  th e  s t r i n g  "V v ^ (S )M € C (v^ a  v a r i a b l e ,  S 6 C ) .

iv )  th e  s t r i n g  "S^ A Sg" € C (S^,Sg € C ) .

v ) th e  s t r i n g  "S^ V Sg" € C (S^,Sg € C ) .

We now fo rm a liz e  th e  in te n d e d  m eanings o f  cw ffs  by an  e x te n s io n  

o f  o u r v a lu a t io n  n o t io n ,  v .

L e t be a  s p e c i f i c  V - lo g ic .

L e t *9  ̂ ■ < ( 0 , ^ ) ,  £ y ,  be an  £ v  i n t e r p r e t a t i o n .

E ,  a ,  V ,  A ,  v ,  C l ,  c 2 ,  c 3

duced by *9^).

D e f in i t io n  3 .2 . We d e f in e  0  r e c u r s i v e ly ,  v |C — > £t , f ) as  fo llo w s : 

i )  v (W E Ct ) » T i f  and o n ly  i f  v(W) 6 .

i i )  v (S v JL(S ))  « T i f  and on ly  i f  ^ ( S ^ )  ■ T f o r  some u , “u” 6 U.



Assume now two seq u en ces  o f  s u b s e ts  o f  V,

We now have two n o tio n s  o f  cw ff (and t h e i r  c o rre sp o n d in g  v a lu a t io n  

map, v ) .

C o n sid e r th e  c ase  w here o” = V - C. . We w i l l  ab u se  te rm in o lo g y1 1

and c a l l  th e  second  n o t io n  o f  c w ff , th e  n o t io n  o f  open w e ll-fo rm ed  

fo rm u la  ( a b b re v ia te d  o w ff ) , th e  c o l l e c t i o n  o f  ow ffs w i l l  be w r i t t e n  

a s  <S> . I t  sh o u ld  be n o t ic e d  t h a t  a  c w ff , W E C^, h o ld s  in  an  i n t e r ­

p r e t a t i o n  (v(W E C^) = T i f  and o n ly  i f  th e  o w ff, W E 0 ^ , does n o t 

h o ld  in  th e  i n t e r p r e t a t i o n  (0(W E 0^) = F ) . In  f a c t  we can  a s s ig n  to  

each  c w ff , S,  an  o w ff, s ' ,  su ch  th a t  f o r  any i n t e r p r e t a t i o n ,  S 

h o ld s  in  th e  i n t e r p r e t a t i o n  i f  and o n ly  i f  S ; does n o t  h o ld  in  t h a t  

i n t e r p r e t a t i o n .

D e f in i t io n  3 .3 . We now d e f in e  a  1 -1  o n to  map, c a l l e d  n e g a tio n  from  

th e  s e t  o f  c w ffs , C , to  th e  s e t  o f  o w ffs , © . We d e f in e  * r e ­

c u r s iv e ly  a s

i )  (W E C£) / i s  W E 0 t  (W a  w ff and 0^ -  V -  c ] )  .

i l )  <a v i ( S ) ) / i s  V v i ( ( S ) / ) (S a  c w f f ) .

i i i )  (V v i ( S ) ) / i s  3 v i ( ( S ) / ) (S a  c w ff ) .
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Iv )  (S^ A S ^ ) ' i s  S ' V S ' (Si * S 2  a r e  c w ffs>*

v ) (S1 V S2) '  l a  S ' A S ' (Sl t S2 a r e  c w f f s ) .

I t  i s  e a s i l y  se e n  t h a t  th e  image under '  o f  a  cw ff i s  a  ow ff

and t h a t  '  i s  a  1 -1  and o n to  map. I t  i s  a l s o  c l e a r  t h a t  f o r  a c w ff , 

S , S h o ld s  in  a n  i n t e r p r e t a t i o n  i f  and on ly  i f  s' d o e s n 't .  We w i l l  

w r i te  th e  in v e r s e  image o f  a  map from  th e  s e t  o f  o w ffs , <5>, to  th e  

s e t  o f  cw ffs  a s  '  (we abuse  n o t a t i o n ) . I t  i s  c l e a r  t h a t  a n  o w ff, 

S , h o ld s  in  an  i n t e r p r e t a t i o n  i f  and on ly  i f  s' d o e s n 't .  N ote a l s o  

t h a t  S* ■ S (a s  a  sequence  o f  sym bols, n o t o n ly  a s  e q u iv a le n t  s t a t e ­

m e n ts ) . The '  map i s  m eant to  fo rm a liz e  ou r I n t u i t i v e  n o t io n  o f  

n e g a t io n .

R em arks: (a ) We w i l l  m ain ly  be concerned  w ith  c w ffs . R e s u l ts  on

ow ffs w i l l  be deduced from  th e  above c o rre sp o n d e n c e , . We w i l l  

p rove  t h a t  f o r  s p e c ia l  c h o ic e s  o f  V and th e  fo rm u las  t h a t  a r e

n e v e r  t r u e  <v(S) = F a l l  i n t e r p r e t a t i o n s )  a r e  r e c u r s iv e ly  en u m erab le . 

I t  i s  f o r  t h i s  re a so n  we a v o id  a llo w in g  a  n e g a t io n  o f  a  cw ff to  be a 

cw ff ( i t  i s  a n  o w f f ) . I f  we a llo w  n e g a tio n , th e  s e t  o f  cw ffs  w hich  

a re  n e v e r  t r u e  i s  n o t  r e c u r s iv e ly  en u m erab le . (We d e s c r ib e  a  c o l ­

l e c t i o n  o f  c o u n te r  exam ples l a t e r ) .

(b) I f  f o r  an  i n t e r p r e t a t i o n ,  *9, v (S ) ■ T we say  S i s  t r u e  in  «9 , 

(A lso S h o ld s  in  *9).

(c ) cw ffs  o f  ty p e  i  (W E C^) a r e  c a l l e d

a to m ic  i f  W i s  e le m e n ta ry

b o o le an  i f  W i s  b o o le a n

q u a n t i f i e d  i f  W i s  q u a n t i f i e d  .
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cw ffs o f  ty p e  1 1 )(3  v^ S) a r e  c a l l e d  e x i s t e n t i a l ,

cw ffs  o f  ty p e  111)(V S) a re  c a l l e d  u n iv e r s a l .

cw ffs o f  ty p e  lv )  (S^ A s^ )  a re  c a l l e d  c o n ju n c t iv e ,

cw ffs o f  ty p e  v) (S^ V S^) a re  c a l l e d  d i s ju n c t iv e .

I t  I s  to  be n o ted  th a t  each  cw ff I s  e i t h e r  a to m ic , b o o lean , 

q u a n t i f i e d ,  e x i s t e n t i a l ,  u n iv e r s a l ,  c o n ju n c tiv e  o r  d i s ju n c t iv e ,  (and 

u n iq u e ly  s o ) .

(d) We a sk  th e  g e n e ra l iz e d  q u e s t io n :  Does v(W) € C r a th e r  th a n  th e

u su a l o ne , p a r t ly  b ecause  i t  i s  more s u i t a b l e  f o r  our r e s u l t s ,  b u t i t  i s  

o f  in d ep en d en t i n t e r e s t .  The r e s u l t s  o f  C h an g -K eis le r [4] would be 

c o n s id e ra b ly  s im p l i f ie d  i f  s t a t e d  i n  th e  language o f s ig n ed  fo rm u la s .

(c ) The n o tio n  o f  s ig n ed  fo rm ulas was su g g es ted  by Sm ullyan [1 2 ] .

Where use  i s  made o f  p u t t in g  a  T o r  F b e fo re  s e n te n c e s .



SECTION 4 . LOGICAL FRAMEWORKS

Given a  lo g i c ,  £ ,  and i t s  a s s o c ia te d  s e t  of s igned  fo rm u la s , we 

may a sk  s e v e ra l  q u e s t io n s .

(a ) Can a  com puter be programmed to  d ec id e  w hether a  fo rm u la  i s  

v a l id  (alw ays t r u e ) ?

(b) Can a  com puter be p ro g ra m e d  to  d ec id e  w hether a fo rm u la  i s  

u n s a t i s f i a b l e  (n ev e r t r u e ) ?

(c ) Can a  com puter be programmed to  l i s t  a l l  v a l id  fo rm ulas?

(d) Can a  com puter be programmed to  l i s t  a l l  u n s a t i s f i a b l e  fo rm u las?  

For n o n - t r i v i a l  2 -v a lu ed  lo g ic s  no program  e x i s t  f o r  (a )  and ( b ) .

T here d o e s , how ever, e x i s t  program s f o r  (c) and (d) ( fo r  2 -v a lu ed  

lo g ic s  th e  q u e s tio n s  a re  e q u iv a l e n t ) . F o r th e  case  o f  th e  co n tin u o u s  

lo g ic s  o f  C h an g -K e is le r , we show (by a c tu a l ly  c o n s t r u c t in g  th e  program ) 

t h a t  q u e s t io n  (d) i s  answ ered in  th e  a f f i r m a t iv e  i f  we mean by fo rm ula  

c w ff. I t  fo llo w s  from  t h i s ,  t h a t  q u e s t io n  (c )  i s  answ ered i n  th e  a f ­

f i r m a t iv e ,  i f  by fo rm ula  we mean ow ff.

We f u r th e r  show th a t  e x c e p t fo r  t r i v i a l  l o g ic s ,  q u e s t io n  (c )  f o r  

cw ffs and q u e s t io n  (d) f o r  ow ffs have answ ers in  th e  n e g a t iv e ,  I . e . ,  

th e  s e t  o f  v a l id  cw ffs i s  n o t r e c u r s iv e ly  enum erab le .

Our r e s u l t s  a r e  b e s t  o rg a n iz ed  u s in g  th e  n o t io n  of lo g ic a l  fram e­

w ork, f i r s t  used by Sm ullyan [12 ] to  in v e s t ig a te  2 -v a lu e d  lo g ic .  We 

use a  sem an tic  v e r s io n  o f  S m u lly an 's  a b s t r a c t  framework (Sm ullyan [ 1 3 ] ) .  

We p roceed  to  d e f in e  our v e r s io n  o f lo g ic a l  fram ework.

D e f in i t io n  4 . 1 . Given a  lo g ic ,  £ y , and su b se ts  o f V, C^, 

and th e  a s s o c ia te d  n o t io n  o f  c w ff , C .

14
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By a  lo g i c a l  framework f o r  C we mean 

(1) A p a r t i t i o n  o f  th e  e lem en ts  o f  C in to  f iv e  p a irw ise  d i s j o i n t  

s u b s e ts ,  A ,0 f,p ,Y ,6J

E lem ents o f  A a re  c a l l e d  a to m ic .

E lem ents o f  a  a re  c a l l e d  c o n ju n c t iv e .

E lem ents o f  P a re  c a l l e d  d i s ju n c t iv e .

E lem ents o f  Y a re  c a l l e d  u n iv e r s a l .

Elem ents o f  & a re  c a l l e d  e x i s t e n t i a l .

( i i )  An ass ig n m en t to  each  non-a tom ic  fo rm u la , F , a  c o u n tab le  (pos­

s ib ly  f i n i t e )  sequence o f  fo rm u la s , S ,̂ s  ^ ^ F ^ F ^ , . .  •>  .

E lem ents o f  a re  c a l l e d  sub fo rm ulas o f  F .

The above i s  such  th a t

( 1 ) th e re  does n o t e x i s t  an  i n f i n i t e  sequence o f  fo rm ulas 

<F1 .F 2 .F 3 , . . >  such  th a t  I s  a  subform ula o f  F^

( i  = 1 , 2 , . . . )  .

(2) I f  F i s  d is ju n c t iv e  th e n  i s  f i n i t e .

(3) A s e t  o f  a to m ic  fo rm ulas i s  s im u lta n e o u s ly  s a t i s f l a b l e  in  a  

domain o f  p a ram e te rs  i f  ev ery  f i n i t e  s u b se t  i s  s im u lta n eo u s ly  

s a t i s f l a b l e  in  a  domain o f  p a ra m e te rs .

D e f in i t io n  4 . 2 . A s e t ,  S ,  o f  fo rm u las i s  s a id  to  be s im u lta n eo u s ly  

s a t i s f l a b l e  in  a  domain o f  p a ram e te rs  i f  th e re  e x i s t s  an  i n t e r p r e t a t i o n ,  

*9, where th e  map ~  from  tP j J P i  a  Pa ra m e te r )  to  th e  u n iv e r s e ,  U,' i s  

o n to . And w here a l l  fo rm ulas o f  th e  s e t ,  S ,  ho ld  (a re  t r u e ) ,  in  th e  

i n t e r p r e t a t i o n ,  J  .
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(4) (1 ) I f  F i s  c o n ju n c tiv e  and ev ery  subform ula o f  F i s  s a t i s ­

f i e d  in  an  i n t e r p r e t a t i o n  th en  F i s  s a t i s f i e d  in  t h a t  i n t e r p r e t a t i o n .

( i i )  I f  F i s  d i s ju n c t iv e  and some subform ula  o f  F i s  s a t i s ­

f ie d  in  an  i n t e r p r e t a t i o n  th e n  F i s  s a t i s f i e d  in  th a t  i n t e r p r e t a t i o n .

(5) ( i )  F i s  u n iv e r s a l  i f  and o n ly  i f  F = Y v^ F ; (where F* i s  

a  cw ff and e q u a l i ty  means th e  e x a c t same s t r i n g  o f  sym bo ls).

F ■ V v^ F then

V
s_ = I f !  ^ Ip ,  a parameter symbol} 

*  Pj J

( i i )  F i s  e x i s t e n t i a l  i f  and o n ly  i f  F = 3 F ; .

v .
I f  F °  3 v . F /  th e n  S_. ■ { f 7 Ip a  p a ram ete r}  .

1  r p

v .
(By F* we mean th e  s t r i n g  o f  fo rm al symbols o b ta in e d  by re p la c in g

ev ery  f r e e  o ccu rren ce  o f  th e  symbol v^ in  th e  s t r i n g  o f  syndiols f ' , 

by th e  symbol p ^ .)

( 6 ) ( i )  I f  F i s  c o n ju n c tiv e  and i f  F i s  t r u e  in  th e  i n t e r p r e t a ­

t i o n ,  «9, th e n  f o r  any subform ula  o f  F , V* , th e re  e x i s t s  an  i n t e r p r e t a ­

t i o n ,  «9', such  th a t  every  form ula t r u e  in  «9 i s  t r u e  in  *9' and F* 

i s  t r u e  in  *97 .

( i i )  I f  F i s  d i s ju n c t iv e  and i f  F i s  t r u e  in  th e  i n t e r p r e t a ­

t i o n ,  c9, th e n  some subfo rm ula  o f  F , F7 , i s  t r u e  in  <4 .

( i l l )  I f  F i s  u n iv e r s a l  and F i s  t r u e  in  th e  i n t e r p r e t a t i o n ,

*9, th e n  ev ery  subfo rm ula  o f  F i s  t r u e  in  <9 .

( iv )  For any g iv en  i n t e r p r e t a t i o n ,  *9, th e  t r u t h  o r  f a l s i t y  o f  a 

fo rm ula  depends o n ly  on th e  p a ram e te rs  o c c u r r in g  in  th e  fo rm ula ( th e

p a ram ete r symbols o c c u r r in g  in  th e  sequence o f  symbols w hich i s  th e  

fo rm u la ) .



SECTION 5 . TREE PRELIMINARIES

S ince  ou r main r e s u l t s  make use  o f  t r e e s ,  I  would l i k e  to  i n t r o ­

duce some d e f i n i t i o n s .  (We l a t e r  p rove th a t  a  cw ff i s  u n s a t i s f i a b l e  

i f  and on ly  i f  th e re  e x i s t s  a  c e r t a i n  k in d  o f  t r e e ) .

D e f in i t io n  5 .1 . By a t r e e ,  S', we mean

( i )  A s e t ,  S , whose e lem en ts  a re  c a l l e d  p o in ts .

( i i )  A b in a ry  r e l a t i o n ,  P , on th e  s e t  o f  p o in t s .  (xPy i s  read  

x i s  th e  p re d e c e sso r  o f  y ) .

The above obeys

(a ) There e x i s t s  a un ique  p o in t  w hich has no p re d e c e s s o r ,  c a l le d  th e  

o r ig in  o f  th e  t r e e .

(b) Every p o in t  e x cep t th e  o r ig in  has a  un ique  p re d e c e s s o r .

T rees can  be re p re s e n te d  by a d iagram  in  th e  fo llo w in g  m anner.

F or each  p o in t  o f  a  t r e e  we d e s ig n a te  a  p o in t  in  th e  p lan e  and i f  xPy 

we draw an  arrow  from th e  p o in t  r e p r e s e n t in g  x to  th e  p o in t  r e p r e s e n t ­

in g  y .

Thus th e  t r e e

[ a , b , c , d , e , f , g , h l

a  P b 
a P c 
a  P c 
b P e 
c  P f  
c  P g 
c  P h

i s  re p re se n te d
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F ig u re  1 .

D e f in i t io n  5 .2 . A p o in t  w hich i s  th e  p re d e c e sso r  o f  e x a c t ly  one p o in t 

i s  c a l le d  a  sim p le  p o in t .  (The p o in t  b in  F ig u re  1 i s  s im p le ) .

D e f in i t io n  5 .3 . A p o in t  w hich i s  th e  p re d e c e sso r  o f  more th a n  one 

p o in t  i s  c a l l e d  a ju n c t io n  p o in t .  (P o in ts  a and c o f  F ig u re  1 

a re  ju n c t io n  p o i n t s ) .

D e f in i t io n  5 .4 . A p o in t  w hich i s  n o t th e  p re d e c e sso r  o f  any p o in t  i s  

c a l le d  an  end p o in t .  (P o in ts  d , e , f , g  and h o f  F ig u re  1 a re  end 

p o i n t s ) .

D e f in i t io n  5 .5 . By a p a th  o f  a  t r e e  we mean a  sequence o f  p o in ts  

(p o s s ib ly  i n f i n i t e )  such  th a t  each  term  o f  th e  sequence i s  th e  p re ­

d e c e s so r  o f  th e  n e x t te rm . ( In  F ig u re  1 , ab i s  a  p a th , abe and 

acg  a re  a l s o  p a th s ) .

D e f in i t io n  5 .6 . By a  b ran ch  o f  a  t r e e  we mean a maximal p a th ,  (abe 

i s  a  b ran ch  and so i s  a c g ) .

On o c ca s io n  we would l ik e  to  add more p o in ts  to  a t r e e .  T h is i s  

c a l le d  expanding  a  t r e e .  Form ally

tD e f in i t io n  5 .7 . Given a  t r e e ,  S', we may d e f in e  a  new t r e e ,  « , a s  

f o l lo w s .

The p o in ts  o f  «T/ a r e  th e  p o in ts  o f  3  p lu s  a  f i n i t e  number o f

a :

f  *
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a d d i t io n a l  p o in t s ,  x^ , . . . , xr  . The p re d e c e sso r  r e l a t i o n  h o ld s  in

i f  I t  h o ld s  in  S' , and in  a d d i t io n  f o r  each  x^ th e re  e x i s t s  a  un ique

end p o in t  o f  S', t ^ ,  such  th a t  t ^  i s  th e  p re d e c e sso r  o f  x^ ( in  3 * ) .

S / i s  c a l le d  an  ex p an sio n  o f  S' . I t  i s  c l e a r  t h a t  an  ex p an sio n  

o f  a  t r e e  i s  a  t r e e .  I t  shou ld  be no ted  th a t  th e  p o in ts  added

x ^ , . . . , x n a re  end p o in ts  o f  tS* .



SECTION 6 . TABLEAUX PRELIMINARIES

We w i l l  now d is c u s s  t r e e s  whose p o in ts  a r e  s e t s  o f  c w ffs .

Assume a  g iv en  V - lo g ic , X^, and a  lo g ic a l  framework f o r  X^ .

D e f in i t io n  6 .1 . By a  ta b le a u x  we mean a  f i n i t e  t r e e ,  3 ,  whose p o in ts

a re  f i n i t e  s e t s  o f  c w ffs , w hich obeys th e  fo llo w in g .

I f  S i s  a  p o in t  o f  3  and T (a p o in t  o f  3 )  i s  th e  p re d e c e s ­

s o r  o f  S th e n  T Is  a  s u b se t o f  S (T C  S) and T - S * {x},

i . e . ,  S i s  th e  s e t  T p lu s  one a d d i t io n a l  cw ff, X .

Where one o f th e  fo llo w in g  fo u r c ase s  h o ld :

(1) X i s  a subfo rm ula  o f  a c o n ju n c tiv e  form ula  w hich i s  a  member o f  T.

(2) X i s  a subform ula o f  a  d is ju n c t iv e  fo rm u la , Y, where Y i s  a

member o f  T. And I f  Y ., . , . ,Y a re  th e  subfo rm ulas o f  Y th en
1 * * n

T U £ }  i s  a  p o in t  o f  3  and T i s  th e  p re d e c e sso r  o f  each  

T U [ Y ^  .

(3) X i s  a  subfo rm ula  o f  a u n iv e r s a l  form ula w hich i s  a  member o f  T.

(4) X i s  a subform ula  o f  an e x i s t e n t i a l  form ula 3 v^ F and

X “  Fp where th e  p a ram ete r sym bol, p ^ , does n o t o ccu r in  any form ula

w hich i s  a  member o f  T.

T here  i s  a n o th e r  way o f  lo o k in g  a t  ta b le a u x  and t h i s  i s  to  d e f in e  

ta b le a u x  r e c u r s iv e ly  as fo llo w s .

D e f in i t io n  6 . I 7 . (1) Any t r e e  hav ing  j u s t  one p o in t  w hich i s  a  f i n i t e  

s e t  o f  fo rm u las i s  a  ta b le a u x .

(2) Given any ta b le a u x , 3 ,  we may d e f in e  a new ta b le a u x , 3  , by ex­

pand ing  th e  t r e e  co rre sp o n d in g  to  3  by any o f th e  fo llo w in g  fo u r  r u le s .

20
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L e t T be an end p o in t  o f  5  .

(а )  I f  Y € T and Y I s  c o n ju n c tiv e  and Yf i s  a  subform ula

o f  Y we may expand ?  by add in g  th e  p o in t  T U {y / } and th e  f a c t  

t h a t  T i s  th e  p re d e c e sso r  o f  I  U {y/ } .

(0) I f  Y € T and Y i s  d i s ju n c t iv e  and Y ^ , . . . ,Y n  a re  a l l

th e  sub fo rm ulas o f  Y, th e n  we expand «T by ad d in g  th e  p o in ts  

T U { Y ^ , i  ** l , . . . , n  and we add th e  f a c t  t h a t  T i s  th e  p re d e c e sso r  

o f  each  T U { Y ^  .

CY) I f  Y € T and Y i s  u n iv e r s a l  and Y7 i s  a subfo rm ula  o f

Y, th e n  we expand 3T by ad d in g  th e  p o in t  T U {Y7 } and th e  f a c t  th a t  

T i s  th e  p re d e c e ss o r  o f  T U {Y7 } .

( б ) I f  Y 6  T and Y i s  e x i s t e n t i a l  and Y = 3  v^ S and th e

symbol p a p p ea rs  in  no fo rm ula  w hich i s  a  member o f  T th e n  add 
v .

th e  p o in t  T U {s } and th e  r e l a t i o n  th a t  T i s  th e  p re d e c e sso r  
P

v ,
o f  T U {s 1 3 .

P

D e f in i t io n  6 .2 . We say a  s e t  o f  c w ffs , S , i s  s a t i s f l a b l e  i f  th e re  

e x i s t s  an  i n t e r p r e t a t i o n  where a l l  members o f  S a re  t r u e .

D e f in i t io n  6 .3 . We say a  ta b le a u x  i s  s a t i s f l a b l e  i f  some end p o in t  

(w hich i s  a s e t  o f  cw ffs) i s  s a t i s f l a b l e .

We now prove th e  fo llo w in g

Lemma_l. I f  a  ta b le a u x  i s  s a t i s f l a b l e  th e n  any ex p an sio n  o f  th e  ta b le a u x  

by a  r u le  of,0,Y , o r  6  i s  s a t i s f l a b l e .

P r o o f ; I t  i s  c l e a r  we need o n ly  c o n s id e r  th e  case  where in  th e  ex ­

p an s io n  from  ff to  3'/ (by one o f  th e  r u le s )  th e  c r u c i a l  end p o in t ,

T , i s  th e  o n ly  s a t i s f l a b l e  end p o in t  o f  3“ (o th e rw ise  i f  some o th e r  end
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p o in t i s  s a t i s f i a b le  i t  remains an end p o in t o f  S'7) .

Case Of: C onsider now an  ex p an sio n  by r u le  a .  T here e x i s t s  an  X € T,

X i s  c o n ju n c tiv e  and th e  new p o in t  added i s  th e  s e t  T U [ x 7 } w here 

X7 i s  a  subform ula  o f  X . By h y p o th e s is  we may assume t h a t  T i s  

s a t i s f l a b l e ,  i . e . ,  th e re  e x i s t s  a  s t ro n g  i n t e r p r e t a t i o n ,  «>, where a l l  

cw ffs o f  T a re  t r u e .  By c o n d it io n  (61) f o r  lo g ic a l  frameworks 

(D e f in i t io n  4 .1 )  th e re  e x i s t s  an  i n t e r p r e t a t i o n ,  «J7 , such th a t  ev ery  

form ula  t r u e  in  <5 i s  t r u e  in  c97 ( i n  p a r t i c u l a r ,  th e  e lem en ts  o f  T) 

and in  a d d i t io n  X7 i s  t r u e  in  «97 .

Thus T U  {x7} i s  s a t i s f i a b l e .

Case 3 : C onsider an  ex p an sio n  by r u l e  P. There e x i s t s  an  X € T,

X d is ju n c t iv e  and we have added th e  p o in ts  T U Cx^] (where th e  X^ 

range o v er th e  f i n i t e  number o f  su b fo rm ulas o f  X ). By h y p o th e s is  we 

may assume th a t  T i s  s a t i s f i a b l e .  Hence, th e re  e x i s t s  an  in t e r p r e ­

t a t i o n ,  «9, where a l l  fo rm ulas o f  T a re  t r u e .  Hence X i s  t r u e  in  

«9 . T h e re fo re  by c o n d it io n  (6 i i )  f o r  lo g ic a l  fram ew orks, one o f  th e  

X^ i s  t r u e  in  . L e t X7 be t h a t  X^ . T U {x 7 3 i s  s a t i s f i a b l e .  

Case Y ; C onsider an ex p an sio n  by r u le  V. T here e x i s t s  an  X € T,

X u n iv e r s a l .  We have added th e  p o in t  T U {x7} where X7 i s  a 

subform ula  o f  X . By h y p o th e s is  we may assume th a t  T i s  s a t i s f i a b l e .  

Hence th e re  e x i s t s  an  i n t e r p r e t a t i o n ,  *9, f o r  w hich  a l l  fo rm u las o f  T 

a re  t r u e .  By c o n d it io n  (6 i i i )  o f  lo g ic a l  fram ew orks, X7 i s  a l s o  t r u e

in  «9 . Hence T U fX7 } i s  s a t i s f l a b l e .

Case 6 : C onsider an  ex p an s io n  by r u l e  6 . There e x i s t s  an  X € T,

X e x i s t e n t i a l .  We have added th e  p o in t  I  U Cx7 3 where X7 = F^

(X ® 3  V j F) where th e  symbol p^ does n o t ap p ea r in  any form ula o f  T.



By h y p o th e s is  T i s  s a t i s f i a b l e .  Hence th e re  e x i s t s  an  i n t e r p r e t a t i o n ,  

«9, f o r  w hich a l l  cw ffs o f  T a re  t r u e .  (Of p a r t i c u l a r  im portance*

in  t h i s  c a se  i s  th e  p a r t  o f  «9 w hich i s  a map 0 , from  th e  pa ram ete r

symbols to  th e  u n iv e rse  U .)  Hence X = 3 F i s  t r u e  in  c9 .
—  ViHence th e re  e x i s t s  an  e lem en t o f  U. u . such  th a t  F i s  t r u e ,  (u9 9 y  '

i s  th e  symbol w hich d e n o te s  u ) .

C onsider 0 |{p ^3  — > U . We d e f in e  a  new map 0 l |{ p ^ 3  -— > U 

a s  fo llo w s .

0 ' ^ )  -  0 (P i ) i f  Pt  *  P j

0 ' ( P j )  ■ «" i f  P t  " P j

D efine  <9/ a s  th e  i n t e r p r e t a t i o n  <9 w ith  th e  map 0 ' r e p la c in g  0 .
v . v .

S ince  F i s  t r u e  in  <c9,0> , F i s  t r u e  in  ^ 9 ,0 >  = «9' . From u u
v .

th e  f a c t  t h a t  F i s  t r u e  in  *9' i t  fo llo w s  from  th e  d e f i n i t i o n  o f  u
v .

th e  v a lu e  o f  cw ff t h a t  Fp i s  t r u e  in  .

A lso by c o n d it io n  ( 6 iv )  f o r  frameworks and th e  f a c t  th a t  each  

cw ff does n o t c o n ta in  th e  sym bol, p ^ , i t  fo llo w s th a t  a l l  cw ffs o f  

T a re  t r u e  in  e9' ( s in c e  they  a re  t r u e  in  «9). Hence T U { x '} i s  

s a t i s f i a b l e  ( in  e97) .

D e f in i t io n  6 .4 . A ta b le a u x  whose o r ig in  i s  th e  s e t  o f  cw ffs , S , i s  

c a l le d  a  ta b le a u x  f o r  S .

Lemma 9 . i f  S , a  s e t  o f  c w ffs , i s  s a t i s f i a b l e  th e n  ev ery  ta b le a u x  

f o r  S i s  s a t i s f i a b l e .

P ro o f ; By th e  r e c u r s iv e  d e f i n i t i o n  o f  ta b le a u x , i t  fo llo w s th a t  fo r
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any s e t ,  S , and ta b le a u x  f o r  S , 3*g, th e re  e x i s t s  a  f i n i t e  sequence o f  

ta b le a u x  f o r  S t 3 q , 3 ^ , . . .  ,3 ^ , such  th a t

(1) ■ th e  ta b le a u x  w ith  one p o in t ,  S .

»  “  J S

(3 ) *s an  ex p an sio n  o f  3^  by an  a p p l i c a t io n  o f  e i t h e r  an

Qf,3 ,V , o r  6  r u l e .

Hence o u r r e s u l t  fo llo w s  in d u c t iv e ly  by Lemma 1 .

D e f in i t io n  6 .5 . A s e t  o f  c w ffs , S , i s  s a id  to  c lo s e ,  i f  i t  has a 

f i n i t e  s u b se t o f  a tom ic  c w ffs , Sp/ , such  th a t  Sp/ i s  u n s a t i s f i a b l e .  

(Atomic r e f e r s  to  th e  p a r t i t i o n  g iv e n  in  lo g ic a l  fram ew ork).

D e f in i t io n  6 . 6 . A ta b le a u x  i s  s a id  to  c lo s e  i f  each  o f  i t s  end p o in ts  

c lo s e .

Lemma 3 . I f  a s e t  o f  cw ffs c lo s e s ,  i t  i s  u n s a t i s f i a b l e .

Lemma 4 . I f  a  ta b le a u x  c lo s e s ,  i t  i s  u n s a t i s f i a b l e .

Theorem 1 . I f  a  s e t  o f  c w ffs , S , i s  s a t i s f i a b l e  th en  no ta b le a u x  fo r  

S c lo s e s .

The p ro o f  i s  im m ediate by Lemmas 2 and 4.

We now w ish  to  prove th e  con v erse  o f  Theorem 1 , namely

Theorem 2 . I f  a  f i n i t e  s e t  (o f c w f f s ) ,  S, i s  n o t s a t i s f l a b l e  th en  

th e re  e x i s t s  a  ta b le a u x  f o r  S w hich c lo s e s .  Theorems 1 and 2 immedi­

a te ly  g ive

Theorem 3 . A f i n i t e  s e t  (o f  c w f f s ) ,  S , i s  u n s a t i s f i a b l e  i f  and on ly  

i f  th e re  e x i s t s  a  ta b le a u x  fo r  S w hich c lo s e s .



SECTION 7 . THE SYSTEMATIC TREE

In  o rd e r  to  prove Theorem 2 we d e f in e  a  r u le  (program ) f o r  con­

s t r u c t i n g  fo rh a s a O t,S , a  t r e e ,  3g . We d e s c r ib e  3g by d e s c r ib in g

a  sequence o f  f i n i t e  t r e e s ,  3®, 3 * , . . ,  such  th a t  jpr -fvr? Los c-i. sysie*

TfetemoBiltrieasi o f  SystPiwit l c  T re e :

i )  ffg i s  a  s u b tre e  o f  3g+* .

i i )  Each p o in t  o f  3* i s  a s e t  o f  c w ffs .

i
i i i )  For each  3g th e re  i s  a ta b le a u x  f o r  S w ith  e x a c t ly  th e

same end p o in ts  as  3 *  .k>

We s h a l l  ta k e  3 g to  be th e  d i r e c te d  u n io n  o f  a l l  th e  3 g . The 

t r e e  3 g i s  c a l le d  th e  sy s te m a tic  t r e e  f o r  S .

D e f in i t io n  7 .1 . We now re c u r s iv e ly  d e f in e  th e  sequence o f  t r e e s .

Case Oi 3 g * ( s ]  , i . e . ,  th e  t r e e  w ith  th e  one p o in t  S . 3 g+* w i l l

be th e  t r e e  3 g w ith  c e r t a in  p o in ts  added . There a re  fo u r  c a s e s .

Case I ; ^g11"*"̂  w i l l  be th e  t r e e  3 gn w ith  c e r t a i n  p o in ts  added.

Namely, assume 3g has r  e n d p o in ts , o f  w hich  m do n o t c lo s e .

L e t t ^ , . . . , t m be th e  end p o in ts  w hich do n o t c lo s e .  We add th e  p o in ts  

x ^ , . . . , x m and make t j  th e  p re d e c e sso r  o f  x^ ( j  -  l , . . . , m ) .  Where 

Xj i s  th e  s e t  o f  e lem en ts  o f  t^  p lu s  th e  f i r s t  n subform ulas o f  

each  c o n ju n c tiv e  form ula w hich b e lo n g s to  t^  .

Case I I : th e  t r e e  w ith  c e r t a i n  p o in ts  added.

Namely, assume has r  end p o in t s ,  o f  w hich m do n o t c lo s e .

L e t t ^ , . . . , t m be th e  end p o in ts  w hich do n o t c lo s e .  We add th e  p o in ts

x .  x  and make t .  th e  p re d e c e sso r  o f  x .  ( j  « l , . . . , m ) .  Where
1  m j  j
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Xj I s  th e  s e t  o f  e lem en ts  o f  t^  p lu s  th e  f i r s t  n subfo rm ulas o f  

each  u n iv e r s a l  fo rm ula w hich b e lo n g s to  t j  .

Case I I I : w i l l  be th e  t r e e  3 '^tl+^ w ith  c e r t a i n  p o in ts  added .

Namely, assume has r  end p o in ts  o f  w hich m do n o t c lo s e .

L e t t ^ , . . . , t m be th o se  end p o in ts  w hich do n o t c lo s e .  We add th e

p o in ts  x ^ , . . . , x m and make t j  th e  p re d e c e sso r  o f  x^ ( j  = l , . . . , m ) .

v i  v iWhere x .  i s  t .  p lu s  fo rm u las S (one fo rm ula S fo r  e ach  e x i s t -
J j  P P

e n t i a l  member o f  t j  , 2 S) where th e  p a ram ete r symbol p (a p p e a rin g

v i
in  Sp ) occu rs  in  no o th e r  cw ff o f  x^ . (We assume h ere  t h a t  S

i s  a  f i n i t e  s e t  and hence th e re  a re  an i n f i n i t e  number o f  p a ram ete r 

symbols a t  ou r d i s p o s a l ) .

Case IV : w i l l  be th e  t r e e  ^g”*^ w ith  c e r t a i n  p o in ts  added.

Namely, assume ;j^n+3 has r  end p o in ts  o f  w hich m do n o t c lo s e .

L e t he th e  end p o in ts  w hich do n o t c lo s e .  C onsider t^

( i  = l , . . . , m ) .  Assume t ^  has r  d i s ju n c t iv e  cw ffs as  members,

d ^ , . , . , d r  . L e t s ^ , . . . , s r  be subfo rm ulas o f  d ^ , . . . , d r  r e s p e c t iv e ly .  

We a d jo in  th e  p o in t  t ^  U t s ^ , . . . , s r ) and ex ten d  th e  p re d e c e sso r  r e ­

l a t i o n  by say in g  t^  i s  th e  p re d e c e sso r  o f  t^  U { s ^ , . . . , s r 3 . (The 

p o in ts  added range o v e r a l l  p o s s i b i l i t i e s ) .  The id e a  i s  j u s t  a s  in  a  

ta b le a u x ;  we ex ten d  a  t r e e  by b ran ch in g  a  d i s ju n c t iv e  fo rm ula to  a l l  

i t s  su b fo rm u las , we h e re  b ran ch  a  s e t  o f  d is ju n c t iv e  fo rm ulas to  a l l  

com binations o f  su b fo rm u las .

I t  i s  c le a r  t h a t  th e  sequence o f  t r e e s  have th e  d e s ir e d  p r o p e r t i e s ,

i - i i i .  We w i l l  how ever, i l l u s t r a t e  p ro p e r ty  i i i )  by an  exam ple. L e t

. • . f A A Bn
us s t a r t  w ith  th e  t r e e  I q a  D *
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C onsider th e  t r e e

rA A Bi 
lC A D J

J

There i s  a ta b le a u x  f o r  ^  w ith  th e  same end p o in t  a s  ou r t r e e .

Namely
rA A Bi 
lC A D

i
rA A Bi 
lC A D 

A1
rA A Bi 
lC A D 

A 
B

A A B
c a d

F ig u re  _BL.

The id e a  i s  t h a t  th e  t r e e s  used  to  d e f in e  th e  s y s te m a tic  t r e e  need

o n ly  have c e r t a i n  p o in ts  in te r p o la te d  to  make them a  ta b le a u x .



There a r e  two o th e r  p r o p e r t ie s  o f  th e  s y s te m a tic  t r e e  and I t s  sub ­

t r e e s  th a t  sho u ld  be m en tioned .

P r o p e r t ie s  o f  th e  sy s te m a tic  t r e e  (c o n t in u e d ) :

iv )  I f  a l l  end p o in ts  o f  S'* c lo s e  th e n  = 3'g+ ^ .

I f  a l l  end p o in ts  do n o t c lo s e  th en  I s  a  p ro p e r e x te n s io n  o f

In  p a r t i c u l a r ,  I f  f o r  a l l  1 some end p o in t  o f  tJg d o e s n 't  c lo s e ,  

th e n  th e  t r e e  3g has an i n f i n i t e  number o f  p o in ts .

I t  shou ld  be rem arked th a t  we confuse  n o ta t io n  s l i g h t l y  and th a t  

th e  same s e t  may coun t as  d i f f e r e n t  p o in ts .  We r e a l l y  mean by a  p o in t  

n o t on ly  a s e t  b u t th e  o ccu rren ce  o f  th a t  s e t .  For exam ple, th e  s y s te ­

m a tic  t r e e  f o r  th e  s e t  {a }, w here A i s  an a tom ic  cw ff, i s

{A}
I

{A}
1

(A )

F ig u re  3.

*

1  i + 1v) When we go from  th e  t r e e ,  <Tg , to  th e  t r e e ,  JTg , we re p la c e  th e

end p o in ts  o f  3"* w hich do n o t c lo se  by new end p o in ts  o f  3’g"*"̂ ’ •

C o n sid er a sequence o f  s e t s  g o t te n  by su c c e ss iv e  rep lacem en ts  (a  b ran ch

o f  th e  sy s te m a tic  t r e e ) ,  S ^ S g , . . .  (S^ C S^+^) . I f  none o f  th e

c lo s e  th en

a ) i f  X € and X i s  c o n ju n c tiv e  th en  each  subform ula  o f

X occu rs  in  some .

j



b ) i f  X € and X i s  d i s ju n c t iv e  th e n  some subfo rm ula  o f  -X

o ccu rs  in  some S j .

c ) i f  X i s  a  u n iv e r s a l  cw ff and X 6  th e n  each  subform ula

o f  X o ccu rs  in  some S j .

d) i f  X i s  an  e x i s t e n t i a l  c w ff , 3 v^ S , and X € th e n  f o r  

some p a ra m e te r , p , th e  subfo rm ula  o f  X, , o ccu rs  in  some ♦

The above i s  b e t t e r  s t a t e d  a s :  L e t S = U s ,  , th e n
i  i

D e f in i t io n  7 .2 . By S i s  a  H in tik k a  s e t  we mean

a 7) I f  X i s  c o n ju n c tiv e  and X € S th e n  each  subfo rm ula  o f  X

be lo n g s to  S .

b ' )  I f  X i s  d i s ju n c t iv e  and X € S th e n  some subfo rm ula  o f  X

b e lo n g s  to  S .

c #) I f  X i s  a  u n iv e r s a l  (cw ff) and X € S (X * V S) th e n

v ieach  su b fo rm u la , Sp , o f  _X b e lo n g s to  S

d*) I f  X i s  an  e x i s t e n t i a l  cw ff (X ■ 3 v^ S) and X € S th e n
V i

fo r  some p a ra m e te r , p ,  th e  subfo rm ula  o f  X, , b e lo n g s to  S .

I t  sho u ld  a l s o  be n o tic e d  th a t

e / ) Every f i n i t e  su b se t  o f  S w hich c o n s is t s  o f  j u s t  a tom ic  

cw ffs i s  s im u lta n e o u s ly  s a t i s f i a b l e .

e ' )  h o ld s  because  ev ery  f i n i t e  su b se t  o f  S i s  c o n ta in e d  in  some 

. By h y p o th e s is  does n o t c lo s e .  Which by d e f i n i t i o n  g iv e s  e* ),

We now w ish  to  prove 

Lemma 7 .1 . (H in tik k a  Lemma). A H in tik k a  s e t ,  H, i s  s a t i s f i a b l e  in  a  

u n iv e rs e  o f  p a ra m e te rs .

To do t h i s  we need th e  fo llo w in g .
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D e f in i t io n  7 .3 . G iven a  s e t ,  S , and a  b in a ry  r e l a t i o n  xRy on S .

a )  By R i s  w e ll-fo u n d ed  we mean th e re  e x i s t s  no i n f i n i t e  

sequence such  th a t  •

b ) By x i s  a tom ic  (x € S) we mean f o r  no y € S does yRx

h o ld .

Lemma 7 .2 . ( In d u c tio n  Lerana). Given a  s e t ,  S , and a  w e ll-fo u n d ed  b i ­

n a ry  r e l a t i o n  on S , xRy . F or any p ro p e r ty ,  F (x € S has th e  p rop­

e r t y ,  P , i s  w r i t t e n  P ( x ) ) .

i )  ? (x )  i f o r  a l l  a tom ic  x .

i i )  P (y ) f o r  a l l  y such  th a t  yRx im p lie s .  P (x ) ,  „

th e n  P (x ) h o ld s  f o r  a l l  x 6  S .

We s h a l l  app ly  th e  in d u c tio n  lemma to  th e  s e t  o f  cw ffs and th e

r e l a t i o n  "x i s  a  subfo rm ula  o f  y "  (which i s  w e ll-fo u n d e d  by c o n d itio n

1 , f o r  lo g ic a l  fram ew orks). We g e t

Lemma 7 .3 . (Subform ula Lemma). Given a  p ro p e r ty  o f  c w ffs , P . I f  

i )  P (x ) f o r  a l l  a tom ic  c w ffs , x ,

i i )  F (y ) f o r  a l l  su b fo rm u la s , y ,  o f  x Im p lies  F ( x ) ,  th en

P (x ) f o r  a l l  c w ffs , 4c .

We now prove th e  H in tik k a  lemma (Lemma 7 ,1 ) .  L e t H be a  H in tik k a  

s e t .  L e t H7 be th e  s e t  o f  a l l  a tom ic  cw ffs w hich b e lo n g  to  H . By 

e ' )  f o r  H in tik k a  s e t s  and c o n d it io n  3 f o r  lo g ic a l  fram ew orks, (D e f in i­

t io n  4 . 1 ) ,  H' i s  s im u lta n eo u s ly  s a t i s f i a b l e  in  a  u n iv e rs e  o f  p a ra ­

m eters  .

L e t be th e  i n t e r p r e t a t i o n  where H* i s  s im u lta n e o u s ly  s a t i s f i ­

a b le .  We show th a t  H i s  s im u lta n eo u s ly  s a t i s f i e d  in  «9 by th e  sub­

fo rm ula  lemma. L e t P (x) be th e  p ro p e r ty  t h a t  e i t h e r  x i s  s a t i s f i e d
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In  J  o r  x does n o t b e lo n g  to  H . S in ce  H* i s  s im u lta n e o u s ly  

s a t i s f i e d  in  «9, P (x ) h o ld s  f o r  a l l  a to m ic  c w ffs . Hence, c o n d it io n

i )  o f  th e  subfo rm ula  lemma i s  s a t i s f i e d .  We now c o n s id e r  1 1 ).

We now w ish  to  show th a t  i f  P (y ) f o r  a l l  su b fo rm u la s , y , o f  x

th e n  P (x ) . We may assume th a t  X b e lo n g s to  H . There a re  fo u r

c a s e s :

Case I ; X i s  c o n ju n c t iv e . By a ' )  f o r  H in tik k a  s e t s ,  every  subform ula 

o f  x ,y ,  b e longs to  H . (S in ce  x b e lo n g s  to  H ). By in d u c tio n  

h y p o th e s is  P (y ) . Hence, y each  su b fo rm u la , y ,  i s  s a t i s f i e d  in  <9 . 

Thus by c o n d it io n  41) f o r  lo g ic a l  fram ew orks, x i s  s a t i s f i e d  in  «9 .

Case I I : X i s  d i s ju n c t iv e .  By b ' )  f o r  H in tik k a  s e t s ,  some subform ula

o f  x , y ,  b e longs to  H . By in d u c tio n  h y p o th e s is  P (y ) . Hence, t h i s  

subform ula  y i s  s a t i s f i e d  in  c9 . Thus by c o n d it io n  4 i i )  f o r  lo g ic a l

fram ew orks, x i s  s a t i s f i e d  in  c9 .

Case I I I : X i s  u n iv e r s a l  (X =» V v^ S) , By c*) f o r  H in tik k a  s e t s ,

v if o r  each  p a ram ete r p , S b e longs to  H . By in d u c tio n  h y p o th e s is
v i  v*P(S ) . Hence, each  S i s  s a t i s f i e d  in  c9 . Now by th e  d e f i n i t i o n  
P * P

o f  th e  v a lu e  o f  a cw ff ( th e  v a lu a t io n ,  v ) V v^ S i s  t r u e  i f  f o r  a l l  

_  v t
u 6  U , i s  t r u e .  S in ce  o u r u n iv e rs e  i s  th e  p a ra m e te rs , V v^ S

Vi  Vii s  s a t i s f i e d  i f  S i s  t r u e  f o r  each  p a ra m e te r , p . S i s  t r u e
P P

( f o r  e ach  p) s in c e  S was shown to  h o ld  in  *9 .
P

Case IV : X i s  e x i s t e n t i a l  (X » 3  v^ S) . By d^) f o r  H in tik k a  s e t s

f o r  some p a ram ete r p , S b e lo n g s to  H . By in d u c tio n  h y p o th e s is ,

V  V

P(S *) . Hence, S * i s  s a t i s f i e d  in  «9 . Now by th e  d e f i n i t i o n  o f  
P P
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th e  v a lu a t io n ,  v ,  3 v^ S i s  s a t i s f i e d  in  *9 i f  f o r  some u*€ U .

v i
i s  s a t i s f i e d  i n  J  . S ince  th e  u n iv e rs e  i s  th e  p a ram e te rs  ta k e  

u » p .

B asic  Theorem; We can  now prove Theorem 2.

Theorem 2 . I f  a f i n i t e  s e t  (o f  c w f f s ) ,  S , i s  n o t s a t i s f i a b l e  th e n  

th e re  e x i s t s  a  ta b le a u x  f o r  S w hich c lo s e s .

We prove th e  c o n tr a p o s i t iv e

Theorem 2 * . I f  no ta b le a u x  f o r  a  f i n i t e  s e t  o f  c w ffs , S , c lo s e s  th e n  

S i s  s a t i s f i a b l e .

P ro o f : We use p r o p e r t ie s  i i i ) - v )  o f  th e  s y s te m a tic  t r e e  f o r  S,

Konigs Lemma ( s ta te d  b e lo w ), and th e  H in tik k a  Lemma.

Lemma 7 .4 .  (K on ig 's  Lemma). An i n f i n i t e ,  f i n i t e l y  g e n e ra te d  t r e e  has 

an i n f i n i t e  b ran ch .

Rem arks; a ) By an i n f i n i t e  t r e e  we mean a  t r e e  w ith  an  i n f i n i t e  number 

o f  p o in ts .

b) By an i n f i n i t e  b ranch  we mean a  b ran ch  h av in g  an  I n f i n i t e  number o f  

p o i n t s .

c) By f i n i t e l y  g en e ra ted  we mean, each  p o in t  o f  th e  t r e e  i s  th e  p re ­

d e c e s so r  o f  on ly  a  f i n i t e  number o f  p o in ts .

The t r e e  in  F ig u re  4 i s  n o t f i n i t e l y  g e n e ra te d  and K o n ig 's  Lemma
0

f a i l s  f o r  i t .

F ig u re  4 .

d4
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Both ta b le a u x  and th e  sy s te m a tic  t r e e  a r e  f i n i t e l y  g e n e ra te d .

(T h is  I s  in su re d  by th e  f a c t  t h a t  th e  o r ig i n a l  s e t  S i s  f i n i t e  and 

th e  f a c t  t h a t  d i s ju n c t iv e  cw ffs have on ly  a  f i n i t e  number o f  su b fo rm u la ) .

We p roceed  to  p rove Theorem 2* . I f  no ta b le a u x  f o r  a  s e t  o f  cw ffs 

c lo s e s  th e n  by p ro p e r ty  H i )  o f  th e  s y s te m a tic  t r e e  each  s u b t r e e ,  IT* , 

o f  th e  s y s te m a tic  t r e e  fo r  S has an end p o in t  w hich does n o t c lo s e .  

Hence, by p ro p e r ty  iv )  o f s y s te m a tic  t r e e s ,  th e  s y s te m a tic  t r e e  Is  

i n f i n i t e .  Thus by K on ig 's  Lemma th e re  e x i s t s  an  i n f i n i t e  b ran ch  o f  

th e  s y s te m a tic  t r e e  f o r  S , .

L e t B •  ^  8 ^ . As d is c u s s e d  in  p ro p e r ty  v) f o r  th e  sy s te m a tic  

t r e e ,  B i s  a H in tik k a  s e t .  Now by th e  H in tik k a  Lemma, B i s  s im u lt­

an eo u sly  s a t i s f i e d  in  th e  u n iv e rs e  of p a ram e te rs  f o r  some i n t e r p r e t a ­

t i o n ,  c9 . S in ce  S £  B , S i s  s im u lta n e o u s ly  s a t i s f i e d  in  <9 .

I t  shou ld  be rem arked th a t  as a c o r o l la r y  o f  2* we g e t

C o ro lla ry  2 / . l . I f  no ta b le a u x  f o r  S c lo s e s  th en  S i s  s im u lta n e ­

o u s ly  s a t i s f i a b l e  in  th e  u n iv e rs e  o f  p a ra m e te rs .

C o ro lla ry  2 * . 2 . I f  no ta b le a u x  f o r  S c lo s e s  th en  S i s  s im u lta n e ­

o u s ly  s a t i s f i a b l e  in  a  c o u n ta b le  dom ain. C o ro lla ry  2 * . 2  fo llo w s  from  

th e  f a c t  th a t  th e  s e t  o f  p a ra m e te rs  i s  c o u n ta b le .

I t  shou ld  a ls o  be rem arked th a t  s in c e  a  c o n ju n c tiv e  e lem en t may 

have an  i n f i n i t e  number o f  su b fo rm u las , we have a weak v e r s io n  o f  th e  

com pactness theorem . Namely,

C o ro lla ry  2 / . 3 . L e t X be a c o n ju n c tiv e  fo rm u la , and X ^ y X ^ ,... be

th e  sequence o f  su b fo rm ulas o f  X . I f  {x} i s  u n s a t i s f i a b l e  th en  

th e re  e x i s t s  a  f i n i t e  s e t ,  { x ^ , . . . ,Xn |x^  subform ula  o f  x } , w hich i s  

s im u lta n e o u s ly  u n s a t i s f i a b l e .
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P r o o f ; I f  Ex} ia  u n s a t i s f i a b l e  th e n  th e re  e x i s t s  a  ta b le a u x  fo r  

E x } ,  <T, w hich c lo s e s .  Now each  end p o in t  o f  th e  ta b le a u x  c lo s e s  be* 

cau se  o f  a tom ic  cw ffs w hich u l t im a te ly  d e r iv e  from  th e  X^ . S ince  

each  ta b le a u x  has on ly  a  f i n i t e  number o f  p o in t s ,  th e  a tom ic  cw ffs 

d e r iv e  from  a  f i n i t e  number o f  th e  X^ . Hence, th e  s e t

[Xi |x i  a  subfo rm ula  o f  X, and X  ̂ ap p ea rs  in  an end p o in t  o f  ?}

has a c lo se d  ta b le a u x  (a  s l i g h t  v a r i a n t  o f  JT) and by Theorem 1 i s  

u n s a t i s f i a b l e .

The o b s e rv a tio n  C o ro lla ry  2*. 3 le a d s  to  a  com pactness theorem  

i f  f o r  any s e t  o f  c w ffs , S * {f ^ F ^ F ^ .} . . }we in tro d u c e  a new sym bol,

00 . We ex ten d  o u t lan g u ag e ,b y  th e  a d d i t io n  o f  th e  new sym bol, 03 .

We ex tend  our n o tio n  o f  cw ff by add in g  th e  sym bol, 00, as a  cw ff.

We ex ten d  o u r v a lu a t io n ,  v ,  by v(®) ** T i f  and on ly  i f  v(F^) ■ T 

f o r  a l l  i  . We ex ten d  th e  lo g ic a l  framework by c l a s s i f y in g  “  as  

a  c o n ju n c tiv e  cw ff w ith  th e  sequence o f subform ulas

(A n o te  o f  c a u tio n  f o r  te c h n ic a l  re a so n s  in  th e  c o n s tr u c t io n  o f  

th e  s y s te m a tic  ta b le a u x , th e re  m ust be an i n f i n i t e  number o f  pa ram ete rs  

n o t a p p e a rin g  in  any o f  th e  . )

We th e n  g e t

C o ro lla ry  2* . 4 . I f  {“ } i s  u n s a t i s f i a b l e  th e n  th e re  e x i s t s  a  f i n i t e  

s e t ,  {Pj', • • • ,Fn }, w hich i s  s im u lta n e o u s ly  u n s a t i s f i a b l e .

C o ro lla ry  2 ' . 5 . I f  Ef ^ ^ , . . . }  i s  s im u lta n e o u s ly  u n s a t i s f i a b l e  th e n  

th e re  e x i s t s  a  f i n i t e  s u b s e t ,  { F ^ , . . . , F n ) ,  w hich i s  s im u lta n eo u s ly  un­

s a t i s f i a b l e .

The c o n t r a p o s i t iv e  o f  C o ro lla ry  2 * , 5  y ie ld s  th e  a n a lo g  o f  th e



c l a s s i c a l  com pactness theorem .

C o ro lla ry  2 ' . 6 . (Com pactness Theorem ). I f  th e  s e t  {F^t F g , . . . }  i s  

such th a t  every  f i n i t e  s u b s e t ,  { F ^ , . . . , F n 3 i s  s im u lta n e o u s ly  s a t i s f i ­

a b le  th e n  {f ^ ,F 2 , . . . }  i t s e l f  i s  s im u lta n eo u s ly  s a t i s f i a b l e .

The o b s e rv a tio n  th a t  under th e  h y p o th e s is  o f  C o ro lla ry  2*. 6 

^ l ’F2 ’ ***^ s a t *-s f* a k-*-e t h e  u n iv e rs e  o f  p a ram ete rs  y ie ld s

C o ro lla ry  2 / . 7 . I f  th e  s e t  {f ^ ,F 2 , . . . 3  i s  such  th a t  ev e ry  f i n i t e  

s u b s e t ,  { F ^ , . . . , F n 3, i s  s im u lta n e o u s ly  s a t i s f i a b l e  th e n  £f ^ ,F 2 , . . . 3  

i s  s im u lta n e o u s ly  s a t i s f i a b l e  in  a c o u n tab le  u n iv e r s e . (C o ro lla ry  2*. 7 

i s  a  s tro n g  v e r s io n  o f  th e  c l a s s i c a l  Skolem-Lowenheim Theorem ).

C o ro lla ry  2 ' . 8 . (Skolem-Lowenheim). I f  a  s e t  o f  c w ffs , {f ^ ,F 2 , . . . 3  

i s  s a t i s f i a b l e  th e n  i t  i s  s a t i s f i a b l e  in  a c o u n tab le  dom ain.

Remark: The above c o r o l l a r i e s  make u se  o f  th e  f a c t  t h a t  th e re  a re  only

a c o u n ta b le  number o f  p r e d ic a te  and p aram ete r symbols (which i s  s ta t e d  

in  th e  lo g ic a l  p r e l im in a r i e s ) .
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SECTION 7 . (c o n tin u e d ) EFFECTIVE FRAMEWORKS

As p re v io u s ly  rem arked , Theorem 1 and Theorem 2 im m edia te ly  y ie ld s

Theorem 3 . A f i n i t e  s e t  o f  c w ffs , S , i s  u n s a t i s f i a b l e  i f  and on ly  i f  

th e r e  e x i s t s  a  c lo se d  ta b le a u x  f o r  S . More a c c u ra te  would be

Theorem 3 *. A f i n i t e  s e t  o f  c w ffs , S , i s  u n s a t i s f i a b l e  i f  and on ly  i f  

one o f  th e  c a n o n ic a l s u b tre e s  (a  3g) c lo s e s .

D e f in i t io n  7 .4 . We c a l l  a p ro ced u re  e f f e c t iv e  i f  a  com puter can be 

programmed to  do i t .

Assume a n  e f f e c t iv e  l i s t i n g  o f  a l l  th e  3* ( i n  o r d e r ) .  We can 

th e n  e f f e c t iv e ly  l i s t  a l l  th e  u n s a t i s f i a b l e  cw ffs a s  fo l lo w s .

S ince  o u r lo g ic a l  symbols (c o n n e c tiv e s , q u a n t i f i e r s ,  p r e d ic a te s ,  

e t c . )  a re  a l l  Indexed by o rd in a ls  l e s s  th an  <u , th e  cw ffs can  be e f ­

f e c t iv e l y  l i s t e d  in  a n a tu r a l  o r d e r .  We can  th en  e f f e c t iv e ly  l i s t  th e
i

u n s a t i s f i a b l e  cw ffs by t e s t i n g  th e  f i r s t  cw ffs by 3 g , th e  f i r s t  two 

1  2cw ffs by and 3 g e t c .  Whenever a  cw ff i s  shown to  be u n s a t i s f i ­

a b le  i t  i s  w r i t t e n  down (d u p l ic a t io n s  may be e r a s e d ) . Thus a l l  u n s a t­

i s f i a b l e  cw ffs w i l l  by Theorem 3 / be l i s t e d .

I t  now behooves us to  in v e s t ig a te  f o r  w hich lo g ic a l  frameworks th e  

can be e f f e c t iv e ly  l i s t e d .  Such frameworks w i l l  be c a l l e d  e f f e c t iv eD

fram ew orks. The fo llo w in g  th re e  c o n d itio n s  a re  s u f f i c i e n t  f o r  a fram e­

work to  be an  e f f e c t iv e  fram ew ork. The c o n d itio n s  a re  so  n a tu r a l  t h a t  

we abuse te rm in o lo g y  and d e f in e

D e f in i t io n  7 .5 . An e f f e c t iv e  framework i s  a  lo g ic a l  framework such 

th a t  i )  T here i s  an  e f f e c t iv e  t e s t  w hich t e l l s  w hether a  cw ff i s
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a to m ic , c o n ju n c t iv e , d i s ju n c t iv e ,  u n iv e r s a l ,  o r  e x i s t e n t i a l .

11) There i s  an  e f f e c t iv e  t e s t  w hich t e l l s  w hether a  f i n i t e  s e t  o f  

a tom ic  cw ffs i s  s a t i s f l a b l e  o r  n o t .

H i )  There i s  an  e f f e c t iv e  fu n c t io n  o f  two v a r ia b le s  w hich a s s ig n s  to  

each  p a i r ,  <n,S> (n  an  in t e g e r ,  S a c w ff ) ,  a  c w ff, S7 , such  th a t  S7 

i s  th e  n ^  subform ula o f  S .

Rem arks; a ) I t  does n o t s u f f i c e  to  r e p la c e  c o n d it io n  i l l )  by 

i l l 7) For each  S th e re  e x i s t s  a fu n c t io n ,  f g ,  ( f g a fu n c t io n  from 

th e  i n te g e r s ,  { l , 2 , 3 , . . . } ,  to  th e  s e t  o f  c w ffs , C) such th a t  f g (ti) I s  

th e  n^*1 subform ula o f  S .

b ) C o n d itio n  ( i )  i s  t r i v i a l l y  s a t i s f i e d  by j u s t  s y n ta c t ic  d eco m p o sitio n .

C o n d itio n  ( i i )  i s  u s u a lly  s a t i s f i e d  in  p r a c t i c e .  I t  b o i l s  down to  a
n  _

t e s t  f o r  d e te rm in in g  when H C. *» 0  . C o n d itio n  ( i l l )  i s  th e  m ain
1=1

c o n d it io n . When C o n d itio n  ( i l l )  i s  s a t i s f i e d ,  i t  i s  because  C o n d itio n  

( i i i 7) i s  s a t i s f i e d  and we have on ly  a f i n i t e  number o f  lo g ic a l  sym bols. 

From th e  p re v io u s  d is c u s s io n  we g e t

Theorem 4 . For th o se  lo g ic s  w hich have e f f e c t iv e  fram ew orks, th e  s e t  

o f  u n s a t i s f i a b l e  cw ffs i s  r e c u r s iv e ly  enum erab le .

S ince  a  cw ff, S , i s  u n s a t i s f i a b l e  i f  and on ly  i f  th e  ow ff, S7, i s  

v a l id  (alw ays s a t i s f i e d )  we g e t

Theorem 5 . For th o se  lo g ic s  w hich have e f f e c t i v e  fram ew orks, th e  s e t  

o f  v a l id  ow ffs i s  r e c u r s iv e ly  enum erab le .



SECTION 8 . TOPOLOGICAL PRELIMINARIES

L e t V d en o te  a  to p o lo g ic a l  sp a c e .

D e f in i t io n  8 .1 .  By Vn  we mean th e  n - f o ld  p ro d u c t o f  V w ith  i t s e l f

w ith  th e  u su a l p ro d u c t to p o lo g y .

D e f in i t io n  8 .2 .  By P(V) we mean th e  s e t  o f  a l l  non-em pty s u b se ts  o f

V, w ith  th e  l e a s t  to p o lo g y  such  th a t  i f  0 c  V i s  open ( i n  V) th en

i )  { x |x  € P (V ), c lo s u re  (X) c  o} i s  open in  P(V ).

i i )  [ x |x  6 P(V ), x n  0 4 0 }  i s  open in  P(V) .

The to p o lo g y  on P(V) i s  in tro d u c e d  so  th a t  c e r t a i n  s ta n d a rd  

o p e ra tio n s  a r e  c o n tin u o u s . S p e c i f i c a l ly ,  l e t  V = [0 ,1 ]  ( th e  u n i t  in ­

t e r v a l ) .  C o n sid e r su p |p (V ) -* V (each  s e t  i s  a ss ig n e d  i t s  supremum). 

Sup i s  c o n tin u o u s . Indeed ,

sup ^ ( a ,b )  = [x  (c lo s u re  X £  [0 ,b )  3 R [ x |x  R ( a , l ]  + 0 ]  .

D e f in i t io n  8 .3 .  By su b b a s is  we mean a c lo se d  s u b b a s is ,  i . e . ,  every

c lo se d  s e t ,  C, can  be w r i t t e n  C = R U J C. ,  w here each  C , , be longs
j  i= l  1J J

to  th e  su b b a s is  and each  n .  i s  f i n i t e .
J

F a c t 6 .1 : I f  6 i s  a su b b a s is  f o r  V, th en

i )  a  su b b as is  f o r  Vn i s

i  f o r  th a t  i ,  € 6 .
n e f o r  a t  m ost one i ,  S. 4= V and
U S . j- _ „ j e. UK.  t

i i )  I f  V i s  compact th e n  a  su b b as is  f o r  P(V) i s

and X<= U C } |e a c h  
i= l

U

(c lo s u re  X) R ^ R C^) jeJ^jeach C^ € 6
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I . e . ,  each  su b b as lc  c lo se d  s e t  I s  e i t h e r  o f  th e  form

m
a ) {x|x € P(V) and X C  U C.} where C € 6 .

1=1 1 1
m

b) {x|x 6 P(V) and (c lo s u re  X) D ( D C ) *  0 )  where € 6 .
1=1

N o te : I f  6 i s  a  c o u n tab le  su b b a s is  so a r e  th e  above su b b a s is  f o r

Vn and P(V) .



SECTION 8. (c o n tin u e d ) CONTINUOUS LOGICS

We now c o n s id e r  fo r  w hich lo g ic s  a lo g ic a l  framework e x i s t s .  We 

a re  a b le  to  p rove  th a t  l o g i c a l  fram eworks e x i s t  f o r  th o se  co n tin u o u s 

lo g ic s  o f C h an g -K eis le r [4] w hich  have a  s l i g h t  amount o f s t r u c tu r e  

added (nam ely, a c o u n ta b le  s u b b a s is ,  6 ) .

D e f in i t io n  8 .4 .  A co n tin u o u s  lo g ic  is  an  o rd in a ry  V -lo g ic  w ith  th e  

added c o n d i t io n s ;

i )  The v a lu e  sp a c e , V, is  a  com pact H ausdorf to p o lo g ic a l  sp ac e .

i i )  Each n -a ry  c o n n e c tiv e , f J  , i s  a  co n tin u o u s fu n c tio n  from Vn

to  V .

i l l )  Each q u a n t i f i e r ,  , i s  a  co n tin u o u s  fu n c tio n  from  P(V) to  

lv )  T here  i s  a c o u n ta b le  (c lo s e d )  s u b b a s is ,  6, f o r  th e  to p o lo g ic a l  

sp ace , V . And when we d e f in e  cw ffs f o r  each  symbol, C^, th e  su b se t 

o f  V, i s  a  member o f  6 . We f u r t h e r  r e q u i r e  t h a t  6 = { c ^ J i  €

Rem arks: a ) I t  fo llo w s from  iv )  t h a t  each  i s  a  c lo se d  su b se t

o f  V .

b) I t  should  be n o ted  th a t  th e  n o t io n  o f  V - re la t lo n  rem ains th e  same

S p e c i f ic a l ly  fo r  th e  r e l a t i o n  U11 -* V th e re  a r e  no q u e s tio n s  o f

c o n t in u i ty .  (We do n o t even  assume U and Un t o  be to p o lo g ic a l  

s p a c e s ) .



SECTION 9 . MAIN THEOREM

We now s t a t e  o u r m ain theorem .

Theorem 6 . Every c o n tin u o u s  lo g ic  has a  lo g ic a l  fram ew ork.

D is c u s s io n ; E s s e n t i a l ly  o u r framework i s  based  on th e  o b s e rv a tio n  th a t

th e  c w ff, f ( X ^ , . . . ,X n ) E C , i s  e q u iv a le n t  to  th e  t r u t h  o f  an i n f i n i t e

number o f  s im p le r  s ta te m e n ts .  Namely, l e t

-1  _ n ,
f  (c  ) = n  U 1 A .

1=1 j= l  1J

A, = S. X S_ X . . .  S w here a t  m ost one S . * V and f o r  t h a t  i  , i j  1 2 n  i  *
St  € 6 . ( I t  fo llo w s  from ou r to p o lo g ic a l  p r e l im in a r ie s  th a t  F* (C ) 

can  be w r i t t e n  in  t h i s  fo rm ). Now f  ( X ^ , . . . ,X n ) € C i s  e q u iv a le n t  to

< X ^ ,. . . ,X n> 6 f ^ C C " ) .  Which i s  e q u iv a le n t  t o ,  f o r  a l l  i  , 

n i<X. , . . .  ,X > € U A . .  . Which i s  e q u iv a le n t  to  
1 j . !  U

<X -, . . .  ,X > € A. o r  <X. , . . .  ,X > € A. o r  . . .  < . . . > €  AI  n  i^  1 n in ^

Now by th e  form  o f  < X ^ , . , . ,X i > € A ^  i s  e q u iv a le n t  to  X ^ €  D

w here "d”€ 6 . Hence f " ( X ^ , . . . ,X n ) E C  i s  e q u iv a le n t  to  a  c o n ju n c tio n  

(p o s s ib ly  i n f i n i t e )  o f  s ta te m e n ts  o f  th e  form , [S^ o r  S£ . . .  o r  S ^ ], 

where each  has th e  form  X G D . Each c o n ju n c t has a  cw ff o f  our

language  w hich r e p re s e n ts  i t .
v ,

L ik ew ise  th e  s e n te n c e , q^ v^ W E C i s  e q u iv a le n t  to  {Wy |u  € u} € 

q” 1 (c “) . Now by ou r to p o lo g ic a l  p r e l im in a r ie s  q^ (C ) i s  o f  th e  

%
form  H U. ,  A ., where each  A ., i s  e i t h e r  o f  th e  form ^  j= i  jo
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b ) [ x lx  € P(V) and (c lo s u re  X) fl (  0  C .) + 0 ) .
i= l

v p____
Form a ) I s  e q u iv a le n t  to  Cw |u  € u} = U C. w hich i s  r e p r e s e n t-

u  i -1  1

ed in  o u r language by VtVj[W E o r  W E o r  . . .  o r  W E C^] .

v p \
Form b) i s  e q u iv a le n t  to  c lo s u re  ({w * |u  € u ) )  fl f fl cA + 0 .

u 1=1

We show th a t  by use  o f  th e  u ltrap o w e r c o n s tr u c t io n  o f C h ang-K eisle r [4 ] ,  

th e  above can  be re p la c e d  by {W^ |u  € u} 0 ^ 4= 0 w hich i s  r e ­

p re s e n te d  in  ou r language by 3 vj[W E and W E and . . .  W E C^]

We now proceed  to  c o n s t r u c t  our framework fo rm a lly .

For each  cw ff we m ust s p e c ify  w hether i t  i s  to  be co n sid e red  a tom ic 

c o n ju n c t iv e , d i s ju n c t iv e ,  u n iv e r s a l  o r  e x i s t e n t i a l .  We must f u r th e r  

s p e c ify  i t s  sequence o f  su b fo rm u la s . L e t us r e c a l l  th a t  th e  s e t  o f  

cw ffs a re  p a r t i t io n e d  in to  seven  ty p es  -

cw ffs o f  form type

(a) W E C (W e lem en ta ry ) a tom ic  type

(b) W E C (W b o o lean ) b o o lean  type

(c) W E G (W q u a n t i f ie d ) q u a n t i f ie d  type

<d) BvjS (S a cw ff) e x i s t e n t i a l  type

(e) Vv±S (S a  cw ff) u n iv e r s a l  type

( f ) S1 AS2 (S1 ,S 2 ow ffs) c o n ju n c tiv e  type

(g) V S2 (S1 ,S 2 cw ffs) d i s ju n c t iv e  type



We d e f in e  o u r framework as

D e f in i t io n  9 . 1 . a ) Cwffs o f  a tom ic  ty p e  a re  c l a s s i f i e d  a s  a to m ic .

Atomic cw ffs have no su b fo rm u la s .

b ) Cwffs o f  bo o lean  ty p e  a re  c l a s s i f i e d  a s  c o n ju n c t iv e .

We now s p e c ify  th e  sequence o f  su b fo rm u la s . L e t S be a  cw ff o f  

b o o lean  ty p e . I t  has th e  form , f n (W ^,. . . ,Wr ) E C , where f n i s  a 

n -a ry  c o n n e c tiv e , and W ^ ,...,W n a r e  w f f s .  Thus f n i s  a co n tin u o u s 

map , V11 -* V , and C i s  a  c lo se d  s e t  o f  V . Hence f n (C ) i s  a

c lo se d  s u b s e t  o f  Vn and by o u r to p o lo g ic a l  p re l im in a r ie s  

“ -1  _  n. _ 1  _ 2   n
f n  (c ) = n  u  K s , .  x s . .  . . .  s . ,  .'  '  i . . i k  ik  ikk  i= l

Where k ■ 1 , 2 , 3 , . . . ,  and f o r  a  f ix e d  i , k  a t  m ost one 4= V and
—j  JiU

th a t  G 6 . For a  f ix e d  i , k  c o n s id e r  th a t  w hich i s  n o t

e q u a l to  V . G 8 and hence i s  one o f  o u r C^ . Denote t h a t  C^

by C^k . By we w i l l  mean th e  symbol C^ . By we w i l l

mean th e  cw ff W, . W e  d e f in e  th e  k fĉ  sub fo rm ula  o f  ou r bo o lean  cw ff 
J ik

“  "V' E " ° lk "  V "“ 2k" E "°2k" V -  ' \ k ” E " \ k "  ■

c ) Cwffs o f  q u a n t i f ie d  ty p e  a r e  c l a s s i f i e d  as  c o n ju n c t iv e .

We now s p e c ify  th e  sequence o f  su b fo rm u la s . L e t S be a  cw ff o f  

b o o lean  ty p e . I t  has th e  form  S = q v^ M E C where q i s  a  q u a n t i ­

f i e r ,  M a w ff . S in ce  q i s  a co n tin u o u s  map P(V) -* V and C i s  a

c lo se d  s u b s e t  o f  V, q ^(C ) i s  a  c lo se d  s u b se t o f  P(V) . By our

to p o lo g ic a l  p r e l im in a r ie s  we may w r i te



where e i t h e r

_ _  n
i)  s jk -  Cx|x e v, x = u c^}

A- !

—  n \
i i )  Sjk  = {x|x £  V, ( c lo s u re  X) D ^ D c j  *  0} .

( i° l

We ta k e  th e  subform ula  to  be T V 1  V I  where
1 2 “ k

1) Tj i s  V v t (M E Cj v M E C2 . . .  v M E Cn) i f  S^k i s  o f  ty p e  i ) .

i i )  T j i s  3 v t (M E Cx A M E C2 . . .  A M E Cn> i f  *sjk  i s  o f  ty p e  i i ) .

d ) Cwffs o f  e x i s t e n t i a l  ty p e  a re  c l a s s i f i e d  as e x i s t e n t i a l .  -

v i  Yi v iThe sequence o f  subfo rm ulas o f  3 v .  W i s  W , W , W . . . .
1 Pl P2 p3

e ) Cwffs o f  u n iv e r s a l  ty p e  a r e  c l a s s i f i e d  as  u n iv e r s a l .
v i  v i  v iThe sequence o f  su b fo rm ulas o f  V v , W i s  W , W , W . . . .

1 P1 p2 p3

f )  Cwffs o f  c o n ju n c tiv e  type  (S^ A S^) a re  c l a s s i f i e d  a s  c o n ju n c t iv e . 

Given a  c o n ju n c tiv e  cw ff, A S2 . The sequence o f  subfo rm ulas

i s  ta k en  as  s i»S 2 '

g) Cwffs o f  d i s ju n c t iv e  type  a re  c l a s s i f i e d  a s  d i s ju n c t iv e .

The sequence o f  subfo rm ulas o f  th e  c w ff, V S2 i s  ta k en  as

Sl - S2 •

We now show th e  above s a t i s f i e s  th e  c o n d it io n  f o r  a  fram ework. 

C o n d itio n  1 : no i n f i n i t e  d escen d in g  c h a in  o f  su b fo rm u la s .

E s s e n t i a l ly  t h i s  i s  t r u e  s in c e  th e  number o f  symbols a p p e a rin g  in

a  cw ff d e c re a se s  when we go to  i t s  su b fo rm u la s . T here i s  one e x c e p tio n ,

th e  q u a n t i f ie d  cw ff. In  t h i s  c a se  M E C goes to  subfo rm ulas o f



ty p e  3  Vj(M E Cj V h  E C2 . . .  ) o r  . . .  o r  (V M E C^) th e  number 

o f  symbols a c tu a l ly  In c re a s e .

No I n f i n i t e  d escen d in g  c h a in  e x i s t s ,  how ever. To see  t h i s ,  each  

c w ff, S , i s  a ss ig n e d  a  two tu p le  o f  i n t e g e r s ,  <m,ri>, where m i s  th e  

number o f  q u a n t i f i e r  symbols a p p e a rin g  in  S and n  I s  th e  t o t a l  

number o f  symbols a p p e a rin g  in  S . There i s  a n a tu r a l  o rd e r  on th e  

s e t  o f  two tu p le s .  The le x lg ra p h ic  o rd e r ,  <m,ri> ^  <to/ , n />  i f  and on ly  

i f  e i t h e r

a )  m ^  n

b) m £ m* and n £ n* .

I t  i s  w ell-know n th a t  t h i s  o rd e r  on two tu p le s  i s  a w e ll o rd e r in g . 

I t  i s  e a s i ly  checked th a t  th e  two tu p le  a ss ig n e d  a  subfo rm ula  i s  s t r i c t ­

ly  l e s s  th a n  th e  two tu p le  a ss ig n e d  th e  o r ig in a l  c w ff. T hus, i f  an  in ­

f i n i t e  sequence o f  subfo rm ulas e x i s t e d ,  an  I n f i n i t e  d escen d in g  c h a in  o f 

two tu p le s  would e x i s t .  T h is  i s  im p o ss ib le  by th e  d e f i n i t i o n  o f  w e l l-  

o rd e r in g .

C o n d itio n  2 ; I f  F i s  d i s ju n c t iv e  i t  has o n ly  a  f i n i t e  number o f  sub­

fo rm u las . T r iv i a l  ou r on ly  d i s ju n c t iv e  cw ffs a re  V Sg w hich has 

two su b fo rm u las .

C o n d itio n  3 : A s e t  o f  a tom ic  cw ffs i s  s im u lta n e o u s ly  s a t i s f l a b l e  in

th e  domain o f  p a ram ete rs  i f  and o n ly  i f  ev ery  f i n i t e  s u b se t o f  cw ffs i s .

Remark: R e c a ll  t h a t  an  a tom ic  cw ff i s  o f  th e  form  W E where W

i s  an  e lem en ta ry  w ff . R e c a ll  t h a t  an  e lem en ta ry  w ff ,  W, i s  o f  th e  form 

p^ ( P l» • • • iPn ) where i s  an  n -a ry  p re d ic a te  symbol and p ^ , . . . , p n

a re  p a ram ete r sym bols.
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P ro o f ; C onsider a  s e t  o f  a tom ic  c w ffs , 3 ,  w hich has th e  p ro p e r ty  t h a t  

ev e ry  f i n i t e  s u b se t  o f  cw ffs i s  s im u lta n e o u s ly  s a t i s f i a b l e .

F or each  e lem en ta ry  w ff , ^ ( P j *  • • • »Pn) form  th e  s e t  o f  su ch

th a t  • • * »Pn) E i s  a  cw ff o f  S . We c o n s id e r

£c. | ,,P” (p1 , . . .  ,p  ) E C ."  6 S} . We prove t h i s  s e t  has th e  f i n i t e  i n t e r -  l i i  n  l

s e c t io n  p ro p e r ty  ( H  C~ 4= 0) . L e t c1 , . . . , c .  be e lem en ts  o f
1 '  1 J

C c T |"P ? (p ,, . . . ,p  ) E C ."  6 S )  . The sen te n c es  i l l  n  l

P^(p^» • • • ,Pn) E , P^ ( P i , • • • »Pjj) E C2  • • •  ^£P]_ * * * • »Pn  ̂ ® c j

a re  by h y p o th e s is  s im u lta n e o u s ly  s a t i s f i a b l e  in  some i n t e r p r e t a t i o n ,

Thus v Cp JCpj^ . . . ^ ) )  G , v (p “ (p 1 , . . . , p n) G c^ . . .  v ( p j ( p 1 , . . . , p n) 6

j  _  j  _
Thus v (P  (p1 , . . .  ,p  ) )  G H d . and D c ,  4= 0 . Now by th e  com-

1 1  n i * l  1=1 1

p a c tn e ss  o f  V and s in c e  a l l  th e  a re  c lo se d  s e t s ,

n 4= 0  .

{ ^ " * > 1  pn) "  € S}

N o te : i f  f o r  a W no "W E C^M G §  th e n  th e  above fl = V .

Thus f o r  each  e lem en ta ry  w f f ,  W, we may choose an  e lem en t o f  V, v ^ ,

such  th a t  i f  ,!W E C.MG §  th e n  vr, G C. . We use  th e  axiom  o f c h o icei  W 1

and assume we have s im u lta n e o u s ly  a ss ig n e d  each  e lem en ta ry  w ff , W, an  

elem en t o f  V, v ^ , w hich has th e  above p r o p e r t i e s .

We now c o n s t r u c t  an  i n t e r p r e t a t i o n  where a l l  cw ffs o f  S a re  

s im u lta n e o u s ly  s a t i s f i e d .  We ta k e  o u r u n iv e r s e ,  U, to  be a  c o u n ta b le  

s e t ,  {p^ l w ith  th e  obvious map from  p a ram ete rs  to  th e  u n iv e rs e  

p^ “• p^ . We a s s ig n  each  p re d ic a te  sym bol, P^ , an  n -a ry  r e l a t i o n
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on U, P^ , a s  fo llo w s .

To f in d  Che v a lu e  o f  P ? ( p . , . . . , p ^ ) , we c o n s id e r  P ® ( p . , . . . , p  ) .L i  & 1  l  n

I t  I s  an  e lem en ta ry  w ff . Hence th e re  I s  a  v a lu e  a ss ig n e d  to  I t  by o u r

s im u ltan eo u s  c h o ic e  v . We a s s ig n  F?(i>, , . . . , p  ) th en  f v l  I  n
...........

v a lu e ,  v I t  i s  c l e a r  from  th e  d e f i n i t i o n  o f  v
^ (P ^ » * * * » P n) ^ 1 ^ 1 * ' '  ’ *̂ *n̂

t h a t  o u r i n t e r p r e t a t i o n  i s  such  th a t  a l l  cw ffs o f  S a r e  s im u lta n e o u s ly  

s a t i s f i e d .

C o n d itio n  4 : I f  F i s  c o n ju n c tiv e  and ev ery  subform ula o f  F i s

s a t i s f i e d  in  an  i n t e r p r e t a t i o n ,  *9, th e n  F i s  s a t i s f i e d  in  <9 .

T here a r e  3 c a s e s :

Case ( a ) -  F = A S£ i s  t r i v i a l .

Case (b ) -  F -  f n (W1 , . . .  ,Wr ) E C .

In  th e  i n t e r p r e t a t i o n ,  *9, th e  f a c t  t h a t  each  subform ula  h o ld s , 

means th a t  <v (W^ , . . .  ,v  <Wn)>  e f n (C- ) . Thus f n (vCW1 ( . . .  ,v (Wn>) 6 C-  

and hence by th e  d e f i n i t i o n  o f  v F h o ld s .

 - 1  _  ” 4
Case ( c ) -  F -  q .v  (S) E C . R e c a ll  t h a t  q . (C ) = D U T . ,  where

> 1 J j  i= l
m __

e i t h e r  T. = { x |x  € P (V ), X = U C .} o r
k= l K

. m  v
T, = C x |x  € P (V ), ( c lo s u re  X) D f 0 c j  * 0 }  .

1J k-1

The j th  sub fo rm u la  o f  F i s  "T " V »T " V . . .  "T " wherel j  2 j  n^ j

"T »i = V v. (S E c . V s E c„ . . .  V s  E c ) i f  T , , i s  o f  th e  f i r s t  ty p e ,i j  k i  i. m l j

"T " ■ 3  v, (S E c . A s  E c„ . . .  A S E c ) i f  T . .  i s  o f  th e  second ty p e ,i j  k v 1 2 m' i j
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Now i f  th e  j t k  sub fo rm ula  i s  t r u e  th e n  one o f  th e  " T ^ "  m ust h o ld .

Assume i t  i s  V v. (S E c , V S E c„ . . .  V S E c  ) . Then by th e  k i  i  ra
d e f i n i t i o n  o f  v ,

v, m
£v(Sk)3= U C , 

p i= l

hence

hence

tv  (S k) } € U j  T , .
P i = i

I f  t h i s  h o ld s  f o r  a l l  j  ( th e  o th e r  case  I s  han d led  s im i la r ly )  th en
Vfc  “1___

{v(S  )}  € q (C ) and hence q^v .  S E C  h o ld s  by th e  d e f i n i t i o n  
P J

o f  v .

C o n d itio n  ( 4 i i )  i s  t r i v i a l .

C o n d itio n s  (5 i)  and ( 5 i i )  a r e  t r i v i a l .

C o n d itio n  6 i ; I f  a  c o n ju n c tiv e  c w ff, S, i s  s a t i s f i e d  in  an  i n t e r p r e t a ­

t i o n ,  <9, th en  f o r  each  subform ula o f  S , S 7, th e re  e x i s t s  an  i n t e r p r e t a ­

t i o n ,  c9, such  th a t  ev ery  cw ff t ru e  in  *9 i s  t r u e  i n  *97 . In  a d d i t io n  

S 7 i s  t r u e  in  «97 .

Case I : S = A .

Take c97 =* *9 . By th e  d e f i n i t i o n  o f  v , v (S ) = T on ly  i f

v (S^) = T and v (S 2) * T .

Case I I :  S * f n (W W ) E C  .------------  1* n
 ̂Is

Take «97 = *9 . C o n sid er f o r  a  f ix e d  j  , th e  j “ subfo rm ula  o f  S , 

S . S i s  t r u e  in  «9(v(S) = T) . T h is im p lie s  < v(ty^), . . . ,v(Wn )>  6

f n  <c") where f n  <C“ ) = 0 U J <T* X T* . .  X T? ) and f o r  a
j  1 = 1  J
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f ix e d  < i , j >  a l l  b u t one e q u a ls  V . F o r ou r f ix e d  j  we g e t

th a t  f o r  some 1 , < v(W j), . . . ,v(Wn )>  € ( t J j  X . . .  X T ^ )  . L e t k  

be su ch  th a t  *  V . V(W^) ^ • Hence E T ^ )  = T . But

th e  j*"*1 subfo rm ula  o f  S , S ^ , i s  S j = ( ) V . . .  E T ^ j)  V . . .  V( ) .

Hence v CSj) = T because  ^(Wk E = T .

Case I I I ; S ■ qkV j(S ) E C .

Assume v (S) = T in  an  i n t e r p r e t a t i o n ,  *9 . We w i l l  s p e c ify  <9/

l a t e r .
1 - I  n

{vCS1* |u  € u} € qT ((T ) where qT (C ) ■ H U  ̂ T . ,
v j  j  1=1 *

and e i t h e r
m _

(1) T -  i x \ x  e  P (V ), X C u c } ,
1J k= l K

m
(2) T . ,  = { x |x  € P (V ), ( c lo s u re  X) fl ( f l  C j  + 0} .

1J \ = 1

Now th e  j*1*1 subfo rm ula  o f  S, S i s  "T. " V "T *' . . .  V "T 11 w here
> J j

f o r  (1 ) :  " X . = V v. (S E c . V s  E c . . .  V s  E c ) and
i j  K l  & m

fo r  (2 ) :  = a  vfc(S E c^ A S E c2 . . .  A s  E cm>,

depending on w hether i s  o f  th e  f i r s t  o r  second k in d . Now f o r  a

f ix e d  j  , £v(Su |u  € u ]  € U ^ T . Hence f o r  some i  ,
v j  1=1

m __
[v (S u ) | u  6 U) € T . ,  . I f  T . .  i s  o f  ty p e  ( 1 ) ,  { x |x  € P(V ), X = U C. } 

v j  i J k = l K

th e n  v(V vk (S E cx V s E c2 . . . V S E  cm>) * T and hence

v ( ''T l j n V "T2 j " . . .  V »Tn j " )  = T . But V . . .  V ”Tn y  i s

th e  j*1*1 subfo rm ula  o f  S by d e f i n i t i o n .  Hence T l a  *9 and

we f u l f i l l  Case I I I  by ch o o sin g  *9; = s9 . I f  i s  o f  type (2 ) ,
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mUi  x

{x|x € P(V), ( c lo s u re  X) fl I fl C■)  4= 0] we g e t  t h a t
i « l  w

{v(Su ) | u  € U} 6 { x |x  € P (V ), (c lo s u re  X) fl ( fl c . )  =1= 0} .
VJ ' i = l

We would l i k e  to  say  th a t  v (3  v .(S  E c , A s E c_ . A s E c ) 53 T .j  1 Z m
We cou ld  th e n  p roceed  a s  b e fo re  and show th a t  v (S j)  = T . But we

c a n n o t. We say  th a t  v (3 v^(S  E c^ A s E c^ . . . A S H  c^) ■ T does

fo llo w  from  th e  f a c t  t h a t  {v(SU ) |u  € u ]  € ( x |x  € P (V ),X fl i fl c " )  =f= 0 } (
Vj  1=1

Hence we prove

Lemma 9 .1 . I f  f o r  an  i n t e r p r e t a t i o n ,  «9,

{v (S“  ) |u  6 U„} € U IX  € P (V ), ( c lo s u re  X) fl (  fl c l )  *  0} ,
v  v j  ' i * !  v

th e n  th e re  e x i s t s  an  i n t e r p r e t a t i o n ,  <$', such  th a t

(1) every  cw ff t r u e  in  *9 i s  t r u e  in  .

( i i )  t v ( s “  ) j u  € u - / }  € { x jx  € p ( v ) ,  x n  (  n cT) =n 0} .
v j  J  Vl= l  ^

P r o o f ; (The below i s  done in  more d e t a i l  in  C h an g -K eis le r [ 4 ] ) .

Assume a  g iv en  compact H ausdorf sp a c e , V, and a  g iv en  s e t ,  I ,

D e f in i t io n  9 .2 . By an I-seq u en ce  in  V, we mean a  fu n c t io n ,  f ,  from

I  to  V, i . e . ,  an  ass ig n m en t to  each  i  € I  an  e lem ent o f  v o f  V.

f ( i )  i s  w r i t t e n  v^ and an  I-se q u e n c e , f» i s  w r i t t e n  •

D e f in i t io n  9 .3 . By an  u l t r a f i l t e r ,  o v er I ,  U, we w i l l  mean a  s u b se t 

o f  P ( I ) ,  th e  s e t  o f  non-em pty s u b s e ts  o f  I  such  th a t

( i )  i f  A € U and A c  b th e n  B G U .
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(11) i f  A € U and B € U th e n  A H B € U .

Lenina 9 .2 . Given an  I-se q u e n c e , » an<* an  u l t r a f i l t e r  ov er I ,

U , th en  th e re  e x i s t s  a  un ique  p o in t  o f  V, v , such  th a t

(1) each  neighborhood o f  v (open s e t  c o n ta in in g  v ) ,  N^, i s  such  

t h a t  { 1 Iv^ € Nv } € U .

D e f in i t io n  9 .4 . The un ique p o in t  o f  Lemma 9 .2  i s  c a l l e d  th e  U - l im it

Of .

F a c t 9 .1 . Given an  I-se q u e n c e , an^ an u l t r a f i l t e r  over I ,  U,

form  ^ i}  . The U - l im i t  o f  b e longs to  th e  c lo su re  o f

{ v j j i  € i )  .

F a c t 9 .2 . Given a su b se t o f  V, W, and an  e lem ent o f  th e  c lo s u re  o f 

W, w . T here e x i s t s  a s e t ,  I ,  an  I-se q u e n c e , > (each  w^ € W)

and an  u l t r a f i l t e r  over I ,  U, such  th a t  th e  U - l im it  o f  e q u a ls

w .

Given a  V -lo g ic , £ ,  an  i n t e r p r e t a t i o n ,  J  = <<:U ~ n , ~ > ;

a  s e t ,  I  , and an  u l t r a f i l t e r  o v er I ,  U . We can  d e f in e  a new i n t e r ­

p r e t a t i o n ,  J^/lx .

D e f in i t io n  9 .5 . By «9^/U we mean th e  i n t e r p r e t a t i o n

i )  C onsider th e  s e t  o f  a l l  I-seq u en ces  o f  th e  o r ig i n a l  u n iv e rse  U, 

i . e . ,  o b je c ts  o f  th e  form  ^ U) . Wa c o n s id e r  two I -

seq u en ces , (u^),(v3^) , e q u iv a le n t  i f  ^  • The e q u i­

v a len c e  c la s s e s  o f  (u^) i s  w r i t t e n  (u^)/U  . We o c c a s io n a lly  s h a l l  

abuse n o ta t io n  and w r i te  (u j) /U  a s  (u^) . We ta k e  fo r  our u n iv e rse

{ ( u ^ ) /u |( u ^ )  a U -valued I-seq u en ce}  .
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i i )  We roust now d e f in e  th e  r e l a t i o n  R^ on ou r u n iv e r s e .  We g iv e  

th e  d e f i n i t i o n  f o r  a unary  r e l a t i o n ,  R* . (The g e n e ra l case  i s  e a s i ly  

s e e n ) .

"R1 ( ( ^ ) A 0  -  U - l im i t  o f  <5’ 1 ( « i » l € l  •

(Our d e f i n i t i o n  i s  w e l l-d e f in e d . I t  does n o t m a tte r  w hich o f  e q u iv a le n t  

I-seq u en ces  we c h o o se ) .

i i i )  We d e f in e  th e  map ~  from  p a ram ete rs  to  th e  u n iv e rs e  ~ (p )  = 

(~P)^gj. ( th e  c o n s ta n t I - s e q u e n c e ) . I t  shou ld  be no ted  th a t  o u r o r ig in a l  

u n iv e rs e , U, imbeds c a n o n ic a l ly  in  o u r new u n iv e rse  U*/U . Namely,

u” € U co rre sp o n d s  to  th e  c o n s ta n t sequence (u •

As you may r e c a l l  in  d e f in in g  th e  maps, v and v ,  I t  was u s e fu l

to  add p a ram ete rs  f o r  each  e lem ent o f  our u n iv e r s e . We w i l l  w r i te  th e

p aram ete r c o rre sp o n d in g  to  (u^) € U*/U as  (u^) . Given any w ff , W,

in v o lv in g  (u^) (more th a n  one p a ram ete r may be in v o lv ed ) we d e f in e

Ŵ  to  be th e  w ff f o r  th e  i n t e r p r e t a t i o n ,  *9, g o tte n  by re p la c in g  (u^) 
u i

by u^ (W  ̂ * W^u ^) . S im ila r ly  we d e f in e  as j .

F ac t 9 .3 . For any w ff o f  cS^/U , W .

v _ (W) * U - l im i t  v Q(W.) .

Theorem 7 . For any cw ff (o f J * /U ) , S , i f  [ i | s ^  h o ld s  in  e?} 6 U 

th en  S h o lds in  •

P ro o f : We in d u c t on th e  number o f  s te p s  in  th e  fo rm a tio n  o f  S .

Case I: S ® "W E C" .
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The p ro o f  i s  im m ediate s in c e  C i s  c lo se d  and F a c ts  9 .1  and 9 .3 . 

Case I I : S -  "Sj^ A S2 " .

Assume { i |( S *  A S2)^  h o ld s  in  *9} 6 ll . T h is  im p lie s  th a t

{ i | s ^  h o ld s  in  j }  € U and £ i | s 2 h o ld s  in  *9} € U . Hence by in -
1 1 2  Td u c tio n  h y p o th e s is  S h o ld s  in  «9 /U and S h o ld s  in  «9 /U . Hence

S1 A S2 h o ld s  in  .

Case I I I ; S = "S1 V S2 " .

Assume { i |( S ^  V S2 )^  h o ld  in  «9} G U . S ince  U i s  an  u l t r a ­

f i l t e r  e i t h e r  £i  |s ^  h o ld s  in  *9} 6 U o r  £ i | s 2 h o ld s  in  *9) 6 Ll .

Assume th e  f i r s t  a l t e r n a t i v e  h o ld s  ( th e  second i s  t r e a te d  s i m i l a r l y ) .
1 I  1 2By in d u c tio n  h y p o th e s is  S h o ld s  in  «9 /U . Hence S V S h o ld s

in  «9X/U .

Case IV: S -  "V v. T" .------------  k
ITo show S ho lds in  *9 /U we m ust show th a t  f o r  each  (u^)

( u .)  ,
T h o ld s  in  <9 /It . Assume now £ i | s .  h o ld s  in  c9] G ll . For

Vk 1
u <

each  such  i  . V v. I ,  h o ld s  in  «9 . C onsider a  (u .)  . T. h o lds * k i  j  lv k

(u i> T
in  *9 . Hence by in d u c tio n  h y p o th e s is  T h o ld s  in  *9 /ll . Hence

k
I

( s in c e  u^ was a r b i t r a r y )  V T h o ld s  in  *9 At .

Case V: S « 'E  v. T" .----------  k

Assume £ i |s ^  h o ld s  in  *9} € U . For each  such i  we can choose 

a  u  € U such  th a t  T^ h o ld s  in  *9 . W rite  t h a t  u  as  u^ . For

th e  o th e r  i  choose u a r b i t r a r i l y .  C onsider (u^) . By in d u c tio n
(u<) I  u ih y p o th e s is  T h o ld s  in  *9 At • (S ince  T. h o ld s  f o r  a  s e t  o fv. iv .
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1 w hich b e longs to  U ) . Hence 2 T h o ld s  in  c9^/U .

C o ro lla ry  7 .1 . For a  c w ff, S, in v o lv in g  no p a ram ete rs  o f  th e  u n iv e r s e ,  

i f  S h o ld s  in  «9 i t  h o ld s  in  e9^/U .

We can  now prove Lemma 9 .1 .  Assume f o r  th e  w ff , S , and th e  i n t e r ­

p r e t a t i o n ,  <4, we have

m  \
N X  ) | u  6 U j) 6 {X|X 6 P(V ), (c lo s u re  X) fl C j  * Jft} .

m _
T his means th e re  i s  a p o in t  v o f  V , v € fl C. and v 6 c lo su re

i= l

(v j ( S ^  ) |u  € Uj} . By F a c t 9 .2  th e re  e x i s t s  an I ,  ( u ^ ) , U such  th a t
j

U - l im it  = v • Choose -  «9*/U . C o n d itio n  ( i )  on J 7

i s  s a t i s f i e d .  C o ro lla ry  7 .1  in s u re s  th a t  C o n d itio n  ( i i )  i s  s a t i s f i e d .

I  (u^)Choose th e  e lem en t o f  U /U , (u .)  . F ac t 3 says t h a t  v(S  ) » v .
1 k

m _
But v € H C. . Hence C o n d itio n  ( i i )  i s  s a t i s f i e d .  

i= l
Q.E.D.



SECTION 10. APPLICATIONS

We w i l l  r e s t r i c t  o u rs e lv e s  to  th e  c o n s t r u c t io n  o f e f f e c t i v e  fram e­

works f o r  some c l a s s i c a l  l o g ic s .

(1 ) Two v a lu ed  lo g ic :  We assume th e  s e t ,  {t ,P}  i s  endowed w ith  th e

d i s c r e t e  to p o lo g y  (ev e ry  s e t  i s  c lo s e d ) .  F or our b a s i s ,  6 , we choose 

{ 0 ,{ t } ,{ f } ,{ T ,f }} . For o u r c o n n e c tiv e s , we choose " a n d " w ritte n  & and 

" n o t” w r i t t e n  ~  . F o r q u a n t i f i e r s ,  we choose " th e re  e x i s t s "  w r i t t e n  

U a n d " fo r  a l l " w r i t t e n  H . We choose a  language w ith  one b in a ry  p re ­

d i c a t e ,  B (x ,y ) .

We d e s c r ib e  ou r fram ew ork. (WX,W2 ,W a re  assumed to  s ta n d  fo r  

a r b i t r a r y  w f f s ) .  The cw ffs below  a r e  a l l  c o n ju n c t iv e ;  we sup p ly  on ly  

th e  sequence o f  su b fo rm u la s , T .

i ) Wx & W2 E [ t ] : r  -  [Wj E £ t ]  , W2 E { t}}

i i ) Wx & W2 E [F l : r  = {(wx e I f } )  v  (w2 e { f} )}

i i i ) (~ w) e {t 3 : r  = [w E [ f )3

iv ) (~ W) E [ f ] : r  a  (w e [ t} }

v) U vk (W E {T}) : r  -  [a  Vfc w e t }

V i) n  vk (w e [ t } ) ! r  a  I t  vk w e i ] ,  e t c .

Remarks: (a ) The above framework i s  a  v a r i a t i o n  o f S m u lly an 's  t r e a t ­

ment o f  two v a lu ed  lo g ic  in  Sm ullyan [1 2 ].

(b) I t  i s  easy  to  s e e  t h a t  a  s im i la r  tre a tm e n t w i l l  work f o r  th e  many­

v a lu ed  lo g ic s  o f  R o sse r-T u rq u e tte  [1 0 ].

(2) Lukasiew icz* r e a l - v a lu e d  lo g ic :  We l e t  V be th e  u n i t  in t e r v a l  

[0 ,1 ]  endowed w ith  th e  u s u a l  i n t e r v a l  to p o lo g y . For s u b b a s is ,  6 , we

55
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choose th e  s e t  o f  a l l  I n te r v a l s  o f  th e  form  { x |x  ^  r}  o r  th e  form  

{ x |x  ^  r }  where r  i s  r a t i o n a l .  F o r ou r c o n n e c tiv e s , we choose th e  

c o n tin u o u s  fu n c tio n s  1 -  x  w r i t t e n  ~  and m in ( l ,x f y )  w r i t t e n  x ty .  

For our q u a n t i f i e r s ,  we choose th e  fu n c tio n s  infimum w r i t t e n  H and 

supremum w r i t t e n  U . We choose a  language  w ith  one b in a ry  p r e d ic a te ,  

B (x ,y ) . We fu r th e rm o re  ad o p t th e  c o n v en tio n  o f  w r i t in g  th e  cw ff,

W E { x |x  ^  r}  , a s  W a  r  .

We d e s c r ib e  o u r fram ew ork. (W^,W2 ,W a re  assumed to  s ta n d  fo r  

a r b i t r a r y  w f f s ) . The cw ffs below a re  a l l  c o n ju n c t iv e . We supp ly  only  

th e  sequence o f  su b fo rm u la s , V .

i )  ~ W ^ r  : r  = { w s ( i - r ) }

i i )  ~  W * r  : T = { W ^ (1 - r ) }

i i i )  Ŵ  + W2 St' r  we d e s c r ib e  th e  n fĉ  subform ula as

[ t l  *  wi  £  $ A l Ha *  *
o ' V .

‘ 5  A [ ^ £ W l £ " n ) A ( U2 2
r  -

N o tes: r  -  -  sh o u ld  be read  as  0 i f  — ̂  r  . The subfo rm ulas above”  n a
co rresp o n d  to  th e  ap p ro x im a tio n  o f  {<x ,y >  | x+y ^  r } from above by

e q u a lly  spaced  r e c ta n g le s .
(0 , 1)

(1 , 0)

x+y = r
F ig u re  5 .
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i v ) x  +  y  s  r  : use the Bame method as i l l ) .

v ) U v^ W 5  r : r  - { V v k <W s  r )  } .

v i ) U v^ W ^ r  : r  = { a v k (W i  r ) }  .

v i i ) 0  vk W *  r  : r  = C > v k <W s  r )  3 .

v i i i ) fl v k W ^ r : r  - { V v k (W i  r )  J .

The above e f f e c t iv e  framework f o r  L u k as iew icz ' lo g ic  y ie ld s  th a t  

th e  u n s a t i s f t a b l e  cw ffs a re  r e c u r s iv e ly  enum erable . This i s  th e  main 

r e s u l t  o f  B e llu ce  and Chang [2 ] ;  Chang [3] and Hay [5j .

We would now l i k e  to  d is c u s s  th e  r e s u l t s  o f  M ostowski [7] ,  [8 ] .

His r e s u l t s  can  be s tre n g th e n e d  to  y ie ld  ou r Theorem 4 .

Theorem 4 . For co n tin u o u s  lo g ic s  w ith  e f f e c t iv e  fram ew orks, th e  s e t  o f  

u n s a t l s f i a b l e  cw ffs i s  r e c u r s iv e ly  enum erable .

Our r e s u l t s  a re  s u p e r io r  to  t h a t  o f  Mostowski in  two ways. F i r s t l y ,  

M ostowski g iv es  a pu re  e x is te n c e  theorem  w h ile  we e x p l i c i t l y  e x h ib i t  

th e  en u m erating  fu n c t io n .  S econd ly , M ostowski shows th a t  each  lo g ic  

has an  en u m erating  fu n c t io n ,  w h ile  we show th e  enum erating  fu n c tio n  

has th e  same s t r u c tu r e  f o r  a l l  l o g ic s .  In  f a c t ,  ou r enum erating  fu n c tio n  

red u ces  to  a s ta n d a rd  G entzen ty p e  system  f o r  th e  c l a s s i c a l  two va lued  

c a se .

L a s t ly ,  we would l i k e  to  m en tion  a r e s u l t  o f  Chang; th a t  f o r  a 

s u i t a b le  v e r s io n  o f  L u k a s iew ic z 1 r e a l  v a lu ed  lo g ic  th e  s e t  o f  v a l id  

cw ffs i s  n o t r e c u r s iv e ly  enum erable (see  B e llu ce  [ l j ) .  Thus in  a  sen se  

our r e s u l t s  a re  th e  b e s t  p o s s ib le .
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