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CHAPTER I, INTRODUCTORY NOTE

(1

"
Let S be a solvable Lie group, ) and let S be the space

of all linear functionals on the Lie algebra S of S . The adjoint

*
representation of § on S defines a representation ad of S§ on

* *
s . ad is called the contragredient representation of 8. In

[12], Kirillov shows that if S§ 13 in fact nilpotent, then the orbit

x %
space S /ad S can be identified in a "natural” fashion with the space

A
S of all unitary equlvalence classes of irreducible unitary represen-

tationsof S on separable Hilbert spaces. In this paper we show that

* x
if S§ 18 a solvable Lie group, then the action of ad S on 8 de~

termines whether S is type I (in the sense of unitary representation
theory). Also, pursuing the line of thought begun by Kirillov, we show
how, for a large class of sclvable Lie groups, one can obtaln a picture
A * *
of S 1in terms of S /ad § .
We begin, 1n sections Il and III, by developing an inductive

x * *
method for studying the action of ad § on S ., To each ¢ € § there

is associated a family max(p) of subalgebras of S ., Briefly put,

H ¢ max(p) 1f o@([H,H]) = 0 and H satisfies a certain dimension re-
quirement. The famlly max{¢p) plays a crucial rocle in diacussing the
unitary representation theory, and one of the problems that must be solved
is the determination of necessary and sufficient conditions on the pair

(§,w) for max(p) to be non-empty. The best result we have in this

direction is (III.9), which is8 an algorithm. Of equal importance with

(1) Lie groups are understood to be connected and simply connected.



the algorithm is the definition of the two operations (called oper-
ations T and II) used to generate the aigorithm, These operations
occur later in the paper in mildly disguised form; it is these oper-
ations (and not III.9) which contain the heart of our inductive methed
for studylng S*/ad*§ .

Sections IV, V, and VI assemble the facts we shall need about
Mackey's inductive method for computing unitary representations. We
remark that we assume only that the reader is familiar with the def-
inition (due to Mackey) of induced unitary representations and is
familiar with the results (and not the techniques) of [14]. With
these two exceptions, the paper is reasonably self-contained.

Our algorithm for determining whether 8 is type I is built
from the materini in IV, V, and VI and from the results of C.C. Moore
in Chapter 2 of [3]. The basic result is theorem VII.2, which says,
in part, that if the gquotient topology on S*/ad*§ is bad enough,

S wvill not be type I . Theorem VII.2 actually gives necessary and

sufficient conditions for § to be type I. The reader should be
aware that this criterion is established as easily as it is only be-
cause of the localization principle established in theorem VII.1 and
due to L. Auslander.

In the final two sections we discuss how to compute g in terms
of S*/ad*§ . Because of the technical nature of the hypotheses on S

and because of the amount of ad hoc notation involved, we shall not

attempt to state the results here, Suffice it to say that the principal

results are theorems VIII.8 and IX.1.



This paper represents a continuation of the project begun by
L. Auslander and C.C, Moore in [3]: in particular our point of view,
so far as technique is concerned, is the "local' point of view devel-
oped by C.C. Moore in Chapter II of [3]. That s*/ad*g should play
so dominant a role in the unitary representation theory of all solvable
Lie groups was suggested by several conversations with B. Kostant, who
has developed a method for computing g for all type I, solvable Lie
groups S in terms of S*/ad*§ . We are also grateful to J., Dixmier
for several suggestions, most notably for pointing out an error in the

original proof of theorem VII.1.



CHAPTER 11, ALGEBRAIC PRELIMINARIES

1. All Lie groups will be understood to be connected and simply
connected, except where the contrary i1s explicitly stated. Lie groups
will be denoted by italic capitals, and the Lie algebra of a Lie group
will always be denoted by the corresponding unitalicized capital.

et S be a connected, normal subgroup of a Lie group G

Then ad will denote the representation of G on S got by restrict-

S
ing ad(G) to act on S . Given a real Lie algebra L, we shall use
*
L to denote the space of all linear functionals on L . For all

* * * -1
g € G, we define adS g: 8 ——> S to be the transpose of ads(g )

- -

* *
The representation ad of 8§ on 8 is called the contragredient

representation of S .,

2, let A be a solvable, real Lie algebra. The nil-radical of A
is, by definition, the maximal nilpotent ideal N in A . A 1is said

to be almost algebraic if N 1s complemented in A by a subalgebra

T such that adAT is completely reducible. The semi-direct product

decomposition A = TN 1is called a Malcev decomposition for A, and

T 13 called a Malcev factor for A . Almost algebralc Lie algebras

are discussed at length in [1]. We shall need the following notions
from that paper:

An almost algebraic hull for a solvable Lie algebra S 1is =&
pair (A,1), where A 1is an almost algebraic Lie algebra, i 1is a
monomorphism from 8§ 1into A, and A has the property that no almost

algebraic subalgebra of A contains 18 . Every real, solvable Lie



algebra S has an almost algebraic hull (A,1), and if (B,Jj) 1is any
other almost algebraic hull for S, there is an isomorphism k from A
onto B sSuch that the diagram

1/"

AN
commutes, In view of this strong uniqueness property, we shall speak of
the almost algebraic hull of S (denoted: A(S)) . § 1s an ideal in
A(S), [A(®, a(s)] = [s,8]), and S and A(S) have the same center.
A(S) will denote the Lie group corresponding to A(S) . A(S8) should
not be confused with what is called in [3] the semi-simple splitting
] of 8. 8 need not be simply connected and, in general, the center

%S 2 Is

of 8§ is larger than that of é(g)



CHAPTER III, THE CONTRAGREDIENT REPRESENTATION

Let S be a real, solvable Lie algebra, let S be the cor-
responding Lie group, and let ¢ € s* . The map ¢: (X.Y) —> o([X,Y]D)
from S X § 1into the real numbers R defines an alternating bilinear
form on S ., The radical R of ¢ 1is, by definition, the subspace of
S consisting of those X in S such that &(X,S8) = 0 . It follows
from the Jacobi identity that if X, Y € R, then

t(lx.¥). 8) =
= 3([x,s], v) + ¢(x,[v,8]) = 0 .
Hence R 1is a subalgebra of S . Let R be the connected subgroup of
S corresponding to R . From the fact ([9], ch. 11,§5) that for all
X € S, exp(ad X) - ad(exp X). 1t follows that R 1s the identity
component of the subgroup I of S leaving the linear functional o

invariant. Let {} dencte the orbit of ¢ under ad*§ . Since I/R
is discrete and §/! is homeomorphic to (i, we can conclude that
dim({l) = dim(S/R) .

Let us now return to the alternating bilinear form ¢ . The
failure of ¢ to be identically zero measures the fallure of o to

be a homomorphism from the Lie algebra S onto the Lie algebra R .

Let us call a subalgebra H of S subordinate to ¢ if the restric-

tion of ©® to H is a homomorphism (that is, if o([H,H]) = 0), and

let us call a subspace VvV of S totally isotropic if &(V,V) = 0O

If Vv 1s a maximal totally isotropic subspace of S, then

(3.1) dim(V) = dim(R) + 4 dim(S/R) .



(This can be most easily seen by observing that there is a basis

~r

Y.,..., ¥ ] for S/R such that, 1t ¢ denotes the

{xl""' xk' 1 k

bilinear form on S/R 1induced by ¢, then ﬁy(xi,YJ) = 61) and

i”(xi.xj) = 6”(Y1.YJ) -0 for all 1,j < k), The aim of this section

of the paper is to find conditions on the pair (S,p) that will guar-
antee the existence of subalgebras H of S subordinate to ¢ and
satisfying dim(H) = dim(R) + 3 dim(S/R), or, equivalently, satisfying
(3.2) dim(H) = dim(S) - %} dim(@)

The relation (3.1), which holds whether or not § 1s solvable, was
pointed out to us by B. Kostant, One should notice that we have also
shown that {1 1is always even-dimensional.

1. Notation: et S be a solvable Lie algebra, let N be the
nil-radical of S, and let o € S'.l . We shall use max(yp) to denote
the family of all subalgebras H of S satisfying the relation (3.2)
above, We shall use exl(p) to denote the set of all H 1in max{(p)
such that HN N € max(mlN) . (The vertical bar denctes restriction).

As shall be seen, exl{p) 1is of particular interest in unitary
representation theory.

2. Proposition (Kirillov): Let N be a real nilpotent Lie algebra,
and let g € N* . Then max(yp) 1is the family of subalgebras of N of
maximal dimension among those subalgebras of N subordinate to o .

(In particular, max(p) 1s never empty).
Proof: Proposition 2 is proved as lemma 5.2 in [12]. The proof

is by induction. The proposition ig clearly true if dim(N) < 2 .



et N be a nilpotent Lie algebra of minimal dimension for which the
proposition has not been established, let ¢ € N‘, and let H be a
subalgebra of N subordinate to @ and of maximal dimension among
those subalgebras of N subordinate to ¢ . Observe that H must

O, If there is a

H

contain the center zN of N, since [H,zN]

non-zero subspace V of zN such that o(V)

i

0, we could apply our
induction hypothesis to H/V in N/V and from there easily conclude
the truth of the proposition for H . Hence we may assume that no
such V exists; in other words, we may assume that 2N 1s one-
dimensional and ©@(zN) =R . Since N 18 nilpotent, there is some
element Y € N such that [N,Y] = zN . We now require a lemma (cf,.
lemma 4.1 of [12]):

3. Lemma: Jet N be nilpotent Lie algebra with a one-dimensional
center zN and let Y be an element of N such that [Y,N] = zN
Then the centralizer zN(Y) of Y in N 1is an ideal in N of co-
dimension one.

Proof: zN(Y) is precisely the kernel of the map ad(Y),
which carries N onto 2N . Hence dim(N/zN(Y)) =1, zN(Y) is a
subalgebra of N, by the Jacobi identity. Since a codimension-one
subalgebra of a nilpotent Lie algebra is an ideal, we are done.

Returning to the proof of the proposition, we see that there is
a one-~dimensional subalgebra g} in N such that N is the semi-
direct product g%x)-zN(Y) . If HC zN(Y), the truth of the prop-
osition for H follows from the induction hypothesis, If H g-zN(Y).

then clearly we can choose the subalgebra RX so that it lies in H

-
o
-z



The subalgebra K of zN(Y) spanned by H N zN(Y) and Y 1is still
subordinate to ¢, since [HN zN(Y), Y] =0 . H and K have the
gsame dimension, and hence K ¢ max(wlzN(Y)), by our induction hypoth-
esis. Furthermore, since m([gg.x]) = g, K is also a maximal totally
isotropic gubspace for the bilinear form w([-.-]) on N . Hence
H € max(p), and we are done.

Having seen one case where max(yp) £ #, let us turn to an
example where max(yp) = &:

let D be the four-dimensional, real Lie algebra with basis
fT, X, Y, Z}, the non-zero brackets among the basis elements being

[T, x1 =-v [1,7]=x
(x, Y] =12 .
et 7 be the linear functional on D given by
©(Z) =1, P(X) = oY) = @(T) = 0 .

The subalgebra R = KT © 5? is the radical of the form o([-,-1), and
hence dim(D) - % dim(D/R) = 4 - 1 = 3 . Also, letting N denote the
nil-radical of D, N = 3}’@ Eyf3:gz, we see that max(wIN) is the
family of all two-dimensional subalgebras of N . Thus, since
dim(D/N) = 1, we must have max(yp) - exl(p) . (It is not true for all
pairs (s, Y ¢ S*) that max(¥) = exl(Y) =~ consider, for example,
the two-dimensional solvable Lie algebra), Let H € max(p) . Then
R < H, and, in particular, T ¢ H . Since H M N contains some ele-
ment W not central in N, we see easily that H = D, which is absurd.
Hence max(p) = exl(p) = @ .

As we shall see, the pathology occuring in the (D,yp) 1is in a

sense generic. Before we can formulate the result we want, we must,
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however, lay some groundwork,

4. Lemma; let 8 be a sclvable Lie group, let N he the nil-

*
radical of S, let ¢ € S, and let F be the identity component of
*
the subgroup of S leaving invariant the orbit (ad E)(Q‘N) of o|N
*
in N . Then if H € exl(p), HS F .

Proof: Since N ? F, it suffices to prove that HN = E S F .

Let 6 = olk and ¥ = ©|N . Notice that H ¢ ex1(9) and that
HN N e max(¥) . Let Ry = fx € N: ([X,N]) = 0} and let

R, = fx € K: p([X.K]) = 0} . Then

(3.3) dim(H) = dim(K) - % dim(K/RK) }

dim(H N N) = dim(N) - 3 dim(N/RN) .

Since H/HM N = K/N, we can conclude from (3.3) that

dim(K) - dim(N)

i

dim(RK) - dim(RN)

In other words RK and N span K, which proves not only the lemma,
but also

5. Corollary: let S a solvable Lie group, let § be the nil-

be
*
radical of S, and let ¢ be an element of § such that there 1is
HN

. Then, letting I denote the sub-

some H € exl(p) with § =

group of S leaving ¢ invariant, we have § = SE and also § = EN

for all K € exl(w) .

6. Lemma: Let § be a solvable Lie group, let N be the nil-

*
radical of S, and let ¢ be an element of § guch that a

S

EZF}

*
leaves invariant the orbit (ad §)(w|N) . Then one can choose a Malcev
factor T {see 11.2 above for a definition) for A(§) such that

*
adN T leaves ¢|N invariant,
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Proof: let I be the subgroup of S leaving invariant the

restric.'ocn of ¢ to N . Our hypotheses guarantee that S = IN
The lemma now follows lmmediately from the explicit construction of
A(8) given in theorem 2.1 of [1].

We shall next describe two operations that we shall use to get
an algorithm for determining when exl(p) is non-empty. If that al-
gorithm were all that we needed the operations for, we could use the
preceeding lemmas to simplify the discussion; however, we shall also
want these operations for use in proving that exl(p) 1is non-empty
whenever max(p) 18 non-empty, and for that proof, the reductions
afforded by lemmas 4 and 6 will not be avallable, We begin with a

preliminary lemma:

7. Lemma: let N be the three dimensiocnal nilpotent lLie algebra

with basis fX,v,Z}] and brackets [x,Y] =12, [x,2] = [v,2] = 0. Let
v be any linear functional on N such that (Z) # 0 . Then there

x
exists an element n in N such that, setting o' = (ad n)p, we

have ¢'(Z) = ©(2) and ¢'(X) = ' (Y) = 0 ,

Proof: let n € N, and let 1log(n) be the element of N

-
such that exp(log(n)) = n . Then for all W € N,{((ad n)p) (W} =
p(W) + o([log(n), W]) . 1If n is to satisfy the conclusion of the

lemma, we must have

0 = ¢(xX) + ¢( [1log(n), X] )1
(3.4) |

0 = oY) + o( [log(n), Y] y

Now if the lemma is true for Ap, where X 1is any non-zero scalar, it

is true for ¢ . Hence we may assume that ¢(Z) = 1
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Set log(n) = -p(Y) X + 9(X) Y . Clearly 1log(n) satisfies equations
(3.4), so we are done,

Operation I: Let § be a solvable Lie group, and let ¢ be

*
an element of S such that ad(S) leaves ker{p) N zN 1invariant,
where zN is the center of the nil-radical N of § , Set
W = ker(p) N zN . Then if H € max(p), WS H . The reason is that

(H,w] © W. and hence o([H,wW]) = 0. It follows that H ¢ max(yp) 1if,

1

and only if, WC H and H/W € max(dv), where ¢~ is the linear
functional on S/W 1induced by ¢ . Similarly, H € exl(yp) 1f, and
only if, W< H and H/W € ex1(¢w) . We shall say that the pair
(§/!, @N) is derived from (§,w) by performing operation I.

We will now do some work preliminarv to defining operation II.
Let S be a solvable Lie group with nil-radical N, and let © € S* .

Assume that the center zS of 5 and the center zN of N are both

one-dimensional and that @(zN) £ 0 . Let T-M be a Malcev decom-

position (see I1I.2) for the almost algebraic hull A of §, and let
zl(M) be the preimage in M of the center of M/zN . Since zN = z8§,
we have [T.,zN] = 0 . It follows, then, from [T,zl(M)] g‘zl(M). that
there 1s a subspace V of zl(M) invariant under adMT and comp~

lementary to zN .,

let us assume that there is a non-zero, minimal T-invariant sub-

space W of VN N such that [W,W] = 0 . (In general, no such sub-

space W need exist. This can be seen by examining the pair (D,o)
constructed just before lemma 4 above). Because W 1is a minimal T-
invariant subspace, dim(W) 1is either 1 or 2 , Applying lemma 3,

we can conclude that zM(W), the centralizer of W 1in M, 1s an



ideal in M of codimension either 1 (if dim(W) = 1) or 2 (if

dim(W) = 2) . Furthemore, [T,z (W]C 2z W: [IT.2 W], ¥]-=
([T.w], zM(W)] + [T,(zM(W), wW]] = 0 . Hence zM(W) is an ideal in A,
and we can form the semi-direct product Al = T-zM(W) . Because W 1is
not central in N, zM(w) M NAN, let W' be a T-invariant sub-

space of N complementary to zM(W) NN .

13

Lemma: dim(W') = dim(W) .
Proof: If dim(w) = 1, the assertion is obvious. Assume that
dim‘W) = 2 and dim(w') -1 . let x € W', x # 0 . Then ad(x) car-

ries W onto the cne-dimensional space 2zZN . Hence there is a one-
dimensional subspace W' 1n W such that {x,W'] = 0 . Then
(x.[T.w"]] = [[x.7]. '] + [T.[x,w"]) = 0. Since W' 1is the kernel
of ad(x)|w. we must have [T ,w"] C W', which contradicts the mini-
mality of W ., Hence dim(W') = 2, and the lemma is proved.

let {x',y'} be a basis for W', which (for the moment) we
assume to be two~dimensional. We can then choose a busis {x.y] for
W such that [(x',x] = [(y',y] #0 and [x',.y]=1{y ,x}]=0. It
follows from lemma 7 that for some multiple Ax' of x',
((exp(ad(ix')) *) »)(x) = 0 . Hence there is an inner automorphism
i of A such that (1*m)(W) = 0 . {(The same thing is clearly true if
dim(w) = 1) . Thus, replacing T by 1(T) and W by 1(W), |if

necessary, we can arrange that o([T,W]) = 0 .

Operation II: let S1 =8N A1 = 8N (T-zM(W)), and let

@1 = mlsl . We shall now prove that max(p) (respectively, exl(p))
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i3 non-empty if, and only if, max(wl) {resp. GX1(¢1)) i3 non-empty.
We shall first prove that max(ml) gimax(w) . We already know

{x e 8: o([x,8] = o},

that dim(S) - dim(Sl) = dim{(W) . Let R

and let R, = fx ¢ 8, : wl([x.slj) = 0} . Clearly R, =ROW, and

hence dim(Rl) - dim(R) = W . Consequently dim(sS) - 4 dim(S/R) =
dim(Sl) - % dim(Sl/Rl). and so max(wl) g max(p) . Similarly,
exl(wl) C exl(p) .

Now supposge that there is some H € max(p) . If HC Sl’ then

max(ml) is not vold, as desired. Suppose, then, that H ? Sl' and
let “1 be the subalgebra of S1 spanned by H N S1 and W . Since

¢([A1.W]) = 0, H1 is subordinate to ml . Furthermore, dim(H) =

dim(Hl) . Hence Hl € max(ml). S0 max(ml) is not void. Similarly,

if exl(p) 1is non-empty, then exl(wl) is non-empty,.

We shall say that the pair (§ ,ml) is derived from (§.w)
1
by performing operation II with respect to W

8. Lemma: Let S, N, A, T'M, zN, V, and ¢ remain as they were

in the discussion of operation II . Assume, furthermore, that there is
no minimal, T-invariant subspace W of V 1 N such that [W,W] =0,
Then max(p) = 6 .

1
Proof: Let z N be the set of all n € N such that [n,N] C zN .

1 1
Notice that [M,z'N]C z'N and [M,zN] = 0 . It follows that there is
1
gsome n 1in z N such that ne N and [M,n] = zN, because M 1is

nilpotent. 1In particular, we can conclude that V™ N £ 0 ., Hence

there is a minimal, non-zero, T-invariant subspace wl in VN N .
By hypothesis, [wl,wlj 4 0, and therefonre W, is two-dimen-

sional. Applying lemma 3, we see that M = zM(W1)<D wl . In parti-

cular, (zMWI) M (VN N) 1s a T-invariant subspace of VN N that
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is complementary to Wl . Thus, should this subspace be non-zero, we

could choose a minimal, non-zero, T-invariant subspace W2 lying in 1it.

Notice that [wz.wzj # 0 and [wl.wzj = 0 . Continuing this process,

k
we finally arrive at a direct-sum decomposition T ® w of VN N

J=1
such that:

(1) Each Wi is a two-dimensional, minimal T-invariant sub-

space of VN N

(2) [wi.wJ] =0 if 1 £ |

{(3) [Wi.wi] = zN for all 1 .
Let Z - 0? 1 ZM(wj) . Then, as a vector space,
(3.5) M=2% wl'ﬁ..fﬂ Wk

We shall now show that (M.M] = zN . Recall that V 1is a T-
invariant complement to zN in ZIH . Hence, if U 1is a T-invariant

complement to VM N in V. then since [T,U] cu I N, we have
[tT,u] = 0 It follows that [U, v N] = [U.T® wj] =0 . Also,
observe that since UMN N - 0, U does not lie in fM.M] . Finally,
observe that since, by lemma 3, ZM(WJ) is an ideal in M for each
i, Z = OJ zM(WJ) is an ideal in M . Hence [Z,Z]N VN N = 0, and
sa VMO NN [M.M] = 0 ., We have thus shown that le = V® zN where
v N [M.M] = 0 . Hence [M.M] = zN, 8as desired.

Applying lemma 7, we can arrange that m(Z'@J WJ) - 0 ., Having
done that, we see that ®([T,A]) = 0, and hence we have that T < H if
H € max(p) . To go any farther we must get an estimate of dim(H) for

H € max(p), and in order to get that estimate, we must first compute

R=1I{xe¢€e s w([x,S]) : 0] . We have just arranged that (TN 8) ® zN € R
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Consider then, an element r € R . By (3.5) r can be written in
precisely one way as a sum r = t + z + w, where t € T, z € Z and
w € Z‘@i WJ . We shall now show that w = 0 and that =z € zN; this
will prove that R = (TN 8) ® zN . Let us assume that w £ 0 . Then
there exists v € X ™® WJ such that o¢([w,v]) # 0, and hence
ot + z + w, v]) = o([t,v]) + o(fw,v]) # 0. Hence t + z + w can

lie in R only if w = 0 . Similarly, if =z 1is not in zN, then

there is some v € Z such that o((v,z]) £ 0, and so m(ft + z,v]) =

w(fz,v]) £ 0 . Hence 2z must lie in zN ., But then t = v - z will
lie in S . We have thus proved that R = (TN S} ® zN
Now let H € max(p) . Then

dim(H) = dim(S) - 4 dim(S/R) =
= dim(N) + dim(T) - % [dim(N) + dim(T) - dim(T " 8) - 1] =
= Tdim(N) - $(dim(N) - 1] + [dim(T) - A(dim(T) - dim(T N 8)]
Hence, in particular,
(3.6) dim(H) 2 k + 1 + § dim(T) ,
where k 13 the number of wj’s in the decomposition (3.5). The proof
of the lemma will therefore be complete if we can show that whenever H
is a subalgebra of S§ and H 1is subordinate to ¢, then
dim(H) < k + 1 4+ & dim(T)
Before we can go on, we must know something of how T acts on
Z® Wl . Because WJ is a minimal T-invariant subspace of N, and

J

because adNT is completely reducible, we can choose a basis {x,y}

for WJ so that for all t € T,
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[t.x] = a(t)x + b(t)y
(t.y] = -b(t)x + a(t)y
Now [t.[x.y]] = 0, and hence 0 = ft,[x,y]] = [[t,x].y] + [x.[t,y]] =
2 a(t)z. where z = [x,y] . Furthermore, because [WJ.WJ] £ 0, z £0
Hence a(t) - O . We have, in particular, shown that
TJ = {t € T: {t,wj] = 0] is a subspace of codimension one in T . Since

ﬂj 'I‘J = 0, the dimension of T 1is the number of distinct (as subspaces
of T) TJ
Now suppose that H 18 a subalgebra of S subordinate to ©
and containing zN . (It does no harm to assume that H contains 2N,
because if H were in max(yp), then zN would lie in H). Because
2N lies in H, HMN N = (HN E'@j WJ)<9 zN ., Let us assume, for the

moment, that H O N € max(w‘N), and let h =t + z + w € H, where

t €T, ze€ Z and w € E’QJ WJ . Then since [t + z, HN E<9J WJ] c
L@ WJ C ker(y), we must have {w, HN Efaj WJ] = O, or in other

words, w ¢ HN Z'@J W, . Since, in particular, w € H, we have

J
h-w=t+2zeH. But of([t+ 2z, H],H]) = 0 only if

[t + 2z, HN T @J WJ] “HN Ef@} wj . It follows easily (from the max-

imality of H M N) that t + z can lie in H only if t = 0 ., Thus
h=2+w, where z € zN (zHN Z2) and w € H, and so dim(H) =
dim(g) -3 dim(N/zN} = k + 1 . Hence H £ max(yp) .

Now let us assume H [ N ¢ max(wlN) . Once again, let

h=t+2z+weH, where t €T, ze€ Z, and weX @ W

3 . Arguing

as in the previous paragraph, we see that [w,H N Z(Bj WJ] =0 ,
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Now [(h,HNZ ®J WJ] C H, and hence [t v 2z +w, HN Z ®J WJ] =

(t,HN Z‘BJ WJ] CHNZI® WJ . We now make a crucial observation:

let T = ft eT: t +z+weH for some z € Z and some

I

w e 2n®J WJ}. and let S = S ﬂ(TO-M) . Then H € max(p) only if

H ¢ max(wlso) . Hence we may assume without harm that T = T and
So = § . In that case, we will have [T,HN T @J WJ] C H N EfDJ WJ.

and therefore, by the hypothesis of the lemma that le contains no
T-invariant subspaces U such that o({U,U]) = 0, we can conclude
that [T,HN X ‘u WJ] = 0. Hence HN I ® WJ = 0, which means that
HMN N = zN . But dim(H/HN N) = dim(§§/§) < dim(T) = k . Hence
dim(H) < k + 1 and the lemma is proved.

9. Algorithm: Let S be a solvable Lie group, and let ¢ € S* .
We shall now describe an algorithm for determining whether ex1(p)
is non-empty. let § be the nil-radical of S . By lemma 4, we see

k
that 1t is no loss of generality to assume that adN S 1leaves the

*
orbit (ad §)(w|N) invariant, and so, from this point on, we shall

make that assumption.

Step A: Let Z be the center of N . Then for all n € N and

-

z ¢ 27, ((ad*n)¢)(z) = ¢((ad(n))z) = ¢p(z) . Hence for all = € §

*
and all z € A, ((adU 8)p)(z) = v(z) . In particular, ad_ S carries

13-

ker(p) N Z onto itself. Hence we can apply operation I to (S,9)

to get a new pair (§',w') of lower dimension unless ker(p) N Z = 0

Thus, by repeatedly applying operation I, we arrive at a pair (8 .wl)

1

such that ker(ml) N Zl = 0, Z1 being the center of the nil-radical

Nl of S1 . If S1 = Zl' then exl{(y) £ P, and the algorithm

terminates. (Recall that 1f (S8',¢') 1is derived from (S,p) by
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applying operation I, then exl(p) # B 1if, and only if, exi(p') £ 9).

Step B: Suppose, then, that Z, £ S . Since cpllz1 is faithful,

*
dim(zl) = 1 . Also, since S leaves invariant the orbit (ad N )(mllNl),
1 1

*
we must have ((ad s)wl)(z) = wl(z) for all s € § and all =z € Zl .

1

It follows that Z1 is central in Sl' and thus (S .¢1) satisfy the
1

hypothesis needed to perform operation II. There are now two possibili-

ties:

(i) There is no subspace W with respect to which operation II can be
performed, Then, by lemma 8, exi(wl) =@, and so exl(p ) =@
Thus the algorithm terminates,

(i1) There is a subspace W with respect to which operation II can be

performed. Let (S ,wz) be the pair derived from (S ,wl) by
2 1

performing operation II with respect to W . Then exl(wz) £ P

if, and only if exl(p) £ #, and dim(§ )y < dim(§) . Let N

2 2

be the nil-radical of S ., Passing to a connected subgroup of

2

S if necessary, we can arrange that S leaves invariant
2 2

*
(ad N )(¢2|N2) . We now return to step A, substituting (§ ,@2)
2 2

for (S.9) .

By repeatedly performing steps A and B in the order indicated, the
algorithm terminates (because after the first application of step A,
both step A and step B either reduce the dimension of the group under

consideration, or give an answer to the question of whether exl(yp) £ B).



This completes our discussion of how to determine when exl(yp) # 8

*
Remark: Let (S,p) remain as above, and assume that adN S

*
leaves (ad N)(w'N) invariant, where N 1is the nil-radical of

1t

let T'M be a Malcev decomposition of the almost algebraic hull A

of § . It is clear from that algorithm that exl{(p) # 8 if there
exists no minimal, T-invariant subspace W of N such that

w([w,w])é 0 . It follows, in particular, that if S 1is of exponen-
tial type, then exl(p) £ 8 for all o € S*. There are many solvable
Lie anlgebras S nct of exponential type such that for all o € S*,
exl{yp) £ ® . One interesting example is the following:

S 1s the six-dimensional Lie algebra with basis T'xl’Yl'

El k .
[I':{I = Y y I.Y - x
.Y = s

[Yl,xzj = Z, other brackets zero.
To verify that exl(p) # P for all u € S* is a routine application
of the algorithm, S 1is clearly not of exponential type. It is worth
observing that S contains a subalgebra 1somorphic to the algebra D
defined just before lemma 4. This phenomenon explains why it is dif-
ficult to find necessary and sufficient conditions on (§,m) that

exl(yp) be non-void.

*®
10, Theorem: Let S be a solvable Lie group and let ¢ € §

Then max(yp) £ @ if, and only if, exl(p) # @

Proof: The proof is by induction on dim(S) . For dim(8)
< 2, the theorem is clear. Let S be of minimal dimension for which

the theorem has not been proved. Since ex1(p) C max(p), we need only



21
show that for all ¢ € S*, exl(p) 1is non-empty whenever max(p) 1is
non-empty. The proof consists of showing that it is only necessary to
consider pairs (§.w) to which operation I1 can be applied. Once this
has been shown, the theorem will follow immediately from the induction
hypothesis and lemma 8.

lLet Z be the center of the nil-radical N of §5 . 1If
w(Z) = 0, then Z will lie in H for all H 1in max(p), and hence
we can apply the induction hypothesis in §/§ and easily conclude the
truth of the theorem for (§,w) ., Thus we may assume @(Z) £ 0 . Let
W = ker(p) N Z, and let H' = {x ¢ H: [x,2] < W}, where H 1is some
fixed element of max{(p) . By the Jacobi identity, H' 1s a subalgebra
of H . We now observe that it does no harm to assume that S = HN,
since H ¢ max(p|(H + N)) . Then H' N W will be an ideal in S,
since H' M W =HO W and w([H,H]) = 0, Hence we may assume that
HMNW=0, since if it were not zero, we could factor it out and apply
the induction hypothesis. Now dim(Z/W) = 1, and hence dim(H/H') <
dim(Z) . It follows that H' + Z € max(yp) . Thus we may assume that
H=H +Z . But then we have [H, ker(p) N Z] C ker(p) N Z, and so,
since S = Hﬁ, we can apply operation I to S . Thus we may assume
that Z 1s central in S, 1is one-dimensional, and is not annihilated
by ¢ . It follows that we can apply operation II to (§,@) with re-
spect to some subalgebra W of §; for, if we could not, max(y)
would be empty, by lemma 8., Thus the theorem follows from the in-
duction hypothesis and from our discussion of operation II.

We shall conclude this section with two propositions of a top-

ological nature,
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11. Proposition: Let S be a solvable Lie group with nil~-radical
N, let g9 e S‘. and assume that S 1is gspanned by R = {x ¢ S: w{x,S]:O]
and N . Then the restriction map is a homeomorphism from (ad*§)¢

onto (ad; §)(m|N), which is equal to (ad*g)(¢|N)

e
ne

nzgfaz

~

proof: (ad'S)p S /R RN/RZ N/NN RT (ad M) (o|N) . But

(ad*g)(wlﬂ) = (ad; §)(¢|N) because (a B)(¢|N) = w(N, s0 the prop-

osition is proved.

12. Proposition: Iet S be a solvable Lie group with nil-radical

N, let ¢ e S*. and let K be a sub-algebra of S which is of max-
imal dimension among those subalgebras L of S such that L 2 N and
such that N 1is complemented in L by a subgspace V such that
o([v,L]) = 0 . Then given any 8 ¢ S* such that 9|K = le. we can
find some s € S8 such that (ad*(s))B =@ .

Proof: Our hypothesis guarantees that K contains a subspace

R which is of maximal dimension among those subspaces V of S such

that o([V,v]) = 0 . Let i = (ad"$)p, 1let a, = (ad K (oK), let

1 be the subgroup of S 1leaving ¢ fixed, and let 1 be the sub-

s - K

group of K leaving le fixed. Then

dim(R)

1

dim($) - § dim(Q.}

dim(R)

il

dim(K) - ) dim(OK}.

and hence

dim(I ) - dim(z ) = dim(§) - dim(g)
K s

Let = {x ¢ K: @[x,k] = 0}, and let V be a subspace of §

T

complementary to K . Then 1f X € IK' [X,V] C K, which means that

(P([X,[X,VJ) = 0 » Now let V* = [* € S*: *'K

(ny)lK for some r ¢ Eﬂ.
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* *
For all x 1in the identity component of I , (adS x)lv is the
K -

* 2
exponential of an operator X on V such that X =0, It now
* *
follows easily from dim(I /I ) = dim(S/K = dim(V ) that (ad,I )(Rp)
K 'S i
* *
=V . But forall reR and x €I, (adK x)((np)lK) = (np)IK .
-~ _K o

This completes the proof of the proposition.
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CHAPTER 1V, INDUCED REPRESENTATIONS

We shall assume that the reader 1s familiar with the elementary
facts about induced unitary representations as given in sections 1 - 3
of f13]. The purpose of this section is to establish the notation we
shall use for certaln special induced representations. We shall also
translate what we need from [13] into this notation.

Let § e a solvable lLie group, and let o € S* . Let us re-

call that in Chapter II we defined a subalgebra H of S to be sub-

ordinate to ©p 1if w([H.H]) = 0 , Let us suppose that we are given a
x

pair {o.H}. where ® ¢ S and H 1is subordinate to ©® . Let H

denote the connected subgroup of § corresponding to H . Becsause §

is simply connected. H 1is a closed subgroup of S (flO]. p. 191),
¢ defines a character X on g by the following formula:
(4.1) X(h) = exp 2 7 1(9 (h)),
where h € H and d” is the homomorphism from H into the real numb-
ers g such that d¢~ is the restriction of ¢ to H . The unitary
representation ¥ induces (in the sense of [13]) a unitary equivalence
ciass of unitary representations of S that class will be denoted
S(p.H) . The usefulness of this construction seems first to have been
observed by Kirillov in [12]. where the following theorem is proved:
1, Theorem (Kirillov): Let N be a nilpotent Lie group.
(1) For every ¢ € N* and every H € max(yp) (cf. 1I1.2),
N(p . H) € @, where @ is the dual of N 1in the sense of [14].

*
(1i) For every ® € N ., N(p.H) 1is independent of H as H

traces max(y)



(111) The map ¢ — N(p,H), where H € max(p), 1induces a
* * Q
bijection from N /ad N onto N .

2. Proposition: Let S be a sclvable Lie group, let F be a con-

nected subgroup of S, and let g € S* . Assume that H 1s a subalge-
bra of S subordinate to ¢ and that S = H F . Then S(p,H), Tre-
stricted to F, {is f(w[F. HN F) .

Proposition 2 is just the subgroup theorem of Mackey (for which,
see section 6 of [13]). An important speclial case of proposition 2 is
when F 1is the nil-radical of S and HN F € max(mlF) . In that case
f(w'F. HN F) € ? by Kirillov's theorem, and hence §(w.H) £ g, since
the restriction of S(9.,H) to F 1is already irreducible,

3. Proposition: let S and ¢ remain as in proposition 2; let

N be the nil-radical of §; and assume that exl{yp) £ B ,and that for

*
all K € exl(p), KN = S ., Then, given any ¥ € S such that §(N) = 0,

we have

S(p + ¥, K) = X ® 5(9.K),
where K € exl(p) and X 18 the character on S determined by V (as

in formula 4,1 above).

Proof: This is just theorem 7.2 of [13] translated into the

notation of the special case in which we shall be interested,

Let T be a unitary representation of a solvable Lie group 5 —
be this we mean that ™ 1is a strongly continuous homomorphism from S
into the group of unitary operators on a separabl.e Hilbert space — and
let o Dbe an automorphism of S . We define o:mm to be the unitary

representation of S given by (o-m)(8) = n(apl(s)) . Let ¥ be an-

other unitary representation of S, and assume that 7 and § are
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unitarily equivalent. Then clearly a-m and «-+¥y are unitarily
equivalent, Hence, denoting by p the unitary equivalence class of m,
we can define o:'p to be the unitary equivalence class of o-m . Sup-
pose now that g is another solvable Lie group and that § is a normal
subgroup of G . Each g ¢ G defines 2n automorphism ag of S by
ag(s) =g 8 g-l . We shall use g-p to dencte ag-p and g:Tm to de-
note ng-n

4. Proposition: let S be a solvable Lie group, let H be a closed
subgroup of S. let T be a unitary representation of H on a Hilbert

space h, and let « be an automorphism of S . let p denote the

unitary equivalence class of unitary representations of S induced by
l and let pa be the corresponding class induced by the unitary rep-

o
regentation «o-m of aoH . Then a-p = p

Proof: Let u be a finite. quasi-invariant measure on §’§

Since rn carries H onto o, o induces a map (also denoted by «)
f rom §’§ onto §’@ﬁ . (We remark that we use cosets of the form
Hx x ¢ S). Let U be the measure on S’cH defined by u (B) =
u(a-lB) for all Borel sets B in §’a§ . Clearly QM is also finite
and quasi-invariant. Let AX: S$¥x 8 —> § denote the (almost every-
where uniquely defined) Borel function such that IB Ax.y)du(x) = n{(By).
We observe that IB l(x.a_IY)du(X) = u(B a_ly) ='E(G(B)y), and hence
IB K(q_lx. G_IY) di(x) = W(By)

let h1 denote the space of a Borel functions f from S to h
such that (a) for all E ¢ H and all x € S, f(Ex) = n(E) f(x) and

® [l we <=

Define the Hilbert space h2 similarly for o-n, and define



V from h to h, by (Vf)(x) = £(a 'x) for all f ¢ h, —and all

x €8 . Clearly V maps hl unitarily onto h2

The unitary representation [l of § induced by m (and )

is defined by ([I(y) £)(x) = (l\(x,y))i f(xy) for all x, y € S and

all f ¢ h1 ., The unitary representation of S induced by o-.m

{denoted Ua) is defined by (Ha(y) f){x) = (l(aulx.anly))a {{xy)

for all x, y € S and all f € h2 . Now for all f € h1 we have

(Ve Ty) £ = @y) D@ 0 = de ty) D tx
b f

- 0w ke tyn @ Yxy)) .

On the other hand,

V() = (A Yxa Yy Eeve oy

3

(H(n)

- 06 ko vn? te ey
Hence, for all vy € §, V({a:ID(y)) = (ﬂa(y)) Vv, and the proposition
is proved.

Let F be a closed, normal subgroup of a solvable Lie group S .
We shall use % to denote the dual of F (in the sense of [14]).
When we speak of the Borel structure on ?, we shall mean that defined
by Mackey in [14]. If p € ?. then for all s € S, s:p € ? .  Thus
5 operates as a transformation group on ? . We shall refer to this
action of S on 9 as the action of S on 9 .

Finally, we shall use the following notation:

R = the real numbers,
T = the circle group.
Z = the integers.

the complex numbers.

e
il
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CHAPTER V., THE MACKEY OBSTRUCTION

Let S be a solvable Lie group, and let N be the nil-radical

A
of S . Choose an element p € N, and let F be the subgroup of S

leaving p fixed. Now the map S X @ —_ @ defining the action of S

on Q is at least a Borel function of each variable separately, and

since N 1s nilpotent (and hence ([5]) ts type I), @ is a standard

Borel space. Therefore we can invoke theorem 7.2 of [14] to conclude

that F 18 a ciosed subgroup of S . Because N ? F, F is also a

normal subgroup of S . We know (cf. theorem 8,1 of [15]) that there
exists some element gq of ? such that the restriction of q to N
is a multiple of p . We propose now to find the obstruction to the
existence of a q whose restriction to N 1is precisely p . This
problem was first solved (in a much more general setting) by G. W.
Mackey (cf. theorem 8.2 of [15]), and, to be precise, what we shall
do here 1s to show that Mackey's result, for the situation described

*
above, has a useful interpretation in terms of the action of ad §

*
on S . The basic idea of what we are about to do appears in chap-
ter 4 of [3]. and our object here is to fill in several gaps that occur

in the previous exposition, In the course of the computation, we shall

have to use an enlarged version of the almost algebraic hull of §

.

In order not to interrupt our development of the main points of our
discussion, we shall prove the existence of this group now:

1. Lemma: Let S be a solvable Lie group, and let §# denocte

the algebraic hull of ad(S) . Then there exists a unique Lie group

#

G containing S as a closed, normal subgroup such that ad_ G = S

-

and such that G and S have the same center.



Proof: let T be a maximal completely reducible subgroup of

#
S . T consists of automorphisms of & because the automorphism group

of S 1s algebraic and contains ad(8) . Since S is simply connected,

we can view T as a group of automorphisma of S . Thus we can form the

semi-direct product T-5 . Let Z be a closed subgroup of the center of

T-S complementary to the center of S . Then G 1is the universal cover-

ing group of (T-§)/§ . The proof that G 1is uniquely defined by the

properties in the statement of the lemma follows from the uniqueness of

the almost algebraic hull A(S8) of S . Since we sholl not need the

uniqueness of G. we shall not go into further detalls here.

Several remarks should be made about G . First, G is the min-

imal Lie group containing 8 such that ad(g) is algebraic. Second,

(6.6] = [s,s]. and G and A(S) have the same nil-radical. BHoth re-

marks are immediate consequences of the analogous assertions about al-

gebraic hulls of linear groups.

2. Definition: The group G defined in lemma 1 will be called

the ad-algebraic hull of 8§

3. Lemma: let S be a solvable Lie group, let R be any conhect-

*
ed, normal subgroup of S, let @ € R, and let H be subordinate to

¢ . Then (in the notation established in IV) we have that for all s ¢ S,

-1 *
(5.1) s - (R(@,H)) = R((ad_ s) o, (ad, ) H) .
Proof: This is proposition IV.4 for the special case where ¢
is the automorphism r —> g r s-l of R .

4. Corollary: Let N be a nilpotent, connected, normal subgroup of

* * A
a solvable Lie group S, and let x: N /ad N —=> N be the Kirillov
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* *
correspondence (theorem IV.1). For all s € S and all {1 € N /ad N,
*®
s-{1 will denote [(adN 3)p: @ € Q} ., Then #(s (1) = g.x{{l) — 1in other

* *
words, MK 1is equivariant with respect to the action of S on N /ad N

A
and N
Let S be a solvable Lie group, and let N be any connected,
A
nilpotent subgroup of S that contains [S.§] . Let f €N, and as-

sume that f is a fixed point for the action of S on Q . By

*
Kirillov's theorem, we can choose ¢ € N so that for all H € max{(y),

* x
f = N(p,H) . By corollary 4, ad S leaves the orbit (ad N)p 1in-

z

variant, and hence S 1is generated by N and the subgroup I of §

leaving ¢ 1invariant. Consequently there is a vector subspace V of
S complementary to N and satisfying w([V,N]) = 0. Llet T: S — §/N
be the natural map, and let o: SN = V be the linear map such that 7T-:¢

is the identity map on S/N . We define a bi-linear form o on §/N by

(5.2) (X, Y) = ~ @ [0 X, o ¥Y])
for all X € 8/N and Y € §/N , Using o, we can define a Lie algebra
structure on ;E'% (S/N) by setting [(r,X), (s.Y)] = (a(X,Y),0) for all
(r.X) and (s,Y) 1in 52’9 (S/N) . Let §Q denote this Lie algebra,
and let a denote the cohomclogy class in HZ(S/N.'E) corresponding
to the extension 0 —> R — ¥ — /N — 0

In what follows, we shall want to view a as lying in
H2(S/N. z3), where zS 1is the center of S . zS8, however, may bhe zero,
and for that reason we shall enlarge S in a trivial fashion so that it
does have a center. Set S = S® R z and set N = N® R z where

(2,8] = 0, by definition. Now define ﬁM on N by @”(x,tz) =

p(x) + t for x e N and t e R . Clearly N(p,H) is the restriction
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of gw(ﬁu,ﬂ<® B;) to N (cf. proposition IV.2). Furthermore, for
all unitary representations 1 1in the class ﬁw(bw,ﬂ C>£?), m{tz) =
{exp 2rrit)I, I Dbeing the identity.
Since S /N = S/N, we can define B(X,Y) = a(X,Y)z for all
X, Ye S /N . B defines an extension
B

(5.3) 0 —> Rz —> (S

s
=

—> §/N —> 0 ,
Taking the Baer product of the extension (5.3) by the extension
0 —>N —> 5§ —>8/§N—>0, we get an extension

(5.4) 0 —> N —> (s"“)B —> $/N —> 0

e

It follows from (5,2) that (Sy) contains a vector subspace V com—

g
plementary to N such that m”([ﬁ”.(é”)ﬂj) =0,

let us assume, for the moment, that ¢M admits an extension ¥

to a linear functional on S such that exl(¥) # B . Now ohserve that

in the algorithm (III.9), it was ad[s S]§ that determined whether

e~1(¥) was non-empty — in other words, it is the non-zero roots of S

*
that can cause trouble, It follows that if, for all ¥ € S such that

~ & ~ ~
WIN = @, exl(y) £ B, then for all ¥ ¢ (S )B such that t!N =9,

exli(¥) £ D .

~

Now fix an element ¥ € (SB

H € exl(¥y) . By construction there is a subspace V” of (éM)B such

x Pt —~
) such that *]N = , and let

that t([ﬁw,(éu)sj) - 0, and hence, since V  necessarily lies in H,
we have (SN)B =HN . Let I be the subgroup of (SN)B leaving ¢
fixed. Then (S )5 =1NK andso (S)B/I =N/N NI . (Also NN I
is the subgroup of gv leaving dv fixed). Since H € exl1(y),

dim(H) = dim(S )y - 3 dim((§),/D) = dim(s g - 4 dim(N /NN D),
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and hence dim(HN N ) = dim(ﬁm) - 3 dim(§~7§~h I), which means that
HN N ¢ max(¢w) . We now apply Kirillov's thecrem (IV.1) and proposi-
tion IV.2 to conclude that [(g.“)a(*.u)]lg = N(p,HN N) = f . Thus the
group extension corresponding te (5.3) can be thought of as the obstruc-

tion to extending f from N to S . This obstruction 1is a class

a € H2(S/N. R) . The original form in which the obstruction occurs
2
(in theorem B.2 of [15]) is as a class 5' € H (§/§. I), where T 1is

the circle group., The relation between a and a' can be seen as fol-

lows:

let H € exl(y), as it was above. Then Rz ¢ H, where 2z |is

o~ -

the central element adjoined to § toget S8 , Let =z be the element

of the center of S  whose logarithm 18 2z . Then the character X of

H determined by @V {as in (4.1)) annihilates (:1)n for all n € Z .

Since z 1is central in (?w)ﬁ. it follows that the unitary representa-

tion f = (SM)B(¢.H) induced by X also annihilates (E)n for all

—~

nez. Hence f determines a unitary representation f' of g =
(§M)B/f(5)n: ne ;} . f' 1is what Mackey would call a (-B)-representa-
tion of §, and f'|§ = f . It follows that a' = —E*(g), where

E: g —_ l; takes t onto (exp(2nit)) and E*: H2(§/§.'§) ——
H2(§/§.:£) is the induced map.

We have yet to consider the case where there is no ¥ ¢ (SN)*
such that v‘ﬁv = @M and ex1(y) £ & . It is here that we make use of
the ad-algebraic hull (lemma 1) of § . Actually we shall consider the
following more general situation:

let S and N remain as above, but instead of choosing f ¢ Q

N
so that S-f = f, let f be any element of N . Let
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F = {x € S: x-f = f} . As we have seen, F 1is a closed subgroup of S

containing N (and hence normal in §). However, F need not be con-

nected, and even if, by some chance, F 1s connected, there need be no

¥y e F‘r such that exl(y) # 6 and f M((ad*y)(th)) . Thus our pre-

1t

vious analysis does not apply teo the triple (F.N,f)
Let G be the ad-algebraic hull of S (lemma 1), and let ¢ be

* *
an element of N such that nx((ad §)@) = f . Since [g.g]

[s.s]c N,
f} =

* * *
fx e g:(adN x) ({ad g)m) = (ad g)w} . Now since N 1s a nilpotent Lie

N 1is a normal subgroup of G . By corollary 4, {x € G: xf

* *
group. ad N is an algebraic group. Hence (ad N)p 1is an algebraic

variety. Furthermore ad_ G 18, by construction, an algebraic group.

1'Z =

*
Hence, tf K = Ix e G: xf = f}, then adN K, which is precisely the

* - x
subgroup of adN G leaving the algebraic variety (ad g)w invariant,

must be an algebraic group.

Let zG be the center of G, and let Z be a closed subgroup

of zG complementary to the identity component of zG . Set K' = 5/?.
Then K' and adN K' have the same number of connected components.
Since adN g‘ = adN K is algebraic, it foliows that g' has at most

finitely many connected components and that K' 1is almost algebraic,

Applying the main theorem of (16], we conclude that if T-M is a Malcev

decompesition for K', then T = C X R, where 9 is compact and where

for all r € R, the elgenvalues of aer are all real. Since {¢o}
- *
is itself an algebraic variety, and since N and {x ¢ G:(adN )9 = o}
. X
span K, 1t follows that we can choose T so that (adN T)p = ¢ . We

remark that since T has only finitely many components, R 1is necess-

arily connected.
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R'M being of exponential type, exl(y) # 8 for all ¥ ¢ (R-M)*.
Thus our first computation of the obstruction can be applied to compute
the obstruction a € Hz((g-y)/y. g) to extending f from N to R-M.

We now make the crucial observation: that, because C 1is a compact,

abelian Lie group, the restriction map, res, is an isomorphism from
HZ(E'/§,,E) onto Hz((B-M)/§. R), and thus res_l(g) is a single ele-
2 .
ment of H (K'/N, R) .
We know from theorem 8.2 of [15] that there is some extension

(5.5) 1 —> N > K L K'/N —> 1

such that (5.5) is the Baer product of the extension 1 —> N — 5' —

K'/N —> 1 by an element b of H2(§'/§.’5) and such that f extends

~— “1
from N to K . But then { extends from N to A ((R-M)/N), and
hence it follows from our previous computation that res(?) = a; that
-1

is, res (a) 1is the obstruction to extending f from N to g’ .
Let p: K/N —> K'/R be the natural map (with kernel 2Z), and let

i1: F/N —> K’N be the inclusion map. It is now clear that

* * -
({1 o p o res 1)(5) is the obstruction to extending f from N to

F. where the asterisk denotes the induced map on cohomology.
5. Definition: Let E: R —> T be the map E: t —> exp(2it),
2 2
and let E_: H (§/§. R) —> H (ng. T) be the induced map. Then

* * -1
-(E* ol o p o res )(g) will be called the Mackey obstruction at

* * -
f in F . The class (1 o p ¢ res 1)(9) will be called the real

cover of the Mackey obstruction at f in F

Remarks: (1) It 1s important that the Mackey obstruction at

f in F can be computed just by knowing the action of S8 on S*

(2) Let us return, for a moment, to the computation of the real

cover a of the Mackey obstruction at f in R'M . Because
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o([R, R-M])

il

0 and adM R 1is completely reducible, we can choose a

—

vector subspace V 1in M such that

(a) V 1is complementary to N,

(v) [v,R] = 0, and

(¢} o(v,ND =0.

Thus a is completely determined by the behaviour of ¢ on M . In
fact, let O —> R —> L —-i—> M/N — 0 be the extension of M/N by
R determined by the bilinear form (X,Y) — o([X,¥Y]) on V . Then

a 1s the class of the extension

1xA

0 — R—"RYXL > R X M/N =—> O ,

As a corollary to the foregoing, we have:

6. Proposition: Let § be a solvable Lie group, let N be the
nil-radical of S, let o ¢ N*, and let H € max(p) . Then N(w,H)
can be extended to S if, and only if, there exists a subspace V of
S complementary to N and satisfying w({V,S]) = 0 . Furthemrmore,
such a subspace V exists if, and only if, for any ¥ € S* such that
#lN = . the restriction map carries the orbit (ad*§)i homeomor-

x®
phically onto (ad §)w .

Proof: The first assertion is an immediate consequence of

remark (2) and the computation of the Mackey obstruction at N{p,H) in

S . The second assertion is just proposition ITI.1l1
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CHAPTER VI, THE LITTLE GROUP THEOREM

Let S be a solvable Lie group, and let N be a connected,
nilpotent subgroup of S that contains [(s,s] . Let x e @, and let

F be the subgroup of S5 1leaving x fixed. Then g is a closed, nor-

mal subgroup of S, and §/F is isomorphic, as a Borel space, to S.x .
In fact, the map sf —> s8.x 13 a Borel isomorphism, and hence we can

view the action of § on S-.-x as being simple translation in S/F .

In particular, we see that there is a unique measure class C in S.x

that is invariant under the action of S .

Now let f be a unitary equivalence class of unitary represent-

ations of

In

We shall say that f lies over 3S.x if the restriction

of f to N 1is a multiple of the direct integral

r
J y duly) .,
5'x
where |4 lies in C . Theorem B,1 of [15] says that f lies over S-'x

1f, and only if, there 1s a unitary equivalence class g of unitary
representations of F such that g 1lies over x and f 1s induced
by g . Furthermore, f 139 type I (resp. irreducible) if, and only if,
g 1s type I (resp. irreducible). Mackey's little-group theorem
(theorem 8.3 of [15] and not to be confused with the subgroup theorem)
describes the unitary equivalence classes of unitary representations of

F lying over x . This description is given in terms of the Mackey

obstruction at x in F . Before proceeding with the statement of the

theorem, let us establish a convention, We shall use the term unitary

representation to mean either a unitary eguivalence class of unitary

representations or a single unitary representation, as the context demands.
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To begin with, we observe that if f 1is a unitary representa-
tion of F and f 1lies over x, then f annihilates the kernel of
x, and so it does no harm to assume (as we shall) that x 1is faith-

ful, Now since N is nilpotent, its center Z 1is connected and not

trivial, By Schur's theorem, the irreducibility of x implies that

x carries Z onto scalar multiplies of the identity. x being faith-

ful, it follows that Z 1is isomorphic to T . (Once ‘e factored out

the kernel of =x, N ceased to be simply connected). It is egasy to

see that since F 1leaves x fixed, F centralizes ? . Thus the

2
Mackey obstruction b at x in F 1is an element of H (F/N, Z2) .

2
Corresponding to the elements b and -b of H (F/§. Z) there

are extensions

(6.1) 1

v
oM
A
ry

> F/N —> 1 and

(6.2) 1 LA = F > F/N —> 1 .,

The Baer product of (6.2) with 1 —> N —=> F —> F/N —> 1 will

be denoted
(6.3) ] ~—> N —> F s F/N —> 1.
b
b
The Baer product 1 —> N —>F ® F ~—> F/N —> 1 of (6.1) by(6.3)

b

is isomorphic, as an extension, to 1 — N —> F ~— F/N — 1, and

this fact is the key to the little-group theorem.

b b
The group E- & F is defined as follows. let F * F be the
b - b
b b
set of all pairs (a .a,) in F X F such that X(a,) = )'(a,), and
b

let A be the subgroup of all pairs (z, -z), where z € Z . Then
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to denote a generic

b b
F ®F =(F *F )/ A. We shall use a ® a
- - - - - 1 2
b b
b
element of F ® F
P
b
Now let yl be a unitary representation of F , and let Yo be
b
a unitary representation of f . For all pairs (al,az) € f_ * f .
b b
* . = ® . f 1 € ,
define (y1 yz)(a1 az) yl(al) yz(az) If for al z /
y,(z) and y,(z) are scalars and vy (2) = y,(z). then y *y, de-
fines a unitary representation y1 & y2 of EP ® F .
b
N b
y nf F is sald to be

1 -

A unitary representation
A
We shall use (f/§.9)

1. Definition:

yl(z) = x(z) for all z ¢ Z
b A

yl in (E ) such that y1 is of class oOne.

with T,

of class one if

to denote the set of all
the class one condition becomes

(If we use x to identify Z

io 16
yl(e ) = e )
T R® F make the diagram

I
v
1

lLet 1i:

o

As we have already seer. (section V), there is ah element

~

x to g The

commutative.
~ /\ X
(F ) such that x 1is the restriction of

x in
b

little-group theorem usserts that, if we identify F with F ® F
b

then every unitary representation of F lying over

via the map i,
is a unitary representation of

x 1s of the form y & fM, where vy
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b
F  of class one. Furthermore y ® x is type I if, and only if, ¥y

is type I, and y® x € F if, and only if, y € (¥/N. b)

let us return now to the group S . Let M be the nil-radical

of S . A unitary representation f of § will be called accessible

~

if there exists some x € 9 such that f 1lies over x . Combining
the two theorems of Mackey we have just quoted, we see that in order
to determine whether S has any accessible, non-type I unitary rep-
b
resentations, it is endugh to determine whether any f- faills to be

type I, where F 1s the isotropy group of some x € @ and b 1is the

Mackey abstruction at x in F .

2, Definition: let 5 be a solvable Lie group. We shall call

§ 1isotropically type I if there are no accessible, non-type I uni-

tary representations of §
3. Theorem (C.C. Moore): Let S be a sclvable Lie group, Then

S 1is type I if, and only if, S 1is isotropically type I and every

primary (= factor) unitary representation of S 1is accessible,.

For a proof of Moore's theorem, see chapter 2 of f3]. theorem 3,

We shall also need a theorem of Moore on how S8 can fail to be iso-

tropically type I. However, since we have already established the no-
tation we need, we shall first derive a simple, but useful, corollary

to the little~group theorem.
b

lLet F, f_, x, etc, remaln as they were in the discussion of
the little-group theorem. Let K be a closed subgroup of F contain-

ing N, and let a be the Mackey obstruction at x in K . a, of

course, is the restriction ¢of b to g/N . We define K and K for

b a
the pair (5,9) just as E— and F were defined for (F,b)
b



A A
Let K(x) - {y ¢ K: y 1ies over x} . By the little-group

A A A A
theorem there is a bijection 1: (K/N, 5) ® x — K(x), where x 1is

A A
a fixed element of (K a) such that x 1s the restriction of x to
N . Since x extends to a unitary representation X of F , and
B “b
A
since K is a normal subgroup of F , we may assume that x 1s the
a b

restriction of iw to K

a

A A
We now observe that F/N acts on both K(x) and on (K/N, a)

To see the former, observe that for all s € F and all vy ¢ Q(x),

(S‘Y)IE = 3'(y|§) = a multiple of x, and hence F leaves g(x) in-
variant, Also, N acts trivially on 9 . Hence §/§ acts on @(x)
a b

Next observe that K is a normal subgroup of f- containing Z, and

b b
- - A
is central in F ., Thus F carries (5/5. 9) onto itself and g
b

A - A
acts trivially on (K/N, a) . Hence F /Z = F/N acts on (K/N, a)

4, Proposition (L. Auslander - unpublished): The map

A A A
y —» v ® x from (K/N. a) onto K(x) 1is equivariant with respect

M
to the action of f/§ —— that is, for all s € E/N. (s-y) ® x =

A
s+ (y @ x)
b

Proof: Let Sl & 52 be an element of F & F such that
b

3 ® s, lies in the coset s . Then, s.y = S,Y and s (y ® x) =

N I
(s1 ® 52)(y ® x) = (Sl-y) ® (sz-x) ., But x 1is invariant under the

A ~
action of f ., because x 1is the restriction of x to K . Hence
b Ta

A .
(sl'y) ® (Sz'x) = (sl-y) ® x, and the proposition is proved.

One might remark that proposition 4 is true under precisely the

40
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same hypotheses as theorem B,3 of [15]; the proposition has nothing to
do with whether F is a closed subgroup of a sclvable Lie group.

We end this section with a theorem of C. C. Moore that enables
one to apply Mackey's little-group method to determining when a given
solvable Lie group S is isotropically type I,

5, Theorem (C.C. Moore): Let 8 be a solvable Lie group, and let
§ be the nil-radical of § . Then s is isotropically type I if, and
only if, for each x € 9 the following conditions hold:

let F={s¢€ S s:x = x] = the isotropy group of x in S, and

- - T b
let b be the Mackey obstruction at x in F . Let 1 —» T — F —>

F/N —> 1 be the extension corresponding to b . Observe that, whether
t
or not 8§ 1s isotropically type I, F/N = RS X Z for some integers
- - - = A b
s and t . let Z be the center of the identity component (F—)0 of
b b
F , and let M be the centralizer of Z in F . Then:

(a) Z must contain a discrete subgroup |° such that [° is a nor-
b

mal subgroup of f- and such that Z/I' is compact.
b
- c
(b) The extension 1 —> (E )0 —— M— 7 — 1 must split.

This theorem is proved in section 6 of chapter 5 of f3]. One

should notice what the theorem does not say. The theorem does not give
b
a necessary coendition for the group f- to be type I . Rather, the

theorem gives a necessary condition that a certain family of groups of
b

the form of f- be type I. Consider the following example. Define

2 2
. i - -
o %; x Z g, by a((ml,nl),(mz.n2)) exp(ini(m1+n1 (m2+n2))),
and define a group structure on K = T X 22 by

(exp(19), (ml.nl))(exp(itp). (m2.n2)) =

(exp(1(B+9)) a((ml.n ), (mz'“z))' (m_+m ,n1+n2)) .

1 1 2
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K 1is not abelian and the extension

A
1 —>T —> K ——>z° —> 1

~

- 2 2
1(2 Z) . Then K' 1is equal to T X 22

-
-~

A

il

is not split. Let K’
as group and every irreducible unitary representation of K lies over
some element of (K') . It follows from the little~group theorem
that K 1s type I.

The reason that K does not const'tute a counter-example to
theorem 5 i3 that if, instead of q((ml,nl).(mz,n2)) =
exp(éﬁi(m1+nl ~ (m2+n2))). we took ah((ml.nl),(m2.n2)) =

exp(hni(m1+n (m2+n2))). where A 19 an irrational number, then the

-
correspcnding K would not be type I, and in theorem 5, the gquantifier

"for each x'' would force @, to occur if o occurred,
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CHAPTER VII. A CHARACTERIZATION OF TYPE I-NESS

Let § be a solvable Lie group, and let X be a Borel space on
which S acts as a Borel transformation group (see [3], chapter 1). A
quasi-orbit for S in X 1is a measure class C in X such that C
is invariant and ergodic under the action of S . A quasi-orbit that is
not concentrated on an orbit of S 1s called non-transitive. We shall
usually identify, by abuse of language, a transitive quasi-orbit with
the orbit on which it is concentrated.

Now let N be the nil-radical of S, and let f be a primary
unitary representation of S . Then (cf. [15]), section B) there is a

A
unique quasi-orbit € for S 1n N such that the restriction of f§

to N is a multiple of the direct integral f x du{x), where L € C
We shall say that f lies over C . This agrées with the terminology
introduced in the preceding section, where only accessible f's ~—
those lying over orhits — were considered. In case there are no non-
transitive quasi-orbits for S in @. the results of Mackey and Moore
stated in section VI (comblned with the computation of the obstruction
given in section V) yield an algorithm for determining when § is type
I. The object of this section is to investigate what happens when there
are non-transitive quasi~-orbits for S 1in Q . We begin by proving a

slight strengthening of a special case of a localization procedure due
to C. C. Moore,

1. Theorem (L. Auslander - unpublished): Let S be a solvable Lie
group, and let C be a quasi-orbit of S in the dual ﬁ of the nil-

radical N of S . Then there is a closed subgroup F of S that is
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the isotropy group in S of C - almost every point in 9, and for
C - &£lmost every y € Q whose isotropy group in S 1is F, the Mackey

obstruction at y in F 1s the same., Moreover, if G 1is the ad-
algebraic hull of S (lemma V.1), then there is some point x 1in @

such that € 1s concentrated on the orbit G-x

* » A
Proof: Let ®#: N /ad N —=> N be the Kirillov correspondence

(for which, see theorem IV.,1). We have already seen that #» 1s equi-

* »
variant with respect to the action of G on N /ad N and on Q (cf.

corollary V.4). Furthermore, # 1s a Borel isomorphism. (This is
probably well known and, even if it is not, 1t is easily proved using

x  ®
induction and theorem 7 of chapter 2 of [3]). Thus N /adN G and

A
N/G are isomorphic as Borel spaces, Now ad G 1is an algebraic group,

12 *

*
and hence the orbits of G in N are 06'5 . (A G6 is the inter-

gsection of a countably family of open sets., The orbits of G are

-

actually closed subsets of the complement of an algebraic manifold),

| 3
Hence, by theorem 1 of Glimm [8] (or see Effros [7]), N /ad_ G is a

'z »

standard Borel space., Conseguently, every quasi-orbit of S in Q

must be concentrated on an orbit of G .

A
Now let C be a quasi-orbit of § in N and choose x ¢ Q

so that € 18 concentrated on G-x . The isotropy group H of x in

G 13 a closed subgroup of g containing N . Thus H 1is a normal

subgroup of g, and it follows that H is the isotropy group at g.x

in G forall g€ G . Thus F =H M S 1is the isotropy group in §

A
for T - almost every point of N . let a be the Mackey obstruction

at x in H . Because g/g is abelian, a 1s the obstruction at

g'x in H for all g e G . Hence the restriction b of a to F/N
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A
is the obstruction in F at C - almost every point of N

We shall refer to F as the isotropy group of C in 8§ and

shall refer to P as the Mackey obstruction at C in F .,

2., Theorem: Let S be an isotropically type I, solvable Lie

group. Then the following conditions are equivalent:

(1) S 1s type I.
* *
(2) ad S has no non-transitive quasi-orbits in § |
* *
(3 S /ad § 1is a TO ~ topological space.
* *
(4) S /ad 8 is a standard Borel space.
®
(5) Every orbit of § in § is a @G

- 6
grggﬁz The equivalence of (2), (3), (4), and (5) is proved by
J. Glimm in theorem 1 of [8]. We shall complete the proof by showing
that (1) and (5) are equivalent, The proof is an application of the
full strength of theorem 3 of chapter 2 of [3]7 and uses Glimm's theorem

(8].

N
et C be a non-transitive quasi-orbit of S5 1in the dual N

of the nil-radical N of §, let 9 be the ad-algebraic hull of §,

and let x be an element of @ such that € 1is concentrated on G-x

let K be a maximal connected subgroup of S such that K-.x = x and
such that x extends to K . Set @(x) = [y € Q: yly = g+x for some

g € 9], and let r; g(x) -—> G-x be the restriction map. The content
of theorems 3 and B of chapter 2 of [3] is that there is a non-type I,

primary unitary representation of S lying over C 1if, and only if,

A
there is a non-transitive quasi-orbit C' in K(x) such that r car-

ries C' onto C

Let K*(x) =y ¢ K*: §(i|N. H) = g-x for socme H € max($|N)
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and some g € g} . We shall now demonstrate the existence of a Borel
i somorphi sm i from K*(x)/ad*g onto g(x) . (This isomorphism will
allow us to compare the action of S on K‘(x) with the action of S
on g(x).) let ¢ be an element of N* such that x = N(y,H) for all
H ¢ max(yw) . Because x extends to K, we know from proposition V,6
that there is a subspace V of K complementary to N such that
o([V.K]) = 0. For every ¥ € K*(x) such that th = ¢, define a
character x* of K as follows:

Let ¥: K/N —> R be the linear functional on K/N defined by

#]v . Define x: K/'N —>T by

A

X (exp(k)) = exp(2mi ¥(k)) ,

and define ¥ to be the inflation of ¥ to 5 .

¥
A - A
Now fix an element x € r (x) . Define iy = X* ® x for all

&*
¥ ¢ K (x) such that ilN = ¢ . (By the lit*tle-group theorem, every ele-

-1 A
ment of r (x) is of the form ® x ,) We would now like to be

X
¥
able to define

g
Xy

*
for all g € G and all ¥ € K (x) such that th = ¢ . The only ques-

. * A
(7.1) i ((ady g) ¥) @ x)

tion is whether 1 1s well-defined. Let H be the subgroup of G

L)
leaving ¥ fixed. (Since (¥} 1is an algebraic variety, adK H* is
algebraic). It follows from proposition VI.4 that if h € H, then
¥

A A *
h-(x* ® %) = xv ® x, which is precisely the statement that 1i: K (x) -

AN
g(x) is well-defined. It follows from lemma V.3 and the little-group

theorem that 1 1s surjective, and it is clear from (7.1) that for all
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¥ € K*(x). 1(ad*K)t) = 1(y) for all k € K . Hence 1 defines a map
i: K*(x)/ad*g — g(x) . We shall now prove that i is a Borel iso-
morphism.

First let us show that { 1is injective. Let § and & be ele-

*

ments of K (x) such that iy 18 ., We must show that for some k € K,
*

¥ = (ad K)O . We may assume that #IN = . Then (i*)'g = x, and so

(19)]N = x . Thus, by theorem IV.1l, there is some n € N such that if

»
8' = (adK n)8, then 9'|N =@ . Now by the little-group theorem,
A A .
iy = x* ® x can equal 18’ = Xg ® x only 1f tlv = 8'lv . Thus
* - -
(adx n)d = 6" =¥, so 1 18 injective. That 1 1is a Borel isomorphism

follows immediately from theorem 7 of chapter 2 of [3].
It follows from (7.1) that i 1s equivariant with respect to the
* * Q
action of G on K (x)/ad K and on (x) . Hence S has a non-trans-
A

itive quasi-orbit in E(x) if, and only if, S has a non-transitive
*

quasi-orbit in K (x), and by Glimm's theorem S has a non-transitive
* *

gquasi-orbit in K (x) if, and only if, for some ¥ € K (x}, the orbit

x
(adK S}y 1is not a 05 . By definition, K contains a maximal totally

isotropic (= self-orthogonal) subspace for the bilinear form (X,Y) —>

*
v([X.Y]) on S . Hence, by proposition III.12, (ad, S)y is a Gy in

* * *
K (x) if, and only 1f, for every ¥' € § such that t’IK = §, (ad S)¥

*
is a G6 in S . This completes the proof of the theorem.

let S and N remain as in theorem 2, Every quasi-orbit of §

A »* *
in N 1s an orbit if, and only if, N /ad § is a standard Borel space.

* *
Ideally one would like to have that N /ad § 1is a standard Borel space

* *
if, and only if S /ad § 138 a standard Borel space. Unfortunately this
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ia false. The following example shows what can happen.

3.

erators

Example: let N be the abelian Lie algebra on the elght gen-

' ' , ' ) ) . W_ . t t th olvable
Xl Yl X2 Y2 Ks Y3 Wl 2 In order to ge e s a

Lie algebra S that we want, we add three generators Tl' T T sat-

2’ "3

isfying the following relations:

where

ard Borel space.

radical

(), x3=-2ry, [T, v,]=2nx,
[’rz. x2] = - 2ny,, [Tz. Y2] = 2MX,,
(1, X3 =- 2mv,, [7, v,]=2nx,,
[Ty X3 = Xy, (T, vyl = v,
[T, w1 = w, r,, w, 1= w,,
(Tl. T,] = W,
% 1is any irrational number,
* *
Assertion: S is type 1 even though N /adN S is not a stand-~
et us begin by computing A(S) . A(S) 1is obtained from
S by adding three generators Ti, Té and Té with relations
(T}, X,1 = - 2n vy, ['rl, Y, )= 2n X, .
‘l = = 2mA ' '- 4 = )
['r2 xzj v, {r &2] 2 US
f'ra, x3] = - 21 Y, ['rs. Y3] = 2 X,
L} — L]
= T - " = - ! = - ! R -
1 'I‘1 U2 T2 T2 and U3 T3 T3 Then the nil
M of A(S) 1s spanned by Ul' U2. U3' and N .

*
Because N is abelian, g can be identified with N .
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* *
W2 denote the basis of N dual to

the given basis of N . In order to simplify our computations we shall

*
adopt the notational convention that ( Z will denote the expressicn

3 3

* *
- h , i
(RE(CJ) Im(gj)xJ + (Re(( ) + Im(gj))YJ, where QJ €eC Re(CJ) 3

3
the real part of QJ. Im(CJ) is the imaginary part of Cj’ and
j < 3.
t = 2.zt W W' . The orbit (ad. S)
= w w . e or a
Let @ = 12) + 02y *+ [g25 ¢ W + %%, N 279
consists of all polnts of the form
* *
(7.2) exp(2ni tl)glz1 + exp(2mi A tz)gzz2 +

»
¥ exp(t1 + 2ni ta)g323 +

* *
w w w
+ (wl + (tl + t2) 2)W1 + Mo

~

where each tj traces R . The order of proof will be as follows: we
will first check that S 1s isotropically type I; we will then prove

* ‘ L1) " * * re "
that N /ad § 1s not 'smooth but 8§ /ad 8§ 13 smooth .

(1) let F(v) denote the subgroup of S leaving o fixed. If

w(wz) # 0 — that is, 1f w, # 0 — then F(9)/N 1is either R T3 or

RAS

2 2
T3 . Since H (R, RY = H'(Z, R) = 0, S 1is isotropically type I over

all orbits of points ¢ such that w(wz) £ 0 , Now [M,M] =RW whe re

2'
M 1is the nil-radical of A(S) . Hence, by remark (2) after the compu-
tation of the obstruction in section V, there are no obstructions at or-
bits of points ® such that @(wz) =0 . Hence S 1s isotropically

-~

type I.

(2) It 18 easy to see that unless w, £ 0, the orbit described

*
in (7.2) is a GG in N — in fact, these orbits are locally closed.
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Now suppose that w, £ 0 and ga #£ 0 . Then the orbit of ¢ wunder
A(S) s

*

(7.3) exp(2ri tl)C1 Z1

*
+ exp(2mi A tz)g2 Z

*
9t exp(t1 + 21t t3)C3 Z. +

3

) W W

+ (wl + (u1+u2) wz 1 + w2 o
*

Thus (adN A(S))p 1is a Gé . Let H(p) be the isotropy group of ¢ 1in

A(S) . Then H(g)/N = 1/A Z T'z 7z Té ® E(Ufuz) ® R U, - Also A(S)/H(y)

{l tn such a way that the action of

™
is homeomorphic to (adN A(S) )y
A(S) on (I corresponds to translation in A(S)/H(v) . It is easy to

see that H(p)S 1is a closed subgroup of 5(§); in fact, (ﬂ(@)§)/§ is

1 - 1 m L] + L] + —
g(T1 Tz) H 1/A % T2 ® g T3 ® 3,(”1 U2)

+ / ¥ 0 '
01A£U29§U30§(T2+U1)

It follows that §(§)/(§(m)§) is a standard Borel space, and hence §

Q.

has no non-~transitive quasi-orbits in é(§)/§(¢)

Now let us assume that CB = 0 and w, £ 0, It is clear that

*
(adN SXp «can fail to be a G only if both gl and C2 are non-zero.
- b

Once again, let H(@) be the isotropy group of ¢ in é(§), and let

(= (ady A(S))@ . Then H(®)/N 1s

ZT)®U/AZT,DRT, DRU-U)DRU

2 3

*
It is easy to see from (7,.3) that {1 1is a Gé in N and hence we can
identify Q with A(S)/H(p) . Now (H(p) S)/N is

' ® R(T!~T.) ® 1/A Z T! ' -
2T ORMITY ©1A 2T @ Ty Y (R © 2,

/
@1A5U2]@Ru3

[ ~

As can be seen by examining the bracketed subgroups, H(p)S 1s not closed
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in A(S) . Hence S has a non-transitive quasi-orbit in (i .
Now (H(p) N 8)/N = § T3 . Let @H be the linear functional on
RT, DN defined by ¢ (T,) = O and @ |¥ =@ . Also, the H(g ) be
the isotropy group of @M in 5(§) . Then g(du)/y is

1 / 1 T ‘-
gTI@l.A£T29£U33gT3

It follows that H(p )S 1s a closed subgroup of A(S), and hence S

* ~
has no non-transitive quasi-orbits in (adN A(S))p . It thus follows

from proposition II1.12 and theorem 1 of [8] that § has no non-trans-
itive quasi-orbits in S‘ . We have therefore shown that S 1is type I,
even though §/§ is not "smooth”,

The first example of a solvable Lie group S such that § 1is
type I and ﬁ/§ is not "smooth” was given by L. Auslander in chapter 3
of [3]. His example is much larger, and in his example the nil-radical
is non-abelian. The simpler example is a direct result of the insight
that the theorems 1 and 2 provide into the ways 1in which S can fail to
be type I.

The most striking fact about the example we just gave is that

A LA tr
N/A(S) 1is smooth . Thus one might hope to prove that S 1is type I if,

Al * *
and only if, S 1is isotropically type I and §/§(§) = N /adN §(§) is

"smooth'. Unfortunately, this is false, as the following counter example

shows:

let N be the abelian Lie algebra with generators xl,yl,x2 o

wl,w2 . In order to get S we add generators t1 and t with non-

'Y

zero brackets



[tl, x]=-2my . [tl. y 1= 20 x
[tz. x2] =~ 2my, , [tz, y2] = 2mx,
[tl' vil= v, o Lty vil= vy,

where A 1is an irrational number. Observe that S has a non-trans-
itive quasi-orbit in S*, and that 5(§) does not have a non-trans-
itive quasi-orbit in either S* or N* . Also, 5 Iis isotropically
tvpe I. This example is due to L. Auslander ([3], chapter 3).

We have shown elsewhere that if 5(§) does maltreat @ badly

enough, then § 1s not type I,

52
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A
CHAPTER VIII, COMPUTING S

Throughout this section S will denote a solvable Lie group
with the following two properties:

*
(1) § has no non-transitive quasi-orbits in §

(i1) 1f o € S*, then exl(p) # @ . (For the definition of exl(yp),
see III1.1).
Our objective is to generalize Kirillov's theorem (theorem IV.1)
so that it applies to § . There are several problems involved. First,
we do not assume that § is type I, and hence we do not really know
what g is — 1in other words, we lack a completeness theorem that tells
us when we have found all of g; the best we can do is to use the little-

group theorem (section VI), which applies here because every element of

A
S 1is accessible, by assumption (i) on S . The other major problem is

*
that given @ € S and H € exl{(yp), we will not generally have
A
S(p,H) € S . (For the notation used here, see section IV.) As a con-
g * *
sequence, one cannot, in general, identify with S5 7ad S, as in

Kirillov's theorem —— even when S 1is type I.

1. Lemma: Let S have properties (i), ({(ii), let N be the nil-

A A
radical of S, let y € S, and choose x in N so that y lies over

the orbit 8-x . Let 5 be a connected subgroup of S such that

N g 5 and 5 is a maximal connected subgroup of 8 to which x ex-

A
tends. Then there exists z € 5 such that y 1lies over the orbit S:-z .

Proof: Let G be the ad-algebraic hull of S (for which, see

*
lemma V.1), and choose ¢ € N so that x = N(p,H), where H € max(p)

)

We shall use @(x) to denote f{x ¢ @: iwly = g'x for some g € G},
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* * *
and we shall use K (x) to denote [y € K : t[N = (adN g)y for some

g € g] . We proved, in the course of proving theorem VII.2, that S
has a non-transitive quasi-orbit in g(x) if, and only 1f, § has a
non-transitive quasi-orbit in K*(x). and we slso showed that S has

a non-transitive quasi-orbit in K‘(x) if, and only if, S has a non-
transitive quasi-orbit in [y ¢ S.: t|K € K‘(x)] . It thus follows from
assumption (1) on S that S has no non-transitive quasi-orbits in
g(x) . Since y 1lies over a quasi-orbit of S in g(x). the lemma 1is
therefore proved.

2. Definition; Once again, let N be the nil-radical of Let

1tn

p €8S, choose r in ﬁ so that p lies over S'r, and let K be a

1in>

maximal connected subgroup of S to which r extends. Let q be an-

A
other element of S that lies over S-r . We shall call p and gq

Q-equivalent if p and g both lie over the same orbit of S 1in Q

In order for definition 2 to make sense, we must show that the
choice of K does not matter. (In general, there is no unique maximal
connected subgroup of § to which r extends; cf. propositions III.1l1
and vV.6.) The following lemms is what we need.

3. Lemma: {(Notation as in definition 2.) Let ¢ Dbe an element of

*
N such that r = N(p,H), where H ¢ max(p), and let F be the iden-
tity component of the subgroup of S leaving r fixed.

*®
(i) Let @' be an element of F whose restriction to N 1is ¢

Then for all L in exl(p'), we shall have F(p',L) ¢ ? .

A
(ii) Every element of F 1lying over r 1is of the form E(w',L) for

*
some @' in F whose restriction to N 18 ¢, and some L € exl(p')

(i11) Let R ={x ¢ @([x,F]) = 0}, and let E = RN . Then for

F:
A
each element r' of E

lying over r, there is precisely one element
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r"'  of ? lying over r'
Before proving lemma 3, let us make some remarks:
First, the lemma does imply that Q-equivalence is well-defined.
let p and q be two elements of g which are Q-equivalent with res-
pect K . (See definition 2 for the notation.) Let S-r be the

orbit of § 1in ? over which both p and q 1lie, By propositions

IV.2 and V.6, r = 5(*|K.L) for some § € Ft and some L € exl{(p) .
Applying assertion (1) of the lemma, we have that f(*,L) - r € % .
It is easily seen that both p and gq 1lie over §-r‘ . The group F
is determined completely by p (or by q) and, in particular, has
nothing to do with the choice of K . Thus Q-equivalence is well-
defined.

The second remark to be made is that F(p',L) does not depend on
the choice of L ¢ exl{(y’') . Surprisingly, this turns out to be rather

complicated to prove. The proof is given as lemma 4, below.

Proof (of lemma 3): Let K = LN . By proposition IV.2, K(yp'|K,L)

r=>

€ Furthermore, by proposition Vvi.4, K 1is the subgroup of F

leaving 5(@"K.L) fixed. Now by the theorem on inducing by stages
(theorem 4.1 of [13]), F(p',L) 1is the representation of F induced
by g(w'|K.L). and by theorem 8.1 of [15] (see section VI), the repre-
sentation of F induced by K(9'|K,L) 1is irreducible. Thus F(9',L)
A
€ F and (i) is proved.
A

By the little-group theorem, every element of K that lies over

r 1is of the form X ® K(¢'[K,L), where x 1is a character of K that

vanishes on N . Thus (ii1) follows proposition [V.3 and the discussion

in the preceding paragraph.
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It remains to prove (iii). Choose a vector subspace V of F
complementary to N so that VN E 1s complementary to N in E and
so that w([V,N]) = 0D, As we saw in section V, the Mackey c¢bstruction

b at r in F is determined by the bilinear form

o(X,Y) = o([X,Y]D

on V . Thus the little-group EP (see formula 6.1) 1is a two-step nil-
b
potent group. let 7 be the center of F , Then there is a complement
b

W to Z in F and a basis X Y for W such that

1| 1!.' s' ,B
[xi.vi] £ 0 for all 1< s and [xi,YJ] =0 if 1 £ 3 . 1t follows

b

* g *
that if we let Z = {p'e (F) : ©' (W) = 0}, then 2 intersects each
b L4 .
orbit 1 of F in (F ) at precisely one point. The elements of Z
b
which correspond to unitary representations of F of class one form an

* *
affine subspace of % of codimension one in 2Z . (See ehapter VI for

the notion of class one-ness.) Now it 1s easy to see from the definition
b

of the group structure in F that E/N 1s a subspace of Z and is of

co-dimension one in 7 . Thus the restriction map defines a bijection

A A
from (F/N,b) onto (E/N, P|(§/§)) . By the little-group theorem,

this is precisely the statement that the restriction map defines u
bijection from the set of all r'" ¢ % that lie over r onto the set of
all r' € @ that restrict to r . This completes the proof of lemma 3,

Remark: The usefulness of the subgroup E was pointed out to
the author by L. Auslander. The previous formulation of lemma 3, (ii11)
involved K, not E, and was consliderably clumsler,

4. Lemma: Let F be a solvable Lie group, let N be the nil-

radical of F, and let ¢ be a linear functional on F such that

exl(p) 1s non-empty and such that F leaves N(w'N,H) fixed, where
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H ¢ max(¢|N) . Then for every H and K in exl(p), F(p,H) = F(p,K).

Proof: The case F = N is taken care of by Kirillov's theorem

(theorem IV.1). Let R = {x € F: m([x,F]) = 0}, and let E = R + N .
By part (iii) of lemma 3, there is precisely one element of ? lying
over E(mlE, HN E), and similarly precisely one element of ? lies
over g(le. KN E) . Furthermore, it is an immediate consequence of
the subgroup theorem (theorem 7.1 of [13]) that F(p,H) and F(9,K)
lie over E(mIE, HMN E) and E(mlE. KM E) . Hence we need only prove

that g(mlE, HN E) = g(wIE. KN E) . In other words, we are free to

assume that E = F. Now RC HDN K, and hence we have that F - HN =KN.

- -—— -~ —

The proof now proceeds by induction on the dimension of F/N .
let us assume, for the moment, that we have already verified the case
dim(F/N) = 1 . Also, let us assume that F 1s such that F/N is of
the minimal dimension for which the lemma has yet to be established. In
particular, dim(f/g) > 2.

let G be an 1deal in F such that N § G and dim(f/g) =1
By proposition IV.2, the restriction of F(9,H) to G is G(p|G,H N G),
and the restriction F(yp,K) to G 1is g(le, KM G) . Furthermore,
by the induction hypothesis, g(mlc, HO G) = g(mlc, KM G)Y . Now since
dim(f/§)2 2, every element of F 1lies in a co-dimension-one ideal of
F that contains N . It thus follows from the little-group theorem
that F(p,H) = F(p,K)

It thus remains to consider the case dim(F/N) = 1 . In this case
the proof is by induction on the dimension of F . The proof uses the

induction hypothesis to reduce the problem to the following speclal cases:

5. Lemma: Let A4 be the Lie algebra whose basis as a vector
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space 18 {t,x,y,z}] and whose bracket is defined by
tt,x] = x, [t,y]=-y, [x,¥]=z,
and all other brackets zero,
Let ¢ be the linear functional on A4 defined by o{(z) = 1, p(x) = 0,

p(y) = 0, and o(t) = 0 . Finally, let H =_§t(3‘5x5915z, and let

3
K3 = gt(D gyEQ g; . Then A (w,HB) = A (w,KS)
4 4
Proof: Define an automorphism o of A as follows:

a(t) -t, o(z) = z

ax) = -y, oy) - x .
Then @ o o =t and n(Hs) = K3 . Hence by proposition IV.4, 54(w,H3} =
54(@.K3)

6. Lemma: Let A6 be the Lie algebra whose basis is ft,wl,wz,vl.

v2.z} and whose bracket is defined by

[wl,vl] = [w2,v2] =z,

]

i}
[}
-]
<
+
<

ft.wlj aw_ - w2, [t,vl]

1

"

ft.wz] Wi+ oaw,, [t,v2] = -v_ - av_,

1
and all other brackets zero.
let @ be the linear functional on AG defined by 9(z) = 1 and

w(wl) = w(wz) = w(vl) = w(vz) = (t) = 0 . Finally, let H, = Rw_ @

4 A~z 1
Rw, P Rz ® Rt, and let K - Rv. ® Rv_, ® Rz ® Rt . Then A (p,H,)) =
= 2 Y = 4 VA | 2 = = "6 4
A (v,K))
6 4
Proof: Define an automorphism o of A as follows:

6
a(t) = -t, a(z) z
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i
1
<

a(wl) ALY a(wz)

w

a(vl) 1

i}
]

a(vz)

Observe that © o @ = ¢ and the G(H4) = K4 . Hence by proposition

V.4, A (@ H) = A (9.K)
6 6

Let us recall what is to he proved. o € F*, and H.X ¢ exl(y) .
We have assumed that dim(f/g) = 1 and that F = Hd = KN . We must
show that f(m.H) = f(w,K) . The proof is by induction on dim(f)
The assertion is clearly true for dim(f) < 2 . The induction has been

broken down into fiwve parts:

1. Reduction to the almost algebralc case: let A be the almost

algebratc hull of F . By lemma III.6, we can choose a Malcev decomp-

osition T'M for A so that ad_ T leaves @ fixed. Setting (T) =

I *

0O, we can view ¢ as a linear functional on A

Now since dim(F/N) = 1 and F = HN KN, T 1is contained in the

intersection of the algebraic hulls of adF H and adF K . Therefore
[T+H, T+H ] < [H,H] and [T+K, T+K] § [K.Ki, and in p;rticular, T+H
and T+K are gsubalgebras of A subordinate to ¢ . It follows easily
that both T+H and T+K 1lie in ex1(p) . Applying proposition IV.2,
we see that the restriction of A(p,T+H) to F 1is F(p,H), and the
restriction of A(p,T+K) to F is F(p,K) . Thus we need only prove
the following assertion:

Assertion: §(¢,T+H) = A(9,T+K)

2. Reduction to "trivial" center: [t Z be the center of the nil-

radical M of A, and let ZO ={z e 2z pl(z) = 0} . 4 is easily seen
0

to lie in the intersection of the kernels of 5(w,T+H) and §(¢,T+K) .
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Furthermore, Z < (T+H) N (T+K) . since o([T,A]) = 0, [T,7 ] <z

O'
0

and hence if ZO were not equal to zerv, we could pass to é/g , in
0

which case the induction hypothesis would apply. Thus, if ZO £ 0, we

are done, Hence we shall assume that ZO = 0, or in other words, we

shall assume that dim(Z) = 1 and @(Z) £ 0 .,

3. Reduction by means of cperation II: According to lemma III.SB,

there is a minimal T-invariant subspace W of the nil-radical M of A
such that [M,W] = Z and [W.W] = 0 ., Let zM(W) be the centralizer
of W in M, and let A be the semi-direct product T-zM(W) . If
both H and K 1lle in AV, then, by the induction hypothesis,
5u(wlﬂw. T+H) = éw(wlﬁu. T+K) . It then follows from the theorem on in-
ducing by stages (theorem 4.1 of "13]) that ﬁ(w.T+H) = 5(w,T+K) .

We can assume, therefore, that X does not lie in Ku . We shall
show (momentarily) that there i3 an element L 1in exl(w) such that
L SVKV and such that A(v,L) = A(o,T+K) . Assume for the moment that
this has already been established., Then we would also have an element
L' in exl(p) such that L' C A and A(o,L') = A(p,T+K) . Arguing
as in the preceding paragraph, we see that A(p,L) = A(p,L') . Thus

A(p,T+H) must equal A(®,T+K) .

4, The construction of L: By assumption, K Z A

. Therefore,

since [T.K] E K, there is8 a non-zero, minimal T-invariant subspace V
of MMN X such that VN zM(W) = 0 . Since zM(W) is complemented in

M by a minimal T-invariant subspace, we must have M = V @ zM(W) .

[
b=]

particular, dim(V) = dim(w} .

—~

We define L to be the subalgebra T+(K N zM(W)) + W of A

It is easy to see that L € exl{(yp) . PFurthermore, because Vv < K and
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[v.,w] = Z, 1+V 1is a subalgebra of A . Set J = L+V . By the theorem
on inducing by stages (theorem 4.1 of [13]). g(wIJ,L) induces the uni-
tary representation §(¢-L) of A, and £(¢IJ. T+K) 1nduces the repre-

sentation é(m.T+K) of A . Hence we need only show that g(m,L) =

J(p,T+K) .
5. Reduction to lemmas 5 and 6; Let NJ be the nil-radical of 7J,
and let I = NJ NLMTTKN ker(p) . We shall now show that I 1is an ideal

in J . First observe that since L 1is subordinate to o, L N ker(yp)
is a subalgebra of L, and hence (LN ker(p)) N KN NJ is a subalgebra
of J . Also, since T ? L, [T.I] g I . Now let fw be the idealizer
of I in L . Since TC T, [r,1] - I . Furthermore, because I

Pt

is contained in the nil-radical of L, I £ I . But W is a minimal

~

T-invartant subspace of J and W®» I =L, Thus I =1L . It fol-
lows similarly that X 1dealizes I . Since J = I:+K, I must be an
ideal in J .

It follows that I 1lies in the intersection of the kernels of

J{(p,L) and J(p,T+K) . Therefore we shall assume that I = 0 — if

I were not zero, we could factor it from J , Now if J 1is actually
nilpotent, we are done (by Kirillov's theorem). Thus, we may assume

that J 1s not nilpotent. We remark that J =T®2W3®» V® Z, and

since J is not nilpotent, [T,W] =W and [T,v] = V. Since o([T,A])=
0, 1t follows that (W) = @(V) = 0 . Furthermore, @(T) = 0O by def-
inition, It is now easy to see that J must be isomorphic to A or

4

A6 in such a way that L corresponds to H3 or H4 and T+K cor-

responds to K3 or K, . Thus by lemmas 5 and 6, J(p,L) = J(p,T+K) .

This completes the proof of lemma 4,
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7. Definition: Let N be the nil-radical of S, let o € S*,
and let H € exl(yw) . Let F be the identity component of the sub-
group of S leaving §(¢|N, HN N) fixed, and let r = f(w!F, H) .
Then (] = [p € g: p lies over §-r] is a Q-equivalence class in 3 .
We define kw(w) =, It is clear that for all s € S, kw(ad*s)m)
also equals {I , Hence W defines a map # from S*/ad*§ into
g/Q, the latter being the space of all @Q-equivalence classes in g .

* *
8. Theorem: The map # is a bijection from S /ad S onto g/Q.

Proof: u 1s surjective by lemma 3 (ii). Let o and ¥

be linear functionals on S such that n((ad*§)¢) = n((ad*§)#) . Let
N be the nil-radical of S . Appealing to definition 2, we see that
we may assume that y(wlN. Hl) = §(¢|N, H2) for all H1 € max(mlN) .
Hence Kirillov's theorem (theorem IV.1) implies that there is some

8 € § such that (ad*s)wlN = t‘N . Henceforth, therefore, we shall

agssume that wIN = t!N .

This assumption implies that exl(yp) = exl(y¥) . Let K € exl{p).
* *
Then by definition of @, »n{({ad §)m) = n({ad §)¢) only 1if E(mIH,K) =

g(*'H.K). where I = KN . Combining the little-group theorem and

proposition IV,.3, we see that le = tlH . But by proposition TI1I.12,
* - *
if B € S and 9|H = wiH, then © ¢ (ad S)» . Hence ¥ € (ad S)op,
and we have shown that ® is injective. This completes the proof of
theorem B,
9, Example: One might well wonder whether every solvable Lie group
satisfying the hypotheses placed on S is necessarily type I. This ig

not the case. Let § be any solvable Lie group such that (i) for all

¥*
© eSS, exl(p) #8 and (ii) § contains a discrete central subgroup
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4 suck that S/A 1is type I. Then the results of this section will
apply to S, and, as has been shown by J. Dixmier (in [6]), not all
such groups S need be type I.
*
1G. Remark: In case (ad S)p 1is simply connected for all ¢ 1n
* * * g
S . k 1s actually a bijection between S /ad § and 5 . (Of course,
* *
in thisg case, S will be type 1, since by assumption S ‘ad S is a
standard Borel space.) This phenomenon will occur, in particular, when
S 1is of exponential type, in which case our result is just that of
Bernat ({471). It is relatively easy to construct an example of a solv-
able Lie group S such that
* *
(a) S ‘ad § 1s a standard Borel space;
* *
(b) for all @ € § , (ad §)w is simply connected;
(c) S is not of exponential type; and
L
(d) for all 9o € 5§ . exl(yp) £ 9
Thus this remark goes farther, in one sense, than Bernat's work. Bernat
and Pukanszky ([18]) have interesting resulits regarding max(yp), for
groups of exponential type.
11. Example: It is not true that the only solvable Lie groups S
satisfying the hypotheses imposed in this section have the property that
there is a discrete central subgroup A such that S/A 1is type I,

The following example shows what can happen:

X Y W_.W_,W_, V] . The

A basis for S will be [T .T,.X .Y, .X, Y, W W, W,

non-zero brackets among the basis elements are:

[V,w3] = wl
[T].xlj = -y, [Tl.vl] = X,
[r w1 = wo.o Irpml=v
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[T2'x2] =Yy [Tz‘Y2] = Xy

[T2.W3] = W,
let N3 be the subalgebra of S generated by TI'T2 and V; and let

L] L] b lw L} * h i
V7 be the subalgebra spanned by fxl.Yl x2 Yz Wl 2 Wa] Then S s
* *
semi-direct product Na-v7 . The reader can easlly verity that S “ad S
]

ig a standard Borel space; that for every ® € S , exl(p) £ 8 ; and

that there is no discrete central subgroup of § such that S§’A {is

type I. The subalgebra of S spanned by le.Tz.xl.Yl.xz.Yz, V} is

the example of Dixmier referred to above.
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A
CHAPTER IX, MORE ON S

let S be a solvable Lie group, A unitary representation p of

S 1is called a monomial If there 1s a closed subgroup H of S§ and a

character X of H such that p is the unitary representation of S

induced by X .

1. Theorem: let S be a solvable Lie group. Assume further that
S 1is type I and that for all o € S*. exl(yp) £ A . Then every irre-
ducible unitary representation of S 1is a monomial.

A A
Proof: let p € S, and choose r € N so that p 1lies over

the orbit S-r . Now choose @ € S‘ and H € exl(y) so that r =
§(m|N. HO N) and so that p 1llies over E(le.H). where K = HN

let F be the subgroup of S leaving E(le.H) fixed. Then, as we
saw in lemma VIII.3. E’E is discrete. Because S is type I, 1t fol-
lows from theorem VI.5 that there is no obstruction to extending r from
N to F

let G be the ad-algebraic hull of S, and let G be the sub-

P

group of G leaving ¢ invariant. Then adN G is algebraic, and
—~ -9

hence G =G N admits a semi-direct product decomposition (CXR)-M

@

such that (a) M 1s the nil-radical of gu, (b) adN C 1s compact,

and (c¢) R 1s a connected subgroup of g such that for all r € R,

adN r has only real eigenvalues and is completely reducible. By prop-

osition V.6, KC G ; in fact, since r extends from N to F, it
follows from the remarks following definition V.5 that F C G

Now G leaves m!K fixed, and H 1is the subgroup of K
¢
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leaving ¢|K fixed. Hence G normalizes H, and G H is a sub-
P P

group of du . Let X be the character of H defined by ¢ (cf. sec-

tion IV). Then by proposition V.6, X extends to a character of the

identity component (G H)O of G H . Furthermore, as we have just
¥ P
seen, the extension 1 — (G ﬂ)o —> G H— L -—>1 splits, Hence
? P
X extends to a character iw of G g . Let 5# = (g . g) n F, and
P P
# * ~ #

let ¥ be the character of H got by restricting X to H

A
It is easy to see that F = E#E and hence that F/K = H /H . Now

A
by the little-group theorem, there is an element q € F such that q
lies over K(mIK.d) and such that p 1is the unitary representation of

S induced by q . Let q0 be the unitary representation of f induced

#
by the character x# of H ., By the Mackey subgroup theorem ([13],sec-

tion 6), the restriction of q, to K 1is E(le.H) . Hence q, € 9

and gq = Xq ® 9, where xq 18 a character of F that vanishes on K

The theorem now follows from F’K = B#’E and from the theorem on induc-
ing tensor products (theorem 7.2 of [13]).

It seems reasonable that if 5 is type ! and every element of %
is a monomial, then exl(g) £ f for all @ € S* . We have, however,

heen unable to prove this, It is easy to construct a solvable Lie group

A
8 such that the only monomials in S are the characters of §; the

group D defined just before lemma III1.4 is a good example.
It is easy to see (in the notation of theorem 1) that F/K 1is the
*
fundamental group of the orbit (adK §)(¢|K) . Thus, by proposition

*
I11.12, F/K 1s the fundamental group of (ad S)p . ILet ™ denote the
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é * *
fundamental group functor, and let nl: S =— 8 /ad S be the composi-
g A -1 A * *
tion of the natural map —> 5/Q and % : 5/Q —> S /ad S8, where
X 1s the map constructed in theorem VIII.5. Combining the little-group
theorem and theorem 1, we see that (nl)—l(ﬂ) can be identified with the
A
character group (nl(Q)) of nl(ﬂ) . Thus, for type I solvable Lie
* A
groups S such that for all @ € S, exl(w) £ H, we can describe S

* *
completely in terms of the action of S5 ‘ad S . Using machinery devel-

oped by B. Kostant, 1. Auslander and B. Kostant have extended this re-
sult to all type I solvable Lie groups; their work will appear in [2].
Let S be a solvable Lie group such that exl(p) # & for all

*
p € § . Assume, further, that there i3 a discrete subgroup A of §

such that S/A 1is type I. It is easy to see that theorem 1 is true for

*

N *
§’A and one can compute (S57A) in terms of § and ad S .



(1]

[2]
[3]

(4]

(5]

(6]

(7]

[8]

(9]

(10]

[11]

[12]

(13]

68

BIBLIOGRAPHY

Aualander, L., and J. Brezin. Almost algebraic Lie groups and

Lie algebras, to appear.

and B. Kostant, tc appear.

and C.C. Moore, Hnitary Representations of Sclvable

Lie Groups., Memoir of the Amer. Math, Soc. 62(1966).

/
Bernat, P.. Sur les representations uniiaires des groupes de Lie

/
resoluble, Ann. de 1'E.N.S. B2(1965)}, pp. 37-99.

Dixmier, J., Sur les représentations des groupes de Lie nilpotents

I. Amer. J. Math. 81(1959), pp. 160-170.

Sur le revgtement universel d’'un groupe de Lie de

type I, C.R. Acad. Sci. Paris. 252(1961). pp. 2805-2806.

3
Effros. E.. Transformation groups and C -algebras. Ann, of Math,

81(1965). pp. 38-55.

Glimm, J.. Locally compact transformation groups, Trans. Amer.

Math. Soc, 101(1961). pp. 124-138,.

Helgason, 3,, Differential Geometry and Symmetric Spaces,

Academic Press, New York (1962).
Hochschild, G.P.. Lie Groups, Holden-Day. San Francisco, (1965).

Jacobson, N., Lie Algebras, Interscience, New York, (1962).

Kirillov, A.A., Unitary representations of nilpotent Lie groups,

Uspekhi Matem, Nauk, 106(1962), pp. 57-110 (Russian).

Mackey, G.W., Induced representations of locally compact groups I,

Ann. of Math., 55(1952), pp. 101-139.



[14]

[15]

f16]

(17]

(18]

., Borel structures in groups and their duals,

Trana. Amer. Math. Soc. B85(1957), pp. 134-165.

Acta Math, 99(1958),

Mostow, G.D..

pp. 44-55.

Amer. J, Math, 78(1956),

Pukanszky,

L..

pPpP. 265-311,

Self-adjoeint groups, Ann.

Fully reducible subgroups of algebralc groups,

of Math, 62(1955),

Dunod. Paris,

pp. 200-221,

to appear.

69

, Unitary representations of group extensions T,



70

AUTOBIOGRAPHICAL STATEMENT

Jonathan Paul Brezin was born in Pittsburgh, Pennsylvania, on
April 12, 1943. He graduated from high scheol (Western Reserve Academy,
Hudson. Ohic) in June, 1960, and from September, 1960 through June, 1963,
he attended the School of Arts and Sclences of Cornell University. While
he was an undergraduate. he was a Telluride Fellow and in 1962 became a
trustee of Telluride Assoclation. a privately endowed., educational foun-
dation. In June. 1963, he was awarded a B.A. by Cornell University.
His graduate work was done at the University of California’s Berkeley
campus (September, 1963, through September, 1964), Yeshiva University
(October, 1964. through June, 1965) and the Graduate Center of the
City University of New York (July, 1965, through June, 1967). His maijor
adviser was Professor Louis Auslander. He was supported by a National
Science Foundation Graduate Fellowship during the course of his grad-

uate work.



