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CHAPTER I .  INTRODUCTORY NOTE

( 1 ) *L e t  S be a s o l v a b l e  L i e  g r o u p ,  and l e t  S be t h e  s p a c e

o f  a l l  l i n e a r  f u n c t i o n a l s  on t h e  L i e  a l g e b r a  S o f  S . The a d j o i n t

*
r e p r e s e n t a t i o n  o f  S on S d e f i n e s  a  r e p r e s e n t a t i o n  ad o f  S on 

* *
S ad i s  c a l l e d  t h e  c o n t r a g r e d i e n t  r e p r e s e n t a t i o n  o f  S . I n

[ l 2 ] ,  K i r i l l o v  shows t h a t  i f  S i s  i n  f a c t  n i l p o t e n t ,  t h e n  t h e  o r b i t  

£ *
s p a c e  S / a d  S can  be i d e n t i f i e d  i n  a " n a t u r a l "  f a s h i o n  w i t h  t h e  sp a c e

A
S o f  a l l  u n i t a r y  e q u i v a l e n c e  c l a s s e s  o f  i r r e d u c i b l e  u n i t a r y  r e p r e s e n -

t a t i o n s o f  S on s e p a r a b l e  H i l b e r t  s p a c e s .  I n  t h i s  p a p e r  we show t h a t

+ *
i f  S i s  a s o l v a b l e  L i e  g r o u p ,  t h e n  t h e  a c t i o n  o f  ad S on S de­

t e r m i n e s  w h e t h e r  S i s  t y p e  I  ( i n  t h e  s e n s e  o f  u n i t a r y  r e p r e s e n t a t i o n  

t h e o r y ) .  A l s o ,  p u r s u i n g  t h e  l i n e  o f  t h o u g h t  begun by K i r i l l o v ,  we show

how, f o r  a l a r g e  c l a s s  o f  s o l v a b l e  L ie  g r o u p s ,  one can  o b t a i n  a p i c t u r e

A * *
o f  S i n  t e rm s  o f  S / a d  S .

We b e g i n ,  i n  s e c t i o n s  I I  and I I I ,  by d e v e l o p i n g  an i n d u c t i v e

*  *  *
method  f o r  s t u d y i n g  t h e  a c t i o n  o f  ad S on S . To e a c h  cp e S t h e r e

i s  a s s o c i a t e d  a f a m i l y  max(cp) o f  s u b a l g e b r a s  o f  S . B r i e f l y  p u t ,

H e max(cp) i f  cp([H,H]) = 0 and H s a t i s f i e s  a c e r t a i n  d i m e n s i o n  r e ­

q u i r e m e n t .  The f a m i l y  max(cp) p l a y s  a c r u c i a l  r o l e  i n  d i s c u s s i n g  t h e  

u n i t a r y  r e p r e s e n t a t i o n  t h e o r y ,  and one o f  t h e  p r o b le m s  t h a t  mus t  be s o l v e d  

i s  t h e  d e t e r m i n a t i o n  o f  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n s  on t h e  p a i r  

(S. tp)  f o r  max(tp) t o  be n o n -e m p ty .  The b e s t  r e s u l t  we have  i n  t h i s  

d i r e c t i o n  i s  ( I I I . 9 ) ,  w h ich  i s  an a l g o r i t h m .  Of e q u a l  i m p o r t a n c e  w i t h

( 1 )  L i e  g r o u p s  a r e  u n d e r s t o o d  t o  be c o n n e c t e d  and s im p l y  c o n n e c t e d .
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t h e  a l g o r i t h m  i s  t h e  d e f i n i t i o n  o f  t h e  two o p e r a t i o n s  ( c a l l e d  o p e r ­

a t i o n s  I and  I I )  u s e d  t o  g e n e r a t e  t h e  a l g o r i t h m .  T h e s e  o p e r a t i o n s  

o c c u r  l a t e r  i n  t h e  p a p e r  i n  m i l d l y  d i s g u i s e d  fo rm ;  i t  i s  t h e s e  o p e r ­

a t i o n s  ( a n d  n o t  I I I . 9 )  w h ic h  c o n t a i n  t h e  h e a r t  o f  o u r  i n d u c t i v e  m e thod  

* +
f o r  s t u d y i n g  S / a d  S .

S e c t i o n s  IV, V, and  VI a s s e m b l e  t h e  f a c t s  we s h a l l  n e e d  a b o u t  

M ack ey ' s  i n d u c t i v e  me thod  f o r  c o m p u t in g  u n i t a r y  r e p r e s e n t a t i o n s .  We 

r em ark  t h a t  we assum e  o n l y  t h a t  t h e  r e a d e r  i s  f a m i l i a r  w i t h  t h e  d e f ­

i n i t i o n  (due  t o  Mackey) o f  i n d u c e d  u n i t a r y  r e p r e s e n t a t i o n s  and  i s  

f a m i l i a r  w i t h  t h e  r e s u l t s  ( a n d  n o t  t h e  t e c h n i q u e s )  o f  [ l 4 ] .  W i th  

t h e s e  two e x c e p t i o n s ,  t h e  p a p e r  i s  r e a s o n a b l y  s e l f - c o n t a i n e d .

O ur  a l g o r i t h m  f o r  d e t e r m i n i n g  w h e t h e r  S i s  t y p e  I i s  b u i l t  

f rom t h e  m a t e r i a l  i n  IV, V, and VI and f rom  t h e  r e s u l t s  o f  C .C .  Moore

i n  C h a p t e r  2 o f  [ 3 ] .  The b a s i c  r e s u l t  i s  t h e o r e m  V I I . 2,  w h ic h  s a y s ,

* *
i n  p a r t ,  t h a t  i f  t h e  q u o t i e n t  t o p o l o g y  on  S / a d  S i s  bad  en o u g h ,

S v , i l l  n o t  be t y p e  I . Theorem V I I . 2 a c t u a l l y  g i v e s  n e c e s s a r y  and  

s u f f i c i e n t  c o n d i t i o n s  f o r  S t o  be t y p e  I .  The r e a d e r  s h o u l d  be 

aw are  t h a t  t h i s  c r i t e r i o n  i s  e s t a b l i s h e d  a s  e a s i l y  a s  i t  i s  o n l y  be ­

c a u s e  o f  t h e  l o c a l i z a t i o n  p r i n c i p l e  e s t a b l i s h e d  i n  t h e o r e m  V I I . 1 and 

due  t o  L. A u s l a n d e r .

I n  t h e  f i n a l  two s e c t i o n s  we d i s c u s s  how t o  com pute  ^  i n  t e r m s  

*  *o f  S / a d  S . B e c a u s e  o f  t h e  t e c h n i c a l  n a t u r e  o f  t h e  h y p o t h e s e s  on  S 

and  b e c a u s e  o f  t h e  amount o f  ad hoc n o t a t i o n  i n v o l v e d ,  we s h a l l  n o t  

a t t e m p t  t o  s t a t e  th€> r e s u l t s  h e r e .  S u f f i c e  i t  t o  s a y  t h a t  t h e  p r i n c i p a l  

r e s u l t s  a r e  t h e o r e m s  V I I I . 8 and I X . 1.



T h i s  p a p e r  r e p r e s e n t s  a  c o n t i n u a t i o n  o f  t h e  p r o j e c t  begun  by 

L. A u s l a n d e r  and C.C . Moore i n  [ 3 ] ;  i n  p a r t i c u l a r  o u r  p o i n t  o f  v ie w ,  

so  f a r  a s  t e c h n i q u e  i s  c o n c e r n e d ,  i s  t h e  " l o c a l "  p o i n t  o f  v iew  d e v e l -

r  n *  *o p e d  by C .C .  Moore i n  C h a p t e r  I I  o f  l_3j. T h a t  S / a d  S s h o u l d  p l a y

so  d o m i n a n t  a r o l e  i n  t h e  u n i t a r y  r e p r e s e n t a t i o n  t h e o r y  o f  a l l  s o l v a b l e

L i e  g r o u p s  was  s u g g e s t e d  by s e v e r a l  c o n v e r s a t i o n s  w i t h  B. K o s t a n t ,  who

h a s  d e v e l o p e d  a m e th o d  f o r  c o m p u t i n g  ^  f o r  a l l  t y p e  I ,  s o l v a b l e  L i e

♦ *
g r o u p s  S i n  t e r m s  o f  S / a d  S . We a r e  a l s o  g r a t e f u l  t o  J .  D i x m i e r  

f o r  s e v e r a l  s u g g e s t i o n s ,  mos t  n o t a b l y  f o r  p o i n t i n g  o u t  a n  e r r o r  i n  t h e  

o r i g i n a l  p r o o f  o f  t h e o r e m  V I I . 1.
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CHAPTER I I .  ALGEBRAIC PRELIMINARIES

1. A l l  L i e  g r o u p s  w i l l  be u n d e r s t o o d  t o  be c o n n e c t e d  and s im p l y

c o n n e c t e d ,  e x c e p t  w he re  t h e  c o n t r a r y  i s  e x p l i c i t l y  s t a t e d .  L i e  g r o u p s  

w i l l  be d e n o t e d  by i t a l i c  c a p i t a l s ,  and t h e  L ie  a l g e b r a  o f  a  L i e  g r o u p  

w i l l  a l w a y s  be d e n o t e d  by t h e  c o r r e s p o n d i n g  u n i t a l i c i z e d  c a p i t a l .

L e t  S be a  c o n n e c t e d ,  normal  s u b g r o u p  o f  a L i e  g r o u p  G .

T hen  ad w i l l  d e n o t e  t h e  r e p r e s e n t a t i o n  o f  G on  S g o t  by r e s t r i c t -
u "

i n g  ad (G )  t o  a c t  on  S . G iven  a r e a l  L i e  a l g e b r a  L, we s h a l l  u s e

*
L t o  d e n o t e  t h e  s p a c e  o f  a l l  l i n e a r  f u n c t i o n a l s  on  L . F o r  a l l

* *  * . , - 1 .g e G, we d e f i n e  ad  g: S ----> S t o  be t h e  t r a n s p o s e  o f  ad ( g  ) .“ S o

* *
The r e p r e s e n t a t i o n  ad o f  S on S i s  c a l l e d  t h e  c o n t r a g r e d i e n t  

r e p r e s e n t a t i o n  o f  S .

2, L e t  A be a s o l v a b l e ,  r e a l  L i e  a l g e b r a .  The n i l - r a d i c a l  o f  A

i s ,  by d e f i n i t i o n ,  t h e  maximal n i l p o t e n t  i d e a l  N i n  A . A i s  s a i d

t o  be a lm o s t  a l g e b r a i c  i f  N i s  com plem en ted  i n  A by a s u b a l g e b r a

T s u c h  t h a t  a d . T  i s  c o m p l e t e l y  r e d u c i b l e .  The  s e m i - d i r e c t  p r o d u c t  A

d e c o m p o s i t i o n  A = T*N i s  c a l l e d  a M alcev  d e c o m p o s i t i o n  f o r  A, and 

T i s  c a l l e d  a  Ma l c e v  f a c t o r  f o r  A . Almost  a l g e b r a i c  L i e  a l g e b r a s  

a r e  d i s c u s s e d  a t  l e n g t h  i n  [ l ] .  We s h a l l  n e e d  t h e  f o l l o w i n g  n o t i o n s  

from t h a t  p a p e r :

An a l m o s t  a l g e b r a i c  h u l l  f o r  a s o l v a b l e  L i e  a l g e b r a  S i s  a 

p a i r  ( A , i ) ,  w he re  A i s  an a l m o s t  a lg eb ra ic  L i e  a l g e b r a ,  i  i s  a 

monomorphism from S i n t o  A, and A h a s  t h e  p r o p e r t y  t h a t  no a l m o s t  

a l g e b r a i c  s u b a l g e b r a  o f  A c o n t a i n s  IS . E v e ry  r e a l ,  s o l v a b l e  L i e
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a l g e b r a  S h a s  an a l m o s t  a l g e b r a i c  h u l l  ( A , i ) ,  and I f  ( B , J )  i s  any 

o t h e r  a l m o s t  a l g e b r a i c  h u l l  f o r  S,  t h e r e  i s  an i s o m o rp h i sm  k f rom A 

o n t o  B su ch  t h a t  t h e  d ia g ra m

commutes.  I n  v iew o f  t h i s  s t r o n g  u n i q u e n e s s  p r o p e r t y ,  we s h a l l  s p e a k  o f

t h e  a l m o s t  a l g e b r a i c  h u l l  o f  S ( d e n o t e d :  A( S) )  . S i s  an i d e a l  i n

A ( S ) , [ A ( S ) , A ( S ) ] = [ s , s ] ,  and S and A(S) have  t h e  same c e n t e r .

A(S)  w i l l  d e n o t e  t h e  L i e  g roup  c o r r e s p o n d i n g  t o  A(S) . A(S)  s h o u l d

n o t  be c o n f u s e d  w i t h  what  i s  c a l l e d  in  [ 3 ] t h e  s e m i - s i m p l e  s p l i t t i n g  

S o f  S . S n eed  n o t  be s im p l y  c o n n e c t e d  an d ,  i n  g e n e r a l ,  t h e  c e n t e r"b " “ J

o f  S i s  l a r g e r  t h a n  t h a t  o f  A(S) ."O " *

s

A k > B
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CHAPTER I I I .  THE COOT RAGREDIENT REPRESENTATION

L e t  S be a r e a l ,  s o l v a b l e  L i e  a l g e b r a ,  l e t  S be t h e  c o r ­

r e s p o n d i n g  L i e  g r o u p ,  and l e t  tp € S . The map $: (X.Y) h—>  c p ( [x ,Y ] )

f rom S X S i n t o  t h e  r e a l  num bers  R d e f i n e s  a n  a l t e r n a t i n g  b i l i n e a r  

form on S . The  r a d i c a l  R o f  $ i s ,  by d e f i n i t i o n ,  t h e  s u b s p a c e  o f

S c o n s i s t i n g  o f  t h o s e  X i n  S s u c h  t h a t  $ ( X , S )  = 0 . I t  f o l l o w s

from t h e  J a c o b i  i d e n t i t y  t h a t  i f  X,Y e R, t h e n

♦ ( T x . y ] ,  s ) -

= * ( [ x , S ] ,  Y)  + * ( X , [ y , S ] )  = o  .

Hence  R i s  a s u b a l g e b r a  o f  S . L e t  R be t h e  c o n n e c t e d  s u b g r o u p  o f

S c o r r e s p o n d i n g  t o  R . From t h e  f a c t  ( [ 9 ] ,  c h .  I I , § 5 )  t h a t  f o r  a l l

X e S, e x p f a d  X) = a d ( e x p  X), i t  f o l l o w s  t h a t  R i s  t h e  i d e n t i t y

com ponent  o f  t h e  s u b g r o u p  I o f  S l e a v i n g  t h e  l i n e a r  f u n c t i o n a l  cp

*
i n v a r i a n t .  Le t  0  d e n o t e  t h e  o r b i t  o f  ep u n d e r  ad S . S i n c e  I / R  

i s  d i s c r e t e  and S / I  i s  homeomorphic  t o  0 ,  we c a n  c o n c l u d e  t h a t  

d im (G) = d im ( S / R )  .

L e t  u s  now r e t u r n  t o  t h e  a l t e r n a t i n g  b i l i n e a r  fo rm . The  

f a i l u r e  o f  $ t o  be i d e n t i c a l l y  z e r o  m e a s u r e s  t h e  f a i l u r e  o f  cp t o  

be a homomorphism f rom t h e  L i e  a l g e b r a  S o n t o  t h e  L i e  a l g e b r a  R .

L e t  u s  c a l l  a s u b a l g e b r a  H o f  S s u b o r d i n a t e  t o  cp i f  t h e  r e s t r i c ­

t i o n  o f  <p t o  H i s  a homomorphism ( t h a t  i s ,  i f  cp([H ,H ])  = 0 ) ,  and 

l e t  u s  c a l l  a s u b s p a c e  V o f  S t o t a l l y  i s o t r o p i c  i f  $ (V ,V )  = 0 ,

I f  V i s  a maximal  t o t a l l y  i s o t r o p i c  s u b s p a c e  o f  S, t h e n

( 3 . 1 )  d im(V) = d im (R)  + i  d im ( S / R )  .
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( T h i s  c a n  be most  e a s i l y  s e e n  by o b s e r v i n g  t h a t  t h e r e  i s  a b a s i s  

f x  ............ X , Y ............  Y } f o r  S/R s u c h  t h a t ,  i f  $ d e n o t e s  t h e
I  K  A. K

1-^1

b i l i n e a r  form on S/R in d u c e d  by $,  t h e n  $ (X^.Y^)  = 6 and

$ ( X ^ .X j )  = $ ~ (Y ^ ,Y j )  = 0 f o r  a l l  i , j  k ) .  The a im o f  t h i s  s e c t i o n

o f  t h e  p a p e r  i s  t o  f i n d  c o n d i t i o n s  on  t h e  p a i r  (S.cp) t h a t  w i l l  g u a r -  

a n t e e  t h e  e x i s t e n c e  o f  s u b a l g e b r a s  H o f  S s u b o r d i n a t e  t o  cp and 

s a t i s f y i n g  dim(H)  = d im (R)  + J d i m ( S / R ) ,  o r ,  e q u i v a l e n t l y ,  s a t i s f y i n g

( 3 . 2 )  dim(H)  - d im (S)  -  i  dim(O)  .

The r e l a t i o n  ( 3 . 1 ) ,  which h o l d s  w h e t h e r  o r  n o t  S i s  s o l v a b l e ,  was 

p o i n t e d  o u t  t o  u s  by B. K o s t a n t .  One s h o u l d  n o t i c e  t h a t  we have  a l s o

shown t h a t  D i s  a lw ays  e v e n - d i m e n s i o n a l .

1. N o t a t i o n :  L e t  S be a s o l v a b l e  L i e  a l g e b r a ,  l e t  N be t h e

n i l - r a d i c a l  o f  S, and l e t  cp e S . We s h a l l  u s e  max(cp) t o  d e n o t e  

t h e  f a m i l y  o f  a l l  s u b a l g e b r a s  H o f  S s a t i s f y i n g  t h e  r e l a t i o n  ( 3 . 2 )

above .  We s h a l l  u s e  exl (cp) t o  d e n o t e  t h e  s e t  o f  a l l  H i n  max(cp)

su ch  t h a t  H fl N e max(cp|N) . (The v e r t i c a l  b a r  d e n o t e s  r e s t r i c t i o n ) .

As s h a l l  be s e e n ,  ex l(cp)  i s  o f  p a r t i c u l a r  i n t e r e s t  i n  u n i t a r y  

r e p r e s e n t a t i o n  t h e o r y .

2. P r o p o s i t i o n  ( K i r i l l o v ) :  Le t  N be a r e a l  n i l p o t e n t  L i e  a l g e b r a ,

*
and l e t  cp e N . Then max(cp) i s  t h e  f a m i l y  o f  s u b a l g e b r a s  o f  N o f

maximal d im e n s io n  among t h o s e  s u b a l g e b r a s  o f  N s u b o r d i n a t e  t o  cp .

( I n  p a r t i c u l a r ,  max(cp) i s  n e v e r  e m p ty ) .

P r o o f : P r o p o s i t i o n  2 i s  p r o v e d  a s  lemma 5 . 2  i n  [ l 2 ] .  The p r o o f

i s  by i n d u c t i o n .  The p r o p o s i t i o n  i s  c l e a r l y  t r u e  i f  dim(N)  < 2 .



Let  N be a n i l p o t e n t  L i e  a l g e b r a  o f  m in im a l  d i m e n s i o n  f o r  w h ich  t h e

*
p r o p o s i t i o n  h a s  n o t  b een  e s t a b l i s h e d ,  l e t  tp e N , and l e t  H be a 

s u b a l g e b r a  o f  N s u b o r d i n a t e  t o  cp and o f  maximal d i m e n s i o n  among 

t h o s e  s u b a l g e b r a s  o f  N s u b o r d i n a t e  t o  tp . O b s e rv e  t h a t  H must  

c o n t a i n  t h e  c e n t e r  zN o f  N, s i n c e  [H ,zN ]  = 0 . I f  t h e r e  i s  a 

n o n - z e r o  s u b s p a c e  V o f  zN su ch  t h a t  cp(V) = 0,  we c o u l d  a p p l y  o u r  

i n d u c t i o n  h y p o t h e s i s  t o  H/V i n  N/V and from t h e r e  e a s i l y  c o n c l u d e  

t h e  t r u t h  o f  t h e  p r o p o s i t i o n  f o r  H . Hence we may assume t h a t  no 

su ch  V e x i s t s ;  i n  o t h e r  w o rd s ,  we may assume t h a t  zN i s  o n e ­

d i m e n s i o n a l  and cp(zN) = . S in c e  N I s  n i l p o t e n t ,  t h e r e  i s  some

e l e m e n t  Y € N such  t h a t  [ n ,Y] = zN . We now r e q u i r e  a lemma ( c f .  

lemma 4 .1  o f  f 1 2 ] ) :

3. Lemma; Le t  N be n i l p o t e n t  L i e  a l g e b r a  w i t h  a o n e - d i m e n s i o n a l

c e n t e r  zN and l e t  Y be an e l e m e n t  o f  N su ch  t h a t  !~Y,N] = zN .

Then t h e  c e n t r a l i z e r  z (Y) o f  Y i n  N i s  an i d e a l  i n  N o f  co -
N

d i m e n s i o n  one .

P r o o f ;  z (Y) i s  p r e c i s e l y  t h e  k e r n e l  o f  t h e  map ad (Y ) ,
  N

which  c a r r i e s  N o n t o  zN . Hence d im (N /z  (Y ))  = 1 . z (Y) i s  a
N N

s u b a l g e b r a  o f  N, by t h e  J a c o b i  i d e n t i t y .  S i n c e  a c o d i m e n s i o n - o n e  

s u b a l g e b r a  o f  a n i l p o t e n t  L i e  a l g e b r a  i s  an i d e a l ,  we a r e  done .

R e t u r n i n g  t o  t h e  p r o o f  o f  t h e  p r o p o s i t i o n ,  we s e e  t h a t  t h e r e  i s

a o n e - d i m e n s i o n a l  s u b a l g e b r a  RX i n  N s u c h  t h a t  N i s  t h e  semi-%

d i r e c t  p r o d u c t  (RX)*z (Y) . I f  H c  z ( Y ) , t h e  t r u t h  o f  t h e  p r o p -^  N -  N

o s i t i o n  f o r  H f o l l o w s  from t h e  i n d u c t i o n  h y p o t h e s i s .  I f  H <£ z (Y),
-  N

t h e n  c l e a r l y  we c a n  c h o o s e  t h e  s u b a l g e b r a  RX so t h a t  i t  l i e s  i n  H .
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The s u b a l g e b r a  K o f  z t (Y) s p a n n e d  by H 0  z„ (Y )  and Y I s  s t i l lN N

s u b o r d i n a t e  t o  cp, s i n c e  [H Cl z^ ( Y ) ,  Y] = 0 . H and K h a v e  t h e

same d i m e n s i o n ,  and hence  K e max(cp| z ^ ( Y ) ) ,  by o u r  i n d u c t i o n  h y p o t h ­

e s i s .  F u r t h e r m o r e ,  s i n c e  cp([RX,K]) = R, K i s  a l s o  a maximal  t o t a l l y

i s o t r o p i c  s u b s p a c e  f o r  t h e  b i l i n e a r  form cp < [ * , • ] )  on N . Hence  

H e max(cp), and we a r e  done .

H av ing  s e e n  one c a s e  w he re  max(cp) ^ 0 ,  l e t  u s  t u r n  t o  an 

e xam ple  where  max(cp) = 0:

L et  D be t h e  f o u r - d i m e n s i o n a l ,  r e a l  L i e  a l g e b r a  w i t h  b a s i s  

f T ,  X, Y, z ] , t h e  n o n - z e r o  b r a c k e t s  among t h e  b a s i s  e l e m e n t s  b e i n g

[T.  X] = -Y [T,  Y] = X 

[X, Y] = Z .

Let  tp be t h e  l i n e a r  f u n c t i o n a l  on D g i v e n  by

cp(Z) - 1. cp(X) = cp(Y) = cp(T) = 0 .

The s u b a l g e b r a  R = KT 3  RZ i s  t h e  r a d i c a l  o f  t h e  form cp([ • , ■ ] ) ,  and

h e n c e  dim(D) -  £ dim(D/R)  = 4 - 1 = 3 .  A l s o ,  l e t t i n g  N d e n o t e  t h e

n i l - r a d i c a l  o f  D, N = RX © RY © RZ, we s e e  t h a t  max(cp|N) i s  t h e

f a m i l y  o f  a l l  t w o - d i m e n s i o n a l  s u b a l g e b r a s  o f  N , T hus ,  s i n c e

dim(D/N) = 1, we must  have max(cp) - exl (cp) , ( I t  i s  n o t  t r u e  f o r  a l l  

*
p a i r s  (S, Y e S )  t h a t  max(Y) = e x l ( Y )  —— c o n s i d e r ,  f o r  e x a m p le ,  

t h e  t w o - d i m e n s i o n a l  s o l v a b l e  L i e  a l g e b r a ) .  L e t  H € max(cp) . Then 

R c  H, and,  i n  p a r t i c u l a r ,  T e H . S i n c e  H D N c o n t a i n s  some e l e ­

ment W n o t  c e n t r a l  i n  N, we s e e  e a s i l y  t h a t  H = D, w h ich  i s  a b s u r d .  

Hence max(cp) = exl (cp) = 0  .

As we s h a l l  s e e ,  t h e  p a t h o l o g y  o c c u r i n g  i n  t h e  (D,cp) i s  i n  a 

s e n s e  g e n e r i c .  B e f o r e  we c a n  f o r m u l a t e  t h e  r e s u l t  we w a n t ,  we m u s t ,
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how ever ,  l a y  some g roundw ork .

4.  Lemma; Le t  S be a s o l v a b l e  L i e  g r o u p ,  l e t  N be t h e  n i l -

*
r a d i c a l  o f  S, l e t  cp e S , and l e t  F be t h e  i d e n t i t y  component  o f

t h e  s u b g ro u p  o f  S l e a v i n g  i n v a r i a n t  t h e  o r b i t  ( ad  N) <cp|N) o f  <p | n

i n  N . Then  i f  H e  ex l (cp ) ,  H ^  F .

P r o o f :  S i n c e  N c  F ,  i t  s u f f i c e s  t o  p r o v e  t h a t  HN = K C f  .

L e t  9 = cp| K and Y = cp|N . N o t i c e  t h a t  H e e x l ( 9 )  and t h a t  

H fl N e max(Y) . Le t  R^ = f X € N: cp ( [x ,N ] )  = o} and l e t  

R]t = fX e K: cp( [ X. K] )  = o) . Then

( 3 . 3 )  d im (ll )  - dim(K) -  £ d lm (K/R^)  >

dim(H n n ) = dim(N) -  £ d in ^ N /R ^ )  .

S in c e  HXH H N -  K/N, we c a n  c o n c l u d e  from ( 3 . 3 )  t h a t

dim(K) -  dim(N)  -  dim(RJ{) -  d i m ( R ^  .

I n  o t h e r  w ords  R^ and N span  K, w h ich  p r o v e s  n o t  o n ly  t h e  lemma,

b u t  a l s o

5 .  C o r o l l a r y ;  L e t  S be a s o l v a b l e  L i e  g r o u p ,  l e t  N be t h e  n i l -

*
r a d i c a l  o f  S, and l e t  cp be an e l e m e n t  o f  S s u c h  t h a t  t h e r e  i s

some H e ex l (cp)  w i t h  S = HN . Then ,  l e t t i n g  I d e n o t e  t h e  sub ­

g r o u p  o f  S l e a v i n g  cp i n v a r i a n t ,  we h ave  S = IN and a l s o  S = KN 

f o r  a l l  K e exl(cp)  .

6.  Lemma; L e t  S be a s o l v a b l e  L i e  g r o u p ,  l e t  N be t h e  n i l -

*  *
r a d i c a l  o f  S, and l e t  cp be an e l e m e n t  o f  S such  t h a t  ad^  S

l e a v e s  i n v a r i a n t  t h e  o r b i t  ( ad  N) (cp| N) . Then  one  c a n  c h o o s e  a  M alcev  

f a c t o r  T ( s e e  I I . 2 above f o r  a d e f i n i t i o n )  f o r  A(S) s u c h  t h a t  

ad T l e a v e s  cp | N i n v a r i a n t .
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P r o o f :  L e t  I  be  t h e  s u b g r o u p  o f  S l e a v i n g  i n v a r i a n t  t h e

r e s t r i c ,  on o f  cp t o  N . O u r  h y p o t h e s e s  g u a r a n t e e  t h a t  S = IN .

The lemma now f o l l o w s  i m m e d i a t e l y  f rom t h e  e x p l i c i t  c o n s t r u c t i o n  o f  

A(S)  g i v e n  i n  t h e o r e m  2 .1  o f  [ l ] .

We s h a l l  n e x t  d e s c r i b e  two o p e r a t i o n s  t h a t  we s h a l l  u s e  t o  g e t  

an a l g o r i t h m  f o r  d e t e r m i n i n g  when exl (cp)  i s  n o n - e m p t y .  I f  t h a t  a l ­

g o r i t h m  w e re  a l l  t h a t  we n e e d e d  t h e  o p e r a t i o n s  f o r ,  we c o u l d  u s e  t h e  

p r o c e e d i n g  lemmas t o  s i m p l i f y  t h e  d i s c u s s i o n ;  h o w e v e r ,  we s h a l l  a l s o  

w ant  t h e s e  o p e r a t i o n s  f o r  u s e  i n  p r o v i n g  t h a t  ex l (cp )  i s  non -em p ty  

w h e n e v e r  max(cp) i s  n o n - e m p t y ,  and  f o r  t h a t  p r o o f ,  t h e  r e d u c t i o n s  

a f f o r d e d  by lemmas 4 and 6 w i l l  n o t  be a v a i l a b l e .  We b e g i n  w i t h  a 

p r e l i m i n a r y  lemma:

7.  Lemma: L e t  N be t h e  t h r e e  d i m e n s i o n a l  n i l p o t e n t  L i e  a l g e b r a

w i t h  b a s i s  f x , Y , z ]  and b r a c k e t s  Tx.Y] = Z ,  [ x , Z ]  = [ y , Z ]  = 0 . L e t

cp be any l i n e a r  f u n c t i o n a l  on N s u c h  t h a t  c p ( Z )  4 0 . T hen  t h e r e

*
e x i s t s  an e l e m e n t  n i n  N su ch  t h a t ,  s e t t i n g  cp' = ( a d  n)cp, we

h ave  cp’ ( Z )  = c p ( Z )  and cp’ ( X )  = cp’ ( Y )  ^ 0 ,

P r o o f :  L e t  n € N, and l e t  l o g ( n )  be t h e  e l e m e n t  o f  N
*

s u c h  t h a t  e x p ( l o g ( n ) )  = n . T hen  f o r  a l l  W e N , ( ( a d  n)cp)(W) = 

cp(W) + c p ( [ l o g ( n ) ,  w ])  . I f  n i s  t o  s a t i s f y  t h e  c o n c l u s i o n  o f  t h e  

lemma, we mus t  have

0 = c p ( X)  + t p (  [ l o g ( n ) , x ]  K
( 3 . 4 )  j

0 = c p ( Y)  + cpC [ l o g ( n )  , Y ]  )

Now i f  t h e  lemma i s  t r u e  f o r  Xcp, w h e re  X i s  any n o n - z e r o  s c a l a r ,  i t  

i s  t r u e  f o r  cp . Hence we may assume t h a t  c p ( Z )  =  1 .
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S e t  l o g ( n )  = -cp(Y) X + cp(X) Y . C l e a r l y  l o g ( n )  s a t i s f i e s  e q u a t i o n s

( 3 . 4 ) ,  so  we a r e  d o n e .

O p e r a t i o n  I :  L e t  S be a  s o l v a b l e  L i e  g r o u p ,  and  l e t  cp be

♦
an e l e m e n t  o f  S s u c h  t h a t  a d ( S )  l e a v e s  ker (cp)  D zN i n v a r i a n t ,

w h e re  zN i s  t h e  c e n t e r  o f  t h e  n i l - r a d i c a l  N o f  S , S e t

W = ker (cp) H zN . Then i f  H e  max(cp), W c: h . The r e a s o n  i s  t h a t

[H ,w]  c  W, and  h e n c e  cp([H,w])  = 0 . I t  f o l l o w s  t h a t  H e max(cp) i f ,

and  o n l y  i f ,  W c  h and  H/W e max(cp ) ,  w he re  cp i s  t h e  l i n e a r

f u n c t i o n a l  on S/W i n d u c e d  by cp . S i m i l a r l y ,  H e ex l (cp)  i f ,  and

o n l y  i f ,  W ^  H and H/W e exl(cp ) . We s h a l l  s a y  t h a t  t h e  p a i r

(S/W, cp ) i s  d e r i v e d  from ( S , c p )  by p e r f o r m i n g  o p e r a t i o n  I .

We w i l l  now do some work p r e l i m i n a r y  t o  d e f i n i n g  o p e r a t i o n  I I .

*
L e t  S be a s o l v a b l e  L i e  g r o u p  w i t h  n i l - r a d i c a l  N, and l e t  cp e S 

Assume t h a t  t h e  c e n t e r  zS _of S and t h e  c e n t e r  zN o f  N a r e  b o t h

o n e - d i m e n s i o n a l  and tha j t  cp(zN) ^ 0 . L e t  T'M be a M a lce v  decom­

p o s i t i o n  ( s e e  I I . 2) f o r  t h e  a l m o s t  a l g e b r a i c  h u l l  A o f  S, and l e t  

z 1 (M) be t h e  p r e i m a g e  i n  M o f  t h e  c e n t e r  o f  M/zN . S i n c e  zN = zS ,  

we h a v e  Tt . z N] = 0 . I t  f o l l o w s ,  t h e n ,  from [t , z *(M)]  c  z *(M),  t h a t

t h e r e  i s  a  s u b s p a c e  V o f  z*(M) i n v a r i a n t  u n d e r  ad T and comp-
M

l e m e n t a r y  t o  zN .

L e t  u s  assume t h a t  t h e r e  i s  a n o n - z e r o ,  m i n im a l  T - i n v a r i a n t  s u b ­

s p a c e  W o f  V Pi N s u c h  t h a t  [w ,w]  = 0 . ( I n  g e n e r a l ,  no s u c h  s ub ­

s p a c e  W n e e d  e x i s t .  T h i s  c a n  be s e e n  by e x a m i n i n g  t h e  p a i r  (D,cp)

c o n s t r u c t e d  j u s t  b e f o r e  lemma 4 a b o v e ) .  B e c a u s e  W i s  a  m in im a l  T-  

i n v a r i a n t  s u b s p a c e ,  dira(W) i s  e i t h e r  1 o r  2 . A p p l y i n g  lemma 3,

we c a n  c o n c l u d e  t h a t  z „ ( W ) , t h e  c e n t r a l i z e r  o f  W i n  M, i s  anM
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I d e a l  i n  M o f  c o d i m e n s i o n  e i t h e r  1 ( i f  dira(W) = 1)  o r  2 ( i f

dim(W) = 2) . F u r t h e r m o r e ,  [ T , z ^ ( W ) ]  c: z^CW): [ [ T , z ^ ( W ) ] ,  w] =

[ [ t ,W], z „ (W )]  + [ T t[ z„(W),  w] ]  = 0 . Hence z (W) i s  an  i d e a l  i n  A,
M M  M

and we c a n  form t h e  s e m i - d i r e c t  p r o d u c t  A = T*z (W) . B e c a u s e  W i s1 M

n o t  c e n t r a l  i n  N, H N ^ N . L e t  W’ be a T - i n v a r i a n t  su b -
M

s p a c e  o f  N c o m p lem e n ta ry  t o  z (W) 0 N .M

Lemma: d im (W ')  = dim(W) .

P r o o f :  I f  dim(W) = 1, t h e  a s s e r t i o n  i s  o b v i o u s .  Assume t h a t

dim(W) = 2 and d im (W ')  - 1 . L e t  x e W’ , x ^ 0 . Then  a d ( x )  c a r ­

r i e s  W o n t o  t h e  o n e - d i m e n s i o n a l  s p a c e  zN . Hence t h e r e  i s  a  o n e ­

d i m e n s i o n a l  s u b s p a c e  W" i n  W s u c h  t h a t  [x ,W "]  = 0 . Then

r x , [ T , W " ] ]  = [ [ x . T ] ,  w"] f Ct .T x .W"]]  = 0 . S i n c e  W" i s  t h e  k e r n e l

o f  a d ( x ) | w ,  we must  have [ t ,W"] c  w " , w h ich  c o n t r a d i c t s  t h e  m i n i ­

m a l i t y  o f  W . Hence d im (W ')  = 2 , and th e  lemma i a  p ro v e d .

Le t  f x ' . y ' }  be a b a s i s  f o r  W',  w h ich  ( f o r  t h e  moment) we 

assume t o  be t w o - d i m e n s i o n a l .  We can  t h e n  c h o o s e  a b a s i s  f x , y }  f o r  

W such  t h a t  [ x ' , x ]  = [ y ' . y ]  ^ 0 and Tx’ . y ]  -  [ y ' , x ]  = 0 . I t

f o l l o w s  from lemma 7 t h a t  f o r  some m u l t i p l e  \x '  o f  x ' ,

*
( ( e x p ( a d ( A x ' ) )  ) cp)(x)  = 0 . Hence t h e r e  i s  an i n n e r  au to m o rp h i s m

*
i  o f  A such  t h a t  ( i  cp)(W) = 0 • (The same t h i n g  i s  c l e a r l y  t r u e  i f  

dim(W) = 1) . T hus ,  r e p l a c i n g  T by i ( T )  and W by i (W ) ,  i f  

n e c e s s a r y ,  we can  a r r a n g e  t h a t  cp ( [T ,w])  = 0 .

O p e r a t i o n  I I :  L e t  Sn = S D A, = S H ( T z w(W)),  and l e t
L i- 1 M

cp = cp] . We s h a l l  now p r o v e  t h a t  max(c£)) ( r e s p e c t i v e l y ,  e x l ( c p ) )
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i s  n o n -em p ty  i f ,  and o n l y  i f ,  max(tPj) ( r e s p .  e x l ( c p ^ ) )  i s  n o n -e m p ty .

We s h a l l  f i r s t  p r o v e  t h a t  m a x f o j )  C max(cp) . We a l r e a d y  know

t h a t  d im (S )  -  d im fS ^ )  = dim(W) . L e t  R = ( x e S: c p ( [ x , s ] )  = o} ,

and l e t  Rt  = {x e (p ( [ x . S ^ )  = o} . C l e a r l y  RJ = R © W, and

hence  d im f R j )  -  d im (R) = W , C o n s e q u e n t l y  d im (S )  -  J  d im (S /R )  =

d i m ( S 1 ) -  i  d i m f S ^ / R ^ ) ,  and so  max(cp^) C  max(cp) . S i m i l a r l y ,

exl(cp ) c  ex l (cp)  .

Now s u p p o s e  t h a t  t h e r e  i s  some H e max(cp) . I f  H c  S^,  t h e n

maxfCD^) i s  n o t  v o i d ,  a s  d e s i r e d .  S u p p o s e ,  t h e n ,  t h a t  H <£ S ^ , and

l e t  H be t h e  s u b a l g e b r a  o f  sp an n ed  by H fl and W . S in c e

cp(TA ,W]) = 0,  H ̂  i s  s u b o r d i n a t e  t o  cp̂  . F u r t h e r m o r e ,  d im(H) =

dim(H ) . Hence max(cp^), so  maxfcp^) i s  n o t  v o i d .  S i m i l a r l y ,

i f  ex l(cp) i s  n o n -e m p ty ,  t h e n  ex l (cp^)  i s  n o n -e m p ty .

We s h a l l  say  t h a t  t h e  p a i r  (S ,cp ) i s  d e r i v e d  f rom (S.rp)
~1

by p e r f o r m i n g  o p e r a t i o n  I I  w i t h  r e s p e c t  t o  W ,

8.  Lemma: Le t  S, N, A, T-M, zN, V, and cp r e m a in  a s  t h e y  w ere

i n  t h e  d i s c u s s i o n  o f  o p e r a t i o n  I I  . Assume, f u r t h e r m o r e ,  t h a t  t h e r e  i s

no m i n i m a l ,  T - i n v a r i a n t  s u b s p a c e  W o f  V H N s u c h  t h a t  [w,w] = 0 .

Then  max(cp) = & .

P r o o f : L e t  z*N be t h e  s e t  o f  a l l  n e N s u c h  t h a t  [ n , N ]  C- zN .

N o t i c e  t h a t  [M.z^N] C  z*N and [M,zN] = 0 . I t  f o l l o w s  t h a t  t h e r e  i s

some n i n  z^N such  t h a t  n e N and [M ,n]  = zN, b e c a u s e  M i s

n i l p o t e n t .  I n  p a r t i c u l a r ,  we can  c o n c l u d e  t h a t  V °  N ^ 0 . Hence 

t h e r e  i s  a m i n im a l ,  n o n - z e r o ,  T - i n v a r i a n t  s u b s p a c e  Ŵ  i n  V D N .

By h y p o t h e s i s ,  [w^,W^] i  0 ,  and t h e r e f o r e  W i s  tw o -d im en ­

s i o n a l .  A p p ly in g  lemma 3, we s ee  t h a t  M -  z (W ) © W I n  p a r t i -
M l  1

c u l a r ,  ( z „ ^  ) H (V D N) i s  a T - i n v a r i a n t  s u b s p a c e  o f  V 0  N t h a t  M 1
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i s  c o m p le m e n ta r y  t o  T hus ,  s h o u l d  t h i s  s u b s p a c e  be  n o n - z e r o ,  we

c o u l d  c h o o s e  a m i n i m a l ,  n o n - z e r o ,  T - i n v a r i a n t  s u b s p a c e  l y i n g  i n  i t .

N o t i c e  t h a t  [w ,W ] 4 0 and  [w ,W ] = 0 . C o n t i n u i n g  t h i s  p r o c e s s ,
6 & 1 «

we f i n a l l y  a r r i v e  a t  a d i r e c t - s u m  d e c o m p o s i t i o n  E ® j = i  wj  ° f  v n N  

s u c h  t h a t :

(1 )  Each W i s  a t w o - d i m e n s i o n a l ,  m i n im a l  T - i n v a r i a n t  s u b ­

s p a c e  o f  V H N .

(2 )  [ w ^ W ^ ]  = 0 i f  i  4 .] .

( 3 )  r »  ,W ] = zN f o r  a l l  i .

Let  Z H • T h en ,  a s  a v e c t o r  s p a c e ,
,) 1 M j

( 3 . 5 )  M = Z © W ©. , ,© W .
1 K

We s h a l l  now show t h a t  [ m , m] -  zN . R e c a l l  t h a t  V i s  a  T-

i n v a r i a n t  complement t o  zN i n  z^M . H ence ,  i f  U i s  a T - i n v a r i a n t

complement t o  V H N i n  V, t h e n  s i n c e  [ t ,U] c  u D N, we h a v e

Tt , u ] = 0 I t  f o l l o w s  t h a t  [ u , V  0 n ] = Tu.i:  © W ] = 0 . A l s o ,

o b s e r v e  t h a t  s i n c e  U D N 0,  U d o e s  n o t  l i e  i n  [ m ,M] . F i n a l l y ,

o b s e r v e  t h a t  s i n c e ,  by lemma 3.  z (W ) i s  an i d e a l  i n  M f o r  e a c h
M j

j ,  Z = n z (W ) i s  an i d e a l  i n  M . Hence  [ z , z ]  0 V D N - 0 ,  and  
j  M j

so  V H n n [m,M] = 0 . We have  t h u s  shown t h a t  z^M = V © zN w here

V H [ m ,M] = 0 . Hence [ m , m] = zN, a s  d e s i r e d .

A p p l y i n g  lemma 7,  we c a n  a r r a n g e  t h a t  cp(J] W^) - 0 . H av in g  

done  t h a t ,  we s e e  t h a t  cp( [ t ,A ] )  = 0,  a n d  h e n c e  we h a v e  t h a t  T C h i f

H e max (cp) . To go any f a r t h e r  we mus t  g e t  an  e s t i m a t e  o f  dim(H) f o r

H € max(cp), and i n  o r d e r  t o  g e t  t h a t  e s t i m a t e ,  we must  f i r s t  com pute

R = f x  e S: c p ( [ x , s ] )  o] . We h a v e  j u s t  a r r a n g e d  t h a t  (T fl S) © zN c: R
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C o n s i d e r  t h e n ,  an  e l e m e n t  r  e R . By ( 3 . 5 )  r  c a n  be w r i t t e n  I n  

p r e c i s e l y  o n e  way a s  a sum r  = t  + z + w, w he re  t  € T, z e Z and

w e £  © W . We s h a l l  now show t h a t  w = 0 and  t h a t  z e zN; t h i s
J J

w i l l  p r o v e  t h a t  R = (T 0 S) © zN . L e t  u s  a ssum e  t h a t  w A 0 , Then

t h e r e  e x i s t s  v e £  © Ŵ  s u c h  t h a t  Cp([w,v])  4 0 ,  and  h e n c e

cp ( [  t  + z + w, v ] )  = c p ( [ t , v ] )  + c p ( [w ,v ] )  ̂  0 . Hence  t  + z + w c a n

l i e  i n  R o n l y  i f  w - 0 . S i m i l a r l y ,  i f  z i s  n o t  i n  zN, t h e n

t h e r e  i s  some v e Z su ch  t h a t  t p ( [ v , z ] )  4 0,  and  so  <p(ft + z , v ] )  -  

c p (T z ,v ] )  4 0 . Hence z must  l i e  in  zN . But t h e n  t  = v -  z w i l l

l i e  i n  S . We h a v e  t h u s  p r o v e d  t h a t  R = (T fl S) © zN .

Now l e t  H e max(cp) Then

dim(H) = d im (S )  - £ d im (S / R )  =

= dim(N) + d im (T )  -  £ fd im fN )  + d im (T)  -  d im(T n S) -  l ]  =

= r dim(N) - £ (d im (N) -  1 ) ]  + [d im ( T )  -  £ ( d im (T )  -  d im(T D S ) ]  .

H ence ,  i n  p a r t i c u l a r ,

( 3 . 6 )  dim(H)  :> k + 1 + £ d im (T )  ,

w h e re  k i s  t h e  number  o f  W ' s  i n  t h e  d e c o m p o s i t i o n  ( 3 . 5 ) .  The  p r o o f

o f  t h e  lemma w i l l  t h e r e f o r e  be c o m p l e t e  i f  we c a n  show t h a t  w h e n e v e r  H

i s  a s u b a l g e b r a  o f  S and  H i s  s u b o r d i n a t e  t o  cp, t h e n

dim(H) ^ k + 1 + £ d im (T )  .

B e f o r e  we c a n  go on ,  we must  know s o m e t h i n g  o f  how T a c t s  on

^  . B e c a u s e  Ŵ  i s  a m in im a l  T - i n v a r i a n t  s u b s p a c e  o f  N, and

b e c a u s e  comP l e t e l y  r e d u c i b l e ,  we can  c h o o s e  a b a s i s  f x , y }

f o r  W so t h a t  f o r  a l l  t  e T,
J



17

[ t . x ]  = a ( t ) x  + b ( t ) y  

[ t , y ]  = - b ( t ) x + a ( t ) y  .

Now [ t , [ x , y ] ]  = 0,  and h e n c e  0 = = [ [ t , x ] , y ]  + [ x , [ t , y ] ]  =

2 a ( t ) z .  w here  z = [ x , y ]  . F u r t h e r m o r e ,  b e c a u s e  ^ ° ’ z ^ 0 '

Hence  a ( t )  - 0 . We h a v e ,  i n  p a r t i c u l a r ,  shown t h a t

= f t  € T* [ t . W  ] = o] i s  a s u b s p a c e  o f  c o d i m e n s i o n  o n e  i n  T . S i n c e

0  ̂ = 0 ,  t h e  d i m e n s i o n  o f  T i s  t h e  number  o f  d i s t i n c t  ( a s  s u b s p a c e s

o f  T) TJ .

Now s u p p o s e  t h a t  H i s  a s u b a l g e b r a  o f  S s u b o r d i n a t e  t o  cp

and c o n t a i n i n g  zN . ( I t  d o e s  no ha im t o  a ssume t h a t  H c o n t a i n s  zN,

b e c a u s e  i f  H w ere  i n  max(cp), t h e n  zN would  l i e  i n  H ) .  B e c a u s e

zN l i e s  i n  H. H H N -- (II 0  E  ®  W ) ® zN . L e t  u s  a s s u m e ,  f o r  t h e
J J

moment,  t h a t  H H N € max(cp|N), and l e t  h = t + z + w € H ,  w he re  

t  e T,  z e Z and w e T. ^  . Then  s i n c e  ("t + z ,  H H T. ] c:

T. ® Wj c  ke r (cp ) ,  we mus t  have  [w, H fl ® W ] = 0 ,  o r  i n  o t h e r

w o r d s ,  w t  H H T. 0 ^  Ŵ  . S i n c e ,  i n  p a r t i c u l a r ,  w e H, we h ave

h - w = t  + z € H .  But c p ( [ [ t  + z ,  H ] , H ] )  = 0 o n l y  i f

[ t  + z ,  H H J] 9^  Wj] c  h P * , I t  f o l l o w s  e a s i l y  ( f r o m  t h e  max-

i m a l i t y  o f  H 0 N) t h a t  t  + z c a n  l i e  i n  H o n l y  i f  t  = 0 . Thus

h = z + w, w here  z e zN (=H 0 z )  and w e H, and so dim(H) -s

dim(N) -  i  d im (N /zN )  = k + 1 . Hence H i  max(cp) .

Now l e t  u s  assume H Pi N t  max(cp|N) . Once a g a i n ,  l e t

h = t + z + w e H ,  w h e re  t  e T,  z e z ,  and w e Z © W . A r g u i n g
J j

a s  i n  t h e  p r e v i o u s  p a r a g r a p h ,  we s e e  t h a t  [w,H 0 Z W ] = 0 .
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Now [ h ,H  H E © W ] c  H, and h e n c e  [ t  t- z + w, H H 2  ® W ] =
j  j  J J

[ t , H H £  © j  Wj ] <= h  n E © Wj . We now make a  c r u c i a l  o b s e r v a t i o n :

L e t  T = { t e T : t + z + w 6 H  f o r  some z € Z and some 
o

w e £ © W ] , and l e t  S = S f l(T -M) . T hen  H e max(cp) o n l y  i f
J j  o o

H e max(cp|s  ) Hence we may assume w i t h o u t  harm t h a t  T = T and1 o o

S = S . I n  th a t  c a s e ,  we w i l l  have [ t , H  H E ©  W ] c  h D E © W , o J J -  j  J
and  t h e r e f o r e ,  by t h e  h y p o t h e s i s  o f  t h e  lemma t h a t  z^M c o n t a i n s  no

T - i n v a r i a n t  s u b s p a c e s  U s u c h  t h a t  c p ( [ u , u ] )  = 0 ,  we c a n  c o n c l u d e

t h a t  fT .H  H E ^  W ] = 0 , Hence H H E © W = 0 ,  w h ich  means  t h a t
J J J

H 0  N = zN , But  dim(H/H n  N) = dim(HN/N) < d im (T )  = k . Hence 

dim(H) < k + 1 and t h e  lemma i s  p r o v e d .
*

9 .  A l g o r i t h m :  L e t  S be a s o l v a b l e  L i e  g r o u p ,  and l e t  cp e S

We s h a l l  now d e s c r i b e  an a l g o r i t h m  f o r  d e t e r m i n i n g  w h e t h e r  ex l (cp)

i s  n o n - e m p t y .  L e t  N be t h e  n i l - r a d i c a l  o f  S . By lemma 4, we s e e
*

t h a t  i t  i s  no l o s s  o f  g e n e r a l i t y  t o  a ssum e  t h a t  ad S l e a v e s  t h eN ™

o r b i t  ( a d  N)(cp|N) i n v a r i a n t ,  and s o ,  f rom t h i s  p o i n t  on ,  we s h a l l

make t h a t  a s s u m p t i o n .

S t e p  A: L e t  Z be t h e  c e n t e r  o f  N . Then  f o r  a l l  n e N and

*
z e Z, ( ( a d  n )cp ) (z )  = c p ( ( a d ( n ) ) z )  = cp(z) . Hence f o r  a l l  s e S

* *
and  a l l  z e A, ( ( a d  s ) c p ) ( z )  = tp (z)  . I n  p a r t i c u l a r ,  ad  S c a r r i e s

N N -
ker(cp) D Z o n t o  i t s e l f .  Hence we c a n  a p p l y  o p e r a t i o n  I  t o  (S,cp)

t o  g e t  a new p a i r  ( S ' . c p ' )  o f  l o w e r  d i m e n s i o n  u n l e s s  ker(cp)  Pi Z = 0 .

T h u s ,  by r e p e a t e d l y  a p p l y i n g  o p e r a t i o n  I ,  we a r r i v e  a t  a  p a i r  (S ,cp )
” l  1

su ch  t h a t  ke r fcP j )  H z^ *  0,  Z^ b e i n g  t h e  c e n t e r  o f  t h e  n i l - r a d i c a l  

o f  . I f  = Z^,  t h e n  ex l (cp)  £ J0, and  t h e  a l g o r i t h m

t e r m i n a t e s .  ( R e c a l l  t h a t  i f  ( S ' . c p ' )  i s  d e r i v e d  f rom  (S,cp) by
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ap p ly in g  o p e r a t io n  I ,  then exl(cp) /  0 i f ,  and o n ly  i f ,  ex i (cp ')  /  0 ) .

Step B: Suppose, then ,  th a t  Z  ̂ /  . S ince  f a i t h f u l ,

* Idim(Z ) = 1 . A l s o ,  s i n c e  S l e a v e s  in v a r ia n t  the o r b i t  (ad N ) (cp I N ) ,
1 “ l  " l

*
we must have ( (ad  s)cp^)(z) -  cp^(z) f o r  a l l  s e S and a l l  z e Z  ̂ .

I t  f o l l o w s  th at  Z i s  c e n t r a l  in  S , and thus  (S ,cp ) s a t i s f y  the
~1

h y p o t h e s i s  needed to  perform o p e r a t io n  I I .  There are now two p o s s i b i l i ­

t i e s :

( i ) There i s  no subspace W w ith  resp e c t  to  which o p e r a t io n  II  can be

performed. Then, by lemma 8, exMcp^) = 0,  and so exl(cp ) = 0 .

Thus the  a lgor i th m  t e r m in a t e s ,

( i i )  There i s  a subspace W w ith  resp e c t  to  which o p e r a t io n  II  can be

performed. Let (S ,cp ) be the  p a i r  d e r iv ed  from (S ,cp ) by
2 2 “ l 1

performing o p e r a t io n  II  w i th  resp e c t  to  W . Then exl(cp^) ^ 0

i f ,  and on ly  i f  exl(cp) 4 0,  and dim(S ) < dim(S) . Let N
~ 2 '  ~ 2

be the  n i l - r a d i c a l  o f  S , P a s s in g  to  a connected  subgroup of
” 2

S i f  n e c e s s a r y ,  we can arrange th a t  S l e a v e s  in v a r ia n t  
” 2 ~2

(ad N )(cpo |N 0) . We now return  to  s t e p  A, s u b s t i t u t i n g  (S ,cp )
~ 2 ~2 2

f o r  (S.cp) .

By r ep e a t e d ly  performing s t e p s  A and B in  the  order  i n d i c a t e d ,  the  

a lgor i th m  t e r m in a t e s  (because  a f t e r  the  f i r s t  a p p l i c a t i o n  o f  s t e p  A,

both s te p  A and s t e p  B e i t h e r  reduce the d imension o f  the group under

c o n s i d e r a t i o n ,  o r  g iv e  an answer to  the q u e s t i o n  o f  whether exl(cp)  ̂ 0 ) .
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T h i s  c o m p l e t e s  o u r  d i s c u s s i o n  o f  how t o  d e t e r m i n e  when exl (cp)  4 0 .
*

Remark: L e t  (S,cp) r e m a in  a s  a b o v e ,  and as sum e  t h a t  a d ^  S

l e a v e s  ( a d  N)( tp |N) i n v a r i a n t ,  w here  N i s  t h e  n i l - r a d i c a l  o f  S .

L e t  T*M be  a M a lce v  d e c o m p o s i t i o n  o f  t h e  a l m o s t  a l g e b r a i c  h u l l  A

o f  S . I t  i s  c l e a r  f rom t h a t  a l g o r i t h m  t h a t  ex l (cp )  4 0 i f  t h e r e

e x i s t s  no m i n i m a l ,  T - i n v a r i a n t  s u b s p a c e  W o f  N s u c h  t h a t

cp([w,W^)^ 0 . I t  f o l l o w s ,  i n  p a r t i c u l a r ,  t h a t  i f  S i s  o f  e x p o n e n -

*
t i a l  t y p e ,  t h e n  ex l (c p )  4 0 f o r  a l l  cp e S . T h e r e  a r e  many s o l v a b l e

*
L i e  a l g e b r a s  S n o t  o f  e x p o n e n t i a l  t y p e  s u c h  t h a t  f o r  a l l  cp e S ,

ex l (cp )  4 0 . One i n t e r e s t i n g  ex a m p le  i s  t h e  f o l l o w i n g :

S i s  t h e  s i x - d i m e n s i o n a l  L i e  a l g e b r a  w i t h  b a s i s  T ,X ^ ,Y ^ ,

X , Y , Z and b r a c k e t s ;
2 2

T t . x J  = -  Yt , [ T , Y^1 = X1 

[X 1 .Y1 ] = Z,

[Y ,X ] = Z, o t h e r  b r a c k e t s  z e r o .
1 2

*
To v e r i f y  t h a t  e x l  (cp) /  0  f o r  a l l  cp e S i s  a  r o u t i n e  a p p l i c a t i o n  

o f  t h e  a l g o r i t h m .  S i s  c l e a r l y  n o t  o f  e x p o n e n t i a l  t y p e .  I t  i s  w o r t h  

o b s e r v i n g  t h a t  S c o n t a i n s  a s u b a l g e b r a  i s o m o r p h i c  t o  t h e  a l g e b r a  D 

d e f i n e d  J u s t  b e f o r e  lemma 4.  T h i s  phenomenon e x p l a i n s  why i t  i s  d i f ­

f i c u l t  t o  f i n d  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n s  on (S,cp) t h a t  

ex l (cp )  be n o n - v o i d .

*
10.  T h e o re m : L e t  S be a s o l v a b l e  L i e  g r o u p  and  l e t  cp e S

Then  max(cp) 4 0 i f ,  and o n l y  i f ,  ex l (cp )  4 0 .

P r o o f : The p r o o f  i s  by i n d u c t i o n  on  d im (S )  . F o r  d im ( S )

< 2, t h e  t h e o r e m  i s  c l e a r .  L e t  S be  o f  m i n im a l  d i m e n s i o n  f o r  w h ic h  

t h e  t h e o r e m  h a s  n o t  b e e n  p r o v e d .  S i n c e  ex l (cp)  c: max(cp), we n e e d  o n l y
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show t h a t  f o r  a l l  q> s  S*,  ex l (cp)  I s  n o n -e m p t y  w h e n e v e r  max(cp) I s  

n o n - e m p t y .  The p r o o f  c o n s i s t s  o f  sh o w in g  t h a t  i t  i s  o n l y  n e c e s s a r y  t o  

c o n s i d e r  p a i r s  (S,<p) t o  w h ich  o p e r a t i o n  U  c a n  be a p p l i e d .  Once t h i s  

h a s  b e e n  shown, t h e  t h e o r e m  w i l l  f o l l o w  i m m e d i a t e l y  f rom t h e  i n d u c t i o n  

h y p o t h e s i s  and  lemma 8 .

L e t  Z be t h e  c e n t e r  o f  t h e  n i l - r a d i c a l  N o f  S . I f  

cp(Z) = 0,  t h e n  Z w i l l  l i e  i n  H f o r  a l l  H i n  max(cp), and h e n c e

we can  a p p l y  t h e  i n d u c t i o n  h y p o t h e s i s  i n  S/Z and e a s i l y  c o n c l u d e  t h e

t r u t h  o f  t h e  t h e o r e m  f o r  (S,cp) . Thus  we may assume cp(Z) /  0 . L e t  

W = ker(cp) 0  Z, and  l e t  H' = [ x  e H: [ x , Z ]  <= w} , w h e re  H i s  some 

f i x e d  e l e m e n t  o f  max(cp) . By t h e  J a c o b i  i d e n t i t y ,  H' i s  a s u b a l g e b r a  

o f  H . We now o b s e r v e  t h a t  i t  d o e s  no harm t o  assume t h a t  S = HN,

s i n c e  H € max(cp1 (H + N ))  . Then H' H W w i l l  be an i d e a l  i n  S,

s i n c e  H' H W = H 0 W and  <p([H,H]) = 0 . Hence we may assume t h a t  

H H W = 0,  s i n c e  i f  i t  w e re  n o t  z e r o ,  we c o u l d  f a c t o r  i t  o u t  and  a p p l y  

t h e  i n d u c t i o n  h y p o t h e s i s .  Now dim(Z/W) = 1, and h e n c e  d i m ( H / H ' )  ^

d im (Z )  . I t  f o l l o w s  t h a t  H' + Z e max(cp) . T h u s  we may assume t h a t

H = H' + Z . But  t h e n  we have  [ h ,  ker(cp) H z ]  c: ker(cp) H Z, and  s o ,

s i n c e  S = HN, we c a n  a p p l y  o p e r a t i o n  I t o  S . T hus  we may assume

t h a t  Z i s  c e n t r a l  i n  S, i s  o n e - d i m e n s i o n a l ,  and i s  n o t  a n n i h i l a t e d

by cp . I t  f o l l o w s  t h a t  we can  a p p l y  o p e r a t i o n  I I  t o  (S,cp) w i t h  r e ­

s p e c t  t o  some s u b a l g e b r a  W o f  S; f o r ,  i f  we c o u l d  n o t ,  max(cp)

w o u ld  be em p ty ,  by lemma 8 . Thus  t h e  t h e o r e m  f o l l o w s  f rom t h e  i n ­

d u c t i o n  h y p o t h e s i s  and f rom  o u r  d i s c u s s i o n  o f  o p e r a t i o n  I I .

We s h a l l  c o n c l u d e  t h i s  s e c t i o n  w i t h  two p r o p o s i t i o n s  o f  a t o p ­

o l o g i c a l  n a t u r e .
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11.  P r o p o s i t i o n :  L e t  S be a s o l v a b l e  L ie  g r o u p  w i t h  n i l - r a d i c a l

N, l e t  cp e S , and assume t h a t  S i s  s p a n n e d  by R = f x  e S: cp[x,s3~o}

*
and N . Then t h e  r e s t r i c t i o n  map i s  a homeomorphism from (ad  S)(p 

o n t o  S) (cp|N) , which  i s  e q u a l  t o  ( a d  N)(cp|N) .

P r o o f : (ad*S)cp = S/R ~  RN/R *= N/N D R ~  (ad*N)(cp|N) . But

(ad*N) (cp| N) = ( a d *  S> (cp| N) b e c a u s e  ( a d ^  R)(<p | n > = cp|N, so  t h e  p r o p ­

o s i t i o n  i s  p r o v e d .

12.  P r o p o s i t i o n :  Le t  S be a s o l v a b l e  L i e  g r o u p  w i t h  n i l - r a d i c a l

N, l e t  9  € S * , and l e t  K be a s u b - a l g e b r a  o f  S w h ich  i s  o f  max­

im a l  d i m e n s i o n  among t h o s e  s u b a l g e b r a s  L o f  S such  t h a t  L >- N and 

s u c h  t h a t  N i s  com plem en ted  i n  L by a s u b s p a c e  V s u c h  t h a t

c p ( [ v ,L ] )  = 0 . Then  g i v e n  any 0 e S such  t h a t  6 1K = tp 1K , we can

*
f i n d  some s e S s u c h  t h a t  (ad  ( s ) ) 0  = cp .

P r o o f :  Our  h y p o t h e s i s  g u a r a n t e e s  t h a t  K c o n t a i n s  a  s u b s p a c e

R w hich  i s  o f  maximal d i m e n s i o n  among t h o s e  s u b s p a c e s  V o f  S s u c h

t h a t  cp ( [v ,V ] )  = 0 . Le t  Q = (ad*S)cp, l e t  Q = (ad*K)( tp ]K) ,  l e to “ K “

I be t h e  s u b g ro u p  o f  s  l e a v i n g  cp f i x e d ,  and l e t  I  be t h e  su b -
\ S  “ " k

g r o u p  o f  K l e a v i n g  cp|K f i x e d .  Then

dim (R) = d im (S)  -  i  dim(Q J
* O

dim (R)  = dim(K) -  £ d im (0  ) ,
I\

and hence

d i m ( I  ) -  d i m ( I  ) = d im (S )  -  dim(K) .
~K S

Let  I = ( x  e K: cp[x,K] = o} , and l e t  V be a s u b s p a c e  o f  S

co m p le m e n ta ry  t o  K . Then i f  X e I , [ x , v ]  c  K, w h ich  means t h a t
K ~

c p ( [ x , [ x , v ] )  = 0 . Now l e t  V = ( \(r e S : f | g  = ( K p ) | g  f o r  some r  e r] .
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* I *F o r  a l l  x I n  t h e  I d e n t i t y  com ponent  o f  I , ( a d  x ) | V  i s  t h e
~K -

* 2
e x p o n e n t i a l  o f  an o p e r a t o r  X on V s u c h  t h a t  X = 0 . I t  now

*  *
f o l l o w s  e a s i l y  f rom  d l m ( I  / I  ) = d im (S /K  = dim(V ) t h a t  ( a d  I )(ifcp)

_K " S  ~ -  K “

= V . But  f o r  a l l  r  e R and x e I , ( a d  x ) ( ( i t p ) | k )  = (rcp) |K .
~K -

T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  p r o p o s i t i o n .



24

CHAPTER IV. INDUCED REPRESENTATIONS

We s h a l l  assume t h a t  t h e  r e a d e r  I s  f a m i l i a r  w i t h  t h e  e l e m e n t a r y  

f a c t s  a b o u t  i n d u c e d  u n i t a r y  r e p r e s e n t a t i o n s  a s  g i v e n  i n  s e c t i o n s  1 - 3  

o f  f l 3 ] .  The p u r p o s e  o f  t h i s  s e c t i o n  i s  t o  e s t a b l i s h  t h e  n o t a t i o n  we 

s h a l l  u s e  f o r  c e r t a i n  s p e c i a l  i n d u c e d  r e p r e s e n t a t i o n s .  We s h a l l  a l s o  

t r a n s l a t e  what  we need  from [ l 3 ]  i n t o  t h i s  n o t a t i o n .

Le t  S be a s o l v a b l e  L i e  g r o u p ,  and l e t  cp e S . L e t  u s  r e ­

c a l l  t h a t  i n  C h a p t e r  I I  we d e f i n e d  a s u b a l g e b r a  H o f  S t o  be s u b ­

o r d i n a t e  t o  cp I f  cp ( [  H . H ] > -  0 , L e t  us  su p p o se  t h a t  we a r e  g i v e n  a

p a i r  fcp.H}. where  cp e S and  H i s  s u b o r d i n a t e  t o  cp . L e t  H

d e n o t e  t h e  c o n n e c t e d  s u b g ro u p  o f  S c o r r e s p o n d i n g  t o  H . B e c a u s e  S 

i s  s im p ly  c o n n e c t e d ,  H i s  a c l o s e d  s u b g ro u p  o f  S ( [ i d ] ,  p. 191 ) .

Cp d e f i n e s  a c h a r a c t e r  X on H by t h e  f o l l o w i n g  form ula:

(4 .  1) X(h)  -  exp  2 n i ( c p ^ (h ) )

where  h e H and v  i s  t h e  homomorphism from H i n t o  t h e  r e a l  numb­

e r s  R such  t h a t  dcp i s  t h e  r e s t r i c t i o n  o f  cp t o  H . The u n i t a r y

r e p r e s e n t a t i o n  x i n d u c e s  ( i n  t h e  s e n s e  o f  [ 1 3 ] )  a u n i t a r y  e q u i v a l e n c e

c l a s s  o f  u n i t a r y  r e p r e s e n t a t i o n s  o f  S; t h a t  c l a s s  w i l l  be d e n o t e d

S(cp,H) . The u s e f u l n e s s  o f  t h i s  c o n s t r u c t i o n  seems f i r s t  t o  h ave  been

o b s e r v e d  by K i r i l l o v  i n  [ l 2 ] ,  w here  t h e  f o l l o w i n g  th e o re m  i s  p r o v e d :

1. Theorem ( K i r i l l o v ) ;  Le t  N be a n i l p o t e n t  L i e  g r o u p .
*

( i )  F o r  e v e r y  cp e N and e v e r y  H e max(cp) ( c f .  I I I .  2 ) ,

N(cp,H) e ft, where N i s  t h e  d u a l  o f  N i n  t h e  s e n s e  o f  [ l 4 ] .
*

( i i )  F o r  e v e r y  cp e N , N(cp.H) i s  i n d e p e n d e n t  o f  H a s  H

t r a c e s  max(cp) .
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( i i i )  The map <p ----- > N(cp,H), w h e re  H e max(cp), i n d u c e s  a

*  +  A
b i j e c t i o n  f rom N / a d  N o n t o  N .

2. P r o p o s i t i o n :  L e t  S be a s o l v a b l e  L i e  g r o u p ,  l e t  F be  a c o n -

*
n e c t e d  s u b g r o u p  o f  S, and  l e t  cp e S . Assume t h a t  H i s  a s u b a l g e ­

b r a  o f  S s u b o r d i n a t e  t o  cp and t h a t  S = H F . Then S(cp,H),  r e ­

s t r i c t e d  t o  F, i s  F(cp|F.  H 0  F) ,

P r o p o s i t i o n  2 i s  . j u s t  t h e  s u b g r o u p  t h e o r e m  o f  Mackey ( f o r  w h ic h ,  

s e e  s e c t i o n  6  o f  [ l 3 ] > .  An i m p o r t a n t  s p e c i a l  c a s e  o f  p r o p o s i t i o n  2 i s

when F i s  t h e  n i l - r a d i c a l  o f  S and  H 0 F € max(cp|F) . I n  t h a t  c a s e

F (cp | F , H H F) e ^  by K i r i l l o v ' s  t h e o r e m ,  and h e n c e  S(cp,H) e s i n c e

t h e  r e s t r i c t i o n  o f  S(cp,H) t o  F i s  a l r e a d y  i r r e d u c i b l e .

3.  P r o p o s i t i o n :  L e t  S and  cp r e m a in  a s  i n  p r o p o s i t i o n  2; l e t

N be t h e  n i l - r a d i c a l  o f  S; and assume t h a t  ex l (cp )  ^ 0 , and t h a t  f o r

a l l  K e ex l ( c p ) ,  KN = S . Then ,  g i v e n  any j  € S s u c h  t h a t  j ( N )  = 0,

we have

S(cp + f , K) = X ® S(cp.K) , 

w h e re  K e exl(cp) and X t h e  c h a r a c t e r  on S d e t e r m i n e d  by \|r ( a s

i n  f o r m u l a  4 .1  a b o v e ) .

P r o o f :  T h i s  i s  j u s t  t h e o r e m  7 , 2  o f  [ l 3 ]  t r a n s l a t e d  i n t o  t h e

n o t a t i o n  o f  t h e  s p e c i a l  c a s e  i n  w h ich  we s h a l l  be i n t e r e s t e d .

L e t  t t  be a u n i t a r y  r e p r e s e n t a t i o n  o f  a  s o l v a b l e  L i e  g r o u p  S — 

be t h i s  we mean t h a t  n i s  a  s t r o n g l y  c o n t i n u o u s  homomorphism f rom  S 

i n t o  t h e  g r o u p  o f  u n i t a r y  o p e r a t o r s  on a s e p a r a b l e  H i l b e r t  s p a c e  — and  

l e t  a  be an a u t o m o r p h i s m  o f  S . We d e f i n e  o - n  t o  be t h e  u n i t a r y  

r e p r e s e n t a t i o n  o f  S g i v e n  by ( o ' * t t ) ( s )  = n ( o  ^ ( s ) )  . L e t  t|r be  an­

o t h e r  u n i t a r y  r e p r e s e n t a t i o n  o f  S, and assume t h a t  t t  and  i |f  a r e
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u n i t a r i l y  e q u i v a l e n t .  Then c l e a r l y  o -tt and O'* ^ a r e  u n i t a r i l y  

e q u i v a l e n t .  Hence ,  d e n o t i n g  by p t h e  u n i t a r y  e q u i v a l e n c e  c l a s s  o f  tt, 

we c a n  d e f i n e  Q"p t o  be t h e  u n i t a r y  e q u i v a l e n c e  c l a s s  o f  cx-tt . Sup­

p o s e  now t h a t  G i s  a n o t h e r  s o l v a b l e  L i e  g r o u p  and t h a t  S i s  a no rm al

s u b g r o u p  o f  G . Each g e G d e f i n e s  an au to m o rp h ism  cŷ  o f  S by

o, ( s )  = g s g 1 . We s h a l l  u s e  g - p  t o  d e n o t e  O' -p and g-rr t o  d e -  
g K

n o t e  o n  
g

4. P r o p o s i t i o n :  L e t  S be a s o l v a b l e  L ie  g r o u p ,  l e t  H be a c l o s e d

s u b g ro u p  o f  S. l e t  t t  be a u n i t a r y  r e p r e s e n t a t i o n  o f  H on a H i l b e r t

s p a c e  h, and l e t  o  be an a u tom orph ism  o f  S . Le t  p d e n o t e  t h e

u n i t a r y  e q u i v a l e n c e  c l a s s  o f  u n i t a r y  r e p r e s e n t a t i o n s  o f  S i n d u c e d  by

cyn  and l e t  p be t h e  c o r r e s p o n d i n g  c l a s s  i n d u c e d  by t h e  u n i t a r y  r e p -

or e s e n t a t i o n  o - n  o f  oH . Then o p  = p

P poof :  Le t  p lie a f i n i t e ,  q u a s i - i n v a r i a n t  m e asu re  on S /H .

S i n c e  o  c a r r i e s  H o n t o  oH. o  i n d u c e s  a map ( a l s o  d e n o t e d  by o )  

from S H  o n t o  S oH . (We remark  t h a t  we u s e  c o s e t s  o f  t h e  form
r"Vwi ' V

Hx x e S ) .  L e t  p be t h e  m e a s u re  on S roH d e f i n e d  by p (B) =

p ( o  *B) f o r  a l l  B o r e l  s e t s  B i n  S 7oH . C l e a r l y  p i s  a l s o  f i n i t e

and q u a s i - i n v a r i a n t . L e t  X: S X S — > R d e n o t e  t h e  ( a l m o s t  e v e r y ­

where  u n i q u e l y  d e f i n e d )  B o r e l  f u n c t i o n  such  t h a t  X ( x , y ) d p ( x )  ~ u ( B y ) .
B

- 1  - 1  ^
X f x . o  v l r f i i f i T  -  ii. f n  fv v l  — i t /

r X( o  *x,  o  * y )  d p ( x )  = p(B y)  .

r — 1 ” T
X ( x ,o  y ) d p ( x )  = p(B a  y )  = p ( o ( B ) y ) ,  and h e n c e

L e t  h^ d e n o t e  t h e  s p a c e  o f  a B o r e l  f u n c t i o n s  f  from S t o  h

such  t h a t  ( a )  f o r  a l l  ? e H and a l l  x e S, f ( ? x )  = tt( 5)  f ( x )  and 

2

D e f in e  t h e  H i l b e r t  s p a c e  h^ s i m i l a r l y  f o r  q , * t t ,  and d e f i n e
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V f rom  h t o  h by ( V f ) ( x )  = f ( o  *x )  f o r  a l l  f  e h and  a l l
i. Z A

x e S . C l e a r l y  V maps h u n i t a r i l y  o n t o  h .— \  £

The u n i t a r y  r e p r e s e n t a t i o n  n o f  S i n d u c e d  by tt ( a n d  p,)

i s  d e f i n e d  by ( n ( y )  f ) ( x )  = ( X ( x , y ) ) ^  f ( x y )  f o r  a l l  x ,  y e S and 

a l l  f  c h^ , The u n i t a r y  r e p r e s e n t a t i o n  o f  S i n d u c e d  by o-rr 

( d e n o t e d  n0") i s  d e f i n e d  by ( ^ ( y )  f ) ( x )  = (X(cr ^x.ty * y ) ) ^  f ( x y )  

f o r  a l l  x,  y e S and a l l  f e . Now f o r  a l l  f  € h we h ave

( V ( o * n ( y )  f ) ) ( x )  = ( o - n ( y )  f) (o-  *x)  = ( r i (o  1 y )  f ) ( o  *x)

= (X(ry ^ x . o  * y ) ) ^  f (o' * ( x y ) )  .

On t h e  o t h e r  hand ,

( n (f>)( y ) ( V f ) ) ( x )  = ( \ ( o ' 1x , o ' 1y ) ) ^ ( V f ) ( x y )

= (X(cv 1x , o  1y ) ) ^  f ( o  1 ( x y ) )  .

Hence ,  f o r  a l l  y e S, V ( ( o ' . n ) ( y ) )  = ( ^ ( y ) )  V, and t h e  p r o p o s i t i o n  

i s  p r o v e d .

L e t  F be a c l o s e d ,  no rm a l  s u b g r o u p  o f  a s o l v a b l e  L i e  g r o u p  S .

We s h a l l  u s e  F t o  d e n o t e  t h e  d u a l  o f  F ( i n  t h e  s e n s e  o f  [ l 4 ] ) .

When we s p e a k  o f  t h e  B o r e l  s t r u c t u r e  on we s h a l l  mean t h a t  d e f i n e d

by Mackey i n  [ l 4 ] .  I f  p e F*, t h e n  f o r  a l l  s € S, s *p  e Q . T h u s

S o p e r a t e s  a s  a t r a n s f o r m a t i o n  g r o u p  on  ^  . We s h a l l  r e f e r  t o  t h i s

A 6a c t i o n  o f  S on F a s  t h e  a c t i o n  o f  S on F .

F i n a l l y ,  we s h a l l  u s e  t h e  f o l l o w i n g  n o t a t i o n :

Ft = t h e  r e a l  n u m b e rs ,

T = t h e  c i r c l e  g r o u p .

Z = t h e  i n t e g e r s .

C = t h e  com p lex  n u m b e rs .
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CHAPTER V. THE MACKEY OBSTRUCTION

L e t  S be a s o l v a b l e  L i e  g r o u p ,  and l e t  N be t h e  n i l - r a d i c a l

A
o f  S . Choose  an  e l e m e n t  p e N, and l e t  F be t h e  s u b g r o u p  o f  S

l e a v i n g  p f i x e d .  Now t h e  map S X ft — > ft d e f i n i n g  t h e  a c t i o n  o f  S

on ft i s  a t  l e a s t  a B o r e l  f u n c t i o n  o f  e a c h  v a r i a b l e  s e p a r a t e l y ,  and

s i n c e  N i s  n i l p o t e n t  ( and  h e n c e  ( [ 5 ] )  i s  t y p e  I ) ,  ft i s  a s t a n d a r d

B o r e l  s p a c e .  T h e r e f o r e  we c a n  i n v o k e  th e o r e m  7 . 2  o f  [ l 4 ]  t o  c o n c l u d e

t h a t  F i s  a c l o s e d  s u b g r o u p  o f  S . B e c a u s e  N ^  F, F i s  a l s o  a

n o rm a l  s u b g r o u p  o f  S . We know ( c f . t h e o r e m  8 . 1  o f  [ l 5 ] )  t h a t  t h e r e

e x i s t s  some e l e m e n t  q o f  F s u c h  t h a t  t h e  r e s t r i c t i o n  o f  q t o  N

i s  a m u l t i p l e  o f  p . We p r o p o s e  now t o  f i n d  t h e  o b s t r u c t i o n  t o  t h e

e x i s t e n c e  o f  a q whose r e s t r i c t i o n  t o  N i s  p r e c i s e l y  p . T h i s

p r o b le m  was  f i r s t  s o l v e d  ( i n  a much more g e n e r a l  s e t t i n g )  by G. W.

Mackey ( c f .  t h e o re m  8 . 2  o f  [ l 5 ] ) ,  and ,  t o  be p r e c i s e ,  wha t  we s h a l l

do  h e r e  i s  t o  show t h a t  M a c k e y ' s  r e s u l t ,  f o r  t h e  s i t u a t i o n  d e s c r i b e d

*
ab o v e ,  h a s  a u s e f u l  i n t e r p r e t a t i o n  i n  t e r m s  o f  t h e  a c t i o n  o f  ad S

*
on S . The  b a s i c  i d e a  o f  wha t  we a r e  a b o u t  t o  do a p p e a r s  i n  c h a p ­

t e r  4 o f  [ 3 ] ,  and o u r  o b j e c t  h e r e  i s  t o  f i l l  i n  s e v e r a l  g a p s  t h a t  o c c u r  

i n  t h e  p r e v i o u s  e x p o s i t i o n .  I n  t h e  c o u r s e  o f  t h e  c o m p u t a t i o n ,  we s h a l l

ha v e  t o  u s e  an e n l a r g e d  v e r s i o n  o f  t h e  a l m o s t  a l g e b r a i c  h u l l  o f  S .

I n  o r d e r  n o t  t o  i n t e r r u p t  o u r  d e v e l o p m e n t  o f  t h e  main  p o i n t s  o f  o u r  

d i s c u s s i o n ,  we s h a l l  p r o v e  t h e  e x i s t e n c e  o f  t h i s  g r o u p  now:

#
1.  Lemma: L e t  S be a s o l v a b l e  L i e  g r o u p ,  and  l e t  S d e n o t e

t h e  a l g e b r a i c  h u l l  o f  a d ( S )  . T hen  t h e r e  e x i s t s  a u n i q u e  L i e  g r o u p

M
G c o n t a i n i n g  S a s  a c l o s e d ,  n o rm a l  s u b g r o u p  s u c h  t h a t  ad G = S

S — —

and such  t h a t  G and S h ave  t h e  same c e n t e r .
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P r o o f :  L e t  T be a m ax im al  c o m p l e t e l y  r e d u c i b l e  s u b g r o u p  o f

S . T c o n s i s t s  o f  a u t o m o r p h i s m s  o f  S b e c a u s e  t h e  a u t o m o r p h i s m  g r o u p  

o f  S i s  a l g e b r a i c  and c o n t a i n s  a d ( S )  . S i n c e  S i s  s i m p l y  c o n n e c t e d ,  

we c a n  v iew T a s  a g r o u p  o f  a u t o m o r p h i s m s  o f  S . T h u s  we c a n  fo rm  t h e  

s e m i - d i r e c t  p r o d u c t  T-S  . L e t  Z be a c l o s e d  s u b g r o u p  o f  t h e  c e n t e r  o f

T*S c o m p le m e n ta r y  t o  t h e  c e n t e r  o f  S . Then G i s  t h e  u n i v e r s a l  c o v e r ­

i n g  g r o u p  o f  ( T - S ) / Z  . The  p r o o f  t h a t  G i s  u n i q u e l y  d e f i n e d  by t h e  

p r o p e r t i e s  i n  t h e  s t a t e m e n t  o f  t h e  lemma f o l l o w s  f rom t h e  u n i q u e n e s s  o f

t h e  a l m o s t  a l g e b r a i c  h u l l  A(S) o f  S . S i n c e  we s h a l l  n o t  n e e d  t h e

u n i q u e n e s s  o f  G we s h a l l  n o t  go i n t o  f u r t h e r  d e t a i l s  h e r e .

S e v e r a l  r e m a r k s  s h o u l d  be made a b o u t  G . F i r s t ,  G i s  t h e  min­

im a l  L i e  g r o u p  c o n t a i n i n g  S su ch  t h a t  ad(G )  i s  a l g e b r a i c .  S eco n d ,  

[ G . g ] = Fs,  S ] ,  and G and A(S) h a v e  t h e  same n i l - r a d i c a l .  Both  r e ­

m a rk s  a r e  im m e d i a t e  c o n s e q u e n c e s  o f  t h e  a n a l o g o u s  a s s e r t i o n s  a b o u t  a l ­

g e b r a i c  h u l l s  o f  l i n e a r  g r o u p s .

2.  D e f i n i t i o n :  The g r o u p  G d e f i n e d  i n  lemma 1 w i l l  be c a l l e d

t h e  a d - a l g e b r a i c  h u l l  o f  S .

3.  Lemma: Le t  S be a s o l v a b l e  L i e  g r o u p ,  l e t  R be any c o n n e c t -

*
e d ,  n o rm a l  s u b g r o u p  o f  S, l e t  cp e R , and l e t  H be s u b o r d i n a t e  t o

cp . Then ( i n  t h e  n o t a t i o n  e s t a b l i s h e d  i n  IV) we h a v e  t h a t  f o r  a l l  s  e S f

- 1  *
( 5 . 1 )  s  ‘ (R(cp,H))  = R ( ( a d  s )  cp, ( a d  s )  H) .

■* — R R

P r o o f :  T h i s  i s  p r o p o s i t i o n  I V . 4 f o r  t h e  s p e c i a l  c a s e  w h e re  a

i s  t h e  a u t o m o rp h i s m  r  ----- > s r  s 1 o f  R .

4 .  C o r o l l a r y : L e t  N be a n i l p o t e n t ,  c o n n e c t e d ,  n o rm a l  s u b g r o u p  o f

* *  A
a s o l v a b l e  L i e  g r o u p  S, and l e t  K; N / a d  N -— 4> N be  t h e  K i r i l l o v
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*  *
c o r r e s p o n d e n c e  ( t h e o r e m  I V . 1 ) .  F o r  a l l  s e S and  a l l  iJ € N / a d  N,

s - 0  w i l l  d e n o t e  { ( ad^  s)cp: cp e 0} . Then h ( s Q) = s - K ( n )  —  i n  o t h e r
*  *

w o rd s ,  K i s  e q u i v a r i a n t  w i t h  r e s p e c t  t o  t h e  a c t i o n  o f  S on N / a d  N

A
and N .

L e t  S be a s o l v a b l e  L ie  g r o u p ,  and l e t  N be any c o n n e c t e d ,

r -i An i l p o t e n t  s u b g ro u p  o f  S t h a t  c o n t a i n s  LS.SJ Le t  f  e N, and a s ­

sume t h a t  f i s  a f i x e d  p o i n t  f o r  t h e  a c t i o n  o f  S on  Q , By
*

K i r i l l o v ’ s t h e o re m ,  we can  c h o o s e  cp e N so t h a t  f o r  a l l  H e max(cp),

* *
f = N(cp,H) . By c o r o l l a r y  4, ad^  S l e a v e s  t h e  o r b i t  ( ad  N)cp i n ­

v a r i a n t ,  and hence  S i s  g e n e r a t e d  by N and t h e  s u b g ro u p  I o f  S

l e a v i n g  cp i n v a r i a n t .  C o n s e q u e n t l y  t h e r e  i s  a v e c t o r  s u b s p a c e  V o f

S c o m p lem e n ta ry  t o  N and s a t i s f y i n g  cp ( [v ,N ] )  = 0 . L e t  t ; S S/N

be t h e  n a t u r a l  map, and l e t  a :  S/N V be t h e  l i n e a r  map such  t h a t  t -o

i s  t h e  i d e n t i t y  map on S/N . We d e f i n e  a b i - l i n e a r  form a  on S/N by

( 5 . 2 )  o (X ,Y )  = - cp{ [o X, a  Y] )

f o r  a l l  X € S/N and Y e S/N . Us ing  o ,  we can  d e f i n e  a L i e  a l g e b r a

s t r u c t u r e  on R ^  (S /N )  by s e t t i n g  f ( r , X ) ,  ( s , Y ) ]  = (o,( X , Y ) , 0 )  f o r  a l l

( r . X )  and ( s , Y )  i n  R 0  (S /N )  . Le t  S^ d e n o t e  t h i s  L ie  a l g e b r a ,

2
and l e t  a d e n o t e  t h e  cohomology c l a s s  i n  H (S /N ,  j l )  c o r r e s p o n d i n g

t o  t h e  e x t e n s i o n  0 — > R — > Sa  — i> S/N — 0 .

In  what  f o l l o w s ,  we s h a l l  want  t o  view a a s  l y i n g  in

2
H (S /N .  z S ) , where  zS i s  t h e  c e n t e r  o f  S . zS,  how ever ,  may be z e r o ,  

and f o r  t h a t  r e a s o n  we s h a l l  e n l a r g e  S i n  a t r i v i a l  f a s h i o n  so  t h a t  i t  

d o e s  have  a c e n t e r .  S e t  S = S © R z and s e t  N = N ® R z w here

[ z ,  Sj  = 0,  by d e f i n i t i o n .  Now d e f i n e  cp on N by cp ( x , t z )  =

cp(x) + t  f o r  x e N and t  e R . C l e a r l y  N(cp,H) i s  t h e  r e s t r i c t i o n
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o f  N~ (cp~,H© Rz) t o  N ( c f .  p r o p o s i t i o n  IV. 2 ) .  F u r t h e r m o r e ,  f o r

a l l  u n i t a r y  r e p r e s e n t a t i o n s  tt i n  t h e  c l a s s  N (cp , H © R z ) ,  r r ( t z )  =

( e x p  2 n i t ) I ,  I b e i n g  t h e  i d e n t i t y .

S i n c e  S / N  = S/N, we can  d e f i n e  @(X,Y) = t t (X ,Y )z  f o r  a l l

X, Y € S 7N . 3 d e f i n e s  an e x t e n s i o n

— B( 5 . 3 )  0  > Rz  > (S )  > S/N  > 0 .

T a k i n g  t h e  B a e r  p r o d u c t  o f  t h e  e x t e n s i o n  ( 5 . 3 )  by t h e  e x t e n s i o n  

0 -----> N ----- > S  > S/N  > 0,  we g e t  an e x t e n s i o n

( 5 . 4 )  0  > N~  > ( S ' V  ----- > S/N  > 0 .
P

'‘V
I t  f o l l o w s  from ( 5 . 2 )  t h a t  (S ) c o n t a i n s  a v e c t o r  s u b s p a c e  V com-

P

p l e m e n t a r y  t o  N su ch  t h a t  cp ' ' ( [ v ~  ( S ~ ) J )  = 0 .p
L e t  u s  a s sum e ,  f o r  t h e  moment,  t h a t  cp a d m i t s  an e x t e n s i o n  i)r 

t o  a l i n e a r  f u n c t i o n a l  on S such  t h a t  e x l ( f )  d 0 . Now o b s e r v e  t h a t

i n  t h e  a l g o r i t h m  ( I I I . 9 ) ,  i t  was  ad r  -,S t h a t  d e t e r m i n e d  w h e t h e rI s  t  s  J -

was  n o n -e m p ty    i n  o t h e r  w o rd s ,  i t  i s  t h e  n o n - z e r o  r o o t s  o f  S

*
t h a t  can  c a u s e  t r o u b l e .  I t  f o l l o w s  t h a t  i f ,  f o r  a l l  i|t e S s u c h  t h a t  

11N = cp, ex l ( \ | f )  d 0,  t h e n  f o r  a l l  |  e (S ) Q s u c h  t h a t  ^r|N = cp ,p
e x l ( t )  d 0 .

Now f i x  an e l e m e n t  i|r e (SQ) su ch  t h a t  + |N = cp , and l e t
P

H e e x l ( i | 0  . By c o n s t r u c t i o n  t h e r e  i s  a s u b s p a c e  V o f  (S  ) Q su chp
t h a t  H [ V  , (S ) Q] )  = 0,  and h e n c e ,  s i n c e  V n e c e s s a r i l y  l i e s  i n  H,

p

we h a v e  (S ) Q = H N . L e t  I be t h e  s u b g r o u p  o f  (S )„ l e a v i n g  ilr
P P

f i x e d .  T hen  ( S ~ ) 0 = I N~ and  so  ( S ~ ) B / I  = N~/N~ H I . ( A l s o  n T) I 

i s  t h e  s u b g r o u p  o f  N l e a v i n g  cp f i x e d ) .  S i n c e  H e ex l ( \ ) r ) ,

dim(H) = d im (s ' " V  -  i  d i m ( ( S ~ ) Q/ I )  = d im (S ~ )„  -  i  d i m ( N ~ / i f ' 1 I ) ,
“  D -  P -  P _  -  _
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and  h e n c e  dim(H fl N~) = d im (N~) -  4 dim(N~/N~n I ) ,  w h ic h  means  t h a t  

H H N e max(cp ) . We now a p p l y  K i r i l l o v ' s  t h e o r e m  ( IV.  1)  and  p r o p o s i ­

t i o n  IV. 2 t o  c o n c l u d e  t h a t  [ ( S ~ ) Q (♦ ,H) ] )n = N(tp,H 0  N) = f  . Thus  t h ep -

g r o u p  e x t e n s i o n  c o r r e s p o n d i n g  t o  ( 5 . 3 )  c a n  be t h o u g h t  o f  a s  t h e  o b s t r u c ­

t i o n  t o  e x t e n d i n g  f f rom N t o  S . T h i s  o b s t r u c t i o n  i s  a c l a s s  

2
a e H ( S / N f R) . The o r i g i n a l  form i n  w h ich  t h e  o b s t r u c t i o n  o c c u r s

2
( i n  t h e o re m  8 . 2  o f  [ l 5 ] )  i s  a s  a  c l a s s  a '  e H (S /N ,  T ) ,  w h e re  T i s

t h e  c i r c l e  g r o u p .  The r e l a t i o n  b e tw e e n  a and  a '  can  be s e e n  a s  f o l ­

lows:

L e t  H e e x K ^ ) ,  a s  i t  was a b o v e .  Then Rz r H, w he re  z i s

t h e  c e n t r a l  e l e m e n t  a d j o i n e d  t o  S t o  g e t  S . L e t  z be  t h e  e l e m e n t

o f  t h e  c e n t e r  o f  S whose l o g a r i t h m  i s  z . T hen  t h e  c h a r a c t e r  x  o f
^ — I)

K d e t e r m i n e d  by cp ( a s  in  ( 4 . 1 ) )  a n n i h i l a t e s  ( z )  f o r  a l l  n e Z .

S i n c e  z i s  c e n t r a l  i n  (S )a t i t  f o l l o w s  t h a t  t h e  u n i t a r y  r e p r e s e n t a -
n

t i o n  f = (S ) g ( i|j ,H) i n d u c e d  by X a l s o  a n n i h i l a t e s  ( z ) n f o r  a l l  
P

n e Z . Hence f d e t e r m i n e s  a u n i t a r y  r e p r e s e n t a t i o n  f ’ o f  G =

(S ) Q/ [ ( z ) n ; n e z} . f '  i s  wha t  Mackey wou ld  c a l l  a ( - 6 ) - r e p r e s e n t a -

t i o n  o f  S, and f  * |N = f  . I t  f o l l o w s  t h a t  a* = ~E+ ( a ) r w he re

2
E: R  > T t a k e s  t  o n t o  ( e x p ( 2 n i t ) )  and E • H (S /N ,  R) ------- >^  ^

2
H (S /N ,  T)  i s  t h e  i n d u c e d  map.

~  *
We h ave  y e t  t o  c o n s i d e r  t h e  c a s e  w h e re  t h e r e  i s  no ^ e (S ) 

such  t h a t  v | n  = cp and  ex l (^ r )  i  0 . I t  i s  h e r e  t h a t  we make u s e  o f  

t h e  a d - a l g e b r a i c  h u l l  ( lemma 1) o f  S . A c t u a l l y  we s h a l l  c o n s i d e r  t h e  

f o l l o w i n g  more g e n e r a l  s i t u a t i o n :

L e t  S and  N r e m a in  a s  a b o v e ,  b u t  i n s t e a d  o f  c h o o s i n g  f e d

A
so  t h a t  S f  = f ,  l e t  f  be any  e l e m e n t  o f  N . L e t
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F = f x  e S: x * f  = f} . As we h a v e  s e e n ,  F i s  a c l o s e d  s u b g r o u p  o f  S

c o n t a i n i n g  N ( a n d  h e n c e  n o rm a l  i n  S ) .  However,  F n e e d  n o t  be  c o n ­

n e c t e d ,  and  e v e n  i f ,  by some c h a n c e ,  F i s  c o n n e c t e d ,  t h e r e  n e e d  be no 

i|f e F* s u c h  t h a t  e x l ( t )  /  t  and  f = K ( (ad*N) (♦ | N ) ) . T hus  o u r  p r e ­

v i o u s  a n a l y s i s  d o e s  n o t  a p p l y  t o  t h e  t r i p l e  ( F . N . f )  .

L e t  G be t h e  a d - a l g e b r a i c  h u l l  o f  S ( lemma 1 ) ,  and l e t  cp be

an e l e m e n t  o f  N s u c h  t h a t  K ( ( a d  N)cp) = f . S i n c e  [ g , g ] = [ s , s ]  c  N,

N i s  a no rm a l  s u b g r o u p  o f  G . By c o r o l l a r y  4,  1 x e G: x f  = f} =

f x  c G: x ) ( ( o d  N)cp) = ( a d  N)cp} . Now s i n c e  N i s  a n i l p o t e n t  L i e

+ *
g r o u p ,  ad N i s an a l g e b r a i c  g r o u p .  Hence  ( a d  N)cp i s  an  a l g e b r a i c

*
v a r i e t y .  F u r t h e r m o r e  adN G i s ,  by c o n s t r u c t i o n ,  an a l g e b r a i c  g r o u p .

r  l *H ence ,  i f  K = ! x € G: xf  = f j  , t h e n  a d ^  K, w h ich  i s  p r e c i s e l y  t h e

+ *
s u b g r o u p  o f  ad^  G l e a v i n g  t h e  a l g e b r a i c  v a r i e t y  (ad  N)cp i n v a r i a n t ,

must  be an a l g e b r a i c  g r o u p .

Le t  zG be  t h e  c e n t e r  o f  G, and l e t  Z be a c l o s e d  s u b g r o u p

o f  zG c o m p le m e n ta r y  t o  t h e  i d e n t i t y  com ponent  o f  zG . S e t  K' = K/Z.

Then K’ and ad^  K' have  t h e  same number o f  c o n n e c t e d  c o m p o n e n t s .

S i n c e  a d ^  K’ = a d ^  K i s  a l g e b r a i c ,  i t  f o l l o w s  t h a t  K' h a s  a t  most

f i n i t e l y  many c o n n e c t e d  co m p o n e n t s  and t h a t  K1 i s  a l m o s t  a l g e b r a i c .

A p p l y i n g  t h e  main  t h e o r e m  o f  [ l 6 ] ,  we c o n c l u d e  t h a t  i f  T-M i s  a M alcev

d e c o m p o s i t i o n  f o r  K’ , t h e n  T = C X R, w h e re  C i s  com pac t  and w h ere

f o r  a l l  r  e R, t h e  e i g e n v a l u e s  o f  ad r  a r e  a l l  r e a l .  S i n c e  [cp]
" M

i s  i t s e l f  an a l g e b r a i c  v a r i e t y ,  and  s i n c e  N and  f x  e G: ( a d ^  x)cp = cp}

*
s p a n  K, i t  f o l l o w s  t h a t  we c a n  c h o o s e  T so t h a t  ( ac^  T)cp = cp . We 

rem ark  t h a t  s i n c e  T h a s  o n l y  f i n i t e l y  many c o m p o n e n t s ,  R i s  n e c e s s ­

a r i l y  c o n n e c t e d .
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4c
R-M b e i n g  o f  e x p o n e n t i a l  t y p e ,  e x l ( j O  /  0 f o r  a l l  f  e (R*M) . 

Thus  o u r  f i r s t  c o m p u t a t i o n  o f  t h e  o b s t r u c t i o n  c a n  be a p p l i e d  t o  compute  

t h e  o b s t r u c t i o n  a e H2 ((R-M)/N ,  R) t o  e x t e n d i n g  f  f rom N t o  R-M .

We now make t h e  c r u c i a l  o b s e r v a t i o n :  t h a t ,  b e c a u s e  C i s  a  co m p ac t ,

a b e l i a n  L i e  g r o u p ,  t h e  r e s t r i c t i o n  map, r e s ,  i s  an i s o m o r p h i s m  from

2 2 - 1  H (K ' / N ,  R) o n t o  H ( (R-M)/N, R ) , and t h u s  r e s  ( a )  i s  a s i n g l e  e l e -

2
ment o f  H (K ' /N ,  R) .

We know from th e o re m  8 . 2  o f  f l 5 ]  t h a t  t h e r e  i s  some e x t e n s i o n

( 5 . 5 )  1  > N ----- £> K~ — K’ / N-------> 1

su ch  t h a t  ( 5 . 5 )  i s  t h e  B a e r  p r o d u c t  o f  t h e  e x t e n s i o n  1 — > N —■> K' — >

2
K ’ /N — > 1 by an e l e m e n t  b o f  H (K ' /N ,  R) and s u c h  t h a t  f e x t e n d s

, - 1
from N t o  K But t h e n  f e x t e n d s  from N t o  X ( (R -M ) /N ) ,  and

he n c e  i t  f o l l o w s  from o u r  p r e v i o u s  c o m p u t a t i o n  t h a t  r e s ( b )  = a; t h a t

i s ,  r e s  ^ ( a )  i s  t h e  o b s t r u c t i o n  t o  e x t e n d i n g  f from N t o  K’ .

L e t  p: K7N — > K ' / N  be t h e  n a t u r a l  map ( w i t h  k e r n e l  Z) , and l e t

i :  F/N -----> K/N be t h e  i n c l u s i o n  map. I t  i s  now c l e a r  t h a t

*  *  - 1
( i  o p o r e s  ) ( a )  i s  t h e  o b s t r u c t i o n  t o  e x t e n d i n g  f  from N t o

F, where  t h e  a s t e r i s k  d e n o t e s  t h e  i n d u c e d  map on cohomology.

5.  D e f i n i t i o n :  L e t  E: R ----- > T be t h e  map E: t   > e x p ( 2 r r i t ) ,

and l e t  E^: H2 (F/N, jO -----> H2 (F/N, T) be t h e  i n d u c e d  map.  Then
* 4c - i

- (E+ o i  o p o r e s  ) ( a )  w i l l  be c a l l e d  t h e  Mackey o b s t r u c t i o n  a t

4c * -1
f i n  F . The c l a s s  ( i  o p o r e s  ) ( a )  w i l l  be c a l l e d  t h e  r e a l

c o v e r  o f  t h e  Mackey o b s t r u c t i o n  a t  f  i n  F .

Remarks : (1 )  I t  i s  i m p o r t a n t  t h a t  t h e  Mackey o b s t r u c t i o n  a t

f  i n  F can  be computed  j u s t  by know ing t h e  a c t i o n  o f  S on  S* .

( 2 )  L e t  u s  r e t u r n ,  f o r  a moment, t o  t h e  c o m p u t a t i o n  o f  t h e  r e a l  

c o v e r  a o f  t h e  Mackey o b s t r u c t i o n  a t  f  i n  R*M . B e c a u s e



cp([B, R M]) = 0 and ad R i s  c o m p l e t e l y  r e d u c i b l e ,  we c a n  c h o o s e  a

v e c t o r  s u b s p a c e  V i n  M su ch  t h a t

( a )  V i s  c o m p le m e n ta ry  t o  N,

(b )  [V ,R]  = 0,  and

( c )  c p ( [ v , N])  = 0 .

Thus  a i s  c o m p l e t e l y  d e t e r m i n e d  by t h e  b e h a v i o u r  o f  cp on M . I n

f a c t  , l e t  0 — > R — ►* L — ~ >  M/N — ^  0 be t h e  e x t e n s i o n  o f  M/N by

R d e t e r m i n e d  by t h e  b i l i n e a r  form (X,Y) -> c p ( [ x , Y ] )  on V , Then

a i s  t h e  c l a s s  o f  t h e  e x t e n s i o n

1 X X
0 — i> R — i> R y L ---------- > R X M/N — i> 0 .

As a c o r o l l a r y  t o  t h e  f o r e g o i n g ,  we have :

6.  P r o p o s i t i o n :  Le t  S be a s o l v a b l e  L i e  g r o u p ,  l e t  N be t h e

*
n i l - r a d i c a l  o f  S, l e t  cp e N , and l e t  H e max(cp) . Then N(cp,H)

can  be e x t e n d e d  t o  S i f ,  and o n ly  i f ,  t h e r e  e x i s t s  a  s u b s p a c e  V o f

S c o m p lem e n ta ry  t o  N and s a t i s f y i n g  c p ( [ v , s ] )  = 0 . F u r t h e r m o r e ,

*
such  a s u b s p a c e  V e x i s t s  i f ,  and o n ly  i f ,  f o r  any ^ € S such  t h a t

I *i|r IN = cp, t h e  r e s t r i c t i o n  map c a r r i e s  t h e  o r b i t  ( ad  S)+ homeomor-

*
p h i c a l l y  o n t o  (ad  N)cp .

P r o o f :  The f i r s t  a s s e r t i o n  i s  an im m e d ia te  c o n s e q u e n c e  o f

remark  (2 )  and t h e  c o m p u t a t i o n  o f  t h e  Mackey o b s t r u c t i o n  a t  N(cp,H) i n  

S . The s e c o n d  a s s e r t i o n  i s  j u s t  p r o p o s i t i o n  I I I . 11 .
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CHAPTER V I. THE LITTLE GROUP THEOREM

L e t  S be a s o l v a b l e  L i e  g r o u p ,  and  l e t  N be a c o n n e c t e d ,  

n i l p o t e n t  s u b g r o u p  o f  S t h a t  c o n t a i n s  [ s , s ]  . L e t  x e ft, and  l e t

F be t h e  s u b g r o u p  o f  S l e a v i n g  x f i x e d .  T h e n  F i s  a c l o s e d ,  n o r ­

mal s u b g r o u p  o f  S, and  S /F  i s  i s o m o r p h i c ,  a s  a B o r e l  s p a c e ,  t o  S*x .

In  f a c t ,  t h e  map sF ----- > s . x  i s  a  B o r e l  i s o m o r p h i s m ,  and  h e n c e  we c a n

view t h e  a c t i o n  o f  S on  S*x a s  b e i n g  s i m p l e  t r a n s l a t i o n  i n  S /F  .

I n  p a r t i c u l a r ,  we s e e  t h a t  t h e r e  i s  a u n i q u e  m e a s u r e  c l a s s  C i n  S*x 

t h a t  i s  i n v a r i a n t  u n d e r  t h e  a c t i o n  o f  S .

Now l e t  f  be a u n i t a r y  e q u i v a l e n c e  c l a s s  o f  u n i t a r y  r e p r e s e n t ­

a t i o n s  o f  S . We s h a l l  say  t h a t  f l i e s  o v e r  S -x  i f  t h e  r e s t r i c t i o n

o f  f  t o  N i s  a m u l t i p l e  o f  t h e  d i r e c t  i n t e g r a l

j* y du ( y ) ,

S- x

w here  [i l i e s  i n  C . Theorem 8 . 1  o f  [ l 5 ]  s a y s  t h a t  f  l i e s  o v e r  S -x

i f ,  and o n l y  i f ,  t h e r e  i s  a u n i t a r y  e q u i v a l e n c e  c l a s s  g o f  u n i t a r y

r e p r e s e n t a t i o n s  o f  F s u c h  t h a t  g l i e s  o v e r  x and f  i s  i n d u c e d  

by g . F u r t h e r m o r e ,  f  i s  t y p e  I ( r e s p .  i r r e d u c i b l e )  i f ,  and  o n l y  i f ,  

g i s  t y p e  I ( r e s p .  i r r e d u c i b l e ) .  M a c k e y ' s  l i t t l e - g r o u p  t h e o r e m  

( t h e o r e m  8 . 3  o f  [ i s ]  and n o t  t o  be c o n f u s e d  w i t h  t h e  s u b g r o u p  t h e o r e m )  

d e s c r i b e s  t h e  u n i t a r y  e q u i v a l e n c e  c l a s s e s  o f  u n i t a r y  r e p r e s e n t a t i o n s  o f  

F l y i n g  o v e r  x . T h i s  d e s c r i p t i o n  i s  g i v e n  i n  t e r m s  o f  t h e  Mackey 

o b s t r u c t i o n  a t  x i n  F . B e f o r e  p r o c e e d i n g  w i t h  t h e  s t a t e m e n t  o f  t h e  

t h e o r e m ,  l e t  u s  e s t a b l i s h  a c o n v e n t i o n . We s h a l l  u s e  t h e  t e r m u n i t a r y  

r e p r e s e n t a t i o n  t o  mean e i t h e r  a u n i t a r y  e q u i v a l e n c e  c l a s s  o f  u n i t a r y

r e p r e s e n t a t i o n s  o r  a  s i n g l e  u n i t a r y  r e p r e s e n t a t i o n ,  a s  t h e  c o n t e x t  dem ands .
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To b e g i n  w i t h ,  we o b s e r v e  t h a t  i f  f  i s  a u n i t a r y  r e p r e s e n t a ­

t i o n  o f  F and f  l i e s  o v e r  x,  t h e n  f  a n n i h i l a t e s  t h e  k e r n e l  o f  

x,  and so  i t  d o e s  no harm t o  assume ( a s  we s h a l l )  t h a t  x i s  f a i t h ­

f u l .  Now s i n c e  N i s  n i l p o t e n t ,  i t s  c e n t e r  Z i s  c o n n e c t e d  and  n o t  

t r i v i a l .  By S c h u r ' s  t h e o r e m ,  t h e  i r r e d u c i b i 1i t y  o f  x i m p l i e s  t h a t  

x c a r r i e s  Z o n t o  s c a l a r  m u l t i p l i e s  o f  t h e  i d e n t i t y .  x b e i n g  f a i t h ­

f u l .  i t  f o l l o w s  t h a t  Z i s  i s o m o r p h i c  t o  T . (Once >e f a c t o r e d  o u t  

t h e  k e r n e l  o f  x,  N c e a s e d  t o  be  s i m p l y  c o n n e c t e d ) .  I t  i s  e a s y  t o

s e e  t h a t  s i n c e  F l e a v e s  x f i x e d ,  F c e n t r a l i z e s  Z . Thus  t h e

2
Mackey o b s t r u c t i o n  b a t  x i n  F i s  an e l e m e n t  o f  H (F /N ,  Z) .

2
C o r r e s p o n d i n g  t o  t h e  e l e m e n t s  b and - b  o f  H (F /N ,  Z) t h e r e  

a r e  e x t e n s i o n s

b  X
( 6 . 1 )  1  > Z  > F -------------> F/N  S> 1 and

- b
( 6 . 2 )  1  > Z  > F ~ i> F/N  > 1 .

The B a e r  p r o d u c t  o f  ( 6 . 2 )  w i t h  1 — > N —— > F ----- > F/N  > 1 w i l l

be d e n o t e d
\ *

( 6 . 3 )  1  > N  > F ------------- > F/N  > 1 .
~ b

b
The B a e r  p r o d u c t  1  > N  > F~ <8 F  > F/N  > 1 o f  ( 6 . 1 )  by ( 6 . 3 )

" b

i s  i s o m o r p h i c ,  a s  an e x t e n s i o n ,  t o  1 — > N — > F — s> F/N — 1, and

t h i s  f a c t  i s  t h e  key  t o  t h e  l i t t l e - g r o u p  th e o r e m .
b b

The g r o u p  F ® F i s  d e f i n e d  a s  f o l l o w s .  L e t  F * F be t h e
b b

b
s e t  o f  a l l  p a i r s  ( a  , a  ) i n  F X F s u c h  t h a t  X(a ) = \ ’ ( a  ) ,  andX. £> " " , 1 fab

l e t  A be t h e  s u b g r o u p  o f  a l l  p a i r s  ( z ,  - z ) ,  w he re  z e Z . Then
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F ® F = (F~ * F ) /  A . We s h a l l  u s e  a  ® a t o  d e n o t e  a g e n e r i c  
~b "  ~ b

b
e l e m e n t  o f  F ® F

Now l e t  y be a u n i t a r y  r e p r e s e n t a t i o n  o f  F , and  l e t  y be
1 b

a u n i t a r y  r e p r e s e n t a t i o n  o f  F . F o r  a l l  p a i r s  ^a i , a 2  ̂ e T * ^
b b

d e f i n e  (y * y ^ a ^ a ^  = ® y 2 *a 2* ’ I f  f ° r  a l 1  z 6 ?-

y ( z )  and y a r e  s c a l a r s  and y (as) = y „ ( z ) ■ t h e n  y * y d e -1 2  1 2  1 2

f i n e s  a u n i t a r y  r e p r e s e n t a t i o n  y ® y o f  F-  ® F
1 2  " b

b
1. D e f i n i t i o n :  A u n i t a r y  r e p r e s e n t a t i o n  y o f  F i s  s a i d  t o  be

o f  c l a s s  one  i f  y , ( z )  = x ( z )  f o r  a l l  z e Z . We s h a l l  u s e  ( F / N , b )

~  -  A
t o  d e n o t e  t h e  s e t  o f  a l l  y i n  (F ) such  t h a t  ŷ  ̂ i s  o f  c l a s s  o n e .

( I f  we u s e  x t o  i d e n t i f y  Z w i t h  T,  t h e  c l a s s  one c o n d i t i o n  becomes

, 1 0 * i 0 ,y .  (e  ) -  e  ) .
1 b

Le t  i :  F  > F & F make t h e  d i a g r a m
"b

N F/N -----> 1

i 1
V 1f |

1 ----- > N ----- > F ®F — > F/N — >1
b

c o m m u t a t i v e .  As we have  a l r e a d y  seer,  ( s e c t i o n  V), t h e r e  i s  all e l e m e n t

^  A
x i n  (F ) s uch  t h a t  x i s  t h e  r e s t r i c t i o n  o f  x t o  N . The

~ b
b

l i t t l e - g r o u p  t h e o r e m  a s s e r t s  t h a t ,  i f  we i d e n t i f y  F w i t h  F ® F
" b

v i a  t h e  map i ,  t h e n  e v e r y  u n i t a r y  r e p r e s e n t a t i o n  o f  F l y i n g  o v e r  

x i s  o f  t h e  fo rm  y ® x , w here  y i s  a u n i t a r y  r e p r e s e n t a t i o n  o f
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b

F o f  c l a s s  o n e .  F u r t h e r m o r e  y ® x I s  t y p e  I i f ,  and o n l y  i f ,  y

ru A A
i s  t y p e  I ,  and y ® x € F i f ,  and  o n l y  i f ,  y e  (F /N ,  b)

L e t  u s  r e t u r n  now t o  t h e  g r o u p  S . L e t  M be t h e  n i l - r a d i c a l

o f  S . A u n i t a r y  r e p r e s e n t a t i o n  f  o f  S w i l l  be c a l l e d  a c c e s s i b l e

i f  t h e r e  e x i s t s  some x e ft s u c h  t h a t  f  l i e s  o v e r  x . Com bin ing

t h e  two t h e o r e m s  o f  Mackey we h a v e  j u s t  q u o t e d ,  we s e e  t h a t  i n  o r d e r

t o  d e t e r m i n e  w h e t h e r  S h a s  any  a c c e s s i b l e ,  n o n - t y p e  I u n i t a r y  r e p -
b

r e s e n t a t i o n s , i t  i s  en o u g h  t o  d e t e r m i n e  w h e t h e r  any F f a l l s  t o  be

ty p e  I ,  w h e re  F i s  t h e  i s o t r o p y  g r o u p  o f  some x e ft and b i s  t h e

Mackey o b s t r u c t i o n  a t  x i n  F .

2. D e f i n i t i o n :  L e t  S be a s o l v a b l e  L i e  g r o u p .  We s h a l l  c a l l

S i s o t r o p i c a l l y  t y p e  I  i f  t h e r e  a r e  no a c c e s s i b l e ,  n o n - t y p e  I u n i ­

t a r y  r e p r e s e n t a t i o n s  o f  S .

3.  Theorem  (C.C.  M oore) :  L e t  S be a s o l v a b l e  L i e  g r o u p .  Then 

S i s  t y p e  I i f ,  and o n l y  i f ,  S i s  i s o t r o p i c a l l y  t y p e  I and e v e r y  

p r i m a r y  (= f a c t o r )  u n i t a r y  r e p r e s e n t a t i o n  o f  S i s  a c c e s s i b l e .

F o r  a p r o o f  o f  M o o r e ' s  t h e o r e m ,  s e e  c h a p t e r  2 o f  T 3 ,  t h e o r e m  3. 

We s h a l l  a l s o  n e e d  a t h e o r e m  o f  Moore on how S c a n  f a i l  t o  be i s o ­

t r o p i c a l l y  t y p e  I .  However ,  s i n c e  we h a v e  a l r e a d y  e s t a b l i s h e d  t h e  no­

t a t i o n  we n e e d ,  we s h a l l  f i r s t  d e r i v e  a s i m p l e ,  b u t  u s e f u l ,  c o r o l l a r y

t o  t h e  l i t t l e - g r o u p  t h e o r e m ,  
b

L e t  F, F , x ,  e t c .  r e m a in  a s  t h e y  w ere  i n  t h e  d i s c u s s i o n  o f  

t h e  l i t t l e - g r o u p  t h e o r e m .  L e t  K be a c l o s e d  s u b g r o u p  o f  F c o n t a i n ­

i n g  N, and  l e t  a be t h e  Mackey o b s t r u c t i o n  a t  x i n  K . a ,  o f
a

c o u r s e ,  i s  t h e  r e s t r i c t i o n  o f  b t o  K/N . We d e f i n e  K and K f o r

b -
t h e  p a i r  ( K ,a )  j u s t  a s  F and F w ere  d e f i n e d  f o r  ( F , b )  .

b
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L e t  K (x)  -  f y  € K; y l i e s  o v e r  x] . By t h e  l i t t l e - g r o u p

A A A  A
t h e o r e m  t h e r e  i s  a b i j e c t i o n  i :  (K/N, a)  ® x — K( x) ,  where  x i s

A  A
a  f i x e d  e l e m e n t  o f  (K a )  such  t h a t  x i s  t h e  r e s t r i c t i o n  o f  x t o

N . S i n c e  x e x t e n d s  t o  a  u n i t a r y  r e p r e s e n t a t i o n  x o f  F , and
" b

A
s i n c e  K i s  a normal  s u b g ro u p  o f  F , we may assume t h a t  x i s  t h e

a b

r e s t r i c t i o n  o f  x t o  K
a

A  , A
We now o b s e r v e  t h a t  F/N a c t s  on b o th  K(x) and on (K/N, a)

To s e e  t h e  f o r m e r ,  o b s e r v e  t h a t  f o r  a l l  s € F and a l l  y e & (x ) ,

( s - y ) f N  = s > ( y |N )  = a m u l t i p l e  o f  x,  and hence  F l e a v e s  &(x) i n ­

v a r i a n t .  A l s o ,  N a c t s  t r i v i a l l y  on & . Hence F/N a c t s  on &(x) .
a b

Next o b s e r v e  t h a t  K i s  a normal  s u b g ro u p  o f  F c o n t a i n i n g  Z, and Z

b b
i s  c e n t r a l  in  F . Thus  F c a r r i e s  (K/N, a )  o n t o  i t s e l f  and Z

a c t s  t r i v i a l l y  on (K/N, a)  . Hence F /Z  = F/N a c t s  on (K/N, a)

4. P r o p o s i t i o n  (L.  A u s l a n d e r  -  u n p u b l i s h e d ) :  The  map

A A A
y ----->  y 3$ x from (K/N. a)  o n t o  K(x)  i s  e q u i v a r i a n t  w i t h  r e s p e c t

A
t o  t h e  a c t i o n  o f  F/N ------- t h a t  i s ,  f o r  a l l  s e F/N, ( s - y )  ® x =

A
s- (y ® x)  .

b
P r o o f :  Le t  s n ® s o be an e l e m e n t  o f  F <8> F su ch  t h a t
—  1 2

s ® s l i e s  i n  t h e  c o s e t  s . Then ,  s*y = s y and s - ( y  ® x )  =
1 « 1

( S j  ® S2 ^ y ® x ) = ( S j - y )  ® ^s 2"x  ̂ ’ But  x i s  i n v a r i a n t  u n d e r  t h e
A ~

a c t i o n  o f  F , b e c a u s e  x i s  t h e  r e s t r i c t i o n  o f  x t o  K Hence
b a

_  A
( s  ’ y)  ® ( s  -x )  = ( s  *y) <8 x,  and t h e  p r o p o s i t i o n  i s  p r o v e d .1 6 i

One m ig h t  remark  t h a t  p r o p o s i t i o n  4 i s  t r u e  u n d e r  p r e c i s e l y  t h e
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same h y p o t h e s e s  a s  t h e o r e m  8 . 3  o f  [ 1 5 ] ;  t h e  p r o p o s i t i o n  h a s  n o t h i n g  t o  

do w i t h  w h e t h e r  F i s  a c l o s e d  s u b g r o u p  o f  a  s o l v a b l e  L i e  g r o u p .

We end  t h i s  s e c t i o n  w i t h  a t h e o r e m  o f  C. C. Moore t h a t  e n a b l e s  

one  t o  a p p l y  M ackey ' s l i t t l e - g r o u p  m e thod  t o  d e t e r m i n i n g  when a g i v e n  

s o l v a b l e  L i e  g r o u p  S i s  i s o t r o p i c a l l y  t y p e  I .

5 .  Theorem (C .C .  M oore) :  L e t  S be a s o l v a b l e  L i e  g r o u p , a n d  l e t

N be t h e  n i l - r a d i c a l  o f  S . Then  S i s  i s o t r o p i c a l l y  t y p e  I i f ,  and 

o n l y  i f ,  f o r  e a c h  x € ft t h e  f o l l o w i n g  c o n d i t i o n s  h o l d :

L e t  F = f s  e S: s - x  = x} = t h e  i s o t r o p y  g r o u p  o f  x i n  S, and
b

l e t  b be t h e  Mackey o b s t r u c t i o n  a t  x i n  F . L e t  1 — T — > F — £

F/N — > 1 be t h e  e x t e n s i o n  c o r r e s p o n d i n g  t o  b . O b s e r v e  t h a t ,  w h e t h e r

s to r  n o t  S i s  i s o t r o p i c a l l y  t y p e  I ,  F/N -  R X Z f o r  some i n t e g e r s
~  ^  b

s and t  . Le t  Z be t h e  c e n t e r  o f  t h e  i d e n t i t y  com ponent  (F  ) o f

b b
F , and  l e t  M be t h e  c e n t r a l i z e r  o f  Z i n  F Then:

( a )  Z must  c o n t a i n  a d i s c r e t e  s u b g r o u p  T s uch  t h a t  T i s  a  n o r -
b

mal s u b g r o u p  o f  F and s u c h  t h a t  Z/T i s  co m p a c t .
b

(b )  The  e x t e n s i o n  1 — > (F ) — > M — > Z° — 1 must  s p l i t .

T h i s  t h e o re m  i s  p r o v e d  i n  s e c t i o n  6 o f  c h a p t e r  5 o f  [ 3 ] ,  One

s h o u l d  n o t i c e  what  t h e  t h e o re m  d o e s  n o t  s a y .  The t h e o r e m  d o e s  n o t  g i v e
b

a n e c e s s a r y  c o n d i t i o n  f o r  t h e  g r o u p  F t o  be  t y p e  I . R a t h e r ,  t h e

t h e o re m  g i v e s  a  n e c e s s a r y  c o n d i t i o n  t h a t  a c e r t a i n  f a m i l y  o f  g r o u p s  o f  
b

t h e  fo rm  o f  F be  t y p e  I .  C o n s i d e r  t h e  f o l l o w i n g  e x a m p l e .  D e f i n e  

2 2a: Z X Z ----- > T by o ( ( m  , n ) , (m , n ) )  = e x p ( J n i ( m  +n - (m +n ) ) ) ,
% 1 1  6 1 i  ̂ «

2
and d e f i n e  a g r o u p  s t r u c t u r e  on K = T X Z by

( e x p ( i G ) ,  (m^ >n j ) )  ( exp ( icp )  , (m2 , n 2 ) )  =

( e x p ( i ( 0 + c p ) )  d ' ( (m1 , n i ) , ^mi +m2 ’ n i + n 2 ^  ’
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K i s  n o t  a b e l i a n  and t h e  e x t e n s i o n

1 — > T — > K — — > Z2 — > 1

- 1  2 2
i s  n o t  s p l i t .  L e t  K' = X (2  Z ) . Then  K' i s  e q u a l  t o  T X 2 Z-  Ra sa

a s  g ro u p  and e v e r y  i r r e d u c i b l e  u n i t a r y  r e p r e s e n t a t i o n  o f  K l i e s  o v e r

some e l e m e n t  o f  ( K ' ) ^  . I t  f o l l o w s  from t h e  l i t t l e - g r o u p  th e o re m

t h a t  K i s  t y p e  I .

The r e a s o n  t h a t  K d o e s  n o t  c o n s t i t u t e  a c o u n t e r - e x a m p l e  t o

th e o re m  5 i s  t h a t  i f ,  i n s t e a d  o f  ^ ( ( m ^ , n ) , ( m ^ , n ^ ) )  =

e x p f i r r i  (mJ + n i  -  (m2+ n 2 ) ) ) ,  we to o k  ( (n^ , n i ) , n 2 >) -

exp (X n i (m  +n -  (m +n ) ) ) ,  w here  X i s  an i r r a t i o n a l  number,  t h e n  t h e  
1 1 £ &

c o r r e s p c n d i n g  K would  n o t  be t y p e  I ,  and i n  th e o re m  5,  t h e  q u a n t i f i e r  

" f o r  e a c h  x"  would  f o r c e  t o  o c c u r  i f  ty o c c u r r e d .
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CHAPTER V I I .  A CHARACTERIZATION OF TYPE I-NESS

L e t  S be a s o l v a b l e  L i e  g r o u p ,  and l e t  X be a  B o r e l  s p a c e  on 

w h ic h  S a c t s  a s  a B o r e l  t r a n s f o r m a t i o n  g r o u p  ( s e e  [ 3 l ,  c h a p t e r  I ) .  A 

q u a s i - o r b i t  f o r  S i n  X i s  a m e a s u r e  c l a s s  C i n  X such  t h a t  C

i s  i n v a r i a n t  and e r g o d i c  u n d e r  t h e  a c t i o n  o f  S . A q u a s i - o r b i t  t h a t  i s  

n o t  c o n c e n t r a t e d  on  an o r b i t  o f  S i s  c a l l e d  n o n - t r a n s i t i v e .  We s h a l l  

u s u a l l y  i d e n t i f y ,  by a b u s e  o f  l a n g u a g e ,  a t r a n s i t i v e  q u a s i - o r b i t  w i t h  

t h e  o r b i t  on w h ich  i t  i s  c o n c e n t r a t e d .

Now l e t  N be t h e  n i l - r a d i c a l  o f  S, and l e t  f  be a p r i m a r y

u n i t a r y  r e p r e s e n t a t i o n  o f  S . T hen  ( c f .  [ l 5 ] ,  s e c t i o n  8 )  t h e r e  i s  a

A
u n i q u e  q u a s i - o r b i t  C f o r  S i n  N s u c h  t h a t  t h e  r e s t r i c t i o n  o f  f

t o  N i s  a m u l t i p l e  o f  t h e  d i r e c t  i n t e g r a l  f x d u ( x ) ,  w he re  |i e C .
• f t

We s h a l l  say  t h a t  f l i e s  o v e r  C . T h i s  a g r e e s  w i t h  t h e  t e r m i n o l o g y  

i n t r o d u c e d  i n  t h e  p r e c e d i n g  s e c t i o n ,  w h e re  o n l y  a c c e s s i b l e  f ' s  — • 

t h o s e  l y i n g  o v e r  o r b i t s  ----- w ere  c o n s i d e r e d .  I n  c a s e  t h e r e  a r e  no non­

t r a n s i t i v e  q u a s i - o r b i t s  f o r  S i n  ft, t h e  r e s u l t s  o f  Mackey and Moore 

s t a t e d  i n  s e c t i o n  VI ( co m b in ed  w i t h  t h e  c o m p u t a t i o n  o f  t h e  o b s t r u c t i o n  

g i v e n  i n  s e c t i o n  V) y i e l d  an  a l g o r i t h m  f o r  d e t e r m i n i n g  when S i s  t y p e

I .  The o b j e c t  o f  t h i s  s e c t i o n  i s  t o  i n v e s t i g a t e  what  h a p p e n s  when t h e r e

a r e  n o n - t r a n s i t i v e  q u a s i - o r b i t s  f o r  S i n  ft . We b e g i n  by p r o v i n g  a

s l i g h t  s t r e n g t h e n i n g  o f  a s p e c i a l  c a s e  o f  a  l o c a l i z a t i o n  p r o c e d u r e  due  

t o  C. C. Moore.

1.  Theorem (L.  A u s l a n d e r  -  u n p u b l i s h e d ) :  L e t  S be a s o l v a b l e  L i e

g r o u p ,  and l e t  C be a  q u a s i - o r b i t  o f  S i n  t h e  d u a l  ft o f  t h e  n i l -  

r a d i c a l  N o f  S . T hen  t h e r e  i s  a c l o s e d  s u b g r o u p  F o f  S t h a t  i s
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t h e  i s o t r o p y  g r o u p  i n  S o f  C -  a l m o s t  e v e r y  p o i n t  i n  ft, and f o r

C -  fclmost e v e r y  y c ft whose  i s o t r o p y  g r o u p  i n  S i s  F, t h e  Mackey

o b s t r u c t i o n  a t  y i n  F i s  t h e  same.  M o re o v e r ,  i f  G i s  t h e  ad -

a l g e b r a i c  h u l l  o f  S ( lemma V . l ) ,  t h e n  t h e r e  i s  some p o i n t  x i n  ft

s u c h  t h a t  C i s  c o n c e n t r a t e d  on t h e  o r b i t  G-x .

* * A
P r o o f :  L e t  K: N / a d  N  > N be t h e  K i r i l l o v  c o r r e s p o n d e n c e

( f o r  w h ic h ,  s e e  th e o re m  I V . 1 ) .  We h a v e  a l r e a d y  s e e n  t h a t  H i s  e q u i -  

v a r i a n t  w i t h  r e s p e c t  t o  t h e  a c t i o n  o f  G on N / a d  N and on ft ( c f .  

c o r o l l a r y  V . 4 ) .  F u r t h e r m o r e ,  h i s  a B o r e l  i s o m o r p h i s m .  ( T h i s  i s

p r o b a b l y  w e l l  known and ,  e v e n  i f  i t  i s  n o t ,  i t  i s  e a s i l y  p r o v e d  u s i n g

r  *  *i n d u c t i o n  and  t h e o r e m  7 o f  c h a p t e r  2 o f  [ 3 j ) .  T hus  N ' a d  G andN -
A *
N/G a r e  i s o m o r p h i c  a s  B o r e l  s p a c e s .  Now ad G i s  an a l g e b r a i c  g r o u p ,  — - N -

*
and  h e n c e  t h e  o r b i t s  o f  G i n  N a r e  G , ' s . (A G£ i s  t h e  i n t e r -o o

s e c t i o n  o f  a  c o u n t a b l y  f a m i l y  o f  open  s e t s .  The o r b i t s  o f  G a r e

a c t u a l l y  c l o s e d  s u b s e t s  o f  t h e  com plement o f  an  a l g e b r a i c  m a n i f o l d ) .

r -i r -] *  *H ence ,  by t h e o re m  1 o f  Glimm | 8 j  ( o r  s e e  E f f r o s  1.7J) , N G i s  a

s t a n d a r d  B o r e l  s p a c e .  C o n s e q u e n t l y ,  e v e r y  q u a s i - o r b i t  o f  S i n  ft

must  be c o n c e n t r a t e d  on an o r b i t  o f  G .

Now l e t  C be a q u a s i - o r b i t  o f  S i n  ft and c h o o s e  x e ft

so t h a t  C i s  c o n c e n t r a t e d  on  G-x . The  i s o t r o p y  g r o u p  H o f  x i n

G i s  a c l o s e d  s u b g r o u p  o f  G c o n t a i n i n g  N . Thus  H i s  a  n o rm a l  

s u b g r o u p  o f  G, and  i t  f o l l o w s  t h a t  H i s  t h e  i s o t r o p y  g r o u p  a t  g*x

i n  G f o r  a l l  g e G . Thus  F = H H S i s  t h e  i s o t r o p y  g r o u p  i n  S

A
f o r  C -  a l m o s t  e v e r y  p o i n t  o f  N . L e t  a be t h e  Mackey o b s t r u c t i o n

a t  x i n  H . B e c a u s e  G/N i s  a b e l i a n ,  a i s  t h e  o b s t r u c t i o n  a t

g - x  i n  H f o r  a l l  g e G . Hence  t h e  r e s t r i c t i o n  b o f  a t o  F/N
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A
i s  t h e  o b s t r u c t i o n  i n  F a t  C -  a lm o s t  e v e r y  p o i n t  o f  N .

We s h a l l  r e f e r  t o  F a s  t h e  i s o t r o p y  g r o u p  o f  C i n  S and

s h a l l  r e f e r  t o  b a s  t h e  Mackey o b s t r u c t i o n  a t  C i n  F .

2. Theorem:  Le t  S be an i s o t r o p i c a l l y  t y p e  I ,  s o l v a b l e  L ie

g r o u p .  Then t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :

( 1 )  S i s  t y p e  I .

+ *
(2 )  ad S h a s  no n o n - t r a n s i t i v e  q u a s i - o r b i t s  i n  S

* *
(3 )  S / a d  S i s  a T0 ~ t o p o l o g i c a l  s p a c e .

* *
(4 )  S / a d  S i s a  s t a n d a r d  B o r e l  s p a c e .

*
( 5 )  E very  o r b i t  o f  S i n  S i s  a  G, .o

P r o o f :  The e q u i v a l e n c e  o f  ( 2 ) ,  ( 3 ) ,  ( 4 ) ,  and (5 )  i s  p r o v e d  by

J .  Glimm i n  th e o re m  1 o f  [ 8 ] .  We s h a l l  c o m p le t e  t h e  p r o o f  by showing 

t h a t  ( 1 )  and (5 )  a r e  e q u i v a l e n t .  The p r o o f  i s  an a p p l i c a t i o n  o f  t h e  

f u l l  s t r e n g t h  o f  th e o re m  3 o f  c h a p t e r  2 o f  [ 3 ]  and u s e s  G li ram 's  th e o re m  

[8 ].
A

Let  C be a n o n - t r a n s i t i v e  q u a s i - o r b i t  o f  S i n  t h e  d u a l  N 

o f  t h e  n i l - r a d i c a l  N o f  S, l e t  G be t h e  a d - a l g e b r a i c  h u l l  o f  S, 

and l e t  x be an e l e m e n t  o f  ft such  t h a t  C i s  c o n c e n t r a t e d  on G-x 

Le t  K be a maximal c o n n e c t e d  s u b g ro u p  o f  S such  t h a t  K-x = x and 

s uch  t h a t  x e x t e n d s  t o  K . S e t  f t (x)  = [y  e ft: y |N  = g - x  f o r  some

i A .g € G j , and l e t  r :  K (x)  — > G-x be t h e  r e s t r i c t i o n  map. The c o n t e n t  

o f  t h e o re m s  3 and 8 o f  c h a p t e r  2 o f  [ 3 ] i s  t h a t  t h e r e  i s  a n o n - t y p e  I ,

p r i m a r y  u n i t a r y  r e p r e s e n t a t i o n  o f  S l y i n g  o v e r  C i f ,  and o n l y  i f ,

A
t h e r e  i s  a n o n - t r a n s i t i v e  q u a s i - o r b i t  C' i n  K(x)  su ch  t h a t  r  c a r ­

r i e s  C ’ o n to  C .

L e t  K (x )  = f i|r € K : N C % | N, H) = g - x  f o r  some H e max(ijr|N)
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and some g c g} . We s h a l l  now d e m o n s t r a t e  t h e  e x i s t e n c e  o f  a B o r e l  

I s o m o rp h i s m  i  from K ( x ) / a d  K o n t o  $ ( x )  . ( T h i s  i s o m o rp h i s m  w i l l

a l l o w  u s  t o  compare t h e  a c t i o n  o f  S on K (x )  w i t h  t h e  a c t i o n  o f  S

on K ( x ) . )  L e t  cp be an e l e m e n t  o f  N s u c h  t h a t  x = N(cp,H) f o r  a l l

H € max(cp) . B e c a u se  x e x t e n d s  t o  K, we know from p r o p o s i t i o n  V.6

t h a t  t h e r e  i s  a s u b s p a c e  V o f  K co m p le m e n ta ry  t o  N such  t h a t

cp ( [v ,K ] )  = 0 . F o r  e v e r y  if e K *(x )  such  t h a t  ^ | n  = cp, d e f i n e  a

c h a r a c t e r  x^ o f  K a s  f o l l o w s :

L e t  K/N — > R be t h e  l i n e a r  f u n c t i o n a l  on K^N d e f i n e d  by

* | v  . D e f in e  X: K/N — > T by
r - H

x ( e x p ( k ) ) = e x p ( 2 n i  j ( k ) )  ,

and d e f i n e  x .  i °  ^  t h e  i n f l a t i o n  o f  x t o  K . 
f

Now f i x  an e l e m e n t  x e r  * (x )  . D e f i n e  i ^  = x^ ® x f o r  a l l

* i
^ e K (x )  s uch  t h a t  i|f]N = cp . (By t h e  l i t f . l e - g r o u p  th e o re m ,  e v e r y  e l e ­

ment o f  r  * ( x )  i s  o f  t h e  form x^ ® x • )  We would  now l i k e  t o  be

a b l e  t o  d e f i n e

( 7 . 1 )  i g )  *)  = g 1 * (x^ ® x)

f o r  a l l  g e G and a l l  if e K (x )  such  t h a t  11N = cp . The o n l y  q u e s ­

t i o n  i s  w h e t h e r  i  i s  w e l l - d e f i n e d .  L e t  H be t h e  s u b g ro u p  o f  G

l e a v i n g  (r f i x e d .  ( S i n c e  f i s  an a l g e b r a i c  v a r i e t y ,  ad H, i s
K T

a l g e b r a i c ) .  I t  f o l l o w s  from p r o p o s i t i o n  V I . 4 t h a t  i f  h € H , t h e n

h*(X^ ® x) = x^ ® *.  which  i s  p r e c i s e l y  t h e  s t a t e m e n t  t h a t  i :  K (x )

A
K(x) i s  w e l l - d e f i n e d .  I t  f o l l o w s  from lemma V.3 and t h e  l i t t l e - g r o u p  

th e o re m  t h a t  i  i s  s u r j e c t i v e ,  and i t  i s  c l e a r  from ( 7 . 1 )  t h a t  f o r  a l l
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if e K* ( x ) , i ( a d * K H )  = i ( t )  f o r  a l l  k e K . Hence 1 d e f i n e s  a map

i :  K * (x ) / a d * K  — > Q(x)  . We s h a l l  now p r o v e  t h a t  i  i s  a B o r e l  i s o -

mo rph  i  sm.

F i r s t  l e t  u s  show t h a t  i  i s  i n j e c t i v e .  L e t  f  and 9 be e l e -

£
m e n ts  o f  K ( x )  such  t h a t  = 19 . We must  show t h a t  f o r  some k e K,

t  = (ad  K)9 We may assume t h a t  ^ | n = cp . Then ( i t ) | N  = x,  and so

( i 9 ) 1 N = x . T hus ,  by th e o re m  I V . 1, t h e r e  i s  some n e N su ch  t h a t  i f

9 '  = (ad*  n ) 9 ,  t h e n  9 * | N = cp . Now by t h e  l i t t l e - g r o u p  th e o re m ,
K

i *  = X . ® x can  e q u a l  10 ’ = Xa , ® * o n l y  I f  f | V = 9 1 | V . Thus

(a d „  n)9  = 9 '  = if, so 1 i s  I n j e c t i v e .  T h a t  i  i s  a B o r e l  i s o m o rp h i s m
K "r —

f o l l o w s  im m e d i a t e l y  from th e o re m  7 o f  c h a p t e r  2 o f  [ 3 ] .

I t  f o l l o w s  from ( 7 . 1 )  t h a t  i i s  e q u i v a r i a n t  w i t h  r e s p e c t  t o  t h e

a c t i o n  o f  G on K ( x ) / a d  K and on $ ( x )  . Hence S h a s  a n o n - 1 r a n s -

A
i t i v e  q u a s i - o r b i t  i n  K (x)  i f ,  and o n l y  i f ,  S h a s  a n o n - t r a n s i t i v e

*
q u a s i - o r b i t  i n  K ( x ) ,  and by G l lm m 's  th e o re m  S h a s  a n o n - t r a n s i t i v e

+ *
q u a s i - o r b i t  i n  K (x )  i f .  and o n l y  i f ,  f o r  some if e K ( x ) ,  t h e  o r b i t

*
(ad  S)^ i s  n o t  a G, . By d e f i n i t i o n ,  K c o n t a i n s  a maximal t o t a l l y  

K — 0

i s o t r o p i c  (= s e l f - o r t h o g o n a l )  s u b s p a c e  f o r  t h e  b i l i n e a r  form (X,Y) ----->

♦
| ( [ x , y ] )  on S . Hence ,  by p r o p o s i t i o n  I I I . 12,  S) + *s  a i n

*  *  i *
K (x )  i f ,  and o n l y  i f ,  f o r  e v e r y  f  6 S s uch  t h a t  if' \ K = if, ( ad  S) +

*
i s  a Gr i n  S . T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  t h e o re m .o

L e t  S and N r e m a in  a s  i n  th e o re m  2.  E very  q u a s i - o r b i t  o f  S

A *  *
i n  N i s  an o r b i t  i f ,  and o n l y  i f ,  N / a d  S i s  a s t a n d a r d  B o r e l  s p a c e .

* *
I d e a l l y  one would  l i k e  t o  have  t h a t  N / a d  S I s a  s t a n d a r d  B o r e l  s p a c e  

i f ,  and o n l y  i f ,  S / a d  S i s  a  s t a n d a r d  B o r e l  s p a c e .  U n f o r t u n a t e l y  t h i s
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i s  f a l s e .  The  f o l l o w i n g  e x am p le shows what  c a n  h a p p e n .

3.  Example :  L e t N be t h e a b e l i a n  L i e  a l g e b r a  on. t h e  e i g h t  g e n -

e r a t o r s  X^, , X2> Y2 ’ X3 ’ Y3 ’
W , W . I n  o r d e r  t o  1 *

g e t  t h e  s o l v a b l e

L i e  a l g e b r a  S t h a t  we w a n t ,  we add t h r e e  g e n e r a t o r s T r  t 2'  t 3 s a t '

i s f y i n g  t h e  f o l l o w i n g r e l a t  i o n s :
f--

\
H X ll -  2 tt Y j  , rv Y j  = 2n

r v  x 2 ] = -  2nXY2 > [ T 2 ’ Y2 1 -  2 n \X 2 ,

[T 3 ’ X3 ] = -  V [ T 3- Y3 ] -  2n X3 .

rT r  x3 ] = X3 ’ r T l ' Y3 ] = V

[ T r  Wj ] =
V f T 2 ’ " l 1 = V

CTr  T 2 ] = W2

w here  X i s  any i r r a t i o n a l  number.

A s s e r t i o n :  S i s  t y p e  I e v e n
* *

th o u g h  N S i s  n o t  a s t a n d -

a r d  B o r e l  s p a c e .

L e t  u s b e g i n  by c o m p u t in g  A(S) . A(S) i s  o b t a i n e d  from

S by a d d i n g  t h r e e  g e n e r a t o r s  T f wt
1 ’ 2

and T^ w i t h  r e l a t i o n s

[ T J .  X j ]  = -  2n Y , [T J . Yl l  -  2n x r

[ T 2 ’ X2 ] = -  2ttXY , 
2 Y2 ] -  2tt\ X 2 ,

X3] ‘ -  V [!••• V3 ] -  2n x 3 ,

[ T j ,  X3 ] = V [t j , Y3 ] = Y3 ■

S e t  U, = T,  -  T I , Ur 1 1 1 !̂ = T 2 ’  T 2 and u 3 = T 3 -  T3 Then t h e  n i l -

r a d i c a l  M o f  A(S) i s  sp a n n e d by
Ul ’ U2 ’ U3 ’ atld N .

B e c a u s e  N i s  a b e l i a n ,  c an  be i d e n t i f i e d  w i t h  N
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L e t  X*. Y*, X*, Y*, X*, Y*, W*. W* d e n o t e  t h e  b a s i s  o f  N* d u a l  t o

t h e  g i v e n  b a s i s  o f  N . In  o r d e r  t o  s i m p l i f y  o u r  c o m p u t a t i o n s  we s h a l l  

a d o p t  t h e  n o t a t i o n a l  c o n v e n t i o n  t h a t  w i l l  d e n o t e  t h e  e x p r e s s i o n

(Re(£  ) -  lm ( f  )X* + ( Re(£ ) + Im(£ ))Y* where Q e C, Re(C. )  i s
J  J J  J  J  J  J

t h e  r e a l  p a r t  o f  Q , Im(£ ) i s  t h e  i m a g i n a r y  p a r t  o f  £ , a nd
J  J  J

j < 3  .

L et  cp = t ^ Z *  + C 2Z *  + C3 Z* + + o ^ W * . The o r b i t  (ad*  S)cp

c o n s i s t s  o f  a l l  p o i n t s  o f  t h e  form

*
( 7 . 2 )  e x p ( 2 n i  + e x p ( 2 n i  \  *-2^ 2 Z2 +

+ e x p ( t J + 2ni  t g K g Z g  +

+ *
+ (UU + ( t ,  + t  )0J )W., + (D W

2 2 1 2 2

w here  e a c h  t  t r a c e s  R . The o r d e r  o f  p r o o f  w i l l  be a s  f o l l o w s :  we

w i l l  f i r s t  chec k  t h a t  S i s  i s o t r o p i c a l l y  t y p e  I ;  we w i l l  t h e n  p r o v e

*  *  M M  *  *  M  Mt h a t  N / a d  S i s  n o t  smooth b u t  S / a d  S i s  smooth  .

( 1 )  Le t  F(cp) d e n o t e  t h e  s u b g ro u p  o f  S l e a v i n g  cp f i x e d .  I f

cp(W ) ^ 0  ----- t h a t  i s ,  i f  uu ^ 0  ------ t h e n  F ( c p ) / N  i s  e i t h e r  R T o r2 2 “ “ % J
2 2Z T . S in c e  H ( R ,  R)  - H (Z,  R)  - 0,  S i s  i s o t r o p i c a l l y  t y p e  I o v e r

a l l  o r b i t s  o f  p o i n t s  cp such  t h a t  cp(W ) ^  0 . Now [m,M] = R W , w here2 2

M i s  t h e  n i l - r a d i c a l  o f  A(S) . Hence ,  by remark  ( 2 )  a f t e r  t h e  compu­

t a t i o n  o f  t h e  o b s t r u c t i o n  i n  s e c t i o n  V, t h e r e  a r e  no o b s t r u c t i o n s  a t  o r ­

b i t s  o f  p o i n t s  cp s u c h  t h a t  ^ ^ * 2  ̂= ^ * Hence S i s  i s o t r o p i c a l l y

t y p e  I .

(2 )  I t  i s  e a s y  t o  s ee  t h a t  u n l e s s  uu  ̂ ^ 0 ,  t h e  o r b i t  d e s c r i b e d

*
i n  ( 7 . 2 )  i s  a i n  N —  i n  f a c t ,  t h e s e  o r b i t s  a r e  l o c a l l y  c l o s e d .
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Now s u p p o s e  t h a t  cu /  0 and Q /  0 . Then  t h e  o r b i t  o f  cp u n d e r
2 J

A(S) i s

( 7 . 3 )  e x p ( 2 n i  t ^ ) ^  Z* + e x p ( 2 n i  A t '2 >C2 Z* + e x p ( t |  + 2n i  t p Q 3 Z* +

+ <w1 + <u1+u 2 ) w2) W* + u»2 W* .

*
Thus  (ad„, A(S) )cp I s  a Gt . L e t  H(cp) be t h e  i s o t r o p y  g r o u p  o f  cp in  

N -  -  o

ACS) . Then  H(cp)/N = 1/X Z T ’ © Z T '  © R(U -U ) © R U . A l s o  A(S)/H(cp)” ”* “ " ru 2 J  % 1 2 % ™
*

i s  homeomorphic t o  ( a d ^  A(S))cp = 0  i n  such  a way t h a t  t h e  a c t i o n  o f  

A(S) on 0  c o r r e s p o n d s  t o  t r a n s l a t i o n  i n  A(S)/H(cp) . I t  i s  e a s y  t o  

s ee  t h a t  H(cp)S i s  a c l o s e d  s u b g ro u p  o f  A (S ) ;  i n  f a c t ,  (H(cp)S)/N i s

R (T ’ -  T ’ ) © 1 / A  Z T ’ © R T! © R(U ~U )1 2 % 2 % J  ft? X 2

© l /A Z u © R U © R ( T ' + U )
2 ■̂w j  2 X

I t  f o l l o w s  t h a t  A (S) / (H(cp)S)  i s  a s t a n d a r d  B o r e l  s p a c e ,  and hence  S 

h a s  no non-1  r a n s i  t i v e  q u a s i - o r b i t s  i n  A(S)/H(cp) = f) .

Now l e t  u s  assume t h a t  C -  0 and uu /  0 . I t  i s  c l e a r  t h a t
J  2

(ad*  S)cp c a n  f a i l  t o  be a G o n l y  I f  b o t h  £ and C a r e  n o n - z e r o .
-  ~ "6 1 2

Once a g a i n ,  l e t  H(cp) be t h e  i s o t r o p y  g r o u p  o f  cp i n  A (S ) ,  and l e t

Q = (ad*  A(S))cp . Then H(fi>)/N i s

z  t ; © i / x  z  t ;  © r t ;  © r ( u , - u „ )  © r i r  .1 Sa 2 ~  3 ft; 1 2 -S 3

*
I t  i s  e a s y  t o  see  from ( 7 , 3 )  t h a t  Q i s  a  Gc i n  N and h e n c e  we cano

i d e n t i f y  Q w i t h  A(S)/H(cp) . Now (H(cp) S ) /N  i s

[Z T ’ © R(T’- T ' )  © 1/X Z T ' ]  © R T '  © [R(U -U ) © Z U~  1 ss 1 2 ss 2 w 3 k-j 1 2 s a l

© 1/X Z U ] © R U .
% 2 ~  O

As can  be s e e n  by e x a m in in g  t h e  b r a c k e t e d  s u b g r o u p s ,  H(cp)S i s  n o t  c l o s e d
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i n  A(S) . Hence S h a s  a n o n - t r a n s i t i v e  q u a s i - o r b i t  i n  Cl .

Now (H(cp) H S ) /N  = R T . L e t  cp"-  be t h e  l i n e a r  f u n c t i o n a l  on
“ “ “ ^  J

R T„ ® N d e f i n e d  by cp (T ) = 0 and cp Jn = cp . A l s o ,  t h e  H(cp ) be~  J  J  “

t h e  i s o t r o p y  g r o u p  o f  cp i n  A(S) . T hen  H(cp ) /N  i s

z  t ’ © i / x  z  t : © r u © r t : .

I t  f o l l o w s  t h a t  H(cp )S i s  a c l o s e d  s u b g r o u p  o f  A (S ) ,  and h e n c e  S

★ ~
h a s  no n o n - 1 r a n s i t i v e  q u a s i - o r b i t s  i n  A(S))cp . I t  t h u s  f o l l o w s

f rom  p r o p o s i t i o n  I I I . 12 and t h e o r e m  1 o f  [ s ]  t h a t  S h a s  no n o n - t r a n s -

*
l t i v e  q u a s i - o r b i t s  i n  S . We h a v e  t h e r e f o r e  shown t h a t  S i s  t y p e  I ,

e v e n  th o u g h  N/S i s  n o t  " s m o o t h " .

The f i r s t  e x a m p le  o f  a s o l v a b l e  L i e  g r o u p  S s u c h  t h a t  S i s

t y p e  I and  I^/S i s  n o t  " sm o o th "  was g i v e n  by L. A u s l a n d e r  i n  c h a p t e r  3

o f  [ 3 ] .  H i s  e x am p le  i s  much l a r g e r ,  and  i n  h i s  e x am p le  t h e  n i l - r a d i c a l

i s  n o n - a b e l i a n .  The s i m p l e r  e x a m p le  i s  a d i r e c t  r e s u l t  o f  t h e  i n s i g h t

t h a t  t h e  t h e o r e m s  1 and 2 p r o v i d e  i n t o  t h e  ways  i n  w h ich  S c a n  f a i l  t o

be t y p e  I .

The most  s t r i k i n g  f a c t  a b o u t  t h e  e x a m p le  we J u s t  g a v e  i s  t h a t

A
N/A(S)  i s  smooth  . Thus  one  m i g h t  hope  t o  p r o v e  t h a t  S i s  t y p e  I i f ,

A  *  *
and  o n l y  i f ,  S i s  i s o t r o p i c a l l y  t y p e  I and N/A (S)  = N A (S)  i s

" s m o o t h " .  U n f o r t u n a t e l y ,  t h i s  i s  f a l s e ,  a s  t h e  f o l l o w i n g  c o u n t e r  e x a m p le  

shows:

L e t  N be t h e  a b e l i a n  L i e  a l g e b r a  w i t h  g e n e r a t o r s  x , y , x  ,y  ,
1 1 2  2

w, ,w„ . I n  o r d e r  t o  g e t  S we add  g e n e r a t o r s  t  and t  w i t h  no n -  
1 2  1 2

z e r o  b r a c k e t s



w here  \  I s  an i r r a t i o n a l  number.  O b s e rv e  t h a t  S h a s  a n o n - t r a n s ­

it
i t i v e  q u a s i - o r b i t  i n  S , and t h a t  A(S) d o e s  n o t  h a v e  a n o n - t r a n s ­

it *
i t i v e  q u a s i - o r b i t  i n  e i t h e r  S o r  N A l s o ,  S i s  i s o t r o p i c a l l y

t y p e  I .  T h i s  exam ple  i s  due t o  L. A u s l a n d e r  ( [ 3 ] ,  c h a p t e r  3 ) .

We have  shown e l s e w h e r e  t h a t  i f  A(S) d o e s  m a l t r e a t  ft b a d l y  

en o u g h ,  t h e n  S i s  n o t  t y p e  I .
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A
CHAPTER V I I I .  COMPUTING S

T h r o u g h o u t  t h i s  s e c t i o n  S w i l l  d e n o t e  a s o l v a b l e  L i e  g r o u p  

w i t h  t h e  f o l l o w i n g  two p r o p e r t i e s :
*

( i )  S h a s  no n o n - t r a n s i t i v e  q u a s i - o r b i t s  i n  S

*
( i i )  I f  cp e S , t h e n  ex l (cp)  ^ 0 . ( F o r  t h e  d e f i n i t i o n  o f  ex l ( c p ) ,  

s e e  I I I . l ) .

O ur  o b j e c t i v e  i s  t o  g e n e r a l i z e  K i r i l l o v ' s  t h e o r e m  ( t h e o r e m  I V . 1)

so  t h a t  i t  a p p l i e s  t o  S . T h e r e  a r e  s e v e r a l  p r o b l e m s  i n v o l v e d .  F i r s t ,

we do n o t  assume t h a t  S i s  t y p e  I ,  and h e n c e  we do n o t  r e a l l y  know

what  S i s  -----  i n  o t h e r  w o r d s ,  we l a c k  a c o m p l e t e n e s s  t h e o r e m  t h a t  t e l l s

u s  when we have  found  a l l  o f  S; t h e  b e s t  we c a n  do i s  t o  u s e  t h e  l i t t l e -

g r o u p  t h e o r e m  ( s e c t i o n  V I ) ,  w h ich  a p p l i e s  h e r e  b e c a u s e  e v e r y  e l e m e n t  o f

S i s  a c c e s s i b l e ,  by a s s u m p t i o n  ( i )  on S . The o t h e r  m a j o r  p r o b l e m  i s

*
t h a t  g i v e n  cp e S and  H € e x l ( c p ) ,  we w i l l  n o t  g e n e r a l l y  h a v e

S(cp,H) e S . ( F o r  t h e  n o t a t i o n  u s e d  h e r e ,  s e e  s e c t i o n  I V . )  As a c o n -

A * *
s e q u e n c e ,  one c a n n o t ,  i n  g e n e r a l ,  i d e n t i f y  S w i t h  S / a d  S, a s  i n

K i r i l l o v ' s  t h e o r e m  ------  e v e n  when S i s  t y p e  I .

1.  Lemma: L e t  S have  p r o p e r t i e s  ( i ) , ( i i ) ,  l e t  N be t h e  n i l -

A A
r a d i c a l  o f  S, l e t  y e S, and c h o o s e  x i n  N so  t h a t  y l i e s  o v e r

t h e  o r b i t  S-x  . L e t  K be a c o n n e c t e d  s u b g r o u p  o f  S s u c h  t h a t

N c  K and K i s  a maximal  c o n n e c t e d  s u b g r o u p  o f  S t o  w h ic h  x e x ­

t e n d s .  Then  t h e r e  e x i s t s  z e K s u c h  t h a t  y l i e s  o v e r  t h e  o r b i t  S -z  .

P r o o f :  L e t  G be t h e  a d - a l g e b r a i c  h u l l  o f  S ( f o r  w h ic h ,  s e e

*
lemma V . l ) ,  and c h o o s e  cp e N so t h a t  x = N(cp,H), w h e re  H e max(cp) .

We s h a l l  u s e  &(x)  t o  d e n o t e  f x  e x~ | n = g - x  f o r  some g e g ] ,
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and we s h a l l  u s e  K ( x )  t o  d e n o t e  f t  e K : = ( ad „  f ° r  some

g e g) . We p r o v e d ,  i n  t h e  c o u r s e  o f  p r o v i n g  th e o re m  V I I , 2 ,  t h a t  S

h a s  a n o n - t r a n s i t i v e  q u a s i - o r b i t  i n  &(x) i f ,  and o n l y  i f ,  S h a s  a

*
n o n - t r a n s i t i v e  q u a s i - o r b i t  i n  K ( x ) ,  and we a l s o  showed t h a t  S h a s

*
a n o n - t r a n s i t i v e  q u a s i - o r b i t  i n  K ( x )  i f ,  and o n l y  i f ,  S h a s  a non­

t r a n s i t i v e  q u a s i - o r b i t  i n  f % e S :  ^ | k € K  ( x )} . I t  t h u s  f o l l o w s  from 

a s s u m p t i o n  ( i )  on S t h a t  S h a s  no n o n - t r a n s i t i v e  q u a s i - o r b i t s  i n

K (x)  . S in c e  y l i e s  o v e r  a q u a s i - o r b i t  o f  S i n  Q ( x ) ,  t h e  lemma i s

t h e r e f o r e  p ro v e d .

2. D e f i n i t i o n ;  Once a g a i n ,  l e t  N be t h e  n i l - r a d i c a l  o f  S . Let

p € S, c h o o s e  r  i n  r) so  t h a t  p l i e s  o v e r  S - r ,  and l e t  K be a

maximal c o n n e c t e d  s u b g ro u p  o f  S t o  which  r  e x t e n d s .  Le t  q be an -

A
o t h e r  e l e m e n t  o f  S t h a t  l i e s  o v e r  S - r  . We s h a l l  c a l l  p and q

Q - e q u i v a l e n t  i f  p and q b o t h  l i e  o v e r  t h e  same o r b i t  o f  S i n  & .

In  o r d e r  f o r  d e f i n i t i o n  2 t o  make s e n s e ,  we must show t h a t  t h e  

c h o i c e  o f  K d o e s  n o t  m a t t e r .  ( I n  g e n e r a l ,  t h e r e  i s  no u n i q u e  maximal 

c o n n e c t e d  s u b g ro u p  o f  S t o  w h ich  r  e x t e n d s ;  c f ,  p r o p o s i t i o n s  I I I . 11 

and V . 6 . )  The f o l l o w i n g  lemma i s  what  we n e e d .

3,  Lemma; ( N o t a t i o n  a s  i n  d e f i n i t i o n  2 . )  L e t  cp be an e l e m e n t  o f

*
N such  t h a t  r  = N(cp,H), where  H e max(cp) , and l e t  F be t h e  i d e n ­

t i t y  component  o f  t h e  s u b g ro u p  o f  S l e a v i n g  r  f i x e d .

*
( i )  L e t  cp' be an e l e m e n t  o f  F whose r e s t r i c t i o n  t o  N i s  cp .

Then f o r  a l l  L i n  e x l ( c p ' ) ,  we s h a l l  have  F (cp ' ,L )  € F1 .

A
( i i )  Every  e l e m e n t  o f  F l y i n g  o v e r  r  i s  o f  t h e  fo rm F (cp ' ,L )  f o r

*
some cp* in  F whose r e s t r i c t i o n  t o  N i s  cp, and some L e e x l ( c p ’ ) .

( i i i ) L e t  R = f x e F: c p ( [ x , F ] )  = o} , and l e t  E = RN . Then  f o r

A
e a c h  e l e m e n t  r  o f  E l y i n g  o v e r  r ,  t h e r e  i s  p r e c i s e l y  one  e l e m e n t
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r "  o f  ft l y i n g  o v e r  r '  .

B e f o r e  p r o v i n g  lemma 3,  l e t  u s  make some re m a rk s ;

F i r s t ,  t h e  lemma d o e s  im ply  t h a t  Q - e q u i v a l e n c e  i s  w e l l - d e f i n e d .  

L e t  p and q be two e l e m e n t s  o f  ft w h ich  a r e  Q - e q u i v a l e n t  w i t h  r e s ­

p e c t  K . (See  d e f i n i t i o n  2 f o r  t h e  n o t a t i o n . )  L e t  S - r  be t h e  

o r b i t  o f  S i n  ft o v e r  w h ich  b o t h  p and q l i e .  By p r o p o s i t i o n s

IV. 2 and V.6 ,  r  = K ( + | k ,L )  f o r  some f  e F and some L G ex l (cp)  .

-  A
A p p ly in g  a s s e r t i o n  ( i )  o f  t h e  lemma, we h ave  t h a t  F ( f , L )  = r  e F .

I t  i s  e a s i l y  s e e n  t h a t  b o t h  p and q l i e  o v e r  S - r  . The g r o u p  F

i s  d e t e r m i n e d  c o m p l e t e l y  by p ( o r  by q )  an d ,  i n  p a r t i c u l a r ,  h a s

n o t h i n g  t o  do w i t h  t h e  c h o i c e  o f  K . Thus  Q - e q u i v a l e n c e  i s  w e l l -  

d e f i n e d .

The s e c o n d  remark  t o  be made i s  t h a t  F (cp ' ,L )  d o e s  n o t  d epend  on 

t h e  c h o i c e  o f  L € e x l ( c p ' )  S u r p r i s i n g l y ,  t h i s  t u r n s  o u t  t o  be r a t h e r

c o m p l i c a t e d  t o  p r o v e .  The p r o o f  i s  g i v e n  a s  lemma 4, be low .

P r o o f  ( o f  lemma 3) ;  Le t  K = LN . By p r o p o s i t i o n  IV. 2, K(cp' | K , L)

A
e K . F u r t h e r m o r e ,  by p r o p o s i t i o n  V I . 4,  K i s  t h e  s u b g ro u p  o f  F 

l e a v i n g  K(cp’ | k ,L)  f i x e d .  Now by th e  t h e o re m  on i n d u c i n g  by s t a g e s  

( t h e o r e m  4 .1  o f  [ l 3 ] ) ,  F ( tp ' ,L )  i s  t h e  r e p r e s e n t a t i o n  o f  F i n d u c e d  

by K(cp' | k , L ) ,  and by th e o re m  8 .1  o f  [ l 5 ]  ( s e e  s e c t i o n  V I ) ,  t h e  r e p r e ­

s e n t a t i o n  o f  F in d u c e d  by K(cp’ |K ,L )  i s  i r r e d u c i b l e .  Thus  F (cp ' ,L )

A
e F and ( i )  i s  p ro v e d .

By t h e  l i t t l e - g r o u p  th e o re m ,  e v e r y  e l e m e n t  o f  ft t h a t  l i e s  o v e r  

r  i s  o f  t h e  form x ® K(<P' |k ,L ) ,  w here  X i s  a c h a r a c t e r  o f  K t h a t  

v a n i s h e s  on N . Thus  ( i i )  f o l l o w s  p r o p o s i t i o n  I V . 3 and t h e  d i s c u s s i o n  

i n  t h e  p r e c e d i n g  p a r a g r a p h .
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I t  r e m a in s  t o  p r o v e  ( i i i ) .  Choose a v e c t o r  s u b s p a c e  V o f  F

co m p le m e n ta ry  t o  N so t h a t  V 0 E i s  co m p le m e n ta ry  t o  N i n  E and

so t h a t  cp([V,N])  = 0 . As we saw i n  s e c t i o n  V, t h e  Mackey o b s t r u c t i o n

b a t  r  i n  F i s  d e t e r m i n e d  by t h e  b i l i n e a r  form

o(X ,Y )  = cp ( [x ,Y ])

on V . Thus  t h e  l i t t l e - g r o u p  F- ( s e e  f o r m u l a  6 . 1 )  i s  a t w o - s t e p  n u ­
ll

p o t e n t  g r o u p .  L e t  Z be t h e  c e n t e r  o f  F . Then  t h e r e  i s  a complement 
b

W t o  Z i n  F~ and  a b a s i s  X, ,  Y , ........... X , Y f o r  W such  t h a t1 1  0 a

r x i , Yi ] 4 o f o r  a l l  i  <: s and [ x ^ Y  ] = 0 i f  i  4 j  . I t  f o l l o w s

*  r ~  *  1 *t h a t  i f  we l e t  Z = fcp'c (F ) : cp'(W) = Oj , t h e n  Z i n t e r s e c t s  e a c h

5  -b  *
o r b i t  Q o f  F i n  (F ) a t  p r e c i s e l y  one p o i n t .  The e l e m e n t s  o f  Z

b
w hich  c o r r e s p o n d  t o  u n i t a r y  r e p r e s e n t a t i o n s  o f  F o f  c l a s s  one  form an

* *
a f f i n e  s u b s p a c e  o f  Z o f  c o d i m e n s i o n  one i n  Z . (See  c h a p t e r  VI f e r

t h e  n o t i o n  o f  c l a s s  o n e - n e s s . )  Now i t  i s  e a s y  t o  s e e  from t h e  d e f i n i t i o n
b

o f  t h e  g r o u p  s t r u c t u r e  i n  F t h a t  E/N i s  a s u b s p a c e  o f  Z and i s  o f

c o - d i m e n s i o n  one i n  Z . Thus  t h e  r e s t r i c t i o n  map d e f i n e s  a b i j e c t i o n

from ( F / N , b ) ^  o n t o  (E/N, b |  ( E / N ) ) ^ .  By t h e  l i t t l e - g r o u p  th e o re m ,

t h i s  i s  p r e c i s e l y  t h e  s t a t e m e n t  t h a t  t h e  r e s t r i c t i o n  map d e f i n e s  u

A
b i j e c t i o n  from t h e  s e t  o f  a l l  r  e F t h a t  l i e  o v e r  r  o n t o  t h e  s e t  o f

A
a l l  r '  e E t h a t  r e s t r i c t  t o  r  . T h i s  c o m p l e t e s  t h e  p r o o f  o f  lemma 3 .

Remark: The u s e f u l n e s s  o f  t h e  s u b g ro u p  E was p o i n t e d  o u t  t o

t h e  a u t h o r  by L. A u s l a n d e r .  The p r e v i o u s  f o r m u l a t i o n  o f  lemma 3 . ( i i i )  

i n v o l v e d  K, n o t  E, and was c o n s i d e r a b l y  c l u m s i e r .

4. Lemma: Le t  F be a s o l v a b l e  L ie  g r o u p ,  l e t  N be t h e  n i l -

r a d i c a l  o f  F, and  l e t  cp be a l i n e a r  f u n c t i o n a l  on F s u c h  t h a t  

e x l  (cp) i s  non-em pty  and s u c h  t h a t  F l e a v e s  N(cp|N,H) f i x e d ,  where
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H e max(cp|N) . Then  f o r  e v e r y  H and  K i n  e x l ( c p ) ,  F(cp,H) = F(cp,K).

P r o o f :  The c a s e  F = N i s  t a k e n  c a r e  o f  by K i r i l l o v ' s  t h e o r e m

( t h e o r e m  I V . 1 ) .  L e t  R = f x e F: C p ( [x ,F ] )  = o} , and l e t  E = R + N .

By p a r t  ( i i i )  o f  lemma 3,  t h e r e  i s  p r e c i s e l y  one  e l e m e n t  o f  F1 l y i n g  

o v e r  E(cp| E , H H E ) , and  s i m i l a r l y  p r e c i s e l y  o n e  e l e m e n t  o f  ̂  l i e s

o v e r  E(cp| F . K H E) . F u r t h e r m o r e ,  i t  i s  an  i m m e d i a t e  c o n s e q u e n c e  o f

t h e  s u b g r o u p  t h e o re m  ( t h e o r e m  7 . 1  o f  [ l 3 ] )  t h a t  F(cp,H) and  F(cp,K)

l i e  o v e r  E(cp|E, H Pi E) and E ( cp| e , K 0  E) . Hence we n e e d  o n l y  p r o v e

t h a t  E(cp| e , H H E) = E(cp|E, K 0 E) . I n  o t h e r  w o r d s ,  we a r e  f r e e  t o

assum e  t h a t  E =■ F . Now R c: H D K, and h e n c e  we h ave  t h a t  F = HN =KN,

The p r o o f  now p r o c e e d s  by i n d u c t i o n  on  t h e  d i m e n s i o n  o f  F/N .

L e t  u s  a s s u m e ,  f o r  t h e  moment,  t h a t  we h ave  a l r e a d y  v e r i f i e d  t h e  c a s e  

d im ( F / N )  = 1 . A l s o ,  l e t  u s  assume t h a t  F i s  s u c h  t h a t  F/N i s  o f  

t h e  m i n im a l  d i m e n s i o n  f o r  w h ich  t h e  lemma h a s  y e t  t o  be e s t a b l i s h e d .  In  

p a r t i c u l a r ,  d im (F /N )  > 2 .

L e t  G be an i d e a l  i n  F s u c h  t h a t  N ^  G and d im ( F / G )  = 1 .

By p r o p o s i t i o n  IV. 2, t h e  r e s t r i c t i o n  o f  F(cp,H) t o  G i s  G(cp|G,H 0  G ) ,

and  t h e  r e s t r i c t i o n  F(cp,K) t o  G i s  G(cp|G, K D G) . F u r t h e r m o r e ,  

by t h e  i n d u c t i o n  h y p o t h e s i s ,  G(cp|G, H H G) = G(cp|G, K 0  G) . Now s i n c e  

d im (F /N )>  2, e v e r y  e l e m e n t  o f  F l i e s  i n  a  c o - d i m e n s i o n - o n e  i d e a l  o f  

F t h a t  c o n t a i n s  N . I t  t h u s  f o l l o w s  f rom t h e  l i t t l e - g r o u p  t h e o r e m  

t h a t  F(cp,H) = F(cp,K) .

I t  t h u s  r e m a i n s  t o  c o n s i d e r  t h e  c a s e  d im ( F / N )  = 1 . I n  t h i s  c a s e  

t h e  p r o o f  i s  by i n d u c t i o n  on t h e  d i m e n s i o n  o f  F . The p r o o f  u s e s  t h e  

i n d u c t i o n  h y p o t h e s i s  t o  r e d u c e  t h e  p r o b le m  t o  t h e  f o l l o w i n g  s p e c i a l  c a s e s :

5 .  Lemma: L e t  be t h e  L i e  a l g e b r a  whose b a s i s  a s  a v e c t o r
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s p a c e  i s  f t , x , y , z ]  and whose  b r a c k e t  i s  d e f i n e d  by 

[ t , x ]  = x ,  [ t , y ]  = - y ,  [ x , y ]  -  z ,

and a l l  o t h e r  b r a c k e t s  z e r o .

L e t  cp be t h e  l i n e a r  f u n c t i o n a l  on d e f i n e d  by cp(z) = 1, cp(x) = 0,

cp(y) = 0,  and cp( t)  = 0 . F i n a l l y ,  l e t  H = Rt © Rx © R z , and  l e t
J  %  %

K = Rt © Ry © Rz . T hen  A (cp,H ) = A (cp.K ) .
~ 4 4

P r o o f :  D e f i n e  an a u t o m o rp h i s m  a  o f  A^ a s  f o l l o w s ;

o ( t )  - t ,  o ( z )  -  z

o ( x )  = - y ,  cy(y) - x .

T hen  cp o a = cp and o(H ) -  K . Hence by p r o p o s i t i o n  IV. 4, A (cp.H ) -
4

A (cp.K ) .
4

6.  Lemma: L e t  A be t h e  L i e  a l g e b r a  whose b a s i s  i s  f t , w ,w , v ,—  — 6 1 2  1

v , z] and whose b r a c k e t  i s  d e f i n e d  by 
2

r V Vl ] = r * 2 ,V2 :1 *

T t . w ^  = aWj -  w g , f t , v i ] = - a v i  + 

r t , w 2 ] -  + aw ^ , [ t - V g l  = -V j  -  a v 2>

and a l l  o t h e r  b r a c k e t s  z e r o .

L e t  cp be t h e  l i n e a r  f u n c t i o n a l  on A d e f i n e d  by cp(z) = 1 and6
cp(wi ) = cp(w2 ) cp(vi ) = cp(v2 > = cp(t)  = 0 . F i n a l l y ,  l e t  = Rwj  ©

Rw © Rz © R t , and l e t  K = Rv © Rv © Rz © Rt . Then A (cp,H.)  -~2 1̂- 4 % 1 ; ■ : 2 , r % -  4D

A (cp, K ) .
~6

P r o o f ;  D e f i n e  an  a u t o m o rp h i s m  a  o f  A,. a s  f o l l o w s ;—  6

o ( t ) - t ,  ce(z )  z
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O'tWj) -  - v  , o ( w 2 ) = - v 2

, o ( v 2) = w2 .

O b s e r v e  t h a t  cp o a  = cp and t h e  a^H^)  = . Hence  by p r o p o s i t i o nT 4 4

I V . 4.  A (cp, H ) = A (cp.K ) .
“6 6

L e t  u s  r e c a l l  w ha t  i s  t o  be p r o v e d ,  cp € F , and H.K e ex l (cp)  .

We have  as sum ed  t h a t  d im ( F / N )  = 1 and  t h a t  F = HW = KN . We must

show t h a t  F(cp,H) - F(cp,K) . The  p r o o f  i s  by i n d u c t i o n  on d im (F )  .

The  a s s e r t i o n  i s  c l e a r l y  t r u e  f o r  d im (F )  £ 2 . The i n d u c t i o n  h a s  b een  

b r o k e n  down i n t o  f i v e  p a r t s :

1. R e d u c t i o n  t o  t h e  a l m o s t  a l g e b r a i c  c a s e : L e t  A be t h e  a l m o s t

a l g e b r a i c  h u l l  o f  F . By lemma I I I . 6 ,  we c a n  c h o o s e  a M alcev  decomp-

*
o s i t i o n  T-M f o r  A so t h a t  ad^  T l e a v e s  cp f i x e d .  S e t t i n g  cp(T) =

0 .  we c a n  view cp a s  a  l i n e a r  f u n c t i o n a l  on A .

Now s i n c e  d im (F /N )  = 1 and F = HN = KN, T I s  c o n t a i n e d  i n  t h e

i n t e r s e c t i o n  o f  t h e  a l g e b r a i c  h u l l s  o f  ad H and ad K . T h e r e f o r eF -  f  -

Tt +H, T+h ] c  [ h ,H] and [ t +K, T+K] <= [K ,K ] ,  and i n  p a r t i c u l a r ,  T+H 

and  T+K a r e  s u b a l g e b r a s  o f  A s u b o r d i n a t e  t o  cp . I t  f o l l o w s  e a s i l y  

t h a t  b o t h  T+H and T+K l i e  i n  ex l (cp)  . A p p l y i n g  p r o p o s i t i o n  IV. 2, 

we s e e  t h a t  t h e  r e s t r i c t i o n  o f  A(cp,T+H) t o  F i s  F(cp,H),  and  t h e

r e s t r i c t i o n  o f  A(cp,T+K) t o  F i s  F(cp,K) . Thus  we n e e d  o n l y  p r o v e  

t h e  f o l l o w i n g  a s s e r t i o n :

A s s e r t i o n :  A(cp,T+H) = A(cp,T+K) .

2. R e d u c t i o n  t o  " t r i v i a l "  c e n t e r : L e t  Z be t h e  c e n t e r  o f  t h e  n i l -

r a d i c a l  M o f  A, and l e t  Z = f z e Z: cp(z) = o} . Z i s  e a s i l y  s e e n
“ o

t o  l i e  i n  t h e  i n t e r s e c t i o n  o f  t h e  k e r n e l s  o f  A(cp,T+H) and  A(cp,T+K) .
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F u r t h e r m o r e ,  Z c  (T+H) D (T+K) . S i n c e  cp ( [T ,A ])  -  0,  Ct .Z ] c  z  ,
"o

and  h e n c e  i f  Z w ere  n o t  e q u a l  t o  z e r o ,  we c o u l d  p a s s  t o  A/Z , i n
' o

w h ic h  c a s e  t h e  i n d u c t i o n  h y p o t h e s i s  w ou ld  a p p l y .  T hus ,  i f  Z^ ^ 0 ,  we 

a r e  d o n e .  Hence we s h a l l  assume t h a t  ZQ = 0,  o r  i n  o t h e r  w o rd s ,  we 

s h a l l  assume t h a t  d im (Z)  = 1 and  cp(Z) ^ 0 .

3.  R e d u c t i o n  by means  o f  o p e r a t i o n  I I : A c c o r d i n g  t o  lemma I I I . 8,

t h e r e  i s  a m in im a l  T - i n v a r i a n t  s u b s p a c e  W o f  t h e  n i l - r a d i c a l  M o f  A

s u c h  t h a t  Tm.w] = Z and [w,w] = 0 . L e t  z (W) be t h e  c e n t r a l i z e r
M

o f  W i n  M, and l e t  A be t h e  s e m i - d i r e c t  p r o d u c t  T*z  (W) . I fM

b o t h  H and K l i e  i n  A , t h e n ,  by t h e  i n d u c t i o n  h y p o t h e s i s ,

A (cp| A , T+H) = A (cp|A , T+K) . I t  t h e n  f o l l o w s  f rom t h e  t h e o r e m  on  i n ­

d u c i n g  by s t a g e s  ( t h e o r e m  4 . 1  o f  [ 1 3 ] )  t h a t  A(cp,T+H) = A(cp,T+K) .

'■s-i

We can  a s s u m e ,  t h e r e f o r e ,  t h a t  K d o e s  n o t  l i e  i n  A . We s h a l l

show ( m o m e n t a r i l y )  t h a t  t h e r e  i s  an e l e m e n t  L i n  e x l (c c )  s u c h  t h a t

L — A and s u c h  t h a t  A(cp,L) = A(cp,T+K) . Assume f o r  t h e  moment t h a t  

t h i s  h a s  a l r e a d y  b e e n  e s t a b l i s h e d .  Then  we w o u ld  a l s o  h a v e  an  e l e m e n t  

L'  i n  ex l (cp)  s u c h  t h a t  L'  ^  A and A (cp ,L ')  = A(cp,T+K) . A r g u i n g  

a s  i n  t h e  p r e c e d i n g  p a r a g r a p h ,  we s e e  t h a t  A(cp,L) = A(cp ,L ')  . Thus

A(cp,T+H) mus t  e q u a l  A(cp,T+K) .

■■"'w

4.  The  c o n s t r u c t i o n  o f  L: By a s s u m p t i o n ,  K £  A . T h e r e f o r e ,

s i n c e  [ t , k ] c  k , t h e r e  i s  a n o n - z e r o ,  m in im a l  T - i n v a r i a n t  s u b s p a c e  V

o f  M Pi K s u c h  t h a t  V H z (W) = 0 . S i n c e  z (W) i s  c o m p le m e n te d  i n
M M

M by a m i n im a l  T - i n v a r i a n t  s u b s p a c e ,  we mus t  h a v e  M = V © z (W) , I n
M

p a r t i c u l a r ,  dira(V) = dim(W) .

We d e f i n e  L t o  be t h e  s u b a l g e b r a  T+(K D z (W)) + W o f  AM

I t  i s  e a s y  t o  s e e  t h a t  L e ex l (cp)  . F u r t h e r m o r e ,  b e c a u s e  V c  k and



[ v , w ]  = Z, L+V i s  a  s u b a l g e b r a  o f  A . S e t  J  = L+V . By t h e  t h e o r e m  

on i n d u c i n g  by s t a g e s  ( t h e o r e m  4 . 1  o f  [ 1 3 ] ) ,  J ( c p | j , L )  i n d u c e s  t h e  u n i ­

t a r y  r e p r e s e n t a t i o n  A(cp,L) o f  A, and  j ( c p | j ,  T+K) i n d u c e s  t h e  r e p r e ­

s e n t a t i o n  A(cp,T+K) o f  A . Hence we n e e d  o n l y  show t h a t  J (cp ,L )  =

J(cp,T+K) .

5 .  R e d u c t i o n  t o  lemmas 5 and  6: L e t  NT be  t h e  n i l - r a d i c a l  o f  J ,
  — J

and  l e t  I = N D L 0  K Pi ker(cp)  . We s h a l l  now show t h a t  I  i s  an i d e a  
J

i n  J  . F i r s t  o b s e r v e  t h a t  s i n c e  L i s  s u b o r d i n a t e  t o  cp, L fl ker(cp)

i s  a s u b a l g e b r a  o f  L, and  h e n c e  (L H k e r ( ^ ) )  0 K H N i s  a s u b a l g e b r a

o f  J  . A l s o ,  s i n c e  T -  L, [ T , l ]  c  I  . Now l e t  I be t h e  i d e a l i z e r

o f  I i n  L . S i n c e  T c  I , [ t , I  ] ^  I . F u r t h e r m o r e ,  b e c a u s e  I 

i s  c o n t a i n e d  i n  t h e  n i l - r a d i c a l  o f  L, I d I  . But  W i s  a  m in im a l  

T - i n v a r i a n t  s u b s p a c e  o f  J  and W ■5) I = L . T h u s  I = L . I t  f o l ­

lows s i m i l a r l y  t h a t  K i d e a l i z e s  I . S i n c e  J  = L+K, I mus t  be an

i d e a l  i n  J  .

I t  f o l l o w s  t h a t  I l i e s  i n  t h e  i n t e r s e c t i o n  o f  t h e  k e r n e l s  o f

J (cp ,L )  and J(cp,T+K) . T h e r e f o r e  we s h a l l  assume t h a t  1 = 0 -----  i f

I w e re  n o t  z e r o ,  we c o u l d  f a c t o r  i t  f rom J  . Now i f  J  i s  a c t u a l l y  

n i l p o t e n t ,  we a r e  done  (by K i r i l l o v ' s  t h e o r e m ) .  T h u s ,  we may assum e  

t h a t  J  i s  n o t  n i l p o t e n t .  We re m a rk  t h a t  J  = T S w T ) V © Z ,  and 

s i n c e  J  i s  n o t  n i l p o t e n t ,  [T,W] = W and  [t ,V]  = V . S i n c e  cp ( [T ,A ])

0,  i t  f o l l o w s  t h a t  cp(W) = cp(V) = 0 . F u r t h e r m o r e ,  cp(T) = 0 by d e f ­

i n i t i o n .  I t  i s  now e a s y  t o  s e e  t h a t  J  must  be i s o m o r p h i c  t o  A^ o r

A„ i n  s u c h  a way t h a t  L c o r r e s p o n d s  t o  H„ o r  H and  T+K c o r -
6 3 4

r e s p o n d s  t o  K^ o r  K^ . Thus  by lemmas 5 and 6,  J (cp ,L )  = J(cp,T+K) .

T h i s  c o m p l e t e s  t h e  p r o o f  o f  lemma 4,
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+
7.  D e f i n i t i o n :  L e t  N be  t h e  n i l - r a d i c a l  o f  S, l e t  tp £ S ,

and l e t  H e ex l (c p )  . L e t  F be t h e  i d e n t i t y  com ponen t  o f  t h e  s ub ­

g r o u p  o f  S l e a v i n g  N(cp|N, H fl N) f i x e d ,  and  l e t  r  = F(cp|F, H) .

Then  Q = { p e S: p l i e s  o v e r  S*r} i s  a  Q - e q u i v a l e n c e  c l a s s  i n  ^  .

We d e f i n e  h (cp) = Cl . I t  i s  c l e a r  t h a t  f o r  a l l  s  e S, k ( a d  s)cp)

a l s o  e q u a l s  0  . Hence  h  d e f i n e s  a map h f rom S / a d  S i n t o

A A
S/Q, t h e  l a t t e r  b e i n g  t h e  s p a c e  o f  a l l  Q - e q u i v a l e n c e  c l a s s e s  i n  S .

*  *  A
8.  Theorem: The map h i s  a b i j e c t i o n  f rom S / a d  S o n t o  S/Q .

P r o o f :  h i s  s u r j e c t i v e  by lemma 3 ( i i ) .  L e t  cp and  t

* +
be l i n e a r  f u n c t i o n a l s  on S s u c h  t h a t  « ( ( a d  S)cp) = « ( ( a d  S ) f )  * L e t  

N be t h e  n i l - r a d i c a l  o f  S , A p p e a l i n g  t o  d e f i n i t i o n  2,  we s e e  t h a t  

we may assume t h a t  N(cp|N, H ) = N ( t | N ,  H ) f o r  a l l  H € max(cp|N) .
“ 1 “ M A

Hence K i r i l l o v ' s  t h e o r e m  ( t h e o r e m  I V . 1) i m p l i e s  t h a t  t h e r e  i s  some 

s e S s u c h  t h a t  ( a d  s )cp| n = ^ | n . H e n c e f o r t h ,  t h e r e f o r e ,  we s h a l l

assume t h a t  cp | N = f | N  .

T h i s  a s s u m p t i o n  I m p l i e s  t h a t  ex l (cp)  = e x l ( f )  . L e t  K e e x l ( c p ) .

Then  by d e f i n i t i o n  o f  Q, n ( ( a d  S)cp) = H ( ( a d  S ) f )  o n l y  i f  H(cp|H,K) =

H ( t ( H , K ) ,  w h e re  II = KN . C om bin ing  t h e  l i t t l e - g r o u p  th e o re m  and  

p r o p o s i t i o n  I V . 3,  we s e e  t h a t  cp | H = f | H  . But  by p r o p o s i t i o n  I I I . 12, 

i f  9 e S and 0 1H = cp [ H, t h e n  6 e ( a d  S)rp . Hence  t  e ( a d  S)cp,

and  we h ave  shown t h a t  h i s  i n j e c t i v e .  T h i s  c o m p l e t e s  t h e  p r o o f  o f

t h e o re m  8.

9 .  Example:  One m i g h t  w e l l  w o n d e r  w h e t h e r  e v e r y  s o l v a b l e  L i e  g r o u p

s a t i s f y i n g  t h e  h y p o t h e s e s  p l a c e d  on S i s  n e c e s s a r i l y  t y p e  I .  T h i s  i s

n o t  t h e  c a s e .  L e t  S be any s o l v a b l e  L i e  g r o u p  s u c h  t h a t  ( i )  f o r  a l l  

*
cp e S , ex l (cp)  /  0 and  ( i i )  S c o n t a i n s  a d i s c r e t e  c e n t r a l  s u b g r o u p



A such  t h a t  S/A I s  t y p e  I .  Then  t h e  r e s u l t s  o f  t h i s  s e c t i o n  w i l l

a p p l y  t o  S, a n d ,  a s  h a s  been  shown by J .  D i x m i e r  ( I n  [ 6 ] ) ,  n o t  a l l

s u c h  g r o u p s  S n e e d  be t y p e  I .

10,  Rem ark: I n  c a s e  (ad*S)cp I s  s im p l y  c o n n e c t e d  f o r  a l l  cp i n

* * * AS , k i s  a c t u a l l y  a b i j e c t i o n  b e tw e e n  S / ad S and S . (Of c o u r s e ,

* *
i n  t h i s  c a s e ,  S w i l l  be t y p e  I ,  s i n c e  by a s s u m p t i o n  S / a d  S i s  a

s t a n d a r d  B o r e l  s p a c e . )  T h i s  phenomenon w i l l  o c c u r ,  i n  p a r t i c u l a r ,  when

S i s  o f  e x p o n e n t i a l  t y p e ,  i n  w h ich  c a s e  o u r  r e s u l t  i s  j u s t  t h a t  o f  

B e r n a t  ( [ 4 ] ) .  I t  i s  r e l a t i v e l y  e a s y  t o  c o n s t r u c t  an e x a m p le  o f  a s o l v ­

a b l e  L i e  g r o u p  S s u c h  t h a t  

* *
( a )  S ad S i s a  s t a n d a r d  B o r e l  s p a c e ;

+ *
( b )  f o r  a l l  cp € S , ( ad  S)cp i s  s im p l y  c o n n e c t e d ;

( c )  S i s  n o t  o f  e x p o n e n t i a l  t y p e ;  and

*
( d )  f o r  a l l  cp e S , ex l (cp)  ^ 0 .

T h u s  t h i s  rem ark  g o e s  f a r t h e r ,  i n  one s e n s e ,  t h a n  B e r n a t ' s  w ork .  B e r n a t

and  P u k a n s z k y  ( [ l 8 ] )  h ave  i n t e r e s t i n g  r e s u l t s  r e g a r d i n g  max(cp), f o r

g r o u p s  o f  e x p o n e n t i a l  t y p e .

11. Example;  I t  i s  n o t  t r u e  t h a t  t h e  o n l y  s o l v a b l e  L i e  g r o u p s  S 

s a t i s f y i n g  th e  h y p o t h e s e s  im posed  i n  t h i s  s e c t i o n  h ave  t h e  p r o p e r t y  t h a t  

t h e r e  i s  a d i s c r e t e  c e n t r a l  s u b g r o u p  A su ch  t h a t  S/A i s  t y p e  I .

The f o l l o w i n g  ex am p le  shows what  c a n  h ap p en :

A b a s i s  f o r  S w i l l  be , T 2> , Y x , X2 , Y . W , W , Wg , v] . The

n o n - z e r o  b r a c k e t s  among t h e  b a s i s  e l e m e n t s  a r e :



L e t  N be t h e  s u b a l g e b r a  o f  S g e n e r a t e d  by T ,T and V; and l e t  
3 I £

V? be t h e  s u b a l g e b r a  spanned  by ^ ' x 2 ' ^ 2 ’W1 ’^ 2 ' ^ 3^  * Then  S l s
*  *

s e m i - d i r e c t  p r o d u c t  N ■V . The r e a d e r  c a n  e a s i l y  v e r i t y  t h a t  S r ad S
u *

+
i s  a s t a n d a r d  B o re l  s p a c e ;  t h a t  f o r  e v e r y  cp c S , ex l(cp)  ^ 0 ; and 

t h a t  t h e r e  i s  no d i s c r e t e  c e n t r a l  s u b g ro u p  o f  S such  t h a t  S'A i s  

t y p e  I .  The s u b a l g e b r a  o f  S spanned  by f T^ <Tg. , X^, Y^. v} i s

t h e  exam ple  o f  D ix m i e r  r e f e r r e d  t o  above .
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A
CHAPTER IX . MORE ON S

L e t  S be a s o l v a b l e  L i e  g r o u p .  A u n i t a r y  r e p r e s e n t a t i o n  p o f  

S i s  c a l l e d  a  monomial  i f  t h e r e  i s  a c l o s e d  s u b g r o u p  H o f  S and a 

c h a r a c t e r  X o f  H such  t h a t  p i s  t h e  u n i t a r y  r e p r e s e n t a t i o n  o f  S 

i n d u c e d  by X .

1, Theorem: L e t  S be a s o l v a b l e  L i e  g r o u p .  Assume f u r t h e r  t h a t

*
S i s  t y p e  I and t h a t  f o r  a l l  cp € S , ex l (cp)  £ 0 . T hen  e v e r y  i r r e ­

d u c i b l e  u n i t a r y  r e p r e s e n t a t i o n  o f  S i s  a m onom ia l .

A A
P r o o f :  L e t  p € S, and c h o o s e  r  e N s o  t h a t  p l i e s  o v e r

*
t h e  o r b i t  S - r  . Now c h o o s e  cp e S and  H e ex l (cp) so  t h a t  r  =

N(cp| N, H H N) and so t h a t  p l i e s  o v e r  K(cp|K,H).  w h e re  K = HN .

L e t  F be t h e  s u b g r o u p  o f  S l e a v i n g  K(cpjK.H) f i x e d .  Then,  a s  we

saw i n  lemma V I I I . 3,  F / K i s  d i s c r e t e .  B e c a u s e  S i s  t y p e  I ,  i t  f o l ­

lows  from th e o r e m  V I .5  t h a t  t h e r e  i s  no o b s t r u c t i o n  t o  e x t e n d i n g  r  from 

N t o  F .

L e t  G be t h e  a d - a l g e b r a i c  h u l l  o f  S, and l e t  G be t h e  su b -
cp

g r o u p  o f  G l e a v i n g  cp i n v a r i a n t .  Then  ad  G i s  a l g e b r a i c ,  and

~  " _CP
h e n c e  G = G N a d m i t s  a s e m i - d i r e c t  p r o d u c t  d e c o m p o s i t i o n  (CXR)-M

"cp “

s uch  t h a t  ( a )  M i s  t h e  n i l - r a d i c a l  o f  G , ( b )  a d ^  C i s  c o m p a c t ,

and ( c )  R i s  a c o n n e c t e d  s u b g r o u p  o f  G su ch  t h a t  f o r  a l l  r  e R, 

ad ^  r  h a s  o n l y  r e a l  e i g e n v a l u e s  and  i s  c o m p l e t e l y  r e d u c i b l e .  By p r o p ­

o s i t i o n  V .6 ,  K ^  G ; i n  f a c t ,  s i n c e  r  e x t e n d s  f rom N t o  F, i t

f o l l o w s  from t h e  r e m a rk s  f o l l o w i n g  d e f i n i t i o n  V.5 t h a t  F ^  G~ .

Now G l e a v e s  cp| K f i x e d ,  and  H i s  t h e  s u b g r o u p  o f  K
cp



6 6

l e a v i n g  cp|K f i x e d .  Hence G n o r m a l i z e s  H, and G H i s  a sub-
cp cp

g r o u p  o f  G . L e t  X be t h e  c h a r a c t e r  o f  H d e f i n e d  by cp ( c f .  s e c ­

t i o n  IV ) .  Then  by p r o p o s i t i o n  V .6 ,  X e x t e n d s  t o  a c h a r a c t e r  o f  t h e

i d e n t i t y  component  (G H )Q o f  G H . F u r t h e r m o r e ,  a s  we have  J u s t
“ cp '  > -

s e e n ,  t h e  e x t e n s i o n  1 — > (G H)^ —■> G H — > L — > 1 s p l i t s .  Hence
>  '  "cp "

X e x t e n d s  t o  a c h a r a c t e r  X o f  G H . Le t  H = (G • H) H F, and
cp cp

# 0 ^  ftl e t  x be t h e  c h a r a c t e r  o f  H g o t  by r e s t r i c t i n g  x t o  H .

$ $I t  i s  e a s y  t o  see  t h a t  F = H N and h e n c e  t h a t  F/K = H 7H . Now

A
by t h e  l i t t l e - g r o u p  th e o re m ,  t h e r e  i s  an e l e m e n t  q e F s u c h  t h a t  q 

l i e s  o v e r  K(cp|K.H) and such  t h a t  p i s  t h e  u n i t a r y  r e p r e s e n t a t i o n  o f

S i n d u c e d  by q . Let  q^  be t h e  u n i t a r y  r e p r e s e n t a t i o n  o f  F i n d u c e d

0  #  r iby t h e  c h a r a c t e r  x o f  H . By t h e  Mackey s u b g r o u p  th e o re m  (L 1 3 J , s e c ­

t i o n  6 ) ,  t h e  r e s t r i c t i o n  o f  q^ t o  K i s  K(cp|K,H) . Hence q ^  € F1

and q = X ® where  X i s  a c h a r a c t e r  o f  F t h a t  v a n i s h e s  on K .q 0 q
#

The th e o re m  now f o l l o w s  from F /K = H rH and from t h e  th e o re m  on i n d u c ­

in g  t e n s o r  p r o d u c t s  ( t h e o r e m  7 . 2  o f  [ 1 3 ] ) .

A
I t  seems r e a s o n a b l e  t h a t  i f  S i s  t y p e  I and e v e r y  e l e m e n t  o f  S

*
i s  a monomia l ,  t h e n  ex l(cp)  £ 0 f o r  a l l  cp e S . We h a v e ,  how ever ,

been  u n a b l e  t o  p r o v e  t h i s .  I t  i s  e a s y  t o  c o n s t r u c t  a s o l v a b l e  L i e  g r o u p

A
S such  t h a t  t h e  o n l y  m onom ia l s  i n  S a r e  t h e  c h a r a c t e r s  o f  S; t h e  

g r o u p  D d e f i n e d  J u s t  b e f o r e  lemma I I I . 4 i s  a good e x a m p le .

I t  i s  e a s y  t o  s ee  ( i n  t h e  n o t a t i o n  o f  t h e o re m  1) t h a t  F/K i s  t h e  

f u n d a m e n ta l  g ro u p  o f  t h e  o r b i t  ^a(!^  S> (cp| K) . T hus ,  by p r o p o s i t i o n

I I I .  12, F/K i s  t h e  f u n d a m e n ta l  g r o u p  o f  ( ad  S)cp . L e t  tt d e n o t e  t h e



f u n d a m e n t a l  g r o u p  f u n c t o r ,  and l e t  H : S ------ > S / a d  S be  t h e  c o m p o s i -

A  A  , - 1 A  , *  *
t l o n  o f  t h e  n a t u r a l  map S —— S/ Q and H : S/ Q — -*► S 7ad S, w he re

k  I s  t h e  map c o n s t r u c t e d  i n  t h e o r e m  V I I I . 5,  Com bin ing  t h e  l i t t l e - g r o u p

t h e o r e m  and t h e o r e m  1, we s e e  t h a t  c a n  be i d e n t i f i e d  w i t h  t h e

c h a r a c t e r  g r o u p  ( t t  ( f l ) ) A  o f  t t ^ Q )  . T h u s ,  f o r  t y p e  I s o l v a b l e  L i e

*  A
g r o u p s  S su ch  t h a t  f o r  a l l  cp e S , ex l (cp)  /  0,  we c a n  d e s c r i b e  S

* *
c o m p l e t e l y  i n  t e r m s  o f  t h e  a c t i o n  o f  S ' a d  S . U s i n g  m a c h i n e r y  d e v e l ­

o p e d  by B. K o s t a n t ,  L. A u s l a n d e r  and B. K o s t a n t  h a v e  e x t e n d e d  t h i s  r e ­

s u l t  t o  a l l  t y p e  I s o l v a b l e  L i e  g r o u p s ;  t h e i r  work w i l l  a p p e a r  i n  [ 2 ] .

L e t  S be a s o l v a b l e  L i e  g r o u p  su ch  t h a t  ex l (cp)  i  0 f o r  a l l

*
cp e S . Assume, f u r t h e r ,  t h a t  t h e r e  i s  a  d i s c r e t e  s u b g r o u p  A o f  S

such  t h a t  S/A i s  t y p e  I .  I t  i s  e a s y  t o  s e e  t h a t  t h e o r e m  1 i s  t r u e  f o r

A  * *
S / A and one  c a n  com pu te  (S 'A )  i n  t e r m s  o f  S and ad S .
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