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Abstract

DyNAMIC EPISTEMIC LOGIC WITH JUSTIFICATION
by
Bryan Renne
Adviser: Professor Sergei Artemov

Justification Logic is the study of a family of logics used to reason about
justified true belief. Dynamic Epistemic Logic is the study of logics used to
reason about communication and true belief. This dissertation is a first step
in merging these two areas, in that it defines theories for a joint language in
which we may reason about communication alongside justified true belief.

After some preliminary matters, we go through a comprehensive survey of
Dynamic Epistemic Logic, which primes us for the work at the end of the text.
We then move into the core work of the dissertation, where we introduce a
number of extensions of existing languages and theories of Justification Logic.
Our extensions are all based on the work of Sergei Artemov, who extended
the language of propositional logic by the addition of formula-labeling terms.
This extension allows us to take a term ¢ and a formula ¢ and form the new
formula t:p. The terms have a derivation-compatible structure that allows us
to view terms as evidence verifying the truth of the formulas they label, which
provides us with a means for reasoning about justified true belief.

We look at extensions of these theories that allow us to reason about evi-

dence admissibility: the new formula ¢ > ¢ lets us express that ¢ is admissible



as evidence for ¢, by which we mean that ¢ may be taken into account when
considering the truth of ¢, though ¢ need not conclusively validate ¢. A fur-
ther extension adds a unary modal operator O that we use to reason about
alternative evidence possibilities.

Nominaled extensions of the latter languages allow us to express a notion
of dynamic evidence introduction, whereby we may introduce a term t as
admissible as evidence for ¢. These extensions lead us to the final chapter of
the text, where we combine our various systems of Justification Logic with the
framework of Dynamic Epistemic Logic. Such joint theories contribute to the
ongoing work aiming to provide a better foundational account of the reasoning

of computational social agents.
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Chapter 1

Preliminaries

1.1 Set-Theoretic Conventions

We will use ZFC set theory as our basic theory of sets. Our work will only
make use of very basic set-theoretic notions, and so it will be sufficient for our
purposes to show how we will write those set-theoretic concepts that will be

most important for understanding our work.
Notation 1.1. Let W and W' be sets.
o We write W\W" for the set {x € W : x ¢ W'}.
e We write 2"V for the powerset (that is, the set of all subsets) of W.

e We write W x W’ for the set {(:B,y) reW Ay € W/}, the Cartesian

product of W and W'.

e We write W?2 for the set W x W.



e We write N for the set {0,1,2,3,...} of non-negative integers.
e We write N* for the set N\{0} of all positive integers.
e For each n € N, we let 72 be the set {i € N : ¢ < n}.

e For each n € N, an n-tuple is a sequence indexed by n. We write
(1,22, ...,x,) to for the n-tuple {x;}icn. If the particular value n € N
ought to be clear from context, we will call an n-tuple simply a tuple. A

pair is a 2-tuple.

Definition 1.2. To say that R is a binary relation on a set W means that
R € 2W>*W If R is a binary relation on a set W, we write TRA to mean that
(I'yA) € R. The following is a list of properties that may be satisfied by a

binary relation R on a set W.
e To say R is reflerive means that for each I' € W, we have I'RI".

e To say R is transitive means that for each I', A, € W, we have 'RA

and ARS) together imply that I'RS).

e To say R is euclidean means that for each I') A, Q € W, we have 'RA

and ['RS) together imply that ARS.

e To say R is serial means that for each I' € W, there is a A € W such

that 'RA.

If R is a binary relation on a set W and C' is a conjunction of the above

properties, then to say that R’ is the C' closure of R (on W) means that R’ is



the smallest set R’ € 2">*W such that R’ O R and R satisfies the conjunction

C.
Notation 1.3. Let R be a binary relation on a set V.

o We write R* for the reflexive-transitive closure of R.

e We write RT for the transitive closure of R.

1.2 Basics on Theories

In this section, we establish some basic concepts applicable to each of the many
theories we will define in this work. So let us begin by defining the language

upon which all of our theories will be built.

Definition 1.4. The language of propositional logic, written PL, consists of

the formulas ¢ built by the following grammar.

o = P | TIL]le1 Dol Ve |or A | o1 =02 | e
keN

{pr : k € N} is the set of propositional letters. The atoms consist of the propo-
sitional letters, the propositional constant L for falsity, and the propositional

constant T for truth.

We will now establish our notation that allows us to easily write derivability

assertions for the various to-be-defined theories.

Notation 1.5. Let T be a theory whose language L is a (possibly trivial)

extension of PL.



e T'F ¢ means that ¢ € L and ¢ is a T-theorem.
e T ¢ means that ¢ € L and ¢ is not a T-theorem.

e For a set S of L-formulas, S F7 ¢ means that there is a finite set S’ C .S

such that T' (/\weS' @/}) D . The negation of S Fr ¢ is written S ¥r .

All of our completeness argument will go by way of a canonical model
argument [21]. So it will be useful to define the notions of consistency once

and for all.

Definition 1.6. Let T be a theory whose language L is a (possibly trivial)

extension of PL.

e To say that T is consistent means that T' ¥ L. To say that T is incon-

sistent means that 7' is not consistent.

e To say that a set S of L-formulas is T-consistent means that S Fp L.

To say that S is T'-inconsistent means that S is not T-consistent.

e To say that a set S of L-formulas is mazimal T-consistent means that
S is T-consistent and that for each ¢ € L\S, we have that S U {p} is

T-inconsistent.

T-consistent sets in a countable language may be extended to maximal

T-consistent sets by the following Lindenbaum Argument.

Theorem 1.7 (Lindenbaum Argument). Let T be a theory whose language

L is a countable (possibly trivial) extension of PL and let S be a T-consistent



set of formulas in the language L. Then there exists a maximal T-consistent

set S’ such that S’ D S.

Proof. This argument is quite standard, and it can even be extended to the
case where L is uncountable if we use the Axiom of Choice [58]. Let us recall
the argument for the countable case, letting {p;};en+ be an enumeration of
the formulas in language L, where N* := N\{0}. We then set Sy := S. By
induction on ¢ € N, we define the set S; as follows: if S; 1 U {p;} is T-
consistent, then S; is defined as this union; otherwise, in case this union is
T-inconsistent, S; is defined as S;_;. We then let S' := UieN S;. It is not
difficult to show that S’ is maximal T-consistent, and we of course have that

S" D Sp. ]

We will make regular use of Lindenbaum Arguments without explicit ref-

erence to Theorem 1.7.

1.3 Modal Logic

The language of modal logic allows us to describe basic facts along with the

knowledge and beliefs of a finite nonzero number of agents.

1.3.1 Syntax
Definition 1.8. An agent set is a finite nonempty set whose members will be
called agents.

Once we have fixed our set of agents, then we may define the usual lan-

guages of modal logic for this agent set.



Definition 1.9. Let A be an agent set.

e The language of modal logic (for A), written ML“, is the extension of
PL obtained by adding the following rule of formula formation: if ¢ is a

formula and ¢ € A, then K is also a formula.

e The language of modal logic with common knowledge (for A), written
MLé7 is the extension of ML? obtained by adding the following rule of
formula formation: if ¢ is a formula and G C A, then Cgy is also a

formula.

e For each G C A, we make the following abbreviation:

Nica Kip £ G #0,
Eqp =
T if G = 0.

The modal formulas K;p, Egp, and Cep allow us to express various kinds
of knowledge of our agents in A, all according to the following intuitive readings

of these formulas.
e K;p is read, “(agent) i knows ¢.”
e Fqpis read, “everyone in G knows ¢.”

e (g is read, “p is common knowledge to those in G.”



1.3.2 Semantics

The semantics of these languages, due to Kripke [44], begins by specifying a

frame, which is a relational structure that represents agent uncertainty.

Definition 1.10. Let A be an agent set. A frame (for A) is a pair F' = (W, R)

whose components satisfy the following.
e IV is a nonempty set whose members are called worlds.

e There is a set A’ O A such that R : A" — 2">*W is a function assigning

a binary relation R, on W to each member a € A’.

To say that I' is a world in the frame F' = (W, R), written I' € W, means
that I' € W. A pointed frame (for A) is a pair (F,I") consisting of a frame
F for A and a world I' € F'; the point of (M,T") is I'. To say that the frame
F = (W, R) is connected means that for all worlds I',; A € F, we have 'R*A
or AR'T. To say that a frame F' = (W, R) is finite means that the set W is

finite. To say that a pointed frame (F,T") is finite means that F is finite.

In a frame (W, R) for A, the relationship I'R; A between the worlds I and
A represents agent 7’s thinking that A is the actual world in case I' is in fact
the actual world. In this way we can represent agent ¢’s uncertainty as to the
actual world. A pointed frame (F,I") adds to the uncertainties represented by
F an actual world T'.

What remains to interpret formulas is add a wvaluation, which provides a

truth assignment for each world in a frame.



Definition 1.11. Let F = (W, R) be a frame. Then a valuation (on F) is a
function V' : {py : k € N} — 2" that maps each propositional letter p to a

possibly empty set V(py) of worlds in F.
Combining a frame with a valuation gives us a Kripke model.

Definition 1.12. Let A be an agent set. A Kripke model (for A) is a pair M =
(F, V) consisting of a frame F for A and a valuation V on F. Terminology: if
M = (F,V) is a Kripke model, then we call F' the frame underlying M and we
call M the Kripke model based on F'. To say that I' is a world in the Kripke
model M = (F, V), written I' € M, means that I' € F. A pointed Kripke
model (for A) is a pair (M,T") consisting of a Kripke model M for A and a
world I" € M; the point of (M,T") is I". Note: for sake of convenience, we will

often identify the Kripke model ((W, R), V) with the tuple (W, R, V).

Kripke models are used to interpret formulas in the language of modal

logic.

Definition 1.13 (Truth). Let A be an agent set, let M = ((W,R),V) be a
Kripke model for A, and let I' € M be a world in M. For each formula ¢
in the language MLé of modal logic with common knowledge, ¢ is either true
at (M,T), written M,T" |= ¢, or else ¢ is false at (M,T"), written M,T" j~ .
Truth of ¢ at (M, T') is defined by the following induction on the construction

of the formula .
e M,T' = pp means that I' € V(py).

e M,TET and M,T [~ L.



e Boolean connectives are handled in the mathematical meta-language; for

example: M, T" = 1 D ¢o means that M, T" [~ ¢ or M, T |= ¢o.
e M,T' = K;p means that M, A = ¢ for each A € M with I'R;A.
e M,T = Cgp means that M, A = ¢ for each A € M with TR} A.

Now that we have what it means for a formula of modal logic to be true

at a pointed Kripke model, we define various notions of formula validity.

Definition 1.14 (Validity). Let A be an agent set, let ¢ € ML be a formula,

let M be a Kripke model for A, and let Z be a set of Kripke models for A.

e To say that ¢ is valid in M, written M = ¢, means that for each world
' € M, we have M,T" = .

e To say that ¢ is valid for Z, written Z = ¢, means that for each M € Z,

we have M = ¢.

e To say that ¢ is wvalid, written = ¢, means that ¢ is valid for the set of
all Kripke models for A.

1.3.3 Expansions of Kripke Models

The following auxiliary definition will be of use later.

Definition 1.15. Let A be an agent set and G C A be a nonempty subset.
Let {gl}ﬁ‘1 be a fixed enumeration of G. Then given a Kripke model M =
(W,{R;}ica, V) for A and binary relation R on W, the ezpansion of M at R
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by {gi}ﬁll is the Kripke model (W', {R;};ca, V') for A whose components are

given as follows.
e W =WU{(lA,9):(IA)e R, ieNwith1<: < |G| -1}

Abbreviations: for each (I, A) € R, weset (I, A,0) :=T"and (I', A, |G|) =
A.

e For each i € N satisfying 1 < i < |G|:
R, = Ry U {((F, Ayi—1),(T,A0) : (T,A) € R}

e For each i € A\G: set R, := R;.
o V'(pp) = V(pe) U{(N,A, i) e W :i < |G| —1and T € V(pi)}

The expansion of M at R by {gl}lfl‘ simply takes each edge (I', A) € R and
expands it to a path whose edges are the enumeration { gz}ﬁl1 of G; that is,
A
expands to
9|G|

P2 (T, A, 1) -2, A, 2) -2~ 29201 A |G - 1) 22 A

For i < |G| — 1, the set of propositional letters true at (I', A, i) is exactly the

set of propositional letters true at I'.

1.3.4 Multi-Modal K

Many of the theories we study will be extensions of a (normal) multi-modal

logic, though the particular normal modal logic we choose will not be of too
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much importance. Providing a general account that handles all of the usual
normal modal logics will invariably lead us to excessive case analysis, detract-
ing us from the main issues we wish to address in this work. For this reason, it
will be best for us to choose a normal multi-modal logic once and for all that
we may use as our underlying theory. To make things simple, we choose the

minimal one.

Definition 1.16. Let A be an agent set. The modal logic K2 is given by the

following axiom schemes and rules of inference.

e Basic axiom schemes (in the language ML)

1. Axiom schemes for classical propositional logic

2. Ki(p D) D (Kip D Kub)

“¢ knows the consequences of his knowledge”

e Common Knowledge (CK) axiom schemes (in the language MLZ)

1. Ca(p D) D (Cap D Carh)

“CK is closed under consequence”

2. Cap D (9N EcCgqp)

“CK implies truth and group knowledge of CK”

3. o ANCq(p D Egy) D Cap

“CK arises from group knowledge by induction”

e Rules of inference
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— Modus Ponens: if ¢ and ¢ D 1) are each provable, then so is .
— K;-Necessitation: if ¢ is provable, then so is K;e.
“ knows what is provable”

— Cg-Necessitation: if ¢ is provable, then so is Cge.

“what is provable is CK”

The modal logic K4 is given by omitting the common knowledge axiom schemes,
the Cg-Necessitation rule, and restricting the remaining axiom schemes to the

language ML™.

Theorem 1.17. Let A be an agent set and let Z be the set of all pointed
Kripke models for A. For each formula ¢ € ML?, we have that ¢ is a theorem
of K4 if and only if Z = ¢ [44]. Similarly, for each formula ¢ € ML, we have

that ¢ is a theorem of K& if and only if Z |= ¢ (see, for example, [27]).

1.3.5 Dependent Quadrimodal Logics

We will introduce a number of theories for reasoning about evidence. Con-
sistency of these theories is proved by the method of forgetful projection [10].
This method goes as follows. To show the consistency of a given theory T', we
define a function f—called the forgetful projection—that maps formulas in the
language of T' to formulas in the language of a certain consistent multi-modal
theory T,, such that f(L) = L. We then show that if we apply f to each line
of a Hilbert proof P in the theory T, then we obtain a Hilbert proof in the
theory T,,,. We may thus appeal to the consistency of T}, to show that 7' is

itself consistent.
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So to use the method of forgetful projection, we will need a modal theory
on which to project our forthcoming evidence theories. The modal theory we

need is a theory whose language contains four unary modalities.

Definition 1.18. The language of (dependent) quadrimodal logic, written
QML, is the extension of PL obtained by adding the following rule of for-

mula formation: if ¢ is a formula, then so is each of By, Oy, Ay, and He.

We are interested in certain properties of Kripke models for QML that will
be in accord with the forthcoming axiomatic theories we will define in the

language of QML.

Definition 1.19. Let M = (F,V) be a Kripke model for {E,0, 1, ®} with
F = (W, R). What follows is a list of schematic properties that may be satisfied
by M.

H-i1s-10: Ry = Ry U Rp.

o O-Implies-A: TRyA and ARSS) together imply that I' Ry €.
e [0-Reflexivity: each of Ry and Ry is reflexive.

e [[O-Seriality: each of Ry and Ry is serial.

e LOW-Seriality: each of Ry, Ry, and Ry is serial.

o OW-Implies-A: 'Ry A and ARp) together imply that I'R; (2.

o E-Implies-A: TRy A and ARS) together imply that I'Ry(2.
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e [O-Transitivity: each of Ry, Ry, and Ry is transitive.
o [-Implies-1: Ry C Ry.
e [O-Fuclideanness: each of Ry, Ry, and Ry is euclidean.
o ®-Triviality: Rg = 0.

We now come to a simple notion we will use throughout our work, the
notion of a naming string. A naming string is simply a string that takes on the
name of various normal modal theories that we will use later in axiomatizing

our various theories of evidence.

Definition 1.20. A naming string is any member of the regular language

given by the regular expression

(eUT)(euD)(eUd)(eub) ,

where the alphabet of this regular expression is {T, D, 4,5}, the symbol € rep-
resents the empty language, the symbol U represents the union of regular lan-
guages, and concatenation of regular languages is indicated by juxtaposition.

Notation: we will use the letter X to represent naming strings.

The modal theories in the language QML are arranged so as to be compat-
ible with the forgetful projection we will later define. So for the moment it
is perhaps best to simply glance through the axiomatization and come back

later once we specifically need it.
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Definition 1.21. For each modal operator A € {,0, 0}, the Rule of /-
Necessitation is defined as follows: if ¢ is provable, then so is Ay. We use
these rules of inference to define a number of theories in the language QML.

For each naming string X, define the theory QX as follows.

e For each axiom scheme s in Figure 1.1, we have that s is an axiom scheme
of QX if and only if the row of s contains a check mark (“v””) under the

column labeled K or under a column whose label occurs in X.

e For each rule of inference r in Figure 1.1, we have that r is a rule of
inference of QX if and only if the row of r contains a check mark (“v”)

under the column labeled K or under a column whose label occurs in X.

Since we will use the theories QX to prove consistency of other theories, it

is important to verify that the theories QX are themselves consistent.

Theorem 1.22 (Consistency of theories QX). If X be a naming string, then

the theory QX is consistent.

Proof. Define the Kripke model M = (W, R, V) for {{, 0,1, ®} as follows.
Let W := {T}, let R: {m,0,0,8} — 2">*W be defined by setting Ra :=
W x W for each A € {[1,0,4} and setting Ry := (), and let V be the
valuation on (W, R) defined by setting V(py) := W for each k € N. It can
be shown by an induction on the length of derivations in QX that QX F ¢
implies M, " = ¢ (for the base case: observe that M,I" = A¢ = ¢ for each
A € {@,0,0} and that M,T = ®Wp = T). Since M,T" }£ L, it follows that

QX is consistent. O
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Axiom Scheme K| T|D|4]5

Axiom schemes for classical propositional logic | v [ v |V |V | V
A(e D) D (B D 1Y) VIVIVIVIV
Uy D WOp VIVIiVIVvIY
-(1l) v
Uy D Oe v
Dy D Re v
Oy D e v
Oy D (@y D Hy) VIVIVIVIY
He D O VIVIVIVIVY
He D Qe VIVIiVIVvIY
O(p D) D (O D OY) VIVIVIVIY
Op Dy v
-OL v
Oe D OOy v
-0 D O-0¢ v
H(p DY) D (Hp D Hy) VIVIVIVIY
L D v
-HLl v
He D HRe v
e D O-He v
3l VIVIVIVI|Y

Rule of Inference K| T|D|4]5
Modus Ponens VIiVIVIVvIY
-Necessitation VIiVIVIVvIY
O-Necessitation VIiVIVIVIY
-Necessitation arararaxs

Figure 1.1. Definition of dependent quadrimodal theories QX
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Condition K|{T|D|4|5
&-Triviality VIiVIVIVvIY
-is-10 VIVIVIVIY
pO-Implies-I7 VIVIVIVIVY
BO-Reflexivity v
BOE-Seriality v
E-Implies-1 v
DE-Implies-1 v
OO-Transitivity v
E-Implies-I7 v
HOr-Euclideanness v

Figure 1.2. Kripke model conditions for theories QX

We now prove soundness and completeness of the theories QX. We first
define the class of Kripke models for which we will prove QX is sound and

complete.

Definition 1.23 (Kripke models for theories QX ). Let X be a naming string
and let M be a Kripke model. To say that (the) Kripke model M is for QX
means that M is a Kripke model for {E, 0,0, ®} and M satisfies the prop-
erties that Figure 1.2 identifies with the naming string X. Note that we use
Figure 1.2 to identify the Kripke model properties (from Definition 1.19) cor-
responding to the naming string X in the same way that we used Figure 1.1 to
identify the schemes/rules corresponding to the theory QX (see Definition 1.21

for a detailed description of this identification).

Soundness is then proved as usual [21].
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Theorem 1.24 (Soundness of theories QX). Let X be a naming string. Then
QX F ¢ implies ¢ is valid in every Kripke models for QX.

Proof. By induction on the length of derivation in QX . Most of the base cases
and all of the inductive cases are commonplace [21], so we will only verify the

non-commonplace base cases. Let M = (W, R, V') be a Kripke model for QX.
o M E Wy D WOep.
This follows from @O-Implies-A.

e If 4 occurs in X, then M = Dy D mAe.

Since 4 occurs in X, the result follows by B@-Implies-[7.

e If 4 occurs in X, then M = Dy D AEe.

Since 4 occurs in X, the result follows by BE-Implies-I7.

e If 5 occurs in X, then M = Wy D He.
Since 5 occurs in X, the result follows by E-Implies-I7.
o M =By =l A DOep.
This follows from EH-is-AO.
o M = Hp.
This follows from E-Triviality. O]
Completeness is by way of a canonical model argument [21].

Theorem 1.25 (Completeness of theories QX). Let X be a naming string.
For each formula ¢ € QML, if ¢ is valid in every Kripke model for QX, then
QX F .
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Proof. We construct a structure MOX = (WX RAX 1/QX) a5 follows.

o WX is the set of all maximal QX-consistent sets (of formulas in the
language QML). Note that WX is nonempty by the consistency of QX
(Theorem 1.22).

o R¥ . {m.0,1, 8 — 2W¥W is defined as follows. First, for each
I e W and each A € {@,0,1,8}, we let I'> := {p | Ap € T}L

Then, for each A € {@,0,, ®}, we define RXX to be the set

{(0,A) e W x WX T2 C A} .

o V¥ (p,):={I' € WX : p, €T} for each k € N.

We have that M®X is a Kripke model, but what we wish to show is that
M®X is a Kripke model for QX (Definition 1.23), which means that M®¥
satisfies the properties that Figure 1.2 associates with the naming string X.
We examine each of these properties in turn.
o MQX satisfies ®m-Triviality.
Since QX F ®._L, the result follows by the maximal QX-consistency of
worlds in M®X and the definition of RX .
o M®X gsatisfies @-is-m0.
Since QX F Hp = Up A Op, the result follows by the maximal QX-

consistency of worlds in M QX and the definition of R®X.

o MQX satisfies MO-Implies-;.
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Since QX F My D @Oy, the result follows by the maximal QX -consistency
of worlds in M X and the definition of RX.
If T occurs in X, then M®X satisfies @O-Reflexivity.

If T occurs in X, then QX F By D ¢ and QX F Op D ¢. The result
then follows by the maximal QX-consistency of worlds in M®¥ and the
definition of RRX.

If D occurs in X, then M®¥ satisfies @OD-Seriality.

If D occurs in X, then QX F =A L for each A € {@,0,d}. The result
then follows by the maximal QX-consistency of worlds in M®X and the
definition of R®¥X,

If 4 occurs in X, then M®X satisfies @@-Implies-1.

If 4 occurs in X, then QX F By D EWy. The result then follows by the
maximal QX -consistency of worlds in M®¥ and the definition of R®¥.
If 4 occurs in X, then M®X satisfies ME-Implies-11.

If 4 occurs in X, then QX Ay D WEp. The result then follows by the
maximal QX -consistency of worlds in M®¥ and the definition of R®¥.
If 4 occurs in X, then M®¥X satisfies @OX-Transitivity.

If 4 occurs in X, then QX F Ap D AAp for each A € {=,0,0}. The
result then follows by the maximal QX-consistency of worlds in MQX

and the definition of RQX.

If 5 occurs in X, then MQ®¥ satisfies @-Implies-I7.
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If 5 occurs in X, then QX F Ay D [Hy. The result then follows by the

maximal QX-consistency of worlds in M®X and the definition of RYX.

e If 5 occurs in X, then M®X satisfies @O0X-Euclideanness.

If 5 occurs in X, then QX F =Ap D A=Ay for each A € {@,0,1}.
The result then follows by the maximal QX-consistency of worlds in

MX and the definition of RYX.

So M®X is indeed a Kripke model for QX. We now wish to show that A/QX
satisfies the property of the Truth Lemma: for each ¢ € QML and each I' €
M®X  we have that ¢ € I if and only if M®X T |= ¢. The argument for multi-
modal theories like QX is standard [21]. So now let us prove completeness: if
QX ¥ ¢, then we have that {—p} is QX-consistent and so may be extended
to a maximal QX-consistent set I' € MX . Tt follows from the Truth Lemma
that MX T}~ ¢. Since M¥ is a Kripke model for QX , we have shown that
@ is not valid in every Kripke model for QX. The statement of the present

theorem follows. ]

1.4 Relative Expressivity

Relative expressivity is the comparative study of the propositions expressible
in two languages that share a common semantics. The intuitive question this
study attempts to answer is the following: can one language say everything

that the other language can say?
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Definition 1.26. Let £; and £ be languages with a common semantics, and
let Z be a set of interpretations from this common semantics.! A translation
function (from £1 to £y over I) is a function u : £, — £, that maps each
formula ¢ € £; to a formula ¢" € £5 such that for each v € £; and each
I € Z, we have I = ¢ if and only if I = ¥*. We write £, <7 £5 to mean
that there exists a translation function u : £; — £5 over Z. The negation of

21 —T 22 is written 21 ‘7L>I 22.

A translation function u : £1 — £ is typically defined by an induction on
the depth of £;-formulas, where the notion of £;-formula depth is defined so
as to ensure that u : £; — £, is indeed a translation function [75]. But notice
that we do not require our translation functions to be so well-behaved. As an
example: a translation function could be non-computable.?

Our informal reading of £, —7 £, is “£5 can say at least as much as £;.”

This reading leads us to the following definition of relative expressivity.

Definition 1.27 (Relative Expressivity). We adopt the notation of Defini-

tion 1.26.

e To say that £, is more expressive (for Z) than £9 means that £, 7 £o

and 22 —7 21.

!Thus for each I € Z, we have that I |= ¢ or I [~ ¢ for each ¢ € (21 USQ), where £, U Lo
is the set of all formulas ¢ that are a member of £; or a member of £,.

2Rohit Parikh and Evan Goris both suggested the following well-known example of a
necessarily non-computable translation function. Take £1 to be the language of arithmetic
and take £5 := {L, T}, where L is the propositional constant for falsity and T is the
propositional constant for truth. Then let Z := {N}, where N is the standard model of
arithmetic. Since the validity problem for arithmetic is non-computable, a translation func-
tion u : £1 — £4 is necessarily non-computable.
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e To say that £, and £, are equally expressive (for Z) means that £ <1
£2 and £2 —7T 21.

e To say that £, and £, are expressively incomparable (for Z ) means that

£ ‘7L>I £y and £y ‘7L>Z £y

Our definition of £, <7 £5 is our formalization for the notion of £, saying
at least as much as £,. This gives us a partial ordering on languages, from
which we defined the strict partial ordering that is relative expressivity. Note
that this ordering depends in particular on the given set Z of models, as the

following example demonstrates.

Example 1.28. Let P be a nonempty set of propositional letters, let L be
the propositional constant for falsity, and let Z be the set of all truth assign-
ments over P. We then define three propositional languages according to the

following grammars.

Simvﬁis ¢ = plLlleiDpa|leiApa| 1 Vpa|p forpelP

ehy s Y = g L]yY1 Dby forge P

er is x = 7|x1AXe forr e P
Then we have Lfa/\vﬁ — LfD and LfD — sz/\vﬁa which means that Llj)/\vﬁ

and LY are equally expressive. This is another way of saying that implication
and falsity are sufficient to express all formulas in the full language L -y of
propositional logic (over P).

We also have that LY, < LY, and LY — L%, which means that

L* -, is more expressive than L%. This is another way of saying that con-
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junction is not enough to express the full language L -y- of propositional

logic (over P).
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Chapter 2

Dynamic Epistemic Logic

In using modal logic to reason about the knowledge and belief of agents, we
assume that a complete description of a certain moment in time is given by
a pointed Kripke model [27, 39]. Now a Kripke model itself consists of a
nonzero number of worlds—each having its own truth assignment describing
the basic facts of that world—along with a number of binary relations, one for
each agent, that may or may not hold between any two worlds. The binary
relations represent agent uncertainty: if agent ¢’s relation connects world I’
to world A, then agent ¢ will consider it possible that the actual world is A
whenever the world is in fact I'. So for agent i to believe something at world
I', that something must be true at all those worlds 7 considers to be possible
with respect to I'. This is just the Hintikka-Kripke notion of belief [39, 44].
In this setup, knowledge is identified with correct belief: to say that agent
1 knows a statement ¢ at world [' means that agent ¢ believes ¢ at I" and this

belief is correct (that is, ¢ is true at I') [27].
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Now a pointed Kripke model is a pair (M, ") consisting of a Kripke model
M and a particular world I" in M. The world I' is to be thought of as the
actual world. The truth assignment of the actual world I' tells us the basic
facts of the situation represented by (M,T"). The purpose of the other worlds
in M is to represent the agents’ beliefs. An agent’s beliefs may concern both
the basic facts of the situation (M,I") and also higher-order beliefs (that is,
beliefs about beliefs).

Since we have identified a pointed Kripke model (M,I") with a complete
description of a certain moment in time, a natural way to represent the passage

of time is to consider sequences of moments; that is, we consider sequences

(M17 Fl)? (M27 FZ)a (M37 F3)7 cey (Mn7 Fn)

consisting of pointed Kripke models. This view of time is discrete, with the
complete description of the k-th moment in time given by the pointed Kripke
model (M, Ty).

Thinking of our agents as a distributed system, such a sequence of moments
represents a certain run of the system, where the (k+1)-st moment is generated
from the k-th moment as a result of the occurrence of a communication to
one or more of the agents. In reasoning about such runs, we often want to
consider how the agents’ knowledge and belief is affected by a given kind of

communication. Here are two examples.

1. If all agents receive a public communication that some basic statement

p is true at the actual world in moment (M, 'y), then it ought to be
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common knowledge in the next moment (M1, x11) that p is true.

2. If no agent knows whether p is true in moment (M, I'y), then the private
communication to just those agents in group G that p is true ought to
bring about a next moment (M1, 'xy1) in which p is common knowl-

edge to the agents in G and yet p is still unknown to the agents not in

G.

Dynamic Epistemic Logic (DEL) is the study of how to reason about knowl-
edge, belief, and communication [16, 17, 33, 51, 75]. DEL uses modal logic
as the basic language for describing knowledge, belief, and fact. This basic
language is then extended in various ways in order to describe what happens
as a result of some communication. The most basic such extension is of the
following kind: for a group G of agents and statements ¢ and ¢, we write the

statement

[p— G

to mean that ¢ is true after ¢ is communicated privately to just those agents
in group GG. We will use A to represent the group consisting of all agents, so

the statement

[p— AlY

which we often abbreviate by [p]v, says that 1 is true after ¢ is communicated
publicly to all agents. Such statements allow us to express how communica-
tion affects knowledge and belief. In particular, we can express our example

statements above.

1. [p|Cap
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In words: after the public communication of p (to all agents), we have

that p is common knowledge (to all agents).

2. (Niea™Kip) 2 [p= Gl(Cop A Nic v ~Kip)
In words: if no agent ¢ € A knows p, then after the communication of p

to just those agents in group G, we have that p is common knowledge to

those in G and that no ¢ € A\G knows p.

(Note: we always assume that A is finite.)

While we have only mentioned public and private communications, there
is a natural way to define much more general kinds of communication that
allow for complicated combinations of privacy and deceit [16]. All of this will
be described in detail in what is to come.

In this chapter, we will survey the field of Dynamic Epistemic Logic (DEL)—
a fast-growing area that has just seen the publication of its first book-length
treatment [75]—providing our own contributions (Theorems 2.34 and 2.37)
along the way. Both with an eye toward our forthcoming overview of relative
expressivity and also to work our way into the complications of the more ex-
pressive DEL languages, we will introduce the various DEL languages in order

of increasing expressivity.

2.1 Public and Private Communication

In this section, we begin our first step into the study of Dynamic Epistemic

Logic by defining extensions of modal logic for reasoning about public and
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private communication. These extended languages are the simplest languages
in the DEL family, in that these languages describe the most basic kinds of

communication.

2.1.1 Syntax

Definition 2.1. Let A be an agent set.

e The language of public and private communication (for A), written COM4,
is the extension of ML# obtained by adding the following rule of formula
formation: if ¢ and v are formulas and G C A, then [p— G| is also a

formula.

e The language of public and private communication (for A) with common
knowledge, written COM? | is the extension of COM obtained by adding
the following rule of formula formation: if ¢ is a formula and G C A,

then Cgp is also a formula.

Abbreviations: for each i € A, we let [p;— i|ps abbreviate [p1— {i}|pq; we

also let [p1]|po abbreviate [p;— Alps.

We read the formula [p— G]i as “i) is true after the communication of ¢
to just those in G.” Note that the semantics will ensure the validity of the
scheme [p— 0]y = ¢ D 9.

It will be useful to define a few fragments of our languages COM# and
COMA, with the particular fragment determined by the various groups of

agents that are allowed to receive a communication.
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Definition 2.2. Let A be an agent set and let & C 24 be a possibly empty
collection of subsets of A. Then for each £ € {COM* COMZ}, the language
£(®) is the fragment of £ obtained by restricting all subformulas of the form
[p— GJtp so that G € &. Notation: for £ € {COM* COMZ}, G C A, and
i € A, welet £(G) denote £({G}) and we let £(i) denote £({i}).

We now define a few fragments of COM# and CO Mé that are of particular

interest in the present chapter.
Definition 2.3. Let A be an agent set and G C A.

e The language of public communication (for A), written PUB4, is COMA(A).
e The language of private communication (for A ), written PRI?, is COMA(QA\{A}).

e The language of single-recipient private communication (for A), written
PRI1, is
com4 ({{z’} Qe A}}) .

e For each £ € {PUB“ PRI* PRI1"}, the extension of £ with common
knowledge, written £¢, that is obtained from £ by adding the following
rule of formula formation: if ¢ is a formula and G C A, then Cgyp is also

a formula.
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2.1.2 Semantics

COMé—formulas are interpreted using an extension of Kripke’s semantics for

modal logic [44]. This extension is due to Baltag, Moss, and Solecki [16, 17].

Definition 2.4 ([16, 17]). Let A be an agent set. Truth of a formula ¢ €
COMé at a pointed Kripke model (M,T") is given by extending the induction
in the definition of truth for formulas in ML{ (Definition 1.13) by adding
the following inductive clause: M,I |= [p1— G]p2 means that either we have
M, T B~ ¢ or else we have both M, T" |= ¢y and M[p;— G, (I',0) |= ¢2, where

the Kripke model M[p;— G] is the tuple
(W[%—’ G, Rlp1— G, V[p1— G])

whose components are given as follows.
o Wipi—G] = {(A0)0eW x{0}: M,AE=¢}U

{(A ) eW x{1}: M,AET}

e For each i € G: Ryp1— G] is the set

{(@.a.@0) e 0o a*: R A=)
e For cach j € A\G: R;[p1— G] is the set

{(@.a.@0) € Wlp— s @R A G=1)

o Vlei—=Gl(pr) = {(A,a) € W[p1— Gl : A € V(pr)}
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The various notions of validity from Definition 1.13 carry over directly to

COMZ-formulas.

The idea behind the construction of the Kripke model M[p— G] may be
understood as follows. The worlds in M [p— G] of the form (I", 0) are just those
worlds of M at which ¢ is true, while the worlds in M [p— G| of the form (T, 1)
make up a copy of the Kripke model M. The binary relations in M[p— G| are
then defined so that from a world (I", 0), agents in G will only consider possible
worlds of the form (A, 0) while agents in A\G will only consider possible worlds
of the form (A, 1). Thus the agents in G jointly eliminate from consideration
all worlds in M at which ¢ is not true—and in this sense it becomes common
knowledge among G that ¢ was communicated—while the agents in A\G are
effectively unaware that the communication of ¢ to G ever occurred.’ So in
case we have that M,I" = ¢, then the construction of M[p— G] takes us
from the moment in time given by the pointed Kripke model (M,T") to a next
moment in time given by the pointed Kripke model (M[p— G, (',0)). It is
in this way that communication moves time from one moment to the next in

this framework.

2.1.3 Hilbert Theory for Public Communication

In this subsection, we will examine the axiomatization of the validities for a
fragment of CO Mé. The fragment in question is PUBé, the language of public

communication. Recall that we write [p]i) as an abbreviation for the formula

nterpreting the communication of ¢ by this operation of world-elimination was antici-
pated in the Economics literature. See, for example, [32, 48].
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[p— Ay,

Definition 2.5. Let A be an agent set. The theory for PUBé is given by the

following axiom schemes and rules of inference.
e Axiom schemes and rules for K2
e Axiom schemes for communication (in the language PUBZ)

1. [¢]lp = (¢ D p), for each atom p

“facts are unchanged by announcements”

2. [¢]l(¥ D x) = ([el¥ D [¢lx)

“announcements commute with Boolean connectives”

3. [p]Kip = ¢ D Kilg]y

“knowledge of v after a public announcement comes from having knowl-

edge that the announcement will bring about v”

4. [el[¥]x = [ A lelv]x

“iterated announcements may be combined into a single announcement”
e Rules for communication

— Announcement Necessitation: if 1 is provable, then so is [p]i).

“what is provable holds after an announcement”

— CK Rule: if each of x D [p|t) and x A ¢ D Egx is provable, then

so is x D [¢|Cat.
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The theory for PUB# is obtained by replacing the axiom schemes and rules
for K& by the axiom schemes and rules for K4, omitting the CK Rule, and

restricting the remaining schemes to the language PUB™.

Theorem 2.6. Let A be an agent set. For each ¢ € PUB, we have that ¢
is a theorem of the theory for PUB# if and only if = ¢ [33, 51, 75]. Also, for
each ¢ € PUBé, we have that ¢ is a theorem of the theory for PUBé if and

only if = ¢ [16, 18, 75].

2.2 BMS Logic: Generalized Communication

The work of Baltag, Moss, and Solecki [16, 17, 18] was a watershed in the
study of Dynamic Epistemic Logic. The key insight of their work is that an
agent’s uncertainty as to the particular formula that is communicated can be
represented in the same way as the agent’s uncertainty as to the actual world.
Let us sketch out in a bit more detail what it is that we mean by this.

To begin, we take a finite frame (U, S) and label each world in this frame
by a formula in some fixed language £. Formally, this is accomplished by
introducing a labeling function [ : U — £ that assigns to each world v € U a
formula [(v) € £. We will call the combined tuple B = (U, S,1) a BMS frame.

The BMS frame B = (U, S,[) represents a number of possible communi-
cations, one for each world v € U, with the world v € U representing the
communication of the formula [(v). The frame (U, S) then encodes the agents’
uncertainty as to which formula was actually communicated: if vS;v’, then

agent ¢ will consider it possible that [(v') is communicated whenever [(v) is in
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fact communicated.

For the purpose of our exposition here, to say that the formula ¢ is com-
municated in the Kripke model M means that we delete from M all worlds
that contradict ¢; that is, we delete all I" € M such that M,T" [~ ¢, obtaining
a Kripke model M|y as the result of this operation. Thus to communicate a
formula ¢ is simply to have the agents jointly eliminate all —p-worlds from
consideration, and it is in this sense that ¢ is communicated.?

Communicating the entire BMS frame B = (U, S,!) in a model M then
amounts to making all possible communications of a formula [(v) in M for each
v € U and then combining these various possible communications according
to the agent uncertainties encoded in the BMS frame B. So, in a bit more

detail, we take the disjoint union

UvGUM“(U) - {<F’U> : M7F ): l(U)}

of all the various formulas in B = (U, S, 1), giving us a copy of the submodel
M|i(v) of M for each possible communication v € U. The agents’ uncertainty

as to which was the actual communication is then encoded according to S:
(I, v)RI(IV,v") means (FRJ" and US,'U/) :

Here R' : A — 2"W>*W is the function representing agent uncertainty after the
communication of the entire BMS frame B. Notice that agent ¢’s uncertainty
after the communication comes from two sources: his uncertainty as to the

actual world before the communication (represented by the binary relation

2See the footnote on page 32.



36

R;) and his uncertainty as to the actual formula communicated (represented
by the binary relation S;). Thus for i to know that the communication of I(w)

is occurring, we must have the equality

{velU:wSv} ={w} ,

which says that the only communication ¢ considers possible is the communi-
cation [(w) itself. But we can in general represent much more subtle combi-
nations of agent uncertainty over communications by varying the structure of
the BMS frame B = (U, S,l). We will see some specific examples of this in

§2.2.3. First let us go over the formal definitions of the syntax and semantics.

2.2.1 Syntax

We now formalize our introductory comments. We begin by defining a labeling

function for finite sets.

Definition 2.7. Let U be a finite set and let £ be a language. A labeling for

U is a function [ : U — £ that maps each v € U to a formula [(v) € £.
Combining a labeling function with a finite frame gives us a BMS frame.

Definition 2.8. Let A be an agent set. A BMS frame (for A) is a tuple

(U, S,1) consisting of a finite frame (U, S) for A and a labeling [ for U.
e The BMS frame (U, S,1) is said to be based on the frame (U, S).

e To say that v is a world in B, written v € B, means that v € U.
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e For each world v € B, we let B(v) denote the formula [(v).

e To say that the BMS frame B is in (the) language £, written B € £,

means that B(v) € £ for each v € B.

A pointed BMS frame (for A) 1is a pair (B,v) consisting of a BMS frame B
for A and a world v € B. To say that the pointed BMS frame (B, v) is based
on the frame (U, S) for A means that B is based on (U, S). To say that the
pointed BMS frame (B, v) is in (the) language £, written (B,v) € £, means
that B € £.

The language of BMS Logic is then obtained by admitting pointed BMS
frames (B, w) as modals. The reason that it makes sense for us to do this is
that a pointed BMS frame is a finite structure and thus can be written down

using a finite number of symbols.3
Definition 2.9. Let A be an agent set.

e The language of BMS Logic (for A), written BMS?, consists of the set of
formulas built using the rules of formula formation for ML in addition
to the following rule: if we have that (B, w) is a pointed BMS frame for
A, that B(v) is a formula for each v € B, and that ¢ is a formula, then

[B, w]y is also a formula.

e The language of BMS Logic (for A) with common knowledge, written

BMSé, is the extension of BMS# obtained by adding the following rule

3Some work has been done to bring the structure of communications explicitly into the
language, whether by a hybrid extension [24] or by the use of fixed-points [14].
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of formula formation: if ¢ is a formula and G C A, then Cgyp is also a

formula.
In the languages BMS* and BMSZ, the modals [B,w] are called BMS modals.

Finally, it is useful to have a notion of composition for BMS frames. This
allows us to combine the communications and uncertainties given by first com-
municating the BMS frame B and then communicating the BMS frame B’ into

a single BMS frame B o B'.

Definition 2.10 (Composition). Let A be an agent set and let B = (U, S, )
and B' = (U', 5",1') be labeled BMS frames for A in the language BMSZ. The
composition of B and B', written Bo B’, is the labeled BMS frame (U¢, S¢, [¢)

given as follows.
e Uc:=UxU

e For each i € A, we let SY be the set
{((v, V), (w,w')) € U°: vSiw A U'Séw'}
e For each (v,v") € U, set I°(v,v") := —[B,v]~B' (V')

2.2.2 Semantics

BI\/ISé—formulas are interpreted using an extension of Kripke’s semantics for

modal logic [44]. This extension is due to Baltag, Moss, and Solecki [16, 17].
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Definition 2.11 ([17, 16]). Let A be an agent set. Truth of a formula ¢ €
BMSZ at a pointed Kripke model (M,T) for A is given by extending the
induction in the definition of truth for formulas in MLZ (Definition 1.13) by
adding the following inductive clause: M, T |= [B,w]p means that either we
have M, I i~ B(w) or else we have both M,I" = B(w) and M[B], (I', w) | ¢,
where for the BMS frame B = (U, S, ) for A, we define the components of the

Kripke model

as follows.
e WB]:={(A,v) e WxU:MALEB(v)}

e For each i € A: R[B]; is the set

{((A,U), (A',v’)) e (W[B])2 : (AR;A') A (USZ'U/)}

o V[Bl(pr) = {(A,v) e W[B] : A € V(pi) }

The various notions of validity from Definition 1.13 carry over directly to

BMSZ-formulas.

The idea behind the construction of the Kripke model M[B] may be un-
derstood as follows. For each world v € B in the BMS frame B, we make a

copy of the submodel M|B(v) of M consisting of the worlds in M at which
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the formula B(v) holds. This gives us the disjoint union

UveBM|B(U) ={(T,v): M,T = B(v)}

consisting of the copies of submodels of M, one for each v € B that brings
about a communication. The submodel M|B(v) represents the communication
of the formula B(v) in the sense that every world in M that is inconsistent
with the formula B(v) is eliminated from consideration. But the agents are
in general uncertain as to which formula was actually communicated. Thus if
we have that vS;v’, then agent 7 thinks it possible the formula B(v’) was com-
municated when the formula B(v) was in fact communicated. So the agents’
resulting uncertainty in M|[B] reflects the two sources of agent uncertainty,
the first being uncertainty as to the actual world in M (represented by the
function R) and the second being uncertainty as to the actual communication
(represented by the function S). Note that the facts true at a world before
and after a communication do not change, since V'(I',v) = V(T').

If we are given a pointed Kripke model (M,T") and a pointed BMS frame
(B,w) such that M,T" = B(w), then we may construct the pointed Kripke
model (M|[B], (T',w)). It is in this way that communication moves time from
one moment to the next in this framework. Note that this movement of time
requires that M, I" = B(w), an often-encountered condition called ezecutabil-

1ty.

Definition 2.12. Let A be an agent set, let (B, u) be a pointed BMS frame

for A with B € BMS*, and let (M,T") be a pointed Kripke model for A.
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e To say that (B,u) is executable at (the pointed Kripke model) (M,T")
means that M, T" = B(u).

e To say that B is executable in (the Kripke model) M means that there

isawv € BandaA € M such that (B,v) is executable at (M, A).

Fixing a BMS frame B, we may define the set S of all Kripke models such
that B is executable in M. From this, we can construct a function f that maps
each Kripke model M € S to the Kripke model M[B]. A partial function f

that may be constructed in this way is called a BMS update.
Definition 2.13. Let A be an agent set and let B be a BMS frame for A.

e The update induced by B is the partial function
{(M, M[B]) : B is executable in M }

that maps pointed Kripke models for A to pointed Kripke models for A.

e A BMS update (for A) is any partial function f such that there is a BMS

frame B’ for A satisfying the property that the update induced by B is
f.

This definition gives us another way to understand BMS Logic: BMS Logic
is the logic for reasoning about how knowledge and belief change as the result

of a BMS update.*

4Note that BMS updates are in general partial functions. In [61], the authors define a
different notion of public communication so as to guarantee that the updates induced by
these public communications are total functions.
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Figure 2.1. The BMS frame Pub:,‘

2.2.3 Special BMS Frames

While we have seen in general how BMS frames interact syntactically and
semantically in the extension BMSé of modal logic, there are certain BMS
frames that model well-known kinds of communication. We identify a few of

these BMS frames here.

Definition 2.14 ([16]). Let A be an agent set and let G C A. Then the public
communication of ¢ (also called the public announcement of ), written Pubﬁ,
is the BMS frame (U, S, 1) whose components are defined as follows: U := {0},
S; := {(0,0)} for each i € A, and [(0) := ¢. See Figure 2.1 for a picture of
the BMS frame Pub:}.

The public communication Pub‘;1 of ¢ is structured in such a way that it
is common knowledge among all the agents that ¢ is in fact what is com-
municated. Thus if we have that Pub;‘ is executable in a Kripke model M,
then the function M — M [Pubg] simply restricts M to the submodel ob-
tained by deleting those worlds I' € M that are inconsistent with ¢ (meaning
M, T [~ ¢). Thus the agents in A all jointly eliminate from consideration those
—p-worlds in M, and it is in this sense that the operation M +— M [Pubﬁ] is
a public communication of ¢. Observe that for each atom p, we have that

= [Pubﬁ,O]C’Ap; that is, the public announcement of p makes it common
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Figure 2.2. The BMS frame Pri;‘_)G

knowledge that p holds.

Let £ be the fragment of BMSZ obtained by restricting BMS modals to
the form [Pub;‘, 0] for some ¢ € £. Then £ is equivalent to PUBé: replacing
each BMS modal [Pub‘;, 0] in a formula x € £ by the modal [¢] produces a
formula y’ € PUBZ such that }= y = \/, and replacing each modal [¢] in a
formula € PUBS by the BMS modal [Pub;1 ,0] produces a formula 6" € £
such that }=6 = #. So we see that BMS? generalizes PUB{.

Another important BMS frame is the BMS frame for private communica-

tion.

Definition 2.15 ([16]). Let A be an agent set and let G C A. Then the
private communication of ¢ to G, written Prigﬂg, is the BMS frame (U, S, 1)
whose components are defined as follows: U := {0,1}, S; := {(0,0), (1,1)} for

each i € G, S; := {(0,1),(1,1)} for each i € A\G, [(0) := ¢, and {(1) := T.

A

See Figure 2.2 for a picture of the BMS frame Prij,_ .

The private communication Pri:;‘HG of ¢ to G is structured in such a way
that it is common knowledge to the agents in G that ¢ is communicated,
whereas the agents in A\G all think that T is communicated. Note that com-
municating T is the same as having no communication at all: since we have

identified the communication of a formula with the operation that restricts
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a Kripke model to just those worlds in which the formula is true, it follows
from the validity of T that a communication of T leaves every Kripke model
unchanged; thus a communication of T is equivalent to having no communica-
tion at all. So in the private communication Pri‘;‘HG of ¢ to G, it is common
knowledge to the agents in G that ¢ is communicated, whereas the agents in
A\G all think that there was no communication at all.

Letting £ be the fragment of BMSé obtained by restricting BMS modals

to the form [Pri

»— > 0] for some p € £ and G C A, we see that £ and comZ

are equivalent: replacing each BMS modal [PriA

»-q,0] in a formula x € £

by the modal [p— G] produces a formula x' € COMZ such that = x = ¥/,
and replacing each modal [p— G in a formula # € COMZ by the BMS modal

[Pri?

»— > 0] produces a formula 6" € £ such that =60 =¢".

The BMS frame for private communication is quite flexible. As an example,
pointed BMS frame (Pri?}“ﬁ_}G, 0) may be used to represent agent i sending a
private message of ¢ to the group G (with ¢ € G), since the content of this
private communication is i’s knowledge of ¢ [14].

Our last important BMS frame is the BMS frame for semi-private commu-

nication.

Definition 2.16 ([16]). Let A be an agent set and let G C A. Then the
semi-private communication of ¢ or i to G, written %Priéw_,(;, is the BMS
frame (U, S,1) whose components are defined as follows: U := {0, 1}, S; :=
{(0,0),(1,1)} for each i € G, S; := U x U for each i € A\G, I(0) := ¢, and

[(1) := 1. See Figure 2.3 for a picture of the BMS frame %Priéﬂpqc.

In the BMS frame %Priéwﬂ(}» exactly one of ¢ or ¢ is communicated to
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Figure 2.3. The BMS frame %Priéywqg

the agents in the group G. The agents in A\G know this but they do not

know which of ¢ or ¢ was in fact communicated.

2.2.4 Hilbert Theory

Definition 2.17 ([16, 18]). Let A be an agent set. The theory for BMSé is

given by the following axiom schemes and rules of inference.
e Axiom schemes and rules for K2
e Axiom schemes for communication (in the language BMS)

1. [B,w]p = (B(w) D p), for each atom p
“facts are unchanged by communication”
2. [B,w](¢ > x) = ([B,wly D [B,w]x)
“communication commutes with Boolean connectives”
3. [B,wlKip = (B(w) D A,s,, Ki[ B, v]1))

“knowledge of ¢ after a communication comes from having knowledge

that the communication will bring about )"
4. [B,w][B,w'|v) = [Bo B, (w,w")]1

“iterated communications are equivalent to their composition”
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e Rules for communication

— [B, w]-Necessitation: if 1 is provable, then so is [B, w]i.

“what is provable holds after a communication”

— Action Rule: given a BMS frame (B, S,1), a world w € B, and a
set G C A, suppose that we have a formula 60, € BMSé for each
v € B satistying wSiv and, further, that each of the following is

provable for each v € B satistying wS;v.
* 0, D [B,v]y
* B(U) VAN 91} D) /\iEG /\US“), Kzﬁv/

Then we have that 6, D [B,w]Cg1 is also provable.

The theory for BMS? is obtained by replacing the axiom schemes and rules
for K& by the axiom schemes and rules for K4, omitting the Action Rule, and

restricting the remaining schemes and the Action Rule to the language BMS#.

Theorem 2.18 ([18, 75]). Let A be an agent set. Then for each ¢ € BMSZ,

we have that ¢ is a theorem of the theory for BMSé if and only if = .

2.3 Bisimulation and Action Emulation

In this section, we examine bisimulation and a bisimulation-like notion called
(action) emulation [54, 77]. These notions give us sufficient conditions for two
BMS-type communications to be indistinguishable by formulas in the language
BMSfC‘7 something we will explain in more detail in a moment. Let us first

review the standard definitions for bisimulation in modal logic.
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2.3.1 Standard Bisimulation

For convenience in formulating forthcoming definitions, we begin by defining

the notion of frame-bisimulation.

Definition 2.19. Let A be an agent set and let F' = (W, R) and F' = (W', R)
be frames for A. A frame-bisimulation between (the) frames F and F' is a

nonempty relation B C W x W’ satisfying each of the following schemes.

e Back. For each i € A: I'BI" and I"R,A’ together imply that there is a
A € W such that ’'R;A and ABA'.

e Forth. For each i € A: I'BI” and I'R;A together imply that there is a
A" € W' such that I"RIA" and ABA'.

A frame-bisimulation between (the) pointed frames (F,T") and (F',T") (for A)
is a frame-bisimulation B between frames F' and F” satisfying I'BI". We write
(F,T') ~ (F',T") to mean that there exists a frame-bisimulation between the

pointed frames (F,T") and (F',T").

If there is a frame-bisimulation between two pointed frames, then any path
taken in one frame can be simulated by a path in the other frame. Adding a
condition of propositional agreement to this then gives us the usual notion of

bisimulation between Kripke models [21].

Definition 2.20. Let A be an agent set and let M = (W, R, V) and M’ =
(W', R',V') be Kripke models for A. A bisimulation between (the) Kripke
models M and M' is a nonempty relation B C W x W' satisfying each of the

following schemes.
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e Propositional Agreement. T'BI" implies that I' € V(py) if and only if
I € V'(pg) for each k € N.

e Frame Bisimulation. B is a frame-bisimulation between the frames (W, R)

and (W', R').

To say that the bisimulation B between M and M’ is total means we have that
each ' € M has a " € M’ such that 'BI'" and that each A’ € M’ hasa A € M
such that ABA’. To say that the Kripke models M and M’ are bisimilar
means that there is a bisimulation between M and M’; to say that M and
M’ are total-bisimilar means that there is a total bisimulation between M and
M'. A bisimulation between (the) pointed Kripke models (M,T) and (M’ 1)
is a bisimulation B between Kripke models M and M’ satisfying I'BI”. To
say that the pointed Kripke models (M,I") and (M',1") are bisimilar, written
(M,T") >~ (M',T"), means that there exists a bisimulation between (M, I") and

(M, T).

By adapting the standard arguments for modal logic [21] to the language
BMSé, we can show that bisimilar pointed Kripke models are indistinguishable

to BMSé—formulas and bisimulations are preserved under BMS updates.

Theorem 2.21 ([18, 75]). Let A be an agent set and let (M,I") and (M',IV)

be bisimilar pointed Kripke models for A. Then each of the following holds.
e For each ¢ € BMSZ, we have that M, T = ¢ if and only if M’ I" = ¢.

e For cach pointed BMS frame (B, v) € BMSZ that is executable at (M, T),
we have that (M[B], (I',v)) ~ (M'[B], (I",v)).



49

2.3.2 BMS Frame Bisimulation

Since BMS frames themselves have an underlying frame structure, it is natural

to examine a notion of bisimulation for BMS frames.

Definition 2.22. Let A be an agent set and let B = (U, S,l) and B’ =
(U",S',I') be BMS frames for A such that B € BMSZ and B’ € BMS. A
bisimulation between (the) BMS frames B and B’ is a nonempty relation B C

U x U’ satisfying each of the following schemes.
e Formula Agreement. vBv' implies that = B(v) = B'(V').

e Frame Bisimulation. B is a frame-bisimulation between the frames (U, S)

and (U, 57).

To say that the labeled BMS frames B and B’ are bisimilar means that there
is a bisimulation between B and B’. A bisimulation between (the) pointed
BMS frames (B,v) and (B’,v') is a bisimulation B between BMS frames B
and B’ satisfying vBv’. To say the the pointed BMS frames (B, v) and (B’,v)
are bisimilar, written (B,v) ~ (B’,v’), means that there exists a bisimulation

between (B, v) and (B’,v).

As one would expect, bisimilar BMS frames preserve bisimulations between

Kripke models.

Theorem 2.23 ([18, 75]). Let A be an agent set, let (B,v) and (B’,v') be
bisimilar pointed BMS frames for A in the language BI\/ISé, and let (M,T") and
(M, T") be bisimilar pointed Kripke models for A. Then each of the following
holds.
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e (B,v) is executable at (M,I') if and only if (B’,v’) is executable at
(M, T).

o If (B,v) is executable at (M,T"), then we have

(M[B], (F,v)) ~ (M’[B'], (F’,v’)) )

2.3.3 Action Emulation

We saw in Theorem 2.23 that bisimilar BMS frames preserve bisimulations
between Kripke models. It follows that if B and B’ are bisimilar BMS frames,
then we have that B and B’ are equivalent in the sense of the following defi-

nition.

Definition 2.24 ([54, 77]). Let A be an agent set and let B and B’ be BMS
frames for A. To say that B and B’ are equivalent means that for each Kripke
model M for A such that B and B’ are each executable in M, we have that

M|B] and M|[B'] are bisimilar.

So bisimilar BMS frames are equivalent by Theorem 2.23. But it is not
the case that equivalent BMS frames are bisimilar: letting p be a proposi-
tional letter, the BMS frames Pub4 (Definition 2.14) and %Priﬁﬁp_}@ (Defini-
tion 2.16) are equivalent but not bisimilar [54, 77]. As a step toward providing

a bisimulation-like connection that holds between equivalent BMS frames, the

authors of [54, 77] introduced the notion of (action) emulation.

Definition 2.25 (Adapted from reformulation in [75] of [54, 77]). Let A be

an agent set and let B = (U, S,l) and B’ = (U’,S’,1l') be BMS frames for A in
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the language BMSZ2. An (action) emulation between (the) BMS frames B and

B’ is a nonempty relation £ C U x U’ satisfying each of the following schemes.

e Disjunctive Agreement Back. vEv' implies there is a set 7" C U’ satisfy-
ing
-0 eT,
— vEw' for each w' € T",
— EB() D V,er B'(w'), and

foreachi € Aand v’ € U’, we have that {u'} xT" C S/ or {u'} xT" C

(U\S)).

o Disjunctive Agreement Forth. vEv' implies there is a set T' C U satisfying

—vel,

— w&v' for each w € T,

- EB(¥) D Vyer B(w), and

for each i € A and u € U, we have that {u} x T C S; or {u} xT C

(UA\S;).

e [Frame Bisimulation. £ is a frame-bisimulation between the frames (U, S)

and (U, 5").

To say that the emulation £ between M and M’ is total means we have that
each v € B has a v’ € B’ such that v€v' and that each w’ € B’ hasa w € B
such that wEw'. To say that the BMS frames B and B’ are emulous means that

there is an emulation between B and B’; to say that B and B’ are total-emulous
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means that there is a total emulation between B and B’. An emulation between
(the) pointed BMS frames (B,v) and (B’,v') is an emulation £ between BMS
frames B and B’ satisfying v€v’. To say that the pointed BMS frames (B, v)
and (B',v') are emulous, written (B,v) ~, (B’,v’), means that there is an

emulation between (B, v) and (B’,v').

The following theorem, whose proof is straightforward, says that emulation

is weaker than bisimulation.

Theorem 2.26 ([54, 77]). Let A be an agent set and let B be a bisimulation
between the BMS frames B € BMSZ, and B’ € BMSZ. Then B is an emulation

between B and B’.

Like bisimilar BMS frames, emulous BMS frames preserve bisimulations

between Kripke models.

Theorem 2.27 (Adapted from [54, 77]). Let A be an agent set, let B =
(U,S,1) € BMSS and B’ = (U, S',I') € BMSZ be emulous BMS frames for A,
and let M = (W, R,V) and M’ = (W', R', V') be bisimilar Kripke models for
A such that B is executable in M and B’ is executable in M’. Now suppose

that at least one of the following items is true.

1. There is a (A,u) € M[B] and a (A’,«') € M'[B’] such that (M,A) ~
(M',A") and (B, u) ~, (B',u).

2. M and M’ are total-bisimilar and B and B’ are total-emulous.

Then it follows that M[B] and M’[B’'] are bisimilar.
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Proof. We define the relation B C W[B] x W'[B’] as follows: (I',v)B(I",v')
means that (M,I") ~ (M’ I") and (B,v) =~ (B’,v"). We will show that B is a
bisimulation between M[B] and M[B’].

We first show that B is nonempty. This follows immediately from Item 1.
Let us see that it also follows from Item 2. To say that B is executable in M
means that thereisal' € M and v € B such that M, " = B(v). By the totality
of the bisimulation between M and M’, it follows that there is a IV € M’ such
that (M,I") ~ (M',I"). By the totality of the emulation between B and B’,
it follows that there is a v € M’ such that (B,v) ~, (B',v'). It follows
from M,I" = B(v) and (B,v) ~, (B',v') that there is a w’ € B’ such that
(B,v) ~. (B',w') and M,I" = B'(w'). Since (M,I') ~ (M',T"), we then have
that M', 1" = B'(w') by Theorem 2.21. We thus have that (I",w") € M'[B’]
and, since (M,I") ~ (M',T") and (B,v) ~. (B’,w'), it again follows that B is
nonempty.

Now that we have shown that B is nonempty, we must show that B satisfies

the properties of bisimulation: Propositional Agreement, Back, and Forth.

e Propositional Agreement. Suppose that (I', v) B(I”,v’). This implies that
(M,T) ~ (M',T"). Now p; € V[B](I',v) means that p, € V(I'), which is
equivalent to py € V'(I") because (M,I') ~ (M',T"). But p, € V'(I") is

equivalent to p, € V'[B'|(IV, ).

e Back. Suppose that (I',v)B(I",v") and (IV,v")R;[B'|(A",w’). To say
that (I, v)B(I',v") means that (M,I') ~ (M',I") and (B,v) ~, (B',v');
also, (I",v)R/[B'](A’,w") means that I"R/A" and ¢'Siw’. From I'VR,A'
and (M,I') ~ (M',I"), it follows that there is a A € M such that
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(M,A) ~ (M',A") and T'R;A. From v'Sjw’, it follows that there is a
w € B such that (B,w) ~, (B’,w’) and vS;w. Since (A", w'") € M'[B],
we have that M’ A" = B'(w'). It follows from M’ /A" = B'(w') and
(B,w) ~, (B',w') that there is a u € B such that (B,u) ~. (B’,w’) and
M’ A" = B(u). Since (M,A) ~ (M’ A"), it follows that M, A = B(u)
by Theorem 2.21. Hence (A,u) € M[B]. Further, since we have that
vS;w, that (B,w) ~, (B',w’), and that (B, u) ~ (B’,w’), we then have
that vS;u and thus that (I', v) R;[B](A, u). Since (M, A) ~ (M', A") and
(B,u) ~, (B',w'), we then have that (M, A)B(M’', A’) by the definition
of B. Thus the Back condition holds.

e [orth. The argument is quite similar to the that for the Back condition.

]

Emulation was proposed as a bisimulation-like characterization of equiva-
lent BMS frames [54, 77]. While it remains open whether all emulous BMS
frames are equivalent, it has been shown that emulous BMS frames in the

language PL of propositional logic are indeed equivalent.

Theorem 2.28 ([54, 77]). Let A be an agent set and let B € PL and B’ € PL

be emulous BMS frames for A. Then B and B’ are equivalent.
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p* := p, for each atom p

(b Do) = " DY

(Kip)" = Kip"

([SO]P)U = " D p, for each atom p
(Ll >x)" = ([el)" > ([Plx)"
([W]Kﬂﬁ)u = "D Ki([@]¢)u
(Pl = (e Alelvlx)"”

Figure 2.4. A translation function u : PUBA — MLA

2.4 Expressivity

2.4.1 Expressivity Relative to Modal Logic

The Plaza-Gerbrandy Theorem marks the beginning of Dynamic Epistemic

Logic as an independent area of study.

Theorem 2.29 (Plaza-Gerbrandy [33, 51]). Let A be an agent set. Then

PUB# <7 ML for each set Z of pointed Kripke models for A.

The translation function u : PUB? — ML* used in the proof of the Plaza-
Gerbrandy Theorem is given in Figure 2.4. Since ML4 <7 PUB* for each
set Z of pointed Kripke models for A, the Plaza-Gerbrandy Theorem implies
that PUB“ and ML? are equally expressive for any class of pointed Kripke
models for A. Thus public communication does not add expressive power to
the language of modal logic without common knowledge. But this does not
tell us that the language PUB“ is useless; in fact, PUB? is exponentially more

succinct than ML?, as the following theorem explains.
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Theorem 2.30 ([45]). Let A be an agent set satisfying |A| > 2, let Z be
the set of all pointed Kripke models for A4, and let ¢ : PUB4 — ML* be a
translation function over Z. Abbreviations: let (¢)) abbreviate —[1)]— and let
K; abbreviate —K;—. Choosing i € A and j € A such that i # j, define the

sequence {@y ren of PUB?-formulas by the following induction.

T if k=0,
{pp ) KTV, T if k> 0.

Then it follows that for each k& € N, the number of symbols in ¢} is at least

2k,

It remains open whether Theorem 2.30 holds if we choose for Z the set of
all reflexive, transitive, and euclidean pointed Kripke models (for A).

The next theorem lifts the Plaza-Gerbrandy Theorem to the language of
BMS Logic.

Theorem 2.31 ([16, 18]). Let A be an agent set. Then BMS* <7 ML* for

each set Z of pointed Kripke models for A.

The translation function u : BMS? — ML? used in the proof of Theo-
rem 2.31 is given in Figure 2.5. Since ML? <7 BMS? for each set Z of pointed
Kripke models for A, Theorem 2.31 implies that BMS? and ML* are equally
expressive for each set Z of pointed Kripke models for A. Thus generalized
communication does not add expressive power to the language of modal logic

without common knowledge.



57

P := p, for each atom p

(o D )" = " DY

(Kip)" = K"

([B,v]p)u = B(v)" D p, for each atom p
([B.v](w > x)" = ([B,oly)" > ([B,vlx)"
([B,v]Kw)" = B(v)" D N, Ki([B,wlv)"
([B,v][B’,v’]x)u = ([BoB’,(v,v’)]X)u

Notation: We let B = (U, S,1).

Figure 2.5. A translation function u : BMSA — MLA

We now survey results concerning the relative expressivity of fragments of

COMZ.

Theorem 2.32 ([18, 75]). Let A be an agent set satisfying |A| =1 and let 7
be the set of all pointed Kripke models for A. Then PUBé Lo MLé.

Proof Hint. The PUBZ-formula [po]~Cyp; cannot be expressed in MLZ [18].

]

Since MLfC1 7 PUBé for each set Z of pointed Kripke models for A, Theo-
rem 2.32 tells us that public communication strictly increases the expressivity
of the language l\/ILé of modal logic with common knowledge for the class of
all pointed Kripke models for A. Contrasting this theorem with the Plaza-
Gerbrandy Theorem, we see that common knowledge is necessary for this

expressivity increase to occur.

Theorem 2.33 ([18]). Let A be an agent set satisfying |A| > 2 and let Z be

the set of all reflexive, transitive, and euclidean pointed Kripke models for A.

Then PUBZ o7 MLE.




o8

Proof Hint. The PUBg-formula [po]=Cgp; with |G| = 2 cannot be expressed

in ML2. O

Theorem 2.33 tells us that if there are at least two agents in the agent set
A, then public communication strictly increases the expressivity of the lan-
guage MLé of modal logic with common knowledge for the class of all pointed
Kripke models for A that are reflexive, transitive, and euclidean.® The latter
trio of properties characterizes the class of frames valid for the logic S5, a
logic generally thought of as the logic of knowledge [21, 27]. Thus public com-
munication strictly increases the expressivity of the logic of knowledge when
common knowledge is present. Contrasting this theorem with Theorem 2.31,
we again see that common knowledge is necessary for the increase in expressive
power.

Finally, we show that single-recipient private communication does not add
expressivity to the language of modal logic with common knowledge for any

class of transitive pointed Kripke models for A.

Theorem 2.34. Let A be an agent set and let Z be any set of transitive

pointed Kripke models for A. Then PRIlfC1 7 MLé.

Proof. In Figure 2.6, we define a function u : PRI14 — MLS. For each formula
X € PRIlé, we show that Z = xy = x*. Our argument proceeds by an induction
on the depth of announcement modals in x (that is, modals of the form [1)— ]

for 1) € PRI1Z and i € A) with a sub-induction on the number of symbols in

5Theorem 2.33 fails in the case |A| = 1, since |A| = 1 implies that PUBS <7 MLE for
any set Z of transitive pointed Kripke models for A [18].
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p* := p, for each atom p
(b Do) = " Dy
(Kip)" = K"
(Cap)* = Cgp"
([g0—> z]p)u = " D p, for each atom p
(=i 2 x)" = w%Z)u (Wﬂﬂ@"
. u B if j #1i
(fp=ilfv) - {w DK'wﬁﬂwy if j = i
. u L [Q0—>Z (QO > EGcg'Lbu) if 4 ¢ G
([(’0—> Z]CGQ/}> N { Q0—>Z /\ C (gD D) Eg\{Z}CGI/) ) ified
(== ilx)" = (=il w~y>ﬂ“

Figure 2.6. A translation function v : PRI1S — MLg

X. This induction follows the inductive definition in Figure 2.6 of the function
u. Many cases of the induction are straightforward, so we will only handle
the non-straightforward cases. (Note that the condition of transitivity is used

only in the second half of the last case we handle.)

o T [p—ilK;u = ¢ D Ky when j £
Suppose M,I" = [p—i|K;1 for some (M,I') € Z. This means that
M, T |= ¢ and Mp—1i], (I',0) = K;v. Thus Mp—i], (A, 1) ¥ 9 for
some A € M satisfying 'R;A. It follows from the induction hypoth-
esis that M, T = ¢* and M[p—i], (A, 1) £ % But the tree model
generated by (M[p—i],(A,1)) is isomorphic to the tree model gener-
ated by (M, A), so it then follows that M, A F& ¢*. Since 'R;A, we

then have that M,I" &= K;y*. Taken together, we have shown that

M,T B " D K.
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Conversely, suppose M,T" & ¢* D K" for some (M,I') € Z. This
means that M, ' = ¢ and M, A [~ " for some A € M satisfying
I'R;A. It follows from the induction hypothesis that M,I" = ¢ and
M, A P~ 1. But the tree model generated by (M, A) is isomorphic to
the tree model generated by (M[p—i], (A, 1)), so it then follows that
M[p—i], (A, 1) ¥~ 9. Since M,T' = ¢ and T'R;A, we have that (I',0) €
Mp—i] and (T, 0)R;[p— i](A, 1) and thus that M[p—i], (T, 0) ¥ K.
Taken together, we have shown that M, = [p— i K;1.

T E [p— Ky =¢" D Ki(lp—iv)"

Suppose M, T [ [p—i]K;1p for some (M,T) € Z. This means that
M, T | ¢ and M[p—1],(I',0) & K;ip. Thus M[e— 1], (A,0) & ¢ for
some A € W satisfying I'R;A. But this means that M, A (= [p— i]i). Tt
follows from the sub-induction hypothesis that M, A ([<p—> z']z/J)u, and
the induction hypothesis implies that M, T’ = ¢*. So we have M, " £
" D K;([p— z]¢)u because I'R; A.

Conversely, suppose that M, T" = ¢* D Ki([gp—> z]w)u for some (M,T") €
Z. This means that M, T = ¢" and M, A J£ ([p—i]yp)" for some A €
M satisfying I'R;A. It follows by the sub-induction hypothesis that
M, A}~ [p—i]ep. But this means that M, A = ¢ and M[p— 1], (A,0) =
Y. Applying the induction hypothesis, we have that M,T" = ¢ and
thus that (I',0) € M[p—1i]. But then (I',0)R;[p—i]|(A,0) and thus
Mp—1i],(I',0) £ Kb, which is what it means to say that M,T" }~

[o— 1] K.
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o I [p—ilCot = ([p—ilv))" A (9" D EcCot) wheni ¢ G
Suppose M, T" }£ [p—i]Cgtp for some (M,I') € Z. This means that
M,T = ¢ and there is a sequence {(Fk,ak)}zzo of worlds in M{[p— 1]
such that (I'g, ap) = (I',0), each k € N satisfying 0 < k < n has a; = 1,

each k € N satisfying k£ < n has a j € G with

(i, a) Rj[o— 8] (Tht1, argr)

and M[p—1], (s, a,) = 9. In case n = 0, we then have that M, T [~
[p— i]¢p and thus that M, T f~ ([p—i]))" by the sub-induction hypoth-
esis. So suppose that n > 0. We then have that M,T", [~ ¢ because
the tree model generated by (M [o— 1], (T, 1)) is isomorphic to the tree
model generated by (M, T',,). Applying the induction hypothesis, it fol-
lows that M, T, = ¢*. But {I'x}}7_, is a nonempty sequence of worlds
in M such that each k£ € N satisfying 1 < k < n has a j € G with
Iy R;Tki1, so M, Iy = Cayp™. We also have that I'R;I'y for some j € G,
and thus M,I' £ EqCgy". Further, the induction hypothesis implies
that we may conclude M, T" = ¢“ from the fact that M, T |= ¢, and thus
M, T B~ " D EqCey™. So no matter whether n = 0 or n > 0, we have

shown that M, T [~ ([p—iy)" A (¢* D EcCeib®).

Conversely, suppose that M, T" [~ ([cp—> i]w)u/\ (p" D EqCqy*) for some
(M,T) € T. In case M,T [~ ([p—i]i)", the sub-induction hypothesis
implies that M, £ [p— ]y and thus M[p— ], (I",0) ¥~ ¢. The latter
implies that M[p—i], (I',0) K& Cgt and thus that M, = [p— i|Cae).
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In case M, T £ " D EqCqv*, then M, T" = ¢" and for some n € N with
n > 0, there is a sequence {I'y}}_, of worlds in M such that I'y = T,
each k € N with & < n has a j € G with I'yR;T'y41, and M, T, =
", Applying the induction hypothesis, we have that M, T, |~ ¢ and
thus that M|[p—i],(I',,1) & ¥ because the tree model generated by
(M[p—1i], (T, 1)) is isomorphic to the tree model generated by (M,T,).
Again applying the induction hypothesis, it follows that M, T" = ¢ from
the fact that M, I = ¢*, and thus (I',0) = (I'9,0) € M[p—i]. Defin-
ing the sequence {ax}}_, by setting ap := 0 and a := 1 for k > 0,
we have that {(Fk7ak)}::o is a sequence of worlds in M |[p— i] such
that (I',0) = (Ig,a0), each k € N satisfying k¥ < n has a j € G with
(Tx, a) Rj[o— i) (Ths1, ars1), and Mp—i], ([, a,) ¥ 1. But then we
have shown that M, T" |~ [p—i|Cg).

o I = [p—ilCoth = ¢* D Ci([p—il)" A Ci(¢" D EgyiyCat") when
1eG
Suppose that M, T" j~ [p— i]|Cgtp for some (M,T") € Z. This means that
M, T = ¢ and for some n € N and some m € N with m < n, there is a
sequence {(T'y, ak)}zzo of worlds in M[p— 1] such that (I'g, ap) = (I, 0),
each k € N satisfying k < m has (', ax) Ri[p— i|(Tgs1, agy1), each k € N
satisfying m < k < n has a j € G with (I'y, ax) R;[¢— 9] (Tk+1, @k+1), and
Mlp—i],(I'y,an) ¥~ 1. Note that we have ay = 0 for each k € N
satisfying £ < m and a;, = 1 for each k£ € N satisfying m < k£ < n. Now

it follows from the induction hypothesis that M, T" = ¢“ by the fact that
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M,T | ¢. So what remains is for us to show that

M,T ¥ Ci([p—ily)" A Ci(¢" D Eq\i;Catb™) -

We consider two cases.

— Case: n=0o0r 0 <m=n.

We have M, T, = [p—i|t and thus the sub-induction hypothesis
yields M, T, [~ ([p—i¢)". Since m = n, it follows that {I';}7_,
is a sequence of worlds in M such that 'y = I' and each k£ € N
satisfying k < n has ['yR;I'x1. Thus M, T" j~ C’i([go—> z]z/))u
— Case: 0 <m < n.

(I'n, 0) € M[p— i implies that M, T, = ¢ and thus that M, T, &=
©" by the induction hypothesis. Since m < n, the sequence {T'y}7_,.
of worlds in M is nonempty and satisfies each of the following:
IR Iy for some jo € G\{i}, and each k € N satisfying m+1 <
k <nhasaje G withI'yR;I'x1. Now m < n implies that a,, =1,
and thus M,T,, [~ ¢ follows from the fact that the tree model
generated by (M, T',) is isomorphic to the tree model generated by
(M [o— 1], (T, an)). Applying the induction hypothesis, we have
that M, T, & ¢". But then we have shown that M, T, = ¢* D
Ea\giyCay". Since {T'y}]L, is a sequence of worlds in M such that
each k € N satisfying k& < m has I'yR;['x.1, we then have that
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Conversely, suppose that

M,T = ¢" 2 Ci([p—iv)" A Ci(¢" D EgyiinCah")

for some (M,T") € Z. Thus M,I' = ¢, from which it follows by the
induction hypothesis that M,T" = ¢. So what remains is for us to show
that M[p— 1], (I',0) = Cetp. We consider two cases.

— Case: M, T £ Ci([p—il)"
This means that there is a sequence {I';}}_, of worlds in M such
that 'y = I', each k € N satisfying £ < n has I'yR;['x11, and
M, T, [~ ([gp—> Z]Q/})u Applying the sub-induction hypothesis, we
have that M, T, = [p— i]ep. The latter implies that M, T, = ¢, and
hence (I',,0) € M[p—i]. Now it follows by the transitivity of R;
that I'R;I",,, and thus (', 0)R;[p—i|(I',,0). But M, T, & [p—i|v
also implies that M[p— 1], (I';, 0) = 1, so we have M [p—i], (I',0)
Cat by the fact that i € G.

— Case: M,T' [~ Ci(¢" D Eaq\(iyCa™)
This means that there is a sequence {I';}}_, of worlds in M such
that 'y = I', each k € N satisfying £ < n has I'yR;['x;1, and
M, Ty = ¢" D Eq\iyCev®. Thus M, T, = ¢", and so the induc-
tion hypothesis implies that M,T,, = ¢. We therefore have that
(T',,0) € M[p— 1], from which it follows that (T, 0)R;[¢o— i](T,,0)
by the transitivity of R;. Applying the induction hypothesis again,

we have that M, T, |~ Eq\(iyCg, which means that there is a se-
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quence {I'y}7, for some m € N with m > n such that I';,R;, 41
for some jo € G\{i}, each k € N satisfying n + 1 < k < m has a

j € G with I'yR;I';4q, and M, T, = 4. But then

(F> 0)7 (Fm 0)7 (Fn+1> 1)7 (Fn+2a 1)7 ceey (Fmv 1)

is a sequence of worlds in M [p— i| such that each pair (w, w") of con-
secutive worlds in the sequence has a j € G such that wR;[¢— i|w’.
Further, M[p— 1], (I';,, 1) = ¢ by the fact that the tree model gen-
erated by (M[p—i], (I';,, 1)) is isomorphic to the tree model gen-
erated by (M,T',). But then M[p— 1], (I",0) & Cat. O

By choosing 7 as a set of transitive pointed Kripke models for A, we choose
those Kripke models for which the agents’ beliefs are introspective, meaning
each agent believes his own beliefs. Since each single-recipient communication
of agent ¢’s knowledge to a group G having ¢ € G is in fact a communication
received only by ¢ himself, Theorem 2.34 provides a sense in which believing

our own beliefs imposes a kind of self-dialog.

2.4.2 Relative Expressivity of Differing Communications

We begin with a straightforward result that lets us view the language COMé

of public and private communication as a fragment of BMSé.

Theorem 2.35. Let A be an agent set. Then COMZ <7 BMSZ, for each set

7 of pointed Kripke models for A.
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Proof. Let u : COMS — BMSE be the translation function that maps ¢ €
CO Mé to the formula " € BMSé1 obtained from ¢ by replacing each instance
of a @-subformula of the form [p— G|y by [PriﬁHG,O]w. (The BMS frame

Prié_@ is defined in Definition 2.15 and pictured in Figure 2.2.) [

By identifying COMg1 with its image in BMSé under the translation func-
tion w : COMé — BMSfC1 defined in the proof of Theorem 2.35, we may view

COMZ as a fragment of BMS{.

Theorem 2.36 ([18]). Let A be an agent set satisfying |A| > 2 and let Z be
the set of all pointed Kripke models for A. Then PRI1{ 7 PUBZ.S

Proof Hint. The PRIlé—formula [po— 1]=C; K;—py with i # j cannot be ex-

pressed in PUBZ. O

Theorem 2.36 tells us that if there are at least two agents in the agent set
A, then the language PUBé of public communication with common knowl-
edge cannot say everything that can be said by the language PRIlé of single-
recipient private communication with common knowledge. Comparing this
result with Theorem 2.31, we again see the necessity of common knowledge
for an increase in expressive power.

Theorem 2.34 may look as though it implies the negation of Theorem 2.36:
since MLg1 —7 PUBé for any set Z of transitive pointed Kripke models for A,
it follows by Theorem 2.34 that PRI1Z <7 PUBZ for any set Z of transitive

pointed Kripke models for A. But notice that here we require Z to be a

6Theorem 2.36 fails in the case |A| = 1 for a trivial reason: |A| = 1 implies that PRI1{ =
PUBZ.
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oF  F o aL,,
/0— (A) —>0— (A) —>@— (A) » -+ — (A) -».\

/(A) (4)
v %4
(A) (A)

\04- (A)y — -+ <+ (A) —@<+— (A) —e<+(A) —./
Ol of of of

Figure 2.7. Picture representing the model C™

set of transitive pointed Kripke models, so Theorems 2.34 and 2.36 are not
negations of each other—they are simply different statements. We thus see
how the outcome of an expressivity result hinges on the choice of 7.

Compare the next theorem with Theorem 2.36.

Theorem 2.37. Let A be an agent set. Then PUBZ <7 PRIZ for the set 7

of all pointed Kripke models for A.

Proof. If |A| = 1, then we have that PRIé and MLé are equally expressive for
any set of pointed Kripke models for A (since | [p— 0]v = ¢ D ), and so
the result follows by Theorem 2.32. So we may assume that |A| > 2. For each
non-negative integer n € N, we define the Kripke model B" := (W™, S™, V")

for A and the relation R™® C W™ x W™ as follows.

o W" = {Qf:keNand1<k<n+1}U

{OF:keNand 1 <k<n+1}U{l A}

Abbreviations: we set Qf := QF ,:=T and QF,, := Qff := A

e For each i € A, set S := ().
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W\ {AY if k=0

o V' (py) = {T'} itk=1
0 ifk>2
e R" = {(Qﬁ_l,Qé):lgkgn—l—Q}U

{(QF 0B 1<k<n+2}

Now fix an enumeration {ai}yjl of A. For each n € N, we define the model
C™ as the expansion of B™ at R" by {a;}/*| (Definition 1.15). See Figure 2.7
for a picture of C".

We now define a depth function d : PRIZ — N by the following induction

on PRIZ-formula construction.

e d(p) := 0 for each atom p

d(p1 D p2) == max{d(p1),d(¢2)}

o d(Kip):=1+d(p) foric A

d(Cayp) = Al +d(p)
o d([pr— Glin) := | Al + max{d(p1), d(i22) }

We will prove the following statement that we call S: for each ¢ € PRIé, each
n € N satisfying d(¢) < (n+ 1) - |A|, each positive integer k € NT satisfying
d(p)+(k—1)-]A| < (n+1)-|A|, and each i € N satisfying both 0 <i < |A|—1

and d(p) +i+ (k—1)-|A] < (n+1)-|A|, we have that

Cn Qb e i O (R e
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Observe that for the PUBZ-formula 6 := [pg]=C4—p; we have C™, QF b 6 and
C™, Qf = 0 for each n € N. Applying Statement S, it then follows that no

function u : PUBé — PRIé satisfies the property that the two equivalences
Ch Qb =0t C,QF =0 and C"QF 0 iff O™, QfF = 04

both hold for each n € N. Since 7 is the set of all pointed models for A, we

then have that PUBfCl Sor PRIé, which completes our proof. So what remains

is for us to prove Statement S. We proceed by an induction on the construction

of PRIZ-formulas. The Boolean cases of this induction are straightforward, so

we will only handle the non-Boolean cases.

e Case: Kjyp for some j € A.
Suppose that C™, (QF,7) £ K;¢ and that d(K;p) +i+ (k—1)-]A] <
(n+1)-]Al.
In case i < |A| — 1, we then have that C™, (L i + 1) £ ¢. Since
d(Kjp) = 1+ d(p), it follows that d(p) + (1 + 1) + (k — 1) - |4] <
(n+1)-|A| and so C™, (QF i+ 1) £ ¢ by the induction hypothesis. But
then C™, (QF i) = K.
In case i = |A|—1, we have from our assumptions that C™, (Qf,,0) ¥ ¢
and d(p)+k-|A] < (n+1)-]A|. It follows from the induction hypothesis
that C™, (Qf,1,0) £ ¢ and thus that C", (QF, 1) [~ K.
The argument that C", (QF,i) £ K;p implies C™, (QF i) £ Ko is

shown similarly.

o Case: Cyop.



70

C", (QF.4) £ Cap is equivalent to C™, w £ ¢ for some w € C™. But the

latter is equivalent to C™, (QF,4) ¥ Caep.

Case: Cgyp for some G C A.

It follows from our assumption G C A that C™, (QL, i) £ Cayp is equiv-
alent to C™,w [~ ¢ for some w € C™ satisfying the property that the
number of edges between (QF,7) and w is at most |G|. The world w may

have one of two forms and we consider a separate case for each form.

Suppose w is of the form (QF ') with ¢/ € N satisfying ¢ < ¢ < |A] — 1
and further that d(Cgp)+i+(k—1)-|A| < (n+1)-|A|. Since d(Cgy) =
|A| +d(yp), it follows that d(yp) 4"+ (K —1) - |A| < (n+1) - |A] because
i’ < i+]A|. Applying the induction hypothesis, we have C™, (Q£, ') [~ ¢,
from which it follows that C™, (QF i) £ Cae.

Suppose w is of the form (Qf,,,7) with ¢ € N satisfying 0 < ¢ <
|G| — (JA] — i) and further that d(Cep) +i+ (k—1)-|A] < (n+1)-|Al
Since d(Cqyp) = |A|+d(p), it follows that d(p)+i' +k-|A| < (n+1)-|A]
because we have ¢/ + |A| < |G|+ i < |A| + i by our assumption G C A.
Applying the induction hypothesis, we have C™, (QF,|,7) £ ¢, from
which it follows that C™, (QF,4) & Caep.

The argument that C™, (QF i) £ Cep implies C™, (QF, ) ¥ Coyp is

shown similarly.

Case: [p— G| for some G C A.

Suppose that d([p— Gl¢) + i+ (k — 1) - |[A] < (n+ 1) - |A]|. Since
d([¢— Glv) = |A| + max{d(y),d(¢)) }, we have each of the following.
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—d(p)+7 +(k—=1)-|Al < (n+1)-|A]| for each i € N satisfying
i<i <|A -1

Applying the induction hypothesis, we have that

CnOF ) e (O g
for each i € N satisfying ¢« < ¢ < |A] — 1.

—d(p)+7+k-|A < (n+1)-|A] for each i € N satisfying 0 < ¢ <
6] (14] - 9)

Applying the induction hypothesis, we have that

On( k412 )}:SO iff C",(Q§+1,i,)):gp

for each i’ € N satisfying 0 <7 < |G| — (|4] — ).

Without loss of generality, we may assume that

Cm (i) Ee and C™ (1) e,

for otherwise the desired result follows trivially. Now let s* be the longest
sequence of worlds in C™ such that the first member of s is (Q£,4) and

L

sl satisfies each of the following: C™, w k= ¢ for each world w in s and

each pair (wy,wy) of consecutive worlds in s” satisfies wy Rjwsy for some

j € G. Since G C A, the nonempty sequence s

is necessarily finite.
Now let s® be the sequence of worlds in C™ obtained by replacing each
occurrence of a superscript L in a world in s by a superscript R. It

follows from what we showed in the two bulleted items above that s

the longest sequence of worlds in C™ such that the first member of s
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(QF 4) and s satisfies each of the following: C™ w | ¢ for each w in
s and each pair (w1, ws) of consecutive worlds in st satisfies wy Rjws
for some 7 € GG. Now if the unique outgoing edge of the last member in

sl is labeled by some j € G, then the tree model generated by
(C"[e— G, ((%,1),0))

is isomorphic to the sub-model of C™ consisting of those worlds in the
sequence s’ and, by what we showed in the two bulleted items above,

the tree model generated by
(C"[p— GI, ((2,4),0))

is also isomorphic to the sub-model of C" consisting of those worlds in

the sequence s*.” But it then follows that

C*p— G, ((9f,1),0) = o iff
C"p— G, ((U,1),0) F o
as desired. So let us assume that the unique outgoing edge of the last

member in s’ is labeled by some j € A\G. We then have that the tree

model generated by

(C"[o— G, (2%, 1), 0))

"The tree model generated by a pointed model is sometimes called the unraveling gen-
erated by a pointed model. See [52] for definitions and results relevant to BMSZ, and see
[21] for definitions and results relevant to modal logic in general.
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is isomorphic to the tree model generated by (C’”, (QF z)) Thus

C"lp— G, ((%,1),0) Ev  iff C"(Q,0) =9

By similar reasoning, we also have

Since d([p— G¥) +i+ (k—1)-|A] < (n+1) - |A] and d([p— GJ¥) =
|A]+max{d(¢), d(1)) }, we have that d(¢)+i+(k—1)-|A| < (n+1)-]A].

Applying the induction hypothesis, we have that
Ch () Ey it O (L) EY

which completes the proof of this theorem (Theorem 2.37). O]

Theorem 2.37 tells us that the language PRIé of private communication
with common knowledge cannot say everything that can be said in the lan-
guage PUBé of public communication with common knowledge. Since we have
that PRIlél 7 PRIé for each set Z of pointed Kripke models for A, combining

Theorems 2.36 and 2.37 yields the following result.

Theorem 2.38 ([18, 53]). Let A be an agent set satisfying |A| > 2 and let Z
be the set of all pointed Kripke models for A. Then the languages PUBé and

PRIé are expressively incomparable for Z.

Theorem 2.38 uses the notion of relative expressivity to provide a formal
proof that validates our intuition that public and private communication are

fundamentally different communicative types.
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2.5 Extensions and Embeddings of BMS Logic

2.5.1 Relativized Common Knowledge

We have seen that public communication does not add expressivity to the
language ML? of modal logic without common knowledge (Theorem 2.29),
but that this result fails for the language MLé of modal logic with common
knowledge (Theorem 2.32). In [68], it is observed that the failure of the result
in the latter case results from the inability of the language MLé to express the

concept that the authors of [68] call relativized common knowledge.

Definition 2.39. Let A be an agent set. For each of the languages £ €
{MLA, PUBA}, the language of £ with relativized common knowledge, written
Lro, is the extension of £ obtained by adding the following rule of formula

formation: if ¢ and ¢ are formulas and G C A, then Cg(p, ) is also a formula.

The new formula Cg(¢, 1) is read, “¢ is common knowledge to the group
G relative to ¢.” The idea is that the formula v is common knowledge to
the group G subject to the group G making the joint assumption that ¢ is
true. The semantics of the relativized common knowledge modal is given by

the following definition.

Definition 2.40. Let A be an agent set. For each £ € {ML#.,, PUB%.}, truth
of a £-formula at a pointed Kripke model (M,T") for A with M = (W, R, V) is
given by an induction on the construction of ¢, with the cases of this induction

obtained by adding to the cases for £ (found either in Definition 1.13 or in
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Definition 2.4) the following inductive case: M,I" = Cg(p, ) means that for
each n € N, if {I';}}7_, is a sequence of worlds in M such that M, T = ¢ for
each k € Nwith k <n, I'y =T, and each k € N satisfying £k <n hasant € G
such that T'y R;['x11, then M, T, = .

Note that unlike common knowledge, the statement M, T" = Cq(p, 1) of
¢ being common knowledge relative to v requires that the sequence {I'x}}_,
of worlds in M all satisfy . It turns out that this is the key concept that

expressively differentiates MLS and PUBg.

Theorem 2.41 ([68]). Let A be an agent set. Then PUB%. <7 ML, and

PUBZ <7 ML#,, for each set T of pointed Kripke models for A.

The translation function u : (PUB‘;C U PUB‘S) — ML used in the proof
of Theorem 2.41 is given in Figure 2.41. In addition, it is shown in [68] that
the expressive relationship that Theorem 2.41 states holds between PUBé and

ML%, is a strict relationship, which is the content of the following theorem.

Theorem 2.42 ([68]). Let A be an agent set. Then ML%,, is strictly more

expressive than PUBg1 for the set Z of all pointed Kripke models for A.

Proof Hint. The MLﬁc—formula Ce(po, = K;po) cannot be expressed in PUBé.
]

2.5.2 Epistemic PDL

A fundamental result in the study of BMS Logic shows that the language of

BMS{ is a fragment of PDL [68]. This tells us that the expressivity results we
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¢ := p, for each atom p

(p Do) = " Dy

(Kip)" = Kip"

(Cop)” = Ca(T,¢")

([@]p)u = " D p, for each atom p
(L@ 2x)" = ()" > ([elx)"

(el Eiw)" = ¢" D Ki([glp)"
([¢]Cet)" = ([¢]Ca(T, )"
(PCa(w, )" = Cale™ A ([Pl¥)* ([¥]x)")
(Lellelx)" = (oA [pl¥]x)"

Figure 2.8. A translation function u : PUBRo — MLac
surveyed all concern the expressive relationships between various fragments of
epistemic PDL [68].

Definition 2.43 ([68]). Let A be an agent set. The language of epistemic
propositional dynamic logic (for A), written PDL?, consists of the formulas ¢

and the programs « built by the following grammar.

pou= o LT o Dpa|lay
a = 1|7 |ana|agUas|af
keN, i€ A

Formulas written using other logical connectives are understood as abbrevia-

tions for the appropriate formulas in the above language.

PDL? formulas are interpreted at pointed Kripke models for A according

to the usual semantics for PDL [38].

Definition 2.44. Let A be an agent set and let M = (W, R, V) be a Kripke




7

model for A with I' € M a world in M. By the following simultaneous in-
duction on the construction of PDL”-formulas and -programs, we both define
what it means for a PDLA-formula to be true at the pointed Kripke model
(M,T) for A and also associate to each PDL*-program a a binary relation

[a] € 2W*W on W.

e M,T' = pr means that I' € V(py).

M,T'l£ 1L and M,T ET.

M, T = ¢1 D o means that M, T j~ ¢ or M, T = ps.

M, T | [a]e means that M, A = ¢ for each A € M satisfying T'[a] A.

[] := R;

] = {(A, A) e W2: (A =A)A(M,A )}

[ar; o] == {(A,A) € W2 : (3Q € W) (Ao ]JQ A Q] A) }

[on Uas] := [on] U [z

[o*] =[], the reflexive-transitive closure of [«

The various notions of validity from Definition 1.13 carry over directly to

PDLA-formulas.

The following theorem provides a sense in which BMSé is a fragment of

PDLA.

Theorem 2.45 ([68]). Let A be an agent set. Then PDL* is more expressive

than BMSé for the set of all pointed Kripke models for A.
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2.5.3 Temporal Considerations

In the introduction to this chapter, we described how a run in a distributed

system made up of the agents in the agent set A may be viewed as a sequence
(M17 Fl)? (M27 F2)7 (M37 F3)7 R (Mm Fn)

of pointed Kripke models for A, where the full description of the k-th state of
the run is given by the pointed Kripke model (My,T'y). We can extend our

semantics so that it more closely matches this view of a distributed system.

Definition 2.46. Let A be an agent set. A run (for A) is a finite nonempty
sequence of pointed Kripke models for A. If r = {(Mk, Ix) }Zzl and 7’ are runs
for A and (M, T') is a pointed Kripke model for A, then we adopt the following

notation.

e |r| denotes the length of the sequence r.

e For each m € N with m < n, we let 7™ denote the prefix { (M, I';) Z;;n

of the sequence r. (We let {(Mk, Fk)}2:1 denote the empty sequence.)
e 71(r) is the model M,,.
e y(r) is the world T',,.

e IW" is the set W’ in the pointed Kripke model ((W’,R’,V’),F’) =
(M,,T,).

e R is the function R’ in the pointed Kripke model ((W’ , RV, TY ) =
(M, T,).
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e V" is the function V' in the pointed Kripke model ((W’, RV, F’) =
(M,,T,).

e ;7' is the run consisting of the enumeration of the sequence r followed

by the enumeration of the sequence 7’.
e 7; (M, T') is the run consisting of the enumeration of r followed by (M, T).

e For each i € A, we write 7 —; 7’ to mean we have that r(V) = /(1) that

m1(r) = m(r"), and that mo(r)R mo(r').

We will sometimes identify the pointed Kripke model (M,T") for A with the
run for A consisting of just the pointed model (M, T') itself. But we will only

make this identification when doing so ought not cause confusion.

We may interpret BMSé—formulas at a run r for A by a straightforward
adaptation of the semantics for BMSé—formulas at pointed Kripke models for

A (Definition 2.11).

Definition 2.47. Let A be an agent set. Truth of a formula ¢ € BMSZ
at a run r for A is given by the following induction on the construction of

BMSé—formulaS.
e 1 = p, means that mo(r) € V7 (py).
erflLandrET.

e 7 = @1 D o means that r [~ ¢ or r = .

e r = K;p means that 1’ |= ¢ for each run ' for A satisfying r —; 7.
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o 1 = Cgp means that 1’ |= ¢ for each run ' for A satisfying r —7 7.

e r = [B,w]p means that either we have r [~ B(w) or else we have both
r = B(w) and r[B,w] = ¢, where the run r[B,w| for B = (U, S,1) is
defined as r; (M’7 (, w)) with the Kripke model M' = (W', R, V') for A

defined as follows.
- W ={("v)eR, xU:7" = B(v)}
Here R, is the set of all runs ' for A such that " = rM and
T (1) = mi(r).

— For each i € A: R} is the set
{((Tl,?}l), (TQ, 1)2)) S W/2 : (7"1 —; 7“2) A (’Ulsﬂ)Q)}

— V'(pr) = {(r',v) e W v Epi}
In this semantics, BMS frames can be used to explicitly generate runs.

Definition 2.48. Let A be an agent set and let 98 = {(Bk, Uk)}::1 be a finite
nonempty sequence of pointed BMS frames for A such that (By,v) € BMSS

for each k € N satisfying k£ < n.

e Let r be a run for A. We define a sequence {7}, of runs for A by the

following induction.

— 1o is defined as the run r.

— For each k£ € N satisfying 1 < k£ < n, if we defined the run ry_4

and we have that r,_1 = Bg(vx), then the run ry is defined as
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Tk—1; k—1[Br, vg] (see Definition 2.47).

The run generated from r by B, written Gen(8,7), is the run r,, at
the end of the above-defined sequence {ry}}",, where m € N is satisfies
0 < m < n (with the particular value of m determined by how far the

above-specified induction could be carried out).

e To say that the run r for A is generated means that there is a finite

nonempty sequence B’ of pointed BMS frames for A and a run 7’ for A

such that r = Gen (%', ).

Thus we see that when we interpret the language BMSé at runs for A,
the language itself describes the explicit generation of runs: to evaluate the

formula

P = [Bl>Ul][B2>U2][B3>U3] T [Bn’ Un]w

at arun r, the semantics has us construct Gen(B, r), where B := {(By, vi) }Z:r
We then call ¢ true at the run r if and only if we have either that |Gen(B, )| <
n+ 1 or else that |Gen(B,r)| = n+ 1 and ¥ is true at Gen(B, ). In this way,

we see that formulas of the form
[Bla Ul] [827 UZ] [B37 U3] Tt [BTw Un]w

allow us to reason about the possible runs that can be generated from r.
In modeling situations where communication must happen according to a
certain prescribed protocol, we must restrict the finite nonempty sequences

{(Bk, vk)}::1 of pointed BMS frames for A that may be used in generating a
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run so as to agree with the protocol. This is the purpose of the next definition.

Definition 2.49 ([67, 66]). Let A be an agent set and £ be a language. A
BMS protocol (for A in language £) is a set B of finite nonempty sequences
of pointed BMS frames for A in language £ such that B is prefiz-closed: if
B € P and the nonempty sequence B’ of pointed BMS frames for A is a prefix

of the sequence B, then B’ € L.

By choosing a particular BMS protocol, we can specify just those sequences

of pointed BMS frames that may be used in generating a run.

Definition 2.50 ([67, 66]). Let A be an agent set, let 8 be a BMS protocol

for A, and let r be a run for A.

e The tree generated from r by (the) BMS protocol B, written Tree(P, r),
is defined by
Tree(P,r) := {Gen(B,r) : B € P} .

e To say that a set S of runs for A is generated (by a BMS protocol) means
that there is a BMS protocol P’ for A and a run 7’ for A such that
S = Tree(P', ).

In viewing the language BMSé in terms of its ability to describe possible
generated runs, there are various temporal modalities that we might like to
add to our language in order to increase the ability of the language to express
properties of generated runs. Let us briefly survey the work that has been

done along these lines.
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Past-Looking Temporal Modalities

Often our interest is not so much in the runs that may be generated from the
current run but instead on the prefixes of this current run, which are just those
runs we encountered in the past as the system evolved toward the current run.

So if we suppose that the system is in state (M,,I',,) after the generated run

(M07 F0>7 (Mla Fl)a (M27 PQ)J ) (MTH Fn) )

then we are interested in the predecessors of this run, which consist of those
runs

(M07F0)7 (M17F1)7 (M27F2)7 ey (MJ7F]>

with j € N satisfying j < n. In particular, if for the current run r we have that
|r| > 1, then we are interested in the yesterday of r, which is the nonempty
prefix r) of H [57]. We will call a modal Y a yesterday modal when the
semantic condition for truth of a formula Yy at a run r satisfying |r| > 1
involves evaluating the truth of ¢ at the yesterday ™) of 7.

Yap [78] and Sack [56, 57] each consider adding yesterday modals to frag-
ments of BMSé. In particular, they consider two kinds of languages, each of

which is defined in terms of a fixed finite frame (U, S) and an agent set A.

e YBMSA(U, S): BMS Logic with yesterday for (U, S) and A.

The formulas of this language are formed using the rules of formula

formation for ML in addition to the following rules.

— If ¢ is a formula, then so is Y.
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— If we have that (B, w) is a pointed BMS frame based on (U, S), that
B(v) is a formula for each v € B, and that ¢ is a formula, then

[B, w]ep is also a formula.

e ynBMSZA(U, S): BMS Logic with yesterday and nominals for (U, S) and
A.

The formulas of this language are formed using the rules of formula

formation for MLZ in addition to the following rules.

— If w € U, then w is a formula.
— If ¢ is a formula and w € U, then Y,y is a formula.

— If we have that (B, w) is a pointed BMS frame based on (U, S), that
B(v) is a formula for each v € B, and that ¢ is a formula, then

[B, w]y is also a formula.

For a finite frame (U, S), let £ € {yBMSé(U, S),ynBMSE(U, S)}. Define
the BMS protocol B as the set of all finite nonempty sequences {(Bk, Uk)}Z:o
of pointed BMS frames for A such that each (By,v;) is both in £ and also

based on (U, S). We then interpret £-formulas at runs coming from the set
U Tree(iB, (M, F)) ,
(M.I)

which is just the set of all runs r that are generated both by the length-one run
consisting of a pointed Kripke model (M,T") for A and by the BMS protocol

PB. Truth of an L-formula ¢ at a run r € U(MD Tree(’B, (M, F)) is given by
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extending the induction on formula construction in Definition 2.11 to include

the following cases.

e 7 = Y means that either we have |r| = 1 or else we have both |r| > 1

and rV) = .
e 7 = w means that |r| > 1 and m(r) = (I, w).

e r =Y, means that either we have |r| = 1 or else we have that |r| > 1,

that 7, (r) = (IV,w), and that r() = .

Another yesterday modal that is not considered in detail in the work of
Yap or of Sack is the iterated yesterday modal Y*, whose interpretation is
obtained by adding the following case to the inductive definition of truth of a
formula at a run r € Tree(P, (M,1)).

e 7 = Y*p means that for each non-negative integer j € N with j < |r|,

we have that r9) |= .

Since each run is finite, it seems likely that the validities of the language of
BMS Logic with the iterated yesterday modal Y* are finitely axiomatizable,
though this remains an open question.

The interested reader is advised to consult [56, 57, 78] for detailed accounts

of the yesterday modals Y and Y,, in BMS Logic.

Future-Looking Temporal Modalities

Yesterday modals let us evaluate what was true at the prefix of our current

run r. By identifying prefixes of r with past states of our distributed system,
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yesterday modals let us ask what was true of the system in the past. Following
analogy, for us to evaluate what is true of the system in the future, we may
introduce modals that evaluate what is true at runs that extend the current run
r. In particular, we are interested in those runs 7’ that are a tomorrow of r, by
which we mean that r’ satisfies the equality " = r[B, w] (see Definition 2.47)
for some pointed BMS frame (B,w). We will call a modal F' a tomorrow
modal when the semantic condition for truth of a formula F¢ at a run r
involves evaluating the truth of ¢ at at least one of the tomorrows of r.

The language BMSé already has many tomorrow modals: for each pointed
BMS frame (B,w) with r = B(w), the modal [B,w] is a tomorrow modal
whose truth condition involves exactly one tomorrow of 7, the tomorrow r[B, w].
But we may be interested in other tomorrow modals with more flexible tem-
poral structure. We list two interesting tomorrow modals F' by describing the
inductive condition for the truth of a formula F¢ at a run r for the agent
set A. Terminology: to add a modal K to a language £ means to obtain the
extension of £ given by adding the rule of formula formation that produces a

formula K¢ from each formula .

e The iterated tomorrow modal B, w]*.

Definition. r = [B,w]*¢ means that r = [B,w|"y for each n € N,
where the formula [B, w]"p is defined by the following induction.

. % ifn=0,
[B,w]"¢ =

[B,w][B,w]" ¢ if n > 0.
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The first work on iterated tomorrow modals is [46]. Let the language
£ be the extension of ML? obtained by adding the iterated tomorrow
modal [Pubé, 0]* (see Definition 2.14) for each formula ¢ € £, and let
£c be the analogous extension of ML, Tt is shown in [46] that the

satisfiability problem for each of £ and £¢ is ¥}-complete.

Whether languages with other interesting iterated tomorrow modals are
finitely axiomatizable is open, though the work in [46] suggests that the

answer for many iterated tomorrow modals ought to be negative.

The branching tomorrow modal Fy for a BMS protocol B.
Definition. r |= Fipp means that ' = ¢ for each r’ € Tree(*B, ).

The work [13] studies the following notion of arbitrary public communica-
tion. Let P be the BMS protocol consisting of all length-one runs made
up of a pointed BMS frame (Pub;‘, 0) for some ¢ € BMSZ. Then Fypp
says that ¢ is true after each possible public communication, which we
may take to be the meaning of the statement “y is true after an arbitrary
public communication.” Defining the language of arbitrary public com-
munication (for A), written aPUB#, as the extension of ML obtained
by adding the branching tomorrow modal Fi and the tomorrow modal
[Pub‘;‘, 0] for each ¢ € aPUB, it is shown in [13] that the validities of

aPUB? are finitely axiomatizable.

It is open whether the branching tomorrow modal for other interesting

BMS protocols is finitely axiomatizable.
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Connections with Epistemic Temporal Logic

We have discussed a temporal view of runs: if 7 is the current run, then a prefix
of r represents a past state of the system and an extension of r represents a
possible future state of the system. In the language BMSé of BMS Logic, a
future run is generated from a given run r by a specific sequence {(Bk, vk)}zzl
of pointed BMS frames. We can think of the k-th step in this generation as
the occurrence of the communication event described by (By, vx), which is an

event whose occurrence takes us from the run
7”[31, 01][32, Uz][B:a, Ua] ce [kaly kal]

to the run

T’[Bl, ’Ul][BQ, ’Ug][Bg, ’Ug] s [Bk‘—la Uk—l][Bk:a Uk] .

To understand what it means for the event described by (B, vx) to occur,
we follow Parikh and Ramanujam: identify the meaning of an event with the
possible occurrences of that event [49, 50]. Thus if we let a nonempty prefix-
closed set ‘H of generated runs represent the space of possible runs for a given
distributed system, then we define the meaning in 'H of the event described by

(By, vy), written Semy (B, vg), by setting
Semy( By, vg) := {(rl,rg) EHXH:ry= rl[Bk,vk]} )

As we can identify a run with a timeline that provides a discrete, moment-

by-moment description of our distributed system—a system whose running
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constraints are given by H—the meaning in H of the event e described by
(By, vy) is just the changes in the system that are brought about by an occur-
rence of the event e.

This line of thinking leads to a more general definition: if H is a nonempty
prefix-closed set of runs, then a semantic event (in H) is a binary relation on
H [49, 50]. From this perspective, the semantic events described by pointed
BMS frames make up only a subset of the set of all semantic events. The
language BMSé of BMS Logic is thus the logic of BMS events, which are just
the semantic events that can be described by a pointed BMS frame. But there
are other languages that more directly address the notion of (semantic) event,
and so it is fruitful to look at connections between BMSZ and these event-based
languages.

One event-based language that has been studied in this vein is the language
of epistemic temporal logic [12, 66, 67]. Defining this language begins by

specifying a set of names for semantic events.

Definition 2.51. An event set is a nonempty, at-most—countable set. We

refer to the members of an event set as events.

With an event set and agent set in hand, we follow [66, 67] and define the

basic languages of epistemic temporal logic as follows.
Definition 2.52. Let A be an agent set and X be an event set.

e The language of epistemic temporal logic (for A with events ¥.), written

ETL4(X), is the extension of ML* obtained by adding the following rule
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of formula formation: if ¢ is a formula and e € X is an event, then N.¢

is also a formula.

e The language of epistemic temporal logic (for A with events ¥.) with com-
mon knowledge, written ETLA(X), is the extension of ETL?(X) obtained
by adding the following rule of formula formation: if ¢ is a formula and

G C A, then Cgp is also a formula.

We base our semantics for the language of epistemic temporal logic on the

work of Parikh and Ramanujam [49, 50].

Definition 2.53 (Adapted from [49, 50]). Let A be an agent set and X be
an event set. A history model (for A with events ¥) is a pair (H, E) whose

components are as follows.

e H is a nonempty prefix-closed set of runs for A.®> The members of H are

called histories.

o £ : ¥ — 2% ig a function mapping each event e € X to a binary
relation E(e) on H. (This function maps each event e € 3 to a semantic

event F(e) in H.)

A pointed history model (for A and ) is a tuple (H, E,r) consisting of a
history model (H, E) for A with events ¥ and a history » € H. Each for-
mula ¢ € ETLA(X) is interpreted at a pointed history model (M, E,r) for A

according to the following induction on formula construction.

8To say that a set H of runs for A is prefiz-closed means that for each run r € H, if /
is a run for A such that the (nonempty) sequence r’ is a prefix of r, then ' € H. Note
in particular that a prefix-closed set H of runs does not contain the empty sequence. This
makes sense: while the empty sequence is a sequence of pointed Kripke models for A, the
empty sequence is not itself a run because it is not nonempty.
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H, E,r = pr. means that r = py (see Definition 2.47).

H,E,r}~Land H,E,r = T.

H, E,r = @1 D ¢y means that H, E,r [~ o or H, E,r = ¢s.

H,E,h = K;p means that H, E,7" = ¢ for each ' € H satisfying

r—; .

H,E,r | Cgp means that H, E,r" = ¢ for each ' € H satisfying

r—ar.

H,E,r | N.p means that H, E,7" = ¢ for each ' € H satisfying
rE(e)r'.

To connect ETLS with BMS$, we only need observe that a run r for A
may itself be viewed as a history model for A: given a BMS protocol B, the
tree Tree(P, r) generated from r is a nonempty prefix-closed set of runs for A.
Taking the event set X to be the set of all pointed BMS frames for A, we may

then define E as the function that maps a BMS frame for A to its semantics.

Definition 2.54. Let A be an agent set, let 8 be a BMS protocol for A,
let 7 be a run for A, and let X be the set of all pointed BMS frames for A.
The pointed history model (for A) generated from (B, r), written His(3, r), is
defined by

His(B, r) := (Tree(P,r), E,7) ,

where the function E : ¥ — 2Te($1)* ig defined by setting

E(B,w) := {(r1,12) € Tree(P,r)* : ro = r1[B,w]}
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for each (B,w) € ¥. Observe that E(B,w) = Semyee(p,r) (B, w).

Truth of an ETLS(X)-formula in a pointed history model (H, E,7) depends
highly on the structure of the set H. As an example: H need not be closed
under all possible BMS events, by which we mean that if » € H is a run for
A and (B, w) is a pointed BMS frame for A such that r = B(w), then it need
not be the case that r[B,w] € H. It is as a result of this example that we
define a notion of truth for BMS:-formulas that is relative to a given BMS

protocol for A.

Definition 2.55. Let A be an agent set and let 8 be a BMS protocol for A.
For each formula ¢ € BMS2, the notion of ¢ being true relative to P at a run r
for A, written r =g ¢, is defined by the following induction on BMS{-formula

construction.

e If ¢ is not of the form [B, w]p, then the inductive case for ¢ is obtained
from the appropriate inductive case in Definition 2.47 by replacing each

7

occurrence of the turnstile “=" by the turnstile “=q

e r =q [B, w]p means that either r feg B(w) or else r = B(w), r[B,w] €

B, and r[B, w] =g ¢.

If 7 is a set of runs for A, then to say that a formula ¢ € BMSél is valid for
T relative to B, written Z |=g ¢, means that ' =g ¢ for each ' € Z. To say
that a formula ¢ € BMSfC1 is wvalid relative to P, written |=g ¢, means that ¢

is valid for the set of all runs for A relative to ‘.

Having a notion of protocol-relative truth for BMSé allows for a straight-

forward connection between the languages ETLS and BMSZ.
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v := p, for each atom p
(D) = " Dy"

(Kip)" = Kip"

(Cop)* = Cge"

(B,v]e)" == Npuy

Figure 2.9. A function u : BMSS — ETLA(X)

Theorem 2.56 ([12, 67, 66]). Let A be an agent set, let 8 be a BMS protocol
for A, and let ¥ be the set of all pointed BMS frames for A. Define the function
u : BMSE — ETLA(X) according to the induction in Figure 2.9. Then for each

formula ¢ € BMSé and each run r for A, we have r =g ¢ if and only if
His(B, 7) = ¢".

Theorem 2.56 essentially says that ETLé is at least as expressive as BMSé,

though we need to massage some of the details in order to make this precise.

Corollary 2.57 ([12, 67, 66]). Let A be an agent set, let ¥ be the set of all
pointed BMS frames for A, and let 3 be the set of all finite nonempty sequences
of pointed BMS frames for A. For each r € 8 and formula x € ETLA(X), we
let 7 = x abbreviate His(3,7) = x, thereby providing us with a common
semantics for BMSg-formulas and ETLS(X)-formulas. Then it follows from
Theorem 2.56 that we have BMSZ <7 ETLA(X) for each set Z of generated

runs for A.

The most comprehensive works studying connections between BMSé and
ETLA(Y) are [66, 67]. In the former work, the authors introduce a notion

of frame correspondence that connects the languages BMSé and ETLé(E) by




94

identifying structural properties of BMS protocols with validities of ETLé(E).
This points to the possibility of using epistemic temporal logic as the primary
tool for a more general study of the relationship between BMS protocols and
their generated trees.

In addition, the work [66] opens up a new study of axiomatization for

relative validity by proving the following theorem.

Theorem 2.58 ([66]). Let A be an agent set, let ¥ be the set of all pointed
BMS frames of the form (Pubf;, 0) for some ¢ € BMSE, and let S be the set
of all BMS protocols B for A such that each B € P is a finite nonempty

sequence over Y. Then the set

{o €BMSS: (VB eS)(Epe)}

of BMSZ-validities relative to all BMS protocols for public communication is

finitely axiomatizable.

An interesting next-step along the lines of Theorem 2.58 is to identify
other interesting sets S of BMS protocols (example: BMS protocols for private
communication) and axiomatize the BMS:-validities relative to all of those
BMS protocols in S.

Carrying out the work in this section for other natural temporal extensions
of ETLA(X) (both past-looking and future-looking) and for the corresponding
extensions of BMSé would likely be a fruitful area of further research. Sug-

gested extensions may be found in [66].
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2.6 Issues of Doxastic Change

An update (for a language £) is a partial function p that maps an interpre-
tation I for £-formulas to another interpretation p(I) for £-formulas. In the
language BMSZ of BMS Logic, a pointed BMS frame (B, w) induces an update
[4(B,w) that maps a pointed Kripke model (M, I") satisfying M,I" = B(w) to
the pointed Kripke model pypwy(M,T) := (M[B],(I',w)). It is in this sense
that the language BMSé of BMS Logic is the logic of the BMS updates, the

updates induced by pointed BMS frames.

2.6.1 Swuccessful Updates

BMS updates do not affect the basic facts of the situation we are modeling: a
propositional letter py is true at a situation (M, I") if and only if py is true at
the updated situation ji(p .\ (M,I'). But a BMS update can change the beliefs
and knowledge of the agents in our fixed agent set A. As an example, if we
have that M, = py A (/\ieA - ipg) (“po is true but no one knows it”), then
we have that M(Pub;‘O,O)(M ,I') = Capo (“the public communication that py is
true makes it common knowledge that py is true”). In this example, while the
update H(Pubf 0) did not affect the truth of the propositional letter pg, this
update did affect the agents’ knowledge of the truth of py.

Thus while the truth of purely Boolean formulas in BI\/ISé does not change
as a result of a BMS update, BMSé—formulas containing a modal K; sometimes
do. A number of authors have looked into the question the formulas that, when

true, remain true after certain BMS updates [2, 13, 33, 34, 63, 64, 72]. Most of
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this work has focused on the successful BMS{-formulas, which are the BMS{-

formulas that, when true, remain true after they are communicated publicly.

Definition 2.59 ([33, 72]). Let A be an agent set and ¢ € BMSZ be a formula.

To say that ¢ is successful means that [p]p is valid.

For the language ML? of modal logic without common knowledge, there is

a syntactic characterization for the set of successful ML”-formulas.

Theorem 2.60 ([2, 64]). Let A be an agent set. Define the fragment £ of

ML* as the formulas ¢ given by the following grammar.

o = pr | okl e1 N2 | 1 Vs | Kip

keN, icA

Then a formula ¢ € ML? is successful if and only if there is a 1) € £ such that
v =0

But for extensions of ML#, and in particular for the extensions MLé and
PUBé7 the best results up to now identify certain successful fragments but
do not prove that these fragments contain all of the successful formulas in
the language. So these results set out sufficient conditions for a formula in a
particular language to be successful, but these results do not set out necessary

conditions for a formula in the language to be successful.

Theorem 2.61 ([33]). Let A be an agent set. Define the fragment £ of
PUB* as the formulas ¢ € PUB* such that each subformula K;1 of ¢ appears
positively in ¢. Then for each formula ¢ € PUB? such that there is a 1) € £

with =1 = ¢, we have that ¢ is successful.
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Theorem 2.62 ([72]). Let A be an agent set. Define the fragment £ of PUBZ

as the formulas ¢ € PUBé given by the following grammar.

o = ok er Ao o1V | Kip | Cap | [me1]es

keN i€ A, GCA

Then for each formula ¢ € PUBZ such that there is a ¢ € £ with =1 = ¢,

we have that ¢ is successful.

Theorem 2.63 ([13]). Let A be an agent set and let aPUB* be the language of
arbitrary public announcements for A (defined in §2.5.3). Define the fragment

£ of aPUB# by the following grammar.

o = k| ok | et A2 | o1 Vs | Ko | [me1]es | Fep

keN,icA

Then for each formula ¢ € aPUB# such that there is a 1) € £ with =1 = ¢,

we have that ¢ is successful.

Providing a syntactic characterization of the successful PUBé—formulas has
been an open problem for some time. And the more general question—which
formulas that, when true, remain true under other BMS updates—has not yet
been addressed at all. For the more general question, a generalized definition
of successful formula for a BMS update needs to be worked out. The latter
definition needs to take into account the fact that a pointed BMS frame B =
(U,S,1) with |U| > 1 has labelings on its underlying frame (U, S) that vary

at more than one world, requiring the notion of successful formula for BMS
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update given by [B, w] to take into account each of the |U| parameters. But for

A

»— - the definition is straightforward:

some special BMS frames, such as Pri
to say that ¢ € BMSé is successful for private communication to G means

that [o— G|y is valid. Nonetheless, these issues have yet to be investigated.

2.6.2 Epistemic Puzzles

PUBé7 the first language of Dynamic Epistemic Logic, was introduced in [51]
to reason about knowledge change. It was shown by example in this work how
we can properly reason about epistemic puzzles having the following form:
some true statement ¢ is communicated publicly a number of times, after
which the statement ¢ becomes false. What is “puzzling” about these puzzles
is fact that announcing a true statement can make that very statement false.
Put another way, we are to be puzzled that there are unsuccessful formulas
(defined as those formulas that are not successful).

There are a number of well-known epistemic puzzles, each of which gener-
ally goes by a number of names (of varying political correctness). Since this
author is too pained to retell these often-told puzzles, he will simply name a
few along with some canonical (but not necessarily original) sources for further
reading: the Muddy Children Puzzle [33, 51, 72], the Sum-and-Product Puzzle
[51, 73], the Surprise Examination Paradox [34, 72|, and card game puzzles
(69, 70, 76].
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2.6.3 The Fitch and Moore Paradoxes

Fitch’s Paradox of Knowability [23] concerns the derivability of contradiction
in epistemic logic if we accept the verificationist principle, which we express

modally as the verificationist scheme

Here the modal < is a future-looking temporal modal that represents the pas-
sage of time—during which we presumably learn more than we already know—
leading us to read the verificationist scheme as “any truth will eventually be
known.”

If we assume that there is some unknown truth, then a contradiction can
be derived from the verificationist scheme in the fusion logic T x K consisting of
the (epistemic) modal logic T for the modal K; and the (minimal) modal logic
K for the modal O := -<0—. To derive the contradiction, assume py A =K ;pg
(“po is an unknown truth”), substitute py A = K;p, for each occurrence of ¢ in
the verificationist scheme, and then reason in T x K [23, 63].

The assumption py A —K;pg in this derivation is known as Moore’s Paradox
(or Problem): the sentence py A =K;pg is a sentence that can be true but
cannot be known (by agent i) because i’s knowing the first conjunct py makes
the second conjunct —K;p, false [59, 63].% Since public communication can

be seen as a kind of learning (in that it eliminates from consideration some

9The original formulation of Moore’s Problem concerns belief (“p but I don’t believe
it”), though many authors—including van Benthem [63] and Hintikka [39]—consider the
knowledge version (“p but I don’t know it”).
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possible worlds, decreasing the agents’ uncertainty as to which is the actual
world), we would expect that this Moore sentence cannot be learned through
public communication. And this is indeed correct: if pg A = K;pg is true at the
pointed Kripke model (M,T"), then the public communication of this formula

makes the formula false at the resulting pointed Kripke model:

M.,T = [po N ~Kipo]—=(po A ~Kipo) -

So we see that pg A = K;pg is an unsuccessful BMSé—formula.

Researchers have recently began to study the reasoning in the Fitch and
Moore Paradoxes using tools from Dynamic Epistemic Logic [13, 63]. In par-
ticular, the language aPUB“ of arbitrary public announcements (defined in
§2.5.3) from [13] has been used to introduce two notions of truth-preservation

that ought to be useful in reasoning about the Fitch Paradox.

Definition 2.64. Let A be an agent set and let ¢ € aPUB# be a formula (see

§2.5.3 for the definition of aPUBA).
e To say that ¢ is preserved means that = ¢ O Fyp.
e To say that ¢ is knowable means that |= ¢ D —~Fyg—Eap.

So ¢ is preserved exactly when its truth is preserved under all possible
public communications of a formula in PUB?, and ¢ is knowable exactly when
the truth of ¢ implies that the public communication of a formula in PUB*
makes it so that everyone knows ¢. The following theorem concerns the known

relationships between preserved, successful, and knowable formulas.
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Theorem 2.65 ([13]). Let A be an agent set and let ¢ € aPUB# be a formula.

Recall that ¢ is successful if and only if = [p]p.

e For each formula ¢ such that there is a formula ¢ in the language £ of

Theorem 2.63 with = ¢ = 1, we have that ¢ is preserved.
o If v is preserved, then ¢ is successful.
o If ¢ is successful, then ¢ is knowable.

Providing an exact syntactic characterization for each of the preserved and
knowable formulas is an open problem. Solving the latter might shed some
light on the structure of what is knowable, perhaps providing a revised veri-
ficationist principle that has the essential spirit of the original verificationist

principle without the pathology of the Moore sentence.

2.7 Other Work

Broadly construed, Dynamic Epistemic Logic is the study of how to reason
about model change. Most of this survey has focused on the changes to Kripke
models and runs of Kripke models that arise from BMS updates. There is,
however, no reason to restrict attention BMS updates on these models. Ac-
cordingly, much recent activity in Dynamic Epistemic Logic research has fo-
cused on other types of model change. We will briefly mention a few these,

directing the reader elsewhere for further reading.
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2.7.1 Valuation Changes

BMS updates do not affect the truth of basic facts; that is, for each pointed
Kripke model (M,T") for a fixed agent set A, each pointed BMS frame (B, w)
for A such that (B,w) is executable at (M,I"), and each formula ¢ € PL
in the language of propositional logic, we have that M,T" = ¢ if and only if
MIBJ, (I',w) = ¢. But sometimes we want to model changes of fact. A number
of authors have proposed extended languages for reasoning about BMS updates
or other updates with valuation changes, and many of these authors consider
other kinds of change as well. We invite the reader to consult [15, 25, 43, 68]

and the references therein.

2.7.2 Belief Revision

Belief Revision is the study of how to consistently incorporate new beliefs, even
if these new beliefs contradict old beliefs [1, 31]. The popular AGM approach to
belief revision [1, 31] proposes a number of postulates to be satisfied by theories
modeling changes in the propositional beliefs of a single agent. Recent work in
Dynamic Epistemic Logic has labored to extend this approach to multi-agent
systems having higher-order beliefs, all in a language compatible with other
work in Dynamic Epistemic Logic. The interested reader is invited to consult

[19, 20, 60, 62, 71, 74] and the references therein for information on this work.
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2.7.3 Updates and Probabilistic Reasoning

Logics for reasoning about static knowledge and probability have been around
for some time [26, 37]. Some research in Dynamic Epistemic Logic has looked
at dynamic knowledge with probabilities, where we can have not only change
in knowledge or belief but also in agents’ probability measures. Some of this
work has been applied to (probabilistic) belief revision, while some of it has
focused purely on dynamic probabilistic reasoning. For information on this
work, the reader is invited to consult [11, 19, 20, 41, 42, 65] and the references

therein.
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Chapter 3

Justification Logic

Let us recall the Hintikka-Kripke notion of belief: agent ¢ believes p exactly
when p is true in all those states of affairs that look the same to ¢ as the actual
state of affairs [39, 44]. Then to say that agent i’s belief of p is true (as in
correct) means that p is in fact true in the actual state of affairs. Knowledge
is then identified with true belief: to say that agent ¢ knows p means that ¢
has the true belief that p.

If a formal language can express this notion of true belief, then that lan-
guage can be used to reason about Hintikka-Kripke knowledge. We have al-
ready seen that the language ML? as interpreted in reflexive Kripke models
for A is an example of such a language: for an agent i € A, the formula K;p
says that agent ¢ has the true belief of ¢ (Definition 1.13).

Since Kripke’s semantics for modal logic gives us a formal meaning for true
belief, we are quite close to a formalization of the well-known definition of

knowledge commonly attributed to Plato: knowledge is justified true belief.!

'In attributing this definition to Plato, many authors cite the Theaetetus and the Meno
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But while the Kripke semantics for modal logic allows us to formalize the last
two components of this three-part definition, it falls short when we wish to
formalize the first component, justification. Let us see why.

Consider a formula of the form K;p D K;1. This formula is a statement
of conditional knowledge that says agent i’s knowledge of v follows from his
knowledge of ¢. But notice that while such a formula describes a connection
between i’s knowledge of one thing and i’s knowledge of another, the formula
fails to provide a reason as to why this connection holds, something we cer-
tainly want of our language if we are to say that the language incorporates a
notion of justification. It is thus more accurate for us to read the formula K;¢
as “(agent) ¢ knows ¢ for some reason” because this formula merely asserts
the existence of knowledge—it does not say why agent ¢ has this knowledge.

Justification Logic has recently been suggested as a means of remedying
this shortcoming [3, 4, 5, 6, 8, 9, 10, 28]. The basic language of Justification
Logic extends the language PL of propositional logic by introducing formula-
labeling terms, allowing us to take a term ¢ and a formula ¢ and form the new
formula t:p. Terms can be nested, so in the formula ¢: ¢, the formula ¢ may
itself contain terms. But the most important feature of terms is the fact that
they have a certain derivation-compatible structure: for each derivation D of a
theorem ¢ (in various later-defined systems), we can construct a term ¢ whose
structure mimics that of D in such a way that ¢: ¢ is also a theorem. This allows
us to think of the term ¢ as a particular reason that explains why it is that

@ is true. Justification Logic thus has a built-in notion of justification that,

(see, for example, [36]). But whether these texts do in fact propose this definition of (propo-
sitional) knowledge is a point of some debate [35, 40].
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when combined with Fitting’s Kripke-style semantics [5, 29], again allows us
to capture the Hintikka-Kripke notion of true belief. Accordingly, we may read
the formula t:p as “p is known for reason ¢.” We then have a formalization of
true belief in a logic with in-language justification, thereby capturing all three
components of the three-part definition of knowledge as justified true belief.

We begin this chapter with an investigation of languages that have not
only the notion of justification afforded by formulas of the form ¢:¢ but also
a weaker notion that we will write using new formulas of the form t > ¢.
The latter formulas concern the admissibility of evidence: to have t > ¢ true
means that the evidence represented by the term ¢ is admissible (as evidence)
for ¢. Saying that ¢ is admissible (as evidence) for ¢ means that t is does not
necessarily validate the truth of ¢ but we may nonetheless take ¢ into account
when considering the truth of . Contrast this with the formula t:p, which
says that ¢ is not only admissible for ¢ but ¢ also validates the truth of ¢. We
will also add modal formulas of the form O, which we read as saying that ¢
holds despite possible variations in evidence admissibility.

We thus follow Fitting [29] by taking the view that there are various possi-
ble states of affairs—which are just the worlds of an augmented Kripke model
we define shortly—and each world has not only its own valuation but also an
assignment specifying evidence admissibility. So as we move from world to
world in our to-be-defined Fitting models, the admissibility of evidence may
change. That is, truth of formulas of the form ¢t > ¢ may change. Using
modal formulas of the form O, we can express when something holds despite

the possible variations in evidence admissibility. We will then define the truth
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of formulas t: ¢ by the equivalence

to=({t>¢)A0p ,

which says that (the evidence) t validates the truth of ¢ if and only if ¢ is
admissible for ¢ and ¢ is true despite all possible variations in evidence ad-
missibility.

Our first task will be to define the basic systems of evidence along the lines
we have described above. Each of these systems postulates its own principles
that are to be satisfied by validation (t:¢), admissibility (£ > ¢), and necessity
(Op). Choosing a particular system amounts to choosing a particular theory
of evidence whose principles are governed by that system. As an example, we

may or may not accept the principle

tip Do,

which says that ¢ is true whenever a piece of evidence ¢ validates the truth
of p. If we reject this principle, then we are interested in systems of faulty
evidence, in that we may “validate” a false assertion. But if we accept this
principle, then we are interested in systems of veridical evidence: if we validate

an assertion, then that assertion must be true.?

2Systems of veridical evidence are perhaps quite appealing when it comes to mathematical
reasoning. But systems of faulty evidence are much more prevalent in everyday life; in fact,
a braver soul might even go so far as to assert (outside of a footnote) that all of the systems
of evidence we (humans) actually use are ultimately faulty, meaning they do not satisfy the
principle t:¢ D . It is in the spirit of this braver soul that one might call for a new account
of the logical foundations of epistemology that posits systems of faulty evidence as the basis
for all epistemic and doxastic notions.
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Notice that the view of evidence thus far is essentially static: while there
may be various possibilities for the admissibility of evidence, the structure and
extent of these possibilities is fixed once and for all. In keeping with the spirit
of the first chapter of this work, we will develop systems of dynamic evidence.
But we will do this in two-phase process.

In the first phase, we extend our basic systems of evidence by introducing
nominals into the language. A nominal is a special term that we associate with
a particular formula by postulating that the nominal is always admissible for
its associated formula. So in the forthcoming nominaled theories of evidence,
while evidence admissibility may vary as we move from world to world, we
require that a nominal is always admissible for its associated formula. We
require the nominaled languages to have a nominal for each formula (so the
language names a term for each formula and is hence a nominaled language).?
This guarantees that each formula ¢ has a term ¢, such that ¢, is admissible for
p; that is, t, > ¢ is always true. To simplify the notation (though perhaps
at the mild expense of potential confusion), we will simply admit formulas
as terms in the nominaled languages. Thus to refer to a formula ¢ as “the
nominal ¢” means that we are referring to a use of ¢ in the context of a term.
This then allows us to write formulas such as ¢ > ¢, which asserts that the
nominal ¢ is admissible for . All of this will be made precise later.

In second phase in our development of systems for dynamic evidence, we
will use the nominaled theories as the foundation for a notion of evidence

introduction. So to make sense of an evidence introduction assertion [t >, 1,

3Though this basic idea is not itself nominal, as those familiar with hybrid logic will
attest. (See, for example, the section on hybrid logic in [21].)
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which says that ¢ is true after we introduce ¢ as admissible for (, we will alter ¢
by substituting t+¢ for each occurrence of the term ¢ in 1. In general, the term
u + v evidences all those things evidenced by u or by v, and since the nominal
© necessarily evidences the formula ¢, the aforementioned substitution in
produces a new formula v’ where all of our evidence statements about ¢ are
now evidence statements about t + ¢, something which evidences those things
evidenced by ¢ and those things evidenced by ¢ (including ¢ itself). So to
check whether [t >, ¢]v is true, we simply check whether ¢ is true according
to the notion of truth for the underlying nominaled theory. In this way we gain
an essentially dynamic notion of evidence, where evidence grows monotonically
over time.

At the end of the chapter, we will look at how we can add knowledge for a
finite number of agents for each of our systems of evidence (basic, nominaled,
and dynamic). Given an agent set A, we will extend each of the various
languages by adding formulas K;¢ for each agent ¢ € A. Following the lead of

others [3, 5, 8, 9], we will then postulate for each i € A the connection

between evidence necessity and agent knowledge. This connection requires
agents to have knowledge about facts that are true no matter the possible
variations in evidence admissibility. Thus evidence comes from a single, trust-

worthy source common to every agent.*

4Yavorskaya considers systems that separate the evidence held by each of two agents into
two different sources [79]. Developing such systems of individualized dynamic evidence is
something we leave for future work.



110

So let us begin our work by presenting the basic systems of evidence.

3.1 Basic Systems of Evidence

In this section, we examine the systems of evidence that are basic to this
dissertation. These systems all derive from Artemov’s work on the Logic of
Proofs (LP), which was created in part to solve Godel’s long-standing question
concerning a provability semantics for the modal logic S4 [10]. With Fitting’s
discovery of a Kripke-style semantics for LP and the modal extensions of this
semantics due to Artemov and Nogina [8, 9], a new area of Justification Logic
arose. This area, whose focus is on epistemic matters, has seen much recent
activity [3, 4, 5, 6, 7, 30, 79]. What follows comes out of the latter line of
work.

We begin by introducing the syntax of our basic language for reasoning

about evidence.

3.1.1 Syntax

We first introduce the terms, which are syntactic objects that represent ab-

stract pieces of evidence.

Definition 3.1. The terms (of Justification Logic) are built by the following

grammar.
t = a:k]ck|t1-t2]t1+t2]!tl?tlmt
keN

The terms zj, are called variables and the terms ¢, are called constants. For
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each n € N, if t is a term, then we define the term !"t by the following induction.

t if n =0,
"t .=

1(1"14) i n > 0.

We will the notation !"t later in formulating various axiomatic and model-

theoretic principles.

As we will see shortly, the structure of a term suggests the kind of reasoning
represented by that term. As an example, the term ¢ + s acts as evidence for
everything that evidenced by ¢ or by s, so t + s is an explicit description of a
reason obtained by a monotonic combination of the reason ¢ and the reason s.

Given our definition for terms, we now introduce the following language of

Justification Logic.

Definition 3.2. The language of Justification Logic, written JL, is the exten-
sion of the language PL of propositional logic obtained by adding the following

rules of term and formula formation.

A term is anything produced by the grammar in Definition 3.1.

If t is a term and ¢ is a formula, then ¢:¢ is also a formula.

If t is a term and ¢ is a formula, then ¢ > ¢ is also a formula.

If ¢ is a formula, then Oy is also a formula.

It will sometimes be convenient to consider various fragments of the lan-

guage of Justification Logic.
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Definition 3.3. We define the following fragments of the language JL of Jus-

tification Logic.

e The bozless fragment is obtained by omitting the rule t — Ot of term

formation and the rule ¢ — O¢ of formula formation.

e The arrowless fragment is obtained by omitting the rule ¢ — ¢t > ¢ of

formula formation.

e The wvariable-free fragment is obtained by omitting for each £ € N the

rule ¢t — z; of term formation.

To apply a conjunction of the above adjectives to a formula or term means
that the formula or term in question is a member of the language fragment
given by that conjunction. Example: to say that a formula ¢ is variable-free
and arrowless means that ¢ is a formula in variable-free, arrowless fragment

of JL.

What follows is a list of informal readings for the formulas of Justification

Logic whose main connective is non-Boolean.
e [y is read, “p holds in all possible variations of evidence admissibility.”
e t> pisread, “t is admissible for ¢.”
e t:pis read, “t verifies .”

Our reading of the formula Op (“p holds in all possible variations of evidence
admissibility”) already suggests that the language of Justification Logic is used

for reasoning about how pieces of evidence (represented by terms) may or may



113

not be admissible for an assertion. The basic idea is that the evidence could
play out in a number of different ways—over here a piece of evidence t may be
admissible for ¢ while over there it is not—and thus correct reasoning amounts
to determining what can be inferred given these variations in admissibility.
Informally, we take the evidence admissibility assertion ¢ > ¢ to mean
that ¢ may be taken into account when considering the truth of ¢, though ¢
does not necessarily validate the truth of ¢. This is to be contrasted by the
assertion t: ¢, which says that ¢ is not only admissible for ¢ but ¢ also validates
the truth of . The assertion ¢:¢ is thus much stronger than the assertion

t > ¢, though we will connect their meanings by imposing the scheme

t:o=({t>¢) A0y .

Thus to say that ¢ validates ¢ means that t is admissible for ¢ and ¢ is true
despite all possible variations in evidence admissibility.

Note that we will sometimes allow for the possibility that the statement
t:p (“t validates ¢”) is true while the assertion ¢ is itself false. Admitting such
a possibility allows us to model situations where a faulty system of evidence is
nonetheless considered error-free. Such situations may arise in practice out of
error (for example, we mistakenly think the processor performs floating-point
arithmetic correctly to its maximum allowable precision) or out of pragmatic
concerns (for example, we want to require each instance of litigation to have an
eventual and decisive end, so we simply accept that the trial court process in

general and in-trial evidence adjudication in particular is an imperfect mech-
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anism for truth-finding, though the mechanism presumably provides sufficient
safeguards to ensure a reasonable degree of fairness and correctness). While
the particular reasons for the existence of faulty systems of evidence can be
quite interesting in and of themselves, such matters will be of no concern to
us here. Our task will be to develop theories of evidence that postulate a
relatively wide variety of evidentiary principles, leaving to others the task of
determining which system (if any) is best suited for a particular application

in question.

3.1.2 Fitting Semantics

Fitting’s semantics for Justification Logic [29] and its multi-modal extensions
[8, 9] provide a Kripke-style definition of truth for the formulas of JL. The
Fitting semantics is obtained from Kripke’s semantics by the addition of an
evidence function, which specifies the worlds at which a given term ¢ is admis-

sible for a given formula ¢.

Definition 3.4. Let F' = (W, R) be a frame for {0}, let £ be a (possibly
trivial) fragment or extension of the language JL, and let 7 be the set of terms
in £. An evidence function (on F in language £) is a function E : T x £ — 2W
that maps each term ¢ € 7 and each formula ¢ € £ to a possibly empty set
E(t, ) of worlds in F. The following is a list of schematic properties that may

be satisfied by an evidence function E on a frame F' = (W, R) for {O}.
o Application: E(t1, 1D ¢2) N E(t2, 1) € E(ty - £, p2).

o Sum: E(t1,¢) U E(ta,0) C E(t; + t2, ).
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o Checker: E(t,p) C E(It,t:9).
e Negative Checker: W\E(t, p) C E(7t,—(t:¢)).
e Box: E(t,p) C E(Ot,Op).
e Monotonicity: T' € E(t,¢) and I'RgA together imply that A € E(t, ¢).
e Non-Contradiction: E(t, L) = 0.

e Constant Specification (by a set) S (of formulas in £): for each n € N

and each ("cx:¢) € S, we have E(I"cy, ) = W.

A Fitting model is obtained from a Kripke model by the addition of an

evidence function on the underlying frame.

Definition 3.5. Let A be an agent set and let £ be a (possibly trivial) frag-
ment or extension of JL. A Fitting model (for A in language £) is a triple
(F, E,V) consisting of a frame F' for A, an evidence function £ on F in lan-
guage £, and a valuation V' on F. Terminology: if M = (F, E,V) is a Fitting

model, then

e we say that F'is the frame underlying M and that M is a Fitting model
based on I

e we say that (F,V) is the Kripke model underlying M and that M is a

Fitting model based on (F,V).

To say that T" is a world in the Fitting model M = (F, E, V), written I" € M,
means that I' € F'. A pointed Fitting model (for A) is a pair (M, ") consisting
of a Fitting model M for A and a world I € M; the point of (M,I") is I'.
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For a conjunction C' of adjectives describing properties of evidence func-
tions or properties of frames, the following definition says what it means to

apply C' to a Fitting model.

Definition 3.6. Let C' be a conjunction of adjectives describing properties
of evidence functions (such as those in Definition 3.4) and of binary relations
(such as those in Definition 1.2). Then to say that a Fitting model M =
(F,E,V) satisfies C, where F' = (W, R), means that the binary relations
given by R all satisfy each conjunct of C' that is a property of binary relations
and the evidence function F satisfies each conjunct of C' that is a property
of evidence functions. To say that a pointed Fitting model (M,T") satisfies C
means that M satisfies C'. Note on usage: we may deviate from the phrase
M satisfies C', perhaps writing something like M s a C' Fitting model, and
we hope that such deviations will not cause confusion to the reader. We may

have similar deviations in our usage with respect to pointed Fitting models.

We now define what it means for a formula of Justification Logic to be true
at a pointed Fitting model. This provides an interpretation for formulas in

the language of Justification Logic.

Definition 3.7 (Truth). Let M = ((W, R),V, E) be a Fitting model for {00}
and let I' € M be a world. For each formula ¢ € JL, we have that ¢ is
either true at (M,T"), written M,T" = ¢, or else false at (M,T'), written
M, T = ¢. Truth of a formula at a pointed Fitting model for {0} is defined

by the following induction on formula construction.

o M, T |= pr means that I' € V(pg).
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M,T =T and M,T }£ L.

Boolean connectives are handled in the mathematical meta-language; for

example: M, T |= 1 D @y means that M, T [~ ¢ or M, T |= ps.

M,T E Oy means that M, A = ¢ for each A € M with TRpA.

M,T |t > ¢ means that I' € E(t, p).

M, T = t:p means that we have each of the following:

— M, A | ¢ for each A € M with 'R5A, and
— e E(t,p).

We may find it convenient to conflate the tuples (W, R), E, V), (W, R,V), E),

and (W, R, E, V). With this said, our doing so ought not cause confusion.

Now that we have what it means for a JL-formula to be true at a pointed

Fitting model, we define various notions of formula validity.

Definition 3.8 (Validity). Let ¢ be a formula in the language of Justification
Logic, let M be a Fitting model for {0}, and let Z be a set of Fitting models

for {O0}.

e To say that ¢ is valid in M, written M = ¢, means that for each world
' e M, we have M,T" = .

e To say that ¢ is valid for Z, written Z |= ¢, means that for each M € Z,
we have M = ¢.
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e To say that ¢ is valid, written = ¢, means that ¢ is valid for the set of

all Fitting models for {O}.

Finally, we define a property of (pointed) Fitting models that will come up

later.

Definition 3.9 (Pacuit-Rubtsova Property). Let M = (F, E, V) be a Fitting
model for {O}. To say that M satisfies (the) Pacuit-Rubtsova (property)

means that for each term ¢ and each formula ¢, we have that I' € E(t, ¢)

implies M, = t:¢.

In what follows, the Pacuit-Rubtsova property will generally come up in

its converse form: M, I = —=(t:¢) implies I' ¢ E(t, ¢).

3.1.3 Hilbert Theories

We now define a number of theories for the language JL. But we first need a
small piece of notation that will facilitate our specification of various axiomatic

and model-theoretic properties.

Notation 3.10. Let S be a set of formulas in a (possibly trivial) fragment or
extension of JL. For each n € (NU{w}), we define the set S, by the following

induction.

So = {aiplkeNApeS}
Snp1 = {I"ep: (o) |k €NA (") € S, }
S 1= Uen S



119

Our notation allows us to specify a few rules of inference that will be used

in formulating our basic theories of evidence.

Definition 3.11 (Rules of Inference). Using Notation 3.10, we define a few
rules of inference. Let S be a set of formulas in a (possibly trivial) fragment

or extension of JL.

Modus Ponens: if both ¢ D 1 and ¢ are provable, then so is .

O-Necessitation: if ¢ is provable, then so is Oy.

o (Constant Necessitation for S: for each c:p € Sy, we have that c;:p is
provable.
o [terated Constant Necessitation S: for each "cp:p € S, we have that

"¢ 1 is provable.

Observe that the rules of Constant Necessitation and Iterated Constant
Necessitation each require as a parameter a set S of formulas in a (possibly
trivial) extension of JL. For each of our basic theories T of Justification Logic,
we will take S to be the set of all axioms of theory T; in this case, the rule
of Constant Necessitation lets us conclude ¢ : ¢ for each constant ¢, and each

T-axiom ¢, and the rule of Iterated Constant Necessitation lets us conclude

ep: (" lep: (1" 2ep: (- (Pep: (Yo (cri))) -+ +))

for each n € N, each constant ¢, and each T-axiom ¢.

We may now define our basic theories of Justification Logic.
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Definition 3.12. We define two families of theories.

e In Figure 3.1, we define the justification theories, whose names are all of

the form JX for a naming string X.

e In Figure 3.2, we define the evidence theories, whose names are all of the

form EX for a naming string X.

We use these figures to define these families as follows. Each family f corre-
sponds to a figure f’ that lists a number of axiom schemes and rules of inference
that may be used to define a theory in family f. By fixing a particular family
f—which also fixes its corresponding figure f’—and then choosing a naming

string X, a theory fX is defined in the following way.

e An axiom scheme s in figure f’ is an axiom scheme of fX if and only if
the row of s satisfies the following: there is a check mark (“v”) in the

column labeled K or in a column whose label occurs in X.

e A rule of inference r in figure f’ is a rule of inference of fX if and only
if the row of r satisfies the following: there is a check mark (“v"”) in the

column labeled K or in a column whose label occurs in X.

We group the families together under one name: to say that a theory 7T is a
basic theory (of Justification Logic) means that T is a justification theory or an
evidence theory. For each basic theory T' of Justification Logic, the language
of T is the fragment of JL obtained by omitting each of the following rules

of formula/term formation whose omission would still allow us to write the
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axiom schemes that axiomatize 7"

v — Uy
pr=t> @
t — It

t — 7t

t — Ot

Remark 3.13. A few remarks are in order.

o About (Iterated) Constant Necessitation.

If 4 occurs in X, then each of the theories JX and EX proves the scheme
t:p D t:(t:¢) and contains the rule of Constant Necessitation.® Tt is
not difficult to see that such “4-theories” then have Iterated Constant
Necessitation as a derived rule. Accordingly, we adopt the convention
that the axiomatization of these “4-theories” does not include the rule
of Iterated Constant Necessitation, even though our check-mark scheme
in the respective figure may otherwise call to include Iterated Constant

Necessitation.

e The theory LP.

LP is the theory JT4. The reasons for this name are historical [10].

e Is the axiom OT redundant?

While it may seem harmless to remove the axiom scheme OT in the

axiomatization of EX (Figure 3.2), doing so would result in the failure

5See Figure 3.8 on page 132 for the proof that EX Ft:¢ D 1t:(t:¢).
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Axiom Scheme K|{T|D|4]5
Axiom schemes for classical propositional logic VIV IVIVIY
t:(eDv) D (sip D (t-s):0) VIVIVIVIY
(t:p)V(s:p) D (t+s):p VIV IVIVIY
t:p D v
—(t: 1) v
(t:p) D lt:(t:p) v
S(tip) D Mia(tip) v

Rule of Inference

NP
N[ -
<
<
NS

Modus Ponens

[terated Constant Necessitation for axioms of theory | v | v/ | v v

Constant Necessitation for axioms of theory v

Figure 3.1. Definition of justification theories JX

of a forthcoming conservativity result (Theorem 3.31) that we would like

not to fail. So the nEX-axiom OT is not redundant.

Our definition above separated our theories into two groups: justification
theories and evidence theories. The justification theories are theories that
focus on the construct t:p for a piece of evidence ¢ validating the truth of
a formula ¢. The evidence theories focus on the full language of JL, in that
they allow us to form statements t: ¢ of truth validation, statements of ¢t > ¢
evidence admissibility, and statements Oy of evidence necessity.

Consistency of our theories is proved by the method of forgetful projection

[10]. This method has us take a theorem ¢ of a basic theory of Justification




123

Axiom Scheme K| T|D|4]5

Axiom schemes for classical propositional logic VIV IV IVIY
t> (DY) D (s>¢ D (t-s)>) VIVIVIVIY
t>@e)V(s>p) D (t+s)>0p VIV IVIVIY
(t>p) D Ot>0¢ VIV IVIVI|Y
—(t> 1) v
(t>¢) Dlt>(t:9) v
S(t> ) D ia(tip) v
—(tip) D (> 9) v
(t> ) D Ot> ) v
Op D (t>¢) D t:p) VIVIVIVI|Y
t:p D Op VIiVIVIVIY
t:p Dt>0p VIVIVIVvIY
aoT VIiVIVvIVvIY
O(e D v¥) D (Op D OY) VIVIVIVIY
Op D¢ v
-0l v
Oe D OO0y v
-0 D O-0O¢ v

Rule of Inference K|IT|D|4]|5
Modus Ponens VIVIVIVvIY
Iterated Constant Necessitation for axioms of theory | v | v/ | V v
Constant Necessitation for axioms of theory v
O-Necessitation VIVIVIVvIY

Figure 3.2. Definition of evidence theories EX
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pf := p, for each atom p
(o)t = ol Dyl

@)t = Oy

(t: )t = '

t> ) = np'

Figure 3.3. Definition of a function t : JL — QML

Logic and then replace terms by unary modals, thereby mapping the theorem

© to a theorem of a modal logic whose consistency is already known.

Theorem 3.14 (Consistency of basic theories). Let X be a naming string
and let 7 : JL — QML be defined as in Figure 3.3. We then have each of the

following.
e JX I ¢ implies QX F ¢f.
e EX I ¢ implies QX F ¢f.

It thus follows from the consistency of QX (Theorem 1.22) that each of JX

and EX is consistent.

Proof. By induction on the length of derivations in each of JX and EX. Since
these theories have many overlapping axioms and rules, we dovetail these in-
ductions into a single induction. In the base case of this induction, we must

show that for each axiom ¢ of a basic theory sX of Justification Logic with

s € {J,E}, we have that QX F .

e The sX-axiom Yy is an instance of an axiom scheme of classical proposi-

tional logic.
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It follows immediately that QX F .

t> (DY) D(s>¢pD(t-s)> 1) is an axiom of sX.

The image of this axiom under t is B(¢" D ¥T) D (B! D WY') which
is an axiom of QX.

(t> @)V (s>¢p) D(t+s)> pisan axiom of sX.

The image of this axiom under 1 is A" VAP D Ae', which is a theorem
of classical propositional logic and hence a theorem of QX.

(t > ¢) D Ot > Oy is an axiom of sX.

The image of this axiom under 1 is ¢! D @O, which is a theorem of
QX.

—(t > 1) is an axiom of sX.

Thus D occurs in X. The image of this axiom under { is =4, which is
an axiom of QX because D occurs in X.

(t> @) Dt> (t:p) is an axiom of sX.

Thus 4 occurs in X. The image of this axiom under 1 is B’ D BET,
which is an axiom of QX because 4 occurs in X.

S(t> @) D t:(t:p) is an axiom of sX.

Thus 5 occurs in X. The image of this axiom under 1 is "By’ > E-Ee!.
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Since 5 occurs in X, we have

QX F -yt o —met

QX F —mp D E-mpf

and thus ~@e! D E-Ey' is a theorem of QX .

() Dt > @) is an axiom of sX.

Thus 5 occurs in X. The image of this axiom under { is ~Ep’ D =T,
which is a theorem of QX because 5 is in X and so Dy’ D @' is a
theorem of QX.

t:(e DY) D(s:p D (t-s):¢)is an axiom of sX.

The image of this axiom under 1 is B(e" D ¥T) D (B’ D @YT), which
is an axiom of QX.

(t:0) V (s:¢) D (t+ s):¢ is an axiom of sX.

The image of this axiom under 1 is D'V EE! D Ee', which is a theorem
of classical propositional logic and hence a theorem of QX.

t:p D @ is an axiom of sX.

Thus T occurs in X. The image of this axiom under t is Tyl D of,
which is an axiom of QX because T occurs in X.

—(t: L) is an axiom of sX.

Thus D occurs in X. The image of this axiom under } is =L, which is

an axiom of QX because D occurs in X.
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(t:p) Dlt:(t:¢p) is an axiom of sX.

Thus 4 occurs in X. The image of this axiom under 1 is By’ D BEEET,
which is an axiom of QX because 4 occurs in X.

—(t:p) D 7t:(t:e) is an axiom of sX.

Thus 5 occurs in X. The image of this axiom under 1 is ~By’ D @-@eT,
which is an axiom of QX because 5 occurs in X.

(t> ) D O(t > ¢) is an axiom of sX.

Thus 4 occurs in X. The image of this axiom under 1 is By’ D OXT,
which is a QX-theorem by the fact that 4 occurs in X.

Op D ((t > ¢) Dt:yp) is an axiom of sX.

The image of this axiom under t is Op D (A’ D Ep'), which is an
axiom of QX.

t:¢p D Oy is an axiom of sX.

The image of this axiom under t is Ty’ D O¢f, which is an axiom of
QX.

t:p Dt> is an axiom of sX.

The image of this axiom under { is B¢’ D @', which is an axiom of
QX.

We have each of the following.

- QX (aT)f
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QX F (O(¢ > ¢) D (Op > o))

— If T occurs in X, then QX + (Dgo D go)T.

— If D occurs in X, then QX F (—DJ_)T.
— If 4 occurs in X, then QX F (D(p D DDQD)T.

— If 5 occurs in X, then QX F (—Elgo D D—'Dgo)T.

Verifying each of the above items is straightforward.

Now for the induction step, where we show that if an sX-theorem is derived
using a rule of inference of sX with the result already known for the assump-
tions of the rule, then the result also holds for the formula derived by the rule.

We consider each rule of inference in turn.

e The sX-theorem ¢ is derived by Modus Ponens from the sX-theorems
¥ D p and .
By the induction hypothesis, we have that QX F " D ¢ and QX F 1.
It follows that QX .

e The sX-theorem ¢ is derived by Iterated Constant Necessitation of an

axiom 1 of sX.

Thus ¢ is of the form

e (" e (1" 2o (- (Pe: (le: (e:))) -+ +)))

for an axiom 1) of sX, a constant ¢, and a non-negative integer n € N.
We have already shown that QX F ¢'. Applying [-Necessitation n + 1

times, we then have that QX F @"T!9T, as desired.
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e The sX-theorem ¢ is derived by Constant Necessitation of an axiom of

sX.

The result follows by our argument in the previous item.

e The sX-theorem Oy is derived by O-Necessitation of the sX-theorem
®.
By the induction hypothesis, we have that QX F ¢f. It follows that

QX F Oy! by O-Necessitation. m

We now prove that the basic theories have the following extensional rela-

tionships.
Theorem 3.15 (Extensions). Let X be a naming string.

e Let X' be a substring of X', meaning there is an order-preserving injection
between the symbols in X’ and the symbols in X. Then we have each

of the following.
— JX is an extension of JX".
— EX is an extension of EX".

e EX is an extension of both JX and KX. (Note: KX is just the named

theory of modal logic with unary modal 0.)

Proof. For X' a substring of X, it follows from the definition of the basic
theories that sX is an extension of sX’ for each s € {J,E}. It is likewise
obvious that EX is an extension of KX (see Figure 3.2). So what remains is

for us to prove that EX is an extension of JX. To prove this it is sufficient for
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t:(p DY) D (t> (p D))
t:(e D¢) D O(p D)

s:p D (s> )
s D Op

O(¢ D ¢) O (B¢ > OY)
Oy D ((t-s)>>¢3(t-s):¢)
t:(e DY) D(s:pD(t-s):)

1
2
3
4
5. t> (DY) D (s> @D (t-s)>1) E-axiom
6
7
8

E-axiom
E-axiom
E-axiom
E-axiom

E-axiom
E-axiom
1-7

Figure 3.4. Proof that EFt:(p D) D

(s:p D (t-5):9)

1. t:pDt> 09 E-axiom
2. trpD0Op E-axiom
3. St pDs>p E-axiom
4. s:p D 0Oy E-axiom
5. (t> @)V (s>¢)D(t+s)> ¢ E-axiom
6. OpD ((t+s)>pD(t+s):p) E-axiom
7. (t:p) D(t+59):p 1,2,5,6
8. (s:p)D(t+s):¢ 3,4,5,6
9. (t:@)V (s: )D(t—l—s) 7,8

Figure 3.5. Proof that EF (t:0) V (s:p) D (t+5): ¢

us to verify that for each scheme s that is used to axiomatize JX but is not

also used to axiomatize EX, we have that s is EX-provable (see Figures 3.1

and 3.2). We consider each scheme in turn. Note that we will omit classical

propositional reasoning steps.

e EFt:(¢p DY) D(s:p D (t-s):¢) by Figure 3.4.

e EF(t:p)V(sip)D(t+3):p

e ET F1:9 D ¢ by Figure 3.6.

by Figure 3.5.
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1. t:¢ D 0O¢ E-axiom
2. Op D¢  ET-axiom
3. t:pDy 1,2

Figure 3.6. Proof that ETHt: 0 D ¢

1. -OL ED-axiom
2. t:1 DOl E-axiom
3. —(t:1) 1,2

Figure 3.7. Proof that ED F —(¢: 1)

e EDF —(¢: 1) by Figure 3.7.
o B4 (t:p) Dlt:(t:¢) by Figure 3.8.
o E5F —(t:¢) D 7t:—(t:p) by Figure 3.9. O

The basic theories all satisfy Artemov’s Internalization Theorem, which

makes formal sense of our reading of t:p as “t verifies (the truth of) ¢.”

Theorem 3.16 (Artemov’s Internalization Theorem [10]). Let T be a basic
theory of Justification Logic. Then for each T-theorem ¢, there is a variable-

free term t such that ¢:¢ is also a T-theorem.

Proof. We prove by induction on the length of the derivation of a T-theorem

© that there is a variable-free term ¢ such that ¢:¢ is also a T-theorem.

e ( is an axiom of T

It follows by (Iterated) Constant Necessitation that ¢ : ¢ is a T-theorem.
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O N OE W

9

10.
11.
12.
13.

t:pDt>
(t>¢)Dlt> (t:p)
tip DlE> (t:p)

t:p DOy

Oy O 00
t:p D OOy
(t>¢)D>0(E> )
t:o DOt > @)

Op D ((t>><,0) Dt:gp)

00¢ D (Ot > ¢) D O(t:¢))

tip D O(t:yp)

O(t:¢) D (!t > (t:p) D !t:(t:tp))

t:oDlt:(t:p)

E-axiom
E4-axiom
1,2
E-axiom
E4-axiom
4,5
E4-axiom
1,7
E-axiom
9, K

6, 8, 10
E-axiom
3,11, 12

Note: “K” refers to reasoning in the modal theory K.

Figure 3.8. Proof that E4 F (t:¢) D lt:(t:¢)

L. =(t:p) D =(t> @)
2. A(t> @) D :(t:p)
3. A(tip) D i(t:p)

E5-axiom
E5-axiom

Figure 3.9. Proof that E5 F —(t:¢) D ?t:(t:¢)
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e ¢ follows from the T-theorems 1) D ¢ and 1) by Modus Ponens.

By the induction hypothesis, there are variable-free terms ¢ and s such
that t:(¢) D ¢) and s:1 are T-theorems. It follows from Theorem 3.15

that (¢ - s):¢ is also a T-theorem.

e Jp follows from the T-theorem ¢ by O-Necessitation.

In this case, our theory T is a theory EX. By the induction hypothesis,
there is a variable-free term ¢ such that ¢:¢ is a EX-theorem. Applying
the EX-axioms t:¢ Dt > ¢ and (t > ¢) D Ot > O¢, we have that
Ot > Oy is an EX-theorem. Finally, observe that by two applications
of O-Necessitation to the EX-theorem ¢, we derive OOg. Since each of
O0O¢ and Ot > Og are EX-theorems, we apply the EX-axiom OOp D

(Dt > Op D Dt:Dgo) to derive the EX-theorem Ot: .
e ¢ follows by Constant Necessitation of the T-axiom ¢.
In this case, the scheme t:p D !t:(t:¢) is provable in our theory 7'. We
thus have that leg: (cx:¢) is a T-theorem.
e "¢ follows by Iterated Constant Necessitation.
It follows again from Iterated Constant Necessitation that !"*lc: (1"cp: )

is a T-theorem. O

In the next definition, we say what it means for a Fitting model to be for
a basic theory T of Justification Logic. This definition allows us to pick out

those Fitting models that respect the axiomatics of T'. It will then be our task
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to prove soundness and completeness of the theory T" with respect to the set

of Fitting models for 7.

Definition 3.17 (Fitting models for basic theories). Let 7" be a basic theory
of Justification Logic and let M be a Fitting model for {O0}. To say that (the)
Fitting model M s for T means that M satisfies certain properties, with the
properties given by the particular theory 7. We will specify these properties

in the same way that we defined the basic theories in Definition 3.12.

o [f T'is a justification theory JX, then to say that M s for T' means that

M satisfies the properties specified by Figure 3.10.

e If T is an evidence theory EX, then to say that M is for T means that

M satisfies the properties specified by Figure 3.11.

While we have defined what it means to say that a Fitting model is for
a basic theory 7' (Definition 3.17), we have not yet shown that each of the
theories T' in fact has a Fitting model M that satisfies the property of being

a Fitting model for T'. The following lemma addresses this issue.

Lemma 3.18 (Existence of Fitting models for basic theories). Let X be a
naming string, let F' = (W, R) be a frame for {0}, and let M = (F,V) be
a Kripke model for KX (by which we mean that (F,V’) satisfies each of the
frame conditions in Figure 3.11 whose row contains a check mark [“v”] in a
column whose label occurs in X). Then there is an evidence function E such

that (F, E,V) is a Fitting model for each of JX and EX.
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Evidence Function Condition K| T |D | 4 | 5
Application arararacs
Sum arararacs
Constant Specification A, VIiVvIY v
Non-Contradiction v
Constant Specification Ay v
Checker v
Monotonicity v
Negative Checker v
Pacuit-Rubtsova v

(A is the set of axioms of the theory)

Frame Condition K|T|D|4]5
Reflexive v
Transitive v

Figure 3.10. Fitting model conditions for theories JX
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Evidence Function Condition

Application

Sum

Box

Constant Specification A,
Non-Contradiction
Constant Specification A
Checker

Monotonicity

Negative Checker

Pacuit-Rubtsova

(A is the set of axioms of the theory)

Frame Condition

SNENENENE:
NENENENE
NN NENENE -

NIENENES
ANIENENENE:

\

Reflexive
Serial
Transitive

Euclidean

v

Figure 3.11. Fitting model conditions for theories EX
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Proof. We extend or redefine R, whichever is appropriate, so that Rg := 00,
Ry := R}, and Ry := R} (recall that R7 is the transitive closure of Ry). In
this way, we have that M is a Kripke model for {1, 0,1, ®}. We now argue

that M is also a Kripke model for QX (see Definition 1.23 and Figure 1.2).

o M satisfies HW-Triviality.

By definition, we have that Rg = 0.

o M satisfies [-is-A0.

We have that Ry = R = R, U Ry = Ry U Rp.

o M satisfies MO-Implies-12.
Suppose that TRyA and ARZQ. This means that TREIA and and
ARQ. Tt follows that TREQ. Hence 'Ry Q.

o If T occurs in X, then M satisfies @O-Reflexivity.

This follows from the fact that R is reflexive in case T occurs in X.

o [f D occurs in X, then M satisfies @OW-Seriality.
This follows from the fact that Ry is serial in case D occurs in X.

e If 4 occurs in X, then M satisfies @XA-Implies-11, BE-Implies-17, and
HOr-Transitivity.

BOWE-Transitivity follows from the fact that Ry is transitive in case 4

occurs in X.

To see that M satisfies IA-Implies-[4, suppose that 'Rz A and ARyS2.
This means that TREA and AREQ, from which it follows that TRAQ.
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Thus 'R,€). That M satisfies AE-Implies-12 follows by a similar argu-
ment.
e If 5 occurs in X, then M satisfies E-Implies-I7 and DOM@-Euclideanness.

BOP-Euclideanness follows from the fact that Ry is euclidean in case 5

occurs in X.
That M satisfies @-Implies-11 follows from the fact that R}, = Ry = Rg.

So M is indeed a Kripke model for QX. We now define an evidence function

E on F' as follows. For each formula ¢ > ¢ in the language of JL, we set
Et,p)={TeM: MT[E (>} .

Recall that the function 1 : JL — QML is defined in Figure 3.3. It is now our
task to show that (F, E, V) is a Fitting model for each of JX and EX. To do
this, we must verify that (F, E, V') satisfies the various properties that arise
according to Figures 3.10 and 3.11 depending on the particular form of the

naming string X. We consider each property in turn.
e (F,E,V) satisfies Application.

Suppose I' € E(t, D 1¢) N E(s,¢) . This means that
MTE (> @o0)) As>e)l.

It follows that ' € E(t - s,9) by the QX-axiom A(¢' D 1) D (@' D
@YT), the soundness of QX (Theorem 1.24), and the fact that M is a
model for QX.
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o (F,E,V) satisfies Sum.

IfT € E(t,9)UE(s,p), then M,T = By and thus ' € E(t + s, ¢).

o (F,E,V) satisfies Box.

Suppose that I' € E(t,¢). This implies that M,T' = @y’ and thus
M,T = pOg' by the QX-theorem My’ O M@Op', the soundness of
QX (Theorem 1.24), and the fact that M is a model for QX. Hence

I' e E(Ot,0y).

e (F,E,V) satisfies Constant Specification A,,, where A is the set of JL-

formulas that are an axiom of JX or EX.

It follows by the consistency of basic theories (Theorem 3.14) that QX +
o' for each formula ¢ € JL that is an axiom of JX or EX. Apply-
ing [©-Necessitation n times for a given n € N and then applying -
Necessitation, we have that QX + @E"p!. Thus M = @E"e! for an
arbitrary n € N by the soundness of QX (Theorem 1.24) and the fact

that M is a model for QX. The result follows.

e If D occurs in X, then (F, E, V) satisfies Non-Contradiction.

If D occurs in X, then QX F —aL and thus M | —AL by the soundness
of QX (Theorem 1.24) and the fact that M is a model for QX. It follows

that E(t, L) = 0 for each term t.

e If4occursin X, then (F, E, V) satisfies Constant Specification Ay, where

A is the set of JL-formulas that are an axiom of JX or EX.
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(F, E, V) satisfies Constant Specification A,, and Ay C A,, so (F,E, V)

also satisfies Constant Specification Aj.

If 4 occurs in X, then (F, E, V) satisfies Checker.

Suppose I' € E(t, ). This means that M,T = @p'. Since 4 occurs in
X, we have that QX F By’ D @Ep' and thus M,T | @Ep' by the
soundness of QX (Theorem 1.24) and the fact that M is a model for
QX. Hence I' € E(t,t:¢).

If 4 occurs in X, then (F, E, V) satisfies Monotonicity.

Suppose I' € E(t,¢) and TR5A. We then have that M, |= @' by
the definition of E. Since 4 occurs in X, we have that @y’ D DR’
is a theorem of QX and is hence valid in M by the soundness of QX
(Theorem 1.24) and the fact that M is a model for QX. Thus M, A |=

D', which is what it means to have A € E(t, ).

If 5 occurs in X, then (F, E, V) satisfies Negative Checker.

Suppose that I' ¢ E(t,¢) and thus that M,T = =Rp'. Since 5 occurs
in X, we have that -y’ D B-E¢' is a QX-theorem. It then follows
by the soundness of QX (Theorem 1.24) and the fact that M is a model

for QX that we have M,I" = ;—@E¢' and hence I € E(?,=(t:¢)).

If 5 occurs in X, then (F, E, V) satisfies Pacuit-Rubtsova.

We first show that for each formula ¢ € JL and each 2 € M, we have

that

(F,E,V),Q =1 implies M,Q = 9T .
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The proof is by induction on the construction of JL-formulas. The base
and Boolean inductive cases of this induction are straightforward, so we

restrict our attention to the non-Boolean inductive cases.

— Case: (F,E,V),Q E 0.
This statement means that (F,E,V),Q | ¢ for each Q' € M
satisfying Q R, Applying the induction hypothesis we have that
M, Q' | o' for each 0 € M satisfying QR-Y. But the latter is
what it means to have M, Q = Oy,

— Case: (F,E,V),QEt> 1.
This statement means that Q2 € E(t,1). By the definition of E, the
latter means that M, Q = (t > ).

— Case: (F,E,V),Q [ t:1.
This statement implies that (F, E,V),Q = O¢ and (F, E,V),Q |
t > 1. Applying the last two cases, it follows that M, Q = (Oy A
t > ). Since (OY At > )T = Ot AT, it follows that M, Q =
E¢" by the QX-theorem Oy’ D (@Y D @YT), the soundness of
QX (Theorem 1.24), and the fact that M is a model for QX. Thus
M,Q = (t:9)1, as desired.

Now to see that (F, E, V) satisfies Pacuit-Rubtsova, assume

(F,E, V), I'E=(t:p) .

Applying what we showed above, we then have that M,I' = —Ep.
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Since 5 occurs in X, we have that QX F —E¢’ D A’ Applying the
soundness of QX (Theorem 1.24) and the fact that M is a model for
QX, we then have that M,T" = ~@p!. This implies I' ¢ E(t, ¢) by the
definition of F.

o If T occurs in X, then (F, E,V) is reflexive.
This follows from the fact that M is a Kripke model for KX, and so Ry
is reflexive whenever T occurs in X.

e If D occurs in X, then (F, E,V) is serial.
This follows from the fact that M is a Kripke model for KX, and so R
is serial whenever D occurs in X.

e If 4 occurs in X, then (F, E,V) is transitive.
This follows from the fact that M is a Kripke model for KX, and so R
is transitive whenever 4 occurs in X.

e If 5 occurs in X, then (F, E,V) is euclidean.
This follows from the fact that M is a Kripke model for KX, and so R

is euclidean whenever 5 occurs in X.

We conclude that (F, E,V) is indeed a Fitting model for each of JX and
EX. O

The following soundness theorem extends known soundness results for the
justification theories JX [10, 22, 29, 47, 55] by adding soundness for the evi-

dence theories EX.
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Theorem 3.19 (Soundness of basic theories). Let T be a basic theory of
Justification Logic and ¢ be a formula in the language of T. If ¢ is a T-

theorem, then ¢ is valid in every Fitting model for 7'

Proof. By induction on the length of a derivation of a T-theorem, with 7" one
of JX or EX for a naming string X. In the base case of this induction, we must
verify that each T-axiom is valid in every Fitting model for T. So given an
arbitrary Fitting model M for T, we consider each T-axiom in turn, showing

that a given axiom is valid in M. Let us proceed.
e M | x for each instance y of an axiom scheme of classical propositional
logic (in the language of T).

This validity follows from the definition of truth (Definition 3.7).

e IfTis EX, then M =t> (¢ D¢) D ((s > ¢) D (t-s) > )

This validity holds if M satisfies Application. But since M is a Fitting
model for T (see Definition 3.17 and Figure 3.11), it follows that M

satisfies Application.

e fTiSEX,then M= (t> @) V(s> p)D(t+s)>p

This validity holds if M satisfies Sum. But since M is a Fitting model
for T' (see Definition 3.17 and Figure 3.11), it follows that M satisfies

Sum.

e If Tis nEX and 4 does not occur in X, then M = (t > ¢) D Ot > Oe.

This validity holds if M satisfies Box. But since M is a Fitting model

for nEX and 4 does not occur in X (see Definition 3.17 and Figure 3.11),
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it follows that M satisfies Box.

If T'is EX and D occurs in X, then M = —(t > ¢).

This validity holds if M satisfies Non-Contradiction. But since M is a
Fitting model for T" (see Definition 3.17 and Figure 3.11), it follows that

M satisfies Non-Contradiction.

If Tis EX and 4 occurs in X, then M = (t > ¢) D It > (t:¢p).

This validity holds if M satisfies Checker. But since M is a Fitting model
for T" and 4 occurs in X (see Definition 3.17 and Figure 3.11), it follows

that M satisfies Checker.

If Tis EX and 5 occurs in X, then M = —(t > ¢) D t:=(t: ).

This validity holds if M satisfies Negative Checker and Pacuit-Rubtsova.
But since M is a Fitting model for 7" and 5 occurs in X (see Defini-
tion 3.17 and Figure 3.11), it follows that M satisfies Negative Checker

and Pacuit-Rubtsova.

If Tis EX and 5 occurs in X, then M = —(t:p) D =(t > ¢).

This validity holds if M satisfies Pacuit-Rubtsova. But since M is a
Fitting model for T" (see Definition 3.17 and Figure 3.11), it follows that

M satisfies Pacuit-Rubtsova.

If Tis JX, then M =¢:(p D) D (s:p D (t-5):¢)

This validity holds if M satisfies Application. But since M is a Fitting
model for T (see Definition 3.17 and Figure 3.10), it follows that M

satisfies Application.
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If Tis JX, then M |= (t:p) V (s:p) D(t+5):¢p

This validity holds if M satisfies Sum. But since M is a Fitting model
for T' (see Definition 3.17 and Figure 3.10), it follows that M satisfies

Sum.

If Tis JX and T occurs in X, then M = t:¢ D .

This validity holds if M is reflexive. But since M is a Fitting model for
T and T occurs in X (see Definition 3.17 and Figure 3.10), it follows

that M is reflexive.

If Tis JX and D occurs in X, then M = —(t: L).

This validity holds if M satisfies Non-Contradiction. But since M is a
Fitting model for 7" and D occurs in X (see Definition 3.17 and Fig-

ure 3.10), it follows that M satisfies Non-Contradiction.

If Tis JX and 4 occurs in X, then M =t:o D lt:(t:p).

This validity holds if M satisfies Checker, Monotonicity, and transitiv-
ity. But since M is a Fitting model for 7" and 4 occurs in X (see
Definition 3.17 and Figure 3.10), it follows that M satisfies Checker,

Monotonicity, and transitivity.

If Tis JX and 5 occurs in X, then M |= —(t:p) D ?t:=(t: ).

This validity holds if M satisfies Negative Checker and Pacuit-Rubtsova.
But since M is a Fitting model for 7" and 5 occurs in X (see Defini-
tion 3.17 and Figure 3.10), it follows that M satisfies Negative Checker

and Pacuit-Rubtsova.
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If T is EX and 4 occurs in X, then M = (t > ) D O(t > ).

This validity holds if M satisfies Monotonicity. But since M is a Fitting
model for EX and 4 occurs in X (see Definition 3.17 and Figure 3.11),

it follows that M satisfies Monotonicity.

If Tis EX, then M =0¢ D ((t>> ¢) Dt:p).

This validity follows from the definition of truth (Definition 3.7).

If Tis nEX, then M |=t:¢ D Og.

This validity follows from the definition of truth (Definition 3.7).

If Tis nEX, then M Et:o Dt> ¢

This validity follows from the definition of truth (Definition 3.7).
If T"is EX, then we have each of the following.
- ME=DOT.

— M E=0(e > ¢) D (3¢ D OY)
— If T occurs in X, then M | Og D .

— If D occurs in X, then M = —-O.L.

If 4 occurs in X, then M = Op D O0O¢.

If 5 occurs in X, then M = —0O¢ D O-0O¢.

The verification of the above items follows from the fact that M is a Fit-
ting model for EX (see Definition 3.17 and Figure 3.11) by the standard

modal arguments [21].
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So we have shown that each T-axiom is valid in an arbitrary Fitting model M
for T'. For the induction step, we are to show that for each rule of inference r for
T, if we are provided with T-theorems of the proper form for the hypotheses of
r that are themselves valid in every Fitting model for M, then the T-theorem
given by the conclusion of r with these hypotheses is also valid in every Fitting
model for T. Letting M = ((VV, R), E, V) be an arbitrary Fitting model for

T, we examine each rule of inference for 7" in turn.

e Modus Ponens: M = ¢ D1 and M | ¢ together imply that M = 4.

This follows by the definition of truth (Definition 3.7).

e Iterated Constant Necessitation for the set A of T-axioms: if 4 does not

occur in X, then M | "¢, ¢ for each I"c:p € A,.

Since M is a Fitting model for T and 4 does not occur in X (see Defini-
tion 3.17 and Figures 3.10 and 3.11), we have that M satisfies Constant
Specification A,,. We now argue by induction on the number of occur-
rences of the colon symbol (“:”) in a formula ¢ € A, that M = ¢. In
the base case of this induction, there is one occurrence of the colon sym-
bol in ¢, and thus ¢ is of the form ¢y :¢ for some T-axiom 1. But we
already argued that M | 1. Since M satisfies Constant Specification
A, we have that F(c,v) = W, and thus M |= ¢;:9. For the induction
step, we prove that if (I"cx:¢) € A, and M = "¢;:¢, then we have
M ="l (1" p). So assume that (I"cp:9) € A, and M |= "cp: .
Since (I"¢x:¢) € Ay, it follows from the fact that M satisfies Constant

Specification A,, that we have E(!"¢, "c,:p) = W. But then it fol-
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lows from our assumption M | "c,:p that M | "o : ("), as

desired. We have thus shown that M | ¢ for each ¢ € A,.

e Constant Necessitation for the set A of T-axioms: if 4 does occur in X,
then M = ¢ for each ¢,:p € Ay.
Since M is a Fitting model for 7" and 4 occurs in X (see Definition 3.17
and Figures 3.10 and 3.11), we have that M satisfies Constant Specifi-
cation Ag. Thus for each T-axiom ¢, we have that E(c, ) = W. Since
we have already shown that M |= ¢, it follows that M = ¢ : .

e [-Necessitation: if T'is nEX and M |= ¢, then M | Op.

This follows from the definition of truth (Definition 3.7).
We conclude that each T-theorem is valid in every Fitting model for 7' O]

Completeness of basic theories is by way of a canonical model argument.

So let us define the canonical Fitting model for basic theories.

Definition 3.20 (Canonical structures for basic theories). For each basic the-
ory T of Justification Logic, we define a tuple M” := ((WT, RT), ET,VT) for

our theories JX and EX for each naming string X.
e M¥ is defined as follows.

— WX is the set of all maximal JX-consistent sets.
— RJDX = {(F,A) e WX x wiX . (Vt)(Vp)(t:p el = p € A)}
— EXX(t,p) = {T e WX : =(t:9) ¢ T}

— V¥ (pp) = {L e WX . p, €T} for each k € N
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The definition of M?¥ is due to Fitting [29].
o MEX is defined as follows.

— WEX is the set of all maximal EX-consistent sets.
— REY = {(I,A) e WEX x WEX : (Vo) (Op e T = p € A)}
— E5X(t,0) = {T e WEX : (t > ¢) € T'}

— VEX(py) == {0 € WEX : p, € T'} for each k € N

For each basic theory T' of Justification Logic, it follows by the consistency of
T (Theorem 3.14) that W7 is nonempty. The pair FT := (WT RT) is called
the canonical frame for T, the function ET is called the canonical evidence
function for T, the function V7 is called the canonical valuation for T, the
pair ML = (FT,VT) is called the canonical Kripke model for T, and the triple

M7 is called the canonical Fitting model for T.

Canonical Fitting models for basic theories respect the following Truth

Lemma.

Lemma 3.21 (Truth Lemma). Let T" be a basic theory of Justification Logic
and M7 be the canonical Fitting model for T'. Then for each formula ¢ in the
language of T" and each world I' € M7, we have that MT,T | ¢ if and only

it pel.

Proof. By induction on the construction of formulas in the language of T
The base and Boolean inductive cases are straightforward, so we restrict our

attention to the non-Boolean inductive cases.
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e (Case: the formula t > .

In this case, T is an evidence theory EX. By the definition of EFX, we
have that ' € EEX(t, ) if and only if (t > ¢) € T". It follows from the
definition of truth (Definition 3.7) that we have MEX T =t > ¢ if and

only if (t > ¢) €T.

e (Case: the formula Oep.
In this case, T" is an evidence theory EX.

Assume that Oy € I' and that TREXA. Tt follows from the definition of
REX that ¢ € A and hence MEX A | ¢ by the induction hypothesis.
Since A € M®X satisfying TREX A was chosen arbitrarily, we have shown

that MEX T = Oy by the definition of truth (Definition 3.7).

Conversely, assume that Oy ¢ I'. Defining the set ' := {¢ | Oy € T'},
we argue by contradiction that T'® U {—¢} is EX-consistent. So suppose
that I'J U {—¢} is EX-inconsistent, which implies that there is a finite
set S C I'V such that EX /\%5@& D . It follows by reasoning in the

modal theory K that EX = A .o 0¢ D O¢p and hence that

(/\Dmep)eF

PeS

by the maximal EX-consistency of I'. But since we have Oy € T' for
each ¢ € S, it follows from the maximal EX-consistency of I'" that
(Awes D@/}) € I' and thus that Op € I', contradicting our initial as-

sumption that Oy ¢ I'. Therefore 'Y U {=p} must in fact be EX-
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consistent and so we may extend I'PU{—¢} to a maximal EX-consistent
set A € MEX. Note that TREXA by the construction of A and the def-
inition of REX. Since —p € A, it follows from the induction hypothesis
that MEX A | =, which implies that MEX T [~ Op by the definition

of truth (Definition 3.7).

Case: the formula t: ¢, where T' is the theory JX.
This case is due to Fitting [29].

Assume that t:¢p € T' and TREXA. Tt follows from the JX-consistency
of ' that —=(t:¢) ¢ T" and thus that I' € EX(¢,) by the definition of
E*X. Further, it follows from our assumptions ¢:¢ € I' and TREYA by
the definition of REX that we have ¢ € A and thus that M?¥* A | ¢
by the induction hypothesis. But then we have both that M*X A = ¢
for each A € M satisfying TREXA and that I' € E*X (¢, ¢). Tt follows

that M?X T |=t:¢ by the definition of truth (Definition 3.7).

Conversely, assume that t:¢ ¢ I'. It follows from the maximal JX-
consistency of ' that —(t:¢) € T and thus that ' ¢ EX(¢, o) by the
definition of E?X. But then MX T [~ t: by the definition of truth

(Definition 3.7).

Case: the formula ¢:¢, where T" is the theory EX.

We have that EX Ft:9o = Op At > ¢. Thus t:¢p € I' is equivalent to
having both Op € I and (¢t > ¢) € I' by the maximal EX-consistency
of . But the latter is equivalent to having both MEX T = Oy and

MEX T =t > ¢ by what we showed in previous cases. But the latter
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is itself equivalent to MEX T |= t:¢ by the definition of truth (Defini-

tion 3.7). O

In order to prove completeness, we still need to show that the triple we
have called the canonical Fitting model for a basic theory T of Justification
Logic (Definition 3.20) indeed satisfies the property of being a Fitting model

for the theory T' (Definition 3.17). This is the purpose of the next theorem.

Theorem 3.22. Let T be a basic theory of Justification Logic. Then the

canonical Fitting model for 7" is a Fitting model for T'.

Proof. T is one of JX or EX for a given naming string X. We verify that M7,
the canonical Fitting model for T (Definition 3.20), satisfies the properties
required for it to be a Fitting model for T' (see Definition 3.17 and Figures 3.10
and 3.11). Note that the cases for JX are due to [22, 29, 47, 55].

o If Tis JX, then M7 satisfies Application.

Suppose I' € E*X (¢, D ¢) N EX (s, ). Tt follows from the definition of
E*¥ and the maximal T-consistency of I' that (¢:(p D ¢¥) As:p) € T
Since JX Ft: (¢ DY) D (s:p D (t-5):4), it follows from the maximal
JX-consistency of T' that —((t-s):¢) ¢ I' and hence I' € E*X (¢t - 5,¢)

by the definition of E*X.

e If Tis EX, then M7 satisfies Application.

Suppose I' € ET(t, D ) N ET(s,¢). It follows from the definition
of ET and the maximal T-consistency of I' that (¢ > (¢ D)) A (s >

) €l Since THt> (D) D ((s> ¢) D (t-s) > 1), it follows
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from the maximal 7T-consistency of I' that ((t - 5) > Q,D) € I' and hence

I € E7(t- s,7) by the definition of ET.

If T is JX, then M?¥ satisfies Sum.

Suppose I' € ET(t,0) U ET(s,¢). Tt follows from the definition of ET
and the maximal T-consistency of I' that t:¢p V s:p € I'. Since JX F
t:pVs:ipD(t+s):yp, it follows from the maximal JX-consistency of I'
that =((t +s):¢) ¢ I and hence I' € E*X (¢ + s, ¢) by the definition of
X

If T is EX, then M7 satisfies Sum.

Suppose I' € ET(t,0) U ET(s,¢). It follows from the definition of ET
and the maximal T-consistency of I' that (£ > ¢) V (s > ¢) € I'. Since
THE> @) V(s> ¢ D ((t+s) > ), it follows from the maximal
T-consistency of I that ((t+s) > ¢) € I and hence I' € ET(t + s, )

by the definition of ET.

If T is EX, then M7 satisfies Box.

Suppose that T' € EEX(¢, ). Applying the definition of EEX  we have
that (t > ¢) € . We have that EX F (t > ¢) D (Ot > Op)
and so (Dt > Dgo) € I' by the maximal EX-consistency of I'. Hence

I' € EFX(0Ot,O¢) by the definition of FEX.

If T is JX, then M7 satisfies Constant Specification A,,, where A is the

set of T-axioms.
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Choose !"¢j:p € A,. It is easy to see that no matter whether 4 occurs
in X, we have that JX I !"¢c,:p. Thus for each I' € MX, it follows
by the maximal JX-consistency of I' that —(!"¢x:p) ¢ I' and hence
[ € E*X(1"cy, ) by the definition of EX. Since we chose I' € MI¥
arbitrarily, we have shown that E'X(1"¢c;, @) = WX, Since we chose
I"cp:p € A, arbitrarily, we have shown that M?X satisfies Constant

Specification A,,.

o If T is EX, then M7 satisfies Constant Specification A, where A is the

set of T-axioms.

Choose "¢ :¢p € A,. It is easy to see that no matter whether 4 occurs
in X, we have that T" - !"¢;:¢ and thus that T F "¢, > ¢. Thus
for each I' € M7, it follows by the maximal T-consistency of I' that
("cx > ) € T and hence I' € ET(I"¢y,, ¢) by the definition of E7. Since
we chose I' € MT arbitrarily, we have shown that ET(1"cy, p) = WEX.
Since we chose "¢y, : o € A, arbitrarily, we have shown that M7 satisfies

Constant Specification A,,,.

e If Tis JX and D occurs in X, then M7 satisfies Non-Contradiction.

Since D occurs in X, we have that JX F —(¢: 1). Thus for each I' € M?¥,
it follows by the maximal JX-consistency of I' that —(¢: L) € I and thus
that I' ¢ E'X(t, L) by the definition of E¥*. Hence E¥*(t, L) = 0 for

all terms ¢.

e If T is EX and D occurs in X, then M7 satisfies Non-Contradiction.



155

Since D occurs in X, we have that 7'+ —(¢ > 1). Thus for each T' € M7,
it follows by the maximal T-consistency of I' that =(¢ > 1) € T and
thus that I' ¢ ET(t, L) by the definition of ET. Hence ET(t, 1) = () for

all terms ¢.

If 4 occurs in X, then M7 satisfies Constant Specification Ag, where A

is the set of T-axioms.

Since M7 satisfies Constant Specification A, and A, C A,, we have

that M7 also satisfies Constant Specification Ay.

If T is JX and 4 occurs in X, then M7 satisfies Checker.

Suppose that I' € EX(¢, ). It follows that t:¢ € ' by the definition
of E*X and the maximal JX-consistency of I'. Since 4 occurs in X, we
have that JX F t:¢ D lt:(t:¢). Applying the maximal JX-consistency
of T, it follows that —(!¢:(t:¢)) ¢ I and hence I' € E*X(It,¢:¢) by the

definition of EIX.

If T is EX and 4 occurs in X, then M7 satisfies Checker.

Suppose that T' € ET (¢, ). It follows that (t > ¢) € T by the definition
of ET. Since 4 occurs in X, we have that T (¢ > ¢) D (It > (t:¢)).

Applying the maximal T-consistency of T, it follows that (1t > (t:¢)) €

[ and hence T' € ET(!t,t:¢) by the definition of ET.

If T is JX and 4 occurs in X, then M7 satisfies Monotonicity.

Suppose that I' € E¥X (¢, ). It follows that t:¢ € T' by the definition of

E'% and the maximal JX-consistency of I'. Since 4 occurs in X, we have
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that JX - t:p D 1t:(t:¢) and thus that (1¢:(¢:¢)) € I’ by the maximal
E?¥_consistency of T'. Thus if TRIYA, then it follows by the definition
of REX that t:¢p € A and thus that —(t:¢) ¢ A by the JX-consistency
of A. But then A € E*X(t, ) by the definition of EX. Since we chose
A € M satisfying TRLYA arbitrarily, it follows that M?¥ satisfies

Monotonicity whenever 4 occurs in X.

If T is EX and 4 occurs in X, then M7 satisfies Monotonicity.

Suppose that I' € EEX (¢, ). It follows that (t > ¢) € I by the definition
of EFX. Since 4 occurs in X, we have that EX F (t > ¢) D O(t > ¢),
we have that O(¢t > ¢) € T’ by the maximal EX-consistency of I'. Thus
if TREXA, then it follows by the definition of RE® that (t > ¢) € A
and thus that A € EF¥(¢, ) by the definition of EFX. Since we chose
A € MEX satisfying TREXA arbitrarily, it follows that M satisfies

Monotonicity whenever 4 occurs in X.

If T is JX and 5 occurs in X, then M7 satisfies Negative Checker.

Suppose that ' ¢ EX(¢,). It follows by the definition of E'* and
the maximal JX-consistency of I' that —(¢:¢) € I'. Since 5 occurs in
X, we have that JX F —(t:p) D 7t:=(t:p). Applying the maximal
JX-consistency of I', we then have that =(?¢:=(t:¢)) ¢ I' and hence

I' € E*X(7t,=(t:¢)) by the definition of E*¥.

If T is EX and 5 occurs in X, then M7 satisfies Negative Checker.

Suppose that T' ¢ ET(t,¢). It follows by the definition of ET and the

maximal T-consistency of I' that —=(t > ¢) € I'. Since 5 occurs in X,
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we have that T'F =(t > ¢) D 7t:=(t:p) and thus that T F =(t > ¢) D
7t > —(t:p). Applying the maximal T-consistency of I', we then have
that (?¢ > = (t:¢)) € I' and hence I' € ET(?,~(t:¢)) by the definition
of ET.

If T is JX and 5 occurs in X, then M7 satisfies Pacuit-Rubtsova.

Suppose that M7 T' = —t: . Applying the Truth Lemma (Lemma 3.21),
we have that —=(t:¢) € I'. But then I' ¢ E?¥(¢, ) by the definition of
EX.

If T is EX and 5 occurs in X, then M7 satisfies Pacuit-Rubtsova.

Suppose that M7, T" = —t: . Applying the Truth Lemma (Lemma 3.21),
we have that —(t:¢) € I'. Since 5 occurs in X, we have that T
=(t:p) D ~(t > ¢). Applying the maximal T-consistency of T', it follows
that —=(t > ¢) € I' and hence I ¢ ET (¢, ¢) by the definition of E7. But

then M7 T &= —(t > ¢) by the definition of truth (Definition 3.7).

If T'is JX and T occurs in X, then M7 is reflexive.

Since T occurs in X, we have that T t:¢ D ¢. Thus for each ' € M7,
it follows by the maximal T-consistency of I' that t: ¢ € " implies ¢ € T'.
Applying the definition of RL, it follows that TRLT for each I' € M7,

0

So M7 is reflexive.

If T'is EX and T occurs in X, then M7 is reflexive.

It T occurs in X, then we have that EX F Oy D ¢. Thus for each

I' € M®X, we have by the maximal EX-consistency of I' that Op € T’
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implies ¢ € I'. Applying the definition of RE", it follows that TRE*T

for each T' € MEX. So MEX is reflexive.

e If Tis EX and D occurs in X, then M7 is serial.

If D occurs in X, then we have that EX - —=0_L. Thus for each I" € MEX,
we have by the maximal EX-consistency of I' that -OL € I'. Applying
the Truth Lemma (Lemma 3.21), we have that M&X T' = -0 for each
' € MEX. Tt follows from the definition of truth (Definition 3.7) that
each I' € M®X has a A € MEX such that TRLA. But this is what it

means for MEX to be serial.

o If Tis JX and 4 occurs in X, then M7 is transitive.

If 4 occurs in X, then we have that T F t:p D t:(t:¢). Thus for each
' € M7T, we have by the maximal T-consistency of I that t:p € T
implies t: (t:¢) € I'. So if we have TRLA, ARLQ, and t:¢ € T, then it
follows that lp: (¢:¢) € I' and thus that ¢ € Q by the definition of R].

Thus M7 is transitive.

o If Tis EX and 4 occurs in X, then M7 is transitive.

If 4 occurs in X, then we have that EX - O:¢ D OO¢. Thus for each
' € MT, we have by the maximal EX-consistency of I' that Op € T
implies OO0y € I'. So if we have TREXA, ARE*Q), and Oy € T, then
it follows that OO¢ € T' and thus that ¢ € Q by the definition of REX.

Thus MEX is transitive.

e If T'is EX and 5 occurs in X, then M7 is euclidean.



159

If 5 occurs in X, then we have that EX - -0y D O-0O¢. Thus for each
I' € M®X, we have by the maximal EX-consistency of I' that -0y € T’

implies O—-Op € T

So suppose we have TREXA and TREXQ). Were it the case that we did
not have AREX(Q), then it would follow by the definition of RE* that
there is a Op € A such that ¢ ¢ Q. It would then follow from our
assumption P REXQ) that Op ¢ T and thus that =0 € ' by the maximal
EX-consistency of I'. But by what we showed in the previous paragraph,
we would then have that O0—-O¢ € I' and thus that —~0O¢ € A by the
definition of REX and our assumption that T REXA. But this would then

contradict the EX-consistency of A. It therefore follows that we in fact

have AREXQ), so MEX is indeed euclidean. O

We are now in a position to prove completeness. Our completeness theorem
extends known completeness results for the justification theories JX [10, 22,

29, 47, 55] by adding completeness for the evidence theories EX.

Theorem 3.23 (Completeness of basic theories). Let T" be a basic theory of
Justification Logic and let ¢ be a formula in the language of T'. If ¢ is valid

in every Fitting model for 7', then ¢ is a T-theorem.

Proof. Suppose that ¢ is not a T-theorem. Then {—p} is T-consistent and so
may be extended to a maximal T-consistent set I' € M7, Since —¢ € T, it
follows by the Truth Lemma (Lemma 3.21) that M7T, T |~ . By Theorem 3.22,
we have that M7 is a Fitting model for 7. Thus we have shown that it is not

the case that ¢ is valid in every Fitting model for T'. The statement of the
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theorem follows. O

3.2 Systems of Evidence with Nominals

Now that we have developed our basic theories of evidence, we move into the
first phase of our development of theories of dynamic evidence introduction.
Our task in this phase is to introduce nominals into the language JL of Justifi-
cation Logic, thereby giving us a new language nJL of nominaled Justification
Logic.

The basic idea behind nJL is that we want to be assured that each assertion
has some piece of evidence admissible for that assertion; that is, for each
formula ¢, we want there to be a term ¢, such that ¢, > ¢ always holds. The
term ¢, that evidences ¢ is called a nominal (for ), since t,, always names ¢
as one of the formulas that it (¢,) evidences.

For our forthcoming theories of dynamic evidence introduction, we will
require each formula ¢ to have is own unique nominal. A simple way to
introduce nominals so as to meet this requirement is to extend the rules of
term formation in the following way: make each formula itself a term (namely,
the term that is the nominal for that very formula).® 7 In this way, a formula ¢
may be referred to as “the nominal ,” by which we mean that we are referring

to ¢ in a context where we ought to be talking about a term. So while “the

6Strictly speaking, terms and formulas are defined by a mutual recursion, but let us not
be fussy about these details just yet.

7 Another way to introduce nominals would be to simply introduce one universal nominal
u satisfying the property that u > ¢ for every formula ¢. While this would indeed provide
a nominal for each formula, it does not meet the requirement that each formula has a unique
nominal, something we will want later for our theories of dynamic evidence introduction.
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nominal ¢” and “the formula ¢” are identical as strings of symbols, their uses
are quite different: the former must be used as we would use a term and the
latter must be used as we would use a formula. This notational convention
may seem strange at first—but have faith! The practical convenience of this

notation will eventually overcome any initial strangeness.

3.2.1 Syntax and Semantics

Definition 3.24. The language of Justification Logic with nominals, written

nJL, is obtained by the following inductive definition.

e If £ may be formed from already-formed terms using a rule of term for-

mation of JL (Definition 3.1), then ¢ is a term.

e If p may be formed from already-formed formulas using a rule of formula

formation of JL (Definition 3.2), then ¢ is a formula.

o If ¢ is an already-formed formula, then ¢ is also a term, called the

nominal .

The last rule of term formation is called the rule of nominal formation. Ter-
minology: a term or formula that contains nominals (that is, contains an
occurrence of a formula that is playing the role of a term) is said to be nom-
inaled, and a term or formula that is not nominaled said to be nominal-free.
We define the fragments of nJL using the adjectives from Definition 3.3 just
as we did to define fragments of JL itself; we also add the following fragment-
defining adjective: the nominal-free fragment is obtained by omitting the rule

of nominal formation. Truth of a formula ¢ € nJL at a pointed Fitting model
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for {0} is defined using the same induction on formula construction that we
used to define the truth of a formula ¢» € JL (Definition 3.7). The various

notions of validity from Definition 3.8 carry over directly to the language nJL.

Note that we defined the Fitting semantics for nJL in the same way as it
was defined for JL. In particular, our semantical definition for nJL does not
itself impose a condition ensuring that ¢ > ¢ is always true. This condition
is something we will impose from outside the definition of the semantics by

way of the next definition.

Definition 3.25. Let £ be a (possibly trivial) extension of the language nJL.
Let E be an evidence function on the frame (W, R) in the language £. To say
that E satisfies the condition of Nominal Identity means that E(p, o) = W

for each ¢ € nJL.

Finally, we need a few additional conditions that may be satisfied of a
Fitting model in the language nJL. These conditions will come up after we

define the axiomatics for nominaled theories.
Definition 3.26. Let M = ((VV, R), E, V) be a Fitting model.

e To say that M satisfies (the) Nominaled Pacuit-Rubtsova (Property)
means that for each nominal-free term ¢ and each formula ¢ € nJL,

we have that M = —(t:p) D =(t > ).

e To say that M satisfies (the) Nominaled Non-Contradiction (Property)
means that for each nominal-free term ¢, we have that E(t, L) = (). Note

that t is nominal-free.
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e To say that M satisfies (the) Nominaled Negative Checker (Property)
means that for each nominal-free term ¢ and each formula ¢ € nJL, we

have that W\E(t,p) C E(7t,~(t:¢)). Note that ¢ is nominal-free.

e To say that M satisfies (the) Nominaled Checker (Property) means that
for each nominaled term ¢, we have that E(t, ) C E(!t,t:¢). Note that

t is nominaled.

Note that in the above itemization, the first three items call for nominal-free

terms, whereas the last item calls for a nominaled term.

3.2.2 Hilbert Theories

We now define the nominaled theories of Justification Logic. Since the purpose
of these theories is to provide a framework for our eventual definition of dy-
namic evidence introduction via assertions that introduce a term as admissible
for a formula, our focus here will be on theories for reasoning about formulas
of the form ¢ > ¢. Thus we end up defining exactly one family of nominaled

theories, whose names are all of the form nEX for a naming string X.

Definition 3.27. We define a number of theories, each of which will include

the following rule of inference.
e Nominal-Necessitation: infer ¢:p from ¢.

Similar to Definition 3.12, we define a family theories, using the conventions de-
scribed in Definition 3.12 to specify a theory within each family. In Figure 3.12,

we define the nominaled theories (of Justification Logic), whose names are all



164

of the form nEX for a naming string X. For a nominaled theory nEX of
Justification Logic, the language of nEX is the fragment of nJL obtained by
omitting each of the following rules of term formation whose omission would

still allow us to write the axiom schemes that axiomatize nEX:

t—lt

t— 7t

That the nominaled theories are consistent follows by the method of for-

getful projection, just as in the case of the basic theories (Theorem 3.14).

Theorem 3.28 (Consistency of nominaled theories). Let X be a naming string
and let * : nJL — QML be defined as in Figure 3.13. Then we have that
nEX F ¢ implies QX F ¢*. It thus follows from the consistency of QX

(Theorem 1.22) that nEX is consistent.

Proof. By induction on the length of derivations in nEX. In the base case

of this induction, we must show that for each nEX-axiom y, we have that

QX F x*.

e The nEX-axiom Y is an instance of an axiom scheme of classical propo-

sitional logic.

It follows immediately that QX F x*.

e The nEX-axiom x ist> (¢ DY) D (s> ¢ D (t-5) > ).

If t and s are nominal-free, then x* = A(¢* D ¥*) D (BW* D BY*) and
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Axiom Scheme K|{T|D|4]5

Axiom schemes for classical propositional logic VIV IVIVIY
t> (DY) D (s>¢ D (t-s)>) VIVIVIVIY
t>@)V(s>p) D (t+s)>0p VIV IVIVIY
(t>p) D Ot>0¢ VIVI|Y v
(t>p) D Wt> (t:p) for t nominaled VIiVIY v
—(t > 1) for t nominal-free v
(t>¢) D lt>(t:9) v
—(t> ) D ?t:=(t:p) for t nominal-free
=(t:p) D =(t > ) for t nominal-free
(t> ) D Ot> ) v
Op D (t>¢) D t:p) VIVIVIVI|Y
t:p D Op VIiVIVIVIY
t:p Dt>0p VIVIVIVvIY
aorT VIiVIVIVIY
O(p D v¥) D (Op D OY) VIVIVIVIY
Op D¢ v
-0l v
Oe D OO0y v
—O¢ D O-O¢ v
0> VIVIVIVI|VY
Op D@ VIV IV VY
wip D 0Op VIiVIiVvIVIY

Rule of Inference K|{T|D|4]|5
Modus Ponens VIVIVIVvIY
Iterated Constant Necessitation for axioms of theory | v | v/ | v v
Constant Necessitation for axioms of theory v
O-Necessitation VIVIVIVvIY
Nominal-Necessitation VIVIVIVvIY

Figure 3.12. Definition of nominaled evidence theories nEX
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p* := p, for each atom p
(PDY) = ¢"DyY"
Op)* = Oy
N He* if t is nominal-free
(trp) = { e
©* otherwise

. Ke* if t is nominal-free
(t>¢) = { He* otherwise

Figure 3.13. Definition of a function * : nJL — QML

hence QX F x*. So suppose that one or more of t and s is nominaled.
We then have that ((¢-s) > w)* = ®y* and thus that QX F y*.

e The nEX-axiom xis (t > @)V (s> ¢) D (t+5) > ¢.
If t and s are nominal-free, then x* = Hp* V Hy* D HWe* and hence
QX F x*. So suppose that one or more of ¢ and s is nominaled. We then
have that ((t + s) > 90)* = ®e* and thus that QX F y*.

e The nEX-axiom y is (t > ¢) D !t > (t:¢), where ¢ is nominaled.
We have that (1t > (t:gp))* = ®WOe* and thus that QX F x* because
QX F mOy*.

e The nEX-axiom y is (¢ > ¢) D Ot > O.

If ¢ is nominal-free, then y* = y* D BOe* and hence QX F x*. So
suppose that ¢ is nominaled. We then have that (Dt > D(,O)* = WOp"
and thus that QX F x*.

e The nEX-axiom x is =(¢t > 1), where ¢ is nominal-free.
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In this case, X contains D. We have that x* = =(@.L). Since X contains
D, we have QX F x*.

e The nEX-axiom x is (t > ¢) DIt > (t: ).
In this case, X contains 4. If ¢ is nominal-free, then x* = Hp* D
DEe* and hence QX F x* because X contains 4. So suppose that ¢ is
nominaled. We then have that (It > (t:go))* = WOe* and thus that
QX F x* because QX F WOp™.

e The nEX-axiom y is =(t > ¢) D ?t:=(t:p), where ¢ is nominal-free.
In this case, X contains 5. We have that x* = -¢* D E—-Hy*. Since
X contains 5, we have that QX F y*.

e The nEX-axiom x is =(t:¢) D —(t > ¢), where t is nominal-free.
In this case, X contains 5. We have that y* = -E¢* D -Ay* and hence
QX F x* because X contains 5.

e The nEX-axiom x ist: (¢ DY) D (s:9 D (t-5):9).

If t and s are nominal-free, then x* = E(¢* D ¥*) D (Hp* D EHY*) and
hence QX F x*. So suppose that one or more of ¢ and s is nominaled.

We then have that ((t-s):¢)" = Oy* and, further, that

QX F (t:(¢ D ¥) /\s:go)* D (O(e* DY) ADgY) .

It follows that QX F x*.

e The nEX-axiom x is (t:¢) V (s:p) D (t+ ) : .
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If t and s are nominal-free, then x* = E¢* V O¢* D Hy* and hence
QX F x*. So suppose that one or more of t and s is nominaled. We then

have that ((t + s):ap)* = O¢* and, further, that
QX F (t:pVs:p)" DOp" .

Thus QX F x*.

e The nEX-axiom y is t:¢p D .

In this case, X contains T. If ¢ is nominal-free, then xy* = Hy* D ¢* and
hence QX F x* because X contains T. So suppose that ¢ is nominaled so

that x* = Op* D ¢*. Since X contains T, it again follows that QX F x*.

e The nEX-axiom y is —(t: L).

In this case, X contains D. If ¢ is nominal-free, then x* = =(L) and
hence QX F x* because X contains D. So suppose that ¢ is nominaled

so that x* = =(OL). Since X contains D, it again follows that QX F x*.

e The nEX-axiom x is (t:¢) D lt:(t:¢).

In this case, X contains 4. If ¢ is nominal-free, then x* = By* D HEE*
and hence QX F x* because X contains 4. So suppose t is nominaled
so that x* = Op* D OOp*. Since X contains 4, it again follows that
QX F x*.

e The nEX-axiom x is =(t:¢) D 7t:—(t:p), where ¢ is nominal-free.
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In this case, X contains 5. We have that y* = —Hp* D O-Hp* and

hence QX F x* because X contains 5.

The nEX-axiom x is (t > ¢) D O(t > ¢).

In this case, X contains 4. If ¢ is nominal-free, then y* = By* D O,
which is a QX-theorem because 4 occurs in X. If ¢ is nominaled, then
X* = BWe* D OHe*, which is again a QX-theorem by the fact that Ey*

is a QX-axiom.

The nEX-axiom x is Op D ((t > ¢) D t:¢).

If t is nominal-free, then x* = Op* D (Kp* D Ee*) and hence QX F x*.
So suppose that ¢ is nominaled. We then have that x* = O¢* D (He* D
Op*) and thus that QX F x*.

The nEX-axiom y is t:¢ D .

If t is nominal-free, then x* = EHp* D Op* and hence QX F x*. So
suppose that ¢ is nominaled. We then have that x* = O¢* D O¢* and
thus that QX F x*.

The nEX-axiom x is t: ¢ Dt > ¢.

If t is nominal-free, then x* = EHp* D HWe* and hence QX F x*. So

suppose that ¢t is nominaled. We then have that xy* = Op* D H¢* and
thus that QX F x*.

We have each of the following.

- QX+ (OT)*
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- QX+ (O(e2%) > (Op D> OY))”

— If T occurs in X, then QX F (Dap D gp)*.

— If D occurs in X, then QX F (=0OL)".

— If 4 occurs in X, then QX + (Dcp D DDQO)*.

If 5 occurs in X, then QX + (=0¢ D O-0O¢) .
Verifying each of the above items is straightforward.

e The nEX-axiom y is ¢ > .

We have that x* = E¢* and thus that QX F x*.

e The nEX-axiom x is Oy D ¢:p.

We have that x* = O¢* D O¢* and thus that QX F x*.

e The nEX-axiom x is p:¢ D Op.

We have that x* = 0:¢" D Op* and thus that QX F x*.

Now for the induction step, where we show that if an nEX-theorem is derived
using a rule of inference of nEX with the result already known for the assump-
tions of the rule, then the result also holds for the formula derived by the rule.
The argument for the rules Modus Ponens, Iterated Constant Necessitation,
and Constant Necessitation are just as in Theorem 3.14, so all that remains is
the rule of Nominal-Necessitation. So suppose that the nEX-theorem ¢: ¢ is
derived from the nEX-theorem ¢. Since (¢:¢)* = Hp*, we have immediately
that QX F (¢:p)*. O
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We now prove that the nominaled theories have the following extensional

relationships.
Theorem 3.29 (Extensions). Let X be a naming string.

e Let X' be a substring of X, meaning there is an order-preserving injection
between the symbols in X’ and the symbols in X. Then we have that

nEX is an extension of nEX".
e nEX is an extension of EX.

Proof. For X’ a substring of X, an inspection of Figure 3.12 shows that nEX
is an extension of nEX’. It is also easy to see that nEX is an extension of EX

(compare Figures 3.2 and 3.12). O

It will now be our task to show that nEX is a conservative extension of
EX. For this result, we will require that EX has all tautologies as axioms.

This is the purpose of the next definition.

Definition 3.30. To say that theory of Justification Logic is tautological
means that every instance of a classical tautology in the language of the re-

spective theory is an axiom of the respective theory.
We now prove conservativity.

Theorem 3.31 (Conservativity of nEX over EX). Let X be a naming string.
Then we have that tautological nEX is a conservative extension of tautological

EX.
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p° := p, for each atom p
(W DoOx)° = PDOX°
(Oy)° = OY°
o L t:1° if t is nominal-free
(t:) o { Oy°  otherwise

o t > ° if t is nominal-free
(t>9)" = { OT  otherwise

Figure 3.14. Definition of a function o : nJL — JL

Proof. Let us assume that both nEX and EX are tautological. To say that
nEX is a conservative extension of EX means that nEX is an extension of
EX (which we proved in Theorem 3.29) and that for each formula ¢ in the
language of EX, we have that nEX F ¢ implies EX F ¢. So what remains is
for us to show that nEX F ¢ implies EX F ¢ for each ¢ in the language of EX.
To do this, we first define a function o : nJL — JL according to Figure 3.14.

We now verify that for each nEX-axiom v, we have that ¢° is an EX-axiom.

e (Case: v is an instance of a classical tautology in the language of nEX.

It follows that v° is itself an instance of a classical tautology in the

language of EX, so ¢° is an EX-axiom.

e Case: ¢ is the nEX-axiom ¢ > (¢ D x) D ((s > ¢) D (t-5) > x).

If ¢t and s are nominal-free, it follows immediately that ¢° is an EX-
axiom. If ¢ is nominaled but s is nominal-free, then ¢° = 0T D ((s >
¥°) D DT), which is a classical tautology and so an EX-axiom. If ¢ is
nominal-free but s is nominaled, then ¢° =t > (¢° D x°) D (OT D

OT), which is a classical tautology and so an EX-axiom. If both ¢ and
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s are nominaled, then ¢° = OT D (OT D OT), which is a classical

tautology and so an EX-axiom.

Case: 1 is the nEX-axiom (t > @) V (s> ¢) D (t +5) > o.

If t and s are nominal-free, it follows immediately that ° is an EX-
axiom. If ¢ is nominaled but s is nominal-free, then ¢° = OT V (s >
©°) D OT, which is a classical tautology and so an EX-axiom. If ¢
is nominal-free but s is nominaled, then ¥° = (¢t > ¢°) v OT D OT,
which is a classical tautology and so an EX-axiom. If both ¢ and s are
nominaled, then ¢° = OT vV OT D OT, which is a classical tautology

and so an EX-axiom.

Case: 1 is the nEX-axiom (¢ > ) D Ot > Oep.

If t is nominal-free, it follows immediately that ¢° is an axiom of EX. If
t is nominaled, then ¢° = OT D OT, which is a classical tautology and

so an EX-axiom.

Case: 1) is the nEX-axiom (t > ¢) D It > (t:¢), where t is a nominaled
term.

We have that v° = OT D OT, which is a classical tautology and so an
EX-axiom.

Case: 1 is the nEX-axiom —(¢ > 1), with ¢ nominal-free.

In this case, D occurs in X. Since t is nominal-free, it follows immediately

that ° is an axiom of EX because D occurs in X.
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e Case: v is the nEX-axiom (t > ¢) DIt > (t:¢).

In this case, 4 occurs in X. If ¢ is nominal-free, it follows immediately
that ¢° is an EX-axiom because 4 occurs in X. If ¢ is nominaled, then
¥° =0T D OT, which is an EX-axiom because 4 occurs in X.

e Case: 1 is the nEX-axiom —(t > ¢) D 7t:—(t:¢), with ¢ nominal-free.
In this case, 5 occurs in X. Since t is nominal-free, it follows immediately
that ° is an axiom of EX because 5 occurs in X.

e Case: 1 is the nEX-axiom —(t:¢) D —(t > ¢), with ¢ nominal-free.

In this case, 5 occurs in X. Since t is nominal-free, it follows immediately
that 1° is an axiom of EX because 5 occurs in X.
e Case: v is the nEX-axiom (t > ) D O(t > ).

In this case, 4 occurs in X. If ¢ is nominal-free, then v° is an EX-
axiom because 4 occurs in X. If ¢ is nominaled, then we have that

Y° =0T DO0T is an EX-axiom.

e Case: v is the nEX-axiom Oy D ((t > ) D t:gp).

If t is nominal-free, then it follows immediately that 1° is an EX-axiom.
If ¢ is nominaled, then ¢° = Op°® D (OT D Og°), which is a classical

tautology and hence an EX-axiom.

e Case: ® is the nEX-axiom t:p D Op.

If t is nominal-free, then it follows immediately that 1° is an EX-axiom.

If ¢ is nominaled, then ¢° = Oe° D Og°, which is a classical tautology
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and hence an EX-axiom.

Case: v is the nEX-axiom t: ¢ Dt > ¢.

If t is nominal-free, then it follows immediately that ¢° is an EX-axiom.
If ¢ is nominaled, then ¢° = Oy® D OT, which is a classical tautology

and hence an EX-axiom.

Case: 9 is the nEX-axiom OT.

It follows immediately that ° is an EX-axiom.
Case: 9 is the nEX-axiom O(p D ) D (Op D OY).
It follows immediately that ¢° is an EX-axiom.
Case: v is the nEX-axiom O¢ D ¢.

In this case, T occurs in X. It follows immediately that ¢° is an EX-

axiom because T occurs in X.

Case: 9 is the nEX-axiom —OL.

In this case, D occurs in X. It follows immediately that ¢° is an EX-
axiom because D occurs in X.

Case: ¥ is the nEX-axiom O¢ D OO¢.

In this case, 4 occurs in X. It follows immediately that ¢° is an EX-
axiom because 4 occurs in X.

Case: ¥ is the nEX-axiom -0y D O-O¢p.

In this case, 5 occurs in X. It follows immediately that ¢° is an EX-

axiom because 5 occurs in X.
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e Case: 1 is the nEX-axiom ¢ > ¢.

¥° =0T, which is an EX-axiom.

e Case: 1 is the nEX-axiom Op D ¢: .

¥° = Op° D Op°, which is an EX-axiom.

e (Case: v is the nEX-axiom ¢:p D Ogp.

¥° = Og° D O¢°, which is an EX-axiom.

So each nEX-axiom 1) is mapped to an EX-axiom 1°. Now suppose that a
sequence P := {4}, of nJL-formulas makes up a proof of the JL-formula ¢,
in the Hilbert theory for nEX. We argue by induction on k with 0 < k < n
that 1)} is either an EX-axiom or follows from zero or more EX-theorems from
the sequence {1?}*=+ by a rule of inference from the Hilbert theory for EX.
In this way, we will show that P° := {¢?}, is a proof of ¢, in the Hilbert

theory for EX.

e Case: k=0.
It follows from the fact that P is an nEX-proof that v is an nEX-axiom
and thus that v; is an EX-axiom by what we showed above.

e Case: k > 0 and 1, is an nEX-axiom.
It follows by what we showed above that v} is an EX-axiom.

e Case: k > 0 and ¢, follows from the formulas 1, and ¥, with 0 < a < k

and 0 < b < k£ by Modus Ponens.
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We may assume that 1, = 0, D 6, that ¢, = 61, and thus that ¢, = 60s.
But then ¢, = 07 D 05 and ¢, = 07, and so vy, follows from v, and 1}

by Modus Ponens.

Case: k > 0 and vy follows by Iterated Constant Necessitation for the

set of axioms of nEX.

In this case, 4 does not occur in X. We also have that 1, is of the form

e ("o (" 2o (- (Per(le: (eip)) -+ )

for some n € N, some constant ¢, and some nEX-axiom ¢. We have

shown that ¢° is an EX-axiom. Further, we have that 1} is

e (1" e (1" 2o (- (Pe:(lei (i) -+ 4))

which follows by Iterated Constant Necessitation for the set of axioms

of EX because ¢° is an EX-axiom and 4 does not occur in X.

Case: k > 0 and xj follows by Constant Necessitation for the set of

axioms of nEX.

In this case, 4 does occur in X. We also have that 1y is of the form c: ¢

for some constant ¢ and some nEX-axiom . We have shown that ¢° is

o

an EX-axiom, and so (c:¢)° = c:¢° follows by Constant Necessitation

for the set of axioms of EX because ¢° is an EX-axiom and 4 occurs in

X.
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e Case: k > 0 and y; follows from the formula y, with 0 < a < k by

-Necessitation.

We have that x; = Ox,. But x; = Ox¢ follows from x¢ by O-Necessitation.

e Case: k > 0 and y; follows from the formula y, with 0 < a < k by

Nominal-Necessitation.

We have that xx = Xa:Xe. But xp = Oxg follows from x; by O-

Necessitation.

Since P is a proof of ¥ € JL in the Hilbert theory for EX, we have that each
¢y, in the sequence {¢;}7_, is handled in one of the above cases. But then we
have shown that P° is a proof of v, in the Hilbert theory for EX. It follows

that nEX is indeed a conservative extension of EX. O

Artemov’s Internalization theorem also holds for the nominaled theories,

though the proof is trivial.

Theorem 3.32 (Artemov’s Internaliztion Theorem). Let X be a naming
string. Then for each nEX-theorem ¢, there is a term ¢ such that ¢:¢p is

also an nEX-theorem.

Proof. For each nEX-theorem ¢, take ¢t to be the nominal ¢ itself. That ¢: ¢

is also an nEX-theorem follows by the rule of Nominal-Necessitation. O

We now define what it means for a Fitting model to be a Fitting model for
a given nominaled theory nEX. This allows us to pick out the Fitting models

that respect the axiomatics of nEX.
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Evidence Function Condition K | T |D| 4 |5
Nominal Identity VIiVIVIVvIY
Application VIV IV VIV
Sum arararaxs
Box arararars
Constant Specification A, VIiVIY v
Nominaled Checker arans v
Nominaled Non-Contradiction v
Constant Specification Ag v
Checker v
Monotonicity v
Nominaled Negative Checker v
Nominaled Pacuit-Rubtsova v
(A is the set of axioms of the theory)
Frame Condition K| T/ D|4]|5
Reflexive v
Serial v
Transitive v
Euclidean v

Figure 3.15. Fitting model conditions for theories nEX

Definition 3.33 (Fitting models for nominaled theories). Let M be a Fitting
model for {O0}. To say that (the) Fitting model M is for nEX means that M

satisfies the properties specified by Figure 3.15.

While we have defined what it means for a Fitting model to be for a
nominaled theory, we have now shown that there actually exists a Fitting

model satisfying the properties of being a Fitting model for a given nominaled
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theory. The following lemma addresses this issue.

Lemma 3.34 (Existence of Fitting models for nominaled theories). Let X
be a naming string, let ' = (W, R) be a frame for {0}, and let (F,V) be
a Kripke model for KX (by which we mean that (F,V’) satisfies each of the
frame conditions in Figure 3.15 whose row contains a check mark [“v”] in a
column whose label occurs in X'). Then there is an evidence function E such

that (F, E,V) is a Fitting model for nEX.

Proof. We extend or redefine R, whichever is appropriate, so that Rg := 0,
Ry := R}, and Ry := R} (recall that R} is the transitive closure of Rpy).
It follows by the argument in Lemma 3.18 that M is a Kripke model for QX
(Definition 1.23). Now define an evidence function E on F' as follows. For

each (possibly nominaled) term ¢ and formula ¢ € nJL, we set

E(t,p):={L e M : M,T = (t>¢)} .

Recall that the function * : nJL — QML is defined in Figure 3.13. It is now
our task to show that (F, E, V) is a Fitting model for each of nEX and nBX.
To do this, we must verify that (F, E, V) satisfies the various properties that
arise according to Figures 3.15 and A.9, which depends on the particular form

of the naming string X. We consider each property in turn.

e (F,E,V) satisfies Nominal Identity.

Since M |= He*, it follows that E(p, p) = W.

e (I, E,V) satisfies Application.
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Suppose I' € E(t, D 1) N E(s, ). This means that
MTE(t> (p29) Als> ) .

If one or more of ¢t and s is nominaled, then ((t - 8) > 1/))* = @Y* and
so it follows from M,T" = ®¢* that I' € E(t - s,v). In case neither ¢
nor s is nominaled, then it follows that I' € E(t - s,1) by the QX-axiom
A(p* D ¥*) D (Byp* D BY*), the soundness of QX (Theorem 1.24), and

the fact that M is a model for QX.

(F, E,V) satisfies Sum.

IfT" € E(t,p)UE(s,¢) and both t and s nominal-free, then M, I" = Dp*
and thus I' € E(t + s,¢). If I' € E(t,) U E(s,¢) and one or more of ¢

and s is nominaled, then M, " = ®e* and thus I' € E(t + s, ).

(F, E,V) satisfies Box.

Suppose that I' € E(t, ). If ¢ is nominal-free, then M,T" = Wy* and
thus M,I' = @Oe* by the QX-theorem Kp* O WOp*, the soundness
of QX (Theorem 1.24), and the fact that M is a model for QX; hence
' € E(Ot,0¢). If ¢t is nominaled, then M, T = ®O¢* and thus T’ €

E(Ot,0yp).
(F, E, V) satisfies Constant Specification A,,, where A is the set of nJL-
formulas that are an axiom of one or more of nEX and nBX.

It follows by the consistency of nominaled theories (Theorem 3.28) that

QX F ¢* for each formula ¢ € nJL that is an axiom of one or more of
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nEX and nBX. Applying E-Necessitation n times for a given n € N and
then applying -Necessitation, we have that QX + BE"¢*. Thus M
@™ e* for an arbitrary n € N by the soundness of QX (Theorem 1.24)

and the fact that M is a model for QX. The result follows.

(F, E,V) satisfies Nominaled Checker.

We have that QX F Ey* D mOg*. Thus M | He* D ®WOe* by the
soundness of QX (Theorem 1.24) and the fact that M is a model for
QX. The result follows.

If D occurs in X, then (F, E, V) satisfies Nominaled Non-Contradiction.

If D occurs in X, then QX F =1L and thus M |= —2_L by the soundness
of QX (Theorem 1.24) and the fact that M is a model for QX. It follows

that E(t, L) = 0 for each nominal-free term t¢.

If 4 occurs in X, then (F, E, V) satisfies Constant Specification Ay, where
A is the set of nJL-formulas that are an axiom of one or more of nEX

and nBX.

(F, E, V) satisfies Constant Specification A,, and Ay C A,, so (F,E, V)

also satisfies Constant Specification Aj.

If 4 occurs in X, then (F, E, V) satisfies Checker.

Suppose I' € E(t,¢). If ¢t is nominaled, then we have M E E:Hp*
and thus that T" € E(t,t:p). So suppose that t is nominal-free. T' €
E(t,¢) then means that M,I' = @y*. Since 4 occurs in X, we have

that QX F De* D BEe* and thus M, T = @Ee* by the soundness of
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QX (Theorem 1.24) and the fact that M is a model for QX. Hence
I'e E(t,t:9).

If 4 occurs in X, then (F, E, V) satisfies Monotonicity.

Suppose I' € E(t,¢) and 'R;A. In case t is nominaled, A € E(t, )
follows from the fact that M |= HEe*. So suppose that ¢ is nominal-free,
which implies that M,I" = Wy* by the definition of E. Since 4 occurs
in X, we have that My* D @AW" is a theorem of QX and is hence valid
in M by the soundness of QX (Theorem 1.24) and the fact that M is
a model for QX. Thus M, A = Wy*, which is what it means to have
A€ E(t,p).

If 5 occurs in X, then (F, E, V) satisfies Nominaled Negative Checker.

Suppose that I' ¢ E(t, ) with ¢ nominal-free. It follows from the def-
inition of F that M,T" = —e*. Since 5 occurs in X, we have that
—e* D B-EHe* is a QX-theorem. It then follows by the soundness of
QX (Theorem 1.24) and the fact that M is a model for QX that we have
M,T |= B—G¢* and hence I € E(?t, ~(t:¢)).

If 5 occurs in X, then (F, E, V) satisfies Nominaled Pacuit-Rubtsova.

We first show that for each formula v € nJL and each €2 € M, we have

that
(F,E,V),Q = implies M, Q E ¢* .

The proof is by induction on the construction of nJL-formulas. The base
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and Boolean inductive cases of this induction are straightforward, so we

restrict our attention to the non-Boolean inductive cases.

— Case: (F,E,V),Q = 0.
This statement means that (F,E,V),Q | ¢ for each Q' € M
satisfying QR5€Y. Applying the induction hypothesis, we have that
M, QY | ¢* for each ' € M satisfying QR5€). But the latter is

what it means to have M, Q = Oy*.

— Case: (F,E,V),QEt> 1.
This statement means that Q € E(t,1). By the definition of E, the
latter means that M, Q | (t > )"

— Case: (F,E,V),Q [ t:1.
This statement implies that (F, E,V),Q = 0O¢ and (F, E,V),Q |
t > 1. Applying the last two cases, it follows that M, Q = (Oy A
t > 1)*. If t is nominal-free, then (O At > ¥)* = OyY* A @Y*
and so it follows that M, | E¢* by the QX-theorem O¢* D
(Dy* D EY*), the soundness of QX (Theorem 1.24), and the fact
that M is a model for QX. If ¢ is nominaled, then (O At > ¢)* =
Oy* A Ey* and thus M, Q = OY*. So in either case, we have that

M,Q = (t:4)*, as desired.

Now to see that (F, E, V) satisfies Nominaled Pacuit-Rubtsova, assume
(F,E,V),I' = =(t:p) for a nominal-free term t. Applying what we
showed above and the fact that t is nominal-free, we then have that

M, T | —[e*. Since 5 occurs in X, we have that QX F —E¢* D —Ap*.
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Applying the soundness of QX (Theorem 1.24) and the fact that M
is a model for QX, we then have that M,I" = —p*. This implies
' ¢ E(t, ) by the definition of E, and thus (F, E,V),T E —(t > ¢).

e If T occurs in X, then (F, E,V) is reflexive.
This follows from the fact that M is a Kripke model for KX, and so R
is reflexive whenever T occurs in X.

e If D occurs in X, then (F, E, V) is serial.
This follows from the fact that M is a Kripke model for KX, and so Ry
is serial whenever D occurs in X.

e If 4 occurs in X, then (F, E,V) is transitive.
This follows from the fact that M is a Kripke model for KX, and so Ry
is transitive whenever 4 occurs in X.

e If 5 occurs in X, then (F, E,V) is euclidean.
This follows from the fact that M is a Kripke model for KX, and so R
is euclidean whenever 5 occurs in X.

We conclude that (F, E, V) is indeed a Fitting model for nEX. O

The soundness of the nominaled theories is proved in much the same way

as soundness for the basic theories.

Theorem 3.35 (Soundness of nominaled theories). Let X be a naming string.

If ¢ is an nEX-theorem, then ¢ is valid in every Fitting model for nEX.



186

Proof. By induction on the length of a derivation of a nEX-theorem. In the

base case of this induction, we must verify that each nEX-axiom is valid in

every Fitting model for nEX. So given an arbitrary Fitting model M for nEX,

we consider each nEX-axiom in turn, showing that a given axiom is valid in

M. Let us proceed.

M | x for each instance x of an axiom scheme of classical propositional

logic (in the language of nEX).

This validity follows from the definition of truth (Definition 3.7).

MEt>(e2¢)D (s> ¢) Dt s)> )

This validity holds if M satisfies Application. But since M is a Fitting
model for nEX (see Definition 3.33 and Figure 3.15), it follows that M

satisfies Application.

ME{E>p)V(s>e)D(t+s)>¢

This validity holds if M satisfies Sum. But since M is a Fitting model
for nEX (see Definition 3.33 and Figure 3.15), it follows that M satisfies

Sum.

If 4 does not occur in X, then M = (¢t > ¢) D Ot > Q.

This validity holds if M satisfies Box. But since M is a Fitting model
for nEX and 4 does not occur in X (see Definition 3.33 and Figure 3.15),

it follows that M satisfies Box.

M (t> ) DIt> (t:@) if t is nominaled.
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This validity holds if M satisfies Nominaled Checker. But since M is a
Fitting model for nEX (see Definition 3.33 and Figure 3.15), it follows

that M satisfies Nominaled Checker.

If D occurs in X, then M = —(t > ¢) for each nominal-free term ¢.

This validity holds if M satisfies Nominaled Non-Contradiction. But
since M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15),

it follows that M satisfies Nominaled Non-Contradiction.

If 4 occurs in X, then M = (t> ¢) Dt > (t:p).

This validity holds if M satisfies Checker. But since M is a Fitting
model for nEX and 4 occurs in X (see Definition 3.33 and Figure 3.15),

it follows that M satisfies Checker.

If 5 occurs in X, then M |= —(t > ¢) D 7t:=(t:p) for each nominal-free

term t.

This validity holds if M satisfies Nominaled Negative Checker and Nom-
inaled Pacuit-Rubtsova. But since M is a Fitting model for nEX and
5 occurs in X (see Definition 3.33 and Figure 3.15), it follows that M

satisfies Nominaled Negative Checker and Nominaled Pacuit-Rubtsova.

If 5 occurs in X, then M = —=(t:9) D =(t > ¢) for each nominal-free

term t.

This validity holds if M satisfies Nominaled Pacuit-Rubtsova. But since
M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15), it

follows that M satisfies Nominaled Pacuit-Rubtsova.
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If 4 occurs in X, then M = (t > ) D O(t > ).

This validity holds if M satisfies Monotonicity. But since M is a Fitting
model for nEX and 4 occurs in X (see Definition 3.33 and Figure 3.15),
it follows that M satisfies Monotonicity.

MEDOp D ((t>¢) Dt:yp).

This validity follows from the definition of truth (Definition 3.7).

M =t D Ogp.

This validity follows from the definition of truth (Definition 3.7).
MEtpDt>p

This validity follows from the definition of truth (Definition 3.7).
We have each of the following.
- MEQOT

— M E=0O(e > ¢) D (O¢ D OY)
— If T occurs in X, then M | Og D .

— If D occurs in X, then M = —-OL.

If 4 occurs in X, then M = Op D O0O¢.

If 5 occurs in X, then M = —O¢ D O-0O¢.

The verification of the above items follows from the fact that M is a Fit-
ting model for nEX (see Definition 3.33 and Figure 3.15) by the standard

modal arguments [21].
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e MEp>qyp

Since M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15),
we have that M satisfies Nominal Identity. Thus the above validity

follows from the definition of truth (Definition 3.7).

e M =0Op D y:pand M = ¢:p D Op.

Since M is a model for nEX (see Definition 3.33 and Figure 3.15), we
have that M satisfies Nominal Identity. The validities above then follow

by the definition of truth (Definition 3.7).

So we have shown that each nEX-axiom is valid in an arbitrary Fitting model
M for nEX. For the induction step, we are to show that for each rule of
inference r for nEX, if we are provided with nEX-theorems of the proper form
for the hypotheses of  that are themselves valid in every Fitting model for M,
then the nEX-theorem given by the conclusion of r» with these hypotheses is
also valid in every Fitting model for nEX. Letting M = ((W, R), E,V) be an
arbitrary Fitting model for nEX, we examine each rule of inference for nEX

in turn.

e Modus Ponens: M = ¢ D1 and M | ¢ together imply that M = .
This follows by the definition of truth (Definition 3.7).

e Iterated Constant Necessitation for the set A of nEX-axioms: if 4 does
not occur in X, then M = 1"¢;.:p for each "¢ € A,

Since M is a Fitting model for nEX and 4 does not occur in X (see Def-

inition 3.33 and Figure 3.15), we have that M satisfies Constant Speci-
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fication A,. We now argue by induction on the number of occurrences
of the colon symbol (“:”) in a formula ¢ € A, that M | ¢. In the
base case of this induction, there is one occurrence of the colon symbol
in ¢, and thus ¢ is of the form c¢;:v¢ for some nEX-axiom . But we
already argued that M |= 1. Since M satisfies Constant Specification
A, we have that F(cg,v) =W, and thus M |= ¢;:¢. For the induction
step, we prove that if (I"cx:¢) € A, and M = "ci:¢, then we have
M E " ep: (e ). So assume that (I"cp:p) € A, and M | "¢y .
Since ("cx:¢) € Ay, it follows from the fact that M satisfies Constant
Specification A, that we have E(I""lcy, "¢, ) = W. But then it fol-
lows from our assumption M | "cp:p that M | "o : ("), as

desired. We have thus shown that M = "¢ : @ for each "¢ :p € A,.
Constant Necessitation for the set A of nEX-axioms: if 4 does occur in
X, then M = ¢ for each ¢ € Ay.

Since M is a Fitting model for nEX and 4 occurs in X (see Definition 3.33
and Figure 3.15), we have that M satisfies Constant Specification A,.
Thus for each T-axiom ¢, we have that E(cg, ) = W. Since we have
already shown that M = ¢, it follows that M = ¢ : .

O-Necessitation: if M = ¢, then M = Ogp.

This follows from the definition of truth (Definition 3.7).

Nominal-Necessitation: M = ¢ implies M = ¢:o.

Since M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15),

we have that M satisfies Nominal Identity. But then the result follows
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by the definition of truth (Definition 3.7).

We conclude that each nEX-theorem is valid in every Fitting model for nEX.
O

Completeness for nominaled theories is by way of a canonical model argu-
ment.

Definition 3.36 (Canonical structures for nominaled theories). Let X be a
naming string. We define a tuple M := ((WnEX RrEX) ErEX ynEX) a9

follows.

o W"EX is the set consisting of all maximal nEX-consistent sets (of for-
mulas in the language of nEX). Note that WX is nonempty by the

consistency of nEX (Theorem 3.28).
o RIEX = {(I,A) € WrEX x WMEX : (V) (p:p €T = p € A)}
o E"EX(t, ) :={T e WX : (t > ¢) €'}

o V'EX(pp) :={I' € WEX : p, € T'} for each k € N

We adopt similar terminology as in Definition 3.20 (canonical frame for nEX,
canonical valuation for nEX, canonical evidence function for nEX, canonical

Fitting model for nEX, and so forth).

Canonical Fitting models for nominaled theories satisfy the following Truth

Lemma.

Lemma 3.37 (Truth Lemma). Let X be a naming string. Then for each
formula ¢ in the language of nEX and each world I' € M"Y we have that

M"EX T = ¢ if and only if ¢ € T
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Proof. By induction on the construction of formulas in the language of nEX.
The base and Boolean inductive cases are straightforward, so we restrict our

attention to the non-Boolean inductive cases.

e (Case: the formula ¢: .

While this is a special case of the scheme t:¢, it will be convenient for

us to to handle this special case separately.

So assume that ¢:¢ € I' and that TRIA. It follows from the nEX-
axiom ¢ > ¢ and the maximal nEX-consistency of I' that ¢ > p € T’
and so I' € E"8¥(p, p) by the definition of E"E¥. Since IRMEYA| it
follows from ¢:¢ € I' and the definition of RPF* that ¢ € A and hence
M"EX A = ¢ by the induction hypothesis. Since I' € E"E¥ (¢, ) and
A € M"E¥ satisfying TRMEYA was chosen arbitrarily, we have shown
that M"EX T = ¢: 0.

Conversely, assume that p: ¢ ¢ I'. Defining theset I'® := {¢) | ) € T'},
we argue by contradiction that TR U{—¢} is nEX-consistent. So suppose

'Y U {—¢} is nEX-inconsistent, which implies that there is a finite set

{r}i_y € TU such that

NEXF oD (W1 D WD (- (D)) .

Calling the latter formula € and then applying Nominal-Necessitation,
we then have that nEX  6:0. Since for each v € S, we have that
Uy € T, it follows by the nEX-provable scheme u:(x D x') D (v:x D

(u-v):x") (which is provable in nEX by Theorem 3.29) and the maximal
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nEX-consistency of I' that

(- (((0-%o) 1) ~aha) ==+ ) ~p)ip el

But it then follows from the nEX-provable scheme u:y D x:x (which
is provable in nEX by Theorem 3.29) and the maximal nEX-consistency
of I that p:¢ € I, contradicting our initial assumption that ¢:¢ ¢ I
Thus it must be the case that 'ZU{—¢} is in fact nEX-consistent and so
may be extended to a maximal nEX-consistent set A € M7T. Note that
P RIEXA by the construction of A and the definition of R?FX. Applying
the induction hypothesis, we have that M"® A | -, which implies
that M"EX T £ ¢, as desired.

Case: the formula t > .

By the definition of E"8* we have that ' € E"EX(¢, ) if and only if
(t> ) €. Thus M"X T =t > ¢ if and only if (t > ¢) € T, as

desired.

Case: the formula t: .

We have that nEX F (t:¢) = (p:@) A (t > ¢). So t:p € T is
equivalent to having both p:¢ € T' and (¢t > ¢) € T' by the maxi-
mal nEX-consistency of I'. But the latter is equivalent to having both
MMEX T | ¢:¢p and M"X T = t > ¢ by what we showed in previ-
ous cases. But the latter is itself equivalent to M"EX T k= t:p by the

definition of truth (Definition 3.7).
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e Case: the formula Op.

We have nEX - Op = p:¢. Thus Op € I' is equivalent to ¢: ¢ € I' by
the maximal T-consistency of I'. The latter is equivalent to M"EX T |=
@:p by a previous case. Applying the maximal nEX-consistency of T’
to the nEX-axiom ¢ > ¢, it follows that (¢ > ¢) € T and thus that
' € E"®(p, ) by the definition of E"EX for nominaled terms. But
then M"EX T |= ¢:¢ is equivalent to M8 T' &= Oy by the definition

of truth (Definition 3.7). O

While we have defined a structure called the canonical Fitting model for
nEX, we have not proved that this structure in fact satisfies the properties
of being a Fitting model for nEX. This issue is addressed in the following

theorem.

Theorem 3.38. Let X be a naming string. Then the canonical Fitting model

for nEX is a Fitting model for nEX.

Proof. We verify that M™% the canonical Fitting model for nEX (Defini-
tion 3.36), satisfies the properties required for it to be a Fitting model for
nEX (see Definition 3.33 and Figure 3.15).

o M"EX satisfies Nominal Identity.

Choose I' € M"X . Since nEX F ¢ > ¢, it follows from the maximal
nEX-consistency of T' that (p > ¢) € I and thus that I' € E"EX(p, ¢)
by the definition of E"EX. Since we chose I' € M"EX arbitrarily, we have

shown that E"EX(p, p) = WT.
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o M"EX satisfies Application.

Suppose I' € E"EX (¢, 0 D 1)) N E"EX (s, ). Tt follows from the definition
of E"&¥ and the maximal nEX-consistency of I' that (£ > (¢ D ¢)) A
(s> @) el. Since nEX F (> (9D ¢)) D ((s> @) D (t-5) > 1), it
follows from the maximal nEX-consistency of I' that ((t - 8) > zZ)) el

and hence ' € E"¥(t - s,1) by the definition of E"EX.

o MMEX gatisfies Sum.

Suppose I' € E"EX(t, o) U E"EX (s, ). It follows from the definition of
E"X and the maximal nEX-consistency of I' that (£ > )V (s > ¢) € T
Since nEX F (t > ¢) V(s > ¢) D ((t+s) > ¢), it follows from
the maximal nEX-consistency of I' that ((t +s) > ¢) € T and hence

[ € E"EX(t + s, ¢) by the definition of E"EX.

o M7 satisfies Box.

Suppose that I' € E"EX (¢, ). Applying the definition of E"EX | we have
that (t > ¢) € I'. We have that nEX + (¢ > ¢) D (Ot > Op)
and so (Dt > Ijgo) € I' by the maximal nEX-consistency of I'. Hence

I' € E"EX(0Ot, O¢p) by the definition of E"EX.

e M7 satisfies Nominaled Checker.

Suppose that I' € E"EX(¢,¢) for a nominaled term t. Applying the
definition of E"X| we have that (¢ > ¢) € I'. No matter whether
4 occurs in X, we have that nEX F (t > ¢) D It > (t:¢) and so

(It > (t:¢)) € I' by the maximal nEX-consistency of I'. Hence I' €
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E"EX(1t,t: ) by the definition of E"EX.

e M"EX satisfies Constant Specification A,,, where A is the set of nEX-

axioms.

Choose !"¢j:p € A,. It is easy to see that no matter whether 4 occurs
in X, we have that nEX F !"¢;:p and thus that nEX F "¢, > .
Thus for each I' € M"EX | it follows by the maximal nEX-consistency of
[ that (I"c;, > ) € T and hence I' € E"8¥(!I"¢;, ) by the definition
of E"EX. Since we chose I' € M"EX arbitrarily, we have shown that
EMEX ("¢ ) = WMEX | Since we chose "¢y :p € A, arbitrarily, we have

shown that M"EX satisfies Constant Specification A,,.

e If D occurs in X, then M"EX satisfies Nominaled Non-Contradiction.

Let ¢t be a nominal-free term. Since D occurs in X and ¢ is nominal-free,
we have that nEX F —(¢t > 1). Thus for each I' € M"8¥ | it follows by
the maximal nEX-consistency of T that =(¢ > L) € T and thus that

I' ¢ E"EX(¢, L) by the definition of E"EX. Hence E"EX(¢, 1) = () for all

nominal-free terms ¢.

e If 4 occurs in X, then M"EX satisfies Constant Specification Ay, where
A is the set of nEX-axioms.
Since M"EX satisfies Constant Specification A, and A, C A,, we have

that M"EX also satisfies Constant Specification Ay.

o If 4 occurs in X, then M"EX satisfies Checker.
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Suppose that I' € E"X(t,¢). It follows that (t > ¢) € T by the
definition of E"EX. Since 4 occurs in X, we have that nEX F (t > ¢) D
(It > (t:¢)). Applying the maximal nEX-consistency of T, it follows

that (It > (t:¢)) € I and hence I' € E"8¥(1t, ¢:¢) by the definition of

EnEX

e If 4 occurs in X, then M"EX satisfies Monotonicity.

Suppose that I' € E"X(¢,¢). It follows that (t > ¢) € T by the
definition of E"EX. Since 4 occurs in X, we have that nEX F (t > ¢) D
O(t > ¢). It follows that nEX F (£ > ¢) D (t > ¢):(t > ¢). Applying
the maximal nEX-consistency of I, we have that (t > ¢):(t > ¢) € T.
Thus if TRIEX A then it follows by the definition of RMFX that (t > ¢) €
A and hence A € E"®X(t, ) by the definition of E"8X. Since we chose
A € M"EX satisfying TRPYEXA arbitrarily, it follows that M"E¥ satisfies

Monotonicity.

e If 5 occurs in X, then M7 satisfies Nominaled Negative Checker.

Suppose that ' ¢ E"EX(¢, ). It follows by the definition of E"®¥ and
the maximal nEX-consistency of I' that =(t > ¢) € I'. Since 5 occurs
in X, we have that nEX F —(t > ¢) D 7t:=(t:¢) and thus that nEX
=(t > ) D 7t > —(t:p). Applying the maximal nEX-consistency of T,
we then have that (7¢ > —(t:¢)) € T and hence I' € E"EX (72, -(¢: )

by the definition of E"EX.

e If 5 occurs in X, then M7 satisfies Nominaled Pacuit-Rubtsova.
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Let t be a nominal-free term. Suppose that M"EX T = —t: . Applying
the Truth Lemma (Lemma 3.37), we have that —(t:¢) € I'. Since 5
occurs in X and ¢ is nominal-free, we have that nEX F —(t:) D = (t >
¢). Applying the maximal nEX-consistency of T'; it follows that —(¢ >
@) € I and hence I' ¢ E"EX(¢, ) by the definition of E"EX. But then
MMEX T = —(t > ). As we chose ' € M"EX arbitrarily, we have shown

that M"EX |= = (t:p) D —(t > ¢) for each nominal-free term ¢.

If T occurs in X, then M"EX is reflexive.

It T occurs in X, then we have that nEX F ¢:¢ D ¢ for each ¢ € nJL.
Thus for each I' € M"8X we have by the maximal nEX-consistency of T’
that ¢:p € I' implies ¢ € I'. Applying the definition of R, it follows

that TRIEXT for each T' € M"™EX. So M™EX is reflexive.

If D occurs in X, then M"EX is serial.

If D occurs in X, then we have that nEX + —(L:L1). Thus for each I' €
M"EX | we have by the maximal nEX-consistency of I" that =(L: L) € T.
Applying the Truth Lemma (Lemma 3.37), we have that M"X T' |=
—(L:L) for each T' € M"EX. Since M"EX satisfies Nominal Identity, it
follows from the definition of truth (Definition 3.7) that each T' € M"EX
has a A € M"X such that TRIF* A. But this is what it means for M"&X

to be serial.

If 4 occurs in X, then M"8X is transitive.

If 4 occurs in X, then we have that nEX F ¢:p D lp:(p:p) for each

¢ € nJL. Thus for each I' € M"X and ¢ € nJL, we have by the maximal
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nEX-consistency of I' that ¢:p € I implies lp:(p:p) € T

So if we have TRMEYA] ARMEXQ) and ¢:¢ € T for some ¢ € nlL, then
it follows that lp:(p:¢) € I' and thus that ¢ € Q by the definition of
RPEX. Since ¢ € nJL was chosen arbitrarily, we have shown that R~

1s transitive.

e If 5 occurs in X, then M"EX is euclidean.

If 5 occurs in X, then we have that nEX - -O¢ D O-O¢p and thus that
nEX F =(p:¢) D ((p:p):m(p:p)) for each ¢ € nJL. Thus for each
I' € M®X and ¢ € nJL, we have by the maximal EX-consistency of I'
that =(p:¢) € T" implies =(p:¢):—(p:p) € I

So suppose we have TREXA and TREXQ). Were it the case that we did
not have AREX(Q), then it would follow by the definition of RE* that
there is a p:p € A such that ¢ ¢ Q. It would then follow from our
assumption [REXQ that ¢:p ¢ I' and thus that —(p:¢) € ' by the
maximal EX-consistency of I'. But by what we showed in the previous
paragraph, we would then have that —(¢:p):—=(p:¢) € T and thus that
—(p:¢) € A by the definition of REX and our assumption that T REXA.
But this would then contradict the EX-consistency of A. It therefore

follows that we in fact have AREXQ), so ME¥ is indeed euclidean. [
Completeness for nominaled theories then goes as expected.

Theorem 3.39 (Completeness for nominaled theories). Let X be a naming
string and let ¢ € nJL be a formula. If ¢ is valid in every Fitting model for

nEX, then ¢ is an nEX-theorem.
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Proof. Suppose that ¢ is not a nEX-theorem. Then {—¢} is nEX-consistent
and so may be extended to a maximal nEX-consistent set I' € M"EX. Tt follows
from the Truth Lemma (Lemma 3.37) that M™X T }£ . By Theorem 3.38,
we have that M"E¥X is a Fitting model for nEX. Thus we have shown that it
is not the case that ¢ is valid in every Fitting model for nEX. The statement

of the theorem follows. O

3.3 Dynamic Evidence Introduction

In this section, we undertake the second and final phase of the development of
our theory of dynamic evidence introduction. We will introduce the language
nJL. of nominaled dynamic evidence introduction as an extension of nJL ob-
tained by adding new formulas of the form [t > ]t, which says that 1 is true
after we introduce t as admissible for . If ¢/ does not contain introduction
subformulas, then interpreting the introduction formula [t >, ]t will work
as follows. We first substitute for each occurrence of the term ¢ in ¢ the nomi-
naled term (¢ + ). This operation produces a formula ¥ in the language nJL.
We then reason in a nominaled theory nEX to determine whether to accept
y*. Whether 1% is accepted according to nEX then determines whether to
accept [t >, ]i. Let us look at a small example to see how this works.
Suppose we assume that evidence behaves according to the principles pos-

tulated by the theory nE. We would now like to determine whether the formula

r:(pDq)AOp D [y>pl(r-y):q
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1. p>p nE-axiom
2. (p>»p)DW+p >p nE-axiom
3. (y+p)>p 1,2

4. z:(p>q)D0O(pDq) nE-axiom
5. O(p>q) D (Op>0Ogq) nE-axiom
6. z:(pDq)ANOpDOq 4,5

7. 2> (pP>q¢) D ((y+p)>p>D(z-(y+p) >q) nEaxiom
8 z:(pDqg)Ddx>(p>Dq) nE-axiom
9. 2:(pDqg)D(z-(y+p) >q 3,7,8
10. 0g¢D ((z-(w+p)>q D (- (y+p):q) nE-axiom
1. z:(pD>q)ADOp D (z-(y+p)):q 6,9, 10

Figure 3.16. Proof that nEFz:(p D ¢)AOp D (z-(y+p)):q

is a statement we ought to accept. In words, we are asking the following: if
evidence x validates p D ¢ and p is true no matter variations in admissibility,
then does introducing evidence y as admissible for p make it so that = - y
validates q7 The answer, as one might suspect, is yes. Let us see why.

So let us first eliminate the subformula [y >, p|(z - y):p by substituting
for each occurrence of the term y in (z - y):q the term (y + p). This operation

maps our larger formula to the following.

z:(pD>q)ADOp D (x-(y+p)):q

The resulting formula is in the language nJL, and so we may ask whether the
resulting formula is acceptable according to our assumed theory of evidence
nE. But the resulting formula is indeed acceptable according to nE. We present

a proof of this in Figure 3.16. So we indeed ought to accept the introduction
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formula

z:(pDg)ADp D [y>pl(r-y)ig

if our evidence behaves according to nE.
A full account of evidence introduction along the lines we have sketched
above requires us to handle some additional complications. In particular, when

assessing whether a formula with nested introductions such as

[t > ][5 >11]x

is acceptable according to an underlying nominaled theory of evidence, we
need to perform the substitutions inside-out: we first substitute occurrences
of the term s in x by the nominaled term (s 1)), resulting in a formula x'; we
then substitute occurrences of the term ¢ in x’ by the nominaled term (¢ + ¢).
In order to accommodate such inside-out substitutions, we will develop some

additional machinery.

3.3.1 Syntax and Semantics

We first establish notation for the basic operation of substitution that we will

use to map formulas to the language nJL.

Definition 3.40 ([t ® ¢]). Let L be a (possibly trivial) extension of the lan-
guage nJL. Let ¢ be a (possibly nominaled) term in the language L, let ¢ be a
L-formula, and let Y be an expression in the language L. Y[t ® ¢| denotes the
expression obtained from Y by substituting (¢ 4+ ¢) for each occurrence of a

term w in Y such that the term w is t. So, for example, (p:p)[p@q] = (p+q):p
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(note that we only perform the substitution for the occurrence of p as a term).

To handle inside-out substitutions, we introduce the notion of an intro-
sequence. An intro-sequence is simply a finite (possibly empty) list of the
substitutions we need to perform. When these substitutions are eventually

performed, they are performed in reverse order.
Definition 3.41. Let L be a (possibly trivial) extension of the language nJL.

e An intro-sequence (in the language L) is a finite, possibly empty sequence

of L-formulas of the form ¢ > .

e [f ¢ is an intro-sequence in the language L and t > ¢ is an L-formula,
then we will write o, > ¢ to denote the intro-sequence whose elements
consist of the enumeration of the elements of o followed immediately by

the formula t > .

e Given an expression Y in the language L and an intro-sequence o =
{t; > i}, for some n € N (with n = 0 in case o is empty), we
define the sequence {Y;}, of L-expressions by the following induction:
Yo :=Y and Y; 1 :=Yj[t,—i ® ¢, for each i € N with i < n. We then

let Yo denote the expression Y,,.

In order to interpret evidence introductions in Fitting models, we need
to add intro-sequences to the evidence function in order to keep track of the

evidence introductions that have occurred.

Definition 3.42. Let L be a (possibly trivial) extension of the language nJL.

An intro evidence function (in language L) is a pair (F, o) consisting of an



204

evidence function F in the language L and an intro-sequence o in the language
L. We will write E? to denote the pair (E, o). We identify an evidence function

FE with the intro evidence function E€, where € denotes the empty sequence.

An intro Fitting model is just like a Fitting model except that it includes

an intro evidence function.

Definition 3.43. Let A be an agent set and let L be a (possibly trivial)
extension of the language nJL. An intro Fitting model (for A in language L) is
a tuple (F, E7, V') consisting of a frame F' for A, an intro evidence function £
in the language L such that E is an evidence function on F', and a valuation
V on F. Note that we may identify a Fitting model having evidence function
E with an intro Fitting model having intro evidence function E¢, where € is
the empty intro-sequence. For an intro Fitting model M = (F, E?,V) and a
formula (u > x) € nJL we will write M">X to denote the intro Fitting model
(F, E>">X V). A pointed intro Fitting model (for A in language L) is a pair
(M, T) consisting of an intro Fitting model M for A in language L and a world
['in M. We adopt similar terminology for (pointed) intro Fitting models as

we did for Fitting models (see Definition 3.5).

We are now in a position to define the language nJL, of nominaled evi-
dence introduction. We use the machinery of intro Fitting models to interpret

formulas in this language.

Definition 3.44 (Language nJL, ). nJL, is the extension of nJL obtained by
adding the following rule of formula formation: if ¢ is a term and ¢ and

are formulas, then [t > ]y is also a formula. In Figure 3.17, we define a
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function § : nJL; — nJL. Truth of a nJL,-formula is interpreted at a pointed
intro Fitting model M = (F, E?, V) for {0} in the language nJL according to

the following induction on nJL -formula construction. Here F' = (W, R).

o M,I'P-Land M\T'[=TT.

M, T |= pr, means that I' € V(pg).

M,T = ¢ D1 means that M, f& o or M, = .

M,T =t > ¢ means that I' € E(t*o,*0) (see Definition 3.41).

M,T = O¢p means that M, A = ¢ for each A € M satisfying 'R A.

M,T = t:p means that we have each of the following.

— T' € E(tfo,¢*0) (see Definition 3.41).

— M, A | ¢ for each A € M satisfying 'R A.

M,T |= [t >, means that M) T = .

To interpret nJL,-formulas in intro Fitting models, we use the model’s
intro-sequence to record the evidence introductions that are encountered as the
formula is broken down into its subformulas and the truth of those subformulas
is determined. When a subformula ¢ > ¢ is encountered, we take the intro-
sequence o generated thus far and then determine whether the current world

is a member of

E(t'o, ¢*o) .
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Pt := p, for each atom p
WoxF = POy
(Oy)* = Oy
(t:9) =ty
E>v)F = >y
(It >0x)" = Xt e v
c’; = ¢

xﬁk = T

(t-s) = th.s

(t + s)? =t 4§
(1t)? = It

(7t)* = 7t

(Ot)* = Ot

Note: The substitution [u & x] is defined in Definition 3.40.

Figure 3.17. Definition of a function 4 : nJL; — nJL
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Here we have mapped the term ¢ to a term #* in the language nJL, after which
we perform the substitutions given by the intro-sequence o (in reverse order).
This gives us a term tfo in the language nJL. We do likewise to obtain a
formula (fo also in the language nJL. Since E is an evidence function in the
language nJL, it then makes sense for us to test whether the current world is

a member of the set of worlds given by E(t'o, o%o).

3.3.2 Hilbert Theories

We now define theories for our language nJL, of dynamic evidence introduc-
tion. But first let us observe that our general scheme of evidence introduction
is incompatible with the evidence principles =(t > L) and =(t: ) D =(t > ¢).
Indeed, since evidence introduction allows us to introduce a piece of evidence
as admissible for any formula, these evidence principles are simply incompat-
ible with our notion of evidence introduction. So we will restrict attention
to those theories that are compatible with our notion as we have presented it

thus far.

Definition 3.45. To say that a naming string X is intro-compatible means

that neither D nor 5 occurs in X.
We then define the theories of dynamic evidence introduction as follows.

Definition 3.46 (Theories nEX ). For each intro-compatible naming string
X, we define the theory nEX, to be the extension of nEX (Figure 3.12) ob-
tained by adding the axiom schemes ¢ D ¢ and ¢* O ¢. The language of

nEX, is the language nJL,. For an intro Fitting model M = (F, E?, V), to
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say that (the intro Fitting model) M is for nEX, means that (F,E,V) is a

Fitting model for tautological nEX (see Definition 3.33 and Figure 3.15).

Correctness of our theories of dynamic evidence introduction will depend

heavily on the following conservativity result.

Theorem 3.47 (Conservativity of nEX; over nEX'). For each intro-compatible
naming string X, we have that nEX, is a conservative extension of tautological

nEX.

Proof. To say that nEX is a conservative extension of tautological nEX means
that nEX, is an extension of nEX (which is obvious) and that for each formula
© in the language of tautological nEX, we have that nEX - ¢ implies nEX F
. So what remains is for us to show the latter. To do this, we first verify that
for each nEX , -axiom 1) and each intro-sequence ¢ in the language of nEX, we

have that ¥fo is an nEX-axiom.

e Case: 1 is the nEX -axiom ¢ D ¢* or the nEX -axiom ¢f D .
We have that foc = ¢foc O ¢fo, which is an instance of a classical
tautology and thus an nEX-axiom.

e (Case: v is an instance of a classical tautology in the language of nEX .
It follows that %o is itself an instance of a classical tautology and thus
an nEX-axiom.

e Case: ¢ is the nEX -axiom ¢ > (¢ D x) D ((s > ¢) D (t-s) > x).

Yo = tho > (plo D xPo) D ((sfo > ¢Po) D (t'o - s'o) > xPo), which

is an axiom of nEX.
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e Case: ¢ is the nEX -axiom (t > ¢) V (s> ¢) D (t+5) > .
Yo = (t* > pio) V (sfo > pfo D (tho + sfo) > ¢Po, which is an axiom
of nEX.

e Case: v is the nEX-axiom (¢ > ¢) D Ot > Oep.
Vo = (tho > ¢fo) D Otfo > OpPo, which is an axiom of nEX.

e Case: 9 is the nEX-axiom (¢ > ¢) D 1t > (t:p), where t is a nominaled
term.
Ylo = (tho > o) D It'o > (t'o: pPo), which is an nEX-axiom because
t is a nominaled term.

e Case: 1 is the nEX -axiom (t > ¢) D1t > (t: ).
In this case, 4 occurs in X. o = (tho > ¢fo) D o > (tho:¢fo),
which is an nEX-axiom because 4 occurs in X.

e Case: 9 is the nEX -axiom (¢ > ) D O(t > ).
In this case, 4 occurs in X. ¢fo = (t'o > ¢fo) D O(t'o > pPo), which
is an nEX-axiom because 4 occurs in X.

e Case: v is the nEX -axiom Oy D ((t > ) D t:go).

Yo = Opbo D ((tho > ¢io) D tho:¢Po), which is an nEX-axiom.

e Case: ¢ is the nEX -axiom ¢:¢ D Op.

Vo = tho:pfo D Opo, which is an nEX-axiom.

e Case: ¢ is the nEX -axiom t: ¢ Dt > ¢.
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Yo = tho:pfo D to > ¢fo, which is an nEX-axiom.

e Case: 1 is the nEX  -axiom OT.

Yo = OT, which is an nEX-axiom.

e Case: 9 is the nEX -axiom O(¢ D ¢) D (Op D OY).

Yo = O(pfo D Yfo) D (Op'e D OYo), which is an nEX-axiom.

e Case: v is the nEX ;-axiom Oy D ¢.
In this case, T occurs in X. ¥fo = Opfo D e, which is an nEX-axiom
because T occurs in X.
e (Case: 1 is the nEX -axiom Oy D OO¢p.
In this case, 4 occurs in X. ¥fo = O¢fe D OOp*e, which is an nEX-
axiom because 4 occurs in X.
e (Case: 1 is the nEX  -axiom ¢ > .
Yro = oo > ofo, which is an nEX-axiom.
e Case: ¢ is the nEX -axiom Oy D p: .
Yo = Opto D pho:pio, which is an nEX-axiom.
e Case: 1 is the nEX  -axiom ¢:¢ D Op.
Yo = plo:pfo D Opbo, which is an nEX-axiom.

Taking our intro-sequence o to be the empty intro-sequence €, we have in
particular that each nEX,-axiom 1 is mapped to an nEX-axiom 9fe = 1t

Now suppose that a sequence P := {t;}I, of nJL -formulas makes up a proof
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of the nJL-formula ¢, in the Hilbert theory for nEX,. We argue by induction
on k with 0 < k < n that w,i is either an nEX-axiom or follows from zero
or more nEX-theorems from the sequence {1 }*=! by a rule of inference from
the Hilbert theory for nEX. In this way, we will show that P! := {/!}7 is a
proof of 1, in the Hilbert theory for nEX.
e Case: k=0.
It follows from the fact that P is an nEX -proof that 1)y is an nEX -
axiom and thus that wg is an EX-axiom by what we showed above.
e Case: k> 0 and v is an nEX, -axiom.
It follows by what we showed above that @Z)}i is an nEX-axiom.
e Case: k > 0 and vy follows from the formulas v, and 1, with 0 < a < k
and 0 < b < k£ by Modus Ponens.

We may assume that 1, = 01 D 6, that i, = 61, and thus that ¢, = 60s.
But then ¢4 = 6% 5 65 and ¢! = 6%, and so . = \ follows from ¢! and

¢£ by Modus Ponens.

e Case: k > 0 and . follows by Iterated Constant Necessitation for the

set of axioms of nEX .

In this case, 4 does not occur in X. We also have that 1, is of the form

"c: (!”*lc: (!”*202 (- (!2(:: (le:(c:9)))-++)))

for some n € N, some constant ¢, and some nEX  -axiom ¢. We have
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shown that ¢* is an nEX-axiom. Further, we have that @b,ﬁg is

e (Mo (1" e (- (e (lez(e:of) -+ 4))

which follows by Iterated Constant Necessitation for the set of axioms

of nEX because ¢ is an nEX-axiom and 4 does not occur in X.

e Case: k > 0 and yy follows by Constant Necessitation for the set of

axioms of nEX .

In this case, 4 does occur in X. We also have that 1 is of the form c: ¢
for some constant ¢ and some nEX -axiom ¢. We have shown that ¢! is
an nEX-axiom, and so (c:¢)* = c:¢* follows by Constant Necessitation

for the set of axioms of nEX because ¢* is an nEX-axiom and 4 occurs

in X.
e Case: k > 0 and y; follows from the formula x, with 0 < a < k by
O-Necessitation.
We have that xr = Oy,. But Xi = Ox* follows from \# by O-Necessitation.
e Case: k > 0 and yj follows from the formula y, with 0 < a < k by
Nominal-Necessitation.
We have that xr = xa:Xe But X,ﬂc = x* :x¢ follows from x° by Nominal-

Necessitation.

Since P is a proof of ¢, € nJL in the Hilbert theory for nEX, , we have that

each 1y in the sequence {¢y}}_, is handled in one of the above cases. But
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then we have shown that P! is a proof of ¢, in the Hilbert theory for nEX. It

follows that nEX is indeed a conservative extension of nEX. O

For formulas in the language nJL, the following lemma allows us to re-
move the most recent evidence introduction stored in a model’s intro-sequence
and then perform the substitution induced by that introduction in a truth-

preserving way.

Lemma 3.48. For each pointed intro Fitting model (M,I"), each formula
¢ € nJL, and each formula (u > x) € nJL, we have that M“>X. T = ¢ if and

only if M,T" = p[u @ x].

Proof. By induction on the construction of nJL-formulas. The base case is
straightforward, so let us focus on the inductive cases. Here we let M =
((VV, R), E°, V) be an arbitrary intro Fitting model and I' € M an arbitrary

world.

e Inductive case: the nJL-formula ¢ D .

We have by the induction hypothesis both that M“>*XT" | ¢ if and
only if M\T | p[u & x| and also that M“>X.T" = ¢ if and only if
M, T = ¢Ylu@ x]. It follows that M">X T" = ¢ D ¢ if and only if
M,T E plu® x] D ¥[u® x| by the definition of truth (Definition 3.44).

But the latter is equivalent to M, T = (¢ D ¥)[u & x].

e Inductive case: the nJL-formula Op.

M">X T = Op means that M“>X A | Oy for each A € F satisfying

I'RuA (Definition 3.44). Applying the induction hypothesis, the latter
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is equivalent to M, A E ¢[u @ x| for each A € F satisfying T'RpA.
But this is equivalent to M,T" {= O(¢[u @ x]) by the definition of truth

(Definition 3.44). But the latter is equivalent to M, T = (Op)[u @ x].

e Inductive case: the nJL-formula t > ¢.

M">X T k= t > ¢ means that I' € E(tfu ® x]o,¢[u @ x]o) by the
definition of truth (Definition 3.44). Applying the definition of truth
again, the latter is itself equivalent to M, T = t{u & x| > ¢lu ® x|. But

this is equivalent to M, T = (t > ¢)[u @ x].

e Inductive case: the nJL-formula t: .

M">X T = t:p is equivalent to M">X T =t > ¢ and M">X, T | Op
by the definition of truth (Definition 3.44). Applying the previous cases,
the latter is equivalent to M,I' = tfu® x] > ¢lu® x] and M, T |=
O(plu @ x]). But the latter is equivalent to M,T' = tfu @ x]:¢[u @ x]
by another application of the definition of truth. But the latter is itself

equivalent to M, T |= (t:¢)[u @ x]. O

We now use the previous lemma to prove that the function f : nJL, — nJL

is truth-preserving for intro Fitting models.

Lemma 3.49. For each intro Fitting model M and each formula ¢ € nJL,,

we have that M |= ¢ = ¢*.

Proof. By induction on the construction of nJL -formulas. Here we let M =
((I/V, R), E°, V) be an arbitrary intro Fitting model and I' € M an arbitrary

world.
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e Base case: the nJL -atom p.

We have that p* = p, and thus it follows by the definition of truth

(Definition 3.44) that M,T | p = p*.

e Inductive case: the nJL -formula ¢ D .

We have by the induction hypothesis that M, T = ¢ = ¢* and M,T
1 = 1)*. Applying the definition of truth (Definition 3.44), it follows that
M, T = (¢ D ¥) = (o D). Since (¢* D ¥#) = (¢ D ), the result

follows.

e Inductive case: the nJL -formula Op.

Suppose that M,T" = Op. By the definition of truth (Definition 3.44),
this means that M, A |= ¢ for each A € M satisfying I'RqA. Applying
the induction hypothesis, the latter is equivalent to M, A = ¢* for each
A € M satisfying 'RgA. Applying the definition of truth again, the
latter is equivalent to M, = Og*. Since Op* = (Og)*, the result

follows.

e Inductive case: the nJL -formula ¢t > ¢.

Suppose that M, I" =t > . By the definition of truth (Definition 3.44),
this means that T' € E(t'o, ¢*o). But the latter is equivalent to I' €
E((t")%0, (¢*)*0), which is itself equivalent to M,I" = t* > ¢ by the
meaning of truth (Definition 3.44). Since t* > ¢* = (¢ > ¢)F, the result

follows.

e Inductive case: the nJL -formula ¢: .
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M,T = t:p is equivalent to both M, T =t > ¢ and M, T = Oy by the
definition of truth (Definition 3.44). Applying the previous cases, the
latter is equivalent to M, T |= t* > f and M, T |= O¢*. Applying the
definition of truth again, the latter is equivalent to M,T" = t*: . Since

th:pf = (t:)¥, the result follows.

e Inductive case: the nJL,-formula [t >, ¢]i.

Suppose that M,I" | [t >, ¢|ib. By the definition of truth (Defini-
tion 3.44), this means that M@ T' = 4 which is itself equivalent
to M¥>%" T E 1. Applying the induction hypothesis, the latter is
equivalent to M*>¢" T =¥, Applying Lemma 3.48, the latter is itself
equivalent to M, T |= ¢*[t* ® ¢¥] because we have that t* > ¢* € nJL
and that ¢* € nJL. But ¢*t* @ ¢*] = ([t >>+g0]¢)ﬁ, and so the result
follows. O

The lemma we have just shown aids our proof of soundness for our theories

of dynamic evidence introduction.

Theorem 3.50 (Soundness of nEX ). Let X be an intro-compatible naming
string and let ¢ be a nJL,-formula. If nEX, = ¢, then ¢ is valid in every intro

Fitting model for nEX, .

Proof. By induction on the length of nEX ,-derivations. Let M = (F, E?, V)
be an arbitrary intro Fitting model for nEX, with F'= (W, R) and let I € F’
an arbitrary world. We now show that each nEX,-axiom is valid in M. We

will write M’ to denote the Fitting model (F, E, V'), which is a Fitting model
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for nEX by Definition 3.46 and our assumption the M is a Fitting model for
nEX,.
o M |EypDytand M |= ¢ D .
Lemma 3.49.
e M |= 1, where 9 is an instance of a classical tautology in the language
of nEX .

The result follows by the definition of truth (Definition 3.44).

e MEt>(DX)D ((s>¢) D (t-s)>x).

Suppose that M,T" =t > (¢ D x) and M, T | s > . By the definition

of truth (Definition 3.44), this means that
I € E(t'o, (p D x)'0) N E(s'0,¢'o) .

The latter is equivalent to I' € E(tfo, pfo D ¢fo) N E(s%o, p*o). Since
M’ is a Fitting model for nEX (Definition 3.33 and Figure 3.15), it fol-
lows that M’ satisfies Application. We thus have that I' € E((t%0) -
(sﬁa),wﬁo), which is equivalent to I' € E((t - s)to, WJ). But the lat-
ter implies that M,I" |= (t-s) > 1 by the definition of truth (Defini-

tion 3.44).

e ME({E>p)V(s>¢)D(t+s) >

Suppose that M,T" = (t > ¢) V (s > ¢). By the definition of truth

(Definition 3.44), this means that T' € E(tfo, ofo) U E(s*0, ¢*o). Since
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M’ is a Fitting model for nEX (Definition 3.33 and Figure 3.15), it follows
that M’ satisfies Sum. We thus have that I' € E((t‘c) + (s'0), ¢*0),
which is equivalent to I' € E((t + s)o, p*c). But the latter implies that

M,T E (t+ s) > ¢ by the definition of truth (Definition 3.44).

M= (t> ¢) DOt > 0.

Suppose that M, I" =t > . By the definition of truth (Definition 3.44),
this means that I' € E(t%o, p*c). Since M’ is a Fitting model for nEX
(Definition 3.33 and Figure 3.15), it follows that M’ satisfies Box. We

thus have I' € E(Ot%o, Og*o), which is equivalent to

'€ E((Ot)o, (Dp)'o) .

But the latter implies that M, I" |= Ot > O by the definition of truth

(Definition 3.44).

ME({t>¢)Dlt> (t:¢), where t is a nominaled term.

Suppose that M, I" =t > . By the definition of truth (Definition 3.44),
this means that I' € E(t%o, p*o). Since M’ is a Fitting model for nEX
(Definition 3.33 and Figure 3.15), it follows that M’ satisfies Nominaled
Checker. We thus have I" € E(!tﬁa, tﬁa:gpﬁa) by the fact that ¢ is nomi-
naled. But this is equivalent to I' € E((!t)c, (t:¢)%c). But the latter im-

plies that M, I =1t > (t:¢) by the definition of truth (Definition 3.44).

If 4 occurs in X, then M = (t > @) DIt > (t:¢).

Suppose that M, T" =t > . By the definition of truth (Definition 3.44),
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this means that I' € E(t%o, p*c). Since M’ is a Fitting model for nEX
(Definition 3.33 and Figure 3.15) and 4 occurs in X, it follows that M’
satisfies Checker. We thus haveI' € £ (!tﬁa, tho: gpﬁa), which is equivalent
to ' € E((It)%o, (t:¢)*c). But the latter implies that M, T =1t > (t:¢)

by the definition of truth (Definition 3.44).

If 4 occurs in X, then M = (t > ) D O(t > ).

Suppose that M,T" =t > ¢ and TRpA. The former means that T' €
E(t'o, ¢*o) by the definition of truth (Definition 3.44). Since M’ is a
Fitting model for nEX (Definition 3.33 and Figure 3.15) and 4 occurs
in X, it follows that M’ satisfies Monotonicity. Thus 'RpA and I' €
E(t'o, o*a) together imply that A € E(t‘c,p*c), which implies that
M,A =t > ¢ by the definition of truth (Definition 3.44). But since
A € M satisfying 'R5A was chosen arbitrarily, we have that M, T" |=

(¢t > ¢) by the definition of truth (Definition 3.44).

MEQOpD ((t>¢) Dt:p).

This follows immediately from the definition of truth (Definition 3.44).

M =t D Ogp.

This follows immediately from the definition of truth (Definition 3.44).

MEt:eoDt> .

This follows immediately from the definition of truth (Definition 3.44).

We have each of the following.
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- MEDOT.

- M EO(p D¢) D (Op D OY).
— If T occurs in X, then M | Og D ¢.

— If 4 occurs in X, then M = Op D O0O¢.

The arguments for these axioms follow the standard arguments for modal
logic [21], making use of the definition of truth (Definition 3.44) and the
meaning of begin an intro Fitting model for nEX; (Definition 3.46, which
gives us the desired properties on the binary relation Ry for the proof

of the last two items).

ME > .

Given ¢ € nlJL,, we have that E(¢fo, pfo) = W by the fact that M’
is a Fitting model for nEX (Definition 3.33 and Figure 3.15) and so M’
satisfies Nominal Identity. But we then have that M = ¢ > ¢ by the

meaning of truth (Definition 3.44).

MEQOpDe:p.
Since M’ satisfies Nominal Identity, we have that M = ¢ > ¢. The

result thus follows by the meaning of truth (Definition 3.44).

M = v D Op.
Since M’ satisfies Nominal Identity, we have that M = ¢ > ¢. The

result thus follows by the meaning of truth (Definition 3.44).
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So we have shown that each nEX, -axiom is valid in every Fitting model for
nEX .. We now show that this validity is closed under the rules of inference

of nEX,. We consider each rule in turn.

e Modus Ponens: if M = ¢ D¢ and M = ¢, then M |= 1.
This follows by the meaning of truth (Definition 3.44).

o [terated Constant Necessitation for the set of nEX -axioms: if 4 does

not occur in X, ¢ is an nEX, -axiom, and n € N, then

M E"c: " tepicpip

Since M’ is a Fitting model for nEX (Definition 3.33 and Figure 3.15)
and 4 does not occur in X, we have that M’ satisfies Iterated Constant
Necessitation for the set of nEX-axioms. In the proof of Theorem 3.47,
we showed that if ¢ is an nEX,-axiom, then fo is an nEX-axiom.

Therefore we have that
W = E("c, " topi e (¢ho)) (3.1)

by Iterated Constant Necessitation for the set of nEX-axioms. We now
consider two sub-cases. In the first sub-case, we have that cyo = ¢,

which implies that Equation (3.1) is equivalent to

W= B(("eo, ("o cop)o)
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Thus M | "¢ > "¢+ -1cp ¢ by the definition of truth (Defini-
tion 3.44). It follows by induction on n that M | D(!”_lck e ':ck:<p),
with the base case handled by our case analysis of the nEX -axioms
above and the definition of truth for formulas of the form Ot (Defini-
tion 3.44). But we then have that M = "¢, :!"teg:--icp . So let us
consider the second sub-case, where cyo # ¢;. In this case, we have that

co 1s of the form

(e +t) +l2)+ ) +tm

for some m € NT and some terms ¢, ..., t,, in the language nJL. Further,
observe that cyo must be nominaled. Indeed, o (which is in the language

nJL) is of the form {s; > v;}¥ | for some k € N and so

ko = C[sk B Vi) [Sk—1 B Yi—1] - [s1 B Y] .

As we assumed that c,o # ¢, it follows not only that £ > 0 but also
that c;o must be nominaled. Now since ¢fo is an nEX-axiom, we have
that W = E(c, p*o) by the fact that M’ is a Fitting model for nEX
(Definition 3.33 and Figure 3.15) and so M’ satisfies Iterated Constant
Necessitation for the set of nEX-axioms. But then M’ also satisfies Sum,

and so by m applications of Sum, we have that

W=FE((((cx+t) +t2) + )+ tm, ') .
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That is, we have that W = E(c,o, p*o). But M’ also satisfies Nominaled
Checker, so by n applications of Nominaled Checker (which we may apply

by the fact that cyo is nominaled), we have that
W = E(1"(cko), 1" Hexo) 1" 2 (cpo) - -2 (cr0) : ($Hor)
This is equivalent to
W = E(("ep)to, (" ep: 1" Popi - epi)io)
It follows by the meaning of truth (Definition 3.44) that
M E"cp > "l " 2o

By an induction on n, we also have that M = O (!"‘101c RN gp). (The
base case of this induction is handled by our case analysis of the nEX, -
axioms above and the definition of truth for formulas of the form O

from Definition 3.44.) But we then have that M | "cp: 1" lep:---icp .
Constant Necessitation for the set of nEX, -axioms: if 4 occurs in X and
¢ is an nEX -axiom, then M |= ¢ : .

The result follows by reasoning much like in the previous case if we take
n = 0.

O-Necessitation: if M = ¢, then M = Op.

This follows by the definition of truth for formulas of the form O (Def-
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inition 3.44).

e Nominal-Necessitation: if M = ¢, then M = ¢:p.

Since M’ satisfies Nominal Identity, we have that M = ¢ > ¢. The

result thus follows by the meaning of truth (Definition 3.44).

We have shown that nEX, F ¢ implies that ¢ is valid in every intro Fitting
model for nEX . O

Completeness of nEX is by way of reduction to the completeness of nEX.

This reduction makes use of the following lemma.

Lemma 3.51. Let X be an intro-compatible naming string and let ¢ be an
nJL-formula. If ¢ is valid in every intro Fitting model for nEX, | then ¢ is

valid in every Fitting model for nEX.

Proof. Recall that e is the empty intro-sequence. Now to say that (F, E¢, V)
is an intro Fitting model for nEX, means that (F, E, V) is a Fitting model for
nEX (Definition 3.46). Suppose that for each intro Fitting model (F, E¢, V)

for nEX,, each world I' € F', and each formula ¢ € nJL, we have that
(F,E<,V),I' = if and only if (F, E,V),[' =4

Then it follows that if ¢ € nJL is valid in every intro Fitting model for nEX_,
then we have that ¢ is valid in every intro Fitting model for nEX, that is of
the form (F, E€, V). Applying our result above, we then have that ¢ is valid in

every Fitting model (F, E, V') for nEX because it follows from our observation
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in the second sentence of this proof that Fitting models for nEX are in one-to-
one correspondence with intro Fitting models for nEX, whose intro evidence
functions are of the form FE°.

So to complete the proof, it suffices for us to show that for each intro Fitting
model (F, E¢, V) for nEX, each world I' € F'| and each formula ¢ € nJL, we

have that
(F,E<,V),I' =4 if and only if (F,E,V),I' =4

We show this by induction on the construction of nJL-formulas. In the base
case, the nJL-formula in question is an atom, and the result follows immediately
by the respective definitions of truth (Definitions 3.7 and 3.44), so let us focus
on the inductive cases. For convenience, we write M to denote an arbitrary
intro Fitting model (F, B¢, V) for nEX, with F' = (W, R) and we write M’ to
denote the Fitting model (F, E,V) for nEX. We let I' € F' be an arbitrary

world.

e Inductive case: the nJL-formula ¢ D .

By the induction hypothesis, we have both that M,I" |= ¢ if and only
it M',T' = ¢ and that M, T |= ¢ if and only if M'.T | ¢. Tt follows
by the respective definitions of truth (Definitions 3.7 and 3.44) that
M,T'E=p D if and only if M. T = ¢ D .

e Inductive case: the nJL-formula Oe.

Suppose that M, " = Op. Applying the definition of truth (Defini-
tion 3.44), this means that M, A = ¢ for each A € F satisfying ' RpA.

Applying the induction hypothesis, the latter is equivalent to M’ A = ¢
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for each A € F satisfying ' RgA. Applying the definition of truth (Def-

inition 3.7), the latter is what it means to have M’ T = Op.

e Inductive case: the nJL-formula t > ¢.

Suppose that M,I" =t > ¢. Applying the definition of truth (Def-
inition 3.44), this means that I' € FE(t‘¢, p%). Since we have that
(t > ¢) € nlL, the latter is equivalent to I' € FE(te, pe). But the
latter is itself equivalent to I' € E(t, @) by Definition 3.41. Applying the
definition of truth (Definition 3.7), the latter is what it means to have

M T E=t> .

e Inductive case: the nJL-formula t: .

M, T | t:p is equivalent to both M,T" =t > ¢ and M,T" = O¢ by
the definition of truth (Definition 3.44). Applying the previous inductive
cases, the latter is itself equivalent to having both M’ T =t > ¢ and
M, T E Op. But it follows from the definition of truth (Definition 3.7)

that the latter is equivalent to M, = t:¢. O]
Completeness of nEX . then comes easily.

Theorem 3.52 (Completeness of nEX ;). Let X be an intro-compatible nam-
ing string and let ¢ be a nJL,-formula. If ¢ is valid in every intro Fitting

model for nEX | then nEX, I ¢.

Proof. If ¢ is valid in every intro Fitting model for nEX ., then it follows by
the soundness of nEX, and the nEX -axiom ¢ D ¢* that ¢* is valid in every

Fitting model for nEX, . Since ¢* € nJL, we then have by Lemma 3.51 that
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©* is valid in every Fitting model for nEX. Applying the completeness of nEX
(Theorem 3.39), we have that nEX F ¢*. Since nEX, is an extension of nEX
(Theorem 3.47), we have that nEX, F ¢f. Applying the nEX -axiom ¢* D ¢,
it follows that nEX, - ¢. O]

3.4 Knowledge and Evidence

In this section, we extend the basic language nJL of Justification Logic by
introducing modals for the knowledge of a finite nonzero number of agents.

This allows to reason about evidence alongside individual agent knowledge.

Definition 3.53 (Languages). Let A be an agent set. If L is one of the
languages JL or nJL, then we define the language L? as the extension of L
obtained by adding the following rule of formula formation: if 7 € A and ¢ is
a formula, then K,y is a formula. Formulas in these languages are interpreted

at pointed Fitting models for AU {0} (by Definitions 3.7 and 1.13).

The justification theories for knowledge and evidence are obtained as ex-
tensions of JX and K4 by postulating the connection principle t:¢ D K;p
between evidence and agent knowledge. This connection principle makes evi-

dence a shared resource that is mutually trusted by everyone.

Definition 3.54 (Theories JX4). Let A be an agent set and X be a naming
string. The theory JX* consists of the following axiom schemes and rules of

inference.

e Axiom schemes and rules for JX (Figure 3.1)
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e Axiom schemes and rules for K4

o t:pD K;pforeachi e A

Note that in the first item, the rule of (Iterated) Constant Necessitation applies
to the set of JX4-axioms. The language of JX# is obtained from JL? by
omitting each of the following rules of formula/term formation whose omission

would still allow us to write the axiom schemes that axiomatize T':

p—= Uy
p—=t> @
t — It
t — 7t

t — Ot
The theories EX# and nEX“ are defined analogously using the connection
principle Oy D K.

Definition 3.55 (Theories EX# and nEX“). Let A be an agent set and X
be a naming string. If T is one of EX or nEX, then the theory T consists of

the following axiom schemes and rules of inference.
e Axiom schemes and rules for 7' (Figure 3.2) or Figure 3.12)
e Axiom schemes and rules for K4
e Op D K;p foreachi € A

Note that in the first item, the rule of (Iterated) Constant Necessitation applies

to the set of T4-axioms. The language of T is obtained from nJL? by omitting
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each of the following rules of formula/term formation whose omission would

still allow us to write the axiom schemes that axiomatize T':

p— Dy
p—=t> @
L=
t — It
t — 7t

t — Ot

So, in particular, the language of EX4 is a sub-language of JL*.

The theories of evidence and knowledge are interpreted in Fitting models

that respect the appropriate connection principle [8, 9].

Definition 3.56. Let A be an agent set, let X be a naming string, and let
T4 be one of JX4, EXA or nEX4. If M = ((W, R), E, V) is a Fitting model,
then to say that (the Fitting model) M is for (the theory) T means that M

satisfies each of the following.

M is a Fitting model for AU {O}.

M is a Fitting model for the theory T (Definitions 3.17 and 3.33).

e If 4 does not occur in X, then M satisfies Constant Specification for A,

where A is the set of T4-axioms.

e If 4 does occur in X, then M satisfies for Ay, where A is the set of

T4 axioms.
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e We have that |J;,.4, R C Rp.

Soundness of the theories JX4 is due to Artemov and Nogina [8, 9]. We

add to this result soundness for the theories EX4 and nEX4.

Theorem 3.57 (Soundness). Let A be an agent set, let X be a naming string,
and let T be one of the theories JX4, EX4, or nEX“. For each formula ¢ in

the language of T', if T'F ¢, then ¢ is valid in every Fitting model for 7'

Proof. By induction on the length of T-derivations. We first show that each
T-axiom is valid in an arbitrary Fitting model M = ((W, R), E, V) for T" with
I' € M an arbitrary world. We are to examine each T-axiom in turn, but many
of the cases are handled elsewhere, whether in the proof of Theorem 3.19 for
the theories JX# and EX“ or in Theorem 3.35 for the theory nEX#. That
the axioms of 7" that have the form of an axiom scheme of K4 are valid in M
follows by standard modal arguments [21]. So what remains is for us to check

the validity of the new axiom.

o If Tis JX4, then M |=t:p D K;p for each i € A.

Since M is a Fitting model for JX# (Definition 3.56), we have that
Uica Ri € Rg. Thus if we have that M,T" = t:¢, then it follows from
the definition of truth (Definition 3.7) that M, A |= ¢ for each A € M
satisfying 'RoA. But since | J,. 4 Ri € Rp, we then have that M, A |=
p for each A € M satisfying I'R;A. Applying the definition of truth

(Definition 1.13), the latter is what it means to have M,T" = K;p.

o If T is EX? or nEX4, then M |= Oy D Ko for each i € A.
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As in the previous case, though we replace the initial assumption that

M,T k= t:¢ with the assumption M,T" = Q.

So each T-axiom is valid in an arbitrary Fitting model for T'. That validity of
formulas in Fitting models for 7" is closed under the rules of inference for T'
follows either by our arguments in the proofs of Theorem 3.19 or Theorem 3.35
or in the standard proofs of soundness for modal logic [21]. We therefore have

that T'F ¢ implies ¢ is valid in every Fitting model for 7' ]

Completeness again goes by way of a canonical model argument. Com-
pleteness for JX4 is due to Artemov and Nogina [8, 9]. To their result, we

add completeness for the theories EX“4 and nEX4.

Theorem 3.58 (Completeness). Let A be an agent set, let X be a naming
string, and let T be one of the theories JX4, EX4, or nEX“. For each formula

@ in the language of T, if ¢ is valid in every Fitting model for T', then T I .

Proof. The proof is by a canonical model argument, where in the definition of
the canonical Fitting model for T', we let R! for each i € A be defined to be
the set

{(T,A) e WE x W (Vo) (Kip el = p e A)} .

All other components of the canonical Fitting model for T" are defined as before
(Definition 3.20 for JX4 and EX“ and Definition 3.36 for nEX“), of course
with the change that we let W7 be the set of all maximal T-consistent sets.
The Truth Lemma goes through as before (Lemma 3.21 for JX4 and EX4 and

Lemma 3.37 for nEX#), with the case for formulas of the form K;¢ handled
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as is standard in modal logic [21]. That the structure M7 is indeed a Fitting

model for T follows by the argument as before (Theorem 3.22 for JX4 and

EX4 and Theorem 3.38 for nEX#) by then using the new T-axiom scheme

(either t:p D K;p or Oy D K;p) to show that (J;,., Rl € Rp. Let us show

how this argument goes for each of our theories in question.

e Case: T is the theory JX4.

We have by the JX4-axiom t: ¢ D K,y and the maximal JX“-consistency
of an arbitrary world I' € WAX? that t:p € I' implies K;p € I for each
1 € A. So if we suppose that FRZJXAA and t:p € I', then we have that
Ko € T by the maximal JX“-consistency of I' and thus that ¢ € A
by the meaning of TR™*A. Thus TRE'A. As we chose A € M*X"
satisfying FRfXAA arbitrarily, it follows that R; C Rg. Since we chose

i € A arbitrarily, we have shown that |, , R}X" € RLX".

Case: T is the theory EX4.

We have by the EX“-axiom O¢ D K;p and the maximal EX“-consistency
of an arbitrary world I' € WEX? that Op € I implies K;p € I' for each

i € A. The argument is then much as in the case for JX.

Case: T is the theory nEX4.

We have by the nEX“-axioms ¢:¢ D Oy and Oyp D K;¢ and the max-
imal EX“4-consistency of an arbitrary world I' € WEX”* that ¢:p € T
implies K;p € T for each i« € A. The argument is then much as in the

case for JX4.



233

So M7 is indeed a Fitting model for 7. Completeness is then straightforward:
if ¢ is not a T-theorem, then {—p} is consistent and so may be extended to
a maximal T-consistent I' € M7, Since —¢ € T, it follows from the Truth
Lemma that M7 T [~ o. But M7 is a Fitting model for 7. We therefore have
that ¢ is not true in every Fitting model for T. The statement of the present

theorem follows. O

3.5 Knowledge and Dynamic Evidence

Finally, we extend the language nJL. of dynamic evidence introduction so as
to include the knowledge of a finite nonzero number of agents. This essentially

combines our work from the two previous sections.

Definition 3.59 (Language nJL?). Let A be an agent set. nJLY is the exten-
sion of nJL” obtained by adding the following rule of formula formation: if ¢ is
a term and ¢ and v are formulas, then [t >, ]¢ is also a formula. We define

a function £ : nJL, — nJL by adding the case
(K)? = K*

to the definition in Figure 3.17. Truth of an nJ Lf—formula is interpreted at a
pointed intro Fitting model M = ((W, R), E°, V) for Au{O} in the language
nJL* by an induction obtained from that in Definition 3.44 by adding the
following case: M, T = K;p means that M, A = ¢ for each A € M satisfying
'R;A.
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The theory nEX j_‘ is defined from the theory nEX# in the same way we

defined the theory nEX, from the theory nEX.

Definition 3.60 (Theories nEX?"). Let A be an agent set and X be an intro-
compatible naming string. We define the theory nEX f to be the extension of
nEX# (Definition 3.55) obtained by adding the axiom schemes ¢ O ¢* and
©* D ¢, with § : nJL; — nJL defined as in Definition 3.59. (Note that the
rule of (Iterated) Constant Necessitation applies to the set of nEX#-axioms.)
The language of nEXj_‘ is the language nJLﬁ. For an intro Fitting model
M = (F,E°,V), to say that (the intro Fitting model) M is for nEX?' means

that (F, E,V) is a Fitting model for tautological nEX“ (see Definition 3.56).

Conservativity of nEX fr‘ over nEX4 is proved much as it was for the con-

servativity of nEX, over nEX.

Theorem 3.61 (Conservativity of nEX4 over nEX“). For each agent set A
and each intro-compatible naming string X, we have that nEX j_‘ is a conser-

vative extension of tautological nEX.

Proof. 1t is obvious that nEX j_‘ is an extension of nEX4. To show that this
is conservative, we need to show that for each ¢ in the language of NEX4, we
have that nEX f F ¢ implies NEX4 - ¢. The argument is by induction on
the length of nEX#-derivations and goes much as in the proof that nEX is
conservative over nEX (Theorem 3.47). In particular, we first show that for
each nEX f—axiom 1) and each intro-sequence o in the language of nEX*, we
have that *o (with the function # defined as in Definition 3.59) is an nEX“-

axiom. Most of the cases are handled in the proof of Theorem 3.47. The cases
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that remain are as follows.

e Case: ¢ is the nEX#-axiom Oy D K.

We have that %o = Op*o D K;pfo, which is an nEX“-axiom.

e Case: 1 is the nEX-axiom K;(¢ D ) D (K D K).

We have that ¢*oc = K;(p*c D ¢*o) D (Kjpfo D Kap*o), which is an

nEX“4-axiom.

So taking our intro-sequence o to be the empty intro-sequence €, we have in
particular that each nEX f—axiom 1 is mapped to an nEX4-axiom ¢fe = )t
We then argue as in the proof of Theorem 3.47 that each nEX f—proof of an
nJLA-formula ¢ is mapped by the function # to an nEX“-proof of ¢ (the only
additional case we need to consider is for the rule of K;-Necessitation, but
the argument for this rule is much like the argument for [-Necessitation). It

follows that nEX f is a conservative extension of tautological nEX4. O]

To prove soundness, we again prove a lemma showing that the most recent

evidence introduction can be converted into a substitution.

Lemma 3.62. Let A be an agent set. For each pointed intro Fitting model
(M,T), each formula ¢ € nJL?, and each formula (u > x) € nJL*, we have

that M“>X. T |= ¢ if and only if M, T = o[u & x].

Proof. By induction on the construction of nJL*-formulas. Most cases are
handled in the proof of Lemma 3.48. The only remaining case is for formulas
of the form K;p, whose argument is much like the argument for formulas of

the form Op. The result follows. O
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We are then able to show that the function f : nJLﬁ — nJL? is truth

preserving for intro Fitting models.

Lemma 3.63. Let A be an agent set. For each intro Fitting model M and

each formula ¢ € nJL‘i, we have that M = ¢ = ¢F.

Proof. By induction on the construction of nJ Lf—formulas. Most cases are as
in the proof of Lemma 3.49. The only remaining case is for formulas of the
form K;p, whose argument is much like the argument for formulas of the form

Oe. The result follows. ]
Soundness then comes quite easily.

Theorem 3.64 (Soundness of nEX#). Let A be an agent set, let X be an
intro-compatible naming string, and let ¢ be an nJL_‘?—formula. If nEX j_‘ F o,

then ¢ is valid in every intro Fitting model for nEX f.

Proof. By induction on the length of nEX f—derivations. Most cases are as in
the proof of Theorem 3.50. Let us address the remaining axioms, choosing an
arbitrary intro Fitting model M = ((W, R), E?, V) for nEX .
This validity follows by the definition of truth (Definition 3.44) and the
fact that (J,. 4, R € Rp.
o M= Ki(p D) D (Kip D Kip).

This validity follows in the standard way [21] by the definition of truth

(Definition 3.44).
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That validity is closed under the rules of inference of nEX f follows by the
proof of Theorem 3.50 in addition to an extra case for K;-Necessitation, whose

argument is similar to the case for (O-Necessitation. The result follows. ]

To argue the completeness of nEX j_‘, we reduce to the theory nEX,, which

will make use of the following theorem.

Lemma 3.65. Let A be an agent set, let X be an intro-compatible naming
string, and let o be an nJL4-formula. If ¢ is valid in every intro Fitting model

for nEXj_‘, then ¢ is valid in every Fitting model for nEX4.

Proof. As in the proof of Lemma 3.51, it suffices for us to show that for each
intro Fitting model (F, B¢, V) for nEX%, each world I € F, and each formula

1 in the language of nEX“, we have that
(F,E<,V), I =4 if and only if (F,E, V), = .

Most cases are handled in Lemma 3.51. The remaining cases is for formulas of
the form K¢, and this case is handled as in the case for formulas of the form

Oe. ]
Completeness is then much as before.

Theorem 3.66 (Completeness of nEX#"). Let A be an agent set, let X be an
intro-compatible naming string, and let ¢ be an nJLf—formula. If ¢ is valid in

every intro Fitting model for nEX#, then nEX4 F ¢.

Proof. 1f ¢ is valid in every intro Fitting model for nEX j_‘, then it follows by
the soundness of nEX %! and the nEX#-axiom ¢ D ¢* that * (with the function

t defined as in Definition 3.59) is valid in every intro Fitting model for nEX <.
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Since ¢! € nJL?, we have by Lemma 3.65 that ¢ is valid in every Fitting
model for nEX4. Since nEX# is an extension of nEX“# (Theorem 3.61), we
have that nEXj_‘ F ' Applying the nEXf—aXiom o' D ¢, it follows that

nEXj_‘ F . O]
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Chapter 4

Dynamic Epistemic Logic with

Justification

In this chapter we will mix the communicative framework of Dynamic Epis-
temic Logic with the evidentiary systems of Justification Logic, developing
systems for reasoning about truth, knowledge, communication, and (dynamic)

justification. As in the previous chapter, we will adopt the connection principle

relating evidence necessity to agent knowledge. By accepting this principle,
we commit ourselves to a framework that views evidence as a shared, public
resource that is trusted by everyone.! Dynamics of of our systems will then

come from two sources: the BMS updates (Chapter 2) and dynamic evidence

'We plan to address the issue of multi-source, individualized evidence for each of the
various agents in future work. There we will likely follow the lead of Yavorskaya [79], who
examines systems of separate evidence for each of two agents.
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introduction (Chapter 3).

The work in this chapter is the first step in joining the fields of Dynamic
Epistemic Logic and Justification Logic. The goal of such combined systems
is to provide a fuller account of the logical foundations for reasoning about
social computational agents.

In the next section, we look at systems of communication with static evi-
dence. Completeness of these systems is proved by a reduction from formulas
containing BMS communications to equivalent formulas not containing BMS
communications.

We will then address the issue of dynamic evidence, though our treatment
will mirror that in Chapter 3, in that dynamic evidence will be reduced to
reasoning in an underlying nominaled theory.

So let us begin with systems of communication and static evidence.

4.1 Communication and Evidence

Since we will require our systems to respect the connection principle Oy D
K;p, we will need to impose an appropriate condition on the BMS frames that
we allow in the theory. BMS frames satisfying the desired condition will be

called evidenced.

Definition 4.1. Let A be an agent set. To say that a BMS frame B = (U, S, ()
for A is evidenced means that B is also BMS frame for AU {0} and that, in
addition, we have | J,c 4 Si € Sp. To say that a pointed BMS frame (B, w’)

for A is evidenced means that B’ is evidenced.
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To obtain our languages of evidence with BMS frames, we simply admit
evidenced BMS frames as unary modals in our language. The details of this

are as follows.

Definition 4.2 (Languages). Let A be an agent set. If L is one of the lan-
guages JL or nJL?, then we define the language dL as the extension of L
obtained by adding the following rule of formula formation: if ¢ is a formula
and (B, w) is an evidenced pointed BMS frame for AU {0} such that B(v) is
a formula for each v € B, then [B,w]p is also a formula. Formulas in these
languages are interpreted at pointed Fitting models M = ((VV, R), E, V) for

AU {0}, where we extend the induction in Definition 2.11 by setting

E[B](t,¢) := {(F,U) eWl[B]: T e E(t,gp)} ,

thereby producing a Fitting model M|[B] := ((W|B], R[B]), E[B], V[B]). This

allows us to follow Definition 2.11 in letting M, " = [B, w|y mean that

MI[B], (T, w) |= ¢

in case M,T | B(w).

The axiomatic systems for our theories of communication and evidence
combine the theories for Dynamic Epistemic Logic with the nominaled theories
for Justification Logic using the connection principle Oy D K;p. In order to
ensure soundness, we require that the BMS modals satisfy the proper frame

properties in order to ensure that a BMS update will maintain the proper
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frame structure for the underlying theory of Justification Logic.

Definition 4.3 (Theories dEX“ and dnEX#). Let A be an agent set and X
be a naming string. The theory dEX4 consists of the following axiom schemes

and rules of inference.

e Axiom schemes and rules for K4
e Axiom schemes and rules for EX (Figure 3.2)
e Op D K;p foreachi € A

e Axiom schemes for communication
In each of the following schemes, B = (U, S,!) is an evidenced frame
such that (U, Sp) satisfies the frame conditions in Figure 3.11 (page 136)
given by the naming string X.
1. [B,wlp = (B(w) D p)
2. [B,wl(¢ D) = ([B,wlp D [B,w]y)

B w] K = (B(w) D /\wsw Ki[B,v]go)

w

4. [B,w]0p = (B(w) O A, O[B, v)p)
5. [B,w](t > ¢) = B(w) D (t > ¢)
6. [B,w][B,w'|p =[BoB, (w,uw)p

e BMS-Necessitation: infer [B,w]e from .

Note that the rule of (Iterated) Constant Necessitation applies to the set of
dEXA-axioms. The language of dEX* is the fragment of dJL** whose evidenced

BMS frames satisfy the above-mentioned property.



243

The theory dnEX4 is the extension of dEX# obtained by adding the axiom
schemes and rules for nEX (Figure 3.12) and extending the rule of (Iterated)
Constant Necessitation so that it applies to the set of dnEX“-axioms. The
language of dnEX? is the fragment of dnJL? whose evidenced BMS frames

satisfy the above-mentioned property.

To pick out those Fitting models that correspond to the axiomatics of a
given system of communication and evidence, we define what it means for a

Fitting model to be for one of these theories.

Definition 4.4. Let A be an agent set and let X be a naming string. If M
is a Fitting model, then to say that (the Fitting model) M is for (the theory)

dEX4 means that M satisfies each of the following.

M is a Fitting model for AU {0O}.

M is a Fitting model for the theory EX (Definition 3.17 and Figure 3.11).

If 4 does not occur in X, then M satisfies Constant Specification for A,

where A is the set of dEX“-axioms.

If 4 does occur in X, then M satisfies for Ag, where A is the set of

dEX“-axioms.

We have that | J;.4, Ri € Rp.

To say that (the Fitting model M is for (the theory) dEX# means that M

satisfies each of the following.

e M is a Fitting model for AU {O}.
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e M is a Fitting model for the theory nEX (Definition 3.17 and Fig-
ure 3.15).

If 4 does not occur in X, then M satisfies Constant Specification for A,,,

where A is the set of dnEX4-axioms.

If 4 does occur in X, then M satisfies for Ay, where A is the set of

dnEX4-axioms.

We have that | J;.4, Ri € Rp.

The following lemma shows that the axioms for communication are valid.
While most cases of the proof are standard [75], we nonetheless write out
the details in full so as to provide the reader with a more comprehensive
picture of how the various pieces of the soundness and completeness theorems

fit together.

Lemma 4.5. Let A be an agent set and let M be a Fitting model for AU{O}.

We have each of the following.

o M = [Bulp= (B(w) > p)

M = [B,wl(¢ > v) = (B, wle > [B, wlv)

M [B,w]Kip = (B(w) O A\,s,, Kil B, v]p)

M E [B,w|O¢ = (B(w) D /\wsDUD[B7U]90)

M |= [B,w|(t > ¢) = B(w) D (t > ¢)

M = [B,w][B" w'lp = [Bo B, (w,w')]¢
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Proof. Let M = ((W,R),E,V) be a Fitting model for AU {0} and choose
a world I' € M arbitrarily. Let B = (U, S,l) be an arbitrary evidenced BMS

frame for AU {0}, and let w € B be an arbitrary world in B.
e M,T = [B,w]p = (B(w) D p)
In case p is one of L or T, the result is obvious, so let us assume
that p is a propositional letter p,. So suppose M,I' = [B,w]p, and
M,T = B(w). By the definition of truth (Definition 2.11), this means
that M[B],(I',w) = pg. Again by the definition of truth, the latter
means that (I',w) € V[B](px). But by the definition of V[B] (Defini-
tion 2.11), we have that (I',w) € V[B](px) if and only if I" € V(py). But

the latter is equivalent to M, T" = py by the definition of truth.

o M.T' = [B,wl(p > ¢) = ([B,wlp O [B,w]y)
We assume that M,I' = B(w) for otherwise the result follows triv-
ially by the definition of truth (Definition 2.11). Now suppose that
M, T E [B,w|(¢ D ¢) and M,I" |= [B,w]e. Applying the definition
of truth along with our assumption M, [’ = B(w), this is equivalent to
M[B], (T w) = ¢ D ¢ and M[B],(I',w) = . But the latter is equiv-
alent to M[B],(I",w) = 4. Applying the definition of truth and our

assumption M, T = B(w), the latter is equivalent to M, T |= [B, w]i.

e M.T | [B,w]K;p = (B(w) D /\wsz-v Kz‘[BﬂJ]SO)

Assume that M, T | [B,w|K;p and M,T" = B(w). Applying the defi-
nition of truth (Definition 2.11), this means that M[B], (I',w) = K;p.

Again applying the definition of truth, the latter is equivalent to the
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statement that M[B], (A,v) | ¢ for each (A,v) € M[B] satisfying
(I, w)R[B);(A,v). But we have that (I',w)R[B];(A,v) if and only if
I'R;A and wS;v by the definition of R[B]J;, and we have that (A,v) €
M|B] if and only if M, A | B(v). Thus having M[B], (A,v) | ¢ for
each (A,v) € M[B] satisfying (I, w) R[B];(A,v) is equivalent to having
M, A = [B,v]p for each A € M satisfying I'R;A and each v € B satis-

fying wS;v. But the latter is itself equivalent to M, T" = A ¢, Ki[B, v]p

wS;v

because B is finite.

M.T | [B,w]Oe = (B(w) D A,s,, OB, vl9)

The argument here is much as in the previous case.

M,T = [B,wl](t> ¢) = B(w) > (t> ¢)

Assume M, T |= [B,w|(t > ¢) and M,I" = B(w). Applying the defini-
tion of truth (Definition 2.11), this means that M[B], (T',w) E t > ¢.
Applying the definition of truth (Definition 3.7), the latter means that
(I'yw) € E[B|(t,¢). But it follows from the definition of E[B] (Defini-
tion 4.2) that (I'w) € E[B](t,¢) if and only if I" € E(t,¢). But the
latter is equivalent to M,I" =t > ¢ by the definition of truth (Defini-

tion 3.7).

M,T = [B,w][B',w'|¢ = [B o B, (w,w)]e

We assume that M, T" = =[B, w]-B'(w'), for otherwise the result follows
trivially by the definition of truth (Definition 2.11). For us to then prove

the desired result, it suffices to show that the Fitting models M [B][B’|
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and M[Bo B’ are isomorphic, by which we mean that there is a bijection

[+ M[B][B'] — M[B o B'|

mapping each world 2 € M[B][B’] to a world f(Q2) € M[B o B'] such

that f satisfies each of the following properties.

— Q e V[B|[B|(px) if and only if f(2) € V[Bo B'|(py) for each k € N.

— Q € E[B][B'|(t,v) if and only if f(Q2) € E[B o B'|(t,v) for each

formula ¢ > 1 in the language of T'.

— QR[B|[B'];€ if and only if f(Q)R[BoB'];f(V) for each i € AU{OI}.

We define f by setting f((A,v),v’) = (A,(v,v’)). Observe that f is
a well-defined bijection: we have ((A,v),v') € M[B][B'] if and only
if M,A | =[B,v]=B'(v"), and the latter holds if and only if we have
(A, (v,v')) € M[BoB'] by the definition of (Bo B’)(v,v') as the formula
=[B,v]-B'(v') (Definition 2.10). Now observe that we have ((A,v),v") €
V[B][B'](px) if and only if (A,v) € V[B](px) if and only if A € V(py)
if and only if (A, (v,v')) € V[Bo B, so f satisfies the first of the
properties of being an isomorphism. To check the next property (using
Definition 4.2 repeatedly): we have ((A,v),v') € E[B][B](t,v) if and
only if (A,v) € E[B]|(t,v) if and only if A € FE(t,¢) if and only if
(A, (v,v")) € E[Bo B(t,%). To verify the third property: we have
((A,v),v)R[B][B';((Q,z),2') if and only if (A, v) R[B];(2, z) and v’ S}z’
if and only if AR;Q2, vS;z, and v'Siz’ if and only if (A, (v,v'))R[B o
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B'];(Q, (z,2')) by the definition of R[B o B']; (Definition 2.10). So f is

indeed an isomorphism. O]

It is possible for a BMS update to change the relational structure of the
frame underlying a Kripke model. As an example, consider the result of a
private communication: those agents that do not hear the private communi-
cation are not to consider the communication as having occurred. Thus the
model produced by a private communication need not be reflexive.

But to show the soundness of our theories of communication and evidence,
we need to ensure that the frame properties required by the theory of evidence
are maintained when we apply a BMS update. The following correctness

lemma addresses this issue.

Lemma 4.6 (Correctness). Let A be an agent set, let X be a naming string,
and let T be dEX4 or dnEX“. If (B, w) is an evidenced BMS frame for A in
the language of T such that (B, w) is executable in a Fitting model M for T,

then M[B] is also a Fitting model for T'.

Proof. Let M = ((W,R),E,V) and B = (U, S,l). We must show that the
operation M +— M|[B] preserves the property of being a Fitting model for T
First observe that because (I',w) € E[B](t,¢) means that I' € E(t,¢) and
(I',w)R[B];(I'", w'") means that ['R;I" and wS;w’; it follows that M|B] satisfies
a property of evidence functions from Figure 3.11 or Figure 3.15 if M satisfies
that very property. Further, since we assume (in Definition 4.3) that (U, Sy)
satisfies the frame conditions in Figure 3.11 that correspond to X, it follows

from the equivalence of (T',w)R[B];(I",w') with the conjunction I'R;I” and
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wS;w' that M|[B] satisfies a frame condition from Figure 3.11 or Figure 3.15
if M satisfies that very condition. We therefore have that M[B] is indeed a

Fitting model for T O

Soundness is then a relatively simple matter, as we may make use of

Lemma 4.5 along with many earlier arguments.

Theorem 4.7 (Soundness). Let A be an agent set, let X be a naming string,
and let d7 be one of dEX* or dnEX4. For each formula ¢ in the language of

d7T', if ¢ is a dT-theorem, then ¢ is valid in every Fitting model for dT.

Proof. By induction on the length of a derivation of a d7-theorem. Most cases
of this induction come from the soundness of 7' (Theorem 3.57). The remaining
cases—the axiom schemes for communication in Definition 4.3—are sound by
Lemma 4.5. That validity is closed under the rules of inference of d7" follows
for most such rules of d7' by the arguments in the proof of Theorem 3.57.
What remains is to check the rule of BMS-Necessitation. So suppose that ¢ is
valid in every Fitting model for d7". Given an arbitrary pointed Fitting model
(M, T) for dT" and a pointed evidenced BMS frame (B, w) for A in the language
of dT', if M, T & B(w), then it follows immediately that M, T" = [B, w|p by the
definition of truth (Definition 2.11). So assume that M,I" = B(w). But then
M B] is itself a Fitting model for 7' (Lemma 4.6), and we have that M[B] = ¢
by our assumption on . But then we again have that M,T" = [B,w]p. So

validity is indeed closed under BMS-Necessitation. [

For a clean proof of completeness, we follow [75] and define a depth function

for the language dnJLj? of communication and evidence. This depth function
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d(p) := 1, for each atom p

d(p b)) = 1+ max{d(p),d()}
for each logical binary connective b

d(—) = 1+d(p)

d(t: ) = 3+ max{d(t),d(y)}

dt>¢) = 1+max{d(t),d(p)}

d(Ogp) = 1+d(p)

d(Kip) = 1+d(y)

d([B,wlp) = (4+ d(B))4+d(“0) ~d(y)

d(B) = |B| 4+ max,ep d(B(v))

d(cx) = 1

d(xy) =1

d(t - s) = 1+ max{d(t),d(s)}

d(t+ s) = 1+ max{d(t),d(s)}

d(t) = 14d(t)

d(?t) = 14+d(t)

d(Ot) = 14+d(t)

Notes: o |B| denotes the number of worlds in B.

e This definition is adapted from [75].

Figure 4.1. Definition of a function d : dnJL? — Nt
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d([B,wlp) = (4+d(B))5
> 24d(B)
> 1+ max{d(B(w)),1}
= d(B(w) D p)

Figure 4.2. Proof that d([B,w]p) > d(B(w) D p)

will be used later in the inductive proof of the Truth Lemma. But we first
must show that this depth function respects the reductions that will be of use

to us in the proof of the Truth Lemma.

Lemma 4.8. In Figure 4.1, we define a function d : dnJLf :— N*t. This
function well-orders the dnJLf—formulas so as to satisfy each of the following

properties.
e If ¢ has ® as a strict subformula, then d(yp) > d(v).

e For each axiom scheme for communication in Definition 4.3 of the form

[B,w]e D ¢, we have that d([B,w]p) > d(1).
o d(t:p) > d((t> @) ADyp)
o d([B,w]t:p) > d([B,w]((t > ¢) AOp))

Proof. Let us check the items in the statement of the theorem. The first item

is obvious, so we verify the remaining items.
e d([B,w]p) > d(B(w) D p) is proved in Figure 4.2.

e d([B,w](¢ D)) > d([B,w]p D [B,w]) is proved in Figure 4.3.
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Suppose d(¢) > d().

d([B, w](p D))
= (44d(B)) A} (g
— (4+d(B)" . (1+d(p))
— (4+d(B))"™ 4 (4 +d(B))™" . d(p)
> 1+ (@A +dB) . d(y)
— 1+ max{(4+d(B))" . d(p), (4+d(B))" " d()}
= d([B,w]gp ) [B,w]¢)

+ max{d(p d(w)})

The case d(¢) > d(y) is analogous.

Figure 4.3. Proof that d([B,w](¢ D ¥)) > d([B,w]e D [B,w]y)

N v Vv V

AV

d([B, w]Kip)

(4+d(B)" . (1 +d())

(4+d(B)"" " + (4+d(B)" " . d(p)

1+d(B) + (4+d(B))" 7 . d(p)

L+ Bl + (44 d(B) ™ - d(p)

1+|B| + (44 d(B)) ™ - d(y)

1+ max{d(B(w)), |B| + (4 +d(B))"" " . d(p)}

1+ max{d(B(w)), |B| — 1 + max,s, {1 + (4 + d(B))"" - d(p)}}
d(B(w) D Ay, Kil B, v]e)

Notation: Let B = (U, S,1).

Figure 4.4. Proof that d([B,w]K;p) > d(B(w) D Aws,o K;[B,v]y)
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vV oV

d([B,w](t > ¢))

(4+ d(B))> AN (1 +max{d(t),d()})

(4 + d(B))>meUOAN gy () PO nax{d(r), (o))
2+ d(B( )) + max{d(t), d(y)}

1+ max{d( ) 1 + max{d(y), (¢)}}

d(B(w) (t> <,0))

Figure 4.5. Proof that d([B,w](t > ¢)) > d(B(w) D (t > ¢))

d([B,w]K;p) > d(B(w) D \,g,, Ki[B,v]p) is proved in Figure 4.4.

d([B,w]Oy¢) > (B(w) D /\wstD[BaU]‘P) is proved as in Figure 4.4,
though each occurrence of K; is replaced by O and each occurrence of

S; is replaced by Sp.
d([B,w](t > ¢)) > d(B(w) D (t > ¢)) is proved in Figure 4.5.

d([B7 w|[B’, w’]ap) > d([B o B, (w,w’)]gp)

Let us first calculate an upper bound on d(B o B’). By the definition of
the composition B o B’ (Definition 2.10), we have that (B o B')(v,v’) =

=[B,v]-B'(w'). Since we have that
d(=[B,v]-B'(w')) = 1+ (4+d(B))" PV (1 + d(B'(w))) ,
it follows that

d(BoB) <1+ (4+d(B)"™ . (1+4(B)) .
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Hence we have the following.

d([Bo B, (w,w)]p) = (4+d(Bo B’))4+d(“’) -d(p)
< (54 (4+d(B))HE) (1 +d(B))) - d(y)
< (A+d(B)" " (14 a(B)) - d(y)

Now observe that we have the following.

d([B,w][B',w']g)
= (4+d(B)TEIENTIE (4 () ()

Since (4 + d(B’))ZHd(W) > (1+ d(B')), it suffices for us to prove that

4+ (4 +d(B)*H) d(p) >10+2-d(B') .

4+d(p)

But now observe that 4 + (4 + d(B')) > 20. We also have that

4+ (4+d(B))H

'>yq. d(B’). We thus have the following.

44 (4+d(B)™9 . d(p) > 2-max{10,2-d(B’)}
> 10+2-d(B)

Hence d([B,w][B',w']¢) > d([Bo B, (w,w')|y), as desired.
e d(t:¢) > d((t > ¢) ADyp) is proved in Figure 4.6.
o d([B,w]t:p) > d([B,w]((t > ¢) ADOy)) is proved in Figure 4.7. O

We define the canonical Fitting model for our theories much as before,
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d(t: )

3 + max{d(t),d(¢)}

> 24 max{d(t),d(¢)}

1+ max{1+ max{d(t),d(¢)},1 +d(p)}
= d((t> ¢) ADOp)

Figure 4.6. Proof that d(t:¢) > d((t > ¢) A Op)

d([B,w]t:gp)
= (4+a(B) " d(eg)
S (4 n d<B>)4+d((t>><p)/\Dg0) _ d((t > ) A Dcp)
= d([B,w]((t > ¢) ADOyp))

Figure 4.7. Proof that d([B,w]t:¢) > d([B,w]((t > ¢) A Op))
tough note the difference in the definition of the relation RL.

Definition 4.9 (Canonical structures). Let A be an agent set, let X be a
naming string, and let 7" be one of dEX*4 or dnEX4. We define the canon-
ical Fitting model for T as the structure M7 := (W7, RT), ET, V") whose

components are defined as follows.

o W7 is the set of all maximal T-consistent sets (of formulas in the lan-

guage of T).
o RL :={(T,A) e WE x WT: (Vo)(Op e = p € A)}

o RT :={(,A) e W x WT: (Vp)(K;p €T = ¢ € A)} for each i € A

ET(t,p):={DeWT: (t>¢)el}

VI(py) ={T e WT :p, €T} for each k € N
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The proof of the Truth Lemma uses our depth function, which allows us
to handle the inductive cases for communication formulas by reducing to non-
communication formulas. This allows us to avoid having to construct the
model that results by applying a BMS update to the canonical Fitting model

for a theory.

Lemma 4.10 (Truth Lemma). Let A be an agent set, let X be a naming
string, and let T be one of dEX* or dnEX“. Then for each I' € M7 and each

formula ¢ in the language of T', we have that ¢ € T if and only if M7, T = ¢.

Proof. By induction on d(¢) (see Figure 4.1). In the base case, where d(¢) = 1,

we have that ¢ is atomic. So ¢ is one of L, T, or py.

e | eTifand only if MT T | L.
1 ¢ T by the T-consistency of I'. We also have that MT T [~ L by the
definition of truth (Definition 3.7).

e TeTlifand only if MT T ET.
We have that T € I'" by the maximal T-consistency of I'. We also have
that M7 T = T by the definition of truth (Definition 3.7).

e pp € I'if and only if M7, T = py.

Suppose pi € I'. By the definition of V7 (Definition 4.9), this is equiv-
alent to I' € VT (pg). But the latter is equivalent to M, T |= p; by the

definition of truth (Definition 3.7).

We now consider the inductive cases for formulas ¢ satisfying d(y¢) > 1. For

each formula ¢ we consider, the induction hypothesis states that for each
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formula ¢ in the language of T' such that d(¢') < d(¢) and each world T € M7,
we have that ¢ € T'if and only if M7 T |= ¢’. From this induction hypothesis,
we are to prove that for each I' € MT, we have that ¢ € T if and only if
MT.T = ¢. We break up the various formulas we need to consider into a

number of cases as follows.

e (p D) el ifand only if MT T = ¢ D 1.

This follows immediately from the induction hypothesis—note that d(¢ D
) > d(¢) and d(¢ D ) > d(¢)) by Lemma 4.8—and the definition of
truth (Definition 3.7).

e (t>¢p)elifand only if MT T =t>> .

By the definition of ET (Definition 4.9), we have that (t > ¢) € T if
and only if I' € ET(t, ). But the latter is equivalent to M7, T |t > ¢

by the definition of truth (Definition 3.7).

e Op € I'if and only if M1, T = Ogp.
The standard modal argument [21] works here by the fact that d(Oy) >
d(y) (Lemma 4.8).

o t:pcI'ifand only if MT, T |=t: .

We have that T F t:p = (t > ¢) A Op. It follows by the maximal
T-consistency of I' that t:p € I' if and only if ((t > ) A Dtp) el.
Since d(t:¢) > d((t > ) AOyp) (Lemma 4.8), the induction hypothesis

applies to the formula (£ > ¢) A Op Thus ((t > ¢) A Og) € T if and
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only if MT.T = (t > ¢) A Op. But it follows from the definition of

truth (Definition 3.7) that the latter is equivalent to M7, T = t: .

o K;peTif and only if M7 T = K.

The standard modal argument [21] works here by the fact that d(K;p) >
d(¢) (Lemma 4.8).

e [B,w|p € T if and only if MT T |= [B, w]p, where p is an atom.

We have that T+ [B,w|p = (B(w) ) p). It follows by the maximal
T-consistency of I' that [B,wlp € T if and only if (B(w) D p) € I
Since d([B,w]p) > d(B(w) D p) (Lemma 4.8), the induction hypothesis
applies to the formula B(w) D p. Thus (B(w) D p) € T if and only
if MT. T = B(w) D p. Applying Lemma 4.5, we have that M7, T |=
B(w) D pif and only if M7, T |= [B,w|p. The result follows.

e [B,w|](p D) €T if and only if MT,T = [B,w]|(¢ D ).

We have that T - [B,w](¢ D ¢) = ([B,w]e D [B,wly). It fol-
lows by the maximal T-consistency of I' that [B,w|(¢ D v) € T if
and only if ([B,w]e D [B,w]y) € I'. Since d([B,w](¢ D ¥)) >
d([B,w]go D [B,w]z/)) (Lemma 4.8), the induction hypothesis applies
to the formula [B, w]e D [B,w]y. Thus ([B,w]y D [B,w|y) €I if and
only if MT, T |= [B,w]e D [B,w]y. Applying Lemma 4.5, we have that
MT T E [B,w]e D [B,w]y if and only if MT T = [B,w](¢ D ¢). The

result follows.

e [B,w|(t > ¢) € I'if and only if MT,T = [B,w|(t > ¢).
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We have that T' - [B,w|(t > ¢) = B(w) D (t > ¢). It follows by
the maximal T-consistency of I' that [B,w|(t > ¢) € I' if and only if
(B(w) D (t > ¢)) € I'. Since d([B,w](t > ¢)) > d(B(w) D (t > ¢))
(Lemma 4.8), the induction hypothesis applies to the formula B(w) D
(t > ¢). Thus (B(w) D (t > ¢)) € I if and only if M",T = B(w) D
(t > ¢). Applying Lemma 4.5, we have that M7 T = B(w) D (t > ¢)
if and only if M7, T |= [B,w](t > ¢). The result follows.

[B,w]Oy € T if and only if M7, T = [B,w]Oe.

We have that T+ [B, w]O¢ = B(w) D A, K[ B, v]e. It follows by the
maximal T-consistency of I' that [B,w]0¢ € I if and only if (B(w) D
Nws,o KilB,v]p) € . Since d([B,w]0p) > d(B(w) D A, Ki[B,v]¢)
(Lemma 4.8), the induction hypothesis applies to the formula B(w) D
Aws,o KilB,vle. Thus (B(w) D A, Ki[B,vle) € T if and only if
M".T = B(w) D A, KilB,v]p. Applying Lemma 4.5, we have that
MT,T k= B(w) D \,g,, KilB,v]p if and only if M",T' = [B,w]O¢. The

result follows.

[B,w](t:¢) € T if and only if MT T |= [B,w](t: ).

We have that T+ [B,w|t:p = [B,w]((t > ¢) A Op). It follows
by the maximal T-consistency of I' that [B,w]t:¢ € I' if and only
if [B,w]((t > ¢) ADOp) € I'. Since d([B,wlt:¢) > d([B,w]((t >
©)A Dgo)) (Lemma 4.8), the induction hypothesis applies to the formula
[B,w]((t > ¢) ADOyp). Thus [B,w]((t > ¢) A Op) € T if and only if
MTT = [B,w]((t > ¢) AOgp). Applying the definitions of truth (Defi-
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nitions 3.7 and 4.2), we have that M7, T = [B,w]((t > ¢) A D) if and
only if MT T k= [B,w]t:¢. The result follows.

o [B,w|K;p €T if and only if M7 T = [B, w]K;¢p.

We have that T+ [B,w|Kp = B(w) D A, OB, vlg. It follows
by the maximal T-consistency of I' that [B,w|K;p € T if and only
if (B(w) D /\wSDvD[B,v]go) € I. Since d([B,w]K;p) > d(B(w) D
Nwso O[B,v]e) (Lemma 4.8), the induction hypothesis applies to the
formula B(w) > A,q., OB, v]e. Thus (B(w) D /\wSDUD[B,v]<p) el
if and only if MT,T = B(w) D Nws,o OB, vlp. Applying Lemma 4.5,
we have that M",T' |= B(w) D A, , OB, v] if and only if MT,T' |=
[B,w]K;p. The result follows.

e [B,w|[B,w'|p € T if and only if MT T = [B,w|[B’,w']¢.

We have that T + [B,w|[B,w'l¢ = [B o B, (w,w")]p. It follows by
the maximal T-consistency of I' that [B,w][B’,w'|¢ € I' if and only if
([Bo B, (w,w)]p) € I'. Since d([B,w][B,w']¢) > d([Bo B, (w,w')]p)

(Lemma 4.8), the induction hypothesis applies to the formula
[Bo B, (w,w")]p .

Thus ([B o B, (w,w')]p) € T if and only if M*,T" |= [Bo B, (w,w')]p.
Applying Lemma 4.5, we have that M7 T |= [B o B, (w,w')]p if and
only if MT T = [B,w][B’,w]. The result follows. O

Completeness then comes quite easily as before.
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Theorem 4.11 (Completeness). Let A be an agent set, let X be a naming
string, and let T be one of dEX# or dnEX“. Then for each ¢ in the language

of T, if v is valid in every Fitting model for T, then 1"t ¢.

Proof. 1f ¢ is not a T-theorem, then {—¢} is a T-consistent set and so may be
extended to a maximal T-consistent I' € M7, Since —¢ € T, it follows by the
Truth Lemma (Lemma 4.10), we have that M7T T j= p. That M7 is a Fitting
model for T" follows by an argument similar to that sketched in the proof of
Theorem 3.58. We therefore have that ¢ is not true in every Fitting model for

T. The statement of the present theorem follows. n

4.2 Communication and Dynamic Evidence

We now extend the work of the previous section by introducing systems of
communication and dynamic evidence. Analogous to our work in §3.3, we will
introduce the language dnJLf of communication and dynamic evidence as the
extension of dnJL? obtained by adding new formulas of the form [t > 0],
which says that 1 is true after we introduce ¢ as admissible for ¢. Interpreting
the meaning of these formulas will amount to a substitution of the nominaled
term (t+ ) for each occurrence of the term ¢ in 1) as before (see the beginning
of §3.3 on page 200 for an example).

The BMS modals introduce some added difficulties, but these difficulties
are mostly notational. The results generally go through almost exactly as
before, though our arguments become a bit more fussy because we must be

explicit as to whether we are performing an operation on a formula labeling
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a single world of an evidenced BMS frame or performing an operation on the
entire evidenced BMS frame itself. While the notation can get a bit hairy
in a few of the proofs, we try to sort things out so that it is clear what our
arguments are actually saying.

We begin by extending our definition of term substitution so that it also

applies to BMS frames.

Definition 4.12 ([t @ ¢]). We extend the definition of the substitution func-
tion [t @ ¢] from Definition 3.40 as follows. For a pointed BMS frame (B, w)
with B = (U, S,1), we let [B,w][t ® ¢] be the BMS frame [B!®%! w] where

Bl .— (U, S, 1l'9¢]) is the pointed BMS frame given by setting

i@l (v) = 1(v)[t ® ¢]

for each v € B. Thus for an intro-sequence o, we will write Bo for the BMS
frame based on (U, S) whose labeling function [7 is defined by (7 (v) := [(v)o

for each v € B.

So applying a substitution [t®¢] to a BMS frame B alters B by applying the
substitution to the labels of B. In this way, applying the series of substitutions
specified by an intro-sequence to a BMS frame B amounts to performing the
substitutions given by the intro-sequence (in reverse order) on B.

We may then define the language dnJLﬂ of communication and dynamic

evidence as follows.

Definition 4.13 (Language dnJLﬁ). Let A be an agent set. dnJLﬁ is the

extension of dnJL? obtained by adding the following rule of formula formation:
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if ¢ is a term and ¢ and 1 are formulas, then [t >, | is also a formula. We
define a function f : dnJLf — dnJL? by adding to the definition in Figure 3.17
the cases

() = Kpf

((B.ulg) = [Bfulgf
where the evidenced BMS frame B* = (U, S, [*) is defined from the evidenced
BMS frame B = (U, S,1) by setting I*(v) := (l(v))li for each v € B. Truth
of an dnJLf-formula is interpreted at a pointed intro Fitting model M =
(W,R),E°,V) for AU{O} in the language dnJL? by an induction obtained

from that in Definition 3.44 by adding the following cases.
e M. T = K;p means that M, A | ¢ for each A € M satisfying I'R;A.

e M,T' E [B,w|p means that if we have M,I" = B(w), then we have
MIB], (T';w) = ¢, where the intro evidence function £’ in M|[B] is de-
fined from the intro evidence function (F,c) in M by setting E' :=
(E[B],0). (Recall that E[B] is defined in Definition 4.2.)

In the definition above, the notation can get a bit hairy. Here is what
is going on. We first extend the function f : nJL, — nJL to a function
i dnJLil — dnJL? by adding two additional inductive cases. This function
takes a formula ¢ € dnJLﬁ and performs all the substitutions induced by
evidence introduction subformulas [t >, ¢]x of . We also extend the function
# so that it operates on an entire BMS frame B by operating on each of the
labels of B.

We then define the intro evidence function E’ that results when we apply
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the BMS update induced by a BMS frame B to a given intro evidence function
E?. To understand this definition, first recall that an intro evidence function
is a pair (E, o) consisting of an evidence function £ and an intro-sequence
o. For convenience, we generally wrote (F, o) as E“, but the latter notation
can become a bit confusing when we wish to determine the intro evidence
function that results from applying the update induced by B. Nonetheless,
our definition for the resulting intro evidence function is in fact rather simple:
the BMS frame B takes our initial intro evidence function (£, o) and maps it to
the intro evidence function (E[B], o), where E[B] is defined as in Definition 4.2
by setting
E[B|(t,¢) :=={(l,v) e W[B]:T € E(t,9)} .

Thus we define (E, 0)[B] to be the intro evidence function (E[B], o). Written
in our more compact notation, we define E?[B] to be E[B]°.
Let us now define the theories for our language dnJLﬁ of communication

with dynamic evidence.

Definition 4.14 (Theories dnEX#). Let A be an agent set and X be an intro-
compatible naming string. We define the theory dnEX j_‘ (Definition 4.3) to be
the extension of dnEX“4 obtained by adding the axiom schemes ¢ D ¢f and
¢ D ¢, with £ : dnJL? — dnJL* defined as in Definition 4.13. (Note that the
rule of (Iterated) Constant Necessitation applies to the set of dnEX#-axioms.)
The language of dnEX? is the fragment of the language of dnJLf satisfying
the property that (U, Sy) satisfies the frame conditions corresponding to X in
Figure 3.15 for each evidenced BMS frame B = (U, S,1) in the fragment. For
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an intro Fitting model M = (F, E?, V'), to say that (the intro Fitting model) M
is for dnEX%! means that (F, E,V) is a Fitting model for tautological dnEX*

(see Definition 4.3).

Conservativity of dnEX f over dnEX“ is proved much as for conservativity
of nEX over nEX (Theorem 3.47), except that we must handle a number of

additional cases for communicative formulas.

Theorem 4.15 (Conservativity of dnEX# over dnEX“). For each agent set
A and each intro-compatible naming string X, we have that dnEX f is a con-

servative extension of tautological dnEX4.

Proof. 1t is obvious that dnEX f is an extension of dnEX4. To show that this
is conservative, we need to show that for each ¢ in the language of dnEX*, we
have that dnEX j_‘ I ¢ implies dnEX4 I ¢. The argument is by induction on
the length of dnEX f—derivations and goes much as in the proof that nEX f is
conservative over nEX# (Theorem 3.47). In particular, we first show that for
each dnEX f—axiom ) and each intro-sequence ¢ in the language of dnEX4, we
have that 1%c (with the function £ defined as in Definition 4.13) is a dnEX“-
axiom. Most of the cases are handled either in the proof of Theorem 3.31 or

in the proof of Theorem 3.47. The cases that remain are as follows.
e Case: 1 is the dnEX{-axiom [B, w]p = (B(w) D p)

Y¥o is the formula [B*o, wlp = (B(w)*o D p), which is equal to
[Bfo, wlp = (Bo(w) D p) .

But the latter is a dnEXj_‘-axiom.
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e Case: ¢ is the dnEX#-axiom [B,w]|(p D ¢¥) = ([B,w]¢ D [B,w]y)

Yo is the formula [Bfo, w](p*o D Yio) = ([Blo, wlp?o D [Blo,wlyio),
which is a dnEX -axiom.

e Case: ¢ is the dnEX{-axiom [B,w|K;p = (B(w) D A,,g,, Ki[B,v]p)
VP is the formula [Blo,w]K;p'c = (B(w)'o D A, Ki[Bo,v]p?o),
which is equal to [Bfo,w]Kplo = (B'o(w) D g, Ki[Blo,v]io).
But the latter is a dnEX#-axiom.

e Case: 1 is the dnEX{-axiom [B,w]O¢ = (B(w) D Awsoo O[B, v]e)

As in the previous case.

e Case: ¢ is the dnEX-axiom [B, w](t > ¢) = B(w) D (t > ¢)
Yo is the formula [Bfo, w|(t'o > pfo) = B(w)*o D (t'o > ¢*o), which
is equal to [Bio, w|(t*o > ¢fo) = Bfo(w) D (tfo > p*o). But the latter

is a dnEXj_‘—aXiom.

e Case: 1 is the dnEX#-axiom [B,w][B’,w'j¢ = [Bo B', (w,w')]p

Yo is the formula [Bfo, w][B"*o, w'|p*c = [(B o B') o, (w,w')]¢o. But

we have that

(Bo Bio(v,v)) = (-[B,v]-B(v'))o
= =[Bfo,v]-B' (V)
= =[Bfo,v|=B%c (V')
= ((B%0) o (B%0))(v,v) .
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It follows that [Bfc, w][B*0,w'|¢*c = [(B o B')fo, (w,w')]p?o is equal
to [Bfo,w|[B%o,w'|p*c = [Bio o B0, (w,w')]pfo. But the latter is a

dnEX f—axiom.

So taking our intro-sequence o to be the empty intro-sequence €, we have in
particular that each dnEXf—aXiom 1 is mapped to a dnEX4-axiom fe = ¢t
We then argue as in the proof of Theorem 3.47 that each dnEX f—proof of a
formula ¢ in the language of dnEX“ is mapped by the function # to a dnEX“4-
proof of ¢. The additional cases we need to consider are for the rule of Kj;-
Necessitation (which is like the argument for 0-Necessitation) and for the rule
of BMS-Necessitation. Let us now argue the latter. We suppose that [B, w]¢
is derived from ¢ by the rule of BMS-Necessitation. But then [B*, w]p* may
itself be derived from ¢* by BMS-Necessitation (observe that B satisfies the
required frame properties to be in the language of dnEX# by the fact that B is
in the language of dnEX*). It follows that dnEX<! is a conservative extension

of tautological dnEX4. O

The following lemma allows us to take the most recent evidence intro-
duction in the language dnJL* and perform the substitution induced by that
introduction in a way that preserves truth in intro Fitting models. The proof
is similar to that for the language nJL, though there are some added compli-

cations for communicative formulas.

Lemma 4.16. Let A be an agent set. For each pointed intro Fitting model
(M, T), each formula ¢ € dnJL*, and each formula (u > X) € dnJL?, we have

that M*>X.T' |= ¢ if and only if M,T" | ¢[u & x].
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Proof. By induction on the construction of dnJL”-formulas. Most cases are
handled in the proof of Lemma 3.48. The only remaining cases are for formulas
of the form Kj;p (which are handled as are formulas of the form Oy) and for
formulas of the form [B,w]p. Let us check the case for the latter formulas.
We are to show that M*>X,T" |= [B, w]ep if and only if M, T" = ([B, w]e) [u®
x]. The latter is equivalent to M, T = [B“®X, w](¢[u®y]). (See Definition 4.12
for definitions relevant to the argument we are about to give.) We have by the
induction hypothesis that M“>X. T = B(w) if and only if M, T = B(w)[u®x].
The latter is equivalent to M, T = B#®X(w). But if we have that M">X T [
B(w) and M, T = B (w), then the result follows immediately. So we may
assume that we have both M">X I' = B(w) and M,T' = BN (w). But
then we also have by the induction hypothesis that M[B]*>X (I',w) | ¢ if
and only if M[B],(I',w) & ¢[u @ x]. So to complete the proof, it suffices
for us to show that M[B]*>* = (M">X)[B]. So let M = (F,E°,V) be our
original Fitting model M with intro evidence function (F, o). It follows from
the definition of M|[B] (Definition 4.13) that E°[B| := (E[B],0). Thus the
intro evidence function in M[B]*>X is (E[B],{o,u > x}). Now observe that
the intro evidence function in M">X is (E,{o,u > x}). But then the intro
evidence function in (M“>X)[B] is (E[B],{o,u > x}) (Definition 4.13). We

have shown that M[B]*>X = (M">X)[B], thereby completing the proof. [

Using the previous lemma, we may now show that the operation f : dnJLf —

dnJL? is truth preserving for intro Fitting models.

Lemma 4.17. Let A be an agent set. For each intro Fitting model M and

each formula ¢ € dnJLf, we have that M |= ¢ = ¢F.
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Proof. By induction on the construction of dnJLﬁ—formulas. Most cases are as
in the proof of Lemma 3.49. The only remaining cases are for formulas of the
form K;p (which are handled as for formulas of the form O¢) and for formulas
of the form [B,w]e. Let us check the case for the latter formulas.

We are to show that for each intro Fitting model M and each formula
¢ € dnJL, we have that M | [B,w]p = ([B,w]gp)ﬂ, which is equivalent
to M = [B,w|p = [B*,w]p*. Now it follows by the induction hypothesis
that for each v € B, we have M = B(v) = B(v)*, which is equivalent to
M = B(v) = B*(v). It follows that B is executable in M if and only if
B* is executable in M and that M[B] = M[B*]. So it follows in particular
that M,I' = B(w) = B*(w), and thus in case M,I" = =B(w) A =B*(w),
we have immediately that M,T" &= [B,w]e = [B* w]p*. So let us assume
that M,T = B(w) A B*(w). We have that M[B], (T,w) = ¢ if and only if
M|[B*], (T',w) = ¢ by the fact that M [B] = M[B*]. But the latter is equivalent
to M[B*],(I',w) = ¢* by the induction hypothesis. Therefore we again have
that M,T = [B,w]p if and only if M,T | [B* w]e*. The statement of the

present theorem follows. O

Finally, we need a lemma that shows our communication axioms are valid

in intro Fitting models.

Lemma 4.18. Let A be an agent set and let M be an intro Fitting model for

AuU{O}. We have each of the following.
e M [B,wlp = (B(w) Dp)

e M E [B,w|(y D¢) = ([B,wlg D [B,w]y)



270

M E [B,w|K;p = (B(w) D Aws,o KB, v]p)

M = [B,w]Oy¢ = (B(w) D /\wSDUD[B,v]go)

M = [B,wl(t > ¢) = B(w) D (t > ¢)

M [B,w][B',wo = [B o B, (w,w)l

Proof. Let M = ((W,R), E°,V) be an intro Fitting model for AU {0} and
choose a world I' € M arbitrarily. Let B = (U, S,[) be an arbitrary evidenced

BMS frame for AU {0}, and let w € B be an arbitrary world in B.

M,T = [B,wlp = (B(w) D p)

As in the proof of Lemma 4.5.

o M,T = [B,uw](¢ D ¢) = ([B,wlp D [B,w]y)
As in the proof of Lemma 4.5.

o M.T = [B,w]Kip = (B(w) D Ays,, Kil B, v]®)
As in the proof of Lemma 4.5.q

o M’F ): [B>w]D90 = (B<w) ) /\wSDvD[BaU]SD)
As in the proof of Lemma 4.5.

e M,T = [B,w](t> ¢) = B(w) D (t>p)

Assume M, T |= [B,w](t > ¢) and M,I" = B(w). Applying the defini-
tion of truth (Definition 2.11), this means that M[B], (T',w) E t > ¢.

Applying the definition of truth (Definition 3.44), the latter means that
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(T,w) € E[B](to, p*c). But it follows from the definition of E[B] (Def-
inition 4.2) that (I',w) € E[B](to, p*c) if and only if T' € E(tfo, po).
But the latter is equivalent to M, " =t > ¢ by the definition of truth

(Definition 3.44).

e M.T | [B,w][B,w'lp=[BoB, (w,uw)]p

We assume that M, I" = =[B, w]-B'(w'), for otherwise the result follows
trivially by the definition of truth (Definition 2.11). For us to then prove
the desired result, it suffices to show that the Fitting models M |[B][B’]
and M [BoB'] are isomorphic, by which we mean that the intro-sequences
in the intro evidence function of M[B][B'] is equal to the intro-sequence
in the intro evidence function of M[B o B’| (which follows by Defini-

tion 4.13) and that there is a bijection

[+ M[B][B'] — M[B o B'|

mapping each world 2 € M[B][B’] to a world f(Q2) € M[B o B'] such
that f satisfies each of the following properties.
— Q e V[B|[B'|(px) if and only if f(2) € V[Bo B'|(py) for each k € N.
— Q € E°[B][B'|(to,¢*0) if and only if f(Q) € E[B o B'|(t‘c,v¢*0)
for each formula ¢ > v in the language of T'.
— QR[B|[B'];€ if and only if f(Q)R[BoB'];f(V) for each i € AU{OI}.

We define f by setting f((A,v),v’) = (A,(v,v’)). Observe that f is
a well-defined bijection: we have ((A,v),v') € M[B|[B'] if and only
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if M,A = —[B,v]-B'(v), and the latter holds if and only if we have
(A, (v,v")) € M[BoB'] by the definition of (Bo B')(v,v') as the formula
—[B,v]=B'(v") (Definition 2.10). Now observe that we have ((A,v),v") €
V[B|[B'](px) if and only if (A,v) € V[B](px) if and only if A € V(py)
if and only if (A, (v,v’)) € V[B o B], so f satisfies the first of the
properties of being an isomorphism. To check the next property (using
Definition 4.2 repeatedly): we have ((A,v),v') € E[B][B'|(to, y*o) if
and only if (A, v) € E[B](t*o,v¢*0) if and only if A € E(tfo, o) if and
only if (A, (v,v')) € E[BoB'|(t*s,¢*c). To verify the third property: we
have ((A,v),v')R[B][B'];((2, z),') if and only if (A, v) R[B];(Q, ) and
v'Sla’ if and only if AR;Q, vS;x, and v' S’ if and only if (A, (v, v’))R[Bo
B';(Q, (z,2)) by the definition of R[B o B']; (Definition 2.10). So f is

indeed an isomorphism. O]

Soundness follows much as for the theories nEX | and nEX# by way of the

lemmas we proved above.

Theorem 4.19 (Soundness of dnEXj_‘). Let A be an agent set, let X be
an intro-compatible naming string, and let ¢ be a formula in the language of

dnEX#. If dnEX ' - ¢, then ¢ is valid in every intro Fitting model for dnEXZ.

Proof. By induction on the length of dnEX<-derivations. Most axioms are
handled as in the proof of Theorem 3.50 or in the proof of Theorem 3.64. Let us
address the remaining axioms not already handled are covered by Lemma 4.18.
That validity is closed under the rules of inference of dnEX# follows by the

proof in Theorem 3.50 in addition to an extra case for K;-Necessitation (whose



273

argument is similar to that for O-Necessitation) along with an extra case for
BMS-Necessitation. Let us check the latter. So we assume that ¢ is valid in
each Fitting model for dnEXj_‘. Let M be an arbitrary Fitting model for dnEXj_‘
and let (B,w) be an arbitrary pointed evidenced BMS frame for A in the
language of dnEX . If we have that M, I’ f~ B(w), then it follows immediately
that M,T" &= [B,w]p. So suppose that M,I" = B(w). It then follows that
MIB], (T',w) = ¢ by our assumption on ¢, and thus M,T" = [B,w]p. Thus
validity is closed under BMS-Necessitation. The statement of the present

theorem follows. O

We will reduce the completeness of the theory dnEX f to the completeness

of the theory dnEX#. In order to do this, we will need the following lemma.

Lemma 4.20. Let A be an agent set, let X be an intro-compatible naming
string, and let ¢ be a formula in the language of dnEX4. If ¢ is valid in
every intro Fitting model for dnEX j_‘, then ¢ is valid in every Fitting model

for dnEX4.

Proof. As in the proof of Lemma 3.51, it suffices for us to show that for each
intro Fitting model (F, E<, V) for dnEX#, each world I € F', and each formula

1 in the language of dnEX“, we have that
(F,E<,V),I' =4 if and only if (F,E,V),[' = .

Most cases are handled in Lemma 3.51. The remaining cases are for formulas
of the form K;p (which are handled as for formulas of the form O¢g) and

formulas of the form [B,w]p. Let us check the result for the latter.
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By the induction hypothesis, we have that (F, E€, V), = B(w) if and only
if (F,E,V),T" = B(w). So we may assume that each side of this biconditional
is true, for otherwise both sides are false and we thus have (F, £, V), T |=
[B,w]p and (F, E¢,V),T" = [B,w]p, as desired. But if each side is true, then
we have (F[B], E[B], V[B]), (I',w) = ¢ if and only if

(F[B], E[B],V[B]), (T, w) = ¢

by the induction hypothesis. But the former part of this biconditional is
equivalent to (F[B], E[B],V[B]),(I',w) & ¢ by Definition 4.13. It follows
that (F, E<,V),I' = [B,w]y if and only if (F, E,V),I' = [B,w]p, as desired.

The statement of the present theorem follows. n
Completeness is then straightforward.

Theorem 4.21 (Completeness of dnEX<'). Let A be an agent set, let X be
an intro-compatible naming string, and let ¢ be a formula in the language of

dnEX%. If ¢ is valid in every intro Fitting model for dnEX#, then dnEX4 F .

Proof. If ¢ is valid in every intro Fitting model for dnEX j_‘, then it follows by
the soundness of dnEX# and the dnEX“-axiom ¢ D ¢* (with the function 4
defined as in Definition 4.13) is valid in every intro Fitting model for dnEX j_‘.
Since ¢ is in the language of dnEX4, we have by Lemma 4.20 that o' is
valid in every Fitting model for dnEX4. Since dnEX f is an extension of
dnEX“4 (Theorem 4.15), we have that dnEX% F ¢ Applying the dnEX-

axiom ¢f D ¢, it follows that dnEXi1 F . O]
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Appendix A

Boxless Theories

In this appendix, we examine boxless theories of Justification Logic, both basic
boxless theories BX and nominaled boxless theories nBX for a naming string
X. We will see that the boxless theories extend the justification theories JX
and are extended by the respective evidence theories EX and nEX.

The reason we have banished the boxless theories to an appendix is that
they present too many difficulties when it comes to introducing dynamic ev-
idence introduction or communication. But these theories are nonetheless of
formal interest, as they show that we can handle many of the concepts of
the basic and nominaled theories without use of the modal formulas Oy of

evidence necessity.

A.1 Basic Boxless Theories

The basic boxless theories BX combine the axiomatization of JX with the

boxless axiom schemes of EX in addition to two additional principles. The
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first principle,

(s>(t>¢) D (E>p)Ds:(t>¢),

allows us to express Monotonicity using only the arrow (“>") and the colon

(“”). The second principle,

sipD ((t> ) Dtip) ,

is needed for completeness.

Definition A.1. For each naming string X, we define the theory BX according

to Figure A.1. The language of BX is the boxless fragment of JL.

Consistency of the boxless theories BX is proved in much the same way as

for the justification theories JX and the evidence theories EX.

Theorem A.2 (Consistency of boxless theories). Let X be a naming string
and let 7 : JL — QML be defined as in Figure 3.3. We then have that BX - ¢
implies QX F ¢'. It thus follows from the consistency of QX (Theorem 1.22)

that each of BX is consistent.

Proof. By induction on the length of derivations in BX. Most axioms are

handled in Theorem 3.14. The remaining axioms are handled as follows.

e Case: (s> (> ¢)) D ((t> ¢) Ds:(t> ¢)) is a BX-axiom.
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Axiom Scheme K|{T|D|4]5
Axiom schemes for classical propositional logic VIV IV VY
t> (DY) D (s>¢ D (t-s)>) VIVIVIVIY
t>@)V(s>p) D (t+s)>0p VIV IVIVIY
(> 1) v
(t>p) D> (t:p) v
S(t> ) D Mia(tp) v
—(t:p) D (> @) v
(DY) D (s:p D (t-s):0) VIVIVIVIY
(t:)V(s:p) D (t+s):p VIVIVIVvIY
t:p D v
—(t: L) v
(t:p) D lt:(t:p) v
S(t:p) D Tti(typ) v
(s>(t>p) D (t>9) D s:(t>9) v
sip D ((t>p) D tip) VIVIVIVIY
t:p Dt>y VIiVIVIVIY

Rule of Inference K|{T|D|4]|5
Modus Ponens VIiVIVvIVvIY
Iterated Constant Necessitation for axioms of theory | v | v/ | v v
Constant Necessitation for axioms of theory v

Figure A.1. Definition of boxless theories BX
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Thus 4 occurs in X. The image of this axiom under t is

Dy’ O (@' D EEY') .

Since 4 occurs in X, we have that @' D @@’ is a theorem of QX
from which it follows that B! D (B! D B@eT) is also a theorem of

QX.

e Case: s:p D ((t > ¢) Dt:p) is a BX-axiom.

The image of this axiom under { is B’ D (Bp' D @p'), which is a

theorem of classical propositional logic and thus a theorem of QX.
The induction step is handled as in Theorem 3.14. O]
We show that BX sits extensionally between JX and EX.
Theorem A.3 (Extensions). Let X be a naming string.

e Let X’ be asubstring of X, meaning there is an order-preserving injection
between the symbols in X’ and the symbols in X. Then BX is an

extension of BX".
e BX is an extension of JX.
e EX is an extension of BX.

Proof. The first and second items are obvious. Most cases of the third are

handled in Theorem 3.15. The remaining cases are as follows.

e EFs:pD ((t>> ®) D t:ap) by Figure A.2.
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1. p:eD0Op E-axiom
2. Op D ((t>¢) Dtip) E-axiom
3. pipD (k> ) Dtip) 1,2

Figure A.2. Proof that EF s:¢0 D ((t > ¢) D t:p)

(t>¢) DO > ) E4-axiom

Ot > ¢) D (s> (> ¢) Ds:(t>¢)) E-axiom
t>@)D(s>(E>p) Ds:(t>¢p) 1,2
(s> ({t>¢) D (t>¢) Ds:(t>y) 3

=N =

Figure A.3. Proof that E4F (s> (t > ¢)) D ((t> ¢) D s:(t > ¢))

e E4F (s> (> ¢)) D ((t> ¢) D s:(t> ¢)) by Figure A.3. O

The boxless theories all satisfy Artemov’s Internalization Theorem, which

makes formal sense of our reading of t:p as “t verifies (the truth of) ¢

Theorem A.4 (Artemov’s Internalization Theorem [10]). Let X be a naming
string. For each BX-theorem ¢, there is a variable-free term ¢ such that ¢:¢

is also a BX-theorem.

Proof. As in Theorem 3.16. O

To say that a Fitting model M is for a boxless theory BX means that
M satisfies the axiomatics of BX, which we make precise in the following

definition.

Definition A.5 (Fitting models for boxless theories). Let M be a Fitting
model for {O0}. To say that (the) Fitting model M is for BX means that M

satisfies the properties specified by Figure A.4.
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Evidence Function Condition K| T |D | 4 | 5
Application arararacs
Sum arararacs
Constant Specification A, VIiVvIY v
Non-Contradiction v
Constant Specification Ay v
Checker v
Monotonicity v
Negative Checker v
Pacuit-Rubtsova v

(A is the set of axioms of the theory)

Frame Condition K|T|D|4]5
Reflexive v
Transitive v

Figure A.4. Fitting model conditions for theories BX
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To see that there actually are Fitting models that are indeed Fitting models
for a given boxless theory BX, we use an almost identical argument as for the

case of the basic theories.

Lemma A.6 (Existence of Fitting models for boxless theories). Let X be a
naming string, let F' = (W, R) be a frame for {0}, and let M = (F,V) be
a Kripke model for KX (by which we mean that (F, V) satisfies each of the
frame conditions in Figure 3.11 whose row contains a check mark [“v”] in a

column whose label occurs in X'). Then there is an evidence function E such

that (F, E,V) is a Fitting model for BX.

Proof. The function E constructed in Lemma 3.18 also makes (F,E,V) a

Fitting model for BX. O
Soundness of the boxless theories is straightforward.

Theorem A.7 (Soundness of boxless theories). Let T be a boxless theory
of Justification Logic and ¢ be a formula in the language of BX. If ¢ is a

BX-theorem, then ¢ is valid in every Fitting model for BX.

Proof. By induction on the length of BX-derivations. Most axioms are handled
in Theorem 3.19. The remaining axioms are as follows. Let M be an arbitrary

Fitting model for BX.

e If 4 occurs in X, then M = (s> (t > ¢)) D ((t>> ¢) D s:(t > ¢)).

This validity holds if M satisfies Monotonicity. But since M is a Fitting
model for BX and 4 occurs in X (see Definition 3.17 and Figure A.4), it

follows that M satisfies Monotonicity.
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e MEs:pD((t>¢) Dtip)

This validity follows from the definition of truth (Definition 3.7).
The inductive cases are as in Theorem 3.19. O

Completeness of boxless theories is also by a canonical model argument,
though we must define each of the components of the canonical Fitting model
for a boxless theory BX according to the expressive capabilities of the boxless

language.

Definition A.8 (Canonical structures for boxless theories). Let X be a nam-

ing string. We define the tuple M5B = ((WBX, RBX) EBX VBX) as follows.

WBX is the set of all maximal BX-consistent sets.

REX = {(T,A) e WBX x WBX : (Vt)(Vo)(t:p €T = p € A)}

EBX(t,p) :={D € WBX : (t > ¢) €T}

VBX(p) == {[ € WBX : p, € '} for each k € N

Canonical Fitting models for boxless theories also satisfy the Truth Lemma,
though the argument is much more interesting than in the case of the basic

theories. It is in the proof of the Truth Lemma that the additional principle

sipD ((t> ) Dtiyp)

arises.
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Lemma A.9 (Truth Lemma). For each formula ¢ in the language of BX and

each world I' € MBX | we have that MBX T'|= ¢ if and only if p € T.

Proof. By induction on the construction of formulas in the language of T.
The base and Boolean inductive cases are straightforward, so we restrict our
attention to the non-Boolean inductive cases, many of which are handled in

Lemma 3.21 The remaining cases are as follows..

e (Case: the formula t > .

By the definition of EBX  we have that I' € EBX(¢, ) if and only if
(t > ¢) € I'. It follows from the definition of truth (Definition 3.7) that

we have MBX T' =t > ¢ if and only if (t > ¢) € T

e Case: the formula t: .

Assume that t:¢p € I' and TREXp. Since BX - t:¢0 D ¢ > ¢, it follows
from the maximal BX-consistency of I" that (¢ > ¢) € T" and thus that
I € EB¥(t,¢) by the definition of EBX. Further, it follows from our
assumptions ¢:¢ € I' and TREXA by the definition of A that we have
¢ € A and thus that MBX A |= ¢ by the induction hypothesis. But then
we have both that MBX A | ¢ for each A € MB¥ satisfying TREXA
and that T' € EBX(¢, ). It follows that MBX T = t:¢ by the definition
of truth (Definition 3.7).

Conversely, assume that t:¢ ¢ I'. Since BX F s:¢9 D ((t > ) D t:gp),
it follows from the maximal BX-consistency of I' that either we have
(t > ¢) ¢ T or else we have both (t > ¢) € T" and s:¢ ¢ T for

each term s. Let us consider each of these possibilities in turn. In case
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(t > ) ¢ ', we have that ' ¢ EBX(¢,p) by the definition of EBX and
thus that MBX T' [~ t:p by the definition of truth (Definition 3.7). So
let us consider the case where (¢t > ¢) € I' and s:p ¢ I for each term s.
Defining the set I” := {1 | (3s)(s:¢» € ')}, we argue by contradiction
that I'” U {-} is BX-consistent. So suppose that I” U {—p} is BX-
inconsistent, which implies that there is a finite set {1;}7_, C I'” such

that

BXFYoD (W1 D@ D(-(WnDdy)))) .

Calling the latter BX-theorem @, it follows from Artemov’s Internaliza-
tion Theorem (Theorem A.4) that there is a term u such that BX - u:6.
Since each v, has a term wuy, such that u vy € T, it follows from the BX-
provable scheme vy :(x1 D x2) D (v2:x1 D (v1 - v2):x2) and the maximal

BX-consistency of I" that

(oo ((Cu-uo) ) - ug) =) -un) o €T

contradicting our assumption that s:¢ ¢ I' for each term s. Therefore
I"U{=¢} must in fact be BX-consistent and so we may extend I’ U{—¢}
to a maximal BX-consistent set A € MB¥. Note that TREXA by the
construction of A and the definition of R2*. Since —p € A, it follows
from the induction hypothesis that MBX A | =y, which implies that

MBX T £ t:p by the definition of truth (Definition 3.7). O

As our last step before completeness, we must check that the canonical Fit-

ting model for a boxless theory BX is indeed a Fitting model for BX. Perhaps
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the most interesting part is the verification that the additional principle

(5> (t>¢) D (t>¢)Ds:(t>¢))

indeed allows the theory to express Monotonicity, thereby ensuring that the
canonical Fitting model for BX satisfies Monotonicity whenever 4 occurs in

X.

Theorem A.10. The canonical Fitting model for BX is a Fitting model for
BX.

Proof. We verify that M8, the canonical Fitting model for T' (Definition A.8),
satisfies the properties required for it to be a Fitting model for BX (see Defi-
nition A.5 and Figure A.4).

o MBX satisfies Application.

Suppose I' € EBX(t, ¢ D )N EBX (s, ). It follows from the definition of
EBX and the maximal BX-consistency of I' that (t > (¢ D ¥)) A (s >
@) €. Since BX Ft>> (0D ¢) D ((s > ¢) D (t-s) > ¢), it follows
from the maximal BX-consistency of I' that ((t L 5) > 1/)) € I' and hence
I € EBX(t- s5,9) by the definition of EBX,

o MBX gatisfies Sum.

Suppose I' € EBX(t, ) UEBX (s, ). It follows from the definition of EFBX
and the maximal BX-consistency of T" that (¢ > ¢)V (s > ¢) € T'. Since

BXE(t>¢)V(s>¢) D ((t+s)> ), it follows from the maximal



286

BX-consistency of I' that ((¢ + s) > ¢) € I'and hence I' € EBX(t+s, ¢)

by the definition of EBX.

o NMBX gatisfies Constant Specification A, where A is the set of BX-

axioms.

Choose "¢ :¢p € A,. It is easy to see that no matter whether 4 occurs
in X, we have that BX F "¢, :¢ and thus that BX F "¢, > ¢. Thus
for each I' € MBX | it follows by the maximal BX-consistency of I' that
("cy > ) € T and hence I' € EBX(I"¢;, ) by the definition of EBX.
Since we chose I' € MBX arbitrarily, we have shown that EBX ("¢, ).
Since we chose "¢, : ¢ € A, arbitrarily, we have shown that M5¥ satisfies

Constant Specification A,,,.

e If D occurs in X, then MBX satisfies Non-Contradiction.

Since D occurs in X, we have that BX F —(¢ > 1). Thus for each
I' € MBX it follows by the maximal BX-consistency of I' that —(t >
1) € T and thus that ' ¢ EBX(¢, 1) by the definition of EBX. Hence

EBX(t, 1) = 0 for all terms ¢.

o If 4 occurs in X, then MB¥X satisfies Constant Specification Ay, where
A is the set of BX-axioms.
Since MBX satisfies Constant Specification A, and A4, C A,, we have

that MBX also satisfies Constant Specification Ay.

e If 4 occurs in X, then MBX satisfies Checker.
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PN O W=

t>p)Dlt> (t:p) B4-axiom
co:(t:p Dt > ) CN
co:(t:pDt> @) D> (t:p Dt> ) B-axiom
o> (t:p Dt> ) 2,3
(co> (t:pDt>¢)) D ((t>t:9) D (co-1t) > (t>¢)) B-axiom
(t>><p)3(co It) > (> @) 1,4,5
((co-1t) > ( t>> go)) D((t>9) D(co-1t):(t>¢)) B4-axiom
(t>>90)3( 1t):(£> ) 6, 7

Note: “CN” is Constant Necessitation for B4-axioms.

Figure A.5. Proof that B4 (t > ¢) D (co - 1t): (t > ¢)

Suppose that I' € EBX (¢, ). It follows that (¢ > ¢) € I by the definition
of EBX. Since 4 occurs in X, we have that BX + (¢t > ¢) D (It >
(t: (p)) Applying the maximal BX-consistency of I'; it follows that (!t >

(t:¢)) € I and hence I' € EB¥(1t,t:¢) by the definition of EBX.

If 4 occurs in X, then MB¥ satisfies Monotonicity.

Suppose that I' € EBX(t ). It follows that (t > ¢) € I' by the
definition of EBX. 1In Figure A.5, we show that B4 + (¢t > ¢) D
(co - 1t):(t > ), and so it follows from Theorem 3.15 that BX F (¢t >
©) D (co-1):(t > ¢) whenever 4 occurs in X. Thus if TREXA, then
it follows by the definition of R2* that (t > ¢) € A and hence A €
EBX(t, ) by the definition of EBX. Since we chose A € MBX satisfying
P REXA arbitrarily, it follows that MBX satisfies Monotonicity whenever

4 occurs in X.

e If 5 occurs in X, then MB¥ satisfies Negative Checker.
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Suppose that T' ¢ EBX(¢, ). It follows by the definition of FBX and the
maximal BX-consistency of I" that =(¢ > ¢) € I'. Since 5 occurs in X,
we have that BX F =(t > ¢) D 7t:—(t:¢) and thus that BX + —(t >
©) D 7> ~(t:p). Applying the maximal BX-consistency of I', we then
have that (?¢ > —(t:¢)) € I' and hence I' € EBX (7, =(t:¢)) by the

definition of EBX.

If 5 occurs in X, then MBX satisfies Pacuit-Rubtsova.

Suppose that MBX T' = —t:¢. Applying the Truth Lemma (Lemma 3.21),
we have that —(t:¢) € I'. Since 5 occurs in X, we have that BX

=(t:p) D —(t > ¢). Applying the maximal BX-consistency of T', it

follows that —(t > ) € I' and hence I' ¢ EBX (¢, ) by the definition of

EBX. But then MBX T' = —(t > ¢) by the definition of truth (Defini-

tion 3.7).

If T occurs in X, then MB¥X is reflexive.

Since T occurs in X, we have that BX F t:¢p D . Thus for each
I' € MBX it follows by the maximal BX-consistency of I' that t:¢ € T
implies ¢ € I'. Applying the definition of REX, it follows that [ REXT

O »

for each T' € MBX. So MBX is reflexive.

If 4 occurs in X, then MB¥ is transitive.

If 4 occurs in X, then we have that BX F¢:p D t:(t:¢). Thus for each
I' € MBX, we have by the maximal BX-consistency of I' that t:p € T

implies !t: (t:¢p) € T. So if we have TREXA, ARBXQ) and t:¢ € T, then
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it follows that lp:(t:¢) € I' and thus that ¢ € by the definition of

RBX. Thus MB¥ is transitive. O
Completeness is then straightforward.

Theorem A.11 (Completeness of BX). Let X be a naming string and let ¢
be a formula in the language of BX. If ¢ is valid in every Fitting model for

BX, then BX F ¢.

Proof. 1f ¢ is not a theorem of BX, then {—¢} is BX-consistent and so may
be extended to a maximal BX-consistent set I' € MBX. Since ~p € T, it
follows by the Truth Lemma (Lemma A.9) that MBX T £ ¢. Since MBX is a
Fitting model for BX (Theorem A.10), we have shown that ¢ is not valid in

every Fitting model for BX. The statement of the theorem follows. m

A.2 Nominaled Boxless Theories

As for the nominaled evidence theories, we introduce the nominaled boxless
theories nBX by admitting (boxless) formulas as terms we call nominals. The
Hilbert theory for nBX is obtained from that of BX by the addition of two
principles for handling nominal reasoning. In addition, since the nominaled
formula ¢: ¢ allows us to express the same proposition as the modal formula

O in Fitting models satisfying Nominal Identity, we revise the B.X-principle

S:p D ((t > ) D t:ga)
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so that it reads

e D ((t>¢)Dtip)

which more closely matches the nEX-principle
Op D ((t>¢) Dtiy) .

Let us proceed.

Definition A.12. For each naming string X, we define the theory nBX ac-

cording to Figure A.6. The language of nBX is the boxless fragment of nJL.

Consistency of the nominaled boxless theories nBX is shown much as for

the nominaled evidence theories nEX.

Theorem A.13 (Consistency of nominaled theories). Let X be a naming
string and let x : nJL — QML be defined as in Figure 3.13. Then we have
that nBX F ¢ implies QX F *. It thus follows from the consistency of QX

(Theorem 1.22) that nBX is consistent.

Proof. By induction on the length of derivations in nBX. Most axioms are

handled in Theorem 3.28. The remaining axioms are handled as follows.

e The nBX-axiom x is (s> (> ¢)) D ((t > ¢) D s:(t > ¢)).

In this case, X contains 4. If ¢ and s are nominal-free, then y* =
D" D (De* D Be* and hence QX F x* because X contains 4. If ¢ is

nominaled, then QX F (s:(t > ¢))" D OBy*) and, since QX + OEyp*,
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Axiom Scheme

Axiom schemes for classical propositional logic
t>(P2Y) D (s>¢ D (t-5)>)
t>e)V(is>p) D (t+s) >0

(t>¢) D lt> (t:p) for t nominaled

=(t > 1) for ¢ nominal-free

(t>¢) D> (t:)

=(t> ) D ?t:=(t:p) for t nominal-free
(t:p) D —(t > ) for t nominal-free

SN

AN NN
SSENENENENES.

SENIENES
SENENENES

t(eDv) D (sip D (t-s):0)
(t:)V(s:p) D (t+s):p

t:p D

—(t: 1)

(t:@) D It:(t:yp)

—(t:p) D ?t:=(t:p) for t nominal-free

(\

«\

NENENEN

(\

(s> ({t>¢) D (t>¢p) D s:(t>y))
Vi D ((t>>g0) D t:go)
t:op Dt>

P>
t:pDy:p

Rule of Inference

NENENEN
SNENENEN
NENENEN

SNENENENEN
NENENEN

Modus Ponens

Iterated Constant Necessitation for axioms of theory

Constant Necessitation for axioms of theory

Nominal-Necessitation

NP

v

NE

v

N O

N

N o

Figure A.6. Definition of nominaled boxless theories nBX
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it follows that QX F x*. If ¢ is nominal-free and s is nominaled, then

X" = Be* D (Ky* D One*) and thus QX F x* because X contains 4.

e The nBX-axiom x is p:¢p D ((t > ¢) D t:p).

If ¢ is nominal-free, then x* = Hy* D (Be* D He*) and thus QX F x*.
If ¢ is nominaled, then ((t > @) D t:gp)* = @He* D Op* and, since

QX F Ep* D Op*, we then have that QX F x*.

e The nBX-axiom y ist:¢p D p:¢.

We have that (¢:p)* = Hp* and so QX F x*.
The induction step is handled as in Theorem 3.28. O
We show that nBX has the expected extensional relationships.
Theorem A.14 (Extensions). Let X be a naming string.

e Let X' be asubstring of X, meaning there is an order-preserving injection
between the symbols in X’ and the symbols in X. Then we have that

nBX is an extension of nBX".
e nBX is an extension of BX.
e nEX is an extension of nBX.

Proof. That nBX is an extension of nBX’ is obvious. To see that nBX is
an extension of BX, it is sufficient for us to show that nB F s:¢ O ((t >
) D t:cp) (see Figures A.1 and A.6); but this follows from the nB-axioms

s:p D p:pand i D ((t > ) D t:<p). So what remains is for us to prove
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1. p:eD0p nE-axiom
2. Op D ((t>¢)Dt:p) nE-axiom
3. gD (t>9)Dtip) 1,2

Figure A.7. Proof that nE - p:p D ((t>> ¢) D t:p)

is that nEX is an extension of BX. To prove this, it is sufficient for us to
verify that for each scheme s that is used to axiomatize nBX but is not also
used to axiomatize nEX | we have that s is nEX-provable (see Figures 3.12 and
A.6). We consider each such scheme in turn. Note that we will omit classical

propositional reasoning steps.
e nEFt: (¢ D) D (s:¢ D (t-s):9) by the proof in Figure 3.4.
o nEF (t:p)V (s:p) D (t+ s):¢ by the proof in Figure 3.5.
e nET - t:¢ D ¢ by the proof in Figure 3.6.
e nED - —(¢: L) by the proof in Figure 3.7.
e nE4F (t:p) D t:(t:p) by the proof in Figure 3.8.

e nE5 F —(t:¢) D 7t:=(t:p) for ¢ nominal-free follows by the proof in

Figure 3.9 by the fact that ¢ is nominal-free.

e nE4 (s > (t> <p)) ) ((t > ) Ds:(t> <p)) follows by the proof in
Figure A.3.

e nEFp:ipD ((t>> ) D t:gp) by Figure A.7.

e nEFt:p D ¢:p by Figure A.8. O
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1. t:¢p D 0O¢ nE-axiom
2. Op D p:¢ nE-axiom
3. t:pDpip 1,2

Figure A.8. Proof that nEFt:¢ D ¢:¢p

Artemov’s Internalization theorem also holds for the nominaled boxless

theories, though the proof is trivial.

Theorem A.15 (Artemov’s Internaliztion Theorem). Let X be a naming
string. Then for each nBX-theorem ¢, there is a term ¢ such that ¢:¢ is also

an nBX-theorem.

Proof. For each nBX-theorem ¢, take ¢t to be the nominal ¢ itself. That ¢: ¢

is also an nBX-theorem follows by the rule of Nominal-Necessitation. m
Fitting models for nBX are defined as one would expect.

Definition A.16 (Fitting models for nominaled theories). Let M be a nomi-
naled Fitting model for {O}. To say that (the nominaled) Fitting model M is

for nBX means that M satisfies the properties specified by Figure A.9.

That there in fact exist Fitting models for each nominaled boxless theory

nBX is a straightforward argument.

Lemma A.17 (Existence of Fitting models for nBX). Let X be a naming
string, let F' = (W, R) be a frame for {0}, and let (F, V) be a Kripke model
for KX (by which we mean that (F, V) satisfies each of the frame conditions

in Figure 3.15 whose row contains a check mark [“v"”] in a column whose label
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Evidence Function Condition

Nominal Identity

Application

Sum

Constant Specification A,
Nominaled Checker
Nominaled Non-Contradiction
Constant Specification A
Checker

Monotonicity

Nominaled Negative Checker

Nominaled Pacuit-Rubtsova

(A is the set of axioms of the theory)

Frame Condition

SRR

K]

SRR P
NN N N RN

SNIENIEN IFS
NN NN

(\

D|4]5

Reflexive
Serial

Transitive

T
v

v

v

Figure A.9. Fitting model conditions for theories nBX




296

occurs in X). Then there is an evidence function F such that (F, E,V) is a

Fitting model for nBX.

Proof. The function E constructed in Lemma 3.34 makes (F, E,V) a Fitting

model for nBX. ]
Soundness then comes quite easily.

Theorem A.18 (Soundness of nBX). Let X be a naming string and ¢ be a
formula in the language of nBX. If nBX F ¢, then ¢ is valid in every Fitting
model for nBX.

Proof. By induction on the length of nBX-derivations. Most axioms are han-
dled in Theorem 3.35. The remaining axioms are as follows. We let M be an

arbitrary Fitting model for nBX.

e If 4 occurs in X, then M = (s> (t > ¢)) D ((t>> ¢) D s:(t>> ¢)).

This validity holds if M satisfies Monotonicity. But since M is a Fitting
model for nBX and 4 occurs in X (see Definition 3.33 and Figure A.9),

it follows that M satisfies Monotonicity.
e MEt:pDo:p
Since M is a Fitting model for BX (see Definition 3.33 and Figure A.9),

we have that M satisfies Nominal Identity. Thus the above validity

follows from the definition of truth (Definition 3.7).

The inductive cases are as in Theorem 3.35. O
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For completeness, we define the canonical Fitting model for nBX much as
we did for nEX. In fact, by defining R"FX in the same way as we will define

RM3X | the arguments for nEX will also work for nBX.

Definition A.19 (Canonical structures for nominaled theories). Let X be a

naming string. We define a tuple ((W"BX, R"BX) ErBX y/nBX) a5 follows.

o W"BX is the set consisting of all maximal nBX-consistent sets (of for-
mulas in the language of nBX). Note that WX is nonempty by the

consistency of nBX (Theorem 3.28).
o RIBY = {(T,A) e WX x WX (Vo) (p:p e = p € A)}
o E"8X(t, ) = {0 € WX : (t > ) €'}
o VBX(p) :={' € WX . p, €T} for each k € N

We adopt similar terminology as in Definition 3.20 (canonical frame for nBX,
canonical valuation for nBX, canonical evidence function for nBX, canonical

Fitting model for nBX, and so forth).

The proof of the Truth Lemma is almost identical to the proof of the Truth

Lemma for nEX.

Lemma A.20 (Truth Lemma). Let X be a naming string. Then for each
formula ¢ in the language of nBX and each world I' € M"BX  we have that
M™X T |= ¢ if and only if p € T,

Proof. As in Lemma 3.37 (though we omit the case for formulas of the form

Oe). O
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Similarly, the verification that the canonical Fitting model for nBX is in-

deed a Fitting model for nBX carries over from the argument for nEX.

Theorem A.21. If X is a naming string, then MB¥ is a Fitting model for
nBX.

Proof. As in Theorem 3.38 (though we omit the case for euclideanness). [
And completeness then follows easily.

Theorem A.22 (Completeness of nBX). Let X be a naming string and ¢
be a formula in the language of nBX. If ¢ is valid in every Fitting model for

nBX, then nBX I ¢.

Proof. 1f ¢ is not a theorem of nBX, then {—¢} is nBX-consistent and so may
be extended to a maximal nBX-consistent set I' € M"X. Since ~p € T, it
follows by the Truth Lemma (Lemma A.20) that M"X T }£ . Since M"BX
is a Fitting model for nBX (Theorem A.21), we have shown that ¢ is not valid

in every Fitting model for nBX. The statement of the theorem follows. m
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