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Abstract

Dynamic Epistemic Logic with Justification

by

Bryan Renne

Adviser: Professor Sergei Artemov

Justification Logic is the study of a family of logics used to reason about

justified true belief. Dynamic Epistemic Logic is the study of logics used to

reason about communication and true belief. This dissertation is a first step

in merging these two areas, in that it defines theories for a joint language in

which we may reason about communication alongside justified true belief.

After some preliminary matters, we go through a comprehensive survey of

Dynamic Epistemic Logic, which primes us for the work at the end of the text.

We then move into the core work of the dissertation, where we introduce a

number of extensions of existing languages and theories of Justification Logic.

Our extensions are all based on the work of Sergei Artemov, who extended

the language of propositional logic by the addition of formula-labeling terms.

This extension allows us to take a term t and a formula ϕ and form the new

formula t :ϕ. The terms have a derivation-compatible structure that allows us

to view terms as evidence verifying the truth of the formulas they label, which

provides us with a means for reasoning about justified true belief.

We look at extensions of these theories that allow us to reason about evi-

dence admissibility: the new formula t� ϕ lets us express that t is admissible
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as evidence for ϕ, by which we mean that t may be taken into account when

considering the truth of ϕ, though t need not conclusively validate ϕ. A fur-

ther extension adds a unary modal operator � that we use to reason about

alternative evidence possibilities.

Nominaled extensions of the latter languages allow us to express a notion

of dynamic evidence introduction, whereby we may introduce a term t as

admissible as evidence for ϕ. These extensions lead us to the final chapter of

the text, where we combine our various systems of Justification Logic with the

framework of Dynamic Epistemic Logic. Such joint theories contribute to the

ongoing work aiming to provide a better foundational account of the reasoning

of computational social agents.
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Chapter 1

Preliminaries

1.1 Set-Theoretic Conventions

We will use ZFC set theory as our basic theory of sets. Our work will only

make use of very basic set-theoretic notions, and so it will be sufficient for our

purposes to show how we will write those set-theoretic concepts that will be

most important for understanding our work.

Notation 1.1. Let W and W ′ be sets.

• We write W\W ′ for the set {x ∈ W : x /∈ W ′}.

• We write 2W for the powerset (that is, the set of all subsets) of W .

• We write W ×W ′ for the set
{

(x, y) : x ∈ W ∧ y ∈ W ′}, the Cartesian

product of W and W ′.

• We write W 2 for the set W ×W .
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• We write N for the set {0, 1, 2, 3, . . . } of non-negative integers.

• We write N+ for the set N\{0} of all positive integers.

• For each n ∈ N, we let n̄ be the set {i ∈ N+ : i ≤ n}.

• For each n ∈ N, an n-tuple is a sequence indexed by n̄. We write

(x1, x2, . . . , xn) to for the n-tuple {xi}i∈n̄. If the particular value n ∈ N

ought to be clear from context, we will call an n-tuple simply a tuple. A

pair is a 2-tuple.

Definition 1.2. To say that R is a binary relation on a set W means that

R ∈ 2W×W . If R is a binary relation on a set W , we write ΓR∆ to mean that

(Γ,∆) ∈ R. The following is a list of properties that may be satisfied by a

binary relation R on a set W .

• To say R is reflexive means that for each Γ ∈ W , we have ΓRΓ.

• To say R is transitive means that for each Γ,∆,Ω ∈ W , we have ΓR∆

and ∆RΩ together imply that ΓRΩ.

• To say R is euclidean means that for each Γ,∆,Ω ∈ W , we have ΓR∆

and ΓRΩ together imply that ∆RΩ.

• To say R is serial means that for each Γ ∈ W , there is a ∆ ∈ W such

that ΓR∆.

If R is a binary relation on a set W and C is a conjunction of the above

properties, then to say that R′ is the C closure of R (on W ) means that R′ is
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the smallest set R′ ∈ 2W×W such that R′ ⊇ R and R satisfies the conjunction

C.

Notation 1.3. Let R be a binary relation on a set W .

• We write R∗ for the reflexive-transitive closure of R.

• We write R+ for the transitive closure of R.

1.2 Basics on Theories

In this section, we establish some basic concepts applicable to each of the many

theories we will define in this work. So let us begin by defining the language

upon which all of our theories will be built.

Definition 1.4. The language of propositional logic, written PL, consists of

the formulas ϕ built by the following grammar.

ϕ ::= pk | > | ⊥ | ϕ1 ⊃ ϕ2 | ϕ1 ∨ ϕ2 | ϕ1 ∧ ϕ2 | ϕ1 ≡ ϕ2 | ¬ϕ

k ∈ N

{pk : k ∈ N} is the set of propositional letters. The atoms consist of the propo-

sitional letters, the propositional constant ⊥ for falsity, and the propositional

constant > for truth.

We will now establish our notation that allows us to easily write derivability

assertions for the various to-be-defined theories.

Notation 1.5. Let T be a theory whose language L is a (possibly trivial)

extension of PL.
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• T ` ϕ means that ϕ ∈ L and ϕ is a T -theorem.

• T 0 ϕ means that ϕ ∈ L and ϕ is not a T -theorem.

• For a set S of L-formulas, S `T ϕ means that there is a finite set S ′ ⊆ S

such that T `
(∧

ψ∈S′ ψ
)
⊃ ϕ. The negation of S `T ϕ is written S 0T ϕ.

All of our completeness argument will go by way of a canonical model

argument [21]. So it will be useful to define the notions of consistency once

and for all.

Definition 1.6. Let T be a theory whose language L is a (possibly trivial)

extension of PL.

• To say that T is consistent means that T 0 ⊥. To say that T is incon-

sistent means that T is not consistent.

• To say that a set S of L-formulas is T -consistent means that S 0T ⊥.

To say that S is T -inconsistent means that S is not T -consistent.

• To say that a set S of L-formulas is maximal T -consistent means that

S is T -consistent and that for each ϕ ∈ L\S, we have that S ∪ {ϕ} is

T -inconsistent.

T -consistent sets in a countable language may be extended to maximal

T -consistent sets by the following Lindenbaum Argument.

Theorem 1.7 (Lindenbaum Argument). Let T be a theory whose language

L is a countable (possibly trivial) extension of PL and let S be a T -consistent
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set of formulas in the language L. Then there exists a maximal T -consistent

set S ′ such that S ′ ⊇ S.

Proof. This argument is quite standard, and it can even be extended to the

case where L is uncountable if we use the Axiom of Choice [58]. Let us recall

the argument for the countable case, letting {ϕi}i∈N+ be an enumeration of

the formulas in language L, where N+ := N\{0}. We then set S0 := S. By

induction on i ∈ N+, we define the set Si as follows: if Si−1 ∪ {ϕi} is T -

consistent, then Si is defined as this union; otherwise, in case this union is

T -inconsistent, Si is defined as Si−1. We then let S ′ :=
⋃
i∈N Si. It is not

difficult to show that S ′ is maximal T -consistent, and we of course have that

S ′ ⊇ S0.

We will make regular use of Lindenbaum Arguments without explicit ref-

erence to Theorem 1.7.

1.3 Modal Logic

The language of modal logic allows us to describe basic facts along with the

knowledge and beliefs of a finite nonzero number of agents.

1.3.1 Syntax

Definition 1.8. An agent set is a finite nonempty set whose members will be

called agents.

Once we have fixed our set of agents, then we may define the usual lan-

guages of modal logic for this agent set.



6

Definition 1.9. Let A be an agent set.

• The language of modal logic (for A), written MLA, is the extension of

PL obtained by adding the following rule of formula formation: if ϕ is a

formula and i ∈ A, then Kiϕ is also a formula.

• The language of modal logic with common knowledge (for A), written

MLAC , is the extension of MLA obtained by adding the following rule of

formula formation: if ϕ is a formula and G ⊆ A, then CGϕ is also a

formula.

• For each G ⊆ A, we make the following abbreviation:

EGϕ :=


∧
i∈GKiϕ if G 6= ∅,

> if G = ∅.

The modal formulas Kiϕ, EGϕ, and CGϕ allow us to express various kinds

of knowledge of our agents in A, all according to the following intuitive readings

of these formulas.

• Kiϕ is read, “(agent) i knows ϕ.”

• EGϕ is read, “everyone in G knows ϕ.”

• CGϕ is read, “ϕ is common knowledge to those in G.”
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1.3.2 Semantics

The semantics of these languages, due to Kripke [44], begins by specifying a

frame, which is a relational structure that represents agent uncertainty.

Definition 1.10. Let A be an agent set. A frame (for A) is a pair F = (W,R)

whose components satisfy the following.

• W is a nonempty set whose members are called worlds.

• There is a set A′ ⊇ A such that R : A′ → 2W×W is a function assigning

a binary relation Ra on W to each member a ∈ A′.

To say that Γ is a world in the frame F = (W,R), written Γ ∈ W , means

that Γ ∈ W . A pointed frame (for A) is a pair (F,Γ) consisting of a frame

F for A and a world Γ ∈ F ; the point of (M,Γ) is Γ. To say that the frame

F = (W,R) is connected means that for all worlds Γ,∆ ∈ F , we have ΓR∗∆

or ∆R∗Γ. To say that a frame F = (W,R) is finite means that the set W is

finite. To say that a pointed frame (F,Γ) is finite means that F is finite.

In a frame (W,R) for A, the relationship ΓRi∆ between the worlds Γ and

∆ represents agent i’s thinking that ∆ is the actual world in case Γ is in fact

the actual world. In this way we can represent agent i’s uncertainty as to the

actual world. A pointed frame (F,Γ) adds to the uncertainties represented by

F an actual world Γ.

What remains to interpret formulas is add a valuation, which provides a

truth assignment for each world in a frame.
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Definition 1.11. Let F = (W,R) be a frame. Then a valuation (on F ) is a

function V : {pk : k ∈ N} → 2W that maps each propositional letter pk to a

possibly empty set V (pk) of worlds in F .

Combining a frame with a valuation gives us a Kripke model.

Definition 1.12. Let A be an agent set. A Kripke model (for A) is a pair M =

(F, V ) consisting of a frame F for A and a valuation V on F . Terminology: if

M = (F, V ) is a Kripke model, then we call F the frame underlying M and we

call M the Kripke model based on F . To say that Γ is a world in the Kripke

model M = (F, V ), written Γ ∈ M , means that Γ ∈ F . A pointed Kripke

model (for A) is a pair (M,Γ) consisting of a Kripke model M for A and a

world Γ ∈M ; the point of (M,Γ) is Γ. Note: for sake of convenience, we will

often identify the Kripke model
(
(W,R), V

)
with the tuple (W,R, V ).

Kripke models are used to interpret formulas in the language of modal

logic.

Definition 1.13 (Truth). Let A be an agent set, let M =
(
(W,R), V

)
be a

Kripke model for A, and let Γ ∈ M be a world in M . For each formula ϕ

in the language MLAC of modal logic with common knowledge, ϕ is either true

at (M,Γ), written M,Γ |= ϕ, or else ϕ is false at (M,Γ), written M,Γ 6|= ϕ.

Truth of ϕ at (M,Γ) is defined by the following induction on the construction

of the formula ϕ.

• M,Γ |= pk means that Γ ∈ V (pk).

• M,Γ |= > and M,Γ 6|= ⊥.
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• Boolean connectives are handled in the mathematical meta-language; for

example: M,Γ |= ϕ1 ⊃ ϕ2 means that M,Γ 6|= ϕ1 or M,Γ |= ϕ2.

• M,Γ |= Kiϕ means that M,∆ |= ϕ for each ∆ ∈M with ΓRi∆.

• M,Γ |= CGϕ means that M,∆ |= ϕ for each ∆ ∈M with ΓR∗
i∆.

Now that we have what it means for a formula of modal logic to be true

at a pointed Kripke model, we define various notions of formula validity.

Definition 1.14 (Validity). Let A be an agent set, let ϕ ∈ MLAC be a formula,

let M be a Kripke model for A, and let I be a set of Kripke models for A.

• To say that ϕ is valid in M , written M |= ϕ, means that for each world

Γ ∈M , we have M,Γ |= ϕ.

• To say that ϕ is valid for I, written I |= ϕ, means that for each M ∈ I,

we have M |= ϕ.

• To say that ϕ is valid, written |= ϕ, means that ϕ is valid for the set of

all Kripke models for A.

1.3.3 Expansions of Kripke Models

The following auxiliary definition will be of use later.

Definition 1.15. Let A be an agent set and G ⊆ A be a nonempty subset.

Let {gi}|G|i=1 be a fixed enumeration of G. Then given a Kripke model M =

(W, {Ri}i∈A, V ) for A and binary relation R on W , the expansion of M at R
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by {gi}|G|i=1 is the Kripke model (W ′, {R′
i}i∈A, V ′) for A whose components are

given as follows.

• W ′ := W ∪
{

(Γ,∆, i) : (Γ,∆) ∈ R, i ∈ N with 1 ≤ i ≤ |G| − 1
}

Abbreviations: for each (Γ,∆) ∈ R, we set (Γ,∆, 0) := Γ and (Γ,∆, |G|) :=

∆.

• For each i ∈ N satisfying 1 ≤ i ≤ |G|:

R′
gi

:= Rgi
∪
{(

(Γ,∆, i− 1), (Γ,∆, i)
)

: (Γ,∆) ∈ R
}

• For each i ∈ A\G: set R′
i := Ri.

• V ′(pk) := V (pk) ∪
{

(Γ,∆, i) ∈ W ′ : i ≤ |G| − 1 and Γ ∈ V (pk)
}

The expansion of M at R by {gi}|G|=1 simply takes each edge (Γ,∆) ∈ R and

expands it to a path whose edges are the enumeration {gi}|G|i=1 of G; that is,

Γ R //∆

expands to

Γ
g1 //(Γ,∆, 1)

g2 //(Γ,∆, 2)
g3 // · · ·

g|G|−1 //(Γ,∆, |G| − 1)
g|G| //∆

For i ≤ |G| − 1, the set of propositional letters true at (Γ,∆, i) is exactly the

set of propositional letters true at Γ.

1.3.4 Multi-Modal K

Many of the theories we study will be extensions of a (normal) multi-modal

logic, though the particular normal modal logic we choose will not be of too
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much importance. Providing a general account that handles all of the usual

normal modal logics will invariably lead us to excessive case analysis, detract-

ing us from the main issues we wish to address in this work. For this reason, it

will be best for us to choose a normal multi-modal logic once and for all that

we may use as our underlying theory. To make things simple, we choose the

minimal one.

Definition 1.16. Let A be an agent set. The modal logic KA
C is given by the

following axiom schemes and rules of inference.

• Basic axiom schemes (in the language MLAC)

1. Axiom schemes for classical propositional logic

2. Ki(ϕ ⊃ ψ) ⊃ (Kiϕ ⊃ Kiψ)

“i knows the consequences of his knowledge”

• Common Knowledge (CK) axiom schemes (in the language MLAC)

1. CG(ϕ ⊃ ψ) ⊃ (CGϕ ⊃ CGψ)

“CK is closed under consequence”

2. CGϕ ⊃ (ϕ ∧ EGCGϕ)

“CK implies truth and group knowledge of CK”

3. ϕ ∧ CG(ϕ ⊃ EGϕ) ⊃ CGϕ

“CK arises from group knowledge by induction”

• Rules of inference
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– Modus Ponens: if ϕ and ϕ ⊃ ψ are each provable, then so is ψ.

– Ki-Necessitation: if ϕ is provable, then so is Kiϕ.

“i knows what is provable”

– CG-Necessitation: if ϕ is provable, then so is CGϕ.

“what is provable is CK”

The modal logic KA is given by omitting the common knowledge axiom schemes,

the CG-Necessitation rule, and restricting the remaining axiom schemes to the

language MLA.

Theorem 1.17. Let A be an agent set and let I be the set of all pointed

Kripke models for A. For each formula ϕ ∈ MLA, we have that ϕ is a theorem

of KA if and only if I |= ϕ [44]. Similarly, for each formula ϕ ∈ MLAC , we have

that ϕ is a theorem of KA
C if and only if I |= ϕ (see, for example, [27]).

1.3.5 Dependent Quadrimodal Logics

We will introduce a number of theories for reasoning about evidence. Con-

sistency of these theories is proved by the method of forgetful projection [10].

This method goes as follows. To show the consistency of a given theory T , we

define a function f—called the forgetful projection—that maps formulas in the

language of T to formulas in the language of a certain consistent multi-modal

theory Tm such that f(⊥) = ⊥. We then show that if we apply f to each line

of a Hilbert proof P in the theory T , then we obtain a Hilbert proof in the

theory Tm. We may thus appeal to the consistency of Tm to show that T is

itself consistent.
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So to use the method of forgetful projection, we will need a modal theory

on which to project our forthcoming evidence theories. The modal theory we

need is a theory whose language contains four unary modalities.

Definition 1.18. The language of (dependent) quadrimodal logic, written

QML, is the extension of PL obtained by adding the following rule of for-

mula formation: if ϕ is a formula, then so is each of �ϕ, �ϕ, �ϕ, and �ϕ.

We are interested in certain properties of Kripke models for QML that will

be in accord with the forthcoming axiomatic theories we will define in the

language of QML.

Definition 1.19. Let M = (F, V ) be a Kripke model for {�,�,�,�} with

F = (W,R). What follows is a list of schematic properties that may be satisfied

by M .

• �-is-��: R� = R� ∪R�.

• ��-Implies-�: ΓR�∆ and ∆R�Ω together imply that ΓR�Ω.

• ��-Reflexivity: each of R� and R� is reflexive.

• ��-Seriality: each of R� and R� is serial.

• ���-Seriality: each of R�, R�, and R� is serial.

• ��-Implies-�: ΓR�∆ and ∆R�Ω together imply that ΓR�Ω.

• ��-Implies-�: ΓR�∆ and ∆R�Ω together imply that ΓR�Ω.
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• ���-Transitivity: each of R�, R�, and R� is transitive.

• �-Implies-�: R� ⊆ R�.

• ���-Euclideanness: each of R�, R�, and R� is euclidean.

• �-Triviality: R� = ∅.

We now come to a simple notion we will use throughout our work, the

notion of a naming string. A naming string is simply a string that takes on the

name of various normal modal theories that we will use later in axiomatizing

our various theories of evidence.

Definition 1.20. A naming string is any member of the regular language

given by the regular expression

(ε ∪ T)(ε ∪ D)(ε ∪ 4)(ε ∪ 5) ,

where the alphabet of this regular expression is {T,D, 4, 5}, the symbol ε rep-

resents the empty language, the symbol ∪ represents the union of regular lan-

guages, and concatenation of regular languages is indicated by juxtaposition.

Notation: we will use the letter X to represent naming strings.

The modal theories in the language QML are arranged so as to be compat-

ible with the forgetful projection we will later define. So for the moment it

is perhaps best to simply glance through the axiomatization and come back

later once we specifically need it.
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Definition 1.21. For each modal operator 4 ∈ {�,�,�}, the Rule of 4-

Necessitation is defined as follows: if ϕ is provable, then so is 4ϕ. We use

these rules of inference to define a number of theories in the language QML.

For each naming string X, define the theory QX as follows.

• For each axiom scheme s in Figure 1.1, we have that s is an axiom scheme

of QX if and only if the row of s contains a check mark (“X”) under the

column labeled K or under a column whose label occurs in X.

• For each rule of inference r in Figure 1.1, we have that r is a rule of

inference of QX if and only if the row of r contains a check mark (“X”)

under the column labeled K or under a column whose label occurs in X.

Since we will use the theories QX to prove consistency of other theories, it

is important to verify that the theories QX are themselves consistent.

Theorem 1.22 (Consistency of theories QX). If X be a naming string, then

the theory QX is consistent.

Proof. Define the Kripke model M = (W,R, V ) for {�,�,�,�} as follows.

Let W := {Γ}, let R : {�,�,�,�} → 2W×W be defined by setting R4 :=

W × W for each 4 ∈ {�,�,�} and setting R� := ∅, and let V be the

valuation on (W,R) defined by setting V (pk) := W for each k ∈ N. It can

be shown by an induction on the length of derivations in QX that QX ` ϕ

implies M,Γ |= ϕ (for the base case: observe that M,Γ |= 4ϕ ≡ ϕ for each

4 ∈ {�,�,�} and that M,Γ |= �ϕ ≡ >). Since M,Γ 6|= ⊥, it follows that

QX is consistent.



16

Axiom Scheme K T D 4 5

Axiom schemes for classical propositional logic X X X X X

�(ϕ ⊃ ψ) ⊃
(
�ϕ ⊃ �ψ

)
X X X X X

�ϕ ⊃ ��ϕ X X X X X

¬(�⊥) X

�ϕ ⊃ ��ϕ X

�ϕ ⊃ ��ϕ X

�ϕ ⊃ �ϕ X

�ϕ ⊃ (�ϕ ⊃ �ϕ) X X X X X

�ϕ ⊃ �ϕ X X X X X

�ϕ ⊃ �ϕ X X X X X

�(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ) X X X X X

�ϕ ⊃ ϕ X

¬�⊥ X

�ϕ ⊃ ��ϕ X

¬�ϕ ⊃ �¬�ϕ X

�(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ϕ) X X X X X

�ϕ ⊃ ϕ X

¬�⊥ X

�ϕ ⊃ ��ϕ X

¬�ϕ ⊃ �¬�ϕ X

�ϕ X X X X X

Rule of Inference K T D 4 5
Modus Ponens X X X X X

�-Necessitation X X X X X

�-Necessitation X X X X X

�-Necessitation X X X X X

Figure 1.1. Definition of dependent quadrimodal theories QX
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Condition K T D 4 5

�-Triviality X X X X X

�-is-�� X X X X X

��-Implies-� X X X X X

��-Reflexivity X

���-Seriality X

��-Implies-� X

��-Implies-� X

���-Transitivity X

�-Implies-� X

���-Euclideanness X

Figure 1.2. Kripke model conditions for theories QX

We now prove soundness and completeness of the theories QX. We first

define the class of Kripke models for which we will prove QX is sound and

complete.

Definition 1.23 (Kripke models for theories QX). Let X be a naming string

and let M be a Kripke model. To say that (the) Kripke model M is for QX

means that M is a Kripke model for {�,�,�,�} and M satisfies the prop-

erties that Figure 1.2 identifies with the naming string X. Note that we use

Figure 1.2 to identify the Kripke model properties (from Definition 1.19) cor-

responding to the naming string X in the same way that we used Figure 1.1 to

identify the schemes/rules corresponding to the theory QX (see Definition 1.21

for a detailed description of this identification).

Soundness is then proved as usual [21].
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Theorem 1.24 (Soundness of theories QX). Let X be a naming string. Then

QX ` ϕ implies ϕ is valid in every Kripke models for QX.

Proof. By induction on the length of derivation in QX. Most of the base cases

and all of the inductive cases are commonplace [21], so we will only verify the

non-commonplace base cases. Let M = (W,R, V ) be a Kripke model for QX.

• M |= �ϕ ⊃ ��ϕ.

This follows from ��-Implies-�.

• If 4 occurs in X, then M |= �ϕ ⊃ ��ϕ.

Since 4 occurs in X, the result follows by ��-Implies-�.

• If 4 occurs in X, then M |= �ϕ ⊃ ��ϕ.

Since 4 occurs in X, the result follows by ��-Implies-�.

• If 5 occurs in X, then M |= �ϕ ⊃ �ϕ.

Since 5 occurs in X, the result follows by �-Implies-�.

• M |= �ϕ ≡ �ϕ ∧�ϕ.

This follows from �-is-��.

• M |= �ϕ.

This follows from �-Triviality.

Completeness is by way of a canonical model argument [21].

Theorem 1.25 (Completeness of theories QX). Let X be a naming string.

For each formula ϕ ∈ QML, if ϕ is valid in every Kripke model for QX, then

QX ` ϕ.
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Proof. We construct a structure MQX := (WQX , RQX , V QX) as follows.

• WQX is the set of all maximal QX-consistent sets (of formulas in the

language QML). Note that WQX is nonempty by the consistency of QX

(Theorem 1.22).

• RQX : {�,�,�,�} → 2W
QX×WQX

is defined as follows. First, for each

Γ ∈ WQX and each 4 ∈ {�,�,�,�}, we let Γ4 := {ϕ | 4ϕ ∈ Γ}.

Then, for each 4 ∈ {�,�,�,�}, we define RQX
4 to be the set

{
(Γ,∆) ∈ WQX ×WQX : Γ4 ⊆ ∆

}
.

• V QX(pk) := {Γ ∈ WQX : pk ∈ Γ} for each k ∈ N.

We have that MQX is a Kripke model, but what we wish to show is that

MQX is a Kripke model for QX (Definition 1.23), which means that MQX

satisfies the properties that Figure 1.2 associates with the naming string X.

We examine each of these properties in turn.

• MQX satisfies �-Triviality.

Since QX ` �⊥, the result follows by the maximal QX-consistency of

worlds in MQX and the definition of RQX
� .

• MQX satisfies �-is-��.

Since QX ` �ϕ ≡ �ϕ ∧ �ϕ, the result follows by the maximal QX-

consistency of worlds in MQX and the definition of RQX .

• MQX satisfies ��-Implies-�.
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Since QX ` �ϕ ⊃ ��ϕ, the result follows by the maximal QX-consistency

of worlds in MQX and the definition of RQX .

• If T occurs in X, then MQX satisfies ��-Reflexivity.

If T occurs in X, then QX ` �ϕ ⊃ ϕ and QX ` �ϕ ⊃ ϕ. The result

then follows by the maximal QX-consistency of worlds in MQX and the

definition of RQX .

• If D occurs in X, then MQX satisfies ���-Seriality.

If D occurs in X, then QX ` ¬4⊥ for each 4 ∈ {�,�,�}. The result

then follows by the maximal QX-consistency of worlds in MQX and the

definition of RQX .

• If 4 occurs in X, then MQX satisfies ��-Implies-�.

If 4 occurs in X, then QX ` �ϕ ⊃ ��ϕ. The result then follows by the

maximal QX-consistency of worlds in MQX and the definition of RQX .

• If 4 occurs in X, then MQX satisfies ��-Implies-�.

If 4 occurs in X, then QX ` �ϕ ⊃ ��ϕ. The result then follows by the

maximal QX-consistency of worlds in MQX and the definition of RQX .

• If 4 occurs in X, then MQX satisfies ���-Transitivity.

If 4 occurs in X, then QX ` 4ϕ ⊃ 44ϕ for each 4 ∈ {�,�,�}. The

result then follows by the maximal QX-consistency of worlds in MQX

and the definition of RQX .

• If 5 occurs in X, then MQX satisfies �-Implies-�.
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If 5 occurs in X, then QX ` �ϕ ⊃ �ϕ. The result then follows by the

maximal QX-consistency of worlds in MQX and the definition of RQX .

• If 5 occurs in X, then MQX satisfies ���-Euclideanness.

If 5 occurs in X, then QX ` ¬4ϕ ⊃ 4¬4ϕ for each 4 ∈ {�,�,�}.

The result then follows by the maximal QX-consistency of worlds in

MQX and the definition of RQX .

So MQX is indeed a Kripke model for QX. We now wish to show that MQX

satisfies the property of the Truth Lemma: for each ϕ ∈ QML and each Γ ∈

MQX , we have that ϕ ∈ Γ if and only if MQX ,Γ |= ϕ. The argument for multi-

modal theories like QX is standard [21]. So now let us prove completeness: if

QX 0 ϕ, then we have that {¬ϕ} is QX-consistent and so may be extended

to a maximal QX-consistent set Γ ∈MQX . It follows from the Truth Lemma

that MQX ,Γ 6|= ϕ. Since MQX is a Kripke model for QX, we have shown that

ϕ is not valid in every Kripke model for QX. The statement of the present

theorem follows.

1.4 Relative Expressivity

Relative expressivity is the comparative study of the propositions expressible

in two languages that share a common semantics. The intuitive question this

study attempts to answer is the following: can one language say everything

that the other language can say?
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Definition 1.26. Let L1 and L2 be languages with a common semantics, and

let I be a set of interpretations from this common semantics.1 A translation

function (from L1 to L2 over I) is a function u : L1 → L2 that maps each

formula ϕ ∈ L1 to a formula ϕu ∈ L2 such that for each ψ ∈ L1 and each

I ∈ I, we have I |= ψ if and only if I |= ψu. We write L1 ↪→I L2 to mean

that there exists a translation function u : L1 → L2 over I. The negation of

L1 ↪→I L2 is written L1 6↪→I L2.

A translation function u : L1 → L2 is typically defined by an induction on

the depth of L1-formulas, where the notion of L1-formula depth is defined so

as to ensure that u : L1 → L2 is indeed a translation function [75]. But notice

that we do not require our translation functions to be so well-behaved. As an

example: a translation function could be non-computable.2

Our informal reading of L1 ↪→I L2 is “L2 can say at least as much as L1.”

This reading leads us to the following definition of relative expressivity.

Definition 1.27 (Relative Expressivity). We adopt the notation of Defini-

tion 1.26.

• To say that L1 is more expressive (for I) than L2 means that L1 6↪→I L2

and L2 ↪→I L1.

1Thus for each I ∈ I, we have that I |= ϕ or I 6|= ϕ for each ϕ ∈
(
L1∪L2

)
, where L1∪L2

is the set of all formulas ϕ that are a member of L1 or a member of L2.

2Rohit Parikh and Evan Goris both suggested the following well-known example of a
necessarily non-computable translation function. Take L1 to be the language of arithmetic
and take L2 := {⊥,>}, where ⊥ is the propositional constant for falsity and > is the
propositional constant for truth. Then let I := {N}, where N is the standard model of
arithmetic. Since the validity problem for arithmetic is non-computable, a translation func-
tion u : L1 → L2 is necessarily non-computable.
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• To say that L1 and L2 are equally expressive (for I) means that L1 ↪→I

L2 and L2 ↪→I L1.

• To say that L1 and L2 are expressively incomparable (for I) means that

L1 6↪→I L2 and L2 6↪→I L1.

Our definition of L1 ↪→I L2 is our formalization for the notion of L2 saying

at least as much as L1. This gives us a partial ordering on languages, from

which we defined the strict partial ordering that is relative expressivity. Note

that this ordering depends in particular on the given set I of models, as the

following example demonstrates.

Example 1.28. Let P be a nonempty set of propositional letters, let ⊥ be

the propositional constant for falsity, and let I be the set of all truth assign-

ments over P . We then define three propositional languages according to the

following grammars.

LP
⊥⊃∧∨¬ is ϕ ::= p | ⊥ | ϕ1 ⊃ ϕ2 | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | ¬ϕ for p ∈ P

LP
⊥⊃ is ψ ::= q | ⊥ | ψ1 ⊃ ψ2 for q ∈ P

LP
∧ is χ ::= r | χ1 ∧ χ2 for r ∈ P

Then we have LP⊥⊃∧∨¬ ↪→ LP⊥⊃ and LP⊥⊃ ↪→ LP⊥⊃∧∨¬, which means that LP⊥⊃∧∨¬

and LP⊥⊃ are equally expressive. This is another way of saying that implication

and falsity are sufficient to express all formulas in the full language L⊥⊃∧∨¬ of

propositional logic (over P ).

We also have that LP⊥⊃∧∨¬ 6↪→ LP∧ , and LP∧ ↪→ LP⊥⊃∧∨¬, which means that

Lp⊥⊃∧∨¬ is more expressive than LP∧ . This is another way of saying that con-
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junction is not enough to express the full language L⊥⊃∧∨¬ of propositional

logic (over P ).



25

Chapter 2

Dynamic Epistemic Logic

In using modal logic to reason about the knowledge and belief of agents, we

assume that a complete description of a certain moment in time is given by

a pointed Kripke model [27, 39]. Now a Kripke model itself consists of a

nonzero number of worlds—each having its own truth assignment describing

the basic facts of that world—along with a number of binary relations, one for

each agent, that may or may not hold between any two worlds. The binary

relations represent agent uncertainty: if agent i’s relation connects world Γ

to world ∆, then agent i will consider it possible that the actual world is ∆

whenever the world is in fact Γ. So for agent i to believe something at world

Γ, that something must be true at all those worlds i considers to be possible

with respect to Γ. This is just the Hintikka-Kripke notion of belief [39, 44].

In this setup, knowledge is identified with correct belief: to say that agent

i knows a statement ϕ at world Γ means that agent i believes ϕ at Γ and this

belief is correct (that is, ϕ is true at Γ) [27].
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Now a pointed Kripke model is a pair (M,Γ) consisting of a Kripke model

M and a particular world Γ in M . The world Γ is to be thought of as the

actual world. The truth assignment of the actual world Γ tells us the basic

facts of the situation represented by (M,Γ). The purpose of the other worlds

in M is to represent the agents’ beliefs. An agent’s beliefs may concern both

the basic facts of the situation (M,Γ) and also higher-order beliefs (that is,

beliefs about beliefs).

Since we have identified a pointed Kripke model (M,Γ) with a complete

description of a certain moment in time, a natural way to represent the passage

of time is to consider sequences of moments; that is, we consider sequences

(M1,Γ1), (M2,Γ2), (M3,Γ3), . . . , (Mn,Γn)

consisting of pointed Kripke models. This view of time is discrete, with the

complete description of the k-th moment in time given by the pointed Kripke

model (Mk,Γk).

Thinking of our agents as a distributed system, such a sequence of moments

represents a certain run of the system, where the (k+1)-st moment is generated

from the k-th moment as a result of the occurrence of a communication to

one or more of the agents. In reasoning about such runs, we often want to

consider how the agents’ knowledge and belief is affected by a given kind of

communication. Here are two examples.

1. If all agents receive a public communication that some basic statement

p is true at the actual world in moment (Mk,Γk), then it ought to be
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common knowledge in the next moment (Mk+1,Γk+1) that p is true.

2. If no agent knows whether p is true in moment (Mk,Γk), then the private

communication to just those agents in group G that p is true ought to

bring about a next moment (Mk+1,Γk+1) in which p is common knowl-

edge to the agents in G and yet p is still unknown to the agents not in

G.

Dynamic Epistemic Logic (DEL) is the study of how to reason about knowl-

edge, belief, and communication [16, 17, 33, 51, 75]. DEL uses modal logic

as the basic language for describing knowledge, belief, and fact. This basic

language is then extended in various ways in order to describe what happens

as a result of some communication. The most basic such extension is of the

following kind: for a group G of agents and statements ϕ and ψ, we write the

statement

[ϕ→G]ψ

to mean that ψ is true after ϕ is communicated privately to just those agents

in group G. We will use A to represent the group consisting of all agents, so

the statement

[ϕ→A]ψ ,

which we often abbreviate by [ϕ]ψ, says that ψ is true after ϕ is communicated

publicly to all agents. Such statements allow us to express how communica-

tion affects knowledge and belief. In particular, we can express our example

statements above.

1. [p]CAp
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In words: after the public communication of p (to all agents), we have

that p is common knowledge (to all agents).

2.
(∧

i∈A ¬Kip
)
⊃ [p→G]

(
CGp ∧

∧
i∈A\G ¬Kip

)
In words: if no agent i ∈ A knows p, then after the communication of p

to just those agents in group G, we have that p is common knowledge to

those in G and that no i ∈ A\G knows p.

(Note: we always assume that A is finite.)

While we have only mentioned public and private communications, there

is a natural way to define much more general kinds of communication that

allow for complicated combinations of privacy and deceit [16]. All of this will

be described in detail in what is to come.

In this chapter, we will survey the field of Dynamic Epistemic Logic (DEL)—

a fast-growing area that has just seen the publication of its first book-length

treatment [75]—providing our own contributions (Theorems 2.34 and 2.37)

along the way. Both with an eye toward our forthcoming overview of relative

expressivity and also to work our way into the complications of the more ex-

pressive DEL languages, we will introduce the various DEL languages in order

of increasing expressivity.

2.1 Public and Private Communication

In this section, we begin our first step into the study of Dynamic Epistemic

Logic by defining extensions of modal logic for reasoning about public and
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private communication. These extended languages are the simplest languages

in the DEL family, in that these languages describe the most basic kinds of

communication.

2.1.1 Syntax

Definition 2.1. Let A be an agent set.

• The language of public and private communication (for A), written COMA,

is the extension of MLA obtained by adding the following rule of formula

formation: if ϕ and ψ are formulas and G ⊆ A, then [ϕ→G]ψ is also a

formula.

• The language of public and private communication (for A) with common

knowledge, written COMA, is the extension of COMA obtained by adding

the following rule of formula formation: if ϕ is a formula and G ⊆ A,

then CGϕ is also a formula.

Abbreviations: for each i ∈ A, we let [ϕ1→ i]ϕ2 abbreviate [ϕ1→{i}]ϕ2; we

also let [ϕ1]ϕ2 abbreviate [ϕ1→A]ϕ2.

We read the formula [ϕ→G]ψ as “ψ is true after the communication of ϕ

to just those in G.” Note that the semantics will ensure the validity of the

scheme [ϕ→∅]ψ ≡ ϕ ⊃ ψ.

It will be useful to define a few fragments of our languages COMA and

COMA
C , with the particular fragment determined by the various groups of

agents that are allowed to receive a communication.
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Definition 2.2. Let A be an agent set and let G ⊆ 2A be a possibly empty

collection of subsets of A. Then for each L ∈ {COMA,COMA
C}, the language

L(G) is the fragment of L obtained by restricting all subformulas of the form

[ϕ→G]ψ so that G ∈ G. Notation: for L ∈ {COMA,COMA
C}, G ⊆ A, and

i ∈ A, we let L(G) denote L({G}) and we let L(i) denote L
(
{i}
)
.

We now define a few fragments of COMA and COMA
C that are of particular

interest in the present chapter.

Definition 2.3. Let A be an agent set and G ⊆ A.

• The language of public communication (for A), written PUBA, is COMA(A).

• The language of private communication (for A), written PRIA, is COMA
(
2A\{A}

)
.

• The language of single-recipient private communication (for A), written

PRI1A, is

COMA

({
{i} : i ∈ A}

})
.

• For each L ∈ {PUBA,PRIA,PRI1A}, the extension of L with common

knowledge, written LC , that is obtained from L by adding the following

rule of formula formation: if ϕ is a formula and G ⊆ A, then CGϕ is also

a formula.
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2.1.2 Semantics

COMA
C-formulas are interpreted using an extension of Kripke’s semantics for

modal logic [44]. This extension is due to Baltag, Moss, and Solecki [16, 17].

Definition 2.4 ([16, 17]). Let A be an agent set. Truth of a formula ϕ ∈

COMA
C at a pointed Kripke model (M,Γ) is given by extending the induction

in the definition of truth for formulas in MLAC (Definition 1.13) by adding

the following inductive clause: M,Γ |= [ϕ1→G]ϕ2 means that either we have

M,Γ 6|= ϕ1 or else we have both M,Γ |= ϕ1 and M [ϕ1→G], (Γ, 0) |= ϕ2, where

the Kripke model M [ϕ1→G] is the tuple

(
W [ϕ1→G], R[ϕ1→G], V [ϕ1→G]

)
whose components are given as follows.

• W [ϕ1→G] :=
{

(∆, 0) ∈ W × {0} : M,∆ |= ϕ1

}
∪{

(∆, 1) ∈ W × {1} : M,∆ |= >
}

• For each i ∈ G: Ri[ϕ1→G] is the set

{(
(∆, a), (Ω, b)

)
∈ (W [ϕ1→G])2 : (∆RiΩ) ∧ (a = b)

}

• For each j ∈ A\G: Rj[ϕ1→G] is the set

{(
(∆, a), (Ω, b)

)
∈ (W [ϕ1→G])2 : (∆RjΩ) ∧ (b = 1)

}

• V [ϕ1→G](pk) :=
{

(∆, a) ∈ W [ϕ1→G] : ∆ ∈ V (pk)
}
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The various notions of validity from Definition 1.13 carry over directly to

COMA
C-formulas.

The idea behind the construction of the Kripke model M [ϕ→G] may be

understood as follows. The worlds in M [ϕ→G] of the form (Γ, 0) are just those

worlds of M at which ϕ is true, while the worlds in M [ϕ→G] of the form (Γ, 1)

make up a copy of the Kripke model M . The binary relations in M [ϕ→G] are

then defined so that from a world (Γ, 0), agents in G will only consider possible

worlds of the form (∆, 0) while agents in A\G will only consider possible worlds

of the form (∆, 1). Thus the agents in G jointly eliminate from consideration

all worlds in M at which ϕ is not true—and in this sense it becomes common

knowledge among G that ϕ was communicated—while the agents in A\G are

effectively unaware that the communication of ϕ to G ever occurred.1 So in

case we have that M,Γ |= ϕ, then the construction of M [ϕ→G] takes us

from the moment in time given by the pointed Kripke model (M,Γ) to a next

moment in time given by the pointed Kripke model
(
M [ϕ→G], (Γ, 0)

)
. It is

in this way that communication moves time from one moment to the next in

this framework.

2.1.3 Hilbert Theory for Public Communication

In this subsection, we will examine the axiomatization of the validities for a

fragment of COMA
C . The fragment in question is PUBAC , the language of public

communication. Recall that we write [ϕ]ψ as an abbreviation for the formula

1Interpreting the communication of ϕ by this operation of world-elimination was antici-
pated in the Economics literature. See, for example, [32, 48].
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[ϕ→A]ψ.

Definition 2.5. Let A be an agent set. The theory for PUBAC is given by the

following axiom schemes and rules of inference.

• Axiom schemes and rules for KA
C

• Axiom schemes for communication (in the language PUBAC)

1. [ϕ]p ≡ (ϕ ⊃ p), for each atom p

“facts are unchanged by announcements”

2. [ϕ](ψ ⊃ χ) ≡
(
[ϕ]ψ ⊃ [ϕ]χ

)
“announcements commute with Boolean connectives”

3. [ϕ]Kiψ ≡ ϕ ⊃ Ki[ϕ]ψ

“knowledge of ψ after a public announcement comes from having knowl-

edge that the announcement will bring about ψ”

4. [ϕ][ψ]χ ≡ [ϕ ∧ [ϕ]ψ]χ

“iterated announcements may be combined into a single announcement”

• Rules for communication

– Announcement Necessitation: if ψ is provable, then so is [ϕ]ψ.

“what is provable holds after an announcement”

– CK Rule: if each of χ ⊃ [ϕ]ψ and χ ∧ ϕ ⊃ EGχ is provable, then

so is χ ⊃ [ϕ]CGψ.
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The theory for PUBA is obtained by replacing the axiom schemes and rules

for KA
C by the axiom schemes and rules for KA, omitting the CK Rule, and

restricting the remaining schemes to the language PUBA.

Theorem 2.6. Let A be an agent set. For each ϕ ∈ PUBA, we have that ϕ

is a theorem of the theory for PUBA if and only if |= ϕ [33, 51, 75]. Also, for

each ϕ ∈ PUBAC , we have that ϕ is a theorem of the theory for PUBAC if and

only if |= ϕ [16, 18, 75].

2.2 BMS Logic: Generalized Communication

The work of Baltag, Moss, and Solecki [16, 17, 18] was a watershed in the

study of Dynamic Epistemic Logic. The key insight of their work is that an

agent’s uncertainty as to the particular formula that is communicated can be

represented in the same way as the agent’s uncertainty as to the actual world.

Let us sketch out in a bit more detail what it is that we mean by this.

To begin, we take a finite frame (U, S) and label each world in this frame

by a formula in some fixed language L. Formally, this is accomplished by

introducing a labeling function l : U → L that assigns to each world v ∈ U a

formula l(v) ∈ L. We will call the combined tuple B = (U, S, l) a BMS frame.

The BMS frame B = (U, S, l) represents a number of possible communi-

cations, one for each world v ∈ U , with the world v ∈ U representing the

communication of the formula l(v). The frame (U, S) then encodes the agents’

uncertainty as to which formula was actually communicated: if vSiv
′, then

agent i will consider it possible that l(v′) is communicated whenever l(v) is in
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fact communicated.

For the purpose of our exposition here, to say that the formula ϕ is com-

municated in the Kripke model M means that we delete from M all worlds

that contradict ϕ; that is, we delete all Γ ∈M such that M,Γ 6|= ϕ, obtaining

a Kripke model M |ϕ as the result of this operation. Thus to communicate a

formula ϕ is simply to have the agents jointly eliminate all ¬ϕ-worlds from

consideration, and it is in this sense that ϕ is communicated.2

Communicating the entire BMS frame B = (U, S, l) in a model M then

amounts to making all possible communications of a formula l(v) in M for each

v ∈ U and then combining these various possible communications according

to the agent uncertainties encoded in the BMS frame B. So, in a bit more

detail, we take the disjoint union

⋃̇
v∈U

M |l(v) =
{

(Γ, v) : M,Γ |= l(v)
}

of all the various formulas in B = (U, S, l), giving us a copy of the submodel

M |l(v) of M for each possible communication v ∈ U . The agents’ uncertainty

as to which was the actual communication is then encoded according to S:

(Γ, v)R′
i(Γ

′, v′) means

(
ΓRiΓ

′ and vSiv
′
)

.

Here R′ : A → 2W×W is the function representing agent uncertainty after the

communication of the entire BMS frame B. Notice that agent i’s uncertainty

after the communication comes from two sources: his uncertainty as to the

actual world before the communication (represented by the binary relation

2See the footnote on page 32.
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Ri) and his uncertainty as to the actual formula communicated (represented

by the binary relation Si). Thus for i to know that the communication of l(w)

is occurring, we must have the equality

{v ∈ U : wSiv} = {w} ,

which says that the only communication i considers possible is the communi-

cation l(w) itself. But we can in general represent much more subtle combi-

nations of agent uncertainty over communications by varying the structure of

the BMS frame B = (U, S, l). We will see some specific examples of this in

§2.2.3. First let us go over the formal definitions of the syntax and semantics.

2.2.1 Syntax

We now formalize our introductory comments. We begin by defining a labeling

function for finite sets.

Definition 2.7. Let U be a finite set and let L be a language. A labeling for

U is a function l : U → L that maps each v ∈ U to a formula l(v) ∈ L.

Combining a labeling function with a finite frame gives us a BMS frame.

Definition 2.8. Let A be an agent set. A BMS frame (for A) is a tuple

(U, S, l) consisting of a finite frame (U, S) for A and a labeling l for U .

• The BMS frame (U, S, l) is said to be based on the frame (U, S).

• To say that v is a world in B, written v ∈ B, means that v ∈ U .
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• For each world v ∈ B, we let B(v) denote the formula l(v).

• To say that the BMS frame B is in (the) language L, written B ∈ L,

means that B(v) ∈ L for each v ∈ B.

A pointed BMS frame (for A) is a pair (B, v) consisting of a BMS frame B

for A and a world v ∈ B. To say that the pointed BMS frame (B, v) is based

on the frame (U, S) for A means that B is based on (U, S). To say that the

pointed BMS frame (B, v) is in (the) language L, written (B, v) ∈ L, means

that B ∈ L.

The language of BMS Logic is then obtained by admitting pointed BMS

frames (B,w) as modals. The reason that it makes sense for us to do this is

that a pointed BMS frame is a finite structure and thus can be written down

using a finite number of symbols.3

Definition 2.9. Let A be an agent set.

• The language of BMS Logic (for A), written BMSA, consists of the set of

formulas built using the rules of formula formation for MLA in addition

to the following rule: if we have that (B,w) is a pointed BMS frame for

A, that B(v) is a formula for each v ∈ B, and that ϕ is a formula, then

[B,w]ϕ is also a formula.

• The language of BMS Logic (for A) with common knowledge, written

BMSAC , is the extension of BMSA obtained by adding the following rule

3Some work has been done to bring the structure of communications explicitly into the
language, whether by a hybrid extension [24] or by the use of fixed-points [14].
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of formula formation: if ϕ is a formula and G ⊆ A, then CGϕ is also a

formula.

In the languages BMSA and BMSAC , the modals [B,w] are called BMS modals.

Finally, it is useful to have a notion of composition for BMS frames. This

allows us to combine the communications and uncertainties given by first com-

municating the BMS frame B and then communicating the BMS frame B′ into

a single BMS frame B ◦B′.

Definition 2.10 (Composition). Let A be an agent set and let B = (U, S, l)

and B′ = (U ′, S ′, l′) be labeled BMS frames for A in the language BMSAC . The

composition of B and B′, written B ◦B′, is the labeled BMS frame (U c, Sc, lc)

given as follows.

• U c := U × U ′

• For each i ∈ A, we let Sci be the set

{(
(v, v′), (w,w′)

)
∈ U c : vSiw ∧ v′S ′iw′

}

• For each (v, v′) ∈ U , set lc(v, v′) := ¬[B, v]¬B′(v′)

2.2.2 Semantics

BMSAC-formulas are interpreted using an extension of Kripke’s semantics for

modal logic [44]. This extension is due to Baltag, Moss, and Solecki [16, 17].
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Definition 2.11 ([17, 16]). Let A be an agent set. Truth of a formula ϕ ∈

BMSAC at a pointed Kripke model (M,Γ) for A is given by extending the

induction in the definition of truth for formulas in MLAC (Definition 1.13) by

adding the following inductive clause: M,Γ |= [B,w]ϕ means that either we

have M,Γ 6|= B(w) or else we have both M,Γ |= B(w) and M [B], (Γ, w) |= ϕ,

where for the BMS frame B = (U, S, l) for A, we define the components of the

Kripke model

M [B] =
(
W [B], R[B], V [B]

)
as follows.

• W [B] :=
{

(∆, v) ∈ W × U : M,∆ |= B(v)
}

• For each i ∈ A: R[B]i is the set

{(
(∆, v), (∆′, v′)

)
∈
(
W [B]

)2
: (∆Ri∆

′) ∧ (vSiv
′)

}

• V [B](pk) :=
{

(∆, v) ∈ W [B] : ∆ ∈ V (pk)
}

The various notions of validity from Definition 1.13 carry over directly to

BMSAC-formulas.

The idea behind the construction of the Kripke model M [B] may be un-

derstood as follows. For each world v ∈ B in the BMS frame B, we make a

copy of the submodel M |B(v) of M consisting of the worlds in M at which
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the formula B(v) holds. This gives us the disjoint union

⋃̇
v∈B

M |B(v) =
{

(Γ, v) : M,Γ |= B(v)
}

consisting of the copies of submodels of M , one for each v ∈ B that brings

about a communication. The submodel M |B(v) represents the communication

of the formula B(v) in the sense that every world in M that is inconsistent

with the formula B(v) is eliminated from consideration. But the agents are

in general uncertain as to which formula was actually communicated. Thus if

we have that vSiv
′, then agent i thinks it possible the formula B(v′) was com-

municated when the formula B(v) was in fact communicated. So the agents’

resulting uncertainty in M [B] reflects the two sources of agent uncertainty,

the first being uncertainty as to the actual world in M (represented by the

function R) and the second being uncertainty as to the actual communication

(represented by the function S). Note that the facts true at a world before

and after a communication do not change, since V ′(Γ, v) = V (Γ).

If we are given a pointed Kripke model (M,Γ) and a pointed BMS frame

(B,w) such that M,Γ |= B(w), then we may construct the pointed Kripke

model
(
M [B], (Γ, w)

)
. It is in this way that communication moves time from

one moment to the next in this framework. Note that this movement of time

requires that M,Γ |= B(w), an often-encountered condition called executabil-

ity.

Definition 2.12. Let A be an agent set, let (B, u) be a pointed BMS frame

for A with B ∈ BMSA, and let (M,Γ) be a pointed Kripke model for A.
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• To say that (B, u) is executable at (the pointed Kripke model) (M,Γ)

means that M,Γ |= B(u).

• To say that B is executable in (the Kripke model) M means that there

is a v ∈ B and a ∆ ∈M such that (B, v) is executable at (M,∆).

Fixing a BMS frame B, we may define the set S of all Kripke models such

that B is executable in M . From this, we can construct a function f that maps

each Kripke model M ∈ S to the Kripke model M [B]. A partial function f

that may be constructed in this way is called a BMS update.

Definition 2.13. Let A be an agent set and let B be a BMS frame for A.

• The update induced by B is the partial function

{
(M,M [B]) : B is executable in M

}
that maps pointed Kripke models for A to pointed Kripke models for A.

• A BMS update (for A) is any partial function f such that there is a BMS

frame B′ for A satisfying the property that the update induced by B is

f .

This definition gives us another way to understand BMS Logic: BMS Logic

is the logic for reasoning about how knowledge and belief change as the result

of a BMS update.4

4Note that BMS updates are in general partial functions. In [61], the authors define a
different notion of public communication so as to guarantee that the updates induced by
these public communications are total functions.
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ϕ

0

A

Figure 2.1. The BMS frame PubAϕ

2.2.3 Special BMS Frames

While we have seen in general how BMS frames interact syntactically and

semantically in the extension BMSAC of modal logic, there are certain BMS

frames that model well-known kinds of communication. We identify a few of

these BMS frames here.

Definition 2.14 ([16]). Let A be an agent set and let G ⊆ A. Then the public

communication of ϕ (also called the public announcement of ϕ), written PubAϕ ,

is the BMS frame
(
U, S, l) whose components are defined as follows: U := {0},

Si :=
{

(0, 0)
}

for each i ∈ A, and l(0) := ϕ. See Figure 2.1 for a picture of

the BMS frame PubAϕ .

The public communication PubAϕ of ϕ is structured in such a way that it

is common knowledge among all the agents that ϕ is in fact what is com-

municated. Thus if we have that PubAϕ is executable in a Kripke model M ,

then the function M 7→ M [PubAϕ ] simply restricts M to the submodel ob-

tained by deleting those worlds Γ ∈M that are inconsistent with ϕ (meaning

M,Γ 6|= ϕ). Thus the agents in A all jointly eliminate from consideration those

¬ϕ-worlds in M , and it is in this sense that the operation M 7→ M [PubAϕ ] is

a public communication of ϕ. Observe that for each atom p, we have that

|= [PubAp , 0]CAp; that is, the public announcement of p makes it common
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ϕ

0

>
1

G
A\G

A

Figure 2.2. The BMS frame PriAϕ→G

knowledge that p holds.

Let L be the fragment of BMSAC obtained by restricting BMS modals to

the form [PubAϕ , 0] for some ϕ ∈ L. Then L is equivalent to PUBAC : replacing

each BMS modal [PubAϕ , 0] in a formula χ ∈ L by the modal [ϕ] produces a

formula χ′ ∈ PUBAC such that |= χ ≡ χ′, and replacing each modal [ϕ] in a

formula θ ∈ PUBAC by the BMS modal [PubAϕ , 0] produces a formula θ′ ∈ L

such that |= θ ≡ θ′. So we see that BMSAC generalizes PUBAC .

Another important BMS frame is the BMS frame for private communica-

tion.

Definition 2.15 ([16]). Let A be an agent set and let G ⊆ A. Then the

private communication of ϕ to G, written PriAϕ→G, is the BMS frame
(
U, S, l)

whose components are defined as follows: U := {0, 1}, Si :=
{

(0, 0), (1, 1)
}

for

each i ∈ G, Si :=
{

(0, 1), (1, 1)
}

for each i ∈ A\G, l(0) := ϕ, and l(1) := >.

See Figure 2.2 for a picture of the BMS frame PriAϕ→G.

The private communication PriAϕ→G of ϕ to G is structured in such a way

that it is common knowledge to the agents in G that ϕ is communicated,

whereas the agents in A\G all think that > is communicated. Note that com-

municating > is the same as having no communication at all: since we have

identified the communication of a formula with the operation that restricts
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a Kripke model to just those worlds in which the formula is true, it follows

from the validity of > that a communication of > leaves every Kripke model

unchanged; thus a communication of > is equivalent to having no communica-

tion at all. So in the private communication PriAϕ→G of ϕ to G, it is common

knowledge to the agents in G that ϕ is communicated, whereas the agents in

A\G all think that there was no communication at all.

Letting L be the fragment of BMSAC obtained by restricting BMS modals

to the form [PriAϕ→G, 0] for some ϕ ∈ L and G ⊆ A, we see that L and COMA
C

are equivalent: replacing each BMS modal [PriAϕ→G, 0] in a formula χ ∈ L

by the modal [ϕ→G] produces a formula χ′ ∈ COMA
C such that |= χ ≡ χ′,

and replacing each modal [ϕ→G] in a formula θ ∈ COMA
C by the BMS modal

[PriAϕ→G, 0] produces a formula θ′ ∈ L such that |= θ ≡ θ′.

The BMS frame for private communication is quite flexible. As an example,

pointed BMS frame (PriAKiϕ→G, 0) may be used to represent agent i sending a

private message of ϕ to the group G (with i ∈ G), since the content of this

private communication is i’s knowledge of ϕ [14].

Our last important BMS frame is the BMS frame for semi-private commu-

nication.

Definition 2.16 ([16]). Let A be an agent set and let G ⊆ A. Then the

semi-private communication of ϕ or ψ to G, written 1
2
PriAϕ,ψ→G, is the BMS

frame
(
U, S, l) whose components are defined as follows: U := {0, 1}, Si :={

(0, 0), (1, 1)
}

for each i ∈ G, Si := U × U for each i ∈ A\G, l(0) := ϕ, and

l(1) := ψ. See Figure 2.3 for a picture of the BMS frame 1
2
PriAϕ,ψ→G.

In the BMS frame 1
2
PriAϕ,ψ→G, exactly one of ϕ or ψ is communicated to
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ϕ

0

ψ

1

A
A\G

A

Figure 2.3. The BMS frame 1
2PriAϕ,ψ→G

the agents in the group G. The agents in A\G know this but they do not

know which of ϕ or ψ was in fact communicated.

2.2.4 Hilbert Theory

Definition 2.17 ([16, 18]). Let A be an agent set. The theory for BMSAC is

given by the following axiom schemes and rules of inference.

• Axiom schemes and rules for KA
C

• Axiom schemes for communication (in the language BMSAC)

1. [B,w]p ≡
(
B(w) ⊃ p

)
, for each atom p

“facts are unchanged by communication”

2. [B,w](ψ ⊃ χ) ≡
(
[B,w]ψ ⊃ [B,w]χ

)
“communication commutes with Boolean connectives”

3. [B,w]Kiψ ≡
(
B(w) ⊃

∧
wSiv

Ki[B, v]ψ
)

“knowledge of ψ after a communication comes from having knowledge

that the communication will bring about ψ”

4. [B,w][B′, w′]ψ ≡ [B ◦B′, (w,w′)]ψ

“iterated communications are equivalent to their composition”
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• Rules for communication

– [B,w]-Necessitation: if ψ is provable, then so is [B,w]ψ.

“what is provable holds after a communication”

– Action Rule: given a BMS frame (B, S, l), a world w ∈ B, and a

set G ⊆ A, suppose that we have a formula θv ∈ BMSAC for each

v ∈ B satisfying wS∗Gv and, further, that each of the following is

provable for each v ∈ B satisfying wS∗Gv.

∗ θv ⊃ [B, v]ψ

∗ B(v) ∧ θv ⊃
∧
i∈G
∧
vSiv′

Kiθv′

Then we have that θw ⊃ [B,w]CGψ is also provable.

The theory for BMSA is obtained by replacing the axiom schemes and rules

for KA
C by the axiom schemes and rules for KA, omitting the Action Rule, and

restricting the remaining schemes and the Action Rule to the language BMSA.

Theorem 2.18 ([18, 75]). Let A be an agent set. Then for each ϕ ∈ BMSAC ,

we have that ϕ is a theorem of the theory for BMSAC if and only if |= ϕ.

2.3 Bisimulation and Action Emulation

In this section, we examine bisimulation and a bisimulation-like notion called

(action) emulation [54, 77]. These notions give us sufficient conditions for two

BMS-type communications to be indistinguishable by formulas in the language

BMSAC , something we will explain in more detail in a moment. Let us first

review the standard definitions for bisimulation in modal logic.
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2.3.1 Standard Bisimulation

For convenience in formulating forthcoming definitions, we begin by defining

the notion of frame-bisimulation.

Definition 2.19. Let A be an agent set and let F = (W,R) and F ′ = (W ′, R′)

be frames for A. A frame-bisimulation between (the) frames F and F ′ is a

nonempty relation B ⊆ W ×W ′ satisfying each of the following schemes.

• Back. For each i ∈ A: ΓBΓ′ and Γ′R′
i∆

′ together imply that there is a

∆ ∈ W such that ΓRi∆ and ∆B∆′.

• Forth. For each i ∈ A: ΓBΓ′ and ΓRi∆ together imply that there is a

∆′ ∈ W ′ such that Γ′R′
i∆

′ and ∆B∆′.

A frame-bisimulation between (the) pointed frames (F,Γ) and (F ′,Γ′) (for A)

is a frame-bisimulation B between frames F and F ′ satisfying ΓBΓ′. We write

(F,Γ) ' (F ′,Γ′) to mean that there exists a frame-bisimulation between the

pointed frames (F,Γ) and (F ′,Γ′).

If there is a frame-bisimulation between two pointed frames, then any path

taken in one frame can be simulated by a path in the other frame. Adding a

condition of propositional agreement to this then gives us the usual notion of

bisimulation between Kripke models [21].

Definition 2.20. Let A be an agent set and let M = (W,R, V ) and M ′ =

(W ′, R′, V ′) be Kripke models for A. A bisimulation between (the) Kripke

models M and M ′ is a nonempty relation B ⊆ W ×W ′ satisfying each of the

following schemes.
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• Propositional Agreement. ΓBΓ′ implies that Γ ∈ V (pk) if and only if

Γ′ ∈ V ′(pk) for each k ∈ N.

• Frame Bisimulation. B is a frame-bisimulation between the frames (W,R)

and (W ′, R′).

To say that the bisimulation B between M and M ′ is total means we have that

each Γ ∈M has a Γ′ ∈M ′ such that ΓBΓ′ and that each ∆′ ∈M ′ has a ∆ ∈M

such that ∆B∆′. To say that the Kripke models M and M ′ are bisimilar

means that there is a bisimulation between M and M ′; to say that M and

M ′ are total-bisimilar means that there is a total bisimulation between M and

M ′. A bisimulation between (the) pointed Kripke models (M,Γ) and (M ′,Γ′)

is a bisimulation B between Kripke models M and M ′ satisfying ΓBΓ′. To

say that the pointed Kripke models (M,Γ) and (M ′,Γ′) are bisimilar, written

(M,Γ) ' (M ′,Γ′), means that there exists a bisimulation between (M,Γ) and

(M ′,Γ′).

By adapting the standard arguments for modal logic [21] to the language

BMSAC , we can show that bisimilar pointed Kripke models are indistinguishable

to BMSAC-formulas and bisimulations are preserved under BMS updates.

Theorem 2.21 ([18, 75]). Let A be an agent set and let (M,Γ) and (M ′,Γ′)

be bisimilar pointed Kripke models for A. Then each of the following holds.

• For each ϕ ∈ BMSAC , we have that M,Γ |= ϕ if and only if M ′,Γ′ |= ϕ.

• For each pointed BMS frame (B, v) ∈ BMSAC that is executable at (M,Γ),

we have that
(
M [B], (Γ, v)

)
'
(
M ′[B], (Γ′, v)

)
.
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2.3.2 BMS Frame Bisimulation

Since BMS frames themselves have an underlying frame structure, it is natural

to examine a notion of bisimulation for BMS frames.

Definition 2.22. Let A be an agent set and let B = (U, S, l) and B′ =

(U ′, S ′, l′) be BMS frames for A such that B ∈ BMSAC and B′ ∈ BMSAC . A

bisimulation between (the) BMS frames B and B′ is a nonempty relation B ⊆

U × U ′ satisfying each of the following schemes.

• Formula Agreement. vBv′ implies that |= B(v) ≡ B′(v′).

• Frame Bisimulation. B is a frame-bisimulation between the frames (U, S)

and (U ′, S ′).

To say that the labeled BMS frames B and B′ are bisimilar means that there

is a bisimulation between B and B′. A bisimulation between (the) pointed

BMS frames (B, v) and (B′, v′) is a bisimulation B between BMS frames B

and B′ satisfying vBv′. To say the the pointed BMS frames (B, v) and (B′, v′)

are bisimilar, written (B, v) ' (B′, v′), means that there exists a bisimulation

between (B, v) and (B′, v′).

As one would expect, bisimilar BMS frames preserve bisimulations between

Kripke models.

Theorem 2.23 ([18, 75]). Let A be an agent set, let (B, v) and (B′, v′) be

bisimilar pointed BMS frames for A in the language BMSAC , and let (M,Γ) and

(M,Γ′) be bisimilar pointed Kripke models for A. Then each of the following

holds.
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• (B, v) is executable at (M,Γ) if and only if (B′, v′) is executable at

(M ′,Γ′).

• If (B, v) is executable at (M,Γ), then we have

(
M [B], (Γ, v)

)
'
(
M ′[B′], (Γ′, v′)

)
.

2.3.3 Action Emulation

We saw in Theorem 2.23 that bisimilar BMS frames preserve bisimulations

between Kripke models. It follows that if B and B′ are bisimilar BMS frames,

then we have that B and B′ are equivalent in the sense of the following defi-

nition.

Definition 2.24 ([54, 77]). Let A be an agent set and let B and B′ be BMS

frames for A. To say that B and B′ are equivalent means that for each Kripke

model M for A such that B and B′ are each executable in M , we have that

M [B] and M [B′] are bisimilar.

So bisimilar BMS frames are equivalent by Theorem 2.23. But it is not

the case that equivalent BMS frames are bisimilar: letting p be a proposi-

tional letter, the BMS frames PubA> (Definition 2.14) and 1
2
PriAp,¬p→∅ (Defini-

tion 2.16) are equivalent but not bisimilar [54, 77]. As a step toward providing

a bisimulation-like connection that holds between equivalent BMS frames, the

authors of [54, 77] introduced the notion of (action) emulation.

Definition 2.25 (Adapted from reformulation in [75] of [54, 77]). Let A be

an agent set and let B = (U, S, l) and B′ = (U ′, S ′, l′) be BMS frames for A in
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the language BMSAC . An (action) emulation between (the) BMS frames B and

B′ is a nonempty relation E ⊆ U ×U ′ satisfying each of the following schemes.

• Disjunctive Agreement Back. vEv′ implies there is a set T ′ ⊆ U ′ satisfy-

ing

– v′ ∈ T ′,

– vEw′ for each w′ ∈ T ′,

– |= B(v) ⊃
∨
w′∈T B

′(w′), and

– for each i ∈ A and u′ ∈ U ′, we have that {u′}×T ′ ⊆ S ′i or {u′}×T ′ ⊆(
U ′2\S ′i

)
.

• Disjunctive Agreement Forth. vEv′ implies there is a set T ⊆ U satisfying

– v ∈ T ,

– wEv′ for each w ∈ T ,

– |= B′(v′) ⊃
∨
w∈T B(w), and

– for each i ∈ A and u ∈ U , we have that {u}×T ⊆ Si or {u}×T ⊆(
U2\Si

)
.

• Frame Bisimulation. E is a frame-bisimulation between the frames (U, S)

and (U ′, S ′).

To say that the emulation E between M and M ′ is total means we have that

each v ∈ B has a v′ ∈ B′ such that vEv′ and that each w′ ∈ B′ has a w ∈ B

such that wEw′. To say that the BMS frames B and B′ are emulous means that

there is an emulation between B and B′; to say that B and B′ are total-emulous
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means that there is a total emulation between B and B′. An emulation between

(the) pointed BMS frames (B, v) and (B′, v′) is an emulation E between BMS

frames B and B′ satisfying vEv′. To say that the pointed BMS frames (B, v)

and (B′, v′) are emulous, written (B, v) 'e (B′, v′), means that there is an

emulation between (B, v) and (B′, v′).

The following theorem, whose proof is straightforward, says that emulation

is weaker than bisimulation.

Theorem 2.26 ([54, 77]). Let A be an agent set and let B be a bisimulation

between the BMS frames B ∈ BMSAC and B′ ∈ BMSAC . Then B is an emulation

between B and B′.

Like bisimilar BMS frames, emulous BMS frames preserve bisimulations

between Kripke models.

Theorem 2.27 (Adapted from [54, 77]). Let A be an agent set, let B =

(U, S, l) ∈ BMSAC and B′ = (U ′, S ′, l′) ∈ BMSAC be emulous BMS frames for A,

and let M = (W,R, V ) and M ′ = (W ′, R′, V ′) be bisimilar Kripke models for

A such that B is executable in M and B′ is executable in M ′. Now suppose

that at least one of the following items is true.

1. There is a (∆, u) ∈ M [B] and a (∆′, u′) ∈ M ′[B′] such that (M,∆) '

(M ′,∆′) and (B, u) 'e (B′, u′).

2. M and M ′ are total-bisimilar and B and B′ are total-emulous.

Then it follows that M [B] and M ′[B′] are bisimilar.
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Proof. We define the relation B ⊆ W [B] ×W ′[B′] as follows: (Γ, v)B(Γ′, v′)

means that (M,Γ) ' (M ′,Γ′) and (B, v) 'e (B′, v′). We will show that B is a

bisimulation between M [B] and M [B′].

We first show that B is nonempty. This follows immediately from Item 1.

Let us see that it also follows from Item 2. To say that B is executable in M

means that there is a Γ ∈M and v ∈ B such thatM,Γ |= B(v). By the totality

of the bisimulation between M and M ′, it follows that there is a Γ′ ∈M ′ such

that (M,Γ) ' (M ′,Γ′). By the totality of the emulation between B and B′,

it follows that there is a v′ ∈ M ′ such that (B, v) 'e (B′, v′). It follows

from M,Γ |= B(v) and (B, v) 'e (B′, v′) that there is a w′ ∈ B′ such that

(B, v) 'e (B′, w′) and M,Γ |= B′(w′). Since (M,Γ) ' (M ′,Γ′), we then have

that M ′,Γ′ |= B′(w′) by Theorem 2.21. We thus have that (Γ′, w′) ∈ M ′[B′]

and, since (M,Γ) ' (M ′,Γ′) and (B, v) 'e (B′, w′), it again follows that B is

nonempty.

Now that we have shown that B is nonempty, we must show that B satisfies

the properties of bisimulation: Propositional Agreement, Back, and Forth.

• Propositional Agreement. Suppose that (Γ, v)B(Γ′, v′). This implies that

(M,Γ) ' (M ′,Γ′). Now pk ∈ V [B](Γ, v) means that pk ∈ V (Γ), which is

equivalent to pk ∈ V ′(Γ′) because (M,Γ) ' (M ′,Γ′). But pk ∈ V ′(Γ′) is

equivalent to pk ∈ V ′[B′](Γ′, v′).

• Back. Suppose that (Γ, v)B(Γ′, v′) and (Γ′, v′)R′
i[B

′](∆′, w′). To say

that (Γ, v)B(Γ′, v′) means that (M,Γ) ' (M ′,Γ′) and (B, v) 'e (B′, v′);

also, (Γ′, v′)R′
i[B

′](∆′, w′) means that Γ′R′
i∆

′ and v′S ′iw
′. From Γ′R′

i∆
′

and (M,Γ) ' (M ′,Γ′), it follows that there is a ∆ ∈ M such that
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(M,∆) ' (M ′,∆′) and ΓRi∆. From v′S ′iw
′, it follows that there is a

w ∈ B such that (B,w) 'e (B′, w′) and vSiw. Since (∆′, w′) ∈ M ′[B′],

we have that M ′,∆′ |= B′(w′). It follows from M ′,∆′ |= B′(w′) and

(B,w) 'e (B′, w′) that there is a u ∈ B such that (B, u) 'e (B′, w′) and

M ′,∆′ |= B(u). Since (M,∆) ' (M ′,∆′), it follows that M,∆ |= B(u)

by Theorem 2.21. Hence (∆, u) ∈ M [B]. Further, since we have that

vSiw, that (B,w) 'e (B′, w′), and that (B, u) 'e (B′, w′), we then have

that vSiu and thus that (Γ, v)Ri[B](∆, u). Since (M,∆) ' (M ′,∆′) and

(B, u) 'e (B′, w′), we then have that (M,∆)B(M ′,∆′) by the definition

of B. Thus the Back condition holds.

• Forth. The argument is quite similar to the that for the Back condition.

Emulation was proposed as a bisimulation-like characterization of equiva-

lent BMS frames [54, 77]. While it remains open whether all emulous BMS

frames are equivalent, it has been shown that emulous BMS frames in the

language PL of propositional logic are indeed equivalent.

Theorem 2.28 ([54, 77]). Let A be an agent set and let B ∈ PL and B′ ∈ PL

be emulous BMS frames for A. Then B and B′ are equivalent.
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pu := p, for each atom p

(ϕ ⊃ ψ)u := ϕu ⊃ ψu

(Kiϕ)u := Kiϕ
u(

[ϕ]p
)u

:= ϕu ⊃ p, for each atom p(
[ϕ](ψ ⊃ χ)

)u
:=

(
[ϕ]ψ

)u ⊃ ([ϕ]χ
)u(

[ϕ]Kiψ
)u

:= ϕu ⊃ Ki

(
[ϕ]ψ

)u(
[ϕ][ψ]χ

)u
:=

(
[ϕ ∧ [ϕ]ψ]χ

)u
Figure 2.4. A translation function u : PUBA → MLA

2.4 Expressivity

2.4.1 Expressivity Relative to Modal Logic

The Plaza-Gerbrandy Theorem marks the beginning of Dynamic Epistemic

Logic as an independent area of study.

Theorem 2.29 (Plaza-Gerbrandy [33, 51]). Let A be an agent set. Then

PUBA ↪→I MLA for each set I of pointed Kripke models for A.

The translation function u : PUBA → MLA used in the proof of the Plaza-

Gerbrandy Theorem is given in Figure 2.4. Since MLA ↪→I PUBA for each

set I of pointed Kripke models for A, the Plaza-Gerbrandy Theorem implies

that PUBA and MLA are equally expressive for any class of pointed Kripke

models for A. Thus public communication does not add expressive power to

the language of modal logic without common knowledge. But this does not

tell us that the language PUBA is useless; in fact, PUBA is exponentially more

succinct than MLA, as the following theorem explains.
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Theorem 2.30 ([45]). Let A be an agent set satisfying |A| ≥ 2, let I be

the set of all pointed Kripke models for A, and let t : PUBA → MLA be a

translation function over I. Abbreviations: let 〈ψ〉 abbreviate ¬[ψ]¬ and let

K̂i abbreviate ¬Ki¬. Choosing i ∈ A and j ∈ A such that i 6= j, define the

sequence {ϕk}k∈N of PUBA-formulas by the following induction.

ϕk :=

 > if k = 0,

〈〈ϕk−1〉K̂i>〉K̂j> if k > 0.

Then it follows that for each k ∈ N, the number of symbols in ϕtk is at least

2k.

It remains open whether Theorem 2.30 holds if we choose for I the set of

all reflexive, transitive, and euclidean pointed Kripke models (for A).

The next theorem lifts the Plaza-Gerbrandy Theorem to the language of

BMS Logic.

Theorem 2.31 ([16, 18]). Let A be an agent set. Then BMSA ↪→I MLA for

each set I of pointed Kripke models for A.

The translation function u : BMSA → MLA used in the proof of Theo-

rem 2.31 is given in Figure 2.5. Since MLA ↪→I BMSA for each set I of pointed

Kripke models for A, Theorem 2.31 implies that BMSA and MLA are equally

expressive for each set I of pointed Kripke models for A. Thus generalized

communication does not add expressive power to the language of modal logic

without common knowledge.
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pu := p, for each atom p

(ϕ ⊃ ψ)u := ϕu ⊃ ψu

(Kiϕ)u := Kiϕ
u(

[B, v]p
)u

:= B(v)u ⊃ p, for each atom p(
[B, v](ψ ⊃ χ)

)u
:=

(
[B, v]ψ

)u ⊃ ([B, v]χ
)u(

[B, v]Kiψ
)u

:= B(v)u ⊃
∧
vSiw

Ki

(
[B,w]ψ

)u(
[B, v][B′, v′]χ

)u
:=

(
[B ◦B′, (v, v′)]χ

)u
Notation: We let B = (U, S, l).

Figure 2.5. A translation function u : BMSA → MLA

We now survey results concerning the relative expressivity of fragments of

COMA
C .

Theorem 2.32 ([18, 75]). Let A be an agent set satisfying |A| = 1 and let I

be the set of all pointed Kripke models for A. Then PUBAC 6↪→I MLAC .

Proof Hint. The PUBAC-formula [p0]¬CAp1 cannot be expressed in MLAC [18].

Since MLAC ↪→I PUBAC for each set I of pointed Kripke models for A, Theo-

rem 2.32 tells us that public communication strictly increases the expressivity

of the language MLAC of modal logic with common knowledge for the class of

all pointed Kripke models for A. Contrasting this theorem with the Plaza-

Gerbrandy Theorem, we see that common knowledge is necessary for this

expressivity increase to occur.

Theorem 2.33 ([18]). Let A be an agent set satisfying |A| ≥ 2 and let I be

the set of all reflexive, transitive, and euclidean pointed Kripke models for A.

Then PUBAC 6↪→I MLAC .
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Proof Hint. The PUBAC-formula [p0]¬CGp1 with |G| = 2 cannot be expressed

in MLAC .

Theorem 2.33 tells us that if there are at least two agents in the agent set

A, then public communication strictly increases the expressivity of the lan-

guage MLAC of modal logic with common knowledge for the class of all pointed

Kripke models for A that are reflexive, transitive, and euclidean.5 The latter

trio of properties characterizes the class of frames valid for the logic S5, a

logic generally thought of as the logic of knowledge [21, 27]. Thus public com-

munication strictly increases the expressivity of the logic of knowledge when

common knowledge is present. Contrasting this theorem with Theorem 2.31,

we again see that common knowledge is necessary for the increase in expressive

power.

Finally, we show that single-recipient private communication does not add

expressivity to the language of modal logic with common knowledge for any

class of transitive pointed Kripke models for A.

Theorem 2.34. Let A be an agent set and let I be any set of transitive

pointed Kripke models for A. Then PRI1AC ↪→I MLAC .

Proof. In Figure 2.6, we define a function u : PRI1AC → MLAC . For each formula

χ ∈ PRI1AC , we show that I |= χ ≡ χu. Our argument proceeds by an induction

on the depth of announcement modals in χ (that is, modals of the form [ψ→ i]

for ψ ∈ PRI1AC and i ∈ A) with a sub-induction on the number of symbols in

5Theorem 2.33 fails in the case |A| = 1, since |A| = 1 implies that PUBAC ↪→I MLAC for
any set I of transitive pointed Kripke models for A [18].
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pu := p, for each atom p
(ϕ ⊃ ψ)u := ϕu ⊃ ψu

(Kiϕ)u := Kiϕ
u

(CGϕ)u := CGϕ
u(

[ϕ→ i]p
)u

:= ϕu ⊃ p, for each atom p(
[ϕ→ i](ψ ⊃ χ)

)u
:=

(
[ϕ→ i]ψ

)u ⊃ ([ϕ→ i]χ
)u

(
[ϕ→ i]Kjψ

)u
:=

{
ϕu ⊃ Kjψ

u if j 6= i

ϕu ⊃ Ki

(
[ϕ→ i]ψ

)u
if j = i(

[ϕ→ i]CGψ
)u

:=

{ (
[ϕ→ i]ψ

)u ∧ (ϕu ⊃ EGCGψ
u) if i /∈ G

Ci
(
[ϕ→ i]ψ

)u ∧ Ci(ϕu ⊃ EG\{i}CGψ
u) if i ∈ G(

[ϕ→ i][ψ→ j]χ
)u

:=
(
[ϕ→ i]([ψ→ j]χ)u

)u
Figure 2.6. A translation function u : PRI1AC → MLAC

χ. This induction follows the inductive definition in Figure 2.6 of the function

u. Many cases of the induction are straightforward, so we will only handle

the non-straightforward cases. (Note that the condition of transitivity is used

only in the second half of the last case we handle.)

• I |= [ϕ→ i]Kjψ ≡ ϕu ⊃ Kjψ
u when j 6= i

Suppose M,Γ 6|= [ϕ→ i]Kjψ for some (M,Γ) ∈ I. This means that

M,Γ |= ϕ and M [ϕ→ i], (Γ, 0) 6|= Kjψ. Thus M [ϕ→ i], (∆, 1) 6|= ψ for

some ∆ ∈ M satisfying ΓRj∆. It follows from the induction hypoth-

esis that M,Γ |= ϕu and M [ϕ→ i], (∆, 1) 6|= ψu. But the tree model

generated by
(
M [ϕ→ i], (∆, 1)

)
is isomorphic to the tree model gener-

ated by (M,∆), so it then follows that M,∆ 6|= ψu. Since ΓRj∆, we

then have that M,Γ 6|= Kjψ
u. Taken together, we have shown that

M,Γ 6|= ϕu ⊃ Kjψ
u.
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Conversely, suppose M,Γ 6|= ϕu ⊃ Kjψ
u for some (M,Γ) ∈ I. This

means that M,Γ |= ϕu and M,∆ 6|= ψu for some ∆ ∈ M satisfying

ΓRj∆. It follows from the induction hypothesis that M,Γ |= ϕ and

M,∆ 6|= ψ. But the tree model generated by (M,∆) is isomorphic to

the tree model generated by
(
M [ϕ→ i], (∆, 1)

)
, so it then follows that

M [ϕ→ i], (∆, 1) 6|= ψ. Since M,Γ |= ϕ and ΓRj∆, we have that (Γ, 0) ∈

M [ϕ→ i] and (Γ, 0)Rj[ϕ→ i](∆, 1) and thus that M [ϕ→ i], (Γ, 0) 6|= Kjψ.

Taken together, we have shown that M,Γ 6|= [ϕ→ i]Kjψ.

• I |= [ϕ→ i]Kiψ ≡ ϕu ⊃ Ki

(
[ϕ→ i]ψ

)u
Suppose M,Γ 6|= [ϕ→ i]Kiψ for some (M,Γ) ∈ I. This means that

M,Γ |= ϕ and M [ϕ→ i], (Γ, 0) 6|= Kiψ. Thus M [ϕ→ i], (∆, 0) 6|= ψ for

some ∆ ∈ W satisfying ΓRi∆. But this means that M,∆ 6|= [ϕ→ i]ψ. It

follows from the sub-induction hypothesis that M,∆ 6|=
(
[ϕ→ i]ψ

)u
, and

the induction hypothesis implies that M,Γ |= ϕu. So we have M,Γ 6|=

ϕu ⊃ Ki

(
[ϕ→ i]ψ

)u
because ΓRi∆.

Conversely, suppose that M,Γ 6|= ϕu ⊃ Ki

(
[ϕ→ i]ψ

)u
for some (M,Γ) ∈

I. This means that M,Γ |= ϕu and M,∆ 6|=
(
[ϕ→ i]ψ

)u
for some ∆ ∈

M satisfying ΓRi∆. It follows by the sub-induction hypothesis that

M,∆ 6|= [ϕ→ i]ψ. But this means that M,∆ |= ϕ and M [ϕ→ i], (∆, 0) 6|=

ψ. Applying the induction hypothesis, we have that M,Γ |= ϕ and

thus that (Γ, 0) ∈ M [ϕ→ i]. But then (Γ, 0)Ri[ϕ→ i](∆, 0) and thus

M [ϕ→ i], (Γ, 0) 6|= Kiψ, which is what it means to say that M,Γ 6|=

[ϕ→ i]Kiψ.
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• I |= [ϕ→ i]CGψ ≡
(
[ϕ→ i]ψ

)u ∧ (ϕu ⊃ EGCGψ
u) when i /∈ G

Suppose M,Γ 6|= [ϕ→ i]CGψ for some (M,Γ) ∈ I. This means that

M,Γ |= ϕ and there is a sequence
{

(Γk, ak)
}n
k=0

of worlds in M [ϕ→ i]

such that (Γ0, a0) = (Γ, 0), each k ∈ N satisfying 0 < k ≤ n has ak = 1,

each k ∈ N satisfying k < n has a j ∈ G with

(Γk, ak)Rj[ϕ→ i](Γk+1, ak+1) ,

and M [ϕ→ i], (Γn, an) 6|= ψ. In case n = 0, we then have that M,Γ 6|=

[ϕ→ i]ψ and thus that M,Γ 6|=
(
[ϕ→ i]ψ

)u
by the sub-induction hypoth-

esis. So suppose that n > 0. We then have that M,Γn 6|= ψ because

the tree model generated by
(
M [ϕ→ i], (Γn, 1)

)
is isomorphic to the tree

model generated by (M,Γn). Applying the induction hypothesis, it fol-

lows that M,Γn 6|= ψu. But {Γk}nk=1 is a nonempty sequence of worlds

in M such that each k ∈ N satisfying 1 ≤ k < n has a j ∈ G with

ΓkRjΓk+1, so M,Γ1 6|= CGψ
u. We also have that ΓRjΓ1 for some j ∈ G,

and thus M,Γ 6|= EGCGψ
u. Further, the induction hypothesis implies

that we may conclude M,Γ |= ϕu from the fact that M,Γ |= ϕ, and thus

M,Γ 6|= ϕu ⊃ EGCGψ
u. So no matter whether n = 0 or n > 0, we have

shown that M,Γ 6|=
(
[ϕ→ i]ψ

)u ∧ (ϕu ⊃ EGCGψ
u).

Conversely, suppose that M,Γ 6|=
(
[ϕ→ i]ψ

)u∧ (ϕu ⊃ EGCGψ
u) for some

(M,Γ) ∈ I. In case M,Γ 6|=
(
[ϕ→ i]ψ

)u
, the sub-induction hypothesis

implies that M,Γ 6|= [ϕ→ i]ψ and thus M [ϕ→ i], (Γ, 0) 6|= ψ. The latter

implies that M [ϕ→ i], (Γ, 0) 6|= CGψ and thus that M,Γ 6|= [ϕ→ i]CGψ.
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In case M,Γ 6|= ϕu ⊃ EGCGψ
u, then M,Γ |= ϕu and for some n ∈ N with

n > 0, there is a sequence {Γk}nk=0 of worlds in M such that Γ0 = Γ,

each k ∈ N with k < n has a j ∈ G with ΓkRjΓk+1, and M,Γn 6|=

ψu. Applying the induction hypothesis, we have that M,Γn 6|= ψ and

thus that M [ϕ→ i], (Γn, 1) 6|= ψ because the tree model generated by(
M [ϕ→ i], (Γn, 1)

)
is isomorphic to the tree model generated by (M,Γn).

Again applying the induction hypothesis, it follows that M,Γ |= ϕ from

the fact that M,Γ |= ϕu, and thus (Γ, 0) = (Γ0, 0) ∈ M [ϕ→ i]. Defin-

ing the sequence {ak}nk=0 by setting a0 := 0 and ak := 1 for k > 0,

we have that
{

(Γk, ak)
}n
k=0

is a sequence of worlds in M [ϕ→ i] such

that (Γ, 0) = (Γ0, a0), each k ∈ N satisfying k < n has a j ∈ G with

(Γk, ak)Rj[ϕ→ i](Γk+1, ak+1), and M [ϕ→ i], (Γn, an) 6|= ψ. But then we

have shown that M,Γ 6|= [ϕ→ i]CGψ.

• I |= [ϕ→ i]CGψ ≡ ϕu ⊃ Ci
(
[ϕ→ i]ψ

)u ∧ Ci(ϕu ⊃ EG\{i}CGψ
u) when

i ∈ G

Suppose that M,Γ 6|= [ϕ→ i]CGψ for some (M,Γ) ∈ I. This means that

M,Γ |= ϕ and for some n ∈ N and some m ∈ N with m ≤ n, there is a

sequence
{

(Γk, ak)
}n
k=0

of worlds in M [ϕ→ i] such that (Γ0, a0) = (Γ, 0),

each k ∈ N satisfying k < m has (Γk, ak)Ri[ϕ→ i](Γk+1, ak+1), each k ∈ N

satisfying m < k < n has a j ∈ G with (Γk, ak)Rj[ϕ→ i](Γk+1, ak+1), and

M [ϕ→ i], (Γn, an) 6|= ψ. Note that we have ak = 0 for each k ∈ N

satisfying k ≤ m and ak = 1 for each k ∈ N satisfying m < k ≤ n. Now

it follows from the induction hypothesis that M,Γ |= ϕu by the fact that
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M,Γ |= ϕ. So what remains is for us to show that

M,Γ 6|= Ci
(
[ϕ→ i]ψ

)u ∧ Ci(ϕu ⊃ EG\{i}CGψ
u) .

We consider two cases.

– Case: n = 0 or 0 < m = n.

We have M,Γn 6|= [ϕ→ i]ψ and thus the sub-induction hypothesis

yields M,Γn 6|=
(
[ϕ→ i]ψ

)u
. Since m = n, it follows that {Γk}nk=0

is a sequence of worlds in M such that Γ0 = Γ and each k ∈ N

satisfying k < n has ΓkRiΓk+1. Thus M,Γ 6|= Ci
(
[ϕ→ i]ψ

)u
.

– Case: 0 < m < n.

(Γm, 0) ∈M [ϕ→ i] implies that M,Γm |= ϕ and thus that M,Γm |=

ϕu by the induction hypothesis. Since m < n, the sequence {Γk}nk=m

of worlds in M is nonempty and satisfies each of the following:

ΓmRj0Γm+1 for some j0 ∈ G\{i}, and each k ∈ N satisfying m+1 ≤

k < n has a j ∈ G with ΓkRjΓk+1. Now m < n implies that an = 1,

and thus M,Γn 6|= ψ follows from the fact that the tree model

generated by (M,Γn) is isomorphic to the tree model generated by(
M [ϕ→ i], (Γn, an)

)
. Applying the induction hypothesis, we have

that M,Γn 6|= ψu. But then we have shown that M,Γm 6|= ϕu ⊃

EG\{i}CGψ
u. Since {Γk}mk=0 is a sequence of worlds in M such that

each k ∈ N satisfying k < m has ΓkRiΓk+1, we then have that

M,Γ 6|= Ci(ϕ
u ⊃ EG\{i}CGψ

u).
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Conversely, suppose that

M,Γ 6|= ϕu ⊃ Ci
(
[ϕ→ i]ψ

)u ∧ Ci(ϕu ⊃ EG\{i}CGψ
u)

for some (M,Γ) ∈ I. Thus M,Γ |= ϕu, from which it follows by the

induction hypothesis that M,Γ |= ϕ. So what remains is for us to show

that M [ϕ→ i], (Γ, 0) 6|= CGψ. We consider two cases.

– Case: M,Γ 6|= Ci
(
[ϕ→ i]ψ

)u
This means that there is a sequence {Γk}nk=0 of worlds in M such

that Γ0 = Γ, each k ∈ N satisfying k < n has ΓkRiΓk+1, and

M,Γn 6|=
(
[ϕ→ i]ψ

)u
. Applying the sub-induction hypothesis, we

have thatM,Γn 6|= [ϕ→ i]ψ. The latter implies thatM,Γn |= ϕ, and

hence (Γn, 0) ∈ M [ϕ→ i]. Now it follows by the transitivity of Ri

that ΓRiΓn, and thus (Γ, 0)Ri[ϕ→ i](Γn, 0). But M,Γn 6|= [ϕ→ i]ψ

also implies thatM [ϕ→ i], (Γn, 0) 6|= ψ, so we haveM [ϕ→ i], (Γ, 0) 6|=

CGψ by the fact that i ∈ G.

– Case: M,Γ 6|= Ci(ϕ
u ⊃ EG\{i}CGψ

u)

This means that there is a sequence {Γk}nk=0 of worlds in M such

that Γ0 = Γ, each k ∈ N satisfying k < n has ΓkRiΓk+1, and

M,Γn 6|= ϕu ⊃ EG\{i}CGψ
u. Thus M,Γn |= ϕu, and so the induc-

tion hypothesis implies that M,Γn |= ϕ. We therefore have that

(Γn, 0) ∈M [ϕ→ i], from which it follows that (Γ, 0)Ri[ϕ→ i](Γn, 0)

by the transitivity of Ri. Applying the induction hypothesis again,

we have that M,Γn 6|= EG\{i}CGψ, which means that there is a se-
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quence {Γk}mk=n for some m ∈ N with m > n such that ΓnRj0Γn+1

for some j0 ∈ G\{i}, each k ∈ N satisfying n + 1 ≤ k < m has a

j ∈ G with ΓkRjΓk+1, and M,Γm 6|= ψ. But then

(Γ, 0), (Γn, 0), (Γn+1, 1), (Γn+2, 1), . . . , (Γm, 1)

is a sequence of worlds inM [ϕ→ i] such that each pair (w,w′) of con-

secutive worlds in the sequence has a j ∈ G such that wRj[ϕ→ i]w′.

Further, M [ϕ→ i], (Γm, 1) 6|= ψ by the fact that the tree model gen-

erated by
(
M [ϕ→ i], (Γm, 1)

)
is isomorphic to the tree model gen-

erated by (M,Γm). But then M [ϕ→ i], (Γ, 0) 6|= CGψ.

By choosing I as a set of transitive pointed Kripke models for A, we choose

those Kripke models for which the agents’ beliefs are introspective, meaning

each agent believes his own beliefs. Since each single-recipient communication

of agent i’s knowledge to a group G having i ∈ G is in fact a communication

received only by i himself, Theorem 2.34 provides a sense in which believing

our own beliefs imposes a kind of self-dialog.

2.4.2 Relative Expressivity of Differing Communications

We begin with a straightforward result that lets us view the language COMA
C

of public and private communication as a fragment of BMSAC .

Theorem 2.35. Let A be an agent set. Then COMA
C ↪→I BMSAC for each set

I of pointed Kripke models for A.
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Proof. Let u : COMA
C → BMSAC be the translation function that maps ϕ ∈

COMA
C to the formula ϕu ∈ BMSAC obtained from ϕ by replacing each instance

of a ϕ-subformula of the form [ϕ→G]ψ by [PriAϕ→G, 0]ψ. (The BMS frame

PriAϕ→G is defined in Definition 2.15 and pictured in Figure 2.2.)

By identifying COMA
C with its image in BMSAC under the translation func-

tion u : COMA
C → BMSAC defined in the proof of Theorem 2.35, we may view

COMA
C as a fragment of BMSAC .

Theorem 2.36 ([18]). Let A be an agent set satisfying |A| ≥ 2 and let I be

the set of all pointed Kripke models for A. Then PRI1AC 6↪→I PUBAC .6

Proof Hint. The PRI1AC-formula [p0→ i]¬CiKj¬p0 with i 6= j cannot be ex-

pressed in PUBAC .

Theorem 2.36 tells us that if there are at least two agents in the agent set

A, then the language PUBAC of public communication with common knowl-

edge cannot say everything that can be said by the language PRI1AC of single-

recipient private communication with common knowledge. Comparing this

result with Theorem 2.31, we again see the necessity of common knowledge

for an increase in expressive power.

Theorem 2.34 may look as though it implies the negation of Theorem 2.36:

since MLAC ↪→I PUBAC for any set I of transitive pointed Kripke models for A,

it follows by Theorem 2.34 that PRI1AC ↪→I PUBAC for any set I of transitive

pointed Kripke models for A. But notice that here we require I to be a

6Theorem 2.36 fails in the case |A| = 1 for a trivial reason: |A| = 1 implies that PRI1AC =
PUBAC .
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Γ

ΩL1 ΩL2 ΩL3
· · ·

ΩLn+1

∆

ΩR1ΩR2ΩR3

· · ·
ΩRn+1

〈A〉

〈A〉 〈A〉 〈A〉 〈A〉

〈A〉

〈A〉

〈A〉〈A〉〈A〉〈A〉

〈A〉

Figure 2.7. Picture representing the model Cn

set of transitive pointed Kripke models, so Theorems 2.34 and 2.36 are not

negations of each other—they are simply different statements. We thus see

how the outcome of an expressivity result hinges on the choice of I.

Compare the next theorem with Theorem 2.36.

Theorem 2.37. Let A be an agent set. Then PUBAC 6↪→I PRIAC for the set I

of all pointed Kripke models for A.

Proof. If |A| = 1, then we have that PRIAC and MLAC are equally expressive for

any set of pointed Kripke models for A (since |= [ϕ→∅]ψ ≡ ϕ ⊃ ψ), and so

the result follows by Theorem 2.32. So we may assume that |A| ≥ 2. For each

non-negative integer n ∈ N, we define the Kripke model Bn := (W n, Sn, V n)

for A and the relation Rn ⊆ W n ×W n as follows.

• W n := {ΩL
k : k ∈ N and 1 ≤ k ≤ n+ 1} ∪

{ΩR
k : k ∈ N and 1 ≤ k ≤ n+ 1} ∪ {Γ,∆}

Abbreviations: we set ΩL
0 := ΩR

n+2 := Γ and ΩL
n+2 := ΩR

0 := ∆.

• For each i ∈ A, set Sni := ∅.
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• V n(pk) :=


W n\{∆} if k = 0

{Γ} if k = 1

∅ if k ≥ 2

• Rn :=
{

(ΩL
k−1,Ω

L
k ) : 1 ≤ k ≤ n+ 2

}
∪{

(ΩR
k−1,Ω

R
k ) : 1 ≤ k ≤ n+ 2

}
Now fix an enumeration {ai}|A|i=1 of A. For each n ∈ N, we define the model

Cn as the expansion of Bn at Rn by {ai}|A|i=1 (Definition 1.15). See Figure 2.7

for a picture of Cn.

We now define a depth function d : PRIAC → N by the following induction

on PRIAC-formula construction.

• d(p) := 0 for each atom p

• d(ϕ1 ⊃ ϕ2) := max
{
d(ϕ1), d(ϕ2)

}
• d(Kiϕ) := 1 + d(ϕ) for i ∈ A

• d(CGϕ) := |A|+ d(ϕ)

• d
(
[ϕ1→G]ϕ2

)
:= |A|+ max

{
d(ϕ1), d(ϕ2)

}
We will prove the following statement that we call S: for each ϕ ∈ PRIAC , each

n ∈ N satisfying d(ϕ) < (n + 1) · |A|, each positive integer k ∈ N+ satisfying

d(ϕ)+(k−1) · |A| < (n+1) · |A|, and each i ∈ N satisfying both 0 ≤ i ≤ |A|−1

and d(ϕ) + i+ (k − 1) · |A| < (n+ 1) · |A|, we have that

Cn, (ΩL
k , i) |= ϕ iff Cn, (ΩR

k , i) |= ϕ .
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Observe that for the PUBAC-formula θ := [p0]¬CA¬p1 we have Cn,ΩL
1 6|= θ and

Cn,ΩR
1 |= θ for each n ∈ N. Applying Statement S, it then follows that no

function u : PUBAC → PRIAC satisfies the property that the two equivalences

Cn,ΩL
1 |= θ iff Cn,ΩL

1 |= θu and Cn,ΩR
1 |= θ iff Cn,ΩR

1 |= θu

both hold for each n ∈ N. Since I is the set of all pointed models for A, we

then have that PUBAC 6↪→I PRIAC , which completes our proof. So what remains

is for us to prove Statement S. We proceed by an induction on the construction

of PRIAC-formulas. The Boolean cases of this induction are straightforward, so

we will only handle the non-Boolean cases.

• Case: Kjϕ for some j ∈ A.

Suppose that Cn, (ΩL
k , i) 6|= Kjϕ and that d(Kjϕ) + i + (k − 1) · |A| <

(n+ 1) · |A|.

In case i < |A| − 1, we then have that Cn, (ΩL
k , i + 1) 6|= ϕ. Since

d(Kjϕ) = 1 + d(ϕ), it follows that d(ϕ) + (i + 1) + (k − 1) · |A| <

(n+ 1) · |A| and so Cn, (ΩR
k , i+ 1) 6|= ϕ by the induction hypothesis. But

then Cn, (ΩR
k , i) 6|= Kjϕ.

In case i = |A|−1, we have from our assumptions that Cn, (ΩL
k+1, 0) 6|= ϕ

and d(ϕ)+k · |A| < (n+1) · |A|. It follows from the induction hypothesis

that Cn, (ΩR
k+1, 0) 6|= ϕ and thus that Cn, (ΩR

k , i) 6|= Kjϕ.

The argument that Cn, (ΩR
k , i) 6|= Kjϕ implies Cn, (ΩL

k , i) 6|= Kjϕ is

shown similarly.

• Case: CAϕ.
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Cn, (ΩL
k , i) 6|= CAϕ is equivalent to Cn, w 6|= ϕ for some w ∈ Cn. But the

latter is equivalent to Cn, (ΩR
k , i) 6|= CAϕ.

• Case: CGϕ for some G ( A.

It follows from our assumption G ( A that Cn, (ΩL
k , i) 6|= CGϕ is equiv-

alent to Cn, w 6|= ϕ for some w ∈ Cn satisfying the property that the

number of edges between (ΩL
k , i) and w is at most |G|. The world w may

have one of two forms and we consider a separate case for each form.

Suppose w is of the form (ΩL
k , i

′) with i′ ∈ N satisfying i ≤ i′ ≤ |A| − 1

and further that d(CGϕ)+ i+(k−1) · |A| < (n+1) · |A|. Since d(CGϕ) =

|A|+ d(ϕ), it follows that d(ϕ) + i′ + (k− 1) · |A| < (n+ 1) · |A| because

i′ < i+|A|. Applying the induction hypothesis, we have Cn, (ΩR
k , i

′) 6|= ϕ,

from which it follows that Cn, (ΩR
k , i) 6|= CGϕ.

Suppose w is of the form (ΩL
k+1, i

′) with i′ ∈ N satisfying 0 ≤ i′ ≤

|G| −
(
|A| − i

)
and further that d(CGϕ) + i+ (k− 1) · |A| < (n+ 1) · |A|.

Since d(CGϕ) = |A|+d(ϕ), it follows that d(ϕ)+ i′+k · |A| < (n+1) · |A|

because we have i′ + |A| ≤ |G| + i < |A| + i by our assumption G ( A.

Applying the induction hypothesis, we have Cn, (ΩR
k+1, i

′) 6|= ϕ, from

which it follows that Cn, (ΩR
k , i) 6|= CGϕ.

The argument that Cn, (ΩR
k , i) 6|= CGϕ implies Cn, (ΩL

k , i) 6|= CGϕ is

shown similarly.

• Case: [ϕ→G]ψ for some G ( A.

Suppose that d
(
[ϕ→G]ψ

)
+ i + (k − 1) · |A| < (n + 1) · |A|. Since

d
(
[ϕ→G]ψ

)
= |A|+ max

{
d(ϕ), d(ψ)

}
, we have each of the following.
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– d(ϕ) + i′ + (k − 1) · |A| < (n + 1) · |A| for each i′ ∈ N satisfying

i ≤ i′ ≤ |A| − 1

Applying the induction hypothesis, we have that

Cn, (ΩL
k , i

′) |= ϕ iff Cn, (ΩR
k , i

′) |= ϕ

for each i′ ∈ N satisfying i ≤ i′ ≤ |A| − 1.

– d(ϕ) + i′ + k · |A| < (n+ 1) · |A| for each i′ ∈ N satisfying 0 ≤ i′ ≤

|G| −
(
|A| − i

)
Applying the induction hypothesis, we have that

Cn, (ΩL
k+1, i

′) |= ϕ iff Cn, (ΩR
k+1, i

′) |= ϕ

for each i′ ∈ N satisfying 0 ≤ i′ ≤ |G| −
(
|A| − i

)
.

Without loss of generality, we may assume that

Cn, (ΩL
k , i) |= ϕ and Cn, (ΩR

k , i) |= ϕ ,

for otherwise the desired result follows trivially. Now let sL be the longest

sequence of worlds in Cn such that the first member of sL is (ΩL
k , i) and

sL satisfies each of the following: Cn, w |= ϕ for each world w in sL and

each pair (w1, w2) of consecutive worlds in sL satisfies w1Rjw2 for some

j ∈ G. Since G ( A, the nonempty sequence sL is necessarily finite.

Now let sR be the sequence of worlds in Cn obtained by replacing each

occurrence of a superscript L in a world in sL by a superscript R. It

follows from what we showed in the two bulleted items above that sR is

the longest sequence of worlds in Cn such that the first member of sR is
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(ΩR
k , i) and sR satisfies each of the following: Cn, w |= ϕ for each w in

sR and each pair (w1, w2) of consecutive worlds in sL satisfies w1Rjw2

for some j ∈ G. Now if the unique outgoing edge of the last member in

sL is labeled by some j ∈ G, then the tree model generated by

(
Cn[ϕ→G], ((ΩL

k , i), 0)
)

is isomorphic to the sub-model of Cn consisting of those worlds in the

sequence sL and, by what we showed in the two bulleted items above,

the tree model generated by

(
Cn[ϕ→G], ((ΩR

k , i), 0)
)

is also isomorphic to the sub-model of Cn consisting of those worlds in

the sequence sL.7 But it then follows that

Cn[ϕ→G],
(
(ΩL

k , i), 0
)
|= ψ iff

Cn[ϕ→G],
(
(ΩR

k , i), 0
)
|= ψ ,

as desired. So let us assume that the unique outgoing edge of the last

member in sL is labeled by some j ∈ A\G. We then have that the tree

model generated by

(
Cn[ϕ→G], ((ΩL

k , i), 0)
)

7The tree model generated by a pointed model is sometimes called the unraveling gen-
erated by a pointed model. See [52] for definitions and results relevant to BMSAC , and see
[21] for definitions and results relevant to modal logic in general.
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is isomorphic to the tree model generated by
(
Cn, (ΩL

k , i)
)
. Thus

Cn[ϕ→G],
(
(ΩL

k , i), 0
)
|= ψ iff Cn, (ΩL

k , i) |= ψ .

By similar reasoning, we also have

Cn[ϕ→G],
(
(ΩR

k , i), 0
)
|= ψ iff Cn, (ΩR

k , i) |= ψ .

Since d
(
[ϕ→G]ψ

)
+ i + (k − 1) · |A| < (n + 1) · |A| and d

(
[ϕ→G]ψ

)
=

|A|+max
{
d(ϕ), d(ψ)

}
, we have that d(ψ)+ i+(k−1) · |A| < (n+1) · |A|.

Applying the induction hypothesis, we have that

Cn, (ΩL
k , i) |= ψ iff Cn, (ΩR

k , i) |= ψ ,

which completes the proof of this theorem (Theorem 2.37).

Theorem 2.37 tells us that the language PRIAC of private communication

with common knowledge cannot say everything that can be said in the lan-

guage PUBAC of public communication with common knowledge. Since we have

that PRI1AC ↪→I PRIAC for each set I of pointed Kripke models for A, combining

Theorems 2.36 and 2.37 yields the following result.

Theorem 2.38 ([18, 53]). Let A be an agent set satisfying |A| ≥ 2 and let I

be the set of all pointed Kripke models for A. Then the languages PUBAC and

PRIAC are expressively incomparable for I.

Theorem 2.38 uses the notion of relative expressivity to provide a formal

proof that validates our intuition that public and private communication are

fundamentally different communicative types.
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2.5 Extensions and Embeddings of BMS Logic

2.5.1 Relativized Common Knowledge

We have seen that public communication does not add expressivity to the

language MLA of modal logic without common knowledge (Theorem 2.29),

but that this result fails for the language MLAC of modal logic with common

knowledge (Theorem 2.32). In [68], it is observed that the failure of the result

in the latter case results from the inability of the language MLAC to express the

concept that the authors of [68] call relativized common knowledge.

Definition 2.39. Let A be an agent set. For each of the languages L ∈

{MLA,PUBA}, the language of L with relativized common knowledge, written

LRC , is the extension of L obtained by adding the following rule of formula

formation: if ϕ and ψ are formulas and G ⊆ A, then CG(ϕ, ψ) is also a formula.

The new formula CG(ϕ, ψ) is read, “ψ is common knowledge to the group

G relative to ϕ.” The idea is that the formula ψ is common knowledge to

the group G subject to the group G making the joint assumption that ϕ is

true. The semantics of the relativized common knowledge modal is given by

the following definition.

Definition 2.40. Let A be an agent set. For each L ∈ {MLARC ,PUBARC}, truth

of a L-formula at a pointed Kripke model (M,Γ) for A with M = (W,R, V ) is

given by an induction on the construction of ϕ, with the cases of this induction

obtained by adding to the cases for L (found either in Definition 1.13 or in
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Definition 2.4) the following inductive case: M,Γ |= CG(ϕ, ψ) means that for

each n ∈ N, if {Γk}nk=0 is a sequence of worlds in M such that M,Γk |= ϕ for

each k ∈ N with k ≤ n, Γ0 = Γ, and each k ∈ N satisfying k < n has an i ∈ G

such that ΓkRiΓk+1, then M,Γn |= ψ.

Note that unlike common knowledge, the statement M,Γ |= CG(ϕ, ψ) of

ϕ being common knowledge relative to ψ requires that the sequence {Γk}nk=0

of worlds in M all satisfy ϕ. It turns out that this is the key concept that

expressively differentiates MLAC and PUBAC .

Theorem 2.41 ([68]). Let A be an agent set. Then PUBARC ↪→I MLARC and

PUBAC ↪→I MLARC for each set I of pointed Kripke models for A.

The translation function u :
(
PUBARC ∪ PUBAC

)
→ MLARC used in the proof

of Theorem 2.41 is given in Figure 2.41. In addition, it is shown in [68] that

the expressive relationship that Theorem 2.41 states holds between PUBAC and

MLARC is a strict relationship, which is the content of the following theorem.

Theorem 2.42 ([68]). Let A be an agent set. Then MLARC is strictly more

expressive than PUBAC for the set I of all pointed Kripke models for A.

Proof Hint. The MLARC-formula CG(p0,¬Kip0) cannot be expressed in PUBAC .

2.5.2 Epistemic PDL

A fundamental result in the study of BMS Logic shows that the language of

BMSAC is a fragment of PDL [68]. This tells us that the expressivity results we
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pu := p, for each atom p

(ϕ ⊃ ψ)u := ϕu ⊃ ψu

(Kiϕ)u := Kiϕ
u

(CGϕ)u := CG(>, ϕu)(
[ϕ]p

)u
:= ϕu ⊃ p, for each atom p(

[ϕ](ψ ⊃ χ)
)u

:=
(
[ϕ]ψ

)u ⊃ ([ϕ]χ
)u(

[ϕ]Kiψ
)u

:= ϕu ⊃ Ki

(
[ϕ]ψ

)u(
[ϕ]CGψ

)u
:=

(
[ϕ]CG(>, ψ)

)u(
[ϕ]CG(ψ, χ)

)u
:= CG

(
ϕu ∧ ([ϕ]ψ)u, ([ϕ]χ)u

)(
[ϕ][ψ]χ

)u
:=

(
[ϕ ∧ [ϕ]ψ]χ

)u
Figure 2.8. A translation function u : PUBARC → MLARC

surveyed all concern the expressive relationships between various fragments of

epistemic PDL [68].

Definition 2.43 ([68]). Let A be an agent set. The language of epistemic

propositional dynamic logic (for A), written PDLA, consists of the formulas ϕ

and the programs α built by the following grammar.

ϕ ::= pk | ⊥ | > | ϕ1 ⊃ ϕ2 | [α]ϕ

α ::= i | ?ϕ | α1;α2 | α1 ∪ α2 | α∗

k ∈ N, i ∈ A

Formulas written using other logical connectives are understood as abbrevia-

tions for the appropriate formulas in the above language.

PDLA formulas are interpreted at pointed Kripke models for A according

to the usual semantics for PDL [38].

Definition 2.44. Let A be an agent set and let M = (W,R, V ) be a Kripke
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model for A with Γ ∈ M a world in M . By the following simultaneous in-

duction on the construction of PDLA-formulas and -programs, we both define

what it means for a PDLA-formula to be true at the pointed Kripke model

(M,Γ) for A and also associate to each PDLA-program α a binary relation

JαK ∈ 2W×W on W .

• M,Γ |= pk means that Γ ∈ V (pk).

• M,Γ 6|= ⊥ and M,Γ |= >.

• M,Γ |= ϕ1 ⊃ ϕ2 means that M,Γ 6|= ϕ1 or M,Γ |= ϕ2.

• M,Γ |= [α]ϕ means that M,∆ |= ϕ for each ∆ ∈M satisfying ΓJαK∆.

• JiK := Ri

• J?ϕK :=
{

(∆,∆′) ∈ W 2 : (∆ = ∆′) ∧ (M,∆ |= ϕ)
}

• Jα1;α2K :=
{

(∆,∆′) ∈ W 2 : (∃Ω ∈ W )(∆Jα1KΩ ∧ ΩJα2K∆′)
}

• Jα1 ∪ α2K := Jα1K ∪ Jα2K

• Jα∗K := JαK∗, the reflexive-transitive closure of JαK

The various notions of validity from Definition 1.13 carry over directly to

PDLA-formulas.

The following theorem provides a sense in which BMSAC is a fragment of

PDLA.

Theorem 2.45 ([68]). Let A be an agent set. Then PDLA is more expressive

than BMSAC for the set of all pointed Kripke models for A.
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2.5.3 Temporal Considerations

In the introduction to this chapter, we described how a run in a distributed

system made up of the agents in the agent set A may be viewed as a sequence

(M1,Γ1), (M2,Γ2), (M3,Γ3), . . . , (Mn,Γn)

of pointed Kripke models for A, where the full description of the k-th state of

the run is given by the pointed Kripke model (Mk,Γk). We can extend our

semantics so that it more closely matches this view of a distributed system.

Definition 2.46. Let A be an agent set. A run (for A) is a finite nonempty

sequence of pointed Kripke models for A. If r =
{

(Mk,Γk)
}n
k=1

and r′ are runs

for A and (M,Γ) is a pointed Kripke model for A, then we adopt the following

notation.

• |r| denotes the length of the sequence r.

• For each m ∈ N with m ≤ n, we let r(m) denote the prefix
{

(Mk,Γk)
}n−m
k=1

of the sequence r. (We let
{

(Mk,Γk)
}0

k=1
denote the empty sequence.)

• π1(r) is the model Mn.

• π2(r) is the world Γn.

• W r is the set W ′ in the pointed Kripke model
(
(W ′, R′, V ′),Γ′

)
:=

(Mn,Γn).

• Rr is the function R′ in the pointed Kripke model
(
(W ′, R′, V ′),Γ′

)
:=

(Mn,Γn).
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• V r is the function V ′ in the pointed Kripke model
(
(W ′, R′, V ′),Γ′

)
:=

(Mn,Γn).

• r; r′ is the run consisting of the enumeration of the sequence r followed

by the enumeration of the sequence r′.

• r; (M,Γ) is the run consisting of the enumeration of r followed by (M,Γ).

• For each i ∈ A, we write r →i r
′ to mean we have that r(1) = r′(1), that

π1(r) = π1(r
′), and that π2(r)R

rπ2(r
′).

We will sometimes identify the pointed Kripke model (M,Γ) for A with the

run for A consisting of just the pointed model (M,Γ) itself. But we will only

make this identification when doing so ought not cause confusion.

We may interpret BMSAC-formulas at a run r for A by a straightforward

adaptation of the semantics for BMSAC-formulas at pointed Kripke models for

A (Definition 2.11).

Definition 2.47. Let A be an agent set. Truth of a formula ϕ ∈ BMSAC

at a run r for A is given by the following induction on the construction of

BMSAC-formulas.

• r |= pk means that π2(r) ∈ V r(pk).

• r 6|= ⊥ and r |= >.

• r |= ϕ1 ⊃ ϕ2 means that r 6|= ϕ1 or r |= ϕ2.

• r |= Kiϕ means that r′ |= ϕ for each run r′ for A satisfying r →i r
′.
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• r |= CGϕ means that r′ |= ϕ for each run r′ for A satisfying r →∗
G r

′.

• r |= [B,w]ϕ means that either we have r 6|= B(w) or else we have both

r |= B(w) and r[B,w] |= ϕ, where the run r[B,w] for B = (U, S, l) is

defined as r;
(
M ′, (r, w)

)
with the Kripke model M ′ = (W ′, R′, V ′) for A

defined as follows.

– W ′ :=
{

(r′, v) ∈ Rr × U : r′ |= B(v)
}

Here Rr is the set of all runs r′ for A such that r′(1) = r(1) and

π1(r
′) = π1(r).

– For each i ∈ A: R′
i is the set

{(
(r1, v1), (r2, v2)

)
∈ W ′2 : (r1 →i r2) ∧ (v1Siv2)

}

– V ′(pk) :=
{

(r′, v) ∈ W ′ : r′ |= pk
}

In this semantics, BMS frames can be used to explicitly generate runs.

Definition 2.48. Let A be an agent set and let B =
{

(Bk, vk)
}n
k=1

be a finite

nonempty sequence of pointed BMS frames for A such that (Bk, vk) ∈ BMSAC

for each k ∈ N satisfying k ≤ n.

• Let r be a run for A. We define a sequence {rk}mk=0 of runs for A by the

following induction.

– r0 is defined as the run r.

– For each k ∈ N satisfying 1 ≤ k ≤ n, if we defined the run rk−1

and we have that rk−1 |= Bk(vk), then the run rk is defined as
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rk−1; rk−1[Bk, vk] (see Definition 2.47).

The run generated from r by B, written Gen(B, r), is the run rm at

the end of the above-defined sequence {rk}mk=0, where m ∈ N is satisfies

0 ≤ m ≤ n (with the particular value of m determined by how far the

above-specified induction could be carried out).

• To say that the run r for A is generated means that there is a finite

nonempty sequence B′ of pointed BMS frames for A and a run r′ for A

such that r = Gen(B′, r′).

Thus we see that when we interpret the language BMSAC at runs for A,

the language itself describes the explicit generation of runs: to evaluate the

formula

ϕ := [B1, v1][B2, v2][B3, v3] · · · [Bn, vn]ψ

at a run r, the semantics has us construct Gen(B, r), where B :=
{

(Bk, vk)
}n
k=1

.

We then call ϕ true at the run r if and only if we have either that |Gen(B, r)| <

n+ 1 or else that |Gen(B, r)| = n+ 1 and ψ is true at Gen(B, r). In this way,

we see that formulas of the form

[B1, v1][B2, v2][B3, v3] · · · [Bn, vn]ψ

allow us to reason about the possible runs that can be generated from r.

In modeling situations where communication must happen according to a

certain prescribed protocol, we must restrict the finite nonempty sequences{
(Bk, vk)

}n
k=1

of pointed BMS frames for A that may be used in generating a
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run so as to agree with the protocol. This is the purpose of the next definition.

Definition 2.49 ([67, 66]). Let A be an agent set and L be a language. A

BMS protocol (for A in language L) is a set P of finite nonempty sequences

of pointed BMS frames for A in language L such that P is prefix-closed : if

B ∈ P and the nonempty sequence B′ of pointed BMS frames for A is a prefix

of the sequence B, then B′ ∈ P.

By choosing a particular BMS protocol, we can specify just those sequences

of pointed BMS frames that may be used in generating a run.

Definition 2.50 ([67, 66]). Let A be an agent set, let P be a BMS protocol

for A, and let r be a run for A.

• The tree generated from r by (the) BMS protocol P, written Tree(P, r),

is defined by

Tree(P, r) :=
{

Gen(B, r) : B ∈ P
}
.

• To say that a set S of runs for A is generated (by a BMS protocol) means

that there is a BMS protocol P′ for A and a run r′ for A such that

S = Tree(P′, r′).

In viewing the language BMSAC in terms of its ability to describe possible

generated runs, there are various temporal modalities that we might like to

add to our language in order to increase the ability of the language to express

properties of generated runs. Let us briefly survey the work that has been

done along these lines.
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Past-Looking Temporal Modalities

Often our interest is not so much in the runs that may be generated from the

current run but instead on the prefixes of this current run, which are just those

runs we encountered in the past as the system evolved toward the current run.

So if we suppose that the system is in state (Mn,Γn) after the generated run

(M0,Γ0), (M1,Γ1), (M2,Γ2), . . . , (Mn,Γn) ,

then we are interested in the predecessors of this run, which consist of those

runs

(M0,Γ0), (M1,Γ1), (M2,Γ2), . . . , (Mj,Γj)

with j ∈ N satisfying j < n. In particular, if for the current run r we have that

|r| > 1, then we are interested in the yesterday of r, which is the nonempty

prefix r(1) of H [57]. We will call a modal Y a yesterday modal when the

semantic condition for truth of a formula Y ϕ at a run r satisfying |r| > 1

involves evaluating the truth of ϕ at the yesterday r(1) of r.

Yap [78] and Sack [56, 57] each consider adding yesterday modals to frag-

ments of BMSAC . In particular, they consider two kinds of languages, each of

which is defined in terms of a fixed finite frame (U, S) and an agent set A.

• yBMSAC(U, S): BMS Logic with yesterday for (U, S) and A.

The formulas of this language are formed using the rules of formula

formation for MLAC in addition to the following rules.

– If ϕ is a formula, then so is Y ϕ.
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– If we have that (B,w) is a pointed BMS frame based on (U, S), that

B(v) is a formula for each v ∈ B, and that ϕ is a formula, then

[B,w]ϕ is also a formula.

• ynBMSAC(U, S): BMS Logic with yesterday and nominals for (U, S) and

A.

The formulas of this language are formed using the rules of formula

formation for MLAC in addition to the following rules.

– If w ∈ U , then w is a formula.

– If ϕ is a formula and w ∈ U , then Ywϕ is a formula.

– If we have that (B,w) is a pointed BMS frame based on (U, S), that

B(v) is a formula for each v ∈ B, and that ϕ is a formula, then

[B,w]ϕ is also a formula.

For a finite frame (U, S), let L ∈
{
yBMSAC(U, S), ynBMSAC(U, S)

}
. Define

the BMS protocol P as the set of all finite nonempty sequences
{

(Bk, vk)
}n
k=0

of pointed BMS frames for A such that each (Bk, vk) is both in L and also

based on (U, S). We then interpret L-formulas at runs coming from the set

⋃
(M,Γ)

Tree
(
P, (M,Γ)

)
,

which is just the set of all runs r that are generated both by the length-one run

consisting of a pointed Kripke model (M,Γ) for A and by the BMS protocol

P. Truth of an L-formula ϕ at a run r ∈
⋃

(M,Γ) Tree
(
P, (M,Γ)

)
is given by
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extending the induction on formula construction in Definition 2.11 to include

the following cases.

• r |= Y ϕ means that either we have |r| = 1 or else we have both |r| > 1

and r(1) |= ϕ.

• r |= w means that |r| > 1 and π2(r) = (Γ′, w).

• r |= Ywϕ means that either we have |r| = 1 or else we have that |r| > 1,

that π2(r) = (Γ′, w), and that r(1) |= ϕ.

Another yesterday modal that is not considered in detail in the work of

Yap or of Sack is the iterated yesterday modal Y ∗, whose interpretation is

obtained by adding the following case to the inductive definition of truth of a

formula at a run r ∈
⋃

(M,Γ) Tree
(
P, (M,Γ)

)
.

• r |= Y ∗ϕ means that for each non-negative integer j ∈ N with j < |r|,

we have that r(j) |= ϕ.

Since each run is finite, it seems likely that the validities of the language of

BMS Logic with the iterated yesterday modal Y ∗ are finitely axiomatizable,

though this remains an open question.

The interested reader is advised to consult [56, 57, 78] for detailed accounts

of the yesterday modals Y and Yw in BMS Logic.

Future-Looking Temporal Modalities

Yesterday modals let us evaluate what was true at the prefix of our current

run r. By identifying prefixes of r with past states of our distributed system,
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yesterday modals let us ask what was true of the system in the past. Following

analogy, for us to evaluate what is true of the system in the future, we may

introduce modals that evaluate what is true at runs that extend the current run

r. In particular, we are interested in those runs r′ that are a tomorrow of r, by

which we mean that r′ satisfies the equality r′ = r[B,w] (see Definition 2.47)

for some pointed BMS frame (B,w). We will call a modal F a tomorrow

modal when the semantic condition for truth of a formula Fϕ at a run r

involves evaluating the truth of ϕ at at least one of the tomorrows of r.

The language BMSAC already has many tomorrow modals: for each pointed

BMS frame (B,w) with r |= B(w), the modal [B,w] is a tomorrow modal

whose truth condition involves exactly one tomorrow of r, the tomorrow r[B,w].

But we may be interested in other tomorrow modals with more flexible tem-

poral structure. We list two interesting tomorrow modals F by describing the

inductive condition for the truth of a formula Fϕ at a run r for the agent

set A. Terminology: to add a modal K to a language L means to obtain the

extension of L given by adding the rule of formula formation that produces a

formula Kϕ from each formula ϕ.

• The iterated tomorrow modal [B,w]∗.

Definition. r |= [B,w]∗ϕ means that r |= [B,w]nϕ for each n ∈ N,

where the formula [B,w]nϕ is defined by the following induction.

[B,w]nϕ :=

 ϕ if n = 0,

[B,w][B,w]n−1ϕ if n > 0.
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The first work on iterated tomorrow modals is [46]. Let the language

L be the extension of MLA obtained by adding the iterated tomorrow

modal [PubAϕ , 0]∗ (see Definition 2.14) for each formula ϕ ∈ L, and let

LC be the analogous extension of MLAC . It is shown in [46] that the

satisfiability problem for each of L and LC is Σ1
1-complete.

Whether languages with other interesting iterated tomorrow modals are

finitely axiomatizable is open, though the work in [46] suggests that the

answer for many iterated tomorrow modals ought to be negative.

• The branching tomorrow modal FP for a BMS protocol P.

Definition. r |= FPϕ means that r′ |= ϕ for each r′ ∈ Tree(P, r).

The work [13] studies the following notion of arbitrary public communica-

tion. Let P be the BMS protocol consisting of all length-one runs made

up of a pointed BMS frame (PubAϕ , 0) for some ϕ ∈ BMSAC . Then FPϕ

says that ϕ is true after each possible public communication, which we

may take to be the meaning of the statement “ϕ is true after an arbitrary

public communication.” Defining the language of arbitrary public com-

munication (for A), written aPUBA, as the extension of MLA obtained

by adding the branching tomorrow modal FP and the tomorrow modal

[PubAϕ , 0] for each ϕ ∈ aPUBA, it is shown in [13] that the validities of

aPUBA are finitely axiomatizable.

It is open whether the branching tomorrow modal for other interesting

BMS protocols is finitely axiomatizable.
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Connections with Epistemic Temporal Logic

We have discussed a temporal view of runs: if r is the current run, then a prefix

of r represents a past state of the system and an extension of r represents a

possible future state of the system. In the language BMSAC of BMS Logic, a

future run is generated from a given run r by a specific sequence
{

(Bk, vk)
}n
k=1

of pointed BMS frames. We can think of the k-th step in this generation as

the occurrence of the communication event described by (Bk, vk), which is an

event whose occurrence takes us from the run

r[B1, v1][B2, v2][B3, v3] · · · [Bk−1, vk−1]

to the run

r[B1, v1][B2, v2][B3, v3] · · · [Bk−1, vk−1][Bk, vk] .

To understand what it means for the event described by (Bk, vk) to occur,

we follow Parikh and Ramanujam: identify the meaning of an event with the

possible occurrences of that event [49, 50]. Thus if we let a nonempty prefix-

closed set H of generated runs represent the space of possible runs for a given

distributed system, then we define the meaning in H of the event described by

(Bk, vk), written SemH(Bk, vk), by setting

SemH(Bk, vk) :=
{

(r1, r2) ∈ H ×H : r2 = r1[Bk, vk]
}
.

As we can identify a run with a timeline that provides a discrete, moment-

by-moment description of our distributed system—a system whose running
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constraints are given by H—the meaning in H of the event e described by

(Bk, vk) is just the changes in the system that are brought about by an occur-

rence of the event e.

This line of thinking leads to a more general definition: if H is a nonempty

prefix-closed set of runs, then a semantic event (in H) is a binary relation on

H [49, 50]. From this perspective, the semantic events described by pointed

BMS frames make up only a subset of the set of all semantic events. The

language BMSAC of BMS Logic is thus the logic of BMS events, which are just

the semantic events that can be described by a pointed BMS frame. But there

are other languages that more directly address the notion of (semantic) event,

and so it is fruitful to look at connections between BMSAC and these event-based

languages.

One event-based language that has been studied in this vein is the language

of epistemic temporal logic [12, 66, 67]. Defining this language begins by

specifying a set of names for semantic events.

Definition 2.51. An event set is a nonempty, at-most–countable set. We

refer to the members of an event set as events.

With an event set and agent set in hand, we follow [66, 67] and define the

basic languages of epistemic temporal logic as follows.

Definition 2.52. Let A be an agent set and Σ be an event set.

• The language of epistemic temporal logic (for A with events Σ), written

ETLA(Σ), is the extension of MLA obtained by adding the following rule
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of formula formation: if ϕ is a formula and e ∈ Σ is an event, then Neϕ

is also a formula.

• The language of epistemic temporal logic (for A with events Σ) with com-

mon knowledge, written ETLAC(Σ), is the extension of ETLA(Σ) obtained

by adding the following rule of formula formation: if ϕ is a formula and

G ⊆ A, then CGϕ is also a formula.

We base our semantics for the language of epistemic temporal logic on the

work of Parikh and Ramanujam [49, 50].

Definition 2.53 (Adapted from [49, 50]). Let A be an agent set and Σ be

an event set. A history model (for A with events Σ) is a pair (H, E) whose

components are as follows.

• H is a nonempty prefix-closed set of runs for A.8 The members of H are

called histories.

• E : Σ → 2H×H is a function mapping each event e ∈ Σ to a binary

relation E(e) on H. (This function maps each event e ∈ Σ to a semantic

event E(e) in H.)

A pointed history model (for A and Σ) is a tuple (H, E, r) consisting of a

history model (H, E) for A with events Σ and a history r ∈ H. Each for-

mula ϕ ∈ ETLAC(Σ) is interpreted at a pointed history model (H, E, r) for A

according to the following induction on formula construction.

8To say that a set H of runs for A is prefix-closed means that for each run r ∈ H, if r′

is a run for A such that the (nonempty) sequence r′ is a prefix of r, then r′ ∈ H. Note
in particular that a prefix-closed set H of runs does not contain the empty sequence. This
makes sense: while the empty sequence is a sequence of pointed Kripke models for A, the
empty sequence is not itself a run because it is not nonempty.
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• H, E, r |= pk means that r |= pk (see Definition 2.47).

• H, E, r 6|= ⊥ and H, E, r |= >.

• H, E, r |= ϕ1 ⊃ ϕ2 means that H, E, r 6|= ϕ1 or H, E, r |= ϕ2.

• H, E, h |= Kiϕ means that H, E, r′ |= ϕ for each r′ ∈ H satisfying

r →i r
′.

• H, E, r |= CGϕ means that H, E, r′ |= ϕ for each r′ ∈ H satisfying

r →∗
G r

′.

• H, E, r |= Neϕ means that H, E, r′ |= ϕ for each r′ ∈ H satisfying

rE(e)r′.

To connect ETLAC with BMSAC , we only need observe that a run r for A

may itself be viewed as a history model for A: given a BMS protocol P, the

tree Tree(P, r) generated from r is a nonempty prefix-closed set of runs for A.

Taking the event set Σ to be the set of all pointed BMS frames for A, we may

then define E as the function that maps a BMS frame for A to its semantics.

Definition 2.54. Let A be an agent set, let P be a BMS protocol for A,

let r be a run for A, and let Σ be the set of all pointed BMS frames for A.

The pointed history model (for A) generated from (P, r), written His(P, r), is

defined by

His(P, r) :=
(
Tree(P, r), E, r

)
,

where the function E : Σ → 2Tree(P,r)2 is defined by setting

E(B,w) :=
{

(r1, r2) ∈ Tree(P, r)2 : r2 = r1[B,w]
}
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for each (B,w) ∈ Σ. Observe that E(B,w) = SemTree(P,r)(B,w).

Truth of an ETLAC(Σ)-formula in a pointed history model (H, E, r) depends

highly on the structure of the set H. As an example: H need not be closed

under all possible BMS events, by which we mean that if r ∈ H is a run for

A and (B,w) is a pointed BMS frame for A such that r |= B(w), then it need

not be the case that r[B,w] ∈ H. It is as a result of this example that we

define a notion of truth for BMSAC-formulas that is relative to a given BMS

protocol for A.

Definition 2.55. Let A be an agent set and let P be a BMS protocol for A.

For each formula ϕ ∈ BMSAC , the notion of ϕ being true relative to P at a run r

for A, written r |=P ϕ, is defined by the following induction on BMSAC-formula

construction.

• If ϕ is not of the form [B,w]ϕ, then the inductive case for ϕ is obtained

from the appropriate inductive case in Definition 2.47 by replacing each

occurrence of the turnstile “|=” by the turnstile “|=P”.

• r |=P [B,w]ϕ means that either r 6|=P B(w) or else r |=P B(w), r[B,w] ∈

P, and r[B,w] |=P ϕ.

If I is a set of runs for A, then to say that a formula ϕ ∈ BMSAC is valid for

I relative to P, written I |=P ϕ, means that r′ |=P ϕ for each r′ ∈ I. To say

that a formula ϕ ∈ BMSAC is valid relative to P, written |=P ϕ, means that ϕ

is valid for the set of all runs for A relative to P.

Having a notion of protocol-relative truth for BMSAC allows for a straight-

forward connection between the languages ETLAC and BMSAC .
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pu := p, for each atom p

(ϕ ⊃ ψ)u := ϕu ⊃ ψu

(Kiϕ)u := Kiϕ
u

(CGϕ)u := CGϕ
u(

[B, v]ϕ
)u

:= N(B,v)ϕ

Figure 2.9. A function u : BMSAC → ETLAC(Σ)

Theorem 2.56 ([12, 67, 66]). Let A be an agent set, let P be a BMS protocol

for A, and let Σ be the set of all pointed BMS frames for A. Define the function

u : BMSAC → ETLAC(Σ) according to the induction in Figure 2.9. Then for each

formula ϕ ∈ BMSAC and each run r for A, we have r |=P ϕ if and only if

His(P, r) |= ϕu.

Theorem 2.56 essentially says that ETLAC is at least as expressive as BMSAC ,

though we need to massage some of the details in order to make this precise.

Corollary 2.57 ([12, 67, 66]). Let A be an agent set, let Σ be the set of all

pointed BMS frames for A, and let P be the set of all finite nonempty sequences

of pointed BMS frames for A. For each r ∈ P and formula χ ∈ ETLAC(Σ), we

let r |= χ abbreviate His(P, r) |= χ, thereby providing us with a common

semantics for BMSAC-formulas and ETLAC(Σ)-formulas. Then it follows from

Theorem 2.56 that we have BMSAC ↪→I ETLAC(Σ) for each set I of generated

runs for A.

The most comprehensive works studying connections between BMSAC and

ETLAC(Σ) are [66, 67]. In the former work, the authors introduce a notion

of frame correspondence that connects the languages BMSAC and ETLAC(Σ) by
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identifying structural properties of BMS protocols with validities of ETLAC(Σ).

This points to the possibility of using epistemic temporal logic as the primary

tool for a more general study of the relationship between BMS protocols and

their generated trees.

In addition, the work [66] opens up a new study of axiomatization for

relative validity by proving the following theorem.

Theorem 2.58 ([66]). Let A be an agent set, let Σ be the set of all pointed

BMS frames of the form (PubAψ , 0) for some ψ ∈ BMSAC , and let S be the set

of all BMS protocols P for A such that each B ∈ P is a finite nonempty

sequence over Σ. Then the set

{
ϕ ∈ BMSAC : (∀P ∈ S)( |=P ϕ )

}
of BMSAC-validities relative to all BMS protocols for public communication is

finitely axiomatizable.

An interesting next-step along the lines of Theorem 2.58 is to identify

other interesting sets S of BMS protocols (example: BMS protocols for private

communication) and axiomatize the BMSAC-validities relative to all of those

BMS protocols in S.

Carrying out the work in this section for other natural temporal extensions

of ETLAC(Σ) (both past-looking and future-looking) and for the corresponding

extensions of BMSAC would likely be a fruitful area of further research. Sug-

gested extensions may be found in [66].
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2.6 Issues of Doxastic Change

An update (for a language L) is a partial function µ that maps an interpre-

tation I for L-formulas to another interpretation µ(I) for L-formulas. In the

language BMSAC of BMS Logic, a pointed BMS frame (B,w) induces an update

µ(B,w) that maps a pointed Kripke model (M,Γ) satisfying M,Γ |= B(w) to

the pointed Kripke model µ(B,w)(M,Γ) :=
(
M [B], (Γ, w)

)
. It is in this sense

that the language BMSAC of BMS Logic is the logic of the BMS updates, the

updates induced by pointed BMS frames.

2.6.1 Successful Updates

BMS updates do not affect the basic facts of the situation we are modeling: a

propositional letter pk is true at a situation (M,Γ) if and only if pk is true at

the updated situation µ(B,w)(M,Γ). But a BMS update can change the beliefs

and knowledge of the agents in our fixed agent set A. As an example, if we

have that M,Γ |= p0 ∧
(∧

i∈A ¬Kip0

)
(“p0 is true but no one knows it”), then

we have that µ(PubA
p0
,0)(M,Γ) |= CAp0 (“the public communication that p0 is

true makes it common knowledge that p0 is true”). In this example, while the

update µ(PubA
p0
,0) did not affect the truth of the propositional letter p0, this

update did affect the agents’ knowledge of the truth of p0.

Thus while the truth of purely Boolean formulas in BMSAC does not change

as a result of a BMS update, BMSAC-formulas containing a modal Ki sometimes

do. A number of authors have looked into the question the formulas that, when

true, remain true after certain BMS updates [2, 13, 33, 34, 63, 64, 72]. Most of
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this work has focused on the successful BMSAC-formulas, which are the BMSAC-

formulas that, when true, remain true after they are communicated publicly.

Definition 2.59 ([33, 72]). Let A be an agent set and ϕ ∈ BMSAC be a formula.

To say that ϕ is successful means that [ϕ]ϕ is valid.

For the language MLA of modal logic without common knowledge, there is

a syntactic characterization for the set of successful MLA-formulas.

Theorem 2.60 ([2, 64]). Let A be an agent set. Define the fragment L of

MLA as the formulas ϕ given by the following grammar.

ϕ ::= ¬pk | pk | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | Kiϕ

k ∈ N, i ∈ A

Then a formula ϕ ∈ MLA is successful if and only if there is a ψ ∈ L such that

|= ψ ≡ ϕ.

But for extensions of MLA, and in particular for the extensions MLAC and

PUBAC , the best results up to now identify certain successful fragments but

do not prove that these fragments contain all of the successful formulas in

the language. So these results set out sufficient conditions for a formula in a

particular language to be successful, but these results do not set out necessary

conditions for a formula in the language to be successful.

Theorem 2.61 ([33]). Let A be an agent set. Define the fragment L of

PUBA as the formulas ϕ ∈ PUBA such that each subformula Kiψ of ϕ appears

positively in ϕ. Then for each formula ϕ ∈ PUBA such that there is a ψ ∈ L

with |= ψ ≡ ϕ, we have that ϕ is successful.



97

Theorem 2.62 ([72]). Let A be an agent set. Define the fragment L of PUBAC

as the formulas ϕ ∈ PUBAC given by the following grammar.

ϕ ::= ¬pk | pk | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | Kiϕ | CGϕ | [¬ϕ1]ϕ2

k ∈ N, i ∈ A, G ⊆ A

Then for each formula ϕ ∈ PUBAC such that there is a ψ ∈ L with |= ψ ≡ ϕ,

we have that ϕ is successful.

Theorem 2.63 ([13]). Let A be an agent set and let aPUBA be the language of

arbitrary public announcements for A (defined in §2.5.3). Define the fragment

L of aPUBA by the following grammar.

ϕ ::= ¬pk | pk | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | Kiϕ | [¬ϕ1]ϕ2 | FBϕ

k ∈ N, i ∈ A

Then for each formula ϕ ∈ aPUBA such that there is a ψ ∈ L with |= ψ ≡ ϕ,

we have that ϕ is successful.

Providing a syntactic characterization of the successful PUBAC-formulas has

been an open problem for some time. And the more general question—which

formulas that, when true, remain true under other BMS updates—has not yet

been addressed at all. For the more general question, a generalized definition

of successful formula for a BMS update needs to be worked out. The latter

definition needs to take into account the fact that a pointed BMS frame B =

(U, S, l) with |U | > 1 has labelings on its underlying frame (U, S) that vary

at more than one world, requiring the notion of successful formula for BMS
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update given by [B,w] to take into account each of the |U | parameters. But for

some special BMS frames, such as PriAϕ→G, the definition is straightforward:

to say that ϕ ∈ BMSAC is successful for private communication to G means

that [ϕ→G]ϕ is valid. Nonetheless, these issues have yet to be investigated.

2.6.2 Epistemic Puzzles

PUBAC , the first language of Dynamic Epistemic Logic, was introduced in [51]

to reason about knowledge change. It was shown by example in this work how

we can properly reason about epistemic puzzles having the following form:

some true statement ϕ is communicated publicly a number of times, after

which the statement ϕ becomes false. What is “puzzling” about these puzzles

is fact that announcing a true statement can make that very statement false.

Put another way, we are to be puzzled that there are unsuccessful formulas

(defined as those formulas that are not successful).

There are a number of well-known epistemic puzzles, each of which gener-

ally goes by a number of names (of varying political correctness). Since this

author is too pained to retell these often-told puzzles, he will simply name a

few along with some canonical (but not necessarily original) sources for further

reading: the Muddy Children Puzzle [33, 51, 72], the Sum-and-Product Puzzle

[51, 73], the Surprise Examination Paradox [34, 72], and card game puzzles

[69, 70, 76].
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2.6.3 The Fitch and Moore Paradoxes

Fitch’s Paradox of Knowability [23] concerns the derivability of contradiction

in epistemic logic if we accept the verificationist principle, which we express

modally as the verificationist scheme

ϕ ⊃ 3Kiϕ .

Here the modal 3 is a future-looking temporal modal that represents the pas-

sage of time—during which we presumably learn more than we already know—

leading us to read the verificationist scheme as “any truth will eventually be

known.”

If we assume that there is some unknown truth, then a contradiction can

be derived from the verificationist scheme in the fusion logic T×K consisting of

the (epistemic) modal logic T for the modal Ki and the (minimal) modal logic

K for the modal � := ¬3¬. To derive the contradiction, assume p0 ∧ ¬Kip0

(“p0 is an unknown truth”), substitute p0 ∧¬Kip0 for each occurrence of ϕ in

the verificationist scheme, and then reason in T× K [23, 63].

The assumption p0∧¬Kip0 in this derivation is known as Moore’s Paradox

(or Problem): the sentence p0 ∧ ¬Kip0 is a sentence that can be true but

cannot be known (by agent i) because i’s knowing the first conjunct p0 makes

the second conjunct ¬Kip0 false [59, 63].9 Since public communication can

be seen as a kind of learning (in that it eliminates from consideration some

9The original formulation of Moore’s Problem concerns belief (“p but I don’t believe
it”), though many authors—including van Benthem [63] and Hintikka [39]—consider the
knowledge version (“p but I don’t know it”).
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possible worlds, decreasing the agents’ uncertainty as to which is the actual

world), we would expect that this Moore sentence cannot be learned through

public communication. And this is indeed correct: if p0 ∧¬Kip0 is true at the

pointed Kripke model (M,Γ), then the public communication of this formula

makes the formula false at the resulting pointed Kripke model:

M,Γ |= [p0 ∧ ¬Kip0]¬(p0 ∧ ¬Kip0) .

So we see that p0 ∧ ¬Kip0 is an unsuccessful BMSAC-formula.

Researchers have recently began to study the reasoning in the Fitch and

Moore Paradoxes using tools from Dynamic Epistemic Logic [13, 63]. In par-

ticular, the language aPUBA of arbitrary public announcements (defined in

§2.5.3) from [13] has been used to introduce two notions of truth-preservation

that ought to be useful in reasoning about the Fitch Paradox.

Definition 2.64. Let A be an agent set and let ϕ ∈ aPUBA be a formula (see

§2.5.3 for the definition of aPUBA).

• To say that ϕ is preserved means that |= ϕ ⊃ FBϕ.

• To say that ϕ is knowable means that |= ϕ ⊃ ¬FB¬EAϕ.

So ϕ is preserved exactly when its truth is preserved under all possible

public communications of a formula in PUBA, and ϕ is knowable exactly when

the truth of ϕ implies that the public communication of a formula in PUBA

makes it so that everyone knows ϕ. The following theorem concerns the known

relationships between preserved, successful, and knowable formulas.
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Theorem 2.65 ([13]). Let A be an agent set and let ϕ ∈ aPUBA be a formula.

Recall that ϕ is successful if and only if |= [ϕ]ϕ.

• For each formula ϕ such that there is a formula ψ in the language L of

Theorem 2.63 with |= ϕ ≡ ψ, we have that ϕ is preserved.

• If ϕ is preserved, then ϕ is successful.

• If ϕ is successful, then ϕ is knowable.

Providing an exact syntactic characterization for each of the preserved and

knowable formulas is an open problem. Solving the latter might shed some

light on the structure of what is knowable, perhaps providing a revised veri-

ficationist principle that has the essential spirit of the original verificationist

principle without the pathology of the Moore sentence.

2.7 Other Work

Broadly construed, Dynamic Epistemic Logic is the study of how to reason

about model change. Most of this survey has focused on the changes to Kripke

models and runs of Kripke models that arise from BMS updates. There is,

however, no reason to restrict attention BMS updates on these models. Ac-

cordingly, much recent activity in Dynamic Epistemic Logic research has fo-

cused on other types of model change. We will briefly mention a few these,

directing the reader elsewhere for further reading.
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2.7.1 Valuation Changes

BMS updates do not affect the truth of basic facts; that is, for each pointed

Kripke model (M,Γ) for a fixed agent set A, each pointed BMS frame (B,w)

for A such that (B,w) is executable at (M,Γ), and each formula ϕ ∈ PL

in the language of propositional logic, we have that M,Γ |= ϕ if and only if

M [B], (Γ, w) |= ϕ. But sometimes we want to model changes of fact. A number

of authors have proposed extended languages for reasoning about BMS updates

or other updates with valuation changes, and many of these authors consider

other kinds of change as well. We invite the reader to consult [15, 25, 43, 68]

and the references therein.

2.7.2 Belief Revision

Belief Revision is the study of how to consistently incorporate new beliefs, even

if these new beliefs contradict old beliefs [1, 31]. The popular AGM approach to

belief revision [1, 31] proposes a number of postulates to be satisfied by theories

modeling changes in the propositional beliefs of a single agent. Recent work in

Dynamic Epistemic Logic has labored to extend this approach to multi-agent

systems having higher-order beliefs, all in a language compatible with other

work in Dynamic Epistemic Logic. The interested reader is invited to consult

[19, 20, 60, 62, 71, 74] and the references therein for information on this work.
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2.7.3 Updates and Probabilistic Reasoning

Logics for reasoning about static knowledge and probability have been around

for some time [26, 37]. Some research in Dynamic Epistemic Logic has looked

at dynamic knowledge with probabilities, where we can have not only change

in knowledge or belief but also in agents’ probability measures. Some of this

work has been applied to (probabilistic) belief revision, while some of it has

focused purely on dynamic probabilistic reasoning. For information on this

work, the reader is invited to consult [11, 19, 20, 41, 42, 65] and the references

therein.
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Chapter 3

Justification Logic

Let us recall the Hintikka-Kripke notion of belief: agent i believes p exactly

when p is true in all those states of affairs that look the same to i as the actual

state of affairs [39, 44]. Then to say that agent i’s belief of p is true (as in

correct) means that p is in fact true in the actual state of affairs. Knowledge

is then identified with true belief: to say that agent i knows p means that i

has the true belief that p.

If a formal language can express this notion of true belief, then that lan-

guage can be used to reason about Hintikka-Kripke knowledge. We have al-

ready seen that the language MLA as interpreted in reflexive Kripke models

for A is an example of such a language: for an agent i ∈ A, the formula Kiϕ

says that agent i has the true belief of ϕ (Definition 1.13).

Since Kripke’s semantics for modal logic gives us a formal meaning for true

belief, we are quite close to a formalization of the well-known definition of

knowledge commonly attributed to Plato: knowledge is justified true belief.1

1In attributing this definition to Plato, many authors cite the Theaetetus and the Meno
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But while the Kripke semantics for modal logic allows us to formalize the last

two components of this three-part definition, it falls short when we wish to

formalize the first component, justification. Let us see why.

Consider a formula of the form Kiϕ ⊃ Kiψ. This formula is a statement

of conditional knowledge that says agent i’s knowledge of ψ follows from his

knowledge of ϕ. But notice that while such a formula describes a connection

between i’s knowledge of one thing and i’s knowledge of another, the formula

fails to provide a reason as to why this connection holds, something we cer-

tainly want of our language if we are to say that the language incorporates a

notion of justification. It is thus more accurate for us to read the formula Kiϕ

as “(agent) i knows ϕ for some reason” because this formula merely asserts

the existence of knowledge—it does not say why agent i has this knowledge.

Justification Logic has recently been suggested as a means of remedying

this shortcoming [3, 4, 5, 6, 8, 9, 10, 28]. The basic language of Justification

Logic extends the language PL of propositional logic by introducing formula-

labeling terms, allowing us to take a term t and a formula ϕ and form the new

formula t :ϕ. Terms can be nested, so in the formula t :ϕ, the formula ϕ may

itself contain terms. But the most important feature of terms is the fact that

they have a certain derivation-compatible structure: for each derivation D of a

theorem ϕ (in various later-defined systems), we can construct a term t whose

structure mimics that ofD in such a way that t :ϕ is also a theorem. This allows

us to think of the term t as a particular reason that explains why it is that

ϕ is true. Justification Logic thus has a built-in notion of justification that,

(see, for example, [36]). But whether these texts do in fact propose this definition of (propo-
sitional) knowledge is a point of some debate [35, 40].
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when combined with Fitting’s Kripke-style semantics [5, 29], again allows us

to capture the Hintikka-Kripke notion of true belief. Accordingly, we may read

the formula t :ϕ as “ϕ is known for reason t.” We then have a formalization of

true belief in a logic with in-language justification, thereby capturing all three

components of the three-part definition of knowledge as justified true belief.

We begin this chapter with an investigation of languages that have not

only the notion of justification afforded by formulas of the form t :ϕ but also

a weaker notion that we will write using new formulas of the form t � ϕ.

The latter formulas concern the admissibility of evidence: to have t� ϕ true

means that the evidence represented by the term t is admissible (as evidence)

for ϕ. Saying that t is admissible (as evidence) for ϕ means that t is does not

necessarily validate the truth of ϕ but we may nonetheless take t into account

when considering the truth of ϕ. Contrast this with the formula t :ϕ, which

says that t is not only admissible for ϕ but t also validates the truth of ϕ. We

will also add modal formulas of the form �ϕ, which we read as saying that ϕ

holds despite possible variations in evidence admissibility.

We thus follow Fitting [29] by taking the view that there are various possi-

ble states of affairs—which are just the worlds of an augmented Kripke model

we define shortly—and each world has not only its own valuation but also an

assignment specifying evidence admissibility. So as we move from world to

world in our to-be-defined Fitting models, the admissibility of evidence may

change. That is, truth of formulas of the form t � ϕ may change. Using

modal formulas of the form �ϕ, we can express when something holds despite

the possible variations in evidence admissibility. We will then define the truth
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of formulas t :ϕ by the equivalence

t :ϕ ≡ (t� ϕ) ∧�ϕ ,

which says that (the evidence) t validates the truth of ϕ if and only if t is

admissible for ϕ and ϕ is true despite all possible variations in evidence ad-

missibility.

Our first task will be to define the basic systems of evidence along the lines

we have described above. Each of these systems postulates its own principles

that are to be satisfied by validation (t :ϕ), admissibility (t� ϕ), and necessity

(�ϕ). Choosing a particular system amounts to choosing a particular theory

of evidence whose principles are governed by that system. As an example, we

may or may not accept the principle

t :ϕ ⊃ ϕ ,

which says that ϕ is true whenever a piece of evidence t validates the truth

of ϕ. If we reject this principle, then we are interested in systems of faulty

evidence, in that we may “validate” a false assertion. But if we accept this

principle, then we are interested in systems of veridical evidence: if we validate

an assertion, then that assertion must be true.2

2Systems of veridical evidence are perhaps quite appealing when it comes to mathematical
reasoning. But systems of faulty evidence are much more prevalent in everyday life; in fact,
a braver soul might even go so far as to assert (outside of a footnote) that all of the systems
of evidence we (humans) actually use are ultimately faulty, meaning they do not satisfy the
principle t :ϕ ⊃ ϕ. It is in the spirit of this braver soul that one might call for a new account
of the logical foundations of epistemology that posits systems of faulty evidence as the basis
for all epistemic and doxastic notions.
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Notice that the view of evidence thus far is essentially static: while there

may be various possibilities for the admissibility of evidence, the structure and

extent of these possibilities is fixed once and for all. In keeping with the spirit

of the first chapter of this work, we will develop systems of dynamic evidence.

But we will do this in two-phase process.

In the first phase, we extend our basic systems of evidence by introducing

nominals into the language. A nominal is a special term that we associate with

a particular formula by postulating that the nominal is always admissible for

its associated formula. So in the forthcoming nominaled theories of evidence,

while evidence admissibility may vary as we move from world to world, we

require that a nominal is always admissible for its associated formula. We

require the nominaled languages to have a nominal for each formula (so the

language names a term for each formula and is hence a nominaled language).3

This guarantees that each formula ϕ has a term tϕ such that tϕ is admissible for

ϕ; that is, tϕ � ϕ is always true. To simplify the notation (though perhaps

at the mild expense of potential confusion), we will simply admit formulas

as terms in the nominaled languages. Thus to refer to a formula ϕ as “the

nominal ϕ” means that we are referring to a use of ϕ in the context of a term.

This then allows us to write formulas such as ϕ � ϕ, which asserts that the

nominal ϕ is admissible for ϕ. All of this will be made precise later.

In second phase in our development of systems for dynamic evidence, we

will use the nominaled theories as the foundation for a notion of evidence

introduction. So to make sense of an evidence introduction assertion [t�+ϕ]ψ,

3Though this basic idea is not itself nominal, as those familiar with hybrid logic will
attest. (See, for example, the section on hybrid logic in [21].)
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which says that ψ is true after we introduce t as admissible for ϕ, we will alter ψ

by substituting t+ϕ for each occurrence of the term t in ψ. In general, the term

u+ v evidences all those things evidenced by u or by v, and since the nominal

ϕ necessarily evidences the formula ϕ, the aforementioned substitution in ψ

produces a new formula ψ′ where all of our evidence statements about t are

now evidence statements about t+ϕ, something which evidences those things

evidenced by t and those things evidenced by ϕ (including ϕ itself). So to

check whether [t�+ϕ]ψ is true, we simply check whether ψ′ is true according

to the notion of truth for the underlying nominaled theory. In this way we gain

an essentially dynamic notion of evidence, where evidence grows monotonically

over time.

At the end of the chapter, we will look at how we can add knowledge for a

finite number of agents for each of our systems of evidence (basic, nominaled,

and dynamic). Given an agent set A, we will extend each of the various

languages by adding formulas Kiϕ for each agent i ∈ A. Following the lead of

others [3, 5, 8, 9], we will then postulate for each i ∈ A the connection

�ϕ ⊃ Kiϕ

between evidence necessity and agent knowledge. This connection requires

agents to have knowledge about facts that are true no matter the possible

variations in evidence admissibility. Thus evidence comes from a single, trust-

worthy source common to every agent.4

4Yavorskaya considers systems that separate the evidence held by each of two agents into
two different sources [79]. Developing such systems of individualized dynamic evidence is
something we leave for future work.
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So let us begin our work by presenting the basic systems of evidence.

3.1 Basic Systems of Evidence

In this section, we examine the systems of evidence that are basic to this

dissertation. These systems all derive from Artemov’s work on the Logic of

Proofs (LP), which was created in part to solve Gödel’s long-standing question

concerning a provability semantics for the modal logic S4 [10]. With Fitting’s

discovery of a Kripke-style semantics for LP and the modal extensions of this

semantics due to Artemov and Nogina [8, 9], a new area of Justification Logic

arose. This area, whose focus is on epistemic matters, has seen much recent

activity [3, 4, 5, 6, 7, 30, 79]. What follows comes out of the latter line of

work.

We begin by introducing the syntax of our basic language for reasoning

about evidence.

3.1.1 Syntax

We first introduce the terms, which are syntactic objects that represent ab-

stract pieces of evidence.

Definition 3.1. The terms (of Justification Logic) are built by the following

grammar.

t ::= xk | ck | t1 · t2 | t1 + t2 | !t | ?t | �t

k ∈ N

The terms xk are called variables and the terms ck are called constants. For
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each n ∈ N, if t is a term, then we define the term !nt by the following induction.

!nt :=

 t if n = 0,

!(!n−1t) if n > 0.

We will the notation !nt later in formulating various axiomatic and model-

theoretic principles.

As we will see shortly, the structure of a term suggests the kind of reasoning

represented by that term. As an example, the term t+ s acts as evidence for

everything that evidenced by t or by s, so t+ s is an explicit description of a

reason obtained by a monotonic combination of the reason t and the reason s.

Given our definition for terms, we now introduce the following language of

Justification Logic.

Definition 3.2. The language of Justification Logic, written JL, is the exten-

sion of the language PL of propositional logic obtained by adding the following

rules of term and formula formation.

• A term is anything produced by the grammar in Definition 3.1.

• If t is a term and ϕ is a formula, then t :ϕ is also a formula.

• If t is a term and ϕ is a formula, then t� ϕ is also a formula.

• If ϕ is a formula, then �ϕ is also a formula.

It will sometimes be convenient to consider various fragments of the lan-

guage of Justification Logic.
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Definition 3.3. We define the following fragments of the language JL of Jus-

tification Logic.

• The boxless fragment is obtained by omitting the rule t 7→ �t of term

formation and the rule ϕ 7→ �ϕ of formula formation.

• The arrowless fragment is obtained by omitting the rule ϕ 7→ t � ϕ of

formula formation.

• The variable-free fragment is obtained by omitting for each k ∈ N the

rule t 7→ xk of term formation.

To apply a conjunction of the above adjectives to a formula or term means

that the formula or term in question is a member of the language fragment

given by that conjunction. Example: to say that a formula ϕ is variable-free

and arrowless means that ϕ is a formula in variable-free, arrowless fragment

of JL.

What follows is a list of informal readings for the formulas of Justification

Logic whose main connective is non-Boolean.

• �ϕ is read, “ϕ holds in all possible variations of evidence admissibility.”

• t� ϕ is read, “t is admissible for ϕ.”

• t :ϕ is read, “t verifies ϕ.”

Our reading of the formula �ϕ (“ϕ holds in all possible variations of evidence

admissibility”) already suggests that the language of Justification Logic is used

for reasoning about how pieces of evidence (represented by terms) may or may
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not be admissible for an assertion. The basic idea is that the evidence could

play out in a number of different ways—over here a piece of evidence t may be

admissible for ϕ while over there it is not—and thus correct reasoning amounts

to determining what can be inferred given these variations in admissibility.

Informally, we take the evidence admissibility assertion t � ϕ to mean

that t may be taken into account when considering the truth of ϕ, though t

does not necessarily validate the truth of ϕ. This is to be contrasted by the

assertion t :ϕ, which says that t is not only admissible for ϕ but t also validates

the truth of ϕ. The assertion t :ϕ is thus much stronger than the assertion

t� ϕ, though we will connect their meanings by imposing the scheme

t :ϕ ≡ (t� ϕ) ∧�ϕ .

Thus to say that t validates ϕ means that t is admissible for ϕ and ϕ is true

despite all possible variations in evidence admissibility.

Note that we will sometimes allow for the possibility that the statement

t :ϕ (“t validates ϕ”) is true while the assertion ϕ is itself false. Admitting such

a possibility allows us to model situations where a faulty system of evidence is

nonetheless considered error-free. Such situations may arise in practice out of

error (for example, we mistakenly think the processor performs floating-point

arithmetic correctly to its maximum allowable precision) or out of pragmatic

concerns (for example, we want to require each instance of litigation to have an

eventual and decisive end, so we simply accept that the trial court process in

general and in-trial evidence adjudication in particular is an imperfect mech-
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anism for truth-finding, though the mechanism presumably provides sufficient

safeguards to ensure a reasonable degree of fairness and correctness). While

the particular reasons for the existence of faulty systems of evidence can be

quite interesting in and of themselves, such matters will be of no concern to

us here. Our task will be to develop theories of evidence that postulate a

relatively wide variety of evidentiary principles, leaving to others the task of

determining which system (if any) is best suited for a particular application

in question.

3.1.2 Fitting Semantics

Fitting’s semantics for Justification Logic [29] and its multi-modal extensions

[8, 9] provide a Kripke-style definition of truth for the formulas of JL. The

Fitting semantics is obtained from Kripke’s semantics by the addition of an

evidence function, which specifies the worlds at which a given term t is admis-

sible for a given formula ϕ.

Definition 3.4. Let F = (W,R) be a frame for {�}, let L be a (possibly

trivial) fragment or extension of the language JL, and let T be the set of terms

in L. An evidence function (on F in language L) is a function E : T ×L → 2W

that maps each term t ∈ T and each formula ϕ ∈ L to a possibly empty set

E(t, ϕ) of worlds in F . The following is a list of schematic properties that may

be satisfied by an evidence function E on a frame F = (W,R) for {�}.

• Application: E(t1, ϕ1 ⊃ ϕ2) ∩ E(t2, ϕ1) ⊆ E(t1 · t2, ϕ2).

• Sum: E(t1, ϕ) ∪ E(t2, ϕ) ⊆ E(t1 + t2, ϕ).
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• Checker: E(t, ϕ) ⊆ E(!t, t :ϕ).

• Negative Checker: W\E(t, ϕ) ⊆ E
(
?t,¬(t :ϕ)

)
.

• Box: E(t, ϕ) ⊆ E(�t,�ϕ).

• Monotonicity: Γ ∈ E(t, ϕ) and ΓR�∆ together imply that ∆ ∈ E(t, ϕ).

• Non-Contradiction: E(t,⊥) = ∅.

• Constant Specification (by a set) S (of formulas in L): for each n ∈ N

and each (!nck :ϕ) ∈ S, we have E(!nck, ϕ) = W .

A Fitting model is obtained from a Kripke model by the addition of an

evidence function on the underlying frame.

Definition 3.5. Let A be an agent set and let L be a (possibly trivial) frag-

ment or extension of JL. A Fitting model (for A in language L) is a triple

(F,E, V ) consisting of a frame F for A, an evidence function E on F in lan-

guage L, and a valuation V on F . Terminology: if M = (F,E, V ) is a Fitting

model, then

• we say that F is the frame underlying M and that M is a Fitting model

based on F ;

• we say that (F, V ) is the Kripke model underlying M and that M is a

Fitting model based on (F, V ).

To say that Γ is a world in the Fitting model M = (F,E, V ), written Γ ∈M ,

means that Γ ∈ F . A pointed Fitting model (for A) is a pair (M,Γ) consisting

of a Fitting model M for A and a world Γ ∈M ; the point of (M,Γ) is Γ.
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For a conjunction C of adjectives describing properties of evidence func-

tions or properties of frames, the following definition says what it means to

apply C to a Fitting model.

Definition 3.6. Let C be a conjunction of adjectives describing properties

of evidence functions (such as those in Definition 3.4) and of binary relations

(such as those in Definition 1.2). Then to say that a Fitting model M =

(F,E, V ) satisfies C, where F = (W,R), means that the binary relations

given by R all satisfy each conjunct of C that is a property of binary relations

and the evidence function E satisfies each conjunct of C that is a property

of evidence functions. To say that a pointed Fitting model (M,Γ) satisfies C

means that M satisfies C. Note on usage: we may deviate from the phrase

M satisfies C, perhaps writing something like M is a C Fitting model, and

we hope that such deviations will not cause confusion to the reader. We may

have similar deviations in our usage with respect to pointed Fitting models.

We now define what it means for a formula of Justification Logic to be true

at a pointed Fitting model. This provides an interpretation for formulas in

the language of Justification Logic.

Definition 3.7 (Truth). Let M = ((W,R), V, E) be a Fitting model for {�}

and let Γ ∈ M be a world. For each formula ϕ ∈ JL, we have that ϕ is

either true at (M,Γ), written M,Γ |= ϕ, or else false at (M,Γ), written

M,Γ 6|= ϕ. Truth of a formula at a pointed Fitting model for {�} is defined

by the following induction on formula construction.

• M,Γ |= pk means that Γ ∈ V (pk).
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• M,Γ |= > and M,Γ 6|= ⊥.

• Boolean connectives are handled in the mathematical meta-language; for

example: M,Γ |= ϕ1 ⊃ ϕ2 means that M,Γ 6|= ϕ1 or M,Γ |= ϕ2.

• M,Γ |= �ϕ means that M,∆ |= ϕ for each ∆ ∈M with ΓR�∆.

• M,Γ |= t� ϕ means that Γ ∈ E(t, ϕ).

• M,Γ |= t :ϕ means that we have each of the following:

– M,∆ |= ϕ for each ∆ ∈M with ΓR�∆, and

– Γ ∈ E(t, ϕ).

We may find it convenient to conflate the tuples
(
(W,R), E, V

)
,
(
(W,R, V ), E

)
,

and (W,R,E, V ). With this said, our doing so ought not cause confusion.

Now that we have what it means for a JL-formula to be true at a pointed

Fitting model, we define various notions of formula validity.

Definition 3.8 (Validity). Let ϕ be a formula in the language of Justification

Logic, let M be a Fitting model for {�}, and let I be a set of Fitting models

for {�}.

• To say that ϕ is valid in M , written M |= ϕ, means that for each world

Γ ∈M , we have M,Γ |= ϕ.

• To say that ϕ is valid for I, written I |= ϕ, means that for each M ∈ I,

we have M |= ϕ.
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• To say that ϕ is valid, written |= ϕ, means that ϕ is valid for the set of

all Fitting models for {�}.

Finally, we define a property of (pointed) Fitting models that will come up

later.

Definition 3.9 (Pacuit-Rubtsova Property). Let M = (F,E, V ) be a Fitting

model for {�}. To say that M satisfies (the) Pacuit-Rubtsova (property)

means that for each term t and each formula ϕ, we have that Γ ∈ E(t, ϕ)

implies M,Γ |= t :ϕ.

In what follows, the Pacuit-Rubtsova property will generally come up in

its converse form: M,Γ |= ¬(t :ϕ) implies Γ /∈ E(t, ϕ).

3.1.3 Hilbert Theories

We now define a number of theories for the language JL. But we first need a

small piece of notation that will facilitate our specification of various axiomatic

and model-theoretic properties.

Notation 3.10. Let S be a set of formulas in a (possibly trivial) fragment or

extension of JL. For each n ∈
(
N∪{ω}

)
, we define the set Sn by the following

induction.

S0 :=
{
ck :ϕ | k ∈ N ∧ ϕ ∈ S

}
Sn+1 :=

{
!n+1ck : (!nck :ϕ) | k ∈ N ∧ (!nck :ϕ) ∈ Sn

}
Sω :=

⋃
k∈N Sk
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Our notation allows us to specify a few rules of inference that will be used

in formulating our basic theories of evidence.

Definition 3.11 (Rules of Inference). Using Notation 3.10, we define a few

rules of inference. Let S be a set of formulas in a (possibly trivial) fragment

or extension of JL.

• Modus Ponens: if both ϕ ⊃ ψ and ϕ are provable, then so is ψ.

• �-Necessitation: if ϕ is provable, then so is �ϕ.

• Constant Necessitation for S: for each ck :ϕ ∈ S0, we have that ck :ϕ is

provable.

• Iterated Constant Necessitation S: for each !nck :ϕ ∈ Sω, we have that

!nck :ϕ is provable.

Observe that the rules of Constant Necessitation and Iterated Constant

Necessitation each require as a parameter a set S of formulas in a (possibly

trivial) extension of JL. For each of our basic theories T of Justification Logic,

we will take S to be the set of all axioms of theory T ; in this case, the rule

of Constant Necessitation lets us conclude ck :ϕ for each constant ck and each

T -axiom ϕ, and the rule of Iterated Constant Necessitation lets us conclude

!nck : (!n−1ck : (!n−2ck : (· · · (!2ck : (!ck : (ck :ϕ))) · · · )))

for each n ∈ N, each constant ck, and each T -axiom ϕ.

We may now define our basic theories of Justification Logic.
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Definition 3.12. We define two families of theories.

• In Figure 3.1, we define the justification theories, whose names are all of

the form JX for a naming string X.

• In Figure 3.2, we define the evidence theories, whose names are all of the

form EX for a naming string X.

We use these figures to define these families as follows. Each family f corre-

sponds to a figure f ′ that lists a number of axiom schemes and rules of inference

that may be used to define a theory in family f . By fixing a particular family

f—which also fixes its corresponding figure f ′—and then choosing a naming

string X, a theory fX is defined in the following way.

• An axiom scheme s in figure f ′ is an axiom scheme of fX if and only if

the row of s satisfies the following: there is a check mark (“X”) in the

column labeled K or in a column whose label occurs in X.

• A rule of inference r in figure f ′ is a rule of inference of fX if and only

if the row of r satisfies the following: there is a check mark (“X”) in the

column labeled K or in a column whose label occurs in X.

We group the families together under one name: to say that a theory T is a

basic theory (of Justification Logic) means that T is a justification theory or an

evidence theory. For each basic theory T of Justification Logic, the language

of T is the fragment of JL obtained by omitting each of the following rules

of formula/term formation whose omission would still allow us to write the
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axiom schemes that axiomatize T :

ϕ 7→ �ϕ

ϕ 7→ t� ϕ

t 7→ !t

t 7→ ?t

t 7→ �t

Remark 3.13. A few remarks are in order.

• About (Iterated) Constant Necessitation.

If 4 occurs in X, then each of the theories JX and EX proves the scheme

t :ϕ ⊃ !t : (t :ϕ) and contains the rule of Constant Necessitation.5 It is

not difficult to see that such “4-theories” then have Iterated Constant

Necessitation as a derived rule. Accordingly, we adopt the convention

that the axiomatization of these “4-theories” does not include the rule

of Iterated Constant Necessitation, even though our check-mark scheme

in the respective figure may otherwise call to include Iterated Constant

Necessitation.

• The theory LP.

LP is the theory JT4. The reasons for this name are historical [10].

• Is the axiom �> redundant?

While it may seem harmless to remove the axiom scheme �> in the

axiomatization of EX (Figure 3.2), doing so would result in the failure

5See Figure 3.8 on page 132 for the proof that EX ` t :ϕ ⊃ !t : (t :ϕ).



122

Axiom Scheme K T D 4 5

Axiom schemes for classical propositional logic X X X X X

t : (ϕ ⊃ ψ) ⊃
(
s :ϕ ⊃ (t · s) :ψ

)
X X X X X

(t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ X X X X X

t :ϕ ⊃ ϕ X

¬(t :⊥) X

(t :ϕ) ⊃ !t : (t :ϕ) X

¬(t :ϕ) ⊃ ?t :¬(t :ϕ) X

Rule of Inference K T D 4 5
Modus Ponens X X X X X

Iterated Constant Necessitation for axioms of theory X X X X

Constant Necessitation for axioms of theory X

Figure 3.1. Definition of justification theories JX

of a forthcoming conservativity result (Theorem 3.31) that we would like

not to fail. So the nEX-axiom �> is not redundant.

Our definition above separated our theories into two groups: justification

theories and evidence theories. The justification theories are theories that

focus on the construct t :ϕ for a piece of evidence t validating the truth of

a formula ϕ. The evidence theories focus on the full language of JL, in that

they allow us to form statements t :ϕ of truth validation, statements of t� ϕ

evidence admissibility, and statements �ϕ of evidence necessity.

Consistency of our theories is proved by the method of forgetful projection

[10]. This method has us take a theorem ϕ of a basic theory of Justification
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Axiom Scheme K T D 4 5

Axiom schemes for classical propositional logic X X X X X

t� (ϕ ⊃ ψ) ⊃
(
s� ϕ ⊃ (t · s) � ψ

)
X X X X X

(t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ X X X X X

(t� ϕ) ⊃ �t� �ϕ X X X X X

¬(t� ⊥) X

(t� ϕ) ⊃ !t� (t :ϕ) X

¬(t� ϕ) ⊃ ?t :¬(t :ϕ) X

¬(t :ϕ) ⊃ ¬(t� ϕ) X

(t� ϕ) ⊃ �(t� ϕ) X

�ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
X X X X X

t :ϕ ⊃ �ϕ X X X X X

t :ϕ ⊃ t� ϕ X X X X X

�> X X X X X

�(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ) X X X X X

�ϕ ⊃ ϕ X

¬�⊥ X

�ϕ ⊃ ��ϕ X

¬�ϕ ⊃ �¬�ϕ X

Rule of Inference K T D 4 5
Modus Ponens X X X X X

Iterated Constant Necessitation for axioms of theory X X X X

Constant Necessitation for axioms of theory X

�-Necessitation X X X X X

Figure 3.2. Definition of evidence theories EX
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p† := p, for each atom p

(ϕ ⊃ ψ)† := ϕ† ⊃ ψ†

(�ϕ)† := �ϕ†

(t :ϕ)† := �ϕ†

(t� ϕ)† := �ϕ†

Figure 3.3. Definition of a function † : JL → QML

Logic and then replace terms by unary modals, thereby mapping the theorem

ϕ to a theorem of a modal logic whose consistency is already known.

Theorem 3.14 (Consistency of basic theories). Let X be a naming string

and let † : JL → QML be defined as in Figure 3.3. We then have each of the

following.

• JX ` ϕ implies QX ` ϕ†.

• EX ` ϕ implies QX ` ϕ†.

It thus follows from the consistency of QX (Theorem 1.22) that each of JX

and EX is consistent.

Proof. By induction on the length of derivations in each of JX and EX. Since

these theories have many overlapping axioms and rules, we dovetail these in-

ductions into a single induction. In the base case of this induction, we must

show that for each axiom ϕ of a basic theory sX of Justification Logic with

s ∈ {J,E}, we have that QX ` ϕ†.

• The sX-axiom χ is an instance of an axiom scheme of classical proposi-

tional logic.
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It follows immediately that QX ` χ†.

• t� (ϕ ⊃ ψ) ⊃ (s� ϕ ⊃ (t · s) � ψ) is an axiom of sX.

The image of this axiom under † is �(ϕ† ⊃ ψ†) ⊃ (�ϕ† ⊃ �ψ†) which

is an axiom of QX.

• (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ is an axiom of sX.

The image of this axiom under † is �ϕ†∨�ϕ† ⊃ �ϕ†, which is a theorem

of classical propositional logic and hence a theorem of QX.

• (t� ϕ) ⊃ �t� �ϕ is an axiom of sX.

The image of this axiom under † is �ϕ† ⊃ ��ϕ†, which is a theorem of

QX.

• ¬(t� ⊥) is an axiom of sX.

Thus D occurs in X. The image of this axiom under † is ¬�⊥, which is

an axiom of QX because D occurs in X.

• (t� ϕ) ⊃ !t� (t :ϕ) is an axiom of sX.

Thus 4 occurs in X. The image of this axiom under † is �ϕ† ⊃ ��ϕ†,

which is an axiom of QX because 4 occurs in X.

• ¬(t� ϕ) ⊃ ?t :¬(t :ϕ) is an axiom of sX.

Thus 5 occurs in X. The image of this axiom under † is ¬�ϕ† ⊃ �¬�ϕ†.
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Since 5 occurs in X, we have

QX ` ¬�ϕ† ⊃ ¬�ϕ†

QX ` ¬�ϕ† ⊃ �¬�ϕ†

and thus ¬�ϕ† ⊃ �¬�ϕ† is a theorem of QX.

• ¬(t :ϕ) ⊃ ¬(t� ϕ) is an axiom of sX.

Thus 5 occurs in X. The image of this axiom under † is ¬�ϕ† ⊃ ¬�ϕ†,

which is a theorem of QX because 5 is in X and so �ϕ† ⊃ �ϕ† is a

theorem of QX.

• t : (ϕ ⊃ ψ) ⊃ (s :ϕ ⊃ (t · s) :ψ) is an axiom of sX.

The image of this axiom under † is �(ϕ† ⊃ ψ†) ⊃ (�ϕ† ⊃ �ψ†), which

is an axiom of QX.

• (t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ is an axiom of sX.

The image of this axiom under † is �ϕ†∨�ϕ† ⊃ �ϕ†, which is a theorem

of classical propositional logic and hence a theorem of QX.

• t :ϕ ⊃ ϕ is an axiom of sX.

Thus T occurs in X. The image of this axiom under † is �ϕ† ⊃ ϕ†,

which is an axiom of QX because T occurs in X.

• ¬(t :⊥) is an axiom of sX.

Thus D occurs in X. The image of this axiom under † is ¬�⊥, which is

an axiom of QX because D occurs in X.
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• (t :ϕ) ⊃ !t : (t :ϕ) is an axiom of sX.

Thus 4 occurs in X. The image of this axiom under † is �ϕ† ⊃ ��ϕ†,

which is an axiom of QX because 4 occurs in X.

• ¬(t :ϕ) ⊃ ?t :¬(t :ϕ) is an axiom of sX.

Thus 5 occurs in X. The image of this axiom under † is ¬�ϕ† ⊃ �¬�ϕ†,

which is an axiom of QX because 5 occurs in X.

• (t� ϕ) ⊃ �(t� ϕ) is an axiom of sX.

Thus 4 occurs in X. The image of this axiom under † is �ϕ† ⊃ ��ϕ†,

which is a QX-theorem by the fact that 4 occurs in X.

• �ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
is an axiom of sX.

The image of this axiom under † is �ϕ ⊃ (�ϕ† ⊃ �ϕ†), which is an

axiom of QX.

• t :ϕ ⊃ �ϕ is an axiom of sX.

The image of this axiom under † is �ϕ† ⊃ �ϕ†, which is an axiom of

QX.

• t :ϕ ⊃ t� ϕ is an axiom of sX.

The image of this axiom under † is �ϕ† ⊃ �ϕ†, which is an axiom of

QX.

• We have each of the following.

– QX ` (�>)†
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– QX `
(
�(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ)

)†
– If T occurs in X, then QX `

(
�ϕ ⊃ ϕ

)†
.

– If D occurs in X, then QX `
(
¬�⊥

)†
.

– If 4 occurs in X, then QX `
(
�ϕ ⊃ ��ϕ

)†
.

– If 5 occurs in X, then QX `
(
¬�ϕ ⊃ �¬�ϕ

)†
.

Verifying each of the above items is straightforward.

Now for the induction step, where we show that if an sX-theorem is derived

using a rule of inference of sX with the result already known for the assump-

tions of the rule, then the result also holds for the formula derived by the rule.

We consider each rule of inference in turn.

• The sX-theorem ϕ is derived by Modus Ponens from the sX-theorems

ψ ⊃ ϕ and ψ.

By the induction hypothesis, we have that QX ` ψ† ⊃ ϕ† and QX ` ψ†.

It follows that QX ` ϕ†.

• The sX-theorem ϕ is derived by Iterated Constant Necessitation of an

axiom ψ of sX.

Thus ϕ is of the form

!nc : (!n−1c : (!n−2c : (· · · (!2c : (!c : (c :ψ))) · · · )))

for an axiom ψ of sX, a constant c, and a non-negative integer n ∈ N.

We have already shown that QX ` ψ†. Applying �-Necessitation n+ 1

times, we then have that QX ` �n+1ψ†, as desired.
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• The sX-theorem ϕ is derived by Constant Necessitation of an axiom of

sX.

The result follows by our argument in the previous item.

• The sX-theorem �ϕ is derived by �-Necessitation of the sX-theorem

ϕ.

By the induction hypothesis, we have that QX ` ϕ†. It follows that

QX ` �ϕ† by �-Necessitation.

We now prove that the basic theories have the following extensional rela-

tionships.

Theorem 3.15 (Extensions). Let X be a naming string.

• LetX ′ be a substring ofX, meaning there is an order-preserving injection

between the symbols in X ′ and the symbols in X. Then we have each

of the following.

– JX is an extension of JX ′.

– EX is an extension of EX ′.

• EX is an extension of both JX and KX. (Note: KX is just the named

theory of modal logic with unary modal �.)

Proof. For X ′ a substring of X, it follows from the definition of the basic

theories that sX is an extension of sX ′ for each s ∈ {J,E}. It is likewise

obvious that EX is an extension of KX (see Figure 3.2). So what remains is

for us to prove that EX is an extension of JX. To prove this it is sufficient for
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1. t : (ϕ ⊃ ψ) ⊃
(
t� (ϕ ⊃ ψ)

)
E-axiom

2. t : (ϕ ⊃ ψ) ⊃ �(ϕ ⊃ ψ) E-axiom
3. s :ϕ ⊃ (s� ϕ) E-axiom
4. s :ϕ ⊃ �ϕ E-axiom
5. t� (ϕ ⊃ ψ) ⊃ (s� ϕ ⊃ (t · s) � ψ) E-axiom
6. �(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ) E-axiom
7. �ψ ⊃

(
(t · s) � ψ ⊃ (t · s) :ψ

)
E-axiom

8. t : (ϕ ⊃ ψ) ⊃ (s :ϕ ⊃ (t · s) :ψ) 1–7

Figure 3.4. Proof that E ` t : (ϕ ⊃ ψ) ⊃ (s :ϕ ⊃ (t · s) :ψ)

1. t :ϕ ⊃ t� ϕ E-axiom
2. t :ϕ ⊃ �ϕ E-axiom
3. s :ϕ ⊃ s� ϕ E-axiom
4. s :ϕ ⊃ �ϕ E-axiom
5. (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ E-axiom
6. �ϕ ⊃

(
(t+ s) � ϕ ⊃ (t+ s) :ϕ

)
E-axiom

7. (t :ϕ) ⊃ (t+ s) :ϕ 1, 2, 5, 6
8. (s :ϕ) ⊃ (t+ s) :ϕ 3, 4, 5, 6
9. (t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ 7, 8

Figure 3.5. Proof that E ` (t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ

us to verify that for each scheme s that is used to axiomatize JX but is not

also used to axiomatize EX, we have that s is EX-provable (see Figures 3.1

and 3.2). We consider each scheme in turn. Note that we will omit classical

propositional reasoning steps.

• E ` t : (ϕ ⊃ ψ) ⊃ (s :ϕ ⊃ (t · s) :ψ) by Figure 3.4.

• E ` (t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ by Figure 3.5.

• ET ` t :ϕ ⊃ ϕ by Figure 3.6.
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1. t :ϕ ⊃ �ϕ E-axiom
2. �ϕ ⊃ ϕ ET-axiom
3. t :ϕ ⊃ ϕ 1, 2

Figure 3.6. Proof that ET ` t :ϕ ⊃ ϕ

1. ¬�⊥ ED-axiom
2. t :⊥ ⊃ �⊥ E-axiom
3. ¬(t :⊥) 1, 2

Figure 3.7. Proof that ED ` ¬(t :⊥)

• ED ` ¬(t :⊥) by Figure 3.7.

• E4 ` (t :ϕ) ⊃ !t : (t :ϕ) by Figure 3.8.

• E5 ` ¬(t :ϕ) ⊃ ?t :¬(t :ϕ) by Figure 3.9.

The basic theories all satisfy Artemov’s Internalization Theorem, which

makes formal sense of our reading of t :ϕ as “t verifies (the truth of) ϕ.”

Theorem 3.16 (Artemov’s Internalization Theorem [10]). Let T be a basic

theory of Justification Logic. Then for each T -theorem ϕ, there is a variable-

free term t such that t :ϕ is also a T -theorem.

Proof. We prove by induction on the length of the derivation of a T -theorem

ϕ that there is a variable-free term t such that t :ϕ is also a T -theorem.

• ϕ is an axiom of T .

It follows by (Iterated) Constant Necessitation that ck :ϕ is a T -theorem.
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1. t :ϕ ⊃ t� ϕ E-axiom
2. (t� ϕ) ⊃ !t� (t :ϕ) E4-axiom
3. t :ϕ ⊃ !t� (t :ϕ) 1, 2
4. t :ϕ ⊃ �ϕ E-axiom
5. �ϕ ⊃ ��ϕ E4-axiom
6. t :ϕ ⊃ ��ϕ 4, 5
7. (t� ϕ) ⊃ �(t� ϕ) E4-axiom
8. t :ϕ ⊃ �(t� ϕ) 1, 7
9. �ϕ ⊃

(
(t� ϕ) ⊃ t :ϕ

)
E-axiom

10. ��ϕ ⊃
(
�(t� ϕ) ⊃ �(t :ϕ)

)
9, K

11. t :ϕ ⊃ �(t :ϕ) 6, 8, 10
12. �(t :ϕ) ⊃

(
!t� (t :ϕ) ⊃ !t : (t :ϕ)

)
E-axiom

13. t :ϕ ⊃ !t : (t :ϕ) 3, 11, 12

Note: “K” refers to reasoning in the modal theory K.

Figure 3.8. Proof that E4 ` (t :ϕ) ⊃ !t : (t :ϕ)

1. ¬(t :ϕ) ⊃ ¬(t� ϕ) E5-axiom
2. ¬(t� ϕ) ⊃ ?t :¬(t :ϕ) E5-axiom
3. ¬(t :ϕ) ⊃ ?t :¬(t :ϕ) 1, 2

Figure 3.9. Proof that E5 ` ¬(t :ϕ) ⊃ ?t :¬(t :ϕ)
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• ϕ follows from the T -theorems ψ ⊃ ϕ and ψ by Modus Ponens.

By the induction hypothesis, there are variable-free terms t and s such

that t : (ψ ⊃ ϕ) and s :ψ are T -theorems. It follows from Theorem 3.15

that (t · s) :ϕ is also a T -theorem.

• �ϕ follows from the T -theorem ϕ by �-Necessitation.

In this case, our theory T is a theory EX. By the induction hypothesis,

there is a variable-free term t such that t :ϕ is a EX-theorem. Applying

the EX-axioms t :ϕ ⊃ t � ϕ and (t � ϕ) ⊃ �t � �ϕ, we have that

�t � �ϕ is an EX-theorem. Finally, observe that by two applications

of �-Necessitation to the EX-theorem ϕ, we derive ��ϕ. Since each of

��ϕ and �t� �ϕ are EX-theorems, we apply the EX-axiom ��ϕ ⊃(
�t� �ϕ ⊃ �t :�ϕ

)
to derive the EX-theorem �t :�ϕ.

• ck :ϕ follows by Constant Necessitation of the T -axiom ϕ.

In this case, the scheme t :ϕ ⊃ !t : (t :ϕ) is provable in our theory T . We

thus have that !ck : (ck :ϕ) is a T -theorem.

• !nck :ϕ follows by Iterated Constant Necessitation.

It follows again from Iterated Constant Necessitation that !n+1ck : (!nck :ϕ)

is a T -theorem.

In the next definition, we say what it means for a Fitting model to be for

a basic theory T of Justification Logic. This definition allows us to pick out

those Fitting models that respect the axiomatics of T . It will then be our task
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to prove soundness and completeness of the theory T with respect to the set

of Fitting models for T .

Definition 3.17 (Fitting models for basic theories). Let T be a basic theory

of Justification Logic and let M be a Fitting model for {�}. To say that (the)

Fitting model M is for T means that M satisfies certain properties, with the

properties given by the particular theory T . We will specify these properties

in the same way that we defined the basic theories in Definition 3.12.

• If T is a justification theory JX, then to say that M is for T means that

M satisfies the properties specified by Figure 3.10.

• If T is an evidence theory EX, then to say that M is for T means that

M satisfies the properties specified by Figure 3.11.

While we have defined what it means to say that a Fitting model is for

a basic theory T (Definition 3.17), we have not yet shown that each of the

theories T in fact has a Fitting model M that satisfies the property of being

a Fitting model for T . The following lemma addresses this issue.

Lemma 3.18 (Existence of Fitting models for basic theories). Let X be a

naming string, let F = (W,R) be a frame for {�}, and let M = (F, V ) be

a Kripke model for KX (by which we mean that (F, V ) satisfies each of the

frame conditions in Figure 3.11 whose row contains a check mark [“X”] in a

column whose label occurs in X). Then there is an evidence function E such

that (F,E, V ) is a Fitting model for each of JX and EX.
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Evidence Function Condition K T D 4 5

Application X X X X X

Sum X X X X X

Constant Specification Aω X X X X

Non-Contradiction X

Constant Specification A0 X

Checker X

Monotonicity X

Negative Checker X

Pacuit-Rubtsova X

(A is the set of axioms of the theory)

Frame Condition K T D 4 5
Reflexive X

Transitive X

Figure 3.10. Fitting model conditions for theories JX
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Evidence Function Condition K T D 4 5

Application X X X X X

Sum X X X X X

Box X X X X X

Constant Specification Aω X X X X

Non-Contradiction X

Constant Specification A0 X

Checker X

Monotonicity X

Negative Checker X

Pacuit-Rubtsova X

(A is the set of axioms of the theory)

Frame Condition K T D 4 5
Reflexive X

Serial X

Transitive X

Euclidean X

Figure 3.11. Fitting model conditions for theories EX
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Proof. We extend or redefine R, whichever is appropriate, so that R� := ∅,

R� := R+
�, and R� := R+

� (recall that R+
� is the transitive closure of R�). In

this way, we have that M is a Kripke model for {�,�,�,�}. We now argue

that M is also a Kripke model for QX (see Definition 1.23 and Figure 1.2).

• M satisfies �-Triviality.

By definition, we have that R� = ∅.

• M satisfies �-is-��.

We have that R� = R+
� = R+

� ∪R� = R� ∪R�.

• M satisfies ��-Implies-�.

Suppose that ΓR�∆ and ∆R�Ω. This means that ΓR+
�∆ and and

∆R�Ω. It follows that ΓR+
�Ω. Hence ΓR�Ω.

• If T occurs in X, then M satisfies ��-Reflexivity.

This follows from the fact that R� is reflexive in case T occurs in X.

• If D occurs in X, then M satisfies ���-Seriality.

This follows from the fact that R� is serial in case D occurs in X.

• If 4 occurs in X, then M satisfies ��-Implies-�, ��-Implies-�, and

���-Transitivity.

���-Transitivity follows from the fact that R� is transitive in case 4

occurs in X.

To see that M satisfies ��-Implies-�, suppose that ΓR�∆ and ∆R�Ω.

This means that ΓR+
�∆ and ∆R+

�Ω, from which it follows that ΓR+
�Ω.
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Thus ΓR�Ω. That M satisfies ��-Implies-� follows by a similar argu-

ment.

• If 5 occurs in X, then M satisfies �-Implies-� and ���-Euclideanness.

���-Euclideanness follows from the fact that R� is euclidean in case 5

occurs in X.

That M satisfies �-Implies-� follows from the fact that R+
� = R� = R�.

So M is indeed a Kripke model for QX. We now define an evidence function

E on F as follows. For each formula t� ϕ in the language of JL, we set

E(t, ϕ) :=
{

Γ ∈M : M,Γ |= (t� ϕ)†
}
.

Recall that the function † : JL → QML is defined in Figure 3.3. It is now our

task to show that (F,E, V ) is a Fitting model for each of JX and EX. To do

this, we must verify that (F,E, V ) satisfies the various properties that arise

according to Figures 3.10 and 3.11 depending on the particular form of the

naming string X. We consider each property in turn.

• (F,E, V ) satisfies Application.

Suppose Γ ∈ E(t, ϕ ⊃ ψ) ∩ E(s, ϕ) . This means that

M,Γ |=
(
t� (ϕ ⊃ ψ)

)† ∧ (s� ϕ)† .

It follows that Γ ∈ E(t · s, ψ) by the QX-axiom �(ϕ† ⊃ ψ†) ⊃ (�ϕ† ⊃

�ψ†), the soundness of QX (Theorem 1.24), and the fact that M is a

model for QX.
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• (F,E, V ) satisfies Sum.

If Γ ∈ E(t, ϕ) ∪ E(s, ϕ), then M,Γ |= �ϕ† and thus Γ ∈ E(t+ s, ϕ).

• (F,E, V ) satisfies Box.

Suppose that Γ ∈ E(t, ϕ). This implies that M,Γ |= �ϕ† and thus

M,Γ |= ��ϕ† by the QX-theorem �ϕ† ⊃ ��ϕ†, the soundness of

QX (Theorem 1.24), and the fact that M is a model for QX. Hence

Γ ∈ E(�t,�ϕ).

• (F,E, V ) satisfies Constant Specification Aω, where A is the set of JL-

formulas that are an axiom of JX or EX.

It follows by the consistency of basic theories (Theorem 3.14) that QX `

ϕ† for each formula ϕ ∈ JL that is an axiom of JX or EX. Apply-

ing �-Necessitation n times for a given n ∈ N and then applying �-

Necessitation, we have that QX ` ��nϕ†. Thus M |= ��nϕ† for an

arbitrary n ∈ N by the soundness of QX (Theorem 1.24) and the fact

that M is a model for QX. The result follows.

• If D occurs in X, then (F,E, V ) satisfies Non-Contradiction.

If D occurs in X, then QX ` ¬�⊥ and thus M |= ¬�⊥ by the soundness

of QX (Theorem 1.24) and the fact that M is a model for QX. It follows

that E(t,⊥) = ∅ for each term t.

• If 4 occurs inX, then (F,E, V ) satisfies Constant SpecificationA0, where

A is the set of JL-formulas that are an axiom of JX or EX.
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(F,E, V ) satisfies Constant Specification Aω and A0 ⊆ Aω, so (F,E, V )

also satisfies Constant Specification A0.

• If 4 occurs in X, then (F,E, V ) satisfies Checker.

Suppose Γ ∈ E(t, ϕ). This means that M,Γ |= �ϕ†. Since 4 occurs in

X, we have that QX ` �ϕ† ⊃ ��ϕ† and thus M,Γ |= ��ϕ† by the

soundness of QX (Theorem 1.24) and the fact that M is a model for

QX. Hence Γ ∈ E(t, t :ϕ).

• If 4 occurs in X, then (F,E, V ) satisfies Monotonicity.

Suppose Γ ∈ E(t, ϕ) and ΓR�∆. We then have that M,Γ |= �ϕ† by

the definition of E. Since 4 occurs in X, we have that �ϕ† ⊃ ��ϕ†

is a theorem of QX and is hence valid in M by the soundness of QX

(Theorem 1.24) and the fact that M is a model for QX. Thus M,∆ |=

�ϕ†, which is what it means to have ∆ ∈ E(t, ϕ).

• If 5 occurs in X, then (F,E, V ) satisfies Negative Checker.

Suppose that Γ /∈ E(t, ϕ) and thus that M,Γ |= ¬�ϕ†. Since 5 occurs

in X, we have that ¬�ϕ† ⊃ �¬�ϕ† is a QX-theorem. It then follows

by the soundness of QX (Theorem 1.24) and the fact that M is a model

for QX that we have M,Γ |= �¬�ϕ† and hence Γ ∈ E
(
?t,¬(t :ϕ)

)
.

• If 5 occurs in X, then (F,E, V ) satisfies Pacuit-Rubtsova.

We first show that for each formula ψ ∈ JL and each Ω ∈ M , we have

that

(F,E, V ),Ω |= ψ implies M,Ω |= ψ† .



141

The proof is by induction on the construction of JL-formulas. The base

and Boolean inductive cases of this induction are straightforward, so we

restrict our attention to the non-Boolean inductive cases.

– Case: (F,E, V ),Ω |= �ψ.

This statement means that (F,E, V ),Ω′ |= ψ for each Ω′ ∈ M

satisfying ΩR�Ω′. Applying the induction hypothesis we have that

M,Ω′ |= ψ† for each Ω′ ∈ M satisfying ΩR�Ω′. But the latter is

what it means to have M,Ω |= �ψ†.

– Case: (F,E, V ),Ω |= t� ψ.

This statement means that Ω ∈ E(t, ψ). By the definition of E, the

latter means that M,Ω |= (t� ψ)†.

– Case: (F,E, V ),Ω |= t :ψ.

This statement implies that (F,E, V ),Ω |= �ψ and (F,E, V ),Ω |=

t � ψ. Applying the last two cases, it follows that M,Ω |= (�ψ ∧

t� ψ)†. Since (�ψ∧ t� ψ)† = �ψ†∧�ψ†, it follows that M,Ω |=

�ψ† by the QX-theorem �ψ† ⊃ (�ψ† ⊃ �ψ†), the soundness of

QX (Theorem 1.24), and the fact that M is a model for QX. Thus

M,Ω |= (t :ψ)†, as desired.

Now to see that (F,E, V ) satisfies Pacuit-Rubtsova, assume

(F,E, V ),Γ |= ¬(t :ϕ) .

Applying what we showed above, we then have that M,Γ |= ¬�ϕ†.
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Since 5 occurs in X, we have that QX ` ¬�ϕ† ⊃ ¬�ϕ†. Applying the

soundness of QX (Theorem 1.24) and the fact that M is a model for

QX, we then have that M,Γ |= ¬�ϕ†. This implies Γ /∈ E(t, ϕ) by the

definition of E.

• If T occurs in X, then (F,E, V ) is reflexive.

This follows from the fact that M is a Kripke model for KX, and so R�

is reflexive whenever T occurs in X.

• If D occurs in X, then (F,E, V ) is serial.

This follows from the fact that M is a Kripke model for KX, and so R�

is serial whenever D occurs in X.

• If 4 occurs in X, then (F,E, V ) is transitive.

This follows from the fact that M is a Kripke model for KX, and so R�

is transitive whenever 4 occurs in X.

• If 5 occurs in X, then (F,E, V ) is euclidean.

This follows from the fact that M is a Kripke model for KX, and so R�

is euclidean whenever 5 occurs in X.

We conclude that (F,E, V ) is indeed a Fitting model for each of JX and

EX.

The following soundness theorem extends known soundness results for the

justification theories JX [10, 22, 29, 47, 55] by adding soundness for the evi-

dence theories EX.
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Theorem 3.19 (Soundness of basic theories). Let T be a basic theory of

Justification Logic and ϕ be a formula in the language of T . If ϕ is a T -

theorem, then ϕ is valid in every Fitting model for T .

Proof. By induction on the length of a derivation of a T -theorem, with T one

of JX or EX for a naming string X. In the base case of this induction, we must

verify that each T -axiom is valid in every Fitting model for T . So given an

arbitrary Fitting model M for T , we consider each T -axiom in turn, showing

that a given axiom is valid in M . Let us proceed.

• M |= χ for each instance χ of an axiom scheme of classical propositional

logic (in the language of T ).

This validity follows from the definition of truth (Definition 3.7).

• If T is EX, then M |= t� (ϕ ⊃ ψ) ⊃
(
(s� ϕ) ⊃ (t · s) � ψ

)
This validity holds if M satisfies Application. But since M is a Fitting

model for T (see Definition 3.17 and Figure 3.11), it follows that M

satisfies Application.

• If T is EX, then M |= (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ

This validity holds if M satisfies Sum. But since M is a Fitting model

for T (see Definition 3.17 and Figure 3.11), it follows that M satisfies

Sum.

• If T is nEX and 4 does not occur in X, then M |= (t� ϕ) ⊃ �t� �ϕ.

This validity holds if M satisfies Box. But since M is a Fitting model

for nEX and 4 does not occur in X (see Definition 3.17 and Figure 3.11),
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it follows that M satisfies Box.

• If T is EX and D occurs in X, then M |= ¬(t� ϕ).

This validity holds if M satisfies Non-Contradiction. But since M is a

Fitting model for T (see Definition 3.17 and Figure 3.11), it follows that

M satisfies Non-Contradiction.

• If T is EX and 4 occurs in X, then M |= (t� ϕ) ⊃ !t� (t :ϕ).

This validity holds if M satisfies Checker. But since M is a Fitting model

for T and 4 occurs in X (see Definition 3.17 and Figure 3.11), it follows

that M satisfies Checker.

• If T is EX and 5 occurs in X, then M |= ¬(t� ϕ) ⊃ ?t :¬(t :ϕ).

This validity holds if M satisfies Negative Checker and Pacuit-Rubtsova.

But since M is a Fitting model for T and 5 occurs in X (see Defini-

tion 3.17 and Figure 3.11), it follows that M satisfies Negative Checker

and Pacuit-Rubtsova.

• If T is EX and 5 occurs in X, then M |= ¬(t :ϕ) ⊃ ¬(t� ϕ).

This validity holds if M satisfies Pacuit-Rubtsova. But since M is a

Fitting model for T (see Definition 3.17 and Figure 3.11), it follows that

M satisfies Pacuit-Rubtsova.

• If T is JX, then M |= t : (ϕ ⊃ ψ) ⊃
(
s :ϕ ⊃ (t · s) :ψ

)
This validity holds if M satisfies Application. But since M is a Fitting

model for T (see Definition 3.17 and Figure 3.10), it follows that M

satisfies Application.
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• If T is JX, then M |= (t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ

This validity holds if M satisfies Sum. But since M is a Fitting model

for T (see Definition 3.17 and Figure 3.10), it follows that M satisfies

Sum.

• If T is JX and T occurs in X, then M |= t :ϕ ⊃ ϕ.

This validity holds if M is reflexive. But since M is a Fitting model for

T and T occurs in X (see Definition 3.17 and Figure 3.10), it follows

that M is reflexive.

• If T is JX and D occurs in X, then M |= ¬(t :⊥).

This validity holds if M satisfies Non-Contradiction. But since M is a

Fitting model for T and D occurs in X (see Definition 3.17 and Fig-

ure 3.10), it follows that M satisfies Non-Contradiction.

• If T is JX and 4 occurs in X, then M |= t :ϕ ⊃ !t : (t :ϕ).

This validity holds if M satisfies Checker, Monotonicity, and transitiv-

ity. But since M is a Fitting model for T and 4 occurs in X (see

Definition 3.17 and Figure 3.10), it follows that M satisfies Checker,

Monotonicity, and transitivity.

• If T is JX and 5 occurs in X, then M |= ¬(t :ϕ) ⊃ ?t :¬(t :ϕ).

This validity holds if M satisfies Negative Checker and Pacuit-Rubtsova.

But since M is a Fitting model for T and 5 occurs in X (see Defini-

tion 3.17 and Figure 3.10), it follows that M satisfies Negative Checker

and Pacuit-Rubtsova.
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• If T is EX and 4 occurs in X, then M |= (t� ϕ) ⊃ �(t� ϕ).

This validity holds if M satisfies Monotonicity. But since M is a Fitting

model for EX and 4 occurs in X (see Definition 3.17 and Figure 3.11),

it follows that M satisfies Monotonicity.

• If T is EX, then M |= �ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

This validity follows from the definition of truth (Definition 3.7).

• If T is nEX, then M |= t :ϕ ⊃ �ϕ.

This validity follows from the definition of truth (Definition 3.7).

• If T is nEX, then M |= t :ϕ ⊃ t� ϕ

This validity follows from the definition of truth (Definition 3.7).

• If T is EX, then we have each of the following.

– M |= �>.

– M |= �(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ)

– If T occurs in X, then M |= �ϕ ⊃ ϕ.

– If D occurs in X, then M |= ¬�⊥.

– If 4 occurs in X, then M |= �ϕ ⊃ ��ϕ.

– If 5 occurs in X, then M |= ¬�ϕ ⊃ �¬�ϕ.

The verification of the above items follows from the fact that M is a Fit-

ting model for EX (see Definition 3.17 and Figure 3.11) by the standard

modal arguments [21].
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So we have shown that each T -axiom is valid in an arbitrary Fitting model M

for T . For the induction step, we are to show that for each rule of inference r for

T , if we are provided with T -theorems of the proper form for the hypotheses of

r that are themselves valid in every Fitting model for M , then the T -theorem

given by the conclusion of r with these hypotheses is also valid in every Fitting

model for T . Letting M =
(
(W,R), E, V

)
be an arbitrary Fitting model for

T , we examine each rule of inference for T in turn.

• Modus Ponens: M |= ϕ ⊃ ψ and M |= ϕ together imply that M |= ψ.

This follows by the definition of truth (Definition 3.7).

• Iterated Constant Necessitation for the set A of T -axioms: if 4 does not

occur in X, then M |= !nck :ϕ for each !nck :ϕ ∈ Aω.

Since M is a Fitting model for T and 4 does not occur in X (see Defini-

tion 3.17 and Figures 3.10 and 3.11), we have that M satisfies Constant

Specification Aω. We now argue by induction on the number of occur-

rences of the colon symbol (“:”) in a formula ϕ ∈ Aω that M |= ϕ. In

the base case of this induction, there is one occurrence of the colon sym-

bol in ϕ, and thus ϕ is of the form ck :ψ for some T -axiom ψ. But we

already argued that M |= ψ. Since M satisfies Constant Specification

Aω, we have that E(ck, ψ) = W , and thus M |= ck :ψ. For the induction

step, we prove that if (!nck :ϕ) ∈ Aω and M |= !nck :ϕ, then we have

M |= !n+1ck : (!nck :ϕ). So assume that (!nck :ϕ) ∈ Aω and M |= !nck :ϕ.

Since (!nck :ϕ) ∈ Aω, it follows from the fact that M satisfies Constant

Specification Aω that we have E(!n+1ck, !
nck :ϕ) = W . But then it fol-
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lows from our assumption M |= !nck :ϕ that M |= !n+1ck : (!nck :ϕ), as

desired. We have thus shown that M |= ϕ for each ϕ ∈ Aω.

• Constant Necessitation for the set A of T -axioms: if 4 does occur in X,

then M |= ck :ϕ for each ck :ϕ ∈ A0.

Since M is a Fitting model for T and 4 occurs in X (see Definition 3.17

and Figures 3.10 and 3.11), we have that M satisfies Constant Specifi-

cation A0. Thus for each T -axiom ϕ, we have that E(ck, ϕ) = W . Since

we have already shown that M |= ϕ, it follows that M |= ck :ϕ.

• �-Necessitation: if T is nEX and M |= ϕ, then M |= �ϕ.

This follows from the definition of truth (Definition 3.7).

We conclude that each T -theorem is valid in every Fitting model for T .

Completeness of basic theories is by way of a canonical model argument.

So let us define the canonical Fitting model for basic theories.

Definition 3.20 (Canonical structures for basic theories). For each basic the-

ory T of Justification Logic, we define a tuple MT :=
(
(W T , RT ), ET , V T

)
for

our theories JX and EX for each naming string X.

• M JX is defined as follows.

– W JX is the set of all maximal JX-consistent sets.

– RJX
� :=

{
(Γ,∆) ∈ W JX ×W JX : (∀t)(∀ϕ)(t :ϕ ∈ Γ ⇒ ϕ ∈ ∆)

}
– EJX(t, ϕ) :=

{
Γ ∈ W JX : ¬(t :ϕ) /∈ Γ

}
– V JX(pk) := {Γ ∈ W JX : pk ∈ Γ} for each k ∈ N
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The definition of M JX is due to Fitting [29].

• MEX is defined as follows.

– W EX is the set of all maximal EX-consistent sets.

– REX
� :=

{
(Γ,∆) ∈ W EX ×W EX : (∀ϕ)(�ϕ ∈ Γ ⇒ ϕ ∈ ∆)

}
– EEX(t, ϕ) :=

{
Γ ∈ W EX : (t� ϕ) ∈ Γ

}
– V EX(pk) := {Γ ∈ W EX : pk ∈ Γ} for each k ∈ N

For each basic theory T of Justification Logic, it follows by the consistency of

T (Theorem 3.14) that W T is nonempty. The pair F T := (W T , RT ) is called

the canonical frame for T , the function ET is called the canonical evidence

function for T , the function V T is called the canonical valuation for T , the

pair MT
K := (F T , V T ) is called the canonical Kripke model for T , and the triple

MT is called the canonical Fitting model for T .

Canonical Fitting models for basic theories respect the following Truth

Lemma.

Lemma 3.21 (Truth Lemma). Let T be a basic theory of Justification Logic

and MT be the canonical Fitting model for T . Then for each formula ϕ in the

language of T and each world Γ ∈ MT , we have that MT ,Γ |= ϕ if and only

if ϕ ∈ Γ.

Proof. By induction on the construction of formulas in the language of T .

The base and Boolean inductive cases are straightforward, so we restrict our

attention to the non-Boolean inductive cases.
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• Case: the formula t� ϕ.

In this case, T is an evidence theory EX. By the definition of EEX , we

have that Γ ∈ EEX(t, ϕ) if and only if (t � ϕ) ∈ Γ. It follows from the

definition of truth (Definition 3.7) that we have MEX ,Γ |= t� ϕ if and

only if (t� ϕ) ∈ Γ.

• Case: the formula �ϕ.

In this case, T is an evidence theory EX.

Assume that �ϕ ∈ Γ and that ΓREX
� ∆. It follows from the definition of

REX
� that ϕ ∈ ∆ and hence MEX ,∆ |= ϕ by the induction hypothesis.

Since ∆ ∈MEX satisfying ΓREX
� ∆ was chosen arbitrarily, we have shown

that MEX ,Γ |= �ϕ by the definition of truth (Definition 3.7).

Conversely, assume that �ϕ /∈ Γ. Defining the set Γ� := {ψ | �ψ ∈ Γ},

we argue by contradiction that Γ� ∪ {¬ϕ} is EX-consistent. So suppose

that Γ� ∪ {¬ϕ} is EX-inconsistent, which implies that there is a finite

set S ⊆ Γ� such that EX `
∧
ψ∈S ψ ⊃ ϕ. It follows by reasoning in the

modal theory K that EX `
∧
ψ∈S �ψ ⊃ �ϕ and hence that

(∧
ψ∈S

�ψ ⊃ �ϕ

)
∈ Γ

by the maximal EX-consistency of Γ. But since we have �ψ ∈ Γ for

each ψ ∈ S, it follows from the maximal EX-consistency of Γ that(∧
ψ∈S �ψ

)
∈ Γ and thus that �ϕ ∈ Γ, contradicting our initial as-

sumption that �ϕ /∈ Γ. Therefore Γ� ∪ {¬ϕ} must in fact be EX-
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consistent and so we may extend Γ�∪{¬ϕ} to a maximal EX-consistent

set ∆ ∈MEX . Note that ΓREX
� ∆ by the construction of ∆ and the def-

inition of REX
� . Since ¬ϕ ∈ ∆, it follows from the induction hypothesis

that MEX ,∆ |= ¬ϕ, which implies that MEX ,Γ 6|= �ϕ by the definition

of truth (Definition 3.7).

• Case: the formula t :ϕ, where T is the theory JX.

This case is due to Fitting [29].

Assume that t :ϕ ∈ Γ and ΓRJX
� ∆. It follows from the JX-consistency

of Γ that ¬(t :ϕ) /∈ Γ and thus that Γ ∈ EJX(t, ϕ) by the definition of

EJX . Further, it follows from our assumptions t :ϕ ∈ Γ and ΓRJX
� ∆ by

the definition of RJX
� that we have ϕ ∈ ∆ and thus that M JX ,∆ |= ϕ

by the induction hypothesis. But then we have both that M JX ,∆ |= ϕ

for each ∆ ∈ M JX satisfying ΓRJX
� ∆ and that Γ ∈ EJX(t, ϕ). It follows

that M JX ,Γ |= t :ϕ by the definition of truth (Definition 3.7).

Conversely, assume that t :ϕ /∈ Γ. It follows from the maximal JX-

consistency of Γ that ¬(t :ϕ) ∈ Γ and thus that Γ /∈ EJX(t, ϕ) by the

definition of EJX . But then M JX ,Γ 6|= t :ϕ by the definition of truth

(Definition 3.7).

• Case: the formula t :ϕ, where T is the theory EX.

We have that EX ` t :ϕ ≡ �ϕ ∧ t � ϕ. Thus t :ϕ ∈ Γ is equivalent to

having both �ϕ ∈ Γ and (t � ϕ) ∈ Γ by the maximal EX-consistency

of Γ. But the latter is equivalent to having both MEX ,Γ |= �ϕ and

MEX ,Γ |= t � ϕ by what we showed in previous cases. But the latter



152

is itself equivalent to MEX ,Γ |= t :ϕ by the definition of truth (Defini-

tion 3.7).

In order to prove completeness, we still need to show that the triple we

have called the canonical Fitting model for a basic theory T of Justification

Logic (Definition 3.20) indeed satisfies the property of being a Fitting model

for the theory T (Definition 3.17). This is the purpose of the next theorem.

Theorem 3.22. Let T be a basic theory of Justification Logic. Then the

canonical Fitting model for T is a Fitting model for T .

Proof. T is one of JX or EX for a given naming string X. We verify that MT ,

the canonical Fitting model for T (Definition 3.20), satisfies the properties

required for it to be a Fitting model for T (see Definition 3.17 and Figures 3.10

and 3.11). Note that the cases for JX are due to [22, 29, 47, 55].

• If T is JX, then MT satisfies Application.

Suppose Γ ∈ EJX(t, ϕ ⊃ ψ)∩EJX(s, ϕ). It follows from the definition of

EJX and the maximal T -consistency of Γ that
(
t : (ϕ ⊃ ψ) ∧ s :ϕ

)
∈ Γ.

Since JX ` t : (ϕ ⊃ ψ) ⊃ (s :ϕ ⊃ (t · s) :ψ), it follows from the maximal

JX-consistency of Γ that ¬
(
(t · s) :ψ

)
/∈ Γ and hence Γ ∈ EJX(t · s, ψ)

by the definition of EJX .

• If T is EX, then MT satisfies Application.

Suppose Γ ∈ ET (t, ϕ ⊃ ψ) ∩ ET (s, ϕ). It follows from the definition

of ET and the maximal T -consistency of Γ that
(
t � (ϕ ⊃ ψ)

)
∧ (s �

ϕ) ∈ Γ. Since T ` t � (ϕ ⊃ ψ) ⊃
(
(s � ϕ) ⊃ (t · s) � ψ

)
, it follows
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from the maximal T -consistency of Γ that
(
(t · s) � ψ

)
∈ Γ and hence

Γ ∈ ET (t · s, ψ) by the definition of ET .

• If T is JX, then M JX satisfies Sum.

Suppose Γ ∈ ET (t, ϕ) ∪ ET (s, ϕ). It follows from the definition of ET

and the maximal T -consistency of Γ that t :ϕ ∨ s :ϕ ∈ Γ. Since JX `

t :ϕ ∨ s :ϕ ⊃ (t+ s) :ϕ, it follows from the maximal JX-consistency of Γ

that ¬
(
(t+ s) :ϕ

)
/∈ Γ and hence Γ ∈ EJX(t + s, ϕ) by the definition of

EJX .

• If T is EX, then MT satisfies Sum.

Suppose Γ ∈ ET (t, ϕ) ∪ ET (s, ϕ). It follows from the definition of ET

and the maximal T -consistency of Γ that (t� ϕ) ∨ (s� ϕ) ∈ Γ. Since

T ` (t � ϕ) ∨ (s � ϕ) ⊃
(
(t+ s) � ϕ

)
, it follows from the maximal

T -consistency of Γ that
(
(t+ s) � ϕ

)
∈ Γ and hence Γ ∈ ET (t + s, ϕ)

by the definition of ET .

• If T is EX, then MT satisfies Box.

Suppose that Γ ∈ EEX(t, ϕ). Applying the definition of EEX , we have

that (t � ϕ) ∈ Γ. We have that EX ` (t � ϕ) ⊃
(
�t � �ϕ

)
and so

(
�t � �ϕ

)
∈ Γ by the maximal EX-consistency of Γ. Hence

Γ ∈ EEX(�t,�ϕ) by the definition of EEX .

• If T is JX, then MT satisfies Constant Specification Aω, where A is the

set of T -axioms.
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Choose !nck :ϕ ∈ Aω. It is easy to see that no matter whether 4 occurs

in X, we have that JX ` !nck :ϕ. Thus for each Γ ∈ M JX , it follows

by the maximal JX-consistency of Γ that ¬(!nck :ϕ) /∈ Γ and hence

Γ ∈ EJX(!nck, ϕ) by the definition of EJX . Since we chose Γ ∈ M JX

arbitrarily, we have shown that EJX(!nck, ϕ) = W JX . Since we chose

!nck :ϕ ∈ Aω arbitrarily, we have shown that M JX satisfies Constant

Specification Aω.

• If T is EX, then MT satisfies Constant Specification Aω, where A is the

set of T -axioms.

Choose !nck :ϕ ∈ Aω. It is easy to see that no matter whether 4 occurs

in X, we have that T ` !nck :ϕ and thus that T ` !nck � ϕ. Thus

for each Γ ∈ MT , it follows by the maximal T -consistency of Γ that

(!nck � ϕ) ∈ Γ and hence Γ ∈ ET (!nck, ϕ) by the definition of ET . Since

we chose Γ ∈ MT arbitrarily, we have shown that ET (!nck, ϕ) = W EX .

Since we chose !nck :ϕ ∈ Aω arbitrarily, we have shown that MT satisfies

Constant Specification Aω.

• If T is JX and D occurs in X, then MT satisfies Non-Contradiction.

Since D occurs in X, we have that JX ` ¬(t :⊥). Thus for each Γ ∈M JX ,

it follows by the maximal JX-consistency of Γ that ¬(t :⊥) ∈ Γ and thus

that Γ /∈ EJX(t,⊥) by the definition of EJX . Hence EJX(t,⊥) = ∅ for

all terms t.

• If T is EX and D occurs in X, then MT satisfies Non-Contradiction.
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Since D occurs in X, we have that T ` ¬(t� ⊥). Thus for each Γ ∈MT ,

it follows by the maximal T -consistency of Γ that ¬(t � ⊥) ∈ Γ and

thus that Γ /∈ ET (t,⊥) by the definition of ET . Hence ET (t,⊥) = ∅ for

all terms t.

• If 4 occurs in X, then MT satisfies Constant Specification A0, where A

is the set of T -axioms.

Since MT satisfies Constant Specification Aω and A0 ⊆ Aω, we have

that MT also satisfies Constant Specification A0.

• If T is JX and 4 occurs in X, then MT satisfies Checker.

Suppose that Γ ∈ EJX(t, ϕ). It follows that t :ϕ ∈ Γ by the definition

of EJX and the maximal JX-consistency of Γ. Since 4 occurs in X, we

have that JX ` t :ϕ ⊃ !t : (t :ϕ). Applying the maximal JX-consistency

of Γ, it follows that ¬
(
!t : (t :ϕ)

)
/∈ Γ and hence Γ ∈ EJX(!t, t :ϕ) by the

definition of EJX .

• If T is EX and 4 occurs in X, then MT satisfies Checker.

Suppose that Γ ∈ ET (t, ϕ). It follows that (t� ϕ) ∈ Γ by the definition

of ET . Since 4 occurs in X, we have that T ` (t � ϕ) ⊃
(
!t � (t :ϕ)

)
.

Applying the maximal T -consistency of Γ, it follows that
(
!t� (t :ϕ)

)
∈

Γ and hence Γ ∈ ET (!t, t :ϕ) by the definition of ET .

• If T is JX and 4 occurs in X, then MT satisfies Monotonicity.

Suppose that Γ ∈ EJX(t, ϕ). It follows that t :ϕ ∈ Γ by the definition of

EJX and the maximal JX-consistency of Γ. Since 4 occurs in X, we have
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that JX ` t :ϕ ⊃ !t : (t :ϕ) and thus that
(
!t : (t :ϕ)

)
∈ Γ by the maximal

EJX-consistency of Γ. Thus if ΓRJX
� ∆, then it follows by the definition

of RJX
� that t :ϕ ∈ ∆ and thus that ¬(t :ϕ) /∈ ∆ by the JX-consistency

of ∆. But then ∆ ∈ EJX(t, ϕ) by the definition of EJX . Since we chose

∆ ∈ M JX satisfying ΓRJX
� ∆ arbitrarily, it follows that M JX satisfies

Monotonicity whenever 4 occurs in X.

• If T is EX and 4 occurs in X, then MT satisfies Monotonicity.

Suppose that Γ ∈ EEX(t, ϕ). It follows that (t� ϕ) ∈ Γ by the definition

of EEX . Since 4 occurs in X, we have that EX ` (t � ϕ) ⊃ �(t � ϕ),

we have that �(t� ϕ) ∈ Γ by the maximal EX-consistency of Γ. Thus

if ΓREX
� ∆, then it follows by the definition of REX

� that (t � ϕ) ∈ ∆

and thus that ∆ ∈ EEX(t, ϕ) by the definition of EEX . Since we chose

∆ ∈ MEX satisfying ΓREX
� ∆ arbitrarily, it follows that MEX satisfies

Monotonicity whenever 4 occurs in X.

• If T is JX and 5 occurs in X, then MT satisfies Negative Checker.

Suppose that Γ /∈ EJX(t, ϕ). It follows by the definition of EJX and

the maximal JX-consistency of Γ that ¬(t :ϕ) ∈ Γ. Since 5 occurs in

X, we have that JX ` ¬(t :ϕ) ⊃ ?t :¬(t :ϕ). Applying the maximal

JX-consistency of Γ, we then have that ¬
(
?t :¬(t :ϕ)

)
/∈ Γ and hence

Γ ∈ EJX
(
?t,¬(t :ϕ)

)
by the definition of EJX .

• If T is EX and 5 occurs in X, then MT satisfies Negative Checker.

Suppose that Γ /∈ ET (t, ϕ). It follows by the definition of ET and the

maximal T -consistency of Γ that ¬(t � ϕ) ∈ Γ. Since 5 occurs in X,
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we have that T ` ¬(t� ϕ) ⊃ ?t :¬(t :ϕ) and thus that T ` ¬(t� ϕ) ⊃

?t � ¬(t :ϕ). Applying the maximal T -consistency of Γ, we then have

that
(
?t� ¬(t :ϕ)

)
∈ Γ and hence Γ ∈ ET

(
?t,¬(t :ϕ)

)
by the definition

of ET .

• If T is JX and 5 occurs in X, then MT satisfies Pacuit-Rubtsova.

Suppose thatMT ,Γ |= ¬t :ϕ. Applying the Truth Lemma (Lemma 3.21),

we have that ¬(t :ϕ) ∈ Γ. But then Γ /∈ EJX(t, ϕ) by the definition of

EJX .

• If T is EX and 5 occurs in X, then MT satisfies Pacuit-Rubtsova.

Suppose thatMT ,Γ |= ¬t :ϕ. Applying the Truth Lemma (Lemma 3.21),

we have that ¬(t :ϕ) ∈ Γ. Since 5 occurs in X, we have that T `

¬(t :ϕ) ⊃ ¬(t� ϕ). Applying the maximal T -consistency of Γ, it follows

that ¬(t� ϕ) ∈ Γ and hence Γ /∈ ET (t, ϕ) by the definition of ET . But

then MT ,Γ |= ¬(t� ϕ) by the definition of truth (Definition 3.7).

• If T is JX and T occurs in X, then MT is reflexive.

Since T occurs in X, we have that T ` t :ϕ ⊃ ϕ. Thus for each Γ ∈MT ,

it follows by the maximal T -consistency of Γ that t :ϕ ∈ Γ implies ϕ ∈ Γ.

Applying the definition of RT
�, it follows that ΓRT

�Γ for each Γ ∈ MT .

So MT is reflexive.

• If T is EX and T occurs in X, then MT is reflexive.

It T occurs in X, then we have that EX ` �ϕ ⊃ ϕ. Thus for each

Γ ∈ MEX , we have by the maximal EX-consistency of Γ that �ϕ ∈ Γ
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implies ϕ ∈ Γ. Applying the definition of REX
� , it follows that ΓREX

� Γ

for each Γ ∈MEX . So MEX is reflexive.

• If T is EX and D occurs in X, then MT is serial.

If D occurs in X, then we have that EX ` ¬�⊥. Thus for each Γ ∈MEX ,

we have by the maximal EX-consistency of Γ that ¬�⊥ ∈ Γ. Applying

the Truth Lemma (Lemma 3.21), we have that MEX ,Γ |= ¬�⊥ for each

Γ ∈ MEX . It follows from the definition of truth (Definition 3.7) that

each Γ ∈ MEX has a ∆ ∈ MEX such that ΓRT
�∆. But this is what it

means for MEX to be serial.

• If T is JX and 4 occurs in X, then MT is transitive.

If 4 occurs in X, then we have that T ` t :ϕ ⊃ !t : (t :ϕ). Thus for each

Γ ∈ MT , we have by the maximal T -consistency of Γ that t :ϕ ∈ Γ

implies !t : (t :ϕ) ∈ Γ. So if we have ΓRT
�∆, ∆RT

�Ω, and t :ϕ ∈ Γ, then it

follows that !ϕ : (t :ϕ) ∈ Γ and thus that ϕ ∈ Ω by the definition of RT
�.

Thus MT is transitive.

• If T is EX and 4 occurs in X, then MT is transitive.

If 4 occurs in X, then we have that EX ` � :ϕ ⊃ ��ϕ. Thus for each

Γ ∈ MT , we have by the maximal EX-consistency of Γ that �ϕ ∈ Γ

implies ��ϕ ∈ Γ. So if we have ΓREX
� ∆, ∆REX

� Ω, and �ϕ ∈ Γ, then

it follows that ��ϕ ∈ Γ and thus that ϕ ∈ Ω by the definition of REX
� .

Thus MEX is transitive.

• If T is EX and 5 occurs in X, then MT is euclidean.
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If 5 occurs in X, then we have that EX ` ¬�ϕ ⊃ �¬�ϕ. Thus for each

Γ ∈ MEX , we have by the maximal EX-consistency of Γ that ¬�ϕ ∈ Γ

implies �¬�ϕ ∈ Γ.

So suppose we have ΓREX
� ∆ and ΓREX

� Ω. Were it the case that we did

not have ∆REX
� Ω, then it would follow by the definition of REX

� that

there is a �ϕ ∈ ∆ such that ϕ /∈ Ω. It would then follow from our

assumption ΓREX
� Ω that �ϕ /∈ Γ and thus that ¬� ∈ Γ by the maximal

EX-consistency of Γ. But by what we showed in the previous paragraph,

we would then have that �¬�ϕ ∈ Γ and thus that ¬�ϕ ∈ ∆ by the

definition of REX
� and our assumption that ΓREX

� ∆. But this would then

contradict the EX-consistency of ∆. It therefore follows that we in fact

have ∆REX
� Ω, so MEX is indeed euclidean.

We are now in a position to prove completeness. Our completeness theorem

extends known completeness results for the justification theories JX [10, 22,

29, 47, 55] by adding completeness for the evidence theories EX.

Theorem 3.23 (Completeness of basic theories). Let T be a basic theory of

Justification Logic and let ϕ be a formula in the language of T . If ϕ is valid

in every Fitting model for T , then ϕ is a T -theorem.

Proof. Suppose that ϕ is not a T -theorem. Then {¬ϕ} is T -consistent and so

may be extended to a maximal T -consistent set Γ ∈ MT . Since ¬ϕ ∈ Γ, it

follows by the Truth Lemma (Lemma 3.21) that MT ,Γ 6|= ϕ. By Theorem 3.22,

we have that MT is a Fitting model for T . Thus we have shown that it is not

the case that ϕ is valid in every Fitting model for T . The statement of the



160

theorem follows.

3.2 Systems of Evidence with Nominals

Now that we have developed our basic theories of evidence, we move into the

first phase of our development of theories of dynamic evidence introduction.

Our task in this phase is to introduce nominals into the language JL of Justifi-

cation Logic, thereby giving us a new language nJL of nominaled Justification

Logic.

The basic idea behind nJL is that we want to be assured that each assertion

has some piece of evidence admissible for that assertion; that is, for each

formula ϕ, we want there to be a term tϕ such that tϕ � ϕ always holds. The

term tϕ that evidences ϕ is called a nominal (for ϕ), since tϕ always names ϕ

as one of the formulas that it (tϕ) evidences.

For our forthcoming theories of dynamic evidence introduction, we will

require each formula ϕ to have is own unique nominal. A simple way to

introduce nominals so as to meet this requirement is to extend the rules of

term formation in the following way: make each formula itself a term (namely,

the term that is the nominal for that very formula).6 7 In this way, a formula ϕ

may be referred to as “the nominal ϕ,” by which we mean that we are referring

to ϕ in a context where we ought to be talking about a term. So while “the

6Strictly speaking, terms and formulas are defined by a mutual recursion, but let us not
be fussy about these details just yet.

7Another way to introduce nominals would be to simply introduce one universal nominal
u satisfying the property that u� ϕ for every formula ϕ. While this would indeed provide
a nominal for each formula, it does not meet the requirement that each formula has a unique
nominal, something we will want later for our theories of dynamic evidence introduction.
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nominal ϕ” and “the formula ϕ” are identical as strings of symbols, their uses

are quite different: the former must be used as we would use a term and the

latter must be used as we would use a formula. This notational convention

may seem strange at first—but have faith! The practical convenience of this

notation will eventually overcome any initial strangeness.

3.2.1 Syntax and Semantics

Definition 3.24. The language of Justification Logic with nominals, written

nJL, is obtained by the following inductive definition.

• If t may be formed from already-formed terms using a rule of term for-

mation of JL (Definition 3.1), then t is a term.

• If ϕ may be formed from already-formed formulas using a rule of formula

formation of JL (Definition 3.2), then ϕ is a formula.

• If ϕ is an already-formed formula, then ϕ is also a term, called the

nominal ϕ.

The last rule of term formation is called the rule of nominal formation. Ter-

minology: a term or formula that contains nominals (that is, contains an

occurrence of a formula that is playing the role of a term) is said to be nom-

inaled, and a term or formula that is not nominaled said to be nominal-free.

We define the fragments of nJL using the adjectives from Definition 3.3 just

as we did to define fragments of JL itself; we also add the following fragment-

defining adjective: the nominal-free fragment is obtained by omitting the rule

of nominal formation. Truth of a formula ϕ ∈ nJL at a pointed Fitting model
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for {�} is defined using the same induction on formula construction that we

used to define the truth of a formula ψ ∈ JL (Definition 3.7). The various

notions of validity from Definition 3.8 carry over directly to the language nJL.

Note that we defined the Fitting semantics for nJL in the same way as it

was defined for JL. In particular, our semantical definition for nJL does not

itself impose a condition ensuring that ϕ � ϕ is always true. This condition

is something we will impose from outside the definition of the semantics by

way of the next definition.

Definition 3.25. Let L be a (possibly trivial) extension of the language nJL.

Let E be an evidence function on the frame (W,R) in the language L. To say

that E satisfies the condition of Nominal Identity means that E(ϕ, ϕ) = W

for each ϕ ∈ nJL.

Finally, we need a few additional conditions that may be satisfied of a

Fitting model in the language nJL. These conditions will come up after we

define the axiomatics for nominaled theories.

Definition 3.26. Let M =
(
(W,R), E, V

)
be a Fitting model.

• To say that M satisfies (the) Nominaled Pacuit-Rubtsova (Property)

means that for each nominal-free term t and each formula ϕ ∈ nJL,

we have that M |= ¬(t :ϕ) ⊃ ¬(t� ϕ).

• To say that M satisfies (the) Nominaled Non-Contradiction (Property)

means that for each nominal-free term t, we have that E(t,⊥) = ∅. Note

that t is nominal-free.
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• To say that M satisfies (the) Nominaled Negative Checker (Property)

means that for each nominal-free term t and each formula ϕ ∈ nJL, we

have that W\E(t, ϕ) ⊆ E
(
?t,¬(t :ϕ)

)
. Note that t is nominal-free.

• To say that M satisfies (the) Nominaled Checker (Property) means that

for each nominaled term t, we have that E(t, ϕ) ⊆ E(!t, t :ϕ). Note that

t is nominaled.

Note that in the above itemization, the first three items call for nominal-free

terms, whereas the last item calls for a nominaled term.

3.2.2 Hilbert Theories

We now define the nominaled theories of Justification Logic. Since the purpose

of these theories is to provide a framework for our eventual definition of dy-

namic evidence introduction via assertions that introduce a term as admissible

for a formula, our focus here will be on theories for reasoning about formulas

of the form t� ϕ. Thus we end up defining exactly one family of nominaled

theories, whose names are all of the form nEX for a naming string X.

Definition 3.27. We define a number of theories, each of which will include

the following rule of inference.

• Nominal-Necessitation: infer ϕ :ϕ from ϕ.

Similar to Definition 3.12, we define a family theories, using the conventions de-

scribed in Definition 3.12 to specify a theory within each family. In Figure 3.12,

we define the nominaled theories (of Justification Logic), whose names are all
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of the form nEX for a naming string X. For a nominaled theory nEX of

Justification Logic, the language of nEX is the fragment of nJL obtained by

omitting each of the following rules of term formation whose omission would

still allow us to write the axiom schemes that axiomatize nEX:

t 7→ !t

t 7→ ?t

That the nominaled theories are consistent follows by the method of for-

getful projection, just as in the case of the basic theories (Theorem 3.14).

Theorem 3.28 (Consistency of nominaled theories). LetX be a naming string

and let ∗ : nJL → QML be defined as in Figure 3.13. Then we have that

nEX ` ϕ implies QX ` ϕ∗. It thus follows from the consistency of QX

(Theorem 1.22) that nEX is consistent.

Proof. By induction on the length of derivations in nEX. In the base case

of this induction, we must show that for each nEX-axiom χ, we have that

QX ` χ∗.

• The nEX-axiom χ is an instance of an axiom scheme of classical propo-

sitional logic.

It follows immediately that QX ` χ∗.

• The nEX-axiom χ is t� (ϕ ⊃ ψ) ⊃ (s� ϕ ⊃ (t · s) � ψ).

If t and s are nominal-free, then χ∗ = �(ϕ∗ ⊃ ψ∗) ⊃ (�ϕ∗ ⊃ �ψ∗) and
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Axiom Scheme K T D 4 5

Axiom schemes for classical propositional logic X X X X X

t� (ϕ ⊃ ψ) ⊃
(
s� ϕ ⊃ (t · s) � ψ

)
X X X X X

(t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ X X X X X

(t� ϕ) ⊃ �t� �ϕ X X X X

(t� ϕ) ⊃ !t� (t :ϕ) for t nominaled X X X X

¬(t� ⊥) for t nominal-free X

(t� ϕ) ⊃ !t� (t :ϕ) X

¬(t� ϕ) ⊃ ?t :¬(t :ϕ) for t nominal-free X

¬(t :ϕ) ⊃ ¬(t� ϕ) for t nominal-free X

(t� ϕ) ⊃ �(t� ϕ) X

�ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
X X X X X

t :ϕ ⊃ �ϕ X X X X X

t :ϕ ⊃ t� ϕ X X X X X

�> X X X X X

�(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ) X X X X X

�ϕ ⊃ ϕ X

¬�⊥ X

�ϕ ⊃ ��ϕ X

¬�ϕ ⊃ �¬�ϕ X

ϕ� ϕ X X X X X

�ϕ ⊃ ϕ :ϕ X X X X X

ϕ :ϕ ⊃ �ϕ X X X X X

Rule of Inference K T D 4 5
Modus Ponens X X X X X

Iterated Constant Necessitation for axioms of theory X X X X

Constant Necessitation for axioms of theory X

�-Necessitation X X X X X

Nominal-Necessitation X X X X X

Figure 3.12. Definition of nominaled evidence theories nEX
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p∗ := p, for each atom p

(ϕ ⊃ ψ)∗ := ϕ∗ ⊃ ψ∗

(�ϕ)∗ := �ϕ∗

(t :ϕ)∗ :=

{
�ϕ∗ if t is nominal-free
�ϕ∗ otherwise

(t� ϕ)∗ :=

{
�ϕ∗ if t is nominal-free
�ϕ∗ otherwise

Figure 3.13. Definition of a function ∗ : nJL → QML

hence QX ` χ∗. So suppose that one or more of t and s is nominaled.

We then have that
(
(t · s) � ψ

)∗
= �ψ∗ and thus that QX ` χ∗.

• The nEX-axiom χ is (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ.

If t and s are nominal-free, then χ∗ = �ϕ∗ ∨ �ϕ∗ ⊃ �ϕ∗ and hence

QX ` χ∗. So suppose that one or more of t and s is nominaled. We then

have that
(
(t+ s) � ϕ

)∗
= �ϕ∗ and thus that QX ` χ∗.

• The nEX-axiom χ is (t� ϕ) ⊃ !t� (t :ϕ), where t is nominaled.

We have that
(
!t � (t :ϕ)

)∗
= ��ϕ∗ and thus that QX ` χ∗ because

QX ` ��ϕ∗.

• The nEX-axiom χ is (t� ϕ) ⊃ �t� �ϕ.

If t is nominal-free, then χ∗ = �ϕ∗ ⊃ ��ϕ∗ and hence QX ` χ∗. So

suppose that t is nominaled. We then have that
(
�t � �ϕ

)∗
= ��ϕ∗

and thus that QX ` χ∗.

• The nEX-axiom χ is ¬(t� ⊥), where t is nominal-free.
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In this case, X contains D. We have that χ∗ = ¬(�⊥). Since X contains

D, we have QX ` χ∗.

• The nEX-axiom χ is (t� ϕ) ⊃ !t� (t :ϕ).

In this case, X contains 4. If t is nominal-free, then χ∗ = �ϕ∗ ⊃

��ϕ∗ and hence QX ` χ∗ because X contains 4. So suppose that t is

nominaled. We then have that
(
!t � (t :ϕ)

)∗
= ��ϕ∗ and thus that

QX ` χ∗ because QX ` ��ϕ∗.

• The nEX-axiom χ is ¬(t� ϕ) ⊃ ?t :¬(t :ϕ), where t is nominal-free.

In this case, X contains 5. We have that χ∗ = ¬�ϕ∗ ⊃ �¬�ϕ∗. Since

X contains 5, we have that QX ` χ∗.

• The nEX-axiom χ is ¬(t :ϕ) ⊃ ¬(t� ϕ), where t is nominal-free.

In this case, X contains 5. We have that χ∗ = ¬�ϕ∗ ⊃ ¬�ϕ∗ and hence

QX ` χ∗ because X contains 5.

• The nEX-axiom χ is t : (ϕ ⊃ ψ) ⊃ (s :ϕ ⊃ (t · s) :ψ).

If t and s are nominal-free, then χ∗ = �(ϕ∗ ⊃ ψ∗) ⊃ (�ϕ∗ ⊃ �ψ∗) and

hence QX ` χ∗. So suppose that one or more of t and s is nominaled.

We then have that
(
(t · s) :ψ

)∗
= �ψ∗ and, further, that

QX `
(
t : (ϕ ⊃ ψ) ∧ s :ϕ

)∗ ⊃ (�(ϕ∗ ⊃ ψ∗) ∧�ϕ∗
)
.

It follows that QX ` χ∗.

• The nEX-axiom χ is (t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ.
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If t and s are nominal-free, then χ∗ = �ϕ∗ ∨ �ϕ∗ ⊃ �ϕ∗ and hence

QX ` χ∗. So suppose that one or more of t and s is nominaled. We then

have that
(
(t+ s) :ϕ

)∗
= �ϕ∗ and, further, that

QX ` (t :ϕ ∨ s :ϕ)∗ ⊃ �ϕ∗ .

Thus QX ` χ∗.

• The nEX-axiom χ is t :ϕ ⊃ ϕ.

In this case, X contains T. If t is nominal-free, then χ∗ = �ϕ∗ ⊃ ϕ∗ and

hence QX ` χ∗ because X contains T. So suppose that t is nominaled so

that χ∗ = �ϕ∗ ⊃ ϕ∗. Since X contains T, it again follows that QX ` χ∗.

• The nEX-axiom χ is ¬(t :⊥).

In this case, X contains D. If t is nominal-free, then χ∗ = ¬(�⊥) and

hence QX ` χ∗ because X contains D. So suppose that t is nominaled

so that χ∗ = ¬(�⊥). Since X contains D, it again follows that QX ` χ∗.

• The nEX-axiom χ is (t :ϕ) ⊃ !t : (t :ϕ).

In this case, X contains 4. If t is nominal-free, then χ∗ = �ϕ∗ ⊃ ��ϕ∗

and hence QX ` χ∗ because X contains 4. So suppose t is nominaled

so that χ∗ = �ϕ∗ ⊃ ��ϕ∗. Since X contains 4, it again follows that

QX ` χ∗.

• The nEX-axiom χ is ¬(t :ϕ) ⊃ ?t :¬(t :ϕ), where t is nominal-free.
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In this case, X contains 5. We have that χ∗ = ¬�ϕ∗ ⊃ �¬�ϕ∗ and

hence QX ` χ∗ because X contains 5.

• The nEX-axiom χ is (t� ϕ) ⊃ �(t� ϕ).

In this case, X contains 4. If t is nominal-free, then χ∗ = �ϕ∗ ⊃ ��ϕ∗,

which is a QX-theorem because 4 occurs in X. If t is nominaled, then

χ∗ = �ϕ∗ ⊃ ��ϕ∗, which is again a QX-theorem by the fact that �ϕ∗

is a QX-axiom.

• The nEX-axiom χ is �ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

If t is nominal-free, then χ∗ = �ϕ∗ ⊃ (�ϕ∗ ⊃ �ϕ∗) and hence QX ` χ∗.

So suppose that t is nominaled. We then have that χ∗ = �ϕ∗ ⊃ (�ϕ∗ ⊃

�ϕ∗) and thus that QX ` χ∗.

• The nEX-axiom χ is t :ϕ ⊃ �ϕ.

If t is nominal-free, then χ∗ = �ϕ∗ ⊃ �ϕ∗ and hence QX ` χ∗. So

suppose that t is nominaled. We then have that χ∗ = �ϕ∗ ⊃ �ϕ∗ and

thus that QX ` χ∗.

• The nEX-axiom χ is t :ϕ ⊃ t� ϕ.

If t is nominal-free, then χ∗ = �ϕ∗ ⊃ �ϕ∗ and hence QX ` χ∗. So

suppose that t is nominaled. We then have that χ∗ = �ϕ∗ ⊃ �ϕ∗ and

thus that QX ` χ∗.

• We have each of the following.

– QX ` (�>)∗
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– QX `
(
�(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ)

)∗
– If T occurs in X, then QX `

(
�ϕ ⊃ ϕ

)∗
.

– If D occurs in X, then QX `
(
¬�⊥

)∗
.

– If 4 occurs in X, then QX `
(
�ϕ ⊃ ��ϕ

)∗
.

– If 5 occurs in X, then QX `
(
¬�ϕ ⊃ �¬�ϕ

)∗
.

Verifying each of the above items is straightforward.

• The nEX-axiom χ is ϕ� ϕ.

We have that χ∗ = �ϕ∗ and thus that QX ` χ∗.

• The nEX-axiom χ is �ϕ ⊃ ϕ :ϕ.

We have that χ∗ = �ϕ∗ ⊃ �ϕ∗ and thus that QX ` χ∗.

• The nEX-axiom χ is ϕ :ϕ ⊃ �ϕ.

We have that χ∗ = � :ϕ∗ ⊃ �ϕ∗ and thus that QX ` χ∗.

Now for the induction step, where we show that if an nEX-theorem is derived

using a rule of inference of nEX with the result already known for the assump-

tions of the rule, then the result also holds for the formula derived by the rule.

The argument for the rules Modus Ponens, Iterated Constant Necessitation,

and Constant Necessitation are just as in Theorem 3.14, so all that remains is

the rule of Nominal-Necessitation. So suppose that the nEX-theorem ϕ :ϕ is

derived from the nEX-theorem ϕ. Since (ϕ :ϕ)∗ = �ϕ∗, we have immediately

that QX ` (ϕ :ϕ)∗.
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We now prove that the nominaled theories have the following extensional

relationships.

Theorem 3.29 (Extensions). Let X be a naming string.

• LetX ′ be a substring ofX, meaning there is an order-preserving injection

between the symbols in X ′ and the symbols in X. Then we have that

nEX is an extension of nEX ′.

• nEX is an extension of EX.

Proof. For X ′ a substring of X, an inspection of Figure 3.12 shows that nEX

is an extension of nEX ′. It is also easy to see that nEX is an extension of EX

(compare Figures 3.2 and 3.12).

It will now be our task to show that nEX is a conservative extension of

EX. For this result, we will require that EX has all tautologies as axioms.

This is the purpose of the next definition.

Definition 3.30. To say that theory of Justification Logic is tautological

means that every instance of a classical tautology in the language of the re-

spective theory is an axiom of the respective theory.

We now prove conservativity.

Theorem 3.31 (Conservativity of nEX over EX). Let X be a naming string.

Then we have that tautological nEX is a conservative extension of tautological

EX.
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p◦ := p, for each atom p

(ψ ⊃ χ)◦ := ψ◦ ⊃ χ◦

(�ψ)◦ := �ψ◦

(t :ψ)◦ :=

{
t :ψ◦ if t is nominal-free
�ψ◦ otherwise

(t� ψ)◦ :=

{
t� ψ◦ if t is nominal-free

�> otherwise

Figure 3.14. Definition of a function ◦ : nJL → JL

Proof. Let us assume that both nEX and EX are tautological. To say that

nEX is a conservative extension of EX means that nEX is an extension of

EX (which we proved in Theorem 3.29) and that for each formula ϕ in the

language of EX, we have that nEX ` ϕ implies EX ` ϕ. So what remains is

for us to show that nEX ` ϕ implies EX ` ϕ for each ϕ in the language of EX.

To do this, we first define a function ◦ : nJL → JL according to Figure 3.14.

We now verify that for each nEX-axiom ψ, we have that ψ◦ is an EX-axiom.

• Case: ψ is an instance of a classical tautology in the language of nEX.

It follows that ψ◦ is itself an instance of a classical tautology in the

language of EX, so ψ◦ is an EX-axiom.

• Case: ψ is the nEX-axiom t� (ϕ ⊃ χ) ⊃
(
(s� ϕ) ⊃ (t · s) � χ

)
.

If t and s are nominal-free, it follows immediately that ψ◦ is an EX-

axiom. If t is nominaled but s is nominal-free, then ψ◦ = �> ⊃
(
(s �

ψ◦) ⊃ �>
)
, which is a classical tautology and so an EX-axiom. If t is

nominal-free but s is nominaled, then ψ◦ = t � (ϕ◦ ⊃ χ◦) ⊃ (�> ⊃

�>), which is a classical tautology and so an EX-axiom. If both t and
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s are nominaled, then ψ◦ = �> ⊃ (�> ⊃ �>), which is a classical

tautology and so an EX-axiom.

• Case: ψ is the nEX-axiom (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ.

If t and s are nominal-free, it follows immediately that ψ◦ is an EX-

axiom. If t is nominaled but s is nominal-free, then ψ◦ = �> ∨ (s �

ϕ◦) ⊃ �>, which is a classical tautology and so an EX-axiom. If t

is nominal-free but s is nominaled, then ψ◦ = (t � ϕ◦) ∨ �> ⊃ �>,

which is a classical tautology and so an EX-axiom. If both t and s are

nominaled, then ψ◦ = �> ∨ �> ⊃ �>, which is a classical tautology

and so an EX-axiom.

• Case: ψ is the nEX-axiom (t� ϕ) ⊃ �t� �ϕ.

If t is nominal-free, it follows immediately that ψ◦ is an axiom of EX. If

t is nominaled, then ψ◦ = �> ⊃ �>, which is a classical tautology and

so an EX-axiom.

• Case: ψ is the nEX-axiom (t� ϕ) ⊃ !t� (t :ϕ), where t is a nominaled

term.

We have that ψ◦ = �> ⊃ �>, which is a classical tautology and so an

EX-axiom.

• Case: ψ is the nEX-axiom ¬(t� ⊥), with t nominal-free.

In this case, D occurs in X. Since t is nominal-free, it follows immediately

that ψ◦ is an axiom of EX because D occurs in X.
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• Case: ψ is the nEX-axiom (t� ϕ) ⊃ !t� (t :ϕ).

In this case, 4 occurs in X. If t is nominal-free, it follows immediately

that ψ◦ is an EX-axiom because 4 occurs in X. If t is nominaled, then

ψ◦ = �> ⊃ �>, which is an EX-axiom because 4 occurs in X.

• Case: ψ is the nEX-axiom ¬(t� ϕ) ⊃ ?t :¬(t :ϕ), with t nominal-free.

In this case, 5 occurs in X. Since t is nominal-free, it follows immediately

that ψ◦ is an axiom of EX because 5 occurs in X.

• Case: ψ is the nEX-axiom ¬(t :ϕ) ⊃ ¬(t� ϕ), with t nominal-free.

In this case, 5 occurs in X. Since t is nominal-free, it follows immediately

that ψ◦ is an axiom of EX because 5 occurs in X.

• Case: ψ is the nEX-axiom (t� ϕ) ⊃ �(t� ϕ).

In this case, 4 occurs in X. If t is nominal-free, then ψ◦ is an EX-

axiom because 4 occurs in X. If t is nominaled, then we have that

ψ◦ = �> ⊃ ��> is an EX-axiom.

• Case: ψ is the nEX-axiom �ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

If t is nominal-free, then it follows immediately that ψ◦ is an EX-axiom.

If t is nominaled, then ψ◦ = �ϕ◦ ⊃ (�> ⊃ �ϕ◦), which is a classical

tautology and hence an EX-axiom.

• Case: ψ is the nEX-axiom t :ϕ ⊃ �ϕ.

If t is nominal-free, then it follows immediately that ψ◦ is an EX-axiom.

If t is nominaled, then ψ◦ = �ϕ◦ ⊃ �ϕ◦, which is a classical tautology
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and hence an EX-axiom.

• Case: ψ is the nEX-axiom t :ϕ ⊃ t� ϕ.

If t is nominal-free, then it follows immediately that ψ◦ is an EX-axiom.

If t is nominaled, then ψ◦ = �ϕ◦ ⊃ �>, which is a classical tautology

and hence an EX-axiom.

• Case: ψ is the nEX-axiom �>.

It follows immediately that ψ◦ is an EX-axiom.

• Case: ψ is the nEX-axiom �(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ).

It follows immediately that ψ◦ is an EX-axiom.

• Case: ψ is the nEX-axiom �ϕ ⊃ ϕ.

In this case, T occurs in X. It follows immediately that ψ◦ is an EX-

axiom because T occurs in X.

• Case: ψ is the nEX-axiom ¬�⊥.

In this case, D occurs in X. It follows immediately that ψ◦ is an EX-

axiom because D occurs in X.

• Case: ψ is the nEX-axiom �ϕ ⊃ ��ϕ.

In this case, 4 occurs in X. It follows immediately that ψ◦ is an EX-

axiom because 4 occurs in X.

• Case: ψ is the nEX-axiom ¬�ϕ ⊃ �¬�ϕ.

In this case, 5 occurs in X. It follows immediately that ψ◦ is an EX-

axiom because 5 occurs in X.
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• Case: ψ is the nEX-axiom ϕ� ϕ.

ψ◦ = �>, which is an EX-axiom.

• Case: ψ is the nEX-axiom �ϕ ⊃ ϕ :ϕ.

ψ◦ = �ϕ◦ ⊃ �ϕ◦, which is an EX-axiom.

• Case: ψ is the nEX-axiom ϕ :ϕ ⊃ �ϕ.

ψ◦ = �ϕ◦ ⊃ �ϕ◦, which is an EX-axiom.

So each nEX-axiom ψ is mapped to an EX-axiom ψ◦. Now suppose that a

sequence P := {ψi}ni=0 of nJL-formulas makes up a proof of the JL-formula ψn

in the Hilbert theory for nEX. We argue by induction on k with 0 ≤ k ≤ n

that ψ◦k is either an EX-axiom or follows from zero or more EX-theorems from

the sequence {ψ◦i }k−1
i=0 by a rule of inference from the Hilbert theory for EX.

In this way, we will show that P ◦ := {ψ◦i }ni=0 is a proof of ψn in the Hilbert

theory for EX.

• Case: k = 0.

It follows from the fact that P is an nEX-proof that ψ0 is an nEX-axiom

and thus that ψ◦0 is an EX-axiom by what we showed above.

• Case: k > 0 and ψk is an nEX-axiom.

It follows by what we showed above that ψ◦k is an EX-axiom.

• Case: k > 0 and ψk follows from the formulas ψa and ψb with 0 ≤ a < k

and 0 ≤ b < k by Modus Ponens.
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We may assume that ψa = θ1 ⊃ θ2, that ψb = θ1, and thus that ψk = θ2.

But then ψ◦a = θ◦1 ⊃ θ◦2 and ψ◦b = θ◦1, and so ψ◦k follows from ψ◦a and ψ◦b

by Modus Ponens.

• Case: k > 0 and ψk follows by Iterated Constant Necessitation for the

set of axioms of nEX.

In this case, 4 does not occur in X. We also have that ψk is of the form

!nc : (!n−1c : (!n−2c : (· · · (!2c : (!c : (c :ϕ))) · · · )))

for some n ∈ N, some constant c, and some nEX-axiom ϕ. We have

shown that ϕ◦ is an EX-axiom. Further, we have that ψ◦k is

!nc : (!n−1c : (!n−2c : (· · · (!2c : (!c : (c :ϕ◦))) · · · ))) ,

which follows by Iterated Constant Necessitation for the set of axioms

of EX because ϕ◦ is an EX-axiom and 4 does not occur in X.

• Case: k > 0 and χk follows by Constant Necessitation for the set of

axioms of nEX.

In this case, 4 does occur in X. We also have that ψk is of the form c :ϕ

for some constant c and some nEX-axiom ϕ. We have shown that ϕ◦ is

an EX-axiom, and so (c :ϕ)◦ = c :ϕ◦ follows by Constant Necessitation

for the set of axioms of EX because ϕ◦ is an EX-axiom and 4 occurs in

X.
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• Case: k > 0 and χk follows from the formula χa with 0 ≤ a < k by

�-Necessitation.

We have that χk = �χa. But χ◦k = �χ◦a follows from χ◦a by �-Necessitation.

• Case: k > 0 and χk follows from the formula χa with 0 ≤ a < k by

Nominal-Necessitation.

We have that χk = χa :χa. But χ◦k = �χ◦a follows from χ◦a by �-

Necessitation.

Since P is a proof of ψk ∈ JL in the Hilbert theory for EX, we have that each

ψk in the sequence {ψk}nk=0 is handled in one of the above cases. But then we

have shown that P ◦ is a proof of ψk in the Hilbert theory for EX. It follows

that nEX is indeed a conservative extension of EX.

Artemov’s Internalization theorem also holds for the nominaled theories,

though the proof is trivial.

Theorem 3.32 (Artemov’s Internaliztion Theorem). Let X be a naming

string. Then for each nEX-theorem ϕ, there is a term t such that t :ϕ is

also an nEX-theorem.

Proof. For each nEX-theorem ϕ, take t to be the nominal ϕ itself. That ϕ :ϕ

is also an nEX-theorem follows by the rule of Nominal-Necessitation.

We now define what it means for a Fitting model to be a Fitting model for

a given nominaled theory nEX. This allows us to pick out the Fitting models

that respect the axiomatics of nEX.



179

Evidence Function Condition K T D 4 5

Nominal Identity X X X X X

Application X X X X X

Sum X X X X X

Box X X X X X

Constant Specification Aω X X X X

Nominaled Checker X X X X

Nominaled Non-Contradiction X

Constant Specification A0 X

Checker X

Monotonicity X

Nominaled Negative Checker X

Nominaled Pacuit-Rubtsova X

(A is the set of axioms of the theory)

Frame Condition K T D 4 5
Reflexive X

Serial X

Transitive X

Euclidean X

Figure 3.15. Fitting model conditions for theories nEX

Definition 3.33 (Fitting models for nominaled theories). Let M be a Fitting

model for {�}. To say that (the) Fitting model M is for nEX means that M

satisfies the properties specified by Figure 3.15.

While we have defined what it means for a Fitting model to be for a

nominaled theory, we have now shown that there actually exists a Fitting

model satisfying the properties of being a Fitting model for a given nominaled
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theory. The following lemma addresses this issue.

Lemma 3.34 (Existence of Fitting models for nominaled theories). Let X

be a naming string, let F = (W,R) be a frame for {�}, and let (F, V ) be

a Kripke model for KX (by which we mean that (F, V ) satisfies each of the

frame conditions in Figure 3.15 whose row contains a check mark [“X”] in a

column whose label occurs in X). Then there is an evidence function E such

that (F,E, V ) is a Fitting model for nEX.

Proof. We extend or redefine R, whichever is appropriate, so that R� := ∅,

R� := R+
�, and R� := R+

� (recall that R+
� is the transitive closure of R�).

It follows by the argument in Lemma 3.18 that M is a Kripke model for QX

(Definition 1.23). Now define an evidence function E on F as follows. For

each (possibly nominaled) term t and formula ϕ ∈ nJL, we set

E(t, ϕ) :=
{

Γ ∈M : M,Γ |= (t� ϕ)∗
}
.

Recall that the function ∗ : nJL → QML is defined in Figure 3.13. It is now

our task to show that (F,E, V ) is a Fitting model for each of nEX and nBX.

To do this, we must verify that (F,E, V ) satisfies the various properties that

arise according to Figures 3.15 and A.9, which depends on the particular form

of the naming string X. We consider each property in turn.

• (F,E, V ) satisfies Nominal Identity.

Since M |= �ϕ∗, it follows that E(ϕ, ϕ) = W .

• (F,E, V ) satisfies Application.
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Suppose Γ ∈ E(t, ϕ ⊃ ψ) ∩ E(s, ϕ). This means that

M,Γ |=
(
t� (ϕ ⊃ ψ)

)∗ ∧ (s� ϕ)∗ .

If one or more of t and s is nominaled, then
(
(t · s) � ψ

)∗
= �ψ∗ and

so it follows from M,Γ |= �ψ∗ that Γ ∈ E(t · s, ψ). In case neither t

nor s is nominaled, then it follows that Γ ∈ E(t · s, ψ) by the QX-axiom

�(ϕ∗ ⊃ ψ∗) ⊃ (�ϕ∗ ⊃ �ψ∗), the soundness of QX (Theorem 1.24), and

the fact that M is a model for QX.

• (F,E, V ) satisfies Sum.

If Γ ∈ E(t, ϕ)∪E(s, ϕ) and both t and s nominal-free, then M,Γ |= �ϕ∗

and thus Γ ∈ E(t + s, ϕ). If Γ ∈ E(t, ϕ) ∪ E(s, ϕ) and one or more of t

and s is nominaled, then M,Γ |= �ϕ∗ and thus Γ ∈ E(t+ s, ϕ).

• (F,E, V ) satisfies Box.

Suppose that Γ ∈ E(t, ϕ). If t is nominal-free, then M,Γ |= �ϕ∗ and

thus M,Γ |= ��ϕ∗ by the QX-theorem �ϕ∗ ⊃ ��ϕ∗, the soundness

of QX (Theorem 1.24), and the fact that M is a model for QX; hence

Γ ∈ E(�t,�ϕ). If t is nominaled, then M,Γ |= ��ϕ∗ and thus Γ ∈

E(�t,�ϕ).

• (F,E, V ) satisfies Constant Specification Aω, where A is the set of nJL-

formulas that are an axiom of one or more of nEX and nBX.

It follows by the consistency of nominaled theories (Theorem 3.28) that

QX ` ϕ∗ for each formula ϕ ∈ nJL that is an axiom of one or more of
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nEX and nBX. Applying �-Necessitation n times for a given n ∈ N and

then applying �-Necessitation, we have that QX ` ��nϕ∗. Thus M |=

��nϕ∗ for an arbitrary n ∈ N by the soundness of QX (Theorem 1.24)

and the fact that M is a model for QX. The result follows.

• (F,E, V ) satisfies Nominaled Checker.

We have that QX ` �ϕ∗ ⊃ ��ϕ∗. Thus M |= �ϕ∗ ⊃ ��ϕ∗ by the

soundness of QX (Theorem 1.24) and the fact that M is a model for

QX. The result follows.

• If D occurs in X, then (F,E, V ) satisfies Nominaled Non-Contradiction.

If D occurs in X, then QX ` ¬�⊥ and thus M |= ¬�⊥ by the soundness

of QX (Theorem 1.24) and the fact that M is a model for QX. It follows

that E(t,⊥) = ∅ for each nominal-free term t.

• If 4 occurs inX, then (F,E, V ) satisfies Constant SpecificationA0, where

A is the set of nJL-formulas that are an axiom of one or more of nEX

and nBX.

(F,E, V ) satisfies Constant Specification Aω and A0 ⊆ Aω, so (F,E, V )

also satisfies Constant Specification A0.

• If 4 occurs in X, then (F,E, V ) satisfies Checker.

Suppose Γ ∈ E(t, ϕ). If t is nominaled, then we have M |= ��ϕ∗

and thus that Γ ∈ E(t, t :ϕ). So suppose that t is nominal-free. Γ ∈

E(t, ϕ) then means that M,Γ |= �ϕ∗. Since 4 occurs in X, we have

that QX ` �ϕ∗ ⊃ ��ϕ∗ and thus M,Γ |= ��ϕ∗ by the soundness of
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QX (Theorem 1.24) and the fact that M is a model for QX. Hence

Γ ∈ E(t, t :ϕ).

• If 4 occurs in X, then (F,E, V ) satisfies Monotonicity.

Suppose Γ ∈ E(t, ϕ) and ΓR�∆. In case t is nominaled, ∆ ∈ E(t, ϕ)

follows from the fact that M |= �ϕ∗. So suppose that t is nominal-free,

which implies that M,Γ |= �ϕ∗ by the definition of E. Since 4 occurs

in X, we have that �ϕ∗ ⊃ ��ϕ∗ is a theorem of QX and is hence valid

in M by the soundness of QX (Theorem 1.24) and the fact that M is

a model for QX. Thus M,∆ |= �ϕ∗, which is what it means to have

∆ ∈ E(t, ϕ).

• If 5 occurs in X, then (F,E, V ) satisfies Nominaled Negative Checker.

Suppose that Γ /∈ E(t, ϕ) with t nominal-free. It follows from the def-

inition of E that M,Γ |= ¬�ϕ∗. Since 5 occurs in X, we have that

¬�ϕ∗ ⊃ �¬�ϕ∗ is a QX-theorem. It then follows by the soundness of

QX (Theorem 1.24) and the fact that M is a model for QX that we have

M,Γ |= �¬�ϕ∗ and hence Γ ∈ E
(
?t,¬(t :ϕ)

)
.

• If 5 occurs in X, then (F,E, V ) satisfies Nominaled Pacuit-Rubtsova.

We first show that for each formula ψ ∈ nJL and each Ω ∈ M , we have

that

(F,E, V ),Ω |= ψ implies M,Ω |= ψ∗ .

The proof is by induction on the construction of nJL-formulas. The base
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and Boolean inductive cases of this induction are straightforward, so we

restrict our attention to the non-Boolean inductive cases.

– Case: (F,E, V ),Ω |= �ψ.

This statement means that (F,E, V ),Ω′ |= ψ for each Ω′ ∈ M

satisfying ΩR�Ω′. Applying the induction hypothesis, we have that

M,Ω′ |= ψ∗ for each Ω′ ∈ M satisfying ΩR�Ω′. But the latter is

what it means to have M,Ω |= �ψ∗.

– Case: (F,E, V ),Ω |= t� ψ.

This statement means that Ω ∈ E(t, ψ). By the definition of E, the

latter means that M,Ω |= (t� ψ)∗.

– Case: (F,E, V ),Ω |= t :ψ.

This statement implies that (F,E, V ),Ω |= �ψ and (F,E, V ),Ω |=

t � ψ. Applying the last two cases, it follows that M,Ω |= (�ψ ∧

t � ψ)∗. If t is nominal-free, then (�ψ ∧ t � ψ)∗ = �ψ∗ ∧ �ψ∗

and so it follows that M,Ω |= �ψ∗ by the QX-theorem �ψ∗ ⊃

(�ψ∗ ⊃ �ψ∗), the soundness of QX (Theorem 1.24), and the fact

that M is a model for QX. If t is nominaled, then (�ψ∧ t� ψ)∗ =

�ψ∗ ∧�ψ∗ and thus M,Ω |= �ψ∗. So in either case, we have that

M,Ω |= (t :ψ)∗, as desired.

Now to see that (F,E, V ) satisfies Nominaled Pacuit-Rubtsova, assume

(F,E, V ),Γ |= ¬(t :ϕ) for a nominal-free term t. Applying what we

showed above and the fact that t is nominal-free, we then have that

M,Γ |= ¬�ϕ∗. Since 5 occurs in X, we have that QX ` ¬�ϕ∗ ⊃ ¬�ϕ∗.
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Applying the soundness of QX (Theorem 1.24) and the fact that M

is a model for QX, we then have that M,Γ |= ¬�ϕ∗. This implies

Γ /∈ E(t, ϕ) by the definition of E, and thus (F,E, V ),Γ |= ¬(t� ϕ).

• If T occurs in X, then (F,E, V ) is reflexive.

This follows from the fact that M is a Kripke model for KX, and so R�

is reflexive whenever T occurs in X.

• If D occurs in X, then (F,E, V ) is serial.

This follows from the fact that M is a Kripke model for KX, and so R�

is serial whenever D occurs in X.

• If 4 occurs in X, then (F,E, V ) is transitive.

This follows from the fact that M is a Kripke model for KX, and so R�

is transitive whenever 4 occurs in X.

• If 5 occurs in X, then (F,E, V ) is euclidean.

This follows from the fact that M is a Kripke model for KX, and so R�

is euclidean whenever 5 occurs in X.

We conclude that (F,E, V ) is indeed a Fitting model for nEX.

The soundness of the nominaled theories is proved in much the same way

as soundness for the basic theories.

Theorem 3.35 (Soundness of nominaled theories). Let X be a naming string.

If ϕ is an nEX-theorem, then ϕ is valid in every Fitting model for nEX.
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Proof. By induction on the length of a derivation of a nEX-theorem. In the

base case of this induction, we must verify that each nEX-axiom is valid in

every Fitting model for nEX. So given an arbitrary Fitting model M for nEX,

we consider each nEX-axiom in turn, showing that a given axiom is valid in

M . Let us proceed.

• M |= χ for each instance χ of an axiom scheme of classical propositional

logic (in the language of nEX).

This validity follows from the definition of truth (Definition 3.7).

• M |= t� (ϕ ⊃ ψ) ⊃
(
(s� ϕ) ⊃ (t · s) � ψ

)
This validity holds if M satisfies Application. But since M is a Fitting

model for nEX (see Definition 3.33 and Figure 3.15), it follows that M

satisfies Application.

• M |= (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ

This validity holds if M satisfies Sum. But since M is a Fitting model

for nEX (see Definition 3.33 and Figure 3.15), it follows that M satisfies

Sum.

• If 4 does not occur in X, then M |= (t� ϕ) ⊃ �t� �ϕ.

This validity holds if M satisfies Box. But since M is a Fitting model

for nEX and 4 does not occur in X (see Definition 3.33 and Figure 3.15),

it follows that M satisfies Box.

• M |= (t� ϕ) ⊃ !t� (t :ϕ) if t is nominaled.
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This validity holds if M satisfies Nominaled Checker. But since M is a

Fitting model for nEX (see Definition 3.33 and Figure 3.15), it follows

that M satisfies Nominaled Checker.

• If D occurs in X, then M |= ¬(t� ϕ) for each nominal-free term t.

This validity holds if M satisfies Nominaled Non-Contradiction. But

since M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15),

it follows that M satisfies Nominaled Non-Contradiction.

• If 4 occurs in X, then M |= (t� ϕ) ⊃ !t� (t :ϕ).

This validity holds if M satisfies Checker. But since M is a Fitting

model for nEX and 4 occurs in X (see Definition 3.33 and Figure 3.15),

it follows that M satisfies Checker.

• If 5 occurs in X, then M |= ¬(t� ϕ) ⊃ ?t :¬(t :ϕ) for each nominal-free

term t.

This validity holds if M satisfies Nominaled Negative Checker and Nom-

inaled Pacuit-Rubtsova. But since M is a Fitting model for nEX and

5 occurs in X (see Definition 3.33 and Figure 3.15), it follows that M

satisfies Nominaled Negative Checker and Nominaled Pacuit-Rubtsova.

• If 5 occurs in X, then M |= ¬(t :ϕ) ⊃ ¬(t � ϕ) for each nominal-free

term t.

This validity holds if M satisfies Nominaled Pacuit-Rubtsova. But since

M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15), it

follows that M satisfies Nominaled Pacuit-Rubtsova.



188

• If 4 occurs in X, then M |= (t� ϕ) ⊃ �(t� ϕ).

This validity holds if M satisfies Monotonicity. But since M is a Fitting

model for nEX and 4 occurs in X (see Definition 3.33 and Figure 3.15),

it follows that M satisfies Monotonicity.

• M |= �ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

This validity follows from the definition of truth (Definition 3.7).

• M |= t :ϕ ⊃ �ϕ.

This validity follows from the definition of truth (Definition 3.7).

• M |= t :ϕ ⊃ t� ϕ

This validity follows from the definition of truth (Definition 3.7).

• We have each of the following.

– M |= �>

– M |= �(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ)

– If T occurs in X, then M |= �ϕ ⊃ ϕ.

– If D occurs in X, then M |= ¬�⊥.

– If 4 occurs in X, then M |= �ϕ ⊃ ��ϕ.

– If 5 occurs in X, then M |= ¬�ϕ ⊃ �¬�ϕ.

The verification of the above items follows from the fact that M is a Fit-

ting model for nEX (see Definition 3.33 and Figure 3.15) by the standard

modal arguments [21].
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• M |= ϕ� ϕ

Since M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15),

we have that M satisfies Nominal Identity. Thus the above validity

follows from the definition of truth (Definition 3.7).

• M |= �ϕ ⊃ ϕ :ϕ and M |= ϕ :ϕ ⊃ �ϕ.

Since M is a model for nEX (see Definition 3.33 and Figure 3.15), we

have that M satisfies Nominal Identity. The validities above then follow

by the definition of truth (Definition 3.7).

So we have shown that each nEX-axiom is valid in an arbitrary Fitting model

M for nEX. For the induction step, we are to show that for each rule of

inference r for nEX, if we are provided with nEX-theorems of the proper form

for the hypotheses of r that are themselves valid in every Fitting model for M ,

then the nEX-theorem given by the conclusion of r with these hypotheses is

also valid in every Fitting model for nEX. Letting M =
(
(W,R), E, V

)
be an

arbitrary Fitting model for nEX, we examine each rule of inference for nEX

in turn.

• Modus Ponens: M |= ϕ ⊃ ψ and M |= ϕ together imply that M |= ψ.

This follows by the definition of truth (Definition 3.7).

• Iterated Constant Necessitation for the set A of nEX-axioms: if 4 does

not occur in X, then M |= !nck :ϕ for each !nck :ϕ ∈ Aω.

Since M is a Fitting model for nEX and 4 does not occur in X (see Def-

inition 3.33 and Figure 3.15), we have that M satisfies Constant Speci-
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fication Aω. We now argue by induction on the number of occurrences

of the colon symbol (“:”) in a formula ϕ ∈ Aω that M |= ϕ. In the

base case of this induction, there is one occurrence of the colon symbol

in ϕ, and thus ϕ is of the form ck :ψ for some nEX-axiom ψ. But we

already argued that M |= ψ. Since M satisfies Constant Specification

Aω, we have that E(ck, ψ) = W , and thus M |= ck :ψ. For the induction

step, we prove that if (!nck :ϕ) ∈ Aω and M |= !nck :ϕ, then we have

M |= !n+1ck : (!nck :ϕ). So assume that (!nck :ϕ) ∈ Aω and M |= !nck :ϕ.

Since (!nck :ϕ) ∈ Aω, it follows from the fact that M satisfies Constant

Specification Aω that we have E(!n+1ck, !
nck :ϕ) = W . But then it fol-

lows from our assumption M |= !nck :ϕ that M |= !n+1ck : (!nck :ϕ), as

desired. We have thus shown that M |= !nck :ϕ for each !nck :ϕ ∈ Aω.

• Constant Necessitation for the set A of nEX-axioms: if 4 does occur in

X, then M |= ck :ϕ for each ck :ϕ ∈ A0.

Since M is a Fitting model for nEX and 4 occurs in X (see Definition 3.33

and Figure 3.15), we have that M satisfies Constant Specification A0.

Thus for each T -axiom ϕ, we have that E(ck, ϕ) = W . Since we have

already shown that M |= ϕ, it follows that M |= ck :ϕ.

• �-Necessitation: if M |= ϕ, then M |= �ϕ.

This follows from the definition of truth (Definition 3.7).

• Nominal-Necessitation: M |= ϕ implies M |= ϕ :ϕ.

Since M is a Fitting model for nEX (see Definition 3.33 and Figure 3.15),

we have that M satisfies Nominal Identity. But then the result follows
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by the definition of truth (Definition 3.7).

We conclude that each nEX-theorem is valid in every Fitting model for nEX.

Completeness for nominaled theories is by way of a canonical model argu-

ment.

Definition 3.36 (Canonical structures for nominaled theories). Let X be a

naming string. We define a tuple MnEX :=
(
(W nEX , RnEX), EnEX , V nEX

)
as

follows.

• W nEX is the set consisting of all maximal nEX-consistent sets (of for-

mulas in the language of nEX). Note that W nEX is nonempty by the

consistency of nEX (Theorem 3.28).

• RnEX
� :=

{
(Γ,∆) ∈ W nEX ×W nEX : (∀ϕ)(ϕ :ϕ ∈ Γ ⇒ ϕ ∈ ∆)

}
• EnEX(t, ϕ) :=

{
Γ ∈ W nEX : (t� ϕ) ∈ Γ

}
• V nEX(pk) := {Γ ∈ W nEX : pk ∈ Γ} for each k ∈ N

We adopt similar terminology as in Definition 3.20 (canonical frame for nEX,

canonical valuation for nEX, canonical evidence function for nEX, canonical

Fitting model for nEX, and so forth).

Canonical Fitting models for nominaled theories satisfy the following Truth

Lemma.

Lemma 3.37 (Truth Lemma). Let X be a naming string. Then for each

formula ϕ in the language of nEX and each world Γ ∈ MnEX , we have that

MnEX ,Γ |= ϕ if and only if ϕ ∈ Γ.
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Proof. By induction on the construction of formulas in the language of nEX.

The base and Boolean inductive cases are straightforward, so we restrict our

attention to the non-Boolean inductive cases.

• Case: the formula ϕ :ϕ.

While this is a special case of the scheme t :ϕ, it will be convenient for

us to to handle this special case separately.

So assume that ϕ :ϕ ∈ Γ and that ΓRT
�∆. It follows from the nEX-

axiom ϕ � ϕ and the maximal nEX-consistency of Γ that ϕ � ϕ ∈ Γ

and so Γ ∈ EnEX(ϕ, ϕ) by the definition of EnEX . Since ΓRnEX
� ∆, it

follows from ϕ :ϕ ∈ Γ and the definition of RnEX
� that ϕ ∈ ∆ and hence

MnEX ,∆ |= ϕ by the induction hypothesis. Since Γ ∈ EnEX(ϕ, ϕ) and

∆ ∈ MnEX satisfying ΓRnEX
� ∆ was chosen arbitrarily, we have shown

that MnEX ,Γ |= ϕ :ϕ.

Conversely, assume that ϕ :ϕ /∈ Γ. Defining the set Γ� := {ψ | ψ :ψ ∈ Γ},

we argue by contradiction that Γ�∪{¬ϕ} is nEX-consistent. So suppose

Γ� ∪ {¬ϕ} is nEX-inconsistent, which implies that there is a finite set

{ψk}nk=0 ⊆ Γ� such that

nEX ` ψ0 ⊃ (ψ1 ⊃ (ψ2 ⊃ (· · · (ψn ⊃ ϕ) · · · ))) .

Calling the latter formula θ and then applying Nominal-Necessitation,

we then have that nEX ` θ :θ. Since for each ψk ∈ S, we have that

ψk :ψk ∈ Γ, it follows by the nEX-provable scheme u : (χ ⊃ χ′) ⊃ (v :χ ⊃

(u · v) :χ′) (which is provable in nEX by Theorem 3.29) and the maximal
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nEX-consistency of Γ that

((· · · (((θ · ψ0) · ψ1) · ψ2) · · · ) · ψn) :ϕ ∈ Γ .

But it then follows from the nEX-provable scheme u :χ ⊃ χ :χ (which

is provable in nEX by Theorem 3.29) and the maximal nEX-consistency

of Γ that ϕ :ϕ ∈ Γ, contradicting our initial assumption that ϕ :ϕ /∈ Γ.

Thus it must be the case that Γ�∪{¬ϕ} is in fact nEX-consistent and so

may be extended to a maximal nEX-consistent set ∆ ∈ MT . Note that

ΓRnEX
� ∆ by the construction of ∆ and the definition of RnEX

� . Applying

the induction hypothesis, we have that MnEX ,∆ |= ¬ϕ, which implies

that MnEX ,Γ 6|= ϕ :ϕ, as desired.

• Case: the formula t� ϕ.

By the definition of EnEX , we have that Γ ∈ EnEX(t, ϕ) if and only if

(t � ϕ) ∈ Γ. Thus MnEX ,Γ |= t � ϕ if and only if (t � ϕ) ∈ Γ, as

desired.

• Case: the formula t :ϕ.

We have that nEX ` (t :ϕ) ≡ (ϕ :ϕ) ∧ (t � ϕ). So t :ϕ ∈ Γ is

equivalent to having both ϕ :ϕ ∈ Γ and (t � ϕ) ∈ Γ by the maxi-

mal nEX-consistency of Γ. But the latter is equivalent to having both

MnEX ,Γ |= ϕ :ϕ and MnEX ,Γ |= t � ϕ by what we showed in previ-

ous cases. But the latter is itself equivalent to MnEX ,Γ |= t :ϕ by the

definition of truth (Definition 3.7).
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• Case: the formula �ϕ.

We have nEX ` �ϕ ≡ ϕ :ϕ. Thus �ϕ ∈ Γ is equivalent to ϕ :ϕ ∈ Γ by

the maximal T -consistency of Γ. The latter is equivalent to MnEX ,Γ |=

ϕ :ϕ by a previous case. Applying the maximal nEX-consistency of Γ

to the nEX-axiom ϕ � ϕ, it follows that (ϕ � ϕ) ∈ Γ and thus that

Γ ∈ EnEX(ϕ, ϕ) by the definition of EnEX for nominaled terms. But

then MnEX ,Γ |= ϕ :ϕ is equivalent to MnEX ,Γ |= �ϕ by the definition

of truth (Definition 3.7).

While we have defined a structure called the canonical Fitting model for

nEX, we have not proved that this structure in fact satisfies the properties

of being a Fitting model for nEX. This issue is addressed in the following

theorem.

Theorem 3.38. Let X be a naming string. Then the canonical Fitting model

for nEX is a Fitting model for nEX.

Proof. We verify that MnEX , the canonical Fitting model for nEX (Defini-

tion 3.36), satisfies the properties required for it to be a Fitting model for

nEX (see Definition 3.33 and Figure 3.15).

• MnEX satisfies Nominal Identity.

Choose Γ ∈ MnEX . Since nEX ` ϕ � ϕ, it follows from the maximal

nEX-consistency of Γ that (ϕ � ϕ) ∈ Γ and thus that Γ ∈ EnEX(ϕ, ϕ)

by the definition of EnEX . Since we chose Γ ∈MnEX arbitrarily, we have

shown that EnEX(ϕ, ϕ) = W T .
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• MnEX satisfies Application.

Suppose Γ ∈ EnEX(t, ϕ ⊃ ψ)∩EnEX(s, ϕ). It follows from the definition

of EnEX and the maximal nEX-consistency of Γ that
(
t � (ϕ ⊃ ψ)

)
∧

(s� ϕ) ∈ Γ. Since nEX `
(
t� (ϕ ⊃ ψ)

)
⊃
(
(s� ϕ) ⊃ (t · s) � ψ

)
, it

follows from the maximal nEX-consistency of Γ that
(
(t · s) � ψ

)
∈ Γ

and hence Γ ∈ EnEX(t · s, ψ) by the definition of EnEX .

• MnEX satisfies Sum.

Suppose Γ ∈ EnEX(t, ϕ) ∪ EnEX(s, ϕ). It follows from the definition of

EnEX and the maximal nEX-consistency of Γ that (t� ϕ)∨(s� ϕ) ∈ Γ.

Since nEX ` (t � ϕ) ∨ (s � ϕ) ⊃
(
(t+ s) � ϕ

)
, it follows from

the maximal nEX-consistency of Γ that
(
(t+ s) � ϕ

)
∈ Γ and hence

Γ ∈ EnEX(t+ s, ϕ) by the definition of EnEX .

• MT satisfies Box.

Suppose that Γ ∈ EnEX(t, ϕ). Applying the definition of EnEX , we have

that (t � ϕ) ∈ Γ. We have that nEX ` (t � ϕ) ⊃
(
�t � �ϕ

)
and so

(
�t � �ϕ

)
∈ Γ by the maximal nEX-consistency of Γ. Hence

Γ ∈ EnEX(�t,�ϕ) by the definition of EnEX .

• MT satisfies Nominaled Checker.

Suppose that Γ ∈ EnEX(t, ϕ) for a nominaled term t. Applying the

definition of EnEX , we have that (t � ϕ) ∈ Γ. No matter whether

4 occurs in X, we have that nEX ` (t � ϕ) ⊃ !t � (t :ϕ) and so(
!t � (t :ϕ)

)
∈ Γ by the maximal nEX-consistency of Γ. Hence Γ ∈
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EnEX(!t, t :ϕ) by the definition of EnEX .

• MnEX satisfies Constant Specification Aω, where A is the set of nEX-

axioms.

Choose !nck :ϕ ∈ Aω. It is easy to see that no matter whether 4 occurs

in X, we have that nEX ` !nck :ϕ and thus that nEX ` !nck � ϕ.

Thus for each Γ ∈ MnEX , it follows by the maximal nEX-consistency of

Γ that (!nck � ϕ) ∈ Γ and hence Γ ∈ EnEX(!nck, ϕ) by the definition

of EnEX . Since we chose Γ ∈ MnEX arbitrarily, we have shown that

EnEX(!nck, ϕ) = W nEX . Since we chose !nck :ϕ ∈ Aω arbitrarily, we have

shown that MnEX satisfies Constant Specification Aω.

• If D occurs in X, then MnEX satisfies Nominaled Non-Contradiction.

Let t be a nominal-free term. Since D occurs in X and t is nominal-free,

we have that nEX ` ¬(t � ⊥). Thus for each Γ ∈ MnEX , it follows by

the maximal nEX-consistency of Γ that ¬(t � ⊥) ∈ Γ and thus that

Γ /∈ EnEX(t,⊥) by the definition of EnEX . Hence EnEX(t,⊥) = ∅ for all

nominal-free terms t.

• If 4 occurs in X, then MnEX satisfies Constant Specification A0, where

A is the set of nEX-axioms.

Since MnEX satisfies Constant Specification Aω and A0 ⊆ Aω, we have

that MnEX also satisfies Constant Specification A0.

• If 4 occurs in X, then MnEX satisfies Checker.
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Suppose that Γ ∈ EnEX(t, ϕ). It follows that (t � ϕ) ∈ Γ by the

definition of EnEX . Since 4 occurs in X, we have that nEX ` (t� ϕ) ⊃(
!t � (t :ϕ)

)
. Applying the maximal nEX-consistency of Γ, it follows

that
(
!t � (t :ϕ)

)
∈ Γ and hence Γ ∈ EnEX(!t, t :ϕ) by the definition of

EnEX .

• If 4 occurs in X, then MnEX satisfies Monotonicity.

Suppose that Γ ∈ EnEX(t, ϕ). It follows that (t � ϕ) ∈ Γ by the

definition of EnEX . Since 4 occurs in X, we have that nEX ` (t� ϕ) ⊃

�(t� ϕ). It follows that nEX ` (t� ϕ) ⊃ (t� ϕ) : (t� ϕ). Applying

the maximal nEX-consistency of Γ, we have that (t� ϕ) : (t� ϕ) ∈ Γ.

Thus if ΓRnEX
� ∆, then it follows by the definition of RnEX

� that (t� ϕ) ∈

∆ and hence ∆ ∈ EnEX(t, ϕ) by the definition of EnEX . Since we chose

∆ ∈ MnEX satisfying ΓRnEX
� ∆ arbitrarily, it follows that MnEX satisfies

Monotonicity.

• If 5 occurs in X, then MT satisfies Nominaled Negative Checker.

Suppose that Γ /∈ EnEX(t, ϕ). It follows by the definition of EnEX and

the maximal nEX-consistency of Γ that ¬(t � ϕ) ∈ Γ. Since 5 occurs

in X, we have that nEX ` ¬(t� ϕ) ⊃ ?t :¬(t :ϕ) and thus that nEX `

¬(t� ϕ) ⊃ ?t� ¬(t :ϕ). Applying the maximal nEX-consistency of Γ,

we then have that
(
?t � ¬(t :ϕ)

)
∈ Γ and hence Γ ∈ EnEX

(
?t,¬(t :ϕ)

)
by the definition of EnEX .

• If 5 occurs in X, then MT satisfies Nominaled Pacuit-Rubtsova.
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Let t be a nominal-free term. Suppose that MnEX ,Γ |= ¬t :ϕ. Applying

the Truth Lemma (Lemma 3.37), we have that ¬(t :ϕ) ∈ Γ. Since 5

occurs in X and t is nominal-free, we have that nEX ` ¬(t :ϕ) ⊃ ¬(t�

ϕ). Applying the maximal nEX-consistency of Γ, it follows that ¬(t �

ϕ) ∈ Γ and hence Γ /∈ EnEX(t, ϕ) by the definition of EnEX . But then

MnEX ,Γ |= ¬(t� ϕ). As we chose Γ ∈MnEX arbitrarily, we have shown

that MnEX |= ¬(t :ϕ) ⊃ ¬(t� ϕ) for each nominal-free term t.

• If T occurs in X, then MnEX is reflexive.

It T occurs in X, then we have that nEX ` ϕ :ϕ ⊃ ϕ for each ϕ ∈ nJL.

Thus for each Γ ∈MnEX , we have by the maximal nEX-consistency of Γ

that ϕ :ϕ ∈ Γ implies ϕ ∈ Γ. Applying the definition of RnEX
� , it follows

that ΓRnEX
� Γ for each Γ ∈MnEX . So MnEX is reflexive.

• If D occurs in X, then MnEX is serial.

If D occurs in X, then we have that nEX ` ¬(⊥ :⊥). Thus for each Γ ∈

MnEX , we have by the maximal nEX-consistency of Γ that ¬(⊥ :⊥) ∈ Γ.

Applying the Truth Lemma (Lemma 3.37), we have that MnEX ,Γ |=

¬(⊥ :⊥) for each Γ ∈ MnEX . Since MnEX satisfies Nominal Identity, it

follows from the definition of truth (Definition 3.7) that each Γ ∈MnEX

has a ∆ ∈MnEX such that ΓRnEX
� ∆. But this is what it means for MnEX

to be serial.

• If 4 occurs in X, then MnEX is transitive.

If 4 occurs in X, then we have that nEX ` ϕ :ϕ ⊃ !ϕ : (ϕ :ϕ) for each

ϕ ∈ nJL. Thus for each Γ ∈MnEX and ϕ ∈ nJL, we have by the maximal
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nEX-consistency of Γ that ϕ :ϕ ∈ Γ implies !ϕ : (ϕ :ϕ) ∈ Γ.

So if we have ΓRnEX
� ∆, ∆RnEX

� Ω, and ϕ :ϕ ∈ Γ for some ϕ ∈ nJL, then

it follows that !ϕ : (ϕ :ϕ) ∈ Γ and thus that ϕ ∈ Ω by the definition of

RnEX
� . Since ϕ ∈ nJL was chosen arbitrarily, we have shown that RnEX

�

is transitive.

• If 5 occurs in X, then MnEX is euclidean.

If 5 occurs in X, then we have that nEX ` ¬�ϕ ⊃ �¬�ϕ and thus that

nEX ` ¬(ϕ :ϕ) ⊃
(
¬(ϕ :ϕ) :¬(ϕ :ϕ)

)
for each ϕ ∈ nJL. Thus for each

Γ ∈ MEX and ϕ ∈ nJL, we have by the maximal EX-consistency of Γ

that ¬(ϕ :ϕ) ∈ Γ implies ¬(ϕ :ϕ) :¬(ϕ :ϕ) ∈ Γ.

So suppose we have ΓREX
� ∆ and ΓREX

� Ω. Were it the case that we did

not have ∆REX
� Ω, then it would follow by the definition of REX

� that

there is a ϕ :ϕ ∈ ∆ such that ϕ /∈ Ω. It would then follow from our

assumption ΓREX
� Ω that ϕ :ϕ /∈ Γ and thus that ¬(ϕ :ϕ) ∈ Γ by the

maximal EX-consistency of Γ. But by what we showed in the previous

paragraph, we would then have that ¬(ϕ :ϕ) :¬(ϕ :ϕ) ∈ Γ and thus that

¬(ϕ :ϕ) ∈ ∆ by the definition of REX
� and our assumption that ΓREX

� ∆.

But this would then contradict the EX-consistency of ∆. It therefore

follows that we in fact have ∆REX
� Ω, so MEX is indeed euclidean.

Completeness for nominaled theories then goes as expected.

Theorem 3.39 (Completeness for nominaled theories). Let X be a naming

string and let ϕ ∈ nJL be a formula. If ϕ is valid in every Fitting model for

nEX, then ϕ is an nEX-theorem.
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Proof. Suppose that ϕ is not a nEX-theorem. Then {¬ϕ} is nEX-consistent

and so may be extended to a maximal nEX-consistent set Γ ∈MnEX . It follows

from the Truth Lemma (Lemma 3.37) that MnEX ,Γ 6|= ϕ. By Theorem 3.38,

we have that MnEX is a Fitting model for nEX. Thus we have shown that it

is not the case that ϕ is valid in every Fitting model for nEX. The statement

of the theorem follows.

3.3 Dynamic Evidence Introduction

In this section, we undertake the second and final phase of the development of

our theory of dynamic evidence introduction. We will introduce the language

nJL+ of nominaled dynamic evidence introduction as an extension of nJL ob-

tained by adding new formulas of the form [t�+ϕ]ψ, which says that ψ is true

after we introduce t as admissible for ϕ. If ψ does not contain introduction

subformulas, then interpreting the introduction formula [t �+ϕ]ψ will work

as follows. We first substitute for each occurrence of the term t in ψ the nomi-

naled term (t+ϕ). This operation produces a formula ψ] in the language nJL.

We then reason in a nominaled theory nEX to determine whether to accept

ψ]. Whether ψ] is accepted according to nEX then determines whether to

accept [t�+ϕ]ψ. Let us look at a small example to see how this works.

Suppose we assume that evidence behaves according to the principles pos-

tulated by the theory nE. We would now like to determine whether the formula

x : (p ⊃ q) ∧�p ⊃ [y �+p](x · y) :q
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1. p� p nE-axiom
2. (p� p) ⊃ (y + p) � p nE-axiom
3. (y + p) � p 1, 2
4. x : (p ⊃ q) ⊃ �(p ⊃ q) nE-axiom
5. �(p ⊃ q) ⊃ (�p ⊃ �q) nE-axiom
6. x : (p ⊃ q) ∧�p ⊃ �q 4, 5
7. x� (p ⊃ q) ⊃

(
(y + p) � p ⊃ (x · (y + p)) � q

)
nE-axiom

8. x : (p ⊃ q) ⊃ x� (p ⊃ q) nE-axiom
9. x : (p ⊃ q) ⊃

(
x · (y + p)

)
� q 3, 7, 8

10. �q ⊃
(
(x · (y + p)) � q ⊃ (x · (y + p)) :q

)
nE-axiom

11. x : (p ⊃ q) ∧�p ⊃
(
x · (y + p)

)
:q 6, 9, 10

Figure 3.16. Proof that nE ` x : (p ⊃ q) ∧�p ⊃
(
x · (y + p)

)
:q

is a statement we ought to accept. In words, we are asking the following: if

evidence x validates p ⊃ q and p is true no matter variations in admissibility,

then does introducing evidence y as admissible for p make it so that x · y

validates q? The answer, as one might suspect, is yes. Let us see why.

So let us first eliminate the subformula [y �+p](x · y) :p by substituting

for each occurrence of the term y in (x · y) :q the term (y+ p). This operation

maps our larger formula to the following.

x : (p ⊃ q) ∧�p ⊃
(
x · (y + p)

)
:q

The resulting formula is in the language nJL, and so we may ask whether the

resulting formula is acceptable according to our assumed theory of evidence

nE. But the resulting formula is indeed acceptable according to nE. We present

a proof of this in Figure 3.16. So we indeed ought to accept the introduction
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formula

x : (p ⊃ q) ∧�p ⊃ [y �+p](x · y) :q

if our evidence behaves according to nE.

A full account of evidence introduction along the lines we have sketched

above requires us to handle some additional complications. In particular, when

assessing whether a formula with nested introductions such as

[t�+ϕ][s�+ψ]χ

is acceptable according to an underlying nominaled theory of evidence, we

need to perform the substitutions inside-out: we first substitute occurrences

of the term s in χ by the nominaled term (s+ψ), resulting in a formula χ′; we

then substitute occurrences of the term t in χ′ by the nominaled term (t+ϕ).

In order to accommodate such inside-out substitutions, we will develop some

additional machinery.

3.3.1 Syntax and Semantics

We first establish notation for the basic operation of substitution that we will

use to map formulas to the language nJL.

Definition 3.40 ([t⊕ ϕ]). Let L be a (possibly trivial) extension of the lan-

guage nJL. Let t be a (possibly nominaled) term in the language L, let ϕ be a

L-formula, and let Y be an expression in the language L. Y [t⊕ϕ] denotes the

expression obtained from Y by substituting (t + ϕ) for each occurrence of a

term u in Y such that the term u is t. So, for example, (p :p)[p⊕q] = (p+ q) :p
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(note that we only perform the substitution for the occurrence of p as a term).

To handle inside-out substitutions, we introduce the notion of an intro-

sequence. An intro-sequence is simply a finite (possibly empty) list of the

substitutions we need to perform. When these substitutions are eventually

performed, they are performed in reverse order.

Definition 3.41. Let L be a (possibly trivial) extension of the language nJL.

• An intro-sequence (in the language L) is a finite, possibly empty sequence

of L-formulas of the form t� ϕ.

• If σ is an intro-sequence in the language L and t � ϕ is an L-formula,

then we will write σ, t� ϕ to denote the intro-sequence whose elements

consist of the enumeration of the elements of σ followed immediately by

the formula t� ϕ.

• Given an expression Y in the language L and an intro-sequence σ =

{ti � ϕi}ni=1 for some n ∈ N (with n = 0 in case σ is empty), we

define the sequence {Yi}ni=0 of L-expressions by the following induction:

Y0 := Y and Yi+1 := Yi[tn−i ⊕ ϕn−i] for each i ∈ N with i < n. We then

let Y σ denote the expression Yn.

In order to interpret evidence introductions in Fitting models, we need

to add intro-sequences to the evidence function in order to keep track of the

evidence introductions that have occurred.

Definition 3.42. Let L be a (possibly trivial) extension of the language nJL.

An intro evidence function (in language L) is a pair (E, σ) consisting of an
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evidence function E in the language L and an intro-sequence σ in the language

L. We will write Eσ to denote the pair (E, σ). We identify an evidence function

E with the intro evidence function Eε, where ε denotes the empty sequence.

An intro Fitting model is just like a Fitting model except that it includes

an intro evidence function.

Definition 3.43. Let A be an agent set and let L be a (possibly trivial)

extension of the language nJL. An intro Fitting model (for A in language L) is

a tuple (F,Eσ, V ) consisting of a frame F for A, an intro evidence function Eσ

in the language L such that E is an evidence function on F , and a valuation

V on F . Note that we may identify a Fitting model having evidence function

E with an intro Fitting model having intro evidence function Eε, where ε is

the empty intro-sequence. For an intro Fitting model M = (F,Eσ, V ) and a

formula (u� χ) ∈ nJL we will write Mu�χ to denote the intro Fitting model

(F,Eσ,u�χ, V ). A pointed intro Fitting model (for A in language L) is a pair

(M,Γ) consisting of an intro Fitting model M for A in language L and a world

Γ in M . We adopt similar terminology for (pointed) intro Fitting models as

we did for Fitting models (see Definition 3.5).

We are now in a position to define the language nJL+ of nominaled evi-

dence introduction. We use the machinery of intro Fitting models to interpret

formulas in this language.

Definition 3.44 (Language nJL+). nJL+ is the extension of nJL obtained by

adding the following rule of formula formation: if t is a term and ϕ and ψ

are formulas, then [t �+ϕ]ψ is also a formula. In Figure 3.17, we define a
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function ] : nJL+ → nJL. Truth of a nJL+-formula is interpreted at a pointed

intro Fitting model M = (F,Eσ, V ) for {�} in the language nJL according to

the following induction on nJL+-formula construction. Here F = (W,R).

• M,Γ 6|= ⊥ and M,Γ |= >.

• M,Γ |= pk means that Γ ∈ V (pk).

• M,Γ |= ϕ ⊃ ψ means that M,Γ 6|= ϕ or M,Γ |= ψ.

• M,Γ |= t� ϕ means that Γ ∈ E(t]σ, ψ]σ) (see Definition 3.41).

• M,Γ |= �ϕ means that M,∆ |= ϕ for each ∆ ∈M satisfying ΓR�∆.

• M,Γ |= t :ϕ means that we have each of the following.

– Γ ∈ E(t]σ, ψ]σ) (see Definition 3.41).

– M,∆ |= ϕ for each ∆ ∈M satisfying ΓR�∆.

• M,Γ |= [t�+ϕ]ψ means that M (t�ϕ)]
,Γ |= ψ.

To interpret nJL+-formulas in intro Fitting models, we use the model’s

intro-sequence to record the evidence introductions that are encountered as the

formula is broken down into its subformulas and the truth of those subformulas

is determined. When a subformula t � ϕ is encountered, we take the intro-

sequence σ generated thus far and then determine whether the current world

is a member of

E(t]σ, ϕ]σ) .
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p] := p, for each atom p

(ψ ⊃ χ)] := ψ] ⊃ χ]

(�ψ)] := �ψ]

(t :ψ)] := t] :ψ]

(t� ψ)] := t] � ψ](
[t�+ψ]χ

)]
:= χ][t] ⊕ ψ]]

c]k := ck

x]k := xk

(t · s)] := t] · s]

(t+ s)] := t] + s]

(!t)] := !t]

(?t)] := ?t]

(�t)] := �t]

Note: The substitution [u⊕ χ] is defined in Definition 3.40.

Figure 3.17. Definition of a function ] : nJL+ → nJL
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Here we have mapped the term t to a term t] in the language nJL, after which

we perform the substitutions given by the intro-sequence σ (in reverse order).

This gives us a term t]σ in the language nJL. We do likewise to obtain a

formula ϕ]σ also in the language nJL. Since E is an evidence function in the

language nJL, it then makes sense for us to test whether the current world is

a member of the set of worlds given by E(t]σ, ϕ]σ).

3.3.2 Hilbert Theories

We now define theories for our language nJL+ of dynamic evidence introduc-

tion. But first let us observe that our general scheme of evidence introduction

is incompatible with the evidence principles ¬(t� ⊥) and ¬(t :ϕ) ⊃ ¬(t� ϕ).

Indeed, since evidence introduction allows us to introduce a piece of evidence

as admissible for any formula, these evidence principles are simply incompat-

ible with our notion of evidence introduction. So we will restrict attention

to those theories that are compatible with our notion as we have presented it

thus far.

Definition 3.45. To say that a naming string X is intro-compatible means

that neither D nor 5 occurs in X.

We then define the theories of dynamic evidence introduction as follows.

Definition 3.46 (Theories nEX+). For each intro-compatible naming string

X, we define the theory nEX+ to be the extension of nEX (Figure 3.12) ob-

tained by adding the axiom schemes ϕ ⊃ ϕ] and ϕ] ⊃ ϕ. The language of

nEX+ is the language nJL+. For an intro Fitting model M = (F,Eσ, V ), to
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say that (the intro Fitting model) M is for nEX+ means that (F,E, V ) is a

Fitting model for tautological nEX (see Definition 3.33 and Figure 3.15).

Correctness of our theories of dynamic evidence introduction will depend

heavily on the following conservativity result.

Theorem 3.47 (Conservativity of nEX+ over nEX). For each intro-compatible

naming string X, we have that nEX+ is a conservative extension of tautological

nEX.

Proof. To say that nEX is a conservative extension of tautological nEX means

that nEX+ is an extension of nEX (which is obvious) and that for each formula

ϕ in the language of tautological nEX, we have that nEX+ ` ϕ implies nEX `

ϕ. So what remains is for us to show the latter. To do this, we first verify that

for each nEX+-axiom ψ and each intro-sequence σ in the language of nEX, we

have that ψ]σ is an nEX-axiom.

• Case: ψ is the nEX+-axiom ϕ ⊃ ϕ] or the nEX+-axiom ϕ] ⊃ ϕ.

We have that ψ]σ = ϕ]σ ⊃ ϕ]σ, which is an instance of a classical

tautology and thus an nEX-axiom.

• Case: ψ is an instance of a classical tautology in the language of nEX+.

It follows that ψ]σ is itself an instance of a classical tautology and thus

an nEX-axiom.

• Case: ψ is the nEX+-axiom t� (ϕ ⊃ χ) ⊃
(
(s� ϕ) ⊃ (t · s) � χ

)
.

ψ]σ = t]σ � (ϕ]σ ⊃ χ]σ) ⊃
(
(s]σ � ϕ]σ) ⊃ (t]σ · s]σ) � χ]σ

)
, which

is an axiom of nEX.
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• Case: ψ is the nEX+-axiom (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ.

ψ]σ = (t] � ϕ]σ)∨ (s]σ � ϕ]σ ⊃ (t]σ + s]σ) � ϕ]σ, which is an axiom

of nEX.

• Case: ψ is the nEX+-axiom (t� ϕ) ⊃ �t� �ϕ.

ψ]σ = (t]σ � ϕ]σ) ⊃ �t]σ � �ϕ]σ, which is an axiom of nEX.

• Case: ψ is the nEX+-axiom (t� ϕ) ⊃ !t� (t :ϕ), where t is a nominaled

term.

ψ]σ = (t]σ � ϕ]σ) ⊃ !t]σ � (t]σ :ϕ]σ), which is an nEX-axiom because

t is a nominaled term.

• Case: ψ is the nEX+-axiom (t� ϕ) ⊃ !t� (t :ϕ).

In this case, 4 occurs in X. ψ]σ = (t]σ � ϕ]σ) ⊃ !t]σ � (t]σ :ϕ]σ),

which is an nEX-axiom because 4 occurs in X.

• Case: ψ is the nEX+-axiom (t� ϕ) ⊃ �(t� ϕ).

In this case, 4 occurs in X. ψ]σ = (t]σ � ϕ]σ) ⊃ �(t]σ � ϕ]σ), which

is an nEX-axiom because 4 occurs in X.

• Case: ψ is the nEX+-axiom �ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

ψ]σ = �ϕ]σ ⊃
(
(t]σ � ϕ]σ) ⊃ t]σ :ϕ]σ

)
, which is an nEX-axiom.

• Case: ψ is the nEX+-axiom t :ϕ ⊃ �ϕ.

ψ]σ = t]σ :ϕ]σ ⊃ �ϕ]σ, which is an nEX-axiom.

• Case: ψ is the nEX+-axiom t :ϕ ⊃ t� ϕ.
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ψ]σ = t]σ :ϕ]σ ⊃ t]σ � ϕ]σ, which is an nEX-axiom.

• Case: ψ is the nEX+-axiom �>.

ψ]σ = �>, which is an nEX-axiom.

• Case: ψ is the nEX+-axiom �(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ).

ψ]σ = �(ϕ]σ ⊃ ψ]σ) ⊃ (�ϕ]σ ⊃ �ψ]σ), which is an nEX-axiom.

• Case: ψ is the nEX+-axiom �ϕ ⊃ ϕ.

In this case, T occurs in X. ψ]σ = �ϕ]σ ⊃ ϕ]σ, which is an nEX-axiom

because T occurs in X.

• Case: ψ is the nEX+-axiom �ϕ ⊃ ��ϕ.

In this case, 4 occurs in X. ψ]σ = �ϕ]σ ⊃ ��ϕ]σ, which is an nEX-

axiom because 4 occurs in X.

• Case: ψ is the nEX+-axiom ϕ� ϕ.

ψ]σ = ϕ]σ � ϕ]σ, which is an nEX-axiom.

• Case: ψ is the nEX+-axiom �ϕ ⊃ ϕ :ϕ.

ψ]σ = �ϕ]σ ⊃ ϕ]σ :ϕ]σ, which is an nEX-axiom.

• Case: ψ is the nEX+-axiom ϕ :ϕ ⊃ �ϕ.

ψ]σ = ϕ]σ :ϕ]σ ⊃ �ϕ]σ, which is an nEX-axiom.

Taking our intro-sequence σ to be the empty intro-sequence ε, we have in

particular that each nEX+-axiom ψ is mapped to an nEX-axiom ψ]ε = ψ].

Now suppose that a sequence P := {ψi}ni=0 of nJL+-formulas makes up a proof
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of the nJL-formula ψn in the Hilbert theory for nEX+. We argue by induction

on k with 0 ≤ k ≤ n that ψ]k is either an nEX-axiom or follows from zero

or more nEX-theorems from the sequence {ψ]i}k−1
i=0 by a rule of inference from

the Hilbert theory for nEX. In this way, we will show that P ] := {ψ]i}ni=0 is a

proof of ψn in the Hilbert theory for nEX.

• Case: k = 0.

It follows from the fact that P is an nEX+-proof that ψ0 is an nEX+-

axiom and thus that ψ]0 is an EX-axiom by what we showed above.

• Case: k > 0 and ψk is an nEX+-axiom.

It follows by what we showed above that ψ]k is an nEX-axiom.

• Case: k > 0 and ψk follows from the formulas ψa and ψb with 0 ≤ a < k

and 0 ≤ b < k by Modus Ponens.

We may assume that ψa = θ1 ⊃ θ2, that ψb = θ1, and thus that ψk = θ2.

But then ψ]a = θ]1 ⊃ θ]2 and ψ]b = θ]1, and so ψ]k = χ]k follows from ψ]a and

ψ]b by Modus Ponens.

• Case: k > 0 and ψk follows by Iterated Constant Necessitation for the

set of axioms of nEX+.

In this case, 4 does not occur in X. We also have that ψk is of the form

!nc : (!n−1c : (!n−2c : (· · · (!2c : (!c : (c :ϕ))) · · · )))

for some n ∈ N, some constant c, and some nEX+-axiom ϕ. We have
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shown that ϕ] is an nEX-axiom. Further, we have that ψ]k is

!nc : (!n−1c : (!n−2c : (· · · (!2c : (!c : (c :ϕ]))) · · · ))) ,

which follows by Iterated Constant Necessitation for the set of axioms

of nEX because ϕ] is an nEX-axiom and 4 does not occur in X.

• Case: k > 0 and χk follows by Constant Necessitation for the set of

axioms of nEX+.

In this case, 4 does occur in X. We also have that ψk is of the form c :ϕ

for some constant c and some nEX+-axiom ϕ. We have shown that ϕ] is

an nEX-axiom, and so (c :ϕ)] = c :ϕ] follows by Constant Necessitation

for the set of axioms of nEX because ϕ] is an nEX-axiom and 4 occurs

in X.

• Case: k > 0 and χk follows from the formula χa with 0 ≤ a < k by

�-Necessitation.

We have that χk = �χa. But χ]k = �χ]a follows from χ]a by �-Necessitation.

• Case: k > 0 and χk follows from the formula χa with 0 ≤ a < k by

Nominal-Necessitation.

We have that χk = χa :χa. But χ]k = χ]a :χ◦a follows from χ◦a by Nominal-

Necessitation.

Since P is a proof of ψk ∈ nJL in the Hilbert theory for nEX+, we have that

each ψk in the sequence {ψk}nk=0 is handled in one of the above cases. But
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then we have shown that P ] is a proof of ψk in the Hilbert theory for nEX. It

follows that nEX+ is indeed a conservative extension of nEX.

For formulas in the language nJL, the following lemma allows us to re-

move the most recent evidence introduction stored in a model’s intro-sequence

and then perform the substitution induced by that introduction in a truth-

preserving way.

Lemma 3.48. For each pointed intro Fitting model (M,Γ), each formula

ϕ ∈ nJL, and each formula (u� χ) ∈ nJL, we have that Mu�χ,Γ |= ϕ if and

only if M,Γ |= ϕ[u⊕ χ].

Proof. By induction on the construction of nJL-formulas. The base case is

straightforward, so let us focus on the inductive cases. Here we let M =(
(W,R), Eσ, V

)
be an arbitrary intro Fitting model and Γ ∈ M an arbitrary

world.

• Inductive case: the nJL-formula ϕ ⊃ ψ.

We have by the induction hypothesis both that Mu�χ,Γ |= ϕ if and

only if M,Γ |= ϕ[u ⊕ χ] and also that Mu�χ,Γ |= ψ if and only if

M,Γ |= ψ[u ⊕ χ]. It follows that Mu�χ,Γ |= ϕ ⊃ ψ if and only if

M,Γ |= ϕ[u⊕ χ] ⊃ ψ[u⊕ χ] by the definition of truth (Definition 3.44).

But the latter is equivalent to M,Γ |= (ϕ ⊃ ψ)[u⊕ χ].

• Inductive case: the nJL-formula �ϕ.

Mu�χ,Γ |= �ϕ means that Mu�χ,∆ |= �ϕ for each ∆ ∈ F satisfying

ΓR�∆ (Definition 3.44). Applying the induction hypothesis, the latter
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is equivalent to M,∆ |= ϕ[u ⊕ χ] for each ∆ ∈ F satisfying ΓR�∆.

But this is equivalent to M,Γ |= �
(
ϕ[u⊕ χ]

)
by the definition of truth

(Definition 3.44). But the latter is equivalent to M,Γ |= (�ϕ)[u⊕ χ].

• Inductive case: the nJL-formula t� ϕ.

Mu�χ,Γ |= t � ϕ means that Γ ∈ E
(
t[u ⊕ χ]σ, ϕ[u ⊕ χ]σ

)
by the

definition of truth (Definition 3.44). Applying the definition of truth

again, the latter is itself equivalent to M,Γ |= t[u⊕ χ] � ϕ[u⊕ χ]. But

this is equivalent to M,Γ |= (t� ϕ)[u⊕ χ].

• Inductive case: the nJL-formula t :ϕ.

Mu�χ,Γ |= t :ϕ is equivalent to Mu�χ,Γ |= t � ϕ and Mu�χ,Γ |= �ϕ

by the definition of truth (Definition 3.44). Applying the previous cases,

the latter is equivalent to M,Γ |= t[u⊕ χ] � ϕ[u⊕ χ] and M,Γ |=

�
(
ϕ[u ⊕ χ]

)
. But the latter is equivalent to M,Γ |= t[u⊕ χ] :ϕ[u⊕ χ]

by another application of the definition of truth. But the latter is itself

equivalent to M,Γ |= (t :ϕ)[u⊕ χ].

We now use the previous lemma to prove that the function ] : nJL+ → nJL

is truth-preserving for intro Fitting models.

Lemma 3.49. For each intro Fitting model M and each formula ϕ ∈ nJL+,

we have that M |= ϕ ≡ ϕ].

Proof. By induction on the construction of nJL+-formulas. Here we let M =(
(W,R), Eσ, V

)
be an arbitrary intro Fitting model and Γ ∈ M an arbitrary

world.
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• Base case: the nJL+-atom p.

We have that p] = p, and thus it follows by the definition of truth

(Definition 3.44) that M,Γ |= p ≡ p].

• Inductive case: the nJL+-formula ϕ ⊃ ψ.

We have by the induction hypothesis that M,Γ |= ϕ ≡ ϕ] and M,Γ |=

ψ ≡ ψ]. Applying the definition of truth (Definition 3.44), it follows that

M,Γ |= (ϕ ⊃ ψ) ≡ (ϕ] ⊃ ψ]). Since (ϕ] ⊃ ψ]) = (ϕ ⊃ ψ)], the result

follows.

• Inductive case: the nJL+-formula �ϕ.

Suppose that M,Γ |= �ϕ. By the definition of truth (Definition 3.44),

this means that M,∆ |= ϕ for each ∆ ∈ M satisfying ΓR�∆. Applying

the induction hypothesis, the latter is equivalent to M,∆ |= ϕ] for each

∆ ∈ M satisfying ΓR�∆. Applying the definition of truth again, the

latter is equivalent to M,Γ |= �ϕ]. Since �ϕ] = (�ϕ)], the result

follows.

• Inductive case: the nJL+-formula t� ϕ.

Suppose that M,Γ |= t� ϕ. By the definition of truth (Definition 3.44),

this means that Γ ∈ E(t]σ, ϕ]σ). But the latter is equivalent to Γ ∈

E
(
(t])]σ, (ϕ])]σ

)
, which is itself equivalent to M,Γ |= t] � ϕ] by the

meaning of truth (Definition 3.44). Since t] � ϕ] = (t� ϕ)], the result

follows.

• Inductive case: the nJL+-formula t :ϕ.
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M,Γ |= t :ϕ is equivalent to both M,Γ |= t� ϕ and M,Γ |= �ϕ by the

definition of truth (Definition 3.44). Applying the previous cases, the

latter is equivalent to M,Γ |= t] � ϕ] and M,Γ |= �ϕ]. Applying the

definition of truth again, the latter is equivalent to M,Γ |= t] :ϕ]. Since

t] :ϕ] = (t :ϕ)], the result follows.

• Inductive case: the nJL+-formula [t�+ϕ]ψ.

Suppose that M,Γ |= [t �+ϕ]ψ. By the definition of truth (Defini-

tion 3.44), this means that M (t�ϕ)]
,Γ |= ψ, which is itself equivalent

to M t]�ϕ]
,Γ |= ψ. Applying the induction hypothesis, the latter is

equivalent to M t]�ϕ]
,Γ |= ψ]. Applying Lemma 3.48, the latter is itself

equivalent to M,Γ |= ψ][t] ⊕ ϕ]] because we have that t] � ϕ] ∈ nJL

and that ψ] ∈ nJL. But ψ][t] ⊕ ϕ]] =
(
[t �+ϕ]ψ

)]
, and so the result

follows.

The lemma we have just shown aids our proof of soundness for our theories

of dynamic evidence introduction.

Theorem 3.50 (Soundness of nEX+). Let X be an intro-compatible naming

string and let ϕ be a nJL+-formula. If nEX+ ` ϕ, then ϕ is valid in every intro

Fitting model for nEX+.

Proof. By induction on the length of nEX+-derivations. Let M = (F,Eσ, V )

be an arbitrary intro Fitting model for nEX+ with F = (W,R) and let Γ ∈ F

an arbitrary world. We now show that each nEX+-axiom is valid in M . We

will write M ′ to denote the Fitting model (F,E, V ), which is a Fitting model
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for nEX by Definition 3.46 and our assumption the M is a Fitting model for

nEX+.

• M |= ϕ ⊃ ϕ] and M |= ϕ] ⊃ ϕ.

Lemma 3.49.

• M |= ψ, where ψ is an instance of a classical tautology in the language

of nEX+.

The result follows by the definition of truth (Definition 3.44).

• M |= t� (ϕ ⊃ χ) ⊃
(
(s� ϕ) ⊃ (t · s) � χ

)
.

Suppose that M,Γ |= t� (ϕ ⊃ χ) and M,Γ |= s� ϕ. By the definition

of truth (Definition 3.44), this means that

Γ ∈ E
(
t]σ, (ϕ ⊃ χ)]σ

)
∩ E(s]σ, ϕ]σ) .

The latter is equivalent to Γ ∈ E(t]σ, ϕ]σ ⊃ ψ]σ) ∩ E(s]σ, ϕ]σ). Since

M ′ is a Fitting model for nEX (Definition 3.33 and Figure 3.15), it fol-

lows that M ′ satisfies Application. We thus have that Γ ∈ E
(
(t]σ) ·

(s]σ), ψ]σ
)
, which is equivalent to Γ ∈ E

(
(t · s)]σ, ψ]σ

)
. But the lat-

ter implies that M,Γ |= (t · s) � ψ by the definition of truth (Defini-

tion 3.44).

• M |= (t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ.

Suppose that M,Γ |= (t � ϕ) ∨ (s � ϕ). By the definition of truth

(Definition 3.44), this means that Γ ∈ E(t]σ, ϕ]σ) ∪ E(s]σ, ϕ]σ). Since
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M ′ is a Fitting model for nEX (Definition 3.33 and Figure 3.15), it follows

that M ′ satisfies Sum. We thus have that Γ ∈ E
(
(t]σ) + (s]σ), ϕ]σ

)
,

which is equivalent to Γ ∈ E
(
(t+ s)]σ, ϕ]σ

)
. But the latter implies that

M,Γ |= (t+ s) � ϕ by the definition of truth (Definition 3.44).

• M |= (t� ϕ) ⊃ �t� �ϕ.

Suppose that M,Γ |= t� ϕ. By the definition of truth (Definition 3.44),

this means that Γ ∈ E(t]σ, ϕ]σ). Since M ′ is a Fitting model for nEX

(Definition 3.33 and Figure 3.15), it follows that M ′ satisfies Box. We

thus have Γ ∈ E(�t]σ,�ϕ]σ), which is equivalent to

Γ ∈ E
(
(�t)]σ, (�ϕ)]σ

)
.

But the latter implies that M,Γ |= �t � �ϕ by the definition of truth

(Definition 3.44).

• M |= (t� ϕ) ⊃ !t� (t :ϕ), where t is a nominaled term.

Suppose that M,Γ |= t� ϕ. By the definition of truth (Definition 3.44),

this means that Γ ∈ E(t]σ, ϕ]σ). Since M ′ is a Fitting model for nEX

(Definition 3.33 and Figure 3.15), it follows that M ′ satisfies Nominaled

Checker. We thus have Γ ∈ E
(
!t]σ, t]σ :ϕ]σ

)
by the fact that t is nomi-

naled. But this is equivalent to Γ ∈ E
(
(!t)]σ, (t :ϕ)]σ

)
. But the latter im-

plies that M,Γ |= !t� (t :ϕ) by the definition of truth (Definition 3.44).

• If 4 occurs in X, then M |= (t� ϕ) ⊃ !t� (t :ϕ).

Suppose that M,Γ |= t� ϕ. By the definition of truth (Definition 3.44),
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this means that Γ ∈ E(t]σ, ϕ]σ). Since M ′ is a Fitting model for nEX

(Definition 3.33 and Figure 3.15) and 4 occurs in X, it follows that M ′

satisfies Checker. We thus have Γ ∈ E
(
!t]σ, t]σ :ϕ]σ

)
, which is equivalent

to Γ ∈ E
(
(!t)]σ, (t :ϕ)]σ

)
. But the latter implies that M,Γ |= !t� (t :ϕ)

by the definition of truth (Definition 3.44).

• If 4 occurs in X, then M |= (t� ϕ) ⊃ �(t� ϕ).

Suppose that M,Γ |= t � ϕ and ΓR�∆. The former means that Γ ∈

E(t]σ, ϕ]σ) by the definition of truth (Definition 3.44). Since M ′ is a

Fitting model for nEX (Definition 3.33 and Figure 3.15) and 4 occurs

in X, it follows that M ′ satisfies Monotonicity. Thus ΓR�∆ and Γ ∈

E(t]σ, ϕ]σ) together imply that ∆ ∈ E(t]σ, ϕ]σ), which implies that

M,∆ |= t � ϕ by the definition of truth (Definition 3.44). But since

∆ ∈ M satisfying ΓR�∆ was chosen arbitrarily, we have that M,Γ |=

�(t� ϕ) by the definition of truth (Definition 3.44).

• M |= �ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

This follows immediately from the definition of truth (Definition 3.44).

• M |= t :ϕ ⊃ �ϕ.

This follows immediately from the definition of truth (Definition 3.44).

• M |= t :ϕ ⊃ t� ϕ.

This follows immediately from the definition of truth (Definition 3.44).

• We have each of the following.
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– M |= �>.

– M |= �(ϕ ⊃ ψ) ⊃ (�ϕ ⊃ �ψ).

– If T occurs in X, then M |= �ϕ ⊃ ϕ.

– If 4 occurs in X, then M |= �ϕ ⊃ ��ϕ.

The arguments for these axioms follow the standard arguments for modal

logic [21], making use of the definition of truth (Definition 3.44) and the

meaning of begin an intro Fitting model for nEX+ (Definition 3.46, which

gives us the desired properties on the binary relation R� for the proof

of the last two items).

• M |= ϕ� ϕ.

Given ϕ ∈ nJL+, we have that E(ϕ]σ, ϕ]σ) = W by the fact that M ′

is a Fitting model for nEX (Definition 3.33 and Figure 3.15) and so M ′

satisfies Nominal Identity. But we then have that M |= ϕ � ϕ by the

meaning of truth (Definition 3.44).

• M |= �ϕ ⊃ ϕ :ϕ.

Since M ′ satisfies Nominal Identity, we have that M |= ϕ � ϕ. The

result thus follows by the meaning of truth (Definition 3.44).

• M |= ϕ :ϕ ⊃ �ϕ.

Since M ′ satisfies Nominal Identity, we have that M |= ϕ � ϕ. The

result thus follows by the meaning of truth (Definition 3.44).



221

So we have shown that each nEX+-axiom is valid in every Fitting model for

nEX+. We now show that this validity is closed under the rules of inference

of nEX+. We consider each rule in turn.

• Modus Ponens: if M |= ϕ ⊃ ψ and M |= ϕ, then M |= ψ.

This follows by the meaning of truth (Definition 3.44).

• Iterated Constant Necessitation for the set of nEX+-axioms: if 4 does

not occur in X, ϕ is an nEX+-axiom, and n ∈ N, then

M |= !nck : !n−1ck : · · · :ck :ϕ .

Since M ′ is a Fitting model for nEX (Definition 3.33 and Figure 3.15)

and 4 does not occur in X, we have that M ′ satisfies Iterated Constant

Necessitation for the set of nEX-axioms. In the proof of Theorem 3.47,

we showed that if ϕ is an nEX+-axiom, then ϕ]σ is an nEX-axiom.

Therefore we have that

W = E
(
!nck, !

n−1ck : · · · :ck : (ϕ]σ)
)

(3.1)

by Iterated Constant Necessitation for the set of nEX-axioms. We now

consider two sub-cases. In the first sub-case, we have that ckσ = ck,

which implies that Equation (3.1) is equivalent to

W = E
(
(!nck)

]σ, (!n−1ck : · · · :ck :ϕ)]σ
)
.
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Thus M |= !nck � !n−1ck : · · · :ck :ϕ by the definition of truth (Defini-

tion 3.44). It follows by induction on n that M |= �
(
!n−1ck : · · · :ck :ϕ

)
,

with the base case handled by our case analysis of the nEX+-axioms

above and the definition of truth for formulas of the form �ψ (Defini-

tion 3.44). But we then have that M |= !nck : !n−1ck : · · · :ck :ϕ. So let us

consider the second sub-case, where ckσ 6= ck. In this case, we have that

ckσ is of the form

(· · · ((ck + t1) + t2) + · · · ) + tm

for some m ∈ N+ and some terms t1, . . . , tm in the language nJL. Further,

observe that ckσ must be nominaled. Indeed, σ (which is in the language

nJL) is of the form {si � ψi}ki=1 for some k ∈ N and so

ckσ = ck[sk ⊕ ψk][sk−1 ⊕ ψk−1] · · · [s1 ⊕ ψ1] .

As we assumed that ckσ 6= ck, it follows not only that k > 0 but also

that ckσ must be nominaled. Now since ϕ]σ is an nEX-axiom, we have

that W = E(ck, ϕ
]σ) by the fact that M ′ is a Fitting model for nEX

(Definition 3.33 and Figure 3.15) and so M ′ satisfies Iterated Constant

Necessitation for the set of nEX-axioms. But then M ′ also satisfies Sum,

and so by m applications of Sum, we have that

W = E
(
(· · · ((ck + t1) + t2) + · · · ) + tm, ϕ

]σ
)
.
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That is, we have that W = E(ckσ, ϕ
]σ). But M ′ also satisfies Nominaled

Checker, so by n applications of Nominaled Checker (which we may apply

by the fact that ckσ is nominaled), we have that

W = E
(
!n(ckσ), !n−1(ckσ) : !n−2(ckσ) : · · · : (ckσ) : (ϕ]σ)

)
.

This is equivalent to

W = E
(
(!nck)

]σ, (!n−1ck : !n−2ck : · · · :ck :ϕ)]σ
)
.

It follows by the meaning of truth (Definition 3.44) that

M |= !nck � !n−1ck : !n−2ck : · · · :ck :ϕ .

By an induction on n, we also have that M |= �
(
!n−1ck : · · · :ck :ϕ

)
. (The

base case of this induction is handled by our case analysis of the nEX+-

axioms above and the definition of truth for formulas of the form �ψ

from Definition 3.44.) But we then have that M |= !nck : !n−1ck : · · · :ck :ϕ.

• Constant Necessitation for the set of nEX+-axioms: if 4 occurs in X and

ϕ is an nEX+-axiom, then M |= ck :ϕ.

The result follows by reasoning much like in the previous case if we take

n = 0.

• �-Necessitation: if M |= ϕ, then M |= �ϕ.

This follows by the definition of truth for formulas of the form �ψ (Def-
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inition 3.44).

• Nominal-Necessitation: if M |= ϕ, then M |= ϕ :ϕ.

Since M ′ satisfies Nominal Identity, we have that M |= ϕ � ϕ. The

result thus follows by the meaning of truth (Definition 3.44).

We have shown that nEX+ ` ϕ implies that ϕ is valid in every intro Fitting

model for nEX+.

Completeness of nEX+ is by way of reduction to the completeness of nEX.

This reduction makes use of the following lemma.

Lemma 3.51. Let X be an intro-compatible naming string and let ϕ be an

nJL-formula. If ϕ is valid in every intro Fitting model for nEX+, then ϕ is

valid in every Fitting model for nEX.

Proof. Recall that ε is the empty intro-sequence. Now to say that (F,Eε, V )

is an intro Fitting model for nEX+ means that (F,E, V ) is a Fitting model for

nEX (Definition 3.46). Suppose that for each intro Fitting model (F,Eε, V )

for nEX+, each world Γ ∈ F , and each formula ψ ∈ nJL, we have that

(F,Eε, V ),Γ |= ψ if and only if (F,E, V ),Γ |= ψ .

Then it follows that if ϕ ∈ nJL is valid in every intro Fitting model for nEX+,

then we have that ϕ is valid in every intro Fitting model for nEX+ that is of

the form (F,Eε, V ). Applying our result above, we then have that ϕ is valid in

every Fitting model (F,E, V ) for nEX because it follows from our observation
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in the second sentence of this proof that Fitting models for nEX are in one-to-

one correspondence with intro Fitting models for nEX+ whose intro evidence

functions are of the form Eε.

So to complete the proof, it suffices for us to show that for each intro Fitting

model (F,Eε, V ) for nEX+, each world Γ ∈ F , and each formula ψ ∈ nJL, we

have that

(F,Eε, V ),Γ |= ψ if and only if (F,E, V ),Γ |= ψ .

We show this by induction on the construction of nJL-formulas. In the base

case, the nJL-formula in question is an atom, and the result follows immediately

by the respective definitions of truth (Definitions 3.7 and 3.44), so let us focus

on the inductive cases. For convenience, we write M to denote an arbitrary

intro Fitting model (F,Eε, V ) for nEX+ with F = (W,R) and we write M ′ to

denote the Fitting model (F,E, V ) for nEX. We let Γ ∈ F be an arbitrary

world.

• Inductive case: the nJL-formula ϕ ⊃ ψ.

By the induction hypothesis, we have both that M,Γ |= ϕ if and only

if M ′,Γ |= ϕ and that M,Γ |= ψ if and only if M ′,Γ |= ψ. It follows

by the respective definitions of truth (Definitions 3.7 and 3.44) that

M,Γ |= ϕ ⊃ ψ if and only if M ′,Γ |= ϕ ⊃ ψ.

• Inductive case: the nJL-formula �ϕ.

Suppose that M,Γ |= �ϕ. Applying the definition of truth (Defini-

tion 3.44), this means that M,∆ |= ϕ for each ∆ ∈ F satisfying ΓR�∆.

Applying the induction hypothesis, the latter is equivalent to M ′,∆ |= ϕ
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for each ∆ ∈ F satisfying ΓR�∆. Applying the definition of truth (Def-

inition 3.7), the latter is what it means to have M ′,Γ |= �ϕ.

• Inductive case: the nJL-formula t� ϕ.

Suppose that M,Γ |= t � ϕ. Applying the definition of truth (Def-

inition 3.44), this means that Γ ∈ E(t]ε, ϕ]ε). Since we have that

(t � ϕ) ∈ nJL, the latter is equivalent to Γ ∈ E(tε, ϕε). But the

latter is itself equivalent to Γ ∈ E(t, ϕ) by Definition 3.41. Applying the

definition of truth (Definition 3.7), the latter is what it means to have

M ′,Γ |= t� ϕ.

• Inductive case: the nJL-formula t :ϕ.

M,Γ |= t :ϕ is equivalent to both M,Γ |= t � ϕ and M,Γ |= �ϕ by

the definition of truth (Definition 3.44). Applying the previous inductive

cases, the latter is itself equivalent to having both M ′,Γ |= t � ϕ and

M,Γ |= �ϕ. But it follows from the definition of truth (Definition 3.7)

that the latter is equivalent to M,Γ |= t :ϕ.

Completeness of nEX+ then comes easily.

Theorem 3.52 (Completeness of nEX+). Let X be an intro-compatible nam-

ing string and let ϕ be a nJL+-formula. If ϕ is valid in every intro Fitting

model for nEX+, then nEX+ ` ϕ.

Proof. If ϕ is valid in every intro Fitting model for nEX+, then it follows by

the soundness of nEX+ and the nEX+-axiom ϕ ⊃ ϕ] that ϕ] is valid in every

Fitting model for nEX+. Since ϕ] ∈ nJL, we then have by Lemma 3.51 that
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ϕ] is valid in every Fitting model for nEX. Applying the completeness of nEX

(Theorem 3.39), we have that nEX ` ϕ]. Since nEX+ is an extension of nEX

(Theorem 3.47), we have that nEX+ ` ϕ]. Applying the nEX+-axiom ϕ] ⊃ ϕ,

it follows that nEX+ ` ϕ.

3.4 Knowledge and Evidence

In this section, we extend the basic language nJL of Justification Logic by

introducing modals for the knowledge of a finite nonzero number of agents.

This allows to reason about evidence alongside individual agent knowledge.

Definition 3.53 (Languages). Let A be an agent set. If L is one of the

languages JL or nJL, then we define the language LA as the extension of L

obtained by adding the following rule of formula formation: if i ∈ A and ϕ is

a formula, then Kiϕ is a formula. Formulas in these languages are interpreted

at pointed Fitting models for A ∪ {�} (by Definitions 3.7 and 1.13).

The justification theories for knowledge and evidence are obtained as ex-

tensions of JX and KA by postulating the connection principle t :ϕ ⊃ Kiϕ

between evidence and agent knowledge. This connection principle makes evi-

dence a shared resource that is mutually trusted by everyone.

Definition 3.54 (Theories JXA). Let A be an agent set and X be a naming

string. The theory JXA consists of the following axiom schemes and rules of

inference.

• Axiom schemes and rules for JX (Figure 3.1)
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• Axiom schemes and rules for KA

• t :ϕ ⊃ Kiϕ for each i ∈ A

Note that in the first item, the rule of (Iterated) Constant Necessitation applies

to the set of JXA-axioms. The language of JXA is obtained from JLA by

omitting each of the following rules of formula/term formation whose omission

would still allow us to write the axiom schemes that axiomatize T :

ϕ 7→ �ϕ

ϕ 7→ t� ϕ

t 7→ !t

t 7→ ?t

t 7→ �t

The theories EXA and nEXA are defined analogously using the connection

principle �ϕ ⊃ Kiϕ.

Definition 3.55 (Theories EXA and nEXA). Let A be an agent set and X

be a naming string. If T is one of EX or nEX, then the theory TA consists of

the following axiom schemes and rules of inference.

• Axiom schemes and rules for T (Figure 3.2) or Figure 3.12)

• Axiom schemes and rules for KA

• �ϕ ⊃ Kiϕ for each i ∈ A

Note that in the first item, the rule of (Iterated) Constant Necessitation applies

to the set of TA-axioms. The language of TA is obtained from nJLA by omitting
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each of the following rules of formula/term formation whose omission would

still allow us to write the axiom schemes that axiomatize T :

ϕ 7→ �ϕ

ϕ 7→ t� ϕ

t 7→ ϕ

t 7→ !t

t 7→ ?t

t 7→ �t

So, in particular, the language of EXA is a sub-language of JLA.

The theories of evidence and knowledge are interpreted in Fitting models

that respect the appropriate connection principle [8, 9].

Definition 3.56. Let A be an agent set, let X be a naming string, and let

TA be one of JXA, EXA or nEXA. If M =
(
(W,R), E, V

)
is a Fitting model,

then to say that (the Fitting model) M is for (the theory) TA means that M

satisfies each of the following.

• M is a Fitting model for A ∪ {�}.

• M is a Fitting model for the theory T (Definitions 3.17 and 3.33).

• If 4 does not occur in X, then M satisfies Constant Specification for Aω,

where A is the set of TA-axioms.

• If 4 does occur in X, then M satisfies for A0, where A is the set of

TA-axioms.
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• We have that
⋃
i∈ARi ⊆ R�.

Soundness of the theories JXA is due to Artemov and Nogina [8, 9]. We

add to this result soundness for the theories EXA and nEXA.

Theorem 3.57 (Soundness). Let A be an agent set, let X be a naming string,

and let T be one of the theories JXA, EXA, or nEXA. For each formula ϕ in

the language of T , if T ` ϕ, then ϕ is valid in every Fitting model for T .

Proof. By induction on the length of T -derivations. We first show that each

T -axiom is valid in an arbitrary Fitting model M =
(
(W,R), E, V

)
for T with

Γ ∈M an arbitrary world. We are to examine each T -axiom in turn, but many

of the cases are handled elsewhere, whether in the proof of Theorem 3.19 for

the theories JXA and EXA or in Theorem 3.35 for the theory nEXA. That

the axioms of T that have the form of an axiom scheme of KA are valid in M

follows by standard modal arguments [21]. So what remains is for us to check

the validity of the new axiom.

• If T is JXA, then M |= t :ϕ ⊃ Kiϕ for each i ∈ A.

Since M is a Fitting model for JXA (Definition 3.56), we have that⋃
i∈ARi ⊆ R�. Thus if we have that M,Γ |= t :ϕ, then it follows from

the definition of truth (Definition 3.7) that M,∆ |= ϕ for each ∆ ∈ M

satisfying ΓR�∆. But since
⋃
i∈ARi ⊆ R�, we then have that M,∆ |=

ϕ for each ∆ ∈ M satisfying ΓRi∆. Applying the definition of truth

(Definition 1.13), the latter is what it means to have M,Γ |= Kiϕ.

• If T is EXA or nEXA, then M |= �ϕ ⊃ Kiϕ for each i ∈ A.
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As in the previous case, though we replace the initial assumption that

M,Γ |= t :ϕ with the assumption M,Γ |= �ϕ.

So each T -axiom is valid in an arbitrary Fitting model for T . That validity of

formulas in Fitting models for T is closed under the rules of inference for T

follows either by our arguments in the proofs of Theorem 3.19 or Theorem 3.35

or in the standard proofs of soundness for modal logic [21]. We therefore have

that T ` ϕ implies ϕ is valid in every Fitting model for T .

Completeness again goes by way of a canonical model argument. Com-

pleteness for JXA is due to Artemov and Nogina [8, 9]. To their result, we

add completeness for the theories EXA and nEXA.

Theorem 3.58 (Completeness). Let A be an agent set, let X be a naming

string, and let T be one of the theories JXA, EXA, or nEXA. For each formula

ϕ in the language of T , if ϕ is valid in every Fitting model for T , then T ` ϕ.

Proof. The proof is by a canonical model argument, where in the definition of

the canonical Fitting model for T , we let RT
i for each i ∈ A be defined to be

the set {
(Γ,∆) ∈ W T ×W T : (∀ϕ)(Kiϕ ∈ Γ ⇒ ϕ ∈ ∆)

}
.

All other components of the canonical Fitting model for T are defined as before

(Definition 3.20 for JXA and EXA and Definition 3.36 for nEXA), of course

with the change that we let W T be the set of all maximal T -consistent sets.

The Truth Lemma goes through as before (Lemma 3.21 for JXA and EXA and

Lemma 3.37 for nEXA), with the case for formulas of the form Kiϕ handled
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as is standard in modal logic [21]. That the structure MT is indeed a Fitting

model for T follows by the argument as before (Theorem 3.22 for JXA and

EXA and Theorem 3.38 for nEXA) by then using the new T -axiom scheme

(either t :ϕ ⊃ Kiϕ or �ϕ ⊃ Kiϕ) to show that
⋃
i∈AR

T
i ⊆ R�. Let us show

how this argument goes for each of our theories in question.

• Case: T is the theory JXA.

We have by the JXA-axiom t :ϕ ⊃ Kiϕ and the maximal JXA-consistency

of an arbitrary world Γ ∈ W JXA
that t :ϕ ∈ Γ implies Kiϕ ∈ Γ for each

i ∈ A. So if we suppose that ΓRJXA

i ∆ and t :ϕ ∈ Γ, then we have that

Kiϕ ∈ Γ by the maximal JXA-consistency of Γ and thus that ϕ ∈ ∆

by the meaning of ΓRJXA

i ∆. Thus ΓRJXA

� ∆. As we chose ∆ ∈ M JXA

satisfying ΓRJXA

i ∆ arbitrarily, it follows that Ri ⊆ R�. Since we chose

i ∈ A arbitrarily, we have shown that
⋃
i∈AR

JXA

i ⊆ RJXA

� .

• Case: T is the theory EXA.

We have by the EXA-axiom �ϕ ⊃ Kiϕ and the maximal EXA-consistency

of an arbitrary world Γ ∈ W EXA
that �ϕ ∈ Γ implies Kiϕ ∈ Γ for each

i ∈ A. The argument is then much as in the case for JXA.

• Case: T is the theory nEXA.

We have by the nEXA-axioms ϕ :ϕ ⊃ �ϕ and �ϕ ⊃ Kiϕ and the max-

imal EXA-consistency of an arbitrary world Γ ∈ W EXA
that ϕ :ϕ ∈ Γ

implies Kiϕ ∈ Γ for each i ∈ A. The argument is then much as in the

case for JXA.
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So MT is indeed a Fitting model for T . Completeness is then straightforward:

if ϕ is not a T -theorem, then {¬ϕ} is consistent and so may be extended to

a maximal T -consistent Γ ∈ MT . Since ¬ϕ ∈ Γ, it follows from the Truth

Lemma that MT ,Γ 6|= ϕ. But MT is a Fitting model for T . We therefore have

that ϕ is not true in every Fitting model for T . The statement of the present

theorem follows.

3.5 Knowledge and Dynamic Evidence

Finally, we extend the language nJL+ of dynamic evidence introduction so as

to include the knowledge of a finite nonzero number of agents. This essentially

combines our work from the two previous sections.

Definition 3.59 (Language nJLA+). Let A be an agent set. nJLA+ is the exten-

sion of nJLA obtained by adding the following rule of formula formation: if t is

a term and ϕ and ψ are formulas, then [t�+ϕ]ψ is also a formula. We define

a function ] : nJL+ → nJL by adding the case

(Kiψ)] := Kiψ
]

to the definition in Figure 3.17. Truth of an nJLA+-formula is interpreted at a

pointed intro Fitting model M =
(
(W,R), Eσ, V

)
for A∪{�} in the language

nJLA by an induction obtained from that in Definition 3.44 by adding the

following case: M,Γ |= Kiϕ means that M,∆ |= ϕ for each ∆ ∈M satisfying

ΓRi∆.
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The theory nEXA
+ is defined from the theory nEXA in the same way we

defined the theory nEX+ from the theory nEX.

Definition 3.60 (Theories nEXA
+). Let A be an agent set and X be an intro-

compatible naming string. We define the theory nEXA
+ to be the extension of

nEXA (Definition 3.55) obtained by adding the axiom schemes ϕ ⊃ ϕ] and

ϕ] ⊃ ϕ, with ] : nJL+ → nJL defined as in Definition 3.59. (Note that the

rule of (Iterated) Constant Necessitation applies to the set of nEXA
+ -axioms.)

The language of nEXA
+ is the language nJLA+. For an intro Fitting model

M = (F,Eσ, V ), to say that (the intro Fitting model) M is for nEXA
+ means

that (F,E, V ) is a Fitting model for tautological nEXA (see Definition 3.56).

Conservativity of nEXA
+ over nEXA is proved much as it was for the con-

servativity of nEX+ over nEX.

Theorem 3.61 (Conservativity of nEXA
+ over nEXA). For each agent set A

and each intro-compatible naming string X, we have that nEXA
+ is a conser-

vative extension of tautological nEXA.

Proof. It is obvious that nEXA
+ is an extension of nEXA. To show that this

is conservative, we need to show that for each ϕ in the language of nEXA, we

have that nEXA
+ ` ϕ implies nEXA ` ϕ. The argument is by induction on

the length of nEXA
+ -derivations and goes much as in the proof that nEX+ is

conservative over nEX (Theorem 3.47). In particular, we first show that for

each nEXA
+ -axiom ψ and each intro-sequence σ in the language of nEXA, we

have that ψ]σ (with the function ] defined as in Definition 3.59) is an nEXA-

axiom. Most of the cases are handled in the proof of Theorem 3.47. The cases
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that remain are as follows.

• Case: ψ is the nEXA
+ -axiom �ϕ ⊃ Kiϕ.

We have that ψ]σ = �ϕ]σ ⊃ Kiϕ
]σ, which is an nEXA-axiom.

• Case: ψ is the nEXA
+ -axiom Ki(ϕ ⊃ ψ) ⊃ (Kiϕ ⊃ Kiψ).

We have that ψ]σ = Ki(ϕ
]σ ⊃ ψ]σ) ⊃ (Kiϕ

]σ ⊃ Kiψ
]σ), which is an

nEXA-axiom.

So taking our intro-sequence σ to be the empty intro-sequence ε, we have in

particular that each nEXA
+ -axiom ψ is mapped to an nEXA-axiom ψ]ε = ψ].

We then argue as in the proof of Theorem 3.47 that each nEXA
+ -proof of an

nJLA-formula ϕ is mapped by the function ] to an nEXA-proof of ϕ (the only

additional case we need to consider is for the rule of Ki-Necessitation, but

the argument for this rule is much like the argument for �-Necessitation). It

follows that nEXA
+ is a conservative extension of tautological nEXA.

To prove soundness, we again prove a lemma showing that the most recent

evidence introduction can be converted into a substitution.

Lemma 3.62. Let A be an agent set. For each pointed intro Fitting model

(M,Γ), each formula ϕ ∈ nJLA, and each formula (u � χ) ∈ nJLA, we have

that Mu�χ,Γ |= ϕ if and only if M,Γ |= ϕ[u⊕ χ].

Proof. By induction on the construction of nJLA-formulas. Most cases are

handled in the proof of Lemma 3.48. The only remaining case is for formulas

of the form Kiϕ, whose argument is much like the argument for formulas of

the form �ϕ. The result follows.
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We are then able to show that the function ] : nJLA+ → nJLA is truth

preserving for intro Fitting models.

Lemma 3.63. Let A be an agent set. For each intro Fitting model M and

each formula ϕ ∈ nJLA+, we have that M |= ϕ ≡ ϕ].

Proof. By induction on the construction of nJLA+-formulas. Most cases are as

in the proof of Lemma 3.49. The only remaining case is for formulas of the

form Kiϕ, whose argument is much like the argument for formulas of the form

�ϕ. The result follows.

Soundness then comes quite easily.

Theorem 3.64 (Soundness of nEXA
+). Let A be an agent set, let X be an

intro-compatible naming string, and let ϕ be an nJLA+-formula. If nEXA
+ ` ϕ,

then ϕ is valid in every intro Fitting model for nEXA
+ .

Proof. By induction on the length of nEXA
+ -derivations. Most cases are as in

the proof of Theorem 3.50. Let us address the remaining axioms, choosing an

arbitrary intro Fitting model M =
(
(W,R), Eσ, V ) for nEXA

+ .

• M |= �ϕ ⊃ Kiϕ.

This validity follows by the definition of truth (Definition 3.44) and the

fact that
⋃
i∈ARi ⊆ R�.

• M |= Ki(ϕ ⊃ ψ) ⊃ (Kiϕ ⊃ Kiψ).

This validity follows in the standard way [21] by the definition of truth

(Definition 3.44).
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That validity is closed under the rules of inference of nEXA
+ follows by the

proof of Theorem 3.50 in addition to an extra case for Ki-Necessitation, whose

argument is similar to the case for �-Necessitation. The result follows.

To argue the completeness of nEXA
+ , we reduce to the theory nEX+, which

will make use of the following theorem.

Lemma 3.65. Let A be an agent set, let X be an intro-compatible naming

string, and let ϕ be an nJLA-formula. If ϕ is valid in every intro Fitting model

for nEXA
+ , then ϕ is valid in every Fitting model for nEXA.

Proof. As in the proof of Lemma 3.51, it suffices for us to show that for each

intro Fitting model (F,Eε, V ) for nEXA
+ , each world Γ ∈ F , and each formula

ψ in the language of nEXA, we have that

(F,Eε, V ),Γ |= ψ if and only if (F,E, V ),Γ |= ψ .

Most cases are handled in Lemma 3.51. The remaining cases is for formulas of

the form Kiϕ, and this case is handled as in the case for formulas of the form

�ϕ.

Completeness is then much as before.

Theorem 3.66 (Completeness of nEXA
+). Let A be an agent set, let X be an

intro-compatible naming string, and let ϕ be an nJLA+-formula. If ϕ is valid in

every intro Fitting model for nEXA
+ , then nEXA

+ ` ϕ.

Proof. If ϕ is valid in every intro Fitting model for nEXA
+ , then it follows by

the soundness of nEXA
+ and the nEXA

+ -axiom ϕ ⊃ ϕ] that ϕ] (with the function

] defined as in Definition 3.59) is valid in every intro Fitting model for nEXA
+ .
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Since ϕ] ∈ nJLA, we have by Lemma 3.65 that ϕ] is valid in every Fitting

model for nEXA. Since nEXA
+ is an extension of nEXA (Theorem 3.61), we

have that nEXA
+ ` ϕ]. Applying the nEXA

+ -axiom ϕ] ⊃ ϕ, it follows that

nEXA
+ ` ϕ.
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Chapter 4

Dynamic Epistemic Logic with

Justification

In this chapter we will mix the communicative framework of Dynamic Epis-

temic Logic with the evidentiary systems of Justification Logic, developing

systems for reasoning about truth, knowledge, communication, and (dynamic)

justification. As in the previous chapter, we will adopt the connection principle

�ϕ ⊃ Kiϕ

relating evidence necessity to agent knowledge. By accepting this principle,

we commit ourselves to a framework that views evidence as a shared, public

resource that is trusted by everyone.1 Dynamics of of our systems will then

come from two sources: the BMS updates (Chapter 2) and dynamic evidence

1We plan to address the issue of multi-source, individualized evidence for each of the
various agents in future work. There we will likely follow the lead of Yavorskaya [79], who
examines systems of separate evidence for each of two agents.
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introduction (Chapter 3).

The work in this chapter is the first step in joining the fields of Dynamic

Epistemic Logic and Justification Logic. The goal of such combined systems

is to provide a fuller account of the logical foundations for reasoning about

social computational agents.

In the next section, we look at systems of communication with static evi-

dence. Completeness of these systems is proved by a reduction from formulas

containing BMS communications to equivalent formulas not containing BMS

communications.

We will then address the issue of dynamic evidence, though our treatment

will mirror that in Chapter 3, in that dynamic evidence will be reduced to

reasoning in an underlying nominaled theory.

So let us begin with systems of communication and static evidence.

4.1 Communication and Evidence

Since we will require our systems to respect the connection principle �ϕ ⊃

Kiϕ, we will need to impose an appropriate condition on the BMS frames that

we allow in the theory. BMS frames satisfying the desired condition will be

called evidenced.

Definition 4.1. Let A be an agent set. To say that a BMS frame B = (U, S, l)

for A is evidenced means that B is also BMS frame for A ∪ {�} and that, in

addition, we have
⋃
i∈A Si ⊆ S�. To say that a pointed BMS frame (B′, w′)

for A is evidenced means that B′ is evidenced.
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To obtain our languages of evidence with BMS frames, we simply admit

evidenced BMS frames as unary modals in our language. The details of this

are as follows.

Definition 4.2 (Languages). Let A be an agent set. If L is one of the lan-

guages JLA or nJLA, then we define the language dL as the extension of L

obtained by adding the following rule of formula formation: if ϕ is a formula

and (B,w) is an evidenced pointed BMS frame for A∪ {�} such that B(v) is

a formula for each v ∈ B, then [B,w]ϕ is also a formula. Formulas in these

languages are interpreted at pointed Fitting models M =
(
(W,R), E, V

)
for

A ∪ {�}, where we extend the induction in Definition 2.11 by setting

E[B](t, ϕ) :=
{

(Γ, v) ∈ W [B] : Γ ∈ E(t, ϕ)
}
,

thereby producing a Fitting model M [B] :=
(
(W [B], R[B]), E[B], V [B]

)
. This

allows us to follow Definition 2.11 in letting M,Γ |= [B,w]ϕ mean that

M [B], (Γ, w) |= ϕ

in case M,Γ |= B(w).

The axiomatic systems for our theories of communication and evidence

combine the theories for Dynamic Epistemic Logic with the nominaled theories

for Justification Logic using the connection principle �ϕ ⊃ Kiϕ. In order to

ensure soundness, we require that the BMS modals satisfy the proper frame

properties in order to ensure that a BMS update will maintain the proper
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frame structure for the underlying theory of Justification Logic.

Definition 4.3 (Theories dEXA and dnEXA). Let A be an agent set and X

be a naming string. The theory dEXA consists of the following axiom schemes

and rules of inference.

• Axiom schemes and rules for KA

• Axiom schemes and rules for EX (Figure 3.2)

• �ϕ ⊃ Kiϕ for each i ∈ A

• Axiom schemes for communication

In each of the following schemes, B = (U, S, l) is an evidenced frame

such that (U, S�) satisfies the frame conditions in Figure 3.11 (page 136)

given by the naming string X.

1. [B,w]p ≡
(
B(w) ⊃ p

)
2. [B,w](ϕ ⊃ ψ) ≡

(
[B,w]ϕ ⊃ [B,w]ψ

)
3. [B,w]Kiϕ ≡

(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

4. [B,w]�ϕ ≡
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)

5. [B,w](t� ϕ) ≡ B(w) ⊃ (t� ϕ)

6. [B,w][B′, w′]ϕ ≡ [B ◦B′, (w,w′)]ϕ

• BMS-Necessitation: infer [B,w]ϕ from ϕ.

Note that the rule of (Iterated) Constant Necessitation applies to the set of

dEXA-axioms. The language of dEXA is the fragment of dJLA whose evidenced

BMS frames satisfy the above-mentioned property.
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The theory dnEXA is the extension of dEXA obtained by adding the axiom

schemes and rules for nEX (Figure 3.12) and extending the rule of (Iterated)

Constant Necessitation so that it applies to the set of dnEXA-axioms. The

language of dnEXA is the fragment of dnJLA whose evidenced BMS frames

satisfy the above-mentioned property.

To pick out those Fitting models that correspond to the axiomatics of a

given system of communication and evidence, we define what it means for a

Fitting model to be for one of these theories.

Definition 4.4. Let A be an agent set and let X be a naming string. If M

is a Fitting model, then to say that (the Fitting model) M is for (the theory)

dEXA means that M satisfies each of the following.

• M is a Fitting model for A ∪ {�}.

• M is a Fitting model for the theory EX (Definition 3.17 and Figure 3.11).

• If 4 does not occur in X, then M satisfies Constant Specification for Aω,

where A is the set of dEXA-axioms.

• If 4 does occur in X, then M satisfies for A0, where A is the set of

dEXA-axioms.

• We have that
⋃
i∈ARi ⊆ R�.

To say that (the Fitting model M is for (the theory) dEXA means that M

satisfies each of the following.

• M is a Fitting model for A ∪ {�}.
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• M is a Fitting model for the theory nEX (Definition 3.17 and Fig-

ure 3.15).

• If 4 does not occur in X, then M satisfies Constant Specification for Aω,

where A is the set of dnEXA-axioms.

• If 4 does occur in X, then M satisfies for A0, where A is the set of

dnEXA-axioms.

• We have that
⋃
i∈ARi ⊆ R�.

The following lemma shows that the axioms for communication are valid.

While most cases of the proof are standard [75], we nonetheless write out

the details in full so as to provide the reader with a more comprehensive

picture of how the various pieces of the soundness and completeness theorems

fit together.

Lemma 4.5. Let A be an agent set and let M be a Fitting model for A∪{�}.

We have each of the following.

• M |= [B,w]p ≡
(
B(w) ⊃ p

)
• M |= [B,w](ϕ ⊃ ψ) ≡

(
[B,w]ϕ ⊃ [B,w]ψ

)
• M |= [B,w]Kiϕ ≡

(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

• M |= [B,w]�ϕ ≡
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)

• M |= [B,w](t� ϕ) ≡ B(w) ⊃ (t� ϕ)

• M |= [B,w][B′, w′]ϕ ≡ [B ◦B′, (w,w′)]ϕ
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Proof. Let M =
(
(W,R), E, V

)
be a Fitting model for A ∪ {�} and choose

a world Γ ∈ M arbitrarily. Let B = (U, S, l) be an arbitrary evidenced BMS

frame for A ∪ {�}, and let w ∈ B be an arbitrary world in B.

• M,Γ |= [B,w]p ≡
(
B(w) ⊃ p

)
In case p is one of ⊥ or >, the result is obvious, so let us assume

that p is a propositional letter pk. So suppose M,Γ |= [B,w]pk and

M,Γ |= B(w). By the definition of truth (Definition 2.11), this means

that M [B], (Γ, w) |= pk. Again by the definition of truth, the latter

means that (Γ, w) ∈ V [B](pk). But by the definition of V [B] (Defini-

tion 2.11), we have that (Γ, w) ∈ V [B](pk) if and only if Γ ∈ V (pk). But

the latter is equivalent to M,Γ |= pk by the definition of truth.

• M,Γ |= [B,w](ϕ ⊃ ψ) ≡
(
[B,w]ϕ ⊃ [B,w]ψ

)
We assume that M,Γ |= B(w) for otherwise the result follows triv-

ially by the definition of truth (Definition 2.11). Now suppose that

M,Γ |= [B,w](ϕ ⊃ ψ) and M,Γ |= [B,w]ϕ. Applying the definition

of truth along with our assumption M,Γ |= B(w), this is equivalent to

M [B], (Γ, w) |= ϕ ⊃ ψ and M [B], (Γ, w) |= ϕ. But the latter is equiv-

alent to M [B], (Γ, w) |= ψ. Applying the definition of truth and our

assumption M,Γ |= B(w), the latter is equivalent to M,Γ |= [B,w]ψ.

• M,Γ |= [B,w]Kiϕ ≡
(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

Assume that M,Γ |= [B,w]Kiϕ and M,Γ |= B(w). Applying the defi-

nition of truth (Definition 2.11), this means that M [B], (Γ, w) |= Kiϕ.

Again applying the definition of truth, the latter is equivalent to the
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statement that M [B], (∆, v) |= ϕ for each (∆, v) ∈ M [B] satisfying

(Γ, w)R[B]i(∆, v). But we have that (Γ, w)R[B]i(∆, v) if and only if

ΓRi∆ and wSiv by the definition of R[B]i, and we have that (∆, v) ∈

M [B] if and only if M,∆ |= B(v). Thus having M [B], (∆, v) |= ϕ for

each (∆, v) ∈ M [B] satisfying (Γ, w)R[B]i(∆, v) is equivalent to having

M,∆ |= [B, v]ϕ for each ∆ ∈ M satisfying ΓRi∆ and each v ∈ B satis-

fying wSiv. But the latter is itself equivalent to M,Γ |=
∧
wSiv

Ki[B, v]ϕ

because B is finite.

• M,Γ |= [B,w]�ϕ ≡
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)

The argument here is much as in the previous case.

• M,Γ |= [B,w](t� ϕ) ≡ B(w) ⊃ (t� ϕ)

Assume M,Γ |= [B,w](t � ϕ) and M,Γ |= B(w). Applying the defini-

tion of truth (Definition 2.11), this means that M [B], (Γ, w) |= t � ϕ.

Applying the definition of truth (Definition 3.7), the latter means that

(Γ, w) ∈ E[B](t, ϕ). But it follows from the definition of E[B] (Defini-

tion 4.2) that (Γ, w) ∈ E[B](t, ϕ) if and only if Γ ∈ E(t, ϕ). But the

latter is equivalent to M,Γ |= t � ϕ by the definition of truth (Defini-

tion 3.7).

• M,Γ |= [B,w][B′, w′]ϕ ≡ [B ◦B′, (w,w′)]ϕ

We assume that M,Γ |= ¬[B,w]¬B′(w′), for otherwise the result follows

trivially by the definition of truth (Definition 2.11). For us to then prove

the desired result, it suffices to show that the Fitting models M [B][B′]
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and M [B◦B′] are isomorphic, by which we mean that there is a bijection

f : M [B][B′] →M [B ◦B′]

mapping each world Ω ∈ M [B][B′] to a world f(Ω) ∈ M [B ◦ B′] such

that f satisfies each of the following properties.

– Ω ∈ V [B][B′](pk) if and only if f(Ω) ∈ V [B◦B′](pk) for each k ∈ N.

– Ω ∈ E[B][B′](t, ψ) if and only if f(Ω) ∈ E[B ◦ B′](t, ψ) for each

formula t� ψ in the language of T .

– ΩR[B][B′]iΩ
′ if and only if f(Ω)R[B◦B′]if(Ω′) for each i ∈ A∪{�}.

We define f by setting f
(
(∆, v), v′

)
=
(
∆, (v, v′)

)
. Observe that f is

a well-defined bijection: we have
(
(∆, v), v′

)
∈ M [B][B′] if and only

if M,∆ |= ¬[B, v]¬B′(v′), and the latter holds if and only if we have(
∆, (v, v′)

)
∈M [B ◦B′] by the definition of (B ◦B′)(v, v′) as the formula

¬[B, v]¬B′(v′) (Definition 2.10). Now observe that we have
(
(∆, v), v′

)
∈

V [B][B′](pk) if and only if (∆, v) ∈ V [B](pk) if and only if ∆ ∈ V (pk)

if and only if
(
∆, (v, v′)

)
∈ V [B ◦ B′], so f satisfies the first of the

properties of being an isomorphism. To check the next property (using

Definition 4.2 repeatedly): we have
(
(∆, v), v′

)
∈ E[B][B′](t, ψ) if and

only if (∆, v) ∈ E[B](t, ψ) if and only if ∆ ∈ E(t, ψ) if and only if(
∆, (v, v′)

)
∈ E[B ◦ B′](t, ψ). To verify the third property: we have(

(∆, v), v′
)
R[B][B′]i

(
(Ω, x), x′

)
if and only if (∆, v)R[B]i(Ω, x) and v′S ′ix

′

if and only if ∆RiΩ, vSix, and v′S ′ix
′ if and only if

(
∆, (v, v′)

)
R[B ◦
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B′]i
(
Ω, (x, x′)

)
by the definition of R[B ◦ B′]i (Definition 2.10). So f is

indeed an isomorphism.

It is possible for a BMS update to change the relational structure of the

frame underlying a Kripke model. As an example, consider the result of a

private communication: those agents that do not hear the private communi-

cation are not to consider the communication as having occurred. Thus the

model produced by a private communication need not be reflexive.

But to show the soundness of our theories of communication and evidence,

we need to ensure that the frame properties required by the theory of evidence

are maintained when we apply a BMS update. The following correctness

lemma addresses this issue.

Lemma 4.6 (Correctness). Let A be an agent set, let X be a naming string,

and let T be dEXA or dnEXA. If (B,w) is an evidenced BMS frame for A in

the language of T such that (B,w) is executable in a Fitting model M for T ,

then M [B] is also a Fitting model for T .

Proof. Let M =
(
(W,R), E, V

)
and B = (U, S, l). We must show that the

operation M 7→ M [B] preserves the property of being a Fitting model for T .

First observe that because (Γ, w) ∈ E[B](t, ϕ) means that Γ ∈ E(t, ϕ) and

(Γ, w)R[B]i(Γ
′, w′) means that ΓRiΓ

′ and wSiw
′; it follows that M [B] satisfies

a property of evidence functions from Figure 3.11 or Figure 3.15 if M satisfies

that very property. Further, since we assume (in Definition 4.3) that (U, S�)

satisfies the frame conditions in Figure 3.11 that correspond to X, it follows

from the equivalence of (Γ, w)R[B]i(Γ
′, w′) with the conjunction ΓRiΓ

′ and
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wSiw
′ that M [B] satisfies a frame condition from Figure 3.11 or Figure 3.15

if M satisfies that very condition. We therefore have that M [B] is indeed a

Fitting model for T .

Soundness is then a relatively simple matter, as we may make use of

Lemma 4.5 along with many earlier arguments.

Theorem 4.7 (Soundness). Let A be an agent set, let X be a naming string,

and let dT be one of dEXA or dnEXA. For each formula ϕ in the language of

dT , if ϕ is a dT -theorem, then ϕ is valid in every Fitting model for dT .

Proof. By induction on the length of a derivation of a dT -theorem. Most cases

of this induction come from the soundness of T (Theorem 3.57). The remaining

cases—the axiom schemes for communication in Definition 4.3—are sound by

Lemma 4.5. That validity is closed under the rules of inference of dT follows

for most such rules of dT by the arguments in the proof of Theorem 3.57.

What remains is to check the rule of BMS-Necessitation. So suppose that ϕ is

valid in every Fitting model for dT . Given an arbitrary pointed Fitting model

(M,Γ) for dT and a pointed evidenced BMS frame (B,w) for A in the language

of dT , if M,Γ 6|= B(w), then it follows immediately that M,Γ |= [B,w]ϕ by the

definition of truth (Definition 2.11). So assume that M,Γ |= B(w). But then

M [B] is itself a Fitting model for T (Lemma 4.6), and we have that M [B] |= ϕ

by our assumption on ϕ. But then we again have that M,Γ |= [B,w]ϕ. So

validity is indeed closed under BMS-Necessitation.

For a clean proof of completeness, we follow [75] and define a depth function

for the language dnJLA+ of communication and evidence. This depth function
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d(p) := 1, for each atom p

d(ϕ b ψ) := 1 + max
{
d(ϕ), d(ψ)

}
for each logical binary connective b

d(¬ϕ) := 1 + d(ϕ)

d(t :ϕ) := 3 + max
{
d(t), d(ϕ)

}
d(t� ϕ) := 1 + max

{
d(t), d(ϕ)

}
d(�ϕ) := 1 + d(ϕ)

d(Kiϕ) := 1 + d(ϕ)

d
(
[B,w]ϕ

)
:=

(
4 + d(B)

)4+d(ϕ) · d(ϕ)

d(B) := |B|+ maxv∈B d
(
B(v)

)
d(ck) := 1

d(xk) := 1

d(t · s) := 1 + max
{
d(t), d(s)

}
d(t+ s) := 1 + max

{
d(t), d(s)

}
d(!t) := 1 + d(t)

d(?t) := 1 + d(t)

d(�t) := 1 + d(t)

Notes: • |B| denotes the number of worlds in B.

• This definition is adapted from [75].

Figure 4.1. Definition of a function d : dnJLA → N+
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d
(
[B,w]p

)
=

(
4 + d(B)

)5
> 2 + d(B)

> 1 + max
{
d(B(w)), 1

}
= d

(
B(w) ⊃ p

)
Figure 4.2. Proof that d

(
[B,w]p

)
> d
(
B(w) ⊃ p

)

will be used later in the inductive proof of the Truth Lemma. But we first

must show that this depth function respects the reductions that will be of use

to us in the proof of the Truth Lemma.

Lemma 4.8. In Figure 4.1, we define a function d : dnJLA+ :→ N+. This

function well-orders the dnJLA+-formulas so as to satisfy each of the following

properties.

• If ϕ has ψ as a strict subformula, then d(ϕ) > d(ψ).

• For each axiom scheme for communication in Definition 4.3 of the form

[B,w]ϕ ⊃ ψ, we have that d
(
[B,w]ϕ

)
> d(ψ).

• d(t :ϕ) > d
(
(t� ϕ) ∧�ϕ

)
• d
(
[B,w]t :ϕ

)
> d
(
[B,w]((t� ϕ) ∧�ϕ)

)
Proof. Let us check the items in the statement of the theorem. The first item

is obvious, so we verify the remaining items.

• d
(
[B,w]p

)
> d
(
B(w) ⊃ p

)
is proved in Figure 4.2.

• d
(
[B,w](ϕ ⊃ ψ)

)
> d
(
[B,w]ϕ ⊃ [B,w]ψ

)
is proved in Figure 4.3.
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Suppose d(ϕ) ≥ d(ψ).

d
(
[B,w](ϕ ⊃ ψ)

)
=

(
4 + d(B)

)5+max{d(ϕ),d(ψ)} ·
(
1 + max{d(ϕ), d(ψ)}

)
=

(
4 + d(B)

)5+d(ϕ) ·
(
1 + d(ϕ)

)
=

(
4 + d(B)

)5+d(ϕ)
+
(
4 + d(B)

)5+d(ϕ) · d(ϕ)

> 1 +
(
4 + d(B)

)4+d(ϕ) · d(ϕ)

= 1 + max
{(

4 + d(B)
)4+d(ϕ) · d(ϕ),

(
4 + d(B)

)4+d(ψ) · d(ψ)
}

= d
(
[B,w]ϕ ⊃ [B,w]ψ

)
The case d(ψ) > d(ϕ) is analogous.

Figure 4.3. Proof that d
(
[B,w](ϕ ⊃ ψ)

)
> d
(
[B,w]ϕ ⊃ [B,w]ψ

)

d
(
[B,w]Kiϕ)

=
(
4 + d(B)

)5+d(ϕ) ·
(
1 + d(ϕ)

)
=

(
4 + d(B)

)5+d(ϕ)
+
(
4 + d(B)

)5+d(ϕ) · d(ϕ)

> 1 + d(B) +
(
4 + d(B)

)5+d(ϕ) · d(ϕ)

> 1 + |B|+
(
4 + d(B)

)5+d(ϕ) · d(ϕ)

> 1 + |B|+
(
4 + d(B)

)4+d(ϕ) · d(ϕ)

= 1 + max
{
d(B(w)), |B|+

(
4 + d(B)

)4+d(ϕ) · d(ϕ)
}

= 1 + max
{
d(B(w)), |B| − 1 + maxwSiv{1 +

(
4 + d(B)

)4+d(ϕ) · d(ϕ)}
}

≥ d
(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

Notation: Let B = (U, S, l).

Figure 4.4. Proof that d
(
[B,w]Kiϕ) > d

(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)
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d
(
[B,w](t� ϕ)

)
=

(
4 + d(B)

)5+max{d(t),d(ϕ)} ·
(
1 + max{d(t), d(ϕ)}

)
=

(
4 + d(B)

)5+max{d(t),d(ϕ)}
+
(
4 + d(B)

)5+max{d(t),d(ϕ)} ·max{d(t), d(ϕ)}
> 2 + d

(
B(w)

)
+ max{d(t), d(ϕ)}

> 1 + max
{
d
(
B(w)

)
, 1 + max{d(ϕ), d(ψ)}

}
= d

(
B(w) ⊃ (t� ϕ)

)
Figure 4.5. Proof that d

(
[B,w](t� ϕ)

)
> d
(
B(w) ⊃ (t� ϕ)

)

• d
(
[B,w]Kiϕ) > d

(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

is proved in Figure 4.4.

• d
(
[B,w]�ϕ

)
>
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)

is proved as in Figure 4.4,

though each occurrence of Ki is replaced by � and each occurrence of

Si is replaced by S�.

• d
(
[B,w](t� ϕ)

)
> d
(
B(w) ⊃ (t� ϕ)

)
is proved in Figure 4.5.

• d
(
[B,w][B′, w′]ϕ

)
> d
(
[B ◦B′, (w,w′)]ϕ

)
Let us first calculate an upper bound on d(B ◦B′). By the definition of

the composition B ◦B′ (Definition 2.10), we have that (B ◦B′)(v, v′) =

¬[B, v]¬B′(w′). Since we have that

d
(
¬[B, v]¬B′(w′)

)
= 1 +

(
4 + d(B)

)5+d(B′(w′)) ·
(
1 + d(B′(w′))

)
,

it follows that

d(B ◦B′) < 1 +
(
4 + d(B)

)5+d(B′) ·
(
1 + d(B′)

)
.
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Hence we have the following.

d
(
[B ◦B′, (w,w′)]ϕ

)
=

(
4 + d(B ◦B′)

)4+d(ϕ) · d(ϕ)

<
(
5 + (4 + d(B))5+d(B′) · (1 + d(B′))

)
· d(ϕ)

<
(
4 + d(B)

)10+2·d(B′) ·
(
1 + d(B′)

)
· d(ϕ)

Now observe that we have the following.

d
(
[B,w][B′, w′]ϕ

)
=

(
4 + d(B)

)4+(4+d(B′))4+d(ϕ)·d(ϕ) ·
(
4 + d(B′)

)4+d(ϕ) · d(ϕ)

Since
(
4 + d(B′)

)4+d(ϕ)
>
(
1 + d(B′)

)
, it suffices for us to prove that

4 + (4 + d(B′))4+d(ϕ) · d(ϕ) > 10 + 2 · d(B′) .

But now observe that 4 +
(
4 + d(B′)

)4+d(ϕ)
> 20. We also have that

4 +
(
4 + d(B′)

)4+d(ϕ)
> 4 · d(B′). We thus have the following.

4 + (4 + d(B′))4+d(ϕ) · d(ϕ) > 2 ·max
{

10, 2 · d(B′)
}

> 10 + 2 · d(B′)

Hence d
(
[B,w][B′, w′]ϕ

)
> d
(
[B ◦B′, (w,w′)]ϕ

)
, as desired.

• d(t :ϕ) > d
(
(t� ϕ) ∧�ϕ

)
is proved in Figure 4.6.

• d
(
[B,w]t :ϕ

)
> d
(
[B,w]((t� ϕ) ∧�ϕ)

)
is proved in Figure 4.7.

We define the canonical Fitting model for our theories much as before,
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d(t :ϕ)

= 3 + max{d(t), d(ϕ)}
> 2 + max{d(t), d(ϕ)}
= 1 + max

{
1 + max{d(t), d(ϕ)}, 1 + d(ϕ)

}
= d

(
(t� ϕ) ∧�ϕ

)
Figure 4.6. Proof that d(t :ϕ) > d

(
(t� ϕ) ∧�ϕ

)
d
(
[B,w]t :ϕ

)
=

(
4 + d(B)

)4+d(t:ϕ) · d(t :ϕ)

>
(
4 + d(B)

)4+d((t�ϕ)∧�ϕ) · d
(
(t� ϕ) ∧�ϕ

)
= d

(
[B,w]((t� ϕ) ∧�ϕ)

)
Figure 4.7. Proof that d

(
[B,w]t :ϕ

)
> d
(
[B,w]((t� ϕ) ∧�ϕ)

)
tough note the difference in the definition of the relation RT

�.

Definition 4.9 (Canonical structures). Let A be an agent set, let X be a

naming string, and let T be one of dEXA or dnEXA. We define the canon-

ical Fitting model for T as the structure MT :=
(
(W T , RT ), ET , V T

)
whose

components are defined as follows.

• W T is the set of all maximal T -consistent sets (of formulas in the lan-

guage of T ).

• RT
� :=

{
(Γ,∆) ∈ W T ×W T : (∀ϕ)(�ϕ ∈ Γ ⇒ ϕ ∈ ∆)

}
• RT

i :=
{

(Γ,∆) ∈ W T ×W T : (∀ϕ)(Kiϕ ∈ Γ ⇒ ϕ ∈ ∆)
}

for each i ∈ A

• ET (t, ϕ) :=
{

Γ ∈ W T : (t� ϕ) ∈ Γ
}

• V T (pk) := {Γ ∈ W T : pk ∈ Γ} for each k ∈ N
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The proof of the Truth Lemma uses our depth function, which allows us

to handle the inductive cases for communication formulas by reducing to non-

communication formulas. This allows us to avoid having to construct the

model that results by applying a BMS update to the canonical Fitting model

for a theory.

Lemma 4.10 (Truth Lemma). Let A be an agent set, let X be a naming

string, and let T be one of dEXA or dnEXA. Then for each Γ ∈MT and each

formula ϕ in the language of T , we have that ϕ ∈ Γ if and only if MT ,Γ |= ϕ.

Proof. By induction on d(ϕ) (see Figure 4.1). In the base case, where d(ϕ) = 1,

we have that ϕ is atomic. So ϕ is one of ⊥, >, or pk.

• ⊥ ∈ Γ if and only if MT ,Γ |= ⊥.

⊥ /∈ Γ by the T -consistency of Γ. We also have that MT ,Γ 6|= ⊥ by the

definition of truth (Definition 3.7).

• > ∈ Γ if and only if MT ,Γ |= >.

We have that > ∈ Γ by the maximal T -consistency of Γ. We also have

that MT ,Γ |= > by the definition of truth (Definition 3.7).

• pk ∈ Γ if and only if MT ,Γ |= pk.

Suppose pk ∈ Γ. By the definition of V T (Definition 4.9), this is equiv-

alent to Γ ∈ V T (pk). But the latter is equivalent to MT ,Γ |= pk by the

definition of truth (Definition 3.7).

We now consider the inductive cases for formulas ϕ satisfying d(ϕ) > 1. For

each formula ϕ we consider, the induction hypothesis states that for each
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formula ϕ′ in the language of T such that d(ϕ′) < d(ϕ) and each world Γ ∈MT ,

we have that ϕ′ ∈ Γ if and only if MT ,Γ |= ϕ′. From this induction hypothesis,

we are to prove that for each Γ ∈ MT , we have that ϕ ∈ Γ if and only if

MT ,Γ |= ϕ. We break up the various formulas we need to consider into a

number of cases as follows.

• (ϕ ⊃ ψ) ∈ Γ if and only if MT ,Γ |= ϕ ⊃ ψ.

This follows immediately from the induction hypothesis—note that d(ϕ ⊃

ψ) > d(ϕ) and d(ϕ ⊃ ψ) > d(ψ) by Lemma 4.8—and the definition of

truth (Definition 3.7).

• (t� ϕ) ∈ Γ if and only if MT ,Γ |= t� ϕ.

By the definition of ET (Definition 4.9), we have that (t � ϕ) ∈ Γ if

and only if Γ ∈ ET (t, ϕ). But the latter is equivalent to MT ,Γ |= t� ϕ

by the definition of truth (Definition 3.7).

• �ϕ ∈ Γ if and only if MT ,Γ |= �ϕ.

The standard modal argument [21] works here by the fact that d(�ϕ) >

d(ϕ) (Lemma 4.8).

• t :ϕ ∈ Γ if and only if MT ,Γ |= t :ϕ.

We have that T ` t :ϕ ≡ (t � ϕ) ∧ �ϕ. It follows by the maximal

T -consistency of Γ that t :ϕ ∈ Γ if and only if
(
(t � ϕ) ∧ �ϕ

)
∈ Γ.

Since d(t :ϕ) > d
(
(t� ϕ)∧�ϕ

)
(Lemma 4.8), the induction hypothesis

applies to the formula (t � ϕ) ∧ �ϕ Thus
(
(t � ϕ) ∧ �ϕ

)
∈ Γ if and
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only if MT ,Γ |= (t � ϕ) ∧ �ϕ. But it follows from the definition of

truth (Definition 3.7) that the latter is equivalent to MT ,Γ |= t :ϕ.

• Kiϕ ∈ Γ if and only if MT ,Γ |= Kiϕ.

The standard modal argument [21] works here by the fact that d(Kiϕ) >

d(ϕ) (Lemma 4.8).

• [B,w]p ∈ Γ if and only if MT ,Γ |= [B,w]p, where p is an atom.

We have that T ` [B,w]p ≡
(
B(w) ⊃ p

)
. It follows by the maximal

T -consistency of Γ that [B,w]p ∈ Γ if and only if
(
B(w) ⊃ p

)
∈ Γ.

Since d
(
[B,w]p

)
> d
(
B(w) ⊃ p

)
(Lemma 4.8), the induction hypothesis

applies to the formula B(w) ⊃ p. Thus
(
B(w) ⊃ p

)
∈ Γ if and only

if MT ,Γ |= B(w) ⊃ p. Applying Lemma 4.5, we have that MT ,Γ |=

B(w) ⊃ p if and only if MT ,Γ |= [B,w]p. The result follows.

• [B,w](ϕ ⊃ ψ) ∈ Γ if and only if MT ,Γ |= [B,w](ϕ ⊃ ψ).

We have that T ` [B,w](ϕ ⊃ ψ) ≡
(
[B,w]ϕ ⊃ [B,w]ψ

)
. It fol-

lows by the maximal T -consistency of Γ that [B,w](ϕ ⊃ ψ) ∈ Γ if

and only if
(
[B,w]ϕ ⊃ [B,w]ψ

)
∈ Γ. Since d

(
[B,w](ϕ ⊃ ψ)

)
>

d
(
[B,w]ϕ ⊃ [B,w]ψ

)
(Lemma 4.8), the induction hypothesis applies

to the formula [B,w]ϕ ⊃ [B,w]ψ. Thus
(
[B,w]ϕ ⊃ [B,w]ψ

)
∈ Γ if and

only if MT ,Γ |= [B,w]ϕ ⊃ [B,w]ψ. Applying Lemma 4.5, we have that

MT ,Γ |= [B,w]ϕ ⊃ [B,w]ψ if and only if MT ,Γ |= [B,w](ϕ ⊃ ψ). The

result follows.

• [B,w](t� ϕ) ∈ Γ if and only if MT ,Γ |= [B,w](t� ϕ).
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We have that T ` [B,w](t � ϕ) ≡ B(w) ⊃ (t � ϕ). It follows by

the maximal T -consistency of Γ that [B,w](t � ϕ) ∈ Γ if and only if(
B(w) ⊃ (t � ϕ)

)
∈ Γ. Since d

(
[B,w](t � ϕ)

)
> d

(
B(w) ⊃ (t � ϕ)

)
(Lemma 4.8), the induction hypothesis applies to the formula B(w) ⊃

(t � ϕ). Thus
(
B(w) ⊃ (t � ϕ)

)
∈ Γ if and only if MT ,Γ |= B(w) ⊃

(t� ϕ). Applying Lemma 4.5, we have that MT ,Γ |= B(w) ⊃ (t� ϕ)

if and only if MT ,Γ |= [B,w](t� ϕ). The result follows.

• [B,w]�ϕ ∈ Γ if and only if MT ,Γ |= [B,w]�ϕ.

We have that T ` [B,w]�ϕ ≡ B(w) ⊃
∧
wSiv

Ki[B, v]ϕ. It follows by the

maximal T -consistency of Γ that [B,w]�ϕ ∈ Γ if and only if
(
B(w) ⊃∧

wSiv
Ki[B, v]ϕ

)
∈ Γ. Since d

(
[B,w]�ϕ

)
> d
(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

(Lemma 4.8), the induction hypothesis applies to the formula B(w) ⊃∧
wSiv

Ki[B, v]ϕ. Thus
(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)
∈ Γ if and only if

MT ,Γ |= B(w) ⊃
∧
wSiv

Ki[B, v]ϕ. Applying Lemma 4.5, we have that

MT ,Γ |= B(w) ⊃
∧
wSiv

Ki[B, v]ϕ if and only if MT ,Γ |= [B,w]�ϕ. The

result follows.

• [B,w](t :ϕ) ∈ Γ if and only if MT ,Γ |= [B,w](t :ϕ).

We have that T ` [B,w]t :ϕ ≡ [B,w]
(
(t � ϕ) ∧ �ϕ

)
. It follows

by the maximal T -consistency of Γ that [B,w]t :ϕ ∈ Γ if and only

if [B,w]
(
(t � ϕ) ∧ �ϕ

)
∈ Γ. Since d

(
[B,w]t :ϕ

)
> d

(
[B,w]((t �

ϕ)∧�ϕ)
)

(Lemma 4.8), the induction hypothesis applies to the formula

[B,w]
(
(t � ϕ) ∧ �ϕ

)
. Thus [B,w]

(
(t � ϕ) ∧ �ϕ

)
∈ Γ if and only if

MT ,Γ |= [B,w]
(
(t� ϕ)∧�ϕ

)
. Applying the definitions of truth (Defi-
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nitions 3.7 and 4.2), we have that MT ,Γ |= [B,w]
(
(t� ϕ)∧�ϕ

)
if and

only if MT ,Γ |= [B,w]t :ϕ. The result follows.

• [B,w]Kiϕ ∈ Γ if and only if MT ,Γ |= [B,w]Kiϕ.

We have that T ` [B,w]Kiϕ ≡ B(w) ⊃
∧
wS�v

�[B, v]ϕ. It follows

by the maximal T -consistency of Γ that [B,w]Kiϕ ∈ Γ if and only

if
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)
∈ Γ. Since d

(
[B,w]Kiϕ

)
> d

(
B(w) ⊃∧

wS�v
�[B, v]ϕ

)
(Lemma 4.8), the induction hypothesis applies to the

formula B(w) ⊃
∧
wS�v

�[B, v]ϕ. Thus
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)
∈ Γ

if and only if MT ,Γ |= B(w) ⊃
∧
wS�v

�[B, v]ϕ. Applying Lemma 4.5,

we have that MT ,Γ |= B(w) ⊃
∧
wS�v

�[B, v]ϕ if and only if MT ,Γ |=

[B,w]Kiϕ. The result follows.

• [B,w][B′, w′]ϕ ∈ Γ if and only if MT ,Γ |= [B,w][B′, w′]ϕ.

We have that T ` [B,w][B′, w′]ϕ ≡ [B ◦ B′, (w,w′)]ϕ. It follows by

the maximal T -consistency of Γ that [B,w][B′, w′]ϕ ∈ Γ if and only if(
[B ◦B′, (w,w′)]ϕ

)
∈ Γ. Since d

(
[B,w][B′, w′]ϕ

)
> d
(
[B ◦B′, (w,w′)]ϕ

)
(Lemma 4.8), the induction hypothesis applies to the formula

[B ◦B′, (w,w′)]ϕ .

Thus
(
[B ◦ B′, (w,w′)]ϕ

)
∈ Γ if and only if MT ,Γ |= [B ◦ B′, (w,w′)]ϕ.

Applying Lemma 4.5, we have that MT ,Γ |= [B ◦ B′, (w,w′)]ϕ if and

only if MT ,Γ |= [B,w][B′, w′]ϕ. The result follows.

Completeness then comes quite easily as before.
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Theorem 4.11 (Completeness). Let A be an agent set, let X be a naming

string, and let T be one of dEXA or dnEXA. Then for each ϕ in the language

of T , if ϕ is valid in every Fitting model for T , then T ` ϕ.

Proof. If ϕ is not a T -theorem, then {¬ϕ} is a T -consistent set and so may be

extended to a maximal T -consistent Γ ∈MT . Since ¬ϕ ∈ Γ, it follows by the

Truth Lemma (Lemma 4.10), we have that MT ,Γ 6|= ϕ. That MT is a Fitting

model for T follows by an argument similar to that sketched in the proof of

Theorem 3.58. We therefore have that ϕ is not true in every Fitting model for

T . The statement of the present theorem follows.

4.2 Communication and Dynamic Evidence

We now extend the work of the previous section by introducing systems of

communication and dynamic evidence. Analogous to our work in §3.3, we will

introduce the language dnJLA+ of communication and dynamic evidence as the

extension of dnJLA obtained by adding new formulas of the form [t �+ϕ]ψ,

which says that ψ is true after we introduce t as admissible for ϕ. Interpreting

the meaning of these formulas will amount to a substitution of the nominaled

term (t+ϕ) for each occurrence of the term t in ψ as before (see the beginning

of §3.3 on page 200 for an example).

The BMS modals introduce some added difficulties, but these difficulties

are mostly notational. The results generally go through almost exactly as

before, though our arguments become a bit more fussy because we must be

explicit as to whether we are performing an operation on a formula labeling



262

a single world of an evidenced BMS frame or performing an operation on the

entire evidenced BMS frame itself. While the notation can get a bit hairy

in a few of the proofs, we try to sort things out so that it is clear what our

arguments are actually saying.

We begin by extending our definition of term substitution so that it also

applies to BMS frames.

Definition 4.12 ([t⊕ ϕ]). We extend the definition of the substitution func-

tion [t⊕ ϕ] from Definition 3.40 as follows. For a pointed BMS frame (B,w)

with B = (U, S, l), we let [B,w][t ⊕ ϕ] be the BMS frame [B[t⊕ϕ], w] where

B[t⊕ϕ] := (U, S, l[t⊕ϕ]) is the pointed BMS frame given by setting

l[t⊕ϕ](v) := l(v)[t⊕ ϕ]

for each v ∈ B. Thus for an intro-sequence σ, we will write Bσ for the BMS

frame based on (U, S) whose labeling function lσ is defined by lσ(v) := l(v)σ

for each v ∈ B.

So applying a substitution [t⊕ϕ] to a BMS frameB altersB by applying the

substitution to the labels of B. In this way, applying the series of substitutions

specified by an intro-sequence to a BMS frame B amounts to performing the

substitutions given by the intro-sequence (in reverse order) on B.

We may then define the language dnJLA+ of communication and dynamic

evidence as follows.

Definition 4.13 (Language dnJLA+). Let A be an agent set. dnJLA+ is the

extension of dnJLA obtained by adding the following rule of formula formation:
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if t is a term and ϕ and ψ are formulas, then [t�+ϕ]ψ is also a formula. We

define a function ] : dnJLA+ → dnJLA by adding to the definition in Figure 3.17

the cases

(Kiψ)] := Kiψ
]

(
[B,w]ϕ

)]
:= [B], w]ϕ]

where the evidenced BMS frame B] = (U, S, l]) is defined from the evidenced

BMS frame B = (U, S, l) by setting l](v) :=
(
l(v)

)]
for each v ∈ B. Truth

of an dnJLA+-formula is interpreted at a pointed intro Fitting model M =(
(W,R), Eσ, V

)
for A ∪ {�} in the language dnJLA by an induction obtained

from that in Definition 3.44 by adding the following cases.

• M,Γ |= Kiϕ means that M,∆ |= ϕ for each ∆ ∈M satisfying ΓRi∆.

• M,Γ |= [B,w]ϕ means that if we have M,Γ |= B(w), then we have

M [B], (Γ, w) |= ϕ, where the intro evidence function E ′ in M [B] is de-

fined from the intro evidence function (E, σ) in M by setting E ′ :=

(E[B], σ). (Recall that E[B] is defined in Definition 4.2.)

In the definition above, the notation can get a bit hairy. Here is what

is going on. We first extend the function ] : nJL+ → nJL to a function

] : dnJLA+ → dnJLA by adding two additional inductive cases. This function

takes a formula ϕ ∈ dnJLA+ and performs all the substitutions induced by

evidence introduction subformulas [t�+ψ]χ of ϕ. We also extend the function

] so that it operates on an entire BMS frame B by operating on each of the

labels of B.

We then define the intro evidence function E ′ that results when we apply
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the BMS update induced by a BMS frame B to a given intro evidence function

Eσ. To understand this definition, first recall that an intro evidence function

is a pair (E, σ) consisting of an evidence function E and an intro-sequence

σ. For convenience, we generally wrote (E, σ) as Eσ, but the latter notation

can become a bit confusing when we wish to determine the intro evidence

function that results from applying the update induced by B. Nonetheless,

our definition for the resulting intro evidence function is in fact rather simple:

the BMS frame B takes our initial intro evidence function (E, σ) and maps it to

the intro evidence function (E[B], σ), where E[B] is defined as in Definition 4.2

by setting

E[B](t, ϕ) :=
{

(Γ, v) ∈ W [B] : Γ ∈ E(t, ϕ)
}
.

Thus we define (E, σ)[B] to be the intro evidence function (E[B], σ). Written

in our more compact notation, we define Eσ[B] to be E[B]σ.

Let us now define the theories for our language dnJLA+ of communication

with dynamic evidence.

Definition 4.14 (Theories dnEXA
+). Let A be an agent set and X be an intro-

compatible naming string. We define the theory dnEXA
+ (Definition 4.3) to be

the extension of dnEXA obtained by adding the axiom schemes ϕ ⊃ ϕ] and

ϕ] ⊃ ϕ, with ] : dnJLA+ → dnJLA defined as in Definition 4.13. (Note that the

rule of (Iterated) Constant Necessitation applies to the set of dnEXA
+ -axioms.)

The language of dnEXA
+ is the fragment of the language of dnJLA+ satisfying

the property that (U, S�) satisfies the frame conditions corresponding to X in

Figure 3.15 for each evidenced BMS frame B = (U, S, l) in the fragment. For
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an intro Fitting model M = (F,Eσ, V ), to say that (the intro Fitting model) M

is for dnEXA
+ means that (F,E, V ) is a Fitting model for tautological dnEXA

(see Definition 4.3).

Conservativity of dnEXA
+ over dnEXA is proved much as for conservativity

of nEX+ over nEX (Theorem 3.47), except that we must handle a number of

additional cases for communicative formulas.

Theorem 4.15 (Conservativity of dnEXA
+ over dnEXA). For each agent set

A and each intro-compatible naming string X, we have that dnEXA
+ is a con-

servative extension of tautological dnEXA.

Proof. It is obvious that dnEXA
+ is an extension of dnEXA. To show that this

is conservative, we need to show that for each ϕ in the language of dnEXA, we

have that dnEXA
+ ` ϕ implies dnEXA ` ϕ. The argument is by induction on

the length of dnEXA
+ -derivations and goes much as in the proof that nEXA

+ is

conservative over nEXA (Theorem 3.47). In particular, we first show that for

each dnEXA
+ -axiom ψ and each intro-sequence σ in the language of dnEXA, we

have that ψ]σ (with the function ] defined as in Definition 4.13) is a dnEXA-

axiom. Most of the cases are handled either in the proof of Theorem 3.31 or

in the proof of Theorem 3.47. The cases that remain are as follows.

• Case: ψ is the dnEXA
+ -axiom [B,w]p ≡

(
B(w) ⊃ p

)
ψ]σ is the formula [B]σ,w]p ≡

(
B(w)]σ ⊃ p

)
, which is equal to

[B]σ,w]p ≡
(
B]σ(w) ⊃ p

)
.

But the latter is a dnEXA
+ -axiom.
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• Case: ψ is the dnEXA
+ -axiom [B,w](ϕ ⊃ ψ) ≡

(
[B,w]ϕ ⊃ [B,w]ψ

)
ψ]σ is the formula [B]σ,w](ϕ]σ ⊃ ψ]σ) ≡

(
[B]σ,w]ϕ]σ ⊃ [B]σ,w]ψ]σ

)
,

which is a dnEXA
+ -axiom.

• Case: ψ is the dnEXA
+ -axiom [B,w]Kiϕ ≡

(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

ψ]σ is the formula [B]σ,w]Kiϕ
]σ ≡

(
B(w)]σ ⊃

∧
wSiv

Ki[B
]σ, v]ϕ]σ

)
,

which is equal to [B]σ,w]Kiϕ
]σ ≡

(
B]σ(w) ⊃

∧
wSiv

Ki[B
]σ, v]ϕ]σ

)
.

But the latter is a dnEXA
+ -axiom.

• Case: ψ is the dnEXA
+ -axiom [B,w]�ϕ ≡

(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)

As in the previous case.

• Case: ψ is the dnEXA
+ -axiom [B,w](t� ϕ) ≡ B(w) ⊃ (t� ϕ)

ψ]σ is the formula [B]σ,w](t]σ � ϕ]σ) ≡ B(w)]σ ⊃ (t]σ � ϕ]σ), which

is equal to [B]σ,w](t]σ � ϕ]σ) ≡ B]σ(w) ⊃ (t]σ � ϕ]σ). But the latter

is a dnEXA
+ -axiom.

• Case: ψ is the dnEXA
+ -axiom [B,w][B′, w′]ϕ ≡ [B ◦B′, (w,w′)]ϕ

ψ]σ is the formula [B]σ,w][B′]σ,w′]ϕ]σ ≡ [(B ◦ B′)]σ, (w,w′)]ϕ]σ. But

we have that

(B ◦B′)]σ(v, v′) =
(
¬[B, v]¬B′(v′)

)]
σ

= ¬[B]σ, v]¬B′(v′)]σ

= ¬[B]σ, v]¬B′]σ(v′)

=
(
(B]σ) ◦ (B′]σ)

)
(v, v′) .
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It follows that [B]σ,w][B′]σ,w′]ϕ]σ ≡ [(B ◦ B′)]σ, (w,w′)]ϕ]σ is equal

to [B]σ,w][B′]σ,w′]ϕ]σ ≡ [B]σ ◦ B′]σ, (w,w′)]ϕ]σ. But the latter is a

dnEXA
+ -axiom.

So taking our intro-sequence σ to be the empty intro-sequence ε, we have in

particular that each dnEXA
+ -axiom ψ is mapped to a dnEXA-axiom ψ]ε = ψ].

We then argue as in the proof of Theorem 3.47 that each dnEXA
+ -proof of a

formula ϕ in the language of dnEXA is mapped by the function ] to a dnEXA-

proof of ϕ. The additional cases we need to consider are for the rule of Ki-

Necessitation (which is like the argument for �-Necessitation) and for the rule

of BMS-Necessitation. Let us now argue the latter. We suppose that [B,w]ϕ

is derived from ϕ by the rule of BMS-Necessitation. But then [B], w]ϕ] may

itself be derived from ϕ] by BMS-Necessitation (observe that B] satisfies the

required frame properties to be in the language of dnEXA by the fact that B is

in the language of dnEXA). It follows that dnEXA
+ is a conservative extension

of tautological dnEXA.

The following lemma allows us to take the most recent evidence intro-

duction in the language dnJLA and perform the substitution induced by that

introduction in a way that preserves truth in intro Fitting models. The proof

is similar to that for the language nJL, though there are some added compli-

cations for communicative formulas.

Lemma 4.16. Let A be an agent set. For each pointed intro Fitting model

(M,Γ), each formula ϕ ∈ dnJLA, and each formula (u� χ) ∈ dnJLA, we have

that Mu�χ,Γ |= ϕ if and only if M,Γ |= ϕ[u⊕ χ].



268

Proof. By induction on the construction of dnJLA-formulas. Most cases are

handled in the proof of Lemma 3.48. The only remaining cases are for formulas

of the form Kiϕ (which are handled as are formulas of the form �ϕ) and for

formulas of the form [B,w]ϕ. Let us check the case for the latter formulas.

We are to show thatMu�χ,Γ |= [B,w]ϕ if and only ifM,Γ |=
(
[B,w]ϕ

)
[u⊕

χ]. The latter is equivalent to M,Γ |= [Bu⊕χ, w]
(
ϕ[u⊕χ]

)
. (See Definition 4.12

for definitions relevant to the argument we are about to give.) We have by the

induction hypothesis that Mu�χ,Γ |= B(w) if and only if M,Γ |= B(w)[u⊕χ].

The latter is equivalent to M,Γ |= B[u⊕χ](w). But if we have that Mu�χ,Γ 6|=

B(w) and M,Γ 6|= B[u⊕χ](w), then the result follows immediately. So we may

assume that we have both Mu�χ,Γ |= B(w) and M,Γ |= B[u⊕χ](w). But

then we also have by the induction hypothesis that M [B]u�χ, (Γ, w) |= ϕ if

and only if M [B], (Γ, w) |= ϕ[u ⊕ χ]. So to complete the proof, it suffices

for us to show that M [B]u�χ =
(
Mu�χ

)
[B]. So let M = (F,Eσ, V ) be our

original Fitting model M with intro evidence function (E, σ). It follows from

the definition of M [B] (Definition 4.13) that Eσ[B] := (E[B], σ). Thus the

intro evidence function in M [B]u�χ is (E[B], {σ, u � χ}). Now observe that

the intro evidence function in Mu�χ is (E, {σ, u � χ}). But then the intro

evidence function in
(
Mu�χ

)
[B] is (E[B], {σ, u � χ}) (Definition 4.13). We

have shown that M [B]u�χ =
(
Mu�χ

)
[B], thereby completing the proof.

Using the previous lemma, we may now show that the operation ] : dnJLA+ →

dnJLA is truth preserving for intro Fitting models.

Lemma 4.17. Let A be an agent set. For each intro Fitting model M and

each formula ϕ ∈ dnJLA+, we have that M |= ϕ ≡ ϕ].
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Proof. By induction on the construction of dnJLA+-formulas. Most cases are as

in the proof of Lemma 3.49. The only remaining cases are for formulas of the

form Kiϕ (which are handled as for formulas of the form �ϕ) and for formulas

of the form [B,w]ϕ. Let us check the case for the latter formulas.

We are to show that for each intro Fitting model M and each formula

ϕ ∈ dnJLA+, we have that M |= [B,w]ϕ ≡
(
[B,w]ϕ

)]
, which is equivalent

to M |= [B,w]ϕ ≡ [B], w]ϕ]. Now it follows by the induction hypothesis

that for each v ∈ B, we have M |= B(v) ≡ B(v)], which is equivalent to

M |= B(v) ≡ B](v). It follows that B is executable in M if and only if

B] is executable in M and that M [B] = M [B]]. So it follows in particular

that M,Γ |= B(w) ≡ B](w), and thus in case M,Γ |= ¬B(w) ∧ ¬B](w),

we have immediately that M,Γ |= [B,w]ϕ ≡ [B], w]ϕ]. So let us assume

that M,Γ |= B(w) ∧ B](w). We have that M [B], (Γ, w) |= ϕ if and only if

M [B]], (Γ, w) |= ϕ by the fact that M [B] = M [B]]. But the latter is equivalent

to M [B]], (Γ, w) |= ϕ] by the induction hypothesis. Therefore we again have

that M,Γ |= [B,w]ϕ if and only if M,Γ |= [B], w]ϕ]. The statement of the

present theorem follows.

Finally, we need a lemma that shows our communication axioms are valid

in intro Fitting models.

Lemma 4.18. Let A be an agent set and let M be an intro Fitting model for

A ∪ {�}. We have each of the following.

• M |= [B,w]p ≡
(
B(w) ⊃ p

)
• M |= [B,w](ϕ ⊃ ψ) ≡

(
[B,w]ϕ ⊃ [B,w]ψ

)
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• M |= [B,w]Kiϕ ≡
(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

• M |= [B,w]�ϕ ≡
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)

• M |= [B,w](t� ϕ) ≡ B(w) ⊃ (t� ϕ)

• M |= [B,w][B′, w′]ϕ ≡ [B ◦B′, (w,w′)]ϕ

Proof. Let M =
(
(W,R), Eσ, V

)
be an intro Fitting model for A ∪ {�} and

choose a world Γ ∈M arbitrarily. Let B = (U, S, l) be an arbitrary evidenced

BMS frame for A ∪ {�}, and let w ∈ B be an arbitrary world in B.

• M,Γ |= [B,w]p ≡
(
B(w) ⊃ p

)
As in the proof of Lemma 4.5.

• M,Γ |= [B,w](ϕ ⊃ ψ) ≡
(
[B,w]ϕ ⊃ [B,w]ψ

)
As in the proof of Lemma 4.5.

• M,Γ |= [B,w]Kiϕ ≡
(
B(w) ⊃

∧
wSiv

Ki[B, v]ϕ
)

As in the proof of Lemma 4.5.q

• M,Γ |= [B,w]�ϕ ≡
(
B(w) ⊃

∧
wS�v

�[B, v]ϕ
)

As in the proof of Lemma 4.5.

• M,Γ |= [B,w](t� ϕ) ≡ B(w) ⊃ (t� ϕ)

Assume M,Γ |= [B,w](t � ϕ) and M,Γ |= B(w). Applying the defini-

tion of truth (Definition 2.11), this means that M [B], (Γ, w) |= t � ϕ.

Applying the definition of truth (Definition 3.44), the latter means that
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(Γ, w) ∈ E[B](t]σ, ϕ]σ). But it follows from the definition of E[B] (Def-

inition 4.2) that (Γ, w) ∈ E[B](t]σ, ϕ]σ) if and only if Γ ∈ E(t]σ, ϕ]σ).

But the latter is equivalent to M,Γ |= t � ϕ by the definition of truth

(Definition 3.44).

• M,Γ |= [B,w][B′, w′]ϕ ≡ [B ◦B′, (w,w′)]ϕ

We assume that M,Γ |= ¬[B,w]¬B′(w′), for otherwise the result follows

trivially by the definition of truth (Definition 2.11). For us to then prove

the desired result, it suffices to show that the Fitting models M [B][B′]

and M [B◦B′] are isomorphic, by which we mean that the intro-sequences

in the intro evidence function of M [B][B′] is equal to the intro-sequence

in the intro evidence function of M [B ◦ B′] (which follows by Defini-

tion 4.13) and that there is a bijection

f : M [B][B′] →M [B ◦B′]

mapping each world Ω ∈ M [B][B′] to a world f(Ω) ∈ M [B ◦ B′] such

that f satisfies each of the following properties.

– Ω ∈ V [B][B′](pk) if and only if f(Ω) ∈ V [B◦B′](pk) for each k ∈ N.

– Ω ∈ Eσ[B][B′](t]σ, ψ]σ) if and only if f(Ω) ∈ E[B ◦ B′](t]σ, ψ]σ)

for each formula t� ψ in the language of T .

– ΩR[B][B′]iΩ
′ if and only if f(Ω)R[B◦B′]if(Ω′) for each i ∈ A∪{�}.

We define f by setting f
(
(∆, v), v′

)
=
(
∆, (v, v′)

)
. Observe that f is

a well-defined bijection: we have
(
(∆, v), v′

)
∈ M [B][B′] if and only
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if M,∆ |= ¬[B, v]¬B′(v′), and the latter holds if and only if we have(
∆, (v, v′)

)
∈M [B ◦B′] by the definition of (B ◦B′)(v, v′) as the formula

¬[B, v]¬B′(v′) (Definition 2.10). Now observe that we have
(
(∆, v), v′

)
∈

V [B][B′](pk) if and only if (∆, v) ∈ V [B](pk) if and only if ∆ ∈ V (pk)

if and only if
(
∆, (v, v′)

)
∈ V [B ◦ B′], so f satisfies the first of the

properties of being an isomorphism. To check the next property (using

Definition 4.2 repeatedly): we have
(
(∆, v), v′

)
∈ E[B][B′](t]σ, ψ]σ) if

and only if (∆, v) ∈ E[B](t]σ, ψ]σ) if and only if ∆ ∈ E(t]σ, ψ]σ) if and

only if
(
∆, (v, v′)

)
∈ E[B◦B′](t]σ, ψ]σ). To verify the third property: we

have
(
(∆, v), v′

)
R[B][B′]i

(
(Ω, x), x′

)
if and only if (∆, v)R[B]i(Ω, x) and

v′S ′ix
′ if and only if ∆RiΩ, vSix, and v′S ′ix

′ if and only if
(
∆, (v, v′)

)
R[B◦

B′]i
(
Ω, (x, x′)

)
by the definition of R[B ◦ B′]i (Definition 2.10). So f is

indeed an isomorphism.

Soundness follows much as for the theories nEX+ and nEXA
+ by way of the

lemmas we proved above.

Theorem 4.19 (Soundness of dnEXA
+). Let A be an agent set, let X be

an intro-compatible naming string, and let ϕ be a formula in the language of

dnEXA
+ . If dnEXA

+ ` ϕ, then ϕ is valid in every intro Fitting model for dnEXA
+ .

Proof. By induction on the length of dnEXA
+ -derivations. Most axioms are

handled as in the proof of Theorem 3.50 or in the proof of Theorem 3.64. Let us

address the remaining axioms not already handled are covered by Lemma 4.18.

That validity is closed under the rules of inference of dnEXA
+ follows by the

proof in Theorem 3.50 in addition to an extra case for Ki-Necessitation (whose
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argument is similar to that for �-Necessitation) along with an extra case for

BMS-Necessitation. Let us check the latter. So we assume that ϕ is valid in

each Fitting model for dnEXA
+ . LetM be an arbitrary Fitting model for dnEXA

+

and let (B,w) be an arbitrary pointed evidenced BMS frame for A in the

language of dnEXA
+ . If we have that M,Γ 6|= B(w), then it follows immediately

that M,Γ |= [B,w]ϕ. So suppose that M,Γ |= B(w). It then follows that

M [B], (Γ, w) |= ϕ by our assumption on ϕ, and thus M,Γ |= [B,w]ϕ. Thus

validity is closed under BMS-Necessitation. The statement of the present

theorem follows.

We will reduce the completeness of the theory dnEXA
+ to the completeness

of the theory dnEXA. In order to do this, we will need the following lemma.

Lemma 4.20. Let A be an agent set, let X be an intro-compatible naming

string, and let ϕ be a formula in the language of dnEXA. If ϕ is valid in

every intro Fitting model for dnEXA
+ , then ϕ is valid in every Fitting model

for dnEXA.

Proof. As in the proof of Lemma 3.51, it suffices for us to show that for each

intro Fitting model (F,Eε, V ) for dnEXA
+ , each world Γ ∈ F , and each formula

ψ in the language of dnEXA, we have that

(F,Eε, V ),Γ |= ψ if and only if (F,E, V ),Γ |= ψ .

Most cases are handled in Lemma 3.51. The remaining cases are for formulas

of the form Kiϕ (which are handled as for formulas of the form �ϕ) and

formulas of the form [B,w]ϕ. Let us check the result for the latter.
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By the induction hypothesis, we have that (F,Eε, V ),Γ |= B(w) if and only

if (F,E, V ),Γ |= B(w). So we may assume that each side of this biconditional

is true, for otherwise both sides are false and we thus have (F,Eε, V ),Γ |=

[B,w]ϕ and (F,Eε, V ),Γ |= [B,w]ϕ, as desired. But if each side is true, then

we have
(
F [B], E[B]ε, V [B]

)
, (Γ, w) |= ϕ if and only if

(
F [B], E[B], V [B]

)
, (Γ, w) |= ϕ

by the induction hypothesis. But the former part of this biconditional is

equivalent to
(
F [B], Eε[B], V [B]

)
, (Γ, w) |= ϕ by Definition 4.13. It follows

that (F,Eε, V ),Γ |= [B,w]ϕ if and only if (F,E, V ),Γ |= [B,w]ϕ, as desired.

The statement of the present theorem follows.

Completeness is then straightforward.

Theorem 4.21 (Completeness of dnEXA
+). Let A be an agent set, let X be

an intro-compatible naming string, and let ϕ be a formula in the language of

dnEXA
+ . If ϕ is valid in every intro Fitting model for dnEXA

+ , then dnEXA
+ ` ϕ.

Proof. If ϕ is valid in every intro Fitting model for dnEXA
+ , then it follows by

the soundness of dnEXA
+ and the dnEXA

+ -axiom ϕ ⊃ ϕ] (with the function ]

defined as in Definition 4.13) is valid in every intro Fitting model for dnEXA
+ .

Since ϕ] is in the language of dnEXA, we have by Lemma 4.20 that ϕ] is

valid in every Fitting model for dnEXA. Since dnEXA
+ is an extension of

dnEXA (Theorem 4.15), we have that dnEXA
+ ` ϕ]. Applying the dnEXA

+ -

axiom ϕ] ⊃ ϕ, it follows that dnEXA
+ ` ϕ.
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Appendix A

Boxless Theories

In this appendix, we examine boxless theories of Justification Logic, both basic

boxless theories BX and nominaled boxless theories nBX for a naming string

X. We will see that the boxless theories extend the justification theories JX

and are extended by the respective evidence theories EX and nEX.

The reason we have banished the boxless theories to an appendix is that

they present too many difficulties when it comes to introducing dynamic ev-

idence introduction or communication. But these theories are nonetheless of

formal interest, as they show that we can handle many of the concepts of

the basic and nominaled theories without use of the modal formulas �ϕ of

evidence necessity.

A.1 Basic Boxless Theories

The basic boxless theories BX combine the axiomatization of JX with the

boxless axiom schemes of EX in addition to two additional principles. The
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first principle,

(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
,

allows us to express Monotonicity using only the arrow (“�”) and the colon

(“:”). The second principle,

s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
,

is needed for completeness.

Definition A.1. For each naming stringX, we define the theory BX according

to Figure A.1. The language of BX is the boxless fragment of JL.

Consistency of the boxless theories BX is proved in much the same way as

for the justification theories JX and the evidence theories EX.

Theorem A.2 (Consistency of boxless theories). Let X be a naming string

and let † : JL → QML be defined as in Figure 3.3. We then have that BX ` ϕ

implies QX ` ϕ†. It thus follows from the consistency of QX (Theorem 1.22)

that each of BX is consistent.

Proof. By induction on the length of derivations in BX. Most axioms are

handled in Theorem 3.14. The remaining axioms are handled as follows.

• Case:
(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
is a BX-axiom.
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Axiom Scheme K T D 4 5

Axiom schemes for classical propositional logic X X X X X

t� (ϕ ⊃ ψ) ⊃
(
s� ϕ ⊃ (t · s) � ψ

)
X X X X X

(t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ X X X X X

¬(t� ⊥) X

(t� ϕ) ⊃ !t� (t :ϕ) X

¬(t� ϕ) ⊃ ?t :¬(t :ϕ) X

¬(t :ϕ) ⊃ ¬(t� ϕ) X

t : (ϕ ⊃ ψ) ⊃
(
s :ϕ ⊃ (t · s) :ψ

)
X X X X X

(t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ X X X X X

t :ϕ ⊃ ϕ X

¬(t :⊥) X

(t :ϕ) ⊃ !t : (t :ϕ) X

¬(t :ϕ) ⊃ ?t :¬(t :ϕ) X(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
X

s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
X X X X X

t :ϕ ⊃ t� ϕ X X X X X

Rule of Inference K T D 4 5
Modus Ponens X X X X X

Iterated Constant Necessitation for axioms of theory X X X X

Constant Necessitation for axioms of theory X

Figure A.1. Definition of boxless theories BX
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Thus 4 occurs in X. The image of this axiom under † is

��ϕ† ⊃ (�ϕ† ⊃ ��ϕ†) .

Since 4 occurs in X, we have that �ϕ† ⊃ ��ϕ† is a theorem of QX,

from which it follows that ��ϕ† ⊃ (�ϕ† ⊃ ��ϕ†) is also a theorem of

QX.

• Case: s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
is a BX-axiom.

The image of this axiom under † is �ϕ† ⊃ (�ϕ† ⊃ �ϕ†), which is a

theorem of classical propositional logic and thus a theorem of QX.

The induction step is handled as in Theorem 3.14.

We show that BX sits extensionally between JX and EX.

Theorem A.3 (Extensions). Let X be a naming string.

• LetX ′ be a substring ofX, meaning there is an order-preserving injection

between the symbols in X ′ and the symbols in X. Then BX is an

extension of BX ′.

• BX is an extension of JX.

• EX is an extension of BX.

Proof. The first and second items are obvious. Most cases of the third are

handled in Theorem 3.15. The remaining cases are as follows.

• E ` s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
by Figure A.2.
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1. ϕ :ϕ ⊃ �ϕ E-axiom
2. �ϕ ⊃

(
(t� ϕ) ⊃ t :ϕ

)
E-axiom

3. ϕ :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
1, 2

Figure A.2. Proof that E ` s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
1. (t� ϕ) ⊃ �(t� ϕ) E4-axiom
2. �(t� ϕ) ⊃

(
s� (t� ϕ) ⊃ s : (t� ϕ)

)
E-axiom

3. (t� ϕ) ⊃
(
s� (t� ϕ) ⊃ s : (t� ϕ)

)
1, 2

4.
(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
3

Figure A.3. Proof that E4 `
(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)

• E4 `
(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
by Figure A.3.

The boxless theories all satisfy Artemov’s Internalization Theorem, which

makes formal sense of our reading of t :ϕ as “t verifies (the truth of) ϕ.”

Theorem A.4 (Artemov’s Internalization Theorem [10]). Let X be a naming

string. For each BX-theorem ϕ, there is a variable-free term t such that t :ϕ

is also a BX-theorem.

Proof. As in Theorem 3.16.

To say that a Fitting model M is for a boxless theory BX means that

M satisfies the axiomatics of BX, which we make precise in the following

definition.

Definition A.5 (Fitting models for boxless theories). Let M be a Fitting

model for {�}. To say that (the) Fitting model M is for BX means that M

satisfies the properties specified by Figure A.4.
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Evidence Function Condition K T D 4 5

Application X X X X X

Sum X X X X X

Constant Specification Aω X X X X

Non-Contradiction X

Constant Specification A0 X

Checker X

Monotonicity X

Negative Checker X

Pacuit-Rubtsova X

(A is the set of axioms of the theory)

Frame Condition K T D 4 5
Reflexive X

Transitive X

Figure A.4. Fitting model conditions for theories BX
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To see that there actually are Fitting models that are indeed Fitting models

for a given boxless theory BX, we use an almost identical argument as for the

case of the basic theories.

Lemma A.6 (Existence of Fitting models for boxless theories). Let X be a

naming string, let F = (W,R) be a frame for {�}, and let M = (F, V ) be

a Kripke model for KX (by which we mean that (F, V ) satisfies each of the

frame conditions in Figure 3.11 whose row contains a check mark [“X”] in a

column whose label occurs in X). Then there is an evidence function E such

that (F,E, V ) is a Fitting model for BX.

Proof. The function E constructed in Lemma 3.18 also makes (F,E, V ) a

Fitting model for BX.

Soundness of the boxless theories is straightforward.

Theorem A.7 (Soundness of boxless theories). Let T be a boxless theory

of Justification Logic and ϕ be a formula in the language of BX. If ϕ is a

BX-theorem, then ϕ is valid in every Fitting model for BX.

Proof. By induction on the length of BX-derivations. Most axioms are handled

in Theorem 3.19. The remaining axioms are as follows. Let M be an arbitrary

Fitting model for BX.

• If 4 occurs in X, then M |=
(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
.

This validity holds if M satisfies Monotonicity. But since M is a Fitting

model for BX and 4 occurs in X (see Definition 3.17 and Figure A.4), it

follows that M satisfies Monotonicity.
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• M |= s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
This validity follows from the definition of truth (Definition 3.7).

The inductive cases are as in Theorem 3.19.

Completeness of boxless theories is also by a canonical model argument,

though we must define each of the components of the canonical Fitting model

for a boxless theory BX according to the expressive capabilities of the boxless

language.

Definition A.8 (Canonical structures for boxless theories). Let X be a nam-

ing string. We define the tuple MBX :=
(
(WBX , RBX), EBX , V BX

)
as follows.

• WBX is the set of all maximal BX-consistent sets.

• RBX
� :=

{
(Γ,∆) ∈ WBX ×WBX : (∀t)(∀ϕ)(t :ϕ ∈ Γ ⇒ ϕ ∈ ∆)

}
• EBX(t, ϕ) :=

{
Γ ∈ WBX : (t� ϕ) ∈ Γ

}
• V BX(pk) := {Γ ∈ WBX : pk ∈ Γ} for each k ∈ N

Canonical Fitting models for boxless theories also satisfy the Truth Lemma,

though the argument is much more interesting than in the case of the basic

theories. It is in the proof of the Truth Lemma that the additional principle

s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
arises.
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Lemma A.9 (Truth Lemma). For each formula ϕ in the language of BX and

each world Γ ∈MBX , we have that MBX ,Γ |= ϕ if and only if ϕ ∈ Γ.

Proof. By induction on the construction of formulas in the language of T .

The base and Boolean inductive cases are straightforward, so we restrict our

attention to the non-Boolean inductive cases, many of which are handled in

Lemma 3.21 The remaining cases are as follows..

• Case: the formula t� ϕ.

By the definition of EBX , we have that Γ ∈ EBX(t, ϕ) if and only if

(t� ϕ) ∈ Γ. It follows from the definition of truth (Definition 3.7) that

we have MBX ,Γ |= t� ϕ if and only if (t� ϕ) ∈ Γ.

• Case: the formula t :ϕ.

Assume that t :ϕ ∈ Γ and ΓRBX
� ϕ. Since BX ` t :ϕ ⊃ t � ϕ, it follows

from the maximal BX-consistency of Γ that (t� ϕ) ∈ Γ and thus that

Γ ∈ EBX(t, ϕ) by the definition of EBX . Further, it follows from our

assumptions t :ϕ ∈ Γ and ΓRBX
� ∆ by the definition of ∆ that we have

ϕ ∈ ∆ and thus that MBX ,∆ |= ϕ by the induction hypothesis. But then

we have both that MBX ,∆ |= ϕ for each ∆ ∈ MBX satisfying ΓRBX
� ∆

and that Γ ∈ EBX(t, ϕ). It follows that MBX ,Γ |= t :ϕ by the definition

of truth (Definition 3.7).

Conversely, assume that t :ϕ /∈ Γ. Since BX ` s :ϕ ⊃
(
(t � ϕ) ⊃ t :ϕ

)
,

it follows from the maximal BX-consistency of Γ that either we have

(t � ϕ) /∈ Γ or else we have both (t � ϕ) ∈ Γ and s :ϕ /∈ Γ for

each term s. Let us consider each of these possibilities in turn. In case
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(t � ϕ) /∈ Γ, we have that Γ /∈ EBX(t, ϕ) by the definition of EBX and

thus that MBX ,Γ 6|= t :ϕ by the definition of truth (Definition 3.7). So

let us consider the case where (t� ϕ) ∈ Γ and s :ϕ /∈ Γ for each term s.

Defining the set Γ[ := {ψ | (∃s)(s :ψ ∈ Γ)}, we argue by contradiction

that Γ[ ∪ {¬ϕ} is BX-consistent. So suppose that Γ[ ∪ {¬ϕ} is BX-

inconsistent, which implies that there is a finite set {ψi}ni=0 ⊆ Γ[ such

that

BX ` ψ0 ⊃ (ψ1 ⊃ (ψ2 ⊃ (· · · (ψn ⊃ ϕ) · · · ))) .

Calling the latter BX-theorem θ, it follows from Artemov’s Internaliza-

tion Theorem (Theorem A.4) that there is a term u such that BX ` u :θ.

Since each ψk has a term uk such that uk :ψk ∈ Γ, it follows from the BX-

provable scheme v1 : (χ1 ⊃ χ2) ⊃ (v2 :χ1 ⊃ (v1 · v2) :χ2) and the maximal

BX-consistency of Γ that

((· · · (((u · u0) · u1) · u2) · · · ) · un) :ϕ ∈ Γ ,

contradicting our assumption that s :ϕ /∈ Γ for each term s. Therefore

Γ[∪{¬ϕ} must in fact be BX-consistent and so we may extend Γ[∪{¬ϕ}

to a maximal BX-consistent set ∆ ∈ MBX . Note that ΓRBX
� ∆ by the

construction of ∆ and the definition of RBX
� . Since ¬ϕ ∈ ∆, it follows

from the induction hypothesis that MBX ,∆ |= ¬ϕ, which implies that

MBX ,Γ 6|= t :ϕ by the definition of truth (Definition 3.7).

As our last step before completeness, we must check that the canonical Fit-

ting model for a boxless theory BX is indeed a Fitting model for BX. Perhaps
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the most interesting part is the verification that the additional principle

(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
indeed allows the theory to express Monotonicity, thereby ensuring that the

canonical Fitting model for BX satisfies Monotonicity whenever 4 occurs in

X.

Theorem A.10. The canonical Fitting model for BX is a Fitting model for

BX.

Proof. We verify thatMBX , the canonical Fitting model for T (Definition A.8),

satisfies the properties required for it to be a Fitting model for BX (see Defi-

nition A.5 and Figure A.4).

• MBX satisfies Application.

Suppose Γ ∈ EBX(t, ϕ ⊃ ψ)∩EBX(s, ϕ). It follows from the definition of

EBX and the maximal BX-consistency of Γ that
(
t� (ϕ ⊃ ψ)

)
∧ (s�

ϕ) ∈ Γ. Since BX ` t � (ϕ ⊃ ψ) ⊃
(
(s � ϕ) ⊃ (t · s) � ψ

)
, it follows

from the maximal BX-consistency of Γ that
(
(t · s) � ψ

)
∈ Γ and hence

Γ ∈ EBX(t · s, ψ) by the definition of EBX .

• MBX satisfies Sum.

Suppose Γ ∈ EBX(t, ϕ)∪EBX(s, ϕ). It follows from the definition of EBX

and the maximal BX-consistency of Γ that (t� ϕ)∨(s� ϕ) ∈ Γ. Since

BX ` (t � ϕ) ∨ (s � ϕ) ⊃
(
(t+ s) � ϕ

)
, it follows from the maximal
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BX-consistency of Γ that
(
(t+ s) � ϕ

)
∈ Γ and hence Γ ∈ EBX(t+s, ϕ)

by the definition of EBX .

• MBX satisfies Constant Specification Aω, where A is the set of BX-

axioms.

Choose !nck :ϕ ∈ Aω. It is easy to see that no matter whether 4 occurs

in X, we have that BX ` !nck :ϕ and thus that BX ` !nck � ϕ. Thus

for each Γ ∈ MBX , it follows by the maximal BX-consistency of Γ that

(!nck � ϕ) ∈ Γ and hence Γ ∈ EBX(!nck, ϕ) by the definition of EBX .

Since we chose Γ ∈ MBX arbitrarily, we have shown that EBX(!nck, ϕ).

Since we chose !nck :ϕ ∈ Aω arbitrarily, we have shown thatMBX satisfies

Constant Specification Aω.

• If D occurs in X, then MBX satisfies Non-Contradiction.

Since D occurs in X, we have that BX ` ¬(t � ⊥). Thus for each

Γ ∈ MBX , it follows by the maximal BX-consistency of Γ that ¬(t �

⊥) ∈ Γ and thus that Γ /∈ EBX(t,⊥) by the definition of EBX . Hence

EBX(t,⊥) = ∅ for all terms t.

• If 4 occurs in X, then MBX satisfies Constant Specification A0, where

A is the set of BX-axioms.

Since MBX satisfies Constant Specification Aω and A0 ⊆ Aω, we have

that MBX also satisfies Constant Specification A0.

• If 4 occurs in X, then MBX satisfies Checker.
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1. (t� ϕ) ⊃ !t� (t :ϕ) B4-axiom
2. c0 : (t :ϕ ⊃ t� ϕ) CN
3. c0 : (t :ϕ ⊃ t� ϕ) ⊃ c0 � (t :ϕ ⊃ t� ϕ) B-axiom
4. c0 � (t :ϕ ⊃ t� ϕ) 2, 3
5.

(
c0 � (t :ϕ ⊃ t� ϕ)

)
⊃
(
(!t� t :ϕ) ⊃ (c0 · !t) � (t� ϕ)

)
B-axiom

6. (t� ϕ) ⊃ (c0 · !t) � (t� ϕ) 1, 4, 5
7.

(
(c0 · !t) � (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ (c0 · !t) : (t� ϕ)

)
B4-axiom

8. (t� ϕ) ⊃ (c0 · !t) : (t� ϕ) 6, 7

Note: “CN” is Constant Necessitation for B4-axioms.

Figure A.5. Proof that B4 ` (t� ϕ) ⊃ (c0 · !t) : (t� ϕ)

Suppose that Γ ∈ EBX(t, ϕ). It follows that (t� ϕ) ∈ Γ by the definition

of EBX . Since 4 occurs in X, we have that BX ` (t � ϕ) ⊃
(
!t �

(t :ϕ)
)
. Applying the maximal BX-consistency of Γ, it follows that

(
!t�

(t :ϕ)
)
∈ Γ and hence Γ ∈ EBX(!t, t :ϕ) by the definition of EBX .

• If 4 occurs in X, then MBX satisfies Monotonicity.

Suppose that Γ ∈ EBX(t, ϕ). It follows that (t � ϕ) ∈ Γ by the

definition of EBX . In Figure A.5, we show that B4 ` (t � ϕ) ⊃

(c0 · !t) : (t� ϕ), and so it follows from Theorem 3.15 that BX ` (t �

ϕ) ⊃ (c0 · !t) : (t� ϕ) whenever 4 occurs in X. Thus if ΓRBX
� ∆, then

it follows by the definition of RBX
� that (t � ϕ) ∈ ∆ and hence ∆ ∈

EBX(t, ϕ) by the definition of EBX . Since we chose ∆ ∈MBX satisfying

ΓRBX
� ∆ arbitrarily, it follows that MBX satisfies Monotonicity whenever

4 occurs in X.

• If 5 occurs in X, then MBX satisfies Negative Checker.



288

Suppose that Γ /∈ EBX(t, ϕ). It follows by the definition of EBX and the

maximal BX-consistency of Γ that ¬(t � ϕ) ∈ Γ. Since 5 occurs in X,

we have that BX ` ¬(t � ϕ) ⊃ ?t :¬(t :ϕ) and thus that BX ` ¬(t �

ϕ) ⊃ ?t� ¬(t :ϕ). Applying the maximal BX-consistency of Γ, we then

have that
(
?t � ¬(t :ϕ)

)
∈ Γ and hence Γ ∈ EBX

(
?t,¬(t :ϕ)

)
by the

definition of EBX .

• If 5 occurs in X, then MBX satisfies Pacuit-Rubtsova.

Suppose thatMBX ,Γ |= ¬t :ϕ. Applying the Truth Lemma (Lemma 3.21),

we have that ¬(t :ϕ) ∈ Γ. Since 5 occurs in X, we have that BX `

¬(t :ϕ) ⊃ ¬(t � ϕ). Applying the maximal BX-consistency of Γ, it

follows that ¬(t� ϕ) ∈ Γ and hence Γ /∈ EBX(t, ϕ) by the definition of

EBX . But then MBX ,Γ |= ¬(t � ϕ) by the definition of truth (Defini-

tion 3.7).

• If T occurs in X, then MBX is reflexive.

Since T occurs in X, we have that BX ` t :ϕ ⊃ ϕ. Thus for each

Γ ∈ MBX , it follows by the maximal BX-consistency of Γ that t :ϕ ∈ Γ

implies ϕ ∈ Γ. Applying the definition of RBX
� , it follows that ΓRBX

� Γ

for each Γ ∈MBX . So MBX is reflexive.

• If 4 occurs in X, then MBX is transitive.

If 4 occurs in X, then we have that BX ` t :ϕ ⊃ !t : (t :ϕ). Thus for each

Γ ∈ MBX , we have by the maximal BX-consistency of Γ that t :ϕ ∈ Γ

implies !t : (t :ϕ) ∈ Γ. So if we have ΓRBX
� ∆, ∆RBX

� Ω, and t :ϕ ∈ Γ, then
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it follows that !ϕ : (t :ϕ) ∈ Γ and thus that ϕ ∈ Ω by the definition of

RBX
� . Thus MBX is transitive.

Completeness is then straightforward.

Theorem A.11 (Completeness of BX). Let X be a naming string and let ϕ

be a formula in the language of BX. If ϕ is valid in every Fitting model for

BX, then BX ` ϕ.

Proof. If ϕ is not a theorem of BX, then {¬ϕ} is BX-consistent and so may

be extended to a maximal BX-consistent set Γ ∈ MBX . Since ¬ϕ ∈ Γ, it

follows by the Truth Lemma (Lemma A.9) that MBX ,Γ 6|= ϕ. Since MBX is a

Fitting model for BX (Theorem A.10), we have shown that ϕ is not valid in

every Fitting model for BX. The statement of the theorem follows.

A.2 Nominaled Boxless Theories

As for the nominaled evidence theories, we introduce the nominaled boxless

theories nBX by admitting (boxless) formulas as terms we call nominals. The

Hilbert theory for nBX is obtained from that of BX by the addition of two

principles for handling nominal reasoning. In addition, since the nominaled

formula ϕ :ϕ allows us to express the same proposition as the modal formula

�ϕ in Fitting models satisfying Nominal Identity, we revise the BX-principle

s :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
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so that it reads

ϕ :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
,

which more closely matches the nEX-principle

�ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

Let us proceed.

Definition A.12. For each naming string X, we define the theory nBX ac-

cording to Figure A.6. The language of nBX is the boxless fragment of nJL.

Consistency of the nominaled boxless theories nBX is shown much as for

the nominaled evidence theories nEX.

Theorem A.13 (Consistency of nominaled theories). Let X be a naming

string and let ∗ : nJL → QML be defined as in Figure 3.13. Then we have

that nBX ` ϕ implies QX ` ϕ∗. It thus follows from the consistency of QX

(Theorem 1.22) that nBX is consistent.

Proof. By induction on the length of derivations in nBX. Most axioms are

handled in Theorem 3.28. The remaining axioms are handled as follows.

• The nBX-axiom χ is
(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
.

In this case, X contains 4. If t and s are nominal-free, then χ∗ =

��ϕ∗ ⊃ (�ϕ∗ ⊃ ��ϕ∗ and hence QX ` χ∗ because X contains 4. If t is

nominaled, then QX `
(
s : (t� ϕ)

)∗ ⊃ ��ϕ∗) and, since QX ` ��ϕ∗,
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Axiom Scheme K T D 4 5

Axiom schemes for classical propositional logic X X X X X

t� (ϕ ⊃ ψ) ⊃
(
s� ϕ ⊃ (t · s) � ψ

)
X X X X X

(t� ϕ) ∨ (s� ϕ) ⊃ (t+ s) � ϕ X X X X X

(t� ϕ) ⊃ !t� (t :ϕ) for t nominaled X X X X

¬(t� ⊥) for t nominal-free X

(t� ϕ) ⊃ !t� (t :ϕ) X

¬(t� ϕ) ⊃ ?t :¬(t :ϕ) for t nominal-free X

¬(t :ϕ) ⊃ ¬(t� ϕ) for t nominal-free X

t : (ϕ ⊃ ψ) ⊃
(
s :ϕ ⊃ (t · s) :ψ

)
X X X X X

(t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ X X X X X

t :ϕ ⊃ ϕ X

¬(t :⊥) X

(t :ϕ) ⊃ !t : (t :ϕ) X

¬(t :ϕ) ⊃ ?t :¬(t :ϕ) for t nominal-free X(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
X

ϕ :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
X X X X X

t :ϕ ⊃ t� ϕ X X X X X

ϕ� ϕ X X X X X

t :ϕ ⊃ ϕ :ϕ X X X X X

Rule of Inference K T D 4 5
Modus Ponens X X X X X

Iterated Constant Necessitation for axioms of theory X X X X

Constant Necessitation for axioms of theory X

Nominal-Necessitation X X X X X

Figure A.6. Definition of nominaled boxless theories nBX
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it follows that QX ` χ∗. If t is nominal-free and s is nominaled, then

χ∗ = ��ϕ∗ ⊃ (�ϕ∗ ⊃ ��ϕ∗) and thus QX ` χ∗ because X contains 4.

• The nBX-axiom χ is ϕ :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
.

If t is nominal-free, then χ∗ = �ϕ∗ ⊃ (�ϕ∗ ⊃ �ϕ∗) and thus QX ` χ∗.

If t is nominaled, then
(
(t � ϕ) ⊃ t :ϕ

)∗
= �ϕ∗ ⊃ �ϕ∗ and, since

QX ` �ϕ∗ ⊃ �ϕ∗, we then have that QX ` χ∗.

• The nBX-axiom χ is t :ϕ ⊃ ϕ :ϕ.

We have that (ϕ :ϕ)∗ = �ϕ∗ and so QX ` χ∗.

The induction step is handled as in Theorem 3.28.

We show that nBX has the expected extensional relationships.

Theorem A.14 (Extensions). Let X be a naming string.

• LetX ′ be a substring ofX, meaning there is an order-preserving injection

between the symbols in X ′ and the symbols in X. Then we have that

nBX is an extension of nBX ′.

• nBX is an extension of BX.

• nEX is an extension of nBX.

Proof. That nBX is an extension of nBX ′ is obvious. To see that nBX is

an extension of BX, it is sufficient for us to show that nB ` s :ϕ ⊃
(
(t �

ϕ) ⊃ t :ϕ
)

(see Figures A.1 and A.6); but this follows from the nB-axioms

s :ϕ ⊃ ϕ :ϕ and ϕ :ϕ ⊃
(
(t � ϕ) ⊃ t :ϕ

)
. So what remains is for us to prove
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1. ϕ :ϕ ⊃ �ϕ nE-axiom
2. �ϕ ⊃

(
(t� ϕ) ⊃ t :ϕ

)
nE-axiom

3. ϕ :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
1, 2

Figure A.7. Proof that nE ` ϕ :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)

is that nEX is an extension of BX. To prove this, it is sufficient for us to

verify that for each scheme s that is used to axiomatize nBX but is not also

used to axiomatize nEX, we have that s is nEX-provable (see Figures 3.12 and

A.6). We consider each such scheme in turn. Note that we will omit classical

propositional reasoning steps.

• nE ` t : (ϕ ⊃ ψ) ⊃ (s :ϕ ⊃ (t · s) :ψ) by the proof in Figure 3.4.

• nE ` (t :ϕ) ∨ (s :ϕ) ⊃ (t+ s) :ϕ by the proof in Figure 3.5.

• nET ` t :ϕ ⊃ ϕ by the proof in Figure 3.6.

• nED ` ¬(t :⊥) by the proof in Figure 3.7.

• nE4 ` (t :ϕ) ⊃ !t : (t :ϕ) by the proof in Figure 3.8.

• nE5 ` ¬(t :ϕ) ⊃ ?t :¬(t :ϕ) for t nominal-free follows by the proof in

Figure 3.9 by the fact that t is nominal-free.

• nE4 `
(
s � (t� ϕ)

)
⊃
(
(t � ϕ) ⊃ s : (t� ϕ)

)
follows by the proof in

Figure A.3.

• nE ` ϕ :ϕ ⊃
(
(t� ϕ) ⊃ t :ϕ

)
by Figure A.7.

• nE ` t :ϕ ⊃ ϕ :ϕ by Figure A.8.
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1. t :ϕ ⊃ �ϕ nE-axiom
2. �ϕ ⊃ ϕ :ϕ nE-axiom
3. t :ϕ ⊃ ϕ :ϕ 1, 2

Figure A.8. Proof that nE ` t :ϕ ⊃ ϕ :ϕ

Artemov’s Internalization theorem also holds for the nominaled boxless

theories, though the proof is trivial.

Theorem A.15 (Artemov’s Internaliztion Theorem). Let X be a naming

string. Then for each nBX-theorem ϕ, there is a term t such that t :ϕ is also

an nBX-theorem.

Proof. For each nBX-theorem ϕ, take t to be the nominal ϕ itself. That ϕ :ϕ

is also an nBX-theorem follows by the rule of Nominal-Necessitation.

Fitting models for nBX are defined as one would expect.

Definition A.16 (Fitting models for nominaled theories). Let M be a nomi-

naled Fitting model for {�}. To say that (the nominaled) Fitting model M is

for nBX means that M satisfies the properties specified by Figure A.9.

That there in fact exist Fitting models for each nominaled boxless theory

nBX is a straightforward argument.

Lemma A.17 (Existence of Fitting models for nBX). Let X be a naming

string, let F = (W,R) be a frame for {�}, and let (F, V ) be a Kripke model

for KX (by which we mean that (F, V ) satisfies each of the frame conditions

in Figure 3.15 whose row contains a check mark [“X”] in a column whose label
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Evidence Function Condition K T D 4 5

Nominal Identity X X X X X

Application X X X X X

Sum X X X X X

Constant Specification Aω X X X X

Nominaled Checker X X X X

Nominaled Non-Contradiction X

Constant Specification A0 X

Checker X

Monotonicity X

Nominaled Negative Checker X

Nominaled Pacuit-Rubtsova X

(A is the set of axioms of the theory)

Frame Condition K T D 4 5
Reflexive X

Serial X

Transitive X

Figure A.9. Fitting model conditions for theories nBX
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occurs in X). Then there is an evidence function E such that (F,E, V ) is a

Fitting model for nBX.

Proof. The function E constructed in Lemma 3.34 makes (F,E, V ) a Fitting

model for nBX.

Soundness then comes quite easily.

Theorem A.18 (Soundness of nBX). Let X be a naming string and ϕ be a

formula in the language of nBX. If nBX ` ϕ, then ϕ is valid in every Fitting

model for nBX.

Proof. By induction on the length of nBX-derivations. Most axioms are han-

dled in Theorem 3.35. The remaining axioms are as follows. We let M be an

arbitrary Fitting model for nBX.

• If 4 occurs in X, then M |=
(
s� (t� ϕ)

)
⊃
(
(t� ϕ) ⊃ s : (t� ϕ)

)
.

This validity holds if M satisfies Monotonicity. But since M is a Fitting

model for nBX and 4 occurs in X (see Definition 3.33 and Figure A.9),

it follows that M satisfies Monotonicity.

• M |= t :ϕ ⊃ ϕ :ϕ

Since M is a Fitting model for BX (see Definition 3.33 and Figure A.9),

we have that M satisfies Nominal Identity. Thus the above validity

follows from the definition of truth (Definition 3.7).

The inductive cases are as in Theorem 3.35.
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For completeness, we define the canonical Fitting model for nBX much as

we did for nEX. In fact, by defining RnEX
� in the same way as we will define

RnBX
� , the arguments for nEX will also work for nBX.

Definition A.19 (Canonical structures for nominaled theories). Let X be a

naming string. We define a tuple
(
(W nBX , RnBX), EnBX , V nBX

)
as follows.

• W nBX is the set consisting of all maximal nBX-consistent sets (of for-

mulas in the language of nBX). Note that W nBX is nonempty by the

consistency of nBX (Theorem 3.28).

• RnBX
� :=

{
(Γ,∆) ∈ W nBX ×W nBX : (∀ϕ)(ϕ :ϕ ∈ Γ ⇒ ϕ ∈ ∆)

}
• EnBX(t, ϕ) :=

{
Γ ∈ W nBX : (t� ϕ) ∈ Γ

}
• V nBX(pk) := {Γ ∈ W nBX : pk ∈ Γ} for each k ∈ N

We adopt similar terminology as in Definition 3.20 (canonical frame for nBX,

canonical valuation for nBX, canonical evidence function for nBX, canonical

Fitting model for nBX, and so forth).

The proof of the Truth Lemma is almost identical to the proof of the Truth

Lemma for nEX.

Lemma A.20 (Truth Lemma). Let X be a naming string. Then for each

formula ϕ in the language of nBX and each world Γ ∈ MnBX , we have that

MnBX ,Γ |= ϕ if and only if ϕ ∈ Γ.

Proof. As in Lemma 3.37 (though we omit the case for formulas of the form

�ϕ).
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Similarly, the verification that the canonical Fitting model for nBX is in-

deed a Fitting model for nBX carries over from the argument for nEX.

Theorem A.21. If X is a naming string, then MBX is a Fitting model for

nBX.

Proof. As in Theorem 3.38 (though we omit the case for euclideanness).

And completeness then follows easily.

Theorem A.22 (Completeness of nBX). Let X be a naming string and ϕ

be a formula in the language of nBX. If ϕ is valid in every Fitting model for

nBX, then nBX ` ϕ.

Proof. If ϕ is not a theorem of nBX, then {¬ϕ} is nBX-consistent and so may

be extended to a maximal nBX-consistent set Γ ∈ MnBX . Since ¬ϕ ∈ Γ, it

follows by the Truth Lemma (Lemma A.20) that MnBX ,Γ 6|= ϕ. Since MnBX

is a Fitting model for nBX (Theorem A.21), we have shown that ϕ is not valid

in every Fitting model for nBX. The statement of the theorem follows.
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