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Abstract

RESPONSE OF NUCLEAR MATTER TO ELECTROMAGNETIC PROBES

by

HUI-WEN WANG 

Adviser: Distinguished Professor Carl M. Shakin

We develop methods for the calculation of the hadronic tensor that describes the 

response of nuclear matter to an electromagnetic probe and study the role of final-state 

interactions, making use of the theory of Horikawa, Lenz and Mukhopadhay. Recently, 

extensive calculations o f such final-state interaction effects in quasielastic (e,e') 

reactions have been performed by Chinn, Picklesimer and Van Orden for finite nuclei. 

Our nuclear matter calculations reproduce the qualitative features found by those 

authors, including a significant "quenching" of the longitudinal response, if one uses a 

relativistic description of the process. While we are able to achieve an improved fit to a 

body of experimental data for the longitudinal response using this formalism, definitive 

conclusions cannot be drawn without extending the analysis so that the Ward-Takahashi 

identity is satisfied. We also find quenching of the transverse response in the region of 

the quasielastic peak; however, it is unclear as to whether that creates a problem for the 

theory, since the transverse response is known to have contributions from the excitation



of the delta resonance and various multinucleon processes.We extend the discussion of 

Bentz, Arima, Hyuga, Shimizu and Yazaki, who considered the role of the Ward- 

Takahashi identity in the calculation of the electromagnetic response in nuclear matter, to 

higher values of the momentum transfer. We place particular emphasis on a class of 

diagrams for which the Ward-Takahashi identity relates the nucleon self-energy to a 

vertex correction. Consideration of this class of diagrams leads to the definition of an 

effective one-body model for ejection of a nucleon from the Fermi sea. We provide a 

systematic diagrammatic analysis for some members of this class of diagrams and 

indicate how an expansion in powers of the density of the medium may be made. In 

this manner we exhibit procedures for the evaluation of such corrections.
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C hapter 1

1

General Survey

1.1 Introduction

One of the basic goals o f nuclear physics is to understand the structure of 

nuclei. Electron scattering offers one of the most important probes o f nuclear 

structure. The process of electron scattering from a nucleus in the one - photon- 

exchange approximation is shown in Figure 1.1.

e

Fig. 1.1

For an unpolarized incident electron beam, the inclusive electron-nucleus cross 

section is the sum of two terms,
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- ^ S ~  =  CTMott
dE'dQ

RL(q,G)) + ( \ “ T + tan2®-) RT(q,co)
z | q|  z ( i . i )

where OMott is the electron scattering cross section for a point charge,

<=>acosV-

2Esin2®
2 . ( 1.2 )

RL(q,co) and RT(q,co) are the longitudinal and transverse response functions and 

is the four- momentum of the exchanged ( virtual) photon:

qH = ( ( D, q)  . ( 1 . 3 )

Neglecting the electron mass, we have

q 2 = -q2 = 4EE’sin2®  ,

and

co = E - E' . ( 1 . 5 )

The response functions, RL(q,co) and RL(q,co), contain information on the 

structure of the charge and current distributions in the nucleus.



electron-nucleon scattering as function of the energy transfer co ( for a fixed 

momentum transfer ) are show in Figure 1.2.

Giant
resonance

N U CLEU SElastic
Q uasiclastic

DEEP INELASTIC 
* EMC "

CO
300 M«V

2m2A

PROTON

Elastic

DEEP INELASTIC 
* QUARKS*

CO
2m

Fig. 1.2

The comparison in Figure 1.2 between electron scattering from a nucleus and 

from a proton shows a difference arising from the influence of the nuclear medium. 

It has become clear in the last decade that the response o f a nucleus to an



electromagnetic probe is significantly more complicated than originally thought. For 

example, it is now believed that the transverse response in (e,e') inclusive reactions 

contains important multinucleon processes. While the longitudinal response may be 

free o f complications introduced by the presence of multinucleon processes, that 

response appears to be "quenched" relative to the results of calculations made 

using a Fermi-gas model or a model which uses the wave functions o f finite nuclei. 

It is hoped, however, that the longitudinal response might be understood in relatively 

simple terms. A number o f mechanisms have been suggusted to explain the 

apparent quenching of the longitudinal response »; these include relativistic 

effects2-3, modification o f the nucleon properties in the nuclear m edium 4, 

many-body correlations5, final-state interactions6-7, and off-mass-shell effects8.

A fully satisfactory theory of (e,e’) or (e,e’p) reactions has not been 

developed thus far. In this connection, we have found the work of Chinn, 

Picklesimer and Van O rden7 to be o f interest. The model studied by these authors 

has a simple interpretation. Basically, one assumes that the nucleon which absorbs 

the virtual photon in an (e,e') reaction undergoes final-state interactions before 

leaving the nucleus, the main process being nucleon knockout 6. The propagation 

o f  the struck nucleon may be described by including a complex optical model 

potential in its Green's function. One might think that such a calculation would 

just serve to quench the response; however, a careful treatment o f the discontinuity 

structure o f the Green's function shows that flux passing into inelastic channels 

is described properly and that, in principle, sum rules may be preserved9. In 

practise, however, the mechanism described removes strength from the quasielastic



peak and shifts it to higher energies, with the consequence that the integral of the 

longitudinal response in the region of the quasielastic peak may be significantly 

reduced from the value it has if one uses a noninteracting Fermi-gas model.

It is o f interest to note that the relativistic description o f the target leads to 

different results than the nonrelativistic description when one considers final-state 

interactions, as in the model explored in Ref. 7. While the inclusion of final-state 

interactions may explain some features of the experimental data, we stress that 

calculations of the type made in Ref. 7 and in this work suffer from the defect that 

current conservation has not been ensured. We have discussed this problem in a recent 

w ork11, where we have shown how, in the case of nuclear matter, one can create 

a formalism which preserves the Ward-Takahashi identity. Therefore, nuclear matter 

calculations of final-state interactions have the advantage that systematic corrections 

may be made to the vertex functions. We believe such studies are particularly 

important, if (e,e'p) reactions are to be used as a tool for the study o f nuclear 

structure. In the case o f the electrodisintegration of targets with four or more 

nucleons, the standard calculation requires that one use a distorted wave for the 

outgoing nucleon. The potential used to construct the distorted wave is complex; 

the imaginary part describes the loss of flux from the channel under consideration. 

W e m ay understand the nature o f such approxim ations by studying the 

corresponding processes in relativistic nuclear matter. A study of the Ward 

identity in relativistic nuclear matter was presented in Ref. 12. However, the authors 

were concerned with small momentum transfer and with the possibility of 

deriving axial Ward identities. We are here concerned with an extension o f the



work o f Ref. 12 to larger momentum transfer, where the nucleon self-energy 

becomes complex.

One advantage o f nuclear matter studies is that one can clarify the significance 

o f various processes within the context of a diagrammatic analysis. In a first 

approximation, we may estimate the size of corrections to be expected from a proper 

treatment o f gauge invariance. We have see in the past that the hadronic response 

tensor calculated for inclusive scattering from a finite system is well approximated, 

in the region of the quasielastic peak, by the corresponding tensor calculated in 

nuclear matter11. Therefore, we suggest that estimates o f errors made due to neglect of 

gauge invariance in the case o f nuclear matter may be useful for studies of finite 

systems.

We have seen some discussion of the role of the Ward-Takahashi identity in 

constraining the form o f the photon-nucleon vertex function. These studies have 

been made both for many-particle system 410 and for few-body systems 13. In this work, 

we discuss the role of the Ward-Takahashi identity in the calculation of the 

response o f nuclear matter to an electromagnetic probe and describe, in greater 

detail, the form of the vertex corrections that should be included in a theory which 

exhibits a Ward-Takahashi identity. We also are able to provide some insight into the 

physical meaning of these vertex corrections. The Ward-Takahashi identity relates 

the calculation of the self-energy of a particle to the calculation o f the vertex 

correction. In general, there is a very large number of diagrams to be considered in 

the calculation o f the self-energy. H ow ever, we are here interested in 

understanding some aspects o f the (e,e’) and (e,e’p) reactions. The cross section



for such reactions is usually calculated on the basis of an effective one-bodv model. 

One considers a nucleon in a specific orbital and calculates the matrix element of 

the ( f re e ) current operator between the bound orbital and a continuum state. Since 

the struck nucleon may be removed from the quasi-elastic channel by collisions 

with nucleons in the residual nucleus, one calculates the continuum wave by 

solving an equation which contains an optical potential7 . Care is usually taken to 

ensure that the optical potential is properly chosen; however, relatively little attention 

has been given to vertex corrections that are needed if the theory is to exhibit a 

Ward-Takahashi identity. As we will see, there is a class of diagrams for which the 

identity may be satisfied. This class of diagrams may be considered as representing an 

analog of the effective one-body model mentioned above. For the purposes of this 

work, we can define an effective one-body model as having the following 

characteristics. The photon may interact with a single nucleon and that nucleon may be 

traced through the diagram. The nucleon line may be connected to other parts of the 

diagram by meson propagators 1,1 . The insertions on the nucleon line may be self­

en erg y  in se r tio n s  o r vertex  c o rrec tio n s . As d iscu ssed  in ou r e a r lie r  

work 10, one may exhibit a Ward-Takahashi identity for the class of diagrams that 

represent the effective one-body model as described here. In addition, there are 

diagrams that have an intrinsic many-body aspect and are not related by the Ward- 

Takahashi identity.

In the next section , we present the conventions and notation used in this work. 

In Chapter 2 we develop methods for the calculation of the hadronic tensor that 

describes the response of nuclear matter to an electromagnetic probe and study the role



of final-state interactions in quasi-elastic (e,e’) reactions, making use o f the theory of 

Horikawa, Lenz and Mukhopadhay. As part of our studies, we provided a spectral 

representation of the Green’s function o f a nucleon propagating in relativistic nuclear 

matter. In Chapter 3 we extend the discussion of Bentz, Arima, Hyuga, Shimizu and 

Yazaki, who considered the role o f the Ward-Takahashi identity in the calculation of the 

electromagnetic response of nuclear matter, to higher values of the momentum transfer. 

We sugguest specific vertex corrections which should provide a more consistant 

formalism. In Chapter 4 we study a process that is the analog of the (e,e’p) reaction in 

finite nuclei, making the assumption that the nuclear target may be described as an 

interacting Fermi gas, in a first approximation. We provide a systematic diagrammatic 

analysis for some members of the class o f diagrams for which the Ward-Takahashi 

identity relates the nucleon self-energy to a vertex correction, and indicate how an 

expansion in powers of the density of the medium may be made. In this manner we 

exhibit procedures for the evaluation of medium corrections. Also we remark upon the 

m any-body aspects of the dynamics. Finally, we present a discussion and some 

conclusions in Chapter 5.

1.2 Conventions and Notation

In this work we use the conventions and notation specified in the textbooks: 

Relativistic Quantum Mechanics by J. D. Bjorken and S.D. D re ll14 and Relativistic
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Nuclear Physics: Theory of Structure and Scattering by L. S. Celenza and C. M. 

Shakin u .

The metric tensor is

gjlV =  g ^ v

r i  o o o 
o - i o o
0 0 - 1 0  

I 0 0 0 —1

( 1.6 )

Contravariant coordinate:

x^ = ( x°, x1, x2, x3 ) = ( x°, x ) (1 .7)

Covariant coordinate:

X ^  S  (  X 0 , X l ,  x 2 , x 3  )  S  (  x 0 l -  X  )  =  g ^ v X V ( 1.8 )

For any two four-vectors, p and q, the scalar product is

p-q = pHq° = p ° - q ° - p - q (1.9)

Note that

p 2 =  pM-p^ =  p 2 - p 2 ( 1. 1 0 )
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We may expand the nucleon field operator,

V(x)

where

( 1.11 )

u<p,S) = y s ® ±
m Xs

Q 'P  
E(p) + m Xs

( 1.12 )

v(p.s) = V ^ m

o  p
E(p) + m 

X

X-s

( 1.13)
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Here u(p,s) and v(p,s) denote positive-energy and negative-energy spinor solutions of 

the Dirac equation, respectively; m and p are the mass and momentum of the fermion,

and x s is a Pauli spinor. The u(p,s) and v(p,s) satisty the Dirac equation:

[ / E f p ) - y - p - m  ]u(p ,s) = 0  , ( 1 . 1 4 )

[ Y°E(p) - y p + m ] v(p,s) = 0 , ( 1 . 1 5 )

The adjoint spinors

u(p,s) = u+(p,s) Y° ( 1 . 1 6 )

v(p,s) = v+(p,s) y° ( 1 . 1 7 )

satisfy

u(p,s) [ p r -m ] = 0 ( u s  )

v(p,s) [ p + m  ] = 0  ( 1 . 1 9 )

where
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H i  3 ) . ( 1.2 0 )

and

y -
0  o  

- o  0 ( 1.21 )

Here, I is a 2x2 unit matrix and O denotes the set of 2x2 Pauli spin matrices,

a  = (Oj, 02, 03) , ( 1.2 2 )

where

0 -i
1 0

0 3 = [ '  ° l' 0 -1 I ( 1-23)

We also note the following definitions,

( 1.24)

and

y5 = 1 y y  y V = vs ( 1-25 )
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In this representation, the components of are

* - n -' 0 o k ' ( 1 .2 6 )

with i, j, k = 1, 2, 3 in cyclic order and

o 0i = i
' a k 0

i O o kl ( 1 . 2 7 )

Futher,

y5 = ( 0 1 
\ I 0 (1 .2 8 )

The inner product of y with an ordinary four-vector is often denoted by

A  = y ^ = y ° A 0 - y  p , ( ! 29 }

9  = = E°y° -y p , (1 .3 0 )

d** ( 1.31 )



C h a p te r  2
14

Role of Final-State Interactions in the Calculation o f  the 
Response Functions of Nuclear Matter

2.1 Hadronic Tensor for Relativistic Nuclear Matter

In Ref. 11, the calculation o f the hadronic tensor, both for nuclear matter and 

for finite nuclei, has been discussed using a relativistic formalism. Basically, one may 

calculate this tensor from the knowledge of the virtual forward Compton amplitude. 

[See Fig. 2.1.]
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Fig .2 .1 .a) Diagram representing the calculation of the virtual (forward) Compton 
amplitude, t»*v, in nuclear matter, which is described as a noninteracting 
relativistic Fermi gas. The dashed line denotes a photon of momentum q. 
The panicle line, o f momentum p+q, represents the free propagator, 
G0(p+q). To obtain Wi*v from 01V we need the discontinuity o f G0(p+q), 
which, in this case, is equivalent to performing the calculation with the 
particle o f momentum p+q on mass shell.

b) Diagrammatic representation of the calculation of t^v for an interacting 
Fermi- gas, in the case that some final-state interactions are taken into 
account. The heavy line, labeled by p+q, represents the Green's function
G(p+q) = [ p + q - mN - £(p+q) ] - 1 A perturbative expansion o f that 
Green's function is shown on the right-hand side, where we have only 
indicated the nucleon knockout processes which make £(p+q) complex. 
All these diagrams contribute to D iscG (p+q), which is best calculated 
by using the spectral representation described in Section 2.3.

c) Diagrammatic representation o f the calculation o f E(p) in terms o f a 
nucleon-nucleon reaction matrix". Values of A(p), B(p) and C(p) obtained 
in such a calculation 11 are used in the work reported here.

In the noninteracting relativistic Fermi-gas model, the Green's function of the struck 

nucleon, G(p+q), is chosen to be the free Green's function,

G 0(p+q) = --------- --------—
p + q - mN + i£ • ( 2 . 1 )

The theory explored in Ref. 7 has a nuclear matter analog in which the free Green's 

function is replaced by the full Green’s function
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p + q
q - < i > - q

P
(a)

,-0-5 - -,--0-3 + t <3>“9
P P P

+  q

p

(b)

S(P) = ^  = £  + ©  + ©  + ‘“

(c)

Fig. 2.1
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G(p+q) =
JF+fiC- mN - I(p+q) + ie ( 2 .2 )

[For a nucleon above the Fermi sea, the self-energy, Z, is complex and we can drop the 

ie in Eq. (2.2).]

For simplicity, we will consider the following form of the self-energy

although the analysis is readily extended to treat the more general case w here11

In our analysis we proceed as follows. We note that Z(p) = Z(p°,p) and work 

in the vicinity o f the quasiparticle pole, making use o f Z(p) = Z(p°(p),p). Therefore, 

we have A(p) = A(p°(p),p), etc. [ For occupied states we use the notation e(p) = 

p°(p).] Therefore, when we consider G(p+q), the dependence upon p°+q° = e(p)+v

arises only from the term p + q in Eq. (2.2). The spinor wave functions for an occupied 

state, in which case A(p) and B(p) are real, is denoted as f(p,s) and is a solution o f 11

Z(p) = A(p) + 7°B(p) , ( 2 .3 )

Z(p) = A (p)-f7°B (p) + ^ C ( p )  . ( 2 . 4 )

[ y -p + mN + L(p) ] f(p,s) = y°e(p) f(p,s) , ( 2 . 5 )
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with

e(p) = ReB(p) + V p2 + m2(p) • ( 2.6 )

and

m(p) = mN + ReA(p) • ( 2 .7  )

If we use the normalization introduced in our previous work ", we may write

f(p,s) = EN(p) m(p) 
mN E(p)

1/2
u(p,s,m(p)) .

( 2 .8 )

where E n(p ) = [p2 + m ^ ]1/2 and E(p) = [p2 + n12(p )]1/2 . Here u(p,s,7TS(p)) is the 

spinor, as defined by Bjorken and Drell, with the mass rriN replaced by m(p). With

our choice o f normalization, we have

r(p ,s)f(p ,s) = EN(p)/mN ■ ( 2.9 )

Some off-shell effects are included in the theory by considering a nucleon with four- 

vector

pH = [ £(p), p ] , (2 .1 0 )
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when | p | < k p .  We will also use the notation pftn = [ £(p), p ] .

Making use of Eq. (2.10), we define the hadronic tensor for scattering from a 

nucleon in nuclear matter to be

W .v  =  Wl( .gUV+ « ) + W2P ^  ,

m N ( 2.11 )

where

( 2 . 1 2 )

In terms o f the structure functions Wj and w2, we may define longitudinal and 

transverse response functions:

£:2
tl = 2 ~

m N

-W ] +  -r - W 2 
m N ( 2 . 1 3 )

and

r j  = 2w] (2 .1 4 )
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As noted earlier, w^v may be obtained from the knowledge o f the virtual 

Compton amplitude. We have

w^v(p,q) = - T r[ f(p,s)r^(q)Im G (p+q)rV(-q)f(p,s) ]
K s ( 2 . 1 5 )

1
7t

EN(P) m(p)
mN E(p)

Tr [ r^(q)Im G (p+q)rv(-q)(p'on + m) ]
( 2 . 1 6 )

where the electromagnetic vertex is

r % )  = F,(q2)f+ >;S£I<lvF2(q2) .
2mN ( 2.17 )

Note that, since G(p+q) is a Dirac matrix, we should more properly write Im G(p+q) as 

Disc G(p+q)/2, where Disc G(p+q) is the discontinuity across the right-hand cut. [See 

Section 2.3.] We define

^ v(P>q) = Tr [ I41 ( q ) G ( p + q ) r v ( - q ) ( p r on + m) ] ( 2.18 )

and write



w^v(p,q) = - 1
7t

En(p ) m
mN E(p)

x L d m t n
2m

At this point, we define three scalar functions, G(l)(p+q)> such that

GN(p+q) = G(1 t̂° + G(2)y + G (3) •

To simplify the notation, we introduce a quantity with four components

C “ (p+q) = ( G<*>, • ^  G<2>) ,

so that we may write

G]si(p+q) = G (p+q) + G (3)(p+q) .

[ Note that the quantity defined in Eq. (2.21) is not a four-vector.] 

We find

tnv = 4 [ guvr, + (p£nG v + pr,nG ^)T2 ] ,

with
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(2 .1 9 )

( 2.2 0 )

( 2.21 ) 

( 2.2 2 )

( 2.23 )



T, -  mN { G ®  [ F? ♦ f |  ] - J L  F ,F 2 q{ 0 < ^  - G ]

22

4mft

(Pon'G ) 
mN

Fji (P o n -q X q  G ) \ 
2 m l  mN I ’

and

T2 = F5(q2)
4 n $

F 2(q 2)

where Fj and F2 were defined in Eq. (2.17).

We remark that Pv of Eq. (2.23) does not lead to a tensor w^v that 

form  given in Eq. (2.11), with q^w^v = w^v qv = 0. We somewhat 

remedy that defect by defining

t^v = [ gH* - qUqVq2 ] [ gPv - qPqv/q2 ] ,

= 4 ( ( g ^ v - 3 ! ^ ) T 1 +  ( $ nC v + f t nC H ) T 2 j ,
I q2 I

( 2 . 2 4 )

( 2.25 )

is o f the 

arbitrarily

( 2.26 ) 

( 2.27 )

where, for example,



G M = G ^ - ^ - ^ - q H  ,
q2

23 

( 2 . 2 8 )

etc. Now we have

w^v = - J-
71

e n ( P )  m
ntN p,E(p)J

r t l m 4
2m

( gd*. £ 3 . )  T | + ( pg„C '  + g „ C  11) T2

( 2.29 )

We may project Wj and w 2 from this form by using the relations

p V 'w .v  = - P 2 w j  + - £ -  w 2 ,

mN ( 2 . 3 0 )

( ) w^v = - 3w! + -E-  w2
q 2 ( 2.31 )

These equations may be solved for Wj and w2:

wi =  1  
2

p V Wav - ( g^v q^qv )w,J1V
( 2.32 )



Finally, we have,

- j En(p) m 
mN E(p)

J r  Ini 
m

- 2Tj + ( 2 (p-Pon)(p - G)
- 2pon G )T 2

( 2.34 )

En(p)
mN

m
E(p)

( 6
( p P o n ) ( p G )

- 2 (pon G ) ) T 2

( 2.35 )

2.2 Longitudinal and Transverse Response Functions o f Nuclear Matter

We may now use the definitions of rLandrT given in Eqs. (2.13) and (2.14), 

and the expressions obtained for wi and w2 to obtain, with x = Q2/(2pq),
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~2
I L — L * -

E n ( p )  fn  

E(p)
2T , + 4 < P P o n ) ( p - C j T2

p2 ( 2 .36 )

and

rr =  - - l - —  
n

EN(p)
mN E(p)

Im
m

2Ti + ( 2
( P P o n ) ( p G )

P2
- 2 (pon G ) ) T2

( 2.37 )

The hadronic tensor for a nucleus o f momentum P, and mass MA may be written

as

WPv(Pt,q) = ( -  gl"' + ^ ) W , + ElEl  W2 .
q2 Ml ( 2.38 )

From that quantity we obtain averaged values of longitudinal and transverse response 

functions for a nucleon in nuclear matter:



26

?L(xt,Q2)

fr(x t,Q2)

.  1 f dp
2f i  ;  (27C)3 En(p )

©( kF - | p |  )©( |p  + q | - k F )

/  EN(p) Q2 2 . Q2 2
|  N 4171^X1 4m^f

rr
mN 4nijsjXt 4rnN 4rr$x2

1 - 1-  I ©( kF - I pi )©< Ip + ql • kF )
2Q J  (2k )3 EN(p)

(2.39 )

rr 1 +

Em(p) q 2 2

Q2 O2
( 1 +  — )( 1 +  — - — )

4mji-| 4mNX2

( En (P) , Q:

tl
mN 4m^xt

( 1 +
4mjvi

O2
-  1

4ms, 4rr$x2

( 2.40 )
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where

O-J- ^ - © (  kF - 1 p i ) 
(2k)3

and

Q2
Xt  = 2itinv

[ Note that only for a nucleon at rest in the laboratory frame would x = x , . ] 

It may be seen that the following approximation is quite accurate:

tl(xi,Q2) = —  I ©( kF - 1 pl )©( I p + q| - kF ) rL
2 0 }  (2k )3 En(p)

and

FT(xt>Q2) ~ f  kp- lp l  ) 0 ( | p  + q | - k F ) r T
2 0  )  (2k )3 En(p)

( 2.41 )

( 2.42 )

( 2.43 )

( 2.44 )

Note that the factor of (1/2) which appears on the right-hand side effectively



replaces rL and rT by their spin-averaged values, rL/2 and r-j/2. Approximate response 

functions for finite nuclei may be obtained by including factors of N and Z, the numbers 

o f neutrons and protons:

RL(xt,Q2) = Z fL(p)(xt,Q2) + N rL(n)(Xl,Q2) , ( 2 45 }

and

Rt(x„Q2) = Z fT(p)(xt,Q2) + N fT(n)(xt,Q2) . ( 2 46 }

The calculation o f Wj and w2, o r r L and rT, requires a knowledge o f the 

discont inuity of the G reen's function, G(p+q),  across the right-hand cut. [This 

discontinuity may be obtained from the knowledge of the imaginary pans of the scalar 

Junctions G(i)(p+q).] We discuss a spectral representation of the Green’s function in the 

next section.

2.3 Spectral Representation of the Green's Function in Nuclear Matter

Consider the general form taken by Z(p) in nuclear matter
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I ( p )  = A(p) + B(p)v° + ^  C(P) .

It is useful to write this X(p) as

I ( p )  = A + &  ,  ̂2.48 )

where we have defined a four-component object

Bn = [ B(p), - C(p)p/mN]

for notational convenience. We have

G(p) = [ p  - mN - 1  ]
-l

G (i)7o + G (2)I-£ + G P)

= 0  + g (3) .

( 2.50 )

(2.51 )

( 2.52 )

( 2.53 )

We may construct G(p) from the knowledge of A, B and C. These potentials 

were calculated for nuclear matter and some values o f these quantities were presented in



Ref. 11. Analytical approximations which represent these potentials are given in the 

Appendix.

In order to calculate the discontinuity of G(p+q) needed for our calculation, it is 

useful to construct a spectral representation. We define

G (p) = 1  fdp 'o  [ a(1)(Po>P)V° + a(2)(p0,p)V p/mN + a(3>(p0,p) ]

71 J po - Po + iTl ( 2.54 )

From this we have

Disc G(p) = - [ a(1)(p°,p)7° + a(2>(p°,p)y p/mN + a(3>(p°,p) ] ( 2 55 )

We then note that a(i)(p+q) = -Im G(i)(p+q), with i = 1,2,3. Therefore we have

^  Disc G(p+q) = ImG(1)(p+q)y° + ImG(2)(p+q)Y p/mN + ImG(3)(p+q) ,

( 2.56 )

which can be taken as the definition of the expression Im G(p+q) used in Eq. (2.16), 

etc.

Recall that v was the value of q° in the laboratory frame. Then p+q = 

(e(p)+v, p+q), which for a nucleon at rest is p+q = (e(0)+v, q). In Figs 2.2 and

2.3 we exhibit values of a<')(£(0)+v, q), for | q | =  410MeV and |q | = 550MeV,
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These values were obtained upon including the terms A(p), B (p)and C(p) in S(p).

[ Only small changes appear in the a<‘), if we neglect C(p) entirely. ] Note that, in the 

absence o f final-state interactions, the a ^  would appear as delta functions.

The position of the delta functions for the case jJ = 0 would be at v = [m^ + cf2 ] 1/2 - rnjsj.

(The position o f the peak in Figs. 2.2 and 2.3 is shifted from that value due to the 

presence of the self energy, E(0), in the initial state and E(q) in the final state.
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40

35 - |q| -  410 Mev, |p| -  0
3 0 -

2 5 -

2 0 -

1 5 -

1 0 -

0 0.1 0 .2  0 .3  0 .4  OS 0 .6  0 .7 1
v[GeV]

Fig. 2.2

The values o f  aG>(e(0)+v,q) are shown for |q | = 410MeV. Here the 

terms A(p), B(p) and C(p) were included in £(p) and were taken from 

Ref . l l .  [See Appendix.] The solid line represents a(1), the dotted 
line denotes -a<2> and the dashed line is a<3>.



33

14 - |q| -  550 Mev, |p |-  0

o 0.1 0 .2  0.3 0.4 0 .5  0 .6  0 .7  0 .8  0 .9 1
v[GeV]

Fig. 2.3

Same caption as Fig.2.2, except that |q | = 550MeV.
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2.4 Results o f Numerical Calculations

As a check on the numerical procedure we used the same computer code to 

calculate the response functions for finite values of L and for the Fermi-gas model. In 

the latter case we put the real parts of A, B and C equal to zero, as well as the imaginary 

parts of B and C . The imaginary part of A was put equal to a small quantity, T| = 

10 MeV. That approximation reproduced the results obtained for the free Fermi-gas 

model in previous calculations, except for some small tails on the distribution which

would vanish if the calculation were done for r) —> 0. Once satisfactory results were 

obtained for the free Fermi-gas model, we used the values of A(p), B(p) and C(p) 

given in the Appendix to perform the calculations described in Sections 2.1 and 2.2.

Using the formalism outlined there, we calculated the longitudinal and transverse 

response functions, R l ( v ,|q |) and R t ( v , |q|), for 40Ca at |q | = 410 MeV and 550 MeV.

The results obtained are exhibited in Figs. 2.4 - 2.7. Figures 2.4 and 2.5 show the 

results for |qj = 410 MeV, while Figs. 2.6 and 2.7 exhibit the results at |q | = 550 MeV. 

As may be seen from the figures, we find quenching for both the transverse and 

longitudinal resource functions. In the case of the longitudinal response, there is a 

significant improvement seen when comparing theory and experiment. We also note 

that the results obtained here are similar to those exhibited in Ref. 7 in the case that Dirac 

phenomenology was used for the description of the final-state interaction. (We remark 

that somewhat different behavior was observed in Ref. 7, depending upon whether a



relativistic or nonrelativistic formalism was used.) To the extent that the calculation is 

meaningful, it may be concluded that the agreement with the data is better in the case of 

the relativistic analysis, since, in that case, the longitudinal response is quenched to a 

greater degree than the transverse response.
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|q | = 410 MeWc

*»«Ht o

50 100 150 200
v(MeV)

Fig. 2.4

The dashed curve shows the longitudinal response function, RL(vJq|),
calculated for a noninteracting Fermi gas. Also shown is experimental
data for ^C a . [ Here |q | = 410 MeV.] The theoretical curve is shifted
upward in energy by 30 MeV to take into account differences of binding 
of the occuped and continuum orbitals. We have put p = 0.60pNM,

where Pnm is the density o f  nuclear matter [ Pnm = 0.17fm '3 J. The solid
line shows the result obtained if final-state interactions are included 
using the methods described in the text.



R-
r(1

0 
M

eV
*

Q I e 410 MeV/o
m u

I

100 150
v(MeV)

200

Fig. 2.5

Same caption as Fig. 2.4, except that the transverse response is shown.



Iq 1 = 550 MeV/c

100 200
v(MeV)

300

Fig.2.6

Same caption as Fig.2.4, except that |q | = 550MeV.
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^  6  
a

>
CD

<? 4o

£C 2

100 200 300
v(MeV)

Fig. 2.7

Same caption as Fig. 2.4, except that the transverse response is show 
for | q | = 550 MeV.
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C hapter 3

Nuclear Matter Ward Identity 
and the Theory of Final-State Interactions 

in Inclusive and Exclusive Reactions

3.1 Nuclear Matter Ward-Takahashi Identity and Vertex Corrections

In Chapter 2 we studied the role of final-state interactions which may be 

included in the calculation of (e,e’) inclusive or (e,e’p) reactions, for example. The 

standard method for performing these calculations may be seen to be inconsistent. A 

consistent theory should include the vertex corrections that are required in an analysis 

which preserves the Ward-Takahashi identity.

The Green’s function of a nucleon in the relativistic nuclear matter is

G(p) =
fr- mN - £(p) (3 .1  )

and this Green's function may be written as

f(p,s)f(p,s)

( 3 . 2 )
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if 7°Z is Hermitian. Here we have dropped the negative-energy states, in keeping with

the approximations used in relativistic Brueckner-Hartree-Fock th eo ry " . We may 

define spinors, f(p,s), by evaluating the spinors f(p,s) = f(p°,p,s) at the quasi-particle 

pole,

f(p,s) = f(p°,p,s) Ip0 = £(p) . ( 3 .3 )

[Note that, if A and B are independent of p°, the form given in Eq. ( 3.1 ) simplifies.]

For the purposes o f this discussion, we will use the most elementary form o f the 

Walecka m odel3, neglecting correlations and exchange; however, the formalism may be 

generalized to include more complex models.

In Fig. 3.1 we show the leading approximation for the self-energy,
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X(1)(P) =

Fig.3.1

Tadpole diagram representing the lowest-order contribution to the 
self-energy in nuclear matter. Here k labels an occupied state.

This approximation leads to constant values for the scalar and vector potentials 11:

= + ( 3 4 )

_ gqps t gp)PB y)

ml  ( 3.5 )

In Eq. ( 3.4 ), p s is the scalar density and p B is the baryon density o f nuclear matter, 

g0  and mc are the coupling constant and mass o f  the sigma meson, etc. Using this 

elementary approximation, we can calculate matrix elements of the current between the
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states f(p,s) and f(p+q,s),

(p+q,s'l J^(0) lp,s) = f(p+q,s ) ■fFi(q2) + i^ -< fcF 2(q2)
2mN

f(p ,S)
( 3 .6 )

and one readily sees that the current is conserved, (p+q,s’ I q^J^(O) I p,s) = 0. In 

the case o f conserved currents, the hadronic response tensor may be obtained in the 

standard form for a nuclear target of momentum P,

Wt"'(q,p>= ( - g u v + s a !  )W,(q,P) + E-E- W2(q,P)
0 2 ( 3.7 )

where Wj and W 2 are structure functions for the target of mass M a and P 1̂ = -

(P -q)q^/q2 .

At this point we may consider the modification of the vertex required to maintain 

current conservation in the case £  is not constant. We consider the density-dependent

vertex correction for protons, A^(p',p). We have, on quite general grounds,

q^A ^p'.p) = - ( £ (p ) - £(p) ) ( 3 .8 )
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as discussed in Ref. 12. Let us now separate A^(p',p) into a longitudinal and transverse 

part

A V .P )  = Al(p ,p ) + At (p ’,p ) , ( 3 .9 )

u #
where q)iAT(p ,p) = 0. We see that E q .(2 .1 0 ) only constrains the longitudinal part. 

We may consider a form which satisfies Eq. (3 .8 ) ,

Al(p '.P) = - ^ ( 2 ( p V 2 ( P ) )  ■
q2 (3. io)

This form is not unique. In reality, the form of A^(p',p) is significantly more 

complicated than that given in Eq. (3.10). However, we will make some elementary 

estimates of the magnitude of vertex corrections in the region of the quasielastic peak 

based upon Eq. ( 3.10 ). A procedure for the calculation of the vertex correction, 

which will be shown to yield values for A^(p',p) that satisfy Eq. ( 3.8 ), will be given 

in Section 3.2.

Now we consider the proton vertex, for example, and make use o f Eq.( 3.10),

r V p )  = e F ,(q2) t  * P ) - K p ))
q2

+ i F2(q2) ^ < l v  + At (p '.p ) •
mN ( ( 3 .1 1 )

W e remark that Aj(p',p) will have terms proportional to both Fi(q2)an d  F2(q2), in 

general. Also, we note that we do not here propose a microscopic analysis of F j(q2)
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and F 2(q2), which would require a QCD-based calculation. Therefore, we do not

consider density-dependent modifications of these form factors in this work.

The last two terms of Eq. (3 .1 1 ) are not constrained by gauge invariance of the

theory. Now consider the matrix element

q^f(p ,s')rn(p ',p)f(p,s) = eFi(q2)f(p ,s ) [pr - ̂ - I ( p ')  + S(p)] f(p,s) , ( 3.12 )

= 0 ,  (3 .1 3 )

where we have used the Dirac equation satisfied by the f(p,s). [ We remark that there is 

an off-mass-shell version of this result where the f(p,s) are replaced by the f(p°,p,s) in 

Eq. (3 .1 2  ).]

In the next section we provide a diagrammatic analysis for the calculation of 

E(p) and A^(p',p). That analysis provides some insight into the physical processes 

which appear in the vertex correction and provides a method for a calculation of both the 

longitudinal and transverse parts of the vertex correction. In order to provide a 

relatively elementary discussion, we will make use o f the Walecka model3.
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3.2 Diagrammatic Analysis of Vertex Corrections in Perturbation Theory

In the case o f o+co model o f W alecka3, one can show, in an explicit fashion, 

that the identity o f Eq. ( 3.7 ) is satisfied for a specific calculation o f the self­

energy to be described below. In the more general case, the proof is based upon 

the fact that the part of the Lagrangian which contains the nucleon field,

L(x) = \j/N(x) [ ia„ - qAp(x)] y > N(x) - \j/N(x) [ goO(x) + gw(£^(x)t ] VnOO

( 3 .1 4 )

is invariant under phase transformations of the nucleon field, \}/n(x)> leading to the

conservation of the electromagnetic current. However, our goal in this section is to 

show that the Ward-Takahashi identity holds true, term by term, in a perturbative 

expansion which makes use of the ladder approximation.

It is easy to see that the Ward-Takahashi identity is true to first order in

g£ (o rg ^ ,) , since X(1)(p) = I (5)(p) and , therefore, A ^ p .p )  vanishes identically. 

[See Fig. 3.1.]

In Fig. 3.2 we show the second order contributions to Z(p) and A (p ,p '),r*
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1 4

! " • »  -  - A ®  ( p .p 1) =  -►
t

y

P*

Fig. 3.2

The left-hand pan o f the figure depicts a second-order contribution
to the self-energy. Here k denotes a hole (occupied) state. I (2)(p) 
is complex if  p refers to a particle above the Fermi sea. The right- 
hand figure shows the correction to the vertex corresponding to the
self-energy L (2)(p)-

^ (2)(P) = So I _ d ll_  D(l)G(p-l)D(-l) Tr [G(k)G(k+l)]J (27t)4 (2 rt)4 ( 3 .1 5 )

and

(2) |
^  (p,p') = g^ J ^ k _ _ d l L D(l)G(p-l)YuG(p'-l)D(-l)Tr[G(k)G(k+l)]

J (2n)4 (2n)4 ( 3 .1 6 )
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for the case of scalar exchange. Here D(p) is the meson propagator and G(p) is the 

nucleon propagator in the presence of nuclear matter. For example

G(p) = ------  — :— + 2 jti(p '+m )8 (p2 - m2)©(pp - |p |)0 (p °) ,
P '-m  + irj ( 3 .1 7 )

which can be also written in the intuitive form 11

g ( p ) = f  x ! u(p,s)u(p J  - 1 % - ^  ♦ + w(! >siw(g’s ) !E s | ’ * p° - E + ir| p° - E - irj p° + E - it] j

( 3 .1 8 )

Here w(p,s) = v(-p,-s). In the limit that pp -> 0, we recover the propagator in the

vacuum,

G 0(p) = 1
pr-m +iTi ( 3 .1 9 )

Observing that, from Eq. ( 3.17 ),

( pr- m ) G(p) = 1 , ( 3.20 )

one can easily derive the important identity

G(p-l) tfG (p '-l) = G(p-l) - G(p’ -1) , ( 3.21 )
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where q = p'-p. (This result is also true for the propagator in the vacuum.) Using Eq. 

( 3.21 ) in Eq. ( 3 .16), we immediately obtain

q w f W )  = - ( I (2)(p') - L{\ ) ) . ( 3 22  x

We now consider the nIh -order contributions, £ (l,)(p) and A<n)(p,p'). [ See 

Fig. 3.3 ]
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2 <n,(P) =

•  • •

(a)

» (n)m
(p ,p 1 =

I
1IlI

• •

(b)

Fig. 3.3

(a) Higher-order corrections to L(p) calculated in a ladder 
approximation.

(b) Corrections to the vertex involving n boson exchanges, 
with m exchanges appearing to the left o f the photon 
insertion.
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The self-energy contribution represented by the diagram in Fig. 3.3a is given by

I

d V
(2n)4 ( 2 k ) 4

'tD (h ) 
(2t i)4

D dn)G (p-li) ... G (p-li-...-ln-l)

x T r[ G (k)G (k+li) ... G (k+li+ ...+ln.1) ] . ( 3 33  }

The vertex correction has n-1 distinct diagrams corresponding to the n-1 possibilities of 

distributing the n meson lines on the two proton (particle) lines o f the vertex. The 

diagram represented in Fig. 3.3b is given by

C W  = g |” (  ... D ( l ,) ... D(l„)] (2 j t)  (2 ji)  (2 h )

x G (p-li) ... G (p-l]-...-lm) 7^ G(p’-li-...-lm)...G (p -li-...-ln.i) 

x T r [ G (k)G (k+l,) ... G (k+l,+ ...+ln.i) ] . ( 3.24 )

Then, with the help of Eq. ( 3.21 ), we obtain
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q̂Ajr)(p,p,> = x  q̂A[r)m (p»p)
m=i ( 3.25 )

= g£n f D(1,) - DOn) 11J  ( 2 k )4 ( 2 k )4 (2 k )4

x T r [  G (k)G (k+l,) ... G (k+l1+ ...+ln. , ) ]  , (3 .2 6 )

where II is given by the series:

n-1

11= X  G (p-li)...G (p-li-...-lm. i ) [  G (p-li-...-lm) -G (p '- l r ...-lin) ]
m=l

X G(p-lr ...-lm+i) ... G(p- lr ...-ln. ,) . (3 .2 7 )

If we sum these two series, all terms cancel except the first term of the second series and 

the last term of the first series. That is,

II = G(p-li)...G(p-li-...-ln-i) - G(p'-l]-...-lm+i) ... G(p'-li-...-ln.i) . ( 3.28 ) 

Thus, we obtain

q < n>(p,p) = - ( £"V> - £"”(p)) • ( 3.29 )

The proof for the case of co-exchange or, more generally, for processes involving any 

number or co and G exchanges, is identical except for the addition o f Dirac matrices, "f,



53

at the o-nucleon vertices. We note that we may introduce charged mesons, such as Tt1,

in the analysis. A gauge invariant Lagrangian including pions will still preserve the 

Ward identity; however, the proof o f the identity is more complex in that case.

The above perturbative results can be summarized in a compact form by making 

use o f a T  matrix o f the nucleon-nucleon interaction. As usual, we use the ladder 

approximation and define the T  matrix by the diagrams o f Fig. 3.4.

n • • •

i + T

Fig. 3.4

Schematic representation o f the nucleon-nucleon T  matrix in the 
ladder approximation

Then I (n)(p) and A(n)(p,p') can be expressed in terms o f T [see Figs. 3.5a and 3.5b]
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A ^p.p') =

!<1
T

k

(a)

I  (P)

(b)

Fig. 3.5

(a) Representation of the seif-energy in terms o f the nucleon- 
nucleon T matrix.

(b) The vertex correction, AM(p’,p), corresponding to the self­
energy shown in (a).
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It is seen from our analysis that the wavefunction insertions [Fig. 3.5a], expressed in 

terms o f a T matrix, imply the vertex correction represented here by the insertion of two 

T  matrices, in the manner exhibited in Fig. 3.5b.

3.3 An Estimate of Vertex Corrections Needed in the Presence o f Final-State 
Interactions

We note that the self-energy of Fig. 3.2 will become complex if the nucleon is 

above the Fermi sea, since excitation of two-particle, one-hole states is then possible.

(2) • oSimilarly, (p ,p) will be complex if s = (p+q) is large enough. These observations

are also true in the more general case. [See Figs. 3.5a and 3.5 b.]

Let us now estimate the correction which appears as the second term or the right- 

hand side o f Eq. (3 .1 1  ). Consider p  = 0 and note that -v/q2 = l/(2m N) at the 

quasielastic peak. For the imaginary part of the correction, we need the matrix element 

of [ 1/(2it)n) ]ImX(p) = [ 1/(2it)n) ][ ImA + ^Im B  ]. This represents about a 1 or 2

percent correction to the leading terms. More precisely, we can form the ratio

R } f(p ,s) [ ImA(p') + y° ImB(p') ] f(p,s)

2mN f(p ,s)f(p,s) ( 3  3 0 )

and use the fact that the f(p,s) are proportional to free spinors with a shifted mass, in a
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first approximation. Then

R = —L - [ ImA(p') + ImB(p') ]
2m NL VF/J ( 3 .3 1 )

for small values o f |p  [/(2mN). Note that as we move away from the quasielastic peak

to large values of v, v/Q2 can increase by factors of 2  or 3, yielding somewhat larger 

corrections than those suggested above. If we consider kinematic regions far from the 

quasielastic peak, the factor q^/q2 can become quite large and estimates based upon the 

use of Eq. (3 .1 0 )  may be unreliable.
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C hapter 4

One-Body and Many-Body Aspects of the (e,e’p) Reaction: 
Role of the W ard-Takahashi Identity

4.1 Ward-Takahashi Identity and a Density Expansion for the Vertex Correctisons in a 
Nuclear Medium

Let Z  denote the self-energy of a nucleon in relativistic nuclear matter 11. It is 

not difficult to show that, if  Y°Z is hermitian, we can introduce a model of the (e,e’p) 

reaction that is current-conserving. For some purposes, it is useful to define the self­

energy for a nucleon in nuclear matter that is in uniform motion. The motion of the 

medium may be described by the four-vector r\ . [ For example, in the rest frame
r

t $ f  = (1,0,0,0) and, in that frame, we can write Z(p,rjR!F) = A + t°B  + y  -p(C/m^), as 

in our earlier w ork11.] Further, we may introduce the spinors f(p,s,ri) that are solutions 

o f  the equation

[ y p + mN + I(p,T]) ] f(p,s/n) = 7°e(p,'n)f(p,s,Ti) . ( 4 2  )

In this case we write the Ward-Takahashi identity as 

q^A^(p,p’;T|) = - [ I(p ',r |)  - I (p ,r |)  ] , ( 4 . 2 )
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where ^  denotes the vertex correction. Using Eqs. (4.1) and (4.2), we see that, if

y>X(p,Ti) is hermitian, we can show that the current is conserved. That is,

q^(p,s'IJn(0)lp,s) = q^f(p ,s’,ri)r^(p,p';Ti)f(p,s,T|) ,  ̂ 4  3 ^

= 0  ’ ( 4.4 )

where r^(p ,p  ;ri) denotes the complete vertex operator which, in general, depends on 

the four-vectorq ,

fAp.pVn) = e [ 7^ -t- A % ,p ';ri)
( 4 .5 )

We return to our discussion of the (e,e’p) reaction and note that the optical 

potential used for the nucleon in the final state is complex (or the corresponding

quantity, 7°X, is nonhermitian), since we wish to describe absorption into channels

other than the quasielastic channel. That feature leads to current nonconversation, if we 

limit ourselves to a one-body model in the calculation o f the cross section for the 

excitation o f the quasielastic channel. However, even in the absence of current 

conservation, the Ward-Takahashi identity can still be seen to be valid in certain cases.

The reason for creating a model that satisfies that identity, even in the case that the 

single-channel analysis is not charge-conserving, is that the identity constrains the
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theory to describe important aspects o f the dynamics properly. That will become clear 

as we proceed with our discussion; however, we may make some qualitative comments 

at this point.

We note that the same interaction which mediates the collisions of the outgoing 

proton with other nucleons of the medium is responsible for the admixture o f two- 

particle, two-hole (2p-2h) states into the ground state. That feature leads to a reduced 

occupation probability for the occupied states and, therefore, a wave function 

renormalization constant for these states appears in the formalism. For consistency, we 

should allow the virtual photon to create a particle-hole configuration and also couple the 

photon to the configurations of 2p-2h character. Both these processes may lead to the 

same final state. [See Fig. 4.1.] It will be seen that some of these additional terms that 

arise, when we consider the 2p-2 h components of the ground state, appear as vertex 

corrections in this formalism. Indeed, the Ward-Takahashi identity allows one to 

identify the specific vertex corrections that should be taken into account, if one adopts a 

specific model for the self-energy.
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(a) (b)

>«•<

(c)

Fig. 4.1

a) Goldstone diagram for the excitation o f a particle-hole state by an 
incident photon (dashed line).

b) Diagram denoting a wave function renormalization insertion on 
the hole line. The wavy line denotes a meson propagator. (We 
neglect retardation in the meson propagator.)

c) Goldstone diagrams for some of the vertex corrections, containing 
two meson lines, that should be considered if final-state 
interactions are calculated to the same order.



The virtue o f our analysis, made for an (interacting) relativistic Fermi gas, lies in 

the fact that we can identify the diagrams that correspond to the insertion of optical 

potentials for the outgoing nucleon. [In the Fermi gas model, the quantity which

corresponds to the optical potential is y°Z(p).]

In order to simplify the analysis, we consider a model of nucleons interacting 

with scalar mesons. In our earlier work 15 we considered the insertions in the external 

lines o f the relevant diagram to be of the form shown in Fig. 4.2(a). In the case the 

external line represents an occupied state, these insertions will be real; however, if the 

particle is above the Fermi sea, the second diagram on the right-hand side of Fig. 4.2(a) 

may be complex, corresponding to the excitation of an open channel - an intermediate 

state o f two-particle, two-hole character. If we consider an occupied state, the second 

diagram  in Fig. 4.2(a) serves to represent the dynam ics which lead to a reduced 

occupation probability of that state, and gives rise to a wave function renormalization 

constant, or spectroscopic factor. Also, as discussed in our earlier work15 on this topic, 

we see that the Ward-Takahashi identity is satisfied, if the vertex correction is made as is 

shown in Fig. 4.2(b). For the processes shown in that figure, we have the relation 

between the vertex correction and the self-energy that is given in Eq. (4.2). That is to 

say, there are certain diagrams (self-energy insertions and vertex corrections) which are 

related by the Ward-Takahashi identity.



O '  - *

(b)

(C)

Fig. 4.2

a) Many-body Feynman diagrams for the calculation o f the self-energy 
X. The first diagram is independent o f momentum. The second 
diagram, which may represent a final-state interaction, is discussed 
in this work.

b) The vertex correction, corresponding to the self-energy insertion 
on the left, is shown. The dashed line denotes a photon.

c) A meson vacuum polarization diagram. The density-dependent part 
o f  this diagram is considered in this work. [See Sec. 4.2.]
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In this chapter we are interested in developing procedures for the calculation of 

the diagrams shown in Fig. 4.2(b). As will be demonstrated, it is possible to simplify 

the calculation by making a systematic expansion in terms of the density of the nuclear 

medium. It is also useful to limit our discussion to the kinematic region where we may 

neglect the dependence o f the meson propagator on the zeroth component o f the 

momentum, k°. With the neglect of retardation in the meson propagator, we may relate

the many-body Feynman diagrams of Fig. 4.2 to the Goldstone diagrams of Fig. 4.1 by 

completing the integrals over the zeroth components of the various internal momentum. 

A further simplification is to assume that the nucleon energies are nonrelativistic, so that 

the density-dependent part o f  the m eson self-energy [see Fig. 4.2(c)) m ay be 

approximated by the nonrelativistic Lindhard function. (A detailed calculation o f that 

function is presented in Ref. 16, for example.) We use the many-body, field-theoretic 

formalism presented in Ref. 16, as extended to describe a relativistic system in Ref. 11.

It is useful to write the nucleon propagator, in the presence of infinite nuclear 

matter, in the form

G(p) = ------- L—-r -  - 27i(p'+m)8(p2 -m ft)0(p°)© (pF-|p |)
pr-m N + ie ( 4 6 )

= Go(p) + Gn(p) ( 4 .7  )

Here G0(p) is the free nucleon propagator and Gn(p) is the part of G(p) that 

depends on the density of nuclear matter. We use the four-vector Ti to rewrite Eq. (4.6)

in a covariant form (see Fig. 4.3),
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G(p) = G0(p) - 27i(jr+  m)8 (p2 - m ft)0(pTi)© (pp + p2 - (p-T|) ) ( 4 .8 )

(For simplicity, we use the notation G(p), rather than G(p,T]). Note that the introduction

o f the vector rj^ facilitates the evaluation o f various integrals, as described in Section 

4.2.) As indicated in Fig. 4.3, the second term in Eq. (4.8) is represented by a Filled 

circle placed on a nucleon line. Therefore, by counting the number of such elements in 

a diagram, we may make a systematic expansion in the density of the medium. [See 

Fig. 4.4.]

Fig. 4.3

Representation o f the Green’s function o f Eq. (4.8), G(p), in terms of 
the free Green's function, G0(p), and a density-dependent correction,

Gn(p,q), denoted by a Filled circle. [See Eq. (4.8).]



I E ?
(a)

©

(b)

(c)

Fig. 4.4

a) Self-energy insertion and the corresponding vertex correction.
b )an d c ) Self-energy insertions and the corresponding vertex 

corrections calculated to lowest order in the density of the 
medium. [See Fig.4.3 and Eq. (4.8).]
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In this chapter, we consider nucleons interacting with sigma mesons. Since the 

o-m eson is neutral, we need not consider meson-exchange currents in this model. 

Consider the diagrams of Fig. 4.4(c). These diagrams involve the density-dependent 

part of the o-meson polarization, n .  It is useful to define the scalar quantity

IK M )  = igo I - ^ T r  [ G(k+1)G(1) - G0(k+1)G0(1) ] ,
( 4 .9 )

-  ig2 [  Tr [ Go(k+l)Gn(l) - Gn(k+1)G0(1) ] , J  ( 2 n ) ( 4 .1 0 )

which vanishes in the absence of nuclear matter.

We now consider the sum of the density-dependent parts of the vertex correction 

and the self-energy shown in Fig. 4.2(b) and 4.2(c). We have

Aw(p,p';11) = ig£ I - A -  D2(k)n<k,T|)G(p'-k)YMG(p-k)
J  <2 k )4 ( 4 .1 1 )

and

S(p,Tl) =  - g 2  I - A - D 2(k)n(k,Ti)G(p-k) .J  ( 2 n ) 4 ( 4 .1 2 )

Here D(k) is the o-meson propagator.

Using the relation

G (p '-k )^G (p-k) = i [ G(p-k) - G(p’-k) ] ( 4 . 1 3 )
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we see that A^p.pVn) and X (p/n) of Eq. (4.11) and (4.12) satisfy the Ward-Takahashi 

identity, Eq. (4.2). We now concentrate on the diagrams o f Fig. 4.4(c) and write

where n(k,T|) is given by Eq. (4.9) and may be approximated as in Eq. (4.10). Note

that the quantities given in Eqs. (4.14) and (4.15) separately satisfy the Ward-Takahashi 

identity, since Eq. (4.13) is also true for the free Green's functions, Go(p-k) and

G 0(p-k). W e, therefore, note the advantage obtained in using many-body Feynman 

diagram s rather than Goldstone diagrams, such as those of Fig. 4.1. (Since the 

individual Goldstone diagrams do not satisfy a Ward-Takahashi identity, it would be 

quite difficult to organize a calculation, based upon the use o f Goldstone diagrams, so as 

to insure that the identity is satisfied.)

A^(p,p';Ti) = ig2 I - A _  D2(k)n(k,Ti)Go(p'-k)Y^Go(p-k)
(4 .1 4 )

and

D2(k)n(k,Ti)G0(p-k)
( 4 .1 5 )



4.2 Evaluation of the Vertex Corrections in a Nuclear Medium

We now proceed to calculate the form o f A^, the correction to the photon- 

nucleon vertex. We first replace in Eq. (4.14) by

rpl = 'yi.Fi(q2) + i ^ !LqvF2(q2) • , „ ,2mN ( 4.16 )

If we keep in mind that we will eventually need matrix elements of taken 

between free spinors, u(p') and u(p), the vertex correction takes the form,

An(p,p';ri) = - i g D 2(k )n (k ,T ))
2 k p

2 mN - k  
k 2 - 2 k p

( 4 . 17  )

Here we have used the Dirac equation satisfied by the spinors, u(p') and u(p) and have 

also taken the incoming and outgoing nucleons to be on shell: p2 = p'2 = m2. We can 

simplify the structure of the integrand in Eq. (4.17) by noting that,
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and

(4 .1 9 )

If we make use o f these relations, the integrand of Eq. (4.17) consists o f three 

types o f terms: scalars, vectors (proportional to kp), and tensors (proportional to kpkc). 

To simplify the integration we define a set o f orthogonal four-vectors

7t = p + p ,

q = p -p  .

(4 .2 0 )  

(4 .21  )

and

P =  T| -
q q TJ • 7C 

K2 ( 4.22 )

Since the integrals are manifesdy Lorentz covariant, they can be expressed completely in 

terms of ;t^, q*\ and p^. For scalar integrals, the result is of the form

■ I
Is = I d 4k F(p k, p' k, k 2, k-q) = d>(q2, q-rj, K-q)

(4 .23  )
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[The dependence on q -T | and n T| is necessary due to the definition o f  Eq. (4.22).] 

The evaluation o f the vector integrals can be reduced to the evaluation of scalar integrals,

since

I
=  I d 4k  F(p-k, p‘-k, k2, k -T j)  k^1 ,

(4 .2 4 )

TC^O^q2, q rj, tut])  + q^<Dq(q 2, q-Tj, 7t-T]) + p ^ O p(q2, q q ,  7t-q) ,

( 4.25 )

■ I
d4k F(p k, p’-k, k2, k-q)

k - n  „ k -q  k - p
—  7^ + —^  + —
7t q2 p2

( 4 .2 6 )

Equation (4.26) follows from the identification = U v^n /ft2), etc. To reduce the

tensor integrals

r - f d4k F(p-k, p-k, k2, k-q) k^kv
(4 .27  )

to scalar integrals, in a similar fashion, it is convenient to define a complete set of 

symmetric tensors, T^v , in terms of tu.., qu, and p . These tensors are constructed1 r r r
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Tr ( T jT j) = Sjj (4 .28  )

Such a set is, for example:

-wiv _ q^qv 
M “  *

(4 .29  )

( 4 . 3 0 )

rr+w _ _L 
3 VI

-T ^v
7t2 (4.31 )

T+lv = VI 
4 VI

_ ^ v + ^ v

p (4 .32  )

T5V = i  5 VI
P^7tv + pv7Ĉ 

(P27C2) 1/2 (4 .33 )

t41v _  _!_
6 VI

q^7tv + qv7t̂  

(q 27t 2) 1/2 ( 4.34 )



Then the tensor integral, l£v o f Eq. (4.27), can be expressed in terms o f the tensors of 

Eqs. (4.29) - (4.35),

Ifv = i  TfvO i(q2, q-Ti, Jt-Tl) ,
i . l  ( 4 . 3 6 )

where the coefficients, <£>j, are given by

^ ( q 2 .  q i i ,  T t  q )  =  T p V ,  i  i f v  • ( 4 3 7 )

Thus, the tensor integrals can be reduced to a sum of scalar integrals o f the form:

C  = £  T f  (  d4k F (p k , p’ k, k2, k-Tj) (kpT ^ko) .
i=i ;  ( 4 . 3 8 )

The tensor structure in the above expression can be somev/hat simplified, if we use the 

relation
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X  i f  (kvT^k,,) =
i=l

g pA. k2 -
( q k ) 2 (T tk ) 2 ( p k ) 2

K

qPq^

.  KPjT 
n2

p pp ?

k2 - 2

k2 -

, ( q k ) 2 (K-k) 2 ( p k ) 2

q2 K2 P2

( q k ) 2 , 0 M 0 2 ( p k ) 2

q2 It2 P2

k2 . (q -k >2 . . 2  (P 'k ) '
Tt1

p 27C2

+  ( p P q 3  +  p V ) < H ± M 2
p2q2

( ^  + KW K V q k )
n2q2

( 4 .3 9 )

Once all integrals have been reduced to the evaluation of scalar quantities, we 

proceed to perform the integration over k°. The integrand includes the c-m eson

polarization insertion n (k ,T |)  given by the Lindhard function 16. This has a real and an 

imaginary part. The real part is:
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Re Fl(k) = -1 + J -
2n2 \ 2x

i . ( y . x )2 
v X 2

In
1 + ( - - 2L) x 7

JL
2 x 1 - ( x + f ) In

l - ( £  + £ )

( 4.40 )

where x = j k |/kp and y = mko/kp. By appropriate transformations, the integrals that

appear when evaluating the real pan of n(k) can be reduced to integrals over an analytic 

function using the formula

dz {[ f(z) + f(-z) ] Inz - i7t f ( z )}

(4.41 )

This integral can be then evaluated through ordinary contour integration, 

selecting a contour that does not cross the branch cut due to the presence o f In z in Eq.

(4.41). The imaginary part of ri(k),

I dx f(x) ln|x| = - j  m

Im n(k) = - 2 ]n!Sf I 2 v©(y)© (2  - x)0 (x - £  - y) + 
47tx I '  2

1 - ( -  - -)"  vx 2

x 0 (x + ^ y) 0 (x - 2 )0 (y + x - ^ -)  + 0 ( 2  - x)©(y - x + ^ -)

( 4.42 )
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is not an analytic function o f k0 and the method of taking the principal part is employed 

to separate the singularities that arise in the propagators. The resulting integral and the

remaining integration over k is to be performed numerically. The principal part of an 

integral is obtained through the identity

4.3 Manv-Bodv Aspects of the Dynamics

Apart from the diagrams of Fig. 4 .1(c) there exists the possibility that the virtual 

photon couples to the fermion loop [see Fig. 4.5(a), (b)]. Thus, there are additional 

vertex corrections unaccounted for in our preceding analysis. In this section, we 

comment on these additional corrections.

It can be easily demonstrated that these corrections vanish in the vacuum: The 

Feynman diagrams depicted in Figs. 4.6(a) and 4.6(b) give,

(4 .4 3  )

I  j  T r[ G0(k+p)YMG„(k+p,)G0(k)]

+ T r [G 0(k-p,)Y|1G o(k-p)G o(k)]) (4 .4 4  )
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By rearranging the order o f the propagators in the second term, we obtain 

Tn(P»P ) = - i e g T r [  Go(k+p)YnG0(k+p')Go(k)

+ Go(k-p)y^Go(k-p )Go(k) j . ( 4  45 )

The second term  in Eq. (4.45) may be obtained from the first, i f  we m ake the 

substitution p —> - p and p' —> - p.  After performing the integration in Eq. (4.45), we

see that the first term o f Eq. (4.45) is constrained to be o f the form

T ^ W ')  = (Pn + Pji) f(P 'P’. P2> P'2) . ( 4  4 6  )

since the result should be symmetrical under the interchange of p and p‘. Consequently, 

the sum o f the two terms in Eq. (4.45) vanishes,

V P '? ')  = T j i 'W )  + T M - p .-p ) =  0  . (4 .47  )

However, this proof does not hold in the case that the nucleon propagation takes 

place in nuclear matter, since the four-vector describing the motion of the nuclear

medium, T| , appears as an extra variable in T . The generalization o f Eq. (4.46) in ther r

presence of nuclear matter is
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T ^ W V n )  = (Pn + f ( p p ’> p2, p’2, p-Ti. p'-n)

+ Tin g(p-p'. p2. p'2> P-'H. P-'H) ( 4.48 )

where the functions f  and g are symmetric under the interchange o f p and p'. In this 

case the sum of the two diagrams of Fig. 4.6 is

TV(p,pVn) = (Pm + pjt)[ f(p-p', P2, p'2, P-’H, P-'H) - f(p p', p2, p'2, - p r | ,  -p 'r i)  ]

+ TV [ g(P P'» P2- P'2- P,T1. P-'H) - g(P 'P’. P2- P’2> -P-'H. -P-'H) ]

( 4.49 )

which is nonzero. One can obtain in the rest frame of the nuclear medium by setting

"H = (  1,0,0,0). However, even though T^(p,p',r|) is nonzero in nuclear matter, one 

can easily check that the Ward-Takahashi Identity, Eq.(4.2), is still satisfied.
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q i
(a)

q

(b)

Fig. 4.5

Vertex corrections in which the photon of momentum q couples to a 
polarization insertion in the meson line. Here the arrows denote the 
direction o f the momentum flow. A s discussed in the text, the sum 
o f  the two diagrams vanishes in the vacuum.
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k

• q

(a)

k

(b)

Fig. 4.6

Portions o f the diagrams o f Fig.4. 5 are here drawn as photon-meson 
vertex corrections. The sum of these diagrams m ay be shown to
vanish if %  = r |J F = (1,0,0,0), q° = 0  and p2 = p '2 = m 2. [Seethe

Sec. 4.3.]
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Consider the vertex corrections depicted in Figs.4.5(a) and 4.5(b),

A„(p,p') = iegJ I d\  D(l)G(p-l)D(l')
J  (2lt)4 (2Jt)4

xT r[ G(k+l)yMG(k+l )G(k) + G(k-l)YMG(k-l')G(k) ]

(4 .5 0  )

where 1 = l+ q . Multiplying by and using Eq.(4.13), we obtain

q ^ O k p i J . - e g j  I D(l)G(p-I)D(r)J  (271)4 ( 2 n ) 4

X Tr ( [ G(k+1) - G(k+1) ] G(k) +  [ G(k-l) - G(k-l') ] G(k) |  .

( 4.51 )

By defining variables k-1 = k and k-1 = k in the third and fourth term of the trace 

respectively, we see that the trace vanishes. Thus this vertex correction does not 

contribute to the W ard-Takahashi identity which relates the nucleon self energy and

vertex correction depicted in Fig 4.4(a). This is to say, we have q^A^(p ,p) = 0 for 

those vertex corrections for which there is no corresponding self-energy term. Finally, 

we note that there will be some degree o f suppression o f the contribution o f  the 

diagram s o f Figs. 4.5(a) and 4.5(b) when q2 is large, if we include meson-nucleon 

form factors in the formalism.
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Chapter 5 

Discussion and Conclusions

Our goal in this work has been, in part, to understand the dynamics underlying 

the calculations reported by Chinn, Picklesimer and Van Orden by studying the role of 

final-state interactions in corresponding calculations made for nuclear matter. The 

essential features of the results found in the case of finite nuclei 7 are reproduced in our 

study. However, nuclear matter studies have the virtue that the calculations can be 

improved in the direction o f creating a charge-conserving analysis. M ethods for 

satisfying the Ward-Takahashi identity in calculations of the type considered here, where 

particle knockout dominates the final-state interaction, have been given. In a future 

w ork we hope to study w hether the results reported here will be m odified in a 

calculation which includes the vertex corrections that are required in an analysis which 

preserves the Ward-Takahashi identity. Further, as noted in Ref. 7, a fully satisfactory 

theory of (e ,e’p) reactions has not been developed. We hope that this analysis, 

supplemented by calculations o f vertex corrections 15, will assist in the formulation of a 

more satisfactory theory than exists presently.

We have made some elem entary estim ates o f the corrections required for 

electromagnetic vertices due to the presence of a nuclear medium. While detailed 

calculations of such vertex corrections may be made in the case of nuclear matter, these 

corrections appear to be small in the region governed by the quasielastic response.

( Clearly, it would be desirable to carry out a similar analysis for a finite system;
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however, in that case the ease o f analysis found in the case of nuclear matter is not 

p resen t.)

One useful feature o f our analysis is that it provides a method for the calculation 

o f A^(p,p'), since we have identified the specific vertex corrections required when E(p)

is calculated as in Fig. 3.5 (b). [This diagram may be put into correspondence with the 

leading contributions to the phenomenological optical potential used to describe final- 

state interactions in the case of nucleon ejection from finite nuclei “ .] One unsatisfactory 

feature of our discussion is seen in the observation that Eq. (3.10) is not the only form 

which satisfies Eq. (3.8). Therefore, for a definitive analysis it is necessary to actually 

calculate the vertex corrections in the manner outlined in Section 3.2. Such calculations 

are difficult, but are necessary if one is to make a fully consistent calculation of the 

electromagnetic response functions.

In addition, we note that the role of the Ward-Takahashi identity in the relativistic 

two-body problem has been discussed in the works o f Ref. 13. However, the program 

considered in those works is quite different from that considered here.

We have studied the vertex corrections which correspond to the self-energy 

insertion in Fig. 4.4(a). In particular, we have indicated how the vertex corrections 

shown on the right-hand side o f Fig. 4.4(b) may be calculated. From the discussion of 

Sec. 4.2 it may be seen that a rather complex structure emerges for the vertex

correction, A^(p,p';"n). The correction terms are of the same order in the density and 

coupling constant as the self-energy insertion. Although we do not present any
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numerical calculations in this work, we may conclude that the conventional methods 

used in the calculation o f the (e,e’p) process should be improved by calculating the 

vertex corrections which may lead to effects of the same order o f magnitude as those 

originating from the use of optical potentials to describe the interaction o f the final-state 

nucleon with the residual system. At this point, we suggest that these vertex corrections

RC
be calculated for nuclear matter, with ify = %  > since it is unclear as to how to extend

the analysis given here to the calculation o f the (e,e’p) process for finite nuclei. We

believe that such calculations are necessary, if  the (e,e’p) reaction is to be useful 

in obtaining accurate spectroscopic factors 17.

Finally, we note that the effective one-body model discussed here is not charge- 

conserving. Therefore, it appears necessary to calculate amplitudes other than those 

defin ing  the effective one-body model. M ore precisely, one should consider the 

excitation o f two-particle, two-hole states in addition to the excitation of one-particle, 

one-hole states. That program has not been considered in this work.
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Appendix

In this Appendix we present the values used for the real and imaginary parts of 

A(p), B(p) and C(p). These values are obtained by constructing analytic expressions

which (approximately) fit the numerical results given in Ref. 5. The fit is made for kp =

1.36 fm '1. If the density considered is less than that o f nuclear matter, we use the

approximation A(p,p) = (p/pNM) A ( p n m ,P), etc. We chose, for p = P n m ,

Re A(p) =; [ - 340 + 3.05x1 O'4 p2 ] MeV, 0 < |p | < 3.25 fm '1.

( A . l  )

Im A (p) = ----- 54-67 (Jpj —k p j---Me v , kp < | p |  < 2.25 fm ' 1 ;
( | p|  - kp )2 - 8 .18x l05

( A.2 )

= -----162.3 ( | p | - k F )2 MeV  ̂ 2.25 fm '1 < | p |  < 3.25 fm '1 .
( I p l - k p  )2 + 2 .0 2 x 10s

( A .3 )

Re B(p) = [ 260 - 2 .7 8 x l0 '4 |p |2 ] MeV, 0 < | p | <  3.25 fm ' 1 .

( A.4 )

Im B(p) = - 141 -2 ( I P i - kF) MeV> kF < | p |  < 2.75 fm ' 1 ;
( | p|  - kp )2 + 7 .20x l0 4

( A .5 )



Im B(p) = ‘ 2 0 3 2  d p i '  kF.)2.... MeV, 2.75 f m 1 < | p | < 3.25 fn r
( | p | - k F )2 + 1.37x10*
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