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Abstract

Estimates of bone elastic constants at sequential hierarchical levels

by

Young June Yoon 

Advisor: Professor Stephen C. Cowin

Estimates are presented of the elastic constants at the level of a collagen fibril 

whose diameter is the order of 20 nm, of a collagen fiber whose diameter is the order 

80 nm, and a single lamella, which is composed of multiple collagen fibers’ layer; the 

thickness of one collagen fiber layer is the order of 130 nm.

The anisotropic poroelastic constants of an osteon are estimated: The drained 

elastic constants are the porous medium’s elastic constants when the fluid in the 

osteonal pores easily escapes and the pore fluid can sustain no pore pressure. The 

drained elastic constants at the lacunar-canalicular porosity tissue level are estimated 

by using an effective moduli model in which the shape of lacunae is approximated as 

ellipsoidal cavities. The undrained elastic constants are the porous medium’s elastic 

constants when the medium is fully saturated with pore fluid and the fluid cannot 

escape, are also estimated.
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A method is illustrated for determining the effective transversely isotropic (or 

isotropic) elastic constants from measured orthotropic elastic constants. This .method 

consists of constructing upper and lower bounds on the effective transversely 

isotropic (or isotropic) elastic constants using the known orthotropic values. 

Fortunately, the upper and lower bounds are very close. Thus very good 

approximations for the effective transversely isotropic (or isotropic) elastic constants 

for cortical and cancellous bone are obtained from previously published data on the 

orthotropic elastic constants for those tissue types.

This dissertation is undertaken to build a greater database for the anisotropic 

elastic constants of bone with the intention of employing them in an anisotropic bone 

poroelastic model.
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1

Chapter 1 

Introduction

This dissertation consists o f six chapters. The first one describes the background 

for this study, especially why this study is required for further development of bone 

mechanics research. The second chapter explains various methods to estimate the 

effective moduli o f composite materials. In the third chapter, the elastic constants o f a 

single lamella (the thickness of a lamella is approximately 2 to 4 fim  for human, Ascenzi 

et al. 1987) are estimated by using micromechanical models. The poroelastic constants of 

an osteon (approximately the order o f 150 jum, Cowin 1999) are calculated by using 

micromechanical models and the poroelasticity theory given in the chapter 4. The 

technique of converting the orthotropic elastic constants to transversely isotropic elastic 

constants or to isotropic elastic constants is shown in the chapter 5. In chapter 6, 

suggestions for future studies employing the results obtained in this dissertation are 

addressed.

The structure of cortical bone

Cortical bone is a dense solid structure and is observed at the diaphyses and the
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outer shell o f the metaphyses of a long bone. Secondary osteons occur within the 

cortical bone of human adults. Secondary osteons have a cylindrical shape whose radii 

are approximately between 100 and 150 p,m (Cowin 1999) and those contain the 

osteonal canal at the center o f an osteon. The osteon is generated by a bone remodeling 

process, in which bone cells remove the old bone and replace it with new bone. The 

cement line (0.5 to 1 /um, Figure 1.1) separates the secondary osteons from the other 

interstitial bone that is the previously formed bone matrix. The secondary osteon is 

composed o f a lamella. Many approximately ellipsoidal shaped porous spaces are 

observed inside the lamella and they are called a lacuna. The lacunae house osteocytes, 

differentiated bone cells from osteoblasts, which are bone matrix forming cells. The 

osteocytes are connected to other osteocytes or to osteoblasts by the osteocytic processes 

in the small tunnels called “canaliculi.” In another words, the canaliculi are connected 

from the osteonal canal to lacunae and lacunae to lacunae (Cowin 1999, Figure 1.1). The 

space in lacunae and canaliculi is called the lacunar-canalicular porosity, and the space of 

osteonal and Volkman canals surrounding the vasculature is called the vascular porosity. 

Both the lacunar-canalicular porosity and the vascular porosity are filled with the bone 

interstitial fluid, which is considered to be water containing proteins and ions.

The bone fluid fills not only the vascular and the lacunar-canalicular porosities
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but also the collagen-mineral porosity. The collagen-mineral porosity is the smallest 

diameter porosity inside the bone matrix. The water in the collagen-mineral porosity is 

thought to be bound water. Cowin (1999) noted that the bound water is strongly attracted 

to the solid and is not moving because the interaction with the ionic crystals in the solid 

bone matrix (Neuman et al. 1953; Neuman and Neuman, 1958).

The solid bone matrix at the collagen-mineral porosity level has a hierarchical 

composite structure o f collagen molecules and hydroxyapatite mineral crystals. The 

hydroxyapatite-mineral-crystals start to grow into the space between collagen molecules 

within the collagen fibril and they fuse into larger and thicker plates (Figure 1.2c). These 

collagen fibrils are surrounded by the hydroxyapatite-mineral-crystals, and form a 

collagen fiber (Figure 1.2 d). Collagen fibers establish an array o f collagen fibers that are 

embedded in the hydroxyapatite-mineral-crystals (Figure 1.2 d and f). Note that different 

levels of porosities, which were explained in Figure 1.1, are not explained in Figure 1.2 

and these porosities have to be added between Figure 1.2 f  and g.

Why is this study required in the bone mechanics research field?

The anisotropic bone matrix elastic constants at the lacunar-canalicular porosity 

level and smaller levels need to be estimated : (1) for the mathematical modeling to
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4

elucidate the bone fluid flow through the canalicular network, (2) for the microdamage in 

the cortical and cancellous bone, and (3) for the tissue engineering (Figure 1.3).

The elastic constants of bone cannot be measured at the lacunar-canalicular 

porosity level or smaller levels. The elastic constants of the cortical bone were measured 

experimentally by the ultrasound technique and the mechanical testing (Ashman et al., 

1984; Knets et al., 1977; Reilly and Burstein, 1975; Yoon and Katz, 1976; Table 1.1). 

The specimens for ultrasound and mechanical testing of bone are so large that specimens 

contain the collagen-hydroxyapatite porosity, the lacunar-canalicular porosity, and the 

vascular porosity, and thus test results reflect an average of these properties. Because of 

the size of collagen-hydroxyapatite porosity, all bone matrix elastic constants at the level 

of collagen-hydroxyapatite porosity can not be measured by the experiment. One possible 

method to measure some elastic constants at this level is the nanoindentation method, but 

it can measure only Young’s modulus (Fan et al. 2002; Rho et al. 1998; Zysset et al. 

1999). Ascenzi et al. (1967, 1968, 1972) measured the elastic constants of an osteon by 

using tensile, compressive, and torsion tests, (the diameter o f an osteon is approximately 

300 fim ), but the measured values are assumed as isotropic even though elastic constants 

measured by a nanoindentation (Fan et al. 2002) show anisotropic symmetry (See 

Appendix 1 for more details o f material symmetries).
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The elastic constants in bone poroelasticity

The poroelasticity theory has been used to elucidate the bone fluid flow through 

the lacunar-canalicular network. Osteocytes, differentiated from osteoblasts, are 

stimulated by the bone fluid flow over their processes due to the deformation of the bone 

in the lacunar-canalicular network (Cowin 1999; Weinbaum et al. 1994; Zeng et al. 1994). 

Wang et al. (1999) proposed a theoretical model using poroelasticity to mimic oscillatory 

four point bending experiments (Starkebaum et al. 1979) of thin bone specimens. Their 

model showed the local fluid pressure profiles and the fluid pressure response to cyclic 

loading is not sensitive to the permeability of the osteonal cement lines, but it is sensitive 

to the applied loading frequency. Zhang et al. (1998) estimated the peak pore pressure 

due to uniaxial compression for both the vascular porosity and the lacunar-canalicular 

porosity by using the poroelasticity theory. The peak pore water pressure of vascular 

porosity is 19 percent o f the applied axial stress and 12 percent o f the applied axial stress 

in the lacunar-canalicular porosity. A slight hydraulic stiffening of the bulk modulus at the 

lacunar-canalicular porosity level was predicted by longer relaxation time of the lacunar- 

canalicular porosity. All developed poroelastic models for elucidating a bone fluid flow 

are assumed that the bone matrix is isotropic. Smit et al. (2002) estimated poroelastic 

constants, the relaxation time, and the permeability, but still all values are isotropic. The
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reported isotropic elastic constants and the isotropic permeability for bone are 

summarized in Table. 1.2 and Table 1.3, respectively.

The elastic constants in the bone microdamage

The elastic constants of the bone tissue are degraded when the microdamage is 

induced in the bone tissue. Currently, the amount of microdamage is quantified by 

measuring the degradation o f the elastic constants o f specimens. Chow and Wang (1987) 

proposed generalized damage variables for the anisotropic elastic medium. However, in 

the area of bone damage mechanics, the mathematical models are limited by the 

assumption of isotropy. The model o f Fondrk et al. (1999) examined the stress-strain 

behavior by using the Kelvin-Voigt viscoelastic-element, a element includes elastic 

elements and a viscous element in parallel. Fondrk et al. (1999) included plasticity and 

showed the resulting model fits the experimental stress-strain curve. However, it was 

found that the bone matrix anisotropy strongly influences the anisotropy of the 

poroelastic constants in Chapter 4. Thus it is clear that the anisotropic bone matrix will 

play an important role in the bone damage mechanics.

The mechanical properties in tissue engineering
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The mechanical properties of the tissue engineered bone matrix grown in vitro 

have to be similar to those of bone matrix in vivo. Matching will reduce the disparity 

when the grown tissue in vitro is substituted into the body. Because experiments have 

been performed for different animals, results may not be able to predict phenomenon in 

human bones. Rogers et al. (1957) found that the distribution o f ash content and 

composition o f the organic matrix in human bone are equal to those in bovine bone, but 

the structure o f human bone is different from the structure o f bovine bone because the 

human cortical bone is mainly composed of secondary osteons. The more accurately 

estimated elastic constants for human bone structure may help to reduce the disparity of 

tissue engineered bone matrix with a human bone.
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Table 1.1 The technical elastic constants for human bone (Cowin 1989)

Group Reilly and 
Burstein (1975)

Yoon and Katz 

(1976)
Knets et al. 
(1977)

Ashman et al.
(1984)

Bone Femur Femur Tibia Femur

Symmetry TI TI ORTH ORTH

Method M U M U

Ex (GPa) 11.5 18.8 6.91 12.0
E2 (GPa) 11.5 18.8 8.51 13.4
E3(GPa) 17.0 27.4 18.4 20.0

Gu (GPa) 3.6a 7.17 2.41 4.53
G13(GPa) 3.3 8.71 3.56 5.61
G23 (GPa) 3.3 8.71 4.91 6.23

vn 0.58 0.312 0.49 0.376

*13 0.31a 0.193 0.12 0.222

V23 0.31a 0.193 0.14 0.235

V2l 0.58 0.312 0.62 0.422

3̂1 0.46 0.281 0.32 0.371

3̂2 0.46 0.281 0.31 0.350

Note: The three directions are coincident with the long axis o f the bone; the one and two 

directions are radial and circumferential, respectively. Method U is ultrasound and 

method M is standard machine testing.

a Not measured
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Table 1.2 Summary o f the isotropic elastic constants for cortical bone on two levels of 

porosity (Zhang et al. 1998; Smit et al. 2002). * is for the drained case.

Zhang et al. (1998) Smit et al. (2002)

Properties
Vascular

level

Lacuno-
canalicular

level*

Vascular
level

Lacuno-
canalicular

level

<j>, porosity 0.04 0.05 0.04 0.05

K f , bulk modulus of 

fluid
2.3 2.3 2.3 2.3

Ed , drained Young’s 

modulus
14.595 13.138 14.58 15.75

vd , drained Poisson’s 

ratio
0.325 0.316 0.325 0.325

Gd , drained shear 

modulus
5.5 5 5.50 5.94

Kd , drained bulk 

modulus
13.9 11.9 13.92 14.99

Es , solid Young’s 

modulus
15.85 17.51

vs , solid Poisson’s ratio 0.333 0.335

Gs, solid shear modulus 5.94 6.56

Ks , solid bulk modulus 19.7 13.9 15.82 17.66

Eu, undrained Young’s 

modulus
18.547 13.910 14.65 15.85

vu, undrained Poisson’s 

ratio
0.35 0.325 0.332 0.333
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Table 1.2 (continued from the previous page)

Summary o f the isotropic elastic constants for cortical bone on two levels of porosity 

(Zhang et al. 1998; Smit et al. 2002). * is for the drained case.

Zhang et al. (1998) Smit et al. (2002)

Properties
Vascular

level

Lacuno-
canalicular

level*

Vascular
level

Lacuno-
canalicular

level
K u, undrained bulk 

modulus
16.8 12.6 14.56 15.82

A , effective stress 

coefficient
0.294 0.144 0.120 0.151

B , Skempton pore 
pressure coefficient

0.58 0.40 0.367 0.344

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

Table 1.3 Measured or estimated porosities and permeabilities for the two levels o f bone 

porosity

Reference Porosity Reference Permeability (m 2)

a. The vascular porosity (PV)

Frost (1962) 0.6
Rouhana et al 

(1981)
3.0xl0~13

Morris et al. 
(1982)

0.015 Li etal. (1987) 5.0 x l0 ‘15

Schaffler and Burr 
(1988)

0.04 Zhang et al.(1998) 6.35 xlO-13

Zhang et al. (1998) 0.04

b. The lacunar-canalicular porosity (PLC)

Frost (1962) 0.023 Zhang et al. (1998) 1.47x10~20

Morris et al. 
(1982)

0.042 Smit et al. (2002) 2.2xl0~22

Baylink and 
Wergedal (1971)

0.035

Zhang et al. (1998) 0.05
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Figure 1.1 A section of an osteon (Cowin 1999)
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Figure 1.2 The hierarchical levels o f bone matrix (Siperko and Landis 2001)

f  -O  7t  MS

a b c d « f I

(a) The hydroxyapatite-mineral-crystals are deposited between the 300 nm long collagen 

molecules. The size 67 nm indicates the overlapped length 27nm with the adjacent 

collagen molecule and the 40nm gap between collagen molecule ends, (b) the platelet- 

shape-hydroxyapatite-minerals grow in the gap space within the collagen fibril, (c) the 

platelet-shape-hydroxyapatite-mineral-crystals grow as large as 50 to 70 nm in length, (d) 

the platelet-shape-hydroxyapatite-mineral-crystals fuse outside o f collagen fibrils and a 

group o f collagen fibrils are surrounded by the hydroxyapatite-mineral-crystals. The 

space between the platelet-shape-hydroxyapatite-mineral-crystals disappears and collagen
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fibrils are embedded in the hydroxyapatite-mineral-crystals. (e) the hydroxyapatite- 

mineral-crystals fuse outside of collagen fibers. The 50 run thick hydroxyapatite-mineral- 

plate is formed between arrays of mineralized collagen fibers o f which thickness is 

approximately 80 nm. (d) the mineralization continues and the mineralized collagen 

fibers are completely embedded in the hydroxyapatite-mineral-crystals.
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Figure 1.3 A schematic diagram for why this study is required in the bone mechanics area
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Chapter 2

The approximate methods of effective moduli

2.1. Representative Volum e Elem ent (RYE)

The representative volume element (RVE) is the key concept in modeling 

microstructure for inclusion in a continuum model. An RVE for a volume surrounding a 

point in a material is a statistically homogeneous representative of the material in the 

neighborhood of the point. The microstructure of a material, which may not be 

homogeneous, has to be averaged or homogenized over the RVE to form a point in a 

continuum model. The effective medium approach, which will be discussed in this 

chapter, is the traditional averaging process in the solid mechanics.

2.2. The average stress and the average strain o f the representative 

volum e elem ent (RVE)

The average stress and the average strain of the representative volume element 

(RVE) are defined as

where < T >  is the averaged stress in three dimensions, < E > is the averaged strain in

(2 .1)
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three dimensions, V  is the representative volume element (RVE), T is the stress in 

three dimensions, and E is the strain in three dimensions, respectively.

2 3 . Boundary conditions a t the interface

The elastic material satisfies the strain-displacement relation, which is given by

—  = E + W , (2.2)

where u is the displacement on the surface, E is the strain tensor, and W is the 

rotation tensor. By integrating Eq. (2.2) with respect to x gives

u = (E + W )x + C , (2.3)

where C is the arbitrary constant. In the case o f no rotation, (i.e., W = 0 ) and constant

term, i.e., C is assumed zero, the displacement at the boundary condition is given by

u = E x , (2.4)

and the traction force at the boundary condition is given by

t = T n (2.5)

respectively, where n is the unit outward normal vector on the surface S of the 

boundary.

2.4. The approxim ation of the effective m oduli of a two phase composite
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The average stress and the average strain of a two phase composite in six 

dimensions are expressed in a linear way as

< f  > = ( l - ^ ) < t M > + ̂ < t 7 >, (2.6)

and

< E > = (1 -^ )< E "  > + ^ < E 7 > , (2.7)

where <j) is the volume fraction o f the inclusion. Note that the letter with a hat indicates

A - .

the six dimensions. The averaged strain of the matrix < E > and the averaged strain of 

the inclusion < E 7 > are calculated by the the tensors A(1) and A (2) from the uniform 

strain < E > prescribed at the boundary o f the RVE,

< E m > = A(1)< E >  and < E 7 > = A (2)< E > . (2.8)

By introducing the Hooke’s law for each phase, < TM >=CU < E M > for the matrix and 

< T 7 > = C 7 <E 7 > for the inclusion, and substituting Eq. (2.8) into Eq. (2.6), the 

Hooke’s law for the two phase composite gives

< T > = ( (1 -^ )C mA(,)+(JC 'A (2)) < E > = < C x E > , (2.9)

where CM and C7 are elasticity tensors of the matrix and the inclusion, respectively, 

and < C >  is the effective elasticity tensor o f the two phase composite. Similarly, the 

inverse form of the Hooke’s law will be obtained by introducing the tensors B(1) and
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1 (2) as

< E > = ((1 -  ̂ )SM# (l} + 0 B (2) ) < T > = < S x T > .  (2.10)

A
where < S > is the effective compliance matrix o f the two phases composite and newly 

defined tensors B, and B 2 are given by

< j M > = b (1)< T > and < T 7 > = B (2)< T > . (2.11)

The effective elasticity tensor < C > for the two phase composite and the effective 

compliance tensor < S > are given by

< C > = (\-<j>)CMk m +(!>CIk {2), (2.12)

and

< S >  = (1 -^ )S A7B(1)+ ^S /B(2). (2.13)

2.4.1. The Voigt Approximation

Voigt (1929) introduced the estimation o f the average elastic constants of 

polycrystals by assuming that the strain over the composite medium is uniform and the 

effective strain is not influenced by the geometry o f phase. Under this assumption, the 

tensors A (1) and A <2) are equal to the identity tensor 1. The effective elasticity matrix 

< C  > in Eq. (2.12) is given as the following by replacing the tensors A (1) and A (2) 

with the identity tensor 1,

< C > = ( 1 - ^ ) C 0)+ ^C (2). (2.14)
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2.4.2, The Reuss Approximation

Reuss (1929) assumed that the composite is subjected to the uniform stress. 

Similar to the Voigt approximation, the tensors B(1) and B (2) in Eq. (2.13) are 

assumed equal to the identity tensor 1 because it is assumed that the effective 

compliance tensor is not influenced by the geometry o f the inclusion. The effective 

compliance matrix < S > estimated by Reuss approximation is

< S > = (1 -^ ) S (I)+ ^S (2). (2.15)

2.4.3. Hill’s theorem

Hill (1952, 1963)) showed that the actual overall moduli lie between the Reuss 

and Voigt estimations (i.e., Hill theorem). Cowin et al. (1999) found that the Hill 

inequality, or the Reuss and Voigt bounds satisfy for the greater symmetry when 

components of the greater symmetry are replaced by the components o f triclinic 

symmetry, which is the less symmetry. This technique is used to convert the orthotropic 

elastic constants to the transversely isotropic elastic constants and the isotropic elastic 

constants in Chapter 5. Not only the overall moduli but also the eigenvalues and the strain 

energy satisfy the Reuss and Voigt bounds. The eigenvalues o f the elasticity tensor (or
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the compliance tensor) satisfy the following characteristic equations,

(C -A l)N  = 0 (or ( S - — i)N  = 0), (2.16)
A

where C is the elasticity tensor, A is the eigenvalue, 1 is the identity tensor, and N

is the normalized eigenvector, respectively. The elasticity (or the compliance) tensor is

decomposed by eigenvalues A k and engentensors N (i) as

C = Y A t N(t)(E)N(i) (or S = Y — N W ® N W ), (2.17)
*-i *-1 K

J  A A / \  A

where k=  1, ..., 6. Also, the strain energy I , i.e., 2 = —E -C -E  = —T -S -T  satisfies 

the Hill inequalities, the actual overall moduli lie between the Reuss and Voigt 

estimations. The strain energy by the actual effective elasticity tensor is less than that by 

the effective elasticity tensor by the Voigt estimation as

E -C fl -E < E - C eJf -E ^ E - C 17 -E (or T -S r -T < T -S e# - T < f -SR - T ), (2.18)

which must hold the Hill’s inequality for the eigenvalues.

A* < A f  < A vk . (2.19)

2.4.4. The dilute approxim ation

The interaction between the particles is neglected in the dilute approximation. 

Often this approximation is considered similar to the problem of a single particle 

imbedded in the continuous phase because the no interaction between particles is
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involved. If  the uniform macrostrain, E = E° is prescribed, the boundary condition for 

the RVE becomes

11 = x-E° on 8 V .  (2.20)

The macrostrain E° and the macrostress T° satisfy the Hooke’s law for the matrix as

T° = C M ■ E °, (or T° = CM ■ E°), (2.21)

where CM (or CM ) is the elasticity tensor of the matrix. Note that the elasticity tensor, 

stress, and strain with a hat indicate the six dimensions. The Hooke’s law in Eq. (2.21) is 

no longer useful if  the matrix contains the inclusion. The strain disturbance Ed and the 

stress disturbance T d are required to estimate the effective moduli of composite material 

in three dimensions. The average o f the strain in the two phase composite is the average 

value of the prescribed uniform strain E° and the disturbed strain Ed by the inclusion 

in six dimensions, but it has to be equal to the prescribed uniform strain at the boundary 

o f RVE, which is

< E > = < E° + E rf > = E ° . (2.22) 

The Hooke’s law shows the relation between the average stress and the average strain as

< T > =<C >< E >=< C > E °, (2.23)

and the average stress < T >  is modified by two phase composite, matrix and inclusions

< t > =  (\-<j>)<TM > + 4 < T I >= +<t>CI < E 7 > , (2.24)
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where $ is the volume fraction o f inclusion. The term (1 -  < T M > is expanded by

using the Hooke’s law as

(1 -0 ) < f M >= (1 - 4)CM <Em >= C M(E°- 0 < E 7 > ), (2.25)

Substituting Eq. (2.25) into Eq. (2.24) gives

< T x = C " E ° - 0 C  M< E7 > +0C7 < E7 >=< C >< E > . (2.26)

By rearranging Eq. (2.26) with Eq. (2.23), it becomes

(CM-  < C >)E° = - C 7) < E7 > . (2.27)

A JThe term <E  > is defined as (See Appendix 2.A)

< E 7 >S<E° + £ “ >, = A7(A7 - S7y lE °, (2.28)

/K A
where S is the Eshelby tensor and A is defined as (See Appendix 2.A)

A7 = (C w - C 7r 1C . (2.29)

Substituting (2.28) into (2.27) gives

(CM- < C  >)E° = (j)(£M - C7)A7(A7 - S7y lE ° . (2.30)

By using the definition o f A7 (Eq. 2.29), Eq. (2.30) becomes

(CM -  < C >) = -  C7)A 7 (A 7 -  S7 )■’ = (j)CM (A 7 -  S7 y 1. (2.31)

Then the effective elasticity tensor estimated by the dilute distribution is expressed as

< C > =  CM(1 -^ (A 7- S 7r 1) .  (2.32)
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2.4.5. The self-consistent method

The self-consistent method is assumed that the inclusion is embedded in the yet- 

unknown overall elasticity (or compliance) tensor < C > (or < S >). Thus Eq. (2.28) is 

replaced by

< E7 >=< E° + Ed >, =< A7 > (< A 7 > -  < S7 >)-’ E °, (2.33)

where < A7 > is defined as

A 7 = ( < € > -C 7y l < C > . (2.34)

Substituting Eq. (2.33) into Eq. (2.27) gives

(CA7-< C > )E ° = ^ (C M- C 7) < A 7 > (<  A7 > - < S7 >)-1E °. (2.35)

Since the prescribed strain E° is arbitrary, the effective elasticity tensor estimated by 

the self-consistent method is given by

< C > = C M+^(C7- C M) < A 7 > (< A 7 > - < S 7 >)-'. (2.36)

2.4.6. The differential scheme

The effective moduli of two phase composite are estimated by the differential 

scheme adding the increments AV  to the volume of an initial material V0. The small 

amount of volume o f composite AV  is added and the portion of the inclusion in the 

increment AV  is removed from the added volume of composite A T . The total volume
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of inclusion after increments are added is that

Vq<!>m  = VQ$j + A V - A V & , (2.37)

where the term on the left side, VQ(j)M is the volume of inclusion after the increments are 

added, the first term on the right side, Va<j>t is the volume of inclusion before the 

increments are added, the second term on the right side, AV  is the added volume 

increment that contains both matrix and inclusion, and the last term on the right side, 

AV<j>t is the volume fraction of inclusion in the added increment. Eq. (2.37) is simplified

The averaged elasticity tensor < C > estimated by the dilute distribution is given by

as

Vo($+i - $ )  = AV(1-f/tj) or #  = — (I - * , ) .
V A

(2.38)
o

< C > = CM -  <f>(CJ -  CM)A 1 (A ' -  S7 y l S C " -  ̂ (C 7 -  CM )A(2). (2.39)

The localization tensor A<2) is defined as A(2) s  A7 (A 7 - S 7) 1. If the small amount of

volume fraction A<f> is added to the volume fraction of inclusion (j) , Eq. (2.39) will be

modified as

< C{(j> + A(f») >=< C{(j}) > - — (C7- <  >)A (2).
Vn0

(2.40)

Substituting Eq. (2.38) into Eq. (2.40) gives the differential equation as

(2.41)
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2.4.7. The M ori-Tanaka theory

The effective moduli in the dilute distribution is given in Eq. (2.32), which is 

given by

< t > = C M +<j}{C‘ - t M) k

The localization tensors A and B are explained in Eqs. (2.12) and (2.13), and the 

strain and stress in the inclusion are given by

< E ; > = A (2) < E > = A (2)E°,

and

< T '  > = B (2) < T > = B (2)T°, (2.42)

where E° and T° are the prescribed uniform strain and stress, respectively, at the 

boundary of surface o f inclusion. Let’s assume that the RVE contains one inclusion of 

which the boundary of the inclusion is 5 ' and the boundary o f RVE is 5 .  The boundary 

condition at the inclusion 5 ' is given by

11(5 ') = E Jx . (2.43)

and the boundary condition at the RVE is given by

u(5) = E°x, (2.44)

where E1 is the prescribed strain at the boundary o f surface o f the RVE in three

dimensions. Note that the letter with a hat indicates the six dimensions. Assume that the
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» * iaveraged strain o f inclusion < E > has the linear dependence to the averaged strain of 

the matrix < E M > as

< E ' >=T< E m > . (2.45)

The value T can be obtained from boundary conditions, Eqs. (2.43) and (2.44). The

overall strain o f the RVE < E > is expressed as the following, and at the boundary of

A A «

the RVE, the overall strain o f the RVE < E > is equal to the uniform strain E ,

<E  > = (1 -^ ) < Em >+</> < E2 >=E°. (2.46)

Substituting Eq. (2.45) into Eq. (2.46) simplifies,

< Em > = ((1 -  0) + <j>TYx E°, (2.47)

and substituting Eq. (2.47) into Eq. (2.45) and comparing with Eq. (2.42), the tensor A(2) 

is obtained as

A (2) =T((l-<P) + <j>-Tyl . (2.48)

Thus, the overall effective elasticity tensor estimated by Mori-Tanaka method will be

<C > = C M + <f>(C! -  CM )T(( 1 -(/>) + (/>■ T ' f . (2.49)

2.4.8. The effective moduli of periodic distribution

The effective moduli of the periodic structure are estimated similarly by

replacing the disturbance strain E d into the periodic strain E p . The periodic strain E p
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A .

has the similar physical meaning as the disturbance strain E o f the dilute distribution,

A p  A. ^

but the relation between the periodic strain E and the eigenstrain E is defined 

differently from that between the dilute disturbance strain E and the eigenstrain E 

The relation between the periodic strain E^ and the eigenstrain E* are given by (See 

Eqs. (12.4.2 a, b), (12.4.10a) and (12.4.22a) in Netmat-Nasser and Hori 1999),

FEp( t )  = FSp( Z ) - F E \ t ) ,  (2.50)

A  ̂ A p

where £ is the newly defined variable. FEP(%) is the Fourier series expansion of E 

and FSP(^)  is the Fourier series expansion o f the periodic operator Sp(£) that has the

A p   ̂  ̂  ̂ A ^ ^

similar physical meaning as the Eshelby tensor S ' in the dilute distribution. FE (£) is

* *
the Fourier series expansion o f the eigenstrain E (£) . Note that, in the dilute 

distribution, the disturbance strain, E d, is expressed by the Eshelby tensor S E and the 

eigenstrain E* (x) as

Erf(x) = S£ -E’(x). (2.51)

 A

The inverse o f Fourier series expansion F E P(^)  writes Eq. (2.50) in terms of the

eigenstrain E *(x),

F E P($)  = F S p(% )-±; jE \x)exp(- i4x)dVx , (2.52)
* V

where x in the exponential indicates the direction o f periodicity o f Fourier series. The 

eigenstrain E* (x) is not a function o f x any longer when x is in the inclusion, The
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eigenstrain E* (x) in Eq. (2.52) is replaced by E*,

f lE '( f )  = E S 'fcS 'E *  . H i  J e x p H f c J d r , . (2.53)
Q

The Fourier series, E(x) = ^ 'T E (^ )e x p (/x ^ ) is applied to Eq. (2.53) and the volume
4

Q
fraction ^ = — is introduced,

E '  ( i )  = X  'ES'« )  • E' • ̂  fexp(- ifr')dV,,  exp(i& ). (2.54)
4 12 n

 ̂ p
Take the volume average of the periodic strain E (x ) over the inclusion Q ,

t - E r (x)dVx = f e x p e i ^ 'y r  i  fex p d ^ W E ,. (2.55)
«  { f i n n n

We define the g-integral as g(^)  = — |exp(i^x)£/FJ. ,

- t  fE ', (x)dFI = <»Xl,P S '« ) ^ O s K ) E ' .  (2.56)
2 a £

The left side o f Eq. (2.56) is replaced by the relation — ^ k p{x)dVx = S P >E* ,

S '-E *  • (2-57)
I

Then the periodic operator Sp is obtained as

s '  = E V - s ( - £ ) - s ( £ ) - - r a '( £ ) .  (2.58)
4

 ̂p A p
By replacing the Eshelby tensor S into the periodic operator S in the Eq. (2.32), the 

effective elasticity tensor for the periodic distribution is given by

Cejr =C-(1-^(A/ - S 0 _1). (2.59)

2,5. Conclusion

The reviewed methods to estimate the effective moduli are used to calculate (1)
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the elastic constants for three hierarchical levels of bone matrix (Chapter 3), (2) the 

poroelastic constants for the lacunar-canalicular porosity level in cortical bone (Chapter

4).
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Chapter 3

The estimated elastic constants for a single osteonal lamella

A bstract

Estimates are presented here of the elastic constants at the level o f a collagen 

fibril whose diameter is the order o f 20 nm, of a collagen fiber whose diameter is the 

order 80 nm, and a single lamella, which is composed o f multiple collagen fibers’ layers; 

the thickness of one collagen fiber layer is the order of 130 nm. These estimates are 

obtained by using micromechanical models. These results provide the database for 

building mathematical or computational models for the bone micro-fracture, the bone 

microdamage, or the bone fluid flow.

3.1. Introduction

A single lamella o f osteon is a hierarchical composite of collagens and mineral 

crystals. The first structural level in a lamella is a collagen fibril, which is composed of 

collagen molecules. A single collagen molecule is 300 nm long. There is a 40 nm gap 

between one collagen molecule end and the next collagen molecule end in the 

longitudinal direction o f a collagen fibril, and 27 nm of a 300 nm collagen molecule 

length is overlapped with the adjacent collagen molecule within a collagen fibril. The 

length, 67 nm in Figure 3.1(a) indicates both 40 nm gap and 27 nm overlapped length of 

a collagen molecule within the collagen fibril. Platelet-shape-crystals in the gaps form in 

the collagen fibril start to grow (Figure 3.1(b)). Platelets fuse into larger and thicker 

plates as long as 50 to 70 nm, and those are distributed quasi-periodically in the collagen
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fibril (Figure 3.1(c)). The collagen fibril containing platelet shape crystals is called the 

mineralized collagen fibril. The crystals grow to the outside of collagen fibrils in all 

directions and surround a group of collagen fibrils. A group of collagen fibrils embedded 

in the mineral crystals forms the next hierarchical structural unit in a lamella, the collagen 

fiber (Figure 3.1(d)). The crystal plates in the collagen fibers grow as large as 500 nm in 

length and 80 nm in thickness (Figure 3.1(e)), the space between crystal-platelets 

gradually disappears. The collagen fibers are fully surrounded by the mineral-crystals. 

The thickness o f the plate, which contains an aggregate of collagen fibers embedded in 

the mineral-crystals, increases to 130nm (Figure 3.1(f)). This plate is one array o f a 

lamella in the bone (Figure 3.1(g)) (Siperko and Landis 2001).

A single lamella consists o f not only collagens and mineral crystals but also 

water. The volume fraction of water for the human cortical bone is reported as 23.9% and 

that for the cancellous bone is 27% (Gong et al. 1964). The excess water o f the specimen 

was removed by centrifuging at 8,000 g for 15 minutes and the mass o f the specimen was 

measured in air. The specimen was dried for 72 hours at 80°C and the mass o f the 

specimen was measured. The mass o f water is calculated by comparing the mass 

measured after the specimen was centrifuged and that measured after the specimen was 

dried, and then the volume o f water is calculated from the mass o f water divided by the 

density of the human cortical bone. Biltz and Pellegrino (1969) also measured the volume 

fractions of each component, which are different from those of Gong et al. (1964). They 

measured the water content of human cortical bone to be 15.5% by volume (Table 3.1). 

Gong et al. (1964) measured the mineral fraction including the volatile inorganic fraction 

(Table 3.1) is approximately 42% by volume, where the organic fraction is 34% by
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volume. Biltz and Pellegrino (1969) measured less mineral volume fraction than Gong et 

al. (1964); the mineral volume fraction determined by Gong et al. (1964) is 

approximately 39.9% and the volume fraction of organic and COa is 41.8%. Femandez- 

Seara et al. (2002) suggested that the bound water may be associated with the mineral 

phase, or bound to the organic phase, or free. The bound water is not all fluid inside the 

bone.

Cowin (1999) explained that the bone fluid is filled in three levels o f porosity. 

The largest porosity is the vascular canals (or called the vascular porosity, the radius of 

the vascular canal is the order o f 20 /urn) that contain one or two blood vessels, a nerve, 

and some space occupied by bone fluid. On the wall of the vascular canals, the bone cells 

form a confluent lining and they are connected to osteocytes (other bone cells) in the 

lacunae, the ellipsoidal space (approximately 25 /urn by 10 n m by 5 n m in shape), by 

small tunnels (0.2 n m to 0.4 /rm in diameter), so called “canaliculi.” The space within the 

canaliculi and lacunae is called the lacunar-canalicular porosity; it is the porosity with the 

second largest pore diameters in the bone. The smallest pore diameter porosity is the 

space between the collagen fiber and the mineral, hydroxy apatite. The water in the 

collagen-hydroxyapatite porosity is bound by interaction with the ionic crystals (Neuman 

et al. 1953; Neuman and Neuman, 1958), and it is called the bound water.

The elastic constants at the lamellar level were estimated by theoretical models 

and measured by experimental techniques (Akiva et al. 1997, 1998; Bonfield and Li, 1966; 

Crolet et al. 1993; Currey 1964; Fan et al., 2002; Hellmich and Ulm, 2002; 2004; Katz 

1971; Piekarski, 1973; Rho et a l ,  1993, 1997, 1999a, 1999b, 1999c, 2002; Sasaki et al., 

1991; Swadener et al., 2001;Wagner and Weiner, 1992; Zysset et a l ,  1999), but none of
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references provided the full set of the anisotropic elastic constants o f a lamella except the 

work of Hellmich et al. (2002, 2004). Crolet et al. (1993) reported only the anisotropic 

elastic constants at the level of an osteon, which is the cylindrical lamellar structure in the 

cortical bone by using the homogenization theory. In early composite models of bone 

(Bonfield and Li, 1966; Currey 1964; Katz 1971), the elastic constants are calculated by 

simple composite models, such as the Voigt and Reuss models. The Voigt bounds are 

obtained by assuming that the boundary o f the representative volume element (RVE) is 

prescribed by the uniform strain and those in the Reuss bounds are obtained by assuming 

that the uniform stress is prescribed at the boundary of the RVE. The Hirsch model, 

which combines the Voigt and the Reuss bounds in a linear way, was proposed for a bone 

by Piekarski (1973). The platelet-shape-mineral reinforced composite model based on the 

Halpin-Tsai equations (1967) was employed by several investigators (Akiva et al., 1997, 

1998; Wagner and Weiner, 1992) based upon the assumption that the mineral is a platelet 

shaped (Eppell et al. 2001; Currey et al. 1994; Landis et al. 1991, 1993, 1996; Siperko 

and Landis 2001; Traub et al. 1989; Weiner et al. 1991, 1992). Hellmich et al. (2002, 

2004) used the self-consistent method to estimate the elastic constant of bone matrix. 

However Hellmich et al. (2002, 2004) assumed the shape of hydroxyapatite is spherical, 

which is not true (Eppell et al. 2001; Currey et al. 1994; Landis et al. 1991, 1993, 1996; 

Siperko and Landis 2001; Traub et al. 1989; Weiner et al. 1991,1992).

3.2. The model description

Bound water surrounds both collagen molecules and mineral crystals. The elastic 

constants of both collagens and minerals with their associated bound water are calculated 

by averaging o f the estimates from the Voigt and Reuss bounds in Step 1 (Figure 3.2).
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The elastic constants o f the mineralized collagen fibril that is composed of the collagen 

molecules and the platelet-shape hydroxyapatite-mineral-crystals are calculated in Step 2 

(Figure 3.2). The elastic constants of the collagen-water-composite and the 

hydroxyapatite-mineral-water-composite, estimated in Step 1 of Figure 3.2, are used 

instead of the elastic constants o f collagen molecules and hydroxyapatite-mineral-crystals 

since the collagen molecule is associated with water as are the hydroxyapatite-minerals. 

The platelet-shape-hydroxyapatite-mineral-water-composites fuse to the outside of 

collagen fibrils and the collagen fibrils are surrounded by the hydroxyapatite-mineral- 

water-composites, which form a collagen fiber, Step 3 (Figure 3.2). Larger aggregates of 

hydroxyapatite-water composites are formed at the outside of the collagen fibers, and the 

ensemble constitutes one collagen fibers’ array (or layer) in a single lamella in Step 4 

(Figure 3.2). The elastic constants estimated at each Step (Steps 2, 3, and 4) are indicated 

in Table 3.3.

3. 3. M ethods

3. 3. 1. Calculation of the effective elastic constants of the collagen-water composite 

and the hydroxyapatite-w ater composite by using the Voigt and Reuss bounds (Step 

1 in Figure 3.2)

The elastic constants of the collagen-water composite and the hydroxyapatite- 

mineral-water composite are calculated by the Voigt and Reuss bounds. We adopt here 

the observation o f Femadez-Seara et al. (2002, 2004) that both the collagen and the 

minerals are associated with the bound water.
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The Young’s modulus Ec and Polsson’s ratio vc for the collagen are 1.2 GPa and

0.35, and those ( Eh and vh ) for hydroxyapatite minerals are 114 GPa and 0.28,

respectively (Katz 1971; Crolet et al. 1993). The shear modulus G for both the collagen 

and the hydroxyapatite is obtained by

G = - ~ -  .
2(1 + v)

The given elastic constants of both collagen and hydroxapatite mineral are tabulated in 

Table 3.2. Note that the elastic constants o f the hydroxyapatite minerals are assumed to 

be isotropic because the anisotropic elastic constants o f the hydroxyapatite minerals in 

the human bone are not yet known even though the hydroxyapatite-mineral-crystals are 

known to have the hexagonal symmetry. The volume fractions o f each component -  

water, collagen, and minerals -  are taken from Gong et al. (1964) and Biltz and Pellgrino 

(1969) and the values are shown in Table 3.1.

First, the elastic constants are obtained by using the rule o f mixture for the Voigt 

bound as

C =(1 - 6  )C +d> Cc.w V twcs c Twc

and

Ch.w = ( l - 0 wh)Ch + ^ hCw (3.1)

where Cc w is the effective elasticity tensor for the collagen-water composite, Ch w is the 

effective elasticity tensor for the hydroxyapatite-water composite, Cc is the elasticity 

tensor for the collagen, Ch is the elasticity tensor for the hydroxyapatite, ^wc is the water 

volume fraction in the collagen-water composite, <pwh is the water volume fraction in the
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hydroxapatite-water composite, and Cw is the elasticity tensor of the water, respectively. 

It was assumed that the water volume fraction in the collagen-water composite, tf>wc is set 

equal to that in the hydroxyapatite-water composite, (j>wh . Similarly, the compliance

» A i
tensor, which is the inverse of the elasticity tensor ( S = CT ), is obtained by using the rule 

of mixture for the Reuss model as

S )S +4  S ,cw V Ywcs C T wc w ?

and

S*w = a - ^ ) S * + ^ S „  (3.2)

where Scw is the effective compliance tensor for the collagen-water composite, Sftw is the

effective compliance tensor for the hydroxyapatite-water composite, Sc is the

compliance tensor for the collagen, S h is the compliance tensor for the hydroxyapatite,

and Sw is the compliance tensor o f the water, respectively. A compliance tensor for the

bound water was obtained from the known bulk modulus o f water K f  (2.3 GPa). To

formulate the compliance tensor, we assume that the Poisson’s ratio for the bound water 

is 0.4999. The shear modulus for the bound water obtained with this assumption is 0.9 

MPa, which is three orders smaller than the bulk modulus o f the water. Similarly, the 

Young’s modulus for the bound water is estimated to be 2.7 MPa, which is also three 

orders smaller than the bulk modulus o f the water. Thus it is believed that increments in 

both Young’s modulus and Shear modulus are not significant compared to the bulk 

modulus o f water.
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3. 3. 2. Calculation of the effective elastic constants of the mineralized collagen 

fibrils

In this section, the elastic constants o f collagen fibrils with the platelet-shape- 

hydroxyapatite-minerals are determined. It is assumed that the platelet-shape- 

hydroxyapatite-minerals are periodically distributed along the long axes of collagen 

fibrils. The bound water is assumed to be associated with both the hydroxyapatite- 

mineral-crystals and the collagen molecules so that the elastic constants o f the 

hydroxyapatite-water composite and those o f the collagen-water composite are used 

instead of the collagen and hydroxyapatite. The effective elasticity tensor for the 

periodically distributed platelet reinforced composite is calculated by (page 441 in 

Nemat-Nasser and Hori, 1999),

C „, = Ccw . { i - ^ ( ( C _  - c h wr -CCM - S ^ y 1}, (3 .3)

where C is the effective elasticity tensor o f the platelet-shape-reinforced composite,

A

Ccw is the elasticity tensor of the collagen-water composite obtained in the previous 

section, Ch w is the elasticity tensor of the hydroxyapatite-water composite obtained in the 

previous section, 1 is the identity tensor in six dimensions, <j>pc is the volume fraction of

 ̂n ^

the platelet-shape-hydroxyapatite-minerals in the mineralized collagen fibril, and S pc is

the periodic operator for the platelet shape hydroxyapatite-water composite (See Eqs 

(12.5.6b) and (12.5.9b) on page 440 and 441 in Nemat-Nasser and Hori 1999) , which is 

given by

&ijkl ~  2 + ^ ik ^ I ( j , l )  + 8 j $ I ( i , k )  + < W o  J
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l - y  7K'J)J(kJ) Y_y M I (>,j) 5

for the faster numerical calculation, where

s w j ) =  X  ' < / > § ( & £ ( - % ) hI(i j ) ( &  m d s U ( i j )  =  X  • ( 3 - 5 )
# ■?

Note that S^c has the dimension of stress. The terms /?,(£) and hu (£) in Eq. (3.5) are

defined as (Nemat-Nasser et al. 1982; Iwakuma and Nemat-Nasser 1983; Nemat-Nasser 

and Hori 1999)

hl( & = ( Q 2, h2( t ) = & ) \  m ) = d  f ,  

K (£) = &§> h5(£) = £3 h6(£) = £ £ 2,

and

W i ) ®  = W £ ) W £ )  ’ for U  =1, 2, 3, ... 6 , (3.6)

where £ = /( ; ',/)  (or / ( / , / ) )  in Eqs. (3.4), (3.5), and (3.6) are replaced by the

following relations: 7(1,1), 7(2,2), 7(3,3), 7(2,3) ,7(1,3), and 7(1,2) correspond to 1, 2, 

3, 4, 5, and 6, respectively. The prime on the summation indicates that £ = 0 is excluded,

7t
and the new variable E, is defined as £ s  - t—, where n, is the number o f unit cells in the

at

i-direction and i can be replaced with x, y, z for x-, y-, and z- direction, respectively. The 

domain o f unit cell that contains one platelet isU = {x;~aj < xi < at (i = x ,y , z )}  . The g- 

integral g (Q  in Eq. (3.5) is the volume average o f exp(i^-x)  over the inclusion and the 

g-integral for the platelet shape (or cuboidal) inclusion is given by (Nemat-Nasser et al., 

1993; Nemat-Nasser and Hori 1999)
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where L  is

(3.8)

and where the subscript i is replaced by x, y, and z to indicate three perpendicular 

directions, and /,. is the dimension o f the platelet mineral crystals, i.e., 1 = 3 nm, ly -25

nm, and /, =50 nm (Rho et al. 1998). nx, ny , and nz are the number o f platelet mineral 

crystals in the x, y, and z direction, respectively, and note that the summation in Eq. (3.5) 

with respect to £ (or nx, ny , and n.)  is generally from 1 to infinity, but in this study, the

summation is performed from one to ±50 because the summation up to ± 40 is only 

0.7% less than that to ±50 (Nemat-Nasser et al. 1982).

3. 3. 3. Calculation of the effective elastic constants of collagen fiber that is 

composed of mineralized collagen fibrils

The effective elasticity tensor of the collagen fiber is calculated by using the 

formula (Nemat-Nasser and Hori, 1999),

where Ccf  is the effective elasticity tensor of the collagen fiber, <j)c f  is the volume 

fraction of collagen fibrils, and the periodic operator for the mineralized collagen fibers

(3.9)

S£' f  are given by

(3.10)
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The term FSP(£) in (3.10) above is the Kelvin second rank tensor (See Appendix 

3) for the anisotropic symmetry, which will be converted from the fourth rank tensor 

F S P(£) that was given in Nemat-Nasser and Hori (1999) (Eq. 12.5.4a on Page 431 in 

Nemat-Nasser and Hori 1999) as

FSP ©  = sym{% ®(%-Chw-%yxm - C h.w, (3.11)

where Chw is the fourth rank elasticity tensor of the hydroxyapatite-water composite 

obtained in the section 3.3.1. Since the elasticity tensor obtained in the previous section, 

C , reflects the orthotropic symmetry, Eq. (3.10) is used instead o f Eq. (3.4). The term

• C • £,) in Eq. (3.11) is expanded in the index notation as

i^ i^ i jk l^ l) = jk l£1 + % \C \ jk l% 2  + jk3<?3

+<5 2 ^ 2  j k l ^ l  +  ^ 2 ^ 2  jk2% 2  +  ^ 2 ^ 2  jk3 ^3

+ t3c 3Jk&  + & c3jk2t 2+ t 3c 3jaz3. (3.12)

The inverse o f the second rank tensor is calculated and another fourth rank

tensor, %t{%pCpJkq%qy x , is formed. The fourth rank tensor FSp(g) is obtained by the 

contraction o f this result with the elasticity tensor o f the hydroxyapatite-water

* Pcomposite, Chw , and converted into the Kelvin second rank tensor FS (£) (See 

Appendix 3 for the relationship between the Kelvin notation and the Voigt notation). The 

g-integral, g(%) for the circular cylindrical shape o f the mineralized collagen fibrils, is 

given by (Nemat-Nasser et al. 1993)
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i f  n3 = 0 

i f  «3 5t 0 ’
(3.13)

0

where J , is the order 1 Bessel function o f the first kind, and

B = 2K(n2x +n2J l2J ^ (3.14)
n

nx and nz are the number o f cylindrical inclusions in the x and z directions, respectively. 

3. 3. 4. Calculation of the effective elastic constants of a single lamella that contains 

collagen fibers

The effective moduli o f a single lamella that contains the cylindrical shape 

collagen fibers embedded in the hydroxyapatite mineral-water composite are calculated 

by using the formula (Nemat-Nasser and Hori, 1999),

Dfraction of collagen fibers. The periodic operator S; for a cylindrical shape of collagen 

fibers is obtained by the same manner in the previous section; all collagen fibers in a 

lamella are assumed to be aligned in the longitudinal direction. The estimated elastic 

constants for the mineralized collagen fibril, the collagen fiber, and a single lamella are 

shown in Table 3.3.

3.4. Steps of calculation

C, = Chw ■{i-0l ((Chw- C c f y 1 -ChM - S f r !}, (3.15)

where C; is the effective elasticity tensor o f a single lamella and fa is the volume

Step 1
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a

Calculate the effective elasticity tensor Cc w for the collagen-water composite, i.e.,

collagens associated with the water, and that C h w for the hydroxyapatite mineral -  water

composite, i.e., hydroxapatite minerals associated with the water. The effective elasticity 

tensors are estimated by averaging the estimates of the Voigt-Reuss bounds (Eqs.3.1 and 

3.2). The compositional volume fractions are taken from Table 3.1 and the elastic 

constants for the collagen and the hydroxyapatite minerals are selected from Table 3.2. 

For the elasticity tensor (or the compliance tensor) for the water, it was assumed that the 

water is elastic material whose Poisson’s ratio is very close to 0.5.

Step 2

Calculate the effective elasticity tensor C pcof the mineralized collagen fibril that has the 

platelet-shape-hydroxyapatite-water composite by using Eq. (3.3). Both the elasticity 

tensor o f the collagen-water composite, C cw , and that o f the hydroxyapatite-water

composite, CAw, are obtained in the step 1. The volume fraction of the platelet shape of

hydroxyapatite minerals, <j>pc in Eq. (3.3) is (0.25 x Vh w / ( Vcw +0.25 x Vh w) because 25%

of hydroxyapatite minerals are deposited inside the fibrils (Lucchinetti, 2001; Rho et al. 

1998).

Step 3

Calculate the effective elasticity tensor C cf  of the collagen fiber that contains the 

mineralized collagen fibrils embedded in the hydroxyapatite-water composite by using 

Eq. (3.9). The elasticity tensor of the mineralized collagen fibrils C pc was estimated in 

the step 2. The volume fraction o f the collagen fibrils, (j>c f in Eq. (3.9) is
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( K w +0.25 x Vhw)l{Vcw+0.25x EAw+0.75x Vhw 12) with assuming that the collagen fibrils

are surrounded by a half o f the extrafibrillar hydroxyapatite mineral-water composite, 

which is 75% of total hydroxyapatite mineral-water composite (Lucchinetti, 2001; 

Pidaparti et al. 1996; Rho et al. 1998).

Step 4

A

Calculate the effective elasticity tensor Ct of a single lamella of which collagen fibers 

are aligned in the longitudinal direction and embedded in the hydroxyapatite-water

A

composite by using Eq. (3.15). Ccf  is the effective elasticity tensor of collagen fibers

obtained in the step 3. The volume fraction <j>t in Eq. (3.15) is

(Fcw+0.25x Vhw+Q.15x Vhw 12)1 ( Vcw +0.25x Vhw+Q.15x Vhw) because it is assumed that

the rest of the hydroxyapatite mineral-water composite (37.5%) is located outside the 

collagen fibers (Lucchinetti, 2001; Pidaparti et al. 1996; Rho et al. 1998).

3.5. Results

The elastic constants at levels of a mineralized collagen fibril, a collagen fiber, 

and a single lamella are estimated by considering the bound water. Based on two sets of 

experimental data on compositional volume fraction in a human cortical bone (Table 3.1), 

full sets of orthotropic elastic constants for an osteonal lamella are calculated and shown 

in Table 3.3.

3.6. Discussion

This is the first study to quantify the elastic constants at three distinct and well 

recognized hierarchical levels o f a mineralized collagen fibril, a collagen fiber, and a
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single lamella. Nanoindentation has been used experimentally to determine the Young’s 

modulus the nanoscale, but it is not possible to measure the shear modulus and Poisson’s 

ratio with the nanoindentation method. In theoretical analyses, Akiva et al. (1998) and 

Wagner and Weiner (1992) calculated elastic constants of a bone matrix by using a 

platelet reinforced composite model. Their model only considers the mineral deposition 

inside the collagen fibrils and the model cannot predict the out-of-plane elastic constants. 

The homogenization method o f Crolet et al. (1993) considered the mineral deposition 

only outside collagen fibers. The present study considers the mineral deposition both 

inside collagen fibers and outside collagen fibers. Similarly, Hellmich et al. (2002, 2004) 

estimated the bone matrix elastic constants by using the self-consistent method, but they 

assumed that the shape of deposited hydroxyapatite minerals to be spherical.

The literature is not unambiguous on the measured volume fraction of water. It 

was reported that the water volume fraction in the cortical bone matrix is 23.9% (Gong et 

al. 1964). These authors applied centrifugal acceleration 8,000 g for 15 minutes, but that 

may remove only the water volume fraction in the Haversian systems (or vascular 

porosity). Arnold and Tont (1967) suggested that the centrifugal acceleration 25,000 g is 

adequate to remove the water from Haversian systems and 1,500,000 g is to remove the 

water from the canaliculi (Ashman 1989). Biltz and Pellgrino (1969) measured the water 

volume fraction for the human cortical bone is 15.5%, which is less than that measured 

by Gong et al. (1964). If the water content measured by Gong et al. (1964) and Biltz and 

Pellgrino (1969) include the water content in the lacunar-canalicular porosity and the 

vascular porosity, the magnitude o f the estimated bone matrix elastic constants will be 

increased. Figure 3.3 shows that the variation of elastic modulus against the water
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volume fraction o f the bone matrix, when the water volume fraction is less than 15% in 

the data o f Biltz and Pellgrino (1969).

Even though the water content of Gong et al. (1964) is greater than that of Biltz 

and Pellgrino (1969), the estimated elastic constants from Gong et al. (1964) are close to 

those from Biltz and Pellgrino (1969) when the inorganic fraction o f Gong et al. (1964) 

was removed. Table 3.3(a) shows the estimated elastic constants by using the data of 

Biltz and Pellegrino (1969) in Table 3.1. The water content was 15.5%, mineral content 

was 39.9%, and organic content with C 02 is 41.8%. The estimated elastic constants E1, 

E2, and E3 are 16.371 GPa, 18.658 GPa, and 22.773 GPa (Table 3.3a). The data of Gong

et al. (1964) have the water fraction, ash fraction, organic fraction, and volatile inorganic 

fraction. However it was not clear that the inorganic fraction is included in the mineral 

volume fraction. Thus the two cases are considered: the mineral volume fraction contains 

both the ash fraction and the volatile inorganic fraction (Table 3.3b), and the mineral 

volume fraction contains only the ash fraction (Table 3.3c). The estimated elastic 

constants for the first case are Ex -  19.020 GPa, E2 = 21.343 GPa, and E3= 24.455 GPa, 

and those for the last case are Ex =16.883 GPa, if, =19.021 GPa, and E3 =22.323 GPa,

respectively. Interestingly, the estimated elastic constants from the data o f Biltz and 

Pellegrino (1969) are close to those from the data o f Gong et al. (1964) if  the volatile 

inorganic volume fraction is not included into the hydroxyapatite mineral volume 

fraction. The elastic constants from the data o f Biltz and Pellgrino (1969) may be 

reasonable estimation for the bone matrix.

The micromechanical method applied in this study (Iwakuama et al. 1983; Nemat- 

Nasser 1982; Nemat-Nasser et al. 1993; Nemat-Nasser and Hori 1999) satisfies the
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Hashin and Shtrikman bounds. Nemat-Nasser et al. (1982) compared the effective moduli 

in the periodic distribution assumption to the Hashin and Shtrikman bounds. The bulk 

modulus of a medium with spherical cavities in the periodic distribution assumption 

overshoots the upper bound o f Hashin and Shtrikman (1963) by about 1%. They 

explained that it may be the truncation error because the variable £ was summed from - 

50 to 50 instead of from -  infinity to + infinity because the sum to ± 40 provides an 

answer only 0.7% less than that to ± 50.

These estimated elastic constants for the bone matrix will provide a dataset for 

building a mathematical damage models as well as for estimating poroelastic constants 

for the lacunar-canalicular and the vascular porosity of an osteon (Chapter 4).
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Table 3.1 Compositional volume fraction o f the human cortical bone (NR: Not reported)

Water

content
Mineral ash

Volatile

inorganic

fraction

Organic 0rganic+C02

Biltz and 

Pellegrino 

(1969)

15.5 39.9 NR NR 41.8

Gong et al. 

(1964)
23.9 37.7 4.6 33.8 NR
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Table 3.2 The technical elastic constants o f the collagen and the hydroxyapatite minerals

Collagen Hydroxyapatite

E[GPa] 1.2 114

V 0.35 0.28

G[GPa] 0.469 44.531

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 3.3 (a) The effective technical elastic constants of the mineralized collagen fibril 

(Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the data of 

Biltz and Pellegrino (1969)

The mineralized 

collagen fibril 

(Step 1)

The collagen fiber 

(Step 2)

A single lamella 

(Step 3)

Ei [GPa] 3.351 11.309 16.371

E2[GPa] 6.190 13.826 18.658

E3[GPa] 7.687 16.944 22.773

V12 0.286 0.324 0.334

V13 0.201 0.230 0.237

V21 0.528 0.397 0.381

V23 0.214 0.242 0.247

V31 0.460 0.345 0.330

V32 0.266 0.297 0.301

G 12[GPa] 1.064 4.770 7.155

G13[GPa] 1.043 4.711 7.064

G23[GPa] 2.960 6.256 8.368
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Table 3.3 (b) The effective technical elastic constants of the mineralized collagen fibril 

(Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the data of 

Gong et al. (1964)

The mineralized 

collagen fibril 

(Step 1)

The collagen fiber 

(Step 2)

A single lamella 

(Step 3)

Ei [GPa] 4.528 13.571 19.020

E2[GPa] 7.703 16.258 21.343

E3[GPa] 9.266 18.893 24.455

V12 0.297 0.315 0.320

V13 0.214 0.243 0.252

V21 0.505 0.377 0.359

V23 0.225 0.255 0.261

V31 0.437 0.338 0.324

V32 0.271 0.296 0.299

Gn[GPa] 1.403 5.399 7.805

Gi3[GPa] 1.375 5.379 7.761

G23[GPa] 3.565 7.053 9.120
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Table 3.3 (c) The effective technical elastic constants of the mineralized collagen fibril 

(Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the data of 

Gong et al. (1964) that the volume fraction of the volatile inorganic fraction is excluded 

from the mineral volume fraction

The mineralized 

collagen fibril 

(Step 1)

The collagen fiber 

(Step 2)

A single lamella 

(Step 3)

Ei [GPa] 3.821 11.880 16.883

E2[GPa] 6.587 14.299 19.021

E3[GPa] 8.034 16.962 22.323

V12 0.302 0.320 0.326

Vl3 0.215 0.239 0.246

V21 0.521 0.386 0.367

V23 0.220 0.249 0.254

V31 0.451 0.341 0.325

V3 2 0.268 0.296 0.298

G 12[GPa] 1.162 4.811 7.081

Gi3[GPa] 1.138 4.779 7.023

G23[GPa] 3.091 6.308 8.286

Figure 3.1 A combined schematic o f the hierarchal development of mineralized bone 

(Siperko and Landis 2001).
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'tone
a s r if

a b c d e  f g

(a) The hydroxyapatite-mineral-crystals are deposited between the 300 nm long collagen 

molecules. The size 67 nm indicates the overlapped length 27nm with the adjacent 

collagen molecule and the 40nm gap between collagen molecule ends, (b) the platelet- 

shape-hydroxyapatite-minerals grow in the gap space within the collagen fibril, (c) the 

platelet-shape-hydroxyapatite-mineral-crystals grow as large as 50 to 70 nm in length, (d) 

the platelet-shape-hydroxyapatite-mineral-crystals fuse outside o f collagen fibrils and a 

group of collagen fibrils are surrounded by the hydroxyapatite-mineral-crystals. The 

space between the platelet-shape-hydroxyapatite-mineral-crystals disappears and collagen 

fibrils are embedded in the hydroxyapatite-mineral-crystals. (e) the hydroxyapatite- 

mineral-crystals fuse outside of collagen fibers. The 50 nm thick hydroxyapatite-mineral- 

plate is formed between arrays o f mineralized collagen fibers o f which thickness is 

approximately 80 nm. (d) the mineralization continues and the mineralized collagen 

fibers are completely embedded in the hydroxyapatite-mineral-cry stals.
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Figure 3.2 Flow chart of calculation

Collagen Bound water Hydroxyapatite minerals
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Figure 3.3 The variation o f elastic modulus against the water volume fraction
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Chapter 4

An estimate of anisotropic poroelastic constants o f an osteon 

A bstract

The anisotropic poroelastic constants of an osteon are estimated by using a 

micromechanical analysis. The drained elastic constants are the porous medium’s elastic 

constants when the fluid in the osteonal pores easily escapes and the pore fluid can 

sustain no pore pressure. The drained elastic constants at the lacunar-canalicular porosity 

tissue level are estimated by using an effective moduli model in which the shape of 

lacunae is approximated as ellipsoidal cavities. The undrained elastic constants are the 

porous medium’s elastic constants when the medium is fully saturated with pore fluid and 

the fluid cannot escape, are also estimated. These estimated anisotropic poroelastic 

constants will provide a part of a database for the development o f an accurate anisotropic 

poroelastic model o f an osteon.
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4.1. Introduction

The osteon is a hollow approximately cylindrical structure in the human cortical

bone with a radius of roughly 100-150 /urn (Cowin 1999). The long axis o f the osteon 

aligns approximately ±15 degrees with the long axis of a bone. At the center o f the 

osteon is a canal called the osteonal canal or the Haversian canal; it may contain one or 

two blood vessels, a nerve, and some space occupied by bone fluid. The bone cells form a 

confluent lining on the wall o f osteonal canal. The additional space in the osteonal canal 

is the vascular porosity; this is the porosity with the largest pore diameters in the osteon 

and in the osteonal bone. Behind the bone cell layer on the wall o f osteonal canal, there 

are multiple small tunnels (0.2 fj,m to 0.4 jum in diameter), so called “canaliculi” that 

connect the osteonal canal to the lacunae and lacunae to other lacunae. The lacunae are 

approximately ellipsoidal (approximately 25 pim by 10 jum by 5 /dm) in shape and 

contain one ostecyte (Cowin 1999). The space within the canaliculi and lacunae is called 

the lacunar-canalicular porosity; it is the porosity with the second largest pore diameters 

in the osteon. The smallest pore diameter porosity is the space between the collagen fiber 

and the mineral, hydroxyapatite.

The shear stress on the osteocyte due to the bone fluid flow in the canaliculus 

could be a stimulus o f the bone mechanotransduction (Cowin et al. 1991; Cowin et al.
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1995; Cowin 1999; Cowin and Moss 2001; Weinbaum et al. 1994). The bone fluid flow 

through the canaliculi is believed to provide nutrients and remove wastes from osteocytes. 

Weinbaum et al. (1994) proposed that the osteocytes can be stimulated by relatively small 

shear stresses acting on the membranes o f their osteocytic process. The strain applied to 

the whole bone (0.04-0.3%) is much smaller than the strain necessary to signal in the 

deformed cell culture (1-10%) (Burger and Veldhuijen 1993, Williams et al. 1994; You et 

al. 2000). You et al. (2001) explained a possible mechanism by developing a theoretical 

model in which the drag force on the fibers attaching the osteocytic process to the 

canalicular wall amplifies the strain as much as 100 times by intercellular actin 

cytoskeleton and extracellular fibers in the canalicular process. Poroelasticity theory is 

used as the theoretical model to determine the bone fluid flow through the canaliculus. 

The deformation-induced pore fluid pressure gradient causes bone fluid to flow in the 

pericellular space o f the lacunar-canalicular system when a whole bone is deformed. 

(Cowin 1999; Piekarski and Munro, 1977; Wang et al. 1999, 2000;. Weinbaum et al., 

1994; Zhang et al. 1994, 1996, 1998; Zeng et al. 1994). Wang et al. (1999) proposed a 

theoretical model based on the poroelasticity theory to mimic oscillatory four point 

bending experiments o f thin bone specimens. Their model includes the lacunar- 

canalicular porosity, osteonal canals, and the osteonal cement lines that is the outer
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boundary of the osteon, and shows the local fluid pressure profiles. Their result suggests 

that the fluid pressure response to cyclic loading is not sensitive to the permeability of the 

osteonal cement lines, but it is sensitive to the applied loading frequency. Previously, 

Zhang et al. (1998) estimated the peak pore pressure due to uniaxial compression for both 

the vascular porosity and the lacunar-canalicular porosity by using the poroelasticity 

theory. The peak pore water pressure of vascular porosity is 19 percent of the applied 

axial stress and 12 percent o f the applied axial stress in the lacunar-canalicular porosity. A 

slight hydraulic stiffening of the bulk modulus was predicted by longer relaxation time of 

the lacunar-canalicular porosity.

Normal human bone matrix outside these porosities consists o f the lamellar bone 

or the osteonal bone. The lamellar bone is highly organized and consists of parallel 

layers, which is “lamellae,” and the osteonal bone is formed by bone remodeling, where 

bone cells remove the old bone and replace it with the new bone, and consists of 

cylindrical lamellae. By bone remodeling process, normal human cortical bone consists 

mostly o f osteonal bone matrix.

Three types o f osteons are described by Ascenzi and Bonucci (1967, 1968). Type 

T osteon (bright osteon) has the collagen fibrils aligned in the transverse direction, Type 

A osteon has the alternative structure o f both the longitudinal collagen fibril orientation
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and the transverse collagen fibril orientation, and Type L osteon (dark osteon) has the 

collagen fibrils aligned in the longitudinal direction (Martin et al. 1998). Marotti and 

Muglia (1988) distinguished the lamellae as the dense lamellae and the loose lamellae, 

and Weiner and Traub (1992) divided the lamellae structure into the thin and thick 

lamellae. Marotti et al. (1995) found that the lacunae are located in the loose lamellae and 

the orientation o f lacunae is aligned in the collagen fibril direction. We focus here on type 

L and type T osteons because the values of the parameters o f interest for other types of 

osteons are bounded by the values o f the parameters of the type L and type T osteons. 

Also type A osteon will be examined by considering the composite o f type T osteonal 

lamellae and type L osteonal lamellae.

The anisotropic poroelastic constants are needed in order to develop the 

anisotropic (orthotropic or transversely isotropic) poroelastic models o f different types of 

osteons. Early theoretical models (Smit et al. 2002; Wang et al. 1999; Zhang et al. 1996, 

1998; Zeng et al. 1994) assumed that the osteonal bone matrix was isotropic, but they 

expressed the concern that their models were not anisotropic even though the bone matrix 

is anisotropic. In this study, micromechanical theories will be employed to estimate the 

drained elastic constants and the undrained elastic constants at the lacuno-canallcular 

porosity level of the osteon (Cowin 2003; Nemat-Nasser and Hori 1999).
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4.2. Method

4.2.1. The relationship between Voigt notation and Kelvin notation

The traditional notation for the anisotropic Hooke’s law is the representation of 

the fourth rank tensor, which is given in indical notation by

where TtJ, Etj, Cijkm, and StJkm are the stress tensor, the strain tensor, the elasticity 

tensor, and the compliance tensor, respectively. Voigt (1910) employed the matrix 

notation as the coefficients o f linearity in the relation between stress and strain,

where T and E are one-by-six column matrices representing stress and strain, c and 

s are the elasticity matrix and the compliance matrix, respectively. The double index 

notation (or Voigt matrix notation) is important because most o f the data on the 

mechanical properties o f anisotropic elastic materials are reported in the double index 

notation (Hearmon 1961; Cowin and Mehrabadi 1995). The relation between the fourth 

rank tensor involves factors o f 1, 2, and 4. The elements in the upper left hand 3-by-3 

matrix have the proportionality factor one, eg, Snn = .sn ; the elements in the upper right 

hand 3-by-3 matrix (and lower left hand 3-by-3 matrix) have the proportionality factor 

two, eg, 2S23u -  54i; and the elements in the lower right hand 3-by-3 sub matrix have the

(4.1)

T = cE or E = sT, (4.2)
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proportionality factor four, eg, 4Sm 2 = s66 (Hearmon 1961; Cowin and Mehrabadi 

1995). However, for the elasticity tensor, no proportionality factors are involved. The 

proportionality factors do not occur between the Kelvin notation (1856) and the Voigt 

fourth rank tensor. Kelvin notation equivalent to Eq. (4.2) is

A A A A A A

T = CE or E = ST , (4.3)

A A A A A A A A

where the stress vector T has components$TX,T2 ,T2 ,TA,T5,T6], the strain vector E has 

components {EV E2 ,E 3 ,E 4 ,E 5 ,E 6} , C is the elasticity tensor for the orthotropic 

symmetry and is given as a 6-by-6 matrix o f the second rank tensor components in 6 

dimensions,

C,1 Cn *03 0 0 0

^12 ^22 c23 0 0 0

C!3 ^23 c33 0 0 0

0 0 0 ^44 0 0

0 0 0 0 c55 0

0 0 0 0 0

and S = C 1 is the compliance tensor with the same structure. The relationship between 

the components o f the Voigt fourth rank tensor and the components o f the Kelvin second

rank tensor is as follows; Cnn ~ C\i 5 £2222 ^22 > £3333 = C33 , Cu22 = c.2, C- • = cX2,

•̂2233 = •> ^2323 = 2^44 5 £*i3i3 = ^^55 > £1212 = "̂̂ 66 • Similarly, the compliance

tensor has the relationship between the components o f the Voigt fourth rank tensor and
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the components of the Kelvin second rank tensor as

^ 1 1 1 1  ~  ^ 1 1  » ^2222  ~  ^22  ’  ^ 3 3 3 3  ~  ^ 3 3  ’  ^ 1 1 2 2  ~  ^ 1 2  ’  ‘-*1133  =  ^ 1 3  ’  ^ 2 2 3 3  =  ^ 2 3  ’  *^2323  =  ’

‘S'rns = ^ s s  3 and Snn = h 66, respectively.

4.2.2. The bone matrix elastic constants

Yoon and Cowin (in preparation) estimated the bone matrix elastic constants by 

using the micromechanical models that recognized three levels o f micro structure: (1) a 

mineralized collagen fibril, which consists o f collagen molecules and platelet-shape- 

hydroxyapatite-mineral-crystals; (2) a collagen fiber composed of collagen fibrils 

embedded in the hydroxyapatite-mineral-crystals; and (3) a single lamella, which is a 

collagen fiber composite structure embedded in the hydroxyapatite-mineral-composite. 

The bone matrix elastic constants of a single lamella for type L osteon are estimated as: 

E? =16.371 GPa, E™ =18.658 GPa, E? =22.773 GPa, < 2 =0.334, v ” =0.237, 

< = 0 .3 8 1 , <3=0.247, <=0.330, < = 0 .3 0 1 , G“ =7.155 GPa, G” =7.064 GPa, and 

G2" =8.368 GPa, respectively. Then the bone matrix compliance tensor S'" is 

constructed by
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1 v mV\2 Y k 0 0 0
e ? E™ E ”

v mV21 1 V22 0 0 0
e ; e ; E m2

v m31 v m31 1
0 0 0

E™ E ” e ?

0 0 0
1

0 0
2 G™

0 0 0 0
1

2 G -
0

0 0 0 0 0
1

2 G12

(4.5)

The elastic constants of type T osteon and type A osteon are determined by the use of 

tensor transformation laws (Cowin and Mehrabadi 1995) from the orthotropic bone 

matrix elastic constants of type L osteon. Also, the isotropic bone matrix elastic constants, 

which are estimated by the averaging method from the orthotropic bone matrix elastic 

constants (See details in Cowin et al. 1999; Yoon et al. 2002), are obtained to compare to 

the orthotropic bone matrix elastic constants. These bone matrix elastic constants are 

considered to represent the elastic constants o f the bone matrix without osteonal canals 

and without lacunae.

4.2.3 An estimate of the drained elastic constants at the lacunar porosity level

The drained elastic constants o f a porous medium may be determined by 

calculating the effective elastic constants o f a medium with the appropriately connected
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pore structure. The drained elastic constants are elastic constants when the pore fluid 

pressure is zero. In the lacunar-canalicular porosity, the anisotropy due to cavities or 

voids is mainly influenced by the distribution o f lacunae, which is quasi-periodic, 

because the size of canaliculi is much smaller than those o f lacunae. In this calculation, 

two assumptions are made. First, the effective moduli o f the quasi-periodically distributed 

lacunae in the circular sector are approximately equal to the effective moduli of 

periodically distributed lacunae in a rectangle whose dimensions are equal to the 

circumference o f the circle and the radial length o f the circular sector. Second, it is 

assumed that the existence of canaliculi may be ignored in this calculation, but their 

effect is acknowledged in that the pores are all assumed to have the same pore pressure 

under a static load. The rationale for this assumption is that the canaliculi, although 

numerous, are small (0.2 jum to 0.4 /j,m) while the lacunae are, by comparison, large 

(25 fxm by 10/um by 5 pim). The formula for the effective moduli o f a medium in the 

periodically distributed cavities (Nemat-Nasser and Hori, 1999) is given by

Ce#= C " : { i - ^ ( i - S Y } ,  (4.6)

where Ce#is the effective elasticity tensor, C m is the elasticity tensor o f the matrix 

material, I is the identity tensor in six dimensions, <f> is the porosity, and Sp is the 

periodic operator (See Eqs (12.5.6b) and (12.5.9b) on page 440 and 441 in Nemat-Nasser
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and Hori 1999), which is given by

<r
(4.7)

where the prime on the summation indicates that 4 = 0 is excluded. g(4) is the g- 

integral, which is the volume average of exp(/£ • x) over the cavity. The new variable 4

is defined as 4 =~J~ ’ where n, is the number o f unit cells in the i-direction (Figure
a.

4.1) and i can be replaced with x, y, z for x-, y-, and z- direction, respectively. The unit 

cell, which contains one osteon, has the domain as U = {x;-a i < xt < ai (i = x ,y , z )} . The 

g-integral, g(4)  for the ellipsoidal inclusion is given by (Iwakuma and Nemat-Nasser

1983; Nemat-Nasser et al. 1999)

3
g ( £ )  =  - ( s i n 7 7  -  77cos77),

V

where rj is given by

(4.8)

T] = 2x7VX
3 x<f>

4 x x x ( b y /bx)x(bz /bx)

( 1/ 2 )

(4.9)

and where the subscripts x, y, and z indicate three perpendicular directions. nx, ny, and 

nz are the number o f cavities in the x, y, and z direction, respectively. Note that the 

summation in Eq. (4.7) with respect to 4 (or nX’ ny -> nz ) is generally from 1 to

infinity, but in this study, the summation is from one to ±50, for which reasons will be

explained in the discussion. bx , b , and bz are the length of principal axes o f an
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ellipsoidal shape of a lacuna. For the type L osteon, the size o f a lacuna (Remaggi et al. 

1998) is hx =25 f im , by=lQ p m ,  and b, =5 [dm, respectively, and the value in the y

direction is interchanged with that in the z direction for the type T osteon.

4.2.3.1 The case of an isotropic bone matrix

It is assumed that the bone matrix is isotropic in this section. The transversely 

isotropic case is treated in the next section. Iwakuma and Nemat-Nasser (1983)

* Pdecomposed the periodic operator S as

and hu (£) are given by (Nemat-Nasser et al. 1982; Iwakuma and Nemat-Nasser 

1983; Nemat-Nasser and Hori 1999)

£ = £ /|£ | and /(/, j )  (or J ( i , j ) )  in Eqs. (4.10) and (4.12) are replaced by relations as

l - v
(4.10)

for the faster numerical calculation, where

s ;= ] [> g ( £ ) g ( - £ ) A ,( £ )  and S = £ * * ( £ ) * ( - £ ) V * ) -  (4-11)

W )  = ( 6 ) 2, M £> = ( 6 ) 2> *,(£> = (6>2>

and
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7(1,1), 7(2 ,2), 7(3,3), 7(2,3) ,7(1,3), and 7(1,2) correspond to 1, 2, 3, 4, 5, and 6,

respectively.

4.2.3.2. The case when the bone m atrix is anisotropic

If  it is assumed that the bone matrix is anisotropic, the term, 71SP(£) in Eq. 

(4.7) is determined by (Eq. 12.5.4a on Page 431 in Nemat-Nasser and Hori 1999)

where Cm is the fourth rank elasticity tensor o f the bone matrix. First, the term 

(2; • C • ^) is expanded in the index notation as

The inverse o f the second rank tensor ( ^ C ^ , )  is calculated and another fourth rank 

tensor ^ ( ^ C ^ ^ ) -1^  is formed. The quantity FSP(£) in Eq. (4.13) is obtained by 

the contraction o f this result with the fourth rank elasticity tensor o f bone matrix, Cm .

4.2.4 Estimate of undrained elastic constants at the lacunar porosity level

Three sets o f conventional elastic compliance tensors are involved in 

poroelasticity theory. These are the drained compliance tensor S , the matrix material

F SP ($) = sym{% 0  (£, ■ C m ■ £T' ® %): Cm , (4.13)

(4.14)
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compliance tensor S " , and the undrained compliance tensor S " . The matrix material

compliance tensor S'" represents the elastic constants o f the matrix material in the

'■> ,

porous medium (Eq. 4.5). The drained compliance tensor S represents the elastic 

constants o f  the porous medium when no fluid remains in the pores. The undrained 

compliance tensor S“ represents the elastic constants of the porous medium when the 

fluid is not able to escape.

The strain-stress-pore pressure relations for a poroelastic medium are given by 

(Biot 1941, 1955; Cheng 1997; Cowin 2003; Detoumay and Cheng 1993; Thompson and 

Willis 1991)

E = -T + (Srf -  S'” ) -U p , (4.15)

A A 
where E is the strain vector in six dimensions, T  is the stress vector in six dimensions,

U is a six-dimensional vector defined as U = {l,l,l,0 ,0,0}r and p  is the pore fluid 

pressure. Eq. (4.15) is simplified by introducing the “effective stress”, 2 = (T + Ap) as

E = Srf • 2 = • (T + A p ) , (4.16)

where the “Biot effective stress coefficient,” A is defined as

A = ( l - ( S rfr 1-Sw) - U .  (4.17)

The variation o f fluid volume per unit volume due to diffusive fluid mass transport, g  is

given by
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g = S d - A - f  + C effp ,  (4.18)

where the effective compressibility is

Ceff=Cd - C m+ij,(Cf - C m), (4.19)

and where & is the porosity. The compressibility, the inverse of bulk modulus, in Eq. 

(4.19) is obtained by

C , = U - S ' - U ,  (4.20)

where i in C, is replaced by d , m , u , f  to indicate the compressibility for the 

drained case, the matrix, the undrained case, and the pore fluid, respectively. Another 

poroelastic constant is the Skempton compliance difference tensor B , which is a 

measure o f the relative compressibility o f the fluid and solid phase. It represents the ratio 

between the pore pressure p  and the stress T for the undrained condition when the 

variation o f fluid content is zero (g  = 0) as

F - B ' T ,  (4.21)

where the “Skempton compliance difference tensor,” B is defined as

A A

B = ^ .  (4.22)

By substituting Eqs. (4.21) and (4.22) into Eq. (4.16),

E = S" • T = (Sd — ^ -S d • A ®  Sd ■ A ) - t  (4.23)
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The relation between the undrained compliance tensor S“ and the drained compliance

A ,

tensor S is obtained as

A A , 1 a , A  A , A

S“ = Sd  S • A ® S  • A . (4.24)

4.2.5 Steps of the calculation

For the type L osteon, the following steps are accomplished.

A ,

Step 1. Calculate the drained compliance tensor S of an osteon by using the inverse of 

Ceff in Eq. (4.6). The compliance tensor o f the bone matrix material S* is constructed 

by using the elastic constants o f bone matrix material (Eq. 4.5). In this calculation, note 

that the longest principal axis o f the lacuna is aligned with the long axis o f an osteon.

Step 2. Calculate the Biot effective coefficient A by using Eq. (4.17) and the effective 

compressibility Ceff by using Eq. (4.19).

Step 3. The undrained compliance tensor S“ o f an osteon is calculated by using Eq.

A .

(4.24). The drained compliance tensor S was estimated in step 1, and the effective 

compressibility Ceff was obtained in step 2.

Step 4. Calculate the Skempton coefficient B by using Eq. (4.22)

See Table 4.1 (a) and Table 4.3 (a) for the values o f the orthotropic poroelastic constants, 

the Biot effective coefficient A , and the Skempton coefficient B . In the similar way, 

the poroelastic constants for type T osteon and type A osteon are calculated by using the
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tensor transformation law (Cowin and Mehrabadi 1995) (Tables 4.1 (b), 4.1(c), 4.3(b), 

and 4.3(c)).

4.3. Results

Table 4.1(a) shows the drained and undrained orthotropic poroelastic constants at 

the lacunar-canalicular porosity level o f type L osteon for two cases depending on 

whether the bone matrix material is isotropic or orthotropic. Similarly, those of type T 

osteon and type A osteon are shown in Tables 4.1(b) and 4.1(c), respectively. The elastic 

constants estimated by the periodic distribution assumption for type L osteon may be 

compared to those estimated by the dilute distribution assumption using the data in Table 

4.2. Table 4.3(a), 4.3(b), and 4.3(c) show the estimated the Biot effective coefficient and 

the Skemption coefficient o f type L, type T, and type A osteons, respectively, for both 

orthotropic and the isotropic elastic bone matrix cases.

4.4. Discussion

A major conclusion o f this study is that the anisotropy o f the bone matrix level 

elastic constants (or the bone matrix compliance tensor S'") strongly influences the 

anisotropy of poroelastic constants at the lacunar-canalicular porosity level (or the 

drained compliance tensor and the undrained compliance tensor S"). Table 4.1 

shows that the orthotropic bone matrix generates the higher discrepancy in the elastic
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constants, especially between E1 and E, compared to those obtained by assuming that 

the bone matrix is isotropic. It suggests that the anisotropy of bone matrix itself plays an 

important role in determining the anisotropic lacunar-canaliculuar porosity level elastic 

constants no matter what averaging method (Cowin et al. 1999; Yoon et al. 2002) is 

applied.

The lamellae of type A osteon is composed of successive layers o f lamellae in the 

type L osteon and those in the type T osteon. Ascenzi et al. (1986) observed that another 

layer, which collagen fibers are aligned 45 degrees with the osteonal axis, lies between 

the type T osteonal lamella and the type L osteonal lamella. Recently, Ascenzi et al. 

(2003) observed that the type T osteonal lamellae in the type A osteon is, mostly, 

oriented 45 degrees with the osteonal axis. Previously the type T osteonal lamellae in the 

type A osteon is believed to be perpendicular to the type L osteonal lamellae in the type 

A osteon. The type L osteonal lamellae in the type A osteon observed by Ascenzi et al. 

(2003) is still aligned along the osteonal axis. Even though the “twisted plywood model” 

was observed inside the type T osteonal lamellae in the type A osteon, most collagen 

fiber arrays in the type T osteonal lamellae are oriented 45 degrees with the osteonal axis. 

Weiner et al. (1999) suggested differently that the different numbers o f collagen fiber 

arrays are rotated 30 degrees with respect to the adjacent group o f collagen fiber arrays.
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The angle between collagen fiber arrays inside the type A osteon is not clear at this 

moment. Even though there is reported observation (Ascenzi et al. 2003) that the type T 

osteonal lamellae in the type A osteon is oriented 45 degrees with the osteonal axis, we 

will follow the old model that the type T osteonal lamellae in the type A osteon is 

perpendicular to the osteonal axis. The orthotropic poroelastic constants for type A 

osteon are shown in Table 4.1(c).

The effective drained elastic constants estimated by using the periodic distribution 

assumption may be a little suspect because the distribution of lacunae is not perfectly 

periodic. Table 4.2 shows that the poroelastic constants estimated by the periodic 

distribution assumption are close to those estimated by the dilute distribution assumption, 

when the bone matrix is isotropic. The reason is that the orientation of lacunae in the 

dilute distribution assumption is coincident with those in the periodic distribution 

assumption. Only distance between lacunae is varied in the dilute distribution 

assumption.

The values for Bz for the type L, type T, and type A osteons for the two cases 

listed in Tables 4.3 (a), 4.3 (b), and 4.3(c), the cases when the bone matrix is isotropic and 

the case when the bone matrix is orthotropic, show something very interesting. If the 

bone is loaded only axially with a stress Tzz, the pore pressure created in the undrained
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situation in the type L osteon is, using Eq. (4.22), given by p  = - BZTZZ; thus, from Table 

4.3 (a), p  = - 0.03 7TZZ in the case when the bone matrix is isotropic and p  = - 0.028TZZ in 

the case when the bone matrix is orthotropic. Two aspects o f these results are interesting. 

First the pore pressure p  developed in the case o f an isotropic matrix material is 1.32 

times that developed in the case o f orthotropic matrix material. The orthotropic material 

symmetry in the matrix material effectively shields the pore fluid from the stress in the 

solid matrix better than the isotropic material symmetry. The pore pressure in the 

isotropic case is 3.7% of the axial solid matrix stress and the pore pressure in the 

orthotropic case is 2.8% of the axial solid matrix stress. However for the type T osteon, 

from Table 4.3 (b), p  -  0.068TZZ in the case for the orthotropic bone matrix and p  = 

0.070TZZ in the case for the isotropic bone matrix. The pore pressure p  developed in the 

case when the bone matrix is isotropic for type T osteon is almost equal to that in the case 

when the bone matrix is orthotropic. For the type A osteon, from Table 4.3 (c), p  = 

0.048TZZ in the case for the orthotropic bone matrix and p  = 0.054TZZ in the case for the 

isotropic bone matrix. The pore pressure p  developed in the case o f an isotropic matrix 

material is 1.13 times that developed in the case o f orthotropic matrix material. The 

previous estimate (Zhang et al., 1998) o f the Skempton coefficient tensor for bone tissue 

at the lacunar-canalicular level was based on the assumption that pore shape and
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distribution were characterized by isotropy as well as the material symmetry o f the matrix 

material. In this case Br - B e = B z -  B/3 and the B was estimated to be 0.4 (Zhang et al., 

1998) for the same lacunar-canalicular porosity that is the present subject o f discussion. 

For the type L osteon, the value o f B for the isotropic matrix material with ellipsoidal 

cavities is estimated as 0.380 and that for the orthotropic matrix material is 0.4, which are 

close to the estimation of Zhang et al. (1998).

Nemat-Nasser et al. (1982) compared the effective moduli in the periodic 

distribution assumption to the Hashin and Shtrikman bounds. The bulk modulus o f a 

medium with spherical cavities, if  the shape o f lacuna is assumed spherical, in the 

periodic distribution assumption overshoots the upper bound of Hashin and Shtrikman 

(1963) by about 1%. They explained that it may be the truncation error of Eq. (4.7). Eq. 

(4.7) was summed for the variable £ from -50 to 50, except when £ is zero, because 

the sum to ± 40 provides an answer only 0.7% less than that to ± 50.

The estimated anisotropic poroelastic constants will provide a set o f data to 

develop the more accurate anisotropic poroelastic model than isotropic poroelastic 

models (Manfredini et al. 1999; Smit et al. 2002; Wang et al. 1999; Zhang et al. 1994, 

1996).
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Table 4.1(a). The estimated undrained and drained elastic constants o f the type L osteon

for the case when the bone matrix is isotropic and the case when it is orthotropic

The undrained elastic constants The drained elastic constants
Bone matrix is 

isotropic
Bone matrix is 

orthotropic
Bone matrix is 

isotropic
Bone matrix is 

orthotropic

E " 16.174 E\ 14.120 E f 15.579 Ef 13.551

E u2 17.371 E\ 17.118 Fd 17.324 FdEj 2 17.073

El 17.927 Fu 21.571 E d3 17.914 E* 21.559

Vu 0.298 Vn 0.326 < 0.277 v dV\2 0.304

<3 0.279 <3 0.220 < 0.264 0.207

v2“, 0.320 0.396 V21 0.308 < 0.383

2̂3 0.295 0.240 v d23 0.293 < 0.238

v3“i 0.310 0.336 < 0.304 < 0.330

vll 0.305 ^2 0.303 0.303 v d32 0.301

/-id. s~iu 
^12 — 12 6.927

/ - id  /~iu
i ln — C_Tj2

6.623
/ - id  /~iu 
^12 ”  12 6.927

f i d  _  ( f u  
12 ~ 12 6.623

/ - id  f i i i
1̂3 " 13 6.942

G d = G u13 13 6.558
Gd = Gu13 13 6.942

/< d  / i n
13 — 13 6.558

*3II
y.R

7.043

II
773
O

7.869
/ i d  ___ / i u
CJ23 ”  2̂3

7.043
Gd = Guu 23 u 23 7.869
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Table 4.1(b). The estimated undrained and drained elastic constants of the type T osteon

for the case when the bone matrix is isotropic and the case when it is orthotropic

T h e  u n d ra in e d  elastic  co n stan ts T h e  d ra in e d  e lastic  co n stan ts

Bone matrix is 

iso tro p ic

Bone matrix is 

o rth o tro p ic

Bone matrix is 

iso tro p ic

Bone matrix is 

o rth o tro p ic

E \ 16.174 E vx 14.120 p d
\ 15.579 E f 13.551

E l 17.928 E \ 21.571 E l 17.914 E l 21.559

E l 17.371 E l 17.118 E l 17.324 Fd 17.073

v£ 0.279 < 2 0 . 2 2 0 < 0.264 <2 0.207

<3 0.298 < 3 0.326 < 3 0.277 < 0.304

0.310 v lx 0.336 0.304 < 0.330

0.305 V * 0.302 * 4 0.303 < 0.301

V31 0.320 V * 0.396 0.308 < 0.383

0.295 v “2 0.240 ^2 0.293 < 0.238

12 ”  12 6.942
(-id (-1U 

12 _  12 6.558
f~l(l S~1U
i l l2 ”

6.942
G d -  Gu 

12 U 12 6.558

( j 13 -  Cj 13
6.927

f~>d _
13 ~  13 6.623

/" id  s-% U
Ur13 — G |3

6.927
G d — Gu13 ~ 13 6.623

s~id s~*u
^23 ”  23 7.042

r ' d  _  /-in 
^23 ~ ^23 7.869

G d -  GuU23 ~ 23 7.042
G i = G l ,

7.869

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79

Table 4.1(c). The estimated undrained and drained elastic constants of the type A osteon

for the case when the bone matrix is isotropic and the case when it is orthotropic

The undrained elastic constants The drained elastic constants
Bone m atrix  is

isotropic

Bone m atrix is 

orthotropic
Bone m atrix is 

isotropic
Bone m atrix is 

orthotropic

K 16.174 Et 14.120 E? 15.579 E f 13.551

e u2 18.070 Fu 19.626 E t 18.040 Fd 19.597

Et 18.070 Et 19.626 E t 18.040 Et 19.597

0.289 vn 0.273 v l 0.271 < 0.256

Vn 0.289 v;3 0.273 < 0.271 < 0.256

Vn 0.322 v2, 0.380 v21 0.314 < 0.370

v23 0.283 v* 0.247 < 0.281 < 0.245

Vm 0.322 Vm 0.380 vtx 0.314 < 0.370

v3“2 0.283 Vm 0.247 < 0.281 V32 0.245

/-'d _ r~-u(j n — Cj12
6.934

s~<d s~iu 
12 “  12 6.590

s~id s~<U 
12 ”  12 6.934

rzd — rzu 12 _ 12 6.590

/-id
13 “  13 6.934

G d -  G u13 ~ 13 6.590
rzd — r;«13 _ 13 6.934

/~id s~iu
13 “  13 6.590

G d -  G u— or23
6.786

G d = G Uy-r23 23 7.526
(2d _ f l ’t 5jr23 — 5_r23

6.786
s~*d s~xu 
^23 — ^23 7.526
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Table 4.2. Two estimates o f the poroelastic constants assuming the lacunae are ellipsoids 

and the bone matrix material is isotropic. The estimate on the left side o f the table is 

based on the periodic distribution assumption and that on the right side is based on the 

dilute distribution assumption, for type L osteon.

The periodic distribution The dilute distribution
undrained drained undrained drained

E dx 16.174 Ed 15.579 E dx 15.769 Ef 14.968

E d2 17.371 E d 17.324 E d2 17.246 E l 17.202

E t 17.927 E d 17.914 FdXV 3 17.799 E l 17.784

< 0.298 < 0.277 < 0.297 v dn 0.271

< 0.279 < 0.264 < 0.278 <3 0.258

< 0.320 K 0.308 < 0.324 < 0.311

vi 0.295 0.293 < 0.295 0.293

< 0.310 < 0.304 < 0.313 < 0.306

< 0.305 v d32 0.303 v d32 0.304 0.302

G dn = G ; 2
6.927

s~id s-iU 
^12 ” 12 6.927

S~1 d  s~vuCj12 — vJ12
6.932

fid _ (1« 
12 ~ 12 6.932

s~*d r~>u 
( j i 3  — Cr13

6.942
G,i=Gr3

6.942 13 “  13 6.945
G -= G -

6.945

s~id
23 ” 23 7.043

G i  = G “3
7.043

ij23 “” -̂̂ 93
7.040

/ ^ d  r~ru 
23 “  23 7.040
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Table 4.3(a). The estimated Biot effective coefficient A and the estimated Skempton
A

coefficient B in the case where the collagen fibers are oriented in the longitudinal 

direction (type L osteon). The subscript r ,9 ,  and 2 indicate the radial direction, the 

circumferential direction, and the longitudinal direction, respectively.

When the bone matrix is 

orthotropic

When the bone matrix is 

isotropic

The Biot effective 

coefficient A

A r 0.206 0.207

A , 0.149 0.139

A z 0.133 0.126

The Skempton 

compliance

A

difference tensor B

B, 0.302 0.273

A

B, 0.068 0.070

0.028 0.037
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Table 4.3 (b). The estimated Biot effective coefficient A and the estimated Skempton 

coefficient B in the case where the collagen fibers are oriented in the transverse 

direction (type T osteon). The subscript r ,0 ,  and z  indicate the radial direction, the 

circumferential direction, and the longitudinal direction, respectively.

When the bone matrix is 

orthotropic

When the bone matrix is 

isotropic

The Biot effective 

coefficient A

A, 0.206 0.207

Ae 0.133 0.126

A, 0.149 0.139

The Skempton 

compliance

difference tensor B

B„ 0.302 0.273

B, 0.028 0.037

Bz 0.068 0.070
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Table 4.3(c). The estimated Biot effective coefficient A and the estimated Skempton 

coefficient B in the case where the collagen fibers are oriented in the transverse 

direction (type A osteon). The subscript r ,6 ,  and z  indicate the radial direction, the 

circumferential direction, and the longitudinal direction, respectively.

When the bone matrix is 

orthotropic

When the bone matrix is 

isotropic

The Biot effective 

coefficient A

A, 0.206 0.207

A

A, 0.141 0.133

a 2 0.141 0.133

The Skempton 

compliance 

difference tensor B

B, 0.302 0.273

% 0.048 0.054

B. 0.048 0.054
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Figure 4.1. The unit of the periodic distribution assumption.

If  the i direction is in the y 
direction, i becomes y

If the i direction is in the x
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Chapter 5

Estimation of the effective transversely isotropic elastic 

constants of a material from known values of the material’s 

orthotropic elastic constants

Abstract

A method is illustrated for determining the effective transversely isotropic (or 

isotropic) elastic constants from measured orthotropic elastic constants. This method 

consists o f constructing upper and lower bounds on the effective transversely isotropic 

(or isotropic) elastic constants using the known orthotropic values. This method is 

illustrated using three sets of elastic constants for bone. Fortunately, the upper and lower 

bounds are very close. Thus very good approximations for the effective transversely 

isotropic (or isotropic) elastic constants for cortical and cancellous bone are obtained 

from previously published data on the orthotropic elastic constants for those tissue types. 

This work is undertaken to build a greater database for the transversely isotropic elastic 

constants of bone with the intention o f employing them in a transversely isotropic model 

of bone poroelasticity. An interesting aspect of the present result is that the Voigt and 

Reuss bounds are very tight for these anisotropic materials. This is not always the case 

for these bounds.

* Chapter 5 was published in the Journal: Biomechan. Model. Mechanobiol 1 (2002) 83- 

93
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5.1 Introduction

The type of material symmetry possessed by bone tissue is often ambiguous. Within 

the accuracy we have to measure the elastic constants of bone, a given specimen may be 

well represented as, say, orthotropic. However, the orthotropy may not be of high degree 

in all directions and the specimen may be represented, for all practical purposes, as 

transversely isotropic or, even, isotropic. The question addressed, and rigorously 

answered, in this work is the following: Given a set of orthotropic elastic constants for a 

specific specimen, what bounds do these elastic constants impose on the effective 

transversely isotropic and the effective isotropic elastic constants o f that specimen? In the 

cases considered thus far for bone, the bounds have been so tight that the effective values 

o f the elastic constants of the higher symmetries have been determined from those of the 

lower symmetry, as will be illustrated below.

This work is undertaken to build a greater database for the transversely isotropic 

elastic constants of bone. The longer-term project is to assemble the numerical values of 

parameters for a transversely isotropic model o f bone poroelasticity. A set of numerical 

values o f parameters for an isotropic model o f bone poroelasticity is given by Cowin 

(1999) and Smit et al. (2002).

5.2 A generalized H ill inequality

Hill (1952; 1963) constructed bounds on the effective isotropic elastic coefficients o f 

a material with triclinic symmetry using energy theorems from classical elasticity and the 

uniform strain and uniform stress bounds of Voigt (1928) and Reuss (1929). It is possible
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to extend Hill’s results and construct bounds on the effective elastic constants of a 

material with any anisotropy in terms of triclinic symmetry elastic coefficients (Cowin et 

al. 1999). As in the case o f the bounds found by Hill (1952), it is possible to specialize 

the triclinic symmetry coefficients appearing in the bounds to those of a greater 

symmetry. Specific bounds were given by Cowin et al. (1999) for the effective elastic 

coefficients o f cubic, hexagonal (transversely isotropic), tetragonal and trigonal 

symmetries in terms of the elastic coefficients o f triclinic symmetry. In this work, the 

elastic coefficients of triclinic symmetry are replaced by these of orthotropic symmetry.

The anisotropic form of Hooke's law is often written in indicial notation as 

77 = CijkmEkm where the CjJkm are the components of the elasticity tensor in three

dimensions, 77 represents the stress tensor and Ekm the strain tensor. Written as a linear

A A
transformation in six dimensions, Hooke's law has the representation T = cE given by

ri n cn C12 C13 4 l c u V2cls sf2cl6
‘  Eu

T22 cn C22 C23 ■\/2c24 V2c25 V2 c26 E22

C, 3 c23 C33 V2c34 a/2c35 V2c36 E33

V2c14 V2c24 V2c34 C44 C45 4̂6 V2E23

42Tn 42cxs V2c25 V2c35 C45 c55 C56 V2£,3

_~j2Ta _ _V2c16 V2c26 V2c36 C46 5̂6 6̂6 .
p J lE n

The matrix c is a matrix of elastic coefficients and its inverse s , E = sT , s = c-1 is a 

compliance matrix. The symmetric matrices c and s can be shown to represent the 

matrices o f components o f second-rank tensors in a 6-dimensional space (Cowin and 

Mehrabadi 1995; Mehrabadi and Cowin 1990). The eigenvalues o f the matrix c (s )  are 

the six numbers A  (1M) satisfying the equation

(c -  A1)N = 0 ( (s — (1 / A )i)N  = 0 ), (5.2)
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where the vectors N represent the normalized eigenvectors of c (or s ). Since c (or s)

is positive definite, it has six positive real eigenvalues. These eigenvalues are called the

Kelvin moduli and are denoted by A p i = l , ..., 6, and are ordered by the inequalities

A 6 > 0. The elastic constants that are not eigenvalues are called elasticity distributors.

A

The elasticity distributors specify the ratios o f the components for the eigenvectors N . 

Geometrically they represent the ratio of relative extensions in perpendicular directions 

and/or the amount o f shear in an eigenmode; their role is analogous to those of the 

Poisson’s ratios, but they are not related to Poisson’s ratios (Cowin and Mehrabadi 1995; 

Mehrabadi and Cowin 1990).

The results o f the preceding paragraphs show that there exist six eigentensors of 

stress, denoted by T (V k= in the 6-dimensional space, and six eigentensors of strain, 

denoted by E (V , k= i,...,6, respectively, which are related by the six equations

T = A*E(i), k = \,..., 6 . (5.3)

It follows that c and s have the representations

c = <g> Nw , s = N(i) <S> N(i), (5.4)
k=1 k=1 ^ k

and that the strain energy E  may be expressed as

li = | E rcE = | T 7’ s T . (5.5)

A result based on the stress-strain relation, T = c E , is easily converted to a result based 

on the strain-stress relation, E = s T , simply by interchanging T and E and c and s ,

respectively. Thus, results for stress states or strain states are obtained simply by

A A A

interchanging the following terms: T  and E , c and s , and A t and \ /A x.
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To summarize briefly the development of the generalized Hill bounds, we follow

Hill (1963) and note that the average strain energy in any region can be calculated from

the assumption of a constant average stress (Reuss, 1929) or from the assumption of a

*  Aconstant average strain (Voigt, 1928). Hence, for the prescribed (constant) strain E , and

A  Athe prescribed (constant) stress T , the average strain energy has the dual representation

2LA = E A-ceffE A = T A , (5.6)

where the definitions o f effective elastic constants ce# and s ^  have been employed,

T a = ceffE A, E A = i effJ A . (5.7)

Now, still following Hill (1963), the principles o f minimum potential energy and 

minimum complementary energy are employed to show that

Ea • ceJf’GrpE A < E A • cv’GrpE A and t A • seff’GrpT A < f A • S ^ T 1, (5.8)

where V and R stand for Voigt and Reuss and where we have introduced the superscript

Grp on ceff, %eff to emphasize that the material symmetry groups o f cv , sR, ceff and

seff must be the same. The various symmetry groups (Grp) are denoted by Iso(tropic), 

Cub(ic), Hex(agonal), Tri(gonal), Tet(ragonal), Ort(hotropic), Mon(oclinic) and T(riclinic) 

so Grp stands for any one o f these. The result (5.8) must hold for each eigenmode thus:

A eff&p < A Vfirp -1 < _ 1  f0r k = 1, ..., 6. (5.9)
A A

The two inequalities in (5.9) may be combined in the final result,

A kR,Grp < k f ' Grp < A kv,Grp, for k  = l, 6. (5.10)

We refer to the inequalities (5.10) on the eigenvalues as the generalized Hill inequalities.

5.3 Outline o f the calculations! procedure
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Two sets of orthotropic elastic constants for cortical bone (from Ashman et al. 1984; 

van Buskirk et a l l 981) are shown in Table 5.1. These elastic constants are employed to 

bound and approximate effective transversely isotropic elastic constants for the same 

material. We present this process as a step-by-step procedure.

(1) Transversely isotropic bounds on orthotropk data 

Step 1.

The compliance matrix with given orthotropic data is constructed,

ZOrt
h i 12

;O r t
13 0 0 0

jO r t
■02

jO r t
*22

S O n  
*23 0 0 0

jO r t
h 3

jO r t
23

Z,Ort
*33 0 0 0

0 0 0
jO r f

44 0 0

0 0 0 0
;O r t

0

0 0 0 0 0
%On
* 66

(5.11)

where

calculated as

*Ort 1 fO r t 
,  ^22

1
~ e 2

-O r t
,  J 33

1
~ e 3

fO r t  _  
,  *J|2 —

SOrt _ ^ 2 3 1 v°rt -
1

*23 ~ ~ e 2
5 15 44

2G23 ’
55 ~ 2G13

compliance matrix (5.11), c0ri =  (s°rt r .

~r°rtvn r ° rt
12

r ° rt
13 0 0 0

*Ort
V12

-O r t
*'22

-O r t
23 0 0 0

c°n =
r ° r>

13

0

-O r t
'-23

0

-O r t
33

0
0

r 0rl
44

0
0

0
0

0 0 0 0 -O r t
55 0

_ 0 0 0 0 0 r ° n66

£,

ZOr* -  ? A66 “ 2GU

(5.13)

Step 2.
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In this step we construct the upper and lower bounds on the effective transversely 

isotropic elastic constants. The effective elasticity matrix of hexagonal or transversely 

isotropic symmetry, with the 3 direction as the unique direction and the 1 -2 plane as the 

plane of isotropy, is

- e f f  f l e x

- e f f f l e x
Hi

- e f f  f l e x  
12

- e f f  f l e x  
13 0 0 0

- ,e f f f l e x  
v 12

^ e f f f l e x
Hi

- e f f  f l e x  
13 0 0 0

- e f f  f l e x  
13

- e f f  f l e x  
13

^ e f f f l e x
33 0 0 0

0 0 0
- e f f  f l e x  

v 44 0 0

0 0 0 0 - e f f  f l e x  
44 0

0 0 0 0 0
- e f f  f l e x  -
Hi  H

e f f ,H ex 
12

(5.14)

Hexagonal (or transversely isotropic) symmetry has four distinct eigenvalues and a single 

distributor, the angle a . The definition o f distributor a  for elasticity matrix cejl'Hex and 

compliance matrix $cff’Hex is (See Cowin et al., 1999)

(aHex - L SHex _ ZMex\
.... V H l  +  lS12 33

/  * H ex . * H ex _  * H e x \  /  * H ex , ^ H e x  % H ex'

tan 2 a  ̂  = ~L2.„ 33 J {or tan2a*
Hex
13 2y/2s”a

and the effective distributor a eff is selected to satisfy the inequality

tan 2a R < tan 2a eff < tan2a^ .

■ ) , (5.15)

(5.16)

The following inequality is obtained by substituting equation (5.15) into equation (5.16),

(5.17)
t H ex _i_ Z H ex  _  f ^ e f f f l e x  , ^ e f f f l e x  _  - e f f  f l e x  - Hex , -H e x  _  -H e x

11 ^ ^ 1 2  33 <  H i  ~l~ L 12_________  33 <  Hi T t12 v 3312
'.H ex

2 J 2 .0
Hex
132yf2c*{’‘

The generalized Hill inequality (5.10) requires that the four distinct eigenvalues of 

the hexagonal symmetry satisfy the following inequalities (See Cowin et al. 1999, 

especially equations (29) and (30) and section 6),

A R .H ex <  A ef f f l e x  <  k V  f l e x
7 V (1) — 7 i ( l )  “  7V (1) ’

A  R M ex <  A e f f  f l e x  <  a  V f l e x
(3 ,6 ) -  (3 ,6 ) -  (3 ,6 ) ’

A R f l e x  ^  a  e f f  f l e x  ^  k V f l e x
( 2 )  ~  (2) -  (2) ’

A R f l e x  <  a  f f f ,H e x  <  x V f l e x
(4 ,5 ) -  (4 ,5 ) ~  (4 ,5 )

(5.18)
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We now seek expressions for the eigenvalues that are bounded in equation (5.18). The 

eigenvalues for Reuss (lower) bound are expressed in terms of s Hex by

2
A R ,H ex

(i)
+ S % x  +  S % x  ) + y j $ ( s % x ) 2 + ( s ? e x  ' " H e x  *Ha^+ SHex- S Hex\  Jn ^  A2 33 )

A R ,H ex
( 2)

j ^ R ,H e x   _______ 1_______  ^  R ,H ex  __
-  A

(3 .6 ) i / f e t  _  j H e i  ’ (4 ,5 )
A l  A12

; Hex
44

and eigenvalues for Voigt (upper) bound are expressed in terms o f c “ by

a V ,H ex _
(£,r + + ££“ ) +

(5. 19)

A ( 2 )

A  P ,tfex  _  'H e x  _  'H o t  a F , / f e  _  'H e x
(3 ,6 ) — C 11 12 ’ (4 ,5 ) — 44 ■ (5.20)

Substituting equations (5.19) and (5.20) into inequalities into equation (5.18) establishes 

four distinct inequalities that the hexagonal elasticity and compliance components must 

satisfy. The hexagonal elasticity components cHex and compliance components sHex in the 

upper and lower bounds of (5.18) are replaced by the orthotropic elasticity components 

c°r! and the orthotropic compliance components s°rt, respectively, using

'H e x  _  J _  /  <3 ' O n  J  'O H  -2 ' O n  ~  ' O n  x
~  8  12 22 “ ^ 6 6  )  3

'  Hex _  } _ ( 'O r t  r ' O r t  'O r t  _  j  'O r t x
12 ~  o  W l l  +  22 66 )  ’o
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-H e x
13

—  2 . 6  f  Ort

2  13

- H e x
33

—-  *>33 5

"-Hex
44

_  ^ f  O'-/ 

~  2

23

(5.21)

and

C  = 4 ( 3 ^  +25“  + 3 c J  + 2 0 ,

~/fet  _  1 / -Ort  -O rt "Ort _  o - O r t x  
12 — g  V 11 T  u t 12 T  22 66 /  5

-H e x  _  J _ / - O r t  " O r tx  
13 2 1 I3 +  23 1 ’

*//e*   *0/
33 “  33 ’

C = | ( C + 4 " ) -  <5-22)

These relations were obtained by averaging the orthotropic elastic constants over all 

orientations permitted by hexagonal symmetry (see Cowin and Mehrabadi 1995; Cowin 

et al 1999; Hearmon 1946,1948, 1961).

Then five inequalities from four distinct eigenvalues and one distributor are

v ° rt j_ O v ° rt j_ Z 0 r i _  0  v ° rt Z sf f* H ex 4- n ef f * H ex _  W f f t f e x  *O rt n  *O rl ~O rt __ o  *O rt
S n  +  ^ S n  ~r *>22 Z S 33 ^ C U  C 12________ C33 ^  C \ \  +  ^ C \2  +  C Z2 ^ 3 3  (5 23)

2^f2(s°rl+s%‘) ~ 2 - j 2 c f Ha ~ 2-j2(c°« + c% ) ’

+ ^22 + 2 ^ '  + 2 ^  + 2>/2(s°* + s°")sec(2aR)

^  cfx 'Hex + c jf ■ +  c‘f " “  + 2-j2cf(’Hexsec{2aeff)
-  (y.24)
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^ giT + + 2cff + 2c°? + 2^2  (eff + c ^ ) s e c (2 a R)

Su + S 22 + 2Sn + 2^3 -  2^ 2 ( C  + O fe c (2 a * )

^ c ,f ’to  + c ,f  + cei ' Hex -  2y f2 cllHexsec(2aeff)
— "  (5.25)

< eff + eff + 2cff + 2eg* -  2V2(c^ + c2°3rt)^ c (2 a t/)

-o« -o« _ ~ -Ort ^ -Ort
**11 ^  °22  ^ 1 2  66

< eff’te  -  eff’ < - (e f f  + eff -  2cff + 2c6° f) , (5.26)

and,

_ 2 ^ i . , „ „ £ i ( . „ , , + a „r, ) ( J 2 7 )

4̂4 + *55 2

Equation (5.23) is obtained from (5.17) by substituting (5.21) and (5.22) into (5.17); 

equations (5.24) though (5.27) are obtained from the four inequalities (5.18) by 

substituting (5.19) and (5.20) into (5.18) and then (5.21) and (5.22) into the resulting

equations. Five upper bound elasticity components, cf{’Hex+, cff,/fa+, cf('Hex+, c f ( ’Hex+, and

£%Mex+ (lower bound elasticity components, cfx'Hex~ , cf2 Mex- , £e£ ’Hex~ , c;{’Hex~ , and 

ce$ ,Hex~) are obtained from inequalities (5.23) through (5.27) by setting the bounded term

equal to its upper bound (lower bound) and solving the resulting equations. Solutions o f 

these equations provide the greatest (least) values for each component o f the hexagonal 

elasticity matrix. The mean values o f upper bounds and lower bounds of each component,
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ce/{'Hex'm, c ^ Hex'm ,c fi 'Hex'm , c f Hex'm, and cfA’Hex'm are obtained by summing the upper and 

lower bounds and dividing by two.

Step 3.

First, from (5.14), the inverse o f the effective upper bound elasticity matrix for

x+ •
€  IS

' e f f f l e x +  _

'e f f f l e x +
*11

'e f f f l e x +  
*12

f .e f f f l e x + 
*13 0 0 0

i f f  f l e x + 
*12

'e f f f l e x +
*11

'e f f ,H e x +
*13 0 0 0

' e f f f l e x +
*13

Z e f f f le x +
*13

'e f f ' f l e x *  
*33 0 0 0

0 0 0
' e f f f l e x +
* 4 4 0 0

0 0 0 0
'e f f f l e x +
* 44 0

0 0 0 0 0
' e f f f l e x +
■hi 151

£<f f f l e x +  
12

(5.28)

and each component of this matrix is converted to an equivalent effective elastic constant

by

f  e f f  f l e x  _  r ,  e f f  f l e x  _  1  r? e f f  f l e x  1  f ,  e f f  f l e x   1

1 2  ' e f f f l e x  ’  3 ; e f f f l e x  ’  12 ; e f f f l e x
Sll

' e f f f l e x  
33

§ f l e x

' e f f f l e x  _  j e f f f l e x  ’an a12

S e f f f l e x
f  e f f  f l e x  _  f t e f f f l e x  _ _  1  e f f f l e x  S \2  v e f f  f l e x  ^ 1 3  . . e f f f l e x  _  ^ 2 1

^  23 TIp y  9 12 Pepff Upy 9 13 P'pfT 9 1

e ff,H ex

' e f f f l e x

' e f f f l e x  3 12
44

' e f f f l e x  3 13 e f f f l e x  3 K21 j .e f f f l e x  
22

_  31
31 ' e f f f l e x

e ff,H ex  _  S 23
9 * 2 3

e f f ,H ex * e f f , Hex

' e f f f l e x  3 V 32 
22

_ j 32
33

' e f f f l e x  
*  33

(5.29)

In the similar way the lower bound is changed into the effective elastic constants.

The mean of the upper bounds and lower bounds ceff'H,iX'm is then easy to determine in 

terms o f the effective elastic constants. The effective elastic constants for bone based on 

the orthotropic data sets in Table 5.1 (from Ashman et al 1984; van Buskirk et a l l 981), 

are shown in Tables 5.2 and 5.3.
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Example

The orthotropic data set o f Ashman et al. (1984), shown in Table 5.1, is used to 

calculate effective hexagonal elastic constants.

1.

Construct the orthotropic compliance matrix (5.11) using equation (5.12) and the 

data from Table 5.1, thus

=

0.083 -0.031 -0.019 0 0 0
-0.031 0.075 -0.018 0 0 0

-0.019 -0.018 0.05 0 0 0
0 0 0 0.08 0 0
0 0 0 0 0.089 0
0 0 0 0 0 0.11

where each component has the dimensions of (Pa)'1.The elasticity matrix is the inverse of 

the above matrix and has the dimensions of Pa,

c0ri =

18.02 9.973 10.171 0 0 0
9.973 20.12 10.745 0 0 0

10.171 10.745 27.533 0 0 0

0 0 0 12.46 0 0
0 0 0 0 11.22 0

0 0 0 0 0 9.06

Step 2.

When the data from Table 5.1 are substituted into equations (5.23) through (5.27), 

one obtains the following inequalities for the components o f ceff'Ha:

~ e ff,H e x  ~ e f f ,H e x  _  ~ e f f ,H ex  
h i __________ 12_________  330.048 <  M.--------Ji-----< 0.051,

2 4 i c f Ha
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42.978 <
c ff" “  + c g Ma + cf{Mex + l 4 l c l f 'Hex sec(2a„# )

<43.097,

13.459 <
^ e f f f l e x  ^  ~ e f f ,H ex  ^  £eff,H ex _  ^ - t f V t a  s e C ( 2 a e# . )
C lT ’ +  C12 ’ +  C33 <13.479,

9.059 < c f fMex -  e f f Hex < 9.079,

11.808 < c f ,Hcx <11.84.

The matrices for upper bound, lower bound, and the mean ( c ) are

\e ff,H ex ,m  __

19.026 9.957 10.441 0 0 0
9.957 19.026 10.441 0 0 0
10.441 10.441 27.524 0 0 0

0 0 0 11.824 0 0

0 0 0 0 11.824 0
0 0 0 0 0 9.069

and both ceJ}'Mex& mid ceff,Hex~ may be calculated in the same way.

Step 3.

The effective transversely isotropic compliance matrix is obtained by inverting 

the above elasticity matrix, ceff’Hex,m, thus

* e ff,H ex ,m  _

0.079 -0.031 -0.018 0 0 0
-0.031 0.079 -0.018 0 0 0
-0.018 -0.018 0.05 0 0 0

0 0 0 0.085 0 0
0 0 0 0 0.085 0
0 0 0 0 0 0.11
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where both $eff-Hex+ and seff'Hex~ are calculated as described above. The effective 

transversely isotropic elastic constants from seff’Hex+, seff'Hex~, and seffMex,m are determined 

by equation (5.29) and shown in Table 5.2.

(2) Isotropy

The effective isotropic elastic constants are determined using a similar step-by- 

step procedure. Isotropic symmetry is characterized by two distinct eigenvalues and no 

distributor. Thus there are two inequalities to satisfy. The data sets o f the calculated 

effective isotropic elastic constants are summarized in Tables 5.4 and 5.5. See Cowin et 

al. (1999) and Yang et al. (1999) for detailed explanations of the associated eigenvalues, 

eigenvectors and bounds for isotropy.

5.4 Application o f the method when the elastic constants data depend on 

com position

The method in the previous section is applicable to compositionally dependent 

materials. The volume fraction dependent orthotropic elastic cancellous bone data set 

from Yang et al.(1999), valid for 0.05<<j)<0.35, is given by

El = 528.8Erf132, E 2 = 885E rf1*9 , E3 = 1 2 4 0 £ / '80 

2G12 = 5 33.3Erf20\  2Gj3 = 633.3E r f'91, 2G23 = 9 7 2 .6 £ / 98, 

v21 =0.256^°'°9, v12 =0.153^“°°5, v31 = 0 .3 1 6 ^ °19, 

v13 =0.135^"ao7, v32 =0.176^“°25, v23 =0.125 f 0Ab. (5.30)
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Note that the 1 and 3 coordinate directions of Yang et al. (1999) are interchanged. The 

dependence o f the elastic constants on the volume fraction 0 makes the conversion to 

transverse isotropy (or isotropy) more complicated. In order to reduce these analysis to be 

o f the same type as the one described above, seven discrete values o f the volume fraction 

(0 =  0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35) are selected and substituted into equation (5.30). 

There are then seven sets o f the elastic constants (5.30), one for each value of the volume 

fraction from 0.05 to 0.35 in increments o f 0.05. The method in the previous section is 

then applied for each elastic constant on each value o f the volume fraction and the 

associated values of the constants for transverse isotropy (or isotropy) are obtained. A 

regression against volume fraction for each elastic constant is then accomplished using 

Statistical software (SPSS 10.1 for Windows). The squared correlation coefficients (R2)

•j
are found to be greater than 0.99 (R >0.99). The compositionally dependent effective 

transversely isotropic and isotropic elastic constants o f cancellous bone obtained are 

listed in Tables 5.6 and 5.7.

5.5 Discussion

A method of bounding the values o f the transversely isotropic and isotropic elastic 

constants of a material using the values of orthotropic elastic constants o f the same 

material was presented. In this study, two compact bone and one compositionally 

dependent cancellous bone orthotropic data sets were considered.

The bounds on the effective transversely isotropic and isotropic elastic constants 

obtained from orthotropic elastic constants for compact bone are very tight, and the 

means of the bounds give a very good approximation to the value o f the constant. The
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results for cancellous bone contained a several inconsistency. Unhappily, the lower

bounds in Table 5.6 for E3 , v13(= v23) and v31(= v32) are slightly greater than the

1 Rassociated upper bounds. For E3, the lower bound is 1243.61 ^ ' while the upper bound

1 O I Q

is 1242.82^ ’ , 0.79 (j)' smaller. If one makes the lower and upper bounds equal in this 

case, taking their value to be the average o f the upper and lower bounds, then E3 =

1243.215^'8 inducing an error of 0.03% with respect to the bounds. This error is 

negligible compared to the potential errors in the experimental and calculational 

procedures for determining these particular elastic constants. The errors are larger in the 

case o f Poisson’s ratio, v3] (or v32) in Table 5.6. The maximum error in v13(= v23) or

v31(= v32) is 6.2 % if the mean value is taken on the upper bound and lower bound.

Poisson’s ratios are generally prone to more error because they are actually ratios of 

elastic constants carrying the dimension o f stress that carry the basic experimental error 

which is compounded by the calculation o f their ratio. The cancellous bone specimens 

from which these data were obtained were collected from different anatomical locations 

o f 56 individuals. The data were obtained using reconstructive computer programs 

coupled to a two-dimensional scanning technique (Kabel et al., 1999a;b). Exact estimates 

o f the errors in the various steps in the primary determination of these elastic constants 

are not possible retrospectively. It appears, however, that an error o f 6.2% in the value o f 

a Poisson ratio is not inconsistent with the complicated experimental technique employed 

to obtain the basic data and the fact that Poisson’s ratios are ratios o f stress-dimensioned 

elastic constants that carry the basic experimental error.
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Table 5.1. Experimental measured orthotropic cortical bone data o f Ashman et al (1984) 

and van Buskirk et al. (1981)

Ashman, et 

al.

Van Buskirk, 

et al.

Ex [GPa] 12.0 11.6

E2 [GPa] 13.4 14.6

E3 [GPa] 20.0 21.7

G12[GPa] 4.53 5.29

G23 [GPa] 5.61 6.29

G13 [GPa] 6.23 6.99

V 12 0.376 0.302

1̂3 0.222 0.109

2̂3 0.235 0.205

V21 0.422 0.380

3̂1 0.371 0.206

3̂2 0.350 0.307
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Table 5.2. The effective transversely isotropic technical elastic constants calculated from

the orthotropic data of Ashman et al. (1984).

Lower Mean Upper

Ex -  E2 [GPa] 12.662 12.68 12.695

E3 [GPa] 20.001 20.001 20.001

Gn [GPa] 4.53 4.535 4.539

G23=G13[G Pa] 5.904 5.912 5.92

V12~V2\ 0.398 0.398 0.398

v13 = v23 0.228 0.229 0.229

V 31 =  V 32 0.36 0.36 0.36
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Table 5.3. The effective transversely isotropic technical elastic constants calculated from

the orthotropic data o f van Buskirk et al. (1981).

Lower Mean Upper

Ea- E 2 [GPa] 13.307 13.404 13.5

E3 [GPa] 21.892 21.925 21.958

GI2 [GPa] 5.053 5.088 5.122

G23 = G13[ GPa] 6.622 6.631 6.64

N>
II

t? 0.317 0.318 0.318

v n  =  v 23 0.156 0.158 0.16

V 3l =  V 32 0.257 0.259 0.261
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Table 5.4. The effective isotropic technical elastic constants calculated from

orthotropic data of Ashman et al. (1984).

Lower Mean Upper

E  [GPa] 14.228 14.368 14.507

G [GPa] 5.362 5.41 5.457

V 0.327 0.328 0.329
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Table 5.5. The effective transversely isotropic technical elastic constants calculated from

the orthotropic data of van Buskirk et al.(1981).

Lower Mean Upper

E  [GPa] 15.184 15.288 15.491

G [GPa] 6.109 6.150 6.19

V 0.243 0.247 0.251

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 5.6. The effective transversely isotropic technical elastic constants calculated from 

the orthotropic data o f Yang et al. (1999). Note that the values o f the lower bounds of Ei , 

v13 = v23and v31 = v32 are greater than the values o f the upper bounds. This inconsistency is 

considered in the Discussion.

Lower Mean Upper

Ex -  E2 [GPa] 656.422#'96 6 7 0 .6 7 1 /94 685.285^193

£ 3 [GPa] 1243.61 # 80 1243.18^80 1242.82^80

Gl2 [GPa] 273 .9 3 2 ^" 276.673^98 279.59^196

G23 = G13[ GPa] 383.542^1% 392.481^1,96 401 .427^96

V12 = V21 0.206^“° 15 0.219^~°!4 0.233$Ta13

V 1 3 ~  ^ 2 3 0.13 3 ^ 007 0 .1 2 9 ^°07 0 .1 2 4 ^ 08

r-t
sTli> 0.253$T°'22 0 .2 3 9 ^ 22 0.2250"°22
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Table 5.7. The effective isotropic technical elastic constants calculated from the

orthotropic data of Yang et al. (1999)

Lower Mean Upper

E  [GPa] 794.170^97 8 2 2 .3 6 7 /95 851.086^94

G [GPa] 335.617^200 345.540^'" 355.621^198

V 0.190^~°15 0.198$T°!6 0.205f 016
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Future Study

108

The computational anisotropic poroelastic model will be developed by using 

anisotropic elastic constants estimated in this dissertation. Two steps are needed 

before constructing a computational model.

Step 1. Verify the location of different types of osteons

Ascenzi et al. (1987) found that type T osteons tend to be located where the 

cortical bone is thicker and type L osteons are located where the cortical bone is 

thinner, but exact location of different osteons are still unknown. Thus it is necessary 

to verify the location of different types of osteons from the histological section of 

human cortical bone for building a computational anisotropic model of a cortical bone.

Step 2. Estimates of poroelastic constants at the vascular porosity

Only poroelastic constants at the lacunar-canalicular porosity level were 

estimated in Chapter 4. However, if the poroelastic constants at the vascular porosity 

level are estimated, the time needed to build a computational model of a cortical bone 

will be reduced.
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Drained elastic constants at the vascular porosity

The drained poroelastic constants at the vascular porosity are calculated by

employing the explicit form of Eshelby tensor for a cylindrical void, which is derived 

by Suvorov and Dvorak (2002). The Eshelby tensor for a cylindrical void is obtained 

from Hill polarization tensor P as SE = VCM. Components of Hill polarization

tensor P in orthotropic medium, when the cylindrical void is aligned to 3-direction,

are given by (Hill 1965; Suvorov and Dvorak 2002).

P n  ~~ 1 | C 55C 66 ,  +  ( C 22C 55 +  C 44C m )  W2 +  C 22C 44t t 4
^ 1 C 22C 44C <66

^ 1 C22C44C66
( C5 5 (C12 + C6 6 )W2 Ĉ i C\2Jr C6(,)ni )  ^

P = 1 22
^ 1 C 44C 66

■(cucssn2 + (c55c66 + cnc44)«4 + c44c66n6),

P66 =
^ 1 C 22C 44C66

ciic55 j° _l“(cnc44 2c12c55)n2 +(c22c55 2cnc^  ) «4 + c22c44n6

P55=-
^ l C 22C 44C 66 V

C 11C 66 5 "  +  ( C „ C 22 +  4  -  ( C !2 +  C 66 ) 2 )  « 2  +  C 22C 6 6 « 4

^44='
^ 1 C 22C 44C66

^ C l l C 66r t 2 +  ( C 11C 22 +  C 66 ( C 12 +  C 66 ) j H 4 +  C 22C 66H 6 ’

where unknown variables in above equations are defined as

dl = -g(/? + fcg  + P l){p2 + pg + h)(fi, + /?) > 0,

= hfS2p  > 0,

g _  | C11C22 Ci2 +  ^ C6 6 ( ( Ci i C2 2 ) Cn )  Q
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«o = 2(/z/?3 + hp + P3pg)  + p 2(g + p 3) + P ](g  + p )  + hg,  

n2 = ( g  + fi3+ p ) ,

n4 = (hp3+hp + fi3p g ) ,

and

«6 = 2phfi^p + g  + /33) + p \ f i 3s + /?32g + Ag) + J32(ps  + hg) + A2(/?3 + p ) . (6.1)

The following equation for the dilute distribution assumption is used to estimate the 

drained poroelastic constants at the vascular porosity, which is given by

Cd=C“'/( i - ^ ( i - S 2?r 1), (6.2)

^  j  A .

where C is the elasticity tensor for the drained case at the vascular porosity, C"’ 

is the elasticity tensor for the undrained case at the lacunar-canalicular porosity, 1 is 

the identity tensor, <j) is the vascular porosity = 0.04, Cowin 1999), and S£ is 

the Eshelby tensor for the vascular porosity estimated from Hill polarization tensor P . 

Note that the elasticity tensor for the undrained case at the lacunar-canalicular 

porosity (Cai) was used instead of the elasticity tensor of the bone matrix at the 

vascular porosity level in Eq. (6.2) because the relaxation time of vascular porosity is 

several orders higher than that of lacunar-canalicular porosity (Smit et al. 2002). 

Drained elastic constants at the vascular porosity

The undrained poroelastic constants at the vascular porosity are estimated by
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the undrained and drained relation of poroeiasticity theory, which is given by

Su = S d — —Srf-A ® Srf-A, (6.3)

where S" is the compliance tensor for the undrained case, which is the inverse of the 

elasticity tensor for the undrained case (S" =(C")_1), is the compliance tensor for 

the drained case, which is the inverse of the elasticity tensor for the drained case 

(S M C * )-1 ).C eff is the effective compressibility and A is the Biot effective 

coefficient, which were defined in Chapter 4.

The orthotropic poroelastic constants at the vascular porosity for type L 

osteon, type T osteon, and type A osteon are calculated and these orthotropic 

poroelastic constants are converted to transversely isotropic elastic constants by using 

the technique shown in Chapter 5. The results are shown in Tables 6.1, 6.2, and 6.3, 

respectively.
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Table 6.1 The estimated undrained and drained elastic constants o f the type L osteon 

at the vascular porosity level. Both orthotropic and transversely isotropic results are 

shown.

Orthotro jic results Transversely Isotropic results
The undrained 

elastic constants
The drained 

elastic constants
The undrained 

elastic constants
The drained 

elastic constants

e : 13.571 E* 13.553
Fu- F u 1 2 15.781 Fd = Fdx>i 15.765

16.443 E l 16.431

El 20.719 El 20.708 El 20.792 Ei 20.718

y un 0.327 < 0.326

0.327
< - <

0.326

< 0.221 < 0.220

< 0.397 < 0.396

< 3 = ^ 2 3 0.243 < - < 0.242

0.241 < 0.240

< 0.337 < 0.336

0.319 0.318

vh 0.304 v dV 32 0.303

Gn=Gl2
6.354 GU = g ,'2 6.354 g z = <?r2 5.947

/~i<J s~i u 
12 12 5.947

G&=<% 6.294 13 “  13 6.294 _f~ru
13 “  ' “r13

s~id  __f ^ u
23 ”  23

6.923

s~id /~iu 
13 ”  13

s~id __ s-i u
23 “  23

6.923

7.552
r~id s~*u 

23 — 23 7.552

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

Table 6.2 The estimated undrained and drained elastic constants of the type T osteon 

at the vascular porosity level. Both orthotropic and transversely isotropic results are 

shown.

Orthotro sic results Transversely Isotropic results
The undrained 

elastic constants
The drained 

elastic constants
The undrained 

elastic constants
The drained 

elastic constants

e ; 13.572 E l 13.553

e ?=e ; 16.806 J?d  _  j- 'd 16.792

K 20.718 El 20.706

e ; 16.445 El 16.433 e i 16.615 El 16.792

< 0.221 < 0.220

vh -y h 0.285 vn =vh 0.283

<3 0.327 < 0.326

0.303 < 0.302

< 3 - ^ 2 3 0.312 0.311

0.337 v (J23 0.336

0.397 vd31 0.396

0.309 <  = 4 0.308

V“2 0.241 v d32 0.240

s~*d s-iti 
12 "  12 6.293

f~*d __
12 ” 12 6.293

Gd -  Gu 12 “  12 6.542
S~>d s~ill 

12 ~ 12 6.542

6.357
Gd - G v13 13 6.357 13 13 

_ _

' J r 23 ” ^ 2 3

6.954

f - t d  s-yu
13 "" 13

s~id  __f~iu
23 “  23

6.954

7.552
g! = g »23

7.552
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Table 6.3 The estimated undrained and drained elastic constants of the type A osteon 

at the vascular porosity level. Both orthotropic and transversely isotropic results are

shown.

Orthotro jic results Transversely Isotropic results
The undrained 

elastic constants

The drained 

elastic constants

The undrained 
elastic constants

The drained 
elastic constants

El 13.571 % 13.553

E l - E l 15.665 Fd = Fd 1 2 15.645

K 15.971 E dt 15.959

El 15.973 Et 15.961 El 16.324 16.309

Vn 0.274 < 0.273

v i - v i 0.277 vi-v? , 0.276

< 3 0.274 < 0.273

V2“, 0.381 < 0.380

V i-V i 0.280 v i= v i 0.279

Vi 0.248 v d23 0.247

V,", 0.381 v d31 0.380

V3,=vi 0.292 v/rvs' 0.291

Vi 0.248 v d32 0.247

Gd -  Gu 12 — 12 6.323
Gd -  Gu 12 VJ12 6.323

Gd =G" 12 12 6.131 Gu=Gn 6.131

Gd = GU13 13 6.325
/-idG, 3 = G, 3

6.325 13 " 13 

23 “ 23

6.774

/ - i d  /- in
13 “ 13 

23 ” 23

6.774

Gd = G UKJ23 U23
7.222 <&=<?i 7.222
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Appendix

Appendix 1

The orthotropic, transversely isotropic, and isotropic symmetries

In the biological materials, such as a bone, the material symmetry is 

determined by the external loading. If the material is subjected to three distinct 

orthogonal principal stresses, the material will be orthotropic. The transversely 

isotropic symmetry and isotropic symmetry correspond to two distinct principal 

directions and three equal principal stresses, respectively (Cowin and Mehrabadi 

1987; Mehrabadi and Cowin 1990; Mehrabadi et al. 1994; Cowin and Mehrabadi 

1995). Hooke’s law is given by

T = CE, (A l.l)

where the 6-D stress vector T is {TPT2,T3,T4,T5,T6} , the 6-D strain vector E is 

{Ej, E2, E3, E4, Es, E6}, C is the elasticity tensor is given by

C =

(  A A A A A A ^
C l, C 12 C ,3 C ,4 c 15 C ,6* A a A A A

C 12 C 22 C 23 C 24 C2 5 C 26
A A A A A

C 13 C 23 C 33 C 34 C35 C 36
A A A A A A

C J4 C24 c34 c44 C45 C 46
A A A A A A

C15 C 25 c35 C 45 C53 c 56
A A A A A A

C16 C 26 C36 C 46 C36 C6 6 .

(A 1.2)

The orthotropic, transversely isotropic, and isotropic material symmetries are 

determined by the 6-D transformation tensor Q ,
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C' = QrCQ, (A1.3)

where C' is transformed from the elasticity tensor C by the transformation tensor 

Q . Suppose that the transformation elasticity tensor C ' is equivalent to the elasticity 

tensor C , it means that the coordinate transformation tensor Q is possessed by the 

particular type of symmetry. The transformation tensor Q is determined by the 

Euler’s theorem (Beatthy 1966, 1977; Mehrabadi et al, 1994), and is given in six 

dimensions by

Q = 1 + sin #P + (1 -  cos 0)J*2

+ sin 0(1 -  cos 0)(P + P3) ,

+ - ( l - c o s 0 ) 2(P2+ P 4) = ew’ 
6

and the second order tensor P in six dimensions is given by

(A 1.4)

0 0 0 0 V2p 2 - ' f c p i

0 0 0 -a /2p x 0 J 2 p 3

p =
0 0 0 7 2 p x -V 2p 2 0

0 V2 px ~ 4 i p x 0 Ps ~Pi

- y f l  p 2 0 4 i p 2 -P s 0 Pi

_  'fePs V2/73 0 Pi ~P\ 0

The plane of the reflective symmetry R (a) is defined

(A 1.5)

transformation tensor Q and is shown in Table ALL For the orthotropic symmetry, 

three mutually perpendicular planes of symmetry, R (1), R (2), and R (3) (See Table 

A l.l for the reflective symmetry plane) are involved and the elasticity tensor will be 

reduced to
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C°" =

4 c12 4 0 0

r .O

4 4 4 0 0 0

4 c2 3 c33 0 0 0
0 0 0 C44 0 0
0 0 0 0 c55 0

o
/ 0 0 0 0 6̂ 6.

(A1.6)

The transversely isotropic symmetry is obtained from the hexagonal symmetry. Seven 

planes of symmetry, R (1), R<2), R(3), R (m), R (n), R w , and R (/,), are involved. 

The normals to six planes lie in the seventh plane and it becomes the isotropic plane 

of the the transverse isotropy. The elasticity tensor for the transverse isotropy is given

by

C

f  c  '-"11 4 4 0 0 0

4 4 4 0 0 0

4 c 13 c 33 0 0 0

0 0 0 4 0 0

0 0 0 0 4 0

, 0 0 0 0 0 c  - c  '-"11 12 /

(A1.7)

Nine planes of the reflective symmetries R (1), R<2), R (3), R (4), R (5), R(6), R (7), 

R (8), and R (9) characterize cubic symmetry. For isotropic symmetry all planes are 

planes of isotropic. The elasticity tensor for the isotropic symmetry is given by

Cl =

f  c  1̂1 4 c'-12 0 0 0 ^

c'-'12 4 C12 0 0 0
ĉ12 c'-12 Cn 0 0 0

0 0 0 C - C*-11 '-n 0 0

0 0 0 0 c  - c*-11 12 0

, 0 0 0 0 0 c  - C'—11 *-12/

(A1.8)
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Table A 1.1 The relationship between the reflective symmetry plane and the 

transformation tensor

The reflective symmetry plane The transformation tensor

R (1) Q fae ,)

r (2) Q (*,e2)

r (3) Q(*r,e3)

r (4)
a 1

Q(*. ̂ 2" ^

r (5) QO, ~̂ j2 ^  ^

r (6)
1Q(tt, - y = - (e1 +e2))

r (7)
1

Q O r  "^2  ̂ — ®3 ) )

r (8) Q O ^ C , - * ) )

r (9) Q O ^ ^ - e , ) )

r w Q(^,i(e,+V3e2))

R ^ ) Q(^,^(V3e2- e I))

R (m) Q (^ |(V 3e,+ e2))

R ('I) Q (^ “-(V3e,-e2))
2
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A ppendix 2 The disturbance strain

A ,
The disturbance strain, E is generated by the existence of the inclusion. It 

has the relationship with the Eshelby tensor SE and the eigenstrain E* (x) that is the 

uniform strain required for the homogenization,

Erf(x) = S£ -E*(x). (A2.1)

The Hooke’s law for the matrix and the inclusion is given by

fc-E(x) = C-(E° +E</) in M
T(x) = „ . ;  , (A2.2)

|C/ -E(x) = C/ -(E°+E‘/) in Q

where E° is the uniformly prescribed strain at the outer boundary of the RYE. By 

introducing the eigenstrain E*(x), the elasticity tensor of the inclusion on the bottom 

equation of Eq. (A2.2) is replaced by the elasticity tensor of the matrix as

- - fC-(E° + Erf(jc)) in M
T(x) = C-(E(x)-E*(x)) = y  A. . (A2.3)

[C-(E +E (x )-E  (x)) in Q 

This homogenized method is called the “Eshelby equivalent inclusion method” 

(Aboudi 1991). The eigenstrain E*(jc) exists only in the inclusion and the Heaviside

step function H(x; Q) enables the eigenstrain E*(x),which is a function of x ,  to 

be independent on x ,

E*(x) = H(x;Q)E*, (A2.4)

where the Heaviside step function H(x;Q) has the value of 1 in the inclusion Q and 

0 in matrix.

Now we set the Hooke’s law of Eq. (A2.2) and Eq. (A2.3) for the inclusion 

equal. Then the following relation is obtained.

T(x) = C; -{E° + E rf(x)} = C-{E° + Erf(x)- E*(x)}, (A2.5)

and it is simplified as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



120

{E°+Erf(x)} = A; -E‘( j) ,  (A2.6)

by introducing a new variable A 's  (C -C 7)-1-C . The eigenstrain E*(x) and the

disturbance strain E (x) are no longer a function of x . Eq. (A2.6) is rearranged for

E’(x ), or E*, from Eqs. (A2.1) and (A2.4) as

E* = (A/ - S £r 1E°. (A2.7)

Substituting Eq. (A2.7), into Eq. (A2.6) gives

E° + Erf(x) = A7(A7 - S£)~1 E°, (A2.8)

or

E°+E!7= A / (A7- S £r IE0. (A2.9)
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Appendix 3.

The relationship between Voigt notation and K elvin  notation

The traditional notation for the anisotropic Hooke’s law is the representation 

of the fourth rank tensor, which is given in indical notation by

Ty -  CiJkmEkm or Ejj = Sj]imTkm, (A3.1)

where Ttj, Ey , Cjjkm, and Sjjkm are the stress tensor, the strain tensor, the elasticity 

tensor, and the compliance tensor, respectively. Voigt (1910) employed the matrix 

notation as the coefficients of linearity in the relation between stress and strain,

T = cE or E = sT , (A3.2)

where T and E are one-by-six column matrices representing stress and strain, c 

and s are the elasticity matrix and the compliance matrix, respectively. The double 

index notation (or Voigt matrix notation) is important because most of the data on the 

mechanical properties of anisotropic elastic materials are reported in the double index 

notation (Hearmon 1961; Cowin and Mehrabadi 1987, 1989, 1995). The relation 

between the fourth rank tensor involves factors of 1, 2, and 4. The elements in the 

upper left hand 3-by-3 matrix have the proportionality factor one, eg, Snu = sn ; the 

elements in the upper right hand 3-by-3 matrix (and lower left hand 3-by-3 matrix) 

have the proportionality factor two, eg, 2S2m = s41; and the elements in the lower
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right hand 3-by-3 sub matrix have the proportionality factor four, eg, 4Snn = s66 

(Hearmon 1961; Cowin and Mehrabadi, 1987, 1989, 1995). However, for the 

elasticity tensor, no proportionality factors are involved. The proportionality factors 

do not occur between the Kelvin notation (1856) and the Voigt fourth rank tensor. 

Kelvin notation equivalent to Eq. (A3.2) is

T = CE or E = ST, (A3.3)

where the stress vector T has components{^,f2,f3,f4, f5, f6}, the strain vector E 

has components {El,E2,E3,E4,E5,E6} , C is the elasticity tensor for the orthotropic 

symmetry and is given as a 6-by-6 matrix of the second rank tensor components in 6 

dimensions,

C =

cu Cl2 1̂3 0 0 0

C12 C22 2̂3 0 0 0
c23 3̂3 0 0 0

0 0 0 C 4 4 0 0
0 0 0 0 £55 0
0 0 0 0 0

(A3.4)

A A

and S = C is the compliance tensor with the same structure. The relationship 

between the components of the Voigt fourth rank tensor and the components of the 

Kelvin second rank tensor is as follows: Cun = cn , C2222 = c22 , C3333 = c33 ,

Q l 2 2  ~ C12 > Q l 3 3  ~  C 13 > ^ 2 2 3 3  ~  ^23  > ^ 2 3 2 3  =  ^ ^ 4 4  > ^ 1 3 1 3  ~  ~ ^ S S  ’ ^ 1 2 1 2  =  t ^ 6 6  •

Similarly, the compliance tensor has the relationship between the components of the 

Voigt fourth rank tensor and the components of the Kelvin second rank tensor as
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* 111. ^11 ’ ^ 2 2 2 2  S 22 > ^3333 ^33 > ^1122  — ^12 > !33 — ^13 > *^2233 — ^23 ’ *-*2323 — 2  '

5 1313 = ^ 5 5  > a n d  ^ 1 2 1 2  =  ^ 6 6 . r e s p e c t iv e ly .
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