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Abstract

Estimates of bone elastic constants at sequential hierarchical levels

by

Young June Yoon

Advisor: Professor Stephen C. Cowin

Estimates are presented of the elastic constants at the level of a collagen fibril
whose diameter is the order of 20 nm, of a collagen fiber whose diameter is the order
80 nm, and a single lamella, which is composed of multiple collagen fibers’ layer; the
thickness of one collagen fiber layer is the order of 130 nm.

The anisotropic poroelastic constants of an osteon are estimated: The drained
elastic constants are the porous medium’s elastic constants when the fluid in the
osteonal pores easily escapes and the pore fluid can sustain no pore pressure. The
drained elastic constants at the lacunar-canalicular porosity tissue level are estimated
by using an effective moduli model in which the shape of lacunae is approximated as
ellipsoidal cavities. The undrained elastic constants are the porous medium’s elastic
constants when the medium is fully saturated with pore fluid and the fluid cannot

escape, are also estimated.
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A method is illustrated for determining the effective transversely isotropic (or

isotropic) elastic constants from measured orthotropic elastic constants. This method

consists of constructing upper and lower bounds on the effective transversely

isotropic (or isotropic) elastic constants using the known orthotropic values.

Fortunately, the upper and lower bounds are very close. Thus very good

approximations for the effective transversely isotropic (or isotropic) elastic constants

for cortical and cancellous bone are obtained from previously published data on the

orthotropic elastic constants for those tissue types.

This dissertation is undertaken to build a greater database for the anisotropic

elastic constants of bone with the intention of employing them in an anisotropic bone

poroelastic model.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



To

My parents

In-Yoon and Wee-Hak,

My family

Min-ja and Sung-Eun,

and

Sung-Hee and Byung-Chun

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

i



vii

wowledgements

Many thanks to committee members, Professors Cowin, Delale, Fritton,
Sadegh, and Yu for their valuable time and effort on this dissertation.

Thank to people who were or have been in Tissue Mechanics Laboratory or
Bone Journal Club - Drs. Tomi Beno, Lidan You, Liyun Wang, Liyuan Mi, Guoyu
Yang, and Mia Mia Thi, and Mrs. Cesare Ciani, Mark Carthy, Steven Tommasini,
Yilin Wang, and Yuefeng Han.

Thank to wonderful staffs in the Mechanical Engineering Department- Mr. »
Louis Hernandez and Robert Kallfa, and Ms. Linda Emedoh and Dahlia Libert.

Thank to Dr. Laurent Mars who was an administrative director in the
Biomedical Engineering Department.

Thank to former and current graduate students in both the Mechanical and
Biomedical Engineering Departments — Drs. Zhexuan Wang, Abraham Tsacho, Dejan
Milentijevic, Xiang Long, and Elizabeth Lawrence, and Mrs. Stewart Russell,
Eduardo Hernandez, Minwei Gong, Qianhong Wu, Huapei Wan, and Mohammed
Zoghi, and Ms. Veronica Lopez, Xiaobing Zhang, and Annie Shou.

Special thank to Professor Lee in the Chemical Engineering Department,

Professors Lee and Chon in the Electrical Engineering Department, and Professor Ro

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



wiii

in the Civil Engineering Department for their sincere care and advices.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

Abstract

Acknowledgements

List of Tables

List of Figures

Chapter 1

Introduction

Chapter 2

The approximate methods of effective moduli

2.1 Representative Volume Element (RVE)

iv

vii

Xiv

xviii

16

16

2.2  The average stress and the average strain of the representative volume element

(RVE)

2.3. Boundary conditions at the interface

16

17

2.4  The approximation the effective moduli of a two phase composite material

2. 4. 1 The Voigt Approximation

2. 4. 2 The Reuss Approximation

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

17

19

20



2. 4. 3 Hill’s theorem 20
2. 4. 4 The dilute approximation 21
2. 4. 5 The seif-consistent method 24
2. 4. 6 The differential scheme 24
2. 4. 7 The Mori-Tanaka theory 26
2. 4. 8 The effective moduli of periodic distribution 27
2. 5 Conclusion 30
Chapter 3
The estimated elastic constants for a single osteonal lamelia 31
3. 1. Introduction 31
3. 2 The model description 34
3. 3 Methods 35

3. 3. 1 Calculation of the effective elastic constants of the collagen-water
composite and the hydroxyapatite-water composite by using the Voigt and
Reuss bounds 35
3. 3. 2 Calculation of the effective elastic constants of the mineralized collagen
fibrils 38

3. 3. 3. Calculation of the effective elastic constants of collagen fiber that is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



xi

composed of mineralized collagen fibrils 40

3. 3. 4. Calculation of the effective elastic constants of a single lamella that

contains collagen fibers 42

3. 4 Steps of calculation 42

3. 5 Results 44

3. 6 Discussion 44
Chapter 4

An estimate of anisotropic poroelastic constants of an osteon 56

4, 1 Introduction 57

4, 2 Method ' 61

4.2.1 The relationship between Voigt notation and Kelvin notation 61

4.2.2 The bone matrix elastic constants 63

4.2.3 An estimate of the drained elastic constants at the lacunar porosity level

64
4.2.3.1 The case of an isotropic bone matrix 67
4.2.3.2. The case when the bone matrix is anisotropic 68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Xii

4.2.4 Estimate of undrained elastic constants at the lacunar porosity level 68

4.2.5 Steps of the calculation 71
4.3, Result 72
4.4. Discussion 77
Chapter 5

Estimation of the effective transversely isotropic elastic constants of a material

from known values of the material’s orthotropic elastic constants 85
5.1 Introduction 86
5.2 A generalized Hill inequality 86
5.3 Outline of the calculational procedure 89

5.4 Application of the method when the elastic constants data depend on composition

98
5.5 Discussion 99
Chapter 6 Future Study 168
Appendix 115
Appendix 1 The orthotropic, transversely isotropic, and isotropic symmetries 115
Appendix 2 The disturbance strain 119

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Xiil

Appendix 3 The relationship between Voigt notation and Kelvin notation 121

References 124

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Xiv

List of Tables

Table 1.1 The technical elastic constants for human bone ........ccccevvvvvreceveesrennnneees g

Table 1.2 Summary of the isotropic elastic constants for cortical bone on two levels of
POTOSIEY weeuvirrierierirorerieeiecrreneensessestesessrsssessesssssseonsesessessasasenseossssssneassssnsessrasssssansaesssnss 9
Table 1.3 Measured or estimated porosities and permeabilities for the two levels of
BOMNE POTOSILY wooviniriniriitiniirree ettt e cee ettt e sre s en s n s s en e benee 11

Table 3.1 Compositional volume fraction of the human cortical bone .........c.cccuene.e. 48

Table 3.2 The technical elastic constants of the collagen and the hydroxyapatite
TUNETAIS ..ottt ittt ettt st sn e sttt cnesne st neneese s 49
Table 3.3 (a) The effective technical elastic constants of the mineralized collagen
fibril (Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the
data of Biltz and Pellegrino (1969) ......oviieioeerieeeieseccieeciccesteese e ene s cte e ssaneneeas 50
Table 3.3 (b) The effective technical elastic constants of the mineralized collagen
fibril (Step 2), the collagen fiber (Step 3), and a single lamelia (Step 4) by using the
data of GONG €L al (1964) .onevi ettt ente e s st ae st as et nn 51
Table 3.3 (¢) The effective technical elastic constants of the mineralized collagen

fibril (Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the

data of Gong et al. (1964) that the volume fraction of the volatile inorganic fraction is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ky

excluded from the mineral volume fraction .o ecre e 52
Table 4.1(a). The estimated undrained and drained elastic constants of the type L
osteon for the case when the bone matrix is isotropic and the case when it is

OFTROLEOPIC ceeeecrcmirnesirecocaerrensesnacacne e naasncenses sotennonsessneesssessnsssanesnneesssensnessassnsss 77

Table 4.1(b). The estimated undrained and drained elastic constants of the type T
osteon for the case when the bone matrix is isotropic and the case when it is
OFEOITOPIC et eveerecrcecteirerercee st e etreneetebases et e neseessaesnesbe st et satesaasasansesssesasssrasassasnaneas 78
Table 4.1(c). The estimated undrained and drained elastic constants of the type A
osteon for the case when the bone matrix is isotropic and the case when it is
OTEROTOPIC. st v teeireeteetieie ettt sttt ettt sae e sre st e st ces s s s s e s s e e bbb st se s su s b s 79
Table 4.2 Two estimates of the poroelastic constants assuming the lacunae are
ellipsoids and the bone matrix material is isotropic. The estimate on the left side of the
table is based on the periodic distribution assumption and that on the right side is
based on the dilute distribution assumption, for type L osteon.....cccccevvvvvvvciniicninnnnns 80
Table 4.3(a) The estimated Biot effective coefficient A and the estimated Skempton
coefficient B in the case where the collagen fibers are oriented in the longitudinal
direction (type L osteon). The subscript »,0, and z indicate the radial direction,
-the circumferential direction, and the longitudinal direction, respectively................. 81
Table 4.3 (b) The estimated Biot effective coefficient A and the estimated

Skempton coefficient B in the case where the collagen fibers are oriented in the

transverse direction (type T osteon). The subscript 7,6, and z indicate the radial
direction, the circumferential direction, and the longitudinal direction,

FESPRCHIVEIV . vttt e et s s e san e snas 82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



xvi

Table 4.3(c) The estimated Biot effective coefficient A and the estimated Skempton
coefficient B in the case where the collagen fibers are oriented in the transverse
direction (type A osteon). The subscript »,8, and z indicate the radial direction,
the circumferential direction, and the longitudinal direction,
TESPECHIVEIY vttt e e et e v e e e er e s b eenan 83
Table 5.1 Experimental measured orthotropic cortical bone data of Ashman et al

(1984) and van Buskirk et al. (1981)..cccovvenreceicree et ereees 101

Table 5.2 The effective transversely isotropic technical elastic constants calculated
from the orthotropic data of Ashman et al. (1984)...cc.ovvevecrrceeeee e, 102
Table 5.3 The effective transversely isotropic technical elastic constants calculated
from the orthotropic data of van Buskirk et al. (1981).ccveeveevveceiiiiicieeee 103
Table 5.4 The effective isotropic technical elastic constants calculated from the

orthotropic data of Ashman et al. (1984)......cvvvvevrieoirecece e 104

Table 5.5 The effective transversely isotropic technical elastic constants calculated
from the orthotropic data of van Buskirk et al.(1981)..ccconiiiinicviiiiiiceccnee 105
Table 5.6 The effective transversely isotropic technical elastic constants calculated
from the orthotropic data of Yang et al. (1999)..cccciviiicoimirciiccrccrccrerecccne 106
Table 5.7 The effective isotropic technical elastic constants calculated from the
orthotropic data of Yang et al. (1999)..c.oociiiiiiiiiiiiisccr s 107
Table 6.1 The estimated undrained and drained elastic constants of the type L osteon

at the vascular porosity ievel. Both orthotropic and transversely isotropic results are

Table 6.2 The estimated undrained and drained elastic constants of the type T osteon

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



v

at the vascular porosity level. Both orthotropic and transversely isotropic results are

Table 6.3 The estimated undrained and drained elastic constants of the type A osteon

at the vascular porosity level. Both orthotropic and transversely isotropic results are

Table Al.1 The relationship between the reflective symmetry plane and the

D AN S O T TIATION LETESOT e teietieeeeectrireeeeseressssarecsssassssssssenesssassosrsesseesssorarssrssrsssssssasasssees 118

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



xvii

List of Figures
Figure 1.1 A section of an OSIE0N  c.evvvevveieeriveccricninecceccnseriesroesesseennrssnssosessonsenes 12
Figure 1.2 The hierarchical levels of bone matrix .o..ocovevvrnrrncnreenciennineccnreneneeans 13

Figure 1.3 A schematic diagram for why this study is required in the bone mechanics

BOME ettt ettt e st rnn 53
Figure 3.2 Flow chart of calculation  .....ccccceviveecieeinninnenccccecnen e esrese e sreceesnenanne 54
Figure 3.3 The variation of elastic modulus against the water volume fraction.......... 55
Figure 4.1 The unit of the periodic distribution assumption.....c.ce.ceecevvcerveneneccecerenns 84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1

Introduction

This dissertation consists of six chapters. The first one describes the background
for this study, especially why this study is required for further development of bone
mechanics research. The second chaptgr explains various methods to estimate the
effective moduli of composite materials. In the third chapter, the elastic constants of a
single lamella (the thickness of a lamella is approximately 2 to 4 um for human, Ascenzi
et al. 1987) are estimated by using micromechanical models. The poroelastic constants of
an osteon (approximately the order of 150 um, Cowin 1999) are calculated by using
micromechanical models and the poroelasticity theory given in the chapter 4. The
technique of converting the orthotropic elastic constants to transversely isotropic elastic
constants or to isotropic elastic constants is shown in the chapter 5. In chapter 6,
suggestions for future studies employing the results obtained in this dissertation are

addressed.

The structure of cortical bone

Cortical bone is a dense solid structure and is observed at the diaphyses and the
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outer shell of the metaphyses of a long bone. Secondary osteons occur within the
cortical bone of human adults. Secondary osteons have a cylindrical shape whose radii
are approximately between 100 and 150 ym (Cowin 1999) and those contain the
osteonal canal at the center of an osteon. The osteon is generated by a bone remodeling
process, in which bone cells remove the old bone and replace it with new bone. The
cement line (0.5 to 1 um, Figure 1.1) separates the secondary osteons from the other
interstitial bone that is the previously formed bone matrix. The secondary osteon is
composed of a lamella. Many approximately ellipsoidal shaped porous spaces are
observed inside the lamella and they are called a lacuna. The lacunae house osteocytes,
differentiated bone cells from osteoblasts, which are bone matrix forming cells. The
osteocytes are connected to other osteocytes or to osteoblasts by the osteocytic processes
in the small tunnels called “canaliculi.” In another words, the canaliculi are connected
from the osteonal canal to lacunae and lacunae to lacunae (Cowin 1999, Figure 1.1). The
space in lacunae and canaliculi is called the lacunar-canalicular porosity, and the space of
osteonal and Volkman canals surrounding the vasculature is called the vascular porosity.
Both the lacunar-canalicular porosity and the vascular porosity are filled with the bone
interstitial fluid, which is considered to be water containing proteins and ions.

The bone fluid fills not only the vascular and the lacunar-canalicular porosities
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(V)

but also the collagen-mineral porosity. The collagen-mineral porosity is the smallest
diameter porosity inside the bone matrix. The water in the collagen-mineral porosity is
thought to be bound water. Cowin (1999) noted that the bound water is strongly attracted
to the solid and is not moving because the interaction with the ionic crystals in the solid
bone matrix (Neuman et al. 1953; Neuman and Neuman, 1958).

The solid bone matrix at the collagen-mineral porosity level has a hierarchical
composite structure of collagen molecules and hydroxyapatite mineral crystals. The
hydroxyapatite-mineral-crystals start to grow into the space between collagen molecules
within the collagen fibril and they fuse into larger and thicker plates (Figure 1.2¢). These
collagen fibrils are surrounded by the hydroxyapatite-mineral-crystals, and form a
collagen fiber (Figure 1.2 d). Collagen fibers establish an array of collagen fibers that are
embedded in the hydroxyapatite-mineral-crystals (Figure 1.2 d and f). Note that different
levels of porosities, which were explained in Figure 1.1, are not explained in Figure 1.2

and these porosities have to be added between Figure 1.2 fand g.

Why is this study required in the bone mechanics research field?
The anisotropic bone matrix elastic constants at the lacunar-canalicular porosity

level and smaller levels need to be estimated : (1) for the mathematical modeling to
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elucidate the bone fluid flow through the canalicular network, (2) for the microdamage in
the cortical and cancellous bone, and (3) for the tissue engineering (Figure 1.3).

The elastic constants of bone cannot be measured at the lacunar-canalicular
porosity level or smaller levels. The elastic constants of the cortical bone were measured
experimentally by the ultrasound technique and the mechanical testing (Ashman et al.,
1984; Knets et al., 1977; Reilly and Burstein, 1975; Yoon and Katz, 1976; Table 1.1).
The specimens for ultrasound and mechanical testing of bone are so large that specimens
contain the collagen-hydroxyapatite porosity, the lacunar-canalicular porosity, and the
vascular porosity, and thus test results reflect an average of these properties. Because of
the size of collagen-hydroxyapatite porosity, all bone matrix elastic constants at the level
of collagen-hydroxyapatite porosity can not be measured by the experiment. One possible
method to measure some elastic constants at this level is the nanoindentation method, but
it can measure only Young’s modulus (Fan et al. 2002; Rho et al. 1998; Zysset et al.
1999). Ascenzi et al. (1967, 1968, 1972) measured the elastic constants of an osteon by
using tensile, compressive, and torsion tests, (the diameter of an osteon is approximately
300 pm), but the measured values are assumed as isotropic even though elastic constants
measured by a nanoindentation (Fan et al. 2002) show anisotropic symmetry (See

Appendix 1 for more details of material symmetries).
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The elastic constants in bone poroelasticity

The poroelasticity theory has been used to elucidate the bone fluid flow through
the lacunar-canalicular network. Osteocytes, differentiated from osteoblasts, are
stimulated by the bone fluid flow over their processes due to the deformation of the bone
in the lacunar-canalicular network (Cowin 1999; Weinbaum et al. 1994; Zeng et al. 1994).
Wang et al. (1999) proposed a theoretical model using poroelasticity to mimic oscillatory
four point bending experiments (Starkebaum et al. 1979) of thin bone specimens. Their
model showed the local fluid pressure profiles and the fluid pressure response to cyclic
loading is not sensitive to the permeability of the osteonal cement lines, but it is sensitive
to the applied loading frequency. Zhang et al. (1998) estimated the peak pore pressure
due to uniaxial compression for both the vascular porosity and the lacunar-canalicular
porosity by using the poroelasticity theory. The peak pore water pressure of vascular
porosity is 19 percent of the applied axial stress and 12 percent of the applied axial stress
in the lacunar-canalicular porosity. A slight hydraulic stiffening of the bulk modulus at the
lacunar-canalicular porosity level was predicted by longer relaxation time of the lacunar-
canalicular porosity. All developed poroelastic models for elucidating a bone fluid flow
are assumed that the bone matrix is isotropic. Smit et al. (2002) estimated poroelastic

constants, the relaxation time, and the permeability, but still all values are isotropic. The
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reported isotropic elastic constants and the isotropic permeability for bone are

summarized in Table.1.2 and Table 1.3, respectively.

The elastic constants in the bone microdamage

The elastic constants of the bone tissue are degraded when the microdamage is
induced in the bone tissue. Currently, the amount of microdamage is quantified by
measuring the degradation of the elastic constants of specimens. Chow and Wang (1987)
proposed generalized damage variables for the anisotropic elastic medium. However, in
the area of bone damage mechanics, the mathematical models are limited by the
assumption of isotropy. The model of Fondrk et al. (1999) examined the stress-strain
behavior by using the Kelvin-Voigt viscoelastic-element, a element includes elastic
elements and a viscous element in parallel. Fondrk et al. (1999) included plasticity and
showed the resulting model fits the experimental stress-strain curve. However, it was
found that the bone matrix anisotropy strongly influences the anisotropy of the
poroelastic constants in Chapter 4. Thus it is clear that the anisotropic bone matrix will

play an important role in the bone damage mechanics.

The mechanical properties in tissue engineering
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The mechanical properties of the tissue engineered bone matrix grown in vitro

have to be similar to those of bone matrix in vivo. Matching will reduce the disparity

when the grown tissue in vitro is substituted into the body. Because experiments have

been performed for different animals, results may not be able to predict phenomenon in

human bones. Rogers et al. (1957) found that the distribution of ash content and

composition of the organic matrix in human bone are equal to those in bovine bone, but

the structure of human bone is different from the structure of bovine bone because the

human cortical bone is mainly composed of secondary osteons. The more accurately

estimated elastic constants for human bone structure may help to reduce the disparity of

tissue engineered bone matrix with a human bone.
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Table 1.1 The technical elastic constants for human bone (Cowin 1989)

Group Reilly and | Yoon and Katz | Knets et al. | Ashman et al
Burstein (1975) | (1976) (1977) (1984)
Bone Femur Femur Tibia Femur
Symmetry TI TI ORTH ORTH
Method M U M U
E (GPa) 11.5 18.8 6.91 12.0
E, (GPa) 11.5 18.8 8.51 13.4
E.(GPa) 17.0 274 18.4 20.0
G,,(GPa) 3.6° 7.17 2.41 4.53
G,;(GPa) 3.3 8.71 3.56 5.61
G,, (GPa) 3.3 8.71 4.91 6.23
V), 0.58 0.312 0.49 0.376
Vi 0.31° 0.193 0.12 0.222
Vs 0.31° 0.193 0.14 0.235
Vo 0.58 0.312 0.62 0.422
Vs 0.46 0.281 0.32 0.371
Vs, 0.46 0.281 0.31 0.350

Note: The three directions are coincident with the long axis of the bone; the one and two

directions are radial and circumferential, respectively. Method U is ultrasound and

method M is standard machine testing.

% Not measured
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Table 1.2 Summary of the isotropic elastic constants for cortical bone on two levels of

porosity (Zhang ef al. 1998; Smit ez al. 2002). * is for the drained case.

Zhang et al. (1998) Smit er al. (2002)
Lacuno- Lacuno-
. Vascular . Vascular .
Properties canalicular canalicular
level level
level* level
¢ , porosity 0.04 0.05 0.04 0.05
K, , bulk modulus of
2.3 2.3 23 2.3
fluid
E,, drained Young’s
14.595 13.138 14.58 15.75
modulus
v, , drained Poisson’s
, 0.325 0.316 0.325 0.325
ratio
G,, drained shear
5.5 5 5.50 5.94
modulus
K, , drained bulk
13.9 11.9 13.92 14.99
modulus
E_, solid Young’s
‘ 15.85 17.51
modulus
v, , solid Poisson’s ratio 0.333 0.335
G, , solid shear modulus 5.94 6.56
K, solid bulk modulus 19.7 13.9 15.82 17.66
E, , undrained Young’s
18.547 13.910 14.65 15.85
modulus
v, , undrained Poisson’s
_ 0.35 0.325 0.332 0.333
ratio
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Table 1.2 (continued from the previous page)

Summary of the isotropic elastic constants for cortical bone on two levels of porosity

(Zhang et al. 1998; Smit ef al. 2002). * is for the drained case.

Zhang et al. (1998) Smit er al. (2002)
Lacuno- Lacuno-
. Vascular . Vascular .
Properties canalicular canalicular
level level
level* level
K, , undrained bulk
16.8 12.6 14.56 15.82
modulus
A, effective stress
) 0.294 0.144 0.120 0.151
coefficient
B, Skempton pore
: 0.58 0.40 0.367 0.344
pressure coefficient
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Table 1.3 Measured or estimated porosities and permeabilities for the two levels of bone

porosity
Reference Porosity Reference Permeability (m*)
a. The vascular porosity (PV)
Rouhana et af 5
Frost (1962) 0.6 3.0x10°
(1981)
Morris et al. 0.015 Li et al. (1987) 5.0x107
: ietal )
(1982) *
Schaffler and Burr 0.04 Zhang et al.(1998) 6.35x107"
: ang et al. .35x%
(1988) | ¢
Zhang et al. (1998) 0.04

b. The lacunar-canalicular porosity (PLC)

Frost (1962) 0.023 Zhang et al. (1998) 1.47x107%

Morrtis et al. _ -
0.042 Smit et al. (2002) 2.2x107

(1982)

Baylink and

0.035
Wergedal (1971)
Zhang et al. (1998) 0.05
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Figure 1.1 A section of an osteon (Cowin 1999)

E}Jf‘ o For o
ol wessel

The collagen-apatie #
poensily exisla wihe domains
capside of the vascular and w
lmevmar-vanalicular porosities (PV & PLC)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

Figure 1.2 The hierarchical levels of bone matrix (Siperko and Landis 2001)

Bope

Mineraileng
Terdon

(a) The hydroxyapatite-mineral-crystals are deposited between the 300 nm long collagen
molecules. The size 67 nm indicates the overlapped length 27nm with the adjacent
collagen molecule and the 40nm gap between collagen molecule ends. (b) the platelet-
shape-hydroxyapatite-minerals grow in the gap space within the collagen fibril. (c) the
platelet-shape-hydroxyapatite-mineral-crystals grow as large as 50 to 70 nm in length. (d)
the platelet-shape-hydroxyapatite-mineral-crystals fuse outside of collagen fibrils and a
group of collagen fibrils are surrounded by the hydroxyapatite-mineral-crystals. The

space between the platelet-shape-hydroxyapatite-mineral-crystals disappears and collagen
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fibrils are embedded in the hydroxyapatite-mineral-crystals. (e) the hydroxyapatite-

mineral-crystals fuse outside of collagen fibers. The 50 nm thick hydroxyapatite-mineral-

plate is formed between arrays of mineralized collagen fibers of which thickness is

approximately 80 nm. (d) the mineralization continues and the mineralized collagen

fibers are completely embedded in the hydroxyapatite-mineral-crystals.
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Figure 1.3 A schematic diagram for why this study is required in the bone mechanics area
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Chapter 2

The approximate methods of effective moduli

2.1. Representative Volume Element (RVE)

The representative volume element (RVE) is the key concept in modeling
microstructure for inclusion in a continuum model. An RVE for a volume surrounding a
point in a material is a statistically homogeneous representative of the material in the
neighborhood of the point. The microstructure of a material, which may not be
homogeneous, has to be averaged or homogenized over the RVE to form a point in a
continuum model. The effective medium approach, which will be discussed in this

chapter, is the traditional averaging process in the solid mechanics.

2.2. The average stress and the average strain of the representative

volume element (RVE)
The average stress and the average strain of the representative volume element

(RVE) are defined as

<T>=ti j’TdV and <E>=— j'EdV (2.1)
v v

where < T > is the averaged stress in three dimensions, <E > is the averaged strain in
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three dimensions, ¥ is the representative volume element (RVE), T is the stress in

three dimensions, and E is the strain in three dimensions, respectively.

2.3. Boundary conditions at the interface

The elastic material satisfies the strain-displacement relation, which is given by

ou

_E+W, 22)
where u is the displacement on the surface, E is the strain tensor, and W 1is the
rotation tensor. By integrating Eq. (2.2) with respectto x gives
u=(E+W)x+C, 2.3)

where C is the arbitrary constant. In the case of no rotation, (i.e., W =0) and constant
term, i.e.,C is assumed zero, the displacement at the boundary condition is given by

u=E-x, 2.4)
and the traction force at the boundary condition is given by

t=T-n (2.5)
respectively, where n is the unit outward normal vector on the surface S of the

boundary.

2.4. The approximation of the effective moduli of a two phase composite
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material
The average stress and the average strain of a two phase composite in six
dimensions are expressed in a linear way as
<T>=1-@)<T" >+¢<T' >, (2.6)
and
<E>=(1-¢)<EY >+¢<E' >, (2.7
where ¢ is the volume fraction of the inclusion. Note that the letter with a hat indicates
the six dimensions. The averaged strain of the matrix <E" > and the averaged strain of
the inclusion <E’ > are calculated by the the tensors A® and A® from the uniform
strain <E > prescribed at the boundary of the RVE,
<EY>=AP<E> and <E' >=AP<E>. 2.8)
By introducing the Hooke’s law for each phase, <T" >=C" <E > for the matrix and
<T!>=C!'<E'> for the inclusion, and substituting Eq. (2.8) into Eq. (2.6), the
Hooke’s law for the two phase composite gives
<T>=((1-$)C"AD + gC'AP)<E >=<C><E >, 2.9
where C and €' are elasticity tensors of the matrix and the inclusion, respectively,
and <C> is the effective elasticity tensor of the two phase composite. Similarly, the

inverse form of the Hooke’s law will be obtained by introducing the tensors B® and
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B@ as
<E>=((1-H)S"BY +gS BP)<T>=<S><T>. (2.10)
where <S> is the effective compliance matrix of the two phases composite and newly
defined tensors B, and B, are given by
<T" >=BY<T> and <T' >=B?<T>. (2.11)
The effective elasticity tensor <C> for the two phase composite and the effective
compliance tensor < S> are given by
<C>=(1-¢)C"AD +¢C'A?, (2.12)
and
<S>=(1-¢9)S"BY +48'B?. (2.13)
2.4.1. The Voigt Approximation
Voigt (1929) introduced the estimation of the average elastic constants of
polycrystals by assuming that the strain over the composite medium is uniform and the
effective strain is not influenced by the geometry of phase. Under this assumption, the
tensors A and A® are equal to the identity tensor 1. The effective elasticity matrix
<C> in Eq. (2.12) is given as the following by replacing the tensors A® and A®

~

with the identity tensor 1,

<C>=(1-$HCY +¢C?. (2.14)
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2.4.2. The Reuss Approximation

Reuss (1929) assumed that the composite is subjected to the uniform stress.

Similar to the Voigt approximation, the tensors B® and B® in Eq. (2.13) are

Ly

assumed equal to the identity tensor 1 because it is assumed that the effective

compliance tensor is not influenced by the geometry of the inclusion. The effective

compliance matrix <S> estimated by Reuss approximation is

<S>=(1-¢)SM +48?. (2.15)

2.4.3. Hill’s theorem

Hill (1952, 1963)) showed that the actual overall moduli lie between the Reuss
and Voigt estimations (i.e., Hill theorem). Cowin et al. (1999) found that the Hill
inequality, or the Reuss and Voigt bounds satisfy for the greater symmetry when
components of the greater symmetry are replaced by the components of triclinic
symmetry, which is the less symmetry. This technique is used to convert the orthotropic
elastic constants to the transversely isotropic elastic constants and the isotropic elastic
constants in Chapter 5. Not only the overall moduli but also the eigenvalues and the strain

energy satisfy the Reuss and Voigt bounds. The eigenvalues of the elasticity tensor (or
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the compliance tensor) satisfy the following characteristic equations,

(C-ADN=0 (or (§~%i)ﬁ =0), (2.16)
where C is the elasticity tensor, A is the eigenvalue, 1 is the identity tensor, and N
is the normalized eigenvector, respectively. The elasticity (or the compliance) tensor is

decomposed by eigenvalues A, and engentensors N® as

. 6 . . 6
C=> ANY®N® (or S= Zi N® @N® ), (2.17)
k=1 k=1 Ak
where k= 1, ..., 6. Also, the strain energy Z, ie., Z= %IAZ éﬁlr-—;—’i"é'i‘ satisfies

the Hill inequalities, the actual overall moduli lie between the Reuss and Voigt
estimations. The strain energy by the actual effective elasticity tensor is less than that by
the effective elasticity tensor by the Voigt estimation as

E-C*.E<E-C? .E<E.C"-E (or T-8" -T<T-§¢ .- T<T-8*.T), (2.18)

which must hold the Hill’s inequality for the eigenvalues.

AFSAT <AV, (2.19)

2.4.4. The dilute approximation
The interaction between the particles is neglected in the dilute approximation.
Often this approximation is considered similar to the problem of a single particle

imbedded in the continuous phase because the no interaction between particles is
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involved. If the uniform macrostrain, E=E’ is prescribed, the boundary condition for
the RVE becomes
u=x-E° on oV. (2.20)
The macrostrain E° and the macrostress T° satisfy the Hooke’s law for the matrix as
T°=C¥ .E°, (or T° =C¥ -E?), (2.21)
where CY (or C") is the elasticity tensor of the matrix. Note that the elasticity tensor,
stress, and strain with a hat indicate the six dimensions. The Hooke’s law in Eq. (2.21) is
no longer useful if the matrix contains the inclusion. The strain disturbance E?and the
stress disturbance T are required to estimate the effective moduli of composite material
in three dimensions. The average of the strain in the two phase composite is the average
value of the prescribed uniform strain E° and the disturbed strain E¢ by the inclusion
in six dimensions, but it has to be equal to the prescribed uniform strain at the boundary
of RVE, which is
<E>=<E’+E‘>=E". (2.22)
The Hooke’s law shows the relation between the average stress and the average strain as
<T>=<C><E>=<C>E", (2.23)
and the average stress <T > is modified by two phase composite, matrix and inclusions

<To=(-)<T¥ >+ <T >=(1-pCYE° +¢C’ <E' >, (2.24)
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where ¢ is the volume fraction of inclusion. The term (1-¢) <T" > is expanded by
using the Hooke’s law as
(1=§) < T >= (1= HCH <BY >=CHE - <E' >), (2.25)
Substituting Eq. (2.25) into Eq. (2.24) gives
<T>=CYE°-gCY<E' >+¢C' <E' >=<C><E>. (2.26)
By rearranging Eq. (2.26) with Eq. (2.23), it becomes
(CY - <C>E =g(C" -CH<E' >. 227
The term <E’ > is defined as (See Appendix 2.A)
<E' >=<E+EY > =A(A' -§')'E°, (2.28)
where S’ is the Eshelby tensor and A’ is defined as (See Appendix 2.A)
Al =Y -CHY'C. (2.29)
Substituting (2.28) into (2.27) gives
(C" - <C>)E° =g¢(C* -CHA (A" -§")'E°. (2.30)
By using the definition of A’ (Eq. 2.29), Eq. (2.30) becomes
(CY - <C>)=g(C” —~CHA (AT =8§")" = gCM (A" -S§)". (2.31)
Then the effective elasticity tensor estimated by the dilute distribution is expressed as

<C>=C"d-g(A' -8")™). (2.32)
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2.4.5. The self-consistent method
The self-consistent method is assumed that the inclusion is embedded in the yet-
unknown overall elasticity (or compliance) tensor < C> (or < S> ). Thus Eq. (2.28) is
replaced by
<E >=<B'+E/ >,=<A’ > (<A’ >-<§ >)'E°, (2.33)
where <A’ > is defined as
Al=(<C>-CYy'<C>. (2.34)
Substituting Eq. (2.33) into Eq. (2.27) gives
(CY - <C>E  =g(CY -C) <A > (<Al >—<S§' >)'E°. (2.35)
Since the prescribed strain E° is arbitrary, the effective elasticity tensor estimated by
the self-consistent method is given by

<Co=CM +4(C' -C")<A' > (<Al >-<§' >, (2.36)

2.4.6. The differential scheme
The effective moduli of two phase composite are estimated by the differential

scheme adding the increments AV to the volume of an initial material V. The small

amount of volume of composite AV is added and the portion of the inclusion in the

increment AV is removed from the added volume of composite AV . The total volume
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of inclusion after increments are added is that
Vot =Vt + AV = AV 4, (2.37)
where the term on the left side, V¢, is the volume of inclusion after the increments are

added, the first term on the right side, V,¢, is the volume of inclusion before the

increments are added, the second term on the right side, AV is the added volume
increment that contains both matrix and inclusion, and the last term on the right side,

AV, is the volume fraction of inclusion in the added increment. Eq. (2.37) is simplified

as
av
Volbn—¢)=4V(1-¢) or d¢=7(1—*¢,-)- (2.38)
0
The averaged elasticity tensor < C> estimated by the dilute distribution is given by
<C>=CH —g(C' —=C"A' (A’ =§" )" =CY —¢(C’ -C")A?, (2.39)
The localization tensor A® is defined asA® = A’(A’ =§')™". If the small amount of

volume fraction A¢ is added to the volume fraction of inclusion ¢, Eq. (2.39) will be

modified as

<C(d+Ag) >=< C(¢) > ——AI-/K(@ ~<C(H)>A?, (2.40)

Substituting Eq. (2.38) into Eq. (2.40) gives the differential equation as

d<@>_ i

AL VA D
7 1_¢{C <C>)A™. (241
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2.4.7. The Mori-Tanaka theory
The effective moduli in the dilute distribution is given in Eq. (2.32), which is
given by
<C>=C" +¢(C' -C"HA
The localization tensors A and B are explained in Egs. (2.12) and (2.13), and the
strain and stress in the inclusion are given by
<E' >=A® <E>=APL°,
and
<T' >=B® <T>=B?1°, (2.42)
where E° and T° are the prescribed uniform strain and stress, respectively, at the
boundary of surface of inclusion. Let’s assume that the RVE contains one inclusion of
which the boundary of the inclusion is §' and the boundary of RVE is S . The boundary
condition at the inclusion S' is given by
u(S)=E'x. (2.43)
and the boundary condition at the RVE is given by
u(S) =E%, (2.44)
where E' is the prescribed strain at the boundary of surface of the RVE in three

dimensions. Note that the letter with a hat indicates the six dimensions. Assume that the
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averaged strain of inclusion < E’ > has the linear dependence to the averaged strain of
the matrix <EY >as
<E' >=T<E">. (2.45)
The value T can be obtained from boundary conditions, Egs. (2.43) and (2.44). The
overall strain of the RVE <E > is expressed as the following, and at the boundary of
the RVE, the overall strain of the RVE <E > is equal to the uniform strain E°,
<E>=(1-¢)<E” >+ <k >=E°. (2.46)
Substituting Eq. (2.45) into Eq. (2.46) simplifies,
<EY >=((1-¢)+¢T)'E°, (2.47)
and substituting Eq. (2.47) into Eq. (2.45) and comparing with Eq. (2.42), the tensor A®
is obtained as
AP =T((1-9)+4-7)". (2:48)
Thus, the overall effective elasticity tensor estimated by Mori-Tanaka method will be

<C>=C" +¢(C' -C"T((1-p)+¢-T)". (2.49)

2.4.8. The effective moduli of periodic distribution

The effective moduli of the periodic structure are estimated similarly by

replacing the disturbance strain E? into the periodic strainE” . The periodic strain B’
P g p P
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has the similar physical meaning as the disturbance strain E? of the dilute distribution,
but the relation between the periodic strain E” and the eigenstrain E' is defined

~

differently from that between the dilute disturbance strain E¢ and the eigenstrain E

The relation between the periodic strain E° and the eigenstrain E'  are given by (See

Egs. (12.4.2 a, b), (12.4.10a) and (12.4.22a) in Netmat-Nasser and Hori 1999),
FE? (&)= FS'(&)- FE'(&), (2:50)
where £ is the newly defined variable. Fﬁp(f) is the Fourier series expansion of E’
and FS” (&) 1is the Fourier series expansion of the periodic operator S” (&) that has the
similar physical meaning as the Eshelby tensor §° in the diiute distribution. FE'(&) is
the Fourier series expansion of the eigenstrain 1:3*(5) . Note that, in the dilute
distribution, the disturbance strain, E?, is expressed by the Eshelby tensor S® and the
eigenstrain £’ (x)as
E(x)=8% E'(x). (2.51)
The inverse of Fourier series expansion FE” (&) writes Eq. (2.50) in terms of the
eigenstrain £ (x),
FE' (§)= 187 (&) [B' () exp-ignd?. @.52)
v
where x in the exponential indicates the direction of periodicity of Fourier series. The

eigenstrain E (x) 1is not a function of x any longer when x is in the inclusion, The
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eigenstrain E'(x) in Eq. (2.52) is replaced by E,
FE ()= R () B - 2L [exp(-i)a, . (2.53)
Qg
The Fourier series, ﬁ?(x) =Z'F]§J(§)exp(ix§) is applied to Eq. (2.53) and the volume
¢
. Q..
fraction ¢= —I-/— is introduced,

j exp(-i&")dV, exp(i&) . (2.54)

B ()= T P81 (©) B g
& 4]

Take the volume average of the periodic strain E’ (x) over the inclusion €2,
éﬁf’(x)de = ;.FS"P &£ -¢-£-1)~ Qjexp(—i@c')dr/x, }d Qj exp(i&)dV, . (2.55)
We define the g-integral as g(&) = —;-2— j‘exp(iix)d V.,
Q
é— Jﬁ”mdlc = @'Fé"(é)g(é)g(-—é)ﬁ* . (2.56)
The left side of Eq. (2.56) is replaced by the relation é j E?(x)dV, =S" K’ ,
Q
§°E = P2 FS"($) 8(£) g(-OE" . 2.57)
Then the periodic operator S” is obtained as
§* = ;¢-g(—§)-g(§)-F§”(§)- (2.58)
By replacing the Eshelby tensor § into the periodic operator §” in the Eq. (2.32), the
effective elasticity tensor for the periodic distribution is given by
C? =C-(I-g(A' -§)™). (2.59)
2.5. Conclusion

The reviewed methods to estimate the effective moduli are used to calculate (1)
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the elastic constants for three hierarchical levels of bone matrix (Chapter 3), (2) the

poroelastic constants for the lacunar-canalicular porosity level in cortical bone (Chapter

4).
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Chapter 3

The estimated elastic constants for a single osteonal lamella

Abstract

Estimates are presented here of the elastic constants at the level of a collagen
fibril whose diameter is the order of 20 nm, of a collagen fiber whose diameter is the
order 80 nm, and a single lamella, which is composed of multiple collagen fibers’ layers;
the thickness of one collagen fiber layer is the order of 130 nm. These estimates are
obtained by using micromechanical models. These results provide the database for
building mathematical or computational models for the bone micro-fracture, the bone

microdamage, or the bone fluid flow.

3.1. Introduction

A single lamella of osteon is a hierarchical composite of collagens and mineral
crystals. The first structural level in a lamella is a collagen fibril, which is composed of
collagen molecules. A single collagen molecule is 300 nm long. There is a 40 nm gap
between one collagen molecule end and the’ next collagen molecule end in the
longitudinal direction of a collagen fibril, and 27 nm of a 300 nm collagen molecule
length is overlapped with the adjacent collagen molecule within a collagen fibril. The
length, 67 nm in Figure 3.1(a) indicates both 40 nm gap and 27 nm overlapped length of
a collagen molecule within the collagen fibril. Platelet-shape-crystals in the gaps form in
the collagen fibril start to grow (Figure 3.1(b)). Platelets fuse into larger and thicker

plates as long as 50 to 70 nm, and those are distributed quasi-periodically in the collagen
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fibril (Figure 3.1(c)). The collagen fibril containing platelet shape crystals is called the
mineralized collagen fibril. The crystals grow to the outside of collagen fibrils in all
directions and surround a group of collagen fibrils. A group of collagen fibrils embedded
in the mineral crystals forms the next hierarchical structural unit in a lamella, the collagen
fiber (Figure 3.1(d)). The crystal plates in the collagen fibers grow as large as 500 nm in
length and 80 nm in thickness (Figure 3.1(e)), the space between crystal-platelets
gradually disappears. The collagen fibers are fully surrounded by the mineral-crystals.
The thickness of the plate, which contains an aggregate of collagen fibers embedded in
the mineral-crystals, increases to 130nm (Figure 3.1(f)). This plate is one array of a
lamella in the bone (Figure 3.1(g)) (Siperko and Landis 2001).

A single lamella consists of not only collagens and mineral crystals but also
water. The volume fraction of water for the human cortical bone is reported as 23.9% and
that for the cancellous bone is 27% (Gong et al. 1964). The excess water of the specimen
was removed by centrifuging at 8,000 g for 15 minutes and the mass of the specimen was

measured in air. The specimen was dried for 72 hours at 80°C and the mass of the

specimen was measured. The mass of water is calculated by comparing the mass
measured after the specimen was centrifuged and that measured after the specimen was
dried, and then the volume of water is calculated from the mass of water divided by the
density of the human cortical bone. Biltz and Pellegrino (1969) also measured the volume
fractions of each component, which are different from those of Gong et al. (1964). They
measured the water content of human cortical bone to be 15.5% by volume (Table 3.1).
Gong et al. (1964) measured the mineral fraction including the volatile inorganic fraction

(Table 3.1) is approximately 42% by volume, where the organic fraction is 34% by
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volume. Biltz and Pellegrino (1969) measured less mineral volume fraction than Gong et
al. (1964); the mineral volume fraction determined by Gong et al. (1964) is
approximately 39.9% and the volume fraction of organic and CO; is 41.8%. Fernandez-
Seara et al. (2002) suggested that the bound water may be associated with the mineral
phase, or bound to the organic phase, or free. The bound water is not all fluid inside the
bone.

Cowin (1999) explained that the bone fluid is filled in three levels of porosity.
The largest porosity is the vascular canals (or called the vascular porosity, the radius of
the vascular canal is the order of 20 um ) that contain one or two blood vessels, a nerve,
and some space occupied by bone fluid. On the wall of the vascular canals, the bone cells
form a confluent lining and they are connected to osteocytes (other bone cells) in the

lacunae, the ellipsoidal space (approximately 25 um by 10 um by S um in shape), by
small tunnels (0.2 um to 0.4 um in diameter), so called “canaliculi.” The space within the

canaliculi and lacunae is called the lacunar-canalicular porosity; it is the porosity with the
second largest pore diameters in the bone. The smallest pore diameter porosity is the
space between the collagen fiber and the mineral, hydroxyapatite. The water in the
collagen-hydroxyapatite porosity is bound by interaction with the ionic crystals (Neuman
et al. 1953; Neuman and Neuman, 1958), and it is called the bound water.

The elastic constants at the lamellar level were estimated by theoretical models
and measured by experimental techniques (Akiva et al. 1997, 1998; Bonfield and Li,1966;
Crolet et al. 1993; Currey 1964; Fan et al., 2002; Hellmich and Ulm, 2002; 2004; Katz
1971; Piekarski, 1973; Rho et al., 1993, 1997, 19992, 1999b, 1999¢c, 2002; Sasaki et al.,

1991; Swadener et al., 2001;Wagner and Weiner, 1992; Zysset et al., 1999), but none of
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references provided the full set of the anisotropic elastic constants of a lamella except the
work of Hellmich et al. (2002, 2004). Crolet et al. (1993) reported only the anisotropic
elastic constants at the level of an osteon, which is the cylindrical lamellar structure in the
cortical bone by using the homogenization theory. In early composite models of bone
(Bonfield and Li, 1966; Currey 1964; Katz 1971), the elastic constants are calculated by
simple composite models, such as the Voigt and Reuss models. The Voigt bounds are
obtained by assuming that the boundary of the representative volume element (RVE) is
prescribed by the uniform strain and those in the Reuss bounds are obtained by assuming
that the uniform stress is prescribed at the boundary of the RVE. The Hirsch model,
which combines the Voigt and the Reuss bounds in a linear way, was proposed for a bone
by Piekarski (1973). The platelet-shape-mineral reinforced composite model based on the
Halpin-Tsai equations (1967) was employed by several investigators (Akiva et al., 1997,
1998; Wagner and Weiner, 1992) based upon the assumption that the mineral‘ is a platelet
shaped (Eppell et al. 2001; Currey et al. 1994; Landis et al. 1991, 1993, 1996; Siperko
and Landis 2001; Traub et al. 1989; Weiner et al. 1991, 1992). Hellmich et al. (2002,
2004) used the self-consistent method to estimate the elastic constant of bone matrix.
However Hellmich et al. (2002, 2004) assumed the shape of hydroxyapatite is spherical,
which is not true (Eppell et al. 2001; Currey et al. 1994; Landis et al. 1991, 1993, 1996;

Siperko and Landis 2001; Traub et al. 1989; Weiner et al. 1991, 1992).

3.2. The model description

Bound water surrounds both collagen molecules and mineral crystals. The elastic
constants of both collagens and minerals with their associated bound water are calculated

by averaging of the estimates from the Voigt and Reuss bounds in Step 1 (Figure 3.2).
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The elastic constants of the mineralized collagen fibril that is composed of the collagen
molecules and the platelet-shape hydroxyapatite-mineral-crystals are calculated in Step 2
(Figure 3.2). The elastic constants of the collagen-water-composite and the
hydroxyapatite-mineral-water-composite, estimated in Step 1 of Figure 3.2, are used
instead of the elastic constants of collagen molecules and hydroxyapatite-mineral-crystals
since the collagen molecule is associated with water as are the hydroxyapatite-minerals.
The platelet-shape-hydroxyapatite-mineral-water-composites fuse to the outside of
collagen fibrils and the collagen fibrils are surrounded by the hydroxyapatite-mineral-
water-composites, which form a collagen fiber, Step 3 (Figure 3.2). Larger aggregates of
hydroxyapatite-water composites are formed at the outside of the collagen fibers, and the
ensemble constitutes one collagen fibers® array (or layer) in a single lamella in Step 4
(Figure 3.2). The elastic constants estimated at each Step (Steps 2, 3, and 4) are indicated

in Table 3.3.

3. 3. Methods

3. 3. 1. Calculation of the effective elastic constants of the collagen-water composite
and the hydroxyapatite-water composite by using the Voigt and Reuss bounds (Step
1 in Figure 3.2)

The elastic constants of the collagen-water composite and the hydroxyapatite-
mineral-water composite are calculated by the Voigt and Reuss bounds. We adopt here
the observation of Fernadez-Seara et al. (2002, 2004) that both the collagen and the

minerals are associated with the bound water.
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The Young’s modulus E_ and Poisson’s ratio v, for the collagen are 1.2 GPa and
0.35, and those ( E, and v, ) for hydroxyapatite minerals are 114 GPa and 0.28,

respectively (Katz 1971; Crolet et al. 1993). The shear modulus G for both the collagen
and the hydroxyapatite is obtained by

G= E .
2(1+v)

The given elastic constants of both collagen and hydroxapatite mineral are tabulated in
Table 3.2. Note that the elastic constants of the hydroxyapatite minerals are assumed to
be isotropic because the anisotropic elastic constants of the hydroxyapatite minerals in
the human bone are not yet known even though the hydroxyapatite-mineral-crystals are
known to have the hexagonal symmetry. The volume fractions of each component —
water, collagen, and minerals — are taken from Gong et al. (1964) and Biltz and Pellgrine
(1969) and the values are shown in Table 3.1.
First, the elastic constants are obtained by using the rule of mixture for the Voigt

bound as

C..=0-40C. +4,C,
and

C,,=01-4,)C,+4,C, 3.1)
where (Afcvw is the effective elasticity tensor for the collagen-water composite, C ., 15 the

effective elasticity tensor for the hydroxyapatite-water composite, (AZC is the elasticity

tensor for the collagen, fih is the elasticity tensor for the hydroxyapatite, ¢, is the water

volume fraction in the collagen-water composite, ¢,, is the water volume fraction in the
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hydroxapatite-water composite, and (AJW is the elasticity tensor of the water, respectively.
It was assumed that the water volume fraction in the collagen-water composite, ¢, is set

equal to that in the hydroxyapatite-water composite, ¢, . Similarly, the compliance

tensor, which is the inverse of the elasticity tensor (@ =C" ), is obtained by using the rule
of mixture for the Reuss model as

S.=0-4,)8.+4.8,,
and

S =01-9,)8, +8..S, (3.2)
where §cw is the effective compliance tensor for the collagen-water composite, S w18 the

effective compliance tensor for the hydroxyapatite-water composite, S, is the

c

compliance tensor for the collagen, éh is the compliance tensor for the hydroxyapatite,

and Sw is the compliance tensor of the water, respectively. A compliance tensor for the
bound water was obtained from the known bulk modulus of water K, (2.3 GPa). To

formulate the compliance tensor, we assume that the Poisson’s ratio for the bound water
is 0.4999. The shear modulus for the bound water obtained with this assumption is 0.9
MPa, which is three orders smaller than the bulk modulus of the water. Similarly, the
Young’s modulus for the bound water is estimated to be 2.7 MPa, which is also three
orders smaller than the bulk modulus of the water. Thus it is believed that increments in
both Young’s modulus and Shear modulus are not significant compared to the bulk

modulus of water.
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3. 3. 2. Calculation of the effective elastic comstants of the mineralized collagen
fibrils

In this section, the elastic constants of collagen fibrils with the platelet-shape-
hydroxyapatite-minerals are determined. It is assumed that the platelet-shape-
hydroxyapatite-minerals are periodically distributed along the long axes of collagen
fibrils. The bound water is assumed to be associated with both the hydroxyapatite-
mineral-crystals and the collagen molecules so that the elastic constants of the
hydroxyapatite—water composite and those of the collagen—water composite are used
instead of the collagen and hydroxyapatite. The effective elasticity tensor for the
periodically distributed platelet reinforced composite is calculated by (page 441 in

Nemat-Nasser and Hori, 1999),

C,.=C., {-4,.(C..-C,)"C. -8, (33)
where C . 18 the effective elasticity tensor of the platelet-shape-reinforced composite,

C ., 1s the elasticity tensor of the collagen-water composite obtained in the previous

(o8

section, C, , is the elasticity tensor of the hydroxyapatite-water composite obtained in the

hw
previous section, 1 is the identity tensor in six dimensions, #,.1s the volume fraction of
the platelet-shape-hydroxyapatite-minerals in the mineralized collagen fibril, and SJ;C is

the periodic operator for the platelet shape hydroxyapatite-water composite (See Eqs
(12.5.6b) and (12.5.9b) on page 440 and 441 in Nemat-Nasser and Hori 1999) , which is

given by

- 1
P
Sijkl = "25,:51131(1,/«) + gikS/(j,z) "‘5;131(1,@ + 5jksl(z‘,/)]
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1 1%
- :‘;Sl(i,j)J(kJ) + 1__—:;51(181(1,]) ’ G4

for the faster numerical calculation, where

Siop =2 $8(E)g(=EVhy, (&) andS ., =D '$2(E) g(=EVhy (&) (B.5)
4 &

Note that S;C has the dimension of stress. The terms 4, (&) and %,(£) in Eq. (3.5) are
defined as (Nemat-Nasser et al. 1982; Iwakuma and Nemat-Nasser 1983; Nemat-Nasser
and Hori 1999)

W& =&, M=), b© =),

h(&)=8E, k(@) =88, (&) =44,
and

Binian @) =n () Ay, (&), TorLI=1,2,3,...6, (3.6)

where & =¢&/|&|. I, ) (or J(i,j)) in Eqgs. (3.4), (3.5), and (3.6) are replaced by the
following relations: 7(1,1), 1(2,2), 1(3,3), 1(2,3),1(1,3), and /(1,2) correspond to 1, 2,

3,4, 5, and 6, respectively. The prime on the summation indicates that £ =0 is excluded,

: . n . . .
and the new variable ¢ is defined as & =——, where #, is the number of unit cells in the

i-direction and i can be replaced with x, y, z for x-, y-, and z- direction, respectively. The
domain of unit cell that contains one platelet isU = {x;~a, <x, <a, (i=x,y,z)}. The g-
integral g(&) in Eq. (3.5) is the volume average of exp(i&-x) over the inclusion and the

g-integral for the platelet shape (or cuboidal) inclusion is given by (Nemat-Nasser et al.,

1993; Nemat-Nasser and Hori 1999)
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&)= sin L, sin L, sin L, 37
gL T

where L, is

L =&l

i ivi?

(3.8

and where the subscript i is replaced by x, y, and z to indicate three perpendicular
directions, and /, is the dimension of the platelet mineral crystals, i.e., /=3 nm, / =25
nm, and /, =50 nm (Rho et al. 1998). 7, n,, and n, are the number of platelet mineral

crystals in the X, y, and z direction, respectively, and note that the summation in Eq. (3.5)

with respect to & (or n,, n,, and n,) is generally from 1 to infinity, but in this study, the

summation is performed from one to +£50 because the summation up to + 40 is only
0.7% less than that to +50 (Nemat-Nasser et al. 1982).
3. 3. 3. Calculation of the effective elastic constants of collagen fiber that is
composed of mineralized collagen fibrils

The effective elasticity tensor of the collagen fiber is calculated by using the

formula (Nemat-Nasser and Hori, 1999),
éc.f = (A:h.w ) {i - ¢c,f ((éh.w - ép,c)_1 'éh,w - égf,f)—l} > (39)
where (AZ‘C‘ , is the effective elasticity tensor of the collagen fiber, ¢, , is the volume

fraction of collagen fibrils, and the periodic operator for the mineralized collagen fibers

S?, are given by

8" =39 (&) g(&) FSF(&). (3.10)
g
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The term FS* (&) in (3.10) above is the Kelvin second rank tensor (See Appendix

3) for the anisotropic symmetry, which will be converted from the fourth rank tensor

FSF (&) that was given in Nemat-Nasser and Hori (1999) (Eq. 12.5.4a on Page 431 in
Nemat-Nasser and Hori 1999) as

FS* () = ym{E®E-C,, &) ®8):C,,, 3.11)

where C,, is the fourth rank elasticity tensor of the hydroxyapatite-water composite

obtained in the section 3.3.1. Since the elasticity tensor obtained in the previous seciion,

C,, . reflects the orthotropic symmetry, Eq. (3.10) is used instead of Eq. (3.4). The term
(§-C-&)in Eq. (3.11) is expanded in’the index notation as
(6:C5uS) = 6C & +81C b + 6iC1 uabs

+6,Co 161 +6.C) 1282 + 626, 438

+&C; 118 + &G 06, + 65 4085 - (3.12)
The inverse of the second rank tensor (£,C,, &) is calculated and another fourth rank
tensor, &,(£,C pjkqéq)"lfl , is formed. The fourth rank tensor FSF(&) is obtained by the
contraction of this result with the elasticity tensor of the hydroxyapatite-water

composite, C,, , and converted into the Kelvin second rank tensor FSP(&) (See

w 2

Appendix 3 for the relationship between the Kelvin notation and the Voigt notation). The

g-integral, g(&) for the circular cylindrical shape of the mineralized collagen fibrils, is

given by (Nemat-Nasser et al. 1993)
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2
—J(y) if n,=0
g&)=1B8" s G.13)
0 if m, 20’ '
where J, is the order 1 Bessel function of the first kind, and
B=2n(n+n)" fes : (3.14)
r

n, and n_ are the number of cylindrical inclusions in the x and z directions, respectively.

3. 3. 4. Calculation of the effective elastic constants of a single lamella that contains
collagen fibers

The effective moduli of a single lamella that contains the cylindrical shape
collagen fibers embedded in the hydroxyapatite mineral-water composite are calculated

by using the formula (Nemat-Nasser and Hori, 1999),
¢ =C,, 1-4(C,,-C.)"C, -8, (3.15)
where é, is the effective elasticity tensor of a single lamella and ¢, is the volume

fraction of collagen fibers. The periodic operator éf for a cylindrical shape of collagen

fibers is obtained by the same manner in the previous section; all collagen fibers in a
lamella are assumed to be aligned in the longitudinal direction. The estimated elastic
constants for the mineralized collagen fibril, the collagen fiber, and a single lamella are

shown in Table 3.3.

3.4. Steps of calculation

Step 1
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Calculate the effective elasticity tensor C_,, for the collagen-water composite, i.e.,

collagens associated with the water, and that C . for the hydroxyapatite mineral — water

composite, i.e., hydroxapatite minerals associated with the water. The effective elasticity
tensors are estimated by averaging the estimates of the Voigt-Reuss bounds (Egs.3.1 and
3.2). The compositional volume fractions are taken from Table 3.1 and the elastic
constants for the collagen and the hydroxyapatite minerals are selected from Table 3.2.
For the elasticity tensor (or the compliance tensor) for the water, it was assumed that the
water is elastic material whose Poisson’s ratio is very close to 0.5.

Step 2

Calculate the effective elasticity tensor C o Of the mineralized collagen fibril that has the

platelet-shape-hydroxyapatite—water composite by using Eq. (3.3). Both the elasticity

tensor of the collagen-water composite, C and that of the hydroxyapatite—water

cw ?

~

composite, C, , , are obtained in the step 1. The volume fraction of the platelet shape of
hydroxyapatite minerals, ¢,, in Eq. (3.3) is (0.25xV, AV, ,+0.25x V, ) because 25%

of hydroxyapatite minerals are deposited inside the fibrils (Lucchinetti, 2001; Rho et al.
1998).
Step 3
Calculate the effective elasticity tensor (AICV + of the collagen fiber that contains the
mineralized collagen fibrils embedded in the hydroxyapatite-water composite by using

Eq. (3.9). The elasticity tensor of the mineralized collagen fibrils C - Was estimated in

the step 2. The volume fraction of the collagen fibrils, ¢, , in Eq. (3.9) is
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(V,,+0.25xV, (V. +025xV,, +0.75xV,  /2) with assuming that the collagen fibrils

are surrounded by a half of the extrafibrillar hydroxyapatite mineral-water composite,
which is 75% of total hydroxyapatite mineral-water composite (Lucchinetti, 2001;
Pidaparti et al. 1996; Rho et al. 1998).

Step 4

Calculate the effective elasticity tensor é, of a single lamella of which collagen fibers

are aligned in the longitudinal direction and embedded in the hydroxyapatite-water
composite by using Eq. (3.15). (A?c‘ , is the effective elasticity tensor of collagen fibers
obtained in the step 3. The volume fraction ¢ in Eq (3.15) is
(V,,+025xV, +0.75xV, /12)/ (V. +0.25x ¥, +0.75x V, ) because it is assumed that

the rest of the hydroxyapatite mineral-water composite (37.5%) is located outside the

collagen fibers (Lucchinetti, 2001; Pidaparti et al. 1996; Rho et al. 1998).

3.5. Results

The elastic constants at levels of a mineralized collagen fibril, a collagen fiber,
and a single lamella are estimated by considering the bound water. Based on two sets of
experimental data on compositional volume fraction in a human cortical bone (Table 3.1),
full sets of orthotropic elastic constants for an osteonal lamella are calculated and shown

in Table 3.3.

3.6. Discussion

This is the first study to quantify the elastic constants at three distinct and well

recognized hierarchical levels of a mineralized collagen fibril, a collagen fiber, and a
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single lamella. Nanoindentation has been used experimentally to determine the Young’s
modulus the nanoscale, but it is not possible to measure the shear modulus and Poisson’s
ratio with the nanoindentation method. In theoretical analyses, Akiva et al. (1998) and
Wagner and Weiner (1992) calculated elastic constants of a bone matrix by using a
platelet reinforced composite model. Their model only considers the mineral deposition
inside the collagen fibrils and the model cannot predict the out-of-plane elastic constants.
The homogenization method of Crolet et al. (1993) considered the mineral deposition
only outside collagen fibers. The present study considers the mineral deposition both
inside collagen fibers and outside collagen fibers. Similarly, Hellmich et al. (2002, 2004)
estimated the bone matrix elastic constants by using the self-consistent method, but they
assumed that the shape of deposited hydroxyapatite minerals to be spherical.

The literature is not unambiguous on the measured volume fraction of water. It
was reported that the water volume fraction in the cortical bone matrix is 23.9% (Gong et
al. 1964). These authors applied centrifugal acceleration 8,000 g for 15 minutes, but that
may remove only the water volume fraction in the Haversian systems (or vascular
porosity). Arnold and Tont (1967) suggested that the centrifugal acceleration 25,000 g is
adequate to remove the water from Haversian systems and 1,500,000 g is to remove the
water from the canaliculi (Ashman 1989). Biltz and Pellgrino (1969) measured the water
volume fraction for the human cortical bone is 15.5%, which is less than that measured
by Gong et al. (1964). If the water content measured by Gong et al. (1964) and Biliz and
Pellgrino (1969} include the water content in the lacunar-canalicular porosity and the
vascular porosity, the magnitude of the estimated bone matrix elastic constants will be

increased. Figure 3.3 shows that the variation of elastic modulus against the water
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volume fraction of the bone matrix, when the water volume fraction is less than 15% in
the data of Biltz and Pellgrino (1969).

Even though the water content of Gong et al. (1964) is greater than that of Biltz
and Pellgrino (1969), the estimated elastic constants from Gong et al. (1964) are close to
those from Biltz and Pellgrino (1969) when the inorganic fraction of Gong et al. (1964)
was removed. Table 3.3(a) shows the estimated elastic constants by using the data of
Biltz and Pellegrino (1969) in Table 3.1. The water content was 15.5%, mineral content

was 39.9%, and organic content with CO2 is 41.8%. The estimated elastic constants £, ,

E,,and E; are 16.371 GPa, 18.658 GPa, and 22.773 GPa (Table 3.3a). The data of Gong

et al. (1964) have the water fraction, ash fraction, organic fraction, and volatile inorganic
fraction. However it was not clear that the inorganic fraction is included in the mineral
volume fraction. Thus the two cases are considered: the mineral volume fraction contains
both the ash fraction and the volatile inorganic fraction (Table 3.3b), and the mineral
volume fraction contains only the ash fraction (Table 3.3c). The estimated elastic

constants for the first case are E = 19.020 GPa, E,= 21.343 GPa, and E,= 24.455 GPa,
and those for the last case are £ =16.883 GPa, £,=19.021 GPa, and E,=22.323 GPa,

respectively. Interestingly, the estimated elastic constants from the data of Biltz and
Pellegrino (1969) are close to those from the data of Gong et al. (1964) if the volatile
inorganic volume fraction is not included into the hydroxyapatite mineral volume
fraction. The elastic constants from the data of Biltz and Pellgrino (1969) may be
reasonable estimation for the bone matrix.

The micromechanical method applied in this study (Iwakuama et al. 1983; Nemat-

Nasser 1982; Nemat-Nasser et al. 1993; Nemat-Nasser and Hori 1999) satisfies the
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Hashin and Shtrikman bounds. Nemat-Nasser et al. (1982) compared the effective moduli
in the periodic distribution assumption to the Hashin and Shtrikman bounds. The bulk
modulus of a medium with spherical cavities in the periodic distribution assumption
overshoots the upper bound of Hashin and Shtrikman (1963) by about 1%. They
explained that it may be the truncation error because the variable £ was summed from -
50 to 50 instead of from — infinity to + infinity because the sum to +40 provides an
answer only 0.7% less than that to + 50.

These estimated elastic constants for the bone matrix will provide a dataset for
building a mathematical damage models as well as for estimating poroelastic constants

for the lacunar-canalicular and the vascular porosity of an osteon (Chapter 4).
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Table 3.1 Compositional volume fraction of the human cortical bone (NR: Not reported)

Volatile
Water
Mineral ash inorganic Organic Organic+CO,
content
fraction
Biltz and
Pellegrino 15.5 39.9 NR NR 41.8
(1969)
Gong et al.
23.9 37.7 4.6 33.8 NR
(1964)
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Table 3.2 The technical elastic constants of the collagen and the hydroxyapatite minerals

Collagen Hydroxyapatite
E[GPa] 1.2 114
v 0.35 0.28
G[GPa] 0.469 44.531

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



50

Table 3.3 (a) The effective technical elastic constants of the mineralized collagen fibril
(Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the data of

Biltz and Pellegrino (1969)

The mineralized
The collagen fiber A single lamella
collagen fibril
(Step 2) (Step 3)
(Step 1)
E;[GPa] 3.351 11.309 16.371
E>[GPa] 6.190 13.826 18.658
E;[GPa] 7.687 16.944 22.773
V12 0.286 0.324 0.334
Vi3 0.201 0.230 0.237
V21 0.528 0.397 0.381
V23 0.214 0.242 0.247
V31 0.460 0.345 0.330
V32 0.266 0.297 0.301
G2[GPaj 1.064 4,770 7.155
Gy3[GPa] 1.043 4.711 7.064
Ga3[GPa] 2.960 ' 6.256 8.368
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Table 3.3 (b) The effective technical elastic constants of the mineralized collagen fibril

(Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the data of

Gong et al. (1964)

The mineralized

The collagen fiber A single lamella
collagen fibril
(Step 2) (Step 3)
(Step 1)

E[GPa] 4.528 13.571 19.020
E»[GPa] 7.703 16.258 21.343
E;[GPa] 9.266 18.893 24 .455
Vig 0.297 0.315 0.320
Vi3 0.214 0.243 0.252
Vol 0.505 0.377 0.359
Va3 0.225 0.255 0.261
V3l 0.437 0.338 0.324
V32 0.271 0.296 0.299
G12[GPa] 1.403 5.399 7.805
Gi3[GPa] 1.375 5.379 7.761
G3[GPa] 3.565 7.053 9.120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




52

Table 3.3 (c) The effective technical elastic constants of the mineralized collagen fibril
(Step 2), the collagen fiber (Step 3), and a single lamella (Step 4) by using the data of
Gong et al. (1964) that the volume fraction of the volatile inorganic fraction is excluded

from the mineral volume fraction

The mineralized
The collagen fiber A single lamella
collagen fibril '
(Step 2) (Step 3)
(Step 1)

E,[GPa] 3.821 11.880 16.883
E,[GPa) 6.587 14.299 19.021
E3[GPa] 8.034 16.962 22.323
V12 0.302 0.320 0.326
Vi3 0215 0.239 0.246
Va1 0.521 0.386 0.367
Va3 0.220 0.249 0.254
V31 0.451 0.341 0.325
V32 0.268 0.296 0.298
G12[GPa] 1.162 4.811 7.081
Gi3[GPa] 1.138 4.779 7.023
G3[GPa] 3.091 6.308 8.286

Figure 3.1 A combined schematic of the hierarchal development of mineralized bone

(Siperko and Landis 2001).
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(a) The hydroxyapatite-mineral-crystals are deposited between the 300 nm long collagen
molecules. The size 67 nm indicates the overlapped length 27nm with the adjacent
collagen molecule and the 40nm gap between collagen molecule ends. (b) the platelet-
shape-hydroxyapatite-minerals grow in the gap space within the collagenv fibril. (c) the
platelet-shape-hydroxyapatite-mineral-crystals grow as large as 50 to 70 nm in length. (d)
the platelet-shape-hydroxyapatite-mineral-crystals fuse outside of collagen fibrils and a
gro;xp of collagen fibrils are surrounded by the hydroxyapatite-mineral-crystals. The
space between the platelet-shape-hydroxyapatite-mineral-crystals disappears and collagen
fibrils are embedded in the hydroxyapatite-mineral-crystals. (e) the hydroxyapatite-
mineral-crystals fuse outside of collagen fibers. The 50 nm thick hydroxyapatite-mineral-
plate is formed between arrays of mineralized collagen fibers of which thickness is
approximately 80 nm. (d) the mineralization continues and the mineralized collagen

fibers are completely embedded in the  hydroxyapatite-mineral-crystals.
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Figure 3.2 Flow chart of calculation
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Figure 3.3 The variation of elastic modulus against the water volume fraction
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Chapter 4

An estimate of anisotropic poroelastic constants of an osteon

Abstract

The anisotropic poroelastic constants of an osteon are estimated by using a
micromechanical analysis. The drained elastic constants are the porous medium’s elastic
constants when the fluid in the osteonal pores easily escapes and the pore fluid can
sustain no pore pressure. The drained elastic constants at the lacunar-canalicular porosity
tissue level are estimated by using an effective moduli model in which the shape of
lacunae is approximated as ellipsoidal cavities. The undrained elastic constants are the ;
porous medium’s elastic constants when the medium is fully saturated with pore fluid and
the fluid cannot escape, are also estimated. These estimated anisotropic poroelastic
constants will provide a part of a database for the development of an accurate anisotropic

poroelastic model of an osteon.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

4.1. Introduction

The osteon is a hollow approximately cylindrical structure in the human cortical
bone with a radius of roughly 100-150 um (Cowin 1999). The long axis of the osteon
aligns approximately +15degrees with the long axis of a bone. At the center of the
osteon is a canal called the osteonal canal or the Haversian canal; it may contain one or
two blood vessels, a nerve, and some space occupied by bone fluid. The bone cells form a
confluent lining on the wall of osteonal canal. The additional space in the osteonal canal
is the vascular porosity; this is the porosity with the largest pore diameters in the osteon
and in the osteonal bone. Behind the bone cell layer on the wall of osteonal canal, there
are multiple small tunnels (0.2 um to 0.4 um in diameter), so called “canalicﬁli” that
connect the osteonal canal to the lacunae and lacunae to other lacunae. The lacunae are
approximately ellipsoidal (approximately 25 wum by 10 um by 5 um) in shape and
contain one ostecyte (Cowin 1999). The space within the canaliculi and lacunae is called
the lacunar-canalicular porosity; it is the porosity with the second largest pore diameters
in the osteon. The smallest pore diameter porosity is the space between the collagen fiber
and the mineral, hydroxyapatite.

The shear stress on the osteocyte due to the bone fluid flow in the canaliculus

could be a stimulus of the bone mechanotransduction (Cowin et al. 1991; Cowin et al.
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1995; Cowin 1999; Cowin and Moss 2001; Weinbaum et al. 1994). The bone fluid flow
through the canaliculi is believed to provide nutrients and remove wastes from osteocytes.
Weinbaum et al. (1994) proposed that the osteocytes can be stimulated by relatively small
shear stresses acting on the membranes of their osteocytic process. The strain applied to
the whole bone (0.04-0.3%) is much smaller than the strain necessary to signal in the
deformed cell culture (1-10%) (Burger and Veldhuijen 1993, Williams et al. 1994; You et
al. 2000). You et al. (2001) explained a possible mechanism by developing a theoretical
model in which the drag force on the fibers attaching the osteocytic process to the
canalicular wall amplifies the strain as much as 100 times by intercellular actin
cytoskeleton and extracellular fibers in the canalicular process. Poroelasticity theory is
used as the theoretical model to determine the bone fluid flow through the canaliculus.
The deformation-induced pore fluid pressure gradient causes bone fluid to flow in the
pericellular space of the lacunar-canalicular system when a whole bone is deformed.
(Cowin 1999; Piekarski and Munro, 1977, Wang et al. 1999, 2000;. Weinbaum et al.,
1994; Zhang et al. 1994, 1996, 1998; Zeng et al. 1994). Wang et al. (1999) proposed a
theoretical model based on the poroelasticity theory to mimic oscillatory four point
bending experiments of thin bone specimens. Their model includes the lacunar-

canalicular porosity, osteonal canals, and the osteonal cement lines that is the outer
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boundary of the osteon, and shows the local fluid pressure profiles. Their result suggests
that the fluid pressure response to cyclic loading is not sensitive to the permeability of the
osteonal cement lines, but it is sensitive to the applied loading frequency. Previously,
Zhang et al. (1998) estimated the peak pore pressure due to uniaxial compression for both
the vascular porosity and the lacunar-canalicular porosity by using the poroelasticity
theory. The peak pore water pressure of vascular porosity is 19 percent of the applied
axial stress and 12 percent of the applied axial stress in the lacunar-canalicular porosity. A
slight hydraulic stiffening of the bulk modulus was predicted by longer relaxation time of
the lacunar-canalicular porosity.

Normal human bone matrix outside these porosities consists of the lamellar bone
or the osteonal bone. The lamellar bone is highly organized and consists of parallel
layers, which is “lamellae,” and the osteonal bone is formed by bone remodeling, where
bone cells remove the old bone and replace it with the new bone, and consists of
cylindrical lamellae. By bone remodeling process, normal human cortical bone consists
mostly of osteonal bone matrix.

Three types of osteons are described by Ascenzi and Bonuccei (1967, 1968). Type
T osteon (bright osteon) has the collagen fibrils aligned in the transverse direction, Type

A osteon has the alternative structure of both the longitudinal collagen fibril orientation
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and the transverse collagen fibril orientation, and Type L osteon (dark osteon) has the
collagen fibrils aligned in the longitudinal direction (Martin et al. 1998). Marotti and
Muglia (1988) distinguished the lamellae as the dense lamellae and the loose lamellae,
and Weiner and Traub (1992) divided the lamellae structure into the thin and thick
lamellae. Marotti et al. (1995) found that the lacunae are located in the loose lamellae and
the orientation of lacunae is aligned in the collagen fibril direction. We focus here on type
L and type T osteons because the values of the parameters of interest for other types of
osteons are bounded by the values of the parameters of the type L and type T osteons.
Also type A osteon will be examined by considering the composite of type T osteonal
lamellae and type L osteonal lamellae.

The anisotropic poroelastic constants are needed in order to develop the
anisotropic (orthotropic or transversely isotropic) poroelastic models of different types of
osteons. Early theoretical models (Smit et al. 2002; Wang et al. 1999; Zhang et al. 1996,
1998; Zeng et al. 1994) assumed that the osteonal bone matrix was isotropic, but they
expressed the concern that their models were not anisotropic even though the bone matrix
is anisotropic. In this study, micromechanical theories will be employed to estimate the
drained elastic constants and the undrained elastic constants at the lacuno-canalicular

porosity level of the osteon (Cowin 2003; Nemat-Nasser and Hori 1999).
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4.2. Method
4.2.1. The relationship between Voigt notation and Kelvin notation

The traditional notation for the anisotropic Hooke’s law is the representation of
the fourth rank tensor, which is given in indical notation by

T, = CynEin Ot E; =S, s (4.1)

)

where T., E.,C,

io BjsCun, and S, are the stress tensor, the strain tensor, the elasticity

tensor, and the compliance tensor, respectively. Voigt (1910) employed the matrix
notation as the coefficients of linearity in the relation between stress and strain,

T=cE or E=sT, (4.2)
where T and E are one-by-six column matrices representing stress and strain. ¢ and
s are the elasticity matrix and the compliance matrix, respectively. The double index
notation (or Voigt matrix notation) is important because most of the data on the
mechanical properties of anisotropic elastic materials are reported in the double index
notation (Hearmon 1961; Cowin and Mehrabadi 1995). The relation between the fourth
rank tensor involves factors of 1, 2, and 4. The elements in the upper left hand 3-by-3
matrix have the proportionality factor one, eg, S,;,, =s5,,; the elements in the upper right
hand 3-by-3 matrix (and lower left hand 3-by-3 matrix) have the proportionality factor

two, eg, 2S,,,, =5,,; and the elements in the lower right hand 3-by-3 sub matrix have the
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proportionality factor four, eg, 4S,,, =5, (Hearmon 1961; Cowin and Mehrabadi
1995). However, for the elasticity tensor, no proportionality factors are involved. The
proportionality factors do not occur between the Kelvin notation (1856) and the Voigt
fourth rank tensor. Kelvin notation equivalent to Eq. (4.2) is

T=CE or ﬁzg’f, 4.3)
where the stress vector T has components {f"l,f’z,ﬂ,ﬂ,f’s,f;}, the strain vector E has

components {El,l:fz,&,l%,;,ﬁs,éﬁ} , C is the elasticity tensor for the orthotropic

symmetry and is given as a 6-by-6 matrix of the second rank tensor components in 6

dimensions,

- (4.4)

and S=C" is the compliance tensor with the same structure. The relationship between

the components of the Voigt fourth rank tensor and the components of the Kelvin second

rank tensor is as follows: Cj,, =6, Cypp =0y, Ciuy =0y, Cryy =6y Cz3 =63,
I. 1 1

Cpy =0y s Cup = 56‘44 » Chps =52-055 , and Cpy, = -2fc66 . Similarly, the compliance

tensor has the relationship between the components of the Voigt fourth rank tensor and
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the components of the Kelvin second rank tensor as
1

~ ~ ~ A ) ’ ~ ~
Sin =815 S =%, S =83, Syn=8,, Su= Si35 Sy =8, Sy =5544 s

1. 1. )
S = 5555 and S, = > Sass respectively.

4.2.2. The bone matrix elastic constants

Yoon and Cowin (in preparation) estimated the bone matrix elastic constants by
using the micromechanical models that recognized three levels of microstructure: (1) a
mineralized collagen fibril, which consists of collagen molecules and platelet-shape-
hydroxyapatite-mineral-crystals; (2) a collagen fiber composed of collagen fibrils
embedded in the hydroxyapatite-mineral-crystals; and (3) a single lamella, which is a
collagen fiber composite structure embedded in the hydroxyapatite-mineral-composite.
The bone matrix elastic constants of a single lamella for type L osteon are estimated as:
E" =16.371 GPa, E] =18.658 GPa, E; =22.773 GPa, v =0.334, v;; =0.237,
vy =0.381, v,,=0.247, v;{=0.330, v;;=0.301, G;=7.155 GPa, G=7.064 GPa, and
G,; =8.368 GPa, respectively. Then the bone matrix compliance tensor §" is

constructed by
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The elastic constants of type T osteon and type A osteon are determined by the use of
tensor transformation laws (Cowin and Mehrabadi 1995) from the orthotropic bone
matrix elastic constants of type L osteon. Also, the isotropic bone matrix elastic constants,
which are estimated by the averaging method from the orthotropic bone matrix elastic
constants (See details in Cowin et al. 1999; Yoon et al. 2002), are obtained to compare to
the orthotropic bone matrix elastic constants. These bone matrix elastic constants are
considered to represent the elastic constants of the bone matrix without osteonal canals

and without lacunae.

4.2.3 An estimate of the drained elastic constants at the lacunar porosity level

The drained elastic constants of a porous medium may be determined by

calculating the effective elastic constants of a medium with the appropriately connected
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pore structure. The drained elastic constants are elastic constants when the pore fluid
pressure is zero. In the lacunar-canalicular porosity, the anisotropy due to cavities or
voids is mainly influenced by the distribution of lacunae, which is quasi-periodic,
because the size of canaliculi is much smaller than those of lacunae. In this calculation,
two assumptions are made. First, the effective moduli of the quasi-periodically distributed
lacunae in the circular sector are approximately equal to the effective moduli of
periodically distributed lacunae in a rectangle whose dimensions are equal to the
circumference of the circle and the radial length of the circular sector. Second, it is
assumed that the existence of canaliculi may be ignored in this calculation, but their
effect is acknowledged in that the pores are all assumed to have the same pore pressure
under a static load. The rationale for this assumption is that the canaliculi, although

numerous, are small (0.2 um to 0.4 um) while the lacunae are, by comparison, large
25 um by 10um by 5 um). The formula for the effective moduli of a medium in the
periodically distributed cavities (Nemat-Nasser and Hori, 1999) is given by

CT =C":{i-pA-S""}, (4.6)
where C7 is the effective clasticity tensor, C" is the elasticity tensor of the matrix
material, 1 is the identity tensor in six dimensions, ¢ is the porosity, and S is the

periodic operator (See Egs (12.5.6b) and (12.5.9b) on page 440 and 441 in Nemat-Nasser
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and Hori 1999) , which is given by

8¥ =988 Q). @7
where the prime on the summation indicates that & =0 is excluded. g(£) is the g-
integral, which is the volume average of exp(i¢-x) over the cavity. The new variable &
is defined as & Eﬁ’ where #n, is the number of unit cells in the i-direction (Figure
4.1) and i can be replaced with x, y, z for x-, y-, and z- direction, respectively. The unit

cell, which contains one osteon, has the domainas U ={x;-a,<x, <qg, (i=x,y,z)}. The

g-integral, g(&) for the ellipsoidal inclusion is given by (Iwakuma and Nemat-Nasser

1983; Nemat-Nasser et al. 1999)
3. .
g(&) =;(smn——ncosn), 4.8)

where 7 is given by

5 5112
s 314 A
n=2 ﬂx(4x7zx(by/bx)><(bz/bx)){{nx} +{ny bx} +{ny b” ’ @2

n,, and

and where the subscripts x, y, and z indicate three perpendicular directions. »,,
n, are the number of cavities in the x, y, and z direction, respectively. Note that the
summation in Eq. (4.7) with respect to & (or n,, 7n,, and #n,) is generally from 1 to

infinity, but in this study, the summation is from one to +50, for which reasons will be

explained in the discussion. 5., b,, and b, are the length of principal axes of an
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ellipsoidal shape of a lacuna. For the type L osteon, the size of a lacuna (Remaggi et al.
1998) is b, =25um, b =10um, and b,=5 um, respectively, and the value in the y
direction is interchanged with that in the z direction for the type T osteon.
4.2.3.1 The case of an isotropic bone matrix
It is assumed that the bone matrix is isotropic in this section. The transversely
isotropic case is treated in the next section. Iwakuma and Nemat-Nasser (1983)

decomposed the periodic operator S”as

- 1
P
Siu = ‘i[d‘l&(;,k) +8,8,,0 F0uS10 TS0 :I

—ijsl(i,m(k,z) +i’_1’_/”;5kzsl<t,f) g (4.10)
for the faster numerical calculation, where
8, = ;cbg(cf) g=Oh (&) and §, = §¢g(§) g8y (S). (4.11)
h.(&) and h, (&) are given by (Nemat-Nasser et al. 1982; Iwakuma and Nemat-Nasser
1983; Nemat-Nasser and Hori 1999)
R =&Y, h(&)=&). K&=&),
mE)=88, K& =58, h(©)=85,.
and
P& =M (S iy 5(€), for I(ij) and J(1,j) =1,2,3, ... 6. (4.12)

£ = 5/15‘ and [(i, j)(or J(i,j)) in Eqs. (4.10) and (4.12) are replaced by relations as
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LYy, 12,2y, 13,3y, 1(2,3),1(1,3), and 7(1,2) correspond to 1, 2, 3, 4, 5, and 6,
respectively.
4.2.3.2. The case when the bone matrix is anisotropic
If it is assumed that the bone matrix is anisotropic, the term, F§P(§) in Eq.
(4.7) is determined by (Eq. 12.5.4a on Page 431 in Nemat-Nasser and Hori 1999)
FS"()=sym{E®(E C"-8)" ®8):C", (4.13)
where C™ is the fourth rank elasticity tensor of the bone matrix. First, the term

(&-C-&) isexpanded in the index notation as
(GiCou) = 6C Gt +8iC by + 61 st
+6,Co %1 6207028 + 6200363
+&,C5 10& +EC; 108, +6C; 4585 - (4.14)
The inverse of the second rank tensor (£,C, &) is calculated and another fourth rank
tensor fi(c_prpj,Wé‘q)"lf, is formed. The quantity Fép(f) in Eq. (4.13) is obtained by

the contraction of this result with the fourth rank elasticity tensor of bone matrix, C".

4.2.4 Estimate of undrained elastic constants at the lacunar porosity level

Three sets of conventional elastic compliance tensors are involved in

poroelasticity theory. These are the drained compliance tensor S¢, the matrix material
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compliance tensor S§™, and the undrained compliance tensor S”. The matrix material
compliance tensor S™ represents the elastic constants of the matrix material in the
porous medium (Eq. 4.5). The drained compliance tensor S represents the elastic
constants of the porous medium when no fluid remains in the pores. The undrained
compliance tensor S* represents the elastic constants of the porous medium when the
fluid is not able to escape.

The strain-stress-pore pressure relations for a poroelastic medium are given by
(Biot 1941, 1955; Cheng 1997; Cowin 2003; Detournay and Cheng 1993; Thompson and
Willis 1991)

E=8-T+@®*-S")-Up, (4.15)
where B is the strain vector in six dimensions, T is the stress vector in six dimensions,
Uis a six-dimensional vector defined as ﬁ={1,l,1,O,O,O}T and pis the pore fluid
pressure. Eq. (4.15) is simplified by introducing the “effective stress”, L= (’i‘ + Ap) as

E=87.2=87 (T+Ap), (4.16)

where the “Biot effective stress coefficient,” A is defined as
A=(1-(8)"-§")-0. (4.17)
The variation of fluid volume per unit volume due to diffusive fluid mass transport, ¢ is

given by
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¢=8"AT+C,p, (4.18)
where the effective compressibility is
Cy=C,—C,+¢(C,-C.), 4.19)
and where ¢ is the porosity. The compressibility, the inverse of bulk modulus, in Eq.
(4.19) is obtained by
c =080, (4.20)
where i in C, is replaced by d, m, u, f to indicate the compressibility for the
drained case, the matrix, the undrained case, and the pore fluid, respectively. Another
poroelastic constant is the Skempton compliance difference tensor B, which is a
measure of the relative compressibility of the fluid and solid phase. It represents the ratio
between the pore pressure p and the stress T for the undrained condition when the
variation of fluid content is zero (¢ = 0) as
p=-B-T, (4.21)
where the “Skempton compliance difference tensor,” B is defined as
S7-A

B= i 422
c, (4.22)

By substituting Eqs. (4.21) and (4.22) into Eq. (4.16),

A ~ A

E=§T=(8-

L §9 A8/ A)T (4.23)

Coy
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The relation between the undrained compliance tensor S§* and the drained compliance

tensor S? is obtained as

A

S*=8-—8 . A®S§"-A. (4.24)

L
Cy
4.2.5 Steps of the calculation

For the type L osteon, the following steps are accomplished.
Step 1. Calculate the drained compliance tensor S? of an osteon by using the inverse of
C’ in Eq. (4.6). The compliance tensor of the bone matrix material S™ is constructed
by using the elastic constants of bone matrix material (Eq. 4.5). In this calculation, note
that the longest principal axis of the lacuna is aligned with the long axis of an osteon.
Step 2. Calculate the Biot effective coefficient A by using Eq. (4.17) and the effective
compressibility C,; by using Eq. (4.19).
Step 3. The undrained compliance tensor S§* of an osteon is calculated by using Eq.
(4.24). The drained compliance tensor S¢ was estimated in step 1, and the effective
compressibility C,, was obtained in step 2.
Step 4. Calculate the Skempton coefficient B by using Eq. (4.22)

See Table 4.1 (a) and Table 4.3 (a) for the values of the orthotropic poroelastic constants,

the Biot effective coefficient A , and the Skempton coefficient B. In the similar way,

the poroelastic constants for type T osteon and type A osteon are calculated by using the
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tensor transformation law (Cowin and Mehrabadi 1995) (Tables 4.1 (b), 4.1(c), 4.3(b),

and 4.3(c)).

4.3. Results

Table 4.1(a) shows the drained and undrained orthotropic poroelastic constants at
the lacunar-canalicular porosity level of type L osteon for two cases depending on
whether the bone matrix material is isotropic or orthotropic. Similarly, those of type T
osteon and type A osteon are shown in Tables 4.1(b) and 4.1(c), respectively. The elastic
constants estimated by the periodic distribution assumption for type L osteon may be
compared to those estimated by the dilute distribution assumption using the data in Table
4.2. Table 4.3(a), 4.3(b), and 4.3(c) show the estimated the Biot effective coefficient and
the Skemption coefficient of type L, type T, and type A osteons, respectively, for both

orthotropic and the isotropic elastic bone matrix cases.

4.4, Discussion

A major conclusion of this study is that the anisotropy of the bone matrix level

elastic constants (or the bone matrix compliance tensor S"’) strongly influences the

anisotropy of poroelastic constants at the lacunar-canalicular porosity level (or the

drained compliance tensor S¢ and the undrained compliance tensor S§*). Table 4.1

shows that the orthotropic bone matrix generates the higher discrepancy in the elastic
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constants, especially between E, and E; compared to those obtained by assuming that
the bone matrix is isotropic. It suggests that the anisotropy of bone matrix itself plays an
important role in determining the anisotropic lacunar-canaliculuar porosity level elastic
constants no matter what averaging method (Cowin et al. 1999; Yoon et al. 2002) is
applied.

The lamellae of type A osteon is composed of successive layers of lamellae in the
type L osteon and those in the type T osteon. Ascenzi et al. (1986) observed that another
layer, which collagen fibers are aligned 45 degrees with the osteonal axis, lies between
the type T osteonal lamella and the type L osteonal lamella. Recently, Ascenzi et al.
(2003) observed that the type T osteonal lamellac in the type A osteon is, mostly,
oriented 45 degrees with the osteonal axis. Previously the type T osteonal lamellae in the
type A osteon is believed to be perpendicular to the type L osteonal lamellae in the type
A osteon. The type L osteonal lamellae in the type A osteon observed by Ascenzi et al.
(2003) is still aligned along the osteonal axis. Even though the “twisted plywood model”
was observed inside the type T osteonal lamellae in the type A osteon, most collagen
fiber arrays in the type T osteonal lamellae are oriented 45 degrees with the osteonal axis.
Weiner et al. (1999) suggested differently that the different numbers of collagen fiber

arrays are rotated 30 degrees with respect to the adjacent group of collagen fiber arrays.
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The angle between collagen fiber arrays inside the type A osteon is not clear at this
moment. Even though there is reported observation (Ascenzi et al. 2003) that the type T
osteonal lamellae in the type A osteon is oriented 45 degrees with the osteonal axis, we
will follow the old model that the type T osteonal lamellae in the type A osteon is
perpendicular to the osteonal axis. The orthotropic poroelastic constants for type A
osteon are shown in Table 4.1(c).

The effective drained elastic constants estimated by using the periodic distribution
assumption may be a little suspect because the distribution of lacunae is not perfectly
periodic. Table 4.2 shows that the poroelastic constants estimated by the periodic
distribution assumption are close to those estimated by the dilute distribution assumption,
when the bone matrix is isotropic. The reason is that the orientation of lacunae in the
dilute distribution assumption is coincident with those in the periodic distribution
assumption. Only distance between lacunae is varied in the dilute distribution
assumption.

The values for B, for the type L, type T, and type A osteons for the two cases
listed in Tables 4.3 (a), 4.3 (b), and 4.3(c), the cases when the bone matrix is isotropic and
the case when the bone matrix is orthotropic, show something very interesting. If the

bone is loaded only axially with a stress 7,,, the pore pressure created in the undrained
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situation in the type L osteon is, using Eq. (4.22), given by p = - B.T.; thus, from Table
4.3 (a), p = - 0.037T,; in the case when the bone matrix is isotropic and p = - 0.0287,; in
the case when the bone matrix is orthotropic. Two aspects of these results are interesting.
First the pore pressure p developed in the case of an isotropic matrix material is 1.32
times that developed in the case of orthotropic matrix material. The orthotropic material
symmetry in the matrix material effectively shields the pore fluid from the stress in the
solid matrix better than the isotropic material symmetry. The pore pressure in the
isotropic case is 3.7% of the axial solid matrix stress and the pore pressure in the
orthotropic case is 2.8% of the axial solid matrix stress. However for the type T osteon,
from Table 4.3 (b), p = 0.0687T,, in the case for the orthotropic bone matrix and p =
0.070T,, in the case for the isotropic bone matrix. The pore pressure p developed in the
case when the bone matrix is isotropic for type T osteon is almost equal to that in the case
when the bone matrix is orthotropic. For the type A osteon, from Table 4.3 (¢), p =
0.048T,, in the case for the orthotropic bone matrix and p = 0.0547;, in the case for the
isotropic bone matrix. The pore pressure p developed in the case of an isotropic matrix
material is 1.13 times that developed in the case of orthotropic matrix material. The
previous estimate (Zhang et al., 1998) of the Skempton coefficient tensor for bone tissue

at the lacunar-canalicular level was based on the assumption that pore shape and
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distribution were characterized by isotropy as well as the material symmetry of the matrix
material. In this case B, = Bg= B, = B/3 and the B was estimated to be 0.4 (Zhang et al.,
1998) for the same lacunar-canalicular porosity that is the present subject of discussion.
For the type L osteon, the value of B for the isotropic matrix material with ellipsoidal
cavities is estimated as 0.380 and that for the orthotropic matrix material is 0.4, which are
close to the estimation of Zhang et al. (1998).

Nemat-Nasser et al. (1982) compared the effective moduli in the periodic
distribution assumption to the Hashin and Shtrikman bounds. The bulk modulus of a
medium with spherical cavities, if the shape of lacuna is assumed spherical, in the
periodic distribution assumption overshoots the upper bound of Hashin and Shtrikman
(1963) by about 1%. They explained that it may be the truncation error of Eq. (4.7). Eq.
(4.7) was summed for the variable & from -50 to 50, except when & is zero, because
the sum to x40 provides an answer only 0.7% less than that to + 50.

The estimated anisotropic poroelastic constants will provide a set of data to
develop the more accurate anisotropic poroelastic model than isotropic poroelastic
models (Manfredini et al. 1999; Smit et al. 2002; Wang et al. 1999; Zhang et al. 1994,

1996).
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Table 4.1(a). The estimated undrained and drained elastic constants of the type L osteon

for the case when the bone matrix is isotropic and the case when it is orthotropic

The undrained elastic constants The drained elastic constants
Bone matrix is Bone matrix is Bone matrix is Bone matrix is
isotropic orthotropic isotropic orthotropic
E} 16.174 E! 14.120 E? 15.579 E} 13.551
EX 17.371 EX 17.118 E! 17.324 E! 17.073
E; 17.927 E; 21.571 E] 17.914 EY 21.559
v 0.298 v 0.326 v 0.277 v 0.304
Vi 0279 vy 0.220 v 0.264 v 0.207
v 0.320 vy 0.396 vy 0.308 vy 0.383
Vi, 0.295 Vi, 0.240 v 0.293 vy 0.238
Vi, 0.310 Vi 0.336 Ve 0.304 Ve 0.330
Vi 0.305 Vi 0.303 ve 0.303 ve 0.301
Giy =i 6.927 Giz =i 6.623 Gi =G 6.927 Gi = G 6.623
Ga =G 6.942 G =G 6.558 Gé =G on Ga =G 6.558
Gy =0 7.043 Gy =i 7.869 G =i 7.043 G =G 7.869
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Table 4.1(b). The estimated undrained and drained elastic constants of the type T osteon

for the case when the bone matrix is isotropic and the case when it is orthotropic

The undrained elastic constants The drained elastic constants
Bone matrix is Bone matrix is Bone matrix is Bone matrix is
isotropic orthotreopic isotropic orthotropic
E' | 16174 E' 14.120 Ef 15.579 E! | 13551
E: 17.928 E, 21.571 EJ 17.914 E] | 21559
E} 17371 E; 17.118 EJ 17.324 E{ 17.073
v 0.279 Vi 0.220 v 0.264 Vi 0.207
v 0.298 vy, 0.326 v 0277 vi 0.304
u u o d d
vy 0.310 vy 0.336 Vo 0.304 Vi, 0.330
Vi, 0.305 Vi, 0.302 Ve 0.303 v, 0.301
u d d
129 0.320 Vi 0.396 129 0.308 vy 0.383
u u d d
Vi 0.295 Vi 0.240 Vi 0.293 v 0.238
G: =G* G% =G G: =G G =G
20T 6940 TR 6558 27121 6942 1271 6558
GL =G GL =G" G4 =G" G4 =G"
BTB 6927 BB 6623 BOUB 6927 BB 6623
GZ =G G =G" Ge =G GL =G
3578 7042 BB 7869 BUB 7042 BT3B 7869
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Table 4.1(c). The estimated undrained and drained elastic constants of the type A osteon

for the case when the bone matrix is isotropic and the case when it is orthotropic

The undrained elastic constants The drained elastic constants
Bone matrix is Bone matrix is Bone matrix is Bone matrix is
isotropie orthutropic isotropic orthotropic
E! 16.174 E! 14.120 E! 15.579 E' | 13.551
E} 18.070 E! 19.626 EJ 18.040 EY 19597
E! 18.070 E! 19.626 E? 18.040 Ef 19.597
v 0.289 v 0.273 v 0271 v 0.256
v 0.289 Vi 0.273 v 0271 v 0.256
vl 0.322 vy 0.380 Ve 0314 Ve 0.370
Vi 0.283 Vi, 0.247 v 0.281 Ve, 0.245
e 0.322 v 0.380 v 0.314 ve 0.370
Vi, 0.283 Ve, 0.247 ve 0.281 ve 0.245
Giy =G 6.934 Gir =G 6.590 Giz = G 6.934 G =G 6.590
Gia = Ci 6.934 Giz = Gi 6.590 Gis = Giy 6.934 Gis =G 6.590
Gy =G 6.786 G =G 7.526 Gy =Gy 6.786 G =G 7.526
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Table 4.2. Two estimates of the poroelastic constants assuming the lacunae are ellipsoids
and the bone matrix material is isotropic. The estimate on the left side of the table is
based on the periodic distribution assumption and that on the right side is based on the

dilute distribution assumption, for type L osteon.

The periodic distribution The dilute distribution
undrained drained undrained drained
E? 16.174 E! 15.579 E? 15.769 E! 14.968
d d d d
E; 17.371 ES 17.324 E; 17.246 E; 17.202
Ef 17.927 E! 17.914 E! 17.799 E! 17.784
Ve 0.298 v 0277 v 0.297 ve 0.271
v 0279 v 0.264 v 0.278 v 0.258
v 0.320 Vi 0.308 Ve 0324 v 0.311
v 0.295 Ve 0.293 Ve, 0.295 v 0.293
v 0.310 Ve 0.304 Ve 0313 Ve 0.306
ve 0.305 ve 0.303 ve 0.304 ve 0.302
Gp =G, Gy, =Gt G4 =G G} =G,
RO eea7 | 7 TR eg2r | 7 TP 632 |7 P 6932
G4 =G G2 =G" GL=G" Gl =G
B 6oa2 | P TP eoa | P TP s9as | 0 TP 6045
Gi =Gy Gy, =Gy Gy, =Gy G =G,
2O 043 | 0P TP a3 | P TP 1040 | P TP 70040
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Table 4.3(a). The estimated Biot effective coefficient A and the estimated Skempton

coefficient B in the case where the collagen fibers are oriented in the longitudinal

direction (type L osteon). The subscript 7,6, and z indicate the radial direction, the

circumferential direction, and the longitudinal direction, respectively.

When the bone matrix is

When the bone matrix is

orthotropic isotropic
A, 0.206 0.207

The Biot effective
A, 0.149 0.139

coefficient A

A, 0.133 0.126
The Skempton B, 0.302 0.273
compliance B, 0.068 0.070
difference tensor B | B 0.028 0.037
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Table 4.3 (b). The estimated Biot effective coefficient A and the estimated Skempton

coefficient B in the case where the collagen fibers are oriented in the transverse

direction (type T osteon). The subscript »,0, and z indicate the radial direction, the

circumferential direction, and the longitudinal direction, respectively.

When the bone matrix is

When the bone matrix is

orthotropic isotropic
A, 0.206 0.207
The Biot effective

A, 0.133 0.126

coefficient A
A 0.149 0.139
The Skempton B 0.302 0.273
compliance B, 0.028 0.037
difference tensor B | B 0.068 0.070
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Table 4.3(c). The estimated Biot effective coefficient A and the estimated Skempton

coefficient B in the case where the collagen fibers are oriented in the transverse

direction (type A osteon). The subscript 7,0, and z indicate the radial direction, the

circumferential direction, and the longitudinal direction, respectively.

When the bone matrix is

When the bone matrix is

orthotropic isotropic
A 0.206 0.207
The Biot effective

A, 0.141 0.133

coefficient A
A, 0.141 0.133
The Skempton B, 0.302 0.273
compliance ﬁg 0.048 0.054
difference tensor B ﬁz 0.048 0.054
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Figure 4.1. The unit of the periodic distribution assumption.
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Chapter 5
Estimation of the effective transversely isotropic elastic

own values of the material’s

constants of a material from

orthotropic elastic constants

Abstract

A method is illustrated for determining the effective transversely isotropic (or
isotropic) elastic constants from measured orthotropic elastic constants. This method
consists of constructing upper and lower bounds on the effective transversely isotropic
(or isotropic) elastic constants using the known orthotropic values. This method is
illustrated using three sets of elastic constants for bone. Fortunately, the upper and lower
bounds are very close. Thus very good approximations for the effective transversely
isotropic (or isotropic) elastic constants for cortical and cancellous bone are obtained
from previously published data on the orthotropic elastic constants for those tissue types.
This work is undertaken to build a greater database for the transversely isotropic elastic
constants of bone with the intention of employing them in a transversely isotropic model
of bone poroelasticity. An interesting aspect of the present result is that the Voigt and
Reuss bounds are very tight for these anisotropic materials. This is not always the case

for these bounds.

* Chapter 5 was published in the Journal: Biomechan. Model. Mechanobiol 1 (2002) 83-

93
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5,1 Introduction

The type of material symmetry possessed by bone tissue is often ambiguous. Within
the accuracy we have to measure the elastic constants of bone, a given specimen may be
well represented as, say, orthotropic. However, the orthotropy may not be of high degree
in all directions and the specimen may be represented, for all practical purposes, as
transversely isotropic or, even, isotropic. The question addressed, and rigorously
answered, in this work is the following: Given a set of orthotropic elastic constants for a
specific specimen, what bounds do these elastic constants impose on the effective
transversely isotropic and the effective isotropic elastic constants of that specimen? In the
cases considered thus far for bone, the bounds have been so tight that the effective values
of the elastic constants of the higher symmetries have been determined from those of the
lower symmetry, as will be illustrated below.

This work is undertaken to build a greater database for the transversely isotropic
elastic constants of bone. The longer-term project is to assemble the numerical values of
parameters for a transversely isotropic model of bone poroelasticity. A set of numerical
values of parameters for an isotropic model of bone poroelasticity is given by Cowin

(1999) and Smit et al. (2002).

5.2 A generalized Hill inequality

Hill (1952; 1963) constructed bounds on the effective isotropic elastic coefficients of
a material with triclinic symmetry using energy theorems from classical elasticity and the

uniform strain and uniform stress bounds of Voigt (1928) and Reuss (1929). It is possible
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to extend Hill’s results and construct bounds on the effective elastic constants of a
material with any anisotropy in terms of triclinic symmetry elastic coefficients (Cowin et
al. 1999). As in the case of the bounds found by Hill (1952), it is possible to specialize
the triclinic symmetry coefficients appearing in the bounds to those of a greater
symmetry. Specific bounds were given by Cowin et al. (1999) for the effective elastic
coefficients of cubic, hexagonal (transversely isotropic), tetragonal and trigonal
symmetries in terms of the elastic coefficients of triclinic symmetry. In this work, the
elastic coefficients of triclinic symmetry are replaced by these of orthotropic symmetry.
The anisotropic form of Hooke's law is often written in indicial notation as

,=C

L, Where the C are the components of the elasticity tensor in three

dimensions, 7, represents the stress tensor and £, the strain tensor. Written as a linear

transformation in six dimensions, Hooke's law has the representation T=¢E given by

[T ] “n gk s \/5014 ﬁcls ‘/—2-016—~ Ey ]
Ty ‘1 Cxn €3 \/5024 \/5025 \/§C26 Ep
L _| i 3 a3 Vae 34 \/5035 Vac 36 Es,
\/—2_7123 ) ‘/5614 ‘[2—024 ‘/5034 Caa Css €46 \/_2—E23 ‘
\/ETB \[2—615 \/5025 \/5035 Cus Css Cs6 \/EE”
_J—Z_Tu . _\/—2_016 \/5026 \/:ic% Chs Cse Ces _‘EEIZ N

(5.1)

The matrix ¢ is a matrix of elastic coefficients and its inverse §, E=8§T, §=¢"is a

compliance matrix. The symmetric matrices ¢ and § can be shown to represent the
matrices of components of second-rank tensors in a 6-dimensional space (Cowin and
Mehrabadi 1995; Mehrabadi and Cowin 1990). The eigenvalues of the matrix ¢ (8) are

the six numbers A (1/A4) satisfying the equation

@ -ADN=0 (-1/MNDN=0), (5.2)
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where the vectors N represent the normalized eigenvectors of & (or § ). Since & (or §)
is positive definite, it has six positive real eigenvalues. These eigenvalues are called the
Kelvin moduli and are denoted by A, i=1,..6, and are ordered by the inequalities 4; > ..>
Ag > 0. The elastic constants that are not eigenvalues are called elasticity distributors.
The elasticity distributors specify the ratios of the components for the eigenvectors N.
Geometrically they represent the ratio of relative extensions in perpendicular directions
and/or the amount of shear in an eigenmode; their role is analogous to those of the
Poisson’s ratios, but they are not related to Poisson’s ratios (Cowin and Mehrabadi 1995;

Mehrabadi and Cowin 1990).

The results of the preceding paragraphs show that there exist six eigentensors of
stress, denoted by T ® k=1,...6, in the 6-dimensional space, and six eigentensors of strain,
denoted by E ® | k=1,...6, respectively, which are related by the six equations

T=AEY, k=1,.,6. (5.3)

It follows that ¢ and § have the representations

6 6
e=>ANYONY, §= Z—l— RN, (5.4)
k=1 k=1 Ak
and that the strain energy 2 may be expressed as
L /TAR _ 1l o
Z=5EcE=5T sT. (5.5)

A result based on the stress-strain relation, T=¢E , is easily converted to a result based

on the strain-stress relation, E = § T, simply by interchanging T and E and ¢ and §,
respectively. Thus, results for stress states or strain states are obtained simply by

interchanging the following terms: T and E, ¢ and §, and A, and 1/A,.
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To summarize briefly the development of the generalized Hill bounds, we follow
Hill (1963) and note that the average strain energy in any region can be calculated from

the assumption of a constant average stress (Reuss, 1929) or from the assumption of a
constant average strain (Voigt, 1928). Hence, for the prescribed (constant) strain E*, and
the prescribed (constant) stress T4, the average strain energy has the dual representation
254 =k TR =T4 87T, (5.6)
where the definitions of effective elastic constants ¢ and § have been employed,
T4 =8k, B =§7T4. (5.7)
Now, still following Hill (1963), the principles of minimum potential energy and
minimum complementary energy are employed to show that
B¢ EA <B4 ¢V 9PRA and T4 879714 < T4 829714, (5.8)
where 7 and R stand for Voigt and Reuss and where we have introduced the superscript

R neff

Grp on ¢4, §7 to emphasize that the material symmetry groups of &, §°, ¢ and

$7 must be the same. The various symmetry groups (Grp) are denoted by Iso(tropic),
Cub(ic), Hex(agonal), Tri(gonal), Tet(ragonal), Ort(hotropic), Mon(oclinic) and T(riclinic)
so Grp stands for any one of these. The result (5.8) must hold for each eigenmode thus:

1 1
2 eff ,Grp = R.Grp
AT T AR

Ake.ﬁ’,Grp < AkV»G’P . fork = 1, very 6. (5-9)

The two inequalities in (5.9) may be combined in the final result,
AP AT <A fork =1, .., 6. (5.10)

We refer to the inequalities (5.10) on the eigenvalues as the generalized Hill inequalities.

5.3 Qutline of the calculational procedure
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Two sets of orthotropic elastic constants for cortical bone (from Ashman et al. 1984;
van Buskirk et al.1981) are shown in Table 5.1. These elastic constants are employed vto
bound and approximate effective transversely isotropic elastic constants for the same
material. We present this process as a step-by-step procedure.

(1) Transversely isotropic bounds on orthotropic data

Step 1.

The compliance matrix with given orthotropic data is constructed,

™ AOrt AQrt ~0rt
51 12 513 0 0 0
AQxt ~0rt ~AOrt
Sy Sy, 8y 0 0 0
AOrt AQ0rt ~0rt
o _ 1813 S Sy 0 0 0
s = O .11
0 0 0 s, 0 0
0 0 0 0 §505” 0
0 0 0 0 0 §606”
where
~0rt __ 1 AQrt 1 ~0rt 1 ~Ort Vlz AQrt V13
S5 = s Sy = > S33 Z'E' s Sy = B » 83 =TT (5.12)
1 2 3 1 1
sor _ Va3 ~Or _ 1 207 _ 1 3o = 1
23 = 2 Sy T s V55 & s Bgg T
2 2Gy, 2Gy, 2G,

. . . AOF AW -1 . .
The inverse of compliance matrix (5.11), &% :(so’) , the elasticity matrix, can be

calculated as

M aOrt  AOrt  AON
Ciy I 13 0 0 0
AQrt ~Ort ~AQrt
G &y & 00 0
~AQOrt AQrt ~AOrt
~on | €13 23 33 0 0 0
¢ = Ot (5.13)
0 0 0 g, 0 ¢
6 0 0 0 & o

Step 2.
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In this step we construct the upper and lower bounds on the effective transversely
isotropic elastic constants. The effective elasticity matrix of hexagonal or transversely
isotropic symmetry, with the 3 direction as the unique direction and the 1-2 plane as the

plane of isotropy, is

('I;]e,lﬁ’,Hex 6;5",1’{% é\fgj",Hex 0 0 0
é\féf,Hex c‘*lejlﬁ",Hex éle?,Hex 0 0 0
~eff Hex ~eff Hex neff Hex
neff Hex | €13 E C33 0 0 0
S 0 o sr g . (5.14)
Cug
0 0 0 0 &ri 0
0 0 0 0 0 olAe gl

Hexagonal (or transversely isotropic) symmetry has four distinct eigenvalues and a single

distributor, the angle a . The definition of distributor & for elasticity matrix ¢%-"* and
compliance matrix §7" is (See Cowin et al., 1999)
an2e’ =G =& o ogn L BT S -8, (5.15)
22é 2328
and the effective distributor o ¥ is selected to satisfy the inequality
tan2a” < tan2a? < tan2a’ . (5.16)

The following inequality is obtained by substituting equation (5.15) into equation (5.16),

AHex ofex  nHex ~eff  Hex ~eff Hex __ neff Hex AHex AHex __ AHex
T £ B | M ¥ Oy Gu TG —G

NGRS N A T 22y

(5.17)

The generalized Hill inequality (5.10) requires that the four distinct eigenvalues of
the hexagonal symmetry satisfy the following inequalities (See Cowin et al. 1999,
especially equations (29) and (30) and section 6),

AR,Hex <Aeﬁ',Hex <AV,Hex AR,H@x <Ac{]_‘7',Hex <AV,Hex

(8)) (1) a > 2) (2) 2y > (5 18)
R, Hex eff Hex V,Hex R, Hex eff JHex V. Hex ) ‘
A(3,6) s A(3,6) < A(3,6) ? A(4,5) = A(4,5) s A(4,5)
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We now seek expressions for the eigenvalues that are bounded in equation (5.18). The

eigenvalues for Reuss (lower) bound are expressed in terms of §7* by

ARHeE _ 2
(1) - A A ~ A A ~ B
l:(SHex + Sgex + Sg[;ex) + Jg(sge‘c) +(S1[;’ex +ng Sgux)
AR JHex
2 a Hex '*Hev ~Hex \/ ~Hex AHex ~Hex A Hex 1
(5 + 8 ) - 8(513 ) +(S, 8, —8y)

R,Hex __ 1 R,Hex _ 1
A(3,6) = e MNas = e (5.19)
S TS S44

and eigenvalues for Voigt (upper) bound are expressed in terms of ¢ by

[(cHex +6g’ex +égex)+\/8(éll-§ex) +(c~gex + 81112(&: _ésf;ex)}

V Hex -
A(l) 2 ’
~ Hex A Hex ~ Hex A Hex AHex A Hex nHex
o |l et ety - B+ @ - ]
A(Z) = 2 3
V Hex A Hex ~nHex V,Hex __ nHex
A(s,s) =Cy —Cy > Ayl =Cy - (5.20)

Substituting equations (5.19) and (5.20) into inequalities into equation (5.18) establishes

four distinct inequalities that the hexagonal elasticity and compliance components must

satisfy. The hexagonal elasticity components ¢”and compliance components §™ in the

upper and lower bounds of (5.18) are replaced by the orthotropic elasticity components

¢” and the orthotropic compliance components §°7, respectively, using

"Hex = '\Ort AOrt AOrt AOrt
(3Sn 255 +35; +254 ),

AHex _ '\Ort AOrI ~0rt '\Ort

S & (311 65, +5y =254 )
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AHex = AOrt AOM
513 (Sla
AHex _ AOrt
S35 =833
AHex = A0r a0t
(544 + 855 )5 (5.21)

and
AHex — '\Ort AOrt ~0rt AQrt
(3cII 20" +3¢y, +2¢4 ),

~Hex __ 1 ~0rt ~Ort ~0rt ~0rt
Gy = g(cn +6C, +Cpp — 20k ),

"Hex - AO:! AOrt
(Cl3 Cn )

AHex ~Ort

C33 =03

'\Hex _ (cOrl '\Ort . (522)

These relations were obtained by averaging the orthotropic elastic constants over all
orientations permitted by hexagonal symmetry (see Cowin and Mehrabadi 1995; Cowin

et al 1999; Hearmon 1946, 1948, 1961).

Then five inequalities from four distinct eigenvalues and one distributor are

a0rt a0t a0rt _ ~a0rt ~eff Hex ~eff Hex aeff Hex A()rf ~O0rt Ot ~0rt
Sy A28y A5y —28 G Gy T =G Gy +26, +C6y —265 593
\/— Ort '*Ort - \/-. ~eff Hex - \/—_ Ort '\Ort ? ( ) )
2N2(85" +55) 2 2N2(¢ +6)
4

~Ort AQrt AQrt ~AOr ~Ori ~Ort R
Sy + 8y, +28, +255 +2\/—(s13 + 85, Jsec(2a”)

clelﬁ JHex +cﬂle2/j’ JHex +CA§JZ JHex +2\/—‘Cef Hexsec(zaeﬁ“)
< - (5.24)
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~Ort ~Ort ~Ort ~Qrt ~0rt ~Ort R
<SGy 6y +265 +26, +2\/§(013 + ¢y )8ec(2a’)
< 2 ,

4
A0t ~Ort ~Ort ~Ort ~AQrt ~AQrt R
S Sy 28 2855 242087 + 55 )sec(2a”)

LT g ey g 9 e e sec(2a ) (525)
< > .

AOrt ~O0rt ~Ort AOrt A0rt AOrt 14
Sy TG +26y +2¢; —2xf2—(c13 +Cy; )sec(2a’)
- 2

4
4 of 1
neff Hex _ neff Hex (A0 A0rt A A0n ~Ort
{0T 4 g0n _20m | Hs0m <o € S 4 (a7 +¢p 26y +26),  (5.26)
Si1 T 8» S12 Se6
and,
~eff Hex 1 ~0rt A0rt
mSCM _<_"‘(C'44 +Cys ) (527)
Saa + Sss 2

Equation (5.23) is obtained from (5.17) by substituting (5.21) and (5.22) into (5.17);
equations (5.24) though (5.27) are obtained from the four inequalities (5.18) by

substituting (5.19) and (5.20) into (5.18) and then (5.21) and (5.22) into the resulting

equations. Five upper bound elasticity components, ¢-#x, g fexs pelfiexs pal.fess and

~eff Hex— ~eff Hex— ~eff Hex— neff Hex— , and

~eff Hex+ . .
el (lower bound elasticity components, 7 s Oy s O3 s Cs3

&%y are obtained from inequalities (5.23) through (5.27) by setting the bounded term

equal to its upper bound (lower bound) and solving the resulting equations. Solutions of
these equations provide the greatest (least) values for each component of the hexagonal

elasticity matrix. The mean values of upper bounds and lower bounds of each component,
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neff Hex.m
o » 12

2 €13

lower bounds and dividing by two.

Step 3.

~eff \Hex

s Ca3

~eff Hex m

, and

~elf ,Hex,m
044.

95

are obtained by summing the upper and

First, from (5.14), the inverse of the effective upper bound elasticity matrix for

cAcﬁ’,Hex+ iS

r §16{f JHex+
§]e£f JHex+
§}e{ JHex+
0
0

0

aeff Hex+
Seﬁ ext

~eff Hex+
S12

Aeff Hex+
Sll

neff Hex+
513

0

0

0

neff Hex+
513

aeff Hex+
513

~eff Hex+
833

0
0
0

0 0
0 0
0 0
:g\:{,He}H 0
0 §§{,Hex+
0 0 geff Hext

11

. (5.28)

(oo B v S v B e B

~reff Hex+
Slz

and each component of this matrix is converted to an equivalent effective elastic constant

by
Eeﬁ',Hex . Eqﬁ”,Hex _ 1 Eeﬁ,Hex _ 1 eff Hex __ 1
1 -2 - S,‘eff,Hex ’ 3 T neff Hex 12 T neff Hex __ peff Hex ?
11 533 St S12
1 ~eff Hex ~eff Hex neff Hex
Geﬁ",Hex _ eff JHex — Ve/f,Hex - slz eff Hex _ __ P13 eff Hex _ 921
13 X §ejf,Hex » 712 - neff Hex > 713 - reff Hex 2 21 - neff Hex 2
44 S S11 S»
aeff Hex ~eff Hex ~eff Hex
veﬂ,Hex — S3] eff JHex - — S23 eff Hex — 232 (5 29)
31 T neff Hex * 23 Aeff Hex ° 732 ~eff Hex * ’
533 52 533
~eff Hex—

In the similar way the lower bound ¢ is changed into the effective elastic constants.

@Heom is then easy to determine in

The mean of the upper bounds and lower bounds ¢
terms of the effective elastic constants. The effective elastic constants for bone based on
the orthotropic data sets in Table 5.1 (from Ashman et al 1984; van Buskirk et al.1981),

are shown in Tables 5.2 and 5.3.
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Example

The orthotropic data set of Ashman et al. (1984), shown in Table 5.1, is used to
calculate effective hexagonal elastic constants.
Step 1.

Construct the orthotropic compliance matrix (5.11) using equation (5.12) and the

data from Table 5.1, thus

(0083 ~0.031 -0019 0 0 0
0031 0075 -0018 0 0 0
on | -0019 -0.018 005 0 0 0
S 0 0 008 0 0]
0 0 0 0 008 0
o 0 0 0 0 0l

where each component has the dimensions of (Pa)'l.The elasticity matrix is the inverse of

the above matrix and has the dimensions of Pa,

1802 9973 10171 0 0 0 ]
9973 2012 10745 0 0 0
on 10171 10745 27533 0 0 0
M 0 0 1246 0 0
0 0 0 0 1122 0

0 0 0 0 0 9.06]

Step 2.
When the data from Table 5.1 are substituted into equations (5.23) through (5.27),

one obtains the following inequalities for the components of ¢ ;

~eff Hex ~eff Hex _ neff Hex
ot £33

0.048 <

<0.051,
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~eff Hex reff Hex neff Hex ~eff Hex
cy +c +Ca 7+ 2\/501 K sec(Zagﬁ.)
2

42978 <

<43.097,

~eff Hex ~eff JHex ~eff Hex ~eff Hex
ey T 4o — 2«/§c13 sec(2a,,)
2

13.459<

<13.479,

9.059 < g gl <9079,

11.808 <& <11.84.

eff Hex+ , éeff,Hex— , éeﬂ,Hex,m

The matrices for upper bound, lower bound, and the mean (¢ ) are

constructed. The mean (¢7-7") is

[19.026 9.957 10441 0 0 0
9.957 19.026 10.441 0 0 0
serseen _| 10441 10441 27.524 0 0 0
0 0 0 11824 0 0o |
0 0 0 0 11824 0
0 0 0 0 0 9.069

and both é7-"**and é¥-"*" may be calculated in the same way.

Step 3.

The effective transversely isotropic compliance matrix is obtained by inverting

the above elasticity matrix, %"  thus

[0.079 -0.031 -0.018 0 0o 0
-0.031 0079 -0.018 0 0 0
i Hem | 0018 0018 005 0 0 0
s Heem _ ,
0 0 0 008 0 0
0 0 0 0 0085 0
0 0 0 0 0 0.11]
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~eff Hex+ aeff Hex—

where both s and § are. calculated as described above. The effective

eff ,Hex+ §ejf,Hex— eff ,Hex,m
]

transversely isotropic elastic constants from § ,and § are determined

by equation (5.29) and shown in Table 5.2.

(2) Isotropy

The effective isotropic elastic constants are determined using a similar step-by-
step procedure. Isotropic symmetry is characterized by two distinct eigenvalues and no
distributor. Thus there are two inequalities to satisfy. The data sets of the calculated
effective isotropic elastic constants are summarized in Tables 5.4 and 5.5. See Cowin et
al. (1999) and Yang et al. (1999) for detailed explanations of the associated eigenvalues,

eigenvectors and bounds for isotropy.

5.4 Application of the method when the elastic constants data depend on
composition
The method in the previous section is applicable to compositionally dependent

materials. The volume fraction dependent orthotropic elastic cancellous bone data set

from Yang et al.(1999), valid for 0.05<¢<0.35, is given by

E, =528.8E4'”, E, =885E 4%, E, =1240E,¢4"%
2G, = 533.3E4™%, 2G,, =633.3E4"7, 2G,, =972.6E 4%,
V21 = 0_256¢"0.09 , Vu - 0.153¢—0,05 , V31 — 0'316¢—0,19 ,

vi; =0.135¢7%7, v, =0.17647°% | v,, =0.125¢7. (5.30)
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Note that the 1 and 3 coordinate directions of Yang et al. (1999) are interchanged. The

dependence of the elastic constants on the volume fraction ¢ makes the conversion to

transverse isotropy (or isotropy) more complicated. In order to reduce these analysis to be
of the same type as the one described above, seven discrete values of the volume fraction

(¢=0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35) are selected and substituted into equation (5.30).

There are then seven sets of the elastic constants (5.30), one for each value of the volume
fraction from 0.05 to 0.35 in increments of 0.05. The method in the previous section is
then applied for each elastic constant on each value of the volume fraction and the
associated values of the constants for transverse isotropy (or isotropy) are obtained. A
regression against volume fraction for each elastic constant is then accomplished using
Statistical software (SPSS 10.1 for Windows). The squared correlation coefficients (R?)
are found to be greater than 0.99 (R?>0.99). The compositionally dependent effective
transversely isotropic and isotropic elastic constants of cancellous bone obtained are

listed in Tables 5.6 and 5.7.

5.5 Discussion

A method of bounding the values of the transversely isotropic and isotropic elastic
constants of a material using the values of orthotropic elastic constants of the same
material was presented. In this study, two compact bone and one compositionally
dependent cancellous bone orthotropic data sets were considered.

The bounds on the effective transversely isotropic and isotropic elastic constants
obtained from orthotropic elastic constants for compact bone are very tight, and the

means of the bounds give a very good approximation to the value of the constant. The
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results for cancellous bone contained a several inconsistency. Unhappily, the lower

bounds in Table 5.6 for E,, v;(=v,) and vy (=v,,) are slightly greater than the
associated upper bounds. For £, , the lower bound is 1243.61 ¢'® while the upper bound

is 1242.824&1'8, 0.79 ¢"® smaller. If one makes the lower and upper bounds equal in this

case, taking their value to be the average of the upper and lower bounds, then E,=

1243.215¢4"® inducing an error of 0.03% with respect to the bounds. This error is
negligible compared to the potential errors in the experimental and calculational
procedures for determining these particular elastic constants. The errors are larger in the

case of Poisson’s ratio, v,, (or v;,) in Table 5.6. The maximum error in vi;(=v,;) or
vy (=vy,)is 6.2 % if the mean value is taken on the upper bound and lower bound.

Poisson’s ratios are generally prone to more error because they are actually ratios of
elastic constants carrying the dimension of stress that carry the basic experimental error
which is compounded by the calculation of their ratio. The cancellous bone specimens
from which these data were obtained were collected from different anatomical locations
of 56 individuals. The data were obtained using reconstructive computer programs
coupled to a two-dimensional scanning technique (Kabel et al., 1999%a;b). Exact estimates
of the errors in the various steps in the primary determination of these elastic constants
are not possible retrospectively. It appears, however, that an error of 6.2% in the value of
a Poisson ratio is not inconsistent with the complicated experimental technique employed
to obtain the basic data and the fact that Poisson’s ratios are ratios of stress-dimensioned

elastic constants that carry the basic experimental error.
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Table 5.1. Experimental measured orthotropic cortical bone data of Ashman et al (1984)

and van Buskirk et al. (1981)

Ashman, et | Van Buskirk,

al. etal.

E [GPa] 12.0 11.6
E,[GPa] 13.4 14.6
E,[GPa] 20.0 21.7
G,,[GPa] 4.53 5.29
G,, [GPa] 5.61 6.29
G,,[GPa] 6.23 6.99
Vi 0.376 0.302

Vi 0222 0.109
Vs 0.235 0.205

Vy, 0.422 0.380

Vi, 0.371 0.206
Vi, 0.350 0.307
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Table 5.2. The effective transversely isotropic technical elastic constants calculated from

the orthotropic data of Ashman et al. (1984).

Lower Mean Upper

E =E,[GPa] | 12.662 12.68 12.695

E, [GPa] 20.001 | 20.001 | 20.001

G,,[GPa] 4.53 4.535 4.539

G,=G,[GPa] | 5904 | 5912 | 5.92

Vi =V 0.398 0.398 0.398
Vi3=Vy 0.228 0.229 0.229
V3 =V, 0.36 0.36 0.36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



103

Table 5.3. The effective transversely isotropic technical elastic constants calculated from

the orthotropic data of van Buskirk et al. (1981).

Lower Mean | Upper

E=E,[GPa] | 13307 | 13.404 | 135

E,; [GPa] 21.892 | 21.925 | 21.958

G.,[GPal 5053 | 5.088 | 5.122

G,=G,[GPa] | 6.622 | 6631 | 6.64

Vi =Vy, 0317 | 0318 | 0.318
Vis=Vas 0.156 | 0.158 | 0.16
Ve =Vs, 0257 | 0259 | 0.261
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Table 5.4. The effective isotropic technical elastic constants calculated from the

orthotropic data of Ashman et al. (1984).

Lower Mean Upper

E[GPa] | 14.228 | 14.368 | 14.507
G [GPa] | 5.362 5.41 5.457
v 0.327 0.328 0.329
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Table 5.5. The effective transversely isotropic technical elastic constants calculated from

the orthotropic data of van Buskirk et al.(1981).

Lower Mean Upper

Z[GPa] | 15.184 | 15.288 | 15.491

G[GPa] | 6.109 | 6.150 | 6.19

v 0.243 0.247 0.251
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Table 5.6. The effective transversely isotropic technical elastic constants calculated from
the orthotropic data of Yang et al. (1999). Note that the values of the lower bounds of E,,
V), =V and Vi =V, are greater than the values of the upper bounds. This inconsistency is

considered in the Discussion.

Lower Mean Upper

E=E,[GPa] | 656.4224"* | 670.6714'* | 685.285¢""

E,[GPa] 1243.614"% | 1243.18¢4"% | 1242.82¢'%

G,,[GPa] 273.932¢"” | 276.673¢"" | 279.59¢'

G,,=G,,[GPa] | 383.5424'% | 392.4814"° | 401.427¢4*

Vi, =V, 0.206¢°" | 0.21947" 0233471
Vis=Vas 0.133¢6°7 | 0.1299°7 | 0.124¢7°%
Va =V, 0253472 | 0239472 | 0.225¢7°"3
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Table 5.7. The effective isotropic technical elastic

orthotropic data of Yang et al. (1999)

107

constants calculated from the

Lower Mean Upper
E[GPa] | 794.1704" | 822.367¢'” | 851.086¢"
G [GPa] | 335.617¢*® | 345.5404'% | 355.621¢4""
v 0.19047°" 0.198¢47°" 0.205¢°%1
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Chapter 6

Future Study

The computational anisotropic poroelastic model will be developed by using
anisotropic elastic constants estimated in this dissertation. Two steps are needed

before constructing a computational model.

Step 1. Verify the location of different types of osteons

Ascenzi et al. (1987) found that type T osteons tend to be located where the
cortical bone is thicker and type L osteons are located where the cortical bone is
thinner, but exact location of different osteons are still unknown. Thus it is necessary
to verify the location of different types of osteons from the histological section of

human cortical bone for building a computational anisotropic model of a cortical bone.

Step 2. Estimates of poroelastic constants at the vascular porosity

Only poroelastic constants at the lacunar-canalicular porosity level were
estimated in Chapter 4. However, if the poroelastic constants at the vascular porosity
level are estimated, the time needed to build a computational model of a cortical bone

will be reduced.
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Drained elastic constants at the vascular porosity

The drained poroelastic constants at the vascular porosity are calculated by
employing the explicit form of Eshelby tensor for a cylindrical void, which is derived
by Suverov and Dvorak (2002). The Eshelby tensor for a cylindrical void is obtained
from Hill polarization tensor P as S =PCM . Components of Hill polarization

tensor P in orthotropic medium, when the cylindrical void is aligned to 3-direction,

are given by (Hill 1965; Suvorov and Dvorak 2002).

_ P My
A= P, CssCes —c;'— + (szcss + 044666) Hy +ConCaly |s
1€22€44C66
_ 1%
A= 'C—l———_("css(clz + Co I, ~ Cuy (G + €Iy
1€22€44%%6
p,=—~ (C11Cssmy + (€555 + C11Cou Iy + CoyCoslls )
2 =7 116557 55Ce6 T Cp1Caq My T CyCos?ls } 5
1€44Cs6
_ P My
F = P C11Css ;,— + (011044 - zclzcss)nz + (czzcss - 2c1zc44)n4 +CpCuillg |
1€22€44ss6 2
_ P 1, 2 2
By = P CiCes 7 + (cuczz +Co — (€13 + Cg) )nz + CpCeslly |»
1€22€44Css 2
S - + +c ~ Vo, +
4 = C1iCosty 1 €11Con + Cos — (Crp +Cos ) 14 + CaCoslis >
d,€15C14Cs

where unknown variables in above equations are defined as

d,=-gh+Bg+ ) p* +pg+h)B+p)>0,

d,=hfp>0,

2 72

Jcnczz =y +2¢,,((c6) " —¢y,) >0

- ¥
€25
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,B3=J—C—5—5-3 h= G p=ala,, s=g'-2h,

Cy ¢y
ny=2(hBy+hp+ Bipg)+ p*(g+ )+ B (g +p)+hg,
m=(g+5+p),
n,=(hps+hp+ B,pg),
and
ng =2phPi(p+g+ P+ p (Bys+ Big +he)+ B (ps +hg)+ (B +p).  (6.1)
The following equation for the dilute distribution assumption is used to estimate the
drained poroelastic constants at the vascular porosity, which is given by
C!=C*(1-gd-85)™), (6.2)
where C? is the elasticity tensor for the drained case at the vascular porosity, C*'
is the elasticity tensor for the undrained case at the lacunar-canalicular porosity, 1is

the identity tensor, ¢ is the vascular porosity (¢ =0.04, Cowin 1999), and §% is

la+H

the Eshelby tensor for the vascular porosity estimated from Hill polarization tensor

Note that the elasticity tensor for the undrained case at the lacunar-canalicular
porosity (é”") was used instead of the elasticity tensor of the bone matrix at the
vascular porosity level in Eq. (6.2) because the relaxation time of vascular porosity is
several orders higher than that of lacunar-canalicular porosity (Smit et al. 2002).

Drained elastic constants at the vascular porosity

The undrained poroelastic constants at the vascular porosity are estimated by
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the undrained and drained relation of poroelasticity theory, which is given by

A

§ =8 -—8.A®§ A, (6.3)

1
Cor
where §* is the compliance tensor for the undrained case, which is the inverse of the
elasticity tensor for the undrained case (S = €y ), §7 is the compliance tensor for
the drained case, which is the inverse of the elasticity tensor for the drained case
(87 =(CH™M). C, is the effective compressibility and A is the Biot effective
coefficient, which were defined in Chapter 4.

The orthotropic poroelastic constants at the vascular porosity for type L
osteon, type T osteon, and type A osteon are calculated and these orthotropic
poroelastic constants are converted to transversely isotropic elastic constants by usihg

the technique shown in Chapter 5. The results are shown in Tables 6.1, 6.2, and 6.3,

respectively.
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Table 6.1 The estimated undrained and drained elastic constants of the type L osteon

at the vascular porosity level. Both orthotropic and transversely isotropic results are

shown.
Orthetropic results Transversely Isotropic results
The undrained The drained The undrained The drained
elastic constants | elastic constants | elastic constants | elastic constants
E! 13.571 E} 13.553
EY=E) | 15781 | E/=E] | 15765
E} 16.443 E! 16.431
EY 20.719 E{ 20.708 E! 20.792 E! 20.718
u d u u
vy, 0.327 v, 0326 | viy=vi v =vi
0.327 0.326
u d
v 0.221 v 0.220
u d
vy, 0.397 Vo 0.396
vie=vi | 0243 | via=vy | 0242
d
Vo 0.241 Vy 0.240
u d
Vi 0337 Vi 0.336
vE=vE | 0319 | vii=vl | 0318
Vi 0.304 Vi 0.303
G, =G, G, =Gy, Gy, =G, Gy, =Gy,
BUTR essa | R T e3sa | TR soar | TR 5047
Gd — Gu Ga’ — Gu
BB ea9a | 0 TP 6204 | GE=GY Gi =G
6.923 6.923
d d u
d Gu Gd — Gu G23 = G;3 G23 = G23
GZS vk} b
7.552 7.552
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Table 6.2 The estimated undrained and drained elastic constants of the type T osteon

at the vascular porosity level. Both orthotropic and transversely isotropic results are

shown.
Orthotropic results Transversely Isotropic results
The undrained The drained The undrained The drained
elastic constants | elastic constants | elastic constants | elastic constants
E! 13.572 E/ 13.553
E'=E! | 16806 | E/=E/ | 16792
E! 20.718 E} 20.706
E! 16.445 E! | 16433 E; 16.615 Ef 16.792
vl 0.221 v 0.220
u u d__.d
Vip =V, 0.285 Vo=V, | 0.283
Vi 0.327 v 0.326
Vi 0.303 Ve 0.302
vii=ve | 0312 | vi=vZ | 031
v, 0.337 Ve, 0.336
Vi, 0.397 Ve 0.396
vi=vh | 0300 | vi=vi | 0308
d
Vi, 0.241 Vi, 0.240
Gd = Gu Gd — Gu Gd = Gu Gd — Gu
PR e293 | P TP 6203 PR ssan |7 TR esm
G1a3' = Gll; GI‘; = G1u3 d © d o
6.357 6357 | G =G} G =G
6.954 6.954
d “ d _
GY = Gl =G Gy =Gy Gy =Gy
BT8P g5 BB a5
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Table 6.3 The estimated undrained and drained elastic constants of the type A osteon

at the vascular porosity level. Both orthotropic and transversely isotropic results are

shown.
Orthotropic results Transversely Isotropic results
The undrained The drained The undrained The drained
elastic constants | elastic constants | elastic constants | elastic constants
E! 13.571 Ef 13.553
E‘=E) | 15665 | Ef=E] | 15.645
E} 15971 E] 15.959
E! 15.973 E 15.961 E! 16.324 E{ 16.309
v 0.274 vy 0.273
vi=ve | 0277 | vi=vd | 0276
Vi 0.274 v 0273
“ d
Vi 0.381 v 0.380
vie=vi | 0280 | vi=vi | 0279
v, 0.248 Vi 0.247
Vi 0.381 Vi 0.380
vi=vi | 0292 | vi=vE | 0291
Vi 0.248 v 0.247
Gd - Gu Gd — Gu Ga’ — Gu Ga‘ - Gu
PR esa3 | P TR 6323 20TR 631 S 3
Gl =G G =G"
BB e3s P TP 6325 | GE=GY G =Gy
4 | 6774 ;| 6774
G =G GL =G Gy =Gy Gy =Gy
SR K& 5) BB 02

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




115

Appendix

Appendix 1
The orthotropic, transversely isotropic, and isotropic symmetries

In the biological materials, such as a bone, the material symmetry is
determined by the external loading. If the material is subjected to three distinct
orthogonal principal stresses, the material will be orthotropic. The transversely
isotropic symmetry and isotropic symmetry correspond to two distinct principal
directions and three equal principal stresses, respectively (Cowin and Mehrabadi
1987; Mehrabadi and Cowin 1990; Mehrabadi et al. 1994; Cowin and Mehrabadi
1995). Hooke’s law is given by

T=CE, (A1.1)

~ A

where the 6-D stress vector T is {"i‘l,'i‘z,’i;,’i;,’i’s,’i‘ﬁ}, the 6-D strain vector E is

~

{EI,EZ,E,E,ES,E&} , C is the elasticity tensor is given by

h S 63 Cu Gs G
€y Cp Oy Gy G5 O

€3 Cp O3 Gy G35 GOy

(A1.2)

(@}
fl

>

>

>

>

Cu Cu G Cu G5 S

Cs €5 G €45 Cs5 Csg

Cis € G5 Cas Css oo
The orthotropic, transversely isotropic, and isotropic material symmetries are

determined by the 6-D transformation tensor Q y
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~

¢'=Q'CQ, (AL3)
where C' is transformed from the elasticity tensor C by the transformation tensor

Q . Suppose that the transformation elasticity tensor C'is equivalent to the elasticity

~ A

tensor C, it means that the coordinate transformation tensor Q is possessed by the

~

particular type of symmetry. The transformation tensor Q is determined by the
Euler’s theorem (Beatthy 1966, 1977; Mehrabadi et al., 1994), and is given in six

dimensions by

Q =1+sin 6P +(1 - cos 6)P?

+—;—sin (1-cos )P +P) (Al1.4)

+—é—(1—cos€)2(f’2 +PYy=e”

and the second order tensor P in six dimensions is given by

0 0 0 0 2p, —V2p,
0 0 0 —x/ipl 0 \/5;73
p_| O 0 0 2p, —2p, 0 ALS)
0 V2p, —~2p, 0  p -p
~2p, 0 2p, -p 0O 2
| V2p, 2p, O ) 0 |

The plane of the reflective symmetry R® is defined from the
transformation tensor Q and is shown in Table Al.1. For the orthotropic symmetry,

three mutually perpendicular planes of symmetry, R?, R®, and R®(See Table
Al.1 for the reflective symmetry plane) are involved and the elasticity tensor will be

reduced to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A

COrt =4

&, Gy
Cn Gy
i Gss
0 O
0 6
0 0

SO O D

>

A
ih

oo O o O

Co6
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(A1.6)

The transversely isotropic symmetry is obtained from the hexagonal symmetry. Seven

(1 (2 D (3 3 T O (k 0 :
planes of symmetry, R®, R®, R®, R™, 6 R”, R%, and R, are involved.

The normals to six planes lie in the seventh plane and it becomes the isotropic plane

of the the transverse isotropy. The elasticity tensor for the transverse isotropy is given

by
éu élZ
éxz én
éTI - élB é]?:
0 0
0 0
0 0

Lo

>

>

)
w

[T e o

o O O O O

A

Cn “sz

(A1.7)

Nine planes of the reflective symmetries R®, R®, R®, R®, R®, R® R,

R® and R® characterize cubic symmetry. For isotropic symmetry all planes are

planes of isotropic. The elasticity tensor for the isotropic symmetry is given by

¢, C,
C, Gy
él: éiz éu
¢ 0
0 0
0 0

Iy Oy O»

o

[T o I

LR o T - B o B

(A1.8)
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Table Al.l1 The relationship between the reflective symmetry plane and the

transformation tensor

The reflective symmetry plane The transformation tensor
RO Q(r.e,)

R® Q(r.e,)

R® Q(r,e,)

R® Q(r, :/1—'2-(92 +e3))
R® (A?(ff—\/% (e, +¢;))
RO Q(z, -—\/% (e, +e,))
RO Q(z, —\/1——-2—- (e, —¢;))
e (e -e)
RO Q(ﬂ,—j?(el —€,))
R Q05 (e, +3e,)
NG Q0r, 5 (e, —e,)
R | Q(x, % (3¢, +¢,))
R Q.5 (f3e )
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Appendix 2 The disturbance strain

The disturbance strain, B¢ is generated by the existence of the inclusion. It
has the relationship with the Eshelby tensor S* and the eigenstrain E’(x) that is the
uniform strain required for the homogenization,

E(x) =8 E'(x). (A2.1)
The Hooke’s law for the matrix and the inclusion is given by
T)= {C ' Efx) B C (Eof Edﬂ) M (A2.2)

C'E(x)=C'-(E°+E%) in Q
where E° is the uniformly prescribed strain at the outer boundary of the RVE. By
introducing the eigenstrain E' (x), the elasticity tensor of the inclusion on the bottom

equation of Eq. (A2.2) is replaced by the elasticity tensor of the matrix as

'”r(x)zé.(ﬁ:(x)—f«:*(x)):{(f'(l':‘ TEG) 5 M a3
C(E°+E‘(x)-E'(x)) inQ

This homogenized method is called the “Eshelby equivalent inclusion method”

(Aboudi 1991). The eigenstrain fﬂ*(x) exists only in the inclusion and the Heaviside

step function H(x;Q) enables the eigenstrain E’(x),which is a function of x, to
be independent on x,

E (x)=H(x;QE', (A2.4)
where the Heaviside step function H(x;Q) has the value of 1 in the inclusion Q and
0 in matrix.

Now we set the Hooke’s law of Eq. (A2.2) and Eq. (A2.3) for the inclusion
equal. Then the following relation is obtained.

T(x)=C' E° +E/ )} =C-{E +E/(x)-E (x)}, (A2.5)

and it is simplified as
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(B +E/ () =A" - E' (), (A2.6)
by introducing a new variable A’ =(C—C’)"-C. The eigenstrain E'(x)and the
disturbance strain E“ (x) are no longer a function of x. Eq. (A2.6) is rearranged for

E'(x), or E, from Egs. (A2.1) and (A2.4) as

* A

E' =(A"-§F)'E°. (A2.7)
Substituting Eq. (A2.7), into Eq. (A2.6) gives

E°+E(x)= A" (A -§5)'R°, (A2.8)
or

E'+EY=A"(A"-S5)'E°. (A2.9)
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Appendix 3.

The relationship between Voigt notation and Kelvin notation

The traditional notation for the anisotropic Hooke’s law is the representation

of the fourth rank tensor, which is given in indical notation by

T, =CynE,, or E, =S, T, . (A3.1)
where T,, E,,C,,, and S, are the stress tensor, the strain tensor, the elasticity

tensor, and the compliance tensor, respectively. Voigt (1910) employed the matrix
notation as the coefficients of linearity in the relation between stress and strain,
T=cE or E=sT, (A3.2)
where T and E are one-by-six column matrices representing stress and strain. ¢
and s are the elasticity matrix and the compliance matrix, respectively. The double
index notation (or Voigt matrix notation) is important because most of the data on the
mechanical properties of anisotropic elastic materials are reported in the double index
notation (Hearmon 1961; Cowin and Mehrabadi 1987, 1989, 1995). The relation
between the fourth rank tensor involves factors of 1, 2, and 4. The elements in the
upper left hand 3-by-3 matrix have the proportionality factor one, eg, S, =s,,; the
elements in the upper right hand 3-by-3 matrix (and lower left hand 3-by-3 matrix)

have the proportionality factor two, eg, 28,,,, =s,,; and the elements in the lower
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right hand 3-by-3 sub matrix have the proportionality factor four, eg, 45, =5
(Hearmon 1961; Cowin and Mehrabadi, 1987, 1989, 1995). However, for the
elasticity tensor, no proportionality factors are involved. The proportionality factors
do not occur between the Kelvin notation (1856) and the Voigt fourth rank tensor.
Kelvin notation equivalent to Eq. (A3.2) is

T=CE or E=ST, (A3.3)
where the stress vector T has components {TAI,YZ,YA;,ZA",;,]@,YA“G}, the strain vector E
has components {Z:ZI, EZ,E3,E4,E5,E6} , C isthe elasticity tensor for the orthotropic

symmetry and is given as a 6-by-6 matrix of the second rank tensor components in 6

dimensions,

(A3.4)

(@l
i
[T v A co N e B e

[ew)
(e
[en}
o
[
O
o
o

and S=C7 is the compliance tensor with the same structure. The relationship
between the components of the Voigt fourth rank tensor and the components of the
Kelvin second rank tensor is as follows: C,,,=¢,, Cum =6y, Cip =6,
. . n 1. . 1. I,
Cim=Cys Chup=Cs, Cpypy =0y, Cpy= '2’044 s Can :’2‘655 , and Gy, :EC“ .

Similarly, the compliance tensor has the relationship between the components of the

Voigt fourth rank tensor and the components of the Kelvin second rank tensor as
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1
A A A ~ n . .
Sin =i S TSm0 S =8y, Sin =S, S =S5, Sup =8, Spp =78,

2

1. 1. )
Si513 =é—s55 ,and S, = —2-566 , respectively.
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