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ABSTRACT

ESTIMATION OF AN EMPIRICAL FAVAR MODEL AND DSGE MODEL FOR
EVALUATING EFFECTS OF GOVERNMENT SPENDING IN JAPAN

by

KOHEI FUKAWA

Adviser: Professor Thom Thurston

This paper studies the effects of government spending on the economy through
estimation of an empirical Factor Augmented Vector Autoregression (FAVAR) model
and a theoretical DSGE model. We first conducted FAVAR using data for 107 time
series from Japan, and found that an increase in government investment and
consumption leads to an increase in private consumption and real wages. We then
constructed a New Keynesian (NK) general equilibrium model with real and
nominal rigidities, including Edgeworth complementarity/substitutability between
private and government consumption and productive public capital. The model
extends the Bouakez and Rebei (2007) model in three dimensions: constructing an
NK model, including intertemporal investment adjustment cost and variable capital
utilization as real rigidities, and introducing public capital stocks as an externality
to the production function of intermediate goods firms. Our model succeeds in
explaining private consumption and real wages increase in response to government
expenditure shocks. We estimate key parameters of the model using Bayesian
inference and show that private and government consumption are Edgeworth

complements and marginal productivity of public capital is productive in Japan.
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CHAPTER 1.

INTRODUCTION

How does government expenditure affect the economy? This is a very old ques-
tion. Global financial crisis in the late 2000s precipitated renewed interest in the size
of government spending multipliers. Large-scale-discretionary fiscal policies were un-
dertaken, such as the America Recovery and Reinvestment Act of 2009 by the U.S.
government,! and huge successive economic policy actions in 2008 and early 2009 by
the Japanese government. In Japan, a short-term macro model created by ESRI (an
Error Correction model) was widely used for government multiplier arguments in Japan
(Sakuma et al., 2011). That model (2011 version) suggested a GDP multiplier of gov-
ernment investment equal to 1.07 and 1.14 in the first and second year, respectively.

To assess the effects of government spending, we first conducted an empirical
study using a Factor Augmented Vector Autoregression (FAVAR) in this paper. As
for empirical studies on fiscal policy effects, there have been several approaches and
debates over the effects on private consumption and real wages.

The first approach is the so-called “government spending innovation approach,”
which uses a Structural Vector Autoregression (SVAR) model and identifies a govern-
ment spending shock using timing restrictions, which amounts to the assumption that
government spending is unaffected on impact by other shocks (Blanchard and Perotti,

2002; Fatas and Mihov, 2001; Gali et al., 2007%). This approach typically finds that an

!The act comprised approximately $500 billion in government spending and $290 billion in tax
cuts, equating, 5.5% of GDP.

?Blanchard and Perotti (2002) assumed the government expenditure shock does not respond to
the output residual within a quarter due to fiscal policy lags, and they set the elasticity of output to
government spending at zero in their SVAR.



increase in public spending leads to a significant increase in private consumption and
real wages.

The second approach is the “dummy variables identification approach,” or the
“narrative approach” (Ramey and Shapiro, 1998; Burnside et al., 2004; Ramey, 2011).
It attempts to avoid the identification problem inherent in SVAR analysis, and instead
searches for fiscal episodes that can be seen as exogenous to the state of the econ-
omy. Ramey (2011) argued that large increases in military spending associated with
the Korean War, the Vietnam War, the Carter-Reagan military buildup, and 9/11 ex-
emplify such exogenous events. During the episodes of large, exogenous increases in
defense spending, output rises but private consumption and real wages fall. Thus this
approach produces a smaller government multiplier.

The third approach uses a large dimensional dynamic factor model (Forni and
Gambetti, 2010). Several criticisms of the VAR approach to identifying policy shocks
focus on the small amount of information used by low dimensional VARs. To conserve
degrees of freedom, standard VARs rarely employ more than 10 variables, even though
such a small number is unlikely to capture the extent of information that government
actually employ. Using low-dimensional VARs means that the measurement of policy
innovation is likely to be contaminated. Forni and Gambetti (2010) studied the ef-
fects of government spending through a structural dynamic factor model. They used
principal components from more than 100 data series, and used sign restrictions for
shock identification. They found that government spending lifts both consumption and
investment with no evidence of crowding out.

This paper is of this third approach. We conducted FAVAR initiated by Bernanke,
2



Boivin and Elizas (2005) *using data containing 107 time series; to make these series,
I made reference to the Cabinet Office’s “Monthly Economic Reports” and “Memo-
randum of Recent Economic Trends,” two publications that, I believe, the government
actually uses for analysis of the Japanese economy. To identify government spending
shocks, we considered the timing of shocks; government spending shocks are unaffected

on impact by other shocks (we used Choleski decomposition).

We compared the results with a preliminary VAR. We suggest that the factors
included are Granger cause variable to most other variables included. The impulse
response in the VAR and FAVAR model showed both government investment shock
and government consumption shock trigger an increase in private consumption and
output. Real wages also increased after both shocks, although there were sign changes
during the initial periods following a government consumption shock. To the best of
our knowledge, this is the first paper to apply FAVAR to analyze fiscal policy shocks
in Japan. We found that an increase in government investment and consumption leads
to an increase in private consumption and real wages, which is in line with previous

empirical studies.

Previous efforts to reconcile this empirical evidence with theoretical modeling
have taken several approaches. The first is to adopt a non-separable preference over
private consumption and leisure to strengthen their substitution effects following an in-
crease in real wages. Perotti and Monacelli (2008) employed the Greenwood, Hercowitz,

and Huffman preference in an NK model, which has a feature to curtail negative wealth

3The work of Forni and Gambetti (2010) differs from FAVAR in that they tried to give the factors
themselves a structural interpretation. Unobservable factors in FAVAR do not have precise meanings.

3



effects on labor supply as well. Their calibrated model fits SVAR impulse responses
in that private consumption and real wages increase following a government spending
shock. This approach, however, seems to be difficult to determine empirically.

Another approach is to embed the “deep habits” assumption of Ravn et al.
(2007) into imperfectly competitive product markets. Their model assumes agents’
“addiction” to consumption goods, which brings the decrease in the elasticity of demand
for goods in response to aggregate demand shocks. This decrease in elasticity induces
firms to reduce markups and produce more goods, in turn sponsoring the expansionary
shift in labor demand. By means of this mechanism, the model succeeded in private
consumption and real wages increases in response to a government spending shock.
Other papers also embed “deep habits” in their models (Zubairy, 2010).

Next, is the approach that adopts a credit-constrained agent, in which a fraction
of consumers are not allowed to optimize over the life-cycle (Gali et al., 2007; Lopez-
Salido and Rabanal, 2006; Iwata, 2011). A recognized drawback of this approach is
its excessive reliance on the high fraction of credit-constrained agents to obtain a non-
negative consumption multiplier.

Here, we adopted an alternate approach that focuses on the presence of flow of
government consumption that is able to affect private consumption through modifica-
tion of its marginal utility and the productive public capital. Our approach is based on
the belief that government consumption and investment never deliver waste only; they
enhance utility and production in the economy. By introducing Edgeworth comple-
mentarity / substitutability between private and government consumption, the latter

increases marginal utility of the former and shift the labor supply curve farther outward
4



if they are complements. This outward shift of the labor supply curve may shift both
the YS and IS curves rightward, and we may be able to replicate private consumption
crowding-in. By introducing productive public capital, the capital enhance private sec-
tor production, endow households with a positive wealth effect, and increase marginal
productivity of private inputs.

There have been attempts to explicitly consider Edgeworth complementarity /
substitutability between private and government consumption into DSGE models, such
as Bouakez and Rebei (2007), and Marattin and Marzo (2010). Bouakez and Rebei
(2007) augmented a standard RBC model with complementarity between public and
private consumption and habit formation to explain the crowd-in effects of private
consumption, and estimated the parameters using U.S. data. They found strong com-
plementarity between government and private consumption, and their estimated model
succeeded in replicating the crowding-in effect on private consumption. But their model
failed in replicating the real wage movement because their model brings only the in-
crease in labor supply by the government spending shock. Marattin and Marzo (2010)
employed an NK equilibrium model with Edgeworth complementarity / substitutabil-
ity between private consumption and government spending, capital adjustment cost,
and distortional fiscal policy rules. Their calibrated model of the Euro area delivered
positive private consumption multipliers, but with no explicit focus on the movement
in real wages.

Previous research also has attempted to incorporate productive public capital
into general equilibrium models, such as Baxter and King (1993) and Leeper et al.

(2009).



In addition, in Japan, many previous studies have estimated the production
function with public capital, such as Mera (1973), Asako et al. (1994), Mitsui and
Inoue (1995), and Kawaguchi et al. (2005). Mitsui and Inoue (1995) estimated the
production function using a macroeconomic time series and found the marginal product
of public capital to be around 0.25. Kawaguchi et al. (2005) estimated the marginal
product of public capital using exogenous variation in the number of seats in the Diet
following electoral reform in 1994 as an instrument variable. They found the elasticity

to be around 0.2.

This paper builds on these contributions. Our model sections makes three key
contributions as follows. First, we extend the Bouakez and Rebei (2007) model in the
three respects. Ours is an NK model, adds real rigidity (variable capital utilization) and
productive public capital in the production function. Because the model introduces the
NK setup and allows labor demand as well shifts expansionary in response to aggregate
demand shock, this model succeeds in capturing both private consumption and real

wage increases in response to government expenditure shock.*

4 Among studies that consider both productive government investment and Edgeworth complemen-
tarity /substitutability between private and government consumption into general equilibrium models,
see Mazraani (2010) and Iwata (2012).

Mazraani (2010) augmented a standard RBC model with a distinction to government consumption
and investment, using CES specifications over composite consumption and capital. She estimated the
parameters using U.S. data, and found that both government consumption and capital complement
private consumption and capital, and this produces a crowding-in of private consumption and private
investment in respnse to government expenditure, although this model could not replicate the increase
in real wages in initial periods.

Iwata (2012) established a medium-scale small open economy DSGE model augmented with non-
separability between private and public consumption, and productive public capital. He estimated
the parameters using Japanese data and found that government consumption complement private
consumption and that government investment is productive in Japan (marginal productivity of public
capital 0.046). His small open economy model is unsuited to display movements of real wages.

Appendix E features a model with another specification for the production function induced by
Mazraani (2010).



Second, we estimated key parameters, i.e., elasticity of substitution between pri-
vate consumption and government consumption or productive public capital share in
the production function, jointly with other structural parameters in a general equilib-
rium model using Japanese data. As for Edgeworth complementarity / substitutability
between private and government consumption, we found that private and government
consumption are Edgeworth complements, as did Boaukez and Rebei (2007) and Okubo
(2003) using U.S. and Japanese data, respectively. As for our parameter for the mar-
ginal productivity of public capital in the production function emerged at 0.30, larger
than the estimate of 0.25 and 0.20 by Mitsui and Inoue (1995) and Kawaguchi et al.
(2005), respectively. Also, our estimated model showed the impact output multiplier to
government consumption shock amounts to 1.81, while that to government investment
shock is 0.75. In addition, we compared the impulse response of government spending
shocks of estimated DSGE model with VAR and FAVAR models.

Third, we show in the appendix that our NK model with investment adjustment
cost succeeds in more inertial movement in private investment than under a capital
adjustment cost setting in Marattin and Marzo (2010). Also, we show that variable
capital utilization helps dampen the large surge in the rental rate of private capital in re-
sponse to government consumption or government investment shocks, as in Christiano,
Eichenbaum and Evans (2005).

The remainder of this paper is organized as follows. Chapter 2 discusses the
empirical VAR and FAVAR models as benchmarks. In Chapter 3, we construct the

model. Chapter 4 presents estimation results. Chapter 5 concludes the paper.



CHAPTER 2.

EMPIRICAL EVIDENCE

This chapter constructs and estimates a benchmark VAR and FAVAR to illus-

trate the macroeconomic effects of a government spending shock.!

FAVAR framework: I would like to first exposit the Factor Augmented VAR.

Y, @11([1) @12([1) Y UtZ
= + (2..1)

Ft (I)Ql(L) (I)QQ(L) Ft—l Uf

Y; is the (M x 1) vector of observable variables and assumed to have pervasive economy-
wide effects, and F; is the (k x 1) vector of unobserved factors. It captures additional
economic information relevant to modeling the dynamics of Y;.

We extracted unobserved factors from the “informational” time series included in
(N x 1) vector of X; that consists of a balanced panel of 98 quarterly macroeconomic
time-series. The number of informational time series is large and must exceed the
number of factors and observed variables in the FAVAR system.

We estimate FAVAR by implementing the two-step estimation (as in Bernanke
et al. (2005)).

We assume that the informational time series X, are related to the unobservable

factors F; by the following observation equation.

X, = A F, + A, + ¢ (2..2)

!To estimate VAR and FAVAR, we used Matlab codes and Eviews code provided by Carlo A.
Favero in his HP (http://didattica.unibocconi.eu/myigier/index.php?IdUte=48917&idr=3933).
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where F} is a k x 1 vector of common factors, A/ is a N x k matrix of factor loadings, AY
is N x M, and e; is a N x 1 vector idiosyncratic disturbances. e; has mean zero and is
normal, and assumed to have a weak cross-correlation, that vanishes as N approaches

infinity.

In the first step, factors are obtained from the observation equation (2.2) by
imposing the orthogonality restriction AFAT /N = I. This implies that F =X\ /V'N,
where A is V/N times the eigenvectors corresponding to the k largest eigenvalues of
X X' sorted in descending order. Stock and Watson (2002) showed that the factors
can be consistently estimated by the first r principles of components of X, even in the
moderate changes in the loading matrix A. For this result to hold, it is important that
the estimated number of factors, k, exceeds or equals the true number, r. Because N
is sufficiently large, the factors are estimated precisely enough to be treated as data in

subsequent regressions.

The second step is to estimate the FAVAR equation (2.1), replacing F; by E,.

Data: In our applications, X, consists of a balanced panel of 98 quarterly macroeco-
nomic time series (Please see Appendix A for details). I took all data from INDB
Finder PRO (IN information center). These series are transformed to eliminate unit
roots and trends, and for that we took the logarithm and detrended with a one-sided
Hodrick-Prescott (H-P) filter to most series. The data span the period from 1985Q3 to
2008Q1. Government investment (lf@), government consumption (6@), inflation (7),
private consumption (61\3), labor hours (), private investment (ﬁD), output (Y), real

o~ o~

wages (W), and nominal interest rate (i) are the observable factors Y; (See Appendix
9



A for data on each).

Estimation: We first estimated the following VAR model, and considered the exten-

sion of the baseline VAR model:

2

=1

N — o~ — o~~~ o~

where Y; = (Y,CP,IP,CG,IG,W,N,7,i) to the following FAVAR framework.

N — A~~~ o~ ~

Y, = (Y,CP,IP,CG,IG,W,N,7,i)
B = (F1t7F2t7F3t)

where Fy;, Fy;, and F3; are the three factors derived from the following first step.

In the first step, we regressed X; = /{5\/ Y; + ¢, firstly, and constructed ﬁt from

Xi— AY Y; by the principal component method. This is because recursive assumption
(Choleski ordering) is employed in the second step and we put the unobservable factor
ﬁt following the observable factors Y;. This procedure prevents components of unob-
servable factors ﬁt from responding contemporaneously to the observable factors Y,
thereby avoiding the criticism of recursive assumptions.

In the second step, we employed simple recursive frameworks. We ordered G

and OG first and treated its innovations as fiscal policy shocks in a standard way. This
10



Table 211.MAR[ahd[BAVARIsbecifications

Equation IG CG T CP N IP Y W i
VAR Adj[B’ 0.53 0.44 0.16 0.46 0.68 0.85 0.75 0.54 0.95
SEE. 3.03 0.6 0.28 0.72 0.46 2.2 0.7 0.62 0.046
FAVAR Adj [ 0.58 0.45 0.27 0.49 0.72 0.87 0.78 0.58 0.95
SE. 2.85 0.59 0.26 0.7 0.43 2.03 0.66 0.59 0.045
X 6) 14.73 6.96 17.11 10.43 16.24 18.09 14.31 12.47 7.45
0.02 0.32 0.009 0.11 0.013 0.006 0.026 0.052 0.28

In[the Hgure,[G:[QovernmentMvestment,[AG:[Qovernment[@Qonsumption,[F :Miflation,[AP:[Brivate [Donsumption, [N:[Mabor
hours,[IP:[Brivate Mhvestment,Y:[autput, W:[Heal Wage, [[INominal [hterestlrhte.

ordering imposes the identifying assumption that all other observable factors (T, 6]\3,
N , I/]\D, }A/, W, ;) and unobservable factors respond to fiscal policy shocks in the period.
We estimate FAVAR by I/Ei, 55, T, 6]\3, ]v, ﬁ’, }7, /W, and 7 ordering.? We used
three latent factors for FAVAR, and ordered them after the observable factors. We
used two lags both in VAR and FAVAR, and employing four lags led to similar impulse
responses.® Increasing the number of factors to five did not alter the qualitative nature

of our results.

Empirical Result: Table 2.1 compares the VAR and FAVAR specifications for the

~

vector Y; = (1{@, 55,%, 51\3, ]v, I/]\D, Y, /W,z) We tested the restriction ®15(L) = 0 by
F-test. The results reported in Table 2.1 illustrate that factors are jointly significant
(Granger cause) in most equations; in government investment (_fa), inflation (7), labor
hours (]v ), private investment (1{]\3), and output (}7) equations.

Tables 2.2 and 2.3 report the evidence on the residual analysis from the VAR and
FAVAR models. Table 2.2 contains the outcome of Jarque and Bera (1980) tests of null

hypothesis of normality of residuals from each equation and for the joint 9 equation

2We followed Boaukez and Rebei(2007) for this VAR ordering.

3By the Akaike info criterion and Schwarz criterion, two lags are showed preferable to four lags.

11



Table[22.[Residual [Normality

Jaquel]
Equation 1G CG T CP N IP Y \\ i Joint
Bera
x%2) x%2) x%2) x%2) x%2) x%2) x%2) x%2) x%2) Xx*18)
VAR 599 14.82 13.72 0.28 0.39 0.41 0.65 6.67 13.77 56.7
0.05 0.001 0.001 0.87 0.82 0.81 0.71 0.04 0.001 0.000
FAVAR 0.97 24.78 401 1.49 0.05 0.05 0.01 0.52 13.23 451
0.62 0.000 0.13 0.47 0.98 0.98 0.99 0.77 0.001 0.000

Inlthefigure, I1G:(Government/Investment, CG:[Government/Consumption, i Inflation, (CP:Private (Consumption, N:Labor
hours, TP:[PrivateInvestment, Y:loutput, W:[ReallWage, i Nominal Interestrate.

Table [23.[Qerial [dorrelation [aflrésiduals

LM LAGO LAGIA LAG LAGH
VAR x(81) 103.8 87.32 87.65 85.85
0.045 0.3 0.29 0.33
FAVAR 2 152.02 163.12 148.17 162.56
X(144) 0.31 0.13 0.39 0.14

model. The null of normality is rejected for both VAR and FAVAR in the joint 9
equation model; the main cause of this rejection is the non-normality of residuals in
CG and i equations.

Table 2.3 reports the Breush-Godfrey Lagrange Multiplier tests of null hypothe-
sis of no serial correlation of residuals at all lags from one to four. The result showed in
the first lag of VAR specification points toward residual autocorrelations, while the null

hypothesis of absence of residual correlation at any lags cannot be rejected in FAVAR

specifications.

We then proceed to a further comparative analysis of the VAR and FAVAR
models by considering impulse response function to fiscal policy shock. The results are

shown in Figures 2.1 and 2.2. We plot responses for a horizon of 20 periods of quar-

~

i) series to a fiscal policy shock (government
12

terly Y; = (@,@,%,@,N,ﬁ,?,w,



investment and government consumption) of both VAR and the FAVAR model.

Figure 2.1 shows the impulse response to one standard deviation government
investment shock. The red line shows the response of the FAVAR model, and the blue
line is that of the VAR model. The purple and green lines show 95% confidence intervals
to the shocks of the VAR.

Figure 2.1 shows there are differences in impulse response between the VAR and
FAVAR models. We can see that a government investment shock triggers an increase in
private consumption (2nd row, 1st column) and output (3rd row, 1st column) by both
the VAR and FAVAR models. The response of consumption and output are persistent,
and reach their peak in the second period, and last for more than three years in both
models. Real wages (3rd row, 2nd column) also increase after a government investment
shock for both models, while the increase is stronger in FAVAR specification. As for the
response of private investment (2nd row, 3rd column), government investment crowds
out private investment for all the time periods by VAR specification, while we can see
strong crowds in for three years by the FAVAR model. We can also see the nominal
interest rate increase clearly from the FAVAR model (3nd row, 3rd column).

Figure 2.2 shows the impulse response to one standard deviation government
consumption shock. Figure 2.2 also shows the differences in impulse response between
the VAR and FAVAR models. We can see that a government consumption shock triggers
an increase in private consumption (2nd row, 1st column) and output (3nd row, lst
column) both by models here as well. As for the response of private consumption,
it very persistently increases and reaches its peak in the second period by the FAVAR

model. VAR impulse has a larger response than the FAVAR impulse; it reaches its peak
13



Figure 2..1: Impulse response to IG impact with VAR-FAVAR comparison
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Figure 2..2: Impulse response to CG impact

with VAR-FAVAR comparison
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in fourth period. The response of output has the same tendency. It reaches its peak
in 3nd period and increase for 2 years by FAVAR model. The response of real wages
(3rd row, 2nd column) also seems to increase after a government consumption shock,
but changes signs three times within the first four quarters for both models. As for the
response of private investment (2nd row, 3rd column), a government consumption shock
crowds out for the first 10 quarters by the FAVAR model, while we can see persistent

crowds in movement from the VAR model.
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CHAPTER 3.

THE MODEL

The model constructed extends Bouakez and Rebei (2007) model in three di-
mensions. First, it is an NK model. Second, we include intertemporal investment
adjustment cost and variable capital utilization as real rigidities. Third, we consider
both government consumption and government investment and assume that govern-
ment’s capital stock enters the production function.

3.1 The Representative Household

The economy is populated by a single, infinitely lived representative agent that
drives utility from effective consumption (C}) and leisure (1 — N;). Effective consump-
tion is assumed to be the CES index of private consumption (C?) and government

consumption (C%).!

=~ A 1 Ct 1—
N, = — )= 4 ,In(1 — N, 1
u(Ct,Ct 1 t) 1 —E(Ctil’}’) +1 n( t) (3 )
Co=1¢C) = +(1—¢)C) ¥ ] (3.2)

where € stands for the inverse of the long-run intertemporal elasticity of substitution,

and € and ¢ are positive parameters. v € (0,1) measures the degree of habit forma-

! Previous studies that assume consumer preferences to be the CES index of private consumption and
government spending include Amano and Wirjanto (1997), Okubo (2003), Linnemann and Schabert
(2003), Boualez and Rebei (2007), Marrattin and Marzo (2010), and Mazraani (2010).
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tion.? v is the elasticity of substitution between private consumption and government

consumption and v > 0.

The budget constraint of the representative household is

B B, \Ri1 =
CP + 17 +p(U)KP + =L + Z, < w, Ny + U KP + 2= & (3..3)
t

b b

where B, is government debt issued at time ¢, which pays B, R, units of goods at t+1. Z;
is the lump-sum tax paid to government. w, is the real wage rate. NNV; is the number of
hours worked. =; denotes dividends from owning imperfectly competitive intermediate

goods firms.

An explanation of the households’ private capital holdings is necessary at this
point. In this model, households make decision not only as for consumption/leisure
choice but also as for private capital accumulation and capital utilization.?> Households
lend their private capital K? to intermediate goods firms and earn the real rental rate
r; from each effective unit of private capital U K}. Thus, r,U; K¥ represents household
earnings from supplying the effective unit of private capital, and households increase

their earnings by increasing their capital utilization rate.

On the other hand, the increase of capital utilization from steady states incurs
a cost, ¥(U;) K. We assume the functional form for the adjustment cost of capital

utilization is given by

?We assume habit formation for effective consumption following Boualez and Rebei (2007).

3We introduce variable capital utilization as in Christiano, Eichenbaum, and Evans (2005), who
assumed households make capital accumulation and capital utilization decisions. This assumption was
for convenience; they indicated they could work with an alternate decentralization scheme, in which
firms make these decisions, albeit at the cost of a more complicated notation.
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UtlJr\If_l -1

¢(Ut) =K 1+ Pt

where W is the inverse of elasticity of the capital utilization with respect to the rental
cost of private capital and ¥ > 0 . Note that ¢ (U,) is an increasing, convex function
(' (Ug) > 0, ¥"(U;) > 0). The steady-state capital utilization rate is assumed to be
U = 1; thus in steady states, cost is zero (1)(1) = 0). Private capital evolves according

to

P

K7, = (1— &) KP4+ {1 — S(-L )17 (3.4)

P
It—l

where 6" is the private capital depreciation rate, and S(e) denotes adjustment cost for

private capital defined as a quadratic function as follows.

. 1,5 5

where ¢ implies the inverse of the elasticity of private investment on the price of private

capital. As seen from (3.5), the greater the deviation of the current physical investment
from the previous period, the more expensive the adjustment cost. Therefore, house-
holds make private capital installments as smoothly as possible to minimize the leak.

Also, we note that the adjustment cost is zero in steady states, i.e., S(1) = S’(1) = 0.

Given the budget constraint (3.3) and capital accumulation equation (3.4), the
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dynamic optimizing problem of the household is

£ = Ep Y [Bu(C,CiiNy) (3..6)
t=0

B B, R, =

“M{CP + 1P+ P(U)KP + 24 + Z, —w, N, — r,U,KP — =220 =y
Pt Pt Pt

14 vy y4 1 Itp 2\ 7P
—p A K7 — (1=K — (1 — —(— — 1)°)I{}]
26017

where \; stands for the Lagrange multiplier attached to the budget constraint and ,

stands for the Lagrange multiplier attached to the capital accumulation equation at
period t.
The first order conditions associated with each control variables, By, IF, Ny, CF,

P
K, U; are

bond holdings:

P
/\t - ﬁEt[)\H_lRtP L ] (37)
t+1
private investment:

1 3 IF 2 I 1 1P Ir
MN=pl—=— ()2 +>(-2)]-PBE S(HE2(p — L 3.8
labor supply:

A= —t (3..9)
t wt(l — Nt) "
private consumption:
C, 1 1 C, Cir1\ Crar
At = . < < © — BYE(= ) 3..10
=G GG )"~ BN ™ 6.0



private capital holdings:

e = BE Ny i{rer1Usn — Y(Upia) } + 1 (1 = 67)] (3..11)

capital utilization:

re = ' (Uy) (3..12)

As for the first order condition with the private investment (3.8), the LHS repre-
sents the marginal cost of private investment. The RHS represents the marginal benefit
of private investment. By investing one additional unit the household can increase the
amount of private capital stock to a certain extent, but the magnitude of increase in
private capital stock is reduced by the leak from private capital installments. This mar-
ginal leak is represented in the first bracket in (3.8). In addition, we set the adjustment
cost function as (3.5), a marginal change in current investment also affects the next
period’s adjustment cost, and this effect is represented in the second bracket. Both of
these effects multiplied by the shadow price of private capital form the marginal benefit
from additional investment.

As for the first order condition with private consumption (3.10), the LHS is the
marginal cost of private consumption. The RHS of the equation (3.10) represents the

S )% represents the additional amount of

marginal utility of private consumption. ¢( o
t

effective consumption from one unit of additional private consumption. The second
bracket represents the marginal utility from one unit of effective consumption, and the
expectation term in the second bracket comes from an internal habit formation in the

utility function. Notice that the second bracket reduces to C; only if current effective
21



consumption matters (y = 0).

Next, equation (3.11) represents the first order condition for private capital
holdings. The LHS represents the shadow price of private capital, or the marginal cost
of adding one unit of private capital at time ¢. The RHS represents the marginal benefit
of adding one unit of private capital. By adding one unit to private capital holdings at
time ¢, households can expect to increase (1 — é”) units of private capital at time ¢ + 1.
Thus, B, (1 — 67) represents a marginal benefit of adding one unit of private capital
discounted in present value. In addition, households can earn additional rental income
re+1Ue1 K74 by lending additional private capital, but the rental income is reduced by
the additional capital utilization cost ¥(Uy41)K{,, brought on by the additional lending

of private capital.

Finally, the first order condition for capital utilization (3.12) represents the mar-
ginal cost of capital utilization is to be equalized to the rental rate. By increasing capital
utilization marginally, the household can increase its income by 7, K}. On the other
hand, an increase in capital utilization incurs a cost. By increasing the capital utiliza-
tion marginally, households must sacrifice ¥'(U;) amount of consumption goods at the

margin.

3.2 Firms

The final goods firms We assume that there is a continuum of intermediate goods firms

of unit mass indexed by i € [0, 1] and each firm produces an intermediate good that is

different from that of other firms. The continuum of intermediate goods in period t,
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Y;: gets bundled by final goods firms into final goods Y;. The final goods production

technology is

|
Y; = [/ Y,," di]i (3..13)
0
where 1 > 1, and 7 is the elasticity of substitution in production and governing the
firm’s markup over the marginal cost.
A profit-maximizing final goods firm chooses the amount of intermediate goods
to maximize profit given aggregate price P, and intermediate goods price P; ;. We could

have a demand function of goods 7 as,

]Di
Yie = ( P:ym (3..14)

Putting this demand for sector ¢’s output (3.14) into the bundler function (3.13),

we can have a final goods pricing rule of,
1 1
P =] / P di) T (3..15)
0

The intermediate goods firms The production function for intermediate goods firm ¢ is

Yii = At@;aNi,t(lfa)(KF)“ (3..16)

where Kf-ft = i,th,t is the effective private capital stock by the firm i, N;; is the
aggregate labor force employed by the firm i, and all firms are subject to the same

technology shock, A;. K is the government capital stock, and the parameter y mea-

sures the productivity of public capital. Notice that K& does not have subscript i,
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thus we assume KC as well has common productivity to each firm.* This production
function is increasing return to scale as a whole but private sector resource is a constant
return to scale.’

Under a Calvo (1983)-type sticky price setting, for any given period t, each
firm has a p probability that it will keep the price of the previous period, and 1 — p
probability that it will be able to choose its price optimally. An intermediate goods

firm, ¢, which can choose price in period ¢, choose the price, P;,, to maximize profit:

2,0
max Z B3’ [P'L,t}/;-l-j(%)n — Pryjrei K7 ; — Prjwiyj Nigrg) (3..17)
it =0 it
P —a
stV (L) = AKD, Ny~ (KE) (3..18)
it

A firm that is maximizing profit is simultaneously minimizing total cost. The

cost minimization problem for the firm 7 can be expressed as follows.

—_—

cost function: min rtht + wiNi ¢ +me; 1 (Yig — Atlf(\gaNiytl’o‘(Kf)“) (3..19)
KP, N

7,17

where the Lagrange multiplier, mc;, is the marginal cost of producing Y; ;. Solving the

cost minimization, the first order condition is

wy (11— a) /fip:
—_—= 3..20
Tt (6] Ni,t ( )

solve (3.20) for %f’: and N;;, and substituting these factor demands into the cost

equations,

4This is important to make aggregation of price simple. If K& is a function of i, marginal cost will
be function of i.

®As for production function, Mitsui and Inoue (1995) showed that, in Japan, assuming a constant
return to scale for the private sector is better than assuming a constant return to scale as a whole
(including productive public capital) from a production function estimation using prefectural data.

6In Appendix E, I made another specification of the production function following the spirit of
Mazraani (2010).
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e }/it (1 — Oé)a_l 1

— _ B a, 1-—a
so, the firm i’s marginal cost is
TC; 1(1—aq)et 1
me;it = b= 1o AT (3..22)

()

Notice that the specification of the marginal cost (3.22) does not depend on
subscript ¢, and this implies the marginal cost is symmetric across firms. Since the
marginal cost is symmetric across firms, we simply suppress subscript ¢ on the marginal
cost.

Substituting the total costs (3.21) to profit maximization problems (3.17) yields,

P
maXEtZﬁ P[P Yo ( ;J) — Prjrii Ky — PryjWerj Nigs ]
2,0
=Lk Z(ﬁp) [( Pt+ngt+J)Y;:,t+j] (3..23)

7=0

The first order condition for the profit maximization problem yields

M) =0

- Py
B (B0)Yiers[L = n+n—5
7=0

it

Rearranging further yields the following optimal pricing rule for firm s.

Z (Bp)’ (Pt+J i t+JmCt+J)
Pr=—" : = (3..24)
! 3 (300Vias

Notice that n > 1, and the expression nTl > 1 is the gross markup of the intermediate

goods firm i’s price over the ratio of the discounted stream of nominal total costs divided

by the discounted stream of real output.
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Notice that all intermediate goods firms that can fix their prices set the same-
markup over the same marginal cost, so in every period ¢, P/, is the same for all 1 —p
firms that adjust their prices, and all non-adjusting firms keep their price as it was in
the previous period. Combining with the final goods pricing rule (3.15), we have the

aggregate goods pricing rule,
P = pPy ' (1= p) Py (3..25)

3.3 The Policy Side

Fiscal Authority The fiscal authority purchases final goods C¢, I€, issues bonds B,,

and levies lump-sum tax Z;. The flow budget constraint for fiscal authority is,

R, B B
Y/ (3..26)

C8 +1¢ 4 =Ll
t t Pt H

Government spending C&, I evolve according to an AR(1) stochastic process.

CE = pogCly + ¢ (3..27)
I€ = poIC, +£l° (3..28)

government capital stock evolve according to
K&, =1I¢ + (1 - ¢§)KE (3..29)
where 8¢ is the government capital depreciation rate.

Monetary Policy The central bank sets the nominal interest rate according to a simple

feedback rule of the following rule.”

"This type of Taylor rule with interest-rate inertia can be found in Rotemberg and Woodford (1999),
Clarida, Gali, and Gertler (1999), and Christiano, Eichenbaum, and Evans (2005).
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R\t = er/tjl + (1 - pr)qbrﬂ’ﬂ-/t.—\l + (1 - p'r‘)qbry}/}t (330)
where 7,_; = log(P,_1/P,_2) denote inflation rate.

3.4 Market Clearing Condition

We impose the market-clearing condition for the final goods market. We require
the supply of final goods to be equal to the demand of final goods for private consump-
tion, private investment, capital utilization, government consumption, and government
investment.®

Y, =CP+IP +(U)KP + CC + IF (3..31)

8 A Log-linearized version of the model could be found in Appendix B.
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CHAPTER 4.

MODEL ESTIMATION

4.1 Estimation Methodology

The purpose of this chapter is to use Japanese data to obtain values for the model
parameters. In particular, we are interested in measuring the extent of complementarity
between government consumption and private consumption and public capital share
in the production function. We describe below our estimation methodology briefly
following Boaukez and Rebei (2007) and liboshi, Nishiyama and Watanabe (2008).

The model’s solution can be written in the following recursive equilibrium low

of motion:
St = G(@)St,l + H(Q)Et (41)
where s; is a 24 x 1 vector of endogenous variables: s; = [}/}t, 7y, Cy, E'tp\, ff, )Tt,

e~ _——

s Nt7 W, T, MCy, Ut ’ Kt+17 Kt+17 Rt7 At> -[t ) Ct 9 Etﬂ-t—‘rly EtOt—‘rlu Et)\t—‘rly Et:utJrlv
E L Eri), and €, is a vector of endogenous shocks: ¢, = [e!, /¢, e¢C]', and 0 is the

vector of deep parameters to be estimated. From equation (4.1), we set a state space

model which consists of a transition equation and measurement equation as follows;
St — G(@)St_l + H(0)€t (42)

Ye = Js (4..3)

where y; is the 9 x 1 vector of observable variables at time ¢ and J is a 9 x 24 matrix that
links the observable ¥, vector to the unobservable s; vector. For this state space model

with Gaussian error terms, unobservable variables s; and the likelihood of the model
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are obtained using a Kalman filter. The Kalman filter is the algorithm that provides
the mean and the covariance matrix of the state vector s, (t = 1,...,T") conditional on
the observations up to t, i.e., (y1,...,yr) in a linear Gaussian state space model.!

A crucial requirement of the Kalman filter is that the number of observable
variables used in the estimation does not exceed the number of shocks in the model;
otherwise, the variance-covariance matrix of the residuals becomes singular. In our
case, we have only three structural shocks, so we can use as little as three series. To
circumvent this problem, we followed Boaukez and Rebei (2007) and add measurement
errors to the variables in the measurement equation.? This yields the following empirical
model:

st = G(0)si—1 + H(0)es (4.4)
Yy = Jsi + (, (4..5)

where €;71.1.d.N (0, Q(0)), ¢, is the vector of measurement errors, ¢, i.i.d.N (0, R), and
K (EtC;) =0

For estimation, we used DYNARE, which is a convenient tool for conducting
Bayesian estimations. The DYNARE toolbox derives reduced-form representation of
the model and automatically checks system stability; a necessary condition are met
only if the number of forward-looking variables equals the number of eigenvalues greater

than one. In addition, it enables us to conduct Bayesian estimations.® The series used

In Appendix D, we will briefly explain the Kalman filter.

2The addition of measurement errors to get around the singularity problem has been done by
McGrattan, Rogerson and Wright (1997), Ireland (2004), and Boakez and Rebei (2007), Nishiyama et
al (2011).

SDYNARE firstly evaluate likelihood using Kalman filter by maximum likelihood estimates. Then
DYNARE finds the mode of posterior distribution and estimate posterior distribution of parameters
of our interest. The posterior distribution is given by a nonlinear and complicated function of deep
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Table[41 Malue [df[@alibratedlphrameters

Parameter Meanings Value
Structual [phrameters
[0) Weight[df[Brivate [sbending[in [elffe ctive [donsumption 038
o Elasticity [df [utput[With [c&spect[iblplivate [capital 0.36
S» Depreciation[rhte [of [Brivate [@apital 0.025
Oa Depreciation[rhte [af Bublic [Qapital 0.01
n Price Hlasticity[dfldemand 6
Steady[Ptate Malue
N Fraction[dlf(Tlime Worked 0.31
CG/Y Government[consumption o [dutput[rhtio 0.15
IG/Y GovernmentlidvestmentHo[dutputlrhtio 0.05

in the estimation are output, private consumption, private investment, government
consumption, government investment, real wages, labor hours, nominal interest rate,
and inflation rate. We used the common data with Chapter 2, but we limited the
data period from 1985Q3 to 1998Q4 because of the zero-interest-rate policy started in

February 1999 in Japan.*

4.2 Priors and Calibrated Value

Table 4.1 presents the values assigned to the calibrated parameters. We fix most
parameters following Boaukez and Rebei (2007);% o = 0.36, which implies a labor share
of 64%, 6 = 0.99, which implies an annual steady state interest rate of 4%, 6 p = 0.025,
which puts the annual steady state depreciation of private capital at 10%, 6g = 0.01,

which means the annual steady state depreciation of public capital is 4%. The price

parameters, so DYNARE resorts to sampling-like methods, a Metropolis-Hastings algorithm. Again,
in Appendix D, we will briefly explain the Kalman filter and the MCMC Bayesian estimation.

4Zero- Lower band of nominal interest rate brings model nonlinearity, which is a difficult task. We
skip here this problem by limiting our data period. Doi et al. (2011) showed monetary policy response
in Japan (Taylor rule coefficient on inflation or output gap) have been changed with high probability
in the mid 1990s by an estimation of monetary policy function with Markov switching model.

®Bouakez and Rebei (2007) analyzed U.S. data, but the calibrated value used here could be thought
of as common to Japan.
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Table[d12.[Brior[distributionsEbrihe [Models[elstimated

parameters meanings type mean s.e.
structual[phrameters
V] the [Hlasticity [df[sbibstitution [bktween [pFivate [ahdlplbluc [consumption normal 0.8 05
£ the iverse [dfftheinter Qemporallelasticity [f[slibstitution normal 2 2
Y HabitHormation [phrameter beta 0.6 0.2
£ Inverse [dflabdjustment[dost[phrameter normal 0.25 0.75
v Capital[uktilization[dost normal 1 1
0 Calvolptice [no [devise [plobabirity beta 0.7 0.2
u Productivity [aff[pliblic [chpital beta 0.2 0.1
Policy[phrameters
O Interestlrhte [sShoothinglcoeff. beta 0.8 0.1
O x interestlrhte [flation [coeff. normal 15 1
Oy interestlrhte [autputlghplcoeff. normal 0.125 0.075
Shocklpkersistence
Q. persistence [df[pFoductivity beta 0.85 0.1
0 ce persistence [dflgbvernmentldonsumption beta 0.85 0.1
O persistence [dflgbvernmentlidvestment beta 0.85 0.1
Standard[Brrors[aflshocks
Na SE [df[pFoductivity [shock inv.[@amma 04 2
7 ca SE [af[gbvernmentlconsumption[shock inv.@amma 0.2 2
N SE [dff[gbvernment[ivestmentlshock inv.[@amma 0.3 2
StandardBrrorsfbrMesurementBrrors
Ny SE [df[mesurementlekr.Fbr [dutputghp inv.[@amma 0.2 2
e SE [of[mesurement[elr.[Fbr [pkivate [donsumption inv.@amma 0.2 2
ne SE [af[mesurement[ekr.[fbr[pFivate [dvestment inv.[@amma 1 4
7 ca SE [dff[mesurementlelr.fbrlgbvernmentlclonsumption inv.@amma 0.1 2
N SE [aff[Mesurement[ekr.fbrlgbvernmentidvestment inv.[@amma 05 4
Nn SE [of[mesurement[err.[fbr[rbal Mage inv.[@amma 0.1 2
Nw SE [af[mesurement[err.FbrIdbor hlour inv.[@amma 0.1 2
N x SE [dfiMesurementlekr.[Fbr[dflation inv.[@amma 0.1 2
ni SE [dff[Mesurement[ekr.fbrnominal ihterestrhte inv.[@amma 0.05 1

elasticity of demand 7 is set equal to 6 to be consistent with a steady state net markup

of 20 percent. A preliminary attempt to estimate ¢ turned out to be poorly identifiable,

so we set the same calibrated value of 0.8 as Boaukez and Rebei (2007) did, but we

could estimate parameter € because we included nominal interest rate and inflation rate

as observed data while Boaukez and Rebei (2007) did not. We also set steady state

value at N = 0.31, CG/Y = 0.15, IG/Y = 0.05 following Boaukez and Rebei (2007).

Table 4.2 reports the prior distribution of the other estimated parameters. For
the choice of prior distribution, the means were set at values that correspond with other

studies, and standard errors were set so that the domain covers a reasonable range of
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parameter values, including values estimated by previous studies. We primarily cited
Boaukez and Rebei (2007).° In addition, we made reference to Iiboshi, Nishiyama, and
Watanabe (2008), Iwata (2010) and Sugo and Ueda (2008), all of whom estimated a
DSGE model for the Japanese data.

We set mean of ¢ = 2, which is the value given in Boaukez and Rebei (2007), and
we took a wide standard error 2 for the parameter. We set the mean at v = 0.8, which
implies private and government consumption are substitutes (% —¢& < 0 ) in the prior
mean, but we took a standard error of v = 0.5, which covers the range of estimated
value of v in Boaukez and Rebei (2007) 0.3. 7, £, p could be seen in ordinary range and
similar to previous studies. As for W, there seems to be wide difference in prior setting
in previous studies. Smets and Wouters (2003), which studies the euro zone, set its
mean at 0.2 and its standard error at 0.075, while Onatski and Williams (2005), which
studies U. S. data, set uniform distribution between 2.8 — 10. Here, we set prior mean
and standard error of ¥ to 1.7 As for the parameter of productivity of public capital,
i, we made reference to Aschauer (1989) 0.36, 0.25 by Mitsui and Inoue (1995), or 0.20
by Kawaguchi et al. (2005).> We made reference to Iwata (2011) for prior distribution
of policy parameters and standard errors of shocks and to Sugo and Ueda (2008) for
prior distribution of shock persistence.

Given the prior distributions, DYNARE calculates the posterior distributions us-

To reiterate, Bouakez and Rebei (2007) estimated their model parameters using U.S data.

"This is the same prior mean and standard error of ¥ used by Sugo and Ueda(2008) although the
specification of capital utilization is different.

$Mitsui and Inoue (1995) estimated production function using macroeconomic time series and found
the marginal product of public capital to be around 0.25. Kawaguchi et al. (2005) estimated marginal
product of public capital using prefecture-level data and exogenous variation in number of seats in the
Diet by electoral reform in 1994 as an instrument variable. They found the elasticity to be around
0.2, although the effect is not precisely estimated.
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ing a Metropolis-Hastings Markov chain Monte Carlo (MCMC) algorithm. We sample

1,000,000 periods each, discarding the first 500,000 periods.

4.3 Results: Estimated Parameters

Table 4.3 reports the posterior means and 90% confidence intervals (CI) for the
parameters for 2 models estimated; “baseline model” means a model without public
capital (the public capital productivity parameter p is set to 0), and “public capital in
PFEF” means public capital is in production function (u is estimated). Several important
parameters are worth commenting comparing with Bouakez and Rebei (2007). (We

mostly comment on Baseline model below.)

The parameters for elasticity of substitution v is 0.56 and the parameter of
inverse of the intertemporal substitution of consumption ¢ is 0.95, so % —¢e > 0. This
means the necessary condition for government spending to increase the marginal utility
of consumption is satisfied, and private and government consumption are Edgeworth
complements.” This result is the same with Boaukez and Rebei (2007) for U.S. data;
they had v = 0.33 (and ¢ is calibrated value 2). An earlier study by Okubo (2003),
which analyzed data in Japan and used a partial equilibrium approach based on Euler
equation, estimated v = 1.39 and ¢ = 0.1970.61 (so £ — ¢ = 0.1270.53 > 0) and
concluded that private consumption and government consumption are complements or

unrelated, so this is also in the same line.!”

9We show model implications using calibrations in Appendix C.

Twata (2012) also concluded the relationship between private and public consumption may be
complements using Japanese data, although the definition of effective consumption is different from
us here (Iwata (2012) used a linear form, C; = CF +vCE).
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Table[13.[Bosterior[distributions [rthe [Models[ektimated

(Ref.)
Baseline[Model Public [@apital [d BF Bouakez[ahd[Bebei
parameters mean Cl(Low) Cl(High) mean Cl(Low) ClI(High) (2007)
structual [phrameters
L 0.557 0.380 0.714 0.589 0.372 0.782 0.332
€ 0.950 0.510 1.353 0.982 0.562 1.361 2(calibratedalue)
r 0.483 0.170 0.796 0.497 0.188 0.810 0.250
£ 1.684 1.148 2.210 1.656 1.126 2180 1.052
v 2.109 0.867 3.328 2.062 0.827 3.291 N.A
0 0.605 0.441 0.765 0.601 0.440 0.765 N.A
o N.A. N.A. N.A. 0.295 0.108 0.484 N.A
Policylphrameters
o, 0.772 0.625 0923 0.772 0.624 0.924 N.A
o, 3.015 1.880 4.083 3.010 1.928 4111 N.A|
o, 0.053 0.004 0.101 0.055 0.005 0.104 N.A
Shocklpkrsistence
o, 0.820 0.743 0.898 0.820 0.740 0.900 0.873
0. 0.727 0.565 0.888 0.727 0.559 0.896 0.912
0 0.891 0.846 0.937 0.903 0.855 0.951 N.A
StandardBrrors Ebr[Structual [Shocks
n, 0.377 0.094 0.699 0.356 0.095 0.674 0.005
M oa 0.181 0.047 0.334 0.220 0.045 0.372 0.013
N 0.282 0.068 0.537 0.250 0.070 0.466 N.A
StandardBrrorsEbr[MesurementBrrors
n, 0.327 0.042 0.509 0.188 0.045 0.360 O
/. 0.178 0.046 0.323 0.213 0.046 0.360 [
e 0.875 0.242 1.604 0915 0.234 1.712 O
M oa 0.095 0.022 0.172 0.106 0.022 0.188 0
[/ 0.484 0.111 0.920 0.503 0.111 0.935 O
My 0.088 0.023 0.163 0.090 0.023 0.169 n
Ny 0.086 0.023 0.158 0.091 0.024 0.164 O
., 0.098 0.022 0179 0.094 0.023 0.172 0
n 0.051 0.011 0.097 0.056 0.011 0.103 0

34



The parameter for consumption habit formation v is about 0.48, which is larger
than Bouakez and Rebei (2007) 0.25. The parameter for capital utilization cost, ¥, is
2.1 and this is similar to Onatski and Williams (2004) 2.8. The parameter of inverse
of investment adjustment costs, £ is 1.7. This implies that investment increases 1.7
percent in the long run following a 1 percent increase in Tobin’s q. This estimated
parameter is larger than that found in other studies, i.e. Levin et al. (2005) 0.55 or

Smets and Wouters (2007) 0.14."

Regarding inflation dynamics, the Calvo price-setting parameter p is 0.61, so the
probability that a given price can be optimized in a quarterly period (1 — p) is 0.39.
This implies an average contract duration of price setting is estimated to be about 2.5

quarters.

Regarding monetary policy parameters, the coefficient on lagged interest rates
in the monetary policy rule p, is 0.82. This implies that monetary policy has high
inertia. The response of interest rate to inflation p_ is 3, which is much greater than
one, indicates that the monetary authority in Japan reacts very actively to inflation.

On the contrary, the response to output, py is small, at 0.05.

As for the results of “public capital in production function,” our interest is in
the parameter of productivity of public capital in production function p, and it is 0.30.
This is smaller than Aschauer’s (1989) 0.36 but larger than the estimate of 0.25 by
Mitsui and Inoue (1995), 0.2 by Kawaguchi et al. (2005), or 0.046 by Iwata (2012).

Other parameters estimated are similar to the baseline case, so we omit an explanation

L Although Bouakez and Rebei (2007) estimated under capital adjustment cost setting, the para-
meter for adjustment cost is 1.05, and is smaller than ours.
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of these results here.

4.4 TImpulse Response

This section explores the impulse responses of endogenous variables to govern-
ment investment and government consumption shocks for five years following each
shock. The horizontal axis represents time on a quarterly scale, and the vertical axis
represents the percentage deviation from equilibrium.

Figure 4.1 illustrates impulse responses to a government, consumption shock. It
captures important channels that determine the impact of a government consumption
shock: crowding-out effects, wealth effects, and the effects from private and government
consumption Edgeworth complementarity.

First, higher government consumption absorbs existing resources, thereby re-
ducing the quantity of goods available to the private sector for saving (investment) or
consumption. In addition, because supply should respond to this increase in aggre-
gate demand, demand for labor and effective private capital increase. Thus the real
marginal cost of intermediate goods firms increases because not all intermediate goods
firms can raise their price. Real wages and the rental cost of private capital initially
increase although the increase in capital utilization alleviate the surge in the rental cost
of private capital.

Second, higher government consumption financed by a lump-sum tax generates
a negative wealth effect, encouraging agents to work harder, thereby increasing output
but reducing the marginal productivity of labor.

Third, when private and government consumption are Edgeworth complements,
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Figure 4..1: Tmpulse responses of estimated DSGE model (Baseline Model) (government,

consumption shock)
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Table4.4 Mlhpact[Multiplier[ahd[BresentMalue [Multiplier

Variable 1[gharter 4[glarters 8lguarters  12[gharters  20[guarters
Baseline[Model
AY/ACG 1.81 1.41 1.28 1.28 1.34
ACP/ACG 1.04 0.91 0.88 0.85 0.80
AIP/ACG [0.22 [0.49 [0.60 [0.58 [0.46
AY/AIG 0.75 0.71 0.72 0.70 0.86
ACP/AIG [0.17 [0.19 [0.21 [0.24 [0.29
AIP/ AIG [0.07 [0.16 [0.21 [0.23 [0.22
ModelWith [Broductive [Bublic [Qapital [id Broduction [Function
AY/ACG 167 1.33 1.21 1.21 1.27
ACP/ACG 0.88 0.78 0.77 0.74 0.70
AIP/ACG [0.20 [0.45 [0.56 [0.53 [0.43
AY/AIG 0.76 0.62 0.68 0.84 1.23
ACP/AIG [0.04 [0.03 0.04 0.11 0.26
AIP/ AIG [0.18 [0.35 [0.36 [0.27 [0.02

government consumption increases the marginal utility of private consumption, thus
people consume more in the current period. On the other hand, this leads to an

increase in the supply of labor and a decrease in real wage.

Let us examine the impulse responses. As for private consumption, the effect of
Edgeworth complementarity dominates the crowding-out effects from our parameters
estimated. As for real wages, the increase of real marginal cost dominate for short
and it increases in the initial period. All in all, through these channels agents increase
private consumption, decrease saving (investment), and work more. The increase in
output exceeds the increase in government consumption, and we can see this point

more clearly in Table 4.4.

In Table 4.4, we show fiscal multipliers for output, private consumption, and
private investment. We followed Leeper, Plante and Traum (2010) and Mountfold and

Uhlig (2009) and report present value multipliers, which take into account the overall
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dynamics associated with fiscal shocks and properly discount future macroeconomic

effect;

Present-Value Multiplier(k) =

Note that the present-value multiplier at £ = 1 is equal to impact multiplier at period

1. The impact output multiplier to CG shock amounts to 1.81.

Figures 4.2 and 4.3 illustrate impulse responses to a government investment
shock. Figure 4.2 illustrates the impulse response in the Baseline model (model without
public capital in the production function). Figure 4.3 compares the impulse response
shown in the Baseline model with that shown in the model that includes productive
public capital. These figures capture important channels, crowding-out effects, wealth
effects, and the effects from productive public capital on changes in the marginal pro-
ductivity of private inputs.

In Figure 4.2, the first two channels function as in the CG shock: greater gov-
ernment investment absorbs existing resources, leaving less for the private sector to
save (invest) or consume. As noted above, supply should respond to this increase in
aggregate demand. Demand for labor and effective private capital increase, and real
marginal cost increases for intermediate goods firms because not all firms can adjust
prices. Thus, real wages and the rental cost of private capital initially increase. Greater
government investment financed by lump-sum tax generates a negative wealth effect,

encouraging agents to work harder. This leads to an increase in output but a decrease
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Figure 4..2: Impulse responses of estimated DSGE model (Baseline Model) (government

investment shock)

12 n—_
123456 78 910112431516 T7 871920
1 ==
e
0.8 10.01
0.6
Cd
-
0.4 7
0.02 { 7
0.2
“—_— ==
12345678 91011121314151617181920 | 10.03
0.02 0.05
0.01 .
P it 0.04
0TS ——
001 L‘f 3456 L1617 181920 | (9
~,
0.02 -
0.02
0.03
0.01
0.044 \ ’
Y g
10.05 Moo’ 0
10.06 12345678 91011121314151617 1819 20
Y A
0.05 0.01
0.04
0.005
0.03
0
0.02
0.01 0.005
0
12345678 91011121314151617181920 | 0.01
r 1
0.03 0.003
IS
s,
[N
0.02 00021 1 N,
]
1
]
0.01 0.001 1 /|
0+ . 0+
1234567 8 91011121314 1516171819 20 12345678 910111213141516 17181920
Pi 18]
0.005 0.04
0.004 |
\ 0.03
0,003 1 ¢
\
0.002
B 0.02 Seeeeo
0.001 “\ it YO
o R
- - - 0.01 -
0 p——— o= e des = St cmmem—ccaa
T2, 3 4.6-6-7"879 10 11 12 13 14 15 16 17 18 19 20 L L L S
10.001
0+
10.002 12345678 91011121314 151617 18 19 20

1G:[Government Investment, (CP:[Private(Consumption, IP:[PrivateInvestment,N:Labor hours, Y:loutput,
w:Real wage, r:[Rentalrate of privatelcapital, i: NominalInterest rate, Pi: Inflation, U: Capitallutilization rate

BluelSolidline: Impulseresponses, Greenand Red(dotted Lines: Upper and Lower bounds of(90% HPDlinterval.

40



Figure 4..3: Impulse responses of estimated DSGE model (Baseline Model, Public

capital in PF Model) (government investment shock)
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in marginal productivity of labor (real wages is affected by a decreasing effect).

Thus, Figure 4.2 shows that agents reduce consumption and saving (investment)
and work more. As for real wages, the impulse response lies in the negative region
because the initial effect of the increase in real marginal cost was insufficient to dominate
the second effect of decreasing marginal productivity of labor, as estimated by our
parameters. Output rises less than government investment. As Table 4.4 indicates, the
output multiplier of the IG shock is 0.75 and never exceeds 1 during the initial period.

In Figure 4.3, however, another wealth effect arises from the opposite direction
when public capital is productive, and the productivity of public capital changes the
marginal productivity of private inputs. As for wealth effects, the enlarged stock of
productive public capital sponsors an increase in total factor productivity and raises
households’ expectation that they can afford more goods in the future. This expectation
discourages current saving and encourages current consumption. We see from Figure
4.3 that private investment declines more and private consumption declines less during
initial periods than in the baseline model.

In the model that includes productive public capital, the marginal product of
labor and private capital increases over longer horizons as the stock of public capital
accumulates gradually, resulting in higher real wages and returns to private capital.
Note that in this model the variable capital utilization dampens the surge in rental
cost of private capital. The incentive to invest relatively cheap private capital during
later periods is apparent in Figure 4.3. As for real wages and rental cost of private
capital, the third effect of an increase in marginal productivity of labor or private

capital dominates especially during the later periods, and the impulse responses show
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a very strong effect . We should also mention that the impulse response of real wages
always come up to the positive region. Table 4.4 reveals that the output multiplier
of an IG shock during the initial period is 0.76—mnot significantly different from the
baseline case. However, after a period of 20 quarters, the output multiplier in the
model featuring productive public capital reaches 1.23, whereas that in the baseline
model remains at 0.86.

Finally, we would like to show the comparison of impulse responses of empirical
models and estimated DSGE models.

In Figure 4.4, we showed the impulse response to government consumption
shocks of the estimated DSGE model (light blue solid line), the FAVAR model (red
dotted line), the VAR model (dark blue dotted line), and the confidence intervals of
the VAR model (green and purple dotted line). Overall, Figure 4.4 shows the esti-
mated model succeeds in replicating impulse response obtained in VAR and FAVAR.
In particular, it generates remarkably well-matched movement of private consumption,
output, and labor hours. In these cases, the model-based response is similar to the
ones of empirical models both in terms of magnitude and persistence. I should also
mention that this model showed better movement in real wages, while Bouakez and
Rebei (2007) pointed out that this aspect was deficient in their model.

In Figure 4.5, we showed the impulse response to government investment shocks
of empirical models and two estimated DSGE models; one is the baseline model (Model
1, light blue solid line) and the other is the model with productive public capital in pro-
duction function (Model 2, orange solid line). Overall, Figure 4.5 shows the estimated

baseline model (the model without productive public capital in production function)
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Figure 4..4: Impulse response comparison of empirical model and estimated DSGE

model (CG shock)
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Figure 4..5: Impulse response comparison of empirical model and estimated DSGE

models (IG shock)
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seems better at replicating impulse responses of VAR and FAVAR than the Model 2, in
that we cannot see a strong increase in output or private consumption in later periods
from empirical models. Another major discrepancy could be found in the response
of private consumption in both models. We addressed this point in the explanation
of Figure 4.2 and 4.3; neoclassical models generally decrease private consumption (in
initial periods) because government investment crowds out private consumption, and
productive public capital works too slowly in later periods. All in all, we should admit
that our estimated model with productive public capital has deficiencies in capturing
the short-run movements of government investment shock although I can say that this
NK model is better in capturing the short term movement of real wages.!? There is an

area in need of more work.

12Gee also Figures C.5 and C.6 in Appendix C.
46



CHAPTER 5.

CONCLUSION

The purpose of this paper was to see the effect of government expenditure on
the Japanese economy using an empirical Factor Augmented Vector Autoregression
(FAVAR) model and to setup a theoretical DSGE model explaining the impulse response
of the empirical model and to estimate the key parameters of the model.

By the empirical FAVAR model using 107 time series of Japan, we showed that
an increase in government investment and consumption leads to an increase in private
consumption and real wages.

We then setup an NK general equilibrium model with real and nominal rigidities,
including both Edgeworth complementarity / substitutability between private and gov-
ernment consumption and productive public capital. In particular, we extends Bouakez
and Rebei (2007) model in three dimension by (1) constructing an NK model, (2) in-
cluding intertemporal investment adjustment cost and variable capital utilization as
real rigidities, and (3) introducing public capital stock as an externality to the pro-
duction function of intermediate goods firms. Because our model introduces an NK
model and allows labor demand to expand in response to aggregate demand shocks, it
succeeds in demonstrating that both private consumption and real wages increase in
response to government expenditure shocks.

Then, we estimated the key parameters of the model using Bayesian inference,
and provided evidence that private and government consumption are Edgeworth com-

plements as Boaukez and Rebei (2007) found for U.S. data and Okubo (2003) and
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Iwata (2012) for Japanese data, and that public capital is productive in Japan. In ad-
dition, from the estimated model, we showed the estimated impact output multiplier to
government consumption shock amounts to 1.81, while that to government investment
shock is 0.75.

Finally, the estimated model with Edgeworth complementarity generates re-
markably well-matched movements of private consumption, output, labor hours, and
real wages in response to a government consumption shock. On the other hand, the
estimated model with productive public capital was deficient in capturing short-run
movements of a government investment shock. This is my very first step for model

development and I will take up this issue in the future work.
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APPENDIX A.

DATA

All series are taken from IN information Center /INDB Finder PRO Database.
Data period is from1985Q3-2008Q1.

Data included in the observable factors Y; are the following.

1. Output: Real gross domestic product (billion yen) deflated by Chain-type
price index (2000=100) : s.a (SNA),

2. Private consumption: Real final consumption of household (billion yen) de-
flated by Chain-type price index (2000=100) : s.a (SNA)

3. Private investment: Real gross capital formation of private sectors (billion
yen) deflated by Chain-type price index (2000=100) : s.a (SNA)

4. Government consumption: Real government final consumption expenditure
(billion yen) deflated by Chain-type price index (2000=100) : s.a (SNA)

5. Government investment: Real gross capital formation of public sectors (billion
yen) deflated by Chain-type price index (2000=100) : s.a (SNA)

6. Labor hours: Index of labor hour, total hours worked, all industries, 30 or
more employees (2005=100): s.a.

7. Real wages: Index of Real Wages, total amount of cash earnings in all indus-
tries, 30 or more employees (2005=100), s.a.

8. Nominal interest rate: Call rate (uncollateralized overnight, end of month)

9. Inflation: Used GDP deflator (implicit deflator), s.a. Calculated GDP Defla-

tor (at period t)/ GDP Deflator (at period t-1).
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All data except nominal interest rate and inflation are transformed to logarithms
and are one-sided HP filtered. As for nominal interest rate and inflation, we use one-

sided HP filtered.

The other 98 variables can be seen in Table A.1. In the table, transformation
codes mean 1: one-sided HP filtered, 2: logarithm and one-sided HP filtered. The
circle for seasonal adjustment means we made seasonal adjustment using X12-ARIMA

because seasonally adjusted series are not provided.
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Table[A.1.[The [MistlofMiformational fime [skries Fdr[BAVAR

Transf Data Seasonal
Code Frequency adjustment
1 Real[Domestic[MemandMBillion [ykn): [deflated Bl [@hain [ype [pFice iAdex[2000=100)[TEla. 2 Q
2 Real[Brivate [demand [billion [ykn)[IHeflated bl [Qhain Hype [pFice [ddex [2000=100) [Ela. 2 Q
3 RealBrivate hbusing [Billion ykn): [deflated bl [Mhain (Hype [pkice [Mdex [2000=100)LIEla. 2 Q
4 Real[Bublic[demand [Billion ykn)[Ideflated bl [Ahain [Hype [plice [ddex [2000=100)[IEla. 2 Q
5 Real[Elxports[aflgbods ahd[skrvices [Billionykn): [deflated Bl [Mhain [ype [plice [ddex [2000=100)[IEla. 2 Q
6 Reallhports[af{@oodsahd [Services[illionykn): [deflated By [hain (ype [ptice [Adex[2000=100)LIEla. 2 Q
7 National [Bcome [AtMctorlcbst)[IEla., [deflated Bl [ADP [deflator 2 Q
8 Real[@ompensation af[Employees[(illionykn):[deflated Bl [Dhain (Hype [pkice [dex 2000=100)[IEla. 2 Q
9 Real[@onsumption [Elxpenditure [aFHousehold [Billion ikn): [deflated By [Mhain Qype [pkice [ddex[2000=100)IEla. 2 Q
10 Real[Durable [gbodscbnsumption [Billion [ykn): [deflated by [Qhain (ype [pkice [ddex[2000=100) IEla. 2 Q
11 Real[Semidurable [@oods[@onsumption [MBillion [ykn)Ideflated bl [Mhain [ype [plice [dex[[2000=100)[IEla. 2 Q
12 Real[Nondurable[@oods[@onsumption [illionykn)[IHeflated bl [Qhain (ype [pFice [ddex[2000=100)Ela. 2 Q
13 Real[Service [@onsumption[Billion[ykn): [deflated By [Qhain (Hype [pFice [Bdex [2000=100)[IEla. 2 Q
14 Index[afHousehold[@onsumption Mevel [IBeneral IKR2005=100)[IEla. 2 M
15 Index[afHousehold[@onsumption Mevel Morkers' busehold [2005=100)[IEla. 2 M
16 Consumption [Elxpenditure [Worker's hbusehold [Ekcept Agriculture, Borestry [ahd [Flisheries hbusehold [lyen) 2 M (@]
17 Real[@come [[Worker'shbusehold[ekceptBgriculture, [Horestry [ahd [Fisheries [Bbusehold [y en) 2 M (@)
18 Disposable ldcome MWorker'shbusehold[ekceptAgriculture, Forestry [ahd [Fisheries Mbusehold [y en) 2 M (@]
19 Amount[ofSales [id hole [cbuntry [Bssociation [afDepartment Stores [(hillion yken) 2 M O
20 Sales[atMarge Scale Retail Store [MMotal Million yen) 2 M (@)
21 Sales[atMepartment Store MMotal [Mhillion ykn) 2 M (@]
22 Sales[atQupermarket [T otal Million yken) 2 M (@]
23 BusinessIdvestment [Motal Amount, [All [Adustry [ekceptfihance [ahddsurance [Adustry 1) Thillion kn) 2 Q (@]
24 Business[@vestment[Motal Amount, Manufacturing, & 1) Thillion [ykn) 2 Q (e}
25 Total [NumberlaflNew [Housing[Qonstruction [Started [Motal [IEla. 2 M
26 Totalfbor[Arealof[New Housing[@onstruction Started MMotal [1000m) [IEla. 2 M
27 TotalfborArea afBuilding@onstruction Started M¥hole [F@ountry, [@rand Motal 1000 m) 2 M O
28 Cost[BstimatesfrBuilding[@onstructionStarted [Whole [aF[Qountry, [@rand Motal [illion [yen) 2 M O
29 Totalfbor@Area aFBuilding@onstruction Btarted MWhole [FQountry, Bublic Agent[ 000 M) 2 M (@]
30 Total foorBrea FBuilding[@onstruction Started MWhole FTountry, Brivate Bgent(1000mm) 2 M (@)
31 Cost[BstimatesfdrBuilding[@onstruction Started [¥hole [aFQountry, Bublic Agent [hillionyken) 2 M (@]
32 Cost[BstimatesfdrBuilding[@onstructionStarted [l¥hole [aF[Qountry, Brivate [Agent [hillion yken) 2 M O
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33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

Value [oFlakders(cceived Frlpliblic [dbnstruction [F or [BD [major frms) A Bublic Mstitutions, Ebtal Khillion yken)
Value [oflokderslréceivedEriplblic [donstruction [(For B0 [major Firms) MMAIl National @overnmentBAgencies, Motal [hillion vk
Value [oFlakders(cdceived Frlpliblic [dbnstruction [For [BD [Major frms) Al Municipal Agencies, Motal [hillion [ken)
Value [oF[akders[réceived Fom [pliblic Mstitutions [(B [Million en [aF [More [chses) MMotal Khillion ilen)
ContractedMalue [af[Bublic[cbnstruction [Motal [IPublic Works [Bayment Surety [Statistics [hillion [ykn)
Total [Exports [IForeign Mrade Statistics [nillion [ykn) [Ea.

Totalhports[IForeign Mlrade [Statisticshillion yken)[IEla.

Index[ofdventory C3hipment [chtio [affhished [gbods MIMining@hd Manufacturing [2005=100) [IEla.
Index[afBroducers’ Iventory [Miningahd[Manufacturing[2005=100)IEla.

Index[afdustrial Broduction MMininglahd Manufacturing [2005=100)[4.a.
Index[afBroducer’sshipmentsMiningahd[Manufacturing[2005=100)TEla.

Index[af[@apital [tilization [Rate MManufacturing [2005=100)TEla.

Index[af[Qapital [Mtilization [Rate MManufacturing, [ekcept Machinery [2005=100) TEla.

Total AmountofElectric PowerSold by @MajorPower[Qompanies [ 000KWH)

CurrentBrofits (Al [dustry [ekceptfihance [ahd [dsurance iddustry, Motal Bmount [} 1) [illion [ykn)
Number[aFBusiness[Hailure

Labor[Borce [d10,000pkrsons):[sla.

Number [aFlehnployees [(00,000[pkrsons)(IEla.

Number[afEimployer[d0,000[pkrsons)[IEla.

Employmentddex[af[Regular Workers[[All [Bdstries, 3D [Employees[af [More) MR2005=100 [sla.
Index[afCaborHours [Extra Working[Hours, [l [dstries, B0 Employees ol [More [2005=100) [TEla.
Real[Wage [dex[ontractual [@ashEarnings[id [All Mdustries, B0 [Employees al [More [2005=100) LIEla.
Unemployed[(10,000[pkrsons)IEla.

Unemployment[Rate(%)[IEla.

Jobs[Ho[ApplicantsBatio[IEla.

New [Job [@pening (o [ApplicantsRatio [TEla.

Number[affJob [Dffers i [Job[Seekers[IEla.

Number[af[New [Qpenings[IEla.

Domestic[@holesale Brice Iddex Al Momodities Bvearage, yken Bhse [2005=100)
Export[Brice Mdex Al [Qomodities Avearage, yenbhse [2005=100)

ImportBrice Mdex Al QomoditiesAvearage, [yen bhse [2005=100)
CorporateServices[Brice Iddex Al ServicesAvearage, vkenbhse [2005=100)

Nikkei[@ommodity Brice [ddex[ 7 Hems)[(End [aF[Month)

Nikkei[@ommodity Brice [dex[32 [Hems)(End [aF[Month)
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67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

CPIGieneral, M2005=100)

CPI:[@eneral [ekcluding[Fresh [Food, [2005=100)

CPI:[@eneral[ekcluding[Fresh Food REnergy, [2005=100)

CPI:[@oods, [[2005=100)

CPI:[@ostfBublic Services RQasRFlectricity RWater[@harges, [2005=100)

CPIRervices,[2005=100)

Monetary Base, ob EHjustment fbr[Beserve Bequirement@hanges, Average [Mutstanding [0 00 Million iyken) [TEla.
Monetary Base, [Note [3sue [Average Qutstanding [ 00 Millionykn)

The BasicMiscountRate [ahd Basic [Moan [Rate(official [discount chte) [End [aFMonth) (%)

Longerm Brime MendingRate [EndfMonth)[%)

Short[@erm Brime CendingRate [ofblanks [End f[Month) )

Tokyo[StockPrice Mdex(TOPIX): First[Section [aFfthe Mokyo Necurities [Elxchange [End [afMonth) [ 968=100)
Nikkei[Stock[Average 225 Felected Stocks (EndaF[Month)¥en)

Foregin[Exchange [Rate: Mokyo [MMterbank, Market Spot[chte(17h), [ehd [aF[donth [¥en/$)

Foreign [Elffective [Eixchange [Rate [Mlominal BIS [Mthod [2005=100)

Foreign [Elffective [Exchange [Rate [IReal, BIS [Method [2005=100)
Yield[ofDterest[Bearing[@overnmentBond[d0lykars) (%)

YiledaFocal @overnmentBond [0 0ykars) (%)

Yield[aF[Qovernment[QuaranteedBond[(d 0 lykars)[(%)

Yiled[oFterestBearingBankMebentures(5ykars)(h)

Spread [Bkt. [Dong[Herm Brime [Dending [Rate [ahd dhe Basic Miscount[Rate [ahd Basic [Moan [Rate [%)
Spreadbkt. Mield [af[bterest Bearing[@overnmentBond [ 0 [ykars) ahd [Mhe Basic Miscount Rate [ahd Basic [Moan Rate %)
Spread bkt. Miled f[MterestBearingBank Mebentures(5 [ykars)@hd dhe Basic MiscountBate ahd Basic Moan Rate [%)
Money [Stock: [M2+CD [End oF[Month)IEla. (hillion ykn)

Balance [ohMaxation [+2)[[3 00 million[ylen)

Balance[oh[Non[Tax[Revenue [*2)[1 00 million yken)

Balance[oh[Defense [delated [Elxpenditure [*2)[(3 00 [million yden)

Balance[oh[Bublic Works Spendings[*2)[3 00 illionykn)
Balance[ohDistribution[afldcal @location EAx [*2) [ 00 [million yen)
Balance[oh[@overnment[Finantial @ontribution Fdrlcbmpulsory [Education [*2)[[3 00 miillion ylen)
Balanceloh[Qost[ofSocail Security [32)[3 00 million ykn)

Balance[oh [@ther[Spendings[af@eneral Account2) [ 00 miillion [yken)

0O O O O O O

O O O O 0O O O O

*1

*2

sa.

Data 3 ftom[FinancialBtatementsBtatistics [df [Qorporations By Mhdustry, Quartely’
Data[i3ftom[Receipts[@hd[Bayments[dffteasury[@ccountsWith [fhe [phivate [Sector’

Series[ale[skasonally @bjusted
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APPENDIX B.

LOG LINEARIZED MODEL

For the sake of Bayesian estimation, which requires the model to be in the linear
state-space form, we log-linearize the model around the steady states. we simply state
the result here. The hat above a variable denotes log derivation from steady state: i.e.

Z = Inx — In 2* where x*° is steady state.

Equilibrium Conditions from Housing Sector (1)Consumption Euler equation:

)\t Et[/\tJrl + Rt - 7Tt+1] (201)

= E,C 2.02
and
- G
Ci=¢(=) " Cf +(1-9¢)(=) ~ ¢ (2.03)
C C
(2)Labor Supply equation
N o~
(3) Investment Euler equation:
5 R AP
I = I — A 2.

(4) Asset Pricing Euler equation:
o4



(1= 6PV Bty — Aet) + Bt + Urra)

iy = M = — (B~ Eiirga) + T (2.06)
(5) Private Capital Accumulation equation
K., = 6" + (1 — ") KF (2.07)
(6) Capital Utilization
U, = U7, (2.08)
Equilibrium Conditions from Firm Sector (6) Cost minimization condition:
N, = —@, + 7 + K? + U, (2.09)
(7) Production Function:
Y, = A+ ozl/(\f +al,+ (1 - )N, + uf(? (2.010)
(8) Inflation Low of Motion:
7 = BEAT+ (1—/))21—@)@ (2.011)
M = {(1- )i +af, — 4, - uKE} (2012)

Miscellaneous Conditions and Market Clearing Condition (9) Public Capital Accumu-

lation equation:

KG, = 6918 + (1 - 69) K¢ (2.013)
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(10) Monetary Policy Rule:

Rt = er/tjl + (1 - pr)¢rw7r/t?1 + (1 - pr)(b'ryﬁ (2014)

(11) Market Clearing Conditions:

s CP— (G Tp~ TG
Y, = ?Of + 70&' + ?If + ?IS (2.015)

Persistent Shocks and Forecast Errors

A = p A+l (2.016)
Zﬁa = pIGI/tG—\l +er¢ (2.017)
Cf = pecCiy +er© (2.018)
¢ =C,— B Gy (2.019)
G =T — EByam (2.020)
=X —E (2.021)
=, — B ifi, (2.022)
o =17 - EIf, (2.023)
St =T — Epany (2.024)



System of Log-linearized Model From equations (2.01) through (2.024), the system of

the log-linearized model are integrated as

Fost = FlSt_l + T(‘:t + HCt (2025)

where s; is a vector of endogenous variables: s; = [Y;, 7, Cy, CF , IF, Ny, [iy, Ny, Wy, 73,

e~ —~ —~ _— —
—_— P G G NG —— — J) il
mcy, Uy, Kt+1» Kt+17 Ry, Ay, I7,Cp, Evme, By, Etlitﬂ ) Et]t+1 , BCipa, Etrt—l—l] )

and ¢, is a vector of endogenous shocks: ¢, = [e#, el¢ ePC]". ¢, is a vector of forecast

errors: ¢; = [gf , g;r,g;\,gf , 6l P,gﬂ’ . I'g,I'1, Y, and II are the matrices of parameters.
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APPENDIX C.

MODEL IMPLICATIONS AND CALIBRATIONS

This Appendix reveals several implications of our model using a static model
first. Then, we compare our model with that of Boaukez and Rebei (2007) and Marzo

and Marattin (2010) through the calibration of models.

In the next subsection, we set up a static model to see certain implications of the
RBC model and the model featuring complementarity /substitutability between govern-
ment spending and consumption in the utility function. In the following subsection, we
proceed to an infinite horizon model and observe the calibration results.

Static Model

Household Preferences We first construct a static model that illustrates an RBC model

implication. The economy is populated by a single representative agent that drives

utility from consumption (C) and leisure (1 — N). Household utility function is

u(C, N%) = u(C) — &(N¥)

The representative household supplies labor, earns a wage (wN®) and dividends (Z)
from firms, and pays lump-sum taxes to the government (7'). The budget constraint of
the household is

C <wN°+=-T

Thus, the optimizing problem of the household is
58



£=u(C) - ®(N%) = AwN°* +Z-T - C)

where \ stands for the Lagrange multiplier of the budget constraint.

Households choose consumption and leisure to maximize utility. The first order

conditions associated with consumption and leisure are

' (C) =\
d'(N®) = \w
From the two equations, we have
P(NF)
= 3.01
o) Y (3.01)

Firms We assume that there is a large number of firms, which is normalized to 1.

Firms hire labor from households to produce output, each hiring N¥ amount of labor.
We assume firms require no capital to produce. The amount of output is given by
a production function F(NP). After production, the firm pays the workers wages
and shareholders dividends. The amount of dividends is equal to the firm’s net profit

(2 = F(NP) —wNP), and firms maximize profit

max = = F(N?) — wNP
ND

so the first order condition is

F'(NP) =w (3.02)
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Market Clearing

The government collects taxes and spends as much as government spending
(T = G). In this first part, government spending does not generate any utilities to
households.

Market clearing conditions are

C+ G = F(N?) (3.03)

NP = N¥ (3.04)

From four equations of (3.01) to (3.04) and we assume u(C) = log(C), ®(N) = 2,

F(N)= N/, a € (0,1) to make the calculation simple. Then we log-linearize equations,

giving us

N=—, G _a-y (3.05)
aN — (a—2)C
A (@=2C
C=(a=-2)N=—— o 2)6G <0 (3.06)
(-1 0= DE & g (3.07)

aN® — (a—2)C

From the above three equations, we obtain the basic implications of government
spending in the model. Notice first that (a — 2)C is negative. Therefore when G
becomes positive, N is positive and C is negative. We see from (3.03) that the increase
in G crowds out . In addition, we see from the household budget constraint that
households are taxed at an amount equaling the increase in government expenditure
and they should decrease consumption of goods and leisure. In addition, note that w

becomes negative when G increases, reflecting an increase in labor supply.
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Complementarity /substitutability between government spending and private consumption

Next, we introduce complementarity / substitutability between government spending
and private consumption into the model. A representative agent derives utility from ef-

fective consumption (C'). Effective consumption is assumed to be CES index of private

consumption (C') and government spending (G).

u(C, N%) = u(C) — ®(N¥)

v—1 v—1 v

C=[C " +(1-¢)G ]

The first order conditions with respect to private consumption will change to

ou(C)

=A
oC

and equation (3.01) in the first setting will change to

/
YINT) _ (3.08)
ou(C)
ocC

From the four equations (3.02), (3.03), (3.04), and (3.08) and assuming u(C) = log(C),

®(N) = X2 F(N) = N2, we have

N e + %(1 - wc)}ajawc(% — 1)?@ (3.09)
{ve+ (1 =ve)taN" —(a—2)C
G- _ 2)G + Vel — DL (3.010)
{ve+ ;1 =ve)taN" — (a—2)C
&= (a—1)N=(a—1) fo + 0= ¢C)}a_+ Yely - D?é (3.011)
{tho +2(1 - ¥e)}aN" = (a - 2)C

where 1, = gb(g)";l, Yo = (1—¢)(§)U;1 (, hence ¥, ¥ € (0,1)). These terms comes

from the derivatives of C.
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Three equations above indicate several implications of the Bouakez and Rebei
(2007) model. The denominator and numerator of (3.09) contain the term ¢ + (1 —
¥o). This term is positive, whereas the other term in the denominator (o — 2)C' is
negative, as explained previously. Therefore, the whole denominator is positive. Next,
if we see the second term of the numerator of (3.09), ¢ (: — 1)C is added comparing
with equation (3.05), and the sign of this term depends on the sign of (1 — 1). This
term works to enhance or reduce labor supply by a government spending shock.

The same is true of equation (3.010), and the denominator is the same as in
equation (3.09). (a —2)G in the numerator is the negative term, and the second term
Ye(L —1)aN" is added comparing with equation (3.06). The sign of ¥ (L — 1)aN"
depends on the sign of (£ —1). Thus, the sign of C depends on the magnitude of
(—2)G and Yg(L — 1)aN". All in all, the term (L- lj is important for illustrating
the effects on consumption or labor hours in response to government spending shocks.

We consider these parameter values further in the following infinite horizon setting.

Bouakez and Rebei (2007) Next, we progress to the infinite horizon model. First, we

show a log-linearized Boaukez and Rebei (2007) model.

(1)Consumption Euler equation:

c_Be-N == Ple-D-Dre- G ye-)

At 1= 3y ECypq — -3y Cy + 1= 37 Cioq1 — ;Ct
(3.012)
where
= F v—1 " m v—1— "
Cy = 425(?) v Of + (1 - ¢)(?) v Cf (3.013)
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(2)Labor Supply equation:

—N, =X+,
T A
(3) Asset Pricing Euler equation:
N — 1+ B = §F —
AN = B + BrEr 5 — TﬁKH + SKP + 55 Ifil

(4) Private Capital Accumulation equation:

KV, =o' + (1 — ") KF
(5) Production Function:
Y, =4 + ok} + (1 - )N,

(6) Cost minimizing condition:

Nt:—ﬁ)\t—i—a—i—Ktp

—

=Y - Kl
(7) Market Clearing Conditions:

% Or~ (G~ T~ [G~
= —Cp + —CG =0+ =If
Y Y

Persistent Shocks:

Ay = pA/thl + 524
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(3.014)

(3.015)

(3.016)

(3.017)

(3.018)

(3.019)

(3.020)



— —

I = prelf + ¢

Cf = pocCE, +&¢
First, notice that when ¢ = 1 and v = 0, consumption Euler equations (3.012)
and (3.013) collapse to a normal Euler equation, and this model becomes a simple RBC

model.

Second, we show an implication regarding complementarity /substitutability be-
tween government consumption and private consumption following Boaukez and Rebei

(2007). They showed from (3.012) and (3.013) that the effect of changes in government

consumption on the marginal utility of private consumption is given by

-~

O _ oy COym 1 Bre=1)(r+1)
8(7?_<1 ¢)(5) ) —

Next, consider the model abstracting habit formation (y = 0), while effective consump-
tion depends on government spending (¢ < 1). We can observe that the elasticity of
substitution aac% has the same sign as % — €. This indicates that government spending

t

raises the marginal utility of consumption when the inverse of the elasticity of sub-
stitution between private consumption and government consumption % is larger than
e. This induces positive effects on consumption, while government consumption has a
negative wealth effect.!

To clarify this point we made a calibration, as did Boaukez and Rebei (2007),

using the parameter value in Table 4.1. Other parameters are in Table C.1. Figure C.1

Tn the static model, we used € = 1. Therefore, we saw that (% —1) is important in the the response
of private consumption or labor hours to government spending.
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TableC.1[Qalibrated[phrameters

parameters meanings value
structuallphrameters
V] Elasticity [df[slibstitution 0.4(comp)/0.8(sub)
£ Curvature [phrameter 2
Y HabitJormation [phrameter 0
& Adjustment[dost[phrameter 1
Yy Capital[utilization[cost 0
Shocklpkrsistence
Q- persistence [dflpFoductivity 0.8
0 ce persistence [dflgbvernment[donsumption 0.6
01 persistence [dflgbvernment[idvestment 0.6

illustrates the calibration result when % — ¢ > 0, indicating private consumption and
government consumption are complements (in figure C.1, Comp), and when % —e <0,

indicating they are substitutes (in figure C.1, Sub), compared with the RBC case. (We

made one deviation shock to government consumption.)

Figure C.1 demonstrates that the complementary effect is strong enough to dom-
inate the negative wealth effects under the parameter employed. On the other hand,
when private consumption and government consumption are substitutes, government
spending produces larger decreases in private consumption than the RBC case does.
Further in this figure, labor supply and output increase more when the complementary
effects are strong. Hence the decline in real wages must be larger such that marginal
productivity decreases under stronger labor supply. This is the flip side of this func-

tional form.

Constructing the NK model with investment adjustment cost, the role of capital utilization,

and productive public capital We next compare features of our model in Section 3 with

Boaukez and Rebei (2007) or Marzo and Marattin (2010). Our model is an NK setup,
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Figure C..1: Calibrated Impulse responses of Bouakez and Rebei(2007) model

0.15 1 0.1 4
0
0.1 4
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— s Sub
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Inlthelfigure, CP:[Private[Consumption, IP: PrivateInvestment, N:Labor hours, Y:[dutput, w: Real wage
r: Rental(ratelof privatelcapital.

RBC:RBC model case, Comp:Model parameterwith[Private/consumptionandGovernment/consumption
are complements(v =0.4), Sub:Model parameter(withPrivatelconsumptionandGovernment

consumption(aresubstitutes(v =0.8).
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(3.019) in Boaukez and Rebei model changed to the NK Phillips curve (2.011) and
(2.012). We allow government to issue bonds (2.01) and need a monetary policy rule
(2.014) for setting a nominal interest rate. We switched from capital adjustment cost
setting (3.015) in the Boaukez and Rebei model to investment adjustment cost setting
(2.05) and (2.06). Also we added variable capital utilization, thus U, is included in
(2.06), (2.08), (2.09), and (2.010). To distinguish the differences between these, we
made certain calibrations. We used a parameter of v = 0.4, v = 0.6, and for the NK
models we used price elasticity of demand n = 6, Calvo-price no price revision proba-
bility p = 0.7 and monetary policy parameters p, = 0.8, p, = 1.5, py = 0.05. For a
model with variable capital utilization, we used ¥ = 2. Other than those parameters,
we used the same parameters as in Figure C.1.

Figure C.2 illustrates a comparison between the selected impulse response to
a government consumption shock of the Boaukez and Rebei model (in FigureC.2, 1.
B&R) and the Marzo and Marattin (2010) model (in Figure C.2, 3. MM), which extends
the Boaukez and Rebei (2007) model in an NK arrangement (with capital adjustment
cost). In the same figure, we also compared the Bouakez and Rebei model, which
changed with the investment adjustment cost setting (2. Inv).

First, if we compare Boaukez and Rebei (2007) model with Marattin and Marzo
(2010) (1. B&R with 3. MM), we notice real wages increase for a short period by 3 MM.
Under the NK arrangement, not all firms can increase price with desired markup when
there is excess demand for goods. As a result, real marginal costs increase, whereas

price immediately adjust to clear the goods market under the RBC model.? At the

2See Figure C.3 for more detail. Under our calibrated parameters, elasticity of inflation with respect
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Figure C..2: Comparison of selected impulse responses of RBC models and NK models

(CG shock)-1
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Figure C..3: Image of Price movement under RBC setup and NK setup
n AD AD’ RBC

NK

MCo MC1 MC

same time, the negative wealth effect prompts households to work harder, raising the
number of hours worked and output. Hours, output, and the rental rate of private
capital are larger in 3 MM in Figure C.2.

Second, we notice that IP movement is similar in 1 and 3, and these drops are
more severe than in the investment adjustment setting (red line, 2. Inv). Under the
capital adjustment cost setting, it is costly to change the stock of capital, whereas
under the investment adjustment setting it is costly to change the flow of investment.
Thus the latter setting generates investment inertia and limits the crowding-out effect
on investment.

Next, in Figure C.4, we compare the RBC model and investment adjustment
cost (2. Inv) with the NK model and investment adjustment cost (4. NK+Inv) and the

NK model and investment adjustment cost and variable capital utilization (baseline).

1—p)(1—
to real marginal cost (=inverse of markup) in the NK Philips curve (M) will be 0.13,
p

while under the RBC setting, it is co. Under RBC, AD shift brings just a price surge (movement from
point A to point B), while under the NK Philips curve, price cannot move enough to take the desired
markup and real marginal costs increase (movement from point A to point C).
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Figure C..4: Comparison of selected impulse responses of RBC models and NK models

(CG shock)-2
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Here, we first observe the CG shock.

Comparing 2 with 4 produces the same statement as the comparison of 1 and 3:
not all firms can increase price with desired markup when there is excess demand for
goods, thus real marginal cost rises. The surge in rental cost of private capital is very
sharp in 4; demand for relatively cheaper labor increases, generating a larger increase
in output during initial periods. This sharp increase in rental cost of private capital in

4 brings more inertial [P movement than in 2.

Finally, if we compare 4 with the baseline, we notice variable capital utilization
dampens the deficiencies in 4, the sharp rise in the rental rate of capital, with increasing
the elasticity of the supply of capital services. This in turn dampens the increase in

real marginal cost and prices (see equations (2.011) and (2.012)).

Then, in Figure C.5, we compare the same RBC model and investment adjust-
ment cost (2. Inv) with the NK model and investment adjustment cost (4. NK+Inv)
from an IG shock. This is also the same mechanism given in the explanation in Figure
4.2; there are a crowding-out effect and a negative wealth effect. As opposed to Figure
4.2, the impulse responses of real wages (of 4 NK+inv) in Figure C.5 rise. This is
because the persistence parameter of the government investment shock p;. is smaller
(0.6) in this calibrated figure. As a result, the negative wealth effects (increase in labor
supply) and the decrease of marginal productivity of labor are weaker than those in
the estimated model. In this figure, the increase in real marginal cost dominates the

decrease in marginal productivity of labor.

In Figure C.6, we would like to compare the NK setup and investment adjust-
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Figure C..5: Comparison of selected impulse responses of RBC model and NK model

(IG shock)-1

Y w
0.05 0.02
= = 2ny
001
- = 50y = = 3ny
e 4 NK+Iny 0 A+ = !
e 4 NK#Iny N T T T e T ANKdny
/
0014
! /
18 5 7 9 11 13 15 17 19
0.01 0.02
0.01 0
[ P Jaaman s e o]
001 1011121314151617181920 )
10.02 10.005
== 20y 0.03 [ s 4 NK+Iny
A NK+Inv | 10,041 | I !
NK+Inv !
0051 1 0011,
0061 ! /
[}
0.07
18 5 7 9 11 13 15 17 19
0.01 - 0.08 0.015

Inthefigure, Y:loutput, N:[Laborhours, w:Real wage, r: Rentalrateof(privatelcapital, IP:Private Investment, CP: Private
consumption. 2.Inv:[ChangedBouakezandRebei (2007) modelfolinvestmentadjustmentcostSetting (RBC[setup), d. NK+Inv:

Changed 2. Inv.imodel with NKisetup.

72



Figure C..6: Comparison of selected impulse responses of NK models (IG shock)-2
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ment cost (4. NK+Inv); the NK setup and investment adjustment cost and variable
capital utilization (baseline); and the NK setup and investment adjustment cost and
variable capital utilization and productive public capital (Productive Capital). The
last one is the model constructed in Chapter 3. As shown in Figure 4.3, we can see
that greater marginal productivity caused by productive public capital produces the

positive movement in real wages, especially during the later periods.

Model Comparison-Capital utilization under Greenwood and Herkoviz setting For Japanese

data, Sugo and Ueda (2008) emphasized a Greenwood et al. (1998) type of capital uti-
lization, by which higher capital utilization accelerates faster capital depreciation. We
adopt CEE-type variable capital utilization in Chapter 3. According to Sugo and Ueda

(2008), capital depreciation depends on capital utilization rates:

O (Ur) = 8Pp(Ur)

A higher capital utilization rate leads to faster capital depreciation:

Xt

PO =

where W is the inverse of the elasticity of capital utilization costs. In steady states, the

utilization rate U = 1, which implies that the capital depreciation rate is equal to 6.

Private capital evolves according to

11

Ky ={1-06"(U)} K} + {1 — %<E

— 1)}

74



%Controls the size of investment adjustment cost.

where
From this setting, we have the following log-linearized asset pricing Euler equa-

tion and private capital accumulation equation instead of (2.06), (2.07), and (2.08).

(1= 6") (i — Mex1) + P

i — A= —(R, — Exig) + L — P 17 (3.021)
KPy = &1 + (1 - &) K] —70) (3.022)
U, =7U(F + N\ — 11, (3.023)

Figure C.5 illustrates the calibration result. Private capital (3rd row, 1st column)
decreases more under the Greenwood type than the baseline case (CEE type) because
government spending increases capital utilization, raising capital depreciation under
the Greenwood type. All in all, however, there is little difference from our model in

Chapter 3.
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Figure C..7: Comparison of selected impulse responses of different capital utilization

models (CG shock)
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APPENDIX D.

BAYESIAN INFERENCE VIA MCMC SIMULATION

Here, we would like to explain about Bayesian inference via MCMC simulation

following Iiboshi, Nishiyama, Watanabe (2008) and the DYNARE User Guide.

Likelihood of DSGE models Equations (4.4) and (4.5) constitute a linear Gaussian state

space model, whose likelihood can be evaluated using the Kalman filter. The Kalman
filter is the algorithm that provides the mean and covariance matrix of the state vector
s¢ (t = 1,...,T) conditional on the observations up to T, i.e., (yi,...,yr) in a linear
Gaussian state space model.

In the model that consists of equations (4.4) and (4.5), the equations of the
Kalman filter are:

One step-Ahead Prediction

Stlt—1 = GSt—l\t—l (4-01)
B|t—1 == GB—Ht—lG + HQ(G)HI (402)
Uit—1 = Yt — Ytjt—1 = Yt — JSt\t—1 (4-03)
Ft‘t—l - th‘t_lJ/ + R (404)
Updating
Stjt = Stjt—1 T Pt|t71J,Ftﬁ1,1Ut|t71 (4.05)
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Py = Py — Py JF TPy (4.06)

tlt—1
where sy;; is the mean of s, conditional on (y1, ..., yr—1), Pi—1 is the covariance matrix
of (sy — st‘t,l). Uyi—1 s the prediction error vector, and Fj;_; is its covariance matrix.
syt is the mean of s, conditional on (yi,...,yr), and Py, is the covariance matrix of
(St - St|t)-

Once the initial values of sy;—1 and P,;,_; are given, equations (4.4)-(4.5) can
be solved recursively. Py;_1J'F, t\_tl—l is the Kalman gain, which determines the weight
assigned to new information about s; contained in the prediction error. The initial
values are usually set equal to the unconditional mean and covariance matrix of the

state vector, i.e.,

81‘0 = E(St) =0 (407)

vec(Pyg) = vec(Var(s;)) = [I — G ® G 'vec(HH') (4.08)

where [ is the n xn identity matrix, ® is the Kronecker product, and the vec(e) operator
indicates that the columns of the matrix are being stacked one upon the other.

The log likelihood is given by

nT 1z 1L, 1
In L(0|data) = — 5 In(27) — 5 t;ln | Fiyje—1| — 5 ;Uﬂt—lFﬂtqvt\t*l (4.09)

where T is the number of observations,!  is the vector of deep parameters.

! Maximizing this function with respect to the unknown parameters will produce their maximum
likelihood. Bouakez and Rebei (2007) use this maximum likelihood estimation to estimate parameters
in DSGE model.
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The log posterior kernel can be expressed as

In K (6|data) = In L(#|data) 4 In f(6) (4.010)

where first term on the right-hand side is now known after carrying out the Kalman filter
recursion, and 2nd term is prior and known. To find the mode of posterior distribution,
DYNARE maximizes the log posterior kernel with respect to §. DYNARE does this
using numerical methods although the likelihood function is not Gaussian with respect

to 6.

MCMC Bayesian Estimation Now we are in position to find the posterior distribution

of parameters. The distribution will be given by the kernel equation (4.010), but it is a
nonlinear and complicated function of the deep parameters §. Thus we cannot obtain
an explicit form of it.2

In a Markov-chain Monte Carlo (MCMC) based Bayesian estimation, 6 is sam-
pled from the posterior distribution and the sampled draws are used for parameter
estimation. The method used for sampling from the posterior distribution is MCMC,

where sampling is not random and depends on the draws obtained in the previous sam-

2The conventional Bayesian method proceeds as follows.
(1) Set the prior distribution f(#), which is the distribution the researcher has in mind before
observing the data.

(2) Convert the prior distribution to the posterior distribution f(0|data), which is the distribution
conditional on the data using the Bayes theorem

£(6ldata) = L (datald)f(0) (4.011)

o | f(datal6)f(0)d6

(3) Estimate the parameters 6 using the posterior distribution.

Notice that the unknown parameter vector G(6), H(6), Q(6) in equation (4.4) is a non-linear function
of the original parameters in the DSGE model, so that the posterior distribution is non-standard even
if we use normal-gamma prior distribution. When the posterior distribution is non-standard, it may be
difficult to obtain the denominator of the right-hand side of the Bayes theorem (4.011) and to conduct
Step (3) analytically.
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pling. Since the likelihood of DSGE models can be evaluated by the Kalman filter, it
is straightforward to evaluate the numerator of the right-hand side of the Bayes the-
orem (4.011) analytically. In such a case, we may use the Metropolis-Hastings (MH)
algorithm, an MCMC method, and DYNARE uses precisely this MH algorithm.

To use the MH algorithm, we must choose a proposal density g(e|e) from which
it is possible to sample® and an initial value #y. Then, DYNARE sample (6, ..., )
from f(f|data) by executing the following algorithm.

(1) Set n = 1.

(2) Draw a proposal #%°P°*%) from jumping distribution, g(0|6,_1) = N (6,_1, cH)
where H is the inverse of Hessian computed at the posterior mode, and c is a scalar
called the adjustment coefficient or scale factor.

(3)Calculate the acceptance probability g as follows.

f(e(proposal) |data)

n

f(0,_1|data) ]

¢ = min] (4.012)

(4) Accept ngmp"s“l) with probability ¢ and reject it with probability 1 — ¢g. Set
0, = 953’”01’08“” when accepted and 6,, = 0,_; when rejected.

(5) if n < N, set n =n + 1 and return to (2). Otherwise, set n = N and end.

3SDYNARE sample 67°P*%) from the random-walk model,
Hﬁbpmposal) =01 + v, v 10.d.N(0,cH),

where H is the inverse of Hessian computed at the posterior mode and c is a scalar called the adjustment
coefficient.

The merit of using this random walk proposal is that g(6,_1|0P"P*5)) = g(gPrepesallig, 1) so
that the acceptance probability ¢ collapses from
f(eglproposal) |data)g(0n_1 |0£proposal))

1

f(0n—1|data)g (057> 16,,—1)

¢ = min| ,1]

to (4.012), which does not depend on the proposal density g(e|e). Hence, we need not find a proposal
density that mimics the posterior density.
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APPENDIX E.

ANOTHER SPECIFICATION FOR THE PRODUCTION FUNCTION

The Model In this Appendix, I change the production function to allow the government
investment shock to generate strict crowding-out effects, following the spirit of Mazraani
(2010)."! T assume effective capital in a simpler specification than Mazraani (2010),
f(:-; = KNf,t + YKE. Through this specification, the effective capital parameter with
public capital ¥ should be negative if public capital complements private capital, as

found by Mazraani (2010).

The intermediate goods firms The production function for intermediate goods firm ¢ is

Yie = Atk\z’;aNi,t(l_a) (5.01)

K,

where /K\'z/t = K?, + 9KF is the effective unit of capital, }{\g = Ui K7, is the effective

1y
unit of private capital service, and K¢ is the government capital stock. Notice that K¢

does not have subscript i, thus we assume K¢ has common productivity to each firm.

All firms are subject to the same technology shock, A;. In general, this is a constant

return to scale production function.

The cost minimization problem for firm 7 can be expressed as follows.

= —
cost function: min rtht + weNi ¢ +me;(Yie — Ak s

l-«a
i Ni,t )
KT, Ni

'In Mazraani (2010), the production function as well has CES form for public and private capital,
which allows public capital to substitute for private capital. As to the specification, she wrote that
“here the production function has a CES form, allowing government investment shocks to generate
either crowding—in or crowding-out effects on private activity.”
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where the Lagrange multiplier, mc;, is the marginal cost of producing Y; ;. Solving the

cost minimization problem, the first order condition is

wy (11— a) K,
= — = 5.02
Tt a Ni,t ( )

Then, under Calvo (1983) type sticky price setting, for any given period ¢, each firm has
a p probability that it will keep the price of the previous period, and 1 — p probability
that it will be able to choose its price optimally. An intermediate goods firm, ¢, which

can choose price in period ¢, choose the price, P7,, to maximize profit:

HI}éXEt Z &’ [Pi,thrj(P_—:J)n — Pojreri Ky — PryjwiyiNig)

it =0 it

P —
St}/;g+j( tl_J )77 = AtKi,t Nl”tlia
it
- j * 1 (1 — a)ail « —a
= B0 >_(BpY [Py = Povyg— o rywisf Waers = vPiareas K]

j=0 ¢

The first order condition for the profit maximization problem with respect to

P, yields the following optimal pricing rule for firm 4.

E s j P..Y: 1 (1_04)0671 o 11—«
t Z—:o(ﬁp) (Pt Yitrs At o Tt j Wiy )
Py = - = (5.03)
7 Ey Y (Bp)Yig
j=0

Notice that the optimal price choice (5.03) is not affected by K. This specification is
normal and the same as the model without public capital in the production function.
On the other hand, the cost minimization condition (5.02) has changed. In this spec-
ification, an increase in effective capital alters the opportunity cost between inputs of

labor and private capital.
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Log linearized Model From equations (5.01)-(5.03), the log linearized model will change

from (2.09)-(2.012) in the baseline model to the following equations.

Cost minimization condition:

K K

Production Function:
. kP~ KP. Ko— _
Y;g = At —I— Q?Kf + O[?Ut + 05'19?KtG —I— (1 — Q{)Nt (505)
K K K

Inflation Low of Motion:

(1—p)d - Bp)

; {(1 - @)@, + aF, — Ay} (5.06)

7 = BEma +

Estimation Results As per our estimation, all calibrated parameters except for v used

here are those shown in Table 4.1. To simplify the model, v = 0 in Appendix E.

The left half of Table E.1 reports the prior distributions of parameters. I used
the same values as almost every parameter in Table 4.2 here. As for the effective
capital parameter with public capital 1, I set both the mean and standard error to
0.502. Given the prior distributions, DYNARE calculates posterior distributions using
MCMC algorithm. We sample 300,000 periods each, discarding first 150,000 periods.

In Table E.1, T report posterior means and 90% confidence intervals (CI) for the
parameters as well. The parameter for elasticity of substitution v is 1.43, and that
of the inverse of intertemporal substitution of consumption € is 0.41. Therefore % —€

holds above 0 (but approaches closer to 0 than in the baseline model). This means

2T also tried estimations with other prior values, such as setting the mean and standard error of ¢
at —2 and 1, respectively. The result, however, did not change.
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Table [E.1 MPrior@hdPosterior[distributions [fbrthe [Modellektimated

[Prior[skttings [Posterior[phrameters
parameters meanings type mean se. mean Cl(Low) CI(High)
structual [phrameters
V) Elasticity [af[shibstitution normal 08 05 1413 0932 1.896
& Curvature [phrameter normal 2 05 0411 0.234 0.588
& Inverse [ofladjustment[dost[phrameter normal 0.25 0.75 1.805 1.204 2.364
v Capital[Lkilization [clost normal 1 05 0.951 0.169 1.698
0 Calvolpkice [no [devise [pFobabirity beta 0.7 0.2 0.777 0.646 0.909
v Public [chpital [domplementarity/substitutability beta 05 05 0.401 0.287 0520
Policylphrameters
o, Interestlchte [Smoothinglcoeff. beta 038 0.15 0.801 0.620 0976
o Interestlchte [Mflation [coeff. normal 15 1 2832 1.724 3925
;Oy Interestlrhte [outputghp [coeff. normal 0.125 0.075 0.042 0.003 0.079
Shocklpkrsistence
o, Persistence [dflpFoductivity beta 0.85 0.1 0.822 0.718 0.926
0 " Persistence [dflgbvernment[clonsumption beta 0.85 0.1 0.728 0547 0915
0. Persistence [dflgbvernmenthvestment beta 0.85 0.1 0.898 0.851 0.947
Standard[Errors [dflshocks
n, SE [df[pkoductivityshock inv.[@amma 04 2 0.334 0.095 0627
n . SE [aflgbvernmentldonsumption[shock inv.[@amma 02 2 0.173 0.047 0.324
n, SE [oflgbvernment[@vestment[shock inv.@amma 03 2 0.246 0.069 0.441
Standard[Errors fbrMesurement Errors
n, SE [dflesurement[ekr.Ebrdutputlghp inv.@amma 0.2 2 0.173 0.049 0322
n, SE [df[Mesurementlekr.[brpkivate [donsumption inv.[@amma 0.2 2 0.164 0.048 0.304
n, SE [df[mesurementlelr.Fbrlplivate vestment inv.[@amma 1 4 1.164 0214 2.260
n . SE [dflesurement[ekr.Edr[gbvernmentlconsumption inv.@amma 0.1 2 0.085 0.024 0.160
n, SE [df[mMesurementlelrr.fbrlgbvernmentvestment inv.[@amma 05 4 0.400 0.122 0.718
n, SE [df[desurementlelr.fbrirkal Wage inv.[@amma 0.1 2 0.109 0.021 0.234
n, SE [df[mMesurement[elrr.fbrT3borHour inv.[@amma 0.1 2 0.091 0.022 0.168
n. SE [dfesurement [err.[br [ flation inv.[@amma 0.1 2 0.132 0.020 0.273
n SE [dflmMesurement[elrr.fbrnominal [hterestlrhte inv.[@amma 0.05 1 0.053 0010 0117
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the necessary condition for government spending to increase the marginal utility of
consumption is satisfied in this specification as well. By chance, these parameter values

coincide with those in Okubo (2003), where v = 1.39 and ¢ = 0.1970.61.

The effective capital parameter with public capital ¥ was 0.40, indicating public
capital substitutes for private capital. This result differs from Mazraani (2010), in which

the relationship is complementary.

Regarding inflation dynamics, the Calvo price-setting parameter p is 0.78, so
an average contract duration of price setting is estimated to be about 4.5 quarters.
Regarding monetary policy parameters, the coefficient on lagged interest rates in the
monetary policy rule p, is 0.80, The response of interest rate to inflation p,_ and the

response to output py- are 2.83 and 0.04.

Impulse response Figure E.1 illustrates the impulse responses to a government con-

sumption shock, comparing the impulse response of the model in this Appendix with
that of the baseline model in Chapters 3 and 4. From Figure E.1, we can see a similar
impulse response of the baseline model with that of the model in this Appendix, other
than private consumption: this is caused by parameter value differences in v and ¢ (the

model estimated in this appendix had the value of % — & much close to 0).

Next, Figure E.2 illustrates impulse responses to the government investment
shock, comparing the impulse response of the model in this Appendix with that of the
baseline model in Chapters 3 and 4. Figure E.2 indicates that the impulse response
of private investment in the model in this Appendix decreases much more than that

in the baseline model. This is because the increased public capital substitutes for
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Figure E..1: Impulse responses of estimated DSGE models (Baseline Model, Model

with Effective Capital in Production Function) (Government Consumption Shock)
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Figure E..2: Impulse responses of estimated DSGE models (Baseline Model, Model

with Effective Capital in Production Function) (Government Investment Shock)
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private capital in our estimation result, and public capital increases during later periods,
marginal productivity of private capital (the rental rate of capital) decreases more than

that in the model without public capital.
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