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Abstract

CONVERG ENCE OF MORPHOLOGICAL OPERATIONS  
PARALLEL PROCESSING IM PLEM ENTATION

by

Jean-Claude Ngatchou

Adviser: Professor Charles R. Giardina

Two primitive morphological operations are considered: Dilation and Erosion. The 

Convergence Theorems are established for analog signals. The same concept can readily 

be generalized to image of higher dimension by increasing the spatial domain.

Given two continuous functions f (x)  and g(x) of domains [a, b], and [0,1] respectively, 

a family of partitions is generated from the domain of g{x). A sequence of functions gn(x) 

is then constructed both "Pointwise " and "Stepwise" from that family, which are shown 

to converge uniformly toward g(x). The Convergence Theorems for the dilation and the 

erosion, stipulate that the limit of the dilation (erosion) of f (x)  by gn(x) as n  approaches 

infinity is the dilation (erosion) of f (x )  by g(x). In the process of proving the Convergence 

Theorems, it is shown that the limit as n approaches infinity of the domain of dilation 

(erosion) of f (x)  by gn(x) equals the domain of the dilation (erosion) of f (x )  by g{x).

Finally, in each case a parallel algorithm is designed using a block diagram. It turns 

out that n  can be viewed as the number of processors needed to approximate the dilation 

(erosion) of f (x )  by g(x) by the digitized version, that is the dilation (erosion) of f (x)  by 

9 n { x ) .
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C hapter 1. 
Morphology in Image Processing

1.1 Introduction

In general, the term morphology refers to the study of form and structure. Morpho­

logical operations are those operations that act upon the form or the structure of a given 

image or signal, usually relative to a predefined image termed as structuring element. In 

this chapter and in the subsequent chapters, an image is defined as a subset of R 2 and a 

signal is defined as a real function.

In this chapter some of the most important morphological operations are introduced: 

Dilation, erosion, opening, closing and skeleton. The first two operations, dilation and 

erosion, are often referred to as primitive operations, because of the roles they play in 

image or signal processing. In fact, all other morphological operations can be expressed in 

terms of dilation and erosion by functions composition, opening, closing and skeleton are 

examples of how other morphological operations can be expressed in term of dilation and 

erosion. This underlines the importance of the dilation and the erosion in image processing 

and justifies the choice of the dilation and the erosion for the study of convergence.

The subsequent chapters deal with the dilation and the erosion of the signals. In 

this chapter morphological operations are introduced in an Euclidean setting, because it 

provides a better intuitive and visual understanding of the operations.

The final section, is on the convolution of signals. A parallel algorithm for approximat­

ing continuous convolution is given. A Block Diagram to implement the parallel algorithm 

is introduced. The parallelism is exploited to speed up the computation of the convolution. 

More importantly the theory and the practice are in agreement through the proof of the 

convergence.



2

1.2 Prim itive operations

The dilation and the erosion are formed under functions composition using the union, 

intersection, translation and rotation operations. The later operations are sometimes called 

fundamental operations.

1.2.1 D ilation

In the Euclidean setting, given an image (subset) A  of R 2, the translation of A  by the 

point x  in R 2 is defined by

A + x = {a + x : a £ A}

The dilation, also called Minkowski addition, of two images A  and B , is denoted by V(A, B) 

or A  © B.  It is defined as the union of all translates of A  using the elements of B.  that is

A  ® B  =  U {A +  b}
b € B

Example: 1.2.1.

Let

A = {1 , - 1 , 2}

and

B  =  {0,2,3,5}

To find the dilation of A  by B  we first find all translates of A  by elements in B :

A  + 0 = {—1,1,2} 

A  + 2 =  {3,1,4} 

A  + 3 = {4,2,5}
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A +  5 =  {6,4,7}

the dilation is obtained by forming the union

(A +  0)U(A +  2)U(A +  3)U(A +  5) =  { -1 ,1 ,2 ,3 ,4 ,5 ,6 ,7}

The following example illustrates the effect of the dilation in an Euclidean setting: 

E xam ple 1.2.1.

B

e

figure 1.2.1 D ilation  o f a n  Im age

The structuring element B  is centered at the origin, the dilation of A  by B  is obtained

by rolling the center of the circle about the sides of the image A  and the dilation is given

by outer track of the points on the circle.

Both examples show that the dilation operation expands the image. In the first case, 

elements are added to the original set A, and in the second example, the image is expanded.

1.2.2 E rosion

The dual operation to the dilation is the erosion. It is defined in terms of the



Minkowski subtraction A q B.  Which in turn, is a binary operation obtained, for any 

two images A  and B  in R 2, by taking all translates of A  by every element of B  and then 

taking the intersection. That is

A Q B  = n  {A  +  b}
b e B

The erosion of A  by B  is defined by

£ { A , B ) = A Q { - B ) .

B  is called the structuring element and — B  =  {—6, b 6 B}.

B

figure 1.2.1 Erosion o f an Image

Eroding an image by a structuring element B  has the effect of "shrinking" the image 

in a manner determined by B.  The erosion of A  by the structuring element B  is obtained 

by rolling the disk inside the pentagon, and the erosion is given by the shaped delimited 

by the path of the center of the circle.
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1.3 Opening and Closing

1.3.1 Opening

The opening is the combination of an erosion followed by a dilation. That is

0 { A , B )  = V{£{A,B) ,B)

It can be shown that the opening of A  by a structuring element B  is the union of all 

translates of B  that are subsets of A  [3]. In other words

0{A,  B)  =  U{B + x : B  + x C A}  (1)

Figure 1.3.1 shows the opening of an image A  by an image B,  by first eroding A  by

B  and then finding the dilation of the result by the structuring element B.  Notice that

the same result can be obtained by rolling B  about the inside of A,  and the opening is the 

outertrack of the circle.

2D

Figure 1.3.1 Opening Operation

1.3.2 Closing

The closing operation is the opposite of the opening operation, in that it is obtained



by first dilating and then eroding. That is

6

By applying the Demorgan’s Law to equation (1), one obtains another characterization of 

the closing

€ ( A , B ) = n { ( B  + x)c : B  + x c A c} (2)

Figure 1.3.2 illustrates the closing of an image A  by an image B by first dilating and then 

eroding. :!J K

\
'V

C ( A .  B!

Figure 1.3.2 Closing Operation

The same result can be obtained by rolling B  around the outside of A. The inside- 

outside duality between the opening and the erosion is formalized in equations (1) and (2) 

above.

1.4 Skeleton

The skeleton is another example of morphological operation that can be expressed in 

term of dilation and erosion. The skeleton thins an image by creating an archetypal stick



figure of the image. The Euclidean skeleton of a set S  is defined in the following 

manner. For each x  in S,  let D(x)  denote the largest disk centered at a: such that D(x)  is 

a subset of S. Then x  is in the skeleton of S  if there does not exist a disk A >  not necessarily 

centered at x , such that A  properly contains D(x)  and such that A  is contained in 5.

o

Figure 1.4.1 Skeleton of an Image

The following formula characterizes the skeleton in terms of the opening and the 

erosion.

skeleton(T) = Max{0[£{T,  A ) ,  A ] '  A £(T,  A ) }i<m

Where A  denotes the disk of size i. The M ax  operation denoted by V in the block diagram 

is defined as follows:

{maximum(/(s),y(®)) if f (x)  and g(x) exists
f(x) i fon l y / (z )  exists

g{x) if only g(x) exists
undefined otherwise

and the M i n  operation denoted by A, is defined as follows
Min( f ,g ) (x ) =  f  “ i^m um ( f(x),g(x))  if both f (x )  and g{x) exists 

I undefined otherwise
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Skeleton

open

open

open

Complement

Complement

Complement

ERODE

ERODE

ERODE

Figure 1.4.2 Skeleton Operation: Block diagram  

1.5 Parallel Convolution Algorithm  *

1.5.1 Introduction

The importance of this section lies in the fact that it has provided the original moti­

vation of the topic. The problem can be stated as follows: Given a continuous convolution 

h(t) =  /  * g(t). Is there a digitized version hn(t) of h(t) such that

lim hn(t) = h(t)
n —>oo

The problem statement is best understood by walking through the following commuting 

diagram.

R n x R n
'kt

R■n

I-
Rn Rn

*/ is Stieljies convolution and An is the digitizer, they are defined respectively as 

follows:
Rn x R n Rn

*f- i f ,  9) f  * 9

Class notes by Professor C.R. Giardina



with

/OO

f (x)dG(t  -  x ) (1)
00

R r — » R r 
An. h i  ̂ hfi (2)

/ OO 1*00
f (x)dG(t  — x) and hn(t) =  / f (x)dGn(t — x)

•OO t / —00

Gn(x) is an approximation of (?(&), such that

lim Gn(x) — G(x)
n —*oo

The above diagram commutes if

lim (An o */)(/, g)(t) = (f * g ) ( t ) Vt G i?
n —+oo

The following remark establishes the relationship between Stieljies convolution and 

the regular convolution

Remark 1.5.1

with

/OO

f(x)g(t  -  x)da
•OO

/OO

f (x)dG(t  -  x)
•00
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and

G{t) =  f  g{s)d{s)
J — OO

An approximates G(t) by Gn(t) such that Gn(t) converges to G(t) pointwise.

1.5.2 Parallel Im plem entation o f the Convolution

Case 1: The structuring elem ent is a linear combination of delta functions

Let h be an analog convolution defined as follows

/
OO

f (x)g(t  -  x)dx
— OO

f  a continuous real function and g is a linear combination of delta functions. Thus

N

g(x) = 'Y^an6 { x - b n)
n=0

with an and bn real values. Therefore

N

n=0

One can obtain the same result by using the block diagram below.

C O N V O L U T IO N

C O Z

RANGE

SCALAR

SCALAR

ADD

TRANS

TRANS

TRANS S C A U R

Figure 1.5.1 Block Diagram for Convolution o f Signals
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The set where g has non zero value, is comprised of bn, since the delta function has 

value zero for x  different from bn. In addition the elements of the range of g are the 

corresponding an.

The co-zero set of a function / ,  denoted by COZ ( /)  is the set on which the digital 

signal /  has non zero value.

COZ(f)  = f ~ 1( R - { 0 } )

where (R  — {0} denotes the set of all real numbers except zero.

The b'ns are used in detemining the amount of translation of the input signal inputted 

in the TRAN block. The output of this block is used as input along with an, to the 

SCALAR block, here a simple scalar multiplication of an with the translated signal is 

performed.

Finally, the addition of all the scaled translates is found in the ADD block. The 

SCALAR, ADD and the TRAN operations are defined as follows: For any signals /  and g

SCALAR (f-a){t) = a.f{t)

ADD ( f , g ) ( t ) = H t ) + g ( t )

and

TRAN(/; A;)(i) =  f ( i  — k)

Some of these operations will be covered in detail in the last chapter.

Case 2: The structuring elem ent is not a linear com bination o f delta functions

Here is an algorithm for Approximating Continuous Convolution

The parallel algorithm given above can be used for the approximation of continuous 

convolution when g is not a linear combination of delta functions. The procedure consists 

of finding
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poo
— /  f (x)gN( t - x ) d x

where
mn

9n {x ) = Y ^ anS(x ~bn)
n=0

Two questions immediately come to mind. The first is : How are the values On and 

bn found? The second is: Under what conditions does hpj(t) converge to h(t)? The answer 

to both questions utilize

an are used as inputs to the SCALAR blocks in the parallel specification of figure 1.5.1. 

This gives the approximate convolution (t).

1.5.3 C onvergence o f P ara lle l A lgorithm

The following theorem [13] provides a tool in proving the convergence of the parallel 

algorithm

T h eo rem  1.5.1 (H elly’s Second T heorem ). Let f (x)  be a continuous function defined 

on the interval [a, 6], and let {<7n(®)} be a sequence of functions which converges to a finite 

function g(x) at every point o f [a,b]. I f

The function G^(x)  is a staircase or piecewise constant type function involving M/v jump

discontinuities and it should be found by approximating G(x) in a pointwise sense. The

points bn at which G n {x ) has discontinuities and the values a n of the jump or salti at the

discontinuities are adjusted for the approximation.

Once this is done, the values bn are used as inputs to the TR AN blocks and the values

V{gn) < K
a
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for all n, then
pb pb

lim /  f(x)dgn(x) =  /  f{x)dg(x) 
n- +0°  Ja  Ja

Now , utilizing the notation in the last section conditions are given such that if Gn (x ) 

is pointwise closed to G(x) then hjy (t) will be closed to h(t) pointwise. Specifically, if

lim Gn (x) = G(x)
N -*  oo

and if all the Gn (x ) have uniformly bounded total variation that is, there exists a constant 

A  such that

V ( G n (x )) < A

and if /  is continuous and vanishing at plus and minus infinity, that is

lim f (x)  =  0
|x| —>00

then

/oo pb
f (x)dGn(t — x ) =  f (x)dG(t  — x)

00 Ja

This follows from the Helly’s Second Theorem.

Example 1.5.2

Here is an approximation and the parallel implementation of

/ OO

f (x)g( t  -  x)dx
— O O

where

f (x)  =  1  +  ^  for — 2  < x < 0
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and

g(x) =  1  for — 1  < x < 1

1. Continuous Version

/ OO

f (x)g(t  -  x)dx
— 00

g{-x)  =  g(x)

g ( t - x )  = \ l  t - l < t - x < t + l  
1 0  otherwise

/  * g(t) = 0  if t  + 1 < —2 that is t  < — 3

and for — 2 < t  +  1 < 0 i.e — 3 < t  < —1, we have 

r*+i i „ 2
t+ ir +1 1 r 2j  2  (i +  ~x)dx =[x +  —]f_+2]

= i + 1  +  ( i ± i ) i  +  2 _ 1

4
 ̂ , i 2  +  2 f +  1  ,

—f +  1  H  -------- (-1
4

t2 + 6t +  9

therefore
/* f °  if f  < - 3

|  £ t § t ± »  i f  _ 3  <  t  <  i

D igital Version

G(®) =  /
* /  — OO 

=/>
=aj +  1  +  C
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There exists a staircase approximation Gn{x) of G(x) such that Gn{x) —> G{x) and 

since f ( x ) is continuous, lim |a. | _ 0 0 f (x )  = 0 and there exists A  such that G n (x ) < A  , 

we have
/•OO

I f (x)dG(x)
—OO

Parallel Implem entation

Approximate G(x) by the following function Gn(x) if {b{} is the set of points where 

Gn is discontinuous and {a*} the set of points such that Gn(bi) =  a* for each i, then we 

have the following parallel implementation.

f  f (x)dGN(x) 
N-tooJ-oo



f

b,

T R A N S

T R A N S

r % -
SCA LA R

SCA LA R

JUMP

AD D

C O N V O L U T IO N

RANGE T R A N S SCA LA R

Figure 1.5.2 Parallel Im plem entation o f Continuous Convolution
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C hapter 2. 
Class of functions cpu]

2.1 Introduction

The class of continuous functions plays a very important role in signal processing. 

Analog signals, such as radio waves, voice and photoelectric waves are represented by 

continuous functions. The class of continuous functions defined on the interval [0,1] and 

denoted by C[0,1] is considered. The restriction to the interval [0,1] does not restricts 

the validy of the theorem to that interval. The extension to any interval [a, b] is readily 

obtained by using the following function f (x)  =  ( 1  — a)x + bx that establishes a one-to-one 

correspondence between [0 , 1 ] and any interval [a, b]

In this section, the notion of partition of an interval is discussed. Its importance is 

due to the fact that it lays down the foundation for the approximation of functions.

Of particular importance in the next chapter are the preservation of compactness and 

the uniform continuity theorem stated by the following theorems. [5]

Theorem  2.1.1. I f K  is compact and f  is continuous on K, then f ( K ) is compact.

Theorem  2.1.2. Let f (x )  be continuous on [a, b] Then f (x)  is uniformly continuous on 

[a, b]

2.2 Partitions

2.2.1 Definition

A partition P  = {®o, *i, • • •, *n} of an interval [a,b] is a finite sequence of points 

xq, a?i,. . . ,  xn such that o =  xq < aq < . . .  < xn = b
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Notice that if P  is a partition of an interval [a, 6 ], the endpoints a  and b must belong 

to P . And also the elements of P, need not be equally spaced.

Exam ple 2.2.1:

Consider the following intervals: [0,1], [ |, 3]

Pi =  {0, 1} is a partition of [0,1], the endpoints 0 and 1 belong to Pi. The elements

of Pi are not equally spaced.

Pi = { |,  1 , |}  is not a partition of [|,3] because the left endpoint 3 is not an element of

Pi-

P3 =  1, §, |,3 }  is a partition of [|,3], the endpoints  ̂ and 3 belong to P3 and the

elements are equally spaced.

2.2.2 Definition

Let P  and Q be partitions of an interval [a, b]. We say that partition Q is a refinement 

of partition P  if P  E Q.

Exam ple 2.2.2:

P0  =  {a, b}

Pi =  {a, c, b}

P2 =  {a, d, c, b}

P0,P i and P 2 are partitions of the same interval [a, b] ,

Po € Pl that is Pi is a refinement of Po, likewise Pi E P2, therefore P 2 is a refinement of 

Pi, note that the relation ’Pi is a refinement of Pj ’ is transitive for, if Pi E Pk and Pk £ 

Pj therefore Pi E Pj, in other words Pj is a refinement of Pi.
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From the example above, it is clear that P2  is a refinement of P i.

The following theorem is the basis of the approximation of functions in the subsequent 

chapter. It provides the tool, for equally spaced partitions, and an infinite possibility of 

refinement for a given interval.

Theorem  2.2.1. let a < b be real numbers and e > 0. Then [a,b) can be written as a 

Unite disjoint union, i.e
71

[a, b) = |J [a i, bi)
i=0

with
n

b — a =  — Oj) and b( — a, < e Vi
Z—1

Proof:

Choose n  so large that < e and b, = 1 < i < n a* =  6 j_i and 0 1  =

a

Remark 2.2.1

[a, b] = [a, b) U {6}

since [a, b) can be written as a finite disjoint union of intervals, that is [a, b) =  UiLot0*’ 

with = ai + (b — a) /n  and 1  < i < n 

therefore
71

[a, b] = |J [ a i, 6 l) u { 6 }
i=0

Claim: V i > j  ,a{ > aj.

It suffices to show that Oj+i > di, V i.

a i + 1  =  bi =  di +  (b — d)/n  but b > 0  therefore (b — a) > 0  and dividing both sides by

the positive integer n, one has (b — d ) / n >  0 .

Thus di+i > flj V i so o =  ai < a2  < . . .  < an_i < an =  b
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therefore P  =  {ai, 0 2 , . . . ,  ara} is a partition of [a,b].

Exam ple 2.2.1

Consider the following interval [0,1]

Pi =  {0, . . . ,  1} is an equally spaced partition of the interval [0,1]. And the

common spacing is provided by the formula ^  Note that the spacing can be made

arbitrary small by making n arbitrary big.
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C hapter 3. 
Approxim ation of Continuous 
Functions

3.0 Introduction

Let f (x )  be a real function with domain D j  C R. A function g(x) is said to approxi­

mate f (x)  within e > 0, if b(a;) — /(a;)| < e for all a? £ D j  or what amounts to the same 

thing, if

lb  -  / | |o  =  sup{\g(x) -  f (x)  | : x e D }  <e

The function /  can be uniformly approximated on the domain D f  by functions g  of 

class Cj, if there exists a sequence of functions in G which converges uniformly on D  to / .

Given a function g(x) in C[0,1], a sequence of functions {#„(&)} is constructed that 

converges uniformly to g{x). In other words, {^n(a;)} approximates g{x)

Two different methods are presented: Pointwise approximation and stepwise or stair­

case approximation. Both methods have in common the subdivision of the interval [0,1] 

into an infinite family of partitions Pn. This infinite family of partitions will generate an 

infinite family of functions gn{x). As their names suggest, in the pointwise approximation, 

the functions gn{x) will have discrete value, whereas in the stepwise approximation the 

functions gn{x) are step functions. In each case, it will be shown that the sequence of 

functions gn{x) converge uniformly to g{x).

The first section is the partition of the interval, the notion of partition was first 

mentioned in the previous chapter. But this time, the emphasis is to show that an infinite 

family of partitions can be constructed from the interval [0,1]. It is shown that the family 

is infinite by establishing an one-to-one correspondence between the family of partition 

and the set N of natural numbers.
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During the construction of the sequence of functions g n ( x ) ,  in the pointwise approxi­

mation as well as in the stepwise approximation, each partition Pj will generate a unique 

function g i ( x ) .

3.1 Family V  o f Partitions

It is established in chapter 2. (Theorem 2.2.1), that any interval [a, b) can be written

Exam ple 3.1.1.

Consider the interval [0, 1] and let us find the following partitions: 

P 1 ,P 2 ,P 3 ,P 4  and P5.

Finding partition Pi:

oo =  0 , ai = ao + 0  < i < n

In the second section, the Pointwise Approximation concept is formally defined , that 

includes the construction of functions g n ( x ) and the proof of the uniform convergence.

The third section is the definition of the Stepwise Approximation, the constructions 

of step functions g n { x ) ,  and the uniform convergence of g n ( x )  towards g ( x ) .

as a finite disjoint union of intervals [aj,aj+i) . The endpoints of these intervals induce an 

infinite family of partitions V  =  {P/s}. Such that:

Pj =  {oo, o i ,  0 2 , . . . ,  O j} , with a  =  o o < o i < a 2 < . . . <  O j_ i < Oj =  b

and

ak = ak- 1  +
H b - a )  . t n , . , :------with 0 < k < i and oq = 0 .

i

Ol

—oo H  —

„ 1(1 -  0) 
= 0 +  v 1 ’

= 1
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Therefore Pi =  {0,1}

For the partition p2 , we have:

ao =  0 , a* — ao +  i = 1 , 2

1(1 - 0) 
ai = ao H 2 ----

= 0 + 5
_ 1

“ 2

2(1 -  0)
2

a 2 =oo +

=o +  l  

_ 2  
“ 2 
= 1

Therefore

P 2 =  {0,1,2} 

Similarly,

f t  = {0, 1, 1, 1} 

n  =  {0 , 1 , 1 , 1 }

P  =  / n  1  (n ~ 0  i \
r "  1 U’ n ’ ’ • • > n ’ AJ

The next page shows the graphical representation of partitions Pi, P 2 , P3 , . . . ,  P2 5 __

Note that as n  increases, the dots become closer to each other and are equally dis­

tributed on the line segment.
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P i:  9 ---------------------------------------------------------------- 9

P 2: • -------------------------------®____________________9

P3: 9_____________fi_____________9_____________9

P 4 : • _________ 9 _________ 9 _________ 9_________9

P5: e • _________0_________o_________• _________0

P6: 0_______0 0 0 0 0 0

P7: 0 0 0 0 0 0 0 0

P 8: 9--------9------9------9------9------9------9------9------9

P 9: .....................................................................* * «

Pio: * *— 9— 9.—9— 9.

P u : » - 9- »  » *  * 0 0 ,0 0 0 0

Pn , 9 9—9—9—9 » * * » » «

P 13:  ....................................................... .. ... » » *

P u :  .................................................................. .. .. .. ..

P15: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P ie: » _ « _ * _ . « .   ....................................................

Pir:  ......................

P is: ....................................................................

P l9:

P20: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P 2 1 : »-«-»_»■» 0 •  0 0 0.0 0.0 0 0 0.0 0 0.,0-9 ,9

P22: 9_99.99.9 9 99999 .9999 .9 9 99.9 99

P23: 0 00000 0.0.99 9.9-9* • • 9.9.9 9.99.9,9

P24: .*-*-»«****• •  »»-»» 0 0 9.0 0.0 0 0,0,9 0

P25: ,0 0000000000000000000000000

P26: 0 00000000000000000000000000

Figure 3.1.1 Partition o f an Interval
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Remark 3.1.1: In general to each positive integer i, corresponds a partition Pi. 

Therefore, if V  denotes the set of partitions on a given interval [a, b], the following 

function:

— > V  which maps each integer i to a partition Pi, is an one-to-one and onto

function.

Therefore the family of partitions {Pi} with i = 1 ,2 , . . . ,  n , . . . constitutes a denumer- 

able set.

3.2. Pointwise Approxim ation

3.2.1 Introduction

The construction of the functions {y's}, is performed by mapping each partition Pi, 

to a unique function gi. It will be shown that this process generates an infinite family of 

functions (Lemma 3.2.1).

The second subsection deals with the uniform convergence, of the sequence of functions 

constructed above.

First, it is shown that, the union of domains of the sequence of functions {<?«(*)} is 

exactly the set of rational numbers in the interval [0,1]. That is

Un>o-Ds„ =  Q fl [0,1] (Theorem 3.2.1)

with Q the set of rational numbers.

The next theorem 3.2.2 along with its corollary, show that to each rational Xk corre­

sponds a infinite sequence of functions gk that converges to g(xk).

3.2.2 C onstruction of Functions {g[s}

Given an interval [a, b] and V  a family of partitions generated by the method described 

above. In the general case, if g(x) is a continuous real function defined on the interval [a, 6 ], 

the construction of the family of functions {<?;} is as follows:
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To each Pi € V,  define the domain D g . of gi to be equal to Pi, that is D 9i  =  Pi.

And let gi(x) = g(x) on the domain Pi. In other words, the restriction of the function 

g(x) to Pi equals gi{x).

g\Pi =  9i °r for all x  e  [a, b],

9i(x) =  (  9(x) if * € Pi
*- undefined otherwise

The following Lemma is a direct consequence of the above construction process. It 

establishes a fink between the family of partitions V  = {Pj} and the family of functions

Q =  i f a }

L em m a 3.2.1. For any interval [a, b\, the set of partitions P  on [a, b\, induces a denumer- 

able family o f functions Q — {g's}, i = 1 , 2 ,....

Proof:

The domain D g . of each function gi(x) is equal to Pj by construction. Therefore the 

following function:

cr. V —

which maps a partition Pj to a function gi is an one-to-one and an onto function. Since 

the family V  =  {Pj} is infinite, therefore the f a m i ly  Q is also infinite. Hence the family 

Q = {ffjS} is denumerable.

The same result may have been obtained by considering the function t/), which is the 

composition of functions <j> and a

<t> a
ip: N  — ► V  — ► Q

and tp = <j  o (j> an one-to-one function between the set of natural numbers and the 

family Q of functions induced by the family of partitions “P.
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The following example illustrated the functions defined above.

Exam ple 3.2.1

Consider the following function, f (x)  — x + 2 defined in the closed interval [0,1]. 

Since it is the same interval as in Example 3.1.1, we have the same partitions. Pi 

{0, 1}

Pi: •___________________________ ®

P 2 =  

P2:

Pz = 

P3:

Pa = 

Pa-

P5 = 

P5:

0, 1, 1}

0  - -  l l3’ 3’ J

0  -  -  -  l l4 ’ 4 ’ 4 ’ * i

0 I 2 3 4 1|  
5’ 5’ 5’ 5’ -*

The elements in each of the above partitions have been generated by using the formula

k(b — o)
a,k — Ofc_i H : with 0  < k < i  and oq =  0 .

With i =  1,2,3,4 and 5 respectively and 0 < k < i in each case. 

The function <£: ftf  — > V  in this example is defined as follows:

<Ki) =  Pi =  {o,i} 

m = P z  = { o , |, i}

<K3) =  P3 =  { 0 , i , § , l }

,£(4) =  P4 =  { 0 , i , f ,  f , l }  

^(5) =  P5 =  { 0 , i , | , | , | , l }
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^(n) =  P„ =  {0, i ,  . . . , ^ , 1 }

The function <p(n) maps each integer n  to a partition Pn 

Now for the function a

a - . V ^ Q

Since the partition P\ =  {0,1} induces the function gi, we have : a (Pi) — g\

Likewise partition P2 — {0, 1} induces the function <7 2 >

partition P3  =  {0 , 1 } induces the function 5 3 , and so on...

therefore

<r(P2) =  92

v (P z )  =  93

note:

9i(x) = f  if * G Pi
t undefined otherwise

Therefore

a(P{)(x) =  gi(x) with gi(x) defined as above 

and i =  1 , 2 . . .

Using the function ip, we have

<f> <T
ip: N  — ► V  — * G

ip( 1) =  <ro<p(l) = g i  

ip(2) =  a  o (p(2) =  02

ip(n) =  <7 0  <p(n) =  gn
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Example 3.2.2

Pointwise approximation of the function f ( x ) =  x2 defined in the interval [0,1].

The family V  of partitions is exactly the same as in example 3.2.1, since the domain 

of the definition is the same.

Function f\(x).

DJ, ( x ) = P 1 = {0, l )

/ i ( 0 ) =  0 ; / 1 (l) =  l  

Function / 2 (*).

Dj,(x) = P, = {0 , 1 , 1 }

/ 2 (0 ) =  0 ; / 2( |)  =  l , « l )  =  l

Function fo{x)

/3(0) =  0 , /3(J) =  5 , / 3(§) =  | , / 3(1) = 1  

Function fi{x)

£>/<(x) =  /»4 =  {0 , i , f , | l }

M O )  = o, M \ )  = i /,(!) = = S.A(1) = l

3.2.3 Pointwise Approximation: Convergence

The following theorem establishes the fact that the set of endpoints of all partitions

partitions is exactly the set of rational numbers in the interval.

Theorem  3.2.1. The family o f partitions {Pn} induces a family o f functions G = {<7n(*)}; 

whose union o f the domains o f definition is exactly the set o f all rational numbers in [0 1].

Proof:

Let E  = Q fl [0,1] and D9n =  Pn the domain of gn.

First let us show that the union of the domain of functions g'ns is a subset of E.

Choose x £ UD9n, there exists at least one k, such that
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x £ Dgk = Pk, therefore x = ^  ^
k
i

for some positive integers i, k with i < k .

Hence x  € Q since it is the quotient of two integers.

Next, since i, k are positive and, because i < k, the quotient |  lies between 0 and 1, 

that is x  € [0 , 1 ].

Consequently x £ E  and therefore UD9n C E.

Now, let us show that E  is a subset of the union of the domain of functions g'ns.

Let x  be an element of E, therefore x  is an element of both Q and [0 1]; 

x  is an element of Q, therefore x  can be written as a quotient of two integers say 

x = & with n  > 0n

Since x  lies in [0,1], 0 < ^  < 1, therefore 0 < m  < n. Hence x  is an element of P„.

T h eo rem  3.2.2. Let q be a prime number and ® ® € [0 1]. P[.s contain x  i f  and only

i f  k i f  a multiple o f q. That is:

Consequently, E  is a subset of the union of the domains.

Hence the union of the domains of g'ns is equal to the set of rationals in the interval

[ 0  I]-

x £ Pk <=> k =  aq a £ Z

proof.

let
Px — -  with q prime, x £ Pk 
<1

( 1)

if and only if

x  =  with po, k integers and 0  < po < k k (2)



31

Prom equation (1) and equation (2), we deduce the following equality:

P = Po 
q k (3)

By cross multiplying the two members of equation (3), one obtains:

pk = pQq (4)

Equation (4) means that p divides poq,

but q is a prime number by hypothesis, therefore p divides po. Hence, there exists a 

positive integer n  such that po =  np. Therefore equation (4), becomes:

In other words, if and only if A: is a multiple of q 

Q.E.D.

Exam ple 3.2.3.

Consider the following function g(x) =  x  define in the 

interval [0 , 1 ].

pk =  npq (5)

And by dividing both sides by p, one has

k = nq
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|  is an element of P2 , Pi and Pq. and 4,6 are multiple of 2.

Likewise

|  is an element of P3  and P$ and 6  is a multiple of 3.

Remark 3.2.1

By construction of functions g[s, we have 

9i{\) = 9&{\) = 92{\) = 9{\)- 

9a(\) =03( i )  =9(1)

Exam ple 3.2.4

Consider the following graphical representation of partitions P(s, the dots representing 

points where A; is a multiple of q are on the same vertical.

Corollary 3.2.1. For each rational {0^} in [0 1], there is an infinite family o f functions 

g'{s such that g(xk) = 9i(%k)- that is:

p: E  =  Q U [0,1] — > G

is an onto fimction.

Proof.

Let Xk = by theorem 3.2.2, gi(xk) — g(xk) if and only if i is a multiple of q. Let 

us show that the family {p*} of functions such that i is a multiple of q, is infinite by 

establishing a one-to-one correspondence between the set of equivalent fractions to 2  and 

the set of natural numbers. That correspondence follows from the following table
£ 2 2  32 2 2
q 2q 3q ' '  ' nq'  ' '

1 2 3 . . .  n . . .

Each denominator in the first line identifies a unique partition, which in turn identifies 

a unique function pj. This shows that the family {p*} is denumerable.

Exam ple 3.2.3.

Consider the fimction g(x) =  x  defined in the interval [0,1].



Figure 3.2.2 Relationship among Partitions o f an Interval
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\ c P 2

2  G P44

I e P 6

I C P 8

Note that the denominators 2 , 4, 6  and 8  uniquely identify the partitions P2 , P4 , Pe 

and Pg which in turn uniquely identify the functions g2, 9 4 , 9s and g$ respectively, 

and we have

=  S2 ( | )  =  =  5

T heorem  3.2.3. The sequence {<7n(®)} converges uniformly to g(x). That is

lim gn(x) =g(x)  Vx
n —»oo

proof.

Let us show that, there exists a sequence of functions {^(rc)} which converges to g(x) 

at every point of the set E.

Let E  = {r*}.

for k = 1, consider the set E\  =  {<^} of functions of the family G for which gn(x) is 

defined.

By construction of git 9 n \ r i )  = g(ri) for all n, therefore

lim ( ^ 1}(r 1)) =  ^(n).
n—>00

Now consider the sequence E 2 =  {<?n2̂ } of functions of the family E\  which axe defined

at r2

Again by construction of gi, gffl(r2) =  g{r2) for all n, therefore

lim (g®(r2)) =  g(r2).
n—>00
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Continuing this process indefinitely we construct a denumerable set of convergent 

sequences where each sequence is a subsequence of the preceeding one,

In fact

E ! D  E2 D E3 D . . . E k D .. .

Therefore, there exists a sequence of functions {(?„} that converges to g(x) at every point 

of E  = Q n  [0,1].

For all x £ E  = Q fl [0,1], there exists a sequence of rational {xk} such that

Therefore

lim x k =  x  (1 )k—too

g( lim xk) =  g(x) (2 )k—>oo

But g(x) is continuous by hypothesis, therefore equation (3) becomes

lim g(xk) = g{x) (3)
« —>00

By construction,

for all k G E  = Q C) [0,1], there exists n such that g(xk) =  gn(%k) 

thus, from equation(3)

Urn gn(xk) =  g{x) (4)
«—>00

Since a limit is unique, it follows that

lim gn(x) = g{x)n—>oo



36

3.3 Stepwise Approxim ation

3.3.1 Introduction

In this section, the same interval [0, 1] is considered and the family V  of partitions Pi, 

is generated as in the previous sections. The function g(x) is defined and continuous on 

the interval [0, 1]. Here again, the family V  of partitions P /s generates an infinite family 

of steps functions {gn(x)}.

As expected, both the family of partitions {Pj} and the corresponding set of disjoint 

intervals {p} are used to defined the family of step functions {(ft).

One may recall that

Pj =  {flOj a l i  ■ • • i  d i }

with

ao =  0  < ai < . . .  < aj =  1

and the interval [0 , 1 ] can be written as a finite union of disjoint intervals In, that is

[0 , 1 ) =  u  Itk~l

h  = [oo, oi) 

h  =  [oi , 0 .2 )

I{ =  [flj-l, di)

Note that the refinement of partition Pj will result of interval Ik of smaller length. 

Therefore the length of the interval can be made arbitrary small by increasing the value 

of i.



The key theorem in this section states that the sequences of the step functions {gn(x)} 

converges uniformly towards g(x). In this introductory section, certains familiar concepts 

and theorems are visited. These concepts or theorems are important in the proof of the 

main theorem. The final paragraph in this section, is the proof of the theorem.

3.3.2 Construction o f functions gn(x)

Let g(x) be a continuous function defined on the closed interval [0 1]. Subdivide the 

interval such that

0 =  Xo < X\ < X2 < . . .  < xn = 1

And construct the family of step functions {</i(®)} as follows:

For each partition Pn, corresponds a step function gn(x), defined as follows:

{g(xi+1 ) if xi < x < xi+ii =  1 ,2 ,... n  — 1
(1)

g(xn) if x  =  xn

Given a real function f (x ) ,  defined on an interval [a, b], one can construct an infinite 

family of steps functions

Example 3.3.1

Consider the following function f (x )  =  x2 defined on the interval [0,1]. Construct the 

first five terms of the sequence of step functions ( /n(ce)).

For each of the step function (f i (x )), the corresponding partition Pi is given.

Construction of f i(x).
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Construction of h{x) .

f t  =  {0 ,§ ,l}
[0,l] =  [0 ,i)U [ i ,l]  

f  fx \ — /  / ( | ) =  \  0 < * < I
1 /(1 )  =  1 J < ® < i;

Construction of fe(x). 

f t  =  { 0 , | , | , l }

[0,1] =  [0,1) u  [J, !) U [ |, 1]

[ /(|) = 5 0<®<i
/s(®) =  < / ( ! )  =  I |  < * < 1

( / ( l )  =  1 ! < * < !

Construction of f 4 (x).

[0,1] =  [o, 1) U [1, f ) U [f, f) U [f , 1]

/ ( \ )  = h,

/11:4J U  /  16
m  =  i

Construction of fs(x).

f t  =  { 0 , l , § , f , j , l }

/ 4 ( * )  =  { M

0 <  * < 7

f < * < !
! < * <  i

[o, i] =  [o, 1) u [1, §) u [f, I) u [f, I) u [f, 1]

/(f) = h
=  I

/*(*) = / ( f) =  |
f ( l )  ~  25

. /(I) = 1

0 < x  < i
s < * < !

< * <
1 <® < I
! < * < i

3.3.3 Stepwise Approximation: Convergence

Theorem 3.3.1. Let g(x) be a continuous function defined on the interval [0, 1]. And let 

{< 7n(* )}  be a fa m ily  of steps functions constructed as above. The sequence o f step functions 

(<?n(® )} converges uniformly toward g(x).
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Proof.

The interval [0,1] is compact and f (x )  is continuous on [0,1], therefore g(x) is uni­

formly continuous (Theorem 2.1.2). Hence

Ve > 0, there exists 6(e) such that \x — y\ < 6(e), implies |<7(x) — g(y)\ < e (1)

Refine the partitions such that

\ x ~ y \ <  6(e) (2)

whenever x ,  y  belongs to the same subinterval I k ,  k = 1,2, . . .

V® € Ik,gn(x ) =  g{x k) (3)

, by construction of the steps functions. Xk £ Ik by construction of the interval Ik, therefore

| ® -a *  | < 6(e) (4)

In addition g(x) is uniformly continuous, therefore the equation (4) implies that

\9 ( x k ) ~ g ( x ) \  < e

Thus, using equation (3),

IfK**) -0 (* ) l < e

Therefore gn{%) converges uniformly to g(x)
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C hapter 4. 
Convergence of Morphological 
Operations: Dilation

4.1 Introduction

In this chapter, convergence theorem for the dilation operation is presented.

This section consists of definitions, some properties and examples. These examples 

provide a visual clue of what will be presented in subsequent sections. For instance, they 

provide the representation of the dilation with different class of structuring elements.

The second section deals with the proof of convergence for the dilation, in which 

the structuring element gn(x) is derived from the pointwise approximation of an analog 

function g(x). Whereas the third section shows the uniform convergence of approximation 

of dilation operation, in which the structuring element gn(x) is derived from the stepwise 

approximation of g(x).

In what follows, "pointwise convergence of the dilation " will mean convergence of 

the dilation operation in which the structuring element is a pointwise approximation of an 

analog function and "stepwise convergence of the dilation " is defined as a convergence of 

the dilation operation in which the structuring element is a stepwise approximation.

The concept of extended supremum, when applied to a collection of functions is in­

troduced. The extended supremum denoted by E X T S U V  is a function defined pointwise 

on a union of the domains of a collection of input functions.

4.1.1 Definition

Given a collection of analog signals {/*}, possibly infinite, the extended supremum of 

the collection {/*}, at a point i, denoted by [£XTSUV(fk)\(t) is defined as:
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{ sup[/t(£)] if there exists at least on k such that 
fk is defined at t,

where the supremum is over all such k. 
undefined otherwise

4.1.2 Definition

The dilation is a morphological operation, defined in the case of analog signals as 

follows:

For any two analog signals /  and g ,

V ( f , g ) = £ X T S U V ( g x + f(x))xeD/

Remark 4.1.1

a. The dilation operation is commutative, that is

v { f ,g )  = v ( g , f )

that means

£XTSU V{gx +  f (x))  =  £ X T S U V ( f x +  g{x))xeDf xeDs

b- (<?x +  /(* )) is a function of t  with domain Dg + x

c. The domain of £XTSU V{gx +  /(as)) as € Dj  is equal the union of input domains

The following examples show the dilation operations with different type of functions. 

The first example illustrates the dilation of two analog functions, the second the dilation of 

one analog function and one digitized function, and the third the dilation of two digitized
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functions. The procedure is the same and involves horizontal translations and vertical 

translations.

ANALOG

f(x)=x g(x) D(f,g)

Figure 4.1.1 D ilation o f Analog Signals

N=5

y

f(x) = x g5(x) = I - x2 Dj(f,g)(t)

Figure 4.1.2 Pointwise Dilation

C[a, b] usually denotes the set of real functions continuous on the interval [a, b]. That 

notation is adopted, if no confusion arises it may be shortened.

Let f (x )  and g(x) be two functions in C[a, 6] and C[0,1] respectively. Let gn{x) be an 

approximation of g(x), for n small the dilation of the function f (x ) ,  by the function gn(x)



is dependent of the approximation process as illustrated in the example 4.1.3 below. In 

one case gn(x) is derived from the function g(x), using the pointwise approximation and 

in other case, it is derived from the function g(x) using the stepwise approximation.

But as shown, by the Convergence Theorems, as n  becomes larger and approaches 

infinity, the dilation of f (x )  by gn(x) converges uniformly to the dilation of f ( x )  by g(x) 

in both cases.

Theorem 4.2.2 states the convergence using pointwise approximation and theorem 

4.2.3, the convergence using stepwise approximation.

The following commutative diagram illustrates the process in the case of pointwise 

approximation.

In the diagram 6n denotes a function from R0!0’1] to jjQhI0.!), that maps each function 

g € to its order n  approximation gn that is :

6n : R^0’11 — > r W 1! 

g ^  g-n

and Id denote the identity function on R ^0,1).

The product of functions Id x Sn is defined as a function

I d  x 6 n : x Rcl°-1] — » R ^0,1! x R^io.i]

that corresponds each couple of functions (f(x),g(x))  to a couple (Id(f(x)),6ng(x)) =

(/(®) »£»(*))

V  and V  denote the dilations

To simplify the diagram , further simplication of notation are needed, let C =  C[a, b],



W ,  <7n)W =  S X T S U P i h M + g i h ) )
*}i€£'gn

(Id x  6) ( f , g )  =  ( f , g n) 

V ( f , 9 n m = £ X T S U V ( f bi( t ) + g ( b i))
bi^DSn

The process is similar, for the case of stepwise approximation. The only difference 

being that the domain of the approximated function gn and the domain of the original 

function g(x) are equal.

Figure 4.1.3. Dilation: Stepwise Vs. Pointwise

N=5

- ✓
- S

T i i i  r -  i . . . . / ...................

f (x)=x g s ( x )  = X 2-1 D(f.g)(x)
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4.2 Pointwise Convergence o f the Dilation

4.2.1 Introduction

In this section, the proof of one version of the main theorem is established. It consists 

of showing that

lim V ( f ,g n) = V( f ,g )
n —»oo

with gn a pointwise approximation of the function g.

Before proceeding with the proof of the Pointwise Convergence, it is necessary to 

answer the following question:

" Is the limit of the domain of V ( f ,  gn) as n approaches infinity equal the domain of 

V ( f ,g )  ? " Note that if D f  and D g  denote the domains of the functions / ( x) and g(x) 

respectively, and D 9 n  = { a o ,  oi , . . . ,  o„} the domain of the gn(x),

The domain of T>(f,gn) =  U { D f  +  a,} (1)
“ i €-C>Sn

and

The domain of T>(f,g) = U { D f  + a} (2)
aeDg

It will be shown that the answer in the case presented here is yes, thanks to the 

digitization method. But it is not always the case, as shown in the example (4.2.1).

Exam ple 4.2.1:

Let f (x )  be a function defined in the closed interval [0,1]. And g(x) be a function 

defined in the closed interval [0,4]. Consider gn(x) a function defined on the set D 9 n  =  

{0, 2, 3, 4}.
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U beDs { D j  +  b} = U6€[0,i][0, 1] +  b = [0,5]

VbnZD^iDf +  bn} =  {[0 ,1] +  0} U {[0 ,1] +  2} U {[0 ,1] +  3} U {[0 ,1] +  4}

— [0) 1] U [2,3] U [3,4] U [4,5]

=  [0,1] U [2,5]

Therefore

Ub€Dg{Df + b} 7̂  \Jbn(iDgn{D{ + bn}

4.2.2 Pointw ise Convergence o f D om ains

If Dn denotes the domain of T>(f,gn) that is

Dn — U a.£Dg„{Df +

, and D  the domain of V ( f ,  g) that is

D  =  U a e D g { D f  +  a }

it will be shown that

lim Dn = lim D
n —too n —too

The proof is established in the form of a corollary for the theorem 4.2.1, that deals 

with a broader case. Important results arc discussed in lemma (4.2.1) and lemma (4.2.2). 

These lemmas will help establish the equality between the domains.

L em m a 4.2.1. I f  two intervals [a, b], a nd[c,d\ aresuchthata < c, b < dand[a,b]D[c,d\ ^  

0 then [a, b] U [c, d] =  [a, d].

P roof. Let x  € [a, d], therefore a < x
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case 1. If x < b then x  G [a, b] therefore it belongs to [a, b] U [c, d]. 

case 2. If x > b,x  cannot be smaller than c. Because by hypothesis, the intersection of 

[a, b] and [c, d] is not empty. In other words, there exists t  in [a, b] n  [c, d], that is a < t < b 

and c < t  < d. Thus

c < t  < b  and x > b > c . Therefore x  G [c,d] C [a, b\ U [c,d].

Consequently

Next, it will be shown that 

[a, b] U [c, d] is a subset of [a, d].

Let x  G [a, b] U [c, d] if and only if x  G [a, 6] or x  G [c, d].

if x  G [a, b] that means a < x < b , since by hypothesis, b < d, one has a < x < b, that 

is x  G [a, d].

if x  G [c, d] that means c < x  < d but a < c, therefore a < x < d if and only if 

x  G [a, d]. Therefore

[a, d] is a subset of [a, b] U [c, d]. (1)

[a, b] U [c, d\ is a subset of [a, d]. (2)

The equations (1) and (2) show that

[a, b] U [c, d] =  [a, d] (3)

Q.E.D

L em m a 4.2.2. Let [a, b] be an interval and x a real number,

{ [a, b] +  ®} f"l [a, b] ^  0 i f  and only i f  x < b  — a
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Proof.

a) First, let show that [a, b] +  * fl [a, b] ^ 0 implies that x < b — a 

Take y £ [a, b] +  x  fl [a, b] that means

y £ [a, b] +  x  and y £ [a, b] (1)

but y £ [a,b] + x  implies that y =  t  +  x  for some t  £ [a, b] therefore x = y — t.

The equations (2) and (3) imply that x < b — a, therefore 

[a, b] +  x  fl [a, b] ^  0 implies that x < b — a 

j3) Now let show that, x < b — a implies that [a, 6] +  x  n  [a, 6] ^  0 

x < b — a implies x + a < b therefore [a +  x, 6] ^  0

Now let t  £ [a +  x, b] since [a +  *, b] C [a +  *, b +  x], t  belongs also to [a + x,b + x]. 

But t £ [a + x, 6] therefore a < a + x < t  , hence t  £ [a, 6]

Thus t  £ [a +  x, b +  x] fl [a, b]

It follows from a ) and f3) that

x = y — t < y — a since a < t  < b (2 )

and

y — a < b — a since a < y < b (3)

[a, b] + x  fl [a, b]  ̂ 0 if and only if x < b — a

C oro llary  4.2.1. Let [a, b] be an interval,

[a +  —, b +  — ] fl [a +    , b +    ] ^  0 i =  0 , 1 , . . . ,  n
n n n n

i f  and only i f  ^ < b — a
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r . * “1“ 1 t . * +  11 r i  ̂ 1M  ,b-\-------- ] =  [ad— ,b-\— ]H—

proof.

Notice that

* ± 1 ,6 + 1 1 2 ]
n n n' n ‘ n

and the result follows from lemma 4.2.2 by setting x =  £ 

a' = a +*±1 

and

b' = b + i ±1

That is {[o', b'} + x} n  [o', 6'] ^  0 if and only if ~ =  x < b' — a1 = b — a.

T heorem  4.2.1. Let f (x )  be a function defined on an interval [a, 6] and let

_  , , 1 2  n  — 1 „,
Pn — {0, , 1}n n n

be a partition of  the interval [0,1]

lim UiePn{[a, b] + x} = U*6[0,i]{[a, 6] +  a}
n —>oo 1 J

Proof.

The following UxSpn{[a, b] + s}  can be rewritten as follows:

{[a, b] +  0} U {[a, b] + - }  U {[a, b} + - }  U . . .  U {[a, b] +  — - }  U {[a, b] +  1} (1)
n 7i ri

Since n —> oo, it can be made large enough so that A < b — a. And apply Lemma 

(4.2.1) and Lemma (4.2.2) to combine as follows

r , i r 1 , I t  r 2 , 2 . r 71, ~  1 , 71, — 1 , . _ , _ , .[a, b] U [a H— , b H— ] U [a H— , b H— ] U . . .  U [a H , b H 1 U [a +  1, b +  1] (2)71 71 71 n n n
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r , I n  r 2  , 2 ,  r n ~  1 , 71 — 1..[a, b H— ] U [a H— , 5 H— ] U . . .  U [a H---------- , fe H----------1 U [a +  1, b +  1]
n  n  n  n  n

Yl _ \
[a, b H ] U [a +  1, b +  1]n

[a, b +  1] =  Ul€ [0li]{[a, b] +  s }

Hence

lim Ul€pn {[a, b] + ®} =  Ul€[0,i]{[a, b] +  *}
n —+oo 1 J

The following corollary establishes the result mentionned earlier, concerning the do­

mains of the dilations operations

C oro llary  4.2.2. Let f  and g be two analog signals, with domains D f  — [a,b] and 

Dg =  [0,1] respectively. And let gn be a pointwise approximation of  the function g, then

The limit of the domain of V ( f , g n) =  the domain of  V( f ,g ) .

P roof.

Let denote by D  the domain of V(f(x ) ,  g(x)) and by Dn the domain of V(f(x ) ,  gn(x)). 

Therefore

D = UX£Dg{Df  +  ®}

=  ui 6[o,i]{[a, b] +  ®}

and
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D n  =  { D j  +  ®}

=  U «ei?(# { [a ,& ] +  ® }

But by construction D 9 n  =  Pn, therefore D n  =  Uiepn{[a, b] +  x}

It follows from theorem 4.2.1, that

U*€pn{[a, b] + ®} =  U«6[0,i]{[a, 6] +  ®}

Therefore limn_too D n  —  D

4.2.3 Pointwise Convergence o f the Dilation

Theorem  4.2.2. Let f ( x ) and g(x) be two functions in C[a, b] and C[0,1] respectively. 

And let (pn(®)} a family of functions derived from the pointwise approximation of g(x), 

then

lim V { f ,gn) = V{f ,g)
n —>00

That is {V ( f ( x ) ,g n(x))} converges uniformly towards V( f(x) ,g(x)) .

Proof.

Let Dgn =  {6q, bi, 6 2 , . . . ,  bMn} be the domain of gn(x) .

V ( f ,g n) = £ X T S U V { fb. +  g M )  

Since the domain D9n is finite, the dilation becomes

but

[ E X T M A X i f ^ + g M m  =

v{f,gn)<t) = [•e x T s u v ( f x + 9n(bi))}(t)

=  { E X T M A X ( f l,+g„( b i) mbi€D9n

( M A X bieDgn Jbi(t) + 9 n(bi)) if there exists at least
one i such that
[fbi +  9n{bi)]{t) is
defined at t, 
where the maximum is 
over all such i. 

undefined otherwise



52

But, since f ( x ) and g{x) are continuous, f bi(t) +gn(bi) exists for all bi £ D3n, therefore the 

dilation is reduced to

biGDgn

W ith that preliminary remark, to prove theorem , it suffices to show that 

lim M A X ( f bi(t) + g n(bi)) =  M A X ( f b(t) + g(b))
n —ioo beDg

a  ) First , it will be shown that

M A X ( f b(t)+g(b))  < lim M A X ( f bi(t) + gn(bi))beDg n—*00 bieDgn

for all b e  Dg, there exists a sequence {bk} such that limfe- , 0 0  bk — b . This comes from 

the fact that any real number can be written as a limit of a convergent sequence of rational 

numbers. Or what amounts to the same thing, from the fact that the set of rational is 

dense in the set of real numbers. Therefore

V6 € Dg f ( t  - b ) +  g[b) =  f ( t  -  lim bk) +  g( lim bk) (1)AC—*00 k—*00

But, by hypothesis f (x )  and g(x) are continuous, therefore equation (1) becomes

V& € Dg f ( t  - b ) +  g(b) = lim f ( t  -  bk) +  lim g(bk) (2)Ac—*00 Ac—*00

and since limfc-xx, f ( t  — bk) < 0 0  and limjt_oo <?(&*) < 0 0

using a well known property of the limits (the limit of a sum is the sum of limits) , 

the equation (2) becomes

V6 € Dg f ( t  - b ) +  g(b) = lim ( /( i  -  bk) +  g(bk))
Ac—*00

(3)
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But

f ( t  -  bk) + g(bk) < lim {M A X )( f ( t  -  bt) +  gn(bi))
n —* 0 0  biEDgn

hence, by taking the limit of both sides as k —> oo, one has

lim {f (t  -  bk) +  g{bk)) < lim ( Urn ( M A X ( f ( t  -  bf) +  gn(bi)))) (4)
k-too k-*oo TI-+00 bieDgn

But, the quantity \imn^ o0( M A X b.eDgn( f ( t - b i)+gn(bi))) is independent of k. Therefore 

the equation (4) becomes

lim {f(t  -  bk) +  p(bfc)) < lim (M A X (/(t -  fej) +  gn{bi))) (5)
K —*0O 71—>00 b i ^ D g n

The equations (3) and (5) imply

V6 € Dg f{ t  - b ) +  g(b) < lim ( M A X ( f ( t  -  h)  +  &,(&,-))) (6)
n->oo 6,-eD^

The equation (6) is true for all b G Dg, in particular it is true for the m axim um . Hence 

M A X ( h ( t )  + g(b)) < lim ( M A X ( f k (t) + 9 ,(b,))) (7)
b€Dg n—> 0 0  bî Dgn

(5) Now, it will be shown that

lim M A X { f bi{ t )+gn{bi)) < M A X ( f b(t) + g(b))
n-*oo 6,-ePjn beDg

By construction of function <7„(®),

9n(bi) = g(bi) for all b{ G Dgn 

By adding f ( t  — bf) to each side of the above equation, one obtains

f { t  ~  h)  +  gn{bi) = f{ t  -  bi) +  g{h) for all b{ G D9n
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But

Vk € Dgn f ( t  -  bi) + g(bi) < M A X { f { t  -  h)  +  gn(bi)) (8)

Since D9n is a subset of Dg, one has

M A X { f { t  -  k )  +  gn(bi)) < M A X ( f ( t  - b )  + g(b))
6,ei>Sn beDs

Therefore

lim M A X ( f bi(t) + gn(bi)) < M A X ( f b(t) +  g(b)) (9)
n-*oo bitDgn b€Da

The conclusion follows from equations (7) and (9) .

lim M A X ( f ( t  -  bi) +  gn(bi)) =  M A X ( f ( t  -  b) + g(b))-,
7i—+oo bi€Dgn b€Dg

Hm V { f ,g n) = V ( f , g )
n —> oo
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figure 4.2.1 Illustration o f Pointwise Convergence

N=5

f ( x )=x  gs(x) = x2 Ds(f,g)

N= 10

/
*

*
s

f(x) = X g i o ( x )  =  X 2 D10(f,g)

N= 20

/

/ , . , ,

f(x) = X g20(x) =x D M

ANALOG

f (x)=x g(x)=x D(f,g)



4.3 Stepwise Convergence o f the Dilation

56

The next theorem is the second version of theorem ( 4 .2 .2 ) .  The sequence {<7n(® )} is 

obtained using the stepwise approximation method.

Unlike the pointwise method, where the equality of the domain of T>(f, gn) and V ( f ,  g) 

is not obvious. Here the equality of the domains is straightforward, due to the fact that 

in the stepwise approximation the sequence {< 7n(* )}  of step functions are constructed from 

the disjoint intervals whose union equals the domain of the function g(x)

T h eo rem  4.3.1. Let f (x )  and g(x) be two functions in C[a, b], and C[0,1] respectively 

and let {gn(x)} he a sequence of functions derived from the stepwise approximation of 

g(x), then

lim T>(f,gn) = V { f ,g )
71—+OQ

P roof. By applying the definition of the dilation to f  and gn, one obtains

v u ,9 n ) ( t )  = [.e x T s u v ( f x  + gn (x ))m  (1)i€[0,l]

since (f x +  gn(x )) is defined for all x  € [0,1]

[EXTSUVxe[0ti](fx +  5 n(s))](t) is reduced to the supremum of (fx +gn(x )){t) for each 

x G [0,1]. Therefore

V(f,9n)(t) = supx€[0il]( fx(t) + gn(x))

But by construction of the steps functions

{g(xi+1) X i < x <  xi+i 

g(xn) x = xn



57

therefore

f x ( t ) + 9 n ( x )  =  <
' /*(*) +  g(xi+1 ) Xi < x < x i+i

(2)
k / i ( * ) + 0 ( * n )  X =  Xn

Now

|(/x +9n(x)){t) -  (fx +  $(®))(*)| =  If x{t) + gn{x) -  f x(t) -  <7(a;)|
(4)

=  M ® ) -0(®)|

But gn(%) converges uniformly to g(a:), therefore 

Ve > 0, there exists N  > 0 such that n >  N  implies |<7n(®) — <?(*)| < e V® € [0,1] (5)

the equation (4) and equation (5) imply

{fx + 9n { x ) ) { t )  converges uniformly to {fx +  g(x))(t)

, and

sup(fx(t) +  gn(x)) converges uniformly tosup(fx(t) +  g{x))

, therefore

lim V { f ,g n) = V{f ,g)
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Figure 4.3.1 Illustration of Stepwise Convergence
N=5

f(x) = * g5 = x2 Ds(f,g)

N= 10

f(x)=x gw = x2 D,o(f,g)

N= 20

ANALOG

f(x) = x D(f,g)
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C hapter 5. 
Convergence of Morphological 
Operations: Erosion

5.1 Introduction

The erosion operation is dual to the dilation operation. The definitions and properties 

of the erosion mirror those of the dilation. The concept of "pointwise or stepwise conver­

gence" are similar to those of the dilation. One major difference, is the relationship that 

must exist between the domains of the function to be eroded and the structuring element. 

Unlike the dilation, the erosion is not defined if some conditions are not met.

In this section certains related concepts are defined along with their properties and 

examples are given for their illustration.

The second section deals with the convergence of the erosion, in which the structuring 

element gn(x) is derived from the pointwise approximation of an analog function g(x). 

Whereas the third section discusses the convergence of the erosion operation, in which the 

structuring element gn(x) is derived from the stepwise approximation of g(x).

The concept of extended infimum, denoted by I N  I ,  when applied to a collection of 

functions is introduced. It is a function defined pointwise on a union of the domains of a 

collection of functions.

Definition 5.1.1

Given a collection of analog signals {/*}, possibly infinite, the extended infimum of 

the collection {/*}, at a point t, denoted by [lNT(fk) \(t )  is defined as:
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[zar ? ( f km

D efinition 5.1.2

f i n f [ fk(t)] if f k(t) exists for all k
where the infimum is over all such k. 

undefined otherwise1

The erosion is a morphological operation, defined in the case of analog signals as 

follows:

For any two analog signals /  and g ,

S ( f , g ) = I A r n f - x - g ( x ) )xeDf

The following examples show the erosion operations with different type of functions. 

The first example illustrates the erosion of two analog functions, the second the erosion of 

one analog function and one digitized function, and the third the erosion of two digitized 

functions. The procedure is the same and involves horizontal translations and vertical 

translations.

f(x) =x g ( x ) = x - l E(f.g)

Figure 5.1.1 Erosion o f Analog Signals
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5.2.1 Introduction

The Erosion operation is the dual operation to the Dilation. Giving two functions 

f ( x ) and g{x) of domain [a, 6 ] and [c, d\ respectively, the Erosion operation is undefined 

whenever the d — c > b — a, with g(x) the structuring element.

Definition 5.2.1 The erosion operation is defined pointwise as

£{f,g)(t)  =  (  -  g(x)) if f - x(t) -  g(x) exists for all x e Dg
’ 1 undefined otherwise

The domain of the erosion operation is the intersection of the inputs domain. The 

erosion is undefined whenever the intersection of the inputs domain is empty.

5.2.2 Convergence of Domains 

Notation:

Denote by D£(j<g) the domain of £{f,g)

O w - S . 0 ’-

= A w + < ~ * }}
D£(f,9n) =  +  {-bi}}

The following theorem establishes the convergence of domains, in the case of Pointwise 

Approximation

Theorem  5.2.1. Let f (x )  and g(x) be two real functions, with domains D f  =  [a, b] and 

D g  —  [0,1] respectively. I f  gn(x) is a pointwise approximation of  g{x) then

Urn De(f>gn) =  D £(Lg)
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Proof.

Let show that

lim ni.6£> {£>/ +  {-bi}} =  nxeD { D f  +  { -s} }n—>00 * *

Prom the previous section, we have

( ( lim n t e o J D ,  +  { - 6 ,}})') ' =  ( +  { - 6 (}})')c (1 )n —>00 *n n —>oo

Apply Demorgan’s law to the right hand side of the equation

( ( lim nbieDgn{Df + { - 6 i}})c)c =  ( lim UbieDJ { D f  +  {-fc}} )T  (2)
n—>00 5/71 n —>00

Consecutive intervals of the family of intervals ( { D f  +  {—bj}})c have non empty inter­

section since consecutive intervals of the family { D f  +  {—b2}} have non empty intersection. 

(Since 4 n B  =  0 implies A c n  B c, if not Vcc G A  x B  in contradiction with the fact that 

A  and B  have non empty intersection)

We can apply the same result as in the previous section

( lim Ub t D j i D t  + { - « } ) ' ) '  =  (U^ d, ( {D,  +  { -* } } ) ') '71—>00 a *

( Hm + {-6j}})T = nISZ,,(({D/ + {-*}})')'

J i m  +  { —&i}} =  n,i=D,{Df  +  { - ® } }

That is

hm D £ U < g n )  = D e i f < g )

Second proof

De(s,g) =  : Dg +  x  C Df}

D s ( } , g n )  =  {*  : D g n +  x  C D f }



63

Dg„ C D g

By construction of function gn(x), therefore

■̂fln +  ® C D g  +  x

That means

{ x : D 9 n  +  x  C D f }  c { x : D g  +  x C  D f }

Jim {* : D gn +  * C D f }  C { x  : D g +  x  C D f }  (1)

Now let show that

{ x  : D g  +  x  C D f }  C lim ({® : D 9 n +  x  C D f } )
n —► oo

For clarity purpose, let’s adopt the following notation,

A n =  { x :  D 3 n + x  C  D f }

and

A  =  { x  : D g  +  x  C  D f }

hence one has to show that A  C hmn_,oo A n 

Now let y G A,  therefore by definition of A

b + y  € D g  for some b G D g  (2)

Since the set of rational numbers is dense in the set of real numbers R,  there exists a 

sequence of rational {bk} that converges to b, that is
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lim bk = b (3)
k—*oo

By substituting b in equation (2) , and using equation (3), one obtains

lim bk + y € Dg
k —>oo

thus since y is independent of k, one has

lim (bk +  y) € Dg
K—+00

But

bk +  y € lim {Dgn +  y}
n—>oo

by taking the limit as k —► oo,and since the right hand side of the above equation is 

independent of k, one obtains

lim (bk + y) e  lim {D9n + y}
k—* oo n—»oo

hence

b + y e  lim A„(5)
71—>00

It follows from equation (1) and equation (2) that

lim A n — A
n—+oo

5.2.3 Erosion: Pointwise Convergence

The following theorem establishes the convergence of the erosion operation in the case 

of Pointwise approximation

Theorem  5.2.2. let g(x) be a function in C[0,1], and f (x )  be a function defined and 

continuous on a interval [a, b\. Such that b -  a > 1. Let {<?n(a:)} a family o f functions 

derived from the pointwise approximation of g(x), then

lim £( f , gn) = £ ( f , g )



That is {£(/(&), {7„(x))} converges uniformly towards E(f(x),g(x)).
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Proof.

Let gn(x),  D gn =  {bo, bu  b2, . . . ,  bMn}  be the domain of gn(x)  . 

£ ( f , 9 n ) = l M F ( f - t i - g n ( b i))

Because the domain D 9n is finite, the erosion becomes

£(/■«»)(<) =  -  9»(W)W
b i e D g n

=  b,))
bi€Dnn

Now, by hypothesis for all 5, e  D 9n, f ( t  +  6 ,) — g(b{)  exist, therefore

£ ( / .S .) ( ‘ ) =  M I N ( U ( t )  -  g M )
b . Z D g n

W ith that preliminary remark, the proof of the theorem is reduced to show that 

lim M I N ( U X t )  -  gn(bi)) =  M I N ( f - b ( t )  -  g ib))n->oo bitDgn b€Dg

a  ) First, let’s show that

M I N ( f - b(t) -  g(b)) > lim M /W (/_4,(«) -  g,(b,))
b e D g  n -K X >  b i ^ D g n

for all b €  D g, there exists a sequence {bk}  such that lim^oo bk = b . This comes from 

the fact that any real number can be written as a limit of a convergent sequence of rational 

numbers. Or what, amounts to the same thing, from the fact that the set of rational is 

dense in the set of real numbers. Therefore

Vb € Dg f { t  +  b) -  g{b) =  f ( t  +  lim bk) -  g(Um bk) (1)
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But, by hypothesis f (x )  and g(x) are continuous, therefore equation (1) becomes

V6  G Dgf ( t  + b)~ g(b) =  lim f ( t  +  bk) -  lim g{bk) (2)
k—ioo oo

and since Hmjt_,oo f ( t  + bk) < oo and lim^oo g(bk) < oo

using a well known property of the limits (the limit of a sum is the sum of limits) , 

the equation (2 ) becomes

But

\/b G Dg f ( t  + b)~ g(b) = lim ( f ( t  + bk) -  g(bk)) (3)
k —* o o

( f ( t  + h )  ~  ff(bjt)) > lim M I N ( f ( t  +  b{) -  gn{bi))
n-*oo bitDg,,

hence, by taking the limit on both sides as k —» oo, and since the right hand side of 

the equation is independent of k, one has

lim ( f ( t  +  bk) -  g{bk)) > lim (M I N ( f { t  + b{) -  gn{bi)) (4)
fc-*oo n—*00 6i€£>3n

The equations (3) and (4) imply

V6  G Dg f ( t  + b ) ~  g(b) > lim ( +  &,•) -  gn(bi)))
k—*oo 6,-eDjn

Therefore

V6  G Dg, M I N ( f - b(t) -  g(b)) > lim M I N ( f . bi(t) -  gn{bi)). (5)
Tl—*0O 0 ,-e U jn

/3) Now, follows the proof of the second portion of the theorem that is the proof of

lim M W - i .  -  W >  K W - * -  9(1>))1Woo bi^D^ b€Dg



By construction of function gn ( x ),

9 n(bi) =  g(bi) for all bi G D9n

therefore

- gn(bi) = -gibi)  for all bi G D9n 

by adding f ( t  +  bi) to each side of the above equation, we obtain

f ( t  + bi) -  gn(bi) = f ( t  + bi) -  g(bi) for all b{ G D9n

But

V6, G D9n f ( t  + bi) -  g(bi) > M I N ( f ( t  +  b,) -  gu{b^) 

Since D9n is a subset of Dg, one has 

M I N ( f ( t  + bi) -  gn{bi)) > M I N  ( f i t  + b)~ g(b))bi€Dgn beDg

Therefore

lim M I N ( U ( t ) -  g„(b,)) > M I N ( U { t )  -  g(b))n—*oo bitDgn beDg

The conclusion follows from equations (5) and (7) .

lim M I N ( f ( t  + h) -  gn(bi)) = M I N { f { t  + b ) ~  g(b))
n-*oo bie D gn beDg
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Figure 5.2.1 Erosion: Pointwise Convergence

N=3

f ( x )  =  x 2 - 3 x +  2 g3(x) = l - x E3(f,g)

N = 10

gio(x) = l - x El0(f.g)

N= 20

gio(x) = l - x E M

ANALOG

f ( x )  =  x 2-3 x + 2 g(x) = l - x E(fg)



5.3 Stepwise Convergence o f the Erosion
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The next theorem is the second version of theorem (4.2.1). The sequence {<7n(*)} is 

obtained using the stepwise approximation method discussed in the previous section.

The equality of the domains is due to the fact that in the stepwise approximation 

the sequence {<7n(*)} of step functions are constructed from the disjoint intervals whose 

union equals the domain of the function g(x). In fact, for each n the domain of each step 

function gn(x) and the domain of g(x) are equal

T heorem  5.3.1. let g(x) be a function in C[0,1], and f (x )  be a function defined and 

continuous on a interval [a,b]. Such that b — a > 1 , and let {<7n(®)} be a sequence of 

functions from the stepwise approximation of  g(x), then

lim £( f , gn) =  £(f ,g)n—»oo

Proof.

By definition

= [I N F xe[Qtl](f-x -  0n(®))](f) (1)

but

( *n/x€[0,i](/-* -  9n{x))(t) if (/_* -  gn(x))(t) is
[.I N F x&[Qti](f-x ~  fl'n(®))](*) =  \  defined for all x  € [0,1 ] ( (2 )

 ̂undefined otherwise

since

(f - x  ~  9n{x )) is defined for all x G [ 0 , 1 ], it follows from equation (1 ) and (2 ) that

£ ( f , 9n) { t )  =  m / * g [ o , i ] ( / - *  -  9n(x))(t)

but

( f - x  -  9n(x))( t )  =  f - x ( t )  -  9n(x)  

therefore
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£{ f , 9n) { t )  =  m / x 6 [0,l]( / - * ( * )  “  9n(x)  

but by construction of the steps functions

' g{xi+1 ) Xi < x < ®i+i
9n(x) = <

therefore

„ 9(%n) X  =  X n

f - x ( t ) -  g{xi+1) Xi  <  X  <  X i+1 

{ f -x  ~  9n(x))(t )  =  { (3)
f - x ( t ) -  g(xn) x  =  x n

Now

| ( / - x  -  9 n(x))( t )  -  (/_* -  g(x))(t)I =  | / - x ( t )  -  gn(x) -  f - x (t) + g(x)

= -0(® )|

But gn{x) converges imiformly to g(x), therefore

(4)

Ve > 0, there exists N  > 0 such that n >  N  implies |<7„(a:) — g(x)\ < e V® (5)

the equation (4) and equation (5) imply

i f - x  ~  9 n{x)){ t)  converges uniformly to (/_x -  g{x)) ( t ) ,

consequently

i n f { f - x — gn{x)){t)) converges uniformly to m /( /_ x — g(x)){t), therefore

lim S{f ,gn) = £{f ,g)



Figure 5.3.1 Erosion: Stepwise Convergence

N=3

f(x) = x2-3x+ 2 g3(x) = 1-x E3(f,g)

N=10

f(x) = x}-3x+ 2 gw(x) = I-x EI0(f,g)

N=20

f ( x )  =  x 2 - 3 x +  2 gwfr) = 1-x E30(f.g)
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C hapter 6. 
Parallel Im plem entation 
and Applications

6.1 Parallel Implem entation

6.1.1 Introduction

In this section, the block diagram operations used to implement morphological oper­

ation are defined.

Translation operation

For any digital signal /  and fixed integer &, the translation operation denoted by 

TRAN moves the signal / ,  k  units to the right or left depending on whether k is positive 

or negative. It is defined pointwise as

TRAN(/; k)(i) = f ( i  — k)

The TRAN operation is often referred to as horizontal translation.

The Range operation

The range operation when applied to a signal g provides a vector of nonzero values 

attained by g on the co-zero set of g. It is denoted by RANGE

Add operation

The Add operation denotes by ADD, is defined pointwise as follows:

For any two signals /  and g

ADD(f \g){t )  =  /(*) +g(t)
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M ax operation

The Max operation is also defined pointwise as follows:

Given two signals /  and g,

{maximum(f ( t ) ,g( t )) if /  and g are defined at t
f ( t ) if f ( t )  exists and g{t) does not

g(t) if g(t) exists and g(t) does not
undefined otherwise

M in operation

The Min operation is also defined pointwise as follows:

Given two signals /  and g,

M i n t  f  n \ ( + \  — /  ,minimum(f ( t ) ,g( t )) if /  and g are defined at t  

’ I undefined otherwise

Offset operation

The offset operation consists of shifting the function vertically, it is denoted by OFF­

SET and defined as follows:

OFFSET ( /;i) (s )  =  / ( * ) + *

Dom ain operation

The domain operation returns a domain of its argument which is a function. It is 

denoted by DOMAIN and is defined as follows

DOMAIN(/) =  Df
N egation operation

The negation operation is denoted by SUB negates signal, and it is defined by



[SUB (/)](p) =  - f ( p )

180° degrees rotation operation

The 180° rotation operation is denoted NINETY2 or N2. For any signal /

NINETY2 (/)  (n) =  / ( - n )

For any signal h with domain Dh, the reflection through the origin of 

h, denoted h, is defined by h(t) =  —h(—t ) for any t  £ Dh = —Dh

JU M P  o p era tio n

The JUMP operation returns the set of points of discontinuities of a function, 

instance given a step function

{ d ( , a i + 1) a i  —  •*̂ ai+l

9(dn)  ® =  an

JUMP(p„) =  { a i , 0 2 , . . . , O n }
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6.2 Dilation and Erosion: Parallel Implem entation

6.2.1 D ilation  

Pointwise Digitization

Let /  be an analog signal and gn a pointwise approximation of a function g €. C[0,1]. 

With
gj x \ = /  9(x) if x e P n
n I imdefined otherwise

with Pn =  {ai, a 2 , . . . ,  On} a subset of [0,1]

Since the domain of gn is finite, the dilation can be expressed as

V ( f , g n)(t) = M A X ( f bi(t) + gn(bi))
0 ,'

This can be computed in parallel with the following block diagram

DILATION

DOMAIN

RANGE OFFSET

MAX

TRANS

TRANS OFFSET

OFFSETTRANS

Figure 6.2.1 Parallel Implem entation o f the dilation: Pointwise



By construction

g fx \ = /  9(x) if x e P n 
n I undefined otherwise

Where Pn is a partition of order n  of the domain of g(Dg = [0,1]). The elements o's of 

Pn are used to determine the amount of vertical translation, they are fed into the TRAN 

blocks along with the function / .

The elements b[s with bi =  gn{a-i) are used to determined the amount of horizontal 

translation, defined by the OFFSET blocks.

They are fed into the OFFSET blocks along with the result from the TRAN blocks. 

The maximum is then taken over all OFFSET blocks.

Stepwise D igitization

The parallel implementation in the stepwise digitization case is done in a similar 

fashion.

DILATION

RANGE

JUMP

OFFSET

OFFSET

OFFSET

TRANS

TRANS

TRANS

MAX

Figure 6.2.2 Parallel Implem entation o f the dilation: Stepwise

By construction of the step function, one has
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{9 ( a  i + i )  a i < x <  O j+ i

g{on) x = an 

The domain of g(x) is partitioned as before, therefore

P n =  { f l i ,  Q>2i • • • t O’n}

. Instead of being the domain of gn(x) as in the case of pointwise digitization, is the set 

of points discontinuities. Those points of discontinuities determine the amount of vertical 

translation, they are fed into the TRAN blocks along with the function / .  Therefore in 

the case of stepwise digitization, the block diagram that implements the parallel algorithm 

does not have the DOMAIN block. The rest of the algorithm is exactly as above

6.2.2 Parallel Implementation: Erosion 

Pointwise Digitization

Recall from chapter 5, that the erosion operation is defined pointwise as

£ ( f , g ) ( t )  = (  i n f x e D g ( f - x ( t ) -  g(x)) if /_*(*) -  g(x) exists for all x £ Dg 
I undefined otherwise

And for a digitized function gn with finite domain D3n, the erosion becomes

£ ( f , 9 n K t )  =  X M H f - b i  -  9 n ( b i ) ) ( t )
° i€ £ > s n

= M I N ( f - bi( t ) - g n(bi))

The parallel implementation involves, taking the domain the function NINETY2 (#n), 

which results in —D9n.

The elements of —D3n are then fed into the TRAN’s blocks along with the function 

to be eroded. Basically, the output of each TRAN block i is
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TRANS
rV

OFFSET

b,
TRANS OFFSET

EROSION

NINETY2

9n

DOMAIN
MIN

SUB ------- RANGE TRANS OFFSET

Figure  6.1.1 P ara lle l Im plem en ta tion  o f th e  erosion: Pointw ise

f-bi(t) = f { t  + h )

Meantime, the function gn is negated by the SUB block, and the range is taken and fed in 

parallel into the OFFSET blocks along with the output of the TRAN block. The output 

of each OFFSET block i is,

~  9n{h)

The minimun is then taken by the MIN operation, resulting in the erosion of /  and g. 

Stepw ise D ig itization

The parallel implementation for the erosion, when a staircase digitization is performed 

on the structuring element, is similar to the pointwise case. Except that, instead of taking 

the domain, which is in this case infinite, the points of discontinuities are taken. This is 

done by the JUMP block.
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EROSION

SUB

JUMP

RANGE

NINETY2

TRANS OFFSET

OFFSET

TRANS

TRANS

OFFSET

MIN

Figure 6.2.4 Parallel Im plem entation o f the Erosion: Stepwise

6.3 APPLICATIONS

6.3.1 M edical Imaging

One of the major areas of use is for X-ray maps. These are usually so sparse that 

even though they are recorded as grey scale images, they are virtually binary images 

even before thresholding because most pixels have zero photons and a few pixels have 

one photon. Regions containing the element of interest are distinguished from those that 

do not by a difference in the spatial density of dots, which humans are able to interpret 

by grouping operation. This very noisy and scattered image is difficult to use to locate 

feature boundaries. Dilation may be able to join points together to produce a more useful 

representation.

Other images from the light and electron microscope sometimes have the same essen­

tially binary image as well. Examples include ultrathin biological tissue sections stained 

with heavy metals and chemically etched metallographic specimens.

The dark regions are frequently small, corresponding to barely resolved individual 

particles whose distribution and clustering reveal the desired microstructure (membranes
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in tissue, eutectic lamellae in metals, etc.) to the eye. As for the case of X-ray dot maps, it 

is sometimes possible to utilize dilation operations to join such dots to form a well-defined 

image.

Erosion and dilation procedures are often used in combination with Boolean combi­

nations for features identification and filling.

6.3.2 Compression

The erosion and the dilation operations are applied to the compression through the 

morphological skeleton. Which is a thin line caricature of a binary image which summarizes 

its shape and conveys information as to its size, orientation and connectivity.
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The parallel implementation of morphological operations detemines the number of 

processors needed to approximate analog signals.

The Convergence Theorems show that the intuitive idea that one would have, that 

the approximation depends on the number of processor is mathematically sound. At least 

theoritically it depends on the way the domain of the function is partitionned.

This work not only, is a contribution to the mathematical morphology, but also invites 

other research topics such as "Bound on Errors on Morphological Operations Approxima­

tion"
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