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Abstract

CONVERGENCE OF MORPHOLOGICAL OPERATIONS
PARALLEL PROCESSING IMPLEMENTATION

by

Jean-Claude Ngatchou

Adviser: Professor Charles R. Giardina

Two primitive morphological operations are considered: Dilation and Erosion. The
Convergence Theorems are established for analog signals. The same concept can readily
be generalized to image of higher dimension by increasing the spatial domain.

Given two continuous functions f(z) and g(z) of domains [a, b], and [0, 1] respectively,
a family of partitions is generated from the domain of g(z). A sequence of functions g, (z)
is then constructed both "Pointwise " and "Stepwise" from that family, which are shown
to converge uniformly toward g(z). The Convergence Theorems for the dilation and the
erosion, stipulate that the limit of the dilation (erosion) of f(z) by g,(z) as n approaches
infinity is the dilation (erosion) of f(z) by g(x). In the process of proving the Convergence
Theorems, it is shown that the limit as n approaches infinity of the domain of dilation
(erosion) of f(z) by gn(z) equals the domain of the dilation (erosion) of f(x) by g(z).

Finally, in each case a parallel algorithm is designed using a block diagram. It turns
out that n can be viewed as the number of processors needed to approximate the dilation
(erosion) of f(x) by g(z) by the digitized version, that is the dilation (erosion) of f(z) by

gn(z).
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Chapter 1.
Morphology in Image Processing

1.1 Introduction

In general, the term morphology refers to the study of form and structure. Morpho-
logical operations are those operations that act upon the form or the structure of a given
image or signal, usually relative to a predefined image termed as structuring element. In
this chapter and in the subsequent chapters, an image is defined as a subset of R? and a
signal is defined as a real function.

In this chapter some of the most important morphological operations are introduced:
Dilation, erosion, opening, closing and skeleton. The first two operations, dilation and
erosion, are often referred to as primitive operations, because of the roles they play in
image or signal processing. In fact, all other morphological operations can be expressed in
terms of dilation and erosion by functions composition. opening, closing and skeleton are
examples of how other morphological operations can be expressed in term of dilation and
erosion. This underlines the importance of the dilation and the erosion in image processing
and justifies the choice of the dilation and the erosion for the study of convergence.

The subsequent chapters deal with the dilation and the erosion of the signals. In
this chapter morphological operations are introduced in an Euclidean setting, because it
provides a better intuitive and visual understanding of the operations.

The final section, is on the convolution of signals. A parallel algorithm for approximat-
ing continuoﬁs convolution is given. A Block Diagram to implement the parallel algorithm
is introduced. The parallelism is exploited to speed up the computation of the convolution.
More importantly the theory and the practice are in agreement through the proof of the

convergence.




1.2 Primitive operations

The dilation and the erosion are formed under functions composition using the union,
intersection, translation and rotation operations. The later operations are sometimes called

fundamental operations.
1.2.1 Dilation

In the Euclidean setting, given an image (subset) A of R?, the translation of A by the

point z in R? is defined by

A+z={a+z:a€ A}

The dilation, also called Minkowski addition, of two images A and B, is denoted by D(A, B)

or A® B. It is defined as the union of all translates of A using the elements of B. that is

AeB= U{A+b}
beB

Example: 1.2.1.

Let
A={1,-1,2}

and

B =1{0,2,3,5}

To find the dilation of A by B we first find all translates of A by elements in B:

A+0={-1,1,2}
A+2=1{31,4}

A+3=1{4,2,5}




A+5=16,4,7}

the dilation is obtained by forming the union

(A+0)U(A+2)U(A+3)U(A+5)={-1,1,2,3,4,5,6,7)}

The following example illustrates the effect of the dilation in an Euclidean setting:

Example 1.2.1.

A B

figure 1.2.1 Dilation of an Image

The structuring element B is centered at the origin, the dilation of A by B is obtained
by rolling the center of the circle about the sides of the image A and the dilation is given

by outer track of the points on the circle.
Both examples show that the dilation operation expands the image. In the first case,
elements are added to the original set A, and in the second example, the image is expanded.
1.2.2 Erosion

The dual operation to the dilation is the erosion. It is defined in terms of the
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Minkowski subtraction A © B. Which in turn, is a binary operation obtained, for any
two images A and B in R2, by taking all translates of A by every element of B and then

taking the intersection. That is

AeB =bQB{A+b}
The erosion of A by B is defined by

£(A,B) = Ao (-B).

B is called the structuring element and —B = {—b, b € B}.

figure 1.2.1 Erosion of an Image

Eroding an image by a structuring element B has the effect of "shrinking" the image
in a manner determined by B. The erosion of A by the structuring element B is obtained
by rolling the disk inside the pentagon, and the erosion is given by the shaped delimited

by the path of the center of the circle.




1.3 Opening and Closing

1.3.1 Opening

The opening is the combination of an erosion followed by a dilation. That is
O(A, B) = D(£(4, B), B)

It can be shown that the opening of A by a structuring element B is the union of all

translates of B that are subsets of A [3]. In other words
O(A,B) =U{B+z:B+=z C A} (1)

Figure 1.3.1 shows the opening of an image A by an image B, by first eroding A by
B and then finding the dilation of the result by the structuring element B. Notice that
the same result can be obtained by rolling B about the inside of A, and the opening is the

outertrack of the circle.

o
4
B

A ’ &(A, B! \ ;

0iA B)

Figure 1.3.1 Opening Operation

1.3.2 Closing

The closing operation is the opposite of the opening operation, in that it is obtained




by first dilating and then eroding. That is

C(A, B) = £(D(A, ~B), —B)

By applying the Demorgan’s Law to equation (1), one obtains another characterization of
the closing

E(A,B)=n{(B+1)°: B+z C A%} 2)

Figure 1.3.2 illustrates the closing of an image A by an image B by first dilating and then

eroding. w ¢
a : LY
y ) o\ /\ \ o
A /i N\
: \ // ; ~,\v/ ‘ I
v |
L |
A

DIA, ~B) C(A, 8!

o

Figure 1.3.2 Closing Operation

The same result can be obtained by rolling B around the outside of A. The inside-
outside duality between the opening and the erosion is formalized in equations (1) and (2)

above.

1.4 Skeleton

The skeleton is another example of morphological operation that can be expressed in

term of dilation and erosion. The skeleton thins an image by creating an archetypal stick
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figure of the image. The Euclidean skeleton of a set S is defined in the following
manner. For each « in S, let D(x) denote the largest disk centered at x such that D(x) is
a subset of S. Then z is in the skeleton of S if there does not exist a disk D;, not necessarily

centered at x, such that D; properly contains D(z) and such that D; is contained in S.

Figure 1.4.1 Skeleton of an Image

The following formula characterizes the skeleton in terms of the opening and the

erosion.

skeleton(T') = Maxz{O[£(T, D;), Do) AE(T, D;)}

Where D; denotes the disk of size i. The Maxz opcration denoted by V in the block diagram
is defined as follows:

maximum(f(z),g(z)) if f(z) and g(zx) exists

_ ) f(=z) if only f(z) exists
Maza(§,9)(z) g(z) if only g(z) exists
undefined otherwise

and the Min operation denoted by A, is defined as follows

. _ [ minimum(f(z), g(z)) if both f(z) and g(z) exists
Min(f,9)(z) = {undeﬁned otherwise
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Figure 1.4.2 Skeleton Operation: Block diagram

1.5 Parallel Convolution Algorithm *
1.5.1 Introduction

The importance of this section lies in the fact that it has provided the original moti-
vation of the topic. The problem can be stated as follows: Given a continuous convolution

h(t) = f = g(t). Is there a digitized version h,(%) of h(t) such that

lim ko (t) = h(t)

n—000
The problem statement is best understood by walking through the following commuting
diagram.

*f

R'x Rt — RE

"
RE liﬁ'lim RE
*/ is Stieljies convolution and A, is the digitizer, they are defined respectively as
follows:
Rt xRF — RE
o (fig) = fxg

*  Class notes by Professor C.R. Giardina




with
frglt) = /_°°f(w)dG(t—x) (1)
R __, pR
A IZ — Iffn (2)

h(t) = /_: f(x)dG(t — ) and h,(t) = /-oo f(x)dGp(t — z)

Gr(z) is an approximation of G(z), such that

lim G,(z) = G(z)

n—00

The above diagram commutes if

lim (4, 0 %)(£,9)(8) = (F % 9)(®) Vt € R

The following remark establishes the relationship between Stieljies convolution and

the regular convolution

Remark 1.5.1

REx RR —y RI

x  (f,9) = fx*g )

with oo
frg(t) = /  fa)glt - a)do

- [ f@as-)
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and

6= [ " g(s)d(s)

A, approximates G(t) by G,(t) such that G,(t) converges to G(t) pointwise.

1.5.2 Parallel Implementation of the Convolution

Case 1: The structuring element is a linear combination of delta functions

Let h be an analog convolution defined as follows

we) = fro® = [ f)glt- o)z

f a continuous real function and g is a linear combination of delta functions. Thus

N
g9(z) = Zané(w ~ by)

n=0

with a, and b, real values. Therefore

N
h(t) = Zanf(t — bn)

n=0

One can obtain the same result by using the block diagram below.

TRANS SCALAR

bD
a
TRANS SCALAR
b, CONVOLUTION
ADD
coz [
Oy
J L@y

RANGE - TRANS SCALAR

N

Figure 1.5.1 Block Diagram for Convolution of Signals
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The set where g has non zero value, is comprised of b, since the delta function has
value zero for z different from b,. In addition the elements of the range of g are the

corresponding a,,.

The co-zero set of a function f, denoted by COZ(f) is the set on which the digital

signal f has non zero value.
COZ(f) = FH(R - {0})
where (R — {0} denotes the set of all real numbers except zero.

The b/, s are used in detemining the amount of translation of the input signal inputted
in the TRAN block. The output of this block is used as input along with a,, to the
SCALAR block, here a simple scalar multiplication of a, with the translated signal is
performed.

Finally, the addition of all the scaled translates is found in the ADD block. The
SCALAR, ADD and the TRAN operations are defined as follows: For any signals f and ¢

SCALAR(f;a)(t) = a.f(t)

ADD(f,9)(t) = f(t) + g(t)

and

TRAN(f; k) (i) = f(i — k)

Some of these operations will be covered in detail in the last chapter.

Case 2: The structuring element is not a linear combination of delta functions
Here is an algorithm for Approximating Continuous Convolution

The parallel algorithm given above can be used for the approximation of continuous
convolution when g is not a linear combination of delta functions. The procedure consists

of finding
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mn®) = [~ f@an(t - )ds
where

My
gn(z) = Z a,6(z — by)

n=0

Two questions immediately come to mind. The first is : How are the values a, and
b, found? The second is: Under what conditions does hy(t) converge to h(t)? The answer

to both questions utilize
G(z) = / g(s)ds
—00
and

G (z) = / _ an(s)ds

The function Gy (z) is a staircase or piecewise constant type function involving My jump
discontinuities and it should be found by approximating G(z) in a pointwise sense. The
points b, at which Gy(z) has discontinuities and the values a, of the jump or salti at the
discontinuities are adjusted for the approximation.

Once this is done, the values b,, are used as inputs to the TRAN blocks and the values
a, are used as inputs to the SCALAR blocks in the parallel specification of figure 1.5.1.

This gives the approximate convolution hpy ().

1.5.3 Convergence of Parallel Algorithm

The following theorem [13] provides a tool in proving the convergence of the parallel

algorithm

Theorem 1.5.1 (Helly’s Second Theorem). Let f(z) be a continuous function defined
on the interval [a,b], and let {g,(z)} be a sequence of functions which converges to a finite

function g(z) at every point of [a,b]. If

b
Y(gn) <K
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for all n, then

b b
lim [ f()dga(@) = [ F(z)dg(o)

Now , utilizing the notation in the last section conditions are given such that if Gy (z)

is pointwise closed to G(z) then hy(t) will be closed to h(t) pointwise. Specifically, if
Aim G (z) = G(=)

and if all the Gy (z) have uniformly bounded total variation that is, there exists a constant

A such that
V (Gr(z) <A

and if f is continuous and vanishing at plus and minus infinity, that is

lim f(z)=0

|&[—00

then

00 b
tim [ f()dGat - 2) = [ fa)dG(t-a)
This follows from the Helly’s Second Theorem.

Example 1.5.2

Here is an approximation and the parallel implementation of
o0
(F*9)®) = [ falalt - a)ds
—00
where

f(w)=1+§ for —2<z<0




and

g(z)=1 for —1<z<1

1. Continuous Version
(F+9)t)= [ flo)gls - a)ds
9(-z) = g(=)

(1 t-1<t-z<t+1
g(t—=) = {0 otherwise

fxg(t)=0 if t+1< ~2 thatis t< -3

and for —2<t+1<0ie -3 <t< -1, we have

t+1 1 (L'2 1
(4 ga)ds —lo+ 215

2
(G P

24+ 2t+1
=t+1+—+:1—+—+1
_ 2 +6t+9

4

=t+1+

therefore

0 ift< -3
(fxg)(t) = { £46040 §f 3 <t <1

Digital Version
G(z) = / o(r)dr
-0
X
= dr

-1
=[r]Z,

=z+1+C
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There exists a staircase approximation Gn(z) of G(x) such that G,(z) — G(z) and
since f(z) is continuous, limjg|_,o f(2) = 0 and there exists A such that V3, Gy(z) < A,
we have

Jm [ : f@dGn(@) = [ : #(2)dG(=)

Parallel Implementation
Approximate G(x) by the following function G,(z) if {b;} is the set of points where
G, is discontinuous and {a;} the set of points such that G,(b;) = a; for each i, then we

have the following parallel implementation.




TRANS SCALAR
bo
TRANS SCALAR
b1
NI
RANGE . TRANS SCALAR
N

Figure 1.5.2 Parallel Implementation of Continuous Convolution

CONVOLUTION

16
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Chapter 2.
Class of functions cp,

2.1 Introduction

The class of continuous functions plays a very important role in signal processing.
Analog signals, such as radio waves, voice and photoelectric waves are represented by
continuous functions. The class of continuous functions defined on the interval [0,1] and
denoted by C[0,1] is considered. The restriction to the interval [0,1] does not restricts
the validy of the theorem to that interval. The extension to any interval [a,b] is readily
obtained by using the following function f(x) = (1 —a)z + bz that establishes a one-to-one
correspondence between [0, 1] and any interval [a, b]

In this section, the notion of partition of an interval is discussed. Its importance is
due to the fact that it lays down the foundation for the approximation of functions.

Of particular importance in the next chapter are the preservation of compactness and

the uniform continuity theorem stated by the following theorems.[5)
Theorem 2.1.1. If K is compact and f is continuous on K, then f(K) is compact.

Theorem 2.1.2. Let f(z) be continuous on [a,b] Then f(z) is uniformly continuous on

[a, b]

2.2 Partitions
2.2.1 Definition

A partition P = {=zg,x;,...,2,} of an interval [a,b] is a finite sequence of points

29, T1,-..,Tp Suchthat a =2 <21 < ... <2, =
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Notice that if P is a partition of an interval [a, b], the endpoints a and b must belong
to P. And also the elements of P, need not be equally spaced.

Example 2.2.1:
Consider the following intervals: [0, 1], [%, 3]

P, = {0, %, %, 1} is a partition of [0, 1], the endpoints 0 and 1 belong to P;. The elements

of P, are not equally spaced.

P, = {1,1,3} is not a partition of {1, 3] because the left endpoint 3 is not an element of
P

P = {%, 1, %, %, 3,3} is a partition of [%,3], the endpoints % and 3 belong to P; and the

elements are equally spaced.

2.2.2 Definition

Let P and @ be partitions of an interval [a, b]. We say that partition @ is a refinement
of partition P if P € Q.

Example 2.2.2:
Po = {a, b}

P, = {a,c,b}
P, = {a,d,c, b}

Py, P, and P, are partitions of the same interval [a, b] ,
P, € P, that is P, is a refinement of Py, likewise P; € P, therefore P, is a refinement of
Py, note that the relation 'P; is a refinement of P; ’ is transitive for, if P, € P, and P €

P; therefore P; € P;, in other words P; is a refinement of P;.
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From the example above, it is clear that P, is a refinement of P;.

The following theorem is the basis of the approximation of functions in the subsequent
chapter. It provides the tool, for equally spaced partitions, and an infinite possibility of

refinement for a given interval.

Theorem 2.2.1. let a < b be real numbers and € > 0. Then [a,b) can be written as a
finite disjoint union, i.e
n

[a,b) = U[a“ia b;)

i=0
with

b—a=Z(bi—ai)andbi—ai_<_e Vi

i=1

Proof:

Choose n so large that Q;:IEZ <€ and b= ai—i—gb_Taz 1<i<na;=0b_; and a) =

Remark 2.2.1
[a, b] = [a,b) U {b}

since [a,b) can be written as a finite disjoint union of intervals, that is [a,b) = Ui_o[a:, b:)
with b, =a; +(b—a)/nand 1 <i<n

therefore
n

[a, 8] = Jla:, b:) U {b}

i=0
Claim: Vi > j ,a; > a;.
It suffices to show that a;+; > a;, V i.
aiy1 = b, = a; + (b — a)/n but b > a therefore (b — a) > 0 and dividing both sides by
the positive integer n, one has (b—a)/n > 0.

Thus a;; >a;Visoa=a;<as<...<ap1<a,=b
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therefore P = {a1,a3,...,a,} is a partition of [a,b].
Example 2.2.1

Consider the following interval [0, 1]
P, = {0, %, %, ey 1‘;1‘—1, 1} is an equally spaced partition of the interval [0,1]. And the
common spacing is provided by the formula —‘59- = 1—;—0. Note that the spacing can be made

arbitrary small by making n arbitrary big.
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Chapter 3.

Approximation of Continuous
Functions

3.0 Introduction

Let f(x) be a real function with domain D; C R. A function g(x) is said to approxi-
mate f(x) within € > 0, if |g(z) — f(z)| < € for all £ € D; or what amounts to the same
thing, if

|lg = flip = sup{lg(z) — f(=)| : x € D} < e

The function f can be uniformly approximated on the domain D; by functions g of
class G, if there exists a sequence of functions in G which converges uniformly on D to f.

Given a function g(z) in C[0,1], a sequence of functions {g,(z)} is constructed that
converges uniformly to g(z). In other words, {g,(z)} approximates g(z)

Two different methods are presented: Pointwise approximation and stepwise or stair-
case approximation. Both methods have in common the subdivision of the interval [0, 1]
into an infinite family of partitions P,. This infinite family of partitions will generate an
infinite family of functions g,(z). As their names suggest, in the pointwise approximation,
the functions g,(z) will have discrete value, whereas in the stepwise approximation the
functions g,(z) are step functions. In each case, it will be shown that the sequence of
functions g,(x) converge uniformly to g(zx).

The first section is the partition of the interval, the notion of partition was first
mentioned in the previous chapter. But this time, the emphasis is to show that an infinite
family of partitions can be constructed from the interval [0, 1]. It is shown that the family
is infinite by establishing an one-to-one correspondence between the family of partition

and the set N of natural numbers.
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During the construction of the sequence of functions g,(z), in the pointwise approxi-
mation as well as in the stepwise approximation, each partition P, will generate a unique
function g;(zx).

In the second section, the Pointwise Approximation concept is formally defined , that
includes the construction of functions g,(z) and the proof of the uniform convergence.

The third section is the definition of the Stepwise Approximation, the constructions

of step functions g,(x), and the uniform convergence of g,(z) towards g(z).

3.1 Family P of Partitions

It is established in chapter 2. (Theorem 2.2.1), that any interval [a, b) can be written
as a finite disjoint union of intervals [a;, a;+1) . The endpoints of these intervals induce an

infinite family of partitions P = {P/s}. Such that:
P, ={ag,a1,as,...,a;}, witha=ay<a;<a2<...<a;i1<a; =b

and
k(b—a)

ar = ax-1 + with 0 < k£ < ¢ and gy = 0.

Example 3.1.1.
Consider the interval [0, 1] and let us find the following partitions:
P,, P, P, Py and P.
Finding partition P;:

ap =0, a,i=ao+i(b—;22 0<i<n
1(b—a)
al=ao+—-T—
1(1-0)
1
1(1—0)
1




Therefore P; = {0,1}

For the partition ps, we have:

a=0,a;=ag+ &2 i=1,2

1(1-0
s =a + 200
1
=0+ 5
_1
T2
2(1-0
ay =ag + ( 2 )
2
=0 + 5
_2
)
=1
Therefore
P, ={0,1,2}
Similarly,
P3={0,%5%71}

P4={01%3%a;;3',1}

P,={0,%,..., &0

23

The next page shows the graphical representation of partitions Py, P, P3,...,Pos.. ..

Note that as n increases, the dots become closer to each other and are equally dis-

tributed on the line segment.




® 0000000000 006000060060

$ 096009009000 0909209050029

Figure 3.1.1 Partition of an Interval
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Remark 3.1.1: In general to each positive integer i, corresponds a partition P;.
Therefore, if P denotes the set of partitions on a given interval [a, b], the following
function:

¢: N — P which maps each integer i to a partition P;, is an one-to-one and onto
function.

Therefore the family of partitions {P;} with i = 1,2,...,n,... constitutes a denumer-

able set.

3.2. Pointwise Approximation
3.2.1 Introduction

The construction of the functions {g/s}, is performed by mapping each partition P;,
to a unique function g;. It will be shown that this process generates an infinite family of
functions {g}s} (Lemma 3.2.1).

The second subsection deals with the uniform convergence, of the sequence of functions
constructed above.

First, it is shown that, the union of domains of the sequence of functions {g,(z)} is

exactly the set of rational numbers in the interval [0,1]. That is
Un>0Dg, = QN [0,1] (Theorem 3.2.1)

with @ the set of rational numbers.
The next theorem 3.2.2 along with its corollary, show that to each rational zj corre-
sponds a infinite sequence of functions g that converges to g(z).

3.2.2 Construction of Functions {g]s}

Given an interval [a, b] and P a family of partitions generated by the method described
above. In the general case, if g(z) is a continuous real function defined on the interval [a, b],

the construction of the family of functions {g;} is as follows:
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To each P; € P, define the domain Dy, of g; to be equal to P;, that is Dy, = P;.
And let g;(z) = g(z) on the domain P,. In other words, the restriction of the function
g(z) to P; equals g;(z).
glp =g; or for all z € [a,b],

undefined otherwise

The following Lemma is a direct consequence of the above construction process. It
establishes a link between the family of partitions P = {P;} and the family of functions
G = {gis}

Lemma 3.2.1. For any interval [a, b], the set of partitions P on [a,b], induces a denumer-

able family of functions G = {gis}, i = 1,2, ....

Proof:

The domain Dy, of each function g;(z) is equal to P; by construction. Therefore the
following function:

o:P—G

which maps a partition P; to a function g; is an one-to-one and an onto function. Since
the family P = {P;} is infinite, therefore the family G is also infinite. Hence the family

G = {g.s} is denumerable.
The same result may have been obtained by considering the function v, which is the

composition of functions ¢ and o

N L op Log

and 7 = o o ¢ an one-to-one function between the set of natural numbers and the

family G of functions induced by the family of partitions P.
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The following example illustrated the functions defined above.
Example 3.2.1

Consider the following function, f(z) = = + 2 defined in the closed interval [0, 1].

Since it is the same interval as in Example 3.1.1, we have the same partitions. P; =

{0,1}

P],t ® [
={0,3,1}

Pz: (] [ 'y
{03 3> 371}

Py e e ° °
{05 45%3 451}

Py o e ° o ®
{01 55%1%)%a1}

Ps: o ° ) ° ) .

The elements in each of the above partitions have been generated by using the formula

k(b -~ a)

ar = a1+ with 0 < k < i and ag = 0.
With 1 =1,2,3,4 and 5 respectively and 0 < k < i in each case.

The function ¢: N' — P in this example is defined as follows:

¢(1) = P ={0,1}

¢(2) = P, ={0,3,1}
¢(3) =P ={0,4,3,1}
¢(4)=P=1{0,3.%.511}
$(5 ) ={0,%,%.5.5. 13



¢(n) = P, ={0,1,... =113

The function ¢(n) maps each integer n to a partition P,

Now for the function o

ooP—gG

Since the partition P; = {0,1} induces the function g;, we have : ¢(P}) =

Likewise partition P = {0, ,1} induces the function gy,

partition P; = {0, %, %, 1} induces the function g3, and so on...

therefore
a(P2) = g2
o(P3) = g3
note:
() — [ f(x) ifrxeh
9:(=) {undeﬁned otherwise
Therefore

o(P;)(z) = gi(z) with g;(z) defined as above
andi=1,2...

Using the function ), we have

PN — P — G

Y1) =co¢(l) =g
Y(2) =00 ¢(2) = g2

Y(n) = oo ¢(n) = gn

28

g1
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Example 3.2.2

Pointwise approximation of the function f(x) = x? defined in the interval [0, 1].

The family P of partitions is exactly the same as in example 3.2.1, since the domain
of the definition is the same.

Function fi(z).

Dy, (=) = P ={0,1}

£1(0) =0; f1(1) =1

Function fy(z).

Dy, (z) = P, = {0, 3,1}

F2(0)=0; fa(3) = 5. f2(1) =1

Function f3(z)

Dy (x) =P ={0,3,3,1}

£(0) =0, f3(3) = 5. f3(3) = §, (1) =1

Function fs(z)

Dy, (z) = Py =A{0, 1, £, 71}

£10) =0, fu(}) = 16, a(3) = 5. fa(§) = £, a()) = 1

3.2.3 Pointwise Approximation: Convergence

The following theorem establishes the fact that the set of endpoints of all partitions

partitions is exactly the set of rational numbers in the interval.

Theorem 3.2.1. The family of partitions {P,} induces a family of functions G = {g.(z)},

whose union of the domains of definition is exactly the set of all rational numbers in [0 1].

Proof:
Let E=Qn{0,1] and Dy, = P, the domain of g,.
First let us show that the union of the domain of functions g/ s is a subset of E.

Choose = € UD,,, there exists at least one k, such that
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i(1-0) _

z € Dy, = P, therefore x = ?

x| es.

for some positive integers i,k with 7 < k.

Hence z €  since it is the quotient of two integers.

Next, since i,k are positive and, because i < k, the quotient % lies between 0 and 1,
that is z € [0,1).

Consequently x € F and therefore UD,, C FE.

Now, let us show that E is a subset of the union of the domain of functions g/,s.
Let = be an element of E, therefore z is an element of both @ and [0 1};
x is an element of (), therefore z can be written as a quotient of two integers say

with n > 0

8
I
33

Since z lies in [0,1], 0 < 2 <1, therefore 0 < m < n. Hence « is an element of P,.
But P, = D, C of U=? D,,.
Consequently, E is a subset of the union of the domains.

Hence the union of the domains of g s is equal to the set of rationals in the interval

0 1].

Theorem 3.2.2. Let q be a prime number and z = 2 € [0 1]. Pis contain = if and only

if k if a multiple of q. That is:
zE€P, &< k=aqa€cZ

proof.

let

T = ‘!; with ¢ prime, z € P, (1)

if and only if

T = 1_;9 with po, k integers and 0 < pg < k (2)
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From equation (1) and equation (2), we deduce the following equality:

s

_ D
=2 (3

By cross multiplying the two members of equation (3), one obtains:

pk = pog (4)

Equation (4) means that p divides pogq,
but ¢ is a prime number by hypothesis, therefore p divides py. Hence, there exists a

positive integer n such that py = np. Therefore equation (4), becomes:

pk = npq (5)

And by dividing both sides by p, one has
k=ng

In other words, if and only if k£ is a multiple of ¢
Q.E.D.
Example 3.2.3.
Consider the following function g(z) = = define in the
interval [0, 1].
P ={0,1}
P, ={0,1,1}
P;={0,3,%,1}
P,={0,%,231}
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% is an element of P,, Py and Ps. and 4,6 are multiple of 2.
Likewise

% is an element of P; and Ps and 6 is a multiple of 3.
Remark 3.2.1

By construction of functions g;s, we have

94(3) = 96(3) = 92(3) = 9(3)-

96(3) = 95(}) = 9(3)

Example 3.2.4

Consider the following graphical representation of partitions P/s, the dots representing

points where k is a multiple of ¢ are on the same vertical.

Corollary 3.2.1. For each rational {z;} in [0 1], there is an infinite family of functions

gis such that g(x;) = g;(zx). that is:
pE=0QU0,1] —¢§

is an onto function.

Proof.

Let zx = 5, by theorem 3.2.2, g;(zx) = g{(zx) if and only if ¢ is a multiple of ¢q. Let
us show that the family {g;} of functions such that ¢ is a multiple of g, is infinite by
establishing a one-to-one correspondence between the set of equivalent fractions to g and

the set of natural numbers. That correspondence follows from the following table

e 23 mo
g 29 3g ng

123...n...
Each denominator in the first line identifies a unique partition, which in turn identifies

a unique function g;. This shows that the family {g;} is denumerable.

Example 3.2.3.

Consider the function g(z) = = defined in the interval [0, 1].




© 0000030060000060060%000000

Figure 3.2.2 Relationship among Partitions of an Interval
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1ep
2e P
Sekp
ien
Note that the denominators 2, 4, 6 and 8 uniquely identify the partitions P, Py, Ps
and P; which in turn uniquely identify the functions g2, g4, g6 and gs respectively.
and we have
e =al) =0G) =aul)=;

Theorem 3.2.3. The sequence {g,(z)} converges uniformly to g(x). That is
Lm gq(x) =g(z) Vaz

proof.

Let us show that, there exists a sequence of functions {g;(z)} which converges to g(z)
at every point of the set E.

Let E = {r¢}.

for k = 1, consider the set By = { gS,l)} of functions of the family G for which g,(x) is
defined.

By construction of g;, g,(ll)('rl) = g(r) for all n, therefore

lim (g (r1)) = g(r1).

n-—»00

Now consider the sequence Ey = {g,(,z)} of functions of the family F; which are defined

at ro

Again by construction of g;, gﬁz) (re) = g(r2) for all n, therefore

Lim (9 (r2)) = g(r2).
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Continuing this process indefinitely we construct a denumerable set of convergent
sequences where each sequence is a subsequence of the preceeding one,

In fact

ExDE,DE;D...E,D...

Therefore, there exists a sequence of functions {g,} that converges to g(z) at every point

of E=Qn|0,1].

For all z ¢ E = QN [0, 1], there exists a sequence of rational {xx} such that

lm 2, == (1)
k—oo
Therefore
g(lim zi) = g(z) (2)
—00

But g(z) is continuous by hypothesis, therefore equation (3) becomes
lim g(z;) = g(z) (3)
By construction,
for all k € E = QnNJ0,1], there exists n such that g(zx) = gn(zx)

thus, from equation(3)
k]im gn(zk) = g(z) (4)
—00

Since a limit is unique, it follows that

lim g (o) = g(a)
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3.3 Stepwise Approximation
3.3.1 Introduction

In this section, the same interval [0, 1] is considered and the family P of partitions P,
is generated as in the previous sections. The function g(z) is defined and continuous on

the interval [0, 1]. Here again, the family P of partitions P/s generates an infinite family

of steps functions {gn(z)}.
As expected, both the family of partitions {F;} and the corresponding set of disjoint
intervals {I;} are used to defined the family of step functions {g;}.

One may recall that

-lji ={a0aa‘13"')a‘i}

with

a=0<a1<...<a;=1

and the interval [0, 1] can be written as a finite union of disjoint intervals I, that is

[0,1) = kLilIk
I = [ag, a1)
I = [a1,a2)
I; = [a;-1,a;)

Note that the refinement of partition P; will result of interval Ij of smaller length.

Therefore the length of the interval can be made arbitrary small by increasing the value

of i.




37

The key theorem in this section states that the sequences of the step functions {g,(z)}
converges uniformly towards g(z). In this introductory section, certains familiar concepts
and theorems are visited. These concepts or theorems are important in the proof of the

main theorem. The final paragraph in this section, is the proof of the theorem.

3.3.2 Construction of functions g,(z)

Let g(z) be a continuous function defined on the closed interval [0 1]. Subdivide the
interval such that

O=x<z1<23< ... <2, =1

And construct the family of step functions {g;(x)} as follows:

For each partition P,, corresponds a step function g,(z), defined as follows:
g(xiy1) fz;<z<zini=12,...n—1
gn(z) = (1)
glz,) ifz=z,
Given a real function f(«x), defined on an interval [a, b], one can construct an infinite
family of steps functions {f(z)}.
Example 3.3.1

Consider the following function f(z) = z* defined on the interval [0,1]. Construct the

first five terms of the sequence of step functions (fy,(x)).
For each of the step function (f;(z)), the corresponding partition I’ is given.
Construction of fi(z).
P, ={0,1}

[0,1) =[0,1]

fl)=1 0<z<1;
fl(””):{f8=1 z=1
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Construction of fa(z).
P, ={0,3,1}
[0,1]=0,3)u(3,1]
- (10

Construction of f3(z).

I

1 1
1 0S$<§
1 l<az<d

Py ={0,3.3,1}

0.1]=[0.Hu5P U
f(l)=l 0<z<i

fa<w>={f<§->=§ t<o<d
fl)=1 5<z<1
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3.3.3 Stepwise Approximation: Convergence

Theorem 3.3.1. Let g(z) be a continuous function defined on the interval [0, 1]. And let
{gn(z)} be a family of steps functions constructed as above. The sequence of step functions

{gn(z)} converges uniformly toward g(z).
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Proof.
The interval [0, 1] is compact and f(z) is continuous on [0,1}, therefore g(z) is uni-

formly continuous (Theorem 2.1.2). Hence

Ve > 0, there exists 6(€) such that |z — y| < §(¢), implies |[g(z) —g(y)| <e (1)

Refine the partitions such that

|z —y| < &(e) (2)

whenever z,y belongs to the same subinterval I, k= 1,2,...

Vz € I, gn(z) = g(zk) (3)

, by construction of the steps functions. z; € I by construction of the interval I, therefore

|z — x| < 6(€) (4)

In addition g(z) is uniformly continuous, therefore the equation (4) implies that

lg(z1) — g(@) < €

Thus, using equation (3),

lg(zx) — g(z)| <€

Therefore g,(x) converges uniformly to g(x)
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Chapter 4.

Convergence of Morphological
Operations: Dilation

4.1 Introduction

In this chapter, convergence theorem for the dilation operation is presented.

This section consists of definitions, some properties and examples. These examples
provide a visual clue of what will be presented in subsequent sections. For instance, they
provide the representation of the dilation with different class of structuring elements.

The second section deals with the proof of convergence for the dilation, in which
the structuring element g,(z) is derived from the pointwise approximation of an analog
function g(x). Whereas the third section shows the uniform convergence of approximation
of dilation operation, in which the structuring element g,(z) is derived from the stepwise
approximation of g(z).

In what follows, "pointwise convergence of the dilation "

will mean convergence of
the dilation operation in which the structuring element is a pointwise approximation of an
analog function and "stepwise convergence of the dilation " is defined as a convergence of
the dilation operation in which the structuring element is a stepwise approximation.

The concept of extended supremum, when applied to a collection of functions is in-
troduced. The extended supremum denoted by EXTSUP is a function defined pointwise

on a union of the domains of a collection of input functions.

4.1.1 Definition

Given a collection of analog signals { f}, possibly infinite, the extended supremum of

the collection {fx}, at a point t, denoted by [EXTSUP(fr)](t) is defined as:
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sup|fr(t)] if there exists at least on k such that

EXTSUP 1) = fi is defined at t,
[ (F](¢) where the supremum is over all such k.

undefined otherwise
4.1.2 Definition

The dilation is a morphological operation, defined in the case of analog signals as
follows:

For any two analog signals f and g,

D(f,9) = EXTSUP(g: + f())

Remark 4.1.1

a. The dilation operation is commutative, that is

D(f.9) =D(9, f)

that means

EXTSUP(g: + f(x)) = EXTSUP (f: +9())

b. (g9z + f(z)) is a function of ¢t with domain D, + =
c. The domain of EXTSUP(g, + f(x)) x € Dy is equal the union of input domains

The following examples show the dilation operations with different type of functions.
The first example illustrates the dilation of two analog functions, the second the dilation of

one analog function and one digitized function, and the third the dilation of two digitized
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functions. The procedure is the same and involves horizontal translations and vertical

translations.
ANALOG
f) =x g =% D(fg)
Figure 4.1.1 Dilation of Analog Signals
N=

f(x) = x gs(x)=1-x* Dy(£,e)(t)

Figure 4.1.2 Pointwise Dilation

Cla, b] usually denotes the set of real functions continuous on the interval [a, b]. That
notation is adopted, if no confusion arises it may be shortened.
Let f(z) and g(z) be two functions in Cla, b] and C[0, 1] respectively. Let g,(x) be an

approximation of g(z), for n small the dilation of the function f(z), by the function g,(x)
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is dependent of the approximation process as illustrated in the example 4.1.3 below. In
one case gn(z) is derived from the function g(z), using the pointwise approximation and
in other case, it is derived from the function g(x) using the stepwise approximation.

But as shown, by the Convergence Theorems, as n becomes larger and approaches
infinity, the dilation of f(z) by g.(x) converges uniformly to the dilation of f(z) by g(z)
in both cases.

Theorem 4.2.2 states the convergence using pointwise approximation and theorem

4.2.3, the convergence using stepwise approximation.

The following commutative diagram illustrates the process in the case of pointwise
approximation.
In the diagram &, denotes a function from R0 to ROMOU, that maps each function

g € RCO1 to its order n approximation g, that is :

5. REON __, geniol

g gn
and Iy denote the identity function on R0,

The product of functions I x &, is defined as a function
Iy x &2 RElH x REON , RE0] ¢ RRNIOA]

that corresponds each couple of functions (f(z),g(z)) to a couple (Li(f(x)),bng(z)) =
(f(), gn())

D and D’ denote the dilations

To simplify the diagram , further simplication of notation are needed, let C = Ca, b],
C'=C[0,1] and C, = QN [0,1]

Idxé,

R x R® —' R°xRC
l’D l'Dl
R¢

limy oo RC"
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 (1dx8)(f,9) = (£.90)
D(f,02)(8) = EXTSUP(fo(®) + 9(0:)
(T 8)(1,9) = (£.9n)

D(f,0:)(¢) = EXTSUP(fu (1) + 9(8)

The process is similar, for the case of stepwise approximation. The only difference
being that the domain of the approximated function g, and the domain of the original

function g(z) are equal.

Figure 4.1.3. Dilation: Stepwise Vs. Pointwise

N=

) =x gs(x) =x'-1 Dfg)x)
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4.2 Pointwise Convergence of the Dilation
4.2.1 Introduction
In this section, the proof of one version of the main theorem is established. It consists

of showing that

with g, a pointwise approximation of the function g.

Before proceeding with the proof of the Pointwise Convergence, it is necessary to
answer the following question:

" Is the limit of the domain of D(f, g.) as n approaches infinity equal the domain of
D(f,g) ? " Note that if D; and D, denote the domains of the functions f(x) and g(z)

respectively, and Dy, = {ag,ai,...,an} the domain of the g,(x),
The domain of D(f,g,) = Y {Dy + a;} (1)
a;€lg,
and
The domain of D(f,g) = é}') {Ds + a} (2)
atliy

It will be shown that the answer in the case presented here is yes, thanks to the
digitization method. But it is not always the case, as shown in the example (4.2.1).

Example 4.2.1:

Let f(z) be a function defined in the closed interval [0,1]. And g(z) be a function
defined in the closed interval [0,4]. Consider gn(x) a function defined on the set D,, =
{0,2,3,4}.
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Usep,{ Dy + b} = Upejo,y[0, 1] + b = [0, §]

Us,en,, {Dy + ba} = {[0,1] + 0} U {[0,1] + 2} U {[0, 1] + 3} U {[0,1] + 4}
= [0,1] U [2,3] U [3,4] U [4, 5]
= [0,1] U [2,5]

Therefore

Usep, { Dy + b} # Usep,, { Dy + ba}

4.2.2 Pointwise Convergence of Domains

If D, denotes the domain of D(f,g,) that is
D, = Ugep, {D5 + a;}
, and D the domain of D(f, g) that is
D = Ugep,{Dj + a}

it will be shown that
lim D, = lim D

n—oo n—oo
The proof is established in the form of a corollary for the theorem 4.2.1, that deals
with a broader casc. Important results arc discussed in lemma (4.2.1) and lemma (4.2.2).

These lemmas will help establish the equality between the domains.

Lemma 4.2.1. Iftwo intervals [a,b], and [c, d] are such that a < ¢, b < d and [a, b]N[c, d] #
0 then [a,b) U [¢,d] = [a,d].

Proof. Let z € [a,d)], therefore a < x
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case 1. If z < b then z € [a, b] therefore it belongs to [a,b] U [c,d].

case 2. If x > b, z cannot be smaller than ¢. Because by hypothesis, the intersection of
[a,b] and [e,d] is not empty. In other words, there exists ¢ in [a,b]N[c,d], that isa <t < b
and ¢ <t <d. Thus

c<t<band z>b>c. Therefore z € [c,d] C [a,b] U [c,d].

Consequently

[a,d] is a subset of [a,b]U [e,d]. (1)

Next, it will be shown that

[a,b] U [c,d] is a subset of [a,d].

Let = € [a,b] U [c, d] if and only if = € [a,b] or = € [c, d].

if x € [a, b] that means u < x < b, since by hypothesis, b < d, one has a < « < b, that
is z € [a,d].

if ¢ € [c,d] that means ¢ < z < d but a < ¢, therefore a < ¢ < d if and only if

z € [a,d]. Therefore

[a,b] U [c,d] is a subset of [a, d]. (2)

The equations (1) and (2) show that
a,8] U [e,d] = [a,d] (3)
QE.D

Lemma 4.2.2. Let [a,b] be an interval and = a real number,

{la,b] + z}N[a,b] #0 ifandonlyif x<b-a




Proof.

o) First, let show that {a,b] + z N [a,b] # 0 implies that z < b—a

Take y € [a,b] + = N [a, b] that means

y€la, b+ and yE€ a,b]

but y € [a,b] + = implies that y = ¢ + = for some ¢ € [a, b] therefore z = y — ¢.

c=y—t<y—a since a <t<b

and

y—a<b—a since a<y<b

The equations (2) and (3) imply that z < b — a, therefore

[a,b] + N [a,b] # 0 impliesthat z<b—a

B) Now let show that, z < b—a implies that [a,b] +x N [a,b] # 0

& < b— a implies = + a < b therefore [a + z,b] # 0
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(1)

(2)

(3)

Now let t € [a + z, b] since [a + ,b] C [a + z, b + z],t belongs also to [a + z, b+ z].

But t € [a + z, ] therefore a < a+x < t , hence t € [a, b]

Thus ¢t € [a + z,b+ z] N [a, b]
It follows from ) and f) that

[a,b] +zN[a,b] £ 0 ifand only if z<b-a

Corollary 4.2.1. Let [a,b] be an interval,

+1

[a+ <. b+~]N]a+ -
n n n

ifand only if: <b-a

,b+z:1]7é0i=0,1,...,n
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proof.

Notice that

i+1 i+1 i ; 1
s ]=[a+",b+—z‘]+—‘
n n n n

n

(@ + b+

and the result follows from lemma 4.2.2 by setting z = %
o =a+ 4l
and
¥=b+L
That is {[a’, ] +z} N[a',b/] #Oifand only if L =z < ¥ —a' =b—a.

Theorem 4.2.1. Let f(z) be a function defined on an interval [a,b] and let

1 2
Pn ={O,_,_,...,
n'n
be a partition of the interval [0,1]

lim User,{[a,8) + 5} = Uscon{la,b) + 2}

Proof.

The following U,ep, {[a,b] + =} can be rewritten as follows:

{8+ 0} U{le, 8]+ “} Udla 8+ 2}U.. Ufla B+ 2o Ul bl +1) (1)

Since n — oo, it can be made large enough so that % < b— a. And apply Lemma

(4.2.1) and Lemma (4.2.2) to combine as follows

1. 1 2 . 2 -1 —1
[a,]Ufa+ =,b+ =]UJa+ =,b+>]U...Ufa+ —,b+ ~—]U[a+1,b+1] (2)
n n n n n n
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-1 -
n ,b+n 1

1 2 2
[a,b+=]U[a+=,b+=]U...Ua+ JUla+1,b+1]
n n n

n

-1
[a,b+nT]U[a+1,b+1]

[@,b+ 1] = Ugeoyy{[a, b] + =}

Hence

nlingo Umep,,{[a, b] + :1:} = U:ce[O,l]{[a" b] + -'1’}

The following corollary establishes the result mentionned earlier, concerning the do-

mains of the dilations operations

Corollary 4.2.2. Let f and g be two analog signals, with domains D; = [a,b] and

D, = [0,1] respectively. And let g, be a pointwise approximation of the function g, then
The limit of the domain of D(f,g,) = the domain of D(f,g).

Proof.
Let denote by D the domain of D(f(x), g(x)) and by D,, the domain of D(f(z), gn(z))-

Therefore

D = Uzep,{Dy + z}

= Uzepoy{la, b] + «}

and
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D, = U:r.GDg,, {-Df + -'17}

= Uzep,, {[a, b] + =}
But by construction D, = P,, therefore D, = Uyep, {[a,b] + =}

It follows from theorem 4.2.1, that
Ul’GPn{[a” b] + :B} = Uze[O,l]{[a‘a b] + w}

Therefore lim,_,oc D, = D

4.2.3 Pointwise Convergence of the Dilation

Theorem 4.2.2. Let f(z) and g(x) be two functions in Cla,b] and C|0, 1] respectively.
And let {g,(z)} a family of functions derived from the pointwise approximation of g(z),
then

lim D(£, 3.) = D(f,9)

That is {D(f(x), gn(x))} converges uniformly towards D(f(z), g(x)).

Proof.

Let Dy, = {bg, b1, b2,...,bn,} be the domain of g,(z) .

D(fa gn) = S%Zggp(fb. + gn(bz))

Since the domain Dy, is finite, the dilation becomes

D(f, gn)(t) = [g'ggbsmup(fx + gn(bi))](t)
= [EX;?;%" AX (fs; + gn(b:))](2)

but

( MAXyep, (f5;(t) + gn(b;)) if there exists at least
one i such that
[fo + gn(b:)](2) is

[EXb {%JAX (fo; + gn(D:))] () = < defined at ¢,

I where the maximum is
over all such i.
\ undefined otherwise
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But, since f(z) and g(z) are continuous, f,(t) + gn(b;) exists for all b; € Dy , therefore the

dilation is reduced to

D(f’ gn)(t) = JIEJ-AX(fb. (t) + gn(bi))
,'GDg,,,
With that preliminary remark, to prove theorem , it suffices to show that

lim MAX(f5,(t) + g.(b:)) = J\gggX (fo(t) + g(b))

n—oo biGDg,,

a ) First , it will be shown that

J\%re%f{(fb(t) +9(b)) < lim Jg{;gf(fb; (t) + gn (b))

for all b € Dy, there exists a sequence {b;} such that limj_,o, by = b . This comes from
the fact that any real number can be written as a limit of a convergent sequence of rational
numbers. Or what amounts to the same thing, from the fact that the set of rational is

dense in the set of real numbers. Therefore
Vbe Dy f(t—0b)+g(b) = f(t— lim b;) + g(lim b;) (1)
k—o0 k—o0
But, by hypothesis f(z) and g(z) are continuous, therefore equation (1) becomes

Vbe Dy f(t—b)+g(b) = Jim f(¢— by)+ lim g(b) (2)

and since limy_.o, f(t — bx) < 0o and limy_,e g(br) < 00
using a well known property of the limits (the limit of a sum is the sum of limits) ,

the equation (2) becomes

Vb € Dy f(t = b)+g(b) = lim (£(t — bs) +9(bs)) (3)
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But
£ = bi) + 9(bi) < Jim (MAT)(F( — b) + gn(5)

hence, by taking the limit of both sides as kK — oo, one has

Jim (£( = be) + (b)) < lim (Um (MAX(f(t — b:) + ga (1)) (4)

n—00 " b;€Dy,

But, the quantity lim, ..o (M AX tep,, (f(t—b;)+gn(b:))) is independent of k. Therefore

the equation (4) becomes

Jim (F(2 = be) + 9(be)) < J&}go(%%f(f(t = bi) + gn(b:))) (5)

The equations (3) and (5) imply

Vb€ Dy £(t ) +9(t) < lim (MAX(F(t — b) + 9a(6)) (6)

The equation (6) is true for all b € Dy, in particular it is true for the maximum. Hence

J\{ex%;’f(fb(t) +9(b) < nlgrgo(%ng(fb;(t) + 9.(b:))) (7)

B3) Now, it will be shown that

lim MAX(f5.(t) + ga(b:)) < Ablégff(fb(t) +g(b))

n—oo b€y,

By construction of function g,(z),
gn(b;) = g(b;) for all b; € Dy,
By adding f(t — b;) to each side of the above equation, one obtains

f(t - bz) + gn(bi) = f(t - bz) + g(bi) for all b; € Dg"
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But
Vb; € Dy, f(t—b) + g(b;) < Jg{e!gx(f(t — b;) + gn(b;)) (8)

Since D,, is a subset of Dy, one has
— b ) < —
MAX(F(t = b) +9n(b)) < MAX(F( = D) +9(0)

Therefore

lim MAX(fu(t) +9n(b:)) < MAX(£(t) + (b)) (9)

n—oo b;eD,

The conclusion follows from equations (7) and (9) .

lim MAX(f(t — b;) + ga(b:)) = J\gez})ff(f(t —b) +g(b));

n—o00 b;€D,,
lim D(f,ga) = D(f, 9)
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figure 4.2.1 Illustration of Pointwise Convergence

N=
..... L
fo) =x gse) =x° Ds(fg)
N=10
P o
f(x) = x gio(x) =% D,o(f,g)
N=20
v , A
) =x Zalx) =X° Dy(fg)
ANALOG
o) =x glx) =x° D(fg)
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4.3 Stepwise Convergence of the Dilation

The next theorem is the second version of theorem (4.2.2). The sequence {gn(x)} is
obtained using the stepwise approximation method.

Unlike the pointwise method, where the equality of the domain of D(f, g,) and D(f, g)
is not obvious. Here the equality of the domains is straightforward, due to the fact that
in the stepwise approximation the sequence {g,(z)} of step functions are constructed from

the disjoint intervals whose union equals the domain of the function g(x)

Theorem 4.3.1. Let f(z) and g(z) be two functions in Cla,b], and C[0, 1] respectively
and let {g,(z)} be a sequence of functions derived from the stepwise approximation of

g(z), then

lim D(f,gn) = D{f,9)

Proof. By applying the definition of the dilation to f and g,, one obtains

D(f, gn)(t) = [5{’551117’(& + g(2))1(?) (1)

since (f; + gn(z)) is defined for all = € [0, 1]
[EXTSUP c0,1)(fz + 9n(2))](2) is reduced to the supremum of (f; +g.(z))(t) for each
z € [0,1]. Therefore

D(fa gn)(t) = Supa:e[o,l](fa:(t) + gn(m))

But by construction of the steps functions

g(ziy1) = <z <Tip1
gn(w) =

9(zn) z=2,
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therefore
f2(t) + 9(®it1) = <% <@g
fz(t) + gn(z) = (2)
fo(t) +g(zn) =g,

Now
|(fz + gn (=) () — (fz + 9(2))(&)] = | f2(t) + gn(x) — fa(t) — g(z)]

= |gn(z) — 9(=)|

But g, (z) converges uniformly to g(z), therefore

(4)

Ve > 0, there exists N > 0 such that n > N implies |gn(z) — g(z)| < e Vz € [0,1]  (5)

the equation (4) and equation (5) imply

(fz + gn(z))(t) converges uniformly to (f; + g(z))(¢)

, and

sup(fz(t) + gn(z)) converges uniformly tosup(f,(t) + g(z))

, therefore

lim D(f, gn) = D(f,9)




Figure 4.3.1 Illustration of Stepwise Convergence

Ds(f.g)

N=
fix) =x g5= X
N=10
Jix)=x 8= X
N=20

4 — a
J&) =x go=%"
ANALOG

f(x)=x g =x

Dy(f.g)

Dx(fg)

D(f,g)

58




59

Chapter 5.

Convergence of Morphological
Operations: Erosion

5.1 Introduction

The erosion operation is dual to the dilation operation. The definitions and properties
of the erosion mirror those of the dilation. The concept of "pointwise or stepwise conver-
gence" are similar to those of the dilation. One major difference, is the relationship that
must exist between the domains of the function to be eroded and the structuring element.
Unlike the dilation, the erosion is not defined if some conditions are not met.

In this section certains related concepts are defined along with their properties and
examples are given for their illustration.

The second section deals with the convergence of the erosion, in which the structuring
element g,(z) is derived from the pointwise approximation of an analog function g(z).
Whereas the third section discusses the convergence of the erosion operation, in which the
structuring element g,(z) is derived from the stepwise approximation of g(z).

The concept of extended infimum, denoted by ZA/F, when applied to a collection of
functions is introduced. It is a function defined pointwise on a union of the domains of a

collection of functions.
Definition 5.1.1

Given a collection of analog signals {f}, possibly infinite, the extended infimum of
the collection {fx}, at a point ¢, denoted by [ZN F(f;)](t) is defined as:
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inflfe(t)] if fi(t) exists for all k
[INF(f)lt) = where the infimum is over all such k.
undefined otherwise

Definition 5.1.2
The erosion is a morphological operation, defined in the case of analog signals as
follows:

For any two analog signals f and g,

£(£,9) = INF(f = — 9())
ey

The following examples show the erosion operations with different type of functions.
The first example illustrates the erosion of two analog functions, the second the erosion of
one analog function and one digitized function, and the third the erosion of two digitized
functions. The procedure is the same and involves horizontal translations and vertical

translations.

Sfo) =x gl) =x" -1 E(g

Figure 5.1.1 Erosion of Analog Signals
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5.2 Pointwise Convergence of the Erosion

5.2.1 Introduction

The Erosion operation is the dual operation to the Dilation. Giving two functions
f(z) and g(z) of domain [a,b] and [c, d] respectively, the Erosion operation is undefined
whenever the d — ¢ > b — a, with g(z) the structuring element.

Definition 5.2.1 The erosion operation is defined pointwise as

= [ infrep, (F-z(t) — g(z)) if f-2(t) — g(z) exists for all z € D
£(£,9)() = {undeeﬁliled otherwise ’

The domain of the erosion operation is the intersection of the inputs domain. The

erosion is undefined whenever the intersection of the inputs domain is empty.

5.2.2 Convergence of Domains
Notation:

Denote by Dg(;,5) the domain of £(f, g)

Degs,q) = zQJg Dy,

= 0D+ 1)
De(1,9,) = Ny, { Dy + {~bi}}
The following theorem establishes the convergence of domains, in the case of Pointwise

Approximation
Theorem 5.2.1. Let f(z) and g(z) be two real functions, with domains Dy = [a,b] and

Dy = [0,1] respectively. If g,(x) is a pointwise approximation of g(z) then

lim Deg(sg,) = De(y,g)

n—oo
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Proof.
Let show that

nl_u& Ny,eD,, {Df + {—bi}} = r'TxeDg{Df + {—:1:}}

From the previous section, we have

((lim Nyep, {Dy +{=b:}})°)° = (lim (Meep,, { Dy + {-b:}}))° (1)

Apply Demorgan’s law to the right hand side of the equation

((lim Nyep,, {D5 +{~b:}}))° = (lim Upep,, ({Dy +{-b:}})%)° (2)

Consecutive intervals of the family of intervals ({ Dy +{—b;}})¢ have non empty inter-
section since consecutive intervals of the family {D;+{—b;}} have non empty intersection.
(Since AN B = @ implies A°N B¢, if not Vz € A = ¢ B in contradiction with the fact that
A and B have non empty intersection)

We can apply the same result as in the previous section

(lim Upep,, ({Dy + {=b:}})°)° = (Uzen,({Dy + {—=}})°)°
(lim (Neep,, { D5 + {=b:}}))° = Neen, ({Ds + {~2}})°)°
lim Upep,, {Ds +{~b:}} = Neep,{ Dy + {-=}}
That is

lim Dg(frgn) = Dg(.ﬂg)

n—oo

Second proof
De(s,g) = {z: Dg+= C Dy}
Deg(1g,) = {z : Dy, +x C Dy}
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D, C D,

By construction of function g, (z), therefore

Dy, +zCDy+=x

That means

{z:Dg,+xC Ds}C{x:Dy+=z C Dy}
Jililo{w:Dg"-i—:vCDf}C{m:Dg-i—wCDf} (1)

Now let show that

{o: Dy+2C Dy} C lim({z: Dy, + C D))
For clarity purpose, let’s adopt the following notation,
Ap, ={z: D, +z C Dy}

and
A={z:Dy+x C Dy}
hence one has to show that A C lim,_,o An
Now let y € A, therefore by definition of A

b+y € D, for some be D, (2)

Since the set of rational numbers is dense in the set of real numbers R, there exists a

sequence of rational {b;} that converges to b, that is
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lim b = b (3)

k~—o00

By substituting b in equation (2) , and using equation (3), one obtains
lim b, +y € Dg
k—oo
thus since y is independent of k, one has
lim (b +y) € Dg
k—o00

But
by taking the limit as k — oo,and since the right hand side of the above equation is
independent of k, one obtains
lim (b +y) € lim {D,, + y}
k—o0 n—oo
hence
b+y € lim A,(5)
It follows from equation (1) and equation (2) that

lim A, =A
n—oo
5.2.3 Erosion: Pointwise Convergence
The following theorem establishes the convergence of the erosion operation in the case

of Pointwise approximation

Theorem 5.2.2. let g(z) be a function in C[0,1], and f(z) be a function defined and
continuous on a interval [a,b]. Such that b—a > 1. Let {g,(z)} a family of functions

derived from the pointwise approximation of g(x), then

r}l’q}og(fs gn) = S(f’ g)
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That is {E(f(x),gn(x))} converges uniformly towards E(f(z), g(x)).

Proof.

Let gn(x), Dy, = {bo, b1, b2,..., by, } be the domain of g,(z) .

E(f, gn) = %;'é\{)f(f—b; - gn(bi))
Because the domain D, is finite, the erosion becomes
E(f,gn)(t) = %_-é\é}-(f—-bi - gn(bi))(t)
i€Lgn

= %gj(f_b..(t) — ga(b:))

Now, by hypothesis for all b; € Dy, f(t + b;) — g(b;) exist, therefore

E(f,9)(t) = MIN (f-6:(2) — gn (b))

With that preliminary remark, the proof of the theorem is reduced to show that

lim MIN(f_y(t) — ga(b:)) = J\bg)i\’ (f-5(t) — g(b))

n—00 b.'EDg,,

a ) First, let’s show that

MIN(f4(6) = 9(0) 2 lim MIN(f_1,(6) = ga(5))

for all b € Dy, there exists a sequence {bx} such that limy_,o by = b . This comes from
the fact that any real number can be written as a limit of a convergent sequence of rational
numbers. Or what, amounts to the same thing, from the fact that the set of rational is

dense in the set of real numbers. Therefore

Vb € Dy f(t+b) — g(b) = f(t + lim b) — g(lim by) (1)
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But, by hypothesis f(z) and g(z) are continuous, therefore equation (1) becomes

Vb € Dy f(t+b) — g(b) = lim f(¢+bi) — lim g(by) @)

and since limy_,o f(t +by) < 0o and limg_,o, g(bx) < 00
using a well known property of the limits (the limit of a sum is the sum of limits) ,

the equation (2) becomes

Vo€ Dy f(t+b)—g(b) = lim (f(t+bx) — g(bx)) (3)

But
(F(t+b) = 9(62)) 2 Jim MIN(F(t+b) = 9a(8)

hence, by taking the limit on both sides as & — oo, and since the right hand side of

the equation is independent of k, one has

Jm (£(t +be) — 9(be)) 2 lim (MIN(f(t+b:) = ga(b)) (4)

The equations (3) and (4) imply

Vb€ Dy f(t+b) = g(t) > lim (MIN(f(t+b) - gn(8))

Therefore
Vb€ Dy, MIN(f-5(t)—g(b)) 2 lim MIN (f-6.(t) — gn(b:)). (5)

) Now, follows the proof of the second portion of the theorem that is the proof of

n--o0 o;

im (MIN (71, = 9a(b)](8) 2 WLIN (£ — 9(B))(®)
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By construction of function g,(z),
gn(b;) = g(b;) for all b; € Dy,

therefore

—gn(b;) = —g(b;) for all b; € D,
by adding f(t + b;) to each side of the above equation, we obtain
F@E+b;) — galb;) = f(t+b;) — g(b;) forall b; € D,

But
Vb; € Dy, f(t+b;)—g(b;) = %{DN(f(t + b;) — 9.(:)) (6)

Since D,, is a subset of Dy, one has
) — ) > -
MIN(Ft+b) = n(5)) 2 MIN(Ft+1) = o(8)

Therefore

im MIN(f-y(t) — gn(b:)) 2 J\IJJG{)JgV(f—b(t) —9(b)) (7)

n—oo b€y,

The conclusion follows from equations (5) and (7) .

lim MIN(f@ +b;) — g (b)) = ﬂble{i\f(f(t +b) — g(b));

n—00 b;eDy,
lim E(f,9n) = £(f,9)
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Figure 5.2.1 Erosion: Pointwise Convergence

N=

.\/. ————

) =x%-3x+ 2 gix) =1-x E:(g)
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\_/ .

J) =x"-3x+ 2 giolx) = 1I-x Ei (g
N=20
fx) =x-3x+ 2 g () =1-x Ex(fg)
ANALOG

N / ..... N

oo, -

Six) =x"-3x+ 2 g(x) =1-x E¢g
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5.3 Stepwise Convergence of the Erosion

The next theorem is the second version of theorem (4.2.1). The sequence {g,(z)} is
obtained using the stepwise approximation method discussed in the previous section.

The equality of the domains is due to the fact that in the stepwise approximation
the sequence {g»(z)} of step functions are constructed from the disjoint intervals whose
union equals the domain of the function g(z). In fact, for each n the domain of each step

function g,(z) and the domain of g(z) are equal

Theorem 5.3.1. let g(x) be a function in C[0,1], and f(x) be a function defined and
continuous on a interval [a,b]. Such that b — a > 1, and let {g,(z)} be a sequence of

functions from the stepwise approximation of g(z), then
lim £(f, gn) = £(£.9)

Proof.

By definition

E(f, 9n)(t) = [I N Fpeoq)(f-z — gn(2))](2) (1)
but
infxe[o,l](f—z - gn(w))(t) if (f-—a: - gn(m))(t) is
[I N Fyepo,j(f-z — ga(2))](t) = defined for all € [0,1] ( (2)
undefined otherwise
since

(f-z — gn(x)) is defined for all = € [0, 1], it follows from equation (1) and (2) that

g(f1 gn)(t) = infa:e[o,l](f—z - gn(w))(t)
but
(f-2 = gn(z)) () = f-2(t) — gn(=)

therefore




E(f, 9n)(t) = infrefo)(F-z(t) — gn(x)

but by construction of the steps functions

g(zin1) <z <mp
ga(z) =
9(z,) z==z,
therefore
fea() = 9(zi1) @<z <3Py
(f—a: - gn(w))(t) =
f-z(t) — g(zs) T = Tn
Now

[(f-= = ga(2))(2) — (f-= — g(2))(t)| = | F-2(t) — gn(z) — F-=(t) + g(z)]
= |gn(z) — g(z)|
But g,(z) converges uniformly to g(z), therefore

Ve > 0, there exists N > 0 such that n > N implies |g,(z) — g(z)| < € Vz

the equation (4) and equation (5) imply
(f-z — 9n(2))(£) converges uniformly to (f_. — 9(2)) (%),
consequently

inf(f-z — gn(x))(t)) converges uniformly to inf(f-, — g(z))(t), therefore

lim £(f,92) = £(£,9)
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(4)

(5)



Figure 5.3.1 Erosion: Stepwise Convergence
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Chapter 6.

Parallel Implementation
and Applications

6.1 Parallel Implementation

6.1.1 Introduction

In this section, the block diagram operations used to implement morphological oper-

ation are defined.
Translation operation

For any digital signal f and fixed integer k, the translation operation denoted by
TRAN moves the signal f, &k units to the right or left depending on whether k is positive

or ncgative. It is defined pointwisc as
TRAN(f;K)(i) = £(i — k)

The TRAN operation is often referred to as horizontal translation.
The Range operation

The range operation when applied to a signal g provides a vector of nonzero values

attained by g on the co-zero set of g. It is denoted by RANGE
Add operation

The Add operation denotes by ADD, is defined pointwise as follows:

For any two signals f and g

ADD(f;9)(t) = f(¢) + g(t)
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Max operation

The Max operation is also defined pointwise as follows:

Given two signals f and g,

mazximum(f(t),g(t)) if f and g are defined at ¢

M )(t) = f@®) if f(t) exists and g(t) does not
az(£,9)(t) g(t) if g(t) exists and g(t) does not
undefined otherwise

Min operation

The Min operation is also defined pointwise as follows:

Given two signals f and g,

Mi ) = { minimum(f(z), g(t)) if f and g are defined at ¢
in(£,9)(®) {undeﬁned otherwise

Offset operation

The offset operation consists of shifting the function vertically, it is denoted by OFF-
SET and defined as follows:

OFFSET(f;t)(z) = f(x) + ¢t

Domain operation

The domain operation returns a domain of its argument which is a function. It is

denoted by DOMAIN and is defined as follows

DOMAIN(f) = D;

Negation operation

The negation operation is denoted by SUB negates signal, and it is defined by
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[SUB(f)](p) = —F(p)

180° degrees rotation operation

The 180° rotation operation is denoted NINETY? or N2. For any signal f
NINETY?(f)(n) = f(-n)
For any signal h with domain Dy, the reflection through the origin of
h, denoted h, is defined by fz(t) = —h(—t) for any t € D; = —Dy
JUMP operation

The JUMP operation returns the set of points of discontinuities of a function. For

instance given a step function
glaiy1) @<z <ay
gn(.'l)) =

g(an) T = Qn

JUMP(g,) = {a1,a2,...,an}




6.2 Dilation and Erosion: Parallel Implementation

6.2.1 Dilation

Pointwise Digitization
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Let f be an analog signal and g, a pointwise approximation of a function g € C[0, 1].

With
_ [9(z) ifze P,
9n(2) { undefined otherwise

with P, = {aj, az,...,a,} a subset of [0, 1]

Since the domain of g, is finite, the dilation can be expressed as
D(f, 90)(t) = MAX (fs(8) + 9a (50)
i€ Dg,

This can be computed in parallel with the following block diagram

TRANS ] OFFSET

5 TRANS OFFSET
1 DILATION
oo | M

9w
L [y
RANGE ’—‘ TRANS OFFSET
N

Figure 6.2.1 Parallel Implementation of the dilation: Pointwise

o




By construction

gn(w) = {

g(z)

undefined otherwise
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Where P, is a partition of order n of the domain of g(Dy = [0,1]). The elements als of

P, are used to determine the amount of vertical translation, they are fed into the TRAN

blocks along with the function f.

The elements bis with b; = g,(a;) are used to determined the amount of horizontal

translation, defined by the OFFSET blocks.

They are fed into the OFFSET blocks along with the result from the TRAN blocks.

The maximum is then taken over all OFFSET blocks.

Stepwise Digitization

The parallel implementation in the stepwise digitization case is done in a similar

OFFSET

OFFSET

fashion.
f
TRANS
b, e
1.2, |
TRANS
b‘l
Jump
O
L M
RANGE TRANS
bN

By construction of the step function, one has

OFFSET

DILATION

Figure 6.2.2 Parallel Implementation of the dilation: Stepwise
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glair1) a; <z <ay
gn(x) =

glan) T=ans

The domain of g(z) is partitioned as before, therefore

P, ={ay,a,...,a,}

. Instead of being the domain of g,(z) as in the case of pointwise digitization, is the set
of points discontinuities. Those points of discontinuities determine the amount of vertical
translation, they are fed into the TRAN blocks along with the function f. Therefore in
the case of stepwise digitization, the block diagram that implements the parallel algorithm
does not have the DOMAIN block. The rest of the algorithm is exactly as above

6.2.2 Parallel Implementation: Erosion
Pointwise Digitization

Recall from chapter 5, that the erosion operation is defined pointwise as

_ [infrep,(F-=(t) — g(x)) if f-2(t) — g(x) exists for all z € D,
(f9)t) = { undefﬁled otherwise e

And for a digitized function g, with finite domain D, , the erosion becomes

E(f,0)(8) = T (Fb, = (6

=M {)i\/’ (f-&:(2) — 9n(b:))

The parallel implementation involves, taking the domain the function NINETY?(g,),
which results in —~D,_.

The elements of —D,, are then fed into the TRAN’s blocks along with the function
to be eroded. Basically, the output of each TRAN block ¢ is
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TRANS OFFSET
. A
0
TRANS OFFSET
b1
NINETY? DOMAN T . . MIN
/, L L3
SUB |— RANGE - TRANS OFFSET
N

Figure 6.1.1 Parallel Implementation of the erosion: Pointwise

fon(t) = f(t+b)

Meantime, the function g, is negated by the SUB block, and the range is taken and fed in
parallel into the OFFSET blocks along with the output of the TRAN block. The output
of each OFFSET block i is,

F-,(t) — gn(bs)

The minimun is then taken by the MIN operation, resulting in the erosion of f and g.

Stepwise Digitization

The parallel implementation for the erosion, when a staircase digitization is performed
on the structuring element, is similar to the pointwise case. Except that, instead of taking
the domain, which is in this case infinite, the points of discontinuities are taken. This is

done by the JUMP block.

EROSION




9n

79

TRANS OFFSET
Byl
bo
- | 8, |
TRANS OFFSET
b, EROSION
MIN
NINETY? JUMP
J L] 8]
SUB |—— RANGE v TRANS OFFSET
N

Figure 6.2.4 Parallel Implementation of the Erosion: Stepwise

6.3 APPLICATIONS

6.3.1 Medical Imaging

One of the major areas of use is for X-ray maps. These are usually so sparse that
even though they are recorded as grey scale images, they are virtually binary images
even before thresholding because most pixels have zero photons and a few pixels have
one photon. Regions containing the element of interest are distinguished from those that
do not by a difference in the spatial density of dots, which humans are able to interpret
by grouping operation. This very noisy and scattered image is difficult to use to locate
feature boundaries. Dilation may be able to join points together to produce a more useful
representation.

Other images from the light and electron microscope sometimes have the same essen-
tially binary image as well. Examples include ultrathin biological tissue sections stained
with heavy metals and chemically etched metallographic specimens.

The dark regions are frequently small, corresponding to barely resolved individual

particles whose distribution and clustering reveal the desired microstructure (membranes
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in tissue, eutectic lamellae in metals, etc.) to the eye. As for the case of X-ray dot maps, it
is sometimes possible to utilize dilation operations to join such dots to form a well-defined
image.

Erosion and dilation procedures are often used in combination with Boolean combi-

nations for features identification and filling.

6.3.2 Compression

The erosion and the dilation operations are applied to the compression through the
morphological skeleton. Which is a thin line caricature of a binary image which summarizes

its shape and conveys information as to its size, orientation and connectivity.
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CONCLUSION

The parallel implementation of morphological operations detemines the number of
processors needed to approximate analog signals.

The Convergence Theorems show that the intuitive idea that one would have, that
the approximation depends on the number of processor is mathematically sound. At least
theoritically it depends on the way the domain of the function is partitionned.

This work not only, is a contribution to the mathematical morphology, but also invites
other research topics such as "Bound on Errors on Morphological Operations Approxima-

tion"



PLEASE NOTE

Page(s) missing in
0 Fil

number
as

only; text follows.
received.




83
Bibliography

[1] Charalambos D. Aliprantis- Owen Burkinshaw. Principles of Real Analysis. Second

edition. San Diego, Academic Press Inc. 1970

[2] Charles A. Hayes, Jr.Concept Of Real Analysis. New York, John Wiley and Sons,
Inc, 1964

[3] Charles R. Giardina - Edward Dougherty. Morphological Methods in Image and
Signal Processing. Englewood Cliffs, NJ: Prentice Hall Inc. 1988

[4] Charalambos D. Aliprantis - Owen Burkinshaw. Problems in Real Analysis . San
Diego, Academic Press Inc. 1990

[5] Gerald A. Edgar. Measure, Topology, and Fractal Geometry. New York, Springer-
Verlag, 1990

[6] Bernard R. Gelbaum and John M.H. Olmsted. Counterezamples in Analysis. New
York, Holden-Day, Inc. 1964

[7] G.E. Shilov and B.L. Gurevich. Integral, Measure and Derivative: A Unified
Approach. New York, Dover Publication, 1977

[8] Eugene Isaacson-Herber Bishop Keller. Analysis of Numerical Methods. Courant
Institute of Mathematical Sciences NYU. New York, John Wiley and Sons

[9] Charles R. Giardina: Band-Limited Signal Extrapolation by Truncated Bernstein
Polynomials. Journal of Mathematical Analysis and Apglications Vol. 104 NO. 1
November 1984, pp. 264-273 Academic Press

[10] James Kirkwood. An introduction to Analysis. New York, PSW-KENT Pub-
lishing Cie 1989



84

[11] A.N. Kolmogorov and S.V. Fomin. Introductory Real Analysis. New York,Dover
Publication, 1977

[(12] Charles R. Giardina. Parallel Digital Signal Processing - A unified Algebra
Approach. Wayne, NJ. Regency Publishing Co. 1991

[13] Natanson, Isidor Pavlovich. Theory of functions of a real variable. New York,

Frederick Ungar Publishing Co. Third printing 1964

[14] Walter Rudin.Principles of Mathematical Analysis. New York, McGraw-Hill, Inc
1964

[15] Bevan K. Youse. Introduction to real analysis. Boston, Allyn and Bacon, Inc

1972

[16] Charles R. Giardina - Edward R. Dougherty Matriz Sructured Image Processing.
Englewood Cliffs, NJ., Prentice Hall, Inc. 1987

[17] Charles R. Giardina - Edward R. Dougherty Mathematical Methods for Artificial

Intelligence and Autonomous Systems. Englewood Cliffs, NJ., Prentice Hall, Inc. 1988

[18] Golberg R. Richard. Methods of Real Analysis. New York, Blaisdell Publishing
Company 1964

[19] Jean Dieudonne. Calcul Infinitesimal . Paris, Hermann 1968
[20] Olmsted John. Real Variables. New York, Appleton-Century-Crofts Inc. 1959

[21] A.F. Timan. Theory of Approzimation of Functions of a real variable. New York,
MacMillan Company, 1963

[22) Royden H.L. Real Analysis, Third edition, New York, MacMillan Publishing Com-
pany, 1988



85

[22] Bernard Kripke. Introduction to Analysis. San Francisco,CA., W.H. Freeman and

Company 1968

[23] Wilson M Zaring. An introduction to Analysis. New York, The MacMillan
Company, New York 1967

[24] Angus E. Taylor. Advanced Calculus. Boston, Ginn and Company 1955

[25] John M.h. Olmsted. Advanced Calculus. New York, Appleton - Century-Crofts,
Inc 1961

[26] Leopold Flatto. Advanced Calculus. Baltimore, MD., The Williams and Wilkins

Company 1976

[27] Devore Ronald A. The approzimation of continuous functions by positive linear

operators. Berlin, New York - Springer - Verlag 1972

[28] John C. Russ The Image Processing Handbook. Bocan Raton, FLA., CRC Press
1992

[29] William H. Murray - Chris H. Pappas. Using Visual Basic. New York, Addison-
Wesley Publishing Company, Inc. 1992

[30] Ross Nelson. Running Visual Basic for Windows. Redmond, Washington, Mi-
crosoft Press 1993



