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ABSTRACT
ON THE ASYMPTOTIC THEORY OF THE BOOTSTRAP
by

Miguel A. Arcones

Adviser: Professor Evarist Giné

This dissertation is a compilation of five papers by the author of this thesis and his advisor
about the bootstrap of the central limit theorem in different situations.

The first chapter is an introduction to the topic.

The second chapter continues the work of Giné and Zinn (1990) on the bootstrap of the mean
in the absence of second moment. The case of finite second moment was studied by Bickel and
Freedman (1981). Giné and Zinn showed that if the bootstrap holds in probability then X must
be in the domain of attraction of a normai law and if it holds a.s. then EX? < co. Athreya
showed that if X is in the domain of atraction of any stable law, then bootstrap CLT holds in
probability if the bootstrap sample size is taken to be much smaller than n, namely if m,/n — 0.
Here we show among other results, that
1) if X is in the domain of attration of a normal random variable the bootstrap always holds in
probability and that
2) if X is in a domain of atraction of a stable law and EX? = co, then bootstrap CLT holds a.s.
if m, loglogn/n — 0 and does not hold a.s. if sup m, loglogn/n > 0.

3) the convergence of boostrap moments.
In the chapter III we examine the bootstrap of U and V statistics particulary in the degenerate

case. The nondegenerate case was studied by Bickel and Freedman. Regarding to the degenerate

v
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case, Bretagnolle showed that the naive bootstrap also holds a.s. for U and V statistics under
some additional conditions on the moments if m,/logn — 0. Here we present a modified
bootstrap CLT that holds a.s. for any m, in particular for m, = n under weak integrabiblity
conditions. The modification consists in bootstrapping the first term of the Hoeffding expansion
with respect to P,. Some applications to testing are given.

The chapter IV deals with the bootstrap of a test of symmetry. We give mathematical
Justification to tile method used in Barker and Schuster (1588). Here. the data must be modified
before bootstrapping and in this sense the situation is not standard. Our tests would be a
particular case of a general class of tests of Romano (1988), if the centering parameters had some
good differentiability properties, but they do not. Moreover we give 3 other different tests.

Finally chapter V contains the bootstrap of some M-estatistics whose asymptotics can be
deduced from the theory of empirical measures, through the results about the bootstrap of
empirical measures in Giné-Zinn (19902). The M-estimators we consider are in the framework of
Huber (1967) and Pollard (1985). They cover most M-estimators used in practice. We obtain,
as examples of the general theory, the a.s. bootstrap of the spatial medians, k-means and Huber

estimators.
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CHAPTER 1

INTRODUCTION TO THE BOOTSTRAP CENTRAL LIMIT THEOREM

1. A framework for the bootstrap.

In his landmark 1979 paper, Efron introduced a resampling method for the approximation of
the distribution of statistical functionals, the bootstrap. Since then this method has been widely
applied and thoroughly studied. This thesis is a contribution to the study of the bootstrap
in situations which are not completely standard. Most of the results have been obtained in
collaboration with Evarist Giné and constitute five articles, one of them already published. We
obtain a better understanding of the asymptotic theory of the bootstrap than our predeccesors
did in each problem we treat.

Let us start by introducing this statistical method. Suppose that we have an estimator
Tn(X3,...,Xn)- The bootstrap method consists of, given a sample X1,..., X, , take Xp1s--1Xmn
iid. r.v. with law P,(w) = n71 377, 6x, and then find 7,(X¥,,..., X¥,) as an approxima-
tion of Tn(Xa,...,Xn). Wecall X, ..., X%, the bootstrap sample and Tn(X¥,,...,X¥,) the
bootstrap estimator.

Next, I will show a way to construct the bootstrap samples. Suppose X, : (2,4, P) — (S, S)
are independent identically distributed (i.i.d.) random variables (r.v.) where S is a metric
space with the Borel o-algebra. Consider also ([0,1],B ,A) and & : [0,1] — [0,1] (&) is a
sequence of iid. r.v. with law U[0,1]. Then for each n,m,w we can obtain Xy,..., X%,
with law P, = n~13 ", 0x, in the following way: for each ¢ € [0,1] define X2:(t) = X if
&@) e(k—-1)/n,k/n)fork=1,...,n.

Suppose that we have an estimator T, so that T,,(X1,...,X,) =, To weakly in S. We

expect that the distribution of the bootstrap estimator, conditionally on w, is close (in an ap-
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propiate sense) to the distribution of the original estimator. We are going to make sense of
Ta(XZ 1, X0 0) £, Ty in two ways. Take any distance D that metrizes the weak topology in
S. Conditionally on w £ (Tn(X7 1, - -, X5 ) is alaw in S. Then D(L (Tn (X 5, -, X% ), £ (To))
is a function from Q to R. Note that maybe it is not measurable. Given a function f: Q — R
we call f* the upper measurable cover of f. If

(1.1) DL (Ta(XZ 15---» X n), £ (To)) — 0 as. then we talk of a.u. (almost uniformly)
bootstrap.

By proposition 1.1 in Dudley (1985) (1.1) is equivalent to the fact that for any €
P*{ 5UPn3m D(L (Ta (XS, X), £ (T0)) > €} —0.

Note that this definition makes sense because it is independent of the metric we take. If D;
and D, are two metrics for convergence in law in S, then for each X and € > 0 thereisa § > 0
so that if D,(£ (X), £ (Y)) < 8 then D2(L (X), L (Y)) < ¢. Therefore
P*{ suPnm Do(Ta(X&1, - X40), T0) > €} < P*{ 5Bz D1 (Ta(X&n, ., X), T0) ) > 6}.

If the r.v.’s X; take values in a a separable metric space (S,d) then there is no measurability
problem because there is a countable class of bounded continuous functions F so that
||P — Qllx := sup sex [P f — Q f| is a metric for the weak convergence. Then
DL (Ta(X8 1, - X20), £ (To)) = sup ger N 57 s o1 F(Ta(Xiy oo, X)) — EF(To)] s
measurable.

Let us see that such a collection of functions exist. Take a countable dense set C in S. For
each z3,...,2m € C p1,...,pm € QY , ¢ <1, and ¢ € QF define O = U, B(zj,p;) and
f(z) = (¢ — d(=,0))*. Call F the class of all functions formed in this way. Since ¥ C BL,
where BL; = {f : f : S — R, sup¢|f(t)] <1 and sup,;|f(s) — f(t)| < d(¢,s)}

P, <+ P implies [P, — P||» — 0.

Conversely supose ||P, — Pl| — 0. Take an open set G in S. Order CNG = {z;}. If
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¢ ==sup{e : B(z;,6) CG}ifz; EGand ¢ :=0if z; € G then G = Us21B(zj,¢;). We can take
m and 0 < p; < ¢ p; € Q* so that P{G} = P{U%L, B(z;j,p;)}. Take € Q* with0< ¢ < 1
and p; +¢ < ¢;. Define O = UTL, B(z;,p;) and f(z) = (¢ — d(z,0))*. Then lim inf P,{G} >
lim inf Pa(f/q) = P(f/q) > P{0}. So lim inf P,{G} > P{G}. Therefore P, - P.

Hence if S is separable the set of w such that T}, (X,‘;’,l, -oe» X3 n) =w To is measurable. The
former definition is equivalent to T,(X¥, ..., X% ,) £ Tyas.

Analogously we talk about bootstrap in probability if
(1.2) D*(L (Ta(Xy1s---» X8 4), £ (To)) — 0 in probability.

As before this definition is independent of the distance. Obviously the bootstrap a.u. implies
the bootstrap in probability. As before we usualy indicate the bootstrap in probability as
To(X%y,.., X2 ,) = Ty in pr.

The above definitions imply, as usual, that T,(X%,,..., X% ,) Zicin pr. if and only if for
each sequence n’ there is a further sequence n” such that
T (X 13, X ) = c 20,

Formally we have two probability spaces (2,4 , P) and (/, 4’ , P’) as well as a metric space
(S,8) with the Borel o-algebra. We have also functions X, : Q@ x Q' — S that are measurable
for the product o — algebra. We define
Xn 5 X in pr. if B°(£ (X,), £ (X)) 50
Xo S X an. if B*(L (Xa), £ (X)) 2 0au.
where 3 is any metric of the weak convergence for probabilities in S.

We also define
X, 5 Xin pr. if o*(L (X,), L (X)) £o
Xn 5 X an.. if e*(£ (X,), £ (X)) S 0 au.

where o is any metric of the convergence in probability for r.v. from Q' to S.
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All usual properties about the convergence carry over to this scheme. The next proposition

collects some properties that we need later.

Proposition 1.1 As before S is a metric space

(a) Let X5, : @xQ' — S be a random variable for the product o — algebra. Then the following
are equivalent:

Xn Lt X in P-pr.

Xn P28 X and

for each € > 0 EP'{|X,| > ¢} — 0

(b) Let X,,Y, : @ x @ — S be r.v. for product ¢ — algebra. If X, L5 Xin pr. {(a.u.) and
Y,5ain pr. (a.u.) where @ € S then X, +Y, = X +ain pr. (a.u.).

(c) Moreover if S is a linear metric space, X, : @ x Q' — S and A4, : 2 x § — R are r.v. for

AN |

the product o — algebra, if X, L Xin pr. (au) and A, Lain pr. (a.u.} then A, X, 5 ax

’

in pr. (a.u.).

Proof. Since we can choose the distance we want for the convergence in probability for
random variables Y,Z : Q' — R we choose a(Y,Z) = E|Y — Z| A1 and for the probability
measures on S (P, Q) = sup {|Ph — Q| : where h € BL;(S)}.

(2) From (E'|X, - X|A1)A1=E'|X, — X|A 1 we get that X, 2 Xin P-pr. is equivalent
to X, PxE x.

Note also that eEP/{|X, — X| > ¢} < EE'|X, — X| < e+ EP'{|X, —~ X| > €}. So that
Xa PP % s equivalent that for each ¢ > 0 EP'{{X,| > ¢} =0

(b) Note that B(Xn + Yn, X +Y) < B(Xn, X) + B(Ya,Y).

(c) It is routine. O
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CHAPTER II
THE BOOSTRAP OF THE MEAN WITH ARBITRARY BOOTSTRAP

SAMPLE SIZE

1. Imtroduction.

The initial result about the bootstrap of the mean is Theorem 2.2 in Bickel-Freedman (1981).
In our notation they showed that for random variables with values in R? and finite second
moment:

(11) nV2Y? (XY, - Xa(w)) S N(0,4) w—as.

where A is the variance-covariance matrix of X and Xa(w) = =135, X;. It was believed that
the bootstrap fails if there is no second moment. Babu (1984) showed that if X;,..., X, are
symmetric stable random variables with index p with 1 < p < 2 then, in spite of the fact that
a~UP Y7 X; 5 X it is not true that

(12) nUPYr (XY, - Xa(w)) = X w—as.

Another work about the bootstrap of the mean is in Athreya (1984, 1985 and 1987). He
studied the bootstrap for iid. r.v. taken from a stable law of order @, 0 < a < 2. He
determined how (1.2) is not true. He showed that for each x
P{IL (XY= Xa(w))/nl? < z} N (z) where H(x) is the distribution of 2 random measure.
Besides that he showed that P{n~1/? 3"  (X¥; — X,(w)) < z} converges to H(x) as stochastic
processes in Skorohod space D(—o0,00). This result does not allow to recover (an approximation
to) the law of X,.

Giné-Zinn (1989a) showed that if the bootstrap of the mean conveges w—a.s. then EX2? < oo
and that if the bootstrap of the mean converges in probability then X is in the domain of atraction

of 2 normal random variable. Explicitly they showed:
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Theorem 1.1. (Giné-Zinn 1989a) If there exist random variables c,(w),n € N, a strictly
increasing sequence @, — oo and a randon probability measure g(w) nondegerate with positive
probability such that a7 %, XY, — cu(w) = p(w) w—as. then ap = n~Y2, EX2 < oo

=1 “*ni

and n~12YT (XY; — Xa(w)) <> N(O, Var X) ass.

Theorem 1.2. (Giné-Zinn (1989a)) If there exist random variable ¢,(w), n € N, a strictly
increasing sequence a,, — oo and a random measure u(w) nondegenerate with positive probability
such that a;1 Y7 | X%, —c,(w) - p(w) in pr. then a, = nY/2L(n) where L(n) is slowly varying
and there exists o # 0 such that a7l 3™ (X; — EX) - N(0,02) and

a7t I (X — Xa(w)) =+ N(0,02) in pr.

These results show that the plain bootstrap cannot be implemented for stable limits. Several
alternatives have been given to this problem. Athreya proposed to change the size of the bootstrap
sample. He showed that it is possible to bootstrap the CLT of the mean in the stable case in
probability when m,, — co and m,,/n — 0. See Cor 3.6.

The facts that the techniques used in Giné-Zinn (1989a) are more adapted to the bootstrap
of the mean and that Athreya’s work did not solve completely the bootstrap in the case of a
bootstrap size m, , induced us, E. Giné and I, to study the bootstrap of the mean in the m,
case. This chapter is a revised exposition of our work ( Arcones-Giné (19892) ). Our main results
are:

(1) If X is in the domain of atraction of the normal law then it satisfies the bootstrap CLT
in probability for al m, — oo (Theorem 3.2).

(2) If {m,} is a regular sequence such that my,(loglog n)/n — 0, and X is in the domain of
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atraction of a stable law then the bootstrap CLT holds a.s.; but it does not hold a.s. if EX? = oo

and infmy,(loglogn)/n > 0 (Section 4).

2. Heuristics and fundamental techniques.

First I am going to expose the way Giné-Zinn (1989a) tackle the problem of the bootstrap of
the mean in the simplest situation. Suppose that we have a sample Xj,..., X, from a random
variable with finite second moment.

The classical CLT says n=2/2 3" (X; — EX) 55 N(0,Var(X)).

The bootstrap CLT says
(21) mpPET (XY - Xa) S5 N(0, Var(X)) w-as. for any sequence my, — co.

Their way to prove it is to appeal to the CLT for triangular arrays conditionally in w. Given
that the limit is normal we may use Corollary 4.8 b in page 63 Araujo-Giné (1980). We must
check
(22) mat*(X,: — X,) are centered
(23) mplY i E'(Xni = Xp)? — Var(X) as. and

=1

(24) foreach e>0m;!y 2% E'(Xp; — )-(,,)21' 72 — 0 as.

i=Xn]|>em,
(2.2) is obvious.
As far as (2.3) mp! T B/ (Xni — Xa)2 = 27t L0 XP - (1 0, Xi)? — Var(X) as.
because of the law of large numbers.
Finally since X, — EX a.s., for any ¢> 0 and n large
mat T (X = Xa )l Ly g pp2emi? S 77 Diey(Xi = Xn)Dix 5 —
EX?Lix>c — 2AEX)EX x>, + (EX)?P{|X| > c} as.
This expression can be made arbitrarily small for ¢ large . So, (2.4) holds.

Bickel and Freedman not only got weak convergence a.s. but also convergence in the Mallows
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distance dz. Next I will sketch some facts about the Mallows distance taken from their appendix.
Let B be a Banach space with norm || - ||. Let T', be the set of probabilities u on the Borel o-field
of B such that [ ||z[|Pdu(z) < co. Then dy(i,v) = inf{[|X — Y||,: over all the pairs of B-valued
random variables with £ (X) = g and £ (Y) = v}. The importance of the Mallows distance
rests on the equivalence of the following propositions, for an,a € Ty

a) dp(an,a) — 0.

b) an — a and [ [lollPdan(z) — [ |jzlPda(z).

c) @, — o and {|lz}|P in uniformly o,-integrable.

d) [édan(z) — f¢da(z) for every continuous ¢ such that ¢(z) = O(||z|[?) at infinity.

In our case n~Y23"% (X; — EX) % N(0,Var(X)) because we have weak convergence by
the CLT and E(n~Y/2 5" (X; — EX))? = Var(X). So for any continuous function f : R — R
satisfying f(z) = O([z[?) we have that Ef(n~Y/2 5" | (X; — EX)) — Ef(N(0, Var(X)).

Bickel and Freedman (1981) showed that

ma 2 T (X9, = X,) 25 N(O, Var(X)) as.

The above proof gives it authomatically: it is just (2.3).

Another fundamental tool is the following lemma. See Giné-Zinn (19892) or Chen and Rubin

(1984).

»
Lemma 2.1. If E|X|P = o0 and 0 < p' < p, then
(07 Sy IXP)7' /(20 oy IXilP)F7 0 2.
Moreover if a, — oo then

(0 Tt Xl Iyx<an )M [ (072 T X P Igx <)) P — 0 as.
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3. The bootstrap CLT in probability of the mean.

The following theorem gives necessary conditions for the bootstrap in probability. Its proof
closely follows Giné-Zinn (1989a). We use the notation ¢, Pois 7 for a generalized Poisson measure
with Lévy measure 7, as in Araujo-Giné (1980). If a sequence {c, } is nondecreasing and ¢, — 00,

we write ¢, /" 0.

Theorem 3.1. Let X be a random variable for which there exist a sequence of positive
integers m, — oo, a sequence of positive real numbers a, — oo, random variables ¢, (w) , n€N,
and a random probability measure p(w), nondegenerate with positive probability, such that
(B1)  ag'YT XY —ca(w) £ p(w) in probability.

Then:

(2) There are a Lévy measure 7 and a real number o2 > 0 such that for all 7 with v{—7,7} =0
31y  XIn(Xy; — " T Xi(w)ixiw)igran)/an E4 N(0,0?) * ¢, Pois 7 in probability.

(b) If ¢ is a positive number and
(32) bpe=aq Tne=m, if m,<cn
(32 bne=an(n/m)? T =n if mp>en
then, for all 7 with 7r{—.7', 7}=0
(33)  Tiof(X:i—EXIixicrs,.. = N(0,02) *c, Poism

(¢) If lim supp o™, /n > 0 then 7 = 0 and o2 # 0 in (2) and (b).

(d) If lim inf,_.comyn,/n > 0 then X is in the domain of attraction of the normal law with
norming constants b, = a,(n/m,)'/?, that is
(34) '3 (X:i —EX) -5 N(0,02).

(e) If (3.1) holds only along a subsequence {n'} C N with {mn:} C {n'}, then (a)-(d) hold

but with n’ instead of n ( in (d) (3.4) holds for n’ but X is not neccessarily in the domain of
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10

attraction of N(0, o2) ).

Proof. If X? < o this theorem is a consequence of Theorem 2.1 in Bickel-Freedman (1981).
So, we assume EX? = co. The proof that {az'X¥;} is an infinitesimal system is similar to that
of (2.3), a fact that will be used throughout without further mention. (3.1) holds if and only if
every subsequence has a further subsequence along which the limit in (3.1) holds a.s.. Hence,
p(w) is as. infinitely divisible. Let n' be such a subsequence. The fact that a, — oo readily
gives, by the corresponding argument in Giné-Zinn (1989a), that the Lévy measure 7(w) of p(w)
is as. a fixed Lévy measﬁre . Moreover, if D is a countable set of points § dense in R¥* such
that 7{—6,8} = 0 then the following limits hold for all § € D almost surely by the general CLT
mR
(35)  (mar/n') Ty Ixista, — 7(6,00) w-as.

3.5 (ma/n’' Z:’;l Ix,<-6a, — 7(—00,—6) w-as. and
(36)  (manr/n'a2) Tiy X¥Dixuigs0, — (M /0202 ) (0 Xilixiigta, ) —
o¥(w) + ff& z?dn(z) w-as.
where o%(w) is the variance of the normal component of p(w). Since EX2 = oo by Lemma 2.1,
BT (T Xilxigs, )/ 27 T X ixigs, — 0 as.

Then (3.6) becomes
(38)  (mn/n'a2) Ty XPix <60, — 02(w) + [25 22 dn(z) as.

In particular, m,/n'aZ, — 0 (even mns /a2, — 0 by the law of the large numbers) and
therefore o%(w) is a tail random variable, hence a.s. constant, say o2. We have thus shown that
o(w) is a tail random variable, hence a.s. constant, say 0. We have thus shown that p(w) is
a.s. a (possibly random) shift of u = N(0,02) * ¢, Pois . Moreover (3.5) and (3.6) show, by the

general CLT in R, that (3.1)’ holds a.s along n’. Therefore (3.1)’ holds.
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We will prove (b) for ¢ = 1, the case of general ¢ being entirely similar. Set b, = b, 1, and
Ta = Tn,1 = My An. Consider a subsequence for which (3.1) converges a.s. Then either m,/n < 1
infinitely often along this sequence, or m,/n > 1 i.o. or both. So, we may specialize to two types
of subsequences n’ for which (2.1) holds a.s.:those satisfying m,:/n’ < 1, and those for which
Mqr/n’ > 1. In the first case the summands in (3.5) and (3.6) are bounded and therefore their
expected values converge to the expected values of their respective limits (by e.g.Acosta-Giné
(1979), theorem 3.2 or exercises 13 and 14, pages 69, 70 in Araujo-Giné (1980) ). Thus, we obtain
for all $ €D, mp/P{X > $a,} — 7(6,00), mpP{X < —ban'} = 7(—00,—86) and
(mnr/a2)EX *Iix|<ba, — 02+ ff s %% dm(z). These three limits imply [recall EX? = co and
(3.7)] by the general CLT in R that the the limit (3.3) holds along {n’} (b, = @, in this
case). Suppose now my:/n’ > 1 and that (3.1) holds a.s. along n’. Then, by taking a further
subsequence if necessary, we may assume mn:/n’ — ¢ € [1,00]. If ¢ = co then (3.5) implies
z:’;l Iix;|>6a,, — 0 as. If ¢ < oo then the corresponding argument ( on binomial limits) in
the proof of Theorem 1 in Giné-Zinn (1989a) gives also that E:il Iix,|>6a,, — 0 a.s. Then
z:‘;l Iix:1>5a,, = 0 eventually a.s. (since this sequence is integer valued and tends to 0), which
implies that the limits in (3.5) are 0 a.s. that is, = = 0. This argument already proves (c). Then,
since E:il XZLix,>6a,, = 0 eventually as., (3.8) becomes
(39)  (mn/n'a2) T X? — 07 as.

We can apply the converse CLT to (3.9) and obtain [recall b, = a,/(n’/m,/)*/? in this case]
that for all 6§ > 0,
(3.10) n'P{X[|>8bn}—=0 (2'/2)EX*Lix|<css,, — 0.

But (3.10) implies by the CLT in R (recall EX? = o),
(11) b TN (X - EXLixies,,) - N(0,02).

This argument already proves (d) since it gives (3.4) along a subsequence of every subsequence.
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We have thus proved that every é,ubsequence has a further subsequence along which the limit
(3.3) holds. Hence, (3.3) holds. (a)-(d) are proved. The proof of (e) follows exactly along the

same lines since nothing in the above arguments depends on the sequence {n} being all of N. O

Now we consider the case of X in the domain of atraction of a normal law. There are two
reasons for this: one is its importance, and the other is that in this case we have regular variation
as an additional convenient tool. Theorem 3.2 was obtained by Athreya (1987) in the special
case m, = n and by Csorgé and Mason (1989) for 0 < ¢; < m,/n < ¢; < 0. We extend their
results to arbitrary {m,} and study some related topics.

Concretely we assume that there are constants b, so that
(312) I .(X:i—EX)/b, -5 N(0,1).

Now I enumerate some known facts about X. A reference for all this facts is section 6 in
chapter II of Araujo-Giné (1980). Define U(z) = EX2Ijx|<z. Then
(3.13) U(:) is slowly varying.

(3.14) nb;2U(7b,) — 1 for any r > 0.

Note that for each Borel measurable function satistying f(0) =0
(8.15) Ef(IX|) = f;° z7%f(z) dU(z) in the sense that if one of parts of the equality is defined
the other is defined and they are equal.

Using (3.15), integration by parts and lemma I1.6.15 in Araujo-Giné (1980) we get that
(3.16) zz‘PEIX]?IIX,z, [/U(@)—0for0<p<2
(8.17) > PE|XPIixi<z /U(z) — 0 for 2 < p.

Then for (3.14) and (3.16)-(3.17) we get
(3.18) nb PE[XPIix|>75, — 0 for p< 2 and any 7> 0

(3.19) b PE[XPLix|<rs, —0for p>2and any 7> 0
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Theorem 3.2. Let X be as in (3.12). Let m, — 00. For ¢ € (0, c0) fixed, let
an =bm, if m,, < cn and
ap = bp(mp/n)/2 ifm, >cn then
(3:20) TN (XY; — Xa(w))/an > N(0,1) in probability.
Proof. The case EX?2 < co was done in the section 2. So, we assume EX? = co. Using the
central limit theorem for triangular arrays conditionally on w we must show
(321) (ma/a2)[n™ T, X2ix<ran — (071 X0y Xilix1cran)?] = 1for all 7> 0
(322) (mn/n) %, fixiipran 2 0 for all 7> 0 and
(3:23) (mn/nan) Y0 Xilix>ra, Eoforall7>0.
Note that for lemma 2.1 (3.21) is equivalent to
(324) (mn/naZ) Y X2Lixicra, = 1forall 7> 0.
First we consider the case m, < cn
E(ma/nad) 3 i ; X ixi<ra, = (Mn /b2, YU (Tbm, ) — 1 for (3.14).
Var((mn/nal) 0L; X x,1¢ra,) < (mE/nb3, )EIX*lix1<r,0, — 0 for (3.18).
El(ma/n) 30 Iixisranl < maP{|X| > 7bm,} — 0 for (3.19).
E(mn[na,) Yl Xilix>ran| < (M /bm, ) EIX I x|376,,, — 0 for (3.18).
m,>cen EYT ) Iixi>ra, < nP{|X| > ctda} — 0. So P{}""; Iix,|>ra, = 0} — 1. This
implies (3.22), (3.23) and that P{}"7_; X?I)x;|<ra, # D i=1 X2} — 0. Hence to show (3.24) we
need to show
(625 b2yr, xzi1 -

But this follows directly from the CLT using (3.13)-(3.19). O
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Now the question that we pose is what can we say about
(326) a7l (XY, — Xn(w)) 2> N(0,1) in probability.

Note that Var' (L2 (XY; — Xa(w))/en) = (mafa2)(n~t 0, XZ — (n~2 T, Xi)?). By
Lemma 2.1 this expression is convergent equivalent to (m,,/na2) "7, X2. Since 572", X? &
1, we must consider the convergence of m,b2/na2. In the case of m, > cn this is one. In the
case mp < cn bl [nal = mabZ/nbZ, . Note that U(bs)/b2 = 1/n. So b2 /n — co. Hence
there is a sequence m, — o such that m, < n and m,b2/nbZ, — oco. Next I will show that for

any 0 < p < 2 (3.26) holds.

Theorem 3.3. Under the conditions of theorem 3.2 we have
(a) a7 mn (XY, = Xn(w)) L, N(0,1) in pr. for any 0 < p < 2.
(b) Moreover if lim inf m,/n > 0 then for any t € R
E'exp(ta;l Y 20 (X¥; — Xn)) — Eexp(tg) in pr. where gis 2 N(0,1) v.r.. In particular for any

0<p<oo af' ¥ln(XY; — Xa(w)) L, N(0,1) in pr.

Proof of a. From section 2, I may restrict to the case EX? = oo and for the last paragraph, I
may restrict to mn/n < ¢. Hence I must show for EX? = 0o and m,, /n < c that (3.26) holds for
0 < p < 2. First I prove that E’|la;? 3727 (X% ; — X,,)[P is bounded in probability for 1 < p < 2.

Call Y, ; to an independent i.i.d. copy of X, ; then
(3.27)  Elaz! TR3(Xe; — Xa)lP < Blagt ST (XY, — Y =
Blog* S5 (X8 ~ Yl < P Eaz T X2 < 2PpP/2E'|a-2 S (X8RI <
PP 2B ozt 8 X2 idix, iigen P12 + 2P0 PE a2 S0 X2 Dix, gnealP/? <
PP B ag? (XY P Ix, dgea P2 + 220712 B |03 T7 X2 Iix, e P12 <

PP (ma |aQ)E'N(XZ s Lixn i ze P2 + 220/ (mn [a) B | X i P Iix, 13
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PP/ (me na2) S0y 1X:P T a2 + 22212 108) S0y 1XP e
Note that this inequality holds for any bootstrap sample. Take ¢, = by,. We must show that
(ma/nb%, ) 30 1XiP L xi<h,n, 20d (Mo /b8, ) S, 1X:PIix,155,,, are bounded in probability.
Note that B(mn/nbZ, ) T, |XilPLix,1<t,, = (Mn /b2, )EX2]ix|<s,,. — 1 and
B(ma/nbl,) S | XiPIix 20, = (mn/8, )EXPIix)38,0, — 0.
Given that forany 0 <p< p’and ¢> 0
dp(tin ) S (14 Pl — il L, + (PP p[fp'YFVE 4 (P2 Vpfap)Uo'VE. So
a7t T (XY; — Xn(w)) 25 N(0,1) in pr. and

im p—co im supp.coP{E'|la;1 Y727 (X¥; — Xn(w))P > M} = 0 for all 0 < p < 2 implies

=1

a7l ST (X, ~ Rn(w)) =2 N(0,1) in pr. forall 0 < p< 2. O

Proof of b By symmetrization

E'exp(taz S (Xy; — Xn(@))) < B exp(2t a7 T30y €Xns)

By the subgaussian inequality

B exp(2t a5 T 6:Xns) < B exp(2t2 032 S5 X2,) = [ 0 exp(262X2az2)]
Note that max;<,|X;la;? < =2 max;<n | X;[b72 2o

Son~1¥7 | exp(2t2X2a;2) 5 1 and

mn logn™! L, exp(22X2a52)] & (mn /n) Yo, lexp(2t2a52X2) — 1] =

(ma/aZn) Th, 22x2 5 22 0

Remark 3.4. (Random scaling). In the notation of the theorem 3.2 if 4¥(w’) is a random
variable so that &¥(w')/a, B lin pr, then
(328) Ti(Xi: — Xa(w))/a5 (W) — N(0,1) in pr.

A sequence of random variable satisfying this condition is
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(329) &2 = [(ma/n) Toy X2@)[2 if mp > m and
(3:29°) &y =average over all (3, ) combinations 1 < jy < --- < jm, < nof
o (X;, —mpt Y X)) ? if m, < n.

Em,>n [@2W)/en)? =023 X —nb 3 (n " S0, X; )2 £ 1 by the CLT.

Km,<n
P{lag(w")az; — 1] > €} < e *Ela¥(w)a; = 1] < e‘lEl[b,';f S (X —mpt ms X )PP 1)

We have that 55252 (X; —n 1 50 X2 5 1.

Using the argument in (3.27) for 0 < p < 1 EP723° 7, XZIP < (nb;2ElXPLxi<s.)? +
nb P EIX Plix35,—1- So E|(6;2 31, XHY? -1] - 1.

We also can take the bootstrap choice
(3:80) &y = (T (Xy: — Xa))H? if m, < m.
(3.30°) a4 = average over all (=) possible combinations 1 < 7; < ---jn < mp of
i (Xngi =27 T Xa g PIY2 if ma > .

If m, < n we must show 572 37 (X¥; — X,)2 5 1. This can be shown again by the CLT,
conditinally on w. (It holds for any m, — o0).

If m, > n, by proposition 1 in the chapter I it is encugh to show P'{]a¥(w’)/a,—1| > €} —0
in pr. As before P'{|a;(w)az? — 1| > €} < e E'|[b;2 Y721 (Xn,i — Xn)?*/? — 1|. This holds
because b2 0 (X¥;—X,)? S 1in pr. and that forany 0 < p < 1 E'Bb: Y (Xn )-(,,)"']P

is bounded in probability as we saw in the theorem 3.3.

Finally we consider the general case of X in the domain of partial attraction of an infinitely

divisible law.

Theorem 3.5. Let X satisfy
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(331)  F,(X: — EXIixicra,)/an -5 N(0,02) x ¢, Pois

for some ' — o , apr — 00, o2 > 0 and a Lévy measure 7 (possibly 0), with 7 such
that 7{—7,7} = 0. Let mp» — o0 , {mn} C {n’}. Then if mu//n' — O or if # = 0 and
SUpn/ My /0’ < 00,

(832) TiN(Xg;-n'"t 2:‘;1 Xi(@)ixi(w)<ram_, )/ m £, N(0,0?) * ¢, Pois in proba-

bility.

Proof. Here again, we can assume EX? = co. Let us first consider the case m,: /n’ — 0. By
the usual arguments ( with subsequences and the CLT ) it suffices to show that for every é € D,
(333)  muP{XY) > bam,} = (mar/n)(T0; Ixi>sam,,) — 7(6,00) in pr.

(834)  maP{XY, < ~8am_,} = (M)W, Ixic—sam,,)
(335)  (mw/ad, ,War(Xg Jixs, i<san,) = 0>+ [2;22dn(z) inpr.

By lemma (3.35) is equivalent to
(336) (mn/n'al, ) Z:i1 Xilix<s0m ) = 00 + f_66 z?dx(z) inpr.

(3.33) follows from the following two limits which hold by the converse CLT applied to (3.31)
and my//n’ — 0.

E[ (mns /1) 0L, Ixista, | = maP{X > 6am ,} — 7(5,0) and

Varl (ma /n') $0y Ixi>ta,] < (2 [0)P{X > bam_,} — 0

(3.34) is proved in exactly the same way. Now the proof of (3.36) is different in each case. Let
us first consider the case m,//n’ — 0.

El(ma /%, , NSy X2 lixigson, 1] = (ma /02, YU(6am,,) — 02 + [*; 2? dn(z)im pr. and
Var{(ma/n'a2, W Ci, X2ixi<sam,,] < (M2 /0'ak JEX Tixicsan , <

< (Mo /1) (8 [02,_,)U (B3m,,) — 0.

Let us assume sup m,+/n’ < ¢ < 00 and 7 = 0. Call
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Yor(8) = (mas/n'aZ, ) S5y X2 ixi1<5am,, - Note that for all 7> 0
(3.37) EYa (1) = (m,,/a,z,,n,)U(Tamn,) — o2,
ForO0<e<$é
(338)  ElYn(6) —~ Yor(€)] = E(mns/n'aZ, , Ty XPean, <iX1<50m,,
< EmuP{|X|> eam_,} =0
Note also Var((Ys)(e)) < (m%,/n'al, JEX*Iix|<can_, < €(mnt/n')2(mni fal, ,)U(eam,,)- So
(3.39) lim sup Var(Yy(e)) < e2c20?
Therefore, given u > 0, for n large
(340)  P(IYa(8) — 0| > p) < P(|Yn(6) = Ya(e)l > p/3) + P(|Yn(e) — EYa(e)| > p/3) <
(B/)E[Ya(8) — Ya(e)| + (9/1%)Var(Ya(e)).
By (3.37)-(3.38) and (3.39) lim sup P(|Yn(8) — 02| > ) < 9ec?02/u® for all € > 0. Hence

(3.36) holds. O

Now I consider the case of stable limit. In the notation of Araujo-Giné (pages 49 and 80) 8
has a non-normal stable law if and only if there are constants 7> 0,¢; > 0,¢, > 0and 0 < & < 2
such that £ (8) = ¢, Poispy where

du(ey,e0,a)(z) = 127" %dz if 2> 0

dp(es, e2,)(z) = co|z|~1-*dz if z < 0.

If X belongs to the domain of atraction of a stable law with exponent & 0 < o < 2, i.e. there
are constants ¢,, and b, so that

(8.41)  b713"T (X: — cn) — ¢, Poisy then all the followings facts are true

nP{X >b} > c1fa  nP{X <=b} = c2/a

P{X >z} and P{X < —z} are regularly varying of order —a.

nb,';'zU(b,,) — (e1+¢2)/(2 — ).
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U(x) is regularly varying of order 2 — a.

22 PE|XPLix|>z/U(z) = (2 — @)/(a — p) for p < a.

2> PE|XPLix1<z/U(z) = (2—)/(p — a) for p > a.
(342) b PE|X [PLix|>s, — (€1 + ¢2)/(a —p) for p < .
(343) nb?E|X [PLix1<s, — (¢1 +¢2)/(p— @) for p> a.

The previous theorem immediately gives:

Corollary 3.7. (Athreya (1987)) Let 6 be a non-degenerate c-stable random variable , & < 2,
and let X be in its domain of attraction, with normig constants b,, that is
(3449) b7 S0y (X — BXI(X] < m62)/ba ) —u 0
where 7 can be zero if o < 1 and +00 if @ > 1. Then if m,/n — 0,
(345) bzl SPn( XY, =0 S, Xe(@)I(IX:(w)| € 7bm,) ) 5 8 in probability.
Proof. We need to make some considerations in the centerings. Fix 0 < 7 < co we must
show that
(M /nbm,) Sy (Xilixig>rom, = EXLixi>rbn, ) 2> 0 for 1 < @ < 2 and
(mn/nbm, ) Sy (Xilixiigrom, = EXIixjcrbn,) 2 0for 0< a < 1.
For 1 < @ < 2 take 1 < p < «. For symmetrization and Kintchine
E\(ma /1bm,) Sy (Xl g57bm, — EX x5 750 )P < Elm2 /0%, ) Ty X2l st P12 <
E(md /6, 77) iy Xl x> rb,, = (M /0)P~ (0 [68, )EIXilP x5 7h,, — 0
For0<ax<l1

E[(mn /nbm,) Yicy(Xilixii<rbm, — EXIix|<rbm, )2 < (m2 /062 YEX?Lx<r5,, — 0. O

Most arguments in theorem 3.3 carry over to the stable case.
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Theorem 3.8. For (X;) iii. r.v. from a law satisfying (3.34) , 7 as in the corollary 3.7 and
O<p<a

n’ d . oqe
bl Z;":"I( Xu:— n~ly T Xi(w)1x,(w)|<7bm, ) — 0 in probability.

Proof. Since we have weak convergence in probability it is enough to show that the p-
moments are bounded in probability. The case 1 < @ < 2 is similar to the gaussian case. I only
will do the case 0 < a < 1. The technique of spliting the p-moments in different parts also work
here. Consider first the case 0 < 7 < co. Note that
B T521( X35 — B X3 lixw)isroma )P <
BN, S (X hxuwigrbm, = B X Tixswigrim, )P +
LB b 305 X i)l 2 b, IP

As far the first part

[Blbt i ( X4 hixi(wy<rom, — B X5 Iix wyigrsm, TP <

Bt ST X2 ix i) <rimg, — B X hxw)i<rbm i S (ma/nb2, ) S0 XPix <0,

Also

B'lbn, 2501 X2 i ix iz rdmn P S B'07E 5700 XE LX) 27bm, | S (M /08, ) 7y X D50,

So it is enough to show that (mn/nbZ, ) 3771 XZ]\x,i<s,., and (ma/nb8, ) S) X2 Iz >0
are uniformly bounded.

This can be deduced from boundedness in L; using (3.42) and (3.43).

The general case follows from the facts that n~! 2 X Xi|<rbn, converges in probability if

0<a<l. O

4. The a.s. bootstrap CLT of the mean.
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Giné-Zinn (19892) showed that if EX? = oo and m, = n the CLT cannot be bootstrapped

a.s. The same is true if m, > cn for some ¢ > 0:

Proposition 4.1. If for some sequence a, — c0, random variables ¢, (w) and random mea-
sures p(w) non-degenerate with positive probability there exist m,, , co such that inf m,/n > 0
for which
(4.1) a3 XY - ca(w) £, p(w) as.

then EX? < co.

Proof. By theorem 3.1 we can take cn(w) = (mn/nan) Y ;=) Xi(w)]ix;(w)|<a, 2nd then
#(w) = N(0, 0%) as. for some o € (0,00). Then (4.1) implies ( converse CLT)
(mn/n) Y ) Iix.>6a, — 0 a.s. for all § > 0. This and infm,/n > 0 gives
(42) YiiLixi>sa. =0 eventually a.s.
hence, also
(42 X IXilPIix,>6a, =0 eventually a.s. for all p.
So, if EX? = oo the truncated variance condition of the CLT for X ; becomes [recall (3.7)]
43) (ma/na2) S0, X2 > o? as.

If we let b, = an(n/mn)Y/?, then (4.3) gives,as in the last part of the proof of theorem 3.1, that
X is in the domain of atraction of the normal law with norming constants &,. Since EX? = oo
this implies in particular that b, = d,, (in the sense that b, /d, — 1) with d, = n'/2L(n), where
L(n) /" oo, Hence dZ /n /' 00, so that we can apply a result of Feller (e.g. Stout (1974) Theorem
3.2.5, p. 132) to conclude that the limit in (4.3) is either 0 or +o0, a contradiction. Therefore,

EX2< 0. O
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We believe that Proposition 4.1 is not best possible. In fact, in view of the following result,
it is possible that Poposition 4.1 holds true for all sequences m, /* oo such that

lim inf, oo (mnL Ln/n) > 0, where LT =log(r Ve), and L Lr = L(L7))

Theorem 4.2. If EX? = oo, there are a Lévy measure =, a real number ¢2 > 0 and random
variables ¢, (w) so that
(44) T X2 b, — en(w) -+ N(0,02) * ¢, Pos 7 ass.

for each 7 with 7{—7,7} = 0.Assume also that o2 and 7 are not simultaneously zero. If

sup my,/n < co then A :=inf m,(L Ln)/n=0.

Proof. The proof is by contradiction. Assume A > 0. We first consider the case 7 # 0. Take
6 > 0 such that 7{—§,6} > 0 and «{|z| > 6§} > 0. By the converse CLT
(45)  (mn/n) Siy Dixigstin, — 7 = 7{(00,~8) U (5,00)} .

Since sup my/n < oo, by the convergence of moments result in Acosta-Giné (1979)
m,P(|X| > a,) — 75. So (4.5) is equivalent to
(45) (ma/n) iy (Lx:>55m, —Pa) — 0 as.

Let ng = k¥ and let g =m,,, Gk = ba, and fr = pa,. We claim

(46)  km: P{(me/me) ik (Iixi>a, — i)l > K} < oo for all K > 0.

To estimate the prc;babiﬁties in (4.6) we use Prokorov’s exponential inequality (e.g. Stout (1974)
Theorem 5.2.2, p. 262 ) which states that for & indepent centered, ;| < cs, where s2 =
i=1 B, P{I ) Bbi/sal 2 €} < 2exp{—(¢/2c) arcsinh [ec/2]}.
We take & = lix;|>a, — P, € = (Kni/mysi) where s2 = nz_15¢(1 — px), and ¢ = s, *. Since
mgpr — w1 and ng/kng_; — e we have for § > 0 and & large enough,

(1= 8)eKk/2m) < ec/2 < ((1+ 8)eKk/2m)
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Hence we can replace arcsinh by (1 — §’)log in Prohorov’s inequality. We obtain
P{(me/n) | T2 Uixigsay, — 5)| > K} < 2exp{—(K e /2)(1 ~ &) log k} <
2exp(—2log k) = 2k~2 for k large enough, since ng /iy — co. (4.6) is proved. And (4.6) implies
that for all K > 0,
(4.7)  (me/ne) | 227 (xa>a, — Pr)l < K eventually ass.

We show next that there exist L > 0 such that
48) T8, P{(me/ne) | T2, a(ixisa, —Fe)l > L} = o0

To prove (4.8) we will invoke Kolmogorov’s exponential minorization (Stout (1974), p. 262):
for &; as above there are, for all ¥ > 0, €(y) such that if € > ¢(y) and ec > x(7) then
P{| Xis1&i/sn] 2 €} 2 exp{—€*(1 +7)/2}.

Now the variance of the sum is 52 := (n; — np_1)p(1 — P&) so that, with ¢ = 1/5; and
€ = niL/7m:5; we have, for large enough, ec < 2L/7; and € > (L/27r}/2) (nx /)2 — oo.
Hence, taking v = 1 we can apply Kolmogorov’s inequality for L < #(1) 71/2.

We then have, for k large enough
P{(mx/ne) | ik, s1(Dixi>a. — Pe)| > L} > exp[—2L?log k/m A] which is the general term
of a divergence series if L? < Am /2.

Hence (4.8) holds for all 0 < L < m(1)71/2 V [Am/2]*/2. But (4.8) implies ( by disjointness
of the intervals (nx_1, 7] and Borel-Cantelli) that
(4.9) (me/ne) |7k, s1ixi>a, — Pe)l > L as. infinitely often.
(4.7) for K = L/2 and (4.9) show that as. (Fe/ni) 2., ci(ixi>a, — Be)l > L/2 >0
infinitely often, therefore (4.5)’ does not hold.

If # = 0, then o2 # 0. By the converse CLT and Lemma 2.1
(410)  (ma/naZ, ) Sy X¥ix,i<om, — 0° 5.

Again by Acosta-Giné (1979) (mn /a7, )U(am,) — o®. But a proof completely analogous to
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the above one shows that for some L > 0 (% /n:a}) | 0%, (XP Lixi1<a — U(@k))l > L/2 >0

=1

a.s.infinitely often, which contradicts (4.10). O

Finally we show that the a.s. bootstrap CLT for X in the domain of atraction of any stable
law always holds if m,(L Ln)/n — 0, at least under regularity of {mn} (m,/mz, > ¢ for some
¢ > 0 and m, / o0). Theorem 4.2 shows that the result is sharp. Thus, the newt theorem

improves Athreya’s result (Corollary 3.6 above) for these sequences.

Theorem 4.3. Let 8 be a nondegenerate p-stable random variable, 0 < p < 2, and let X be
a random variable in its domain of atraction, concretely, let X satisfy
@411) T (X — EXIixj<rb,))/ba =0
with b, / co. Let {m,} be a sequence of positive integers regular in the sense that m, oo
and m, /ma, > ¢ for some ¢ > 0 and all » € N and such that
(412) m,(LLn)/n—0
then

413)  XTn(Xy; - n T T, Xi(@)xiw)igomy )oma —— 0 2.

Proof. By Bickel and Freedman’s theorem, only the case EX? = oo requires proof. Let,
for A > 0,6 >0, 7 = limp_.onP{X > Abp} 7_) = limpeonP{X < —Ab,}0? =
limyp .00 (/b2 )U(6b,) and 02 = lims_.o03.

As usual, it suffices to show that (ma/n) 37 Ix;>65,., — T 25.

(M /7) Tiy Ixi<mtbm, — Tz a5. and lims_o limp—co(mn/nbmz) S0, XPix,<ss,, = 02

as. (m,7-a=0ifp=2;02=0ifp < 2; for p=2, lims—o is redundant). Letting p, x =

P{X > Abm,} and p,,—» = P{X > —Ab,,_} ,these limits are equivalent to
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(419)  (ma/n) S0y (xisspm, —Pap) — 0 as.
(4.15) (ma/n) > (IXic=6bm, — Pa,—2) — 0 as. and
(416)  Timg limnco(ma/mbmz S5y (X2 xigstm, — USbm,)] = 0 as.

The three limits can be proved using exactly the same technique. So, we give the details of
the proof only for (4.14). By Borel-Cantelli, (4.14) will follow if we show
(417) 3oL, P{mazaa-1crcon(mi/k) lz:f:l(fx.-»b,_,‘ —pra)| > €} < co.
for all € > 0. To prove this we symmetrize, apply Lévy’s maximal inequality, and then use an
exponential inequality to estimate the resiilting probability. For the symmetrization we use an
idea of Hoffmann-Jorgensen (1974) (proof of Corollary 3.4). Let us consider the following 13,
valued vectors v; = ((me/E)Ix;> 2,0, :2°" 1<k <2"), i=1,...,2°" 1 41
v =(0,...,0,(mx/k)x; 525, 1i<k<2%) i=2""142,...,2% Then
(418) I ZE (v — Ew)ll = mazan-scrcon (mie/k) | Ty (x> abmy ) = PEA)]-

If (v)” denotes the r-th coordinate of v €l 2n-1, then
max, P{| 3L, (v — Bvs)| > €} < € mazon-s cpgon (mi/B) | T ixui>0m, — Ph| <
€7 mazan-1 ckcon(me/k)(kpe,a)'/? = € mazyn-1 crcon (me/k)? (mepr,2)/? — 0 since
mgp » — T and my /k — 0. Therefore we can apply to 2?21(”:"‘13”1') e. g. the symmetrization
lemmas in Giné-Zinn (1984) (lemma 2.5) to obtain that for each ¢ > 0 there is n(¢) < oo such
that for n > n(e),
(419) P{ITZL, (v — Ew)|| > €} < 2P{| X, (v — Euvs)|| > ¢/3}
where {¢;} is an independent sequence of i.i.d. random variables with P{¢; = 1} = P{¢; = 1} =
1/2, independent of {v;}. By (4.18) and (4.19), the proof of (4.17) reduces to showing
(420) 0L, P{mazon-iciconimisi) | Soey €lx;>x,,, | > €} < oo for all € > 0.

In order to apply P. Lévy’s maximal inequality we write

k
P{mazon-1ckgammusi) | Lins 61X:520m, | > €} <
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P{(mzn-1/2" " )mazon-1cr<on(mpsi) I¥Z, &Ix;>x,, | > ce/2}+

P{(mzn-2 /2" )mazan-2 ck<on(mu/t) | Dimpsr € 1xi>20m, | > ce/2}.

and notice that the sets of indices Az = {i < 2" : X; > Ab,, } k=2""1,...,2" and
Be={i<2" :k+1<i< 2", X;> b, } k=2""1,...,2" are both decreasing as k iacreases
since b, increases with k. Therefore, for X; ..., Xz~ fixed, the above maxima are actually
maxima of partial sums respectively of 2ie Agney € and ;. Bynes €05 suitable ordered. So we
can apply Lévy’s maximal inequality conditionally on the X;’s and then integrate with respect
to the X;’s. Taking into account that Baa-: C Aga-1, so that we can apply Lévy’s inequality
twice to the second probability, we obtain

(421)  P{mazzn-1cigonimusi) | Ticy €lxiorbm, | > €} <

6 P{(mn-3/2""Y) | T, €ilxisabm,, _, | > ce/2}.

nm1
Since Mgn=ip s , = T 2"~ /myn-2 > Knlogn and K, — oo, Prohorov’s inequality (
stated in the proof of Theorem 4.2) apllied to the last probality in (4.21) shows that for n large,
(422)  P{mazon-1crgonimesr) | Siey €ilx;>n,, | > €} <
12 exp{—(ce2"~!/8myn-1) arcsinh[ce/4mon-1pan-1,] } < 12 exp{—dKy logn}.

where d is a fixed constant. (4.22) is the general term of a convergent series and therefore (4.20)

converges. This proves (4.14). O

Now I present some results about the convergence of the Mallows distance in the case of the

normal domain of atracttion to a normal random variable.

Theorem 4.4. Given m, / o
(a) EX? < oo if and only if for some o < 0o

m;1/2 z:m.. (Xni _ -n) X, N(O, o’) a.s.

i=1
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In this case mnI/ZE,_I(X,,, - ,,) 3 N(0,0) as

(b) For 2 < p, EX? < 00 and 22, P{|X| > ma/>"/Pp1/P} < oo together are equivalent to
my /2 i (Xni — Xn) = N(0,0) a.s

(e) Tor, P{IX| > em1/2} < oo for all € > 0 and EX? < oo implies that for any t € R

exp[tm; /2 Y i (Xni — X,)] = E exp[tog) where g is a N(0,0) r.v. and 02 = Var(X)

Proof of a. Only I need to show that if m; /2 S (Xni — X») = N(0,0) as. then
EX? < 0o . By the converse of the CLT 2! 0| X2lix,j<m,, — (072 S0, Xiljx,1<m, )2 — 02
as. By Lemma 2.1 n~1 30 X? Ly jcmi/2 = 0% as.

Take 0 < ¢ < oo, then ™' 30, XPlixcc < ™' 0L, XPixigma- S0 EXic. < 0%

Hence EX? < o0

Proof of b. Suppose that 2 < p, EX2 < 0 and 22, P{|X| > mi/*"/?n1/r} < co. By
problem 13 in page 69, Araujo-Giné (1980) we need to show
lim,_.gsup,msP/?n-1 Poim X P1 x> mi/2 = 0 a.s. and

lim,,_, oo 5 22

—1 22_1 lX I 1X; l>m1/2 =0as.
Note that by the result by Feller that we used in Theorem 4.1 if
Yoo P{X| > m,lzlz_llpnllp} < oo and m, /* 00 then mi~?/%p~1 Yoie1 1 XilP — 0 as. The rest

is routine.

Proof of ¢ As in the proof of the theorem 3.3
E exp(t My 1/2 Z::l( [ X-"(w))) S [n—l E?:l exp(2t2Xi26;2)]mn
By the Borell-Cantelly lemma,the hypothesis is equivalent that maxi<n |Xi|?/mn — 0 as.

So my, log[n=! -7, exp(2t2X?Pm; 1) 2 n~t L | 22X? — 242EX2 as. O
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5. Closing Remark.

The problem of how to solve the failure of the bootstrap of the mean in the stable case is a
work in progress. For example in Wu-Carlstein-Cambanis (1989) there is another alternative:

Supose X3i,...,X, are iid. random variables. Partition the data set into 1, blocks, each
having k, observations n = k, l,. Instead of bootstrapping from the entire sample, they apply
the boootstrap algorithm within each block j = 1,..., I, to obtain a block version version of
the sample mean. Then they take the average of the 1, bootstrap distribution that they have

obtained.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



29

CHAPTER IO

THE BOOTSTRAP OF U-STATISTICS AND V-STATISTICS

1. Definition of U-statistics and V-statistics.

The aim of this chapter is to describe the paper of Arcones and Giné (1990a) about the
bootstrap of U and V statistics. Let’s start by introducing U-statistics and V-statistics. Let (X;)
be i.i.d.r.v.’s with values in a probability space (S, S ,P). The U and V statistics based on h and
P are defined respectively as
(L) VRGP = ()™ Srctycocimen RKiy s Xen)-

(12) VERP)=n""%% . _ k(Xi,...,Xi).

The first definition was introduced in Hoeffding (1948a) and the second one in von Mises
(1947).

These two classes of estimators are important in first place because some usual estimators are
in these classes. For instance the smaple variance is the V-statistic over the kernel h(z;,z2) =
(z1 — z2)%/2.

Another reason why these estimators are important is because, in analogy to Taylor series of
differentiable functions, it is possible to define differentiability for estimators. Since the Taylor
expansion the k-term is a k-linear form by Frechet theorem, unless for tame linear continuous
functionals, we can expect that under regularity conditions, the k-term in a expansion over the
probability measures is given by [ hi(z1,...,zx)dP(z1)---dP(z:). But
Jhi(21, ... 21)dPn(21) - - dP(z) = n =¥ 37, i hi(Xiy, ..., Xs,) = V2(h, P).

Therefore an estimator is differentiable in a certain sense if
(13) T(X1,..-, Xn) = ho+Ting ha(X)+ 200500 B2(Xa, X5)+ -+ 200 5 c1 Pe(Xiys -, X )+

Re(X1,--., Xn)
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where Ri(X1,...,X5) — 0 in a convenient way. This is the so called von Mises expansion.
Given that a V-statistic can be expanded in U-statistics we can also have a U-statistics

expansion

(14) T(Xi,...,Xn) = Y5eg UP(h;) + Re(X1,.- -, Xn)-

For more information about U-statistics we refer to Chapter 5 in Serfling (1980).

2. Prelimary results.
A function k : S™ — R is measurable symmetric if k(z;,...,zm) = h(Zg(1ys -+ ZTo(m)) for
all (z1,...,Zm) € S™ and all permutations ¢ of Ny, = {1,...,m}.
It is convenient to define the following two linear operators on (symmetric) functions
h:8S" —R. Forz;,...,2, €S n€N
(2.1) oph(zr,...,zn) = Pigirccingn P&y -,z ) for 1<m<n
omh(z1,...,z2)=0if m>n
c(c)=cforceS.
The projection operator WEm is defined on functions h of m variables in L;(S™,S ™,P™)
and takes values in L;(S*,S ¥, P¥) for 0 < k < m as follows for (z1,...,Zm) ES® m #0
22) h(B)(z1...,24) = (62, = P)--- (b, — P)P™Fh
7r£o(c) =cforceS
where for a measure Q; on S Q;---Qupk = [g.h(z1,...,2m) dQi(z1) -+, dQum(zm). If 2
function is not necessarily symmetric, we will write S,k for its symmetrization, i.e.
(23)  (SmB)(21,--,2m) = (M) h(zo1), - - -, To(m))
where the sum extends over all permutations o of Ny,. Important types of functions in this theory
are the P-canonical. A function h is P-canonical if h is symmetric and Ph(zy,---, Tm-1,") =

6y bz, ,Ph = 0 for all z;,...,z,_; € S. Note that if h is symmmetric then w,fmh is P
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canonical for 1 < k < m.

Lemma 2.1. ¢ and « are linear. Given k : S™ — R. is symmetric

(@) Ifhis P-canonical then E(o%h(Xy,...,X,))? = (3)ER*(X;,...,Xm)for 1<m<n
(b) E(rfnh(X1,...,X:))? < BR3(Xy,...,Xm)for 1<k<m

() ofof=(2)(F) @) 'of fr0<k<m<n

@) 7%l =73 PP *hfor 0<k<m

(e) Ifh:S'—>RisP-canonica10$r,s$mthenW_fma,’."h=hifr=s =0ifr#s.

Proof. (a) follows from the fact that if h is P-canonical then EA(X;, ..., X, YA(X;, ---,X;.) =
0 unless the sets {ii,...,%n} and {ji,...,jm} are equal. (b) follows applying conditionally that
E(X —EX)? < EX2. (c) follows from the fact in o7, of*h we have the same number of times

every summand in oph. (d) follows from Fubini’s theorem. (e) is trivial. O

Using the o — 7 notation we obviously have that for h symmetric
(24) h(z1,.-,%m) = bz, -+ 65, h = (65, = P+P) -+ (8z,,—P+P)i = Ty 07 (21, .- ., Tm)-
Since Uy, (h, P) = (3,) o2 h(X;, ..., X;,) it follows that
(25)  Up(hP) = Sreo(P)@)20F 7Emb(Xs, .., Xm) = Teo(P)UR(RE b, P).
This is the Hoeffding decomposition of UZ into sum of U-statistics of P-canonical functions.
The symmetric function h(z1,...,%m), or the U-statistic U2 (h, P) is of P-canonical order k
1<k<mifaf,=--= wf_l,m =0 and w,fm # 0. Unless h is a constant it has an canonical
order and then its Hoeffding decomposition is
(26) Un(h, P)~EUR(h, P) = STy (P)(2) 207 ehmh(X, ., Xm) = Ty (PIUR (wE b, P).

The order of U, (k, P) is m. Of course if h is P-canonical its canonical order is m. Note that
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by lemma 2.1
@7)  [In**[UR (R, P) — BUL (R, P) — (FIUR(xE b, PG < Sreppn i ()2(E) =2 [RIIZ — 0.

We also need the following lemma

Lemma 2.2. Suppose (S, d) is a metric space. Let {X,,; n € N 7 > 0} be a family of
random variables with values in S. Assume that X, —, Y as n — oo for each 7 > 0 and for
each € > 0 lim;_¢ lim supp—co P{d(Xnr, Xn) > €} = 0 and lim,; o P{d(¥7,Y) > ¢} = 0 then

Xn —u Y.

Proof. Let A : S — R be a function in BL;. From
|EH(X,) —EH(Y)| < [EH(X,) — EH(Xq,7 )| + |EH(Xa,r) — EH(Y;)| + [BH(Y;) —-EH(Y)| <
€+ 2P{d(Xn, Xn7) > €} + |[EH(Xn ;) — EH(Y;)| + € + 2P{d(Y+,Y) > €}

taking limits we get the result. O

In the proof of the bootstrap CLT we will require the law of large numbers and the central
limit theorem for U-statistics. The first due to Hoeffding (1961) ( see also Berk (1966)) is as
follows:

(2.8) E[R(Xi,...,Xm)| < oo implies that UZ(k, P) — EUZ(h, P) as.

We will also require an easy complement of this theorem Giné-Zinn (1989). Let 2 : S™ — R
be a symmetric function; then if » > m
(29) E[h(X1,...,Xm)|™" < oo implies that 2" 0y ;o5 < B(Xi, ..., X5, ) — 0 2s.

A consequence for V-statistics is that if for each i1,...,im, {i1,..-,im} C{1,...,n}

(2.10) EA(X;,,...,X;, )[Fliinl/m < o then

n~™ Z?;,...,i,,.:l h(Xiy,..., Xi,,) = ER(X3,...,Xm) as.
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3. The CLT for U-statistics.

First I will sketch a modification of Bretagnolle’s proof of the CLT for U-statistics borrowing
some notation from Dynkin-Mandelbaumn (1983). For ¢ : S — R measurable and bounded with
P =0 let hi(z1,-..,2x) = ¢(z1)- - $(z1).

Remember Newton’s identities if py = Y. 1 z; p2 = Z?q z;z; ces Pp=121---2, and
sj=3 1zl thenfor k<n sp—pisi—y+pase-z+---+(=1)F"1pe_ys; + (—1)*kpe = 0.

So pr = F{s1,...,5;) where P; is k-degree k-variable polinomial. So this implies
(3.1) n~*26PR{(z1,...,28) = P(n~Y2 Y7 ¢(z:),n" 30 62(i), - . ., nE 7 92 (zy)).

Let {Gp(¢) : ¢ € L2(S,S , P) and Pé = 0} be the isonormal Gaussian process i.e. Gp(9) is
N(0,P¢?) and Cov(Gp(¢), Gp(¥)) = Cou(é,¥) for all ¥, € La(S,S ,P). Note that Gp is a
linear operator.

Then the central limit theorem and the law of large numbers give
(32) £ (n*202hY (X1,...,Xn) 15 = 1...0) = £ (Pe(Gp(85),62,0,...,0) : G = 1,...,J)
where a’ﬁ = P§?.

In the case that Pé® = 1 (P.(Gp(4),1,0...,0)/k!); are orthonormal polinomials and the

index is equal to its degree. Thus Pi(Gp(9),1,0...,0) = Hr(Gp(¢))/(k!)*/? where Hy is the k-th

Hermite polinomial. By homogeinity Pi(Gp(4), P(¢%),0...,0) = (P2)*/*H (Gp(¢)/(P¢*)12)/ (k)2

Let (2,5 , Q) be the probability space supporting the Gp(4). Define L as the linear span of
{hg;é € Lo(S,S ,P) and P¢ = 0}. Define also the following operator on L
33)  I(Tjocihy’) = Tj, ci05, He(Gp(45/07))
where o7 = Varg;.

From 3.2. and the convergence of moments it follows that I is a linear isometry so it extends

to the closure of L in Lo(S¥,S ¥, P¥). Call I this extension. Now (3.2) implies that
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(84) L (n~*202h) —, L (I(R)) for any k € L.

To finish the proof we would like to prove (3.4) for h canonical. By real analisis we know
that if h is a function of m variables with ER?(Xq, ... ,Xm) < oo, then h can be aproximated in
L(S*,S ¥, P*) by functions of form g = 0, eila,,(21) -+- La;, (2:) Where A;; € S . Suppose
besides that h is canonical then by lemma 2.1-b [k — & &g]|2 = [|7x, k(R — g)||2 < [|k — g]|2- Call
¢:5(z;) = Ia, ;(z;) — P(A:;) Then Py);; = 0 and mex(9) = Yim1 G%i1(z1) - . - ik (zk).

Since the operator S; : L2(S*,S ¥, P¥) — L,(S*,S ¥, PF) is a projection ||k — Simixg]l2 <
|k — g]|2- By polarization
o bo(1)(1) - Go((me) = REH T L et ey 4 () S hf

So Symrrg = 23!:1 ¢;¥;(z1) ---¥j(2x) for some simple functions 1; with P(3;) = 0. This
means that Si7x g is in L and h is in the closure of L. Given that the canonical funtions form
the invariant space of the linear functionals Sy and 7 &

(3.5)  the closure of L consits of the canonical functions in L,(S*,S ¥, P¥).

So if h is canonical there are functions g, in L so that ||k — g.|| — 0. By lemma 2.1
In=*20h — 24207 g, 2 < n=*@)||k — grllz and [I1(B) = Igr)z = Ik = gr - So by lemma
2.2. L (n~*/262 k) —,, £ (I(h)) for any canonical k € Lo(S%, S ¥, P¥).

Combining the CLT just proved with (2.7) we obtain the CLT for U-statistics:
Theorem 3.1. If k € L,(S™,8 ™, P™) has canonical order k then the sequence
(36) {n*/2(UZ%(h,P)—EUZ(h,P))} converges in distribution and its limit coincides with the

limit of the sequence {k{P)n~*/20pxf h(Xa,...,Xn)}.

This limit theorem is due to Rubin and Vitale (1980), but the case m=2 goes back to Hoeffding

(1948a) (non-degenerate case) and von Mises (1947a) (degenerate case).
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4. The bootstrap CLT for U-statistics.

We start by fixing the notation. Given {X;}$2, i.id. with values in (S,S,P) let P,(w) =

n~13°" ) 8x,w) be their empirical measure. Let X¥; ..., X%, be iid. random variables with
law P,(w). In the cited paper Bretagnolle studied the bootstrap of U-statistics. He proved that
in the degenerated case the bootstrap works in probability if the bootstrap sample m,, satisfies
my/n — 0 and as. if m,(logn)?/n — 0 for some b > 1, under quite strong moments conditions
on h. He also observes that for m, = n this ’naive’ bootstrap does not work for h(z,y) = zy if
EX; = 0. This example gives a clue on both, why the naive bootstrap fails and how to proceed.
Let EX; = 0. Then
(41) nUZ(R,P)=n(3)"" Ti; X:X; = (n = 1) (T, X:)* = (n— )7 XP)-
By the CLT and LLN (4.1) converges in law to EX?(g%—1) where g in N(0,1). But nU$(k,P,) =
n(3) 7 Tic; XniXnj = (n = 1)7Y (T, Xni)® — (n — 1)71(ia; X2;) seven after centering, is
not a natural "replica” of nUZ (k, P). In this case it is clearly more natural to apply the bootstrap
CLT and the the bootstrap law of large numbers to the right side of (4.1) to obtain the bootstrap
statistic that works is (n — 1)~ X —EX, ;)2 — (n— 1)~ (X0, Xni — EXn )?).

This expression equals nU$ (hy, Ps) where hn(z,y) = h(z,y) — Pak(z,-) — Pah(-, )+ P2h(.,-)
hy, is the second term in the von Mises expansion of h with respect to P,. If h is of order k
with respect to P let h,, be the k-th term in the von Mises expansion of h with repect to P,.
Then we take as the bootstrap statistics not nUZ(k, P,) but nUZ(k,, P,). Next we prove that
this bootstrap procedure works a.s., for any bootstrap sample size m, — oo under minimal

conditions.

Lemma 4.1. Let ¢; € Lo(S,S , P) with P¢; =0 for j =14,...,J. Then w-as.
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(42) limpmol (n*26Fxs B (Xa1,..., Xnn):j=1,...,0) =

lima—ooL (n~%267  RY(Xy ,...,Xn ):j=1,...,J).

Proof. We have nf} h{’(z1,...,2k) = ($(21) = Pa($5)) - -+ (5(z2) — Pa(4;))-
Hence by (3.1) n=*/2¢¢x[; hf’(th ceesXnn) =
Pk(n_1/2 2?:1(¢5(Xn s')— n¢j)’ n~? E=1(¢j(X,,,-)—P,,¢j)2, AR n~k?2 Z?=1(¢.‘i (Xn i)—Pnd’j)k)'
By the bootstrap CLT and the bootstrap law of large numbers in R’ (Bickel-Freedman
(1981))
lim, .0 £ (n=/2 Pim1(85(Xni) - Prdj):i=1,...,J)=
limal (n"Y2 0 65(X5) :5=1,...,J) =L (Gp(¢;): 5 =1,...,J) as. ,
Png; — P¢; as. and fors>2 n~' 3, 63(Xa:) — P4} in fr, as.
Since polinomial commute with weak limits, we obtain that w-a.s.

limp—col (n%26777 B (Xn1,..., Xnn):i=1,...,J0) =

L (Pc((Gp(4),93;,0,.--,0)) 15 =1,...,J). O

Lemma 4.2. Let f be a P-canonical function in L,(S¥,S ¥, P¥) satisfying the integrability
condition: for each {7:,...,i} € N¥
(4.3) Elf(Xiy,---, X )PY* < c0if d = #{i1,..., i}
then a.s.
(44) limpol (n7*2027ly f(Xn1,--.) Xnn)) = limp—eo L (n~*267 £(X1,..., X0)).
J

Proof. By (3.5) f is the limit in L, of functions of the form g = 25=16 h,fj. By the last

lemma (4.4) holds for this functions. Now lemma 2.1-a) and b) with P, replacing P, gives

E(n~*20fxi3(f - 9))? = n~*(Q)E(xf3(f — 9))? <
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EIP1E(f = 9)2(Xn1,-.-, Xng) = K"1n—k Thin=t(f =9 (X, -, Xz,) that converges ass to

EI=1E(f — 9)*(Xi,,- .., Xi,) by (4.3). Now the lemma 2.2 gives the limit (4.4). O

This lemma is already a solution to the bootstrap problem if P is known: take f = kamh to
obtain by theorem 3.1 and (4.7 limp—co £ (n=*/2ENP )02 x 27, B(Xn1,--.) Xnn)) =
limp—eo £ (n*/2(UZ (R, P) — EUZ(h, P))

If P is not known we need the following lemma

Lemma 4.3. Let £ < m and let A(z1,...,2m) be a symmetric measurable function satisfying
the following integrability conditions:
(4.5) if #{i1,-..,ix} = p then E[P™*h(X;,,..., Xi,,.. )?/* < o0,
(4.6) if #{i1,...,im} = q then E|A(Xi,, ..., Xi,.- )P™Fh(X;,, ..., Xip, .- )]9/™ < 00 and
(4.7) if #{é1,...,%2m—z} = s then
Elh(Xiyy -, Xin YR Xy - oo Xy X ygs- oo Xigm P < 00
then

(4.8) limn_.wE[n‘k/za'g(rf;‘n - r{,’;wfm) h(Xn1,---,Xna)? =0 w—as.

Proof. By lemma 2.1 (2),( b) and (d) we have
(49) B *20p(nfn — mfinEn)(B)(Xa 1y, Xnn)? =
nH QB — me TE) (B)(Xn 1, Xa )P
< LE[rEn (PP=k — PP E)h)(Xa1,..., Xnp)l? =

éf:‘.[(P,’:’"’h)z(Xn 13-+ 2 Xnn)=2(PPER)(P™kR)(Xn1,. - -y Xnn)+(P™*R)2(X 01,y .- -, Xnn)] =

%[ﬁ"h(xﬂl:---,Xnk:---:xnk+la.--,Xnm)h(xnl,~--:Xnk7---aXnm+1,---an2m—Ic)—
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2ER(Xn1,-- o, Xnm)P™ *h(Xa1,-- -, Xnks- <) + B(P™*h(Xp1,..., Xnk,---)2].

The three summands in the last term of (4.9) are three V-statistics that satisfy the integrabil-
ity condition in the law of large numbers (2.10). So the first and the third summands converge to
Eh(X1,--., Xm)h(X1,..., Xks Xm41, -+ -, X2m—&) and the second converges to minus twice this

quantity. Hence (48) is proved. O

It is obvious that the integrability condition (4.6) for f = ﬂ{mh is implied by condition (4.5)

on h. Hence, the last three lemmas together with the CLT (3.1) yield:

Theorem 4.4. Let (S,S , P) be a probability space and let & : S — R be a measurable
symmetric function of canonical order k with respect to P. Let {X;}2, be iid. r v. with
values in (5,8 ,P) and for each n let X2, = X,j;, j = 1,...,n be iid. (Pa(w)), where
P(w) = n"' 31, 6x.(w). Let h satisfy the integrability conditions (4.8) to (4.10). Then the
following sequences of probability distributions converge weakly and all have the same limits:

(8) {£ (n*/2(Un(h, P)— EUR(h, P))};

() {C (K(P)n*202aE (X1, Xn)) s

(¢) {L (RN 2elalaal (A(Xn1y-..» Xnn))}, w-a.s. and

(d) {£ (FYP)n 20775 (B(Xn1, ..., Xnn))}%; w-as.

Remark 4.5. (Another alternative) A slighty different (but essentially equivalent to the
above) rationale for the bootstrap of degenerate U-statistics goes as follows: since UZ(k, P)
is of canonical order k and this is so crucial that it must be preserved when bootstrapping,
the bootstrap statistics should be not UZ(k, P,) but instead UZ(k,, P) where h, is the k P,

component of h namely
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49) hn(w)=h— 3 orafnh.

Notice that by lemma 2.1 (¢), for 0 < r < k #Fah, = wfn h— xFph = 0 and for r > k
7Enhy = 7P b, so that
(410) U (hn, Pa) = Try(P)E) M (0P 70 h) (X 1, - X )-

The leading term in (4.13), multiplied by n*/2 is equivalent to the term d) in theorem 4.5
and the remainig terms are o(n*/2) by the the proof of theorem provided that the integrability
conditions (4.5)-(4.7) hold not only for k, but for all ¥’ < k. Hence, under this extra integrability,

we have that the sequence {£ (n*/2(UZ(Ra,P,))}S%, has as. the same weak limit as the

sequences a)-d) in theorem 4.5.

Remark 4.6. (Different bootstrap sample sizes). Since the CLT and the LLN in R’ can be
bootstrapped for any bootstrap sample size N, — oo and since the Ly(P,) estimates of lemmas
4.2 4.3 also hold for bootstrap sample size N, — co. The sequences ¢) and d) are now, for
Xnty-- o, Xnn, iid. (Pg), {£ RY()n~*20p7l (R(Xn1,- .- Xnn,))}2,; and

{£ (R 20 a3 (B(Xn 1y, X o)) Y21

Remark 4.7. (Joint convergence) If h; € Lo(S™,S ™,P™) for j = i,...,J and they have
canonical orders ki, ...,k then the limit in (3.6) holds jointly. It also true that all this lemmas

about bootstrap hold jointly. So U-statistics can be bootstrapped jointly.
5. The bootstrap of the law of large numbers for U-statistics.

The purpose of this section is to prove with as less moment condtions as possible that

(5.1) UR(k,Pp) 2+ Eh as.
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Theorem 5.1. Suppose that for each possible combiation of integers #1,. .. ,im

Elh(Xi,, ..., Xz, ) [#Urin}/™ < o0 then UZ(h,Pn) — Eh(X,...,Xm) as.

Proof. By (2.5) UR(k, Pa) = L7 o(P)UR (xl ok, Pr).
The 0-th term is P*h and by the law of large numbers for V-statistics as in (2.10) P* — P™h.
For 1< j<m UP(a]nh, P) =UP(nfmh Lncnirs, Pa) + UP(aF b Iinys sz, Pa)-
Now Var(UF(njmh Ingntsa, Pa) = (2) ' B((6x., — Pa) -+ (8xn; — Pa)PP7h Ipjgnira)?
S @) E(Px,, - Oxn; PP R Iy cnia)® =
R S oyt B Xers e Xags Xpy - s Xpm  Ye(Xays - s Xags Xy X gt
= pi-m-i Yap=1 Xy, - Kajs oo, Xpyy ooy Xpmo )
=all2m e o Ik(Xi,,..., Xi,)| = 0 as. by the law of large numbers for V-statistics.
As far as the second term E|UP (7] k, Pa)| = E|(8x., — Pa) -+ (6x; — Pa) PR3 hljp 5 pa/a)-
Developing this last expression we need that E|5x..1 .o 0x, , PTI hIjpjsnrs2| = 0 as.
But Eléx, , - 6x.; PRI hIpspn| S 0 o i B(Xiyse ooy Xip) Lagsmie — 0 2s. by
the law of the large numbers and the argument in (2.3), Chapter 1. O

Note that the result generalizes the bootstrap of the large numbers.

6. Multisample U-Statistics.

Suppose we have ¢ < oo probability measures on S P(), ..., P(¢) and ¢ independent sam-
ple X%l),...,X,(,?;...;ch),..., ) one from each P®, with n = ny + --- + n, and n;/n —
7; € (0,00) for 1 < 7 < c. Suppose we have also a function h(xgl), ...,zS,R;...;z?’,...,zﬁ:Z)
symmetric within each of its blocks of arguments.

Forn; > m,...,n, > m, the c-sample U-statistics corresponding toh and P = (P(1), ..., P(9))

1s defined as
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nx. fe - 1 1 < ¢
(6'1) Um ,me(h P) - HJ_I( ) 120:1 Zac h( (1)(1)’ "’Xix)(m;)’ ch)(l)’ X( (mc))

where the sum runs over all the possibilities 1 < j(1) < --- < aj(mj) <njforj=1,...,c

7. (1 m. ..
Let (o2 ,.. )r’zzg), G BRy e 3 ] s

.,z )) —
(1 1 .
za con Zac h(zal)(l), eeey zfn)(ml), . Erc)(l)’ -y z‘(;::)(mc))‘
Define (xf ®

f1,my " :cmc

) accordingly.
The Hoeffding decomposition holds in the 1-sample case,
(62) Upvhe (h,P)=
ko Thzo Gaa GG @R o) s TR DXL, ., XED).
h has canonical order k if (2% , ..., ,‘:‘,’,’,c)h 0 for all (3y, ..., 3;) such that 1 < & +---+
i, < k and is the largest integer for which this holds. Then only formal changes are needed in

the proof of the CLT 3.1 to obtain:

Theorem 6.1. If k € L,(S™,§ ™, (};‘(1))""x .- (P("))’"‘) where m = mj; 4+ ---+m. then
(63) n*2[Unins (b, P) — BURLs (B, P)]
converges in distribution and its limit coincides with the limit of the sequence

- Be 1) <)
(6 4) n klzz:,_, wie f1-e +:C=L-H _1(;::’)( ) 1( :1 )" ’aic )(Wz}:fmu i :}:(mc)h(X(l) ngf:))

This limit theorem can also be bootstrapped exactly in the same way as the bootstrap for
1-sample U-statistics, i.e. by replacing, in the last expression, P(1), ... P(¢) by P,El),---,P,gc)
and the ¢ samples Xgl), eee ,X,(,’? by the corresponding bootstrap samples X,(:‘), 1o X,(fi),n,-. And

in fact the bootstrap sample sizes may be taken to be N; — oo arbitrarily.

7. The CLT and the Bootstrap CLT of V-statistics.
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Given a symmetric measurable function A : R™ — R and a probability measure P on R, the
V-statistic of order m based on h and P is defined as
(7.1) VZR,P)=n""m E:‘:,...,i".:l hX;,,...,X;,) = PPh
where {X;} are i.i.d. (P). Every symmetric statistic, and V,2(h, P) is one, admits a Hoeffding
expansion into U-statistics with P-canonical kernels. So the CLT and the bootstrap CLT for V2
can be deduced from the results in the previous sections. This is done for a different bootstrap
CLT in Bretagnolle (1983). Here, we will apply the same principles of previous sections but not
the results themselves: it is somewhat easier to decompose a V-statistic into V-statistics with
P-canonical kernels (instead of U-statistics ) and work with these. As in (2.5) we have
(72)  Va(h,P)=Prh=((Pa=P)+P)"h= Y T2y(?)(Ps — PY P™~ih =

ST oI T8 sima(6x, —P) - (6x, = P)P~ih = ST ((MVA(xE o, P) . Now we

must introduce some extra notation in order to account for repetion of indices. Given a partition
Q= (41,-..,4;) of Ny = {1,...,m}, where ¢ = #Q and A; # 0, we let, for h: R™ — R,
(7.3) Jo(h)(=z1,---,24) = h(zi,,...,2:,) where i; =k if j € Ag,k=1,...,q.

With this notation we obviously have
(74) Va(h,P)=n""3, 07(4!SJoh)(Xy, -- -, Xp).
where the summation runs over all partions Q of Ny,. This is a decomposition of V;? into U-
statistics. Following Filippova (1961) we let
Ly(R™,B ™, P™) := {h € Ly(R™,B ™, P™) : Jgh € Ly(R4,B 9,P7) for each partition Q of
Np.} and

(75)  lIAllza = (g E(JQh)* (X1, ..., X)) /2.

Theorem 7.1. Let H : R™ — R be a symmetric measurable function. Then

(a) Prolh=()P™hform< n.
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(b) Vk"(vrimh,}’) = (Pp — P)kPm—*ph = P,’f(w{mh),k <m.

(¢) Ifhe Ly(P™) then E[n™2(P, — Py™h]? < cillhl|Z, where ¢, depends only on m.

Proof. (a) and (b) are trivial. (c) is proved in Filippova (Mises lemma). O

Our goal is to bootstrap the CLT for V2(h, P) for h with P-canonical order k. In this case
the sum (7.2) becomes
(76)  V(h,P)— BVZ(h,P) = S (P)VA(aE b, P).

We show that the first term is the leading term:

Lemma 7.2. i h € L,(P™) has P-canonical order k, 1 < k < m, then

(1.7 n*E[VR(h,P) - EVA(h, P) = (T)VF (xf b, P) = O(n™Y).

Proof. By lemma 7.1 (b), (7.6) and (7.6) n*/2|[V;2(k, P)~EV2(k, P)—(F)VP (7f b, P)ll2 <

e PNV (b, Pl < ity s~ 2()e, ||Pm=Eh||;. O

Filippova (1961), theorem 4, proves that if 2 € Zz(P"‘) then
(18) L (n*/(Pa = PYoh) = £ ( Jy -+ f3 R(EX(22),...,F~Y(z)) dB(z1) - - dB(zx) )
where § is the Brownian bridge and F is the cumulative distribution function of P. Call this law
#(h, P, k) then (7.7) and (7.8) give the CLT for V-statistics:
(7.9) If h € Lo(P™) has P-canonical order k, 1 < k < m, then

lima—co £ (n*/2(V73(h, P)=EV;3(h, P)) = limn—co L (n*/*(T)Va(7f b, P)) = p((P)7E b, P ).

So, we have a situation analogous to that of section 3 and will bootstrap in the same way. Let,
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as before, X7, ..., X7, be ii.d. random variables with law P,(w) and let P¥ =n~1 37 6x0,

be the empirical measure of the bootstrap sample. We drop the variable w.

Lemma 7.4. Let ~00 =1 <#; < --- < t4-1 <tz =00 and let 4; = tj-1,4),i=1,---,d
be the associated partition of R. For constants g;, ..., let g(z1,-- -, z4) be the function
(710) g(z1,--,28) = T, ... jom1 Giaimidelag, (21) -~ Lag, (2a)
then

(7.11) limp_eol (n*/2(P, — B,)*g) = lim,_.oo £ (n*/2(P, — P)%g) as.

Proof. By the bootstrap CLT in R¢ (Bickel and Freedman (1981))

limp oo (nV/2(B, — P)(A) :i=1,...,d) = limy oo £ (nV/2(P, — P)(Ai) :i—1,...,d)) as.
So the result follows because

0Py — PYg =52 i 1 Gis g™ (Pa — P)(4j,) - -nl/3(P, — P)(4;,) and

n*/2(B, — P,)*g = 2?;,---,:1:1 Gy orrin B (B = Po)(4,) - - -nY3(B, — P,)(A;,) and polinomials

commute with weak limits. O

Lemma 7.5. Let f € L(P*) be a P-canonical function. Then w-a.s.

(7.12)  limp—oof (n*/3(By — Pa)*g) = limp—co £ (n*/2(P, — P)g).

Proof. The set of functions g of the form (7.10) is dense in Lo(P¥). Let then f = lim,—og>
in Lo(P*) with g, of the form (7.10). By lemma 7.1(c)
(113) B(#2(Bs = P)H(f = 9:) < GIlF = 01, cpmy-

Moreover, again by lemma 6.1 (c)

(7.19)  B@H(Po = Pa)*(f = 62)) < GlIS = 0rl1Z, p) = 2 S0 WlF = 90)I o
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The last random variable in (6.14) is 2 sum of V-statistics that satisfy condition (4.3) (
actually, with some room left). (Note that symmetry is not a problem: collect terms in this
sum corresponding to permutation-equivalent partitions). Hence, the law of large numbers (4.3)
shows that
(7.15) Bm sup,,_.ooﬁ‘.(n"/z(ﬁn —P)(f-g9.))2<é|f - y-r”%, as.

Now the result follows from lemma 7.4 (7.13) and (7.15). O

Lemma 7.5 for f = wgmh and the CLT (3.9) give that if 2 € L,(P™) then w a.s.
(7.16) Iimp—col (R*/2(P)(Bn = Pa)*af uh) = limp—co £ (n*/2(V2(h, P) — EV2(h, P))

Now we must replace 71{ m DY w: .- This is allowed by the following lemma:

Lemma 7.6. If h(z1,--,2m) is of order k with respect to k and k € L;P™) then

(7.17)  lima—ooB[n*/2(P, = P (af,, — 7En B2 =0 w as.

Proof. By lemma 2.1d and lemma 7.1c E[n*/2(B, - Po)t(xf,, — win B =
En*/%(B, — P,)H(P™F — PPk)h]? < c}[|P™~%h — PP=Fh)|
% Lolla(P™ *h = Pah)I}  pgy-

By developing the square as in the proof of lemma 2.4, and applying the law of large numbers

2 =
La(Py)

for V-statistics (7.4) the lemma follows. O

The CLT (7.9) the limit (7.16) and the lemma 7.6 give the bootstrap CLT for V-statistics:

Theorem 7.7. Let h(zy,---,z,) be measurable symmetric function with P order k,1<

k < m, such that if h € Zg(P"’). Then the following sequences of laws converge weakly to the
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same limit:
@) {£ (**(Va(k, P) - EVA(R, P)}2y,
() {L (*A@)W(rE b, PYYZy,
(©) AL (PP @)V (T 3mE by Pa) iy and

@) {L (0 2PV (rhm b, Pa) ).

Remark 7.8. As in the case of U-statistics, extensions of Theorem 6.7 are possible. In
particular, the bootstrap sample size can be any N,,, — 0. A particular V-statistics of interest
is the k-th term in the Taylor expasion of a von Mises statistical functional, namely (Pan=P)"f =
Va(E mf), so that this is the special case of (7.6) for k=m. Hence, the equivalence beetween

(2) and (b) in Theorem 7.7 gives:
Corollary 7.9. (The bootstrap of Filippova’s CLT). Let f € I:z(P"‘) be a symmetric function
then

(7.18)  limp—oo L (n™/3(Pp, — Po)™f) = limp—co £ (R™/%(P, — PY™f) = p(f, P, m) a.s.

8. Applications.

In this applications we will need the following lemma.

Lemma 8.1. If Z has a continuous law and &,(a) = inf{t : P{T}, >t} > a} and T;, =, Z

in pr. and T, =y Z then P{T,, > én(a)} — a.

We omit the proof because it is, except for a change in notation, theorem 1 in Beran (1984).
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Example 8.2. (Hoeffding test for independence) Hoeffding (1948b) proposed a test of inde-
pendence based on
(81) A(F) = [, (F(z,y) — F(z,00)F(c0,))* dF(z,3)
Fiscdfofarv. (X,Y)so F(z,y) = P{X <zY <y} and F(z,00) = P{X < z}
Consider H = {P € P (R?) : P has a continuous joint and marginal densities }
Ho = {P € H : P is the product of its densities densities }
We want to test whether P is in h or in Hp.

Note that if P € H then P € Hy iff A(F) = 0. Note also that A(F) = PSh where

h((z1, 1), (22, ¥2), (23, ¥3), (24, ¥4), (25, 35)) = 472 0(21, 22, 23)9(Z1, T4, T3 )(¥1, Y2, ¥3) (Y1, Y4, ¥s)

and ¢(z1,%2,23) = Iz;<o, = Irye,-

So we can hope to get a test of independence from
(82) [ (Fa(z,3) — Fa(z,00)Fn(00, ))? dFa(z,9) = V&(h, P).

Since U and V-statistics are asymptotically equivalent and the convergence of U-statistics
requires less moments we will use the U-statistics over the kernel h. Now if P € Ho then h has
P-canonical order 2 so nUZ(h, P) — £ (6) and (3)nU% (x5 3k, Pn) — L (6).

Since 6 is the limit of U statistics of order 2 there are constants A; and a sequence of i.i.d. r.v.
N(0,1) gj so that £ (8) = £ (372, Xj (97 — 1)) where 3=;_; A? < co. Hence has a density and by
lemma 7.1 taking é, (@) =inf{t : P{(§)nUZ (75 3k, P) > t} > o} then P{nUZ(h,P) > éu(a)} —
o if P € Ho. If P € H — Hg by the law of large numbers for U-statistics UZ(k, P) — A(F) # 0.

Hence P{nU"h > é,(a)} — 1.

Example 8.3. ( A bootstrap test for symmetry about zero.) Take H = {P € P (R) :

Jz? dP < 0}, and Ho = {P € P (R) : P is symmetric about zero }. Consider the statistic

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

(83) Tn= f(°_°°°(P,,(I(_°°,,] — Itz,00)))? dz = P2h where
h(u,v) = (lu| A [v])(Zu,050 + Tu,u<0 — Tu>0,6<0 or u<ow>0) (a modifiction of an example in Filip-
pova).

Now it is very easy to chek that the expansion of T, is
§4) [ [P(I=c0,2) = Tiz,00))]? + 2[(Pa — PY(I(=c0,2) = Tiz,00) P (T=00,2] = Tz 00) ]+

[(Pr = PY(J(=c0,2] — Ijz,00))]? dz

In the case that P € Hy
(8:5) Tn = [T (P — P)(I-c0,2} = Iiz,00))]* dz = (P — P)?h.

The limiting distribution of n(P, — P)2h is the law of a shift of an infinity linear combination
of centered independent chi-square random variables of order one, hence it is continuous. So,
if we define é,() by inf {t : Pr{(B, — B,)%h| > t} > &} we have Pr{nT, > &,(a)} — a if
P € H,.

In the case that P € H — Ho T, — P2h that is diferent from zero by right continuity of F.

So Pr{nT, > é.(a)} — 1if P € H — H,.

These tests are also consistent against local alternatives of the form P+ An~* P € H, and

P+A¢€H - H,.
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CHAPTER IV
SOME BOOSTRAPS TESTS OF SYMMETRY FOR UNIVARIATE

CONTINUOUS DISTRIBUTIONS

1. Introduction.

The following is an extended version of the paper Arcones-Giné (1989b) about tests of sym-
metry based on the bootstrap.

There are statistical procedures which are sensible to departures from symmetry, therefore
requiring testing for symmetry in advance. In this chapter we propose some natural tests for
symmetry whose initial values can (in fact, only) be computed using a modified bootstrap pro-
cedure. Given a probability P in R, we say that P is symmetric if there exists some 6 € R such
that P(A) =P (20 — A) for all Borelian sets A.

Given a sample X,..., X, of the c.df. (cumulative distribution function) F, we would like
to decide whether F is symmetric or not. A good measure of how symmetric is F,, (and therefore
F)is
(1.1)  inf{{[F, — Glje : G is 2 symmetric c.df.}
where || - ||oo denotes the Kolmogorov distance.

(1.2) |IF — Glico =sup:|F(t) — G(¢t)| for c.df. F and G.

It is known (see Schuster(1987) and Schuster-Narvarte (1973) ) that given a c.d.f. F, there is

(1.3)  ||F - sFllec =inf{]|F — G| : G is a symmetric c.df.}.
Moreover sF is the symmetrized of F with respect to some parameter 4.
This suggests to test for symmetry by rejecting the hypothesis that F is symmetric if

[|[Fp — sFy|| is too large. We know that /n]|F,, — sFy||e converges weakly. So we think of taking
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the quantiles of the limit as the initial values in our test. The problem is that the limit depends
on the distribution.

The way this problem has been solved is by bootstrapping. Call F,, the bootstrap empirical
distribution. We will get:
(14)  VA||[Fn = sFylee — Zp if F is symmetric, where Z is a law depending on F.
(1.5)  /2||F, — sFy]|leo — o0 pr. if F is not symmetric.
(1.6)  VAlF, F, —sF, F llo — Z,f for every F.

So if we take t, o(w) =inf{t : Pr {VAlF, p, —sF, g lI2t} >0}
Pr{y/n|[Fn — sFp|lcc > tn,a} — a if F is not symmetric.
Pr{v/n|[Fy — sFu|lco 2 tno} — 1 if F is symmetric.

This is the idea in Romano (1988) about distance tests but his smothness conditions are too
strong to apply to the present situation. In Schuster-Barker (1987) there is simulation of this
tests but no analitical justification. In this chapter we give an analitical justification for this kind

of test of symmetry and we give another 3 different alternatives.

2. A symmetric bootstrap central limit theorem.
Let P(R) be the set of probability measures on R. A parameter of location of symmetry
6 : P(R) — R is a funtion satisfying:
(1) if P is symmetric then 8 (P) is its center of symmetry and
(2) the function 8, : R® — R defined by 0,(z1,...,2,) = 8(n~! 35, &:,) is measurable.
Given a location parameter 6 we define s°P (sP if no confusion may arise) by
(2.1) s°P(4)=3(P(A)+P(20- A)), A€B,
and s?F,s? f, denote respectively the c.d.f and the density (if it exists) of s°P.Note that s°P is

the symmetrized probability measure of P about 6. If no confusion is possible we will use 8 for
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8(P), 8, for H(P,) and 6, for 6P, p,), where P, p_ = P, P.() is the empirical measure of
n iid. random variables Yy, -, Y%, with common probability law sP,(w). The variable w

will often be omitted. Finally Pr,E will denoted Pr, E conditionally on P,(w).

We will use repeateadly the following lemma.

Lemma 2.1. Let C = {(—o0,t],(—00,%) : t € R}. Let u,, p be probabilities measures in R
- If sup:|(pn — p)(—00, ]| — 0 then

(22) 22(Papu, — pa)(C) >u U(s(C)) in I°(C)

Proof. We will deduce the result from corollary 2.7 in Giné-Zinn (1990a). Note first that
the class C is uniformly pregaussian because it is a V-C class. Call J = {J; J is an interval in

R}. From that result what we must show is that supsez |(#n — £)J| — 0. Note that

supses |(a — #)J| < 2 sup: |(pn — p)(—00,t]) = 0. O

Definition 2.2. Let § = 4(P),P € P(R), be a parameter of location of symmetry and let
IT be class of probability measures such that if P€ II, also s’P € II. We say that ¢ is a strong
bootstrap consistent parameter of location of symmetry for the class II if the following properties
hold (with X; ii..d. (P) ):

(i) limpeeobn(X1,...,Xn)=0(P) as. forall P €1I.

(i) For all symmetric P € II there is a random variable §(P) such that the following limits
holds jointly weakly:
(23) nM2(Pn — P)({(coo) —=> U(F(2)) in loo(R) where U is a Brownian bridge and

n/2(8(P,) — 6(P)) = B(P)
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(iii)  (First note that lemma 2.1, (i) in this definition and the Glivenko-Cantelli theorem
imply that n'/%(P, p_ () — sPn(w))(L(=c0,q) —— U(sF(t)) inlo(R) a:s.)
For all P € II there is a variable é(sP) such that the following limit holds jointly
(24) 2P, ;P ()~ SPa@))U(~c0,) —w U(sF(?)) in loo(R) and
(6P, P, y) — 6(Pn()) < 6(sP) ass.
where sSP=s’P with § = 6(P) and sF, = s F, with 0, = 0,(X3,-..,Xn)-
Analogously we say that @ is a weak bootstrap coinsistent parameter of location if the limits

in (2.4) are in pr.

Obviously, conditions (i)-(iii) in Definition 2.1 hold if § = 8(P) is sufficiently differentiable.
At least in the case we are interested in, it seems more expeditive to check these conditions

directly.

Theorem 2.3. Let II be a set of probability measures P on R which are absolutely continuous
and whose density f are uniformly continuous on Dp := {z : 0 < F(z) < 1}. Let 6 be a weak
bootstrap consistent parameter of location of symmetry of the class II. Then the following limits
hold:

(1)  For all symmetric P € I
limp oot/ ?[Fr — sFn](w)(-) = 271 U(sF()) +27 U1 —sF(-)) +6(P)(f)(-) weakly in 1°(D,p).

(i) ForalPell,
limacon!/2[F, P _uy=F, B (w)]() = 2 TU(SF()) 427 U =sF())+(sP)(sf)() weakly
in 1*°(D,p) in pr.

(i)  Moreover if § is strong bootstrap consistent parameter for all P € II, such that the

Holder type condition holds
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(2.5)  Ah(6) :=supjs—s)<s|F(t) — F(s)|In In(1/]t — s[) = 0 as § — O then
lit e[, Py — SFy P o)) = Z 1= 27TU(SE()) + 271U (L = sF()) + H(sP)(s)()

weakly in 1°(D,p) as.

Proof. We have that
(26)  nM2(Fn — sFa)(t) = nV/2Pa(2 (oo ) — 2 126, —t,00)) =
n2(Py — P) (2 (o0, — 27 ppg, ~t,00)) + 22P(27 (oo, — 2 20 —t,00)) = I + I
Now I = n'/?(Py — P)(27 (cco,5) + 2™ (—c0,260—1)) =
2Py — P)2 (oo, + 27 (m0,20—4)) + 7Y/ 2(Pr = PY (2™ (o260 —1) = 2" (mc0,20-1]) =
I, + I.
Since C is a V-C class, there is gaussian process Gp such that n'/2(P, —P) —,, Gp in 1 (C).
So for each € > 0
lims_.o lim supp—co Pr{ sup,(c,p)<sIn?/?(Pn — P)(Ic — Ip| > €} =0
where p?(C, D) = Var(Ic(X) — (Ip(X)).
Note that p*(I(-co,u]s I(~o0,)) = Var(I(—eo,ul(X) — (I(=c0,0)(X)) < |F (1) = F(v)].
Since F is uniformly continuous for each ¢ > 0
lims—.o Him supp—.co Px( supje_gi<sint/3(Ppn — P)(I_co,6) = I(-c0,6m)| > €) =0
Since 6, — @ as.
2.7 sup;|n!/2(Pp — P)(27 [~ c0 20, 1) — 2~ ] co,26—4)| — 0 in pr.
Since f is uniformly continuos and 8, — § a.s.
(2.8)  sup;|n/?P(27 (oo, = 271 [(—c0,20~26,—1]) — 2}/ *(8n — ) f(t)] — 0. as. Hence (2.6)-
(2.8) give that the distribution of n!/3(F,, — sF,) in 1°(Dp) is asimptotically equivalent to the
distribution of

(29) %P — P) (2 co + 27— o0 20-1)) + 02 f(2)(6 — 6)
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which converges weakly to 2-1U(F(t)) + 2-1U(F(1 — t)) + G7(2).

The proof of (ii) is similar
(210)  n'[F, p = sF, p JUoo) = 23 (F, ,p N2 Lm0, ~ 2 Tigh, t.00y) =
n/2[F, p —sPa)(2  (—cog ~2-1I[2§__m))+n1/28P,,(2-11(_,,°,,] =27 g pooy) =T +II

Now P’=nl/ 2[Fn,3P,. = sPa](27 (C ooy — 27 (0,201 F
n2[F, p —5F, P 127 (cco20-0=27]_ o 25,1)) = Is+1}. Similarly to (2.6) since § < 6
as. sup|Ij| £ 0in pr.

As far as I
(211) I = 0 2Py (4™ ooy + 47 20, ~1,00) = 4 (Lo 26, -25011) — 4 26, 3 00)) =
=n2[Pn — PJ(47 (oo, + 4™ N2n—t,00) = 47 (o0, 26026 tt] = 4 2 t,000)F
PP o + 47 200 —t,00) = 47 (oo 20,250 e) = 4 Highs—t,00)) = ILL + I},

Now for any a,, such that a, — 0
(212)  w(an) :=supjs_si<a, P2 (Pr — P)(L(—co5] — J(—c0,sj| = 0 in pr.

Hence taking a,, with a, — 0 and /e, — co. For each ¢ > 0
(2.13) P x P{sup:|II.(t)] > €} < P{w(an) > €} + P x P{2|0, — 6] > an} — 0.

As for I'T] using a.s. convergence of 8, to 8, the w pr. stochastic boundedness of nl/ 2(9',, —6,)
and the uniformly diffferentiability of f, we have that w pr.
(214) PP cco 1+ Tp0amtio) = o 200202 = T ty) = 220 = On)(sF (oo —
0 as.

Collecting (2.10)-(2.14), (ii) follows.

As far as (iii), the proof is similar. Note that for all the remainders except II; now we have
converges a.s. The problem is that (2.12) does not hold for any sequence ¢, — 0 That is why we
ask the condition (2.5).

We need that for some ¢, — 0 with \/nc, — 00

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



55

(2.15)  w(eq) =sup|,_{ls‘,_|n1/ 2(Prn — P)(L(=co,) — I(=co,5)| = O a.s.
Call & =F(Xi) Un =va(r"1 Y (Iict — t) ) Then as. Un(F(t)) = n/2(P, — P)(t).
By the Holder condition in (2.5), for any A > 0 if |t — 5| < n=> then
[F(t) - F(s)| < k(n~*)/In Inn~> < h(n=*)/In Inn. Hence
SUP|t—sjgn=> [n'/2(Pn — P)(s, ]| < SuPlu—vi<h(n=3)/1n InnlUn(¥) ~ Ua(v)] -
By theorem 4 in Mason-Shorack-Wellner (1983)
Em SUp n—oo SUPJu—v|<e/Inlnn|Un(t) — Uy (v)| = v/2¢ as. Hence for any b, — 0
(2.16)  SUP[u—vi<tn/ininnlUn(t) — Un(v)] = 0 as.
Therefore for any A > 0

(217)  supjecyiga-s[n¥?(Pr — P)(s,8]| 0 as.

Remark 2.4. Schuster and Barker (1987) suggest considering a smothed symmetric boot-
strap. This requires proving that the limit in (i) of theorem 2.3 holds also for the statistic
(2.18) nl/z[Pn,,P“_)‘n —si"P”’_,Pn_An](t) t € R where ), in uniform over [—a,,a,] a, — 0.

The fact that (2.15) is an alternative follows in the same way that theorem 2.3 plus
sup;|sP, * A, — sP)(—00,t]| = 0 as.

Remember that for probabilities measures P and Q P # Q is defined by
PxQ(A) = [ [ Iiz4yeay dP(z) dQ(y) = [P(A —y) dQ(y).

Hence |(sPp * Az — sP)(—00,1]| = |(1/2a,) [Z7 sPa(—00,t —y] — sP(—c0, tldy| <
[(1/2a,) f_a;n sPp(—00,t—y]—sP(—o0,t—yld y|+((1/2a,) ff;.. sP(—o0,t—y]—sP(—o0,t]dy| <
1sPn — sPlleo + 25UBla—tiar [E(t) — F(s)]

Thus ||sPp * An — sPljeo < [|sPs — 5P|[oo + 25upjs—sj<a, [F(t) — F(s)] — 0 a.s.

Now the analogous of the part (iii) of the theorem 3.2 is that if (2.18) holds jointly with

(2.19) VA(O(P, ,p..x.) = 0(Pn *2n)) —u 6(P) as. then

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

VAP, P or. — 5P P, ua,) —w 27TU(SF() +271U(1 - sF() + (sP)(sf)(") ass.

Corollary 2.5. Let = € I, let 8 be a weak bootstrap consistent parameter of location
of symmetry for II, and suppose the c.d.f of ||Z]|oo := [|27U(sF(2)) + 2-1U(1 — sF(t)) +
(s°F)(£)8(sP)||co is continuous. Let Hs be the set of symmetric probability measures in II. Let
tn,a(w) :=inf{t : Pr{|[n!/ (B Py — SFasPowyllo 2t} 2 0}

Consider the test
(2.20) Ho:P eqls versus Hy : PE —Os with rejection region [[nY2(F, — sFy)|leo > tn o
then,
(2.21)  Pr{||n?(Fa = sFp)lleo > tn,a|Ho} — a whereas
(222)  Pr{[n**(Fa = sFo)lleo 2 tn,alH1} — 1.

Moreover if 6 is strong bootstrap consistent, ¢, is defined as P{||Z]|c > to} = @ and the

c.d.f. of || Z]|eo is strictly increasing at ¢, , then ¢, o(w) — t4 ass.

Proof. The first limit (2.21) is a direct consequence of Theorem 2.3. As far as (2.22) just note
that if P is not symmetric, there is to such that F(¢g) # 1-F(26(P)—t,), so that ||F —sF|[, > 0
Now, ||[F — sF|le < [[F — Fallo + [[Frn — sFnllo + ||sFn — sF]lc 2nd ||[F — Fyflc — 0 as.,
[|sF — sFp||co — 0 ass.,(by Glivenko-Cantelli and a.s. convergence of 8, to §). Therefore,

lim inf, .o ||Fn = sFy)|oo 2 ||F ~ sF]|ec > 0 a.s., and (2.22) now follows from theorem 2.3. (iii).

o

Consider now the local alternatives Q, = P+n"*A 0 <A< 1/2whereQ, ,PclI Pis
symmetric but Q,, is not. Assume P and Q,, have bounded and uniformly continuous densities.

Suppose that we have
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(223) 2*(6(Qn) - 6(P)) — 1(P,A,X) 0<A<1/2
(224) 6P, q,) —8(P) as.

For some 0 < a(}) < 1/2 with &(1/2) = 1/2 the following limits holds simultaneously
(2.25)  n*N(O(P, q,) — 6(Qn)) —w (P, A,)) and
(2257  a3(P, q. — Qn) —u U(F())

Also the following limits holds simultaneously a.s.
(2-26) n*(o(pn,,Pan) —6(P, Q.)) —~w 6(P). C—
(2.26)’ n1/2(Pn,sPn’Qn -sP,_ q.) = U(F(®))

The notation is as follows given (§,) i.i.d. v.r. with uniform distribution on [0,1] the sample

of size n that we take is Fg!(£1),...,Fgl (&)

Proposition 2.6. The following holds under the asumptions of the previous paragraph:

() for A=1/2 nl/z(Pn,Qn ~sP, q.)(t) = 27U (sF(t)) + 27'U(1 — sF(t)) + 271d(A, 1) +
(P, A,1/2) +6(P, A, 1/2)]f(t) where d(A,t) = A(—o0,t] — A[20 — £, 00)

(ii) for 0 < A < 1/2 assuming
If ¢(X) < A and (P, A, X) # 0 as.then In'?(P, Q. — 5P, )Ml — o as.
If o(X) = X and ||(5(P, A, A)+6(P, A, A f(t)+d(A,1)||ec # 0 then ”nllz(Pn,Qn_SPn,Q")”w —
oo in pr.
If «()) > A and ||271d(A, 1) + n(P, A, A) f(t)||co # O then
In*/3(P, q, = sP, Q. )l — 0 as.

(iii) the process nt/ 2(Pn',Pan —sPn”P'.Q“) — 271U (sF())+27 U (1—sF(8))+(s° £)(2)8(sP)

converges weakly in 1o (R) a.s to the limit procesess of theorem 2.3.

As a consequence, the tests described in corollary 2.5 have asymptotic power 1 against the
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local alternatives P +n~*A if A < 1/2 and asymptotic power P{[|Za[lco > to} if A = 1/2 where
P{||Z]|lcc > ta} =@, Za is the limit in prosition 2.6 and Z is the limit in theorem 2.3.
We omit the proof of proposition 2.6. It suffices to say that it follows very closely that of

theorem 2.3.

3. Test based on the Shuster-Narvarte parameter of location of symmetry.
Remember that in section 1 we say that a good measure of how symmetric is a c.df. F is

inf{||F — Gj|oo : G is a symmetric c.df.}. First note the following

Lemma 3.1. (Schuster (1987)) Given a probability measure P
(3.1) inf{[[P — Ql|o : Q is a probability measure symmetric respect to 8} = ||P — s?P||o,

where s°P(4) = 1( P(4) + P(20 — A) ) and A € B.

Proof. Note ||P ~ Q|loc = supz<s|(P — Q)(—00, ]|V sups<z|(P — Q)(—00,z]| and that
supo<z|(P — Q)(~oc0, z]| = sups<z|(P — Q)(—o0,2]| =
supg<z|(P — Q)[z,0))| = sups>: (P — Q)[26 ~ z, 0))|.

Hence [[P — Qlleo = supz<s |(P ~ Q)(—00,2]| V |(Pr — Q)[20 — z,00)].

Analogously |[P — s°Plle = supz<o](P(2™ J(—co,z] — 27 Ii20—z,00) |-

Note that for a,b,z € R |a—z|V[b—z| < [(a—b)/2|. So |[(P—Q)(~c0,2]|V|(P — Q)[28 -

z,00))| S IP(27 f(_o0,] = 27 fj29-5,00)|- Therefore [P — Q|| < [|P — s°P||. O
Now the estimator of the center of symmetry that we take is the § that minimizes || F —s® F|o

Given P€ P(R) and ¢ € R, let

(3.2) D*(a)=D*(e,P)= supeP (L(co,5} — If20—2,00))
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D~(a) =D~ (a,P) = sup: P (Zj25-1,00) — L(c0,15)-

Note that
(33)  P(l(-c0,6] = Jja,0) £ D¥(a) S P(L(—c0,) PJa,00) = J(=00,01) < D~ (a) < P(Ja,00))-

So D*(a) is left-continuous, nondecreasing D*+(—co) =0 D+(co) =1

D~ (a) is right-continuous, nonincreasing D~(—o0) =1 D*(c0) = 0.

We then let

(34) ¢* =6*(P) =sup{a:D¥(a) < D~ (a)}
¢** = 6**(P) = sup{a : D¥(a) > D~ (a)}
g =6(P)=3(6* +6")

From all the facts juts stated it follows that (P) proved that minimizes the function
(3:5) D(a,P) = D*(a,P)V D (a,P) = ||F - s°F|oo-

We call §(P) the Schuster Narvarte parameter.They found 8(P,,) for the empirical distribu-
tion. Let y; be the nondecreasing rearrangement fo z;, . .., z, including repitions if any, let 6+ =
27 mine ck<n(Yr+Yn—k+r) 204 67 = 27 mineckcn(Yemrs1+ Unoks1). 70 = min{r : 6= < 6+}
then 6*(P,) = maz(0;,,6% _;) , 6"*(Pa)=maz(6;,_,,0%) and |[Pp —sP,|| = ro/n.

For the SN parameter we let IIsy be the set of probability measures P on R which are
absolutely continuous, with uniformly continuous densities on Dp and such that D(a, P) attains
its minimum at 2 single point (which is therefore §(P)). This last condition holds even when
the median is not unique, but it does not hold in general. For example, it can be seen that if an
absolutely continuous c.d.f. has only one flat, or is symmetric with respect to some center then
D(a) attains its minimum at a single point. We check this property for symmetric distributions.
If P is symmetric and 6 is its center of symmetry then D+(a) > 0 for ¢ > 8 and D*(a) =0 for
a < 8, similarly D~ (a) > 0fora <8, D~(a)=0for a > . Hence D attains its minimum only

at 6.
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Lemma 3.2. Let now Pe I, # = 6(P) and 6, = (P, ). We show that

(36) 6,0 as.

Proof. By Glivenko-Cantelly, for all a. D¥(a,P,) — D*(a,P) as. D~ (a,P,) — D~ (a,P)
a.s. For each ¢ > 0, taking a = 0 + ¢ ( note 8 = §* = §**) it follows that
lim D*(6 + ¢,P,) = D*(6 + ¢,P) > D~ (0 + ¢, P) =lim D—(8 + ¢, P,,) so that from some n(w)
on D¥(8+¢,P,) > D™(6 +¢,P,), hence, 6 + ¢ > 6**(P,) > 6(P,,). Similarly, taking ¢ =6 ~ ¢

gives § — ¢ < 6*(Pp) < §(P5) from some n on and (3.6) follows. O

We will use an ’special construction , it is well known Shorack (1972) and Shorack-Wellner
(1986) (p-93) that as a consequence of a theorem of Skorohod, there exist a2 Brownian bridge
U on [0,1] and, for each n iid. uniform on [0,1] random variables &, 1, ..,&nn Such that if
Un(®) = n7/% Zica(gscey =) t €10,1] then
3.7 |lUn—Ulloo = 0 as.

Define P, = n=1 37 p-1(e, ) then L (P,) =L (P,).

Lemma 3.3. For all P € Hsy symmetric there is a random variable §(P) such that the

followings limits holds jointly weakly

(38) ValPa—P)t) - UF®) a6 — ) —4(P).

Proof. Since £ (Ps) = £ (Ua(F(t)), it is enough to prove that /7(8(P,) — §(P) ) — 4(P)
ass. where 6(P) will be defined later.

We have D*(a,P,) = sup,l-’,,(I(oo,,] — Ij24-1,00)) and D~ (a, P,) = sup,l-’n(I[ga_,'oo) ot (%))
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(39)  E(a) =supe( Un(F(®) + Un(l ~ F(t)) + 21 (2))

(3.9) Bz (a) =supi( ~Un(F(®)) — Un(l - F(t)) - 21(2) )

and E*(a) and E~(a) to defined by the same expressions with U,, replaced by U. We then have
\/7_113 n (I(oo,t] - I[zs+2an—1/=—t,oo)) =

Va(Pn — P)(L(o0,5] — J[26—1,00)) + V(P = P)(Tj20—t,00) — T2942an-1/3-1,00)) + VN(E(t) - F(t -
2an—1/2))

Therefc;re,

(3.10) |v/nrDt(8+4an%/2,P,)~ Ef(a)| <
VAl(Pa—P)glloo-+1Un (F(20—1)) — Un (B(26-+2am/2 — )| -+ || A(F(£) — F(t— 2n=1/2)) -
2af()leo-

Now by differentiability properties of F and (3.10) together with the uniform continuity of
the sample paths of U, [/aD*(8 + an~1/2,P,) — E}(a)| » 0 as. foralla € R

Since |E}(a) — E*(a)| < {(Un — UXFE(E) — (Un — UN(F(26 — t))]|c — O 2.s. We conclude,
using monotonicity and continuity of E*+(a) that
(3.11) /nD*(8+an"Y/2,P,) — Et(a) forall a€R as. similarly
VnD~ (8 + an~2,P,) — E~(a) foralla € R as.

It is shown in Rao-Schuster-Littell (1975) ( proof of lemma 1) that for each a P{E*(a) =
E~(a)} = 0. Since Et and E~ are continuous,E* /' E~ \, E¥+(—c0) = E~(c0) = o
E*(00) = E~(—00) = —o00, it follows that E+(r) # E~(r) for all r rational, w — a.s. Therefore
E*(a) = E~(a) has a.s. a unique solution §(P) which is clearly a random variable.

Given € > 0 E~(§ +€) < E*(8 + ¢) as. so that by (3.10) eventually as. D_(8 + (6 +
en~Y2 P,) < Dy(0+(8+€)n1/2, P,,) implying lim Supp—.co/R(6* (Pn)—0) < § a.s. Similarly
using a = §—e¢, we obtain lim inf 5 —.eo/7(0°*(Pn) —8) > § a.s. Therefore limg,—.co/7(8"" (Pr)—

f)=0as. O
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Rao-Schuster-Littell (1975, theorem 4) proved weak convergence of n'/2(4(P,, )—6) and obtain
that law of § which is not normal
(312) P{f < ¢} = P{supocugi(W(w) + 2f(F~(u))+ infocugs/o(W(u) + 2F(F~1(x)) > 0}
where W(u) is a brownian motion.

The former proof is somehow similar to theirs. The nice thing it is that it allows bootstrapping.

Lemma 3.4. For all P € II such that the Holder condition (2.5) holds there is a random
variable §(sP) such that n!/ P, ,p, —sP») £, U(sF(¢)) and

ni/ 6P, ,p.) —6(Px)) £, §(sP) hold simultaneously a.s.

Proof. We now use the special construcion on w. Weuse P, . p =n"137, 8¢ Fay=2(6ns)
E; (a) =supe(Un(sF(t) + Un(1 — sF(t) + 2asf(t)) E;(a) =supe(—Un(sF(t) — Un(1 — sF(z) —
2asf(t))

As before D¥(8,, +an~1/2,sP,) = sup,(\/ﬁf’n’spn(I(_m,,] — Ij26,+2an-1/2-1,00))) =
SuPz(\/H(P,,,,Pn - SPn)(I(-oo,t] - I[20,+2an—1/2—:,oo))) +/nsP, (I(—eo,t] - I[zs,.+2an—1/=-:,oo)))

So [vnD* (8 + an~1/2 P,) — EX(a,sP,)| <
supe|(vaP, ;p_ —5Pn(I(—co, 1~ 26, +20m-1/2—t,00))) | H5uPt VRSP (L =00, T126, 4 20m=1/21,00)))
=I+II.

I=sup;|Un(Fn(26n — t)) = Un(Fn(20, — t + 2an~1/2)| because U, — U and F, — F uniformly
in t.

Also /5P (I(—co,q) = Tog, 4 2an-1/2-1,00)) — 2asf(t) =

VPR (27 (oo + 27 126, ~1,00) — 27 126, +2an-1/21,00) = 2™ L= o0,t—2an-12]) — 2asf(t) =

VA(Pr = PY 2™ (co,1) + 27 {260 —2,00) — 27 T2, 4 20n-1/3t,00) = 2 I(—co0,2-2an-1/3])+
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VAP(27 (oo g+ 27 29, —t,00) ~2" 129, 42an-1/2-1,00) = 2" [ _o,t—2an-1/2) — 2asf () = I, +
II.

We obtain that w — a.s. for all a € R D* (6, + an~1/2 sP,) — E*(a) as.

The same holds for D~ and therefore proceding as in the proof of (i) it follows that w a.s.

nM2(6(P, .p_)— 0(P,)) — f(sP). O

In order to apply Corollary 2.5 we need that if F is symmetric the distribution of || 2|« is
continuous and strictly increasing at every ¢,. Next will show that this happen for every P. First
note that ||Z]|e = infs sup,|2~1U () + 27U (1 - t) + af (F~1(2))l-

Since W(t) = (U(t) + U(1 — ¢))/v2 is a Brownian motio v2||Z]jc = inf, sup:[W(t) +
af(F-1(®))].

Note that ¢ : C[0,1] — R defined by ¢(z) = inf; sup:|z(t) + af(F~1(¢))| is seminorm. By
Borell (1974) see (1.13) in Hoffman-Jorgensen-Shepp-Dudley (1979) log P{g(W) < ¢} is concave.
So it has a density and it is strictly increasing in {t : 0 < P{g(W) <t} < 1}.

Since C[0,1] is separable by the argument in corollary 2.2 in Hoffman-Jorgensen-Shepp-Dudley
(1979) P{qg(W) <t} > 0 for each ¢ > 0. Also by theorem 1.1 in the same paper

lim;—.ot=2log P{g(W) > t} < 0. So P{q(W) >t} < 1 for each t.

Regarding (2.23)-(2.26), we have that (2.23) holds and moreover:
(3.13) 3(P,A,A)=75(P,A) 0< A< 1/2is the unique solution if exists of the equation
(3.14)  sup.(2af(t) + d(A, 1)) =sup:(—2af(t) —d(A,t))
(3:15) a(A)=A 6(P,A,1/2) is the unique solution in a of
(3-16) sup.(U(F(t)) + U(1 —F(2)) +2af(t) + 2n(P, A, ) f(t) + d(A,1)) =

sup:(—U(F(t)) — U1 — F(t)) — 2af(t) — 2n(P, A, X) f(t) — d(A, 1))
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and for 0 <A < 1/2
(3.17)  6(P,A,)) is the unique solution if exists of the equation
sup(2af(£) + 20(P, A, 2) £(£) + d(A, 1)) = supi(=2a£(t) — 20(P, A, ) £(2) — d(A, 1)).

In conclusion.

Theorem 3.4. The SN parameter of location of symmetry is strong bootstrap consistent
with G(P) given as the a.s. unique solution of E+ (a) = E~(e). And it also satisties (2.23)-(2.26)

with variables as defined in (3.13)-(3.17). Therefore theorem 2.3 and corollary 2.5 holds for

Vn(Py — sPy).

It can be checked that the map P — sP is not smoot for the SN parameter, but this follows
also from the fact that Z(t) is not gaussian in general. In the case that F has a uniform density
P{f <t} = P{sup ocuc1 W (u)+ infocuc1 W(x) < 4¢}.

Now the joint distribution of m =infoc:c1W(t) M =supo<i<1W(t) is well kown. See e.g.
Billinsgley (1969) page 79. After a few elemental computations we get that
(3.18) P{f <t} = 2 (—1)F*+Y((2k — 1)~ + (2k + 1)) ®(4tk) where & is the c.df. of a
normal distribution.

Note M+m has a symmetric distribution. So if § were normal variable , it would be a centered
normal variable.Its tail is asymptotically like the tail of ®(4t). Hence if it were normal, it would
have variance 4. But since the series (3.18) is an alternate series

P{f <t} > (4/3)®(4t) — (8/15)®(8t) > P(4¢) for t close to —o. So @ is not a normal variable.

4. Test based on the median.

The median can be studied in an analogous way. The relevant variable for the median m with
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m =m(P) is D(a,P)=F(a).Given a probability measure P when we talk about the median of P
we refire to
(41) m" =m* (P)=sup{a:F(a) < 1/2}.

m** = m**(P) =inf{a : F(a) > 1/2}.

m = m(P) = }(m"(P) + m*(P))

Lemma 4.1. If F(t) < 1/2 for t < m and F(t) > 1/2 for t > m then m(P,) — m(P) a.s.

Proof. By Glivenko-Cantelli for each a Fp(a) — F(a). For each ¢ > 0
F(m +¢) > 1/2 > F(m — ¢€). Hence for n large F,(m +¢) > 1/2 > Fo(m —¢). Thus m+¢ >

m(Py)>m—¢c .0

Lemma 4.2. If f(m) # 0 then the following limits holds simultaneously

VA(m(Pra) - m(P)) = ~U(1/2)f(m)~! and VA(P, —P) s U(R(®))

Proof. Note that in the construction \/n[P,(m + an~/2) — 1/2] — af(m) + U (1/2). o

Lemma 4.3. If f(m) # 0 and h(6) :=supji—s<s|F(t) — F(s)|ln In(1/]t — s]) — O as
6 — 0 holds then the following limits holds simultaneously as. +/z(m(P, sP,) — m(Px)) £

~U(1/2)f(m)~ (P, ,p_ — sPn) = U(sF(?)).

Proof. \/n(P,_ .p_(m(Ps)+an~%2)—1/2) =
Va(P, ,p, = sPa)(m(Pn) + an~/?) + /a[sPa(m(Ps) + an~Y2) - 1/2)] = I + I1.

Now I — U(1/2).
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II =/aPa27 oo m(P,)tan-173) F 2" (P ) man-1/2,00)) = 1/2] =
VAP (27 oo m(P)4an-1/2 = 2 (oo m(Poy—an-173)) =

V(P = P)2T o (P oytan-11 = 27 (oo m(Pry-an-1ray))F
VAP oy P oytan-211 = 2 (oo m(P y-an-1s2)) = 1o+ I
sup:|II,] — 0 a.s. because (2.17).

sup:|II; — af(t)| — O a.s. because f(t) is uniformly differentiable.

Hence in lo(R)  a2[F, ,p_(m(Pys) +an~1/2) - 1/2] - U(1/2) + af(t). O

The same arguments that for the The Schuster-Narvarte estimator holds here for [|Z]}o-
Now Z(t) = U(F(t)) +27'U(1 — sF(t)) — f(£)U(1/2) f(m)~! is gaussian process and

¢ : C[0,1] — R defined by ¢(z) =sup,|z(2)| is a norm.

Call 0, the set of probability measures on R which are absolutely continuous with bounded
uniform]y'continuous derivatives on Dp satisfying (2.5) and f(m(P)) # 0. As far as the local
alternatives by computations similar to the former computations o()) =2
7(P,A,X) = —Fa(m)(f(m)) 1 for 0<A<1/2
6(P,A,1/2) = ~(U(1/2) + Fa(m))f(m)!

§(P,A,X) = —~Fa(m)f(m)~! for 0 < A < 1/2.

Therefore Z(t) = 271U(sF(t)) + 27 U(1 — sF(t)) — U(1/2)sf(t) f(m)~! is centered gaussian

process and Za(t) = Z(t) +271d(A,t) — Fa(m)f(t)f(m)~! is the limit in the proposition 2.6

(i)

Theorem 4.1. The median is a strong bootstrap consistent for II,,, and satisties (2.23)-(2.26)

with the limiting variables just especified and the limit (ii) in Definition 2.3. holds also if P is
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not symmetric.

5. Test based on the Hodges-Lehmman parameter.
The analysis for Schuster-Narvarte estimator can be done similarly for other distances. Con-

sider now the distance

(5.1) d(P,Q) = [*_(P(—00,z] — Q(—00,z])? d.

Lemma 5.1. Given a probability measure P

d(P, s’ P) =inf{d(P, Q) : Q is symmetric respect to 6}.

Proof. If Q is symmetric repect to 6 d(P,Q) = [ (P(—00,z + 6] — Q(~00,z +6])? dz =
L2 (P(=00,z + 6] — Q(—00, z + 6])% + (P(—00, 8 — z] — Q(—00,8 — z])? dz =
0
J_ oo (P(—00,z + 6] — Q(—00, z + 6]) + (P(—00,8 — 2] — 1 + Q(~00, 8 + z])? dz.
For each x we have an expresion of the type (a — M)? + (b — M)? that is minimized at

M = (a+b)/2ie. if Q(—00,8 +z] = (P(—00,z+ 6] + P[§ — z,00)/2. O

In Fine (1966) it is shown that
d(P,Q) = [ (P(—00,z]—Q(—00,z])? dz = [ [|20~s—t|~|s—t| dP(s)dP(t). So d(P,s’P)
is minimized in a median of (X + X’)/2 where X’ is a copy of X.
Hence a 0 that minimizes d(P, s°P) is defined as follows. Define
(5.2) D(8) = [, F(20 —z) dF(z).
Define 6* = 6*(P) =sup{f: D(f) < 1/2}, 6** = **(P) =inf{f : D(8) > 1/2} and
(53) 6=06(P)=1(8"(P)+6"(P)).

In particular, if X; are i.i.d. then 6(P,) = center of medians of {(X; + X;)/2}7;=;-
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Lemma 5.2. If P is symmetric repect to m then m = 6*(P) = 6**(P).

Proof. Take a point in the support of F i.e. P{X € (a—65,a+6)} > 0 for each § > 0. Then
0<P{X€(a-ba+é) X' €e(2m—a-62m—-a+6)} <P{X+X € (2m—-262m—2)}.
So that by symmetry P{(X + X')/2 < m — §} = P{(X + X’)/2 > m — §} < 1/2, and therefore

6*,0* € [m —§,m+ 6] for all 6. O

We will show that @ satisties Defintion 2.2 for the class Iz of absolutely continuous proba-

bility measures P on Dp such that §*(P) = §**(P).

Lemma 5.3. If P € Iy then 6(P,) — 6(P).

Proof. We note
D(a,P,) = [ Fa(2e — ) — F(2a — z) dFn(z) + 22 F(2a — z) d(Fpn — F)(z) + [*°, F(2a -
z) dF(z).

The first integral tends to 0 a.s. by Glivenko -Cantelli, the second one also tends to 0 a.s.
because F is bounded and continuous and P,(w) — P weakly a.s., and the third is D(a,P).
Since P € gy, for any € > 0, D(6 +¢,P) > 1/2 > D(8 — ¢,P). Thus for n large D(6 +¢,P,) >

1/2> D(6 — ¢,P,) eventually a.s. implying 6 +¢> 63" > 605 >0—¢. O

Lemma 5.4. f P € Ixz and is symmetric then the following limits holds jointly
VA(P, ;p,) — sPn) = U(F(?)) and

VAB(P,) - 6(P) < — [ U () d@)/ [, f2(z) d=.
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Proof. Using the special construction we must show that
VR(O(P,) — 6(P)) — — [, U(t) dt/ [%2, f*(z) dz. Note
Va[D(6 + an~Y2,P,) — 1/2] = v/n [2o Fn(20 + 2an~Y2 — ) — F(20 + 2an~Y2 — z) dF,(z)+
VA [2o, F(20 + 2an~Y2 — z) — F(20 — z) d(Fo(z) + /7 [, F(20 — z) d(Fr, — F)(2).

By 3.7 and the uniformly continuity of the paths of U, he integrand in the first term converges
uniformly in x w as. to U(F(20 — z)) so that this term is a.s. asymptotically equivalent to
ffom U(F(26 — z))dF,(z) which since P, — P weakly as., converges a.s. to f_‘:o U(F(26 -
z))dF(z).

By uniformly differentiability of F' the second term tends to 2a ff:o f(20 — z) dF(z) as.

Integration by parts together with previous arguments show that the third term converges to
JZ2, U(F(26 — z) dF(z) a.s. Thus we have
VA[D(6 + an~12,P,) — 1/2] — 2a [ f(20 — z) dF(z) + 2 [*o, U(F(20 — z)) dF(z).

So VA(8(Pn)—6) — — [, U(t) d(t)/ [, F(z) dz because if F is symmetric F(20 — z) =

1-F(z) and f(20 —z) = f(z). O

Lemma 5.5. If P € Iy then the following limits holds jointly a.s.

VAP, p. —sPn) < U(sE(t)) and va(8(P, ,p_)—8(Pn)) < — [F U(R) dt/ [, sf(z) da.

Proof. Using the special construction we must check
VAP, p.) — 6(Pa)) — - [y U(t) dt/ [%2, s£%(z) dz.
Since ||sPp{z}|lcc < 1/n as.

(54) Va[D(a+an~Y2,P p —1/2]=

\/7_1_[::, Fn,sp..(26n +2an~Y? — z) — sF,(20, + 2an~1/2 — ) di“n,sPn (=)+
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V7 [, sFn(20n +2an~Y? — z) — sF (26, — z) dF, ,p_(2)+
vV [2o, 5Fn(20, — ) d(F, ;p_ — sFn)(z) +O(n~Y2) = I + II + III + O(n~1/?)
Since ||sFy, — sF||lsoc — 0 a.s. it follows that the integrand in I converges uniformly in x to
U(sF(20—z)) = U(1—sF(z)). For almost every w ”Fn,,P. —5Fnlleo = 2~ Y2[|U(sF0)]loo £
But the same reasons, therefore w-a.s. Pn, P, £, sP and we conclude that
(55) lLm(I)= [y U(t)dt P as.
.For II we note that since P,, has a.s jumps of size only 1/n
(56) |lsFa(26, +2an=Y2 — z) — 5F, (20, — z) — 21 F(20, + 2an~1/2 — z) + 2-1F(26, — z) +
271F(z) + 27 'F(z — 2an~/?)||, <
O(n=Y 2)+2_1”\/E(Pﬂ_P)(I(—oo,29n+2¢zn"/3—x]_I(—oo,29..—z]+(—oo,z]_I(—oo,z:—2an—1/3])”°° -0
a.s. by (3.17).
Moreover
1F(265 + 2an=1/2 — z) — B(26,, — z) + F(z) — F(z — 2an=1/2) — (f(20 - z) + f(z))2an"/2||o — 0
a.s. by uniform differentiability of F. Hence using again that f‘n,,P“ — sP weakly w a.s. we
obtain
(6.7  lLm(I)=/; U(t) dt.
So from (5.4)-(5.7) we obtain that

VD +anM2, B p —1/2] =2 [ U(t) d(t) + 2a [ sf*(z) dz as. O

The consitency conditions (2.23)-(2.26) can be checked using the same techniques to obtain
the following 7(P, A,2) = — [%, Fa(20 — z) dF(z)/ [*, f3(z)dz and a(}) = 1/2 6(P, A, )) =
i(P).

Note that the limiting process is

Z(t) = 27U (sF(t)) + 27U(1 - sF(2)) — (fo1 U() dt/f:o (s f(z))*(z) dz) sf(t) which is a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



71

gaussian process because f01 U(t) dt is the limit of its Riemman sums that are jointly gaussian
with the process U(t). So the distribution of [|Z]|o is continuous and strictly increasing in (0, c0)

and we are in business for Corollary 2.5.
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CHAPTER V

THE BOOTSTRAP OF M-ESTIMATORS

1. M-estimators.

This chapter is a extended exposition of the parts of the article by Arcones-Giné (1990b)
about the bootstrap of M-estimators.

A very well kown kind of estimators are the maximum likelihood estimators. They are defined
in the following way: suppose that we have a sample from family of probability densities {f;(z) :
6 € @}, i.e. there is value §y so that the sample has the distribution of X3, ..., X, i.i.d. r.v. with
density fg,(-) then the problem that we try to solve is to estimate to estimate 6. The maximum
likelihood method consists in given the sample we consider the likelihood as a function of 4 then
we take as an estimator of §p the value that maximizes the likelihood. Since the r.v. are i.i.d.
the likelihood of a sample is [T, fo(z:). So the maximum likelihood estimator § is the value of
0 that satisfies
(L) T2, fi(:) =supe Ty fols).

A reference for the asymptotics of this estimators is Cramer (1943).

The M-estimators, which are a variation of the maximum likelthood estimators, are defined
in the following way: suppose we have a function g(z,6) and Xi,...,X, are iid. r.v. and
we want to estimate fp, the value of 8 that maximizes P g(-,6). The M-estimator é(zl, ceesZn)
corresponding to the ”criterion function” g is any 6 such that
(12)  Png(-,0) = supsPng(-,6).

This case includes the former case. if Ejy, denotes expectation when X has density function
Joo(z) then for each 8 Eg, log fs(-) < Ey, log fo,(-) and there is inequality if and only if f = f3,

a.s. The maximization of Py, log fs(-) is equivalent to the maximization of [];-, fs(z:).
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Another variation is to consider the value 6y of 8 satisfying Ph(-,6¢) = 0 (assuming unique-
ness). Then the estimator that we take is the random value @ solving the equation
(13) PRh(,6)=0
(at least approximately since an eaxct solution may not exist).

Under mild conditions the two estimators coincide where h = -g—g-

In this chapter we consider the bootstrap of estimators defined as in (1.2) or in (1.3).

2. Background on empirical processes.

Now we will explain some results about the theory of empirical processes that we will need
later on.

Let (S,S,P) be a probability space and F C L2(S,S,P) be a class of measurable function

such that F(s) = sup{[f(s)|: fEF }<coforall s€S and sup{|Pf|; f € F} < .
Then n/2(P, — P) € I°(F) ie. it is a 1°(F )-valued funtion. u¥ = n!/%(P, — P) is called
the empirical process. Unless F is finite I°°(F ) is not separable and V,:? is not measurable so
we cannot use the usual definition of weak convergence. The convergence for elements in 1%°(F
) that is used (following to Hoffmann-Jorgensen) is as follows: if {X,}32, are 1°(F)-valued
random elements and X, is measurable and has separable support then X, —= X, in 1°° (F)
it BE*H(X,) = EH(Xo) forall H:1®°(F) - R bounded and continuous. E* stands for outer
integral.

In our case by the finite-dimensional central limit theorem there is a centered Gaussian process
Gp indexed by F with the covariance EGp(f)Gp(9) = E (f — Pf)(g — Pg) such that for any
finite set J C F (va(f) : f € J) == (Gp(f); f € J). The kind central limit theorem that we
consider is as follows. We say that F is a P-Donsker class if:

(i) Gp has a version with bounded and p-uniformly continuous trajectories. Where
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p(f,9) = Varp(f — g). Then it is measurable and has separable support.
(i) vP £ Gp in I°(F).

The bootstrap of the empirical processes was studied in Giné-Zinn (1990a):

Theorem 2.1. (Gine-Zinn (1990a)). Let F be a measurable class of functions on S. Then
(1) F is P-Donsker iff d}‘gL(v,];’ ~,Gp) — 0 in pr.

(If this happens we say that F is pr-P-Donsker).
(ii) F is P-Donsker and EF? < o0 iff &y, (v/»,Gp) — 0 as.

(If this happens we say that F is a.s.-P-Donsker).

The second result we will need is tan exponential inequality in Alexander (1984). A class of
sets C is VC ( Vapnik-Cervonenkis ) if there is n < co such that
supzes~#{ {21,...,2,} NC;C € C } < 2". We refer to Dudley (1984) for the study of the
properties of VC classes. A class F of functions is a VC-graph class if the class of sets {(z,%) : 0 <
t<f(z)or f(z) <t<L0,f €F }is VC.If F is VC-graph class then the class {f —g: f,g € F}

is called a VC graph difference class.

Theorem 2.2 (Alexander (1984)) Let P € P (S) and let F be a measurable uniformly
bounded VC-graph difference class of functions on S. Let a = supyer Varp f, let M > 0. There
exists a constant k (depending only on certain characteristics of F) such that if
(2.1) M2 >kalog(e!), M > klogn/n'/? and M < 4n1/2a then

P{|lvn|l7 > M} < 16ezp(—M?/8ar?) where r=sup{|f(z)|: f € F ,z € S}.

We will use the following corollary of this theorem.
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Corollary 2.3. Let P € P (S) and let F be a measurable uniformly bounded VC-graph
class of functions. Let ¥, = {f—g: f,g€F ,pzp(f,g) < (loglog n)~(2+9} for some ¢ > 0 and

& > 0. Then (loglog n)Y/?||vp||x. — 0 ass.

Proof. By Glivenko-Cantelli we need to prove
> tes P{ max sxcncox+1(loglog n) /2|y, x:. > €} < co. But using Ottavianni’s inequality (e.g.
Araujo and Giné (1980), page 111)
P{ max sxgpgons (loglog n)/2fjvallx > €} < P{”Vz'rﬂ"}';k > €273/2(log k)~*/2}

via the Borel-Cantelli lemma, the result follows. O

3. The a.s. bootstrap of M-estimators.

In this section we prove an a.s. bootstrap CLT for M-estimators under conditions close to the
non-standard conditions of Huber (1967) and those of Pollard (1985). The proofs are based on
methods from these two papers, the bootstrap of empirical measures in Giné and Zinn (1990a),
Alexander’s (1984) exponential bounds and the ”square root trick” of Le Cam in the version of
Giné and Zinn (1984).

First we will consider the following problem. Let P be a probability measure on (S, S), let
© C R? be a G; set such that §; € Int(©) and let g : S x © — R be a jointly measurable
function. We let G(f) = Pg(-,0) Gn(6) = Png(-,6) for # € © where P,, is the empirical measure
based on Xj,...,X,. We make the following assumptions:

(A1) G(0) = supseaGI6).
(A.2) Thereis a symmetric positive definite bilinear form Ag such that for 6 in a neighborhood

of 0
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(3.1) G(0)=G(0)—1/2 Ac(8,6) + o(|6]*/1loglog I%T)’

Without lost of generality we will take Ag = Id, i.e. Ag(6,0') =6-6".

(A.3) There exists A : S — R? such that P|A]? < oo and such that, if we define implictly
r(z,0) by

(32) g(=,0)=g(=,0)+6-A(z) + |8]r(z, 6)

then there is m < oo and functions ry(z,0), i = 1,...,m such that r(-,8) = Y-, ri(-,6) and for
some K > 0 the classes fo functions F; = {r;(-,8) : 8] < k} are measurable uniformly bounded
VC-graph ‘classes. We let F = {r(-,6) : |] < K}.

(A4) Pri(-,6) < [loglog(f)]~(2+%) for some § > 0, all i = 1,...,m and all 6 in a neighborhood
of 0.

(A.5) Thereis ar.v. 6, that is a estimator of 8(=0) satisfying

(3.3)  Png(-,0n) +0(n~1) > supseoPng(-,8) where o(n=1) is independent of w and

(34) 6,—0as.

Analogously we have a bootstrap estimator 5:’ satisfying

(35) PYg(-,0.)+ o(n~1) > supseoP¥g(-,6) and

(36) 64 —6,(w) 2> 0as.

Remark 3.1. Note that (A.3) implies that F is P-Donsker for all P (e.g. Alexander (1987)).
The measurability of 8, is guaranted if (S, S ,P) is complete by e.g. the section theorem in Cohn
(1980), Corollary 8.5.4., page 286). Consider the set
C={(z,0) €S"x0: 3, g(z:,0)+0o(n"t) > supsee I i, 9(z:,)}. Then the section theorem
allows as to take 2 measurable function 8, : S® — © so that (z,6,(z)) € C for each z € ™.

Then the estimator in (A.5) is 8,(X3,...,Xn)-
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Theorem 3.2. Under (A.1)-(A.6)

(3.7)  limnoeol (n1/2(6Y = 0,(w))) =a.s. limp—co L (n/26,) which is N(0, Az} (CovA)AZY).
G G

Proof. We proceed in three steps.

Claim 1. There exists ¢ < co such that, letting a, = (n~!loglog n)/2,
(3.8) limsupp—oo|fnl/an < cas. and

(3.9) P{lfl./an < c} —1as.

Proof of claim 1. Since 8, — 0 ass., (3.1) implies G(6,) — G(0) < —|0,]%/4 for all n > ny,
for some ny < co. Since P|A|? < oo it satisfies the law of the iterated logarithm (LIL) on R? .
Also by (A.3) the class F verifies the LIL (Dudley and Phillipp (1983)). Hence there is a constant
k < 0o so that
(3.10) lim sup n—co|(Pn — P)(A)|/an < k 2.s. and
(3.11) lim supp—co||Prn — Pl|7 fan < k as.

These observations, together with (3.1) and the defininition of r give that, for n large,

0 < Pa(g(-0n) = 9(-,0)) + 0(n™1) = (P = P)(g(-+0n) — (- 0) -+ P(4(-+6n) — 9 0)) +o(n=1) <
(Pr=P)(6n - A()+ falr( 62)) +P(9(-,02) — (-, 0)) +0(n™?) < 2/faan(k+0(1)) - 0% /4+0o(n"?)
a.s. This inequality implies (3.6) for ¢ = 8k.

Let A, = (P» —P)A and A, = (P, — P,)A. Now, the bootstrap CLT for A(-) gives that
for any ¢> 0
(312) P{|Aln/an <c}—1as.

Similarly, since F is a.s.-bootstrap P-Donsker

(3.13) P{||Pn —P.|l fan <c} —1as.
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Now proceeding as above, we have, for large n
0 < Pr(9(82)=9( 0))+0(n™) < B l1An |+ A+ {[Ba—Pallz +Pn—Pl|x |- fn[?/4+0(n~1)

and this, by (3.10)-(3.13) and the LIL for F, gives (3.9).

Claim 2. The following limits hold for any ¢ < co:
(3.14) (loglogn)/? sup |gi<cq, [Va(r(-6))| — 0 as. and

(8.15)  (loglogn)¥/2 sup \51c. o [va(r(-,8)| 2+ 0 as.

Proof of claim 2. (3.14) is immediate from (A.3), (A. 4) and corollary 2.3 applied to
F ;, i < m. In order to prove (3.15) using Alexander’s bound, we must estimate the size of o, =
sup{Pn(r:(-,0))? : |6] < ca,}. For this we use the ”square root trick” inequality in Giné and Zinn
(1984) lemma 5.2 which gives P{an > 4(loglogn)~+9} < (loglogn) ezp(—n/loglog n)1+¢)
for some 7 > 0, §' > 0 and all n large enough. Therefore, eventually a,, < 4(loglogn)=(+% as.
this, just as (A.4) in the non-random case, allows us to apply corollary 2.3 conditionally on the

sample, and obtain (3.15).
Claim 3. n/2(4, — A, - Ay) Eoas.

Proof of claim 3. By (3.1) and the definition of A, A,,, 8, and r we have:
0< Pr(g(-6a) ~ 9(-, An+An)) +o(n"Y) = _
[Pn = Pn +Pr = Pl(9(-,6:) — 9( An + An)) + P(9(,62) = g, An + Ap)) + 0(n™1) =
[Pn = Pn +Pr = Pl[(n = An — Aa) - AC) + [0a] 7, 62) = |An + Anlr(, Bn + An)]
~10n?/2+ 180+ An?/2+4 o(|6a [/ log log(1/|fal) + 0(|An +An 2/ loglog(1/|An + An)) + o(n~2).

So collecting the terms and multipliying by n,
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(3.16) mlfn — An — Aaf?/2 < 020, [nV/2([Bp — Pp + P — PY(r(-,6))]
+72|An + An||0V/2([By — Po + P — PI(r(-, A + A)) 1+ n o1/ Toglog(1/16a])+
n0(|An + An|?/loglog(1/]An + Ay ]) + o(1).
Now (3.9) and (3.15) immediately give nl/2|f, [nY/2([P,, — P, + Pp — P](r(-,6n))] — 0 as.
(3.10), (3.12), (3.14) and (3.15) show
nl2| Ay + AR))In'/2([Pr — Pp + Pp — P)(r(, An + An))| 25 0 as.
and the 0” terms also tend to zero in P as. by (3.9), (3.10) and (3.12). Replacing these limits
in (3.16) we get

(3.17) n12(6,— A, -A,) 2 0as.

Claim 4. n!/2(9, — A,) — 0 as.

Proof of claim 4. The argument leading to (3.17), applied to the inequality
0 < Pa(9(-,6n) — 9(-, An)) + o(n~?*) (which holds by the definition of 6,,, yields
nlfn — An[?/2 < 21/2|8|| /3 ([Pp = PI(r(-, 62))] + /2| An] [[Pr — Plr(-, An)l+
no(|6x[*/ loglog(1/16al) + n o(|As */ log log(1/|1Aa]) + o(1)-
All the terms at the right side of this inequality tend to zero a.s. by (3.8) and (3.10). Hence,

n/2(0, — A,) — 0 as.
Proof of Theorem 3.2. Now (3.17) becomes n'/?(f,—8,—A,) -2+ 0 a.s. By the bootstrap
CLT in R¢ n!/2A, £, N(0,CovA) as. And therefore n/ ?(f, — 8,) converges in conditional

law a.s. to the same limit. O

Next we give sufficient conditions for the consistency hypothesis (A.5) and (A.6) to hold.
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They are slighty stronger than those in Huber (1967). Let, as above, P € P(S), © C R be a
Gs set such that 0 € Int(©), g : S x © — R jointly measurable, and assume, without loss of
generality, that G(0) = 0 (where G(f) = Pg(-,6)). The conditions that will imply consistency
are as follows:

(B.1) Plg(-,68)] < oo for each § € ©.

(B.2) There exists M > 0 and a nonnegative function 5(4), € O, such that if
C={0€O:]6 < M} then

(i) infogcb(8) = b > 0.

(ii) P sup ggcg(-,0)/8(6) = a < 0 and

(iii) supsecly(-,0)| € L1(P)

(B.3) supgecisy>G(f) < 0foralle >0

(B:4)  The class of functions G = {g(-,6) : § € C} is 2 measurable P-Glivenko-Cantelli class.
A class of functions G is P-Glivenko-Cantelli if ||[P, — P|lg — 0 a.s. See Giné-Zinn (1984) and

Dudley (1984) to conditions of G to be a measurable P-Glivenko-Cantelli class.

Theorem 3.3. If P, G and @ verify conditions (B.1)-(B.4) with G(0) = 0, and if 6, and 4,

verify the inequalities (3.3) and (3.5) then (3.4) and (3.6) holds.

Proof. (3.16) is proved in Huber (1967). To prove (3.17) we first observe that by the
bootstrap weak law of large numbers in R by (B.2)
(3.18) Pn supagcy(-;6)/5(6) — P supsgcy(-,6)/b(6) as. and
(3.19) Png(-,0) £ Py(-,0) as.

Take € > 0 so small that (a + €)b+ ¢ < 0. Call

An = {[Pa{sup sgcy(-,0)/5(6)~P sup sgcy(-,9)/5(8)| < €} and B, = {[Png(-, 0)~Pg(-,0)| < }
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then by (3.16) and (3.17) P{4n} — 1 as. and P{B,} — 1 a:s. So P{4, N B,} — 1 as.
fw*"€A,NB, fornlarge and § ¢ C
Prg(-,0)) < (a+€)b(8) < (a + )b < — — o(n~1) < Ppg(-,0) — o(n~1).
Hence we get that
(3.20) P{6, ¢C} — 0 as.
Now, since G is P-GC (B.4) and (B.3) (ii) holds, the bootstrap Glivenko -Cantelli theorem
in Giné and Zinn (1990a) shows that
(3:21) ISUPGEC,|Gl>an9(': 8)— supgec, o> G(0)| < 5“Poec,19|>c|(13n - P)(g(-,0)I £ 0 as. for
all ¢ > 0.
But by an argument, similar to the one done to get (3.18), from (B.3), (3.19), (3.20) and

(3-21) we get that P{|f] > ¢} - 0as. O

We now consider the second type of M-estimators. Let © C R? with 0 € Int(©) P € P(S)
and k : S x © — R* jointly measurable be such that
(C.1) Ph(-,0)=0,andP|H(-,0)] < co.
(C.2) H(f):=Ph(-,9)is "strongly ” differentiable at zero with non-degenerate first derivative.
Assuming (without loss of generality) H’(0) = Id the differentiability condition is as follows:
(3.22) H(6)—H(#)=6-06"+0(]6 —6']) as § — 0 and &' — 0.
(C.3) The classes of functions F ; = {h;(-,6) —h;(-,0) : |[§] < M} forsome M >0,i=1,...,d
where h; denotes the i-th coordinate of h, satisfy the following property: there is m < oo
and uniformly bounded measurable VC-graph classes g;; = {g:;(-,6) : |#] < M} such that
hi(-,6) — hi(-,0) = 3772, 635 (-, 9))-
(C4) Fori<d j<m Varpg;(-0) < (loglog(1/]8]))~2~% for some § > 0 and § in a

neighboorhood of 0.
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(C.5) There exist symmetric measurable functions 8(z1,...,z,) defized on the support of P"
such that if 6, := 8(X;,...,X,), then

(3-23) n'/2P,h(-,0,) — 0 ass. and 6, — 0 ass.

(C.6) For almost every w € Q, there exist symmetric random variables 8 = 64(X%,,...,X%,)
such that

(3:24) nY/?2PYh(-,02) 50 as and 0¥ — 6, (w) 5 0 as.

As before, consitency will be handled separately.

Theorem 3.4. Under (C.1)-(C.6),

(3.25) limn—ool (n¥2(Bp = 6n)) =4.s. M p—co L (n1/2(6,)) which is N(0, covph(-,0)).

Proof. First we show that
(3.26) n'/2Ph(-,8,) + n'/2P,h(-,0) — 0 as.
since H'(0) is not degenerate and 8, — 0 a.s. ((3.24) and (3.25)) there exist ¢ > 0 and no(w) < o
a.s. such that for n > ng then ¢|6,| < |H(6,)|. Hence, using (3.21) and the LIL for random
vectors in R? and for empirical processes we have
n1/2¢(6,] < n/2|H(0,)] < [nY/2(Pn — PYA(, 60)] + nH/2[Prh(-,8,)]
< [2/2(Py — PYA(-,0)] + [n/2(Pr — P)(h(-,6a) — h(:, 0))] + /2P (-, 6,)] = O((loglog n)"/2)
as.

Hence, for some ¢ < oo
(3.27) lim sup n—.con!/?|8,|/(loglogn)/2 < ¢ as.

Theorem 2.8 gives, as in the proof of Theorem 3.2., that for all ¢ > 0,
(3:28) D (pigca,@2|(Pr ~ P)(hL:, ) = h(-,0))| — 0 as.

which, by (3.26), implies n'/2(P, — P)(h(-,8,) — k(-,0))] — 0 ass.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



83

Hence, by (C.1) and (3.23), n*/3(Ph(-,6,) + Pph(-,0)) — 0 a.s. which is claim (3.26).

By the bootstrap CLT for empirical processes (Theorem 2.1) and (C..3), for every sequence
bn — 00 P{n!/?|(Py, — P (H{-,6,) — h(-,0)| < b} — 1 as.

We can use this and (3.24) in a decomposition similar to (3.25). And obtain that there is
¢ < oo such that
(329) P{nY/2|4,|/(loglogn)/2 < ¢} — 1 as.

We consider now, in analogy with (3.26),

nl/2(Ph(-,0,) + Ph(-,0)) = ni/2P,h(-,6,) — n/2((B,, - P,) + Pn — P))(k(, 6n) — h(-,0)).
The first term at the right hand side tends to zero in P, as . by (3.24). The next term,
i (h(., 5,,) — k(-,0)), also converges to zero in P,a.s by Theorem 2.1. (the bootstrap CLT implies,
by (C4),
lim 5.0 im sup n—ooP{ sup |gj<s9 (h(-,8) — h(-,0))| > €} = 0 a.s.for all ¢ > 0 and §, > 0 as.
by (3.23) and (3.24). And the same is true for the last term v, (H(-,8,) — H(-,0) by (3.29) and
(3.30). therefore n!/2Ph(-,6,) +n/2P,h(-,0) -+ 0 a.s this limit and (3.24) give, by substration,
(3.30)  nY2(H(6,) — H(68,)) — n/2(P, — PL)R(-,0) == 0 as.

This shows that for almost every w the sequence {n/?(H (6%)— H(8,(w))} in P-stochastically
bounded: it converges weakly by bootstrap CLT in R?. since 6, — 6, —— 0 a.s. ((3.24)
hypothesis (C.2) implies P{[6 —8a| > 2|H(6,) ~ H(6,} — 0 a.s. Hence the sequence {n!/2| —
8 (w)[} is P stochatiscally bounded,w a.s. Then, n}/20(|f, — 0,}) == 0 a.s and (3.31) and (3.22)
give
nM2(f, — 8,) + n!/2(B, — Py)h(-,0) £ 0 as. Now (3.25) follows by the bootstrap CLT in

R4 O

The consistency conditions of Huber (1967, case B) not only give consistency of 6, but also
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consistency of é,.,. The proof is similar to that of theorem 3.2.

Theorem 3.5. If h is jointly measurable and if Pnh(-,0,) — 0 as. P,h(-,8,) £ 0as.
for random variables 6, , én, then 8, — 0 a.s. and 6, — é,, £, 0 as., assuming the following
conditions hold:

(1) his P-as. continuous in 6.

(2) H(0) exists for all @ € © and has a unique zero at § = 0.

(3) There exists a continuous function b on ©, bounded away from zero, and
C={0:16] < M}NO for some M < oo, such that P sup sep]h(-,8)|/5(8) < oo,
infogc|H(8)1/b(6) > 1 and P supagc (h(-6) — h(8))/b(8) < 1.

(4) Psup geclh(-,0)] < 0o and {k(-,8):8 € C} is a P-Glivenko -Cantelli class of functions.

Theorem 3.4 applies to monotone functions h with a significant symplifycation of the hy-

potheses:

Theorem 3.6. Let 2 : R — R be a bounded non-increasing function and let P be a
probability measure on R. We let k(z,0) = h(z — §) z,6 € R, assume
(D.1) If H(8) = Ph(-,8), then H(0) = 0, H'(0) > 0 and
(8.31) lim re—o[H(r) — HE)/(r— ) = H(0)
(D.2) There is a § > 0 such that for [] < § Varp(h(-,0) — h(-,0)) < [loglog(1/|8])]~(2+¥
(D.3) If Cis the set of discontinuity points of A(-,0), Cs = {z:3y € C s.. |z — y| < 6} then
P is continuous on Cj for some § > 0. Then lim £ (n¥/2(6, — 6,,)) =45, im ool (n?/ 26,) =

N(0,Varp(h/H'(0)) where 6, = inf{f : P, h(-,0) > 0} and §, = inf{6 : P,h(-,6) > 0} .
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Proof. (C.1) and (C.2) are (D.1). (C.3) holds because {k(-,) : 8 € R} is a VC-graph class.
{{(z,t): 0<t < h(z,0)}:0 € R} and { {(z,t) : h(z,0) <t < 0} :0 € R} are each one a
class of sets ordered by inclussion. So they are VC classes. Since the union of VC classes is VC,
{h(-,0 : 6 € R} is a VC-graph class. (C.4) is (D.2).

As far as (C.5) and (C.6), we first prove that
(332) 6, —>0as. and 6, — 8, 2> 0 as.

Given € > 0. By (D.1) H(—¢) < 0 < H(e). Since H(-,x¢) € L;(P), by the LLN and the
bootstrap LLN P, h(-,x€) — H(ke) as. Pyh(-,=e) R (£e€) a.s. So (3.31) follows.

Let |6] < 6/2. The sample points X; satisfying X; — § € Cj; are all as. different by
continuity of P on Cs. Moreover H(z) is continuous at z = X; — 0 if X; — 4 & Cs72. Note
H,(6+)— H,(6-) = Ei:xi_‘,ecuz h(X; + 6—) — h(X; — 6+) < Variation(k) < 2||k||oo. Hence
the function PpA(-,6) has a jump at @ of size at most 2||k||cn2. This proves by (3.33) that

n1/ZP,h(-,0,) — 0 as. and nl/2P,h(-,6,) == 0 as. O

Remark 3.7. We refer to Romo (1990) for the study of the bootstrap in probability of
M-estimators. I thank him for some conversations about his work that induced me to study this

topic.

4. Examples.

Example 4.1. (Spatial medians). The spatial median of P € P (RY) is the value 6(P) of
6 that minimizes P|z — 6] where |z| means the Euclidean distance in R9. So this estimator are
in the scheme of theorems 3.2 and 3.5 taking g(z,8) = —|z — |. If d=1, the spatial median is
the ususal median. The set of median of P, which is convex consists of a single point unless P

is concentrated on a line (and has more than one median there). Note that if # and 6’ are two
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different spatial medians then forany 0 < @ <1 |af+(1-a)f' —z| < alf —z|+ (1 —a)|¢’ — |
Thus Plab+(1~a)8’'~z| = P|f—z|. Hence |af+(1—a)f—z| = a|f—z|+(1—a)|d—z| a.s. But this
implies that almost every x is in the part of the line through 6 and 8’ exterior to the segment ¢ and
§’. We assume that P is not concentrated on a line and has a bounded density in a neighborhood
of (P). From the fact that for z # 0 | |z} — |z —6]— (6 -z)|z]|~* +271[8]?|z|~1 — 2~1|8 -z [2|z|~3| <
2061%|z[=2 A 3]6}?|z|~*
it follows changing to spherical coordinates thai
G(6) = G(0) — P27 [B2lal~* — 2118 - 22J2|3] + O(I6F) if d > 3
G(6) = G(0) - P27 8P|~ ~ 2710 - z[?|z| %] + O(I6]° log(1/16]) if d = 2

Hence (A.2) holds. Pollard (1984, page 153) shows that
F =A{r(z,8) = [lz] = |z — 6] — (6 - z)/|=[}/16]) : |8] # 0} U {r(z,0) = 0} is the sum of two VC
graph classes, so that (A.3) is satisfied. Moreover, it is easy to see that |r(z,8)| < 2 A (2/8}/]z()
hence if P has a density f on {|z] < 6} bounded by M, we have Er?(z,6) < k(d, M)|6}? for 8
near to 0 where k(d, M) is a constant depending on d and M. So, (A.4) holds too. finally, taking
b(6) = |0] conditions (B.1)-(B.3) are satisfied, and it is easy to see (as in Pollard (1984), page
153) that {|z]— |z — 6] : [6] < M} is a bounded VC-graph class, hence a Glivenko -Cantelli class.
The conclusion from Theorem 3.1. is then that the central limit theorem for the spatial median
can be bootstrapped a.s. assuming P is not concentrated on 2 line and P has a bounded density

in a neighborhood of 8(P).

Example 4.2. (k-means in R). Given P a k-mean of P, 1 < k < oo, is an ordered set of k
points in R, 6; < --- < 6, that minimizes the function P min;<x(z — 6;)? ( Hartigan (1978),
Pollard (1981, 1982) Cuesta and Matran (1988)). This notion has also 2 meaning in R and even

in infinite dimensions. Since our purpose is only to illustrate the use of the previous theorems, we
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restrict our discussion to the simpler one-dimensional case. We make the following assumptions
on P:

(1) PX?< co.

(2) P has a unique k-median g and it consists of k distinct points (p1,..., ) With g <

<o < Pk-

(3) P has differentiable density at the points (g + pi41)/2,i=1,...,k—1

We let © = {(61,...,6,) ER* : 0, < --- < B} g(2,0) = mini<x(z — 6;)%. By a com-
pactness argument there always exists, for each (z1,.-.,%,) € R™® a point in © that minimizes
n~1 Yl 62,9(-,0). By the section thecrem we can take a 6(z1,...,Z,) measurable.

Pollard (1982) proved a CLT for 8, — . We will show here that Theorem 3.2 implies that Pol-
lard’s CLT can be bootstrapped a.s. under conditions (1)-(3). For consistency we follow Cuesta
and Matrdn (1988). They show that if Z,,Zo are B-valued random variables, B a uniformly
convex Banach space, such that Z, — Z; a.s. Zp has a unique k-mean := (£ (Zp)) and
E min ;<t||Z — p> — E min ;<||Zo — p]]? < o0, then 8(L (Z,)) — 8(L (Zo)). They apply
this result and a Skorohod representation to show consistency of 8, under hypotheses (1) and
(2). Using this argument conditionally on w we can can get the bootstrap of the consistency of
k-means because if C = {(—oc0,] : £ € R} then by the bootstrap law of large numbers [[PY% — P|jc
Z£.0as. and 15: min j<i(z — p;)°® £, P min i<k(z — #i)? as.

It is easily checked that if P has differentiable density f at (u; + pi41)/2,i = 1,...,k =1,
then G(f) is three times differentiable at # = g, hence condition (A.2) holds. If we let M; =
(=00, 1+ 42)/2) My + (15 +p5-1)/2, (5 + 85+1)/2 5 = 2,- .., k—1 and Mi((pr—r +p2)/2, 00),
and if we define A; for j = 1,...,k in the same way but replacisg y by 6 we then have:

A(z) = (=2(z — p1)Im, (), - .., —2(z — pe)In, (z)) and

r(z,0) = 3=; ;(Im,4;(2))(2(6: — 0;)z + p2 — 2p1:6; +6%)/18— p| (Pollard(1982)). Using the obvious
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facts that:

(a) if |u — 6] < k~%/2 min(p;41 — p:)/2 then M;A; = @ unless |i — j| < 1, and

() Ingiaiy, C [0 + pis1)/2 = 16 — pal, (i + pi42) /2]

Ingiaioy C L1 + pig1)/2, (i + piz1)/2 + |0 — pf], we obtain

(2, 0)] < Ik = 8l + 4 3o (Indidgs + Infigaas)l6: — B

This inequality implies that supjs<x|lr(z,6)|lc < oo for all ¥ < co and that Pr2(-,8) <
c|@ — p| for all 6 in a neighborhood f u and for some ¢ < co. Hence (A.4) holds. For each
8, r(z,0) is the sum of k? or less functions that are linear on an interval and zero outside it .
Hence condition (A.3) is also satisfied. Therefore Theorem 3.2 applies and it follows that, under

conditiones (1)-(3) on P, the CLT for k-means of Pollard (1982) bootstrap a.s. ( for d=1).

Example 4.3 (A kind of Winsorized mean). Huber (1964) presents the M-estimator defined
as in the way of the theorem 3.8 with h(z) = —k L<_x + = Ikcz<k + k Ircz. Note that H(8)
is continuous and nondecreasing with lim g—._coH(8) =0 lim g H(6) = 1. So there is a 6o
so that H(fs) = 0 Assume that

(1) F is continuous at 6y + k and 8y — k

(2) F(o+k)—F(6p—k)#0

Then under this conditions n'/28, — N(0,02). Without additional conditions we get the
bootstrap a.s. from the theorem 3.8. A calculation shows H(§) = k — f_f:_i;o F(z)dz. By the
condition (1) H(-) satisfies (3.30) with derivative F(fo+k)—F (8o —k). Since |h(z,8)—h(z,0’)| <

|6 — 6’|, (D.2) holds.
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