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Abstract

Global Tile Attractor

of Second Order Single -Bit Sigma-Delta Modulation

by

Sidong Zeng

Adviser: Professor Truong-Thao Nguyen

As a widely used technology of modern A/D data conversion, high resolution

Sigma-Delta (Σ∆) modulation keeps simple structure. However, its most fundamental

mechanisms are difficult to analyze rigorously without modeling assumptions. This

is due to the embedded nonlinear feedback. Following dynamical system approach,

the goal of this thesis is to characterize the attractor of second order single-bit Σ∆

modulation. More precisely, we prove that the global attractor is a single tile. This

work enables the rigorous analysis of the quantization error spectrum without any

modeling assumption. The attractor is known as the finite union of disjointed tiles

(up to a 0-measure set) so far under stability conditions.

In this thesis, a framework based on Lyapunov functions is established to prove

that the system is globally stable. A family of Lyapunov functions are discovered.

Trapping sets are generated systematically in a conceptual and direct way. The

dynamical behavior inside a positively invariant set is also studied. As a theorem, if a

positively invariant set can be split into two sets by the graph of a function and one of

the subsets is positively invariant, such subset is automatically a trapping set. This

technique applies to trapping sets generated under the framework based on Lyapunov

functions. Smaller trapping sets are obtained such that none of them is possible to

contain two disjointed tiles. This implies that the attractor is a tile.
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Chapter 1

Introduction

In modern electronics, digital circuits are omnipresent due to the technological devel-

opment of very large scale integration circuits (VLSI). Because of the analog nature

of the real world, however, analog-to-digital (A/D) converters are needed as front end

signal processing. The circuit integration of these A/D converters faces the inherent

accuracy limitation of analog circuits. A technique of A/D conversion, called Sigma-

Delta (Σ∆) modulation, has become popular due to its robustness to analog circuit

imperfections.

1.1 Introduction of Σ∆ modulation

An analog signal, such as speech or image, is a continuous-time signal with continuous

amplitude, while a digital signal has discrete-time and discrete amplitude. As show in

Figure 1.1(a), through an A/D converter, an analog signal x(t) is first converted to a

discrete-time but continuous-amplitude signal x[n], then becomes a digital signal x̂[n].

The first process is called sampling and the second is called amplitude quantization or

quantization. According to the Shannon’s sampling theorem, no information is lost

after sampling if the sampling frequency fs is equal to or larger than the Nyquist rate

2f0, where f0 is the maximum frequency of the analog signal. Assume that x(t) is
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bandlimited, it can always be uniquely reconstructed by sinc interpolation from its

sampled version x[n] if it is taken by Nyquist rate.

However, information is lost permanently after quantization. It works like rounding

a real number. The difference between the input and the output of a quantizer is

called the quantization error. When signal is sampled at Nyquist rate, the only way

to reduce the quantization error is to reduce the quantization step size. But this will

increase the number of quantization levels. In an electronic system, it increases the

circuits complexity.

Modern high resolution A/D conversion is based on oversampling where the sampling

frequency is chosen to be greater than the Nyquist rate. Comparing to the A/D

converter operated at Nyquist rate (Figure 1.1(a)), in the oversampled A/D converter

(Figure 1.1(b)), a lowpass filter ( followed by a down sampler ) is added to recover

information lost in the quantization process. Precisely, it filters out the noise located

outside the signal band.

In the oversampled situation, various of circuits are developed to replace the basic

amplitude quantizer. Among these designs, Σ∆ modulation has been developed for

high resolution oversampled A/D conversion which was first introduced in 1962 [1].

It is widely used in VLSI because of its simplicity and its robustness against circuit

imperfections.

Theoretically, although Σ∆ modulation is implemented by mixed analog and digital

circuits, it has an equivalent discrete-time description [1], which is shown in Figure

1.2. In the simplest configuration of Σ∆ modulation, F is nothing but a delay unit.

As can be seen in the figure, Σ∆ modulation in this case consists of subtracting to
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x(t) // Sampler

fs = 2f0

x[n] // Quantizer
x̂[n] // Interpolator

x̂(t)//

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _Â
Â
Â
Â
Â
Â
Â

Â
Â
Â
Â
Â
Â
Â

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

A/D converter

(a)

x(t) // Sampler

fs > 2f0

x[n] // Quantizer

Σ∆ modulator

q[n] // Lowpass filter

&
Down sampler

x̂[n] // Interpolator
x̂(t)//

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _Â
Â
Â
Â
Â
Â
Â

Â
Â
Â
Â
Â
Â
Â

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

oversampled A/D converter

(b)

Figure 1.1: The principle of A/D conversion: (a) Nyquist rate; (b) oversampled rate.

x[n] //
⊕ y[n] //

− ²²

Q
quantizer

scalar
q[n] //

−
OO

F
filter
linear

⊕
e[n]

oo oo

Figure 1.2: Diagram of Σ∆ modulation

the input a delayed version of the error made by the scalar quantizer. This is the

known principle of error diffusion and allows the use of coarse quantizers.

1.2 Classic analysis

Although Σ∆ modulation is easy to understand intuitively, it is difficult to analyze

rigorously because a nonlinear operator, the quantizer, is embedded in the feedback

loop. No existing analytical tool can fully analyze such nonlinear feedback system.

Traditionally, this system is modeled based on the assumption of the quantization

error e[n]. In the classic linear model [1],[7], the quantizer is treated as an additive
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x[n] //
⊕ y[n] //

⊕ q[n] //
−

OO

F
filter
linear

OO

oo

e[n]

Figure 1.3: Classic linear Σ∆ modulator model assuming e[n] is a white noise.

and independent source of white noise. The linearized system is shown in Figure 1.3.

In the z-domain, the system transfer function is given by:

Q(z) = X(z) + H(z)E(z), (1.1)

where

H(z) := 1− F (z).

The modulator output is the sum of its input and a filtered version of the quantization

error. The filter H(z) is called the noise-transfer function (NTF). When designing a

lowpass Σ∆ modulation, we consider a family of NTF in the form

H(z) =
(1− z−1)k

1 + d1z−1 + · · ·+ dkz−k

that eliminates DC components of quantization error most. This is a high-pass filter.

In first order Σ∆ modulation, F is a pure delay unit. Then H(z) = 1 − z−1. The

process of filtering the quantization error is called noise-shaping. It is illustrated in

Figure 1.4(b). With noise-shaping, the quantization error remained in the signal band

is reduced dramatically compared to the case of simply using the amplitude quantizer

(Figure 1.4(a)).

However, the classic linear model of Σ∆ modulation is proven to be inaccurate [2],

especially when coarse quantization is used. The main issue is whether the quanti-
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Quantization error

Input signal

In-band noise

0 f0
fs
2frequency

PS
D

(d
B

)

(a)

Quantization error

Input signal

In-band noise

0 f0
fs
2frequency

PS
D

(d
B

)

(b)

Figure 1.4: Power spectral density of quantized signal assuming the quantization error
is white noise. (a) use the amplitude quantizer; (b) use a first order Σ∆ modulator
to replace the amplitude quantizer.

zation error is a white noise. We will find it out in the next section with rigorous

analysis.

1.3 Dynamical system analysis

In this section, we introduce the reader to the rigorous analysis of Σ∆ modulation

with an example, the simplest first order single-bit case. We follow the method in

[2], to model a modulator as a nonlinear dynamical system rather than a linearized

approximation. The dynamical system is deterministic. We will introduce concepts

and terminologies from dynamical system analysis just before we use them in order

to analyze the example. Some general results on Σ∆ modulation are presented as

well.

From the block diagram in Figure 1.2, the system of first order single-bit Σ∆ modu-
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lation is described with the following equations:

y[n] = x[n]− e[n− 1],
e[n] = q[n]− y[n],

q[n] =

{
1
2
, y[n] ≥ 0

−1
2
, y[n] < 0

.
(1.2)

Note that the linear filter F is a pure delay unit and we have implicitly normalized

the signal amplitude scale so that the quantization step size is 1. Let us define

u[n] := − e[n− 1]. (1.3)

Equations in (1.2) then imply that

u[n + 1] = u[n] + x[n]− q[n] (1.4)

with

q :=

{
1
2
, x + u ≥ 0

−1
2
, x + u < 0

. (1.5)

One can see that u[n + 1] is a function of u[n] for a given input x[n]. Explicitly,

u[n + 1] = Mx[n](u[n]),

where

Mx(u) := u + x− q, (1.6)

This is a nonlinear transfer function from R to R. It is also called a mapping from a

dynamical system perspective. One can see that the state variable is transferred by

different mappings at different instance of n when x[n] is a time varying input. In

other words, the dynamical system is fully described by a sequence of mappings.

We simplify our analysis further by assuming that the input x[n] = x is constant. This

is the asymptotic situation of a bandlimited signal sampled at an infinitely high rate.
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Although we only study one mapping at a time, we still need to analyze all mappings

for all possible constant inputs. Usually, the configuration of a system is a set of

system parameters, while the system inputs are excluded. In this thesis, however,

we generalize the meaning of a configuration from the system to the mapping since a

mapping in (1.6) depends on both the system parameters and the input x. In other

words, a configuration defines a mapping. We sometimes use configurations instead

of mappings to indicate that the difference between mappings is the coefficients not

the structure. We rewrite (1.6) in the form of a piecewise mapping

M(u) =

{
M0(u), u ∈ Ω0

M1(u), u ∈ Ω1
, (1.7)

with Mi(u) := u + xi, (1.8)

where

x0 := x + 1
2

and x1 := x− 1
2
.

Ω0 :=
{
u ∈ R : u < −x

}
and Ω1 :=

{
u ∈ R : u ≥ −x

}
.

In this case, a configuration is specified by a given x.

In general, the system mapping of Σ∆ modulation appears to be piecewise affine when

the state variables are chosen to be the integrator outputs. The mapping in (1.7) of

first order single-bit Σ∆ modulation is an example. The state space spanned by the

state variables is called the phase space. It is usually a vector space. We call a vector

in a phase space a point. A mapping transfers a point to another. The collection of

points is called a set or a region. For any set S within the phase space, we call the

set Sf := M(S) the forward image of S, and call the set Sb such that M(Sb) = S

the backward image. A point u in the phase space is called a fixed point if Mu = u.
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When M is replaced by Mn for any n ∈ N, Sf and Sb are called the nth order forward

and backward image, respectively. The definition of forward and backward image

applies to any set S even if it contains only a single point. In that case, since the

mapping is piecewise-affine, the forward image must be a single point. However, the

backward image may be a set of multiple points. Note that the system is a discrete

time system. So the forward images of any given point at all orders are a sequence of

points. This sequence is called the trajectory of the given point. For a given mapping

and an initial point, the forward images, backward images and trajectory of the point

are determined. Although these definitions are simple, they play important roles of

formalizing the dynamical system analysis.

Once the mapping is explicitly defined, a question from a dynamical system per-

spective arises: is this system stable? Since stability may have different meanings in

different areas, we formalize it in this thesis as following. For a given mapping M and

a set S in the phase space, if there exists a bounded set B such that for all u ∈ S,

there exists n0 ∈ N, ∀n > n0, Mnu ∈ B, we call S the stable region of M. If the stable

region is the whole phase space, we conclude that the mapping M is globally stable.

So an approach of proving stability for any given mapping is to find a stable region.

But before we analyze the example, we introduce some related definitions. Note that

all definitions are based on a given mapping. If a set happens to be the forward image

of itself, the set is called an invariant set. We explicitly recall the definition of the

forward image and have S to be an invariant set if M(S) = S. The simplest invariant

set is a set which contains only a fixed point. It is clear that the trajectory of any

point chosen from an invariant set is a subset of that invariant set. When the trajec-
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tory of any point in a superset of an invariant set has nonempty intersection with that

invariant set, the invariant set is called an attractor1 of the superset. This implies

that any attractor is an invariant set. The global attractor is an attractor which has

nonempty intersection with any trajectory in the phase space. In other words, any

point will be mapped into the global attractor with iterations. The stability of the

mapping can be proven by finding bounded invariant sets or attractors. However, for

many mappings, the attractor, even an invariant set is difficult to derive analytically.

We then consider some sets with weaker conditions. A positively invariant set is a set

such that its forward image is a subset of it. By comparing this with the definition

of stability, one can easily see that a positively invariant set is a stable region if it is

bounded. A small positively invariant set is also used to estimate the invariant set

bounds. For a positively invariant set, if points in a superset of it will be mapped

into it, it is called a trapping set. Now we have the following propositions to analyze

the first order case.

Proposition 1.3.1 Assume that |x| > 1
2
. The stable region of the mapping in (1.7)

is an empty set.

This is proven in Appendix-A.1.

Assume x = 1
2
, we have x1 = 0 and x0 = 1. Then for any u ∈ Ω1, u = M(u)

is a fixed point. For any u ∈ Ω0, M(u) = u + 1. And the trajectory of u is the

sequence {u, u + 1, u + 2, . . . , u + n, u + n, . . . }, where n is the smallest integer such

that u + n ∈ Ω1. In other words, the state variable u increases by 1 at each step with

1An attractor is not defined as the smallest unit that cannot be decomposed into two or more
attractors with distinct region of attraction. So the meaning of the term here is slightly different
from that in some dynamical system theories.
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iterations until it falls into Ω1 and becomes a fixed point. A similar result is obtained

when x=−1
2
. In both cases, the dynamics is clearly simple. Therefore, we are mostly

interested in the case where x ∈ (−1
2
, 1

2
).

Proposition 1.3.2 Assume that x ∈ (−1
2
, 1

2
) and a ≤ −1

2
< 1

2
≤ b,

M([a, b)) =
[
min(a + x0,−1

2
), max(b + x1, +

1
2
)
)
. (1.9)

This is proven in Appendix-A.2.

Proposition 1.3.3 Assume that x ∈ (−1
2
, 1

2
), an interval [a, b) ∈ R is positively

invariant if and only if a ≤ −1
2

< 1
2
≤ b.

This is proven in Appendix-A.3.

Proposition 1.3.4 Assume x ∈ (−1
2
, 1

2
) and a ≤ −1

2
< 1

2
≤ b. There exists n0 ∈ N

such that ∀n ≥ n0,

Mn ([a, b)) = [−1
2
, 1

2
). (1.10)

This is proven in Appendix-A.4.

Under certain conditions, Proposition 1.3.2 gives the explicit equation how an interval

is transformed to another. Proposition 1.3.3 then shows a sufficient and necessary

condition of an interval to be a positively invariant set. Proposition 1.3.4 finally gives

a global attractor [−1
2
, 1

2
). Hence it proves the stability of the mapping.

At this moment, let us check whether the quantization error is a white noise. We

proceed with u[n] in order to plot the amplitude spectrum of the quantization error
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Figure 1.5: Numerical example of spectrum of u[n]. We take u[0] = 0 and x = .12345,
and use (1.7) to generate u[n]. After discarding the first 10k points, we use the next
1024 points to perform FFT and plot the amplitude spectrum.

because u[n] has the identical amplitude spectrum as e[n] according to (1.3). Using

the mapping in (1.7), we obtain a sequence of u[n] and show its amplitude spectrum

in Figure 1.5. Since the spectrum is not flat, the quantization error is not a white

noise. Hence the linearized model is inaccurate.

Let us continue to derive more rigorous results. We are motivated by the following

results

(i) M0(u) = M1(u) + 1 from (1.8),

(ii) the attractor [−1
2
, 1

2
) is an interval of length 1.

So we define the modulo function mod as the unique 1-periodic function such that it

is the identity function in [−1
2
, 1

2
). Explicitly

mod(v) := u, where u is the unique value of [−1
2
, 1

2
) such that, u− v ∈ Z.
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Then we have

mod(M0(u)) = mod(M1(u)).

It follows from (1.7) that

mod(u) = u, (1.11)

M(u) = mod(M0(u)) = mod(M1(u)). (1.12)

One does not loose generality by considering an initial state u[0] ∈ [−1
2
, 1

2
), which is

in the global attractor. Define a trajectory which is the sequence:

u[n] := Mn(u[0]), where n ∈ N.

According to Proposition 1.3.3, for any n ∈ N, u[n] ∈ [−1
2
, 1

2
). It follows from (1.11)

that

u[n] = mod(Mn
0 (u)). (1.13)

Let us define

v[n] := Mn
0 (u).

Then

v[n + 1] = v[n] + x0 = v[n] + x + 1
2
,

u[n] = mod(v[n]).

We define

E
Σ∆

(z) := H(z)E(z).
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Figure 1.6: First order Σ∆ modulator equivalent block diagram.

where H(z) is the same as in (1.1). Then we have

q[n] = x + e
Σ∆

[n],

e
Σ∆

[n] = e[n]− e[n− 1].

It follows from (1.3) that e
Σ∆

[n] = u[n]−u[n+1]. These equations form an equivalent

diagram as shown in Figure 1.6. In the diagram, the state variable u[n] is obtained

from v[n] through a nonlinear but memoryless modulo operator, where v[n] is nothing

but the output of a linear system, which is the discrete-time integrator. The system

is decomposed and the analysis is simplified.

1.4 Literature review

The rigorous analysis of Σ∆ modulation was first introduced by Gray in [2]. He clear

showed that a more accurate analysis of Σ∆ modulation is achieved by approaching

the modulator in nonlinear dynamical system way. Note that this is the first paper,

but only paper where Gray recognizes the dynamical system aspect of Σ∆ modulation.

Some results of Σ∆ modulation based on nonlinear methods are summarized in [17].

Those results are from the work of Gray and others. Given the date of 1995 of this

paper, we know that Σ∆ modulation has been studied as a dynamical system for

quite a long time.



14 Chapter1

We are mainly interested in two issues about Σ∆ modulation by approaching it in

dynamical system way. One is the stability. The other is the structure of attractors,

invariant sets and positively invariant sets. This information enables us to analyze

the quantization error accurately.

The stability of first order Σ∆ modulation has been sorely studied since [2] was pub-

lished. Many mappings not limited to single-bit Σ∆ modulation and constant inputs

have been studied. In [8], for example, first order Σ∆ modulation with multilevel

quantization is rigorously analyzed even if circuit nonidealities such as integrator

leak, integrator gain mismatch, and comparator offset are considered. There are also

remarkable results of stability in second order Σ∆ modulation. In [11], the stability

of second order Σ∆ modulation with constant input is studied through limit cycles.

The nth order forward image of any given point defines a trajectory. A limit cycle

is defined as that trajectory when n tends to infinity. With the help of limit cycles,

the upper bound of the quantizer input, which is a state variable and has the most

volatile value, is derived as the function of the input. This implies the system stabil-

ity. From the definition of a limited cycle, one can see that it is actually an invariant

set. The concept of positively invariant set was introduced to Σ∆ modulation in [18]

and [16]. An analytical set which is bounded by two parabolic segments is proven to

be positively invariant for general second order Σ∆ modulator with constant inputs.

An algorithm was developed to find a positively invariant convex set numerically in

[16]. This algorithm-based technique for finding positively invariant set is generalized

from the second order case to higher order Σ∆ modulation [20]. This technique can

be applied to verify Σ∆ modulator designs. Similar positively invariant sets which are
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bounded by parabolic curves are obtained in [9],[15], and [25]. It has been proven that

global stability does not hold for arbitrary time varying inputs since unstable exam-

ples were presented in [9] and [25]. Dynamical system with bandlimited single inputs

is studied and the stable condition is derived [9]. With the help of positively invariant

set, the bounds of the state variables are estimated in [9] and [16]. Contrary to lower

order cases, there are few results in the third or higher order Σ∆ modulation due to

the difficulty. The bounded of state variables are derived based on those positively

invariant sets. Wang developed a geometric model, a dynamical system, to analyze

third order Σ∆ modulation [12]. He applied the dynamical system theory to study

the stability for the basic architecture of third-order single-path Σ∆ modulation and

constant inputs [13]. The stable conditions are obtained by applying the bifurcation

theory. Results are confirmed numerically, because the bifurcation theory normally

applies to continuous mapping but the system of Σ∆ modulation is discrete.

One can see that the theoretical concepts of positively invariant sets and trapping

sets are exploited, but the refine analysis available until now has been mostly based

on explicit algebraic inspections of the discrete dynamics. This approach often yields

complicated equations or discrete recursive reasonings, from which it is difficult to

extract high-level and general guidelines on the state behaviors. A more physical

and analytic approach to the state behavior of Σ∆ modulators is to introduce Lya-

punov functions. This idea was first suggested in Σ∆ modulation in [24]. The classic

technique of Lyapunov functions is used to prove the stability of the solutions to a

differential equation, without solving it explicitly [5]. In physical systems, Lyapunov

functions are usually extracted from the system’s potential energy, which typically
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decreases with time and converges to a certain bounded region in the stable case.

The notion of potential energy does not naturally exist in Σ∆ modulation, but one

can always propose synthetically generated Lyapunov functions of the state space and

evaluate their respective abilities to be minimized by the iterations of the Σ∆ state

mapping. However it is difficult to find proper Lyapunov functions which can generate

positively invariant sets as refine as that based on explicit algebraic derivation.

The structure of an attractor has also been studied. But there are little results

for higher orders Σ∆ modulation. Besides the work of Gray in [2], first order Σ∆

modulation is analyzed with techniques from dynamical system theory in [10]. A

conclusion is that almost all trajectories converge asymptotically to a fixed point or a

periodic orbit. Similar dynamical equations to second order Σ∆ modulation from the

digital phase-locked loops (DPLL) is studied in [22] and [23]. Attractors have been

derived. The structure of a attractor is simply bounded by two continuous functions.

The attractor is called a belt in the papers. Although the mappings obtained from

DPLL and Σ∆ modulation are similar, they are in different configurations. According

to experiments, the attractor in the configuration of Σ∆ modulation is usually not a

belt. Followed by an outstanding discovery, the tiling phenomenon, many results are

derived. We will show the details in the following section.

1.5 Tiling phenomenon and nonlinear feedback loop

resolution

Contrary to the first order case (Section 1.3), little attractors in second order Σ∆

modulation has been derived explicitly. Meanwhile, rigorous analysis by Gray [2] is
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generalized without deriving attractors explicitly [28]. The most important property

of the attractor in the first order case is that the attractor is an interval of length

1 which allows the definition of the modulo function. And with the help of the

modulo function, nonlinear feedback loop is decomposed into a linear feedback loop

followed by a nonlinear but memoryless operation as shown in (1.13). An outstanding

phenomenon was discovered in various second order Σ∆ modulation configurations.

Every attractor is a single tile. Two examples are shown in Figure 1.7 and Figure

1.8. This enables us to predict properties of the attractor in the second order case

without explicit derivation. This is called the tile phenomenon. The formal definition

of a tile will be given later. But like the interval [−1
2
, 1

2
), which is a tile in R, a tile in

the 2D-space is a set such that (i) it has no intersection with its integer-vector shifted

version; (ii) the union of all its integer-vector shifted versions cover the entire space.

The unit square is an example of tile. Other examples are shown in Figure 1.7(b),

1.8, and 1.9. One can see how a tile is tiling the space.

In second order Σ∆ modulation, the state space is the 2D vector space R2. As

mentioned before, the difficulty of analyzing Σ∆ modulation is due to the nonlinear

operation in a feedback loop. Assume that the attractor is a single tile Γ, the nonlinear

feedback loop may be decomposed to a linear feedback loop followed by a 2D-modulo

operation. This idea is generalized from the first order case as shown in equation

(1.11) and (1.13). Similar to the first order case, a 2D tile Γ defines a nonlinear

modulo operation over R2. For any u ∈ R2, the modulo operation is defined as

modΓ(u) := v, (1.14)
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Figure 1.7: Example 1 of dynamics behavior: (a) The attraction of dynamics (b) The
tile attractor Γ (marked by black dots) and its vertical and horizontal unit-shifted
versions.
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Figure 1.8: Example 2 of Dynamics behavior: (a) The attraction of dynamics (b) The
tile attractor Γ (marked by black dots) and its vertical and horizontal unit-shifted
versions.
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Figure 1.9: Illustration of modulo operation, v[n] := modΓ(u[n]).

where v ∈ Γ is the unique point such that u− v ∈ Z2. For any v ∈ Γ, we have

modΓ(v) = v.

An example of modulo operation in R2 is shown in Figure 1.9. Points v[n] =

modΓ(u[n]) are located in the tile Γ. A similar definition can be generalized to higher

dimensional space.

As shown in [27], Σ∆ modulation with constant input can be described by a piecewise-

affine mapping M. And similar to (1.13), the dynamics can be derived as:

∀u ∈ Γ, ∀n ∈ N, Mnu = modΓ(Lnu). (1.15)

where L is an affine-mapping. So with the knowledge of an invariant tile Γ of the

mapping M, the whole system can be equally described as a linear system followed

by a memoryless nonlinear operation. A general diagram derived in [27] is shown in

Figure 1.10.
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Figure 1.10: Equivalent Σ∆ modulation block diagram of kth order Σ∆ modulation.

Since the tile attractor enables a new direction of rigorous analysis, we have the

following questions:

(i) Is M guaranteed to yield a single invariant tile ?

(ii) If so, can we derive the tile ?

In this thesis, we will concentrate on the first question only. Our approach is based

on an advanced theorem in [28], which proves that the attractor of the dynamical

system is the finite union of disjointed tiles up to a measure zero set. This is the most

advanced proven result on the tile phenomenon until now. For a piecewise-affine

mapping, the threshold is used to partition the phase space into different regions.

In each region the mapping is defined by a piece of affine mapping. As shown in

Figure 1.7 and 1.8, for example, the threshold is the graph of a linear real function

which is marked as T. For a long time, only single-tile attractors were observed for

the mappings of second order single-bit Σ∆ modulation such that the threshold is a

continuous real function. However, we show in Figure 1.11 an experimental counter-

example which has two-tile invariant set with DC input and the thresholding function
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is as simple as a continuous piecewise-affine function. So in this thesis, we will focus

on linear thresholding functions, which is also the case of Σ∆ modulators used in

applications. In fact, for mappings of second order single-bit Σ∆ modulation with

linear thresholding functions, only single tile attractor has been observed but has not

been rigorously proven yet. The goal of this thesis is to prove the single tile attractor

in this situation.

1.6 Outline of this thesis

In this thesis, we concentrate on the analysis of second order single-bit Σ∆ modula-

tion from a dynamical system approach. In Chapter 2, we derive the mathematical

equations which describe the system. Instead of using the general block diagram

shown in Figure 1.2, we proceed our derivation from a concrete block diagram of

second order Σ∆ modulation. We then prove that it is equivalent to the general

block diagram by showing transfer functions in the z-domain. This procedure clearly

connects a mapping to an implementation. As the result of constant inputs case, the

obtained mapping is indeed a piecewise-affine mapping from R2 to R2.

In Chapter 3, We follow the idea in [24] to establish a framework based on Lyapunov

functions. General guidelines of finding Lyapunov functions for piecewise-affine map-

pings are presented. The procedure for obtaining positively invariant sets and trap-

ping sets through these functions are derived. We then discover a family of Lyapunov

functions and prove global stability of the system accordingly. We under this new

framework obtain not only the existing results in more conceptual and direct way,

but also more general results at the same time.
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(a) (b)

(c) (d)

Figure 1.11: Two-tile invariant set with nonlinear but continuous piecewise-linear
thresholding function: (a) The invariant set of mapping, with input x = .35314. The
thresholding function has two pieces of slope −8 and the segment in the middle is
connecting point (-.6,0) and (-.15,0); (b) By using two gray tones, we show that the
set is the union of two disjointed tiles (the two-tile partition is not unique); (c) The
dark gray set in (b) and its shifted version; (d) The light gray set in (b) and its shifted
version.
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However, it requires more information to analyze the quantization error accurately

beyond the stability. Our goal in this thesis is to prove the attractor is a single tile. In

Chapter 4, we formalize a method by using the set theory for checking whether a set

contains more than one tile. With the help of a theorem in [28], we can immediately

recognize a tile attractor inside a positively invariant set which can not contain more

than one tile. By applying this method directly to the global trapping set obtained

from the previous chapter, we can prove that the global attractor is a single tile under

certain configurations. However, it only covers a limited range of configurations that

we are interested in. We need to pursue our goal with new techniques.

Chapter 5 is devoted to study the details of the dynamical behavior inside a positively

invariant set. The motivation is to develop a new technique with which we can find

inside smaller trapping sets. We proceed by studying the process of a set being

transformed into the attractor. In particular, we start from a set containing only

two points u and v. The corresponding trajectories are {Mnu}n∈N and {Mnv}n∈N,

respectively. And the difference of them {Mnu−Mnv}n∈N is also a vector sequence.

We discover that this sequence is impossible to be a mixture of integer vectors and

non-integer vectors. It implies that integer vector difference is always preserved.

Inspired by the tile phenomenon, we predict that the dynamical behavior of two

points with integer vector difference is crucial. We then discover a theorem which

enables us to find trapping sets from existing ones. According to this theorem, assume

that a positively invariant set can be split into two sets by a graph of a real function

and one of the subsets is positively invariant, the positively invariant subset up to a

measure zero set is automatically a trapping set.
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In Chapter 6, we combine techniques developed in Chapter 3, 5 and 4 to prove that the

global attractor is a single tile. We obtain a global trapping set under the framework

established with Lyapunov functions. Using the new tool in Chapter 5, we derive a

smaller trapping set. The final conclusion is obtained by proving that such trapping

set can not contain more than one tile.

We study global stability of timevarying inputs case in Chapter 7. Since global

stability does not hold for arbitrary inputs, an input which is the sum of finite numbers

of sinusoids is considered. A unique mapping defined by the DC component of the

input and a sequence of translations defined by the AC components of the input can

be used for modeling the dynamical system. At each instance, the state variables are

transferred with that mapping followed by a translation. We under the framework

with Lyapunov functions derive a sequence of trapping sets, thus prove that the

system is globally stable. We also show the existence that an attractor is a sequence

of tiles.
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Chapter 2

The second order single-bit Σ∆ modulation

We derive dynamical mappings in this chapter for latter use. Mappings are obtained

based on a general diagram of second order single-bit Σ∆ modulation. All mappings

are formalized into piecewise-affine mappings over the 2D space R2. As mentioned in

Section 1.3, a configuration, which includes explicit system parameters and the input,

fully defines a mapping.

2.1 General equations

The general block diagram of a second order Σ∆ modulator in the cascade-integrator

feed-forward (CIFF) structure is shown in Figure 2.1 as like in [3]. Using the delta-

sigma matlab toolbox [4] designed by R. Schreier, one can obtain typical values of the

coefficients a1 and a2 for certain optimization, which is (a1, a2) = (0.7749, 0.2164).

In the z-domain, the transfer functions of the system in Figure 2.1 is derived to be

U1(z) = z−1

1−z−1 (X(z)−Q(z))

U2(z) = z−1

1−z−1 U1(z)

Y (z) = X(z) + a1U1(z) + a2U2(z)

.

These equations imply that

Y (z) = X(z) +
a1(z

−1 − z−2) + a2z
−2

(1− z−1)2
(X(z)−Q(z)).
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Figure 2.1: Second order Σ∆ modulator in CIFF structure.

It follows from the quantization error E(z) = Q(z)− Y (z) that

Q(z)− E(z) = X(z) +
a1(z

−1 − z−2) + a2z
−2

(1− z−1)2
(X(z)−Q(z)),

which leads to

Q(z) = X(z) + H(z)E(z)), (2.1)

where

H(z) :=
(1− z−1)2

1 + (a1 − 2)z−1 + (1− a1 + a2)z−2
.

Since all zeros of H(z) are located at z = 1 and holes are not, H(z) is a highpass

filter. So this system is equivalent to the general form shown in Figure 1.2.

From the block diagram, we derive the following state transfer equations

{
u1[n + 1] = u1[n] + x[n]− q[n]
u2[n + 1] = u1[n] + u2[n]

(2.2)

with

q[n] =

{
1
2
, y[n] ≥ 0

−1
2
, y[n] < 0

, (2.3)

y[n] = a1u1[n] + a2u2[n] + x[n]. (2.4)

We have implicitly normalized the signal amplitude scale so that the quantization

step size is 1. In practise, x[n] ∈ (−1
2
, 1

2
) is generally assumed.
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2.2 Dynamics equations

Let us define the two-dimensional state vector

u := (u1, u2)
>,

with the following projection notation

(u)
1

:= u1, and (u)
2

:= u2.

In this thesis, we simplify notation by replacing (u)
1

and (u)
2

with u1 and u2 ,

respectively, unless there is ambiguity. Such notation will be used for other vectors

as well.

We then define u[n] := (u1[n], u2[n])>. Equation (2.2) is rewritten in the vector form

u[n + 1] = Lu[n] + (x[n]− q[n]) i (2.5)

where

L :=

(
1 0
1 1

)
and i := (1, 0)>. (2.6)

Meanwhile, from (2.3) and (2.4)

q[n] =

{
1
2
, t(u[n]) ≥ cx[n]

−1
2
, t(u[n]) < cx[n]

. (2.7)

where

t(u) := u2 + s u1, where s :=
a1

a2

, (2.8)

cx := − x

a2

. (2.9)

We then partition R2 into two parts according to the function t,

Ω0 :=
{
u : t(u) < 0

}
and Ω1 :=

{
u : t(u) ≥ 0

}
(2.10)
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The quantizer output is rewritten as

q[n] =

{
1
2
, u[n] ∈ Ω1 + cx[n]j

−1
2
, u[n] ∈ Ω0 + cx[n]j

(2.11)

By substituting (2.11) into (2.5), u[n + 1] can be seen as a sole function of u[n] with

a given input x[n], explicitly,

u[n + 1] = Mx[n] u[n] (2.12)

where

Mx u :=

{
M1u, u ∈ Ω1 + cx j
M0u, u ∈ Ω0 + cx j

, (2.13)

with Miu := Lu + xii, where x0 :=x + 1
2
, x1 :=x− 1

2
(2.14)

and

j := (0, 1)>. (2.15)

Note that the mapping Mi is always implicitly associated with an input x. This x is

defined according to the context of Mi. For example, in (2.13), the x is the same as

the subscript of Mx.

2.3 Basic properties of the mapping

Equation (2.14) implies that for all x ∈ R,

M0 = M1 + i. (2.16)

M−1
i u = L−1(u− xii) (2.17)

Proposition 2.3.1 For any d ∈ R

Mi(u + dj) = Miu + dj, (2.18)

M−1
i (u + dj) = M−1

i u + dj, (2.19)
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This is proven in Appendix-B.1.

2.4 Dynamics equations of DC inputs

Since Σ∆ modulation normally operates on oversampling, DC inputs are always con-

sidered such that x[n] = x. Then the dynamics is simply defined by one mapping:

u[n + 1] = Mx u[n].

The output q[n] is

q[n] =

{
1
2
, t(u[n]) ≥ cx

−1
2
, t(u[n]) < cx

. (2.20)

The following proposition shows the equivalence of some dynamics.

Proposition 2.4.1 For any c ∈ R, consider two mappings

Mu :=

{
M0u, u ∈ Ω0

M1u, u ∈ Ω1
and M′ u :=

{
M0u, u ∈ Ω0 + c j
M1u, u ∈ Ω1 + c j

.

Take any u,u′ ∈ R2 such that u′ = u + c j, then

M′ u′ = Mu + c j.

Proof: It is clear that u ∈ Ω0 if and only if u′ = u + c j ∈ Ω0 + c j. It follows

from (2.18) that M′(u′) = M′(u + c j) = Mu + c j for all u ∈ R2.

It implies the following proposition with recursion.

Proposition 2.4.2 For any u,u′ ∈ R2 such that u′ = u + c j, where c ∈ R,

M′nu′=Mnu + c j, ∀n ∈ N,

where M and M′ are defined as in Proposition 2.4.1.
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This implies that the dynamics of the mappings M and M′ are exactly the same up

to a fixed vertical shift resulting from the different partitions. So this difference can

be basically ignored. Furthermore, equation (2.13) implies that the only effect of cx

is a vertical shift of the partition {Ω0, Ω1}. Therefore, from now on, we concentrate

on the mapping

Mu :=

{
M1u, u ∈ Ω1

M0u, u ∈ Ω0
. (2.21)

Since, we have by Proposition 2.4.2, for all n ∈ N,

Mn
x u = Mn(u− cx j) + cx j. (2.22)

Proposition 2.4.3 Assume that |x| ≥ 1
2
. The stable region of M defined in (2.21) is

a measure1 zero set.

This is proven in Appendix-B.2.

Therefore, x ∈ (−1
2
, 1

2
) is the necessary condition for the system to have a nonzero-

measure stable region. Moreover, because the system operation is symmetrical with

respect to the sign of the input, one does not loose generality to assume:

Condition 2.4.4

x ∈ [0, 1
2
).

The configurations are described by parameter s and input x.

1It is the Lebesgue measure.
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Chapter 3

Lyapunov function and global stability

The mixed discrete-time and discrete-amplitude nature of the feedback has prevented

the use of the typical theories of stability in physical systems. The theoretical con-

cepts of positively invariant sets and trapping sets of the state space are exploited,

but the refine analysis available until now has been mostly based on explicit algebraic

inspections of the discrete dynamics. This approach often yields complicated equa-

tions or discrete recursive reasonings, from which it is difficult to extract high-level

and general guidelines on the state behaviors. In thesis, we attempt a more physical

and analytic approach to the state behavior of Σ∆ modulators, with the introduction

of Lyapunov functions.

3.1 Introduction

The introduction of Lyapunov functions was first suggested in Σ∆ modulation in [24].

We show in Figure 3.1(a,b,c) proposed examples of such functions for second order Σ∆

modulators. Using (2.21), the three figures 3.1(a,b,c) represent the same trajectory

of state points u[n], but with third dimension values h(u[n]) corresponding to three

different Lyapunov functions h(u). If the chosen function is lower bounded, one will

always identify a region in which the function can no longer be decreased by the system
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mapping. This is fundamentally due to the discrete and finite displacements of the

state points u[n]. This region is denoted by Υh and is illustrated in Figures 3.1(a’,b’,c’)

(appearing as a polygon) in the three cases of Figures 3.1(a,b,c), respectively. We

show in this thesis that the mere determination of Υh for any given h(u) leads to the

identification of a trapping set of the system states. This set is denoted by Λh in

Figures 3.1(a’,b’,c’). How close this set is to the actual attractor (represented by the

gray dots in the figures) depends on the choice of h(u).

This approach has several advantages. It is firstly non-recursive and concentrates all

the algebraic difficulties into the analysis of a single memoryless function of the space.

This replaces the discrete reasonings, difficult to formalize, by standard function

analysis. In the same trend, this opens the door to more mathematical tools such as

set theory and topology. Secondly, it enjoys the free choice of a tractable function

h(u), which is not constrained to tightly reproduce the discrete dynamics of the

system, and on which can be attached convenient mathematical properties, such as

continuity or convexity for example. It is true that a “too convenient” function h(u)

may simply yield dull results. However, with a basic piecewise quadratic function

h(u), we already reproduce and even improve or generalize under a unifying approach

quantitative results previously obtained on the trapping sets of second order Σ∆

modulators. In particular, trapping properties and tight quantitative bounds are

obtained in a single shot. But the third advantage of our proposed method is its very

conceptual nature, giving it high potential for future generalizations. We give in this

thesis general guidelines that are applicable to a whole class of Lyapunov functions,

which can incorporate more refine mechanisms than a piecewise quadratic function
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(a) (a’)

(b) (b’)

(c) (c’)

Figure 3.1: Surface of Lyapunov function h(u) and the smallest trapping set Λh

resulting from the Lyapunov functions: (a) case of (3.9) with Hi = Ωi and ∆ih
i(u) =

0 for both i = 0, 1; (b) case of (3.20) with ∆ih
i(u) = 0; (c) case of (3.20) with

∆ih
i(u) = eps < 0; (a’,b’,c’) show the smallest trapping set Λh resulting from the

Lyapunov functions h(u) of (a,b,c), respectively.
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and can be explored in the future. Furthermore, we will show in this thesis the

effectiveness of the Lyapunov function method in the time-varying case. Like in [9],

we show the existence of a trapping set for inputs that are finite sums of sinusoids with

dc components that remain in the stable region of constant inputs. Our particular

contribution here is to make the proof conceptual and substantially more concise

with our new framework of analysis, results for more general configurations obtained

simultaneously. Finally, another potential use of the Lyapunov functions will be the

analytical derivation of stability results at the higher-order Σ∆ modulators.

3.2 Lyapunov function approach

3.2.1 Trapping sets

We consider a dynamical system of equation u[n+1] = Mu[n], where M is a given

in (2.21). But in this subsection, all results must apply to any transformation of R2

without any particular assumption. We define

Definition 3.2.1 A trapping set of M in S0, any set S ⊂ S0 such that

(i) M(S) ⊂ S,

(ii) for any u ∈ S0, there exists n ≥ 0 such that Mnu ∈ S.

When S0 = R2, we call trapping set S the global trapping set.

As consequence of the two properties of trapping set, for any initial condition

u[0] ∈ S0, there exists n0 ≥ 0 such that u[n] remains in S for all n ≥ n0. This implies

the idea of trapping in the strong sense that any point in the set S0 gets trapped into

the set S within a finite number of iterations. When a set S satisfies (i), it is said to
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be positively invariant [16, 20]. Meanwhile, we will call any set S that satisfies (ii) an

attracting set1. Our main purpose is to find global trapping sets that are as small as

possible.

With the introduction of a Lyapunov function h(u), there are immediate ways to

construct positively invariant sets and trapping sets, at least conceptually. For any

real function h(u) of R2, define

∆h(u) := h(Mu)− h(u). (3.1)

Within the case ∆h(u) ≤ 0 everywhere, the set

Λh(`) :=
{
u ∈ R2 : h(u) ≤ `

}
(3.2)

is automatically positively invariant for any ` ∈ R. Of course, with any function h(u)

picked at random, ∆h(u) ≤ 0 is not always guaranteed. Moreover, finding a function

h(u) such that ∆h(u) ≤ 0 globally is ideal but not necessary. To have more freedom

on choosing functions, we construct positively invariant sets by defining

Υh :=
{
u ∈ R2 : ∆h(u) > 0

}
. (3.3)

The set Υh is qualitatively the subset of R2 where ∆h(u) ≤ 0 fails. We have the

following general property.

Proposition 3.2.2 Consider any set Λh(`) that includes M(Υh). Then,

(i) Λh(`) includes Υh ,

(ii) Λh(`) is positively invariant.

1Although we use the term “attracting”, (ii) is not to be confused with the standard notion of
attractor in dynamical systems, which is different.
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This is proven in Appendix-C.1.

Now,
{
Λh(`)

}
`

is an increasing family of sets, i.e.

` ≤ `′ =⇒ Λh(`) ⊂ Λh(`
′).

Therefore, this family has a smallest set that includes M(Υh) and that we denote by

Λh . Analytically,

Λh := Λh(`h)

where

`h := sup
u∈M(Υh )

h(u). (3.4)

Proposition 3.2.2 is then equivalent to the following statement.

Proposition 3.2.3 The set Λh(`) is positively invariant for any ` ≥ `h .

This proposition thus provides a whole family of positively invariant sets, with no

condition imposed on M and on h(u). One however should not see in this a miracle.

At this point, nothing prevents `h from being +∞ for example, then Λ`h is unbounded.

On the other hand, even if Λ`h is bounded, one cannot say either that `h is the smallest

` such that Λh(`) is positively invariant because we have not yet proven that the set

Λh(`) is not when ` < `h . We will fix this problem later which involves more.

The next question is how to ensure that these positively invariant sets are also at-

tracting sets. With Proposition 3.2.2(i) and (3.4), we know that Λh(`) includes Υh

for any given ` ≥ `h . Then for all u /∈ Λh(`), u /∈ Υh , which implies ∆h(u) ≤ 0.

This is unfortunately too weak to make Λh(`) an attracting set because it is possible
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∆h(u) = 0 for all u. We need to develop more tools. For any given ε ≥ 0, let us

define more generally

Υh(ε) :=
{
u ∈ R2 : ∆h(u) > −ε

}
. (3.5)

Proposition 3.2.4 Assume that the function h(u) is lower bounded. Then, for any

ε > 0, Υh(ε) is an attracting set.

This proposition is proven in Appendix-C.2. It has the following consequence.

Proposition 3.2.5 Assuming that h(u) is lower bounded, any positively invariant

set S that includes Υh(ε) for some ε > 0 is a trapping set.

As a reminder, positive invariance is a notion intrinsic to the space transformation M.

Therefore, how S has been obtained as a positively invariant set is of no concern in this

proposition. For example, one can imagine situations where the positive invariance

of S has been previously established using another Lyapunov function h ′(u). This

non-trivial idea will be used later.

3.2.2 Lyapunov functions for piecewise mapping

The previous section gave basic tools to extract positively invariant sets and trapping

sets from any given Lyapunov function. The difficulty is now how to optimize the

Lyapunov function so that these sets are as small as possible. The particular obstacle

is that our considered mapping M from a Σ∆ modulator does not have a single

analytical expression, but instead has a discontinuous piecewise definition as in (2.21).

In the first introduction of a Lyapunov function for the stability analysis of a Σ∆

modulator [24], it was proposed to design h(u) in a piecewise manner as well. The
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idea was to start with two separate functions h0(u) and h1(u) such that

h0(M0u) = h0(u) and h1(M1u) = h1(u). (3.6)

Defining the function operation

∆if(u) := f(Miu)− f(u), (3.7)

(3.6) can be rewritten as

∆ih
i(u) = 0 (3.8)

for both i = 0, 1. Then, a global Lyapunov function was formed by defining

h(u) :=

{
h0(u), u ∈ H0

h1(u), u ∈ H1
(3.9)

with H0 := Ω0 and H1 := Ω1. The function ∆h(u) is thus guaranteed to be 0 for

all points u such that either u and M0u belong to Ω0, or, u and M1u belong to

Ω1. We show in Figure 3.1(a) an example of such a Lyapunov function. One can

observe that ∆h(u[n]) for a given trajectory u[n+1] = M(u[n]) is zero most of the

time, and fortunately appears to be negative in the non-controlled events when u[n]

crosses the partition boundary t(u) = 0, at least at the resolution scale of the picture.

The second step is then to derive the resulting set Υh to find the smallest positively

invariant set Λh yielded by this Lyapunov function, using the results from Section

3.2.1.

Finding functions h i(u) that satisfy (3.6) actually appears to be an old problem.

Indeed, with any trajectory u[n+1] = Mu[n], (3.6) implies that h i(u[n+1]) = h i(u[n])

when u[n] ∈ Ωi. In other words, this implies that h i(u[n]) remains constant as long

as u[n] remains in Ωi. Such functions were derived in [9, 15, 16]. By applying (2.14),
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one can find h i(u) such that ∆ih
i(u) = 0 in the form of as simple as polynomial

function

h i(u) = αi

(
u2 − 1

2xi
(u1 − xi

2
)2 − βi

)
. (3.10)

Coming back to the global Lyapunov function of (3.9) for mapping (2.21), one can

also guarantee Λh(`) to be bounded for all ` by choosing

α0 < 0 < α1. (3.11)

The examples of Figure 3.1(a) and (a’) were actually designed in this way.

Next, we push further the idea of [24] by considering the following degrees of freedom:

1. Functions h i(u) that satisfy ∆ih
i(u) may not necessarily be of polynomial type

like in (3.10). One could actually seek for functions h i(u) that satisfy ∆ih
i(u) =

−ε < 0, and thus actively participate to the decrease of the global Lyapunov

function.

2. The partition {H0, H1} in (3.9) may not necessarily be equal to the original par-

tition {Ω0, Ω1} of the mapping M.

In the subsequent sections, we detail our specific contributions to these orientations.

3.2.3 Controlling ∆ih
i(u)

Inspired by (3.10), we search for the solutions of the equation

∆ih
i(u) = −ε (3.12)

that are of the form

h i(u) = αi

(
u2 − gi(u1)

)
(3.13)
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with αi 6= 0. The dependence of h i(u) with u1 and u2 lies in two separate terms, and

the function of u2 being linear.

Proposition 3.2.6 Assume that fi(u1) is a particular solution to the equation

fi(u1 + xi) = fi(u1) + u1. (3.14)

Then, the function h i(u) of (3.13) satisfies (3.12) if and only if

gi(u1) = fi(u1+
ε
αi

) + βi(u1), (3.15)

where βi(u1) is an xi-periodic function.

This is proven in Appendix-C.3.

One can easily check that

pi(u1) := 1
2xi

(u1 − xi

2
)2 (3.16)

is a particular solution to (3.14). Then by taking fi(u1) = pi(u1) and choosing all

possible xi-periodic functions βi(u1), the function gi(u1) of (3.15) generates all the

functions h i(u) of (3.13) that satisfy (3.12). Although there is a potential to exploit

this freedom of solutions, we will restrict ourselves in this thesis to a constant function

βi(u1) = βi. Explicitly, h i(u) has the form

h i(u) = αi

(
u2 − pi(u1+

ε
αi

)− βi

)
. (3.17)

Note that (3.10) is the particular case of ε = 0.

3.2.4 Continuous Lyapunov function

A shortcoming of the Lyapunov function h(u) of (3.9) is its discontinuity between H0

and H1. By allowing freedom on the choice of partition {H0, H1}, continuity can be
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enforced. One method is to choose

H0 :=
{
u : Dh(u) < 0

}
and H1 :=

{
u : Dh(u) ≥ 0

}
(3.18)

where

Dh(u) := h1(u)− h0(u). (3.19)

With such a partition, we can easily see that

h(u) = max
(
h0(u), h1(u)

)
. (3.20)

Whenever h0(u) and h1(u) are chosen continuous, h(u) is automatically continuous.

In fact, the functions h i(u) of (3.17) carry more analytical properties. Since pi(u1)

is quadratic of second derivative − 1
xi

, h i(u) can even be made convex by choosing αi

of opposite sign to xi. Since x1 < 0 < x0, this constrain compromises to (3.11), too.

We recall that a function f(u) is convex when

∀u,v ∈ R2, ∀θ ∈ [0, 1], f
(
θu + (1−θ)v

) ≤ θf(u) + (1−θ)f(v). (3.21)

This notion is indeed stronger than that of continuity. When h0(u) and h1(u) are

both convex, it is easy to show that h(u) is convex as well. Figures 3.1(b,c) show

two examples of convex functions h(u). Besides the general advantages of convex

functions such as having no local minima except for a possible global minimum, an

advantage of particular interest to us is from the following proposition.

Proposition 3.2.7 Assume that t(u) is affine, the restrictions of h(u) to Ω0 and Ω1

are both convex and Υh is bounded. Then, for any ` ∈ R,

Λh(`) includes M(Υh) if and only if it includes Υh .
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Moreover,

`h = sup
u∈Υh

h(u). (3.22)

This is proven in Appendix-C.4.

Thus, to look for positively invariant sets Λh(`) through the criterion of Proposi-

tion 3.2.2, one will not need to derive M(Υh) but only Υh , which simplifies the task.

The sets Λh = Λh(`h) of Figure 3.1(a’,b’,c’) were actually derived using (3.22).

3.2.5 Analysis of ∆h(u)

One can easily control ∆0h
0(u) and ∆1h

1(u) as shown in Section 3.2.3. But through

this to make Υh(ε) and Υh small involves more. Because of the piecewise definitions

of M in (2.13) and h(u) in (3.9), the function ∆h(u) = h(Mu) − h(u) can locally

coincide with any of the functions hj(Miu)−hk(u) with i, j, k ∈ {0, 1}. However, when

the Lyapunov function is chosen in the form h(u) = max
(
h0(u), h1(u)

)
as introduced

in (3.20), we show in this section that ∆h(u) yields some outstanding properties.

To simplify the analysis, note that

∆h(u) =

{
∆0h(u), u ∈ Ω0

∆1h(u), u ∈ Ω1
, (3.23)

which is obtained by simple application (2.21), (3.1) and (3.7). One intuitively wishes

∆ih(u) to be equal to the well controlled function ∆ih
i(u) as often as possible in

Ωi, for each i ∈ {0, 1}. If not, it is at least hoped that the inequality ∆ih(u) >

∆ih
i(u) occurs in Ωi as rarely as possible. This can be tested thanks to the following

proposition.



Chapter3 43

Proposition 3.2.8

∆0h(u) > ∆0h
0(u) ⇐⇒ M0Dh(u) > 0 and ∆0Dh(u) > 0, (3.24)

∆1h(u) > ∆1h
1(u) ⇐⇒ M1Dh(u) < 0 and ∆1Dh(u) < 0, (3.25)

where for any scalar function f(u),

Mif(u) := f(Miu). (3.26)

This is proven in Appendix-C.5.

The major contribution of (3.24) and (3.25) is that the functions MiDh(u) and

∆iDh(u) involved in their right hand sides have one-piece analytical expressions,

which will be in practice easy to derive. Next, we give an operational application of

Proposition 3.2.8. This requires the additional set definitions

S−f :=
{
u ∈ R2 : f(u) < 0

}
and S+

f :=
{
u ∈ R2 : f(u) > 0

}
, (3.27)

for any real function f(u).

Proposition 3.2.9 Consider some constant ε and assume that ∆ih
i(u) = −ε for all

u ∈ R2 and i ∈ {0, 1}. Then, the set Υh(ε) defined in (3.5) is equal to

Υh(ε) = ΓDh (3.28)

where for any function f(u),

Γf := Γ0
f ∪ Γ1

f , (3.29)

Γ0
f := S+

M0f ∩ S+
∆0f ∩ S−t and Γ1

f := S−M1f ∩ S−∆1f ∩ S+
t . (3.30)
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This is proven in Appendix-C.6.

Note that the set ΓDh is defined as soon as the functions Dh(u) and t(u) are given.

Proposition 3.2.4 tells us that, in the case where ∆ih
i(u) = −ε, ΓDh coincides with

Υh(ε). So when ε = 0, any set Λh(`) that includes ΓDh is positively invariant. And

when ε > 0, ΓDh is automatically an attracting set. Studying the structure of the set

Γf is therefore the key.

3.3 A family of sets {ΓDhδ,ε
}

ε≥0

3.3.1 Description

Obtained from (3.17) with αi = −xi and βi = δ, h i
δ,ε has explicit expression

h i
δ,ε(u) = 1

2
(u1 − ε

xi
− xi

2
)2 − xi(u2 − δ). (3.31)

We then define hδ,ε(u) := max
(
h0

δ,ε(u), h1
δ,ε(u)

)
. Note that h i

δ,ε(u) = h i
0,ε(u− δj), so

hδ,ε(u) = h0,ε(u− δj). (3.32)

With the choice αi = −xi, we have forced h i(u) to have the same curvature in u1 for

i = 0, 1, thus making the difference Dhδ,ε(u) = h1
δ,ε(u)− h0

δ,ε(u) affine. Using the fact

x1 < 0 < x0 from (2.14), we have explicitly

Dhδ,ε(u) = u2 + aε u1 + bδ,ε (3.33)

where

aε := 1
2

+ ε̄, bδ,ε := (−1
4

+ ε̄2) x− δ (3.34)

and

ε̄ :=
ε

|x0x1| .
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Proposition 3.3.1

∀u ∈ R2, hδ,ε(u) = v
(
Dhδ,ε(u)

)
+ hq

ε (u), (3.35)

where

v(d) :=

{
|x0 d|, d < 0
|x1 d|, d ≥ 0. , (3.36)

hq
ε (u) := 1

2
(u1 + 2xε̄)2 − 1

2
x0x1(

1
2

+ ε̄)2. (3.37)

This is proven in Appendix-C.7.

3.3.2 General properties of Γf

In this section, we study the properties of Γf when f(u) is the general affine function

in the form

f(u) = u2 + a u1 + b. (3.38)

As a remainder, t(u) = u2 + s u1 is defined in (2.8). By applying (3.26), (3.7), and

(2.14), one easily finds for each i ∈ {0, 1},

Mif(u) = f(Miu) = u2 + (a+1) u1 + (b+axi), (3.39)

∆if(u) = f(Miu)− f(u) = u1 + axi. (3.40)

Then, the sets Γi
f described in (3.30) are the intersections of three half-planes of the

form S+
g or S−g (up to closure) where g(u) is one of the affine mappings t(u), Mif(u)

and ∆if(u). The structure of Γi
f is then completely derived by linear algebra.

In this context of affine mappings, Γi
f is nothing but a polygon, in the widest sense

that it can be open (unbounded) or empty. Using the following notation

Rf :=
{
u ∈ R2 : f(u) = 0

}
,
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the edges of Γi
f are included in the straight lines Rt, RMif and R∆if whose slopes are

−s, −(a+1) and ∞ (vertical line) according to (2.8), (3.39) and (3.40).

Proposition 3.3.2 The set Γf is bounded if and only if s > a + 1.

This is proven in Appendix-C.8.

We assume from now on that s > a + 1. The vertices of Γf as a polygon must be

among the points

ai := R∆if ∩Rt, bi := Rt ∩RMif , ci := R∆if ∩RMif . (3.41)

These points are illustrated in Figure 3.2. It is tempting to claim that Γi
f is equal to

the closed triangle 4aibici of vertices ai, bi and ci, but this is true only when Γi
f 6= ∅.

Proposition 3.3.3 For each i = 0, 1,

Γ0
f 6= ∅ ⇔ M0f(a0) > 0 ⇔ ∆0f(b0) > 0 ⇔ t(c0) < 0 ⇔ Γ0

f = 4a0b0c0,

(3.42)

Γ1
f 6= ∅ ⇔ M1f(a1) < 0 ⇔ ∆1f(b1) < 0 ⇔ t(c1) > 0 ⇔ Γ1

f = 4a1b1c1.

(3.43)

This is proven in Appendix-C.8.

Figure 3.2 illustrates this proposition. Next, there are special properties on Mif(u)

and ∆if(u) that have not been used and that are the following:

M0f(u)−∆0f(u) = f(u) = M1f(u)−∆1f(u), (3.44)

M0f(u)−M1f(u) = a = ∆0f(u)−∆1f(u). (3.45)

The first equation is a trivial consequence of the definitions (3.7) and (3.26). The

second equation results from (3.39), (3.40) and (2.14). As a result of (3.41) and
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Figure 3.2: Sets Γ0
f (dark gray) and Γ1

f (light gray) with s = 2, x = 0.153 and various
affine functions f(u): (a) Γ0

f 6= ∅ and Γ1
f = ∅ (δ ≤ δ1

ε); (b) Γ0
f 6= ∅ and Γ1

f 6= ∅
(δ1

ε < δ < δ0
ε); (c) Γ0

f = ∅ and Γ1
f 6= ∅ (δ ≥ δ0

ε).
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(3.44), one already has

∆if(bi) = 0, Mif(ai) = f(ai), Mif(bi) = 0, ∆if(bi) = −f(bi). (3.46)

So (3.42) and (3.43) imply the following new equivalences

Γ0
f 6= ∅ ⇔ f(a0) > 0 ⇔ f(b0) < 0

Γ1
f 6= ∅ ⇔ f(a1) < 0 ⇔ f(b1) > 0

. (3.47)

The following two propositions are consequences of (3.46) and (3.45), respectively.

Proposition 3.3.4 The set Γf is always connected.

This is proven in Appendix-C.9.

Proposition 3.3.5 Assume a > 0 in (3.38). Then,

(i) Γf is non-empty,

(ii) when Γi
f = ∅, 4aibici ⊂ 4aībīcī, where ī = 1− i.

This is proven in Appendix-C.10.

When a > 0, we conclude from Propositions 3.3.3 and 3.3.5 that

Γf = 4a0b0c0 ∪4a1b1c1. (3.48)

We now derive explicit results in terms of the coefficient parameters a, b and s. Let

us first find the condition for Γi
f to be non-empty, using (3.47). Since the function

∆if(u) is simpler than Mif(u), let us derive ai. We find

ai = (−axi , saxi). (3.49)
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This leads to

f(ai) = a(s−a)xi + b. (3.50)

Next, let us derive bi and ci. Since ai,bi ∈ Ot and ai, ci ∈ O∆if , there exist αi, βi ∈ R

such that bi = ai + αi (1,−s) and ci = ai + βi j. Using (3.39), we obtain Mif(bi) =

Mif(ai) + αi (a + 1− s) and Mif(ci) = Mif(ai) + βi. We solve αi and βi by writing

Mif(bi) = Mif(ci) = 0 and Mif(ai) = f(ai). This yields the following formulas:

bi = ai + f(ai)
s−a−1

(1,−s) and ci = ai − f(ai) j. (3.51)

With (3.49) and (3.50), we know the points bi and ci explicitly.

3.3.3 Characterization of {ΓDhδ,ε
}

ε≥0

Let us return to the Lyapunov function h(u) = hδ,ε(u) := max
(
h0

δ,ε(u), h1
δ,ε(u)

)
, where

h i
δ,ε(u) is described in (3.31) and δ ∈ R and ε ≥ 0 are adjustable parameters. By

taking f(u) = Dhδ,ε(u) in the previous sections, we know that {ΓDhδ,ε
}

ε≥0
is bounded

when s > aε + 1, where aε := 1
2

+ ε̄ as given in (3.34). Assuming that s > 3
2
, this is

equivalent to the constraint ε ∈ [0, εs), where

εs := |x0x1|(s− 3
2
). (3.52)

Since aε > 0, ΓDhδ,ε
is according to (3.48) the union of two triangles 4a0b0c0 and

4a1b1c1, which we now derive explicitly. By applying (3.50) and (3.34), we have

Dhδ,ε(a
i) = δi

ε − δ (3.53)

where

δi
ε := aε(s−aε)xi + (−1

4
+ε̄2)x. (3.54)
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From (3.48), (3.49), (3.51) and (3.53), we find

ai = (−aεxi , saεxi), bi = ai + 1
dε

(δi
ε−δ) (1,−s), ci = ai − (δi

ε−δ) j (3.55)

and dε := s− aε − 1.

Proposition 3.3.6 Assume s > 3
2
. When δ belongs to a bounded interval D ⊂ R

and ε goes to 0, the vertices of ΓDhδ,ε
converge to those of ΓDhδ,0

uniformly with δ ∈ D.

This is proven in Appendix-C.11.

Figure 3.2(b) shows an actual example of comparison between ΓDhδ,ε
(dashed contour)

and ΓDhδ,0
(Γ0

f ∪ Γ1
f in the figure) in a real case of Σ∆ modulation (s = 2, x = 0.153,

d = 0.115, ε = 0.025 in mixed lines and ε = 0.05 in dotted lines). From (3.47) and

(3.53), we have

Γ0
Dhδ,ε

6= ∅ ⇔ δ < δ0
ε and Γ1

Dhδ,ε
6= ∅ ⇔ δ > δ1

ε . (3.56)

Since aε > 0 and ΓDhδ,ε
= Γ0

Dhδ,ε
∪ Γ1

Dhδ,ε
, we cannot have Γ0

Dhδ,ε
= ∅ and Γ1

Dhδ,ε
= ∅

simultaneously according to Proposition 3.3.5. So we expect to have δ0
ε > δ1

ε . Indeed,

(3.54) and (2.14) imply that δ0
ε − δ1

ε = aε(s−aε) > 0, since s > aε + 1 > aε. Then, by

Proposition 3.3.5(ii),

ΓDhδ,ε
=

{ 4a0b0c0 , δ ≤ δ1
ε4a0b0c0 ∪4a1b1c1 , δ1

ε < δ < δ0
ε4a1b1c1 , δ ≥ δ0

ε

. (3.57)

The three above cases are illustrated in Figure 3.2.

3.4 Family of trapping sets

3.4.1 Family of sets Λδ(`)

We saw in Section 3.2 that for any given function h(u), one obtains a smallest set

Λh = Λh(`h) that is guaranteed to be positively invariant. We wish to optimize
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the function h(u) to make Λh as small as possible. In Section 3.3, we provided

a parameterized family of Lyapunov functions hδ,ε(u) with δ ∈ R and ε ≥ 0. A

procedure is then to optimize δ and ε such that the size of Λhδ,ε
is minimized. Now,

ε may not be a relevant parameter to play with. Indeed, ε was introduced to make

hδ,ε(M
nu) decrease faster with n, through the relation ∆ih

i
δ,ε(u) = −ε. This however

tends to make hδ,ε(M
nu) rebound earlier with n, thus increasing the size of Υhδ,ε

.

We did observe experimentally that Λhδ,ε
increases in size when ε > 0, compared

to ε = 0. This can be seen for example in Figures 3.1(b’,c’). For this reason, we

restrict ourselves in this section to the single-parameter family of Lyapunov functions

{hδ,0

}
δ∈R. Let us introduce the following simplified notation:

h i
δ(u) := h i

δ,0(u), hδ(u) := hδ,0(u), Dhδ(u) := Dhδ,0(u),

Υδ := Υhδ,0
, Λδ(`) := Λhδ,0

(`) and `δ := `hδ,0
. (3.58)

The goal of this section is to find the smallest positively invariant set Λδ(`) and

simultaneously test its trapping property.

Given the present choice of Lyapunov functions {hδ

}
δ∈R, there is actually an

equivalent description of the contour sets Λδ(`). Let us consider the family of sets

{
Πc0,c1

}
c0,c1∈R defined by

Πc0,c1 :=
{
u ∈ R2 : p0(u1) + c0 ≤ u2 ≤ p1(u1) + c1

}
, (3.59)

where pi(u1) was defined in (3.16).

Proposition 3.4.1

Λδ(`) = Πc0,c1 ⇐⇒ ci = δ − 1
xi

`, i = 0, 1 (3.60)

⇐⇒ δ = x0c0 − x1c1 and ` = x0x1(c0 − c1). (3.61)
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This is proven in Appendix-C.12.

In other words,
{
Λδ(`)

}
δ,`∈R and

{
Πc0,c1

}
c0,c1∈R are equal families of sets, except that

they are described by different parameters. Sets of the form (3.59) were actually

considered in [9, 16] as candidates for trapping regions or positively invariant sets.

The novelty here is our conceptual sufficient condition to recognize that such a set

is positively invariant. According to Propositions 3.2.2, 3.2.7 and 3.4.1, any given

set Πc0,c1 is positively invariant when it includes Υδ, where δ is given by (3.61). In

fact, we are going to show that this condition is necessary and sufficient. This first

requires a closer look at the Lyapunov function hδ(u).

The expression (3.35) shows that the quadratic part hq(u) of hδ(u) is a one-piece

function that does no depend on the variable u2 and the parameter δ. Meanwhile,

the piecewise part a
(
Dhδ(u)

)
of hδ(u) is continuous and affine in each piece. Based

on (3.35) and Υδ = ΓDhδ
, we obtain the following property.

Proposition 3.4.2 For any given δ, ` ∈ R,

Λδ(`) is positively invariant if and only if it includes Υδ.

This is proven in Appendix-C.13.

This is based on the fact that hδ(u) has a unique global minimum and on the special

properties of Υδ = ΓDhδ
obtained in Section 3.3. With (3.22) and the new notation

(3.58), we conclude that `δ is the smallest value of ` such that Λδ(`) is positively

invariant. The next question is whether Λδ(`) is also a trapping set for every ` ≥ `h .

Proposition 3.4.3 Assume s > 3
2
. For any given bounded interval D ⊂ R and

λ > 0,
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∃ε > 0, ∀δ ∈ D, Λδ(`δ+ λ) ⊃ Υhδ,ε
(ε).

This is proven in Appendix-C.14.

This proposition implies that for any given δ ∈ R, Λδ(`) is automatically a trapping

set when ` > `h . Indeed, by taking λ = ` − `h , there exists ε > 0 such that Λδ(`)

includes Υhδ,ε
(ε). Then, the trapping property of Λδ(`) results from Proposition 3.2.5.

This does not prove that Λδ := Λδ(`h) itself is a trapping set. We will say that Λδ is

only an asymptotic trapping set.

The next question is whether there exists a “smallest” set Λδ among all δ ∈ R. When

writing Λδ(`) = Πc0,c1 , (3.58) tells us that ` is directly proportional to c1 − c0, which

basically gives the size in u2 of Πc0,c1 (up to a constant) as can be seen in (3.59).

Meanwhile δ only acts as a global shift of the set in u2. In the next section, we will

show that `δ has as a function of δ a minimum `∗ = `δ∗ . Then, we can already claim

that Λδ∗ = Λδ∗(`
∗) is the smallest in size among the sets Λδ. The following proposition

actually states a stronger result.

Proposition 3.4.4 For all δ ∈ R, Λδ∗ ⊂ Λδ.

This is proven in Appendix-C.15.

Therefore, Λδ∗ = Λδ∗(`
∗) is the smallest of the asymptotic trapping sets Λδ in the

strong sense of inclusion.
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3.4.2 Analytical derivation of δ∗ and `∗

To find δ∗ and `∗ := `δ∗ , we need to derive explicitly `δ. From (3.22) and (3.28), we

have `δ = sup
u∈ΓDhδ

hδ(u). Given the set description (3.48) of ΓDhδ
, let us define

`i
δ := sup

u∈4aibici

hδ(u).

From (3.57) with ε = 0, we have

`δ =





`0
δ , δ ≤ δ1

max
(
`0
δ , `

1
δ

)
, δ1 ≤ δ ≤ δ0

`1
δ , δ ≥ δ0

(3.62)

where δi := δi
0 = 1

2
(s− 1

2
)xi − 1

4
x. (3.63)

Proposition 3.4.5

∀δ ≤ δ0, `0
δ = max

(
h1

δ (a0), h0
δ (b0)

)
∀δ ≥ δ1, `1

δ = max
(
h0

δ (a1), h1
δ (b1)

) . (3.64)

This is proven in Appendix-C.16.

Using the explicit expressions of h i
δ(u), ai and bi from (3.31), and (3.55) with ε = 0,

we find

h ī
δ(a

i) = xī δ + 1
2

[
(1

4
−x2)s+x2

]

h i
δ(b

i) = (δ−µi)2

2(s−3
2
)2

+ 1
8
(1

4
−x2)

, (3.65)

where

µi := δi + (s− 3

2
)
xi

2
(3.66)

and ī := 1− i. We derive δ∗ and `∗ in Appendix-C.17 from (3.62) and the subsequent

equations. They yield different analytical expressions in three regions of the pair

(x, s). The results are given in Table 3.1, where

s1(x) := 5
2
− 2x

1+2x
and s2(x) := 5

2
+ 3x

1−2x
. (3.67)

Table 3.1 is derived in Appendix-C.17.
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Table 3.1:

range in s δ∗ `∗

3
2

< s ≤ s1(x) (s− 5
4
)x 1

8

[(
s−1
s− 3

2

)2
+ (1

4
−x2)

]

s1(x) ≤ s ≤ s2(x) 1
2
(s−1)x− 1

4
(s− 5

2
) 1

16
(5 + 6x)

s2(x) ≤ s 0 1
2

[
(1

4
−x2)s + x2

]

3.4.3 Smallest trapping set of Mx

Let us not forget that the original Σ∆ mapping is Mx as in (2.13). However, from

(2.22), the mapping M full describes its dynamics. So S is positively invariant by

Mx if and only if S − cxj is positively invariant by M. The same thing can be said

for trapping sets. From (3.59), one can easily see that

Πc0,c1 − cxj = Πc0−cx,c1−cx .

Within the family of sets Πc0,c1 , we conclude that the smallest asymptotic trapping

set of Mx is Πc∗0,c∗1 such that Πc∗0−cx,c∗1−cx = Λδ∗(`
∗). Using (3.60) and (2.9), we have

c∗i = δ∗ − x
a2
− 1

xi
`∗. (3.68)

Concerning the bound on u1, we obtain particularly simple results by considering

a trapping set that is even smaller than Πc∗0,c∗1 and is derived from the following

proposition.

Proposition 3.4.6 If S is a trapping set of M, then the following subset S ′ :=
{
u ∈

S : γ1+x1 ≤ u1 ≤ γ0+x0

}
of S is also a trapping set of M with γ0 := sup

u∈S∩Ω0

u1 and

γ1 := inf
u∈S∩Ω1

u1.

This is proven in Appendix-C.18.
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This in fact directly gives the bound max |u1| = max
i=0,1

|γi+xi|. This also applies to Mx

according to (2.22). After deriving γi with S = Πc∗0,c∗1 , we find

max |u1| =
{

s−1
2s−3

, 3
2

< s ≤ s1(x)
1
4
(3 + 2x), s1(x) ≤ s

where s1(x) is given in (3.67). Note that max |u1| no longer depends on s when

s ≥ s1(x). The comparison of this result and prior work is shown in [29].
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Chapter 4

Tile attractor preliminary

From Chapter 3, we have derived global trapping sets for various configurations. But

our final goal is to prove that the attractor inside these trapping sets is a single tile.

4.1 The tiling Theorem

Firstly, we formally define the concepts of attractor and tile.

Definition 4.1.1 The attractor of a mapping M in a positively invariant set S is the

set

A :=
⋂

n∈N
Mn(S).

Definition 4.1.2 A tile in Rn is a set Γ such that

(i)
⋃

k∈Zn

(
Γ + k

)
= Rn,

(ii) Γ ∩ (
Γ + k

)
= ∅,k ∈ Zn \ 0.

To prove that the attractor of M is a tile, we will use an advanced theorem from [28].

We rewrite the necessary part of the theorem as the following proposition.

Proposition 4.1.3 The attractor of M in a positively invariant set is the union of a

finite number of disjointed tiles up to a measure zero set.
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The measure is the Lebesgue measure, which is denoted by the function m(·). Ac-

tually, the theorem in [28] is more general than Proposition 4.1.3 because it proves

the statement on a family of mappings which transform one tile to another. So

Proposition 4.1.3 is the consequence of the theorem and the following proposition.

Proposition 4.1.4 If the set Γ is a tile, so is Mx(Γ).

This has been proven in [28] too.

When we use Proposition 4.1.3, we will basically ignore the measure zero set.

4.2 Area argument for tile attractor

From Proposition 4.1.3, the measure of an attractor must be an integer number. Since

we have derived analytical trapping sets, we will intuitively try to prove its attractor

is a tile by evaluating the area of the smallest trapping set available. If a trapping

set has an area less than 2, the attractor is automatically a single tile.

We start with the smallest trapping sets Λδ∗ given in Chapter 3. The sets are simply

bounded by two parabolas. An example is shown in Figure 3.1(b’). We derive the

area of the set Λ` as a function of x, s, and `

m(Λ`) =

√
4(5− 4s)x2 + 4s− 1 (4x2 − 48` + s (2− 8x2) + 1)

96x2 − 24
.

With the explicit parameters in Table 3.1, we find that

m(Λδ∗) =





m1,
3
2

< s < s1

mx, s1 ≤ s < s2

m2, s ≥ s2

, (4.1)
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Figure 4.1: With the configuration inside the dark gray region, the area of trapping
set Λδ∗ is less than 2. Since (4.1) gives a piecewise definition, there are three dash
lines representing the function value of 2 for each piece.

where

m1 =
8(s− 1)3

3(2s− 3)3 (1− 4x2)
,

mx =
(2x + 3)3

24− 96x2
,

m2 =
(4(5− 4s)x2 + 4s− 1)

3/2

24(1− 4x2)
.

We show in Figure 4.1 the region of the parameters (x, s) leading to a trapping set of

area less than 2. Unfortunately, the region is limited. When taking large x, the area

is always larger than 2 even there is freedom to choose any s. On the other hand, a

set containing no more than one tile may have an area more than 2. So we are going

to find the exact necessary condition on a set which can contain two disjointed tiles.
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4.3 Tile attractor condition

The goal of this section is to find general conditions of a set that can not contain

more than one tile. We will find those configurations such that the trapping set Λδ∗

satisfies these constrains. Then the corresponding attractor must be a tile.

We first introduce special set theoretic tools to recognize the presence of tiles. For

any S ⊂ R2, we define

T (S) :=
⋃

k∈Z2\{0}
(S + k). (4.2)

Proposition 4.3.1 Let S be a subset of R2.

(i) S is a tile if and only if T (S) = S.

(ii) S contains a tile if and only if T (S) ⊂ S.

(iii) S contains two disjointed tiles if and only if T (S) = ∅.

This is proven in Appendix-D.1 based on the following properties

T (A ∪B) = T (A) ∩ T (B) and A ⊂ B ⇒ T (B) ⊂ T (A). (4.3)

The above property (iii) has the following consequence.

Proposition 4.3.2 For any set S ⊂ R2 such that m(T (S)) > 0, S cannot contain

two disjointed tiles up to a measure zero set.

This is proven in Appendix-D.2.

Using Proposition 4.3.2, one can prove that the attractor of M is a tile by simply

evaluating m(T (S)). In Figure 4.2, we show examples that the set T (S) has no

measure zero.
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(a) (b)

Figure 4.2: Examples of T (Λδ∗) apparently have nonzero measure under configura-
tions: (a) x = 0 and s = 2; (b) x = 0.1 and s = 3. The set T (Λδ∗) is left blank in the
middle.

The value of m(T (Λδ∗)) can be algebraically derived. However, it is not worth to do

the derivation as we numerically observe that T (Λδ∗) = ∅ when x is larger than certain

value even for any s. Some examples are shown in 4.3. We find the configuration

region such that m(T (Λδ∗)) > 0 by experiments. The results is shown in Figure 4.4.

It appears that the derived smallest trapping set Λδ∗ by using Lyapunov function is

still too big to identify whether it contains one tile or more. We need to find smaller

trapping sets. In the next chapter, we create new tools to do this by studying the

fundamental dynamics.
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(a) (b)

Figure 4.3: Examples of empty T (Λδ∗): (a) x = 0.3 and s = 3; (b) x = 0.3 and
s = 10. No blank region is left in the middle.

Figure 4.4: We numerically examine the measure of T (Λδ∗) and show those configu-
rations which give nonzero measure with light gray. According to Proposition 4.3.2,
Under these configurations, the attractor is a tile. Compared to the region(dark gray)
from the area argument, the tile attractor is proven in more configurations with this
method.
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Chapter 5

Fundamental theorem of dynamics

In this chapter, we study the details of the dynamical behavior inside a positively

invariant set. The goal is to establish a technique which enables us to obtain smaller

trapping sets inside. In stead of study the dynamics of single point, we proceed with

a set and study the process that it is transformed into the attractor.

Firstly, we use (2.12) define notation u[n] recursively with u[0] ∈ R2 for a given input

x[n]. Explicitly,

u[n + 1] := Mx[n]u[n]. (5.1)

With this, define mappings

M̃nu := u[n], with u[0] := u, (5.2)

M̃−n(u) := {v ∈ R2 × R2 : M̃nv = u}. (5.3)

Note that M̃−n(u) is usually a set including more than one point.

The mapping M̃n can operate on a set as well as on a single point. For a given set

S0, M̃n generates the following sequence of sets

Sn := M̃n(S0).
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u
1

S
0

u 2

Figure 5.1: A sequence of sets is generated as M̃n(S0), with the set S0 defined as
[−1, 1]× [−1, 1].

An example is shown in Figure 5.1. Following the order of n, the sets Sn are presented

as s sequence of slices in the 3D space. Note that the mappingMx[n] changes according

to x[n].

5.1 Dynamics of pairs of points

There are two approaches to study the attraction of a mapping. One is to take

any point outside and study its dynamics. The other is to take the whole positively

invariant set and study how the set is transformed into the attractor. We now consider

the second method.

From (2.12), one easily see that the mapping Mx is a piecewise function and each

of two pieces is an area-preserve mapping. Then the area reduction of a set after

applying the mapping Mx is purely because of the overlap between two parts of

the set mapped by different pieces. So what sets will have overlap after mapping

is of our interest. However, instead of an arbitrary set, we study a set containing

only two points. The reason is that the piecewise mapping Mx has only two pieces.
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An overlapped point has exact two distinct previous images which are mapped by

different Mi.

The following results in this section is general. They apply to the mapping (2.13)

where {Ω0, Ω1} is any arbitrary partition of R2. To clearly associate with the mapping

Mx, we denote the partition as {Ωx
0 , Ω

x
1}. In (2.13), e.g., Ωx

i = Ωi + cx j.

In the space R2 × R2, for any x ∈ R, define:

Πx
−1 := Ωx

1 × Ωx
0 ,

Πx
0 := (Ωx

0 × Ωx
0) ∪ (Ωx

1 × Ωx
1), (5.4)

Πx
1 := Ωx

0 × Ωx
1 .

Since {Ωx
0 , Ω

x
1} is a partition of R2, {Πx

−1, Π
x
0 , Π

x
1} is a partition of R2 × R2.

For any w = (u,v) ∈ R2 × R2, define:

Mxw :=
(Mxu,Mxv

)
, (5.5)

pu(w) := u and pv(w) := v, (5.6)

d(w) := v − u, (5.7)

d1(w) := v1 − u1 and d2(w) := v2 − u2. (5.8)

Note that u = (u1, u2) and v = (v1, v2).

With the above new definition , we have

∀k ∈ {−1, 0, 1}, ∀w ∈ Πx
k, d(Mxw) = Ld(w)− k i. (5.9)

Similarly to the mapping of a single point, for a given w[0] ∈ R2 × R2, recursively

define the sequence of pairs:

w[n + 1] := Mx[n]w[n]. (5.10)
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Following (5.10), define

M̃nw := w[n], with w[0] := w, (5.11)

M̃−n(w) := {w′ ∈ R2 × R2 : M̃nw
′ = w}. (5.12)

Proposition 5.1.1

(i) If d1(w[0]) ∈ Z, then for all n ∈ N, d1(w[n]) ∈ Z.

(ii) If d(w[0]) ∈ Z2, then for all n ∈ N,d(w[n]) ∈ Z2.

(iii) If d(w[0]) /∈ Z2, then for all n ∈ N,d(w[n]) /∈ Z2.

This is proven in Appendix-E.1.

The property (iii) in this proposition tells us that if any pair of points initially not

having integer vector difference, they will never have integer vector difference with

iteration. Hence they never be mapped into one point. So when we are looking for

the reason of attraction, it might not be very useful to study the dynamics of such

pair of points. On the other hand, the dynamics of such pair of points may tell us

other information, such as the structure of an attractor. According to Proposition

4.1.4, if a set contains a tile, all its forwarding images will.

5.2 Fundamental dynamics of Mx

Because of Proposition 5.1.1(iii), we now focus on the dynamics of those pairs of

points with integer vector difference. Consider a set S ⊂ R2, define

WS :=
{
w ∈ S2 : d(w) ∈ Z2

}
.
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We partition WS into the following two sets,

XS :=
{
w ∈ WS : ∃n0 ∈ N, ∀n ≥ n0,M̃nw ∈ Π

x[n]
0

}
and YS := WS \ XS.

(5.13)

Qualitatively, XS is the set of pairs (u,v) ∈ WS such that M̃nu and M̃nv are

simultaneously in Ω
x[n]
0 or in Ω

x[n]
1 at every instant n larger than some n0 ≥ 0.

5.2.1 Dynamics of pairs in XS

The set XS happens to include the following important subset

X 0
S :=

{
w ∈ XS : ∃n ∈ N, d(M̃nw) = 0

}
. (5.14)

Indeed, if w = (u,v) and d(M̃n0w) = 0, then M̃n0u = M̃n0v. This implies that

M̃n0u = M̃n0v for all n ≥ n0, and obviously (M̃nu,M̃nv) ∈ Π0. Under certain

weak conditions, we are going to show that X 0
S actually occupies most the “area” of

XS. We formalize this by first defining the complementary set

X 0/
S := XS \ X 0

S . (5.15)

We then reduce it to a subset of R2 by performing its projection pu(X 0/
S ) onto the

first vector component of the pairs. We finally measure its area, which we denote by

m
(
pu(X 0/

S )
)
.

From (5.14) and (5.15),

X 0/
S =

{
w ∈ XS : ∀n ∈ N, d(M̃nw) 6= 0

}
(5.16)

We take a pair w ∈ X 0/
S . According to (5.16), w ∈ XS. Then there exists n0 ∈ N such

that M̃nw ∈ Π
x[n]
0 for all n ≥ n0. Now consider a subset of X 0/

S such that n0 = 0.
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Define:

ΦS :=
{
w ∈ X 0/

S : M̃nw ∈ Π
x[n]
0 for all n ∈ N}

. (5.17)

This implies that

X 0/
S = WS ∩

⋃
n∈N M̃−n(ΦS). (5.18)

Proposition 5.2.1 For a given pair w ∈ R2 × R2, assume that for all n ∈ N,

M̃nw ∈ Π
x[n]
0 and pu(M̃nw)− pv(M̃nw) ∈ B, where B is a bounded set. Then by

necessity d1(w) = 0 and d(M̃nw) = d(w) for all n ∈ N.

This is proven in Appendix-E.2.

Proposition 5.2.2 Assume that for all n ∈ N, the partition boundary of {Ωx[n]
0 , Ω

x[n]
1 }

in mapping Mx is a continuous function. For a measurable set S, define Sn :=

M̃n(S). Assume that there exists a bounded set B such that ∀u,v ∈ Sn, u− v ∈ B,

then

m(pu(ΦS)) = 0. (5.19)

This is proven in Appendix-E.3.

From (5.18), (5.5) and (5.6),

pu(X 0/
S ) = S ∩

⋃

n∈N
M̃−n(pu(ΦS)). (5.20)

When S satisfies conditions of Proposition 5.2.2, pu(ΦS) is a measure zero set. Since

the right hand side of (5.20) is the union or intersection of countable many measure

zero set, it is measure zero, too.

m(pu(X 0/
S )) = 0. (5.21)
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Z→Z←

Z↑

Z↓

Figure 5.2: Partition of Z2 \ {0}.

5.2.2 Dynamics of pairs in YS

Since X 0/
S ⊂ XS, YS is disjointed with X 0/

S . As a particular consequence, for all w ∈ YS,

d(w) ∈ Z2 \ {0}. Let us partition Z := Z2 \ {0} into the following four sets

Z← := Z− × Z, Z→ := Z+ × Z, Z↓ := {0} × Z−, Z↑ := {0} × Z+.

We show this partition in Figure 5.2. Next, we are going to discover the dynamics of

Mnw over YS.

Firstly, we define

Y−S := YS ∩Z←, Y+
S := YS ∩Z→, Y ↓

S := YS ∩Z↓, Y ↑
S := YS ∩Z↑. (5.22)

Theorem 5.2.3 Under the same conditions as in Proposition 5.2.2,

(i) For all w∈Y−S ∪Y ↑
S , ∃n0∈N, ∀n=0, . . . , n0−1, M̃nw∈Y−S ∪Y ↑

S and M̃n0w∈

Y ↓
S ,

(ii) For all w∈Y+
S ∪Y ↓

S , ∃n0∈N, ∀n=0, . . . , n0−1, M̃nw∈Y+
S ∪Y ↓

S and M̃n0w∈

Y ↑
S .



70 Chapter5

This is proven in Appendix-E.4.

Graphically, this theorem implies that the integer valued vector d(M̃nw) has a sort of

anticlockwise and perpetual motion around the zero vector. The following proposition

tells more details.

Proposition 5.2.4 Under the same conditions as in Theorem 5.2.3,

(i) For all w∈YS, ∃n∈N, d(M̃nw) ∈ {−1} × −N,

(ii) For all w∈YS, ∃n∈N, d(M̃nw) ∈ {1} × N.

This is proven in Appendix-E.5.

5.3 DC inputs case

With a constant input x, the mapping M̃n in Chapter 5 is simplified as Mn, where

M is defined in (2.21). The sets XS and X 0
S are simplified too.

XS =
{
w ∈ WS : ∃n0 ∈ N,∀n ≥ n0, M

nw ∈ Π0

}
,

X 0
S =

{
w ∈ XS : ∃n0 ∈ N,∀n ≥ n0,d(Mnw) = 0

}
.

Set YS = WS \ XS and X 0/
S = XS \ X 0

S are defined accordingly.

Take a positively invariant set S, assume that it is bounded and measurable, for any

n ∈ N, Sn := Mn(S) ⊂ S, which is bounded. The partition boundary of {Ω0, Ω1} is

clearly a continuous function. So all conditions in Proposition 5.2.3, 5.2.4 and (5.21)

are met. Therefore, simplified propositions for DC input case will follow from them,

respectively. Next, we propose a fundamental theorem based on these fundamental

dynamics propositions.
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Theorem 5.3.1 Consider a mapping M as in (2.21) with a continuous function to

separate the partition {Ω0, Ω1}. Assume that there are two bounded and measurable

positively invariant sets S and S ′, and S ′ contains at least one tile. Also assume that

S ′ is in the form of S ′ = {(u1, u2) ∈ S : u2 ≥ f(u1)} or S ′ = {(u1, u2) ∈ S : u2 <

f(u1), where f is a real function. Then for all u ∈ S \ pu(X 0/
S ), there exists n ∈ N

such that Mnu ∈ S ′. And set pu(X 0/
S ) is measure zero.

This is proven in Appendix-E.6.

Theorem 5.3.1 tells us that for any positively invariant set, once we can find a function

to partition it into two subsets and one of them is positively invariant, then the

positively invariant subset is a trapping set. This is the new tool that enables us to

obtain smaller trapping sets.
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Chapter 6

Global tile attractor in DC inputs case

A new tool, Theorem 5.3.1 from the last chapter, enables us to find smaller trapping

set from a bigger one. As a stepping stone, we first derive a global trapping set

by using the knowledge of Chapter 3. Then we use the new tool to obtain smaller

trapping set. Our final goal will be achieved when new trapping set can not contain

more than one tile.

6.1 A global trapping set

We define

T := {u : t(u) = 0}, (6.1)

where t is defined in (2.8) and

T i := Mi(T ), Ωi
1 := Mi(Ω1) (6.2)

We consider a special point p defined by

p := T 1 ∩M−1
0 (T 1). (6.3)

For any parameters x and s, we derive a global trapping set as like in Chapter 3. We

use a Lyapunov function h defined in (3.20), where h i := pi, where pi is defined in

(3.16). We then have the following proposition.
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Proposition 6.1.1

h(p) > `h (6.4)

under condition

Condition 6.1.2

s >
5

2
.

This is proven in Appendix-F.1.

It follows from Proposition 3.2.3 and 6.1.1 that the set

R0 := Λh(h(p))

is a global trapping set. An example is shown in Figure 6.1(a).

6.2 Smaller global trapping set

We use Theorem 5.3.1 to derive trapping sets in R0. We want to make the trapping

sets as small as impossible. Let us first introduce the notation

G` :=
{
u : h1(u) < `

}
. (6.5)

The set G = G` satisfies the properties

∀d ≥ 0, G− dj ⊂ G and G + dj ⊂ G, (6.6)

M1(G) = G and M1(G) = G, (6.7)

where Ḡ := R2 \G.

Proposition 6.2.1 The set

R1 := R0 ∩
(
Ω1

1 ∩Ge ∩M0(Ge)
)

(6.8)
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is positively invariant with

e := min
v∈M0(Ω1

1)
h1(v). (6.9)

This is proven in Appendix-F.2.

Let us define d to be the point of ∂Ge ∩ T of minimal abscissa u1 and the point

c := M0d. (6.10)

Proposition 6.2.2 The set

R2 := R1 ∩Ge′ (6.11)

is positively invariant with

e′ := max
(
h1(c), h1(b0)

)
. (6.12)

This is proven in Appendix-F.3.

Proposition 6.2.3 For almost all u ∈ R2, there exists n such that Mnu ∈ R2.

Proof: According to Proposition 3.2.3, R0 traps any point within finite itera-

tions. Due to (6.6), we have F + j ⊂ F and Ge′− j ⊂ Ge′ with F := Ω1
1∩Ge∩M0(Ge).

Since both R0 and R1 are positively invariant, Theorem 5.3.1 applies.

6.3 Tile attractor

We recall from Proposition 4.3.1 that m(T (R2) > 0 is a sufficient condition to prevent

R2 to contain two disjointed tiles. This measure is unfortunately not easy to derive

directly.
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Figure 6.1: Global trapping sets: (a) R0; (b) R1.
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Figure 6.2: Global trapping set R2 (dark gray area) and superset Qd(Ge) (whole gray
area).
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We proceed by finding a superset R of R2 such that m(T (R)) can be derived.

Having m(T (R)) > 0 will be a sufficient condition for m(T (R2)) > 0, since T (R) ⊂

T (R2). For any S ⊂ R2 and (a, b) ∈ R2, let us introduce the notation

Sa,b := S + (a, b).

The following proposition provides a particularly convenient superset of R2.

Proposition 6.3.1

R2 ⊂ Qd(Ge) (6.13)

where for any S ⊂ R2,

Qd(S) := S−1,1 ∩ S ∩ S1,0 ∩ S0,d (6.14)

and

d := − 1

x1

(e′ − e). (6.15)

Proof: From (6.8) and (6.11), R2 ⊂ R with

R :=
(
Ω1

1 ∩Ge ∩M0(Ge)
) ∩Ge′ .

By definition of e in (6.9), h1(v) ≥ e for all v ∈ M0(Ω
1
1). So M0(Ω

1
1) ⊂ Ge. Meanwhile,

Ge′ = Ge − 1
x1

(e′ − e)j due to (6.5) and (3.13). So

R ⊂ M−1
0 (Ge) ∩Ge ∩M0(Ge) ∩

(
Ge + dj

)
.

with d defined in (6.15). Next, using (2.16) and (6.7), we get M0(Ge) = Ge + i. This

in turn implies that M−1
0 (G) = G− L−1i = G− i + j.

The set Qd(Ge) is shown in Figure 6.2.
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Proposition 6.3.2 For any d ∈ [1, 2) and any set of the type G = G`,

T (Qd(G)
) ⊃ Q2−d(G) + (d−1)j. (6.16)

This is proven1 in Appendix-F.4.

From (6.13), one can always write R2 ⊂ Qd(Ge) with d = max( e′−e
−x1

, 1). Assume that

e′−e
−x1

< 2. Then d ∈ [1, 2) and Proposition 6.3.2 implies that T (R2) ⊃ Q2−d(Ge) +

(d− 1)j. It is easy to see from (6.14) that m
(Qc(G)

)
> 0 if and only if c > 0.

Since 2 − d > 0, then m(T (R2)) > 0 and Proposition 4.3.2 implies that R2 cannot

contain two tiles up to a set of measure 0. This finally proves that the attractor is a

single tile since Proposition 4.1.3. The following proposition shows the actual range

of configurations we have proved to guarantee tile attractor. As shown in Figure 6.4

it covers most configurations we are interested in.

Proposition 6.3.3 Under Conditions 2.4.4 and 6.1.2, the values e and e′ of (6.9)

and (6.12) satisfy e′−e
−x1

< 2 if and only if s1(x) < s(x) < s2(x), where

s1(x) :=
2− 3 x−√1− 2 x

1
2
− x

and s2(x) :=
1− x +

√
1− 2 x

1
2
− x

. (6.17)

This is proven in AppendixF.5

1The two sets of (6.16) can actually be proven to be equal (see Appendix F.6). This implies as
a particular consequence that T (Q1(G)) = Q1(G), which in turn implies the interesting result that
Q1(G) is an exact tile.
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subset Q2−d(G) + (d−1)j (light gray area only).

Figure 6.4: Range of configurations such that the attractor of the mapping defined
by a gray marked configuration is a single tile.
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Chapter 7

AC inputs case

In this chapter, we study the attraction of second order Σ∆ modulation with time

varying inputs. Since it is proven that global stability does not hold for arbitrary

time varying singles [15] [25], we only focus on the case where the input x[n] is a

finite sum of sinusoids. We will prove global stability of such inputs and the existence

of tile attractor.

7.1 Dynamics equations of AC inputs

Assume the input x[n] is of the form

x[n] = x + x̃[n], (7.1)

where

x̃[n] =
K∑

k=1

ak cos(ωkn + θk). (7.2)

We extend the method introduced in [9] for this type of inputs. The method is based

on the fact that the recurrence equation

y[n+1] = Ly[n] + x̃[n] i (7.3)

has a bounded solution in y[n]. Indeed, it is shown in Appendix-G.1 that

y[n] := (y1[n], y2[n])> (7.4)
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with

y1[n] =
K∑

k=1

−ak

2 sin(ωk/2)
cos(ωkn + θk − ωk+π

2
)

y2[n] =
K∑

k=1

ak

4 sin2(ωk/2)
cos(ωkn + θk − ωk − π)

satisfies (7.3). Then, by defining the new state variable

v[n] := u[n]− y[n], (7.5)

and by taking the difference between (2.5) and (7.3), one obtains the recurrence

equation

v[n+1] := Lv[n] + (x− q[n]) i. (7.6)

This looks like a constant-input state equation. This is however not the case because

q[n] follows the rule of (2.7) instead of (2.20). We also have

t(u[n]) ≥ cx[n] ⇔ t(v[n] + y[n]) ≥ cx[n]

⇔ t(v[n]) ≥ cx[n] − y2[n]− s y1[n].

This leads to

q[n] =

{ −1
2
, t(v[n]) < d[n]

1
2
, t(v[n]) ≥ d[n]

(7.7)

with

d[n] := cx[n] − y2[n]− s y1[n]. (7.8)

This is equivalent to

q[n] =

{ −1
2
, t(v[n]− d[n] j) < 0

1
2
, t(v[n]− d[n] j) ≥ 0

(7.9)
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From (7.6), (2.6), and (2.15), the new state variable is also equal to

v[n+1] = Lv[n] + (x− q[n]) i− d[n] j + d[n] j

= L(v[n]− d[n] j) + (x− q[n]) i + d[n] j. (7.10)

We compare the right hand side of (7.10) and (7.9) to (2.21), then obtain

v[n+1] = M
(
v[n]− d[n] j) + d[n] j. (7.11)

Let us change variable again,

w[n] := v[n]− d[n].

Then (7.11) follows from (7.8), (2.9), and (7.3) that

w[n + 1] = Mw[n] + (d[n]− d[n + 1]) j, (7.12)

We then define

Mn u := Tn Mu (7.13)

where Tu := u + (d[n]− d[n + 1]) j. The equation (7.12) is rewritten as

w[n + 1] = Mnw[n]. (7.14)

As shown in (7.13), the dynamics of AC inputs is very similar to that of DC inputs.

For any n ∈ N, the mapping Mn is decomposed as a nonlinear mapping M followed

by a linear translation Tn. Moreover, M is defined by the DC component x. And

Tn is defined by the AC components x̃[n]. An intuition is to prove the stability of

(7.12) by finding a sequence of sets Sn+1 := Tn(Sn), for n ∈ N such that every set

Sn is positively invariant by M. So the analysis of the stability of DC inputs case is

actually crucial.
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7.2 Global stability

We first introduce some notation for AC input case. We define a “positively invariant

sequence”, any set sequence Γn such that

Mn(Γn) ⊂ Γn+1, for all n ∈ N. (7.15)

Note that the “positively invariance” here is in the sense of sequence because a se-

quence of mappings is involved. Next, we define an “invariant sequence”, any sequence

Γn such that for all n ∈ N,

(i) Γn+1 = Mn(Γn),

(ii) m(Γn) = m(Γn+1),

where m(.) denote the function of measure. In an invariant sequence, the set at each

instance may change because the mapping changes. But the condition (ii) requires

that all sets are “irreducible” in the sense of measure. For a given sequence Sn that

satisfies the above (i), any sequence Γn such that for all n ∈ N,

(i) Γn is positively invariant,

(ii) ∀u ∈ S0,∃n ∈ N, Mnu ∈ Γn,

Γn is called a “trapping sequence” of Sn. Finally, an “attractor sequence” is defined

as a trapping and invariant sequence.

It is the time to analyze the stability of the sequence of mappings Mn. By comparing

(7.13) with (7.15), we find that a sequence Sn such that for all n ∈ N,

[i] M(Sn) ⊂ Sn,
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[ii] T(Sn) = Sn+1,

is a positively invariant sequence since

M(Sn) = T(M(Sn)) ⊂ T(Sn) = Sn+1.

This requires however our Lyapunov-function based framework, without which such

a sequence is difficult to find. We have the following proposition.

Proposition 7.2.1

Sn := Λ−d[n](`), where ` ≥ ˜̀ (7.16)

is a positively invariant sequence.

Proof: Under our framework, especially, Proposition 3.4.3, we easily build a

family of positively invariant sets

{
Λhd[n]

(`)
}

n∈N,`≥`d[n]

based on a family of Lyapunov functions hd[n]. Since d[n] is bounded, the following

value exists and unique:

˜̀ := sup
n∈N

`d[n]. (7.17)

Therefore, for all ` ≥ ˜̀, the set Λhd[n]
(`) is positively invariant by M. We then choose

from the family a sequence of sets as in (7.16) which automatically satisfies above [i].

From (3.58), (3.2), and (3.32), we obtain that

Λδ(`) = {u ∈ R2 : hδ(u) ≤ `}

= {u ∈ R2 : h0(u− δ j) ≤ `}

= {u ∈ R2 : h0(u j) ≤ `}+ δ j

= S + δ j,
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where S := Λ0(`). By applying this to (7.16), we have

Sn = S − d[n] j.

The sequence Sn clearly satisfies above [ii]. So the proof is complete.

The next question is whether Sn is a trapping sequence or not? We have the following

proposition to show it is when ` > ˜̀.

Proposition 7.2.2 Assume that ` > ˜̀, Sn defined as in Proposition 7.2.1 is a global

trapping sequence.

Proof: According to Proposition 7.2.1, Sn is a positively invariant sequence. So

we only need to prove that for any sequence u[n + 1] := Mnu[n], with u[0] ∈ R2,

there exists n ∈ N such that un ∈ Sn.

We first according to (3.58) and (3.2), rewrite the set Sn

Sn =
{
u : hd[n](u) ≤ `

}
. (7.18)

We then define a Lyapunov sequence for the sequence u[n] as

h[n] := hd[n](u[n]). (7.19)

The following result is obtained from (7.19) and (3.32).

h[n + 1] = hd[n+1](Mnu[n])

= hd[n+1](Mu[n] + d[n] j− d[n + 1] j)

= h0(Mu[n] + d[n] j)

= hd[n](Mu[n]).
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It follows that

∆[n] := h[n + 1]− h[n] = ∆hd[n]
(u[n]).

When u[n] is out of the trapping set Sn, ∆[n] ≤ −ε according to Proposition 3.4.3,

where ε is a constant which determined by ` and h. Therefore, h[n] ≤ h[0]−nε, which

guarantees the existence of n such that h[n] ≤ `. It finally proves the proposition with

(7.19) and (7.18).

Note that the existence of trapping sets only depends on the DC component x and

the mapping parameter s. The AC components have control on the size and position

of the sets. In other words, the system can be stable even if the input is a high

amplitude sinusoid signal.

7.3 Application

From last section, the size of the positively invariant sets mainly depends on the

interval D, which bounds the amplitude of d[n]. According to (7.8) and (7.4), the

amplitude of d[n] is usually large when x̃ contains low frequency components. So

the sets should give more accurate estimation of state variable bounds on bandpass

Σ∆ modulation than lowpass Σ∆ modulation. We show an example in Figure 7.1 to

illustrate how tight the trapping sets we derived vs. the invariant sets generated by

experiments.
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(a) (b)

Figure 7.1: Consider the time varying input x[n] = cos(nπ), which is a 1 and −1
alternative sequence. Since global stability has been proven. Any point must be
mapped into a trapping sequence, e.g. Sn. In the space after changing variables, the
trapping sequence are shown as well as the experimental invariant sequence. Both
have a period of 2. (a) at time n; (b) at time n + 1.

7.4 Tile attractor

We have derived some trapping sets for the attractors in time varying inputs case. But

many sets in the trapping sequence are large enough to contain more than one tile.

According to some experiments, the attractor sometimes looks occupying a big area

although it might not actually fill it fully. The example shown in Figure 7.1 is such

an example. It requires more advanced technique to generate really tight positively

invariant sets. Note that the DC-input based Lyapunov functions is sufficiently proven

the stability but may not bound the attractor effectively. One may seek for Lyapunov

functions that genuinely deal with the time-varying dynamics.

On the other hand, when a trapping set has measure less than 2, according to Propo-

sition 4.1.3, we can conclude that the attractor sequence is consisted of a sequence

of single tiles. This is indeed guaranteed when the input signal has small enough
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amplitude. It concludes the existence of tile attractor in AC inputs case.
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Chapter 8

Discussion and future research

In this thesis, we establish a framework based on Lyapunov functions to study the

stability of Σ∆ modulation. Philosophically speaking, adopting a Lyapunov function

is choosing some relation of order of the state space, and use it as a reference to

measure the evolution of the mapping M. This order is artificial, but it permits the

replacement of difficult recursive and discrete reasonings by pure function analysis.

By choosing Lyapunov functions that are quadratic in u1 and piecewise linear (affine)

in u2, we have actually reproduced the type of algebra that appeared in the previous

research on the stability of Σ∆ modulation. But, we have either re-established previ-

ously derived results with a more efficient and tractable language, or, improved and

generalized them within the same complexity of functions. With the same method-

ology, the next step will be to allow more freedom in the design of the Lyapunov

functions, to obtain trapping sets that are closer to the actual attractor of the trans-

formation M. In particular, one can include into h(u) more knowledge about the

dynamics close to the attractor. A goal will not just be to obtain better bounds,

but also to understand more theoretically the phenomenon of attraction. Another

direction of research is to keep using simple analytical Lyapunov functions for the

mere prediction of stability in more difficult systems, such as higher order systems.
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Another contribution in this thesis is that we show a fundamental dynamical theorem

in Σ∆ modulation by studying the the dynamics within a positively invariant set.

This theorem enables us to construct trapping sets within a given positively invariant

set. With this technique we finally prove that the global attractor is a single tile.

This method may be generalized to higher order systems too. On the other hand, we

may still concentrate on second order Σ∆ modulation but try to explicitly derive the

attractor with the fundamental dynamical knowledge.

In this thesis, we prove that the attractor of second order Σ∆ modulation is a tile for

a major portion of the configuration space in DC inputs case. A proof that can cover

all configurations is still unavailable.
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Appendix

A Proofs for propositions of Chapter 1

A.1 Proof of Proposition 1.3.1

Since |x| > 1
2
, both x0 and x1 have same sign as x. Then with (1.7), Mn(u) is a

strictly monotonic sequence and at each step it changes at least min(|x1|, |x0|) > 0 in

absolute value. So it is impossible to be stable. In other words, the stable region is

an empty set.

A.2 Proof of Proposition 1.3.2

First of all, a < −x < b is implied by x ∈ (−1
2
, 1

2
) and a ≤ −1

2
< 1

2
≤ b. Then from

(1.7),

M([a, b)) = M0([a, b) ∩ Ω0) ∪M1([a, b) ∩ Ω1)

= ([a,−x) + x0) ∪ ([−x, b)) + x1)

= [a + x0,
1
2
) ∪ [−1

2
, b + x1). (1)

Use a ≤ −1
2

< 1
2
≤ b again, a + 1

2
≤ b− 1

2
. It follows that a + x0 ≤ b + x1 by adding

x to both side. Therefore, the right hand side of (1) is actually one interval as shown

in (1.9).

A.3 Proof of Proposition 1.3.3

Firstly, we assume a ≤ −1
2

< 1
2
≤ b, according to Proposition 1.3.2,

M([a, b)) = [min(a + x0,−1
2
), max(b + x1,

1
2
)).

Condition x ∈ (−1
2
, 1

2
) implies that x1 < 0 < x0. It follows from a ≤ −1

2
< 1

2
≤ b that

{
a < a + x0

a ≤ −1
2

and

{
b > b + x1

b ≥ 1
2

. Therefore, M([a, b)) ⊂ [a, b).
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On the other hand, let M([a, b)) ⊂ [a, b). But we assume a > −1
2
. Then nonempty

set [−1
2
, a) and [a, b) are disjointed. Therefore, [a, b) can not have any intersection

with M−1([−1
2
, a)), which is the previous image of [−1

2
, a). Since

M−1([−1
2
, a)) = (M−1

1 ([−1
2
, a)) ∩ Ω1) ∪ (M−1

0 ([−1
2
, a)) ∩ Ω0)

and

M−1
1 ([−1

2
, a)) ∩ Ω1 = [−1

2
− x1, a− x1) ∩ [−x, +∞) = [−x, a− x1),

which leads to

[a, b) ∩ [−x, a− x1) = ∅.

This implies that b ≤ −x or a ≥ a − x1. However, we know from x1 < 0 that

a < a−x1, which forces b ≤ −x. Therefore, [a, b) ⊂ Ω0. This follows that M([a, b)) =

M0([a, b)) = [a, b) + x0, which is impossible to be a subset of [a, b) since x0 6= 0. To

avoid this contradiction a ≤ −1
2

must be true. Similarly, we can prove that b ≥ 1
2
.

A.4 Proof of Proposition 1.3.4

Define

[an, bn) := Mn ([a, b)) . (2)

Recursively using Proposition 1.3.3, we have that

{
an ≤ −1

2

bn ≥ 1
2

.

According to Proposition 1.3.2:

an = min(an−1 + x0,−1
2
) = min(a0 + nx0,−1

2
),

bn = max(bn−1 + x1,
1
2
) = max(b0 + nx1,

1
2
).
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It is clear that the iteration will end up with [an, bn) = [−1
2
, 1

2
) within finite steps on

n.

B Proofs for propositions of Chapter 2

B.1 Proof of Proposition 2.3.1

From (2.14),

Mi(u + v) = Miu + Lv.

This becomes (2.18) when letting v := dj and the fact that Lj = j. Since Mi is

invertible as shown in (2.17), equation (2.19) is implied by (2.18), (2.17) and the fact

L−1j = j .

B.2 Proof of Proposition 2.4.3

When x > 1
2
, according to (2.14), both x0 and x1 are positive and x0 > x1. For

any give point u, by applying (2.21), we have that (Mnu)
1
≥ u1 + nx1, which is

apparently unbounded when n tends to infinity. A similar result is obtained when

x < −1
2
. So the statable region is an empty set when |x| > 1

2
.

When x = 1
2
, according to (2.14), x0 = 1 and x1 = 0. For any given u, by applying

(2.21), we have that (Mnu)
1

= u1 + k, where k is a number to count how many times

that Mn′u belongs to Ω0, where n′ ≤ n. Assume that Mnu is bounded when n tends

to infinity, k must be finite. So there exists n0 ∈ N such that for all n ≥ n0, (Mnu)
1

=

u1 + km is constant and Mnu ∈ Ω1, where km is the maximum value of k. Then we

apply (2.21) again and obtain that for all n ∈ N, (Mn0+nu)
2

= (Mn0u)
2
+n(u1 +km).

When Mnu is bounded for all n, u1 + km must be 0. Since (Mn+1u−Mnu)
1
∈ {0, 1},
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we conclude that u1 ∈ Z, which force u can only taken from a measure zero set. A

similar conclusion is obtained when x = −1
2
. The proposition is finally proven.

C Proofs for propositions of Chapter 3

C.1 Proof of Proposition 3.2.2

Assume that M(Υh) ⊂ Λh(`). For any u ∈ Υh , Mu ∈ Λh(`). Then h(u) < h(Mu) ≤ `.

This proves (i). Consider now any u ∈ Λh(`). If u ∈ Υh , we already know that

Mu ∈ Λh(`). If u /∈ Υh , then h(Mu) ≤ h(u) ≤ `, which implies that Mu ∈ Λh(`). So

M(Λh(`)) ⊂ Λh(`).

C.2 Proof of Proposition 3.2.4

Let us call hmin a lower bound of h(u). For any u /∈ Υh(ε), ∆h(u) ≤ −ε. Now, for

any k ≥ 0, h(Mku) = h(u) +
∑k−1

j=0 ∆h(Mju). Consider u such that Mku /∈ Υh(ε) for

all k ≥ 0. Then hmin ≤ h(Mku) ≤ h(u)− kε for every k ≥ 0, which is impossible.

C.3 Proof of Proposition 3.2.6

From (2.14), h i(Miu) = αi

(
(u2+u1)−gi(u1+xi)

)
. Then, ∆ih

i(u) = h i(Miu)−h i(u) =

αi

(
u1 − gi(u1 + xi) + gi(u1)

)
. So ∆ih

i(u) = −ε if and only if gi(u1) is a solution to

the equation

gi(u1 + xi) = gi(u1) + u1 + ε
αi

. (3)

Define βi(u1) := gi(u1)− fi(u1 + ε
αi

). Since fi(u1) satisfies (3.14), fi(u1 + xi + ε
αi

)−

fi(u1 + ε
αi

) = u1 + ε
αi

. Then βi(u1 + xi)− βi(u1) = gi(u1 + xi)− gi(u1)− (u1 + ε
αi

). So

gi(u1) satisfies (3) if and only if βi(u1 + xi) = βi(u1).
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C.4 Proof of Proposition 3.2.7

Assume that M(Υh) ⊂ Λh(`). Then, for any u ∈ Υh , h(u) < h(Mu) ≤ `. So

Υh ⊂ Λh(`). Conversely, assume that Υh ⊂ Λh(`). Consider u0 ∈ Υh . Since t(u) is

affine, there exists v0 such that t(uα) = t(u0) for all α ∈ R, with uα := u0 + αv0.

Let i be the index of {0, 1} such that u ∈ Ωi. Then uα ∈ Ωi for all α ∈ R. This

implies in particular that ∆h(uα) = ∆ih(uα) for all α ∈ R. Since Mi is continuous

and h(u) is convex and thus continuous, ∆h(uα) is a continuous function of α. So

there exists a largest interval I = (α0, α1) that contains 0 and such that uα ∈ Υh for

all α ∈ I. By necessity, uαj
∈ Υh ∈ Λ`, which implies that h(Miuαj

) = h(Muαj
) ≤ `,

for both j = 0, 1. By taking θ := α1

α1−α0
∈ [0, 1], we have u0 = θuα0 + (1−θ)uα1 . By

linearity of Mi and convexity of h, h(Mu) = h(Miu) = h
(
θMiuα0 + (1−θ)Miuα1

) ≤

θh(Miuα0)+(1−θ)h(Miuα1) = θh(uα0)+(1−θ)h(uα1) ≤ `. We have thus proved that

M(Υh) ⊂ Λh(`). The equality (3.22) is a trivial consequence.

C.5 Proof of Proposition 3.2.8

Using (3.19), (3.20) and (3.7),

∆0h(u)−∆0h
0(u)

=
(
h(M0u)−h(u)

)−(
h0(M0u)−h0(u)

)
=

(
h(M0u)−h0(M0u)

)−(
h(u)−h0(u)

)

=
(
max(h0(M0u), h1(M0u))− h0(M0u)

)− (
max(h0(u), h1(u))− h0(u)

)

= max
(
0, Dh(M0u)

)−max
(
0, Dh(u)

)
.

With the inequality 0 ≤ max
(
0, Dh(u)

)
, we then have
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∆0h(u) > ∆0h
0(u)

⇔ max
(
0, Dh(M0u)

)
> max

(
0, Dh(u)

) ⇔ Dh(M0u) > max
(
0, Dh(u)

)

⇔ M0Dh(u) = Dh(M0u) > 0 and ∆0Dh(u) = Dh(M0u)−Dh(u) > 0.

This proves (3.24). The proof of (3.25) is similar.

C.6 Proof of Proposition 3.2.9

For any u ∈ Ω0 = S−t , ∆h(u) = ∆0h(u) from (3.23) and ∆0h
0(u) = −ε by assump-

tion. So using (3.24) and the notation of (3.26) and (3.27), we have

∀u ∈ Ω0, ∆h(u) > −ε ⇔ ∆0h(u) > ∆0h
0(u) ⇔ u ∈ S+

M0Dh ∩ S+
∆0Dh .

Similarly, when u ∈ Ω1 = S+
t , ∆h(u) > −ε if and only if u ∈ S−M1Dh ∩ S−∆1Dh . This

proves (3.28).

C.7 Proof of Proposition 3.3.1

Consider u ∈ R2. From (3.33), Dhδ,ε(u − dj) = Dhδ,ε(u) − d for any d ∈ R. Let us

choose d = Dhδ,ε(u). Then Dhδ,ε(u− dj) = 0 and h0
δ,ε(u− dj) = h1

δ,ε(u− dj). Let i be

the index of {0, 1} such that u ∈ Hi. Then, by using (3.31), we have

hδ,ε(u)− hδ,ε(u− dj) = h i
δ,ε(u)− h i

δ,ε(u− dj) = −xi d = −xi Dhδ,ε(u).

In fact, i = 1 if and only if Dhδ,ε(u) ≥ 0. Since x1 < 0 < x0, it is then easy to see

that −xiDhδ,ε(u) = a
(
Dhδ,ε(u)

)
. Next, for any v such that Dhδ,ε(v) = 0, it is easy to

derive that hδ,ε(v) = hq
ε (v). Then, hδ,ε(u− dj) = hq

ε (u− dj) = hq
ε (u) since hq

ε (u) does

not depend on u2.
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C.8 Proof of Proposition 3.3.2 and 3.3.3

These propositions are based on elementary properties of linear algebra. For the

reader’s convenience, we first review the needed properties.

Proposition H.1 Let v1, v2 and v3 be three vectors of R2, and define dij := det(vi,vj).

Then, the vector v0 := d23 v1 + d31 v2 + d12 v3 is zero.

Proof: If, d12 = d23 = d31 = 0, clearly v0 = 0. If not, we can assume without

loss of generality that d12 6= 0. Then, the equation αv1+βv2 = v3 yields the solutions

α = d32

d12
and β = d13

d12
. This implies that v0 = 0.

Next consider three affine functions

fi(u) = 〈u,vi〉+ ci (4)

where 〈u,v〉 := u1v1 + u2v2 and ci ∈ R for i = 1, 2, 3. As a trivial consequence of

Proposition H.1,

∀u ∈ R2, d23 f1(u) + d31 f2(u) + d12 f3(u) = c0 (5)

where c0 := d23 c1 + d31 c2 + d12 c3. Define the set

4 := S−f1
∩ S−f2

∩ S−f3
. (6)

We assume from now on that d12, d23 and d31 are nonzero.

Proposition H.2 The set 4 is bounded if and only if d12, d23 and d31 have the same

sign.
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Proof: From (5), we have

f3(u) = c0
d12
− d23

d12
f1(u)− d31

d12
f2(u). (7)

Assume that d12, d23 and d31 have the same sign. We have in particular, d23

d12
> 0

and d31

d12
> 0. For any u ∈ 4, (7) implies that c0

d12
< f3(u) < 0. It can be shown

similarly that f1(u) and f2(u) must be both lower bounded and upper bounded.

Since for example, v1 and v2 are linearly independent, this is sufficient to bound

any vector u of 4. Assume now that d12 has an opposite sign to both d23 and d31,

implying that −d23

d12
> 0 and −d31

d12
> 0. Consider the set S :=

{
u ∈ R2 : f1(u) <

min(0, c0
d23

) and f2(u) < 0
}
. Because (v1,v2) are linearly independent, S is easily seen

to be unbounded. One also easily finds from (7) that any u ∈ S satisfies f3(u) < 0.

So S ⊂ 4. This makes 4 unbounded. By similar proof, the same result is obtained

in the two other cases where d12, d23 and d31 are not of the same sign.

For any permutation (i, j, k) of (1, 2, 3), call pi the unique point of the intersection

Ofj
∩Ofk

. In other words, pi satisfies

fj(pi) = fk(pi) = 0. (8)

Proposition H.3 Assume that d12, d23 and d31 have the same sign. Then, the fol-

lowing propositions are equivalent:

(i) 4 6= ∅,

(ii) ∃i ∈ {1, 2, 3}, fi(pi) < 0,

(iii) ∀i ∈ {1, 2, 3}, fi(pi) < 0,

(iv) 4 = 4p1p2p3.
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Proof: Using (5) and (8), we have

∀u ∈ R2, d23 f1(u)+d31 f2(u)+d12 f3(u) = d23 f1(p1) = d31 f2(p2) = d12 f3(p3) = c0.

(9)

(i) ⇒ (ii): Assuming (i) implies that there exists u such that fi(u) < 0 for all

i = 1, 2, 3. Since d12, d23 and d31 are nonzero with the same sign, it is clear from (9)

that f1(p1) < 0, which implies (ii).

(ii) ⇒ (iii): This implication is again clear from (9) since d12, d23 and d31 are nonzero

with the same sign.

(iii) ⇒ (iv): Assume (iii). For any permutation (i, j, k) of (1, 2, 3), pi does not belong

to the straight line Ofi
since fi(pi) 6= 0, while pj,pk ∈ Ofi

due to (8). This implies

that p1, p2, p3 are not aligned. Then, for any u ∈ R2, there exists a unique triplet

(θ1, θ2, θ3) such that u =
∑3

i=1 θipi with
∑3

i=1 θi = 1. Consider any j ∈ {1, 2, 3}.

Since fj(u) is affine, fj(u) =
∑3

i=1 θi fj(pi). Due to (8), then fj(u) = θj fj(pj). Since

by assumption fj(pj) < 0, fj(u) < 0 if and only if θj > 0. This proves that 4 is

equal to the interior of 4p1p2p3. This implies (iv).

(iv) ⇒ (i): If 4 = ∅, then 4 = ∅, which is impossible since 4p1p2p3 is never empty.

Let us now prove Proposition 3.3.2 and 3.3.3. The set Γ0
f of (3.30) is equal to the set

4 of (6) when taking

f1(u) := −∆0f(u), f2(u) := −M0f(u) and f3(u) := t(u). (10)

By looking at at (3.39), (3.40) and (2.8), these function are of the form (4) with

v1 := −(1, 0), v2 := −(a+1, 1), v3 := (s, 1),
c1 := −ax0, c2 := −(b + ax0) c3 := 0.
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With this, d12 = 1, d23 = s − (a+1) and d31 = 1. Assuming that s 6= a + 1,

Proposition H.2 then implies that Γ0
f is bounded if and only if s > a + 1. Next,

the points p1,p2,p3 coincide with a0,b0, c0, respectively. Then, under the condition

s > a + 1, Proposition H.3 is applicable and implies (3.42). The set Γ1
f of (3.30) is

treated in a similar manner, with just a minor difference. By taking the functions

fi(u) of (4) with

v1 := (1, 0), v2 := (a+1, 1), v3 := −(s, 1),
c1 := ax1, c2 := b + ax1 c3 := 0,

we obtain with (6) a set 4 that is the interior of Γ1
f due to the closure performed

on S+
t in (3.30). This however does not prevent the same results. Assuming that

s 6= a + 1, Γ1
f is bounded if and only if s > a + 1 according to Proposition H.2. Then,

assuming s > a + 1, Proposition H.3 implies (3.43).

While the proof of Proposition 3.3.3 has been completed, we have only proved Propo-

sition 3.3.2 assuming that s 6= a+1. In the special case s = a+1, one can prove that

Γi
f is bounded if and only if it is empty, for each i = 0, 1 (for the sake of briefness, we

will not show the details here). Meanwhile, one can also show that Γ0
f and Γ1

f cannot

be simultaneously empty due to the assmption a > 0. This concludes the proof of

Proposition 3.3.2.

C.9 Proof of Proposition 3.3.4

Suppose that Γ0
f or Γ1

f is empty. Then, Γf is either empty or reduced to one triangular

set. In either case, it is obviously connected. Assume now that both Γ0
f and Γ1

f are

non-empty. Define the point g := Of ∩Ot (see Figure 3.2(b)). We have a0,b0,g ∈ Ot

with f(b0) < 0, f(g) = 0 and f(a0) > 0. Since f(u) is affine, then g must belong to
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the open segment (b0, a0), i.e., there exists θ ∈ (0, 1) such that g = (1−θ)b0 + θa0.

Since M0f(u) and ∆0f(u) are also affine functions, we obtain with (3.46), M0f(uθ) =

(1−θ)M0f(b0)+θM0f(a0) = θf(a0) > 0 and ∆0f(uθ) = (1−θ)∆0f(b0)+θ∆0f(a0) =

−(1−θ)f(b0) > 0. This implies that g ∈ S+
M0f ∩ S+

∆0f ∩ Ot ⊂ Γ0
f . Similarly, one

proves that g ∈ S−M1f∩ S−∆1f∩ Ot ⊂ Γ1
f . Then g ∈ Γ0

f ∩ Γ1
f . This is sufficient to make

Γf = Γ0
f ∪ Γ1

f connected.

C.10 Proof of Proposition 3.3.5

The relations (3.45) can be rewritten in the form Mif(u) − Mīf(u) = (−1)ia =

∆if(u) − ∆īf(u) for both i = 0, 1. Consider the mid-point c := 1
2
(c0 + c1). Since

Mif(u) is an affine function and Mif(ci) = 0 for both i = 0, 1, then Mif(c) =

1
2
(Mif(c0) + Mif(c1)) = 1

2
Mif(cī) = (−1)i a

2
. Similarly, ∆if(c) = (−1)i a

2
. Because

a > 0, then c ∈ S+
M0f∩S+

∆0f∩S−M1f∩S−∆1f . If t(c) < 0, c ∈ Γ0
f , otherwise c ∈ Γ1

f . This

proves that Γf is non-empty.

Assume that Γ0
f = ∅. Either because the definitions of (3.41) or the equivalences

of (3.42), M0f(u) ≤ 0, ∆0f(u) ≤ 0 and t(u) ≥ 0 for all u ∈ {a0,b0, c0}. Since

M1f(u) < M0f(u) and ∆1f(u) < ∆0f(u) from (3.45) and the assumption a > 0,

then we also have M1f(u) ≤ 0 and ∆1f(u) ≤ 0 for all u ∈ {a0,b0, c0}. This implies

that {a0,b0, c0} ⊂ Γ1
f = 4a1b1c1 since Γ1

f 6= ∅. This proves that 4aibici ⊂ 4aībīcī

in the case i = 0. The case i = 1 is proven in a similar manner.

C.11 Proof of Proposition 3.3.6

According to (3.55), ai depends on ε, while bi and ci depend on both δ and ε. To

emphasize this dependence, let us write ai
ε, bi

δ,ε and ci
δ,ε. The continuous dependence
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of these points with ε in the neighborhood of 0 is clear since dε > 0 for all ε ∈ [0, εs).

Moreover, the differences ai
ε−ai

0 and ci
δ,ε−ci

δ,0 = ai
ε−ai

0− (δi
ε−δi

0)j do not depend on

δ. Meanwhile, bi
δ,ε − bi

δ,0 = ai
ε − ai

0 − cδ,ε (1,−s), where cδ,ε := 1
dε

(δi
ε−δ)− 1

d0
(δi

0−δ).

One easily bounds cδ,ε as |cδ,ε| ≤ 1
|dε| |δi

ε−δi
0| +

∣∣ 1
dε
− 1

d0

∣∣ |δi
0−δ|. The right hand side

goes to 0 uniformly with δ ∈ D when ε goes to 0.

C.12 Proof of Proposition 3.4.1

A point u belongs to Λδ if and only if h i
δ(u) ≤ ` for both i ∈ {0, 1}. From (3.31),

h i
δ(u) = xi

(
pi(u1)−u2+δ

)
. Since x1 < 0 < x0, u ∈ Λδ if and only if p0(u1)+δ− 1

x0
` ≤

u2 ≤ p1(u1) + δ − 1
x1

`. The equivalence between (3.60) and (3.61) is obtained with

(2.14).

C.13 Proof of Proposition 3.4.2

Suppose that Λδ(`) ⊃ Υδ. From Proposition 3.2.7 we also have Λδ(`) ⊃ M(Υδ). So

Λδ(`) is positively invariant according to Proposition 3.2.2.

Conversely, assume that Λδ(`) is positively invariant. For all u such that hδ(u) = `,

we must have ∆hδ(u) ≤ 0. Since Υδ = ΓDhδ
, it is connected according to Proposition

3.3.4. So we have either Υδ ∩ Λδ(`) = ∅ or Υδ ⊂ Λδ(`). Note from (3.35) that hδ(u)

has a unique global minimum um, which is the u point of ODh such that u1 = 0. One

one hand um ∈ Λδ(`). On the other hand, um ∈ Υδ because the only way to obtain

∆hδ(um) ≤ 0 would be to have Mum = um, which is not possible. So Υδ ⊂ Λδ(`).
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C.14 Proof of Proposition 3.4.3

In this proof, we will use the notation sup f(S) := sup
u∈S

f(u) for any real function f(u)

and any set S ⊂ R2. Then (3.22) is rewritten as `δ = sup hδ(Υhδ
). For any ε ≥ 0,

let us define `δ,ε := sup hδ(Υhδ,ε
(ε)). Let us prove that `δ,ε uniformly converges to `δ,0

when ε goes to 0 and δ ∈ D.

From (3.28) and the new notation of (3.58), Υhδ,ε
(ε) = ΓDhδ,ε

and Υhδ
= Υhδ,0

(0) =

ΓDhδ,0
. With (3.32), we then also have `δ = sup h0(ΓDhδ,0

−δj) and `δ,ε = sup h0(ΓDhδ,ε
−δj).

By Proposition 3.3.6, ΓDhδ,ε
is the union of two triangles whose vertices uniformly

converge to those of ΓDhδ,0
when ε goes to 0 and δ ∈ D. The same thing can be

said of their shifted versions by −δj. Now, because h0(u) is convex, the supremum

of h0(ΓDhδ,ε
−δj) is achieved in the set of its vertices. With δ ∈ D and ε limited to a

neighborhood of 0 (for example [0, εs

2
] where εs is defined in Proposition 3.3.6), the

set ΓDhδ,ε
−δj can be easily shown to be enclosed in a bounded region B ⊂ R2. Because

of the convexity of h0(u), there exists α ≥ 0 such that |h0(v)− h0(u)| ≤ α‖v−u‖ for

all u,v ∈ B and some norm ‖ · ‖ of R2. This is sufficient to prove that `δ,ε uniformly

converges to `δ when ε goes to 0 and δ ∈ D.

Consequently, for any λ > 0, there exists ε > 0 such that for any δ ∈ D, `δ,ε ≤ `δ + λ.

For this ε > 0, we have Υhδ,ε
(ε) ⊂ Λδ(`δ+λ) for all δ ∈ D.

C.15 Proof of Proposition 3.4.4

We first need to establish the following result.

Proposition O.4 For any two pairs (δ, `) and (δ′, `′) of R2, there exists (δ′′, `′′) ∈ R2

such that Λδ(`) ∩ Λδ′(`
′) = Λδ′′(`

′′). If moreover Λδ(`) * Λδ′(`
′), then `′′ < `.
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Proof: According to (3.60), Λδ(`) = Πc0,c1 and Λδ′(`
′) = Πc′0,c′1 , where ci =

δ − 1
xi

` and c′i = δ′ − 1
xi

`′. Then Λδ(`) ∩ Λδ′(`
′) = Πc′′0 ,c′′1 where c′′0 = max(c0, c

′
0) and

c′′1 = min(c1, c
′
1). According to (3.61), Πc′′0 ,c′′1 = Λδ′′(`

′′) where δ′′ = x0c
′′
0 − x1c

′′
1 and

`′′ = −x0x1(c
′′
1 − c′′0). From (3.61), we have c1 − c0 = − `

x0x1
. Then,

− `′′
x0x1

= c′′1 − c′′0 = min(c1, c
′
1)−max(c0, c

′
0) ≤ min(c′1− c0, c1− c′0) = min(c′1− c1, c0−

c′0) − `
x0x1

. Assume that Λδ(`) * Λδ′(`
′). Then Πc0,c1 * Πc′0,c′1 , which implies that

c′1 < c1 or c′0 > c0, and hence min(c′1 − c1, c0 − c′0) < 0. Since −x0x1 > 0, we obtain

`′′ < `.

We now prove Proposition 3.4.4. Consider a set Λδ(`) that is positively invariant.

Assume that Λδ∗(`
∗) ⊂/Λδ(`). Then, according to Proposition O.4, there exists

(δ′′, `′′) ∈ R2 such that Λδ′′(`
′′) = Λδ∗(`

∗) ∩ Λδ(`) with `′′ < `∗. Since Υδ∗ ⊂ Λδ∗(`
∗)

and Υδ ⊂ Λδ(`), we know from Proposition 3.3.5 that Λδ′′(`
′′) contains a0 and a1. So

Λδ′′(`
′′) is then positively invariant as a non-empty intersection between two positively

invariant sets. So `′′ ≥ `δ′′ according to Proposition 3.2.7. but `δ′′ ≥ `δ∗ = `∗, which

is contradictory. So Λδ∗ = Λδ∗(`
∗) must be included in Λδ(`).

C.16 Proof of Proposition 3.64

Because hδ(u) is a convex function, then `i
δ = max

(
hδ(a

i), hδ(b
i), hδ(c

i)
)
. According

to (3.41), ai and ci belong to R∆iDh and thus have the same u1 value due to (3.40).

Since hq
0 (u) given in (3.37) depends only on u1, then hq

0 (ai) = hq
0 (ci). Next, from

(3.44), Dhδ(c
i) = MiDhδ(c

i)−∆iDhδ(c
i) = 0 by definition of ci in (3.41). Then, using

(3.35) and (3.37), we have hδ(a
i)−hδ(c

i) = v
(
Dhδ(a

i)
)−v

(
Dhδ(c

i)
)

= v
(
Dhδ(a

i)
) ≥ 0.

This reduces `i
δ to max

(
hδ(a

i), hδ(b
i)
)
. Consider the case i = 0 and δ < δ0. From

(3.56) and (3.47), we have Γ0
Dhδ

6= ∅ and Dhδ(b
0) < 0 < Dhδ(a

0). This implies from
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Table 1:

(i, j) δ∗ = δij `∗ = mij range in s

(b, b) (s− 5
4
)x 1

8

[(
s−1
s− 3

2

)2
+ (1

4
−x2)

]
3
2

< s ≤ s1(x)

(b, a) 1
2
(s−1)x− 1

4
(s− 5

2
) 1

16
(5 + 6x) s1(x) ≤ s ≤ s2(x)

(a, a) 0 1
2

[
(1

4
−x2)s + x2

]
s2(x) ≤ s

(a, b) 1
2
(s−1)x + 1

4
(s− 5

2
) 1

16
(5− 6x) ∅

(3.20) and (3.19) that hδ(a
0) = h1

δ (a0) and hδ(b
0) = h0

δ (b0). This is also true at

δ = δ0 by continuity. The case i = 1 is proven in a similar manner.

C.17 Derivation of Table 3.1

We in this section derive a more complete Table 1 which includes Table 3.1. The

meaning of (i, j), δij, mij and of the last line of Table 1 is explained later.

The value h ī
δ(a

i) of (3.65) is a linear function of δ that is strictly decreasing with i = 0

and strictly increasing with i = 1 due to the inequalities x1 < 0 < x0. Meanwhile,

h i
δ(b

i) from (3.65) is quadratic of positive curvature and minimum located at δ = µi.

Since x1 < 0 < x0 and s > 3
2
, (3.66) implies that µ1 < δ1 and δ0 < µ0. Therefore,

h0
δ (b0) is strictly decreasing on (−∞, δ0] and h1

δ (b1) is strictly decreasing on [δ1,∞).

We conclude from (3.64) that `0
δ is strictly decreasing on (−∞, δ0] and `0

δ is strictly

increasing on [δ1,∞). As a consequence, the minimum of `δ must be achieved at some

δ∗ ∈ [δ1, δ0]. The following proposition gives special conditions under which δ∗ is easy

to find.

Proposition Q.5 On an interval [α, β], let
{
g̀i(δ)}i∈I be a finite family of strictly

decreasing functions and
{
ǵj(δ)}j∈J be a finite family of strictly increasing functions.

For each (i, j) ∈ I×J , we assume moreover that the equation g̀i(δ) = ǵj(δ) has a
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solution δij ∈ [α, β] and we define mij := g̀i(δij) = ǵj(δij). Then the function

g(δ) := max
(

max
i∈I

g̀i(δ), max
j∈J

ǵj(δ)
)

(11)

is minimized in [α, β] at δ = δi∗j∗ of minimal value mi∗j∗, where (i
∗
, j
∗
) is such that

mi
∗
j
∗ = max

(i,j)∈I×J
mij.

Proof: For any δ ∈ [α, δi
∗
j
∗], g(δ)≥ g̀i

∗(δ)> g̀i
∗(δi

∗
j
∗)=mi

∗
j
∗ and for any δ ∈ [δi

∗
j
∗, β],

g(δ)≥ ǵj
∗(δ)> ǵj

∗(δi
∗
j
∗)=mi

∗
j
∗. Then, g(δ) ≥ mi

∗
j
∗ for all δ ∈ [α, β]. Next, for any i ∈ I

and j ∈ J ,

mij∗≤mi∗j∗ ⇒ ǵj∗(δij∗)≤ ǵj∗(δi∗j∗) ⇒ δij∗≤δi∗j∗

⇒ g̀i(δi
∗
j
∗)≤ g̀i(δij

∗)= ǵj
∗(δij

∗)≤ ǵj
∗(δi

∗
j
∗)=mi

∗
j
∗,

mi∗j≤mi∗j∗ ⇒ g̀i∗(δi∗j)≤ g̀j(δi∗j∗) ⇒ δi∗j≥δi∗j∗

⇒ ǵj(δi
∗
j
∗)≤ ǵj(δi

∗
j)= g̀i

∗(δi
∗
j)≤ g̀i

∗(δi
∗
j
∗)=mi

∗
j
∗.

Then, g(δi∗j∗) ≤ mi∗j∗. But mi∗j∗ = gi∗(δi∗j∗) ≤ g(δi∗j∗). So g(δi∗j∗) = mi∗j∗.

The function `δ of (3.62) on (δ1, δ0) is of the form (11) if we take (α, β) = (δ1, δ0),

I = J := {a, b} (where a and b are abstract indices) and

g̀a(δ) := h1
δ (a0), g̀b(δ) := h0

δ (b0),

ǵa(δ) := h0
δ (a1), ǵb(δ) := h1

δ (b1).

We already know that g̀i(δ) is strictly decreasing and ǵi(δ) is strictly increasing for

any i, j ∈ I. We solve the equation g̀i(δ) = ǵj(δ) for each (i, j) ∈ I2 and give in Table

1 the analytical expression of its solution δij together with the value mij := g̀i(δij) =

ǵj(δij). It can be checked that δij ∈ [δ1, δ0] for all i, j ∈ I, given the constraint
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(x, s) ∈ [0, 1
2
)×(3

2
,∞). So Proposition Q.5 is applicable. Then, for any given (x, s),

the next step is to find the pair (i, j) of I2 that is equal to (i
∗
, j
∗
). As x ≥ 0, we

always have mba ≥ mab. So (a, b) 6= (i
∗
, j
∗
) in any case. Next, mbb is easily shown to

be strictly decreasing with s when s > 3
2
, while maa is obviously strictly increasing

with s since |x| < 1
2
. For any given x ∈ [0, 1

2
), when solving the equations mbb = mba

and maa = mba in s with s > 3
2
, we find respectively s = s1(x) and s = s2(x) where

s1(x) and s2(x) are given in (3.67). Clearly s1(x) ≤ s2(x). We conclude from these

derivations the region of (x, s) where (i, j) = (i
∗
, j
∗
) for each (i, j) of I2 and the result

is reported in the last column of Table 1.

C.18 Proof of Proposition 3.4.6

First, we prove that S ′ is positively invariant. Take any u ∈ S ′ ∩ Ω0. Then (Mu)
1

=

(M0u)
1

= u1 + x0 and γ1 + x1 ≤ u1 ≤ γ0. This follows from x0 > 0 that γ1 + x1 ≤

(Mu)
1
≤ γ0 + x0. Because S is trapping set, Mu ∈ S. Therefore, Mu ∈ S ′, too.

Similarly, we can prove the case of u ∈ S ′ ∩ Ω1.

We prove the follow inequality before proving points in S \S ′ will be trapped into S ′:

γ0 − γ1 ≥ x1. (12)

Take a point u ∈ {u ∈ Ω1 ∩ S : γ1 ≤ u1 < γ1 − x1}. Upon the existence of γ1, u

exists. Then (Mu)
1

= (M1u)
1

= u1 + x1, which means γ1 + x1 ≤ (Mu)
1

< γ1. This

follows from the fact Mu ∈ S that Mu ∈ Ω0. Therefore, γ1 +x1 ≤ (Mu)
1
≤ γ0, which

leads to (12).
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Let us define sets

S1 := {u ∈ S : u1 > γ0 + x0},

S0 := {u ∈ S : u1 < γ1 + x1}.

It is clear that Si ∈ Ωi ∩ S, for i = 0, 1. And {S ′, S0, S1} forms a partition of S.

Following (12), we have

γ0 + x0 − (γ1 + x1) = γ0 − γ1 + 1 ≥ x1 + 1 = x0 ≥ max(|x0|, |x1|).

Therefore, M(S1) ⊂ S1 ∪ S ′ and M(S0) ⊂ S0 ∪ S ′.

If we assume that for all n ∈ N, u ∈ S1. But (Mnu)
1

= u1 + nx1 can not be lower

bounded when n tends to infinity as keeping inside S1. So u must be trapped into

S ′. Similarly, u ∈ S0 will be trapped into S ′, too.

D Proofs for propositions of Chapter 4

D.1 Proof of Proposition 4.3.1

The forward implications:

(i) If S is a tile, then
⋃

k∈Z2
(S +k) = R2 while S and

⋃
k∈Z2\{0}

(S +k) are disjointed.

This implies that T (S) = S.

(ii) If S contains a tile Γ, then T (S) ⊂ T (Γ) = Γ ⊂ S.

(iii) If S contains two disjointed tiles Γ1 and Γ2, then T (S) ⊂ T (Γ1 ∪ Γ2) = T (Γ1) ∩

T (Γ2) = Γ1 ∩ Γ2 = ∅.

The backward implications:

(i) Assume that T (S) = S. Then
⋃

k∈Z2
(S + k) = R2 while S and

⋃
k∈Z2\{0}

(S + k)

are disjointed. Since S and S +k are disjointed for any k ∈ Z2 \ {0}, then S +k and
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S + k′ are disjointed for any distinct k,k′ ∈ Z2. Thus, S is a tile.

(ii) Assume that T (s) ⊂ S. This implies that
⋃

k∈Z2
(S + k) = R2. For every

u ∈ [0, 1)2, one can choose one vector ku ∈ Z2 such that u ∈ S + ku. The set

Γ :=
{
u − ku : u ∈ [0, 1)2

}
is obviously a subset of S. It is easy to show that Γ is

also a tile.

(iii) Assume that T (s) = ∅. This implies that
⋃

k∈Z2\{0}
(S + k) = R2. Consider a

given u ∈ [0, 1)2. One can choose one vector ku ∈ Z2 \ {0} such that u ∈ S + ku.

Now, since R2 + ku = R2, we also have
⋃

k∈Z2\{ku}
(S + k) = R2. We can choose

k′u ∈ Z2 \ {ku} such that u ∈ S + k′u. One can easily show that the two sets

Γ :=
{
u − ku : u ∈ [0, 1)2

}
and Γ′ :=

{
u − k′u : u ∈ [0, 1)2

}
are two disjointed tiles

that are subsets of S.

D.2 Proof of Proposition 4.3.2

Consider a set S that contains two disjointed tiles up to a set of measure 0. This

amounts to saying that with a zero-measure set S0, which could be empty, S ∪ S0

contains two disjointed tiles. According to Proposition 4.3.1, T (S ∪ S0) = ∅. From

(4.3), we have T (S)∩T (S0) = ∅, which implies that T (S) ⊂ T (S0) =
⋃

k∈Z2\{0}
(S0 +

k). Since m(S0) = 0, then m(T (S)) = 0.
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E Proofs for propositions of Chapter 5

E.1 Proof of Proposition 5.1.1

Recursively using (5.9), for all n ∈ N,

d1(w[n]) = d1(w[0]) +
n−1∑

k=0

ik, (13)

d2(w[n]) = d2(w[0]) + n d1(w[0]), (14)

where

∀k, ik ∈ {−1, 0, 1}.

Therefore, property (i) and (ii) are clearly true.

For (iii), if d(w[0]) /∈ Z2, then d1(w[0]) /∈ Z or d1(w[0]) ∈ Z but d2(w[0]) /∈ Z. In the

first case, from 13, d1(w[n]) /∈ Z for all n ∈ N. In the second case, n d1(w[0]) ∈ Z,

then from 14, d2(w[n]) /∈ Z for all n ∈ N. Hence, (iii) is proven.

E.2 Proof of Proposition 5.2.1

By applying (5.9), for any x ∈ R, d(Mxw) =
(
d1(w), d1(w)+d2(w)

)
since k = 0. We

then obtain that d(M̃nw) =
(
d1(w), d2(w)+n d1(w)

)
by repeating same argument.

And M̃nw must remain in Sn × Sn for all n ∈ N. Since (Sn)
2

is bounded, n d1(w)

remains bounded of all n, which forces d1(w) to be 0. This finally implies that

d(M̃nw) = d(w).

E.3 Proof of Proposition 5.2.2

We first introduce two propositions.
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Proposition C.1 For a given set S, assume that there exists a bounded set B such

that for all n ∈ N, for all u,v ∈ Sn,u− v ∈ B, then

pu(ΦS) =
⋃

k∈Z\{0} Φk
S. (15)

where

Φk
S :=

{
u ∈ S : u + kj ∈ S and M̃n(u,u + kj) ∈ Π

x[n]
0 for all n ∈ N}

. (16)

Proof: According to (5.17) and Lemmas 5.2.1, for any w ∈ ΦS, d1(w) = 0.

Therefore, ΦS can be rewritten as

ΦS =
{
w ∈ WS : d(w) ∈ {0} × Z \ {0} and M̃nw ∈ Π

x[0]
0 for all n ∈ N}

.

So ΦS yields the following direct characterization,

pu(ΦS) =
{
u ∈ S : ∃k ∈ Z\{0}, u+kj ∈ S and M̃n(u,u+kj) ∈ Π

x[n]
0 for all n ∈ N}

.

This clearly implies (15).

Proposition C.2 For any given k ∈ Z, Φk
S satisfies the following properties:

(i) M̃n(Φk
S) ⊂ (

Ω
x[n]
0 ∩ (Ω

x[n]
0 − kj)

) ∪ (
Ω

x[n]
1 ∩ (Ω

x[n]
1 − kj)

)
for all n ∈ N,

(ii) if for all n ∈ N, Ω
x[n]
0 , Ω

x[n]
1 and S are measurable, Φk

S is measurable.

Proof:

(i) When u ∈ Φk
S, we from (16) have M̃n(u,u+kj) ∈ Π

x[n]
0 = (Ω

x[n]
0 )2∪ (Ω

x[n]
1 )2. For

any given i ∈ {0, 1}, M̃n(u,u+kj) ∈ (Ω
x[n]
i )2 if and only if u ∈ Ω

x[n]
i ∩(Ω

x[n]
i −kj).

This completes the proof of (i).
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(ii) Take any u ∈ Φk
S, then for all n ∈ N, for all i ∈ {0, 1} such that

M̃n(u,u + kj) ∈ (Ω
x[n]
i )2

⇔ u ∈ M̃−n(Ω
x[n]
i ) and u + kj ∈ M̃−n(Ω

x[n]
i )

⇔ u ∈ M̃−n(Ω
x[n]
i ) ∩ (M̃−n(Ω

x[n]
i )− kj

)
.

Since Π
x[n]
0 = (Ω

x[n]
0 )2 ∪ (Ω

x[n]
1 )2, we conclude from (16) that

Φk
S = S ∩ (S − kj) ∩⋂

n∈N
⋃

i={0,1}
(M̃−n(Ω

x[n]
i ) ∩ (M̃−n(Ω

x[n]
i )− kj)

)
. (17)

For any measurable set B ⊂ R2, M−1
x (B) =

(
M−1

0 (B) ∩ Ω0

) ∪ (
M−1

1 (B) ∩ Ω1

)
,

which is measurable. By induction M̃−n(B) is then also measurable for all n ∈ N.

The expression (17) then shows that Φk
S is a countable union and intersection of

measurable sets. So Φk
S is measurable.

According to Proposition C.1 and set theory, we only need to prove that for all k,

m(Φk
S) = 0. Consider any n ∈ N, from property (i) of Proposition C.2, for any

integer k > 0, M̃n(Φk
S) ⊂ (Ω

x[n]
0 − kj) ∪ Ω

x[n]
1 . The two sets (Ω

x[n]
0 − kj) =

{
(u1, u2) :

u2 < tx[n](u1) − k
}

and Ω
x[n]
1 =

{
(u1, u2) : u2 ≥ tx[n](u1)

}
are disconnected because

tx[n](u) is a continuous function. Therefore, any connected subset Sc of M̃n(Φk
S) is

by necessity included either in (Ω
x[n]
0 − kj) ⊂ Ω

x[n]
0 or in Ω

x[n]
1 . As a consequent, there

exists i ∈ {0, 1} such that Sc ∈ Ω
x[n]
i . One easily finds the same result as if k < 0.

Consider a given nonzero integer k. Since tx[n](u) is continuous for all n, Ω
x[n]
0 and Ω

x[n]
1

are measurable. From property (ii) of Proposition C.2 and the fact S is measurable,

Φk
S is measurable. In other words, m(Φk

S) ≥ 0. Assume that m(Φk
S) > 0. We must
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be able to find one nonempty open ball R ⊂ Φk
S. Since R is a connected set, there

exists i0 ∈ {0, 1} such that R ∈ Ω
x[0]
i0

. Suppose that M̃n(R) has been proven to be

a connected nonempty open set at some n ≥ 0. Since M̃n(R) ⊂ M̃n(Φk
S), there

exists in ∈ {0, 1} such that M̃n(R) ⊂ Ω
x[n]
in

. Then, M̃n+1(R) is the transformation of

M̃n(R) by Min , which is an affine mapping. So M̃n+1(R) is a connected nonempty

open set.

In this induction, we have proved that M̃n(R) is either a subset of Ω
x[n]
0 or a subset of

Ω
x[n]
1 for each n ∈ N. Then, for any given w ∈ R2, w ∈ R2 ⊂ (Ω

x[n]
0 )2∪(Ω

x[n]
1 )2 = Π

x[n]
0

for all n ∈ N. Since M̃n(R) ⊂ Sn is bounded, w satisfies the conditions of Proposition

5.2.1, which implies that d1(w) = 0. We may conclude that (R)
1

is a constant. But

this is impossible since R is a nonempty open set. To avoid this contradiction, for

any k ∈ Z \ {0}, m(Φk
S) must be 0. This with (15) follows that pu(ΦS) is of zero

measure.

E.4 Proof of Theorem 5.2.3

Consider w ∈ Y↑S, d(w) = kj where k is some positive integer. Since all threshold are

continuous functions, if pu(w) ∈ Ω
x[0]
1 then pv(w) = pu(w) + kj ∈ Ω

x[0]
1 . Therefore,

w /∈ Π
x[0]
−1 . So w ∈ Π

x[0]
0 ∪ Π

x[0]
1 . Then from (5.9), d(Mxw) = d(w) − ki where

k ∈ {0, 1}. When k = 0, d(Mxw) = d(w) ∈ {0} × Z and when k = 1, d(Mxw) =

d(w)− i ∈ Z− × Z. This implies that Mxw ∈ Y↑S ∪ Y−S .

Next, consider w ∈ Y↑S ∩ Y−S . Assume that M̃nw ∈ Y↑S ∩ Y−S for all n ∈ N. Then

d1(M̃nw) ≤ 0 for all n ∈ N. According to (5.9), d2(M̃n+1w) = d2(M̃nw)+d1(M̃nw).

The sequence d2(M̃nw) is then non-increasing with n. Now, whenever M̃nw ∈ Y−S ,
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d1(M̃nw) ≤ −1. Consider the set N :=
{
n ∈ N : M̃nw ∈ Y−S

}
. If it is infinite,

the sequence d2(M̃nw) will by necessity diverge to −∞, which is impossible since

d2(M̃nw) = (M̃nv)
2
− (M̃nu)

2
> −ξ. Assume now that N is finite and call n1 its

largest number. Then for all n > n1, M̃nw ∈ Y↑S which implies that d1(M̃nw) = 0.

According to (5.9), because d1(M̃nw) keeps same value, we conclude that M̃nw ∈

Π0 for all n > n1. But this is impossible since w /∈ XS. Therefore, there exists

n ∈ N such that M̃nw /∈ Y↑S ∩ Y−S . Let us call n0 the smallest of such integers. By

necessity, M̃n0−1w ∈ Y−S (otherwise M̃n0w would belong to Y↑S ∪ Y−S , the reason

was shown in the previous paragraph). So d1(M̃n0−1w) ≤ −1. Then from (5.9),

d1(M̃n0w) ≤ 0. Now, d1(M̃n0w) must be 0 because M̃n0w /∈ Y−S . Meanwhile we

must have d2(M̃n0w) < 0, because M̃n0w /∈ Y↑S and d(w) 6= 0 (since w /∈ X0). So

M̃n0w ∈ Y↓S.

This proves (i). The proof of (ii) is similar.

E.5 Proof of Proposition 5.2.4

From Theorem 5.2.3, there exists n ∈ N such that

d(M̃nw) ∈ Y↑S ∪ Y−S ,

d(M̃n+1w) ∈ Y↓S.

According to (5.9), d(Mx(Y↑S)) ∩ d(Y↓S) = ∅. So (d(M̃nw),d(M̃n+1w)) ∈ Y−S × Y↓S.

So there exists u1 ≤ −1, u2 ∈ R and k ≤ −1 such that

d(M̃nw) = (u1, u2),

d(M̃n+1w)) = (0, k).
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Since there exists k ∈ {−1, 0, 1},M̃nw ∈ Φ
x[n]
k , according to (5.9),

u1 + k = 0,

u1 + u2 = k.

Then the only possible case is k = 1 and u1 = −1. So u2 = k + 1 ≤ 0.

This proves (i). The proof of (ii) is similar.

E.6 Proof of Theorem 5.3.1

We assume S ′ = {(u1, u2) ∈ S : u2 ≥ f(u1)}. Consider u ∈ S \ pu(X 0/
S ). Since

S ′ contains at least one tile, there exists v ∈ S ′ such that, v − u ∈ Z2. Define

w := (u,v). Then w ∈ WS \ X 0/
S . According to definitions from (5.13) to (5.14),

{X 0
S ,YS} is a partition of WS \X 0/

S . If w ∈ X 0
S , there exists n such that Mnu = Mnv,

the proposition is clearly true. We assume w ∈ YS. According to Theorem 5.2.3

in the DC inputs case, there exists n ∈ N such that Mnw ∈ Y ↓
S . This implies that

(Mnu)2 > (Mnv)2 ≥ f((Mnv)1) = f((Mnu)1). Since Mnu ∈ S, we conclude that

Mnu ∈ {(u1, u2) ∈ S : u2 ≥ f(u1)} = S ′. Next, m(pu(X 0/
S )) = 0 is a consequent

of Proposition 5.2.2 when positively invariant set S satisfies all conditions in the

proposition.

Similarly, we can prove the theorem in the case S ′ = {(u1, u2) ∈ S : u2 < f(u1)}.

Therefore, the theorem is proven.

F Proofs for propositions of Chapter 6

F.1 Proof of Proposition 6.1.1

We first introduce a proposition to show where p is located.
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Proposition A.1 The point p defined in (6.3) belongs to H1 which is determined by

h, where h is defined in (3.20), and h i := pi, where pi is defined in (3.16).

Proof: According to (6.3) and (2.14), we have

(p)
1

= −(s− 1)x0,

(p)
2

= −(s− 1)(p1 − x1).

It follows from (3.20), (3.33), (2.14) and writing s = 5
2

+ ζ, we find

h1(p)−h0(p) = 1
4
(4s2−6s+1)x+ 1

4
(2s2−7s+5) = 1

4
(4ζ2 +14ζ +11)x+ 1

4
(2ζ2 +3ζ).

Under Conditions 2.4.4 and 6.1.2, x ≥ 0 and ζ > 0. So h1(p) − h0(p) > 0. Hence

p ∈ H1.

Since p ∈ H1, we just need to prove h1(p) > `h . Since δ = 0, from (3.65), (3.62), and

(3.64), We have `h = max(h0(b0), h0(a1)). By using (3.41) and replacing s by 5
2

+ ζ,

we find that

h1(p)− h0(b0) = f1(x, ζ) := 1
2(6ζ+11)2

(a1 x2 + b1 x + c1)

h1(p)− h0(a1) = f2(x, ζ) := 1
2
(a2 x2 + b2 x + c2)

where the coefficients ai, bi and ci are functions of ζ as described in the following

table.

i ai bi ci

1 −(16ζ4+96ζ3+212ζ2+208ζ+77) 16ζ4+112ζ3+240ζ2+196ζ+50 12ζ4+48ζ3+65ζ2+30ζ

2 −(ζ2 + 3ζ + 2) ζ2 + 5ζ + 5 1
4(3ζ2 + 5ζ)

Under Condition 6.1.2, ζ > 0. One can see by direct inspection that ai < 0 and

ci > 0 for both i = 1, 2. So for any given ζ > 0, fi(x, ζ) is a quadratic functions

of x of negative curvature. Given that x ∈ [0, 1
2
) from Condition 2.4.4, fi(x, ζ) ≥

min
(
fi(0, ζ), fi(

1
2
, ζ)

)
. We already have fi(0, ζ) > 0 since ci > 0. Finally, we find

that f1(
1
2
, ζ) = 2

(6ζ+11)2
(4ζ4+20ζ3+33ζ2+19ζ+23

16
) > 0 and f2(

1
2
, ζ) = 1

2
(ζ2+3ζ+2) > 0.



Appendix 119

F.2 Proof of Proposition 6.2.1

We first prove the following propositions.

Proposition B.2

M0(R0 ∩ Ω1
1) ⊂ Ω1

1, (18)

where Ω1
1 := M1(Ω1).

Proof: Consider any u ∈ Ω1
1 such that u1 ≥ (p)1. With (6.3), since T 1 has more

positive slope than M−1
0 (T 1), u ∈ M−1

0 (Ω1
1). Then M0u ∈ Ω1

1. To prove (18), then one

just needs to show that

inf
(
(R0 ∩ Ω1

1)1

)
= (p)1. (19)

Clearly, R0 ⊂ Gh(p). So R0∩Ω1
1 ⊂ Gh(p)∩Ω1

1. Since p ∈ H1 according to Proposition

A.1, h(p) = h1(p), so p ∈ ∂Gh(p). Since ∂Gh(p) is a concave parabola and T 1 is

a straight line, the u1 projection of set Gh(p) ∩ Ω1
1 is bounded by the projection of

their intersections. Note from (6.3) that p ∈ T 1. So ∂Gh(p) ∩ T 1 is of the form

{p,q}, where q may or may not be distinct from p. A point u = (u1, u2) belongs

to {p,q} if and only if h1(u) = h1(p) and u2 = −(s − 1)(u1 − x1). By applying

(3.31), we find that u1 satisfies the second degree equation 1
2
u2

1 + x1(s− 3
2
)u1 + c = 0,

where c is some constant. Since (p)1 and (q)1 are the two roots of this equation,

1
2

(
(p)1 + (q)1

)
= −x1(s− 3

2
) > 0. But from (3.41), (p)1 = (1− s)x0 < 0. So p is the

left intersection, which implies (19).

Proposition B.3 The set R0 ∩ Ω1
1 is positively invariant by M.
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Proof:

Now we prove Proposition B.3. First of all R0 is positively invariant: M(R0) ⊂ R0.

So all we need to prove is that

M(R0 ∩ Ω1
1) ⊂ Ω1

1.

Next, from the definition of M in (2.21),

M(R0 ∩ Ω1
1) = M1(R0 ∩ Ω1

1 ∩ Ω1) ∪M0(R0 ∩ Ω1
1 ∩ Ω0). (20)

Since

R0 ∩ Ω1
1 ∩ Ω1 ⊂ Ω1 ⇒ M1(R0 ∩ Ω1

1 ∩ Ω1) ⊂ Ω1
1,

and

R0 ∩ Ω1
1 ∩ Ω0 ⊂ R0 ∩ Ω1

1 ⇒ M0(R0 ∩ Ω1
1 ∩ Ω0) ⊂ M(R0 ∩ Ω1

1),

with Proposition B.2, two subsets in the right hand side of (20) are subset of Ω1
1.

Hence the proposition is proven.

We now prove Proposition 6.2.1. For simpler notation, let us write Ge = G. Using

(6.7) and (2.16), we have

M1(G) = G, M0(G) = G+i and M1

(
M0(G)

)
= G+Li = G+i+j ⊂ G+i = M0(G).

From (6.9), it is also clear that

M0(Ω
1
1) ⊂ G.
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By applying all of these relations, together with (18), we have

M0(R1) ⊂ M0(R0 ∩ Ω1
1) ⊂ Ω1

1,
M0(R1) ⊂ M0(Ω

1
1) = M0(Ω

1
1) ⊂ G,

M0(R1) ⊂ M0(G),

M1(R1 ∩ Ω1) ⊂ M1(Ω1) = Ω1
1,

M1(R1) ⊂ M1(G) = G,
M1(R1) ⊂ M1

(
M0(G)

) ⊂ M0(G).

It follows that

M(R1) = M0(R1 ∩ Ω0) ∪M1(R1 ∩ Ω1) ⊂ Ω1
1 ∪G ∪M0(G).

Since R0 is positively invariant, we have the additional trivial inclusions M(R1) ⊂

M(R0) ⊂ R0. This completes the proof of the proposition.

F.3 Proof of Proposition 6.2.2

We start with the following preliminary property.

Proposition C.4 For all u ∈ R2 ∩ Ω0, (u)
1

< (d)
1
.

Proof: From (6.8) and (6.11),

R2 ∩ Ω0 ⊂ R1 ∩ Ω0 ⊂ Ω1
1 ∩G ∩ Ω0. (21)

Using the explicit descriptions of T and G,

∀u ∈ G ∩ Ω0, (u)
1

< (d)
1

or (u)
1

> −2x1(s− 1
2
)− (d)

1

But with the explicit expression of T and T 1,

∀u ∈ Ω1
1 ∩ Ω0, (u)

1
< −(s− 1)x1

With Conditions 2.4.4 and 6.1.2,

−(s− 1)x1 < −2x1(s− 1
2
)− (d)

1
.

So when u ∈ R2 ∩ Ω0, we obtain (u)
1

< (d)
1

due to (21).

We now prove Proposition 6.2.2. Consider a given u ∈ R2 ∩Ω0. There are two cases.
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Case 1: (u)
1

< (b0)1
. From (3.31), h1(M0u)−h1(u) = u1+

1
2
x0. Since (b0)1

= −1
2
x0,

then h1(M0u) < h1(u) ≤ e′, since u ∈ Ge′ .

Case 2: (u)
1
≥ (b0)1

. By Proposition C.4, there exists θ ∈ [0, 1) such that (u)
1

=

(1− θ)(b0)1
+ θ(d)

1
. Since b0,d ∈ T , the point uT := (1− θ)b0 + θd ∈ T . Since

(uT )
1

= (u)
1

and u ∈ Ω0, then u = uT − dj with d > 0 . Then M0u = M0uT − dj

according to (2.18). Now, M0uT = (1 − θ)M0b0 + θM0d. On the one hand

h1(M0d) = h1(c) ≤ e′. On the other hand, since b0 ∈ L0, then h1(M0b0)−h1(b0) =

0 according to (3.31), which implies that h1(M0b0) = h1(b0) ≤ e′. By convexity

of h1, h1(M0uT ) ≤ e′. Finally h1(M0u) = h1(M0uT )− d < e′.

We have thus shown that M0(R2 ∩Ω0) ⊂ Ge′ . Meanwhile, M1(R2 ∩Ω1) ⊂ M1(Ge′) =

Ge′ since Ge′ is invariant by M1. So globally M(R2) ⊂ Ge′ . Finally, M(R2) ⊂ M(R1) ⊂

R1 since R1 is positively invariant. So M(R2) ⊂ R1 ∩Ge′ = R2.

F.4 Proof of Proposition 6.3.2

Proposition D.5 For any bounded set S, let us define |S|1 := sup
u∈S

|u1|. Then, for

any d > 0,

|Qd(G)|1 = 1
2
x0 − dx1. (22)

Proof: Because of the structure of Qd(G) given in (6.14), the value |Qd(G)|1
is attained by |u1| where u is a point of ∂(G−1,1 ∪ G ∪ G0,1) ∩ ∂G0,d. Since ∂G

and ∂G0,d have no intersection, u must belong to (∂G−1,1 ∪ ∂G0,1) ∩ ∂G0,d. Now,

u ∈ ∂(G+v)∩∂(G+v′) if and only if both u−v and u−v′ belong to G. This implies that

h1(u−v) = h1(u−v′). By applying (3.31), we find that u1 = v1 + v′1 +x1 +2x1
v′2−v2

v′1−v1
.
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With v′ = (0, d) and any v ∈ {
(−1, 1), (1, 0)

}
, we find |u1| = 1

2
x0 − dx1, using the

relation x0 = x1 + 1 resulting from (2.14).

Proposition D.6 Let us define the set

K :=
{
(0, 0), (−1, 0), (0,−1), (1,−1)

}
. (23)

For any d ∈ [0, 2] and k ∈ Z2 \K, Q1(G) ∩ (Qd(G) + k
)

= ∅.

Proof: Define the set N :=
{
(−1, 1), (0, 0), (1, 0)

}
. Consider any n ∈ N and

c ≥ 1. By successively using (6.14), (6.6) and (6.14) again, we have,

Qd(G) ⊂ G + n ⊂ (G + j)− cj + n ⊂ Q1(G)− cj + n. (24)

Meanwhile, since d ≤ 2, we obtain using the same successive properties,

Q1(G) ⊂ G + n ⊂ (G + dj)− j− cj + n ⊂ Qd(G)− cj + (n− j). (25)

Now (24) can be rewritten as

Q1(G) ⊂ Qd(G) + cj− n. (26)

By restricting c to be an integer and by noticing that (N − j)∪ (−N) = K, (25) and

(26) can be easily proven to imply

Q1(G) ⊂ Qd(G) + k, (27)

for all k ∈ ({−, 1, 0, 1} × Z) \K. Meanwhile, we also have Qd(G) ∩ (Q1(G)+k
)

= ∅

with any vector k such that |k1| > |Qd(G)|1 + |Q1(G)|1. Using (22),

|Qd(G)|1 + |Q1(G)|1 ≤ x0 − (d + 1)x1 = (2− d)x + d
2
≤ 3

2

due to the inequalities 1 < d ≤ 2 and x < 1
2
. So we also have (26), for all k ∈ Z2

such that |k1| ≥ 2. We conclude that (26) is true for all k ∈ Z2 \K.
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We now prove Proposition 6.3.2. By Proposition D.6,

T (Qd(G)
) ⊃ T (Qd(G)

) ∩Q1(G) =
⋂

k∈Z2\{0}

(Qd(G) + k
) ∩Q1(G)

=
⋂

k∈K\{0}

(Qd(G) + k
) ∩Q1(G)

⊃
⋂

k∈K\{0}

(
G0,d + k

) ∩Q1(G), (28)

since Qd(G) ⊂ G0,d. Note that Q1(G) =
⋂

k∈K\{0}

(
G0,1 + k

) ∩ G0,1 and G0,d ⊂ G0,1.

Then

⋂

k∈K\{0}

(
G0,d + k

) ∩Q1(G) =
⋂

k∈K\{0}
(G0,d + k) ∩G0,1

=
( ⋂

k∈K\{0}
(G0,1 + k) ∩G0,2−d

)
+ (d− 1)j

= Q2−d(G) + (d− 1)j. (29)

F.5 Proof of Proposition 6.3.3

With (6.12) and the inequality −x1 > 0, e′−e
−x1

< 2 if and only if

h1(c)− e + 2x1 < 0 and h1(b0)− e + 2x1 < 0. (30)

Let us evaluate e. Since T 1 ⊂ Ω1
1, it is clear from (6.9) that e ≤ min

v∈M0(T 1)
h1(v).

Meanwhile, for any u ∈ Ω1
1, there exists d > 0 such that u − dj ∈ T 1. With (2.18)

and (3.31), we have min
v∈M0(T 1)

h1(v) ≤ h1(M0(u − dj)) = h1(M0u) + dx1 ≤ h1(M0u).

Since this is true for any u ∈ Ω1
1, this proves that e = min

v∈M0(T 1)
h1(v). By applying

(6.1), (3.33) and (3.31), we find for all u ∈ M0(T
1) that h1(u) = f(u1) where

f(u1) := 1
2
u2

1 + (s− 5
2
)x1 u1 +

(
(2− s)x1 + 2(25

16
− s)x2

1

)
.

By trivial derivation of the minimum a second degree polynomial, we find

e = min
u1∈R

f(u1) = (2− s)x1 + 1
2
(1− s)s x2

1. (31)
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We recall from (6.10) that c = M0d where d is the point of ∂Ge ∩ T of minimal

abscissa. So d = (d1, d2) satisfies d2 = −s d1 with h1(d) = e. By applying (3.31), we

look for the smallest solution to the equation 1
2
(d1 − 1

2
x1)

2 + x1sd1 = e and find

d1 = −x1(s− 1
2
)−

√
−2x1(s− 2). (32)

Then, h1(c)− e = h1(M0d)− h1(d) = d1 + 1
2
x0 as a result of (3.31) with i = 0. With

(32) and (2.14),

h1(c)− e + 2x1 = −(x1s)−
√

4x1 − 2(x1s) + 3x1 + 1
2
.

Meanwhile, by trivial derivation of the minimum a second degree polynomial, we find

e = min
u1∈R

f(u1) = (2− s)x1 + 1
2
(1− s)s x2

1. (33)

Then the expression of h1(b0) from (3.41) and the relation x = x1 + 1
2
,

h1(b0)− e + 2x1 = 1
2

(
(x1s)

2 + (1− 2x1)(x1s) + (x1 + 1
2
)2

)
.

The two second inequalities of (30) are then respectively equivalent to

x1 − 1
2
−√−2x1 < x1s < x1 − 1

2
+
√−2x1,

3x1 − 1
2
−√−2x1 < x1s < 3x1 − 1

2
+
√−2x1.

Since 3x1 < x1, this system of inequalities reduces to

x1 − 1
2
−√−2x1 < x1s < 3x1 − 1

2
+
√−2x1.

After writing x1 = x − 1
2
, we obtain s1(x) < s < s2(x) where s1(x) and s2(x) are

given in (6.17).
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F.6 Proof of Proposition 6.3.2

Proposition F.7 Define

B :=
⋃

i∈Z
(G + ki) where ∀i ∈ Z, ki :=

{
(i, 1), i ≤ −1
(i, 0), i ≥ 0

(34)

Then, for any d ∈ [1, 2],

B ∩B0,d ⊂
⋃

i∈Z

(Qd(G) + ki

)
. (35)

Proof: Take any u ∈ B ∩B0,d. Since u ∈ B,

∀j ∈ Z, u ∈ G + kj. (36)

Case 1: u ∈ G0,d. Then, by applying (36) with j = −1, 0, 1, one easily finds from

(6.14) that u ∈ Qd(G) = Qd(G) + k0.

Case 2: u ∈ G0,d = G0,d + k0. Since u ∈ B0,d, there exists i ∈ Z such that u ∈

G0,d +ki. Because the second component of ki is upper bounded and the function

g1(u1) is strictly decreasing when u1 > 1
2
x1, there actually exists a smallest integer

i such that u ∈ G0,d + ki. On the one hand i 6= 0 by assumption, and on the

other hand, u ∈ G0,d + ki−1. Now, ki−1 = ki + (−1, 0) from (34) and G0,d ⊂ G0,1

from (6.6). So u ∈ G−1,1 + ki. From (36), u ∈ G + ki+1. When i 6= −1,

ki+1 = ki + (1, 0). So u ∈ G1,0 + ki. When i = −1, this last relation is also true

since u ∈ G0,d ⊂ G0,1 = G1,0 + k−1 since k−1 = (−1, 1). Finally, (36) implies

u ∈ G + ki. We have thus verified all the conditions required by (6.14) to have

u ∈ Qd(G) + ki.
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Given (28) and (29), we only need to prove that

T (Qd(G)
) ⊂

⋂

k∈K\{0}

(
G0,d + k

) ∩Q1(G). (37)

For any u ∈ R2, there exists a smallest integer n such that u ∈ B0,n+1, implying that

u ∈ B0,n. Then R2. By applying (35) at d = 1, we find that

R2 ⊂
⋃

n∈Z
(B0,n ∩B0,n+1) ⊂

⋃

i∈Z,n∈Z

(Q1(G) + ki + nj
)

=
⋃

k∈Z2

(Q1(G) + k
)

= Q1(G) ∪ T (Q1(G)).

Since Q1(G) ⊂ Qd(G), then T (Qd(G)) ⊂ T (Q1(G)) ⊂ Q1(G).

Next, one can easily show that

⋃

k∈K\{0}
(G0,d + k) ⊂ B0,d−1 =

⋃

n∈N∗
(B0,d−1 ∩B0,d)− nj

⊂
⋃

n∈N∗
(B ∩B0,d)− nj ⊂

⋃

i∈Z,n∈N∗

(Qd(G) + ki − nj
)
,

where the last inclusion was obtained from (35). Note that for all i ∈ Z and n ∈ N∗,

ki − nj 6= 0. This implies that
⋃

k∈K\{0}
(G0,d + k) ⊂ T (Qd(G)). This proves (37).

G Proofs for propositions of Chapter 7

G.1 Bounded solution of (7.3)

By writing y[n] = (y1[n], y2[n])>, it is easy to see that (7.3) is equivalent to

y1[n+1]− y1[n] = x̃[n]
y2[n+1]− y2[n] = y1[n].

(38)

Assume that x̃[n] = a cos(ωn + θ), y1[n] = a′ cos(ωn + θ′) and y2[n] = a′′ cos(ωn +

θ′′). By mere application of the trigonometric formula cos(β) = − cos(β + π) and

cos(α)+cos(β) = 2 cos(a+b
2

) cos(a−b
2

), one easily finds that (38) is true if and only if
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2a′ cos(ω−π
2

) = a, ω+π
2

+ θ′ = θ, 2a′′ cos(ω−π
2

) = a′ and ω+π
2

+θ′′ = θ′. This is equivalent

to a′ = a
2 cos(ω−π

2
)

= −a
2 sin(ω/2)

, a′′ = a
4 sin2(ω/2)

, θ′ = θ − ω+π
2

and θ′′ = θ − ω − π. The

general result of (7.4) is simply obtained by linear combination of solutions.



129

Bibliography

[1] S.R.Norsworthy, R.Schreier, and G.C.Temes, eds., Delta-sigma data converters:
theory, design and simulation. IEEE Press, 1996.

[2] R. M. Gray, “Oversampled Sigma-Delta Modulation,” IEEE Trans. Communi-
cations, vol. COM-35, NO. 5, MAY 1987.

[3] R. Schreier, “G. Temes. Understanding Delta-Sigma Data Converters.” ISBN
0-471-46585-2.

[4] R. Schreier, “Delta-sigma toolbox,” available on:
http://www.mathworks/matlabcentral/fileexchange.

[5] N.Rouche, P.Habets, and M.Laloy, “Stability theory by liapunov’s direct
method.” Springer-Verlag, 1977.

[6] R. M. Gray, “Spectral analysis of quantization noise in a single loop sigma-delta
modulator with dc input,” IEEE Trans. Commun., vol. 37, pp. 588-599, June
1989.

[7] Max W. Hauser, “Principles of Oversampling A/D Conversion,” J. Audio Eng.
Soc., Vol. 39, No. 1/2, pp. 3-26, 1991 January/February.

[8] Feely, O. “Nonlinear dynamics of sigma-delta modulation,” Circuits and Sys-
tems, Proceedings of the 34th Midwest Symposium on Volume, Issue, 14-17 May
1991, vol.2, pp. 760-763, 1991.

[9] S. Pinault and P. Lopresti, “On the behavior of the double-loop sigma delta
modulator,” IEEE Trans. Circuits Systems II, vol. 40, pp. 467-479, 1993.

[10] Delchamps, D.F., “Nonlinear dynamics of oversampling A-to-D converters,”
Proceedings of the 32nd IEEE Conference on 15-17 Dec. Decision and Control,
Page(s):480 - 485 vol.1, 1993.

[11] S. Hein and A. Zakhor, “On the stability of sigma delta modulators,” IEEE
Trans, SP, vol. 41, pp.2322-2348, 1993.

[12] Hongmo Wang, “Σ∆ modulation from the perspective of nonlinear dynamics,”
Circuits and Systems. ISCAS ’92. Proceedings., IEEE International Symposium
on, vol.3, pp.:1296 - 1299,3-6 May 1992



130 Bibliography

[13] Hongmo Wang, “On the stability of third-order sigma-delta modulation,” IS-
CAS, pp.1377-1380, 1993.

[14] N. T. Thao, “Deterministic Analysis of Oversampled A/D Conversion and Sigma-
Delta Modulation, and Decoding Improvements using Consistent Estimates,”
1993. PhD dissertation, Department of Electrical Engineering, Columbia Uni-
versity.

[15] P. Steiner, W. Yang, “Stability analysis of the second order Σ∆ modulator,”
IEEE International Symposium, Circuits and Systems, ISCAS ’94. vol.5, pp.365
- 368, 30 May-2 June 1994.

[16] B. Zhang, M.V. Goodson, R. Schreier, “Invariant sets for general second-order
lowpass delta-sigma modulators with DC inputs,” Proceedings of the ISCAS, pp.
1-4, 1994.

[17] Orla Feely, “Theory of lowpass and bandpass sigma-delta modulation,” 1995
The Institution of Electrical Engineers, Printed and published by the IEE, Savoy
Placce, London WC2R 0BL, UK.

[18] M.V. Goodson, B. Zhang, R. Schreier, “Proving stability of delta-sigma modula-
tors using invariant sets,” Circuits and Systems. ISCAS ’95., IEEE International
Symposium on, vol.1 , pp. 633 - 636, 28 April-3 May 1995

[19] O. Feely, D. Fitzgerald, “Bandpass sigma-delta modulation-an analysis from the
perspective of nonlinear dynamics,” Circuits and Systems. ISCAS ’96., IEEE
International Symposium on, vol.3, pp.146 - 149 ,12-15 May 1996

[20] R. Schreier, M.V. Goodson, B. Zhang, “An algorithm for computing convex pos-
itively invariant sets for delta-sigma modulators,” IEEE Trans. Circuits Systems
II, pp. 38-44, 1997.

[21] Ronan Farell and Orla Feely, “Bounding the Integrator Outputs of Second-Order
Sigma-Delta Modulators,” IEEE Trans. Circuits and Systems II, Vol. 45, NO.
6, pp.691-702, JUN 1998.

[22] Alexey Teplinsky, Orla Feely and Alan Rogers, “Phase-Jitter Dynamics of Digital
Phase-Locked Loops,” IEEE Trans. Circuits and Systems I, Vol. 46, NO. 5,
pp.545-558, MAY 1999.

[23] Alexey Teplinsky and Orla Feely, “Phase-Jitter Dynamics of Digital Phase-
Locked Loops: Part II,” IEEE Trans. Circuits and Systems I, Vol. 47, NO. 4,
pp.458-473, MAY 2000.
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