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ABSTRACT
ESSAYS ON INTERNATIONAL CAPITAL ASSET PRICING
by

Hengyong Mo

Adyvisor: Professor Liuren Wu

Essayl: We study the risk dynamics and pricing in international economies through a joint
analysis of the time-series returns and option prices on the S&P 500 Index of the United
States, the FTSE 100 Index of the United Kingdom, and the Nikkei-225 Stock Average
of Japan. We develop an international capital asset pricing model, under which the re-
turn on each equity index is decomposed into a global component and a country-specific
component. Both components are controlled by separate volatility processes. For each
economy, separate market prices are assigned for the two return risk components and the
two volatility risk components. Model estimation reveals several interesting insights. First,
global and country-specific return and volatility risks show different dynamics. Global re-
turn movements contain a larger discontinuous component, and global return volatility is
more persistent than the country-specific counterparts. Second, investors charge positive
prices for global return risk and negative prices for volatility risk, suggesting that investors
are willing to pay positive premiums to hedge against downside global return movements
and upside volatility movements. Third, the three economies contain different risk profiles
and also price risks differently. Japan contains the largest idiosyncratic risk component and
smallest global risk component. Investors in the Japanese market also price more heavily

against future volatility increases than against future market downfalls.

Essay2: We study the pricing of illiquid cross exchange rate options by identifying sto-
chastic discount factors embedded in currency triangles. We develop dynamic models of
stochastic discount factors, under which the stochastic discount factor in each economy is
decomposed into a global diffusion risk component and a country-specific jump-diffusion

risk component. Separate stochastic time changes are further applied to the two com-



v

ponents so that stochastic volatilities can come separately from both global and country-
specific risks. We propose to identify both the global and the country-specific risks for
three economies using options on the three currency pairs that form a currency triangle.
Then, by incorporating options on any other currency pair that links to one of the three
economies, we can also identify the country-specific risk dynamics in the fourth economy

and thus price options on currency pairs that involve the fourth economy.
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Part I

International Capital Asset Pricing:

Evidence form Options



1.1. Introduction

In a world with different degrees of integration, how risks are priced? Do investors price
global risks the same as they price country-specific risks? Given the predominant evidence
on stochastic volatility, how are the volatility risks priced? Are the global and country-
specific return risks driven by different volatility dynamics? Are the volatility risks associ-
ated with different return risks priced differently? How do investors in different economies
price these risks differently? In this paper, we address these questions through an integrated
analysis of the time-series returns and option prices on three equity indexes underlying
three economies: the S&P 500 Index of the United States (US), the FT'SE 100 Index of the
United Kingdom (UK), and the Nikkei-225 Stock Average of Japan.

Traditional literature on international capital asset pricing studies the behavior of risks
and risk premiums using mainly regression analysis on stock portfolio returns. More re-
cently, accompanying the rapid expansion of the derivatives market and the theoretical
progress in option pricing is the realization that options contain important information
about the underlying security return dynamics and about the pricing of various sources
of risks. Each index level represents a point estimate of its mean value, but the prices of
options across the whole spectrum of strikes and maturities provide a complete picture of
the risk-neutral distribution of the underlying equity index across all possible realizations
and conditioning horizons. A joint analysis of equity index returns and index options re-
veals important information about how various sources of risks are priced on the index. In
this paper, we exploit the rich information content in option prices underlying three equity
indexes and study the risk dynamics and market pricing in the three economies under a

dynamically consistent international asset pricing framework.

We build an international capital asset pricing model, under which the return on each
equity index is decomposed into a global risk component and a country-specific risk com-
ponent, with each component modeled as a jump-diffusion process to capture both the
continuous and discontinuous movements in the equity index. Furthermore, we apply sep-

arate stochastic time changes to the two jump-diffusion return risk components so that



stochastic volatility can come separately from both global and country-specific risks. For
each economy, we assign separate market prices for the two return risk components and
the two volatility risk components in each index. Under this model specification, we derive

tractable solutions for the index option values and the likelihood of the index returns.

We estimate the model using six and a half years of data from January 1996 to August
2002 on the time-series returns and option prices on the three equity indexes. At each
date and on each index, we have 20 over-the-counter options quotes at four maturities
and five strike levels. For the model estimation, we cast the option pricing model into a
state-space form, define the state-propagation equation according to the dynamics of the
four variance rates (one global and three country-specific) underlying the three economies,
and define the measurement equations based on the 60 option series underlying the three
indexes. We use an extended version of the Kalman filter to obtain the ex-ante forecasts
and ex-post updates on the conditional mean and variance of the four state variables and
60 measurement series. We then construct the likelihood function on the 60 option series
assuming normal forecasting errors. Furthermore, given the variance rates filtered from
the option series, we construct the likelihood on the three return series using fast Fourier
inversion of the conditional characteristic function of the index returns. We estimate the
model parameters by maximizing the sum of the likelihood values from the options and the

index returns.

Model estimation reveals several interesting results on the risk dynamics and market
pricing among the three economies. First, global and country-specific return and volatility
risks show different dynamics. The global return risk component contains a larger propor-
tion of discontinuous movements, especially large downside jump movements, than does
the country-specific return risk component, suggesting that large downside movements are
more likely to exhort a global impact whereas small diffusive movements are more likely to
be local fluctuations. Furthermore, the global and country-specific risks are driven by dif-
ferent volatility dynamics. The variance rate underlying the global risk component is more

persistent than the variance rates underlying the country-specific risks, suggesting that it is



more difficult to predict global risk variations than country-specific risk variations.

Second, investors price return risk and volatility risk differently. The market prices of
the global return risk are positive, but the market prices on both global and country-specific
volatility risks are highly negative, suggesting that investors are willing to pay positive
premiums to hedge against downside global return movements and upside volatility move-

ments. The market prices of country-specific return risks vary across the three economies.

Finally, cross-sectional comparison shows that the three economies contain different
risk profiles and also price risks differently. Japan contains the largest idiosyncratic risk
component and smallest global risk component. Investors in the Japanese market also price
more heavily against future volatility increases than against future market downfalls.

In related literature, there is a long list of theoretical and empirical works on inter-

national capital asset pricing.!

The theoretical literature often specifies a linear relation
between the expected excess returns on a stock or a stock portfolio and its exposures to
various risk factors in the international economies. Empirical works focus on estimating
these linear relations using stock portfolio returns. In contrast, we develop an international
capital asset pricing model that accommodates both continuous and discontinuous move-
ments, and generates separate stochastic volatilities from two risk sources. We relate these
different sources of risks and their market prices to option prices on stock indexes. The
relations are highly nonlinear, but nevertheless analytically tractable. Relying on the rich
information in a large cross section of option prices, we can achieve a better distinction
and identification on different sources of risks and their market pricing. Therefore, our key

contribution to the literature is to advocate the use of the large cross sections of options data

in answering questions in international capital asset pricing and to propose a dynamically

'Prominent examples include Solnik (1974), Subrahmanyam (1975), Grauer, Litzenberger, and Stehle
(1976), Adler and Dumas (1983), Errunza and Losq (1985), Harvey (1991), Chan, Karolyi, and Stulz (1992),
Ferson and Harvey (1993), Bekaert and Harvey (1995), Dumas and Solnik (1995), Basak (1996), De Santis
and Gerard (1997), Fama and French (1998), De Santis and Gerard (1998), Cavaglia, Hodrick, Vadim, and
Zhang (2002), Carrieri, Errunza, and Majerbi (2004), Zhang (2006), and Bali and Wu (2005). Also refer to
Karolyi and Stulz (2003) for an excellent survey.



consistent theoretical framework for doing so.

In a related working paper, Driessen and Maenhout (2004) also use options on the three
equity indexes to study the volatility and jump risks in an international setting. Similar to
us, they also emphasize the importance of the information content in options. Unlike us,
they adopt a more traditional approach in performing the risk-return analysis. They use
returns on at-the-money straddles to proxy what they refer to as the “crash-neutral volatil-
ity” and returns on out-of-the-money put options with a 0.96 strike-to-spot ratio to proxy
jump risks. Then, they use regression analysis to study how these proxy risk factors are
priced. Our structural modeling approach is complementary to their linear approximation.
In particular, by building and estimating a structural model, we explicitly exclude arbitrage
opportunities and hence guarantee the dynamic and cross-sectional consistency among all
option prices. As a result, we can make full use of the large cross sections of options data
and include all of them in our estimation, rather than choosing only one or two of them as
risk proxies while discarding the others. Furthermore, our risk factors have more explicit
economic meanings and their nonlinear impacts on index returns and option prices are fully

revealed through the estimated model parameters.

The important information content in the options market has also been exploited in a
single economy context. Several recent papers study the stock index return dynamics and
the market price of risks using time-series returns and options on the S&P 500 index, e.g.,
Jackwerth and Rubinstein (1996), Bakshi, Cao, and Chen (1997), Bates (2000), Pan (2002),
Engle and Rosenberg (2002), Bakshi, Kapadia, and Madan (2003), Bakshi and Kapadia
(2003), Eraker (2004), and Bliss and Panigirtzoglou (2004). More recently, Bakshi, Carr,
and Wu (2005) study the pricing of risks in international economies using currency returns

and currency options.

The paper is organized as follows. Section 1.2 describes the data and summarizes the
stylized evidence. Section 1.3 proposes an international asset pricing model and derives its
implications on moment conditions on index returns, risk premiums, exchange rate dynam-

ics, option pricing, as well as the conditional likelihood of time-series returns. Section 1.4



outlines the estimation strategy based on the time series of both equity index returns and
index option prices. Section 1.5 discusses the estimation results. Section 1.6 performs

specification analysis. Section 1.7 concludes.

1.2. Stylized evidence on the international equity index op-

tions markets

In this section, we describe the data set and summarize the stylized features of the interna-

tional equity index options market.

1.2.1. Data description and summary statistics

We obtain over-the-counter quotes from a major investment bank on options underlying
three major equity indexes: the S&P 500 Index of the United States, the FTSE 100 Index
of the United Kingdom, and the Nikkei-225 Stock Average of Japan. Henceforth, we label
the three indexes as SPX, FTS, and NKY, respectively. The quotes are available daily from
January 1996 to August 2002. We sample the data weekly on every Wednesday to avoid

weekday effect. Each series contains 346 weekly observations.

The same data source also provides the matching equity index level at each date. For
reference and comparison with the options behavior, we report the summary statistics of
the weekly log returns in Table 1.1 on the three equity indexes during our sample period.
The average annualized returns are fairly low during our sample period, 5.91% for SPX,
1.74% for FTS, and even negative at -10.9% for NKY. The annualized standard deviation
estimates are 18.19%, 17.24%, and 22.08% for SPX, FTS, and NKY, respectively. The
skewness estimate on SPX is significantly negative. The estimate on FTS is negative but
not statistically different from zero. The skewness estimate on NKY is positive but in-
significant. The excess kurtosis estimates on all three indexes are positive and statistically

significant, indicating that all three return distributions have thicker tails than a normal



distribution.

The options quotes are in terms of the Black and Scholes (1973) implied volatilities.
For each index and at each date, we have 20 implied volatility quotes at four fixed time-
to-maturities and five strike levels. The time-to-maturities are at one, three, six, and 12
months, and the five strike levels are at 80, 90, 100, 110, and 120% of the spot index level.
Across the three economies, we have 60 implied volatility series. To convert the implied
volatility quotes into option prices using the Black-Scholes formula, we need information
on dividend yields and interest rates. Dividend yields are provided by the same bank,
which estimates the dividend yields from the relative pricing of the spot and futures on
the equity index. For interest rates, we download from Bloomberg the LIBOR rates of the
corresponding maturities and currencies and convert them into continuously compounded

interest rates.

Table 1.2 reports the sample statistics of the implied volatility quotes. The first panel
reports the sample average of the implied volatilities at each fixed maturity and strike price
level. Across all maturities and all three indexes, the sample averages of the at-the-money
implied volatility quotes (striking at 100% spot level) are all higher than the correspond-
ing annualized standard deviation estimates from the index returns (Table 1.1). Since the
at-the-money implied volatility approximates the risk-neutral expected value of the return
volatility (Carr and Lee (2003)), the positive difference between the average implied volatil-
ity and the return standard deviation reflects negative volatility risk premia. Similar to our
statistics, several recent studies have documented negative variance risk premia on stock

indexes (Bondarenko (2004), and Carr and Wu (2004b)).

The first panel of Table 1.2 also shows that the average implied volatility at a fixed
maturity increases as the strike price decreases, generating the well-documented implied
volatility smirk pattern. The Black-Scholes model assumes a normal distribution for the
index return. The smirk shape along the strike price dimension has long been regarded as
evidence for the return distribution to be negatively skewed under the risk-neutral measure,

with the slope of the smirk reflecting the degree of skewness. Table 1.1 shows that the



skewness estimates from the time-series returns are significantly negative only for SPX,
and even become positive for NKY. In contrast, the average implied volatility smirks on
all three indexes and across all maturities are strongly negatively sloped, suggesting that
the return distribution is highly negatively skewed under the risk-neutral measure, even
through the distribution is not as highly skewed under the statistical measure. We can also
attribute the skewness differences under the two measures to risk premia.> For example,
Polimenis (2006) shows that under a representative agent model with constant relative risk
aversion on terminal wealth, the risk-neutral return distribution can be negatively skewed
even if the statistical return distribution is symmetric, as long as the return shows positive
excess kurtosis. Consistent with his argument, the excess kurtosis estimates in Table 1.1

are all significantly positive.

The implied volatility smirk pattern observed in Table 1.2 indicates that investors world-
wide pay higher premium for out-of-the-money put options than for the corresponding out-
of-the-money call options regardless of the underlying index or its geographical location.
One potential explanation for this global phenomenon is that downside movements in any
index are likely to be highly correlated with those in other markets due to worldwide conta-
gion. For example, Das and Uppal (2004) argue that large downside jumps in international
equity markets tend to occur at the same time. Since downside risk cannot be readily di-
versified by investing in different equity markets, and in aggregation the markets are long
in these stock indexes, insurance for downside movements on these indexes commands a

high premium.

For SPX and FTS, the average implied volatility level at 80 percent strike is about
twice as high as the average implied volatility level at 120 percent strike, generating a steep

smirk shape. The average implied volatility smirk on NKY is flatter. The difference in

ZPart of the differences between the statistical and risk-neutral estimates can also come from measurement
errors. For example, options could have priced in some extreme events such as market crashes, but these
events may not have happened during our sample period. In this case, the impact of these extreme events in
both volatility and higher moments shows up in the risk-neutral distribution estimated from the option prices,
but does not show up in the statistical distribution estimated from the time series sample.



slope shows up more vividly in Fig. 1.1, where we plot and contrast the average implied
volatility smirks of the three indexes at each maturity. The four panels in Fig. 1.1 represent
the four different maturities. In each panel, the dash-dotted line denotes the average implied
volatility smirk on NKY, which is visibly flatter than the average implied volatility smirk
on SPX (solid line) and FTS (dashed line). The flatter smirk on NKY implies that the risk-
neutral return distribution on NKY is less negatively skewed than the risk-neutral return

distributions on SPX and FTS.

The second panel of Table 1.2 reports the standard deviation estimates of the implied
volatility quotes, which are about 3-5% for SPX, 5-10% for FTS, and 4-7% for NKY. The
third and fourth panels report the skewness and excess kurtosis estimates of the implied
volatility quotes. These estimates are mostly small, indicating that the quotes do not ex-
perience large discontinuous updates. The last panel reports the weekly autocorrelation
estimates, which range from 0.86 to 0.98. At a fixed moneyness level, the autocorrelation

estimates tend to increase with increasing option maturities.

1.2.2. International equity index volatility co-movements

Fig. 1.2 plots the time series of the at-the-money implied volatilities. Each panel represents
one maturity. The three lines in each panel denote the three indexes. The implied volatilities
on the three indexes all show large time-variation over our sample period, from as low as
10% to as high as 50%. The strong time-variation suggests that a reasonable model for the

stock indexes should allow for stochastic volatility.

The implied volatilities all started at relatively low levels, but they all spiked up during
the hedge fund crisis in late 1998. The time series show visible co-movements between the
implied volatilities on the three indexes. Table 1.3 reports the cross-correlation estimates
on weekly changes in implied volatilities between different pairs of the three underlying
equity index at each fixed time to maturity and moneyness level. Across all maturities

and strikes, the correlations between SPX and FTS are higher than their correlations with
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NKY, indicating that the Japanese equity index options implied volatilities contain a larger
proportion of idiosyncratic movements. When we estimate the cross-correlation between
the three weekly index return series during the same sample period, we obtain an estimate
of 0.7 between SPX and FTS returns, 0.38 between SPX and NKY returns, and 0.37 be-
tween FTS and NKY returns. Hence, the Japan equity index return also contains a larger

proportion of idiosyncratic movements.

For a given pair of economies, the correlations at low strikes are stronger than those at
high strikes. Longin and Solnik (2001) document that correlations between international
equity market returns are higher in bear markets than in bull markets. Our evidence points

to similar correlation patterns in return volatilities.

To understand the factor structure in volatility co-movements, we perform principal
component analysis on weekly changes in the implied volatilities. First, we estimate the
correlation matrix between the 60 implied volatility series underlying the three indexes.
Then, we compute the eigenvalues of the correlation matrix. The normalized eigenval-
ues can be interpreted as the percentage variation explained by each principal component.
Fig. 1.3 uses the bar chart to show the percentages of variation explained by each of the first
ten principle components on the weekly implied volatility changes. The first component
accounts for over 50% of the variation in the weekly volatility changes. The contribution
from the second principal component is much lower at about 20% percent. When we link
the bars with a line to highlight the speed of decay for the explained variation, we find an

obvious slope change after the first principal component.

The literature has not arrived at a consensus criterion in determining the optimal number
of common factors in principal component analysis. Although some researchers have pro-
posed statistical tests, e.g., Connor and Korajczyk (1993), a common practice is to plot the
eigenvalues and visually inspect for slope changes. Principal components with eigenvalues
falling on different slopes represent different levels of commonality. The slope changes in
Fig. 1.3 indicate that the first principal component possesses a different level of common-

ality from the other principal components. We regard this component as a global volatility
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component. The next three principal components fall on one slope and can be regarded as
country-specific volatility components. The contribution from the remaining components
is negligible. Overall, the evidence suggests that we can use four volatility factors to model

the implied volatility movements, with one global factor and three country-specific factors.

1.3. An international capital asset pricing model

With the stylized evidence in mind, we propose an international asset pricing model, under
which each equity index return is decomposed into two orthogonal return risk components:
a global component and a country-specific component. Each component contains both
continuous and discontinuous movements. The volatilities underlying the two return risk

components are stochastic and follow separate dynamics.

Formally, we consider N economies by fixing a probability space (Q, F,IP) endowed
with a standard complete filtration F = { %|¢ > 0}. We let S! denote the time-¢ level of the
stock index in economy i, for i = 1,2, --- | N, under the local currency of economy i, and let
st = InS!/S} denote the log index return over the time horizon [0,7]. We specify the index

return dynamics as,

st = i+ (r—q')t
+Bi (W8 +Jg)q;g _ (%(51)2 +kys [Bz]) T¥ (1.1)
+HE (WEHT) ge — (58 + ke [E]) T, i=1,2,---,N,

where g denotes the conditional expected excess return (risk premium) on stock index i
over horizon [0,7] that is commensurate with the underlying risks and their market pricing
, ' denotes the instantaneous country-i interest rate and ¢’ the dividend yield of the rele-
vant maturity, both of which we assume deterministic, (W8 4 J$) denotes a global jump-
diffusion return risk factor, and (W¢+J¢) denotes an orthogonal country-specific jump-

diffusion return risk component.

To capture the stochastic variation in the index return variance and higher moments, we
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apply separate stochastic time changes Z,* and Z to the global and country-specific return
risk components, respectively. We assume locally predictable and continuous time changes

and specify them via the instantaneous activity rates v and 1¢:

t t
T8 = /0 Vds, T¢= /0 Veds. (1.2)

Under our specification in (1.2), a time-changed Brownian motion Wz is equivalent in
probability to the classic representation fé \/vsdWs. The instantaneous activity rate v; is
equivalent to the instantaneous variance rate of the Brownian motion. When we apply the
stochastic time change to a jump-diffusion Lévy process (W +J), the activity rate is also
proportional to the jump arrival rate. Thus, applying the stochastic time change is a conve-
nient way of generating stochastic volatility from both Brownian motions and jumps. We
refer interested readers to Carr and Wu (2004a) for the mathematical treatment of time-
changed Lévy processes and Wu (2006b) for a review on modeling financial security re-

turns using time-changed Lévy processes.

In equation (1.1), we use a set of scaling coefficients {B’ eRT }fvzl to capture the load-
ing of each stock index on the global risk factor. For parsimony, we also use a set of
scaling coefficients {é’ € RJF}?IZI to capture the average difference in the country-specific
risk levels across the N different economies. With these scaling coefficients, we assume
that the country-specific risk component (W¢ +J¢) e is independent but identical across
the N economies. For identification, we normalize the scaling on the SPX index in the

BSPX — ESPX

US economy to unity: = 1. Then, the scaling coefficient estimates on other

economies capture their relative differences from the US economy.

The terms following each risk component, (%(B")? +kys [B]) Z* and ($(&)% + kye [€1]) T°,
are concavity-adjustment terms, with k; [s] denoting the cumulant exponent of the Lévy

jump component J, defined as

1
kys] = ;lnE(eSJ’) ,seDcCC.
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It is the property of Lévy processes that the cumulant exponent does not depend on the time
horizon. Traditionally, the cumulant exponent is defined on the positive real half-line, but
it is convenient to extend the definition to the subsect of the complex plane D where the

expectation is well-defined.

The general model formulation in (1.1) decomposes the return of each equity index into
four risk components: a jump-diffusion global return risk component, a jump-diffusion
country-specific return risk component, and stochastic volatility risks underlying each of
the two return risk components. Through model design and estimation, we can study how
investors respond to different sources of risks in international economies. We can also
study the degree of international integration in financial markets by estimating the rela-
tive proportion of variation in the global risk component versus the country-specific risk

component.

1.3.1. Jump structure and activity rate dynamics

We specify the dynamics of both v§ and v¢ as following square-root processes,
dvf = K (8 —vf)dt +0e\/vEdZE, Ve =, (8. —VE)dt + o \/VdZE, (1.3)

where (K,,%.) control the mean-reversion speeds of the activity rate processes, (8¢,6.)
denote their long-run means, and (Z8,Z¢) are standard Brownian motions that are correlated
with the corresponding Brownian motions in the index return by: pedt = E (dWEdZzf) and
pedt = E(dWFdZE). There is one global activity rate process v§ that drives the volatility
of the global return component, but it is important to realize that there are N independent

processes for vi, one for each economy, although they share identical dynamics.

We further assume that the jump components J& and J¢ are governed by double-exponential
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specifications (Kou (2002)), the Lévy densities of which are given by:

A8 e’gix, x>0 , Ae S x>0
] = ¢ , )= ) (1.4)
Me P x<0 e Sl x<0
where the proportional coefficients (A$,A¢) € R™ control the average arrival rate of the

jumps and the exponential coefficients (£8,(%) € R™ determine the relative asymmetry of

the jump size distribution.

Economically, incorporating the jump components is important in capturing large dis-
continuous movements in economic fundamentals and financial security prices as shown
in Almeida, Goodhart, and Payne (1998), Andersen, Bollerslev, Diebold, and Vega (2003),
Andersen, Bollerslev, Diebold, and Vega (2005), Beber and Brandt (2005), and Pasquar-
iello and Vega (2005). Statistically, it also helps to generate index return non-normality
and realistic index option behaviors. Under the jump specification in (1.4), the cumulant

exponent is,

bl =2 (G =9 =€)+ C+9 T =), Rije(-L8) ()

where we drop the superscripts (g, c) on the coefficients to reduce notation clustering when
no confusion shall occur. For the cumulant exponent to be well-defined, the real part of
the cumulant coefficient s must be within (—£_, ;). Thus, for the concavity terms to be

well-defined in (1.1), we need & > B and {§ > &' for all i.

The cumulant exponent of the Brownian motion component is ky [s] = %sz. By tak-
ing successive derivatives on the cumulant exponents against the exponent coefficient s
and evaluating the derivatives at s = 0, we can derive the variance (m,) and higher-order
cumulants (m,,n = 3,4,---) per unit time generated from each jump-diffusion return risk

component (W; + J;):

my = 142\ (c;3+§:3) :

(1.6)
i = Mt (GO (1Y) =34
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The diffusion component contributes one unit to the variance, but zero to all higher-order
cumulants. When dampening coefficients are the same for upside and downside jumps
£, = {_, all odd-order cumulants become zero. A negatively skewed return distribution

under the statistical measure IP can be generated with {y > {_.

In the absence of stochastic time change, the return variance and higher cumulants
generated from the global and country-specific jump-diffusion return components are all
constant. Such a model would generate an implied volatility surface that is constant over
time. To capture the strong time-variation in index option implied volatilities, we apply
stochastic time changes to the two jump-diffusion return components as in (1.2). The in-
stantaneous return variance and higher-order cumulants per unit calendar time in economy

i becomes:

ma = VB (14208 ((65) 7+ (65) 7))+ (E) (1422 ((62) 7+ (6) 7)),
ma = VB! (€700 4 (=18~ )

+ EE AR (€D + (1)) D), n=34,
(1.7)

Time variation in return variance comes from two sources: The activity rate variation from
the global return component and the activity rate variation from the country-specific return
component. The higher return cumulants also become stochastic due to the variation of the

activity rates.

1.3.2. Market price of global and country-specific return and volatility

risks

To study the pricing of different sources of risks in each economy, we specify a flexible

structure for the nominal pricing kernel of each economy i:

Mi = exXp (_rit) £ <_’Yfg (Wg+Jg)Q;g _’Y’C(Wc—i_JC)‘Z;C _’Yi/gzg;g _’Yi)CZfZ;L) 7i - 15 e an
(1.8)
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where ‘E (-) denotes the stochastic exponential martingale operator, which defines the mea-
sure change from the statistical measure PP to the risk-neutral measure Q' in currency i. The
pricing kernel assigns separate market prices for the global and the country-specific return
risk components. Furthermore, the kernel allows separate pricing for the two sources of
volatility risks. The subscripts on 7y refer to the different sources of risk. The superscript
i on 7y refers to the country i-specific nature of the pricing. Thus, our specification allows

different economies to have different market prices on the four sources of risks.

To gain more economic intuition on the pricing kernel, we appeal to the classic Lucas
(1982) exchange economy, in which the pricing kernel can be interpreted as the ratio of
the marginal utilities of aggregate wealth over two time horizons. More specifically, if we
use X; to denote the return innovation over horizon [0,7] on the aggregate wealth and use
Y to denote the relative risk aversion of a constant-relative-risk-aversion (CRRA) utility
representative agent, the martingale component of the pricing kernel can be written as
E (—YX;). Our pricing kernel specification in equation (1.8) goes far beyond this prototype
economy. We decompose the index return in each economy into a global and a country-
specific jump-diffusion risk component. Through stochastic time change, we allow both
components to generate stochastic volatility. Most importantly, we allow the two return
risk components and the two stochastic volatility risk components to have separate market

prices.

In an ideal world with both financial and goods market integration, all goods should be
priced the same in real terms across the world and the market price of the same source of
risk should be the same across all economies. In this ideal case, and when the economies are
fully symmetric (B’ = & = 1 for all i), the market price coefficients (yz,, Y Y;w Y.,) should be
the same across different economies. Nevertheless, in reality, even with growing evidence
of global financial market integration, deviation from purchasing power parity remains per-
sistent, with convergence to the parity condition extremely slow. The short-run deviations
are often large in magnitude, and volatile in their fluctuations (Rogoff (1996)). These de-

viations suggest that the international goods market remains quite segmented, even though
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the financial market is more integrated. Furthermore, in nominal terms, the gross violation
of the uncovered interest rate parity is repeatedly documented.> Fama (1984) attributes
this gross violation to time-varying risk premium. Sarkissian (2003) further attributes the
time-varying risk premium to incomplete consumption risk sharing. In accordance with the
above evidence, we do not constrain the market pricing of the same source of risk across
different economies to be the same. Instead, we allow them to be different and estimate

their difference using the time-series returns and option prices on the three equity indexes.

Given the pricing kernel specification in (1.8), the measure change from the statisti-
cal measure P to the risk-neutral measure Q' in currency i is governed by the following
exponential martingale,

dQ'
dP

= (—Yfg (W4 J8) g —Y. (W€ +J) e —yingftg —ylefz;) . (1.9)

t

The equity index return dynamics under measure Q' becomes,

so= (F =)+ BWER Q) e — (L(B)2 + K2 [B]) ¢

‘ ' ' (1.10)
EWQ 4 Q) e — (LE) +KRED TS,

where the Lévy densities of the jump components under the risk-neutral measure Q change

as follows,

Q] = e VevE[x] = , : (1.11)
. . Xge_@g_yg)'x', x<0
: Ao~ (Bi+1)x x50

rO] = e Wvepd={ (1.12)
kce_(gf_%)‘x‘, x<0

If we define Cg ={,+vand C@ = {_ —v, it is obvious that the jumps also obey double-

3Prominent examples include Hsieh (1984), Mishkin (1984), Hodrick (1987), Bekaert and Hodrick
(1992), Backus, Gregory, and Telmer (1993), Dumas and Solnik (1995), Engel (1996), Bansal (1997), Bansal
and Dahlquist (2000), and Backus, Foresi, and Telmer (2001).
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exponential specifications under the risk-neutral measure ‘. The cumulant exponent under

measure Q becomes,

K2s) =4 ((c‘%—s)_l - <C9>_1 + (c@ —l—s)_l - (c@>_1) . (1.13)

For the model to be well-defined, we need that C?ﬁ >0, Cﬁ(@ > B/, and CﬁrQ > & for all i.

Equations (1.11) and (1.12) reveal how the market prices of return risks can generate a
difference in the return skewness under the two measures P and Q. In particular, a positive
market price increases the dampening on positive jumps and reduces the dampening on
negative jumps, and thus making the return distribution more negatively skewed under the
risk-neutral measure. Thus, a positive market price on either or both of the two return jump
components can explain our observation that the option implied risk-neutral skewness on
the index returns is more negative than the skewness estimated from the index returns. Our
model specification also reveals the reasons behind Polimenis (2006)’s result that positive
excess kurtosis and risk aversion leads to a negatively skewed return distribution under
the risk-neutral measure even if the distribution is symmetric under the statistical measure.
Under our setup, the prerequisite for positive excess kurtosis becomes a prerequisite for a

jump component, and risk aversion leads to a positive market price of return risk.

From the pricing kernel specification, we can derive the instantaneous return risk pre-

mium on stock index i generated from each unit of global return activity rate risk (v{ = 1):
e = VB YeBiog+ (Ki[B] KRB (1.14)

where the first component y;Bi is due to the stock index’s exposure to the global diffusion
risk W, the second component ¥ ;. is due to the index return’s indirect exposure to the
variance risk Z; resultant from the correlation p, = E[dW, dZ{]/dt, and the last component
is the premium due to the exposure to the global jump risk component J¥. Positive market
price on the global return risk (Y’é > () and negative market price on the global variance

risk (yig < 0), together with negative correlation between return and variance, both lead to
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positive return risk premium. It can be shown that a positive market price on the return risk
also generates a positive premium from the jump component: ke[| — k% [B] > 0 if and

only if ¥, > 0 (Appendix C).

Analogously, the instantaneous return risk premium generated from each unit of the

country-specific return activity rate risk (v{ = 1) is,
= B Yl + (k€] - KRIET). (1.15)

Taking together, we can write the total expected excess return g on stock index i over
horizon [0,¢] as the sum of the two unit risk premiums multiplied by their respective risk

levels:

. t o . ;
= /O Ngvids + /0 Neveds =My L* +n.L°. (1.16)

The cumulant exponent in equation (1.13) implies that the risk-neutral variance (mg)
and higher-order cumulants (m;,Q,n = 3,4,---) per unit time generated from each jump-
diffusion return risk component take on analogous forms to their statistical counterparts in

equation (1.6):

my = 1+20((Ce+y) 3+ G-y,

(1.17)
my = 7\,n!<(C+—|-y)—(”+1)_|_(_1)”((‘;7_y)—("“)), n=3,4,---.

Comparing the moment conditions under the two measures, we can show that the risk-
neutral variance and higher even-order moments are larger than their statistical counterparts
as long as (i) &, > &_ (the statistical distribution is symmetric or negatively skewed) and
(i1) Y > 0 (the market price of return risk component is positive). Polimenis (2006) draws a

similar conclusion under a Lévy setup.

From the pricing kernel in (1.8), we can also derive the Q'-dynamics for the two activity
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rates:

dvi = (g8 — (g + Ve +Y,0Pg) vF ) di + g\ vidZf, (1.18)
dvi = (kBc — (Ko + Ve +Yo0cp,) VE) dit + @c/VidZE. (1.19)

For both activity rates, the measure change from PP to Q' induces a change in the mean-
reversion speed. For the global activity rate v{, the first adjustment term Y., o is induced by
the market pricing (yig) of the global volatility risk (Z;). A negative market pricing for the
global variance risk would make the mean-reversion speed slower and hence the process
more persistent under the risk-neutral measure. The second adjustment term yi,oogpg is
induced by the market pricing (yi,) of the global return diffusion risk (W) and its correlation
with the diffusion variance risk (Z¥). A positive market pricing for the global return risk and
anegative correlation between return and variance risks will make this second term negative
as well and will make the global activity rate even more persistent under the risk-neutral

measure. The adjustments for the country-specific activity rate v{ are defined analogously.

The market prices not only alter the activity rate persistence under the risk-neutral mea-

sure, but also affect the risk-neutral means of the activity rates:

K
o .. S S — (1.20)
Kg + Vs O + Yo WPy Ke + Ve Oc + Y0P

Therefore, market prices that make the risk-neutral processes more persistent also make
the risk-neutral long run means higher than their statistical counterparts. From the data, we
have observed that the return standard deviation is lower than the sample averages of the
risk-neutral expected value of the return volatility. Under our model, this evidence can be
accounted for by (i) a negatively skewed return jump component and positive market price
of return risk, and (ii) a combination of negative market price of variance risk and positive
market price of return risk that makes the risk-neutral mean activity rates higher than their

statistical counterparts.

Overall, our model specification uses 30 parameters to control the return and volatility
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dynamics for the three equity indexes, as well as the market prices of various sources of

risks from each economy:

65[{Bivéi}z‘2:1ﬂ{%>%>%87%0 1'3:1vkgaBigHBgvagaeg’(D&pgakcv ia iaKc’;ec;wc»pC],

where (B/,&') control the average scaling of the global and country-specific risk level for
each country, with their magnitudes normalized to one for the US economy, (’Yg,’yi.,’yl;,g,’yl;jc)
control the economy i’s market prices for the four sources of risks, (A, Bi, B%) control the
jump structure of the global jump component, (K, 8¢, ®,,p,) control the global activity rate
dynamics, (A, B4, <) control the jump structure of the country-specific jump component
in each economy, and (K., 0., ®.,p.) control the country-specific activity rate dynamics for

each economy.

1.3.3. Currency denomination and exchange rate dynamics

We specify the dynamics of each stock index in its own local currency. The index options
that we use in our model estimation are also settled in the local currency of the index. While
we do not incorporate currency returns and currency options into our model estimation, our
pricing kernel specification in (1.8) has direct implications on the exchange rate dynamics
between two currencies i and j. Let P/ denote the price of currency j in currency i (e.g., P/
denotes the dollar price of one pound if j denotes pound and i denotes dollar, with dollar
being the home currency), our pricing kernel specification in (1.8) imply the following

dynamics for the currency return,*

“Tt is possible that a fully specified pricing kernel also include risk components that are orthogonal to the
stock index dynamics. These risk components do not affect the pricing of the stock index or stock index
options, but can induce additional variation in the currency dynamics. See Bakshi, Carr, and Wu (2005) for a
more detailed discussion.
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mP'/Pl = WM/
= (=Dt + (Y = Y) (WE +7%) g + (Ve — Yo Zipe (1.21)
YW +T) e =YW +T) e +YoeZye — Vo ZGe

where the currency return is driven by six sources of risks: the global index return risk
(W8 +J8), the global activity rate risk Z%, the two independent country-specific risks from
the two countries (W€ + J¢) from countries j and i, respectively, and the two indepen-
dent country-specific activity rate risks Z¢ from countries j and i, respectively. When the
economies are fully symmetric in terms of both risk and pricing, the global risk components

(W8 4 J8) and Z8 will drop out of the currency dynamics:

P /P = (P =)t (W +T) e =YW T ) g + Vi ZGe —VieZGe. (1.22)

In a similar but more stylized setup, Brandt, Cochrane, and Santa-Clara (2006) compare the
stock portfolio return variance to the variance of the exchange rate to analyze the degree
of international risk sharing between two economies. Bakshi, Carr, and Wu (2005) use
time-series returns and option prices on three currency pairs that form a triangular relation
to study the pricing kernel dynamics in the three economies. In this paper, we exploit the
information in stock index returns and index options to identify the risk and pricing in three

economies.

1.3.4. Option pricing

To price options on each stock index i, we first derive the generalized Fourier transform of

the log index return under the risk-neutral measure Q' defined in currency i,

Oy (u) = EY <ei“s§) ,ueDeC.
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Then, we compute option prices numerically via fast Fourier inversion (Carr and Madan

(1999)).

Under our model specification, the generalized Fourier transform can be derived in

analytical form:

¢s, (I/t) _ eiu(ri,qi)tfag(z)—bg(t)v‘(g)fac(t)fbc(l)l/ﬁ7 (1.23)

where (vg, vg) denote the current levels of the two activity rates and the coefficients on each

activity rate are given by,

_ N
ag(t) = Kj)—gg{Zln 1—’%2,1? (1—ehgt))+(hg—1<§)t},
_ 2y (1—e"")
belt) = 2hg—(hg =) (1—¢"e") (1.24)

ac(t) = K(Lo—g‘ [2ln(1—hcz_h‘:‘N (l—e_hfl)> —|—(hC—K§)t] ,
(e
be(t) = 2he—(he—x) (1—ehet)?

where

hy = \/(K?)2+20)§\|fg,

K? = Kg Ve Og + Y, 0Py — iup' 0Py,

Ve = 5(B)? (u? +iu) — ki [iup] +iukj: [B]
he = /() + 202y,

K = ke F Y0 +Y.0cp, — iuElope,

Vo = MEDR (i) K ] + 1 51,

and the risk-neutral cumulant exponents of the jump components k}Q[] are given by equa-

tion (1.13). Appendix A provides the derivation for the transform.

1.3.5. Characteristic functions and the likelihood of index returns

We estimate our model using a maximum likelihood method. To construct the likelihood
of the index returns, we first derive the characteristic function of the index return under the

statistical measure [P and apply fast Fourier inversions to obtain the conditional density of
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the index return.

Plugging the expected excess return in (1.16) into (1.1), we can rewrite the return

process under P as,

5 = (ri_qf)t—l-Bi(Wg—l—Jg)’T,g_(%(Bi)2+k% [Bi}—(YéJrYigpg)Bi) i

+E (WEHT) e — (1

SE2 LR - (b)) 7 (1.25)

The characteristic function of the index return is defined as,
i — P | iusi
¢i(u) = E [e f} ,ucR
which we can solve as exponential affine functions of the activity rates,

0y () = eiu(ri—qi)t—ag(t)—bg(l‘)vg—ac(l)—bc(f)"(c), (1.26)

where the coefficients take the same form as in (1.24), with the following re-definitions
R S Y

Ve = BB~ ke [i] i (3B RGBT - (v +vepe) ). (127)

Ve = HE ke [iuk] +in (2P +KRET - (o) E)

Given the characteristic function, we can use fast Fourier transform to obtain the density

functions of the log index return as a function of the current activity rate levels.

1.4. Estimation strategy

We estimate the model using the time-series of both the index returns and option prices on
the three indexes. Since the activity rates are not directly observable, we cast the model

into a state-space form and infer the activity rates at each date using an efficient filtering
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technique. We estimate the model parameters by maximizing the sum of weekly likelihood

values on options and index returns.

In the state-space form, we regard the global activity rate and the country-specific activ-

. . . SPX ¢, FTS
ity rates in the three economies as the unobservable states and use v, = [v{, v, ,v;" "7,

v,C’NKY]T to denote the (4 x 1) state vector. The state propagation equation is specified as

an Euler approximation of the activity rate dynamics:
Vi =A+®v 1 +/Ge, veER (1.28)
where €; denotes an i.i.d. standard normal innovation vector and

P = exp(—KAr), K= diag[ke, Kces],

A = (L—®)0, 0=1[0,0.e]]", (1.29)
G; = diag mgvf_l,wfvf’_sf X,O)%vf’_ﬁTS,(x)zv?_NlKY At,

where At = 7/365 corresponds to the weekly frequency of the data, diag[] denotes a diag-
onal matrix with diagonal elements given in the bracket, I; denotes an identity matrix of

dimension d, and e; denotes a vector of ones of dimension d.

Measurement equations are based on the observed option prices, assuming additive,

normally-distributed measurement errors:
yi =00 +e, Elee)=1, (1.30)

where y; denotes the out-of-the-money option prices computed from the implied volatility
quotes, scaled by Black-Scholes vega of the option at time ¢z, O[v;;®] denotes the corre-
sponding model-implied values as a function of the parameter set ® and the state vector
v;. We assume that the scaled pricing errors are i.i.d. normal with zero mean and constant
variance. Hence, we can write the covariance matrix as, J = G, lgo, with G, being a scalar.

The dimension of the measurement equations correspond to the 60 implied volatility series
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across the three economies.

The objective function (1.30) deserves some explanation. One may choose to define the
pricing error as the difference between the Black-Scholes implied volatility quote and its
model-implied fair value. However, since our algorithm generates option prices from the
return Fourier transform, converting the option prices into Black-Scholes implied volatil-
ity involves an additional minimization routine that can be inefficient when embedded in
the global optimization procedure. By dividing the out-of-the-money option prices by its
Black-Scholes vega, we are essentially converting the option price into the implied volatil-

ity space via a linear approximation.

When the state propagation and measurement equations are Gaussian linear, the Kalman
filter provides efficient forecasts and updates on the mean and covariance of the state vector
and observations. In our application, the state propagation equation is Gaussian linear, but
the measurement equations are nonlinear functions of the state vector. We use an extended
version of the Kalman filter, the unscented Kalman filter, to handle the nonlinearity of the
measurement equation. Specifically, let v, P;,y,,V; denote the time-(¢ — 1) ex ante fore-
casts of time-t values of the state vector, the covariance of the state vector, the measurement
series, and the covariance of the measurement series, respectively. Let v; and P, denote the
ex post update, or filtering, on the state vector and its covariance at the time ¢ based on ob-
servations (y;) at time z. The unscented Kalman filter uses a set of deterministically chosen
(sigma) points to approximate the state distribution. If we let d denote the number of states
(four in our model) and let & > 0 denote a control parameter, we generate a set of 2d + 1

sigma vectors ; according to the following equations,

X0 = {/\ﬁ
i = E @B G)yy = ends i=1,..,2d,

with the corresponding weights w; given by,

wo = 8/(d+8), wi=1/2(d+d)], i=1,...,2d.



27

These sigma vectors form a discrete distribution with w; being the corresponding probabil-
ities. We can verify that the mean, covariance, skewness, and kurtosis of this distribution

are vy, P, + G, 0, and d + 9§, respectively. Given the sigma points, the prediction steps are

given by:
Xei = A+Pxi
Vil = Y Wil s
i=0
B 2d .
P = Yowi (i —vest) 0i— 1) (1.31)
i=0

Vir1 = Zwl X.:©]:
Vt+1 = sz er yH—l) (O[Z,i;(a]_ytﬂ)T—i_]’

and the filtering updates are given by

Vel = Vgt + K1t i1 —Vip1)s
Pl = P~ KV KLy, (1.32)
with
2d B e
Ket1 = Zwi(Xt,i_vt-H)(O[Xt,i;(a}_yt—kl) (Vig1) . (1.33)
i=0

We refer the reader to Wan and van der Merwe (2001) for general treatments of the un-

scented Kalman filter.

Given the forecasted option prices y and their conditional covariance matrix V obtained
from the filtering technique, we compute the log likelihood value for each week’s observa-

tions on the option prices assuming normally distributed forecasting errors,

1 — 1 — _
[11110)° = —Elog Vigr| - 5 <(y,+1 ~¥1) (Vi) e —?z+1)> : (1.34)
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Furthermore, given the extracted activity rates from the options data, we compute the
statistical return density for each equity index by applying fast Fourier inversion to the
characteristic function in (1.26). Let [, 1[®]® denote the sum of the weekly log likelihood
on the three equity indexes computed from this fast Fourier inversion. We choose model
parameters to maximize the sum of the weekly log likelihood values on both options and

time-series returns,

T-1

O =argmax L[0, {3} ,], with L[O, (n} )= ¥ (1[0 +L[0) ), (135)
t=0

where 7' = 346 denotes the number of weeks in our sample.

The pricing errors on options represent option variations that are not captured by the
international capital asset pricing model. For model estimation, we make the additional
assumption on the distribution of the forecasting and pricing errors as being normal and
independent of the return dynamics. Thus, we can write the joint log likelihood of op-
tions and returns as the sum of their marginal log likelihood values. In constructing the
log likelihood of the three return series, we replace the joint log likelihood of the three
series with the sum of the three marginal log likelihood of each series. This practice is
purely for computational feasibility because deriving the joint density of the three return
series would involve multi-dimensional integrations that are computationally intensive for
our model estimation. Using the product of marginal densities incurs some theoretical in-
formation loss, but provides significant gains in numerical stability and feasibility. Hence,
we can regard our estimation method as a limited information maximum likelihood method

(Greene (1999)).

1.5. Results and discussion

Based on the estimates of the structural parameters of the international capital asset pric-

ing model, we first gauge the model performance and then analyze the risk and pricing
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characteristics in the three economies.

1.5.1. The model captures the overall index options behavior well

Our model simultaneously and consistently prices index options across the three economies.
To gauge the model’s performance in option pricing, we first compute the model’s pricing
errors, defined as the difference in Black-Scholes implied volatility between the market
quotes and the model-generated values. Then, we compute the explained variation on each
implied volatility series, defined as one minus the ratio of the pricing error variance to the
variance of the original implied volatility series. Table 1.4 reports the model’s explained
variation for each series, with the last row reporting the aggregate explained variation for

all options underlying each equity index.

The model generates satisfactory overall performance on all three equity indexes. The
aggregate explained variation is over 90% for all three indexes. Comparing the performance
across different series, we find that the model performs better on long-term options than on
short-term options, and better on at-the-money options than on out-of-the-money options.

For out-of-the-money options, the model performs better at low strikes than at high strikes.

The model’s largest deviations from the market are at 120% strikes and one- and three-
month maturities for SPX, where the explained variations are as low as 30% and 25.1%,
respectively. When we inspect the data in more detail, we find that the quotes on these
two series are not updated as frequently as data on the other series, especially during the
first three years of our sample. We observe prolonged periods when the quotes on these
two series stay flat while quotes on the other series move significantly over time. When
we compute the model performance excluding the first three years of data, the explained
variations on the two series increase to 65% and 75%, respectively. Thus, we regard the
poor model performance at high strikes and short maturities as partly driven by data issues.
Our experience with both over-the-counter and exchanged-listed index options data also

tells us that out-of-the-money index puts (at lower strikes) are more actively traded than
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out-of-the-money calls (at higher strikes). Accordingly, quotes on out-of-money calls are

often more reliable and updated more frequently than quotes on out-of-the-money calls.

1.5.2. The Japanese market contains the largest portion of country-

specific movements

Table 1.5 reports the estimates and the absolute magnitudes of the ¢-statistics (in parenthe-
ses) for the structural parameters of the model. The first panel reports the estimates on the
loading coefficients, which capture the average difference in the risk levels across the three
economies. For identification reasons, we normalize the loading to the US economy (SPX)
to one. Thus, deviations from one on the coefficient estimates of other economies capture
their relative difference in risk levels from the US economy. The ¢-statistics reported in the

first panel are calculated against the null hypothesis of one.

The B coefficients capture the loading of the global return risk factor on each index.
The estimate on FTS is greater than one, but the estimate on NKY is significantly smaller
than one. On the other hand, the & estimates capture the loading of the country-specific
return risk on each index. The estimate on FTS is smaller than one, but the estimate on
NKY is greater than one. Therefore, compared to the US economy, the UK economy con-
tains a larger proportion of global movements and a smaller proportion of country-specific
movements. In contrast, the Japanese economy contains the smallest portion of the global
movements but the largest portion of the country-specific movements. These results are
consistent with the sample correlation statistics on the index returns and implied volatil-
ities. Both index returns and option implied volatilities have stronger cross-correlations
between SPX and FTS than between NKY and the other two indexes, indicating that NKY

has a larger proportion of country-specific movements.
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1.5.3. Large downside index movements are more likely to be global

The second panel of Table 1.5 reports the estimates that control the jump structures in the
global and the country-specific return components. For each component, the proportional
coefficient A controls the overall mean arrival rate of jumps. The larger A is, the more
frequent jumps of either direction arrive. The dampening coefficients £ and {_ control
the arrival rate of large positive and negative jumps, respectively. The larger the coefficient,
the less likely to observe a large jump arrival. The difference between {, and {_ generates

asymmetry in the return innovation distribution.

The parameter estimates show that for both jump components, the dampening coeffi-
cient estimates on the positive jumps, B, are larger than the corresponding dampening
coefficient estimates on the negative jumps, B_. Hence, for both return components, down
jumps are more likely to arrive than up jumps. The distributions for the two return compo-

nents are both negatively skewed.

Comparing the jump structures in the two return components, we find that the dampen-
ing coefficients on both negative and positive jumps are larger for the country-specific com-
ponent than for the global component, suggesting that global movements are more likely
to contain large jumps. Furthermore, the proportional coefficient A is also larger for the
global component than for the country-specific component, indicating that the global com-
ponent contains more discontinuous movements overall. These results suggest that large
discontinuous movements in the equity indexes, especially large downside movements, are
more likely to exhort a global impact whereas small movements are more likely to be local

noises.

1.5.4. Global stochastic volatility is more persistent than local stochas-

tic volatility

The third panel of Table 1.5 reports the parameter estimates that control the activity rates

underlying the global and country-specific return risk components, respectively. These
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stochastic activity rates are responsible for generating stochastic volatility and stochastic
higher moments. The parameter K measures the mean-reversion speed of the underlying
activity rate. Its estimate for the country-specific activity rate K. is at 3.0393, which cor-
responds to a weekly autocorrelation of 0.9432, and a relatively short half life of about 13
weeks.> In contrast, the mean-reversion speed estimate for the global activity rate K, 1S not
significantly different from zero, implying near non-stationary behaviors. These estimates
suggest that the global activity rate is much more persistent than the country-specific activ-
ity rates. The difference in persistence implies that it is more difficult to predict global risk

variations than to predict country-specific risk variations.

The parameter p measures the instantaneous correlation between the return diffusion
component and the corresponding activity rate innovation. The correlation estimates for
both return components p, and p. are strongly negative. Thus, a fall in equity index prices
is usually associated with an increase in volatility, consistent with the well-known lever-
age effect (Black (1976)). Comparing p, with p., we find that the negative correlation
is stronger between the global return component and its activity rate than between the
country-specific return component and its activity rate. Therefore, a global fall in the eq-
uity index is more likely to be associated with a hike in the global volatility than a local fall

in the index is to the local volatility.

The negative correlation also generates negative skewness in the return distribution over
longer horizons. The different estimates for the correlations and the jump structures be-
tween the global and local return components suggest that the global return component is
more negatively skewed than the country-specific return component at both short and long
horizons. A more negatively skewed global return component can be caused by contagion
(Claessens and Forbes (2002)). The volatility of the global factor increases more following
bad news regarding the world market. Holding the volatility of the country-specific return

component the same, the increased volatility of the global factor also generates increased

The half life is defined as the number of weeks (n) that it takes for the autocorrelation to decay by half
of its first-order level @; = 0.9432. It is solved by n = In(¢; /2)/1n(¢;).
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correlation in the international stock market. These results are consistent with the findings
of Longin and Solnik (2001), Ang and Bekaert (2002), and Das and Uppal (2004), who

document higher correlations in bear markets.

1.5.5. Investors in the US and UK markets price return risks more

heavily than do investors in the Japanese market

The fourth panel in Table 1.5 reports the parameter estimates that define the market prices
of global and country-specific return risks. Most empirical studies in the international asset
pricing literature find that the global risk factor is positively priced, but the results on the
pricing of country-specific risk factors are mixed. Our estimation results generate similar
qualitative conclusions. All three economies charge a positive market price for the global

return risk, but their pricing on the country-specific risk show different signs.

The positive market price of the global risk indicates that investors are willing to pay
a positive premium to hedge against global downturns in the market. Statistically, the
positive market price increases the dampening on up jumps and reduces the dampening on
down jumps under the risk-neutral measure Q. As a result, the distribution of the global
return component becomes more negatively skewed under the risk-neutral measure. As we
have discussed in the theory section, the negative statistical skewness and positive market
price of return risk also makes the risk-neutral return variance higher than its statistical

counterpart.

Of the three economies, the UK stock market not only has the largest portion of global
return movements, but it also charges the highest price for the global return risk. On the
other hand, the Japanese stock market contains the least proportion of global movements.
Investors in the Japanese stock market also charge the lowest price for the global return
risk. The behavior of the US market is in the middle, but closer to the UK than to Japan.
These different market prices on the global return risk across different economies lead to

different levels of skewness in the risk-neutral distribution.
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Investors in the US and UK market also charge large and positive prices for their
country-specific return risks. In contrast, the market price estimates in Japan are small and
even negative on the country-specific return risk component. The positive market prices
in US and UK make the risk-neutral distribution on SPX and FTS even more negatively
skewed. The slightly negative estimate on Japanese country-specific return risk reduces the

negative skewness of the risk-neutral return distribution.

These differences in the market price estimates are consistent with the differences in
the slopes of the average implied volatility smirk (Fig. 1.1). The smaller market price for
global return risk and the negative market price for country-specific risk in Japan contribute
to the flatter implied volatility smirk on NKY. The average differences in risk compositions
across the three economies also lead to different levels of skewness in the risk-neutral dis-
tribution. The global loading coefficient estimate on NKY is the smallest and the country-
specific loading estimate on NKY is the largest among the three indexes. Since the global
return component is more negatively skewed than the country-specific return component,
the smaller loading on the global return risk factor and the larger loading on the country-
specific return risk factor in Japan also contribute to the flatter implied volatility smirk on

NKY.

Fig. 1.4 plots the time series of the three indexes. Both SPX and FTS experienced dra-
matic gains during the first half of our sample. The momentum was broken only after the
burst of the internet bubble in 2000. In contrast, the NKY index has been declining over the
whole sample period, with only a temporary rebound in 1999 that was quickly reversed.
Indeed, the NKY level at the start of our sample is merely half of its peak at 38,915 on
December 29, 1989. The index level went down by another half by the end of our sam-
ple. The different time-series pattern further illustrates the unique feature of the Japanese
stock market and explains the estimated dominance of country-specific movements. The
flatter implied volatility smirk on NKY suggests that investors are willing to pay relatively
higher price for out-of-the-money call options on NKY than those on SPX or FTS. With

the prolonged recession, investors in the Japanese market expect a recovery in the future.
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This expectation makes them willing to take on the stock market and bear the return risks

without charging much of a risk premium.

1.5.6. Market prices of volatility risks are negative, more so for in-

vestors in the Japanese market

Using mainly regression analysis on stock portfolio returns, the traditional literature on in-
ternational asset pricing focuses mostly on the pricing of return risks. Using options, which
are natural instruments for volatility risk trading, we can learn more about the volatility
risk dynamics and the market pricing of volatility risks. The last panel of Table 1.5 reports
the estimates on the market prices of the global and country-specific activity rate risks,
which are the drivers for stochastic volatility and stochastic higher moments. The esti-
mates suggest that investors in the three markets treat the activity rate risks similarly. All
the estimates are significantly negative, for both the global and country-specific risks. The
negative market price for the activity rate risk suggests that investors are willing to pay a

positive premium to hedge against future volatility increases.

Bondarenko (2004), Carr and Wu (2004b), and Carr and Wu (2006) have found that
variance swap rates, which can be regarded as the risk-neutral expected value of the realized
variance, are higher than the realized variance on average. They attribute the difference to
negative variance risk premia. Our evidence and estimation results confirm their findings
in an international context. Furthermore, we decompose the negative variance risk premia
into four sources: (1) global return jump risk and positive market price of global return
risk, (2) global stochastic volatility and negative market price of global volatility risk, (3)
country-specific return jump risk and positive market price of country-specific return risk,
and (4) country-specific stochastic volatility and negative market price of country-specific
volatility risk. Combining a negatively skewed return jump innovation with positive market
price of risk makes the return innovation variance higher under the risk-neutral measure

than its statistical counterpart, as shown in equation (1.17). The negative market prices
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on the activity rates also make the risk-neutral mean of the activity rates higher than their

statistical mean values.

The negative market price on the activity rate risk and positive market price on the return
risk dictate that the return volatility is more persistent under the risk-neutral measure than
under the statistical measure. While the statistical persistence controls the time-series be-
havior of return volatility, the risk-neutral persistence controls the cross-sectional behavior
of the option implied volatility. Hence, the persistence difference under the two measures
imply that although we observe strong mean reversion on return volatility or option implied
volatility, a shock on the instantaneous activity rate has a long-lasting effect on options of

long maturities.

Across the three economies, we find that investors in the Japanese market charge the
most negative price for the volatility risk whereas investors in the US market charge the
least negative price, whether global or country-specific. These findings are intriguing and
new to the literature. Intuitively, these results suggest that compared to investors in the
US and the UK markets, investors in the Japanese market are more concerned about future
increase in volatility than about future market crashes. As a result, investors in Japan price

more heavily on the volatility risk than the return risk.

To gain economic intuition and make more sense out of the market price estimates,
we use equations (1.14)-(1.16) to compute the annualized return risk premiums induced
by each risk component. Stochastic activity rates induce stochastic return risk premiums
as shown in equation (1.16). We compute the average risk premiums evaluated at the
long-run mean of the activity rates. Table 1.6 reports the estimates. For global risks, the
risk premiums induced by the diffusion return risk are fairly low and less than 1% for all
three economies. The return jump risk induces a return risk premium of 0.92% for SPX,
1.65% for FTS, and merely 0.01% for NKY. In both cases, the close to zero market price
of return risk on NKY leads to close to zero risk premiums. In contrast, the global activity
rate risk induces a more significant return risk premium for all three economies through its

correlation with the return diffusion risk. The estimates are 2.46% for SPX, 3.31% for FTS,
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and 3.19% for NKY. Although the market price of global activity rate risk is high for NKY,
the index’s lower loading on the global factor lowers the induced risk premium. Overall,

the three sources of global risks induce an average risk premium of 4.07% for SPX, 5.91%

for FTS, and 3.21% for NKY.

For the country-specific risks, the return diffusion risk induces a return premium of
3.75% for SPX, and 3.13% for FTS. However, the slightly negative market price on NKY
implies a negative but close to zero risk premium. Furthermore, since the country-specific
jumps have more significant dampening on the tails and hence are not as significant as the
global jumps, they also induce smaller return risk premiums, which are less than 1% for all
three indexes. Nevertheless, the country-specific activity rate induces large risk premiums

on all three indexes, ranging from 4.41% to 6.44%.

1.6. Specification analysis

We have designed and estimated an international capital asset pricing model that is flexible
enough to allow different market pricing from different economies and to deliver overall
satisfactory pricing performance. In the meantime, we strive to maintain parsimony in the
specification to enhance the model identification and stability. For example, by assuming
identical but independent country-specific jump structures and activity rate dynamics after
allowing for an average scaling difference, we are able to reduce the number of model
parameters significantly. In this section, we perform specification analysis to gauge the

validity and robustness of our assumptions.

1.6.1. Do investors in different economies price the risks differently?

In specifying the pricing kernels for each economy, we observe that even with growing
evidence of global financial market integration, the international goods market remains

segmented, and deviations from purchasing power parity remain persistent, with conver-
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gence to the parity condition slow. We further observe that in nominal terms, the literature
has repeated documented the gross violation of the uncovered interest rate parity. In accor-
dance with these observations, we allow each economy to have different market pricing on

the global and country-specific risks.

The parameter estimates in Table 1.5 are largely consistent with our conjecture that
the market prices vary across economies. For example, we find that the market prices of
return risks in Japan are much lower than the corresponding market prices in the other two
economies. When we construct a Wald test on the null hypothesis that the market prices
are identical across the three economies, the hypothesis is rejected beyond any reasonable

confidence level.

To further test the hypothesis, we estimate a constrained version of our model by setting
YgPX _ YgTS _ YngY’ YSPX = qFTS — oNKY oSPX — yFTS — aNKY and ySPX — FTS — yNKY
With these constraints, the model has eight fewer parameters. Based on the maximized
likelihoods on the two models, we construct a likelihood ratio statistic between the two
models X = 2( Lynconstraint — Leonstrained)- Our benchmark model has a maximized likeli-
hood of 27224. The constrained model generates a maximized likelihood of 26209, leading
to an estimate of 2030 for the likelihood ratio statistic. The statistic has a chi-square distri-
bution with eight degrees of freedom. Our estimate leads to a p-value that is virtually zero.
The test strongly rejects the null hypothesis that the market prices are identical across all

three economies.

1.6.2. Do different economies have different jump structures and activ-

ity rate dynamics?

For parsimony, we apply an average scale (§/) on the country-specific risks and then as-
sume that the scaled country-specific risks have identical but independent jump structures
and activity rate dynamics across the three economies. To gauge how this parsimony as-

sumption costs us in performance, we also estimate a more general version of the model,
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under which we allow the jump structure and activity rate dynamics for each economy
to be different. Specifically, we allow (A°,{%,C%, %, @, p.) to be different for the three
economies. Nevertheless, we need to keep 0, to be the same for model identification if we
keep the different scaling coefficients &' for the three economies. This extended model has

12 more model parameters than the benchmark model.

This more flexible specification generates a maximized likelihood value of 27502. The
likelihood ratio statistic against the benchmark model is computed at 558, which has a chi-
square distribution with 12 degrees of freedom. The chi-square test rejects the benchmark
model for this more flexible specification, indicating that the parsimony assumption does

induce a cost in performance.

Table 1.7 reports the explained variation on the option quotes from this more flexible
specification. The explained variation does not improve much on options at 120% strike and
one- and three-month maturities, partly confirming our conjecture that the bad performance
at these two series is mainly driven by data issues. Nevertheless, this more flexible model

does improve moderately the explained variation on some other series.

Table 1.8 reports the parameter estimates on this more flexible model. The qualitative
conclusions from these estimates are largely consistent with those from our benchmark
model in Table 1.5. When allowed to have different jump structures and activity rate dy-
namics, we find that the jump arrival rate A is the smallest for NKY. The estimate for the
correlation p, between the return and activity rate is also the least negative for NKY. Both
components allow the NKY return distribution to have a lower skewness than that for SPX

and FTS, consistent with the data observation.

1.7. Conclusion

In this paper, we exploit the rich information in option prices underlying three major equity
indexes and study the risk dynamics and market pricing in the three underlying economies

within a dynamically consistent international capital asset pricing model framework. We
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first develop an international capital asset pricing model, under which the return on each
equity index is decomposed into two orthogonal jump-diffusion components: a global com-
ponent and a country-specific component. Separate stochastic time changes are further ap-
plied to both components so that stochastic variance and higher moments can come from
both global and country-specific risks. For each economy, we assign separate market prices
for the two return risk components and the two volatility risk components. Under this spec-
ification, we obtain analytically tractable solutions to the option prices on the three indexes
and likelihood functions for the index returns. Through a joint estimation on the index
returns and option prices on the three economies, we investigate how investors respond to

different sources of risks in international economies.

Our estimation reveals several interesting features about the risk and pricing in the three
economies. First, we find that global and country-specific return and volatility risks show
different dynamics. Global return movements contain a larger proportion of discontinu-
ous movements, especially large downside movements. Global return volatility is more
persistent than the country-specific return volatility. Second, we find that investors charge
positive prices for global return risk and negative prices for both global and country-specific
volatility risks, showing that investors are willing to pay positive premiums to hedge against
downside return movements and upside volatility movements. Third, the three economies
contain different risk profiles and also price risks differently. Japan contains the largest
idiosyncratic risk component and smallest global risk component. Investors in the Japanese
market price more heavily against future volatility increases than against future market

downfalls.
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Appendix A. Generalized Fourier transforms

The index return dynamics in equation (1.10) under the home currency risk-neutral measure Q' can
be regarded as an affine combination of time-changed Lévy processes. To derive its generalized
Fourier transform of the index return, we apply the theorem in Carr and Wu (2004a) and convert
the Fourier transform of each time-changed Lévy component into the Laplace transform of the

underlying stochastic time change,
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and N¢ and N¢ denote two new measures defined by the following complex-valued exponential

martingales:
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By Girsanov’s theorem, the Né-dynamics of v§ and the N¢-dynamics of v¢ become,
dvé = (ngg _— vf) dt + @, \/Edzf - (Kcec - KFTVZC) di + 0 /vEdZE,  (Ad)

where K? = Kg + Ve Og + ’féwgpg — iuf'@,pg and KY = K + Ve + Y.0pc — iuE'@.p.. Since the
activity rate dynamics remain affine under the new measures, we follow Carr and Wu (2004a) and

solve the Laplace transforms in exponential affine forms as given in (1.23).



42

Appendix B. Characteristic functions

The index return dynamics under the statistical measure P is given in (1.25), which can again be
regarded as an affine combination of time-changed Lévy processes. We treat the characteristic
function as a special case of the generalized Fourier transform, in which the characteristic coefficient
is defined on the real line instead of the complex plane. Then, we again apply the theorem in Carr
and Wu (2004a) and convert the characteristic function of each time-changed Lévy component into

the Laplace transform of the underlying stochastic time change,

Qg () = EF (e"”sﬁ> ,ueR

where y, and . denote the characteristic exponents of the drift-adjusted global and country-specific

return risk components, respectively,
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By Girsanov’s theorem, the Né-dynamics of v{ and the N¢-dynamics of v¢ become,
dve = (ngg . Kngf) dt + g\ /vidZE,  dvE = (KCGC . K?vf) dt + 0. /vidZE,  (BS)

with KE = Kg — iuP'@,p, and kY = k. — iuk'o.p.. Again, the affine structure of the activity rate
dynamics guarantees that we have an exponential affine solution for the Laplace transform as in

(1.26).
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Appendix C. Risk premiums from the jump components

The return risk premiums from the diffusion components can be derived straightforwardly as the
covariance between the log pricing kernel and the index return dynamics. The risk premiums from
the jump components are given by the difference between the cumulant exponents under the two
measures. We take the global jump risk component J¢ as an example. Its contribution to the return

risk premium per unit activity rate risk is given by,

Ny = kys[B)— k% [B]

- ¥(ay-drel &) Mgmr e e )
_ ( A > Y > ()
T \EHER)E) T Ee ) T\ EE T E ) (TP
_ ey [(Ci+ﬂ)Cif(Ci+ﬂ—Bf)(Ci—ﬁ") N (G—«@ﬁ")(cng—(cg—vg)?},
§ 1 (Erep)(C-p)(Cim)el (8 )T (E b)) (S 4P

We need {5 > max (0, B, —,,B" — v,) and C¥ > max(0,—P',v,, —B +7;) for the index return dy-
namics to be well-defined under both measure. Under these conditions, the terms in the denomina-
tors in the bracket are both positive. It is easy to verify that the numerators in the bracket are also
positive. Therefore, given that A8 > 0, the risk premium induced by the jump component is positive
if and only if the market price y’é is positive. An analogous argument applies to the country-specific

jump component.
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Table 1.1
Summary statistics of stock index returns

Statistics SPX FTS NKY
Mean 0.0591 0.0174 -0.1090
Standard deviation 0.1819 0.1724 0.2208
Skewness -0.2625 -0.0585 0.1335

(1.98) (0.44) (1.01)
Excess kurtosis 0.8007 2.3575 1.0668

(3.04) (8.95) (4.05)
Autocorrelation -0.0849 -0.0995 -0.0286

Entries are the descriptive statistics of weekly log returns on the S&P 500 Index (SPX), the
FTSE 100 Index (FTS), and the Nikkei-225 Stock Average (NKY). Absolute ¢-statistics
of the skewness and excess kurtosis statistics are given in parentheses. The mean and
standard deviation estimates are annualized. The sample starts on January 3, 1996 and
ends on August 14, 2002, with 346 weekly observations for index.
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Summary statistics of the implied volatility quotes
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Index SPX FTS NKY

Strike\Maturity 1m 3m 6m 12m Im 3m 6m 1Zm Im 3m 6m 12m
Mean
80 0.35 0.31 028 0.27 034 030 029 027 034 031 0.29 0.27
90 028 0.26 025 024 027 026 025 024 029 0.27 026 0.26
100 0.21 021 021 0.22 021 021 022 022 025 024 024 0.24
110 0.16 0.18 0.19 020 0.17 0.18 0.19 020 0.23 0.23 0.23 0.23
120 0.15 0.16 0.16 0.18 0.15 0.16 0.17 0.18 0.22 022 0.22 0.22
Standard deviation
80 0.06 0.05 0.05 0.05 0.10 0.08 0.07 0.07 0.07 0.06 0.06 0.05
90 0.05 0.05 0.04 0.04 0.08 0.07 0.07 0.06 0.07 0.06 0.05 0.05
100 0.05 0.04 0.04 0.04 0.07 0.06 0.06 0.06 0.06 0.05 0.05 0.04
110 0.04 0.04 0.04 0.04 0.06 0.06 005 005 0.06 005 0.04 0.04
120 0.04 0.03 0.04 0.03 0.05 0.05 0.05 0.05 0.05 0.04 0.04 0.04
Skewness
80 0.64 0.84 0.66 036 038 029 022 031 070 042 0.26 0.08
90 091 0.76 055 029 062 043 0.35 041 0.81 044 0.23 0.00
100 091 053 033 0.18 0.84 059 053 052 0.73 0.39 0.16 -0.07
110 0.64 0.35 0.07 009 1.02 074 0.73 0.73 0.76 0.37 0.12 -0.12
120 042 -0.11 -0.34 -0.11 1.17 0.82 0.84 093 0.68 0.29 0.02 -0.19
Excess kurtosis
80 0.62 1.18 090 0.15 -0.16 -0.52 -0.62 -0.33 0.20 -0.05 -0.17 -0.28
90 1.54 140 1.06 032 0.22 -0.20 -0.30 -0.07 0.54 0.11 -0.12 -0.32
100 1.82 1.39 1.15 049 092 022 0.13 030 0.65 0.14 -0.15 -0.40
110 1.71 144 125 071 1.83 0.68 0.61 0.84 0.87 0.05 -0.26 -0.50
120 143 092 081 0.74 286 1.10 1.04 1.51 0.83 -0.26 -0.51 -0.61
Weekly autocorrelation

80 091 094 096 097 094 096 097 098 092 095 097 0.98
90 0.88 093 096 097 093 095 096 097 091 095 096 0.97
100 0.86 092 095 097 091 094 096 097 091 094 096 0.97
110 0.88 091 094 09 090 094 095 097 090 093 095 0.97
120 092 093 094 095 090 093 095 096 0.87 092 095 0.97

The five panels report the mean, standard deviation, skewness, excess kurtosis, and weekly
autocorrelation estimates on implied volatility series at different maturities and strike levels

for the three stock indexes.



Table 1.3

Cross-index correlation between implied volatilities
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Index SPX-FTS SPX-NKY FTS-NKY
Strike\Maturity 1m 3m 6m 12m Im 3m 6m 12m Im 3m 6m 12m
80 0.57 0.60 0.59 0.57 0.29 0.33 0.34 035 0.39 0.40 0.37 0.37
90 0.56 0.60 0.59 0.56 0.31 0.34 0.35 036 0.40 042 0.40 0.39
100 0.53 0.57 0.56 0.55 0.30 0.32 0.33 035 0.36 0.40 0.39 0.38
110 047 052 053 053 0.26 0.28 0.29 031 0.29 035 0.36 0.35
120 0.36 0.39 047 049 0.15 0.21 0.26 0.27 0.27 0.30 0.32 0.31

Entries report the cross-correlation estimates of the weekly changes in the implied volatili-
ties between different pairs of the underlying indexes at each strike and maturity level.

Table 1.4

Model performance in pricing options

Index
Strike\Maturity

SPX
Im 3m 6m 12m

Im

FTS
3m

NKY

6m 12m Im 3m 6m 12m

80
90
100
110
120

0.774 0.866 0.930 0.933
0.827 0.927 0.970 0.952
0.874 0.967 0.984 0.953
0.740 0.963 0.977 0.950
0.300 0.251 0.944 0.927

0.761 0.946 0.970 0.959 0.761 0.850 0.893 0.898
0.923 0.981 0.989 0.973 0.858 0.942 0.965 0.942
0.966 0.995 0.994 0.978 0.946 0.987 0.988 0.941
0.908 0.989 0.988 0.980 0.908 0.946 0.958 0.931
0.649 0.753 0.976 0.972 0.828 0.885 0.894 0.894

Aggregate

0.914

0.938

0.911

Entries report the model’s explained variation on each implied volatility series, defined
as one minus the ratio of the pricing error variance to the variance of the original implied
volatility series. The pricing error is defined as the difference in implied volatilities between
the market quotes and the model-generated values. The last row reports the aggregate
explained variation for all option series underlying each of the three equity indexes.
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Maximum likelihood estimates of model parameters
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Global risk Country-specific risk
Average risk levels
BETS 1.1737 (20.0) EFTS 0.9683 (20.0)
BNKY 0.7052 (20.0) ENKY 1.1381 (20.0)
Jump structures
A% 0.1630 (6.39) AC 0.0299 (20.0)
s 0.5250 (7.63) <3 1.1231 (20.0)
8 1.4583 (7.65) g5 1.9004 (20.0)
Activity rate dynamics
K 0.0079 (0.02) Ke 3.0393 (18.2)
0, 0.0361 (0.02) 0, 0.0394 (20.0)
o, 1.0179 (20.0) o, 0.5262 (20.0)
Pe -0.6335 (20.0) Pe -0.4309 (20.0)
Market prices of return risks
TorX 0.1913 (4.13) X 0.9533 (20.0)
rs 0.2257 (4.30) FTs 0.8210 (20.0)
ph 0.0047 (0.08) NKY -0.0008  (3.90)
Market prices of variance risks

SPX -1.0776 (2.58) X -2.7817 (9.30)
YIS -1.2336 (2.96) yhLS -2.6865 (8.78)
NKY -1.9793 (4.61) NKY -3.3337 (11.0)

Entries report the maximum likelihood estimates of the model parameters and the absolute
magnitudes of the f-statistics (in parentheses). The z-statistics reported in the first panel
are calculated against the null hypothesis of one, whereas those in other panels are against
the null hypothesis of zero. For brevity, we truncate the #-values to a maximum of 20.
Estimation is based on weekly index returns and index options data from January 3, 1996

to August 14, 2002.
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Table 1.6
Mean return risk premiums induced by each risk component

Economy Global risks Country-specific risks

Diffusion Jump Volatility Total Diffusion Jump Volatility Total

SPX  0.0069 0.0092  0.0246 0.0407 0.0375 0.0055 0.0472 0.0903
FTS  0.0096 0.0165 0.0331 0.0591 0.0313 0.0026  0.0441 0.0780
NKY 0.0001 0.0001  0.0319 0.0321  -0.0000 -0.0000 0.0644 0.0644

Entries report the mean annualized return risk premium on the stock indexes induced by
each risk component: The return diffusion risk, the return jump risk, and the activity rate
risk in both the global and country-specific risk components.

Table 1.7
Option pricing performance when country-specific jump structures and activity rates are
allowed to differ

Index SPX FTS NKY
Strike\Maturity 1m 3m 6m 12m Im 3m 6m 12m Im 3m 6m 12m

80 0.768 0.882 0.944 0.942 0.771 0.950 0.970 0.955 0.754 0.849 0.894 0.899
90 0.826 0.937 0.972 0.952 0.935 0.983 0.988 0.970 0.851 0.940 0.963 0.936
100 0.884 0.971 0.983 0.951 0.972 0.995 0.994 0.978 0.945 0.988 0.987 0.933
110 0.792 0.960 0.978 0.950 0.933 0.989 0.991 0.983 0.913 0.952 0.963 0.926
120 0.300 0.372 0.940 0.930 0.674 0.840 0.976 0.975 0.833 0.890 0.901 0.895
Aggregate 0.917 0.944 0.911

Entries report the more flexible model’s explained variation on each implied volatility se-
ries, defined as one minus the ratio of the pricing error variance to the variance of the
original implied volatility series. The pricing error is defined as the difference in implied
volatilities between the market quotes and the model-generated values. The last row reports
the aggregate explained variation for all option series underlying each of the three equity
indexes. The model allows different jump structures and activity rate dynamics across dif-
ferent economies.



Table 1.8

Allowing countries to have different jump structures and activity rate dynamics
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Parameters\Index SPX FTS NKY Global
Average risk levels
B 1 (=) 1.2059 (20.0) 0.9791 (20.0)
£ 1 (=) 0.8301 (20.0) 1.1755 (20.0)
Jump structures
A 0.0187 (1.52) 0.0179 (2.13) 0.0160 (0.30) 0.1964 (5.29)
- 0.8550 (8.74) 09482 (637) 0.8527 (1.56) 0.3421 (6.61)
- 33185 (20.0) 3.4321 (20.0) 3.6115 (2.25) 1.4045 (13.9)
Activity rate dynamics
Ke 32474 (20.0) 3.2474 (20.0) 4.0902 (199) 0.0063 (0.01)
0. 0.0404 (20.0) 0.0404 (20.0) 0.0404 (20.0) 0.0281 (0.01)
W, 04775 (20.0) 0.6471 (20.0) 0.4911 (20.0) 0.9559 (20.0)
Pe -0.5058 (20.0) -0.4653 (20.0) -0.4074 (20.0) -0.6374 (20.0)
Market prices
Yo 0.0717 (2.35) 0.1310 (4.25) -0.0476 (1.45)
Ye 0.6732 (20.0) 0.4695 (20.0) -0.2915 (20.0)
Yos -1.2068 (2.14) -1.3818 (2.45) -1.9103 (3.37)
Yoe -2.8376 (9.39) -2.9318 (7.70) -3.2165 (8.47)

Entries report the maximum likelihood estimates of the model parameters and the absolute
magnitudes of the z-statistics (in parentheses, truncated to a maximum of 20) on a model
that allows the country-specific risk jump structures and activity rate dynamics to differ
across different economies. The ¢-statistics reported in the first panel are calculated against
the null hypothesis of one, whereas those in other panels are against the null hypothesis of
zero. Estimation is based on weekly index returns and index options data from January 3,

1996 to August 14, 2002.
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Fig. 1.1. Average implied volatility smirks on stock indexes. Lines are the sample averages
of the implied volatility quotes plotted against the fixed moneyness, defined as strike prices
in percentages of the underlying spot level. The four panels represent four different matu-
rities. The three lines in each panel represent three stock indexes: SPX (solid line), FTS
(dashed line), and NKY (dash-dotted line).



51

One-Month Options Three-Month Options

05 ff— spx
- - FTS
= NKY

b

0.4

ARAAE =" - --—-

T —

0.3

Implied Volatility, Strike as 100% of Spot
Implied Volatility, Strike as 100% of Spot

0.1
Jan% Jan97 Jan98 Jan99 Jan00 Jan01 Jan02 Jan03 Jan96 Jan97 Jan98 Jan99 Jan00 Jan01 Jan02 Jan03
Six-Month Options One-Year Options
— Spx i — SPX
04 - - Frs 04 [|-- FTs :
=+ NKY =+ NKY 'i;
1

o o
N o w
3 o ]

o
o

Implied Volatility, Strike as 100% of Spot
Implied Volatility, Strike as 100% of Spot

o
[N
o

Jan96 Jan97 Jan98 Jan99 Jan00 Jan01 Jan02 Jan03 Jan96 Jan97 Jan98 Jan99 Jan00 Jan01 Jan02 Jan03

Fig. 1.2. Time series of at-the-money implied volatilities. Lines are the time series of
at-the-money spot implied volatility quotes for the S&P 500 Index (SPX, solid line), the
FTSE 100 index (FTS, dashed line), and the Nikkei-225 Stock Average (NKY, dash-dotted
line). Each panel represents one maturity. Data are weekly from January 3, 1996 August
14, 2002.
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Fig. 1.3. Percentage variance explained by each principle component. The bar chart plots
the percentage of aggregate variation explained by each of the first ten principle compo-
nents on the 60 series of weekly implied volatility differences on the three equity indexes.
We first estimate the correlation matrix of the 60 series of weekly changes of implied
volatilities. We then compute the eignevalues of the correlation matrix. We use the nor-
malized eigenvalues to represent the percentage explained variation from each principal
component.
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Fig. 1.4. Time series of stock indexes. The three indexes are the S&P 500 Index, the FTSE
100 index, and the Nikkei-225 Stock Average. The sample starts on January 3, 1996 and
ends on August 14, 2002, with 346 weekly observations for each series.
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2.1. Introduction

The currency options market has experienced tremendous growth in recent years. According to the
statistics provided by the Bank of International Settlement, the average daily turnover on global
over-the-counter (OTC) foreign exchange options was about $117 billion in 2004, which almost
tripled the estimate in 1995. Currency options are now widely used as basic instruments to hedge
currency risk exposures. Central banks also use the forward-looking information in currency options
to assess market expectation about the future course of foreign exchange rates (See, for example,
Mylonas and Schich (1999), International Monetary Fund (2002), Bank of International Settlements
(2004), and Bank of England (2004)).

However, the options trading activity on different currency pairs is far from uniform. Trans-
actions on exchange rates that include the US dollar on one side of the currency pair has been
dominating the trading volume and account for about 79% of the average daily turnover. Contracts
involving euro, yen, and British pound, the next three most liquid contracts in global OTC foreign
exchange options markets, account for about 44%, 32%, and 10% of global daily turnover, respec-
tively.® On the other hand, options on exchange rates that do not involve the above four currencies,
especially those with emerging market currencies, generally have much lower trading activities.
Given the dominance of the dollar in global currency and its derivatives trading activities, the mar-
ket often refer to dollar-linked currency pairs as primary exchange rates and refer to currency pairs
that do not involve the dollar as cross exchange rate. Given the low trading activity of many cross
exchange rates, the OTC quotes on their options are often rare and unreliable. How to price options
on cross rates when reliable market quotes are not available has become an important topic among

practitioners.

Pricing cross rate options also constitutes an important and interesting issue for the academia.
Via the currency triangular relation, the cross exchange rate can be completely determined by the
two relevant primary exchange rates. For example, the yen price of pound is simply equal to the
product of the yen price of dollar and the dollar price of pound. However, the distribution of the

cross rate is not completely determined by the marginal distributions of the two primary exchange

6Since each transaction involves two currencies, the sum of weighted percentages in individual currencies
is equal to 200%. The statistics are from Bank of International Settlements (2005).



56

rates. We must also know the correlation structure between the primary rates in order to obtain the
cross rate distribution from the marginal distributions of the two primary rates. Accordingly, option
prices on the two primary rates do not uniquely determine the option values on the cross rate, unless

under some parametric assumptions.

The extant literature often prices cross rate options by first inferring the risk-neutral densities of
the primary rates from primary rate options and then building the risk-neutral density of the cross
rate via some copula assumptions. Examples include Bikos (2000), Rosenberg (2003), Taylor and
Wang (2005), and Bennett and Kennedy (2004). These studies determine the dependence pattern
either using prices of at-the-money options on the cross exchange rate (assuming that they are
available) or using historical exchange rate series. In this paper, instead of separately specifying
the risk-neutral process for each exchange rate, we propose to model the stochastic discount factor
of each economy and derive the exchange rate dynamics as the ratio of the stochastic discount
factors of the two economies. In any economy precluding arbitrage, there always exists a stochastic
discount factor that links future payoffs to their present values (Harrison and Kreps (1979)). In
complete markets, the stochastic discount factor is unique, and the ratios of the stochastic discount

factors between two economies determine the exchange rate between them.

We develop dynamic models of stochastic discount factors. Similar to the specification in Bak-
shi, Carr, and Wu (2005), we decompose the stochastic discount factor in each economy into a
global diffusion risk component and a country-specific jump-diffusion risk component. Separate
stochastic time changes are further applied to the two components so that stochastic volatilities can
come separately from both global and country-specific risks. In principle, we can identify both the
global and the country-specific risks for three economies using options on the three currency pairs
that form a currency triangle. Then, by incorporating options on any other primary exchange rate
(the dollar price of a fourth currency), we can also identify the country-specific risk dynamics in the

fourth economy, and thus price options on currency pairs that involve this fourth economy.

We illustrate our method by applying the model to four years of options data on six currency
pairs that span four economies. The options data are obtained from the BBA-Reuters FX Option
Volatility Benchmark. The six currency pairs include three dollar-lined primary exchange rates:
euro-dollar (EURUSD), pound-dollar (GBPUSD), and dollar-yen (USDJPY), as well as three cross
exchange rates: euro-yen (EURJPY), euro-pound (EURGBP), and pound-yen (GBPJPY). The op-
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tions are quoted at six fixed time-to-maturities at one week, one, three, six, 12 months, and two
years for delta-neutral straddles. In addition, 25-delta risk reversals and butterfly spreads are also

available at three fixed time-to-maturities at one, three, and 12 months.

The six currency pairs constitute our full sample. To analyze the out-of-sample performance,
we partition the full sample into three subsamples. Each subsample includes the three dollar-linked
primary rates and one of the three cross rates. Thus, in each subsample, the four currency pairs
contain a currency triangle and an additional primary exchange rate. Through the currency triangle,
we can identify both the global and the country-specific risks for the three economies. With the
additional primary exchange rate, we can also identify the country-specific risk dynamics for the
fourth economy. Then, we can use the estimated model to price options on the remaining two cross

rates that are not included in the model estimation.

For estimation, we cast the option pricing model into a state-space form, define the state-
propagation equation according to the dynamics of the five variance rates (one global and four
country-specific) underlying the four economies, and define the measurement equations based on
the 72 (48 for the subsample estimation) option series underlying the six (four) currency pairs. We
use an extended version of the Kalman filter to obtain the ex-ante forecasts and ex-post updates on
the conditional mean and variance of the five state variables and 72 (48) measurement series. We
then construct the likelihood function on the option series assuming normal forecasting errors and

estimate the model parameters by maximizing the sum of the likelihood values.

The estimation results show that the average in-sample root mean squared pricing errors are
from 0.36 to 0.48 implied volatility percentage point. The out-of-sample performance is also sat-
isfactory. When options on the two cross rates are excluded from model estimation but included
in updating the underlying variance rates, the average root mean squared pricing errors range from
0.60 to 0.69 volatility point. When the cross-rate information is excluded from both model estima-
tion and variance rate updating, the average root mean squared errors are from 1.11 to 1.46 volatility

points.

Our work represents a direct extension of the work by Bakshi, Carr, and Wu (2005), although
with a different objective. Bakshi, Carr, and Wu show that one can identify the multi-dimensional
structure of the stochastic discount factors in international economies using options on currencies

that form a currency triangle. They apply this idea to identify the risk and pricing behavior in the
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US, the UK, and Japan using options on the three relevant currency pairs. In this paper, we also use
currency options to identify stochastic discount factors. However, our work goes beyond a currency
triangle, but relies more on a chain role that links many economies and hence many currency pairs.
Furthermore, identifying the stochastic discount factor is not our final objective, but an intermediate
step through which we price options where reliable market quotes are not available using options

with reliable market quotes.

The paper is organized as follows. Section 2.2 propose the model for stochastic discount factors
and derives its implications for option pricing. Section 2.3 describes the data and summarizes the
stylized evidence. Section 2.4 demonstrates the sample construction and outlines the estimation
strategy based on time series of currency option prices. Section 2.5 discusses the estimation results

and assesses both the in-sample and out-of-sample model performance. Section 2.6 concludes.

2.2. The Model Framework

In this section, we propose a dynamic model of stochastic discount factors in international economies

and derive its implications for currency option pricing.

2.2.1. Modeling stochastic discount factors

We describe a set of N economies by fixing a filtered complete probability space {Q, F,

P, (% )o<;<z}> with some fixed horizon 7. We assume no arbitrage in each economy. Therefore,
for each economy, we can identify at least one strictly positive process, M (h = 1,...,N), which
we call the state-price deflator, such that the deflated gains process associated with any admissible
trading strategy is a martingale (Duffie (1992)). We further assume that M itself is a semimartin-
gale. The ratio of M at two time horizons will henceforth be referred as the stochastic discount

factor.

We propose a dynamic model of stochastic discount factors in international economies, under
which the stochastic discount factor is decomposed into three orthogonal components: an interest
rate component, a global risk component and a country-specific risk component. The volatilities

underlying the global and country-specific components are both stochastic and follow separate dy-
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namics. Using the language of time-changed Lévy processes (Carr and Wu (2004a)), we can write

our model for the stochastic discount factor in the home economy as (with My = 1),

e - 4] [y
[—&” (Wi +72) - (; (&’1)2 +k,[—§h]> Ef’} . @.1)

[x]

The first bracket captures the contribution from interest rates with * denoting the continuously
compounded spot interest rate of the relevant maturity, which we assume deterministic. The second
bracket specifies global diffusion risk factor, with W& denoting a standard Brownian motion, and Ef
denoting a stochastic time change that captures the stochastic volatility associated with the global
risk factor. ¥ is the loading of economy % on the global risk factor. The second term in the bracket

compensates the first term to make it an exponential martingale.

The third bracket specifies a country-specific jump-diffusion risk component with W” denoting
another standard Brownian motion independent of the global risk component W#, and J” denotes a
pure jump Lévy component. Here we add a jump component to the country-specific component to
capture short-term currency return non-normalities. Separate stochastic time change Z are applied
to this country-specific risk component to capture the stochastic volatility associated with the idio-
syncratic risk. To maintain parsimony, we assume that (Wh +Jh)3h are independent but identical

across all economies and &" captures the average scale difference of the idiosyncratic risk across

different economies. For identification, we normalize the loadings to the first economy to unity:
Y =E'=1.
We model the jump component J” by the exponentially dampened power law, the Levy density
of which is given by:
0, x>0

7 [x] = , (2.2)
e Bl x|~ 1 x<0

with o € [—1,2] and A, 3 > 0.We adopt this specification from Carr, Geman, Madan, and Yor (2002)
as Wu (2006a) shows that the DPL jump specification can match evidence in stocks and currencies.
In equation (2.2), we set the arrival rate of positive jumps to zero, given previous evidence that only
negative jumps are priced. In this specification, the power coefficient o controls the jump type. The

model generates finite-activity jumps when o < 0, and infinite-activity jumps when o > 0. Since
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we only have option quotes up to 25-delta, it is unlikely we can distinguish different jump types.

Hence, we fix o at 1. The cumulant exponent of the jump component with o0 = 1 is:
1 i
k[s] = ;lnE (e“lfl) =AB+s)In(1+s/B), s€DCC, (2.3)

where E(-) denotes the expectation operator under measure . A cumulant exponent is normally
defined on the positive real line, but it is convenient to extend the definition to the complex plane,

s € D C C, where the exponent is well-defined.

To generate stochastic volatility on the stochastic discount factor, we apply stochastic time
changes = and E/" to the global and country-specific risk components, respectively. We assume
locally predictable and continuous time changes and specify them via the instantaneous activity
rates v; and v/

t
2= [ vids, El= [ Vs (2.4)
We model the P-dynamics of the two activity rates using square-root processes,

dvi = (0% —vf)dr+f\/vidZ, (2.5)

af = (0] di+ o'\ vtaz, (2.6)

where (k#,%") control the mean-reversion speeds of the two activity rate processes, (6¢,0") de-
note their long-run means, and (Z8,Z") are two Brownian motions that are correlated with the two

Brownian motions in the stochastic discount factor:
pédt = E(dWSdZf), p"dt =TE(dW,dz!).

The correlations between other pairs of Brownian motions are assumed to be zero.

Our specifications on the stochastic discount factors follow largely from Bakshi, Carr, and Wu
(2005). Our choice of the jump structure (with only downside jumps and & = 1) is also motivated
by the empirical evidence in that paper. On the other hand, we allow a more flexible risk struc-
ture among different economies. They use the same scaling coefficient £” on both the global risk

component and the country-specific risk component. Thus, although the aggregate risk level can
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differ across economies, the relative proportional of global versus country-specific risks are fixed.
In our specification, we allow the coefficients to be different so that the relative proportion of the

two sources of risks can also differ across economies.

2.2.2. Currency return dynamics

In complete markets, the stochastic discount factor is unique, and the ratios of the stochastic discount
factors between two economies determine the exchange rate between them (Lucas (1982), Dumas
(1992), Bakshi and Chen (1997), Basak and Gallmeyer (1999), and Backus, Foresi, and Telmer
(2001)). Let Sf " denote the time-f currency-h price of currency f, with & being the home economy,

we have,

l/
Slte _ ML/
s/t Ml Ml

hf=1,2,...,N. Q2.7)

When the market is not completed by domestic securities such as stocks and bonds, the currencies
and currency options can help complete the market by requiring the stochastic discount factors to

price the observed currency and currency options via the above no-arbitrage relation.

Under the stochastic discount factor specification in (2.1), the log return on the exchange rate

N eI ( > o)
<§h(Wfﬁ+Jﬁﬁ) ( (&) > )
_<§f(WEf’f+J£f) ( (&) + k[ >:{> (2.8)

In this specification, the exchange rate dynamics between the two economies (% and f) are governed

st =S}/ ng over the horizon [0,7] is,

by one diffusion global risk component (W¥), two country-specific jump-diffusion risk components
(Wh 4+ J" and W/ + J7), and three activity rates (v§ ,v, ,v,) that define the three stochastic time

changes (Z¢ ,:f, :f)

To price options, we need to derive the risk-neutral dynamics on the currency return. The

measure change from the statistical measure IP to the home-country risk-neutral Q" is defined by the
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exponential martingale:

Q"
dP

= exp (—\(”Wé’ig — % (g@)zif)
exp (& (W +0"),, - (5 (&) i [-2] )=, 29

t

=t

The currency return dynamics under the home-economy risk-neutral measure Q" becomes,

+ (&” (Wi +92) - <£t(§h)2 +k}Q[§h]> zﬁ)
- (&f (WEftf +J£{) + (; (&f)2+k9[—§f]> 3{) . (2.10)

Since J/ is independent of J”, J/ remains unchanged under Q". The home-economy jump

component changes from Jﬁh to Jf? under ", where the Lévy density for J,hQ becomes
~t -t

0, x>0
. (2.11)

Qhr,y . =& _hpy
x| =e > w [x] =
Ae~ (B8l x|t x<0

Hence, " [x] and " [x] share the same parametric form with B2 = B —&". For B2 > 0, we need

B > & Under measure Q", the global and country-specific variance rates processes change to

i = <K898—Kngf)dt+mg Vi dZe,

vt = (Kheh—Kth?)dt-i-(oh Vidzh.

with 8@ = 18 +Y'@4p? and ¥ = ¥ +- E"@"p”. The process for v{ does not change under measure

Q" since Z/ is independent of Z8 and Z".
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2.2.3. Currency option pricing

Given the Q"-dynamics of the log currency return in (2.10), we can derive its generalized Fourier

transform as in Carr and Wu (2004a),

q)i@ = EQ( lle, )

= E@< Ur‘”ﬁ+(@“wﬂwé—xw-wfﬁ))>
(A ) G ) (i) 00

= s () Y (V) BN (V) (2.12)

where (W& [u],y" [u] , ' [u]) denote the characteristic exponents of the three Lévy components prior
to time-change that are due to the global risk component, home country-specific risk component,

and foreign country-specific risk component, respectively:

(Yh—yf)z(in—uz),

(L en\? L 0 [en Vo (en\?_Qf; en
v = w3 ) b ) ]
Wi = i (; (&) +k [—gf]>+;u2 (&) —ky [—iutf].

[Ng ,N" N/ ] denote three new measures defined by the following complex-valued exponential mar-

tingales,

dN8
dQh ¢
th
dQh ¢
dN/
dQh ‘

— exp (in ( (V' =¥ ) WE =3 (v =)&) + we ] =
— exp (iu(gh (Wllh+J’:h) (% (€ + A gﬂ)s?) wh[u]sﬁ), (2.13)
= exp(iu( éf(Wf%— ) ( (&) +kj[—§])5j>+wf[u]3f).
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To take the expectation, we need the dynamics for the variance rates under their respective new

measures:
v = (k00— ) i+ of\Jifaze, (2.14)
af = (k")) di+ o \haz), (2.15)
vl = (e ")V az (2.16)
with

K Kyt — ) 5
N = 4 (1 — iu) Eralph, (2.17)

&V =« 4 it ol

Since the three activity rates follow affine dynamics under their relevant measures N¢, N, and

N/, the expectations in (2.12) generate exponential-affine solutions:

o0 — (= )i ( o Vel zf) N (e_wh[u] zy) v (e_\l,f[u] :[) (2.18)

(=17 )1 g bV —cg(0)=bu(a) vy —enlt)~bs 1)~ (e) (2.19)

where (vg, Ve, vg ) are the time-0 levels of the three activity rates and the coefficients [b(¢),c(7)] on

each activity rate take the same functional forms:

2y (1—e )
b.(t) = ,
T () 220)
cel) = B2 (1T (1-e ) ) (e )]
with n¢ = 4/ (xNe )2 + 22y and for ¢ = g, h, f, respectively. Given the generalized Fourier trans-

form, we can now follow Carr and Madan (1999) and use fast Fourier inversion to obtain option

prices.
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2.3. Data Description

We obtain the currency options data from the British Bankers’ Association (BBA). The BBA and
Reuters jointly introduced the FX options volatility benchmark to improve market transparency.
They have been publishing the historical currency options data through their websites. From this
data set, we choose options on six currency pairs that span four economies. Three of the currency
pairs are dollar-linked primary exchange rates: dollar price of euro (EURUSD), dollar price of
pound (GBPUSD), and yen price of dollar (USDJPY). The other three are cross exchange rates that
do not involve the dollar: yen price of euro (EURJPY), pound price of euro (EURGBP), and yen
price of pound (GBPJPY). Thus, the spanned four economies are the US, the UK, the Euro Area,

and Japan.

The BBA currency options quotes are in terms of delta-neutral straddle implied volatility (ATMV),
25-delta risk reversals (RR25), and 25-delta strangle margins (SG25, also known as butterfly spreads).
A straddle is a portfolio of a call option and a put option with the same strike. The market quote of
a delta-neutral straddle corresponds to a near-the-money implied volatility (ATMV) that makes the

Black-Scholes delta of the straddle portfolio zero.

The 25-delta risk reversals (RR25) measure the difference between Black-Scholes implied volatil-
ities of a 25-delta out-of-the-money call option and a 25-delta out-of-the-money put option: RR25 =
IV(25¢) — IV (25p). Thus, risk reversal quotes capture the slope of the implied volatility curve,

which measures the skewness of the risk-neutral return distribution.

The 25-delta strangles (SG25) are quoted as a premium of the average volatility of the 25-delta
out-of-the-money call and 25-delta out-of-the-money put options over the at-the-money volatility:
SG25 = (IV(25¢) +1V(25p))/2 — ATMV . Strangle quotes capture the average curvature of the

smile, which reflects the kurtosis of the risk-neutral currency return distribution.

The quotes are available daily from October 3, 2001 to September 28, 2005. For model estima-
tion, we sample the data weekly on every Wednesday to avoid weekday effect. Each series contains
209 weekly observations. The straddle implied volatility quotes are available at six fixed maturities
at one week, and one, three, six, 12 months, and two years. The 25-delta risk reversals and strangle

quotes are available at three fixed maturities at three, six, and 12months.

At maturities where risk reversal and strangle quotes are available, we can combine them with
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the straddle implied volatility to recover the implied volatilities for the 25-delta call option and

25-delta put option:

IV (25¢) = SG25+ATMV +RR25/2,  IV(25p) = SG25+ ATMV — RR25/2. @.21)

To convert the implied volatilities into option prices, we need information on domestic and foreign
interest rates as well as spot exchange rates. We download spot exchange rates from Bloomberg.
We also download LIBOR and swap rates from Bloomberg and use them to construct the spot rate

curve for each economy.

Table 2.1 reports the summary statistics on the straddle, risk reversal, and strangle quotes for
each of the six currency pairs. The first panel reports the sample average of each series. The average
straddle implied volatilities for EURGBP are about 6.74 volatility points across all maturities. Those
for the other five currency pairs are higher, from 8.22 to 10.38 percentage points. The average
strangles are positive for all currency pairs and across all maturities, implying that out-of-the-money
option implied volatilities are generally higher than at-the-money implied volatilities. This feature
of the data shows that excess kurtosis in the currency return distribution is a robust and persistent
feature of the OTC currency options market. On the other hand, the average risk reversals differ in
signs across different currency pairs, indicating that the risk-neutral currency return can on average

be either positively or negatively skewed, depending on the currency pair.

The second panel reports the standard deviation of each series. The standard deviations of the
straddle implied volatilities range from 0.67 to 1.79 percentage points. The standard deviations
of risk reversals are in general larger than their mean magnitudes, and are much larger than the
standard deviations of the strangles. As have been documented in Carr and Wu (2006), the high
standard deviation on the risk reversal indicates that the risk-neutral currency return skewness is

strongly time varying.

The third and fourth panels report the skewness and excess kurtosis of the implied volatility
quotes. These estimates are mostly small, indicating that the quotes do not experience large discon-
tinuous updates. The last panel reports the weekly autocorrelation estimates, which range from 0.60
to 0.98. These serial dependence reflects the time-series dynamics of the return volatility. For delta-

neutral straddles and risk reversals, the autocorrelation estimates tend to increase with increasing
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option maturities.

Figure 2.1 plots the time series of delta-neutral straddle implied volatility at three selected matu-
rities: one month (solid lines), three months (dashed lines), and 12 months (dash-dotted lines). Each
panel represents one currency pair. Over the sample period, the plots show significant variation in
implied volatilities, more so at shorter maturities, consistent with their larger standard deviations

observed in Table 2.1.

Figure 2.2 plots the time series of 25-delta risk reversals (solid lines) and strangles (dashed
lines) for each currency pair. The multiple lines for both risk reversals and strangles represent the
three different option maturities at one, three, and 12 months, which we do not distinguish in the
plot. For all currency pairs, the 25-delta strangles (dashed lines) fluctuate little during the four-year
span at all three option maturities. In contrast, the risk reversals vary strongly over time, so much

so that the sign also switches over time.

2.4. The Estimation Strategy

In this section, we first describe how we use options on one currency triangle plus another exchange
rate to identify the risk dynamics in the four economies and to price options on other cross exchange

rates between the four economies that are not included in the model estimation.

2.4.1. Subsample construction

We have options on three dollar-linked primary rates (EURUSD, GBPUSD, and USDJPY), and
three cross exchange rates that do not involve the dollar (EURJPY, EURGBP, and GBPJPY). These
six currency pairs span four economies: the US, the Euro area, the UK, and Japan. To show how
we can price options on cross exchange rates based on options quotes on other related currency
pairs, we construct three subsamples from the full sample of the six currency pairs. As shown
in Table 2.2, each subsample contains four currency pairs, with three of them forming a currency
triangle and the other being a primary exchange rate that links dollar to the fourth currency. Options
on these four currency pairs are used for model estimation and for in-sample pricing performance

analysis. Options on the two excluded cross exchange rate are used for out-of-sample performance
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analysis. The underlying idea is that using options on the currency triangle, we can identify both the
global risk dynamics and the dynamics on the country-specific risks in the three economies. Then,
incorporating another primary exchange rate that links the dollar to a fourth currency, we can also
learn the risk dynamics for the fourth economy. Thus, we can price options on the two excluded
cross exchange rates even though their options are not included in the model estimation. The two
excluded cross rates are formed by linking the fourth economy to the two non-US economies in the

currency triangle.

Figure 2.3 further illustrates the idea using schematic graphs. Each panel represents one sub-
sample construction. Currency pairs linked with solid lines are included in model estimation,
whereas currency pairs linked with dashed lines are excluded from model estimation and are used
for out-of-sample analysis. The schematic graphs show that the relation we rely on for identifica-
tion is built upon the currency triangle, but goes beyond it as it is more of a chain rule that links all
the economies and all exchange rates together. We estimate our models using both the full sample
that includes options on all six currency pairs and the three subsamples that include options on four

currency pairs each.

Our purpose is to use options on actively traded exchange rates to identify the stochastic dis-
count factors of the involved economies, from which we can price options on the less actively traded
exchange rates. In general, we can add any liquid option to the triangular pair in order to infer the
cross-rate option prices of our interest. For example, if our interest is to price the illiquid cross-rate
options between euro and Brazilian real, we can use the dollar-real options to replace options on
dollar-yen in the first subsample. Then, from the estimated model, we can price options on euro-
real and pound-real. To better assess the model performance, we illustrate our method using liquid

exchange rates involving the four of the most actively traded currencies.

2.4.2. Maximum likelihood estimation with unscented Kalman filter

We estimate the model using the time-series of option prices. Since the activity rates are not directly
observable, we cast the model into a state-space form and infer the activity rates at each date using
an efficient filtering technique. Then, we estimate the model parameters by maximizing the sum of

weekly likelihood values on option prices.
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In the state-space form, we regard the global activity rate and the country-specific activity rates

in the four economies as the unobservable states and use v, = [v§,vU5 vEU UK

)
v/P]T to denote the (5 x 1) state vector, with the superscript US,EU,UK,JP denoting the four
economies, respectively. The state propagation equation is specified as an Euler approximation of

the activity rate dynamics:
vi=A+®v 1 +/Ge&, veERT (2.22)

where €; denotes an i.i.d. standard normal innovation vector and

kK 0
® = exp(—KxAr), k=

0 Kh14
A = (Is—®)8, 0=1[0%0"]", (2.23)
G = (@) (@5 (@) (@) R, (02T, ) o,

where Ar = 7/365 corresponds to the weekly frequency of the data, I; denotes an identity matrix of
dimension d, e, denotes a vector of ones of dimension d, and (-) denotes a diagonal matrix with the

diagonal elements given in the bracket.

Measurement equations are based on the observed option prices, assuming additive, normally-

distributed measurement errors:
yi = O[v;:0] +e, E(ee)=1, (2.24)

where y, denotes the out-of-the-money option prices computed from the implied volatility quotes,
scaled by Black-Scholes vega of the option at time ¢, O[v;;®] denotes the corresponding model-
implied values as a function of the parameter set ® and the state vector v;. We assume that the
scaled pricing errors are i.i.d. normal with zero mean and constant variance. Hence, we can write the
covariance matrix as, J = G, I, where the dimension (i) of the measurement equations corresponds
to 72 option series for the full sample estimation and 48 option series for each of the three subsample

estimations.

When the state propagation and measurement equations are Gaussian linear, the Kalman filter
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provides efficient forecasts and updates on the mean and covariance of the state vector and obser-
vations. In our application, the state propagation equation is Gaussian linear, but the measurement
equations are nonlinear functions of the state vector. We use an extended version of the Kalman
filter, the unscented Kalman filter, to handle the nonlinearity of the measurement equation. Specif-
ically, let v, P;,y,,V, denote the time-(z — 1) ex ante forecasts of time-¢ values of the state vector,
the covariance of the state vector, the measurement series, and the covariance of the measurement
series, respectively. Let v, and P, denote the ex post update, or filtering, on the state vector and its
covariance at the time ¢ based on observations (y;) at time 7. The unscented Kalman filter uses a set
of deterministically chosen (sigma) points to approximate the state distribution. If we let d denote
the number of states (d = 5 in our application) and let { > 0 denote a control parameter, we generate

a set of 2d + 1 sigma vectors y; according to the following equations,

Xt,O = Vi

i = @B GY J=lends i=1,...,2d,

with the corresponding weights w; given by,

wo = C/(d+C), wi=1/2d+C)], i=1,...,2d.

These sigma vectors form a discrete distribution with w; being the corresponding probabilities. We
can verify that the mean, covariance, skewness, and kurtosis of this distribution are v;, 13, + G, 0,

and d + C, respectively. Given the sigma points, the prediction steps are given by:

Xei = A+PAi
v[-‘r] = ZwiZ,i;
i=0
. 2d
Pror = Y willy—vie) (L —vie1) (2.25)

i=0

yt+l = Zwl Xl‘ l’ 5

Vig = Zwl [Xm ] yz+1) (O[XI‘J;@]_yH'l)T—i_]’
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and the filtering updates are given by

Vielr = Vet + Kt 041 —Vig1)s
Py = P — Kii1Vis1 Kby (2.26)
with
d B O
Kev1 = Zwi (Xt,i_vf‘i']) (0 [Xm?@] ~Sie1) | (Visr) (2.27)
i=0

We refer the reader to Wan and van der Merwe (2001) for general treatments of the unscented

Kalman filter.

Given the forecasted option prices y and their conditional covariance matrix V obtained from
the filtering technique, we compute the log likelihood value for each week’s observations on the

option prices assuming normally distributed forecasting errors,

1 — -
li11]0] = —*IOg |Vt+1‘ ( Ye+1 — yz-;—l)T (VH-I) : (Vi1 _yz-s-l)) . (2.28)

Then, we choose model parameters to maximize the aggregate log likelihood values:

®_argmaxL[ Ay, with £]@, {y Y] Zl,+1 (2.29)

where N = 209 denotes the number of weeks in our sample. The model has 17 parameters:
O =[YEU WK yP k8,08 f, ps,EEV EUK EIP kh @h o p" A, B,06,]. We normalize the loading co-
efficients on the US to unity: Y5 = EUS = 1. Altogether, 15,048 option quotes are used in the full

sample estimation and 10,032 option quotes are used in each of the three subsample estimations.

2.5. Empirical Results

Through model estimation, we can identify the stochastic discount factors for the four economies,
from which we can construct exchange rate dynamics between any two economies. In this sec-
tion, we first assess the model’s in-sample and out-of-sample performance. Then, we discuss the

stochastic discount factor dynamics implied by the structural parameter estimates.
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2.5.1. In-sample performance

Table 2.3 reports the in-sample root mean squared pricing error (rmse) for the full sample estimation
and the three subsample estimations, respectively. The pricing error is defined as the difference in
implied volatilities between the market quotes and the model-generated values. The average root
mean squared pricing errors range from 0.36 to 0.48 volatility point across different estimations.
Comparing the performance across different maturities, we find that the model performs better on
long-term options than on short-term options. The larger pricing errors for short-term options are
consistent with their wider bid-ask spread observed in the market. For instance, the average bid-ask
spreads for EURJPY and GBPJPY with maturity of one week are about 1.20 and 2.10 percentage
points, respectively. But the bid-ask spreads on longer maturity options are normally within one

percentage point.

Another way to investigate the model performance is to check where there are the remaining
structures in the pricing errors. The mean pricing error of a good model should be close to zero
and show no obvious structures along both the moneyness and the maturity dimensions. Figure 2.4
plots the mean pricing error in volatility points along the moneyness dimension at three selected
maturities at one month (solid lines), three months (dashed lines), and 12 months (dash-dotted lines).
Each panel represents on currency pair. Since in-sample performances for the three subsample
estimations are similar to that for the full sample estimation, we only report results on the full-
sample estimation to save space. For all currency pairs, the mean pricing errors are well within
half a percentage point, the average bid-ask spread for the implied volatility quotes. The mean
pricing errors do not show discernable systematic structures along either the moneyness or maturity

dimension.

Figure 2.5 plots the mean absolute pricing error on the six currency pairs. The mean absolute
pricing errors are also small, and do not show any systematic patterns. Therefore, overall our

estimated model generates good pricing performance on options across all six currency pairs.

2.5.2. Out-of-sample performance

For out-of-sample performance, we analyze how the model estimated using options on four cur-

rency pairs performs in pricing options on the other two currency pairs that are excluded from the
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model estimation. We consider two possible scenarios. In the first scenario, we do not have his-
torical options quotes on the two cross rates and hence we need to exclude them from the model
estimation. Nevertheless, we start to have quotes on them now. Therefore, although we cannot use
their historical quotes for model estimation, we can use their current quotes, together with quotes
on the other four currency pairs, to extract the variance rates using the unscented Kalman filter. In
the second scenario, options quotes on the two cross rates are not available. Hence, we need to both
estimate the model parameters and extract the variance rates only using options on the four currency

pairs.

Table 2.4 computes the out-of-sample root mean squared pricing error for options on the two
cross rates based on the first scenario. Although options on the two cross rates are excluded from
model estimation in each subsample, they are included in extracting the variance rates. Compared
with the corresponding in-sample performance reported in the first panel of Table 2.3, the out-of-
sample pricing errors are slightly larger, with average root mean squared pricing errors ranging from
0.60 to 0.69 volatility point. The pricing errors at very short and long maturity are larger than those

at moderate maturities.

Figures 2.6 reports the out-of-sample mean pricing errors along the moneyness dimension at
selected maturities of one (solid lines), three (dashed lines), and 12 (dash-dotted lines) months. The
mean pricing errors are mostly within half a percentage point, the average bid-ask spread for liquid

currency options. Again, we observe no obvious structures from the pricing error plots.

Figure 2.7 plots the out-of-sample mean absolute pricing errors along the moneyness dimension
at selected maturities of one (solid lines), three (dashed lines), and 12 (dash-dotted lines) months.

The mean absolute pricing errors are all within one percentage point, with no obvious structures.

To test the statistical significance of the difference between in-sample and out-of-sample pricing
performances, we adopt the likelihood ratio statistic constructed by Vuong (1989). The test statistic
is initially developed to test the null hypothesis that two non-nested models are equivalent in terms
of likelihood. We can think of the statistic as a test of whether the out-of-sample likelihoods for op-
tions on the the two excluded cross rates are the same as their corresponding in-sample likelihoods.
Formally, we let LR(®p,;;, Os,5) denote the log likelihood ratio between the likelihoods of the op-

tions on the two excluded cross rates computed from the full-sample estimation and the subsample
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estimation, respectively,

LR(®ru1,Osup) = L(OFur) — L(Osup), (2.30)

Vuong constructs a test statistic based on this log likelihood ratio,

R.= LR(®Fu1,Os)/(5VN), (2.31)

where N denotes the number of weeks in the time series and 5 denotes the standard deviation es-
timate of the weekly log likelihood ratio (Ig,; — Is,»). Vuong proves that R is asymptotically
normally distributed N(0, 1). Based on the weekly log likelihood estimates, we compute the sample
mean and standard deviation of the likelihood ratio and then construct the test statistic in equation
(2.31). In estimating 5, we adjust serial dependence in the weekly log likelihood ratios based on
Newey and West (1987) with the lags optimally chosen following Andrews (1991) under an AR(1)

specification.

Table 2.4 reports the likelihood ratio test statistic &_in the first row of each panel. The statistic
for the first subsample where cross-rates involving Japanese Yen are excluded is about 1.38, which
is smaller than 1.96, the critical value at 95% level. On the other hand, the statistics for the other
two subsamples are both larger than 1.96. Therefore, when the two excluded cross-rates are used to
update the variance rates, the null hypothesis of similar in-sample and out-of-sample performance
cannot be rejected for the first subsample, but the in-sample and out-of-sample performances for the

other two subsamples are significantly different.

Table 2.5 reports the out-of-sample root mean squared pricing errors based on the second sce-
narios, where options on the two cross rates are excluded both from model estimation and from
variance rate extraction. Since the options information are excluded completely, the out-of-sample
pricing errors become larger than the corresponding in-sample performance reported in the first
panel of Table 2.3 and also larger than the out-of-sample errors computed based on the first scenario
in Table 2.4. The average root mean squared pricing errors are similar for the first two subsamples
at about 1.11 volatility points. The average root mean squared pricing error is larger at about 1.46

volatility points for the third subsample, where cross-rates involving euro are excluded.

Figure 2.8 plots the out-of-sample mean pricing error along the moneyness dimension at se-

lected maturities of one (solid lines), three (dashed lines), and 12 (dash-dotted lines) months. The
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mean pricing errors are mostly within one percentage point, the average bid-ask spread for illig-
uid cross-rate options. The mean pricing errors also show no obvious remaining structure. Fig-
ure 2.9 plots the corresponding out-of-sample mean absolute pricing error. Here, we observe that
short-term options generate larger out-of-sample pricing errors than long-term options, showing that
short-term options exhibit more supply-demand idiosyncratic movements that cannot be as readily

inferred from other option price quotes.

When we perform the likelihood ratio test, the results on R -statistics in Table 2.5 show that,
when the two excluded cross-rates are not used in either parameter estimation or state updates,
the null hypothesis of similar in-sample and out-of-sample performance are rejected for all three
subsamples. Therefore, options on the cross rates contain useful information and should be used for
both model estimation and states extraction when they are available. Neverthless, when they are not

available, our proposed pricing method generates satisfactory out-of-sample pricing performance.

2.5.3. Stochastic discount factor dynamics

Table 2.6 reports parameter estimates and their absolute magnitudes of the 7-statistics (in parenthe-
ses) for different sample estimations. These structural parameters determine the stochastic discount
factor dynamics in the four economies. We report parameter estimates both from the full-sample es-
timation and from the subsample estimations. Nevertheless, since the full sample is by construction
more symmetric, we focus our discussion about parameter estimates from the full sample estima-

tion.

The estimates on the loading coefficients ¥’ and &" capture the average scale difference of the
global and country-specific risks across the four economies. For identification reasons, we normal-
ize the loading to the US economy to one. Thus, deviations from one on the coefficient estimates
capture their relative difference in risk levels from the US economy. Their corresponding ¢-statistics

are calculated against the null hypothesis of one.

The Y' coefficients capture the loading of the global risk factor on each economy. All the
estimates are larger than one, with the values being 1.660, 1.396, and 1.275 for the Euro area,
the UK, and Japan, respectively. On the other hand, the &" estimates capture the loading of the

country-specific risk components on each economy. Different from their rankings on the global risk
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factor, the loading factor estimates on the country-specific risk components are 0.723, 1.382, and
1.908 in ascending order for the Euro area, the UK, and Japan respectively. Taken together, the
different coefficient estimates suggest that compared to the US economy, the Euro area contains
a larger proportion of global risk components and a smaller proportion of country-specific risk
components. In contrast, the Japanese economy contains the largest portion of the country-specific
risk component and a smaller proportion of the global risk component. The loading coefficients
on the UK are relative symmetric, 1.396 on the global risk and 1.382 on the country-specific risk,
indicating that the UK and the US share similar risk structures, but the risk (or risk premium) level

in the UK is higher.

The parameter k measures the mean-reversion speed of the underlying variance rate. The esti-
mate for the country-specific variance rate k" is 1.775, corresponding to a weekly autocorrelation
of 0.9661, and a half life of about half an year. In contrast, the mean-reversion speed estimate
for the global variance rate k¥ is insignificantly different from zero, implying near non-stationary
behaviors. These estimates suggest that the global variance rate is much more persistent than the
country-specific variance rates. The difference in persistence implies that it is more difficult to

predict changes in global risk than to predict changes in country-specific risk.

The correlation parameters p¢ and p” capture how the variance rates change following global
and country-specific shocks, respectively. The correlation estimates for both return components p#
and p” are strongly negative. The negative correlations imply that the variance rates increase when

the economy receives a negative shock.

The coefficient A controls the overall arrival rate of jumps. The larger A is, the more frequent
jumps arrive. The dampening coefficient § control the arrival rate of large negative jumps. A larger
dampening coefficient B implies a smaller arrival rate of large negative jumps. Nevertheless, the
estimates for the two parameters have low 7-values, indicating that out-of-money options up to 25-

delta are probably not deep enough to accurately identify the tail behaviors of currency returns.
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2.6. Conclusion

We study the pricing of illiquid cross exchange rate options by identifying stochastic discount fac-
tors embedded in currency triangles. We develop dynamic models of stochastic discount factors,
under which the stochastic discount factor in each economy is decomposed into a global diffusion
risk component and a country-specific jump-diffusion risk component. Separate stochastic time
changes are further applied to the two components so that stochastic volatilities can come sepa-
rately from both global and country-specific risks. We propose to identify the stochastic discount
factors using options on actively traded currency pairs that include a currency triangle. Then, using

the estimated model, we can price options on the less actively quoted cross currency pairs.

We illustrate our method by applying the model to six currency pairs that span four economies
(US, Euro area, UK, and Japan). The six currency pairs include three U.S. dollar-linked primary ex-
change rates (euro-dollar, pound-dollar, and dollar-yen), and three cross exchange rates that do not
include the dollar (euro-yen, euro-pound, and pound-yen). For out-of-sample analysis, we partition
the six currency pairs into three subsamples, each of which includes the three dollar-linked primary
rates and one of the three cross rates. Thus, in each subsample, the four currency pairs contain a
currency triangle and an additional primary exchange rate. Through the currency triangle, we can
identify both the global and the country-specific risks for the three economies. With the additional
primary exchange rate, we can also identify the country-specific risk dynamics for the fourth econ-
omy. Then, we can use the estimated model to price options on the remaining two cross rates that
are excluded from the model estimation. Our estimation results show that the out-of-sample perfor-
mance is satisfactory. The root mean squared errors on the excluded options average from 1.11 to

1.46 volatility points.



Table 2.1

Summary statistics of currency options quotes
Entries in the five panels report, respectively, the mean, standard deviation, skewness, ex-
cess kurtosis, and weekly autocorrelation of the straddle (ATMV), risk reversal (RR25),
and strangle (SG25) quotes. Data are weekly from October 3, 2001 to September 28, 2005,
209 observations for each series.

78

Contract ATMV RR25 SG25
Maturity Iw Im 3m 6m 12m 2y Im 3m 12m Im 3m 12m
Mean
EURUSD 9.72 9.77 10.00 10.22 10.35 10.38 0.34 042 049 0.21 0.23 0.25
GBPUSD 822 825 844 862 8.73 888 0.12 0.15 0.18 0.18 0.20 0.21
USDJPY 9.64 944 934 933 933 930 -0.68 -0.88 -1.11 0.30 0.33 0.37
EURGBP 6.53 6.53 6.69 686 696 6.88 0.20 0.19 0.17 0.17 0.18 0.20
EURJPY 937 937 946 9.60 9.68 9.71 -0.35 -0.38 -042 0.27 029 0.32
GBPJPY 926 9.26 936 950 9.58 962 -040 -044 -047 027 029 0.32
Standard Deviation
EURUSD 149 1.15 091 0.81 0.75 071 041 037 032 0.04 0.04 0.04
GBPUSD 1.54 122 096 0.79 0.71 0.67 031 0.25 022 0.03 0.02 0.02
USDJPY 1.59 1.13 084 0.76 075 0.76 0.64 072 0.92 0.06 0.06 0.06
EURGBP 127 1.00 082 0.78 0.76 079 021 0.16 0.16 0.03 0.03 0.04
EURJPY 1.74 134 1.07 1.00 1.00 1.00 0.55 058 0.62 0.05 0.05 0.06
GBPJPY 1.79 137 105 094 0.89 087 051 0.53 058 0.05 0.05 0.06
Skewness
EURUSD 040 0.19 0.02 0.05 021 027 0.07 -0.21 -0.27 -0.15 -0.21 0.03
GBPUSD 0.57 0.23 0.04 0.10 0.06 0.07 0.10 -0.00 -0.20 0.08 -0.07 0.16
USDJPY 0.88 053 034 055 089 1.01 -0.83 -0.18 -0.14 -0.12 -0.06 -0.16
EURGBP 0.72 041 0.11 021 035 003 0.17 0.16 0.09 051 0.52 0.14
EURJPY 095 079 0.74 082 097 1.00 -0.18 -0.11 -0.10 0.66 0.74 0.50
GBPJPY 095 0.74 049 043 0.57 067 -0.37 -0.14 -0.09 0.87 0.86 0.63
Kurtosis
EURUSD -0.19 -0.59 -0.79 -0.76 -047 -0.36 -0.42 -0.37 -0.59 -0.93 -0.71 -0.39
GBPUSD 0.88 0.63 0.65 0.16 -0.26 -0.31 -0.48 -0.62 -0.67 -0.81 -0.75 -0.94
USDJPY 1.47 -033 -0.31 0.62 151 1.67 3.62 098 -0.37 -0.32 -0.43 -0.50
EURGBP -0.10 -0.85 -1.17 -0.75 -0.34 -0.68 -0.16 -0.51 -0.32 -0.64 -0.62 -1.36
EURJPY 0.74 0.08 0.19 0.73 1.19 1.28 0.78 -0.28 -1.06 0.70 0.31 -0.25
GBPJPY 093 0.24 0.09 040 0.85 1.03 0.86 -0.27 -095 0.50 0.05 -0.34
Weekly Autocorrelation
EURUSD 0.70 0.87 090 091 092 092 0.87 092 095 096 097 0.96
GBPUSD 0.82 093 095 096 097 097 086 0.89 094 096 096 0.94
USDJPY 0.60 0.78 0.84 0.89 092 093 0.82 092 098 095 095 0.94
EURGBP 0.85 092 095 096 096 097 0.82 0.88 095 096 097 0.97
EURJPY 0.79 0.89 091 093 094 095 091 095 098 094 095 0.95
GBPJPY 0.82 090 092 093 094 094 0.89 094 098 093 094 0093
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Table 2.2

Sub-sample construction for out-of-sample performance analysis

This table shows how we construct subsamples to test the out-of-sample performance of
the estimated model on currency pairs that are not included in the model estimation. The
full sample contains options on three dollar-linked primary exchange rates and three cross
exchange rates that do not involve the dollar. Each subsample includes a currency triangle
plus another dollar-linked primary exchange rate that links to another (the fourth) currency.
Options on the remaining two cross exchange rates are excluded from the model estimation
and are used for out-of-sample performance analysis.

Sub- In sample Out of sample

samples Currency triangle Primary rate  Excluded cross rates
1 EURUSD GBPUSD EURGBP USDJPY EURJPY GBPJPY
2 EURUSD USDJPY EURJPY GBPUSD EURGBP GBPJPY

3 GBPUSD USDJPY GBPJIPY EURUSD EURGBP EURJPY
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Table 2.3

In-Sample pricing performance

Entries report the in-sample root mean squared pricing error (rmse) for the full sample
estimation and the three subsample estimations, respectively. For each estimation, we also
report the grand average rmse. The pricing error is defined as the difference in implied
volatilities between the market quotes and the model-generated values.

Contract ATMV 25-delta call 25-delta put
Maturity 1w 1Im 3m 6m 12m 2y Im 3m 12m Im 3m 12m

Full Sample: average rmse=0.48

EURUSD 0.88 0.46 0.18 0.22 030 043 046 038 041 045 020 0.43
GBPUSD 0.75 0.41 0.25 0.29 031 035 035 0.21 029 042 036 042
USDJPY 1.04 0.58 031 032 041 062 035 044 0.82 0.79 0.55 0.44
EURGBP 0.73 0.46 0.29 035 039 0.62 044 038 043 054 041 045
EURJPY 130 0.85 0.39 0.22 0.34 056 0.55 026 0.60 0.98 0.59 0.32
GBPJPY 1.21 0.74 0.31 0.28 0.35 0.52 0.52 0.32 057 0.84 0.48 0.32

Subsample 1: average rmse=0.36

EURUSD 0.64 0.28 0.15 0.15 0.16 030 0.28 0.27 0.22 0.27 0.22 0.26
GBPUSD 0.56 0.26 0.14 0.18 0.22 030 0.32 0.18 0.21 0.19 0.25 0.28
USDJPY 1.05 0.59 0.23 0.21 0.35 0.54 033 045 0.82 0.81 0.56 0.48
EURGBP 0.61 0.31 0.14 0.34 043 0.61 0.20 0.24 044 043 0.26 042

Subsample 2: average rmse=0.42

EURUSD 0.66 0.31 0.16 0.12 0.14 033 033 033 022 034 023 022
GBPUSD 0.55 0.27 0.18 0.21 0.25 035 0.33 0.26 024 0.28 0.32 0.34
USDJPY 1.15 0.71 0.35 0.20 0.26 0.44 0.44 037 0.71 092 0.65 0.47
EURJPY 1.13 0.70 0.28 0.18 0.34 057 035 035 0.66 090 0.54 0.29

Subsample 3: average rmse=0.39

EURUSD 0.58 0.26 0.16 0.16 0.16 034 0.25 031 025 030 0.22 0.21
GBPUSD 049 0.22 0.15 0.16 0.21 033 0.27 0.24 0.22 0.20 0.20 0.22
USDJPY 1.12 0.68 0.30 0.19 0.29 047 040 034 0.73 0.86 0.58 0.46
GBPJPY 1.10 0.68 0.27 0.19 0.33 055 035 035 0.63 0.86 0.53 0.33
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Table 2.4

Out-of-sample performance when options on the two cross rates are excluded from model
estimation but included in state extraction

Entries report the out-of-sample root mean squared pricing error (rmse) for options on the
two cross rates in each of the three subsamples. Options on these cross rates are excluded
from model estimation but included in state variable extraction. The pricing error is defined
as the difference in implied volatilities between the market quotes and the model-generated
values. Each panel represents one subsample, for which we also report the grand average
rmse and a likelihood ratio test statistic & against the null hypothesis of similar in-sample
and out-of-sample performance.

Contract ATMV 25-delta call 25-delta put
Maturity 1w Im 3m 6m 12m 2y Im 3m 12m Im 3m 12m

Subsample 1: average rmse=0.67, X = 1.38

EURJPY 1.44 1.00 047 0.20 0.36 0.57 0.64 0.28 0.64 1.13 0.69 0.32
GBPJPY 134 0.84 033 048 0.72 0.79 0.57 0.35 0.87 096 0.54 0.61

Subsample 2: average rmse=0.60, X = 2.94

EURGBP 0.67 0.42 0.29 038 0.64 1.19 045 031 0.60 0.52 045 0.77
GBPJPY 131 0.81 0.37 0.45 058 0.60 0.55 0.34 0.67 095 0.55 0.46

Subsample 3: average rmse=0.69, X = 4.08

EURJPY 1.21 0.81 045 044 0.82 1.31 052 035 1.00 0.95 0.61 0.67
EURGBP 0.64 0.42 0.29 042 0.86 1.54 043 024 094 040 030 0.86
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Table 2.5

Out-of-sample performance when options on the two cross rates are excluded from both
model estimation and state extraction

Entries report the out-of-sample root mean squared pricing error (rmse) for options on the
two cross rates in each of the three subsamples. Options on these cross rates are excluded
from both model estimation and state variable extraction. The pricing error is defined as
the difference in implied volatilities between the market quotes and the model-generated
values. Each panel represents one subsample, for which we also report the grand average
rmse and a likelihood ratio test statistic & against the null hypothesis of similar in-sample
and out-of-sample performance.

Contract ATMV 25-delta call 25-delta put
Maturity 1w Im 3m 6m 12m 2y Im 3m 12m Im 3m 12m

Subsample 1: average rmse=1.11, R =2.47

EURJPY 2.19 1.72 1.11 0.71 0.57 0.66 141 0.88 0.69 1.82 1.28 0.62
GBPJPY 195 141 088 0.77 0.85 0.86 1.14 0.73 094 156 1.05 0.79

Subsample 2: average rmse=1.12,% = 4.88

EURGBP 197 1.72 134 1.06 092 124 1.70 1.32 090 1.72 1.38 1.01
GBPJPY 142 1.03 0.81 0.81 0.77 0.68 1.01 092 0.89 1.05 0.70 0.58

Subsample 3: average rmse=1.46, R = 2.62

EURJPY 190 1.63 130 1.13 1.23 154 142 1.25 1.37 159 129 1.07
EURGBP 193 1.78 148 1.28 126 1.68 1.71 144 133 171 143 122




Table 2.6
Maximum likelihood estimates of model parameters
Entries report the maximum likelihood estimates of the structural parameters and the ab-
solute magnitudes of the ¢-statistics (in parentheses). The z-statistics for loading coefficients
vand § are calculated against the null hypothesis of one, whereas those for other parameters
are against the null hypothesis of zero. Estimation is on weekly currency options data from
October 3, 2001 to September 28, 2005, 209 observations for each series.
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® Full sample Subsamples excluding options on cross rates with
JPY GBP EUR
Global risk
YU 1.660 (2.649) 1.838  (2.291) 2442  (2.115) 1.407 (24.032)
WK 1396 (2.647) 1.569  (2.330) 1.925 (2.116) 1.341  (24.142)
Y 1275 (2.648) 1.334  (2.339) 1.656  (2.122) 1.173  (23.970)
k¢ 0.022 (0.956) 0.011  (0.257) 0.001  (0.038) 0.014  (0.485)
65 0.088 (1.462) 0.008  (0.279) 0.000  (0.000) 0.030 (0.398)
o 0071 (2.604) 0.083  (2.241) 0.052  (2.166) 0.217  (8.791)
p$  -0.583 (7.722) -0.413  (5.212) -0.355  (7.765) -0.128  (5.701)
Country-specific risk
EEU0.723  (6.121) 0.878  (7.985) 1.092  (4.680) 1.582 (16.427)
EVK 1382 (10.536) 0.893  (6.150) 1.155 (5.156) 1.237  (9.469)
P 1.908 (20.748) 1.316  (9.882) 1.476  (15.759) 1.797  (19.798)
K" 1775 (42481) 2427 (37.969) 2132 (53.294) 2.331 (53.494)
0" 0002 (19.159) 0.003  (21.256) 0.003  (23.304) 0.002  (19.787)
o" 0.188 (43.549) 0.268 (38.521) 0.250 (41.682) 0.193  (39.759)
p" 0315 (34.183) -0.428 (31.939) -0.408 (48.800) -0.380 (38.894)
A 0.009 (0.112) 0.007  (0.133) 0.003  (0.067) 0.009  (0.154)
B 2929 (0.116) 1.623  (0.196) 2215 (0.072) 2.764  (0.170)
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Fig. 2.1. Delta-neutral straddle implied volatilities over calendar time. Lines denote
the time series of the delta-neutral straddle implied volatility quotes at three selected ma-
turities: one month (solid lines), three months (dashed lines), and 12 months (dash-dotted
lines). Each panel represents one currency pair. Data are weekly from October 3, 2001 to
September 28, 2005, 209 weekly observations for each series.
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Fig. 2.2. Risk reversals and strangles over calendar time. Lines denote the time series of
25-delta risk reversals (solid lines) and 25-delta strangles (dashed line), both with maturities
of one, three, and twelve months, respectively. Each panel represents one currency pair.
Data are weekly from October 3, 2001 to September 28, 2005, 209 weekly observations

for each series.
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Fig. 2.3. Illustration of the subsample construction. Currency pairs linked with solid
lines are included in model estimation. Currency pairs linked with dashed lines are ex-
cluded from model estimation and are used for out-of-sample analysis.
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Fig. 2.4. In-sample mean pricing error in implied volatility. The pricing error is defined
as the difference in implied volatilities between the market quotes and the model-generated
values from the full sample estimation. We compute the mean pricing error at each mon-
eyness and maturity. The three lines represent three chosen maturities at one (solid lines),
three (dashed lines), and 12 (dash-dotted lines) months.
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Fig. 2.5. In-sample mean absolute pricing error in implied volatility. The pricing error
is defined as the difference in implied volatilities between the market quotes and the model-
generated values from the full sample estimation. We compute the mean absolute value of
the pricing error at each moneyness and maturity. The three lines represent three chosen
maturities at one (solid lines), three (dashed lines), and 12(dash-dotted lines) months.
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Fig. 2.6. Out-of-sample mean pricing error when options on the two cross rates are
excluded from model estimation but included in state extraction. The pricing error is
defined as the difference in implied volatilities between the market quotes and the model-
implied values, which are computed based on models estimated excluding options on the
two cross rates. Nevertheless, these options are included in extracting the variance rates.
We compute the mean pricing error at each moneyness and maturity. The three lines repre-
sent three chosen maturities at one (solid lines), three (dashed lines), and 12 (dash-dotted
lines) months.
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Fig. 2.7. Out-of-sample mean absolute pricing error on the two cross rates are ex-
cluded from model estimation but included in state extraction. The pricing error is
defined as the difference in implied volatilities between the market quotes and the model-
implied values, which are computed based on models estimated excluding options on the
two cross rates. Nevertheless, these options are included in extracting the variance rates.
We compute the mean absolute value of the pricing error at each moneyness and maturity.
The three lines represent three chosen maturities at one (solid lines), three (dashed lines),

and twelve (dash-dotted lines) months.
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Fig. 2.8. Out-of-sample mean pricing error when options on the two cross rates are
excluded from both model estimation and state extraction. The pricing error is defined
as the difference in implied volatilities between the market quotes and the model-implied
values, where the model is estimated and states are extracted without using options on the
two cross rates. We compute the mean pricing error at each moneyness and maturity. The
three lines represent three chosen maturities at one (solid lines), three (dashed lines), and
12 (dash-dotted lines) months.
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Fig. 2.9. Out-of-sample mean absolute pricing error when options on the two cross
rates are excluded from both model estimation and state extraction. The pricing error
is defined as the difference in implied volatilities between the market quotes and the model-
implied values, where the model is estimated and states are extracted without using options
on the two cross rates. We compute the mean absolute value of the pricing error at each
moneyness and maturity. The three lines represent three chosen maturities at one (solid
lines), three (dashed lines), and 12 (dash-dotted lines) months.
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