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Abstract

INFRARED AND RAMAN SPECTROSCOPY STUDY OF LAYERED

SYSTEMS

by

Jian Li

Adviser: Jiufeng Tu

Optical spectroscopy studies the interaction between light (photon) and matter. Dur-

ing such interaction, different processes such as reflection, transmission, scattering,

absorption or fluorescence can occur. Among all the optical spectroscopic techniques,

infrared (IR) and Raman spectroscopy are most commonly used. In an Infrared

process, photons are absorbed. The required light source emits polychromatic In-

frared light and when it passes through or being reflected by the sample the light

is partially absorbed. The frequency dependent absorption allows one to study the

electronic and vibrational structure of the sample. On the other hand, the Raman

spectroscopy is second order in nature where the photon is scattered instead of being

absorbed. A monochromatic light source is used instead of a continuous spectrum.

Generally, the dominate effect in an optical process is absorption and transmission
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but a (small) portion of photons are scattered. A small fraction of photons change

their energy/wavelength during the scattering. Depending on the scale of the change

in energy, those inelastic scatterings can be categorized into Brillouin scattering and

Raman scattering. Although sharing the same mechanism, different energy scale re-

quire completely different experimental setups for Brillouin scattering and Raman

scattering.

In the study of infrared and Raman spectroscopy, group theory is a very helpful tool.

The calculation of absolute intensity of an optical transition is rather difficult and

sometimes infeasible, especially for crystal vibrations. Group theory is the mathemat-

ical language that describes the symmetry property of the physical system. Selection

rules based on symmetry consideration had been predicted. Group theory, especially

representation theory, is an important branch of condensed matter physics.

Both theoretical and experimental results of my PhD research are presented. The top-

ics being covered are: infrared study of iron based superconductor BaFe1.85Co0.15As2;

the study of Raman scattering with Laguerre-Gaussian (LG) beam.
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Chapter 1

Group Theory

Symmetries exist everywhere. Group theory is the mathematical language describing

the symmetries. IN the field of physics, group theory finds its applications in many

branches. Famous examples are: the SU(2), U(3) group for free space; crystallo-

graphic point groups for molecules; crystallographic space groups for crystals; O(3)

group for atomic physics. In this chapter, after a brief introduction of the history of

the application of group theory in physics, some important areas of group theory, es-

pecially crystallographic point group and space group will be presented. Many other

important areas, such as continuous groups, symmetric groups, full rotation groups,

are not included.

1.1 Brief introduction and history

Currently, there are vigorous research activities in group theory applications in physics.

This was not the case before the pioneer work by H. Weyl [1] and E. P. Wigner [2] in

the 1920s and 1930s. Early interest of group theory is mainly confined in a quite small

region, namely the periodic structures of crystals. J. F. C. Hessel [3] identified all the

32 crystallographic point groups in the year 1830 where only the rotational symmetry

is considered. In 1890, Schonflies [4] and Fedorov [5] determined the 230 crystallo-

graphic space groups independently. Those studies solved the early problems that

was raised by Steno [6] in 1669. In 1931, Wigner published the book Gruppentheorie
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und ihre Anwendung auf die Quantenmechanik der Atomspektren, which is referred

to some people as “the bible of group theory”. Winger himself became familiar with

group theory as a result of his interest in crystallography. After that, group theory

has been applied in more and more fields of physics. One noticeable application is one

of the greatest triumphs of human – relativity, to which Einstein successfully applied

the Lorentz group.

The application of group theory in physics can be simply demonstrated by the

standard example:
∫
f(x)dx = 0 if f(x) is an odd function. Instead of doing the

actual integral, simple symmetry consideration indicates that this is zero. This is

one simplest example of group theory. In reality more symmetry operations besides

inversion exist in the physical system under study and group theory predicts go/no go

rules that are called selection rules.

1.2 Structure of abstract group

A group is a collection of elements A, B, C, · · · with certain group multiplication:

1. the set is closed under group multiplication.

2. the associate law holds.

3. identity element E exists.

4. inverse element exists.

Due to limitation of space, only finite groups are considered here. That is, the num-

ber of elements A, B, C, · · · is finite. Many important infinite groups, including

continuous groups, can be found in standard textbooks. If the group multiplication
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E A B C D F

E E A B C D F

A A E D F B C

B B F E D C A

C C D F E A B

D D C A B F E

F F B C A E D

Table 1.1 : Multiplication table for group G2
6.

is commutative, the group is Abelian. In the following subsections we list concepts

that are crucial for understanding an abstract group.

1.2.1 Multiplication table

The structure of the group are determined by its multiplication table. Two groups

with the same multiplication table is isomorphic. A typical group multiplication table

is given in table 1.1. It gives the product of an element from the row and an element

from the column, such as AB = D. It is also clear that this group is not Abelian

since AB 6= BA.

1.2.2 Rearrangement theorem

If the whole set of elements is multiplied by one same element within the group, each

group element appears exactly once. In other words, multiplying each element by Ak

merely rearranges the elements.
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1.2.3 Subgroups

For some cases, a collection of elements within a large group G also forms a group S .

This smaller collection of elements are called subgroup of the original, larger group.

A set of elements SX is called right coset if X is not in S . It can be proved that

two right cosets of S is either identical or have no elements in common. This leads

to the conclusion that the order g of the subgroup S must be integral divisor of the

order h of the large group G , the ratio of the two order, h/g being the index of S in

G .

1.2.4 Class structure

The conjugate elements for element A is formed by XAX−1 where X is any element of

the group G . The collection of elements conjugate with each other forms a class. The

identity element E forms a class itself. Any other classes other than E do not form

subgroup. The way that a group G is divided into different classes is called class

structure. Elements belonging to the same class have the same physical meaning.

Accordingly, the factor group of G with respect to S can also be defined.

1.3 Representation of groups

1.3.1 Representation

The representation of a group is a set of matrices D(g) that have one-to-one corre-

spondence to group elements that satisfy

D(A)D(B) = D(AB) (1.1)

Those matrices the satisfy the multiplication table. The dimensionality of the matri-

ces is called the dimensionality of the representation. Infinite sets of matrices exist
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to represent one group. Those can be decomposed into smaller matrices are called

reducible and those cannot be decomposed are called irreducible.

1.3.2 Orthogonality theorem

It can be proved that the irreducible representations of a group satisfy the following

orthogonality theorem: ∑
g

D̄(i)(g)µνD
(j)(g)αβ =

h

li
δi,jδµαδνβ (1.2)

where the summation g runs over all group elements and the matrix D̄(i)(g) is the

complex conjugate of D(i)(g).

1.3.3 Character table

The definition of the representation, D(A)D(B) = D(AB), can not determine the

matrices uniquely. A whole set of representations after unitary transformation is

still a representation. Two sets of irreducible representations that can be connected

by unitary transformation are equivalent. To make this arbitrary less annoying, the

traces of the matrices are used since they are invariant under unitary transformation.

Therefore the character of the ith representation is:

χ(i)(g) = TrD(i)(g) =

li∑
µ=1

D(i)
µµ(g) (1.3)

Application the orthogonality theorem for representations shows that elements within

one class have the same character. The orthogonality theorem for representations now

becomes orthogonality theorems for characters:∑
k

χ̄(i)(Ck)χ
(j)(Ck) =

h

Nk

δi,j, (1.4a)

∑
i

χ̄(i)(Ck)χ
(i)(Cl) =

h

Nk

δk,l (1.4b)
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Based on this theorem, the characters for all irreducible representations can be ob-

tained systematically and it has been done and tabulated.

1.3.4 Basis functions

A set of functions, ψ(i)k , are said to be the basis function of irreducible representation

D(i) if

Pgψ
(i)
κ =

li∑
λ=1

ψiλD
(i)(g)λκ (1.5)

Following this definition, an orthogonal theorem is found for basis functions that two

functions belonging to different irreducible representations or different rows of the

same representation are orthogonal:

(ψ(i)
κ , ψ

(i′)
κ′ ) = δii′δκκ′

li∑
λ=1

(ψ
(i)
λ , ψ

(i)
λ )l−1

i (1.6)

It shows that the scalar product is independent of κ. According, two kinds of projec-

tion operators can be defined:

P(i)
λκ =

li
h

∑
g

D̄
(i)
λκPg, (1.7a)

P(i) =
∑
κ

P(i)
κκ =

li
h

∑
g

χ̄(i)Pg (1.7b)

so that when working on basis function

P(i)
λκψ

(j)
κ′ = δijδκκ′ψ

(j)
λ′ (1.8a)

P(i)ψ
(j)
κ′ = δij

∑
κ

ψ(j)
κ (1.8b)

The idea is that when projection operators works on any function, the output are the

basis functions that transform according to certain irreducible representation. This

serves as the corner stone of later analysis on Raman tensors for LG beam.
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1.4 Group theory application in physics

1.4.1 Quantum mechanics and wave functions

In quantum mechanics, a physical system is described by its Hamiltonian H . Some

Hamiltonians have invariant properties therefore the Hamiltonian operator commute

with some spatial operations. The set of complete commuting operators are said to

form the group of the Schrodinger equation.

Schrodinger equation is generally in the form of H ψn = Enψn where En and

ψn are the eigenvalue and eigenstates of the Hamiltonian operator. The commuting

transformation operators have such properties:

PgH ψn = PgEnψn (1.9a)

H Pgψn = EnPgψn (1.9b)

From this we see that function Pgψn obtained by operating symmetry operators on

eigenfunctions will also be an eigenfunction with the same energy. This set of func-

tions obtained this way forms a complete basis space for the group of Schrodinger

equation. Same energy means degeneracy. Those degeneracy forced by symmetry are

called normal degeneracy. There could exist other degenerating functions that can

not be connected with each other by symmetry operation and they are called acci-

dental degeneracy. A classical example of accidental degeneracy is the degeneracy

of 2s and 2p orbital functions in hydrogen-like atom. The eigenfunctions of energy

En form basis set for the irreducible representation of the group of the Schrodinger

equations.

It should be noted that the physical problem that group theory deals with does not

confined into eigenvalue problems of Hamiltonian operators. Classical situation, such

as molecule vibration and crystal vibration can also be handled by group theory ele-
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gantly [7]. In that case, the Hamiltonian is the total potential and the eigenfunctions

are the normal modes.

1.4.2 Selection rules

Having identified eigenstates as basis functions of the corresponding group, one further

step is to establish the selection rules, i.e., the transitions between those eigenstates.

For invariant operators, the matrix elements (ψ
(i′)
κ′ ,H ψ

(i′)
κ′ ) vanish between functions

belonging to different irreducible representations or to different rows of the same

unitary representation. For some physical system, perturbations break the original

symmetry. For those invariant operators, the matrix element (ψ
(i′)
κ′ ,H

′ψ
(i′)
κ′ ) vanish

unless the representation Di′ is found in the direct product Di ×DH ′
.

Those strong restrictions on the non-zero transitions are called selection rules.

They depend only on the symmetry properties of the physical system. Other infor-

mation of the interaction besides symmetry is irrelevant for this go/no go selection

rules. The intensity of the transition sure depends on interaction details besides

symmetry properties.

1.5 Crystallographic point group

A crystallographic point group is a set of symmetry operations with a central point

fixed that leaves the pattern unchanged. Crystallographic means these point groups

have their origin in crystal which limits the number of rotations to 2-fold, 3-fold,

4-fold and 6-fold. Different combinations of rotations with reflection lead to a total

of 32 point groups.
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1.5.1 List of the 32 crystallographic point group

Due to historical reasons, different notations exist in the literature. The Hermann-

Mauguin notation (full and short), the Shubnikov notation and Schoenflies notations

are most commonly used. The Hermann-Mauguin notation is sometimes called inter-

national notation. The 32 point groups are tabulated in tab .1 in different notations.

These 32 point groups are categorized into 7 crystal systems: triclinic, monoclinic,

orthorhombic, tetragonal, trigonal, hexagonal and cubic. All point groups are sub-

groups of Oh and D6h.

1.5.2 Character tables

The character tables of those point groups can be found in any group theory text

book, the standard one being The Properties of the Thirty-Two Point Groups [8] by

G. F. Koster et al.

1.6 Crystallographic space groups

The major difference between point group and space group is that there is no fixed

point in space groups. The presence of the translational symmetry greatly complicate

the situation, for the irreducible representations of space groups are difficult to obtain

and to use.

The space groups are a collection of spatial transformations. In a three dimen-

sional world, both translation and rotation can be one dimensional, two dimensional

and three dimensional. To form space groups, the dimensionality of the translation

must be equal to or smaller than the dimensionality of the rotation. As a result, there

are 6 different types of space groups and they are listed in table 1.2. Those groups
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Dimension name of the space group number of the groups

(1,1) line groups 2

(2,1) frieze groups 7

(3,1) rod groups 75

(2,2) wallpaper groups 17

(3,2) layer groups 80

(3,3) Fedorov groups 230

Table 1.2 : Space groups of different dimension.

with unequal lattice dimension and rotation dimension are called subperiodic space

groups. The 230 (3,3) Fedorov group and the 17 (2,2) wallpaper group are introduced

in following sections.

Most generally, a space group operation is {ϕ|t(ϕ)}, where ϕ is rotational opera-

tion and t(ϕ) is translational operation associated with rotation ϕ. {ϕ|t(ϕ)} repre-

sents the spatial operation: {ϕ|t(ϕ)} · r = ϕ · r + t(ϕ). The product of two symmetry

operations is {ϕ1|t1(ϕ1)} · {ϕ2|t2(ϕ2)} = {ϕ1 ·ϕ2|t1(ϕ1) +ϕ1 · t2(ϕ2)}. The complete

set of {ϕ|t(ϕ)} is space group G . Let RL denote lattice vectors and the complete

set of RL forms the translational group I . In case t(ϕ) = RL, the space group is

symmorphic. If t(ϕ)= RL + τ , where τ /∈ I , the group is non-symmorphic. The

representation theory of non-symmorphic is much more difficult to handle.

1.6.1 The 230 (3,3) Fedorov groups

Same as the 32 point groups, different notations exist for 230 space groups. Inter-

national notation and Schoenflies notations are most widely used. In table .2 the
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list of 230 space groups are given, categorized according to crystal systems. Besides

Shubnikov and Schoenflies notations, each space group are numbered and can be

quoted using this number. In the international notation, the first part is a capital

letter indicating the translational symmetry of the lattice. P , C, F , I representation

simple, base-centered, face-centered and body-centered Bravais lattices. The second

part indicates the rotational symmetry of the crystal. m, 2, 3, 4, 3̄ and 4̄ are signs of

pure rotation and reflection; a, b, c, d, n, 21, 31, 32, 41, 42 and 43 are signs of glide

planes and screw axis, which in turn are signs of non-symmorphic space groups. A

detailed description of each space group, including the list of symmetry operation and

the list of Wyckoff positions [9], is given by [10]. The following volumes in the same

series by IUCr (International Union of Crystallography) are also useful.

1.6.2 The 17 (2,2) wallpaper groups

The 17 wallpaper groups are listed in table .3. The standard notation for wallpaper

groups are IUC notation, IUC standing for the international Union of Crystallography.

The notations have the same meaning as in (3,3) case.

1.7 Representation of space groups

The main difference between point group and space group is the presence of trans-

lation symmetry in space groups. Infinitely large number of translational symmetry

makes the representation theory complicated. In this section, the method of getting

irreducible representation and characters of space groups are introduced. It is pre-

sented for (3,3) Fedorov groups. Its application to (2,2) wallpaper group is similar

but easier.
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1.7.1 Character table of (3,3) Fedorov group

The number of symmetry operations in any space group is the product of the number

of rotational operations times the number of primitive cell in the sample. The number

of rotational operations can be s = 1, 2, 3, 4, 6, 12, 16, 24, 48. The number of

primitive cell in a crystal is (N1 × N2 × N3) and periodic boundary conditions are

assumed. With (N1×N2×N3×s) elements, the representation theory of space group

must be handled with the introduction of Brillouin zone. There are N1 × N2 × N3

Brillouin zone points and the irreducible representations are labeled by Brillouin zone

point k. At each Brillouin point, the full group G reduce to a smaller, handleable

group Gk. The full irreducible representation of G can be induced from the irreducible

representations of Gk. Following irreducible representation, the character table can be

obtained. This method will be briefly introduced below in this section. In practice,

this is not an easy job, especially for the Brillouin points on the surface of the Brillouin

zone of the non-symmorphic space groups, where the irreducible representation of Gk

can not be simply read out from the corresponding point group [11]. Outstanding

and exhaustive literatures (Kovalev [12], Zak [13], Miller and Love [14], Cracknell

and Davis [15].) exist on this topic where both the matrices and the characters

of irreducible representations are tabulated. Even with the help of those tables, the

representation theory of crystallographic space groups is not easy because of the chaos

in notation.

The goal of getting irreducible representations of space groups is to find for each

symmetry operation {ϕ|t(ϕ)} a matrixD(Fk)(m)({ϕ|t(ϕ)}) so thatD(Fk)(m)({ϕ1|t(ϕ1)})

· D(Fk)(m)({ϕ2|t(ϕ2)}) = D(Fk)(m)({ϕ1 · ϕ2|t1(ϕ1)+ϕ1 ·t2(ϕ2)}). Fk is label for Bril-

louin zone point and m is label for the mth irreducible representation at Fk point.

Rotational operations brings wave function with wave vector k to wave functions at
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wave vectors {ϕ ·k}. Some of these wave vector is equivalent as k: {ϕi ·k} = k + BH ,

where BH is any reciprocal lattice vector. The inequivalent set of {ϕ · k} is defined

as star of k and each inequivalent one of {ϕ · k} is called an arm of the star. Those

symmetry operations {ϕ|t(ϕ)} that {ϕi · k} = k + BH defines a new group Gk. It

is called group of wave vector k and is a subgroup of G . The representation of wave

vector group Gk can be obtained from their corresponding point groups in most cases.

The only exception is at Brillouin boundary point of non-symmorphic groups. For

any point inside Brillouin zone or any symmorphic space group, the representation

D(k)(m)({ϕ|t(ϕ)}) is simply D(k)(m)(ϕ) × e−ik·t(ϕ), where D(k)(m)(ϕ) is representation

of the point group at wave vector k. The representation theory at Brillouin zone

boundary points of non-symmorphic space groups can be obtained using little group

method or theory of ray representation. This trouble can not be avoided because all

the interesting physics happen at those high symmetry point due to the high density

of states. The space group G can be decomposed to Gk in the form of G = Gk + · · ·

+ {ϕσ|tσ}Gk + · · · + {ϕs|ts}Gk, where s is the number of arms in Fk and ϕσ is an

operation that brings k to its inequivalent point. Define dotted matrix Ḋ(k)(m)({ϕ|t}):

Ḋ(k)(m)({ϕ|t}) =


0 if {ϕ|t} is not in Gk

D(k)(m)({ϕ|t}) if {ϕ|t} is in Gk.

(1.10)

The D(Fk)(m) of G can be induced from D(k)(m) of Gk. It is in a block structure with

σ and τ as indices for blocks where ϕσ and ϕσ are operations that bring k to its

inequivalent positions.

D(Fk)(m)({ϕ|t})στ = Ḋ(k)(m)({ϕσ|tσ}−1 · {ϕ|t} · {ϕτ |tτ}). (1.11)

The matrix D(Fk)(m) is in block form where each block is a matrix from D(k)(m) of

Gk. D(Fk)(m) is s × s the size of D(k)(m) where s is the number of arms in Fk. The
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character of D(Fk)(m) is :

χ(Fk)(m)({ϕ|t}) =
∑
σ

χ̇(k)(m)({ϕσ|tσ}−1 · {ϕ|t} · {ϕσ|tσ}). (1.12)

where the dotted character is defined as:

χ̇(k)(m)({ϕ|t}) =


0 if {ϕ|t} is not in Gk

χ(k)(m)({ϕ|t}) if {ϕ|t} is in Gk.

1.7.2 Character table of (2,2) wallpaper group

Same as (3,3) Fedorov group, the wallpaper groups can be either symmorphic or

nonsymmorphic. The irreducible representations of wallpaper groups can be obtained

the same way as space groups. Due to relatively simpler two dimensional Brillouin

zone and small number (17) of groups, the irreducible representations of wallpaper

groups is represented in one review article [16] instead of intimidating books. Note

the labeling of Brillouin zone high symmetry points maybe different according to

different authors.

1.8 Crystallographic double groups

Up until now, in the discussion of electrons, a single function with spatial coordinate

is used to describe one electron state. This is not true in reality because the electrons

are spin half particles and their wave functions are spinors. In other words, the real

wave function of an electron has two components. The spinors can not be described

by the irreducible representations of ordinary groups introduced in previous chapters

and the concept of double group must be used to deal with spinors.

The full derivation of double group and its representation theory is long and

complicated. An “artificial” yet effective way of introducing double group is through
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the three dimensional rotational group O(3). The character of any operation in O3 is

χJ(α) =
sin(J+ 1

2
)α

sin(α/2)
. When J is an integer or zero, the character of operation α is the

same as operation (α+ 2π). However, when J is half-integer, the above rule does not

hold and χJ(α + 2π) = −χJ(α). There exists an additional operation, rotation by

2π, that in single group is the identity operator but in double group which describes

spinors of spin half particles, is not the identity. It is due to the homomorphism

between SU(2) and O(3). The rotation by 2π is labelled Ē. Ē commutes with all

spatial operations. The combination of Ē with all other ordinary spatial operations

doubles the size of the group. This is where the name double groups comes from. The

corresponding representations of the double group are called double representations

due to double group or two valued representations. Single electron wave function

actually belongs to double representations.

There are 32 crystallographic double point groups. The character tables of the

double groups can also be worked out despite the relatively larger size of the group.

The basis functions for single groups involves only (x, y, z) but the basis functions

for double groups are combination of (x, y, z) and spinor ψ. It should be noted that

time reversal has not introduced yet and Kramers theorem does not apply so far

although according to the character tables all the double representations seems to be

degenerate. There are few exception that double representations are non-degenerate.

1.9 Time reversal and magnetic group

The discussion on point group and space groups so far focus only on spatial symme-

tries of the the physical system. However, besides spatial operation, time reversal θ

is a different kind of transformation:

θ : t 7→ −t (1.13)
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For a particle with spin J , θ = exp−iπ Jy~ K where Jy is the y component of the

particle’s spin and K is the complex conjugate operation. Its effects on position

and momentum operators are θxθ−1 = x and θpθ−1 = −p. A physical system with

even (including zero) or odd electrons is described by Schrodinger equation or Dirac

equation. Being different in nature, Schrodinger equation and Dirac equation behave

differently under time reversal operations θ. It can be shown that:

θ2 = 1 : even number of electrons (1.14a)

θ2 = −1 : odd number of electrons (1.14b)

When studying atoms, molecules and crystals, the effect of the time reversal op-

erator θ is to change the direction of the spin. Obviously, for physical system without

magnetic momentum, the introduction of θ doubles the number of symmetry oper-

ations in the group. And for a system with magnetic momentum, θ itself is not

an symmetry operation but it becomes one when combined with spatial operations.

Different combinations exist and the ordinary point groups and space groups can be

extended to magnetic point groups and magnetic space groups with the introduction

of θ. Those two magnetic groups will be given in the next two subsections. Due to

the unpopularity of the wallpaper group, its corresponding magnetic group is not well

studied. Only the magnetic groups of the Fedorov space groups are given.

1.9.1 Magnetic crystallographic point group

Suppose two crystallographic point group G and H . A magnetic crystallographic

point group M must be of the three structures:

1. M = G

2. M = G ⊕ θ G
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3. M = H ⊕ θ (G −H )

Type (1) is the ordinary point group, where time reversal is not considered. There are

32 of these. Type (2) describes a physical system without (permanent) magnetic mo-

mentum. The magnetic group is simply the ordinary point group plus elements that

are formed by spatial operation associated with time reversal. Obviously there are 32

of type (2) magnetic point groups. They are sometimes called “gray” group. Type (3)

magnetic groups are formed by splitting one point group G into two: H and G −H .

There are 58 different ways of splitting the 32 point groups. The totally number of

magnetic crystallographic point group is 122. The magnetic crystallographic point

groups are also called Shubnikov [17] point groups.

1.9.2 Magnetic crystallographic space group

Magnetic crystallographic space groups are also called Shubnikov [17] space groups.

There are four ways of introducing time reversal into crystallographic space groups:

1. M = G

2. M = G ⊕ θ G

3. M = H ⊕ θ {αi|τi} H = H ⊕ θ (G −H )

4. M = H ⊕ θ {e|t0} H

The first two type of magnetic space groups are trivial and each type contains

230 space groups. Type (3) corresponds to the splitting a Fedorov space group in

two and associate half with time reversal and there are 674 of such Shubnikov space

groups. Type (4) describes black and white lattice, where the element {e|t0} is a pure

fractional transition. By fractional one means that t0 is not a lattice vector in group
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G . There are 517 such type of Shubnikov space groups. The combination of the four

types gives a total of 1651. The full list of the 122 Shubnikov point groups and the

1651 Shubnikov space groups can be found in standard textbooks.

1.9.3 Co-representation

Although anti-unitary time reversal orator θ is included, the magnetic groups are still

group and they have irreducible representations. Except for the type (1) magnetic

point groups and magnetic space groups, a general magnetic group is of the form:

M = H ⊕ a0H (1.15)

Here, a0 is a fixed anti-unitary operator that a0 = θu0, u0 being a corresponding

fixed unitary operator in H . Also, we use u to denote the unitary operations from H

and use a to denote the anti-unitary operator a = θu. For type (2) magnetic point

groups and type (2) magnetic space groups, a0 can be chosen to be time reversal

operator θ and for type (3) magnetic point groups and type (3), (4) magnetic space

groups, a0 is θ associated with some spatial operation: a0 = θ{α|τ}.The anti-unitary

operator is both anti-linear and anti-unitary:

a0(c1f + c2g) = c̄1a0f + c̄2a0g (1.16a)

(a0f, a0g) = (g, f) (1.16b)

The representation theory of magnetic groups has been solved by Wigner [18] and

later by Dimmock and Wheeler [19]. To distinguish from representations of ordinary

groups, the irreducible representations of magnetic groups are called irreducible co-

representations. Due to the anti-unitary nature of the half the operators,the definition
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of co-representation M i(g = u, a) is different from the definition of ordinary group:

M i(u1)M i(u2) =M i(u1u2) (1.17a)

M i(u)M i(a) =M i(ua) (1.17b)

M i(a)M̄ i(u) =M i(au) (1.17c)

M i(a1)M̄ i(a2) =M i(a1a2) (1.17d)

The irreducible co-representation for M = H ⊕ a0H can be built up from

the irreducible representation of its unitary part H . Suppose all the irreducible

representations Di(u) of H have been obtained already. It can be shown that the

co-representation M i(g) of M is related to Di(u):

Case (a)

M i(u) = Di(u); M i(a) = Di(aa−10 )β.

ββ∗ = Di(a2
0).

Case (b)

M i(u) =

Di(u) 0

0 Di(u)

; M i(a) =

 0 Di(aa−10 )β

−Di(aa−10 )β 0

.

ββ∗ = −Di(a2
0).

Case (c)

M i(u) =

Di(u) 0

0 D̄i(a−10 ua0)

; M i(a) =

 0 Di(aa0)

D̄i(a−10 a) 0

.

The criterion for the co-representation being case (a), (b) or (c) is:

∑
a

χi(a2) =



+n case (a)

−n case (b)

0 case (c)

(1.18)
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The summation is over all the anti-unitary operators. Taking into account the defina-

tion a0 = θu0 and the fact that time reversal commutes with all spatial operators, the

above criterion can be transformed into a form of summations over unitary operators:

∑
u

χi(u0uu0u) =



+ωn case (a)

−ωn case (b)

0 case (c)

(1.19)

where ω = 1 for even number of electrons and ω = −1 for odd number of electrons.

For type (2) magnetic point groups and magnetic space groups, the representative

anti-unitary operator is time reveral operator θ itself. In this case, the u0 becomes

the identity and the above criterion simplifies to:

∑
u

χi(u2
0) =



+ωn case (a)

−ωn case (b)

0 case (c)

(1.20)

It is the Frobenius-Schur test [20, 21] that they discovered while working on real

representations. The three cases in the discussion of real representation (real and

equivalent; equivalent but not real; not equivalent) are special situations of type

(2) magnetic group. Obviously in case (b) and (c) the dimensionality of the co-

representation of the magnetic group is twice the dimensionality of its corresponding

unitary group. This phenomena is called time reversal induced additional degeneracy.

It should not be confused with the double group where no time reversal symmetry

is introduced. So far we have introduced the theory of co-representation. It will be

applied to magnetic point group and magnetic space groups below.
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magnetic point groups

There are 122 magnetic crystallographic point groups in three types. the co-representations

of the magnetic crystallographic point groups M = H ⊕ a0H is obtained by induc-

ing from representations of the corresponding crystallographic point group H once

the case to which M belong is known. The co-representation for the 32 type (1)

magnetic crystallographic point groups is the same as the both the single and double

representation of the corresponding crystallographic point groups.

For type (2) magnetic crystallographic point groups, the anti-unitary represen-

tative is time reversal itself. The co-representation results has been worked out

using criterion 1.20. For case (a), the representation remains the same. For case

(b), the representation stick together with itself, making the dimensionality of the

co-representation twice the dimensionality of the point group. For case (c), two rep-

resentations stick together. When more than two case (c) representations exist in

one group, confusion can be avoided that two representations who stick together are

complex conjugates.

The time reversal induced additional degeneracy has great impact on the elec-

tronic states. Careful inspection of the 32 type (2) magnetic crystallographic point

groups show that all co-representations for double group is at least two-fold degener-

ate. This is the well known Kramers theorem that the energy levels of systems with

an odd number of electrons are at least doubly degenerate, no matter how low the

symmetry of the system is, as long as there is no external magnetic field that breaks

the time reversal symmetry, in which case the system should be described by type (3)

magnetic crystallographic point groups. The original Kramers theorem was derived

from different routine [22].

The remaining 58 type (3) magnetic crystallographic point groups does not contain
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time reversal itself therefore co-representation of these groups should be obtained from

criterion 1.19 for both the single and double representations.

magnetic space groups

In principle, the co-representations of the crystallographic magnetic space groups

M = H ⊕ a0H is obtained by inducing from representations of the corresponding

crystallographic space group H . The major difficulty is that in the criterion, the

summation is over infinite number of group elements. Further simplifications, using

the orthogonality properties of the Fourier series, are required to make the criterion

practical. This has been done to type (2) crystallographic magnetic space groups

where time reversal itself presents. The derivation can be found in reference [11].

Only the results are listed here:

gp∑
p=1

χ̇(κ)(m)({ψp|τp}2)∆ =



|P(k)| case (a)

−|P(k)| case (b)

0 case (c)

(1.21)

where the dotted character are defined in previous sections; P(k) is the number of

elements in group of wavevector P(k) and

∆ =


1 if ψp · κ = −κ+ K

0 otherwise

(1.22)

In other words, the symbol ∆ is zero if −k is not equivalent with k. A more spe-

cial case is that the F−k is not equivalent with Fk, in which all ∆s becomes zero

and the co-representation belongs to case (3). Therefore for space groups without

inversion symmetry, the co-representations of the space group, taking into account of



23

time reversal, is twice the size of the representation of the space group without time

reversal. The doubling in size is due to the sticking together of representations from

Fk and F−k. A physical system, without external magnetic field, is time reversal

invariant. The full symmetry for this system contains time reversal operator there-

fore belongs to type (2) crystallographic magnetic point group and space group. The

co-representation of such groups is called physically irreducible representation.

1.10 Electronic states

1.10.1 Electronic state in atom and molecule

For a physical system without translational symmetry, the index of the irreducible

representations does not require momentum k and should be 1 fold in symmetry. In

molecules, an electronic states is said to belong to, say, Eg representation. In atoms,

an electronic states is said to be 3p states, where p is the index for symmetry and 3

is the index for energy that has no symmetry origin.

1.10.2 Electronic state in crystal

In the presence of periodic lattice structure, translational operations are added to

the group that describes the symmetry of the physical system. The symmetry of the

electronic wave function in crystal is labeled with two induces: k and Γi.

In single electron approximation, the Hamiltonian of an electron in crystal is:

[− ~2

2m
∇2 + V (r)]φn(k, r) = εnφn(k, r) (1.23)

and the potential V (r) is invariant under the operation of the group of Schrodinger

equation:

PgV (r)P−1
g = V (r) (1.24)
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Due to the translational symmetry of the group, the wave functions must have the

form of Bloch functions:

φn(k, r) = eik·run(r) with un(r + RL) = un(r) (1.25)

Upon substitution, the Schrodinger equation now becomes:

− ~2

2m
∇2un(r) + [V (r) +

~
m

k · p]un(r) = (εn −
~2k2

2m
)un(r) (1.26)

This is called pseudo-Schrodinger equation. And the symmetry of the new Hamilto-

nian with un(r) as eigenstates reduce from the whole group G to the group of wave

vector Gk when k is non-zero. In other words, at Brillouin points away from zone

center, the irreducible representations of the wave functions are irreducible represen-

tations of the group at Brillouin zone point k.

The irreducible representation obtained this way belongs to the single groups. To

take into account of electron spin, the additional spinor is added to the irreducible

representation. The double representation according to which spinors transform can

be found in Koster [8] because the φ(1/2,±1/2) is clearly shown in the basis func-

tions. The product of a single representation and a double representation is a double

representation. Then the time reversal operator is taken into account and for some

cases, such as systems without inversion symmetry, two representations stick together

to form a co-representation that is twice as large.

1.11 Vibrational states

1.11.1 Vibration in molecules

This section deals with molecular vibrations. A classical model is a good starting point

and quantum mechanical treatment will be presented once the normal coordinate is
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obtained. Suppose a molecule has symmetry G . The αth component of the position

of the atom i away from it equilibrium position in the molecule is labeled riα. The

potential energy of the molecule for small vibration can be kept only up to second

order, first ordering being zero. The equations of motions for the system is:

mi
∂2riα
∂t2

= −
∑
jβ

V ij
αβr

j
β (1.27)

V ij
αβ is the force constant. Define force matrix Dij

αβ =
V ijαβ√
mimj

and use trial solution

riα = uiα√
mi
eiωt, the equation of motion becomes:

∑
jβ

Dij
αβu

j
β − ω

2uiα = 0 (1.28)

Apparently Dij
αβ inherits the symmetry properties of the potential energy of the sys-

tem there is invariant under transformation of the group G . Solving eigenvalues

and eigenstates gives all the energies and normal modes of the vibration. It can be

shown rigorously [7] that 6 (for non-linear molecules) or 5 (for linear molecules) of

the eigenvalues are zero and they correspond to the translation and rotation of the

molecule.

The force constant matrix Dij
αβ is invariant under group G therefore the equa-

tion of motion 1.28 can be analyzed with group theory. The results are based on

different sets of atoms (that transforms to each other under symmetry operation) in

the molecule. For one set of n atoms, assign each atom with three vectors in x, y, z

direction. The positions of atoms form a representation for group G called atomic

equivalence representation and the 3n vectors assigned on them form a bigger rep-

resentation of group G called mechanical representation. The character χAER(g) for

atomic equivalence representation is easy: it is the number of atoms sitting on their

original position under operation Pg. The mechanical representation is simply the
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direct product of atomic equivalence representation and vector representation, which

is what x, y, z belong in group G :

χmech(g) = χAER(g) · χvector(g) (1.29)

Repeat the same for the all sets of atoms in the molecule, the total mechanical repre-

sentation is obtained. The decomposition of total mechanical representation gives all

the modes for the molecule. Taken away the translational mode and rotational mode,

the rest are vibrational modes for the molecule. The translational mode is a vector

that transforms as x, y, z and the rotational mode is a pseudo-vector that transforms

as Rx, Ry, Rz.

The eigenstates of the molecule vibration can also be obtained with group the-

ory. Applying the projection operators for different irreducible representations to the

anyone of the basis of mechanical representation yield the vibrational modes. This

vibrational modes are called normal modes and each normal mode is associated with

one vibration frequency. The mathematical expression for normal modes in terms of

riα is called normal coordinate and the normal mode belongs to the λth branch of

the lth irreducible representation is: Qlλ. The atomic displacements corresponding

to this normal mode is:

riα(lλ) =
1
√
mi

Qlλe
−iωt (1.30)

The acutal atomic displacement in the molecule is the linear combination of different

normal modes. The coefficient of linear combination is determined by initial position

and initial velocity of the atoms in the molecule because the equation of motion is

second order in nature.

The above analysis is based completely on classical equation of motion of the
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atoms. Once the normal modes in the classical case are known, the classical Hamil-

tonian, which is the summation of kinetic and potential energy, is:

H = T + V =
1

2

3N∑
l=1

(Q̇l)
2 +

1

2

3N∑
l=1

ωl
2Ql

2 (1.31)

The corresponding quantum-mechanical problem is also easy:

1

2
(P2

l + ω2
l Q

2
l )ψl = Elψl (1.32)

The solutions are the well known harmonic oscillator. Due to multiple normal modes,

the solution of the Schrodinger equation is the product of many single harmonic

oscillator:

E =
∑
k

(nl +
1

2
)~ωl (1.33a)

V =
∏
l

NnlHnl(

√
ωl
~

Ql)e
−(

ωlQ
2
l

2~ ) (1.33b)

nl is the quantum number of oscillator l, Nnl are the normalizing constants and Hnl

are the Hermite polynomials. For the first excited state, nl = 1 andHnl(
√

ωl
~ Ql) ∝ Ql.

Therefore for low excitation, the wavefunction belongs to the irreducible representa-

tion of the normal mode Ql.

1.11.2 Vibration in crystals: phonons

Both the classical and quantum-mechanical treatment of vibration in crystal is the

same as the treatment in molecules. The major difficulty again rise from the periodic

structure: infinite number of atoms makes the above analysis impractical. The idea

of momentum space is applied again and the infinitely large force matrix reduce to

acceptable size. After that, normal modes and normal coordinations can be worked

out based on symmetry considerations.
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Suppose the crystal has symmetry G . The αth component of the position of the

atom i in the nth primitive cell, away from it equilibrium position, is labeled r
(ni)
α .

The potential energy of the crystal for small vibration can be kept only up to second

order, first ordering being zero. The equations of motions for the system is:

mi
∂2r

(ni)
α

∂t2
= −

∑
(mj)β

V
(ni)(mj)
αβ r

(mj)
β (1.34)

V
(ni)(mj)
αβ is the force constant. Define force matrix D

(ni)(mj)
αβ =

V
(ni)(mj)
αβ√
mimj

and use trial

solution r
(ni)
α = u

(ni)
α√
mi
eiωt, the equation of motion becomes:

∑
(mj)β

D
(ni)(mj)
αβ u

(mj)
β − ω2u(ni)

α = 0 (1.35)

For ther crystal, there are N1 × N2 × N3 primitive cells and within each cell there

are s atoms. As a result, the dimensionality of the force constant matrix is 3sN by

3sN , and there are 3sN equations of motions. Solving the eigenvalue and eigenstates

of 3sN by 3sN is formidable and more importantly, not necessary. Transform the

equations of motion into momentum space through the following transformations:

uiα(q) = u(ni)
α (r)e−iq·Rn (1.36a)

Dij
αβ(q) =

∑
n

D
(ni)(mj)
αβ (r)eiq·(Rn−Rm) (1.36b)

and now the equations of motion is reduced to s by using orthogonality theorem

between Fourier series:

∑
jβ

Dij
αβ(q)ujβ(q)− ω2uiα(q) = 0 (1.37)

Group theory can now be applied and the phonon modes can be classified to its

irreducible representations. The label for the eigenstates belonging to the λth branch

of the lth irreducible representation is Qi
α(q|lλ) and the actual atomic displacement
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for this phonon mode is:

r(ni)
α (r|lλ) =

1
√
mi

Qi
α(q|lλ)ei(q·Rn−ωt) (1.38)

The real phonon mode is a linear combination of different phonon modes. The coef-

ficient of the linear combination is determined by the initial position and velocity of

the atoms in the crystal.

The determination of phonon symmetry for crystals is very similar to molecules.

Both atomic equivalence representation and mechanical representation are defined

and the decomposition of mechanical representation gives all the phonon modes. No

translational and rotational modes need to be eliminated.

For zone center phonon, the character of the atomic equivalence representation is

the number of atoms that is not moving or being moved to its equivalent positions.

Equivalent means that the two points can be connected with a full Bravais lattice

of the primitive cell. The mechanical representation is the direct product of atomic

equivalence representation and vector representation: χmech(g) = χAER(g) · χvector(g).

The whole analysis is done in the corresponding point group of the space group.

The analysis of phonon structure at Brillouin zone point k is done in the point

group of the group of wavevector Gk. For phonon modes at Brillouin point k away

from zone center, additional factors are needed to get the atomic equivalence repre-

sentation. The character of the atomic equivalence representation is the number of

atoms that is not moving or being moved to its equivalent positions times a factor

that is eik·(Rn−R′n). Rn and R′n are the original and new position of the nth atom in

the set under study. Note that this additional factor is only for the atoms that can

be shifted to equivalent positions.

The mechanical representation is the direct product of atomic equivalence rep-

resentation and vector representation. To be mentioned is that, for some non-
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symmorphic space groups, at the surface of the Brillouin zone, the “vector represen-

tation” is not a representation. See for example table 30 on page 389 of reference [11]

where (x, y, z) are only unacceptable representations of the covering group. Luckily,

this non-representation nature of (x, y, z) does not affect the derivation of mechanical

representation: (x, y, z) still have characters under the symmetry operations (rota-

tion and reflection part only) and χmech(g) = χAER(g) · χ(x,y,z)(g). At any Brillouin

zone point, a total dimensionality of 3s is expected for phonon modes. Of those 3s

branches, 3 are acoustic phonons and 3s − 3 are optical phonons. Optical phonons

correspond to the stretching mode of the atoms therefore their energy are usually

higher than acoustic phonons. The 3 acoustic phonons are connected with sound

velocities in the solid for they correspond to the atomic movements in one direction.

At special cases, mostly in the vicinity of structural phase transitions, one optical

branch may become soft mode [23] whose frequency is reduced to that of acoustic

phonons.

1.12 Direct product and Clebsch-Gordan coefficient

1.12.1 Direct product

Suppose a group G with its basis functions ψµj and ψνl . When an operator works on

one one set of basis, the irreducible representations are the transform matrix:

Pgψ
µ
j =

∑
i

ψµi D
µ
ij(g) (1.39a)

Pgφ
ν
l =

∑
k

φνkD
ν
kl(g) (1.39b)
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When the operator works on the product of ψµj · φνl :

Pg(ψ
µ
j · φνl ) =

∑
ik

ψµj · φνlD
µ
ij(g)Dν

kl(g) (1.40a)

≡
∑
ik

ψµj · φνlD
µν
ik,jl(g) (1.40b)

The direct product and the character for direct product are defined:

Dµν
ik,jl(g) = Dµ

ij(g)Dν
kl(g) (1.41a)

χµνik,jl(g) = χµij(g) · χνkl(g) (1.41b)

The representation of the direct product is also called product representation or kro-

necker product. It is generally reducible and the decomposition of product represen-

tation can be easily done.

When µ and ν are the same representation, the direct product can be separated

into two kinds: symmetric direct product [Dµ×Dµ] and antisymmetric direct product

{Dµ×Dµ} with Dµ×Dµ = [Dµ×Dµ] + {Dµ×Dµ}. Symmetric and antisymmetric

means that the wavefunctions in the product remains or changes its sign under change

of particle. The matrices for symmetric and antisymmetric products are:

[Dµ ×Dµ(g)]kl,ij =
1

2
[Dµ

ki(g)Dµ
lj(g) +Dµ

li(g)Dµ
kj(g)] (1.42a)

{Dµ ×Dµ(g)}kl,ij =
1

2
[Dµ

ki(g)Dµ
lj(g)−Dµ

li(g)Dµ
kj(g)] (1.42b)

and the characters for both representations are:

[χµ × χµ(g)] =
1

2
[(χµ(g))2 + χ(g2)] (1.43a)

{χµ × χµ(g)} =
1

2
[(χµ(g))2 − χ(g2)] (1.43b)

Both products can be decomposed into summations of irreducible representations of

the group.
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1.12.2 Reduction coefficient

The decomposition of direct product, symmetric direct product and antisymmetric

direct product is easy. The results has been tabulated (in reference [24] for example)

for all crystallographic point groups. The decompositon of the direct product of space

groups is not an easy job. There are different ways to determine the reduction coef-

ficient and method of linear algebraic equations is the most straightforward one [11].

The reduction coefficients (FkmFk′m′|Fk′′m′′) are defined as:

D(Fk⊗Fk′)(m⊗m′) =
∑
Fk′′

∑
m′′

(FkmFk′m′|Fk′′m′′)D(Fk′′)(m′′). (1.44)

This is equvalent as:

χ(Fk)(m)χ(Fk′)(m′) =
∑
Fk′′

∑
m′′

(FkmFk′m′|Fk′′m′′)χ(Fk′′)(m′′) (1.45)

where χ(Fk)(m) is the character of representation D(Fk)(m). The first step is to deter-

mine which representations are possible based on wave vector selection rules:

Fk ⊗Fk′ =
∑
Fk′′

(FkFk′|Fk′′)Fk′′ (1.46)

This step is done by inspection and only (FkmFk′m′|Fk′′m′′) from the non-vanishing

wave vectors Fk′′ need to be considered. Equation 1.45 is then written down for

different symmetry elements {ϕ|t(ϕ)}:

χ(Fk)(m)({ϕ|t})χ(Fk′)(m′)({ϕ|t}) =
∑
Fk′′

∑
m′′

(FkmFk′m′|Fk′′m′′)χ(Fk′′)(m′′)({ϕ|t})

(1.47)

In those equations, the only unknowns are the coefficients. By choosing as many

symmetry elements as needed, the coefficients (FkmFk′m′|Fk′′m′′) can be obtained.

Once the number of linearly independent equations is equal to the number of coeffi-

cients, all coefficients can be determined at once. Before that, not a single coefficient

can be determined.
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1.12.3 Clebsch-Gordan coefficient

To take the above analysis further the following questions can be asked: what are the

coefficients of linear combinations between basis functions:

Ψ(λτλ)
s =

∑
jl

ψµj φ
ν
l (µj, νl|λτλs) (1.48)

λ denotes all the irreducible representations in the direct product of Dµ×Dν and τλ) is

a additional label for λ in case more than one λ representation is contained in Dµ×Dν

and τλ). The coefficients (µj, νl|λτλ) are usually called Clebsch-Gordan coefficients

and other names such as Wigner coefficients and vector-addition coefficients exist.

This definition is not unique. Alternatively, the reverse can be defined:

ψµj φ
ν
l =

∑
λτλ

Ψ(λτλ)
s (λτλs|µj, νl) (1.49)

The transformation between two sets of basis is unitary the two Clebsch-Gordan

coefficients are related:

(λτλs|µj, νl) = (µj, νl|λτλs) (1.50)

The standard method of obtaining Clebsch-Gordan coefficients is through the full

determination of matrices of the irreducible representations. It can be shown that:

Dµ
ij(g)Dν

kl(g)(µj, νl|λτλs) = (µi, νk|λτλs′)Dλτλ
g (g) (1.51)

therefore the Clebsch-Gordan coefficients are components of the translation matrices

connecting the direct product and its reduced form.

So far, only a sketch is given on crystallographic groups. Many interesting topics,

such as symmetric group, and useful applications, such as crystal fields, Laudau phase

transition, are not covered due to the limitation of space and time. The points that

emphasized will be helpful in later chapters. Different selection rules in infrared
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spectroscopy and Raman spectroscopy are going to be discussed after the principles

of both physical processes are introduced.
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Chapter 2

Infrared Spectroscopy

Infrared light (IR) is light in the infrared region in the electromagnetic spectrum,

roughly between 10 cm−1 and 14000 cm−1. Usually it is divided into three sub-

regions: 14000 cm−1 – 4000 cm−1 for near-IR, 4000 cm−1 – 400 cm−1 for mid-IR and

400 cm−1 – 10 cm−1 for far-IR. Infrared spectroscopy use infrared light source to study

the vibrational and electronic energy levels of the molecules and crystals. The typical

energy of the vibrational mode in molecules and crystals is within this region. This

energy range is also ideal for studying the free electron response, interband transition

of small-gap semiconductors as well as superconducting gaps and density-wave gaps.

During the interaction with matter, light can be reflected, transmitted, absorbed and

scattered. Infrared spectroscopy focus on the absorption of light. Being first order in

nature, the intensity of absorption is much higher than light scattering therefore the

scattered light can be ignored in infrared spectroscopy.

In practice the reflectivity or transmissivity is measured and well developed for-

malism converts the reflectivity or transmissivity to material parameters that charac-

terize the molecules or crystals under study. Of all material parameters, the real part

of conductivity σ1 is of central interest because of its direct connection with photon

absorption.

Different regions of Infrared spectroscopy require different sources, detectors, win-

downs and maybe spectrometers. A detailed description of such experimental tech-
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niques can be found in reference [25, 26].

2.1 Electrodynamics of solids

The macroscopic, phenomenological [27] description of light, both with and without

the presence of matter, is the Maxwell’s equations. The Maxwell’s equations have

simple and elegant solutions in vacuum, namely the plane waves. The presence of

matter introduces several material parameters that are in general functions of both

frequency ω and wavevector q. In many cases the long wavelength approximation is

used that the wave length of light is much larger than the lattice constant therefore

only the q = 0 part of the optical parameters and response functions are interesting.

Those parameters, such as dielectric function ε, conductivity σ and refractive index N ,

are connected with each other. In different models different parameter sets are used

because of their convenience in that situation. Being response functions in nature,

the real and imaginary part of the optical parameters are also connected, through the

well known Kramers-Kronig relation [28, 29]. The Maxwell’s equations have different

forms in case of Gaussian units or SI units are used although the physics remains the

same. Here, the Gaussian units are used.
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2.1.1 Maxwell’s equations

Maxwell’s equations in vacuum

Maxwell’s equations [30] are a set of differential equations that describes the macro-

scopic behavior of the electromagnetic waves. In case of vacuum:

∇× E(r, t) +
1

c

∂B(r, t)

∂t
= 0 (2.1a)

∇ ·B(r, t) = 0 (2.1b)

∇×B(r, t)− 1

c

∂E(r, t)

∂t
=

4π

c
Jtotal(r, t) (2.1c)

∇ · E(r, t) = 4πρtotal(r, t) (2.1d)

E, B, J, ρ are electric field, magnetic induction, current density and charge density.

c is the speed of light in vacuum. The meaning of the subscript “total” is explained

when dealing with Maxwell’s equations with matter. The form of the equations

suggest the definition of two potential fields: the vector potential A(r, t) and scalar

potential Φ(r, t):

B(r, t) = ∇×A(r, t) (2.2a)

E(r, t) +
1

c

∂A(r, t)

∂t
= −∇Φ(r, t) (2.2b)

The substitution of both equations back into the Maxwell’s equations yield the fol-

lowing:

∇2Φ = −4πρ (2.3a)

∇2A = −4π

c
J (2.3b)

In the derivation of the above equations, the Coulomb gauge is used:

∇ ·A = 0 (2.4)
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If the absence of free current J and external charge ρ is further assumed, the Maxwell’s

equations have plane wave solutions.

Maxwell’s equations in the medium

In the presence of matter, the Maxwell’s equations change the form and new variables

are introduced:

∇× E(r, t) +
1

c

∂B(r, t)

∂t
= 0 (2.5a)

∇ ·B(r, t) = 0 (2.5b)

∇×H(r, t)− 1

c

∂D(r, t)

∂t
=

4π

c
Jcond(r, t) (2.5c)

∇ ·D(r, t) = 4πρext(r, t) (2.5d)

D, E, B, H are the electric displacement, electric field strength, magnetic induction

and magnetic field strength. D and H are connected with E and B through:

D = εE = (1 + 4πχe)E = E + 4πP (2.6a)

B = µH = (1 + 4πχm)E = H + 4πM (2.6b)

P and M are the dipole moment density (or polarization density) and magnetic

moment density (or magnetization). ε, χe, µ and χm are dielectric constant (or per-

mittivity), dielectric susceptibility, permeability and magnetic susceptibility. In most

situations the permeability µ for materials are close to 1 unless for magnetic materi-

als, which is not the focus here. The presence of a medium leads to electric dipoles,

magnetic moments, polarization charges and induced currents and both current and

charge may have more than one component:

Jtotal = σE = Jcond + Jbound = Jcond +
∂P

∂t
+ c∇×M (2.7a)

ρtotal = ρext + ρpol = ρext −∇ ·P (2.7b)
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In the above analysis, the dielectric constant is assumed to be a scalar. This is

only true for glass or crystals with cubic symmetry. Crystals with other symmetry

properties have tensorial dielectric constant which leads to birefringence in optics.

Frequency and wave vector dependence of response functions

The optical parameter are frequency dependent and they are related to response func-

tions. The response function G(r−r′, t−t′) describes the response of the homogeneous

system X(r, t) to an external stimulus f(r′, t′)

X(r, t) =

∫∫ ∞
−∞

G(r− r′, t− t′)f(r′, t′)dt′dr′ (2.8)

It means that the response at point r at time t is related to the stimulus at any point

r’ at any time t′. The Fourier transform in both frequency and wave vector space of

the above equation is:

X(q, ω) = G(q, ω) f(q, ω) (2.9)

This general relation can be simplified to special cases and correspondingly their

Fourier transforms:

G(r− r′, t− t′) = δ(r, r′)G(t− t′)⇒ X(ω) = G(ω) f(ω) (2.10a)

G(r− r′, t− t′) = δ(t, t′)G(r− r′)⇒ X(q) = G(q) f(q) (2.10b)

The first case without q dependence is the local approximation where the response at

r is only related to stimulus at that point. The response with q are therefore called

non-local effect. Similarly, the inclusion of frequency dependence in response function

is called retardation effect because the response at time t is related to stimulus at any

time t′.
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Solutions of Maxwell’s equations in the medium

When there is no external charge, Maxwell’s equations in the medium can be simpli-

fied into two equations on E and H only:

∇2E− ε1µ1

c2

∂2E

∂t2
− 4πµ1σ1

c2

∂E

∂t
= 0 (2.11a)

∇2H− ε1µ1

c2

∂2H

∂t2
− 4πµ1σ1

c2

∂E

∂t
= 0 (2.11b)

Compared with wave equations for vacuum, one additional term exist for both E

and H. This term involves first order derivative of the field and corresponds to the

dissipation of the wave: Both E and H are damping. When σ1, the real part of

conductivity, is zero, the dissipation terms vanish and the wave equations have plane

wave form as in vacuum although the parameters, such as ε and µ, change the speed

of light. As a result, it is important to distinguish metal (σ1 6= 0) and insulator

(σ1 = 0) in the discussion of electrodynamics of solids.

2.1.2 Connection between optical constants

The three complex, frequency and wavevector dependent optical parameters, dielec-

tric constant ε, index of refraction N and electric conductivity σ, determine the

optical properties of solids that some are transparent while others are opaque and

some surfaces are reflecting while others are absorbing [31].

The three parameters are connected with each other and the knowledge of one

enables the determination of the others. The complex forms of the three parameters

are: dielectric constant ε = ε1 + iε2; index of refraction N = n + ik and electric
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Dielectric constant ε Conductivity σ Refractive index N

ε ε1 = 1− 4πσ2
ω ε1 = n2 − k2

ε2 = 4πσ1
ω ε2 = 2nk

σ σ1 = ωε2
4π σ1 = nkω

2π

σ2 = (1− ε1) ω4π σ2 = (1− n2 + k2) ω4π

N n =

√
(ε21+ε22)1/2

2 + ε1
2 n =

√
[(1− 4πσ2

ω
)2+(

4πσ1
ω

)2]1/2

2 + 1
2 −

2πσ2
ω

k =

√
(ε21+ε22)1/2

2 + ε1
2 k =

√
[(1− 4πσ2

ω
)2+(

4πσ1
ω

)2]1/2

2 − 1
2 + 2πσ2

ω

Table 2.1 : Relations between optical parameters.

conductivity σ = σ1 + iσ2. The connection between them are:

ε = N2 (2.12a)

ε = 1− 4πiσ

ω
(2.12b)

The connection between dielectric constant and conductivity is the direct result of

Maxwell’s equations:

∇× (∇× E) = −∇2E =
ω2

c2
(1 +

4πiσ

ω
)E =

ω2

c2
ε(ω)E (2.13)

The complete relation between the three optical parameters are in table 2.1 where

the permeability µ1 is taken as 1 as magnetic materials is not considered.

At the interface of two materials with different optical parameters, reflection, re-

fraction and transmission would occur. Given the optical parameters, the relative of

intensity of reflection, refraction and transmission can be obtained for different inci-

dent angle and light polarization. The results are well known in standard textbooks

such as Jackson [32] and Born [33] and the results are not included here. However, one

important parameter has to be emphasised. The reflectance R is defined as the power
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reflected at a surface. In most simple and common situation, consider that light is

normally incident from vacuum on a medium. Reflectance R and its corresponding

phase change θ are therefore [23]:

R =
|Erefl|2

|Einci|2
= |1−N

1 +N
|2 =

(1− n)2 + k2

(1 + n)2 + k2
(2.14a)

tanθ = − 2k

1− n2 − k2
(2.14b)

From this it can see that the reflectance is always less than zero. For good metals,

the large conductivity leads to bigger k than n and the reflectance R is close to

one. This is the reason why metals looks shiny. It is also true that high reflectance

(shiny) surfaces indicate high absorption inside the medium. On the other hand, an

transparent crystal, where the absorption coefficient is small inside, tends to have

less reflective surfaces. Of course, all optical parameters are frequency independent.

They are taken as constant here because only the appearance of a solid is discussed

and they can be approximately considered as frequency independent in visible light

region. At frequencies higher than the plasma frequency, metal cease to show high

reflectance. The optical parameters for metal will be studied in more detail in later

sections after the introduction of Drude model.

2.1.3 Kramers-Kronig relation; sum rules

Due to causality, the real and imaginary parts of a response functions are con-

nected through the Kramers-Kronig relation [28, 29]. Suppose a response function

G(r, r′, t, t′) (or simply G(t− t′)) and its Fourier transform G(ω). The real and imag-
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inary part of G(ω) = G1(ω) + iG2(ω) are connected through:

G1(ω) =
1

π
P

∫ ∞
−∞

G2(ω′)

ω′ − ω
dω′ (2.15a)

G2(ω) = − 1

π
P

∫ ∞
−∞

G1(ω′)

ω′ − ω
dω′ (2.15b)

The integrals with P symbols are principle value integrals. It can be shown that the

conductivity σ(ω) = σ1(ω) + iσ2(ω) and the modified dielectric functions ε(ω)− 1 =

ε1(ω)− 1 + iε2(ω) are both response functions.

Another important Kramers-Kronig application is the Reflectance and its partner

phase function. The phase change θ of the reflectance R(ω):

θ(ω) =
ω

π

∫ ∞
0

ln{R(ω′)} − ln{R(ω)}
ω2 − ω′2

dω′ (2.16)

Experimentally, the reflectance is measured over a wide range of spectrum and the

phase change θ is therefore fully determined. The knowledge of reflectance and phase

change allows the determination of all other otical parameters over the entire fre-

quency region.

2.2 Photon lattice interaction

In the above discussions, the properties of the solid is expressed in term of frequency

dependent optical parameters. The microscopic study of solid and its interaction

with light must be carried out to give the forms of the optical parameters. In most

situations, there are two kinds of interactions: photon lattice interaction and pho-

ton electron interaction. The energy scale of photon lattice interaction, especially

inelastic scatterings are smaller than that of electronic origin therefore photon lattice

interaction and photon electron interaction are separable in energy. Plus, due to the
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relatively small mass of electrons compared with atoms, the intensity of electronic

response in much higher than lattice response in general. As a result, For metals and

semiconductors, although both interactions exist but only the electronic response are

important, except for some phonon mode in the spectrum that has lattice origin in

the low frequency region. On the other hand, for insulators, the lack of free electrons

makes the photon lattice interaction dominate. In this section, the photon lattice

interaction is discussed. There are two angles to approach: from lattice point of view

that the equation of motion is coupled with electromagnetic fields therefore gives

optical parameters; and from photon point of view that both elastic and inelastic

scattering of photons take place.

2.2.1 Infrared selection rules for phonons

The normal modes Ql are elementary excitations of a system’s Hamiltonian without

taking into account of electronic degree of freedom. Group theory can be applied

to the Hamiltonian to obtain the normal modes according to their symmetries. The

wave function are a normal mode Ql is a nlth order Hermite function with a Gaussian

envelope and an appropriate normalizing factor:

ψnl(Ql) = [

√
2nl
~

1

2nl(nl!)
]

1
2 e−

πnlQ
2
l

~ Hnl(

√
2πnl
~

Ql) (2.17)

At lowest excited state, nl = 1 and ψ1(Ql) ∝ Ql therefore the vibrational state has

the same symmetry as the normal mode. This is not the case for higher excited states

that the wavefunction does not simply transform as the direct product of two normal

modes: additional terms exist from the Hermite functions. For normal degeneracy

situation, more than one branch exist in the manifold and Qlλ is used instead of Ql.
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In the first order, dipole approximation, the interaction between photon and lat-

tice/molecular vibration transforms as a dipole moment µ therefore vector representa-

tion D(r). Usually, the system is assumed to be at its ground state before interacting

with photon and after the interaction, only one single phonon l is excited. Therefore

the matrix element for this transition is:

< 0010 · · · |µ|0000 · · · > (2.18)

Group theory selection rules predicts that this transition is not allowed if Ql is not

contained in the vector representation D(r). In other words, if the representation of

D(Ql) of the normal mode Ql is not D(r), this mode is not active in a first order,

direct photon absorption process. Those phonon modes that are active are called

polar phonons and the rest are non-polar.

2.2.2 Phonon polariton

The polar phonons interact strongly with photon therefore their equation of motion

in the presence of light need to be modified. Huang [34] was the first one to study

the coupling between lattice and photon.

Before introducing the coupled equations between long wavelength optical mode

and photons, the difference between LO and TO is discussed. The fact that the fre-

quency of the longitudinal optical mode is bigger than transverse optical mode can

be obtained from the following simple picture. For longitudinal optical mode, the

electromagnetic waves imply an electric field that is alternating along the q direction.

The negative and positive ions in the crystal feel the electric field and make cer-

tain displacements. The overall effect of the displacements is to create thin layers of



46

alternating polarization which in turn create an longitudinal electric filed. The polar-

ization induced field applies a stronger restoring force in the standard lattice vibration

model. This is not the case for transverse optical mode where the displacements of ions

does not build up polarization layers. Bigger force constants means higher frequencies

therefore ωLO > ωTO. The more ionic the crystal is, the greater the difference between

ωLO and ωTO. For example, LiF has ωLO = 12×1013s−1 and ωTO = 5.8×1013s−1 and

less ionic GaAs has ωLO = 5.5× 1013s−1 and ωTO = 5.1× 1013s−1. Covalent crystals,

such as Si and C, show no difference in ωLO and ωTO. It should be mentioned that this

analysis relics on the q 6= 0 assumption. A more rigorous discussion of the relative

frequency of ωLO and ωTO can be found in section 4.1.1 in reference [35].

The phenomenological, macroscopic description of ionic, cubic crystal with two

ions per primitive cell is:

∂2W

∂t2
= b11W + b12E (2.19a)

P = b21W + b22E (2.19b)

The vector W is the relative displacement of the two ions within one primitive cell,

normalized with respect to the effective mass M̄ and volume of the primitive cell Ω:

W = (
M̄

Ω
)1/2(u+ − u−) (2.20)

P is the macroscopic polarization density and E is the macroscopic electric field.

Coefficients b11, b12, b21, b22 are independent except that b12 = b21, a result from

symmetry consideration that can be derived from microscopic study of the system.

The coefficients can be connected to more intuitive physical quantities.

1. At zero frequency, the relative displacement W has vanishing time derivatives

therefore

W = −b12

b11

E⇒ P = (b22 −
b2

12

b11

)E (2.21)
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Compared with the definition of dielectric constants:

P = [ε(0)− 1]E (2.22)

such connection can be established:

[ε(0)− 1] = b22 −
b2

12

b11

(2.23)

2. At infinitely high frequency, the heavy ions are not able to response with

electromagnetic waves. In such situations, W = 0 and

P = b22E⇒ [ε(∞)− 1] = b22 (2.24)

3. When there is no electromagnetic wave, the electric field E is zero and the

frequency of the free oscillator is ω0

∂2W

∂t2
= b11W = −ω2

0W⇒ b11 = −ω2
0 (2.25)

Our previous analysis shows that the presence of electromagnetic wave change the

frequency of longitudinal optical mode and the frequency of transverse optical mode

remains. ω0 = ωTO. This leads to:

b11 = −ω2
TO (2.26)

More rigorous derivation of the relation ω0 = ωTO uses the separation of longitudinal

and transverse displacement vector W = WT + WL:

∂2WT

∂t2
= b11WT (2.27)

The same connection between b11 and ωTO is obtained.

It is reasonable to assume that P, E and W oscillates at the same frequency ω

with amplitude P0, E0 and W0. Then the equations of motion becomes:

−ω2W0 = b11W0 + b12E0 (2.28a)

P0 = b12W0 + b22E0 (2.28b)
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Combine two equations,

P0 = [− b2
12

b11 + ω2
+ b22]E0 (2.29)

There are no free charge in the ionic crystal therefore

∇ ·D = 0⇒ q · (E0 + P0) = 0 (2.30)

This leads to the equation that describes the optical modes in ionic crystals in the

presence of electromagnetic wave:

(q · E0)[ε0 −
b2

12

b11 + ω2
+ b22] = 0 (2.31)

For longitudinal optical mode, q · E0 6= 0 and

ε0 −
b2

12

b11 + ω2
LO

+ b22 = 0 (2.32)

Express b11, b12, b22 in terms of ε(0), ε(∞), ωTO and ωLO defined in the above equation

is connected with ωTO:

ω2
LO =

ε(0)

ε(∞)
ω2
TO (2.33)

This is the well known LST relation, named after Lyddane, Sachs and Teller.

For transverse optical mode, q · E0 = 0. But ∇× E = −∂H
∂t

and

q× E0 = ωH0 (2.34)

therefore q, E and H perpendicular with each other. Also,

∇×H =
∂D

∂t
⇒ q×H0 = −ω(E0 + P0) (2.35)

Combine the above two equations and use the definition of b11, b12 and b22:

ε(ω) = ε(∞) · ω
2
LO − ω2

ω2
TO − ω2

(2.36)
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Electromagnetic wave between the frequency region of ωTO and ωLO can not propagate

because of negative dielectric constant. The definition of index of refraction ck = nω

gives c2k2 = ε(ω)ω2. Combined with the dielectric functions, the dispersion relation

for the coupled transverse optical mode and light is: ( also see figure 2.1)

ω± =
1

2ε(∞)
[(ε(0)ω2

0 + c2q2)±
√

(ε(0)ω2
0 + c2q2)2 − 4ω2

TOc
2q2ε(∞)] (2.37)

The above analysis shows that for longitudinal mode, there is no dispersion re-

lation and ωLO(q) = ωLO. For transverse mode, the coupling between phonon and

photon drastically change the behavior of both. There are two branches in the dis-

persion relation. The upper branch behaves as phonon with frequency ωLO at low

frequency and as photon with dielectric constant ε(∞) at high frequency. The lower

branch behave as photon with dielectric constant ε(0) at low frequency and as phonon

with frequency ωTO at high frequency. This coupled system of TO phonon and photon

is called phonon polariton.

Remember the starting point of the discussion is the cubic crystal. Group theory

predicts that at zone center, the polar phonons are three fold degenerate T1. Away

from zone center, it splits into two fold TO mode and non-degenerate LO mode along

high symmetry Brillouin zone lines. However, the terms “zone center TO, LO mode”

is used because experimentally the crossing over region is not accessible. Due to

the nature of neutrons, the neutron scatterings experiment are probing in ω-q space

the part where the crossing over is well finished therefore only the ωLO and ωTO

are measured. For Raman scattering, in the usual back scattering or right angle

scattering geometry, the crossover region is also not probed as only ωLO and ωTO are

measured. At forward scattering geometry, the crossing over region is probed and

different frequencies beside ωLO and ωTO are observed.

The above analysis is not confined in cubic crystals. Polaritons exist in other
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Figure 2.1 : Dispersion relation of phonon polariton for TO mode of cubic crystals.
The interaction between photon and polar phonon change the phonon behavior greatly
at small wavevector.
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crystals systems and those with degenerate phonons mode are splitted by leaving the

Brillouin zone center. The splitting of degenerate phonon modes in crystals other

than cubic system are discussed by Hayes and Loudon [35, 36].

2.3 Photon electron interaction

After the introduction of interaction between polar phonon and photon, the remaining

part is the interaction between electrons and photons. It has completely different

formalism and the results does not necessarily confined to the long wave length limit:

the complete optical parameter dependence on both frequency and wavevector q

is contained in the formalism. Band theory is a starting point for such discussion

therefore metal, semiconductor and broken symmetry states such as superconductor

are well fitted in this formalism.

2.3.1 Response function

Longitudinal and transverse response

The four fields E, D, H, B, vector potential A and current density J are vectors

and they can be separated into longitudinal and transverse components according to

their direction with respect to wavevector q, such as E = EL + ET . This does not

introduce new physics but only to bring convenience:

∇× E = ∇× ET and ∇ · E = ∇ · EL (2.38)
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Separate the vector potential A and plug it into Maxwell’s equations, one obtain such

results:

∇2A− 1

c2

∂2A

∂t2
= −4π

c
JT (2.39a)

EL = −iqΦ (2.39b)

ET = i
ω

c
A (2.39c)

Fluctuation dissipation theorem

In the presence of electromagnetic fields, the Hamiltonian of a physical system is

given by:

H =
1

2m

∑
i

(p +
e

c
A)2 +

∑
i,j

Vi,j +
1

2

∑
(i,j)

e2

|ri − rj|
−
∑
i

eΦ (2.40)

The meanings of the terms are obvious. Expanding the Hamiltonian and neglect

second order term A2, the perturbation Hamiltonian is given by:

H ′ =
e

2mc

∑
i

(p ·A + A · p)−
∑
i

eΦ (2.41)

The assumption of small A2 is valid here but in special cases breaks down. The

seperation of longitudinal and transverse fields allows one to treat the terms in the

perturbation Hamiltonian seperately: A · p term for transverse conductivity and eΦ

for longitudinal conductivity. The corresponding Hamiltonian can be written as:

H ′
T = −1

c

∫
JT (r) ·AT (r)dr (2.42a)

H ′
L =

∫
ρ(r)Φ(r)dr (2.42b)

The calculation of transition probability based on Fermi-golden rule leads to the real

part of the conductivity for both transverse and longitudinal components:

σ1;L,T (q, ω) =
∑
s

1

~ω

∫
dt < s|JL,T (q, 0)JL,T (q, t)|s > e−iωt (2.43)
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where summations are over all states in the system. This is the famous Kubo for-

mula [37] for conductivity. The real part of the conductivity is connected with the

temporal fluctuation of the current density and it is an example of the fluctuation-

dissipation theorem. A somewhat different expression can be obtained:

σ1(ω) =
e2

4π2m2ω
|pss′(ω)|2

∫
δ(~ω − ~ωss′)dk (2.44)

p being the momentum operator and
∫
δ(~ω−~ωss′)dk being proportional to the joint

density of states in the transition process. This formula is called Kubo-Greenwood

formula.

Response function and conductivity

The ultimate goal of the response function discussion is to connect optical parameters

with the electronic states in the crystal. The time evolution of the number operator

is calculated with electromagnetic fields as perturbation. Both the frequency and

wave vector dependence of the electromagnetic wave are kept in the derivation and

Bloch forms are assumed for the electronic states in crystal. Use Poisson equation,

the number operator analysis leads to the longitudinal dielectric constant:

εL(q, ω) = 1− lim
η→0

4πe2

q2

∑
k,ll′

f(El′,k+q)− f(El,k)

El′,k+q − El,k − ~ω − i~η
|
∫

∆
ul′,k+qe

iq·rul,kdr

∆
|2 (2.45)

The integral is taken over one primitive cell, normalized by its volume ∆. This ex-

pression of the dielectric function is called Lindhard function.

The term eiq·r can be replaced in practice by its power expansions:

eiq·r = 1 + iq · r + · · · (2.46)

To the zeroth order, eiq·r = 1 and this is the dipole approximation. The first order

iq · r would give both magnetic dipole and electric quadrupole. The electric dipole
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approximation is most frequently used.

For transverse fields, starting with Hamiltonian H ′
T = e

mc
p · A, calculation on

number operator leads to the transverse dielectric constant:

εT (q, ω) = 1−4πN0e
2

ω2m
−lim
η→0

4πe2

ω2m2

∑
k,ll′

f(El′,k+q)− f(El,k)

El′,k+q − El,k − ~ω − i~η
|
∫

∆
ul′,k+qe

iq·rul,kdr

∆
|2

(2.47)

The real and imaginary parts of the longitudinal and transverse dielectric con-

stant are straight forward [25]. The conductivity σ can also be easily obtained using

table 2.1. In those expressions, Bloch wave is assumed for electrons and the band

labelling l, l′ allows the calculation on both intraband and interband transitions which

describes metal and semiconductors.

2.3.2 Metals

The Drude mode [38] is a classical model for the transport property of electrons. The

electrons are being scattered with an average relaxation time τ which prevents the

electric current from going to infinity. It starts with equation of motion of single

electron and gives the complex conductivity:

σ(ω) =
Ne2τ

m

1 + iωτ

1 + ω2τ 2
(2.48)

A typical complex conductivity is given in figure 2.2.

The total area under σ1 is: ∫ ∞
0

σ1(ω)dω =
πNe2

2m
(2.49)

This is the f–sum rule for conductivity. The experimental measurement of σ1 allows

the determination of N/m, the total number of carrier divided by the effective mass.
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Figure 2.2 : The complex optical conductivity in Drude model. The red, thick line is
the real component and the black, thin line is the complex component. The position
of the maximum of σ2 coincide with the position at which σ1 drop to half its maximum
value at the origin.
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Accordingly, the plasma frequency can be defined as

ωp = (
4πNe2

m
)1/2 (2.50)

The frequency at which σ1 drop to half its maximum is the frequency at which σ2

reaches its maximum. This frequency is the inverse of relaxation time 1/τ which is

defined as the scattering rate γ. In the limit of a “super” conductor, γ → 0, the

conductivities have the form:

σ1(ω) =
Ne2π

2m
δ(0) and σ2(ω) =

Ne2

mω
(2.51)

The plasma frequency and the scattering rate separates the frequency into three

different regions: low frequency Hagen-Rubens regime, intermediate relaxation regime

and high frequency transparent regime. “Transparent” can be seen from the frequency

dependent reflectance that before the plasma frequency, Drude metal have reflectance

very close to 1 with drastic drop around ωp. This cliff is called plasma edge and it is

usually in the UV or X-ray region for normal metal. Therefore the shiny, reflecting

metal for visible light is transparent for high energy photons.

The Drude model does not handle q dependence. It is a special case (dipole

approximation therefore q = 0 limit) of the Kubo formula. More rigorous and general

(q dependent) derivations can be found in reference [25]. The Fermi statistics predicts

electron-hole excitation region in the ω-q diagram and outside this region electron-

hole can not be excited therefore a vanishing σ1.

2.3.3 Semiconductors

Semiconductors have gaps separating their conduction band and valence band. The

gaps of semiconductors are smaller that they can be thermally excited. When elec-

tromagnetic waves come in, both interband and intraband transitions occur. Both
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cases can be studied in the response function formalism with no difficulties. For such

transition, the joint density of states are important. Those point with divergently

high density of states are called van Hove singularities.

The real part of the conductivity σ1 of semiconductors has two components. One is

from the intraband transition, originating from the overall shift of surface sphere, that

has features in the low frequency region. The other is from the interband transition,

a peak located at frequency corresponding to the energy gap of the semiconductor.

The shape of the peak depends on the dispersion of both conduction and valence

band, as well as temperature.

2.3.4 Superconductors

Helium was liquefied by Heike Kamerlingh Onnes in the year 1908. Three years

later, during the study of resistivity of mercury at low temperature, Onnes discovered

superconductivity at 4.2 K. After that many superconducting metals and alloys were

discovered, followed by the discovery of many exotic types of superconductors. As

of today, mercury thallium barium calcium copper oxide (Hg12Tl3Ba30Ca30Cu45O125,

HBCCO) [39] holds the record of highest transition temperature Tc =138 K. The

mechanism of conventional superconductors was discovered by Bardeen, Cooper and

Schrieffer in 1957 [40]. The Nobel prize winning theory is truly one of the most

important triumphs of the quantum theory.

The key of BCS theory [41] is the electron-electron attraction mediated by the ex-

change of a virtual phonon. When the electron-electron attraction overcomes coulomb

repulsion, the Fermi sea becomes unstable: the free electrons form bounded Cooper

pairs that have opposite spins and momentums. At finite energy, there exist no

electronic states to scatter the pairs and the electrons (Cooper pairs) move without
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being scattered. To break such pairs, a threshold energy is needed. The energy of

the excitations is

Ek =
√
ε2
k + ∆2

k (2.52)

and the formation of a gap ∆k is seen. It should be noted that although the gap is of

central interest for superconductors, the gap itself is not the key of superconductivity.

Semiconductors have gaps, being usually much larger than superconducting gaps, yet

they are not superconducting. Physically it is the global coherence of all electrons

that makes a superconductor. BCS defines two basis relations:

∆ = 2ωDe
− 1
NV and kBTc = 1.14ωDe

− 1
NV (2.53)

N is the density of electron states at the Fermi surface and V is the electron-electron

attraction due to phonon exchange with Debye frequency ωD as the cut off frequency

for phonons. The product of N and V is called the electron phonon coupling constant

which is a measurement of the electron phonon coupling strength. The above relations

eventually lead to the well known ratio between superconducting gap and transition

temperature:

2∆

kBTc
= 3.52 (2.54)

BCS theory also predicts expressions for critical fields and specific heat that agree

with experiments.

In a naive way, the conductivity of the superconducting state is obtained by taking

γ → 0 and

σ1(ω) =
Ne2π

2m
δ(0) and σ2(ω) =

Ne2

mω
(2.55)

σ1 is now a delta function located at zero frequency. The sum rule originates from

causality therefore are not affected by the superconducting transition. The presence

of a superconducting gap rearranges the spectral weight, just as the semiconductor
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gaps introduce interband transition peaks. However, part of the rearranged spectral

weight for superconductors is now at zero frequency, a region that is experimentally

unaccessible. As a result, the term missing area is used to describe this part of

the spectral weight. Physically it corresponds to the superconducting condensate

of cooper pairs. The missing area is the signature of superconductor and in fact

the σ1 measurement by Glover and Tinkham [42] provided the first decisive sigh of

superconducting gap.

Not all spectral weight condensates upon entering superconducting state. Dirty

and clean superconductor [43] are defined according to the relative size of two im-

portant length scales: the superconducting correlation length ξ and the mean free

path of uncondensed electrons l. Correlation length ξ is inversely proportional to

superconducting energy gap ∆ and the mean free path l is inversely proportional

to scattering rate γ. For clean superconductors, l � ξ therefore γ � 2∆ while in

dirty superconductors, l � ξ and γ � 2∆. It is easy to understand that the optical

conductivity σ1 should be zero at frequencies lower than 2∆ because the presence

of the gap ∆ requires twice the energy to send a cooper pair from blow the gap to

above. 2∆ is sometimes referred as the optical gap. In the dirty limit, upon entering

superconducting state, a big drop is observed in σ1 at around ω = 2∆ which was orig-

inally in the Drude peak (γ � 2∆). On the other hand, for clean superconductors,

no detectable change of the spectrum is expected at 2∆ upon the superconducting

transition. There was no spectral weight because of the narrow Drude peak (γ � 2∆)

in the normal state. Both dirty and clean superconductors have superconducting con-

densate therefore missing area in the spectrum except for that the superconducting

condensate converges slower in the dirty limit.

To obtain the quantitative behavior of the optical conductivity of the dirty super-
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conductors, the electrodynamics was studied by Mattis and Bardeen [44] therefore the

name Mattis-Bardeen formalism. Recent reviews are in reference [25]. An artificial

optical conductivity is shown in figure 2.3. The superconducting condensate is repre-

sented by a delta function located at the origin. The half width of the normal state

Drude peak γ is 40 a.u., which is bigger than the superconducting gap 2∆ = 30 a.u.

As a result, the abrupt drop of σ1 is clearly observed at 30 a.u. which can be taken

as an accurate measurement of the superconducting gap 2∆.

Although the general result 2∆/kBTc = 3.52 holds for many superconductor,

there are exceptions even before the discovery of unconventional superconductors.

This quantitative disagreement apply primarily to lead and mercury. In such systems

the electron phonon coupling constant λ is large (≈ 0.35) compared with the rest

(≤ 0.2). They are called strong-coupling superconductors which leaves the rest weak-

coupling superconductors. The quantitative deviation from BCS originates from its

failure to taken into account of retardation effect: electron phonon coupling should

be frequency dependent. Retardation effect is important for strong coupling super-

conductors. Eliashberg [45] derives an integral equation for frequency dependent

gap function ∆(ω). McMillan [46] solved such equations using the electron phonon

coupling matrix elements of lead and obtained an expression for superconducting

transition temperature:

Tc ∝ ωDe
− 1+λ
λ−µ∗ (2.56)

µ∗ is the effective Coulomb potential that BCS failed to take into account. Accord-

ingly, the ratio between gap size and transition temperature is replaced by:

2∆

kBTc
= 3.52[1 + c(

Tc
ωD

)2 ln
ωD
Tc

] (2.57)

Both equations reduce to the BCS form in case of weak coupling (λ� 1).
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Figure 2.3 : Schematic optical conductivity of σ1 of conventional (BCS) superconduc-
tors in the dirty limit before and after superconducting transition. The shape of σ1 in
superconducting state is quantitatively obtained from the Mattis-Bardeen formalism.
The well studied high temperature cuprates and pnictide superconductors are in this
category.
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In the Eliashberg formalism, the electron phonon coupling constant λ is not simply

the product of electron phonon coupling matrix element V and density of states at

the Fermi surface N as in the BCS theory. Instead, it is frequency weighted integral of

the phonon spectrum function F (ω) and electron phonon interaction matrix element

α(ω):

λ = 2

∫ ∞
0

α2(ω)F (ω)

ω
dω (2.58)

The product α2(ω)F (ω) is refered as electron phonon interaction spectral density. λ is

still the measurement of electron phonon coupling strength. Being a renormalization

factor, λ is important for electronic specific heat, electronic density of states around

the Fermi surface, effective mass and Fermi velocity [47].

The BCS theory, Eliashberg theory, as well as the BCS based Mattis-Bardeen for-

malism, apply only to conventional superconductors. Conventional superconductors

are phonon-mediated, isotropically gapped with fixed ration between energy gap and

transition temperature 2∆/kTc = 3.53. Unconventional superconductors do not sat-

isfy those conditions. Except two major families of copper based superconductors [48]

and iron based superconductors [49, 50], unconventional superconductors also include

Fulleride [51], heavy fermions [52] as well as some organic superconductors [53].

The electron phonon coupling constant λ need to be modified to describe the

unconventional superconductors. The electron phonon interaction spectral density

function α2(ω)F (ω) is replaced by a more general electron boson interaction spectral

density function I2(ω)χ(ω):

λ = 2

∫ ∞
0

I2(ω)χ(ω)

ω
dω (2.59)

Being frequency dependent, the magnitude of I2(ω)χ(ω) is a measurement of the

strength of electron interaction with bosons. The locations of peaks in I2(ω)χ(ω)
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indicate the energy of the excitation through which electrons form cooper pairs.

Infrared spectroscopy allows the determination of I2(ω)χ(ω) [54]. It is directly

related to the optical conductivity:

I2χ(ω) =
1

2π

d2

dω2
[ωRe

1

σ(ω)
] (2.60)

It has been successfully applied to cuprates and the position of the maximum in

I2(ω)χ(ω) identified the spin fluctuation as the glue of cooper pairs [55]. Quite

unexpected, the Drude formalism is still useful in the discussion of unconventional

superconductors. It is realized by taking the scattering rate both complex and fre-

quency dependent [56]. It is called the extended Drude formalism [57]. The scattering

rate 1/τ(ω) and the mass enhancement factor λ(ω) is defined as:

1

τ(ω)
=
ω2
p

4π
Re[

1

σ(ω)
]; 1 + λ(ω) =

m∗(ω)

mb

=
ω2
p

4πω
Im[

1

σ(ω)
] (2.61)

The effective mass enhancement factor λ(ω) obtained through the extended Drude

formalism agrees well with specific heat and quantum oscillation measurements [58].

It should be noted that λ(ω), sometimes referred as λtr due to the transport nature

of IR measurement, is an angular average of the “real” electron phonon coupling con-

stant that can be obtained from ARPES measurements. As a result, λtr could deviate

from λ significantly for superconductors with anisotropic gaps. The electrodynamics

of high-Tc cuprates can be found in review article by Basov [59].

In this section, important properties of superconductors, such as Meissner ef-

fect, thermodynamic properties, London’s two-fluid model, type-II superconductors,

GinzburgLandau theory and Josephson effect, are not mentioned. They can be found

in textbooks.
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Chapter 3

Raman Spectroscopy

In 1928, Sir Chandrasekhara Venkata Raman and Kariamanickam Srinivasa Krishnan

discoved an inelastic scattering process during the studding of light scattering in

liquids [60]. The effect is therefore refereed as “Raman scattering” or “Raman effect”.

Upon entering solids, most photons get reflected at the surface, transmitted over the

other side or get absorbed. A small fraction of the photons are scattered by either

the lattice and electrons. Most of the scatterings are elastic that the photons change

their direction but not the frequencies. The left small portion of photons, typically 1

in 107 [61], will be inelastically scattered. The frequencies of such photons increase

or decrease. The change in frequency match vibrational or electronic excitations of

the solids and the ratio between red shifted photons and blue shifted photons obey

Boltzmann relations. Microscopically, Raman scattering is a second order effect a

photon is initially absorbed by the solid and then re-emitted with the creation or

destruction of one or many excitations of the solid.

The various optical effect is shown in figure 3.1. It is important to distinguish

Raman scattering from both fluorescence effect and Brillouin scattering. Both Ra-

man and fluorescence effect can be measured on the same Raman spectroscope but

they differ in mechanism. In Raman scattering, the photon absorption and emission

process are virtual transitions that the energies are not necessarily conserved and the

characteristic time scale of both transitions are less than one picosecond. The photon

absorption and photon emission for fluorescence process are real transitions and their
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Figure 3.1 : Schematic energy diagram for different optical processes. vibrational
energies are much small compared with the separation between electronic levels. As
a result, for each electronic level, there are levels with slightly higher energy due to
the additional vibrational level. Infrared spectroscopy studies transitions between
vibrational levels and the electronic energy level remains the same; Rayleigh scatter-
ing, (ordinary) Raman scattering and Brillouin scattering involves virtual electronic
state. If the final state is the same as initial state, it is elastic Rayleigh scattering; if
one or many phonon are created or annihilated, it is Raman scattering or Brillouin
scattering, depending on the energy scale. In those two process, the system before
and after has the same electronic energy level but the vibrational levels change; When
the energy of the virtual state is near or at the energy levels of the excited states,
Raman scattering becomes Resonant and when those transitions becomes real, the
process is hot luminescence.
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time scale is on the order of nanosecond. The incident photon and scattered photon

have fixed energy differences in Raman process while the emitted photons have fixed

energies in fluorescence. As a result, upon increasing the energy of incident photon,

the frequency shift remains and the scattered photon increases its energy while for flu-

orescence process, the frequency shift increases and scattered photon energy remains.

This is an important experimental distinction between the two. Fluorescence is one

special form of luminescence and in the discussion of optical spectroscopies the two

terms interchangeable. On the other hand, the Raman scattering and the Brillouin

scattering have the same mechanism. The only difference between the two is the mag-

nitude of the energy shift. For Raman scattering, the energy shift is normally larger

than 10 cm−1 and usually of order 100 cm−1 to 1000 cm−1 and for Brillouin scattering

typical energy shift is approximately 1 cm−1 or less (such as acoustic phonon). The

different energy shifts require different experimental setups [62].

Only Raman scattering by phonons are introduced. Raman spectroscopic study of

molecule rotation, magnon and electronic excitations are omitted. Both macroscopic

and microscopic models exist for the Raman scattering and they will be introduced

in the next two sections.

3.1 Macroscopic theory

The inelastic scattering of photons are due to the fluctuation of the medium. The

dielectric constant χ(r, t) or its Frourier transform χ(k, ω) can be expanded in power

series in normal mode Q(r, t) = Q(q, ω0) cos(q · r− ω0t):

χ(k, ω,Q) = χ0(k, ω) +
∂χ

∂Q
Q(r, t) (3.1)
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The polarization P due to this fluctuation of phonon Q is therefore:

P(r, t,Q) = P(k, ω) cos(k · r− ωt)

= χ(k, ω)E(k, ω) cos(k · r− ωt)

= [χ0(k, ω) + ∂χ
∂Q

Q(r, t)]E(k, ω) cos(k · r− ωt)

= χ0(k, ω)E(k, ω) cos(k · r− ωt) + ∂χ
∂Q

Q(r, t)E(k, ω) cos(k · r− ωt)

= P0(r, t) + ∂χ
∂Q

Q(q, ω0) cos(q · r− ω0t)E(k, ω) cos(k · r− ωt)

= P0(r, t) + 1
2
∂χ
∂Q

Q(q, ω0)E(k, ω)

× {cos[(k + q) · r− (ω + ω0)t] + cos[(k− q) · r− (ω − ω0)t]}

The frequency in the first term P0 is not changed and it corresponds to the elastic

scattering which is also known as Rayleigh scattering. The second term consists of

two sinusoidal waves, one with wavevector (k + q) and frequency (ω + ω0) and the

other with wavevector (k− q) and frequency (ω − ω0). They are called anti-Stokes

and Stokes shifts.

The scattered light can be determined from the frequency and wavevector depen-

dence of polarization using standard dipole radiation theory that intensity of electro-

magnetic wave is proportional to the square of ε̂ ·P. The result can be written down

in a transparent way:

Is ∝ |ε̂I ·
∂χ

∂Q
Q · ε̂S|2 (3.2)

Here, ε̂I and ε̂S are the polarization of the incident and scattered light. The quantity

∂χ
∂Q

Q is a second rank tensor and it is usually refereed as the Raman tensor R. It

is symmetry related and it will be introduced in more details after the microscopic

treatment of Raman scattering.
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3.2 Microscopic theory

Unlike the infrared absorption process where only vibrational energy levels are in-

volved, in Raman scattering, both electronic and vibrational energy levels partici-

pate. To taken into account of both degree of freedoms, the wave functions are, in

the Born-Oppenheimer approximation, is in the product of electronic wave function

ψµ and vibrational wave function φµ,n:

Φµ,n(r,R) = ψµ(r,R)φµ,n(R) (3.3)

The µ, n index for phonon is due to the fact that the vibrational wave functions

depends on the electronic states. In Raman process, the system is assumed to be at

its ground state:

Φi = Φ0,0(r,R) = ψ0(r,R)φ0,0(R) (3.4)

It belongs to the identity representation of the group. After the scattering process,

the system is at electric ground state with one additional phonon. The wave function

becomes:

Φf = Φ0,1(r,R) = ψ0(r,R)φ0,1(R) (3.5)

There are three steps for the system to go from initial state Φi to final state Φf .

Electromagnetic perturbation makes the system transit from the ground state Φi =

Φ0,0(r,R) to an intermediate state Φint = Φµ,n(r,R) and then come back to the

final state Φf = Φ0,1(r,R) with the emission of a photon with different frequency.

The perturbation Hamiltonian is H ′ = e
mc

A · p. When dealing with complex fields,

additional complex conjugate term is needed. For the convenience of later discussion,

the Hamiltonian is written in a more transparent form:

H ′ =
eA0

mc
ε̂ · p (3.6)
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p is the effective momentum operator for both electronic pe and vibrational pL de-

gree of freedom. Both pe and pL transform as dipole operators and so is effective

momentum operator p. ε̂ is unit vector defined as ε̂x,y,z = x,y,z
|r| .

The total transition probability per unit time is given by:

ω00→01 = |
∑

int
<Φf |H ′|Φint><Φint|H ′|Φi>

Ei−Eint
|2ρ(Ef )

= |
∑

µ,n
<ψ0φ0,1|ε̂S ·p|ψµφµ,n><ψµφµ,n|ε̂I ·p|ψ0φ0,0>

Ei−Eµ,n |2( eA0

mc
)2ρ(Ef )

(3.7)

After some rearrangement and approximations, the transition probability becomes:

ω00→01 = |
∑

µ

ω2
µ,0

~ωi−~ωµ,0 < φ0,1| < ψ0|ε̂S · p|ψµ >< ψµ|p · ε̂I |ψ0 > |φ0,0 > |2ρ(Ef )

≡ |
∑

µ < φ0,1|ε̂S ·P · ε̂I |φ0,0 > |2ρ(Ef )

(3.8)

The operator P is a second order tensor. Based on its definition, it transform as

symmetric second rank tensor operator field: the symmetrized direct product of two

vector representations Dv:

DP = [Dv ×Dv] (3.9)

The operator P can be expanded in normal modes:

P = P(0) +
∑
l,λ

P
(1)
l,λQ(0|l, λ) +

∑
l,λ,l′,λ′

P
(2)
l,λ,l′,λ′Q(0|l, λ)Q(0|l′, λ′) + · · · (3.10)

Each term in P must transform the same as P itself. As a result, the expansion

coefficient P
(1)
l,λ is non zero only if Q(0|l, λ) transform as symmetric second rank

tensor operator field. For those normal modes that do satisfy the right symmetry

constrain, it get excited and the final vibrational state is the wavefunction of single

phonon Q(0|l, λ):

|φ0,1 >= ψ1(Ql) = [
1

2~
]

1
4 e−

πQ2
l

~ H1(

√
2π

~
Ql) (3.11)
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Compared with the initial state |φ0,0 >, the net result of photon absorption and

photon emission is to create a single phonon in the crystal whose irreducible repre-

sentation is contained in the symmetrized direct product of two vector representations.

Being a second rank tensor, P is closely related to the Raman tensor. The Raman

tensor R is defined as the intermediate state averaged value of P:

R =
∑

< φ0,1|P|φ0,0 > (3.12)

As a result, R has the same symmetry property as P. The scattering rate, expressed

in terms of the Raman tensor, is now:

I = C|ε̂S ·R · ε̂I |2 (3.13)

It is clear that only Stokes scattering are discussed but the inclusion of anti-Stokes

scattering should be easy. Also, only the single phonon creation is considered therefore

the name first order Raman scattering. In special cases, the A · A term in the

perturbation Hamiltonian is also important but only the A · p is kept to keep the

analysis simple.

The above discussion of Raman scattering analysis is due to Placzek [63] (also

see Birman [11]). An alternative formalism is also popular [64]. In this model,

the Raman scattering proceeds in three steps: (1) the electromagnetic wave, there-

fore He−rad = e
mc

A · p, excites the ground state Φi = Φ0,0(r,R) = ψ0(r,R)φ0,0(R)

to an intermediate state denoted as Φa = Φµ,0(r,R) = ψµ(r,R)φµ,0(R) where the

vibrational energy levels are not excited; (2) Φa = Φµ,0(r,R), upon the electron-

phonon coupling interaction He−p, is scattered into another intermediate state Φb =

Φν,n(r,R) = ψν(r,R)φν,n(R) where one vibrational level is excited; (3) the system

relax to its final state Φf = Φ0,n(r,R) = ψ0(r,R)φ0,n(R) with the emission of a less
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energetic photon, leaving one phonon in the system. Again, this Stokes scattering pic-

ture can be extended to anti-Stokes process and for simplicity only first order Raman

effect is considered. The scattering probability is:

P = (
2π

~
)|
∑
µ,ν

< ψ0|He−rad|ψν >< ψν |He−p|ψµ >< ψµ|He−rad|ψ0 >

[~ωi − (Eµ − Ei)][~ωi − ~ω0 − (Eν − Ei)]
+ · · · |2ρ(Ef )

(3.14)

There are totally six different time orders and only one is given explicitly. This expres-

sion for the Raman scattering is of little use for the calculation of scattering intensity

due to the unknown parameters. However, it is helpful in the discussion of Raman

selection rules. Both ψµ and ψν transforms according to the vector representation Dv

otherwise the matrix elements of He−rad becomes zero. For < ψν |He−p|ψµ > to exist,

the phonon mode Q(0|l, λ) must be contained within [Dv×Dv]. When exotic incident

light are used, ψµ and ψν transforms according to certain new representations D′ and

the phonon mode Q(0|l, λ) must be contained within the direct product of [D
′ ×D′ ].

3.3 Raman tensor

The connection between Raman tensor and Clebsh-Gordan coefficients was first stud-

ied by Birman [65]. Both equation 3.8 and 3.14 predict selection rules regarding the

irreducible representations of the photon operator and phonons: if a phonon to be

Raman active,

Didentity ∈ [D(photon) ⊗D(photon)]⊗D(phonon) (3.15)

The square bracket indicates symmetric direct product. To take this one step further,

for phonons and photons belong to the γth branch of the lth irreducible representation

and the Raman selection rules are:

φidentity1 ∈ φlµ × φl
′

µ′ × φ
j
λ or φjλ ∈ φ

l
µ × φl

′

µ′ (3.16)
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The polarized incident and scattered photons belong to µth and µ′th branches of the

lth and lth representation. λ is the index for the jth phonon branch Q(0|j, λ). For

those Raman active phonons, the Raman tensor analysis is based on the Wigner-

Eckart theorem that the Raman tensors are the proper Clebsch-Gordan coefficients:

R(j,λ)
µ,µ′ = (j, λ|l, µ, l′, µ′) (3.17)

In ordinary situations, the l and l′th representation is the vector representation be-

cause of the dipole approximation in the electron-radiation interaction. µ and µ′

are labels for experimental polarization directions such as x, y or xy. This analysis

is sufficient for most Raman selection rules. Exceptions are the dipole-quadrupole

resonant Raman scattering [66] and Raman scattering with high angular momentum

lights. In those unusual situations, one or both l and l′ can be different from vector

representation and µ and µ′ are not simply axial labels.

For ordinary Raman scattering, the experimental configuration are written in the

form of scattered photon wave vector, scattering photon polarization, incident photon

polarization and incident photon wave vector kS(εS, εI)kI . From symmetry point of

view, the incident and scattered photon wave vectors are irrelevant and the Raman

scattering tensors are determined by the photon polarization directions. Analysis on

the Raman tensors in 32 crystallographic point groups have been tabulated by [67].

Notice that up until here, all the analysis on Raman tensors are symmetry based and

the nature of the excitation are not taken into account. It can be shown [35, 68] that

the nature of vibrational excitation impose the following restriction on the Raman

tensors that they are symmetric:

Ri,j = Rj,i (3.18)
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On the other hand, the Raman tensors for magnons are antisymmetric:

Ri,j = −Rj,i (3.19)

Therefore, the Raman tensors [67] need to be symmetrized to be applied to phonons.

That is, if Ri,j = Rj,i then nothing should be changed; if Ri,j and Rj,i are different

constants, the two constants should be equal; if Ri,j = −Rj,i, then both elements

vanish. For example, when dealing with phonons, the constant c in Γ2 mode of C6v

point group need to be zero and constants d and e equal for Γ5 mode of C6v point

group. Obviously, for magnons, the Raman tensors would be different compared with

phonons. In fact, the antisymmetric restriction on the Raman tensor makes most

matrix elements vanish.

The scattering cross section for the lth phonon are determined by the Raman

tensors and the polarization directions:

dσ

dΩ
=
∑
λ

|
∑
i,j

εS,iR
(l,λ)
i,j εI,j|2 (3.20)

The summation over λ is the summation over all branches of the phonon mode in

case of degeneracy. The actual value of the matrix elements in the Raman tensors

are determined by the details of the interaction.

3.4 Raman scattering by polar phonons

It has been shown in Chapter 2 that the behavior of a phonon, if it is infrared active,

change its equation of motion dramatically in the presence of light. For crystals and

molecules with a center of inversion symmetry, the infrared active phonons belong to

odd representations and Raman active phonons belong to even representations. As

a result, the dramatic change of equation of motion for the polar phonons are not
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measured by Raman spectroscopy. Of the 32 point groups, only 11 have a center of

inversion symmetry and they are called centrosymmetric. The rest 21 point groups

that lack of inversion symmetry are called noncentrosymmetric or piezoelectric. In

those crystals, the polar excitation at small wavevector forms phonon polaritons.

Raman scattering provide the first measurement of the coupled phonon and photon

system.

In a Stokes Raman process, both momentum and energy are conserved:

q = kI − kS (3.21a)

ω(q) = ckI − ckS (3.21b)

ω(q) are the dispersion relation of the excitation being measured by Raman scattering.

The two conservation laws defined a region in ω − q space that can be accessed by

Raman spectroscopy provided the incident wavevector and energy. Such regions are

depicted in figure 3.2. The same diagram is easily obtained for anti-Stokes scattering.

Except for small wavevectors, the polarition has well separated energies for the

upper and lower branch. At large scattering angles, the Raman scattering probes

only the lower branch with steady (no q dependence) frequency. Typical example

are the LO and TO mode of zinc-blende crystals. The cubic Td lattice predicts

three fold degeneracy in Γ4 phonon but the lack of inversion center induced strong

coupling with photon split the mode. At near forward scattering geometry, θ ≈ 0

line in the Raman accessible region cuts the lower branch at regions the frequency

is q dependent. The scattering angle (therefore wavevector q) dependence in Raman

scattering at near forward scattering provide the first evidence of the existence of

phonon-polaritions [69]. The upper branch is always above the Raman accessible

region therefore can be be measured in this way.
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Figure 3.2 : The Raman accessible region at different scattering geometry. The
excitations of a physical system will have certain dispersion relation. The cross points
of this dispersion of the excitation and the family of Raman lines determines the
energy and momentum transfer during the light scattering.
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Chapter 4

Infrared Spectroscopic Study on Iron Pnictide

Superconductors

Since its discovery by Heike Kamerlingh Onnes in 1911, superconductivity has gen-

erated tremendous interest in the physics society. This interest was renewed in the

year 2006 that Iron pnictide LaOFeAs was found to be superconducting at 26 K [50].

The transition temperature of this family of iron based superconductors soon reached

55 K in doped SmFeAsO [70]. Up until today, many important issues are still under

debate for the pnictide superconductors. Infrared spectroscopy has provided valuable

informations on the fundamental properties of superconductors [42] and it is applied

to the pnictides.

4.1 Iron based superconductors

Magnetism tends to harm superconductivity through the following channels: (1) in

ferromagnetic materials the macroscopic magnetic field induced Zeeman splitting of

electronic states suppresses the formation or even breaks Cooper pairs when the

splitting energy exceeds the binding energy of Cooper pair; (2) in magnetically or-

dered (ferromagnetic and anti-ferromagnetic) materials, the exchange of spin waves

leads to a repulsion between electrons that can form Cooper pairs when phonon is ex-

changed; (3) in materials with localized magnetic moment on atoms, the two electrons

in Cooper pairs have a (large) possibility to align their spins in the same direction

due to scattering to magnetic moments. Electrons with same spin directions are less
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likely to form Cooper pairs. It has been shown that several percent of paramagnetic

ion concentration is sufficient to destroy superconductivity [71]. As a result, the dis-

covery of superconductivity in pnictide, where transition metal iron is involved, is

surprising. Many important properties of the iron pnictides are reminiscent of the

cuprates therefore comparisons are sometimes made.

The iron based supeconductors belong to four category: 1111 REOFeAs (RE =

La, Ce, Pr, Nd, Sm, · · ·), 122 AFe2As2 (A = Ba, Sr, · · ·), 111 AFeAs (A = Li, · · ·)

and 11 FeSe(Te). Despite the various structures of the iron based superconductors,

they all share the same basic structure: the FeAs square layer, which is believed to

be the superconducting layer. In pnictides, the Fe atoms, tetrahedrally surrounded

by As atoms, form a square lattice. The effect of intercalating layers are to provide

carriers and/or to fine tune the structure of the FeAs4 tetrahedra such as the bond

length and bond angle. The highest transition temperature in pnictides are found in

SmFeAsO [70] in 2008. It is believed that in SmFeAsO the tetrahedra have reached

optimal structure that the transition temperature can no longer be increased.

For the non-superconducting parent compounds, both structural and magnetic

transitions occur at low temperature, accompanied by the resistivity anomaly. Care-

ful neutron scattering experiment [72] reveals a small temperature difference in the

two transitions: structural phase transition TS ≈ 138 K and magnetic phase tran-

sition TN ≈ 137 K. Upon phase transition, the crystal is distorted from tetrago-

nal P4/nmm (1111, 111, 11) and I4/mmm (122) to orthorhombic Cmma (1111) and

Fmmm (122) and the paramagnetic spin state is being aligned anti-ferromagnetically.

Be the transition first or second order in nature is material dependent and is still under

debate. The antiferromagnetism in the parent compound of iron pnictide is different

compared with the cuprates: cuprates are Mott insulators with localized electrons
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due to large Coulomb repulsion while the iron pnictides are spin density wave metals

with delocalized electrons whose spins modulate periodically in real space. The spin

density wave state in pnictides is a result of Fermi surface nesting. Upon doping, both

transitions are suppressed and the difference in transition temperatures decrease as

well. Superconductivity exist for certain amount of hole or electron doping. For 122

family the spin density wave persist upon entering superconducting phase while for

1111 family, the spin density wave is completely suppressed.

Numerical studies [73, 74] as well as optical measurement [75] have confirmed

weak electron-phonon coupling constant that is not sufficient for the high transition

temperature. Mazin [76] suggested that superconductivity of pnictides is mediated

by antiferromagnetic spin fluctuation and the superconducting order parameter (gap)

is “extended s-wave” or s ±. Due to the five-fold degenerate 3d orbitals of Fe, five

sheets of Fermi surface exist for the iron pnictides. Being isotropic on each sheet, the

order parameter reverses it sign on different sheets of the Fermi surface. Although

this scenario is generally accepted, later experiment showed relatively large isotope

effect which indicates strong electron phonon coupling. More experiments and better

samples are needed to clear those controversial.

The rich complexities of iron pnictides are fascinating yet present great challenges

to the physics society. Many wonderful reviews exist on the iron based superconduc-

tors. General discussion can be found in Hosono [77], Sadovskii [78], Johnston [79]

and Stewart [80]. Reviews on special topics include Hirschfeld on gap symmetry [81],

Wang on IR and Raman [82], Jeff Lynn on neutron scattering [83] and many others.
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4.2 Infrared study of BaFe1.85Co0.15As2

All the data and analysis in this section can be found in J. J. Tu et al., Phys. Rev.

B 82, 174509 (2010) [75].

4.2.1 DC resistivity

Large single crystals with nominal formula BaFe2−xCoxAs2 (x = 0.15) were grown by

a self flux method [84]. Energy Dispersive x-ray (EDX) microscope analysis indicates

that the actual Co concentration is x = 0.15, which corresponds to the optimal doping

level. The ab-plane resistivity was measured using a standard four-probe method and

the magnetization measurements were done in a Quantum Design MPMS-5 system.

The resistivity is shown in Fig. 4.1. The superconducting phase transition is clearly

observed at 25 K. The narrow transition width δTc ' 0.7 K indicates high quality

of BaFe1.85Co0.15As2 single crystal. The temperature dependence of resistivity is fit

with Bloch-Gruneisen [85] formula:

ρ(T ) = ρ0 + λph(m− 1)(
kBΘD

ω2
p,D

)(
T

ΘD

)mJm(
T

ΘD

) (4.1)

with

Jm(t) =

∫ 1/t

0

xme−x

(1− e−x)2
dx (4.2)

The Debye temperature ΘD is taken as 250 K [86]. The plasma frequency ωp,D =

0.972 ± 0.05 meV will be determined in later discussion. The best fit is achieved

with transport electron-phonon coupling constant λph ' 0.2 ± 0.02, not in favor of

the electron phonon coupling picture in conventional superconductors. The integer

m, whose value is chosen to be 5, shows that the resistance is due to scattering of

electrons by phonons [23] (as it is for simple metals).
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Figure 4.1 : Temperature dependence of ab-plane resistivity of BaFe1.85Co0.15As2 sin-
gle crystal. The unit cell of BaFe1.85Co0.15As2 is shown in inset. The sharp transition
at 25 K indicates high sample quality.
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4.2.2 Reflectance and optical conductivity

The temperature dependent reflectance was measured in a near-normal-incidence ar-

rangement from ∼20 cm−1 to over ∼25000 cm−1 on cleaved ab-plane surfaces on a

Bruker IFS 66v/S and a Bruker IFS 113v. The absolute reflectivity was determined by

evaporating a gold film in situ in high vacuum (∼ 1×10−8 Torr) over the sample [87].

The results are given in Fig. 4.2. The reflectance in the normal state behaves as a

metal with R(ω) ∝ 1−
√
ω. Two kinks in the reflectance at 27 K and 5 K are marked

by two arrows. They are due to scattering of the carriers with underlying bosonic

excitations. At 6 K, the reflectance reaches unity at low frequency, a characteristic

phenomenon for superconducting state.

To carry out a reliable Kramers-Kronig analysis, standard extrapolations were

applied at higher and lower frequencies. Once the phase θ is obtained from reflectance

R, both the real and imaginary part of the optical conductivity can be derived. The

real part is more interesting and it is shown in Fig. 4.3 for different temperatures

above and below Tc. As the temperature is lowered, the low frequency conductivity

gets narrower and narrower, agrees with Drude model. Below Tc, the conductivity

collapse. The reduction of spectral weight signals the formation of superconducting

condensate. Also notable are the two phonon modes at ' 94 cm−1 and ' 253 cm−1.

They are infrared-active Eu mode that involves the movement of Ba atoms [88].

4.2.3 Normal state optical conductivity

To have a better understanding of the carrier dynamics, the normal state conductivity

is studied in the Drude-Lorentz model. In Fig. 4.4 (a), two Drude terms and one

Lorentian term are used to reproduce the experimental data. The complex Drude-
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Figure 4.2 : Experimentally measured reflectance at different temperature as a func-
tion of photon frequency. Light is polarized in the ab plane. Two arrows mark two
kinks in the reflectance at around 12 meV and 55 meV below and right above Tc.
They are due to bosonic excitations whose interaction with electron is peaked at
those positions. A semi-log plot of reflectance over a wide frequency range is shown
in the inset.
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Figure 4.3 : The real part of the optical conductivity above and below Tc. In the
normal state, upon reducing temperature, the Drude term becomes narrower and
narrower. Below Tc there is a collapse of spectrum which is the sign of superconducting
condensation. Extrapolations of optical conductivity agree with DC measurements
at different temperatures.
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Lorentz dielectric functions is:

ε(ω) = ε∞ −
∑
j

ω2
p,D;j

ω2 + iω/τD,j
+
∑
k

Ω2

ω2
k − ω2 − iωγk

(4.3)

and the optical conductivity are closely defined. The iron pnictides have five sheets of

Fermi surfaces and the fit with two Drude terms and one Lorentian term has physical

meanings. The fitting parameters are:

1/τD,1 = 113 cm−1, ωp,D;1 = 6943 cm−1;

1/τD,2 = 5720 cm−1, ωp,D;2 = 19980 cm−1;

ω1 = 5170 cm−1, γ1 = 5730 cm−1, Ω1 = 22070 cm−1.

The mean free path of the broad Drude term, l2 = 0.4 Å, being less than the atomic

distance casts doubt on the physical meaning of this term. This suggest that the

conductivity of this band is neither metallic nor coherent and another bounded ex-

citation is needed. The fit of the experimental data with two Drude terms and two

Lorentzian term is given in Fig. 4.4 (b). The fitting parameters are now:

1/τD,1 = 126 cm−1, ωp,D;1 = 7790 cm−1;

1/τD,2 = 608 cm−1, ωp,D;2 = 1956 cm−1;

ω1 = 1124 cm−1, γ1 = 5560 cm−1, Ω1 = 18930 cm−1.

ω2 = 5190 cm−1, γ2 = 5780 cm−1, Ω2 = 22470 cm−1.

The mean free path of the broad Drude term l2 is now 3.5 Å. This value is still

close to the Mott-Ioffe-Regal limit. If the two Drude component scenario is indeed

intrinsic for BaFe1.85Co0.15As2, the electron pockets dominates and the hole pocket

represents a weak, possibly incoherent, background contribution. Nonlinear least-

squares technique was used to fit the data.
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Figure 4.4 : Attempts to fit the normal state optical conductivity with Drude-Lorentz
model. Two Drude terms and one Lorentzian term is used in (a); two Drude terms
and two Lorentzian terms are used in (b).
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4.2.4 Superconducting state optical conductivity

The “missing area” in the optical conductivity below Tc can be used to define the

superconducting plasma frequency and super-fluid density through the Ferrell-Glover-

Tinkham sum rule [89, 90]:∫ ωc

0

[σ1(ω′, T ' Tc)− σ1(ω′, T � Tc)]dω
′ =

ω2
p,S

8
=
ρS
8

(4.6)

The cut-off frequency ωc is chosen to be 400 cm−1 to insure smooth convergence and

the inferred superconducting plasma frequency is ωp,S ' 5200±400 cm−1. Compared

with Drude plasma frequency in the normal state, it is clear that less than one-half

of the carriers have condensed. Equivalently, in Fig. 4.5, there is a significant amount

of residue spectral in the superconducting state. This partial condensation indicate

that BaFe1.85Co0.15As2 is in the dirty limit.

Attempts to reproduce the optical conductivity below Tc are given in Fig. 4.5

within the Mattis-Bardeen formalism [44]. Clearly the data can not be fitted with

a single gap. Two-gap fit with ∆1 = 3.1 meV and ∆2 = 7.4 meV reproduced the

experimental data. Those values agrees with ARPES [91] and tunneling [92] results.

The ratios between gap sizes and transition temperature are: 2∆1

kBTc
' 2.9 and 2∆2

kBTc
'

7.3. The former agrees with weak coupling BCS prediction and the latter indicates

non-BCS behavior. In the “extended Drude model”, both scattering rate and effective

mass are taken as frequency dependent parameters. The results of such inversion

technique is shown in Fig. 4.6. Above ' 12 meV, the abrupt increase in the scattering

rate is due to the formation of one or many superconducting energy gaps.

In conclusion, the electron doped iron pnictide superconductor BaFe1.85Co0.15As2

is more likely to be non-conventional superconductors. Due to the 3d orbitals of

Fe atoms, BaFe1.85Co0.15As2 has many sheets of Fermi surfaces in the normal state.
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Figure 4.5 : Optical conductivity in the superconducting state. One-gap fit is pre-
sented in (a) and two-gap fit is given in (b) with ∆1 = 3.1 meV and ∆2 = 7.4 meV.
Two-gap fit reproduces the experimental data, revealing the multi gap nature of pnic-
tide superconductors.
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Figure 4.6 : The in-plane scattering rate as a function of frequency above and below
Tc. Extrapolations of frequency dependent scattering rate 1/τ agree with DC mea-
surements. The renormalized mass is shown in the inset. The calculation, based on
the generalized Drude model, is introduced in section 2.3.4, equation 2.61.
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Below Tc, more than one superconducting gaps (3.1 meV and 7.4 meV) open at

the Fermi surfaces. The ratio between one of the gap and transition temperature,

2∆2/kBTc ' 7.3, shows significant deviation from weak coupling BCS law. The nor-

mal state resistivity, when fitted with Bloch-Gruneisen formula, inform an electron

phonon coupling constant that is too small to account for the large transition tem-

perature and alternative pairing mechanisms may be needed. The Mattis-Bardeen

formalism with two gaps indicates s-wave superconducting order parameter.
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Chapter 5

Raman Scattering Using Vortex Light

In this chapter, we present our theoretical study of light scattering with vortex light.

Based on interaction Hamiltonian, we derive Raman scattering tensors. To find a

proper crystal that our proposed experiment can be tested is not an easy job. We

make exhaustive study on the phonon structures in cubic crystals. After that it

becomes clear that only relatively complicated crystals satisfy our experimental re-

quirements. We choose Bi4Ge3O12 crystal to carry out further analysis that two new

features can be expected.

Light can carry both spin angular momentum (SAM) and orbital angular momen-

tum (OAM) [93]. SAM determines the polarization of the beam while OAM describes

its spatial profile. Light with non-zero OAM has a helical wavefront and Laguerre-

Gaussian (LG) beams is one family of such light. The interaction between LG beam

and small, yet macroscopic particles has been observed [94]. As suggest by many

authors [95], the OAM is not only the property of the beam. Instead it is an intrinsic

property of photons. This opens the possibility of spectroscopic applications. Exper-

iments involving single photon absorption have been proposed [96, 97]. New selection

rules due to non-zero OAM are presented for transitions between electronic states of

a single atom. However, such proposals have not been experimentally realized. The

lack of experimental confirmation may lies in the single atom absorption. Theoretical

work [98] shows that the interactions between LG beam and electronic degree of free-
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dom are higher order effects compared with interactions with atomic motions such

as rotations or vibrations. The intensity of two photon scattering process involving

atomic vibrations may be greater than single photon absorption involving electronic

transitions. Therefore, we present the first study on the two photon scattering pro-

cess with LG beam using group theory [99]. Group theory has the advantage that

the analysis relies completely on symmetry consideration and no knowledge of the

interaction is needed. The more symmetry operations there are in one system, the

more powerful group theory is. We therefore confine ourselves to systems with O, Td

and Oh space groups, in the hope that most information can be extracted without

dealing with the actual interaction. We also show our effort in identifing the proper

crystal that the effect of vortex Raman can be tested [100].

5.1 Laguerre-Gaussian beams

Being second order differential equation, Maxwell equations have many possible so-

lutions. Plane waves, either in vacuum or in medium, are solutions of Maxwell equa-

tions. Before the discovery of laser, Gaussian beams are only considered as a mathe-

matical solution of the equations without physical meaning. Nowadays the Gaussian

beams are well studied and there are higher orders Gaussian modes such as Hermite-

Gaussian modes and Laguerre-Gaussian modes. Both higher order modes reduce to

ordinary Gaussian mode when proper parameters are chosen. Usually when dealing

with Gaussian beams away from the waist, the Helmholtz equations derived from

Maxwell equations are simplified under the paraxial approximation.
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The Laguerre-Gaussian modes are in the form of:

u(ρ, φ, z; t) =
CLG
lp

w(z)

(
ρ
√

2

w(z)

)|l|
exp

(
− ρ2

w2(z)

)
L|l|p

(
2ρ2

w2(z)

)
exp

(
ik

ρ2

2R(z)

)
× exp(ilφ) exp [−i(2p+ |l|+ 1)Φ(z)] exp(−iωt)

(5.1)

L
|l|
p (x) are generalized Laguerre polynomials; l is the azimuthal index and sometimes

referred as the “topological charge”; p is the radial index. ρ is the radial distance

from the center axis of the beam; φ is the azimuthal angle; z is the axial distance from

the waist. w0 is the waist size; w(z) is the radius at which the field amplitude drop

to 1/e of their axial values. Rz is the radius of curvature of the beam’s wavefronts;

Φ(z) is the Gouy phase.

5.2 Raman tensor for LG beam

5.2.1 Hamiltonian for photon absorption and emission

Laguerre-Gaussian functions are a set of solutions of the Maxwell’s equations in the

paraxial approximation. Mathematically, LG beam is described by Laguerre polyno-

mials with Gaussian envelope. The vector potential of LG beam in Lorentz-gauge

is:

Al,p = A0(αx̂+ βŷ)

√
2p!

π(|l|+ p)!

w0

w(z)
L|l|p (

2ρ2

w2(z)
)(

√
2ρ

w(z)
)|l|e

−ρ2

w2(z)
+ilφ+i

k0ρ
2

2R(z)
+iΦ(z)−iωt+ikz

(5.2)

α and β determine the polarization direction of the photon and α2 + β2 = 1. They

are real parameters for linearly polarized light. No loss of generality, p = 0 is chosen

to simplify the analysis. Photons interact with matter through the electron-radiation

coupling HeR = A · p term. Under dipole approximation, interaction HeR becomes:

HeR,l = A0(αx+ βy)

√
1

π|l|!
w0

w(z)
L|l|(

2ρ2

w2(z)
)(

√
2ρ

w(z)
)|l|e

−ρ2

w2(z)
+ilφ+i

k0ρ
2

2R(z)
+iΦ(z)−iωt

+ c.c.
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The part related to e−iωt is associated with photon absorption and it transforms

according to (αx+βy)ρleilφ ≡ (ρ · εI)ρleilφ; the complex conjugate part related to eiωt

is associated with photon emission and it transforms according to (αx+βy)ρle−ilφ ≡

(ρ · εS)ρle−ilφ. Notice the difference between (αx+ βy) in HeR,l and (αx̂+ βŷ) in A.

5.2.2 Matrix element of Raman scattering

Under the third order perturbation theory the intensity of one-phonon Raman scat-

tering is given by

I(ω1, ω2, ω0) ∝ |
∑
a,b

< f |HeR|a >< a|HeL|b >< b|HeR|i >
(ω1 − ωa)(ω1 − ωb)

|2

plus other time orders. |a > and |b > are intermediate states; |i > and |f > are initial

and final states; HeR and HeL are electron-radiation interaction and electron-lattice

interaction.

In ordinary Raman scattering, the interaction with matter does not change the

OAM of photon: l remains zero before and after the scattering. We make the same

assumption here that the scattering of LG beam does not change the OAM of photons.

It is equivalent of saying that the topological charge of the LG beam remains the

same in a scattering process. With this assumption, we can now proceed to define

the Raman tensor P for the LG Raman scattering process. The first order Raman

scattering intensity producing a phonon of symmetry (j, σ), is

I ∝ C
∑
σ

|
∑
αβγδ

kSαεSβPαβγδ(Γ
σ
j )kIγεIδ|2

kI and kS are the propagating direction of the incident and scattered photons; εI and

εS are the polarization direction of the incident and scattered photons. P (Γσj ) is the

Raman tensor.
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5.2.3 Projection operator and Clebsch-Gordan coefficients

The Raman tensor Pαβγδ(Γ
σ
j ) is determined by the Clebsch-Gordan coefficients of

three representations: scattered photon (ρ · εS)ρle−ilφ, incident photon (ρ · εI)ρleilφ

and phonon Ô(Γσj ):

Pz,εs,εI ,z(Γ
σ
j ) = (ρ · εS)ρle−ilφ ⊗ (ρ · εI)ρleilφ ⊗ φjσ

Complex conjugates come from absorption and emission part of the interaction HeR,l.

For this moment only forward scattering is considered therefore the scattering geom-

etry is z(εS, εI)z, in which case the 3 by 3 Raman tensors reduce to 2 by 2 tensors.

Because of the equivalence of the (x, y, z) axis, the Raman tensors for x(εS, εI)x,

y(εS, εI)y are the same as z(εS, εI)z.

The Raman tensor analysis relies heavily on projection operators [101]. The anal-

ysis is carried out in O point group. Td is isomorphic to O and Oh is the direct

product of O and inversion group. They share the same Raman tensors with slight

modification of notations. The Γ1, Γ2, Γ3, Γ4, Γ5 representations of O point group

are the Γ1, Γ2, Γ3, Γ4, Γ5 representations of Td point group and the Γ1+, Γ2+, Γ3+,

Γ4+, Γ5+ representations of Oh point group. Only even representations are of interest

in a Raman process.

Diagonal elements in Raman tensors are for situations in which both incident and

scattered light polarize in x (or y) direction. (x)ρle−ilφ ⊗ (x)ρleilφ = x2(x2 + y2)l

and (y)ρle−ilφ ⊗ (y)ρleilφ = y2(x2 + y2)l. The off diagonal elements of the Raman

tensor correspond to situations in which the incident photon is polarized in the x

(or y) direction while the scattered photon is polarized in the y (or x) direction.

(x)ρle−ilφ⊗(y)ρleilφ = (y)ρle−ilφ⊗(x)ρleilφ = xy(x2+y2)l. Using projection operators,

x2(x2 + y2)l and y2(x2 + y2)l can be decomposed into summation of basis functions
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that transform according to one irreducible representation: x2(x2 + y2)l = φ1
1 + φ1

2 +

φ1,γ1

3 + φ2,γ2

3 and y2(x2 + y2)l = φ1
1 − φ1

2 + φ1,γ1

3 − φ2,γ2

3 . Each term in the expansion

are defined by the following:

φ1
1 ≡ 1

6
[(x2 + y2)l+1 + (y2 + z2)l+1 + (z2 + x2)l+1];

φ1
2 ≡ 1

6
[(x2 − y2)(x2 + y2)l + (y2 − z2)(y2 + z2)l + (z2 − x2)(z2 + x2)l];

φ1,γ1

3 ≡ 1

3
[(x2 + y2)l+1 − 1

2
(y2 + z2)l+1 − 1

2
(z2 + x2)l+1];

φ2,γ2

3 ≡ 1

3
[(x2 − y2)(x2 + y2)l − 1

2
(y2 − z2)(y2 + z2)l − 1

2
(z2 − x2)(z2 + x2)l].

Apply the same method, it is shown that xy(x2 + y2)l contains only Γ3
5 part of the

irreducible representation:

φ3
5 = xy(x2 + y2)l

One subtlety lies in the φ1,γ2

3 and φ2,γ1

3 functions. It can be shown that γ1 6= γ2

for any l ≥ 1. In other words, the two Γ1
3 and Γ2

3 functions contained in x2(x2 + y2)l

and y2(x2 + y2)l belong to two inequivalent sets of Γ3 representations except for

l = 0. An intuitive example is the C3v point group, where (x, y) and (xz, yz) are two

inequivalent sets of basis functions for the E representation. x is connected with y

and xz is connected with yz. But x can not be connected with xz or yz by symmetry.

The result of γ1 6= γ2 is that the two Raman tensors for Γ3 phonon have different

coupling coefficients (see table 5.1). It is in contrast with the l = 0 case where same

coupling constant b is shared by the two Raman tensors for Γ3 phonon.

Another point to be mentioned is φ1
2 = 1

6
[(x2− y2)(x2 + y2)l + (y2− z2)(y2 + z2)l +

(z2 − x2)(z2 + x2)l]. It becomes zero for l = 0 and 1. It is to say that the Raman

tensors for Γ2 phonon exist for only l ≥ 2.
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OAM Γ1
1 Γ1

2 Γ1
3 Γ2

3 Γ1,2,3,
4 Γ1,2

5 Γ3
5

l = 0

a 0

0 a


0 0

0 0


b 0

0 b


−√3b 0

0
√

3b


0 0

0 0


0 0

0 0


0 c

c 0


l = 1

a 0

0 a


0 0

0 0


c 0

0 c


−d 0

0 d


0 0

0 0


0 0

0 0


0 e

e 0


l ≥ 2

a 0

0 a


b 0

0 −b


c 0

0 c


−d 0

0 d


0 0

0 0


0 0

0 0


0 e

e 0



Table 5.1 : Raman tensors Pz,εs,εI ,z(Γ
σ
j ) for the σth branch of the Γj phonon mode in

forward scattering geometry using Laguerre-Gaussian beam for crystals with O, Td
and Oh space groups symmetry.

5.2.4 Raman tensors

The Raman tensor are tabulated in Table 5.1 [99]. Quite surprisingly, the Raman

tensors for l ≥ 2 excitations have the same form therefore no difference would l

make from symmetry point of view for l ≥ 2. The constants a, b, c, d, e are of course

different for different values of l therefore intensities vary. Compared with l = 0

ordinary Raman process, non-zero OAM brings new features: the appearence of the

Γ2 phonon for l ≥ 2 photon excitation and the decoupling of the two Raman tensors

for the Γ3 phonon for l ≥ 1 excitation. The next section will be devoted to setting

up experiments for the realization of those new features. We also want to mention

that Raman tensors for Γ4 phonon do not nessisarily vanish. It is zero because

of the forward scattering geometry. Γ4 may be active under different polarization

orientations such as right angle scattering.
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5.3 Γ2(+) and Γ3(+) phonon modes in cubic crystal

Many well known crystals in Oh space group, such as silicon and perovskite, do not

have Γ2+ phonons. A careful examination of those crystals shows that not only Γ2+,

but also all the one ( Γ1+, Γ2+, Γ1−, Γ2−) and two ( Γ3+, Γ−3 ) dimensional phonons

rarely happen while three dimensional phonons (Γ4+, Γ5+, Γ4−, Γ5−) always present.

Instead of checking phonon structures of available crystals one by one, we perform a

systematic study on the zone center phonon structures of Oh space groups. All one

dimensional phonons are listed for different Wyckoff positions of the ten Oh space

groups. Analysis shows that at least four inequivalent atoms in one set of Wyckoff

positions are required to have one dimensional phonons. This explains the absence

of the Γ2+ phonons in NaCl, diamond and other crystals with simple structures. The

results are tabulated and, with the help of our tables, one can choose proper crystals

when a certain one or two dimensional phonon is needed. The fact that crystals

belonging to Oh space groups are the most common ones [102] makes this study

useful.

5.3.1 Theoretical background

Oh space groups are space groups with Oh point group. They are O1
h (Pm3m), O2

h

(Pn3n), O3
h (Pm3n), O4

h (Pn3m), O5
h (Fm3m), O6

h (Fm3c), O7
h (Fd3m), O8

h (Fd3c),

O9
h (Im3m) and O10

h (Ia3d). In those space groups, 48 rotational operations are

associated with simple cubic, face-centered-cubic or body-centered-cubic lattices. The

general form of a symmetry operation is {ĝ|RL + τg}: ĝ is the rotational operation,

RL is the lattice translation. τg is 0 for symmorphic space groups and some fractional

translation(s) for nonsymmorphic space groups.

We now proceed to determine the phonon modes. Let γ denote any of the one



98

E 8C3 3C2 6C4 6C2 I 8S6 3σh 3S4 6σd ⊗ Γ−
4

Γ+
1 1 1 1 1 1 1 1 1 1 1 Γ−

4

Γ+
2 1 1 1 -1 -1 1 1 1 -1 -1 Γ−

5

Γ+
3 2 -1 2 0 0 2 -1 2 0 0 Γ−

4 + Γ−
5

Γ+
4 3 0 -1 1 -1 3 0 -1 1 -1 Γ−

1 +Γ−
3 +Γ−

4 +Γ−
5

Γ+
5 3 0 -1 -1 1 3 0 -1 -1 1 Γ−

2 +Γ−
3 +Γ−

4 +Γ−
5

Γ−
1 1 1 1 1 1 -1 -1 -1 -1 -1 Γ+

4

Γ−
2 1 1 1 -1 -1 -1 -1 -1 1 1 Γ+

5

Γ−
3 2 -1 2 0 0 -2 1 -2 0 0 Γ+

4 + Γ+
5

Γ−
4 3 0 -1 1 -1 -3 0 1 -1 1 Γ+

1 +Γ+
3 +Γ+

4 +Γ+
5

Γ−
5 3 0 -1 -1 1 -3 0 1 1 -1 Γ+

2 +Γ+
3 +Γ+

4 +Γ+
5

Table 5.2 : The character table of Oh point group and the direct product of Γ4− with
all representations of Oh point group.

dimensional phonons (Γ+
1 ,Γ

+
2 ,Γ

−
1 ,Γ

−
2 ). γ is carried by a set of n atoms labelled by

their Wyckoff positions, such as 12(e) in O2
h. Among the 48 rotational operations,

48/n of them, denoted by {α̂|τα}, do not move the atom or move the atom to its

equvalent position: {α̂|τα}ri = rj and rj = ri + RL whereri is the position of the

original atom and RL is any lattice vector; the rest (48− 48/n) operations, denoted

by {β̂|τβ}, would shift the original atom to its inequivalent positions: {β̂|τβ}ri = rj

and rj 6= ri + RL. If a set of n atoms carry γ phonon, the atomic displacement

vector V at atom ri must satisfy: ĝ · V = χγ(ĝ) · V, where ĝ is any of the 48

rotational operations. In general, V is in the form of (vx, vy, vz) and any solution of

V = (vx,vy,vz) gives the allowed phonon mode. With the definition of α̂ the set

of 48 equations can be simplified: α̂ · V = χγ(α̂) · V, which reduce the number of

equations down to 48/n. That is, only operations that shift the atom to itself or
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its equivalent positions need to be considered. The existence of solutions for V is

necessary and sufficient for the existence of one dimensional phonons.

5.3.2 Results

All Wyckoff positions in Oh space groups are considered in this section [100]. When

dealing with phonons, the primitive cell is more suitable than the unit cell. Therefore,

a slightly different notation is adopted, compared to the International Table for Crys-

tallography [10]: although the letters of Wyckoff positions remain the same, we put

down the number of atoms in one primitive cell instead of one unit cell. For example,

in O10
h , 48(h) in this note is the 96(h) in the International Table for Crystallography.

Directions of phonon modes for (Γ+
1 , Γ+

2 , Γ−1 , Γ−2 ) phonons are listed in below.

Table 5.3 : Possible one dimensional phonon modes in Oh

space groups at different Wyckoff positions. Those with-
out entity are Wyckoff positions that the one dimensional
phonon cannot exist.

Wyckoff positions Γ1+ Γ2+ Γ1− Γ2−

O1
h

48, (n), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (m), (x, x, z) (x, x, z) (x, -x, 0) (x, -x, 0) (x, x, z)

24, (l), (1/2, y, z) (0, y, z) (0, y, z) (x, 0, 0) (x, 0, 0)

24, (k), (0, y, z) (0, y, z) (0, y, z) (x, 0, 0) (x, 0, 0)

12, (j), (1/2, y, y) (0, y, y) (0, y, -y) (x, 0, 0)

12, (i), (0, y, y) (0, y, y) (0, y, -y) (x, 0, 0)

12, (h), (x, 1/2, 0) (x, 0, 0) (x, 0, 0)

8, (g), (x, x, x) (x, x, x) (x, x, x)
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6, (f), (x, 1/2, 1/2) (x, 0, 0)

6, (e), (x, 0, 0) (x, 0, 0)

3, (d), (1/2, 0, 0)

3, (c), (0, 1/2, 1/2)

1, (b), (1/2, 1/2, 1/2)

1, (a), (0, 0, 0)

O2
h

48, (i), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (h), (0, y, y) (0, y, y) (x, y, -y) (0, y, y) (x, y, -y)

24, (g), (x, 0, 1/2) (x, 0, 0) (x, 0, 0) (x, 0, 0) (x, 0, 0)

16, (f), (x, x, x) (x, x, x) (x, x, x) (x, x, x) (x, x, x)

12, (e), (x, 0, 0) (x, 0, 0) (x, 0, 0)

12, (d), (1/4, 0, 1/2) (x, 0, 0) (x, 0, 0)

8, (c), (1/4, 1/4, 1/4) (x, x, x) (x, x, x)

6, (b), (0, 1/2, 1/2)

2, (a), (0, 0, 0)

O3
h

48, (l), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (k), (0, y, z) (0, y, z) (0, y, z) (x, 0, 0) (x, 0, 0)

24, (j), (1/4, y, y+1/2) (0, y, y) (x, y, -y) (0, y, y) (x, y, -y)

16, (i), (x, x, x) (x, x, x) (x, x, x) (x, x, x) (x, x, x)

12, (h), (x, 1/2, 0) (x, 0, 0) (x, 0, 0)

12, (g), (x, 0, 1/2) (x, 0, 0) (x, 0, 0)

12, (f), (x, 0, 0) (x, 0, 0) (x, 0, 0)
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8, (e), (1/2, 1/2, 1/2) (x, x, x) (x, x, x)

6, (d), (1/4, 1/2, 0) (x, 0, 0)

6, (c), (1/4, 0, 1/2) (x, 0, 0)

6, (b), (0, 1/2, 1/2)

2, (a), (0, 0, 0)

O4
h

48, (l), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (k), (x, x, z) (x, x, z) (x, -x, 0) (x, -x, 0) (x, x, z)

24, (j), (1/4, y, y+1/2) (0, y, y) (x, y, -y) (0, y, y) (x, y, -y)

24, (i), (1/4, y, -y+1/2) (0, y, -y) (x, y, y) (0, y, -y) (x, y, y)

24, (h), (x, 0, 1/2) (x, 0, 0) (x, 0, 0) (x, 0, 0) (x, 0, 0)

12, (g), (x, 0, 0) (x, 0, 0) (x, 0, 0)

12, (f), (1/4, 0, 1/2) (x, 0, 0) (x, 0, 0)

8, (e), (x, x, x) (x, x, x) (x, x, x)

6, (d), (0, 1/2, 1/2)

4, (c), (3/4, 3/4, 3/4) (x, x, x)

4, (b), (1/4, 1/4, 1/4) (x, x, x)

2, (a), (0, 0, 0)

O5
h

48, (l), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (k), (x, x, z) (x, x, z) (x, -x, 0) (x, -x, 0) (x, x, z)

24, (j), (0, y, z) (0, y, z) (0, y, z) (x, 0, 0) (x, 0, 0)

12, (i), (1/2, y, y) (0, y, y) (0, y, -y) (x, 0, 0)

12, (h), (0, y, y) (0, y, y) (0, y, -y) (x, 0, 0)
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12, (g), (x, 1/4, 1/4) (x, 0, 0) (x, 0, 0)

8, (f), (x, x, x) (x, x, x) (x, x, x)

6, (e), (x, 0, 0) (x, 0, 0)

6, (d), (0, 1/4, 1/4) (x, 0, 0)

2, (c), (1/4, 1/4, 1/4)

1, (b), (1/2, 1/2, 1/2)

1, (a), (0, 0, 0)

O6
h

48, (j), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (i), (0, y, z) (0, y, z) (0, y, y) (x, 0, 0) (x, 0, 0)

24, (h), (1/4, y, y) (0, y, y) (x, y, -y) (0, y, y) (x, y, -y)

16, (g), (x, x, x) (x, x, x) (x, x, x) (x, x, x) (x, x, x)

12, (f), (x, 1/4, 1/4) (x, 0, 0) (x, 0, 0)

12, (e), (x, 0, 0) (x, 0, 0) (x, 0, 0)

6, (d), (0, 1/4, 1/4) (x, 0, 0)

6, (c), (1/4, 0, 0) (x, 0, 0)

2, (b), (0, 0, 0)

2, (a), (1/4, 1/4, 1/4)

O7
h

48, (i), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (h), (1/8, y, -y+1/4) (0, y, -y) (x, y, y) (0, y, -y) (x, y, y)

24, (g), (x, x, z) (x, x, z) (x, -x, 0) (x, -x, 0) (x, x, z)

12, (f), (x, 0, 0) (x, 0, 0) (x, 0, 0)

8, (e), (x, x, x) (x, x, x) (x, x, x)
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4, (d), (5/8, 5/8, 5/8) (x, x, x)

4, (c), (1/8, 1/8, 1/8) (x, x, x)

2, (b), (1/2, 1/2, 1/2)

2, (a), (0, 0, 0)

O8
h

48, (h), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (g), (1/8, y, -y+1/4) (0, y, -y) (x, y, y) (0, y, -y) (x, y, y)

24, (f), (x, 0, 0) (x, 0, 0) (x, 0, 0) (x, 0, 0) (x, 0, 0)

16, (e), (x, x, x) (x, x, x) (x, x, x) (x, x, x) (x, x, x)

12, (d), (1/4, 0, 0) (x, 0, 0) (x, 0, 0)

8, (c), (3/8, 3/8, 3/8) (x, x, x) (x, x, x)

8, (b), (1/8, 1/8, 1/8) (x, x, x) (x, x, x)

4, (a), (0, 0, 0)

O9
h

48, (l), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (k), (x, x, z) (x, x, z) (x, -x, 0) (x, -x, 0) (x, x, z)

24, (j), (0, y, z) (0, y, z) (0, y, y) (x, 0, 0) (x, 0, 0)

24, (i), (1/4, y, -y+1/2) (0, y, -y) (x, y, y) (0, y, -y) (x, y, y)

12, (h), (0, y, y) (0, y, y) (0, y, -y) (x, 0, 0)

12, (g), (x, 0, 1/2) (x, 0, 0) (x, 0, 0)

8, (f), (x, x, x) (x, x, x) (x, x, x)

6, (e), (x, 0, 0) (x, 0, 0)

6, (d), (1/4, 0, 1/2) (x, 0, 0)

4, (c), (1/4, 1/4, 1/4) (x, x, x)



104

3, (b), (0, 1/2, 1/2)

1, (a), (0, 0, 0)

O10
h

48, (h), (x, y, z) (x, y, z) (x, y, z) (x, y, z) (x, y, z)

24, (g), (1/8, y, -y+1/4) (0, y, -y) (x, y, y) (0, y, -y) (x, y, y)

24, (f), (x, 0, 1/4) (x, 0, 0) (x, 0, 0) (x, 0, 0) (x, 0, 0)

16, (e), (x, x, x) (x, x, x) (x, x, x) (x, x, x) (x, x, x)

12, (d), (3/8, 0, 1/4) (x, 0, 0) (x, 0, 0)

12, (c), (1/8, 0, 1/4) (x, 0, 0) (x, 0, 0)

8, (b), (1/8, 1/8, 1/8) (x, x, x) (x, x, x)

8, (a), (0, 0, 0) (x, x, x) (x, x, x)

The meaning of the notations are as follows: for a certain phonon mode belonging

to a set of atoms, the number of free parameters in the phonon modes is the num-

ber of its appearances. For example, in O10
h , Γ+

2 phonon of Wyckoff position 24(g)

(1/8, y,−y + 1/4) is labelled (x, y, y). It means that Γ+
2 phonon modes appear twice

and the Γ+
2 phonon modes on atom (1/8, y,−y+1/4) are in the (1, 0, 0) direction and

(0, 1, 1) direction. The actual atomic displacements are the linear combinations of

the two phonon modes, the coefficients of which cannot be determined by symmetry

alone. It is worth mentioning that the number of Γ+
1 phonons equals the number of

free parameters of the Wyckoff positions because totally symmetric distortions pre-

serve the symmetry. For example, Wyckoff position 24(g) (1/8, y,−y + 1/4) in O10
h

has only one Γ+
1 phonon mode which is in the (0, 1, -1) direction. Also one can see
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that any one dimensional phonon does not happen more than three times in one set

of Wyckoff positions.

5.3.3 Two and three dimensional phonons

Additional informations about two and three dimensional phonons can also be ob-

tained from the analysis on one dimensional phonons. In general, the phonon struc-

ture is determined by the decomposition of mechanical representation, which is the

direct product of permutation group and the vector representation [11]. Permutation

group is a group formed by taking atomic positions as basis functions. Its character

under a certain symmetry operation equals the number of atoms unchanged or can

be shifted back to itself by lattice vector. The vector representation is formed with

basis functions (x, y, z) and it belongs to Γ−4 in Oh space groups. The direct products

of Γ−4 with different representations are given in table 5.2.

Careful inspection of the tables shows many interesting results. There will always

be three dimensional phonons, no matter how simple the structure is. Each one

dimensional phonon is accompanied by one two dimensional phonon and two three

dimensional phonons. This makes a restriction on the number of appearances of one

dimensional phonons: n× 3 ≥
∑

γm× 9, where n is the number of atoms in one set

of Wyckoff position, and m is number of one dimensional phonons. Summation over

γ means summation over all the one dimensional phonons.

The character of the permutation group must be non-negative. One dimensional

phonons correspond to Γ+
4 , Γ+

5 , Γ−4 , Γ−5 in the permutation representation and they all

have negative characters under C2 symmetry operation (see table 5.2). Other one or

two dimensional representations which have positive characters under C2 operation

must present in the permutation representation. It makes further restrictions on the
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number of appearances of one dimensional phonons:

n× 3 ≥
∑
γ

m× 12 (5.4)

This means that at least four atoms are needed to carry a single one dimensional

phonon, and this rule is indeed observed in all ten Oh space groups. The difference

between
∑

γm× 12 and m× 3 will be totally filled by three dimensional phonons.

5.3.4 Cubic lattice system

The same argument can be applied to other cubic lattice systems: T , Th, Td and O.

The direct product tables of those point groups [8] show that any one dimensional

phonon is accompanied by one two dimensional phonon and two three dimensional

phonons, giving a total dimension of 9. Those 9 dimensional phonons correspond to

one three dimensional representation in the permutation representation, and all three

dimensional representations have negative characters under one set of C2 operations

(there are two sets of C2 operations in O and Oh). Permutation representation must

have non-negative characters, therefore other one or two dimensional representations

with positive characters under C2 must present. This makes the restriction for T ,

Th, Td, O and Oh space groups: n × 3 ≥
∑

γm× 12 and the summation over γ

is the summation over all one dimensional phonons in T , Th, Td, O and Oh space

groups. It should be noticed that, for T and Th, the two dimensional representation

is actually two one dimensional representations forced to stick together due to time

reversal symmetry.

The same analysis on one dimensional phonons in Oh space groups can be extended

to T , Th, Td and O space groups. However, due to limitation of space, they are not

tabulated.
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5.3.5 Magnons for magnetic space groups with cubic unitary group

Without external magnetic field, time reversal operator θ is also a symmetry operation

of the system. The inclusion of time reversal operator generates magnetic space group

M which contains equal number of unitary and antiunitary elements: M = H + AH.

H is ordinary space group and A is antiunitary coset representative. The magnon

symmetry is characterized within space group H [19]. Representations of magnons

are contained in the direct product of permutation group and the “pseudo vector

representation” (Rx, Ry, Rz).

For those magnetic space groups with H being one of the cubic space groups (#195

– #230), we find that the same analysis on phonons can also be applied. “Pseudo

vector” belongs to one of the three dimensional representations in T , Th, Td, O and

Oh point groups and any one or two dimensional representations must be contained in

the direct product of “pseudo vector group” and a three dimensional representation

of the permutation group. As for phonons, these three dimensional representations

have negative character under C2 operation therefore some one or two dimensional

representations must present in the permutation group whose characters must be

non-negative. This leads to the same restrictions that at least four atoms are needed

to have one or two dimensional magnons if the unitary group H of the magnetic space

group M belongs to cubic space groups (#195 – #230).

Compared with lattice systems of lower symmetry, the cubic system is peculiar

in that the vector representation (x, y, z) belongs to a single three dimensional rep-

resentation. This is the reason that one and two dimensional phonons happen rarely

in crystals with cubic lattice. We have shown that some one dimensional phonons

require as many as 24 atoms. Usually one does not go to such complicated struc-

tures before trying simpler ones. On the other hand, although any set of Wyckoff
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positions with 48 inequivalent atoms, say, 48(h) of O10
h space group, gives all one di-

mensional phonons (Γ±1 , Γ±2 ), simpler crystal structures are better in that less phonon

modes leads to larger separations in energy and resolution is always an issue in spec-

troscopy experiments. The number of one dimensional phonons equals the number of

two dimensional phonons therefore the searching for two dimensional phonon modes

is as difficult as the searching for one dimensional phonon modes. This is also the

case for magnetic space groups with cubic unitary groups. Following our tables, one

can choose the crystal that is complicated enough to have the required (one or two

dimensional) phonon mode, yet keeps the structure as simple as possible.

In this section, four rules are obtained for phonon structure in T , Th, Td, O and

Oh space groups and for magnon structure with magnetic space groups whose unitary

space part belongs to T , Th, Td, O and Oh space groups [100]:

1. At least four inequivalent atoms are needed to produce one dimensional phonon

(magnon).

2. The number of one dimensional phonons (magnons) equals the number of two

dimensional phonons (magnons) therefore at least four inequivalent atoms are

needed to produce two dimensional phonons (magnons).

3. Three dimensional phonons (magnons) always exist, no matter how simple the

crystal is.

4. A restriction rule is obtained: n×3 ≥
∑

γm× 12, n being the number of atoms

in one Wyckoff set and m the number of one dimensional phonons (magnons).



109

5.4 Bithmuth germanate(Bi4Ge3O12) crystal

Bithmuth germanate Bi4Ge3O12 is one of the cubic crystals that have Γ2 and Γ3

phonons. It belongs to space group I 4̄2d (T 6
d ). The phonon modes are 4Γ1+5Γ2+9Γ3+

14Γ4+15Γ5 [103]. Γ1, Γ3 and Γ5 are Raman active and Γ5 is also IR active. Interaction

with crystal fields splits the IR active Γ5 phonon into LO and TO phonons [34].

Bi4Ge3O12 is transparent therefore the experiment can be done in forward scattering

geometry. Pure Bi4Ge3O12 is not fluoresence. Moderate photorefractive effect is

observed in the UV range [104] therefore non-linear effect can be ignored for pure

Bi4Ge3O12 with visuable light excitation. Based on those reasons, pure Bi4Ge3O12

single crystal is suitable for LG Raman experiment. Only part of phonon frequencies

can be found [105]. For those phonons, symmetry assignment can be done using

polarization dependence of the cross section, although the splitting of polar phonons

must be handled with care.

Based on the Raman tensors, two effects are expected for LG Raman [99]. The

appearence of the Γ2 phonon modes and the change in polarization dependence of the

cross section for the Γ3 phonon.

5.4.1 Additional Γ2 phonon mode

“Additional” means that although this phonon mode exists in the crystal regardless

of experimental technique, it is silent in ordinary Raman process, and becomes active

in Raman scattering with LG beam. Compared with l = 0, Γ2 phonon is active for

photons with l ≥ 2 OAM. The Raman tensors for Γ2 phonon are diagonal. This

mode is observed as long as the incident polarization and scattered polarization are

not perpendicular. Highest intensity is expected when the incident photons and

scattered photons are polarized in the same direction.



110

5.4.2 Change of cross section dependence on polarization geometry for

Γ3 phonon

Γ3 phonon is active in both ordinary Raman (l = 0) and LG Raman (l ≥ 1). The

Raman tensors for Γ3 have similar forms except for that in l = 0 case two Raman

tensors share the same coupling constant b and for l ≥ 1 the two Raman tensors have

two different coupling constants c and d. The two Raman tensors for γ3 phonon are

no longer connected by symmetry when LG beam is used. This leads to different cross

section dependence on polarization orientations. The scattering cross section for Γ3

phonon is I(Γ3) = [εS · P (Γ1
3) · εI ]2 + [εS · P (Γ2

3) · εI ]2. Consider a special scattering

geometry where the incident light is polarized in the εI = 1√
2
x̂+ 1√

2
ŷ direction and the

scattered light is polarized in the εS = cosθx̂+ sinθŷ direction. The Raman intensity

for ordinary light is now

Il=0(Γ3) = 2b2(1− cosθsinθ)

and the Raman intensity for LG beam is

Il≥1(Γ3) =
c2 + d2

2
+ (c2 − d2)cosθsinθ.

The intensity plots for Il=0(Γ3) and Il≥1(Γ3) are given in Figure 5.1a and 5.1b. The

plots are in arbitrary units and a special value of c =
√

3d is used for figure 5.1b.

A clear difference in angular dependence of intensity on polarization is seen. Other

ratios of c and d have less dramatic effect but in general the angular distribution of

intensity has different patterns unless accidentally d = ±
√

3c.
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Figure 5.1 : Angular dependence of Raman scattering intensity for (a) ordinary
Raman process and (b) LG Raman process with incident light polarized in the
(1/
√

2)x̂ + (1/
√

2)ŷ direction. The intensity is in arbitrary units. A special value
of c =

√
3d is used for (b).
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Chapter 6

Conclusions and Future Directions

6.1 Iron-based superconductor

The ultimate goal of superconductivity research is the realization of room temperature

superconductor. To achieve that goal, a deep understanding of High-Temperature su-

perconductivity (HTSC) is needed. The first family of HTSC was the cuprates [48].

The fact that the transition temperature lies well above liquid nitrogen boiling point [106]

makes cuprates valuable in technological applications, such as producing high mag-

netic field. The cuprates has layered structure, anti-ferromagnetic parent compound,

d-wave gap and very likely non-phonon mediated pairing mechanism. Those unique

properties make it very distinguishable from conventional superconductors, includ-

ing MgB2 and heavy Fermion superconductors. A question arose whether or not

high transition temperature requires all those peculiar properties (layered structure,

anti-ferromagnetic parent compound, d-wave gap and non-phonon mediated pairing).

This question is partial answered by the discovery of iron-based superconductors.

The discovery of the iron-based superconductors in 2006 broke the monopoly

of cuprates in the world of HTSC. Same as the cuprates, it has layered structure,

anti-ferromagnetic parent compound and likely non-phonon mediated Cooper pairs.

However, there are significant differences between the two: the iron-based supercon-

ductors has multiple surfaces and s ± gaps. The study of iron-pnictide, together with
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cuprates, will reveal more secret of HTSC.

We present results of transport measurements of BaFe1.85Co0.15As2, an electron

doped “122” system near optimal doping. The DC measurement shows clear super-

conducting transition at 25 K, An abrupt drop in resistivity indicates good quality of

single crystal sample. A purely-phonon-mediated pairing mechanism is shown to be

unlikely for BaFe1.85Co0.15As2 that electron-phonon coupling constant derived from

standard Bloch-Gruneisen is only 0.2.

The AC measurement data is collected at different temperatures above and below

the superconducting transition. In the normal state, upon cooling down the sam-

ple, the Drude term in the real part of optical conductivity gets narrower. Drude-

Lorentzian fits are carried out that two inter-band and two intra-band transitions are

needed to accurately reproduce the experimental data. Detailed analysis of plasma

frequency, scattering rate and mean free path shows that despite the multi-gap na-

ture, the normal state conductivity of BaFe1.85Co0.15As2 is dominated by one single

electron pocket.

In the superconducting state, a clear “missing area” in optical conductivity is

observed. That is a signature of super-fluid condensate. The remaining conductivity

indicates that our BaFe1.85Co0.15As2 sample is in the “dirty limit”. Two supercon-

ducting gaps are required to fit the experimental data. The ratio between the larger

gap and superconducting transition temperature is significantly higher than that of

the BCS case (2∆/kTc = 3.5) therefore puts BaFe1.85Co0.15As2 in the strong coupling

limit. Eliashberg theory [107] is used to extract electron-boson spectral function
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W(ω). A peak at 45 meV is identified in W(ω), the position of which lies well beyond

any phonon mode. This observation is in favor of spin-fluctuation over phonon as the

paring mechanism for Cooper pairs.

Our experimental data shows that BaFe1.85Co0.15As2 is a strong coupling, spin-

mediated, multi-gap non-BCS superconductor in the dirty limit. Many topics, espe-

cially the possible mechanisms for superconductivity, are still the subject of consid-

erable debate and further research.

6.2 Vortex Raman Spectroscopy

The field of vortex light is gaining more and more attention in physics. Beside polar-

ization, light beams can carry orbital angular momentum. The helical wavefront and

non-zero orbital angular momentum makes us seek potential applications of vortex

light in the field of spectroscopy. It has been shown [98] that the interaction between

vortex light and electronic degree of freedom is an higher order effect than the in-

teraction between vortex light and atomic movement (rotation, vibration). We thus

focus our attention on Raman scattering with vortex light.

The Hamiltonian for interaction between vortex light and matter is analyzed by

group theory. Symmetry predicts certain go/no-go rules and they are summarized in

the form Raman tensors. We show that, in cubic system with vortex light, previous

silent Γ2 phonon mode becomes active and the intensity dependence on polarization

change for Γ3 phonon modes.
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The experiment should be carried out on a cubic crystal with Γ2 or Γ3 phonon.

Many well known cubic systems, quite surprisingly, do not have those two phonons.

The search of such crystal makes us conduct a study on phonon structure in cubic

system. After this study the whole picture is clear that Γ1, Γ2 and Γ3 phonons only

appear in rather complicated crystals. Bi4Ge3O12 crystal is one proper crystal that

meets all requirements. Future experiments should be carried out to verify the pro-

posed Raman scattering with vortex light.
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Appendix

Appendix

The 32 crystallographic point groups are listed in different notations. The meaning

of the symbols can be found in standard textbooks. For some point groups, other

names exist such as V for point group D2 and these are listed also under the Schoen-

flies notation column. Oh and D6h are of the highest order and all other groups are

subgroups of each or both of the two. This is helpful in some discussions that if

certain rule holds for both Oh and D6h, it holds for all crystallographic point groups.

In fact the group multiplication table are given only to Oh and D6h in the book of

Kovalev [12].

Also tabulated are the 230 (3,3) Fedorov groups and the 17 (2,2) wallpaper groups.

For Fedorov groups, each group is arranged in the order of group number, Schoenflies

notation and international notation. For wallpaper group, each row represents one

group. Due to historical reasons, other names exist for the wallpaper group and these

are also listed.
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Hermann-Mauguin (full) Hermann-Mauguin (short) Shubnikov Schoenflies

1 1 1 C1

1̄ 1̄ 2̃ Ci = S2

2 2 2 C2

m m m Cs = C1h

2
m

2/m 2 : m C2h

222 222 2 : 2 D2 = V

mm2 mm2 2 ·m C2v

2
m

2
m

2
m

mmm m · 2 : m D2h = Vh

4 4 4 C4

4̄ 4̄ 4̃ S4

4
m

4/m 4 : m C4h

422 422 4 : 2 D4

4mm 4mm 4 ·m C4v

4̄2m 4̄2m 4̃ ·m D2d = Vd

4
m

2
m

2
m

4/mmm m · 4 : m D4h

3 3 3 C3

3̄ 3̄ 6̃ S6 = C3i

32 32 3 : 2 D3

3m 3m 3 ·m C3v

3̄ 2
m

3̄m 6̃ ·m D3d

6 6 6 C6

6̄ 6̄ 3 : m C3h

6
m

6/m 6 : m C6h

622 622 6 : 2 D6

6mm 6mm 6 ·m C6v

6̄m2 6̄m2 m · 3 : m D3h

6
m

2
m

2
m

6/mmm m · 6 : m D6h

23 23 3/2 T

2
m

3̄ m3̄ 6̃/2 Th

432 432 3/4 O

4̄3m 4̄3m 3/4̃ Td

4
m

3̄ 2
m

m3̄m 6̃/4 Oh

Table .1 : The 32 crystallographic point groups.
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1, C1
1 , P1 2, C1

i , P 1̄ 3, C1
2 , P2 4, C2

2 , P21 5, C3
2 , B2

6, C1
s , Pm 7, C2

s , Pb 8, C3
s , Bm 9, C4

s , Bb 10, C1
2h, P2/m

11, C2
2h, P21/m 12, C3

2h, B2/m 13, C4
2h, P2/b 14, C5

2h, P21/b 15, C6
2h, B2/b

16, D1
2 , P222 17, D2

2 , P2221 18, D3
2 , P21212 19, D4

2 , P212121 20, D5
2 , C2221

21, D6
2 , C222 22, D7

2 , F222 23, D8
2 , I222 24, D9

2 , I212121 25, C1
2v , Pmm2

26, C2
2v , Pmc21 27, C3

2v , Pcc2 28, C4
2v , Pma2 29, C5

2v , Pca21 30, C6
2v , Pnc2

31, C7
2v , Pmn21 32, C8

2v , Pba2 33, C9
2v , Pna21 34, C10

2v , Pnn2 35, C11
2v , Cmm2

36, C12
2v , Cmc21 37, C13

2v , Ccc2 38, C14
2v , Amm2 39, C15

2v , Abm2 40, C16
2v , Ama2

41, C17
2v , Aba2 42, C18

2v , Fmm2 43, C19
2v , Fdd2 44, C20

2v , Imm2 45, C21
2v , Iba2

46, C22
2v , Ima2 47, D1

2h, Pmmm 48, D2
2h, Pnnn 49, D3

2h, Pccm 50, D4
2h, Pban

51, D5
2h, Pmma 52, D6

2h, Pnna 53, D7
2h, Pmna 54, D8

2h, Pcca 55, D9
2h, Pbam

56, D10
2h, Pccn 57, D11

2h, Pbcm 58, D12
2h, Pnnm 59, D13

2h, Pmmn 60, D14
2h, Pbcn

61, D15
2h, Pbca 62, D16

2h, Pnma 63, D17
2h, Cmcm 64, D18

2h, Cmca 65, D19
2h, Cmmm

66, D20
2h, Cccm 67, D21

2h, Cmma 68, D22
2h, Ccca 69, D23

2h, Fmmm 70, D24
2h, Fddd

71, D25
2h, Immm 72, D26

2h, Ibam 73, D27
2h, Ibca 74, D28

2h, Imma 75, C1
4 , P4

76, C2
4 , P41 77, C3

4 , P42 78, C4
4 , P43 79, C5

4 , I4 80, C6
4 , I41

81, S1
4 , P 4̄ 82, S2

4 , I4̄ 83, C1
4h, 4/m 84, C2

4h, P42/m 85, C3
4h, P4/n

86, C4
4h, P42/n 87, C5

4h, I4/m 88, C6
4h, I41/a 89, D1

4 , P422 90,D2
4 , P4212

91, D3
4 , P4122 92, D4

4 , P41212 93, D5
4 , P4222 94, D6

4 , P42212 95, D7
4 , P4322

96, D8
4 , P43212 97, D9

4 , I422 98, D10
4 , I4122 99, C1

4v , P4mm 100, C2
4v , P4bm

101, C3
4v , P42cm 102, C4

4v , P42nm 103, C5
4v , P4cc 104, C6

4v , P4nc 105, C7
4v , P42mc

106, C8
4v , P42bc 107, C9

4v , I4mm 108, C10
4v , I4cm 109, C11

4v , I41md 110, C12
4v , I41cd

111, D1
2d, P 4̄2m 112, D2

2d, P 4̄2c 113, D3
2d, P 4̄21m 114, D4

2d, P 4̄21c 115, D5
2d, P 4̄m2

116, D6
2d, P 4̄c2 117, D7

2d, P 4̄b2 118, D8
2d, P 4̄n2 119, D9

2d, I4̄m2 120, D10
2d, I4̄2c

121, D11
2d, I4̄2m 122, D12

2d, I4̄2d 123, D1
4h, P4/mmm 124, D2

4h, P4/mcc 125, D3
4h, P4/nbm

126, D4
4h, P4/nnc 127, D5

4h, P4/mbm 128, D6
4h, P4/mnc 129, D7

4h, P4/nmm 130, D8
4h, P4/ncc

131, D9
4h, P42mmc 132, D10

4h, P42mcm 133, D11
4h, P42nbc 134, D12

4h, P42/nnm 135, D13
4h, P42/mbc

136, D14
4h, P42/mnm 137, D15

4h, P42/nmc 138, D16
4h, P42/ncm 139, D17

4h, I4/mmm 140, D18
4h, I4/mcm

141, D19
4h, I41amd 142, D20

4h, I41/acd 143, C1
3 , P3 144, C2

3 , P31 145, C3
3 , P32

146, C4
3 , R3 147, C1

3i, P 3̄ 148, C2
3i, R3̄ 149, D1

3 , P312 150, D2
3 , P321

151, D3
3 , P3112 152, D4

3 , P3121 153, D5
3 , P3212 154, D6

3 , P3221 155, D7
3 , R32

156, C1
3v , P3m1 157, C2

3v , P31m 158, C3
3v , P3c1 159, C4

3v , P31c 160, C5
3v , R3m

161, C6
3v , R3c 162, D1

3d, P 3̄1m 163, D2
3d, P 3̄1c 164, D3

3d, P 3̄m1 165, D4
3d, P 3̄c1

166, D5
3d, R3̄m 167, D6

3d, R3̄c 168, C1
6 , P6 169, C2

6 , P61 170, C3
6 , P65

171, C4
6 , P62 172, C5

6 , P64 173, C6
6 , P63 174, C1

3h, P 6̄ 175, C1
6h, P6/m

176, C2
6h, P63/m 177, D1

6 , P622 178, D2
6 , P6122 179, D3

6 , P6522 180, D4
6 , P6222

181, D5
6 , P6422 182, D6

6 , P6322 183, C1
6v , P6mm 184, C2

6v , P6cc 185, C3
6v , P63cm

186, C4
6v , P63mc 187, D1

3h, P 6̄m2 188, D2
3h, P 6̄c2 189, D3

3h, P 6̄2m 190, D4
3h, P 6̄2c

191, D1
6h, P6/mmm 192, D2

6h, P6/mcc 193, D3
6h, P63/mcm 194, D4

6h, P63/mmc 195, T1, P23

196, T2, F23 197, T3, I23 198, T4, P213 199, T5, I213 200, T1
h , Pm3

201, T2
h , Pn3 202, T3

h , Fm3 203, T4
h , Fd3 204, T5

h , Im3 205, T6
h , Pa3

206, T7
h , Ia3 207, O1, P432 208, O2, P4232 209, O3, F432 210, O4, F4132

211, O5, I432 212, O6, P4332 213, O7, P4132 214, O8, I4132 215, T1
d , P 4̄3m

216, T2
d , F 4̄3m 217, T3

d , I4̄3m 218, T4
d , P 4̄3n 219, T5

d , F 4̄3n 220, T6
d , I4̄3d

221, O1
h, Pm3m 222, O2

h, Pn3n 223, O3
h, Pm3n 224, O4

h, Pn3m 225, O5
h, Fm3m

226, O6
h, Fm3c 227, O7

h, Fd3m 228, O8
h, Fd3c 229, O9

h, Im3m 230, O10
h , Ia3d

Table .2 : The 230 (3,3) Fedorov groups.
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Number crystal system IUC notations alternative names

1 parallelogrammatic p1

2 parallelogrammatic p2 p211

3 rectangle pm p1m1

4 rectangle pg p1g1

5 rhombus cm c1m1

6 rectangle pmm p2mm

7 rectangle pmg p2mg

8 rectangle pgg p2gg

9 rhombus cmm c2mm

10 square p4 p4mm

11 square p4m

12 square p4g p4gm

13 hexagon p3

14 hexagon p31m

15 hexagon p3m1

16 hexagon p6

17 hexagon p6m p6mm

Table .3 : The 17 (2,2) wallpaper groups.
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