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Abstract

Approximation of Spectra Results for Twisted Laplace Operators

by

Svetoslav Zahariev

Advisor: Prof. Józef Dodziuk

To every Hermitian vector bundle with connection over a compact Rie-

mannian manifoldM one can associate a corresponding connection Laplacian

acting on the sections of the bundle. We define analogous combinatorial met-

ric dependent Laplacians associated to triangulations of M and prove that

their spectra converge, as the mesh of the triangulations approaches zero,

to the spectrum of the connection Laplacian. We also show how to extend

the construction of discrete magnetic Laplace operators on graphs [32] to

simplicial complexes.
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1 Introduction

Let M denote a compact Riemannian manifold. Combinatorial analogues

of the Laplacian on M have been considered in various contexts since the

appearance of [11]. In the 1970s Dodziuk defined combinatorial, metric de-

pendent Laplace operators associated to triangulations of M and proved that

under certain technical assumptions the spectra of these operators converge

to the spectrum of the Laplacian acting on functions on M as the mesh of the

triangulations tend to zero, cf. [7]. This result was extended to the Laplacian

acting on differential forms in [9] and used in one of proofs of the Ray-Singer

conjecture, cf. [22].

A natural generalization of the Laplacian on M is the connection (also

called rough) Laplacian in whose definition the exterior d is replaced by

the covariant derivative ∇ associated to a connection on a Hermitian vector

bundle over M . Not much seems to be known about the spectra of such

operators in general (but see [4]). When the bundle is trivial of rank 1 (and

usually in a noncompact setting) such connection Laplacians are also known

and studied in the mathematical physics literature as magnetic Schrödinger

operators.

In this article we propose two definitions of combinatorial analogs of such
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connection Laplacians. Both rely on replacing the wedge product of dif-

ferential forms by a graded commutative but nonassociative cup product

on simplicial cochains, which is probably part of folklore, but whose defini-

tion appears, for example, in [5]. In the first discretization scheme which is

applicable only for trivial bundles, we define combinatorial Laplacians corre-

sponding to a coboundary operator twisted by a 1-cochain defined using the

above cup product. The convergence of eigenvalues result in degree zero (i.e.

for the Laplacian acting on sections only rather than on vector bundle valued

forms) in this case is the content of Theorem 4.6. The second construction

of discrete connection Laplacian uses the well known fact, cf. [23], that any

bundle with connection can be embedded into a trivial bundle in such a way

that the connection is induced by the standard connection on the trivial bun-

dle. Then the idea is to discretize this ”classifying map”. We establish the

corresponding convergence of spectra result in Theorem 5.4. One can expect

that an analogous convergence of spectral density functions result for such

twisted Laplacians can be proved also in the noncompact setting, when M

is a universal covering manifold, using the same techniques as in [6].

Our approach leads to a natural generalization of the discrete magnetic

Laplacians on graphs studied in [32] and [20] to simplicial complexes. We

give this construction in Section 7 and also define spectral density functions
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for these operators and observe that main result of [21] continues to hold in

this more general setting.

Finally we note that a quite different discretization scheme for the degree

zero case can be found in [17] and [18].

This thesis is organized as follows. In section 2 we review the basic prop-

erties of the Whitney and De Rham maps and recall the definitions of the

connection Laplacian on a vector bundle with connection and the associated

Sobolev spaces. In section 3 we describe the cup product mentioned above

and its main properties, namely the fact that it approximates the wedge

product of differential forms and its approximate associativity. In section 4

we define the twisted Laplacian operators associated to 1-cochains and then

proceed to the estimates from which Theorem 4.6 follows. In section 5 we

begin by recalling the Narasimhan-Ramanan theorem on the existence of

universal connection , then define discrete connection Laplacians and state

our main result, Theorem 5.4. Section 6 is devoted to the proof of this the-

orem. In section 7 we generalize the construction of the discrete magnetic

Laplacians on graphs defined by Sunada in [32] to simplicial complexes. Fi-

nally, in section 8 we discuss several related problems which remain open.

In particular we outline in some detail a program for proving a convergence

of spectral density functions result in the case when M is a noncompact
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manifold possessing a regular exhaustion. In the appendix we provide the

necessary background for this last discussion and state a variational principle

analogous to the one considered in [12].
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2 Preliminaries

2.1 The de Rham and Whitney maps

In this article M will always denote a smooth closed oriented Riemannian

manifold of dimension N . Let Ω(M) denote the vector space of smooth

complex valued differential forms on M and L2(Λ(M)), the space of square

integrable forms on M with respect to the volume element induced by the

metric.

Recall that a smooth triangulation of a smooth manifold M is a simplicial

complex K together with a homeomorphism F of K onto M with the prop-

erty that for each simplex σ in K there exists a chart (Uσ, φ) defined in an

open neighborhood of σ with the property that the map φ ◦ F restricted to

σ is affine. A classical theorem of J.H.C. Whitehead [33] asserts that every

smooth manifold possesses a smooth triangulation.

LetK be a fixed smooth triangulation ofM and C(K) be the vector space

of (oriented) cochains ofK with complex coefficients. We shall identify chains

and cochains using the finiteness of K and use the standard inner product

on C(K):

〈c1, c2〉 =
∑

i

c1i c
2
i ,

where ck =
∑

i c
k
i σi, k = 1, 2.
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In what follows ‖ω‖ will always denote the L2-norm of the differential

form ω and ‖c‖, the norm of the cochain c given by the canonical inner

product on cochains defined above.

Recall that for every q > 0 the corresponding de Rham map RK :

Ωq(M) → Cq(K) is given by:

RK(ω)(σ) =

∫
σ

ω,

where ω ∈ Ωq(M) and σ is a q-simplex. In degree zero the de Rham map is

defined to be simply the evaluation of a function on the 0-skeleton of K.

The Whitney mapping WK goes in the reverse direction and is defined

as follows. Let µi = µvi
denote the barycentric coordinate function corre-

sponding to a vertex vi and let σ = [v1, ....vq] be a q-simplex, q > 0. We

set

WK(σ) = q!

q∑
i=1

(−1)iµidµ0 ∧ ... ∧ dµi−1 ∧ dµi+1 ∧ ... ∧ dµq.

If q = 0 we simply set WK = µ0. This expression, extended by linearity,

defines a map: Cq(K) → L2(Λq(M)). We note that the image of WK does

not consist of smooth forms.

Next we summarize the basic properties of the Whitney map which we

will need in the sequel.
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Proposition 2.1. (i) On the complement of the (N − 1)-skeleton of K one

has WKdK = dWK, where dK denotes the simplicial coboundary operator of

K,

(ii) The De Rham map is well defined on the image of the Whitney map

and moreover RKWK = id on C(K),

(iii) The support of WK(σ) is contained in the star of σ.

(iv) Let jσ denote the inclusion map: σ ↪→ M and j∗σ the correspond-

ing pull-back map on forms. Then the values of j∗σW
Kc (for c an arbitrary

cochain) depend only on the value of c at σ.

For proofs the reader is referred to [34] and [7].

The injectivity of the Whitney map allows us to define a new, metric

dependent inner product on the space of cochains, namely, for c1, c2 ∈ C(K)

we set

〈c1, c2〉W = 〈WKc1,W
Kc2〉L2 .

We will refer to this inner product as the Whitney inner product.

2.2 The basic estimate

It turns out that WK is in a sense an approximate inverse of the map RK .

To formulate the precise result we need to restrict the class of smooth trian-

gulations we consider. We first recall several well-known notions.
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Definition 2.2. Let d(p, q) denote the distance between two points p and q

in M and V ol(σ), the volume of the N -simplex σ induced by the Riemannian

metric on M .

The mesh h = h(K) of a smooth triangulation K of M is the positive

number

h(K) = sup d(v1, v2),

where the supremum is taken over all pairs v1, v2 of vertices of K spanning

a 1-simplex.

The fullness θ = θ(K) of K is the number

θ(K) = inf
V ol(σ)

hN
,

where the infimum is taken over all N -simplices σ of K.

We shall freely use the following simple observation. If σ is an N -simplex

and (Uσ, φ) is a coordinate chart of M containing σ as in Section 2.1 , let gσ

denote the pullback of the Euclidian metric on Rn to Uσ via φ. Then for all

points p and q in σ one has

C1d(p, q) ≤ dgσ(p, q) ≤ C2d(p, q),

where the positive constants C1 and C2 are independent of σ and dgσ(., .) is

the distance function determined by the metric gσ. An analogous comparison

holds for volumes of N -simplices.
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From now on we consider only triangulations K which are subdivisions

of a fixed triangulation and whose fullness is bounded away from 0 (such

can be constructed using e.g. the standard subdivision of a complex, see [7]

for details) and only finitely many coordinate systems on M covering the

simplices of this fixed triangulation. Then the following result holds.

Proposition 2.3. ([7]) Let ω be a smooth q-form. Let σ be an N-simplex of

K, p - any point in the interior of σ and x1, ..., xN - local coordinates around

σ. There exists a constant C independent of ω, σ and K such that

∣∣WKRKω − ω
∣∣
p
≤ Ch sup

∣∣∣∣ ∂ω∂xi

∣∣∣∣ .
Here |.| denotes the pointwise norm on forms induced by the Riemannian

metric and h = hK is the mesh of the triangulation K. The supremum is

taken over all partial derivatives and all points in σ.

2.3 Connection Laplacians and Sobolev spaces

Let E be a Hermitian complex vector bundle over M and let Ω(M,E) de-

note the smooth differential forms on M with values in E. We fix a Hermi-

tian connection on E which defines a covariant differential ∇ : Ω∗(M,E) →

Ω∗+1(M,E); let ∇∗ : Ω∗(M,E) → Ω∗−1(M,E) denote its formal adjoint with

respect to the Hermitian inner product on E. Consider the corresponding
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connection Laplacian

4E = ∇∗∇+∇∇∗

with domain all smooth E-valued forms. This defines an essentially selfad-

joint operator on the Hilbert space of L2 forms with values in E and its

closure will be denoted by 4E as well.

Let Hr(Λ(M,E)) be the completion of Ω(M,E) with respect to the norm

‖ω‖r =

(∫
M

|(I +4E)
r
2ω|2

) 1
2

, (2.1)

where the powers of I +4E are defined using either functional calculus

of selfadjoint operators or pseudodifferential calculus.

Next we recall a straightforward generalization of the standard Sobolev

inequality on manifolds (see e.g. [24]).

Theorem 2.4. Let (V, x1, ..., xN) be a coordinate chart for M and let U be

an open set such that U ⊂ V . Let ω ∈ Hr(Λ(M,E)) with r > N
2

+ 1. Then

there exists a positive constant C independent of ω such that

sup
p∈U

|ω(p)| ≤ C‖ω‖V
r ,

max
i=1,2,...,N

sup
p∈U

∣∣∣∣ ∂ω∂xi

(p)

∣∣∣∣ ≤ C‖ω‖V
r ,

where |.| is the pointwise norm on forms induced by the Hermitian metric on

E.
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When E is the trivial line bundle we write Hr(Λ(M)) for Hr(Λ(M,E)).

In this case integrating the estimate in Proposition 2.3 and using the Sobolev

inequality above one obtains for every r > N
2

+ 1

∥∥WKRKω − ω
∥∥ ≤ Ch‖ω‖r. (2.2)

Remark 2.5. On functions the norm ‖.‖+‖∇.‖ is equivalent to the H1-norm

defined above. Also note that if U is in the domain of a coordinate chart of

M , one can define the Sobolev r-norm of a smooth function f corresponding

to U as in (2.1) and this will be equivalent to the norm defined by

(
‖f‖U

r

)2
=

r∑
m=0

∑
α1+...+αk=m

∫
U

|∂α1 . . . ∂αk
f |2 dvol. (2.3)
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3 A commutative simplicial cup product

We first let K be any finite simplicial complex. We consider an antisym-

metrized cup product whose definition appears in [5], [2] and [35].

Definition 3.1. For two oriented simplices σ1 ∈ Cp(K) and σ2 ∈ Cq(K), set

σ1 ∪σ2 = 0 unless σ1 and σ2 meet at precisely one vertex and span a (p+ q)-

simplex τ , in which case define σ1 ∪ σ2 = ε(σ1, σ2)
p!q!

(p+q+1)!
τ , where the sign

ε(σ1, σ2) = ±1 is determined by the equation orientation(σ1).orientation(σ2)

= ε(σ1, σ2).orientation(τ).

One checks that this defines a graded commutative non-associative bi-

linear operation on C(K) with respect to which the simplicial coboundary

operator is a graded derivation.

In the case when K is the underlying complex of a smooth triangulation

of a compact manifold M it was observed in [10] (but see [2] and [35] for more

details) that this cup product admits an alternative description in terms of

the Whitney and de Rham maps. Namely, for a, b ∈ C(K) one has

a ∪ b = RK(WKa ∧WKb). (3.1)

The cup product on cochains defined above approximates the wedge product

on forms according to the following generalization of Proposition 2.3 which

is established in [35].
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Theorem 3.2. Let σ be a simplex in K, p - any point in the interior of σ

and x1, ..., xN - local coordinates around σ.Let ω1, ω2 ∈ Ω(M), there exists

constant C > 0 independent of ω1, ω2, σ and K such that

∣∣WK
(
RKω1 ∪RKω2

)
(p)− ω1 ∧ ω2(p)

∣∣
p

≤ Ch

(
sup |ω1| sup

∣∣∣∣∂ω2

∂xi

∣∣∣∣+ sup |ω2| sup

∣∣∣∣∂ω1

∂xi

∣∣∣∣) . (3.2)

Here as above the supremums are taken over all partial derivatives and

all points in σ.

A related result in [35] asserts that the cup product is approximately

associative.

Theorem 3.3. There exist a constant C and positive integer m, independent

of K such that for all ω1, ω2, ω3 ∈ Ω(M) one has

‖WK((RKω1 ∪RKω2) ∪RKω3 −RKω1 ∪ (RKω2 ∪RKω3))‖ ≤

C
∑

sup
p∈M

|ωr| · sup
p∈M

|ωs| · ‖ωt‖m,

where the sum is over all cyclic permutations {r, s, t} of {1, 2, 3}.
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4 Discrete twisted Laplacians

4.1 Basic definitions and the main estimate

Let A be a fixed real smooth 1-form. Consider the twisted exterior differential

dA = d+ iA ∧ .

and the corresponding Laplacian

4A = d∗AdA + dAd
∗
A.

We wish to use the cup product from the previous section to define discrete

analogues of these operators.

Let a be a fixed 1-cochain and define the twisted coboundary operator

associated to it as

dK
a = dK + ia ∪ .,

where dK is the usual coboundary of the simplicial complex K. Then define

the twisted discrete Laplacian by

4K
a =

(
dK

a

)∗
dK

a + dK
a

(
dK

a

)∗
.

Here the adjoint is taken with respect to the inner product given by the

Whitney map.

Frow now on we assume that there exists a positive constant C indepen-

dent of the particular triangulation K considered such that the number of



15

N -simplices in K does not exceed Ch−N . (The sequence of standard subdi-

visions of a given triangulation considered in [7] satisfies this property.)

We set a = RKA and would like to compare the operators dA and dK
a .

Our aim is to prove that the analogue of the identity from Proposition 2.1

(i) holds approximately in the twisted setting. We will need the following

stronger version of the Sobolev inequality (see [3], Theorem 3.9 ):

Lemma 4.1. Denote by ‖.‖σ
r the r-th Sobolev norm on a closed N-simplex

σ computed as in (2.3). Then for every smooth function f on σ and r large

enough one has

sup
p∈σ

|f(p)| ≤ Cσ‖f‖σ
r ,

sup
p∈σ

∣∣∣∣∂f(p)

∂xi

∣∣∣∣ ≤ Cσ‖f‖σ
r ,

where Cσ is a constant depending only on σ.

Remark 4.2. It follows from the proof of the above estimate given in [3] that

the constant Cσ can be chosen to be inversely proportional to the square root

of the volume of σ, more precisely for some universal constant C we have:

Cσ ≤
C

(vol(σ))
1
2

.

Note that dA extends to a map: H1(Λ(M)) → L2(Λ(M)) which will be

denoted also by dA.
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Proposition 4.3. a)For every ω ∈ Ω(M) and every point p ∈M we have

∣∣WKdK
a R

Kω − dAW
KRKω

∣∣
p
≤ C1

AC
1
ωh, (4.1)

∣∣WKdK
a R

Kω −WKRKdAω
∣∣
p
≤ C2

AC
2
ωh, (4.2)

where Ci
A, C

i
ω, i = 1, 2 are positive constants depending only on A and ω and

their first derivatives respectively.

b) For every ω ∈ Ω(M) we have

∥∥WKdK
a R

Kω − dAω
∥∥ ≤ C3

AC
3
ωh, (4.3)

where C3
A, C

3
ω are constants depending only on A and ω and their derivatives

of order up to r, r > N
2

+ 2, respectively.

c) For every c ∈ C0(K) we have that WKc ∈ H1(M) and

∥∥WKdK
a c− dAW

Kc
∥∥ ≤ CA

∥∥WKc
∥∥

1
h. (4.4)

As above, CA is a constant depending only on A and its derivatives of order

up to r.

Proof. In order to show (4.1), we find, using Proposition 2.1(i):

WKdK
a R

Kω − dAW
KRKω = WK

(
RKiA ∪RKω

)
− iA ∧WKRKω

= WK
(
RKiA ∪RKω

)
− iA ∧ ω − iA ∧

(
WKRKω − ω

)
.
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Then applying Theorem 3.2 and the basic estimate (2.2), we obtain:

∣∣WKdK
a R

Kω − dAW
KRKω

∣∣
p
≤

Ch

(
sup |A| sup

∣∣∣∣ ∂ω∂xi

∣∣∣∣+ sup |ω| sup

∣∣∣∣∂A∂xi

∣∣∣∣+ sup |A| sup

∣∣∣∣ ∂ω∂xi

∣∣∣∣) .
Thus we see that (4.1) holds if we take C1

A = Cmax{sup |A|, sup
∣∣∣ ∂A
∂xi

∣∣∣} and

C1
ω = sup |w|+ sup

∣∣∣ ∂ω
∂xi

∣∣∣.
Similarly we have

WKdK
a R

Kω −WKRKdAω = WK
(
RKiA ∪RKω

)
−WKRK(iA ∧ ω)

= WK
(
RKiA ∪RKω

)
− iA ∧ ω + iA ∧ ω −WKRK(iA ∧ ω).

Therefore one has as above:

∣∣WKdK
a R

Kω −WKRKdAω
∣∣
p
≤

Ch

(
sup |A| sup

∣∣∣∣ ∂ω∂xi

∣∣∣∣+ sup |ω| sup

∣∣∣∣∂A∂xi

∣∣∣∣+ sup

∣∣∣∣∂(A ∧ ω)

∂xi

∣∣∣∣) ≤
C2

AC
2
ωh.

To show (4.3) we apply (4.2), (2.2), the Sobolev inequality (Theorem 2.4)
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and integrate over M :

∥∥WKdK
a R

Kω − dAω
∥∥ ≤∥∥WKdK

a R
Kω −WKRKdAω

∥∥+
∥∥WKRKdAω − dAω

∥∥ ≤∥∥WKdK
a R

Kω −WKRKdAω
∥∥+

∥∥WKRKdω − dω
∥∥+∥∥WKRK(A ∧ ω)− A ∧ ω
∥∥ ≤ C3

AC
3
ωh.

We proceed to the proof of (4.4). We first observe that image under the

Whitney map of 0-cochains consist of continuous piecewise linear functions

and hence lies in H1(M).

Now, using the local estimate (4.1) with ω = WKc, Lemma 4.1 and

Remarks 4.2 and 2.5 applied simplex-wise and the piecewise linearity ofWKc,

we can estimate as follows:

∥∥WKdK
a c− dAW

Kc
∥∥2 ≤

∑
σ∈K

∫
σ

∣∣WKdK
a c− dAW

Kc
∣∣2 dvol ≤

∑
σ∈K

∫
σ

CA

(
sup |WKc|+ sup

∣∣∣∣∂WKc

∂xi

∣∣∣∣)h2 ≤
∑
σ∈K

CACσh
N+2

(
‖WKc‖σ

r

)2 ≤∑
σ∈K

CACσh
N+2

(
‖WKc‖σ

1

)2 ≤ C ′
Ah

2‖WKc‖2
1.

Remark 4.4. There is no obvious analogue of the estimate (4.4) for cochains

c of positive degree as in this case WKc does not lie in H1(M) anymore.
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4.2 Convergence of eigenvalues

The operator 4A considered with domain all smooth forms on M is essen-

tially selfadjoint elliptic operator on a compact manifold and hence its L2

closure, denoted also by 4A, has purely discrete spectrum. Let λ0 ≤ λ1 ≤

λ2 ≤ . . . be the eigenvalues, repeated according to their multiplicities, of

4A acting on functions and let λK
0 ≤ λK

1 ≤ . . . ≤ λK
dim C0(K) denote the

eigenvalues of 4K
a acting on 0-cochains.

We recall the precise statement of the classical the min-max principle of

Courant and Hilbert; a proof can be found for example in [27], p.76.

Theorem 4.5. Let A be bounded from below selfadjoint operator with purely

discrete spectrum acting on a Hilbert space H and let λ1 ≤ λ2 ≤ λ3 ≤ . . .

denote its eigenvalues repeated according to their multiplicities. Then the i-th

eigenvalue is given by

λi = sup
f1,...,fi−1

inf
f⊥f1,...,fi−1,f∈Q(A),f 6=0

〈Af, f〉
〈f, f〉

,

where the Q(A) denotes the domain of the quadratic form associated to A.

Now we are ready to state and prove the main result of this section.

Theorem 4.6. Let j ≤ dimC0(K). There exist positive constants CA and
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Cj,A such that following inequalities hold

λK
j − Cj,Ah ≤ λj ≤

(√
λK

j + CAh
)2

1− CAh
.

Proof. We first prove the second inequality. It follows from (4.4) that for

every 0-cochain c and some constant CA ≥ 0 depending only on A and its

first derivatives one has

∥∥WKdK
a c− dAW

Kc
∥∥ ≤ CAh

(∥∥WKc
∥∥+

∥∥dAW
Kc
∥∥) .

Thus we obtain

∥∥WKdK
a

∥∥ ≥ (1− CAh)
∥∥dAW

Kc
∥∥− CAh

∥∥WKc
∥∥ . (4.5)

Using this and the fact that infimum over a smaller set is larger, the min-max

principle gives

√
λK

j = sup
c1,c2,...,cj−1∈C0(K)

inf
c 6=0,〈c,ck〉=0,k=1,2,...,j−1

∥∥WKdK
a c
∥∥

‖WKc‖

≥ sup
c1,c2,...,cj−1∈C0(K)

inf
c 6=0,〈c,ck〉=0,k=1,2,...,j−1

(
(1− CAh)

∥∥dAW
Kc
∥∥

‖WKc‖
− CAh

)

≥ (1− CAh) sup
f1,f2,...,fj−1∈W [C0(K)]

inf
f∈W [C0(K)]\{0},〈f,fk〉=0,k=1,2,...,j−1

‖dAf‖
‖f‖

−CAh

≥ (1− CAh)
√
λj − CAh.

Thus the second inequality holds.
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To establish the first inequality, denote by Vj the vector space spanned

by the first j eigenfunctions of 4A. Then it follows from (4.3) that for each

f ∈ Vj \ {0} and for some constant Cj,A depending only on j and A we have

∣∣∣∣〈WKdK
a R

Kf,WKdK
a f〉

〈WKRKf,WKRKf〉
− 〈dAf, dAf〉

〈f, f〉

∣∣∣∣ ≤ Cj,Ah. (4.6)

Then the proof proceeds in exactly the same fashion as in [7], Theorem 5.7.

Indeed, we can assume that K is fine enough so that dimRK [Vj] = j and

estimate, using (4.6) and the min-max principle:

λK
j ≤ sup

f∈Vj\{0}

〈WKdK
a R

Kf,WKdK
a f〉

〈WKRKf,WKRKf〉
≤

sup
f∈Vj\{0}

〈dAf, dAf〉
〈f, f〉

+ Cj,Ah ≤ λj + Cj,Ah.

Remark 4.7. The above convergence result for spectra extends easily to the

case of a connection on a trivial bundle over M with associated connection

matrix valued 1-form A. One simply has to extend the definition of the cup

product (3.1) to matrix valued cochains.
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5 Discrete connection Laplacians

5.1 The universal connection

Now let E be a Hermitian complex vector bundle of rank d over M . We de-

note the space of L2 forms with values in E defined using the inner product

on E by L
2
(Λ(M), E) and fix a Hermitian connection on E which defines

a covariant differential ∇ : Ω∗(M,E) → Ω∗+1(M,E). We will need the fol-

lowing theorem on the existence of universal connections due to Narasimhan

and Ramanan, [23] in the form proved in the appendix of [26].

Theorem 5.1. There exist a trivial Hermitian bundle V and an isometric

embedding of bundles i : E ↪→ V such that ∇ = i∗ ◦ d ◦ i. Here i∗ denotes the

fiberwise adjoint taken with respect to the corresponding inner products.

Let us recall briefly how the Narasimhan-Ramanan theorem is proved,

as the construction will be needed in the sequel. One first shows that the

statement is true for trivial bundles. Then one chooses a finite open cover

{Ul} of M such that E restricted to every Ul is trivial and a partition of unity

ψl subordinate to this cover such that
∑

l ψ
2
l = 1. If il denotes the already

constructed isometric embedding from E|Ul
to a trivial bundle Vl one defines

i =
∑

l

ilψl : E → V, (5.1)
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where V =
⊕

l Vl.

In what follows, we will assume that we have fixed triangulation K0 fine

enough such that there exists a finite open cover {Ul} as above with the

additional properties that

(1) each U l is a subcomplex of K0

(2) E restricted to U l is trivial, and we will consider only subdivisions K

of K0. We will also assume that the map i is constructed using such an open

cover.

5.2 Twisted de Rham and Whitney maps and
statement of the main result

We first define the space of cochains on which the discrete connection Lapla-

cian will act. We denote the induced map from L
2
(Λ(M), E) to L

2
(Λ(M), V )

also by i. We would like to define cochains on K with values in the bundle

E. To this end, fix a reference point pσ in the interior of each simplex σ in

K.

Definition 5.2. Let C(K,E), the twisted cochains with values in E, denote

the set of all maps from the set of all simplices in K to the total space of E

which assign to each simplex σ a vector in the fibre Epσ .
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This is a vector space under the obvious operations. It is also naturally

endowed with a inner product coming from the Hermitian structure on E.

The restriction of i to fibers defines a map, denoted by iK , from C(K,E) to

C(K,V ) which we identify with the cochains taking values in Cn, where n is

the rank of the trivial bundle V .

We will also need the following notation. Let IK
l : C(Ul,Cd) → C(Ul,Cn)

be the operator given by

(IK
l c)p =

∑
s

RK(ips) ∪ cs.

Here ips are the entries of the matrix of i and cp the components of the vector

valued cochain c. We define the operator ΨK
l by

ΨK
l cp = RK(ψl) ∪ cp.

Finally we define IK : C(K,E) → C(K,V ) by

IKc =
∑

l

IK
l ΨK

l c.

Now define an operator acting on C(K,E), the discretization of ∇, by setting

∇K =
(
IK
)∗
dKIK .

In order to compare ∇K and ∇ we have to introduce the appropriate twisted

Whitney and de Rham maps. We set

W̃K = i∗WKIK ,



25

R̃K =
(
IK
)∗
RKi.

Here WK and RK are the usual Whitney and de Rham maps but now acting

between the spaces of vector valued cochains and differential forms, C(K,V )

and L
2
(Λ(M), V ), respectively.

It is easily seen that W̃K is injective on 0-cochains. In fact we have the

following more general statement:

Lemma 5.3. For sufficiently fine triangulations K the map W̃K is injective

on Cq(K,E) for all q.

The proof will be given in the next section.

Thus we can define the corresponding Whitney inner product on C(K,E)

as in Section 2.1 and the discrete connection Laplacian 4K
E =

(
∇K
)∗∇K +

∇K
(
∇K
)∗

, where the adjoint is taken with respect to this inner product.

Now let λ0 ≤ λ1 ≤ λ2 ≤ . . . denote the eigenvalues repeated according to

their multiplicities, of the connection Laplacian 4E = ∇∗∇+∇∇∗ acting on

sections of E, and let λK
0 ≤ λK

1 ≤ . . . ≤ λK
dim C0(K,E) denote the eigenvalues of

4K
E acting on 0-cochains with values in E. We have the following convergence

of spectra result.

Theorem 5.4. There exist positive constants Ci and Ci
j such that following
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inequalities hold for j ≤ dimC0(K,E).

λK
j − Ci

jh ≤ λj ≤

(√
λK

j + Cih
)2

1− Cih
.

The proof of this theorem is the content of the next section.

Finally we point out that from this theorem one can obtain also a con-

vergence of the eigencochains statement exactly as in Section 4 of [9].
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6 Proof of Theorem 5.4

6.1 Estimate from below

In this subsection we estimate from below the eigenvalues of the connection

Laplacian in terms of the eigenvalues of its discretizations, i.e. we prove the

first inequality in Theorem 5.4. We use the notation of the previous section.

We denote the projection ii∗ by P and introduce the ”almost” projection

operators PK = IK
(
IK
)∗

. The following lemma states that the Whitney

and de Rham maps approximately interwine P and PK .

Lemma 6.1. For r > N
2

+ 2, every form ω ∈ Ω(M,V ) and every vector

valued function f ∈ Ω0(M,V ) one has

∥∥WKPKRKω −WKRKPω
∥∥ ≤ Ci

1h‖w‖r, (6.1)

∥∥WKPKRKω − PWKRKω
∥∥ ≤ Ci

2h‖w‖r, (6.2)

PKRKf = RKPf. (6.3)

Here Ci
1 and Ci

2 are positive constants depending only on the map i and its

derivatives of order not greater than r.

Proof. We will first show that (6.1) holds. In the course of the proof, the

various constants depending on i will all be denoted by Ci.
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We first assume that the bundle E is trivial and identify C(K,E) with

C(K,Cd) and Ω(M,E) with Ω(M,Cd). Let σ be a q-simplex in K and

let ω ∈ Ωq(M,E) . We write RK (respectively WK) for both De Rham

(Whitney) maps defined on C(K,Cd) and C(K,V ) (respectively on Ω(M,Cd)

and Ω(M,V )) and recall that in view of Lemma 7.22 of [9] for every c ∈

C(K,V ) one has

C1h
N−2q‖c‖2 ≤ ‖WKc‖2 ≤ C2h

N−2q‖c‖2, (6.4)

where the constants C1 and C2 do not depend on the triangulation K. From

the definitions we have

IKRKω −RKiω =
∑

s

(
RK(ips) ∪RKωs −RK(ipsωs)

)
.

Thus, combining (2.2), (3.2) and (6.4) we conclude that

∥∥WKIKRKω −WKRKiω
∥∥

≤
∑

s

(∥∥WK
(
RK(ips) ∪RKωs − ipsωs

)∥∥+
∥∥WKRKipsωs − ipsωs

∥∥) .
Now it follows from (6.4) that

∥∥IKRKω −RKiω
∥∥2 ≤ Cih

2q−N+2‖ω‖2
r. (6.5)

It is easy to check that ((IK)∗c)p =
∑

sR
K(i∗ps)cs. Hence we also have

∥∥(IK)∗RKω −RKi∗ω
∥∥2 ≤ Cih

2q−N+2‖ω‖2
r. (6.6)
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Next, observe that the operators IK are uniformly bounded with respect to

K. Indeed, from the combinatorial definition of the cup product and the

mean value theorem one easily obtains

∥∥iKRKω − IKRKω
∥∥2 ≤ Cih

2q−N+2‖ω‖2
r (6.7)

and iK is certainly uniformly bounded. We use this fact in the following

estimate.

∥∥PKRKω −RKPω
∥∥2

≤
∥∥IK(IK)∗RKω − IKRKi∗ω

∥∥2
+
∥∥IKRKi∗ω −RKii∗ω

∥∥2 ≤ Cih
2q−N+2‖ω‖2

r.

Applying (6.4) again, we see that

∥∥WKPKRKω −WKRKPω
∥∥ ≤ Cih‖ω‖r

.

Now let E be an arbitrary bundle. We use the open cover Ul and the

partition of unity ψl with the properties described after Theorem 5.1 and

define Pl = ili
∗
l . Then, using (5.1), we find that

P =
∑
l,k

ilψlψki
∗
k =

∑
l

ilψ
2
l i
∗
l .

On the other hand, PK is not equal to
∑

l I
K
l (ΨK

l )2(IK
l )∗ due to the non-

associativity of our cup product. However, according to Theorem 3.3, this
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product is approximately associative, therefore we can replace PK by
∑

l I
K
l (ΨK

l )2(IK
l )∗

in the following estimate.

∥∥PKRKω −RKPω
∥∥ ≤∑

l

∥∥IK
l (ΨK

l )2(IK
l )∗RKω −RKilψ

2
l i
∗
l ω
∥∥+O(h)

≤
∑

l

(∥∥IK
l (ΨK

l )2((IK
l )∗RKω −RKi∗l ω)

∥∥+
∥∥IK

l ((ΨK
l )2RKi∗l ω −RKψ2

l i
∗
l ω)
∥∥)

+
∑

l

∥∥(RKil − IK
l R

K)ψ2
l i
∗
l ω
∥∥ ≤ Cih

2q−N+2‖ω‖2
r.

Above we used (6.5) and (6.6) already proved over each U l, and the inequality

∥∥(ΨK
l )2RKω −RKψ2

l ω
∥∥ ≤ Cih

2q−N+2‖ω‖2
r

which is proved in exactly the same manner as (6.5). Thus (6.1) is shown to

hold for every bundle E.

The estimate (6.2) can be easily derived from (6.1). Indeed, using (2.2)

we see that

∥∥WKPKRKω − PWKRKω
∥∥

≤
∥∥WKPKRKω −WKRKPω

∥∥+
∥∥WKRKPω − PWKRKω

∥∥
≤
∥∥WKPKRKω −WKRKPω

∥∥+
∥∥PWKRKω − Pω

∥∥+
∥∥WKRKPω − Pω

∥∥
≤ Ci

2h‖w‖r.

Finally the equality (6.1) follows directly from the definitions.

We use this lemma to deduce that the combinatorial connection approx-

imates the smooth one in the appropriate sense.
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Proposition 6.2. For r > N
2

+ 1, every section f ∈ Ω0(M,E) and every

0-cochains c ∈ C(K,E) one has

‖W̃K∇KR̃Kf −∇f‖ ≤ Ci
1h‖f‖r. (6.8)

Proof. We estimate as follows, using (6.3), (6.2) and (2.2).

‖W̃K∇KR̃Kf −∇f‖ = ‖i∗WKPKdKPKRKif − i∗dif‖

= ‖i∗WKPKRKdif − i∗dif‖ ≤ ‖(WKPKRK − PKWKRK)dif‖

+ ‖WKRKdif − dif‖ ≤ Ci
1h‖f‖r

The first inequality in Theorem 5.4 is now derived as in the proof of

Theorem 4.6.

6.2 Estimate from above

In this subsection we estimate from below the eigenvalues of the connection

Laplacian in terms of the eigenvalues of its discretizations, i.e. we prove the

first inequality in Theorem 5.4.

We will need the following strengthened version of Lemma 6.1.
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Lemma 6.3. For r > N
2

+ 2, every form ω ∈ Ω(M,V ) and every vector

valued function f ∈ Ω0(M,V ) one has

∥∥dWKPKRKω − dWKRKPω
∥∥ ≤ Ci

1h‖f‖r, (6.9)

∥∥dWKPKRKω − dPWKRKω
∥∥ ≤ Ci

2h‖f‖r. (6.10)

Above Ci
1 and Ci

2 are positive constants depending only on the map i and its

derivatives of order not greater than r.

Proof. We begin by proving the inequality (6.9). As in the proof of Lemma

6.1 we first assume that the bundle E is trivial and identify C(K,E) with

C(K,Cd) and Ω(M,E) with Ω(M,Cd).

Using the fact the dK is a derivation for the cup product we find

(dKIKRKω −RKdiω)p =
∑

s

(
dKRK(ips) ∪RKωs −RK(dips ∧ ωs)

)
+
∑

s

(
RK(ips) ∪RKdωs −RK(ips ∧ dωs)

)
.

It follows, as above, from theorem 3.2 and (2.2) that

∥∥dKIKRKω −RKdiω
∥∥2 ≤ Cih

2q−N+2‖ω‖2
r.

Clearly the same estimate remains true after replacing i by i∗ and IK by
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(IK)∗. Thus we can write

(
dKPKRKω − dKRKPω

)
p

=
(
dKIK(IK)∗RKω − dKRKii∗ω + dKIKRKi∗ω − dKIKRi∗ω

)
p

=
∑

s

(
(dKRK(ips) ∪ ((IK)∗RKω)s − dKRK(ips) ∪ (RKi∗ω)s

)
+
∑

s

RK(ips) ∪ (dK(IK)∗RKω − dKRKi∗ω)s

+
(
dKIKRKi∗ω − dKRKi(i∗ω)

)
p
.

Applying the previous estimates and (3.2), we conclude that (6.9) holds for

trivial E.

Now in the case when E is an arbitrary bundle the proof of (6.9) follows

by a partition of unity argument, using the derivation property of dK exactly

as in the proof of Lemma 6.1.

We proceed to the proof of (6.10). Again we first assume that E is trivial.
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Using the Leibniz rule, (6.9) and the obvious matrix notation, we find:

∥∥dWKPKRKω − dPWKRKω
∥∥ =∥∥dWKPKRKω − dP ∧WKRKω − PWKRKdω

∥∥ ≤∥∥dWKPKRKω − dWKRKPω
∥∥+∥∥dP ∧WKRKω + PWKRKdω −WKRKdPω

∥∥ ≤∥∥dWKPKRKω − dWKRKPω
∥∥+

∥∥dP ∧ (WKRKω − ω)
∥∥+∥∥WKRK(dP ∧ ω)− dP ∧ ω

∥∥+
∥∥PWKRKdω −WKRKPdω

∥∥ ≤
Ci

2h‖f‖r.

The generalization to arbitrary E follows as above.

We now use this lemma to derive the following proposition which is the

analog of part c) of Proposition 4.3 in this situation.

Proposition 6.4. For every 0-cochain c ∈ C(K,E) one has

‖W̃K∇Kc−∇W̃Kc‖ ≤ Cih(‖W̃Kc‖+ ‖∇W̃Kc‖). (6.11)

Proof. We first prove the analogous estimate in the case when c = R̃Kf for

some smooth section f . Using (6.2), (6.10) and (6.3) one has for r large
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enough:

‖W̃K∇KR̃Kf −∇W̃KR̃Kf‖ = ‖i∗WKPKRKdif − i∗dPWKPKRKif‖ ≤

‖(WKPKRK − PWKRK)dif‖+ ‖dWKPKRKif − dPWKRKif‖ ≤

Ci
2h‖f‖r.

Note that (6.3) implies that

c = R̃KW̃Kc (6.12)

Next we proceed exactly as in the proof of part c) of Proposition 4.3. More

precisely, we write the left hand side of (6.11) as a sum of integrals over top

dimensional simplices, repeat the computation above, apply the pointwise

versions of the estimates (6.2), (6.10) with f = W̃Kc and then use (the

vector valued version of) Lemma 4.1 and Remark 4.2. Now the image of W̃K

does not consist of piecewise linear sections of E. However one can pass from

the r-th to the first Sobolev norm on each N -simplex simply by repeated

use of the Leibniz rule. Indeed if f is a smooth function and g is a linear

function, both defined on an open set U ∈ RN , one clearly has

‖fg‖U
r ≤ Cf‖g‖U

1 ,

where Cf is a constant depending of f and its derivatives. Finally, we observe

that sinceM is compact the sum of the local Sobolev 1-norms computed using
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the standard connection is equivalent to the global Sobolev 1-norm computed

using the connection ∇. This concludes the proof of (6.11).

6.3 Proof of the injectivity lemma

In this subsection we prove Lemma 5.3.

Note first that (6.12) implies that W̃K is injective in degree q = 0.

Now suppose that q > 0. Observe that according to (6.7) it suffices to

prove that i∗WKiK is injective.

Suppose that c0 ∈ Cq(K,E) is a nonzero cochain supported on a single

q-simplex σ with reference point pσ. We will show that i∗WKiKc0 is not

identically zero. We assume that bundles E and V are trivialized in a neigh-

borhood of σ. As in the proof of the approximation theorem in §3 of [7], it

suffices to consider the standard simplex with edges of length h in RN and

the bundles E and V pulled back to RN .

Denote by α ∈ Ep the (non-zero) value of iKc0 on the simplex σ. It follows

from the definition of the Whitney map that |i∗WKiKc0|pσ =
√
n|WK(σ)|pσ |α|,

where n is the rank of E and the pointwise norm |.| is computed with respect

to the standard Euclidean metric. Thus |i∗WKiKc0| is not identically zero.

Now let c be arbitrary nonzero cochain and suppose that i∗WKiKc = 0.

Suppose that c is not zero at a simplex σ. Then from the locality of the
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Whitney map (see Proposition 2.1 (iv)) it will follow that j∗σ(i∗WKiKc) =

i∗j∗σ(WKiKc) is not zero and we arrive at a contradiction.
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7 Discrete magnetic Laplacians on infinite

complexes

7.1 Construction of the twisted Laplacians

In [32] twisted combinatorial Laplace operators (also called discrete mag-

netic Laplacians) on infinite graphs which are the analogues of the mag-

netic Schrödinger operators on infinite covering Riemannian manifolds were

defined. A nice introduction to magnetic Schrödinger operators on mani-

folds can be found in [19]. The discrete analogues of these operators depend

on fixed 1-cochains (the analogues of the magnetic potentials) and are not

equivariant with respect to Γ-action anymore but rather with respect to the

so-called magnetic translations. Below we generalize this construction to sim-

plicial complexes, using the approach of [20] and motivated by the definition

of the commutative cup product in Section 3.

We begin by recalling that a simplicial complex is called bounded if there

exists an integer m such that every vertex of K belongs to at most m different

simplices.

In this section K will always denote infinite bounded connected sim-

plicial complex endowed with a free simplicial action of countable discrete

group Γ such that the quotient K/Γ is a finite complex. We denote the set

of p-simplices of K by Kp. Let l2(Kp) denote the Hilbert space of square
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summable p-cochains on K.

Assuming that we have fixed an order of the vertices of each simplex, we

can define a combinatorial Laplacian on p-cochains as in Section 4, using the

adjoint of the coboundary operator d with respect to the inner product in

l2(Kp):

4 = d∗d+ dd∗.

It is well known (see [8] or [13] for a detailed treatment) that this defines

bounded selfadjoint operator on l2(Kp) which is equivariant with respect to

the obvious action of Γ on l2(Kp).

Definition 7.1. We call a real-valued 1-cochain a on K weakly Γ-invariant

if for each γ ∈ Γ there exists a real-valued 0-cochain sγ such that for every

edge e ∈ K1 one has

a(γ−1e)− a(e) = dsγ(e) (7.1)

Following [20], we will also assume that the normalization condition

sγ−1(γx) = −sγ(x) (7.2)

holds for every x ∈ K0. We will refer to the U(1)-valued 1-cochain

τp(e) = e−
ia(e)

(p+1)(p+2)

as the weight function on Kp associated to a.
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Next, given a complex valued (p−1)-cochain c and a p-simplex [v0v1 . . . vp],

define the deformed coboundary operator dτ : Cp−1(K) → Cp(K) by

(dτc) ([v0v1 . . . vp]) =

p∑
j=0

(−1)j
∏
k 6=i

τp−1([vkvj])c([v0v1 . . . vj−1vj+1 . . . vp]).

(7.3)

We set

tγ(σp) = e−isγ∪δσp ,

where ∪ is the commutative cup product from Section 3 and δσp denotes the

cochain which is 1 on the p-simplex σp and 0 everywhere else. Finally, for

each γ ∈ Γ we define the magnetic translation operator Tγ by

(Tγc) (σp) = tγ(γ
−1σp)c(γ

−1σp). (7.4)

Lemma 7.2. For every γ ∈ Γ one has

Tγdτ = dτTγ. (7.5)

Proof. We begin by computing

(Tγdτ ) ([v0v1 . . . vp]) = exp

(
− i

p+ 1

p∑
j=0

sγ(γ
−1vj)

)
×

p∑
j=0

(−1)j exp

(
− i

p(p+ 1)

∑
k 6=j

a(γ−1[vkvj])

)
c(γ−1[v0v1 . . . vj−1vj+1 . . . vp])
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On the other hand we have

(dτTγ) ([v0v1 . . . vp]) =

p∑
j=0

(−1)j exp

(
−i
∑
k 6=j

(
1

p(p+ 1)
a([vkvj]) +

1

p
sγ(γ

−1vk)

))
×

c(γ−1[v0v1 . . . vj−1vj+1 . . . vp])

Thus, using (7.1) and (7.2) we find that the coefficient in the exponent in

front of c(γ−1[v0v1 . . . vj−1vj+1 . . . vp]) in the expression for Tγdτ −dτTγequals

∑
k 6=j

(
1

p(p+ 1)
(a(γ−1[vkvj])− a([vkvj])) +

(
1

p+ 1
− 1

p

)
sγ(γ

−1vk)

)
+

1

p+ 1
sγ(γ

−1vj) =
1

p(p+ 1)

∑
k 6=j

(
a(γ−1[vkvj])− a([vkvj])− (sγ(vj)− sγ(vk)

)
= 0

As a corollary, we find that the twisted Laplace operator4τ = d∗τdτ +dτd
∗
τ

acting on p-cochains commutes with the magnetic translations:

Proposition 7.3. For every γ ∈ Γ one has Tγ4τ = 4τTγ.

Proof. This follows using the unitarity of the magnetic translation operators

and taking the adjoint of (7.5):

Tγdτd
∗
τT

∗
γ = dτTγT

∗
γ d

∗
τ = dτd

∗
τ
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7.2 The twisted von Neumann algebra and spectral
density functions

It was observed in [32] that the expression

Θa(γ, µ) = exp (sµ(v) + sγ(µv)− sγµ(v))

does not depend on the vertex v. It is also easy to check that

TγTµ = Θa(γ, µ)Tγµ

. In other words, the operators {Tγ} form a projective unitary representation

of Γ on l2(Kp) for every p. It follows that Θa(γ, µ) is a U(1)-valued group

2-cocycle, i.e. one has:

Θa(γ1, γ2γ3)Θa(γ2, γ3) = Θa(γ1, γ2)Θa(γ1γ2, γ3).

One then defines the twisted von Neumann algebra N associated with this

projective representation to be the algebra of all bounded operators on l2(Kp)

which commute with Tγ for all γ ∈ Γ. This algebra has a natural trace,

namely for A ∈ N one sets

TrΓ(A) =
∑
σ∈Fp

〈Aδσ, δσ〉,

where Fp is a finite subcomplex of K which is a fundamental domain for the

action of Γ on Kp. This trace (which can be shown to be independent of the
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choice of F) allows us to define a spectral density function for the discrete

magnetic Laplacian 4τ by

F (λ) = TrΓEλ.

Here {Eλ} denotes the family of spectral projections of the selfadjoint oper-

ator 4τ .

Now assume that Γ is an amenable group. According to the Følner’s

criterion for amenability (cf. [1]), there exists a nested sequence of finite

subcomplexes {K(m)}∞m=1 of K such that:

(1) K =
⋃∞

m=1K
(m),

(2) K(m) is the union of Nm fundamental domains,

(3) For every p and every δ > 0 one has

lim
m→∞

#(∂δK
(m)
⋂
Kp)

#(K(m)
⋂
Kp)

= 0,

where ∂δK
(m) is the δ-boundary of K(m), i.e. the intersection of the δ-

neighborhoods (in the simplicial metric) ofK(m) andK\K(m) and the symbol

# refers to the number of p-simplices.

Such a sequence is called a regular exhaustion of K. We have the following

approximation result:
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Theorem 7.4. Let 4(m)
τ denote the the magnetic Laplacian defined on the

complex K(m) and {Fm(λ)} its family of spectral projections. Then for every

λ ≥ 0 one has

F (λ) = lim
m→∞

TrCFm(λ)

Nm

,

where TrC denotes the usual matrix trace.

Proof. One simply needs to observe that the matrix of the operator4τ enjoys

the same finite propagation property for every p as in the case of graphs (see

Lemma 1.2 of [20]. Hence the proof of the theorem for graphs given in [21]

extends to simplicial complexes.



45

8 Concluding remarks

In this section we discuss several open problems related to the results proved

in this thesis. First, one might try to generalize the convergence of spectra

statements (Theorems 4.6 and 5.4) from Laplacians acting on sections to

Laplacians on vector bundle-valued forms. The corresponding result in the

untwisted case, and in fact more generally for the Laplacians acting on forms

with coefficients in a unitarily flat vector bundle, was shown to hold in [9].

However the proof given there uses essentially the Hodge decomposition the-

orem and hence it does seem applicable in our setting. Another approach to

this problem might be to use the main result of [31], where it is proved that

for surfaces the adjoint of the combinatorial coboundary (dK)∗ approximates

d∗. We conjecture that this remains true for higher dimensional manifolds

and also in the twisted case considered in section 4, as long as appropriate

class of triangulations is considered. If true, this would give a half of a con-

vergence of spectra result, namely an upper bound of the eigenvalues of the

combinatorial Laplacians in terms of the ones of the analytic Laplacians.

Second, we would like to mention another possible (and perhaps even

more natural) discretization of a vector bundle with connection. Let us call

a n-dimensional discrete bundle-with-connection over a simplicial complex
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K the following data: (1) A choice of a reference point of each simplex;

(2) an assignment of an n-dimensional vector space to each reference point;

(3) an assignment to each inclusion of simplices of a linear isomorphism

between the vector spaces over the corresponding reference points, satisfying

natural compatibility conditions. To this data one can associate a map from

the space of bundle-valued 0-cochains to bundle-valued 1-cochains, a discrete

connection. On the other hand, one can associate to every vector bundle with

connection over a smooth Riemannian manifold M a discrete bundle with

connection over any triangulation of M by taking, for example, the parallel

transport along geodesics between reference points. It would be interesting to

explore whether the discrete connection so defined approximates the smooth

one.

Finally, we would like to discuss in some detail a strategy for proving a

convergence of spectral density functions result for twisted Laplacians on cer-

tain noncompact manifolds M , using the terminology and the constructions

described in the Appendix. Such a result was proved in [6] in the nontwisted

case and when M is an infinite normal covering manifold, using the varia-

tional principle from [12]. However this argument would certainly not work

for twisted Laplacians, as the Whitney and de Rham maps do not commute

with the magnetic translation operators defined in Section 7. Therefore we
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propose to work in the framework of manifolds M of bounded geometry pos-

sessing regular exhaustions (this includes the case of amenable coverings) and

use the trace defined in the Appendix rather than the von Neumann trace.

Thus consider such a noncompact manifold M with a triangulation K0

and fix a regular exhaustion of M consisting of subcomplexes of K0 and a

generalized limit ω. Define the twisted analytic Laplacian on M as in Section

4. This is an essentially selfadjoint operator according to [30], hence we can

define its spectral density function as described in the Appendix. Now for

each subdivision K of K0 consider the algebra of finite propagation speed op-

erators on l2(K) and apply to it the construction given in the Appendix, i.e.

define on it a semicontinuous trace and extend it to its Riemann enveloping

algebra. This allows us to define spectral density functions for the combi-

natorial twisted Laplacians as well and we conjecture that those converge to

the analytic one, as the triangulations become finer. The proof would consist

of checking that the above constructions are compatible with the Whitney

and de Rham maps and then using Proposition 1.2, as in [6].

We also mention that the variational principle 1.2 can probably be used to

give an alternative (and perhaps more transparent) proof of the invariance of

the L2 Betti numbers and Novikov-Shubin invariants considered respectively

in [29] and [15] under quasi-isometries, following the main idea of [14].
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1 Appendix: An abstract variational

principle and manifolds of bounded

geometry

In this appendix we state a variational principle for selfadjoint operators

affiliated to a C∗-algebra with a trace, analogous to the one considered in

[12] in a von Neumann algebra context. Then we observe that this principle

can be applied to a particular C∗-algebra of operators acting on a vector

bundle on an open manifold of bounded geometry. We begin by recalling

several basic notions.

Definition 1.1. Let A be a unital C∗-algebra and let A+ denote the cone of

its positive elements. A trace on A is a function φ : A+ → [0,∞] such that

(1) φ(αx) = αφ(x),

(2) φ(x+ y) = φ(x) + φ(y),

(3) φ(u∗xu) = φ(x),

for all α ∈ R+, all x, y ∈ A+ and all unitary u in A.

Clearly every trace φ extends by linearity to a map from A to [0,∞]

which will be denoted by the same letter. A trace φ is said to be lower

semicontinuous if for each α ∈ R+ the set {x ∈ A+| φ(x) ≤ α} is closed. A
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trace is called semifinite if for every x in A+ one has

φ(x) = sup{φ(y)| 0 ≤ y ≤ x, y ∈ A+}.

Now let A be a C∗-algebra equipped with a lower semicontinuous trace φ and

faithfully represented on a Hilbert space H. Let A be a (possibly unbounded)

selfadjoint, bounded from below operator onH such that its family of spectral

projections {Eλ} belongs to A. Define the spectral density function of A by

F (λ) = φ(Eλ).

We have the following variational principle.

Proposition 1.2. F (λ) = supφ(P ), where the supremum is taken over all

projections P in A such that ImP is contained in the domain of A and

P (A− λI)P ≤ 0.

Proof. The proof is essentially the same as the one of [12, Theorem 3.1]. We

outline it here with the necessary modifications and refer to [12] for more

details.

We only have to show that supφ(P ) ≤ F (λ) as the opposite inequality is

obvious. Fix a projection P satisfying the conditions stated in the proposition

and consider the operator T = EλP with polar decomposition U |T |. Observe

that the partial isometry U can be written as T (|T |+ΠT )−1(I−ΠT ), where ΠT
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is the projection onto Ker|T | = KerT . One checks that ImP
⋂

KerEλ = 0,

hence KerT = KerP which implies that U belongs to the C∗-algebra A. Now

according to [25, Proposition 5.5.2], if φ is a lower semicontinuous trace then

φ(x∗x) = φ(xx∗) for each x in A. Thus we see that φ(P ) = φ(U∗U) =

φ(UU∗) ≤ φ(Eλ).

Definition 1.3. (1) A complete open Riemannian manifold M with positive

injectivity radius is said to be of bounded geometry if its curvature tensor and

all its covariant derivatives are bounded.

(2) (cf. [28]) A regular exhaustion K of a Riemannian manifold M is an

increasing sequence {Kn} of compact subsets of M whose union is M and

such that for every R > 0

lim
n→∞

vol(Kn(R)

vol(Kn(−R))
= 1,

where K(R) := {x ∈M | d(x,K) ≤ R} and K(−R) is the closure of M \{x ∈

M | d(x,M \K) ≤ R}.

Let E be a Hermitian vector bundle over a manifold with bounded geom-

etry M equipped with a regular exhaustion K and let B denote the algebra

of bounded operators on L2(M,E). Fix a continuous linear functional ω of

norm 1 on `∞(N) vanishing on sequences converging to 0 and consider the
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associated generalized limit: limω an = ω({an}) for every {an} ∈ `∞(N). Let

A ∈ B and χK denote the operator of multiplication by the characteristic

function of the set K ⊂M . In [28] Roe considers the expression

ϕK,ω(A) = lim
ω

Tr(χKnAχKn)

vol(Kn)
,

and proves that it defines a finite trace on a certain subalgebra of B consisting

of smoothing operators. In [16] Guido and Isola show that there exists a a

lower semicontinuous semifinite trace (we will denote it by TrK,ω) on the C∗-

algebra which is the norm closure of all finite propagation speed operators

in B. This trace coincides with the one considered by Roe on a large class of

locally trace class operators.

Let A be a C∗-algebra with a lower semicontinuous semifinite trace φ

represented on a Hilbert space H. Given this data, it is shown in [15] that

there exists a C∗-subalgebra AR (called the Riemann enveloping algebra of

A) of the algebra of all bounded operators on H such that:

(1) A is a subalgebra of AR,

(2) the trace φ extends to a a lower semicontinuous semifinite trace on

AR,

(3)AR is closed under functional calculus with Riemann measurable func-

tions (see [15] for the precise definition).
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Applying this construction to A being the norm closure of the algebra of

finite propagation speed operators on L2(Λ(M)), one sees that the spectral

projections Eλ of the Laplace operator on L2(Λ(M)) belong to AR for almost

all λ, cf. [15]. The same holds for the twisted Laplacians considered in this

paper. Thus the corresponding spectral density functions can be defined as

above, at least almost everywhere.
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