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Abstract

The Geometry of Lattice-Gauge-Orbit Space
by

Michael Swan Laufer

Advisor: Professor P. Orland

In this paper, the Riemannian geometry of gauge-orbit space on the lattice with open
boundary conditions is explored. It is shown how the metric and inverse metric tensors can
be calculated, and further how the Ricci curvature might be calculated. The metric tensor
and the inverse metric tensor are calculated for special cases, and some conjectures about
the curvature of the space are made, which, if true, would move towards implying a mass

gap in the theory.
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Chapter 1

Introduction

Among the Clay Mathematics Institute Millennium Problems still open is that of the Yang-
Mills mass gap. While a complete solution seems to be still a good distance off, there are
aspects of the problem which still yield mathematically interesting results.

It is tempting to use the Bochner-Lichnérowicz inequality to prove the existence of
a lower bound on the first nonzero eigenvalue of the Hamiltonian. Unfortunately, the
Bochner-Lichnérowicz inequality gives a lower bound on the first nonzero eigenvalue of
the Laplace-Beltrami operator, not on the Hamiltonian. Working with a strong coupling
limit reduces the Hamiltonian to the Laplace-Beltrami operator. Furthermore, the Ricci
curvature is not of trace class in the continuum. Working on a spatial lattice regularizes
the trace.

In 1974, Wilson [28] published the path-integral formulation of lattice gauge theory.
Later that year, Kogut and Susskind [10] published the Hamiltonian formulation. The
continuum limit of the Kogut-Susskind Hamiltonian standard Yang-Mills Hamiltonian.
The derivation of the Hamiltonian formulation of lattice gauge theory is covered in detail
in [4].

Orbit space is a useful construction because quantum states are constant over any given
orbit. The physical degrees of freedom of gauge theories are orbits not gauge fields. A

lower bound on the Ricci curvature of orbit space will imply a gap in the spectrum of the
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Laplace-Beltrami operator. Coordinates on orbit space can be found by reducing as much
gauge freedom as possible. Several papers have partly reduced the number of variables [21]
[22], but in this paper degeneracy is eliminated completely.

Periodic boundary conditions are typically imposed in lattice gauge theories, but here
open boundary conditions are used. We use a D dimensional rectangle L; X Ly X --- X L,
instead of having a D dimensional torus. This greatly simplifies the problem. This removes
the possibility of nontrivial holonomy.

The problem of calculating the curvature is difficult. This is because the metric ten-
sor and inverse metric tensor are rather complicated. The metric constructed in [12] was
derived by taking an infimum over distances between elements of two orbits. This can
then be coordinatized to give a metric tensor. Inverting this is nontrivial. The inverse
metric tensor is contained in the Laplace-Beltrami operator, and so can be extracted once
coordinates have been chosen. This is the focus of this paper. It is worth noting that the
inverse metric tensor is derived entirely using only the boundary conditions of the lattice

and Gauss’ law.

This paper is organized as follows. In Chapter 2 we establish definitions and conven-
tions which are used throughout the rest of the paper. The covariant derivative on the
lattice, the Laplace-Beltrami operator, as well as the Hilbert space on which the Laplace-
Beltrami operator operates, are all defined. In Chapter 3 we solve Gauss’ law, eliminating
equivalent configurations, thereby forming orbit space. In Chapter 4 Euler angles are ex-
plicitly introduced, as coordinates. In Chapter 5 the form of the inverse metric tensor
on a finite, 2-dimensional rectangular lattice for SU(2) is described. Finally, in Chapter
6 the form of the metric tensor is described. In Appendix A, we provide a proof of the
Bochner-Lichnérowicz inequality; this inequality is well-known, but proofs of it seem scarce
in the literature. In Appendix B, we detail the calculation of the basis vectors of SU(2) in
Euler coordinates. In Appendix C, we detail the calculation of the adjoint representation

of SU(n) in Euler coordinates. Appendix D contains a glossary translating terms between
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physics and mathematics, so that those who have seen discussions of this work in a physics

context will find this work accessible.



CHAPTER 1. INTRODUCTION

Figure 1.1: Cubic Space Division, by M. C. Escher




Chapter 2

Preliminaries

Definition: The D-dimensional lattice is the graph whose set of vertices is Z”, and whose

edges connect each vertex to its nearest neighbors.

The length of all edges will be considered equal, and denoted by a, referred to as the
lattice spacing. For simplicity, a is sometimes considered to be unity in expressions and
figures. The graph is directed to correspond with the positive directions of space.

An element of the fundamental representation of SU(n) is assigned to each edge of the
lattice. This SU(n) element, is written U,(x) for the edge joining x = (z1,x9,...,2p) to
X+ ja = (x1,%2,...,2;+a,...,zp). The range of each z,, is finite. A visual representation

of a finite rectangular lattice with D = 2 can be seen in Figure 2.1.

Definition: A wave function is a complex-valued function of the variables U;(x) on all

the edges.

Definition: Gauge state space is the Hilbert space of wave functions, with the inner prod-

uct
(o) = [ FTEIR; ) [ v 2.

where dU denotes the Haar measure.
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Figure 2.1: The finite rectangular lattice in 2 dimensions.
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A column vector of n? — 1 differential operators is also assigned to each edge of the

lattice. These operators are denoted by [l;(x)], for a vertex x, and a direction j, and

b=1,2,...,n% — 1 is the index of the column vector. The commutation relations of these

operators are

[lj (‘r)ba lk(y>c] - 25:10 y5j k flflc lj (‘T)d

(), Ur(y)] = =0z 401 ty Uj() ,

all others zero. Here t, are the basis vectors of su(n), and f£ denote the structure constants,

defined by [t.,ta] =i, fots-

Definition: The Laplace-Beltrami operator is

where j is the unit vector in the j direction.

(2.4)

The adjoint-representation matrix of U;(x), which we denote by R;(x), is defined by

Uth = Rtb.

Notice that R;(x) lies in a subgroup of SO(n? — 1). Equation (2.5) can be written

(2.6)
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Chapter 3

Orbit Space

Definition: Gauss’ law is given by

> (D 1);(x)¥(U) =0. (3.1)

Jj=1

We write Zle Dl;(x) = 0, with the understanding that this is a requirement on wave
functions. This condition is imposed at every vertex, and so is a set of conditions. For a

finite, rectangular lattice, the covariant derivative is redefined as:
Dlj(x) = lj(x) — (1 = §,")R;(x — ja)l;(x — ja).

We also define [y (Ly, s, ..., xp) =0, la(x1, Lo, ..., xp) = 0,..., as part of the boundary
conditions. We denote by {U} the collection of U;(x) € SU(n), for all edges (x,7). We
refer to {U} as lattice-gauge configurations. The equivalence relation {U} ~ {V'}, between
two lattice-gauge configuarions {U} and {V'}, means that at each vertex x there exists

K(x) € SU(n) such that
Vix) = K(x+ o) Uylx) K(x) (3.2)

We denote the set of all K (x) on the lattice by {K}. We call { K} a gauge transformation.
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Sometimes the shorthand notation {V'} = {U ¥} for (3.2) will be used.

Definition: A gauge orbit u on the lattice is an equivalence class under the above equiva-
lence relation. In other words, it is a set of gauge configurations, such that any two elements

are equivalent under ~. The set of gauge orbits is orbit space.

Gauss’ law is the statement that wave functions depend on orbits rather than gauge
configurations [10] [4]. Placing coordinates on orbit space is a matter of assigning a choice
{U} of gauge configuration for a given gauge orbit. We next briefly outline how this
assignment is made. The term fizing an edge will be used to indicate the fixing of the
variable U;(x) on a particular edge to a particular element of the structure group. The
edges in the 1-direction can be fixed to unity, followed by the edges in the 2-direction for

which 1 = 0, and so on. This set is a maximal tree:

Once this is done, the [ operators on the unfixed edges can be written in terms of the other

[ operators using Gauss’ law. In 2 dimensions this is

li(z1, x2) Z Dslo(y1, x2), (3.3)

y1=0

and

2

l2(0 1‘2 Z Z Dglz yl,yg). (34)

y2=0y1=a
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For D = 3, we proceed similarly:

ll($1,I2,$3 ZZD l y17$2,$3)

Jj=2 y1=0

) 3 Ll
12(0, 22, 23) = Z { Z Z Djli(y1, y2, x3) — D3l3(0, y2, v3)

y2—0 Jj=2 y1=a

Ly Lo xs3

11

3(0,0, x3) Z Z Z Z {Dl (11,0,93) + Djli(y1, y2, y3) — 17313(0,3/27y3)}7

J=2 y1=a y2=a y3=0

and so on.

Using (3.3) and (3.4), the Laplace-Beltrami operator for D = 2 can be rewritten as

£ [

x1=022=0 Ly1=0

SPpILH ]

z2=0 [Ly2=0y1=a

+ [lg(&,O)P}.

Fixing the Last Edge

A gauge transformation can be chosen to make one of the unfixed edges diagonal, and

eliminate n(n—1)—1 more coordinates (i.e reduce the dimension of the space by n(n—1)—1).

For D = 2, we choose Us(1,0) and hence Ry(1,0) to be diagonalized. Note that we have

isolated l3(a,0) in (3.5). Gauss’ law is used again to write:

Ly L
Z Z Dsly(y1,12) = 0

y2=0y1=a

(3.6)
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or,

Ly Ly

[H_RQ(G 0)][2(& O = l2 CI, a Z D2l2 a y2 + Z Z D2l2 ylayQ .

y2=2a y2=0y1=2a
Similar results occur in higher dimensions. For D = 3:
3 Ly

L2 L3
Z Z Z Z [Djlj(yla 0, ys) + Djlj<y17 y2,y3) - D313(07y27 y3)]

7=2 y1=a y2=a y3=0

12

(3.7)

(3.8)



Chapter 4

Coordinates

Once coordinates are chosen, Rs(a,0) can be constructed explicitly. In the remainder of our

discussion we choose SU(2) as the structure group, and use Euler angles as coordinates:

U = eiozaz 6ng 61‘0%’ (41>
where 0., 0,, 0, are the Pauli matrices:
0 1 0 —1 1 0
Op = oy = o, = : (4.2)
10 i 0 0 -1

We would like to find an explicit representation for the operators [;(x). To do this, we

introduce the matrix M defined by

Mo, = —id,U. (4.3)

From (4.1), M¢ can be calculated explicitly in terms of local coordinates:

13
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sin2asin2(3  —cos2asin2(  cos 23

M = cos 2 sin 2a 0 ; (4.4)
0 0 1
and M~ is
o0 cos(2n) i)
M= % sin(2a) sin(2a)
0 0 1

This is worked out in detail in Appendix B. The square of M gives the metric tensor on
the Lie group. Note here that there is a corresponding matrix for every edge, and each
coordinate is location-specific, so M (x), has coordinates «;(x), §;(x), and 6;(x). Equation

(4.4) can be used to express the [-operators in terms of derivatives of the coordinates:
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Explicitly:
_ sin(2a) cos(203) sin(2«)
(l2(a,0)], = Sn(25) O — cos(2a)0 — Sn(25) Op
[l3(a, 0)], = zzzgg; Da + sin(20) 95 — sin(2a)d (4.5)
[l2(a, 0)]5 = p.

In (4.5), all of the coordinates and derivatives are on the (a,0) edge. From (2.6) and (4.1),

the matrix R;(x1, ) can be calculated explicitly in terms of local coordinates:

R;(w1, 42) = (4.6)
cos(20) — cos(2a) sin(20) sin(2a) sin(2)3)
) ent) iy
i (25)sin(26) sin(2a) cos(26) cos(2a) cos(20)

+ cos(2a) cos(2(3) sin(20)

— sin(2a) cos(203) sin(20)

This calculation is carried out in detail in Appendix C. The matrix Ry(1,0) can be diago-

nalized, and has the form:

1 0
gTRQ(a,O)g: 0 k

0 0

(4.7)

Bl
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g € SU(n), where

k= —%[(1 — cos(2a — 20)(1 + cos(2() — cos(2/3)) + (4.8)

(44 ((1 — cos(2a — 26) (1 + cos(23)) — 005(26))2)%] (4.9)

Henceforth, ubiquitous factors of 2 removed by identifying o = 2a, § = 23, and 0 = 26.

After (4.7) is substituted into (3.7) we may impose

B=6= (4.10)

™
1 .

We will write the right-hand side of (3.7) as Z, for the time being. Using (4.10), 03 and 0y

can be written in terms of d, and derivative operators on other links:

(4.11)

1 ) =3 =y CoS v
05 = — . 412
5 s (s1na1 %—'—l—k: cosﬁ) (4.12)

The asterisk on the partial derivative with respect to  means that it contains derivatives
with respect to . These must subsequently be replaced using (4.11). The Laplace-Beltrami

operator can then be rewritten as:

-A = Z{ 21: 2[52(%,952)]2‘*‘ 2[52(%@)]2

b=1 xr1=2a x2=0 ro=a

- Z Z [Z Dzlz(yl,ﬁz)

z1=022=0 Ly1=0

- 22 [i Zl DQZ?(yhyQ)] } (4.13)

x2=0 Ly2=0y1=a

2

— 2
+ (ﬁsina O — cosa 0 — sina 1;3)

N2 L2
+<\/5008a8a+sina8§—sinalug ) +( =3 ) .

1
k
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We denote each of the terms in (4.13) separately:

3 Ly Lo

= Z Z Z lg ZL’l,JZQ ]2, (414)
b=1 z1=2a x2=0
3 Lo

= Z l2 a, xz y (415>

2

Z Zl 22 [Zl Dala(yn, x2 ] : (4.16)

b=1 z1=022=0 Ly1=0
x2 2
Z Z [Z Z Dsla(y1, yo ] y (4.17)
b=1 z2=0 Ly2=0y1=a
=, 2
A5 = (\/ésinoz Oy — COS v 6; —sin« 1i—31) , (4.18)
k
- 2
Ng = (\/5003048 + sin « 8ﬁ—sma1~_3l) 7 (4.19)
k

—_ 2
2= () (1.20)
-z

for later convenience. Comparing (4.13) to the standard form of the Laplace-Beltrami

operator:

A= \/_a /G G0,

we can extract the inverse metric tensor. This is the goal of the next Chapter.



Chapter 5

The Inverse Metric Tensor

We now find the inverse metric tensor components explicitly. From A; and A, there are

the local contributions:

1
ga<11vr2)0‘(11712) —
2
sin® 3
go‘(zlvw)ﬁ(zpzz) =0
sina(sin (f — a
ga(m17m2)9(9€1,x2) = ( - Q(ﬁﬁ ))
Sin
(5.1)
gﬂ(zl,w)ﬁ(mpzz) =1
sin o cos « cos
95(11@2)9(%17%2) —sin o + - ﬁ
sin 8
2
SN~ «
ge(zbmz)e(m@z) = +1
2
sin“ 3

Note that in the above, the coordinates are associated with the indicated edge; meaning

a = a(xy,z3), B = B(x1,22), 0 = 0(x1,25). The directional subscript is dropped, because

all the terms are in the 2-direction. The above are not the complete components of the

metric tensor; they are merely the form of the contribution from the first two terms of the

Laplace-Beltrami operator. In order to get a complete component, all the contributions

must be added together.

18
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From (2.7), (4.4), and (4.6), the components of [Dals(y1, z2)], can be written explicitly:

h=1 (5.2)
sin « sin «c cos (3
Sin g Oee) T €08 a0y, v2) — Tsmp )
: sin « cos 3
- = . 5 aoz To—a
+ (cos e’ sin 3 ) (y1,42—a)

+ cos ar(cos (8 + sin asin 5)9p(y, 09—a)

cos? 3
si cos asin 3 — si Oo(y1 w2—a)s
+sinao ( sin 3 + asin 3 mﬁ) 0(y1,x2—a)

b—29 (5.3)
cos « . .
m o (y1,0) T SN QOB 20y + SIN AOg(y, a)
sin o cos arsin @ — cos? v cos 3 cos § — sin o cos 0 sin 3

sin 3 Oa(y1,w2—a)
+(sin® aesin 6 — sin a cos o cos 3 cos @ + cos asin (3cos 0)Ia(yy wy—a)

+(sin® asin @ + cos asin 6 — sin o cos a cos 3 cos ) Ip(y, 2y —a)s

a@(yth)
sinacosacosf  cos?acosBsinf 0
sin 8 sin 3 a(y,@2a)

+(cos asin Bsin § — sin” o cos § — sin o cos a cos 3 sin 0)0s(y1,w0—a)

—(sinasin @ +
+(sin a cos Bsin 6 — sin? o cos § — sin o cos a cos 3 sin 6

+ cos arcos O — sin v cos 35in 0) gy, wy—a)

sin o

where the coordinates are indicated by the associated partial derivative, ie. F200(y,,25) =

%%(ylm), etc. The contributions from Ajz contain all of the local contributions in
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(5.1), as well as the following:

: 2
sin « cos
ga(zl wp—a)X(zy,m0-a) = [ cos? r — —ﬁ
sin 3
. . . . 2
sin acos avsin @ — cos? o cos 3 cos O — sin av cos @ sin 3
sin 3
. . 2
, . sinacosacosf  cos? acos Bsinf
+ [ sinasin @ + - + _ ,
sin (3 sin (3

sin av cos . .
g @re2—a) By e —a) = <c052 a— —ﬁ> (cos a(cos B + sin asin 3)

sin 3
(Sin&cosasine — cos? avcos 3cos ) — sin&cos@sinﬂ)

sin 3

x (sin acsin @ — sin o cos v cos 3 cos @ + cos asin 3 cos 0)

)

sinacosacost  cos?acos3sinf

sin (3 * sin (3

x (sin acsin @ — sin o cos a cos 3 cos @ + cos asin 3 cos 0),

— (sinasinf +

sin 3 sin 3

sin o cos o sin § — cos? acosﬁcos@—smacos@smﬁ)

sin 3

X (sm asin @ + cos asin @ — sin o cos a cos 3 cos 0)

_|_

. 2
sinacosf\ . cos” 3 . .
ga(ml,m—a)e(wpw a) (cos o — - ) sin « < - + cosasin § — sin ﬁ)

) , sinacosacosf  cos?acos Bsinf
— [ sinasinf +

sin 3 sin (3

x (sin o cos Bsin @ — sin® o cos § — sin av cos o cos 3 sin f

+ cos acos ) — sin o cos Fsin 6),
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gPerea—aPaie-a = (cos a(cos f + sin asin 3))?

+ (sin? arsin @ — sin a cos v cos 3 cos @ + cos asin 3 cos 0)?

2

+ (cos asin 3sin @ — sin® o cos § — sin o cos a cos Bsin §)?,

2

_ b +cosasinﬁ—sinﬁ>
sin 3

+ (sin? arsin @ — sin « cos v cos 3 cos @ + cos asin 3 cos 0)

gPerea-alerea-a = cos a(cos § + sin asin 3) sin (

2

X (sin” arsin @ + cos asin 6 — sin «v cos a cos (3 cos 0)

% avcos ) — sin a cos @ cos B sin 0)

+ (cos asin Fsin f — sin
X (sin acos Bsin @ — sin® a cos f — sin « cos a cos 3 sin 0

+ cos awcos @ — sin «vcos Fsin 6),

cos? 3

sin 3

+ (sin? asin @ 4 cos v sin § — sin v cos a cos 3 cos 6)?

ge(m,wg*a)e(zl’g%*a) = (SinOé (

+ cosasinff — simﬁ))2

+ (sin o cos Bsin @ — sin® o cos § — sin o cos o cos 3 sin §

+ cos a cos @ — sin a cos 3sin 6)?,

sin a sin a cos
ga(zlyzz)a(m,zz—a) — < - > (COS2 o — —ﬁ)
Sl ﬁ (.’El ,1‘2) Sin 6 (371 :332751)

N (cos a)
sin 3 (21,2

(sinacosasin& — cos? acos Bcosf — sinacos&sinﬁ)
)
(z1,22—a)

sin 3
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xT xT ﬂfl) ro—a —_— Sina 3 3
gAerenBar e —a) = (sinﬁ ( )(cos a(cos 5+ smasmﬂ))(mhm_a)
1,22

N (cos a)
sin 3 (@1,22)

2

X (sin asin9—SinacosacosﬁCOSQ+Cosasinﬂ0089)( ,

x1,T2—a)

: 2
sin « ) cos® (3 X )
g1 m—a) = ( : ) (sm Q ( - + cos asin § — sin ﬁ))
Slnﬁ (1,22) sin ﬁ

N (cosa)
sin 3 (21.2)

X (sin2 asin 0 + cos a:sin f — sin « cos a cos 3 cos 0)

(z1,22—a)

(z1,22—a)”’

sin & cos
gﬁ(zlvTQ)a(mleQ*a) = <— cos a) C082 o — —ﬁ
(@1,22) sin 3
(z1,22—a)

+ (sin )

(%1,22)

sin 3

(sinacosasin@ — cos? acos Bcos B — sinacosGsinﬁ)
X )
(z1,22—a)

gPerenPere—a = (= cos ) (31 20 (COS (CO8 B+ sinasinB)) ., 2y o

+ (sina),

x1,%2)

X (sin2 asin # — sin v cos a cos 3 cos 0 + cos asin 3 cos «9) (1,22—a)

2

cos
gPeranlere-a = (— cos ) (41 2 <sin a ( , ; + cosasin 3 — sin ﬁ))

S1n (z1,22—a)

+ (sina),

x1,T2)

X (sin2 asin @ 4 cos acsin @ — sin a cos v cos 3 cos 9) (1,0—a)
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- 2
sin v cos , Cos , ,
¢OEren @ er-a) = (_—5) (sma < - b + cos asin 3 — sin ﬂ))
sin 3 (01,22) sin 3

(11712*60)
+ (Sina),, 4
(sinacosasin@ — cos? avcos Bcos ) — sinacosHsinﬁ)
X -
sin (3 (21,52—0)
) ) sinacosacost  cos?acosB3sinf
— | sinasinf + _ - ,
sin 3 sin 3 (v1,22—0)

sin o cos ) .
glerenPerer—a = —,—ﬁ (cos a(cos B + sin asin ﬁ))(x a—a)
sin 3 (1,22) 1,%2

+ (sina),

x1,%2)

X ((Sin2 asin @ — sin v cos o cos 3 cos 8 + cos asin 3 cos 9)) (21,29—0)
2

+ (cos asin Bsin @ — sin® a cos 6 — sin avcos v cos F5in.0) (y, 2 —a),

. 2
sin «v cos . cos . ,
129001 0-0) = <_—ﬁ) (sma ( - b + cos arsin 3 — sin 6))
sin 3 (z1,22) sin 3

2

(z1,22—a)

+ (sina),, 4 ((sin® asin @ + cos asin @ — sin a cos a cos 3 cos §))

(z1,22—a)

+ (Sin&cosﬁsin@—sinQQCOSG — sin a cos a cos 3 sin 6

+cosacos€—sinacosﬁsin9>( .
Y1, x2—a

(5.5)
In (5.5) the subscripts indicate the edge the variables are defined on.

The contribution from A, is more complicated, as the sums run in both directions. The

counting must be done carefully. The form of these terms is ({(x,)—RI(x,))(l(ye) —RIl(ye)),

and can also be constructed similarly to (5.5).
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The quantity (I(x,) — RI(x,)), resembles (5.2), (5.3), and (5.4):

b=1 (5.6)

sina cos? oy — sin a cos 3 5
sin (3 sin 3 o(y.e2)

— (cosa — cos ar(cos 3 + sinasin 3)) Oy, z0)

B (sinacosﬁ , (COS2 3

0 + cos arsin 3 — sin ﬁ)) oy 22)

Sin

2
_ Oa(yr
sin 3 sin G > (y1,22)

+ (sin o — (sin® avsin @ — sin ov cos v cos B cos 6 + cos asin 3 cos 0)) Dp(yy )

b=2 (5.7)
(cosa sin av cos v sin @ — cos® « cos 3 cos  — sin o cos 6 sin 3

+ (sin o — (sin® awsin @ + cos avsin @ — sin v cos avcos 3 cos 0) ) p(yy )

sin «v cos a cos 6 n cos? omosﬁsin@)(9
sin 3 sin 3 a(y1,z2)

—(cos asin Bsinf — sin® avcos § — sin a cos av cos 35in 0)Ia(y, )

—(sinasin 6 +

1 — (sin acos Bsin @ — sin® a cos § — sin a cos a cos 3 sin @

+ cos a cos O — sin o cos F5in ) Oy(y, ) -

These give the contributions:

. ) 2
SN &« S11 v COS
QXzy,29)Y(21,22) — — COS2 o — —ﬁ
g : i
sin 3 sin 8

2

. ) : . 2
(Cosa sin «r cos arsin § — cos ozcosﬁcos@—smacos&smﬁ)

sin 3 sin 3
sinacosacos  cos? acos 3sinf

)2
sin 3 sin 3 ’

+ (sinasin 0 +
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sin « sin o cos ) )
geerenParey = — ( — — [ cos?a — —ﬁ (cos @ — cos a(cos 3 + sin asin 3))
sin 3 sin 3
cosa  sinacosasind — cos? o cos 3 cos — sin v cos 0sin 3
sin 3 sin 3

X (sin a — (sin® acsin @ — sin av cos @ cos 3 cos 6 + cos asin 3 cos 9))

)

sinacosacosf  cos?acos B3sinf
sin (3 sin (3

x (cos asin 3sin @ — sin® o cos § — sin o cos & cos 3sin 6),

+ (sinasinf +

ga(11712)0(z1,12) =

sin o 9 sin a cos 3
— — | cos" ¢ — ———7—
sin 3 sin (3

<sinacosﬁ sina <0082ﬁ 4 cosasin f — sinﬂ))

X

sin 3 sin 3
n cosa  sinacosasinf — cos? acos 3 cosf — sin a cos O sin 3
sin 8 sin 3

X (sina — (sin® asin @ + cos asin 6 — sin v cos v cos 3 cos ) )

)

sinacosacosl  cos®acos3sinf

sin (3 sin (3

X (1 — (sin avcos Bsin 6 — sin® o cos § — sin a cos a cos Bsin f

+ (sinasin 6 +

+cosozcosc9—sinacosﬁsin6’>,

gPerenPeren) = (cos o — cos acos B + sin asin ()

2

+ (sina — (sin”* asin @ — sin a cos a cos 3 cos § + cos asin 3 cos 0))2

+ (sina — (sin® asin @ — sin « cos v cos 3 cos @ + cos asin 3 cos 9))2 ,
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gPe1e2)0@1m2) = (cos o — cos a(cos B+ sin asin 3))
2
sin « cos cos , .
X _ 5—sina _ B%—cosozsmﬁ—smﬁ
sin 3 sin 3

+ (sma— sin? v sin 6 —smcwosacosﬁcos&—|—Cos&s1nﬁcos€))
x (sina — (sin® asin @ + cos asin 6 — sin av cos a cos 3 cos 6) )

+ —(cos asin Bsin @ — sin® o cos f — sin « cos a cos B sin )

X <1 — (sin avcos Bsin 6 — sin® a cos § — sin a cos o cos (3 sin @

+ cosacosf — sin&cosﬁsin@)),

in 8

. . . . . 2
+ (sm o — (sin® arsin @ + cos asin @ — sin & cos av cos 3 cos 9))

sin « cos 3 s2 3 ?
¢Perel@e) = (— — sin o ( + cos asin § — sin 6))
S

(5.9)

(1 (sin o cos Bsin @ — sin® o cos § — sin a cos a cos B sin @

2
+ cos acos f — sin « cos (3 sin 0)) ,

and corresponding nonlocal contributions.

The last three terms are similar to (5.9), and can be found similarly, except that the
summing of components is not required. The last term A7, will have contributions mostly
like that of A4. A5 and Ag will have the similar contributions as A7, with extra multiplicity.

This completely defines the inverse metric tensor, for the finite rectangular lattice with
D = 2, with structure group SU(2). Extending to D > 3 is straightforward. We do not

yet have convenient coordinates for SU(n), n > 3.
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The Metric Tensor

The metric p(u,v) of two lattice-gauge orbits u and v is given by [12]
1 D
?=N — - inf Tr K(x)V;(x) ' K(x + ja)"'U;
p(u,v) 5 inf 2}; ; [Tr K (x)Vj(x) " K (x + Ja) " Uj (%)

+Tr K(x + ja)V;(x) K (x)"'U;(x) 1] | (6.1)

where {U} is any element of v and {V'} is any element of v. This distance function is gauge
invariant. The motivation for introducing (6.1) was given in [12], comes from the transfer
matrix in the path integral formalism. The partition function, or path integral, of a Wilson

lattice gauge theory in D + 1 dimensions is with discrete time ¢ is

11 / dU (%) eS| (6.2)

where the index g runs from 0 to D. The action S may be split as

anZ

S =

Z Lst + atZ§4 Z »Css )
t

2
@Yo =

27
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where a; is the lattice spacing in the time direction, and where Ly is the contribution of a

space-time plaquette and Ly is the contribution of a space-space plaquette. Explicitly

D
N 1 _ -
Est = 7 — 5 E E [Tl" UO(X,t)Uj(X, t+ at) 1IJO(X +Ja, t) 1Uj(X, CL)

x j=1

+ Tr U()(X+ja,t)Uj(X,t—FCLt)UQ(X,t)ilUj(X,t)il} y (63)
and

D
N 1 R & —1 -1
Lu=T—72 > [Tr U (x, Uk (x + ja, VU, (x + ka, t) " Up(x, t)

X j<k=1

+ Tr Up(x, )U;(x + ka, ) Up(x + ja, t) " U;(x, t)_l] . (6.4)

Note that the right-hand sides of (6.1) and (6.3) are very similar; if for each x and j the
substitutions Uj;(x,t) — U;(x), U;(x,t +ay) — V;(x), and Uy(x,t) — K(x), are made into
the right-hand side of (6.3), and the infimum is taken with respect to K(x), the lattice
metric is obtained. Thus, by an appropriate gauge fixing of the temporal gauge connection
Up(x,1), L can be replaced by p(u(t), u(t + ay)), where u(t) is the gauge orbit containing
{U} at time t and u(t + ay) is the gauge orbit containing {U} at time ¢ + a;. Alternatively,
if Up(x,t), is simply integrated out, the dominant contribution to (6.2) at weak coupling
will come from this choice of Uy(x, ).

To see that (6.1) is a metric, note that for any two orbits u and v, p(u,v) = p(v,u) > 0,
with p(u,v) = 0 if and only if v = v. The only remaining property which needs to be
proved is the triangle inequality which can be done by a method similar to that used in

the continuum [20]. Notice that (6.1) is the same as

pluv) = inf QUL VIO = inf 1({U}S) (v}

i (K} (i .
= b TQUY vy, (6
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where

I{UAV})* = %Z > T [Vi(x) = U; (0] [Vy(x) = U (x)] - (6.6)

x j=1

Now for any three sets of matrices {U}, {V'}, and {WW}, we have that

I{UEAVH) +I{VEAWY) = I{U}{W})

which is a consequence of the triangle inequality of a vector space over the complex field
(this is formally true by (6.6), even if the structure group is not SU(n)). Introducing gauge
transformations {K'}, {L} and {M},

IO V) + IV w0 > 1oy, (wp )
is obtained, which implies that
IO V) + 1V W) > pu, w)
Taking the infimum of the left-hand side of this equation gives the triangle inequality
p(u,v) + p(v,w) = p(u, w) . (6.7)

Now that it is established that this is a metric, the question arises: can Riemannian
geometry be done on lattice-gauge-orbit space? It will be shown that (6.1) indeed provides
a Riemannian metric.

We substitute U;(x) = e A& e 1 (x) = e A A%t and K (x) = ()"t

into (6.1), then expand to second order in dA;(x) and d¢(x). The result for the infinitesimal
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metric is

dp* = p(u,v)? = inf {Mj(x)abdAj(X)o‘ + [—D}dqﬁ(x —|—ja)]b}2

The minimization of the sum has a unique solution. It tuns out that d¢(x) is

dp(x) = Y (=D D) 'bxy D; - €;A;(y) .
Y,J
where the Green’s function (—D7 - D)4,y is uniquely determined by the boundary condi-

tions. This has the solution
dp? = G jo)y.hpdA; (%) “dA(y)” (6.8)

where the sum is over lattice edges in the summation convention and where the metric

tensor is

1
G(xm)(yw):Mj(x)ab{éxyajkébc— {(—Dﬁ)mm] 5xy}/\/tk(y)56. (6.9)
be

Notice that the quantity in curled brackets in (6.9) is idempotent, hence it is a projection.
In fact, the metric projects out gauge transformations in inner products, as is shown below.
To remove the zero modes, it would be necessary to fix the gauge. Why there is not a similar
pre-gauge-fixing simple form of the inverse metric tensor. The answer is that the metric
tensor is singular; so strictly speaking, it does not have an inverse.

To see that the metric projects out gauge transformations, it suffices to determine how
the coordinates chance under infinitesimal gauge transformations on the lattice. The edge

field changes as

Uj(x) — Uj(x) + 9.U;(x) dA;(x)*
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where
0aUj(x) dA;(x)* = —i [tyUj(x)de(x + Ja)* — Uj(x)tydd(x)"]
for some set of infinitesimal parameters d¢®(x) of the gauge transformation. Thus

ej(x)," dA;(x)* = —iTr t,U;(x) "' 0,U;(x)dA;j(x)
= — [Tr ,U;(x) " "tUj(x) dp(x + ja)® — Tr tyt. dop(x)"]
= —{[R)) . do(x + ja)* — dp(x)"}

— — [Dlas(x)]’

Therefore under a gauge transformation, the coordinates change by

b

dAj(x)ﬁ S [ek(x)_l]b 7 [D;daﬁ(x)]

But such quantities are precisely what are projected out by (6.9).
From the discussion above, it can be seen that in the limit of continuous time, the action

18

_ a DA (.1 DAy ) | 1
S = /dt {Z—QgG(x,J,a)(y,kﬁ) ot ot +4Q§GESS

- ZTI" log e;(x) , (6.10)

where the last term is the logarithm of the SU(/N) Haar measure.
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Further Work, and Open Questions

Like any good problem, this one leaves us with more questions than answers. There is
much work to be done. Although opinions differ, it appears to me that explicit calculation
of the Ricci curvature, while possible, is unlikely to be illuminating, and even less likely to
have an obvious lower bound. Additionally, there are coordinate singularities which need
to be dealt with. Determining where these are, and the geometry nearby is of interest.
Nonetheless, we hope to deduce information about the geometric structure of this space,
including various topological properties.

If the Pfaffian of the curvature form of the connection were to be calculated as well,
utilization of the generalized Gauss-Bonnet theorem may allow us to shed some light on the
nature of the singularities within the Ricci tensor. In [25] a few tools were developed for
calculating cohomology of orbit spaces over smooth manifolds. Cohomology was calculated
over simply connected 4-manifolds for SU(3) in [26], and found to be a a polynomial ring
generated by r + 1 forms of degree 2, and r forms of degree 4, where r is the rank of the
intersection form.

A next step is to see if these methods can be applied to the lattice. There is the question
as to whether Cech cohomology will suffice, or if a hypercovering is needed to obtain the
higher cohomology groups correctly. While these techniques may not be applicable in the

case of the lattice, it does suggest that the Euler characteristic is positive, and hence that

32
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the average sectional curvature is positive, and hence may have a lower bound. It would
be encouraging if a similar calculation could be made for the lattice.

Another goal is to study the gap, including the magnetic term in the Hamiltonian.
Unfortunately, adding the scalar term to the Laplac-Beltrami operator makes the Bochner-
Lichnérowicz inequality inapplicable. What is needed is either a way around this, or a
generalization of the inequality. We are currently working on both; the former case being
an attempt to show that in places where the curvature is small, the electric term dominates.

Additionally, it would be interesting to study curvature in the “thermodynamic limit”
[L, — o0, ¥n|, and in the continuum limit [a — 0]. Does the Ricci curvature at diverge in
either limit, or not?

It may be interesting to work over an arbitrary graph, rather than the square lattice.
In [15] it is proven that the discrete Laplacian operator determines a Euclidean polyhedral
metric up to scaling. This may be an avenue toward a generalization of results.

Another angle of attack is to use a Cartan formalism, in which the Ricci curvature
would be easier to calculate. We would use the Gauss-Codazzi equations, which should
be applicable, after treating orbit space as a subspace of the space prior to gauge fixing.
Calculating the second fundamental form would likely be less cumbersome than calculating
Christoffel symbols..

Geodesics are possible to study. The geodesics within the Lie group are well known;

extending that to orbit space should be approachable.

Conjecture 7.0.1. Any connected region of orbit space has constant scalar curvature.
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Proof of the Bochner-Lichnérowicz

Inequality

Definition: The Bochner-Lichnérowicz inequality.
If the Ricci curvature of a Hilbert space is bounded below by p, then the first nonzero

eigenvalue of the Laplace-Beltrami operator is bounded below by £, where n is the

dimension of the Hilbert space.

Proof. First, recall:
Af=g"V;0;f, and Vf=g0f.
Next define:
1 2
D(f.) = 5A() - 1Af
1 .. .

= ég’JVﬁj(fQ) - f970: ],

using the product rule:

= gijvz'fajf - fgijaiﬂ

34
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using the Leibnitz rule on the first term:

= g7 FV0F) + 97(0,£)(Vif) — 9250, F
= 9" (0; /) (Vif),

covariant derivatives on functions are just partial derivatives, so
i 2
=g70:f0;f = V[
Next define:

1
Po(f,f) = AV = VAV,
writing partials as covariant derivatives, and using the Leibnitz rule two more times:

1 3
= §Ag”(9if3jf —gv0:f0;f

1 3 3
= §g“”Vu8V(g”8if8jf) —9"0;f0;(9"'V .0, f)

1 . .
= 59V VAV ) = 679 Vil ViV, f

1 .
= §guyngu(vuvif -Vif+Vif -V, V;f)
- gijgwjvif ' vjvuvuf

1 .
= ég‘“’g”(vuvyvzf -Vif+V,Vif -V, V;f

+V,Vif -V, Vf+V,f-V,V,V;f)
- gijgul/vif : vjvuvl/f

1 .
= §gﬂyg”(vuvuvz’f ' vjf + V’Lf ' vuvuvjf)

+ g'w/gijvuvif : vuvjf - gingVvif ' vjvuvuf

1 .
= §guyg”(vmuvyvi.f ’ v]f + sz ’ V,uvuvjf)

+ g’“’g"jvuvif : V,,ij - gijg“”Vif . VjV“V,,f,

swapping indices and collecting terms:
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=g" ¢V, [V, VNV [+ gV V= g7 gV VYV T (A1)
Now define:
IVVfI? = g"g"V, Vif - V.V, f,
and rewrite (A.1) as
= |VVfP + g7 g"VifVu Vi f — g g7V fV; V.V, f. (A.2)

Next note that:

RS,V f =V, VsVf - VsV, Vf,
S0,
VsV, Vif =R, V“f —V,VsVif. (A.3)

Buw

Raising an index in A.2, we get:

IVV 2+ g" g "Vif -V VoV f = 6g" "V if - VYV, V¥ f.

Using (A.3), the following is obtained:

= [VVIP+¢"g"Vif VWV Vi + 009" 99V eV f = 909" 97V f - V.V, V4,
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contracting indices using the metric and inverse metric tensors, and eliminating the w index:

= VYV + 0" g7V i f Ry VoS + ¢ g9 f - VWV, f — g g9V f -V, ViV, f
= VP + ¢" VI fRyueVEf + gV f -V, Vi f — ¢V f -V, VY, f

= [VVf> + RjeVIfVEf + VI f - V'V, V, f — VI f - V'V, V, f
0

= |VVf|+ Rie VIV f +Vof+ Vi f- V”W

= |VVf]? + R VIVEf = |[VVf|? + Ric(Vf, V).

Note that the cancellation is because f is merely a scalar function, unlike V;f. So now,

recall the definitions, and the two results:

Af = g7V.0,f
Vi = giof
N7 f) = SA(7) -~ FAF=|VfP
L/ f) = AP -V -VAf = VY[ + Ric(V [, V).

Now suppose that the Ricci tensor is bounded below by a positive constant p, that is to

say, Ri; = p gij. For any n-dimensional symmetric matrix M,

o 1 e 1 &
|]\4'|2 = gaﬁgMVMaIBM#V = Tr(g Mao)2 2 E[Tr(g Ma.>]2 = E(gﬁ Maﬁ)Z'

Noting that Af =TrVVf,
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La(f, f) = g*° 9™ (VaVuf) (VYo f) + RV [V f
> —(9""VaVsf)* + pL(f, f)

(Af)*+ pL'(f. ).

SI—3|-

Integrating over the Riemannian measure, note for any two smooth functions f and f’ on

a manifold with no boundary,

[ varsae~ [ assyas,

which implies:

/ VIAfd z =0,

for any smooth function on a manifold without boundary.

A better way to show this is
/ o, Vid"z = 0.

In the absence of a boundary, this is Gau3’ law. We are integrating over a surface, but

there is no surface. So,

1
V0gl—=0,V*d"z = 0,
/ VIgl ™
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SO we can write

[Visissea= [ ] o=V alg"0.1) =

Now we define the quadratic form:

Rl ) = = 0a(F, 1) = T ) = (ASP) 20

and the associated bilinear form:

Rolf, 1) =~ 0ol ) = 6005,

n—1

From what preceeds, if Af = —Af, then or any smooth function f”:

[varuae= [ Vageonosie = [ vassas,

39

then noting that the integral of a total divergence is zero, and using integration by parts:

[ Vi

AT NN

FF = Aoff = N

FF =i f - AZ%ff’]d"rc
o~ / N G
— - /fff &'z
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Restating the results:

[vare.iae=x [ vatras (A.4)
[ Vartr. s = o= 2 [ arras (A.5)

n—1

From (A.4) we know [ \/gI'(f, f')d"z is positive-definite, as is [ \/gff'd"z, so X > 0
must be true.
From (A.5) we know [ \/gRs(f, f')d"z is also positive-definite, and [ /g f f'd"x still is,

so then either A =0 or A > 7. O

n
n—
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Construction of M and M~! in Euler

coordinates

Recalling (4.3): M2o, = —i0,U, it is necessary to take derivatives of a general U(x) =
29z i ¢109= with respect to each of the coordinates o, 3, and 6 in order to construct M.
First a piece of algebra must be derived which will be used subsequently. It will be required

to have an expression for €% g,e~"% in terms of the Pauli matrices and ~.

e’ Ae™ B

=[1+iB + (i§)2 + <Z§!)3 + - JA[1 —iB + (“?2 - (Zg)g + -]
:p+JB+g§i+@§i+~un+bﬁm+ﬂ_fF+(fff+~d
:u+w+ggi+g?1~ﬁm+A@ﬂﬂ+A“fy+AFfP+~}
:AﬁwBA—%B%L—%B%L+%B@$~

1 1
—iAB + BAB + §iBZAB + gB?’AB + .-

1 1
—§AB?+yBAB?+~-

41
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If one takes the elements along the diagonals of the array, it becomes clear that the above

can be written in terms of commutators:

eBAe B = A+ i[B,A] - %[Ba [BaAH - i%[Bv [Ba [BaAm +oe

If reversed, things work out similarly:

B AP = A il A, B] ~ S[A,[A, B ~ i (A [A 4 B]] + -
=A—i[B,A| - %[B, (B, A]] + i%[B, [B,[B, A]]] + - -

So when evaluating an expression with Pauli matrices, a similar calculation can be made:

: , ‘ 1. 1.
el’yamo-ye—WUz =0y + Z/Y[Uxa Uy] + 57'272[0—:07 [0x7 Uy]] + 52373[0—% [UI’ [O-J»" UZ/]H T
1 1

= o, +iy(2i0,) + 52'2722@'(—2@%) + 52'373(2@')(—2@)(2@) + -
= 1 .90 n_2n - 1 -2n—1 n+1_.2n—1

=0, (1) 4, S e (1)
pwrt (2n)! — (2n —1)!

= 0, cos(27) + 0. sin(2y).

This can be written in general as:

Using this, we can then then calculate derivatives of U, in terms of local coordinates by

inserting a clever choice of unity, and using (B.1):
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DU = i0,e'72 2107 — 5 1,

aﬁU — 6iazai0_ eiﬁoxeieaz
T

_ ewzaio_me—zaaze

100, ezﬂax eiGJz

. 10,0 —iao, oy 130y 100,
=1\€e 10,6 e e e

1o, ezﬂam eiOaz

= 1(0, cos 2 + o sin 2a)e

= i(0, cos 2 + oy sin 2a) U,

an — plao: ezﬁoz Z-O,Zezéoz

R fee ezﬂo'z

— je —ifog ezﬁcrz ez@o'z

o€
_ Z-eiacrz (eiﬁaz O_Zefiﬂaz> eiﬁaz 61’902

= i€"°%* (0, cos 203 — 0, sin 23) "7 107
= io, cos 28U — isin 26(e"*7*a,e 7% )U

= i0, cos 20U — isin2((o, cos 2cc — sin 2a)U

= i(0, sin2asin 25 — o, cos 2asin 23 + o, cos 203)U.

So M is:

sin2asin2(  —cos2asin2(  cos 23

M = cos 2« sin 2« 0 . (B.2)

The matrix M~! can be constructed easily using cofactors:
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M=

sin(2a)
sin(20)

cos(2ar)

sin(20)

_ sin(20) cos(26)
— cos(2a) “n(20)
sin(2a) sin(2a) . (B.3)
0 1




Appendix C

Construction of R;(x) in Euler

coordinates

Recalling (2.6) Ut,U = Rt,, where t, are the Pauli matrices, it suffices to write out the
pauli matrices conjugated by an arbitrary U, and then use (B.1) to move things to the left.
For b = z,

Uo, Ut = a0z gifos ifo. o, o100 o —iBos ,—iao.
= ¢/00z (000 5 eI gm0
= €% (0, cos 23 — oy sin 23)e "

= cos 230, — sin 23(e'* g, e *77)

= cos 200, — sin 23(o, cos 2a — 0, sin 2a)

= 0, cos 23 — o, sin 23 cos 2o + 0, sin 23 sin 2av.

45
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For b =y,

Uo, Ut = 100 ¢ibos (o802 5 o=i002)¢=iB0s iao
= /9727 (5, cos 20 — 0, sin 20)e eI
= cos 207 (/77 g e P )T — gin 20(e" 7 g e 7)
= cos 20e"7* (o, cos 23 + o, sin 23)e”*?* — sin 20(0, cos 2a + o, sin 2a)
= 0, cos 20sin 23 + cos 26 cos 23(e"*7* 0, "*7?)
— 0, sin 20 cos 2o — 0, sin 20 sin 2
= 0, c0os 20 sin 23 4 cos 26 cos 23(o, cos 2ac — 0, sin 2a)
— 0, sin 20 cos 2o — 0, sin 20 sin 2
= —0,(cos 20 cos 23 sin 2« + sin 26 cos 2a)
+ 0,(cos 26 cos 23 cos 2 — sin 26 sin 2av)

+ 0.(cos 20sin 2(3).



APPENDIX C. CONSTRUCTION OF R ;(X) IN EULER COORDINATES

For b = x,

Uo,UT = ¢ia0: 0z (005 g o=i002) =802 =i
= /2727 (5, cos 20 + 7, sin 20)e P eI
= cos QQ(GMUZ ope a0 ) + sin 207> (ew”“ aye_w”" ) e laos
= cos 20(0, cos 2a + o, sin 2a)) + sin 20e*?* (o, cos 23 + o, sin 23)e 7>
= 0, cos 20 cos 2a + o, cos 20 sin 2«
+ sin 20 cos 2B3(e” 7= g, ~*7%) + sin 20 sin 230,
= 0, cos 20 cos 2a + 0, cos 20 sin 2ac + 0, sin 20 sin 23
+ sin 26 cos 2(3(o, cos 2a0 — 0, sin 2a) 4 sin 260 sin 250,
= 0,(cos 26 cos 2ac — sin 2arsin 26 cos 2/3)

+ 0,(cos 20 sin 2 + cos 2av sin 26 cos 23

+ 0.(sin 20sin 213).
So
R —

cos(2/3) — cos(2a) sin(2(3) sin(2«) sin(273)

<in(25) cos(26) — sin(2a) sin(26) — cos(2a) sin(260)

+ cos(2a) cos(2(3) cos(20)  —sin(2a) cos(2/3) cos(26)

sin(2a) cos (26 cos(2ar) cos(20
sin(2(3) sin(20) (20 cos(29) (20) cos(29)

+ cos(2ar) cos(203) sin(260)  —sin(2a) cos(203) sin(26)



Appendix D

Physics = Math Glossary

Action=The integral over spacetime of the lagrangian density.

Coupling= The coefficient in the lagrangian, measuring the strength of a particular

interaction.

Field=A linear map from the space of smooth sections of the bundle over spacetime

to operators.
Field Strength= Curvature of the connection.
Gauge=Choice of a trivialization, or local trivialization of the principal bundle.
Gauge Group=The structure group of the principal bundle.

Gauge Transformation = Automorphism of the principal bundle which covers the

identity on the base manifold.
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APPENDIX D. PHYSICS = MATH GLOSSARY 49

Hamiltonian (classical)=A real nonnegative function, given by the integral of a local

functional (the energy density) over a spatial cycle.

Hamiltonian (quantum)=A distinguished element of the algebra of quantum ob-
servables (operators) corresponding to the classical Hamiltonian, which is a self-adjoint
operator in the Hilbert space of states. It will be nonnegative or at least bounded from
below.

Site=Vertex

Spacetime=The base space of the principal bundle. Typically R* with the Minkowski

metric.

Link=Edge

Observable (classical)=A function on the space of states.

Observable (quantum)=An operator in the quantum space of states.

Yang-Mills Theory=Nonabelian gauge theory.
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